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Nomenclature

Greek Symbols
α, ~α Angular acceleration
γ Flight path angle
ε Specific energy
ε Emissivity
ε0 Vacuum permittivity
θ Sidereal time
θ True anomaly
κ Curvature
λ Longitude
µ Standard gravitational

parameter
µ0 Vacuum permeability
ρ Density
ρ Range
σ Stefan-Boltzmann con-

stant
τ Orbital period
φ Latitude
Ω Right ascension of ascend-

ing node
ω Argument of perigee
ω, ~ω Angular velocity
ωE Earth sidereal angular ve-

locity

Latin Symbols
A Area
A Azimuth
a Altitude
a Semi-major axis
a,~a Acceleration
~B Magnetic field
B Ballistic coefficient
C Circumference
c Speed of light
CJ Jacobi energy
E Identity matrix
~E Electric field
E Eccentric anomaly
E Energy
e Eccentricity
e Elementary charge
F, ~F Force
G Gravitational constant
g0 Earth gravity
h Planck constant
H, ~H Angular momentum
h,~h Specific angular momen-

tum
I Inertia tensor
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Nomenclature 6

i Inclination
J Flux
kB Boltzmann constant
L Luminosity
m Mass
m, ~m Magnetic moment
me Electron mass
mn Neutron mass
mp Proton mass
n Jacobi energy
NA Avogadro number
p Semi-latus rectum
r, ~r Position
ra Apogee radius
RE Earth radius

rp Perigee radius
rSOI Sphere of influence
S Surface area
T Temperature
T, ~T Torque
u Atomic mass unit
V Volume
v, ~v Velocity

Abbreviations
AOP Argument of perigee
au Astronomical unit
RAAN Right ascension of as-

cending node



Introduction

Notation

In the remainder of this booklet the following notation is used for
mathematical symbols:

scalars: upper or lower case latin or greek letters: x,Ω,
vectors: an arrow over lower case latin or greek letters: ~x, ~Ω,
matrices: bold, upper case latin or greek letters: X,Ω.

Unless specified otherwise, vectors are column vectors with their
components denoted by the same symbol as the vector and a subscript
indicating the index starting at 1 for the first component:

~x =

x1x2
x3

 , ~y =


y1
y2
y3
y4

 .

Similarly, the entries of a matrix are denoted by the same symbol as
the matrix itself with a subscript indicating first the row and then
the column of the entry starting at 1:

X =

X1,1 X1,2 X1,3

X2,1 X2,2 X2,3

X3,1 X3,2 X3,3

 .

Angles in the following equations and as arguments of trigonometric
functions are in radians unless otherwise noted.
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CHAPTER 1

Constants

1.1. Mathematical Constants

π = 4 arctan 1 e = exp 1

≈ 3.1415926535897932 ≈ 2.7182818284590452

i =
√
−1 ϕ =

1 +
√

5

2
≈ 1.6180339887498948

1.2. Physical Constants

c = 299 792 458
m

s
≈ 3× 108

m

s
(Speed of light)

g0 = 9.806 65
m

s2
≈ 9.81

m

s2
(Earth gravity)

G = 6.674 30× 10−11
m3

kg s2
(Gravitational constant)

h = 6.626 069 3× 10−34 J s (Planck constant)

kB = 1.380 649× 10−23
J

K
(Boltzmann constant)

σ = 5.670 367× 10−8
W

m2 K4 (Stefan-Boltzmann constant)
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1.3. ASTRONOMICAL CONSTANTS 9

NA = 6.022 141 5× 1023
1

mol
(Avogadro number)

u = 1.660 56× 10−27 kg (Atomic mass unit)

me = 9.109 389 7× 10−31 kg (Electron mass)

mp = 1.672 623 1× 10−27 kg (Proton mass)

mn = 1.674 928 6× 10−27 kg (Neutron mass)

e = 1.602 176 53× 10−19 C (Elementary charge)

µ0 = 4π × 10−7
T2 m3

J
(Vacuum permeability)

≈ 12.566 370 614× 10−7
T2 m3

J

ε0 =
1

c2µ0
≈ 8.854 187 817× 10−12

C2

J m
(Vacuum permittivity)

0 K = −273.15 °C (Absolute zero)

1.3. Astronomical Constants

1 au = 149 597 870 700 m (Astronomical unit)

≈ 1.496× 108 km
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Time

1 Julian day = 1 d = 86 400 s 1 Julian year = 365.25 d

1 Gregorian year = 365.2425 d

1 mean tropical year ≈ 365.2422 d

1 sidereal day ≈ 86 164 s 1 sidereal year ≈ 365.26 d

Solar System

Approximate gravitational parameters (in km3 s−2):

µMercury = 2.203× 104 µV enus = 3.249× 105 µEarth = 3.986× 105

µMars = 4.283× 104 µJupiter = 1.267× 108 µSaturn = 3.793× 107

µUranus = 5.794× 106 µNeptune = 6.837× 106

µMoon = 4.905× 103 µSun = 1.327× 1011

Approximate mean body radii (in km):

RMercury = 2440 RV enus = 6052 REarth = RE = 6371

RMars = 3390 RJupiter = 69 911 RSaturn = 58 232

RUranus = 25 362 RNeptune = 24 622

RMoon = 1737 RSun = 695 700

Approximate semi-major axes (in au unless otherwise noted):

rMercury = 0.387 rV enus = 0.723 rEarth = 1.000

rMars = 1.523 rJupiter = 5.205 rSaturn = 9.582

rUranus = 19.20 rNeptune = 30.05

rMoon = 384 400 km
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Approximate orbital eccentricities:

eMercury = 0.205 eV enus = 0.007 eEarth = 0.017

eMars = 0.094 eJupiter = 0.049 eSaturn = 0.057

eUranus = 0.046 eNeptune = 0.011

eMoon = 0.055

Sun

Approximate luminosity (radiation power):

Lsun = 3.828× 1026 W

Approximate solar flux at Earth:

JEarth =
Lsun

4π (1 au)
2 ≈ 1361

W

m2

Earth

Sidereal angular velocity:

ωE = 2π

(
1 +

1

365.26

)
rad

d

≈ 72.9217× 10−6
rad

s
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Approximate geopotential coefficients (JGM-3):

J2 = 1.082 64× 10−3 J2,1 = 1.561 87× 10−9 J2,2 = 1.815 53× 10−6

λ2,1 = 1.725 98 λ2,2 = −5.211 23× 10−1

J3 = −2.532 44× 10−6 J3,1 = 2.209 12× 10−6 J3,2 = 3.744 09× 10−7

λ3,1 = 0.121 62 λ3,2 = −0.599 99

J3,3 = 2.213 60× 10−7

λ3,3 = 1.099 24

J4 = −1.619 33× 10−6 J4,1 = 6.788 34× 10−7 J4,2 = 1.676 26× 10−7

λ4,1 = −2.417 97 λ4,2 = 1.084 02

J4,3 = 6.042 16× 10−8 J4,4 = 7.644 80× 10−9

λ4,3 = −0.200 12 λ4,4 = 2.118 73

to be used with exactly

RE = 6378.1363 km µ = 398 600.4415
km3

s2



CHAPTER 2

Mathematics

2.1. Geometry

2D shapes

Circle of radius r:

r2 = x2 + y2 κ =
1

r

A = πr2 C = 2πr

Arc with radius r and angle α:

A =
α

2
r2 C = αr

Ellipse with semi-major axis a and semi-minor axis b:

x2

a2
+
y2

b2
= 1 κ =

1

a2b2

(
x2

a4
+
y2

b4

)−3/2
A = πab h =

(
a− b
a+ b

)2

C = 4a

∫ π/2

0

√
1− e2 sin2 t dt

≈ π (a+ b)

(
1 +

h

10 +
√

4− h

)
(Ramanujan)
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2.1. GEOMETRY 14

Triangle with base b and height h:

A =
1

2
bh

Parallelogram with base b and height h:

A = bh

3D shapes

Sphere with radius r:

V =
4

3
πr3 S = 4πr2

Right cylinder with base radius r and height h:

V = πr2h S = 2πr (r + h)

Cone with base radius r and height h:

V =
1

3
πr2h S = πr

(
r +

√
h2 + r2

)
Regular tetrahedron with side length l:

V =
l3

6
√

2
S =

√
3l2 h =

√
2

3
l

Square pyramid with base length l and height h:

V =
1

3
l2h S = l2 +

√
l2 + 4h2
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2.2. Trigonometry

Identities

Pythagorean theorem:

sin2 α+ cos2 α = 1

Symmetries:

sin
(
α± π

2

)
= ± cosα cos

(
α± π

2

)
= ∓ sinα

sin (α+ π) = − sinα cos (α+ π) = − cosα

sin(−α) = − sinα cos(−α) = cosα

sin
(π

2
− α

)
= cosα cos

(π
2
− α

)
= sinα

sin (π − α) = sinα cos (π − α) = − cosα

tan
(
α± π

4

)
=

tanα± 1

1∓ tanα

tan
(
α+

π

2

)
= − 1

tanα
tan(−α) = − tanα

tan
(π

2
− α

)
=

1

tanα
tan (π − α) = − tanα

Exponential definition:

sinα =
eiα − e−iα

2i
arcsinα = −i ln

(
iα+

√
1− α2

)
cosα =

eiα + e−iα

2
arccosα = −i ln

(
α+

√
α2 − 1

)
tanα =

eiα − e−iα

i (eiα + e−iα)
arctanα =

i

2
ln

(
i+ α

i− α

)
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Angle sum and difference:

sin(α± β) = sinα cosβ ± cosα sinβ

cos(α± β) = cosα cosβ ∓ sinα sinβ

tan(α± β) =
tanα± tanβ

1∓ tanα tanβ

Multiple angle:

sin(2α) = 2 sinα cosα cos(2α) = 1− 2 sin2 α

tan(2α) =
2 tanα

1− tan2 α

sin(3α) = −4 sin3 α+ 3 sinα cos(3α) = 4 cos3 α− 3 cosα

tan(3α) =
3 tanα− tan3 α

1− 3 tan2 α

Power reduction:

sin2 α =
1− cos(2α)

2
cos2 α =

1 + cos(2α)

2

sin3 α =
3 sinα− sin(3α)

4
cos3 α =

3 cosα+ cos(3α)

4

Product to sum:

2 cosα cosβ = cos(α− β) + cos(α+ β)

2 sinα sinβ = cos(α− β)− cos(α+ β)

2 sinα cosβ = sin(α− β) + sin(α+ β)

Sum to product:

sinα± sinβ = 2 sin

(
α± β

2

)
cos

(
α∓ β

2

)
cosα+ cosβ = 2 cos

(
α+ β

2

)
cos

(
α− β

2

)
cosα− cosβ = −2 sin

(
α+ β

2

)
sin

(
α− β

2

)
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Linear combination:

a sinα+ b cosα = c sin(α+ ϕ)

c =
√
a2 + b2 ϕ = arctan

b

a

Planar trigonometry

Given a planar triangle with sides a, b, c and corresponding angles
A,B,C.

Law of cosines:

a2 = b2 + c2 − 2bc cosA

b2 = a2 + c2 − 2ac cosB

c2 = a2 + b2 − 2ab cosC

Law of sines:
sinA

a
=

sinB

b
=

sinC

c

Spherical trigonometry

Given a spherical triangle with sides a, b, c and corresponding angles
A,B,C.

Law of cosines:

cos a = cos b cos c+ sin b sin c cosA

cos b = cos c cos a+ sin c sin a cosB

cos c = cos a cos b+ sin a sin b cosC

Complementary law of cosines:

cosA = − cosB cosC + sinB sinC cos a

cosB = − cosC cosA+ sinC sinA cos b

cosC = − cosA cosB + sinA sinB cos c
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Law of sines:
sinA

sin a
=

sinB

sin b
=

sinC

sin c

2.3. Vector Algebra

Vector arithmetic

~x+ ~y = ~y + ~x

a (~x+ ~y) = a~x+ a~y

~x+ (~y + ~z) = (~x+ ~y) + ~z

Vector norm

|~x| =
√
~x · ~x =

√
x21 + x22 + · · ·+ x2n

|c~x| = |c| |~x|
|~x+ ~y| 6 |~x|+ |~y| (Triangle inequality)

Vector inner product (dot product)

~x · ~y = ~xT~y =
∑
i

xiyi

where ~xT~y is interpreted as a matrix multiplication.

Properties of the inner product:

~x · ~y = ~y · ~x
(a~x) · ~y = ~x · (a~y) = a (~x · ~y)

(~x+ ~y) · ~z = ~x · ~z + ~y · ~z
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Vector outer product

~x⊗ ~y = ~x~yT

=


x1
x2
x3
...

(y1 y2 y3 . . .
)

=


x1y1 x1y2 x1y3
x2y1 x2y2 x2y3 . . .
x3y1 x3y2 x3y3

...
. . .


where ~x~yT is interpreted as a matrix multiplication.

Vector cross product

~x× ~y =

x2y3 − x3y2x3y1 − x1y3
x1y2 − x2y1


As a skew symmetric matrix:

~x× ~y = X× · ~y

where

X× =

 0 −x3 x2
x3 0 −x1
−x2 x1 0
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Properties of the cross product:

~x× ~y = −~y × ~x
(a~x)× ~y = ~x× (a~y) = a (~x× ~y)

(~x+ ~y)× ~z = ~x× ~z + ~y × ~z
~x× ~x = 0

~x · (~x× ~y) = ~y · (~x× ~y) = 0

Vector identities

~x · (~y × ~z) = ~y · (~z × ~x) = ~z · (~x× ~y)

= det

x1 y1 z1
x2 y2 z2
x3 y3 z3


~x× (~y × ~z) = (~x · ~z) ~y − (~x · ~y)~z (Triple product)

(~w × ~x) · (~y × ~z) = (~w · ~y) (~x · ~z)− (~x · ~y) (~w · ~z)
(Binet-Cauchy identity)

|~x× ~y|2 = (~x× ~y) · (~x× ~y)

= (~x · ~x) (~y · ~y)− (~x · ~y)
2 (Lagrange’s identity)

Vector calculus

Nabla operator in Cartesian coordinates:

∇ =

 d
dx1
d
dx2
d
dx3


Gradient of a scalar function of three variables V : R3 → R:

∇V =

 dV
dx1
dV
dx2
dV
dx3
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Divergence of a vector field in three dimensions ~F : R3 → R3:

∇ · ~F =

 d
dx1
d
dx2
d
dx3

 ·
F1

F2

F3

 =
dF1

dx1
+
dF2

dx2
+
dF3

dx3

Curl of a vector field in three dimensions ~F : R3 → R3:

∇× ~F =

 d
dx1
d
dx2
d
dx3

×
F1

F2

F3

 =

dF3

dx2
− dF2

dx3
dF1

dx3
− dF3

dx1
dF2

dx1
− dF1

dx2



2.4. Matrices

Given n×m matrix A, transpose AT and conjugate A∗:

AT =


a11 a21 . . . an1
a12 a22
...

. . .
a1m anm

 A∗ =


a11 a21 . . . an1
a12 a22
...

. . .
a1m anm


(A ·B)

T
= BT ·AT (A ·B)

∗
= B∗ ·A∗

(A + B)
T

= AT + BT (A + B)
∗

= A∗ + B∗

(cB)
T

= cBT (cB)
∗

= cB∗

Matrix product of n×m matrix A with m× p matrix B:

A ·B = C =


c11 c12 . . . c1p
c21 c22
...

. . .
cn1 cnp

 cij =

m∑
s=1

aisbsj
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Matrix vector product of n×m matrix A with m vector ~x:

A · ~x = ~y =

y1...
yn

 yi =

m∑
s=1

aisxs

Square matrices

Symmetric, skew-symmetric, Hermitian matrix:

A = AT A = −AT A = A∗

Identity matrix:

E =


1 0 . . . 0
0 1
...

. . .
0 1


Trace:

trA =

n∑
i=1

aii

trA = trAT tr (A ·B) = tr (B ·A) tr (A + B) = trA + trB

Determinant:

detA = |A| det (A ·B) = detAdetB det
(
A−1

)
=

1

detA

det

(
a11 a12
a21 a22

)
= a11a22 − a21a12

det

a11 a12 a13
a21 a22 a23
a31 a32 a33

 = a11a22a33 + a12a23a31 + a13a21a32

− a31a22a13 − a32a23a11 − a33a21a12
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Matrix inverse:
A−1 ·A = A ·A−1 = E

(A ·B)
−1

= B−1 ·A−1 (cA)
−1

=
1

c
A−1

A =

(
a11 a12
a21 a22

)
A−1 =

1

detA

(
a22 −a12
−a21 a11

)

A =


a1 0 . . . 0
0 a2
...

. . .
0 an

 A−1 =


1
a1

0 . . . 0

0 1
a2

...
. . .

0 1
an


Eigenvalues and eigenvectors:

A~v = λ~v det (A− λE) = 0

2.5. Derivatives

Given functions f(x), g(x) and constants a, b.

Linearity:
d

dx
(af + bg) = a

df

dx
+ b

dg

dx
Product rule:

d

dx
(fg) =

df

dx
g + f

dg

dx
Quotient rule:

d

dx

(
f

g

)
=

df
dxg − f

dg
dx

g2

Chain rule:
d

dx
f(g(x)) =

df

dx

∣∣∣∣
g(x)

dg

dx

Common derivatives:
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f(x) d
dxf(x) f(x) d

dxf(x)

ax+ b a xn nxn−1

expx expx ax ax ln a

lnx 1
x logb x

1
x ln b

sinx cosx cosx − sinx

tanx 1
cos2 x arcsinx 1√

1−x2

arccosx − 1√
1−x2

arctanx 1
1+x2

sinhx coshx coshx sinhx

tanhx 1
cosh2 x

arcsinhx 1√
1+x2

arccoshx 1√
1−x2

arctanhx 1
1−x2

2.6. Integrals

Given functions f(x), g(x), indefinite integrals F =
∫
f dx,G =∫

g dx and constants a, b, c.

Fundamental theorem of calculus:∫ b

a

f(x) dx = F (b)− F (a)

Definite integrals: ∫ b

a

f(x) dx = −
∫ a

b

f(x) dx∫ b

a

f(x) dx+

∫ c

b

f(x) dx =

∫ c

a

f(x) dx
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Linearity:∫
af(x) + bg(x) dx = a

∫
f(x) dx+ b

∫
g(x) dx

Integration by parts:∫
f(x)

d

dx
g(x) dx = f(x)g(x)−

∫
g(x)

d

dx
f(x) dx

Integration by substitution y = g(x):∫ b

a

f(g(x))
d

dx
g(x) dx =

∫ g(b)

g(a)

f(y) dy

Common integrals:

f(x)
∫
f(x) dx

ax+ b 1
2ax

2 + bx

xn 1
n+1x

n+1

expx expx

ax ax

ln a

x expx (x− 1) expx

lnx x lnx− x
1
x ln |x|
1

ax+b
1
a ln |ax+ b|

sinx − cosx

cosx sinx

tanx ln
∣∣ 1
cos x

∣∣
arcsinx x arcsinx+

√
1− x2

arccosx x arccosx−
√

1− x2
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f(x)
∫
f(x) dx

arctanx x arctanx− 1
2 ln

(
1 + x2

)
1√

a2−x2
arcsin x

a

1
a2+x2

1
a arctan x

a

1
a2−x2

1
2a ln

∣∣∣x+ax−a

∣∣∣
sinhx coshx

coshx sinhx

tanhx ln coshx

2.7. Special functions

Associated Legendre polynomials:

Pl,m(x) =
1

2ll!

(
1− x2

)m/2 dl+m

dxl+m
(
x2 − 1

)l



CHAPTER 3

Newtonian Mechanics

3.1. Point Masses

Kinematics of position, velocity and acceleration (inertial frame):

~r(t) ~v(t) =
d~r

dt
~a(t) =

d2~r

dt2
=
d~v

dt

Dynamics (inertial frame):

~a(t) =
~F (t)

m

Kinetic energy:

Ekin =
1

2
mv2

Angular momentum:
~H = m~r × ~v

Newtonian Gravitation

Gravitational potential of point mass m1 at ~r1:

V (~r) = − Gm1

|~r − ~r1|
= − µ1

|~r − ~r1|

27
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Acceleration and force on point mass m2 at ~r2:

~a(~r2) = −∇V (~r2) = − Gm1

|~r2 − ~r1|3
(~r2 − ~r1)

~F (~r2) = m2 (−∇V (~r2)) = − Gm1m2

|~r2 − ~r1|3
(~r2 − ~r1)

Potential energy of point mass m2 at ~r2:

Epot = U(~r2) = m2V (~r2)

Rotating frame

General vector derivatives in inertial and rotating frame:

d

dt
~x

∣∣∣∣
in

=
d

dt
~x

∣∣∣∣
rot

+ ~ω × ~x

d2

dt2
~x

∣∣∣∣
in

=
d2

dt2
~x

∣∣∣∣
rot

+ 2~ω × d

dt
~x

∣∣∣∣
rot

+ ~ω × (~ω × ~x) + ~̇ω × ~x

Angular acceleration:

~α =
d

dt
~ω

∣∣∣∣
in

=
d

dt
~ω

∣∣∣∣
rot

Linear velocity and acceleration:

~vrot =
d

dt
~r

∣∣∣∣
rot

= ~vin − ~ω × ~r

~arot =
d2

dt2
~r

∣∣∣∣
rot

= ~ain︸︷︷︸
external

−2~ω × ~vrot︸ ︷︷ ︸
Coriolis

−~ω × (~ω × ~r)︸ ︷︷ ︸
Centrifugal

−~α× ~r︸ ︷︷ ︸
Euler

Fictitious forces:

~FCoriolis = −2m (~ω × ~vrot) ~FCentrifugal = −m (~ω × (~ω × ~r))
~FEuler = −m (~α× ~r)
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3.2. Attitude Representation

Given inertial frame basis ~E1, ~E2, ~E3, body fixed basis ~e1, ~e2, ~e3, and
angular velocity vector ~ω = ω1~e1 + ω2~e2 + ω3~e3 .

Inertial frame to body fixed frame, body fixed frame to inertial frame:

~xbody = R · ~xrest ~xrest = RT · ~xbody

Direction cosines

R =

a11 a12 a13
a21 a22 a23
a31 a32 a33


Ṙ =

ȧ11 ȧ12 ȧ13
ȧ21 ȧ22 ȧ23
ȧ31 ȧ32 ȧ33


=

ω3a21 − ω2a31 ω3a22 − ω2a32 ω3a23 − ω2a33
ω1a31 − ω3a11 ω1a32 − ω3a12 ω1a33 − ω3a13
ω2a11 − ω1a21 ω2a12 − ω1a22 ω2a13 − ω1a23


Properties:

aij = ~Ej · ~ei = cos∠
(
~Ej , ~ei

)
Euler rotations

zxz rotations ψ, θ, φ (Euler angles):

R =

 cosφ sinφ 0
− sinφ cosφ 0

0 0 1

 ·
1 0 0

0 cos θ sin θ
0 sin θ cos θ

 ·
 cosψ sinψ 0
− sinψ cosψ 0

0 0 1


=

 cosφ cosψ − sinφ cos θ sinψ cosφ sinψ + sinφ cos θ cosψ sinφ sin θ
− sinφ cosψ − cosφ cos θ sinψ − sinφ sinψ + cosφ cos θ cosψ cosφ sin θ

sin θ sinψ − sin θ cosψ cos θ
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φ̇

 =
1

sin θ

 sinφ cosφ 0
cosφ sin θ − sinφ sin θ 0
− sinφ cos θ − cosφ cos θ sin θ

ω1

ω2

ω3


Quaternions

~q =


q1
q2
q3
q4

 =


m1 sin µ

2
m2 sin µ

2
m3 sin µ

2
cos µ2


R =

q21 − q22 − q23 + q24 2(q1q2 + q3q4) 2(q1q3 − q2q4)
2(q1q2 − q3q4) −q21 + q22 − q23 + q24 2(q1q4 + q2q3)
2(q1q3 + q2q4) 2(−q1q4 + q2q3) −q21 − q22 + q23 + q24



q̇1
q̇2
q̇3
q̇4

 =
1

2


0 ω3 −ω2 ω1

−ω3 0 ω1 ω2

ω2 −ω1 0 ω3

−ω1 −ω2 −ω3 0



q1
q2
q3
q4


Rotation by angle µ around rotation axis ~m (inertial frame):

~m =

m1

m2

m3


Properties:

~q · ~q = |~q|2 = 1

~m =
q1 ~E1 + q2 ~E2 + q3 ~E3√

q21 + q22 + q23
µ

2
= arctan2

(√
q21 + q22 + q23 , q4

)
sin

µ

2
=
√
q21 + q22 + q23
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3.3. Rigid Bodies

Center of mass:

~xCM =

∑
imi~xi∑
imi

~xCM =

∫
V
ρ(~x)~x dV∫

V
ρ(~x) dV

Angular momentum vector:

~H =
∑
i

mi (~ri × ~vi) ~H =

∫
V

ρ(~r) (~r × ~v) dV

Inertia Tensor

I =

∫
V

ρ(~r)
(
|~r|2E − ~r~rT

)
dV

=

∫
V

ρ(~r)

y2 + z2 −xy −xz
−xy x2 + z2 −yz
−xz −yz x2 + y2

 dV

Parallel axes theorem:

Ir = Icm +m
(
|~r|2E − ~r~rT

)
= Icm +m

r22 + r23 r1r2 r1r3
r1r2 r21 + r23 r2r3
r1r3 r2r3 r21 + r22


Change of basis from E to e via rotation matrix R:

~re = R · ~rE
Ie = R · IE ·RT

Inertia tensor in coordinates along principal body axes:

I =

Ix 0 0
0 Iy 0
0 0 Iz
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Body of mass m Principal moments

y

x

z

r

uniform solid sphere
(center of mass)

Ix = 2
5mr

2

Iy = 2
5mr

2

Iz = 2
5mr

2

y

x

z

r

uniform spherical shell
(center of mass)

Ix = 2
3mr

2

Iy = 2
3mr

2

Iz = 2
3mr

2

y

x

z

h

r

uniform solid cylinder
(center of mass)

Ix = 1
12m

(
3r2 + h2

)
Iy = 1

12m
(
3r2 + h2

)
Iz = 1

2mr
2
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Body of mass m Principal moments

y

x

z

h

r2r1

uniform hollow cylinder
(center of mass)

Ix = 1
12m

(
3
(
r21 + r22

)
+ h2

)
Iy = 1

12m
(
3
(
r21 + r22

)
+ h2

)
Iz = 1

2m
(
r21 + r22

)

y

x

z

lx

ly

lz

uniform solid cuboid
(center of mass)

Ix = 1
12m

(
l2y + l2z

)
Iy = 1

12m
(
l2x + l2z

)
Iz = 1

12m
(
l2x + l2y

)

y

x

z

r

h

uniform solid cone
(apex)

Ix = 3
5mh

2 + 3
20mr

2

Iy = 3
5mh

2 + 3
20mr

2

Iz = 3
10mr

2
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Dynamics

Angular momentum vector:
~H = I~ω

Torque:
~T = ~r × ~F

Dynamics (inertial frame):

d

dt
~H

∣∣∣∣
rest

=
d

dt
(I~ω)

∣∣∣∣
rest

=
d

dt
I

∣∣∣∣
rest

~ω + I~α

= ~T

Dynamics (body fixed frame):

d

dt
~H

∣∣∣∣
rest

=
d

dt
~H

∣∣∣∣
rot

+ ~ω × ~H

= I~α+ ~ω × ~H (Euler’s equation)

= ~T

Rotational kinetic energy:

Erot =
1

2
~ωT I~ω =

1

2
~ω · ~H

Torque-free motion

General case: I1ω̇1

I2ω̇2

I3ω̇3

 =

(I2 − I3)ω2ω3

(I3 − I1)ω1ω3

(I1 − I2)ω1ω2





3.3. RIGID BODIES 35

Body of rotation with I1 = I2:ω1

ω2

ω3

 =

ω12 cos(λt+ λ0)
ω12 sin(λt+ λ0)

ω0

 H1

H2

H3

 =

I1ω12 cos(λt+ λ0)
I1ω12 sin(λt+ λ0)

I3ω0


Angles θ = ∠( ~H, ~z), γ = ∠(~ω, ~z):

tan γ =
ω12

ω0
tan θ =

I1ω12

I3ω0
=
I1
I3

tan γ

Precession and spin rates:

ωp =
H

I1
=

ω12

sin θ

ωs =

(
1− I3

I1

)
ω0 = ω0 −

ω12

tan θ



CHAPTER 4

Electromagnetism

Lorentz force:
~F = q

(
~E + ~v × ~B

)
4.1. Magnetic Dipole

Dipole magnetic field:

~B =
µ0

4π

[
3~r (~m · ~r)

r5
− ~m

r3

]

Br =
2mµ0 cos θ

4πr3
Bθ =

mµ0 sin θ

4πr3

Magnetic dipole in external field

Potential:

U = −~m · ~B

Torque:
~T = ~m× ~B

Force (current loop or bar magnet model):

~Floop = −∇U = ∇
(
~m · ~B

)
~Fbar = (~m · ∇) ~B = ~Floop − ~m×

(
∇× ~B

)
36
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4.2. Radiation & Optics

Diffraction limit:

θ =
1.22λ

d
(Rayleigh limit)

Black Body Radiation

Wien’s displacement law:

λmax =
b

T
b ≈ 2.897 772× 10−3 m K

Planck’s law:

Pλ =
2πhc2

λ5
(
e

hc
λkBT − 1

)
Stefan-Boltzmann law:

Eλ = σT 4



CHAPTER 5

Orbital Mechanics

General two-body problem:

~rcm =
m1~r1 +m2~r2
m1 +m2

~̈rcm = 0

~d = ~r2 − ~r1 ~̈d = −G(m1 +m2)

|~d|3
~d = − µ

|~d|3
~d

~r1 = ~rcm −
m2

m1 +m2

~d ~r2 = ~rcm +
m1

m1 +m2

~d

Restricted two-body problem m1 � m2:

~r1 = 0 ~̈r2 = −Gm1

|~r2|3
~r2 = − µ

|~r2|3
~r2

5.1. Keplerian Orbits

Orbit equation:

r =
p

1 + e cos θ
p =

h2

µ
= a

(
1− e2

)
Flight path angle:

γ = arctan
vr
v⊥

vr =
µ

h
e sin θ v⊥ =

h

r
v =

√
v2r + v2⊥

38
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Time along orbit:

t− t0 =

∫ θ

θ0

h3

µ2(1 + e cos θ)2
dθ

Constants of motion

Specific orbital angular momentum:

~h =
~H

m
= ~r × ~̇r = ~r × ~v h =

∣∣∣~h∣∣∣ = r2θ̇

Specific orbital energy:

ε =
E

m
=
v2

2
− µ

r
= − µ

2a
= − µ2

2h2
(1− e2) (Vis-viva equation)

Eccentricity vector:

~e =
~̇r × ~h
µ
− ~r

r
e = |~e|

Circular orbits (e = 0)

a = rp = ra = r v =

√
µ

r

Orbital period and mean motion:

τ = 2π

√
r3

µ
n =

2π

τ
=

√
µ

r3

Time to cover angle θ:

t =
θ

n
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Elliptic orbits (0 < e < 1)

ra = a(1 + e) rp = a(1− e)
ra
rp

=
1 + e

1− e
e =

ra − rp
ra + rp

Orbital period and mean motion:

τ = 2π

√
a3

µ
n =

2π

τ
=

√
µ

a3

Eccentric anomaly:

sinE =

√
1− e2 sin θ

1 + e cos θ
cosE =

e+ cos θ

1 + e cos θ

tan
E

2
=

√
1− e
1 + e

tan
θ

2

Elliptic mean anomaly:

Me = E − e sinE (Kepler’s equation)

Time since perigee passage:

t =
1

n
Me =

T

2π
Me =

√
a3

µ
Me

=
h3

µ2(1− e2)3/2

[
2 arctan

(√
1− e
1 + e

tan
θ

2

)
− e
√

1− e2 sin θ

1 + e cos θ

]

Parabolic orbits (e = 1)

a→∞ rp =
p

2

v =

√
2µ

r
v∞ = 0
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Barker parameter:

B = tan
θ

2
Parabolic mean anomaly:

Mp =
1

2
B +

1

6
B3 (Barker’s equation)

B =
(

3Mp +
√

9M2
p + 1

)1/3
−
(

3Mp +
√

9M2
p + 1

)−1/3
Time since perigee passage:

t =

√
p3

µ
Mp =

h3

µ2
Mp

=
h3

µ2

(
1

2
tan

θ

2
+

1

6
tan3 θ

2

)

Hyperbolic orbits (e > 1)

rp =
p

1 + e
e =

rpv
2
∞
µ

+ 1

v∞ =

√
µ

−a
θ∞ = arccos

(
−1

e

)
Hyperbolic eccentric anomaly:

sinhF =

√
e2 − 1 sin θ

1 + e cos θ
coshF =

cos θ + e

1 + e cos θ

tanh
F

2
=

√
e− 1

e+ 1
tan

θ

2

Hyperbolic mean anomaly:

Mh = e sinhF − F
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Time since perigee passage (hyperbolic):

t = Mh

√
−a

3

µ

=
h3

µ2(e2 − 1)

[
e sin θ

1 + e cos θ
− 1√

e2 − 1
ln

(√
e+ 1 +

√
e− 1 tan θ

2√
e+ 1−

√
e− 1 tan θ

2

)]

5.2. Coordinates & Observations

Perifocal frame:

~r = r

cos θ
sin θ

0

 ~v =
µ

h

 − sin θ
e+ cos θ

0



Keplerian elements a, e, i, ω,Ω, θ to Cartesian ~r,~v:

Q =cos Ω cosω − cos i sin Ω sinω − cos Ω sinω − cos i cosω sin Ω sin Ω sin i
cosω sin Ω + cos Ω cos i sinω cos Ω cos i cosω − sin Ω sinω − cos Ω sin i

sin i sinω cosω sin i cos i



~r = Q ·

r cos θ
r sin θ

0

 ~v =
µ

h
Q ·

 − sin θ
e+ cos θ

0
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Cartesian ~r,~v to Keplerian elements a, e, i, ω,Ω, θ :

a =
h2

µ(1− e2)

e = |~e|

i = arccos
hz
h

Ω = atan2 (hx,−hy) mod 2π

ω = atan2
( ez

sin i
, ey sin Ω + ex cos Ω

)
mod 2π

θ =

{
arccos ~r·~ere ~r · ~v > 0

2π − arccos ~r·~ere ~r · ~v < 0

Modified equinoctial elements:

p = a(1− e2)

f = e cos(ω + Ω)

g = e sin(ω + Ω)

h = tan
i

2
cos Ω

k = tan
i

2
sin Ω

L = Ω + ω + θ

Topocentric horizon

Azimuth A, altitude a, and range ρ at sidereal time θ and latitude φ
to Cartesian ECI:

δ = arcsin(cosφ cosA cos a+ sinφ sin a)

h =

2π − arccos
(

cosφ sin a−sinφ cosA cos a
cos δ

)
0 6 A < π

arccos
(

cosφ sin a−sinφ cosA cos a
cos δ

)
π 6 A < 2π

α = θ − h
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δ̇ =
−Ȧ cosφ sinA cos a+ ȧ (sinφ cos a− cosφ cosA sin a)

cos δ

α̇ = θ̇ − ḣ

= ωE +
Ȧ cosA cos a− ȧ sinA sin a+ δ̇ sinA cos a tan δ

cosφ sin a− sinφ cosA cos a

~̂ρ =

cos δ cosα
cos δ sinα

sin δ

 ~̇̂ρ =

−δ̇ sin δ cosα− α̇ cos δ sinα,

−δ̇ sin δ sinα+ α̇ cos δ cosα

δ̇ cos δ


~Ω =

 0
0
ωE

 ~Robs = RE(φ)

cosφ cos θ
cosφ sin θ

sinφ


~r = ~Robs + ~ρ

~v = ~̇Robs + ~̇ρ = ~Ω× ~Robs + ρ̇~̂ρ+ ρ~̇̂ρ

Gibbs’ method

Given co-planar observations ~r1, ~r2, ~r3:

r1 = |~r1| r2 = |~r2| r3 = |~r3|

~N = r1(~r2 × ~r3) + r2(~r3 × ~r1) + r3(~r1 × ~r2)

~D = ~r1 × ~r2 + ~r2 × ~r3 + ~r3 × ~r1
~S = (r2 − r3)~r1 + (r3 − r1)~r2 + (r1 − r2)~r3

~v2 =

√
µ∣∣∣ ~N ∣∣∣ ∣∣∣ ~D∣∣∣

(
~D × ~r2
r2

+ ~S

)
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Epochs

Julian Day JD: noon January 1, 4713 BC.

Modified Julian Day MJD: midnight November 17, 1858.

MJD = JD − 2400000.5

Modified Julian Day 2000 MJD2000: noon January 1, 2000.

MJD2000 = JD − 2451545.0

5.3. Maneuvers

Rocket equation:
mf

mi
= exp

(
− ∆v

Ispg0

)
(Tsiolkovsky)

Hohmann transfers

Planar circular Hohmann transfer:

∆v1 =

√
µ

r1

(√
2r2

r1 + r2
− 1

)
∆v2 =

√
µ

r2

(
1−

√
2r1

r1 + r2

)
General planar Hohmann transfer:

h =

√
2µ

rarp
ra + rp

va =
h

ra
vp =

h

rp

Planar bi-elliptic circular Hohmann transfer rA → rB → rC :

v0 =

√
µ

rA
α =

rC
rA

β =
rB
rA

∆v = v0

(√
2(α+ β)

αβ
− 1 +

√
α√

α
−

√
2

β(1 + β)
(1− β)

)
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Phasing maneuver:

a =

(
Tphasing

√
µ

2π

)2/3

2a = ra + rp

Single impulse maneuvers

Planar orbit intersection points for coaxial orbits:

θ1 = θ2 = arccos

(
h21 − h22

e1h22 − e2h21

)
Planar orbit intersection points for apse line angle η = θ1 − θ2:

a = e1h
2
2 − e2h21 cos η b = −e2h21 sin η c = h21 − h22

φ = arctan
b

a

θ1 = φ± arccos
( c
a

cosφ
)

θ2 = θ1 − η

Planar orbit change:

∆v =
√
v22 + v21 − 2v2v1 cos(γ2 − γ1)

New orbit from planar maneuver:

h∗ = h+ r∆v⊥ v∗⊥ = v⊥ + ∆v⊥ v∗r = vr + ∆vr

tan θ∗ =
v∗⊥v

∗
r

v∗2⊥ e cos θ + (v⊥ + v∗⊥) ∆v⊥

v2⊥
µ/r

e∗ = v∗r
h∗

µ sin θ∗
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Inclination change

Orbital plane rotation by δ around ~r (no shape change):

∆v = 2v⊥ sin
δ

2

Orbital plane rotation by δ around ~r with velocity change to v∗r , v∗⊥:

∆v =
√

(v∗r − vr)2 + v∗2⊥ + v2⊥ − 2v∗⊥v⊥ cos δ

=
√
v∗2 + v2 − 2v∗v [cos(γ∗ − γ)− cos γ∗ cos γ(1− cos δ)]

Rotation around common apse line with radial velocity change:

∆v =
√
v∗2 + v2 − 2v∗v cos δ

3-impulse plane change of circular orbit with radius r1 at r2:

ρ =
r2
r1

∆v =∆v1 + ∆v2 + ∆v3

∆v1 = ∆v3 =

(√
2ρ

1 + ρ
− 1

)√
µ

r1

∆v2 = 2

√
2

ρ(1 + ρ)
sin

δ

2

√
µ

r1

Patched conics

Planetary arrival / departure / gravity assist:

vp =

√
v2∞ +

2µ

rp
∆ = rp

√
1 +

2µ

rpv2∞

e =
rpv

2
∞
µ

+ 1

β = arccos
1

e
δ = 2 arcsin

1

e
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Interplanetary phasing

For Hohmann transfer from coplanar circular orbit 1 to coplanar
circular orbit 2 in t12.

Synodic period:

τsyn =
2π

|n1 − n2|

Phase angles:

φ0 = π − n2t12 φf = π − n1t12
φ′0 = −π + n1t12 φ′f = −π + n2t12

Wait time:

twait =
2φ′0 ± 2kπ

n2 − n1

Attitude maneuvers

Single coning maneuver covering θ:

∆H = 2
∣∣∣ ~H0

∣∣∣ tan
θ

2

Continuous coning maneuver covering θ:

∆H =
∣∣∣ ~H0

∣∣∣ θ
Yoyo de-spin from ω0 to ω with two masses of m/2 at radius R:

K =1 +
I

mR2

l =R

√
K
ω0 − ω
ω0 + ω

Gravity gradient:

~T =
3µ

r7
~r × I · ~r



5.4. PERTURBATIONS 49

5.4. Perturbations

Aerodynamic drag

~Fdrag =
1

2
ρ(r)Cdv

2A

(
−~v
v

)
~adrag =

1

2
ρ(r)Cdv

2 A

m

(
−~v
v

)

Atmospheric density model for isothermal ideal gas:

ρ(h) = ρ0 exp(−αh) = ρ0 exp(−h/H)

Approximate values for planetary atmospheres:

Earth ρ0 ≈ 1.225 kg m−3 α ≈ 0.1378 km−1

Mars (0 km− 25 km) ρ0 ≈ 0.0159 kg m−3 α ≈ 0.090 51 km−1

Mars (25 km− 125 km) ρ0 ≈ 0.0525 kg m−3 α ≈ 0.1371 km−1

Venus ρ0 ≈ 65 kg m−3 α ≈ 0.062 89 km−1

Third body

~Fbody = mµbody

(
~rbody − ~r
|~rbody − ~r|3

− ~rbody

|~rbody|3

)

~abody = µbody

(
~rbody − ~r
|~rbody − ~r|3

− ~rbody

|~rbody|3

)

Sphere of influence for planet (mp) at radius R from Sun (ms):

rSOI = R

(
mp

ms

) 2
5
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Solar radiation pressure

FSRP = PA aSRP = P
A

m

Pabsorbtion =
JEarth

c(r/1 au)2
cosα Preflection = 2

JEarth
c(r/1 au)2

cos2 α

Geopotential

Potential expansion in spherical harmonics with radius r, latitude φ,
and longitude λ and Earth equatorial radius RE :

~Fgeo = −m∇U(~r) ~ageo = −∇U(~r)

Jl,m =
√
C2
l,m + S2

l,m λl,m = arctan
Cl,m
Sl,m

U(r, φ, λ) = −µ
r

∞∑
l=0

l∑
m=0

(
RE
r

)l
Pl,m(sinφ) (Cl,m cosmλ+ Sl,m sinmλ)

= −µ
r

[
1−

∞∑
l=2

Jl

(
RE
r

)l
Pl,0(sinφ)+

∞∑
l=2

l∑
m=1

(
RE
r

)l
Pl,m(sinφ) (Cl,m cosmλ+ Sl,m sinmλ)

]

= −µ
r

[
1−

∞∑
l=2

Jl

(
RE
r

)l
Pl,0(sinφ)+

∞∑
l=2

l∑
m=1

(
RE
r

)l
Pl,m(sinφ)Jl,m sin (mλ+ λl,m)

]
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5.5. Propagation

Gauss equations

Given radial, horizontal, and out of plane accelerations ar, as, aw:

da

dt
=

2e sin θ

n
√

1− e2
ar +

2a
√

1− e2
nr

as

de

dt
=

√
1− e2 sin θ

na
ar +

√
1− e2
na2e

(
a2(1− e2)

r
− r
)
as

di

dt
=
r cos(θ + ω)

na2
√

1− e2
aw

dΩ

dt
=

r sin(θ + ω)

na2
√

1− e2 sin i
aw

dω

dt
=−

√
1− e2 cos θ

nae
ar +

a(1− e2)

eh

[
sin θ

(
1 +

1

1 + e cos θ

)]
as

− r cot i sin(θ + ω)

na2
√

1− e2
aw

dM

dt
= n− 1

na

(
2r

a
− 1− e2

e
cos θ

)
ar

− (1− e2) sin θ

nae

(
1 +

r

a(1− e2)

)
as

Secular rates

Secular rates in rad s−1 for Earth radius RE due to oblateness:

Ω̇ = −3

2

(
J2
√
µR2

E

(1− e2)2a7/2

)
cos i

ω̇ = −3

2

(
J2
√
µR2

E

(1− e2)2a7/2

)(
5

2
sin2 i− 2

)
See also Section 6.4 on page 58.
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5.6. Relative Motion

With specific angular momentum, position, and velocity h, ~R, ~V of
target in LVLH and δx, δy, δz relative position of chaser in LVLH:

δẍ−
(

2µ

R3
+
h2

R4

)
δx+

2
(
~V · ~R

)
h

R4
δy − 2

h

R2
δẏ = 0

δÿ +

(
µ

R3
− h2

R4

)
δy −

2
(
~V · ~R

)
h

R4
δx+ 2

h

R2
δẋ = 0

δz̈ +
µ

R3
δz = 0

Clohessy-Wiltshire equations:

δẍ− 3n2δx− 2nδẏ = 0

δÿ + 2nδẋ = 0

δz̈ + n2δz = 0

δ~r(t) = Φrr(t) · δ~r0 + Φrv(t) · δ~v0
δ~v(t) = Φvr(t) · δ~r0 + Φvv(t) · δ~v0

Φrr(t) =

 4− 3 cosnt 0 0
6(sinnt− nt) 1 0

0 0 cosnt


Φrv(t) =

 1
n sinnt 2

n (1− cosnt) 0
2
n (cosnt− 1) 1

n (4 sinnt− 3nt) 0
0 0 1

n sinnt


Φvr(t) =

 3n sinnt 0 0
6n(cosnt− 1) 0 0

0 0 −n sinnt


Φvv(t) =

 cosnt 2 sinnt 0
−2 sinnt 4 cosnt− 3 0

0 0 cosnt
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5.7. Circular Restricted Three Body Problem

Non-dimensional units:

1 LU = |~r1 − ~r2| 1 TU =
τ

2π
1 MU = m1 +m2

G = 1 LU3/MU/TU2 Ω = 1 rad/TU

Synodic frame:
µ =

m2

m1 +m2

~R1 = −µ~x ~R2 = (1− µ)~x

~r1 = ~r − ~R1 ~r2 = ~r − ~R2

Equations of motion in synodic frame:

U = −1− µ
|~r1|

− µ

|~r2|
− 1

2

(
r21 + r22

)
~̈r = −1− µ

|~r1|3
~r1 −

µ

|~r2|3
~r2 +

r1r2
0

+ 2

 ṙ2
−ṙ1

0


= −∇U + 2

 ṙ2
−ṙ1

0


Jacobi energy:

CJ = −2U −
∣∣∣~̇r∣∣∣2

= 2

(
1− µ
|~r1|

+
µ

|~r2|

)
+ r21 + r22 − ṙ21 − ṙ22 − ṙ23

Lagrange points:
∇U(~r) = 0



CHAPTER 6

Astronautics

6.1. Remote Sensing

Ground-projected sample interval:

GSI = w
H

f

Instantaneous field of view:

IFOV = 2 arctan

(
w

2f

)
Field of view:

FOV ∼= N · IFOV
Ground-projected field of view (swath width):

GFOV = 2H tan

(
FOV

2

)
Data rate for pixel sample time ts:

Rb =
N ·Q
ts

Ground speed of satellite:

vgd = vorb
RE
rorb

Slant range at edge of coverage area:

R =
RE sinα

sin(π/2− E − α)

54
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Coverage angle for S/C elevation at edge of coverage area E:

α = arccos

(
RE

RE + h
cosE

)
− E

Antenna beam half-width:

θ = π/2− E − α

Coverage diameter:
B = 2REα

6.2. Subsystems

Radiation

Solar flux:
Jsun =

Lsun
4πD2

Planetary radiation:

Qp = εJpAproj−pFs−p

Albedo:
Qa = ρaJsunAproj−pFs−pαs cosφ

Spacecraft radiation:

Qs/c = εσT 4As/c

Thermal balance:
Qin +Qdis = Qout

Heat Transfer

~Q = A~q

Conductive heat transfer:

~q = −k∇T (Fourier’s law)
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Convective heat transfer:

q = hc(Ts − T∞) (Newton’s cooling law)

Radiative heat transfer:

q = εσT 4 (Stefan-Boltzmann law)

Solar cells

Solar energy at surface for solar zenith angle θz:

Isc = JsunAs = JsunA cos θz

Required solar array power:

PSA = Pl

(
1 +

Vch
tch

tdis
Vdis

RF

)
Temperature effect on solar cell:

V = Vref + γV (T − Tref ) I = Iref + γI(T − Tref )

Solar cell efficiencies:

ηsun = cos θ η = ηtemp · ηrad · ηsun

Battery capacity:

Cr =
Pe · te
DoD · η

6.3. Reentry

Ballistic coefficient:

B =
m

CDA



6.3. REENTRY 57

Planar flight

dv

dt
= −D

m
− g0 sin γ v

dγ

dt
=
L

m
−
(
g0 −

v2

r

)
cos γ

dr

dt
=
dh

dt
= v sin γ

ds

dt
=
R

r
v cos γ

Ballistic reentry

β = −2Bα sin γ0
v

v0
= exp

(
− ρ
β

)

t = − 1

αv0 sin γ0

ln
ρ

ρ0
+
ρ− ρ0
β

+

(
ρ−ρ0
β

)2
4

+ . . .


Maximum deceleration:

ln
v

v0
= −1

2

v̇

g

∣∣∣∣
max

= −v
2
0 sin γ0α exp(−1)

2g0

Peak heating:
v

v0

∣∣∣∣
peak

= exp

(
−1

6

)

Lift reentry

1

2
ρv2

CLA

W
= 1− v2

v2c

tland =
1

2

L

D

vc
g0

ln

1 + v2

v2c

1− v2

v2c

 Sland = −
L
D

2g0
v2c ln

(
1− v20

v2c

)
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Maximum deceleration:
v̇

g0

∣∣∣∣
max

=
1
L
D

Peak heating:

v

vc

∣∣∣∣
peak

=

√
2

3
Ymax =

v2c
5.2g0

L

D

1√
1 + 0.106

(
L
D

)2
6.4. Space Debris

Estimated orbital life-time in LEO for ballistic coefficient B:

tL =
HBτ

2000πa2ρ
H = 266 km

Magnitudes of secular rates

Luni-solar gravity in near-equatorial Earth orbit (K1 � 10−14):
de

dt
=K1e

√
1− e2 [0.089 sin(2ω + Ω)−

0.158 sin(2(ω + Ω))− 0.1842 sin(2ω)]

Solar radiation pressure in near-equatorial Earth orbit (K2 � 10−10):
de

dt
= −K2a

2
√

1− e2 sin(λsun − ω − Ω)

Geopotential in near-equatorial Earth orbit (K3 � 10−3):

dΩ

dt
= − K3R

2
E

a2 (1− e2)
2

dω

dt
=

2K3R
2
E

a2 (1− e2)
2

See also Section 5.5 on page 51.
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3-impulse plane change, 47

Absolute zero, 9
Aerodynamic drag, 49
Albedo, 55
Angular acceleration, 28
Angular momentum

point mass, 27
rigid body, 31

Antenna beam half-width, 55
Apse line rotation, 46
Arc, 13
Associated Legendre polynomials,

26
Astronomical unit, 9
Atmospheric density model, 49
Atomic mass unit, 9
Attitude maneuvers, 48
Attitude representation, 29
Avogadro number, 9

Ballistic coefficient, 56
Ballistic reentry, 57

maximum deceleration, 57
peak heating, 57

Barker parameter, 41
Barker’s equation, 41
Battery capacity, 56

Binet-Cauchy identity, 20
Boltzmann constant, 8

Cartesian, 42
Center of mass, 31
Centrifugal force, 28
Chain rule, 23
Circle, 13
Clohessy-Wiltshire equations, 52
Complementary law of cosines, 17
Cone, 14
Coning maneuver

continuous, 48
single, 48

Constants of motion, 39
Coriolis force, 28
Coverage angle, 55
Coverage diameter, 55
Cross product, 19
Curl, 21
Cylinder, 14

Data rate, 54
Definite integral, 24
Determinant, 22
Diffraction limit, 37
Direction cosines, 29
Displacement law, 37

59
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Divergence, 21
Dot product, 18
Drag, 49
Dynamics

point mass, 27
rigid body, 34

Earth gravity, 8
Eccentric anomaly
elliptic, 40
hyperbolic, 41

Eccentricity vector, 39
Eigenvalue, 23
Eigenvector, 23
Electron charge, 9
Electron mass, 9
Elementary charge, 9
Ellipse, 13
Ephemeris day, 10
Epochs, 45
Euler force, 28
Euler rotations, 29
Euler’s equation, 34

Fictitious forces, 28
Field of view, 54
Flight path angle, 38
Flyby, 47
Fundamental theorem of calculus,

24

Gauss equations, 51
Geopotential, 12
Geopotential model, 50
Gibbs’ method, 44
Gradient, 20
Gravitational constant, 8
Gravitational parameter, 10
Gravitational potential, 50
point mass, 27

Gravity assist, 47
Gregorian year, 10

Ground speed, 54

Heat transfer, 55
conductive, 55
convective, 56
radiative, 56

Hohmann transfer, 45
bi-elliptic circular, 45
circular, 45
planar, 45

Inclination change, 47
Inertia Tensor, 31
Inner product, 18
Integration

by parts, 25
by substitution, 25

Interplanetary phasing, 48

Jacobi energy, 53
JGM-3, 12
Julian day, 10
Julian year, 10

Kepler’s equation, 40
Keplerian elements, 42
Kinematics

point mass, 27
rigid body, 29

Kinetic energy, 27
rotational, 34

Lagrange point, 53
Lagrange’s identity, 20
Law of cosines

planar, 17
spherical, 17

Law of sines
planar, 17
spherical, 17

Legendre polynomials, 26
Lift reentry, 57

maximum deceleration, 58
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peak heating, 58
Lorentz force, 36
Luminosity, 11

Magnetic dipole, 36
field, 36
force, 36
potential, 36
torque, 36

Matrix, 21
conjugate, 21
Hermitian, 22
identity, 22
inverse, 23
product, 21
skew-symmetric, 22
symmetric, 22
transpose, 21
vector product, 22

Mean anomaly
elliptic, 40
hyperbolic, 41
parabolic, 41

Mean motion, 39, 40
Mean tropical year, 10
Modified equinoctial elements, 43

Nabla operator, 20
Neutron mass, 9

Orbit equation, 38
Orbit from maneuver, 46
Orbit intersection, 46
Orbital angular momentum, 39
Orbital energy, 39
Orbital life-time, 58
Orbital period, 39, 40
Orbital plane rotation, 47
Outer product, 19

Parallel axes theorem, 31
Parallelogram, 14
Patched conics, 47

Perifocal frame, 42
Permeability of vacuum, 9
Permittivity of vacuum, 9
Phase angle, 48
Phasing maneuver, 45
Planar flight, 57
Planar trigonometry, 17
Planck constant, 8
Planck’s Law, 37
Planetary arrival, 47
Planetary departure, 47
Planetary eccentricity, 11
Planetary flyby, 47
Planetary radius, 10
Planetary semi-major axis, 10
Point Mass, 27
Potential energy, 28
Precession rate, 35
Principal axes, 31
Product rule, 23
Proton mass, 9

Quaternion, 30
Quotient rule, 23

Radiation, 55
planetary, 55
spacecraft, 55

Rayleigh limit, 37
Regular tetrahedron, 14
Rigid Body, 31
Rocket equation, 45
Rotating frame, 28

Sample interval, 54
Secular rate, 51

magnitude, 58
Sidereal angular velocity, 11
Sidereal day, 10
Sidereal year, 10
Single impulse maneuvers, 46
Slant range, 54
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Solar cells, 56
array power, 56
efficiency, 56

Solar flux, 11, 55
Solar radiation pressure, 50
Speed of light, 8
Sphere, 14
Sphere of influence, 49
Spherical trigonometry, 17
Spin rate, 35
Square pyramid, 14
Stefan-Boltzmann constant, 8
Stefan-Boltzmann law, 37
Steiner’s theorem, 31
Synodic frame, 53
Synodic period, 48

Thermal balance, 55
Third body, 49
Topocentric horizon, 43
Torque, 34
Torque-free motion, 34
Trace, 22
Triangle, 14
Triangle inequality, 18
Trigonometry, 15

angle difference, 15
angle sum, 15
identities, 15
linear combination, 17
multiple angle, 16
power reduction, 16
product to sum, 16
sum to product, 16
symmetries, 15

Triple product, 20
Tsiolkovsky equation, 45
Two-body problem, 38

restricted, 38

Vacuum permeability, 9
Vacuum permittivity, 9

Vector Algebra, 18
Vector arithmetic, 18
Vector identities, 20

Wait time, 48
Wien’s displacement law, 37

Yoyo de-spin, 48
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