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ABSTRACT Iterative learning control applies to systems that repeatedly execute the same finite duration
task. The distinguishing feature of this form of control action is that all data generated on a previous
execution of the task is available to compute the control action for the subsequent execution. This paper
uses the repetitive process stability analysis and optimization techniques to design a dynamic controller that,
in contrast to previous designs in the repetitive process/2D systems setting, does not require measurement of
the state dynamics or observer-based estimation. Examples to demonstrate the application of the new design
are given.

INDEX TERMS Iterative learning control, repetitive processes, output control.

I. INTRODUCTION
The most common form where Iterative Learning Con-
trol (ILC) can be employed is illustrated by a robot executing
a ‘pick and place’ operation. In such an application, the
sequence of operations is: i) collect an object or payload
from a specified location, ii) transfer it over a finite duration,
iii) deposit the payload at a fixed location or on a moving
conveyor under synchronization, iv) return to the starting
location, v) collect the next payload and repeat i)-iv). It can
also be applied when the system completes the same finite
duration task in sequence with a stoppage-time between the
completion of each execution.

In this paper, each execution of the system is termed a trial
and trial length is used to denote the duration of a trial. The
notation for variables is of the form hk (p), 0 ≤ p ≤ α−1, k ≥
0, where h is the vector or scalar variable under consideration,
k ≥ 0 denotes the trial number and for discrete dynamics,
α denotes the number of samples along a trial (α× the sam-
pling period gives the trial length).

Suppose that a reference trajectory (or vector in the
multiple-input multiple-output case) is available. The error
on each trial can be formed as the difference with the out-
put on this trial. Let {ek}k be the error sequence generated
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by an example under consideration. Then the basic premise
in ILC is to force convergence in k of this sequence and
ensure acceptable transient and steady-state dynamics along
the trial. Once a trial is complete, all information generated
is available to generate the control input for the next trial,
most often as used on the previous trial plus a correction
term.

Consider, without loss of generality, the single-input
single-output case where uk (p) is the input applied on trial k .
Then one of the possible ILC law has the from uk+1(p) =
uk (p) + k1ek (p + λ), λ > 0. This control law is termed
phase-lead due to the use of data at sample p+ λ on trial k at
sample p on trial k+1, where this data is available once trial k
is complete. Moreover, suppose the only previous trial input
to the control applied at any sampling instance on the current
trial comes from the same sampling instant on the previous
trial. In that case, an equivalent feedback control law and ILC
has no added benefit.

The earliest research on ILC is widely credited to [1]
and focused on robotic applications. Since this early work,
ILC has remained a very active research area in terms of
theory/algorithm development and applications. The survey
papers [2] and [3] are possible starting points for the ear-
lier literature. More recent application areas include additive
manufacturing [4], center-articulated industrial vehicles [5]
and in healthcare, see, e.g. [6], [7].
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Consider the single-input single-output discrete dynamics
case again. Given that the trial length is finite, one setting
for ILC design for discrete systems is first to form so-called
supervectors. Then, for example, the outputs along a trial can
be assembled into an N × 1 column vector. Completing this
operation for the other variables enables the trial-to-trial error
updating to be described by a difference equation in the trial
number (k). This setting is the basis for many of the currently
reported algorithms and applications and is referred to as
lifting ILC design.

The trial length in ILC is finite. Hence, trial-to-trial error
convergence can occur even if the system state matrix is
unstable (as over such a duration, even an unstable system
can only produce a bounded output). Also, in robust control,
problems arise in the lifting setting due to matrix products
formed from state-space matrices of the nominal model and
those describing the uncertainty model used. In the lifting
approach, the route is first to design a stabilizing feedback
control loop and then apply ILC to the resulting dynamics,
leading to a two-stage design.

In ILC, information propagation occurs in two directions,
i.e., from trial-to-trial (k) and along the trial (p), and hence
2D systems theory can be applied. For discrete linear dynam-
ics, [8] developed results using a state-space model recursive
over the complete upper-right quadrant of the 2D plane.
Repetitive processes [9] are another class of 2D systems
where information propagation in one of the directions of
information occurs over a finite duration and, therefore,
a closer match to ILC dynamics.

The repetitive process setting for ILC design has seen
experimental validation for laws based on linear models,
including the robust case, see, e.g., [10], [11], (the last
reference is based on a repetitive process setting for anal-
ysis). In robustness analysis, the difficulty present in the
lifting-based designs does not arise. This setting allows the
trial-to-trial error convergence and the along the trial dynam-
ics to be considered in a one-stage design. It extends directly
to design for differential dynamics.

A large majority of the ILC laws considered in the 2D
systems setting (or others) have been static, e.g., the input for
the subsequent trial is an additive linear combination of state
feedback on the current trial and feedforward action formed
using the error on the previous trial. Such a law assumes
access to all entries in the current trial state vector. There have
been results on replacing this term by the current trial output
with supporting experimental validation, see, e.g. [12]. If a
static control law cannotmeet the performance specifications,
one option is to allow internal dynamics in the control law,
termed a dynamic controller.

In previous work [13], a dynamic controller was designed
and experimentally verified. This controller requires access to
both the state vector on the current trial, storage of the previ-
ous trial state vector over the complete trial length. The major
novel contributions of this paper relative to previous work is
i) a new design that does not use state vector information, and
ii) an optimization procedure for tuning the design.

Throughout this paper, the null and identity matrices of
compatible dimensions are denoted, respectively, by 0 and
I . Also, a symmetric positive definite (respectively negative
definite) matrix, say M , is denoted by M � 0 (respectively
M ≺ 0) and the spectral radius of a matrix is denoted by ρ(·).
The next section gives the necessary background on repetitive
processes.

II. BACKGROUND
Let yref (p) be a possibly vector valued reference representing
the desired output behavior and denote the system output on
trial k as yk (p) ∈ Rm, 0 ≤ p ≤ α − 1, k ≥ 0. Then the error
on trial k is

ek (p) = yref (p)− yk (p). (1)

The control design problem is to construct an input
sequence {uk}k that when applied forces the error sequence
{ek} to converge in k , i.e.,

lim
k→∞
||ek || = 0, lim

k→∞
||uk − u∞|| = 0, (2)

where ||·|| is a signal norm in a suitably chosen function space
with a norm-based topology, also, u∞ is termed the learned
control in some of the literature. It is also necessary to ensure
that the dynamics produced along the trials (in p) are also
acceptable, where this issue is application-dependent.

A commonly used ILC law has the form

uk+1(p) = uk (p)+1(ek (p)), (3)

where 1(ek (p)) is a correction term that, in particular, can
use all information contained in the previous trial error ek (p)
given by (1) (and other information from this trial, e.g., the
trial state vector). The ILC dynamics operate over (k, p) ∈
[0,∞] × [0, α − 1], and has the structure of a 2D system.
Consequently, there has been a considerable body of research
on ILC law analysis and design using 2D systems theory,
starting from [8], which used the Roessermodel. Suchmodels
operate over (k, p) ∈ [0,∞]× [0,∞].

Repetitive processes are a distinct class of 2D linear sys-
tems that make a series of sweeps, termed trials in the ILC
setting (but termed passes in the repetitive process literature),
through dynamics defined over a finite duration, which is
known as the trial length. The output produced on each trial
is termed the trial profile. On completion of the current trial,
the process resets to the starting location, and the next trial
can begin, either immediately or after some further time
has elapsed. The trial profile produced on the previous trial
contributes to current trial dynamics, and the dynamics of
these processes evolve over (k, p) ∈ [0,∞] × [0, α − 1],
and hence a closer match to ILC dynamics.

The state-spacemodel of a discrete linear repetitive process
over 0 ≤ p ≤ α − 1, k ≥ 0, is

xk+1(p+ 1) = Axk+1(p) + Buk+1(p)+ B0yk (p),

yk+1(p) = Cxk+1(p)+ Duk+1(p)+ D0yk (p), (4)
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where on trial k , xk (p) ∈ Rn is the state vector, yk (p) ∈ Rm

is the trial profile vector and uk (p) ∈ Rr is the control input
vector. The termsB0yk (p) andD0yk (p) describe, respectively,
the contributions of the previous trial output to the state and
trial profile vectors produced on the next trial. They have
a critical role in repetitive process-based ILC analysis and
design.

The boundary conditions for processes described by (4)
used in this paper have the form

xk+1(0) = dk+1, k ≥ 0,

y0(p) = f (p), 0 ≤ p ≤ α − 1, (5)

where dk+1 ∈ Rn has known constant entries and f (p) ∈ Rm

has entries that are known functions of p, and includes the
most common case when the state initial conditions for each
trial are the same, e.g., in pick and place operations where
the sequence of objects to be moved are at the same location.
Likewise for the trial initial profile, which is specified by
the user or in some cases taken as zero and hence the initial
error is the reference trajectory. This paper considers the case
when the dynamics of the system can be modeled for analysis
and design as linear and time-invariant, which includes the
vast majority of the applications that have led to experimental
validation and implementation.

Let {yk}k denote the sequence of trial profiles generated
by the considered system. Then this sequence can contain
oscillations that increase in amplitude from trial-to-trial (in
k). Moreover, standard control action cannot regulate this
unwanted behavior, e.g., static state or output feedback con-
trol activated by the current trial state or trial profile vector.
Instead, this must be augmented by a term activated by pre-
vious trial information, i.e., repetitive processes are a class
of 2D systems and require a control law with current trial
feedback and a feedforward term from the previous trial.

The stability theory for linear repetitive processes [9],
in response to the growing oscillations from trial-to-trial (i.e.,
in k), is of the bounded-input bounded-output form. In par-
ticular, a bounded initial trial profile is required to produce a
bounded sequence of trial profiles {yk}, where boundedness is
defined in terms of the norm on the underlying function space.
This theory enforces this property either over the finite and
fixed trial length or for all possible trials lengths. This latter
property can be analyzed mathematically by considering the
case when α→∞.

In many applications, the stronger stability conditionsmust
be imposed, and the following result characterizes stability
along the trial of examples described by (4) and (5).
Lemma 1 ([9]): A discrete linear repetitive processes

described by (4) and (5) is stable along the trial if and only
if (i) ρ(D0) < 1, (ii) ρ(A) < 1, and (iii) all eigenvalues of
G(z) = C(zI −A)−1B0 +D0 have modulus strictly less than
unity for all |z| = 1.
Asymptotic stability for the processes considered holds if

and only if the first condition of this result holds. Hence
the stability properties for examples defined by (4) and (5)

are completely characterized by the state-space quadruple
{A,B0,C,D0}.
The application of repetitive process stability theory to the

design of ILC laws is based on the fact that the controlled
dynamics can be written in the form (4) where the error
sequence {ek}k is taken as the trial profile sequence. Use of
this setting and applying Lemma 1 results in monotonic trial-
to-trial error convergence with the regulation of the along the
trial dynamics. If only (i) is enforced then, trial-to-trial error
convergence can occur due to the finite trial length, even if
the state matrix does not satisfy condition (ii). The follow-
ing section proceeds to ILC design, where condition (iii) is
replaced by an LMI (Linear Matrix Inequality) condition.

III. DESIGN OF STATIC ILC LAWS
In this paper, analysis and design is based on a discrete linear
time-invariant model of the dynamics, written in the ILC
setting as

xk (p+ 1) = Axk (p)+ Buk (p), 0 ≤ p ≤ α − 1

yk (p) = Cxk (p), (6)

where the notation used is the same as for (4), and the ILC
law has the structure of (3). Introduce the following vector in
terms of (6)

ηk+1(p) = xk+1(p)− xk (p) (7)

and consider the choice of

1ek (p+ 1)=K1ηkC1(p)+K2ek (p), (8)

where K1 and K2 are compatibly dimensioned matrices to
be found. Then in [14] a static ILC law was developed,
starting from the controlled dynamics state-space model of
the form (4) with the control input terms deleted, state vector
ηk+1(p), the trial error as the output profile vector and

A = A+ BK1, B0 = BK2,

C = −C(A+ BK1), D0 = I − CBK2. (9)

For implementation, the resulting control law is

uk+1(p) = uk (p)+ K1(xk+1(p)− xk (p)),

+K2(yref (p+ 1)− yk (p+ 1)), (10)

where the last term on the right-hand side is phase-lead ILC.
Moreover, this term is implementable as the signal yref is
known, and the second term in p + 1 is available as it is
generated on the previous trial. This term is the unique feature
of ILC, and if such a term is not present, then it can be easily
shown that the ILC law can be replaced by an equivalent
feedback control loop.

Two applications relevant issues arise with this last law for
general application. Firstly, it requires the availability of the
state vector for measurement. Secondly, the complete previ-
ous trial state vector must be stored to calculate the control
input for the subsequent trial. In the first case, an observer
can be designed, and for ii) one alternative is to design a
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static control law based on trial output information only. This
approach was considered in [12], starting from

1(ek (p))=K1µk+1(p+ 1)+ K2µk+1(p)+ K3ek (p+ 1),

(11)

where K1,K2 and K3 are control law matrices to be designed
and

µk (p) = yk (p− 1)− yk−1(p− 1) = Cηk (p) (12)

and the extra term in this control law relative to the previous
case has been added as a means, if necessary, of compen-
sating for the effects of not assuming that the state vector is
available for use.

Following the analysis in [12], the resulting control law for
application is

uk (p) = uk−1(p)+ K1(yk (p)− yk−1(p))

+K2(yk (p− 1)− yk−1(p− 1))

+K3(yref (p+ 1)− yk−1(p+ 1)). (13)

The last term in (13) is phase lead on the previous trial error
and the second and third terms are proportional action acting
on the error, respectively, between the current and previous
trials at p and p − 1. While the use of current trial data
has appeared in many ILC designs to manipulate the plant
dynamics along the trial, see e.g. [15] and has been found
to increase initial tracking and disturbance rejection [16], the
coupling of previous and current trial data is an addition to
this class of updates.

The use of only static output information in an ILC law
can be very restrictive in terms of the performance level.
To illustrate this point, consider the case of a system described
by the transfer-function

G(s) =
4

s2 + 0.8s+ 4
. (14)

Using a sampling period of Ts = 0.01 secs gives the model
of (6) with

A =
[
0.9918 −0.01992
0.01992 0.9998

]
,

B =
[

0.01992
0.0001995

]
,

C =
[
0 1

]
. (15)

Consider the application of the static control law (13) in
the case when the design results in

K1 = 0.005018,

K2 = −23.56,

K3 = −0.00409. (16)

Figure 1 shows the reference signal for this case and
Figures 2, 3 and 4 confirm the relatively poor performance

FIGURE 1. The reference signal.

FIGURE 2. Plot of the output against trial and sample numbers produced
for the static control law defined by (13) and (16) applied to (14).

of this design, with, in particular, very slow trial-to-trial error
convergence. In the case of Figure 4

||ek || =

√√√√√ 1
α

α−1∑
p=0

|ek |2 (17)

which is a common measure used in ILC to measure trial-
to-trial error convergence.

In this paper, the controller matrices K1, K2, K3 are
obtained by solving appropriately designed LMIs, such that
the mean square error of (17) is minimized to achieve an ILC
convergence, see, e.g. [14]. The main parameters related to
the ILC practical implementation that should be taken into
account are the convergence speed; the maximum allowed
state, output, and input signals maximum values; the absence
of oscillations (along the trial and from trial to trial), and
also robustness against the system parameter changes. If a
static control law fails to satisfy the design constraints then
the premise of this paper is that a dynamic controller is one
option to investigate.
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FIGURE 3. Outputs and the reference signal for the static control law (13)
and (16) applied to (14).

FIGURE 4. Norm of the error signal for the static control law (13) and (16)
applied to (14).

IV. DESIGN OF DYNAMIC ILC LAWS
One option in cases such as the example in the last section is
to consider the use dynamic controllers, i.e., they have their
own internal (state) dynamics. Early papers on the use of such
control laws in the ILC setting include [17]. Also there has
been previous research reported on repetitive process based
design of dynamic controllers [13], [18].

In [13], [18] the controller for implementation has the
structure

uk+1(p) = uk (p)+ Ccηck+1(p+ 1)

+Ec(xk+1(p)− xk (p))

+Dc(yref (p+ 1)− yk (p+ 1)) (18)

where

ηck+1(p) = xck+1(p− 1)− xck (p− 1)

and the superscript c denotes the controller dynamics. Also
xck+1(p−1) and xck (p−1) denote, respectively, the controller

state vector on trials k + 1 and k . Implementation of this
controller therefore requires access to the system state vector
(x) on both the current and previous trials, whereas the con-
troller state dynamics (xc) are directly available. If this is not
possible and state control action is still preferred, an observer
will also be required. Moreover, the state vector on every
two successive trials has to be stored to implement the
controller.

The remainder of this section develops a new dynamic
controller that requires only access to the trial output, where
the controller state dynamics are described by

ηck+1(p+ 1) = Â0,cCηk+1(p)

+Acηck+1(p)+ B0,cek (p) (19)

and for the analysis purposes only, rewrite the state equation
of (6) in the form

xk (p) = Axk (p− 1)+ Buk (p− 1). (20)

Using (7), (3) and (12), it follows immediately that
µk (p) = Cηk (p).

Suppose that the control signal is formed as a combination
of feedback action on the current trial plus a component from
the previous trial. One way to realize this is to define the ILC
input increment as

1ukC1(p) = Ccηck+1(p+ 1)+ Êcµk+1(p+ 1)

+Dcek(p+ 1), (21)

where, in comparison to (18), the output increment µk+1(p+
1) is used and hence the replacement of Ec by Êc. Using (6),
(7) and (3) gives

uk+1(p) = uk (p)+ Cc
(
xck+1(p)+ xck (p)

)
+ Êc

(
yk+1(p)− yk (p)

)
+Dc

(
yref (p+ 1)− yk (p+ 1)

)
, (22)

The last term on the right-hand side is phase-lead ILC,
i.e., the added benefit of this form of control is present.
Moreover, the state vector of the dynamic controller xck (p) is
directly available and does not need to be estimated. Also (22)
does not require controlled system state information; only
knowledge of the measured input and output signals of the
controlled system is used.

The controlled dynamics can be written as

ηk+1(p+ 1) = (A+ BÊcC )ηk+1(p)

+BCcηck+1(p)+ BDcek (p),

ηck+1(p+ 1) = Â0,cCηk+1(p)+ Acη
c
k+1(p)

+B0,cek (p),

ek+1(p) = (−CA− CBÊcC )ηk+1(p)

−CBCcηck+1(p)

+ (I − CBDc)ek (p), (23)
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or, on introducing,

xk (p) =
[
ηk (p)
ηck (p)

]
, (24)[

ηk+1(p+ 1)
ηck+1(p+ 1)

]
= H1

[
ηk+1(p)
ηck+1(p)

]
+

[
BDc
B0,c

]
ek (p),

ek+1(p) = H2

[
ηk+1(p)
ηck+1(p)

]
+ (I − CBDc)ek (p), (25)

where

H1 =

[
(A+ BÊcC ) BCc

Â0,cC Ac

]
,

H2 =

[
−CA− CBÊcC −CBCc

]
.

Therefore, the controlled dynamics are described by the
discrete linear repetitive process state-space model

xk+1(p+ 1) = Axk+1(p)+ B0ek (p),

ek+1(p) = Cxk+1(p)+ D0ek (p), (26)

where

A =

[
A+ BÊcC BCc
Â0,cC Ac

]
,

B0 =

[
BDc
B0,c

]
,

C =
[
−C(A+ BÊcC ) −CBCc

]
,

D0 = I − CBDc. (27)

The following result is used in the proof of the theorem
below.
Lemma 2 ([9]): A discrete linear repetitive process

described by (26) and (27) is stable along the trial if there
exist

P1 =

[
P̂11 0

0 P̂22

]
� 0, (28)

where P̂11 and P̂22 are, respectively, of the same dimensions
as A and D0 and are such that[

P1 −W −WT W8T

8W −P1

]
≺ 0 (29)

where

8 =

[
A B0
C D0

]
(30)

andW is a compatibly dimensioned matrix.
The main result of this paper is now established.
Theorem 1: The stability along the trial property holds for

the ILC controlled dynamics described by (26) and (27) if
there exist compatibly dimensioned matrices P1 � 0 and W
satisfying Lemma 2 and compatibly dimensioned matrices

N and X , with X invertible, such that the following LMI is
feasible[

P1 −W −WT (ÂW + B̂N(Ĉ + L))T

ÂW + B̂N(Ĉ + L) −P1

]
≺ 0,

ˆCW = X(Ĉ + L), (31)

where

Â =

 A 0 0
0 0 0
−CA 0 I

 , (32)

B̂ =

 B 0
0 I
−CB 0

 , (33)

Ĉ =

C 0 0
0 I 0
0 0 I

 . (34)

and L is a known matrix of compatible dimensions. If this
LMI is feasible, the following matrix defines the controller
of (22)

K =

[
Êc Cc Dc

Â0,c Ac B0,c

]
, (35)

where K = NX−1.
Proof: Rewrite (30) using (27) as

8

=

 A+ BÊcC BCc BDc

Â0,cC Ac B0,c

−CA− CBÊcC − CBCc I − CBDc

 , (36)

or, equivalently,

8

=

 A 0 0
0 0 0
−CA 0 I

+
 B 0

0 I
−CB 0

[ ÊcC Cc Dc

Â0,cC Ac B0,c

]
.(37)

Hence

8W = ˆAW + B̂KĈW , (38)

and Â, B̂, Ĉ and K are given, respectively, by (32), (33), (34)
and (35).

The constraint

ĈW = X(Ĉ + L), (39)

enables (38) to be written as

8W = ÂW + B̂KX(Ĉ + L) (40)

Finally, setting

N = KX (41)

yields

8W = ˆAW + B̂N(Ĉ + L) (42)
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Applying (42) to (29) and using (41) (with K = NX−1)
complete the proof.

The partitioned form of K in this last result gives the
matrices required to implement the control law (22). Note
that the matrix L of (31) has known constant entries selected
before solving the LMI of (31). Its introduction provides extra
freedom in obtaining the controller matrices of (35). The first
attempt can be made using L = 0. If the solution does
not yield satisfactory convergence speed, the optimization
algorithm developed next can be used.

A. INCREASING THE CONVERGENCE SPEED
If the choice of L = 0 is not successful, minimization of the
following objective function should be undertaken, starting
with L = 0

F(E,U,1) =
α−1∑
p=0

(
1(p)1T (p)

+

β−1∑
k=1

(
ek (p)eTk (p) · δ + uk (p)u

T
k (p) · γ

))
,

(43)

where

E =
[
eT1 , e

T
2 , . . . , e

T
β−1

]T
,

U =
[
uT1 ,u

T
2 , . . . ,u

T
β−1

]T
,

1 =
[
1uTβ (0),1u

T
β (1), . . . ,1u

T
β (α − 1)

]T
, (44)

where β denotes the number of trials considered and 1uk (p)
is defined in (21). The sum over this number of trials aims to
provide better noise rejection, and the parameter δ provides
a balance between both components, which is application-
dependent. The rationale behind the inclusion of the term in
1 of (44) in this cost function is that it penalizes solutions that
have oscillations on the last considered trial (i.e., the changes
in u for the next trial are not trivially small). It is assumed that
the number of simulated trials β is large enough to obtain a
reasonably small error, and below β = 50 is used and also
δ = 100 and γ = 10−3.
Many numerical algorithms can be used to minimize this

objective function. In this paper, a Nelder-Mead (NM) algo-
rithm is used, see, e.g., [19] for the relevant background.

An algorithm for implementing the design is formed by the
following steps.

1) Set L = 0, solve (31) and calculate K using (35).
2) Simulate the controlled system formed by applying the

control law (22).
3) Evaluate the results and if they are acceptable — END.

If not, implement the refinement phase given by the
following steps.

4) Calculate the initial value of the performance
index (43), taking into account (44), using the data from
the last step.

5) Modify the value of L using an optimization algorithm
rule (e.g., apply the Nelder-Mead algorithm)

6) For the new value of L, solve (31) and calculate K of
(35). (Note that in this step L does not change during
the solving of the LMI of (31)).

7) Simulate the controlled system formed by applying the
control law (22).

8) Calculate the performance index of (43) taking into
account (44).

9) If the value of (43) calculated in the previous step is
small enough — END, otherwise go to Step 5.

B. CASE STUDIES
The poor performance of the static control law of (13) for the
model of (14) shows the need for an alternative control law.
One solution is to use the dynamic control law of (22). For
a fair comparison, it is assumed that L = 0. Completing the
design of Theorem 1 gives the following dynamic controller
state-space model matrices

Ac =
[
−0.1189 0.4409
−0.2733 1.096

]
,

Â0,c =

[
−85.15 7880
−389.9 1734

]
,

B0,c =

[
532.7
113.8

]
,

Cc =
[
−6.384 −0.1585

]
,

Dc = 3644,

Êc = [−50.092− 5266.5254] . (45)

Figures 5–8 give performance results for the controlled
dynamics and confirm that in comparison to the static con-
troller, better performance is achieved. This design delivers
much improved performance with relatively fast trial-to-trial
error convergence (As in the static controller case, the simu-
lation was performed for 2000 trials. To better visualize the
convergence, only the first 10 trials are shown (the remaining
results show almost no changes in the signals)).

The considered system in the last example is a second order
lag. To examine the new design for a more complex case and
the role of the matrix L, consider the example where

A =



0.3879 1 0 0
−0.3898 0.3879 − 0.03809 − 0.5504

0 0 − 0.1575 1
0 0 − 0.07758 − 0.1575
0 0 0 0
0 0 0 0
0 0 0 0

0 0 0
−0.2367 0.4823 0.8585

0 0 0
−0.1772 0.361 0.6427
0.03529 1 0
−0.008214 0.03529 0.6258

0 0 1


,
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FIGURE 5. Trial errors plotted against sample and trial number for the
dynamic controller (22) and (45) applied to (14).

FIGURE 6. Trial-to-trial error norm plotted against the trial number for the
dynamic controller (22) and (45) applied to (14).

B =



0
0
0
0
0
0

0.03125


,

CT
=



0.008985
0.01101
−0.0007348
−0.01062
−0.004565
0.009302
0.01656


. (46)

In this case solving the LMI of (31) with L = 0 results in
the controller state-space model matrices:

Ac =
[
1.784 · 10−6 −2.491 · 10−7

1.074 · 10−6 −8.448 · 10−7

]
,

Â0,c =

[
0.0007592
−0.0002012

]
,

B0,c =

[
−1.096 · 10−6

6.252 · 10−6

]
,

FIGURE 7. Output plotted against the sample and trial numbers for the
dynamic controller (22) and (45) applied to (14).

FIGURE 8. Comparison of the output versus the reference signal for the
dynamic controller (22) and (45) applied to (14).

Cc =
[
0.000502 −0.0003922

]
,

Dc = 1.496,

Êc = −260.8. (47)

Some of the entries in matrices of (47) are very small in
magnitude (especially Ac and Â0,c), which manifests itself
in a very slow trial-to-trial error convergence speed — see
Figs. 9, 10 and 11. In effect, the controller has negligible
dynamics and the final result is relatively poor.

Completing the optimization algorithm of the previous
section using the Nelder-Mead [19] technique results in

L =


0.1168 0.8661 0.216 0.7638 0.4054
0.9728 0.8352 0.8106 0.1526 0.7493
0.08891 0.8638 0.9609 0.7989 0.06456
0.9997 0.226 0.6708 0.6893 0.6377

0.7959 0.5272 0.02071 0.05958 0.8079
1.018 0.7757 0.6388 0.7943 0.853

0.01209 0.7165 0.6928 0.438 0.5252
0.4754 0.6461 0.1653 0.9838 0.4747

 .
(48)
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FIGURE 9. Error signal over 50 trials for L = 0.

FIGURE 10. Output evolution for L = 0.

FIGURE 11. Error norm for each trial for the dynamic controller (22)
and (47) applied to (46) for L = 0.

Solving the LMI of (31) for state-space model matrices of
(46) and (48) gives the controller state-space model matrices:

Ac =
[
−0.5525 0.4766
0.1242 −0.2368

]
,

Â0,c =

[
62.19
9.57

]
, B0,c =

[
1.653
1.801

]
,

Cc =
[
13.04 −15.06

]
,

Dc = 97.37, Êc = −779.1, (49)

FIGURE 12. Error signal across 50 trials for L 6= 0.

FIGURE 13. Output evolution for L 6= 0.

FIGURE 14. Norm of error for each trial for L 6= 0.

This yields the simulation results shown on Figs. 12–14.
From Fig. 13, 18 trials are enough to achieve very high quality
tracking.

V. CONCLUSION
This paper has reported substantial new results on the design
of dynamic controllers for ILC applications. The new design
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removes the need to store state dynamics for implementa-
tion and reduces data storage needed for implementation.
Controller design uses repetitive process stability theory as
a starting point and leads to an LMI based condition for con-
troller design. The benefits of this design have been compared
with the previously known design of this structure, and the
possibility of experimental validation is now feasible. This
work is conditional on a choice to apply dynamic output ILC.
The relative benefits against alternative control law structures
are a matter for judgement based on knowledge of the partic-
ular application under consideration. Possible future research
could focus on improving the quality of the solution emerging
from the LMI solver. As a necessary first step, a physically
motivated optimization procedure has been developed and its
benefits demonstrated. Further development could consider
design in the presence of noise and also robust design.
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