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Abstract

This study presents an improved ghost-cell immersed boundary method for ge-
ometrically complex boundaries in compressible flow simulations. A bilinearly
complete extrapolation scheme is developed for the reconstruction of the ghost
cell. The second-order accuracy of the improved ghost-cell method (GCM) is
shown in unit test cases and is also theoretically proven. A hybrid GCM based
on both baseline GCM and improved GCM is proposed and constructed. The
hybrid GCM applied in compressible flow is validated against five test cases: (a)
Stationary rotating vortex, (b) Prandtl-Meyer expansion flow, (¢) Double Mach
reflection, (d) Moving-shock/obstacle interaction, (e) Blunt body shock-induced
combustion. This paper provides a comprehensive comparison of their perfor-
mance in terms of various accuracy and computation time measurements. The
simulation results demonstrate that the hybrid GCM has higher accuracy and
convergence than the remaining two GCMs in all cases. By directly comparing
the primitive variables along the boundary, it can be concluded that the hybrid
GCM has significant advantages in compressible flow simulations. The results
of CPU time show that the hybrid GCM can provide more accurate results while
ensuring the efficiency of the calculation.
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1. Introduction

There has been extensive research on computational fluid dynamics (CFD)
simulations employing complex geometries within the computational domain
in recent years. Traditionally, the solid boundary is approximated with body-
fitted grids, structured or unstructured. The main disadvantage of body-fitted
grids is that much effort must be put into the pre-processing stage. In recent
years, researchers have shown an increased interest in using Cartesian grids
for simulations. One of the main obstacles is that the complex geometries do
not coincide with the Cartesian grid. Immersed boundary (IB) methods are
among the most widely used Cartesian grid methods for dealing with complex
boundaries. The importance of immersed boundary methods is indisputable.

The immersed boundary method (IBM) proposed by Peskin [1, 2, 8] is em-
ployed to handle elastic boundaries for simulating blood flow in the heart. A
recent systematic literature review [4] refers to this method as the “continuous
forcing method”. The forcing is incorporated into the continuous equations be-
fore discretization. This method is suitable for the case where the boundary is
elastic, and the Dirac delta function used for the elastic boundary does not fit
well with the rigid boundary in general [4].

The discrete forcing approach is proposed to overcome the problem that
the elastic force source term cannot be given precisely in the Navier-Stokes
(NS) governing equations [4]. The discrete forcing approach is implemented by
modifying the computational stencil localized at the difference scheme boundary
and imposing the boundary conditions on the immersed boundary. The discrete
forcing approach can reconstruct the boundary accurately. Previous research
has established two approaches to modify the computational stencil: cut-cell
methods (CCM) and ghost-cell methods (GCM).

Cut-cell methods based on finite volume IB methods—in comparison to finite
difference ghost cell methods—are attractive as they enforce strict conservation

of mass, momentum and energy [, 6, [{]. The primary issue however is the
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7

presence of small cells, which results in an excessively small time step in case of
an explicit scheme or a poorly conditioned matrix in case of an implicit scheme
7.

The concept of GCM is most commonly associated with the works of Mohd-
Yusof [§] and Fadlun [9]. The boundary condition on the IB is enforced through
the ghost-cells. Ghost-cells are defined as cells in the solid that have at least one
neighbor in the fluid. For each ghost-cell, an interpolation scheme that implic-
itly incorporates the boundary condition on the IB is then devised [4]. Different
interpolation procedures for the mirror point [[10] and extrapolation procedures
for the ghost point [L1] can be utilized to obtain a second or even higher order
accuracy [12, [13, 14, 15]. A simple GCM interpolation scheme [[16] is bilinear
interpolation using the information of surrounding fluid nodes. However, at
high Reynolds numbers, when the resolution is marginal, linear reconstruction
could lead to erroneous predictions [4]. An improved method [L7] employs a
linear interpolation in the tangential and a quadratic interpolation in the nor-
mal direction. Felten et al. [1§] demonstrated that interpolation errors do not
significantly affect the results as long as the simulation has a sufficiently fine
grid and short time steps. A seminal study in this area was the work of Tseng
et al. [10] who proposed methods to solve the incompressible NS equation by an
implicit pressure-corrected finite volume method on Cartesian grids. Tseng et
al. [L0] studied the effects of the local stencil near the boundary for the problem
when too few points are available for interpolation. Pan et al. [19, 20, 21] pro-
posed a simple and stable ghost-cell method which was developed to treat the
boundary condition for the immersed bodies in the flow field. Pan et al. demon-
strated that the spatial accuracy of the method is second-order-accurate in the
L5 norm for both velocity and pressure. The GCM has shown large potential to
handle different fluid-solid interaction problems, including those with moving
objects [22, 23, 4] and highly complex geometries [25, 26, 27, 15]. Ji et al. [2§]
tested the hypersonic blunt-body shock-induced combustion phenomenon em-
ploying the cut-cell method with second-order accuracy and proved the accuracy

by merging the cut cells to cope with the small-cell problem. Combining the
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immersed boundary method with adaptive mesh refinement (AMR) improves
accuracy of numerical simulations considerably. Deiterding et al. [29] used the
ghost-cell method with AMR techniques to improve computational efficiency in
the case of hypersonic blunt-body flows. These studies [30, 81, B2] showed good
results regarding the robustness and accuracy of the ghost-cell method.

However, the simple GCM method [1§] suffers from an issue by reconstruct-
ing the value at ghost-cells that are too close to the boundary. Chi et al.
[B3, B4] proposed an improved method whose ghost-cells are mirrored through
the boundary to farther image points. In this paper, a general boundary condi-
tion treatment based on the idea of Chi et al.[33, B4] is developed and validated.
The concept of the image point is adopted and modified to construct a simple
and stable bilinear reconstruction scheme. A new reconstruction stencil is car-
ried out to eliminate some of the assumptions of the method as given in previous
publications [33, B4]. The main advantage of the current approach is the ease
of programming, which requires only that an improved reconstruction stencil be
added to an existing code.

This paper is organized as follows: Section E introduces the computational
model, including governing equations, numerical methods, improved ghost-cell
method and hybrid method. Section E compares and verifies the applicability of
the hybrid method for a number of cases: unit test, stationary rotating vortex,
Prandtl-Meyer expansion wave, double Mach reflection, moving-shock/obstacle
interaction and blunt body shock-induced combustion. All GCM methods in
this section are implemented in the AMROC framework [B5, 86, B7]. The CCM
method used for comparison is implemented in the AMReX framework [3§].

Section @ concludes the paper.



103 2. Computational Model

w 2.1. Governing equations and numerical method

The two-dimensional Euler equations governing fully compressible flows read

as follows [B9]:
oU  OF(U) N 0G(U)

el = 1
ot + or dy 0 (1)
T
U= (P; pu,pwE’) (2)
pu pv
2
+
roy=| 7P GU) = P
puv pv:+p
u(E +p) v(E +p)

With the ideal gas equation of states, total specific energy E and speed of

sound a are written as

p L P
EFE=— +- =.,/= 3
vt U ) (3)
105 Van Leer [40] achieved higher accuracy by modifying the constant data of a

106 scheme based on the first-order Godunov method, which has been called MUSCL
w7 (Monotone Upstream Centred Scheme for Conservation Laws). MUSCL is a
s classical high-order approach that can be constructed with higher accuracy than
o second-order and is widely used in numerical simulations. The MUSCL-Hancock
uo  scheme[d0, BY] is used to approximate the primitive variables as follows:

Step (I) Reconstruct the left and right values:



Step (III) Solve the Riemann problem with segmented constants:

ur + f(u), =0
u(z.0) = al, 1 <0 (6)

L
Uiy, >0

As for the linear advection equation f (u) = au, the fluxes constructed by

the MUSCL-Hancock method are represented as:

ML S0 sign(o)f (aF) + 5 (1 —sign(O)f (@) ()

f (ﬂfb) =a |:u;l + %(1 - C)AZ:| . f (ﬂiL+1) =a u?:lrl - %(1 +)Ai1 (8)

w where ¢ is the Courant number.
In order to avoid the correction of the Riemann solver for the immersed
method, this study adopts the primitive variable Riemann solver (PVRS) [39].
The format of this approximate Riemann solver is as follows:

_ Crpr + Crpr + CLCRr (ur, — ug) " — Crur, + Crur + (pr — PR)
P Cp+Cgr ’ * Crp+Cg
9)

pL+ (P« —pL PR+ (P« — PR)
PxL = ¥a PxR= ———>5 (10)
ar, ar

where
2 PL.R

arp p = VE, CL.r = \/APL.RPL.R (11)

)

u2 In the above, L, R represents the left and right states for the Riemann problem.

us  2.2. The level-set method

114 The necessary geometric information needs to be stored for the ghost-cell
us  projection process to accurately represent the solid wall boundary intersecting
us  with the Cartesian grid. There are many methods for interface tracking, and
7 general methods include the marker-and-cell method proposed by McKee et

us al. [41)], the front-tracking method proposed by Tryggvason et al. [42], the
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volume-of-fluid method proposed by Lorstad et al. [43], and the level-set method
proposed by Osher and Fedkiw et al. [44, 45]. The level-set methods [44, B,
46, U5, 47 handle interfacial evolutions automatically and interface curvature
and normal are easily dealt with. The level-set method is thus chosen as the
interface capturing scheme in this study. The AMROC framework represents
geometry implicitly through a level-set function. There are many different level-
set methods and they usually have in common that the level set is updated with
a finite difference advection scheme to represent the interfacial evolution, for
instance, a multi-phase flow.

The level-set method is the primary interface tracking method, which defines
the solid-fluid marker variables as a distance function from the boundary. In
this method, the interface is represented by a zero-valued equivalence surface
of the distance function, continuously distributed over the interface. Compared
with the volume of fluid method, the normal and curvature of the boundary can
be calculated more accurately. In terms of the level-set method, the direction of
the boundary at each time step is determined directly from the level-set variable
distribution.

The distance function is defined as: d(x) = min (|]x — x;|), where x; repre-
sents the intersection of the fluid and the solid. The interface is a zero-level set
of ¢:

I = {x | 6(x,1) = 0} (12)
where ¢ > 0 is taken in the fluid region and ¢ < 0 in the solid region:

>0 ifx e Fluid
o(x,t)q =0 if xeT (13)

<0 ifxe Solid
Two dimensional, stationary level-set cases are considered in the present
study. Therefore the position of the interface is independent of time, i.e.
o(x,t) = ¢(x). The boundary normal and interface curvature can be easily

expressed in terms of ¢(x,1):

Vo Vo
=22 | k=V.[— 14
Vel " <V¢|>’¢=o (4



136

137

138

139

140

141

142

143

144

145

In Cartesian coordinates, the derivative V¢ in Eq. (@) needs to be ap-
proximated. For computational accuracy in the current calculation, we use the
second-order central difference format:

% ~ ¢.’,C+A3? — ¢x—Aw

or 2Ax (15)

The degree of accuracy of the unit normal depends on the grid size in the
calculation. The central differencing has second-order accuracy and can usually

be combined with AMR.

2.3. Improved ghost-cell method

2.3.1. Ghost-cell reconstruction

The classic bilinear interpolation scheme available in the AMROC package
[B6] is referred to as the base ghost-cell method [B3]. In the base ghost-cell
method, the mirror points of the ghost point are mirrored symmetrically by the
boundary such that:

M O=TG (16)

A ghost point is defined as the center point of a ghost-cell. The image point is
the symmetry point of the ghost point in the fluid region near the boundary.
The projection point is the normal projection of the ghost point at the boundary.
ryr is the absolute distance from the projection point to the image point, and
r¢ is the absolute distance from the projection point to the ghost point.

The state values at the image point can then defined using a bilinear inter-
polation from surrounding cell-centered values available in the fluid. When the
location of the image point of the ghost point and the physical quantities are
determined, the slip wall boundary conditions of the projection point can be

applied to construct the ghost point, as follows:

Qimage = Aghost un'ghost = _un|imagev ut|ghost = ut|image (17)

where u,, is the velocity normal to the wall, q denotes other physical quantities

including the tangential velocity of the wall u;. The no-slip wall boundary
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conditions can be represented as:

Qimage = Ughost un|ghost = _un|imagea ut|ghost = _ut|image (18)

The base method is easily implemented, with small computational burden thanks
to its simple structure and strong robustness [@]

The baseline method provides an incomplete bilinear interpolation when the
ghost-cell is too close to the boundary, as shown in Figure ﬂ The above rea-

son will cause the interpolation accuracy to be significantly reduced. Pan and

s

Figure 1: The number of interpolation points becomes fewer when the image points are closer

to the boundary

Shen [@] introduced an improved method to ensure complete bilinear interpo-
lations for incompressible flows, and Chi et al. [@] extended its application to
compressible flows. However, uncertainties are introduced by simplified model
assumptions in the Chi et al. method [@] Therefore, this study extends this
stencil to a more general form in compressible flows to avoid excessive assump-
tions. An improved ghost-cell value reconstruction method is proposed based on
the Cheng et al. stencil. The improved reconstruction method proposed in this
study can guarantee complete bilinear interpolation and hence has second-order
accuracy.

The image point is projected to a farther fluid domain when the distance is
less than a threshold, as shown in Figure E(a). The distance ¢ should be far
enough to ensure that the image point can be surrounded by the four neighboring
fluid cell central points. However, a large unrestricted distance d may result in

severe errors in the extrapolation to the ghost point. Therefore, the threshold
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Figure 2: Schematic diagram of the improved ghost-cell method

distance ¢ is suggested as § = v/2Az in the two-dimensional case, where Az is
the grid size [33].

The one-dimensional model of the method is shown in Figure E(b)7 where
vector q4 represents the primitive variables of ghost point; vector g, represents
the primitive variables of the extrapolation point; vector q; represents the prim-
itive variables of the projected image point; vector q,, represents the primitive
variables of the symmetric mirror point; vector q, represents the primitive vari-
ables of the projection point; rg is the absolute distance from the image point to
the extrapolation point; 7y, is the absolute distance from the symmetric mirror
point to the projection point; r¢ is the absolute distance from the ghost point
to the projection point. The location of the ghost point and the mirror point are
symmetrical about the boundary, which can be directly derived as ry; = r«. For
simplicity, the location of the extrapolation image point is defined as rg = rq.

The primitive variables of the image and extrapolation points can be bilin-
early interpolated from the surrounding nodes. A Neumann boundary condition
is adopted to deal with the solid boundaries and the normal gradient of the pro-
jection point is zero.

The primitive variables of image points, extrapolation points, and projection

points adopt the second-order Taylor expansion as follows:

) §—rg): 02
(li:CIm‘f’((S_TG)'a% +%87n(21 + R,1 (19)

10



Oq rz  0%q
o= o 7 8] (20)
0q (6+rg — rg)2 9%q
‘q Wrre—r¢) o9 21
’m - 2 on? m +Rn3 ( )

de =Qm + (0 + 75 —7¢) - n

12 where R, = o0 ((5 — rg)2), Rpo=o0 (T%;), R.,3=0 ((5 +rEe— TG)Q)

Equation system (@—@) can be further written as the following matrix form:

2
1 §—ra % dm qi — Rt
2 9
1 —Tag TTG 872 m - dp — Rn2 (22)
2 2
1 6+ TE — TG (6+TE2 re) gng Qe — Ry

It can be deduced that for qu, the formula reads as follows:

_ qedrg (rg —0) +Qirg (re +0 —rg) (rg + ) + dpre (rg — ) (rg —rg + 9) \Ri

§(r3, + orp) 23)

Qm

The error R;; can be written as
Rurec (0+rg—1rg) (0 +7E) + Ruorg (6 —r¢ —rE) (6 — 7)) + Rusdre (rg — )
5(7‘%‘ + 5’I“E)
(24)

Ry =

The value of qp is unknown. The second-order Taylor expansion can be

adopted at q; and ge to solve gp:

dq % 0%q
qiqu+5-’ = | T Raa (25)
on 2 On? »
dq|  (6+rr)° 8%*q
qequ+(5+TE)~af T a9 +Rn5 (26)
Dy P
w5 where Ry = 0(62), Rys =0 ((5 + T'E)Q).
Imposing boundary conditions, g—g =0, Eq. (@) can be written as:
1 % dp qi — Rna
(64rm)? 0%q = (27)
I == on? | Qe — Rns

11
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dp can be solved for:

qi (6 +75)° — qed?
= R 28
ap %+ 201 + e (28)

The error R;s can be written as

Rn4 (5 + TE)Q - Rn562

fr— 2
Bz 72 + 20T (29)
Replacing Eq. (@) into Eq. (@) yields:
Qi((5+TE)2—T%)—qe(52—T%) " 20
Am = %+ 20rg + s (30)
The error R;3 can be written as
R :Tg(5+7’Efrg)R +(57T@)((5+7’E7Tg) 7(577‘@)7"@
3 org n 6(64‘7‘}3) n2 TE ((5+TE) n3
(b4+rg)(d—rc)(0+rE—10) d(6—rg)(d+rE—rc)
+ Rn4 - nb
ore (20 +71E) re (20 +rg) (0 +rE)
(31)

Substituing qp, = 0 into Eq. (@), the normal component of the velocity u,,

is derived as follows:

Uen0rG (rg — 0) + uinre (re + 6 —rg) (rg +9)
Umn = 5 (32)
o(ry, +0rg)

where Up,n, Uen, Uin are the normal components of the velocity of points mirror,
extrapolation and image.

Therefore, the second-order-accurate extrapolation formula can be obtained
by applying Taylor expansion. The method described above requires no assump-
tion regarding flow properties and is therefore more generally applicable. Using
Eqgs. (@), (@), the values of the mirror points can be derived when the values
of the image points and the extrapolation points are known. The primitive vari-
ables of the image points and the extrapolation points can be interpolated from

the surrounding flow field cell centers by using a complete bilinear interpolation.

2.8.2. Hybrid improved GCM
While the improved method deals with the interpolation challenge listed

above, there is still room for improvement. It can be seen from Eq. (@) that

12
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the analytical error is R « o ((5 + ?"E)2). The accuracy of the improved GCM is
dependent on the distance between the extrapolation points and the boundary.
The accuracy of the improved GCM is dependent on the distance between the
extrapolation points and the boundary. If the mirror point can be completely
bilinearly interpolated from surrounding cells, the improved GCM would not be
necessary. This leads to the issue of whether the improved method is applicable
to all mirror points.

A simple improvement to the issue involves developing a hybrid method
that combines the results from different methods. The proposed approach can
be interpreted as a hybrid baseline/improved method, in which the conven-
tional baseline method is used to deal with suitable distance cells, whereas the
improved method is used to handle cells too close to the boundary.

If the global improved method is adopted, it is called the general bilinear
complete ghost-cell method (BCGCM) in the following. The hybrid method is
called the hybrid bilinear complete ghost-cell method (HBCGCM).

To evaluate the accuracy of the boundary treatment methods, a norm of a
solution residual ¢ is defined as follows:

Nl
lell, = FN'] (33)
where va denotes the summation over all cells in the computational domain.
The Ly , Ly and Lo, norm of ¢ are defined respectively when p = 1,2, or oco.
The order of convergence of the solution is derived by considering the difference

between solution residuals obtained on different Cartesian grid sizes as

it "

log(1+)

where €1 and €5 are the solution residuals obtained on two grids with spacings

p

hy and hs, respectively.

13
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3. Verification

In this section, the results of verification cases are presented with the method
proposed in Section E The results of the unit test are first presented to analyze
the accuracy of the improved method. Next, stationary rotating vortex and
Prandtl-Meyer expansion wave cases are employed to verify the accuracy of the
HBCGCM in compressible flows. The double Mach reflection case verifies the
capability of the HBCGCM in discontinuities. Finally, the capability of the
HBCGCM in Euler equations with reaction is demonstrated by the blunt body

shock-induced combustion case.

3.1. Unit tests

The unit test is a visual case to illustrate the analytical accuracy perfor-
mance. In this case, the ghost-cell is not in actual compressible flows. This case
is used to compare the accuracy of reconstruction directly. In the unit test,
the accuracy of the baseline method, the improved method and Chi method are

compared.

as- In this case, the improved

s}

method was processed with only a single ghost-cell in order to test its perfor-
mance and compare it under the same conditions as the other approaches. In
the current setup, a random boundary is considered as shown by the dashed

lines in Figure E The level-set function of the boundary is derived as follows

¢(Xghost) = _¢(XmiTTOT) (35)

Once the position of the random mirror point Xmirror = (Tm, Ym ) is determined,
the position of the boundary and the rest of the points can be fixed. When
setting the mirror point, it is necessary to ensure that the surrounding nodes
are not all in the fluid to represent the incomplete bilinear interpolation. A
predefined function is employed in the computational domain rather than the

governing equations.

14
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Figure 3: Unit test model

Three predefined functions are employed: primary function, fourth-order
polynomial function and cosine function, as follows:

(1)
(2)
(3)

ax+asy+as+kr+y

a1zt + asy* + asz®y? + aurdy +aszyP + ... Fas +kr+y (36)
ay cos(x + y) + ag cos(x) + az sin(y) + kx + y

233 The coefficient a; is taken as a random number between 0 and 1 in the test. To
234

guarantee the Neumann boundary conditions, the gradient of primitive variables
235

normal to the boundary needs to be 0. The gradient of the primitive variables
236

at the boundary is expressed in the form of a; and k. a; is a random number
237

and is known. Thus, k can be solved to ensure that the gradient is 0.
238

First, the improved method was tested in terms of pure extrapolation accu-
239

racy. The pure extrapolation means that the image point and the extrapolation
20 point are both exact values. The source of error is only related to the extrapola-
2 tion of the two points to the mirror point in the pure extrapolation method. The
242

exact values of each point are determined by evaluating the predefined function.
243

The absolute values of the errors of the improved method, Chi method and lin-

15



a4 ear method are compared, where the linear method refers to the direct linear
25 extrapolation of the image points and extrapolation points to the values of the

26 mirror points.

247 The coordinates of the mirror point vary between z € [—Axz, _§” l, vy €
28 [0, %] The grid size is gradually reduced from 1 to 10~° to compare the errors
29 of extrapolation at the mirror point for different grid sizes. Each test function is
0 repeated 1000 times. 1000 randomly generated coefficient datasets are adopted
s for each predefined function to correspond to a random location. The errors of

the three methods are shown in Figure H

4, 4, 22 3 3. ...
a1x+a2y+a3 ] aIx +a2y +a3xy +¢li€ y+a;vy + +a15
5 . .
10 " d method 10
T3 Chbs method133] (a) (b)
0 Linear method
1st order sl -
10 2nd order stope 1>
=P o Loz=
B e T LIt
5105 [ - PR rs y
= L - JIPt
k: -
B 010
T 7 —T— Improved method
15 ! I I 1 71 L 1010 ¢ T3 Citemetnodl331 |1
107 1 = Linear method
- - - -1st order slope
M .....n 2nd order slope
-20 : : : : 10715 y y *
N ; _ B _ -5 -4 -3 2 1 0
10° 10 103 AL 2 10t 100 107107 107, 107 107 10
X
alcos(x+y)+azcos(x)+a3sin(y)
0 |
10 (C)
- 1-- -
=105 |
£
(=
=
-10
10 T Tmproved method
— -~ Chi's method[33]
Linear method
order slope
2nd order slope
15 L N n
10
105 10* 103 102 100 10°
Ax

Figure 4: Variation of the absolute value of the error with the grid size in pure extrapolation
tests for different test functions, (a) test function 1 (b) test function 2 (c) test function 3

252

253 As shown in Figure H, each value represents the mean of 1000 independent

»4  experiments, and the error bars represent the standard deviations. Figure H
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shows that the improved method significantly outperforms the Chi method and
the linear method for the three types of test functions. The improved method
is at least one order of magnitude better than the others method. As shown in
Figure H(a), the error may not be less than 1072° due to rounding error. The
improved method can be considered virtually error-free when dealing with the
extrapolation of a linear function. The order of error can be calculated. In test
function 2, the mean orders of the improved method and linear method are 2.97
and 1.92, respectively. In test function 3, the mean orders are 3.02 and 1.96.
This proves quantitatively that the improved method is second-order-accurate
in pure extrapolation. Although the Chi method is a second-order theoretical
method, the test function does not satisfy the assumptions required by the Chi
method. It results in the unavailability of the second-order Chi method. Thus,
the Chi method performs even worse than the linear method in all tests.

Next, the accuracy of complete interpolation is tested. The values of the
image and extrapolation points are bilinearly interpolated using the surrounding
fluid nodes. When specific assumptions are not satisfied, the accuracy of the
Chi method will drop. Consequently, only the accuracy of the baseline method
and the improved GCM method are compared in the subsequent tests. The
selection of mirror points is similar to the above test. Each test function is still
repeated 1000 times.

As shown in Figure B, the improved method has higher accuracy than the
baseline method for all test functions. In test function 2, the mean orders of
the improved method and linear method are 2.02 and 1.09, respectively. In
test function 3, the mean orders are 2.11 and 0.96. The orders prove that
the improved method still has second-order accuracy in this test. The baseline
method arrives at low accuracy in the case of incomplete bilinear interpolation.
It is worth noting that in Figure E(b), the baseline method outperforms the
improved method for a grid size that is close to 10°. At the grid size of 1, the
distance from the image point to the boundary is greater than v/2 according
to r¢ = 6 = V2Axz. The x and y coordinates of the image point and the

extrapolation point may be greater than 1, respectively. The given test function
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Figure 5: Variation of the absolute value of the error with the grid size in complete interpo-
lation tests for different test functions, (a) test function 1 (b) test function 2 (c) test function

3

is a higher-order polynomial function, which will lead to a sharp change in the
function value. The extrapolation is sensitive because it only has two data for
the extrapolation. At the same time, the x and y coordinates of the mirror point
are less than 1, and the bilinear interpolation function is in a more moderate
range. The bilinear interpolation error is significant because the function values
around the image point and the extrapolation point change drastically, resulting
in a loss of accuracy. The results around 10° are related to the selection of grid
coordinates, but not to the boundary treatment method. However, these issues
would hardly occur during an actual flow field in the numerical simulation since

sufficiently fine grids are generally utilized to guarantee convergence. In the
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above, the accuracy of the improved method is significantly improved over the
baseline method for each test function.

The coordinates of the mirror point vary between z € [—Axz, %M], y €
[0, %] Correspondingly, the slope of the boundary changes with the mirror
point coordinates. q; and e use the values interpolated from the surrounding

nodes, compared to the qu, incomplete linear interpolation. The grid size is

selected as 0.01.
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Y 0 -AX X

Figure 6: Variation of the absolute value of the error with the mirror point position in complete
interpolation tests for different test functions, (a) test function 1 (b) test function 2 (c) test

function 3

As shown in Figure E, the improved method outperforms the baseline method
in most of the mirror points for the three test functions. The result shows
the clear advantage of the improved method. As shown in Figure H(a), in
the case of test function 1, the accuracy of the improved method reaches the

rounding error, resulting in some images not being displayed completely. It
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demonstrates that the improved method has second-order accuracy and can
reduce the error to less than the rounding error in the first-order test function.
The accuracy of the improved method is much better than that of the incomplete
linear interpolation. Figure B(b—c) shows that the improved method is slightly
worse than the baseline method when the mirror point is close to the fluid node.
This is because the mirror point is too close to the fluid node, which reduces
the error of incomplete linear interpolation and leads to the superiority of the
baseline method over the improved method.

The typical incomplete linear interpolation model is shown in Figure H The
value of the mirror point can be represented by the values of the three surround-
ing nodes as follows:

f (ag) = (Ay — ii)f (a3) n Ak(Azx — Ah)fA((jElQ) + ARAKLS (as)

+R (37)

where R is the error term, which is expressed as:

(Ay — AR)fL(Ax — Ab)

k= Ax

+o(Az—Ah)+o(Ah)+o(Ay—Ak)+o(Ak) (38)

Eq. (@) shows that the first term is the most significant source of error. As
Ak — Ay, the error becomes smaller, which is shown in Figure B(b—c) where

the error of the baseline method is significantly reduced at Y = Ay.

Figure 7: Incomplete linear interpolation model

In summary, this method has a significant advantage in efficiency compared
to the other methods through unit tests. The improved method has better
generality and scalability than the method proposed by Chi et al. [33]. The
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improved method has second-order accuracy throughout and is capable of han-
dling linear functions with only rounding errors. This method has significant
advantages over the baseline method for different grid sizes and different mirror
point locations. For most mirror point locations and grid sizes, the improved

method had advantages over the other methods in accuracy.

3.2. Stationary rotating vortex

In order to verify the HBCGCM, a vortex problem with a theoretical solution
is selected for testing. A circular boundary with a radius of Rg is employed in
the current case, and the ghost-cell methods are used for the immersed bound-
ary. Comparison of analytical and numerical solutions shows the accuracy of
different boundary treatment methods. The counterclockwise rotation of the
vortex is set in the initial flow field of the two-dimensional cylinder, as shown in

Figure E For the following tests, the computational domain is set to [0, 1] x [0, 1].

Figure 8: Stationary rotating vortex physics model

The initial parameters are set to:

1
. =05, y.=0.5, R=04, tenqg=1, Ah:Ax:Ay:N

The boundary is a circle around (z.,y.) with radius R . The reflective slip
boundary condition is implemented at the immersed boundary.
The non-trivial radially symmetric and stationary solution is constructed by

balancing hydrodynamic pressure and centripetal force per volume element:

r 2
2 ey = ot 2

(39)
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where U(r) denotes the velocity at distance r away from the origin. For pp =1

the velocity field can be expressed as:

2r/R if0 <7< R/2
U(r)=a-{ 2(1—r/R) ifR2<r<R (40)
0 ifr >R

According to the boundary condition p(R) = pg = 2, the pressure distribution

can be derived as follows:

2r2/R% +1 — In2 if0<r<R/2
p(r) =po+2poa® - { r2/R*+3—4r/R+In(r/R) ifR/2<r<R (41)
0 ifr>R

In Cartesian coordinates, physical quantities can be obtained from transforma-

tions into curvilinear coordinates:

p(l‘,y,t) = po; u(x,y,t) = _Sian(r)’ ’U(Z‘,y,t) = Cos @U(T)7 p(x’:%t) = p(?“)
(42)

where r = \/(x —20)* + (y — yo)?, p = arctan Ibe
This exact smooth solution is applicable to measure the accuracy of im-
mersed boundary methods by constructing a radially symmetric no-slip bound-

ary around the origin. The error is chosen to be the ||¢||2 of the difference from

the exact solution in the following tests.
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To test the immersed boundary method in the case of almost no boundary

interactions, the parameters of case 1 are chosen as:
a=Rr, Rg=R

It can be seen that HBCGCM can achieve more accurate results by compar-
ing with BCGCM and baseline GCM in Figure E As shown in Figure H (a), the
advantages of HBCGCM become increasingly conspicuous with the decrease of
grids size. It can be seen from Figure E (b) that on the coarse grid, HBCGCM
can obtain a lower ||¢||;. As the grid size decreases, the ||e||; of the three GCM
methods gradually tends to the same smaller value. With decreasing grids size
the gap between the BCGCM and the baseline GCM results are successively
closed in Figure E (¢), while for the coarse grids simulation, the HBCGCM and
BCGCM are almost consistent with each other. Compared with other methods,
the baseline GCM has a larger error, which makes ||| larger, as shown in Fig-
ure E (d). In the case of the coarse grid N = 20, there are greater fluctuations in
physical quantities near the boundary and the incomplete linear interpolation
in the baseline GCM will result in a greater loss of accuracy. Therefore, the
llell2 of the HBCGCM and BCGCM under the coarse grid will be better than
that of the baseline GCM.

To test the effectiveness of the immersed boundary method in the case of
very strong shear flow, the immersed boundary is placed precisely at the point

of maximum shear flow velocity in case 2, i.e.

a=Rmr, Rg=R/2
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Figure 9: Comparison of three methods in the no boundary interactions case, (a) Mass loss

(b) Jle|l1 of density (c) ||€||2 of density (d) ||¢||cc of density

As shown in Figure @, the baseline method is the worst method with the
worst accuracy. The HBCGCM presents the lowest error among all GCM meth-
ods in terms of mass loss. This indicates that the HBCGCM has higher conver-
gence than the CCM. Compared with BCGCM and baseline GCM, HBCGCM
can obtain a lower ||¢||1, as shown in Figure @ (b). Nevertheless, the advan-

tage of the HBCGCM relative to the BCGCM is not fully realized in ||¢]|2.
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Figure 10: Comparison of three methods in the strong shear flow case, (a) Mass loss (b) ||¢||1
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Strong shear flow is obtained by decreasing the radius of the computational
domain. The size of the grid relative to the boundary radius increases as the
boundary radius decreases. Based on previous analysis, when the physical quan-
tities of surrounding grids change drastically, the difference in the error of the
HBCGCM and the BCGCM is not very significant. If more significant differ-

ences are required, then one would have to set finer grids in this case. As the
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grid size gradually decreases, HBCGCM can obtain the lowest ||¢|o, compared
with other methods, as shown in Figure @(d) A smaller ||¢]|s indicates that
HBCGCM has a smaller upper limit of error when dealing with larger gradients
of physical quantities.

As shown in Figures E—E, the HBCGCM has higher accuracy and conver-

gence in all GCM. The simulation results using CCM have a smaller mass loss
because the CCM method has higher conservation. However, the convergence of
the mass loss of the CCM method is worse than that of HBCGCM, especially at
the boundary with the strong shear flow. At the same time, a significant trend is
that as the grid size decreases, the error of HBCGCM decreases closer to CCM.
This shows that HBCGCM has higher convergence than CCM. Considering the
complexity of the CCM in boundary treatment and the larger computational
cost (discussion in Sec @), HBCGCM is considered to be more attractive.

The HBCGCM has significant advantages over the other GCMs for boundary
treatment. In addition, since each case is set for different parameters, the error
is not identical according to its type of boundary. The smallest error is obtained
by using HBCGCM in case 1. While in case 2, the primitive variables around
the image point and the extrapolation point change drastically in strong shear
flow. As discussed above, extrapolation with primitive variables, which change
drastically, may lead to incorrect conclusions.

These cases demonstrate the significant advantages of the HBCGCM for
different boundary types including no boundary interactions and boundary in
shear flow. In these cases, the HBCGCM consistently performed better than the

other GCM, particularly when compared in terms of mass loss. Meanwhile, with
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the reduction of the grids size, it can be easier to demonstrate the advantages

of the HBCGCM over other GCMs.

3.3. Prandtl-Meyer expansion

The cases of Prandtl-Meyer expansion wave can be quantitatively verified by
the immersed boundary method [@, @, @] because of its analytical solution.
The steady-state problem of smooth flow has a constant entropy, whose value
is S = p/p?. When the fluid Mach number is expanded from Ma; to May by

the expansion wave, the deflection angle can be calculated as follows:

0= [ arctan ,/ Ma2 —1) — arctan \/MaZ2 — 1| —
+
arctan y /| —— (Ma? — 1) — arctan \/ Ma? — 1
v—1 v+1

~2
—_
~2
,_.

2
—_

~2
—_

A\
1

jrammis
rAmmmii

(a) 0 (b)

Figure 11: Density contours obtained from the computation of a Prandtl-Meyer expansion
wave at Mach 1.2, (a) Prandtl-Meyer expansion wave case with the straight boundary (b)
Prandtl-Meyer expansion wave case with the curved boundary

The Prandtl-Meyer expansion wave case with the straight wall surface is
calculated to compare the convergence of entropy results calculated by different
methods. The convergence of entropy is compared for the cases of 20°, 30°, 40°
and 50° deflection angles 6, as shown in Figure @(a). An accuracy study of the
algorithm is performed for this problem by conducting a series of calculations

on grids of varying resolution: 600 x 600, 300 x 300, 150 x 150, 60 x 60, 30 x 30.
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Figure @ shows the ||e||2 of entropy in the vicinity of the boundary with grid
size for the different methods. It can be seen that in all cases the HBCGCM
yields better performance in convergence. Although the overall performance of
BCGCM is better than the baseline method, the improvement is only maximally
37% compared to the baseline method.

Table 1: The order of convergence in the ||g||2, where 78, r$ and 7# represent orders of

Baseline GCM, BCGCM and HBCGCM, respectively

Angle T‘QB r2G r2H
20° 1.25 1.25 1.36
30° 1.13 1.21 1.37
40° 1.17 1.20 1.35
50° 1.16 1.16 1.33

Table E summarizes the convergence orders for the Prandtl-Meyer expan-
sion cases. The results for entropy suggest that the order of accuracy of the
discretization over the ghost-cells (viz., in the vicinity of the boundary) is
r¥ ~ 1.35, which is a clear improvement when compared to other immersed
boundary methods, where ro &~ 1.14 was reported by Pember et.al. [49]. Al-
though certain studies [28, 48] reported better conservation, note that this was
obtained using a conservation-based cut-cell method.

It is worth noting that the Mach number after the expansion waves is inde-
pendent of the expansion process and depends only on the total deflection angle.
The Prandtl-Meyer expansion wave case with a curved boundary can be set, as
shown in Figure El(b) The geometry used for expansion wave is set according
to the used by Berger and LeVeque [b0]. For the convenience of calculation, the

computational domain is set to [—1,2] x [—1,2], and the turning point of the
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Figure 12: Variation of ||e||2 with grid size for different deflection angles, (a) 20° (b) 30° (c)

40° (d) 50°

boundary is set to (0,0). The curved boundary is given by the function:

0 <0
0.322
0.108 — 0.36(x — 0.6)

y(x) = 0<2<06

x> 0.7

(44)

The grid size is set to N = 150. Because the analytical solution of Mach number

is known, the relative error of the simulation results can be calculated as follows:
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The relative error of Mach number with different methods is shown in Figure
@. It is found that the error curve is not smooth in Figure B This might be due
to the way the boundary values are calculated. The physical quantities of the
fluid in the calculation are stored at the central node, and the node is not exactly
on the boundary. The central node close enough to the boundary is selected
according to the threshold value Az /10, and then mapped to the boundary by
Mach lines. The HBCGCM yielded the highest precision value in the method
shown in Figure @ Meanwhile, a relatively substantial improvement by us-
ing BCGCM is exhibited, compared to the baseline method. The BCGCM and
baseline method have comparable performance at the large deflection angle, but
at the small deflection angle the BCGCM gains about 5 to 100 times improve-
ment in accuracy with the baseline method. It is noteworthy that the relative
errors of the BCGCM and baseline method also increase as the deflection angle
increases. Nevertheless, the larger angle seemed to have a negligible influence
on the accuracy of HBCGCM. The overall accuracy of HBCGCM illustrated
the excellent capability of this method to handle the curved boundary.

The |le||2 for the solution error of the entropy in the vicinity of the boundary
are calculated as 1.01 x 1074, 8.78 x 10~® and 2.32 x 10~° corresponding to
the baseline method, BCGCM and HBCGCM, respectively. The HBCGCM
indicates that its ||e||2 is more than four times lower than that of the baseline
method. From the above results, the HBCGCM improves the accuracy overall
and yields better convergence. The Prandtl-Meyer expansion wave cases cover
the different type of boundaries. Both the results of straight boundaries and
curved boundaries show that HBCGCM performed better. Thus, the above
conclusions can be extended to other cases. The HBCGCM is considered to have

significant advantages over other methods in compressible flow simulations.
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Figure 13: Comparisons of Mach number relative error versus deflection angle for different

methods at N = 150.

8.4. Double Mach reflection

This case concerns the simulation of the interaction of a two-dimensional
shock wave with a wedge using HBCGCM. This test problem has been widely
used to verify numerical methods [@] The experimental results by driving a
shock down a tube, which contains a wedge, can be found in the previous work
[@] A planar two-dimensional shock wave in air impinges on a ramp inserted
into the shocktube at angle @ = 36° and creates a growing transitional Mach
reflection pattern. The ramp is treated by an immersed boundary method as
described in the previous section.

The shock tube is filled with air (y = 1.4) at rest (u1,0 = ug2,0 = 0) at am-
bient temperature (300K) and ambient pressure Py = 2kPa, leading to a den-
sity of po = 0.02312kg/m>and speed of sound ¢y = 348.04m/s. The shock
wave travels at Mach number Ma = 4.5, which leads to the constant state
ps = 0.11123kg/m3, u, s = 1566.2m/s, us s = 0, and Ps = 46.917kPa behind
the shock. Herein, u, s and u;, denote the component of the velocity vec-
tor normal and tangential to the shock front, respectively. The computational

domain [—5mm, 70mm] x [0,60mm] is employed for the simulations with im-
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mersed boundary. The shock front is initially located at (0,0) with the shock
propagating to the right. This case adopts constant inflow boundary conditions
at the left boundary, reflective slip wall boundary conditions at the bottom,
and outflow boundary conditions elsewhere. 6000 x 4800 cells are employed in

different boundary treatment methods which results in Az = Ay = 12.5um.

60

Figure 14: Counters of density ,(a) Baseline GCM (b) BCGCM (c) HBCGCM (d) CCM

The results at t.,q = 40us are shown in Fig @ The moving shocks and
Mach stems relative to the solid boundaries are identical in the four methods.
This indicates that all discontinuities are predicted at the same locations in a
fine grid. The differences between the four methods are represented in the jet
structure developed along the ramp wall. An enlargement of just the jet struc-
ture which labeled by dash line in Fig Q is shown in Fig @ A Kelvin-Helmholtz
instability can be observed from the vortices along the slip line (labeled by dash
line in Fig @) It is generally thought that a change of the numerical scheme
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has larger influence on the K-H instability than utilizing different immersed
boundary methods [@] In both methods, the leading edge of the jet intersects
the boundary at a right angle, which is considered a physically correct result.
The smaller-scale vortices occur in the slip line and jet structures by using the
improved method. At the same time, compared with the CCM method, the

improved GCM method has a smoother physical quantity distribution.

45 50 55 60 65 5 50 55 60 65

Figure 15: Enlargement of the Mach reflection pattern ,(a) Baseline GCM (b) BCGCM (c)
HBCGCM (d) CCM

The simulation using the baseline method on a 6000 x 4800 grid is adopted as
an "exact” solution for quantitative analysis [@] The lower resolution results
on a 1500 x 1200 grid are adopted to calculate density errors ||e|| with the
“exact” solution. The density errors of the total computational domain and the

domain near the boundary are presented in Table E The results suggest that
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Table 2: Result of density errors for double Mach reflection case

Method llellx llell2 llelloo

total boundary total boundary total boundary
Baseline GCM 7.2 x 1074 0.0030 0.0049 0.011 0.12 0.10
BCGCM 2.5 x 10~4 6.2 x 104 0.0021 0.0024 0.074 0.047
HBCGCM 2.3x107*  50x107%  0.0020 0.0018 0.072 0.044
CCM 4.2 x10* 0.0021 0.0040 0.010 0.25 0.25

the simulation using HBCGCM has lower error in ||e|1, |l¢]|2 and ||&]co-

3.5. Moving-shock/obstacle interaction

This case concerns the simulation of the interaction of a moving-shock shock
wave with a sharp wedge using HBCGCM. In this case, a moving-shock impinges
on a wedge obstacle. As time evolves, the interaction produces complicated flow
patterns. The numerical setting follows the experiments of Chang et.al [@]
The ambient temperature is set to 300K, and the ambient pressure is set to
50kPa. The flow field is initialized with the Rankine-Hugoniot conditions, and
the Mach number of a moving-shock ( marked in red in Figure @ ) is set to
1.34. For the simulations with immersed boundary, the computational domain
Ly x Ly = 190mm x 115mm is employed. The obstacle is set as an equilateral
triangle with a side length of 20mm, where a no-slip wall boundary condition
is adopted. The 3800 x 2300 grids are employed which Az = Ay = 50um and
the CFL number is set equal to 0.5. This case adopts constant inflow boundary
conditions at the left boundary, reflective slip wall boundary conditions at the

bottom and top, and outflow boundary conditions at the right boundary.
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Figure 16: Configuration of Schardin’s problem and schematic diagram of shock—vortex inter-
action. RS: reflected shock, IS: incident shock, SL: slip line, MS: Mach stem, TP: triple point

and V:vortex

Some flow characteristics can be highlighted, consisting of multiple Mach
stems, triple points, reflected shocks, slip-lines and vortices (a detailed descrip-
tion of the flow field has been given by Chang et al. [53]). The density schlieren
calculated by the HBCGCM is compared with experimental results, as shown

in Figure @
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Figure 17: Density schlieren of shock-vortex interaction at ¢ = 128us, (a) the experimental

results of Chang et.al [E] (b) the results of simulation by using the HBCGCM

529 It can be seen that the results of the HBCGCM are consistent with the

s experiment in Figure E , and the flow field is consistent with that described in

san Figure E

L] - Theory (infinite wedge) ',"' -

®  Chang et al.[50] ol
25H ®  Boukharfane et al. [51] o 7
[ —a— HBCGCM TP1

Figure 18: Comparison of triple point (TP1 & TP2) trajectory and locus of vortex center (V).
h is the wedge height while b = h - tan(7/3) is the edge length.

532 The HBCGCM results are compared with the experimental data of Chang

s et al. [@], a theoretical solution from ray-shock theory and the numerical
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simulations of Boukharfane et al. [@], as shown in Figure @ The comparison
is conducted in terms of triple point trajectory and locus of vortex center. The
simulated evolution of the two triple point (TP1 & TP2) trajectory and the
locus of vortex center (V) by HBCGCM agree well with previous numerical and
experimental results. This demonstrates that the HBCGCM has the ability to

capture flow field characteristics well even when the boundary interface is sharp.

3.6. Blunt body shock-induced combustion

The case of blunt body shock-induced combustion with an internal boundary
is employed to demonstrate the capability and accuracy of the HBCGCM. The
bow shock of a hypersonic blunt body can induce oscillatory combustion of
combustible mixtures [@] This case has a complex geometric boundary, and a

violent chemical reaction zone exists near the boundary.

D

— Outflow ( a) (b) (C)

Compression waves_#

Entropy waves

Inflow
Outflow

£/ =

v Reaction zone

Outflow

Figure 19: Density schlieren of the blunt projectile at t = 40us, (a) physical model (b) Baseline
method (¢) HBCGCM

As shown in Figure @(a), a blunt projectile is set in the computational
domain, and the rest of the computational domain is set to the Hy : Oy : Ny
mixture (molar ratio of Hy : Oz : No = 2 : 1 : 3.76). The initial temperature

of the combustible mixture is 298 K, and the initial pressure is 42.663kPa. The

37



550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

578

579

blunt projectile velocity is 1931m/s, which is the same as the CJ velocity of
the detonation. The length of the computational domain is L = 18mm, the
width is D = 12mm, and the radius of the blunt projectile is rq = 7.5mm.
The left boundary condition is set to inflow condition, and the wall is processed
with no-slip boundary condition by HBCGCM. In this case, the Riemann solver
uses the HLL Riemann solver which proposed by the Harten, Lax, and Van
Leer [b6]. A detailed Hj/ air reaction model is adopted with 12 species and
42 elementary reactions [57]. The 1920 x 2880 cells are employed in different
boundary treatment methods where Az = Ay = 6.25um.

The oscillation frequency of the pressure simulated by the baseline GCM is
707.2kH z, and that affected by the HBCGCM is 714.8kH z. According to Lehr
et al. [65], the pressure oscillation frequency is 725k H z. The error of the baseline
method result is 2.5%, and the error of the improved method result is 1.4%.
The density schlieren calculated by the two different methods were compared,
as shown in Figure @ Figure @ (b-c) shows significant differences in the flow
field between the bow shock and the combustion surface. With the HBCGCM,
a significant alternation of entropy waves and compression waves between the
bow shock wave and the combustion front is observed. This alternating wave
structure is the typical structure of supersonic blunt projectile [58], but it is not
obtained in the baseline GCM. Based on the above results, it can be concluded
that the HBCGCM is convergent and stable. The use of the HBCGCM in the
current case can obtain results that are more consistent with the experimental

phenomena.

3.7. CPU time comparison

CPU time is an easily available indicator of numerical simulations, an in-
direct estimator of resource consumption and efficiency. The BCGCM has
an additional interpolation/extrapolation operation compared to the baseline
method. Compared with the BCGCM, the HBCGCM requires an additional
judgment procedure to select the method suitable for the specific ghost-cell.

From the above work, it can be concluded that the HBCGCM has some signif-
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icant advantages in terms of accuracy in compressible flow problems. However,
if the baseline method is to be replaced, then the computational efficiency of
the HBCGCM or BCGCM must be within acceptable limits. It is necessary to
evaluate the time spent on boundary processing by the HBCGCM and BCGCM
versus the baseline method. The computational cost of the CCM method has
also been added for comparison to make the conclusion more convincing. The
CPU time has been measured through simulations with a single core CPU for
the stationary rotating vortex cases 1 & 2 with N = 160 and dimensionless
physical time t = 1. The parameters of Prandtl-Meyer expansion case are set as
N = 600 and physical time ¢ = 0.03s. The parameters of double Mach reflection
case are set as N, x N, = 1500 x 1200 and physical time ¢t = 4 x 107 5s.

250 107 150 0.01
(a) : ) (b) : )
Comp. time Comp. time
200 B Error B Error
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Figure 20: The CPU time and accuracy comparison, (a) Stationary rotating vortex case 1 (b)

Stationary rotating vortex case 2 (c) Prandtl-Meyer expansion (d) Double Mach reflection
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Figure @ shows that the computational costs of the HBCGCM, BCGCM,
baseline method and CCM. It is evident that the CPU time using CCM is
much longer than that using the GCM method, but the accuracy of CCM is
lower than HBCGCM. The additional computational cost of the HBCGCM is

negligible compared to the baseline method. Although there are additional
judgments using HBCGCM, not all ghost-cells require additional extrapolation.
On the other hand, the accuracy of HBCGCM is sufficiently higher than the
baseline method. Consequently, the HBCGCM is shown to be less costly and
more cost-effective than the BCGCM. It can be considered that the HBCGCM

with high precision is the better choice based on efficiency.

4. Conclusions

This paper proposes a hybrid bilinearly complete, globally second-order-
accurate ghost-cell method that can be applied with compressible flows. Based
on the previous studies, an analytical second-order accurate reconstruction
method for the ghost-cell is proposed. The unit test shows that on smooth
given functions second-order accuracy is maintained, and it has a significant
improvement over the previous method. Through the hybrid implementation
with the baseline method, a further increase in the accuracy of the improved
reconstruction method is achieved.

The results from the symmetric circular boundary (stationary vortex cases)
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show the accuracy of HBCGCM is higher than that of the remaining meth-
ods. By testing the Prandtl-Meyer expansion cases, the HBCGCM is found to
have significant advantages in compressible flow. For problems with shocks, the
HBCGCM is considered to have the capability and stability to handle problems
with discontinuities. For problems with a sharp interface, the HBCGCM has
the ability to capture field characteristics. Finally, the cases of shock-induced
combustion also demonstrate that the HBCGCM also performs well in problems
with chemical reactions. The HBCGCM with higher accuracy can ensure the
efficiency of the calculation by comparing the calculation time.

It should be straightforward to apply the HBCGCM to three-dimensional
compressible flow simulations. The level-set methods can represent the three-
dimensional boundary easily. The reconstruction method can be used along the
boundary normal, and the mirror point and the extrapolation point can use
the surrounding nodes for trilinear interpolation. The implementation of the
HBCGCM in three-dimensional simulations has already started. Future work
will also include the combination of HBCGCM and adaptive mesh refinement

to reduce the amount of mesh required for three-dimensional simulations.
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