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Abstract: Rolling noise and structure-borne noise from rail transit viaducts often lead to 

complaints from nearby residents. Concrete box section bridges are commonly adopted for the 

viaducts but those with U-shaped sections have become popular recently due to their more 

attractive form and reduced visual impact. One question that often arises in relation to the 

choice of the section types is their relative noise performance. This study aims to compare the 

vibration and noise characteristics of concrete bridges with different sections in a systematic 

way by using the same noise prediction method. A coupled track-bridge model is introduced to 

obtain the rail vibration and the power input to the bridge through the rail fasteners. A three-

dimensional vibro-acoustic finite element method is applied to obtain the noise radiated from 

the bridge and the rail subjected to sets of multiple forces acting on them. This is determined in 

terms of the radiation efficiency and sound pressure transfer functions for arbitrary forcing. The 

averaged mean squared vibration velocity of the coupled wheel-track-bridge model subjected 

to roughness excitation is used to scale the noise from the acoustic model. The method is 

validated by comparison with field measurements of noise from a U-shaped bridge in Shanghai. 

Comparative investigations are then conducted of the U-shaped bridge, a box girder bridge with 
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single cell and a twin-box girder bridge with two cells; each is fitted with equivalent noise 

barriers. It is found in each case that the noise from the rail is about 10 dB(A) larger than the 

bridge noise at positions to the side of the bridge. The U-shaped girder generally leads to 

slightly lower total noise levels than the box girders, with differences of less than 1 dB(A) when 

they have noise barriers of the same height. In terms of the bridge noise, however, the single-

box and twin-box girders produce an average of 8.6 and 11.7 dB(A) less noise than the U-

shaped girder.  

Keywords: urban rail transit; concrete bridges; vibration and noise; wheel-rail interaction; 

finite element method  

1 Introduction 

Rail transit systems are rapidly developing in China [1], with metro systems operating in at 

least 40 major cities and planned in more than 100 other cities. In both Shanghai and Beijing, 

the networks are already over 700 km in length and are continually being expanded. For such 

rail transit systems, viaducts are often adopted in suburban areas instead of underground tunnels 

for economic reasons. Concrete box section bridges are traditionally adopted for the viaducts 

but those with U-shaped sections have become popular recently due to their more attractive 

form and reduced visual impact. However, regardless of section types, high levels of rolling 

noise and structure-borne noise from the viaducts may lead to complaints from nearby residents. 

To mitigate the viaduct noise, the acoustic characteristics of bridges requires investigation.  

To investigate the noise radiated from railway bridges, many methods have been proposed 

to combine the vibrational and acoustical parts of the noise prediction procedure. The boundary 

element method (BEM) is usually adopted to obtain the noise from concrete bridges; this is 
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applied in combination with the finite element method (FEM) which is used to compute the 

structural vibration. Li et al. [2] and Zhang et al. [3] both used three-dimensional (3D) train-

track-bridge dynamic interaction models to obtain the bridge vibration although different 

approaches were adopted to calculate the sound radiation using the 3D BEM. To improve 

computational efficiency while keeping the 3D fidelity, Li et al. [4] proposed a two-and-a-half-

dimensional (2.5D) BEM-based approach to obtain the modal acoustic transfer vectors 

(MATVs) for the prediction of bridge noise. Song et al. [5, 6] extended this approach to allow 

the prediction of noise from multi-span bridges and the investigation of both bridge and rail 

noise. Recently, Li and Thompson [7] used the 2.5D FEM-BEM method to evaluate the 

acoustic characteristics of a U-shaped concrete bridge by introducing a multilayer fastener 

model. Song et al. [8] combined the wavenumber FEM and 2D BEM for the rapid prediction 

of bridge noise.   

The vibration of steel bridges is more effectively and widely obtained from statistical energy 

analysis (SEA), as steel structures generally have a much larger number of vibration modes 

than the corresponding concrete structures. The model employing SEA relies on the energy 

balance equations and does not require the structure to be meshed, which simplifies a complex 

dynamic problem to a smaller set of linear algebraic equations [9]. Remington and Wittig [10] 

calculated the transmission of vibration from the rails to the bridge using SEA and the sound 

radiation of the whole system through the radiation efficiency of each component. Janssens and 

Thompson [11] calculated the input acoustic power of the bridge based on the bridge point 

mobility and the load transmitted via the rail fasteners. They also showed that the noise from 

the rail can be significant for track with direct fasteners. Bewes et al. [12] presented an 
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improved rail and bridge model to consider the rail-bridge coupled vibration below the 

decoupling frequency as well as the resonance properties of the finite structure. As the SEA 

approach is less accurate in the low frequency range, hybrid FEM-SEA methods have been 

developed to predict noise radiation from structures over a wider frequency range [13, 14]. 

Poisson and Margiocchi [15] conducted a vibroacoustic investigation of a steel bridge using 

FEM below 200 Hz and SEA above 200 Hz. Liu et al. [16] used the hybrid FEM-SEA approach 

to investigate the noise of a steel-concrete composite bridge.   

Although many prediction methods have been proposed for the noise from bridges, few 

studies have compared the acoustic performance of different types of bridge. Wu and Liu [17] 

have made comparisons between a U-shaped girder and a box girder and found that the 

structure-borne sound power radiated from the box girder is lower than that from the U-shaped 

girder but they did not discuss the rail noise. Another limitation of existing studies for bridge 

noise prediction is that the acoustical models used are either rather complicated, for example 

using waveguide BEM [7], or too simple, based on analytical expressions for the acoustic power 

[18, 19]. Besides, for vibration prediction most studies assumed either incoherent roughness [7, 

20, 21] or coherent roughness [16, 18, 22] excitation from different wheels but these different 

methods have not been compared.  

To address these issues, a procedure is introduced to simulate the vibration of the coupled 

rail-bridge system, as well as the corresponding noise radiation, with acceptable accuracy and 

convenience for engineering purposes. Both the incoherent and coherent roughness 

assumptions are included in the vibration analysis model and their results are compared. A 

three-dimensional acoustical model is used for the bridge and the rails. The effect of noise from 
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multi-span bridges is taken into account by a simple reciprocity method. This procedure is 

validated by comparison with field test results for a U-shaped bridge. It is then applied to a 

comparative study of the vibration and noise from a U-shaped bridge, a single box-girder bridge 

and a twin box-girder bridge. Each is fitted with direct track fastenings with the same stiffness. 

The structure of the paper is organized as follows. Section 2 introduces the method for 

calculating the vibration of the rail and bridge subjected to wheel-rail combined roughness 

excitation. Section 3 presents 3D acoustic models for the rail and bridge and the method to 

obtain the noise from multiple spans of a viaduct. Section 4 gives some examples to verify the 

assumptions in the vibrational and acoustical calculation, including comparison with 

measurements. Section 5 compares the noise performance of the three bridges with different 

cross-sections. Part of this work was reported in preliminary form in [23]; the current paper 

presents an extension and revision of that work, including a much more detailed investigation 

of the phenomena. 

2 Vibration prediction 

The vibration of a train-track-bridge system is time-varying in nature and is primarily caused 

by random excitation from the wheel-rail combined roughness [24]. Additionally, parametric 

excitation occurs from stiffness variation of the discretely supported track [25-27] as well as 

the bridge structures; however, this is relatively insignificant compared with the normal random 

roughness [24, 25] except around the pinned-pinned frequency, typically occurring at about 1 

kHz. The low frequency vibration modes of the bridges, bogies and car-bodies of the train can 

be neglected for noise prediction. In addition, the Doppler effect in the structures can be omitted 

[24] because the train speed of urban rail transit systems is considerably lower than the speed 
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of the waves propagating in the track and bridge structures. Therefore, noise-oriented vibration 

analysis of the train-track-bridge systems with direct fastenings can be conducted in the 

frequency domain with a stationary wheel-rail-bridge model and the so-called moving 

roughness method [28]. The procedure used for calculating the rail and bridge vibration is 

summarised here, based on references [21, 24]. In these references [21, 24], the vertical wheel-

rail contact forces are calculated by assuming that the wheel/rail forces are uncorrelated, 

whereas, both the assumptions of uncorrelated and correlated wheel-rail combined roughness 

are adopted in this study to calculate the vertical wheel-rail contact forces and the associated 

rail and bridge vibration. 

2.1 Rail mobility 

The wheel-rail forces are dependent on the rail mobilities which can be calculated from a 

model of the combined rail-bridge system coupled by rail fasteners and excited by a harmonic 

unit force P at the rail, as shown in Fig. 1. An infinite Timoshenko beam is used to represent 

each rail on the bridge, and a 3D finite element model is developed for the bridge span of 

interest. Although an elevated bridge usually comprises multiple simply supported girders, the 

influence of adjacent girders is ignored and approximately considered by a rigid foundation 

beneath the rail fasteners. The noise produced by multiple bridge spans will be taken into 

account and introduced in Section 3.3. The rail and bridge (or rigid foundation) are coupled by 

discrete rail fasteners which exert equal and opposite forces Fi on the rail and bridge (or 

foundation) at each fastener position. The rail fasteners are treated as discrete springs with 

constant stiffness and damping loss factor. On either side of the bridge span, the length of the 
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rail connected by fasteners to the foundation should be large enough for the rail vibration to 

become sufficiently small compared with that at the driving point. 

 

Fig. 1. Model of rail and bridge coupled by rail fasteners and excited by a harmonic force P at 

the rail   

To find the driving point mobility and transfer mobilities of the rail, the rail-bridge model is 

decoupled into separate rail and bridge systems connected by the fastener forces. The mobilities 

of the separate rail and bridge systems are determined by the corresponding analytical or 

numerical models, and the unknown fastener forces are then obtained through the compatibility 

condition at the rail-bridge interface [21]. The mobilities of the rail when coupled to the bridge 

can be further obtained by summing the effects of all the fastener forces as well as the unit 

excitation force on the rail. 

2.2 Wheel-rail interaction forces 

The motion of the train is neglected in the current frequency domain analysis but different 

wheel/rail contact positions can be selected relative to the bridge [16, 29] to obtain the averaged 

responses of the wheel-rail-bridge system. Several wheels can be located on the bridge span of 

interest during the passage of the train. Fig. 2 shows a specific case of four wheels from two 

adjacent bogies on the rail-bridge system. The average vibration of the rail and bridge can be 

obtained using a few typical arrangements of wheels during the passage of the train. Moreover, 

the wheels acting on each of the two rails can be considered separately. Apart from the four 
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adjacent wheels, the effect of other wheels of the train can be neglected in the vibration model. 

This simplification will be justified in Section 4.2.  

 For a series of wheel/rail contacts on each rail, the vertical wheel-rail contact forces can 

be calculated by assuming that the wheel/rail forces are uncorrelated, using the concept of active 

wheels with moving vertical roughness excitation and passive wheels attached to the rail 

without roughness [28]. Alternatively, assuming that the wheel/rail forces are correlated, all 

wheels can be excited with the same roughness amplitude apart from a phase lag [16]. Both 

methods will be compared in this study.  

 

Fig. 2. Model of wheel-rail-bridge system   

Regardless of the correlation of the wheel/rail forces, the wheel-rail contact forces 𝐅c can 

be calculated based on the compatibility equation of the wheel-track-bridge system excited by 

moving roughness [21, 24, 30] 

(𝐘r + 𝐘c + 𝐘w)𝐅c = j𝜔𝐫                          (1) 

where j is the imaginary unit; 𝜔  is the circular frequency; 𝐘c  and 𝐘w  are NN matrices 

containing the mobilities of the wheel-rail contact spring and wheel (for a system with N 

wheels); 𝐘r contains the driving point and transfer mobilities of the rail under all wheels, which 

is obtained from Eq. (2). 𝐫 = [𝑟1, 𝑟2 ⋯ 𝑟𝑁] is the vector of wheel-rail combined roughness 

amplitudes at the wheel/rail contacts. 
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 According to concept of active wheels, the elements of  𝐫  are zero apart from that 

corresponding to the nth wheel, and the wheel-rail contact force vector 𝐅c produced by the 

roughness at all the wheels can be obtained using the energy superposition principle. If, instead, 

the wheel-rail contact forces are calculated simultaneously by considering the roughness acting 

at all the wheels at the same time, the elements of 𝐫 can be regarded as complex numbers of 

the same amplitude for a given wavelength of roughness, and a phase difference corresponding 

to the time delay between them; the rail and bridge vibration produced by all the wheels should 

then be summed with complex superposition rather than energy superposition. The difference 

between the complex and energy superposition methods for roughness excitation will be 

discussed in Section 4.3. 

2.3 Bridge and rail vibration 

Fig. 3 shows a typical case of the forces applied on the bridge through all the fasteners. As 

the power input to the bridge 𝑊b is mainly dissipated by the structural damping of the bridge, 

its spatially averaged mean-square normal velocity 〈𝑣̅2〉b can be obtained using the power 

balance method [24, 31] 

〈𝑣̅2〉b =
𝑊b

𝜔𝜂𝑀b
 (2) 

where η is the damping loss factor and 𝑀b  is the mass of the bridge; 𝜔  is the circular 

frequency of vibration; 𝑊b is produced by all the wheel-rail forces on the rail, and can be 

calculated using either energy superposition or complex superposition. This expression relies 

on there being sufficient modes in a frequency band; its application to a typical concrete bridge 

will be discussed in Section 4.1. 
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Fig. 3. Bridge model subjected to multiple fastener forces 

The average vibration of the rail 〈𝑣̅2〉r can be calculated from the fastener forces and the 

rail transfer mobilities over the bridge span. If the energy superposition principle is applied to 

account for the effects of excitation from multiple wheels, the rail vibration can be expressed 

as 

〈𝑣̅2〉r =
𝑘r

2𝑁f
∑ 𝐘rp,𝑛

H 𝐘rp,𝑛𝐹c,𝑛
2

𝑁

𝑛=1

 
(3) 

where 𝑁f is the number of fasteners within the bridge span; 𝑘r is a constant that represents 

the ratio of averaged normal velocity of the rail cross-section relative to the vertical velocity of 

the rail; 𝐘rp,𝑛 denotes an 𝑁f × 1 vector of rail mobilities at each fastener position subjected 

to a unit force at the position of the n-th wheel; and 𝐹c,𝑛 is the wheel-rail contact force at the 

n-th wheel. 

When the complex superposition method is applied, the rail vibration can be written as 

〈𝑣̅2〉r =
𝑘r

2𝑁f
(∑ 𝐹c,𝑛𝐘rp,𝑛

𝑁

𝑛=1

)

H

(∑ 𝐹c,𝑛𝐘rp,𝑛

𝑁

𝑛=1

) 
(4) 

3 Noise prediction 

3.1 Vibro-acoustic model 

Suitable acoustic models are required for the prediction of rail and bridge noise from their 

vibration. It is noted that the fastener forces acting on the bridge depend on the locations of the 

wheels on the bridge and also the track parameters. It is therefore very time-consuming if full 
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acoustic calculations are performed with numerical models based on the vibration of the rail 

and bridge obtained for fastener forces at various loading positions and for different track 

parameters. A more practical engineering vibro-acoustic model is therefore developed in this 

study to determine the radiation efficiency of the rail and bridge structures and sound transfer 

functions that relate the squared sound pressure at given field points to the radiated power. The 

radiation efficiency and sound transfer functions are assumed to be independent of the actual 

distribution of forces acting on the rail and bridge but are determined by their geometry and 

material properties. This assumption can be expected to hold because the radiation efficiency 

of a point-excited plate only shows significant variability below its critical frequency [32]. It is 

noted that the critical frequency of the concrete plates forming the bridges is very low, for 

example, about 70 Hz for a plate with a typical thickness of 250 mm [33]. In addition, it was 

also shown in reference [33] that the directivity of sound radiation from plates is mainly 

controlled by the wavelengths of sound waves in the air and bending waves of the plates, 

especially when considering the average effect of multiple forces on the plates.  

Fig. 4 shows examples of three-dimensional finite element models used for vibro-acoustic 

calculations from one span of the rail and bridge. The acoustic analysis method proposed in this 

study is conducted separately for the noise of the rail and bridge, as described below. Fig. 4(a) 

shows the bridge structural model used for the determination of the vibrating boundary used in 

the acoustic model for the bridge. Harmonic analysis is performed to obtain the bridge vibration 

with several concentrated forces with unit amplitude but different phases applied on the bridge 

beneath the rail. Fig. 4(b) depicts the cross-section of a three-dimensional acoustic model of the 

bridge developed in the software Virtual Lab, which uses a finite element mesh for the air and 
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an automatic matched layer enclosing the air mesh. The size of the acoustic finite elements is 

determined by the software to obtain results up to 1 kHz. The acoustic calculation is conducted 

using the harmonic responses of the bridge surface as inputs. The effect of the ground below 

the bridge is omitted.  

 
(a)   

 

(b) 

 

 

(c) 

Fig. 4. An example of three-dimensional finite element models for vibro-acoustic calculation: 

(a) vibration model of bridge excited by assumed forces; (b) acoustic model for bridge noise; 

(c) acoustic model for rail noise 

Fig. 4(c) shows the cross-section of a three-dimensional acoustic model of the rails 

developed in a similar way. It includes not only the vibrating boundary of the rails but also the 

reflections from both the bridge and the car-body. In reality the rails are partly supported on the 

rail pads and are partly above the rail bearing blocks. This complex boundary condition has 

some effect on the sound radiation of the rails [34]. For simplicity, in the model the rails are 

located above the rail bearing blocks with a gap of 60 mm, because this region forms the 

dominant radiation for frequencies above about 300 Hz. The vibration of the rail surface is 
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calculated from a discretely supported Timoshenko beams with a length of 90 m subjected to 

multiple unit vertical forces with arbitrary phases.  

3.2 Sound power and pressure 

The concept of scaling the noise from the acoustic model is employed as the basis of the 

noise prediction method proposed in this paper and is implemented as follows. The sound 

power radiated by the rail 𝑊sr  and by the bridge 𝑊sb  within one bridge span can be 

calculated as 

𝑊sr = 𝜎r𝜌0𝑐0𝑆r〈𝑣̅2〉r, 𝑊sb = 𝜎b𝜌0𝑐0𝑆b〈𝑣̅2〉b                    (5) 

where 𝑆r and 𝑆b are the areas of the outer surface of the rail and bridge in contact with the 

air; 𝜌0  and 𝑐0  are the density and sound speed of the air; 𝜎r  and 𝜎b  are the radiation 

efficiencies of the rail and bridge obtained from the acoustic models excited by multiple unit 

forces. It is assumed the radiation efficiencies of the rail and bridge structures are not dependent 

on the force distribution on the structures.  

Besides the radiation efficiency, the acoustic models of the rail and bridge also give the 

sound pressure transfer functions  

𝐻r,𝑚 =
𝑝̂r,𝑚

2

𝑊̂sr

, 𝐻b,𝑚 =
𝑝̂b,𝑚

2

𝑊̂sb

 (6) 

where the symbol ̂  denotes the sound power or pressure calculated from the acoustic models 

of the rail and bridge subjected to a given set of unit forces; 𝑝̂r,𝑚
2  and 𝑝̂b,𝑚

2  are the mean 

square sound pressure at the field point obtained from the acoustic models of rail and bridge 

respectively; 𝐻r,𝑚 and 𝐻b,𝑚 are the transfer functions relating the sound pressure and power; 
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the subscript m indicates the field point corresponding the mth span of multiple span bridges, 

which will be explained later.  

Assuming the transfer function 𝐻r,𝑚 is independent of the distribution of forces on the 

structure, the sound pressure produced by the vibration of the rail subjected to roughness 

excitation at multiple wheels can be expressed as  

𝑝r,𝑚
2 = 𝑊sr𝐻r,𝑚;  𝑝b,𝑚

2 = 𝑊sb𝐻b,𝑚                         (7) 

where 𝑊sr and 𝑊sb are given by Eq. (5). Eq. (7) can be written as 

𝑝r,𝑚
2 = 〈𝑣̅2〉r

𝑝̂r,𝑚
2

〈𝑣̅̂2〉r

, 𝑝b,𝑚
2 = 〈𝑣̅2〉b

𝑝̂b,𝑚
2

〈𝑣̅̂2〉b

 (8) 

Eq. (8) contains the ratio of the rail (or bridge) vibration obtained from the coupled wheel-

track-bridge model to that obtained from the acoustic model subjected to the given set of unit 

point forces. These ratios are thus used to scale the sound pressures obtained from the acoustic 

model.  

3.3 Noise from multiple spans 

 The three-dimensional vibro-acoustic model for the noise prediction includes the bridge 

or rails in a single span. However, the noise in the far field is influenced by multiple bridge 

spans that are excited into vibration during the passage of the train. As shown in Fig. 5, the 

noise at a given field point P0 from multiple spans during the passage of a train is composed of 

the sound radiated from bridge spans B0, B1, B2, B3 etc. on the left of the field point and B1’, 

B2’, B3’ etc. on the right. With the single span acoustic model, this study takes advantage of 

the principle of reciprocity to consider the effect of multiple bridge spans. 
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Fig. 5. Noise from multiple spans during the pass-by of a train. l is the length of the train 

and d is the perpendicular distance of the field point from the track centre line 

 The sound pressure produced by a multi-span bridge can be calculated from the weighted 

summation of the sound energy from each span. This assumption is reasonable because the rail 

roughness on each span can be regarded as incoherent. Using the principle of reciprocity, the 

mean square sound pressure at a given field point P0 opposite the middle of bridge span B0 and 

produced by vibration of span Bm is equal to that at the field point opposite the middle of bridge 

span Bm’ but produced by span B0, see Fig. 5.  

 This approach is only valid when each span is excited into vibration by the train with the 

same magnitude. For a multi-span rail bridge with equal span lengths, the train is present on 

each span for the same length of time but it moves from one span to another during the passage 

of the train. As a result, the sound pressure produced by a multi-span bridge can be calculated 

using the weighted summation of sound energy from each span 

𝑝b
2 =

1

𝑡𝑒𝑞
∑ 𝑡𝑚𝑝̃b,𝑚

2

𝑀

𝑚=−𝑀

 
(9) 

where 𝑝̃b,𝑚
2  denotes the sound pressure at the field point P0 opposite the mid-span of span B0 

due to vibration of span Bm; 𝑡𝑚  is the time during which the train is present on the mth 

0.4dl

l+0.8d

0.4d l

P0 P1 P2 P3

B1B2B3 B0 B1' B2' B3'
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span; 𝑡𝑒𝑞 is the total pass-by time of the train, which is defined based on the running distance 

of l+0.8d shown in Fig. 5, according to the Chinese standard [35], where l is the length of the 

train and d is the perpendicular distance of the field point from the track centre line; 2M+1 is 

the total number of spans that are directly excited by the moving train during the pass-by time; 

the mid-span of span B0 is regarded as the plane of interest. The value of M is determined 

according to the number of bridge spans within the length of the train. For instance, for a train 

of length 132 m and multiple simply-supported bridge spans of length 30 m, M can be 

approximately set to 4 (≈132/30).  

 The aforementioned procedure for noise prediction will be validated by comparison with 

field measurements in Section 4.4.  

4 Validation  

4.1 Applicability of the power balance method 

 A simply-supported single-track bridge with U-shaped section (Fig. 6a) and length 30 m 

was chosen to investigate the accuracy of the mean-square vibration calculated from the power 

balance formula (Eq. (2)). The maximum element size in the finite element model was 200 mm 

(Fig. 6b), which is sufficiently small compared with the structural wavelength (about 2.0 m) of 

vibration modes of the bridge at around 1000 Hz. This model is used to obtain the mobilities at 

the positions of the rail fasteners using the modal superposition method and including the modes 

of vibration up to 1280 Hz. The Young’s modulus of the concrete used for the bridge is 40 GPa 

and its density is 2600 kg/m3; the damping loss factor of the bridge is 0.04. The rail bearing 

blocks and other equipment on the bridge were omitted in this section for simplicity. Fig. 7 

gives some typical mode shapes and natural frequencies of the bridge. It can be noticed the 
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bridge exhibits many high-order vibration modes at frequencies of dozens and hundreds of 

Hertz. Fig. 8 shows the number of modes and modal overlap factor [9] of the bridge in each 1/3 

octave band. It can be seen from the figure that the modal overlap factor exceeds 0.3 above 40 

Hz and 1.0 above 80 Hz, which can be regarded as the lower limits of the mid-frequency and 

high frequency ranges [36, 37]. 

 

(a)                                (b)                                                                          

Fig. 6. Sectional views of the U-shaped bridge at the middle span (unit: mm) and the finite 

element model: (a) sectional view; (b) finite element model 

   

(a)                        (b)  

    

(c)                         (d)                                                         

Fig. 7. Example mode shapes of the U-shaped bridge: (a) the 1st mode, 4.23 Hz; (b) the 3rd 

mode, 11.49 Hz; (c) the 25th mode, 60.13 Hz; (d) the 400th mode, 693.16 Hz   
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Fig. 8. Number of modes and modal overlap factor of the bridge in each 1/3 octave band: (a) 

number of modes; (b) modal overlap factor 

 To check the accuracy of the power balance method for bridge vibration analysis, 

numerical summation was used to calculate the spatially averaged vibration of the bridge by 

using the following definitions 

〈𝑣̅2〉m =
1

2𝐴
∑ 𝐴𝑖 [(∑

𝑣𝑖𝑗,x

𝑀𝑖

𝑀𝑖

𝑗=1

)

2

+ (∑
𝑣𝑖𝑗,y

𝑀𝑖

𝑀𝑖

𝑗=1

)

2

+ (∑
𝑣𝑖𝑗,z

𝑀𝑖

𝑀𝑖

𝑗=1

)

2

]

𝑁a

𝑖=1

 

(10) 

〈𝑣̅2〉n =
1

2𝐴
∑ 𝐴𝑖 [𝑛𝑥 ∑

𝑣𝑖𝑗,x

𝑀𝑖

𝑀𝑖

𝑗=1

+ 𝑛𝑦 ∑
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(11) 

where 〈𝑣̅2〉m  denotes the spatially averaged mean-square total vibration regardless of the 

vibration direction and 〈𝑣̅2〉n  is the vibration calculated from the normal velocity of each 

external elemental face (which is more relevant to noise radiation); 𝑁a is the total number of 

element faces of the bridge in contact with the air; 𝑀𝑖 is the number of nodes on the i-th face, 

and 𝐴𝑖  is the area of the face (see Fig. 9); 𝐴 = ∑ 𝐴𝑖 is the total area of the external surface of 

the bridge; 𝑣𝑖𝑗,x, 𝑣𝑖𝑗,y and 𝑣𝑖𝑗,z are the magnitudes of vibrational velocity components of the 

j-th node on the i-th element face in the global x, y and z coordinates; 𝑛𝑥, 𝑛𝑦 and 𝑛𝑧 are the 

components of the unit normal vector of the i-th element face; the factor 2 in the denominator 

is used to convert the square of the velocity amplitude to the (temporal) mean square velocity.  
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Fig. 9.  Schematic diagram of the global and normal vibration of an elemental surface in 

contact with the surrounding air 

 In this study, the vibration and sound radiation of the bridge and the rail are calculated at 

the centre frequencies of 1/9 octave bands and the results are then converted to and displayed 

in one-third octave bands. Fig. 10 compares the velocity levels of the U-shaped bridge obtained 

from the various methods, i.e. the power balance method, Eq. (2), the numerical calculation of 

the total vibration, Eq. (10) and the numerical calculation of the normal velocity, Eq. (11). In 

the FE model, a unit force was applied at different longitudinal locations of the rail to excite 

the bridge through fastener forces. The origin of the x coordinate is taken to be at the bridge 

centre. The stiffness and damping loss factor of the fastener are 40 MN/m and 0.15 respectively. 

The damping loss factor of the rail is set to be 0.04 to match the track decay rate estimated from 

measured rail acceleration [7]. Fig. 11 gives the level difference between the results from the 

different methods. It can be observed from Fig. 10 and Fig. 11(a) that the power balance formula 

(Eq. (2)) gives a good prediction (error within 0.5 dB) of the overall bridge vibration. However, 

the direct use of the power balance formula overestimates the normal vibration of the bridge, 

although the errors are less than 3 dB in all frequency bands. The errors generally decrease at 

higher frequency with the increase of the modal overlap factor. Above 400 Hz the errors 

increase again slightly because in the high frequency range there are more modes of vibration 

in the plane of the bridge panels that also dissipate energy. These modes contribute to the 
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tangential vibration but are not included in the normal vibration of the bridge surface. These 

results show that the power balance method can be used to calculate the vibration of a concrete 

bridge above 20 Hz with acceptable accuracy.  

  

(a)                                     (b) 

Fig. 10. Spatial averaged velocity of the bridge obtained from various methods and excited 

by a unit force at different rail location: (a) x=0 m; (b) x=7.2 m 

 

(a)                                     (b) 

Fig. 11. Difference of spatial averaged velocity level of the bridge from various methods 

excited by a unit force at different rail locations: (a) difference between power balance 

method and numerical calculation of total velocity; (b) difference between power balance 

method and numerical calculation of normal velocity 

 

4.2 Effect of adjacent wheels 

 The railway vehicle used in this study has a length of 22.8 m, a wheelbase of 2.4 m and a 

bogie centre distance of 15.6 m. The mass of each wheelset is 1663 kg. The span of a simply-

supported bridge with length 30 m can usually accommodate at least four wheelsets as the train 
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passes over the bridge. The effect of additional wheels on the adjacent spans is discussed in this 

section and compared with considering only four wheels (x= -4.8, -2.4, 2.4, 4.8 m, where x=0 

is at the centre of the span). The rail-bridge model comprising three spans of simply-supported 

U-shaped bridges is used to together with another two (x=-18, 18 m) or four wheels (x=-18, 18, 

-20.4, 20.4 m) on the adjacent bogies. Fig. 12 gives the vibration level difference of the rail and 

bridge excited by incoherent roughness excitations and with different numbers of wheels on the 

rail compared with the results obtained using four wheels on the centre span of the bridge. The 

vibration of the rail and bridge was calculated based on the energy superposition principle. Fig. 

12(a) shows the rail vibration within the span of interest is mainly influenced by the four wheels 

that are closest together (the four wheels from two bogies of adjacent vehicles). The difference 

induced by the wheels located off the span of interest only have slight influence on the averaged 

rail vibration when the track decay rate is low above 300 Hz. It can be also observed from Fig. 

12(b) that the simplified model with four wheels on the bridge produces negligible errors in the 

bridge vibration compared with those with more wheels. This is because the power input to the 

bridge span of interest is mainly controlled by the wheels on that bridge and the wheels on other 

spans have insignificant effect. Therefore, in the following calculations use is made of four 

wheels sitting on the single bridge span. 



22 

 

  

(a)                                     (b) 

Fig. 12. Vibration level difference of the rail and bridge of interest excited by 6 or 8 wheels 

compared with the result for 4 wheels: (a) rail; (b) bridge 

4.3 Effect of coherence of roughness excitation  

 

 The effect of the phase of the roughness is investigated in this section, namely by 

comparing coherent roughness and incoherent roughness. The wheel-rail-bridge model consists 

of four wheels and one bridge span. A roughness of 0 dB relative to 1 μm at each 1/9 octave 

wavelength was used to excite the coupled system. The responses in 1/9 octave bands are then 

averaged to obtain the results in 1/3 octave bands. 

  Fig. 13 compares the wheel-rail contact force and rail vibration produced by four wheels 

obtained using different roughness excitation methods for a train speed of 80 km/h. For the 

coherent roughness assumption, the phase of the roughness is related to the wheel location. The 

result for incoherent excitation is the average from 50 samples of roughness of the same 

amplitude but random phases at each wheel. It can be seen from Fig. 13(a) that the averaged 

wheel-rail contact forces obtained from the energy superposition method agree well with those 

for random incoherent roughness excitation. The coherent excitation generally gives a similar 

result to the incoherent excitation except at the frequency bands of 630 Hz and 1000 Hz. 

However, the spatially averaged rail vibration is significantly overestimated by the energy 



23 

 

superposition method above 630 Hz, as can be observed from Fig. 13(b). This is because the 

rail vibration produced from different wheels is coherent due to the coupled vibration of the 

wheel-rail system in the high frequency range where the track decay rate is very low. The rail 

vibration is overestimated by the energy summation principle because it omits the wave 

interference effect which reduces the rail vibration at a certain distance. Fig. 13(b) shows the 

rail vibration from the incoherent and coherent roughness assumptions are very similar if the 

complex wheel-rail forces are used to calculate the rail vibration. It is therefore suggested to 

use coherent roughness excitation on various wheels to obtain the complex wheel-rail forces 

and then calculate the rail and bridge vibration using the complex forces. This has sufficient 

accuracy while avoiding calculations with large numbers of random samples of roughness.  

   

(a)                                (b) 

Fig. 13. Comparison of wheel-rail contact force and rail vibration with the wheel-rail-

bridge coupled model using different methods at the speed of 80 km/h: (a) wheel-rail contact 

force; (b) spatially averaged rail vibration 

4.4 Comparison with measured results 

 In this section the method developed for noise prediction is validated by comparison with 

noise measured in the field for the U-shaped concrete bridge shown in Fig. 6(a). The rail bearing 

blocks and the mass of other equipment on the bridge were included in the model in this section 

to obtain higher accuracy. The wheel-rail combined roughness was estimated from the 
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measured rail vibration similarly with the method used in Refs. [7, 38]. Fig. 14 shows the 

estimated wheel-rail combined roughness level (reference to 1 μm) together with the limit curve 

for vehicle type tests in ISO 3095: 2013 [39]. The roughness at each wheel position was 

assumed to be correlated, with the phase chosen according to the wheel positions. Two typical 

wheel cases (four wheels from one vehicle and four wheels from two adjacent bogies, in each 

case located symmetrically with respect to the bridge centre) are considered to calculate the 

average rail and bridge vibration.  

 Fig. 15 gives the predicted noise from the U-shaped girder bridge at 7.5 m and 25 m away, 

opposite the bridge centre, at a height of 1.5 m above the top of the rails. The acoustic model 

shown in Fig. 4 is used for the calculation of the sound pressure transfer functions at the field 

points. It can be seen that the rail noise exceeds the bridge noise above 250 Hz. Fig. 16 compares 

the predicted total noise with the measured one. It can be observed that the predicted noise 

generally matches the measured one in trend over a wide frequency range, although the 

prediction exceeds the measurement below 125 Hz and is lower than the measurement above 

this frequency. The higher levels at low frequencies are in part due to the overprediction of the 

surface velocity by the power balance approach (Fig. 11(b)). Having validated this noise 

prediction method, the noise from bridges of different sections will be compared in the next 

section for the purpose of low noise bridge construction. 
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Fig. 14. Estimated wheel-rail combined roughness level together with the limit curve for 

vehicle type tests from ISO 3095:2013 

 

 

(a)                                     (b) 

Fig. 15. Predicted rail, bridge and total sound pressure levels from the U-shaped bridge at 

the speed of 80 km/h: (a) 7.5 m away and 1.5 m above the rail centre; (b) 25 m away and 1.5 

m above the rail centre 

 

 

(a)                                     (b) 

Fig. 16. Predicted and measured total sound pressure levels from the U-shaped bridge at 

the speed of 80 km/h: (a) 7.5 m away and 1.5 m above the rail centre; (b) 25 m away and 1.5 

m above the rail centre 
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5 Comparison among various bridge sections 

 Besides the U-shaped girders (referred to in the following as bridge A), box girders are 

widely applied in elevated rail transit traffic. To investigate the vibration and noise properties 

of elevated bridges with different sectional types, comparative results will be shown for a box 

girder bridge with a single cell (bridge B) and a twin-box girder bridge with two cells (bridge 

C) as depicted in Fig. 17(a) and 17(b). These three bridges are all designed for the same span 

length of 30 m. Their material properties including the damping are all assumed to be the same 

as considered earlier for the U-shaped girder. The masses of the three bridges are 238 tonnes, 

448 tonnes, and 506 tonnes respectively; the latter are double track bridges whereas the U-

shaped girder is a single track bridge. Their radiating surface areas are 520 m2, 552 m2, and 780 

m2 respectively. The same estimated roughness spectrum shown in Fig. 14 is adopted for all 

three bridges to allow direct comparison; the train speed is 80 km/h in each case.  

 The webs of the U-shaped girder can work as both noise barriers and crash barriers. 

Additional crash barriers are often installed on the sides of the box girders to contain trains in 

case of a derailment. For the present comparison the height of the crash barriers on the box 

girders are set to be 1.0 m above the top of the rail, which is equivalent to the height of the top 

of the U-shaped girder. The crash barriers on the box girders can also work as noise barriers. 

This effect is therefore taken into account but the vibration of the barriers is neglected since 

their lateral vibration is generally small compared with the vertical vibration of the deck plates. 

As Bridge B is designed for a train with a smaller car body, the width of the deck is smaller 

than that of Bridge C. However, to maintain the equivalence between them, the sound pressure 

transfer functions for the rail noise of Bridge B are taken to be the same as those for Bridge C.  
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(a)                                    (b) 

Fig. 17. Sectional views of two box girder bridges at the middle span (unit: mm): (a) single 

cell box girder (bridge B); (b) twin-box girder with two cells (bridge C) 

 Fig. 18(a) compares the driving point mobilities on the outer rails at 2.4 m from the mid-

span for the three bridges, and Fig. 18(b) shows the track decay rates of the track in each case, 

calculated according to the EN standard [40]. It can be seen that the bridges have little influence 

on the track vibration above 200 Hz. At frequencies below 100 Hz, the mobilities of the rail on 

bridge A can be up to 1.3 times greater than those for the other two bridges, and the track decay 

rate for bridge A is about a factor of 1/3 smaller than those for the other two bridges. This is 

owing to the lower stiffness of the deck of the U-shaped girder compared with the decks of 

bridges B and C. 
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(a)                                    (b) 

Fig. 18. Driving point mobilities and track decay rates under the situations of the various 

bridges: (a) driving point mobilities on the rail; (b) track decay rates   

 Fig. 19 compares the driving point mobilities of the bridge under the two rails of one track 

at 2.4 m from the mid-span for the three bridges. The bridge mobilities show large differences 

between the three bridges, although they are all much smaller than the rail mobilities. The 

mobilities under the outer rail of bridge B, which are near the vertical web of the girder, are 

generally smaller than those under the inner rail. As larger bridge mobilities cause larger 

vibrational power to be transmitted to the bridge, the average power input to bridge A will be 

the largest at most frequencies, followed by bridge B and C, when excited by the same 

roughness. 

  

(a)                                    (b) 

Fig. 19. Driving point mobilities at 2.4 m from the mid-span of the various bridges: (a) 

under the outer rail; (b) under the inner rail 
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Fig. 20(a) shows a comparison of the wheel-rail contact vertical forces at the second wheel, 

and Fig. 20(b) gives the average total vibration level of the three bridges (calculated from Eq. 

(2)) for 8 wheels of a vehicle subjected to a roughness of level 0 dB (relative to 1 μm) at each 

wavelength. It can be observed that the wheel-rail contact forces are virtually unaffected by the 

bridge design. However, the bridge vibration level of bridge A is about 6 dB larger than that of 

bridge B around the peak at 50 Hz. This peak frequency corresponds to the resonance of the 

wheel mass on the stiffness of the track [24]. The vibration level of bridge C is similar to that 

of bridge B below 100 Hz but is about 3 dB lower than that of bridge B above 100 Hz. 

  

Fig. 20. Wheel-rail contact forces and vibration levels for various bridges for unit roughness: 

(a) typical wheel-rail contact forces; (b) velocity levels of bridges  

 Fig. 21(a) depicts the radiation efficiency of the three bridges subjected to specific loads 

on the bridges. The U-shaped bridge has a lower radiation efficiency than the box girders below 

80 Hz. This is because the U-shaped bridge has the smallest plate thickness and largest critical 

frequency, at around 70 Hz. In addition, the radiating area of the U-shaped girder is smaller 

than that of the box girders. As a result, the radiated power of the U-shaped bridge, shown in 

Fig. 21(b) for combined wheel-rail roughness of 0 dB, is only slightly larger (about 1.4 dB) 

than that of the box girders at the peak at 50 Hz, despite the higher velocity level. However, the 

radiated power of the U-shaped bridge is 2-8 dB larger than the box girders between 63 Hz and 
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500 Hz. This has a significant effect on the noise levels at various field points when the actual 

roughness is considered later. 

  

(a)                                 (b) 

Fig. 21. Radiation efficiency and power of various bridges: (a) radiation efficiency; (b) 

radiated power for unit roughness 

 To investigate the difference in the sound radiated to the far field, 10 field points are 

defined. Positions S1 to S5 are located 10 m below the top of rail at distances of 7.5, 25, 50, 

100 and 200 m from the nearest track centre. Positions S6 to S10 are at 5 m above the top of 

rail at the same horizontal distances.  

 

Fig. 22. A-weighted total, rail and noise levels comparison among bridges A, B and C at 

various field points from S1 to S10  
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 Fig. 22 compares the overall A-weighted noise levels among bridges A, B and C subjected 

to the same estimated roughness level shown in Fig. 14 at the speed of 80 km/h. The A-weighted 

total noise levels from bridges B and C are about 0.8 dB larger than that from Bridge A for 

most positions. The difference in rail noise levels has a similar tendency to the total noise. This 

difference is mainly caused by the shape and location of the barriers (the U-shaped girder has 

the smallest gap between the car-body and the barrier) although the heights of the barriers above 

the rail are the same in each case. The differences in A-weighted bridge noise are larger, with 

differences of up to 12 dB. Generally, the box girders radiate significantly less bridge noise 

than the U-shaped girder. The average difference over all positions relative to bridge A is 8.6 

dB for bridge B and 11.7 dB for bridge C. Despite these large differences in bridge noise, the 

total A-weighted noise levels do not have obvious differences because the rail noise is about 10 

dB larger than the bridge noise for the three bridges in this study at most of the positions 

considered. 

 Fig. 23 shows the A-weighted total noise spectra at various field points for the three 

bridges. The noise levels are quite similar above 250 Hz where the rail noise dominates. The 

U-shaped girder produces the largest low frequency noise below 250 Hz where the bridge noise 

controls the total noise. The double cell box girder (bridge C) generally has the best noise 

performance.  

 The low frequency peak in the noise spectra is not always at 50 Hz, as found in Fig 21. 

This is because the estimated roughness level corresponding to 63 Hz is about 7 dB larger than 

that corresponding to 50 Hz, as indicated in Fig. 14. It is clear that the comparison of overall 

noise from different bridges depends on the roughness spectra used in the prediction. 
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(a)                                     (b) 

 

  

(c)                                     (d) 

Fig. 23. Total noise level comparison among bridges A, B and C at positions: (a) S1 

(7.5 m, -10 m); (b) S2 (25 m, -10 m); (c) S6 (7.5 m, +5 m); (d) S7 (25 m, +5 m) 

 Fig. 24 shows the A-weighted bridge noise spectra at various field points for the three 

bridges. It can be seen that the U-shaped girder produces the largest noise level in the whole 

frequency range. The double cell box girder generally has the best noise performance at 

dominant frequencies.  
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(a)                                     (b) 

 

 

(c)                                     (d) 

Fig. 24. Bridge noise level comparison among bridges A, B and C at positions: (a) S1 

(7.5 m, -10 m); (b) S2 (25 m, -10 m); (c) S6 (7.5 m, +5 m); (d) S7 (25 m, +5 m) 

6 Conclusions 

 An engineering vibro-acoustic model is proposed to predict the noise caused by the 

passage of a train over a bridge. This is based on a conventional coupled vibration analysis. 

However, it uses the power balance method to give an efficient estimate of the mean-square 

velocity. The method developed for noise prediction is based on separate acoustic FE models 

for the rail noise and bridge noise. The radiation efficiency and sound transfer functions are 

assumed to be independent of the actual distribution of forces and are calculated by applying 

several concentrated forces with unit amplitude and different phases. The modelling approach 

is shown to be effective, giving results that agree well with field measurements.  
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 From analysis of the spatially averaged velocity level of a 30 m simply-supported bridge 

with a U-shaped section, the power balance method is demonstrated to give satisfactory 

prediction of the bridge vibration. Compared with a full calculation the total vibration is 

estimated very closely whereas the velocity normal to the surface is overestimated by up to 3 

dB at low frequencies.  

 Various methods of applying multiple wheel-rail forces are compared and it is found that 

the rail and bridge vibration can be predicted within an acceptable range if correlated wheel-

rail contact forces are used with their phase related to their relative locations. The excitation 

from wheels on the adjacent spans is analysed to discuss their effects on the vibration of the 

bridge of interest (one span). The results show that the wheels on adjacent bridges have 

negligible influence on the vibration of the bridge under consideration.  

 The method is finally used to compare the vibration and noise properties of elevated 

bridges with different sectional types. The U-shaped girder generally produces about 1 dB(A) 

lower total noise levels than the box girders when they have the same height of noise barriers. 

However, the rail noise level is about 10 dB larger than the bridge noise for the three bridge 

designs when averaged over the field positions considered in this study. The total noise is 

therefore dominated by the rail noise which is mainly influenced by the barrier effect but is not 

affected by the stiffness of the bridge structure. The single-box and twin box girders produce 

an average of 8.3 and 11.6 dB(A) less noise from the bridge itself than the U-shaped girder 

because the mobilities of the U-shaped bridge beneath the rails are greater than those of the box 

girders. As a result, less power is input to the box girders than to the U-shaped girder. Moreover, 

the mass of the box girders is larger than the (single track) U-shaped girder, leading to higher 
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average vibration. However, this effect is partly compensated by their larger radiating areas and 

radiation efficiency.  

 The comparison of different modelling approaches gives insight into methods that can be 

used with high efficiency to provide predictions with engineering precision. The comparison of 

the noise characteristics of different bridge designs gives clear indications of the most 

promising approach to minimize noise. The modelling approach could be used further in 

optimisation of the bridge design taking into account practical constraints. 
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