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Abstract. Exterior power operations provide an additional structure
on K-groups of schemes which lies at the heart of Grothendieck’s Rie-
mann-Roch theory. Over the past decades, various authors have con-
structed such operations on higher K-theory. In this paper, we prove
that these constructions actually yield the same operations. This leads
to the proof of a conjecture by the first author about composition of
these operations in the equivariant context. As a by-product we make
the proof of Grayson’s explicit description of higher K-groups accessible
to the reader not familiar with the language of spectra.

Introduction

Tensor products and exterior powers furnish the exact category of finitely
generated projective modules over a commutative ring or, more generally,
the category of locally free modules of finite rank on a scheme with additional
structure which has been studied in great depth in countless articles and
books. For example, the main purpose of the book [FL85] by Fulton and
Lang is to explain Grothendieck’s tremendous and rather formal “machine”
which turns this structure into Riemann-Roch type theorems and which has
seen the light in the seminal [SGA6]. In particular, exterior power operations
on K-groups play a fundamental role in Algebraic Geometry and beyond.
While the construction of exterior power operations on Grothendieck groups
is fairly elementary, the construction of these operations on higher K-groups
is more delicate. Over the past decades and especially more recently, many
authors have provided such constructions, of varying flavour and generality.
The core object of this paper is to prove for most of these constructions that
they actually yield the same operations. This will culminate in the proof of
a conjecture [Köc98, Conjecture (2.7)] by the first author about composition
of exterior power operations in the equivariant context, completing the proof
that higher equivariant K-groups satisfy all axioms of a λ-ring.
The construction by Harris, the first author and Taelman in [HKT17] is
different from all other constructions as it defines exterior power operations
on higher K-groups purely combinatorially and does not resort to any ho-
motopy theoretical methods. This construction has been made possible by
Grayson’s groundbreaking description of higher K-groups in terms of gener-
ators and relations, see [Gra12, Corollary 7.4]. The bulk of this paper deals
with showing that these operations agree with the operations defined by
Grayson in [Gra89]: this is accomplished in Theorem 3.9. In Theorem 4.1,
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we will show furthermore that Grayson’s operations agree with the opera-
tions recently defined by the second author in [Zan21], which in turn gener-
alise the operations defined by Riou in [Rio10] from non-singular schemes to
fairly arbitrary schemes. This will finally allow us to show in Corollary 4.2
that Soulè’s construction in [Sou85] and the more general construction by
Gillet and Soulè in [GS99] yield the same operations. In the same corol-
lary we will furthermore show that the very recent construction by Barwick,
Glasman, Mathew and Nikolaus in [BGMN21] for polynomial functors on
stable∞-categories also yields the same operations when applied to exterior
power functors on the category of perfect complexes.
We now mention some further papers about operations on higher K-theory.
In [HK19], Harris and the first author have provided some early evidence
that the operations defined in [HKT17] agree with those defined by Hiller
in [Hil81] for affine schemes. Grayson has already shown in [Gra89] that his
operations agree with Hiller’s and those defined by Kratzer in [Kra80]. The
aforementioned construction by Soulè and Levine’s construction in [Lev97]
generalise Hiller’s and Kratzer’s. Nenashev has shown in [Nen92] that the
operations he defined in [Nen91] agree with Grayson’s operations as well.
In order to prove Theorem 3.9, we first extend the notion of exterior powers
of modules to exterior powers of various types of complexes that appear in
the proof of Grayson’s explicit description of higher K-groups. We do this
in Section 1 in the axiomatic and more general context of abstract power
operations introduced in [Gra89]. To define the kth exterior power of a
complex we use the Dold-Puppe construction from [DP61], i.e., we apply
the kth exterior power functor to the simplicial object corresponding to the
complex via the Dold-Kan correspondence. A crucial detail here is that the
kth exterior power of a quasi-isomorphism between complexes of locally free
modules is again a quasi-isomorphism, see Proposition 1.9.
In Section 2, we then turn the operations defined in Section 1 into operations
on the corresponding K-theory spaces and K-groups. To this end, we gener-
alise Grayson’s construction in [Gra89] using tools for categories with weak
equivalences provided by Waldhausen in [Wal85], by Gunnarson, Schwänzl,
Vogt and Waldhausen in [GSVW92] and by Gunnarson and Schwänzl in
[GS02].
Section 3 deals with proving our main theorem, Theorem 3.9. Recall that
Grayson’s explicit description of higher K-groups in [Gra12, Corollary 7.4] is
shown via a composition of a number of insightful isomorphisms concerning
the K-theory of various exact categories of different types of complexes.
The main idea then is just to prove that each of these isomorphisms is
compatible with exterior power operations. The more sophisticated part
here is to show that natural exterior power operations on the various K-
groups appearing in these isomorphisms do exist; this has been the purpose
of Sections 1 and 2. As a by-product of our proof of Theorem 3.9, we
render Grayson’s proof in loc. cit. somewhat more elementary: while an
essential tool in loc. cit. are homotopy cofibres in the category of spectra
on which exterior power operations seem not to exist anyway, we explain
how the steps involving these homotopy cofibres can actually be done in the
more elementary context of homotopy groups (of homotopy fibres of maps
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between spaces). In other words, the language of spectra is actually not
needed for the proof of [Gra12, Corollary 7.4]. However, we do not simplify
the actual reasoning in the proofs of the underlying statements in [Gra12],
and proving those statements (such as the epitomising Corollary 6.5) not just
for K-groups but for the underlying K-theory spectra may be of independent
interest.
In Section 4, we match up Grayson’s exterior power operations on schemes
with further operations defined previously. The crucial new tool here is
the main theorem of [Zan21] which in a sophisticated sense says that we
have a bijection between the set of sufficiently functorial operations on
higher K-theory of fairly general schemes and the set of operations on the
Grothendieck group functor K0. This generalisation of a theorem of Riou
[Rio10] yields another construction of exterior power operations on higher
K-theory. At the same time it allows us to verify that these operations agree
on the one hand with the operations defined by Grayson, see Theorem 4.1,
and on the other hand with the operations defined by Soulè in [Sou85],
with the more general operations defined by Gillet and Soulè in [GS99] and
with the operations defined by Barwick, Glasman, Mathew and Nikolaus in
[BGMN21], see Corollary 4.2, respectively.
In Section 5, we turn to higher equivariant K-theory, more precisely, to the
K-theory of locally free G-modules on a scheme equipped with the action
of a flat group scheme G. In [Köc98], the first author used exterior powers
of G-modules and “Grothendieck’s machine” to formulate and prove equi-
variant Riemann-Roch type theorems variants of which have later been used
for stacks. In particular, the statements in loc. cit. depend on equivariant
K-theory satisfying some or all axioms of a λ-ring. These axioms have been
proved in loc. cit. for K0 and some of them also for higher K-groups, but
the axiom for composition of exterior power operations is a conjecture there.
Theorem 5.1 now proves this conjecture. More precisely, our main theorem
(Theorem 3.9) reduces it to proving it for the combinatorially defined oper-
ations in [HKT17], when it becomes verifiable by the methods developed in
[HKT17, Section 8].
The paper finishes with two little appendices which prove some technical
facts that are used in the proof of Theorem 3.9. Appendix A verifies that
using non-negatively supported complexes rather than arbitrary bounded
complexes as in [Gra89] doesn’t result in any difference for K-theory. Ap-
pendix B gives an elementary criterion for a map induced on homotopy fibres
to agree with an intrinsically defined map.

Acknowledgements. The authors wish to thank Clark Barwick for early
and insightful discussions related to the topic of this paper. Furthermore,
they thank Akhil Mathew for explaining various aspects of [BGMN21]. Fi-
nally they thank Tom Harris, Jens Hornbostel and Marco Schlichting for
their continued and stimulating interest.

1. Operations on Categories of Complexes

The object of this section is to introduce (exterior) power operations on
various categories of complexes and binary complexes that appear in the
proof of Grayson’s description of higher K-groups, see [Gra12]. We’ll do
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this in the context of the axiomatic setup of (exterior) power operations
introduced in [Gra89, Section 7]. The following definition reproduces this
axiomatic setup.

Definition 1.1. An assembly of power operations consists of the following
data subject to the conditions detailed below.
Let Mn, n ≥ 0, be a sequence of exact categories. We assume we are given
bi-exact functors

⊗ : Mn ×Mp →Mn+p, for n, p ≥ 0,

called tensor products, which are associative in the obvious sense. For k ≥ 1
and n ≥ 0, let Fk(Mn) denote the category of sequences V1 � . . .� Vk of
admissible monomorphisms in Mn. We assume we are given functors

Fk(Mn)→Mnk, (V1 � . . .� Vk) 7→ V1 ∧ . . . ∧ Vk, for k ≥ 1, n ≥ 0,

called power operations. (In particular, these functors are assumed to be the
identity if k = 1.) We finally assume:
(E1, E2) Given V � . . .�W � X � . . .� Y , there are natural maps

V ∧ . . . ∧W ⊗X ∧ . . . ∧ Y → V ∧ . . .W ∧X ∧ . . . ∧ Y
and

V ∧ . . . ∧W ∧X ∧ . . . ∧ Y → V ∧ . . . ∧W ⊗ X

W
∧ . . . ∧ Y

W
(for any choice of quotient objects X

W , . . . , YW ). These maps are assumed to
be associative in the obvious sense.
(E3, E4) Given U � . . . � V � W � . . . � X � Y � . . . � Z, the
following two diagrams commute:

U ∧ . . . ∧ V ∧W ∧ . . . ∧X ⊗ Y ∧ . . . ∧ Z //

��

U ∧ . . . ∧ V ∧W ∧ . . . ∧X ∧ Y ∧ . . . ∧ Z

��

U ∧ . . . ∧ V ⊗ W
V ∧ . . . ∧

X
V ⊗

Y
V ∧ . . . ∧

Z
V

// U ∧ . . . ∧ V ⊗ W
V ∧ . . . ∧

X
V ∧

Y
V ∧ . . . ∧

Z
V

and

U ∧ . . . ∧ V ⊗W ∧ . . . ∧X ∧ Y ∧ . . . ∧ Z //

��

U ∧ . . . ∧ V ∧W ∧ . . . ∧X ∧ Y ∧ . . . ∧ Z

��

U ∧ . . . ∧ V ⊗W ∧ . . . ∧X ⊗ Y
X ∧ . . . ∧

Z
X

// U ∧ . . . ∧ V ∧W ∧ . . . ∧X ⊗ Y
X ∧ . . . ∧

Z
X

(E5) Given U � . . . � V � W ′ � W � X � . . . � Y , the following
sequence is exact:

0→ U ∧ . . . ∧ V ∧W ′ ∧X ∧ . . . ∧ Y → U ∧ . . . ∧ V ∧W ∧X ∧ . . . ∧ Y

→ U ∧ . . . ∧ V ⊗ W

W ′
∧ X

W ′
∧ . . . ∧ Y

W ′
→ 0

Our main example of an assembly of power operations is of course the case
when every Mn is equal to the exact category P(X) of locally free OX -
modules of finite rank on a quasi-compact scheme X, the functor ⊗ is the
usual tensor product and V1∧ . . .∧Vk is defined to be the image of the tensor

product V1⊗ . . .⊗Vk in the kth exterior power
∧k Vk (for any k ≥ 1 and any

sequence V1 � . . .� Vk in P(X)). We will call this the standard assembly
of power operations on P(X). But we could for example also replace the kth
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exterior power with the kth symmetric power. Further important examples
are contained in Section 5, in [Gra89, Section 10] and in [GS02, Section 3],
including some where the categories Mn are not equal to each other.

Let M be an exact category. Slightly deviating from standard notations,
let C∞M denote the category of chain complexes in M supported in non-
negative degrees and let CM denote the sub-category consisting of com-
plexes which are in addition bounded. If M is idempotent complete, the
Dold-Kan correspondence (see [Lur17, Theorem 1.2.3.7] for a version which
is general enough for our purposes) gives an equivalence between the cate-
gory C∞M and the category of simplicial objects inM. Let N and Γ denote
the corresponding mutually inverse functors where N is the normalized chain
complex functor.

For the rest of this section we assume we are given an assembly of power
operations as in Definition 1.1. We furthermore assume that every cate-
gory Mn is idempotent complete.

The following definitions are variants of the constructions in [HKT17, Sec-
tions 3 and 5].
For n, p ≥ 0, let

⊗∆ : C∞Mn × C∞Mp → C∞Mn+p

denote the simplicial tensor product as defined in [HKT17, Section 5]. It
maps a pair of complexes V.,W. toN(ΓV.⊗ΓW.) where, by abuse of notation,
we write ΓV.⊗ ΓW. also for the diagonal of the a priori bi-simplicial object
ΓV.⊗ ΓW. in Mn+p.
Now, let V1. � . . . � Vk. be an object in Fk(C

∞Mn). We consider the
resulting sequence ΓV1. � . . . � ΓVk. of simplicial objects in Mn as a
simplicial object in Fk(Mn), then compose with the given power operation
functor Fk(Mn)→Mnk to obtain the simplicial object ΓV1.∧ . . .∧ ΓVk. in
Mnk, and finally define

V1. ∧ . . . ∧ Vk. := N(ΓV1. ∧ . . . ∧ ΓVk.) in C∞Mnk.

Proposition 1.2. The sequence of exact categories C∞Mn, n ≥ 0, together
with the functors defined above is again an assembly of power operations. By
restricting to the subcategories CMn, n ≥ 0, we obtain another assembly of
power operations.

Proof. The second statement follows from the first statement by [HKT17,
Lemma 5.6] and [SK10, Corollary 4.6]. The proof of the first statement
is straightforward. To exemplify this, we give details for the axioms (E2)
and (E5).
For (E2), let V.� · · ·�W.� X.� . . .� Y. be a sequence of (levelwise)
admissible monomorphisms between complexes. Applying the functor Γ we
obtain the sequence

ΓV.� . . .� ΓW.� ΓX.� . . .� ΓY

of levelwise admissible mnonorphisms between simplicial objects. We now
apply (E2) for Mn, n ≥ 0, levelwise. The maps obtained assemble to a
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simplical map

ΓV. ∧ . . . ∧ ΓW. ∧ ΓX. ∧ . . . ∧ ΓY.→ ΓV. ∧ . . . ∧ ΓW.⊗ Γ
X.

W.
∧ . . . ∧ Γ

Y.

W.
.

Finally, we apply the functor N and obtain the required map

V. ∧ . . . ∧W. ∧X. ∧ . . . ∧ Y.→ V. ∧ . . . ∧W.⊗∆
X.

W.
∧ . . . ∧ Y.

W.
.

These maps are obviously natural and associative again.
For (E5), let U.� . . .� V.�W ′.�W.� X.� . . .� Y. be a sequence
of complexes. From the constructions above, we obtain the sequence of
simplicial objects:

0→ ΓU. ∧ . . . ∧ ΓV. ∧ ΓW ′. ∧ ΓX.∧ . . . ∧ ΓY.→ ΓU. ∧ . . . ∧ ΓV. ∧ ΓW. ∧ ΓX. ∧ . . . ∧ ΓY.

→ ΓU. ∧ . . . ∧ ΓV.⊗ ΓW.

ΓW ′.
∧ ΓX.

ΓW ′.
∧ . . . ∧ ΓY

ΓW ′.
→ 0

This sequence is exact levelwise (by (E5) forMn, n ≥ 0). As the normalized
chain complex functor N is a direct summand of the (ordinary) associated
chain complex functor (see paragraph before [Lur17, Proposition 1.2.3.17]),
the resulting sequence

0→ U. ∧ . . . ∧ V. ∧W ′. ∧X. ∧ . . . ∧ Y.→ U. ∧ . . . ∧ V. ∧W. ∧X. ∧ . . . ∧ Y.

→ U. ∧ . . . ∧ V.⊗∆
W.

W ′.
∧ X.

W ′.
∧ . . . ∧ Y.

W ′.
→ 0

of complexes is exact as well, as was to be shown. �

From now on, we in addition assume that every exact category Mn is
equipped with a subcategory wMn of weak equivalences in the sense of
[Wal85, Section 1.2] or [Gra12, Appendix A]. We then define the subcate-
gory wFk(Mn) of Fk(Mn) by keeping all objects of Fk(Mn) but keeping
only those morphisms in Fk(Mn) which levelwise belong to wMn.

Definition 1.3. We say that the assembly of power operations preserves
weak equivalences if the given power operations

(V,W ) 7→ V ⊗W and (V1 � . . .� Vk) 7→ V1 ∧ . . . ∧ Vk
restrict to well-defined functors

wMn × wMp → wMn+p and wFk(Mn)→ wMnk

for all k, n and p.

The main example we have in mind here is the situation given by Proposi-
tion 1.4, Corollary 1.8 and Proposition 1.9 below.

The second sentence in [TT90, A.9.2] implies that every idempotent com-
plete exact categoryM supports long exact sequences in the sense of [Gra12,
Definition 1.4]. This assures that we have a good notion of quasi-isomor-
phisms for complexes in CM, see [Gra12, Definition 2.6] and the discussion
after [Gra12, Definition 1.4]. In particular, the subcategory qCM of CM
obtained from CM by removing all morphisms in CM which are not quasi-
isomorphisms is a subcategory of weak equivalences, see [Gra12, Section 2].
Let CχM denote the full subcategory of CM consisting of complexes V.
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in CM whose Euler characteristic χ(V.) in K0(M) vanishes, and let CqM
denote the full subcategory of CχM consisting of acyclic complexes.1

In the following proposition we refer to the assembly of power operations
on CMn, n ≥ 0, constructed above, see Proposition 1.2. In particular, for
every morphism f. : V. → V ′. in CMn and for every k ≥ 1, the induced

morphism
∧k(f.) :

∧k(V.) := V. ∧ . . . ∧ V. → V ′. ∧ . . . ∧ V ′. =:
∧k(V ′.) is

defined.

Proposition 1.4. Assume that, for every quasi-isomorphism f. in CMn

and for every k ≥ 1, also
∧k(f.) is a quasi-isomorphism. Then the assembly

of power operations on CMn, n ≥ 0, preserves quasi-isomorphisms in the
sense of Definition 1.3. Furthermore, restricting to CχMn and to CqMn

yields further assemblies of power operations.

Proof. We first verify that, if V. → V ′. and W. → W ′. are quasi-isomor-
phisms in CMn and CMp, respectively, then so is the induced morphism
between the simplicial tensor products V. ⊗∆ W. and V ′. ⊗∆ W ′. This is
well-known and easy to prove for the induced morphism between the total
complexes of the ordinary tensor products. Then the Eilenberg-Zilber The-
orem [May92, §29] implies that it is also true for the induced map between
the simplicial tensor products, as claimed.
Now, let (V1. � . . . � Vk.) −→ (V ′1 . � . . . � V ′k.) be a morphism in
qFk(CMn), i.e., a levelwise quasi-isomorphism. By axiom (E5), we have
the k − 1 short exact sequences of complexes

0 → V1. ∧ . . . ∧ Vk. → V1. ∧ . . . ∧ Vk−2. ∧ Vk. ∧ Vk. → V1. ∧ . . . ∧ Vk−2.⊗∆
∧2
(

Vk.
Vk−1.

)
→ 0

0 → V1. ∧ . . . ∧ Vk−2. ∧ Vk. ∧ Vk. → V1. ∧ . . . ∧ Vk−3. ∧ Vk. ∧ Vk. ∧ Vk. → V1. ∧ . . . ∧ Vk−3.⊗∆
∧3
(

Vk.
Vk−2.

)
→ 0

...

0 → V1. ∧ Vk. ∧ . . . ∧ Vk. →
∧k Vk. →

∧k
(
Vk.
V1.

)
→ 0,

and similarly for V replaced with V ′. By assumption, the induced mor-

phisms
∧k Vk.→

∧k V ′k. and
∧k
(
Vk.
V1.

)
→
∧k
(
V ′k.
V ′1 .

)
are quasi-isomorphisms.

Then the bottom short exact sequence shows that the induced morphism
V1. ∧ Vk. ∧ . . . ∧ Vk. → V ′1 . ∧ V ′k. ∧ . . . ∧ V ′k. is a quasi-isomorphism as well.
We iterate this conclusion bottom up and finally arrive at the desired con-
clusion that the induced morphism V1. ∧ . . . ∧ Vk. → V ′1 . ∧ . . . ∧ V ′k. is a
quasi-isomorphism. This finishes the proof of the first statement in Propo-
sition 1.4.
This first statement immediately implies that restricting the power opera-
tions from CMn, n ≥ 0, to CqMn, n ≥ 0, yields a well-defined assembly of
power operations.
We now prove the analogous statement for CχMn, n ≥ 0. Let

(1.5) K̃0(Mn) := coker(K0(CqMn)→ K0(CMn))

and let K0(CMn), n ≥ 0, be endowed with the product induced by the
simplicial tensor product and with the exterior power operations λk given

1The superscript q here is short hand for ‘quasi-isomorphic to the zero complex’. The
letter q in mathematical expressions in this paper will never denote a variable (such as an
integer).
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by Proposition 1.2. Note that, in the less general situation considered in
[HKT17, Section 6], these are the same as the ones constructed there. Sim-
ilarly to [HKT17, Section 6], the map

λt : K0(CMn)→ 1 +
∏
k≥1

K0(CMnk)t
k, x 7→

∑
k≥0

λk(x)tk,

is then a homomorphism. As acyclic complexes are mapped to acyclic com-

plexes under
∧k, this homomorphism induces a homomorphism

λt : K̃0(Mn)→ 1 +
∏
k≥1

K̃0(Mnk)t
k

and in particular power operations λk for K̃0(Mn). By construction, the
diagram

K̃0(Mn)
λk // K̃0(Mnk)

K0(Mn)

OO

λk // K0(Mnk)

OO

commutes; here, the vertical arrows are given by V 7→ V [0] where V [0]
denotes the complex whose object in degree 0 is V and whose object in
every other degree is 0. These vertical maps are bijective and their inverses
are given by the Euler characteristic (see Lemma 1.6 below). Hence, the
Euler characteristic commutes with the power operations λk. In particular,

applying
∧k to any complex in CχMn yields a complex in CχMnk. Using

the same inductive argument as above, we obtain that V1.∧ . . .∧Vk. belongs
to CχMnk for any sequence V1. � . . . � Vk. in Fk(C

χMn), as was to
be proved. Similar reasoning shows that the simplicial tensor product of
complexes in CχMn and CχMp is in CχMn+p. �

Lemma 1.6. Let M be an exact category and let K̃0(M) be defined as
in (1.5). Then the assignment V 7→ V [0] induces an isomorphism

K0(M)
∼−→ K̃0(M).

Its inverse is given by mapping the class of a complex V. ∈ C(P) to its Euler
characteristic χ(V.) :=

∑
i≥0(−1)i[Vi] ∈ K0(M).

This elementary lemma is a variant of the probably more widely known
fact that the factor group of K0(CM) modulo the usual shifting relations
is isomorphic to K0(M). We include a proof for the reader’s convenience.

Proof. We obviously have χ(V [0]) = V for every V ∈ M. It therefore

suffices to prove that χ(V.)[0] = [V.] in K̃0(M) for every V. ∈ CM. An easy
induction using naive truncation shows that

[V.] =
∑
i≥0

[Vi[i]] in K0(CM).

Furthermore, for any V ∈M, the standard exact sequence

0→ V [i]→ cone(idV [i])→ V [i+ 1]→ 0
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shows that [V [i+ 1]] = −[V [i]] in K̃0(M). Hence we have

[V.] =
∑
i≥0

(−1)i[Vi[0]] = χ(V.)[0] in K̃0(M),

as was to be shown. �

Let M be an exact category. We recall from [Gra12] and [HKT17] that a

binary complex V = (V., d, d̃) inM is a graded object V. inM together with

two degree −1 maps d, d̃ : V. → V. such that both d2 = 0 and d̃2 = 0. If
d = d̃, the complex V is said to be diagonal. A morphism between acyclic
binary complexes is a degree 0 map between the underlying graded objects
that is a chain map with respect to both differentials. The obvious definition
of short exact sequences turns the category of binary complexes into an exact
category. The exact full subcategories consisting of binary complexes V in
M such that both (V., d) and (V., d̃) belong to CM or CqM will be denoted
BM and BqM, respectively. The following corollary is a variant of the
construction in [HKT17, Section 4].

Corollary 1.7. By applying the construction above to each of the two dif-
ferentials in binary complexes and restricting the resulting power operations
to BMn, n ≥ 0, we obtain another assembly of power operations. Under the
same assumption as in Proposition 1.4, restricting to BqMn, n ≥ 0, yields
a further assembly of power operations.

Proof. This immediately follows from Proposition 1.2 and (the proof of)
Proposition 1.4. Note that, for every binary complex V, the objects in∧k(V) are well-defined because they don’t depend on the differentials d, d̃,
see [HKT17, Lemma 4.2]. �

Finally, recall that by iterating the definitions of C and Bq above, we ob-
tain the exact category (Bq)sMn of s-dimensional acyclic binary multi-
complexes inMn and the exact category C(Bq)sMn of (bounded and non-
negatively supported) complexes of objects in (Bq)sMn, see [HKT17, Defi-
nition 1.1(3)].

Corollary 1.8. Assuming inductively in s that, for every morphism f. in

every category C(Bq)sMn and for every k ≥ 1, also
∧k(f.) is a quasi-

isomorphism, we obtain, by iterating the construction above, an assembly of
power operations on the categories (Bq)sMn, n ≥ 0, for every s ≥ 0.

Proof. The statement for s = 0 is the main assumption in this section. From
Corollary 1.7 we obtain an assembly of power operations on the categories
BqMn, n ≥ 0, proving the statement for s = 1. Furthermore, the proof of
[HKT17, Lemma 3.4(1)] shows that these categories are idempotent com-
plete again. Hence, the assumption for s = 1 makes sense and induction
on s proves Corollary 1.8. �

Lastly, let X be a quasi-compact scheme and let P(X) or just P denote the
category of locally free OX -modules of finite rank. We consider the standard
assembly of power operations on P given by the usual tensor product and
exterior power operations, as explained after Definition 1.1. When s = 0
the following proposition means that quasi-isomorpisms between complexes
in CP are preserved by exterior powers.
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Proposition 1.9. The assumption of Corollary 1.8 is satisfied for the stan-
dard assembly of power operations on P.

Proof. By regarding a binary complex as a pair of two ordinary complexes,
it suffices to prove this for Bq replaced with Cq. For every affine open sub-
set U of X, the restriction f.|U is a quasi-isomorphism as well and every
object in P(U) is projective in the abelian category A of coherent OU -
modules. Then, by [Wei94, Exercise 2.2.1] and [HKT17, Lemma 3.4(2)], the
objects in (Cq)sP(U) are projective in CsA. Hence, f.|U is in fact a ho-
motopy equivalence by the dual of [Wei94, Lemma 10.4.6] (or rather by the
argument towards the end of the proof of [Wei94, Theorem 10.4.8]). Then

also
∧k(f.)|U =

∧
(f.|U ) is a homotopy equivalence by [HKT17, Proposi-

tion 3.1(2)]. This implies that
∧k(f.) is a quasi-isomorphism, as claimed. �

Remark 1.10. As explained in [HKT17, Example 3.2], it is not true in
general that exterior powers of acyclic complexes of coherent modules are
acyclic again. Similarly, Proposition 1.9 may not be true when Bq is replaced
with B or C.

2. Operations on K-Theory Spaces

In this section we explain how the techniques of [Gra89], [GSVW92] and
[GS02] can be used to turn an assembly of power operations on exact cat-
egories with weak equivalences into operations on K-theory spaces and K-
groups. In particular, throughout this section, we assume we are given an
assembly of power operations as in Definition 1.1. Later on, we furthermore
assume that it preserves given weak equivalences in the sense of Defini-
tion 1.3.

For each n, let gMn denote the G-construction applied to the exact cate-
goryMn (denoted GMn in [GG87] and [Gra89]). Recall gMn is a simplicial
set where gMn(A) is of the form

gMn(A) = Exact(Γ(A),Mn)

for each A in the category ∆, the category of non-empty finite totally
ordered sets; here, Γ(A) is a certain partially ordered set (constructed
from A) equipped with a certain notion of short exact sequences so the
set Exact(Γ(A),Mn) of exact functors from Γ(A) toMn has a well-defined
and obvious meaning. For details, we refer the reader to [Gra89, Section 3].
In this paper however, similarly to the viewpoint taken in [GSVW92] and
[GS02, Section 1], we consider gMn not only as a simplicial set but most of
time actually as a simplicial category and then write GMn for it; in fact,
we temporarily view GMn as a simplicial object in the category Ex of ex-
act categories (where the morphisms are exact functors). All the additional
structure is of course derived from the corresponding given structure onMn.
For example, a sequence

M ′ →M →M ′′ in Exact(Γ(A),Mn)

is said to be a short exact sequence if M ′(x)�M(x)�M ′′(x) is a short ex-
act sequence inMn for all x ∈ Γ(A). This slightly more sophisticated view-
point is already convenient when defining the k-fold iterated G-construction
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GkMn. More precisely, the k-simplicial object GkMn in Ex is given by

(GkMn)(A1, . . . , An)

:= Exact(Γ(An),Exact(Γ(An−1), . . . ,Exact(Γ(A1),Mn) . . .))

= Exact(Γ(A1)× . . .× Γ(An),Mn)

for A1, . . . , An ∈ ∆; the last “Exact” here means “multi-exact”, similarly
to “multi-linear” in Linear Algebra. We recall furthermore from [Gra89,
Section 4] that composing with concatenation

∆k → ∆, (A1, . . . , Ak) 7→ A1 · · ·Ak,
turns every simplicial object X into a k-simplicial object SubkX, called the
k-fold edgewise subdivision of X. Finally, for each k and A ∈ ∆, Grayson
[Gra89, Sections 5, 6] defines the set Γk(A) consisting of (formal) tuples
(x1, ∗2, x2, ∗3, . . . , ∗k, xk) where xr ∈ Γ(A) and ∗r ∈ {⊗,∧} for each r and
which satisfy certain conditions. He furthermore equips Γk(A) with a certain
partial order and a notion of short exact sequences and defines a particular
multi-exact map

Ξ: Γ(A1)× . . .× Γ(Ak)→ Γk(A1 · · ·Ak)
for any A1, . . . , Ak ∈ ∆.

Definition 2.1. For any k ≥ 1, n ≥ 0 and A1, . . . , An ∈ ∆, let

λk(A1, . . . , Ak) : Subk(GMn)(A1, . . . , An)→ GkMnk(A1, . . . , Ak)

denote the composition of the functor

Exact(Γ(A),Mn) → Exact(Γk(A),Mnk)

M 7→ ((x1, ∗2, . . . ∗k, xk) 7→M(x1) ∗2 . . . ∗kM(xk))

(where A := A1 · · ·Ak) and the functor Exact(Ξ,Mnk) between the cate-
gories Exact(Γk(A1 · · ·Ak),Mnk) and Exact(Γ(A1)× . . .× Γ(Ak),Mnk).

Proposition 2.2. The previous definition yields a well-defined morphism

λk : Subk(GMn)→ GkMnk

in the category of simplicial categories.

Proof. In [Gra89, Section 7], this morphism is shown to be well-defined in
the category of simplicial sets. In [GS02, Theorem 4.1], this is stated again
in a more general context, but the type of simplicial objects considered is
not clearly specified. It is however easy to see that λk is indeed a morphism
between simplicial categories (but not between simplicial objects in Ex). �

The object of the rest of this section is to pass from the operation λk defined
above to a map between K-theory spaces and finally between K-groups. To
this end, we in addition assume from now on that every category Mn is
equipped with a subcategory wMn of weak equivalences and that the given
assembly of power operations preserves weak equivalences.

Similarly to the definition of wFk(Mn) in Section 1, let the k-simplicial
category wGkMn be defined by the requirement that wGkMn(A1, . . . , Ak)
is the subcategory of GkMn(A1, . . . , Ak) whose morphisms levelwise belong
to wMn (for any A1, . . . , Ak ∈ ∆).
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It is easy to see that, under the additional assumption above, the opera-
tion λk : SubkGMn → GkMn from Proposition 2.2 induces a well-defined
morphism

(2.3) wλk : SubkwGMn → wGkMn

between k-simplicial categories (for every k). Let N denote the functor from
the category of categories to the category of simplicial sets which maps a
category to its nerve. By composing with N we then obtain a map

N ◦ SubkwGMn → N ◦ wGkMnk

between k-simplicial objects in the category of simplicial sets, i. e., a map
between (k + 1)-simplicial sets. Let

|wλk| : |SubkwGMn| → |wGkMnk|
denote the continuous map obtained from the previous map by passing to
geometric realisations, see [Pet15, Section 2] for details.
The following theorem will finally allow us to define the operation λk on K-
theory spaces and K-groups. Note that, for the construction of |wGkMn|
and |SubkwGMn|, the exact category Mn and its subcategory wMn of
weak equivalences need not be part of an assembly of power operations.

Theorem 2.4. LetM be an exact category equipped with a subcategory wM
of weak equivalences. Then:
(a) We have a natural homeomorphism |SubkwGM| → |wGM|.
(b) If wM satisfies the extension axiom (see [Wal85, Section 1.2]), we have
a natural homotopy equivalence |wGM| → |wGkM|.

Proof. –
(a) [Gra89, Section 4] provides a natural homeomorphism |SubkX| → |X|
for any simplicial set X. It is easy to verify that this map remains a home-
omorphism if X is a simplicial topological space and hence also if X is a
simplicial category such as wGM. Note that realising a multisimplicial set
does not depend on the order of simplicial directions.
(b) We begin with k = 2. By [LurKer, Proposition 1.1.4.5], the functor
M → M ×M ∼= GM([0]) given by V 7→ (V, 0) induces a morphism of
simplicial categories M→ GM where we view the left-hand side as a con-
stant simplicial category. We apply wG and denote the resulting morphism
by ϕ : wGM → wG2M. Its realisation is shown to be a homotopy equiv-
alence in part (a) of the proof of [GSVW92, Theorem 2.6]. Note that the
G-construction there when applied to an exact category with weak equiva-
lences is indeed the same as the construction described in this section.
This proof can be generalised to k ≥ 2 as follows. Arguing as in [LurKer,
Proposition 1.1.4.5], the functor

M→M2k−1 ∼= Gk−1M(([0], . . . , [0])), V 7→ (V, 0, ..., 0)

induces a morphism of (k− 1)-simplicial categories τ : M→ Gk−1M where
we viewM as a constant (k−1)-simplicial category. More precisely, for any
A1, ..., Ak−1 ∈ ∆, the functor τ((A1, . . . , Ak−1)) is the composition of the

functor V 7→ (V, 0, ..., 0) with the functor M2k−1 → Gk−1M(A1, ..., Ak−1)
associated by Gk−1M to the unique map (A1, ..., Ak−1) → ([0], . . . , [0])

https://kerodon.net/tag/00FV
https://kerodon.net/tag/00FV
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in ∆k−1. Finally, we apply wG, pass to realisations and show as in [GSVW92]
that the resulting map is a homotopy equivalence. �

Using the previous theorem, we obtain the zigzag sequence of continuous
maps

(2.5) |wGMn| ← |SubkwGMn|
|wλk|−−−→ |wGkMnk| ← |wGMnk|

(for any n ≥ 0 and k ≥ 1) whose composition, after inverting the left- and
right-hand homotopy equivalences, we view as a morphism from |wGMn|
to |wGMnk| in the homotopy category of topological spaces. By abuse of
notation, we denote this composition λk again.

Recall, by composing with the forgetful functor (forgetting the morphisms)
from the category of categories to the category of sets, we can associate
a k-simplicial set x with any k-simplicial category X. In other words, x
is the k-simplicial set of 0-simplices of the simplicial object N ◦ X. By
[LurKer, Proposition 1.1.4.5], we therefore have a morphism of (k + 1)-
simplicial sets x → N ◦ X. Denoting the k-simplicial set corresponding
to the k-simplicial category GkMn by gkMn, we hence get morphisms
gkMn → N ◦ wGkMn (note that for any multi-index A1, . . . , Ak ∈ ∆,
the categories wGkMn(A1, . . . Ak) and GkMn(A1, . . . , Ak) have the same
objects). Therefore we get maps |gkMn| → |wGkMn| and, similarly, maps
|SubkgMn| → |SubkwGMn|.

Proposition 2.6. For any n ≥ 0 and k ≥ 1, we have the commutative
diagram

(2.7) |gMn|

��

|SubkgMn|oo
|λk|

//

��

|gkMnk|

��

|gMnk|oo

��

|wGMn| |SubkwGMn|oo
|wλk|

// |wGkMnk| |wGMnk|oo

where the spaces and the maps in the top line are the ones defined in [Gra89,
Sections 4-7] and the bottom line is sequence (2.5). If moreover wMn, for
every n, is the category of weak equivalences consisting only of isomorphisms
(also denoted iMn), then all vertical maps are homotopy equivalences.

Proof. The diagram is commutative by construction. To see this for the
right-hand square, we refer the reader to the description of the horizontal
maps given in [GG87, Lemma 6.3] and in the proof of Theorem 2.4. If
wMn = iMn, the left- and right-hand vertical maps are homotopy equiv-
alences by [GSVW92, Lemma 2.14]. By Theorem 2.4 and the analogous
statements in [Gra89], then also the two middle vertical maps are homotopy
equivalences. �

Recall that [GG87, Theorem 3.1] provides a natural isomorphism between
the rth homotopy group πr(|gM|) and Quillen’s K-group Kr(M) for any
exact category M and r ≥ 0. By passing to homotopy groups in the top
row of diagram (2.7), we thus finally obtain the operation

(2.8) λk : Kr(Mn)→ Kr(Mnk),

https://kerodon.net/tag/00FV
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the main outcome of [Gra89]. Via the commutative diagram (2.7), we may
identify this operation with the map obtained by passing to homotopy groups
of the map λk : |iGMn| → |iGMnk| given by (2.5). Furthermore, when
r = 0, this operation agrees with the standard and classical operation λk

on Grothendieck groups, see [Gra89, Section 8]. Finally, we recall [Gra89,
Section 9], when r ≥ 1 and the given assembly of power operations is given by
exterior powers of finitely generated projective modules over a commutative
ring R, this operation agrees with the λ-operation λk : Kr(R) → Kr(R)
defined in [Hil81] and [Kra80].

We conclude this section with variants of Waldhausen fibration theorem
which will be crucial for the next section.

Theorem 2.9. Let M be an exact category and let vM ⊂ wM be two
subcategories of weak equivalences. Suppose in addition that (M, w) has a
cylinder functor satisfying the cylinder axiom (see [Wal85, p. 348–349]). Let
Mw denote the full subcategory of M consisting of w-acyclic objects. Then,
for any k ≥ 1, we have the following two homotopy fibre sequences:

|vGkMw| → |vGkM| → |wGkM|
|SubkvGMw| → |SubkvGM| → |SubkwGM|

Proof. According to the original Waldhausen fibration theorem (see [Wal85,
1.6.4] or [TT90, 1.8.2]) we have the homotopy fibre sequence

|vS.Mw| → |vS.M| → |wS.M|.
To be precise, the maps here are the obvious ones and the null-homotopy
in the sense of Definition B.2 is given by the fact that 0 is an initial object,
see loc. cit. An exact category is obviously pseudo-additive in the sense of
[GSVW92, Definition 2.3]. By [GSVW92, Theorem 2.6] we therefore have a
homotopy equivalence between |wGM| and Ω|wS.M| and similarly between
|vGM| and Ω|vS.M| and between |vGMw| and Ω|vS.Mw|. Using these
homotopy equivalences and Theorem 2.4 we then define morphisms between
sequences with null-homotopies for the two sequences above. The sequences
in the statement are then homotopy fibre sequences by Corollary B.5. �

3. Combinatorially versus Homotopocally Defined Operations

The goal of this section is to prove that the exterior power operations con-
structed in [HKT17] combinatorially on higher K-groups of a scheme agree
with those defined in [Gra89] using homotopical methods. We will do this in
the general setup introduced in Section 1. In particular, we continue to as-
sume that we are given an assembly of power operations as in Definition 1.1.
We furthermore assume:

• Every exact category Mn is idempotent complete.
• For any s ≥ 0, n ≥ 0 and k ≥ 1 and for every quasi-morphism f. in

any C(Bq)sMn, also
∧k(f.) is a quasi-isomorphism.

Note that, as in Corollary 1.8, the assumption for s ≥ 1 in the second
bullet point above makes sense only after the same condition for s − 1 is
assumed to be true. To ease any potential worries about the combinatorial
complexity of this section, we remark already now that the assumption for
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s ≥ 1 comes into play only at the very end of this section when we apply
the inductive hypothesis in the proof of our main theorem (Theorem 3.9) to
the induced assembly of power operations on the categories BqMn, n ≥ 0.
In particular, throughout this section (apart from the very end), we will
consider only one-dimensional complexes and we will use the second bullet
point only when s = 0.
Recall the main outcome of [Gra12] is an algebraic description of Quillen’s
K-groups and this identification is achieved via a number of isomorphisms.
In order to prove our main theorem (Theorem 3.9), we will successively verify
in the statements below that each of these isomorphisms is compatible with
(exterior) power operations. Note however that we use spaces while Grayson
uses spectra. The relevant commutative diagrams are presented in a way so
they can be joined to one another.
To avoid repetitions, when we say below that an assembly of power oper-
ations preserves some weak equivalences, we tacitly assume that the sym-
bol λk denotes the corresponding morphism λk introduced in the previous
section, see (2.5) and (2.8).
For any idempotent complete exact category M, let iM denote the cate-
gory of weak equivalences for M consisting only of isomorphisms in M, let
qCM denote the category of weak equivalences for CM consisting of quasi-
isomorphisms in CM and let qBM denote the category of weak equivalences
for BM consisting of morphisms which are quasi-isomorphisms with respect
to both differentials. The standard inclusion functorM→ CM, V 7→ V [0],
then obviously induces a continuous map

|iGM| → |qGCM|.

It is obvious that every assembly of power operations preserves isomor-
phisms. We consider the categories CMn to be equipped with the assembly
of power operations according to Proposition 1.2 and Proposition 1.4, which
by assumption preserves quasi-isomorphisms.

Lemma 3.1. For any n ≥ 0 and k ≥ 1, the following diagram commutes
up to homotopy:

|iGMn|
λk //

��

|iGMnk|

��

|qGCMn|
λk // |qGCMnk|

Proof. This immediately follows from the construction of the maps λk in the
previous section. �

Similarly to qCMn, let qCχMn denote the category of weak equivalences for
the subcategory CχMn of CMn consisting of quasi-isomorphisms in CχM.
The inclusion CχMn ⊆ CMn then obviously induces a continuous map

|qGCχMn| → |qGCMn|.

Furthermore, we consider the categories CχMn to be equipped with the as-
sembly of power operations according to Proposition 1.4. It again preserves
quasi-isomorphisms.
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Lemma 3.2. For any n ≥ 0 and k ≥ 1, the following diagram commutes
up to homotopy:

|qGCMn|
λk // |qGCMnk|

|qGCχMn|
λk //

OO

|qGCχMnk|

OO

Proof. Again, this immediately follows from the construction of λk. �

For n ≥ 0, let bBMn denote the category of weak equivalences for BMn

consisting of morphisms f in BMn which become quasi-isomorphisms in
CMn after applying the functor ⊥n, the functor which forgets the top dif-
ferential in BMn. Furthermore, let BbMn denote the full subcategory of
BMn consisting of binary complexes which become acyclic after applying
the functor⊥n. Finally, let qBbMn denote the category of weak equivalences
for BbMn consisting of morphisms which are quasi-isomorphisms with re-
spect to the top differential. Similarly to Proposition 1.4 and Corollary 1.7,
we obtain an assembly of power operations on the categories BbMn, n ≥ 0,
which preserves these weak equivalences. The analogously defined func-
tor >n (forgetting the bottom differential) obviously induces a continuous
map

>n : |qGBbMn| → |qGCχMn|.

Lemma 3.3. For any n ≥ 0 and k ≥ 1, the following diagram commutes
up to homotopy:

|qGCχMn|
λk // |qGCχMnk|

|qGBbMn|
λk //

>n

OO

|qGBbMnk|

>nk

OO

Proof. Again, this immediately follows from the construction of λk. �

(From now on, we use some notations and terminology about homotopy
fibres and fibre sequences introduced in Appendix B.) Recall that, by Wald-
hausen’s fibration theorem (Theorem 2.9), for every n, the obvious sequence

(3.4) |qGBbMn| → |qGBMn|
εn−→ |bGBMn|

of continuous maps is a fibre sequence. The zigzag sequences (2.5) of con-
tinuous maps defining the operations

λk : |qGBMn| → |qGBMnk| and λk : |bGBMn| → |bGBMnk|

then induce a zigzag sequence of continuous maps defining an operation

λk : hofib(εn)→ hofib(εnk).
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Proposition 3.5. For any n ≥ 0 and k ≥ 1, the following diagram com-
mutes up to homotopy:

|qGBbMn|
λk //

��

|qGBbMnk|

��

hofib(εn)
λk // hofib(εnk)

Here, the vertical maps are the respective whisker maps.

Proof. This follows from Lemma B.4 after observing that, by the proof of
Waldhausen’s fibration theorem (see [Wal85, 1.6.4]), the null-homotopies for
the sequence (3.4) and for the analogous sequences for SubkG and Gk are
given by the fact that 0 is an initial object and that λk maps 0 to 0, see also
the proof of Theorem 2.9. �

We now consider the fibre sequence

hofib(⊥n) // |qGBMn|
⊥n // |qGCMn|

and let
λk : hofib(⊥n)→ hofib(⊥nk)

denote the operation induced by the operations

λk : |qGBMn| → |qGBMnk| and λk : |qGCMn| → |qGCMnk|.
Lemma 3.6. For any n ≥ 0 and k ≥ 1, we have the following natural
homotopy commutative diagram:

hofib(εn)
λk //

��

hofib(εnk)

��

hofib(⊥n)
λk // hofib(⊥nk)

Proof. This follows from the functoriality of the homotopy fibre applied to
the following commutative diagram:

|qGBMn|
εn //

id
��

|bGBMn|

⊥n

��

|qGBMn|
⊥n // |qGCMn|

�

From now on, we simplify the treatment in [Gra12] inasmuch as we don’t use
homotopy cofibres which on spaces behave differently to those on spectra and
on which lambda operations may not exist anyway. We rather do the final
steps in the more elementary context of homotopy groups. This approach
actually makes it possible to avoid the use of spectra throughout in [Gra12],
as we are doing in this paper.

We consider the continuous map ∆n : |qGCMn| → |qGBMn| induced by
the functor (V., d) 7→ (V., d, d). Similarly to above, let

λk : hofib(∆n)→ hofib(∆nk)
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denote the induced operation.

Lemma 3.7. Let n ≥ 0, k ≥ 1 and r ≥ 1. The following two squares of
induced homomorphisms between homotopy groups commute:

πr(hofib(⊥n))
λk //

can

��

πr(hofib(⊥nk))

can

��

πr(|qGBMn|)
λk //

∂
��

πr(|qGBMnk|)

∂
��

πr−1(hofib(∆n))
λk // πr−1(hofib(∆nk))

Proof. This follows from the functoriality of the long exact sequence of ho-
motopy groups. �

By induction on r, we define KGr
r (Mn) to be the cokernel of the induced

split injective homomorphism ∆n : KGr
r−1(CqMn)→ KGr

r−1(BqMn) with KGr
0

defined to be the classical Grothendieck group functor K0. This amounts
to the description of Quillen’s rth K-group Kr(Mn) given in [Gra12, Corol-
lary 7.4]. Note that, contrary to [Gra12], categories of complexes such as
CqMn and BqMn are defined in this paper using complexes which are sup-
ported only in non-negative degrees. However, [HKT17, Proposition 1.4]
states that this doesn’t entail any difference for KGr

r (Mn), see also Appen-
dix A. The induced assemblies of operations on the categories CMn and
BMn already considered above inductively induce a homomorphism

(3.8) λk : KGr
r (Mn)→ KGr

r (Mnk)

for every n ≥ 0, k ≥ 1 and r ≥ 1. To see this we use [HKT17, Theorem 6.2]
which also applies to the more general situation when the standard assembly
of power operations on the category P(X) there is replaced with an arbitrary
assembly of power operations. The required short exact sequences (6.4) for
the base step in the inductive proof there indeed follow from the properties
of an assembly of power operations (see Definition 1.1).

We are now ready to state and prove our main theorem.

Theorem 3.9. For any n ≥ 0, k ≥ 1 and r ≥ 0, the following diagram of
maps commutes:

Kr(Mn)
λk //

∼=
��

Kr(Mnk)

∼=
��

KGr
r (Mn)

λk // KGr
r (Mn)

Here, the vertical bijections are given by [Gra12, Corollary 7.4] and the top
and bottom operations are given by (2.8) and (3.8), respectively.

Proof. We proceed by induction on r. The statement for r = 0 is true by
definition.
For the inductive step r − 1 → r where r ≥ 1, we first note that pass-
ing to the rth homotopy group turns the vertical maps in Lemma 3.1,
Lemma 3.2, Lemma 3.3, Proposition 3.5 and Lemma 3.6 into isomorphisms;
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this follows from [TT90, Theorem 1.11.7], [Gra12, Remark 5.8] (note that
r ≥ 1), [Gra12, Theorem 5.9], Theorem 2.9 (see also Definition B.2) and
[Gra12, Theorem 4.8], respectively, in conjunction with Proposition A.1 and
[GSVW92, Theorem 2.6] (see also proof of Theorem 2.9). Furthermore, a di-
agram chase as in the proof of [Gra12, Corollary 4.5] shows that the vertical
composition in Lemma 3.7 is an isomorphism. Pre-composing the composi-
tion of all these isomorphisms with the isomorphism induced by the vertical
homotopy equivalence from Proposition 2.6 and post-composing with the
isomorphism (3.10) introduced below then yields the vertical isomorphism
in Theorem 3.9, see [Gra12]. By Proposition 2.6, Lemma 3.1, Lemma 3.2,
Lemma 3.3, Proposition 3.5, Lemma 3.6 and Lemma 3.7, it therefore remains
to show that the isomorphism (3.10) below is compatible with λk.
Another application of Waldhausen’s fibration theorem (see Theorem 2.9)
yields that the horizontal sequences in the following commutative diagram
of continuous maps are fibre sequences:

|iGCqMn| //

∆n

��

|iGCMn| //

∆n

��

|qGCMn|

∆n

��

|iGBqMn| // |iGBMn| // |qGBMn|

Here, all vertical maps are induced by the functor (V., d) 7→ (V., d, d). This
diagram induces the following commutative diagram of homomorphisms be-
tween homotopy groups, with exact rows and split-exact columns:

πr(|qGCMn|)
∂ //

��

∆n

��

πr−1(|iGCqMn|) //

��

∆n

��

πr−1(|iGCMn|)
��

∆n

��

πr(|qGBMn|)
∂ //

∂
����

πr−1(|iGBqMn|) //

∂
����

πr−1(|iGBMn|)

πr−1(hofib(∆n)) // KGr
r (Mn)

Note that the target of the connecting homomorphism ∂ in the middle col-
umn of this diagram a priori is the (r−2)th homotopy group of the homotopy
fibre of the middle vertical morphism ∆n in the diagram above; but that
homotopy group is isomorphic to KGr

r (Mn) due to the identifications

πr−1(|iGCqMn|) ∼= πr−1(|gCqMn|) = Kr−1(CqMn) ∼= KGr
r−1(CqMn)

and

πr−1(|iGBqMn|) ∼= πr−1(|gBqMn|) = Kr−1(BqMn) ∼= KGr
r−1(BqMn)

given by Proposition 2.6 and [Gra12, Corollary 7.4]. The right-hand ver-
tical homomorphism in this diagram is bijective because source and tar-
get are isomorphic to ⊕i∈NKr−1(Mn), as explained in the proof of [Gra12,
Theorem 4.3]. A straightforward diagram chase then shows that the lower
horizontal homomorphism

(3.10) πr−1(hofib(∆n))→ KGr
r (Mn)
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is bijective as well. This isomorphism is obviously the same as the one
obtained by applying the rth homotopy group functor to (the proof of)
[Gra12, Theorem 4.3].
It remains to prove that the following diagram of homomorphisms between
homotopy groups commutes:

πr−1(hofib(∆n))
λk //

��

πr−1(hofib(∆nk))

��

KGr
r (Mn)

λk // KGr
r (Mnk)

By an easy diagram chase, this immediately follows from the statement that
the second identification above commutes with λk, which in turn follows
from Proposition 2.6 and the inductive hypothesis applied to the assembly of
power operations on the categories BqMn. Note that the proof of [HKT17,
Lemma 3.4(1)] shows that the categories BqMn are idempotent complete
again, as assumed in the first bullet point at the beginning of this section.
The assumption in the second bullet point has been formulated in a way so
it automatically holds for Mn replaced with BqMn as well.
This finishes the proof of Theorem 3.9, �

Let X be a quasi-compact scheme. Applying the main outcome of [Gra89]
to the assembly of power operations given by the usual tensor product and
exterior powers in the category P(X) of locally free OX -modules of finite
rank, we obtain the exterior power operation

λk : Kr(X)→ Kr(X)

for any r ≥ 0 and k ≥ 1. In the following corollary, we identify KGr
r (X)

with Kr(X) via [Gra12, Corollary 7.4].

Corollary 3.11. Let r ≥ 0 and k ≥ 1. The exterior power operation λk

on Kr(X) constructed in [Gra89] agrees with the one defined in [HKT17,
Theorem 6.2].

Proof. This is a special case of the previous theorem. To see this, we observe
that the category P(X) is idempotent complete and that the assumption
in the second bullet point at the beginning of this section is satisfied by
Proposition 1.9. Note that the map λk : KGr

r (P(X)) → KGr
r (P(X)) is

indeed the same as the one constructed and denoted λk : Kr(X) → Kr(X)
in [HKT17, Theorem 6.2]. �

4. Comparison with other operations

In this section we use the method of [Zan19, Section 5.2.2] to compare the ex-
terior power operations considered in Corollary 3.11 with the ones defined by
Zanchetta [Zan21], Riou [Rio10], Gillet-Soulè [GS99] and Barwick-Glasman-
Mathew-Nikolaus [BGMN21].

All schemes considered in this section are assumed to be Noetherian and
of finite Krull dimension. We fix a divisorial ([TT90, 2.1.1]) regular base
scheme S.
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Let SchS denote the category of divisorial schemes of finite type over S
and let Pre(SchS) (resp. sPre(SchS)) denote the category of presheaves
(resp. simplicial presheaves) of sets over SchS . We define K ∈ sPre(SchS)
to be the simplicial presheaf which associates the simplicial set gP(X) (see
Section 2) to any scheme X. We view sPre(SchS) as a model category where
the cofibrations and the weak equivalences are the sectionwise cofibrations
and weak equivalences, respectively. This is called the global injective model
structure. When applied to the standard assembly of power operations on
P(X) for any X ∈ SchS , the operations λk constructed in [Gra89] and
recalled in Section 2 are functorial in X and therefore define morphisms
λk : K → K in Ho(sPre(SchS)), the associated homotopy category.
As the Zariski topology is a Grothendieck topology on SchS , we can define
a new model category structure on sPre(SchS) having the same cofibra-
tions but where the weak equivalences are the so-called local weak equiva-
lences with respect to the Zariski topology (for details see [Jar15, Sections 2–
4]). We call this the local (or Jardine) model structure with respect to the
Zariski topology and denote the resulting model category by sPreZar(SchS).
As this model structure is obtained as a left Bousfield localisation from
the global injective one (see [AHW17, Remark 3.1.4]), we get a functor
Ho(sPre(SchS)) → Ho(sPreZar(SchS)) and our operations λk are sent by
this morphism to operations

λk : K → K in Ho(sPreZar(SchS)).

Note all the definitions and constructions given so far in this section also
apply to the full subcategory SmS ⊆ SchS of smooth schemes.
Recall that, for divisorial schemes, Thomason’s K-theory of perfect com-
plexes is weakly equivalent to the g-construction, see [GG87, Theorem 3.1]
and [TT90, Proposition 3.10]. In the following theorem, we accordingly
identify the object K ∈ Ho(sPreZar(SchS)) with the K-theory presheaf as
defined in [Zan21, Section 2].

Theorem 4.1. Let k ≥ 1. The operation λk ∈ HomHo(sPreZar(SchS))(K,K)
agrees with the one defined in [Zan21, Theorem 7.1]. In particular, for any
X ∈ SmS and r ≥ 0, the operation λk on Kr(X) considered in Corollary 3.11
agrees with the one defined in [Rio10, Theorem 1.1.1].

Proof. By viewing a scheme as a constant simplicial presheaf in the ob-
vious way, we obtain the presheaf π0K := HomHo(sPreZar(SchS))(−,K) ∈
Pre(SchS). As the K-theory of perfect complexes satisfies Zariski descent
(see [TT90, Theorems 8.1 and 10.8]), we have that π0K coincides with K0.
Furthermore, by construction and by [Gra89, Section 8], the operation
π0(λk) then coincides with the usual lambda operation λk : K0 → K0. The
statement now follows from [Zan21, Theorems 3.2 and 4.1]. �

Corollary 4.2. For any X ∈ SchS and any r ≥ 0 and k ≥ 1, the oper-
ation λk on Kr(X) considered in Corollary 3.11 agrees with the ones con-
structed in [GS99, Theorem 3] and in [BGMN21, Theorem 1.1].

Proof. Recall that K ∼= Z×BGL+ in Ho(sPreZar(SchS)), see [GG87, Theo-
rem 3.1] and [GS99, Lemma 18]. Although a different terminology is used in
[GS99], under our assumptions one can see from the construction of [GS99,
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Section 4] that their operations arise from maps Z×BGL+ → Z×BGL+ in
Ho(sPreZar(SchS)) inducing on K0 the usual lambda operation λk. Hence,
the previous theorem and [Zan21, Theorems 3.2 and 4.1] imply that the
operation λk on Kr(X) considered in Corollary 3.11 agrees with the one
constructed in [GS99, Theorem 3], as claimed.
When applied to the polynomial functor λk on the category Perf(X) of
perfect complexes on X, Theorem 1.1 in [BGMN21] yields an operation on
the K-theory space of X which is functorial in X and which agrees with the
usual operation λk on K0(X) after passing to π0. In particular, we obtain an
operation λk on K ∈ Ho(sPre(SchS)) and then on K ∈ Ho(sPreZar(SchS))
as above. Hence, the same reasoning as above shows that the operation λk

on Kr(X) considered in Corollary 3.11 agrees with the one constructed in
[BGMN21, Theorem 1.1] as well. �

Remark 4.3. The operations defined in [GS99] (and also explained in
[HW98, Appendix B]) are generalisation of the ones defined in [Sou85,
Proposition 4] for regular schemes which in turn agree with the ones de-
fined by Hiller [Hil81] and Kratzer [Kra80] for affine schemes, see [Sou85,
end of p. 512].

5. The λ-Ring Axioms for Higher Equivariant K-Theory

In [Köc98], the first author applied Grayson’s construction [Gra89] to define
exterior power operations on higher equivariant K-theory and conjectured
that composition of these operations satisfies the relevant λ-ring axiom.
The object of this section is to prove this conjecture and to thereby finish
the proof that Grayson’s operations define a λ-ring structure on the higher
equivariant K-groups. To this end, we will apply Theorem 3.9 and extend
the reasoning of [HKT17, Section 8] to the equivariant setting. We begin by
recalling some notations and facts from [Köc98].

Let S be a Noetherian scheme, and let G be a flat group scheme over S.
As usual, a G-scheme over S is an S-scheme equipped with an S-morphism
mX : G×X → X which is associative in the obvious sense. We fix S, G and
a G-scheme X throughout this section.

A G-module on X is a pair consisting of an OX -module V and an isomor-
phism mV : m∗XV

∼−→ pr∗XV of OG×X -modules which satisfies the associa-
tivity property

(pr∗2,3mV ) ◦ ((1×mX)∗mV ) = (mG × 1)∗mV .

Here, mG : G × G → G is the multiplication, and prX : G × X → X and
pr2,3 : G×G×X → G×X denote the obvious projections. For example, if
G =

∐
γ∈Γ S is the constant group scheme associated to an abstract group Γ,

then a G-module on X is the same as an OX -module V together with iso-
morphisms γ∗V ∼−→ V , γ ∈ Γ, which satisfy the usual associativity property.
Homomorphisms between G-modules are defined in the obvious way. The
category of G-modules which are coherent as OX -modules (resp. locally free
of finite rank over OX) will be denoted M(G,X) (resp. P(G,X)). By
[Köc98, Lemma (1.3)], the category M(G,X) is an abelian category and
the subcategory P(G,X) is an exact category.
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The ordinary non-equivariant tensor product and exterior powers of G-
modules on X when equipped with the “diagonal” action of G define an
assembly of power operations on P(G,X) as in the non-equivariant context,
see explanations after Definition 1.1. As recalled in Section 2, from [Gra89]
we hence obtain an exterior power operation

λk : Kr(G,X)→ Kr(G,X)

on the rth equivariant K-group Kr(G,X) := Kr(P(G,X)) for any k ≥ 1 and
r ≥ 0. Conjecture (2.7) in [Köc98] predicts that composition of these exterior
power operations obeys the usual lambda-ring axiom for composition, see
[FL85, I §1]. The following theorem proves this conjecture.

Let Pk,l denote the universal integral polynomial in kl variables defined for
example on page 5 of [FL85]. It is easy to see that Pk,l is homogeneous

of degree kl and hence just a multiple of λkl if we discard all monomials
in Pk,l that are made up of more than one factor. If r > 0, this simplifies
the right-hand side of the formula in the next theorem, as we define the
multiplication on Kr(G,X) to be the trivial one.

Theorem 5.1. Let k, l ≥ 1, r ≥ 0 and x ∈ Kr(G,X). Then we have

(5.2) λk(λl(x)) = Pk,l(λ
1(x), . . . , λkl(x)) in Kr(G,X).

Together with [Köc98, Propostion (2.5)] this proves that the direct sum
K(G,X) := ⊕r≥0Kr(G,X) is a λ-ring (see [FL85]); here, the product xy of
any two elements x ∈ Kr(G,X) and y ∈ Ks(G,X) is induced by the tensor
product if r = 0 or s = 0 and defined to be zero if r > 0 and s > 0, and the
operation λk is extended to the whole direct sum in the obvious way, see
[HKT17, Section 7]. (The reader interested in a formula for λk applied to the
external product x ` y ∈ Kr+s(G,X) is referred to [HK19, Theorem 1.5].)

Proof. We put KGr
0 (G,X) := K0(G,X) = K0(P(G,X)) and inductively

define

KGr
r (G,X) := coker

(
KGr
r−1(CqP(G,X))

∆−→ KGr
r−1(BqP(G,X))

)
for r ≥ 1. As explained prior to Theorem 3.9, we obtain an operation

λk : KGr
r (G,X)→ KGr

r (G,X)

for any k ≥ 1 and r ≥ 0. By Theorem 3.9, the isomorphism Kr(G,X) ∼=
KGr
r (G,X) from [Gra12, Corollary 7.4] commutes with λk. Indeed the as-

sumptions at the beginning of Section 3 are satisfied: the assumption in the
first bullet point is evident and the assumption in the second bullet point
follows from Proposition 1.9 as this assumption refers to the underlying
OX -modules and does not involve the equivariant structures.
It therefore remains to prove Theorem 5.1 when Kr(G,X) is replaced with
KGr
r (G,X). To this end, we follow the proof of [HKT17, Theorem 8.18]. In

a nutshell, this means we continue reducing Theorem 5.1 to an analogous
statement by successively replacing Kr(G,X) with some other K-group until
we are arrive at one for which we can prove the required identity. The next
paragraph will recap these reductions; for more details, the reader is referred
to loc. cit. The last paragraph will give a detailed proof of that reduction
which needs additional reasoning in the equivariant setup of Theorem 5.1.
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By definition, we have an epimorphism K0((Bq)rP(G,X)) → KGr
r (G,X);

thus, we may replace KGr
r (G,X) with K0((Bq)rP(G,X)), which actually

yields a more precise statement because the multiplication in the latter K-
group is no longer trivial. Then we reduce to the case when x is the class of
an object P ∈ (Bq)rP(G,X). Plugging in P shifts our statement to prov-
ing it when (Bq)rP(G,X) is replaced with End ((Bq)rP(G,X)), the cate-
gory of endo-functors; here, the required structure, such as tensor products
and exterior products on End ((Bq)rP(G,X)), is induced from the target
(Bq)rP(G,X) in End ((Bq)rP(G,X)) in the usual way. Let Pol0<∞(Z) de-
note the exact category of polynomial functors F that are a finite direct
sums of homogeneous polynomial functors over Z and that satisfy F (0) = 0,
see [HKT17, Section 8A]. The crucial point now is that, as in the non-
equivariant case, we have an exact functor

(5.3) Pol0<∞(Z)→ End ((Bq)rP(G,X))

which respects tensor products and exterior powers, see below. This re-
duces our problem to the case when End ((Bq)rP(G,X)) is replaced with
Pol0<∞(Z), in which case, by [HKT17, Theorem 8.5], the Grothendieck group

K0

(
Pol0<∞(Z)

)
is naturally isomorphic to the augmentation ideal in the uni-

versal λ-ring Z[s, λ2(s), . . .] in one variable s. Hence, our statement holds.
We still need to construct the functor (5.3). To this end, recall from
[HKT17, Section 8A] that a polynomial functor F over a scheme Y as-
signs an object F (V ) ∈ P(Y ) to any object V ∈ P(Y ) and a homomor-
phism F (α) : F (V )T → F (W )T to any homomorphism α : VT → WT for
any V,W ∈ P(Y ) and for any Y -scheme T ; the latter assignments must
satisfy the usual functor axioms and be functorial in T , but need not be
linear. Furthermore, for any morphism Y ′ → Y of schemes, there is a base
change functor Pol0<∞(Y ) → Pol0<∞(Y ′), see the construction in loc. cit.

The base change of any F ∈ Pol0<∞(Y ) will be denoted F again and satis-

fies F (f∗(V )) ∼= f∗(F (V )) by construction. Now, given F ∈ Pol0<∞(Z) and
V ∈ P(G,X), we base-change F from Z to X and turn the OX -module F (V )
into a G-module via the isomorphism

m∗XF (V ) ∼= F (m∗XV )
F (mV )

// F (p∗XV ) ∼= p∗XF (V ) .

This defines the functor (5.3) when r = 0. The endo-functor of P(G,X)
just constructed sends 0 to 0 again and it commutes with restriction to any
open subset U of X (after defining it for X replaced with U as well). As
explained in [HKT17, Sections 4 and 6] (alternatively, in Corollary 1.8 and
Proposition 1.9), any such functor induces an endo-functor of (Bq)rP(G,X)
for every r ≥ 0. We have thus finally constructed the functor (5.3); it is
straightforward to check that it satisfies all the required properties. �

Appendix A. K-Theory of Non-negatively Supported Complexes

In this appendix we shall prove the relatively elementary fact that, in many
situations, considering arbitrary bounded complexes instead of complexes
supported in non-negative degrees doesn’t result in any difference when
passing to K-theory. A first statement of this kind is [HKT17, Proposi-
tion 1.4].
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LetM be an exact category and consider one of the categories CM, CχM,
BM, BbM as defined in the paper. We denote this category by C≥0 in
this appendix. The analogous category defied using complexes supported in
degree ≥ −i (for any i ∈ N) or using arbitrary bounded complexes is denoted
by C≥−i and C, respectively. We equip C≥−i and C with the subcategory q
(or b in case of BM) of weak equivalences as in the paper and denote the
resulting K-theory spaces (defined via Waldhausen’s S.-construction as in
[Wal85, Section 1.3] or via the equivalent G-construction as explained in
Section 2) by K(qC≥−i) and K(qC), respectively.

Proposition A.1. The canonical map K(qC≥0) → K(qC) is a homotopy
equivalence.

Proof. We have inclusions C≥−i → C≥−i−1 that can be bundled together in
a filtered system indexed by N whose colimit is C and that preserve the
subcategories q. By its construction, the K-theory space functor commutes
with filtered colimits. It therefore suffices to show that the induced map
K(qC≥−i) → K(qC≥−i−1) is a homotopy equivalences for every i ≥ 0. To
this end, we consider the functor [−1] that shifts any complex by 1 to the
left and multiplies its differential by −1. For every object V. ∈ C≥−i, the
standard short exact sequence

0→ V.→ cone(idV.)→ V.[−1]→ 0

is then a sequence within C≥−i. (Note the cone construction also applies
to binary complexes.) Hence, by the Additivity Theorem (see [Wal85, The-
orem 1.4.2 and Proposition 1.3.2(4)] or [TT90, Corollary 1.7.3]), we have
K([−1]) + K(id) ' K(F ) on K(qC≥−i) where F is the endofunctor V. 7→
cone(idV.) on C≥−i. Filtering the double complex underlying cone(idV.) verti-
cally rather than horizontally, we similarly obtain that K(F ) '

∑
j≥0K(Fj)

where the functor Fj is given by V. 7→ cone(idVj [−j]) (see proof of [HKT17,

Lemma 1.6] for details). We furthermore have K(Fj) ' 0 as cone(idVj [−j])
is naturally homotopy equivalent to the zero complex. It remains to observe
that composing the inclusion C≥−i → C≥−i−1 in any direction with the shift
functor [−1] : C≥−i−1 → C≥−i is the endofunctor [−1] considered above. �

Appendix B. Homotopy Fibres and Homotopy Fibre Sequences

In this appendix, we first give a precise definition of a (homotopy) fibre
sequence and then detail a folklore fact about morphisms between fibre
sequences that is crucial for the proof of Proposition 3.5 and that is in fact
at the heart of the proof of our main theorem (Theorem 3.9). Standard
references are [Mat76] and [MV15].

Given a topological space Y , let Y I denote the space of continuous maps
from the unit interval I to Y . Given a pointed space (Y, y), we define the
path space PY := {α ∈ Y I | α(0) = y}. We also have a continuous map
ev1 : PY → Y evaluating every path at 1.

Definition B.1 ([MV15, 2.2.3]). Given a continuous map f : X → Y and
a point y ∈ Y , the homotopy fibre of f (at y) is the topological space

hofib(f) := {(x, α) ∈ X × Y I | f(x) = α(1), α(0) = y}.
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In other words, hofib(f) is the fibred product X ×Y PY of X and PY over
Y with respect to the maps f : X → Y and ev1 : PY → Y .

Consider a sequence of continuous maps W
g−→ X

f−→ Y and a point y ∈ Y .
Let p : hofib(f)→ X denote the map given by (x, α) 7→ x and let cy : W → Y
denote the constant map with value y. It can be verified that there is a

canonical bijection H 7→ H̃ between the set of homotopies H : cy ∼ f ◦ g
and the set of continuous maps G : W → hofib(f) such that p ◦G = g. The

map H̃ is called the whisker map.

Definition B.2. We say that a sequence W
g−→ X

f−→ Y of topological spaces
together with a distinguished point y ∈ Y and a homotopy H : cy ∼ f ◦ g
is a sequence with null-homotopy. If the corresponding whisker map H̃ is a
homotopy equivalence, we say that it is a (homotopy) fibre sequence.

For example, given a continuous map f : X → Y and y ∈ Y , the sequence

hofib(f)
p−→ X

f−→ Y is a fibre sequence. It is called the standard fibre
sequence associated with f and y.

Definition B.3. As usual, a morphism λ : (X
f−→ Y ) → (X ′

f ′−→ Y ′) be-
tween continuous maps f and f ′ is a pair λ = (λX , λY ) of continuous maps
λX : X → X ′ and λY : Y → Y ′ such the obvious resulting square commutes.
A morphism λ between sequences W → X → Y and W ′ → X ′ → Y ′ of
topological spaces is defined similarly. When these sequences are sequences
with null-homotopies H and H ′ (or in fact fibre sequences), we say that λ
is a morphism of sequences with null-homotopies (or of fibre sequences) if
λY (y) = y′ and the following diagram commutes:

W
H //

λW
��

PY

PλY
��

W ′
H′ // PY ′

If this diagram commutes only up to homotopy, we say that λ is a weak
morphism of sequences with null-homotopies (or of fibre sequences).

For example, if λ = (λX , λY ) : f → f ′ is a morphism between two contin-
uous maps f : X → Y and f ′ : X ′ → Y ′, then, for every y ∈ Y , the triple
(hofib(λ), λX , λY ) is a morphism between the standard fibre sequences as-
sociated with (f, y) and (f ′, λY (y)).

Lemma B.4. Let λ : (W
g−→ X

f−→ Y )→ (W ′
g′−→ X ′

f ′−→ Y ′) be a morphism
between sequences with null-homotopies H and H ′. Then the following dia-
gram commutes:

W
H̃ //

λW
��

hofib(f)

hofib(λ)
��

W ′
H̃′ // hofib(f ′)

If λ is only a weak morphism, then this diagram commutes up to homotopy.
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Thus, the assumption that λ is not only a morphism between sequences
but a weak morphism between, say, fibre sequences is enough to be able to
conclude that λW and hofib(λ) induce the same maps on homotopy groups,
after identifying the homotopy groups of W and W ′ with the homotopy
groups of hofib(f) and hofib(f ′), respectively, via the whisker maps.

Proof. The proof is a straightforward exercise in homotopy theory using
the very definition of the standard homotopy fibre and the properties of
homotopy pullbacks detailed in [Mat76], for example. �

Corollary B.5. Let λ = (λW , λX , λY ) be a weak morphism as in the previ-
ous lemma and assume that λW , λX and λY are homotopy equivalences. If
then one of the sequences is a fibre sequence, so is the other.

Proof. This follows immediately from Lemma B.4 and [Mat76, Lemma 6].
�
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(1980), no. 2, 233–254.
[Lev97] Marc Levine, Lambda-operations, K-theory and motivic cohomology, Alge-

braic K-theory (Toronto, ON, 1996), Fields Inst. Commun. 16, Amer. Math.
Soc., Providence, RI, 1997, 131—184.

[LurKer] Jacob Lurie, Kerodon [online]. Available from: https://kerodon.net [Ac-
cessed 9 July 2021].

[Lur17] , Higher Algebra [online] (2017). Available from: http://www.math.

harvard.edu/~lurie/papers/higheralgebra.pdf [Accessed 9 July 2021].
[Mat76] Michael Mather, Pull-backs in homotopy theory, Canadian J. Math. 28

(1976), no. 2, 225—263.
[May92] J. Peter May, Simplicial objects in algebraic topology, Chicago Lectures in

Mathematics, University of Chicago Press, Chicago, IL, 1992, Reprint of the
1967 original.

[MV15] Brian A. Munson and Ismar Volić, Cubical homotopy theory, New Mathe-
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[Rio10] Joël Riou, Algebraic K-theory, A1-homotopy and Riemann-Roch theorems, J.
Topol. 3 (2010), no. 2, 229-–264.

[SK10] Ramesh Satkurunath and Bernhard Köck, An algorithmic approach to Dold-
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