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Abstract

Some extragradient-type algorithms with inertial effect for solving strongly pseudo-monotone
variational inequalities have been proposed and investigated recently. While the convergence
of these algorithms was established, it is unclear if the linear rate is guaranteed. In this pa-
per, we provide R-linear convergence analysis for two extragradient-type algorithms for solving
strongly pseudo-monotone, Lipschitz continuous variational inequality in Hilbert spaces. The
linear convergence rate of is obtained without the prior knowledge of the Lipschitz constants of
the variational inequality mapping and the stepsize is bounded from below by a positive number.
Some numerical results are provided to show the computational effectiveness of the algorithms.
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1 Introduction

Let C be a nonempty closed and convex subset of a Hilbert space H and F' : H — H be a continuous
operator. The variational inequality (VI) as follows.

VI(C,F): Findz* € C st. (Fz*,y—2") >0 VyeC.

Variational inequality theory is an important tool in economics, engineering mechanics, math-
ematical programming, transportation and others (see, for example, [1, 2, 3, 4, 5]). Numerous
numerical algorithms for solving VI(C,F) have been proposed for solving variational inequalities
and related optimization problems, see [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17]. In general, each
solution method is designed for certain class of VIs so that the convergence of the algorithms can
be guaranteed. The extragradient type algorithms are well designed for solving pseudo-monotone
VIs. The classical extragardient method for solving monotone VIs in finite dimenstional spaces
was proposed by Korpelevich [18], Antipin [19] and improved by Popov in [20]. Extension to
pseudo-monotone VIs in infinite dimensional Hilbert space has been studied recently in [14]. The
extragradient method with inertial effect was studied in [21], where the inertial constant depends
heavily on the stepsize via a very complicated formula. This method was improved in [32], where
the authors proposed a subgradient extragradient method with constant stepsize for solving mono-
tone VIs. Note that all the extragradient type algorithms appeared before [14] can only be applied
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for solving monotone Vs in infinite dimensional Hilbert spaces, but not pseudo-monotone Vls.

We focus on the class of strongly pseudo-monotone VIs, which has been attracting a lot of
attentions in recent years, see e.g., [22, 23, 24, 25, 26, 27, 28]. The existence and uniqueness as
well as stability of this problem were studied in [27]. It was proved in [27] that if F' is strongly
pseudo-monotone and Lipschitz continuous, then VI(C,F) has a unique solution. [25] proved that
the gradient projection method converges linearly to the unique solution provided that the step-
size is sufficiently small, depending on the strong pseudo-monotonicity and Lipschitz continuity
constants of the considered operator. Some modifications of the gradient projection method were
recently considered in [23], where diminishing stepsizes were required but the Lipschitz continu-
ity was relaxed to continuity. Variants of the extragradient method, where two projections per
iteration are needed, were studied in [26]. When the knowledge of Lipschitz and strong pseudo-
monotonicity constants is not available, one has to consider diminishing stepsizes [23, 24, 25, 28],
which slows down the convergence speed. To improve the convergence speed, we need to avoid
diminishing stepsize and/or combine the algorithms with inertial effect. Inertial algorithms for
variational inequality and optimization problems has recently received considerable attention, see,
e.g, [21, 29, 30, 31] and the references therein.

In this paper, we consider two extragradient-type algorithms: the inertial subgradient algo-
rithm proposed in [32] and the inertial forward-backward-forward algorithm studied in [33]. In
contrast to the inertial extragradient algorithm proposed in [28], these algorithms require only one
projection onto the feasible set per iteration. Under strong pseudo-monotonicity and Lipschitz
continuity assumptions, we prove that the iterative sequence generated by the aforementioned al-
gorithms converges linearly to the unique solution of VI(C,F). These results are new and have not
been considered in [32, 33]. Moreover, in comparison with [23, 25] the stepsizes considered in these
algorithms are not diminishing but instead bounded from below by a positive constant, which avoid
the slow convergence speed.

The rest of the paper is organized as follows: In Sect. 2, we recall some definitions and prelim-
inary results for the convergence analysis. Sect. 3 deals with the linear convergence analysis of the
proposed algorithms. Finally, in Sect. 4, we present some numerical experiments to illustrate the
behaviors of the proposed algorithms.

2 Preliminaries

Let H be a real Hilbert space and let C' be a nonempty closed convex subset of H. For every point
x € H, there exists a unique nearest point in C, denoted by Pgx such that

| — Pox|| < [l -yl vy € C.

Po is the metric projection of H onto C. It is known that P is nonexpansive. Moreover the
following property hold:

Fact 2.1. ([34]) Let C be a nonempty closed convex subset of a real Hilbert space H and Pc be the
metric projection onto C. Given x € H and z € C. Then z = Pox <= (z —z,z—y) >0 Yy € C.

Fact 2.2. ([34]) Let C be a closed and convex subset in a real Hilbert space H, x € H. Then
i) |Pcx — Poyl||* < (Pox — Poy,x —y) Yy € H;
ii) | Pox —y|? < llo = yl? = ||z — Pex|? vy € C.



For properties of the metric projection, the interested readers are referred to [34, Section 3|.

Definition 2.1. [35] A sequence {z,,} in H is said to converge R-linearly to x* with rate p € [0,1)
if there is a constant ¢ > 0 such that

lxn — ™| < cp™ ¥n eN.
Definition 2.2. Let F': H — H be a mapping. Then F is called
1. L-Lipschitz continuous if there exists a constant L > 0 such that

|Fa— Fyl| < Lz —yl| Vay e H.

2. k-strongly monotone if there exists a constant k > 0 such that

(Fo — Fy,x —y) > kllz —y|> Va,y € H.

3. k-strongly pseudo-monotone if there exists a constant k > 0 such that

<F.CC,y—1'>20:><Fy,y—$>2HHx—yH2 V%QEH-

Remark 2.1. Obviously, if the mapping I is strongly monotone, then it is strongly pseudo-
monotone with the same modulus. In addition, if the mapping F is strongly pseudo-monotone
and Lipschitz continuous then the problem VI(C,F) has a unique solution [27].

3 R-linear Convergence Analysis

In this section, we consider two extragradient-type algorithms: the inertial subgradient extragradi-
ent algorithm [28, 32] and the inertial forward-backward-forward algorithm [33]. We prove that the
iterative sequence generated by the these algorithms converge to the unique solution of VIs with
an R-linear rate.

3.1 The inertial subgradient extragradient algorithm

We consider first the inertial subgradient extragradient algorithm studied in [28, 32]. Even though
it does not require the prior knowledge of the Lipschitz constant associated with the variational
inequality mapping, the stepsize is still bounded from below by a positive constant. This is in
contrast with the gradient projection algorithms considered in [23, 24, 25].

Algorithm 1. (iISEG)

Initialization: Given o > 0,7 > 0, € (0,1). Let zg,x1 € H be arbitrary

Step 1. Given the iterates x,—1 and x, (n >1). Set w, = x,, + a(xy, — xp—1) and compute
Yn = Po(wy, — 1 Fwy,).

If yp, = wy or Fy, = 0 then stop: y, is a solution to the problem VI(C,F).
Otherwise, go to Step 2.
Step 2. Compute

Tn+l = PTn (wn - TnFyn)a



where
Tn = {33‘ € H|<’LUn - Tann —Yn, T — yn> < 0}

Update

S pllwn = yall } :
min< —————— 7, if Fw, — F 0,
ey = {HFwn " f Fwn, — Fyn #

Tn otherwise.

Setn:=n+1 and go to Step 1.

The following lemmas are quite helpful to analyze the convergence of algorithm.

Lemma 3.1. ([17]) The sequence {m,} generated by (3.1) is a nonincreasing sequence and

. _ . H
nlLH;O Tp, = T > min{7, L}.
Lemma 3.2. Assume that F : H — H is L-Lipschitz continuous on H and §-strongly pseudo-
monotone on C. Let p be the unique solution of VI(C,F) and {x,} be generated by Algorithm 1.
Then the following inequality holds:

Tn

zns1 = plI* < lwn = plI* = (1 = 1—=")lyn — wnl* = (1 — 1
Tn+1 Tn+1

-
- I* = 27081y — plI*.

Mnt1 — yn
Proof: Since p € Sol(C,F) Cc C C T, we have

|Znt1 — pl* = | Pr,, (wn — 7 Fyn) — Pr,pl|®
< ATpt1 — pywy, — T Fyn — p)

1 1 1
= Sllwn - plI* + Sllwn = T Fyn Pl — Sllznsn —wn + T Fynl?
1 1 1
= §H$n+1 _pH2 + inn _pH2 + iTgqunHQ - <wn iy 2 TnFyn>
1 1
= 5llentr — wn|* — 5T§HF%H2 — (Znt1 — W, T FYn)
1 5 1 5 1 9
= Slzner = plI" + Sllwn = plI” = Sllznsr = wall” = (2n41 =, 0 FYn).
This implies that
[Zn+1 — Pl < lwn = plI? = |21 — wall® = 2(ns1 — P, 70 Fyn).- (3.2)

Since p is the solution of the problem (VI), we have (Fp,x — p) > 0 for all x € C. By the strong
pseudo-montonicity of F on C, we have (Fz,z —p) > §||x — p||? for all € C. Taking x :=y, € C,
we get,

(Fyn,p = yn) < —0llyn — p|*-

Thus we have

(Fyn,p — Tng1) = (Fyn, 0 — Yn) + (FYn» Yn — Tng1)
< =0llyn = pII* + (Fyn, yn — Tnt1). (3.3)



From (3.2) and (3.3), we obtain

|n+1 = pII?

< llwn = plI* = 241 = wall® + 270 (Fyn, yn — Tnt1) — 27001y — p|®

= [lwn _pH2 — [|@p41 — yn||2 — lyn — wn”2 = 2(Tpt+1 = Yn, Yn — Wn)
+ 270 (FYn, Yn — Tnt1) — 2700|yn — p||2

= [lwn = pI* = lzns1 = yal® — llyn — wnll?

+ 2<wn — T EF'Yn — Yn, Tny1 — yn) - QTn(sHyn - pHQ- (3-4)
Since y, = Pp, (w, — A\pFwy,) and x,41 € T, we have

2<wn — M FYn — YnTpg1 — yn)
= 2(wp, — M Fwy, — Yny Tl — Yn) + 220 (Fwy, — Fyn, Tnt1 — Yn)
< 2M\(Fwp, — Fyn, Tpnt1 — Yn)- (3.5)

We estimate 27, (Fwy, — Fyn, Tp+1 — yn) as follows

2Tn<Fwn — Fyn, Tny1 — yn> < 27—nHFyn - Fwn”Hyn - xn—l—l”

-
<2pu . lwn = ynllllyn — 2ni1ll
Tn+1
T, T,
< p Z [lwn, — ynH2 +u = lyn — $n+1”2- (3.6)
Tn+1 Tn+1
Combining (3.5) and (3.6), we obtain
2wy, — A Fyp — —y) < g . n _ 2
(wn, nFYn = Yn, Tnpt — Yn) < 1 |wn — ynll* + 1 lyn — Tnsal” (3.7)
Tn+1 Tn+1

Substituting (3.7) into (3.4) it holds

-
zns1 = plI* < lwn = plI* = (1 = 1=—=") lyn — wnl* = (1 — 1
Tn+1 Tn+1

-
. Mrne — ynH2 =270y _pHQ'

Lemma 3.3. Assume that F : H — H is L-Lipschitz continuous on H and §-strongly pseudo-
monotone on C. Let p be the unique solution of VI(C, F) and {x,} be generated by Algorithm 1.
Then there exist N € N and p,§ € (0,1) such that

|Zn+1 —p”2 <pllwn —p”2 —&llTng1 — wnH2 Vn > N.

Proof: Indeed, thanks to Lemma 3.2 we get for any 6 € (0,1) that

Tn Tn

)L = O)lznt1 = ynll* — 270]lyn — plI?

) (1= 0){Ilyn — wnll?
1

Nyn — wall* = (1= p
Tn+1 Tn+1

T T
=l = B2 = (1 = =)0l = = (1 = ="

n+1 n-+

lzns1 = plI* < lwn = plI* = (L = 4

+[|znt1 — ?/n||2] — 270 yn — pH2

1
< Jlwn = plI* = (1= - - )6lln wp||* = 5 (1= - -
n n

Tn Tn

)1 = 0)lzns1 — wall* — 278 lyn — pl|*.



(L—p) 76

Let B := mi
et B mln{ 1 3

}, where 7 := lim,,_,, T»,, We obtain

o1 Tn _1 _ _ 1 _ _ )
nlgngoi(l—uTn+l)(1—9)—2(1 #) (A =0) > 51— p)(1-0)6;
Tn
lim (1 — = (1 — p)o > 48;
T = =4

lim 7,0 =76 > 20.

n—oo

Thus, there exists N € N such that for all n > N it holds

Hence we have for all n > N that

1
znr1 = pl* <llwn = plI* = 28]lyn — wall* — 51 =)A= 0)0l|zns1 — wnll® = 28lyn — p|1?

1
=[lwn —pl* - 51 =)A= 0)0l|zns1 — wall* = 28(/lyn — wnll* + llyn — pl1%)
1
2
1
=(1 = B)llwn = plI* = 51 =)A= 0)fzns1 ~ wn|?

=pllwn = plI* = | zns1 — wnll?,

<lwn = pll* = 5 (1 = 1) (1 = )|z +1 — wal* = Bllwn — p|?

1
where p:=1— € (0,1),§ := 5(1 —u)(1—-0)8 € (0,1).
Now, we prove that the iterative sequence generated by Algorithm 1 converges R-linearly to

the unique solution of the problem VI(C,F).

Theorem 3.1. Assume that F' : H — H is L-Lipschitz continuous on H and J-strongly pseudo-
monotone on C. Let 8,y € (0,1) and a be such that

—_ 2 - —
1 W’\/(Nr%) +247£ (1+7£)7(1_,Y)(1_(12”)9)} (3.8)

0§a§min{1+

1
where & := 5(1 — u)(1 —0)0. Then the sequence {xy} is generated by Algorithm 1 converges in

norm to the unique solution p of the problem VI(C,F) with an R-linear rate not worse than

et min 0505 59

Proof: Thanks to Lemma 3.3, we get

lzn+1 = pII* <pllwn = plI* = Elznrs —wal* Yn > N. (3.10)



On the other hand, we also have

lwn = plI* = 111 + &) (20 — p) = alzn-1 —p)|

= (1+a)llzn = plI* = allzn-1 = pl* + a1 + @)l|lzn — 21|

and

Zn+1 — wnH2 = |lznt1 — 20 — (wy — xn—l)Hz

= ||lznt1 — l‘nH2 + 0‘2H$n - $n71||2 =20 (Tpy1 — T,y Ty — Tpo1)
D an2 + 0‘2H$n - $n—1”2 = 2a||zn41 — zolll|lTn — Tn-1]|

> [|zns1 = @al® + @?llon — z0aall® = allznir — zal® = allwn — znal?

> (1= a)llzns1 — zal® = a(l = a)zn — 21|

Combining these inequalities with (3.10) we obtain

n 1 = plI* < p(1+ a)llen = pl* = pallzn—1 = pl* + pa(l + a)zn — 21|
— €01 = a)llzns1 — 2l + Ea(l = @) zn — zpa]* YR 2 N,

or equivalently

w41 = pl* = pallan — pl*+E(1 — @) [zni1 — 2n?

<p [llan —pl* = allzn—1 = pl* + &1 = @)z — 21 |’]

— (pE(L - ) — pall + ) — €a(l — ) |y — o[> Vn > N.

Setting

Ly = [lzn = pl? = allzn-1 = pl* + €1 — @)z — 21,

since p € (0,1) we can write

Crt1 <[|zns1 _pH2 — pal|z, — sz +&(1 = a)l|zny1 — anQ

<pln = (1 = a) = pa(l + @) = €a(l = ) on — 2p-1|® ¥n > N.

Note that from (3.8) and Lemma 3.3 we have

which implies

Since

V962 + 49E — (1+7€)
= 2

it holds
a? + (1 +~8)a —~€ <0,

or equivalently
a(l+a) <~y — a).

(3.11)



Hence
pa(l+a) < pyé(1 — a). (3.12)
From (3.11) and (3.12) we deduce
pE(1 — ) —pa(l + @) = a(l —a) = 0.

which implies that
Fpyr < ply.

Now, we show that I';, > 0 for all n. Indeed, we have

Uy = |lzn = pl* = allzn—1 = plI* +£(1 = @) [Jen — 20|
(3.13)

On the other hand, we have

Hxn—l _pH2 = "xn—l —Xp +xn — pH2 = Hxn—l - an2 + Hxn - PH2 + 2<$n—1 — T,y Tp — p>

< Nlzn-1 = 2ol + l2n = pl* + 2201 — zallllzn — pll

1
< lwn1 = zall® + llon = plI* + kllon1 = zal* + llzn 2]

1
— (4 R)lns =l + (14 1) lon ol (3.14)

for all k£ > 0. Combining (3.13) and (3.14), we get

1
r, > [1 — <1 + k:> a} |l zn —pH2 + {5(1 —a)— 1+ k)a|||z, — mn_1||2. (3.15)
We show that there exists k > 0 such that
1
1— (14— > 0,

< * k) “ (3.16)

(El-—a)—(1+Ek)a >0.

Indeed, if o = 0 then the inequality (3.16) is obvious. Now, we consider « > 0. In this case, the
inequality (3.16) is equivalently to

a
k
> 1 I Ol’
AP Gl Y
a
Moreover, from (3.8) we also have
1 —4/
0<a<l1 1+4¢
2€
which follows that .
o _ei-w)
11—« «

that is, there exists k > 0 satisfying the inequality (3.16). From (3.15), it implies that I';, > 0 for
all n. Hence

Fn—‘rl < pFn <..< PniNHFN

r
2 N n

Tn —D|” < P

len == SR —e =)
which implies that {x,} converges R-linearly to p, the unique solution of VI(C,F).




Remark 3.1. (i) We note that the linear convergence holds for any arbitrary 6, € (0,1). In
general, estimating the mazimum value of inertial parameter « satisfying (3.8) is cumbersome.
We explain roughly how to choose the parameters 0, such that o is somehow maximal. Let

a;:1+“éz+ﬁ, b \/(1+7€)2+247£—(1+7§)’ ot (1) (1_(1—2@9)’

1
where £ = 5(1 —p)(1 —6)8. Since 6 € (0,1) we have £ € (O, 1_7“} with Emax = 1_7“ when

0 = 0.5. It is clear that a = a(§) is an increasing function on (0, I_T“} Hence apmax 1S
attained at Emax = %, i.e., when 0 = 0.5. Similarly, for any fixed 7y, the function b = b(§)
is increasing on (O, PT“} This implies again that byax s attained at § = 0.5. Now let us fix
0 =0.5, then c = (1 —7) (1 - ITT“> For a given p € (0,1), a = a(7) is a constant, b = b(~)
is increasing while ¢ = c(vy) is decreasing on (0,1). (see Figure 1 for an illustration when

= 0.5, in this case amax = 0.052 when v = 0.94.). Hence amax 1s attained when 7y is one of
the solution of

{a(v) = b(7),a(y) = c(7),b(v) = c(1)},

which are eventually quadratic equations with respect to 7.

0.9

Upper bound of a when § = 0.5, x = 0.5 and v € [0,1]
T T T T T T T

a=a(y)
b=b(~)
0.8 c=c(7) 7
a <=min {a,b,c}

)
(o2}
T
Il

{a,b,c}
o
2
T
Il

0.4 - b

inertial o < min

0.2 b

0.1 b

Figure 1: An illustration of upper bound for the inertial parameter.

(ii) The value of p estimated in (3.9) only provides an upper bound of the actual linear rate. Theo-
retically, it is unclear how the inertial parameter o effects the linear rate. In practice, it is observed
that the bigger inertia implies better rate. From (i) we know that the optimal choice for 0 is 0.5.

Then ) 5
pzl—min{ ;M,T(S} :max{zu,l—Té}.

9




This estimation, however, is not optimal since lim, 1 p = 1.

3.2 The inertial forward-backward-forward algorithm

The inertial forward-backward-forward algorithm has been recently studied in [33, Remark 3]. In
this section, we present the convergence rate analysis of this algorithm.

Algorithm 2. (iFBF)

Initialization: Given o > 0,7 > 0, € (0,1). Let zg,x1 € H be arbitrary

Step 1. Given the iterates x,_1 and x, (n >1). Set w, = x,, + a(xy, — x—1) and compute
Yn = PC'(wn - Tann)~

If yo = wy, or Fy, =0 then stop: y, is a solution to the problem VI(C,F).
Otherwise, go to Step 2.
Step 2. Compute

Tn+1l = Yn — Tn(Fyn - Fwn)

Update

| pllwn — ynll } :
min{ ———— 7, if Fw, — F 0,
Tn+l = {HFwn — Fya||” " fEwn v 7

Tn otherwise.

Setn:=n+1 and go to Step 1.

Lemma 3.4. Assume that F' : H — H is L-Lipschitz continuous on H and §-strongly pseudo-
monotone on C. Let p be the unique solution of VI(C, F) and {x,} be generated by Algorithm 2.
Then the following inequality holds:
2
|Znr1 = pI* < llwn = plI* = (1= 1 5" lyn — wall* = 276]|yn — p|>.
Tn+1

Proof: Indeed, we have

|Zna1 —pH2 = |yn — T (Fyn — Fwy) _pH2
= [lyn — plI> + T2 | Fyn — Fwn|l* = 2 = 70 (yn — p, Fyn — Fwn)
= [lwn = plI* + llwn = ynll* + 2(yn — wn, wn — p) + T2l Fyn — Fwn||®
—2 =1 (yn — p, Fyn — Fwy)
= |lwn, _pH2 + [Jwn, — ynH2 = 2(Yn — Wn, Yn — Wn) + 2(Yn — Wn, Yn — D)
+ T3 [Fyn = Fwnll® = 270 (yn — p, Fyn — Fuwn)
= [lwn = plI* = lwn = yall* + 2(yn — wn, yn — ) + 72| Fy — Fw,|?
= 270(Yn — P, Fyn — Fwy,). (3.17)

Since y, = Po(wy, — 1, Fwy,), it holds

<yn*wn+7—annayn*p> <0

10



or equivalently,
<yn — Wn, Yn — p> < _Tn<meyn - p)- (3'18)

From (3.17) and (3.18), it follows that

2041 = plI* <llwn = plI* = lwn = ynll* = 270 (Fwn, yn — p) + 73| Fyn — Fuon||?
- 2Tn<yn —p, Fyn — Fwn>

=|wn = pl* = lwn = yal® + 72| Fyn — Fwn||* = 270 (yn — p, Fyn)- (3.19)
Since p is the solution of VI(C,F), we have (Fp,x —p) > 0 for all z € C. By the strong pseudomon-
tonicity of F' on C we have (Fz,x — p) > 6|z — pl||? for all x € C.
Taking z := y, € C' we get

(Fynyp - yn> < _5Hyn _p||2' (320)

From (3.19) and (3.20) we obtain

[Zn1 = plI* <lwn = plI* = lwn — yull* + 73| Fyn — Fwnl|* — 27 (yn — p, Fyn)
<lwn — p”2 — [Jwn, — yn||2 + TnzHFyn - Fwn”2 — 276 yn — p”Q- (3.21)

Moreover, it is easy to see that by the definition of {7,,} we have

[Fwn — Fyn|| < [wn = ynll Vn. (3.22)
Tn+1
Combining (3.21) and (3.22), we obtain
2 2 2 Th 2 2
[2n1 = plI” < llwn = plI" = (1 = 1" 5")llyn — wall” = 276]lyn — pII”
Tn+1

Lemma 3.5. Assume that F : H — H is L-Lipschitz continuous on H and §-strongly pseudo-
monotone on C. Let p be the unique solution of VI(C,F) and {x,} be generated by Algorithm 2.
Then there exists N € N and p,& € (0,1) such that

zn41 = pl* <pllwn —plI* = Ellznsr — wall* Vn > N.

Proof: Indeed, thanks to Lemma 3.4, we have

2
.
zn41 = pl* < llwn = plI* = (1 = 1 5" lyn — wnll* — 278 lyn — pII*.
Tn—H
Hence for any 6 € (0,1) we can deduce
2 2 2 T 2 2 Ta 2 2
[2nt1=pl" < llwn =plI" = (1= 17 Z5"=) (A=) [y — wn[|” = (1 = 1 5"=)0llyn — wn " = 270 yn —pI "
n+1 Th+1

(3.23)
By the definition of x,,+1 we have

|Znt1 = Ynll = |yn — Tn(Fyn — Fwn) — yal|
< Tnl|Fyn — Fwy|
Tn

< Y — wa|-

Tn+1

11



Therefore

-
241 = wall < 2nt1 = yull + g — wall < (1 +p——)llyn — wal.
Tn+1
This implies
1
Hyn - wnH > 1 Tn Hxn—i-l - wnH
Tn+1
2
From lim,,_s~ <1 — ,u2 2" ) =1- ,u2 > 0, thus, there exists Ny € N such that
Tn+1
2 2
1
11— >— 50 vn> N,
Tn+1
Substituting (3.24) into (3.23) we have for all n > Ny that
2
9 T,
() 2
n+1 Tn

|@ns1 — pl|? <[Jwn —p||* —

2
-
<1+N Tn ) n+1
Tn+1

(1)

2
r T,
amm—mﬁ—’”l<1—emﬁwl—waﬁ—<1—u2;1)mwn—wm2—zmawn—mﬁ

Tn—l—l

(1)
Tn+1

(1—p*)0 18

Let 8 := mi
et B mm{ 1 ' 5

}, where 7 := lim,,_,o 7, we have

1—p n
<7%H>u_e> Slae > oo,

lim (1—,u2 n >9:(1—p2)9245;
Tn+1

lim 7,0 =79 > 20.

n—o0

Thus, there exists N7 such that for all n > Ny we have

7N
—
|
\]
3
TS
—
~_
~—~
—
|
=
vV
—_

—H 2_Tn
“la—ee (1-2)e>28: 7,6> 8.
SR (R TR Y

12

(3.24)

(1= O)l|zns1 — wall? = (1 = 1?58y — wal® = 270]|yn — ]

(3.25)



Let N = max{Ny, N1}, using (3.25) we get for all n > N that
1—p

1 = pI? <l = pl? = 1520 = 0)0lnss = w1 = 2803 = il + 1 =21
<llwn — ol — 21— 0)8l|znsr — wall? — Bllwn — p|?
1+ p
2 1—p 2
S(l_B)Hwn_pH - (1_0)0Hwn+1 _wn”

1+p
=pllwn = pl* = &l zns1 — wall?,
1—
where p:=1— € (0,1) and & := Hiu(l —0)0 € (0,1).
W

Theorem 3.2. Assume that F : H — H is L-Lipschitz continuous on H and §-strongly pseudo-
monotone on C. Let 0,y € (0,1) and a be such that

1= VIFE I he- (1408 | <1_(1—u)9>}
2 Y

0 < a<mi 1
_oz_mm{ + 2% , 5

1
where £ 1= Hiu(l — 0)0. Then the sequence {x,} is generated by Algorithm 2 converges in norm
I
to the unique solution p of the problem (VI) with an R-linear rate not worse than
1—p?)6
p=1-— min{('u),WS} .
2
Proof: The proof is similar to that of Theorem 3.1, and therefore is omitted.

Remark 3.2. Similar to Theorem 3.1, we see that the maximal value for the inertial o is attained
when 6 = 0.5. In addition, the upper bound of the linear rate obtained in (??) is slightly better than
(3.9).

4 Numerical Examples

In this section, we provide some numerical examples to illustrate the linear convergence of the itera-
tive sequence generated by Algorithm 1 and Algorithm 2. We focus on the class of strongly pseudo-
monotone but not (strongly) monotone VI. For numerical experiments with (strongly) monotone
VI, we refer the readers to [28].

Example 4.1. Let H = {5, the real Hilbert space, whose elements are the square-summable se-
quences of real numbers, i.e., H = {x = (x1,22,...,%i,...) : Yooy |2i|* < +00}. The inner product
and the norm on H are given by setting

<J7>y>:zxiyi and ||lzl| = v/ (z,z)
i=1

for any x = (x1,x2, ..., %4y ...),y = (Y1,Y2,- -+, Yi,...) € H.
Let a,b € R be such that b > a > g > 0. Put
C:={xe€H:|z| <a}, Fz:=(0b—|=z|]) e

Clearly, the VI(C, F) has unique solution x* = 0. It was proved in [25] that F is strongly pseudo-
monotone and Lipschitz continuous but not monotone.

13



It follows from Section 3 that the iterations generated by the proposed algorithms converge
linearly to the unique solution z* = 0. In the following, we compare the performance of these
algorithms with different inertial parameters. We choose H = R9%° 4 = 5 b = 8 and random
starting points zg,2;. The stopping condition is ||z, < 10719, It is clear that while iSEG and
iFBF are comparable, their inertial effect versions are faster than the non-inertial ones.

:I_O2 T T T E

iSEG | ]
= == SEG

— — FBF |]

10° iFBF | 3

1072 E

10 ~ E

. ~ 1

E N

= ] N ]

- ~ =

10 N N

\ ~ 1

N ~

~ 3

-8 N N N 2

10 ~

S N ]

N S

\ S

\ N

10710 S -

10—12 1 1 1
0.6 0.8 1 1.2
Elapsed time [sec] %1073

Figure 2: Comparison of Algorithm 1 (iSEG) and Algorithm 2 (iFBF) for Example 4.1 (SEG and
FBF with a = 0, iSEG and iFBF with a = 0.05)

Example 4.2. Let C = {z € [-5,5]* 1 21 + z2 + 23 =0} CR? and F : R* — R? be defined as
Fr = (e_”xHQ + q) Mz,

where ¢ = 0.2 and

1 0 -1

M = 0 15 0

-1 0 2
As proved in [7], F is y-strongly pseudo-monotone on R3 with constant v := q - Apin ~ 0.0764,
where Apin 18 the smallest eigenvalue of M, and Lipschitz continuous with constant L =~ 5.0679.

14



Moreover, F is not monotone since for x = (—1,0,0)7,y = (=2,0,0)T € R® we have
(F(x) — F(y),z —y) = —0.1312 < 0.

We compare the performance of Algorithm 1 and Algorithm 2 with different inertial parameters.
We choose u = 0.5, 71 = 0.1 and random starting points xg,x; for all tested algorithms. The
stopping condition is |z, — 2*|| < 1071°, where x* is the unique solution obtained by running
Algorithm 1 with a = 0 for 1000 iterations. It is clear that the inertial effect speeds up the
convergence rate.

102 T T T T T T T T E

iSEG | 1

= == SEG |3

= == FBF | ]

iIFBF E

g
s}
g
m

~ d

10—12 i 1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

Elapsed time [sec]

Figure 3: Comparison of Algorithm 1 (iSEG) and Algorithm 2 (iFBF) for Example 4.2 (SEG and
FBF with a = 0, iSEG and iFBF with a = 0.05)
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