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Abstract

There has been increasing experimental evidence of non-affine elastic deformation
mechanisms in biological soft tissues. These observations call for novel constitutive
models which are able to describe the dominant underlying micro-structural kinematic
aspects, in particular relative motion characteristics of different phases. This paper
proposes a flexible and modular framework based on a micromorphic continuum
encompassing matrix and fiber phases. In addition to the displacement field, it
features so-called director fields which can independently deform and intrinsically
carry orientational information. Accordingly, the fibrous constituents can be naturally
associated with the micromorphic directors and their non-affine motion within the
bulk material can be efficiently captured. Furthermore, constitutive relations can be
formulated based on kinematic quantities specifically linked to the material response
of the matrix, the fibres and their mutual interactions. Associated stress quantities
are naturally derived from a micromorphic variational principle featuring dedicated
governing equations for displacement and director fields. This aspect of the framework
is crucial for the truly non-affine elastic deformation description.

In contrast to conventional micromorphic approaches, any non-local higher-order
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material behaviour is excluded, thus significantly reducing the number of material
parameters to a range typically found in related classical approaches.

In the context of biological soft tissue modeling, the potential and applicability of
the formulation is studied for a number of academic examples featuring anisotropic
fiber-reinforced composite material composition to elucidate the micromorphic material
response as compared with the one obtained using a classical continuum mechanics
approach.

Keywords: Micromorphic Continuum, Non-affine Fibre Mechanics, Soft Tissue

Mechanics, Anisotropy, Generalised Continua

1. Introduction

A large number of physical in and ex vivo experiments on biological tissues and

cells have demonstrated that mechanical forces are central to many biological processes
from morphogenesis [1], development and ageing to disease and healing by controlling
cell behaviour and biochemical signalling pathways [2]. Mechanobiology, the science
of how mechanics and biology affect each other, has emerged as one of the most active
and promising branch of biophysics. It holds the keys for fundamental insights and
understanding of human biology and physiology in health and disease [3] whilst opening
up a wide array of practical applications including tissue engineering [4] and regenerative
medicine [5], diagnosis and treatment of diseases such as cancer, osteoarthritis and
cardiovascular disorders.
It is therefore essential to provide robust knowledge bases that shed light on the
fundamental force transmission and deformation mechanisms of biological structural
assemblies, from cell through tissue to organ level. An important aspect of biological
soft tissues is the fibrous nature of their extracellular matrix component which takes
the form of collagen and elastic fibres networks with various degrees of structural order
and symmetry. Of particular significance, the structural characteristics of these fibre
networks are intrinsically linked to the physiological and biophysical functions of tissues
[6].

In the continuum-based constitutive modelling of biological soft tissues it is typically



assumed that a tissue can be represented as a composite material made of one or several
families of (oriented) collagen fibres embedded in a highly compliant isotropic solid
matrix composed mainly of proteoglycans [7, 8, 9]. More often than not, in these types
of approaches, it is assumed that fibres deform affinely such that the macroscopic and
microscopic principal strains of the fibre phase are coaxial. In other words, fibre and
matrix kinematics are propagated across length scales. While this could be considered
a reasonable assumption, various experimental studies have evidenced the existence
of non-affinity of deformation mechanisms in biological soft tissues [10, 11, 12] and
polymer hydrogels [13, 14].

In their experimental study to quantify fibre kinematics of porcine aortic valves
leaflets and bovine pericardium under biaxial stretch, BILLIAR AND SACKS [12] observed
via in situ imaging significant local reorientation of collagen fibres in pericardium
specimens resulting in an almost uniform fibre alignment with the maximum principal
strain. As highlighted by these authors this indicated non-affinity of deformations
and a generally high rotational mobility of fibres optimising the reinforcement of the
material [15]. In a comparable experimental study, TOWER ET AL. [16] characterised
heterogeneous collagen fibre re-alignment in native porcine aortic valve leaflets and tissue
equivalents under uniaxial extension. It was demonstrated by SCREEN ET AL. [17] that

inter-fibre sliding occurs in uncrimped rat tail tendon fascicles during uniaxial traction

and that this constitutes the dominant mechanism responsible for fascicle extension.

Significant non-affine microstructural deformation mechanisms were evidenced in the

hexagon-like microstructure of lung alveoli under tension by BREWER ET AL. [18].

KRrASNY ET AL. [10] showed that adventitial collagen fibres in carotid arteries from New
Zealand White rabbit exhibited non-affinity by reorienting along the load direction to a
degree that cannot be accounted for by affine kinematics alone.

It is clear from this selected list of characterisation studies on biological soft tissues
that complex microstructural deformation mechanisms are responsible for a variety of
non-affine behaviours. ZAREI ET AL. [19] showed with a discrete fibre-network model of
axons embedded in an extra-cellular matrix consisting of collagen fibres that, depending
on the degree of anisotropy and mode of loading, the overall maximum principal strain

can both, increase or decrease. However, true multiscale computational models explicitly
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accounting for individual microstructural components of tissues, e.g. [19], remain
unpractical because of the high computational cost and challenges in mechanically
characterising these micro-constituents. Therefore, microstructurally-based continuum
constitutive models capable of accounting for non-affine kinematics of biological fibres
offer an attractive prospect in the quest for robust predictive models in biophysical
sciences.

The majority of continuum-based approaches dealing with relative fibre-matrix
deformation and fibre reorientation and thus, non-affine kinematics relations, are of
an inelastic dissipative nature. Generally, the continuum approach implies that matrix
and fibre constituents occupy the same position in space. The dissipative relative fibre
motion can then be determined through energetic considerations controlled via the
entropy inequality [20] or linked to a principle of coaxiality with the principal strain
directions [21, 22]. This principle of coaxiality can also be utilized within an elastic fibre
reorientation framework [23]. However, in contrast to a dissipative approach introducing
the fibre deformation as an independent internal variable, the elastic approach lacks this
independent variable. Consequently, albeit this type of elastic fibre deformation is not
directly linked via the deformation gradient tensor, the relative matrix-fibre deformation
is still affine and no truly independent relative motion can take place. Equally, multiscale
homogenization approaches consider an independent deformation behaviour within
the RVE, but its volume-averaged response must be compatible with the macroscopic
deformation, e.g. [24, 25, 26, 27]. In contrast, if elastic relative fibre-matrix deformation
is to be considered which is governed by the stationarity principle of the total energy with
no prior explicit assumptions on the constituents’ relative motion, e.g. the alignment with
the maximum principal strain direction, then the fibre reorientation must be described
by an independent field and an associated dedicated equilibrium equation.

The linking of macro-kinematics and micro-kinematics is a core aspect of generalised
continuum approaches, such as the milestone works of the Cosserat continuum by TOUPIN
[28] with its thermodynamic implications discussed by CAPRIZ [29] or the micromorphic
continuum by MINDLIN [30] and ERINGEN [31]. Generalised continuum theories
possess the benefit of additional degrees of freedom and/or higher-order strain and stress

quantities which can be linked to micro-kinematics features but require a corresponding



extended list of material parameters and/or characteristic length scale parameters to
be identified (for an overview see e.g. [32]). The internal length scale parameters can
be used to define size of the representative volume element (RVE) in homogenisation
approaches controlling the non-local material behaviour [33, 34, 35, 36, 37]. In granular
mechanics, the micromorphic continuum formulation has been shown to be able to
address scale-dependent material behaviour as linked to an independent micro-kinematics
of interacting particles [38, 39, 40]. It is also capable to deal with mass flux in growth
and remodelling of biological material [41]. The number of material parameters can
be reduced by restrictions posed on the higher-order quantities associated with the
non-local deformation response, e.g. by considering only micro-dilatation [42, 43],
rigid body motion as in the Cosserat continuum [44], the micropolar continuum [45]
and in a relaxed micromorphic continuum [46] by selectively disregarding specific
deformation modes [47], or by formulating the constitutive response within an extended
continuum as a function of a generalized strain tensor [48, 49]. It also can be shown that
the Euler-Lagrange equations of linear micropolar and micromorphic elasticity can be
recovered from an internal variable approach based on thermodynamic considerations
[50, 51].

From the above, one notices that especially the micromorphic continuum offers great
flexibility, as the additional degrees of freedom can be interpreted in many different
ways. The micromorphic continuum as conceived by MINDLIN [30] and ERINGEN [31]
considered the extra degrees of freedom in vectorial form, as so-called directors. These
directors can deform independently of the displacement field in terms of change of
length and orientation. Accordingly, an additional independent (micro-)deformation
tensor can be defined which intrinsically carries orientational information of a material
point. The latter has been exploited in the context of linear elastic anisotropy where
the micromorphic continuum has recently found application in scale-dependent wave
propagation and dispersion of crystalline material [52, 53], micro-mechanics of cellular
or lattice metamaterials [54], special anisotropic constitutive relations constraining the
micro-kinematics [55].

The micromorphic constitutive framework proposed in this paper is motivated by

the aforementioned uniaxial and biaxial tension experiments [12, 16, 10] exhibiting
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elastic collagen fibre re-alignment in load direction. The approach equips the fibrous
constituents with the ability to elastically reorient themselves altering the material
response depending on the loading experienced as suggested by CHEW ET AL. [15]. As
a preliminary step we will lay down the basic theoretical foundations that will enable the
flexible integration of specific deformation modes into non-affine models of biological
soft tissues [56].

There are six unique characteristics of this approach:

1. The fibres are elastically linked to the matrix material such that non-dissipative
relative (non-affine) fiber-matrix deformation can be captured. This is made
possible by the introduction of independent vector fields, the micromorphic
directors, which describe the initial orientation and subsequent deformation of the
fibres. This is in contrast to conventional fiber reorientation approaches which are

either affine-linked to the displacement gradient or non-affine but dissipative;

2. As the non-affine deforming micromorphic directors are identified with the
preferred material directions, the resulting anisotropic material behaviour can
become either more pronounced than conventional anisotropy during loading or
less pronounced. In the limit case, the medium can even become mechanically
isotropic, depending on the elastic fibre-matrix bond stiffness and the stiffness of

the directors themselves;

3. The fibre-matrix linkage differentiates between elastically constrained relative
axial and rotational/shear motion and can therefore be associated with dedicated
physically motivated elastic material parameters, namely an axial bond stiffness

and a rotational/shear bond stiffness;

4. No specific a priori choice is made with regards to the relative fiber motion (e.g.
linked to maximum principal strain direction) other than the stiffness parameters
of the matrix, directors and elastic bonds. This aspect is particularly beneficial
for more complex fibre composition hierarchies such as those found in biological
soft tissues where for arbitrary loading conditions the specific mode of relative

fibre-matrix deformation is not necessarily known a priori. Consequently, the fibre



orientation must be a truly independent field which directly and independently
responds to the loading via additional Euler-Lagrange equations. By identifying
each fibre family with a micromorphic director field, this condition is naturally met,
as each director is governed by a dedicated equilibrium equation and corresponding

boundary conditions;

. The equilibrium equations derived from the micromorphic variational principle
intrinsically account for the interaction between matrix and fibre by explicitly
incorporating additional stress-like quantities naturally arising from the non-affine

anisotropic micromorphic constitutive framework;

. The chosen micromorphic continuum description specifically excludes non-local

material behaviour considering the characteristic length scale parameter vanishing

in the mathematical limit, i.e. [c — 0, and no homogenisation process is required.

In this way, the number of additional material parameters can be limited to that
required to describe the elastic material behaviour of the fibres themselves and

that of the matrix-fibre linkage.

The paper is organised as follows: Sec. 2 introduces the micromorphic non-affine
anisotropy framework in terms of its kinematics, constitutive relations and variational
principle with corresponding governing equations and boundary conditions. Sec. 3
illustrates the main features and characteristics of the approach by means of academic
examples considering fibrous materials. Finally, in Sec. 4, the constitutive framework is

discussed and its potential for future biomechanical applications is highlighted.

2. Micromorphic continuum theory

2.1. Deformation

Making use of the micromorphic approach introduced by SANSOUR ET AL. [48]
and vON HOEGEN ET AL. [57], a generalised continuum can be constructed from a
matrix-continuum, 8 C E(3), representing the bulk material and a one-dimensional

fibre-continuum, S, representing a fibre embedded in the bulk material.
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Figure 1: Schematic description of the generalized configuration space.

Here, we assume that the placement vector X of a material point P is of an additive
nature, namely the sum of its position in the matrix-continuum, x € $B;, and in the

fibre-continuum, & € S;, both at time ¢ € R, as follows

X (Xk, £,1) =X (Xpe, 1) + & (X, 1) ey

According to this additive structure, the configuration of the generalised continuum is
defined by the Cartesian product G := 8 X S C E(3 + 1) and the integration over the
matrix and the fibre-continuum can be performed separately. Each fibre-continuum
represents a specific fibre family. The matrix-continuum, 8, is parameterized by the
Cartesian coordinates, X;, and the fibre-continuum, S, by the curvilinear coordinate, .
The latter is important to provide the necessary flexibility in defining the properties of
the fibre-continuum, in particular for the multi-dimensional space as exploited in the
subsequent section. Here, and in what follows, Latin indices take the values 1, 2, 3. As
shown in Fig. 1 the matrix-placement vector, X, defines the origin of the fibre co-ordinate
system such that the fibre placement, &, within S is assumed to be relative to the
matrix-placement. For convenience but without loss of generality we identify G with
the un-deformed reference configuration at a fixed time, ¢, in what follows.

The definition of the generalised continuum, and so the extra degrees of freedom,
depends directly on the choices to be made for the fibre-deformation & (Xg, £, t). The

theory is based on the fact that the dependency on the fibre-coordinate, £, must be



determined a priori. The simplest case is provided by the linear ansatz

X=X (Xg, 1) +ay (Xi, (1) . )

The vector function ay (X, {,1) is a so-called director with its associated fibre-
coordinate, £, which is related to its equivalent in the reference configuration, A ¢,

via

ar =Ay (Xi, O) +wy (X, 1) , 3)

with wy (X, t) denoting the increment/change of the director and its three vector
components being the extra degrees of freedom besides the displacement vector,
u (Xg,t) = x(Xg,t) — X. The orientation of the fibre-continuum in the undeformed
configuration, S, is specified by the undeformed director, A 7, with [A¢| = 1 and the
size of S is given by definition space of the fibre-coordinate, { = [—%; %] where [ ¢
denotes the characteristic length of fibre-continuum. Accordingly, for the purpose of

micromorphic non-affine fibre-matrix mechanics, we identify the fibre with the director

at time ¢ = 0 in the undeformed/unloaded configuration:

Ap=V;=Vp. @)

where the directional index referring to the fibre is chosen to be uppercase as (o)p
when linked to the matrix kinematics and lowercase as (e) s when linked to the fibre
kinematics. In the most general form the undeformed director, A ¢, depends on the
matrix-coordinates, Xy, as well as the fibre-coordinate, £, and is not uniform throughout
B and S. This is, for instance, the case for most biological materials due to fibre
orientation variations within the bulk material and fibre dispersion effects linked to
micro-continuum, see e.g. [58, 59]. The change of the director, w ¢, however, is assumed
constant in S and so its components which are the extra degrees of freedom.

As a starting point we assume Ay = Ay (Xy) disregarding any dispersion of its

orientation in the fibre-continuum. Taking the derivatives of X with respect to the
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matrix-coordinates, X;,

~ ox
X,i=a—Xi=X,i+§af,i ©)

as well as with respect to the fibre co-ordinate, £,

uxl
~
I
e

=ar (6)

Q;lQ:
U~

the generalized deformation gradient tensor can then be expressed as follows

F=—=(x;+¢a;;)® G +ay @ V/ =FO +F (7)

RS
>¢| Y

The operator ® denotes the dyadic product of two vectors and the tangent space 7 G in

the reference configuration is defined by the pair (G; x V f) given by

X _
i = — d =— =A~, s
G ax, o \'Z7 o =M ®)

where the corresponding dual contra-variant vectors are denoted by G' and V/, respect-
ively. Due to the chosen Cartesian coordinate space for B it holds G; = G but for the
curvilinear coordinate space of S we need to take into account \Y F# V7 . From Eq. (8)
it is clear that the director, Ay € 7°G, is of differential nature and equally, its change,
w . This implies that the components of w ¢, the extra degree of freedom, are effectively
strain-like quantities based on the specific definition of the micromorphic placement
vector (Eq. (2).

In the following, we only want to disregard non-local scale-dependent effects with
respect to the matrix, relative matrix-fibre and fibre deformation. The latter implies that
the characteristic length of the fibre-continuum /; — 0 and consequently, = 0. In
this way, the higher-order scale-dependent part of FO (Eq. (7)) is removed which thus
becomes the classical deformation gradient tensor. Accordingly, the local micromorphic

deformation gradient tensor is expressed in the deformed and undeformed configurations

10



in terms of its two contributions as
FO=x,0 G and FD=a;eV/, )

respectively. The independent change of director field, w ¢, however, is retained, only
its gradient is disregarded. In this sense the framework of a micromorphic continuum as
developed in our previous works [48, 57] is used to provide the components of the change
of director vector, wy. These are not internal variables but indeed additional degrees
of freedom which are solved in the resulting global discrete equation system together
with the displacement degrees of freedom. However, since we are not interested in scale
effects, once these degrees of freedom are obtained the scale parameter, the characteristic
length /., can be set to zero. In that sense, our approach is, strictly speaking, a local one.
Conventionally, one would expect from a micromorphic continuum to address scale
effects as linked to the gradient of the change of director vector, Vw . Alternatively,
one can think of an ad-hoc introduction of these additional degrees of freedom without
resorting to the frame of a micromorphic continuum. We have chosen not to do so, as
this framework allows for a smooth transition to capture scale effects as well, if the latter
is deemed relevant.

As such, with Eq. (9) we can define two local micromorphic right Cauchy-Green

deformation tensors as follows:

CO=FNFO=x, .x; GFeG' = (10

CO = FOY FD =a, ap V/ @V | (1n

C guantifies strain only relating to the matrix-space, whereas C(!) is a pure fibre-strain,
that is the squared director stretch. Disregarding the higher-order contributions of the
micromorphic kinematics is a clear point of departure from conventional micromorphic
theories (e.g. [48]) which has the advantage that no knowledge of the material underlying
characteristic lengths is required for the purpose of homogenization. This is also means
that this micromorphic continuum framework is effectively defined on the macroscale.

The proposed micromorphic continuum provides a direct means to describe aniso-
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Figure 2: Illustration of the independent non-affine deformation mapping of matrix and director tangent spaces
in fibre direction, respectively.

tropic material behaviour on kinematics level. There is, however, a significant difference
to a classical approach. Considering Eqs. (4) and (9); we find that a fibre deforming

affine with matrix is described by
Vr =FOV (12)

and a fibre identified with a corresponding micromorphic director deforming non-affine

to the matrix by
a, =FIY, (13)

This highlights the fact that in the undeformed state Vyp = V r = Ay but in deformed
state VF # ay as illustrated in Fig. 2. Accordingly, the micromorphic anisotropy

approach inherently features a non-affine matrix-fibre deformation description through

12



the independently deforming micromorphic director. For later use, with Egs. (9), (10)

and (11) two micromorphic Green strain tensors are defined as

(C(O) _ 1) (14)

(V- @R, ) . (15)
where F‘ile)f =\7f ® V/.

2.2. Strain energy function

Now, let us expand on the previous considering two distinct fibre families and corres-
ponding directors, ar and ay, respectively, which are in the undeformed configuration
perpendicular to each other given as V¢ and Vj, respectively. This means six extra
degrees of freedom arise from the two director change vectors, w and wy, respectively.
Accordingly, we re-define the director deformation gradient part in Eq. (9)) as

FO=a;, @ V/ +a,0 V* and FO - Veo V/+Vi0 VS, (16)

ref

For later use, we need to introduce a micromorphic Almansi strain tensor obtained from

Eq. (14) via a push-forward operation
e — (F(O))—T E© (F(O))_l a7

which can also be related to a corresponding micromorphic Cauchy deformation tensor

given by
¢@=1-2:80, (18)

Then, let us consider the micromorphic non-affine anisotropy strain energy as the sum
of contributions from the matrix alone, ,,, elastic axial motion and change of angle

between matrix- and fibre, zﬂmf , as well as the stretch of the director itself, i/ f, which

13
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can be expressed in terms of E©, E(, a, and a; as follows:
0= mE) + @y (B, a7, a5) + (V). (19)

For the isotropic matrix strain energy, we consider the following standard linear elastic

approach:
- 1 N 2 - 2
Im =3 a (trE(0)> +aytr (E(O)) (20)

with a; and a; denoting the elastic material constants.

matrix

matrix

axial bond :
rotational bond

Figure 3: Schematic description of the elastic structural matrix-fibre interactions in terms of axial
fibre motion (left) and rotational fibre motion (right) where the elastic bond is idealised by springs
indicated in blue.

Now, we proceed with the non-affine anisotropic material description which is
achieved by identifying the preferred directions as the non-affine deforming fibres, a s
and ag, respectively. The external loading and the internal response to it is primarily
associated with the matrix. As such the reaction of the matrix provokes in turn a reaction
of the fibres. However, the directors generally deform to a certain degree independent of
the matrix which could even include the possibility that the matrix stretches along the

director-direction whereas the director itself contracts evading the loading. Accordingly,

14



the interaction between matrix and fibre has to be suitably incorporated in the material
description to achieve a physically reasonable deformation behaviour of both material
constituents. In the most general case, the linkage between matrix and fibre needs to
account for relative axial motion and change of angle, a, between the director and the
matrix, and corresponding elastic spring-like bonds with associated stiffness parameters
as depicted in Fig. 3.

In order to allow for reversible non-affine fibre motion relative to the matrix, the
matrix-fibre bond is of elastic nature and is described in terms of suitable pseudo strain
invariants combining matrix and fibre kinematics relations. For the relative axial strain
of both fibres due to relative axial motion between the respective director and the matrix
as shown in Fig. 3 we define in the deformed configuration using the matrix Cauchy

deformation tensor (Eq. 18) as projected onto the directors

]4f = é(o) : (af ®af) (21)

L, =¢© : (a; ® a) (22)

and for the relative shear strains due to change of angle between the directors and the

matrix as well as between directors themselves we have

O = (af ®a,+a,®@ar) . (23)

N —

Iyys =¢

Remark. Note that for affine deforming fibres we have 14y = ¢ (% F®Vr) =1,
Lis =¢9 : (3, ® ¥5) = 1 and Igps = ¢ . % (Vy ® Vs + ¥, ® V¢ ) = 0 which results in

vanishing matrix-fibre interaction contributions.

The fibres reinforce the matrix lending it additional axial stiffness in direction ay
and ag, respectively, which is associated with corresponding pseudo strain invariants of

the fibres

Lyr =ay -ay =g . (Vf ®Vf) (24)

Lis=a;-a,=ED . (V,eV,). (25)
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The pseudo strain invariants Iyr, lss, Igfs, Lay and L4s have each a clear physical
meaning, as they provide the means to separately address the relative stretch and shear
of the matrix with respect to the non-affine deforming fibres as well as the stretch of the

fibres themselves.

Remark. Due to the non-affine deforming fibres there are several implications which
highlight the inherent differences of the micromorphic non-affine anisotropic constitutive

framework from conventional ones:

1. Albeit, A; = V;, i = 1,2, the usual pull-back operation applied to pseudo
invariants does not apply considering Egs. (12) and (13):

0 . - .
15 =60 (a,0a) 2EO : (Vo V)). (26)
Instead, we find with Egs. (13) and (17)

R
57 =69 (a;0a)

= (FN)T (FOYTEO FOY-TED . (¥, @ V;). 27

2. Formulating the pseudo-invariants quantifying the relative matrix-fibre motion

directly in terms of the micromorphic Almansi strain tensors is not suitable,
.

because the Hessians relating to the matrix-fibre interaction, 017:(3# and
f

5 =

FTOrY.PY respectively, vanish.
S

3. There is no direct pull-back operation for the pseudo-invariants formulated in
terms of the Cauchy deformation tensor, ¢° (Egs. (21)-(23)). Accordingly, for
a Lagrangian formulation considering Eqs. (17) and (18) the change of those

invariants with respect to EO a ., ag and FO needs to be evaluated.

Finally, making use of the previously defined pseudo invariants (Egs. (21)-(25))

we can complete the elastic non-affine anisotropic material description based on two

16



preferred material directions represented by ay and ay as follows:

- 1 - 2 - 2
m =3 a (trE(O)) +atr (E(O)) (28)
Ump =bay (o = 1) +bag (I, — 1) + bsys Iy
+pay (Iay — 1) + pas (Ias — 1) (29)

lZf = Caf Lif + Cy45 Lis (30)

where, as 14y and I4; do not vanish in the absence of deformation, the extra constants
pay and pyg relating to the linear term in Eq. (29) are to be determined as a function of
the other material parameters such that all stress quantities defined further below vanish
at the reference configuration. As previously mentioned, i/,,, represents the matrix strain
energy as linked to E(, i, # is the strain energy arising from relative matrix-fibre
deformation incorporating the corresponding pseudo strain invariants Iy 5, I4s and Igy,
respectively, and ¢ ¢ corresponds to the fibre strain energy alone due to the pseudo strain
invariants L4y and Ly, respectively. This marks a clear point of departure from classical
anisotropy, as in contrast, affine anisotropic material behaviour would be formulated
in terms of affine pseudo-invariants, e.g. I4r = 0 (vp @vp) =E© : (Vg @ Vp).
Furthermore, the degree of non-affine fibre deformation of the preferred material
directions is controlled by the material parameters b4y, bss and bgy . The required
magnitude of these parameters depends on the relative stiffness difference between the
matrix given by the material constants a1 and a,, and the fibres given by c4¢ and c4y,
respectively. The additional stiffness contribution of the preferred material directions is
therefore the result of the combination of fibre stiffness and matrix-fibre linkage.

Due to the two micromorphic strain measures we also have two micromorphic second

Piola-Kirchhoff -type stress tensors

S(O) _ a&m al;mf ol; 66(0) aé(o)

T 9RO T oL, 9c 580 gEo) G1)
- o r OL;
m_ s i
S dL; R (32)

Note, as the definition of the pseudo invariants quantifying matrix-fibre interaction,
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Eqs. 21 and 22, respectively, involve ¢© but not &V, only S(© contains contributions
from the matrix-fibre coupling whereas S(!) quantifies the fibre stresses alone. As
previously remarked, from the non-affine anisotropy description via the pseudo invariants
representing the matrix-fibre interface strains (Eqs. (21)-(23)) three additional stress-like

quantities arise:

al;mf ol;

sf _ i

z ali c’)af (33)
alsz al;

7’ = 34

“ = 7aI oa, 34)

Wy 0L 08O 58O YD)

oo Wy 91 GO 5&O a(F©) 35)

ol; 0¢0 9§ 3(1?(0))71 OF )

The latter arises due to the push-forward &©) via Eq. (17) requiring the change of i, 7
with respect to E(?) and F(? to be accounted for. In this sense, the interaction between

matrix and fibre is quantified via Y, Z/, Z° and the second part of S,

Remark. If a Kirchhoff-type stress tensor is considered defined as

o 0 P o g GO
(0): (0) m (0)\T (ON\T
0 =F0 0 T 5o g F ) (36)

instead of the second Piola-Kirchhoff-type stress tensor, S (Eq. (31)), then Y would

not arise.

Lastly, with Egs. (31) and (32), respectively, corresponding micromorphic stress

tensors of the first Piola-Kirchhoff-type can be considered:

PO — FOGO) 37)

PO — FOGM) (38)

Obviously, with Eq. (35) the total first Piola-Kirchhoff is given by PO + Y.
Although not further explored in this work, the transition of the proposed non-affine

micromorphic approach to an affine, effectively classical, anisotropy approach can also
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be achieved. For this, we consider the following pseudo matrix strain invariants

Iyp = E(O) : (VF ® VF) (39

Iys = EO© . (VS ® Vs) (40)
- 1 . - . -

Igps = EO . 3 (VF ®Vs+Vs® VF) . 41

Then the axial motion between matrix and fibres is given by the difference in stretch

using using Eqgs. (24), (25), (39) and (40) as follows

Japy =14 — Lay (42)

Juss = Iys — Lys . (43)

For the change of angle, a, between matrix and fibre, we make use of the scalar product
of affine and non-affine deformed fibres and normalise the result to exclusively obtain

the change of angle:

(Vp-arp)?
Jspp=1—cos’aps=1- 44
8EF ks (2]4]: + 1)(2L4f + 1) @)
Se.a )2
Jsss = 1 —cos? ass = 1 (Vs - a,) 45)

C (QLs+ 1) (2Lgs+ 1)

Consequently, apy = sin~! VJsrr and asg = sin™! Vgss. Accordingly, Jar s, Jarf, e

Jsr s and Jgsg could be associated with penalty parameters to establish the transition to

affine anisotropy, namely ay — Vy and a;, — Vg, respectively.

2.3. Variational principle

Let us now consider a non-linear boundary value problem in the domain 8 with the
boundary d8. In the following we choose that the external forces are not a function
of the fibre-coordinate and define the external virtual work in the Lagrangian form as

follows

W, (0) = / b-ou dV + / t™ . su dA (46)
B OBN
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with b denoting the external body forces and t™ the external traction . Furthermore,
dV is a volume element of the matrix domain 8B, whereas dA is a surface element of its
corresponding boundary 08.

Furthermore, we assume that the body under consideration 8 is hyperelastic and
possesses an elastic potential W represented by the stored strain energy per unit volume
g(E©, @ EM a, a,). The first law of thermodynamics provides then the following

variational principle

¥ (u,w) = / {S(O) :SE©@ +8§M . sED }dV
3

+/ {zf L OWs +i‘Y:6ws+S~(:6F(O)} dV = W, =0 (47)
B

which separately accounts for the internal powers referring to the two different micro-
morphic strain tensors plus the additional non-affine anisotropy contributions. The
micromorphic variational formulation is supplemented with Dirichlet boundary condi-

tions for the displacement and change of director fields, respectively:

u=1 on 9By, (48)
Wp =Wy ondBy (49)
W, = Wy ondBy . (50)

As mentioned before, the fibre-space is considered in the mathematical limit with
Iy — 0. Consequently, the integration of the micromorphic variational principle
(Eq. (47)) over S is not required anymore, as it is defined in 8. This is in contrast to the
corresponding non-local version of this micromorphic framework by voN HOEGEN ET
AL. [57] where the integration over S introduces scale-dependent higher-order stress

and strain quantities. Furthermore, corresponding to the independent displacement and

20



change of director fields we can identify the following equilibrium equations:

DivP® +DivY¥+b=0 inB (51)
POV +z/ =0 inB (52)
POV +7°=0 inB (53)

as well as a Neumann boundary condition corresponding to Eq. (51):
POn+Yn-t™ =0 ondBy. (54)

The governing equations for the two change of director fields (Eqs. (52) and (53))
establish the equilibrium between the fibre stress P(!) and the corresponding interaction
stress vectors, Z', i = 1, 2.

Here, it needs to be stressed that the existence of dedicated governing equations for
the independent director fields, ar and a, (Eqgs. (52)-(53)), respectively, is crucial such
that the latter can be directly solved for from first principles for any chosen constitutive
behaviour, in particular in case of an elastic response. Furthermore, external loading
enters through the governing equation for the displacement field and corresponding
Neumann boundary condition, Eqgs. (51) and (54), respectively. This elucidates that
the external loading is primarily associated with the matrix which has been previously

mentioned in Sec. 2.2.

3. Numerical examples

The numerical examples in the following aim at elucidating the qualitative behaviour
of the local micromorphic non-affine anisotropy framework introduced in the previous
sections. Based on the results its potential to model biological soft tissue is discussed in
the subsequent section, Sec. 4.

To better understand what type anisotropic behaviour can be expected for each
example and to highlight the differences to an affine approach, an equivalent conventional
anisotropic strain energy function based on the classical Green strain tensor, E = E(¥is

used as well. The latter makes use of the matrix pseudo strain invariants (Egs. (39)-(41)),
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so that a classical anisotropic strain energy function can then be expressed as

47[1:

N —

. 2 - 2
a (trE(O)) +aptr (E(O)) asF IiF + dys IZS + agrs IE%FS

(55)

with its parameter values listed in Tab. 1. For the micromorphic non-affine anisotropy

Table 1: Overview of the material parameters used for the classical anisotropy model (Eq. (55)).

[ Set ||

ai

|_a

asr

ass

| asrs |

[0 0577 10385 ]| 1.5x10° [ 1.5x10* [ 5 10* |

Table 2: Overview of the material parameters used for the micromorphic non-affine anisotropy model

(Eq. (19)).
[Set][ av | ay || bay | bas | bsyys | cap | cas ]
1 7057710385 [ 1.5x10° | 1.5% 10° 0.0 1.5%x10° | 1.5 x 102
2 11057710385 [ 1.5x10° [ 1.5x10° | 5x10* | 1.5x 103 | 1.5 x 102
3 110577 10385 || 1.5x 10T | 1.5 10! 0.0 1.5%x10° | 1.5x 10?

model (Eq. (19)) three parameter sets are considered as listed in Tab. 2. Set 1 considers
only axial coupling of the fibres with the matrix through parameters bsy and by,
respectively, but no shear coupling setting bgr, = 0 whereas Set 2 includes shear
coupling as well setting bgrs = 5 X 10*. Set 3 considers a very soft linkage of matrix
and fibres. For all three sets, the parameter choice facilitates that the preferred material
direction, V f»1s by one order of magnitude stiffer than the other one, Vs. Parameters

par and py4s have not been explicitly determined, instead Sig) R if ef

and 77, p are
computed for u = w = 0 to offset these stress quantities such that they vanish in the
reference configuration. As only a qualitative comparison between the conventional
and micromorphic model is undertaken, the parameters of both models have not been
calibrated with each other. The matrix parameters of the micromorphic model, a; and
as, respectively, and the fibre stiffness parameters, c4 ¢ and cys, respectively, are chosen
to be identical to the corresponding parameters of the classical model, d;, @, asr and
dss, respectively. However, as previously mentioned, the effect of fibre stiffness on the

bulk material response depends on bond stiffness parameters.

As the classical and micromorphic models are not calibrated together, it is not
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possible to quantify the actual difference between affine deforming fibres of the classical
approach and the non-affine deforming fibres in the micromorphic approach magnitude.
However, the discrepancy of between affine and non-affine fibre deformation (Eqs. (12)
and (13)) can be determined for the micromorphic approach alone, that is the relative
motion between Vr and ay as well as Vs and ag via the pseudo invariants J4F r , Jass,
Jsrr and Jgsg, respectively (Egs. (42)-(45)). In order to evaluate the matrix stretch
along the non-affine deforming fibres for the micromorphic model, we introduce the

following quantities

Z4F = E(O) : (ZF ® ZF) (56)

Zis =B (Zs ® Ls), 57
where the normalised pull-back of the non-affine deforming preferred material directions
are given as

_ (F(O))—l ay
[F©)-lag|

. (FO)=Tag
and Z - 58
> T FO)Tay| o9

Zr
respectively.

Three case studies are investigated in the following subsections: (1) a plate under
uniaxial tension, (2) a plate under biaxial tension with fixed transverse contraction, and
(3) a plate with a circular hole under biaxial tension. For the numerical simulations,
both, the classical and the micrormorphic approach, are implemented in an in-house C++
code using standard linear hexahedral finite elements to interpolate the displacement
and change of director fields. To establish coordinate consistency with regards to the
contour plots presented in this section, we introduce x; = x, x, = y and x3 = z. As
the examples are effectively two-dimensional problems, the displacement degree of
freedom, u, = 0 and the change of director degrees of freedom, w(r), = 0 and w(,); = 0,
respectively, have been enforced throughout the problem domain for all three examples.
Furthermore, the discretisation across the thickness dimension of the plates consists of
only one element. This means that the normal strain in plate thickness direction is zero

and the two directors can only deform parallel to the plate plane.
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3.1. Uniaxial tension of plate

4.0

1.0

Figure 4: Fibre-reinforced plate subjected to uniaxial tension.

The first example is a fibre-reinforced plate with a thickness of 0.1 subjected to

ss  uniaxial tension in horizontal direction as shown in Fig. 4. The plate is simply supported
on the left edge preventing horizontal displacement but not constraining the transverse
contraction of the plate. There are two uniformly distributed fibre families, A% r and Vs,
under 30° and —60° to the horizontal direction, respectively. The uniaxial tension is

applied via a displacement boundary condition, i = 1.3, along the right edge.
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Figure 5: Contour plots of the matrix stretch along the fibre directions, classic anisotropy with Set

0 (left), micromorphic non-affine anisotropy with Set 1 facilitating a strong bond axially (right).

The first row of tiles depicts Iy (Eq. (39)) and Z4r (Eq. (56)) and the second row of tiles I4g
(Eq. (40)) and Z45 (Eq. (57)), respectively.
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Figure 6: Vector plots of fibre/director fields, classic anisotropy with Set O (left), micromorphic
non-affine anisotropy with Set 1 facilitating a strong bond axially (right). The first row of tiles
illustrates in the deformed configuration the fibre field ¥y and director field a ¢, respectively, and
the second row of tiles the fibre field V5 and director field ag, respectively. V¢, Vs, Ay and A
indicate the orientation of the fibres/directors in their undeformed state.
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Figure 7: Vector plots of the in-plane longitudinal principal direction field of the matrix Almansi
strain tensor (Eq. (17)), classic anisotropy with Set O (left), micromorphic non-affine anisotropy
with Set 1 (right).

If also an isotropic case were considered, this problem would warrant a homogeneous
deformation response in terms uniaxial horizontal stretch of the plate. Choosing
two preferred material directions with one significantly stiffer than the other one and
both being neither parallel nor perpendicular to the horizontal direction results in a
downwards deflection and a generally highly nonlinear deformation response for the
classical formulation as shown in the contour plots of the matrix strain in fibre direction
Fig. 5. In contrast, the micromorphic non-affine anisotropy provides a strictly linear
deformation behaviour with a significantly lower maximum magnitude of the matrix
strain and substantial transverse contraction as both non-affine deforming fibre families

are free to uniformly re-align themselves relative to the imposed horizontal matrix stretch

and the plate is consequently losing stiffness in transverse direction as illustrated Fig. 6.

When comparing the orientation of both fibre families with the principal direction of
the Almansi strain tensor shown in Fig. 7, it can be clearly seen that both fibre families
are parallel to the longitudinal principal strain direction which is not the case for the

classical model.
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Figure 8: Vector plots of the deformed director fields, ay (left) and ay (right), respectively, of

micromorphic non-affine anisotropy using Set 1 with both director fields fixed on either end of the
plate.

If the fibre orientations are fixed on both ends of the plate, we need to apply
corresponding change of director boundary conditions, wy = wg = 0. The resulting
deformation response for the micromorphic model then becomes highly non-linear as
shown in Fig. 8, because the free motion capability of the fibres relative to the matrix is
significantly constrained at the regions close to boundary condition application. Further
inwards, however, both fibre families are again perfectly aligned with the principal strain

direction along the longitudinal axis of the plate.
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Figure 9: Vector plots of fibre/director fields, classic anisotropy with Set O (left), micromorphic
non-affine anisotropy with Set 2 (right) facilitating a strong bond axially and rotationally. The

first row of tiles illustrates in the deformed configuration the fibre field ¥z and director field a Ya
respectively, and the second row of tiles the fibre field V5 and director field ay, respectively.

Inclusion of matrix-fibre shear interaction using Set 2 in Tab. 2 also leads to
homogeneous deformation response, but the deformed fibre directions do not realign
themselves as strongly with the longitudinal plate direction as depicted in Fig. 9. As such
the plate remains stiffer in transverse direction so that the transverse contraction is not as
large as for Set 1. The additional shear coupling does not only affect relative rotational

matrix fibre motion but also between the directors themselves and thus, constrains the
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rotation of both directors independent from each other. Even though, the fibre orientation
difference between classical and micromorphic model is in average not as significant
as compared with Set 1, the homogenisation effect of the micromorphic approach is
retained. This implies that the freedom of relative axial matrix-fibre motion is here the

dominant aspect with regards to the aforementioned homogenisation property of the

micromorphic anisotropy model.
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1.0078 ¥

—1.0078 1

—1.0078 .
Figure 10: Vector plots of the deformed director fields, ay (left) and as (right), respectively, of
micromorphic non-affine anisotropy with Set 3 facilitating a weak bond axially.

Considering a weak matrix-fibre bond in the micromorphic model using Set 3 in
Tab. 2 results in less fibre realignment as shown in Fig. 10 as compared with that using a
strong bond depicted in Fig. 6. A strong matrix-fibre bond gives with Jgrr = 0.0109
(Eq. (44)) and Jgss = 0.0862 (Eq. (45)) a fairly large relative rotational motion difference
between affine and non-affine deforming fibres in the micromorphic model whereas a
weak bond results in smaller values, Jgr ¢ = 0.0005 and Jgss = 0.0679, respectively. In
particular, the discrepancy for the strong preferred direction, V £ amounts to two orders

of magnitude.
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Figure 11: Fibre-reinforced plate subjected to biaxial tension.

3.2. Biaxial tension of a plate with fixed transverse contraction

The second example is a fibre-reinforced plate with a thickness of 37.5 subjected to
biaxial tension in horizontal and vertical directions as shown in Fig. 11. This time the
two uniformly distributed fibre families, \Y% # and V,, have angles of —30° and 60° t0 405
the horizontal direction, respectively. The biaxial tension is induced via displacement
boundary conditions, i, = 300, along the two vertical edges whereas the height is kept

constant applying along the horizontal edges i, = 0.

31



E310

Eata
1411 12003
I 56849 I 11643
32287 1.1283
27725 - 1.0824
22183 1.0564
18801 1.0204
14038 088444
094784 y 084848
049142 I 091248
0435206 . 087651
@ @
Eatz__ E012
34544 467008
30538 0.82877
26528 980715
2252 477555
18912 074394
14505 a7
10497 08E073
064888 ¥ 084812
02481 981751
015269 . 5859
GDJ

Figure 12: Contour plots of the matrix stretch along the fibre directions, classic anisotropy with Set
0 (left), micromorphic non-affine anisotropy with Set 1 facilitating a strong bond axially (right).

The first row of tiles depicts Iy (Eq. (39)) and Z4r (Eq. (56)) and the second row of tiles I45
(Eq. (40)) and Z4s (Eq. (57)), respectively.
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Figure 13: Vector plots of fibre/director fields, classic anisotropy with Set 0 (left), micromorphic
non-affine anisotropy with Set 1 facilitating a strong bond axially (right). The first row of tiles
illustrates in the deformed configuration the fibre field Vg and director field a ¢, respectively, and
the second row of tiles the fibre field Vs and director field a, respectively. V¢, Vs, Ay and A
indicate the orientation of the fibres/directors in their undeformed state.
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Figure 14: Vector plots of the change of fibre/director fields, classic anisotropy with Set O (left),
micromorphic non-affine anisotropy with Set 1 facilitating a strong bond axially (right). The first
row of tiles illustrates in the deformed configuration the fibre field change ¥z — Vx and director
field change w ¢, respectively, and the second row of tiles Vg — Vs and wy, respectively.

The deformation response of the biaxially stressed plate is inhomogeneous and
non-linear for the classical anisotropy model using material parameter Set 0 and also the
micromorphic non-affine anisotropy model using Set 1 as shown in Fig. 12 illustrating
the matrix strain field along the two fibre directions in both cases. There are highly
localised strain magnitudes in the plate’s corners for classical model but to a much lesser
degree for the micromorphic model. The strain localisation effects are mirrored by
the fibre orientation distributions depicted in Fig. 13 which are perturbed in the plate’s
corners but again considerably less for the micromorphic model. The orientation of
both fibre families generally tend to align themselves with the horizontal maximum

principal strain direction but to a significantly larger degree for the micromorphic model
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as illustrated in Fig. 13. Accordingly, fibre family V/V r Totates counter-clockwise and

420

Vs/V, clockwise as both stretch and the resulting vector fields representing the change
of length and orientation have a downwards and upwards component, respectively, as
shown in Fig. 14. Even though the strain magnitudes are not directly comparable as
the classical and micromorphic model have not been calibrated with each other, clearly,

the non-affine fibre stretch and realignment exhibited for the micromorphic anisotropy

model has a homogenising effect.
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Figure 15: Contour plots of matrix stretch along fibre-direction, Z4r (Eq. (56)) and Z4g (Eq. (57)),
respectively (left) and fibre stretch, Ly s (Eq. (24)) and Lyg (Eq. (25)), respectively (right) using
micromorphic non-affine anisotropy with Set 1 facilitating a strong bond axially.

A strong bond stiffness exceeding the fibre stiffness in the micromorphic model
results in the fibre stretch being significantly larger than the stretch of the matrix along

fibre direction as shown in Fig. 15 which effectively increases the capacity of the former
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to align with the horizontal maximum principal strain direction.
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Figure 16: Vector plots of fibre/director fields, classic anisotropy with Set O (left), micromorphic
non-affine anisotropy with Set 2 facilitating a strong bond axially and rotationally (right). The
first row of tiles illustrates in the deformed configuration the fibre field V£ and director field af,
respectively, and the second row of tiles the fibre field V5 and director field ay, respectively.

430 The incorporation of anisotropic shear stiffness, dsy, in the classical anisotropy
model (Eq. (55)) further increases strain localisation as illustrated in Fig. 16, whereas
the use of bgy s in the non-affine micromorphic anisotropy model (Eq. (19)) decreases

the stretch and the rotation of the fibres when compared with Fig. 13.
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Figure 17: Vector plots of the deformed director fields, ar and ay, respectively (left) and change of

director fields, wy and wg, respectively (right) using micromorphic non-affine anisotropy with
Set 3 facilitating a weak bond axially.
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Figure 18: Contour plots of relative rotational matrix-fibre deformation using micromorphic
non-affine anisotropy with weak bond stiffness Set 3 (left) and with strong bond stiffness Set 1
(right). The first row of tiles shows Jgr ¢ (Eq. (44)) and the second row Jgg (45)).

Choosing relatively small values for the matrix-fibre interaction parameters by s, bag
and bgy s, respectively, in the micromorphic model using Set 3 in Tab. 2 significantly
reduces the fibre’s horizontal realignment and stretching with the maximum principal
strain direction as shown in Fig. 17. Furthermore, the discrepancy in terms of rotational
deformation between affine and non-affine deforming fibres quantified via Eqgs. (44) and
(45), respectively is less as depicted in Fig. 18. In particular, V rotates considerably

more for the stiffer matrix-fibre bond as shown in the bottom right tile in Fig. 18.

3.3. Biaxial tension of a plate with a circular hole

The third example is a fibre-reinforced plate with a centered circular hole and a

thickness of 37.5 subjected to biaxial tension in horizontal and vertical directions as

38

El1sD
Q036801

'c 039831
030881
- 9027891
a0z4921

Paozest
a018s8t
Q016011
Q013041
a010071

G

E11s2

Q17858

'c 10871
0098855
- 1.089002
4079148

| a 059296
058443
049588
0039736

4020883

(2



700

< |

700

Figure 19: Fibre-reinforced plate with a hole subjected to biaxial tension.

shown in Fig. 19. The two uniformly distributed fibre families, \% # and V,, are now
oriented 45° and 135° to the horizontal direction, respectively. The tension is applied s

via outward displacement boundary condition, i = 2, along all edges.
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Figure 20: Contour plots of the matrix stretch along the two fibre directions, classic anisotropy
with Set O (left), micromorphic non-affine anisotropy with Set 1 facilitating a strong bond axially
(right). The first row of tiles depicts I4r (Eq. (39)) and Z4r (Eq. (56)) and the second row Ig
(Eq. (40)) and Z4s (Eq. (57)), respectively.
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Figure 21: Vector plots of fibre/director fields, classic anisotropy with Set O (left), micromorphic
non-affine anisotropy with Set 1 facilitating a strong bond axially (right). The first row illustrates
in the deformed configuration the fibre field ¥ and director field ay, respectively, and the
second row the fibre field Vg and director field ag, respectively. V f> Vs, A f and A indicate the
orientation of the fibres/directors in their undeformed state.
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Figure 22: Vector plots of the in-plane principal directions of the matrix Almansi strain tensor
(Eq. (17)), classic anisotropy with Set O (left), micromorphic non-affine anisotropy with Set 1
facilitating a strong bond axially (right).

This example has been specifically chosen as the hole introduces a strong non-linear
deformation response under biaxial tension loading which can be clearly seen for the
matrix strain field along the two fibre families as displayed in Fig. 20 for the classical

w0 approach and the non-affine micromorphic approach with Set 1. As for the previous
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example, the micromorphic approach exhibits a homogenising property distributing
and reducing the localised strain maxima occurring at the hole. This is also reflected
by the deformed fibre distributions where the non-affine deformation leads to a better
"force flow" around the hole due to the stronger realignment of the fibres to become
tangential with the hole’s circumference as shown in Fig. 21. As a result, the maximum
principal direction of the Almansi strain tensor follows the circumference of the hole
and the minimum principal strain direction is strictly radial as displayed in Fig. 22. For

the classical approach, in contrast, the principal strain directions tend to remain aligned

with the undeformed preferred material directions, especially in the corners of the plate.
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Figure 23: Vector plots of the deformed director fields, ay (left) and as (right), respectively, using
micromorphic non-affine anisotropy with Set 3 facilitating a weak bond axially.
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Figure 24: Contour plots of relative rotational matrix-fibre deformation using micromorphic

non-affine anisotropy with weak bond stiffness Set 3 (left) and with strong bond stiffness Set 1
(right). The first row of tiles shows Jgr ¢ (Eq. (44)) and the second row Jgg (45)).

480 Lastly, we consider a weak matrix-fibre bond in the micromorphic model assigning
small values to parameters bs s, bag and bgy g, respectively, which is Set 3 in Tab. 2. For
this case, the tangential alignment of the fibres is not as significant as for the strong

bond when comparing Fig. 23 with the previously shown Fig. 21. This characteristic can
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also be verified by the location and magnitude of non-affine rotational deformation. In
order to obtain a fibre orientation which is tangentially aligned with the hole, the most
significant change of direction has to occur at the four diagonal points. This is where the
relative rotational deformation has maxima in the corresponding contour plots shown
in the two right tiles in Fig. 24. For the weaker bond, the magnitudes of non-affine

rotational motion is one order of magnitude less and occurs not at the diagonal points.

4. Discussion

In biological soft tissue, collagen fibres play an important structural load bearing
role and have been found to exhibit non-affine elastic reorientation in direction of the
maximum principal strain, e.g. BILLIAR AND SACKS [12] and KRASNY ET AL. [10]. In
order to model this type of material behaviour, a microstructurally-based continuum

mechanics framework needs to provide the following:

1. composite kinematics describing independently the motion of fibres and bulk
material such that relative motion between both constituents can be unambiguously

captured;

2. elastic constitutive relations separately describing the response of the bulk material,

the fibres and their interaction;

3. dedicated governing equations for the fields representing the motion of bulk

material and fibres, respectively.

The proposed local micromorphic non-affine anisotropy framework in Sec. 2 meets
these requirements. It features to independent primary fields, the displacement field
representing the kinematics of the bulk material (the matrix) and the director fields
representing the kinematics of the fibres. The preferred material directions of the
anisotropic constitutive laws are linked to the non-affine deforming fibres and the
degree of relative matrix-fibre deformation is controlled by the dedicated bond material
parameters, byr, b4y and bgyrg, in Eq. (29) as linked to axial and shear motion,

respectively. It has been shown for all three numerical examples in the previous section
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that, besides the fibre stiffness constants in Eq. (30), c4r and c4g, respectively, the
magnitude of the bond parameters determine how much load the fibres attract and thus,
directly relate to amount of interaction experienced by matrix and fibres, respectively.
In particular, under uniaxial tension the discrepancy between affine and non-affine
deforming fibre is largest for the stronger fibre family.

The micromorphic variational principle (Eq. (47)) features besides the virtual power
of matrix and fibres additional contributions relating to the non-affine matrix-fibre
interaction. As a consequence, the governing equations (Egs. (51)-(53)) also include
the linkage of the stress response referring to matrix, fibre and their bond. In particular,
each director field is associated with a dedicated governing equation establishing force
equilibrium between fibre and matrix-fibre interaction stresses (Egs. (52) and (53),
respectively). The governing equation of the displacement, on the other hand, ensures
that stress fluctuation of the matrix translate into stress response of the fibres giving rise
to a strong homogenising effect of the approach which has been clearly demonstrated in
all three numerical studies. As the two primary fields are independent from each other,
solutions for both are the result of the stationarity principle of the total energy which

ultimately governs the resulting fibre reorientation distribution.

F(l)

as

as

Figure 25: Schematic deformation mapping of the director, a ¢, within a differential area element,
ds, in terms of stretch through D (Eq. (16)) alone.

Specially, it has been shown that both fibre families undergo significant non-affine

deformation in terms of relative axial and rotational matrix-fibre motion such that they
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seem to align themselves with the maximum principal strain direction. This behaviour
was also observed for the classical anisotropy approach but not to such an extent because
of the affine nature of its underlying kinematics. It was found that especially the non-
affine axial motion has a dominant influence on the degree of fibre reorientation. Large
magnitudes of the axial interaction parameters, b4y and by, respectively, translated
the imposed matrix strain into a fibre stretch significantly exceeding the matrix stretch
resulting in a better alignment of the fibres with the maximum principal strain direction.
This can be explained considering that the micromorphic director, ar, is basically a
differential line element deforming within a corresponding differential area element,
ds, via F(V (Eq. 13), as shown in Fig. 25 for horizontal stretch. For the director to
become horizontally aligned, a large stretch would be necessary which would lead to
an equally large and unrealistically matrix deformation for an affine approach. The
second numerical study relates to the biaxial tension experiment of pericardial tissue by
BILLIAR AND SACKS in terms of similar loading and geometry. The question therefore
arises whether the almost perfect alignment of the collagen fibres with the maximum
principal strain direction in the experiment is mostly due to their uncrimping which was
also discussed by KrasNY ET AL. 2017 [10]. In this case, the kinematics of the collagen
fibre and the micromorphic director exhibiting significantly large stretch than the matrix
could be indeed assumed similar in the mathematical limit.

Contrary to the isotropic case, the principal strain and stress directions are not coaxial
for the general anisotropic case. From the examples, it was observed that the fibres
have a tendency to align themselves with the direction of the principal strain and reduce
the degree of anisotropic material behaviour. This seems to imply that principal stress
and strain directions are driven to become coaxial in the limit. However, this warrants
further investigation.

Incorporating explicitly a shear bond between matrix and fibre via parameter bgy
in Eq. (29) decreases the magnitude of non-affine stretch and the rotation experienced
by the fibres which is explained by the consideration that this shear parameter also
establishes a direct coupling between the two fibre families which is otherwise only
indirectly given via the matrix. Also, the consideration of boundary conditions fixing the

director orientations at both ends of the plate subjected to uniaxial tension significantly
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reduce the fibre reorientation but only near the boundary.

Lastly, we note that the initial derivation of the micromorphic approach proposed here
also includes higher-order contributions which would be needed to address non-local
scale-dependent phenomena of matrix-fibre interaction, e.g. inter-fibre sliding of tendon

fascicles [17], as well as fibre dispersion phenomena.

5. Conclusion

The local micromorphic non-affine anisotropy framework introduced in this paper
was shown to naturally provide the flexibility to deal with characteristic kinematics
aspects of fibrous composite material concerning the relative elastic motion of fibres
within the bulk material. The approach is complemented with suitable constitutive
relations making use of physically motivated parameters linked to matrix-fibre bond and
fibre stiffness. An extended variational principle provides the means to solve for the
complex composite deformation response.

In contrast to other models, the approach considers truly non-affine deforming
primary fields within an exclusively elastic setting which is a behaviour also experienced
by biological soft tissue. In particular, the non-affine deforming fibres representing the
preferred material directions profoundly influence the anisotropic material response for
larger strains which optimises and homogenises the resulting deformation. The latter
can be expected from biological tissues. The application of the framework to soft tissue,
however, will require to cast the constitutive relation into a Fung-type exponential form.

In the absence of quantifiable evidence of a non-local microstructural material
response, all higher-order contributions of conventional micromorphic theories have
been disregarded. If such information becomes available, e.g. with regards to scale-
dependent matrix-fibre bond or fibre dispersion effects, the framework provides the

flexibility to consider the needed higher-order non-local contributions as well.
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