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Abstract

The paper develops new results on stability analysis and stabilization of linear repetitive
processes. Repetitive processes are a distinct subclass of two-dimensional (2D) systems,
whose origins are in the modeling for control of mining and metal rolling operations. The
reported systems theory for them has been applied in other areas such iterative learning
control, where, uniquely among 2D systems based designs, experimental validation results
have been reported. This paper uses a version of the Kalman—Yakubovich—-Popov Lemma to
develop new less conservative conditions for stability in terms of linear matrix inequalities,
with an extension to control law design. Differential and discrete dynamics are analysed in
an unified manner, and supporting numerical examples are given.

Keywords Linear repetitive processes - Kalman—Yakubovich—Popov lemma - Stability
along the pass - Frequency partitioning

1 Introduction

Repetitive processes have their origins in the modeling and control of long-wall coal cutting

and material rolling operations, see, e.g., Rogers et al. (2007), which, in turn, cited the original
work. Their characteristic is illustrated by the case of a material or workpiece, processed by a
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series of sweeps of a processing tool, which is of finite duration. In the literature, each sweep
is often termed a pass and the finite duration is known as the pass length.

An industrial example that highlights the characteristics of repetitive processes is metal
rolling operations see, e.g., Rogers et al. (2015), where, in essence, deformation of the
workpiece takes place by passing the workpiece between two rolls multiple times, i.e, passes
in repetitive process terminology. The objective is to reduce the thickness to a predefined
value, where each pass produces a pass profile y;(¢), 0 < ¢ < «. In this notation y is the
vector or scalar-valued variable under consideration, the non-negative integer k is the pass
number and o < oo denotes the pass length. Moreover, the pass profile on any pass explicitly
contributes to the profile produced on the next pass and so on.

In general, the control problem for repetitive processes is that the sequence of pass pro-
files {yx}x can contain oscillations that increase in amplitude from pass-to-pass, i.e., in k.
Moreover, this undesirable feature cannot be removed by standard control action, e.g., joining
successive passes end-to-end to convert the dynamics to those of a standard system, see Rogers
etal. (2007) where the deficiencies of this approach are explained. Instead, control design has
to be based on regulating the 2-D dynamics that arise from information propagation along
the passes and from pass-to-pass.

A stability theory for these processes has been developed (Rogers et al. 2007) that is of
the bounded-input bounded-output form based on the pass profile. In particular, a bounded
initial pass profile is required to produce a bounded sequence, {yx}x, of pass profiles, where
boundedness is defined in terms of the norm on the underlying function space. This theory
is based on a general model that includes all linear constant pass length examples as special
cases. It allows specific treatment of the boundary conditions at the start of each pass, which
must have a very particular and restrictive form for analysis based on the alternative above
to produce correct results.

Aside from their use in the analysis and control of physical examples, the repetitive
process setting has been used as a basis for solving problems in other areas of control
theory, such as iterative learning control (ILC) law design, see, e.g., Rogers et al. (2015)
and Paszke et al. (2016)) and iterative algorithms for solving nonlinear dynamic optimal
control problems based on the maximum principle (Roberts 2002). In this latter case, a more
general form of pass initial conditions is required and the alternative setting discussed above
is not applicable. Moreover, in the ILC application designs based on repetitive process theory
have been followed through to experimental validation, as in Paszke et al. (2016).

For linear dynamics, the stability theory has been developed the stage where the conditions
for this property can be tested using well known tests from standard linear systems theory.
However, these tests do not form a general basis for control law design and this has led to the
development of Linear Matrix Inequality (LMI) based tests that extend naturally to control
law design, where this approach is used in Paszke et al. (2016) with supporting experimental
validation. These conditions are sufficient but not necessary and hence there is a level of
conservativeness associated with their use.

The main objective of this paper is to develop new stability conditions in terms of LMIs by
applying a frequency-discretization technique for differential and discrete linear repetitive
processes, i.e., processes where the dynamics along a pass are governed, respectively, by
a linear differential or difference equation. The outcome is relaxed stability conditions in
terms of LMIs, which can be easily solved via standard numerical software. The main idea
supporting the new result in this paper is a significant reduction of the conservatism of the
resulting stability condition by dividing the entire frequency domain into sub-intervals and
applying the Generalized Kalman—Yakubovich—Popov (GKYP) Lemma to each of them. As
a result, some matrix variables are not required to be fixed over the entire frequency range.
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Also, this property enables control performance objectives to be imposed over specified
finite frequency ranges. Hence a reduction in conservatism is possible by avoiding over-
design using the entire frequency range. Additionally, using the Elimination Lemma, standard
analysis and design criteria are extended by introducing slack matrix variables. Hence, such
conditions are more suitable for stabilizing controllers as products between matrix variables
and those describing the process state-space model matrices are eliminated.

Preliminary results on this approach for discrete (Rogers et al. 2016; Li et al. 2015) and
differential (Boski et al. 2018; Wang et al. 2017) repetitive processes have been reported.
In this paper an approach is developed that enables differential and discrete dynamics to be
analysed in unified manner by applying the GKYP and Elimination (Projection) Lemmas.
Moreover, the new approach allows for a reduction in conservatism by introducing additional
decision variables into final stability conditions in LMI form. Next, the stability conditions
are extended to allow control law design and more general cases where the process matrices
contain uncertain parameters. Finally, the effectiveness and advantages of the new conditions
are demonstrated by two examples.

Throughout this paper the null and identity matrices, respectively, with compatible dimen-
sions are denoted by 0 and . For a square matrix M, sym{M} denotes M + M’ and p(-)
the spectral radius of its matrix arguments. Furthermore, M > 0 (M < 0) means that the
symmetric matrix M is positive definite (negative definite). Also, two specific regions of
the complex plane are defined: Cp,, = {A € C| Re(A) < 0} (open left half plane) and
Cuc = {» € CJ |A] < 1} (an open disc centered at the origin and of unit radius). Finally, ®
denotes the Kronecker product, (x) block entries in symmetric matrices and the superscript
* denotes the complex conjugate transpose operation (for both scalars and matrices).

The new results in this paper are formulated in terms of LMIs and hence the following
lemmas are useful in transforming non-LMI formulations into a problem subject to LMI
constraints, where the first is the Elimination Lemma and the second is a version of the
GKYP lemma.

Lemma 1 (Gahinet and Apkarian 1994) Consider compatibly dimensioned matrices I', A
and X , where I' = I'T. Then there exists a matrix W such that

I +sym{ATWS} <0 )
if and only if
ATra; <0 and =Trx; <o, )

where A and X are arbitrary matrices whose columns, respectively, form a basis for the
nullspaces of A and . Hence AA; =0and ¥%; = 0.

Suppose that A(@, ¥) is a set of complex numbers that represents a certain class of curves
in the complex plane defined as

M@ W) = {AE(C: m@m _o, mwm 20}, 3

where @ and ¥ are given matrices of dimension 2 x 2. As detailed in Iwasaki and Hara
(2005), the imaginary axis and the unit circle are the particular examples of (3) with & = 0

and @ as
0 1 1 0
<D=|:l 0j| or (1§=|:0 _1:| “4)
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Table 1 The values of ¥ for

differential dynamics LF MF HF

2 o] < w] <ol <w) lw| > oy

-1 0 —1 J we 1 0

0 wlz —jwe —w1w2 0 —w%
Where w, = % and LF, MF and HF denote, respectively, the low,
middle and high frequency ranges

Table 2 The values of ¥ for

: . LF MF HF
discrete dynamics
2] 6] < 6 6 <16] <6, 0] > 6,
v 0 1 0 elfe 0o -1
1 —2cos(8)) e~ % —2cos(6y) —1 2cos(6)
Where ; = 2% ¢, = 41322

for the imaginary axis, respectively, the unit circle. Furthermore, by appropriately selecting
¥, the frequency variable A € A(®, ¥) can be restricted to a certain range of frequencies
(finite or semi-finite) and the following result can be established.

Lemma 2 (Iwasaki and Hara 2005) Consider dimensioned matrices A, C, @, ¥ and E. Then
ifdet(Al — A) # Oforall x € A(D, W) the following conditions are equivalent:

(1) The frequency domain inequality

—_ AT\-1 * ATy
[(,\1 AI) cq E[(u AI) c7}<0 5)

holds Yo € $2 (differential dynamics and » = jw) or Y6 € © (discrete dynamics and
L = el?) where 2 and © are, respectively the frequency ranges given in Tables 1 and 2.
(ii) There exist matrices Q > 0 and a symmetric matrix Py such that

T
[g (I)}(W*®Q+¢>*®P1)[é (I)] +E<0. (6)

Appropriate choices for the matrix E in Lemma 2 allows the analysis of the various system
properties. Included in these is the bounded realness property, which is related to the stability
and finite gain of a linear system. Hence, the matrix E is fixed as

~ _[Bo O By 0]"
u_[DO I]ampz) [DO 1] , ™)

where P > 0, [T = diag{l, —yz} and y is a given scalar satisfying 0 < y < 1 and allows
the specification of a process gain bound. Also, Lemma 2 provides a dual version of the
GKYP lemma, which is exploited in the analysis that follows.

2 Stability of linear repetitive processes

The linear repetitive processes considered in this paper are of the following form

Nxg4+1(t) =Axg1(t) + Boyk (t) + Bug1(2),

8
Vi1 () =Cxpy1 () + Doyi(r) + Dugr1 (1) ®
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with n representing the differential operator (in case of differential repetitive processes) or
one step forward shift operator (in case of discrete repetitive processes). When a differential
repetitive process is considered then 7 is the continuous variable such that ¢ € [0, «], where
« is a strictly positive real number, while in case of discrete repetitive process ¢ is a discrete
variable such that ¢ € [0, « — 1] and the domain of « is limited to positive integers. Also,
x;(t) € R", up(r) € R™ and yr () € R? represent the process state, input and output vectors
at time instant # on pass k.

The boundary conditions for these processes are the state initial vector on each pass
and the initial pass profile. In the analysis of this paper, no loss of generality arises from
assuming (for differential processes and with an equivalent statement for discrete processes)
that xz4+1(0) = 0, Vk > 0, and yo(t) = f(t), 0 <t < «, where the entries in the vector
f () € R? are known functions of ¢.

Inrepetitive processes described by (8) and the assumed boundary conditions, the influence
of the previous pass profile on the dynamics of the next pass arise from the term Boyx(?)
for the state dynamics and Dgy (¢) for the pass profile. The stability theory can be applied
over the finite and fixed pass length or for all possible pass lengths, where this last case can
be analyzed mathematically by considering the case when @« — oo. The first property is
termed asymptotic stability and the latter stability along the pass. Moreover, stability along
the pass requires the boundedness property to hold for all possible values of the pass length.
In contrast, asymptotic stability requires this property for the pass length of the process and
is, therefore, a necessary condition for stability along the pass.

Asymptotic stability guarantees that the sequence of pass profiles {yi}; converges as
k — oo to dynamics described by a standard linear systems state-space model but not that
this system is stable. The reason for this fact is the finite pass length, over which duration even
an unstable system can only produce a bounded output. Stability along the pass removes this
difficulty but there are cases, such as the optimal control application (Roberts 2002) where
asymptotic stability suffices (or is all that can be achieved).

The structure of the boundary conditions is area where critical differences exist between
repetitive processes and other classes of 2D systems dynamics. In some applications for
repetitive processes the initial conditions at the start of each pass are explicit functions of
points along the previous pass profile and the structure of these initial conditions play a critical
role in stability analysis (Rogers et al. 2007). This form of boundary conditions cannot arise
in Roesser and Fornasini Marchesini state-space models for quarter plane causal 2D linear
systems and hence no exchange of, say, stability tests is possible (a detailed treatment of this
issue is given in Rogers et al. (2007), which also cites the references for these models). In cases
where the initial state vector on each pass does not depend on the previous pass profile, the
dynamics of a linear repetitive process can be written as a Roesser model. Then, the stability
tests and procedures available for the design of stabilizing control laws for the Roesser model
can be applied. In particular, Bachelier et al. (2019) interprets the stability along the pass
property of alinear repetitive process as the structural stability of the equivalent Roesser model
and develops weakly conservative stability and stabilization results based on the polynomial
solution parameter dependent LMIs. However, these results are for stabilizability and do not
enable design to meet performance specifications over finite frequency ranges.

Suppose that the matrix @ and the region of the complex plane C 4 are chosen as in Table 3.

Then the lemma given next establishes conditions for stability along the pass of linear
repetitive processes.

Lemma 3 (Rogers et al. 2007) A linear repetitive process described by (8) is stable along
the pass if and only if
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Table 3 Characterization of @

Differential process case Discrete process case
and Cy

Ca Chp Cuc

) o]

(1) elg (DO) - (Cuc,
(ii) eig(A) C Cy,
>iii) eig (G(V)) C Cye, YA € A(D, 0), where G (L) =C(I—A)"'By+Dy.

The first two conditions in Lemma 3 pose no computational difficulties but the third requires
computations for the entire frequency range, i.e., for all points on the imaginary axis of the
complex plane for differential processes and the unit circle for discrete processes. Also, the
first condition is the necessary and sufficient condition for asymptotic stability. Moreover,
the second condition, which governs the dynamics along a pass, is also only a necessary
condition for stability along the pass and this property also requires the third condition, i.e.,
frequency attenuation of the previous pass profile dynamics over the complete frequency
range and therefore as k — oo

IGONAI =0, Vi e A(@,0),
where (in the single-input single-output case for ease of presentation)

G = sup [GA)I.
LEA(P,0)

In the remainder of this section the results of Lemmas 1 and 2 are used to develop new
LMI based conditions for stability along the pass. In particular, based on the preliminary
analysis in Paszke et al. (2013) and Paszke and Bachelier (2013), the following result can be
established.

Theorem 1 Let y be a positive scalar satisfying 0 < y < 1 and ® chosen as in Table 3. Then
a linear repetitive process described by (8) is stable along the pass if there exist compatibly
dimensioned Py > 0, P, > 0 such that the LMI

AT, .. A 1" [ByO By 0"
[C O} (@ ®P1)[C 0} +[DO I](H@P» [DO ,} <0, ©)

where T1 = diag{1, —y?} is feasible.

Proof Assume that (9) is feasible for some P; > 0, P, > 0. Applying directly the result of
the KYP lemma (see Theorems 1 and 2 in Rantzer 1996) gives

[G*I(A)] (T ® Py |:G*I(A)] <0, (10)

where G (1) is defined by ii7) in Lemma 3. Moreover,the inequality (10) can be rewritten as
G\ P,G*(L) — y2 Py <0,

where the existence of P, > 0 directly implies that p(G(A)) < 1, VA € A(®,0), i.e.,
feasibility of (9) guarantees that condition iii) of Lemma 3 holds. Furthermore, since P; > 0
and P> > 0, then feasibility of (9) yields
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[Do I](M® P) [Dlg]w, [A1](2*® Pr) [AI]]<0.

Equivalently, the conditions /) and ii) of Lemma 3, respectively, hold and the proof is
complete. O

Remark 1 1In contrast to other classes of 2-D linear systems, the conditions on the matrices Dy
and A in Lemma 3 have physical meanings. The former requires that the initial pass profile
sequence {yx(0)}x does not become unbounded with k and the latter that the contribution of
the current pass state vector to the pass profile vector is stable. Hence for a given numerical
example they should be tested before proceeding to the LMI of (9).

2.1 New LMI-based characterization of stability along the pass

Alternative LMI characterizations of the last two results can be obtained by introducing
auxiliary slack matrix variables. These in turn, can be used to overcome non-convexity arising
in control law design or reduce the level of conservativeness in many control problems for
repetitive processes, such as robust control. To proceed, partition the matrix @ (see (4)) into

scalar elements as
TR )
¢ =
[(*) #3

and introduce the following matrices of compatible dimensions

_|A Bo (1P O _|¢3P1 O ¢ Fy _[F B
A—|:C Do]’Tl_[O 0],T2—[0 _yzpz],ﬁ—[o P ,Flo= Fz , F=[0 F3,
(11)

where Fi, F, and F3 are additional compatibly dimensioned slack matrix variables. Then
the theorem established next gives new LMI-based conditions for stability along the pass of
linear repetitive processes.

Theorem 2 Let y be a positive scalar satisfying 0 < y < 1 and ®@ chosen as in Table 3. Then
a linear repetitive process described by (8) is stable along the pass if there exist compatibly
dimensioned matrices Py > 0, P, = 0, Wy, Wa, W3, F, F», F3 such that the LMI

T —sym{Wi} (%) ()
V3+AW[ Wy Tatsym {WoAT} (x) <0 (12)
F30—Ws3 —F12+W3AT P, —sym{F3}

is feasible.

Proof Assume that the LMI defined in (12) has a feasible solution. Then this LMI can be
rewritten as (1) with

oy Fl 100 Wi
r=\nr m —Fp, L, A=|010|, W=|W,|,==[-1AT 0]. (13)
F30 —F}, P, — sym{F3} 0017 W3

Then application of Lemma 1 enables (12) to be equivalently rewritten as (2). Also since
Ay =0, the LMI in (12) reduces to the second inequality in (2), i.e.,

'rx, <o, (14)
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where by construction the matrix X is

AT 0
X,=|1 0
0 I

Furthermore, after some routine matrix manipulations the inequality (14) can be rewritten

as

I 0 Ol[F
N+sym{ |0 I Ol R |[Bf DF —1]} <0, (15)
0 0 I]|F;

where
P1APIAT + ¢3P1 4 sym g PLAT} g1 APICT +¢o PICT O
Ii=|¢p1CPAT +4:CPy ¢1CPIC] =y’ 0
0 0 P

and by Lemma 1, feasibility of (15) implies that the inequality

2 N, <0
must hold where
1 0
,=]0 I
T T
By D

Finally, this last inequality is equivalent to (9) and by Theorem 1 stability along the pass is
ensured. O

Remark 2 The design conditions of Theorem 2 are LMIs that can be easily and effectively
solved via numerical software. In addition, the scalar parameter y can be minimized to
compute the minimal process gain.

Remark 3 The LMI variables in (12) could be selected real symmetric instead of complex
Hermitian without introducing conservatism, see Pipeleers and Vandenberghe (2011) for
further details.

Remark 4 Revisiting the conditions in Theorem 2, it is found that Lemma 1 can again be
invoked to reduce the number of slack matrix variables without adding conservatism to the
solution. Specifically, the slack matrix variables can be constrained as Wo = §; W| where B
is an arbitrary positive scalar. In particular, in (13) set

=[] =)

Then choose Ai = [B1] — I 0] and check if the first inequality in (2) holds. In particular,
under the above choice of A and W, the first inequality in (2) becomes

2
[ﬁ] pb = 2/3(1)¢2P1 b _yozpj + sym{[o - ] [F] Ff] [(I) (1)“ < 0. (16)
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Next, assign

—2B1P O T 0 Bid1 Py —2Bi¢oP1 + 3P O
P ) ) o

and by Lemma 1 the inequality (16) is also equivalent to

2
T |81 P —=2B192P1+ 3P 0 1
I [ f oallo] <o
Finally, the above inequality can be written as —281 P; < 0 for differential process case and
holds for any 81 > 0 and P; > O or as (,812 — 1) P; < O for discrete process case and holds
for any |81] < 1 and P; > O.

3 State feedback based control of linear repetitive processes

In this section, the stability results of the previous section are extended to the case of controlled
processes. The 2D system’s structure of these processes requires that any control law has
structure of feedback action on the current pass (stabilization and/or assignment of the state
matrix eigenvalues to satisfy the along the pass specifications) and feedforward action from
the previous pass (convergence of the pass-to-pass dynamics). One such control law has the
form

wes1 (1) = [ K1 K | [J‘;E,(f )] = Kixi1 () + Koy (0), (17)

where K| and K, are matrices to be found. Application of this control law results in the
controlled process state-space model

NXt1 (1) A+ BK1)xp11(0)+(Bo+BK2) yi(1),

(18)
Vk+1(#) =(C+DK)xp41(t)+(Do+DK2)yi (1),
where the meaning of 1 is the same as in (8). Furthermore, by defining
B
B= [D]’ K =[K; K>] 19

it follows immediately that the results of the previous section can be directly used to develop
a condition suitable for computing control law gains K| and K». In particular, the following
result is obtained by applying Theorem 2 to (18).

Theorem 3 Let y be a positive scalar satisfying 0 < y < 1 and @ chosen as in Table 3.
Suppose also that the control law (17) is applied to a repetitive process described by (8).
Then the resulting controlled process is stable along the pass if there exist matrices Py > 0,
P, =0,Y, Wy, F\, F», F3 such that the LMI

11 —sym{W1} (%) (*)
T3+AW +BY—-W; Tr+sym {AW] +BY} *) <0 (20)
F30—[0 1TW —FL+10 NAW] +BY)T  Py—sym(F3}

is feasible. In addition, if the above LMIs are feasible, the corresponding matrices in the
control law (17) are given by

(K1 K2l=Yw; T 21
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Proof Assume that the LMI (20) holds. Also, it follows immediately that the feasibility
of (20) implies that W; is non-singular. Also setting ¥ = KWIT leads to the interpretation
of the condition of Theorem 2 for (18) and hence stability along the pass for the controlled
process. This completes the proof. O

Remark 5 This last result requires the following constraints on the multipliers
W1 = W2 and W3 = [0 I]Wl

and introduces conservativeness but still some additional freedom is introduced by the slack
matrix variables Fy, F», F3. A possible way to reduce conservatism is to apply the constraints

Wy = oWy, W3 =[0 B31]Wy,

where 8, and B3 are some scalars. Hence, line searches on these scalars are required to make
the LMI less conservative (in terms of performance provided by y).

4 Less conservative conditions for stability along the pass

The results of Theorems 1, 2 and 3 can introduce a significant degree of conservativeness
since it has been obtained by keeping P, (and some other matrix variables) constant and
independent of frequency. This means that P, must work for entire imaginary axis or the
unit circle, i.e., YA € A(@®, 0). One possible way to overcome this problem is to extend
the results developed in previous sections of this paper to allow piecewise constant matrix
variables defined over union of segments on the entire imaginary axis or the unit circle in the
complex plane.

These segments must be contiguous to ensure continuity of A over A(®, 0) and this can be
achieved by dividing the entire frequency range into a number of finite or semi-finite ranges.
Also, specific choices of a pair of @ define (semi-) finite frequency ranges as shown in Tables 1
and 2 and correspond to segments of the imaginary axis (differential processes) or unit circle
(discrete processes). Moreover, using such frequency partitioning enables specifications to
be imposed over frequency ranges relevant to a specific application of repetitive processes.
Furthermore, to allow for more flexibility in practical design, frequency specifications in
different ranges can be introduced without augmenting the plant with frequency dependent
scalings or weights.

To establish the main result of this section, consider the partitioning

hEA®.0) &he{A@ V) UAD, W) U...UA®, ¥y))
N 22
erelJaw@, ), @
i=1

where N > 2. Then by different choices of ¥ (i.e. ¥1 ,¥,. .., ¥x) the specific ranges of the
complex curves are characterized. Moreover, both continuous-time (frequency variable A on
the imaginary axis) and discrete-time cases (A on the unit circle) can be treated by a different
choice of ®—see (4).

In what follows, the partitioning (22) implies that the frequency variable A is defined over
unions of finite or semi-finite frequency ranges. In particular, for the continuous-time setting
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Table 4 The values of §2; for

£2; 2 2 2
differential dynamics ! ! " N
® o] < @1 wr—1 < |o| < or lw] > oy
-1 0 — i 1 0
v Leal s beal]
0 o —jwer —wrwp_1 —wy_q
T —1 —1 1
v 0 —jwer 0
S a)% —Wp_1Wr —w,2v71
Where2 <r < N — 1 and wor = (w’_‘—#
Table 5 The values of ®; for discrete dynamics
®; [C]] O On
0 0] < 6 6,—1 <161 <6, 0] > On—1
v 0 1 0 effer 0 -1
1 —2cos(61) e Jber —2cos(0,) —1 2cos(Bn_1)
T 0 0 0
v 1 e J0er -1
—2cos(01) —2cos(04y) 2cos(On—1)
Where2 < r < N —1and 6, = #=9=L g, = &t

and A = jow, (22) imposes the following frequency partitioning

N
VweQ@weUQi, (23)

i=1
where
21 ={w:{lo] <w1}}, 2 ={w:{o,-1 < |o| <o/}}, 2y ={o: {lo] > on}}
and2 < r < N — 1. In the discrete-time case, A = ¢/¢ and the following partitioning results

N
voeo < oel o, (24)

i=1
where
Or={0:{10] <61}, O ={0:{6,—1 < 10| <6,}}, Oy ={0:{|0] > On}}

and2 <r < N — 1. £2; and ©; are the frequency ranges given below in Tables 4 and 5.

Each matrix £2; or ®; is of dimension 2 x 2 and consists of three different elements (scalars)
which depend on the chosen frequency interval. In particular, the following partitioning of
¥ is enforced

The values of 7, v and ¢ for specified choices of frequency intervals are also shown in Tables 4
and 5. Also, the application of piecewise constant matrices Py;, P; and Q; Vi =1,..., N,
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is possible and hence the LMI feasibility problem of the next theorem is a novel condition
for stability along the pass.

Theorem 4 Let y be a positive scalar satisfying 0 < y < 1 and @ chosen as in Table 3.
Also, suppose that the entire frequency range is arbitrarily divided into N different frequency
intervals as given in (22)—(24) and the matrix ¥ chosen as in Tables 4 or 5. Then a linear
repetitive process described by (8) is stable along the pass if there exist P1; > 0, P; > 0,
Qi = 0, Wy, Wai, Wa;, Fyi, Fai, F3; such that the LMIs

1i —sym{Wy;} (%) (%)
T3 +AW,—Wa; Tai+sym {Wy AT} (%) <0 (25)
F30i — Wi —FL.+W3 AT P —sym{F3;
are feasible fori =1, ..., N, where
TQi+¢1P1; 0 sQi+¢3P1; 0 D Pri+vQ; Fii
TliZ[O l 10:|7T2i:|:0 l l 2p,. :T3i=0 l ze'
—Y 2 2i (26)
F .
Frai :[F;j , F30i=1[0 F3] .
Proof Suppose that there exist matrices P;; > 0, P»; > Oand Q; > Ofori = 1,..., N,

such that the LMIs (25) hold for i = 1, ..., N. Then by simple matrix manipulations on
each LMI in (25) it follows that

T T
Al " _ " NEY By 0 L |Bo O
[c o] (@*® PLi+¥* ® Qi) [c 0] +[Do I](H@le) [Do 1] <0. 27
Finally, the proof is completed applying Lemma 2 to each frequency interval with the choice
of piecewise constant matrices Py; > 0, P»; >0, Q; > 0,Vi=1,..., N. O

By analogy with the derivation of Theorem 3, the above result can be directly extended to
the case of controlled processes (18) where the control law has the structure given in (17).
Therefore, with the notation used above, the following result extends Theorem 4 to the
controlled process.

Theorem 5 Let y be a positive scalar satisfying 0 < y < 1, @ is as in Table 3 and ¥
chosen as in Tables 4 or 5. Suppose also that the control law (17) is applied to a repetitive
process described by (8) and the entire frequency range is arbitrarily divided into N different
frequency intervals as given in (22). Then the controlled process is stable along the pass if
there exist matrices Py; = 0, Py; > 0, Q; = 0, Fy;, F»;, F3;, W1, Y such that the LMIs

1; —sym{W;} (%) (%)
T3i+AW] +BY—W; Voi+sym {AWI +BY} (%) <0 (28)
F30i —[0 1TW, —FL. 410 INAW] +BY)T Py, —sym{Fj3
are feasible fori = 1, ..., N. In addition, if these LMlIs are feasible, the required control

law matrices K| and K, of (17) can be calculated using (21).

Proof The result follows from straightforward application of the same steps as in proof of
Theorem 3 where the matrix variables Py, P>, Fi, F>, F3 are directly replaced by their
frequency range dependent form Py;, P»;, Fy;, F;i, F3; and hence details are omitted. O
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Remark 6 These last two results enable different performance specifications to be imposed
in different frequency ranges. In particular, it is reasonable from the practical point of view
to impose different control performance by choosing different process gains in specified
frequency ranges, e.g., to ensure that G (1) meets the specification

N
p(GO)) < vi, Yae | JA@, w), (29)

i=1

where y; € (0,1]Vi=1,..., N.

5 Robustness

This section further extends the results obtained so far to processes with uncertain model
data, i.e., uncertain parameters are present in the process matrices. In the following, we will
consider two types of parameter uncertainties: norm-bounded and polytopic uncertainties.

5.1 Norm-bounded uncertainty case

It is assumed that the deviation of the process parameters from their nominal values is norm-
bounded. Specifically, the uncertainty associated with the state-space model (8) is of the
form

A+AA(t) Bo+ABy(t) B+AB(t)
C+AC(t) Do+ADy(t) D+AD(t)

=|:A+E15(I)H1 Bo+E18(t)H> B+E15(I)H3]

30
C+ Ex8(t)Hy Do+ Ex8(t) Hy D+ E25(t) Hs (30)

where the matrices A, B, Bg, C, D and Dy represent the nominal process dynamics of (8)
and are assumed to be time and pass number invariant. The matrices AA(¢), AB(t), ABy(t),
AC(t), AD(t) and ADy(t) denote time-varying uncertainties where E1, E», Hy, H> and H3
are given real constant matrices with appropriate dimensions and §(¢) is an unknown and
time-varying perturbation satisfying 87 (£)8(¢) < I, Vt € [0, «].

The proofs of the results in this section make use of the following result.

Lemma4 (Petersen 1987) Given matrices ', %, % = %71, 8(t) of compatible dimensions,
then

4+ sym{Z58t)%} <0
for all §(¢) satisfying 8T (£)8(t) < I if, and only if, there exists € > 0 such that

Frex 2T v+t <o0.
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Introduce the notation

Wi, 1i—sym{Wy;} - (%) (%)
Wi=| Wi |, Yai=|T3i+AWL=Wy Toi+sym {Wy AT} (%) :
Wii F30; — W3; —Fl+ Wy AT P —sym{F3;
1i —sym{Wi} (*) (*)
Tsi = | Vi +AWI +BY—W, Ty +sym {AW] +BY} (%)
F30i —[0 11W; —FL,+[0 AW +BY)T Py, —sym{F3;}

Then, based on Theorem 4, the following results are obtained for stability along the pass
in the presence of the parametric uncertainties in the state-space model matrices described
by (30).

Theorem 6 Consider an uncertain linear repetitive process described by the version of (8)
with uncertainty described by (30). Also, let y be a positive scalar satisfying 0 <y <1, @
is as in Table 3 and ¥ chosen as in Tables 4 or 5. Also, suppose that the entire frequency
range is arbitrarily divided into N different frequency intervals as given in (22)—(24). Then
a linear repetitive process described by (8) and (30) is robustly stable along the pass if there
exist compatibly dimensioned matrices Py; > 0, Py; > 0, Q; > 0, Wy;, Wa;, Wa;, Fyj, Foi,
F3; and a positive scalar €1 such that the following LMIs

4i €16 Wiﬁij
adl —el0 <0 @31
AAWI0 —el
are feasible fori =1, ..., N, where
6 =P ET o o = [ 1.

Proof Suppose that the LMIs (31) are feasible fori = 1, ..., N. Then application of Schur’s
complement formula to (31) gives

Ty +ea &l +e ' WiT AW <0.

Next, fori =1,..., N, assigh & < Yy, Z <« &, ¥ < gljﬁWl.T and by Lemma 4 the
last inequality is feasible if and only if

T4 + sym {é"lé(t)%”] WZ-T} < 0.

The last inequality is (25) applied to the uncertainty case. Moreover, the LMI of (31) can be
obtained by employing the same steps used in the absence of uncertainty and hence a version
of (4) applied to the plant with uncertainty is obtained. Finally, by the result of Theorem 3,
feasibility of (31) ensures that a linear repetitive process of the form (8) and (30) is robustly
stable along the pass. O

The following result extends Theorem 5 to the case when norm bounded uncertainty is
present. This is achieved by applying the result of Lemma 4 to Theorem 5 for uncertain
processes.

Theorem 7 Consider an uncertain linear repetitive process described by the version of (8)
with uncertainty of the form (30) present and with the control law (17) applied. Also, let y
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be a positive scalar satisfying 0 < y < 1, @ is as in Table 3 and ¥ chosen as in Tables 4 or
5. Suppose that the entire frequency range is arbitrarily divided into N different frequency
intervals as given in (22)—(24). Then, the controlled process is robustly stable along the pass
if there exist P; > 0, Py; > 0, Q; > 0, Fy;, Fa;, F3;, Y and a positive scalar €, such that
the following LMlIs

Ts; & AT+ H]
st —e10 <0 (32)
AN +H 2 0 —el

are feasible fori =1, ..., N, where & and 541 are as in (31) and

Wi
M= Wi |\ Z%=[Y Y [0I]Y]
[0 ITW;

Ifthese LMIs are feasible, the corresponding matrices in the control law (17) can be computed
using (21).

Proof The result follows from a straightforward application the same steps as in proof of
Theorem 6 for a controlled process and hence the details are omitted. O

5.2 Polytopic uncertainty case

An alternative way of dealing with uncertain processes is to assume that the repetitive process
matrices are not exactly known but reside within a given polytope. Specifically, this means
that all process matrices are actually dependent on a real parameter vector £ with a polytopic
dependency:

A Bo B] _ _, _ |[AG®) Bo®) B A; Bo; B
[C Do D]ng,_ [C@ Do () D@)] ZS’ [c Do; D ] Eeg, (3

where

&1
g={&=] 1 | 620> &=1¢. (34)
Em =

It means that the various matrices A ;, By, Bj, C;, Dy, D; define the vertices of the polytope
& in which the actual process matrices A, Bg, B, C, Do and D lie. As known, this clearly
removes the requirement for keeping the same matrix variables over the entire parametric
uncertainty domain and given frequency range. In particular, some matrix variables can
be made parameter-dependent (linearly dependent on &) due to their appearance free from
products with the repetitive process matrices. Simply, we assume that matrix functions Py; (),
P (&), Qi (&), F1;(§), F2i(§), F3; (&), which are to be determined, are expected to have the
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following forms

M M M
PuE)=) & Puj, PuE)=) & Puj, Qi)=Y & Qij.
i=1 i=1 j=1 35)

M M M
Fli(é)zzstlip in(S)ZZSszij, F3i($)=Z$jF3ij-
j=1 =1 =1

According to the linear parameter-dependence of the above matrix variables, matrices 717;,
Y2i, 13i, F1oi and F3; defined in (26) have the affine form

M M M
i) =) &Tj, Tu@E)=Y &Taj, TuE)=) &Tsj,

j=1 i=1 j=1

M M
Fioi(€) = ) &1, Foi§)=) & Ts;j. (36)

=1 j=1

Also, based on (33) the process matrices are parameter dependent and hence the block
matrices A and B defined in (11) and (19) respectively have the affine form

M M
A: Bo: B
A@)=lejAj, B@):;%‘BJ’ where 4 :[d D%ﬂ’ B :[Dﬂ' 7
j= =

Along the above notation, we have the following linearly parameter-dependent approach to
stability along the pass for processes with polytopic uncertainty.

Theorem 8 Let y be a positive scalar satisfying 0 < y < 1 and @ chosen as in Table 3.
Also, suppose that the entire frequency range is arbitrarily divided into N different frequency
intervals as given in (22)—(24) and the matrix ¥ chosen as in Tables 4 or 5. Then an uncertain
linear repetitive process with process model matrices described by (33) and (34) is robustly
stable along the pass if there exist Pyjj > 0, Pyj > 0, Q;; > 0, Fiij, Faij, F3ij, Wi, Wa;
and Ws;, such that, the LMIs

1ij—sym{Wy} (%) (*)
V3ij+A; Wi—Wai Toij+sym [WzIA,T} (%) <0 (38)
F30ij —Wai —Fszij+W3,AJT Pyij—sym{F3;;}

are feasible fori =1,...,N,and j =1,..., M.

Proof Assume that the LMIs (38) are feasible fori = 1,..., N, and j = 1,..., M. Then
multiply LMIs in (38) by the uncertain parameter £ and sum the result to obtain a version
of (25) where the affine parameter dependent matrices of (35)—(37) are used. Then application
of Theorem 4 implies that the LMIs (38) are feasible for j = 1,..., M and the proof is
complete. O

The following result is a linearly parameter-dependent approach to controller design for
processes with polytopic uncertainty.
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Theorem 9 Let y be a positive scalar satisfying 0 < y < 1, @ is as in Table 3 and ¥ chosen
as in Tables 4 or 5. Suppose also that the control law (17) is applied to an uncertain linear
repetitive process (33) and the entire frequency range is arbitrarily divided into N different
[frequency intervals as given in (22). Then the controlled process is robustly stable along the
pass if there exist matrices Pyjj > 0, P2jj > 0, Q;; > 0, F;j, Foij, F3ij, W1, Y such that
the LMIs

1ij —sym{Wi} (%) (*)
Taij+A; W] +B;Y—W; Toij+sym {A; W] +B;Y} <0 (39
F30:j—[0 11W —FL+10 1A W] +B; V)T Pyj—sym{Fs;;)

are feasible fori = 1,...,Nand j = 1,..., M. In addition, if these LMls are feasible, the
required control law matrices K1 and K, of (17) can be calculated using (21).

Proof The proof can be carried out by employing similar lines to that of the proofs of
Theorem 5 and 8. Hence the details are omitted. O

6 Simulation based case study

To justify the effectiveness and feasibility of the formulated results, two numerical examples
are presented. The first example is formulated to show the reduced conservatism compared
with Li et al. (2015) for stability along the pass of discrete repetitive processes. Next, the
second example illustrates the results of controller design procedure for differential repetitive
processes compared with Rogers et al. (2007) and its extended form in Maniarski et al. (2020).

Example 1

Let the process matrices in (8) be give as follows (as noted, the below example is adopted
from Li et al. (2015))

0.5 0.5 0.4 1.1 —0.1 0.1 —-0.5 -0.5
A= [0.1 —0.1} Bo = [0.6 0.1]’ €= [—0.2 0.6]’ Do = [—0.1 —0.7]'
Solving the LMI condition proposed in Theorem 2 by applying MATLAB LMI TOOLBOX
routines, gives that the LMI (12) is feasible and the minimum y is 0.9758.

By testing the stability condition in Li et al. (2015) (formulated in Theorem 1 of Li et al.
2015) over entire frequency range, it follows that the resultin Li et al. (2015) does not support
feasibility for y < 1 and hence fails to decide the stability along the pass of the considered
process. Thus, the effectiveness of the proposed condition is clearly demonstrated since our
result is less restrictive compared with Li et al. (2015) for entire frequency range. The stability
along the pass for the process in Example 1 can be confirmed with Li et al. (2015) only in

the cases when the entire frequency range is partitioned uniformly into 4 subintervals or
partitioned non-uniformly into 2 subintervals ([0, 0.5] U [0.5, r]). See also Fig. 1.

Example 2

As an illustrative example of the new results in this paper consider the linearized differential
linear repetitive process model that represents the metal rolling process given in Bochniak

@ Springer



Multidimensional Systems and Signal Processing

1 ; . .
0.95 - ]
< 09f .
2
Q
< 085+ E
0.8 2(G(el%) J
Y
0.75 ' L s L ‘ |
0 0.5 1 15 2 2.5 3

Frequency [rad/s]

Fig. 1 Plot of spectral radius of G(e/?) and its upper bound

et al. (2008) and where the state-space model matrices are
0 1 0 0
A= [—ao 0]’ bo= [—bo +aob2]’ B = [co]’ ¢= [1 0]’ Dy =—b, D=0

AAo —A1A2 —A2 =X
= s = 5 = , Co= .
MOati) 0T MGa+a)' 0 Mtk T MGa+A)
Here 11 = 600[N /m] is the stiffness of the adjustment mechanism spring, > = 2000 [N/m]

is the hardness of the metal strip and M = 100 [kg] denotes the lumped mass of the roll-gap
adjusting mechanism. In this case, the nominal state-space model matrices in (8) are

0 1] 0 | 0
L ’7—4.615401.0651 —0.0023—|.
0 L 1T o[07692] 0 |

and

ao

Suppose that the parameter M is uncertain and possibly time-varying, and its values are
assumed to be within the interval [90, 112.5]. Then this case corresponds to the scenario
when the matrices E|, E», H{, Hy and H; are

E| = m , E =0, H =[0.5128 0], H, = —0.1183, H3 = 0.0003.

The plots of p (G (jw)) givenin Fig. 2 show that the nominal and uncertain repetitive processes
(for the extremes of the uncertain element ranges, i.e. §(f) = 1) are unstable along the pass.
Clearly, the condition iii) of Lemma 3 is not satisfied for these processes and hence the LMIs
in (12) (in case of the nominal process) and (31) (in case of the uncertain process) are not
feasible for any frequency partitioning.

Consider the case when the entire frequency range [0, co) is arbitrarily non-uniformly
divided into 4 frequency sub-intervals (given in [rad/s]), which are shown by dashed lines in
Figs. 2,3 and 4

[0,1.7)U[1.7,2.29) U[2.29, 3) U[3, 00) = [0, c0).
Hence w = 1.7[rad/s], w» = 2.29[rad/s] and w3 = 3[rad/s]. However, there is no systematic

way to determine what is the best choice of the frequency sub-intervals but our intention is to
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l ----- a(t) = -1
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Fig.2 Plot of p(G(jw)) for the models: nominal and two with the extreme uncertainties
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----- a(t)=-1
nominal model
a(t)=1
. 251 U
m
=
)
o -3f
e
5SS
351
_____ il
1072 107

Frequency [rad/s]

Fig.3 Plot of p(G¢(jw)) for the models: nominal and two with the extreme uncertainties

keep resonance and antiresonance frequencies within separate sub-intervals since different
performance (provided by y;—see Remark 6) may be achieved in specified frequency ranges
(sub-intervals).

Solving the LMI condition obtained in Theorem 7 for y = 1 and using (21) we obtain the
following control law matrices

K =10% . [—~1.2527 1.4887], K, = 551.9732

The controlled uncertain process is stable along the pass as seen in Fig. 3 where the spectral
radius of the controlled process is below 1 for the entire frequency range, i.e., p(G¢c (jw)),
w € [0, c0) where

Ge(jw)=(C+DK)(jol —(A+BK1))" (Bo+BK>)+Dy+DK.

Note that the existing results on control law design for uncertain differential linear repeti-
tive process in Rogers et al. (2007) and its extended form Maniarski et al. (2020) are feasible
for this example as demonstrated in Fig. 4. However, new design procedure provides better
performance for low frequencies.
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Fig. 4 Spectral radius associated with the controlled dynamics for new design procedure compared to those
in Rogers et al. (2007) and Maniarski et al. (2020)

0.8p

—O— this paper
—O—[15]
[7]

o
o

RMSE [mm]
o
N

o
N

0 2 4 6 8 10 12 14 16 1 20
Pass number

Fig.5 RMSE values computed from the simulation data

In addition, the controlled dynamics were simulated over 20 passes where the initial pass
profile is chosen as yo(t) = sin(2z¢/20) + 0.5 sin(4x¢/20) [mm] for 0 < ¢ < 20. Also, it
was hypothetically assumed that the sheet metal thickness should be finally close to zero,
hence the quality of the control over each pass profile can be measured by the RMSE (Root
Mean Squared Error — computed along each pass) and shown in Fig. 5. This also confirms
robust stability along the pass of the controlled process and better performance obtained by
the new stabilization design since the convergence rate is higher than the alternatives.

7 Conclusions and future works

This paper has developed new results on the stability and stabilization for linear repetitive
processes. Both discrete and differential dynamics of a given repetitive process have been
considered and novel conditions for stability along the pass and control law design have been
obtained. The major benefit of these new results is that stability along the pass tests can be
directly extended to the control law design algorithms for nominal and uncertain models. Also,

@ Springer



Multidimensional Systems and Signal Processing

the advantage over current results in this last aspect is the avoidance of product terms between
the state-space model matrices and some Lyapunov/LMI decision matrices. This decoupling
has been achieved through the use of slack matrix variables and therefore a reduction in the
conservatism of the analysis and design tests is possible. Finally, the numerical examples to
demonstrate the effectiveness of the new results have been given.

Future research should include a detailed investigation into the .7, robust performance in
the presence of external bounded non-repetitive disturbances in both the state and pass profile
vectors. Another area is design of the more complex controller structures, e.g. a dynamic
controller, and their experimental validation. Moreover, it is worth noting that reducing the
conservatism of conditions for stability along the pass recently gained increasing attention,
and significant progress has been made based on interpreting the stability along the pass of
a linear repetitive process as structural stability of 2D Roesser model. Therefore, it is also
promising to develop robust control results by extending the methods of Bachelier et al.
(2019).
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