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Nomenclature

Greek Symbols

a, d

Y
€

[}

T T DIDIOM

WE

Angular acceleration
Flight path angle
Specific energy
Emissivity

Vacuum permittivity
Sidereal time

True anomaly

Curvature

Longitude

Standard gravitational
parameter

Vacuum permeability
Density

Range
Stefan-Boltzmann
stant

Orbital period
Latitude

Right ascension of ascend-
ing node

Argument of perigee
Angular velocity

Earth sidereal angular ve-
locity

con-

Latin Symbols

Area

Azimuth

Altitude
Semi-major axis
Acceleration
Magnetic field
Ballistic coefficient
Circumference
Speed of light
Jacobi energy
Identity matrix
Electric field
Eccentric anomaly
Energy
Eccentricity
Elementary charge
Force

QL

T EEEEOTY QIS S8 e

v’ijl

Earth gravity
Planck constant
Angular momentum

b‘lml

tum
Inertia tensor

~

Gravitational constant

Specific angular momen-



Nomenclature 6

Inclination Tp Perigee radius

Flux rsor  Sphere of influence
Boltzmann constant S Surface area
Luminosity T Temperature

Mass T, T Torque

Magnetic moment U Atomic mass unit
Electron mass \%4 Volume

Neutron mass v, ¥  Velocity

Proton mass

Jacobi energy Abbreviations

Avogadro number AOP Argument of perigee
Semi-latus rectum au Astronomical unit
Position RAAN Right ascension of as-
Apogee radius cending node

Earth radius



Introduction

Notation

In the remainder of this booklet the following notation is used for
mathematical symbols:

scalars: upper or lower case latin or greek letters: x, (2,

vectors: an arrow over lower case latin or greek letters: &, ﬁ,
matrices: bold, upper case latin or greek letters: X, (2.

Unless specified otherwise, vectors are column vectors with their
components denoted by the same symbol as the vector and a subscript
indicating the index starting at 1 for the first component:

X1 yl

T = x2 |, g = y2
T3 Ys

Ya

Similarly, the entries of a matrix are denoted by the same symbol as
the matrix itself with a subscript indicating first the row and then
the column of the entry starting at 1:

X1 Xi2 Xi3
X=|X21 Xoo Xo3
X31 X390 X33

Angles in the following equations and as arguments of trigonometric
functions are in radians unless otherwise noted.



CHAPTER 1

Constants

1.1. Mathematical Constants

7w = 4arctan 1
~ 3.1415926535897932

i=+v—-1

1+5
SD:

e=expl

~ 2.7182818284590452

2
~ 1.6180339887498948

1.2. Physical Constants

m g m
c=299792458 — ~ 3 x 10° —
s S

m m
go = 9.80665 — ~ 9.81
S S

3
G =6.67430 x 107
kgs

h=6.6260693 x 1072*Js

kp = 1.380649 x 10~

g 7l

o =5.670367 x 1078

m? K*

(Speed of light)

(Earth gravity)

(Gravitational constant)
(Planck constant)

(Boltzmann constant)

(Stefan-Boltzmann constant)



1.3. ASTRONOMICAL CONSTANTS 9

N4 =6.0221415 x 10%3 miol (Avogadro number)
u = 1.66056 x 10~%" kg (Atomic mass unit)
me = 9.1093897 x 1073 kg (Electron mass)
m, = 1.6726231 x 10727 kg (Proton mass)
my, = 1.6749286 x 10727 kg (Neutron mass)
e=1.60217653 x 10712 C (Elementary charge)
o = 4m X 1077T2Jm3 (Vacuum permeability)
T2 m3

~ 12.566 370614 x 107

2

1
g0 = —— ~ 8.854 187817 x 1072 & (Vacuum permittivity)
c? Lo Jm

0K =-273.15°C (Absolute zero)
1.3. Astronomical Constants

lau = 149597870 700 m (Astronomical unit)
~ 1.496 x 10° km



1.3. ASTRONOMICAL CONSTANTS 10

Time
1 Julian day =1d = 86400s 1 Julian year = 365.25d
1 Gregorian year = 365.2425d
1 mean tropical year ~ 365.2422d
1sidereal day ~ 86 164 s 1sidereal year =~ 365.26 d

Solar System

Approximate gravitational parameters (in km?3s=2):

fatercury = 2:203 X 10°  pyenus = 3.249 X 10°  pgaren = 3.986 x 10°

fnrars = 4283 X 10 fryupiter = 1.267 X 10°  figapurn = 3.793 x 107
UUranus = 5.794 X 10°  lineptune = 6.837 x 10°
Udioon = 4.905 x 103 fsun = 1.327 x 10!

Approximate mean body radii (in km):

RMercu'ry = 2440 Ry enus = 6052 Rgarin = R = 6371

Ryrars = 3390 R jupiter = 69911 Rsqturn = 58232
Ruranus = 25362 RNeptune = 24622
Riroon = 1737 Rgun = 695700

Approximate semi-major axes (in au unless otherwise noted):

P Mercury = 0.387 PVenus = 0.723  TEaren = 1.000
Farars = 1.523 T upiter = 5.205  TSapurn = 9.582
FUranus = 19.20 I Neptune = 30.05

T Moon = 984400 km



1.3. ASTRONOMICAL CONSTANTS 11

Approximate orbital eccentricities:

EMercury = 0.205 €Venus — 0.007 €Earth = 0.017
eMars = 0.094 € Jupiter = 0.049 €Saturn = 0.057
€Uranus = 0.046 ENeptune = 0.011
€Moon = 0.055
Sun

Approximate luminosity (radiation power):
Loun = 3.828 x 10°° W

Approximate solar flux at Earth:

L‘}un W
J = —— ~ 1361 —
Earth A (1 au)g m2

Earth

Sidereal angular velocity:

_o 14 1 rad
WE = 36526 ) d

d
~ 72.9217 x 106 222



1.3. ASTRONOMICAL CONSTANTS 12

Approximate geopotential coefficients (JGM-3):
Jo=1.08264 x 107> Jp; =1.56187 x 1077 Jp5 = 1.81553 x 107°

Ao = 1.72598 Moo= —5.21123 x 107!
Jy = —2.53244 x 107%  J3; =2.20912 x 107%  J35 = 3.74409 x 1077
A31 = 0.12162 Az2 = —0.59999
J33=2.21360 x 1077
A3.3 = 1.099 24
Jy=-1.61933x 107% J;; =6.78834 x 1077 Jyo = 1.67626 x 10"
Mg = —2.41797 Ay = 1.08402
Jy3=16.04216 x 107%  Jy, = 7.64480 x 107°
Mgz = —0.20012 Mg 4= 211873

to be used with exactly

km?
Rp = 6378.1363 km p = 398600.4415 ——
S



CHAPTER 2

Mathematics

2.1. Geometry

2D shapes
Circle of radius 7:
1
12 = 2% 4 y? o—
r
A= 7r? C =2nr
Arc with radius r and angle «:
A= %’I‘Q C=ar

Ellipse with semi-major axis a and semi-minor axis b:

2 2 2 2\ —3/2
) Hzl(wﬁ)
a b2 a?b? \ a* bt
—_bp\?
A = mab h:(“ )
a+b

/2
C’:4a/ V1 —e2sin®tdt
0
~7(a+b) (1 + h) (Ramanujan)
~ 10+ v1_h )

13



2.1. GEOMETRY 14
Triangle with base b and height h:
A= 1bh
2

Parallelogram with base b and height h:
A ="bh

3D shapes

Sphere with radius 7:

43

V:§ﬂ"[’ 5247('7"2

Right cylinder with base radius r and height h:

V =7r?h S =2nr(r+h)

Cone with base radius r and height h:

1
V:§7T’I"2h S =r (T+ h2+’f'2)
Regular tetrahedron with side length I:
3 2
V=— S = V31 h=14/=1
6v/2 3

Square pyramid with base length [ and height h:

1
V=§ZQh S =124+ /12 + 4h2



2.2. TRIGONOMETRY 15
2.2. Trigonometry

Identities

Pythagorean theorem:

sina +cos?a =1

Symmetries:
sin(a:ﬁ:g =t cosa cos(aj:g = Fsina
sin(a+m) = —sina cos (a+7) = —cos
sin(—a) = —sina cos(—a) = cosa
™
sin (- —a) =cosa cos |- —a) =sina
¢ G
sin (7 — a) =sina cos (m — o) = —cos
tana =1
tan (a + E) _anaxl
4 1 Ftan«
¢ ( n 7T) 1
an(a+ - ) =—
2 tan a
tan(—a) = —tana
u 1
tan (7 —a) =
2 tan o
tan (m — o) = —tan «

. e —€ . . . /
smoe = ——— arcsina = —iln (ZOZ + 1-— a2>

21
T + —tQ )
cosa = % arccosa = —iln (Oé—|- Vo2 —1)

el — g—ia 7 i+«
tanag = ———— arctana = = In | -
i(ete + e 2 i—«



2.2. TRIGONOMETRY 16

Angle sum and difference:
sin(a &+ ) = sinacos 8 + cos asin 8
cos(a =+ ) = cosacos 8 F sinasin 3

tan a & tan 8
t :I: = —-—
an(a & 5) 1 Ftanatan g

Multiple angle:

sin(2«) = 2sin « cos « cos(2a) = 1 — 2sin’ a
2tan o
tan(2a) = ————
an(2) 1—tan’a
sin(3a) = —4sin® a 4+ 3sina cos(3a) = 4cos® a — 3cos

3tan o — tan’ «
tan(3a) = 1—3tan®a

Power reduction:

1 —
sin® o = M cos o = M
2 2
3 si — sin(3 3 3
sin® a = w cosd o — COSOZ-ZCOS( Q)

Product to sum:
2cosacos § = cos(a — B) + cos(a + 3)
2sinasin 8 = cos(a — B) — cos(a + )
2sinacos B = sin(a — B) + sin(a + 3)

Sum to product:

sina tsinfg = 2sin(

)
cosa + cos 3 = 2 cos (OH_ﬂ) cos (a— )
B

cosa — cos 3 = —25in< ;— )sin (a;ﬁ)




2.2. TRIGONOMETRY 17

Linear combination:

asina + beosa = csin(a + )

b
c=+va%+b? cp:arctana

Planar trigonometry

Given a planar triangle with sides a, b, ¢ and corresponding angles
A B, C.

Law of cosines:
a? =b% 4+ ¢® — 2bccos A
b? = a? + ¢ — 2accos B

? =a%+b%—2abcosC

Law of sines: ) ) )
sinA sinB sinC

a b c
Spherical trigonometry

Given a spherical triangle with sides a, b, ¢ and corresponding angles
A B,C.

Law of cosines:

cosa = cos bcos ¢+ sinbsin ccos A
cosb = cosccosa + sincsina cos B

cosc = cosacosb+ sinasinbcos C

Complementary law of cosines:
cos A = —cos BcosC + sin Bsin C cosa
cos B = —cosC cos A+ sin C'sin Acosb

cosC = —cos Acos B + sin Asin B cosc



2.3. VECTOR ALGEBRA

Law of sines:
sinA sinB sin C'

sina sinb sine

2.3. Vector Algebra

Vector arithmetic

T+y=9y+72
a(Z+79) = aZ + ay
T+T+2)=(@+9+72

Vector norm

18

7 = VE 7= \/a} + a3+
|cZ] = || |Z]

#4391 < 7]+ 17
Vector inner product (dot product)

—

:'j:f Yy= ZiYi

.. 2
+ 7

(Triangle inequality)

where #7 is interpreted as a matrix multlphcation.

Properties of the inner product:



2.3. VECTOR ALGEBRA

Vector outer product

TRy =Ty
T
T2

=\ z3 (yl Y2 Y3 )

T1Yy1r T1Y2 T1Ys3
To2y1 T2Y2 T2Y3
| T3Y1 X3Y2 X3Y3

where ZjjT is interpreted as a matrix multiplication.

Vector cross product

T2Ys — T3Y2
r3Yy1 — T1Ys3
T1Y2 — T2Y1

81
X
<y
Il

As a skew symmetric matrix:
T X ?j =X ?7

where

Xy = x3 0 —Z1

19



2.3. VECTOR ALGEBRA 20

Properties of the cross product:

EXYy=—yx=o
(aZ) x =& x (ay) = a (T X §)
(Z4+y)xZ2=FxZ+yxZ
IxT=0

T-(Zxy) =y (Txy)=

Vector identities

(Triple product)

zZ
r-7) = (Z-y)(w-2)
(Binet-Cauchy identity)

= (Z-%)(7-9) — (Z-7)° (Lagrange’s identity)

Vector calculus

Nabla operator in Cartesian coordinates:
_d_
dﬁl

v - dxg
_d_
dxg

Gradient of a scalar function of three variables V : R3 — R:
dv.

o
ATg 1
av

dxz



2.4. MATRICES

Divergence of a vector field in three dimensions F : R3 — R3:

d

do F;
- dzy ! dF dF: dF:
VeF=|gg| | P :al1 d2 cl3
di £ zy  dzy  dag

Curl of a vector field in three dimensions F : R3 — R3:

d dFy _ dFy

. dz1 Fl d%g dzs

VxF=|-“|x|F]| =4 _d:
dxo 2 dx dx

_d Py dFy _ dFy

d:Cg d.’L‘l d!L'Q

2.4. Matrices

Given n x m matrix A, transpose AT and conjugate A*:

ail @21 ... Qpl ail Q21 ... Gpl
T aiz Q22 a2 Q22
A" = . ) A¥ = .

A1m Anm a1m anm
(A-B)" =B". A" (A-B)"=B*. A"
(A+B)" = AT + BT (A+B) = A*+ B*

(ecB)' = cB” (¢cB)" = c¢B*

Matrix product of n X m matrix A with m x p matrix B:
€11 €12 ... Cip
C21  Co2 m
A-B=C= . . Cijzzaisbsj
. . s=1

Cnl Cnp

21



2.4. MATRICES 22

Matrix vector product of n x m matrix A with m vector Z:
Y1 m
Af:ﬁ: yi:Zaisxs
Yn =1
Square matrices

Symmetric, skew-symmetric, Hermitian matrix:

A=AT A=—AT A= A*
Identity matrix:
1 0 0
0 1
E=].
0 1

Trace:
n
trA = Z Qi
i=1

trA=trA” tr(A-B)=tr(B-A) tr(A+B)=trA+tB

Determinant:

1
det A=|A| det(A-B)=det Adet B det(A_l):m

a1l a2
det = a11a22 — (21012
a1 a22

a11 ai2 ais
det | a1 @22 a2z | = a11a22a33 + a12a23a31 + a13a21a32
az1 asz ass
— (31022013 — A32023011 — (33021012



2.5. DERIVATIVES

Matrix inverse:

A" A=A - A'=E

(A-B)'=B7'.A7! (cA) " ==-A"1
C
a1 a2 -1 1 a22 —ai2
A = A =
<a21 a22> det A \—a21 an
aa 0 ... 0 = 0 0
0 ag 0 ai
A= A7 = :
0 an 0 L

Eigenvalues and eigenvectors:
Av =\

2.5. Derivatives

Given functions f(z), g(z) and constants a, b.

Linearity:
d f |, dg
Product rule: p if p
g
dx (fg) = dxg + dx
Quotient rule:
A (I _ &I
dz \ g g2
Chain rule: p of p
-9 a9
e =gl o

Common derivatives:

det (A — \E) =0

23



2.6. INTEGRALS

d d
f(x) /(@) f(z) o/ (@)
ar +b a " na1
expr expr a® a*lna
1 1
Inz z IOgb x xlnb
sin x cosx cosx —sinx
1 . 1
tanz — arcsin x —_—
cos? x 1—a2
1 _1
arccos x Vi arctan x T2
sinh x cosh x cosh x sinh x
1 . 1
tanh x coshZx arcsinh x W
arccosh z S arctanh x L
1—2x2 1—=x

2.6. Integrals

Given functions f(z),g(z), indefinite integrals F = [ fdz,G =
J gdx and constants a, b, c.

Fundamental theorem of calculus:

b
| f@de=rFt) - F@

Definite integrals:



2.6. INTEGRALS

Linearity:
/af(x) + bg(a) da = a/f(x) dz + b/g(x) dz
Integration by parts:
[ @) fote)do = f@g(e) - [ o(e)gfla)da

Integration by substitution y = g(z):

b g(b)
[ oy iz = [ rway

Common integrals:

ar +b %axQ + bz
" n%_lz"“
exp T eXp T
xT
a® llrlla
T expr (x—1)expzx
Inx rzlnxr —x
1 In |z
T
1 1
=TE ~In|az + b|
sinx —Ccosx
cosx sinx
1
tan x In | Cosxi
arcsin rarcsinz + V1 — 22

arccos T arccosxr — v 1— 22

25



2.7. SPECIAL FUNCTIONS

arctan x rarctanr — % In (1 + xz)
\/ﬁ arcsin £

Wlﬂ é arctan £

e 5q In| 252

sinh x cosh x

cosh x sinh «

tanh x In cosh x

2.7. Special functions

Associated Legendre polynomials:

m/2 dtm
dxltm

P p(x) = ﬁ (1—2%) (z® - 1)l

26



CHAPTER 3

Newtonian Mechanics

3.1. Point Masses

Kinematics of position, velocity and acceleration (inertial frame):

. . dr . d*rF  dv
Dynamics (inertial frame):
_ (t)
a0 ==
Kinetic energy:
1
Eyin = 5

Angular momentum:

Newtonian Gravitation

Gravitational potential of point mass my at 77:

Gmy M1

GE

NG

27



3.1. POINT MASSES

Acceleration and force on point mass msq at 7%:

s . Gm .
a(ry) = =VV(ih) = ———— i 5 (M2 —71)
|7y — 71
N — Gmime —
F(Tz) = My (—VV(’I”Q)) = —1 L 5.3 (T2 7‘1)
|75 — 71

Potential energy of point mass mso at 7:

Epot = U(F2) = mQV('FQ)

Rotating frame

General vector derivatives in inertial and rotating frame:

d d LG

—X = —X w T

dt mn dt rot

& @ —1—2*><d +IX(@XD)+dXT
—= T = —5T w —T w w T w x
dt2 mn dtz rot dt rot

Angular acceleration:

d

a= —d
dt

mn
Linear velocity and acceleration:

—|

ﬁrotzzr :6zn—ﬁXF

t rot
d2
Arot = —5T| Ain, —20 X Upp—W X (0 X 7)—a& X T
Tot dt2 ot n rotl\ ( _j
external Coriolis Centrifugal Euler
Fictitious forces:
FCoriolis = —2m (UJ X vrot) FCentrifugal =—-m (UJ X (w X m)

FE'uler = —-m (é' X F)

28



3.2. ATTITUDE REPRESENTATION 29
3.2. Attitude Representation

Given inertial frame basis Fy, Fs, E3, body fixed basis €1, €3, €3, and
angular velocity vector & = w1€] + wa€s + wzes3 .

Inertial frame to body fixed frame, body fixed frame to inertial frame:

- S - T
Thody = R- Trest Trest = R - Thody

Direction cosines

ailp a2 ais
R=|a a2z a3
a31 asz @33
) ain G2 a3
R=|a21 a2 as
a3l asz2 ass
Ww3a21 — W2a31 W3a22 — W2G32 W3aG23 — W20a33
= | Wi1G31 —wsa11 Widz2 —W3di2 w1033 — W3a13
W2@11 — W10G21 W20G12 —WiaG22 W2G13 — W1a23

Properties:
Qi3 = Ej . é; = cos Z/ (EJ,€1>

Euler rotations

zxz rotations v, 0, ¢ (Euler angles):

cos¢p sing 0 1 0 0 cosy siny 0
R=|—-sin¢g cos¢ 0] -|0 cosf sinf |- -|—sinyp cosyp 0O
0 0 1 0 sin€ cosf 0 0 1

€0s ¢ cos 1 — sin ¢ cos 0 sin Y cos ¢psiny + sin¢cosfcosy  sin¢gsind

= | —sin¢costy — cospcosfsiny —sin¢gsiny + cospcoshcosy cos@sinb

sin 6 sin v —sin @ cos Y cos 6



3.2. ATTITUDE REPRESENTATION 30

1b 1 sin ¢ cos @ 0 w1
= — 7 cos¢psinf  —singsind 0 wa
(;'5 S —singcosf —cospcost sind w3
Quaternions
q1 my sin §
. mgsin §
qs3 mg S11 2
qa cos §
P-a-agta 2Ane ) 2(q195 — 22)
41 — 43 — 43 T4y q192 T 9394 9193 — G294
R=| 2qqe—-@pu) —-d+6-aG+a 2(qas+ qgs)
2(q193 + g2q4) 20—+ @) G -G+E+4G
q1 0 w3  —w2 Wi Q1
G| _1|-ws 0 wi wz | | g
qs 2| wo —wi 0 w3 q3
Ga —w1 —wy —ws 0 q4

Rotation by angle 1 around rotation axis m (inertial frame):

my
m = mo
ms3

Properties:
o 2
7q=1q" =1
_ Q1E1 + Q252 + Q3ﬁs

V@G +d+@

= arctan2 ( q% + q% + Q§7 Q4>
=\Jai+a+a

3

sin

N N



3.3. RIGID BODIES 31

3.3. Rigid Bodies

Center of mass:
> midi ; Jy p@)TdV
Tom = TCM = 7o a7
Z m; fV ,0(1‘) dV

Angular momentum vector:
i

Inertia Tensor

1= [ o) (7B =) v
Y2+ 22 —xy

=/ p(M) | —zy  2®+22  —yz
v —xz —yz 22 +49?

—Tz

av

Parallel axes theorem:
I, =TI +m(PE —i7")
r% + r3 7179 173

:Icm—l—m r17T2 7’%+T‘§ r2oT3
r173 973 r% + T‘%

Change of basis from E to e via rotation matrix R

e=R-Tg
I.=R-Ip-R"
Inertia tensor in coordinates along principal body axes
I, 0 O
I=(0 I, O
0 0 I,



3.3. RIGID BODIES

Body of mass m Principal moments
Z
r I, = %mr2
y I, = %mr2
I, = 2mr?

X
uniform solid sphere
(center of mass)

A

&
Il
it
3
3

X
uniform spherical shell
(center of mass)

L = Lm(32+8?)

I, = +m(3r%+h?)

b
I
N

N

mr

uniform solid cylinder
(center of mass)




3.3. RIGID BODIES 33

Body of mass m

Principal moments

L = £m3(rf+r3)+hr?)
I, = %m (3 (7‘% + T%) + h2)
I, = %m (r% —|—7“§)
uniform hollow cylinder
(center of mass)
z
A
I, = #m(2+12)
I, = +tm((2+12)
L = &m(2+12)
uniform solid cuboid
(center of mass)
z
h I, = %mh2 + 2—?’0m7‘2
y I, = %th + %mrz
_ 3
I, = 1—Omr2

X
uniform solid cone
(apex)




3.3. RIGID BODIES 34

Dynamics

Angular momentum vector:

H=13
Torque:
T=7xF
Dynamics (inertial frame):
d = d
—H = —(I®
dt rest dt ( w) rest
d
= —1I 0+ Id
dt rest wla
=T
Dynamics (body fixed frame):
d — d — —
—H = —H 0 x H
dt rest dt rot e
=IG+&x H (Euler’s equation)
=T
Rotational kinetic energy:
1 1 -
Erot = §@Tm =50 H
Torque-free motion
General case:
Lin (I2 — I3)waws
IQC;)Q = (.[3 — Il)wlwg

I3ws (Il _I2)W1w2



3.3. RIGID BODIES

35
Body of rotation with I1 = Is:
w1 w12 COS()\iL + )\0) H1 I10J12 COS()\t + )\0)
wo | = | wig sin()\t + )\0) Hy | = | w12 Sin()ﬂf + )\0)
w3 wo Hj T3wy
Angles 0 = Z(H,Z), v = £(&, 2):
I I
tan'y:& tan g = 212 :itanv
wo Izwo I3
Precession and spin rates:
H  wis
W = —
oL sin 6




CHAPTER 4

Electromagnetism

Lorentz force:

—

F:q(E+17><§)

4.1. Magnetic Dipole

Dipole magnetic field:

i /,L(){?)F(m-f) m}

rd r3

myig sin 0

By —
0 473

Magnetic dipole in external field
Potential:
U=—m-B
Torque:
T =1 x B
Force (current loop or bar magnet model):
Froop = =VU =V (i B)
ﬁbm = (r?rV)Ezﬁloop—mx (VXE)

36
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4.2. Radiation & Optics

Diffraction limit:
~1.22)
- d

Black Body Radiation

0 (Rayleigh limit)

Wien’s displacement law:

b
Amas = 7 ba2.897772 x 102 mK

Planck’s law:
2hc?

PX:#
X (3T 1)

Stefan-Boltzmann law:
Ey=oT"



CHAPTER 5

Orbital Mechanics

General two-body problem:

. mi71 + maofs -

Top = ———————— Tem = 0
cm ml +m2 cm
- . A G(mqi +mo) - o
d=ry—7 g _Glmtm)g kg
|d[? |d[?
S N mao 7 S N my 7
=Tom — ————d = Tom + d
1 cm m1+m2 2 cm m1+m2
Restricted two-body problem m; > ms:
. - Gmg T
T1:0 7“2:—7_,37'2:—7_, 37“2
|75 (]

5.1. Keplerian Orbits

Orbit equation:

_ p _E_ 2
r_1—|—ecost9 p—’u—a(l e)

Flight path angle:

(s
vy = arctan —
vy

Uy = %esin@

h

v = —
r

38
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5.1. KEPLERIAN ORBITS 39

Time along orbit:
6 3
h
t—ty = ——df
0 /00 1?(1+ ecosh)?

Constants of motion

Specific orbital angular momentum:

. H . - .
h=—=FX7F=7Fx7T h=|h| =120
m
Specific orbital energy:
E 'U2 2
€= =5 % = —% = —:ﬁ(l —€?)  (Vis-viva equation)
Eccentricity vector:
Son R
e=t -2 e =
W T
Circular orbits (e = 0)
Aa=Tr,=Tq=T v=/E
p=Ta ,
Orbital period and mean motion:
r3 2m i
T =2 — n=-—=4/>3
1 T r
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Elliptic orbits (0 < e < 1)

re =a(l+e) rp =a(l —e)
Ta l1+e Ta —Tp
la _ e=-2 P
Tp 1—e Ta +Tp

Orbital period and mean motion:

3 2
r=om| L n="2"— %
T a
Eccentric anomaly:
. V1 —e2sinf e+ cosf
sinf = —— cosE = ————
14 ecosb 1+ ecosé
; E 1—e ; 0
n— = n—
Wy TV T
Elliptic mean anomaly:
M.,=FE—esinFE (Kepler’s equation)
Time since perigee passage:
1 T 3
t= M, =M, =M,
n 27 o
h3 9 arct l—et 0 ev1—e?sinf
= —————— |2arctan an— | - ———
w2 (1 — e?)3/2 1+e 2 1+ ecosf
Parabolic orbits (e = 1)
p
% — =
a — 00 =5
2
V= i Voo = 0
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Barker parameter:

0
B = tan -
2
Parabolic mean anomaly:
1 1
M, = §B + 633 (Barker’s equation)

B = (3M, + /902 + 1)1/3 — (3My + \Jomz + 1)_1/3

Time since perigee passage:

3 hS
t=1/BM, = LM,
1 7

h3 (1 0 1 30
=— | 5tan; + ~tan” 5
we \ 2 2 6 2

Hyperbolic orbits (e > 1)

2
p 71;0’000
= = — 1
Tp T+e e " +
: ( 1)
Voo = 0~ = arccos | ——
—a e
Hyperbolic eccentric anomaly:
veZ —1sinf 0
sinh F' = ye - smy cosh F' = cosfte
1+ ecost 1+ecost
F e—1 0
tanh — = tan —
2 +1 2

Hyperbolic mean anomaly:

M;, =esinh /' — F
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Time since perigee passage (hyperbolic):

3
t= M| -L
I

h3 esinf L, VetIl++e—Ttan$
= - n
p(e? —1) | 1+ecosf ez —1 Ve+1—+e—Ttan}

5.2. Coordinates & Observations

Perifocal frame:

cos —sin @
=7 | sinfd 17:% e+ cos @
0 0

Keplerian elements a, e, i,w, §2, 0 to Cartesian 7, ¥/:

coslcosw — cosisin2sinw — cos§2sinw — cos cosw sin §2 sin 2sin 4
cosw sin 2 + cos €2 cosisinw cos 2 cos i cosw — sin €2 sin w —cos{)sini
sin ¢ sin w coswsin ¢ cost
rcosf u —sinf
F=Q- | rsinf ﬁ:EQ~ e + cos6

0
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Cartesian 7, ¥ to Keplerian elements a, e, i,w, 2,0 :
h2

p(l —e?)

e =l

. z
i = arccos —
h

a =

1 = atan2 (hy, —h,) mod 27

e
w = atan2 (—Z, e, sin ) + e, cos Q) mod 27
sing’
720

{arccos re
re

=

21 —arccos =5 70 <0

Modified equinoctial elements:
p=a(l—¢?)
f=ecos(w+ Q)
g = esin(w + Q)

h:tanicosQ

k:tan%sinﬂ

L=Q+w+40

Topocentric horizon

Azimuth A, altitude a, and range p at sidereal time 6 and latitude ¢
to Cartesian ECI:

d = arcsin(cos ¢ cos A cos a + sin ¢ sin a)

. 2T — arccos <cos¢sma—cs(1)1;g>cosAcosa) 0<A<T
- cos ¢ sin a—sin ¢ cos A cos a
arccos s T<A<27

a=60-—nh
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- —Acos ¢psin A cosa + a (sin ¢ cos a — cos ¢ cos Asina)

5=
cos
a=60-—nh
Acos Acosa — asin Asina + §sin A cosatan §
=wg + - -
cos ¢sina — sin ¢ cos A cosa

—dsin § cos a — v cos d sin «,

. cos § cos a - .
p= | cosdsina p=| —dsindsina + écosd cos o
sin g dcosd
. 0 . cos ¢ cos 0
Q=10 Rops = Rp(¢) | cosgsind

WE sin ¢
F:E0b5+ﬁ
ﬁ:ﬁobs+ﬁ:ﬁ><]%'obs+pﬁ+pﬁ

Gibbs’ method

Given co-planar observations 771, 7, 73:

—

M+ (rg — r)7a + (r1 — 1r2)7s

44
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Epochs
Julian Day JD: noon January 1, 4713 BC.
Modified Julian Day M JD: midnight November 17, 1858.
MJD = JD — 2400000.5

Modified Julian Day 2000 M JD2000: noon January 1, 2000.
MJD2000 = JD — 2451545.0

5.3. Maneuvers

Rocket equation:

A
Ul exp (— Y ) (Tsiolkovsky)
m; Isng

Hohmann transfers

Planar circular Hohmann transfer:

2
A“W( = 1) A,
T1 r1+ 7o

General planar Hohmann transfer:

TaTp
h= [|2u—22P
Mra—i—rp

’Ua:— Vy = —
Ta P Tp

JE-Z)
) L+ T2

Planar bi-elliptic circular Hohmann transfer r4 — rg — r¢:

H rc "B
UO = —_— o= — /8 = —
TA TA TA

szvo< 2(a+6)_1—|—\/a_ 2 (1—5)>

af Va B +5)
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Phasing maneuver:

= <Tphasing\/ﬁ>2/3

o 2a =rq+1)p

Single impulse maneuvers

Planar orbit intersection points for coaxial orbits:

hi — h3
01 - 82 — arccos (M)

Planar orbit intersection points for apse line angle n = 6; — 65:
a = e1h3 — esh?cosn b= —eyhising c=h?—h3

b
¢ = arctan —
a

0, = ¢ + arccos (2 cos (b) 0 =0, —n

Planar orbit change:

Ay — \/vg + v¥ — 2v9v1 cos(y2 — 71)

New orbit from planar maneuver:

h*=h+rAv, vl =v +Avy vy = v, + Av,

* ok 2

viv v
tan 0" = LT —+
viecosO + (v +v%) Avy p/r

* * h*

B
" sin 6%
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Inclination change

Orbital plane rotation by ¢ around 7 (no shape change):
0
Av = 2v sin 2

Orbital plane rotation by § around  with velocity change to v}, v :

Av:\/(v;‘—vr) + 012 4+ 0% — 20 vy cosd

= /v*2 4+ 02 — 20*v [cos(7* — ) — cosy* cosy(1 — cos d)]

Rotation around common apse line with radial velocity change:

Av = Vv*2 + 02 — 20* v cos §

3-impulse plane change of circular orbit with radius r; at rs:

p= :—j Av =Av; + Avy + Avs

=

Planetary arrival / departure / gravity assist:

Patched conics

2 2
vp = vgo+r—” A=r, 1+T52
p pP%c0
2
62%—‘1—1
1

1 1
[ = arccos — 0 = 2arcsin —
e e
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Interplanetary phasing

For Hohmann transfer from coplanar circular orbit 1 to coplanar
circular orbit 2 in tq5.

Synodic period:

2w
T, = —-—
syn |TL1 — 77/2‘
Phase angles:
o = T — natio ¢y =m—nitio
¢y = —m + nitio ¢>/f = —7 + nati2
Wait time:
20 £ 2k
twait = ﬁ
2 — Ny

Attitude maneuvers

Single coning maneuver covering 6:
AH =2 ‘ﬁo‘ tang
Continuous coning maneuver covering 6:
AH = |Ho|0

Yoyo de-spin from wp to w with two masses of m/2 at radius R:

I
K=1+—
+mR2
| =R KLY
wo + w

Gravity gradient:
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5.4. Perturbations

Aerodynamic drag

v 2 m

= 1 ol . 1 Al v
Farag = ip(T)CdU2A (—> Qdrag = *P(T)Cdvz— <_v)

Atmospheric density model for isothermal ideal gas:

p(h) = poexp(—ah) = poexp(—h/H)

Approximate values for planetary atmospheres:
Earth po~1.225kgm™3 a~0.1378km™*
Mars (Okm — 25km)  pg =~ 0.0159kgm™® «a ~ 0.09051 km™*
Mars (25km — 125km)  po =~ 0.0525kgm ™ o ~ 0.1371km™!
Venus po ~ 65kgm 3 a~0.06289km™?

Third body

= Thody — T Thod
Fbody:m:ubody _,0y 3 _,0y3
[Toody — 71" |Thody|

Fbody -7 Fbody
‘Fbody - HS ‘Fbody|3

Abody = Hbody < -

Sphere of influence for planet (m,) at radius R from Sun (m):

rsor = R <mp)
m

v
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Solar radiation pressure

A
FSRP:PA aSRP:P—
m

JEarth JEarth 2
Popsorvtion = W Cos & PTeflection = QW COs™ «
Geopotential

Potential expansion in spherical harmonics with radius 7, latitude ¢,
and longitude A and Earth equatorial radius Rg:

Fheo = —mVU(7) Ageo = —VU(7)

/ C
Jl,m = Cl%m + Sl%m )\l,m = arctan Sllﬂn
,m

9] l
UG o0 =233 (fff) Plon(5i016) (Clm cOSTA + S sinmA)

=0 m=0

(RE) P, (sin @) (Cpum cosmA + S, Sin mx\)]

0o l
R .
- —g 1-— Z‘]l (TE) P, o(sin ¢)+

oo l
Z (RE) Py (sin @) J) pm, sin (mA + )\l’m)]
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5.5. Propagation

Gauss equations

Given radial, horizontal, and out of plane accelerations a,, as, a:

da  2esin® 2av1 — e?

E_n\/l—e2ar+ nr
de \/1—6251n9a N V1 —e? (a2(1—e2) —r)a

Qs

dt na " naze
di _rcos(f + w)

i oy
dt  na?y/1 —e?

dQ rsin(f + w)

e e S e AN

dt  na2v1—eZsini

V1-—e? 1—¢? 1
dw e? cosf +a( e?) ¢ind (14 .
1+ ecost

r

dt nae ar eh
rcotisin(f + w)

oy
na2v/1 — e?
dM 1 (27‘ 1—¢€? )
=n—-———— cost | a,

a €

Secular rates

Secular rates in rads™! for Earth radius Rp due to oblateness:

. 3 J: R2
0= —— (Z\/EE> Ccos 7

2 \ (1 —e2)247/2
. 3 ( JoyuRE 5.5,
“:‘z(a_eazaw PR

See also Section 6.4 on page 58.
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5.6. Relative Motion

With specific angular momentum, position, and velocity h, ﬁ, V of
target in LVLH and dx, §y, 0z relative position of chaser in LVLH:

55&—(“+h)5a:+()§y—2£259=0

R3  R* R4
2(V-R)h
(P ( ) h ..
(52—}—%62:0

Clohessy-Wiltshire equations:
8% — 3n20x — 2ndy =0

0y +2nét =0

85 +n252=0
0r(t) = @prr(t) - 070 + Py (t) - 00
0U(t) = @y (t) - 070 + Pouo(t) - 50

4—3cosnt 0 0

®,,.(t) = | 6(sinnt —nt) 1 0
0 0 cosnt
Lsinnt 2(1 — cosnt) 0
®,,(t)= [ 2(cosnt —1) L(4sinnt— 3nt) 0
0 0 % sinnt
3nsinnt 0 0
®,,.(t) = | 6n(cosnt —1) 0 0
0 0 —nsinnt
cosnt 2sinnt 0
®,,(t) = | —2sinnt 4cosnt —3 0

0 0 cosnt
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5.7. Circular Restricted Three Body Problem

Non-dimensional units:

1LU = |7y — 7] 1TU:21 1MU = my + my
s
G = 1LU%/MU/TU? Q = 1rad/TU
Synodic frame:
o= mi + mo
Ry = —pd Ro=(1-p)&
=7 Ry i =7 — Ry

CETR
. 1o, o "2
r=—— 5r17%r2+ ro | +2 [ -7
|71] 72| 0 0
To
=-VU+2|-n"
0
Jacobi energy:
.12
Cy=-2U —|r|

1-— , . .
:2( _,u—i—g)—&-rf—l—rg—r%—r%—rg
CET ]

Lagrange points:



CHAPTER 6

Astronautics

6.1. Remote Sensing

Ground-projected sample interval:

H
GSI =w—
f

Instantaneous field of view:

IFOV = 2arctan <2u})

Field of view:

FOV 2 N.-IFOV
Ground-projected field of view (swath width):
GFOV = 2H tan (FSV>

Data rate for pixel sample time t,:
N-Q
Ls

Ry =

Ground speed of satellite:
REe

Vgd = Vorb
g T

orb
Slant range at edge of coverage area:

_ REgsina

~ sin(r/2 — E — )

54
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Coverage angle for S/C elevation at edge of coverage area E:

cos E) —F

. = arccos RE
N Rg+h

Antenna beam half-width:
0=n/2—F—«
Coverage diameter:

B = 2REOé

6.2. Subsystems

Radiation

Solar flux:
LS’LL’I'L

47 D?

Jsun =
Planetary radiation:
Qp = eJpAproj—pFsp
Albedo:
Qu = PaTsun Aproj—pFapats cos
Spacecraft radiation:
Qsje =0T Ay,

Thermal balance:

Qin + Qdis = Qout
Heat Transfer
Q=Aq

Conductive heat transfer:
qd=—kVT (Fourier’s law)
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Convective heat transfer:
qg="h(Ts — Tx) (Newton’s cooling law)
Radiative heat transfer:

q=ecoT* (Stefan-Boltzmann law)

Solar cells

Solar energy at surface for solar zenith angle 6,:
Ise = JyunAs = JounAcost,

Required solar array power:

Vch tdis
Psa=PF (1 RF
54 l ( * tch Vdis >

Temperature effect on solar cell:
V=Vees +w (T —Trey) I=TIes +71(T —Trey)
Solar cell efficiencies:
Nsun = cos 0 0 = Ntemp * Mrad * Nsun

Battery capacity:

_ Pe : te
" DoD -
6.3. Reentry
Ballistic coeflicient:
m



6.3. REENTRY

Planar flight

dv D . dry L 02

Gt T T sy ”dtm<90r>‘f°”
dr dh . ds

7dt = 7dt =vsin-y 7dt = ?’U COS 7y

Ballistic reentry

B8 =—2Basin~yy S exp (_p)
Vo B
2
1 o (P—ﬁpo)
= |m 2P PO 1.
g sin g P0 B 4

Maximum deceleration:

1
In> =~

D 2
Vo 2 g

vg sin ypacexp(—1)

max 290

Peak heating:

o ()
- —exp | —=
Yo peak 6
Lift reentry
1 9 CLA 7}2
2 W v2
1 + 1)2 L 2
1L v, o2 5
tland = 7*’07 In g Sland = _Avg In (1 - Ug)
2D go 1-% 290 vz
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Maximum deceleration:

0 1
9o max %
Peak heating:
Ve lpeak 2902 /1 40.106 (5)

6.4. Space Debris

Estimated orbital life-time in LEO for ballistic coefficient B:
HBT

- o7 H = 266k
20007maZp m

tr

Magnitudes of secular rates

Luni-solar gravity in near-equatorial Earth orbit (K; < 10714):

d
% —Kiev/1— €2[0.089sin(2w + Q)—

dt
0.158 sin(2(w + 2)) — 0.1842 sin(2w)]

Solar radiation pressure in near-equatorial Earth orbit (K, < 10719):

d
£ = —Kga,2msin(Asun —w— Q)

Geopotential in near-equatorial Earth orbit (K3 < 1073):
dQ) o K3R% dw o 2K3R2E

dt a2 (1 — e2)? E_aQ(l—eQ)Q

See also Section 5.5 on page 5H1.



3-impulse plane change, 47

Absolute zero, 9
Aerodynamic drag, 49
Albedo, 55
Angular acceleration, 28
Angular momentum

point mass, 27

rigid body, 31
Antenna beam half-width, 55
Apse line rotation, 46
Arc, 13
Associated Legendre polynomials,

26

Astronomical unit, 9
Atmospheric density model, 49
Atomic mass unit, 9
Attitude maneuvers, 48
Attitude representation, 29
Avogadro number, 9

Ballistic coefficient, 56

Ballistic reentry, 57
maximum deceleration, 57
peak heating, 57

Barker parameter, 41

Barker’s equation, 41

Battery capacity, 56

Index

59

Binet-Cauchy identity, 20
Boltzmann constant, 8

Cartesian, 42
Center of mass, 31
Centrifugal force, 28
Chain rule, 23
Circle, 13
Clohessy-Wiltshire equations, 52
Complementary law of cosines, 17
Cone, 14
Coning maneuver
continuous, 48
single, 48
Constants of motion, 39
Coriolis force, 28
Coverage angle, 55
Coverage diameter, 55
Cross product, 19
Curl, 21
Cylinder, 14

Data rate, 54
Definite integral, 24
Determinant, 22
Diffraction limit, 37
Direction cosines, 29
Displacement law, 37



Divergence, 21
Dot product, 18
Drag, 49
Dynamics
point mass, 27
rigid body, 34

Earth gravity, 8
Eccentric anomaly
elliptic, 40
hyperbolic, 41
Eccentricity vector, 39
Eigenvalue, 23
Eigenvector, 23
Electron charge, 9
Electron mass, 9
Elementary charge, 9
Ellipse, 13
Ephemeris day, 10
Epochs, 45
Euler force, 28
Euler rotations, 29
Euler’s equation, 34

Fictitious forces, 28

Field of view, 54

Flight path angle, 38

Flyby, 47

Fundamental theorem of calculus,
24

Gauss equations, 51
Geopotential, 12
Geopotential model, 50
Gibbs’ method, 44
Gradient, 20
Gravitational constant, 8
Gravitational parameter, 10
Gravitational potential, 50
point mass, 27
Gravity assist, 47
Gregorian year, 10

INDEX

Ground speed, 54

Heat transfer, 55
conductive, 55
convective, 56
radiative, 56

Hohmann transfer, 45
bi-elliptic circular, 45
circular, 45
planar, 45

Inclination change, 47
Inertia Tensor, 31
Inner product, 18
Integration

by parts, 25

by substitution, 25
Interplanetary phasing, 48

Jacobi energy, 53
JGM-3, 12
Julian day, 10
Julian year, 10

Kepler’s equation, 40
Keplerian elements, 42
Kinematics

point mass, 27

rigid body, 29
Kinetic energy, 27

rotational, 34

Lagrange point, 53
Lagrange’s identity, 20
Law of cosines
planar, 17
spherical, 17
Law of sines
planar, 17
spherical, 17
Legendre polynomials, 26
Lift reentry, 57
maximum deceleration, 58

60



INDEX

peak heating, 58 Perifocal frame, 42
Lorentz force, 36 Permeability of vacuum, 9
Luminosity, 11 Permittivity of vacuum, 9

Phase angle, 48

Phasing maneuver, 45

Planar flight, 57

Planar trigonometry, 17

Planck constant, 8
torque, 36 Planck’s Law, 37

Matrl).g 21 Planetary arrival, 47
conju.g;?te, 21 Planetary departure, 47
.Herm'ltlan, 22 Planetary eccentricity, 11
identity, 22 Planetary flyby, 47

invegse; 2;’1 Planetary radius, 10
product,

skew-symmetric, 22
symmetric, 22
transpose, 21
vector product, 22
Mean anomaly
elliptic, 40
hyperbolic, 41
parabolic, 41

Magnetic dipole, 36
field, 36
force, 36
potential, 36

Planetary semi-major axis, 10
Point Mass, 27

Potential energy, 28
Precession rate, 35

Principal axes, 31

Product rule, 23

Proton mass, 9

Quaternion, 30

Mean motion, 39, 40 Quotient rule, 23
Mean tropical year, 10
Modified equinoctial elements, 43 Radiation, 55

planetary, 55
spacecraft, 55
Rayleigh limit, 37

Nabla operator, 20
Neutron mass, 9

Orbit equation, 38 Regular tetrahedron, 14

Orbit from maneuver, 46 Rigid Body, 31

Orbit intersection, 46 Rocket equation, 45

Orbital angular momentum, 39 Rotating frame, 28

Orbital energy, 39

Orbital life-time, 58 Sample interval, 54

Orbital period, 39, 40 Secular rate, 51

Orbital plane rotation, 47 magnitude, 58

Outer product, 19 Sidereal angular velocity, 11
Sidereal day, 10

Parallel axes theorem, 31 Sidereal year, 10

Parallelogram, 14 Single impulse maneuvers, 46

Patched conics, 47 Slant range, 54



Solar cells, 56
array power, 56
efficiency, 56
Solar flux, 11, 55
Solar radiation pressure, 50
Speed of light, 8
Sphere, 14
Sphere of influence, 49
Spherical trigonometry, 17
Spin rate, 35
Square pyramid, 14
Stefan-Boltzmann constant, 8
Stefan-Boltzmann law, 37
Steiner’s theorem, 31
Synodic frame, 53
Synodic period, 48

Thermal balance, 55
Third body, 49
Topocentric horizon, 43
Torque, 34
Torque-free motion, 34
Trace, 22
Triangle, 14
Triangle inequality, 18
Trigonometry, 15
angle difference, 15
angle sum, 15
identities, 15
linear combination, 17
multiple angle, 16
power reduction, 16
product to sum, 16
sum to product, 16
symmetries, 15
Triple product, 20
Tsiolkovsky equation, 45
Two-body problem, 38
restricted, 38

Vacuum permeability, 9
Vacuum permittivity, 9

INDEX

Vector Algebra, 18
Vector arithmetic, 18
Vector identities, 20

Wait time, 48
Wien’s displacement law, 37

Yoyo de-spin, 48
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