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GRAVITATIONAL WAVES FROM DEFORMED NEUTRON STARS:
MOUNTAINS AND TIDES

by Fabian Gittins

With the remarkable advent of gravitational-wave astronomy, we have shed light on pre-
viously shrouded events: compact binary coalescences. Neutron stars are promising (and
confirmed) sources of gravitational radiation and it proves timely to consider the ways
in which these stars can be deformed. Gravitational waves provide a unique window
through which to examine neutron-star interiors and learn more about the equation of
state of ultra-dense nuclear matter. In this work, we study two relevant scenarios for
gravitational-wave emission: neutron stars that host (non-axially symmetric) mountains
and neutron stars deformed by the tidal field of a binary partner. Although they have
yet to be seen with gravitational waves, rotating neutron stars have long been considered
potential sources. By considering the observed spin distribution of accreting neutron stars
with a phenomenological model for the spin evolution, we find evidence for gravitational
radiation in these systems. We study how mountains are modelled in both Newtonian and
relativistic gravity and introduce a new scheme to resolve issues with previous approaches
to this problem. The crucial component of this scheme is the deforming force that gives
the star its non-spherical shape. We find that the force (which is a proxy for the star’s
formation history), as well as the equation of state, plays an pivotal role in supporting
the mountains. Considering a scenario that has been observed with gravitational waves,
we calculate the structure of tidally deformed neutron stars, focusing on the impact of the
crust. We find that the effect on the tidal deformability is negligible, but the crust will

remain largely intact up until merger.
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Notation

Constants and units.

For relativistic calculations, we work in geometric units,
G=667428 x 10 %cm3g1s?2=1

and
c=2.99792458 x 101 cms™ ! =1,

where G is Newton’s gravitational constant and c is the speed of light in a vacuum. In
these units, the mass of the Sun is Mg = 1.98892 x 1033 g = 1.477 00 km.

Indices, Einstein summation convention, metric signature.

Spatial indices are denoted with late Latin characters i, j,k,... and spacetime indices
are denoted with early Latin characters a,b,c,.... We will reserve the indices ¢ and m

exclusively for spherical-harmonic modes.

The Einstein summation convention will be used, where repeated indices indicate a sum-

v = E v, ulug = E u®ug,
i a

where v and u® are an arbitrary three-vector and four-vector, respectively. We do not

mation, e.g.,

assume summations over repeated £, m.

The signature of the spacetime metric gq is (—, +,+,+). Hence, time-like four-vectors

have negative lengths.

Xix



Covariant and partial derivatives.

The covariant and partial derivatives are denoted by V, and 9,, respectively. We use
the traditional conventions for the covariant derivative so that it reduces to the partial

derivative for scalars,

Vaf =0af,

where f is an arbitrary scalar quantity, and it commutes with the metric,

vagbc =0.
We work in a coordinate basis,
of
Oof = ;
/ oz

thus, indices will run over the coordinates, e.g., in spherical polar coordinates, we have
zt =t, 2" = r 2% = 0,2% = ¢, which can be written compactly as 2 = (¢, 7,6, ¢). It should
be noted that the distinction between raised and lowered indices will be meaningful (as

opposed to when working with an orthonormal basis).

Covariant derivatives obey the following law for an arbitrary tensor T, cd....

VaTmede--. = a‘lTbc.,,de'" _ Ffbancmde... _ chabe,,,dem _
d df ..
+ T4, T, T T, T

where the connection coefficients (known as Christoffel symbols for coordinate bases) are
given by
1
%, = igad(abgcd + Ocgbd — Oagoe)-

Riemann, Ricci and Einstein tensors.
The Riemann tensor is defined as

R%eq = 0clyg — 0al' e + T I%q — T g%
The Ricci tensor is Ry, = R¢,, and the Ricci scalar is R = R,“.

The Einstein tensor is given by

1
Gab = Rab - igabR-

Eulerian and Lagrangian perturbations, Lie derivatives.

Generally, we will reserve the symbols § and A to denote the Eulerian and Lagrangian



perturbations, respectively, of a quantity. The perturbations are related by
Af=0f+Lef,
where L¢ is the Lie derivative along the Lagrangian displacement vector .

The Lie derivative along a scalar is simply

Lef =E&"Vaf.
For an arbitrary tensor, the Lie derivative gives

LeT, 0 = €9 Ty, 4 Ty Va4 T, Vi
— Ty, TV =T, V-

Because of the symmetry of the connection coefficients, I', = I'? ;,, one can equivalently
express the Lie derivatives in terms of partial derivatives. This is intuitive as the Lie
derivative L¢ is with respect to a frame that is dragged by {“ and should not depend on

the precise geometry.






CHAPTER 1

Introduction

Over a century ago, Einstein (1916a) completed his formulation of what was to become
one of the most rich and elegant theories in the history of physics: the general theory of
relativity. It was a revolutionary theory of gravity that replaced the steadfast (but ulti-
mately fundamentally flawed) description provided by Newton two hundred years earlier.
Remarkably, Einstein showed that gravity should not be interpreted as a force, but instead

as a curved geometry.

General relativity was highly controversial to begin with. In order to assess its validity,
Einstein proposed three tests: the precession of the perihelion of Mercury, the bending of
light in gravitational fields and the gravitational redshift. The theory of gravity passed
these three classical tests with flying colours and, indeed, all subsequent tests (for a review,
see Will, 2014)!

What was to become the most contentious prediction of general relativity was the existence
of gravitational waves. Einstein himself was the first to show that relativity permitted
small wave-like solutions that travelled at the speed of light on flat, Minkowskian spacetime
(Einstein, 1916b, 1918). However, questions were raised whether these waves were physical
in nature or if they were geometric artefacts that could be transformed away. This issue
would not be theoretically resolved until the Chapel Hill conference in 1957 (Bergmann,
1957). At the conference, Pirani argued that if one considered a pair of freely falling

particles subjected to a gravitational wave, the particles would experience genuine motions
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with respect to one another (Pirani, 1956, 1957). Thus, such waves must be physical.
This insight inspired Bondi’s famous “sticky bead” argument (Bondi, 1957) and eventually
culminated in the development and construction of kilometre-long interferometers designed
to measure these minute ripples in spacetime. Indeed, the very fact that gravitational
waves interact so weakly with matter meant that a combination of cataclysmic events and
ultra-sensitive instruments were required in order to have any hope of detecting them. It

was a truly gargantuan task.

Eventually, history was made on 14th September 2015. After decades of experimental and
theoretical toil, the two laser interferometers that constitute LIGO heard a faint whisper
that lasted a fraction of a second (Abbott et al., 2016b). This whisper excellently matched
the predictions from numerical simulations of the merger of two black holes with masses
36 M and 29 M. This event was dubbed GW150914 and with it began an entirely new

era of astronomy.

Subsequently, gravitational-wave detectors (including the Virgo instrument that joined
the network during the second observing run in 2017) have detected a plethora of binary-
black-hole mergers (Abbott et al., 2019b; Abbott et al., 2021b). Within this impressive
catalogue, there exists a particularly special event that occurred on 17th August 2017,
GW170817 (Abbott et al., 2017f).

The signal from GW170817 was quite unlike any of the previous black-hole mergers (see
Fig. 1.1). The event was observed by the ground-based detectors for over a minute and,
given how faint the signal was in the Virgo instrument, it was reasonably well localised.
Soon after this source was observed with gravitational waves, a trigger message was circu-
lated around electromagnetic observers across the world. What followed was an unpreced-
ented symphony of detections all across the electromagnetic spectrum; from low-frequency
radio waves, all the way up to high-frequency gamma rays. This has been heralded as the
first multi-messenger event and is deservedly the most celebrated observation in neutron-
star astronomy. One of the many exciting results from this multi-messenger event was
the confirmation that neutron-star mergers are (quite literally) treasure troves: they are
the centres of production for gold, platinum and uranium (Kasen et al., 2017; Pian et
al., 2017)! In addition, the electromagnetic counterpart to the gravitational-wave sig-
nal provided a standard siren that enabled an independent distance measurement to the
source in order to estimate the Hubble parameter (Schutz, 1986; Abbott et al., 2017a).
Thus, nicely demonstrating how such detections will facilitate precision cosmology. The
electromagnetic signals also presented further opportunities to test general relativity by
investigating the speed of gravity, Lorentz invariance and the equivalence principle (Ab-
bott et al., 2017e), as well as providing constraints on various modified theories of gravity

(Baker et al., 2017; Creminelli and Vernizzi, 2017; Ezquiaga and Zumalacéarregui, 2017).
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Figure 1.1: The joint multi-messenger detection of GW170817 and the short gamma-ray
burst GRB 170817A. The top three panels show the gamma-ray observations with different
instruments and energy ranges. The bottom panel shows the time-frequency map of the
gravitational-wave detection obtained from a coherent combination of the signals in the
two LIGO detectors. [Reproduced from Abbott et al. (2017¢).]

At present, the third LIGO/Virgo observing run has completed. During it, a second
binary-neutron-star system was observed (Abbott et al., 2020a). The mass of this system
was significantly larger than that of any other known neutron-star binary. Additionally, for
the first time ever, the gravitational-wave instruments detected not one but two neutron
star-black hole coalescences, just ten days apart from one another (Abbott et al., 2021c).

The question is what more can we learn about these curious objects.

1.1 Neutron stars

Neutron stars are fated to begin their lives in a particularly dramatic fashion: in the

explosive and cataclysmic furnaces known as supernovae. They are one of two possible
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endpoints of stellar evolution for massive stars (with initial masses 2> 8 My) — the other

being the remarkably simple black holes.'

Massive stars begin their lives on the main
sequence and evolve off it as subsequent millions of years of nuclear fusion burns the
elements in the core all the way up to iron. Once the fuel in the core has been exhausted,
the star starts to collapse, as there is no longer any outward-acting radiative pressure and
the core is left with just the degeneracy pressure to counteract the inward gravitational
force. This results in a Type II supernova explosion and leaves a compact remnant behind
in the form of a neutron star. Assuming the remnant is stable (with a mass < 3 Mg), it

will not collapse further to form a black hole.

Neutron stars are extremely compact bodies, with typical masses around 1.4 M, and
radii of the order of 10 km, that support the star against gravity by neutron-degeneracy
pressure. Since they are so compact, relativistic effects become important and they are able
to spin-up to high frequencies (~ 700 Hz). Neutron stars harbour strong magnetic fields
that can reach magnitudes of ~ 105 G. For these reasons, neutron stars make excellent,
extreme, astrophysical laboratories that can probe conditions we could not possibly hope
to synthesise in terrestrial experiments. They enable us to study physics on a vast range
of scales; from the very small nuclear interactions that dictate their ultra-dense structure,
all the way up to the gravitational effects that come into play in neutron-star binaries and

give rise to gravitational radiation.

Baade and Zwicky (1934a,b) were the first to propose the existence of neutron stars,
motivated by seeking an explanation for the origin of supernovae. This came just two
years after the neutron had been discovered by Chadwick (1932). Not long after, Tolman
(1939) and Oppenheimer and Volkoff (1939) derived the general-relativistic hydrostatic
equations of equilibrium that could describe non-rotating neutron-star models. However,
it was not until 1967 that they were originally discovered in the form of a radio pulsar
with a period of 1.33s (Hewish et al., 1968). The source of the radio emission initially
posed quite the puzzle and was humorously designated LGM-1, standing for “Little Green
Men”. More discoveries of these pulsars (pulsating stars) followed in the succeeding years,
unveiling the mystery and associating these sources with fast rotation rates and strong

magnetic fields. These sources were identified as neutron stars.

Another famous discovery came in 1974. Hulse and Taylor (1975) observed the first pulsar
in a neutron-star binary. It was quickly realised that the Hulse-Taylor binary could serve
as an indirect test for gravitational waves (Wagoner, 1975). The test was a simple one: if

the binary was emitting gravitational waves, which would take away energy and angular

!The apparent mathematical simplicity of black holes has culminated in the so-called no-hair theorem. The
no-hair theorem states (but does not rigorously prove) that isolated black holes in equilibrium can be fully
characterised by three externally observable parameters: their mass M, angular momentum J and electric
charge Q. Because there are so few astrophysically motivated evolutionary paths that may produce a black
hole with a non-zero charge, it is common to assume that realistic black holes will have @ = 0.
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momentum from the system, its orbit would shrink. This prediction of general relativ-
ity was confirmed with excellent accuracy, resulting in Hulse and Taylor being awarded
the Nobel Prize in 1993, and provided observational support for the existence of gravit-
ational radiation. Recent measurements have continued to show remarkable agreement

with general relativity (Weisberg et al., 2010), as shown in Fig. 1.2.

0 i

Line of zero orbital decay

—-10

—15

—-20

—25

_—

-130 General Relativity prediction

Cumulative shift of periastron time (s)

—40

—45

L ‘ L L L L ‘ L L L L ‘ L L L L ‘ L L L L ‘ L L L L ‘ L L L L ‘ L L
1975 1980 1985 1990 1995 2000 2005
Year

Figure 1.2: The orbital decay of the Hulse-Taylor binary pulsar PSR B1913+416 compared
with the prediction of general relativity. The data points record the observed change in
the periastron and the solid line indicates the theoretical prediction from general relativity
for the binary radiating gravitational waves. [Reproduced from Weisberg et al. (2010).]

Neutron stars are known to exist in accreting binaries. In 1971, the Uhuru satellite detected
a pulsating, compact X-ray source that was confirmed to be a neutron star in a binary
with a massive O-type star (Schreier et al., 1972). This provided proof of neutron stars
existing in close binary systems accreting gas from companion stars which gives rise to
their characteristic X-ray pulsations. Such systems in which the stellar companion has a
mass < M, are referred to as low-mass X-ray binaries. Shortly after the discovery of the
first millisecond pulsar (Backer et al., 1982), low-mass X-ray binaries became candidate
systems for producing these rapidly spinning neutron stars. In the same year, Alpar et al.
(1982) and Radhakrishnan and Srinivasan (1982) suggested that accretion could transfer

angular momentum to the neutron star, thus providing a mechanism for the star to spin
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up. This has since been called the recycling scenario, owing its name to the ability of
the mechanism to spin-up and “revive” pulsars that have stopped their radio emission and
entered the pulsar graveyard. The first accreting millisecond X-ray pulsar to be observed
was SAX J1808.4-3658, which was detected by the Rossi X-ray Timing Explorer in 1998
(Wijnands and van der Klis, 1998). This provided an exciting confirmation of the recycling

scenario.

The biggest unknown in neutron-star astrophysics is the elusive equation of state. The
equation of state encodes the detailed microscopic interactions that take place at ultra-
high densities. Such a description is crucial in order build astrophysically correct neutron-
star models. A plethora of candidates have been proposed and used to generate stellar
models. Traditionally, one has constrained the equation of state by observing two mac-
roscopic neutron-star parameters: the mass and radius. Promisingly, with the advent of
gravitational-wave astronomy, we can now examine neutron-star interiors using gravita-

tional radiation.

The interior of a neutron star has a series of distinct regions from the surface to the centre,
as shown in Fig. 1.3. As one progresses to the core of the star, the density increases
monotonically and (in some sense) so does our uncertainty of the physics. The outermost
layer of a mature, isolated neutron star is a thin ocean; at most a few metres thick. Beneath
the ocean, it becomes energetically favourable for nuclei to capture electrons and undergo
inverse beta decay. This region is the solid outer crust and is composed of nuclei. At a

3 one reaches neutron drip — so called because this

critical density, around 4 x 10" gem™
is the point neutrons begin to drip out of the nuclei to form a superfluid that permeates
the solid lattice. This marks the top of the inner crust and is where our understanding

becomes increasingly challenged.

The inner crust is expected to contain remarkable nuclear structures that occur as the
matter becomes frustrated and undergoes a series of phase transitions. These are known
as the nuclear-pasta phases. At higher densities still, one enters the core at ~ 1.7 X
10 gem™3. This region is primarily a neutron superfluid. However, in the very depths

014 3

of the core — a few times the nuclear-saturation density, pg.s ~ 2.8 X 10™* gcm™° — various

exotic states of matter may be present, such as deconfined quarks.

1.2 Gravitational-wave scenarios

In order to generate gravitational radiation, massive bodies must be accelerated in curved
spacetime. For this reason, neutron stars have long been considered promising candidate
sources of gravitational waves (Papaloizou and Pringle, 1978; Wagoner, 1984). This is
owed to their extreme compactness (rivalled only by black holes) and their role in some of

the most cataclysmic events in the Universe.
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~ 10°
~ 4 x 1011

Density / g cm™3 Radius / km

~ 1015

Figure 1.3: Tllustration of the interior layers in a neutron star indicating (from low to high
density; from the surface to the centre) the ocean, outer crust, inner crust and core.

There are a variety of probable mechanisms through which neutron stars can radiate grav-
itational waves. These include binary inspiral and merger (Abadie et al., 2010), various
modes of oscillation (and their corresponding instabilities; Andersson, 1998; Andersson
et al., 1999) and rotating neutron stars that are deformed away from perfect sphericity
(Bildsten, 1998). Indeed, the exciting, recent gravitational-wave detections of binary neut-
ron stars has ignited a revitalised effort in searching for gravitational waves from other

neutron-star scenarios.

1.2.1 Deformed, rotating neutron stars

Rotating neutron stars with non-axisymmetric deformations are natural gravitational-
wave emitters. Indeed, provided the deformation is misaligned with the rotation axis, such
stars will continuously radiate at twice their spin frequency.? The associated (quadrupole)
deformations are commonly known as mountains. Rapidly rotating neutron stars have
enjoyed the attention of a large number of searches using gravitational-wave data. These
searches have been split into two strategies: looking for evidence of gravitational radiation
in specific pulsars (Abbott et al., 2004, 2005b, 2007b, 2008b; Abbott et al., 2010; Abadie et
al., 2011a,b; Aasi et al., 2014, 2015a,b; Abbott et al., 2017¢,d,g,h, 2018a, 2019¢,e,f; Abbott
et al., 2020b, 2021a; Zhang et al., 2021) and wide-parameter surveys for unobserved sources
(Abbott et al., 2005a, 2007a, 2008a, 2009; Abadie et al., 2012; Aasi et al., 2013; Abbott

’In general, spinning neutron stars will precess. When precession is involved, the gravitational waves will
be radiated at a frequency equal to the sum of the spin frequency and the frequency of precession, as well as
twice this value.
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et al., 2016a, 2017b, 2018b, 2019a; Dergachev and Papa, 2020, 2021; Steltner et al., 2021).

Assuming torque balance, the brightest X-ray sources should be the loudest in gravitational-
wave emission. Hence, Scorpius X-1 has long been considered a potential candidate for
gravitational-wave emission and has been the focus of a number of targeted gravitational-
wave searches (Abbott et al., 2007a; Aasi et al., 2015a; Abbott et al., 2017g,h, 2019¢).
These searches, while only yielding upper limits so far, have helped develop and improve
data-analysis techniques that can be used in the future, as the sensitivities of gravitational-
wave detectors are improved. Detecting gravitational waves from rotating neutron stars
will be a challenge, since only a few of the most rapidly accreting neutron stars are expec-
ted to be detectable with the current generation of gravitational-wave detectors (Watts et
al., 2008). The main limiting factors in detecting gravitational waves from these systems
are the precision with which the spin and the orbital parameters are measured. If these are
not well known, then it becomes computationally very expensive to run gravitational-wave

searches, since the searches need to run over a large parameter space.

1.2.2 Binary neutron stars

Binaries are also intuitive sources for gravitational radiation. By virtue of orbiting a
common centre of mass, the two components of a binary generate a time-dependent mass
asymmetry with respect to the orbital axis. Both binary black holes and binary neutron
stars have been successfully detected using gravitational waves. Indeed, it has almost

become routine for the LIGO/Virgo detectors to observe binary-black-hole mergers.

As gravitational waves are radiated from a binary, they carry energy and angular mo-
mentum away. This means the orbit of the binary shrinks and thus, provided enough
time within the lifetime of the Universe, the fate of all binaries is to coalesce and merge.
Because these binaries are expected to be less massive than the vast majority of black-hole
binaries, the signal associated with the inspiral lasts for a longer time in the detectab-
ility frequency band of ground-based detectors. This signal includes information about
the extended nature of neutron stars, known as finite-size effects, where the dominant
contribution is due to the tidal deformation that each star’s gravitational field induces
on the other. Promisingly, this information can be used to provide model-independent
constraints on the equation of state. This is quite an appealing prospect since it would
seem that there is no current model-independent technique to measure the neutron-star
radius. Various radius estimates have been made using X-ray spectroscopy from quies-
cent neutron stars (Steiner et al., 2018), thermonuclear X-ray bursts (Steiner et al., 2010;
Ozel et al., 2016; Nittild et al., 2017) and accretion-powered millisecond pulsars (Salmi
et al., 2018). However, all these methods suffer from being susceptible to systematic er-
rors (Miller, 2013; Miller and Lamb, 2016). With the detection of GW170817, studies
have been able to use the lack of an observed tidal imprint to obtain constraints on the

equation of state using gravitational waves (Abbott et al., 2017f; Bauswein et al., 2017;
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Abbott et al., 2018c; Annala et al., 2018; De et al., 2018; Most et al., 2018; Raithel et al.,
2018; Abbott et al., 2019d).

1.3 Outlook

This thesis is concerned with the structure and dynamics of deformed neutron stars and
focuses on two scenarios in which they can emit gravitational radiation: rotating neutron

stars with mountains and tidally deformed binaries.

In Chap. 2, we delve into the fundamental physics that will be needed for the rest of the
thesis. We discuss how the structure of neutron stars is formally described in Newtonian
and relativistic gravity and how non-spherical stellar models are built. We also describe
some basic gravitational-wave theory. In Chap. 3, we study the spin evolution of accreting
neutron stars — systems which have long been considered potential sources of gravitational
waves. In particular, we explore whether gravitational waves are likely to play an important
role in their dynamics by considering different torques acting on the stars and evolving the
systems through their lifetimes. Should such systems host non-axisymmetric mountains,
they will naturally radiate gravitational waves. Thus, we go on to analyse how mountains
are modelled in Newtonian gravity in Chap. 4. We describe how non-spherical stellar
models with and without elastic crusts can be constructed. By considering previous studies
of this problem, we show that the deforming force that sustains the mountains is a crucial
component and consider some simple examples. We take this problem one step closer to
realism by generalising the calculation to general relativity in Chap. 5. We derive the
relativistic equations of structure for non-spherical stars subjected to a deforming force
and consider how the equation of state affects the size of the mountains. In Chap. 6,
we use our derived relativistic formalism to study the relevance of the elastic crust in
tidally deformed neutron stars. We calculate the tidal deformabilities for realistic stellar
models and also consider when the crust may fracture during the inspiral. We conclude

and provide an outlook on future directions in Chap. 7.

Supplemental material is provided in the appendices. In Appendix A, we discuss solving
the equations of stellar structure for non-rotating, spherical fluid stars. In Appendix B,
we summarise the properties of the spherical harmonics. Appendix C is dedicated to the
numerical techniques used for solving the perturbation equations. We obtain the interface

conditions for the perturbation functions in relativity in Appendix D.
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CHAPTER 2

The structure of neutron stars

This chapter serves as an introduction to some fundamental aspects of neutron-star struc-
ture. Throughout this chapter, we will work in both arenas of gravitation: Newtonian
physics and general relativity. We begin with some thermodynamics in Sec. 2.1, in order
to motivate and introduce the infamous neutron-star equation of state. We shall see how
the equation of state plays an important role in the interior structure of neutron stars as
we derive the equations of structure for non-rotating, fluid stars in Sec. 2.2. To construct
more complex and realistic stellar models later in the thesis, we provide a brief introduc-
tion to perturbation theory in Sec. 2.3. Armed with an understanding of perturbation
theory, in Sec. 2.4, we go on to derive and analyse the gravitational multipole moments
that describe the shape of a star and are crucial in generating gravitational radiation. At
the end of the chapter, Sec. 2.5, we provide a brief introduction to how gravitational waves

arise in relativity and how they are produced.

2.1 The equation of state

It is well established that stellar material is excellently approximated as a perfect fluid;
neutron stars are no exception to this. (Although this treatment needs to be refined when
one considers additional physics such as superfluidity and magnetic fields. Indeed, we will

include an elastic crust from Chap. 4 onwards.) Fluids consist of many fluid elements and

11
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each fluid element is a collection of particles.! In order to understand the many-particle
interactions, it is natural to consider the thermodynamics of the system. In this way, one
need not concern themselves with the behaviour of individual particles, but instead track

the parameters of the fluid elements.

The natural starting point is the first law of thermodynamics, which states that the change

in energy dE of a many-particle-species system is given by

dE = TdS — pdV + > jixdDNy, (2.1)

where T is the temperature, dS is the change in entropy, p is the pressure, dV is the
change in volume and uy and dN, are the chemical potential® and change in particle
number, respectively, of a species x. The first term, T'dS, may be identified as the heat
into the system; the second, —pdV, corresponds to the work done on the system; and the
final term, uydNy, is associated with the change in particle number of species x. Thus,

there is an equation of state for the system E(S,V,{Ny}) from which one can obtain the

OF OF OF
95 /v (v WV /s (N ONx/ sv,(ny}

where {Ny} is the set of particle numbers excluding Ny. Here, the subscripted notation

following;:

next to a bracket makes explicit the variables that are being treated as constants in the
partial derivative. One describes the variables E, S, V and Ny as extensive variables, since
any variation in S, V and Ny changes the energy of the system. Conversely, variables T',
p and puy are called intensive variables. We may call E(S,V,{Ny}) the equation of state
since it is a thermodynamic relation from which one can obtain the other state variables
through (2.1).

From (2.1), one can derive the Euler relation (Andersson and Comer, 2021)

E=TS—pV+ > N (2.3)

The Euler relation (2.3) is essentially the integrated form of the first law (2.1). It is

convenient to write (2.3) in terms of densities,

e=nTs—p+ nZ,uXYX, (2.4)

X

where e = E/V is the total energy density, s = S/N is the entropy per particle, Yy =

"Each fluid element comprises a large number of particles that all undergo individual motions on a scale
associated with the mean-free path. The central assumption behind fluids is that the size of a fluid element
is much greater than the mean-free path of the particles. At this scale, the fluid is a continuum.

>This should not be confused with the magnetic moment x in Chap. 3.
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Ny /N is the abundance of species x, n = N /V is the total number density and N is the
total number of particles. We assume that the total number of particles in the system is

conserved,

N = ZNX = const, (2.5)
so we can write the first law (2.1) as

eE+p
de = nTds + — 24 Y hdYs, 2.
e =nTds + - n+n 2 I (2.6)

nT = <8€) , err_ ((%) . My = ( oe > . (2.7)
88 n,{Y}} n 877; 57{3/)(} 8YX Svnv{Y\'}

Therefore, we have ¢ = £(s,n, {Yy}).> We may identify the enthalpy from (2.6) as h =
(€ 4+ p)/n. Putting this into (2.4), we have

Oe Oe
p=—c+ () S+Z < > Y. (2.8)
05 )iy FNYx/ 50y

The fact we can obtain all the intensive parameters of the system from e(s,n, {Yx}), via

with

Egs. (2.7) and (2.8), justifies naming it the equation of state for our system.

If one assumes that the system is in chemical equilibrium with respect to microscopic

reactions that involve the different particle species, over reaction timescales we have
> uxdYi =0 (2.9)
X

and (2.6) reduces to
de =nTds + #dn. (2.10)

This assumption applies well to equilibrium neutron stars, where diffusive processes may be
neglected. Furthermore, since the lepton contribution to the total energy is small relative
to the baryons, the total number of particles can be assumed to simply be the total number
of baryons. This means that the energy density depends solely on the entropy per baryon

s and baryon-number density n, ¢ = (s, n).

Mature neutron stars are cold, so one can assume that 7' = 0. Thus, the equation of state
is reduced by one parameter, ¢ = £(n). Such an equation of state is termed barotropic.

However, since the thermodynamic quantities are all related via the first law, we are free

*It should be noted that the particle abundances are not independent, > Y; = 1. This illustrates a feature
of extensive systems: the number of variables required to describe the system has been reduced by one in
working with densities and removing V.
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to work with a different quantity. For cold stars,

p(n) = —&(n) + p(n)n, (2.11)

where pu(n) = de/dn = (¢ +p)/n. It is, therefore, common in neutron-star astrophysics to

refer to p = p(n) |or, equivalently, p = p(¢)| as the cold-matter equation of state.

It should be emphasised that a single fluid pressure-density relation does not entirely tell
the full story. Neutron stars exhibit different phases of matter. For example, the crust of a
neutron star is solid and its modelling will require an understanding of the shear stresses.
In particular, it is common to treat the crust as an elastic solid, which requires a shear
modulus (as we shall consider from Chap. 4 onwards). We will now see how the equation

of state is a crucial ingredient in producing spherical, fluid bodies.

2.2 Equations of stellar structure

In order to construct models of the stellar interior, one uses the equations of stellar struc-
ture. In this section, we derive the Newtonian and relativistic equations of stellar structure

for non-rotating, spherically symmetric, fluid stars.

2.2.1 Newtonian stars

Spherical stars are modelled as perfect fluids. A perfect fluid has, by definition, no viscosity
or heat flow. It is also isotropic, so the magnitude of the pressure is the same in all
directions. We will neglect temperature (or, at the very least, assume our stars are cold), so
we assume that the equation of state is barotropic. A barotropic perfect-fluid configuration,
with mass density p, isotropic pressure p and velocity v?, is a solution (p,p,v’) to the
following standard fluid equations (for a modern reference on fluid mechanics, and other

aspects of classical physics, the reader is referred to Thorne and Blandford, 2017):

Op + Vi(pv') =0, (2.12)
p(at + UjVj)’Ui =—-V,p—pV;®, (2.13)
p=p(p) (2.14)

and the gravitational potential ® is provided by Poisson’s equation,

V20 = 47Gp. (2.15)

Equation (2.12) is the differential law of mass conservation, also known as the continuity
equation. In the absence of a source term on the right-hand side, the continuity equation

relates the rate of change of mass in a fixed volume to the flux of mass into that volume.



2.2. Equations of stellar structure 15

The mass density is simply related to baryon-number density by p = myn, where my, is the
baryon mass. Therefore, the continuity equation can also be interpreted as the Newtonian

law of baryon conservation, 9;n + V;(nv') = 0.

The equation of motion for a perfect fluid is the Euler equation (2.13). This is the differ-
ential law of momentum conservation. The Euler equation provides the following physical
interpretation. The acceleration felt by the fluid, given by the convective derivative of
the velocity (0; + 17V ;)v® has two contributions: the gravitational field and the pressure

gradient.

Poisson’s equation (2.15) is the Newtonian field equation for gravity. It accounts for the

coupling between the gravitational field and the matter that sources it.

Finally, we use the equation of state (2.14) to close this system of equations. These
expressions have been written in a fully covariant way, which means that one has the

freedom to work in whichever inertial reference frame they wish.

Non-rotating equilibrium stars are self-gravitating fluid spheres. Since they are in equi-
librium and static, the time derivatives and velocity vanish.® This means the continuity
equation (2.12) is trivially satisfied and we obtain the equation of hydrostatic equilibrium
from (2.13),

Vip = —pV,;. (2.16)

This shows how a non-rotating star is supported against gravity by the fluid pressure

gradient.

Since the star is static, it must be spherically symmetric and all quantities will depend
solely on the radius from the centre. The continuity equation (2.12) indicates the presence

of a conserved quantity with density p. This quantity is the total mass
R
M= / 412 p(r)dr, (2.17)
0

where R is the stellar radius. (Equivalently, the total number of baryons is conserved.)

Therefore, the mass enclosed in radius r, m(r), is given by

Z—T = 47r?p. (2.18a)
Equation (2.15) integrates to
dd Gm

*It is natural to adopt a reference frame that is at rest relative to the fluid.
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Equation (2.16) becomes
dp ~ d®  Gmp

dr —p% B r2

Equations (2.18) constitute the Newtonian equations of stellar structure. They describe a

(2.18c¢)

non-rotating, fluid star with (p, p, ®), supplemented by an equation of state (2.14).

With an equation of state specified, one solves the stellar-structure equations by imposing

the following boundary conditions:

At the centre, the enclosed mass must vanish, m(0) = 0, and the central density (or,

equivalently, the central pressure) may be freely specified, p(0) = p. [p(0) = pc|.

At the surface, the pressure must go to zero, p(R) = 0, and the internal potential needs
to match to the exterior, ®(R) = —~GM /R.

Since the central density may be chosen arbitrarily, the structure equations admit a one-
parameter family of solutions that depend on the equation of state to close the system.
For a given equation of state, varying the central density provides a variety of equilibrium
configurations with different masses and radii, [M(p.), R(pc)]. This results in the mass-
radius diagram for that equation of state, M = M(R), which is a common diagnostic to
differentiate between equations of state (see Fig. 2.1). We will discuss the mass-radius

diagram in more detail below for the relativistic structure equations.

It is convenient to note that (2.18b) decouples from the other equations. Therefore, one
can obtain the quantities p(r), p(r), m(r) and R without needing to compute the interior

gravitational potential ®(r).

Accurate descriptions of neutron-star interiors will rely on calculations in full general
relativity. However, Newtonian models can still be very useful. Usually, such calculations
are easier to conduct and the physics is simpler to understand. A convenient simplification
in generating spherical Newtonian stars is to assume the equation of state is polytropic,
that is

plp) = Kp't/, (2.19)

where K and n are real, positive constants.® In fact, because the relativistic corrections
to neutron-star models are more significant than variations in the description of nuclear
matter, polytropic equations of state are quite suitable for Newtonian calculations of

neutron stars. Polytropes are described in Appendix A.1.

% Although, the total mass is calculated as an integral of the density over its total volume (2.17), we choose
to define the total mass from the exterior potential. Conceptually, this is a subtle distinction that enables
us to also use m and M to denote the analogous quantities in the relativistic case, as we shall elucidate
below. This definition is commonly distinguished as the total gravitational mass because it is read off from
the gravitational potential.

%One should be careful to not confuse the index n with the baryon-number density.
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2.2.2 Relativistic stars

At this point, we will depart from the above Newtonian equations of structure and look
for a relativistic description. As we will see, the procedure we need to follow in order to
derive the relativistic equations is quite similar in spirit. We will need to use the relativistic
equivalents of Poisson’s equation (2.15) and the equation of hydrostatic equilibrium (2.16)
in order to construct static relativistic stars. For a comprehensive description of general
relativity, the reader is referred to Misner et al. (1973), Schutz (1985) and Hartle (2003).

In general relativity, space and time are unified to build a four-dimensional continuum,
known as spacetime, and gravity manifests itself as a geometric property of this continuum,
referred to as curvature. Thus, space need not be flat as in Newtonian gravity and space
and time are intricately entwined. Indeed, different observers at different points in space-
time will no longer agree upon where and when events happen. Any source of matter

content in a spacetime deforms the fabric and gives rise to curvature.

How the matter shapes the geometry is encoded in the relativistic field equations, known

as the Finstein equations. These are given by
b b
G, =8nT,”, (2.20)

where G,? is the Einstein tensor and 7, is the stress-energy tensor corresponding to the
matter content. Equation (2.20) is the relativistic analogue of the Newtonian field equation
(2.15). One should not be fooled by the apparent simplicity of (2.20). In its true form, it is
a highly non-linear, coupled system of ten second-order partial differential equations. To
solve this system, one must simultaneously calculate the metric, g,;, and the stress-energy
tensor, T, (that explicitly depends on the metric). Without significant symmetries to

take advantage of, it can be very difficult task. The Bianchi identities imply
VT’ =0, (2.21)

which is the relativistic conservation law for energy and momentum. It should be em-
phasised that Eqs. (2.20) and (2.21) are not independent. Indeed, the information in
(2.21) is also contained in (2.20). However, due to the challenge in evaluating (2.20), it is

occasionally convenient to also use (2.21) in order to simplify the calculation.

Before we concern ourselves with the gravity of the situation, we will begin with some
relativistic fluid dynamics. For a perfect fluid — that is, again, free of viscosity and heat —

the stress-energy tensor is

T," = (¢ + p)uav® + p6," = euqu’ + pL,, (2.22)
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where ¢ and p correspond to the energy density’ and isotropic pressure, respectively,
as measured by an observer co-moving with the fluid with four-velocity u®. Here, we
have introduced the projection operator orthogonal to the observer, J_ab = uqub + 5ab.
By considering projections of (2.21) along u® and 1, one can show that a relativistic,
barotropic perfect fluid is a solution (g, p,u®) to the following system (Andersson and
Comer, 2021):

Va(nu®) =0, (2.23)
(e + p)ubvbua = —Labvbp, (2.24)
p=p(e), (2.25)

where the geometry of the spacetime is given by the Einstein equations (2.20).

Equation (2.23) is the conservation law of baryons and is the relativistic generalisation
of the continuity equation (2.12). In both Newtonian and relativistic gravity, the total
number of baryons must remain constant. For this reason, it is common to distinguish
p = mypn as the baryon-mass density or rest-mass density to bridge the two descriptions

of gravity.

Equation (2.24) is the relativistic Euler equation [cf. (2.13)]. We note that u’Vyu® cor-
responds to the fluid four-acceleration and takes into account the spacetime geometry.
From (2.24) we may identify the inertial mass per unit volume in relativity as (& + p); this

replaces p from the Newtonian case.

In order to proceed, we must consider the geometry and choose a frame of reference. For

the interior of a static, spherical star it is appropriate to use the line element
ds? = gapdz®da® = —e’dt* + e dr? 4 r?(d6? + sin? 0 dp?), (2.26)

where dz® denotes the infinitesimal coordinate differences and v and A are functions of r
to be determined.® It should be noted that the coordinates in relativity are analogous but
do not perfectly coincide with the coordinates in Newtonian gravity. One can consider the

two-surface when ¢,r = const in (2.26),
ds® = r*(df* + sin® 0 dp?). (2.27)

Thus, the coordinate r corresponds to the two-sphere, centred around r = 0, with circum-
ference 2mr and surface area 47r?. We can, therefore, identify § and ¢ as the usual angles

from spherical polar coordinates. However, r is not the radial distance from the centre.

"This is an important difference to Newtonian gravity, where the corresponding quantity is the (rest-)mass
density, p. The energy density is made up of the rest mass-energy and internal energy densities. This is a
manifestation of the famous mass-energy equivalence.

80ne should be careful to not confuse the metric potential with the spin frequency v in Chap. 3.
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Instead, we have the proper distance,
r !
[ = / A2y (2.28)
0

Similarly, the proper time is given by 7 = f(f e’(/2dt = ¥(")/2¢ where we observe the

famous red-shift factor.

Because the star is static, it is convenient to choose an observer at rest with the fluid.’
The only non-vanishing component of the fluid four-velocity is the t component. So, by

normalisation, u®u, = —1, we have
ut = e V2, u' = 0. (2.29)

Similar to what we saw in the Newtonian case, baryon conservation (2.23) is, thus, trivially

satisfied. We find the relativistic equation of hydrostatic equilibrium from (2.24),

1
Vip = —5(8 + p)V,v. (2.30)

This conveniently provides us with a physical interpretation for v by comparing this ex-
pression with its Newtonian analogue (2.16): v is proportional to the Newtonian potential
.

Working through the Einstein equations (2.20), we have

1d

t _ t -\ _
G, =8rT," — = [r(1—e )] = 8me (2.31a)
and ) ) J
r r —A —\av
G =87T," — —g(-e M+ e —smp. (2.31D)

To obtain the final form of the structure equations we define (motivated by the exterior
Schwarzschild solution; Schwarzschild, 1916)

1
A —
= — 2.32
“ 1o 2m/r’ (2.32)
which turns (2.31a) into
d
d—T = d7rle. (2.33a)
Equation (2.31b) becomes
dv 2 Amr?
v _ 2m+dnrp) (2.33D)

dr r(r —2m)

% As with the Newtonian case, there is considerable freedom in the frame one chooses to work in. As before,
the simplest choice is the fluid’s rest frame.
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From (2.30), we have

dp 1 dv (e+p)(m+ 47r3p)
dr 2 (e+p) dr r(r—2m) ’ (2.33¢)

Equations (2.33) make up the relativistic equations of stellar structure — also known as the
Tolman-Oppenheimer-Volkoff equations (Oppenheimer and Volkoff, 1939; Tolman, 1939).
As in the Newtonian case, one must provide an equation of state (2.25). The boundary
conditions are essentially the same as described above. The only change is that the metric
potential must match the exterior Schwarzschild solution, e’() = 1 — 2M /R, where M
corresponds to the total mass-energy of the star.!’ The numerical evaluation of Eqgs. (2.33)

is described in Appendix A.2.

There are a couple of details worth noting at this point, when comparing the relativistic
equations to the Newtonian ones. We have pointed out that the radial coordinate r,
in relativity, no longer corresponds to the physical distance from the centre of the star.

Hence, R does not give the proper radius of the star. Instead, the proper radius is
R
L= / A 24y, (2.34)
0

which is different to R by O(1). Thus, r should be interpreted strictly as a coordinate and

not a physical distance an observer would measure.

The total mass-energy is given by [cf. (2.33a)]
R
M= / 4rrPe(r)dr. (2.35)
0

Contrary to the Newtonian mass, it is interesting to note that M need not be conserved for
a relativistic isolated star. This is because it does not solely include the rest mass-energy
of the star. The simple form of Eq. (2.35), which is reminiscent of the Newtonian result
(2.17), slightly obfuscates the identification of M as the total mass-energy. However, one
can convince themselves that (2.35) does indeed include all the relevant contributions to
the total mass-energy by considering the proper volume element for the spacetime (2.26),
dV = eM2r2sin@dr df dé, and noting that the energy density contains the rest mass-
energy density p and internal energy density u, so € = p 4+ u. Thus, (2.35) can be written

as

M:/pdV+/ udV/(le_’\/Q)st
\4 \% 1%

R R R (2.36)
= / Ame?r2 pdr + / A 22 udr — / Ac(eM? — 1)r2edr.
0 0 0

0Because of our choice to define the total mass using the exterior potential, we are justified in identifying
the quantities m and M with the mass(-energy) in radius r and the total mass(-energy), respectively.
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The first and second terms in (2.36) are simply the total rest mass-energy and the total
internal energy, respectively. The third term in (2.36) is the total gravitational potential
energy. This exercise further justifies our recognition of m in (2.32) as the mass-energy

within r.
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Figure 2.1: The mass-radius diagram for the BSk19 equation of state (Potekhin et al.,
2013). The M = M(R) curve is obtained by integrating the relativistic equations of
stellar structure (2.33) for different values of the central density .. The range of values
for the central density in this diagram are 4.0 x 10" — 6.6 x 10" gcm 3.

We show an example mass-radius diagram obtained from the relativistic structure equa-
tions in Fig. 2.1. The main features of a neutron-star mass-radius diagram are shared
among (realistic) equations of state. The larger values of the central density correspond to
smaller radii and a larger compactness. Each equation of state admits a maximum mass
that it can support. This is a relativistic result and comes from the denominator in (2.33c)
that prevents m from becoming as large as r/2. The maximum mass is particularly of
interest in excluding certain candidate matter models. It is important to note that not
all equilibrium configurations correspond to stable solutions. In general, configurations
that lie on the left of the maximum mass in the mass-radius diagram are unstable — small
density perturbations will grow exponentially in time, leading the star to collapse or ex-
pand. On the other hand, configurations to the right of the maximum mass are stable —

the perturbations away from equilibrium are restored by pressure or gravity forces.

It is worth mentioning a common way equation-of-state candidates are categorised: equa-
tions of state are described as soft or stiff. The stiffness depends on how fast the isotropic
pressure p increases as a function of the energy density € — the faster, the stiffer. Stiff
equations of state are so named because the fluid is difficult to compress and, therefore, can

support larger masses. On the other hand, soft equations of state are easier to compress
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and result in more compact stars.

Although there are presently many questions to be answered concerning what the true
equation of state must be, there are a number of natural physical constraints that realistic
equation-of-state candidates must satisfy. A couple of key restrictions are: (i) the speed
of sound in the fluid ¢, where ¢2 = dp/de, must respect causality, ¢ < 1, and (ii) the
fluid must be thermodynamically stable, that is ¢2 > 0. However, these restrictions are
not particularly constraining and a variety of popular models violate causality at high

densities.

2.3 Linear perturbations

In physics, it is common to approach problems in a perturbative manner. In linear per-
turbation theory, one considers small departures away from an equilibrium solution and
linearises — neglecting terms that are of quadratic order and higher in the small quantities.
Therefore, the problem is split into two components: the equilibrium (or background) solu-
tion and the perturbative part. This technique is particularly powerful when one already
knows the background solution, e.g., the structure of a non-rotating, spherical star. We
will make use of perturbation theory in order to construct non-spherical stars. In this

section, it will be sufficient to focus the discussion on Newtonian perturbations.

In hydrodynamics, there are two methods of describing a fluid. The first involves monit-
oring the behaviour of the fluid at a given point in space, corresponding to a frame that
is at rest. This is known as the Fulerian description. The other method characterises
the behaviour of a given fluid element, which is represented by a frame that is co-moving
with the fluid flow. This is the Lagrangian description. We have, in some sense, already
encountered these two descriptions. For example, in the Euler equation (2.13), we see two
types of time derivative: the ordinary partial derivative J;, that keeps the location fixed,
and the convective derivative (9; +v°V;), that measures changes from the perspective of a
fluid element travelling with velocity v*. In relativity, the Lagrangian frame has the same
meaning. However, an Eulerian frame is a little more complicated (Andersson and Comer,
2021).

An Eulerian perturbation, denoted by the § symbol, of a quantity f (which, in general,

can be a scalar, vector or tensor) at a point :L“f) is defined by

ft,x5) = fo(ah) + 8£(t,zp), (2.37)

where fy is the equilibrium value (which is independent of time). A Lagrangian perturb-

ation, denoted by the A symbol, can be expressed by

f(t’ xz) = f0($6) + Af(tv 1'6), (2'38)
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where z{ is the position the fluid element was at in the equilibrium configuration and
z' is the position it has moved to due to the perturbation. Note that, we have defined
the Lagrangian perturbation to be a function of the equilibrium position.!' This provides
the motivation for the introduction of the Lagrangian displacement vector &, which con-
nects fluid elements in the perturbed configuration to their positions in the background
(Friedman and Schutz, 1978a),

zt = al + (L, xh). (2.39)

To be precise, a fluid element at position xf) in the background has moved by & to posi-
tion 2’ in the perturbed configuration. Therefore, one can obtain a relation between the

Fulerian and Lagrangian perturbations,

Af(tah) = ft,xh + &t a()] — fo(xf) (2.40)
= f(t,zh) + € (t, 24); fo(zh) — fo(zh) + O(E).

Note that we have taken the perturbative parameters ¢, 6 f and Af to be small and have
assumed f to be a scalar. The perturbative terms of second order and above are contained
in O(|¢%?). Thus, to linear order,

Af =6f+ Lefo. (2.41)

where we have identified the Lie derivative L¢ along the vector £. Although f has been

taken to be a scalar, Eq. (2.41) also applies for vectors and tensors.

To obtain the Lagrangian perturbation of the velocity, we must consider the velocity in

the perturbed configuration, which can be written as

dzt d

= [+ €t ah)] = vi(wh) + v ()05 (1, h) + D€' (t 7). (242)

vi(t, zt) =
We can also expand the velocity as
vt ') = o't ap + € (1 xp)) = o' (8 xp) + € (¢, ) v () + O(IEFP). (2.43)

Hence, we have
00' (L, x5) + Levh(xh) = D' (¢, ) + O(IE']?). (2.44)

By (2.41), to leading perturbative order, we find

Av' = €. (2.45)

UThis is an important detail since, in practice, the perturbation equations will tend to be coupled to
the background structure. Therefore, when one solves the perturbation equations, they do this over the
background domain, x3. Thus, the perturbed quantities £*, § f and Af only have support at xg.
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The perturbations also induce a change on the metric. By virtue of the nature of the
covariant derivative, V;g;x = 0, and the fact the metric in Newtonian gravity is flat,
dgi; = 0, we have

Agij = V& + V& (2.46)

Another useful expression for fluid perturbations comes from the conservation-of-mass
principle. Consider an infinitesimal mass dmg in the background configuration. This is
given by

dmg = po(zh)dVp, (2.47)

where dVj is an infinitesimal volume in the background configuration. Each fluid element
undergoes the transformation (2.39) due to the perturbations. The Jacobian of this trans-
formation is [1 + V;&¢ 4+ O(|¢%[?)]. Therefore, the infinitesimal volume in the perturbed

configuration, to linear order, is
dV = [1 + V;& (t,z0)]dVp. (2.48)

Here, we see that the divergence of ¢ corresponds to the change in volume of a fluid
element in the perturbation. The variation in the density follows from the conservation of

mass contained in the volume,
dmo = po(ah)dVe = plt,a")dV. (2.49)
The two densities are, thus, related by
p(t.a') = [1 = V€ (¢, 25)]po(ap) + O(I€') (2.50)
The Lagrangian perturbation of the density, to first order, is
Ap=—poVig'. (2.51)

Note that this expression is completely general and must be satisfied in order to conserve
the mass in the perturbations. This is equivalently a statement about the Newtonian

conservation of baryon number, An = —ngV;£".

For relativistic perturbations, we have [c¢f. Egs. (2.45), (2.46) and (2.51); Andersson and
Comer (2021)]

1
Au® = §u8ugu8Agbc, (2.52)

Agap = hav + Va&p + Viéa (2.53)



2.4. Multipole moments 25

and .
An = —§n0J_“bAgab, (2.54)

where hyp = 0gqp-

Linear perturbations are useful for a variety of neutron-star problems, including aster-
oseismology and gravitational waves. We will omit the subscript denoting background

quantities forthwith.

2.4 Multipole moments

When characterising the shape of a star, one often considers the star’s multipole moments.
Multipole moments quantify the degree of non-sphericity of a star and help to determine
whether the star in question is a promising gravitational-wave emitter. These are most

straightforwardly obtained from the far-field expansion of the gravitational potential.

2.4.1 Newtonian multipole moments

Consider a star described by the mass-density distribution p(x?), where z° is a point inside

the star. This mass distribution sources a gravitational potential field ®(z") through

Poisson’s equation (2.15). The solution to (2.15) is

: Gp(a')
(XY =— | —————=dV, 2.55
() = - [ kv, (2.55)
where X7 is the position of an observer measuring the field, outside the mass distribution.
The volume integration is over the volume of the star. In the far-field limit, we have
r < R, where r? = 2'z; and R? = X?X;. Equation (2.55) may be expanded in terms of

R away from the source using Legendre polynomials Py(z),
i — G iy,L
(XY =->" 7ot ), p(z)) 1 Py(cos a)dV, (2.56)
=0

where « is the angle between X* and 27,
cosa = X', (2.57)

and X = X! /R and 2* = 2! /r are the corresponding unit vectors. Consequently, we may

decompose the potential (2.56) into a series of multipole moments,

(XY == G%}ff) (2.58)
=0
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where

Qu(X) = /V p(z) 1 Py(cos a)dV (2.59)

is the 2¢-pole moment of the mass distribution p(z%). Or, more precisely, it is the com-
ponent of the 2¢-pole moment in the X direction. In assuming the far-field limit, each
multipole with increasing ¢ will be successively suppressed by 1/ R and provide small

contributions. Let us examine the first few multipoles.
¢ = 0: The monopole moment is simply the net charge of the distribution,
Q= [ plahav =, (2.60)
1%

which is independent of the direction X, Hence, the monopole term in the potential

is isotropic,

GM
Py(R) = ———. 2.61
o(R) =~ (261)
¢ = 1: The dipole moment is the vector
P = / p(xh)x'dV (2.62)
\%4
and its component in the X direction is
QX)) = / p(z))r cos adV = p; X°. (2.63)
1%
The dipole potential has the form
i Gp X'
D (X)) = — PR (2.64)

Note that if the star is at rest, one is always free to work in a mass-centred coordinate

system where the dipole vanishes.
¢ = 2: We introduce the quadrupole-moment tensor
Qij = /Vp(fvi) <fﬁif€j - ?1)7"2%) dv, (2.65)
which is a symmetric and trace-free tensor. Therefore, the quadrupole moment is

Q2(X?) = /V p(xt)r? (; cos® o — ;) dv = gQin'in. (2.66)
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Thus, the quadrupole potential is

 3GQiX'XI

q)Q(XZ) = 2 R3

(2.67)

£ > 3: Similar to the quadrupole-moment tensor, the octupole and higher-order moments
are all symmetric and of the form

fjmq = /V p(z")(homogeneous polynomial of degree ¢);;._,dV, (2.68)

where the polynomial follows from the expansion of

(20 — 1)1

7 (homogeneous polynomial of degree E)ijmqf("f(j X

(2.69)
Note that 4, j,...,q constitute a total of ¢ indices. The potential due to the 2¢-pole

rPy(cosa) =

moment is

(20— )N GQY, X' X7 .. X1

Dp(X*) = — /) R+

(2.70)

Y4
©J...q
that reduce the number of independent components. For example, the quadrupole tensor

In general, the 2%pole tensor Q has 3¢ components. However, there are symmetries

()i; has 9 entries, but is symmetric and traceless,
Qi =Qji, Q' =0. (2.71)

These make up 3 + 1 = 4 symmetry conditions and so ();; has 9 —4 = 5 independent
components. For a given 2/-pole tensor, there are (2¢ + 1) independent components.
Likewise, for a given ¢ there are (2¢ + 1) spherical harmonics Yy, (6, ¢).!? In fact, instead
of describing the angular dependence of the multipoles’ components in the direction Xi
in terms of symmetric tensors, we may expand them in spherical harmonics. We discuss

some of the properties of the relevant spherical harmonics in Appendix B.

For any integer £ = 0,1,2, ... and any two unit vectors ' and Bi, the Legendre polynomial

of their scalar product may be expressed as
~i7 4 ANV (1
l

where the star denotes a complex conjugate. We can apply this result to the definition of

20ne should not confuse the harmonic number m with the mass inside a star.
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the multipoles (2.59),

14

> VinlX) [ ola)r Vi (@)av (273

4

QX = 55

Hence, we choose to define the spherical-harmonic decomposition of the multipoles by'?
Qi = [ PV 0,04V, (2.74)
1%

where (6, ¢) describe the direction of 2°. The full gravitational potential is then given by

14

_ . G Q@m}/ﬁm(ﬂa 90)
N Z 2@ 2041 REL T (2.75)

where (¢, ¢) are the angles characterising X' We may identify two approaches to obtaining
the multipole moments. (1) Provided the density distribution p(x?), one can integrate
through the volume of the star, evaluating (2.74). (2) If one knows the exterior potential
at a point X', then the multipoles can be read off from (2.75) (since the potential must

be continuous, it is often convenient to do this examination at the surface).

It is straightforward to generate spherical background stars using the equations of stellar
structure (2.18). These models are fully described by the £ = 0 monopole. If one assumes
that the star is deformed away from sphericity in a perturbative way, then the multipoles

that arise due to the corresponding Eulerian density perturbation dp(z?) are!*

szLMWW%ﬁ@W? (2.76)

Motivated by (2.75), it is useful to decompose the rest of the perturbations using spherical

harmonics, e.g.,

[e'S) l
Z}jmmxmw@ (2.77)
(=0 m=—

However, it is important to note that, should one wish to focus on a specific harmonic mode
(¢£,m), care must be taken since Yy, are, in general, complex. One resolves this issue by tak-
ing the real part, as physical quantities must be real, e.g., §p(z*) = 0pem (r)Re[Yem (6, ¢)].
With this decomposition, (2.76) becomes

R
= / Spem (r)rtH2dr. (2.78)
0

¥Note that this definition of the multipole moments is different to that of Thorne (1980) [cf. his Eq. (5.27a)],
which is commonly used in the tidal-deformation literature (see, e.g., Hinderer, 2008).

"To formally show this, one must consider the full multipole [given by (2.74)] of the perturbed configuration
under the transformation (2.39), make use of the Lagrangian relation (2.38) and linearise.
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The perturbation to the gravitational potential in the exterior can be written as

A47G Qum

S ¢

{=0 m=—¢

(2.79)

Note that, for many problems of astrophysical interest, the total mass of the star will
remain conserved. In these cases, the £ = 0 monopole of the perturbation will vanish.
[Indeed, this is guaranteed when the constraint (2.51) is applied.] Additionally, one might
prefer to work in a mass-centred coordinate system, in which there is no ¢ = 1 dipole

contribution.

It is important to note that, in the absence of a perturbing force, the star will remain
spherical. For example, by perturbing the mass density, say, the star will simply move
to a neighbouring equilibrium configuration along the mass-radius curve (Fig. 2.1). One
must introduce non-sphericity into the situation via some deforming force. Simply put:
an unforced, fluid equilibrium is spherical. Suppose we introduce another potential y that
is related to a deforming force the star is subject to. This potential will adjust the total

potential by

. G X 147G Qum
B(R)+50(X) +x(X) = -S4y B [ EE 2 b on(R)| Vo0, 0). (250)
=0 m=—¢

We will make use of this result when we calculate mountains in Newtonian gravity in
Chap. 4.
2.4.2 Relativistic multipole moments

In general relativity, the spacetime metric g, replaces the Newtonian potential ®. In the

far-field exterior, one may write

L H4gu
2

=d+x. (2.81)

Although in Newtonian gravity one is usually able to analyse the gravitational and deform-
ing potentials separately, such a neat decoupling does not exist in relativity. In relativity,
one has the metric that accounts for all the potentials acting on the body. For this reason,
in some cases it is not possible to disentangle the separate potentials from the metric and
ambiguities arise.'” However, there are no ambiguities when one considers multipoles of

pure /. [Indeed, we will ultimately focus on pure multipoles of order (¢,m).] In this case,

BTo be specific, ambiguities occur when different potentials mix in powers of R. Much of the work
concerning separating multiple gravitational effects in relativity has come from studies on tidal deformations
(see, e.g., Gralla, 2018).
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we have [cf. a variation of (2.81)]

B 1+ get + hy
2

l
M 47 Qom
=%t mzzz {— T 135(73)@ + xem(R) | Yem (9, 0),  (2.82)
where hg, = dgqp is the linearised metric and By(R) is a function that goes to unity in
the Newtonian limit (this is given as B; in Table I of Binnington and Poisson, 2009).
Equation (2.82) is obtained by looking for a solution to the Einstein equations in the

vacuum around the star (as we shall discuss in Chap. 5).

2.5 Gravitational waves

Having discussed how one formally describes the interior structure and shape of a neutron
star, we have reached an appropriate point to consider how gravitational waves emerge in
general relativity. For more detail, the following textbooks are recommended: Maggiore
(2008) and Andersson (2019).

2.5.1 The wave equation

The most straightforward way to see how gravitational waves arise is through the linearised

theory of gravity. One considers a region of spacetime where the metric is close to flat,
Gab = Nab + haba ‘hab‘ < 17 (283)

where 7,3 is the Minkowski metric. In Cartesian coordinates, the Minkowski metric is
given by
Napda®da® = —dt? 4+ da® + dy® + d2°. (2.84)

In linearised gravity, one substitutes (2.83) into the Einstein equations (2.20) and then
retains terms up to linear order in hqy. One can show, through the definition 6,° = g,.9%,
that the inverse metric is

g =" = h + O(|har|*), (2.85)

where h® = nanPh, ;. Therefore, indices of terms of O(|hgp|) can be raised and lowered

with the flat metric 1.

It should be noted that in writing the metric as in (2.83), we have made a specific choice
of frame such that |hg| < 1 holds on a sufficiently large region of space. In choosing this
frame, a residual gauge freedom remains. A gauge freedom corresponds to the invariance
of a quantity under a coordinate transformation. Consider a transformation of coordinates
such that

% — 2’ = 2% + (*(2), (2.86)

where (? is the generator of the transformation and the derivatives |0,(p| are of the same
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order of smallness as |hq|. By the transformation law for tensors under coordinate changes,

“ o dxc Oz “
9gab(x?) = gop(a’®) = wwgcd(x ), (2.87)
we find
hab(2) = hoy(2'®) = hap(2?) — [0aGp () + DpCal(x®)], (2.88)

to leading order. If |0,(p| are small, then the condition |hq| < 1 is preserved under a

transformation.

Since the curvature terms vanish for flat space, one can show that the Riemann tensor for

the metric (2.83), to linear order in hgp, is
1
Rabcd = 5(8bachad + aaadhbc - aaach'bd - 8b8dhac)- (289)

Pleasingly, one can show by inserting the transformation (2.88) into (2.89) that the

Riemann tensor is invariant under the residual gauge transformation, as it should be.

It turns out that the linearised equations of motion can be expressed in a more compact

form if one introduces the trace-reversed metric perturbation

- 1
hab = hab - inabha (290)

where h = n“bhab. One can invert this to show that hg, = Eab—nabﬁ/ 2, where h = nabﬁab =
—h. Thus, the Einstein equations (2.20) may be expressed as

1 _ _ _ _
Gop = —i(mha,, + Nap0°0%heq — O°Ophac — 0°Oahipe) = 87Ty, (2.91)

where [J = 090, is the flat-space d’Alembertian. It is worthwhile noting that the stress-
energy tensor in linearised gravity enters the problem at O(|hgs|) as the background must

be flat. Clearly, this will simplify considerably if we make the following gauge choice:
hap = 0. (2.92)

This is known as the Lorenz gauge. The freedom to impose the gauge condition (2.92)

comes from (2.88), which, in terms of the trace-reversed metric perturbation, is
hab = oy = hab — (8aCp + OpCa — Nap0eC”). (2.93)

Thus,
abﬁab — (8bﬁab)/ = 8bﬁab - DCCL' (294)

Therefore, we can always ensure (2.92) is satisfied if we transform the coordinates such
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that (¢, = O°hgp. In this gauge, Eq. (2.91) provides the wave equation
Ohay = —167T . (2.95)
By Egs. (2.92) and (2.95), the condition §°T,; = 0 is automatically satisfied.

To summarise, we have seen how general relativity permits small perturbations on an oth-
erwise flat background that satisfy the wave equation (2.95). These solutions correspond

to gravitational waves that travel at the speed of light.

We should note the approximations implicit in linearised theory. The bodies that generate
the gravitational waves are assumed to move in flat spacetime. This essentially means the

dynamics are described using Newtonian gravity.

2.5.2 Interaction with test masses

To understand how gravitational waves propagate and interact with test masses, we con-
sider (2.95) outside the source,
Ohgp = 0. (2.96)

We note that the Lorenz gauge is not sufficient to fix the full gauge freedom. Further
analysis shows that one can introduce an additional coordinate transformation x% —
% 4+ (*, where

¢, =0, (2.97)

that leaves (2.94) unspoiled. Thus, one can impose four further conditions. It is convenient
to choose h = 0 50 hqp = hgp and hy; = 0. Therefore, the Lorenz condition (2.92) reads

by =0,  dhy=0. (2.98)

One should note that hy corresponds to the static part of the gravitational interaction,
which is related to the Newtonian potential of the source of the waves. The gravitational
wave is the time-dependent part of the perturbation and so we are free to set hyy = 0. The
time-varying aspect of the wave is contained in h;;. In summary, the gauge is fixed with

hia =0,  h'=0,  &h;=0. (2.99)

(2

This defines the transverse-traceless gauge which we will denote using hiTjT.16 It should be
noted that the transverse-traceless gauge does not provide the same level of simplification

inside the source where Ty # 0.

"“One can show by analysing the geodesics of test masses in the transverse-traceless gauge that it corres-
ponds to a frame where masses which were at rest before the gravitational wave arrives remain at rest after
it has passed.
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In the transverse-traceless gauge, the solution to (2.96) is
hZ-TjT = e;; exp(ikyx?), (2.100)

where k® = (w, k%) is the wave four-vector, w is the angular frequency of the waves and €ij
is the polarisation tensor. Assuming the waves propagate along the z-axis and ensuring

that hl-TjT is symmetric and traceless, we have
h;l;»Tdazidxj = hy cos|w(t — 2)]dz?* 4 2hy cos|w(t — 2)|dzdy — hy cosw(t — 2)]dy?, (2.101)

where hy and hyx are the two independent wave polarisations corresponding to the two

degrees of freedom.

Given a plane wave hg, travelling in the direction of the unit vector #f, already in the
Lorenz gauge, one can transform the solution to the transverse-traceless gauge using the

projection operator

1
A= PR - ipijpkl, Pij = 6;j — ninj, (2.102)

where 6;; are the spatial parts of 7,,. Thus, one projects the solution into the transverse-

traceless gauge by h;ij = Aijklhkl.

With the gauge freedom fully exploited, we can consider how test masses move due to a
gravitational wave. Both masses are treated as point particles freely falling in flat space.
They are separated by four-vector (*(7) such that one test mass is at ®(7) and the other
is at z%(7) 4+ ¢*(7), where 7 is the proper time as measured by a clock carried along the
trajectory x®. The masses follow geodesics, given by the geodesic equation

du®

uWWVyut = —+ I, ulu’ = 0, (2.103)

T

where u® = dx®/dr. In flat space with Cartesian coordinates, I'*, . = 0 and we obtain the
classical result that particles follow straight lines in the absence of a force. Assuming that
|¢?| is smaller than the variation of the gravitational field, one can show by analysing the

geodesics followed by both test masses that, to first order in (¢,

D2Ca

o = —R% qub¢cu?, (2.104)
-

where D/D71 = u*V, is the directional derivative along the four-velocity u®. This is the
equation of geodesic deviation, a well-known result in general relativity. It demonstrates
that two nearby time-like geodesics experience a tidal gravitational force, given by the
Riemann tensor. When spacetime is flat, R, = 0 and the separation is fixed or changes

at a constant rate. However, in curved spacetime, the four-vector (¢ will accelerate.
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Geodesics that are initially parallel will eventually converge or diverge.

// \

Phase | | |

v

Figure 2.2: The effect of a gravitational wave on a ring of freely falling test masses in
the transverse-traceless frame due to the 4+ and x polarisations. Note that the separation
illustrated corresponds to the proper distances between the masses in the transverse-
traceless frame.

The Riemann tensor is effected by the gravitational wave according to (2.89) and (2.104)
returns

T
d%¢ ziaﬂafh},f k) (2.105)

where we have limited ourselves to linear order in h;; so t = 7. The solution to (2.105) is

simply
Ci(t) = [5% + %6%},} (t)] ¢k(0). (2.106)

Equation (2.106) shows how freely falling test masses move according to a gravitational
wave hiTjT in the transverse-traceless frame. We show the motion of a ring of test masses
due to the two polarisations in Fig. 2.2. As the wave passes through the ring, the proper
distance between the masses is stretched and squeezed. This periodic behaviour is the

basic principle that is exploited by gravitational-wave detectors.

2.5.3 Generation of gravitational waves

We now turn our attention to how the gravitational waves are sourced. Although the wave
solution (2.100) was known in the 1920s, much confusion surrounded the idea of whether
the waves were physical in nature (Kennefick, 2007). Many leading physicists weighed into
the debate, including Eddington (1922) who observed problems with the gauge artefacts
where they propagated at velocities that depended on the choice of coordinates. Einstein
himself believed at some point that (2.100) was an artefact of the linear approximation
and no wave solution would exist in the full non-linear theory. Einstein and Rosen (1937)
initially concluded that gravitational waves were unphysical upon finding a singularity in
a non-linear cylindrical wave solution in 1936, only to retract this with the realisation that
it was merely a coordinate singularity. A recurring theme was the issue of coordinate and

gauge dependencies, in particular the properties of the Lorenz and transverse-traceless
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gauges. Also problematically, the stress-energy tensor of a gravitational field was found
to not be invariant under the transformation (2.88), casting further doubt on the physical

nature of gravitational waves.

It turns out that the stress-energy tensor of gravitational waves t,, not being gauge in-
variant is a manifestation of the equivalence principle of general relativity: one is free
to choose a local inertial frame at any point in spacetime where the gravitational wave
vanishes. This indicates that we cannot localise the effect of the wave. While ¢, is not
well-defined locally, it certainly carries energy. In order to understand the physical ef-
fect of the wave, one must average over several wavelengths. Indeed, one can show that
the averaged stress-energy tensor (t.;) is gauge invariant. One finds that the averaging

procedure cancels the gauge terms in (2.88) and obtains (Isaacson, 1968)

1

ﬁ@ahffabhmjy (2.107)

<tab> =

The solution of (2.95) can be obtained using a retarded Green’s function,

_ . 1 . o
hap(t, X") =4 | ———Tu(t — | X" — 2|, 2")dV, 2.108
6. X) =4 [ e Tt = X7~ ') (2.108)
where the integration is over the volume of the star. For simplicity, we assume that the
waves are generated by a weak source and are observed far from the source, r < R. In
this limit, we have

- . 4 , 1
hab(t,XZ) = R/ Tab(t -, l’z)dv + ) <7—\’/2> . (2109)
%4

What we have done here, in exploiting a Newtonian limit, forms the basis of the post-
Newtonian expansion. As we have discussed, general relativity is a highly non-linear
theory, which makes it challenging to evaluate. This contributes to the appeal of linear
perturbation theory in relativistic problems. The post-Newtonian expansion bridges the
gap between the linear approximation and the full non-linear theory by expanding the
relativistic expressions in terms of small parameters (see, e.g., Blanchet, 2006; Poisson
and Will, 2014).

By using the conservation law 9°T,;, = 0 and noting how the divergence terms vanish on

the surface, one can derive the relation

2 / T;;dV = / O} Tyxix;dV. (2.110)
Vv Vv
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Hence, we can write

2
R

2

0} {/ To(t — r, 2 ax;dV | = S 02 Mij(t — 1), (2.111)
1%

where we have introduced the (non-traceless) mass-quadrupole moment M;;. The jus-

tification for this identification lies in the fact that, in the Newtonian limit, Ty = p.

Transforming to the transverse-traceless frame, we arrive at the result
TT i 2\ ka2 2 o

where Q;; is the trace-reduced analogue of M;;, given by (2.65) in this limit. Equa-
tion (2.112) is the quadrupole formula and it provides the basis for many useful gravitational-
wave estimates. We see that (i) gravitational waves are generated by accelerating sources
of matter (entirely analogous to how waves are produced in electromagnetism), (ii) the
radiation falls off, to leading order, as 1/R and (iii) gravitational waves are quadrupolar.
This result is true in the full non-linear theory; monopole and dipole radiation are absent
in general relativity. The lack of monopole radiation turns out to be a consequence of
Birkhoff’s theorem (Jebsen, 1921; Birkhoff and Langer, 1923), that any spherically sym-
metric spacetime must be static and asymptotically flat. Dipole radiation does not exist

because there are no opposite charges in gravity.
One can show that the gravitational-wave luminosity is (Einstein, 1918)
1 i
Low = 5<8§Ql-j(t —1)0PQY(t — ) (2.113)

This characterises how gravitational waves carry energy away from the source. It was the
Hulse-Taylor binary that enabled a first observational test for this result by studying the
binary’s orbital decay (see Fig. 1.2; Hulse and Taylor, 1975).



CHAPTER 3

Gravitational waves from accreting neutron stars

In this chapter, we shall consider the question of whether gravitational waves are expected
to play a meaningful role in the dynamics of accreting neutron stars. This was the sub-
ject of Gittins and Andersson (2019), which we follow in this chapter. In particular, we
investigate whether an additional component is needed in order to explain the spin evolu-
tion of accreting neutron stars. We consider gravitational-wave emission as the source of
such a component and explore what may be the dominant gravitational-wave production

mechanism.

To begin with, in Sec. 3.1, we provide a brief overview of accreting neutron stars and
the puzzle observing their spins has presented. In Sec. 3.2, we introduce the basic theory
regarding accretion in low-mass X-ray binaries and discuss how transient accretion can
affect the spin evolution of accreting neutron stars. In Sec. 3.3, we provide a brief review
of gravitational radiation in these systems and the different mechanisms that can give
rise to such emission. We describe our model for the spin evolution of accreting neutron
stars in Sec. 3.4. In Sec. 3.5, we summarise the results of our neutron-star population
simulations, that include the different gravitational-wave-production mechanisms. Finally,

we summarise and suggest future work in Sec. 3.6.
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3.1 Accreting neutron stars

A promising subset of rotating neutron stars in the context of gravitational-wave searches
are the accreting neutron stars (Papaloizou and Pringle, 1978; Wagoner, 1984). The
reason for this is quite intuitive. In order for a star to emit gravitational radiation, it
must be deformed. Suppose a star is accreting from a companion. As the accreted matter
gets close to the star, it begins to follow the magnetic-field lines. Provided the magnetic
poles of the star are misaligned with respect to its axis of rotation, then the star quite
naturally develops a mass asymmetry as matter piles up around the poles. This picture
is overly simplified, since there are many aspects to this that we do not fully understand.

Nevertheless, there is a strong case to study these systems more.

The classical picture for the evolution of rapidly spinning neutron stars begins with a
neutron star accreting gas via a circumstellar accretion disc from their companion in a
low-mass X-ray binary (Alpar et al., 1982; Radhakrishnan and Srinivasan, 1982). This
process causes the neutron star to spin up and, eventually, the neutron star accretes all
the gas from its companion such that all that is left of the binary is a radio millisecond
pulsar. This scenario should, in theory, have no difficulty in spinning neutron stars up to
their centrifugal break-up frequency (Cook et al., 1994), which is generally above ~ 1kHz
for most equations of state (Lattimer and Prakash, 2007). However, the fastest-spinning
pulsar that has been observed to date is PSR J1748-2446ad, which spins at 716 Hz (Hessels
et al., 2006); well below the limit set by the break-up frequency. In fact, the distribution
of spins for both low-mass X-ray binaries and radio millisecond pulsars has been shown to
have a statistically significant cut-off at 730 Hz (Chakrabarty et al., 2003; Patruno, 2010).

Accreting millisecond X-ray pulsars are a sub-class of low-mass X-ray binaries that have
been spun up to millisecond periods through accretion [see Patruno and Watts (2021) for a

L and

review on these systems|. They are characterised by accretion rates > 10~ Mg yr~
comparatively weak magnetic fields (~ 108 G). Another important sub-class of low-mass
X-ray binaries are the nuclear-powered X-ray pulsars. These pulsars show short-lived burst
oscillations during thermonuclear burning on their surfaces and are distinct from accreting
millisecond X-ray pulsars due to being powered by nuclear burning rather than accretion.
Nineteen accreting millisecond X-ray pulsars and eleven nuclear-powered X-ray pulsars

have been observed to date.

Haskell et al. (2018) showed that the observed rotation rate limit of neutron stars does
not correspond to centrifugal break-up and argued that additional spin-down torques are
required to explain this effect. It is unclear what physical process prevents these neut-
ron stars from spinning up to sub-millisecond periods. One candidate is the interaction
between the magnetic field and the accretion disc (Ghosh and Lamb, 1978; White and
Zhang, 1997; Andersson et al., 2005). Patruno et al. (2012) demonstrated that a magnetic-
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field strength at the magnetosphere of ~ 108 G could be enough to explain the deficiency
in accreting neutron stars above ~ 700 Hz. More recently, it has been shown that transi-
ent accretion can have a significant impact on the spin evolution of an accreting neutron
star (Bhattacharyya and Chakrabarty, 2017; D’Angelo, 2017). In fact, Bhattacharyya
and Chakrabarty (2017) noted that in the case of transient accretion, a magnetosphere of
~ 108 G would no longer be sufficient to explain the spin limit. It was suggested by Bild-
sten (1998) and Andersson et al. (1999) that one would observe a spin-frequency limit to
accreting neutron stars if they were emitting gravitational waves, thus, providing a torque

to balance the accretion torques (Papaloizou and Pringle, 1978; Wagoner, 1984).

3.2 Accretion in low-mass X-ray binaries

In a low-mass X-ray binary, the companion star has overfilled its Roche lobe and is donat-
ing matter to the neutron star through the inner Lagrange point. Given this donated gas
has some large specific angular momentum, it cannot be transferred directly to the surface
of the neutron star and instead forms a circumstellar accretion disc around it. The gas
from the accretion disc is channelled onto the magnetic poles of the neutron star along
the magnetic-field lines. This channelling occurs at what is known as the magnetospheric
radius, ry, which is the characteristic radius where the magnetic field dominates inter-
actions. At this boundary the magnetic field can, in turn, be distorted by the accreting
gas. This coupling, between the field lines and the disc, results in a torque acting on the

star that can spin it up or down depending on the relative difference between r,, and the

GM 1/3
Te = <Q2> , (3.1)

which is the location of a Keplerian disc that rotates with the same frequency of the

co-rotation radius,

neutron star, where ) = 27 = 27/ P is its angular frequency, v is the spin frequency' and
P is the spin period. If ry, < r¢, the neutron star spins slower than the accretion disc and
so the gas that is channelled onto the neutron star has greater specific angular momentum
than it, thus, acting to spin it up. Conversely, if r, > 7., the neutron star spins faster

than the disc, which spins it down.

The magnetospheric radius is a somewhat poorly understood quantity. It is generally
defined as the point where the kinetic energy of in-falling gas becomes comparable to the
magnetic energy of the magnetosphere. For the straightforward case where the gas is

radially accreted onto the neutron star, one can calculate the Alfvén radius, r,, from:

B(ry)?
8t

SPrA)ra)? = (32)

where p(ra), v(ra) and B(ry) are the gas density, gas speed and magnetic-field strength,

!We re-emphasise that this is distinct from the metric potential v.
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respectively, at r5. This calculation gives the standard expression for the magnetospheric
radius (Pringle and Rees, 1972):

M4 1/7
. 3.3
A <2GMM2> (3:3)

where . = BR? is the magnetic moment of the neutron star? and M is the mass-accretion
rate from the disc to the neutron-star surface. This picture becomes more complicated
when considering accretion from a circumstellar disc. A phenomenological factor & of
order unity is introduced to correct for the non-spherical geometry of the problem and
also account for the extended transition region between where mass is accreted onto the

star and where mass is ejected in an outflow. This gives the magnetospheric radius as

1l 1/7
m — - = . 3.4
Tm = &ra §<2GMM2) (3.4)

Typically, ¢ is assumed to fall in the range 0.5 — 1.4 (Wang, 1996). This correction
demonstrates that 7y, is sensitive to the coupling between the field lines and the accretion

disc that plays a key role in understanding the magnetospheric radius.

3.2.1 Accretion-torque models

The spin evolution of a neutron star is dictated by the torques acting upon the star. By
measuring the time derivative of the spin period, P, (or, equivalently, the time derivative
of the angular frequency, Q) one can gain insight into the physics of accretion processes,
as well as other aspects such as magnetic-field strengths and gravitational-wave emission.
The variation in spin is related to the torque exerted onto the neutron star by the standard

expression ‘
27l,, P
P2

where I, is the principal stellar moment of inertia about the rotation axis.

N=1I1.0=- (3.5)

For a neutron star accreting from an accretion disc truncated at the magnetospheric trans-

ition, with r, < r¢, the standard spin-up torque is
Nace = Mr2Qx (rm) = MA/GMry, (3.6)

where Qx () is the Keplerian angular frequency at ry,. For ry, > r., the coupling between
the magnetosphere and the accretion disc becomes important as the magnetic-field lines
are threaded through the disc, so extra torques due to magnetic stresses come into play.

Ghosh and Lamb (1979) developed an accretion model based on detailed calculations of

It should be re-emphasised that this is separate from the chemical potential .
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this coupling. The torque from this model predicts

P T (REL L (R I ()
’ 1.4 Mg 10% g cm? 1030 G cm?

) 3/77 2
P M .
) (oot | | sy

where n(ws) is the dimensionless torque that accounts for the magnetic field-accretion disc

(3.7)

coupling and is a function of the fastness parameter ws. The fastness parameter is defined
as the ratio of the neutron-star spin frequency to the Keplerian orbital frequency at the

magnetospheric boundary,

Y ~ 3.1 M _5/7( 1 )6/7
Y= Qk(rm) 1.4 My 1030 G cm?

£ o 3/7 -1 (3.8)
s 1079 Mg yr—1

The sign of n(ws) depends on whether the neutron star accretes the gas and spins up (the

‘slow rotator’ regime, wy < 1) or ejects the gas and spins down (the ‘fast rotator’ regime,
ws > 1; Wang, 1995). It is interesting to note that a neutron star can still be spun down at
long spin periods (P > 1s) as the magnetic field can be strong enough to mean it would

still be classified as a fast rotator.

Ho et al. (2014) introduced a simple approximation to the Ghosh and Lamb (1979) model
by considering angular momentum changes on the neutron star. Matter accreting at the

magnetosphere, r,, has specific angular momentum
lace = 12Ok (rm), (3.9)

where the sign of [,.. depends on whether there is prograde rotation between the accretion
disc and the neutron star (I, > 0) or retrograde rotation (l,.c < 0). Prograde rotation
will be assumed here. What must also be accounted for is matter that is ejected from the

neutron star, that will carry specific angular momentum
Ly =120 (3.10)

Both of these effects produce a torque on the neutron star. The net torque is obtained by

summing these contributions:
N = M(lyee — l) = Mr2 Qg (rn) (1 — wy). (3.11)

In this relation, one can see the standard spin-up torque due to disc accretion (3.6) that is
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corrected by the fastness parameter to account for interactions spinning down the neutron
star. (This model phenomenologically accounts for effects such as accretion disc-magnetic
field coupling and outflows.) This expression can be related to the change in spin period

using (3.5) to obtain

. Mo\3T I -1 i 27
Pa-81x1075 /2 2 22 ( )
8110 &\ Ta 10% g cm? 10%0 G cm®

. 3/77 2
Py M (1—w) syr!
1s) \ 10790, yr T SRR

It is clear from (3.12) that the fastness parameter dictates whether the neutron star spins

(3.12)

up or down.

A commonly considered aspect of a neutron star’s spin evolution is the spin equilibrium.
This occurs when the spin rate is gradually adjusted until the net torque on the star
is approximately zero and the accretion flow is truncated at the magnetospheric radius,
rm ~ r.. When a neutron star reaches spin equilibrium, it is straightforward to estimate
its magnetic field, assuming that the accretion rate and spin are known. One can estimate

the spin-equilibrium period, Py, from (3.12) by setting P =0, when wy = 1:

/ M —5/7 [ 6/7 M -3/7
Py ~828&2 [ —— ( ) 1
eq 8 g <14 M@) 1026 G cm3 10—11 M@ yI'_l ms, (3 3)

where we have scaled the period to characteristic accreting millisecond X-ray pulsar val-

ues. Here, we see that, provided fast accretion rates and small magnetic-field strengths
(therefore, negligible magnetic-dipole spin-down), it should not be difficult for (at least

some) accreting neutron stars to reach sub-millisecond periods.

The magnetic-field lines rotate with the neutron star. This produces magnetic-dipole
radiation which causes the neutron star to spin down. The torque due to this is well

approximated by (see, e.g., D’Angelo, 2017)

(3.14)

The change in spin due to magnetic-dipole radiation is

~1 -1
Pay A~ 3.1 %1078 a ’ Lz LY gt (3.15)
EM 7= 1030 G cm3 10% g cm? 1s e ’

The vast majority of pulsars are isolated and their spin evolution can be generally described

by magnetic-dipole radiation. However, in the case of rapidly accreting neutron stars this

effect can be essentially negligible. There are more accurate numerical models one can use
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to describe these torques (e.g., see Spitkovsky, 2006).

3.2.2 Transient accretion

Up until now, the accretion rate has been implicitly assumed to be steady. However,
many low-mass X-ray binaries exhibit long periods of quiescence, that can be of the order
of months to years, and short transient outbursts, that can last from days to weeks. These
outbursts are believed to be caused by instabilities in the accretion disc and occur when
the mass-accretion rate rises above a certain threshold (see, e.g., Lasota, 1997). As the
companion star donates a steady flow of gas to the accretion disc, the disc gets larger and
eventually reaches a critical mass to trigger an instability. This causes the accretion rate
from the disc to the surface of the neutron star to increase by several orders of magnitude,
giving rise to a transient outburst. Once the accretion disc has donated a sufficient amount
of gas, the system returns to a quiescent state until a new outburst occurs when the disc
has accumulated enough mass from the companion and the cycle repeats (Done et al.,
2007).

D’Angelo (2017) and Bhattacharyya and Chakrabarty (2017) have shown that transient
accretion with a varying accretion rate has a significant impact on the spin evolution
of a neutron star. Both found that for a given long-term average accretion rate, these
transients can spin up neutron stars to rates several times higher than that of persistent
accretors, however, it takes approximately an order of magnitude longer to reach these
spin-equilibrium periods. This demonstrates that for transient systems, like most low-
mass X-ray binaries, it is not accurate to assume a time-averaged accretion rate but
instead one must consider the outburst/quiescence phases. D’Angelo (2017) noted that
the two key changes when considering transient accretion are: (i) the torque over an
outburst is significantly smaller than for the persistent case at a given accretion rate and
(ii) the equilibrium accretion rate is shifted to a lower value. This has the combined effect
to increase the time it takes for a transient source to reach spin equilibrium and decrease

its spin-equilibrium period.

D’Angelo (2017) and Bhattacharyya and Chakrabarty (2017) found that the spin-
equilibrium period and time to reach spin equilibrium are sensitive to the features of
the accretion profile. They found that by increasing the duration of an outburst by a

factor of 10 the spin-equilibrium period can decrease by up to a factor of 2.

For her analysis, D’Angelo (2017) used a fast-rise, exponential-decay function to model the

accretion profile [whereas Bhattacharyya and Chakrabarty (2017) used a simple sawtooth

7(#) = exp <\/Z> exp (=57 = g ) + Fon (3.16)

where t denotes the time from the beginning of the outburst, F} is an approximate measure

function]:
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of the duration of the outburst and fi;, is the minimum. It should be noted that this
function models a single outburst/quiescence cycle, so in order to model multiple cycles
one repeats this after a given recurrence time, Tiecurrence- 1ime has arbitrary units in this

model. The ratio of the maximum to the minimum is

Jwax 1 exp (ﬂ—z) + 1. (3.17)

f min B f min vV E t

This accretion profile requires two normalisations. The first normalisation chooses fiax/ fmin
to obtain fy, for a fixed Fy using (3.17). The second normalisation is to demand that
(f(t)) = 1. This normalisation depends on Tiecurrence and results in fi, no longer corres-
ponding precisely to the minimum value. These normalisations allow one to choose the
magnitude of the accretion outburst, with respect to the quiescent accretion rate, and also
mean that one can simply choose an average accretion rate over one cycle by multiplying

(3.16) by the chosen average. Thus, the time-dependent accretion rate is given by
M(t) = (M) f(1), (3.18)

where f(t) has been appropriately normalised. The canonical profile used by D’Angelo
(2017) had Fy = 10, fiax/ fumin = 693.97 and Tiecurrence = 100 and is shown in Fig. 3.1.
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Figure 3.1: Accretion outburst profile, f(¢), as a function of time, ¢, where F; = 10,
fmax/ fmin = 693.97 and Tiecurrence = 100. The accretion rate and time have arbitrary
units. [Recreated from D’Angelo (2017).]
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3.3 Gravitational radiation from a rotating star

In order for a spinning neutron star to emit gravitational radiation, it must host a non-
axisymmetric mass deformation. This is made obvious through the quadrupole-moment
tensor, given by (2.65) in the Newtonian limit. The quadrupole moment is particularly

relevant for calculating the gravitational-wave strain of a given source.

Indeed, it turns out that the dominant multipole moment for gravitational-wave emission
is the (¢, m) = (2,2) moment, (22, which is defined by (2.78). A rotating source with
a quadrupole moment will radiate gravitational waves at a frequency that is double its
rotation frequency. Gravitational waves carry energy and angular momentum away from
the source. The gravitational-wave luminosity is given by (2.113), thus, the torque that

spins down the star is

New = ——3~ = —0*5572(3?@@';'3?@”), (3.19)
One can show that a uniformly spinning star has
s 2567
(07Qiy0;Q7) = = —~2°Q3,, (3.20)
which gives
256m GQ°Q3
New = _?Tzz. (3:21)

Equation (3.21) describes the rate at which the deformed star loses angular momentum

due to a quadrupole deformation.

In addition to the quadrupole moment, it is fashionable to consider the fiducial ellipticity,
which is defined as (Owen, 2005)

8T Qa2
15 1,,°

where the principal stellar moment of inertia is taken to have the fiducial value of I,, =

€=

(3.22)

104 gcm?. It should be noted that this fiducial principal moment of inertia can be different
to the star’s actual principal moment of inertia by a factor of a few. This parameter is

often reported in observational papers.

The braking torque due to gravitational waves (3.21) corresponds to a spin-down rate of

. T -1 2 P -3
PGWz1.4><10_19< 2 ) ( (o2 ) <> syr~ L. (3.23)

10% g cm? 1037 g cm? 1s

In order to estimate how strong a quadrupole is needed in order to considerably influence

the spin evolution of the neutron star, it is useful to balance (3.21) with the accretion-
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magnetosphere torque from (3.11). This leads to

. 3/7
Qa2 ~ 4.2 x 107 ¢1/4 M e (L)lﬁ M /
2 1.4 Mg, 1030 G cm?® 1079 Mg yr—1 (3.24)

~5/2
X < / ) (1 —ws) gem?.

500 Hz

For a typical accreting millisecond X-ray pulsar with B ~ 108 G and M~10"H1 Mo yr—t,

this gives a quadrupole moment of Q23 ~ 1036 g cm? in order to achieve spin equilibrium at
f ~ 500 Hz. One can express a mass quadrupole in terms of the fiducial ellipticity (3.22).
Therefore, in order to balance the accretion torque with gravitational-wave spin-down,
one requires € ~ 107, This is far smaller than the maximum deformation a neutron-
star crust can sustain for most reasonable equations of state (see Chaps. 4 and 5). A
recent population-based analysis has suggested that € ~ 1079 is the minimum ellipticity

of millisecond pulsars (Woan et al., 2018).

An outstanding problem in understanding rapidly spinning accreting neutron stars is their
peculiar spin distribution (see Fig. 3.2). It is this unusual shape and, in particular, the
sharp cut-off at ~ 600 Hz that has motivated the search for gravitational waves from
these systems. This is an appealing explanation since the braking torque due to gravita-
tional waves scales as the fifth power of the spin frequency for deformed, rotating neutron
stars [see (3.21)]. Patruno et al. (2017) have shown that among accreting millisecond X-
ray pulsars and nuclear-powered X-ray pulsars, there appear to be two sub-populations.
One sub-population is at a relatively low spin-frequency, with a mean spin of ~ 300 Hz.
The second sub-population has a higher peak and a mean of ~ 575 Hz. This faster sub-
population has a very narrow range and is composed of a mixture of accreting millisecond
X-ray pulsars and nuclear-powered X-ray pulsars. The two sub-populations are separated
by a transition region around =~ 540 Hz. Patruno et al. (2017) argued that, when consid-
ering various accretion torque models, no model naturally explains the presence of a fast
sub-population and postulated that, whatever mechanism that causes this clustering, it
must set in quickly — as soon as the pulsars reach a certain spin threshold. It was noted
by Patruno et al. (2017) that this is a subtly different problem to the one of accreting
neutron stars not spinning close to their break-up frequency. These two problems make
gravitational waves a promising avenue to explore. Gravitational waves can help justify
the transition region between the two sub-populations and provide a physical meaning
to it (the region in which gravitational-wave emission starts to become significant), and
naturally explain the cut-off at ~ 600 Hz. [See Hessels (2008) and Papitto et al. (2014) for

additional work on the spin-frequency distribution of millisecond pulsars.|

There are a number of different ways a mass asymmetry could arise in an accreting neutron

star. Bildsten (1998) originally proposed that interior temperature asymmetries misaligned
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Figure 3.2: Distribution of spin frequencies for accreting neutron stars with millisecond
periods. The accreting neutron-star population comprises accreting millisecond X-ray
pulsars (blue) and nuclear-powered X-ray pulsars (orange).

with respect to the spin-axis of the neutron star could produce a significant quadrupole
through temperature-sensitive electron captures. Hotter regions of the crust would have
electron captures at lower pressures and so the density drop would occur at higher alti-
tudes in the hotter parts of the crust. This is known as a thermal mountain (Bildsten,
1998; Ushomirsky et al., 2000; Melatos and Payne, 2005; Haskell et al., 2006; Payne and
Melatos, 2006). Another mechanism through which mass quadrupoles can be built are
through mountains sustained by magnetic stresses, called magnetic mountains (Cutler,
2002; Haskell et al., 2008). These can occur when a neutron star has a sufficiently large
toroidal or poloidal magnetic field that will act to distort the neutron star into an oblate or
prolate shape and will naturally produce a quadrupole if the spin- and magnetic-axes are
misaligned. A third way through which gravitational waves can arise is through internal
r-mode instabilities (Andersson, 1998; Andersson et al., 1999; Levin, 1999; Andersson
et al., 2000, 2002b; Heyl, 2002; Wagoner, 2002; Nayyar and Owen, 2006; Bondarescu
et al., 2007). In a perfect fluid, these modes are unstable for all rates of rotation due to

gravitational-wave emission.

We explored whether gravitational waves could explain the observed distribution and, if
so, whether there is a preference for any of the gravitational-wave-production mechanisms.
For our analysis, we did not consider mountains solely created by the magnetic field, nor
did we consider magnetic mountains built through accretion. For these cases, the magnetic
fields are not strong enough to sustain sufficiently large mountains for the spin evolution
of these systems to be noticeably affected (see Haskell et al., 2008; Priymak et al., 2011;
Haskell and Patruno, 2017).
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3.4 Spin-evolution model

We constructed a model for the spin evolution of an accreting neutron star. We incorpor-
ated the accretion-magnetosphere coupling by using the model of Ho et al. (2014) (3.12)
and included a torque due to gravitational-wave spin-down (3.23). The spin rate is a first-
order time derivative and so can be evolved numerically. Our assumed canonical values
for a low-mass X-ray binary are shown in Table 3.1. For our canonical neutron star we did
not include gravitational-wave effects. We assumed our neutron stars to be incompressible
(that is, they have a constant density), which affected the moment of inertia. For simpli-
city, we did not model the magnetic-field evolution. The time a neutron star is evolved

for is denoted as the evolution time.

Table 3.1: Canonical values for a low-mass X-ray binary.

M/ Mz R/km B /G Initial spin period /s ¢ (M) / Mgyr—' Qo / gcm?
1.4 10 108 0.1 0.5 5x 101 0

Our model can evolve both persistent and transient accretors. For transient accretors we
used a fast-rise, exponential-decay function, described in Sec. 3.2.2 by Egs. (3.16)—(3.18),
and evolved the time-averaged spin-derivative, <P(P, M )), which, for a given neutron star,
is a function of the spin and accretion rate. This average was obtained by averaging
the spin derivative over one outburst/quiescence cycle. The time-average was evolved
rather than the instantaneous spin rate, P(P, M ), to simplify the integration procedure.
Otherwise the integration procedure would have needed to take into account the full fast-
rise, exponential-decay features of the accretion profile. For persistent accretors this was
not a problem and so we could simply evolve P (P, M ). Unless specified otherwise we used
the following values for the transient accretion profile: F; = 10yr, Tiecurrence = 100 yr and
fmax/ fmin = 10%. This was chosen for simplicity and to limit the explorable parameter
space. Most of our simulations turned out to be relatively insensitive to the exact values of
these parameters. Of course, should one be interested in modelling individual systems with

this profile, then particular care would need to be taken when tuning these parameters.

Figure 3.3 shows the spin evolution of the canonical accreting neutron star with persist-
ent and transient accretion. As was found by D’Angelo (2017) and Bhattacharyya and
Chakrabarty (2017), we see that the persistently accreting neutron star initially spins up
faster and reaches a final spin of ¥ = 678 Hz. The transient system spins up slower but
obtains a faster final spin of ¥ = 1055 Hz. However, neither of the systems were evolved
long enough to reach spin equilibrium. The upper limit of 10'° yr for the evolution time

was chosen since no system can evolve for longer than the age of the Universe.
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Figure 3.3: The spin evolution of the canonical accreting neutron star with persistent
accretion (blue solid line) and transient accretion (orange dashed line) with initial values
from Table 3.1. The persistent accretor initially spins up faster than the transient accretor.
However, towards the end of its evolution the persistent accretor begins to slow down and
the transient accretor overtakes and reaches a faster final spin.

3.5 Simulated populations

In order to obtain a distribution of spins with which to compare to the observed distribu-
tion, we used a Monte Carlo population-synthesis method to draw the initial parameters
from a given set of distributions and evolve each neutron star [see Possenti et al. (1998)
for another neutron-star population-synthesis study|. Each neutron star was assigned a
mass M, radius R, magnetic-field strength B, initial spin period, average accretion rate
M, mass-quadrupole moment Q9 and evolution time. We evolved 1000 neutron stars in

each simulation.

Table 3.2: Initial values and evolution parameters for population synthesis.

Parameter Distribution Values
M ) Mg Single-value 1.4
R / km Single-value 10
log,o(B/G) Gaussian uw=280,0=0.1
Initial spin period / s Flat 0.01 — 0.1
13 Single-value 0.5
log,o((M) | Mg yr—1) Gaussian pu=—11.0+1og;((5), 0 =0.1
Q22 / gcm? Single-value 0

Evolution time / yr Flat-in-the-log 109 — 10'°

The first simulations were evolved using the distributions shown in Table 3.2. We fixed
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the masses and radii at 1.4 Mg and 10km, respectively, to match the canonical values
for neutron stars. Typically, accreting millisecond X-ray pulsars are measured to have
magnetic fields of ~ 10% G and so the field strength was taken from a log-Gaussian distri-
bution with mean p = 8.0 and standard deviation ¢ = 0.1. The initial spin period was
drawn from a flat distribution between 0.01 — 0.1s, which our simulations turned out to
be relatively insensitive to. The correction factor £ was chosen to be 0.5. The average
accretion rate was motivated by observations of low-mass X-ray binaries and was given
by a log-Gaussian with g = —11.0 + log;((5) and o = 0.1. For the initial simulations we
assumed there was no gravitational-wave component. We found that for evolution times
much less than 10” yr, the neutron stars would not have enough time to spin up to frequen-
cies above 100 Hz and so the evolution time was taken from a flat-in-the-log distribution
between 10 —10'° yr. The distribution was chosen to be flat-in-the-log in order for it to be
scale-invariant (as was used by Possenti et al., 1998), thus, parametrising our uncertainty

in the value of the evolution time.
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Figure 3.4: Distributions of spin frequencies for simulated persistently accreting neutron
stars (left panel) and transiently accreting neutron stars (right panel) with initial distri-
butions from Table 3.2.

The resultant spin-frequency distributions for persistent and transient accretors are shown
in Fig. 3.4. One can see for this simple case that for both persistent and transient accretion,
we do indeed obtain neutron stars that spin in excess of 1 kHz. More generally, we observe
that we get many neutron stars that spin faster than the observed spin-frequency limit
of ~ 600 Hz and, as one might expect, we find more high-frequency neutron stars for the
transient case. This is because transient accretion enables these stars to spin to higher
frequencies than with persistent accretion, provided they evolve for long enough. For both
simulations, we have not obtained the characteristic behaviour of the observed distribution

since there is no evidence for a pile-up of neutron stars at high frequencies.

In order to quantify how different our simulated populations are to the observed popula-

tion, we applied a Kolmogorov-Smirnov test to the distributions. This test allows one to
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compare two distributions by testing the null hypothesis that the two distributions are the
same. We chose a significance level of 0.10 for this work, which meant that should we have
found p-values less than this value we could reject the null hypothesis with 90% certainty
for that case.® For the persistent accretors, we obtained a p-value of p = 7.7 x 1072 and
for the transient accretors, we obtained p = 9.9 x 10~%. This meant that we could reject
the null hypothesis at the 10% significance level that the observed distribution is drawn

from the persistent population or the transient population.

We explored the effect that magnetic-dipole radiation (3.15) has on transient accretors
using the initial distributions in Table 3.2. The results are displayed in Fig. 3.5. The
inclusion of this additional torque stops many of the systems from spinning up to sub-
millisecond periods. We obtain p = 0.20 so we cannot rule out the null hypothesis with
any statistical certainty. However, in regards to the shape of the distribution, we do not
obtain a sharp peak at the observed spin-frequency limit. Instead, we find a broad peak
in the range 200 — 600 Hz.
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Figure 3.5: Distribution of spin frequencies for simulated transiently accreting neutron
stars with initial distributions from Table 3.2 including the magnetic-dipole torque.

This demonstrates that a simple model for accretion is not sufficient to explain the obser-
vations of accreting neutron stars and also suggests that the inclusion of magnetic-dipole
torques does not resolve this tension either. Therefore, an additional component needs to

be included into the model.

*Note that p-values should not be confused with the isotropic fluid pressure p.
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3.5.1 Including gravitational-wave torques

We explored whether including a gravitational-wave component to the spin evolution of
accreting neutron stars could give us the observed spin distribution. Motivated by the
necessary quadrupole in order to achieve torque balance (3.24), we repeated the same
simulations but with a fixed Q22 = 103% gem? for all neutron stars. (Physically, this
can be interpreted as a permanent crustal mountain.) Figure 3.6 shows the final-spin
distributions for these simulations. This quadrupole has notably stopped the neutron
stars from spinning up to sub-millisecond periods and has resulted in a pile-up centred
on the 500 — 550 Hz bin for the persistent accretors and at 550 — 600 Hz for the transient
accretors. This has appeared since the gravitational-wave torque imposes a spin-frequency
limit on the neutron stars. The peak for transient accretors is promising as this is where
the peak lies for the spin distribution that we observe (cf. Fig. 3.2). Interestingly, there is
also a broader peak at lower frequencies. We found that ~ 19% of persistently accreting
neutron stars and ~ 14% of transiently accreting neutron stars reached spin equilibrium by
the end of the simulation. The systems that had reached spin equilibrium were clustered
around the high-frequency peaks. We obtained p = 0.19 and p = 0.80 for the persistent
and transient cases, respectively, and, therefore, were unable to reject the null hypothesis

for both populations.
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Figure 3.6: Distributions of spin frequencies for simulated persistently accreting neutron
stars (left panel) and transiently accreting neutron stars (right panel) with initial distri-
butions from Table 3.2 and a fixed quadrupole of Q23 = 1036 gcm?.

We considered how magnetic-dipole radiation affects this picture for systems undergo-
ing transient accretion. We used the same quadrupole and obtained the results shown
in Fig. 3.7. Interestingly, this distribution is qualitatively similar to the results without
magnetic-dipole torques (right panel of Fig. 3.6). We recover a pronounced peak at higher
frequencies 500 — 550 Hz, which by comparison has shifted down by 50 Hz. Since the fea-
tures of the distribution remain the same we argue that one could obtain a distribution

with a peak that matches the observed distribution through slight adjustment of the initial
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values, e.g., the quadrupole. Such an adjustment would be justifiable since there is signi-
ficant uncertainty in many of these parameters. We could not reject the null hypothesis

for these results with p = 0.39.
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Figure 3.7: Distribution of spin frequencies for simulated transiently accreting neutron
stars with initial distributions from Table 3.2 with a fixed quadrupole of Q23 = 1036 g cm?
and including the magnetic-dipole torque.

For accreting neutron-star systems the magnetic-dipole torque is expected to be negligible
during outbursts, but it could play an important role during the quiescent phases. We
explored a range of outburst durations, Fy distributed uniformly between 1 — 100yr, to
assess the impact this made on the resultant spin distribution (Fig. 3.8). For this wide
range of outburst lengths we find a broad peak between 450 — 600 Hz. This contrasts the

narrow peak in Fig. 3.2. In this case, we obtain a p-value of p = 0.38.

We investigated how sensitive the simulated populations were on the distribution of the
evolution time. We ran a simulation with the same quadrupole and the evolution time
distributed flat between 10® — 10'°yr for transient accretors. This was motivated by
assuming that neutron stars are born at a uniform rate, which is intuitively what one might
expect, and that there are no selection effects to suggest that we are more likely to observe
younger systems. The resultant spin-distribution is shown in Fig. 3.9. As was observed
in the case when the time was distributed flat-in-the-log, there exists a pronounced peak
towards the higher spin-frequencies. However, there are far fewer systems spinning at
frequencies below this peak. For this simulation we obtained a p-value of p = 1.2 x 1072
and, thus, could reject the null hypothesis. This distribution does not match what we

observe.
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Figure 3.8: Distribution of spin frequencies for simulated transiently accreting neutron
stars with initial distributions from Table 3.2 with a fixed quadrupole of Q2 = 1036 g cm?,
including the magnetic-dipole torque and Fi distributed flat between 1 — 100 yr.

3.5.2 Thermal mountains

One of the most promising avenues for producing a mass quadrupole on a fast-spinning,
accreting neutron star is through thermal mountains built during accretion phases through
asymmetries in pycnonuclear reaction rates (Haskell and Patruno, 2017). As a neutron
star accretes matter composed of light elements, the matter becomes buried by accretion
and is then compressed to higher densities. This causes the matter to undergo nuclear
reactions such as electron captures, neutron emission and pycnonuclear reactions (Haensel
and Zdunik, 1990). If the accretion flow is asymmetric, this can cause asymmetries in
density and heating that can produce a quadrupole moment. The quadrupole moment
due to asymmetric crustal heating from nuclear reactions is approximated by (Ushomirsky
et al., 2000)

R \*/ oT By \°
~ 1.3 x 1037 d : 2 2
@z~ 13x10 (10km> (107K> <3OMeV gem (3:25)

where 07 is the quadrupolar temperature increase due to the nuclear reactions and Ey,
is the threshold energy for the reactions to occur. The value 07, will be a fraction of the
total heating (Ushomirsky and Rutledge, 2001)

¢\ pa Q AM
T~2x10° [ — K 2
0 <10 <kB> <1030dyncm—2> (1MeV> (10—9M@) ’ (3:26)
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Figure 3.9: Distribution of spin frequencies for simulated transiently accreting neutron
stars with initial distributions from Table 3.2 with a fixed quadrupole of Qo9 = 1036 gcm?
and an evolution time distributed flat between 10® — 10 yr.

where kg is the Boltzmann constant, C is the heat capacity per baryon, pq is the pressure at
which the reaction occurs, () is the heat released locally due the reactions and AM is the
accreted mass. Some of this heating will be converted into the quadrupolar temperature
increase, however, it is unclear quite how much will be converted. Ushomirsky et al. (2000)

estimate that 07, /6T < 0.1, but in reality this ratio is poorly understood.

These thermal mountains are built during accretion outbursts. During quiescence phases,

the deformations are washed away on a thermal timescale (Brown et al., 1998)

P 3/4
~02 (—4——— . 3.27

Tt ( 1039 dyn cm—2 ) v (3:27)
If the system is in quiescence for longer than this timescale then the thermal mountain

will be washed away and a new mountain will be built during the next outburst.

We implemented the expression for a quadrupole moment due to these reactions from
(3.25) and assumed the following values for our neutron stars [as estimated by Haskell
and Patruno (2017) for the pulsar J1023+0038]: C ~ 10 %kp, Ey = 30MeV, pq =
103 ergem ™ and Q = 0.5MeV. This meant that the quadrupole due to these reactions
was dependent only on the accreted mass AM and the fraction 67, /07T. For this mechan-
ism, we only considered transient accretion since in persistent accretion these mountains

will not wash away, but instead will get progressively larger until the crust can no longer
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sustain them. This is effectively modelled through a fixed quadrupole that represents the

largest mountain that can be built.

In our model, we calculated AM by numerically integrating the accretion profile from
the beginning of the outburst up to Fi. Our quiescence phases were long enough for the
mountain to wash away during them. Unlike for our other prescriptions, we found that
for thermal mountains, the specific values that parametrise the outburst features were
very important in dictating the final-spin distribution. Based on observations of X-ray
transients, we chose Fy = 0.1yr, Tiecurrence = 2.0yr and fiax/ fmin = 10%. We simulated
neutron stars that built thermal mountains with §7,/6T = 4 x 10~%. The left panel of
Fig. 3.10 shows the resultant distribution of final spins. We can see qualitatively that
this distribution has similar features to the fixed quadrupole case (see the right panel of
Fig. 3.6). Another promising aspect of the final-spin distribution is the prominence of the
high-frequency peak. Like what is observed, this peak is narrow and much larger than the

values in other frequency bins. We found a p-value of p = 0.60 for this distribution.

The only constraint on the ratio of quadrupolar to total heating comes from the non-
detection of X-ray emission of quadrupolar flux perturbations during quiescence phases in
low-mass X-ray binaries, which gives 07,/0T < 0.1 (Ushomirsky et al., 2000). Currently,
there is no reason to believe that this fraction should be constant for all neutron stars. To
account for our uncertainty in this fraction, we distributed d7;,/6T" flat-in-the-log between
10~% — 1072, The result of this simulation is shown in the right panel of Fig. 3.10. The
distribution peaks at low frequencies and then falls off towards higher frequencies. We
obtained p = 7.0 x 1072 for this case which meant that we could reject the null hypo-
thesis. This shows how this prescription favours §7, /0T being a fixed value. Seeking a
physical explanation for this preference of §T;, /0T being a fixed value as opposed to being
distributed is beyond the scope of this study and has been left for future work.

3.5.3 Unstable r-modes

An r-mode is a fluid mode of oscillation for which the restoring force is the Coriolis force.
Andersson (1998) demonstrated that gravitational radiation destabilises the r-modes of
rotating stars. These modes are generically unstable to gravitational-wave emission (Fried-
man and Morsink, 1998) due to the Chandrasekhar-Friedman-Schutz instability, that fa-
cilitates the star finding lower energy and angular momentum configurations that allow
the mode amplitude to grow (Chandrasekhar, 1970; Friedman and Schutz, 1978b).

The r-mode instability has long been considered a potential mechanism for imposing a
spin limit on neutron stars in low-mass X-ray binaries (Andersson et al., 1999). The
typical picture involves a neutron star being spun up through accretion until it enters the
r-mode instability window. This instability region depends primarily on the spin of the

neutron star and its core temperature. Once a neutron star has entered this region, it
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Figure 3.10: Distributions of spin frequencies for simulated transiently accreting neutron
stars that built thermal mountains during outburst phases with initial distributions from
Table 3.2. The left panel has a fixed §7,,/0T = 4 x 10~* and the right panel has §T, /0T
distributed flat-in-the-log between 10™4 — 1072,

will emit gravitational radiation and begin to spin down until it reaches stability. This
is expected to occur on a timescale much shorter than the age of the system and should
result in most low-mass X-ray binaries being stable. However, theoretical models for the
r-mode instability demonstrate that many of the observed accreting neutron stars, in fact,
lie inside the instability window (Ho et al., 2011). This result would be consistent if the
saturation amplitude for these systems was small, & ~ 1078 — 1077, but this is at odds
with predictions that suggest that the amplitude should be several orders of magnitude
higher than this (Bondarescu et al., 2007).

Owen et al. (1998) described a phenomenological model for the evolution of r-modes and
the spin of the star. In this model the quadrupole moment for an incompressible neutron

star that is unstable due to r-modes is given by

o M R \*/pP\!
Qoo ~ 1.67 x 10% (1077) (1.4M®> <10km> (1S> gem?. (3.28)

An interesting feature of this expression is its dependence on the spin of the neutron star.

As a neutron star spins faster the quadrupole moment grows. This is different to what is
expected from mountains. In fact, -modes and mountains could be differentiated from
one another through the scaling of the associated quadrupoles as well as the frequency
of the emitted gravitational waves; for mountains the gravitational-wave frequency is 2v,

whereas for r-modes the frequency is 41//3.*

In order to simulate accreting neutron stars with unstable r-modes, we implemented (3.28)

4This frequency comes from Newtonian calculations of r-modes with £ = 2. In going to relativity, the
expectation is that there will be some low-order correction to this value.
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into our model. We assumed that the mode amplitude o remained constant for each
neutron star. We repeated the previous simulations for persistent and transient accretors
with unstable r-modes and o = 10~7. Figure 3.11 shows the final-spin distributions for
those simulations. The unstable r-modes were sufficient in both cases to give a peak at high
spin-frequencies. For the persistently accreting neutron stars, the peak was in the 500 —
550 Hz frequency bin and for the transient accretors, the peak was in the 550 — 600 Hz bin.
These distributions are similar to the case of a permanent quadrupole Qoo = 10%6 g cm?
(see Fig. 3.6). For transient accretion with unstable r-modes the peak is narrower and
more pronounced indicating that the magnitude of the gravitational-wave torque sets in
quickly. This is due to the scaling of the quadrupole in (3.28), since it depends linearly on
the spin. For the persistent case we found a p-value of p = 0.28 and for the transient case
p = 0.57.
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Figure 3.11: Distributions of spin frequencies for simulated persistently accreting neutron
stars (left panel) and transiently accreting neutron stars (right panel) with unstable r-
modes with initial distributions from Table 3.2 and o = 1077,

We also conducted a simulation where a was distributed flat-in-the-log between 10~8 —
10~%. The result is shown in Fig. 3.12. We can see, similar to the thermal mountain
distribution, that both distributions follow an exponentially decreasing behaviour. From
these distributions we found p = 1.2 x 1072 when the neutron stars were persistently
accreting and p = 1.5 x 1072 when they were transiently accreting. From these p-values we
can reject the null hypothesis and note that the unstable-r-modes prescription produces
more promising results when « is fixed, which is in agreement with current theoretical
expectations (Arras et al., 2003; Bondarescu et al., 2007).

3.6 Summary

An unresolved problem in the study of low-mass X-ray binaries is the unusual spin dis-
tribution of rapidly accreting neutron stars and, in particular, why no neutron star has

been observed to spin close to the centrifugal break-up frequency. A potential explanation
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Figure 3.12: Distributions of spin frequencies for simulated persistently accreting neutron
stars (left panel) and transiently accreting neutron stars (right panel) with unstable 7-
modes with initial distributions from Table 3.2 and « distributed flat-in-the-log between
1078 — 1074

to this problem comes from gravitational waves. Theoretically, gravitational waves could
be able to spin down these systems away from the break-up frequency. However, there
are a number of different mechanisms that could give rise to gravitational radiation and
it is unclear which are the most probable. It is also unclear whether gravitational waves
are the only way to explain the observed distribution of accreting neutron stars. For ex-
ample, it was recently suggested by Parfrey et al. (2016) that spin-down torques from an
enhanced pulsar wind due to a disc-induced opening of the magnetic field could have a
meaningful effect on the spin evolution of an accreting neutron star. Such a torque is not

phenomenologically accounted for in our method and could be a direction for future work.

In this chapter, we have explored, within the context of our current understanding of ac-
cretion torques, whether an additional component is required in order to describe the spin
evolution of accreting neutron stars. We investigated whether gravitational-wave emission
could be one such explanation and have compared competing gravitational-wave mechan-
isms. We presented our model for the spin evolution of an accreting neutron star that
accounts for accretion and magnetic-field effects, and also includes a gravitational-wave

spin-down component. Our model is able to simulate persistent and transient accretors.

In our simulations with no gravitational-wave torques we obtained neutron stars with much
higher spins than what is observed. We did not obtain any of the characteristic behaviour
of the observed spin distribution. In particular, there was no evidence of a pile-up at high
frequencies. However, by adding a permanent quadrupole moment, motivated by torque
balance, of Q22 = 1036 gcm? we obtained qualitatively similar behaviour to the observed
distribution for the transiently accreting neutron-star population. This quadrupole is

below the maximum neutron-star crusts can support, as we will see in Chaps. 4 and 5.
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We considered the impact of magnetic-dipole radiation on the results. We found that in
the case of no gravitational-wave emission one does not obtain the observed distribution.
With the inclusion of gravitational-wave emission the resultant distribution is qualitatively
similar to the case of no magnetic-dipole radiation. By varying the outburst duration with
gravitational-wave and magnetic-dipole torques we obtained a distribution with a broad

high-frequency peak.

We investigated two gravitational-wave-production prescriptions. For thermal mountains
produced by asymmetric nuclear reactions in the crust, our model was sensitive to the
precise features of the outburst profile, as well as the ratio of quadrupolar to total heating,
§T,/8T. We found that a value of 67,/6T = 4 x 1074 produced a similar distribution to
what is observed. Promisingly, this gave the characteristic pile-up at high frequencies with
a narrow, pronounced peak. We examined whether the distributions had a preference for
0T, /0T being a single value or being distributed and found strong evidence arguing that
it should be a fixed value. Accreting neutron stars with unstable r-modes and o = 1077
produced similar results to the case with a fixed quadrupole moment and the thermal
mountain prescription. This prescription favoured « being fixed as opposed to being
distributed.

The three cases that produced distributions that were qualitatively similar to the observed
spin distribution — permanent quadrupole, thermal mountains and unstable r-modes — are
almost indistinguishable from one another. Although, the r-mode-instability case could,
in theory, be differentiated from the other prescriptions. This distinction could come from
the fact that the quadrupole moment due to unstable r-modes scales linearly with the spin
frequency of the star. Another key difference comes from the frequency of the gravitational
waves that are emitted through this channel. Unstable r-modes emit gravitational waves
with a frequency of 4v/3, whereas, gravitational waves due to deformations on a neutron
star have a frequency of 2v. Therefore, a gravitational-wave detection would indicate

which mechanism is active, motivating further searches.

For the r-mode scenario, the value for the saturation amplitude that we found to agree
well with observation (o = 10~7) is many orders of magnitude below what is currently
predicted. Theory would need to explain why this is so, or why the instability window is

smaller than what is usually assumed.

We have not addressed the spin distribution of radio millisecond pulsars in this work.
Future work could explore how the low-mass X-ray binary population evolves into the
radio millisecond pulsar population and consider whether gravitational waves are relevant

in this process and can explain the observed distribution.

In our modelling of transient accretion we considered a simple fast-rise, exponential-decay
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function with a constant average accretion rate. However, in these systems it is expected
that binary evolution will play a key role in the accretion rates and result in a long-term
modulation of the accretion rate. This, of course, could have a significant effect on the

resultant spin distribution. Such long-term variations could be explored in a future study.
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CHAPTER 4

Neutron-star mountains

In Chap. 3, we explored whether gravitational waves could describe the spin evolution of
rapidly rotating neutron stars found in accreting binaries. Promisingly, we found that by
including a gravitational-wave component we could indeed recreate the spin distribution
of these systems, thus, justifying further study into the mechanisms that could give rise to
gravitational waves. In this chapter, we examine neutron-star mountains in a Newtonian
framework, following Gittins et al. (2021).

We start, in Sec. 4.1, with an introduction to static perturbations of neutron stars and
a review of prior efforts on estimating the maximum mountain. We summarise previous
approaches and the important assumptions that provide the motivation for this work. In
Sec. 4.2, we consider the necessary components of a neutron-star mountain calculation. We
provide a detailed discussion on the usual method of calculating mountains and introduce
our own scheme, demonstrating the validity and equivalence of both approaches. We
detail the Newtonian perturbation formalism for our mountain scheme in Sec. 4.3 and pay
particular attention to the boundary conditions of the problem. We consider three sources
for the deformations in Sec. 4.4 and provide the maximum quadrupoles for each scenario.

In Sec. 4.5, we end with a summary and discuss future directions.
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4.1 Context

As, we have already noted, a rotating neutron star perturbed away from axial symmetry
will emit gravitational waves. A fluid is continuously deformable. However, realistic
neutron stars will have elastic crusts that are formed in the very early stages of their lives
as they begin to cool. The crust can sustain shear stresses which, by definition, do not
exist in a perfect fluid. It is the crust that sets the limit of how much a neutron star can
be stretched and strained until it breaks. For this reason, it is a physically interesting

question to ask how much can a neutron star be deformed by.

There have been a number of studies of the maximum quadrupole deformation of a neut-
ron star. The earliest of these was conducted by Ushomirsky et al. (2000), who used
the Cowling approximation in Newtonian gravity to derive an integral expression for the
quadrupole moment (we describe their approach in detail in Sec. 4.1.1). They introduced
the argument that the body will obtain its maximum mountain when the entire crust is
strained to its elastic yield point. This argument enabled them to straightforwardly find
the strain tensor that ensures that every point in the crust is maximally strained. Haskell
et al. (2006) observed that the approach of Ushomirsky et al. (2000) did not respect
the required boundary conditions at the base and top of the crust and that the Cowling
approximation could have a large impact on the results. Therefore, they presented a per-
turbation formalism that relaxed the Cowling approximation and enabled them to treat
the phase transitions appropriately. However, there are inconsistencies in their analysis
that we explain later. More recent estimates of the maximum elastic deformation have
been provided by Johnson-McDaniel and Owen (2013), who carried out their calculation
in full relativity using a Green’s function method. However, since they used the covariant
analogue to the strain tensor from Ushomirsky et al. (2000), their calculation also ignored
the boundary conditions on the crust. An important aspect of past studies is the fact that
the maximum mountains they calculate are independent of the precise mechanisms that
sourced them. They do not consider the deforming forces or evolutionary scenarios that

lead to the formation of the mountains.

In Gittins et al. (2021), we return to this problem to address some of the assumptions
of the previous work and detail a formalism that enables one to accurately compute the
quadrupole deformation throughout the star. As we show, in order to satisfy the necessary
boundary conditions of the problem, it is extremely helpful to characterise the source of
the perturbations. This has not been done in past calculations. In addition, it is not
clear whether strain configurations where the majority of the crust is maximally strained
can actually be reached in a real neutron star. The largest realistic mountain may be
significantly smaller. These points suggest that future progress on this subject will rely on
evolutionary calculations that consider the complete formation of the mountains (Bildsten,
1998; Ushomirsky et al., 2000; Osborne and Jones, 2020; Singh et al., 2020).
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We will decompose our perturbation variables using spherical harmonics as shown in (2.77).
For this analysis, it will be sufficient to focus on the (¢, m) = (2,2) mode relevant for grav-
itational radiation. For this reason, we will drop the mode subscript on our perturbation

variables.!

Because we restrict this analysis to Newtonian gravity, it is inappropriate to
consider realistic equations of state and we assume a simple polytropic equation of state,
along with a simple model for the crust elasticity (we refine this approach in our relativistic

calculation in Chap. 5).

We consider perturbations of a non-rotating, equilibrium, fluid star with mass density p,
isotropic pressure p and gravitational potential ®, described by the Newtonian equations
of structure (2.18). As we demonstrated in Sec. 2.3, we have the following fundamental

expressions in perturbation theory: the Lagrangian variations of the velocity (2.45),
A’Ui = 8t£i, (41)

and the mass density (2.51),
Ap = —pV;&. (4.2)

By considering perturbations of the Euler equation (2.13) and Poisson’s equation (2.15)
and making use of our static background, dv* = Av' = 9,£%, we obtain the following

equations that govern the perturbations:

p + Vi(p€') = 0, (4.3)
pdZE; = —Vibp — 0pV;® — pV;6, (4.4)
op = 2dp (4.5)
and
V250 = 4nGép. (4.6)

Since we focus on static perturbations, we amend the perturbed Euler equation (4.4) by
0=—-V;0p—6pV;® — pV;0P + f;, (4.7)

where f; is the density of a force that sustains the perturbations. The inclusion of this force
enables us to produce non-spherical models and will prove to be an important component
of our analysis, since it enables one to satisfy all the boundary conditions of the problem.
We note that f; does not correspond to a physical force acting on the star. This force
is a proxy for the (possibly quite complicated) formation history that results in its non-

spherical shape. To study neutron stars with an elastic crust, we must modify (4.7) to

'One should note that, although we restrict ourselves to the (¢,m) = (2,2) mode, other modes will
contribute to the total strain, pushing the crustal lattice closer to the breaking strain, while not adding to
the quadrupole.
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include the shear stresses,
0= —V;0p —6pV;® — pV:6® + Vit + fi, (4.8)

where ¢;; is the symmetric and trace-free, shear-stress tensor, assumed to enter at the
perturbative level. Here, we have used the same sign for the shear-stress tensor as in
Ushomirsky et al. (2000).

As we discuss in detail in Sec. 4.3.3, in order to connect the elastic crust of the star with
the fluid regions, one needs to consider the traction vector. The traction vector is defined
using the stress tensor. We can identify the perturbed traction from the perturbed Euler
equation (4.8),

T" = (0pg” — t9)V,r. (4.9)

The traction must be continuous throughout the star.

We turn our attention to past work on estimating the maximum mountain, that we now
summarise. We do this to critique some of the assumptions made and set the stage for
our new calculation. A convenient simplification that this body of work makes is to not
(explicitly) consider the perturbing force. This is the main conceptual difference in our
approach. We show how the force enters the problem in Sec. 4.2 and demonstrate that

the formulation is consistent.

4.1.1 Ushomirsky, Cutler and Bildsten

The first (and perhaps most well known) maximum-mountain calculation was performed
by Ushomirsky et al. (2000), which we will review here. They tackled the problem in
Newtonian gravity and adopted the Cowling approximation — neglecting perturbations of
the star’s gravitational potential, ® = 0. The starting point for this computation is the

perturbed Euler equation for the elastic crust [(4.8) with f; = 0],
0= —Vidp — 3pV;® — pV;6® + Vit;;. (4.10)

As we shall elaborate upon in Sec. 4.2, one must carefully define what the perturbations
are with respect to. The perturbation quantities in (4.10) connect the spherical, fluid star
with the non-spherical, strained shape that hosts a mountain and the shear stresses come
from the crust wishing to have a separate non-spherical, relaxed shape [cf. (4.34) and see
Fig. 4.1|. There is no deforming force in (4.10) as the mountains are supported solely by
the elastic stresses. With the Cowling approximation, one can ignore perturbations in the
fluid regions of the star, since the absence of shear stresses means there is no support for
the pressure perturbations by the fluid [see (4.10) with 6® = 0 and t;; = 0]. Therefore,

only perturbations in the crust contribute to the quadrupole moment.
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It is convenient to decompose the shear-stress tensor using tensor spherical harmonics,?

1 1
tij =ty (Vz‘T‘VjT‘ — 2€ij> szm + trLfij +tA (AU + 2€in£m> , (411)
where t,,, t,| and tj are functions of r, § = /(¢ + 1),
eij = gij — ViV, (4.12a)
fig = %(VierYem + V;rViYem), (4.12b)
r 2 1
Aij = B ViViY + sz] (4.12c¢)

We obtain an expression for the multipole moment by isolating the mode part of §p from
the perturbed Euler equation (4.10). We project the free index of (4.10) with Vir to yield

dod 1 dé dty, 3
op+ P = < ap -l-trr—/BtM_).

= 4.1
d®/dr dr d®/dr + (4.13)

Cdr dr

We find an expression for p in terms of the shear stresses by projecting (4.10) with VY,

1 rdt., 3 1 1
o 0P = ——t,p + — —tr — — = | ta- 4.14
p+p 2T 5 T3 ¢+<ﬁ2 2>A (4.14)

We combine Egs. (4.13) and (4.14) and insert them into (2.78) to obtain

/R i [3 dtrr 3 rd,, 4dt., B
QKm = - = -
0

djdr|2dr " r T8 a2 B ar ot

1 1\ dtpn dp
* <2 - m) o @’

(4.15)
dr.

At this point, the Cowling approximation can be invoked, which means the multipole is
given purely in terms of the shear stresses of the crust. Since the shear stresses vanish above

and below the crust, by integrating by parts and discarding boundary terms, Ushomirsky

et al. (2000) found
3 3 1, rdU

1
+ 5(6—U)t/\

Ttop ,',.3
(@ = = / d® /dr

base

(4.16)
dr,

where 7,5 and rop are the positions of the base and top of the crust, respectively, and
U =dln(d®/dr)/dInr + 2. In discarding the boundary terms, it has been assumed that

2We have neglected pieces of axial parity in ¢;; which are proportional to (V;re i, + ereikn)V"rVkng
and (ViYemejen + Vi Yeme€inn) V'V Yo
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the shear modulus, fi, is zero at the base and top of the crust.

To obtain the maximum quadrupole, Ushomirsky et al. (2000) imposed their neutron-star
crust to be in a shape such that it was strained everywhere to the breaking point. To
define the elastic yield limit, Ushomirsky et al. (2000) used the von Mises criterion. This
criterion states that the crust will yield when the von Mises strain &, defined by

5% = ~oij0", (4.17)

3

where 0;; = t;;/(2f1) is the strain tensor,” exceeds the breaking strain,

T > Omaxs (4.18)

with opax being the breaking strain of the crust. One can show that

3 1 2
Uz‘jO'Z] = §aere(ng)2 + UzJ_Re(fij)Q + J?\Re <A7;j + 2eij}/£m> , (4.19)
where o,,, 0,1 and o, are the components of the strain tensor decomposed as in (4.11).
Notice that this expression is a consequence of the orthogonality of the basis (4.12). For
the (¢,m) = (2,2) mode, there exists the identity

3 , 3 , 9 1 215
ZRe(ng) + ZRe(fij) + §Re <Al’]’ + 2€ingm> = 30 (4.20)
Hence, the crust will be strained at every point to the maximum when*
3271
Orpr = Eamax, (421&)
167
Op| = ?5'111&)(, (421b)
96
oA = ?ﬂznnax. (4.21c)

For a star with mass M = 1.4 M, and radius R = 10 km strained according to Egs. (4.21),

Ushomirsky et al. (2000) reported a maximum quadrupole moment of

max 5 1.9 % 10% (;’anf’;) gcm?, (4.22)

where .y is the breaking strain of the crust, that we take to have the canonical value

3This is a factor of two different to the expressions in Ushomirsky et al. (2000) and Haskell et al. (2006)
but the same as used in Johnson-McDaniel and Owen (2013).

Tt is interesting to note that, although Eqs. (4.21) certainly constitute a strain configuration that is
maximally strained at every point in the crust, there are conceivably many other solutions that satisfy the
von Mises criterion.
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Frmax = 1071 (Horowitz and Kadau, 2009). In terms of the fiducial ellipticity, this result

corresponds to €™ x5 1.6 x 1076 (G0 /1071).

This approach, while elegant, does not enforce the continuity of the traction vector at the
boundaries of the crust. At the base of the crust, there is a transition between the fluid
core and the elastic crust. At the top, there is a transition between the elastic region and
the fluid ocean. At these interfaces, there is expected to be a first-order phase transition
where the crust sharply obtains a non-zero shear modulus. Since the fluid has a vanishing
shear modulus, the traction can only be continuous if the appropriate strain components
go to zero at these boundaries. However, due to the fact that Ushomirsky et al. (2000)
demanded that the crust be maximally strained at every point, the strain components have

finite values at the interfaces and, therefore, one cannot ensure continuity of the traction.

In defence of the Ushomirsky et al. (2000) approach, one might argue that the shear
modulus may be assumed to smoothly go to zero at the phase transitions. However, this
is still problematic. As we show in Sec. 4.3.3, such an assumption means that one does
not have enough equations to uniquely determine the displacement, in the case where one
does not know the strain. A more realistic assumption might be to take almost the entire
crust to be at breaking strain, with the exception of an infinitesimally small region at the

boundaries where the displacement is adjusted to satisfy the continuity of the traction.

Ultimately, the estimate (4.22) may give us an idea of the likely maximum mountain, but

the calculation is not completely consistent.

4.1.2 Haskell, Jones and Andersson

Haskell et al. (2006) set out to relax some of the assumptions made by Ushomirsky et al.
(2000). This included dropping the Cowling approximation and ensuring the traction is
continuous at the appropriate boundaries. They also noted that, by insisting the star
is strained to the maximum throughout the crust, one loses the freedom to impose the

boundary conditions of the problem.

Haskell et al. (2006) derived a system of coupled ordinary differential equations that de-
scribe the perturbations in the elastic crust and the fluid core relative to a spherically
symmetric background star. They numerically integrated the perturbation equations and
fixed the perturbation amplitude to the maximum necessary to begin to break the crust at
a point, according the von Mises criterion. In their study, Haskell et al. (2006) obtained
the largest mountain when they assumed the core to be unperturbed, thus, allowing them
to use a fully relativistic core combined with Newtonian perturbations in the crust. They

reported a maximum quadrupole for a star with M = 1.4 Mg, R = 10km of

max 3.1 x 1040 (fgf;‘) gem?, (4.23)
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that corresponds to an ellipticity of €% a2 4.0 X 1075 (Gyax/1071). This result is approx-
imately an order of magnitude above that of Ushomirsky et al. (2000).

The calculation of Haskell et al. (2006) correctly treated the boundary condition at the
crust-core interface by demanding that the traction was continuous. However, their cal-
culation assumed the relaxed shape — which the strain is taken with respect to — to be
spherical. In general, the relaxed shape must be non-spherical, to give an equilibrium
solution with a non-zero mountain. They did however stipulate that the surface shape of
the star was deformed in an (¢£,m) = (2,2) way. This effectively meant using an outer
boundary condition where a traction-like force (i.e., a force per unit area) acts at the very
surface of the star. Because of this, the maximum quadrupoles calculated in this frame-
work turn out to be insensitive to the shear modulus of the crust, as they are sustained
by this applied surface force. The lack of inclusion of a body force (i.e., a force per unit
volume) in building the mountain meant that their formalism did not have the necessary
freedom to ensure that the perturbed potential in the interior matches to the exterior

solution. We discuss this particular subtlety further in Sec. 4.3.1.

By comparing with our new analysis we also note a number of typographical errors in their
elastic perturbation equations. These errors turn out to have a surprisingly dramatic effect.
Once they are corrected the maximum quadrupole increases by three orders of magnitude,
in sharp contrast with other estimates. This, in turn, highlights the conceptual problem

with the formulation.

4.1.3 Johnson-McDaniel and Owen

The most recent estimates for the largest possible mountain on a neutron star were
provided by Johnson-McDaniel and Owen (2013). They generalised the Ushomirsky et al.
(2000) argument to relativistic gravity while relaxing the Cowling approximation. They
evaluated the required integral by employing a Green’s function. For a 1.4 My star, de-
scribed by the SLy equation of state (Douchin and Haensel, 2001), they obtained the
result

QI ~ 2 x 103 (%) gem?, (4.24)

corresponding to €M™ ~ 3 x 1070 (Fyay/1071).

In following the Ushomirsky et al. (2000) approach, the crust was taken to be strained to
the maximum at every point, which means that the traction vector cannot be continuous
at the crust boundaries. Furthermore, they do not use the correct expression for the
perturbed stress-energy tensor, since it does not include variations of the four-velocity.

This may be a minor detail, but it should still be noted.

In summary, although some of the above points may have a negligible impact on the
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maximum quadrupole estimates, there are issues with all previous studies of the maximum-

mountain problem.

4.2 Building mountains

In this section, we examine what must go into a consistent mountain calculation and
discuss two methods for modelling mountains on neutron stars. The first approach, intro-
duced in Ushomirsky et al. (2000), involves specifying the strain field associated with the
mountain. We present a second method that, instead of starting with the strain, starts
with a description of the perturbing force. Both approaches are valid and we demonstrate

how they are equivalent.

To help develop intuition, we will start by briefly discussing the case of strains built up
in a spinning-down star. We will therefore be considering the case of (¢,m) = (2,0)
perturbations relevant for rotational deformations, not the (¢,m) = (2,2) relevant to the
mountain case. Suppose a young neutron star with a molten crust spins at an angular
frequency 2. At this rotation rate, the star cools and the crust solidifies. The star then
begins to spin down to frequency Q < Q.° Because the star has spun down, it changes
shape according to the difference in the centrifugal force, oc (Q2 — Qg). This builds up
strain in the crust as the shear stresses resist the change in shape. Should the star spin
down sufficiently, the crust may fracture as stresses get too large. In fact, it has been
suggested that the elastic yield of the crust in this process may be associated with the
glitch phenomenon observed in some rotating pulsars (Baym and Pines, 1971; Keer and
Jones, 2015).

Motivated by this example, that does not represent a neutron-star mountain, we consider
neutron-star models forced away from sphericity by a perturbing force f;, which we will
choose to give mountain-like (¢,m) = (2,2) perturbations. The elastic Euler equation
(4.8) then becomes

0=—Vip— pVi® + Vit;; + fi. (4.25)

For this exercise, we regard Eq. (4.25) as exact and consider perturbations of it below. In
the fluid regions of the star, which cannot support shear stresses, the shear modulus goes

to zero so the shear-stress tensor vanishes. To condense the notation, we define
H, =Vip+ pV,;9, (4.26)

which captures the familiar equation of hydrostatic equilibrium (2.16) when H; = 0.

Therefore, the Euler equation (4.25) can be expressed as

H; = f; + Vjtij. (4.27)

This spin-down could be due to the usual radio emission that pulsars are well known for.
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By considering a variation of H;, we may write

0H; =Vi0p+ 0pV;® + pV;09, (4.28)
where the perturbed quantities will need to be carefully defined in what follows.
We now consider a family of four closely-related, equilibrium stars, illustrated in Fig. 4.1:
Star S — A spherical, fluid star with (pg, ps, ®s):

HP =0. (4.29)

7

Star A — A force is applied to star S, which produces a non-spherical, fluid star with

(PA, P, Da):
H* = f;. (4.30)

Star A — The crust of star A solidifies while the force is maintained. This gives rise to
a non-spherical, relaxed star with the same structure as star A, although (formally)

with a non-zero shear modulus. The star has (p; = pa,pz = pa, Pz = Pa):

H)=HM = f;. (4.31)

Note that, because star A and star A have the same shape, in general, we only need
to refer to star A in the following discussion when specifying the values of perturbed

quantities.

Star B — The force on star A is removed, which builds up strain in the crust. The
associated deformation between these two stars is described by the Lagrangian dis-

placement vector field n°. The star is non-spherical and strained with (pg, pg, ®B):
H,F = Vjtij(n). (4.32)

Note that it is this star, star B, that we are ultimately interested in: this is the
star with a mountain supported in a self-consistent way by elastic strains, with no

external force acting.

Note that the force f; has a simple physical interpretation: it is the force that, when
applied to our equilibrium star with the mountain (star B), takes us to the corresponding
unstrained star (star A or, equivalently, A). Note, however, that there is no requirement
whatsoever that, in reality, this force ever acted upon our star. For a realistic situation, the

elastic strains that support the deformation of star B will likely have evolved through some
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A

Non-spherical

Apply force Crust solidifies

A

Non-spherical, relaxed

n* | Remove applied force

B

Non-spherical, strained

Figure 4.1: A schematic illustration showing the configurations involved in mountain cal-
culations. Note that previous calculations have typically considered stars S and B, but
not (explicitly) A or A.

complex process of plastic flow and cracking, possibly combined with whatever agent that
caused the asymmetry to develop. The usefulness of f; is two-fold. Firstly, it allows us to
explicitly identify the unstrained configuration. Secondly, the explicit introduction of the
force into the Euler equation provides the necessary freedom to determine the displacement

vector and satisfy all the boundary conditions.

It is instructive to consider the differences between the stellar models described above.

Thus, we introduce the notation

SHMB = H? — HA, (4.33)
i.e., 5HZAB is the quantity that must be added to HZA to obtain HZB.
The difference between star B (4.32) and star S (4.29) is

SHPB = Vit;i(n). (4.34)

Expression (4.34) relates perturbations between the strained star — with a mountain —
and the spherical, reference star to the shear stresses induced when the relaxed star is de-

formed according to the displacement n*. This is the standard picture for understanding
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neutron-star mountains and, indeed, it is this expression that is used to estimate the max-
imum quadrupole in Ushomirsky et al. (2000) and Johnson-McDaniel and Owen (2013).
It is important to note that in these calculations one does not have to determine the re-
laxed shape and, indeed, stars A and A did not appear explicitly in previous calculations.

However, we demonstrate that the relaxed shape is, in principle, calculable in Sec. 4.2.1.

As we discuss in more detail below, for a fully consistent calculation that satisfies all the
boundary conditions of the problem it is not convenient to use (4.34) alone. Rather, we
present an alternative strategy that makes explicit use of the deforming force. To this end,

we introduce two additional stars shown in Fig. 4.2:

Star S — The crust of star S solidifies. This star has the same shape as star S with a

non-zero shear modulus and (pg = ps, pg = ps, Pg = Pg):

HS = HS =0. (4.35)

Star C — A force is applied to star S. This induces stress in the crust, described by
the Lagrangian displacement & and produces a non-spherical, strained star with

(pCapCa (I)C):
HE = fi + Vit;;(8). (4.36)

Apply force A

_— > .
Non-spherical

Subtract star A from star C

S Apply force C

Spherical, relaxed Non-spherical, strained

gi

Figure 4.2: A schematic illustration showing the configurations in the force-based mountain
scheme.

We can then consider the difference between stars A and C. By using (4.30) and (4.36),



4.2. Buwilding mountains 75

we obtain

SHAC = Vit (). (4.37)

We can note the similarity of (4.37) to (4.34). Indeed, comparing Figs. 4.1 and 4.2, we
note the following. In Fig. 4.1, the addition of force f; maps star B to star A, generating
a displacement —7’, while in Fig. 4.2, the addition of the force f; maps star S to star C,
generating a displacement field &°. It follows that, to a good approximation, these vector
fields are related by

Nt = —¢€ (4.38)

Comparing (4.37) to (4.34) then gives the corresponding relation between the associated
scalar perturbations,
SHDB = —HAC. (4.39)

These relations are not exact, as in Fig. 4.1 the force f; acts upon star B, while in Fig. 4.2
it acts upon star S, but these two stars themselves differ from one another only in a

perturbative way, so the difference in the action of f; on the two must be of second order.

This immediately suggests a strategy for computing the deformation of star B (i.e., (5HiSB
and other perturbed quantities). We can easily compute the perturbations linking S and
A (i.e., 5HiSA etc.), as this is just the perturbation of a spherical fluid star by the force
fi. We can, with only a little more effort, compute the perturbations linking star S and
C (i.e., (5Hisc etc.), as this is just the perturbation of a spherical elastic star by f;. Then,
we can take the difference between these two configurations to give the difference between
star A and C (i.e., 6HZ-AC etc.), which is, up to an overall sign, the deformation of star B

relative to star S that we require, as per (4.39).

As we are interested in computing maximum mountains, we will choose the force f; such
that the breaking strain is reached at some point in the crust of star C. Note, however,
that in this force-based approach, we will not be able to follow Ushomirsky et al. (2000)
and find the solution where the strain is reached at all points (simultaneously) in the
crust. This is a price one pays in adopting the force-based approach. (It is possible, at
least in principle, that one could invent a force that takes the entire crust to breaking
strain. However, this is beyond the scope of this work.) We have, however, reduced the
calculation of the mountain to two simpler calculations, both taking place on a spherical

background and with readily implementable boundary conditions.

4.2.1 Calculating the relaxed shape

We now briefly examine the relaxed configuration that is implied, but not calculated,
in maximum-mountain calculations Ushomirsky et al. (2000) and Johnson-McDaniel and
Owen (2013) to show that it is calculable.
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Suppose one knows the strain of star B, o;;(n) (see Fig. 4.1). [This is the case in
Ushomirsky et al. (2000) and Johnson-McDaniel and Owen (2013).] From the strain

tensor it is possible to obtain the displacement vector 1’ that sources the strain.

We note the following relations: dp and dp are related through the equation of state (4.5),
the perturbed Poisson’s equation (4.6) couples dp and 0P and (4.28) links dp, dp, I
and dH;. Therefore, it follows that if any one of (dp,op,d®,JH;) are known, the other

quantities can, in principle, be calculated.

We begin with (4.34). Since we know the strain tensor that takes one from star A to
star B, we also know (5HiSB. This means we have (dpsp, 0psp, 0Pgp). It is this logic, that
enables Ushomirsky et al. (2000) and Johnson-McDaniel and Owen (2013) to compute the

quadrupole moment from just the strain tensor.
By considering variations between star A (4.30) and star B (4.32), we find
SHM = — fi + Viti;(n). (4.40)

We know t;;(n), but not f; or 6HZ~AB. However, we can obtain (5HZ»AB. The quantity 5HZAB
is generated by the change in shape from star A to star B. This is described by the
displacement 7’. In particular, the two density fields pp and pp are linked through the
perturbed continuity equation (4.3). It, therefore, follows that

SHAP = HAB(1). (4.41)
We rearrange (4.40) to obtain an expression for the force,
fi = =SHFP (1) + V7t (n). (4.42)

Provided 7%, we can calculate the force that takes the star from a spherical shape (star S)
to the relaxed shape (star A).

Using (4.29) and (4.30), we have
SHA = f;. (4.43)

This determines 0 H, iSA and, therefore, also (0pga, 0psa, 0Pga). This means one can obtain
the shape of the relaxed star, supported by a force, f;, with the property that when the
force is removed the star obtains a strained configuration, according to the displacement

vector n°.
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4.3 Newtonian perturbations

In order to develop the second strategy of calculating mountains in detail, we take the back-
ground star to be non-rotating and construct static perturbations on top of the background.

The background is, thus, spherical and described by the Newtonian equations (2.18).

Star C is separated into three layers: a fluid core, an elastic crust and a fluid ocean,
whereas star A is purely fluid. We choose to include a fluid layer outside the crust since
at low densities the crustal lattice begins to melt and it also simplifies the matching to
the exterior gravitational potential (Gittins et al., 2020). The crust only comes into the

structure equations at the perturbative level.

4.3.1 The fluid

In order to calculate the relaxed configuration (star A), we need to introduce the force f;.

For practical purposes, it is convenient to write the force as the gradient of a potential, y,
fi=—pVix. (4-44)

This is not the most general expression for the force but it allows us to combine x with the
gravitational potential, which simplifies the analysis. To make the notation more compact,

we introduce the total perturbed potential U = §® + .

At this point, we note that this is where our calculation differs from previous work
(Ushomirsky et al., 2000; Haskell et al., 2006; Johnson-McDaniel and Owen, 2013). Previ-
ous calculations set out to evaluate the perturbed Euler equation (4.34) where the strain
is taken with respect to the relaxed shape the crust wants to have (see Fig. 4.1). In
our method, we start with the deforming force and evaluate (4.37), using the subtraction
scheme (taking the difference between stars C and A) set out in Sec. 4.2. The use of this
force is a subtle, but important, detail since without it one does not have the necessary
freedom to impose all the boundary conditions of the problem. We emphasise this point
since this issue was somewhat confused in the analysis of Haskell et al. (2006) who calcu-
late perturbations of a spherical star but do not explicitly consider the force that sources
them. It is for this reason that they were unable to satisfy the boundary condition on the

potential at the surface. This point is elucidated below.

Recall that, as we discussed earlier, we assume all perturbed quantities to be expanded in
spherical harmonics, but it will be sufficient for our discussion to focus on the (¢,m) = (2,2)
mode. The system of equations that describes fluid perturbations then simplifies to a

single second-order differential equation for the perturbed potential. From the perturbed
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Poisson’s equation (4.6), we get

P60 2460 B

dr2 , W 7’2 0d = 47TG5p (4453)
The perturbed Euler equation (4.7) returns
sp=-LU (4.45b)
2U- .

Therefore, provided a description of the perturbing force, Eqs. (4.45) give a second-order

equation that describes the perturbations in the fluid.

The perturbed potential must satisfy two boundary conditions. At the centre of the star
the solution must be regular and at the surface it must match to the external solution.
Therefore, in addition to y being regular at the centre of the star and continuous at all
interfaces, we must have

5B(0) = 0 (4.462)

and 155
Rd—(R) =—l+1)5P(R). (4.46D)

r
Equation (4.46a) is simply the statement of regularity. Equation (4.46b) is mostly readily
seen by examining the potential in the exterior, r > R, which must satisfy Laplace’s

/+1 and

equation, V2§® = 0. As discussed in Appendix B, this admits two solutions, ¢; /r
027“4, with constants ¢; and cg. Since the exterior solution must fall off as r — oo, we

retain the decaying solution. It is simple to show that (4.46b) is satisfied if 6® oc 1/r¢+1.

Using the regularity condition (4.46a), we consider a power-series expansion in small 7 and

input this into (4.45) (as described in Appendix A.2) to obtain an initial condition,
0®(r) = agr'[l + O(r?))], (4.47)

where ag is a constant that parametrises the amplitude of the perturbations. In the
case when y = 0 and there is no driving force, this initial condition provides sufficient
information to calculate the perturbations up to the surface. At the surface, however, there
is no freedom left to impose the surface boundary condition (4.46b) — except in the special
case of ayp = 0 where there are no perturbations. [This is the issue that the formalism
of Haskell et al. (2006) suffers from, and why in that analysis a surface force had to be
effectively introduced via a boundary condition.| This serves as a simple demonstration of
the fact that an unforced, fluid equilibrium is a spherical star. Equations (4.45) with the
boundary conditions (4.46) provide the necessary information to calculate perturbations
in the fluid regions of the star sourced by a perturbing force. A simple example of this is
the tidal problem.
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4.3.1.1 Aside: the tidal potential

An external tidal potential field is a solution of Laplace’s equation, V2x = 0 (see, e.g.,
Andersson and Pnigouras, 2020). Because of the constraint of regularity at the centre of

the tidally deformed star, the tidal potential must have the form
x(r) = bor", (4.48)

where by parametrises the strength of the tidal field. Therefore, the total perturbed po-

tential, for small r, must be
U(r) = aor[L + O(r*)] + bor", (4.49)

At the surface of the star, the boundary condition (4.46b) must be satisfied. In some
sense, this is achieved through ag. The constant ag parametrises the amplitude of 6P,
which is sourced by the external field. The response of a body due to an external tidal
field is governed by the Love numbers k;. These are defined by the ratio of the perturbed
potential to the tidal potential at the surface,

15®(R)

=R

(4.50)

where we recall that the perturbations 6® are in a specific (¢, m) mode. Since the surface
boundary condition must be physically satisfied, one can use this information to constrain
ke and, therefore, ag for a given tidal field. Using (4.46b), we find

dUu

R
dr

(R) + (£ + 1D)U(R) = (20 + 1)x(R). (4.51)

Thus, defining y = R[dU(R)/dr]/U(R), (4.50) becomes

1 Ly

ky— - 7
T oyt

(4.52)

which is the standard result. This serves as a simple demonstration of how the introduction

of an external force can enable one to satisfy the boundary conditions of the problem.

4.3.2 The elastic crust

In order to calculate the strained star (star C) in our scheme outlined in Sec. 4.2 (Fig. 4.2),
we must consider the role of the elastic crust. We reiterate that we consider perturbations

with respect to a spherical, reference star.

The elastic material is characterised by the shear-stress tensor

. 2
tij = i <Vz‘§j + V& — 3gijvk§k> ; (4.53)
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where g;; is the flat three-metric. This describes an elastic solid that obeys Hooke’s law:
the stress is linearly proportional to the strain. We use the static displacement vector

appropriate for polar perturbations (Ushomirsky et al., 2000)°

L (1) Yo, (4.54)

gi = ST(T)ViTWm + 6

where &.(r) and & (r) account for the radial and tangential components of the displace-

ment.

To make the application of the boundary conditions straightforward, we consider the

perturbed traction vector (4.9),
= [0p(r) = T1(r)]V'rYem — rTo(r) V' Yo, (4.55)

where we have defined the following two variables related to the radial and tangential

components of the traction:

Ty (r) Yo =ty = 2n ( 26+ BEL + 2rd£ ) Yoim (4.56a)
3r dr
and . 3
TQ(T)BGYém = %0 = % <5€T - fj_ + 7’;) 3(9Yzm (4'56b)

From the perturbed continuity equation (4.3), we then obtain

¢, (2
5p=—p§—<p )fﬁﬁp

3 3 3
:_<p )gr /BPL_ZL?Tl
I

(4.57)

From the definitions of the traction variables (4.56), we have the following differential

equations that describe the displacement vector:

s, 1. B 3
ar 1, P T 4,
1 7"§ 2T§J_+4ﬂ 1 (4.58a)
and d 1
o Be L By (4.58b)
dr r r I

From the radial part of the perturbed Euler equation (4.8) combined with the perturbed

®Because we focus on polar deformations, we are able to ignore the axial part of the vector spherical
harmonics, € ijrVkng, where €% is the antisymmetric Levi-Civita symbol. Just as the scalar spher-
ical harmonics, Yz, form an orthogonal basis, so do the vector spherical harmonics, Virng, VY and
eijijTVkng.
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continuity equation (4.57),

3c? p drly dUu
1 =p—
< T ) ar  ar

d, 4 dp 368%p dp dp d%p 1
2@ (3p+r2L e’ EP1E Ze,
{dr(cb)< p+rdr>+c 2r +d7“ dr +rdr2 7"5
+ [d 2)3p + ¢ ( + )] 6L (4.58¢)
3 P d,u, dp
B 20 _Poh T
[r * dr < fdr dr 4f !
2
<1 + 3 p) ﬂ Ts.
240
Then, from the tangential piece of (4.8) we find
dTQ P d
2 _Py_2(3p+r) e,
r < pEr dr) 2%

dr
3 3 p

1 3cip 3
-1y — -T
—I—<2 4M> 1=t

We also have the perturbed Poisson’s equation (4.45a), that combines with the perturbed

continuity equation (4.57) to give

2 2

%+id§f AT — G(Tp fo)é}

(4.58¢e)

—|—67TG6 Pe, —3nclry.
I

Equations (4.58) form a coupled system of ordinary differential equations to describe the
perturbations in the elastic material. We have compared our perturbation equations with
that of Haskell et al. (2006) (in the limit of x = 0) and noted several discrepancies. We find
that these mistakes increase the maximum quadrupole estimates of Haskell et al. (2006)

by three orders of magnitude.

4.3.3 Interface conditions

At this point, we address the boundary conditions at the fluid-elastic interfaces since we
wish to connect perturbations in the fluid core and ocean with the elastic crust for star
C. Provided the density is smooth (which we assume), the perturbed potential 0® and its
derivative dd®/dr must be continuous at an interface. To see how the other perturbed

quantities behave at an interface, we must consider the perturbed traction (4.55).

This admits two quantities that must be continuous: the radial and tangential components.
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Since the shear modulus vanishes in the fluid, continuity of the radial traction (ép — T7)

provides an algebraic relation that must hold true at an interface,

3c2
pUr = <1 + 4;p> Tig

3 d 3
+c2 by P frE_iﬁp 1E|
r dr 2r

where the subscripts F and E denote the fluid and elastic sides of the interface, respectively.

(4.59)

We note that the radial displacement &, must be continuous at a boundary, however, this
does not necessarily have to be the case for the tangential piece £,. From the tangential

part of the traction, we have T, = 0 at a fluid-elastic interface.

In reference to the maximally strained approach of Ushomirsky et al. (2000) and Johnson-
McDaniel and Owen (2013), we note that, if one assumes the shear modulus smoothly
goes to zero at a fluid-elastic interface, then the tangential traction condition is trivially
satisfied [see (4.56b)]. This would effectively result in the displacement vector in the crust
being arbitrary since there are not enough boundary conditions to constrain it. It is not

clear how to resolve this issue.

In the fluid regions of the star, the perturbations are governed by Egs. (4.45) and so are
described by the variables (dd®/dr,0®). In the crust, we have a more complex structure
with Eqs. (4.58) and quantities (dd®/dr,6®,&,,£,,T1,T»). We assume the force is known.
The perturbations in the elastic crust present a boundary-value problem. For the six
variables, we have six boundary conditions: continuity of dé®/dr and d® at the core-
crust transition and the two traction conditions — (4.59) and 75 = 0 — at both interfaces.

Therefore, the problem is well posed.

Additionally, it is straightforward to show that the boundary condition on the Lagrangian
variation of the pressure Ap(R, 0, ¢) = 0 is trivially satisfied by the background structure.”

4.4 The deforming force

The formalism we detail above requires a description of the deforming force that causes
the star to have a non-spherical shape. Because of the abstract nature of this force, it is
difficult to prescribe without a detailed evolutionary calculation of the history of the star.

As a proof-of-principle calculation, we examine three example sources.

We use a polytropic equation of state (2.19). (See Appendix A.1 on how to generate

"This boundary condition is intuitive. In the background configuration, the surface is defined by p(R) =
0. During the perturbation, the individual elements of the star are moved according to the Lagrangian
displacement £° and, therefore, the surface will have moved to R — R + £"(R, 6, ¢). This corresponds to
Ap(R,0,¢) = 0. One can also convince themselves that this holds true by examining the definition of the
Lagrangian variation (2.38) for p at the surface of the perturbed configuration.
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polytropic models.) We work with n = 1 and generate background models with M =
1.4 Mg, R = 10km. For the shear-modulus profile in the crust, we consider a simple
linear model (Haskell et al., 2006),

fi(p) = kp, (4.60)

where K = 1016 cm?2s—2.

We assume the core-crust transition to occur at ppuse = 2 X
10* g cm™3 (which is the same as Ushomirsky et al., 2000), while the crust-ocean transition

is at prop = 106 gem ™3 (Gittins et al., 2020).

We consider three sources for the perturbations: (i) a potential that satisfies Laplace’s
equation, (ii) a potential that satisfies Laplace’s equation but does not act in the core
and (iii) a thermal pressure perturbation. In reality, the fiducial force will depend on the
evolutionary history of the star. Since this is a complex problem (beyond the scope of this
work), the examples we consider are indicative in nature and should serve as illustrations
of how one can calculate mountains using this scheme. The forces we use should not be
interpreted as having an explicit link with the neutron-star physics. For each prescription,
we generate two stars — a relaxed star, that experiences purely fluid perturbations (star A
in Fig. 4.2), and a strained star, that experiences elastic perturbations in the crust (star C
in Fig. 4.2). We normalise the perturbations by ensuring the strained star reaches breaking
strain at a point in the crust, subject to the von Mises criterion, and that the relaxed star
experiences the same force. This allows us to work out the quadrupole moment of each

star. Our results for the three sources are summarised in Table 4.1.

Table 4.1: The maximum quadrupoles and ellipticities from the different models. For each
case, we show the quadrupole Q%, and ellipticity ¢* for the relaxed star (star A) and the
difference relative to the strained star (star C) with quadrupole QS, and ellipticity *.

Source Q%] / gem® €] Q% — Qb [ gem®  [e€ — €

Solution of Laplace’s equation 2.4 x 108 3.1x1072 1.7 x 10%7 2.2 x 1078
Solution of Laplace’s equation (outside core) 1.4 x 104 1.8 x 1074 4.4 x 1038 5.7 %1077
Thermal pressure perturbation 9.2 x 1038 1.2x 1076 4.0 x 1038 5.2 x 1077

The structure in the fluid core of both stars may be straightforwardly calculated using
Eqgs. (4.45) with boundary condition (4.46a). The crust of star C presents a boundary-
value problem with Eqgs. (4.58) and the interface conditions described in Sec. 4.3.3. Both
star A and C have fluid oceans, where one can integrate Eqs. (4.45) through to the surface.
At this point, one can verify that the boundary condition at the surface (4.46b) is satisfied.

The numerical scheme we follow for solving the perturbations is described in Appendix C.

4.4.1 A solution of Laplace’s equation

The first example we consider is based on the form of the deforming potential for tidal
deformations (Sec. 4.3.1.1). The source potential is taken to be a solution of Laplace’s
equation,

Vi =0. (4.61)
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This example is particularly convenient since the perturbed Poisson’s equation (4.6) is

simply modified by d& — U. Therefore, we may write
V2U = 47Gép. (4.62)
The total perturbed potential must be regular at the origin, U(0) = 0.

From (2.79), we can obtain the multipole moments from the exterior potential,

(20 + 1) R

Qfm = - i

5®(R). (4.63)

By making use of the boundary conditions (4.46), one can also write the multipole in terms

of the total perturbed potential,

R€+1 dU

Qem = 47G R%

(R) — tU(R)| . (4.64)

The advantage of writing the multipole in this way is that one does not need to disentangle
the two potentials (y and 0®) from U.

The source potential must be of the form of (4.48). Its value will be chosen to ensure the
star is maximally strained at some point in the crust. The source potential at the surface

is given by
1 dUu

X(R) = w1 | ar (R)+ ({+1UR)| . (4.65)

It is this quantity that we use to ensure that the relaxed and strained stars experience the

same force.

To make sure the star is maximally strained we calculate the von Mises strain (4.17) and

use the von Mises criterion (4.18). For (¢,m) = (2,2) perturbations, we have®

T\ 2
3sin? 0 cos? 2¢ (})
it

5

) .2
—_ 9
g {68111

=2 (4.66)

TN 2
+ 4(3 + cos 20 — 2sin? 0 cos 4¢) < 2)

2
+ (35 + 28 cos 20 4 cos 40 + 8sin? f cos 4¢) <@'> }
r

Since the von Mises strain is a function of position, we can identify where the strain is
highest (and, thus, the crust will break first) and take that point to be at breaking strain,
that we assume to be Gpax = 1071 (Horowitz and Kadau, 2009). Other estimates for the

magnitude of the breaking strain include Baiko and Chugunov (2018) who obtained the

8Since we focus on a specific harmonic, we take the real parts of 0;; and then contract using (4.17).
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smaller value of &,,,x = 0.04. However, as was the case for previous maximum-mountain
calculations, our results are linear in the breaking strain. Thus, a smaller breaking strain

would result in less pronounced mountains.

Thus, for the strained star (star C) we integrate Eqs. (4.45) for the core and ocean and
integrate Eqs. (4.58) in the elastic crust. The relaxed star (star A) is generated using
Eqgs. (4.45) for the entire star. The perturbations are normalised by ensuring that the
point in the crust where the strain is highest reaches breaking strain, according to (4.66).
The force associated with this deformation (4.65) is then taken to be the same for the
relaxed star. Figures 4.3 and 4.4 show the results for the strained star. In Fig. 4.3 we
show how the perturbed traction is continuous at the fluid-elastic interfaces. We note
that Fig. 4.4 shows how the dominant contribution to the von Mises strain comes from the
radial traction component. This is also true for the other forces we consider. It is at the top
of the crust that the star is the weakest in the (¢, m) = (2,2) mode. The quadrupoles are
calculated using (4.64). The relaxed star attains a quadrupole of |5 = 2.4 x 103 gcm?,
that corresponds to an ellipticity of |¢*| = 3.1 x 1072, The difference between the strained
and relaxed star is |QS, — Q%] = 1.7 x 1037 gem?; € — A = 2.2 x 1078,

The very different sizes of [¢*| and |¢© — €| reported in Table 4.1 have a natural interpret-
ation. The large ellipticity represented by \eA] corresponds to a star whose deformation is
supported by the external force f;, with a size limited only by the crustal breaking strain.
In this case, the (non-zero) shear modulus of the crust plays little role. [It is this sort of
configuration that was effectively considered in Haskell et al. (2006), where in that case
the force that was implicitly introduced was a force per unit area, applied at the surface.|
In contrast, the ellipticity represented by |¢© — €| is that supported by the shear strains
of the crust when the external force is removed and, therefore, is sensitive to the crust’s
shear modulus. As is readily captured by simple back-of-the-envelope estimates, the rel-
ative sizes of these two ellipticities are related to the fact that the gravitational binding
energy of the star is orders of magnitude larger than the Coulomb binding energy of the

crustal lattice (see, e.g., Jones, 2002).

We observe that the ellipticity [e© — €| = 2.2 x 1078 is notably smaller than what has
been found in previous work [Eqgs. (4.22)—(4.24)|. This is not surprising, as these previous
studies considered strain fields that were maximal everywhere, as opposed to at a single
point. With a view to producing larger ellipticities, we will, therefore, consider some

different choices of external force field.

4.4.2 A solution of Laplace’s equation outside the core

We consider a special case of the above source: a source potential that does not act in
the core — instead, it only manifests itself in the crust and ocean. The motivation for

considering this special case is regularity at the centre will not be a necessary condition
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Figure 4.3: The radial (left panel) and tangential (right panel) components of the per-
turbed traction as functions of radius for the potential solution to Laplace’s equation.
The vertical red dashed lines in the left panel indicate the base and the top of the crust.
Regarding the horizontal range in the right panel, recall that T5 only has a finite value in
the crust.

on the source potential since it does not exist at the origin. Also, we note that Haskell
et al. (2006) found that a similar example produced their largest quadrupole moment. We

then have the general solution to Laplace’s equation (4.61),
X(r) = e1/r 4+ eor”. (4.67)
This expression is taken to be true for the base of the crust and above.

As this model is somewhat artificial, we have to make a number of assumptions with
regards to its prescription. We take the core to be unperturbed and have §® = &. = 0
in the core. With the introduction of the source potential in the crust, there will be
a discontinuity in U at the core-crust interface. However, we insist that & must be
continuous. This discontinuity is relevant for the radial traction condition (4.59) where

Ur = 0, but has a finite value in the crust due to the source potential.

The quadrupole may be calculated from (4.63). The matching with the total perturbed

{41

potential needs to be adjusted to take into account the additional 1/r**" term from the

external field. Therefore, we have
R _dU 20+ 1

= & |R g (R) —W(R)| + =B (4.68)

Qém

As in the previous case, we generate a relaxed star and a maximally strained star. One
must vary either ¢; or ¢z to ensure the surface boundary condition (4.46b) is satisfied.
We normalise the relaxed star so that it experiences the same source potential (4.67).

The results for this case are shown in Figs. 4.5 and 4.6. As in the above example, the
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Figure 4.4: The strain components in (4.66) maximised over (6, ¢) against radius for the
potential solution to Laplace’s equation.

T1 component dominates the von Mises strain and the crust breaks at the top. We find
Q5] = 1.4 x 104 gem?, [ed] = 1.8 x 107* and |QS, — Q4| = 4.4 x 108 gcm?, |€ — A =
5.7x1077.

Compared to the previous result, the quadrupole difference between the relaxed and
strained stars has increased by an order of magnitude. This is within a factor of a few

of previous maximum-mountain calculations, and illustrates the dependence on the force

prescription.
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Figure 4.5: The radial (left panel) and tangential (right panel) components of the per-
turbed traction as functions of radius for the potential solution to Laplace’s equation
outside the core. The vertical red dashed lines in the left panel indicate the base and the
top of the crust. Regarding the horizontal range in the right panel, recall that T5 only has
a finite value in the crust.
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Figure 4.6: The strain components in (4.66) maximised over (0, ¢) against radius for the
potential solution to Laplace’s equation outside the core.

4.4.3 A thermal pressure perturbation

The third source for the perturbations we examine is motivated by a thermal pressure
perturbation. Note that the approach we use for this example could be applied more
generally to consider non-barotropic matter where the pressure is adjusted, relative to the
barotropic case, at the perturbative level. We assume the thermal pressure to be of the
ideal-gas form,
kgp
opgn = —0T, (4.69)
my

where 0T is the temperature perturbation. To interpret this thermal pressure as a force,

we identify
k
pVix = Vibpun = m%vi(pacr). (4.70)

The temperature perturbation must be regular at the origin. For simplicity we assume it
to be quadratic,

5T(r) = (%) 6T(R), (471)
where 0T'(R) corresponds to the perturbation of the temperature at the surface. Both the
relaxed and strained configurations experience the same temperature perturbation. We
show the results in Figs. 4.7 and 4.8.° We obtain the results |Q%| = 9.2 x 103 gcm?,
€A = 1.2 x 1075 and |QS, — Q5| = 4.0 x 1038 gcm?, | — | = 5.2 x 1077 This result

is of the same order of magnitude as the potential outside the core.

9We found the crust breaks when §T(R) = 3.5 x 10° K. The temperature reported here is not a physical
temperature perturbation the star is subjected to, noting that the background is at zero temperature. It is
simply a source term for the pressure perturbation (4.69).
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It is interesting to note that while the values of the ellipticities |¢“| and |e*| vary by
about four orders of magnitude for the three deforming forces we consider, the variation
in the actual ellipticity of the mountain, ]ec — eA|, is relatively modest, about one order
of magnitude (see Table 4.1). This is presumably a reflection of the fact that in all three
cases we consider the same star with the same crustal breaking strain and shear modulus,

so all stars have a similar ability to support deformations.
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Figure 4.7: The radial (left panel) and tangential (right panel) components of the per-
turbed traction as functions of radius for the temperature perturbation. The vertical red
dashed lines in the left panel indicate the base and the top of the crust. Regarding the
horizontal range in the right panel, recall that T5 only has a finite value in the crust.
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Figure 4.8: The strain components in (4.66) maximised over (6, ¢) against radius for the
temperature perturbation.

4.5 Summary

The question of the maximum mountain a neutron-star crust can support is an interesting

problem. Such an estimate provides upper limits on the strength of gravitational-wave
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emission from rotating neutron stars, as well as having implications for the maximum
spin-frequency limit that these systems can attain. In Chap. 3, we found that a fixed
quadrupole of Q22 = 103% gcm? was sufficient to obtain the observed spin distribution of

accreting neutron stars.

We returned to this problem to tackle some of the pertinent assumptions made in previous
work. We have discussed how previous estimates have not dealt appropriately with bound-
ary conditions that must be satisfied for realistic neutron-star models. The calculations of
Ushomirsky et al. (2000) and Johnson-McDaniel and Owen (2013) both assumed a specific
form for the strain that takes the star away from its relaxed shape and ensures the crust
is maximally strained at every point. However, such a strain is somewhat unphysical since
it does not respect the continuity of the traction vector. Additionally, the approach of
Haskell et al. (2006), while satisfying the traction conditions at the crust-core boundary,
did not obey the boundary condition on the potential at the surface. This was due to the
calculation assuming the relaxed configuration is spherical and implicitly using a surface
force to deform the star. There were also errors present in the perturbation equations of

Haskell et al. (2006) that change their results by several orders of magnitude.

An important simplification of the previous studies was to not explicitly calculate the
non-spherical, relaxed shape that the strain is taken with respect to. As we have shown,
such a description requires the introduction of a perturbing force that takes the star away
from sphericity. We found such a discussion was missing in prior studies and, hence, have
provided a demonstration that shows, provided one has a description of the strain, how

the relaxed shape can calculated.

We found that including this force is crucial in enabling one to satisfy all the boundary
conditions. Therefore, we have introduced a novel scheme for calculating the maximum
quadrupole deformation that a neutron star can sustain and have demonstrated how our
scheme is entirely equivalent to the approach of preceding calculations. Crucially, the
formalism satisfies all the boundary conditions of the problem. One of the key advantages
of our approach is that one computes all relevant quantities, including the shape of the

relaxed star. However, one must provide a prescription for the deforming force.

There is obviously significant freedom in what one may choose for the form of this force
and, indeed, the formalism we have presented can be used for any deforming force that has
the form (4.44). Furthermore, it would not be difficult to adjust this formalism for other
forces. However, evolutionary calculations will be necessary to fully motivate the form of
the force. Thus, we surveyed three simple examples for the source of the mountains. We
obtained the largest quadrupole for the (somewhat artificial) case where the perturbing
potential is a solution to Laplace’s equation, but leaves the core unperturbed. All of

our results are between a factor of a few to two orders of magnitude below that of prior
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estimates for the maximum mountain a neutron star may support. That our results were
smaller is not surprising, as our maximum mountains were constructed so that the breaking
strain was reached at only a single point. An immediate question would be if there is a
reasonable scenario that bridges the gap between relaxed configurations associated with a
specific force and configurations following from specifying the strain. It seems inevitable
that the answer will rely on evolutionary scenarios, leading to mountain formation, a

problem that has not yet attracted the attention it deserves.

An example of a promising scenario through which a rotating neutron star may radiate
gravitational waves is accretion from a binary companion. As the gas is accreted onto
the surface of the star, chemical reactions take place that change the composition. Such
changes in the composition can, in turn, result in the star attaining a non-trivial quadru-
pole moment (Bildsten, 1998; Ushomirsky et al., 2000). Additionally, there has been some
effort towards calculating mountains on accreting neutron stars that are sustained by the
magnetic field (Melatos and Payne, 2005; Payne and Melatos, 2006; Priymak et al., 2011).
We note that, in our calculation, we only consider barotropic matter. This is appropriate
to describe equilibrium stellar models. Indeed, if the star is in equilibrium, accreted and
non-accreted matter may be described using barotropic equations of state (Haskell et al.,
2006). However, for evolutionary calculations, like those described above, one may need
to consider non-barotropic features and, as we noted in Sec. 4.4.3, the formalism we have

presented could be used with such aspects at the perturbative level.

As an (admittedly phenomenological) indication of a possible solution, it may be worth
pointing out that our approach to elasticity is somewhat simplistic. We have followed
the usual assumption that the crust can be well described as an elastic solid (represented
by a linear stress-strain relation) until it reaches the breaking strain, at which point the
crust fails and all the strain is released. This model accords well with the molecular-
dynamics simulations of Horowitz and Kadau (2009), but it is worth noting that laboratory
materials tends to behave slightly differently (Ottosen and Ristinmaa, 2005). In particular,
one typically finds that material deforms plastically for some level of strain before the
ultimate failure. This introduces the yield strain as the point above which the stress-
strain relationship is no longer linear and raises (difficult) questions regarding the plastic
behaviour (the matter may harden, allowing stresses to continue building, or soften, leading
to reduced stress as the strain increases). State-of-the-art simulations suggest a narrow
region of plastic behaviour before the crust fails (Horowitz and Kadau, 2009), but one
should perhaps keep in mind that the levels of shear involved in the simulation may not
lead to a true representation of matter that is deformed more gently. Let us, for the sake
of the argument, suppose that this is the case and that the crust exhibits ideal plasticity
above the chosen yield strain. If this were to happen, the strain would locally saturate
at the yield limit even if the imposed force increased. One can then imagine applying a

deforming force to source a neutron-star mountain and then increasing it until some point
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in the crust reaches yield strain. This is essentially the calculation we have done, as we did
not model the behaviour beyond this point. Allowing for (ideal) plastic flow as the force is
further increased, one may envisage that the entire crust may saturate at the yield strain.
This is, of course, pure speculation (although there have been several notable discussions
about the relevance of plastic deformations of the neutron-star crust; see Smoluchowski
and Welch, 1970; Jones, 2003; Chugunov and Horowitz, 2010), but it might explain how
a real system could reach the maximum strain configuration imposed in the Ushomirsky
et al. (2000) argument. As we already suggested, detailed evolutionary calculations that
take into account the physical processes that produce the mountain will be required to

make progress on the problem.

Another natural avenue for future research is to generalise our calculation to relativity.
This would be an important step as it brings realistic equations of state into play. Indeed,

this is what we shall explore in the next chapter.



CHAPTER b

Mountains in relativity

In the previous chapter (Chap. 4), we discussed how one computes mountains on neutron
stars. Due to issues with previous calculations, we introduced a novel scheme that enables
one to satisfy all the relevant boundary conditions of the problem. In this chapter, we

generalise this work to relativistic gravity, as was done in Gittins and Andersson (2021).

We dedicate Sec. 5.1 to deriving the fluid and elastic perturbation equations in relativity
in order to construct fluid stars and stars with elastic crusts. As with the Newtonian
calculation, the elastic crust presents a boundary-value problem, so we detail the relevant
interface conditions. In Sec. 5.2, we consider three sources for the fiducial force that source
the mountains. Because we conduct this work in relativity, we are able to consider the
effect of the equation of state on the size of the deformations in Sec. 5.3. We summarise
in Sec. 5.4.

5.1 Relativistic perturbations

Conceptually, the analysis of the mountain problem proceeds as in the Newtonian case
(Sec. 4.3). We need to generate stellar models with and without elastic crusts (stars
C and A, respectively; Fig. 4.2). As before, we build static perturbations on top of
spherical backgrounds. In relativity, we use the relativistic structure equations (2.33) for

the background.

93
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5.1.1 The fluid

The standard approach to computing non-radial stellar perturbations in general relativity
is to follow Thorne and Campolattaro (1967). We use the Regge-Wheeler gauge (Regge
and Wheeler, 1957) and focus on static, polar ¢ > 2 perturbations, which leads to the

Eulerian perturbation of the metric
hapdzda® = e HyYppdt? + 2H Yo dtdr + e Hy Yy dr? + 12K Yy, (d6? +sin? 0 d¢?), (5.1)

where Hy(r), Hi(r), H2(r) and K(r) describe the response of the spacetime to the per-
turbations. In the Newtonian limit, the terms in the perturbed metric — specifically Hy
— can be related to the perturbed potential d®. The perturbed metric is sourced by
the perturbations to the matter content of the spacetime, characterised by the linearised
stress-energy tensor 5Tab. This coupling is contained in the linearised Einstein equations
[cf. a perturbation of (2.20)],

0GP =8noT,°, (5.2)

where 6G,° is the perturbed Einstein tensor. The derivation of the perturbed Einstein
tensor is rather laborious and not particularly insightful, so we simply state the result
(Kojima, 1992):

1 1
5Gab = hbc <Rac - 2gacR> + igbc[vdvahcd + Vdvchad - Vdvdhac - VCLVCh’ (5 3)

—haeR = gac(h%Rge + VqV°h,% — V4Vaeh)],

where h = h,* and the covariant derivatives are all associated with the background metric.
Although we will not make use of them for this analysis, for the sake of completeness, we

also have the linearised conservation equations from (2.21),
5(VyT,%) =0. (5.4)

One should note that the Eulerian perturbation and the covariant derivative do not, in
general, commute. In order to evaluate (5.4), one needs to obtain the variation of the

connection coefficients, 6I'?.

As noted in Sec. 2.3, in relativity, we have the Lagrangian perturbations to the four-velocity
(2.52),

1
Au® = guaubucAgbc, (5.5)

and the baryon number density (2.54),
1 ab
An = —EnJ_ Agap, (5.6)

where we have the Lagrangian variation of the metric Agu.p = hap + Vaép + V&, and the



5.1.  Relativistic perturbations 95

projection operator orthogonal to the flow 1.’ = u,u® + §,°. At this point, we need to

define the static displacement vector (Penner et al., 2011),

0
% Wy, (5.7)
2V 0y o '

(rsinf) 2V,

with functions W (r) and V(r) describing the radial and tangential displacements, re-
spectively.! We can obtain the Eulerian perturbation to the four-velocity from (2.41) and
(5.5),

1
5w:§mwwmth%&ﬂ (5.8)
which has components
1 )
Sul = ie_l’/zHngm, sut = 0. (5.9)

Similar to the Newtonian case, for static perturbations, the displacement vector does not

appear in the linearised four-velocity.

Equation (5.6) guarantees that the total number of baryons in the star is conserved.
Computing Eq. (5.6) explicitly gives
n

- {aﬁ (K + ;H2> — L+ 1)V + r%‘f + (1 + 1rd>‘> W] Y. (5.10)

A:
" 2 dr

We continue to focus on barotropic matter, ¢ = £(n), (see discussion in Sec. 2.1) which

means that J
3
Ae = —An = uA 5.11
e= - An=plin, (5.11)
where p is the chemical potential. Therefore, we can also write p = p(e), that leads to the
relations
dp 2 2
Ap = d—gAe = ciAe, op = cSde, (5.12)

where we have identified the relativistic speed of sound ¢;. We will use (5.12) to connect
op and de. By the first law of thermodynamics (2.10) for a single-species fluid composed

of baryons, the baryon chemical potential is given by

p=EP (5.13)
n

Hence, (5.10) and (5.11) combine to give

1 9 1 dw 1 dX
As——TQ(eer) [r <K+2H2> —ll+ 1)V +r o +<1+2rdr>w] Yom. (5.14)

"Note that this form of the displacement vector is slightly different to the definition used in the Newtonian
case (4.54).
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Therefore, by (5.12),

_ 1 2 1 dW 1 d\
Ap——r2cs(5+p) [r <K+2Hg> —ALl+ 1)V +r o + <1+2rdr>W} Yom- (5.15)

We also have, from the relation between Lagrangian and Eulerian variations (2.41),

! (e +p) - WY (5.16)

rdp
Ap=0p+ iy =0 =5 e tn)y,

We will use Egs. (5.15) and (5.16) to close our system of equations for the crustal perturb-
ations. Indeed, Egs. (5.15) and (5.16) hold throughout also in the fluid, but, because we
are unable to determine the displacement in the fluid, we currently have no use for these

expressions.

The matter content of the spacetime is encoded in the stress-energy tensor. To complete
the specification of the linearised field equations, we use the stress-energy tensor for a
perfect fluid (2.22) to obtain

6T, % = (6e + dp)uqu® + 6p8,° + (e + p) (Suau® + ugoud). (5.17)

Recall that, as we did in Chap. 4, we expand the perturbed quantities as shown in (2.77)

and specialise to a particular (¢, m) mode. In this calculation, we have (¢, m) = (2,2).

One obtains the following second-order ordinary differential equation that governs the fluid
perturbations by inserting Eqgs. (5.17) and (5.3) into (5.2):

d*H 2 1 (dv d\\] dH 2 A
°+[+ (V >] 0+{r2—[2+£(£+1)]6

dr? r 2 \dr dr dr 72
) (5.18a)
2 (. dv dX dv A\
and \
e~ dv  d\

op = — + — | Hp. 5.18b
P= T6mr (d’r+dr> 0 ( )

For completeness, the other metric quantities are given by
Hy =0, (5.18¢)
Hy, = Hy (5.18d)

and

,dv dH,

1)—2le*K = r2— 1
[(0+1)—2]e r o dr +

dv  d\ dv\?
((+1)er—2—7r <dZ + d7") +r? <di> ] Hy. (5.18e)
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Equations (5.18) are the relativistic analogue to the Newtonian fluid perturbation equa-
tions (4.45). Indeed, by combining Eqgs. (5.18a) and (5.18b), one has a second-order
differential equation for Hy, that is analogous to Eqs. (4.45). We should note that the
perturbation equations in this form do not necessarily include the force that sources the
deformation — unless the force satisfies the relativistic analogue to the perturbed Laplace’s
equation, 5Gab = 0. In this situation, which is effectively the tidal problem (see Chap. 6),
the perturbed metric function Hy contains both the gravitational and tidal potentials.
However, in some sense, we can absorb the deforming force into a potential in Hy, like
we did with U in the Newtonian case [see (4.44) and supporting text]. When we consider

examples, we will demonstrate how one may explicitly include the force.

As remarked above, given the static nature of the problem, one is unable to calculate
the displacement vector in the fluid, since the functions W and V' do not appear in the

perturbed stress-energy tensor.

As in the Newtonian problem, there are two boundary conditions that the perturbed

metric potential must satisfy. At the origin, the solution must be regular,
Hy(0) =0. (5.19)

The surface boundary condition is a little more involved. As we show in Appendix D, the
function Hy must be continuous across all boundaries. In the vacuum exterior, r > R, one
should note that v = —\, therefore, Egs. (5.18a) and (5.18b) reduce to

r o dr dr T dr

PHy (2 d\\ dHo
dr?

o0+ 1)é + (‘M>2] Hy = 0. (5.20)

This is the relativistic analogue to Laplace’s equation for polar perturbations. By a simple

change of variables to x = r/M — 1, one can transform (5.20) to

% [(1 —xQ)ddI?] + [£(£+ -7 _4362} H. (5.21)

Equation (5.21) is written in the form of the associated Legendre equation and has the
general solution in terms of the associated Legendre polynomials Q,5(x) and Pyg(x) with
a=/and B =22

Ho(r) = c1Qup2(r/M — 1) + c2Ppa(r/M — 1), (5.22)

where ¢; and ¢y are constants that determine the amplitude of the perturbations. When

*Usually Legendre polynomials are defined on the unit complex disc. We work with = r/M —1 > 1 and
so we must change the sign in the argument of the logarithmic terms in Qga(z), or, equivalently, take their
real part.
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we specialise to quadrupolar (¢ = 2) perturbations, the general solution becomes

Ho(r) = ex (7 r2(2M —r)?

M
3 r o\ 2 2M
—|—21n<r_2M> +3c2(M) (1—T )

From (5.23), we observe two solutions to the relativistic Laplace’s equation: a decreas-

r

r >2 (1 - 2M> [_ M(M —7)(2M? + 6Mr — 3r2)

(5.23)

ing solution with ¢p, that is associated with the gravitational potential of the star, and
an increasing solution with cs, that may be associated with an external tidal potential
(should that be the physical source of the perturbations). For applications other than

tidal deformations, one can assume ca = 0 and we have the boundary condition at the

surface
1 dH, M
—5(R- ZM)d—TO(R) = { 1+ 5 - sM> [QMR(M — R)(2M? + 6M R — 3R?)
. (5.24)
R—2M\ 1"
+3R3(R — 2M)?In <R> ] }HO(R),

which is the relativistic analogue (for ¢ = 2 perturbations) of the Newtonian boundary con-
dition (4.46b). Thus, Egs. (5.19) and (5.24) are the boundary conditions on the perturbed

metric potential Hy.

Using regularity (5.19), we find, for small r,
Ho(r) = apr[1 + O(r?)], (5.25)

where ag is a constant. With the intuition we developed from the Newtonian problem in
Sec. 4.3.1, we note that this initial condition enables one to solve the coupled ordinary
differential equations (5.18) with no freedom to impose (5.24). Hence, one needs a per-
turbing force in order to construct non-spherical equilibria. Indeed, suppose one considers
the case where the star is perturbed by a presence of a companion that exerts a tidal force
on it. In this situation, Hy includes the tidal potential and the gravitational potential part
of Hy automatically satisfies (5.24).

5.1.2 The elastic crust

For an elastic material with shear modulus i, the Lagrangian perturbation to the aniso-

tropic stress tensor is (Andersson et al., 2019)3

ATap = —21ASqp, (5.26)

$Note that we use the opposite sign for our definition here to that used in Eq. (4.53).
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where the perturbed strain tensor Asg is given by
c |d 1 cd
2As84p = | LLY — gJ—abJ— Aged. (5.27)

The anisotropic stress tensor is symmetric and trace-free. Because star C (Fig. 4.2) is

relaxed in a spherical shape, we find
1
om,b =~ <¢Ca¢db — 3;}1”) Ageq- (5.28)

Summing the elastic stress tensor (5.28) and the fluid stress-energy tensor (5.17) and
inserting these expressions into the linearised field equations (5.2) provides the information

needed to solve the perturbations in the elastic crust.

For the application of the boundary conditions, it is convenient to define the following

variables that are related to the traction components:*

2/ d d
Yy = r26m," = i r?(K — Hy) — (0 + 1)V — QT—W +(4—r— | W| Ye, (5.29a)
3 dr dr
and o
To0oY o = r367rr9 =— (rdr -2V + e)‘W> 09Yorm. (5.29b)

Due to the introduction of the elastic crust, the perturbation equations become more
complicated when compared to the fluid case. However, some of the perturbed Einstein

equations remain unchanged. Since 57Ttb = 0, the [tt] component provides

°K K 1
e_’\TQd— +e (3 - rd/\> rd— - [ +1) — 1][(

dr2 2 dr dr 2
B . " (5.30a)
—e_’\rd—: — [25(6 +1)+e? (1 - Tdr)] Hy = —8mr?de.

Because 57Tab is traceless, we can take the trace of the perturbed Einstein equations to
obtain another equation that has no explicit dependence on the elasticity. We combine
the trace with (5.30a) to obtain

d?H, 1d\ dv dH, 1 ,dvdH
2 0 it N @0 App. L 207 AH2
" + [r <2dr dr) 2}7‘ o + (L +1)e"Hy r
dv  d\ dv dK
2(e — 1) — 1+ 2| H 22770 — Sretr? .
+ { (e )—r <3dr + dr)} 21— 8me’r*(de + 3dp)

(5.30b)

“Note that here T} and T are dimensionless, whereas, in the Newtonian calculation, their analogues have
dimensions of stress (4.56).
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Furthermore, we find from the [¢r] component that, as in the fluid case,

Hy = 0. (5.30¢)

Now, we consider the non-zero components of d7,” to include elasticity into the system.

The difference between the [06] and [¢¢| components leads to the algebraic relation
Hy — Hy = 327V, (5.30d)

which will be useful to eliminate Hy from our equations. This expression shows how the
equality (5.18d) from the fluid perturbations is spoiled with the introduction of elasticity.
We can use the [rf] component and (5.30d) to provide

dK dHy dv 167 dv 167
e T £ A iy i ety ) Vil .
o I +dr 0+ . < +rdr)u patt- (5.30e)

The sum of the [#0] and [¢¢| components gives

-\ Y
p = = <d” + ‘”) Ho + e{e’\[Q — 0+ 1))V

= 16nr \dr | dr 72
| (5.30f)
_*_iT _ @ _ 1 @ _ Q + 1 T
2 v 2" \ar ~ ar 2(

where we have simplified using (5.30d) and (5.30e). The final equation we will use from the
perturbed Einstein equations is the [rr] component combined with Egs. (5.30d)—(5.30f),

dr dr

dv\ 2
2 JR—
+r (dr)

AT v d\
x4+ 16mr 22 —8r 240 (XL D) 1,
dr dr dr

(00 +1) —2]*K =7 +

dv  d\
+1)e =2 —r | —+ =
(€4 1)e T(dr+dr>

T

Hy + 167 {W +1) —2Je* + 72 (?’)2} av o (5:30g)

When ji = 0, this reduces to (5.18e), as expected.

The next step is to formulate the system of equations in a way that is straightforward
to integrate numerically. Clearly, there is a lot of freedom in how one can do this. We
choose to work with the functions (dHy/dr, Hy, K, W,V,T,) as our integration variables.
It is useful to observe that through (5.30d) one can reduce the order of the system to
eliminate Hs. In contrast to the fluid case, we are able to solve for the components of the

displacement vector by using the definitions of the traction variables (5.29). To be precise,
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we can integrate

dw 2 1d) 1 0(+1) 3
- (- =—r(K —Hy) — |1 [l — T 31
dr <7“ 2 d’r> W 2r( 0) O+ 2r v drjp” (5.312)
and N
av 2 e 1
2y = 5.31b
dr T r T ( )

We obtain an algebraic relation by combining (5.30f) and (5.30g) in such a way as to

remove d15/dr. This gives us an equation that involves dp and T,

16mree’op =r T dr + [({(l+1)er =2+ . Ho+2—40({+1)]e*K
(5.31c¢)
dV 2 A dl/
+16772 [ =— | aV — 16we — 167 ( 24+ 17— | To.
dr dr
From (5.30f), we can obtain an equation to integrate for 75,
dT: d dA 1 1 /d dA
d7’2+[ <d7y°_d7’)+ :|T2 _6T6p+16<di+dr)H0
(5.31d)

€>\ 6)\
“[2- iV + —T.
2=+ DIV + T

It is easy to see that (5.31d), when i = 0, reduces to give (5.18b). We combine Egs. (5.30b)—
(5.30e) to get

thy 21
dr? 2

(
42 < v > < ) }HO = —87r{e)‘(35p+ 5¢) +2le:d(5:/) (5.31e)

1— 1 /. dv d\ dv\2 2d
Y ¢ o PR YA a4 2% L
r2 dr rdr

dr — dr
In the fluid, where the shear modulus vanishes, one can verify that (5.31e) reduce to

_drﬂ dgu{ RIS

give (5.18a). The final equation we need from the perturbed Einstein equations (5.30e),

usefully, needs no further alteration,

04 U Hy iV — =Ty, (5.31f)

@_dHo dv 167r 94 dv 167
dr — dr dr

To close this system of equations, we need to consider the thermodynamics. We can use
the expressions we obtained from baryon-number conservation (5.15) and (5.16) to obtain

a second algebraic relation involving dp and 7T} along with (5.31a),

3 r?

T e

d
v 50D + r2K — fl(l + 1)V + <3 - V> w. (5.31g)

2¢2 dr
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We use (5.31c) and (5.31g) to determine dp and T;. Equations (5.31) fully specify the

elastic perturbation problem.

5.1.3 Interface conditions

In order to connect the fluid core and ocean to the elastic crust of star C, we must consider
the interface conditions. By treating the crust as relaxed in a spherical configuration, we
know that the background quantities will be continuous.® To determine how the perturbed
quantities behave at an interface, we must calculate the first and second fundamental
forms (also known as the intrinsic and extrinsic curvatures), which must be continuous

throughout the spacetime. We describe this calculation in detail in Appendix D.

The first fundamental form implies that the functions Hy, K and W are continuous.
From the second fundamental form, we find that the traction must be continuous: thus,
(T1/r? + 8p) and T are continuous. We will continue to assume that the shear modulus
is non-zero throughout the crust and, therefore, must be discontinuous at a fluid-elastic
boundary. We can use continuity of the radial traction (D.17) along with (5.18¢) to obtain

an expression which is true in the elastic crust at an interface,

dv  d\ dv\?
A o 2
L+ 1)er =2—r <dr + dr) +r <dr> ]HOF

2
+[0(£ +1) — 2)e* Ky — 16772 <ZZ) Vg,

dr dr

(5.32)

where we re-introduce the subscripts F and E to denote fluid and elastic, respectively, to
make explicit which side of the interface the perturbed quantities are on. From (D.17), we
observe that, while the radial displacement must be continuous, this does not necessarily
have to be the case for the tangential piece. From continuity of the tangential traction,

we know that Th = 0 at the crustal boundaries.

In the core, we calculate (dHo/dr, Hp) using Eqs. (5.18) and, thus, obtain K via the
algebraic equation (5.18e). In the crust, the order of the system increases, as we need to
determine the additional functions W, V and T5. The system that describes the crust
is (dHy/dr,Hy, K,W,V,T5) with Egs. (5.31). With the six boundary conditions at the
fluid-elastic interfaces — continuity of Hy and K, Th = 0 and (5.32) — the system is well

posed as a boundary-value problem.

S0f course, should one use an equation of state that involves discontinuities at such an interface, that
would need to be taken into account. For a treatment that involves discontinuities in the equation of state
see Pereira et al. (2020).
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5.2 The deforming force

Now, we can turn our attention to considering some example forces in relativity. Because
we can generate fully relativistic stellar models with this formalism, it is appropriate to
consider a more realistic description of the nuclear matter. There are two quantities of
the matter that we need to determine for our models: the fluid pressure-energy density

relationship, p(e), and the shear modulus of the crust, f.

For the pressure-density relation, we first use the analytic BSk24 equation of state (Pearson
et al., 2018) for the high-density regions (¢ > 10° gcm™3) of the star and the Douchin and
Haensel (2001) table for the low-density regions (¢ < 106 gem™2). To prescribe the shear-

modulus profile, we use the Ogata and Ichimaru (1990) result

Ar\3 1 x, \Y3
g:0.1994<;> ( = n> (e2)?, (5.33)

where X, is the free-neutron fraction, A and Z are the atomic and proton numbers, re-
spectively, n is the baryon-number density and e is the fundamental electric charge. We
neglect any phase transitions in the crust, as they would significantly complicate the cal-
culation. Should phase transitions exist at the boundaries of the crust, one would need to
take into account the discontinuities in the background quantities. For the nuclear-matter
parameters, we use the BSk24 results for the inner crust and the HFB-24 model (Goriely et
al., 2013) along with the experimental data from the 2016 Atomic Mass Evaluation (Wang
et al., 2017) for the outer crust (see Table 4 in Pearson et al., 2018). The location of the
core-crust transition is given by the BSk24 results and the crust-ocean transition is taken
to be the lowest density in the outer-crust model. The complexity of this prescription is

due to our attempt to use a consistent model for the neutron-star physics.

We consider three sources for the perturbations: (i) a deforming potential that is a solu-
tion to the relativistic Laplace’s equation, (ii) a thermal pressure perturbation and (iii) a
thermal pressure perturbation that only acts outside the core. Sources (i) and (ii) are the
relativistic equivalents of two forces we considered in our Newtonian calculation (Chap. 4).
As emphasised in the previous chapter, we note that the force in this problem will be re-
lated to the evolutionary history of the star. The examples we consider here have not been
explicitly connected to any formation scenario. They should merely provide an illustration
of how this calculation is carried out. To calculate the mountains for each example, we
follow our scheme outlined in Section 4.2. The perturbations are normalised by ensuring
star C reaches breaking strain at a point in its crust, according to the von Mises criterion
(see the relativistic version below). In practice, this means we take the point in the crust
where the strain is greatest and set that to breaking strain. The results for the different

forces are summarised in Fig. 5.1.
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Figure 5.1: The maximum quadrupole and ellipticity due to the different forces as functions
of stellar mass and crustal thickness, AR.. We show results for the force corresponding
to the solution of the relativistic Laplace’s equation (solid blue line), the thermal pressure
perturbation (dotted orange line) and the thermal pressure perturbation that acts outside
the core (dashed green line).

We calculate the structure of the fluid core of stars A and C using Egs. (5.18) with the
boundary condition at the centre (5.19). For the crust of star C, we apply the interface
conditions outlined in Sec. 5.1.3 to Egs. (5.31). For the fluid ocean of both stars, we
evaluate the fluid perturbation equations (5.18) up to the surface, where the gravitational

potential part of Hy must satisfy (5.24). The numerical scheme is explained in Appendix C.

5.2.1 A solution to the relativistic Laplace’s equation

The relativistic Laplace’s equation is given by the vacuum Einstein equations (5.20). By
comparing (2.82) and (5.23), we identify
M3c
Qom = ——, (5.34)

™

in agreement with Eq. (41) in Johnson-McDaniel and Owen (2013). Thus, as in the New-
tonian calculation, the quadrupole can be obtained by examining the exterior gravitational
potential of the star. The challenge is to disentangle the other potentials acting on the

star that will be contained in Hy.

From (5.23), we can calculate the constants ¢; and cg using Hy and dHy/dr at the surface:
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_ R(R-2M) dHy
=——m [R(QM R)—=(R) +2(R M)HO(R)} (5.35a)
and
cp = ! —2M |R(4M* + 6M3R — 22M*R? + 15M R® — 3R4)@(R)
48M3R(2M — R) dr

+2(2M* — 2M3R + 13M?R* — 12MR? + 3R4)H0(R)]

R—2M
(5.35b)

+3R*(R — 2M)? [R(QM - R)%(R) +2(R — M)HO(R)] In ( R > }

At the surface, Hy and its derivative are continuous, so we can use their values at this

point to calculate the force amplitude (5.35b) and the quadrupole (5.34).
In the formalism of Andersson et al. (2019), the von Mises strain for a star with an

3
O =4/ §AsabAs“b. (5.36)

The von Mises criterion states that a point in the crust fractures when the von Mises
strain reaches the threshold, © > @ at some point. For (£,m) = (2,2) perturbations,

we have the explicit expression

45 | . , 7\ 2
0= _— 20|3sin?fcos?® 26 [ =
5127T{sm [ sin“ 0 cos” 2¢ 2

2
+ 47 (3 + cos 20 — 2sin? 0 cos 4¢) <;€Z) ] (5.37)

unstrained background is

V2
+ (35 + 28 cos 20 4 cos 40 + 8 sin? A cos 4¢) (ﬂ) }

Following the results of molecular-dynamics simulations by Horowitz and Kadau (2009),
we take the breaking strain to be @Pe#k = 0.1.

Therefore, we compute stars A and C using the fluid (5.18) and elastic perturbation
equations (5.31) for (¢,m) = (2,2) perturbations. At the surface, we obtain the amplitude
of the force from (5.35b) and increase its amplitude until a point in the crust breaks
according to (5.37). Then, once the two stars are normalised to the same force, we calculate
the quadrupole moment with (5.34) and (5.35a).

Figure 5.1 shows the maximum deformations with such a force for varying stellar mass. In

the equivalent Newtonian case, for a star with M = 1.4 My, R = 10km, we found Q2 =
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1.7x10%" gecm?, € = 2.2 x 1078, We see that the corresponding maximum deformation for
a relativistic M = 1.4 M, star is two orders of magnitude lower. This suppression has two
contributions. In going from Newtonian to relativistic gravity, the maximum size of the
quadrupole that a crust can support decreases. This suppression was observed by Johnson-
McDaniel and Owen (2013) in their relativistic calculation and has also been seen in tidal-
(Hinderer, 2008; Binnington and Poisson, 2009; Damour and Nagar, 2009; Hinderer et al.,
2010) and magnetic-deformation calculations (Ioka and Sasaki, 2004; Ciolfi et al., 2010;
Frieben and Rezzolla, 2012; Yoshida et al., 2012). This behaviour has been attributed
to the stiffness of the external, vacuum spacetime, that suppresses the quadrupole in the

matching at the stellar surface (Johnson-McDaniel and Owen, 2013).

The second effect comes from the equation of state. Focusing on the role of the matter
model in our calculations, we found that the point where the strain was the largest for all
the forces we considered was the top of the crust. This is where the crust yields and this
behaviour is consistent with previous calculations of neutron-star crusts (Gittins et al.,
2020, 2021). In Fig. 5.2, we compare the shear-modulus profile used in this work with the
linear model used in the Newtonian calculation. Although the linear model appears to be
a reasonable approximation to the more realistic model, there are key areas where the two
differ. Of particular importance to the maximum-mountain calculation, the realistic shear-
modulus profile is significantly weaker in the lower-density outer crust (approximately an
order of magnitude smaller at the top of the crust). This plays a pivotal role in determining
the size of the mountains that the crust can support as the breaking strain scales with the

shear modulus.

Our results are notably at least two to three orders of magnitude smaller than the moun-
tains obtained by Johnson-McDaniel and Owen (2013). As was noted in Chap. 4, the
fact that our scheme produces smaller mountains than calculated in previous work is not
particularly surprising. Indeed, the very nature of the Ushomirsky et al. (2000) approach
[that Johnson-McDaniel and Owen (2013) follow| is to ensure that the entire crust is at
breaking strain, whereas in our scheme (in order to correctly satisfy the boundary con-
ditions of the problem) breaking strain is reached at a point. Clearly, the size of the
mountains depend on the force, so it is natural to explore other choices to see if we can

obtain larger deformations. We will go on to consider a couple of other examples.

5.2.2 A thermal pressure perturbation

The next source for the perturbations we consider is a thermal pressure. For this case, we

assume that the pressure has a thermal component of the form reminiscent of (4.69),

Span = TBE 5T (5.38)
my,
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Figure 5.2: The shear modulus as a function of energy density, €, for the model of the
crust in this relativistic calculation (solid blue line) and as a function of mass density, p,
for the linear model used in the Newtonian calculation (dotted orange line). We show the
density of neutron drip, that corresponds to the inner-outer crust transition (dashed grey
line).

We will assume the temperature is given by (4.71). To incorporate this force into the
perturbation equations (5.18) and (5.31), they must be adjusted by op — ép + dpy,. In

this case, Hy corresponds solely to the gravitational potential of the star.

For this example, the amplitude ag in (5.25) is connected to the magnitude of the tem-
perature perturbation. It is constrained by ensuring the function Hy matches the exterior
solution (5.23) with ¢z = 0. At the surface, the solution must satisfy (5.24). The temper-

ature perturbation, 67(R), is then increased until a point in the crust breaks.°

The maximum mountains built using this force are shown in Fig. 5.1. Compared to the
solution to the relativistic Laplace’s equation, the thermal pressure perturbation produces
mountains approximately two orders of magnitude larger. As we saw in the Newtonian
calculation, this illustrates that the size of the mountains that can be built are highly

dependent on their formation history.

For comparison, the corresponding force in our Newtonian calculation gave Qoo = 4.0 X

1038 gem?, € = 5.2 x 1077 Hence, the suppression for the thermal pressure is weaker than

For a canonical M = 1.4 Mg, star, we found the crust breaks when 6T(R) = 9.4 x 10*K. As before,
this temperature perturbation is simply a source term for the pressure perturbation (4.69) and not a specific
physical mechanism.
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in the previous example.

We also considered the situation where the top of the crust was moved to neutron drip
in order to assess the impact of removing the weaker regions of the crust. In this case,
for an M = 1.4 M, star, we obtained Qo2 = 5.9 x 103 gem?, € = 7.7 x 1077, which is
even larger than what was obtained in the Newtonian calculation. This is not particularly
surprising since we only focus on the inner crust, which is orders of magnitude stronger
in the shear modulus than most of the outer crust (see Fig. 5.2). We also found that the
crust no longer yielded at the top. This illustrates the role the shear modulus plays in

supporting the mountains.

5.2.3 A thermal pressure perturbation outside the core

We also consider the case where the thermal pressure perturbation does not reach into the
core. One could imagine a scenario where the surface of the neutron star is heated and
this heating does not penetrate to the core. We will assume that the thermal pressure has
a finite value at the base of the crust and exists in the crust and ocean. We use the same

form for the temperature perturbation (4.71).

Due to the specific nature of this force, one must be careful in setting up the calculation.
Since the core is unperturbed, we will assume H(7hase) = W (Thase) = 0. Because the force
suddenly appears at the base, we assume that dHo(rpase)/dr is non-zero. For the fluid star
(star A), this is sufficient to calculate the mountains. The precise value of dHy/dr at the

base is determined by ensuring the surface boundary condition (5.24) is satisfied.

For the star with a crust (star C), we need to pay attention to the traction conditions.
Since dHy/dr needed to have a finite value at the base of the crust in the fluid star,
we effectively violated the radial traction condition (D.17). However, we can still use
the tangential traction condition to demand T5(7hase) = 0. This leaves two free values,
K (rpase) and V(Thase). At the top of the crust we still impose both traction conditions,
which constrains K (rpase) and V(rpase) and, thus, the problem is well posed. As was the
case for the fluid star, dHo(rpase)/dr is constrained via (5.24).

We plot the maximum mountains for this case in Fig. 5.1. As compared to the thermal
pressure that acts throughout the star, the mountains produced in this example are ap-

proximately an order of magnitude smaller.

In summary, we have seen with all our examples in Fig. 5.1 that the maximum deformations
the crust can sustain are small. Nevertheless, it is interesting to note that our results
are, in principle, large enough not to contradict the minimum deformation argument of
Woan et al. (2018) and the quadrupoles that can describe the accreting millisecond pulsar

population (Chap. 3).
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5.3 Dependence on the equation of state

As the calculation is done in full general relativity, we have the opportunity to assess the
impact of the equation of state. We explore a subset of the chiral effective-field-theory
models combined with a speed-of-sound parametrisation (see Tews et al., 2018). [These
models were recently used by Capano et al. (2020) to obtain constraints on neutron-star
radii from observational data.] Chiral effective field theory is a systematic framework for
low-energy hadronic interactions. For low densities, the theory describes matter using
nucleons and pions, where the interactions are expanded in powers of momenta and all the
relevant operators in strong interactions are included (Weinberg, 1990, 1991; van Kolck,
1994; Epelbaum et al., 2009; Machleidt and Entem, 2011). One then uses quantum Monte
Carlo methods to solve the many-body Schrodinger equation to obtain an equation of
state (Hebeler and Schwenk, 2010; Kriiger et al., 2013; Carlson et al., 2015; Tews et al.,
2018). Chiral effective field theory is expected to describe matter well up to between one
to two times nuclear saturation density. Tews et al. (2018) extended the equations of state
to higher densities, outside the low-energy regime of the chiral effective field theory, using

a speed-of-sound parametrisation to ensure that causality was not violated.

We consider a selection of models for the pressure-density relation [supplemented by the
Douchin and Haensel (2001) table for the low-density region (¢ < 10% gcm™3)] and subject
the stars to thermal pressure perturbations (as described in Sec. 5.2.2). We choose this
mechanism since it produced the largest mountains from the examples we considered. The

results are shown in Fig. 5.3.

It should be noted that there are observational and theoretical constraints on the mass
and radius of neutron stars. From observations, it is apparent that the true nuclear-matter
equation of state must be able to support 2 Mg neutron stars (Antoniadis et al., 2013).
Additionally, there are recent constraints on the radius from NICER: PSR J0030+0451,
with mass M = 1.34 M, was measured to have 11.52 < R / km < 13.85 (Riley et al.,
2019) and PSR J0740+46620, with mass M = 2.08 M, was measured to have 11.41 <
R / km < 13.69 (Riley et al., 2021). There have been studies combining observations
and theory to constrain the radius of a canonical M = 1.4 M, neutron star. Raaijmakers
et al. (2020) used the NICER observation of PSR J0030+0451 along with GW170817
to obtain a constraint of 11.75 < R / km < 13.5. However, there is some degree of
statistical uncertainty associated with this range and such constraints will need to be
updated with future detections. Indeed, the study of Capano et al. (2020), that combined
nuclear theory with observations of GW170817, found the contrasting (and more stringent)
range 10.4 < R / km < 11.9 for an M = 1.4 Mg neutron star. We indicate M = 2 M
and the radius ranges from the NICER measurements to the right panel of Fig. 5.3.
The majority of the equations of state that we consider support stars with M = 2 M.

To give some indication of the accepted range of equations of state in the mass-radius
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Figure 5.3: The maximum quadrupole and ellipticity due to thermal pressure perturba-
tions as functions of stellar mass for different chiral effective-field-theory equation-of-state
models (left panel) and the corresponding mass-radius diagram traced out by the back-
ground stellar models (right panel). To compare with observational constraints, we indic-
ate M = 2 Mg (middle dashed grey line) and the range of radii 11.52 < R / km < 13.85
(bottom dashed grey line) and 11.41 < R / km < 13.69 (top dashed grey line) measured
by NICER for PSR J0030+0451 and PSR J0740+6620, respectively, in the right panel.
We shade the region between the two models 833 and 1436 that (roughly) satisfy the
constraints to give an indication of the range of possible maximum deformations for this
force. In the left panel, we indicate the upper limit on the ellipticity of PSR J0711-6830
from gravitational-wave searches, € < 8.3 x 107Y (dash-dotted grey line). The equations
of state are indexed according to their radii for an M = 1.4 My star. All stellar models
considered are stable to radial perturbations.

diagram, we shade the region between models 833 and 1436, which (roughly) satisfy the
observational constraints. In order to give context for some of the most constrained upper
limits from gravitational-wave data, we show the deformation constraint for PSR J0711-

6830 of € < 8.3 x 1079 in the left panel (Abbott et al., 2020b).

In the left panel of Fig. 5.3, we show the maximum deformations due to thermal pressure
perturbations for the different equations of state. It is perhaps surprising to observe
that there is a range of approximately two orders of magnitude across all the equations.
Thus, these mountain calculations are quite sensitive to the equation of state. However, as
indicated by the shaded region of Fig. 5.3, the range of maximum deformations is narrower

when we consider recent observational constraints on the equation of state.

One can also see that there is a relationship between the radius, R, of a star with a given
mass, M, and the maximum deformation it supports. This should not be surprising, since

equations of state that produce stars with larger radii will also have thicker crusts that

can support larger deformations.



5.4. Summary 111

5.4 Summary

There is hope on the horizon that we will soon detect gravitational waves from rotating
neutron stars for the very first time. Indeed, there are continued efforts to improve the
data-analysis techniques (see, e.g., Dergachev and Papa, 2020; Beheshtipour and Papa,
2021; Dergachev and Papa, 2021; Steltner et al., 2021; Zhang et al., 2021), along with
plans in development for third-generation gravitational-wave detectors to be constructed
in the (hopefully) not-too-distant future (Maggiore et al., 2020).

In Chap. 4, we surveyed previous maximum-mountain calculations and found that there
were issues relating to boundary conditions that must be satisfied for realistic neutron
stars. In particular, the usual approach to calculating maximum neutron-star mountains
of Ushomirsky et al. (2000) assumes a strain field that violates continuity of the traction.
We introduced a new scheme for calculating mountains that gives one full control of the
boundary conditions at the cost of requiring a knowledge of the deforming force that
sources the mountains. However, it is unclear what this force should be. In reality, the
force is related to the formation history of the star, that may involve complex mechanisms
like quakes and accretion from a companion. Therefore, in order to get a handle on the
force, evolutionary calculations that consider the history of neutron stars will be necessary.
It should be noted that such calculations would need to be ambitious in order to take into
account the physics that may be important in the evolution of the crust, such as cooling,

freezing, spin down, magnetic fields and cracking (to name but a few mechanisms).

In this study, we generalised our scheme from Chap. 4 to relativity. We considered three
examples for the deforming force and found the most promising results for thermal pressure
perturbations. In constructing relativistic stellar models with a realistic equation of state,
we noted that the size of the mountains was suppressed (in some cases, quite significantly).
This was generally due to two factors: (i) using relativistic gravity and (ii) the shear
modulus of the crust was weaker at points than the simple model used in our Newtonian
study. For most of the examples we examined, the crust yielded first at the top, where the
shear modulus is the weakest. These results also point towards the necessity of evolutionary
calculations in making progress on mountain calculations. This is evident from the role

the deforming force plays in how large the mountains can be.

We have also demonstrated how the mountains are sensitive to the fluid pressure-density
relationship for nuclear matter, suggesting a range of uncertainty larger than an order of
magnitude for a range of equations of state that satisfy current observational constraints on
the mass and radius. For this analysis we considered a subset of equations of state from
chiral effective field theory, that all obey causality, and subjected the stars to thermal

pressure perturbations.
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We made an effort to build a consistent neutron-star model, based on the BSk24 equation
of state (Pearson et al., 2018). However, our treatment of the crust is still somewhat
simplistic: we assume that the crust behaves like an elastic solid up to some breaking
strain, at which it yields and all the strain is subsequently released. As discussed in
Sec. 4.5, a possible solution to constructing larger mountains than the ones we have been
able to obtain perhaps lies in plasticity. Plastic solids behave elastically up to some strain
and, beyond that strain, deform in such a way that they retain some of the strain. It is
perhaps likely that neutron-star crusts exhibits some of this behaviour. Suppose a neutron-
star crust is modelled as an ideal plastic. It is then deformed up to its elastic yield limit at
a point in the crust and the strain saturates. Even if the force is increased, the strain stays
the same. One could then continue to apply forces to the crust in order to build as large
a mountain as possible. This could connect real neutron stars to the maximally strained
configuration imposed in Ushomirsky et al. (2000). At present, this is speculation, even
though there have been some interesting discussions of plasticity in neutron-star crusts
(Smoluchowski and Welch, 1970; Jones, 2003; Chugunov and Horowitz, 2010). This idea

certainly seems worthy of future studies.
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Tidal deformations

We have discussed how one calculates mountains in a self-consistent manner in Chaps. 4
and 5. We have seen that, in order to obtain the mountains, one must specify the fiducial
force that gives the star its non-spherical shape. At present, we do not have a good
understanding of what such a force should be (at least not at a level that would be
calculable) and, indeed, progress in this direction may have to rely on detailed evolutionary
calculations of physical scenarios that lead to mountains. However, there are neutron-star
gravitational-wave scenarios where we do know what the deforming mechanism will be:
binary neutron stars experiencing tidal perturbations. In this chapter, we will study static

tidal deformations of neutron stars with elastic crusts, following Gittins et al. (2020).

We set the scene in Sec. 6.1 by introducing the tidal Love numbers in general relativity and
showing how they can be extracted from the metric. In Sec. 6.2, we apply the relativistic
perturbation formalism outlined in Sec. 5.1 to compute the tidal deformations of a neutron
star with an elastic crust using a realistic equation of state. In Sec. 6.3, we explore whether
the crust will break during a binary inspiral. At the end of the chapter, we summarise in
Sec. 6.4.

6.1 Definition of the tidal Love number

Neutron stars undergoing binary inspiral and merger are confirmed (and highly celeb-

rated) gravitational-wave sources. In 2017, the LIGO and Virgo detectors observed a

113
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gravitational-wave signal from a binary neutron star, GW170817 (Abbott et al., 2017f).
More recently, in 2019, another binary merger was detected, GW190425 (Abbott et al.,
2020a) and, in 2020, two neutron star-black hole binaries were observed (Abbott et al.,
2021c¢). Prior to these detections, it had long been considered the case that binary-neutron-
star systems would be promising candidates for gravitational-wave emission (Cutler et al.,
1993; Cutler and Thorne, 2002).

One of the exciting prospects of gravitational-wave observations is that they can provide
model-independent constraints on the equation of state and, indeed, have done in the case
of GW170817 (Abbott et al., 2017f; Bauswein et al., 2017; Abbott et al., 2018¢; Annala
et al., 2018; De et al., 2018; Most et al., 2018; Raithel et al., 2018; Abbott et al., 2019d).
The gravitational-wave signal emitted from inspiralling neutron stars differs slightly from
that of inspiralling black holes. The very fact that neutron stars are extended bodies
introduces finite-size corrections to the gravitational-wave signal.! The dominant finite-
size effect comes from the tidal deformation that each star’s gravitational field induces
on the other. Since this effect depends on the density distribution of the star, it may
be used as a diagnostic to probe the neutron-star interior. However, neutron stars are
believed to have solid crusts close to their surfaces, which introduce further complexity
into prospective descriptions of the interior (Chamel and Haensel, 2008). In recent years,
there have been a few efforts in the direction of understanding the impact that the inclusion
of an elastic crust makes on tidal deformations in neutron stars (Penner et al., 2011; Biswas
et al., 2019), including our own work (Gittins et al., 2020).

For tidal deformations, it is appropriate to work in the adiabatic limit, where the vari-
ations in the tidal field are assumed to be slow compared to the timescale associated with
the star’s internal response (Andersson and Pnigouras, 2019). Therefore, one uses static

perturbations.

A star immersed in a time-independent, external, quadrupolar tidal field &;; will develop a

quadrupole moment @;; in response. In the Newtonian limit, (;; is given by [see (2.65)]”

Qij = /VM(»"«“") <mrj - ;729@') dv. (6.1)

To linear order, one can relate the quadrupole moment to the tidal field by (Hinderer,

2008) i
2R

Qij = 5~

3G

where we meet the ¢ = 2 tidal Love number ko (see Sec. 4.3.1.1 for a brief introduction to

kggl'j, (6.2)

1t is important to accurately track the orbital dynamics of each neutron star during the inspiral in order
to build up a large enough signal-to-noise ratio for a confident detection.

Tt is assumed that the tidal field is weak and thus affects the mass-density distribution of the star in a
perturbative way.
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the tidal Love numbers in Newtonian gravity). Since much of this analysis will make use
of the Newtonian limit, we will reinstate factors of G' and c in relevant expressions. We
briefly review the procedure of calculating the tidal Love number below. For other detailed
discussions on the subject of tidal deformations in general relativity, see Hinderer (2008),
Binnington and Poisson (2009), Damour and Nagar (2009) and Abdelsalhin (2019).

The Love number can be extracted from the exterior metric. We specialise the perturbing
potential in (2.82) to the tidal field (see, e.g., Binnington and Poisson, 2009),

l
_Ltguthu M+Z[ dn Qi Am(L—2).

¢
- Tar 1 Pt gy A B | Ym0, 9),

(6.3)

where Ay(r) is a function that goes to unity in the Newtonian limit (this is given as

2 r

A; in Table I of Binnington and Poisson, 2009). Because we work with quadrupolar

deformations, we have ¢ = 2.

We are free to work with either the tensors Q);; and &;; or their spherical-harmonic coun-
terparts Qa,, and oy, (see Sec. 2.4.1). By comparing (2.70) and (2.75), we find?

i 47l
X
QZ] % cee X (2£+ ” Z ng}/gm’ (64)
where 27 = 2*/r is the unit position vector in the exterior of the star and Q¢ _ is the

ij...q
multipole moment tensor of order ¢ given by (2.68). For quadrupolar deformations,

2
. 87
Qijibzl‘j = E Z QQmYQm. (6.5&)
m=—2
Thus, we also have
Eijd'd) = Z EomYam.- (6.5b)
m—72

Furthermore, one can verify that @;; vanishes for any perturbation with ¢ # 2. Hence, by

(6.2), we have
2 RS

Qom = _§5k282m (6.6)

We can, without any loss of generality, assume that only one &, is non-vanishing (Hinderer,
2008).

30me could also obtain this expression using the decomposition in Hinderer (2008) based on the formalism
developed in Thorne (1980). However, one would need to take into account the different conventions for the
multipole moments (see earlier footnote 13 in Chap. 2). Additionally, one could brute force this calculation by
inserting pure mass-density perturbations of order ¢ into the quadrupole moment tensor (6.1) and contracting
the free indices with &*.
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One can identify the coefficients ¢; and ¢o with the quadrupole and the tidal field, respect-
ively, by comparing the exterior solution to the vacuum field equations (5.23) to the form

of the exterior metric (6.3):

1 = T[-GQMS QQmu (678‘)
81 G2 M?
Cy = —475076527;1, (67b)
and, thus, using (6.6), obtain
C1 15 k‘Q
o 22 6.8
Cc2 4 05’ ( )

where C = GM /(c*R) is the star’s compactness. Because Hy and dHy/dr are continuous
between the interior and the vacuum at the surface, we can use (5.23) to determine the
ratio ¢j/cz in terms of the interior solutions at » = R. This gives the result (Hinderer,
2008)
8CP 5
by = ——(1—20)%2+20(y — 1) - y]{20[6 — 3y +3C(5y — 8)]

+4C%[13 — 11y + C(3y — 2) + 2C2(1 + )] (6.9)

-1
+3(1—20)%2—y+2C(y — 1)]In(1 — 20)} :

where we have introduced the parameter y = R[dHy(R)/dr]/Hop(R). It is interesting to
note that for the computation of the Love number the amplitude ag in the initial condition
(5.25) may be chosen freely. The reason for this is intuitive. Since the tidal Love number
is a measure of how deformable a star is in the presence of a quadrupolar field, it is
independent of the exact details of the external field and, therefore, the calculation of this
quantity is insensitive to the magnitude. We see this in (6.9) as the ratio y means that
dependence on ag exactly cancels. For our analysis, we will focus on the dimensionless

tidal deformability parameter,
2 ko

T30
to enable direct comparison with gravitational-wave constraints (see, e.g., Abbott et al.,
2018c).

(6.10)

6.2 The impact of an elastic crust

We assume the background of the star to be relaxed. Thus, the elastic perturbation
formalism we developed in Sec. 5.1.2 is valid. The star is partitioned into three regions: a

fluid core, a solid crust and a fluid ocean.

To accurately prescribe the crust-ocean transition, we consider the melting point of the
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crust. The Coulomb lattice melts when the thermal energy,
En = kT, (6.11)
exceeds the interaction energy of the lattice,

Z2e?
ECoul = a (612)

where a is the mean spacing between nuclei, by a critical factor 1/T",

1
Eth Z fECoulv (613)

where I" =~ 173. We assume that the crust forms a body-centred cubic lattice, which

effectively has two nuclei per unit cube, so given the number density of nuclei, n,, we have
npa® = 2. (6.14)

The mass density at which the crust begins to melt is, therefore, obtained from

ThpT\® s (AN (Z\P T N\
Ptop = Ampny, = 2Amy, <Z2€2> ~ 6.72 x 10 6 2% 107K gcm .
(6.15)

For our prescription, we assume that the outer parts of the crust are composed of iron,
Z =26 and A = 56, and a temperature of T = 10" K. We assume, towards the surface of

the star, that eop ~ prop-

We use the BSk19 analytic equation of state (Potekhin et al., 2013) for the high-density
parts (¢ > 5 x 10°gem™3) of the star and the equation-of-state table from Douchin and
Haensel (2001) for the low-density regions (¢ < 5x10° gem™2). We parametrise each stellar
model according to its central density and integrate Eqs. (2.33) for the background. The
background is solved along with Egs. (5.18) in the fluid regions of the star and Egs. (5.31)
in the crust. The results of the integrations are summarised in Table 6.1. The mass and
radius of each stellar model is presented in Fig. 6.1 to show that they are all stable to

radial perturbations.

For each stellar model, we compute the tidal deformability in the presence of an elastic
crust, Acust, as well as when a crust is not present, Agy;q, for comparison. We also calculate
the thickness of the crust, AR.. We show these quantities in Fig. 6.2 against the central
density. In agreement with Penner et al. (2011), we find that the inclusion of an elastic
crust has an almost negligible impact on the tidal deformability — the correction is the
largest for the least compact stars at around two parts in 107. This is because, as the
compactness decreases, the crust takes up a much larger fraction of the star. Moreover, as

one would expect, the crust works to resist the star’s deformation which is why the tidal
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Table 6.1: Results of the numerical integrations of the perturbation equations using the
BSk19 equation of state for the high-density regions (Potekhin et al., 2013) and the equa-
tion of state from Douchin and Haensel (2001) for the low-density layers of the star. Each
stellar model is determined by the central density e.. We provide the radius R, mass M,
compactness C' and crustal thickness AR, for each star. The tidal deformability for the
fluid stars, Aguiq, and those with elastic crusts, Acust, are shown, along with the relative
difference between them, where AA = Aqust — Aquia- From the differences between the
tidal deformabilities, we see that the correction due to the presence of a crust is very small.

g/ 10%gem™ R /km M / Mg C Acrust Afuia AN/ Ayia AR, / km
2.500 10.309 2.162 0.310 3.954 523 688 61 3.95452375613 —1.707 x 10~8 0.278
2.203 10.548 2.146 0.301 5.473 047436 30 547304753879 —1.873 x 1078 0.307
1.941 10.787 2.112 0.289 8.015 526 753 84 8.015526 92367 —2.119 x 1078 0.343
1.710 11.019 2.056 0.276  12.49881579778 1249881610913 —2.491 x 1078 0.391
1.507 11.234 1.974 0.260  20.878 484 560 88 20.87848520087 —3.065 x 108 0.451
1.327 11.423 1.864 0.241 37.579 28548491 37.57928697864 —3.975 x 1078 0.529
1.170 11.576 1.725 0.220 73.256 419 235 36 73.25642323791 —5.464 x 1078 0.629
1.031 11.686 1.560 0.197 155.28383741339 155.28384983242 —7.998 x 10~8 0.758
0.908 11.748 1.375 0.173 358.77773415782 358.77777902699 —1.251 x 1077 0.926
0.800 11.768 1.178 0.148  903.80359991409 903.80378919034 —2.094 x 1077 1.144

deformabilities computed with a crust are smaller.

To facilitate direct comparison with Penner et al. (2011) we also integrated the perturba-
tion equations with a polytropic equation of state and a shear modulus that scales linearly
with the pressure. We used the same parameters as Penner et al. (2011) and moved
the core-crust transition to epzee = 2 X 1014gcnrf3 and the crust-ocean transition to
Etop = 10" gem™3. The result is shown in Fig. 6.3. In our calculation, we find that the
tidal deformability is approximately an order of magnitude less sensitive to the inclusion
of an elastic crust than reported by Penner et al. (2011). This quantifies the effect of the
error we corrected in (5.30g). (It is interesting to note that the crust has a more significant

effect in this simple model as compared to the results from the realistic equation of state.)

Furthermore, we note that our results are in stark contrast with those of Biswas et al.
(2019) who find that the crust can make corrections to the tidal deformability of the
order of ~ 1%. The reason for this disagreement is twofold. Firstly, Biswas et al. (2019)
write down expressions for the components of the displacement vector in the fluid and,
thus, supposedly compute them in the fluid. This enables them to treat the system of
coupled ordinary differential equations as an initial-value problem for the entire star and
they use the continuity of the traction in order to match the fluid and elastic regions.
As we noted in Sec. 5.1.1, due to the static nature of the problem, extracting equations
for the components of the displacement vector in the fluid is impossible. Additionally, by
computing the perturbations as an initial-value problem means that one does not have the
necessary freedom to enforce the traction conditions to be satisfied at the top of the crust,
since the boundary conditions at the centre and the continuity conditions at the core-crust
interface are sufficient to carry out the integrations. The second reason is due to the fact

that Biswas et al. (2019) do not have an outer fluid ocean in their stellar model, but
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Figure 6.1: The mass-radius diagram for the central densities considered, showing that
the stellar models considered are stable to radial perturbations.

instead have an exposed crust. In such a model, dHy/dr is discontinuous [see (D.17)] and,
therefore, one cannot use (6.9) as they do in order to compute the Love number. However,
we note that the shear modulus at the top of the crust is expected to be small and so the
discontinuity in dHy/dr will be small. The difference in these results is important. If one
assumes that third-generation gravitational-wave detectors will be able to constrain A to
within a few percent (Maggiore et al., 2020), then our results show that the effect of the

crust will not be measurable, which is at odds with the results of Biswas et al. (2019).

6.3 Crustal failure during inspiral

The formalism described in Sec. 5.1 allows us to calculate the interior structure of a
neutron star with an elastic crust that is experiencing static, polar perturbations. We can
apply this formalism to determine when and where the crust will begin to fracture during
a binary-neutron-star inspiral, as was done in Penner et al. (2012). In contrast to the
computation of the tidal Love number, the amplitude of the perturbations is important
for this calculation. Therefore, we must normalise our perturbations by matching the

interior solution to the exterior at the surface and, thus, constrain the amplitude.

We consider a binary separated by distance d where the companion star is of mass Mcomp-
We assume d > r, as is appropriate in the adiabatic regime, and work in the Newtonian
limit for the normalisation. By Kepler’s third law, the angular frequency of the binary

Qorbit 18 given by
G(M + Meomp)

e . (6.16)

2 _
Qorbit -
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Figure 6.2: The ratio of crustal thickness to stellar radius (left panel) and the relative
change in tidal deformability due to the presence of a crust (right panel) as functions of
central density. As the central density approaches the core-crust transition (which occurs
at epase = 1.3 x 10" gecm™3) the crust occupies a much larger fraction of the star, so both
quantities become more significant.

This is related to the orbital frequency of the binary, fomit, by Qorbit = 27 forbit. First, let us
estimate the gravitational-wave frequency at merger for an equal-mass binary, M = Mcomp-
We assume that the point of merger corresponds to when the two stars touch, d = 2R,

and since gravitational waves radiate at twice the orbital frequency, faw = 2 forbit, we find

.1 [GMm M N\ R O\
mergerzi %21 —_— H . '1
Jaw zﬂ\/; v (1.4M@> <10km> ’ (o1

Expanding around r = 0, one can show that the external field due to the presence of the

companion is

GMcornp . GMcomp P S § GMcomp 7‘2

Pext(7) = == &2 YT

1 o
<mmj - Sgij> '3 +0(r?), (6.18)

where 7! is the unit vector that points from the centre of the star to the centre of the

companion. The tidal piece can be expressed using the (¢,m) = (2,0) spherical harmonic,

, 47 GM,
Ppidar (2) = —\/:d‘;m’r?Ygo. (6.19)

This means that the binary is orientated such that § = 0 points in the direction of 7.

The tidal multipole in the Newtonian limit is given by, using (6.18),

&i (6.20)

- 62(I)ext _ _3GMcomp Ao 1 B
T Oxidx g i ) -
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Figure 6.3: The relative change in the tidal deformability due to the presence of a crust
against the central density for a polytropic equation of state with a linear shear modulus.
We compare our results (blue) with those of Penner et al. (2011) (orange).

Using the decomposition of (6.5) one can show that the non-vanishing &y, is

3 [5 GMeomp
Y Rl 21
£ = 32 My, (621
and, therefore, by (6.7b) we find
4 [rGBM*Meomp  47% |1 GPM*Meomp 9
_& 7 — T , 22
@ 3\/; R 5\ 5 (M & Mog) /W (6.22)

Here we have chosen to parametrise the point in the inspiral by the gravitational-wave
frequency over the separation by using (6.16). Equations (6.8) and (6.22) provide the
necessary information to normalise the perturbations to a binary that is emitting gravit-

ational waves with frequency fow-.

We use the von Mises criterion to determine when the crust begins to break. We obtain
the von Mises strain, where the unperturbed configuration is unstrained, through (5.36).
The crust fractures when the von Mises strain reaches the threshold yield point. Using
the definition of the traction variables (5.29) with (5.27) and specialising to (¢,m) = (2,0)

perturbations, one finds

45 1 T\ 2 T\ ?
02 > [(3c0529—1)2 <u1> + 12¢* sin?(20) (:) +48sin*0V2| .  (6.23)

= 2567 4

The advantage of using the von Mises strain is that it is a function of position, and so
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we can identify where the crust is the weakest as well as when it breaks. Taking the
breaking strain to be @P* = (.1 (Horowitz and Kadau, 2009), we can calculate when the
crust will break, at each point, by imposing that the strain in (6.23) is equal to @k to
normalise the perturbations and then determining the gravitational-wave frequency fgrwe“‘k

which corresponds to that amplitude using (6.8) and (6.22).

\‘ ‘ \
| | ) 0
11.0 11.2 11.4 11.6 2.0

r / km

Figure 6.4: The gravitational-wave frequency at failure across the elastic crust. We can
see that the majority of the crust will not fail before merger.

As an illustration, we use the same equation of state as in Sec. 6.2. We assume the
binary is equal mass with M = Mo, = 1.4 Mg, for which we obtain a star with radius
R =11.74km. In Fig. 6.4 we show the gravitational-wave frequency when the crust breaks
at each point. Figure 6.5 focuses on the regions of the star that break before merger. There
is a clear phase transition at neutron drip (around r = 11.3km), where the inner crust is,
on average, stronger than the outer crust. The crust is notably strong at neutron drip close
to @ =~ m/4 and 37w /4. The reason for this is, as the star becomes more oblate, the parts
closest to the poles and equator are stretched the most. The region that stretches the least
is in between these two regions at 6 ~ 7/4 and 37w /4. This effect can be seen in Figs. 6.6
and 6.7 where the tangential functions 75 /1 and V' combine to give a local minimum in the
von Mises strain at these angles and, thus, a local maximum in the breaking frequency.
The maxima along the equator, # = 0 and m, are where the magnitude of the radial

traction function 77 /j reaches a local minimum (as shown in Fig. 6.7).
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Figure 6.5: The gravitational-wave frequency at failure for the locations in the elastic
crust that yield before merger. This shows that the stars will merge with the crust largely
intact.

We note that, as compared to typical merger frequencies (6.17), our results suggest that
the vast majority of the crust will not fracture before merger. In fact, the crust will only
fail at neutron drip and in the very outermost part of the crust before coalescence. This is
in contrast to the results of Penner et al. (2012), who obtain significantly lower breaking
frequencies throughout the crust. This is likely related to the errors in the analysis of
Penner et al. (2011) that we have pointed out above. Since the crust will be mostly intact
by the point of merger, there is unlikely to be a significant amount of strain energy released
available for an associated electromagnetic signal. However, it has been suggested that
the resonant excitation of oscillation modes may lead to electromagnetic flares, although

this is a different mechanism (Tsang et al., 2012).

6.4 Summary

With the advent of gravitational-wave detections of binary-neutron-star mergers, we have
a promising new method of constraining the equation of state of nuclear matter. The
gravitational waveforms from these events are sensitive to tidal effects in the binaries

which carry model-independent information on the equation of state.
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Figure 6.6: The angular basis of the von Mises strain for (¢,m) = (2,0) perturbations.

In this chapter, we have explored the impact of an elastic crust on tidal deformations of
neutron stars. We used the formalism detailed in Sec. 5.1 which enables one to compute
static, polar perturbations of a neutron star with an elastic component. This was necessary
to resolve discrepancies between previous studies (Penner et al., 2011; Biswas et al., 2019).
There are mistakes in the crustal perturbation equations presented by Penner et al. (2011),
in particular arising from the analogous equation to (5.30g). This meant they marginally
overestimated the impact of a crust on tidal deformations and consequently this affected
their analysis on when the crust will break in a binary inspiral (Penner et al., 2012).
Meanwhile, the work of Biswas et al. (2019) calculates the static displacement vector in
the fluid regions of the star. However, such a calculation should not be possible due to the
static nature of the problem. This means that they cannot correctly impose continuity
of the traction at the top of the crust. Moreover, Biswas et al. (2019) do not correctly

calculate the tidal Love number for the assumed stellar model with an exposed crust.

We have applied our formalism to the computation of static, quadrupolar perturbations
of a neutron star sourced by an external tidal field. We calculated the quadrupolar per-
turbations for a realistic equation of state that includes an elastic crust. We have shown
that the inclusion of an elastic crust has a very small effect on the tidal deformability
of a star, in the range of ~ 1078 — 10~7 for realistic models — even smaller than what
one would calculate using simplistic equations of state. We found that our results are
an order of magnitude smaller than what was reported by Penner et al. (2011) and sig-
nificantly smaller than the results of Biswas et al. (2019). This means the impact of a
crust on binary-neutron-star mergers is not expected to be detectable for current and

next-generation gravitational-wave detectors.
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Figure 6.7: The radial dependence of the radial and tangential traction variables and
the tangential displacement function normalised to a binary radiating gravitational waves
with fow = 10Hz. At neutron drip, around r = 11.3km, we find that the tangential
functions combine to give local minima for most values of #. Note that the vertical axis is
in logarithmic scale — the cusps correspond to when the functions cross zero and change
sign.

We used our integrations to calculate when and where the crust would fail during a binary
inspiral with component masses M = Mcomp = 1.4 M. We found that the crust is much
stronger than estimated in previous work (Penner et al., 2012). Only the small regions

close to neutron drip and the outer layers of the crust will fracture before merger.
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Conclusions

Neutron stars are weird and wonderful objects. We have been aware of their existence for
over half a century and yet there is still much more we can learn about them. Their status
as the most compact state of matter (that we know of) means they provide a remarkable
opportunity to study various aspects of cutting-edge physics. Perhaps the most exciting

prospect is to uncover details about the ultra-dense equation of state.

With the aid of kilometre-long gravitational-wave interferometers, we have witnessed some
of the Universe’s most impressive sights: the coalescence of black holes and neutron stars.
These events had never been seen before. The first observation of a binary-neutron-
star inspiral and merger presented the opportunity to constrain the equation of state
in a uniquely model-independent fashion. The hope is that we will continue to detect
binary neutron stars and eventually start observing other neutron-star scenarios with

gravitational-wave instruments.

In this thesis, we have studied how neutron stars can be deformed with the presence of a
mountain and by the tidal field of a companion star. Both these situations can give rise

to gravitational radiation.

Although we are yet to detect rotating neutron stars with gravitational waves, there are
other signatures we can look for to get an indication of whether we should expect such

radiation to play a significant role in their dynamics. An unresolved problem in the study

127
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of accreting neutron stars is the fact that none of the observed systems spin close to the
centrifugal break-up frequency. This suggests that there must be some (as yet unaccounted

for) mechanism acting in these systems that takes angular momentum away from the star.

We considered whether gravitational-wave emission could explain the features of the ob-
served spin distribution of accreting neutron stars in Chap. 3. To answer this question,
we simulated populations of accreting neutron stars. We used a model for the torques
acting on the neutron star that accounted for accretion and magnetic-field effects. We
also worked with persistent and transient accretion. Promisingly, we found that one could
recreate the observed spin distribution with the inclusion of gravitational-wave torques.
In addition to a permanent deformation, we showed that one could also obtain this beha-
viour from thermal mountains and unstable r-modes. However, based on the distributions

alone, it is difficult to distinguish between the competing mechanisms.

A natural extension of this study would be to try to connect the accreting-neutron-star
population with the population of rapidly rotating radio pulsars. In particular, it would be
interesting to see whether gravitational waves are relevant in this process and can obtain
the spin distribution of radio pulsars. Towards building a realistic model for the spin
evolution, one could consider a more sophisticated treatment for transient accretion that

takes into account variable outburst/quiescent cycles.

In this work, we obtained the observed spin distribution for accreting neutron stars with
a permanent quadrupole moment of Qg = 1036 gem? (corresponding to an ellipticity of
€ ~ 107?). We found similar results for thermal mountains with the fractional quadru-
polar heating of 67,/0T = 4 x 10~* and unstable r-modes with amplitude o« = 1077.

Understanding why there is a preference for these values will require further investigation.

In light of this result, we went on to consider how neutron-star mountains are calculated
in Newtonian gravity in Chap. 4. Over the past two decades, there have been a number of
studies on the maximum mountain that a neutron star can support before the elastic crust
fractures. This is a relevant question since such a result would provide interesting context
to the upper limits on these deformations that have been obtained thus far, as well as give
an indication of the maximum spin-frequency pulsars should be able to obtain. However,
previous maximum-mountain studies had issues with satisfying the boundary conditions

of the problem.

In order to resolve these issues, we developed a new scheme for calculating mountains on
neutron stars that explicitly includes the fiducial force which gives the star its non-spherical
shape. By introducing the force, we have full control over the boundary conditions. One
of the advantages of using our scheme is that one can compute all the relevant quantities.

But, one must prescribe the deforming force. In reality, the force that gives rise to the
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mountains is (presently) unknown. Indeed, to make progress on this, future evolutionary
calculations will be necessary to motivate the form of the force. As a proof of principle, we
calculated the mountains produced by a few example forces. We found that the maximum
mountains the considered forces produced were in the range of a factor of a few to two
orders of magnitude below previous estimates, 1.7 x 1037 < Q90 / gem™2 < 4.4 x 10
(2.2 x 1078 < € < 5.7 x 1077). This was not a surprising result since, in prescribing the
force, the breaking strain was reached at a point — rather than throughout the entire crust,

which previous studies assumed.

In Chap. 5, to construct more realistic models, we generalised the Newtonian scheme for
neutron-star mountains to relativistic gravity. In addition to considering how the moun-
tains depend on the deforming force in relativity, we also were able to explore how the
equation of state impacted the size of the mountains. As has been noted for tidal- and
magnetic-deformation calculations, we observed a suppression in the magnitude of the
mountains in going from Newtonian to relativistic gravity. We also found that the shear
modulus of the crust is important in supporting the mountains: in particular, for the
sources we looked at, the shear modulus at the top of the crust was a limiting factor.
Finally, we demonstrated how the mountains are sensitive to the fluid pressure-density
relationship. For equations of state that satisfy current observational constraints, the de-
formations spanned a range of approximately an order of magnitude for a given deforming

force.

In studying mountains in both Newtonian gravity and full general relativity, we have
seen that there is a great deal of uncertainty in what the mazimum mountain is that the
neutron-star crust can sustain. It is clear that the formation history of the star plays a
crucial role in how large the mountains can be. Additionally, the equation of state of the

neutron-star matter is also important.

A potentially promising direction for future work is what role plasticity may play in max-
imally strained neutron-star mountains. Plastic materials hold on to some of the strain
when the yield limit is reached. It is possible that plastic flow in the crust could enable

the star to attain a higher strain configuration and perhaps a larger quadrupole moment.

In Chap. 6, we went on to study a scenario in which the deforming force is well known.
We explored the impact of an elastic crust in tidal deformations of neutron stars in general
relativity. With the recent detections of binary neutron stars, it proves timely to go beyond
the usual approximation of neutron stars as perfect-fluid bodies and consider the role of

the crust.

We found that the crust has a very small effect on the tidal deformability of a star, in

the range of ~ 1078 — 10~7. Such an effect is beyond the expected sensitivity of third-
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generation gravitational-wave detectors. We also computed when and where the crust
would fail during a equal-mass binary inspiral with component masses of 1.4 Mg. In
comparison to previous work, we found that the crust is (perhaps surprisingly) robust and

the majority of it will remain intact up until merger.

With the promise of more detections of binary-neutron-star inspirals, similar studies —
extending the description of neutron stars beyond the standard perfect-fluid approxima-
tion — would be worthwhile. It would be interesting to study whether superfluidity and

magnetic fields could leave measurable imprints on the waveform.

With the continued improvements of current-generation detectors and the developments
of new, more-sensitive interferometers, alongside our improving theoretical understanding,
there are good reasons to be optimistic about observing novel neutron-star scenarios using
gravitational waves. However, in the meantime, there is plenty of work for us to do. The

future is bright in gravitational waves.



APPENDIX A

Solving the equations of stellar structure

This appendix provides additional information on solving the equations of structure for

non-rotating, spherical stellar models.

A.1 Polytropes

The polytropic relation is a popular idealisation for barotropic equations of state:
plp) = Kp't/m, (A1)
where K is the polytropic constant and n is the polytropic index.

One can take the divergence of the equation of hydrostatic equilibrium (2.16) to write

1d (erp

— 2 — 4 ) A2
r2dr \ p dr) mGp (A.2)

This equation may be written in dimensionless form by introducing the following variables:
p=pb", r=at, (A.3)

where 6 is the polytropic temperature, £ is the dimensionless length and a is a constant
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with dimensions of length. From the equation of state (A.1),

b= p09n+17 (A4)

1+1/n
c

where p. = Kp, . One chooses a in order to simplify the differential equation,

n+1 Kpi/n_l
a= \/( 4)7TG . (A.5)

Thus, (A.2) becomes
1
14 < 2d6> — (A.6)

Equation (A.6) is called the Lane-Emden equation. The Lane-Emden equation has the

boundary conditions at the centre, £ = 0,

0(0) =1 (A.7a)
and 0
d—g(O) = 0. (A.7b)

Equation (A.7a) follows from the fact p = p.0". Equation (A.7b) is obtained by examining
(2.18¢) near the centre, noting that m(r) ~ 4mp.r®/3 in this region.

A solution of (A.6) depends on one parameter only: the polytropic index n. The other
two constants K and p. are scaling parameters that provide dimensions to the physical
star. The Lane-Emden equation can be integrated outwards from & = 0 until 6 goes to
zero at some &1. This defines the surface of the polytrope. The physical radius is, thus,
R = a&; and the total mass is M = fOR 47r? pdr. Therefore, one can readily show that

n+1)K 1/2 -n n
R = [( + ] pt gy (A.8)
and 3/2
_ g | (P DENTT on)/n) o 40
M—47r[ pere P & )] (A.9)

For a solution to a given polytropic index, one can choose K and p. to give a specific R
and M.

The Lane-Emden equation admits three analytic solutions: n = 0, which corresponds to
an incompressible fluid with p = const; n = 1, where p  p?; and n = 5, known as the
Roche model, which has an infinite extent. For n = 1 polytropes, which are useful for

approximating Newtonian neutron stars, the polytropic temperature is given by

sin &

0(¢) = ¢

(A.10)
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and the polytrope has its first root at & = .

A.2 Numerical integration of relativistic stars

We have the equations of stellar structure (2.33),

CZ—T = 4712, (A.11a)
dp _ (e +p)(m+4nrp) (A11D)
dr r(r—2m) ’

and
dv  2(m+ 4mrp) (Adlc)

dr r(r—2m) ’

along with a barotropic equation of state, p = p(¢).

In order to solve the coupled system of differential equations (A.11), we must provide
boundary conditions. We choose some central value for the energy density . which has
the corresponding pressure p. = p(e.) at » = 0. At the stellar centre, the mass is zero,
m(0) = 0. The surface of the star is defined as when the pressure vanishes, p(R) = 0. At
this point, the interior metric must match smoothly to the exterior, e” (B) —1—2M /R.
Usefully, because the metric potential neatly decouples from the other two equations, one is
free to assign a constant to v(0) and then correct this constant at the surface by satisfying

the boundary condition.

The equations of stellar structure (A.11) present an initial-value problem. The numerical
integration of these equations should begin at the centre, r = 0, with initial values for m,
p and v specified, and integrate through the star until p = 0. This determines the surface,
r=R.

However, one should note that Egs. (A.11) are singular at the origin. To begin integrating,
one must start at a small value r away from the origin. The initial values for m and p are

obtained by considering power-series expansions around r = 0, e.g.,
=~ 1
m(r) =) _ —mar®, (A.12)
a=0

inserting these expansions into Eqs. (A.11) and comparing powers of . One finds that the

even powers of r in m(r) vanish, as do the odd powers in e(r) and p(r). For the non-zero
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components, one finds

Po = Dc, (A13a)
€0 = €, (A.13b)
4
P2 = _?(50 +pc)(50 + 3pc)> (A.13C)
b2
= Al
g9 CE(O) s ( 3d)
ms3 = 8me, (A.13e)
ms = 487‘(’52, (A13f)

where c? = dp/de is the squared sound speed and ¢2(0) is its central value. Therefore,

dm 4 82

m(r) = ?Ec"" - m(fc +pe)(ec + 3pc)?”5 + O(r7), (A.14a)
p(r) = pe — %”(sc +pe) (e + 3p ) + O, (A.14b)
e(r) =ec— 3,0227;@(& + pe)(ec + 3p)r? + O(r). (A.14c)

The value v(r) near the origin is arbitrary because it will be corrected at the surface.



APPENDIX B

The spherical harmonics

This appendix provides a brief introduction to the well-known (and very useful) spherical
harmonics. Traditionally, one meets the spherical harmonics by examining the solutions

of Laplace’s equation. In Newtonian flat space, the Laplacian V2 of a scalar quantity f is

L. 10 [ ,0f 10/ of 1 o2
19 (29 9 (ging2l) 4 L _9J B.1
ViIi=a T ar ) rrsmaas 0% ) T einTe a0 (B.1)

given by

We look for solutions of Laplace’s equation,
Vif =0, (B.2)

using separation of variables, f(r,0,¢) = R(r)©(0)®(¢). Thus, we obtain

1 d [ ,dR 1 1 4 doe 1 1 d*®
Sy (P ek RS A (S B.
Rdr (T dr>+@sin9d9 (Sm d0>+<1>sin20d¢2 0 (B-3)

Suppose we rearrange (B.3) so that all terms with a ¢ dependence sit on the right-hand
side. Then, we note that the left-hand side depends on r and 8. This implies that we have

a constant « so that

sin®@ d dR sinf d . dO 1 d2®
(2 > @Cw( )— =a. (B.4)

R dr \" dr 0 ) T e dg?
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We can solve (B.4) for ® to find
B(p) x eV (B.5)

Because ¢ is a periodic variable, ®(¢ 4 27) = ®(¢), this implies that o = m?, where m is
an integer. If m = 0, then the general solution is ®(¢) = a¢+b, with a and b as integration

constants. Periodicity means that a = 0, therefore, only one solution is allowed.

Using similar logic as above, we put terms that depend on r on one side and terms that

depend on # on the other,

1 d [ ,dR 1 1 d (. ,dO m?
1dfpdy 1 1 df. ,d9 - B.
Rdr (’” dr) O sin 6 df (“n d0>+sin20 b, (B6)

where we introduce the constant 5. Therefore, we have the differential equation for the

polar-angle function

1 d (. ,dO m?
sin 6 d <Sm0c19> + (5 ~ sin? 0) 9=0 (B7)
By changing variables to 2 = cos ), the differential equation (B.7) becomes
d 9, dO m?
— (1 =)= - =0. B.
dx[( :E)d:v]+<6 1—x2>@ 0 (B-8)

Equation (B.8) is in the form of the associated Legendre equation. It has a regular solution

when 5 = £(¢ + 1), where ¢ is a positive integer and |m| < ¢. The solution is
O(60) o< Py (cosb), (B.9)

where Py, () is an associated Legendre polynomial,

Pun(x) = (—1)™(1 — x2)m/2;i—mm7>@(x>, (B.10)

and Py(x) is a Legendre polynomial,

Pila) = oy (a® 1) (B.11)
= 5 gt ' '
From (B.6), we obtain an equation for R(r),

d [ ,dR

— — | = 1 B.12

= (r dr) L+ 1)R, ( )

that has solutions of the form

R(r) o ¥, R(r) oc 1 /761, (B.13)
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Combining the above results, the general solution to Laplace’s equation is
f(r,0,0) = (Ar' + B/r™ ) Py (cos 0)e™?, (B.14)
where A and B are constants.

At this point, we focus on the angular part of f, g (6, @) x ©(0)P(¢), which depends on

the numbers ¢ and m. We can normalise gz, (0, ¢) so that

™ 21
/0 /¢ gZ/m/ (9, gb)ggm(@, qZ)) sin 0dfd¢ = dppr Oy s (B.15)
=0 =0

where 0y, is the Kronecker delta and the star denotes complex conjugation. Here, we
integrate over the differential solid angle on a two-sphere, d) = sin #dfd¢. Therefore, we
find

gfm(aa ¢) = (_1)m\/2€4_7t ! mpﬁm(cos a)eimqﬁ = }/Em(gv ¢)7 (B'16)

which are the famous spherical harmonics Yy, (0, ¢). The phase factor (—1)™ is a conven-

tion from quantum mechanics.

Let us examine some of the properties of the spherical harmonics. We observe from (B.16)
that
Yom = (~1)"Y7 (B.17)

We note through (B.15) that the spherical harmonics are orthonormal. Indeed, we also
have
(0 — 9)o(¢ — )

sin 6

00 l
SN Vi 9)Yan(6,6) =

{=0 m=—¢

: (B.18)

where 0 is the Dirac delta function. Thus, the spherical harmonics form an orthonormal
basis on the two-sphere. Additionally, the spherical harmonics are complete. This means
that they are linearly independent and no function of (6, ¢) exists that is orthogonal to all

Yo (0, ¢). Because they are complete, any well-behaved function of (6, ¢) can be expressed

as
o) l
F(Q, ¢) = Z Z Ffmnm(e, d))’ (Blg)
=0 m=—¢
with coefficients Fy,, given by
™ 2
Fom = / Y;. (6, 6)F(6, ¢) sin 0d6do. (B.20)
6=0 J p=0

One can obtain the useful relation, using some of the above equations,

00+1)
?”2

VY = — Yim. (B.21)
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It is worthwhile noting that (B.21) holds for all spacetimes in relativity that include the
two-sphere [e.g., the Schwarzschild metric (2.26)]. We also have the addition formula,

which we show without proof,

l
D Vi (XY (d), (B.22)

m=—

4

Po(cosa) = T

where X’ and & are two unit vectors, separated by angle a.
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Numerically solving the perturbation equations

Our approach to solving the interior perturbation equations is similar to as described in
Lin et al. (2008) and Kriiger et al. (2015). We divide our star with a crust into three
layers: (i) a fluid core from Ry = 0 to Ry, (ii) an elastic crust from R; to Ry and (iii) a
fluid ocean from Ry to R3 = R. We express the system of ordinary differential equations

for a given layer ¢ in the form

dy®
dr

where YO (r) = [y1(r), ..., yx, (r)] is an abstract k;-dimensional vector field, Q™ (r) is a
k; X k; matrix and r = R; denotes the end of layer 7. As long as our differential equations

are linear we are free to write the system in the above form.

Due to the linearity of the differential equations, we generate a set of k; linearly independ-

ent solutions Yg-i) (r) for layer ¢ and obtain the general solution using a linear combination

of these solutions,
kl . .
YO (r) =3 v ), (C.2)
j=1

where the coefficients cg-i) are constants to be determined from boundary and interface con-
ditions. We generate these linearly independent solutions by choosing linearly independent

start vectors Ygi) (R;—1) and integrating through the layer using (C.1) up to r = R;. (Note
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that, in theory, there is no reason one could not do the reverse, integrating from r = R;
to R;_1, should they wish.) A priori, we do not have any additional information about
layer ¢ and would naively integrate k; linearly independent start vectors. However, we can
reduce the computational effort by applying relevant boundary conditions. For example,
should a variable vanish at an interface, one could simply set this variable to zero in the

start vectors and reduce the number of necessary linearly independent solutions by one.

We will initially focus this discussion to the Newtonian variables, but the logic still applies
to the relativistic formulation. The fluid regions of the star are governed by Egs. (4.45)

and so we have the abstract two-dimensional vector field
YO () = [d6®(r) /dr, D (r)], (C.3)

where k£ = 1,3 denotes the core and ocean, respectively. The elastic region of the star
is more complex and requires more functions [see Egs. (4.58)] to describe its structure.

Thus, we use the six-dimensional vector field
YO () = [d6D(r) /dr, 6®(r), & (r), €L (r), Ti(r), Ta(r)]. (C.4)

At a fluid-elastic interface, we know the variables dd®/dr, 0P, & and T» are continuous.
We know the values of dd®/dr and 0P from the calculation in the fluid core and so we
use their final values in the core to start the integration in the crust. Since the traction
variables vanish in the fluid, we can simplify the integrations in the elastic by demanding
that 75 = 0 at an interface. For each of the solutions, we calculate the value for T7 at the
base using (4.59). These conditions mean that we must generate two linearly independent
solutions with the initial values for the unknown functions &, and £, . [Notice that because
of the condition (4.59), we could equivalently choose to generate solutions with 77 instead
of either &, or £, .| At the top of the crust, we demand that 75 = 0 and 7} be equal to the
result of (4.59). We use these two constraints to solve for the coefficients of the general
solution (C.2). At the top of the crust, we can straightforwardly continue the integration

through the fluid ocean, since dé®/dr and §® are continuous.

In the relativistic formulation, we have Egs. (5.18) for the fluid perturbations with
variables (dHy/dr,Hy) and Eqs. (5.31) for the elastic perturbations with variables
(dHy/dr,Hy, K,W,V,T,). The idea is very similar to what is described above. However,
dHy/dr is not continuous. The functions Hy and K are continuous across an interface
and are used to begin integration in the crust. Again, we have To = 0 at the base and the
value for dHg/dr is obtained from (5.32). These two conditions also hold for the top of
the crust and constrain the functions W and V. In the fluid ocean, the initial value for
dHy/dr is calculated from Hy and K using (5.18e).
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The interface conditions

Since we consider a star with multiple layers that have phase transitions, we must address
how the perturbation functions behave across an interface. We calculate the interface

conditions using the geometrical approach explained in Andersson et al. (2002a).

Let us begin by considering the level surfaces of a scalar quantity A. We assume the level

surfaces to be time-like and, therefore, have the normal,

No— VA (D.1)

V/VPAV, A

where NN, = 1 is true by construction. The first fundamental form (also known as the

intrinsic curvature or induced three-metric) of these level surfaces is
Yab = P, Py gea, (D.2)
where the projection operator along the level surfaces is given by
Pl =50 NN (D.3)

The second fundamental form (also known as the extrinsic curvature) of the level surfaces
is defined as
K = —P,“P,%V Ny (D.4)
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Let us specialise and consider the useful decomposition of our scalar quantity of the form,
A(t,r,0,0) = Ao(r) + 6A(t, 1,0, ). (D.5)

Using this decomposition we obtain the following components for the normal:

06 A
Nt = vtV zm +e V" M2py,, (D.6a)

1
NT = N2 (1 - ze_Ah,«,) , (D.6b)

M2 9p6 A
9 __ € 0
~r2 dAg/dr’ (D-6c)
M2 9,6A

o _ € ¢

N r2sin® @ dAg/dr’ (D-6d)

The level surfaces of A, thus, have the following non-zero components of the first funda-

mental form:

Ve = —€” + hy, (D.7a)
Yer = hiy — € dfltj/jjlr’ (D.7b)
Vg = —e dieoé/?lr’ (D.7¢)
Yrg = =€ d%j/flr’ (D7)
Yoo =17 + heg, (D.7e)

Yoo = 7"2 SiIl2 0+ h¢¢. (D.7f)
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The non-trivial components of the second fundamental form are

2
_ 1@@,,4/2 a2 070A b e M2, - %e_x/z&htt _ %%eu—sx/zhm (D.8a)

TS5 © dAq/dr
Ky = %% (&ﬂm — e—WhtT) , (D.8b)
Ky = —e*/? (m — ;e_)‘ﬁghtr> , (D.8¢c)
Kpg = —eM? <m - ;ekatht,) , (D.8d)
2/2
2/2
Kop = —e M2 — Amm _ %87)\/2(87"}109 — e”\rhw), (D.8g)
Koy = _df;//;" (9p0s8A — cot 09,0 A) (D.8h)

2
2 8¢5A — eM2ginfcosh 904
dAg/dr dAo/dr (D.81)

— %G_A/Q(&nhw — e Mrsin? Oh,r)

Kyp = —e M2pgin29 — M

Both the first and second fundamental forms must be continuous across an interface (in

the absence of surface degrees of freedom).

As was done by Finn (1990), we will consider the level surfaces of the radial shell, so we
assign Agp = r and JA = £". We use the perturbed metric for polar perturbations (5.1).
Because of how we set up the problem by assuming the background star is in a relaxed
state, we know that the background quantities will all be continuous across an interface.
We further assume that there is no discontinuity in the density or pressure. The first
fundamental form with components ¢, Y&, Yoo and .9 show

[Hole =0, [Hi), =0, [K], =0, M;/‘d] o, (D.9)

where we have introduced the notation [f], = limeo[f(r + €) — f(r — €)] to describe the
continuity of a function f(r) at a point r. The angular part of A is decomposed using
spherical harmonics. For the problem we are analysing, H; simply vanishes. The generic

condition above translates to [£"], = 0, which is equivalent to
(W], =0. (D.10)

This condition is equivalent to saying there must not be a gap in the perturbed material.
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We have exhausted the information we can learn from continuity of the first fundamental
form. We also notice that there is no additional information to be learned from the
components Ky, K, Ky, K9 and K, of the second fundamental form; only components

Ky and Kgg provide more interface conditions. Continuity of K implies

ldv ,_
4+ = e | =0, D.11
[8htt+2d7“e h :|T 0 ( )
This gives
dHO 1dv
= ———[Hy|,. D.12
[ dr ]r 2d7'[ 2 ( )
Similarly, we can infer from Kyy,
dK 1
Orhgo — € rhy] =0 — | = -[H,. D.13
e I (D13)
We can combine (D.12) and (D.13) to obtain
dK dHo 1 dv
— ——| =—|(24+r— ) [Ho|,. D.14
[dr dr ]T 27‘( +Td7“>[ 2l ( )

Now, we need some information from the perturbed Einstein equations. The above ex-

pression can be further used along with (5.30e) to provide

167 dv 167 1 dv
—(24+r— ) [aV], - —[Dh], = — | 2+7r— | [Ho],. D.1
T < rdr>['u ) T [T2] 2r< rd’r>[ 2] ( 5)

Using continuity of Hy and (5.30d) we find
[Hy), = 327 [aV],. (D.16)

This condition states that we should expect a discontinuity in Hs for two reasons: (i) the

shear modulus vanishes in the fluid and has a finite value in the crust and (ii) there is

no reason that the tangential displacement function V need be continuous. This further

implies through (D.12) that dHy/dr will be discontinuous,

[dHo} dv
T

Equations (D.15) and (D.16) imply continuity of the tangential traction variable,

(T3], = 0. (D.18)
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Finally, we use (5.31c), along with the continuity condition (D.17), to obtain
T
— =0. D.1
[72 + 5p]r 0 (D.19)

Equations (D.18) and (D.19) simply mean that the radial and tangential stresses are
continuous across a fluid-elastic interface. These interface conditions are necessary when
considering how the functions behave across a fluid-elastic boundary and enable one to

carry out the integration in the crust.
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