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Abstract

This thesis presents work related to anomalies in superconformal field theories (SCFTS).
Recent holographic computations proved the existence of new supersymmetry anomalies
in /' =1 SCFTs with an anomalous R-symmetry. This was also confirmed in the context
of the Wess-Zumino (WZ) consistency conditions. Motivated by these results, we provide

a comprehensive analysis of the free and massless WZ model in perturbation theory.

The WZ model is classically invariant under the superconformal group SU(2,2|1), but
some of these symmetries are broken by quantum anomalies. There are well known bosonic
anomalies associated with R-symmetry and scale invariance, as well as fermionic anomalies
associated with the gamma trace of the supercurrent (usually known as S-supersymmetry).
We provide the first rigorous loop computation which shows that Q-supersymmetry of
conformal supergravity is anomalous at the level of the 4-point correlators, confirming
the holographic and WZ consistency conditions computations. In particular, we focus
on the Ward identities of the 4-point correlator of two supercurrents and two R-currents
<QQJJ>. The results are verified by two different regulators, namely the cut-off and
the Pauli-Villars regularization procedures. We also obtain all the standard anomalies of

the WZ model that is coupled to conformal supergravity.

Our results also show that the form of the anomalies and the part of the symme-
try they break depend on the multiplet of conserved currents one uses. In particular,
the conformal multiplet in the renormalized theory is necessarily anomalous in Q- and
S-supersymmetries, while in the Ferrara-Zumino (FZ) multiplet —the minimal massive
multiplet— there exists a manifestly non anomalous combination of Q- and S- supersym-
metries of the conformal multiplet. We give the counterterm that relates the two multiplets

in the correlation functions of interest.

Finally, in the context of the loop computation, we shed light on many subtle issues

on the regulators and the derivation of the Ward identities.
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CHAPTER 1

Introduction

Symmetries

Until the 20th century principles of symmetry played little role in theoretical physics.
Notions of symmetry such as Galilean invariance or equivalence of inertial frames existed
for example in Newton’s laws of mechanics. However, conservation laws such as momentum
and energy conservation were considered to be a consequence of the dynamical laws of

nature rather than the symmetries that underlay these laws.

This approach changed drastically with Einstein. In 1905 Einstein considered the
symmetry principle as the most fundamental feature in nature that put constrains on the
allowable dynamical laws. Under the assumptions of the principle of special relativity
— the requirement that the equations describing the laws of physics have the same form
in all inertial frames of reference — and the invariance of the speed of light in vacuum,
he was able to derive Lorentz transformations, which were first derived by Lorentz using
Maxwell’s equations for electromagnetism. Ten years later, generalizing the principle of
relativity, i.e. assuming that physical laws are the same in all reference frames — inertial
or non-inertial — Einstein constructed the theory of General Relativity which describes
the dynamics of gravity. Furthermore, with the development of quantum mechanics in the

1920s symmetry principles came to play an even more fundamental role.

Symmetries of classical theories are encoded by transformations of the dynamical vari-

ables that leave the action invariant. There exist discrete symmetries, such as time reversal
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invariance or mirror reflection, as well as continuous symmetries, namely symmetries which
are specified by parameters that can be varied continuously. Examples of such symmetries
are spacetime translations and spatial rotations. Symmetries can be global and hold at
all points in the spacetime under consideration, or local, which vary from point to point.
Local symmetries must be gauged. If e(z) is the spacetime dependent parameter of the
symmetry transformation, for the invariance of the action we need to enrich the field con-
tent and introduce a gauge field A, (x) that transforms under the symmetry of interest as

0: A, = gOue, where g is an appropriate constant.

Global vs local symmetries

Global and gauge symmetries are distinct. In particular, a gauge symmetry is not a real
symmetry; it can be thought as a redundancy in our description and all states related
by a gauge transformation are physically the same state. It is an artefact of the extra
degrees of freedom that we use in our theory, thus in principle, any gauge symmetry can
be eliminated by going to the classically equivalent description of the system with fewer
degrees of freedom. On the contrary, global symmetries are true symmetries of a theory.
They do not reduce the degrees of freedom. They are physical, in the sense that states
related by them may be considered ‘equivalent’, but these states are not the same. So the
key difference between a gauge and a global symmetry is that one is in our theoretical
description, while the other is a property of the system. For example, no manipulation
can make a point charge have less spherical symmetry (global rotation symmetry), but the
electromagnetic gauge symmetry can vanish if we consider the electric and magnetic fields
instead of the 4-potential. The price we pay is that Maxwell’s Lagrangian is no longer

written in a manifestly Lorentz covariant form.

A very important implication of global continuous symmetries is the existence of con-
servation laws (conserved currents) associated with them. For instance, spacetime transla-
tions lead to conservation of momentum and energy, while spatial rotations imply angular
momentum conservation. The connection between global continuous symmetries and con-
served currents was made in 1918 by Emmy Noether’s first theorem [1]. A nice review on

Noether’s theorem can be found in [2].

Anomalies

The discussion until now concerned symmetries in the context of classical theories. In the
quantum regime the situation is slightly more complicated. One quite often encounters
infinities in quantum computations. They arise in higher-order perturbative calculations
and typical examples are the electron’s self energy and zero point vacuum energy. To have a
well defined theory we need to find a consistent way to deal with these divergent quantities.
We do that by means of regularization and renormalization. Regularization consists of

introducing a new parameter in our theory that encodes all divergences. Common ways



to regularize a quantum field theory are to introduce a hard ultraviolet (UV) cut-off R at
the integration variable of the Feynman integrals, add in the Lagrangian fictitious massive
particles (Pauli-Villars (PV) regulator |3]) or promote the number of spacetime dimensions
to a complex number (dimensional regularization [4,5]). In cut-off regularization, the hard
cut-off parameter R automatically makes the Feynman integrals convergent. Instead of
integrating over all possible values of the loop momenta, we integrate till the value R. The
original theory is retrieved in the limit of R — oco. In the PV regularization, the massive
fictitious particles — which come with either opposite from the original fields statistics or
with wrong sign kinetic terms — contribute to the quantities of interest in such a way, that
they cancel the UV divergences for finite values of the PV masses. The original theory
is restored in the limit where the PV masses go to infinity and the fictitious PV fields
decouple. The PV mass is the regulator parameter. Moreover, the degree of divergence
of a Feynman integral depends on the number of spacetime dimensions we are working
on. Promoting the number of dimensions from let us say d = 4 to d = 4 — €, makes the
integrals convergent. Now the regulator parameter is € and the original theory is given in
the limit of € — 0. After we have found a way to encode all infinities using the regulator
parameters, we can introduce counterterms in the action to remove them. The last step

is called renormalization.

Generally, regulators tend to break some of the symmetries of the classical theory.
For example the PV regulator necessarily breaks classical conformal invariance, since the
PV mass introduces a scale to the theory, while the cut-off regulator breaks translation
invariance in momentum space. Depending on the computation under consideration some

regulators may be more useful than others.

Going back to the discussion of symmetries, the question that arises is how we can
generalize the notion of symmetry in quantum theories. The quantum counterparts of
Noether’s theorem are the Ward identities. These are relations among correlators that
involve well defined operators and conserved currents. There are different methods to
derive them. One common way is through the path integral formulation of quantum
theory, or alternatively we can introduce gauge fields that couple to the conserved currents
of the theory; then the Ward identities will be a consequence of the gauge invariance of

the action in the presence of these sources.

The Ward identities are still classical equations and one has to compute them in the
quantum theory (using Feynman diagrams for example) to verify them. To regulate diver-
gent correlators, as mentioned, we need to include a consistent regulator. If the regulator
used respects all symmetries of the classical action, then these symmetries are manifestly
satisfied in quantum theory. If the regulator classically violates some of these symmetries,
as the PV regulator breaks conformal invariance due to the presence of the PV mass, there

going to be some new breaking terms in the original classical Ward identities of interest.
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These extra terms have to be computed in the limit where the regulator vanishes (i.e. for
M — oo in PV regularization, for € — 0 in dimensional regularization etc). In this limit
we expect to get the original theory, however, it turns out that sometimes these extra
terms have a non zero contribution. If there are no local counterterms that can be used
at the level of the action to remove them, then the original Ward identities receive local
contributions at the quantum level. We call the corresponding symmetries anomalous.
Thus, for a field transformation to be a symmetry in the quantum theory, leaving the
classical action invariant is a necessary but not a sufficient condition. At the same time,
there has to exist a regulator that respects this symmetry transformation, or at least there
should exist local counterterms to remove possible contributions of the regulators to the

classical Ward identities. If none of these are the case, then we have a quantum anomaly.

Computing correlation functions on a flat background and checking whether the Ward
identities are satisfied, was the first method that led to the original discovery of anomalies
via one-loop triangle diagrams [6}/7]. Anomalies also appear as lack of symmetry conser-
vation in the presence of background fields. These are two sides of the same coin. The
anomaly can also be shifted around to different symmetries by adding finite local terms
in the action. What is crucial is that there exist no counterterms that render all classical
symmetries non anomalous. The theories with or without a counterterm that shifts the

anomaly are physically distinct, as they preserve different symmetries.

Anomalies are a cornerstone of modern quantum field theories. If a global symmetry is
anomalous, classical selection rules are not respected in the quantum theory and classically
forbidden processes may occur. This is a feature of the theory and it is linked with
observable effects. For example, the axial anomaly explains the 7° decay and leads to
the resolution of the U(1) problem in QCD [6,/7]. On the other hand, anomalies in
local (gauge) symmetries lead to inconsistencies, such as lack of unitarity, and they must
be cancelled. An important corollary is that anomalous global symmetries cannot be
consistently coupled to corresponding local symmetries. The attempt to cancel gauge
anomalies, hence build theories consistent with gauge symmetries, often leads to extra
constraints on the theories. Reviews on anomalies in quantum field theories may be found
in [8410].

Supersymmetry

Since its discovery in 1970s [11H14], supersymmetry has been a subject of extensive research
in the field of high energy physics. Supersymmetry, which relates elementary particles of
different quantum nature — bosons with an integer-valued spin and fermions with a half-
integer spin — was originally found as a non trivial extension of the Poincaré algebra. It was
met with high enthusiasm due to its many appealing features. On the phenomenological

side, it gives possible solutions to the hierarchy problem that afflicts the Standard Model,



provides candidate particles for dark matter, explains the electroweak symmetry breaking
ete ... |15].

Even though there is still no experimental evidence for its existence in nature, super-
symmetry is also very useful from a theoretical point of view. If we make supersymmetry
local, then we need to introduce a gauge field, the gravitino with a spin 3/2, which is the
superpartner of the graviton. Local supersymmetry provides a supersymmetric version
of gravity |16H19]. Moreover, supersymmetric quantum field theories in general have a
better behaviour in the ultraviolet (UV) limit than their non supersymmetric versions,
since many UV divergences cancel between bosonic and fermionic degrees of freedom.
These results can be understood clearly in the superspace formalism, where various non-
renormalization theorems have been established [20]. As the amount of supersymmetry
increases, theories behave even better until we reach maximally supersymmetric ( N = 4)
Yang-Mills theory, the first 4-dimensional quantum field theory that is UV finite [21},22].

Extended supersymmetry helps us compute a lot of exact results, such the Seiberg-
Witten potential for N/ = 2 gauge theories [23,24], the Novikov-Shifman-Vainshtein-
Zakharov exact beta functions [2526] and many more. Finally, supersymmetry is an
essential feature of superstring theory, the leading candidate for a theory of quantum

gravity.

Throughout this thesis it is assumed basic knowledge of supersymmetry which can be
found in the first chapters of books such as |18,[27,[28].

Anomalies in supersymmetry

Discussion of anomalies in 4d (super)conformal QFT has a long history. It has been known
since the 1970s [29}30] that the trace of the stress tensor 7! is anomalous in the presence
of a curved background metric g, and background source A, for a chiral current J,,
and the R-current is similarly anomalous. Moreover, there are generally mixed anomalies

involving two energy momentum tensors and a chiral current [31,|32].

It has also been known since [33] that the currents sit in a supermultiplet, as do the
anomalies. In particular, the trace anomaly and the R-current anomaly are in the same
multiplet as the gamma trace of the supercurrent, v#Q,. The latter is an anomaly in
the conservation of the special supersymmetry current, 2"v,Q,. It follows that special
supersymmetry (sometimes also called S-supersymmetry) is anomalous. It was believed
however that supersymmetry itself (sometimes called Q-supersymmetry) is preserved, i.e.

the conservation of Q,, is non-anomalous.

There have been extensive studies in the past regarding anomalies in supersymmetry.

As already mentioned, the existence of anomalies is intimately related to the regularization
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procedure. In the presence of a manifestly supersymmetric regulator, a theory is free of
supersymmetry anomalies. However, the existence of such a regulator is still a matter
of debate, especially in supersymmetric gauge theories [34]. Dimensional regularization
(DREG) [4,/5] is one of the most widely used regulators. It preserves gauge symmetry
and plays a key role in the consistency of the standard model. The prescription in DREG
is to promote the number of spacetime dimensions of the theory to a complex number
d, something that explicitly breaks supersymmetry. The degrees of freedom of a spinor
depend on the number of spacetime dimensions, thus an originally supersymmetric theory
in 4 dimensions (i.e. with the same number of bosonic and fermionic degrees of freedom) is
not supersymmetric anymore. Moreover, many algebraic manipulations needed to verify
supersymmetry invariance, such as Fierz identities, are specific only to 4 dimensions.
Another subtle issue is that there is no obvious definition of the Dirac matrix 75 in d

dimensions. It is known that a totally anticommuting s

{75,7"} =0 (1.0.1)

is inconsistent and does not reproduce the standard chiral anomaly. An ad hoc solution
to this problem was given by 't Hooft and Veltman by assuming that 5 anticommutes
with the original 4-dimensional gamma matrices and commutes with everyone else, i.e.

the following prescription

{757’7#}:07 /1':0717273
5,71 =0,  u>3,..d (1.0.2)

reproduces the usual chiral anomaly.

Initially, there were indications that DREG does not spoil supersymmetry at the quan-
tum level [3536]. It was shown that the massless and massive Wess-Zumino model does not
have supersymmetry anomalies up to two-loop level. These results however, do not con-
tradict our conclusions about the supersymmetry anomalies of the massless Wess-Zumino
model. In their analysis, the authors of [35|36] only considered supersymmetry Ward
identities of some 2- and 3-point correlators of elementary fields. On the contrary, we
are interested in anomalies that arise in correlators among conserved currents (composite
operators) that were not computed there. Moreover, another important technical issue is
that in [35,/36] it was assumed that the Dirac matrix 5 anticommutes with all gamma
matrices in d dimensions in DREG. As we mentioned though, this prescription does not
reproduce the correct R-symmetry anomaly of the Wess-Zumino model, something essen-
tial in our analysis. Later calculations showed that DREG violates supersymmetry in the

quantum regime [37|, as expected.

A modified version of DREG was proposed by Siegel [38] based on dimension reduction



(DRED). Siegel continued the spacetime dimensions from 4 to d, where d is less than 4.
The momenta are treated in d dimensions, while the gamma matrices and the elementary
fields are considered 4-dimensional. This approach avoids the explicit breaking of super-
symmetry that arises in DREG. However, as pointed out by Siegel later, the combination
of 4-dimensional gamma matrices and d-dimensional metric g"*” leads to inconsistencies,

such as the following relation
0=d(d—1)(d—2)(d—3)(d—4), (1.0.3)

which cannot be satisfied for non-integer values of d. DRED can be made mathematically
‘consistent’ by realising the 4-dimensional space that the gamma matrices live as a ‘quasi-4-
dimensional’ space. The ‘quasi-4-dimensional’ space retains essential 4-dimensional prop-
erties but at the same time is also infinite dimensional. This new approach though, makes
again the use of Fierz identities invalid. This introduces explicit breakings in supersym-
metry, like the case of DREG. Reviews about DRED and its different definitions can be
found in [34,39]. There are not many explicit checks of supersymmetry in DRED, however
the general belief is that for all practical purposes and for important phenomenological
cases there exist versions of DRED that preserve supersymmetry. We expect DRED to

violate supersymmetry in 4- and higher order loop computations [40].

It was realised early on |41}-49] that one cannot maintain at the quantum level simul-
taneously 0" Q,, = 0 and v#Q,, = 0 and, if the model is a gauge theory, gauge invariance;
one of the three conditions must be relaxed. The theory under consideration in this se-
ries of papers was the N' = 1 supersymmetric Yang-Mills Lagrangian in four spacetime

dimensions, which reads as

1 1- 1
= ——F% F*" — o~ D, p* + -C*C* 1.04
ﬁ 4 224 2/(/} 7 Mw + 20 C 9 ( 0 )
where
Ff, = 0,AL — 0,A% + gf " Ab A, (1.0.5)

a =1,2,3 are colour indices, ¢* is a massless Majorana spinor, Aj, is a gauge field and C*

is an auxiliary field. The covariant derivative is given by
Dytp® = 0pp® + g f**¢ Abp* (1.0.6)

and the action corresponding to £ is invariant under the following supersymmetry trans-

formations

55A$ = ié’Yﬂ/)av
0 = %Fﬁ,/y“”a + (%,
0:C* = v D", (1.0.7)
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One can compute the 3-point correlator

<Q*(p1)¥(p2)A” (p3)>,

where Q is the supercurrent that corresponds to the above supersymmetry transforma-
tions. Q-supersymmetry, S-supersymmetry and gauge invariance imply the following clas-

sical equations

prp <Q*(p1)Y(p
Yu <Q*(p1)(p
Py <Q*(p1)Y(p

M) M)
~— ~—
s
< <
—~
TS
w w
~— ~—
il
o o

) A (p3)>= 0. (1.0.8)

N

As pointed out by the authors of [42], the < QF(p1)¥(p2)A¥(p3) > correlator is lin-
early divergent at 1-loop level. Following the same approach with the original deriva-
tion of the chiral anomaly [6,(7], they showed that there is a loop momentum ambiguity
in < Q"(p1)w(p2) A (p3)>; by shifting the loop momentum one can change the finite part
of the 3-point correlator (in subsection we present this method for the case of the
chiral anomaly). It was shown that there is no choice of momentum routing such that all
the three above classical equations are satisfied at the same time in the quantum regime.
The same conclusion was reached by different people using various regularization proce-
dures such as point-splitting, DRED, DREG etc. Depending on the regulator one uses,
different symmetries are respected, however there is no choice of regulator that satisfies
gauge symmetry, Q- and S- supersymmetry simultaneously. One can shift the anomaly

between these symmetries with the appropriate counterterms in the action.

It is also interesting to mention the final conclusions of [49] and 48], where both
studies used DRED to analyse the Yang-Mills theory (1.0.4). In [49] they concluded that
0,Q" = 0 and ~, Q" # 0, which implies that Q-supersymmetry is respected , while the
authors of [48] found that 0,9 # 0 and ~,Q" = 0, hence Q-supersymmetry seems to be
violated. The apparent contradiction is explained by the fact that the authors of the two
papers used different conventions for the gamma matrix algebra in the context of DRED.
Furthermore, there are more ambiguities in this regularization procedure since the final
result seems to depend on whether one performs the gamma matrix algebra before or
after the loop momentum integration. As pointed out by the authors of |49] who found
that Q-supersymmetry is conserved (9, Q" = 0), the prescription they followed for DRED
gives inconsistent results for the usual chiral anomaly. Of course, ad hoc solutions to
reproduce the standard results were given in that paper, however, the main point we want
to emphasize here is that there are many subtle issues within DRED and one has to be

careful how to use it and interpret its results.

The common choice for the anomalies we just described, is to arrange for counterterms



such that gauge symmetry and Q-supersymmetry are satisfied. This gives the standard
superconformal anomaly and is distinct from the anomaly discussed in this thesis. In [43]
it was shown that after extending supersymmetry of the model and adding three N = 1
chiral multiplets to the Lagrangian , the superconformal anomaly vanishes at 1-
loop level. The resulting theory is the 4-dimensional N' = 4 supersymmetric Yang-Mills
theoryEl7 which is UV finite and free of anomalies.

Another set of studies, reviewed in [50], considers the quantum effective action for ele-
mentary fields and examines whether it is invariant under supersymmetry including loop
effects; it investigates the conservation of the supercurrent inside correlators of elementary
fields. The authors of these studies, rather than using a specific regulator they followed
a more formal renormalization program, similar to the BPHZ renormalization scheme.
After a systematic subtraction of momentum space integrals which respected fundamen-
tal postulates such as Lorentz invariance, unitarity and causality, they renormalized the
models under consideration and showed that there is no supersymmetry anomaly. Even
though their approach may not be very rigorous in the treatment of infrared divergences
(as mentioned by the same authors), the general consensus is that their conclusions should
be trusted. Again, this does not contradict the results we present regarding the existence
of supersymmetry anomalies: to find the anomaly one should either put the theory on a
non-trivial background or consider correlation functions of (classically) conserved currents

(composite operators) that were not considered thereﬂ

Supersymmetry anomalies that have many technical similarities with the anomalies
presented in this thesis, were reported in [51-54]. Particularly relevant for us is [52|, where
the theory under consideration is a chiral matter superfield coupled with a background
vector superfield. The analysis is performed in components in the Wess-Zumino gauge,
where all the unphysical degrees of freedom of the superfields were put to zero with a
supergauge transformation. The only surviving fields are the physical ones. This theory
contains the standard U(1) chiral anomalies, which means that the generating functional,

W, is non invariant under a U(1) transformation, i.e.
oW # 0. (1.0.9)

The supersymmetry anomaly was computed through the Wess-Zumino consistency condi-
tions. Very schematically the procedure is the following (a more detailed example on the

WZ consistency conditions is given in subsection (4.4.1])): In the presence of anomalies we

The N = 4 vector multiplet, in the A" = 1 language branches into three chiral and one vector multiplets.

2To illustrate this point, consider a free fermion in a complex representation in flat spacetime. This
theory has a standard axial anomaly originating from the 3-point function of the axial current. However,
if one only looks at correlators of elementary fields these are non-anomalous and the axial current inside
such correlators is conserved.
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have that
W = /d4x e €A, (1.0.10)

where e = det(e,‘j), d; denotes the symmetry transformations of the theory under consid-
eration, ¢; are the (local) parameters of the transformations and .4; are the corresponding
anomalies. The variations form an algebra, [6;,0;] = f{;ék, and after using this in (|1.0.10))

we get the following condition
4 . A . A k —
/d x (51(6 ejA;) — djle eiAi) — fire ekAk) =0, (1.0.11)
namely the WZ consistency condition.

Going back to the analysis of [52], we denote by . the supersymmetry transformation
of the theory in the WZ gauge. Supersymmetry commutes with U(1) symmetry, thus we

have
[0, 00] W =0 = 890 W = 600 . (1.0.12)

Since the supesymmetry variation of the chiral anomaly is non trivial, 6.097# # 0, we get
that
oW #0, (1.0.13)

i.e. supersymmetry is anomalous. The above WZ consistency condition can be seen as
an equation to determine the form of the supersymmetry anomaly. Arguments that the
anomaly cannot be removed with local counterterms can be made using the local algebra
that the symmetry variations, J;, satisfy. A similar analysis and conclusions were reported
in [54]. The key difference between the two studies, is that in [52] the fields of the vector
multiplet are non dynamical, hence the chiral symmetry is global and the corresponding
anomaly does not render the theory inconsistent. The supersymmetry anomaly induced by
the global chiral anomaly is ‘physical’, in the sense that potentially it can have observable
implications. On the contrary, the gauge field of the vector multiplet in [54] is dynamical
(propagating) and couples to the chiral current. For the theory to be consistent, the gauge

chiral anomaly needs to cancel; this will also make supersymmetry non-anomalous.

At first sight, the above results may seem to be in conflict with superspace calculations
which showed that all supersymmetry anomalies are cohomologically trivial [55]. More-
over, a non trivial result is that there exists in superspace a non-vanishing supersymmetric
version of the chiral anomaly |56-58]. These facts were often used to argue about the non
existence of supersymmetry anomalies. Consider for example the supersymmetry varia-
tion in the full superspace, which we denote by d¢, and the variation dq that gives rise to

the supersymmetric chiral anomaly. Now the WZ consistency conditions read as

[(54, 69]7/ =0= 595(% = 5<5Q7/ (1.0.14)
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Since the chiral anomaly is supersymmetric, the above rhs is zero. This means that
in contrast to (|1.0.12)), equation ([1.0.14)) admits a solution where the effective action is

invariant under supersymmetry, i.e.
oW =0, (1.0.15)

in accordance with the superspace results. So the existence of a supersymmetry anomaly
is not needed to satisfy the WZ consistency conditions. Note however, that superspace is
an enlarged space with many degrees of freedom and it is supersymmetric by construction.
If we want to examine a physical theory El that has a superspace formulation, we have to
gauge-away all unphysical degrees of freedom in order to match the number of degrees of
freedom of the microscopic model. The usual choice is the WZ gauge, where we keep only
the physical fields. The WZ gauge though violates supersymmetry explicitly, i.e. after a
supersymmetry transformation ¢, we get out of it. However, we can assign a compen-
sating gauge transformation that brings us back to the WZ gauge. The supersymmetry

transformation &, in the WZ gauge is given by

0e = 6¢ + 59(0, (1.0.16)

where dq¢) is the compensating gauge transformation, with the parameter fixed in such a
way that the WZ gauge is restored. The supersymmetry variation of # in the WZ gauge
is equal to

0 = by # 0. (1.0.17)

We see that the whole information about the supersymmetry anomalies of the physical
theories is encoded in the supersymmetric version of the chiral anomaly do%#". In the
WZ gauge, which is a totally acceptable starting point to examine the properties of a
theory, the gauge anomaly of the superspace is transferred to the supersymmetry sector.
There is no contradiction anywhere. Superspace and the WZ gauge, is just another way

to understand the supersymmetry anomalies that one finds in physical theories.

We should also emphasize here, that if we want to investigate whether a physical
model is anomalous or not starting from the superspace results, we must be very careful
to gauge away all the non-physical degrees of freedom that can act as compensators for
the anomalies. There is always this choice to ‘hide’ an anomaly using compensating fields
(fields that can be put to zero using the gauge freedom). An example of how this can be
done is presented in section (3.3]). As explained in [59], in ' =1 conformal supergravity
one can use a chiral multiplet as a compensator, to hide the anomalies of the R-symmetry,

S-supersymmetry and of the scale invariance. If one for example starts from the superspace

3By physical theory we mean a model that does not contain extra degrees of freedom which can be put
to zero with a gauge transformation.
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formalism and keeps this compensating chiral multiplet, the theory would naively look
non-anomalous. The anomalies would still be there though, and they would be visible
in the Ward identities of the physical theory. Using this compensating chiral multiplet,
one can construct the FZ multiplet of old minimal supergravity. The FZ multiplet has
more degrees of freedom than the conformal multiplet, so now the auxiliary field of the
chiral compensating multiplet cannot be put to zero by a gauge transformation, since it is
necessary for the off-shell closure of the supersymmetry algebra; it becomes part of the FZ
multiplet, hence it is no longer a compensator. In this case, as it was shown in [59], the
theory can be made consistent at the quantum level. This is in total agreement with the
loop computations presented in this thesis. Also relevant for us is the discussion in [60]

about compensators in supergravity.

A supersymmetry anomaly appears also in theories with gravitational anomalies [61-
63|, as one may anticipate based on the fact that the energy momentum tensor and the
supercurrent are part of the same supermultiplet. Indeed this supersymmetry anomaly sits
in the same multiplet as the gravitational anomaly. However, since gravitational anomalies

arise only in 4n + 2 dimensions, they are irrelevant for our analysis.

Finally, anomalies associated with correlation functions of conserved currents can be
analysed by coupling the currents to external sources, which in our case form an N/ =1
superconformal multiplet. As such, the anomalies we discuss in this thesis could be related
to existing superspace results on anomaly candidates for D = 4, N' = 1 supergravity
theories [55L/64H67] (in particular, in type II anomalies in [66]), though we emphasise that
in our case the supergravity fields are external and thus non-dynamical (off-shell). We
should also stress that there has never been a loop computation (that we know about)

involving the anomalies that we consider.

Holographic anomalies

The anomaly we discuss here was first computed holographically [68]. In holography,
given a bulk action, one can use holographic renormalisation [69,70] to compute the
Ward identities and anomalies of the dual QFT. AdS/CFT relates N' = 1 SCFT in four
dimensions to N' = 2 gauged supergravity in five dimensions. Starting from gauged
supergravity in an asymptotically locally AdSs spacetime and turning on sources for all
superconformal currents one can compute the complete set of superconformal anomalies.
This computation is available for holographic CF'Ts, which in particular means that the
central charges should satisfy a = ¢ as N — oo [69]. The anomaly for general a,c was
obtained in [71] by solving the WZ consistency conditions |72] under the assumption that

R-symmetry is only broken by the standard triangle anomaly.

Early attempts to compute the supertrace Ward identity can be found in [73}[74] but

these missed contributions to the anomaly involving the R-symmetry current and the Ricci
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tensor. Following the work of Pestun [75], there was renewed interest in supersymmetric
theories on curved spacetimes and their holographic duals. The holographic anomalies for
bosonic currents were computed in 76|, reproducing (and correcting) known field theory
results [77]. The full superconformal anomalies for the N/ = 1 current multiplet were
computed holographically in [68], while 78] obtained the superconformal anomalies in the
presence of local supersymmetric scalar couplings. An analogous holographic computation

relevant to two-dimensional SCFTs was reported in |79).

Thesis outline

Motivated by the holographic results of [68] and the WZ consistency conditions in [71],
we analyse the rigid supersymmetry anomalies for the four dimensional massless Wess-
Zumino model in perturbation theory [14], the simplest N' = 1 superconformal model.
Since this model is free, the 1-loop computation is exact. The supersymmetry anomaly
appears for first time in the 4-point function that involves two supercurrents and either
two R-symmetry currents or one R-symmetry current and one energy momentum tensor,

i.e.

(9“ <Qqu/jn‘7)\> 4. = Aw-c/\’
Op <QUQVTP T > +... = AVP7A, (1.0.18)

where Q, J, T are the supercurrent, R-symmetry current and energy momentum tensor
respectively. The dots denote standard lower order correlators in the supersymmetry Ward
identities and AY%, AP} are the new anomalies. In this thesis we focus on <QQJ.J >.

Chapter [2] provides the proof of Noether’s theorem and its quantum analogue, the
Ward identity, both of which are consequences of the symmetries of a theory. In chapter
[3] we discuss regulators and focus on the cut-off and Pauli-Villars regulators. We show
how the axial anomaly of the free Dirac fermion arises in both of these regularization
procedures. The main aim of chapters [2] and [3] is to provide the necessary technical tools

for the analysis of the anomalies of the WZ model.

In chapter [4 we review the massless WZ model. We describe its classical symmetries
and derive all the Ward identities of the correlators needed for the computation of the
supersymmetry anomalies of the 4-point function < Q0J T >. We also provide consistency
condition arguments that show how the standard R-symmetry anomaly induces anomalies

in supersymimetry.

All correlators involved in the Ward identities of chapter [4] are divergent, so we need
to regulate our theory. A standard way to continue would be to regulate with DRED.
However, there exist various prescriptions on how we should handle the gamma matrices

within DRED, each one with its own advantages and disadvantages. We are interested
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in the Ward identities of 4-point correlators and our analysis demands extensive gamma
matrix algebra manipulations. We would like to avoid all the possible subtleties of DRED
that could arise in that context, thus we proceed using a PV regulator. We find that
all diagrams we compute are regulated using as PV fields three massive N/ = 1 chiral
multiplets, one with standard statistics and two with ‘wrong’ statistics, with masses ap-
propriately correlated. Chapters [f] and [6] provide the description of the aforementioned
PV regulator.

Since the regulated action we use is supersymmetric, one may wonder whether this
already shows that there is no supersymmetry anomaly. To establish the absence of a
supersymmetry anomaly we still need to couple the symmetry currents to sources super-
symmetrically. Since the PV fields form massive supermultiplets, they break conformal
symmetry, R-symmetry and S-supersymmetry and as such they cannot couple supersym-
metrically to conformal supergravity. Instead, one can consistently couple the regulated
theory to old minimal supergravity. The supersymmetry of old minimal supergravity can
be identified with a field dependent linear combination of the Q- and S-supersymmetry of
conformal supergravity. This means that in the presence of the PV regulator, the orig-
inal R-symmetry, Q- and S-supersymmetry Ward identities of the conformal WZ model

contain extra breaking terms that depend only on the PV masses.

In chapter [7| we find from a bottom up perspective (without invoking old minimal
supergravity, but using only path integral identities of the flat space theory) the regulated
version of the Ward identities of chapter[d] We identify the appropriate local counterterms
to restore, whenever possible, the symmetries broken by the regulator, and in the end we
confirm the anomalies derived through the WZ consistency conditions [71]. Of course,
the supersymmetry of old minimal supergravity is manifestly non anomalous, something
that we verify in chapter [§] In chapter [0] we use the cut-off regulator to confirm the

Q-supersymmetry anomaly of <QQJ 7 >.

A series of appendices follow. In appendix [A] we give our conventions, while in ap-
pendix [B] we write the anomalies of ' = 1 SCFTs in the presence of the background
sources (which we confirmed via a 1-loop computation). In appendix [C| we provide a
comprehensive analysis on the derivation of the Ward identities. Appendix [D] contains
the expressions of all regulated correlators that we use, and in appendix [E] we present the
explicit computation of integrals that comprise the potential anomalous terms in the clas-
sical symmetry Ward identities of the WZ model. Important results are also given in the
appendix [} There, we present the renormalized correlators among seagull operators and
conserved currents (up to the 3-point function level), which satisfy all their classical Ward
identities; we confirm via a 1-loop computation that seagull correlators are non anomalous
in the WZ model, as expected. In appendix [G] we briefly review the symmetries of old

minimal supergravity and in appendix [H] we give the expressions of the correlators in the
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cut-off regulator.

Most of the work presented in this thesis can be also found in [80}81].
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Chapter 1.

Introduction




CHAPTER 2

Symmetries

Symmetries are a concept of great importance in physics. They implement constraints on
the structure of the theory and are commonly used to simplify calculations. In a classical
field theory, symmetry is defined as any continuous or discrete transformation that leaves
the action invariant. Reflection is an example of a discrete symmetry, where there exist
one or more than one lines such that, the first half of a physical system is a mirror
image of the second half. Examples of continuous symmetry transformations are time and
spatial translations, where the physical system has the same properties over a certain time
interval and after a change in location. These are part of the Poincaré symmetry group.
Another common continuous symmetry, is supersymmetry, which relates two basic classes
of elementary particles, bosons, which have an integer-valued spin, and fermions, which

have a half-integer spin.

Classical continuous symmetries, are associated with conservation laws according to
Noether’s theorem [1]. Time translation symmetry implies energy conservation, while
spatial translation symmetry implies momentum conservation. The question that arises,
is whether these classical symmetries survive in the full quantum theory. It is quite often
in quantum computations to encounter divergent quantities. Then, we need to introduce a
parameter which helps us deal with them, namely the regulator. For a classical symmetry
to survive in the quantum regime, it also needs to respect the regularization procedure.

As we will see in the next chapter, this is not always the case.

17
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2.1 Noether’s theorem
Let S be the action of an arbitrary classical field ¢(x)
5= /d4x£(¢>, 06, ). (2.1.1)
Suppose there is an infinitesimal continuous transformation of the field
0:0(x) = eA(p, 09, x) (2.1.2)
that changes the Lagrangian density £ by a total derivative
0L =0, A" (2.1.3)
or equivalently leaves the action invariant up to a boundary term
5.5 = ¢ / 'z, A", (2.1.4)

where ¢ is a small constant parameter. The above continuous global (e independent of x)
field transformation is called a symmetry transformation. The variation of £ under this

symmetry transformation is given by:

5.0 — (‘% 0,0k >65¢+ap< oL 55¢>

96 " 00u0 000
oL oL oL

If we consider the Euler-Lagrange equations of motion the first term of the above rhs side

vanishes. Using ([2.1.3) we get

Auj" = 8, (%A - A“) = 0. (2.1.6)

The quantity j* is conserved. We can summarize this proof into a theorem, known as

Noether’s theorem [1]:

Every continuous global transformation of the fields that leaves the action invariant up

to surface terms, gives rise to a corresponding conserved current j#, such that
85" = 0. (2.1.7)
As an example let us consider the action of a complex scalar field

S = /d%« (~9u0"0"6 —V(I62)) - (2.1.8)
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It is easy to check that the action is invariant under a global U (1) transformation ¢’ — €€ ¢

which in infinitesimal form is written as:

0 = i, 0:.0" = —icg* (2.1.9)

Using (2.1.6) we find that the conserved current that corresponds to the U(1) global
symmetry is given by:

=i (670" — 90" Y) (2.1.10)

Alternatively, one could introduce a background (i.e. non dynamical) gauge field A, and
replace the partial derivative d,, with the gauge covariant derivative D, in (2.1.8)

S — /d% (~Duo" D6~ V(I6P)) . (2.1.11)

where

Dup = 040 +iAuh, Dud* = 06" — iAu" . (2.1.12)

It is straightforward to show that the above action is invariant under the transformation
(2.1.9) with a local parameter e(z), if at the same time we associate a U(1) transformation
of the gauge field of the following form

Al — Ay — 8. (2.1.13)

The Noether’s theorem now translates as the invariance of the action under the corre-

sponding local U(1) transformation that acts on the gauge field A,. We have that
/ e Tr6.A, = 0= / d e TH(~0,e) = / de (9,T") e = 0, (2.1.14)

where in the second equation we integrated by parts. Since ¢ is arbitrary, the integrand

of the last equation must be zero, i.e.
ouJ" =0. (2.1.15)

J# is the U(1) conserved current in the presence of the background gauge field and is

defined as the functional derivative of the action with respect to A,

dS[A]
M=
T = (2.1.16)
Using (2.1.11)) we find that
TH =i(¢*0Fp — @d* ") — 2AHp™ . (2.1.17)

In the limit where A, — 0, the two currents j# and J* coincide.
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2.2 Ward identities

The quantum counterparts to Noether’s theorem are the Ward identities. These are re-
lations between correlation functions that follow from global or gauge (local) symmetries
of the theory. A common way to derive them is through the path integral formulation of
quantum theory. A detailed analysis on the Ward identities can be found in [82-84]. Here,

we follow a similar procedure with Noether’s theorem proof.

Consider an action S[¢], where we make a transformation of the form ¢ — ¢ + i

with a local parameter (x). The action changes as
5.5 = / 'z (— 18,6 () + A(z)e(x)) . (2.2.1)

If A(x) is equal to zero, the transformation we performed is a symmetry of the action,
and j* is the corresponding conserved current. Now consider some local bosonic operators
Oil¢, 0,¢] that transform as

Oi[¢'] = Oil¢ + £d¢] = Oil¢] + 6.0, (2.2.2)
where to lowest order
00; 00;
0:.0; = edp + ————0,(e00) =
00; 00; 00; /
0.0, =¢ Lo + 0,00 | +0,¢ 8¢ = e60; + 0,00, . 2.2.3
<a¢‘¢ m@m>“¢> " 50,0) Z (223)

Our aim is to find a relation for the correlation functions of the operators O; and the

current j#. We have

[0SO T 0ot = (1061 [T O (] = [1461e 5 ] Outa)
=1 =1

i=1
_ /[d¢]6¢(3[¢}—f Az (jOue(z)—A(x)e(w))) H Oi(x;) + Z 6:0;(z;) H O;(x;) (2.2.4)
i=1 i=1 j#i

where [d¢] is the path integral measure. The equation of the first line is trivial, since
we just relabelled the fields. In the second line we used , and the fact that the
path integral measure is invariant under the field transformation. Note however, that the
invariance of the path integral measure is just an assumption at this point. As we will see

in the following sections, at the quantum level this is not always the case. After Taylor
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expanding the exponential at the rhs of (2.2.4)) we get to lowest order in

—Z/d4x€ (ax <jH(x )ﬁoi(x,»)>+<A(x)ﬁ ) Z<5O z; H(’)( zi)>,

i=1 i=1 j#i
(2.2.5)
where we use the notation
/ GO (2:)S19) =< O (w1)> . (2.2.6)
We write 6.0;(x;) in the following form
5.0i(w:) = / d*ed(z — z;) (2()00i(x) + (95=(x)00) (z)) =
5.0i(z;) = / d'ze(z) (8(x — 2:)00s(w:) — O (8(2 — 2:)50)(2)) ) - (2.2.7)
After substituting (2.2.7)) to (2.2.5) we find
—283 <j“(a:) H Oz(l’l)> —1 <A(a:) H Oz‘(l’i)>: Z (5(1’ — CE,) <5OZ(1}) H Oj(l)j)>
=1 i=1 i=1 i
—Z@ﬁ (5( ;) <60 (z H(’) (x5) ) )
=1 j#i
(2.2.8)

This is the Ward identity that the operators O; and the current j# satisfy. Note here that
O; are bosonic (commuting) operators. In case of fermionic (anticommuting) operators,
one has to take into account the extra minus signs that come from the change of order-
ing. In various steps of the above whole analysis we integrated by parts and ignored the
boundary terms. The <-> correlators are computed by the standard Wick contractions
of the elementary fields that are involved. In the special case where all O; operators are

equal to one and A(z) = 0 (symmetry transformation) we get
Op <jH(z)>=0, (2.2.9)
which is the conservation law of the classical Noether’s current.

Now let us see an example of how we can use (2.2.8) to find the Ward identity of the
3-point function <j*(z)j"(y)j*(z)>. We are interested in the action (2.1.8) and the U(1)
symmetry transformation (2.1.9). The U(1) variation of the current is given by

5.5% = =20 ¢* . (2.2.10)
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Taking into account that this is a symmetry transformation (i.e. A(z) =0), (2.2.8)) gives

—i0y <j"(2)j"(y)i*(2)>
+ 207 (3(z =)™ <(¢79) (@) (2)> +6(a — 2 <(¢"O)(@)i"()>) = 0. (2:2.11)

In the previous section we showed that an alternative way to derive Noether’s theo-
rem is to introduce background fields that couple to the conserved currents. The same
approach can be applied to the derivation of the Ward identities of correlation functions.
In the example under consideration, the appropriate action is again . The gauge

invariance of the action implies that
Ou(T")s=0. (2.2.12)

This is the analogue of (2.1.15)) but we consider it as a 1-point function now. The subscript
s denotes that we are in the presence of the background sources. After taking two more

functional derivatives with respect to the gauge field, we get

5 5. . ) B
() 3 n T @) = 0T (@) T () () = 0 (2.2.13)

and in the limit that the background fields go to zero (flat space limit)
a5 (3" ()3 (y)*(2)) = 0. (2.2.14)

Notice that the Ward identities ([2.2.14]) and (2.2.11)) are not the same. The apparent
contradiction comes from the different definitions of the correlators (-) and <->. They
differ by semilocal correlators that involve functional derivatives of the conserved current

with respect to the gauge field, i.e. ?5:{:((5)) . As already mentioned, the <-> correlators are

the ones computed using Wick contractions/Feynman diagrams. Using (2.1.17)), (2.2.14)

can be written as

— i85, <j"(2)j" ()7 (2)> +40" 6y — 2)8); <j*(2)(6"¢)(y)>
+ 205 (0 =y <(¢'9) (@) (2)> +6(x — 2 <(#"6) (@) ()>) =0.  (2:215)

The above equation is exactly the same with (2.2.11)) besides the second term of the lhs.

This term satisfies its own classical Ward identity though, i.e.

9% <j"(x)(¢*¢)(y)>=0. (2.2.16)

We see that the Ward identities derived with functional differentiation and with the path
integral formalism coincide. In particular, the functional derivative Ward identities are

a linear combination of path integral Ward identities. These are the two most common
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ways to derive such identities. In particular, the path integral method is referred mainly
in textbooks and used in old field theory computations, while the functional derivative
method is mainly used in modern computations. In the appendix [C| we provide a more

detailed analysis on the difference between these two methods.

We should emphasize that even though we are talking about correlation functions,
all of the above manipulations are classical. The identities derived with both methods
are classical identities that arise because of classical (symmetry) transformations. In
the quantum regime when one calculates correlators, encounters infinite expressions that
need to be dealt with caution. Sometimes the quantization procedure fails to respect the

classical Ward identities.
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CHAPTER 3

Anomalies

3.1 Regularization

In quantum field theories, we encounter many apparent divergences. Physical quantities
though are finite, therefore in renormalizable theories divergences appear only at interme-
diate stages of calculations. In the end they get cancelled one or the other way. However,
these divergences pose technical problems in dealing with them. We need consistent meth-
ods to manipulate them and extract finite answers. For that we introduce a new parameter,
let us say €, to the divergent quantity O. The quantity is now a function of €, O(¢). For
finite values of the parameter €, O(e) is also finite, i.e. |O(e)| < co. Then we say that the
divergent quantity O is regularized by the regulator €. At the end of the computation we

take the limit where the regulator vanishes and we recover the original theory.

One of the main issues of regularization is that a regulator tends to break certain
symmetries of the original theory. Its usefulness depends on what symmetries it retains,
how easy it is to deal with, how widely it can be used, etc. In quantum field theories, we
see cut-off regularization, Pauli-Villars regularization [3], dimensional regularization [4,5]
and many more. In the following subsections we elaborate on the cut-off and Pauli-Villars

regulators, which we use later for the analysis of the Wess-Zumino model.
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3.1.1 Cut-off regulator

Consider the following integral in Euclidean space

Eh:/wdh;}%' (3.1.1)
0 (k% +m?2)?’ o

which is a quite typical quantity that one would have to compute in simple quantum field
theories, such as the free boson in four dimensions. By power counting we see that the
above integral is logarithmically divergent, so we need to regulate it. The easiest and
most naive way to do this, is to introduce an ultraviolet cut-off in the loop momentum

kg, which we denote by the parameter R. The regulated integral will be written as

1 R? m? + R?
Wf‘m“/‘%Em a2:$ﬂﬂ<‘mu4p+bﬂmz]
1 m? + R?
=57t 5 Jim_ log|——5—]. (3.1.2)

The parameter R enables us to isolate the divergent part of the integral and remove it in

a consistent way so we can make predictions within our theory.

In practice, this type of brute force cut-off is not usually preferred, since it breaks
almost every symmetry of the original theory, such as translation invariance kg — kg +a
in momentum space. However, there are cases when this approach simplifies significantly
quantum computations, especially when we are interested in the difference between linearly

divergent integrals that are related by a shift of their integration variable.

Shifting the integration variable of a divergent integral is illegitimate and can produce
extra finite (or divergent) surface terms. In a Feynman diagram though, the choice of the
internal momentum that we are integrating over should not have any physical meaning.
Two Feynman diagrams that are related by a shift of the integration variable should
correspond to the same physical procedure. If the diagrams are convergent, the shift does
not have any effect. If they diverge, they differ by finite or even divergent terms (depending
on the degree of divergence). Let us explain how we can compute these extra terms and
give a few examples. A detailed analysis of divergent integrals in the cut-off regularization

can be found in [85].
Suppose we have the following divergent integral in Minkowski space
K:/&ww. (3.1.3)

We are interested in the quantity

= [ d'ls+a) = f(k)
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- / d*kla™d, f (k) + %aTa"(‘)T@U F(k) + éaTaﬂaﬂaTa(,ap Fk) + .., (3.1.4)

where a is a constant 4-vector and 0, = %. In the second line we Taylor expanded
f(k+ a). Each term of can be computed by integrating over the surface k* = R
using Gauss’s theorem. For simplicity the integral is taken over the boundary S° at
|R| — oo. |R| is the radius of the hypersphere S3 and we consider it as the cut-off
regulator parameter. Suppose now that K is a superficially linearly divergent integral. All
but the first term in 4)) vanish in the limit of | R| — co. For the case of four-dimensional

Minkowski space we have
a) = aT/d4k8Tf(k) = 2ir?a” Jim R’R.f(R). (3.1.5)
—»00

If K was superficially quadratically divergent, we would also have a contribution to A(a)
from the second term of . Then, we would have to compute the partial derivative
of f(k) with respect to k7 and integrate using Gauss’s theorem, just like in . Let us
give now some examples of integrals that appear very often in the computations of chapter
gl

o a” [d*kO ()
The above integral is zero because of odd symmetry with respect to J;.

o a [dkO, (%)

k R 1
T 4 N _ o9 2T 2 o« 2 T-
a /d kaT(k;4) 2ima h_r};oR R, —; = 2im"a 46m (3.1.6)

For o # 7 the integral is zero because of odd symmetry. So we replace R,R, =

%(5MR2, where 6., is the Euclidean metric.

. de kf) W)
After expanding W = 1%2 — 2’”‘1 + ... we get
2k kag
/d4k6 el 4 )

The second term of the above integral is convergent by power counting (it also
vanishes due to odd symmetry), hence it will have no contribution after we use

Gauss’s theorem. Only the first term survives so

k 1
T 4 & 92 T
a /d k'aT(W) = 2im%a 150{7— (317)
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o a” [d*k0-(%3)

E~ R 1
T 4 YN 92T 15 2 9, 2 T 1; - p2
a /d kaT(k‘2) 2im*a RIEI;OR RT—R2 2im*a Rh_rgo 4R dar (3.1.8)

o a7a” [ d*kD-0,("eke)

Saoky , Gyrka _ Akalyh
4 ao poRa alpRo
/dk&&(k4 - /dk@( o o )
SocRy OprRa  AR,RoR
6 2.7 o s 2 acllp podta pLalle
—227raaRh_I>I;ORRT< Rl + iz 7 )
2
_ 9in’a7a® (%(sm + BpoBar = = (Bpador + dpodar + 5,J75w)> (3.1.9)

3.1.2 Pauli-Villars regulator

The Pauli-Villars regularization, consists of introducing fictitious massive fields to the
original theory. The new Pauli-Villars fields are chosen in such a way, that their con-
tribution cancels the divergent pieces of the physical quantity we need to regulate. One
usual prescription mentioned in literature, is to replace the original propagator with the
original propagator minus the massive PV propagator. In case of a bosonic propagator,

this prescription reads as follows

—i N - i - M? —m?
k2 + m? k24+m2 k24 M2 (k2 4+ M2) (k2 +m?2)’

(3.1.10)

where m is the mass of the original field and M is the PV mass. It is straightforward to
see that the regulated propagator has a better UV behaviour. Moreover, since the PV
propagator comes with a relative minus sign compared to the original one, the PV field

has a wrong-sign kinetic term.

Another common prescription for the regularization of Feynman diagrams, is to add PV
fields of opposite statistics with respect to the fields of the original theory. The Feynman
diagrams associated with them, will come with an overall minus sign compared to the

original diagram, thus capable of cancelling its UV divergences.

In both prescriptions, the PV fields are unphysical since they can violate causality or
positivity of energy, thus making the regulated theory problematic. However, this is not
an issue. At the end of the calculations, after we have dealt with the divergent pieces, we
remove the regulator by sending the PV mass to infinity. There, the PV fields decouple

and we recover the initial theory. Moreover, it is quite common for people in literature
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to use both of these prescriptions without considering if they can actually follow from
a local Lagrangian. For a consistent computation it is crucial to make sure that this is
indeed the case. For example, the modification of the propagator cannot arise in
a Lagrangian without interaction terms. In the rest of this thesis we follow the second
prescription, where we add/subtract whole diagrams to regulate divergent quantities. This

is the natural approach, since we only examine free theories.

Let us give now an example of how we can use PV regularization to regulate a 2-point
correlator. Consider the following action of a free, massive and commuting complex scalar
field ¢,

S = /d% (~9u0"06 — m6°9) . (3.1.11)

where we are interested in the 2-point correlator < (¢*¢)(q)(¢*®)(—¢)>. In the limit of
q — 0, up to a prefactor the 2-point function is equal to ¥ of (3.1.1)), i.e.

in? [ 3
<(6"6)(0)(¢"0)(0)>= (2%)4 / dkE(kEj% (3.1.12)

The correlator cannot be computed since it diverges logarithmically. We now add in the
Lagrangian the anticommuting PV complex scalar field ® with mass M. We find that the

regulated action is given by
Streg = /d4x (—augi)*@“(;ﬁ —m?¢*p — 0,0* 0P — M2<1>*c1>) , (3.1.13)
while the operator we consider is modified as follows
(6" O)reg = (670) + (7). (3.1.14)

The regulated 2-point function is equal to

<9 P)rea(0) (97 P)reg (0)>=<(¢"9)(0)(¢"9)(0)> + <(&7®)(0)(2*®)(0)>=

2im? oo k3 2im? [ k3
_ dk E — / dkp——E 3.1.15
2y PG i PGy (3.1.15)

The second integral comes with a minus sign as consequence of the anticommuting nature
of ®. It is straightforward to verify this, after performing the Wick contractions. The
leading order logarithmic divergences of the above two integrals cancel. Evaluating
for finite values of M we get

1:7.1_2 2
< (6" 0)reg(0) (6" B)reg (0)>= (2%)4; log(%). (3.1.16)

In the limit where the PV regulator decouples (i.e. M — o), the parameter M encodes
the logarithmic divergence of the original correlator < (¢*¢)(0)(¢*®)(0)>. It is easy to
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identify a suitable counterterm to remove this divergence and renormalize the 2-point

function.

Recall that in ([3.1.2)) we computed the integral of (3.1.12)) in the cut-off regularization.
Comparing that result with (3.1.16]) and taking into account the extra prefactor (22%24, we
see that they do not match. This is not unexpected though. In quantum field theories,

it is quite common for various calculations to depend on the specific regulator one uses.

However, results obtained from different regulators must be related by local counterterms.

3.2 Chiral anomaly from Feynman diagrams

As explained in the previous section, regularization is an essential step towards a well
defined quantum theory. This means that the notion of symmetry should be modified at
the quantum level. Invariance of the action is a necessary, but not a sufficient condition for
a classical transformation to be a symmetry of the quantum theory. It also needs to respect
at the same time the regularization procedure. There are cases when classical symmetries
fail to do so. In particular, if there is no regularization procedure that respects a classical
symmetry, then this symmetry is violated in the full quantum theory, something that we
call an anomaly. Anomalies arise as extra local contributions to the classical symmetry
Ward identities.

To elaborate on the mechanisms that the anomalies arise, we examine the chiral
anomaly of a massless Dirac fermion. We do that using the two regulators we presented

in the previous section, namely, PV and cut-off regularization.

3.2.1 Pauli-Villars
Consider the action of a massless Dirac fermion
S — / d' (~7"0,0) - (3.2.1)
This classical action is invariant under the two following field transformations
W () = e“P(x), () = MPy(a). (3.2.2)

a and b are constant parameters and 75 is the Dirac matrix. The first is a global U(1)
transformation that simply changes the phase of the field. The second is a global chiral
transformation that rotates the left-handed and right-handed components of the Dirac

field independently. The corresponding to these symmetries conservation laws are

0 VH(x) = 0y (uﬁ(x)’y"w(x)) =0, O JH(x) =0, (ilﬁ(aﬁ)fy“%z/}(w)) =0 (3.2.3)
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where V*# is the vector current and J#* is the axial current. According to (2.2.8)), the Ward
identities for the correlation function of two vector and one axial-vector currents are the

following:

9T <V @)V ()TN =)>=0, 95 <VH(@)V"(y)TN2)>=0 (3.2.4)

After Fourier transforming to momentum space we get
m <V“(q1)V”(qg)J’\(q3)>: O, q3\ <VM(Q1)VV((]2)J)\((]3)>: 0. (3.2.5)

We want to see whether these conservation laws survive in quantum theory. After substi-
tuting the expressions of the currents ([3.2.3)), we perform all possible Wick contractions
of the elementary fields. We find that there are two Feynman diagrams that contribute to

the above correlation function.

1%

Q1

Figure 3.2.1: Feynman diagrams contribution to <V*#(q1)V*(g2)J*(q3)>. The wave lines
represent the external axial-vector and vector currents. The straight lines in the loops are
fermionic propagators.

The sum of these diagrams is given by
<V“(Q1>VV(QQ)J)‘(C]3)>E (27T)4 (5(q1 +q2 + q;g)T'uV/\ (3.2.6)

where

N LA SN 2 /TR = D)
TH _1/(2ﬁ)4tr<ip’y 752.(p+%)’7 i(p_%)7“>+< PPN ) (3.2.7)

Using the relation

— ¢85 =5 (]Z) + qé.) + Ps, (3.2.8)

we find that
gaTH = AW 4+ B (3.2.9)

where

A“”:z'/d4p4tr e T T ) 3.2.10)
o \# T i(p-a)  i(p-e) i(pre)
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=i ﬂr ot R p_ 28 2.
B /(2w)4t (ip“Ys’y i(ﬁ_qé)v i(@—%)%ﬂ i(er%)'y) (3.2.11)

Naively, both A*” and B*” vanish upon shifting the integration variable in their second
term from p to p+ ¢ and from p to p+ ¢ respectively. Thus, the second Ward identity of
(13.2.5) seems to be satisfied. However, as we showed in section (3.1.1]), such a manipulation

is incorrect before regularizing the divergent integrals.

We proceed with Pauli-Villars regularization. We add in our model a massive ‘fermion’
with opposite statistics (thus missing the minus sign accompanying the fermion loop in

the Feynman diagrams). The regulated action will become
Sreg = / d'z (— POt — WO, 0 — MIT). (3.2.12)

The Pauli-Villars field ¥ violates classically the chiral transformation of (3.2.2). On
the contrary the U(1) symmetry is satisfied. The new classical conservation laws of the

regulated action are the following

Vit (@) = 0, (iW(2)y" () + 1% ()" U () ) = 0, (3.2.13)
DpTltg(@) = 0, (1 (@)1 159 () + 18 ()75 0 () ) = 2iM U5 (3.2.14)

Chiral symmetry

Since the regulator violates chiral symmetry, there is a possibility that this classical break-
ing leaves its trace in quantum theory too, even when we take the limit of the PV mass to
infinity. This is the limit where the PV fields decouple from our theory, hence the regula-
tor vanishes. To confirm this, one has to compute the regulated version of the correlator
T# A, The extra contribution from the massive PV ‘fermion’ are two Feynman diagrams
similar to figure (, but with an overall minus sign. Thus, we get

v _ - d4p ;Z A —1 v —1 q < g2
Tres ”/(m)‘ltr(zw Tip+ ) i(;yﬁ—q/l)w> +< Lo v )

[ dp —i —i Y —i TR D)
‘Z/<2w>4“(z‘wM”A%iW%HM” z‘(p—a/l>+M”u>+<u o )
(3.2.15)

Notice that for any finite M, T#* is convergent and well defined. This is quite straight-

reg

forward to confirm by expanding T#%* in the PV mass M

reg

Tyt = THA — TR 4 M2 / d'p fMp) + ... = M? / d'p fp) + ... (3.2.16)
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[ d*p f*X(p) is a convergent integral and ... denote higher order terms in M which are
also convergent. Because of the gamma matrix algebra there are no linear terms (or any

other odd power) in the PV mass in the above expansion.
Using now that
—1g8Y5 =5 (i(p+q/s) +M) + (z’p+M) Y5 — 2M s, (3.2.17)

we get,
g THA = CHY 4 DWV 4 BV 4 RV G (3.2.18)

reg

where

L[ dYp -, =i —i 5 —i
o= | G (W =) e iy +M’Y’“‘> - e

L[ dY —i - —i , —i )
DWW =4 r|— ” ",
=y ( G—w) i) mwea i<¢+%>+(M” |

3.2.20

, [ dYp —i —i , —i —i )
EHY — Z/ (27r)4tr (Iipﬂ%fyﬂwfy _ iyj—i_ M75fyﬂi(p — qé) n Mfy ) , (3.2.21)

L[ dY —i —i , —i —i V)
FH = r|— H H ,
/ Gy ( ipg) " i(pra) e i<p+%>+(M'V |

3.2.92

d'p —i —i —i R

GH = / tr| - 29 M s - Y- Bl + .
(2m)" <1p+M Pip+g)+ M z(p—%)+M7> ( oo v

(3.2.23)

The quantities C*, D*” EM and FM converge. Thus, we are allowed to shift their

integration variable. By shifting p to p + ¢2 in D*” and p to p + ¢1 in F*”, we find that

CH 4 DMV 4 EMY 4 I = (), (3.2.24)
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The only thing that is left to compute is G**. G"* captures the extra contribution
of the PV mass M to the chiral symmetry Ward identity of <V*(q1)V"(g2)J*(g3)>. In
particular, the broken chiral symmetry identity in the regulated theory is given by

@3x <V (01)Vidy(42) ey (a3)>= 2M <V (q1) Vit (a2) (U5 0) (g3) >, (3.2.25)

where
2M <V (1) Vidg(a2) (U5 W) (g3) >= (2m)*6(q1 + g2 + q3)G* . (3.2.26)

What we did in the previous analysis was to see whether the regulated 3-point function
< Vr’ég(ql)Vrlég(qg)J;\eg(q;;) > satisfies its original chiral symmetry Ward identity (3.2.5).
Alternatively, we could have used the Ward identity of the regulated theory (which is
satisfied by construction, since all correlators involved in are properly regulated
and convergent) and compute only the breaking term of the rhs, i.e. G*”. Both approaches

are equivalent. In the latter is just easier to identify the breaking term.

Using that p2 = p? we get

w [ Ao [—ip+ M —i(ﬁ+q/3>+M V‘¢<P‘%)+M B @ ¢ @
“ _/(277)4tr(292+J\422ZM75 (p+q3)2+M27 (1?—611)2+M27 "

[T =V
(3.2.27)
and after evaluating the Dirac traces
s _ / dip SM2ehB o015 N < oo @ ) .
0" @2+ M) (0 +a)*+ M2) (p—a) +M?)  \ w0 o v
(3.2.28)

To calculate this convergent integral one has to combine the denominators using the stan-
dard Feynman parameters. However, in the end we are interested in the limit M — oo,
so we only need the asymptotics of the integral for large M which is obtained by setting
p = MI. We have

o — 1/ d'l 8MZe" P gy0q18 n ( Qo @ >
M2Jen)t @ +1) ((+ )7 +1) (- $)°+1) poeov
1

= WlﬁM%“m’B%aqL@- (3.2.29)

We expanded the above integrand in powers of %5 and % and kept the non vanishing
terms in the limit M — oo. It turns out that only the leading (zeroth) term survives. The

extra ¢ comes from the Wick rotation that we did to calculate the integral in Euclidean
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space. Thus, the final result for G*¥ is

GHv = %ﬁe“yaﬁqgaqw. (3.2.30)

We see that after the removal of the regulator, the chiral Ward identity of (3.2.5) is

anomalous

?
@y V@)V (@) 7N (0)>= )6 + a2+ @) g5 Pats. (3231)

An analogous computation shows that the 3-point function of three chiral currents is also

anomalous, with % the value of the above anomaly, i.e.

)
a3x <J*(q1)J" (q2)J (g3)>= (2m)*6(q1 + q2 + qg)G?E’WaﬁqQaqw- (3.2.32)

U(1) symmetry

The PV regulator respects the U(1) transformation (3.2.2)), which means that we do not
expect any anomalies at the quantum level in the U(1) symmetry Ward identities. In

particular, the regulated identity is equal to

Giu <V (1) Vidy(a2) ey (q3)>= 0, (3.2.33)

where as we showed the 3-point function is a well defined convergent integral for finite
values of M. Since there is no explicit breaking term on the rhs there is nothing actually
to compute, the identity is satisfied for every M, so in the limit M — oo too. For

completeness though, let us compute the lhs to confirm it.

Using that

igh = (ip+ M) = (i (p—qp) + M) = (i (p—gp) + M) = (i (p+ ) + M), (3.2:39)

we find
QT = H + K7 (3.2.35)

reg

v

V)\_Z' d47p T A i — A - -
H™ = /(27r)4t (7 7E’i(pwg)7 i(p—q) ! 75z'(p+q/3)+M7 i(zﬁ—%)+M)
(3.2.36)

K = —i/ L e O Y S SOS - (3.2.37)
(2r) i(p—g) @ i(p—gp)+M PtM
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K"* and H» are convergent. By shifting p — p + ¢1 in H** we see that

QT = 0. (3.2.38)
A similar computation shows that
dip <‘/;Iég(q1)‘/;lég(q2)‘/;2g(q3)>: 0. (3239>

The vector current Ward identities are satisfied, which means that the U(1) classical

symmetry is also a symmetry of the quantum theory, as expected.

If we introduce the background sources A,, B, that couple to the vector and chiral

currents respectively, the action of the free Dirac fermion will become
S = / At (—%#D,ﬂp) (3.2.40)

where
Dyih = (O + iAy + i Bu) . (3.2.41)

The symmetry transformations of A,, B,, are given by
A, — Ay —dua, B, — B,—0u, (3.2.42)

where a, b are the U(1) and chiral symmetry parameters. One can easily show that in the

presence of the background sources the chiral current divergence is modified as

1 1
8)\<u7>\>s = 3 EquUF/W(A)Fpa(A) G#VpUF/w(B)FpU(B), (3'2'43)
47r) 3 (4m
where
Fu(A) =0,A, — 0,A,, F(B)=0,B, —0,B, . (3.2.44)

After taking the appropriate functional derivatives with respect to the sources, the above
equation reproduces the anomalous <VV.J> and <JJ.J> correlators. tells us
that the axial-vector current is not conserved, meaning that the U(1) axial symmetry
of the classical action, does not survive the regularization procedure. This is the U(1)
axial anomaly and was first obtained by Adler, Bell and Jackiw [6,/7]. Even though for
this computation we used Feynman diagrams (which is a perturbative method), the result
(13.2.43)) is exact and does not receive corrections from higher order terms in interacting
theories [86)].

These results could have been obtained using a different regularization procedure, such

as dimensional regularization or the hard cut-off method. A more elegant approach was



3.2.  Chiral anomaly from Feynman diagrams 37

given by Fujikawa [87], who interpreted the anomaly as a symptom of the non invariance

of the path integral measure under an axial transformation.

3.2.2 Momentum routing

In this section we derive the chiral anomaly of the free and massless Dirac fermion (3.2.1))
using another regulator, namely momentum cut-off. In particular, we want to confirm the
anomalous Ward identities of the correlators <VV.J> and <JJJ>. The 3-point function

of the chiral currents is given by

<JH(qu)J" (q2) T (g3)>= (27)" 6(q1 + g2 + g3) T, (3.2.45)

< Q2

o [ dip —1 -, —1 Q1
" )‘—z/(27r)4tr (ip%%i(%L%)fy 751,(?_%)7“75) +< PRI ) . (3.2.46)

Notice that using {75, 7"} = 0, T*"* is equal to T of (3.2.6)), i.e.

<VH(q) V¥ (q2) I (g3)>=<J"(q1)J" (g2)* (g3)> - (3.2.47)

We now contract <VV.J> with g1, to examine its U(1) symmetry Ward identity. We

have

l/)\_i d4p r ;Z v —1 Al —i v —i A
QT = /(2W)4t (Z.p’y Z,QH%)V s i(%%)v i(y}_qﬁ)v ’Ys)
+<q2 N > (3.2.48)

VoA

Similarly with the previous section, we can naively cancel the two terms by shifting the
integration variable from p — p + g3 in the first term and use momentum conservation.
The integral is divergent though, so any formal manipulation is illegitimate. We regulate
it using a momentum hard cut-off R. Since we deal with integrands that are related by
a simple shift of the integration variable, it is more convenient to compute them using
Gauss’s theorem. By power counting the integral is quadratically divergent, but due to
the structure of the gamma matrices the leading order term vanishes. Thus, the integral
diverges linearly so we can use . We find that

i
ChuTW)‘ = ﬁep”’\”quqgg . (3.2.49)
Similarly, if we contract TH"* with o, and g3\ we get

i
qo, THA = ﬁeﬂw%pqlg (3.2.50)



38 Chapter 3. Anomalies

and
_ i
Cox2

From the above equations, we see that after regulating with cut-off all the Ward identities

gaxTH "7 Gop e - (3.2.51)

of <VVJ > are violated. However, we have not taken into account yet the fact that
< VVJ> is linearly divergent. When we computed it, we chose a specific momentum
routing in the loop of the Feynman diagrams. We could have chosen another routing
which is related to the original one by a shift. From a physical point of view Feynman
diagrams related by a momentum shift are equivalent. Computationally though, they differ

by a finite term. Below we write the <VVJ > correlator with an arbitrary momentum

routing
<VH(q)V"(q2)TNg3)> any = (27)* 8(q1 + g2 + a3) T (az), (3.2.52)
where
dp i i i e o
T (a;) Zi/ tr (7“. Y5 - > +1 v & A
(2m)? i(p+dy) " Ti(ptdy +gs) i+ by —gh)
al a9
(3.2.53)
We have that
THa;) = THA + §THa;) (3.2.54)
where using again (3.1.5) we find
v Z v
0T (a;) = 55 e (a1, — asp) - (3.2.55)
The Ward identities of <VVJ> will become
7
T (ai) = —5 €7 g3p000 + 01,07 (a3), (3.2.56)
7
QZVT/“/)\(G/Z') = ﬁepa-)\#q&)qla + q2V6TMV)\(ai)7 (3257)
)
g T (a) = ﬁe”"”“quqlg + @32 0T (). (3.2.58)

The arbitrary constants a; and as will be given by a linear combination of the external
momenta g and g3. All that is left to do is find a way to fix them. Ideally we want to find
a choice of a; so that the rhs of all the above equations is zero at the same time, hence
confirm all the Ward identities. However, it is easy to see that there is no such choice.
The best we can do is make two of them zero simultaneously. We choose to maintain the
vector symmetry Ward identities and violate the chiral symmetry. For that we set

q3 — q2

4 = =5 = —a (3.2.59)
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and the final result that we get is
G <VP(q)V(g2) T Mg3)>= g2 <V*(q1)V"(g2)J*(g3)>= 0 (3.2.60)

and

)
g3x <V*(q)V¥ (q2) M g3)>= (2m)*0(q1 + g2 + Q3)ﬁ€pUWQ3pQQa- (3.2.61)

Using momentum conservation, we see that (3.2.61]) is equal to (3.2.31)). Thus, choosing
the appropriate momentum routing so that the U(1) symmetry is satisfied, the cut-off

regulator reproduces the chiral anomaly that we found with PV regularization.

The computation of the <JJJ> is identical, since the correlators are the same as we

showed before. The chiral symmetry Ward identities of <JJJ> are

. i .

@, TN a;) = Pépa’\y%p%a + q1,0T" M a;), (3.2.62)
UV _ i PO VA

g2 T (a;) = 53¢ Bplio + q2,0T"""(a;), (3.2.63)
- i .

g T a;) = ﬁef"’”ﬂquqla + gsa0T* M ay). (3.2.64)

Here we want to maintain Bose symmetry so we choose a; and as so that the above rhs

give the same result. This happens for

:fJ3—Q2
6

aj = —a (3.2.65)

and the final result that we get is

?
G <TM(@) T (@) TN as)>= )0 (a1 + 2+ )5 e (3:260)

Again this result confirms the anomaly that we found with the PV regulator. In real space

the above equation can be written as

Lo\ — 088z — 2). (3.2.67)

oM <JM(x)J" (y)J(2)>= 62

3.3 Anomaly shifting and compensators

Anomaly shifting

As we saw in the previous section, by assigning different momentum routings to the flat
space correlator <VV.J> ([3.2.52]), we are able to shift the anomaly from the U(1) current

to the axial current and vice-versa. Shifting around an anomaly between different sym-
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metries of the theory is something that can be done with the use of local countertermsﬂ

To be more specific, let us give an example in the case of the free Dirac fermion .
Let V* and J* be the vector and axial Noether currents in the presence of sources, and
A*. B* the corresponding sources. The partition function Z°[A, B] is classically invariant
separately under the transformations , but at one loop order one cannot main-
tain both invariances. In the context of PV regularization, U(1) symmetry is manifestly

respected, while chiral symmetry is anomalous. This means that
Z[A—da,B] = Z[A,B],  Z[A B —db = Z|[A, Ble'] T4, (3.3.1)

where A ~ €77 (F,,(A)F)o(A) + F,(B)F,,(B)) is the chiral anomaly and F,,(A) =
OuA, — 0,A,, F(B) = 0,8, — 0,B,,. This results in the Ward identities

(T = A, 9 (V") =0, (3.3.2)

where ()5 denotes connected correlation functions in the presence of sources. Since the
anomaly is quadratic in the sources, (3.3.2)) encodes the fact that triangle diagrams with

one or three axial currents are anomalous.

The anomaly can be shifted around by adding finite local terms in the action. For the

case of the massless fermion we could consider the partition function,

Z[4,B) = Z[A. Blexp (ia / 0 77 By A, Fyo(4))) (3.3.3)

where a. is a constant. By an appropriate choice of a. one may arrange for the axial-
vector-vector correlator to be conserved on the axial current but then the conservation
of the vector current would be anomalous, and the partition function would be
invariant under neither vector nor axial transformations. The theories with or without the
counterterm are physically distinct, as they preserve different symmetries. The standard
choice is to keep the vector symmetry non-anomalous (in the original context [6,|7] the
vector symmetry was electromagnetism), but more generally depending on the physics
context one may work with either theory. In the context of the AdS/CFT correspondence,
the finite counterterms correspond to finite boundary terms that should be specified when
defining the bulk theory.

Compensators

Besides shifting the anomaly between symmetries using local counterterms, the anomaly
may be ‘hidden’ by introducing additional (background) fields. In the case of the axial

anomaly, for example, we may introduce an external scalar field @ and modify the partition

'In the cut-off regularization, surface terms that arise from different momentum routings at the corre-
lators can always be written in the form of local counterterms.
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function as

P'|A,B,#) = Z[A, Blexp i / T2 3A). (3.3.4)

Assigning transformations
0,P =0, 0pd = —b, (3.3.5)

the partition function 2 is now gauge invariant under both vector and axial transforma-

tions
ff’[A— da,B,d5+5a§Zi] = .,%‘”’[A,B,@], .,%W[A,B — db,<.7_5+<5b§l5] = f’[A,B,@]. (3.3.6)

This does not mean that the anomaly has disappeared; the triangle diagrams are not
affected by the new terms in ((3.3.4)).

One could also use the formulation with @ to make the Ward identities look as if there
is no anomaly. To see this let us rewrite the coupling of ¢ in (3.3.4) as

#'[A, B,®| = Z|A, B]exp (i/d4:1:915(9), (3.3.7)

where O = 9, J". In the classical theory O is proportional to field equations (it is a null
operator) and when we regulate the theory, say with Pauli-Villars regularization, (O)s
becomes local (and equal to the anomaly, (O) = A) as the regulator is removed. Working
out the Ward identity starting from one finds,

O (TM)s — (O)s = 0. (3.3.8)

In this form the Ward identity appears non-anomalous and one may be tempted to con-
clude that the theory would be non-anomalous if we include the coupling to the null
operator O. Of course, this is just an illusion: (3.3.8) is equal to . The only thing
that happened was that we moved the anomaly from the rhs to the lhs and gave it a

different name.

Fields like @ are called ‘compensators’ because they may be used to restore or com-
pensate for broken symmetries, or ‘gauge-away’ fields because one may set them to zero
using gauge transformations. Indeed one may use to set @ to zero (and thus also
establishing that 2 is equivalent to Z). Invariance of the partition function under gauge
transformations does not by itself imply absence of anomalies, if gauge away fields are
present. One must first set to zero all gauge away fields and then check invariance of the
partition function. Similarly, one must set all compensators to zero prior to working out
the form of the Ward identities. The discussion of compensators is important in super-
symmetric theories. Often, supersymmetric Lagrangians have a superspace formulation.
Superspace though, is an enlarged space with more degrees of freedom, so if we wish to

retrieve the action of the microscopic theory we need to choose a specific gauge (a usual
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choice is the WZ gauge) by eliminating some of the gauge away fields. A superspace
analysis that shows no supersymmetry anomalies, does not automatically result in a non
anomalous supersymmetric microscopic (physical) theory. One has to be careful about

how the compensators may affect the result, similar to the above analysis.



CHAPTER 4

Free and massless Wess-Zumino model

4.1 Symmetries and the conformal multiplet of conserved

currents

In this chapter we consider the free and massless WZ model. We begin with a description
of the flat space theory and its classical symmetries, before discussing its coupling to
background conformal supergravity. We also derive the classical Ward identities for every
correlator involved in the computation of the Q-supersymmetry anomaly of the conformal
WZ model. In chapter [6] we will identify a suitable Pauli-Villars regulator, which we use
for regulating the 1-loop diagrams. In this chapter we follow closely the relevant discussion
of [81].

An off-shell N = 1 chiral multiplet consists of a complex scalar, ¢, a Grassmann-valued
Majorana spinor, x, and an auxiliary complex scalar, F'. The free and massless WZ model

for a chiral multiplet in Minkowski space is described by the Lagrangian
X 1
Lz = —0u6"0"6 — SXDx + F'F, (4.1.1)

where a hat * indicates quantities evaluated in a Minkowski background. It will be omitted
later on when referring to the corresponding quantities in the presence of background

supergravity fields.

43
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4.1.1 Propagators

The momentum space propagators following from the Lagrangian (4.1.1)) are

o) () = 6" (0)ow) = (2m)*8(p + ) Polp).

XOX@) = —x(@)x(p) = (2m)*3(p + p') P (D),

F)F* (o) = F*()F(p) = 2m)'5(p + ) Pr(p). (4.1.2)
where .

Pp) = -2, P =-L,  Pep) =i (4.1.3)

b

4.1.2 Symmetries

The free and massless Wess-Zumino model is classically invariant under the superconformal
group SU(2,2|1) [88H91]. An infinitesimal SU(2,2|1) transformation can be parameterized
as

0 = a"Py + £y MM + V'K, + AD + 0o R + £0Q + 7o S, (4.1.4)

where P,, M,,, K,, D, R, Q and S are respectively the generators of spacetime trans-
lations, Lorentz, special conformal, scaling, R-symmetry, Q- and S-supersymmetry trans-
formations. The zero subscript indicates the flat space version of the parameters. The

action of these generators on the chiral multiplet fields is given in table [£.1.1]

PM 0a = a“&t‘ﬁv daXL = a‘uau)(L, 0 F = CL“({?MF

K, | 6= bu((Qx“m” — 77'uy$2)8,,¢) + qu¢)
doxr = bu((22"2” — 0" 2®)d XL + 32 XL + 27X L)
O F = by ((2zFz” — " x?)0, F + 4z+F)

M,y | 8¢ = Lualtole, Sixr = L (ML + 29X L), 8F = Lzt F
R | d¢y¢ =iqrbo®, b9,x1 = i(qr + 1)00Xx1, 06, F =i(qr + 2)00F
D | 6z =Na"0, +1)p, Saxr =A@+ 3)xL, OF = ANa*d, +2)F

0eg® = ?%LXL, Oeo XL = §($¢€0R + Fegr), 050F = @%R@XL

S| oyt = —§$“ﬁORVMXL, dnoXL = @(ﬁ“@éﬂﬂm + 2! Fyumor + 2émoL)
ono ' = —@w“ﬁomu%m

Table 4.1.1: SU(2,2|1) action on a chiral multiplet of R-charge gr. Superconformal in-
variance requires gp = —%.
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4.1.3 Algebra

The SU(2,2|1) generators satisfy the algebra

[D, PM] = _Pua [D, Ku] = Kua [P/MKV] = 2(77/“,D - QMW,),
[M/Wa Pp] = ﬁa[uﬁu]pPU7 [M,ul/? Kp] = na[unu]pKU)

[M,ul/a Mpo'] = nz\[unll}pM)\U - nk[unu}aMApa

1 1

{Q%,Qs} = (V)5 Pu  {5%Sp} = =5 (") Ky,

(Q%, 53} = 586D — S(/*) My + 2 (155,

PuSl =@ K@ =S Mun@ =@ M8 = — S,
D.Q=—5Q  ID.S=35 [RQ=imQ (RS =i (4.1.5)

4.1.4 Noether currents and seagull operators

Noether’s theorem for SU(2,2|1) invariance results in only three independent current op-
erators, corresponding to the conserved currents associated with translations, R-symmetry
and Q-supersymmetry transformations. They comprise the conformal current multiplet
of the massless WZ model and are given respectively by

. . 1 1 ) .
T, = 2009" 0,6 + SX7"0x — S0, (X2 ™x + X1 0x = X977 X)

1 1
= 5 (010, = ni0%)(679) — 1 (0,070"¢ + SXPx — F'F),
~ 27 1
Jh = gl(éb*@“éb — @0l + Zm“%x),
Q= \f(WV“XR +96™y"x1) + \fv"“au(qﬁm + 0" XL)- (4.1.6)

The currents (4.1.6) satisfy the on-shell conservation laws
o TH, =0,  9,J"=0, 9,0"=0, (4.1.7)
while Lorentz, scale and S-supersymmetry invariance require that

7E;w] =0, 7\:‘# =0, /V,uQM =0. (418)

The conventions that we follow for symmetrizing and antisymmetrizing the indices of a
tensor Ty, _q,, i-e. T(a,...a,) and Tjg, . 4, Tespectively, are given in (A.0.1).

The stress tensor and the supercurrent in (4.1.6]) include suitable improvement terms
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that do not affect the conservation equations , but ensure that the algebraic con-
straints hold on-shell |33]. In particular the divergenceless and traceless term
—%E)p(i%'yp"x + XV*YPux — XYPy*ux) of the stress tensor is required for Lorentz in-
variance, while the divergenceless terms —%(6“61, — ntd%)(¢*¢) of the stress tensor and
gfy“”&,(qupb + ¢*xr) of the supercurrent are required for scale and S-supersymmetry

invariance respectively.

It is convenient to introduce here some well defined operators of this theory, the ‘seagull

7
operators’,

3(110) = " 9, 8oy = X715 S(31) = i(¢" XL — OXR), S(apy = @0M".
(4.1.9)
As we will see later when we couple the WZ model to conformal background supergravity,
the functional derivatives of the conserved currents with respect to the background sources
can be expressed only in terms of these seagull operators . Moreover, we also need

the following ‘null operators’

Al = XM =" )sdx. Ayl = XOM = 0")Dx. Ay = (670X — ddxr),
o) = F°¢, gy = FRO"0, gy = i(F"xL — Fxa), (4.1.10)

which are proportional to the classical equations of motion. The first entry in the subscript
(+|-) simply labels the operator, while the second entry indicates its spin. Both seagull
and null operators are important in the derivation of the Ward identities with operator
insertions in the path integral formalism. The null operators, even though they vanish
on-shell, can give a non zero result when put inside correlators. This can be understood
heuristically as follows. Consider a null operator inside a 3-point function. This 3-point
function can be written in momentum space as a sum of non zero two-point functions,
since the terms (of the null operator) proportional to the equations of motion will cancel
one propagator in the triangle Feynman diagram. Formally one can find these expressions

using the Schwinger-Dyson equations [92,93], which we present in more detail in the

appendix [C]

4.1.5 Symmetry transformations of the Noether currents and seagull
operators

We are interested in the Ward identities of correlation functions derived using . So
we need to evaluate the transformations of the currents and seagull operators with respect
to the symmetries of table In our analysis we only care about symmetries which
are explicitly broken by the PV regulator we use later. These are the original Q- and
S-supersymmetry of conformal supergravity and the R-symmetry. Note here that the PV

regulator satisfies by construction the Q+S supersymmetry of old minimal supergravity.
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All the other symmetries such as Lorentz symmetry and diffeomorphisms are manifestly
respected by the regulator, thus there is no need to examine them. We just have to

be careful to not violate them when we introduce counterterms to restore the broken

symmetries.
The R-symmetry transformations of the currents and seagull operators take the form
N A i _
00 T"v = ("0n 11" 15 =y 1”) Tp0o o — X ¥5x0" b0,
~ 8 .
Ogo T = 5670 9" 00,

A . A Z\/§ *
09, Q" = iy Q" + 73“90@5 XL — OXR):

0908 (311) = 100757 (¥"XL — OXR) (4.1.11)
which can be written in terms of the seagull operators (4.1.9) as follows
R R i
80 T" = (") + 07 n) = 01") Tp0s o — £80(21)0" b0,
.8
080T = (110 9" 00,
09, Q" = by Q" + ?augo 5311y
(4.1.12)

0003(314) = 10075 3(311):

Similarly, the Q-supersymmetry transformations of the operators we need are

A A 24 21
b0 = — izs@ + Y26 — o)t + Yele (6" ~ o)

\/§Z — *
+ 7507“(17 XL — Fxr),
A 1. 1 A 3 A
550 Q'u = 5’7’#”7”50 + gap [jo(ielwpgf% + 277/“/77pg - 277;)1/77#(7)%7550] - gdwpo’jaf}/uang

1 _ o 1 * . I o g
+ = (XYo15X)Y 150" €0 + éap(cbcb ) (@€ P7 s + T — P07 )y, 050

8

1, 1, _
+ = (XM = ") sdx) 1rse0 — 3 (X — 0 Dx)weo

8 8

1 * * 1 v * *
+ §(F Poyteor + FPo yHeor) + 57“ Oy(pF eor + ¢" Feor),
de0S(110) = —i5 0751 (¢"xL — XR)

. V2, c W2 3V2
dc95(31) = €0 <—z\[7 V500 (07 ¢) — L%J +i fﬁf%xv 75)() - (41.13)

4 8
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Using the seagull and null operators we can write the above as

, A V2 v2_ . vV2_
55();7“ = — 150759# + ? 5(3%)3#50 + ?50’7# n(3|%) + ?507# n(G‘%)?

R i A 3
660 ot = §TMV’YV50 + gap [jg(zeuvpa,% + 277/“/77p0 - 277'0,/77’“7)71/7550} - éGquUja’Yuapgo

1, 1. .. )
+ g0 50 e0 + gap(3(1|0))(%“yp075 + 007 — 0 )y 0se0
1. 1.
+ gn’(ﬁm%%% B gnl&z)%ﬁo
1 . R 1 R s
+ 5 (Aley 107" €0 + A5y 107 €0r) + 37 O (Aajo)2or + Ay)€0r);
. V2
0z 8(1)0) = —i=5-€075 531
2 — \/§ ~ Bﬂ - 3\/§ A
(5503(3‘%) =&y (—z470,y580(3(10)) — Tfyajd + z?fyg S(UQH) . (4.1.14)

Let us make a comment here regarding the Q-supersymmetry transformation of the R-
current. The zero on-shell term (¢*@xr, — ¢Pxr) is proportional to the gamma trace of

the supercurrent, so the variation of the R-current can be written in the following form

. oA V2 _ i ae V20 .
deg TH = —igo5QF + 7(¢ XL — ¢XR)OMe0 + 560757“%9“ + 7607“(1’ XL — Fxr)-
(4.1.15)

According to , at the rhs of the Q-superymmetry Ward identity of the 4-point
function < QQJJ > exist the correlators <d.,JQJ > and <d.,Q7J >. Depending on
which form we use for d.,J*, i.e. (#.1.13) or ([#.1.15)), the correlators of the rhs will have
a different form. In particular, using , the Q-supersymmetry Ward identity will

take the schematic form

0 <QOJTT>=<6.,QT T >+ <0.,TQT> ... =<NoJ T > + <N; QT > +... (4.1.16)

while using we get
0<QQJT>=<6,0TT> + <6:,T QT > ... =<NoJI T > +v <QQT > +... (4.1.17)

Ng and N; denote the zero on-shell terms of the Q-supersymmetry transformations of
the supercurrent and the R-current respectively, that do not depend on the auxiliary
field F. The dots ... denote correlators that are not important for the argument under
consideration. As we have already mentioned, correlators that include null (vanishing
on-shell) operators are proportional to lower order correlators according to the Schwinger-
Dyson equations . Thus, the 3-point functions < NoJJ > and <N;QJ > are
equal to a sum of 2-point functions. Similarly, v < QQJ > of is proportional

to a sum of 2-point correlators, as a consequence of the S-supersymmetry Ward identity
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of <QQJ>. Of course, from a computational point of view the rhs of the two above
equations are identical, we just grouped the integrals in a different way. The advantage
of the symmetry variations , hence (4.1.16f), is that it makes easier to reproduce
the Q-supersymmetry identity of < QQJ.J > that we get from conformal supergravity
(4.2.16). In particular, the correlators < NoJJ > and < N, 707 > combine in a way
that help us distinguish the 2-point correlators of conserved currents from the 2-point
seagull correlators of . On the contrary, if one uses the form it is not
straightforward how to group the 2-point functions in a way that the identity of conformal
supergravity is reproduced. The advantage of though, is that it makes obvious
how the introduction of a massive regulator violates Q-supersymmetry. In the massless
theory, the term %5_0’}/5’}/#7,{ OF vanishes on-shell. As we will see in the next chapter, this

is not the case in the presence of a non zero mass.

Finally, the S-supersymmetry transformations of the R-current and of the supercurrent
are

SgT" = (Bcgmarinmy + 0no )T, Gy Q" = (Segmarrumo + Ong) O, (4.1.18)

where 6.,—zr+,.n, denotes a Q-supersymmetry transformation with parameter eg = 2",10

and

R iv2 .
5no~7“ = T%’Y“(ﬁb XL — XR)»

Ony QM = ;7“”311((?)*@70) + (¢dd* v 1oL, + ¢* Py nor)- (4.1.19)

4.2 Ward identities in momentum space

In this section we present the classical Ward identities for all correlators of interest. We
find it more convenient to write them in momentum space, since in the end we are going
to compute them using Feynman diagrams. One of the main goals is to show that the
original Q-supersymmetry Ward identity of the correlator < Q0JJ > in the conformal
WZ model is anomalous. In this Ward identity there exists a number of lower order
correlation functions, such as < oo )4 >, <TJTT>, <JJT>. It is important to fix these

correlators in a way that satisfy all their standard identities and anomalies, before going

to <QOJT T >.

To be more specific, for a consistent calculation one has to know the exact renor-
malization scheme that is used for the lower order correlators in the Ward identities of
<QQJJ>. We want to make sure that a non anomalous Q-supersymmetry, does not
mean for example a <TJJ > correlator with an anomaly in diffeomorphisms. There
is always this risk, when we go straight away to the computation of Ward identities of

higher order correlators without having fixed the theory in the lower order correlators
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first. We will see one such example in chapter [0} where we confirm the Q-supersymmetry
anomaly of <Q0JT> using momentum routing regularization. A naive approach shows
that Q-supersymmetry is non anomalous. However, after a more careful consideration
we see that in order to prove this we need to use a < J7JJ > correlator that does not
respect Bose symmetry, hence it is non consistent. By Bose symmetry, we mean that
<JMp1)T"(p2)T*(p3)> must be invariant under the exchange of the external momenta
1, P2, p3 and the spacetime indices p, «, A. The non Bose-symmetric Feynman diagram
< TH(p) T (p2) T N(p3) >, yields different results when contracted with Dlu, P2k OF P3y,

thus it does not reproduce the standard R-symmetry anomaly.

Since we want to examine the massless WZ model as an example of N’ = 1 supercon-
formal field theory, the Ward identities we present in this section are identical to the ones
we get after coupling the WZ model to conformal supergravity. To compute them, one
has to use the Ward identities at the level of 1-point functions of N' = 1 conformal super-
gravity which were derived in [71] and then further differentiate with respect to
the background sources of the conserved currents in order to derive the identities of higher
order correlation functions. As already mentioned in section and also explained in
more detail in the appendix [C] the Ward identities of a specific correlator differ when de-
rived with functional differentiation in the presence of sources and when we use operator
insertions in the path integral formalism. The functional derivative identities are a sum of
path integral identities. In the Ward identities that we write below, from the lower order
correlators such as < 7J > until the 4-point function < 00JT >, we group the terms
that form their own path integral Ward identities using different colours. In order to do
that one has to use , the symmetry transformations of the operators written in the
previous section and then perform a Fourier transform to go to momentum space. For
example, in , the (sum of) black, blue and red terms are independently equal

to zero as a consequence of the path integral R-symmetry identity.

The aforementioned distinction of the terms that form their own path integral identities
-identities which are verified at the quantum level using Feynman diagrams- is useful when
one introduces the regulator to deal with the divergent quantities of the theory. The
regulator may classically break some of the symmetries of the initial theory, like the Pauli-
Villars regulator we introduce in chapter [6] violates R-symmetry and conformal invariance.
Using and the modified symmetry transformations of the operators in the presence
of the regulator, one can easily identify and compute the contribution of the regulator
to each one of the original classical path integral Ward identities. In fact, following this
bottom-up approach we can find all the classical breaking (and potentially anomalous)
terms that arise after regularization without the need to know how the regulated theory
couples to background supergravity. Of course, one can follow the equivalent approach of
first coupling the regulated theory to background supergravity (for the PV regulator in

our case that would be old minimal supergravity), then derive the Ward identities of the
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regulated theory at the 1-point function level, compare them with the original identities
of conformal supergravity and deduce the breaking terms. We explain this approach in
detail in [81].

Finally, we should also note that we do not include anywhere 1-point functions. As we
will show later in the PV regulated theory, the 1-point functions of the Noether currents
are zero (see appendix. There are some seagull operators though with non vanishing
1-point functions, such as <§(y)9)> . These do not play any role in the computation
of anomalies. The correlators inside Ward identities include divergent and finite pieces.
The Ward identities must be satisfied independently in both parts. The 1-point functions
can contribute only in the divergent parts, since they are tadpole diagrams with no external
momentum inside the loop. The only parameter in these diagrams is the regulator that
encodes the infinities. On the contrary, the analysis of anomalies cares only about the

finite pieces of the correlators.

In this section we are always referring to the flat space operators, but we omit the
hat *, to simplify the notation. We also introduce the following quantities to simplify the

expressions

Pij = Pi +Dj,  DPijk = Pi +Pj + Dk (4.2.1)

4.2.1 2-point functions

<JTJT>

The classical R-symmetry Ward identity for the 2-point function <7 > in momentum
space is given by
p3x <J"(p3)T*(pa)>= 0. (4.2.2)

<Q0>

The classical Q- and S-supersymmetry Ward identities for the 2-point function < QQ>
are given by
P <QM(p1)Q"(p2)>=0, 7, <Q¥(p1)Q"(p2)>= 0. (4.2.3)

4.2.2 3-point functions

<TIT>

The 3-point function <777 > must satisfy Ward identities associated with diffeomor-
phisms, Lorentz, conformal and R-symmetry. Here we are interested only in the conformal

and R-symmetry identities, since these are the ones that are classically violated by the
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PV regulator of chapter [6] Diffeomorphisms and Lorentz symmetry are manifestly re-
spected by the regulator, thus they are valid in the quantum theory too. Dg%A and ngj\)

denote the seagull correlators of the R-symmetry and conformal symmetry Ward identities

respectively.
R-symmetry

Pax <T"(3)TNpa) T (p1)> +Di5 = 0 (4.2.4)
where

N y
DR = ipyg <saio) (psa) T (p1)>

. 1
+ (0P + Y0P = 0V P )pse <Tp(p13) T (pa)> +6p§ <8§2|1)(p13)~7’\(p4)>

. 1 )
+ i 7+ 0" — " ) pse <To(p14) T " (p3)> +671“p3f; <~8f2‘1)(p14)J "(p3)> .
(4.2.5)

The black terms form the classical path integral R-symmetry identity of
< T*(p3) T Mpa)T 4 (p1) >, while the blue and red terms are also independently equal

to zero due to R-symmetry.

Conformal symmetry

<T) (p1)T"(p3) TN (pa)> +D5p = (4.2.6)

where

Dipy = —2i <J"(p13) TN (pa)> —2i <T(p1a) T (p3)>

1 1 81
ts <8{op1y(P13) T (pa) > t5 <8y (P14) T " (p3)> +§77K”A <7 (p1)s(j0)(p31)> -
(4.2.7)

Similarly, the black terms comprise the conformal symmetry identity of
<T)(p1)T*(p3)T*(ps) >, while the seagull correlator <7, (p1)s(i)(p3s)> vanishes too,

as a consequence of scale invariance.

<JIT>

The classical R-symmetry Ward identity for the 3-point function <77 > in momentum

space is given by

8i

81
9 P3 <5(1)0) (P34) T (p1)> ——D§ <5(1/0)(p31) T (p1)>

P <T"(p3)T M (pa) T (p1)>= 9
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167

- jUGAPSm <J"(p3)s(1)0)(p14)> . (4.2.8)

<Q0J >

There are three Ward identities associated with <QQJ >, the ones related to R-symmetry,
Q- and S-supersymmetry, which are given below. The quantities C5§, CLy, and C%E denote
the seagull correlators in the Q-supersymmetry, R-symmetry and S-supersymmetry Ward

identities respectively.

Q-supersymmetry

pru <Q"(p1) Q" (p2) T (p3)> +C56
= ippu B <Jo(p12)T"(p3)> =1 <T*(p12)T"(pa) > =i <Q"(p13)Q" (p2)> (4.2.9)

where
C56 = P (?6”5‘”% <Js(p12)T"(p3)> +é?7””v"'75 <8421y (P12) T " (p3)>
+i77lm\f <5(311)(P13) Q" (p2)> +i77y'i\é§ <Q"(p1)5(311)(p23)>
—P120 ((1577”7“ - én(’”’y” + 2‘(156”5’”7575> <5(1)0) (plg)j”(p3)>) (4.2.10)
and
BYHo = i (—;e”g’w% + ivsyHPntT — i’ym”n’”) . (4.2.11)

(4.2.9) is a sum of two Q-supersymmetry path integral Ward identities. The black terms
form their own path integral Ward identity, while the blue term contracted with py, is

also classically zero.

R-symmetry

Terms of separate colour below, form their own path integral Ward identities. The black
terms comprise the classical R-symmetry Ward identity of < QH(p1)Q¥ (p2)J"(p3) > de-
rived using (2.2.8]). The blue term contracted with ps, is the R-symmetry identity (4.2.2)).

Similarly, the red and purple terms contracted with ps, are also classically zero.

Pax <Q"(p1) Q" (p2)T " (p3)> +C4

=iy <QM(p13) Q" (p2)> +i <QM(p1)Q"(p23)> 75 (4.2.12)
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where

V2

v . n\/i 214 - VK =
Chp = D3« (“7“ 3 <8(3/1)(P13) Q" (p2)> +in S <QM(p1)3(3)1)(p23)>

3, i )
+ge e <To(p12)T " (p3)> +n" s <Sp21)(P12) T " (p3)>

1 1 1,
—P120 (677“”7“ — g e 5""’%%) <5(1/0) (plz)J“(p3)>> : (4.2.13)

S-supersymmetry

_ 3
— iy, <QF(p1)Q" (p2) T " (p3)> +C5§ = —ZZ% <J"(p12)T"(p3)> (4.2.14)

where

. e V2 v V2 =
55 = — 1 (“7“ \3[ <8311y (P13) Q" (p2)> +in \g <Q“(P1)S(3|;)(p23)>>

Z. vV_ O K 2Z vo K
+ 57 P20 <s110)(P12) T " (P3)> =57 P20 <5(110) (P12) T " (P3)>

2 3
1 31
+ §’YV%’Y5 <8(g1) (P12) T " (p3)> —Z’YW’}% <Js(p12)T"(p3)> . (4.2.15)

The black and blue terms comprise the S-supersymmetry identities of
<Q“(p1)QV(p2)j”(p3)> and <Qu<p1)§(3|%)(p23)> respectively.

4.2.3 4-point function

<Q0JJ >

Similarly to < Q0J >, there are three identities that < 00JJ > should satisfy. The
quantities 02’5’\, cl E)‘ and C¥5* denote all the seagull correlators in the Q-supersymmetry,
R-symmetry and S-supersymmetry Ward identities respectively. Again, terms of separate
colour form their own identities. In particular, the black terms comprise the path integral
Ward identities of the 4-point function < 00TJ >, while the coloured terms are
the path integral Ward identities of the seagull correlators. To make the expressions below
as compact as possible, we have not included terms that involve the correlator <s( g)J >,

which turns out to be zero in the PV regulated theory due to odd symmetry arguments

(D313,

Q-supersymmetry

Prye <@ (p1)Q" (1) (p) T (pa) > +C5
= ipou B <Jy(p12)T " (p3) TN (pa)> =5 <T"(pr2)T"(pa) T (pa)>
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— ivs <Q"(p13) Q" (p2) T (pa)> —ivs <Q(p14) Q" (p2) T " (p3)>
+ 5B < Ty (p123) T (pa)> +75 B < T (p124) T " (p3)> (4.2.16)

where
VK 3Z 4 g K ) vV _ O K
Ci = py <86 e < T (p12) T " (p3) T (pa)> +é77“ Vs <o) (P12) T (p3) T (pa) >
V2 =~y . 2 =
"5 <531 (P13) Q" (02) T (pa)> Jr277““? <8311 (P14) Q" (p2) T " (p3)>

8 v V2 _
+ign * <s110) (p31) Q" (1) Q7 (p2)> +in \3[ <Q”(P1)5(3|%)(P23).7)‘(p4)>

CoaV2 o 82
+"/MT <QM(p1)5(31)(p24) T " (p3)> +“]/”"'7M6 (311)(P13)5 3/ ) (P24)>

2
i <811 (D14) 311y (P23) >
5 <Seiy(P1a)3e

1 v 1 v 8
g1 e 5’”7&%)%’7“ <s(1/0) (P12)5(1/0) (P34)>

1 g
_ OV A
P12o <677 Y 6

1 1 1 véuo K
—P12o (677””7” — g —ige o 7575) <s(110)(P12)T (pg)J*(p4)>>

8 , W2, -
+ign A ; <T"(p12)s(10) (P3a)> *Tn s <8(311)(P134) Q" (p2)>
_ & VA

) ] I
9 N5 <8(3|%)(p134)QV(p2)> At <@’ (1113)-*'(;;‘%)(1121,)>

2 1
—n" 3 <o (P14)5(3)1) (P23)> +2477M70 <8421 (P123) T (pa) >

1 (o
+ ﬂnmv <So(2)1)(P124) T " (p3)>

+ %UWVU <8521y (P123) T (p1) > +l{ N7 <Seap)(P124) T " (ps)>
=51 <(soqa) =8 o) (P123) T (pa) > *%'/”\7” <(85(ap1) = So(a1)) (P124) T " (P3)>
=g <(soup) - So(1)) (P123) T (pa)> —(1577”70 <(S5(a1) = So(4ap)) (P124) T " (p3)>
- (—:%756”5”“ + 5?7’“’7” — ;77”“7“) <Jo(p123) T (pa)>
- (—275756“5” + %UAU’YV — ;ﬁ’"’%) <Jo (p124) T " (p3)> . (4.2.17)

R-symmetry

Pan <QH(p1) Q" (p2) T (p3) T (pa) > +Cliy
= i5 <Q"(p13)Q” (p2) T (pa)> +i <Q"(p1) Q" (p23) T (a)> Vs (4.2.18)

where

\ 3 P L
Cir" = p3x (86”5‘“’“/5 <Jo(p12) T (93) T (pa)> + 1775 <o) (P12) T (03). T (p1) >
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i <o) (P13) Q@ (p2) T (pa) > Fin" T <y (pra)Q” (p2) T (ps) >
8 KA Iz Y ) Vﬁ\/i “ S A

+ign <8(110) (P34) Q" (p1) Q" (p2)> +in 3 <Q"(P1)3(3)1) (P23) T (p4)>
C V2 = K i, A2 S

i 25 <Q(p1)3(ay1 (P24) T (p)> i 5 <s(gy1) (P13)3 (311 (20)>

2
—i—ZT]“/\T]Wg (3‘1)(1114) (3[4 )(p23)>

v \/é 4 = v ﬁ 4 =
1575 <Q(P13)5(31) (p2a) + 05 <Q(P1)3 (g1, (P234))5

+77W\’75\/3§ <5@31%) (p123) Q" (p2)) +77“)‘\f <8311y (p14) Q" (p23)) 75 (4.2.19)

S-supersymmetry

. 3
— i <Q"(p1) Q" (p2) T (p3) T (pa)> +CI5™ = =5 <T" (012) T (p3) T () >
(4.2.20)

where

5

CYs = —iy, <826”’5’”75 <To(p12)T"(p3) T (pa)> +8?7"”’y"75 <So(2)1)(P12) T *(p3) T (pa)>
. 2 - ) 2 _

+ m“ﬁ\g <5031 (P13) Q" (02) T (pa) > +“7“’\\3[ <8(31)(P14) Q" (p2) T " (p3)>
8 = )

+Z’§Tlm <5(1)0)(P34) Q" (p1) Q" (p2)> +in™" £ <QM(p1)5y )(P23)~7)‘(p4)>

2 .
+ mvki <QH(p1)5(3)1)(P24) T " (p3)>

3
+ anh* 2% S i3y (P13)3 311y (P24) > +int w2 <8(a111(P14)5 11y (P23)>
nen 9 {(3\()]712 (311) P24 e 9 ~%@IH P14)5(3)1) (P23
U 1, 1, 8
— D120 (6770 = 6770“7 i€ 5’”%75) @ﬁm <8(110) (P12)5(1)0) (P34)>
1 1 1
—P120 (677(”7“ - EUUM’YV - 166'/5”675’75) <3(1|0)(p12)~7'€(p3);7)‘(p4)>> (4.2.21)

4.3 Coupling to background conformal supergravity

Coupling a supersymmetric field theory to off-shell background supergravity allows for
a simpler and universal description of the global symmetries and their physical conse-
quences, without reference to a specific model. It also facilitates powerful computational

techniques, such as supersymmetric localization . In order to couple a theory to back-



4.8. Coupling to background conformal supergravity 57

ground supergravity we need to gauge the global symmetries by turning on appropriate
gauge fields — the supergravity fields — and suppressing their kinetic terms [95]. The local
symmetry transformations of off-shell supergravity are universal, which enables the gen-
eral derivation of the Ward identities and their quantum anomalies, by solving the WZ

consistency conditions.

Classically superconformal theories, such as the massless WZ model, can be coupled
to conformal supergravity, which facilitates an alternative, more efficient formulation of
the Noether procedure. For example, the conserved currents that couple to background
supergravity are those satisfying the algebraic constraints , and so this formulation
of the Noether procedure leads directly to the improved currents. However, massive theo-
ries cannot be consistently coupled to conformal supergravity. Thus, it is not possible to
quantize a classically superconformal theory on a conformal supergravity background re-
specting superconformal symmetry, since any regulator necessarily introduces a mass scale.
A suitable background supergravity for massive theories is old minimal supergravity [96],
which we will discuss briefly in the appendix [G] In the remaining part of this section,
we review the coupling of the massless WZ model to background conformal supergravity,

focusing on the symmetries of the classical theory.

4.3.1 Symmetries of conformal supergravity

a
/,L?

the graviphoton, A,, and the gravitino, v,. Its local symmetries are diffeomorphisms

The field content of N' = 1 conformal supergravity [97-100] consists of the vierbein, e

with infinitesimal parameter £#(x), Weyl transformations o(x), local Lorentz transforma-
tions A\?(x), axial U(1) gauge transformations (x), as well as Q- and S-supersymmetry,
parametrized respectively by the local spinors £(z) and n(z). These local symmetries act

on the fields of conformal supergravity as
a a a a a 1— a
de, = 5)‘8,\6“ + e,\aqu —A bez + o€, — 51##7 €,
1 1 .
0y = £A6A¢u + ¢>\3qu - Z)\ab’yab@bu + 50'@% + Dpe — yun — i50¢,,
3i— 3i—
6A/L = 5)‘8)\14“ + A/\aué‘)\ + Zé,f)%g - Zwlf)%n + 8u07 (4-3-1)

where the covariant derivatives of the spinor parameters, ¢ and 7, are given by

1 . .
D,e = (8# + Zw““b(e, ) Yap + 17514#)5 = (2, +i4A,)e,

1, . .
Dun = (% + 5 W *(e,9)Yab — '575‘4#)77 = (D — i Au)n, (4.3.2)

and the spin connection, w,ﬂb(e, V),

Wuab(e’ V) = Wuab(e) + %(@Z)a')/uwb + &u'}/ad)b - TZJMwaa)- (4.3.3)
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wuab(e) denotes the unique torsion-free part. These transformations close off-shell.

4.3.2 Wess-Zumino model coupled to conformal supergravity

Up to quadratic terms in the gravitino, the coupling of the massless WZ model to conformal

supergravity takes the form [88,101}{102]

7 Sy = — Dy Do — SXDX+ F'F — 6% Rlu(e)

+ ?%(Ww“m +P¢™"x1) — \f(ﬁbXR + XLV Dby + i\fAW“(qu —¢"x)
1 - j _

— G0 DN — 670 D Dl (4.3.4)

b Gy (67800 — 90567 + 1X1075X) — 1 (X167 X)) + OWP),

where the covariant derivatives act on the chiral multiplet fields as

21 1 7
Duop = <8u + gAu)éb, D,x = (au + Zw,ﬂb(e, V) Yab — 57514#))(. (4.3.5)

Under the local symmetries of A = 1 conformal supergravity, the WZ fields transform as

21 V2
56 = €0,6 — 06 — 506+ *=E1x, (4.3.6)
3 i 1, V2 VB
oxr = &"0uxr — 27XL + §9XL - Z)\alﬁ xr + 5 (7“ (Do — 77/JuLXL)5R + Fer + 2¢77L),

V2

4i, 1 .
OF = €'9,F = 20F + 0F + 5epy* (V2Dyxe =1 (Dot — 5 thurxn)tun = Fibur — 26 du).

where the gravitino fieldstrength, ¢, is given by

1 v /I/ g 1 ag . g v
¢u = g'y (Dﬂ/}u - Du¢u - 57551///0 Dp@ba) = _6(45;[551/] + 1'75€qu )'Y Dpwa‘ (4~3'7)

V. denotes the Levi-Civita connection, while D,, stands for the spinor covariant derivative,

which acts on the gravitino and its fieldstrength as

1 . .
DuﬂJV = (@L + Zwuab(a ?!))%b + Z'YSA/L) 7/)1/ - Fﬁy% = (@,u + 1’75AM)1/),,,

1 . .
D,u¢zz = (aﬂ + Ew,uab(e? ﬂ))%b - 27514/1) by — Fﬁy¢p = (-@,u - Z'75A,u)¢u' (4-3~8)

Together with the transformations of the supergravity fields in (4.3.1)), the above trans-
formations leave the Lagrangian (4.3.4) invariant, up to a total derivative term.

The variation of the WZ Lagrangian (|4.3.4]) with respect to the background supergrav-
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ity fields determines the corresponding current operators. This gives

1 1 _ _
T = 2D Doyd + 5X7" Dax — g Vo(X727x + X1 ax = X777 ax)

8
GRS~ VIV, + BN 60°) = (Do D6 XX~ FI + 560 R) + O,
T# =2 ("D — 9D16" + Xt + fﬂ’“(m - 0"w).

- ?(@M“x}z + "y xr) + ?VW%(@@ o)+ i\fAu(qbXR ~ )

) .
= g M0 (987) — L7 (20" Y5 Db + Dp(6" SN te)

: 1 1
+ %6“”"“%% (¢* o ® — pOz " + Zi'yowc) = g (X17%) + 0. (4.3.9)

Q#

Notice that the expression for the R-current is exact to all orders in the gravitino, since
the qubic and quartic terms in the gravitino in the WZ action do not involve the gauge
field, A,. The flat space limit of the currents (4.3.9) coincides with the improved Noether

currents (4.1.6)).

Using now the equations of motion it can be shown that the currents (4.3.9) satisfy the

following classical equations

OV, T + Vo ($, Q") — 0D, Q" — FuJ” =0,
- 1 37
VT 4 it s Q' =0, DuQ = 24" TE = 56,7 = 0,

1- 1- 31
627;“ + 51/1;1 or =0, e,u[a,]zf + Zipu’}/abg# =0, T QF — 17175@0/1\7“ =0. (4310)

These generalize the flat space conservation equations (4.1.7)) and algebraic constraints
(4.1.8) to a general supergravity background.

If we now consider the above expressions as quantum equations, i.e. as 1-point functions
in the presence of background sources, we can easily compute the Ward identities of higher
order correlators by taking the appropriate functional derivatives. To find for example the
flat space R-symmetry Ward identity for the (7 7J) correlator, we have to take two
derivatives in the first equation of the second line of , one with respect to the
vierbein e, and one with respect to the gauge field A,. Then we take the limit where
the background sources go to zero. It is straightforward to show that the Ward identity
of (TJJ) derived with functional differentiation coincides up to seagull correlators with
the one computed using operator insertions . Of course, both identities should
be exactly the same. In particular, the functional derivatives of the conserved currents
with respect to the sources, such as ‘(55‘77:, contain all the seagull terms of . In the

appendix [C| we present a more detailed analysis on the difference between the identities
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derived through functional differentiation versus operator insertions.

4.4 Consistency conditions

In this section, we also omit the hat * in the flat space operators to simplify the notation.

4.4.1 Wess-Zumino consistency conditions

The structure of the Q-supersymmetry variation of the supercurrent , implies the
possibility of an anomalous Q-supersymmetry Ward identity for the correlator <QQ.7.J >.
According to , on the rhs of the aforementioned identity exists the 3-point function
<0e, QJJ >, which among other contains the anomalous < J.J.J > correlator .
Similarly we may anticipate anomalies in the identities of the <QQT T > and <QQT J >
correlators due to the anomalous <77 7T > of the rhs, where T is the stress tensor. The
relevant Q-supersymmetry identities of these correlators can be written in a schematic

form as

0 <QOTT>=<0.,QTT> +... =<TTIT>+ <ITT> +... (4.4.1)

and

0 <QOTT>=<6:,QTT> +. =<TTT>+<ITT> +... (4.4.2)

One has to do the explicit loop computations to see whether the anomalous lower order
correlators affect the Q-supersymmetry identities of the 4-point functions. In this thesis we
focus only on the loop computation of <QQJJ>. A complete and consistent analysis of
<QOTT>and <QQT J>, demands the regularization of very badly divergent correlators
such as <7 T >. The Pauli-Villars regulator we are using is not enough to deal with them,
see appendix We need to include more regulating PV fields, which will make the

computation quite tedious.

The above heuristic arguments about how the R-symmetry anomaly of the WZ model
can induce an anomaly in supersymmetry, transform into a concrete proof when the theory

is coupled to conformal supergravity, namely the Wess-Zumino consistency conditions.

Let #'le, A, 1] be the generating functional of connected graphs. In the presence of
anomalies

S = / d'z e i i | (4.4.3)

where e = det(e}}), d; denotes the superconformal transformations, ¢; are the (local) pa-
rameters of the transformations and A; are the corresponding anomalies. The variations
form an algebra, [d;,d;] = fikjék, and using this in 1) we obtain the WZ consistency
condition

/d4x ((5,-(6 €jA;) —dj(e € A;) — ffje 6kAk> =0. (4.4.4)
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The local algebra they satisfy is derived in [71]. Below we state the two relevant non

vanishing commutatorsﬂ
[0c, 0er] = 0 + 0y + 09, [0c, O] = 05 + 0y + 09 . (4.4.5)

Assuming the R-symmetry current has the standard triangle anomalies, the WZ consis-
tency conditions (4.4.4]) may be viewed as equations to determine the remaining anomalies.

This computation is presented in [71] and the results are summarised in the appendix

Here we only discuss one of the WZ equations: the one obtained by considering the
(vanishing) commutator of R-symmetry (with parameter #) with Q-supersymmetry (with

parameter ¢):

/ d*2(6.(c 0.AR) — 85c 2AQ)) = (4.4.6)

Using the explicit form of Ag (B.1.3)), it is easy to see that 6..Ar # 0 and the WZ consis-
tency condition requires that Ag # 0. Considering only the part of Ag that reproduces
the anomaly of the <JJJ > correlator, i.e.

11
Ar =~ 552" Foo Fu (4.4.7)

we have that

1 1 4 1
/d (e 0AR) = 18542 6“”’”/d4xe 06 (FpoFuw) = —@@e“”m/d‘lxe 0F,.,0,0:As
11 oo
=8 18772 P /d4:ne 0p0F e3¢5 # 0. (4.4.8)
Using now the following form for Ag
i1 (Hpo
AQ 48 187 Ta2°€ FuuAp75¢Ua (4.4.9)
we get
4 = l 1 nvpo 4 = ¢ 1 nvpo 4 =
d*xzdg(e eAgQ) = 18182¢ d*ze £6g(Fu Apys0s) = 8182¢ d*ze 0,0F,v504,
(4.4.10)

where we used that F),, and ¢, are invariant under the R-symmetry transformation. We
see that the non zero Ag is such that the WZ consistency condition is
satisfied. It is straightforward to show that after 3 functional derivatives in Ag, two with
respect to the gauge field A, and one with respect to the gravitino v, we get a non zero
result even in the flat space limit, i.e. in the limit where the supergravity background

sources become zero. Thus, the first non vanishing contribution of Ag in flat space, will

'The commutators of two diffeomorphisms and two local Lorentz transformations are also non zero and
they take a standard form.
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be in the Q-supersymmetry Ward identity of <QQJ 7 >.

Note here that is just a part of the total Q-supersymmetry anomaly. In the
above analysis we considered only the part of the R-anomaly that contributes to the
<JJJ> correlator. Had we taken into account the part that contributes to the anomaly
of <JTT >, we would have found the extra terms of Ag that would make < QOTJ >
anomalous. After three functional derivatives in Ag , with respect to the gravitino

a
/JJ’

limit. Lastly, recall that the naive argument we presented in the beginning of this section,

Yy, the gauge field A,, and the vierbein e, we get a non zero result in the flat space
which was based on the Q-supersymmetry variation of the supercurrent, implied a possible
Q-supersymmetry anomaly in < QQT T > ([@4.2). According to (B.1.3) though, we can
see that after three functional derivatives in Ag, one with respect to the gravitino and

two with respect to the vierbein, we get a zero contribution in the flat space limit.

A modified version of the above WZ consistency conditions was recently presented in
|103]. Relaxing the WZ gauge (in which gauge our analysis is done) and thus restoring the
gauge away fields, the authors of |103] showed that the commutator of R-symmetry with
Q-supersymmetry in this case is non zero, i.e. [Sg, SE} # 0. § denotes the transformations
in the presence of the gauge away fields. This non zero commutator modifies the rhs of
in such a way that the WZ consistency condition is satisfied for Ap=0, i.e. it
appears that there is no supersymmetry anomaly. However, the gauge away fields are
present and as explained in section , it is important to put them equal to zero before

examining the microscopic theory.

One may wonder whether this anomaly can be removed by adding a local counterterm
Wt to the action such that #en = # + #¢t is non-anomalous, i.e. 6. #;en = 0. Using the

commutator of two supersymmetry variations, [Je, do] we find
(55 +0x+09)#ten =0 = (55 + 0\)#ren # 0, (4.4.11)

since 0g#ren = Agr # 0. It follows that if one wishes to preserve supersymmetry, #¢; must
break diffeomorphisms and/or local Lorentz transformationsEl However, this argument
refers to the original Q-supersymmetry of conformal supergravity. In chapter [§ we see that
there exists a specific linear combination of Q+S supersymmetry that is non anomalous in
the WZ model, and at the same time diffeomorphisms and Lorentz transformations remain
non anomalous. The price for that is to explicitly break R-symmetry and S-supersymmetry
Ward identities at the 3-point function level. This specific Q+S combination is the same

with the supersymmetry of old minimal supergravity (see appendix |Gl).

2Note that since Ag is a genuine anomaly it is not possible to set the rhs of the second equation in
(4.4.11) to zero using a local counterterm. This implies that there are no further local counterterms that
can restore diffeomorphisms and local Lorentz invariance.
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After coupling the massless WZ model to conformal supergravity we were able to prove
that the standard R-symmetry anomalies induce Q-supersymmetry anomalies in certain
correlators in flat space. In chapterwe confirm with a loop computation that <QQ7 7 >
is indeed anomalous. The PV regulator we use, is not enough to regulate properly all
correlators needed for the analysis of <QOT JT>. However, we expect that a better suited
PV regulator will also confirm the Q-supersymmetry anomaly of <QQT.J>.

4.4.2 Consistency conditions using correlators

The question that arises is could we have predicted the existence of Ag without the insight
of background supergravity? Is there a way to make the naive arguments that depend
on the variation of the supercurrent into a solid proof? The answer is yes, one could use
a similar reasoning with the WZ consistency conditions, but now in terms of correlators.
To be more specific, we consider the classical R-symmetry and Q-supersymmetry
(4.2.16)) Ward identities of <Q0JJ>. We proceed by contracting both sides of
and with p1, and p3, respectively. Then we subtract the two identities. By

construction the 4-point functions cancel, so we get

P3xCiy + iv5pse <Q"(p13) Q7 (p2) T (pa)> +ivspse <Q (p14) QY (p2) T " (p3)>
+ V5B p3r <To(p123) T (pa)> *PluCZEA
+ ivsp1 <Q"(p13) QY (p2) TN (pa) > +ip1, <Q (p1) Q¥ (p23) T (pa)> Vs

+ %pz’m <TY(p12) T (p3) TN (pa)> —v5 B p3re <To(p124)T " (p3)>

= ip2u B ps <To(p12)T " (p3) T (pa)> - (4.4.12)

Classically, the above equation must be satisfied. Although straightforward, this is quite
tedious to prove. For that we need to use the R-symmetry and Q-supersymmetry Ward
identities for all the 3-point functions involved, including the seagull correlators. We
assume that our model has the standard bosonic anomalies. That is exactly the same as-
sumption we made in the analysis of the WZ consistency conditions. This means that the
only anomalous correlators in the above expression are <JJJ> and <TJJ>. <TJJ >
though, has only a trace and not an R-symmetry anomaly, so p3. <74 (p12)T*(p3) T (ps)>
can be substituted by its classical R-symmetry identity . It can be shown that the
lhs is classically zero. Since every correlator of the lhs is non anomalous in the symmetries

of interest (by assumption), the lhs must vanish in the quantum level too. So we get

0 = ip2, B par <To(p12) T " (p3) T (1) >= ipa, BV AR e Dae (4.4.13)

7
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Had < JJJ > been non anomalous, the above expression would be an identity, 0 = 0,
as it is at the classical level. In the quantum regime though, this implies that either
the R-symmetry or the Q-supersymmetry Ward identity of < QQJJ > (or both) are

anomalous.

We now allow for the existence of possible quantum anomalies AZ’Z)A and Aﬁf]”%)‘ in the

rhs of the identities (4.2.16)) and (4.2.18)) respectively, i.e.

Pip <Q"(p1) Q" (p2) T"(p3) T (pa)> +... = AL
P3x <O (p1) QY (p2) T (p3) T N(pa)> +... = AL, (4.4.14)

where ... denote the lower order correlators. Following the same procedure we find that
PruAYR — 3 AL = ipo, B ps <Jo(p12)T " (p3) T (p1)> - (4.4.15)

Since we consider R-symmetry to only have bosonic triangle anomalies (as in the analysis
of the WZ conditions), we have that AZE)‘ =0, so

Anap3np4a'
(4.4.16)
VKA

The above expression can be used as an equation to determine A4Q . We find that

14 . 14 — 14 ?
— p3n ALY = ip2u B 3y <Jo(p12)T " (p3) T (ps)>= ip2, B 3942

1

4G = B 3

€™ (Dae — D3ar)- (4.4.17)
Following this alternative consistency condition, we confirm again that the R-symmetry

anomaly induces an anomaly in Q-supersymmetry. Azg‘ is equal to the contribution of

[4.4.9) to the flat space correlator <QQ.J.J >.

Since R-symmetry is already broken, one may wonder whether we could save super-

VR

symmetry by introducing a new R-anomaly in < Q0TJ >, namely an A4Q =0 and a

non zero AZE)‘. Then, the consistency condition would be

ALy = ipa B M D Daar- (4.4.18)

i
€
3247277
This equation though, cannot be solved. AZE)‘ must be an analytic function in the external
momenta, which means that the above lhs is equal to zero in the limit p; — 0. After some
gamma matrix algebra, one can show that the rhs is non zero in the same limit of p;. Thus,
we cannot restore Q-supersymmetry by only introducing a new R-anomaly in <QQJ.J >

and assuming the standard anomalies at the 3-point function level.

In practice, the above procedure is not very efficient. It is tedious and one has to

perform the same analysis to every correlator of interest. On the contrary, coupling the
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theory to background supergravity and using the WZ consistency conditions makes our life
quite easier. In a few lines we can find the possible quantum anomalies at the level of 1-
point correlators, written in a compact form as a function of the background supergravity
fields . Further differentiation with respect to the sources gives the anomalies of
higher order correlators. However, the main point we would like to make here, is that we
can arrive at the same results even from the flat space theory. One may think that we still
need the insight from conformal supergravity, since after all, we used the Ward identities
of section . These identities, contain the extra coloured seagull correlators that we get
after coupling the WZ model to background supergravity. One of the assumptions of the
analysis though, is that all seagull correlators are non anomalous and the anomalies exist
only in correlators among conserved currents. All coloured (seagull) correlators of section
are irrelevant for the consistency conditions of this subsection, since they satisfy their
own classical path integral Ward identities that are valid in the quantum theory too (by
assumption)ﬁ We only need the black terms, which are the ones we get from the flat space
theory and the path integral identities .

3In the appendix we verify that the PV regulated seagull correlators are indeed non anomalous.
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CHAPTER D

Free and massive Wess-Zumino model

5.1 Symmetries and the Ferrara-Zumino current multiplet

Before introducing the Pauli-Villars regulator in the next chapter, we find it instructive

to discuss the standard massive WZ Lagrangian
Y * 1_ * m_ * Tk
Pz = ~0u0" 0" — SXOX + F'F = Tx+m(oF +¢°F"),  (5.1.1)

as a reference. Integrating out the auxiliary field F' using its equation of motion, F' =

—ma*, the massive WZ Lagrangian (5.1.1)) becomes

A 1_ m _
Lz, = —0,0 0" p — m2¢*¢ - §X$X - Exx. (5.1.2)
The above Lagrangian is invariant only under a subset of the superconformal symmetries in
table in particular the Poincaré symmetries and Q-supersymmetry. After integrating
out the auxiliary field, Q-supersymmetry acts as
V2 _

V2 _
5€0¢ = 7€0LX7 660¢* = 7EORX7

deo X = \f (Dpeor + Do eor, — mpeor — mo*eor),

deoX = —?(OL(?%* + Eordd + méord + md*Eor). (5.1.3)

67
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Poincaré and Q-supersymmetry invariance results in a conserved and symmetric stress

tensor, 7~"‘l,, and a conserved supercurrent, @“, i.e.
0, T", =0,  Tpy =0,  8.,0"=0, (5.1.4)

where the tilde indicates that these are operators of a massive theory and, as in the

previous chapter, the hat denotes quantities evaluated in Minkowski space.

Although R-symmetry is no longer a symmetry of the massive WZ Lagrangian, there
still exists a non conserved R—current J". Moreover the complex scalar operator (’) M
and its complex conjugate (QM* that we define below are part of the Ferrara-Zumino
(FZ) multiplet [33], the simplest multiplet that is used for coupling the massive theory to

supergravity.
For the massive WZ model (j5.1.1)), the FZ multiplet operators take the form

TH, = 20W*, )6+ xfy"BVx - fa b (XX + XYY X — XYY o x)
(00, =l 0?) (&7 ) — 0l (8,007 + 5)259)( —F*F + 5>2x —m(¢F + ¢"F")),

I
3
2 24 1
I =S (9°0"6 — 60"6" + 107" 5x)

o = f(«’ﬁm Xr + D"y xL) + \fv“”ay(qf)m +¢*xL) + \fm(qw‘m + ¢" v xR),
On = %&, Oupe = %w?. (5.1.5)

Using the equations of motion following from (5.1.1)),
O¢ = m24, Dx = —my, F = —mg¢*, (5.1.6)

it is straightforward to verify that the stress tensor and the supercurrent satisfy the iden-

tities (5.1.4). Moreover, we find that

A m _ % x *
Th=—5xx— oM, 0 TH = ?X'ysx, Q" = V2m(oxL + ¢*xr), (5.1.7)

which reflect the explicit breaking of scale invariance, R-symmetry and S-supersymmetry

respectively.
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5.2 Symmetry transformation of currents

Restoring the auxiliary field F' we determine that the R-symmetry transformations of the

stress tensor and of the supercurrent are

o~ o o T\ 7 { — im —
S0 THL = (P + 0 nf — nbn’?) T 0500 — 6X’Yu75><3“90 — 9on£‘§x75x,

A . A Z * Z\/§ *
g, Q' = 105 Q" — 590757“\/§m(¢XL + ¢*XR) + 78”90@5 XL — ¢xr). (5.2.1)

Similarly, the off shell Q-supersymmetry transformations of the R-current and of the

supercurrent take respectively the form

,/:' . —_ :\\' .ﬂ— * ﬁ. * — j—
degT" = —igo Q" + N syt m(dxe + ¢ xr) + TZ@) XL — ¢XRr)0"e0

3
+ ?eoww*(m +mxg) = G(Pxr +mx1))
4 \/6§i507”((F* +me)xr — (F + m¢*)xr),

A

a 1~ 17 A - o - 3 o A
e, Q" = §T“w”6o + gap T o (iP5 4 20M P — 2P nH7 )y, ys€0] — ge“”” T o vOp€0

+ é(X%%X)WU’YE)a”&O + éap(qb*qb)(k“”p"% + 00”7 = """ ) 0.0

+ é(i(v’” — ") (@ +m)x) 1580 — é(i(v’” = ") (@ +m)x) e

+ %((F* +me)Piyeor + (F +me*)Po v eor )

+ %’W”é’uw(F* +me)eor + ¢ (F +me¢*)eor)- (5.2.2)

The Q-supersymmetry variation of the R-current can be also written as

A

o o 7 o \/§Z . B
deo " = —ig015 Q" + 560757“%@’ + T(¢> XL — ¢XRr)0" <0

+ \/GZE_WM((F* +mo)xr, — (F +m¢*)xr). (5.2.3)

5.3 Massless vs Massive WZ model

In subsection , we derived all the necessary symmetry transformations of the Noether
currents and seagull operators that one needs to reproduce the classical path integral
Ward identities of section . The goal is to regulate the theory using an appropriate
Pauli-Villars regulator and see whether these identities hold at quantum level. The PV
Lagrangian we are using in the next chapter consists of a sum of massive WZ models,
with standard and ‘wrong’ statistics. We want to examine how the massive WZ model

classically violates some of the symmetries of the massless and conformal WZ model, thus
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giving the possibility for anomalous contributions. The main core of the arguments we
present here are still true even in the case of fields with ‘wrong’ statistics, since the form

of the equations (i.e. variation of currents and conservation laws) remain the same.

According to , in order to derive the Ward identities (that correspond to a specific
transformation of the elementary fields) for some local operators, we need the following:
The variation of the local operators with respect to the field transformation, and, we have
to know if this transformation is a symmetry of the theory, i.e. whether A(z) of is

zero or not.

Comparing (4.1.7) and (4.1.8) with (5.1.7)), it is obvious that the massive WZ model

breaks classically R-symmetry, S-supersymmetry and scale invariance. The corresponding

A(z) for these symmetries is non zero, something that generates new, possibly anomalous
terms in the classical Ward identities of the massless WZ model. Next, we have to see if
there are anomalous contributions that come from the symmetry variation of the operators.
In the previous section , we wrote the R-symmetry and Q-supersymmetry variations
of the current operators. We need to compare these, with the corresponding ones from
section . Note here, that variations of operators that are not included in ,

remain the same in the massive theory.

We now compare the R-symmetry variation of the stress tensor and supercurrent of
(5-2-1) with ({.I.11)). Notice that the term fon/ 2 x5y in the transformation of the stress
tensor, and the term %9075\/5171((;3)( L + ¢*xr) in the transformation of the supercurrent
of (5.2.1]), do not exist in (4.1.11). These terms give extra anomalous contributions to

the R-symmetry Ward identities of correlators that involve the supercurrent or the stress

tensor.

Let us consider Q-supersymmetry now. We claim that the original Q-supersymmetry
Ward identities of the conformal WZ model, are classically violated by the massive La-
grangian. This is a subtle point that was recently criticized [103}[104]. The main reason for
that is that the massive WZ model is manifestly invariant under Q-supersymmetry, which
results in the conservation law of the supercurrent . However, as we emphasized,
one has to also examine whether the symmetry variations of the operators remain the same
in the massive theory. After comparing with we see that o, QM is of the
same form with d,, OF. There is an apparent difference in the null operators (i.e. operators
that vanish on shell). For example, operators of the form @y in are replaced by
(@+m)x in . This is of course expected, since in the massive theory the equations
of motion change. Both of these operators, @y and (@ + m)x, have the same effect in the

Feynman diagrams. They cancel massless and massive propagators respectively.

The Q-supersymmetry variation of the R-current though, differ in the two theories. No-
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tice the term %5_0’75’Y“m(¢XL+¢*XR) of (5.2.2)) which is absent from (4.1.13). This term
that depends on the mass, violates the Q-supersymmetry Ward identities of correlators

that involve the R-current. In the case of the 4-point function < 00JT >, the massive

WZ Lagrangian will introduce an extra 3-point functions at the rhs, of the following form

iv2 . E
=557 m <(ox + ¢ xR)Q"T "> (5.3.1)
This term comprises the potential anomaly of Q-supersymmetry at the regulated level in

the 4-point function of interest, and we need to evaluate it.

Had we compared equations with , we would see that the form of the Q-
supersymmetry variation of the R-current is the same in the massless and massive theory.
However, and would contribute the following 3-point correlator at the rhs
of the Q-supersymmetry identity of the 4-point function

%’mAm <Q"Q J">. (5.3.2)

This correlator is proportional to the gamma-trace of the supercurrent, so we need to
replace it using the S-supersymmetry Ward identity of < QQ.7 >. According to
and , the gamma-trace of the supercurrent in the massive theory contains an extra
mass dependent term compared to the massless theory. This means that the term
will have an anomalous contribution to Q-supersymmetry, equal to . As expected,
whether we use the form (5.2.2)) or (5.2.3) for the variation of the R-current, we find that

Q-supersymmetry is classically violated with the same mass dependent term.
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CHAPTER 6

Pauli-Villars regularization

The 1-loop diagrams that determine the correlation functions of conserved currents in the
free and massless WZ model suffer from UV divergences that must be regulated and
renormalized. In this chapter we present a supersymmetric Pauli-Villars (PV) regulator
that suffices for removing the 1-loop UV divergences from all correlation functions that
appear in the Ward identities we examine in section We follow closely the relevant

discussion of [81].

6.1 Setup

Consistency of any PV regulator requires that its contributions to the 1-loop diagrams
follow from a local Lagrangian. A supersymmetric PV regulator further demands that
this Lagrangian preserves supersymmetry and hence must involve a number of N = 1
multiplets. The PV regulator we use consists of three massive chiral multiplets, one with
standard statistics and two with ‘wrong’ statistics. The corresponding PV Lagrangian
is a standard massive WZ model, except that terms involving the multiplets with wrong

statistics are appropriately modified. The PV Lagrangian we consider takes a similar form

to E1)

. 1 —
— Loy = 050" 02 + m3phpa + 5)\2@”\2 + 72)\2>\2 (6.1.1)

+ 8,@{8“@1 + m%gpftm + 8,{1918“19? + m%ﬁlﬁf + X1$>\1 + mlxl)\l,
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where (@2, \2) is a standard massive WZ multiplet, consisting of a commuting complex
scalar, @9, and an anticommuting Majorana spinor, Ao, while @1, ¥1 are anticommuting
complex scalars and A is a commuting Dirac spinor. Here, we should emphasize the
distinction between the Dirac (e.g. A1) and Majorana (e.g. \2) conjugates of a spinor,

both of which are discussed in appendix [A]

In fact, the fields (¢1,71, A1) form two chiral multiplets with ‘wrong’ statistics. This

can be made manifest by means of the field redefinition

1 1+ 1— %
Ay =M+ A9), /\_EZ(M—)\?), ¢+E¢T, w_E‘PT, (6.1.2)

N

where the Majorana conjugate, )\10, is defined in , 4+ are anticommuting complex
scalars and Ay are commuting Majorana spinors. The two chiral multiplets correspond to
(p+,A4+) and (¢—, A_). The advantage of this parameterization is that it greatly simplifies
the discussion of the symmetries preserved by the PV regulator. However, once expressed
in terms of the fields , the PV Lagrangian contains non diagonal terms for

the fields of wrong statistics, namely

~ 1= mo —
—gpv = 8,%,0;8“(,02 + m%gz?;(pz + 5/\26/\2 + %)\2)\2

+ 2i(Dup O p— — D O py) + 2imi (- — ¢t o)
i PA = AP Fimi(Da A — A_Ay). (6.1.3)

Notice that the PV Lagrangian contains two independently supersymmetric parts, namely
the standard WZ action for the massive chiral multiplet with canonical statistics, and the
remaining terms for the two massive chiral multiplets of wrong statistics. The non diagonal
terms in imply that the latter do not preserve supersymmetry independently — it
is not possible to write down a supersymmetric Lagrangian for a single massive chiral
multiplet of wrong statistics. Supersymmetry does not impose any relation between the
mass of the standard WZ multiplet and that of the two chiral multiplets with wrong
statistics. However, in appendix [D] we show that cancellation of the UV divergences
requires that m3 = 2m?. The regulator is removed when the mass parameter is sent to

infinity, where the PV fields decouple from the original theory.

Propagators

It is most convenient to express the propagators of the PV fields in diagonal form using
the parameterization (6.1.1). Paying attention to the statistics of the various fields, they
take the form

0223 = 23(0))p2(p) = (2m)*6(p + 1) Py (1),

| — L
Xa(p)A2(p) = —Xa(P)Aa(p) = (2m)*5(p + p') Py, (p),
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1)) = 2L (0)e1(p) = (21)*6(p + ') Poy (),
() = 01 ()93(p) = (27)46(p + ) P, (0):
— I
AP () = M(P)A(p) = 2m)*5(p + 1) Py, (p), (6.1.4)
where
ng(P) _pg_i,rn%7 P/\z(P)_—im7
S N N R e s (R

6.2 Symmetries and conserved currents

Just like the standard massive WZ model (5.1.1)), the PV Lagrangian (6.1.1]) or (6.1.3)) is
invariant only under Poincaré symmetries and Q-supersymmetry. Q-supersymmetry acts
on the PV fields as

0zptp2 = 7§0L)\27 Oeo P = ?501%)\2,

deg A2 = ?(@sozéozz + doseor, — mapacor — MapieorL)s

S0 A2 = —\f(&m@@; + EorPp2 + magorp2 + maphéor),

Oe P = 5 S0LAL, Oeopl = —\f?oz%)\i,

Oeg At = \f (@@lﬁm — Poreor —mapieor + mltpiEOR), (6.2.1)

where any sign differences in the transformations of (p4,A+) relative to the standard

transformations of (2, A2) are due to the different statistics.

Using the field redefinition (6.1.2)), we find that the fields (¢1, 91, A1) transform as

. V2_ V2 _ V2- 2
0¥l = ——5-€oLA1 = ——-E0RA1, Seo¥1 = —~— oL = ~~—Eor Ay,
2 2 2 2
V2_ _ . 2 2
0egP1 = —=—E0RA1 = ——E0LA1, 0o 0} = - ANEO0R = —~-E0RAT
2 2 2 2
V2 4o, s
deg A1 = 7(@79150L — Ppreor — madicor + mipigor),
- \/i — = * = = *
O A1 = —7( orP — EoLPel + migorth — migoLe}). (6.2.2)

Once again, in these expressions one must be careful to distinguish between the Dirac
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and Majorana conjugates of a spinor. In particular, for a Majorana spinor, X, the Dirac
conjugate, X, and the Majorana conjugate, ¥, coincide, i.e. X = ¥. Moreover, the Dirac
and Majorana conjugates of Weyl spinors are related as >_<L, R = XR,L, While those of Dirac
spinors are unrelated. For example, using the decomposition of the Dirac spinor A; into
two Majorana spinors A4+ as in , we have

M =X Fid, A=A —Al = AL — i, (6.2.3)

The current operators of the PV Lagrangian are given by

W[ =

T |y = 20050, 02 — 5 (0"0y, — 1:0%) (32) — 0 (0p 30702 + M30302)
1- 1 - _ 1. - - -
+ 5/\27”@)\2 - 5775 (A2dA2 + madade) — gap()\ﬂﬂp“)@ + XV P Ao — AovPAt L A2)
(1% Lo n1o?) (ot w *9p 2 %
+20%10,y 01 — *(3 Oy — 0 0°) (1e1) — 0l (Opp10° 1 + mipier)
+ 20919, 0% — (aﬂa — 9% (9109%) — 1l (0,010°0; + m39197)

1 - - -
— = (MY M+ MY LA — Pt oA,

+ MY A — (WP + mid) 1

2 2%, , © Lo 1
J* lpv = (902 8"@2 + )\27 75)\2) 3 (<P1 M1 — 07 0" + §>\17“’Y5)\1)7

= \/> * \/§ v * \/E *
Qlpy = 7(@%027“)\25: + D5y Xor) + ?’Y” Oy (p2Aar + @3lar) + 7”&(@27“)\% + 037" A2r)

+ 7((591917“)\11% — doiv ML) + ?’Y” Oy (V1 MR — w1 ML) + 7m1(1917“)\1L — 17" A\R)
+ 7@%1’)’“}\& - 6801’7“)\1%) + ?’Y“ A (AT, — 010$R) + 77”1(791’7”)\1% — 17" A{),
0M|PV = 724,0% + mip191, O pr+ PV = 724,022 + m1¥] 7. (6.2.4)

We emphasize that the supercurrent for the PV fields remains an anticommuting Majo-
rana fermion, which is essential for coupling the theory to background supergravity. Its
Majorana conjugate is

V2
3

z ﬂ 3 3\ * 3\ * ) v ﬂ 3 * )
QH|py = 7()\23’7“&9%02 + Xry'Dps) — - 0u(p2dar + ©3har) V" — — ma(p2dor + p2m)7"

V2-c o V2 —C ~C , V2 .
+ 7)\1 (PrA" @91 — PLAtder) — ?61,(191)\1 Pr — i)\ Pp)y™ — Tml)‘l (V1 P — @1 Pr)Y"

\/i_ * \@ *N S v \/i S *
+ 7)\1(PL7“$191 — PpytPor) — ?@(01)\11% — i Pr)y™ — 5 M (V1Pr — @1 Pp)¥"
(6.2.5)

The FZ multiplet operators of the full theory, comprising the massless WZ model and
the PV fields, are the sum of the conformal currents and the PV operators in
, and will be denoted by T“,,, j ® Q“ and (’) M in the followmg The FZ multiplet
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operators satisfy the on-shell identities (5.1.4]), while the explicit classical breaking of scale

invariance, R-symmetry and S-supersymmetry is reflected respectively in the relations

A

* ma s * * Y %
Th= — 2miphps — 7)\2)\2 —2m3 (i1 + 0F) — min = By,

24

A 1Mo ~ mi— A
OuI" = TZ)\Z'YE))\Q + 5 "MsA = Br,

Q" = V2ma(padar, + ¢3or) + V2mi(91dir — 9iAR) + V2mi(UiA(R — ¢1ATL) = Bs.
(6.2.6)

We have introduced the notation Z’S’W, l’;’R and Bg for the quantities on the rhs of these
identities for later convenience. Notice that these quantities, as well as the scalar operator
O, receive contributions only from the PV fields. The potential anomalies of the classical
Ward identities —which arise due to the PV regulator— are given by correlators that involve
the operators BW, B r and l%g. The analysis that shows that the correlation functions of
interest are properly regulated is given in the appendix
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CHAPTER [

Anomalies of the Wess-Zumino model

In this chapter we evaluate the Ward identities of section in the regulated theory.
The aim is to examine whether they are satisfied in the quantum regime or not. The first
step towards that was to identify a suitable regulator that removes all UV divergences
from the correlators of interest. We used the PV Lagrangian , and the analysis
of the regulated correlators is presented in the appendix If the regulator respects all
classical symmetries, then the form of the regulated Ward identities remains the same,
hence there are no anomalies. If the regulator violates some of the symmetries of the
classical theory, like the PV regulator breaks R-symmetry invariance, then there is a
possibility of anomalous contributions to the original Ward identities. In the latter case,

as already mentioned, there are two equivalent approaches.

The first one is to put the regulated correlators into the original classical identities and
after an explicit computation identify the terms that violate them. Then we calculate these
terms in the limit where the regulator is removed, and see whether they vanish or not.
In the second approach one has to compute the new classically broken Ward identities of
the regulated theory. These identities include some extra terms compared to the original
ones, that depend only on the regulator. The Ward identities of the regulated theory are
satisfied by construction, so we only need to evaluate the new extra terms in the limit
where the regulator vanishes. In both approaches the breaking terms that we find are

necessarily exactly the same.
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The advantage of the first approach is that we do not have to find the new Ward
identities of the regulated theory, while the advantage of the second approach is that
after computing the new Ward identities, we can immediately deduce the extra breaking
anomalous terms without further manipulations of the regulated correlators. In the case
of non vanishing breaking terms, one has to examine whether they can be removed by a
local counterterm in the action. We find the second approach much more convenient, so

we are going to follow it in the analysis of the next sections.

As we stressed before, the main goal is to examine the Q-supersymmetry Ward identity
of <QOJT T >. However, if the PV Lagrangian we are using is a consistent regulator,
it has to reproduce the standard Ward identities and anomalies of the correlators among
bosonic operators. After all, if we forget about supersymmetry, the original massless WZ
Lagrangian we are considering, can be seen as the sum of a free fermion and a free
boson, which we already know contain trace and R-symmetry anomalies. In particular,
according to , the correlator <7 JJ > has a trace anomaly, while <777 > has an
R-symmetry anomaly. We are going to confirm these in the following sections. There are
also anomalies in the Ward identities of <7 T 7> and <7 T T >, however, these correlators
are not involved in the series of identities necessary for the analysis of < 00JT >, thus we
do not examine them. Moreover, we cannot compute <77 7T >, since the PV Lagrangian
we are using is not sufficient to remove its logarithmic divergences. For that, one has to
include more PV fields.

In the following sections we drop the hat * from the flat space operators, to simplify

the notation.

7.1 Bosonic correlators

In this section we examine the bosonic correlators < 77 >, <TJJ > and < JJJ >.
Moreover, < TJ > is equal to zero . Using the results from chapters [5[ and
[(] we compute the extra contributions of the PV regulator to the corresponding Ward
identities of section . Then, whenever possible we find local counterterms to restore
the broken by the regulator symmetries. Since we are interested in coupling the WZ model
to conformal supergravity, the counterterms we identify depend only on the background
sources of conformal supergravity, i.e. the gravitino 1,,, the gauge field A, and the vierbein

e, The explicit computation of integrals is presented in the appendix @

711 <JJT>

In the regulated theory, the presence of the PV masses introduce a new term at the rhs of
the classical R-symmetry Ward identity of <77 > (4.2.2)). Using ([6.2.6|), within the path

integral formalism one can find that the new (broken) R symmetry Ward identity is equal



7.1. Bosonic correlators 81

to
P3x <JT"(p3) T (pa)>= —i <Br(p3) T (ps)> - (7.1.1)

In order to restore R symmetry, this extra term has to vanish or be removed by a local

counterterm. In the limit that PV masses go to infinity we find that

—i <Br(p3) T (pa)>= _(222)24}7?5\ (3 m?log2 — g%) . (7.1.2)
If we renormalize the 2-point function as follows
Fr ) Fh ) L p3
<J"(p3) T (P4) >ren=<T "(p3) T " (pa)> +(2w)4" (9 m3log2 — 27) (7.1.3)
we get that the R symmetry Ward identity is satisfied, i.e.
P3x <T"(3) T (P4)>ren= 0 (7.1.4)

At the level of the action, the renormalization of the 2-point function < JJ > can be

achieved by the following counterterm,

Counterterm

(2m)% 9

2. 2 . 2. 2 24
IRR:< T L APVEVA, + o2

2log2 APA, | . 1.
(2m)154 RS Ay (7.1.5)

Note here that in the above counterterm, instead of the Levi-Civita connection V¢, we
could have just used the partial derivative d¢. The contribution to the 2-point correlator
<JJ > would be the same. We choose though a covariant counterterm, in order to not

break diffeomorphisms.

Alternative approach

To examine the classical R-symmetry identity of <77 >, we evaluated in the large PV
mass limit the breaking term at the rhs of the regulated Ward identity . We are
allowed to do that, since <.JJ > is properly regulated (see appendix@[). Now we are going
to compute this identity by following the alternative approach, i.e. first evaluate in the
large PV mass limit the <7 J > correlator, then contract it with the external momentum
p3. and see whether it vanishes or not. The reason we do this, is first, to illustrate the
role of the 1-point functions, and secondly, to explain in more detail the renormalized

correlators, which may cause some confusion.

We mentioned that in the whole analysis we do not include any 1-point functions,
since they are irrelevant for the computation of anomalies. They only contribute at the

divergent parts of the Ward identities, i.e. terms that depend on the PV mass. We want
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to justify this by giving a simple example. Moreover, in we renormalized <JJ >
so that the R-symmetry identity is satisfied. However, note that this renormalization does
not render the 2-point function finite. Usually in literature, the terminology ‘renormalized
correlator’ is used to denote correlators which are free of divergences. What we do in
, is a partial renormalization of <JJ >, that only suffices for restoring the broken
symmetry. < JJ > also contains logarithmic divergences that satisfy the classical R-
symmetry identity, thus there is no need to remove them. From now on, whenever we
write renormalized correlators, we will refer to the partially renormalized correlators we

just described, unless mentioned otherwise.

Now let us try to make the above discussion a bit more clear. Taking into account the

1-point functions, the classical R-symmetry Ward identity of <JJ > is given by

8%
D3k <\7“(p3)j>‘(p4)> —|—§p§ <S(1|0)>: 0. (716)

We want to see if the above lhs is zero in the regulated theory. Using (D.3.9)), in the large
PV mass limit we find that

7K 7 2ir? 4 2im2 pApts
ST )T pa)>= ~ g i los 2+ o
2im? 1/, ; 3
- @0is (p3p§ —pin A) <log m3 — log (2p3) + 3> (7.1.7)

Notice that the second line is proportional to the projection operator, hence it vanishes
when contracted with ps, or psy (momentum conservation implies that ps = —p4). We
see that the logarithmic divergence of < JJ > does not contribute to the classical R-
symmetry identity , so there is no need to remove it. Of course, if we wish to fully
renormalize the theory under consideration, we have to introduce local counterterms to
remove all divergences, the logarithmic ones as well. However, if we only care about the
validity of specific symmetry identities, we just have to include counterterms that remove
the breaking terms that arise due to regularization. Using now , we find that the
lhs of in the regulated theory is equal to

2im2

8i 2im” 4
(2m)4 9P

9

2im? pg\p?))
(2m)* 27 7

D3k <j’{(p3)j’\(p4)> + pg/} <S1)0)>= — %m% log 2 + (7.1.8)
As expected, after computing the 2-point function in the large PV mass limit and then
contracting it with the external momentum, we find that the classical R-symmetry Ward
identity is not satisfied. In particular, notice that the above rhs is exactly the
same with the contribution of the breaking term . Effectively, what we did here
was to confirm the R-symmetry identity of the regulated theory . The contribution
of the 1-point function <$(;j9)> was crucial, so that lhs and rhs match at the divergent

pieces, i.e. the terms that depend on m?2. These terms however, are not relevant for the



7.1. Bosonic correlators 83

computations of anomalies (which are finite), which is why we neglect from our analysis
all 1-point functions. The partially renormalized (but still divergent) correlator <77 >
that satisfies the classical identity ((7.1.6)) is given by

~ ~ 2im? 8 2im? 1
<jﬁ(p3)x7)\(p4)>ren: - (27‘(‘)4 § “)‘m% lOg 2 + Wﬁ(pépg — p?)’nﬁ)‘)
22 1 ]
" @i (v5p3 — p3n™) <log m? — log (2p3) + 3> (7.1.9)

Having obtained the explicit form of <77 >, it is rather trivial to introduce countert-
erms to remove the logarithmic divergences. However, to find the explicit expressions for
the higher order correlators is extremely tedious. On the contrary, if we focus only on the
breaking terms of the classical Ward identities that are introduced by the PV regulator,
we greatly simplify the computation. This is the approach that we follow in the next
sections. We compute the breaking terms, and then introduce counterterms to restore
symmetries whenever possible. When we examine the Ward identities of higher order cor-
relators, we must be careful to take into account the contribution to these identities of the

counterterms that we used to restore symmetries in the lower order correlation functions.

71.2 <JJT>

In the regulated theory, the classical R-symmetry Ward identity for the 3-point function
<JTJT> (4.2.8) becomes

Pk <T"(p3) T (pa) T (p1)>= —i <Br(p3) T pa) T (p1)> . (7.1.10)

We have used that the 2-point function <Js(qg)> is zero (see appendix @ The term
on the rhs is the potential anomaly of the 3-point function, that arises due to the non
invariance of the PV Lagrangian under an R-symmetry transformation. In the
large PV mass limit we find that

. 7 7o i o\Ba
— 1 <Br(ps) T (pa) T (p1)>= 55— P3gpaa. (7.1.11)
hence,
7K 7 7o _ ¢ oA\Ba
p3n <T"(03)T"(p1) T (P1)>= 5o —5 €7 D3gPaa. (7.1.12)

The R-symmetry Ward identity of < JJJ > is anomalous, since the breaking term does
not vanish when we remove the regulator. The anomaly cannot be cancelled by a local

and gauge invariant counterterm. This 1-loop computation confirms the R-anomaly of

(B-1.3) for the specific values ¢ = 2a = o; of the WZ model.
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713 <TJJT>

The following renormalized correlator <7 JJ >, respects diffeomorphisms, Lorentz sym-

metry, R-symmetry and reproduces the standard trace anomaly of (B.1.3)).

272
(2m)*

Due to the PV masses, there exist potential anomalous terms in the R-symmetry and

<T"(p1) T (p3) I (p1) >ren=<T"* (p1) T " (p3)J* (p4) > AN p1,ps3, pa) (7.1.13)

conformal symmetry Ward identities of the regulated correlator <74 (p1)J"(p3)J*(ps)>
On the contrary, the PV regulator we are using respects diffeomorphisms and Lorentz
symmetry, which means that <7 (p1)j " (p3)j A(p4)> manifestly satisfies the Ward iden-
tities associated with these two symmetries. Thus, the term AT 17 (pl, p3,p4) We use to
renormalize <7 JJ >, respects on its own Lorentz symmetry, i.e.

ALEEX G paps) =0 (7.1.14)

and diffeomorphisms. The latter is satisfied since AT 7 (pl, p3,p4) can arise from the

following covariant counterterm

Counterterm
2im i ot 4, 2im? 2 a4, 2im? 4,40
ITJJze ( )454 VVg +( ) 10g2m ( )41089 Raﬁ
(7.1.15)

where

22'7'1'2 VERA 2 ) ) 1)

— Its;. 1.1
Gt 0 92 = e S S A beve(a) (7:1.16)

Note here that A;ff}(pl,pg,p4) is a local polynomial in the external momenta, which
was initially derived after the loop computation that examined all symmetry identities
associated with <777 >. The exact expression of A;gfj\ (p1,ps3,pa) is complicated so we
just state its real space version AT 17 (x Yy, z), which is given by the above equation. Notice
that the last term of ( m ) does not contribute to the flat space correlator <77 >, so
has the same contribution to this correlator as the counterterm . Thus,
can be used to renormalize at the same time <777 > and < JJ >. Taking
into account the difference in the normalization of the gauge fields, the same counterterm
with was found in [105], where the trace Ward identity of the Weyl fermion was

examined using also a PV regulator.

Now let us take a closer look at the Ward identities that are classically violated by the

PV regulator, namely the R-symmetry and conformal symmetry identities.
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R-symmetry

Taking into account the renormalized correlators, the R-symmetry Ward identity which is

manifestly satisfied in the regulated theory is the following

P3w <JT(03) TN (P2) TS (P1) >ren +Digsy
= —i <Bgr(p3)TMp)T"*(p1)> —1"® <Br(p13) T (ps)>

- i
= (107 4 07T = 0 n™) <Jo(01a)Br(ps)> + 51" <y (014)Br(ps)>

2im? =
- Wp?mAlj/“ng (P1, P3, Pa)- (7.1.17)

Comparing with the classical R-symmetry identity , we see that the above rhs
comprises the potential R-anomaly of <7 JJ >. The black correlators are the breaking
terms in the R-symmetry path integral identity of <7 77 >. In particular, the 3-point
function <BgrJ7T > comes from the non conserved regulated R-current , while the
black <BgrJ > is a consequence of the modified R-symmetry variation of the stress tensor
in the regulated theory . The coloured correlators, are the breaking terms in the
R—symmetry path integral identities of the corresponding coloured seagull correlators of
A;Efj\ (p1,p3, pa) comes from the renormalization of <7 JJ >.

In the large PV mass limit we find that the above rhs vanishes, thus the R-symmetry
identity is satisfied

P3w <T"(03) T (p2) T4 (1) >ren + Dl = 0. (7.1.18)

Conformal symmetry

Similarly, the conformal symmetry identity of <7 JJ > in the presence of the PV regulator
is given by

<TY (01)T*(03) T (1) >ren +D5D

2im? VERA
1™ <Bw (p1)3(10)(p34)> —WTMAT% (p1,p3,p4).

(7.1.19)

—<Bur ()T (p3) TN pa)> +

Comparing with we find that the whole rhs is the potential conformal anomaly.
nygA;gfj‘ (p1,p3,p4) comes from the renormalization of <7 7 J >, while the black and blue
correlators of the rhs are a consequence of the breaking of scale invariance in the
Ward identities of <77 J> and the blue <7T's(;jg)> of respectively.
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In the large PV mass limit we find that

~ ~ 8i . N 2im? ek
<Bw (p1) T " (p3) T *(pa)> +37 A <Bw (p1)3(110) (p34)> —7(27T)477V§AT§1}(2917193,P4)
_ 1 A K KA
= 362 (p3ps = ps - pan™) . (7.1.20)

which exactly confirms the conformal anomaly of (B.1.3) for <7 JJ >.

7.2 Fermionic correlators

In this section we examine correlation functions that include fermionic operators. We
compute the symmetry identities of < QQ>, <Q0J> and <QOJJ > in the regulated
theory and confirm the anomalies that were derived through the WZ consistency
conditions. In particular, we find that <QQ> is free of anomalies, <QQ.J > respects Q-
supersymmetry and R-symmetry but is anomalous in S-supersymmetry, while <QQ.7 7 >

has Q- and S-supersymmetry anomalies but no R-symmetry anomaly.

7.2.1 <Q0>

In the regulated theory, the classical Q- and S-supersymmetry Ward identities (4.2.3)) for
the 2-point function <Q0> become

P <Q*(p1)Q"(p2)>=0, 7, <Q*(p1)Q"(p2)>=<Bs(p1)Q"(p2)>.  (7.2.1)
Q-supersymmetry is preserved, while S-supersymmetry is broken by the PV masses (6.2.6|).

In the large PV mass limit we find

<Bsp) 3 (pa) 5= — 2T ey (L2 log2 — P2 (7.2.2)
S(P1 p2)>= (%)4%%75 P2p g 0og 7 | -4

After renormalizing the 2-point function as follows

(l .2.3)

we get that

pl,u <é“(p1)QV(P2)>ren: 07 ’Y,u <é'u(pl)éy(p2>>ren: 0. (724)

The last term of ((7.2.3)) that we use to remove the S-supersymmetry anomaly, is zero when
contracted with py, or ps,, thus it does not spoil the Q-supersymmetry identity. The 2-
point function < é“(pl)Q” (p2)> is invariant under charge conjugation and the exchange

of u <+ v and p; <+ pa. Charge conjugation is defined as C(...)Y’C~!, where C is the charge
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conjugation matrix and T denotes the transpose matrix. So we have that
C(<Q"(p1)Q" (p2)>)"C 7" =< Q" (p2) Q" (p1)> . (7.2.5)

The term we used in (7.2.3)) for renormalizing < QQ> also respects this charge conjugation
symmetry. This is important so that the renormalized 2-point function is free of anomalies
also when contracted with 7, i.e. in the S-supersymmetry identity related with Q”. Below

is the counterterm that we need to add to the action.

Counterterm
2im? 1 2im2 1
Iog = < @) 14 €VPPT O s D D Dt — 2 )465’”"5 mi 10g 29aYo75 Zptbs

(7.2.6)
Like (7.1.5), we use here the covariant derivative Z instead of a partial derivative, in

order to not break diffeomorphisms.

7.2.2 <Q0J>

If we renormalize the regulated 3-point function < Q0J > as follows, it satisfies the
classical Q-supersymmetry and R-symmetry Ward identities (4.2.9)), (4.2.12)), and the S-
supersymmetry anomaly of (B.1.3)) is reproduced.

<Q"(p1)Q" (p2) T (p3)>ren=<Q"(p1) Q" (p2) T"(p3)> — (2 )AQgJ(Pl,p2,P3)~ (7.2.7)

AgQ J(pl, p2,p3) must respect the same charge conjugation symmetry as

<QF(p1) Q¥ (p2)T " (p3)>, thus we have the following identity

C(ALS;(p1,p2,ps)) " C™1 = AL (D2, 1, p3). (7.2.8)

In the next subsections we examine the Q- and S-supersymmetry identities of
< é“(m)é”(pg)j %(p3) > related to the supercurrent Q. The identity is im-
portant so that the same analysis is still valid in the supersymmetry identities related to
é” . The counterterm that we need to add to the action to get the above renormalization

is the following

Counterterm

2ir? 2 - _ _
Taes = G yiog A’ (V010150503 + Oy 1as030 + 03350300

OGP o505 + 20500 0505 )

2

2ir? i T 1 T e
iAo (T 00716050 + 3016050 + L D10
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7 o - o gl "
+ 75000075 + 7 aBatborct”

1 - 1 _
—iemﬁaazpmampﬁ — 2GPUO‘B85¢U’)/53£¢@> , (7.2.9)

where we have that

%
2
27 Lk 9 0

" amteau e m) = s ey

(7.2.10)

A’é’g 7 (p1,p2,p3) is a local polynomial in the external momenta and it was first computed
through the one loop calculation. Since it has a quite lengthy and complicated form,
we only write here its real space version Alégj($1,flf2,$3) which is given by the above

equation.
Now let us examine each one of the three Ward identities associated with <QQOJ >.

Q-supersymmetry

The PV regulator modifies the classical Q-supersymmetry identity ([#.2.9) of <QQJ > as

follows

pl,u <é#(p1)QV(p2)jn(p3)>ren +é§5
= iPZuBVMU <jo(p12)j’i(p3>>ren _i75 <éﬁ(p13)gu(p2)>ren

2% (e Vi i y
+ 2t (A58 (1, P2, ps) = 1 Alys (1, P2, ps) ) = 2795 <Bs(pia)Q” (p2)>  (7:2.11)

3

where we used that <77 >= 0. The last term of is the new breaking term that
we get since the Q-supersymmetry variation of the R-current is changed in the regulated
theory . The above identity is satisfied by construction at the regulated level.
Notice however that in we have used the renormalized, and not the regulated
2-point functions. The reason for that is that we have already fixed our theory at the
level of the 2-point functions by adding courterterms that restore the symmetries broken
by the regulator. These counterterms contribute to the above identity, in particular,
Ag& is the consequence of the renormalization of < 00 > and < JJ > ([7.1.5).
pluA‘élg; 1(q1,92,q3) comes from the renormalization of <QQ.J >.

The last line of (7.2.11]) is the potential Q-supersymmetry anomaly of <QQ.J>. The
2-point function <BgQ> was computed in (7.2.2)). One just needs to make the appropriate
changes in the external momenta and use the result in ([7.2.11)). In the limit where the PV

regulator is removed we find that

2% /. Vi - =,
n)t <A3Q(p17p2,203) —pluAégJ(p1,p2,p3)) = 375 <Bs(p13)Q"(p2)>= 0, (7.2.12)
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thus, there is no Q-supersymmetry anomaly in <QQ.J >.

R-symmetry

Taking into account the renormalized correlators, the R-symmetry Ward identity of

<QQJ > that is manifestly satisfied in the regulated theory is given by

P3k <é“(pl)éy(p2)jn(p3)>ren +6’§L]’é - 275 <Q”(p13)éy(p2)>ren

- - - - 3 _
— 1 <QF(p1) Q" (p23)>ren 15 = —1 <QM(p1) Q" (p2)Br(p3)> +§€V£W’Y§ <Js(p12)Br(ps3)>

1 B i ~ P oA
+ gn“l’%% <S(91) (P12)Br(P3)> +§7“V5 <Bs(p13) Q" (p2)> +3 <Q"(p1)Bs(p23)> "5

N 2im?

(2m)*
Comparing this identity with (4.2.12]), we see that the above rhs comprises the potential
R-symmetry anomaly of <QQ.7 >.

(455 (p1, P2, ps) — P AlSs; (P12, p3)) - (7.2.13)

The 3-point function < QOBp > is there due to the fact that the R-current is no
longer conserved in the presence of the PV masses . The 2-point functions that
contain Bg arise because the R-symmetry variation of the supercurrent is modified in the
regulated theory , compared to the massless model . Finally the red and
blue terms are the contribution to the potential R-anomaly of the corresponding coloured
seagull correlators of . Recall that is the R-symmetry identity one gets
from conformal supergravity. This identity is a linear combination of path integral Ward
identities of the 3-point function < 00QJ > and other seagull correlators. The presence
of the PV mass classically violates the R-symmetry identities of the seagull correlators
too. AL} is the contribution of the renormalized < QQO> correlators , while A’éyg g

is there because of the renormalized 3-point function <Q0J>.

In the large PV mass limit we find that the whole rhs vanishes, hence R-symmetry is
respected by <QQJ>, ie.

p3x <Q"(p1) Q" (p2) T " (p3)>ren +Clhp

— s <O (p13)Q (p2) >ren —i < O™ (p1)Q (p23)>ren 75 = 0. (7.2.14)
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S-supersymmetry

Following the same procedure, we find the S-supersymmetry Ward identity of the regulated
theory

) ~ ~ ~ ~ 3 ~
— iy <QM(p1)QY (p2) T " (p3) >ren +C355 + ZZ% <J"(p12)T"(p3) >ren=

— i <Bgs(p1)Q"(p2) T " (p3)> +£

3
2im? " ' sk
+ 2n) (A:as(pl,pz,ps) + Z%AQQJ(phpz,pg)) . (7.2.15)

n"" <Bg(p1 )g(g‘ 5 (p23)>

The rhs of this identity is the potential S-supersymmetry anomaly of < QQ. >. The
second line is a consequence of the fact that the gamma trace of the supercurrent is not
zero in the regulated theory . In particular the 3-point function <BsQJ > is the
breaking term of the S-supersymmetry identity of < QQ.7 >, while the blue correlator is
the breaking term of the S-supersymmetry identity of the blue 2-point seagull correlator in
. 56 and Aé”éij are the contributions of the renormalized <77 > and <QQJ >

correlators.

In the large PV mass limit, i.e. for m; — oo we find that

- 2
— 1 <Bs(p1)Q" (p2)T"(p3)> +\3[77W <Bs(p1)§(3|%)(p23)>

2472 Uk ) o
+ W (Ags(P1,p2,p3) + WMAQQJ(Pl,p2,p3)>

1 .
= 57672 (2%/~waﬁp1ap2ﬁ + 45 (pgpg +papl —n"'p1-p2 — ?7””1?3)
+ Yap (iﬁweaﬁ P71 D20 — ipE e PP o, i€ *PPp, 4 ipy - pae P
Hip3e P — ipye Ppy, + ip5e py,) ), (7.2.16)

which exactly confirms the S-supersymmetry anomaly (B.1.3) of <QQ.J > in the massless

and classically conformal WZ model.

7.2.3 <Q0JJ>

The renormalized 4-point function < Q0J > that reproduces the Q- and S-supersymmetry

anomalies (B.1.3)) and at the same time is free of R-symmetry anomalies is given by

<Q"(p1)Q” (p2) T (p3) T (P4)>1en

A = 7 7 21 2 VK
=<Q"(p1)Q" (p2)T"(p3) T *(pa)> — (;:)4 AL (p1, P2, P3: Pa). (7.2.17)

Ag’cﬁ‘ 7(p1,p2,p3,pa) is a local polynomial in the external momenta and it was derived by

the loop computation. It respects the same charge conjugation symmetry with
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<OF(py) o (p2)T*(p3) T *(ps)> and is invariant under the exchange of x <+ A and p3 <+ py,
like the 4-point function. We have that

C(AléVC’;j\J(phpQ)p?np4))T071 = Azglgjj(pzuplvp37p4) (7218)
and
A7 (P1, P2, p3, Pa) = ABGS (P1, P2, P, P3).- (7.2.19)

The counterterm we need in order to get the above renormalized 4-point correlator is the

following

Counterterm

2in? (1 - 5 - 1 .

I = (=) | — o | == AaAPO N 1hg — —— Ag AP D)y h + —— Dn AS AP

0@t = ( Z)( o) <162 O y>1hg TR Oy tha + 1086 Ve
1 _ 1 _ 5 _

— A, APpAs — A APO N e — —— Az APY~ED,

T 1oz Aa AV 00 = 575 As A7 00V e = g As AT Date
1 - 1 - 1 - 1 _

C L oA ApetB — L As a0y, 08 L Aea8g, 0 L . AP A€ >
Tog e Aa sy Y" — — Oap"vevs + o4 o)™ vgtp +550 VY vets
2ir? [ 5i _ i _

— —— | == A AO’ oabr o ¢ T 10 AO'AT oot e B
ot (g AcAne"™ B 150, + 150 A0 Are”™ it
231 — i -

7140147— Taﬁ{aa N — OgAL A, To&f3 N e

+ 1996 € Yayevsthp + 13275 €7 a5
5% - 23i -

— A AP Pgah, o — —— A A€ P50 U)) 7.2.20
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where we have that

F

2im? A\ 5 ) 5 )
— AW (1), @o, x5, L4) = 05 = 1 —. 7.2.21
(2m)* Q@ (71, T2, T3 74) GAN(24) 0 A (w3) 00y (1) “07 60py (2) ( )

Aglgjj(pl,pg,pg,p4) is the momentum space version of A’égg\](xl,xg,xg,m). Next we

examine the symmetry identities associated with < 00JT>. In particular, we analyse
the R-symmetry and the supersymmetry identities that correspond to the currents Vi

and OF respectively.
Q-Supersymmetry
In the regulated theory the classical Q-supersymmetry Ward identity (4.2.16|) is modified

as follows

P <O (p1) Q¥ (92) T (03) T (P4) >ren +C55"
= ip2u B < Ty (p12) T (p3) T (pa)> —§ <T"(p12)T*(p3) T (P4) >ren

— 15 <@“(p13)é”(?2)jA(P4)>ren —15 <Q’\(p14)é”(2?2)j”(]93)>ren
+ 75 B < Ty (p123) T (P4) >ren +75B" < T (p124) T (93)>ren
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— L <Bs(p13)Q (p2) T (pa)> *%’YA% <Bs(p14)é (p2) T " (p3)>

3
v \/§ S
+n A?W% <Bs(p13)3(3|%)(p24)>
2im? A
t 2t (27T) (A4Q <p17p27p37p4) plNAgng(p17p2’p37p4)> ’ (7222)

The last three lines of the above rhs form the potential Q-supersymmetry anomaly. The
presence of the correlators that involve the operator Bg is a consequence of the modified
Q-supersymmetry variation of the R-current in the regulated theory . In particular,
the 3-point correlators <BgQ.J > comprise the breaking terms of the path integral Ward
identity of < QQJ.J >, while the coloured 2-point functions are the breaking terms in
the path integral Q- supersymmetry Ward identities of the corresponding coloured seagull
correlators of ( A”“)‘ is the contribution of the renormalized lower order corre-
lators of the rhs. We have already computed the 3-point function < BgQJ > in the
regulated S-supersymmetry identity of < Q9.7 >. For large PV masses we confirm the

Q-supersymmetry anomaly (B.1.3) of <QQJJ >, i.e.

- %7”75 <BS(P13)é”(P2)~7~A(P4)> —%’YA% <Bs(p14) Q" (p2) T " (p3)>

2 _
5 V5 <Bs(p13)5 31 (p24)>

+171/>\ 5

2472 e
+ W (A4Q (p17p27p37p4) _pluAlégJJ(p17p27p3,p4)>

2im? —2i 1 i i
T @2n)ieL e "% (Pap — i )P (—86”5“ e+ 757" — 4757”77’“’) . (1.2.23)
R-symmetry

The R-symmetry identity at the regulated level is given by

P <OM(p1) Q" (p2) T (p3) T (pa) >ren +CUEY

— 15 <@“(p13)é”(2?2)j)‘(p4)>ren —i <@“(P1)é”(p23)j)‘(p4)>ren Y5 =

. Y =~ ~ 27;772 v VK
— i <Q"(p1) Q" (p2) Br(p3)T*(p4) @) (44501, D2, D3, D) = P3n Al (P1, P2, P, 1))

+ %7”75 <Bs(p13) Q" (p2) T (p1) > +% <Q"(p1)Bs(p23) T (pa)> 775
3 — ~
+ ge”ﬁ“”wg <Jo(p12)Br(p3) T (pa) >
V2 : V2 g 3 v
+T,M? <S(31) (p14) Q" (p2) Br(ps)> —”“Aj <S(a13)(P1a)Bs(p2s)> 7"

v \/§ AL = v \/§ 7 =
+1 ’\? <QM(p1)5(3)1)(P2a) Br(ps)> —1 ’\?7’ V5 <Bs(p13)5 31 (p24)> (7.2.24)
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The whole rhs is the potential R-symmetry anomaly. Correlators that involve Bpr are
a consequence of the non conserved regulated R-current ([6.2.6)), while correlators that
involve Bg arise because the R-symmetry variation of the supercurrent is modified in the
regulated theory. The black correlators of the rhs, form the breaking terms of the path
integral identity of < Q0JT >, while the coloured correlators are the breaking terms of
the path integral R-symmetry identities of the corresponding coloured seagull correlators
of . AZE)‘ is the contribution of the renormalized correlator < QQJ >. In the
large PV mass limit we get that the rhs vanishes, hence the R-symmetry Ward identity of
<QQJJ> is satisfied

Daw <O (p1) QY (p2) 7" (p3) T (pa) >ren +CHIA

— 15 <é#(p13)éy(p2)j~>\(p4)>ren —1 <é”(?1)éy(2923)j’\(p4)>ren 75 =0. (7.2.25)

S-supersymmetry

The S-supersymmetry identity of <QQ.J7 .7 > that is manifestly satisfied in the regulated
theory is given by
. A AV T 7 VK 31 TV TK 7
— iy, <Q*(p1) QY (p2) T (93) T (Pa) >ren +CYE* + e <T"(p12) T (p3) T (pa) >

2im® » o
= WZ’YMAéQjJ(plap27p37p4) —1 <Bs(p1)Q (p2)j (Ps)j)‘(p4)>

1/,'{\/5 = 7 v \/5 = TR
" 5= <Bs(p1)s (31 (P23) T (pa)> 417 = <Bs(p1)5 (31, (p24) T (p)>

8 ¥ 214
+ 5™ <Bajo) (p34)Bs (1) Q" (p2) > - (7.2.26)

The rhs is the potential S-supersymmetry anomaly. Correlators that contain Bg are there,
since the gamma trace of the supercurrent is no longer zero . The coloured cor-
relators are the breaking terms in the S-supersymmetry identities of the coloured seagull
correlators of . In the limit where the regulator vanishes and the PV fields decouple
from the original massless model, we find that

21'71'2 . VK i ":V =~ ~
WWA’Z;Q}J(phm,ps,m) — i <Bs(p1)Q” (p2) T " (p3) T (pa)>

2 - 2 - -
+ n””’\g <Bs(p1)3(31,(p23) T (p1)> +77”“3f <Bg(p1)5(31(p24) T " (p3)>

8 . -
+ 5775/\ <3(110)(34) Bs(p1) Q" (p2)>

1 KAvo p30¢)

~ 288n2 (_Mmp?’a”m + i Paan™ + iy py — 9y + 200" py — 200" py + 95e™ S

+<p3 v p4>. (7.2.27)

K < A
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This results confirms the S-supersymmetry anomaly (B.1.3]) of <QQJT>.

7.3 Total counterterm

The total counterterm that we need to add in the PV regulated theory to retrieve the sym-
metry identities and anomalies of conformal supergravity in the correlators we analysed,
is the following:

I = Iy + Ifn, (7.3.1)

where Ig4, denotes the divergent part

2im? (20 1 -
Iy = (27)4 (9m1 log2 APA, — eﬁpa"ﬁ mj log2¢a%75@p¢5) (7.3.2)

and I, denotes the finite part
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Since I was deduced through a loop computation, it is a subset of the complete coun-
terterm that relates the FZ multiplet to the superconformal one. In principle, performing
a similar analysis involving (a suitable set of) other correlators one should be able to

construct the full counterterm, though this would be tedious in practice. In the countert-



7.3.  Total counterterm 95

erm I we use partial derivatives, something that will introduce diffeomorphism anomalies
in higher order correlation functions. We can always covariantize the above expression
to remove the explicit breaking in diffeomorphisms. This will not affect the correlation

functions we analysed in this chapter.
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CHAPTER 8

Non anomalous Q-+S supersymmetry

Using the PV Lagrangian , we regularized the massless and conformal WZ model
. The classical symmetry Ward identities of section were modified in the reg-
ulated theory and contained extra breaking terms depending on the PV regulator. These
terms do not vanish, even in the limit where the PV masses are sent to infinity and the
regulator decouples from the original model. By adding the local counterterm , we
can restore some of the broken symmetries by the regulator, and reproduce the anomalies
(IB.1.3)) of conformal supergravity that were derived through the WZ consistency condi-
tions. In particular, the counterterm renders all 2-point functions non anomalous,
and it contributes so that < QQ.J7 > has only an S-supersymmetry anomaly, <QQ.JJ >
has Q-and S-supersymmetry anomalies, while <7 77 > has the standard trace anomaly.

In chapter |4} based on the commutator of two supersymmetry variations and
the presence of the genuine R-symmetry anomaly, we argued that one cannot remove the
Q-supersymmetry anomaly of conformal supergravity without breaking diffeomorphisms
and/or Lorentz symmetry. Although this is true, there still exists a manifestly non anoma-
lous linear combination of the Q- and S-supersymmetry of conformal supergravity. It is
straightforward to find this combination using the results and Ward identities of the pre-
vious chapter. As we will see in the appendix [G] the non anomalous combination of Q+S

supersymmetry we state here, is the supersymmetry of old minimal supergravity.

97
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2- and 3-point functions

At the 2-point function level, according to there is a non anomalous supersymmetry
in the regulated theory, which coincides with Q-supersymmetry of conformal supergravity.
At the 3-point function level now, we are considering the Q-supersymmetry Ward identity
of <QOJ> and the S-supersymmetry identity of <QQ9>. Note however,
that we are considering these only at the regulated level, i.e. we do not renormalize
the correlators, thus Azf and Ag&] are absent from (7.2.11)). (7.2.11)) and are
manifestly satisfied and both of them contain the breaking correlators < BgQ >. We

can combine these two identities in a way that the breaking terms cancel between each
other. The manifestly non anomalous (i.e. with no breaking terms that depend on the

PV regulator) identity that we get is the following

P1u <Q'(p1) Q¥ (p2) T (p3)> +C45 = ipop B < Ty (p12)T " (p3)> —iys <QF(p13)Q” (p2)>

- %7“75% <@“(p13)é”(p2)>, (8.0.1)

where 6’5’5 is the regulated version of C47 (4.2.10) and B is given by (4.2.11]).

4-point function

Similarly, at the 4-point function level we can use the Q-supersymmetry identity
of < QQJJ > and the S-supersymmetry identity of < QQJ >. Again we are
considering these identities at the regulated level only. We do not renormalize any corre-
lators. Combining (7.2.22)) and (7.2.15]) so that their breaking correlators cancel, we find

the non anomalous identity

P <Q (1) Q (2) T (03) T (p2)> +C55"
= ipp, B <Jo(pr2) T (09) TN (pa)> =5 <T*(p12) 7" (p3) T (p1)>

— s <O (p13) Q" (2) T (pa)> —ins <OMp1a) Q” (p2) T" (p3) >
+ "}/5BVKU <ja(p123)j)‘(p4)> —|—"}/5By>\a <ja(p124)jn(p3)>

1 ~ = ~ ~ 34 ~ ~
+ =75 <—iw <QH(p14) Q" (p2) T " (p3)> +C5§ + szs <J”(p124)J”(p3)>>

3
1 ~ = = ~ 31 2 7
+ 575’75 <—i% <QM(p13) Q" (p2) T (pa)> +C¥5 + ZZ% <\7V(p123)\7/\(p4)>> , (8.0.2)

where 6’}1’5)‘, 6’3”§ are the regulated versions of CZ&A (4.2.17) and C5§ (4.2.15)) respectively.

The fact that there exists a manifestly non anomalous combination of Q-+S supersym-
metry (at least at the correlation functions we are considering), and that combination is

exactly the supersymmetry of old minimal supergravity (see appendix7 means that the
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regulated theory has a non anomalous supercurrent. This supercurrent though, belongs
to the Ferrara-Zumino supermultiplet (which couples to old minimal supergravity), rather
than to the superconformal current multiplet. After sending the PV mass to infinity in

order to retrieve conformal supergravity, Q-supersymmetry is necessarily anomalous.
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CHAPTER 9

Q-supersymmetry anomaly with momentum routing

In the previous chapters we provided a thorough analysis of the Ward identities and anoma-
lies in the free and massless WZ model. We regularized the theory with the PV Lagrangian
that classically violates R-symmetry, Q- and S-supersymmetry of conformal super-
gravity. After removing the regulator and adding the local counterterm , we were
able to reproduce for the correlation functions of interest the superconformal anomalies
which were derived through the WZ consistency conditions.

We could, however, follow another approach for regularizing the classical Ward identi-
ties of section . The simplest and most naive way to do that would be to introduce
a hard cut-off in the integration variable of the Feynman integrals. We briefly sketched
this regularization procedure in subsection . Even though we use another regula-
tor here, the strategy to compute the Q-supersymmetry anomaly of the 4-point function
<QQJJ > remains the same. We first need to fix the theory at the lower order correla-
tors, in a way that they satisfy their standard symmetry identities and anomalies. When
we obtain all the partially renormalized 2- and 3-point functions that are involved in the
Q-supersymmetry identity , only then we should examine the possibility of a Q-
supersymmetry anomaly in < Q0JJ>. The results of the analysis in this chapter were
presented in [80].

The computation with momentum cut-off, is significantly more complicated and te-

dious than the corresponding calculation with PV regularization. In the latter, the result
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that we get after computing a correlator is unambiguous. All Feynman integrals in PV
regularization are properly defined. Different choices of momentum routing at the Feyn-
man diagrams (or equivalently translations at the integration variable in the Feynman
integrals) yield the same result. The only thing we can do to renormalize a correlator is
to add the appropriate counterterms in the Lagrangian. In cut-off regularization though,
besides the counterterms, one has the freedom to choose an arbitrary momentum routing
for the Feynman diagrams that correspond to the correlator under consideration. See
the analysis of . Divergent correlators with different momentum routing, differ by
finite (or even divergent) surface terms. This greatly complicates the analysis of the Ward
identities. If we want to examine whether a potential anomalous term can be removed, we
have to take into account at the same time, the combination of the allowable counterterms
and the extra terms that arise after an arbitrary shift at the momentum routing of the
Feynman diagrams. The number of equations one has to solve, makes it almost impossible

to fix the theory up to the 4-point function level.

Below we present the analysis for the Q-supersymmetry identity of <QQ>. The aim is
to show how one can start fixing the theory from the 2-point function level using cut-off.
This is done for completeness though, and the calculations regarding < QQ > will not
play any role in the analysis of the Q-supersymmetry anomaly of < QQ7.7 >, which we
compute next. We also want to elaborate on what happens if one naively computes Ward

identities of higher order correlators without having first fixed the lower order correlators.

9.1 Q-supersymmetry of <QQ>

We are interested in the classical Q-supersymmetry Ward identity of <QQ>, i.e.
P <Q"(p1)Q" (p2)>= 0. (9.1.1)

After performing the Wick contractions, we find that

d*q 1
(271')4 2CO (q>z(p1 _ ﬁ)

—i —i

Ag(—q)?, (9.1.2)

<Q"(p1) QY (p2)>= /
where
Co (q) = igh" + % Y a,.  Af() =i — % 7,77 g2p - (9.1.3)

The above integral is by power counting cubically divergent, so we regulate with a momen-

tum cut-off. The correlation function that we examine has also the following symmetry

<Q"(p2) Q" (p1)>= C(<Q"(p1)Q" (p2)>)TC ™, (9.1.4)



9.1.  Q-supersymmetry of <QQ> 103

where C' is the charge conjugation matrix and 7' denotes the transpose matrix. After
a small and straightforward computation it is easy to see that the choice of momentum

routing that we made in (9.1.2)) respects the aforementioned symmetry.

We now contract the 2-point function with one of the external momenta and get

W d4q 1 v v
P <Q 0@ (m)>= [ s (00— ) — 0 (@), (9.15)
where
. ) _6qaq1/ _ Sqapl/ +(q-p va qupa aaﬁuq P
9"(q) = Va < : 3q§ 0 1) + Yo Y5 (321/3 - (9.1.6)

Had the integral in been convergent, the Q-supersymmetry Ward identity for the
2-point function would have been satisfied after a simple shift at the integration variable
of the term ¢”(q — p1). As we explained in subsection , these kind of shifts produce
surface terms in divergent integrals in the cut-off regularization. We need to Taylor expand
9" (q — p1) for small p; and compute with Gauss’s theorem all the relevant terms that do
not vanish. The cut-off parameter that we use is the radius of the hypersphere where we
perform Gauss’s theorem. Using all the identities and integrals of the subsection
we find that

P <Q"(p1) Q" (p2)>= 2304 o3P (4p‘f‘pT —p?n‘w) Yo - (9.1.7)

Since the 2-point function is very badly divergent, one would expect that the
contraction with p1, would have not only finite but also divergent contributions. It turns
out that all divergent parts are proportional to projection operators and vanish identically
when contracted with the external momenta. The finite rhs of does not imply the
existence of a Q-supersymmetry anomaly, since we can find a local counterterm to remove

it. The counterterm will take the following covariant form

_ 1 TP op2 _§ o p)
Joo = goim (a0 T, = 390579 9,07 ) (9-18)

where 1 is the gravitino, the supercurrent’s background source. This counterterm is
only relevant for removing the finite parts of the 2-point function that violate the Q-
supersymmetry identity. It does not render < QQ> finite. If we had chosen a different
routing in , for example ¢ — ¢q + p1, then the rhs of would be different, and
that would also affect the counterterm that we used. So if we need to use this 2-point
function in the Ward identities of higher order correlators, we have to use the specific choice
of momentum routing of along with the contribution of the counterterm .
A different choice of routing means that we need to change accordingly the counterterm
(19.1.8)).
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9.2 Q-supersymmetry of < Q0T T >

The classical path integral Q-supersymmetry identity of <QQ.J.J > is given by

Pru <Q*(p1) Q" (p2) T (p3) T (04)> (0} +21)

= ipou B < T (p12) T (03) T (P4)> (e} —% <T"(p12)T"(p3) T (P4)>(a;

— 5 <Q"(p13) Q" (P2) T (Pa)> (e} —iv5 <Q(P14) Q" (p2) T " (p3)> (1}

+ 5B <Jo(p123) T (0a)>(g,y +15B <To(p124)T"(03)> (.3 (9.2.1)

where

UK 3Z vEuo Z v_ o K
QU = py, <86 e <To(p12)T " (p3) T (pa)> + 0™ V75 <So(2) (P12) T " (p3) T (p4) >

8

2 . 2 i}
+ z’n“”\g <s(3|%)(p13)Q”(pg)JA(p4)> +in“\3[ <8311y (P14) Q" (p2) T " (p3)>

—P120 (énav,yu - éTZU“’YV - iéeuﬁuo%%) <5(1/0) (p12)J”(p3)\7A(p4)>>

- iﬁ V5 <531 (P134) Q" (p2) > +21477 "7 <Soa) (P123) TN (pa)>

+ 2%77” 77 <821y (P124) T " (P3)>
6771’“70 <(Spa) — a(4|1))(P123)~7A(p )> —(13771/)"70 <(S5(a1) = So(a)) (P124) T " (p3)>
(—75756"5”“+ ST = %77 Y > <To(p123) T (pa)>

- <—8’Y§’75€U§VA + %UAUVV - ;UV07A> <J5(p124) T " (p3)>, (9.2.2)

and BYM is given by (4.2.11)).

q—p2+a + q+p1+az

——— q—p23+a s - q — P24+ az >
P4 p3 b3 P4
Figure 9.2.1: Part of the Feynman diagrams that contribute to

< QM(p1)Q” (p2)T*(p3) T (pa) >(q;}- The wave lines represent the external super-
currents and the zig-zag lines denote the external R-currents. Straight and dashed
lines in the loop denote fermionic and bosonic propagators respectively. p; are the
external momenta while ¢ is the loop momentum. {a;} denotes collectively the arbitrary
momentum routing parameters. For generality we assign a different parameter to each
Feynman diagram that corresponds to a correlator.



9.2.  Q-supersymmetry of <QQOJJ > 105

The subscripts {a;}, ... {h;} denote the arbitrary choice of momentum routing that we
made in the Feynman integrals of the correlators. The correlators involved in (9.2.1)) are

given in the appendix [Hl Now let us make a few comments here.

First, note that in all seagull correlators Q"% we assigned for simplicity the same
parameters {b; }. Of course, we could have chosen the more general case where the routing
of every correlator in Q¥** is independent from the others. This however, would not change
the core of the argument we want to make. Secondly, notice that the Q-supersymmetry
identity we examine in this section is not the same with . Recall that
is a sum of path integral identities, and is equivalent to the Q-supersymmetry identity
of <QQJJ > that we find from the coupling to background conformal supergravity.
Here on the other hand, we are interested in the bottom-up approach. If one wanted
to examine about possible quantum anomalies in the Ward identities of < QQJJ >
with no insight from background supergravity, then would be the natural identity
to compute. After all, the coloured seagull correlators of form their own path
integral Q-supersymmetry identities and they can be calculated separately. Moreover, we
do not expect any anomalies in the aforementioned identities, since they do not include
any known anomalous correlators. In the appendix [F] we verify this claim with a PV
regulator. On the contrary, contains the anomalous <JJJ > diagram, so if there
is a Q-supersymmetry anomaly, it has to exist in the classical path integral identity of
<QOJT>. Of course, if we want to couple the regularized with cut-off WZ model to
background supergravity, the analysis of the identities of the coloured seagull correlators
is unavoidable. This however, will not change the final result about the existence or not

of a Q-supersymmetry anomaly.

Now let us return to the calculation of (9.2.1). This identity is at the regulated level,
and we have not renormalized/fixed the lower order correlation functions that contains.
After a long and tedious computation we can show that (9.2.1]) is satisfied for the following

values of the arbitrary constants
ai:bi:ci:di:ei:fizgi:hi:O. (9.2.3)

The original choice of routing that we made in the integrals of the appendix (i.e. putting

the arbitrary constants equal to zero) is such that (9.2.1)) is satisfied. To prove this we
only need to use Fierz identities and that

. —ilp, — )

p1uCH(q) = —id + ¢* —1—L~. (9.2.4

B>~0 % <p1 _ q)z )

We do not need to perform any illegitimate manipulations in the divergent integrals, such

as shift of the integration variable. Therefore, what we show is that Q-supersymmetry is

non anomalous at least at the level of the 4-point correlator < Q0T T >. However, we
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have not examined at all what happens at the lower order correlators of . It would
be totally naive to argue at this point and with this information, that there exists a free,
massless and at the same time consistent WZ model with no anomaly in Q-supersymmetry.
Maybe the choice of routing that we made in the <7 JJ > correlator is not compatible
with diffeomorphisms or Lorentz symmetry. One has to do the explicit computation, and
examine all the symmetry identities for every correlator involved in , including the
seagull correlators. After all, from a bottom-up perspective the notion of a seagull operator
does not have much significance. In there are correlators of well defined operators
and one needs to compute all of them. So, a non anomalous Q-supersymmetry, may mean

a non consistent WZ model with anomalies in diffeomorphisms and in Lorentz symmetry.

Here, we show that the specific choice that we made to satisfy , makes
the 3-point correlator < .JJJ > inconsistent. In particular < J,(p12)J"(p3)J*(ps) >0
does not respect Bose symmetry, hence it does not reproduce the standard R-symmetry
anomaly of . The values of {¢;} that make < JJJ > consistent (i.e. Bose

symmetric and with the correct R-symmetry anomaly) are the following

_P4—D3 o, = P47 P

1 = 6 ’ 2 6

(9.2.5)

If we use in (9.2.1)) the consistent <.JJJ > correlator instead, the previously non anoma-

lous Q-supersymmetry identity will acquire a new contribution at the rhs equal to

ip2p B (— <To(p12) T " (p3) TN (pa) >0 + <To (p12) T (03) TN (P4)>(01}) =

2im®  —2i 1 eno .
(271_)4(@)6;)“)\0(174,0 - p3p)p2u <_8€V§'u Ye + ’Y5’YV77‘LL > . (9.2.6)

1

4

1

4

’y5ryunl/0'

We computed the above lhs using (3.1.5)). This is exactly the same anomaly that we found
using the PV regulator (7.2.23)), which confirms the results (B.1.3]).

The above analysis is the proof for the existence of a Q-supersymmetry anomaly in
the conformal WZ model. As we stressed before, a more rigorous approach would be to
actually compute all the lower order correlators of . It could happen for example,
that the <7 JJ > correlator we use in has a diffeomorphism anomaly, and after we
include an appropriate counterterm to remove it, this counterterm at the same time cancels
the term and renders non anomalous again. Of course, we expect this not
to be the case, since that would contradict the results of the WZ consistency conditions
(B.1.3)). We expect that the choice of routing that we made for the other correlators in
is such, that every one of their symmetry identities is satisfied. Probably for that
we also need to include appropriate counterterms, but these will be Q-supersymmetric,
thus not affecting the anomalous term . We should also note, that the anomaly
is non zero in the limit of p; — 0, thus it cannot be removed by a different choice
at the routing of the Feynman diagrams of the 4-point function <QQ.J7 .7 >.
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Although the analysis with the PV regulator in the previous chapters is the most
rigorous one, since there we actually computed all correlators involved in the symmetry
identities we were interested in, the cut-off regulator provides an alternative and indepen-
dent proof for the Q-supersymmetry anomaly of the 4-point function <QQJJ >. An
interesting point of the cut-off approach, is that the Q-supersymmetry anomaly is only a
consequence of the ambiguous surface terms of the < JJJ > diagram that give rise to
the R-symmetry anomaly, which is what happens in the analysis of the WZ consistency

conditions.
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Discussion

In this thesis we presented a comprehensive analysis of the free and massless WZ model
in perturbation theory. As for any A/ = 1 SCFT in four dimensions, the renormalized
theory admits both a conformal and a Ferrara-Zumino multiplet of currents, with the
latter inherited from the regulated theoryEl The two multiplets are related by a set of
local counterterms that shift the anomalies between different symmetries. The conformal
multiplet possesses the standard superconformal anomalies of N' = 1 SCFTs. In partic-
ular, R-symmetry is anomalous because of the standard triangle diagram, but both Q-
and S-supersymmetry are necessarily also anomalous. On the contrary, the Poincaré su-
persymmetry of the FZ multiplet (which corresponds to a specific field-dependent linear
combination of the Q- and S-supersymmetry of the conformal multiplet) is non anomalous,

but R-symmetry and S-supersymmetry are explicitly broken.

We verified the above statements with a loop computation using a supersymmetric PV
regulator. Our analysis focused on the 4-point correlator < QQ.7.7 >, which is the minimal
one receiving a contribution from the Q-supersymmetry anomaly in flat space. We also
examined all the lower order correlators necessary for the analysis of the 4-point function.
Furthermore, using a cut-off regulator we confirmed the existence of a Q-supersymmetry
anomaly in < QQ.7.7>. The counterterm that we found, is a subset of the complete

LOther multiplets such as the R- and S-multiplets are also admissible but were not considered here.
The supersymmetry anomaly of the R-multiplet was studied recently in [106}[107]. See also [59|. Like the
FZ multiplet, the S-multiplet does not suffer from a supersymmetry anomaly.

109



110 Chapter 10. Discussion

counterterm that relates the conformal and FZ multiplets.

The FZ multiplet is more natural if one wishes to view the massless model as the zero
mass limit of a massive WZ model, while the conformal multiplet is more natural if one
wishes to view the massless WZ model as an example of an A/ =1 SCFT. Indeed, in the
context of the AdS/CFT correspondence only the conformal multiplet is available and it

is in this context that the anomaly was first discovered [68].

The presence of a supersymmetry anomaly in the conformal and R-multiplet [106107] is
an important caveat one should keep in mind in the context of supersymmetric localisation,
especially when the results are compared with holographic computations, as noted in
168,/711/78./79] in relation to the analysis of [108]. In particular, in the presence of anomalies
physical observables depend on the choice of current multiplet and one should make sure
that only results specific to a given multiplet are compared. Given that different multiplets
are often used for field theory and holographic computations, failing to do so may result in
a superficial mismatch. We anticipate that a local counterterm analogous to that relating
the conformal and FZ multiplets interpolates between the R-multiplet, which couples
to new minimal supergravity, and the S-multiplet, corresponding to 16+16 supergravity,
enabling one to remove the supersymmetry anomaly of the R-multiplet. Determining this

counterterm would be particularly interesting for supersymmetric localization applications.

Since current multiplets describing SCFTs are related by finite local counterterms, such
counterterms can be used to match the computation of physical observables using different
multiplets. Indeed, it was through the identification of a non-covariant local counterterm
(specific to a class of rigid supersymmetric backgrounds) that the authors of |108] managed
to reconcile their holographic computation with the expected field theory result. Under-
standing the general structure of supersymmetry anomalies in different multiplets allows
one to explicitly determine the local counterterms that interpolate between them. Of
course, such counterterms are not unique since it is always possible to add further ‘trivial’
local counterterms that preserve all the symmetries. In particular, the local counterterms
interpolating between the conformal and FZ multiplets that we determined here through
the 1-loop computation may agree with the superspace results in |[104] up to such trivial

terms.

Another interesting computation would be the complete analysis of the <QQT J> cor-
relator and the confirmation of its Q-supersymmetry anomaly in the conformal multiplet.
For that, one needs to include more regulating PV fields in order to cancel the divergences
of correlators such as <7T7T >, <TTT > etc. Such a regulator would be sufficient to
properly regulate all possible FZ and conformal multiplet correlators. The analysis of
<QQOT J > would also help us construct the full counterterm that interpolates between

conformal and old minimal supergravity. However, if one is interested in the general form
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of this counterterm, the most efficient way to deduce it would be from the structure of the

solution of the WZ consistency conditions.

Our loop calculation with Pauli-Villars and cut-off regulators, along with the analysis
of the WZ consistency conditions, established without a doubt the existence of anomalies
in the Q-supersymmetry Ward identities of conformal supergravity. Knowing this result,
it would be quite interesting to perform the same analysis using dimensional reduction
(DRED) as a regularization procedure, and see which one of the different prescriptions of
DRED reproduces the correct Q-supersymmetry anomaly. DRED is supposed to respect
supersymmetry in all practical applications, thus explaining how and why the anomaly
arises in this context, it could provide us with a better understanding on supersymmetric

regularization.

It would also be interesting to investigate the existence of such an anomaly in other
dimensions and/or extended supersymmetry. In the case of extended supersymmetry,
there is more freedom and more possible combinations for the anomalies to cancel. We
expect similar cancellations with the case of supersymmetric Yang-Mills theories, where the
S-supersymmetry anomaly of the A/ = 1 model vanishes in the maximally supersymmetric
N = 4 theory [43]. Supersymmetry anomalies in gauge theories in dimensions different
than four have been examined for example in [52,/54]. In particular, in [52] there were
given expressions for d = 6. Based on the WZ consistency conditions argument , the
supersymmetry anomaly is a consequence of the R-symmetry anomaly. However, taking
into account our whole analysis and the discussion of the conformal and FZ multiplets,
(classical) conformal symmetry is also an essential condition for the existence of the Q-
supersymmetry anomaly in d = 4. Having the explicit form of the abelian and non-abelian
chiral anomalies in 2n-dimensional spacetimes [109], in principle, one can use the WZ
consistency conditions to compute the supersymmetry anomalies in d # 4. If conformal
symmetry is in general a necessary condition, then we can have an analogue to our result
only up to d = 6 (this is what we expect). If for d # 4, R-anomaly is capable of inducing
a Q-supersymmetry anomaly in models which are not classically conformal, then we can
have supersymmetry anomalies up to d = 10. Recall that the R-anomaly can be also

present in massive theories, such as the free massive Dirac fermion H

Moreover, in this thesis supergravity was viewed as non-dynamical and it would be in-
teresting to extend the analysis to include dynamical supergravity. Our results imply that
only the FZ multiplet can be consistently coupled to (old minimal) dynamical supergrav-
ity, since the Poincaré supersymmetry of old minimal supergravity is non anomalous. This
is in line with earlier work [59] where it was argued that quantum anomalies in the matter

sector require the use of old minimal supergravity. However, the conformal multiplet that

2The R-symmetry anomaly arises from the UV behaviour of Feynman diagrams and a small finite Dirac
mass is irrelevant at this limit.
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suffers from a supersymmetry anomaly may still be coupled to dynamical supergravity in
the context of effective field theory [110H114]. In that context, the anomalies are cancelled
either by fields with a mass above the cut-off through a generalized Green-Schwarz mech-
anism, or more generally by supersymmetric anomaly inflow. It would be very interesting

to examine the exact mechanisms of such cancellations.

Finally, in the context of loop calculations, the whole analysis and methods presented in
this thesis could be used for the computation of anomalies in different theories. Recently,
there has been a debate about the existence of CP-odd terms in the trace anomaly of Weyl
fermions, whose coefficients are purely imaginary [105,115-119]. This anomaly cannot be
present in the massless WZ model , since we use a Majorana fermion there, which
is symmetric under charge conjugation. However, the massless W7 Lagrangian can also

be written using Weyl fermions as follows
Lz = =0, 0" — XrdxL- (10.0.1)

According to [116], the first correlator that receives a contribution from the parity-odd
trace anomaly in the flat space is <TT7T >, where T is the stress tensor of the Weyl
fermion. It would be interesting to regulate the Lagrangian and apply our methods
to see if <TT7T > has a parity-odd trace anomaly or not. In case of a positive answer,

one could examine whether this has implications on supersymmetry.



Appendices

113






APPENDIX A

Spinor conventions and identities

We largely follow the spinor conventions of [18]. We use the Minkowski metric n =
diag (—1,1,1,1) and the Levi-Civita symbol €,,,, = £1 satisfies 9123 = 1. This is
related to the Levi-Civita tensor as €uvp0 = /=9 €uvpe = € Euvpo, Where e = det(eZ) is
the determinant of the vierbein. We also use the convention that complex conjugation
reverses the order of Grassmann fields (spinors or scalars), e.g. (AB)* = B*A*. The
symmetrization and antisymmetrization of a tensor T,, ,, with respect to its indices is

given respectively by
1 1
Lo .an) = ! ZT%(1>~--%<n> ’ Tiay...an) = ! Z‘SpTap(1>~~-%<n)’ (A.0.1)
P P

where the sum is taken over all permutations, p, of 1,...,n and J, is +1 for even permu-

tations and —1 for odd permutations.
Gamma matrices The gamma matrices satisfy the Hermiticity properties
=00 Al =, (A.0.2)

where the chirality matrix in four dimensions is given by

Y5 = 10717273 (A.0.3)
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The antisymmetrized products of gamma matrices are defined as

Ay HAH2 i :’Y[ H2 .fy#n}_ (A.0.4)

The following is a list of identities in d dimensions that the antisymmetrized products of
gamma matrices satisfy, several of which we use repeatedly in this thesis (see also section
3 of [18]):

1
P = 540,

YT = ;h 77771,
VYo =1 o+ A1 07 200,87,
L = +p5LV17u2...Up]’
ey, = AP +m[u1...up,1(5zp}7
VPN gr = PP gr + 671 571 ) + 671167 6],
Y e = I 8y 67 125 505,
VP Yora = AP+ 9V 0070y + 18913870 o) + 651130707,
(d—r)!

— M1y
7”3 V1 ( —r— ) 7 ’

VYor = (d = 2)7"y + (d — 1)5},

fyﬂ”ﬂfypg (d — 34" 5 + 2(d — 2)yH6"],,

'nm = (d—3)77 +2(d — 2)30~,
=(d—14)
(d—4)

,y,ulv--,uf'r’/l Vs

Q.

d = 7"y + 4(d = 30"y + 2(d — 2)51 56",

d— 47,7, + (d — 4)(d = 3) (407 — 7" gyu)

+(d = 3)(d = 2)d;7 — (d = 3)7" Yy,

PRt P = (—1)P(d — 2p)yHF (A.0.5)

ol
VoY Ve =

For d = 4 specifically, we have the gamma matrix identities

VoA + A7ty = 2(gHP T + gy — gP7 M),
YOAHAT — AT yHyP = 2yPHO

VYT = ghPyT + ghoyP — gPo ot 4 AP
NPT = AHPT | GO P GHO
VWypeyd = =i by + 291 g,
YHPT = —ietV POy,

g . lon%
YHPT = ety s,

EGWW%U%’ (A.0.6)

pr _
7T
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as well as the trace relations

tr (any odd number of gamma matrices) = 0,

(

tr (Y*4"vs5) = 0,
tr (v/9") = 4™,
tr (V" yPYT) = 40T — 0ty + ntnP),

tr (Y Py y5) = —4iet P, (A.0.7)

Dirac conjugate The Dirac conjugate of a Dirac spinor, ¥, is defined as
X =ix'yY, (A.0.8)
and is denoted with a thick overbar in order to distinguish it from the Majorana conjugate.

Majorana conjugate and spinors The Majorana conjugate of a Dirac spinor, Y, is
defined as
x=x1C, (A.0.9)

where C is the charge conjugation matrix (see section 3.1.8 of [18]). A spinor Y is said to
be Majorana if it equals its charge conjugate, or equivalently, if its Dirac and Majorana

conjugates coincide, i.e.

=B=xy & X=y, (A.0.10)

where the unitary matrix B is related to the charge conjugation matrix, C, as in eq. (3.47)
of |18].

Dirac spinor bilinears involving Majorana conjugation in four dimensions satisfy the

identity
MyFEyh2 ey = (= 1)PyyHe Rzl ) [eq. (3.53) in [18]]. (A.0.11)
which also implies that
MFIH2 oty = (= 1)PYysyP - RN = e s (A.0.12)
Majorana fermion bilinears possess in addition the reality property

(X1 eogir A = XV opin s leq. (3.82) in [18]]. (A.0.13)
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Chirality projectors and Weyl spinors The Weyl projections of a generic Dirac

spinor, ¥, are defined as

(1 —5)x. (A.0.14)

DN |

(14+7)x, Xr = Prx =

1
=Py =-
XL LX 9
Notice that, since there are no Majorana-Weyl spinors in four dimensions, the Weyl projec-
tion of a Majorana spinor is Weyl but not Majorana. Another potential source of confusion
we should emphasize is the following relation between the Dirac and Majorana conjugates
of Weyl spinors:

X. = ixi7° = ix P} = XPr = x&. (A.0.15)

Fierz identities Finally, we make extensive use of the following Fierz relations in four

dimensions

_ 1 1 _
XLAL = — §PL()‘XL) + gPL’Y“V()"}’quL)7

_ 1 _
XLAr = = 5 Py (Myuxe)- (A.0.16)
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Conformal multiplet Ward identities and anomalies

The superconformal Ward identities can be formulated independently of any specific SCFT
in terms of the a and ¢ anomaly coefficients, whose values depend on the specific theory.
The current multiplet of N/ = 1 superconformal theories consists of the stress tensor,
TF, the R-current, J*, and the supercurrent, O¥, which is a Majorana spinor in our
conventions. These couple respectively to the vierbein, e, the graviphoton, A, and the
gravitino, 1,,, which comprise the field content of A" = 1 conformal supergravity [97H100],
which we briefly review in section (4.3)). The consistent (as opposed to the covariant [120])
current operators are defined accordingly as

o Y4

o
a’ <‘-7M>S € ’ -1
56# 0A,

5

671

(Td)s (O =e (B.0.1)
where e = det(ej,), #'[e, A, ] is the generating function of renormalized connected current
correlators, and the notation (-)s denotes connected correlation functions in the presence
of sources. In particular, further derivatives of these one-point functions result in higher-

point functions.

The current operators are defined independently of whether there exists a La-
grangian description of the theory. If a Lagrangian description exists, # [e, A, ] is given
by

W e, A, )] = —ilog Zle, A, 1)), (B.0.2)
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where Z[e, A, 1] is obtained from the path integral

Fle, A,y = / (d{®)]eiSHPheAv]| (B.0.3)

ren

over the microscopic fields {®}, after renormalization.

B.1 Ward identities for 1-point functions with arbitrary

sources

The superconformal Ward identities and anomalies for arbitrary N'= 1 SCFTs in four di-
mensions were derived in [71], using the local symmetries of N' = 1 conformal supergravity

and the associated WZ consistency conditions. They take the form

VAT s + Vo (Bu(Q)s) = By Dl Q) = Fun (T,
F AUTUlT?s + 075(2)) — (el T s + 07l @)s) =0,
TE)s + 50l = Aw,
eyl Tis + el @) =0,
Vil T*)s +ihuy5(Q")s = A,
D@ = 7 Ul T — ST} = Ao

Q)5 — St TH)s = As. (B.11)

The spin connection is given by (4.3.3) while the gravitino fieldstrength, ¢, by (4.3.7).

Since the gravitino and the supercurrent have opposite R-charge, the covariant deriva-

tive acts on the supercurrent as

1
D, (Q") = (@L + Zwu“”(e, V) Yab — i%Au) (QV) +T1%,0° = (2, — ir5A44)(QY). (B.1.2)

The superconformal anomalies on the rhs of the Ward identities (B.1.1]) are local func-

tions of the background conformal supergravity fields and take the form

Ay =— (W2—§F2)— B+ o),

~ 1672 3 1672
(5a — 3¢) ~ (c—a)
20700 pp
Ar =000 o P
(50‘_30)i~u (a—c) Do UV (a—c) DUV PO
Ag=— g5 " Austn + — 57V (A, RP7M )00y — gz T B pte + O(*),

56L - 3C = v 27/ iC v (o g
A = (w) Fr (D= S A )by + g P (30708) = 676935 Dt
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3(2a — ¢)

12 P g P D yihy +

a—c . 1 5

( — ) (R” POy — §Rguyg“[ ,ypa])Dpwa + (9(1[}3).
(B.1.3)

The antisymmetric tensor F, = 29),A,; denotes the fieldstrength of the graviphoton,

while the dual fieldstrength, Ew, is given by

=1
Fyy = 56" Fp. (B.1.4)

These are the building blocks of the two independent quadratic curvature invariants

—_

F?=F,F",  FF= € Fuw Fpo. (B.1.5)

The geometric curvature invariants are built out of the Riemann tensor and its dual

€™ Rixpors (B.1.6)

N |

R,uzxpo

(which is not symmetric under exchange of the first and second pair of indices) as well as

the Schouten tensor, P,,, which in four dimensions is given by

P, = %(RW -

1

GRQ,W). (B.1.7)

The independent quadratic curvature invariants are the square of the Weyl tensor, W2,
the Euler density, F/, and the Pontryagin density, P, defined respectively as
1
2 _ 2
W= =Wope WHP? = Ry pe RFP? — 2R, RM + §R ,
E = Ryuype R*?” — AR, R" + R?,
1 -
P = QGWVRWURWW = RMP7 R, (B.1.8)
Finally, the anomaly coefficients a and ¢ are normalized as in [77], so that for N, free

chiral multiplets and N, free vector multiplets they take the form

1 1
0= (N +9N),  c= (N +3Ny). (B.1.9)

In particular, for the WZ model we have

=204 = —. B.1.10
c a 54 ( )
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APPENDIX C

Functional differentiation versus operator insertions

In this appendix we discuss the relation between correlation functions defined through
functional differentiation and those obtained by path integral operator insertions. To em-
phasise the difference we use different notation for the two types of correlator. Throughout
this thesis correlation functions defined through functional differentiation are denoted by

wide brackets, (-), while those involving operator insertions by <->.

Let J denote the source for an operator @. Then the two definitions of n-point functions

are

5 5
(O(21) -+ O(an)) = S 5J($n)W[J] ey (C.0.1)
<O(x1) - O(zy) > = % /[d{(b}](’)(xl) e Oy eSHPH, (C.0.2)

where {®} denotes collectively all elementary fields and #[J] = —ilog Z[J]. The func-
tional derivatives defining the wide bracket correlators in are taken with the oper-
ators kept fixed. In contrast, in the correlators defined in one takes the functional
derivatives in the path integral keeping fixed the operator at J = 0. The chain rule in this
case produces additional semi-local correlators involving §O(x;)/6.J(x;) — the so-called
‘seagull terms’. We should emphasize that this dependence of the operator O on the

source J that arises through the classical coupling of the theory to background sources
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is local and should not be confused with the generically non-local dependence of the 1-
point function (O); that is obtained by performing the path integral in the presence of
sources. The seagull terms are theory dependent and their contribution drops out when
all insertions are at separated points. However, since our purpose is to discuss anomalies,
which are local contributions to the Ward identities, we cannot ignore the contribution
of seagull terms. The distinction between the two definitions of correlators is important,
because the structure of ultraviolet divergences is different in the two cases. In particular,
only the ultraviolet divergences of current multiplet correlators defined through functional
differentiation can be cancelled by counterterms that depend on the background super-
gravity fields. We should also mention that Feynman diagram computations, which we
use for evaluating the Ward identities at the quantum level, result in correlation functions

involving operator insertions.

From (C.0.1)) and (C.0.2)), it follows that the two definitions of current multiplet corre-

lation functions of the conformal WZ model that are relevant for our analysis are related

as

dJTH(x)

(TH@)T W) = i <TH@)TW)> + <57

>,

(TH(@) T ()T"(2)) = & <TH(@)T"(y)T"(2)>
0" (x) 0T () . _0JT"(x)

+i< 5A(2) T (y)> +i <TH(x) SAL(2) > +i <mj”(z)>,
_ ST} (x)
(T3 ()T (y)) = @ <TJ (@) T (y)> + < A0y

(TH(@) TP ()T (2)) = @ <T}(@)T*(y) T’ (2)>

0T - 0TH() . 37" (y) S*T (x)
+i <6Ap(y)“7 (2)> +i <5A(,(z) TP(y)> +i <TV“(:J:)5AU(Z)> + <5Ap(y)6AU(z)>’
14 — 4 T 214 (;Qﬂ(x)
(Q(2)Q"(y)) = 1 <Q"(2)Q"(y)> + T
(QH(2)Q" (y) T (2)) = i* <QM(2)Q"(y)T"(2)>
. 0Q(x) . 0QM(x) -, . 3Q%(y)
+i< ) JP(z)> +i < 5A,(2) Q" (y)> +i <Q¥(x) 5A(2) >,
(QH(2)Q" (9) TP ()T (w)) = i* <Q*(x)Q" (y) T (2) T’ (w)>
5 0QM(x) - o 0QM(@) 5 |y 2 _0QM(1) 5,
+i? < 0ny) T (2)T% (w)> +i* < 5A,(2) Q" (y) T (w)> +i° <m9 (y) T’ (2)>
5O1(z) 6T°(2) . 6QM(x)6Q¥(y) 5QH(x) 6Q"(y)

TSy aA ) T AR Aw) T A (w) 64,()
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+ 42 <Q“(:n)gi:g)) T (w)> +i* <Q'(x) gf:((i)) TP (2)> +i° <Q“($)Q”(y)5iz((2) >
(C.0.3)

Analogous expressions can be derived for any other current multiplet correlator. For the
conformal current multiplet correlators of the massless WZ model we discuss in chapter [4],

the relation between these two definitions simplifies because several operator derivatives

vanish. In particular, using the form of the currents in (4.1.6) and (4.3.9) when the theory

is coupled to background supergravity, we determine that the only non zero operator

derivatives are

65?41};”(23) = — (""" + 0"’ — 0" nP?)é(z, y) T + é”upé(x’ ¥
SR = 5 = e

e St

P = T4 R AT o

iij((;:)) _ geuupajp,yo(s(x’y) n ég,éll)%%nwd(x,y)

1, v - pv i vpo A
+ 68’)8(”0) (277&“179 + i€ pov5)V7 0 (2, y) + ge“ P73110)75Y0 0,5 0 (2, Y).

Clearly, the difference between correlation functions defined via functional differentia-
tion and operator insertions affects the form of the Ward identities. In section we
present the Ward identities in terms of correlators defined using operator insertions, while
in we present the corresponding identities at the 1-point function level, in terms
of correlation functions defined through functional differentiation. The latter form of the
Ward identities is universal and follows directly from the symmetries of the background
supergravity the current multiplet couples to. To derive the Ward identities of higher or-
der correlators we need to further differentiate with respect to the appropriate background
sources. When expressed in terms of correlators defined through operator insertions, how-
ever, these identities contain the additional seagull terms which can be seen explicitly in
the path integral Ward identities of section . In fact, as already mentioned in sec-
tion , the universal form of the Ward identities in terms of correlators obtained by
functional differentiation can be expressed as a linear combination of path integral Ward

identities involving operator insertions.

To illustrate this point, let us consider the R-symmetry Ward identity of the 3-point
correlator < QQ.7 >. We compute this identity by taking two functional derivatives with
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respect to the gravitini in the R-symmetry Ward identity that one finds after coupling the
WZ model to conformal supergravity (4.3.10). We find that

VT (2)Q"(2) Q" (y)) + 6(z — 2)ivs(Q"(2) Q" (y)) + 6(z — y)i(Q"(2) Q" (2))v5 = 0.
(C.0.5)

Using now the relations between the correlators (C.0.3)) and the explicit expressions for
the derivatives of the currents ((C.0.4)) in the massless WZ model, we find that the above

identity in momentum space and in the flat space limit is modified as follows

p3x <QH(p1)Q" (p2)T " (p3)>

K 2 W VK 2 =
+ D3k (277“ \3f <3(3|%)(P13)Q (p2)> +in \3f <Q“(P1)3(3\%)(p23)>

3 i
+ ge”f‘“’vg <Ts(p12)T"(p3)> +51"" 7775 <So(211)(P12)T " (p3)>

8
1 oV, L 1 T 7% 1 véuo K
—Pzo | N7 = Y A i s <8110y (P12) T " (p3)>
= iy5 <QM(p13) Q" (p2)> +i <Q"(p1)Q” (p23)> 7s- (C.0.6)

We can easily see that this expression is identical to the Ward identity , which as
explained there, is a linear combination of path integral Ward identities. In particular,
using the symmetry variations of the currents and seagull operators written in subsection
and the path integral Ward identities , it is straightforward to show that
terms of the same colour in form their own path integral Ward identities. Here
we also justify the claim that we made in section , that the Ward identities presented
there are the same with the ones we get after coupling the theory to background conformal

supergravity.

Schwinger—Dyson equations

The Ward identity is a relation between correlation functions that involve conserved cur-
rents and follow from global symmetries of the theory. Using the path integral formalism,
we derived its general form . One can find similar identities for operators that
vanish on-shell (i.e. operators proportional to equations of motion), such as Y@y in the
massless WZ model , where the equations of motion imply that @y = 0.

Consider the action S[¢], and the normal ordered composite operators O[¢], G [d)]é‘g—gﬂ,

where ¢ is an elementary field of the theory and %};ﬂ

G [qb]%([f] is the vanishing on-shell operator we are interested in. For example, in the case

give the equations of motion.

of x@x, we identify G[¢] — y and 6‘?—([;)} — —@x. We have

561‘5

i6¢(x)

J 81653250l - OGwn)e’® = [ldi6()

O(z1) -+ O(xn)
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= i/[d¢]G(x)5£((zl)) Oz +i/[d¢]0(m1) . ”G(m)(ssb(g;)eis
= 4 <) Ol O =G sl Olan)> 4 <O Gl B

(C.0.7)

To go from the first to second line we integrated by parts in the field space. is the
Schwinger—-Dyson equation for correlators that involve zero on-shell operators. Notice that
the (n + 1)-point correlator of the lhs is given by a sum of n-point functions. To derive
the Schwinger-Dyson equation, first we need to identify the G(x) part of the vanishing

operator under consideration, and then compute the normal ordered operators G(x) 6(%((%) .

The Schwinger-Dyson equations are important, if one wishes to match the
Q-supersymmetry Ward identities derived through the path integral formalism ,
with the corresponding ones from conformal supergravity. In particular, consider the Q-
supersymmetry identity of < Q077 >. According to , since at the lhs we have a
4-point correlator, at the rhs we are going to have only 3-point functions. Notice how-
ever, that in the Q-supersymmetry identity of conformal supergravity , there exist
a number of 2-point correlators at the rhs. This can be explained by the fact that the
Q-supersymmetry variations of the supercurrent and the R-current (4.1.13) contain zero
on-shell terms. As we explained schematically in , there exist some 3-point cor-
relators at the rhs of the Q-supersymmetry identity, that involve these vanishing on-shell
operators. One can substitute them using the Schwinger—Dyson equations , and
retrieve in this way the 2-point correlators of the conformal supergravity identity .
However, since we already had the conformal supergravity Ward identities, there was no
need to use the Schwinger—Dyson equations in our analysis for the anomalies of the WZ

model.

> .
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APPENDIX D

Correlators

D.1 Regularization

In this appendix we write all correlation functions necessary for the analysis of the Ward
identities of the 4-point function < Q0JJ >. These correlators receive contributions
from the original massless WZ model and the PV Lagrangian . Although
the contribution from each Lagrangian does not converge separately, the total sum is free

from UV divergences, if the following condition on PV masses is met
mo = \/iml. (D.l.l)

All n-point correlators of the following sections, which after suppressing the spacetime

indices we denote here by <n>, can be written in the following form

<n>=Y "d;N(m;) = N(0) + N(mg) — 2N (mq), (D.1.2)

i
where i = 0,1,2, dg = 1, do = 1, di = —2 and my = 0. N(0) is the contribution
to the correlator of the original WZ model ([4.1.1)), N(m2) is the contribution of the
PV fields (g2, A2) that comprise a standard massive chiral multiplet, and —2N(mq) is
the contribution of the fields (¢1,%1,A1). The factor of 2 in front of N(m;) is to be
expected, since the fields (¢1, 191, A1) form two chiral multiplets with wrong statistics. For

the regularization of <n>, it is crucial that the contribution of (¢1,%1, A1) comes with
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a relative minus sign with respect to the original fields. It is quite common in literature
to assume that fields of opposite statistics contribute to the correlation functions with a
relative minus sign compared to the fields with standard statistics. However, this is not
always so obvious. Here we have confirmed that this is indeed true, after performing all

possible Wick contractions of the elementary fields.

The quantities N(m;) are divergent integrals. The degree of divergence depends on
the specific correlator we are examining. The most badly divergent correlators by power
counting, are the 2-point functions < Q0> and <TJ > which diverge
cubically, i.e. in the large momentum limit they behave as ~ [5° dgq®. Higher order
correlators have a better behaviour in the UV limit due to the increased number of prop-
agators that lower the superficial degree of divergence. For example, the 3-point function
<QQJ> (D.4.1) is quadratically divergent while the 4-point function <QQ.7 7> (D.5.1)
diverges linearly. Our aim is to show that the rhs of is well defined and convergent.
For that we Taylor expand N(m;) in powers of m;. We get

N(m;) = N(0) +m;Na +miNy+ ... (D.1.3)

where the dots ... denote higher order terms. Notice that in the above expansion there
are no odd powers in the mass m;. It can be shown, after an explicit computation using
the expressions for the correlators written in this appendix, that all these terms vanish
due to the structure of the gamma matrices. In particular, the correlators where fermionic
operators are involved, such as <QQ> , take the form Pg(...)Pr, where Pg and Py,
are the projection operators . This means that in the dots (...), only terms with
an odd number of gamma matrices survive. Similarly, the odd powers of the mass m; in
the correlators of bosonic operators, such as <JJ > , vanish after using the trace

identities.

If the integral N(0) has a superficial degree of divergence d El, then the corresponding
degree of divergence of the quantities Ny and Ny will be d—2 and d —4 respectively. Using

(D.1.3) in (D.1.2) we get

<n>= (N(0) + N(0) — N(0) — N(0)) + (m% — 2m?)No + (m3 — 2m])Ny + ... (D.1.4)

Taking into account that the most badly divergent correlators we are interested in have a
d = 3, we see that N is at most linearly divergent (d = 1), while Ny is always convergent
(d = —1). All the other higher order terms in the above expansion are of course convergent.

Using the condition (D.1.1)) we find that the two leading order pieces of (D.1.4)) vanish, so

<n>=2miNg + ... (D.1.5)

LA negative d denotes a convergent integral, d = 0 and d = 1 denote logarithmically and linearly
divergent integrals etc.
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We have proven that the PV Lagrangian suffices for removing all the UV diver-
gences from the correlation functions necessary for the analysis of < QQJJ >. The two
main technical elements for this proof were the fact that the most divergent correlators
were cubically divergent, and that there were no odd powers in the PV mass expansion of
the correlators. The first can be seen after examining the superficial degree of divergence
of the correlators and the second after explicit computations using the expressions for the

correlators.

According to the anomalies derived using the WZ consistency conditions, the
4-point function < QQT J > has a Q-supersymmetry anomaly too. We made the claim
in chapter [4] that our PV regulator is not appropriate for the analysis of the aforemen-
tioned correlator. One of the reasons for that, is that among others, we need to use the
2-point function <77 > which cannot be regulated by the Lagrangian . <TT>is
quartically divergent by power counting (d = 4), hence Ny is superficially logarithmically
divergent. After an explicit computation, one can show that in the corresponding expres-
sion for <TT >, there exists indeed a non regulated logarithmic divergence which

needs more PV fields in order to be cancelled.

D.2 1-point functions

The 1-point functions of the supercurrent and of the scalar operators Oy, Oy~ vanish

trivially due to the absence of possible self contractions. The R-current 1-point function

is given by
~ 2% [ d*q /..
<T'0>= 5 | gy (20" (Pola) + Poal@) = P (@) = Poy (@)
- itf (795 (P(@) + Py, (g) — 2Py, (0))]) =0, (D2.1)

where the first line vanishes due to parity and in the second line we have used the trace

identities ({A.0.7]).

It is straightforward to show that the stress tensor 1-point function vanishes too. We
have
d4(] WV - Qv
(ot (240" (Po(@) + Poy() = P (0) = Poy(@) +im (141 =1~ 1)
1 , i
- Eq”tr [iv" (Py(q) + Px,(q) — 2P\, (q))] — §n””tr (1+1- 2)) =0,
(D.2.2)

<TH(p)>= /
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where the last equality follows from the relation between the scalar and spinor propagators

Py(p) = —ipPy(p),  Pr(p) = (—ip+m1)Pp(p),  Pr(p) = (=ipp +m2)Pp,(p),

(D.2.3)
and the trace identities (A.0.7)).
Lastly, the non zero 1-point function of the seagull operator sy is given by
~ d4q I
<5(1)0)(p)>= / W(qu((ﬂ + Py, (q) — Py, () — Py, (q)) = LT log 2. (D.2.4)

Here we have used the relation mg = v/2m; between the two masses of the PV regulator.

D.3 2-point functions

In this and in the following two sections, we write the exact expressions that one gets
for every correlation function, after performing all possible Wick contractions of the ele-
mentary fields. We have not made any other manipulations in the integrals below. Every
correlator is a sum of three integrals, one that comes from the original WZ model, one
that comes from the massive chiral multiplet of with standard statistics, and there
is one contribution from the two chiral multiplets of opposite statistics of . The
is summed over the values ¢ = 0, 1,2, and d; take the values dy = 1, dy = —2 and dy = 1.

To simplify the expressions we also define the following quantities:

Ao = X, wo = @, (D.3.1)

Pij = Pi + Pjs (D.3.2)

Cl (k) = ify" + miy” + % ", 7) g, (D.3.3)
v - UV v 2 v

AL (k) = ik = min” = 3 [, 7" 420, (D.3.4)

v v v 14 1 v 14 v
I = (a1 = K"K + (a1 = B)K" — (a1 = k) -+ 5 (nad — afal) + mPn™, (D.3.5)

(2

where mgy = 0.

The cubically divergent 2-point function <QQ>, linearly divergent <8(311)5(3)1)> and
2 2
quadratically divergent <Q§(3| 1y> are given by:
2

- ~ 2 4 .
<QM(p1)Q" (p2)>= Z/ (;l §4(ZPRCf(Q)P,\i (11 — @) A (—q) PPy, (q) + (Pr <> PL),
i=0 ™

(D.3.6)
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2 4
- d*q
<51y (P1)sg ZO/ 1divs PrPx, (p1 — Q) PLys Py, (0) + (Pr <> Pr)

(D.3.7)

~ 2 d4 2
<Q(p1 3| ) (p2)>= Z/ \Z[PRCf(Q)PAi(pl —q)Prys Py, (q) + (Pr <> PpL).

1=

(D.3.8)

The quadratically divergent bosonic correlators <JJ >, <Js(2j1)>, <$(2)1)S(2/1) > and
<Ts(1)0)> take the form

~ ~ 2 d4q 4
<T"(p3)T*(pa)>= Z/ 1 di =(2q+ p3)*(2q + p3) Py, (q) Py, (q + p3)
=0 (27‘-) 9
+Z/ (7 V5P, (g )'YA'YSP/\Z-(Q‘FP4))> (D.3.9)

— 67 <§’f2‘1)(p3)g7 (pa)>=<5{3)1)(p3)$ (2\1)( 4)>

2 d4q K A
- _Z:O/ (%)42@ tr (7795 ()75 P (0 + ) (D.3.10)
and
4
<T"(p1)3110)(P3)> Z/ 4 ——2diGY (q) Py, (q) Py, (q + p3), (D.3.11)

while the logarithmically divergent <s(ij0)s(1j0)> is equal to

_ d*
<S(1j0)(P3)3(1]0) ( Z/ L i P, (q) Py, + p3). (D.3.12)

The following two correlators, <Js(jj0y> and <7 J>, turn out to be zero, i.e.

_ 2 d* 2
<J"(p3)5(1)0)(pa)>= Z / 2734 di 5(2q + p3)" Py, (0) Py, (a + p3) = 0, (D.3.13)

<7'W(P1 j/\ (pa)>

(tr (9 Pr ()75 Po (0 + pa)) (ig" 0" — ig™n™)

_/L y
_Etr (PAi (7 75P,\i(q +p4)) M;n* )
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+ Z / r (%75 P (@75 Py, (g + pa) ) €7 ip1,, = 0. (D.3.14)

It is straightforward to show that (D.3.13|) vanishes, after the transformation ¢ — —q¢ — ps3
at the integration variable. In (D.3.14)) we have not included the integrals that come from
the Wick contractions of the elementary fields ¢, @2, ¢1, Y1 and their complex conjugates,

since they are identically zero due to odd symmetry. Moreover, in the large PV mass limit,
the two sums of integrals in (D.3.14]) cancel each other.

Finally, in order to justify our claim that the PV Lagrangian (6.1.1]) is not enough to
regulate <77 > (which is important for the complete analysis of < QQT.J >), we write
the 2-point function <By By >, which is necessary for the analysis of the Ward identities

of <TT>. Using (6.2.6) we find that

4
<Bw (p)Buw (p)>= [ (;134 (43P, (0) P, (g + p2) = 8mi Py, (4) Py g + 2)
+ / ( M3 (Pry(9) Py (q + p2)) + mitr (Px, (q) Py, (g + p2))> - (D.3.15)

Using the relation of the PV masses (D.1.1), we find that in the above first line there

exists a logarithmic divergence which is equal to — (22’:)24 mi [ %. This divergence is not

cancelled by the divergent terms of the integral of the second line. Thus, we see the failure
of the PV Lagrangian (6.1.1]) to regulate <By By >.

D.4 3-point functions

The fermionic 3-point correlators that we are interested in are the quadratically divergent
<QQJ > and the linearly divergent <Q§(3‘;)J>, <QQS(1|0)>. They take the following
2

form:

<QM(p1) Q" (p2) T " (p3)>=
dq z'
Z/ < 0 (0)PrRCE (q) Py, (p1 — )75 Py, (—q — p2) A7 (—q) Pr
+1(2q + p3)" P, (q)Pp, (q + p3) PrysCl (q) Py, (01 — @) AY (—q — pS)PL> + (Pg <> Pr),

3
(D.4.1)

<é“(ﬁ1)§(3|%)(172)u7~n(p3)>:

2 4
d V2 .
> / (2734 d; <6 P,.(q)PRC} (q) Py, (p1 — @)Y v5 Px; (—q — p2) P75
i=0
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V2i .
+?(2q + p3)" Py, () Py, (q + p3) PrysCl (q)Pr,(p1 — @) Prys | + (Pr <> Pr), (D.4.2)

<@L(P1)QV(P2)§(1|0) (p3)>=

2 4

Z/ (;lﬂ(i d; P%( )P,,(q + p3) PrC"(q) P, (p1 — q)AY (—q — p3) P, + (PR > PL).
=0

(D.4.3)

Similarly, the bosonic 3-point correlators relative for our analysis are the quadratically
divergent <7 JJ> and the linearly divergent <77 J>. They are given below:

T = A - dq 4 iz K A
<T™(p1)T"(p3)T (p4)>:Z/(2ﬂ_)4di9Gi (2)(2q + pa — p1)"(2q + pa)
i=0

P3s < P4
Po(a = p)Po ()P (a4 pi) + ( )
K < A

2 4
7(1 1 . V_uo . o uv
t Z/ (27545[@' (18tr (’YUPAZ'(Q)’YA’Y5PAZ~(Q + pa)y 5P (a —p1)) (ig"n"" —iq® ™)
i=0

1 p3 < P4
~Lu (PA (@1795P5 (0 + 725 Py (0 = p0) Mi?™ ) +
18 K < A

A . p3 < P4
+Z/ )i z72 7075PA< )y 75P)\i(Q+p4>7K'YSP)\¢(q_pl))dwl)%plp‘i‘< ey )

(D.4.4)

<T"(p1)T" (p3) T (pa)>=

i/dllqd.it(up()kp(_‘_)fcp(_))_k pP3 <> D4

— (277')4 1541‘ 75 >\1Q'7 V5 >\1q ba)y V5 )\Lq b1 K o )\ .
(D.4.5)

D.5 4-point function

The linearly divergent 4-point function <QQ.7 7> is given by
~ ~ ~ ~ 2 d4q
<Q"(p1) Q" (p2)T*(p3) T Npa)>= Y _ / 20t di
i=0

1
(—181’% (9)PrCY (q) Py, (p1 — )75 P, (—q — p2a) v 5 Poi (—q — p2) AY (—q) Pr,

2
+ §(2q + p3)"(2q + 2p3 + pa) Py (q) Py, (g + p3) P(q + p34) PRCY (¢) Py, (p1 — @) AY (—q — p3a) Pr

21
18(2(1 + 3)" Py, (¢) Py, (q + p3)v5PrCY (q) Py, (p1 — @)Y 5Py, (—q — p23) AY (—q — p3)PL>
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(D.5.1)

<
+(PR<—>PL)+<p3 p4>‘
K < A



APPENDIX E

Correlators with insertions of By, Br and Bg

In this appendix we evaluate all 1-loop correlators that involve the symmetry breaking
operators By, Br and Bg and constitute the potential anomalies in the symmetry Ward
identities of chapter [7} Since these operators depend on the PV fields only, all such

correlators are pure contact terms once the PV masses are sent to infinity.

The aim of this appendix is to follow the analysis and structure of chapter [7] and
provide all the intermediate steps that lead to the final results presented there. We also

define the following quantities to simplify the expressions of the correlators:

AD (p) = m; + p2(1 — y)y
AP (p,q) = mi + Py + ¢®= — (py — q2)?
AP (b, q, k) = mi + 2y + ®2 + k% — (py — gz — kt)?. (E.0.1)

In the following, we only state the finite pieces of the correlators after the PV mass is sent

to infinity, which are the relevant ones for the computation of the anomalies.
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E.1 Bosonic correlators

Ell <JJ>

Below we compute the PV contribution to the R-symmetry Ward identity of <77 >. We

have

(_imz tr (’75P>\2( )’Y)"Y5P>\2 (q— p3))

ps)) ). (E.1.1)

—i<BR(P3)jA(p4)>:/(d

7
— —my tr (%PAl( )7 5 Py,

q
)t
5 (¢ —

After using the Feynman parameters, we set ¢# = ¢* — ph'y and ignore terms with odd

power of £

21
—2<BR(pg,)JA (pg)> / dy/dZE in” 8 2 )‘

1% Ed
( 2 om2 4+ 02(u — 22 (2 2 20, .2 2) (E.1.2)
(0% +2m7 + p3(y — ¥?)) (0% +mi+p3(y —9?))

For large PV masses we find that

, ~ 25?2 4 2
—1 <BR(P3)u7>‘(p4)>= —ng‘ (m% log2 — pg,> . (E.1.3)

El2 <JJJ>

The PV contribution to the R-symmetry Ward identity of < JJJ > is given by the

following correlator

_ _ 4
— i <Br(ps) T (pa) T (p1)>= / (dz <2l7mztr (v7795Px (9075 P (4 + P15 Pru(a = p1))

1
+ —meatr (7”75P,\2(Q)75P,\2 (¢ +p3)y 5Py (g — p1))

27
2
— gt (7775 Py (90775 Pr, (g + pa)75 Py (g — 1))
2
— gt (7”751% (@)75P, (g + p3)7 5P (g — pl))> : (E.1.4)

After using Feynman parameters and trace identities we get

— i <Br(p3) T (pa) T (p1)>=

-2 i 3 63
Iy ( U S )
(27) 27 (% + A (pap)® (3 + AP (pa,p1))?
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tr (177°9*v%35) (2pay — 2p1 2 + Pa)apsg

2% 2 — 4 3 3
+ zm 1 / dlp / dydz 27Z mi ( 2 (i;E T é? )
(27) (2 + A (p3,01))° (% + AP (p3,p1))3
tr ('y"'y“’yﬁ ’Y)"Y5) (2p3y — 2p1 2 — P1)ap3s- (E.1.5)

We integrate over £ and find

— i <Br(p3) T (pa) T (p1)>=

2im? —i 1 1
+ 7 / dydz——m] ( - ) tr (777 v MPy5) (2pay — 2p1 2 + pa)apas
(2m)* 27 AP (pa,p1) AP (pa, p1) ( )
2im? —i 1 1
+ / dydz——m] ( — ) tr (77797 y5) (2psy — 2p1 2 — p1)apss-
(27r)4 27 A§2) (;0371?1) A?) (P3,P1) ( )
(E.1.6)
In the limit where the PV mass m; goes to infinity we have that
) ) 1 1
pim mi {5 NG
AQ (p47p1) Al (p47p1)
1 1 1
= lim m%< - ):—, (E.1.7)
Mmoo AP (ps,p1) AP (ps, p1) 2

so we get

— i <Br(p3) T (pa) T (p1)>=

2im? 7
(27)4 / dydz5—4tr (707067/\7/375) p3,@(2p4 Y —2p12+ps— 203y +2p1 2+ D1)a
2in? 2 oo N f i oABa
= W dyd2574tr (7 AN 75) P3pPaa Y = 32471’26 P38P4a- (E]_S)

This is the standard R-symmetry anomaly of the 3-point function <J7JJ >.

E13 <TJJ>
R-symmetry

The PV contribution to the potential R-symmetry anomaly of <7 JJ > is given by the

following sum of correlators

— i <Br(p3) T (pa) T (p1)> "¢ <Br(p13) T (pa)>

. i
= (P 0 =0 ) <To(pra)Br(ps)> +en"™ <y (p1a)Br(ps)> . (E.1.9)
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We have that )
i -
5 <§fQ|1)(p14)BR(p3)>:<j€(p14)BR(p3)> (E.1.10)

and since the 2-point correlator < JBgr > was computed in (E.1.3), we only need to
compute the 3-point function <BrJ T >. We have

: 7 TV d4 1 vo oV
— i <Baps) 7 o) T o0)>= [ g5 Srgms (w77 = a7
[t (3 P (0775 P (g + p)35.Pag (0 = 1)) + 01 (36 Pay (@)1 Pag (0 + P3) Y15 Pro (g — p1) ) |

75PA2 (¢ + p3)Y V5P (g — p1))}

Vf po

(
/ il q Z mzﬁyé [tl" (PAQ( )75 Py (4 + pa) 5 Pay (0 — pl))
/ P1p

4 36
[ (%753\2 )7 5Py, (q + pa)v5 Py (q — pl)) +tr (%751% (9)75 Py (g + p3)7 5 Pay (g — pl)) }

,,71/0' q£ qanyﬁ)

[

aPA1 )75 Pay (0 +Pa)15P (@ = 1)) + 0 (3 Pay (@955, (6 + p3)y 5P, (0 = 1) )|
d* —21

(
/ o q 177”5 [tr (P/\ (q )7/\75P/\1 (g + pa)ys Py (g — pl))

( (@)v5 P>, (q + p3)v 5 Pay (g —m)”

q —22
e “P1p

[ (’7075P>\1 9)7*95Px, (0 + Pa)15Pa, (0 = p1) ) + tr (3075 (975 Pry (0 + pa)y ™5 P, (0 = 1) ) |
(E.1.11)

Following the standard procedure with the Feynman parameters, in the large PV mass

limit we find that

~ ~ 2im? g
—i<B A vE >= 2. 6 w2 8 A A Ev
i <Br(p3)J" (pa) T (p1) o2 (Pipin™ — p3pin™ — pivin
+p3 - pap§Y — p3 - papAn® — 3 - papi™ + pI§n™ — papkp§ + pavsp§

1
+pypps + PP + 2p1pp35p4aegme”5pﬁ) : (E.1.12)

Conformal symmetry

The PV contribution to the trace anomaly of <7 JJ > is given by the following sum of

correlators

<Byw (p1)T"(p3) T (pa)> +89n <Bw (p1)5(1/0)(P34)> (E.1.13)
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‘We have that

<Byw (p1) T (p3) T (pa)>=

d* -8 K
/(2734 ( 5 (24 + 1) (20 + pa = P1)" Po (0) Py (4 + p4) P (0 = p1)

16 ;
+ —m?(2q + pa)(2q + ps — p1)* Py, (@) Py, (¢ + pa) Py, (q — p1)) + <

p3 < P4
9

K < A

+ / < tr (P>\2( )’7)\75P>\2 (q —|—p4)’yﬂ’y5P)\2 (q - pl))

+ 0t (PA1 ()75 P (¢ + pa)y v Pa, (g — p1))> + ( (E.1.14)

pP3 < P4
9 .

K < A

In the limit where the PV masses are sent to infinity we find

2, KA

<Bw (p1)T"(p3) T (p4)>= 3pin"™ + pipd +205p3 — 30" ps - pa) . (E.L15)

108~ 2<

We now compute the 2-point correlator. Similarly, in the large PV mass limit we have

4
<Bw (p1)S(1)0)(P3a)>= / (3734 (—2m§sz (@) Py (g — p1) + 4miP,, (q) Py, (g — pl))

: 2 1 3 3
_ i dig | dyam? Cp _ 35
o )3 yami\ T s ) 2 ©)
(27) 0 (2 + A ()2 (3 + AT (p1))?

- (222:)241? (E.1.16)
E.2 Fermionic correlators
E.2.1 <QQO>
The potential S-supersymmetry anomaly of <QQ> is given by
<Bs(p1)é”(p2)>= / (534 (—=2Ppm1 Py, (p1 — q) Py, (q) AT (—q) P
+ PrmaPy, (p1 — )Py (¢) A5 (—q)PL) + (Pr > Pr) - (E.2.1)

We use Feynman parameters, set ¢# = ¢ — pl'y, ignore terms with odd power of ¢ and
find

<Bs(p1)Q” (p / dy / dﬁE 2m1 (—iv”plyﬂ(p — P,y —*[’Y 7]p2p>

1% 1%
( /2 2 200 — 2N (02 4 9m2 + 02y — 42 2) : (E-2.2)
(0% +mi+pily —v?)) (1% +2m3 +pi(y — y?))
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For large PV masses we get that

<Be(p)) O (pa) 5= — 2T ooy (L2 10g2 — P2 (E.2.3)
S\P1 p2)>= (27T)47u%’756 D2p 6 g 72" R

E.2.2 <QQJ>
R-symmetry

The contribution of the PV fields to the R-symmetry Ward identity of <QQJ7 > is given

by the following sum of correlators

~ ~ 3 ~
— i <Q"(p1)Q"(p2)Br(p3)> +§GV§W’Y§ <Js(p12)Br(p3)>

1 . i - P )
+ 075 <8(a) (P12)Br(p3)> +39%75 <Bs(p13) Q" (p2)> +3 <Q"(p1)Bs(p23)> 1"7s.
(B.2.4)

Since we have already computed < Bs(pl)é” (p2) > in the previous subsection, we can
easily find %7“75 <Bs(p13) é” (p2)> after we make the appropriate changes in the external
momenta. Moreover, if we take its charge conjugate (i.e. C(...)7’C~!) and change p; <+ p2
and p <> v we get the third term of the second line of .

We also have that

1

5 <51y (p12) Br(ps)>=<T° (p12) Br(ps)>, (E.2.5)

and since the 2-point function < JBg> has already been computed in (E.1.3]), we only

need to compute the following

—1q <@“(p1)é”(PQ)BR(p3)>

d4q ma
= [ e (5 PCE @ Pt = s = )0 PP

2m1

——3 RO (K) Py, (p1 — )5 P (—p2 — Q)AT(_Q)PLP%((])) +(Pr+ Pr). (E.2.6)

After using Feynman parameters we find that

- 2i 0 4
—i <Q(p1)Q” (p2)Br(ps)> i’ /CME/ dy— ( - e

G+ 25 ()? (G + A7 ()2

v v v v P1
(stév“v — YY"+t 1,7 ?” — v [Y*, 7]y 3")

)
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5 5
+ 2im? /dEE/dydz < (g) — (62;3 )
3+ A (p2.p1))? (05 + A (p2,p1))?

(—75'75'7 Y + 157 e+ 157 e ) o
+227r /dEE/dydz m1< 0, B 153 )
(B + A7 (2, p)* (B + AP (2,p1))?
( Vo™ () + Bpsr” + sty Py b — s iy s [V ]p;’”
+57 (P, + DPY d — v (P + Dps [V p;”
+ 95 [V (P + Bpyy ”& =5 [V, 7] Py ¢% +5 (Y Py 177 plagmp)
2im? 203, 2,
+ /dEE/dydz mﬂ57#p37 <(£2E+A§2)(p2,p1))3 - (€2E+A(12)(p2,p1))3> ;
(E.2.7)
where
C=poy, a=pay—pi2 (E.2.8)

Note that we also used symmetric integration, i.e. we substituted in the integrand (1% —
l2" . Finally, we find that

<O (p1)Q" (p2)Br(ps)>
2im2 1 1 1
=9 ( (366“ P p1pP20P] =~ € P p1pp2oDy + € PLoD20Ps

(27) 108 54
+1(1)8 HUEP D D3+ iéw'{ppzpp% 108 e Pprppa - p1+ —— 108 PPt + —— 103 “mpmppg)
— P <36n p1-p2+ 5—477 Vi + 57177“”1?2 + 168192171 108p1p2 54191191)
P ( n"p1 - p2 + 5—477“”13% tz 477“”195 + 108p2p1 108p1p2 3 4p2p2)
=775 (1Z Pivh + ﬁpﬂ?l + 541)1 - popi + 36p1p1)
-5 (1881)2191 1081?1292 + 5%292 “piph + 36202192) - 1(1)23?16”"””291&20) : (E.2.9)

S-supersymmetry

The PV breaking terms in the S-supersymmetry identity are the following

~ ~ 2 ~
— 1 <Bs(p1)Q"(p2) T " (p3)> +\3f77”“” <Bs(p1)5(3/1)(p23)> - (E.2.10)
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We begin by computing the 3-point correlator. We have

— i <Bs(p1)Q" (p2) T"(ps)>=

d*q [mo . y
/ @) 3 Pea(@Pr P (1 — )75 Pag (=4 = p2) A3 () Pr

2im

+ 3 2 (2q + p3)" Py, (q) Py, (q + p3) PrLys P, (p1 — q) Ay (—q — p3) Pr
2m

- Tlpw (@) PPy, (p1 — @)Y 5Py (—q — p2) AT (—q) Pr,
4im1

3 (2¢ + p3)" Py, (q) Py, (¢ + p3) Prys Pa, (p1 — @) AY (—q — p3)PL>

+(PR<—>PL). (E.2.11)

The above can be written as

— i <Bg(p1) Q" (p2) T " (p3)>=
5 5
oL = o [ e [ v ml( T - )
(C + Ay (p2,p1))? (U + Ay (p2,p1))3
(7 Y 5% + YY" 57 Yo + Y57V Va)

-2 . 3 3
v fate fad ()
(27) 6 N2 + AP (1)) (2 + AP (po, p1))?

D2
<7a7”7575 v (a+p1)ala — p2)s + 7715777 (@ + p1)aas — v 5 [V, 7] (a + P13

D2
—Y y5v* v, 7] (a — pz)a?’) + Y5577y % (a — pz)gaa)

3 3
gt [ [ anisy m( T et maeoare) LU
(05 + As” (p2, 1)) (0% + A1 (p2, 1))

5 5
2” / Al / dydz ( - f) - éf )%n”“
E + A (p37p1))3 (EE + A1 (p37p1))3

um — 15 14
+/de/dydzm%< 2 - £ >
(2m)1 3 N @+ AP s p)) (B + AP (ps.p))?

o _ UV K V_ K 1 K 12
('m (=20 + p3)*(p1 + b)a + 57"y (—2b + p3) (—p3+b)a+§(2b—p3) P2, [V, "] 75>,

(B.2.12)

where
a=py—piz, b=p3y—piz (E.2.13)

Finally we find

~ - 2 _ 1 1
<Bs(p1)Q"(p2)T" (p3)>= Gt (vm (21677“” FAPT D26 — e € Py Dl APy Y

432 432
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1
+ mf“”pplpngr @Gmyppzpplf‘i‘ 108 M py - po
1 n)\;w KALP 1 KAV ,u)
Tose | P2 gy Pael g€ P2k
1 ) 1
— ity @6 L7 p1pp2o + 16”7 2166“”“”101,)1720“% 726“”“”192,)1910—me“”mmpmg
+ (5 224 _‘_i 224 +L 2_|_1 + 1 _|_1 1 ))
5 | 1og P P2 "R 10877 "p3 36p2p1 108;01192 18p1p1 27p2p2 :

(E.2.14)

We now compute 27"* <Bg(p1)§(3|%)(p23)>. We have

\/Q
3

d*q [(2i y 4q u
= / @) (3m§77 "5 Py () Py (p1 — q) — gm?n "5 Py (q) Py, (p1 — q))

" <Bs(p1)3 5(311)(P23)>

3 3
- m / s / dy—- m%%( 2 Z](EU T Eﬁ) )
GIREAY (p1))? (U5 + Aj (p1))?
 drm p
= (27r) =" 7518 (E.2.15)

E.2.3 <QQJJ>
R-symmetry

The PV contribution to the potential R-symmetry anomaly of < QQ.J 7> is given by the
following sum of correlators

— i <Q*(p1) Q" (p2) Br(p3) T (pa) >

+ %V”% <Bs(p13) Q" (p2) T (p1) > +% <OMp1)Bs(p23) T (pa)> Vs

3 . . 1 . _
+ gﬁyf’w% <TJo(p12)Br(p3) T (pa)> +31" 9075 <501 (P12)Br(p3) T (pa)>

V2 =, V2 - y
+77”A? <5(311)(P14) Q" (p2) Br(p3)> —U”A? <8(311)(P14)Bs(p23)> 7"
V2 V2
+ A 5 <O"(p1)s 3 5(311)(P24) Br(p3)> —1” 5 s <Bs(p13)3s 15y(p24)> . (E.2.16)

In the second line the two terms are related by charge conjugation (i.e. C(...)TC~! )and
the exchange p <+ v and p; < po. We have already computed the correlator <BgQ.7 >
in the previous subsection. In the third line we have that < JBrJ >= é <s(2|1)BRJ>
and we have already computed these correlators in . The last two lines are re-
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lated with charge conjugation and the exchange p <> v and p; < ps. So we need
to compute 77’”‘? < Q“(p1)§(3|%)(p24)33(p3) > —77’”‘?7“75 <Bg(p13)§(3‘%)(p24) > and
—i <QM(p1)Q (p2)Br(p3) T (ps)>. We have

2 _
Y2 (o1 gy (poa)Brlpa)>—

diq (-2
/ (27;;4 ( 9 ma Py, (q) PRCY (¢) Pry (p1 — 0)v5Pry (—q — p24) Prys

—4
—5 P (q)PrCY (q) Py, (p1 — @)v5 P, (—q — p24)PL75)

+ (Pp < PL) (E.2.17)

and

V2 ~ dq 2
— 5 "5 <Bs(p13)5(31 (p24)>= / o) (_7“9m%P¢2 ()P, (P13 = q)
4i

—I—’y“am%P@l(q)P@l(plg — q)) ) (E.2.18)

Using that

Py, (p1 — )5 Pry (—q — p24) = —i Py, (q + p24)75 + Py (¢ + p24) Pry (P1 — @)ipy s
(E.2.19)

We get

\/§ g =~ \/i ~
3 < (P1)3(311)(P24)Br(P3)> — 5775 <Bs(p13)5(31) (p24)>=

d4 —2¢
/ (2734 (9’"21%2 (@) Po (4 + p24) PrOY (0) Pay (P1 — @)y Pr
—4i

= = 1P () Py (g + P24) PROY(0) P, (1 — q)pSPL)
+ (Pr < Pr)
-2 - 3 3
- 2Z7T4/ CME/ dytz gt ( o - = )
(2m) 0 N+ A (o p)* (1 + AP (p2s,p1))3

(e (64 ]' g
(—v VP3(P21y = Pr2)a =V Py(P20y — P12t pi)a+ 5 1Y ]p3p10> . (E.2.20)

After integrating over {g and then taking the limit of m; to infinity we find

~ \/5 =
<QM(p1)5(31) (P24)Br(p3)> — =75 <Bs(p13)s 31, (p24)>

<%
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2im? —i 1 o
L /dyd23 (—vav“ﬁ?,(pm Y= p12)a =71y (p2ay —prz+p)at 5 00y ]¢3p10> :

(B.2.21)

Integrating over the Feynman parameters we get

V2 s V2 =
3 <@ (P1)3(31)(=p1 = p3)Br(p3)> — =775 <Bs(p1 +s)5(31)(—p1 —ps)>

=~ n (547 V5P p1pp3s — 54’Wp1 P3Py PPyt 27p§p3> . (B.2.22)

Next we compute the contribution to the potential R-anomaly that comes from the

4-point function:
— i <0 (p1)Q" (p2)Br(ps) T (p1) >=
> e b
PRCH( )Py, (p1 — Q)v5 P, (—q — p2a) Y 5 P, (—a — p2) AY(—q) P,
+Z [ g i

PRC“( )P/\ (p1 — )V Py, (—q — p23) s Py, (—q — p2) A% (—q) P

2
+Z/ d mJ(ZQ+P4) Py (a) Py, (g + pa)
¥5 PrCY (Q)ij(m = Q)75 P, (—=q — p21) A7 (—q — pa) PL
+ (PR — PL), (E223)
where j = 1,2 and d; = —2, do = 1. The above 4-point function is a sum of three sums

of integrals. The first and second sums of integrals are related by charge conjugation (i.e.

C(..)TC~1) and the exchange p <> v , p1 <+ p2. Using again

Py, (p1 — )75 Pr, (= — p24) = —i P, (q + p24)75 + P, (¢ + p24) Pry (P1 — @)ipy 75
(B.2.24)

and following the usual procedure with the Feynman parameters and shifting of the inte-

gration variable we find

— i <Q"(p1) Q" (p2)Br(p3) T (pa)>= (Ef** + Ch.C.) + (E4"* + Ch.C.) + O/ + 042,
(E.2.25)



148 Appendiz E. Correlators with insertions of By, Br and Bg

where

oA — 2” / dydz—ml / dtr < b - b )
(05 + AéQ) (pa;p13))° (05 + A?) (pa:113))3
(VW"V” = 7*7'7)
+ LWQ /dydz_&m% / dlg ( E% - E?')E )
(2m)* 9 (G + AP (papia)P (0 + AP (pap1s))?
(v"‘v“v“(Zw — pa) o — V7" (2w — pa) (W = pa)a

(2w — pa)* — [v*,77] v”p; (2w — p4) ) (E.2.26)

P2p
_i_»-«‘/ﬂ V7 P

3 3
egu)\ 2’L7T /dydzdt ml/d E( 5 )QEE . (3)€E
034+ A (pa,p1,p13)t (03 + Ay (pa, p1,p1s))*
’Y”?ﬂ”(—?e +pa)
9 ops 5 5
+ %/dydzdt%m%/dﬁg < (3)EE N (3)£E )
(27) 9 (02 4+ AS (pa,p1,p13))t (64 + A (pa, p1,p13))*

1 1 1
(—Vm“va}ffgv” <—27IM66 — g (e+p)* + Znaﬂ(—% +p4)A>

1 1
a7 P57 8 (—277“(6 —p1)’ - 577” e 4 L i oB(—2¢ +p4)A)

. (1 1 1
+ 7" Yapy 7 18 (—nm(e —p0)” = oM (e +p1)* + o0 (2¢ +p4)A>

2 2 4
v p p [ v p (o2
P, (75 ;”Jr'y o, 07 222 o~y PP = + ) Py vké)
(E.2.27)

2 5 5
o _ 20 / dydz—ml / d£E< (f)E _ (f)E )
(65 + D57 (p2,113))® (05 + A7 (p2,113))?

('M’” — 3P ”)

- 9 i 3 3
+ 221774 / dyd"’;lm%/ dﬁE( 2 <f>E - <f>E )
(27) (% + AP (92, p13))? (6% + AP (92, p13))?

D2p

(W92 = " = i 1 B 92—y
P (i + ) 0] 22
0 W)

I = 1

+ 1 Ly o

3 3
+ 2Z7T /dydz—m%/dﬁ ( 5 (2QfE . _ 5 (f)E 3) (_’YM'Y)"')/V)7
(0% + As” (p2, p13)) (05 + A7 (p2; p13))

(E.2.28)
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-2 . 3 3
i = 2T / dydzdt > m? / d€E< (3)2% = (3)€E )
(2m) 9 (0% + Ay (p2,p1,m3))t (03 + A7 (p2,p1,p13))*
(7 p, ™y + (zzﬁl + WP = VP Py — Y+ AP

- [,y ]zﬁgvAv”pl”)

—yp 7 7 P2 3

3

. 5 .
+ 2in dyalzdt%m2 dlg 2> - 2>
(2m)4 9 1 2 (3) 1 2 (3) 4
T (05 + Ay (p2, p1,113)) (02 + Ay (p2, p1,p13))

(Y27 Y (=3t + PV + 1A (= PP 07 = BP0 = VA a7

b2

+ 7Y (=1 = PP Ve — IV YaPs VY YE + YV Ve [V ] 5 VP Ve ok
b2

+ P (i + pZ)v”%y — "B Y Ve Y v“pgv Yo [V75 7] ?” — VY P VY th

+ VY P M 7 A 22 4 [y 7] 4 Py VY o VPN (A PV

3 3
Pt = PP Ve + 0T B A T+ AT e e )

3
(E.2.29)

and

W =pay — P13z, N =Dp2y — P13z, €=psy—pist—piz, u=p2y—pist—piz.
(E.2.30)

Note here that we have not included in the above expressions integrals that vanish in the

243 243
large PV mass limit, such as integrals of the form [ dlg ( 5 (;)nléE - — (ST)nlEE ) .
(UE+A57 (pa,p1,p13))* (UE+A77 (pa,p1,p13))*

Finally, we find that

- _ % 1 1
<Q"(p1) Q" (p2)Br(ps) T (pa)>=i x (Z ji (1”3( S = gepn™ — eps”

1
p277 Y+

1
P177 Y+ 31

1 1y, 1 W)
36 1879377 Jrsalp“7 81p277

I S B | 1, 1 1 1,
Hp2(108p1”“+162p2”“ 108”3” 3241’%V_162p377 81p2”W TosPs""

—ip, (10819277 - 16217177 1(1)810377 33410277 1é2p377 — %pm 1(1)810317 >
Na 5 1 1 1
T (162])”71 T TeaPhPY ~ TggPaPs t 5gPAPE — PP — TaPhPs — 1gpPin”
—8%191 p3nt” + %pzn’“’ + S%pz pgn’“’)
1 1 1 1 1 1 1
T (81p1p1 1621’)2]’1 + TosPIPs ~ 162W’2 + 108p2p3 + 162p3p1 R1P2Ps
7 1 P 5 11 1
32419177 - %m P177 - §P3 pm - mm P377 32417277 %P 77 >
(1 1 1 1 1 1 1
— Y (81172292 162291102 + 108]92293 162101191 + 108291103 + 162]93192 81]91173
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T L 2 5 11 L)
3241?277 36171 p277 81173 p277 1081?1 p377 32410177 3617377
1 11 1 7
v Appo )\,up = _Avpo . )\Vpa
T (162 p2pp30 648 pl,opSa) + ’Y V5 (276 P1pP3o 648 p2pp3a)

13 5 5 13
Hypo _ o Apvp _ P
+7s <1296 P2pP37 = 1595¢ plppda) + P35 <1296 P2 = 1506°¢ p1p>

1 1 ., 1
+P1758*16A“ p 37’27576“ p3p + VY5 ( P 4 —— My - pg

162 162 1296
1 1 11 )
~ 162 MRS — 1996 My - py — 764877#1/ P71 ppse + 618 N NP7 po D3
7 AV _kpo 1 Av P 17 AL _VKEPO 23 A _VKEpPO
+ 129677 € P1pP3o + 43277 D2pP30 + 43277 € P1pP3c + 129677 € D2pP30
1 17 1 1 1
_ Aptsp _ P _ Apssp _ Afukp _ Ak
521 P1oP2 ~ o5 P1oPs g€ P = € P2kl = qogg € P2k
1 1 31 1
)\,u,/-cp _ )\Vlip _ AVKpP Aynp )\wcp
Toas PPt g€ PPt — qog @ il + ogee PLar = o1 papy
1% 2 v 7 4 1 4 1 4
= Ta06€ P2l = g€ st — o€ Dap + Pt + o e D1
1 19 1
N 1772.7°) A LUK A VK HvEp E.2.31
1€ Tp2pP2 + a5 € D205 — Tog5€ P3Pt + 125 132 papp2>> (E.2.31)

S-supersymmetry

The PV contribution to the S-supersymmetry identity is given by the sum of the following
correlators

— <Bg(p1)é”(pz)j”(p3)jA(p4)>

l/n\/5 = o v \/i ~ e
T <Bs(p1)5(3\%)(p23)\7/\(p4)> +1 )‘? <Bs(p1)8(3|%)(p24)..7 (p3)>
8 ~ =
+ 577’“ <8(1/0)(P34)Bs(p1) Q" (p2)> . (E.2.32)

We start by computing the 4-point function. We have

~ d*
— i <Bs(p1)Q (p2) T " (p3) T (pa) > Z/ . 7 djm;

)
(QP% () PLPy, (p1 — )V 5Py, (—q — p2a) vV 5Py, (—q — p2) AY (—q) P
—44
+ 7(261 +p3)"(2q + 2p3 + pa) Py, (@) Py, (q + p3) Py, (q + p3a)
PrPy;(p1 — q)AY(—q — p3a) Pr,

—2
+?(2q +3)" Py, (0) Py, (q + p3)v5 PrPy, (p1 — )7 5 Py, (—q — p23) AY (—q — pS)PL>

(E.2.33)

2 <
—|-(PR<—>PL)-|-<p3 p4>

K < A
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where 7 = 1,2 and d; = —2,ds = 1. Using the Feynman parameters we can rewrite it as

—i <Bs(p1)Q (p2) T " (p3) T (pa) >=

2 55 55
+ ml/dydzdt/d€E< £ — E )
<2 >4 9 (% + AP (psg, —ps, p1))* (% + AP (pag, —ps, p1))t
" . y
—(—2a+p3)" | v87

2

KB 77)\5

+ <n“(—a +p3a)’ + 777(—261 + 2p3 + pa) + 7(—261 + p3)“> Y8

KB
<<77”)‘(—a — pl)ﬁ + 777(—2@ + 2p3 +p4))‘ +

D2
+ n“A?p [7”rv'”]>

| 2im =2 /dddt/dﬁ( 0 0 )
m1 yaz E -
(2m)* 9 %+ A (pa, iz, p))t (2 + AP (pa, pra, p1))?

nAa T])‘B oz,B \
((2(—6 —p13)? + 7(—6 —p1)* + T( 2b + py) ) Yo V87"
PV B af
+ (772(_1) +pa)? + %(—b —p1)*+ "T(—% + p4)A> YoV V" V8
Ao
P2 i e D
+ 3%7[%7] 5 37%[7 7]
Aa AB af
n n n
- (2(—b +pa)? + 7(—6 —p13)* + T(_Qb +p4)k> v“vav”w)

A 263 53
+ 227r4 9 /dydzdt/dﬁE< . B) E - &) L )
7'(' € + AQ (p47p137p1))4 (KE + A1 (p4>p137p1)>4
(—2b + pa) ™y
1 5 5
+ 2”4 2 1m1 / dydzdt / d@( . )KE _ (3)% )
(2m) (U5 + A5 (p2, p13, p1))t (65 + A7 (p2, P13, p1))?

(= (1P (e +p2) + 0% (—c = p1)* + 0 (—c = P13)") Va7 157 767"

— (=P + 0 (—e = p1)® + 0 (—e = p13)?) v 17 e
+ (=0 40 (—e = p1)® + 0 (e + p2)” ) YV Y 87" e

= (=0 4 P (= = pia)™ + 17 (= + p2)?) ¥ a7 187 e

—n°

aBP2p
3

aBP2p
3

2in? 12 23 ;
+ ' / dydzdt / dlg < B) b - (3)€E )
(27T £2 +A (anpl37p1))4 (€2E+A1 (p27p137p1)>4

((c+p1) Yoy + (—¢ = p13)* 1 707"

P2
22y Vs 7]+ 1P 2Ry s Y] — P 2Ry s VY ])

3

+(c = P2)* Y Y YaY” + YA Y o — 3’37”% [y ﬁ"])

+<p3 « p4>, (E.2.34)
K < A
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where
a = p3ay +p3z —pit, b=psy—pizz—pit, c=py— pi3z— pit. (E.2.35)

Note that again we do not include in the above expression integrals that vanish in the

large PV mass limit. In the end we find that

2im? < 11

~ _ _ 1 1
v K A — Ap, KV
<Bs(p1) Q" (p2) T " (p3)T " (p1)> DX 150" p1p+*277 1y + 527" ' prp

1 1
(pT +p3) +7" =

25 A1
+ 2oV P (P3p + pag) + 7 (pd +p}) +7 55 (05 — )

324 54 54
i RAVp . i KAV ) _ 1 vV, KA 1 KV 1 K, VA 1 1
+ 75 (108 D4p 1086 P3p 9p177 + 917177 + 9p177 + 1829377 At 2717377
1 K, VA 1 1 A wc)
- = E.2.36
+gpsn” 4 gpin” A+ 2729477 Y+ 9p A7 ( )

Now we compute the two following quantities:

2 ~
\3[ <Bs (pl)s(?)‘ )(P24) T " (p3)>=

2 —2

Z/ 7 djm (Qij(Q)PLP/\j (1 — )V 5Py, (—q — p24) PLys

+— 5 (261 +p3)" Py, (0) Py, (q + p3) PLys P, (p1 — Q)PL’YS) + (Pr < Pr) (E.2.37)

and

<3(1)0) (p34)Bs(p1) Q" (p2)>=
2 d4q
Z / (2r) djm; Py, (q)Pp;(q + p3a) PLPx; (p1 — ) A7 (—q — p34) PL
=1
(PR Fr). (E.2.38)

We can rewrite the above as

\f <Bs(p1)§(3|l)(p24)j~“(p3)>:

_ 3 3
22 8 /dydz/d@E < (f) B (f)E >
(2m)* 2+ A (p1,p2a))? (0% + AP (1, pas))?
(VY (p1 + d)a + 7YY (P24 — d)a)

2ir? 16 5 li
+ ml/dde/d€E< - (=2f +p3)”
(2m)% 9 (02 + A§2> (p1,p3))? (4% + ASZ) (p1,p3))*
(E.2.39)
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and
<3110y (p34) Bs(p1) Q" (p2) >=
2 _g 03 %!
geye 3 "t [ e <<€% XTI e A§2ﬁp17p43))2>
(7"“7”(}91 +€)a +7"7%(e — p3t)a — % vy ]) (E.2.40)
where
d=pauz—p1y, f[f=psz—p1y, e=Dps3z—py. (E.2.41)

In the large PV mass limit we get

<Bs(p1 )i (1~ po) T p3) = — e v 8k + e+ 151 P 5 s )
S\P1 8(3%) P1—P3 p3)>= (2ﬂ)4 9p1 36173 18 P1p 36 P3p
(E.2.42)
and
= 2ir? (1 1 1
_ _ 2 vy v vp
<Bs(p1)Q" (p2)3(1j0)(—p1 — p2)> 2n) <6p1 T RRTA p2p> (E.2.43)
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APPENDIX F

Ward identities of seagull correlators

In this thesis we examined the Ward identities of correlators that involve conserved cur-
rents, namely, the stress tensor, the R-current and the supercurrent. One of the main
goals was to see whether Q-supersymmetry was anomalous or not. The reason we focused
on correlators of conserved currents and not of seagull operators, was that only the former
couple to the background sources of conformal supergravity. Of course in the identities
that we calculated there were seagull correlators too, but the main correlators which their
symmetries we were examining, contained only conserved currents. From a bottom up
perspective though, if one wishes to look for supersymmetry anomalies in the massless
WZ model, there is no reason not to consider correlators that involve seagull operators.
In this appendix we present up to the 3-point function level, the renormalized seagull

correlators that satisfy their classical Ward identities.

The method we followed to derive them was similar to the analysis of chapters [d and [7]
First, we had to find the classical path integral identities of the seagull correlators using
the symmetry variations of the subsection . Then, we identified the PV breaking
terms in the classical Ward identities and calculated them in the limit of large PV masses.
Finally, we partially renormalized the seagull correlators in momentum space to restore
the broken symmetries. We do not present the explicit computation of integrals here,
since we have already done a thorough analysis on similar integrals in the appendix [E] We
only state the final results for the partially renormalized correlators in momentum space.

As expected, we confirm that there are no anomalies associated with these correlators. If
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one wishes to renormalize the seagull correlators at the level of the action, then additional
sources must be introduced. The fact that the finite renormalizations in this appendix are

all analytic functions in the external momenta, ensures that in principle this can be done.

F.1 2-point functions

F.1.1  <spnJ>

2ime 61 .\ o

<)1) (P3) TN (pa) >ren =<5y (p3) T *(pa)> + aniz! P (F.1.1)
The renormalized correlator satisfies the following classical R-symmetry identity
Dax <§’€2|1) (p3)j>\(p4)>ren: 0 (F12)
F.1.2 <Q§(3‘%)>
_ z ~ - 2072 i3v/2
<Q“(p1)5(3|%)(p2)>ren=<Q“(p1)5(3\%)(p2)> 0t 108 (757“10% - 75]plp‘f> (F.1.3)

The renormalized correlator satisfies the classical Q- and S-supersymmetry Ward iden-

tities

Pip <é“(p1)§(3|%)(p2)>ren: 07 am <éu(p1)§(3|%)(p2)>ren: 0. (F14)

F.1.3 <TS(1‘0)>

T ~ T ~ 21’71-2 1 v v
<T"(p1)3(110) (P2) >ren=<T"* (p1)3(1)0) (p2) > T 18 (n4pt - pipf) (F.1.5)

The renormalized <7 s(q|g) > satisfies the following diffeomorphisms, scale and Lorentz

symmetry Ward identities

P1o <T"4(p1)3(110) (P2) >ren= 0, e <T"*(p1)3(110)(P2)>ren= 0, <T " (p1)3(110) (P2) >ren= 0.
(F.1.6)
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F.2 3-point functions

F.2.1 <QQS(1\0)>

<Q“(p1)Q (P2)3(110) (P3) >ren=< Q" (p1) Q" (p2)3(1)0) (P3) >
2im? 1
(2m)" 36

(7 (g, — 4,) + 7 (2% +P5) =+ (205 + 1)) (F.2.1)

The renormalized 3-point function satisfies its classical Q- and S-supersymmetry Ward
identities. Note here that in the following identities we use the renormalized lower order
correlators, and also we do not include the 2-point function <Js(1)9)> which is zero in

the regulated theory.

Q-supersymmetry

Py <é“(p1)QV(P2)§(1|0) (P3)>ren

1 i N N
N7t — —n7HyY — 66”““’7575) <(3(1)0)(P12)3(1)0) (P3)>

1
— PiuP120 | = 6

6

V2

S <T"(p1o)3 5(110) (P3) >ren 55 <531 )(pIS)QV(p2)>ren (F.2.2)

2

S-supersymmetry

~ = ~ I Vo < T
Y <Q(p1) QY (P2)5(110)(P3) >ren — 57V P120 <S(1)0)(P12))5(1)0)(P3)>= 0 (F.2.3)

2
F.2.2 <Q§(3|%)\7>

<Q"(p1)355 )(p2)\7“(p3)>ren=<é“(p1)§(3|1)(pz)jﬂ(p3)>

2im? 3[ L,
C2n)t 2 <_54

(P +p5) — *77 M+ 75756 FHEPp) ) (F.2.4)

Similarly, the above renormalized correlator satisfies all of its classical symmetry Ward
identities. In the following we do not include < Js(1j9)> and we use the renormalized

lower order correlators.
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Q-supersymmetry

= ~ Sk . K‘/\/é ~ ~
Piu <<Q“(p1)5(3|;)(]92)~7 (P3)>ren +in"" == <S(311)(P13)5 3 1) (P2) >

3
3./2 ~ ~ 13vV2 ~ K
- sf% <J7(p12)T"(03)>ren +1\6f% <5{apn) (P12) T"(P3) >ren

— 75 <Q"(p13)3(31) (P2) >ren (F.2.5)

R-symmetry

>

P3k <<éu(p1)§(3|%)(pQ)jK(p3)>ren _an;m? <§(3§)(p13)§(3§)(p2)>>

=15 <é“(p13)§(3|%)(p2)>ren +i <é“(p1)§(3|%)(p23)>ren Vs (F.2.6)

S-supersymmetry

~ = ~K/ . K\/§ ~ =
Tu <<Q“(p1)5(3|§)(1)2)«7 (P3)>ren +in' 3 <5(3|%)(P13)5(3|%)(P2)> =0 (F.2.7)



APPENDIX G

Symmetries of old minimal supergravity

In this appendix, we discuss the symmetries of old minimal supergravity. The main
aim is to find its supersymmetry Ward identities and show that they are manifestly non

anomalous at the quantum level. We follow closely the relevant discussion of [81].

The off-shell supergravity that sources the FZ multiplet is old minimal supergravity [96,
1211]122]. Tt can be obtained from N = 1 conformal supergravity by adding a compensating
superconformal chiral multiplet, (gg, X, F ), and suitable gauge fixing [101,[{123}/124]. The
compensating chiral multiplet sources a subset of operators in the FZ multiplet [33,/125]
that form a chiral multiplet. This chiral multiplet comprises a complex scalar operator
(z in the notation of [125]) that is sourced by F, the gamma trace of the supercurrent
sourced by ¥, and the trace of the stress tensor and the divergence of the R-current, which

are sourced by the real and imaginary parts of the complex scalar gz~5

The local symmetry transformations of the compensating multiplet are exactly those
of the chiral multiplet in (4.3.6]), namely

e A
06 =&"'0udp —0d — 200 + —-eLXL, (G.0.1)
- _ 3 i 1 abe V2 N - ~

XL = &£"0uX1L — 57XL + §9XL - Z)\ab’y XL+ 7(7“(Du¢ - 7¢uLXL)5R + Fer, + 2¢77L)7

~ ~ ~ 4 ~ 1_ - u ~ 2 - ~ ~
OF = gua,uF —20F + §9F + §5R’YM (ﬂDuXL - (DV¢ - fwuLXL)qu - quL —2¢ (lsuL) .
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The compensating multiplet allows us to redefine the supergravity fields so that they
are invariant under Weyl, S-supersymmetry and axial gauge transformations. Using the
conformal supergravity transformations in , it is straightforward to verify that the
redefined fields

V2

~ 1~ ~ ~ ~ B
e;f = ‘¢’627 % == @(¢PR + ¢*PL)3/2'¢# + m’m (¢PL + ¢*PR)1/2X7

30~ ol oo 1= N2 o
A, = Ay = 101787046 — 30,6" + XX - {dm(cﬁ*m —0Xn).  (G02)

do not transform under Weyl, S-supersymmetry and axial gauge transformations [101].

la /
&

Having defined the invariant supergravity fields ( > Vs

A},), we fix the gauge by setting

6=1, 1=0. (G.0.3)

This gauge choice eliminates the sources of the gamma trace of the supercurrent, the
trace of the stress tensor and the divergence of the R-current in the FZ multiplet, all of
which are redundant. In this gauge, the field redefinition reduces to the identity,
so that (e}, v, A},) = (e}, ¥y, Ay). However, only a subset of the local transformations
of conformal supergravity preserve this gauge. From the transformations of the
compensator multiplet we see that the gauge is preserved if and only if the local

symmetry parameters satisfy the conditions

. 1 N
o =0, 0 =0, n= %AE - Q(FEL + F*eR). (G.0.4)

The surviving local symmetries are those of old minimal Poincaré supergravity with

i 1, ~ ~
oM =6 + On(e)s n(e) = gAg - §(F5L + Fer), (G.0.5)

where 6, 0, are the Q- and S-supersymmetry transformations of ' = 1 conformal super-

gravity.

The field content of old minimal supergravity, therefore, consists of that of N' = 1
conformal supergravity, as well as the auxiliary complex scalar, F, of the compensator
multiplet, which is not fixed by the gauge fixing conditions . Adopting standard
notation [28|, we denote this field by M in the following[l The supersymmetry transfor-

In fact, M here is related to Mg in |128] as M = —3Myp.



161

mations of old minimal supergravity are

1_
£ e,LL = - Ewufyaga
om Z 1 *
6™, = Dye — 7#(§A5 - §(M€L + M 53)),
3i
4
om i 1
60" M = — epy* (g A + ML + dur)- (G.06)

. _ 8 i 1 .
65 Al/«: ¢NE—Z¢M<§AE—§(M5L+M 5R>>,

‘Ward identities

Given the field content and local symmetry transformations of old minimal supergravity,
we can define the corresponding current multiplet operators and determine the Ward
identities they satisfy. A variation of the generating function of (regulated) connected

correlation functions takes the form

5 e, A, 1, M] = /d4x e((T1)s0€% + (T")36 Ay + 60 ( Oy + (Oag) 0M + (Oppe)o0M*),

(G.0.7)
where the local operators defined by
_ Y . 'Y ~ 'V
(AN my o 1 wy o127
<7; >$ € 5627 <j >s 514#’ < >s € 5’(/Ju’
~ Y ~ Y%
_ 1 -1
<OM>5 =€ 6M7 < M >S € 5M*7 (GOS)

comprise the FZ current multiplet [33}/125]. Like the currents (B.0.1)) defined from confor-
mal supergravity, this definition of the FZ multiplet is independent of the specific theory

and applies even to non Lagrangian theories.

The local symmetries of old minimal supergravity consist of diffeomorphisms, local
frame rotations, as well as the local supersymmetry transformations . The alge-
bra of these transformations closes off-shell [96,(121]. Since there exist no gravitational
or Lorentz anomalies in four dimensions, diffeomorphisms and local frame rotations are
preserved at the quantum level. Whether the old minimal supersymmetry transformations
are anomalous can be determined using the associated WZ consistency conditions.
We will not perform such an analysis here, but we will show that the four-point functions
of currents in the free and massless WZ model are compatible with a non anomalous old

minimal supersymmetryﬂ

Inserting the local symmetry transformations of old minimal supergravity in the varia-

2The claim that there exists no supersymmetry anomaly in old minimal supergravity is implicit in
[55L/65H67,/126]. However, these works concern the superspace formulation of old minimal supergravity,
which contains additional fields that may act as compensators.
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tion (G.0.7) and invoking the invariance of #[e, A, 1, M| leads to the three Ward identities

VAT s+ Vol B @) — 5D (D) — FunlF¥)s — 0,M(Onr)s — 0,M* (Orre).
+ AM (VV<jy>s + Wju<éy>5) - wuab <6V[a<7~;)l]/>s + il/;V'Yab<éy>S) =0,

. 1- -
€ula <7;)ﬁL>S + ZwM’Yab<Qu>8 =0,

Du{O)s = 39uT2)s = 5 0ulT*),
1 29 ~ 31 ~
5 (MPL+ M7 P — S A) () = Tl T")s) (G.0.9)

9 (S A+ M+ 6 ) Ory + 7 (= £ A+ 5 MY + Gum ) (Onr)s = 0.

Since diffeomorphisms and local frame rotations are preserved at the quantum level,

the first two Ward identities hold also in the quantum theory.

Now let us examine the third Ward identity, which is associated with supersymmetry.
In particular, we are interested in the supersymmetry identities of <@Q>, <@Qj ) and
<éQj J ). After taking the appropriate functional derivatives, we go to the flat space

limit and find the following in momentum space:

2-point function

p1(Q" (1) Q" (p2)) = 0, (G.0.10)
3-point function

p1y<é“(p1)éy(p2)j“(p3)> = ip2u B (T (p12) T (p3)) — i'}’S(éH(pIS)éy(}%))

— (@ (1)@ (1), (G.0.11)

4-point function

P (0" (p1)Q (p2) T (p3) T (pa))
= ip2u B (T (p12) T (p3) TN (pa)) — % (T (p12) T " (p3) T (pa))

— i75(Q (13) Q” (p2) T (p)) — i75(Q (p14) Q" (p2) T* (p3))
+ 75Byna<ja(p123)j)‘(p4)> + 75Byka<ja(p124)j”(p3)>
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+ 575 (0 (p10) O 02) T () + 51T (0121 T )

+ %7“75 (—iw(Q"(pm)é”(pg)jA(m)) + ?Z’ys(j"(pug)j)‘(m») . (G.0.12)

The above are the supersymmetry Ward identities of the aforementioned correlators in the
old minimal supergravity. As usual, we have not included the 1-point functions. Moreover,
we omitted correlators involving the operators O+, Oy, since they vanish trivially due
to the absence of non zero Wick contractions. If one wishes to compute these identities
for the WZ model using Feynman diagrams, it is necessary to couple the WZ model to
old minimal supergravity, in order to find the theory dependent seagull correlators. We

will not perform this analysis here.

After comparing the current correlators of (G.0.11)) and (G.0.12)) with (8.0.1) and
(8.0.2)), we find that they match exactly. As we proved, the Q+S supersymmetry identities

of chapter [8] are manifestly satisfied in the quantum regime. These identities are identical
with the supersymmetry identities of old minimal supergravity, up to seagull correlators.
This means that the old minimal supergravity is non anomalous, as we claimed. The
coupling of the WZ model to old minimal supergravity and the complete analysis which
shows that the mentioned identities are the same including the seagull correlators is given
in [81].
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APPENDIX H

Correlators with arbitrary momentum routing

In this appendix, we write the explicit form of the correlators we use in the path integral
Q-supersymmetry identity of < QOJJ >. Since we are working with cut-off
regularization, the momentum routing we choose for the integrals that correspond to a
correlator is important. In general, one has to choose a specific routing for the Feynman
diagrams of the correlators, and then introduce an extra parameter that encodes the
freedom that we have for an arbitrary shift in the loop momentum. From a physical
point of view, every choice of routing should correspond to the same physical procedure.
For convergent correlators, this is indeed true. In divergent correlators though, different
choices of routing result in integrals that differ by surface terms. Then, one has to fix
these surface terms (using a different routing, or counterterms) so that the correlator

under consideration is consistent and satisfies its classical symmetries.

In principle, a correlator is given by a sum of Feynman diagrams/integrals. For gener-
ality, we assign a different routing parameter for every one of the integrals that comprise
the correlator. This is what the index ¢ represents in the parameters {a;}, ... {h;}. For
example, the 4-point correlator <QQJ J > consists of six integrals (HL.0.1)), thus we have

six different routing parameters aq, ... ag.

The initial choice of routing that we made in the following correlators (i.e. when the
routing parameters are equal to zero) is such, that the symmetry identity (9.2.1)) is satisfied

without any illegitimate manipulations at the integrals. This choice however, as mentioned
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in chapter |§|, renders the 3-point correlator <77 J > inconsistent. In particular, it does

not respect Bose symmetry, thus it does not reproduce the standard R-symmetry anomaly.

<QQJJ >

The linearly divergent 4-point function <QOJJ> is given by:

4
<QM(p1) Q¥ (p2)T" (p3) T (p4)> {0y = / ((57;])4 { [3(2(1 + pa + 2a1)"
p3 +

4 + P4 4 —
(20 = ps + 200 Pylg + P+ an)Polg - PP ) Pola + 2 + )

p3 < D4
+a1)]+ K < A

ay <— a9

D3 + D4

2

P3 + P4
2

p3 + P4
Ch(—q— -

5 a1)Py(q —p2 — +a1)Ag(q —

—i—/(;i:;[l{[ié(Qq—l—Qag)“

Py(q+ 5 +as)Pylq — 2 +a3)Cf (—q = 2 = as) (g —p2 = p1 = 5 + )

» » pP3 < P4

3 3

Y5 Py (q — p2 — 5 a3)Ag(q — 5+ a3)] + | K o A
az <—— a4

dq 1 P2 —p1
+/Cmﬂ{yﬁs%@+ 5+ as)

P2 — D1 p2 + p1 p2 + p1
Co(—q— 5~ as)Py(q + 5t as)v 5Py (g — 5 bt as)

p3 < P4
+a5)}+ K — A

as <— Qg

D2 + p1 P2 — P1

75 Py(q — + as5)Ag(q +

(H.0.1)
where C}(q), A4(q) are given in ([9.1.3)).



167

<TITT>

The quadratically divergent <7 JJ > is given by

d'q —4 P3 + p4
THY K A _dg 4 it
STt p) T ) T 0> g = / (2m)4 {[ 9 Gy (q+dy 2 )
+
(2q + p4 + 2d1)"(2q — p3 + le))‘P¢(q + p3 . P4 )
+ _
P¢(q _ ]% + dl)qu(q + D4 5 p3 + dl)}

p3 < P4
+ K < A
di <— ds

d* i + +
+/ : {[ tr (%Px(q+p2 5 PL i ds)y sPy(g + 2 5 Py i+ da)y™s

2m) 118
+
PX(Q—m 2p1 +d3)>
i vV Ho + o,V
((q+]912p?+d3) o = (a+ P 4 ) nu)]

p3 < P4
+ K < A
dg — d4

_p2+p1
2
p3 < P4

+ K < A

Px(q

) i)

ds +— dg

(H.0.2)
<QQJ>
The quadratically divergent <QQ.J > is equal to
K v A d'q f(ri p2— D1
<@ (p1+p3) Q" (P2) T (P4) > ey = /(%)4 { {quﬁ(q +=5—+el)
Ci(—q— BB —e)P(g+ps+ 2 ;pl +en)r™ys
P(q— D2 -2HU1 +en)Al(g+ P2 ;Ih n 61)}
d*q (11 \ e — 1 (H.0.3)
+/(27T)4{[3(—2q—2€2+171—p2+104) Pylq+ + e2)
Pyl + 22 ;pl — pa+ e2)sCh(—q — 2 ;m —€2)

p2 + p1

p2—p
Pola+ 202 1 o) a3l + T pstea—pa)]-
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The 3-point function <Q(p1 + pa) Q" (p2) T *(p3)>{y,) is given by (H.0.3) after we make
the eXChangeS (’l{ y D3 ei) A (A y D4 fz) .

<JIT>
The linearly divergent <JJJ > is given by
<Jo(p1 + p2)j”(p3)~7/\(p4)>{ci}=

dlq i p2 +p1 P2+ P D2 + 1
/ (2m)4 54 {tr (70’75Px(q tey )7 Pylg + 5 Trat c1)Y 5 Py (q — o+ 01)>

p3 <— D4
+ K <+ A
Cl1 <— C2

(H.0.4)
<JJJ > respects Bose symmetry for
ba — P3 P4 —P3
= — = . H.0.5
Cc1 6 y Cc2 6 ( )
<JIT>
The quadratically divergent 2-point correlator <77 > has the following form
o A d4q 4 o A
<J(=pa)T " (pa) > (g1 = / W@(Qq — pa+201)°(2¢ — pa +2g1)" Py(q + 91) Py (q — pa + g1)
d4q 1 o A
+/@ﬂ“§%7%&@+nW%RM+m+mD. (H.0.6)
Qum)\
We now give the expressions for the seagull correlators Q% (9.2.2).
<Q*(p1)5(312y (P2 + P4) T"(P3)> v, =
d'q (=V2 p2+pi—p
——P, = +b
/(27r)4 ( o Tolat Ty )
P2 +ps—p1 P2t+pPa—p1 P2t+tpa—p1
O e L £ O T I T e S A
9 +py— +ps—
2oy a4 Pyl P g PPy
+py — +py—
v5C% (g + W + b2) Py(p1 —q — w - 52)’75) : (H.0.7)
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. d'q
<s(P1 + 2T @I 00> 0= [ 557 1
1 + + -
b(Qq + pa + 2b1)"(2g — p3 + 201)" Py(q + ]% +b1)Py(q — I% +b1) Py(q + = 5 Ps 4 bl)}
D3 < D4
+ [ £ —— A ;
bl — bg

(H.0.8)

d*q iv2
(2734205(61 + b1) Py (—p2 — ¢ — b1)v5Py(q + b1),

(H.0.9)

<Q“(—p2)§(3|%)(p2)>{bi}: /

<($3ap) = So@n)(—P) T (p1)> )=

diq 4
_ / (277_(;4 §(2q —ps+ 2b1)0(2q —ps+ 2b1))‘P¢(q + bl)P¢(q — P4+ bl), (HOlO)

and

o d4q —t o
<801y (—P) TN (Pa)> b,y = / W?tr <’Y 5Py (q 4 b1)7 5 P (g + pa + bl)) :

(H.0.11)

Every other correlator in ¥** ([9.2.2)) can be deduced from the above integrals and some

symmetry arguments.
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