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ABSTRACT This paper considers systems theoretic properties of linear systems defined in terms of spatial
and temporal indeterminates. These include physical applications where one of the indeterminates is of
finite duration. In some cases, a singular Roesser state-space model representation of the dynamics has
found use in characterizing systems theoretic properties. The representation of the dynamics of many linear
systems is obtained in terms of transform variables and a polynomial system matrix representation. This
paper develops a direct method for constructing the singular Roesser state-space realization from the system
matrix description for 3D systems such that relevant properties are retained. Since this method developed
relies on basic linear algebra operations, it may be highly effective from the computational standpoint. In
particular, spatially interconnected systems of the form of the ladder circuits are considered as the example.
This application confirms the usefulness and effectiveness of the proposed method independently of the

system spatial order.

INDEX TERMS #D systems, polynomial system matrix, Roesser model, spatio-temporal dynamics.

I. INTRODUCTION

This paper considers linear systems described in terms of spa-
tial and temporal indeterminates, which belong to the general
class of nD, n > 1, linear systems. Often the dynamics of
the system are described by algebraic equations obtained by
applying transforms. The result is a system matrix description
of the dynamics where the defining entries are polynomials
in more than one indeterminate. Moreover, a transfer-function
matrix description can be constructed if required.

In linear systems theory, transformations between model
representations are standard in analysis and controller design.
This general area is more involved and less well developed
for nD linear systems, for which this paper gives new results.
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These provide new techniques for onward use in systems
theoretic analysis, stability analysis, and controller design.

The particular case of n = 1, sometimes termed 1D
systems, there is one indeterminate (time), and primeness of
polynomial matrix pairs is critical to the analysis of systems
properties, e.g., controllability and observability, together
with their preservation under equivalence transformations.
Moreover, the construction of a state-space model from the
system matrix or transfer-function matrix is well understood.
The nD systems case is more complicated due to the under-
lying ring structure. Specifically, coprimeness is no longer
a single property, and for n > 3 zero, factor and minor
coprimeness are distinct properties (see e.g., [3], [14] and
references therein).

A possible starting point for analyzing nD linear systems
is system equivalence, defined in terms of the associated
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system matrix. Of significant importance, and especially
for applications-related research, is constructing state-space
models from the system matrix. Research on this prob-
lem can, e.g., be found in [2], [4], [5] for the Roesser
model [19], and for the Fornassini-Marchessini model [10] in,
e.g., [6], [7].

In most cases, the starting point is the so-called multivariate
polynomial system matrix, which can be directly obtained
for a given multidimensional system, e.g., the homogeneous,
spatially distributed electrical system used to demonstrate
the new results in this paper. However, for some problems,
there is a need to construct a state-space model. This paper
addresses the problem of transforming a system matrix of a
3D linear system to a singular (where in many cases, non-
singular models do not exist), 3D Roesser [19] state-space
model for examples where there are spatial and temporal
indeterminates. It is established that this transformation can
be completed by applying a sequence of elementary row and
column operations together with an expansion of the original
system matrix, and also the zero structure is preserved. More-
over, generalization to the nD case, n > 3, indeterminates is
immediate.

The procedure developed relies on basic linear algebra
operations and is therefore highly effective from the compu-
tational standpoint. Note that the overall computational effort
required is determined by the number of states, inputs, and
outputs in the system. Consider a system with r, [ and m
entries in, respectively, the state, input, and output vectors,
respectively. This paper’s new results will produce a singular
3D Roesser model of the dynamics that has order 8r + 15m +
221. Hence, the overall increase in the order is significant.
However, the resulting model matrices are sparse, and this
fact could be exploited by using known results for sparse
matrices manipulations, see e.g. [8].

A physical circuit area is used to illustrate the application
of the results. Note also that the use of elementary operations
discussed in this paper is equivalent to applying multivari-
ate polynomial matrix operations. Also, similar results and
equivalent approaches can be found, e.g., in [1]. Further, these
results could be the basis for the design of iterative learning
control laws, see, e.g. [16].

System equivalence has been the subject of consider-
able attention in the literature for multidimensional sys-
tems see, e.g., [9], [11]-[13], [15], [17], but this was
mostly for 2D systems. In contrast, this paper considers
3D case systems. Moreover, the example given to high-
light this paper’s new results is a physical example from
the class of spatially distributed systems. As these results
are the first from this approach to 3D systems, comparison
with other approaches will have to await future research
results.

In this paper, the notation O, and I, denotes, respec-
tively, the e x h null matrix and the e x e identity
matrix. In cases where the dimensions are immediate,
the subscripts will not be shown. Also, = denotes matrix
equivalence.
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Il. PRELIMINARIES
Consider a general 3D discrete linear system described in the
polynomial form as

P12, 23) [_z] - [_ﬂ (1)

where x € R” is the state vector, u € R! is the input vector,
and y € R™ is the output vector, and z;, 1 < i < 3,
are the shift operators, which can unlike in the 1D systems
case, be temporal or spatial. An example in the 2D case is
linear repetitive process [20], where there is one spatial and
one temporal variable and the latter is of the finite duration.
The stability theory for such processes can be used to design
iterative learning control laws, see, e.g., [16]. Moreover, other
forms of iterative learning control dynamics can involve 3D
(or nD with n > 3, in general) dynamics [21].
The associated system matrix for (1) is

T(z1, 22, 23)

—V(z1, 22, 23)

PGt 2.23) = [ e Z))] e

where T, U, V and W, respectively, are polynomial matrices
with entries in R[z1, z2, z3] and of dimensions r x r, r X[, mx
r and m x [. This matrix characterizes the dynamics of the
example considered. In many examples, no direct interaction
between the system inputs and outputs of the system exists
and, in any case, no loss of generality arises from setting
W(z1, 22, 23) = 0.

The following definitions and results are used in the devel-
opment of the new results in this paper.

Definition 1: Let P(m, 1) denote the class of (r + m) X
(r 4+ 1) polynomial matrices corresponding to a system with [
inputs and m outputs, which, by an obvious expansion, can be
taken as having the same number of inputs and outputs. Two
polynomial system matrices P1(z1, 22, z3) and P2(z1, 22, 23)
are said to be zero coprime equivalent, if there exist polyno-
mial matrices S1(z1, 22, 23) and S2(z1, 22, z3) of compatible
dimensions such that

S1(z1, 22, 23)P2(21, 22, 23) = P1(21, 22, 23)82(21, 22, 23), (3)

where Py, S1 are zero left coprime and P>, S> are zero right
coprime. In the case when P1 and P> are of the same dimen-
sions and Sy and Sy are unimodular, P and P are said to be
unimodular equivalent.

In [18] it was shown that zero coprime equivalence character-
izes fundamental algebraic properties of the system amongst
its invariants.

A essential transformation developed for the nD system
matrices study is zero coprime system equivalence, see,
e.g., [11], [13]. This transformation is based on zero coprime
equivalence, which is characterized by the following defini-
tion.

Definition 2: Two polynomial system matrices P1(z1, 22, 23)
and P>(z1, 22, 23) € P(m, ) are said to be zero coprime system
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equivalent (ZCSE), if they are related as

M(zi,22,z3) O
X(1,22,23) I

]Pz(m,zz,&)

S1(z21,22,23)

N(z1, 22, 23)

= P1(11,Z2,Z3)[ 0 Y(ZI’ZQ’ZS)}, “4)

I,

$2(21,22,23)

where Py, S| are zero left coprime, Py, S> are zero right
coprime and M(z1, 22, z3), N(z21,22,23), X(21,22,23) and
Y(z1, 22, 23) are polynomial matrices of compatible dimen-
sions.

In the case when the system matrices have the same
dimensions and M (z1, z2, z3) and N(z1, 22, z3) are unimodu-
lar, the transformation of ZCSE reduces to that of unimodular
system equivalence, were two polynomial system matrices
are ZCSE if, and only if, a trivial expansion or deflation
of one is unimodular system equivalent to a trivial expan-
sion or deflation of the other. The ZCSE property has a
crucial role in several aspects of nD systems theory, see,
e.g., [11], [13], [18], where the relevant property for the new
developments in this paper is the following.

Lemma 1: [11] The transformation of ZCSE preserves the
zero structure of the matrices

T(z1,22,23), P(z1,22,23)s
[T, 2,23) U, z,2)],

T(z1, 22, 23)
V(2,23 | '
In the 2D systems case, an equivalent singular Roesser

state-space model description of the dynamics provided the
route to the characterization of a controllability property that
led to stabilizing controller’s characterization and design.
Therefore, it is conjectured that a similar role exists for 3D (or
nD with n > 3 in general) linear systems, which is considered
in the remainder of this paper.

Let y(i, j, k), x(i, j, k) and u(i, j, k) be the output, state and
input vectors for a linear system, where the indeterminates i, j
and k correspond to the directions of information propaga-
tion. Then, with the same output, state and input dimensions
as (1), the singular 3D Roesser state-space model has the form

x1(i+1,j, k) X100, j, k)
E | x2(i,j+1,k) | = A | x0,j, k) | +Bu(i,}j, k),
x3(0, j, k+1) x3(1, J, k)
X[(i,j, k)
Y(i,j, k) = C | x2(i,j, k) | + Du(i,j, k), (5)
x3(i,J, k)

where the matrix E is singular. Also define z1,z> and z3,
respectively, as the unit forward shift operator acting on i, j
and k. This fact applied to (5) with assumed zero state initial
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conditions gives

X1

X3

0
X 0
Psp(z1.22.23) | > | = E (6)
— =

with associated system matrix:

21E1 + 2By + 3Es —A| B } o

Psp(z1, 22, 23) = [ —C D

where E1, E>, E3 are obtained from E by compatible par-
titioning. This last matrix is a particular case of (2) and
the next section develops an algorithm for constructing the
corresponding 3D singular Roesser state-space model for the
case when W(z1, z2, z3) = 0 and therefore D = 0 in (5).

Ill. CONSTRUCTING THE 3D SINGULAR ROESSER MIODEL
Consider again (1) and (2). Then, the first stage in obtaining
the singular 3D Roesser state-space model with a preserved
zero structure (which is the essential requirement), for a
system described by these equations is to construct the [(r +
m+ 1)+ m] x [(r +m + 1) + [] normalized form, P,, of P,
ie.,

P(Zl » 22, Z3) ]:(r+m),m O
Pu(z1,22,23) = —]:(CH)J Orxm I |, ®)
0 —In | O

where ]-"o{ﬂ = [ 0px(@—p) 1p |- Also, it can be easily verified
that the normalized system matrix P, is ZCSE to the system
matrix P.

Consider now P,, in the form

T U 0 0
=V 0 Ly 0

P = 0 -1 0 I ®)
0 0 I, O

and apply, in turn, the following block elementary row and
column operations, where R, and Cr denote the eth block row
and the fth column, respectively, of the underlying matrix.
In these operations, <— denotes the updating the variable on
the left-hand side by the result of the operation on the right-
hand side, and <> denotes exchanging the entries on the left
and right-hand sides.

C, < C1+C3V, Ry <« Ry+ URs,

R4 < R4+ Ry, Cy < Cq+ (o,

Ci < C3, Ri < Ry,

Ry, < R3, Ry, < —IIR;. (10)

These operations applied to (9) result in the trivially expanded
system matrix, denoted by P,, of P as

Ly 0 0 I 0
P,=| 0 T| U [’"O“ P} (11)
0 -vV| o0
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and it follows that P, and P are related by the following ZCSE

transformation:
T
T Ul 0
-V 0| 0

— _V
P

(12)

olcoo

Letri =r+m+1,s1 =ri +mand q; = r; +1 and write
P, as

P, [1; U,

-V, 0
Tn,O Un,O Tn,l Un,l
[—Vn,o 0 ] + 21 [—Vn,l 0 } , (13)
where P, o and P, are s; X g; polynomial matrices over
R[z2, z3]. Now let

} =Puo+21Pu1

I, 0 0] 0
_ Py Isl 0 0
Fr=1"9 0 15 ol
0 0 0] In
[ly —uly O 0
1o 1, of o
Hl - 0 0 Irn 0 ’ (14)
|0 0 0| &

where it is routine to verify that /| and H; are unimodular.
Also

F1PuneH|
=0
I, 0 —zl, 0 0] 0
0 I 0 —z11] 0 0
_ Tn,l Un,l Tn,O Un,() 0 0
| —Vaa 0 —Vu0 0 I, 0|’
0 0 0 —1I 0 I;
0 0 0 0 Iyl O
(15)
where P, is given by:
I, 0 0] 0
0 Py ]:sl,m
Pnne - 0 _qul,l 0 Il (16)
0 0  —I.| 0

To show that P, is the unimodular system equivalent
trivial expansion of P,, apply the following elementary row
and column operations (similar to (10)) to P,

Ry < Ry, Cp < Cy,
Cr < C3, (7
to obtain
Iy 0 0 0
0 -1 0 0
" (18)
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Expand, next Fy, ,, and JF, ; to obtain

1y, 0 0 0 0
0 I, O 0 0
0 0 I 0 —I (19)
0 0 0 T, U,
0 I, o -V, 0
and then apply the elementary operations
Rs <~ Rs + Ry, Cs5 < C5+Cjs,
Ry, <« —I,R;. (20)
These steps result in
_ [ la+m+r O
Py = [ o 1)

and it follows in that Q and P, are related by the ZCSE
transformation

Oryr | Orpm 21y, 0
0,/ | Orm 0 21l
I, 0rym T, U, I, 0
’ = . 22
Om,r1 Om,m _Vn 0 Q 0 Il ( )
% Ol’m P Vn 0
Om,rl Im ! 0 Il
——————— —————
S3 Sa
Moreover
Orl,rl Or],l
07,5, 011
T, U,
S — n n 23
0S4 Onr Ony (23)
O,y Opy
_Vn Om,l
and therefore Q is ZCSE to P, and P. Also
_| To Ug|_
Q=|:_VQ 0]—Qo+22Q1
_| Too Ugo To1  Uga
= |:—VQ,0 0 } + 22 |:—VQ,1 o | 24)

where Qp and Q; are s X g» polynomial matrices over
R[z1, z3] and sp = 2r; +2m + 2l and g2 = 2r; +m + 31.
Let

I, 0 0] 0
1o 1, o o
B=1% o Ll ol
|0 0 0| In
(1, —zl, 0| 0
oo, ol 0
B =\ 0 I, 0 (25)
0 0 0l 1

and introduce r, = 2r; + m + 2/. Also the matrices F» and
H; are unimodular and hence

F2 QneHZ
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lg,  —22lg, 0 0
—R= Ql Q(} -Fsz‘m 0
0 —.7'—;12’[ 0 I;
0 0 -1 0
I, 0 —221, 0 0 0
0 I 0 —z11; 0 0
_ To1 Up1 To.0 Up,o 0 0
| =Vou 0 Vo0 0 Iy 01’
0 0 0 —I 0| I
0 0 0 0 —I,| O
(26)
where
Iy, 0 0 0
0 0 Fsom| O
One = T ' (27)
ne 0 _]:112»1 0 I
0 0 -1, ‘ 0

Applying block elementary and column operations that mir-
ror those for (17)-(20) to Oy, gives the unimodular system
equivalent trivial expansion of Q as

_ Lyrtmvi 0
e

and it follows in that Q and R are related by the following
ZCSE transformation

(28)

where Ry and R; are s3 X g3 polynomial matrices over
R[z1, z2]. Also introduce

Iy 0O 0] O
| Rt Ly 0] O
BE=109 o 1 ol
| 0 0 O‘ I,
—Iq3 _ZSI(I3 0 0
_ 10 Iys 0 0
H3 - 0 0 I, 0l (33)
L 0 0 o I,
which are unimodular and
F3RneH3
=P
1”3 0 _Z3Ir3 0 0 0
0 I 0 -z 0 0
| Tk Ugi  Tgo Ugo 0| O
Tl =Ve1 0 —=Vgro 0 Ln| 0
0 0 0 —1I; 0 I
0 0 0 0 I, O
(34
where
163 0 ]:0 0
R $3,m
Ry = 0 _~7:qT3,1 0 I (35)
0 0 —In| O

Applying the block elementary row and column operations
defined by (17) to R, gives the unimodular system equivalent
trivial expansion of R as

R, = [’%+’"+’ 0} (36)

0 R

and it follows that P and R are related by the ZCSE transfor-
mation

07'2,7'2 Orz,m
Ol,rz Ol,m
I, 0ry.m Top Up
’ = RS¢, 29
Omrs| Omm || =Vo| © 6 (29)
Ol rn Ol m
—— - 0
Om,rz Im
S —)
Ss
where R is given by (26) and
_Zzlrz 0
0 220
I, 0
Se=1 I (30
Vo 0
| 0 I;
Also
i 0}”2,"2 Orz,l
O, 01y
To  Ug
RS¢ = 31
6 Om,r2 Om,l ( )
01, O
L —Vo  Oms

Therefore R is ZCSE to Q and P,, and P.
Letrs =go+s2+1,53 =r3+mand gz = r3 + [ and
write R as

T U
RE[—‘I;R OR1|=R0~I—Z3R1

Tr,0 Ur,o TR\ Ur1
[_VR,O 0 ]+Z3|:_VR,1 0 ] (32)
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Or3,r3 Or;,m
Ol,r3 Ol,m
Irg Or; m TR UR o

: > = PSs, 37
Om,r3 Om,m _VR 0 8 ( )
Or3,r3 Or3,m R
Om,r3 Ly

—_—
$7

where P given in (34) is the s4 X g4 polynomial matrix over
Rlz1,22,23), (54 = s3+¢q3 + 1 +m, s4 = g3 + m+ 1) and

231 0
0 231
| In 0
Sg = 0 I (38)
Ve 0
0 I
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Moreover,
Or3,r3 0r3,l
01y Oy
~ Tr Ur
PSg = 39
8 Or,r3 Or,l ( )
Or3,r3 0r3,1
—Vr 0

and it follows that P is ZCSE to R and P, and P and the
polynomial matrix P corresponds to the 3D singular Roesser
state-space model given by (5). Hence, the following theorem
has therefore been constructively established.

Theorem 1: The matrix P is unimodular system equivalent
to the trivial expansion matrix of P

P, — [’M—O’—m 2] (40)

Also the matrices P and P are related by the ZCSE transfor-
mation:

T U
0 0
0 0
0 0
S1 P=PS; = 8 8 , 41
0 0
0 0
0 0
where
Ll 0
0| O
0| O
0| O
S1 = 87858351 = 8 8 ;
0| O
0| O
0| O
_v Im .
Ll 0
o I
Vi 0
o I
So = 85856545, = ‘(; 2 42)
Vi 0
o I
Vi 0
o )

IV. CASE STUDY

Consider a particular case of spatially interconnected systems
in the form of the ladder circuit of Fig. 1. To obtain the
3D model take the state vector as the inductor current and
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capacitor voltage in each internal node p,f, 0 < p < N,
O<g<M,ie.,

_ UC(p’ q, 1)
x(p,q,1) = |: iL(ps g, 1) :| . (43)

Also, as one option, take the system output to be the state
vector and the sources to be controlled as

ip.q.1) == yi(p+1,q.t)= yCU(p+1,q,1). (44)

By Kirchoff laws, the dynamics of this circuit are described
by the state-space model given as (45) below where

A [0 0 A 0 O A -C 0
A111=_0 L:|,A101=[0 L]AO“:[O O}’

A [0 0 A -C 0
Ao = 1 —R]]’ Aoor = [ 0 0],
M1
A 14+ - 0 1
Aoto = R, 1, A= |:0 R :|
0 0 !

1
. I . 0ol - 0
Aooo = | Ry 1. Bio= |:1] Bioo = |: :|
(46)

In this case both state variables, i.e., Uc(p,q,t) and
ir(p, q, 1), are selected as outputs and hence C = b.

To obtain a discrete representation of the dynamics of (45),
as shown at the bottom of the next page, the forward Euler
algorithm with discretion period & is employed, i.e.,

x(p,q, k+1)—x(p,q, k)
h

x(p,q,t) —>
x(p, q,t) = x(p, q, k).
The resulting discrete state-space model is given in (47), as

shown at the bottom of the next page, below with

A

Ain Ao Aot

Ay = 200 Ay = 10 gy, = 20
111 5 101 3 011 s

o Ao Aoor

Ao = At + ——, Aot = —,
h h

P Ao A Ao

Aoto = Aoro — 5 Aioo = Aioo — 5

~

p Aoo 5 A
Aooo = Agoo — 5 Biio = Biio, Bioo = Bioo-

The related polynomial system matrix (1) is obtained by
applying the shift operators

218p.q,. k) = glp+1,q,k), 208(p,q,k) =gp,q+1,k),
38P.q.k) =g, q, k+ 1),

where z; is a temporal shift operator and z, and z3 spatial. In
the resulting matrix

T(z1, 22, 23) = 212223 A111 — 21224110
—z123A101 — 2223 Ao11 — 214100
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ipa+ly L R, E(l”}\”") iprLgtly L R . E(+lq+Ly
(q+rIDRK—>—""N ()
1 Uc(P,‘I‘” )t)
1R2(171q+1’t i(P;q"”;j
: R, CT
i,(p,q,0) L R 1 E(p,q,%_\ I_ R ] E(p+l,q,0)
(@K —(3) .
. i,(p+1,q,0)
iy g, ,)J U pq,t)
|| &
2
C
i:,(Ps‘I'I,t) L R] R] E([1+1,q—1,t)
(g-1) > ,
(p-1) Epalo (p) ALY (p+1)

FIGURE 1. Structure of a spatially interconnected RLC circuit.

—z3A001 — 224010 — Aooo, Vo = [8 8 8 8 8]
U(z1,22,23) = 21 22B110 + 218100,
V(zi,22,20) = Ly, W(z1,22,23) =0. (48) In what follows, O € R(z1, 22, 23)'®* 1> of (15) has zero

entries except for
As a numerical example, the data L = 0.1H, C = 20 x

10 F, Ry = 20009, Ry = 10002 and /& = 0.01 secs is 00 :16,7:14) = —Is
used. For ease of presentation the following notation is used: 0(7,2) = -1
X(a, b) denotes the entry in row a and column b of the matrix 0(1:6,1:6)=1I

X and X(c : d, e : f) denotes the matrix formed by rows ¢ 009:14,10: 15) = Is
through to d and columns e through to f. 0(1:6,7:12) = —z11¢

For this example, P, defined in (13) is given by (49), as

shown at the bottom of the next page. Also, T, 0 and T}, | are Q8. 1) = 100z

given in (50), as shown at the bottom of the next page, and 0@8,3) =z—1
0(7,8) = 1.01 — 1.01z,
Uno = [0 0 0 0 1]T ) Q(7,7) = 0.002z3 — 0.001 z» + 0.002z223
Uyi=[0 0 0 0 o], ~0.003
0O 0 0 1 0 0(8,2) = 200000z —10%z3 + 10 % z2 % Z3
Vo = [0 0 0 O 1]’ —1990.

Az +1,g+ 1,0 = Adioix(p+ 1, g, 0) + Aok (p. g + 1,0) + Ajox(p + 1, g + 1, 1) + A1 (. ¢. 1)
+Ao10x(, g+ 1, 1) + Aioox (@ + 1, ¢, 1) + Aooox(, ¢, 1) + BiioE(p + 1, ¢ + 1, 1)
+Bi0EPp +1,4.1),

WP, g 1) = Cx(p, g, 1) (45)

Anxep+ 1,9+ 1Lk+1) = Ajoix(p + 1, ¢, k + D)+ Aonix(p, g+ Lk + 1) + Ajjox(p + 1, g + 1, k)
+Ao01x(P, g, k + 1) + Aor0x(p, g + 1, k) + Ajoox(p + 1, ¢, k) + Aooox(p, g, k)
+B1o0E(p + 1,9+ 1,k) + BioE(p + 1, g, k),
(P, q, k) = Cx(p, q, k) (47)
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R(23,3) = 1
R(23, 1) = 100
R(16:21,22:27) = —z1 Ig
R(1:15,16:30) = —z, Is
R(22,23) = 1.01
R(22,8) = —1.01
R(23,17) = —10z3 — 1990
R(23,2) = 10z3 + 200000
R(22,7) = 0.002 z3 — 0.001
R(22,22) = 0.002 z3 — 0.003

Hence, the entries in T o and Ty, are zero except for

Tpo9:14,7:12) = —Ig
Too(7:8,2:3)=—D
Too(l1:6,1:6)=1I

Tp0(9:13,10:14) =I5
Too(1:6,7:12) = —z11s
Tp,0(7,8) = 1.01
T0,0(8,2) = —10z3 — 1990
To,0(7,7) = 0.002z3 — 0.003
Tp,1(8,1) =100

Tp.1(8,2) = 10z3 + 200000 and hence Ty o has zero entries except for

Tp,1(8,3) =1

Tr0(23,17) = —1990

Tp,1(7,7) = 0.002z3 — 0.001 Tro(22:23,17:18) = —I,
Tp1(7,7) = —1.01 Tro(24:32,22:30) = —Io
and Tro(1:21,1:21) = I
0131 Tro(24 :31,25:32) = I3, TR 0(23,3) =1
Ugo = [ 1 ] Tro(23,1) = 100
Uo.i = [O1ax1], Tr0(23, 2) = 200000
Voo = [02X12 ]2] , Tro(16:21,22:27) = —z1 Is
Vo1 = [02x14] . Tro(1:15,16:30) = —z2 I15
Also, R € R(z1, 722, 23)*733 of (26) has zero entries except Tro(22,23) = 1.01
for Tr0(22,8) = —1.01
Tr0(22,7) = —0.001
R(22:23,17:18) = —I, ®0(22.7)
Tr0(22,22) = —0.003.
R(24:34,22:32) = —I; :
R(1:21,1:21) = Iy Moreover, the 32 x 32 matrix Ty, 1 has zero entries except for
R(24 : 32,25 :33) = I, Tr1(2,23) =10
[0.002 23—0.001 204+0.002 72 z3—0.003 1.01—-1.01z2—2z1 0 0 0 0]
100z1 z2 200000 z1 22—1990 21 —10z1 z3+10z1 22 23 21 22—21 0 0 0
-1 0 0 1 0 0
Pp= 0 ~1 0 0 1 0
0 0 -1 0 0 1
0 0 0 -1 0 0
i 0 0 0 0 -1 0]
(49)
[[0.002z3 — 0.001 z5 + 0.002 75 z3 — 0.003  1.01 — 1.01 2» 0 0 O
0 0 0 0 O
Tho = ~1 0 0 1 0 (50)
0 -1 0 0 1
i 0 0 -1 0 0
0 -1 0 0 O
100z 200000z —10z3+102023—1990 =z —1 0 O
Tp1 = 0 0 0 0 0 (29
0 0 0 0 0
0 0 0 0 0
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Tr.1(7,22) = 0.002
Tr1(17,23) = —10
Tr.1(22,22) = 0.002

and

= [02x30 2]
Vi1 = [02x32] .

In the next step P € R(z1, 22, 23)7°%% of (38) is obtained.
Again, this matrix has zero entries except for

P(55:56,50:51) = —I,
P(57:70,55: 68) = —I14
P(56,17) = —10
P(56,50) = —1990
P(1:54,1:54) = Isy
P(57 : 68,58 :69) = I,
P(56,36) = 1
P(56,2) = 10
P(56,34) = 100
P(56, 35) = 200000
P(49 : 54,55 : 60) = —z11s
P(34:48,49:63) = —2, I;5
P(1:33,34:66) = —z3 I33
P(55,56) = 1.01
P(55,41) = —1.01
P(55, 40) = —0.001
P(55,55) = —0.003
P(55,7) = 0.002
P(55,22) = —0.002.

Moreover, P retains the structure defined in (34) and hence
corresponds to (6) with

048x54  O48x6  Oagxs
E; = | Ogxs4 —Ig O6x6

| O14xs54  Oraxe  O1axs

033x48  O33x15  033xs
Ey = | O1sxa8  —Ii5  Oi5x5

| O20x48  020x15  020x5
Ex— 033x33 —I33  O33%2
3 =

|035x33  035%33 0352

Also, A € R%%68 has zero entries except for

A(1:54,1:54) = —Isy
A(57 : 67,58 : 68) = —I1
A(57 : 68,55 : 66) = I
A(55:56,50:51) = I,

A(56,36) = —1

45640

A(56, 50) = 1990
A(56,17) = 10
A(56,2) = —10
A(56,34) = —100
A(56, 35) = —200000
A(55,7) = —0.002
A(55,22) = —0.002
A(55, 40) = 0.001
A(55,56) = —1.01
A(55,55) = 0.003
A(55,41) = 1.01

C =06 L], B= [01T67i|,

oI

and these matrices form the singular 3D Roesser state-space
model of (5) in this case.

To summarize the case study presented, the model of 3D
spatially interconnected system with respectively: 2 states, 1
input, and 2 outputs, has resulted in a singular 3D Roesser
model of 68th order. A significant increase in the order will
eventually appear for more complicated systems but, due to
the sparse model matrices, this should not be computationally
prohibitive.

and

V. CONCLUSION

A constructive method has been developed that constructs a
singular Roesser state-space model of a 3D linear system with
spatial and temporal indeterminates from its system matrix.
The form of transformation used in the reduction procedure is
generated by a finite sequence of elementary row and column
operations and a trivial expansion of the original polynomial
system. An advantage of the developed method is the possi-
ble application to the analysis and synthesis of 3D spatially
interconnected systems. Since there are no results referring
directly applying the original models, the transformation into
the known 3D Roesser model and the theory developed for
this class of systems is promising for future research. Sim-
ilar structure nD models appear in modeling other classes
of interconnected systems, e.g., mechanical (connections of
masses and dampers) heat exchangers and electromechanical
systems. The results in this paper are also applicable.
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