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Abstract

This paper studies high-dimensional vector autoregressions (VARs) augmented with common
factors that allow for strong cross-sectional dependence. Models of this type provide a convenient
mechanism for accommodating the interconnectedness and temporal co-variability that are often
present in large dimensional systems. We propose an £;-nuclear-norm regularized estimator and
derive the non-asymptotic upper bounds for the estimation errors as well as large sample asymp-
totics for the estimates. A singular value thresholding procedure is used to determine the correct
number of factors with probability approaching one. Both the LASSO estimator and the conser-
vative LASSO estimator are employed to improve estimation precision. The conservative LASSO
estimates of the non-zero coefficients are shown to be asymptotically equivalent to the oracle least
squares estimates. Simulations demonstrate that our estimators perform reasonably well in finite
samples given the complex high-dimensional nature of the model. In an empirical illustration
we apply the methodology to explore dynamic connectedness in the volatilities of financial asset
prices and the transmission of ‘investor fear’. The findings reveal that a large proportion of con-
nectedness is due to the common factors. Conditional on the presence of these common factors,
the results still document remarkable connectedness due to the interactions between the individual

variables, thereby supporting a common factor augmented VAR specification.
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1 Introduction

In a pathbreaking study, Mann and Wald| (1943) introduced vector autoregressions (VARs) and de-
veloped the limit theory for estimation and inferenceE] The VAR approach was further developed
and promoted for empirical macroeconomic research in an influential paper by Sims (1980). Since
then, the methodology has become one of the most heavily used tools in applied finance and macroe-
conomics. It offers a simple and useful method to capture rich dynamics and interconnectedness
in multiple time series. Unrestricted VARs can be efficiently estimated by least squares regression,
which makes them particularly attractive in applied research. But low dimensional VARs often suffer
from the notorious omitted variable bias problem, which makes the approach vulnerable to mislead-
ing inferences on both coefficients and impulse responses. In a series of articles (e.g., [Sims| (1992),
Sims| (1993), and Leeper et al.| (1996)) Sims and his coauthors have explored options to include more
variables in VARs to improve forecasting performance.

Over the last decade, high-dimensional VARs have been frequently employed to conduct large
dimensional time series investigations in economics, finance, and other social sciences. Inspired by the
influential works of | Tibshirani| (1996), |Zhao and Yu| (2006), Zou (2006), Candes and Tao| (2007) and
Huang et al.| (2008), researchers in this area have frequently utilized Lasso-type regularized estimation
to address the difficulties of over-parameterization in large dimensions. For example, [Haufe et al.
(2010) propose the use of high-dimensional VARs to estimate causal interactions in multivariate time
series via group-Lasso; |Guibet et al. (2019)| propose to improve the forecast of mortality rates by
using the elastic-net to estimate a high-dimensional VAR; |Barigozzi and Brownlees (2019), Barigozzi
and Hallin| (2017), and Demirer et al.| (2018) apply Lasso, adaptive Lasso or elastic-net methods to
high-dimensional VARs or generalized dynamic factor models to estimate networks and construct
measures of financial sector connectedness. All these papers focus on empirical applications rather
than theory development. In theoretical work, Basu and Michailidis (2015) study deviation bounds
for Gaussian processes and investigate the ¢;-regularized estimation of transition matrices in sparse
VAR models; Kock and Callot| (2015) establish oracle inequalities for high-dimensional VAR models;
Han et al.| (2015) propose a generalized Dantzig selector in high-dimensional VARs; Guo et al.| (2016)
study a class of VAR models with banded coefficient matrices. These studies have opened up new
avenues for handling high-dimensional VAR models in practical work.

All the aforementioned studies assume that the VAR errors exhibit at most weak cross-sectional
dependence (c.f., |Chudik et al.; 2011). However, as the number of cross section units becomes large

relative to the number of time periods, the cross-sectional dependence in the error terms is often

'The extension to the structural VAR (SVAR) case was developed in the final section of [Mann and Wald| (1943);
but this contribution seems to have passed unnoticed in the vast literature on SVAR modeling. For further discussion,
see Hurn et al.| (2020).



strongE] It is well known that ignoring strong cross-sectional dependence in the error terms typically
leads to inaccurate estimation and misleading inferences. In response to this limitation, the present
paper proposes a new high-dimensional VAR model in which some common factors (CFs) feature in
the determination of each time series besides the idiosyncratic errors and lagged values of the time
series themselves. This high-dimensional VAR model with CF's allows for serial correlation among
the CFs, which in turn leads to correlations between the CFs and the lagged time series. To properly
control for the presence of CFs in this model it is necessary to estimate the factor component and
the transition matrices simultaneously. Practical implementation also requires the determination of
the number of factors and lag length.

A mentioned above, we choose to model strong cross-sectional dependence through a latent factor
structure. In principle our analysis is closely related to certain dynamic factor models, especially the
generalized dynamic factor model (GDFM) of Forni et al.| (2000) that generalizes the dynamic factor
model proposed by |Geweke| (1977). The proposed model has a GDFM representation with certain
restrictions on the coefﬁcientsE] In recent decades, the approximate static and dynamic factor models
have been extensively studied. Examples of theoretical work include Forni et al. (2000), Bai and Ng
(2002), Bai| (2003), and [Hallin and Liskal (2007), among others. Applied finance and macroeconomic
examples include [Fama and French| (1993), Stock and Watson| (1999, 2002), (Giannone et al.| (2004),
Bernanke et al.| (2005), Ludvigson and Ng| (2007), and |Cheng and Hansen| (2015). The success of
factor models in these empirical analyses arguably establishes that strong cross-sectional dependence
is pervasive in real financial and macroeconomic data. In these applications, dynamic factor model
methods are utilized to summarize information from a large panel data. Specifically, the estimated
dynamic factors serve as predictors or regressors to study univariate or fixed-dimensional time series.
In contrast, our model is a generalization of the pure VAR model that seeks to study the complicated
time series dynamics and cross-section interactions in high-dimensional time series. The latent factor
structure is employed to control for strong cross-sectional dependence and the factors themselves are
regarded as systematic shocks. (Chudik and Pesaran|(2011a) also consider a factor-augmented infinite
dimensional VAR model. For simplicity, they construct a model in which the factor-induced strong
cross-sectional dependence is explicitly separated from other sources of cross-sectional dependence.
They mention the possibility of using high-dimensional VARs with CFs but do not explicitly analyze
the model. In an earlier work, [Stock and Watson(2005) proposed a factor-structural VAR (FSVAR)
model that appears similar to ours except that it is a fixed dimensional system and requires factors
to be serially uncorrelated over time. In the panel data literature, [Bai (2009) proposes to use a

latent factor structure to capture unobserved heterogeneity and strong cross sectional dependence.

2For example, one can follow [Forni et al. (2000) and look at the largest eigenvalues of the spectral density matrices
of the N-dimensional error term, or study the eigenvalues of their covariance matrix. In many empirical datasets, it
is commonly found that that these diverge to infinity at rate N, which is highly suggestive of strong cross-sectional
dependence as defined in |Chudik et al.| (2011).

3Since our model is proposed to capture the dynamic mechanism of high-dimensional time series through VAR
modelling, it assists in both network and spillover effect analyses. In contrast, the GDFM is proposed to distill
information from high-dimensional time series with the estimated factors often assisting in studying dynamics in
univariate time series or low dimensional time series.



Lu and Su/(2016) and |Moon and Weidner| (2017) consider dynamic panel regressions with interactive
fixed effects (IFEs). Our high-dimensional VAR model with IFEs includes both homogenous and
heterogenous pure dynamic panels with IFEs as special cases.

To estimate a high-dimensional VAR model with CFs, we propose a three-step procedure. In
the first step, we consider an fi-nuclear-norm regularized least squares estimation problem that
minimizes the sum of squared residuals with an /1-norm penalty imposed on the transition matrices
and a nuclear norm penalty on the low rank matrix © representing the common component. Imposing
the £1-norm penalty helps to estimate the sparse transition matrices, and the nuclear-norm penalty
helps to estimate the low rank matrix arising from the CFs and factor loadings. The nuclear-norm
regularization has recently become popular in the estimation of low rank matrices in statistics and
econometrics; see, [Negahban and Wainwright| (2011), Rohde and Tsybakov| (2011), Negahban et al.
(2009, 2012), Bai and Ng (2019), Belloni et al. (2019), Fan et al.| (2019), Feng| (2019), Koltchinskii
et al.| (2019), Moon and Weidner| (2019), |Chernozhukov et al.| (2021), and Ma et al| (2021), among
others. All these previous works focus on the error bounds (in Frobenius norm) for the nuclear-norm
regularized estimates, except Moon and Weidner| (2019), (Chernozhukov et al.| (2021) and Ma et
al. (2021) who study inference problems in linear or nonlinear panel data models with a low-rank
structure. Like the latter authors, we simply use the nuclear-norm regularization to obtain consistent
initial estimates. Under some regularity conditions, we establish the non-asymptotic bounds for the
estimation error of the transition matrices and the low rank matrix ©. Applying a singular value
thresholding (SVT) procedure on the singular values of the estimate of ©, we obtain a consistent
estimate of the number of factors. Then, given the estimated factor number, preliminary estimates
of the CFs can be obtained.

In the second step, we include the estimated CF's as regressors and consider a generalized Lasso
estimator to obtain an updated estimate of the transition matrices. We show that the estimation
errors can be uniformly controlled, which facilitates the construction of weights for subsequent esti-
mation by conservative Lasso in the third step. Under some regularity conditions, we show that this
third step conservative Lasso estimator of the transition matrices achieves sign consistency (see, e.g.,
Zhao and Yu, 2006). Besides, the third step estimator of the transition matrices, factors and factor
loadings are asymptotically equivalent to the corresponding oracle least squares estimators that are
obtained by using detailed information about the form of the true regression model. We also study
the asymptotic distributions of the oracle efficient estimators of the transition matrices.

The usefulness of our methodology is demonstrated in a real-data example. The illustration
revisits the financial connectedness measures proposed by Diebold and Yilmaz| (2014) and the results
document strong evidence for the existence of CF's in the volatilities of 23 sector exchange traded
funds (ETFs). The findings show that CFs account for a large proportion of the variation in these
volatilities; and, conditional on the CFs, a high level of connectedness remains present among the
idiosyncratic components. This empirical application demonstrates the particularly useful features of

the high-dimensional VAR model with CF's that enable this model to capture the dynamic evolution



of time series with strong cross-sectional dependence while distinguishing variations that originate
from different sources.

The present paper contributes to the fields of both high-dimensional time series analysis and reg-
ularized estimation. First, a new high-dimensional VAR model with CF's is proposed for which there
are four main advantages: (i) it provides a convenient tool to study rich dynamics in high-dimensional
time series while controlling for the presence of strong cross-sectional dependence; (ii) taking into
account the influence of unobserved common factors helps to alleviate potential endogeneity issues
due to serial correlation in the unobserved common factors; (iii) the common factor structure can
be consistently estimated and used to identify systematic shocks, which are of interest in empirical
work; and (iv) the model framework follows the lead of Demirer et al| (2018) in studying spillover
effects via constructing a measure of connectedness in a VAR-based network. Second, our analysis
of regularized estimation is new in three directions: (i) we relax the Gaussianity assumptions that
are commonly assumed in the existing literature (see, e.g., Basu and Michailidis, 2015, and Kock
and Callot, 2015); (ii) we establish sharp probability bounds for processes with serial dependence,
utilizing techniques developed by [Wul (2005) and Wu and Wu| (2016); and (iii) our methodology
utilizes a combination of different types of regularization in the estimation procedure and establishes
non-asymptotic error bounds.

The remainder of the paper is organized as follows. Section [2| introduces the model and provides
conditions for stationarity in the analysis of the high-dimensional system. Section [3| develops the
three-step estimation procedure and examines its theoretical properties. In Section [} we conduct
Monte Carlo experiments to evaluate the finite sample performance of our estimators. The model
and methods are applied to study financial connectedness in Section [5] Section [6] concludes. Proofs
of the main results in the paper are given in the Appendix. Further technical details are provided in

the online Supplementary Material.

Notation

€ RN and v = (vy,...,on) € RY be a

matrix and vector. Denote v; as the subvector of v whose entries are indexed by a set I C [N] =

To proceed, we introduce some notation. Let A = (a;;)

{1,..., N} and denote A; ; as the submatrix of A whose rows and columns are indexed by I and J,
respectively. Let A, j = Ay, 7 be the submatrix of A whose columns are indexed by J, A . = Ay ]
be the submatrix of A whose rows are indexed by I. For notational simplicity, we also write the
individual columns and rows of A respectively as A.; = A, r;) for j € [N] and A;. = Ay, for
i€ [M].

Define the £y, £, (¢ > 1), and £, norms of a vector v € RV as follows

N

N 1/q
blo = 310 £0) Pl = (S t) . and bl =
1=

=1



where 1(+) is the indicator function. In the special case ¢ = 2, | - |2 denotes the Euclidean norm of v
and can be rewritten as |v| for notational simplicity.

For 1 < ¢ < oo, define the ¢4, fmax, Frobenius (F), and nuclear () norms of the matrix A as

follows
1/2 min(N,M)
1411q = mmasx (|4l 1|4l = ma o, [|Alle = (ZW) and |4l = > du(4),
= g i,j k=1

where 1, (A) denotes the kth largest singular value of A for k =1, ..., min(N, M). Denote the largest
and smallest singular values of A as v, (A) and 9,,;,(A). In the special case ¢ = 2, the /5 matrix
norm is also denoted as the operator norm: ||A|lop = ||All2 = Y max(A). For a random variable or
vector x, we denote its expectation and £,-norm as E(x) and |||z||[, = [E(|x\§)]1/p.

For a T' x R full rank matrix F' with T' > R, we denote the corresponding orthogonal projection
matrices as P = F(F'F)~'F" and My = Iy — Pg, where I denotes the T x T identity matrix. Let
vec(+) denote the (columnwise) vectorization operator, and ® be the (right hand) Kronecker operator.

Let V and A denote the max and min operators, viz., a V b = max (a,b) and a A b = min (a,b) .

2 Model

For an N-dimensional vector-valued time series {Y:} = {(vyi,...,ynt)’}, the high-dimensional VAR
model of order p with CFs is given by

p
V=Y AW, j+ A f) e, t=1,..T, (2.1)
j=1

where A9, ..., Ag are N x N transition matrices, A’ = (A}, ..., \%)" is an N x R? factor loading matrix,
ftO is an R?-dimensional vector of common factors, and u; = (U1gy ...yt Nt)/ is an N-dimensional vector
of unobserved idiosyncratic errors. Throughout this paper we use the superscript 0 to denote true
values. The coefficients of interest are the A?’s, A% and F° = (f0,..., f%)’ . In practice, we need
to determine the number of factors and the VAR order p. We propose a method to consistently
determine p in Section below. The number of factors can be determined in the first step of our
estimation procedure introduced in Section [3.1}] The analytic framework allows for both the number
of cross-sectional units IV and the number of time periods T to pass to infinity. The lag length is
also allowed to (slowly) grow to infinity with (N, 7). Estimation is then a natural high-dimensional
problem with the number of parameters, N?p+R°N + ROT, growing linearly with 7" and quadratically
with V.



It is convenient to reformulate model (2.1]) in multivariate regression form as

/
! / / 0r (4 0r /
Yy Yo - Ylfp Ay 1 Al Uy
e : : N e : +1 0| (2.2)
/ / / o7 0/ 07 /
Yr -1 0 Y1y Ap T AN Up
N — AN
Y X BO FO A0/

where Y eRT*N X eRT*Np B0 ¢ RNPXN and U eRT*N | Let 00 = FOAY denote the common
component. A key observation here is that O is a low rank matrix. However, due to the presence of
X B, the direct use of principal component analysis (PCA) on Y cannot deliver a consistent estimate
0., = Or(VFT) and U],
= Op(V/N + ﬁ) For the pure factor model as in Bai (2003), the separation of ©° from U hinges
on this order difference. The exact probability order of HXBOHOp depends on the underlying data
generating process but is in general not of smaller order than O p(\/ﬁ) which makes it difficult to

separate the low rank matrix ©° from Y without information about B°. Besides, when the common

of the common factors. Note that under some regularity conditions,

factors are themselves serially correlated, pure VAR(p) estimation generally suffers from endogeneity
bias issues.
2.1 Stationarity analysis

Let X; = X} ,. The N-dimensional VAR(p) process {Y;} can be rewritten in a companion form as

an Np-dimensional VAR(1) process with CFs, viz.,

_ _ i A0 A0 ... 40 A0 1 - _ _ - _ _

Y, b L I AOfP ug
I 0 --- 0 0
Y1 Yi o 0 0
= 0 Iy - 0 0 ) + ) + R (2.3)

Y. Y 0 0

L il 0 0o - Iy o |& el L L7
XtJrl > Xt ]:t ut

“The nonzero singular values of ©° are the eigenvalues of (F”F°AYA%)'/2.  Assuming F”F°/T % ¥p and
AO'AO/N L YA with ¥ and ¥4 both nonsingular ensures the first part of the stated claim. Theorem 4.4.5 of Vershynin
(2018) shows that the operator norm of a T'x N random matrix with independent, mean zero, and sub-gaussian entries
is OP(\/N +VT ).

5TLet ty and v be N- and T- vectors of ones. Suppose that )\min(BOBO') >c>0and p=1. Then

1/2 1/2

IXB®|lop = [Amax (XB°BYX')]"" > ¢ [Amax (XX)] /7 = ¢[X],, -

By definition of the operator norm, [|X|lop > (NT) Y24Xuy = (NT) /2 21 Yit—1 X VNT provided
ﬁ Zzt Yit—1 N ¢y # 0 which may occur, say, when the common component \Y' f? does not have mean zero. Here
ant X byt denotes that ayr and by are of the same probability order. Then ||XB0||Op is at least of probability

order vV NT.



If one treats F; + U; as an impulse at period t, the process {X;y1} in (2.3) can be regarded as a
high-dimensional VAR(1) process. We can write the reverse characteristic polynomial (see, e.g., p.16
of [Lutkepohl, 2005) of Y; as

P
2) EIN—ZA?ZP.
j=1

In the low-dimensional framework, the process is stationary if A(z) has no roots in and on the
complex unit circle, or equivalently the largest modulus of the eigenvalues of ® is less than 1. To
achieve identification, we need to study the Gram or signal matrix Sy = X'’X/T and its population
version Xy = E(X;X]). Basu and Michailidis (2015; hereafter study the deviation bounds for
the Gram matrix, using a Gaussianity assumption and boundedness of the spectral density function.
Following this approach we impose some conditions that ensure Sx is well behaved.

To proceed, write X;11 as a moving average process of infinite order (MA(o0)) as

X1 = Z O (Frj+Us—j) = Xt(-lf—)l + Xt(j-)lv (2.4)
=0

where Xt(f;)l Z <I>J Fi—;j and Xt(u) = Zjoio <I>jZ/{t_j. Then, the stationarity of Y; can be studied by
considering Xt(_{)l and Xt(-qf-)l First, consider Xt(f:)l, the component due to the common factors. Note
that the covariance matrix of F; is a high-dimensional matrix with rank R? and explosive nonzero

eigenvalues. Even if the largest modulus of the eigenvalues of ® is smaller than 1, the variances of
(f)

it
the ith entry of Xt(_{)l Let ej s be the jth column of Ij;. Noting that yz(tf) = (e1p ®ein) Xt(_{)l, we
can write yz(t) as the MA(oco) process

the entries of Xt(f:)l are not assured to be uniformly bounded. Specifically, we consider y.;’, which is

00
yzt Zelp@)ezN (Dj(elp@)Ao)ft ]_Za ft 70
7=0 7=0

in which the f are allowed to be serially correlated. To ensure y(f ) = Op(1), the coefficients

it
a%,) (7) need to be well-behaved. Note that we generally do not have ||®||o, < 1, as explained in the

supplement of (2015). In Assumption A.1 below, we impose sufficient conditions that ensure the

yl(tf ) are well-behaved. The online supplementary material provides a discussion of these conditions.

For the process {Xfi)l}, stationarity is assured if we assume the covariance matrix of u; is well-
behaved and w; is serially uncorrelated as in (2015) and Kock and Callot| (2015; hereafter KC|).

Similarly to yz(tf ), we define yl(f ) such that

vie = U +yit, (25)



with explicit form

oo

y,(:) = Z Oégxf) (j)ut—; and Oégif) (J) = (e1p® ei,N)/(I)j(el,p ®IN).
j=0

Again, imposing zero serial correlation and weak cross-sectional correlation across the u;; is insuffi-
cient to ensure that yz(tu ) = Op(1) uniformly.

Let ¢ and ¢ denote generic positive constants that may vary across their occurrences. Throughout
the paper, we will treat A° as nonrandom. To ensure the stationarity of {Y;}, we impose the following

assumption.

Assumption A.1. (i) u; = C(“)egu), where eg W= (egut),. . 65:?15)/, the Ez(,? are i.i.d. random variables

across (i,t) with mean zero and variance 1, and C™) is an N x m matriz such that CWCW =%,

and c S wmin(zu) S wmax(zu) S 67'

(ii) {ff} follows a strictly stationary linear process given by

—py = ZC N

() = (egft),. o ego)t)’ are i.i.d. with mean 0 and covariance matriz Iro across t, sup,,>,(m +

where €,
Dy, ch Hmax < ¢ < oo for some constant o > 1;

(iii) max;<,<po |||} [l < € and maxi<i<pm [[e? |||y < € for some q > 4;

(iv) {61(5“)} is independent of {ng)};

(v) the largest modulus of the eigenvalues of ® is bounded uniformly in (N,p) by some constant
p € (0,1);

(vi) sup . 1By v llop < €07 and supy, [0 ()] < ép;

(vii) supy,, max|,—; Ymax(A*(2)A(2)) < ¢, where |z| denotes the modulus of z in the complex

plane, and A*(z) denotes the conjugate transpose of A(z).

Assumption A.1(i) is frequently made in high-dimensional time series analysis; see, e.g., Bai and
Saranadasa, (1996), Chen and Qin (2010) and [Ma et al. (2020). At the cost of more complicated
notations, one can allow ¥, (¥,) to converge to zero and v¥,,,.(3,) to diverge to infinity, both
at a slow rate. Assumption A.1(ii) assumes the common factors to be stationary and allows for
weak serial correlation. The factors can have nonzero mean so that the y;; can also have nonzero
mean. Assumption A.1(iii) requires that both egz) and e%) have finite gth order moments, which is a
weak assumption compared to the Gaussian distribution assumption of (2015) and (2015).
Assumption A.1(iv) requires independence between {eﬁu)} and {egf )}, which facilitates separate study
of y(f ) and yn) |§| Assumption A.1(v) is a standard assumption to ensure stationarity. Assumption

A.1(vi) is a high level condition to ensure that E(y3) is uniformly bounded. Assumption A.1(vii)

5 As discussed in Section E of the online supplement, the process X; has a generailzed dynamic factor representation.
The orthogonality between {e!™} and {e\/)} serves as a part of the identification conditions.



helps to bound the minimum eigenvalue of ¥ x. From the inequalities

P
2 0
A U (A” (2)A(2)) < (ma A lp)? < 1+ 3 1147 o
B N k=1
it is evident that requiring all the Ag-)’s to have finite operator norms is a sufficient condition for (vii).
The online Supplementary Material provides further discussion on Assumption A.1(vi)-(vii). The

following proposition ensures the stationarity of the process Y; and establishes a lower bound for
wmin(zX)'

Proposition 2.1 Suppose that Assumption A.1 holds. (i) Then'Y; is a stationary process, sup; E(yft)

< 00, and
wmin(zu)
Q;Z)min EX > ’
( ) max‘z|:1 djmax(A*(z)A(Z))
.. - : Eu
(ii) Let Sxp = E(Xif), and ¥ = Sx—Yx X' Sy p. We also have () > Im’ﬂzl=lzf;rl:;)(c(“‘ll(’Z)A(z))'

Proposition [2.1](ii) is a direct consequence of the Proposition 2.3 and equation (2.6) of (2015).
With the presence of common factors, we only have the well-behaved lower bounds for the eigenvalues
of ¥x and ¥ : they are bounded away from 0 under Assumption A.1(i) and (vii), but the largest

eigenvalues of ¥x and ¥ still diverge to infinity at rate N.

3 Estimation method and theory

This section develops a three-step estimation procedure for the model and establishes its non-
asymptotic and asymptotic properties. For the moment, we assume that the VAR order p is known
but the true number of factors R° is unknown. In practice, we can determine p via a data-driven
method as introduced in Section 3.5l

The three-step estimation procedure can be summarized as follows:

Step 1: Initial estimates of the low rank matrix ©°, the transition matrix B? and the
factor matrix F°. This step estimates the low rank matrix ©° together with the transition matrix
BY via an /;-nuclear-norm regularization procedure. The ¢;-penalty is imposed on the transition
matrix B to encourage sparsity and the nuclear-norm penalty is imposed on the common component
matrix © for its low rank structure. Since the nuclear norm of a matrix is given by the summation
of its singular values, the nuclear-norm can be regarded intuitively as a matrix version of the usual
£1-norm imposed on the singular values and thereby assists in achieving a low rank estimate. The
approach has two advantages: one is that it does not require the specification of the number of
factors a priori, and the other is that the minimization problem is a convex problem due to the fact
both the ¢1-norm and nuclear-norm are convex in their respective matrices. We will show that the
resulting estimators B and © are consistent for B® and ©0, respectively, up to certain scale in terms

of the Frobenius norm. Given the preliminary estimate O, it is possible to estimate R° consistently

10



via a hard singular value thresholding (SVT) procedure and to obtain a consistent estimator F of
FO in terms of the Frobenius norm up to a certain rotation matrix via singular value decomposition
(SVD). Nevertheless, in this step we are unable to establish pointwise consistency for the elements
of B, © and F.

Step 2: Initial estimates of the elements of the factor loadings and transition matrix.
This step applies plain Lasso to estimate the elements of the factor loadings and transition matrix.
Specifically, we run the /;-regularized time series regression of Y, ; on (X,F) to obtain an updated
estimate B*Z of the ith column (Bgi) of the transition matrix B along with estimates of the factor
loadings )\? for i = 1,..., N. Here, the plain ¢1-penalty is imposed on the transition matrix only, and
we cannot apply the adaptive Lasso here because we do not have the element-wise rates yet. We
will establish the uniform consistency for the elements of B, which is required for the construction
of the weights to be used for the conservative Lasso in the third step. As is well known, despite the
fact the Lasso used in this step encourages sparsity in the estimate, it does not deliver selection/sign
consistency (see [Zhao and Yul 2006) or oracle-efficient estimation.

Step: 3: Final estimates of the transition matrix, factors and factor loadings. With
the uniform elementwise rates for the loadings and transition matrix estimates, we apply iterative
conservative Lasso to obtain updated estimates of the transition matrix, factors and factor loadings.

Like adaptive Lasso, conservative Lasso can yield sign consistency and oracle efficient estimates.

3.1 First-step estimator

In the first step, we propose an fi-nuclear-norm regularized estimator to estimate the coefficient
matrix BY and the low rank matrix ©° simultaneously. We impose a sparsity condition on B® and
use ¢1-norm regularization to achieve the selection of regressors. We adopt nuclear norm regularized
estimation to obtain the initial consistent estimate of the low rank matrix ©°. The first step estimator

is given by the following procedure.

First-step estimator: Let v, = v,(N,T) = e;T~21og N and vy = v5(N,T) = c(N~V/2 4 T7-1/2)

for some positive constants ¢1 and co.

1. Estimate the coefficient matriz B® and the low rank matriz ©° by running the following ¢1-

nuclear-norm reqularized regression:

(B,©) = argmin ge)L(B,0), where
1
2NT

b 2
Y = XB = 6[f + lvec(B)l1 + J%H@H*. (3.1)

2. Estimate the number of factors R® by singular value thresholding (SVT) as follows:

NAT

R= Z 1{y;(6) > (72\/ﬁ||é||op)l/2}»
i=1
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where 1;(0) are the singular values of ©.

3. Obtain a preliminary estimate of FC. Let the singular value decomposition (SVD) of O be
© = UDV', where D =diag(11(0), ..., yar(©)). Set F=+TU, (2]

Remark 3.1. The objective function £(B, ©) is the sum of squared residuals with both the nuclear-
norm regularization on © and ¢;-norm regularization on B. To obtain the numerical solution, we can
apply an EM type algorithm. In the E-step, we fix B and update the estimate of ©. The solution
can be obtained following the result of Lemma 1 of (2019)[] In the M-step, we fix © and update

B. The optimization problem can be decomposed to N Lasso-type linear regression problems.

3.1.1 Non-asymptotic results for the first-step estimator

In this subsection we establish the non-asymptotic properties of the first step estimator. In particular,
for B and ©, we establish a non-asymptotic inequality for their estimation errors. For R, we show
that R = R® with a high probability.

To proceed, we introduce a key invertibility condition for the linear operator (A(l),A(z)) —
XAD + A® when (AM; AP)) is restricted to lie in a ‘cone’. We follow the lead of Negahban et
al. (2012) and refer to the condition as ‘restricted strong conve:m'ty’ﬁ Our condition imposed here
takes a form related to that of [MW] (2019) and [Chernozhukov et al| (2021). To define the ‘cone’, let
Ji C [Np] be an index set such that j € J; if and only if B;]Z- # 0. Let J¢ = [Np]\J;. Let the SVD of
0% be ©° = U'DVY where U° € RTXE” and VO € RV*E" For a T x N matrix A®?), define the

operators
P(A(2)) = US,[RO]US,[RO} A( )VO[RO]V [RO} and M(A( ) = A(Q) — P(A(z))

Hence, the operator P(-) projects a matrix onto a ‘low-rank’ space which contains ©". For some
¢ > 0, the ‘cone’ Cyr(c) € RVNPXN 5 RTXN 5 a set of (A, A®)) satisfying the restriction:

71 Zf\;1 ’Afllf),i‘l " Y2 HM(A(Z))H* < C”Yl Zz 1 |A |1 n C’Yz HP(A(Z))H*
N VNT - N VNT

We impose the following condition.

Assumption A.2 (Restricted strong convexity) Let

N
M) A®) = 71 T (2)
Dy iy, (A =N g WHP(A IF

"Let the SVD of A be A = USV’, where S =diag(s1, ..., S¢), with ¢ =rank(A4). Then argming (][4 — ©|% + 7/|©]|+)
is given by U-diag((s1 — ¥)+, ..., (S — 7)+) - V', where (s)+ = max(0, s).

8As remarked by [Negahban et al| (2012), the loss function is often not strongly convex for high-dimensional
regressions. This failure leads to a difficulty in showing the desired convergence rate for the estimators. In this context,
a suitable choice of the regularization parameter helps ensure that the estimate lies in a restricted set in the parameter
space. Consequently, it suffices to assume that the function is strongly convex over this restricted set.
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be a tolerance function. If (A(l),A(Q)) € Cn1(3), then there exist positive constants r, k' and K
such that

HXA(l) + A(2)Hi >T. 4 A(l)H; T HA@)]E — 6D (AN AR)

with probability 1 — eyt and ey — 0 as (N,T) — oc.

Assumption A.2 is a high level condition whose verification is challenging without imposing further
conditions on the parameter space. In Section F of the online supplement, we provide some discussion
of Assumption A.2. In particular, we give two conditions that are sufficient for Assumption A.2. The
second condition can be relatively easier to verify and the first condition can be argued on intuitive
grounds. See also the discussion in (2019) following their Assumption 1.

Let k; = |J;|, K; = sup k; and K, = %Zf\; 1 ki. The next assumption involves a regularity

condition on the errors:

Assumption A.3 |U|,, /VNT < v,/2, where v, is the tuning parameter for the nuclear norm

reqularization.

Recall that v, = co(N~Y2 + T-1/2). Assumption A.3 requires that the error matrix have an
operator norm of order Op(\/N + VT ). This condition is standard in the literature; see, e.g., Lu
and Sul (2016), Moon and Weidner| (2017), [Su and Wang| (2017), (2019), and |Chernozhukov et
al.| (2021). Moon and Weidner| (2017) provide examples to ensure the above assumption holds. In

particular, it is satisfied when the egf ) are i.i.d. sub-Gaussian (see, e.g., [Vershynin, 2018).

Theorem 3.1 Suppose that Assumptions A.1-A.2 and A.3 hold. Then we have
N~1/2 HB — BOHF < &y VKoV s) and (NT)™/? H(:) — @OHF <e(v1VEa V),

with probability at least 1 — enp — & (pN?T'=9/4(log N)~9/% + pN?=<¢los N for some finite positive

constants ¢, ¢, and c .

Theorem establishes non-asymptotic inequalities for the estimation errors of B and © in
terms of the Frobenius norm. Note that B® and ©" are both high-dimensional matrices with N?p
and NT entries, respectively, and the Frobenius norms are normalized correspondingly by v/ N and
V/NT. Without any sparsity or approximate sparsity assumption, |B°||2 can be as large as O(N?).
Assumption A.4(iii) below specifies an average control on the sparsity of the columns of B°, which
ensures that +||B°|[% = & SV, |BY;|* = O (K,) provided the elements in B are uniformly bounded

1/2

from the above. This motivates the use of N~/2 to normalize || B— B°||r. The first result in Theorem

3.1 ensures that

N

1 - 1 -

~I1B - B2 = v Y " |Bui — BY* < @((v1V/Ka) V 72)?) with high probability.
=1
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That is, on average, the Euclidean distance between the columns of B and B° is bounded by a
small term &((y;v/K,) V 75). Similarly, ©° has Frobenius norm of order v/ NT, which motivates the

use of (NT )_1/ % to normalize H(:) — @OHF. The second result in the theorem ensures that the large

dimensional matrix estimate © is sufficiently close to the truth ©° in terms of Frobenius norm: the
entries of © converge to those of O at rate (71V'Ka) V 5 on average.

The probability in Theorem [3.1{converges to one when e y7, pN2T1~4/*(log N)~%/? and pN2—¢clog N
all converge to zero. In general, the second term dominates the third one for finite ¢ and divergent
(N, T). If the error terms are sub-exponential, we can allow ¢ to diverge to infinity in which case
the third term could dominate the second one. To prove the above theorem, we need to establish
a bound for T71||U’X||max- Specifically, we need a sharp probability bound for a partial sum like
71! Zthl Yit—kUj¢. Lo achieve such a bound we resort to a Nagaev-type inequality, as introduced
by Wu (2005) and Wu and Wu| (2016), allowing for both dependence among summands and non-
Gaussianity. The summand y; ;—,u;j; has a nonlinear Wold presentation v; ;—xujt = giji(. .., €—1, €),

where the ¢ = (Egu)” 67gf)/)/

are i.i.d. random variables under Assumption A.1. Then one can verify

that the dependence-adjusted norm (see [ Wu and Wu, 2016) of v; ;—xu;; is well bounded so that one

can obtain a sharp probability bound using the Nagaev-type inequality for nonlinear processesﬂ
Next, we impose an assumption on the common factor and the factor loadings and a sparsity

condition on BY:

Assumption A.4 (i) There exists an N such that for all N > N, ||[AYA/N — Sp||max < eN—1/2
for an R® x R® matriz ¥ > 0 and ||A°||max < &

(ii) Let Sp = E(f2fY). There are constants sy > --- > spo > 0 so that sj equals the jth largest
etgenvalue of E}/QEAZ;/Z;

(il)) Ko = o(T (N2 +T~Y2) /(log N)?).

Assumption A.4(i)-(ii) requires that the factors and the factor loadings are strong/pervasive
with well-behaved sample second moments. Assumption A.4(ii) requires distinct eigenvalues of
E;/ZZAZ}/Q in order to identify the corresponding eigenvectors. Assumption A.4(iii) imposes a
sparsity condition on the transition matrix. We allow K, (and thus K) to diverge to infinity at
a rate slower than T (N_l/2 + T‘1/2) /(log N)? here, which ensures accuracy of ©. Such a strict
sparsity condition can be relaxed to an approximate sparsity condition as in [Belloni et al.| (2012)
but that extension is not pursued here.

Assumption A.4 (iii) ensures v;vK, = o(N~Y* + T—1/%). Consequently, Theorem implies
that both N~'/2||B — B°||p and (NT)~Y2||© — @°||p are op(N~—/* + T—1/4). This rate can be
improved to Op(N~Y2 4+ T~1/210og N) if we restrict our attention to the case where K, = O (1).
These error bounds help us to establish the following result which establishes the consistency of R

and the mean-square convergence rate of F'.

9Both (2015) and (2015) impose i.i.d. and Gaussianity assumptions on the error terms and derive exponential
probability bounds for the partial sums. In contrast, we only assume the existence of finite gth order moments of w;
and allow for serial correlations in the error term. The term pN2T17q/4(log N)f‘;’/2 in the probability bound reflects
the price of relaxing the Gaussianity assumption.
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Theorem 3.2 Suppose Assumptions A.1-A.J hold. There exist positive constants ¢, ¢ and ¢ and
a random matriz H depending on (F°,A°) such that (i) R = R® and (ii) ||F — FOH||p/VT <
&(y1vVKa V 7y), both with probability larger than 1 — ey — & (pN2T'~9/4(log N)~9/2 4 pN?~¢clog Ny,

Theorem [3.2(i) establishes the consistency of R and the mean-square convergence rate of F' in
large samples. Intuitively, since © is a consistent estimator of 9 = FOAY with well-controlled
estimation errors, we expect the first R? singular values of © to be Op(\/ﬁ ) and the other singular
values to be Op[vV/ NT(v;v/ K4V 75)]. Then the hard SVT procedure can distinguish the v/ NT-order
singular values from those of smaller order. Alternatively, given the consistency of B established
in Theorem the ‘residual’ Y — XB is an approximation of FOAY + U. One can also apply
the methods of [Bai and Ng| (2002), |Onatski (2010) and |Ahn and Horenstein (2013) to determine the
number of factors. Theorem|3.2(ii) establishes the convergence rate of F'. The R?x R transformation
matrix H is similar to the transform matrix H in Bai (2003) but only depends on the true values
whereas H in Bai (2003) also depends on the estimator.

Despite the fact that we can establish weak consistency of B, © and F in terms of the Frobenius
norm in Theorems we cannot obtain pointwise consistency or asymptotic distributions for
the elements of these estimators. The major role for the first-step procedure is to obtain an initial

estimator that can be used subsequently to enhance estimation properties.

3.2 Second-step estimator

In the second-step of the procedure we run a time series regression of Y, ; on (X,F) for each i € [N]
by imposing an ¢;-norm penalty on the coefficient of X. The goal is to obtain an estimator of B
whose elements uniformly converge to the true Valuesm Given the uniform convergence property,
the second-step estimator indicates how likely the corresponding true parameter value is to zero or
not. The estimator can then be employed to construct adaptive- or conservative-Lasso weights in a

third step with further enhanced properties.

Second-step estimator: Let v5 = c3(v;V Ky V 7v9) for some constant cs. For each i € [N], solve
the minimization problem:

1

S '
(BL,,\) = AGMIN s 1y cpNp+RO 5

*,09

1Y i = Xv = FAl[f +7slvh, (3.2)

where the Lasso penalty is only imposed on the coefficients of X. The second-step estimators of B
and A° are given by B = (B*,l, ...,B*,N) and A = (A1, ..., \n).

Remark 3.2. Note that the /1-norm penalty is only imposed on the coefficient of X. In the proof
of Theorem below, we show that B*Z solves the Lasso problem with dependent variable MY ;

and regressors Mz X.

0By contrast the first-step estimator B converges to B® in Frobenious norm after normalization; but this convergence
does not ensure either the pointwise convergence or uniform convergence (max; ; |Bi; — Bij| = op(1)).
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3.2.1 Non-asymptotic results for the second step estimator

The following theorem establishes non-asymptotic properties for B by delivering an £;,,x-norm bound

for the estimation error of B.

Theorem 3.3 Suppose that Assumptions A.1-A.4 hold and 32K jy3 < ¥, (2). Then

. . 48

B-RB° < B.,,—-B'|{)<——— K
1= Bl = 25, 1B = B = gy e s
with probability larger than 1 —enT — E[pQNZTl_Q/4(1og N)_q/2 + pNe =< 4 p2N2-clog N] for some

finite positive constants ¢ and ¢.

Theorem establishes uniform convergence rates for the elements of B. Compared to Theorems
one additional term pNe~¢I appears in the probability bound. This term decays in the
exponential rate of 7' and is in general dominated by p? N2T"~%/4(log N)~%/? when T — cc.

A key step in the proof of Theorem is to establish a restricted eigenvalue condition (REC)
as in [Bickel et al| (2009) and (2015). Due to the presence of common factors in the model,
one needs to establish the REC on ¥ = X'M #X/T. Recall that 9,,;,(X) is bounded away from 0 by
Proposition but the sample analog > does not have such a property. In fact, if Np > T, Y is
always singular, which leads to minj, 4o % = 0. The minimum has to be replaced by a minimum
over a smaller set in order to obtain a nonzero lower bound. Let J C [Np] be an index set and
J¢ = [Np]\J. We say the REC is satisfied for some K € [Np] if

. ) v' 3w
min min D)
<K o0 |ug]
[vyel1<3|vsl1

= HS(K) > 0, (33>

where J has cardinality no bigger than K. In , the minimum is restricted to those vectors for
which |vje|; < 3|vs|1, where J has cardinality no larger than K. In this restricted space, we establish
that is satisfied with a high probability for K = K; in Lemma v). See also the proof of
Lemma [A.4|v) in the Online Supplement.

3.3 Third-step estimator

In the first and second steps, we impose penalties on the elements in the coefficient matrix B. These
penalties introduce asymptotic bias into the estimator of the transition matrix. [Zou| (2006) proposed
an adaptive Lasso technique in a linear regression framework that penalizes the true zero parameters
more than the non-zero ones. Zou shows that the adaptive Lasso estimator is asymptotically equiv-
alent to the oracle least-squares estimator that is obtained using the true information concerning
the relevant regressors in the regression model. (2015) explored the use of the adaptive Lasso

method in a high-dimensional VAR framework.
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In practice, the regressors with zero coefficient estimates in the preliminary stage, which are
usually plain Lasso estimates, are excluded in the adaptive Lasso. Hence, any incorrect regressor
exclusion by the preliminary stage estimates directly leads to invalid regressor selection in adaptive
Lasso. To solve this problem, the conservative Lasso, which gives the regressors that are excluded by
the initial estimator a second chance, is introduced (e.g., Caner and Kockl 2018). In this subsection,
we extend the conservative Lasso estimator to the framework of high-dimensional VAR with CFs.
To ensure stationarity in the high-dimensional VAR, most nonzero entries of the transition matrices
have to be bounded above by one in absolute value. Some of them may even shrink to zero as N
goes to infinity. In finite samples, the first and second step estimates may be wrongly estimated to
be zero, leading to poor finite sample performance. This is the reason that we recommend the use
of conservative Lasso in this step. In the Monte Carlo simulations reported later we find that the

conservative Lasso tends to outperform the adaptive Lasso.

Third-step estimator (Conservative Lasso): Implement the following procedure:

1. (Set weights) Let v, = v4(N,T). Let W be a Np x N matriz with entries

1 if ‘B;ﬂ’ < Qyy
ki = -
' 0 if |Bii| > avy

where k € [Np], i € [N], and a > 0. Set O = F.

2. (Update B(f)) For integer £ > 1, update the estimates of B and A using

N

NOINGL . 1 NN -

(Bj< 2/,)‘1' )/ = argmln(v’,)\’)/eRNP‘*‘Rﬁ HY*’Z — Xv — F(f 1))\HF +fy4zwki ’Uk’ ,
k=1

)

where vy, is the kth entry of v, i € [N]. Let BY) = (By{, e Byz)v)

estimate of FY as FO = \/TUY[)R]‘ Set £ =0+1.
4. Iterate steps 2-3 for a finite times £*. Denote the final estimators by B = E(f*)’ F=Fpt-1
and A = A,

Remark 3.3. Note that the weights do not change with iterations in the above procedure. It is

worth mentioning that the weights wy; can take other forms. For example, Caner and Kock (2018)

M P Py rec
also consider wy; = m, where v.0c = @y
Recall that F(© = F, which is estimated in the first step and has slower convergence rate.

Iterations help to improve the factor estimates. In our simulations, the iterations often numerically

converged in less than ten steps.
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3.3.1 Asymptotic properties of the third-step estimator

We establish two results: (i) the conservative Lasso estimator B® achieves variable-selection or sign
consistency; and (ii) Bis asymptotically equivalent to the oracle least squares estimator. Following
Zhao and Yu (2006) and Huang et al. (2008), we say that B(®) =, B% or B® is sign-consistent for
BY, if and only if sgn(Bgi)) :sgn(BSJ-) for all ¢ € [N], where sgn(B,;) = [sgn(B1,), -..,sgn(Bnypi)’,

and

1 if Bk,i >0
Sgn(B;m) = 0 if Bk,i =0
-1 if Bk,i <0

Assumption A.5 (i) As (N, T) — oo, the magnitude of nonzero coefficients are of larger asymptotic
order than ~y, where v, = o(min;e[y] minge 5, | By;|) and (Kf)}/zT_l/2 log N + KyN~Y2) = o(v,);

(i) N“'SSN k2 =0(1) and K log N - (N~1V/2 v T71/2) = o(1);

(iit) N2T'=9/%(log N)=9/2 — 0 and T/N? — 0 as (N, T) — oo.

Assumption A.5(i) assumes the nonzero entries of B® are not too small, a standard condition
in the adaptive Lasso literature. The lower bound min;cy) minge |Bgi\ has to be larger than ~,
in order to separate the nonzero entries from zeros. By Assumption A.5(i) and Theorem we
can show that maxgej, wr; = 0 and mingeje wg; = 1 with probability approaching one (w.p.a.1).
In this case, we only place a penalty on the true zero entries asymptotically. Assumption A.5(ii)
imposes some conditions on K ; and the k; to ensure that ||[X(B® — B%)||p has a desired convergence
rate. The first restriction is imposed to simplify the asymptotic analysis and it implies K, = O (1)
so that we can drop K, in subsequent asymptotic orders. Assumption A.5(ii) can be satisfied if
most columns in BY have a finite number of nonzero coefficients while some columns in B° can have
o[(v'N A V/T)/log N] nonzero coefficients. Assumption A.5(iii) imposes conditions on the relative
rates at which N and T pass to infinity and these depend on the number (¢) of moments for the
innovation processes in the errors and factorsﬂ In the special case where N and T pass to infinity
at the same rate, this condition requires g > 12.

The following theorem establishes the variable selection consistency of B® and the preliminary

convergence rates of B® and FO.

Theorem 3.4 Suppose that Assumptions A.1-A.5 hold. Then for a fixed ¢, we have
(i) P(BY) =, B%) = 1 as (N,T) — oo;
(i) || X(BY — BY)||r/v/NT = Op(y1 + 72);
(iii) || F©) = FOH||p/VT = Op(v1 + 72)-

"The first requirement assumes T9/4~1 dominates N2. For a VAR system, T is the number of observations and N is
the dimension of the system. Large T' compared to N is desirable for good regression results. The second requirement
implies that N cannot be too small compared to T. Because N affects the estimation accuracy of the factors, only
when the estimation errors for the factors are well controlled can the asymptotic oracle properties in Theorems
be established.
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Theorem (1) shows that B(® has the oracle property in that it selects the correct variables

w.p.a.1l. Due to the presence of common factors and the possibly divergent number (k;) of nonzero
0

coefficients in B ;, we can only obtain a preliminary rate Op(7y; +v2) in Theorem (ii)—(iii).

To improve the rate of convergence, we study the final estimators B, F' and A. Now, F' corre-
sponds to the first R eigenvectors of (Y — XB)(Y — XB)’, rescaled by v/T, and one can expand the
estimation error F'— FOH as in Bai and Ng (2002) and Bai (2009). Then, by examining the product
of F — FOH with other terms, a sharper bound for some intermediate estimates can be obtained.
Finally we can improve the probability order of each element in B Jid — ng’ to O(T~1/2).

The following theorem reports the asymptotic distribution of B Ji i

Theorem 3.5 Suppose that Assumptions A.1-A.5 hold. Let S; denote an L x k; selection matriz such
that S;S; =1, and L is a fized integer. Suppose that as (N,T) — oo or (N,T,p) — oo in the case
p — 00, the limit of Si(Xy,.,)"1S! exists and is given by Q;. Conditional on the event {B =s B},
for each i € [N], we have VT S;(By, ; — BSM-) 4 N(0,0%€;) where 07 = E (u%) .

i =

Note that a selection matrix S; is used in Theorem [3.5|that is not needed if k; is fixed. Intuitively,
since k; is allowed to diverge to infinity as (N, T) — oo, asymptotic normality of B J;+ can be obtained
directly when k; — oo. Instead, we follow standard practice for estimation and inference with a
divergent number of parameters (see, e.g., Fan and Peng, 2004, Lam and Fan, 2008, and |Qian and
Su, 2016) and prove asymptotic normality for an arbitrary but finite number of linear combinations
of the elements of B Ji,i- In the special case where k; is fixed, we can take S; = |, and obtain the
usual joint asymptotic normal distribution for all elements of B, ;.

As mentioned in the Introduction section, our model includes the pure dynamic panels with
IFEs as special cases. For clarity, consider the high dimensional VAR(1) model with IFEs. If one
finds that VAR(1) coefficient matrix is diagonal, then the model can be written as a heterogenous
dynamic panel of the form: y;; = p?yiyt,l +)\?’ fto +u;. Clearly, the key strict stationarity condition in
Assumption A.1(v) now becomes sup y>; maxi<;<n |p?| < p € (0,1). Our final estimator of p{ enjoys
the same first order asymptotic property as the usual PCA estimator based on such a pure dynamic
panel model specification. Furthermore, if one has prior knowledge that these AR(1) coefficients are
common across all cross sectional units and given by p°, one can average our last stage estimates on
p? to obtain a v/ NT-consistent estimate of p?, after proper bias correction. But due to the space

limitation, we do not conduct formal asymptotic analyses here.

3.4 Tuning parameter selection

In practice, we need to select the tuning parameters v,, for £ = 1,...,4. For 74, which is the tuning
parameter for the nuclear norm penalty, we adopt a simple plug-in approach similar to that introduced

in |Chernozhukov et al. (2021). An ideal tuning parameter for v, is one such that
[Ullop/VNT < (1= )7,
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for some ¢ > 0 with high probability. Suppose U is a random matrix with i.i.d. sub-Gaussian entries
that have mean zero and variance o2, its operator norm is bounded by Co,(v/N + /T) for some
C > 0 with high probability (see [Vershynin, 2018). One can first use vy = %’(\/ﬁ +VT)/V/NT for
some C' > 1 and & is the sample standard deviation of Y. After obtaining an estimate &, of o, we
can calculate a suitable 7y, via simulation. Specifically, we can simulate the random matrices U with
iid. N(0,62). Then we let v = Q(||U]|,,0.95)/v/ NT, where Q(x, ) denotes the o quantile of

xT.

op’

For ~,7s, and ,, we propose to use the 5-fold cross validation (CV) process. Let v = (v{,73,

v4)". For the first-step estimation, the procedure goes as follows:

1. Partition the data into 5 separate sets along the time dimension: Ty, ..., T5 C [T];

2. For k = 1,...,5, fit the model to the training set by excluding the kth fold data. Denote the
estimators by B(*) and A("F) | where AO%) is a N x R matrix containing the first R right

singular vectors of O. Calculate the sum of squared prediction errors

CU(’% k) = tr[(YTk,* - XTk,*B(%k))M[\(%M (YTk,* - XTk,*B(%k))/];

3. Compute the CV error for a fixed tuning parameter by C'V(y) = 22:1 cv(y, k).
4. Select v* = argmin,, C'V (7).

Remark 3.4. Once the sample T} is excluded, we cannot obtain an estimate of Fr, .. Hence
we cannot obtain the residuals by deducting the estimate of Frr, ,A’. For this reason, we multiply

Y7, — XTMB(%’“) by Mj.x) to project out Fr, A’ in the above procedure.T

For the second and third step estimators, the CV procedure can be constructed in a similar way.

3.5 Lag length selection

In the above estimation procedure, we have so far assumed that the lag length p is known. In
practice, the lag length p is usually unknown and requires estimation. To address this uncertainty
we propose a procedure to determine the lag length p. Suppose we estimate the model with a lag
setting pumax > p°, where we use the superscript ‘0’ to denote the true parameter. The model with
Pmax lags continues to be a correctly specified model except that Ag =0 for k > p". Due to Lasso
regularization, the elements of the estimator flp for p > p° should converge to zero. For this reason,

we propose to determine the lag length by the following procedure:

1. Given pmax, obtain the estimates Ay, for k € [Pmax];

2. Calculate aj = HAkH% V ¢ for some small positive constant ¢ and k € [pmax];
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3. The criterion function we consider is given by the ratio

pmax
k=p Ok

GR(])): p=1, . Pmax — 1.

Pmax

)
k=p+1 @k

The term GR refers to the growth ratio of 3 7™ ay,.

4. Obtain the estimator of p° as p = argmax; <, - GR (k).

Remark 3.5. Some remarks on this procedure are in order. First, one can also simply run an
f1-nuclear-norm penalized regression with ppax, which is the first step of the estimation procedure
given in Section 3.1. We only require that ||A), — A?||r converge to zero at a certain rate. Second,
in practice one may obtain a very small or even zero value for ||Ag|[2 when k > p°. In this case,
if we directly use a, = HAkH%, the growth ratio may possibly choose a larger p than p°. To solve
this problem, we bound a; below by some constant ¢ > 0. Third, the GR(p) criterion function is
constructed to allow some Ag with & < p° to be a matrix of zeros. If we believe all the Ag are nonzero
matrices for k € [po], one can also consider the criterion function F'R(p) = ap/a,+1, where the term
F R refers to the Frobenius norm ratio. Fourth, in order to allow p° to be divergent, one should allow

Pmax to go to infinity.

4 Monte Carlo Simulations

This section reports the results of a set of Monte Carlo experiments designed to evaluate the finite

sample performance of the estimation procedures given above.

4.1 Data generating processes

We consider three cases with p = 1. For each data generating process (DGP), we generate data from
the following high-dimensional VAR(1) system with CF's

Y = AViq + ACFD + (4.1)

where A{ varies across different DGPs, A% = (A}, ..., A%;)". The factor loadings \2;, for r = 1,..., R,

1)
are independently and identically distributed (i.i.d.) standard normal random variables. The factors

2, for r =1,..., RY, follow the autoregressive process

fo=pp i+l

(u)

§,ff) are i.i.d. N (0,1). The idiosyncratic errors are generated as u; = s - €, ,

where p; = 0.6 and €

where s controls the signal-to-noise ratio, and the 65? ) are ii.d. N (0,1).

DGP 1 (Tridiagonal transition matrix): (4%);; = 0.3-1(|i — j| < 1).
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DGP 2 (Block-diagonal transition matrix): We generate a block-diagonal matrix AY = bdiag(S1, ..., Sk),
where the Si’s are 5 x 5 random matrices. The diagonal entries of S, are fixed with (Sk);; = 0.3. In
each column of Sg, we randomly choose 2 out of 4 off-diagonal entries and set them to be —0.3.

DGP 3 (Random transition matrix): We fix the diagonal entries of A} to be 0.3 (i.e. (A9);; = 0.3).

In each row of AY, we randomly choose 3 out of N — 1 entries and set them to be —0.3.

FIGURE [ around here

Figure [1] illustrates the structure of the random transition matrices used in our simulation. For
each DGP, we consider N = 30,60, and T = 100, 200, 400, leading to six combinations of cross-

sectional and time series dimensions. The number of replications is set to be 500.

4.2 Implementation and estimation results

For each DGP, we consider the feasible estimator proposed in this paper and the oracle least squares
estimator. The oracle estimators are obtained by using information regarding the true number of
factors and the true regressors.

Table [1] reports the model selection accuracy. For each combination of N and T in each DGP,
the fourth and fifth columns report the under- and over-estimation rate of R, respectively. The TPR
(true positive rate) columns report the average shares of relevant variables included. The FPR (false
positive rate) columns report the average shares of irrelevant variables included. We summarize
some important findings from Table [1. First, the proposed hard singular value thresholding (SVT)
procedure can correctly determine the number of factors for each case. Second, with N fixed, the
TPR increases with T in all cases as expected. All three-step estimators can include almost all
the true regressors when T' = 400. Third, among the three estimators, the third-step conservative
Lasso estimator includes the least irrelevant regressors in almost all settings. In addition, only the
conservative Lasso estimators tend to exclude more irrelevant regressors as 7T increases, while the

FPRs of the first and second step estimators increase as T’ grows.

TABLE [l around here

Table 2| reports the estimation errors of both the feasible estimators and the oracle least squares
estimators. We report the root mean squared errors (RMSEs) for all entries and nonzero entries,
respectively. We summarize some important findings from Table First, as expected, the oracle
least squares estimator uniformly outperforms the feasible estimators. This is mainly due to the fact
that the FPRs of the feasible estimators were never zero. Second, the RMSE of the oracle estimator
for nonzero entries decreases with T at thev/T-rate and alters with N slightly. This is consistent
with our theoretical prediction that the oracle least squares estimator converges to the true values at
the v/T-rate. Third, the conservative Lasso outperforms the other two feasible estimators in terms
of RMSESs in all cases.
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TABLE ] around here

For all DGPs, we also consider estimation of a misspecified VAR(1) model, Y; = A?Y;t—l + uy,
where the common factors are ignored. We first estimate the model with a Lasso penalty as in
(2015). Then we construct the weights as in and use conservative Lasso to estimate the
misspecified model. Table [B| reports the performance of these two estimators. We summarize some
findings from Table First, the FPRs for both estimators are quite high. This indicates that
the misspecification may lead to non-sparse estimates of the transition matrices when the presence
of strong cross-sectional dependence is not properly accounted for. Second, the estimators for the
misspecified model also have higher RMSEs. Third, in many cases, the conservative Lasso estimator
performs even worse than the Lasso estimator in terms of RMSEs. These findings show that it is
important to take into account the presence of a factor structure in the estimation of a VAR with
CFs.

TABLE Bl around here

5 Empirical application

5.1 Evaluating a network of financial assets volatilities

In recent years, financial asset connectedness has been an active topic in financial econometrics.
Examples of contributions to this literature include Barigozzi and Brownlees (2019; hereafter ,
Barigozzi and Hallin| (2017), Billio et al| (2012), Diebold and Yilmaz (2014; hereafter [DY]), Diebold
and Yilmaz (2015), and [Hautsch et al.| (2014). Some of these authors directly model the large panels
of time series they are studying as a VAR process without the potential presence of common factors.
In this work a Lasso-type method has been employed to estimate the transition matrices. However,
Barigozzi and Hallin (2017) and (2019) document evidence for the existence of a factor structure
in volatility. Barigozzi and Hallin| (2017) consider controlling for the presence of common factors by
means of a dynamic factor model. (2019) use the regression residuals of individual volatilities
on observed factors (e.g., market volatility or sector-specific volatility) to represent the idiosyncratic
components of the volatilities. Neither of these papers provides a theoretical justification for the
procedures employed.

In this empirical application, we extend the measure of connectedness of [DY] and study the con-
nectedness of financial assets. More specifically, we explore connectedness in a panel of volatility
measures. As remarked in [DY] the volatilities of financial assets can be interpreted as a form of
‘investor fear’. Volatility connectedness may then be interpreted as representing ‘fear connectedness’
across assets. In this context it is natural to take into account common factors, which reflect con-

fidence in the market. Spillover effects across assets is another reason for connectedness. We use
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the econometric methodology derived in the present work to analyze a panel of return volatilities
of 23 sector ETF funds. The findings show that common factors account for 56.1% of the overall
variability. Conditioning on these factors, the interdependence across individuals still captures a

relatively high proportion of the variation.

5.1.1 Data description and empirical framework

We collect the weekly ‘open price’, ‘close price’, ‘high price’ and ‘low price’ of a series of sector
ETF funds from Yahoo finance. The fund names and tickers are listed in Table in the online
supplement. The funds fall into 11 categories. The ‘Energy’, ‘Financial’ and ‘Consumer cyclical’
are three large categories, each of which contains three to four funds. Each of the other categories
contain at most two funds. The sample spans July 2007 to August 2019, which corresponds to 688
weeks. As volatility is unobserved, we use observed price data to estimate it. Specifically, we follow

Garman and Klass (1980) and |Alizadeh et al. (2002) to measure asset volatility as follows:

5‘12,5 = 0-511(Hit — Lit)g — 0~019[(Cz‘ — Oit)(Hit + L — 202‘25) — Q(Hi — Oit)(Lz't — Ozt)]
—0.383(Cy; — Oy)?,

where Oy, Cy, Hy, and L; are natural logarithms of weekly ‘open price’, ‘close price’, ‘high price’
and ‘low price’, respectively. Some descriptive statistics of the volatilities are presented in Table
in the online supplement. As in @ (2014) we normalize the data by taking natural logarithms and
then center each time series. That is, our panel data variable y;; is given by log(éft) — log(&g).

Given the panel of volatilities, we fit the data to our VAR model with CF's in . From the
decomposition , we have y; = yz(tf ) + yz(f ), where yz(tf ) is due to the common factors and yz(tu ) is
due to the idiosyncratic errors. Then v; = Var(yl(tf )) /var(y;;) measures the proportion of variance in
yi¢ that is due to common factors and v = sz\; lvar(yz(tf )) / Zf\; 1var(y;) measures the corresponding
object across the whole panel.

For the idiosyncratic component yz(tu ) we calculate the measure of connectedness proposed by
(2014). As discussed in Section 2, we have yl-(tu) = > %0 al%) (j)C’(“)eﬁ)j, where az(.x,) (4) = (e1p®
ein)'®(e1, ® Iy) and eE“) ~ (0, I,,). For simplicity, suppose that m = N. Then one can treat el(tu)
as the idiosyncratic shock to individual i. The variance of the H-step ahead prediction error due
to {egﬁrh}thl is 35 = hH:_Ol([aE]lt,)(h)C(“)]j)Q. If we can identify both ® and C), we can easily
estimate the variance decomposition matrix D with (i,5)th entry 55 / Z,ivzl s However, C(®)
is not identified without further assumption. Although we cannot identify C*), the matrix ¥, =

CWCOM™ is identified. @ (2014) propose to calculate the H-step generalized variance decomposition
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matru. DH NX N, Where

a1 = 233 e (O 1) e !

TS e Sl ()

, and ej y is the jth column of I.

Unlike D | the row sums of D are not necessarily unity We normalize DH to D with (i,7)th

entry dH = dH/ E df so that Z = 1 and N
in the ygt) s can be measured as dH = Z#j /N In addltlon we let df = =D 4 dw Following
(2014), we call chL the ‘FROM’ index, as it measures the proportion of generalized variance
decomposition that is due to other individuals. Similarly, we let Jli] =5 £ J and call this the

‘TO’ index.

i 1 d;iz = N. Hence, the overall connectedness

5.1.2 Estimation results

We use the procedure proposed in Section to determine the lag length with pya.x = 8. The result
gives p = 4. When we run the regression with p = 4, the number of factors is determined to be one

(R=1).

FIGURE [2] around here

Figure [2| reports the heat map representing the estimates of the Ay’s. The element value is
represented by color intensity on the scale shown in the figure. In total, 330 out of 2116 entries are
nonzero. There are three interesting findings. First, most of the nonzero entries are estimated to
be positive. The positive coefficients represent propagation of investor fear across assets. Second,
the diagonal elements of the Aj are mostly nonzero. The magnitude of the diagonal elements is
larger than that of the off diagonal elements on average. Third, the number of nonzero coefficients
in A, decreases as k increases and the average magnitude of the entries also decreases. These results

suggest that more recent investor fear is more influential in raising present investor fear.
TABLE @l around here

Next, we calculate the statistics introduced in the last subsection. The upper panel of Table
provides the estimates of v;, df . and Jgj. Almost all the v;’s are above 50%, and the overall

14—
variation due to the common factors is 7 = 56.1%. These results imply that market level investor fear

plays a dominant roll in investor trading behavior. After conditioning on the factors, we consider the

JH H
i d

DH_ The ‘FROM’ index ranges between 27.7% and 71.7%. Interestingly, the ‘energy’ and ‘finance’
funds have higher ‘FROM’ index compared to other funds. A similar observation applies for the ‘TO’

idiosyncratic part by looking at d; . and the H-step generalized variance decomposition matrix

12The generalized variance decomposition (GVD) framework was introduced by [Koop et al. (1996) and [Pesaran and
Shin(1998). It provides an order-invariant framework to estimate the variance decomposition. For more details see
Section 2.3 of Diebold and Yilmaz(2014).
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index. Specifically, the ‘TO’ index of XLE and IYE are close to 100% and both are ‘energy’ funds.
The energy industry is therefore instrumental in transmitting considerable investor fear to the entire
market. This finding has a strong intuitive basis as oil prices have been extremely volatile in recent
years and energy prices affect all industries. The fund GDX (VanEck Vectors Gold Miners ETF)
has the least connectedness. It receives only 27.7% connectedness from other assets and transmits
only 19.1% connectedness to others. The overall connectedness measure is 49.8%. Conditioning on
the factors, there is still substantive transmission of investor fear across individual assets. Figure [3]
reports the heat map of the H-step generalized variance decomposition matrix DH at H = 12. We
observe that the interconnections within the same category are high, whereas connectedness across

categories is relatively low.

FIGURE [ around here

The lower panel of Table [4] provides measures of connectedness based on pure VAR model esti-
mation as in Demirer et al. (2018). Without controlling for common factors, the ‘FROM’ and ‘TO’
index of each fund becomes much larger. Importantly, little heterogeneity is now observed across
categories. These results indicate that all the connectedness due to common factors is now absorbed
and interpreted as individual level connectedness, leading to potentially misleading inferences.

In sum, our framework extends traditional VAR analyses of financial asset connectedness to
control for the presence possible common factors in the determination of volatility. This extension
leads to new interpretations of the data that give a prominent role to the presence of a single common
factor in volatility connectedness. Our results show that this common factor accounts for more than
a half of the variation in the data, thereby contributing substantially to observed connectedness.
But even allowing for the influence of this common factors there is still a remarkable degree of

connectedness arising from spillover channels that operate among the assets themselves.

6 Conclusion

This paper proposes a methodology to study the properties of regularized estimates of high-dimensional
VARs with unobserved common factors. The presence of common factors introduces strong cross

sectional dependence into the process. Incorporating such dependence is particularly important in

high-dimensional disaggregated data where connectedness between the variables may arise through

different channels. Dependence and connectedness are found to be especially relevant in studying

the transmission of investor fear across financial assets in our study of asset price volatility.

In practice, our procedure is implemented as follows. First, given the order p of the VAR process,
which can be estimated via a growth ratio criterion, we obtain preliminary estimates of the transition
matrices and common component via ¢i-nuclear norm regularizations, with which one can estimate
the number of factors consistently and obtain a preliminary consistent estimate of the common factors.

Second, we estimate the model using a generalized Lasso procedure by including the preliminary
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estimate of the common factors as regressors. In the third stage conservative Lasso is used to obtain
the final estimates, which are shown to be asymptotically equivalent to the oracle least squares
estimates

The methods and results in this paper open up multiple avenues for further research. First,
following Barigozzi and Brownlees (2019) it may be useful in practice to impose some sparsity as-
sumptions on the large dimensional error variance matrix and develop estimation methods to achieve
this. Second, the model studied here does not allow for structural change in the transition matrices
or the factor loadings (c.f., |Su and Wang, 2017). It will also be interesting and challenging to study
high-dimensional VAR models with common factors that may involve time-varying transition matri-
ces and factor loadings, which can help capture empirical evolution in institutional and regulatory
frameworks. Third, the framework and methods provide the facility to implement Granger-causality
testing in the presence of common factors. Existing Granger-causality tests mainly focus on low-
dimensional VAR models, most often bivariate or trivariate VAR models. Exceptions include [Hecq
et al.| (2020) and [Fan et al. (2020) who consider Granger causality tests in high-dimensional VARs
based on post-double-selection and debiased estimators, respectively, but do not allow for strong
cross-sectional dependence. These avenues of future work provide many options for further technical

and applied research on high-dimensional VAR systems.
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APPENDIX

A Proofs of the main results

Proof of Proposition [2.1;: (i) By Assumption A.1(iv), the yl(t ) and y(f ) are mutually independent.
(w)

It suffices to study them separately. By Assumption A.1(i), we can write y;,~ as the linear process

yzt ZazN ’LLt ]_ZalN C’(“ EZCVU’) s

Jj=0

where C'](.i’u) = al(»%) (7)C™. Under Assumption A.1(vi), one can bound |(e; ,®e; v)'®7| by Yumax ([P ][N0, (V])
< ¢pl. Tt follows that ]a(u) (7)] < é’/. Then the MA(oco) representation of yl(f ) is valid with
E(yy) = 0 and Var(yy) = 352 al¥ () Sualy () < oc.

Under Assumption A.1(vi), we can also show that E(\yz(tf)|) < >0 |oz§]<,) ()] ‘,uf‘ < 00. The

MA (o00) representation of yl(tf ) is

oo
yz(tf = yzt +ZO‘N (S i E(yit) +Zcz’f € J7
7=0

where C](l D= i 0 a )(k:)C(f) Under Assumption A.1(vi), |CJ(.i’f)| < Zi:o |oz§]fv) (k)| - ||C]('i)k-||0p.
In addition, by Assumptlon A1(il),

oo J o
D> ANIC e = Zp ZH D e <3 PF(+1)"
§=0 k=0 = =0

for some constant ¢ < co. Hence Cj(i’f) is absolutely summable, Var(ylt ) =20 C(l’f)C’( < < 00,
and the MA (oco) representation of yl(tf ) is valid.

Similar to the decomposition , we can write X = Xt(u) + Xt(f). For ¥ x, due to the indepen-
dence between Xt(u) and Xt(f), we can also write Xy = E%) + Eg?), where Eg?) = E(Xt(u)Xt(u)l) and
Zg{) = E(Xt(f)Xt(f)/). Since Z()p is positive semi-definite, we have ¥, ;, (X x) > wmm(Zg?)). It suffices

to show w(Eg?)) is bounded below. By Proposition 2.3 of BM (2015), we have

wmin(zu)
MaX|:| 1 Ymax (A*(2)A(2))

'¢min (Eg?) ) 2

Given Assumption A.1(vii), we have that 1 (Zg?)) is bounded below by some constant.

(ii) By virtue of the independence between Xt(u) and Xt(f), it can also be shown that v,;,(3) >
wmln(zg?)).
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A.1 Analysis of the first-step estimators

To prove Theorem we need the following two lemmas whose proofs can be found in the online

supplement.

Lemma A.1 For the T x N matrices ©° and A, we have
(i) 6" + M), = [|O°], + IM(A)],;
(ii) || A7 = M7+ 1 P(A)][7
(iii) rank(P(A)) < 2R°;
(iv) [|AI % = 3245 (A)? and [|A|Z < | Al Zrank(A);
For any conformable matrices M1 and My, the following statement holds:
(v) [tr(MyMa)| < [[Mi] 00 [vec(Ma)|y and [tr(MyMs)| < [[Mil],, | Mzl -

maxr

Lemma A.2 Suppose that Assumption A.1 holds. There exist absolute constants c, ¢, ¢ € (0,00)
such that

(i) |U'X||,00 /T < 71/2 with probability greater than 1 —c(pN>T1~9/*(log N)~4/2 4 pN2—clog Ny,
(i) |UPpoX|, 00 /T < ¢-71 with probability greater than 1 — ¢[pN (T ~94(log N)~9/2 v e=<T') +
lefglog N].

Proof of Theorem Let A = B— B% and A®@ = 0 — 0°. Define the event

e = {IUX|,... /T <71/2,[Ull,, /VNT < 7,/2}.

max

By Lemma (1) and Assumption A.3(i), £y ) 7 holds with probability at least 1—¢[pN2T'~%/2(log N')~/2
+pN2-¢log N By the definition of (B, ©), we have

0 > L(B,0)-L(B" 8%

_ 1 _ 71 - 0 72 Al _ 11e0
= Y = XB = 6lfi — ||U[[g) + - (Ivec(B)|1 — |vee(B)]1) m(\l@ll* 1©7]1+)
= di +dy+ds. (A1)

To establish the asymptotic properties of B and O, we study di, d2 and ds in turn.
First, consider d;. By the identity Y = XB? + 0° + U, we have

vy-xB-6| - U2 = |[XA® + A@ ‘L 2tr[U"(XAW + A@)].
F F

For tr[U'(XAM + A®)], conditional on 51(\})Tv we apply the triangle inequality and Lemma (V)

to obtain

1 < - 1 - 1 ~
N U XA + AR < UK | vee(AD) 1 + 5 Ul [1A@)]
< A2
< galveeAOl + —ElIAC.
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It follows that

1 ~ ~ vy -
d WHXA(D + AP - ﬁWGC(A(D)h

FH

N
gl A1 Al
XA+ 80 - LS (1250 +1A52,0)

v

2NT

~ 5oz (IPAO + [IMED)L. ). (A.2)

Next, consider d. By the identities |B, ;|1 =

; i,i|1 and ’Bgi‘l = \Bgﬂ-h, we have

N N
71 5 S 1 A1
2= 0B+ B 1850 = 53 (A5 1 = 1850, (A3)

where we use the fact that |By, ;|; + ‘AS)JI > ’B%,ih by the triangle inequality and that ’BJiC7i|1 =
|A((]1_C)i|1 as Bo_c’i =0.
Now, consider d3. By the triangle inequality and Lemma (i), we have

101, = [|A®@ + 07, =1]6" +P(A®) + M(A®)]|,
> |8° + M(AD)||, — [[P(AD)]L,
= (|0 + [|MAP)[], — [|P(AD)]l..
It follows that
_T2 A (2) _ A(2)
ds > M(A " P(A %) A4
3_\/JW(H (A« = [IPA¥)]]) (A.4)

Combining the results in (A.1])-(A.4), we have

N
(1) 1 AL 2 A(2)
XA 4 A2 4 N;HAJZ@,ZMQWHM(A -
3y 3y
< 1ZII Sl + 2| [PAD))].. (A.5)

Nicis

The above inequality indicates that (AM, A®) € Cyp(3). By Assumption A.2, with probability

1 — ey we have

||A<1>\|F+—HA I~ 71,72<A<>A<2>><m SIXAD +ADE (A6)
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where k1 = (kA K')"" and kg = k1£”. By the inequality (A.5), we have

1 ~ ~ ~ ~ 3 3
- (1) @2 < (1) 971 V2
SFIXAD L AR < e, o, (AW, AC E:r il + 2 PAR)],
1AW 5. AP ||p
< 3y VEK,——— +3V2R0Vyy——
= oo VN T2UNT
< \/i(yvia\/(v2R0ny))\/|A ||F+ HA ||F7 (A7)

where the second inequality holds by LemmalA.1(ii)-(iv) and the fact that Zf\i 1 AS?JI </NK, (ZZ]\L )
|A51i?i|2)1/2 < M||A(1)||F, where recall that K, = N~} Zfil k; and k; = |J;| denotes the cardinal-

ity of the set J;. Combining —, we have with probability at least (1 — en7) (1 _ E[pNQTl—q/Q (log N)_‘I/2 n
> 1 — ey — clpN?T1-9/2(log N)~4/2 4pN?-clox )

1, « 1, « 1 <
AW + <L IARIR < (1 +k2)VEl1v/Ke) V (VIR A IADIE + I AR,

which implies that ﬁHA(l)HF < ¢(y1VEKa V y9) and ﬁHA@)HF < ey VK V) with ¢ =
(3k1 + K2)V2(1 V V2RO) < co. This completes the proof. W

To prove Theorem we need the following lemma which is proved in the online supplement.

Lemma A.3 Suppose that Assumptions A.1 and A.3 holds. Let Sp = FYF9/T. Then for any x > 0,
P(Tl/QHSF — EFHmaz > .T}) S Clx_q/le_qM + Cg exXp (—0312)

for some absolute constants Cp, £ = 1,2, 3.

Proof of Theorem We operate conditional on the event that

eor = {[UX|. .. /T <71/2.|Ullo, /VNT < 75/2 and ||Sp — Zp|lop < ey/log NT Y2},

max

where c is a large positive constant. One can verify that for some positive constants ¢ and c,
P(EG)) > 1 (pN>T' /4 (1ogN)~9/2 4 pN2-cloel)

by Lemmas From Theorem we have with probability at least 1—ey7—& (pN2T'~9/%(log N)~9/2+
pN2fglog N),
(NT) /2110 = ©°[op < (NT) 210 = 0|k < e(y1v/Ka V 72)-

Next, we show that 5](\?% implies the desired results.

Step 1: Bound the eigenvalues.
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Let Sy = AYAY/N and Sp = FYFO/T. Let 8; > --- > 3po be the R? nonzero eigenvalues
of ﬁ@OGO’ = %FO’SAFO. Note that §,...,8z0 are the same as the eigenvalues of 511;/25’1\511;/2.

Conditional on the event 8](\?% and by Assumption A.4(i)-(ii), we have

13 — 54| < E(\/logNT*1/2 + N*1/2) for some ¢ < 0o and j € [RO].

This also implies that ||©°]|op = \/(s1 + 0p(1))NT. For j > R?, simply define 3; = s; = 0.
Let §1 > -+ > Syar be the eigenvalues of ﬁéé’ Again by the Weyl’s theorem, we have for
ji=1,2,..

85— sjl < 185 =551+ 185 — 541
1 aYa 00 a
< 57100 — 000 |oy +13; — 5|
2 0 e 0 1 A 012 o
< WHG HopH@_@ Hop‘f‘ﬁ“@-@ Hop—F‘Sj—Sj,

implying [5; — s;| < &(y1vV/Kq V 79) for j = 1,2, ... Then for j € [RY], w.p.a.1,

v

|31 — 85 |8j-1 = 81 — 185 — 5| = (sj-1 — 55)/2 and

18j — 811 > 185 — 8j41| — 185 — 85 = (55 — 8541)/2, (A.8)

Step 2: Prove the consistency of R.
Note that 1, (0) = /NT5,. By the result in Step 1, we have that ¢,.(0) > \/[sgo — op(1)]NT
for all » < R, and

Vo 11(6) < Vg4 (6°) + |6 - €

op = Hé B @OHF < VNTe(y1 VKo V) = \/ﬁo(vém)

where we use the condition that v,/ K, = o(vé/ 2) under Assumption A.4(iii). These results, in
conjunction with the fact that (yo,v/NT||0]|op)/? = VNT /75 with v = co(N"V/2 + T*I/z)
imply that

min ¢, (6) > (yoVNT|O]lop)'/* and $o11(0) < (72VNT|O)]|op) '/

r<RO

with probability at least 1 — ey — & (N2T1~%/4(log N)~9/2 4 N?=¢loe Ny for sufficiently large (N, T') .
Then we have R = RY with probability at least 1 — ey — E’(NZTl_q/4(log N)_q/2 4 N2-clog Ny for
sufficiently large (N, T).

Step 3: Characterize the eigenvectors.

Y3Write a < b to denote that both a/b and b/a are stochastically bounded.
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Next, we show that there is an R x RY matrix H , such that the columns of ﬁF OH are the
first RO eigenvectors of ©°0Y. Let v be the R x R? matrix whose columns are the eigenvectors of
S;/QSAS;/Q. Then D = U’S},/QSAS},/QU is a diagonal matrix of the eigenvalues of S}?/QSAS;/Q that are
distinct by Assumption A.4(ii). Let H = S’;l/zv. Then

1 . 1 ~ ~
O OV H = ZFOS\FYFUH = FOS\SpHl = F'SySy "
= F5}/%5.:128, 8120 = FOSY v S5 2 50 S
= FYHD.

In addition, we have (FOH)' FOH /T = U’S}UQ%S;I/QU = v'v = Io. So the columns of %Foﬁ

are the eigenvectors of ©°0Y, with corresponding eigenvalues in D.

Step 4: Prove the convergence.
We bound HF — F°H HF conditional on the event R = R". By the Davis-Kahan sin(©) theorem

(see, e.g., Yu et al., 2014) and (A.g)),

L F e < F71106” - %6V,
VT — minjcgoming|8;1 — 55,85 — 8541}
1 .-
< oxpl100" = 0" lop <11V EKa V 7).
Next we have
[ | Hlﬁﬁ’ Prol| <2¢| =F - —FH POHH'EY

s — 1P po - — Fro L aC||l—F=f — —= ——F— — IFpo
" 3 T F vT VT F T .

< (v EaV ),

where the second equality is from the fact that HH' = S;l/ 200! S}:l/ 2 = 5’;1. This proves the second

result in the theorem. W

A.2 Theoretical analysis of the second-step estimators

To prove Theorem we need to add a further lemma.

Lemma A.4 Suppose that Assumptions A.1-A.3 hold. Let > = T'X'X—T2X'FF'X. Then there
exist some constants ¢, ¢ and & such that with probability larger than 1 — & [p?N*T'~%/*(log N)~9/2 +
pNe <  p?N2-¢log N yye have

() |1 lma < oo < & and || <

(i) maxi<j<pn [Xej|/VT < € and maxi<j<n [Us 5| /VT < &

(iii) ||FOUl|mae/T < log N - T=12/(16¢%) and |T'X'FO — Sxp|| < eT~'/?logN;

(iv) ||i - EHmar < 7s;
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(v) Suppose 16K yy5 < i (X)/2. Then S satisfies the restricted eigenvalue condition for Ky in

and ’%E(KJ) > wmin(z)/2'

Proof of Theorem Fix ¢ as in Lemma In this proof, we choose a large enough constant

c3 such that v = c3(71V Ky V 75) with c3 > 2V (16¢2) V (16¢%). Let 5](\?% be the joint events of

1T -t ||U/X||max < 3/4; (2) maXlSjSpN|X*7j|/\/T <g¢
(3) max, <,y U VT <& (4) 1 — FOH || /VT < 7/ (166%);
(5) 1P U /T < 75/ (1622);(6) [|Hlloc v 11 <

(7) R= RO

and (8) ¥ satisfies the restricted eigenvalue condition for K in (3.3) with kg (Ky) > ¥ (2)/2.
Under Assumptions A.1-A.3, by Lemmas and 51(5’% holds with probability larger than 1 —
ent— C[pPN?T1=9/*(log N)~9/? + pNe~<T' 4 p?N?~¢cloe N] - Conditional on the event 51(5’%, we also
have the event that

) T HFUllpaxy < T HF = FOH)U| oy + T H FOU| 0
< T7YE = FOH|p - maxi < n|[Usjl| + [1H || T IFO U] o
S 73/(86)7
and that

1/21 407 20/ < 0] p—1/2 P T — 1IN
(10) max T™/EN'F Mp| < max |A]-T I(F® — FH™') M|l

< V| F - FOH||p HﬁﬂHF < 4/ (82).

Conditional on the event 5](\?%, we establish the bound of |A, ;| = |B.; — BSJ-|1 for i € [N].
Step 1. Concentrate out .
The objective function 1' is a least squares objective function with respect to A. Given B*yi,

we have that
Ni= (F'F) YF' (Y., — XB,;) =T F'(Y.; — XB.,),

where the second equality holds by the identity F'F /T = Ip. After concentrating out \;, the

optimization problem becomes
Bus = angmin, e o M (Yai = X0) [} + 7l (A.9)

where M = I — FF/T.
Step 2. Compare the objective functions at B*, and Bgvi.
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By the identity Y, ; = XBf?i + FO)? + U, ; and the definition of B, ;, we have
1 : 2 040 2 : 0

2 SrllMa(Ysi = XBui)lle — [IMp(F7A + Us)lle] +7s(|Brilt = [ Bily)
1 A2 L 040 ' ; : 0

= op IMpX Al — Ftr{(FA + Ui MpXAs] + 75(|Biih — [Biih),

where A = B — BY and A, ; denotes the ith column of A. Then by Lemma (V), we have

FIEON 4 U MpX Bty > Z6x{(FOX) + UL MpXA, ]
> IMEX AL+ 71 Besls — 1B 1)
> MK A+ 0l A il —7lA i,
where the last inequality follows because
Buili = [BY;l = |Awi+ BYh— IBLil = [A% ;b + A+ B — |BLi1

> Al — A b

Step 3. Bound T~ max;[||(FOA) + U.;)’M7X||max], conditional on the event 5](\?%
By the triangle and Cauchy Schwartz inequalities and the fact that T~/2||F||op = 1, we have

THI(FOA? + Usi) MpX]|

max

< TN FOM X pax + T7H UL MEX] |

< max T VX, | T Y2 A\FOMA| + max T7YU, X, ;|+T 2| U, FF'X]||

= 1<j<Np ) ) F 1<j<Np *,1 5] *,1 max

< max T YULX. |+ {T—l\U; F| +T_1/2]/\?’F0’MF\} max T Y2|X, .
1<j<Np ’ ’ 1<j<Np

Combining events (1), (9) and (10), the right hand side of the above inequality is bounded by ~3/2

conditional on the event 51(\%

Step 4. Obtain the final bound for |B,; — BSyih.

Combining the results in Steps 2-3 and using the identity |A, ;|1 = [Aj, |1 + ’Ajicﬂ‘h, we have

that conditional on the event 5](\?%,

. 1 . .
3vslAy, il > THMFXA*J &+ 73l A el

It follows that \AJ;7i|1 < 3]AJM-]1 and conditional on 5](\:;’7,,

6VE e
< VM A SAL,
B ¢mm(2)73 o ’

where the last inequality holds by event (8) in 5](5’% It follows that ,/A;’ZEJA*,@-, < wﬁ@)% and

AL SA, < 3y Au il < 3v3vkil Ay
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\A Jiill < wi‘ﬁ;) \/m < %73. Consequently, we have established that

48

Avili = Azl + Aseih <4A75 i < s
B =B+ 1B = 8oilh = 6 Ly

kivs.
Then the conclusion in Theorem [B.3] follows. B

A.3 Theoretical analysis of the third-step estimators

To prove Theorems [3.4] and we need the following lemma.

Lemma A.5 Suppose that Assumptions A.1-A.5 hold. Then uniformly overi=1,..., N, the follow-
ing results hold w.p.a.1:

(l) wmin(SJiin) 2
(ii) 1S gillmae < € and o (Be,5,) < ki,

I

9

for some finite constant c.

Proof of Theorem For any n-dimensional vector v = (v1, ..., v,)’, denote abs(v) = (|v1], ..., |vn])’.
We say that v < v if and only if v; < ¥} for all ¢ € [n]. Let WO =diag(wy;, ..., WNp.i), Wi = W}?L
and W09 = W}Zc) ge- The following proof is by induction. Based on the error bounds for FOs we
show that results ({)—(iii) hold for the (¢ + 1)th-step estimators. Then the results follow as we have
already established that ||[F(©) — FOH||g/v/T = Op(v,vVEKa + 75).

For notational simplicity, let £ denote T*1X’MF(Z)X for £ =0,1,2,...

(i) For all (k,i)’s such that BY, = 0, SUD (1 4): BY, =0 |Bii| < ||B — B||max < Op(K7y3) = op(7y4).

It follows that W00 = 1) je; with w.p.a.1. For all (k,4)’s such that BY. # 0,

min | Bg;| > min min |B%| — ||B — B = min min|BY| — o >« .p.a.l
k7i:32i#0\ kz|_i€[N]k€Ji’ kil = |l || max ie[N}kelJi‘ kil P(74) = vy W.p

by Assumption A.5(i). It follows that W% = 0 w.p.a.1. For each i € [N], the estimator Ei? can
be written as
Bii) = argminveRNpﬁ(i) (v, F(e_l)),

where L&) (v, F) = 37 (Yai — X0)Mp-1) (Y — X0) + 74 Zzi[l wg; |vg| . Following the proof of
Proposition 1 of Zhao and Yu (2006), sgn(é(lg) =sgn(BY ;) is implied by event & 1 N &; 2, where

*,

i1 = {abs[T’l/Zi}: 3 XL Mpey (U + FOXY)] < TY2abs(BY, ;) — T'/?7,abs[S5)! JiW(l’i)sgn(BSi’i)]}
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and

iz = {abs[T (=S50 25} - XL + X e )Mpe 1y (Uey + FOX)]
< TV, w00 . Le| — T1/2’y4abs[ijicyjifljjjiW(l’i)sgn(Bgm)]}.

We prove (i) by showing that & ; and &; 2 hold w.p.a.1.
First, we consider &; 1. It suffices to show that each entry of T_l/Qabs[fJ;iljiX;,JiMﬁu,l) (Usi +
FOAN)] is op (VT min; minge , |BY.]). Applying the triangle inequality, one has

T~ 2abs[ ") X, Mgy (Usi + FOA)]

T~ 2abs(X] 1) XL jMpoyUsi) + T~ 2abs(S5 ") XL Mpqon FOAD)

T~ 2abs(x] !, XL MpoUs ) + T~ 2abs[S) ") XL 1 (Ppo — Ppgn) ) Usl

+T 7 2abs[S) ) X Moy (B — FOR)HA)). (A.10)

IN

IN

Note that max; ||Z~]}:Ji||op < ¢ w.p.a.l by Lemma i). This, in conjunction with Lemma (i)-

(ii), implies that the first term on the right hand side of (RHS) of is uniformly Op(log N).

With [|[FED — FOH||p /VT = Op(v,vVKa+73) = Op((log N)T_1/2m+N_1/2)We have ||Pgo —

P -1 llop = Op((log N)T~Y2\/K,+N~1/2). Note that Lemma(ii) ensures maxi <j<pn|| Xu ;| |/VT
and maxi<j<y||U,||//VT are both bounded by an absolute constant. It follows that each entry

of the second term on the RHS of is Op(log N - VK, + /T/N). Similarly, each entry of
the third term on the RHS is Op(log N - /K, + \/T/N). These results, along with the fact that

log N - T7Y2/K, = o(min; minge s, |BY|) and N~Y2 = o(min; minge, |BY]) in Assumption A.5

imply that P(&; 1) — 1.

Next, we consider &; o. Similar to the analysis for &; 1, we can use Lemma (ii) to show that each
entry of T=Y24(=Se 1,571 X, | +X), ) Mpe—n (Usi+FON)) is Op(Klog N-VEK,+K\/T/N) =
0(v/Tv3). By the fact that v5 = o(v,), v;e have P(&;2) — 1, as (N, T) — oo.

(ii) Conditional on the event {B(®) =, B}, we can follow the proof of Lemma 1 in Zhao and Yu
(2006) to establish the first order condition that

- ~ (0 1
20, ; (Bgi) B%,i) = T ;,Jz‘

N

Mﬁ(zq) (FO)\? +U.,),

(L ~ 1 1
‘Bt(]z?l - 9177/ = Jil,.]if f",JiMF'(Z_l) (FO)\? + U*ﬂ)
1 1
< ¢t TXZK’JZ_MF@,DFO)\? +ct T g Mg U = ¢ (A + Ag),

“This claim holds for £ = 1 by Theorem Given this claim, we can show that ||[E© — FOH||p/VT =
Op((logN)T~?\/K, + N~'/2) for each £ using the results below.
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where we use the fact that max;

i€[N],

2 _
Ay =

and

2 _
A2i_

It is standard to show that ’ 1 X! 2. Usi

1 /
T *7Ji

where the last equality follows from the fact 1., (X« 7, X, J) =<

Ja=)

<t
op

ijzlJl w.p.a.1 by Lemma |A.5(i). Note that uniformly in

1 . . 2
72 ‘X/*,J,MF(FU (FEDHE - FON

1 . ~
T2t <>\0/( FEVHT = FOYMp X, X, Mpen (FCVHET - FO)A?)

1
wmax ( Fe— 1)X* J; X* Ji MF(Z 1))

1
¢max (T

1 e
b [ECD A = FY||” = k- Oplon + 727

- 2 9
et o )

Mg X ) g [FE0E = P

2 2 2

1 '
‘ Fe— I)U*z

’1
<2|-

/
T *7J,L'U*7i

1
92 7X/ F(Z 1) (Z 1) .
’T *J it 0w

< k,‘l/QOp(T’l/2 log N) uniformly in ¢. In addition,

1

. 1

2
1 ) X
= tr ( 5 fre— 1)/X X F(Z—l) . F(Z_l)’IIm-U;’iF(e—l))

)

~ 1 |- 2
-1 -1 -1
Vmax < F )’X X’ F( )> = ’F( )/U*,i

1 1 | ap 2
wmax <T . JZX/ ) ﬁ )F(ﬁ 1),U*7i

= ki - Op[(7; + 72)?] uniformly in i,

IN

¢ w.p.a.l and max; | F~DU, ;|

= Op(7; +72) by similar arguments as used to obtain event (9) in the proof of Theorem [3.3] Then
uniformly in i € [N], we have A%, < k; - Op[(v; + 72)?] and

It follows that

(7 2
BSZ)Z — By ;| <ki-Opl(v; +72)°.

~ 2
: N x(BY) - BY) N
X3 -z 1 & [X@BY - B
NT £o= NZ T Z BJZ) *JX*J(B() BJl)
i=1 i1
N
1 ~(f 2 1
< 20| - B \ XX
i=1 op
1.,
= NZ’% Op[(71 +72)7]
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Then the result in (ii) follows under Assumption A.5 (iii).
(iii) Note that Y — XB® — FOAY = U — X(B® — BY). By the result in (ii) and Assumption
A3(1),

1 1 R
U, + — ||X(BY

N o [0l + = || X .

Op (72) + Op(v1 +72) = Op(71 +72)-

) BY) - B")

\/;TT HU—X(B“

IN

One can apply analyses similar to proof of Theorem to obtain the desired result. B

Proof of Theorem Let 3 = X'M £X/T. From the proof of Theorem we have
. . 1 1 .
EJiin (BJivi - BLOI-L,Z) = T ;,JZMF‘FO)\? + fX;,JZMFU*ﬂ - 74W(1’Z)Sgn(39i,i)' (Al]‘)

By Theoremand Assumption A.5(i), maxges, wy; = 0 w.p.a.1, which implies that 'y4W(1’i)sgn(B((}i7i)
= 0,(T71/?).

Noting that the columns of F/\/T are the first R eigenvectors of ﬁ(Y — XE(Z*_D)(Y —
XBE DY we have

. 1 e PRV
FVnr = —= (Y —xB —1>) (Y —XB —1)> 2
N
1 5 —1) A -1 £
= NT 2 (Y*,i = Xs1.Bj, ) (Y*7i = Xs0.By, ) F,

where Vi is a diagonal matrix that consists of the R largest eigenvalues of the matrix T x T matrix
(NT)"1(Y = XBE-D)(Y — XBE DY arranged in descending order along its diagonal line. One
can use a similar expansion as in the Proof of Proposition to study M. The estimation error
of B® depends on ¢ and the error of BM, but part that is due to BM will decay fast. After finite

steps, we have that

S A 1
Si%s0.(Buii = Bi) = TSiX;,JiMFOU*,i +op(T7Y/?).

By arguments as used in the proof of Lemma|A.2| we can readily show that H %X; s Mpo Xy 1, — X,

= Op (K;T7'/%1og N) and |%X;’JiPF0U*7i - ﬁ(FOZF Srx]y, ) Uil = Op(K\/*T=1/210g N),
where [EFX]J“* = %E [FOIX*’Ji] is a RY x k; matrix. It follows that

F

) 1 _ _
VTSi(Byi— BY.;) = ﬁsi(EJi,Ji) NXes, — FUS5 [Brx]y, ) Usi + op(1)

T
= T2y zhug +op(l),
t=1

where 2}, = S;(2, s,) 29 and 2% denotes the tth column of the k; x T' matrix (X*’Ji—FOEgl [Erxly, W)
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Under Assumption A.1, {z}u;,t > 1} is a martingale difference sequence (m.d.s.) and we can readily
verify the conditions of the martingale central limit theorem by straightforward moment calculations

and obtain ﬁSZ-(BJm — Bgm.) 4 N(0,0%€;), where 0? = E (uft) .l

i =

B Nagaev inequality for time series

In various places, we need to a sharp probability bound for partial sums like 71 Ethl Yit—kUjt, which
is nonlinear in shocks {u;;} and non-Gaussian. |Wu| (2005) provides a simple functional measure to
quantify the degree of dependence in nonlinear systems. With the dependence measure, [Wu and Wu
(2016) establish a Nagaev-type inequality for nonlinear processes, under mild conditions.

In Theorem below, we aim to bound a partial sum of the form S, = >, aje;, where
the a; € R are nonrandom, the scalar process {e;} has the form e; = g¢(...,g;—1,¢;), where the ¢;
are independently and identically distributed (i.i.d.) random variables, and g¢(-) is a measurable
function. Letting F; = (...,ei—1,¢€;), we write e; = g(F;). Then a coupled process e can be defined
as e = g(F}), where ' = (...,e_1,€(,€1,...,€i-1,€i) and & is an independent copy of €y. Recall
that ||| - |||, = (E] - |99 < co. Assuming that |||e;]||, < oo for some ¢ > 1, we define the functional

dependence measure

dig(e) = lllei = €lllg = [llg(Fi) = g(F)ll,

where ef = g(F;"). The measure §; 4(e.) reflects the effect of shock g9 on e;. Accordingly, we assume

the cumulative effect of g9 on {e; };i>m to be summable and given by

Ay qe) = Z diqle.) < oo.
We can then define the dependence-adjusted norm (DAN):

lellg,a = Squzo(m + 1)*Apg(e.).
With these definitions we present the following Nagaev inequality for time series as a simplified
version of Theorem 2 of [Wu and Wu (2016,

Theorem B.1 Leta = (a1, ...,a,) and |a|, = (31, |a;:|9)Y/9. Suppose that 31, a? = n, E (e;) = 0,
and ||e.||g,a < 00 for some ¢ > 2 and o > 1. Then for all x > 0,
a nlle.]3q

q q 2
P(ISa] > 2) < ¢y Yallellae (o o0 <_C3x> ,

where C1,Cq, C3 are constants that only depend of ¢ and «.

The above lemma is used repeatedly in proving some technical lemmas that are needed in the

proof of our main results.

40



References

Ahn, S. C. and Horenstein, A. R., 2013. Eigenvalue ratio test for the number of factors. Econometrica 81,
1203-1227.

Alizadeh, S., Brandt, M.W. and Diebold, F.X., 2002. Range-based estimation of stochastic volatility models.
Journal of Finance 57, 1047-1091.

Bai, J., 2003. Inferential theory for factor models of large dimensions. Econometrica 71, 135-171.

Bai, J., 2009. Panel data models with interactive fixed effects. Econometrica, 77, 1229-1279.

Bai, J. and Ng, S., 2002. Determining the number of factors in approximate factor models. Econometrica 70,
191-221.

Bai, J. and Ng, S., 2019. Rank regularized estimation of approximate factor models. Journal of econometrics
212, 78-96.

Bai, Z. and Saranadasa, H. 1996. Effect of high dimension: by an example of a two sample problem. Statistica
Sinica 6, 311-329.

Barigozzi, M. and Brownlees, C., 2019. Nets: Network estimation for time series. Journal of Applied Econo-
metrics 34, 347-364.

Barigozzi, M. and Hallin, M., 2017. A network analysis of the volatility of high dimensional financial series.
Journal of the Royal Statistical Society: Series C 66, 581-605.

Basu, S. and Michailidis, G., 2015. Regularized estimation in sparse high-dimensional time series models.
The Annals of Statistics 43, 1535-1567.

Belloni, A., Chen, D., Chernozhukov, V. and Hansen, C., 2012. Sparse models and methods for optimal
instruments with an application to eminent domain. Econometrica 80, 2369-2429.

Belloni, A., Chen, M., and Padilla, O. H. M., 2019. High dimensional latent panel quantile regression with
an application to asset pricing. arXiv preprint arXiv:1912.02151 .

Bernanke, B.S., Boivin, J. and Eliasz, P., 2005. Measuring the effects of monetary policy: a factor-augmented
vector autoregressive (FAVAR) approach. Quarterly Journal of Economics 120, 387-422.

Bickel, P. J., Ritov, Y., and Tsybakov, A. B., 2009. Simultaneous analysis of Lasso and Dantzig selector.
Annals of Statistics 37, 1705-1732.

Billio, M., Getmansky, M., Lo, A.W. and Pelizzon, L., 2012. Econometric measures of connectedness and
systemic risk in the finance and insurance sectors. Journal of Financial Economics 104, 535-559.

Candes, E. and Tao, T. 2007. The Dantzig selector: Statistical estimation when p is much larger than n. The
annals of Statistics 35, 2313-2351.

Caner, M. and Kock, A.B., 2018. Asymptotically honest confidence regions for high dimensional parameters
by the desparsified conservative LASSO. Journal of Econometrics 203, 143-168.

Chen, S. and Qin, Y. 2010. A two-sample test for high-dimensional data with applications to gene-set testing.
Annals of Statistics, 38, 808-835.

Cheng, X. and Hansen, B. E., 2015. Forecasting with factor-augmented regression: A frequentist model
averaging approach. Journal of Econometrics, 186, 280-293.

Chernozhukov, V., Hansen, C., Liao, Y. and Zhu, Y., 2019. Inference For Heterogeneous Effects Using Low-
Rank Estimations. CEMMAP working paper.

Chudik, A. and Pesaran, M. H., 2011. Infinite-dimensional VARs and factor models. Journal of Econometrics
163, 4-22.

Chudik, A., Pesaran, M.H. and Tosetti, E., 2011. Weak and strong cross-section dependence and estimation
of large panels. Econometrics Journal 14, C45-C90.

Demirer, M., Diebold, F.X., Liu, L. and Yilmaz, K., 2018. Estimating global bank network connectedness.
Journal of Applied Econometrics 33, 1-15.

41



Diebold, F.X. and Yilmaz, K., 2014. On the network topology of variance decompositions: Measuring the
connectedness of financial firms. Journal of Econometrics 182, 119-134.

Diebold, F. X. and Yilmaz, K., 2015. Financial and macroeconomic connectedness: a network approach to
measurement and monitoring. Oxford University Press.

Fama, E. F. and French, K. R., 1993. Common risk factors in the returns on stocks and bonds. Journal of
Financial Economics 33, 3-56.

Fan, J. and Peng, H., 2004. Nonconcave penalized likelihood with a diverging number of parameters. Annals
of Statistics 32, 928-961.

Fan, J., Gong, W., and Z. Zhu Z., 2019. Generalized high-dimensional trace regression via nuclear norm
regularization. Journal of Econometrics 212, 177-202.

Fan, Y., Han, F., and Park, H., 2020. Estimation and inference on Granger causality in a latent high-
dimensional Gaussian vector autoregressive model. Working Paper, Dept. of Economics, University of
Washington.

Feng, J., 2019. Regularized quantile regression with interactive fixed effects. arXiv preprint arXiv:1911.00166.

Forni, M., Hallin, M., Lippi, M. and Reichlin, L., 2000. The generalized dynamic-factor model: Identification
and estimation. Review of Economics and statistics 82, 540-554.

Garman, M. B. and Klass, M. J., 1980. On the estimation of security price volatilities from historical data.
Journal of Business 53, 67-78.

Geweke, J., 1977. The dynamic factor analysis of economic time series. Latent Variables in Socio-Economic

Models.
Giannone, D., Reichlin, L. and Sala, L., 2004. Monetary policy in real time. NBER Macroeconomics Annual
19, 161-200.

Guibert, Q., Lopez, O. and Piette, P., 2019. Forecasting mortality rate improvements with a high-dimensional
VAR. Insurance: Mathematics and Economics 88, 255-272.

Guo, S., Wang, Y. and Yao, Q., 2016. High-dimensional and banded vector autoregressions. Biometrika 103,
889-903.

Hallin, M. and Ligka, R., 2007. Determining the number of factors in the general dynamic factor model.
Journal of the American Statistical Association 102, 603-617.

Han, F., Lu, H., and Liu, H., 2015. A direct estimation of high dimensional stationary vector autoregressions.
Journal of Machine Learning Research 16, 3115-3150.

Haufe, S., Miiller K. R., Nolte, G. and Kramer, N., 2010. Sparse causal discovery in multivariate time series.
In Causality: Objectives and Assessment, 97-106.

Hautsch, N., Schaumburg, J. and Schienle, M., 2014. Financial network systemic risk contributions. Review
of Finance 19, 685-738.

Hecq, A., Margaritella, L., and Smeekes, S., 2020. Granger causality testing in high-dimensional VARs: a
post-double-selection Procedure. arXiv. org.

Huang, J., Ma, S. and Zhang, C. H., 2008. Adaptive Lasso for sparse high-dimensional regression models.
Statistica Sinica 1603-1618.

Hurn, S. Martin, V. L., Phillips, P. C. B.; and Yu, J. 2020. Financial Econometric Modelling. Oxford Uni-
versity Press.

Kock, A.B. and Callot, L., 2015. Oracle inequalities for high dimensional vector autoregressions. Journal of
Econometrics 186, 325-344.

Koltchinskii, V., Lounici, K., and Tsybakov, A. B., 2011. Nuclear-norm penalization and optimal rates for
noisy low-rank matrix completion. The Annals of Statistics 39, 2302-2329.

Koop, G., Pesaran, M.H., Potter, S.M., 1996. Impulse response analysis in nonlinear multivariate models.
Journal of econometrics 74, 119-147.

42



Lam, C. and Fan, J., 2008. Profile-kernel likelihood inference with diverging number of parameters. Annals
of Statistics 36, 2232-2260.

Leeper, E. M., Sims, C. A., Zha, T., Hall, R. E. and Bernanke, B.S., 1996. What does monetary policy do?
Brookings Papers on Economic Activity 1996, 1-78.

Lu, X. and Su, L., 2016. Shrinkage estimation of dynamic panel data models with interactive fixed effects.
Journal of Econometrics 190, 148-175.

Ludvigson, S., Ng, S., 2007. The empirical risk-return relation: a factor analysis approach. Journal of Financial
Economics 83,171-222.

Liitkepohl, H., 2005. New Introduction to Multiple Time Series Analysis. Springer Science & Business Media,
New York.

Ma, S., Lan, W., Su, L., and Tsai, C-L., 2020. Testing alphas in conditional time-varying factor models with
high dimensional assets. Journal of Business & Economic Statistics 38, 214-227.

Ma, S., Su, L., and Zhang, Y., 2021. Detecting latent communities in network formation model. Working
Paper, Singapore Management University.

Mann, H. B. and Wald, A., 1943. On the statistical treatment of linear stochastic difference equations.
Econometrica, Journal of the Econometric Society, 173-220.

Moon, H.R. and Weidner, M., 2017. Dynamic linear panel regression models with interactive fixed effects.
Econometric Theory 33, 158-195.

Moon, H.R. and Weidner, M., 2019. Nuclear norm regularized estimation of panel regression models.
arXiv:1810.10987.

Negahban, S. and Wainwright, M. J., 2011. Estimation of (near) low-rank matrices with noise and high-
dimensional scaling. The Annals of Statistics 39, 1069-1097.

Negahban, S., Yu, B., Wainwright, M. J. and Ravikumar, P., 2009. A unified framework for high-dimensional
analysis of M-estimators with decomposable regularizers. Advances in neural information processing
systems, 22, 1348-1356.

Negahban, S. N., Ravikumar, P., Wainwright, M. J., and Yu, B., 2012. A unified framework for high dimen-
sional analysis of m-estimators with decomposable regularizers. Statistical Science 27, 538-557.

Onatski, A. 2010. Determining the number of factors from empirical distribution of eigenvalues. The Review
of Economics and Statistics 92, 1004-1016.

Pesaran, H.H., Shin, Y., 1998. Generalized impulse response analysis in linear multivariate models. Economics
letters 58, 17-29.

Qian, J. and Su, L., 2016. Shrinkage estimation of regression models with multiple structural changes. Econo-
metric Theory 32, 1376-1433.

Rohde, A. and Tsybakov, A.B., 2011. Estimation of high-dimensional low-rank matrices. The Annals of
Statistics 39, 887-930.

Sims, C. A., 1980. Macroeconomics and reality. Econometrica 48, 1-48.

Sims, C. A.; 1992. Interpreting the macroeconomic time series facts: The effects of monetary policy. European
Economic Review 36, 975-1000.

Sims, C. A., 1993. A nine-variable probabilistic macroeconomic forecasting model. In Business cycles, indi-
cators and forecasting pp. 179-212. University of Chicago Press.

Stock, J.H. and Watson, M.W., 1999. Forecasting inflation. Journal of Monetary Economics 44, 293-335.

Stock, J.H. and Watson, M.W., 2002. Macroeconomic forecasting using diffusion indexes. Journal of Business
& Economic Statistics 20, 147-162.

Stock, J.H. and Watson, M.W., 2005. Understanding changes in international business cycle dynamics. Jour-
nal of the European Economic Association 3, 968-1006.

43



Su, L., and Wang, X., 2017. On time-varying factor models: Estimation and testing. Journal of Econometrics
198, 84-101.

Tibshirani, R., 1996. Regression shrinkage and selection via the lasso. Journal of the Royal Statistical Society:
Series B 58, 267-288.

Vershynin, R., 2018. High-dimensional probability: an introduction with applications in data science. Cam-
bridge University Press.

Wu, W. B., 2005. Nonlinear system theory: Another look at dependence. Proceedings of the National
Academy of Sciences 102, 14150-14154.

Wu, W. B. and Wu, Y. N.; 2016. Performance bounds for parameter estimates of high-dimensional linear
models with correlated errors. Electronic Journal of Statistics 10, 352-379.

Yu, Y., Wang, T. and Samworth, R. J., 2014. A useful variant of the Davis—Kahan theorem for statisticians.
Biometrika 102, 315-323.

Zhao, P. and Yu, B., 2006. On model selection consistency of Lasso. Journal of Machine Learning Research
7, 2541-2563.

Zou, H., 2006. The adaptive lasso and its oracle properties. Journal of the American statistical association
101, 1418-1429.

Table 1: Model Selection Accuracy

Number of factors Step 1 Step 2 Step 3

DGP N T UER OER TPR FPR TPR FPR TPR FPR
1 30 100  0.0% 0.0% 97.4% 19.3% 98.8% 18.5% 93.7% 8.0%
30 200 0.0% 0.0% 99.6% 19.1% 99.9% 18.1% 99.4% 5.8%

30 400  0.0% 0.0% 99.9% 21.8% 100.0% 19.5% 99.9% 4.9%

60 100 0.0% 0.0% 96.8% 12.7% 98.2% 12.2% 90.5% 5.1%

60 200 0.0% 0.0% 99.9% 12.2% 100.0% 11.7% 99.1% 2.6%

60 400  0.0% 0.0% 100.0% 11.9% 100.0% 11.1% 99.9% 1.7%

2 30 100 0.0% 0.0% 86.2% 21.8% 83.9% 18.9% 94.0% 15.7%
30 200 0.0% 0.0% 95.3% 28.0% 93.7% 24.8% 99.4% 12.8%

30 400  0.0% 0.0% 99.2% 37.0% 98.7% 33.3% 99.9% 8.2%

60 100  0.0% 0.0% 76.7% 10.3% 76.5% 9.4% 90.6% 10.7%

60 200  0.0% 0.0% 88.9% 12.5% 89.7% 12.0% 99.2% 8.9%

60 400  0.0% 0.0% 96.4% 17.7% 95.8% 16.7% 100.0% 5.5%

3 30 100  0.0% 0.0% 93.2% 24.9% 92.3% 22.0% 96.5% 17.4%
30 200 0.0% 0.0% 98.1% 31.4% 97.6% 27.6% 99.6% 11.7%

30 400  0.0% 0.0% 99.5% 38.4% 99.3% 34.4% 99.7% 7.3%

60 100 0.0% 0.0% 88.1% 12.8% 88.4% 11.8% 95.9% 11.8%

60 200 0.0% 0.0% 96.1% 15.6% 95.5% 13.9% 99.8% 9.4%

60 400  0.0% 0.0% 98.9% 19.5% 98.6% 17.9% 100.0% 4.5%

Note: We report the under/over-estimation rate (UER and OER) of the number of factors in the UER and OER

columns, respectively. The TPR (true positive rate) columns report the average shares of relevant variables included.
The FPR (false positive rate) columns report the average shares of irrelevant variables included.
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Table 2: Root mean squared errors of the feasible and oracle transition matrix estimators

All entries Nonzero entries
DGP N T Oracle Step 1 Step 2 Step 3 Oracle Step 1 Step 2 Step 3

1 30 100  0.019 0.063 0.059 0.050 0.062 0.145 0.132 0.117
30 200 0.014 0.055 0.051 0.033 0.044 0.118 0.106 0.066
30 400  0.010 0.052 0.049 0.029 0.033 0.100 0.092 0.047
60 100  0.013 0.044 0.041 0.038 0.061 0.150 0.138 0.131
60 200 0.010 0.035 0.032 0.021 0.043 0.108 0.098 0.066
60 400  0.007 0.033 0.031 0.016 0.032 0.089 0.080 0.041

2 30 100  0.018 0.065 0.065 0.057 0.056 0.177 0.184 0.154
30 200 0.012 0.055 0.055 0.038 0.039 0.142 0.150 0.103
30 400  0.009 0.047 0.047 0.027 0.028 0.110 0.119 0.070
60 100  0.012 0.050 0.049 0.044 0.054 0.204 0.205 0.179
60 200  0.008 0.042 0.041 0.028 0.038 0.170 0.168 0.114
60 400  0.006 0.035 0.035 0.019 0.027 0.138 0.143 0.081

3 30 100  0.019 0.065 0.064 0.055 0.051 0.150 0.155 0.127
30 200 0.013 0.053 0.053 0.035 0.035 0.117 0.123 0.082
30 400  0.009 0.047 0.047 0.027 0.025 0.095 0.100 0.058
60 100  0.013 0.050 0.049 0.042 0.049 0.173 0.173 0.146
60 200  0.009 0.039 0.040 0.024 0.034 0.135 0.140 0.085
60 400  0.006 0.033 0.033 0.015 0.024 0.109 0.113 0.056

Note: We report the root mean squared errors (RMSEs) of the feasible and oracle transition matrix estimators.
Columns 4-7 report the RMSEs of all entries, and Columns 8-11 report the RMSEs of non-zero entries.

Table 3: Results of misspecified estiamtes

LASSO Conservative LASSO
DGP N T TPR FPR RMSE, RMSE, TPR FPR RMSE, RMSE,

1 30 100 78.7% 34.9% 0.115 0.208 78.4% 45.2% 0.178 0.227
30 200 88.9% 37.7% 0.094 0.178 88.1% 43.3% 0.129 0.173
30 400 95.3% 45.0% 0.083 0.150 94.5% 43.0% 0.103 0.134
60 100 71.0% 22.6% 0.086 0.216 72.8% 39.5% 0.161 0.240
60 200 86.7% 25.7% 0.070 0.179 87.0% 38.9% 0.114 0.175
60 400 94.9% 30.2% 0.058 0.148 95.3% 37.9% 0.083 0.128

2 30 100 86.2% 59.6% 0.150 0.202 81.9% 54.8% 0.211 0.233
30 200 95.0% 61.5% 0.107 0.152 91.7% 51.4% 0.139 0.159
30 400 98.9% 66.3% 0.080 0.113 97.7% 50.5% 0.098 0.110
60 100 77.0% 46.6% 0.135 0.218 74.1% 48.9% 0.222 0.263
60 200 91.6% 51.9% 0.100 0.165 86.8% 44.6% 0.143 0.175
60 400 98.3% 56.1% 0.072 0.120 96.7% 44.4% 0.097 0.116

3 30 100 89.2% 59.2% 0.139 0.186 85.7% 55.9% 0.196 0.215
30 200 96.2% 61.4% 0.102 0.141 94.0% 54.3% 0.133 0.148
30 400 99.1% 67.1% 0.079 0.107 98.3% 53.2% 0.096 0.106
60 100 82.0% 46.1% 0.126 0.203 79.8% 50.6% 0.208 0.247
60 200 94.0% 51.7% 0.093 0.151 90.5% 46.6% 0.135 0.164
60 400 98.8% 55.5% 0.068 0.110 97.6% 45.0% 0.091 0.109

Note: We report the true positive rate (TPR), false positive rate (FPR), root mean squared errors of all entries
(RMSE,) and nonzero entries (RMSEy) of misspecified estimates. We consider the LASSO estimator as in Kock and
Callot (2015) and a conservative LASSO estimator. The LASSO estimator was used to construct weights for the
conservative LASSO.
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Table 4: Connectedness measures across funds

Connectedness measures by estimates of VAR with CF's model

TICKER XLE XOP IYE OIH XLF KBE KRE XLY
Vi 64.9%  59.1%  65.4%  58.0% 65.2% 56.8% 56.6% 72.0%
FROM 71.4% 65.4% 71.7% 64.3% 61.7% 61.3% 62.3% 51.8%
TO; 106.8% 86.0% 103.9%  71.5% 57.8% 72.6% 51.4% 37.3%
TICKER ~ XHB ITB XRT IYR VNQ XLB XME XLK
Vi 53.6%  49.5%  60.1%  50.7% = 49.7% 67.2% 56.9% 70.5%
FROM; 60.5% 58.3% 36.5% 57.9% 58.6% 37.5% 44.1% 39.0%
TO; 56.3%  41.7% 19.0% 79.7% 74.4% 26.3% 37.2% 37.3%
TICKER  SMH XLV IBB XLP XLU XLI GDX  average
v, 54.8%  64.3%  50.7%  61.3% 50.6% 67.7% 31.0% ©=56.1%
FROM; 31.9%  383%  28.8%  30.7% 29.7%  40.9% 27.7%  d'? =49.8%
TO; 23.3% 34.1% 33.0% 21.2% 19.6% 20.7% 19.1%
Connectedness measures by estimates of pure VAR model
TICKER  XLE XOP IYE OIH XLF KBE KRE XLY
FROM; 89.3%  871%  89.4%  87.0% 89.6% 86.8% 87.6% 90.9%
TO; 105.0%  79.5%  103.0% 77.7% 112.9% 97.0% 89.1%  110.5%
TICKER ~ XHB ITB XRT IYR VNQ XLB XME XLK
FROM; 87.3%  86.3% 88.8%  85.7% 86.2% 90.1% 88.8% 89.8%
TO; 95.8% 80.8% 79.1% 94.0% 89.6% 105.6%  80.1% 103.8%
TICKER  SMH XLV IBB XLP XLU XLI GDX  average
FROM; 87.6%  88.1%  83.8%  88.4% 85.7% 89.8% 76.5%  d'? =87.40%
TO; 74.8%  81.2%  60.8%  80.0% 60.0% 104.3%  45.8%

Note: Cyc, Rea, Natu, Tech, Heal, Def, Util, Indu and EMP stand for consumer cyclical, real estate,
natural resource, technology, health care, consumer defensive, utilities, industrials and equity precious
metals, respectively.

Figure 1: Structure of the transition matrices in the simulations
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Figure 2: Heat map of the transition matrices Ax’s

Figure 3: Heat map of D'2
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This supplement contains four sections. Section [S1|contains the asymptotic analysis of the oracle
least squares estimator and the proofs of the lemmas. Section gives additional technical results
that are used in the proofs. Section |S3|provides some further discussion of Assumptions A.1(vi) and
A.2. Section [S4] provides some additional information for the empirical application.

S1 Analysis of oracle least squares estimator and supplementary
proofs

S1.1 Asymptotic analysis of oracle least squares estimator

This subsection studies the asymptotic properties of the oracle least squares estimator that is obtained
with information of J; for i € [N] = {1, ..., N}. Specifically, the oracle least squares estimator can be
written as

(B,F) = argmin tr[(Y —XB)Mp(Y — XB)]
(B,F)eB* xL
N

=  argmin [(Yii — Xu s, Byi) Mp (Y, — X s, Bl
(B,F)eB*xL 5 —{

where B* = {B € RNP*N|Bje ; = 0 for i € [N]} and L = {F € RT*E"|F'F/T = I'po}. For each i, we
define a selector matrix L; such that XL;= X, j, and LB, ; = By, ;. Recall that k; = |J;| denotes
the cardinality of J;.

We do not have a closed-form solution to the above minimization problem. Similar to equations
(11)-(12) of |Bai (2009), we have the following relationships

BJi,i = ( ;7JiMFX*,Ji)_1X;,JiMFY*,i7 (Sll)
Five = <o (Y - XB) (Y - XB)'F (51.2)
1 I ,
= —= (Yii— X*,JiBJi,i) (Yii— X*JiBJi,i) F,
NT —

where V7 is a diagonal matrix that consists of the R largest eigenvalues of the matrix (NT)~!
X ZZJL(Y*Z — X, 5, By,.i)(Yei — X s, By, ), arranged in descending order along its diagonal. We
can follow the lead of Bai (2009) to expand equations (S1.1J)-(S1.2)).

Proposition S1.1 Suppose Assumptions A.1 and A.3-A.5 hold. Let S; denote an L x |J;| selection
matriz such that ||S;||  is finite and L is a fized integer. Then

Si (BJi’i B Bgivi) - Si(Xf‘%JiMFOX*Ji)_1X;,JiMF0U*,i + OP(T_l/Q).



Proof of Proposition Inserting the identity Y = XB? 4 FVAY 4 U into equation (S1.2)), we
have

. AO/AO FO/F .
FVyp — FY =L +..+R)F 1.
VNT N T ( 1+ + 8) y (S 3)
where
=UAFY/(NT), I, = FOAYU'/(NT), I3 =UU'/(NT),

I, =X(B - B%(B - B"X'/(NT), Is
I; = -X(B - BY)U'/(NT),

—X(B - BOANFY/(NT), Iy
~U(B - B"X'/(NT).

—FOAY(B — BYY'X'/(NT),

&

We can easily show that (NT)7!||I;||r = op(1) for £ = 1,...,8. Premultiplying both sides of equation

" by F,/T, we obtain

= Op(l).

H . F/FO AO/AO FO’F
F

Ve —
N7 N T

Given that % is asymptotically nonsingular, we have that Vi is invertible asymptotically. Specif-
ically, one can show that the rth diagonal element of Vi converges to the rth singular value of
Y rYa. Hence we can write (F FOI)/VT = I} + ...+ I, where H = (AYA°/N)(F"F/T)Vy; and
I; = IgFVNT/\F for £ =1,...,8. It can also be shown that H — H — 0. Noting that

N !
» 1 » X* JiX*:Ji =
IX(B = B)/VNTI[E = > (Bri—BS,) =" (B~ B,

i=1

1 N

= NZEkl'|BJZ BJ z|2<CKJ7”B BOHFv
=1
we have
IX(B — B°)/VNT||p = Op(K jdnr), (S1.4)

where dy7 = N~/2||B — B||p. We carry dyr in the following analysis and determine it later.
Let Q = bdiag{T‘1X;7J1 MpoXy gy -es T_lek,JNMFOX*’JN} be a block diagonal matrix with the

ith diagonal block given by T_IX;7JZ,MFOX*7JZ.. Let a?j = )\?'(AO’AO/N)_I)\?. Let Qo bea (N ki) x
N ) oy . . .. . ~-1.0 /
1= (2 bl . * ;
(2_i=1 ki) block partitioned matrix with the (4,7)th block given by (NT)™ aj,; X ; MpoX, j; for
i,7 € [N]. That is,

EN g a].].X;k J1MFOX* Joo T ENTi_iaé]NX%,JlMFOX*,JN

. NT) 19 X* MOX*J NT) a X* MOX*,J

Oy = 218 o, LR 1 | 2N ',JQ F v (S1.5)
(NT)71G9V1X;,JNMF0X*,J1 (NT)A‘Z?VNX;,JNMFOX*,JN

Let U E[T_I(X;’JlI\\/JIFoU*,l)’, ...,T_I(X;JNMF()U*,N)’]’, which is a SN | k; x 1 vector.
To continue the proof, we need the following four lemmas whose proofs are given at the end of
the next subsection.

Lemma S1.2 Suppose that Assumptions A.1 and A.3-A.5 hold. Let Sy = VN AVT. Then
(i) |1} ||, = Op(6 ) for £ =1,2,3, and
(”) HIEHF = VOP(KJqNT) fO?" (= 47 57 B 87
(iii) T~Y2||F — FOH|| = Op (35 + Kydnr).



Lemma S1.3 Suppose that Assumptions A.1 and A.3-A.5 hold. Then
(i) T'FY(F — FOH) = Op(§ - K ydnT + 0 3%);
(ii) HH' — (FYF°/T) ™' = Op(6 K ydnt + 057);
(iii) T-YU, ;(F — F°H) = Op (037 + Sy Ksdn);
(iv) T7'X! ;(F — FOH) = Op (05 K ydnt + 037).

Lemma S1.4 Suppose that Assumptions A.1 and A.3-A.5 hold. Let S; be an arbitrary L X k; non-
random matriz such that ||S;||p < C < oo and L is a fized integer. Then

(i) [[Pp —Ppo||lp = Op(K jdnT + 637);

(ii) T_lsink’Ji( —PFO)U*z = Op(5 +5NTKJdNT)

(iii) T_ISZ-X;JiMFo(F FOH)H\) = = 58X, ; MpoX(B—BO)A(HAYA%) I\ +O0p (6 v+
S K ydnT).
Lemma S1.5 Suppose that Assumptions A.1 and A.3-A.5 hold. Then

(i) |Q7'Q2Q1 U = Op(K, [T~ (log N)* + (log N)(NT)~'/?]);

(i) N'2TQy 1Q2Q1 0| = Op(K [T~ (log N)? 4 (log N)(NT)~Y2]) = op(T~/?) for any con-
formable square matriz T with [|T'||,, = O (1);

(iii) wmaX(QfpoQQIUZ) < 1 with probability approaching one (w.p.a.1).

Note that we allow k; to be divergent. For a k;-vector A;, we introduce the weighted norm ||-| s,
such that [|A4;llg, = |SiA;|, where the number of rows S; is given by L, a fixed integer, and ||S;||p
is bounded above by a constant. We denote A; = op~ (cnr) if [|Aillg, = op (enT) for any S; with
bounded Frobenius norm. Define Op+ analogously.

By virtue of the identity Y. ; = X, ;,BY ; + FOA} + U,; and (S1.1), we obtain
X M pX, g (B — BY, ) = T X 5 Mp(FOAY + Us).
For T7'X/, ; MU, ;, we have

T7'X, ;MpU,; = T7'X, ;MpoU,; — T7'X, ;1 (Pp — Pro) Uy
= Tﬁlx;JiMFoU*ﬂ‘ + Op+ ((5&271 + 5]_\7/11—vKJdNT),

where the second equality holds by Lemma (11) For T—X/, Mg FON)| we have

TIX,  MpFON) = —T7'X, ;Mp(F — FOH)H ')
= T 1X*JMF0(F F°mA 1/\0 T7'X, . (Ppo —Pp)(F — FPH)H ™'\
1

= N7 S MpoX(B — B)A°(— AO’AO) "N+ Op« (635 + O np KydnT),

where the last equality follows from Lemmas [S1.4(i) and (iii) and [S1.2((iii). It follows that for each
i € [N], we have

1

- 1 - 1 N
X,y MpoX, s, (B, —BY, ;) = Txg,JiMFoUm +——X| ;MpoX(B— BO)AO(NAO’AO)_l/\? +R;,

NT
(S1.6)



where R; = Op-~ (6]_\,2T + 5]_\]1_FK JsdnT) and its exact form is given by
Ry = -T7'X, ; (Pp—Ppo)U,; —T7'X, ;. (IPFO —Pe)(F — FOH) AN

—T7'X}, ; Mpo(F — FPH)H '\ — —X MFoX(B—BO)AO(NAO’AO)’I)\?.
Let B = (3511,1’ e BQN,N), and 3% = (39’171, e BngN). Then 1) can be written as follows:

(@1 —Q2)(B-8") =U+R, (S1.7)

where R = (R}, ..., Ry) and U = (U1, ...,Ul) with U; = T7'X/, ;MpoU, ;. Note that the minimum
eigenvalue of Q1 is bounded below by some constant w.p.a.l; see Lemma ( ). Following the proof
of Lemmas [ST.4](ii)-(iii) and using Lemma [S1.2{iii), we can also show that

IR|_ = Op((0x5 + 6K ydnr)log N) and N7V2 |R| = Op (035 + Sy K sdn). (S1.8)
Rewriting (S1.7)) gives
B-p8"=07"0+Q1 Q2B - B") + OT'R, (SL.9)
and by iterating (S1.9) ¢ > 2 times we obtain
BB

= QT'U+QT'R+QT'Q207'Q2(8 - 8°) + Q7' Q2071 (U + R)
_ Q1 1U+Q1 1R+Q_1/2[ —1/2Q Q_1/2] _1/2622(,3 ,30) 1 Q—I/Z[ —1/2Q Q_1/2]Q_1/2(U n R)
= QU'U+QT'R+Q; Q20207 VP1PQr P Qa(B - BY)
2
+Q7 5107020, 10 (T + Ry
1=1
_ Ql—lfJ+Q1—1R+ QVI—I/Q[QVI—I/QQVQQI—I/Q]ng—l/QQ2(B _ BO)
¢ ¢
L0 STI0T 2 Q007 QRO + 0 A S 10 2007 VG PR
=1 =1
= Ql_lﬁ—}-f{.l +R2—|—R3—|—R4, (S1.10)

where we suppress the dependence of Rg, R; and R4 on £. Define a k; x Zévzl k; selection matrix S;
such that By, ; — Bgi’l. = S;(8 — B°). Then

Bji—BY, = Si07'U+Si07 R+8:Q; 10720201 710 Qa(B - BY)
V4 V4
_'_Sin—l/Q Z:[CV21—1/2Q2Ql—1/2]16?1—1/2[*J + Sic:?l_l/Z Z[Ql_l/QQQQl_l/Q]lQl_l/2R
=1 =1
= S;Q;'U +Ry; + Ry + Ra; + Ry (S1.11)

Note that R; = (R;l,...,f{;N)’ and S;R; = Ry; for [ = 1,2,3,4. Let Xij = T_lX;Jl_MFoX;?Jj for
i,j € [N].



We first study Ry;. Noting that |a’b| < |a|, ||, for any two conformable vectors a and b, we have
ISRu|® = |Six; R| = Op( 5—T+5 2 K2d37), and (S1.12)
N
N R = N Z Ry = N7 Z SiOTR|” < max [8:@1 |, N |l
i=1 i=1 i=1

= Op(N"'[R]®) = Op (S + 633 K3d3) = op (T + dirr). (S1.13)

072020, 5 0 at the

exponential rate as £ — oo. This ensures that

Next, we study Ro;. By Lemma [S1.5(iii),

HQ 1/2Q Q—1/2

op

max|Sift| = [8:8iQ7 1072020, @ Qe (B - )|
< \ 0@ aed - o) | P@uar | = ontr ) s1aa)
N
N Rs? = NV |Ruil* = op(T7Y), (S1.15)

for sufficiently large £.
To study Rs;, let Tgp = Ql_l/Q f;& [Q;1/2Q2Q;1/2]lQ}/2. Then

/—1
Ry = SiQ7 2310720207 10107 020710 = SiT0eQ7' 92Q7 ' U

=0
By Lemma Sl.5(iii) IToellop < HQ;mHOp HQl 1203, o 1/2 1/2 — Op (1) for each L.
Then by Lemma [ST.5](i)-(ii),
|SiRs;| = Op(K [T (log N)? +log N (NT)"*/]) = op(T™/?) and (S1.16)
N R = “=op(T7). (S1.17)

To study Ry4;, let I'y = Zle[Ql_l/QQng_l/Q]l. Then Ry; = Sin_l/Ql“ng_lﬂf{. Note that SiSin_l/Q

ngQl_l/ ? has a low dimension of rows such that

_ ~ 2 ~ ~ ~
0| = e (ssiQrTor Te sic))

IN

2
Tl

1112 . o
YIS, ISill2, 1SillE = Op (1) uniformly in i € [N],

where we use the fact that [|I's[|,, < S HQl 120, Q; UZH = Op (1) by LemmalS1.5(iii), HQleop =

[ﬂ)min(Ql)]_l =0p (1), ||SiHop = 1, and max;e |y 1Sillg = O( ) by assumption. Write I'y = {I'z;;}
as a block partitioned matrix with I'y;; being a k; x k; matrix. Then

—1/2 x—1/2 —1/2 —1/2 —1/2 1/2
SQ / r Q1 / = Xii / (FE,HXH/ 7F£,i2X22/ ) FEzNXN]\// )



Our assumptions ensure that I'y is absolutely column summable, which implies that the absolute
sum of each row of §; Q1 1/2I‘gQ_1/ can be bounded by a constant multiplied by max;c|y) HX;lHOp
Consequently,

max

L
SiRul? = Z’[Si]z,*SiQfl/QFlel/QR’ Z’ Si.S:OTYT, Q_I/Q‘ ‘R\
=1

IN

op(?el[%cu o) RIZ = Oplons + 035K 3 dRp(log N)?, (S1.18)

and

5=1/21 Ql 12 R,

N
Nfl‘l_r{[l‘? _ N712|R4i‘2:
=1

< m%\ _1/21%62_1/2” 1Z\Ri\2:op(N—1\R}2>
1€
= Op(Onp + 037 K3dir) = op (T +dxr) (S1.19)
In sum, we have shown that
4
1Z\Rl| (T~ +ddy) and | Ri| = op(TY2) + Op(K*6 3 dnr log N). (S1.20)
=1

In addition,

2 1 Y s 1 1 2
NTHRIOP = 5> hG Ol = 57 X X X Mo U
i= i=1
2
< m?XHX” MpoU, :OP(T_I) (S1.21)

Combining the results in (S1.10)), (S1.13), (SL.15), (S1.17), (S1.19), and (S1.21)), we have

N7 B =B = 0p (T7) + op (dr) = Op (T7) +op (N1 B - 8"") .

It follows that dyr = N~Y/?||B — BY||p = N~1/2|( = Op(T~1/?).
Further, by (S1.11]) and the results in (S1.12)), (S1.14)), (S1.16)), and (S1.18)), we have

Si(Byi—BY) = SSiQ7'0 + Op(K)*53}dnr log N) + op(T71/?)
1 1
- Si(TX:‘JiMFOX*,Ji)_lfok7JiMF0U*,i +op(T~1?),

where the second equality holds by the fact that K J5]_\,1T log N = op(1). This completes the proof of
the proposition. B



S2 Proofs of the technical lemmas in Appendix A

In this section, we prove the technical lemmas in Appendix A by calling upon some additional
technical lemmas in Subsection

Proof of Lemma The proof follows from that of Lemma C.2 in |Chernozhukov et al. (2021)
(2021). &

Proof of Lemma [A.2, (i) By direct calculation, we have that

1 T
T Z Yit—1Ujt
T t=1

By Lemma and Theorem in the next section, we have that for some constants C, Cy and

lHU'XH = max max max
T max  1<I<p1<i<N 1<GEN

C1
d Ty T C5(Ty,)?
P> yigoup| > %) < 29°C——~ +C Sl A v
(t:1y,t it = 7y ) = Ty T 2eXp( AT
T1-a/4 C3(c1logN)?
— 9a/2¢, T T _ 3lciloglV )
= 29°C, (c1logN)i/2 + Chexp < 1 >

= CIT'"Y*(1ogN)~9/? 4 ChH NN

where the first equality holds by inserting v, = 1T Y/21og N and the second equality holds by

redefining the absolute constants ¢, C] and C%. Then, by the union bound we have
Plaox|. >") < p> max P
T max 2 — 1<I<p

T
> o) > 1
Yit—1Ujt >7
,J t=1

< pCiN2T'=9/*(1ogN) =92 4 pChN?~closl

IN

Letting C' = C] Vv CY, we have proved the desired result in (i).
(ii) Noting that Ppo = FO(FYFO)~1FY we have

1 1 _
THU’IPFOXHMX = THU’FO(FO’FO) YUK
FORoN~! FUX, FUU,
< max max
T 1<i<Np T 1<i<N T
op

As in the proof of (i), we can show that

T

Z Frawi
t=1

By Lemma below and choosing ¢ = 1 [, (2 r)] !, we can readily show that

P | max max
1<r<RO 1<i<N

> T’yl> < C\NT'=9*(1ogN)~9/? 4 Cy N1 ~¢clogN

P (H (FOroT) | > 5) < O\ T2 4 Cyexp(—cT).
op

Similarly, maxi<;<np HF o X,i/T H is bounded by some constant ¢ with probability larger than 1—



[C1pNT=9/2 4 CypN exp(—cT)]. Consequently, we have proved (ii). B
Proof of Lemma By Lemma and Theorem in the next Section, we have

(e

for some absolute constants C7, Cs, and C5. Applying the union bound yields the desired result. B

,l ftrftl)

> xT1/2> < Oy~ 92/t 4 Cgexp(—ngQ)

Proof of Lemma (i) By arguments similar to those used in the proof of Theorem we can
establish the result.

(ii) By the proof of Proposition 2.1, E(y3) is bounded uniformly in (i,#). By direct calculations,
we have that

T

1
(max; <j<pn | Xa | /VT)? = maXlSiSNmaxlglngZyiQ,t—l
=1

Z yzt I yz,t—l)]

for some constant ¢ > 0. By Lemma and Theorem in the next section, we have

P ( + Crexp <_C3<T>2>

4T
Applying the union bound delivers the first result. The second result can be shown analogously.

(iii) The proof is similar to that of (ii) and omitted.

(iv) To proceed, we operate conditional on |7 X' FO—% x p||max < €I~ Y2log N, ||[F—F H||p/VT <
e(v1vVEa V ), maxi<j<pn|Xa;|/VT < & and T7H|F¥X||, < & One can easily show that these
joint events hold with probability at least 1 — &pN (T ~%/4(log N)~%/2 v e=<T) 4 pN'1—¢log N By the
triangle inequality, we have

+ ¢,

< maxi<i< Nmaxi<i<p T

T

Z[yzm - E(%’%t*l)]

t=1

T
(eT)a/?
= O[TV 92 4 Chexp (—C3T).

>ET> < 2120y

1% = Zmax < [T X'X — Zx||max + [|T X' FF'X -2 x 22" Sy gl lmax-

For the first term on the right hand side (RHS) of the last equation, we can apply similar arguments
as used in the proof of part (ii) to establish that ||T71X'X — Sy ||max < 73/2 with probability larger
than 1 — gp?[N2T~4/*(log N)~9/2 4+ N?~<logN] For the second term, we have
T 2X' FF'X-Yx Y5 Sy pllmax < 2|7 72X/ (F — FYH)F'X || max
+H|T2X(F — FPH)(F — FYH)'X||max
HIT2X' FPHH FYX - x X7 Y |l masx-
Noting that ||F||p/vT = R°, we have
|T2X/(F = FOH)F'Xlmax < (1<H;3XN Xl /VT)? - ||F — F°H|p /VT

< e(mVEaVs)

with probability at least 1 — & [pN2T"~%/4(logN)~%/2 + pN?~<°6 N From the proof of Theorem



(FOH)' FOH /T = Io. This implies that HH' = (F”F0/T)~!. Then

IT2X' FOHH' FYX S x p X5 Y | lmax
= ||IT*X'FUFYF°/T) ' F"X-Sx r Y S x F | max
(T "X FO=Sxp)(FYFO/T) ' T FYX | max + || Exp[(FYFY/T) ™ — SENTFYX [ max
+||ZXFE;’1(T_1FO/X_E,XF)‘|max-

A

For |[(T1X'FO—Sxp)(FYFO/T) T L FYX || jnax, we have

"(T_1X,FO—EXF)(FOIFO/T)_lT_lFO/X"maX < HT—lxlFO_EXFHmaX X H(FOIFO/T)—IT—lFOIXHl
< T "X FO—Sx plmax < €T~ 1og N.
The other two terms can be bounded similarly.

(v) This result can be proved by arguments as used in the proof of Lemma [A.2] (i). With the
bound ||¥ — X||max < 73, the proof is similar to Lemma 10.1 in [van de Geer and Bithlmann (2009).
Let v € RVP such that |ve|; < 3Jvs|1, and |J| < K. One has

W'Sv —v'So] = [(E =) < |- [(E - 2)v]e
15 = Bllnax/vlf < sloli
167s]vs[f < 16K573 - [vs]3.
After some rearrangement, we have
V'S v'Yv 16K e > v'Yv
= - JV3 Z T
0113 0113 I3

> wmin(z) - 16KJ73 > ¢m1n(z)/2

It follows that the restricted eigenvalue condition is satisfied with rg(Ky) < 9, (2)/2. B

Proof of Lemma Let & = TA_lX’ MpoX. Then we denote the two types of submatrices of )
as ¥y, = T7'X), ; MpoX, s, and Xje j, = T7'X], ;cMpoX, j, for i € [N]. Then we have that

S0 =3 = T HX. ; (Pro —P2)X, s,
212[2}\3%” JiyJi J7.>Jz||0P 1161[‘(}3% || *,Jl( FO F) *’J’L”Op
Ky - T [X'(Ppo — P) X[ max

_P- . -1 2 —
Ky |[Ppo I[DFHOp 1%?2}]%;711 1X s 5 op(1).

VARVAN

Similarly, we have that max;c|y ||2Ji67(]i - SJiC7Ji||maX = op(1). To prove the lemma, it suffices to
establish that (a) minje|n) Ymin(Xs;,2) > ¢ and (b) max;e|y max; e e |]T*1X;’jMFoX*7JiHmaX <é
for some constants ¢ and ¢ w.p.a.l.

(a) Recall the decomposition in Section 2.2, and let X = X® 4 X where the tth rows of X®)

and X() are Xt(u)/ and Xt(f y respectively. To establish min;e(y wmin(fl Ji.J;) > ¢, we decompose
i:JiJi to

S =250, + 25]{)J~ + TﬁlX*ug)I{MFOX*{)Ii + TﬁlX*{%MFO X(") = S1; + Si + S3i + Sui,



(u)

First, we consider S1;. Decomposing )y Ji.J; s

aw) L) 1y ()
X5 = Tx*f‘JiX*?Ji - TX::,iIP)FoX w

it follows that

S . u u)! u u 1 u)! u
Zrél[an] wmln( f]Z?J') 2 Zrél[an} wmin<zfli?f') max HiX*,}ZX*,}, B ES‘)J~"0P - znel[%\ﬁ HTXi,}ZPFOXi,}ZHOP

Uniformly across i, one has wmin(E((;j? 7)) > wmin(Eg?) ), where wmin(Eg?)) is bounded below by Propo-
sition 2.1l By inequality

u u u 1 u u u
lnel[é}\}ﬁ Hf *’}:X*’}Z - Ef]iy)JiHOp S KJ gﬁ’\}ﬁ ”TX;}: *,‘)]1 Z( )J ||max
1 u -
< Ky- fo(u)lx(u) — EE()Hmax = Op(K;T7?10g N) = 0p(1).

Therefore, we have established that max;e|N] |+X *u}:Xiu}l - ES?) 7,llop = op(1). Similarly, we can

show that max;c|y] HTX(U) IF’FoX ]Op = op(1), and with similar arguments we can show that
S3; + S4; are uniformly 0p(1) Hence

min ¢m1n(2Jz‘7Ji) > mlIl 1/}m1n(511 + SQ@) + OP( ) > mln ¢min(Sli) + OP(l)’
i€[N] i€[N] i€[N]

where the second inequality is due to the fact that Ss; is positive semi-definite for all 7.
(b) The proof is analogous to that of (a) and thus omitted. B

Proof of Lemma The proof is analogous to that of Proposition A.1 in Bai (2009). The major
difference lies in the fact that the parameter of interest B is a large dimensional sparse matrix of
dimensions Np x N. Take I} and ||I}| as examples. For I, we have

* 1 Y/, —
Hille = f"UAOFO,FVNYI‘"F

A0 FYF
Vfl -0 (N_1/2+T_1/2).
H\mp el 7, =
For I, we have,
* 1 s .
1le = gl KB = BN PV
X (B - BY) A0 FUYp
V = Op(K jdnT),
‘ VNT |pllvNlgll T Mg

where the last equality follows from |D and we recall that dyp = N—1/2
we can analyze the other terms to obtain the desired results. B

Proof of Lemma (i) Recall the decomposition F' — FOH = /T(I} + ... + I}) in the proof of

3 — BOHF. Similarly,

10



Proposition One can write FO'(F — FOH) )T = FY(J{ +... + J&)/VT. For FV.J; //T, we have

1 . 1 ||[FOUAS|| ||FYF .
7HFO ITHF HFO UANFYEVS H H -1 :OP((NT)_1/2),
vT NT2 Nl = VNT || VNT T NT||,

as we can readily show that (NT)fl/2 HFOIUAOHF = Op (1) under Assumptions A.1 and A.4. For
FO/I;‘/\/T, we have

1 , 1 FO’FO AO’U’
- FOI* — HFOFOAOI /F H
FHIFEle = 57 U, <
AYU'F
= Op((NT)™'/? ‘ .
Note that
AO/ /F AO/ /FOH AO/ /
], < [t e
NT g NT -
AYU'FO . A U 1 . .
< AU g +WH ——| |-
e MM Nt s .

= Op(1+ (NT)V25 5 (5 + Kydnr)),

where we use the fact that (NT)fl/2 1Ullop = Sy by Assumption A.3 and T71/2 HF - FOHHF =
Op(dny + Kydnt) by Lemma [S1.2, Then FYIi||p = Op((NT)™Y2 + 6 (O + Kydnr)).
For FV I} /\/T, we have

1
S|

1 FO’
NT2 = VT

T~Y20p(53Y) = Op((NT) V2 4 T~ ).

F Vol
\F NT

1o
—= I I3]|r

= HFO uu FVNTH

|, T

op

For the other terms, we can easily show that they are of the order Op(K jdyn7). The conclusion in
(i) then follows.
(ii) Noting that F'F/T = Io and using F' = (F' — FOH) 4+ FOH, we have
1

—F'(F-F°H
= )+

1 . 1
—(F—F°HYF + =

IROI T(

. - 1 . .
(F FOHY(F - F°H) + fH’FO’FOH.
It follows that +H'FYFOH = I'po+Op((NT)™Y/2 4+ T~ + K jdy7) by Lemmas [S1.2(iii) and [S1.3(i).
Then

1 .
TFO’FO = (H) "H '+ Op(NT)" "2+ T~ + K dnr),

and the desired result follows. }
(iif) As in part (i), we decompose U ;(F' — FOH)/T = U, (7 + . + I})/VT. For U;’ilf/\/f

11



we have

1 1 U, ,UA° FOYE .
—||UL, I |p U, ;UAFYFV, ’ H -
\/T i1 T2 H THF \/ﬁ \/ﬁ T NT P
= Op((NT)"Y24+171).
For U;JJQ/\/T, we have
1 0.0 U, F° AO’U’F
ﬁHU;,z‘JQHF = N72 UL FOAYU V| < Tf‘ ~7 Al
= 7Op( +(NT)V25 3 (65 + Kdnt)) = ()p(N—l/?T—1 + T 'K jdnr).

For the other terms, similar analyses show that these terms are Op((SXIQT + (5]_\,1TK JANT).
(iv) The proof is similar to that of (iii) and is omitted. W

Proof of Lemma (i) Decompose P — Pro as follows

1 . B § 1 o = § 1 . .
Pp—Ppo = (F- FOH)(F — F°IH) + TFOH(F — FYH) + 7 (F = FYH)H'FY
FO . 1 FY
_‘_7 HH/ _ *FOIFO —1 -
SR = (P

= p1+ D2+ D3+ D4

Then the result follows from Lemmas E S1.2((iii) and [S -
(ii) By the decomposition in (i), we have

1 /

4
X (Pp = Ppo)Usi =Y T7'X, ;iU = th

It is easy to apply Lemma [S1.3(ii)-(iv) to obtain

. 1 ~
Iulls, < IS0, (F = FOR|lp 1 1OF = FORY Uil = Op (K3dr +33).

1
1Paills, < 7 19X F *HF FORY Ul = Op(63 + O3 K ),
P, < g |SKLA(F — B, |10 =T‘1/QOP<KJdNT+5;V2T>,
Il < o XL P U = P/ T) ™ g2 | P Ul = T4 200 (e + 7%,

Then }%X;,Ji (Bp —Pro)Us|| | = Op (053 + 03 Ksdnr).
(iii) Plugging equation (S1.3)) into T’lX;JiMFo (F — FOH)H~')\), it follows that

1
T'X, yJMpo(F = FPH)H'N) = T7'X, ;Mpo(If + ... + I§)F(=

- 1
07y —1 07 A0y =140
TF F)Y "7 (=A"A) N

= INM‘ + ...+ jgi, say.

12



For I;, we have

I = 7 MpoUA” L A0 70130
H 14 s HNT ol ( ) i s
1 _
< *Hsix;,wAOHF |
1 1
FO *FD/FO —1 FO/UAO AOIAO 1)\0
H o F <T ) FIVNT F (N 2 F

— OP ( 1/2

By the identity MpoF? = 0, we have Io; = Ig; = 0. It is easy to show that Hj:;i = Op(5NT +

5;\,1[KJdNT) for [ = 3,4,7,8. For I5;, one have that

~ 1 _
Is; = —NTX* 3 MpoX(B — B)A (= AO’AO) Y.
and ‘j}n- e Hﬁ (B— BY) H H LAO(L AU/A0)-1\? ’F — Op(Kydyr). This

implies that I5; is a dominant term in the expansion. Combining the above results yields the desired
conclusion. W

Proof of Lemma (i) Let x;; = T_lXi,JiMFOXiJj- Then @Q; = bdiag(x11, .-, Xn) and
Q2 = {N'd) JXw} are NK, x NK, matrices, where bdiag(-) signifies a block diagonal matrix and
recall that K, = N~} le\il ki. Let s1 = [k1] = {1,2,...,k1}, and sj41 = {Zzzl ki + 1,...,ZJ+1I<:}
for j = 2,..., N. Note that

QT Q20710 = max [\, [Qals, - (Q1) T

JE[N] e

and

Xj_jl [QQ]sj,* (Ql)_lﬂ
N

1
Xj] NT Za]zX]qu X* i MFOU* i

N T
1
_ E:E: , }:E: 0/ L -0/ 20\—1 40,
- X]] NT l 1 p la lX]ZXZZ Xt,]iu’bt Xj] N ZZI t:1a ’LX]’LXZZ T JZF (TF F ) ft u’bt‘

Let e;; denote the Ith column of I},. Consider the first term on the RHS of the last displayed equation.

13



Note that

L N
-1 —1
Xjj ﬁzz A5iXjiXs Xt,J; Wit

i=1 t=1
41
- XmlN Zaﬂ Xji — EOG)InG' T th Ji Wit
]_] N Z a]zE X]] Xu')]_l[E(Xw Xzz X“ T Z Xt Jluzt
1 1 _
+ij1ﬁ Z Z a B (xa) [E (i)™ X,y uat
i=1 t=1
= Ay + Ay + Asj,
where the second equality follows because
XjiXa — EOGHEaD)]™ = g — EOG)Ixa' + EOgo{xg' — [E0a) ™'}

= [xji— E(in)]Xﬁl + E(x;) [ECa)] E ()

Similar to the proof of Lemma we can show that

= Op(T~*log N),

max

sup || x;; — E(;)|
,L?-]

T N

11 15 1 4 1 _

ijlN Za]Z{XjZXZZ - (X]z)[E(Xu)] 1}fzxt,J¢Uit+ijlﬁzzagiE(in)[E(Xn)] 1Xt,Jz'“it
=1

- Xii]Xi_il'

where the elements of E(x;;) are uniformly bounded and E(x;;) has minimum eigenvalue bounded
away from zero. Noting that |a’Bb| < |a|; |b]; | Bl hax Whenever vectors a and b and matrix B are

max
conformable, we have

/ —
max ‘ejJAlj’ = max

1

-1

6] ZXJJ N Z aj; X]z - X]z)]Xzz T Z Xt,Jiuit
t=1

1
< max Hij‘ — E(in)Hmax ‘a?i‘ N 1‘

i €, lXJJ

i=1

41
Xii 7 T Z X7, Uit

1

= Op(T"V2log N)O(KY?)Op(K Y2 K12T-1/2) = op(KJK;/QTflaog N)?),

where we use the fact that ‘6§,lx}jl‘1 < \/k; ‘6;-71)(]91‘2 < Vi [min(x;;)] " and

T

Xn T Z t Jlu%t

t=1

<V

11
Xml T Z Xt Jlult

14

= /kjk;Op(T ~1/210g N).



By the same token, max; ‘e; lAgj‘ = OP(KJK;/QT_l(IOg N)?). In addition, we can show that

n}alx ‘6971A3j| = rr;e}x ej lX]j NT ZzaﬂE X]z)[E(Xii)}_lxtJiuit
’ i=1 t=1
-1 -1
é H}%X He;',lxjj ‘ max max NT Z Za’sz X]'L Xzz)} Xt,Jiuit

i=1 t=1
= Op(K;KM?(NT)"%10g N).

1

= Op(K KJ* [T~ (log N)2+(NT)~"/? log N]) =

It follows that H NT ZZ 1 Zt 1 ZjX]J XﬂXt Jithit]| o

j
Op(K KJ*[T~(log N)? + N71]).
Similarly, we can show that

1 _ _ _

=1 t=1

max

o

Then |Q7'Q2Q7'U|__ = Op(K;K2* T (log N)? + N71)).
(ii) The proof follows from that of (i) closely. Noting that
= [P0 Q2070 < 1Py, = |07 Q207
VN » N

it suffices to show that — 1Q7'Q2Q7"'U| = Op(K K [T (log N)2+N~1]) = op(T~Y/2). The result
follows from (i) under Assumption A.5(ii). To see this, notice that

N N
1« 1< < 122 1 215 <12 1 R R AT,
1O QO = L) [SiQ7QQ O < ) ki 071 Q2070
i=1 i=1
= K,Op(K3K, [T (log N)? + N12) = op(T),
where S; is defined in the proof of Proposition A more complicated argument can relax the
restriction on K; and K, slightly, but we do not pursue it for brevity.

. .~ 0.
(iii) Note that @ 1/2Q2Q1 /2 has the (4,7)th block given by %Wij, where

_ 1 , —1/2 X/ MFO MFOX*J —1/2
le = T *7JZ-MFOX*,J]' \/7 \/7 TX* J MFOX* J] .

Obviously, we have that v .. (W;;) < 1. In addition, it is easy to see that the inequality does not

bind for all pairs of the (i,j) w.p.a.l. For any V' € REE =1 ki and |V| = 1, we can decompose it to
V = (V{,..., V&), where V; € RFi. Let W € RV*N  with W;; = V/W;;V;. Then we have

0

N N
2—1/2 5 ~—1/2 Qjj = =
VIQ Q0 PV = YOS VWY, = tr (PoW) < 1 Paollop IVl
i=1 j=1

N N
= (W)=Y ViWaV; <) [ViP =V =
i=1 =1

15



The equality holds in all places only if the columns of W are linear combinations of A°. We can

show that the inequality does not bind w.p.a.l. That is, 9. ( _1/262 Q_l/z) < 1 w.a.p.1. This
completes the proof. B

S2.1 Some additional lemmas

In Appendix |B| we have introduced the Nagaev inequality established by Wu and Wu (2016). Based
on the dependence measures there we prove some additional technical lemmas used in the proofs.

Following the decomposition (2.5)) in Section [2| we have y;; = y(f ) + y(u) where

it )

! = Za Jue—j = Za §CMet™ ZC“‘) (S2.1)

[e.9]

ygtf) = Za D i = E(ya) +ZC<Z’f etf)J,whereC ZaN j—k)Clif)uf (52.2)
J=0 k=0

Let fot be the rth entry of fP. Lemma below establishes the DAN results for time series fg,,

yff ), yf") and ;..

Lemma S2.1 . Suppose that Assumption A.1 holds and g > 1. There is a constant ¢ < oo such that
the following statements hold:

(i) 1£2Mge < EllleS1q forr =1, ..., RY;
(ii) mazi<i<n |19 g0 < ROl |llq:

(iii) mazi<i<n |y [lga < Ev/TTSullopl el llq;

() mazi<i<n||yi,llga <.

Proof of Lemma (i) Let p = ¢/(¢ — 1) where ¢ > 1. By the Hélder inequality, we have
10(£2) < 20(C ) elp - lle6 g < 2R PICH Traloo - [1leg”llg- Tt follows that

Amg(£) < 2/l1e e Y NC [max < ellle§”lllg(n + 1)~

t=n

where the last inequality holds by Assumption A.1(ii). The desired result follows immediately.
(ii) Noting that yl(tf ) is a linear process, direct calculation yields

8eq(uD) < 201CFD D14 < 210501, - 1116511 and Ao (D) < 21|l mquc(”

16



It suffices to bound >;° |Ct(i’f)\p. Noting that C,gi’f) = Z;C e alt )( )C’(f)

K js We have

[e%¢] [e%¢] o0 t
>olet My < (R IDICH e < ()P STS Tl ()] I e
t=n t=n t=n j=0
') t [e'e] [e%e]
< S plIehe =Y p Z ||0£f>||p
t—nj—O j=0  t=(n—j)V
n—1 %)
= ¢ przuc |\F+§jpf pmiend:
=n = J=0 t=(n—j)
< ¢ ZHC +ROZM n—34)"",
7=0

where the second inequality is by Assumption A.1(vi), and the last inequality is by Assumption
A1(ii). To show sup,,>(n + 1)°‘Anq( (f)) < ¢ for some ¢ < oo, we need to show sup,,>;(n +
1> p7 (n—j)~* < & for some & < oo. The last result follows because

n—1 ' \‘\/RJ n—1 )
Y P = @A Y P
= P
(n+1)* n a |vn]+1
= T Lyape PO
— as n — 0o,
I—-p

where |-] is the floor function. It follows that

f)||q’ (f)) <

1910 = suppso(n + 1) A g () < l1e5”11q,

for some @ < 0.
(iii) Note that yz(f) is a linear function of (... eg )1, eg )) with e§“) € R™. Given \al(.x,) ()] < ¢’ by
Assumption A.1(vi), it follows that |a§%) ())C™| < Epi /1, (Xy). Let [agx,) (t)C™)]; denote the jth
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(u)

component of oy (§)C™. Then we can calculate bounds for 5t,q(y§,u)) as

Sea™) < 2l BC™e |l

[ 11/2
< 2|l (e @] ()
j=1 |
q1/2
= 2| I (% )2
= q/2
m 1/2
< 2D (e G [

= 2H|€f6

)

ool (1) C@| < 2p' e/ (Elllerd] o,

where the second inequality holds by Burkholder inequality (see, e.g., Hall, 1980, p. 23). Then we

have
u _ u p"
Bng(l) < 263/ b T el 77—

and it follows that
155 N0 < &Vt Sl d g < 0.
(iv) The result follows from (ii) and (iii). W

The following lemma bounds the DAN for the summation of the sweep product of two linear
processes:

Lemma S2.2 Consider two time series e; = g(...,e1—1,e¢) and x4 = h(...,e1—1,&¢)). Suppose that
llz]]0x < 00 and |le.|ga. < 00 with ¢ > 2,0 > 4 and ag, o > 0. Consider the time series
x.e. = {xye;}. Then

|z.eflra <

Qe
fora=ax ANae and 7= qu/(q+ ).
Proof of Lemma We have that
oo o
Amr(ze) = Y bir(we) = ||z — zjeflllr
t=m t=m
oo
< > (llweler — en)llle + (e — 27)e 1)
t=m
oo
< > (llzellller = eflllg + Nlze — 2511 ef]1q)
t=m
<

mase |zl A () + max el lg Ao (2.
It follows that

Hx'e'HﬂOé < max H|$tmb|‘e~|’q,ae + maXH’etquxHuax < 2Hx‘|‘L7O‘XHe'HQ7O¢e7
t t
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where we used the fact that maxy |||z¢|||, < ||z.||,.ax- B

(u)

Lemma S2.3 Suppose that Assumption A.1 holds. For z14, 204 = 1, fgt, Yit—11 5 yﬁ)_b, Yii g, and

uit, witht=1,...,N, l{,ls,l3 =1, ..., p, we have
P(

T

Cgl’
E 212040 — E(z1422.4)
t—1

T 2
> Sclxq/2+02el"p<— T >,

where Cy, Ca, and Cs are constants that do not depend on (N,T) and (214, 22,¢)-

Proof of Lemma We apply the Nagaev inequality in Theorem to prove the claim. By
Lemma we have [|y;.[|, , < ¢ and |u;.[, , < ¢ for some constant ¢ < co. By Lemma we

can obtain that ||z 22+ — E(Zl,tZQ,t)Hq/g o S22l g 220l 0 < 2¢2. By Theorem we have

P(
03.%'2
+Chexp [ — )
( Tllz1020.0 = E(letZZ,t)Hz/Za)

where a = 7 such that |a|3g = T. The desired result is proved. B

T |a|q/2|‘21t22t_E(thZQt)Hq/2

2 s s ) ) 2,
Zzl,tZQ,t — E(z1420,¢)| > x) < G = 24/2 e
t=1

S3 Discussions on Assumptions A.1(vi) and A.2

This section provides some further discussion of the condition (vi) in the stationarity assumption A.1
and the restricted strong convexity (RSC) condition in Assumption A.2

S3.1 Discussion on Assumption A.1

We first consider the operator norm of ®, state what Assumption A.1(vi) requires, and then give
some examples where Assumption A.1(vi) is satisfied.

It is well known that requiring the eigenvalues of ® to be inside a unit circle ensures the stationarity
of the process Y;. However, this condition does not ensure ||®||,, < 1. For instance, consider the
case where p =1 and ® = AY is given by the following N x N transition matrix

It is easy to verify that all eigenvalues of ® are zero but ||®||o, = N — 1. Basu and Michailidis (2015)
demonstrate that ||®||op > 1 as long as p > 1.

However, we require the spectral radius of ® to be bounded by p < 1, so that H<I>jHop — 0
as j — oo, which follows from the Jordan canonical form (see p. 656 of Liitkepohl, 2005). As
(‘I)j)[N],[N} is a principal submatrix of ®, imposing the high level condition H (@j)[N]’[N] Hop < ép? with
a large enough ¢ is reasonable. This justifies the first part of Assumption A.1(vi). In the second
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(f)< )

part of Assumption A.1(vi), we impose restrictions on « , which is the loading on ft L for the

process {yzt }. If this loadlng does not decay sufficiently fast or it explodes with N, one cannot

have stationarity of {yzt }. Note that a(f)(j) = e;7N(<I>j)[N]7[N]A0. Given H((bj)[N],[N]Hop < éepl, we

then have ‘%’N ()| < ep?||A°||F, which is only a rough bound. Despite the fact that we have an

exponential decay rate, a%,) (j) may depend on N. This part of the assumption requires that the

interaction between AY and rows of (®’ )[v), v 18 weak.

A sufficient condition for Assumption A.1(vi) is that [|(®7);n)a]l1 < €0 and [|A[lmax < C < oo.
The first condition requires maximum absolute row sum of (®J )[ N,V to d'ecay exponentially, and the
second part is also assumed in Assumption A.4(i). By the inequality |[(®7)n],3llop < [I(27)(a),131]1
and since \eg,N(CI)j)[N],[N}A\ < \/E\\(@j)[NHN]HlHAHmaX, the sufficiency follows.

For example, consider the simplest case where p = 1 and A; = ply. In this case, we have
(@) N v = PN, e;.,N<I>jA0 = p )\ and Assumption A.1(vi) is satisfied provided |p| < 1 and
[|A]lmax < C < 0o. When p = 1 and AY is a block diagonal matrix with bounded block sizes, it is
also easy to see that Assumption A.1(vi) is satisfied provided each block has operator norm bounded
away from 1 and [|Al|max < C < 00,

S3.2 Discussion on the RSC condition in Assumption A.2

The RSC condition imposed in Assumption A.2 is a high-level condition. This notion of “restricted
strong convexity” was first used in Negahban et al.| (2009). As|Negahban et al.| (2012) remark, the loss
function for a high-dimensional minimization problem is often not strongly convex in spite of the fact
that it is (weakly) convex. This shortcoming leads to a difficulty in showing the desired convergence
rate for the estimators. In this scenario, a suitable choice of the regularization parameter helps to
ensure that the parameter estimate belongs to a smaller subset of the parameter space. Consequently,
it suffices to ensure that the objective function is strongly convex over this set. (Chernozhukov et al.
(2021)| and Moon and Weidner| (2019) propose two similar RSC conditions to ours, and establish the
associated sufficient conditions for their RSC conditions. Because the parameter of interest in [Moon
and Weidner| (2019) is of fixed dimension, it is easier to establish an RSC condition. The parameter
of interest in (Chernozhukov et al. (2021) is also of high dimension like ours, but they only consider
nuclear-norm regularization and are able to provide a set of primitive conditions to verify their RSC
condition. Agarwal et al. (2012) consider a regression with both nuclear norm and L; norm penalties.
Their RSC is imposed on the summation of two error components. In their framework, the low rank
component has very small entries: ||O||max < ¢/v/dida. This setting makes the separation of the two
components much easier. Lin and Michailidis(2020) consider a similar setting where the low rank
component has all entries shrinking to zero sufficiently fast.

We now discuss the RSC given in Assumption A.2 of our paper. This RSC directly asserts that,
under the condition

Z| P+ SR MA _?;jle D+ S A PA)L, (s

the following inequality holds with probability 1 — en7:

1 ~ ~ K% K | x 1) x
ol XA + AR > NHA“)H% + Nl AP = 10s, 5, (AW, AR, (83.2)
where @, . (AW, AR) = 13~V ]A(l 1+ 7= HP( )|« is a tolerance function. The inequality
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in ([S3.2)) holds provided that following two conditions are satisfied with probability 1 — en7:

() [XADAP|R > ey (IXAD|EHIA2); and (i) T IXAD|E > oo LA ess, o, (A, A),
(S3.3)
for some constants c1, ¢2, and ¢3 with ¢; € (0,1), ¢ > 0 and ¢35 > 0.
Condition (i) in can be regarded as an asymptotic non-collinearity condition, which ex-
cludes the trivial case where

IXAW + AP|[5 = op(1) - ([XAWF + |AP]7), (S3.4)

which holds only if XAW s approximately equal to —A®@), Intuitively, A® is the estimation error
of the low-rank common component whose rank is expected to be low in large samples in comparison
with N AT. XAD is generally not of low rank as long as AW is not a low rank matrix. Therefore,
we expect the above asymptotic non-collinearity condition to hold in general. Specifically, we assume
that Condition (i) in - ) holds with probability 1 — ;7 where e;ny7 — 0 as (N T) — oo.

Condition (11) in is related to the restricted eigenvalue condition in ) before Theorem
One can prove that it holds with probability approaching one under some high level conditions.
Specifically, we add the following assumption.

Assumption S.1: ||BY||; = max; ZZ 1 |B | <Cand||B|; <C.

Assumption S.1 requires that the maximum absolute column sums of B® and B be bounded. It
is natural to impose conditions on BY. Here, we also impose a similar condition on B which changes
the minimization problem slightly. Under Assumption A.1 and S.1, we show condition (ii) holds
with probability with probablhty larger than 1 — &[p>N?T'~9/4(log N)~9/% 4 p>?N?=¢l°e N] for some
positive constants ¢, ¢ and &.

NOW, we explain why Condition (ii) in is satisfied under Assumption S.1. Applying Lemma
and union bounds to |X/, ;X ;/T — E(X/, ;X. ;/T)| for j = 1,..., Np, we obtain that ||X'X/T —
ZXHmaX < v,/2 with probablhty larger than 1 ¢ [p*N2T~ q/4(log N)~9/2 4 p?N2—¢cloe N] for some
positive constants ¢, ¢ and &. Note that

1 ~ 1 N -y X'X -
1oaome - L o XX i@ |
SIKAOE = &3 A EX AL ($3.5)
N ~
_ Lo AW A0 L 2 ALY ( X _ 2X> AW
Nz . T i
AW 1 &y (XX (1)
> . n= e - 2 _
> Ypin(Ex) N N z; |A*,7, T b AW i |
JAWIE 1T Xty [|[XX
> . = e - 2 _
— ¢m1n(zx) N N Z; |A*7’L | T EX e
||A(1)H12r 71 A (D)2
> 1 - .
— wmln(EX) N 2N 1; |A*,Z 1

where the last inequality holds on the event || X'X /T — X x||max < 71/2. Under Assumption S.1, we
can update the last inequality to obtain

AWZ2 Cy
T IXAVIR 2 by (20 12— S0 55120, (53.)
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By (S3.1)), we have

n &
on 218

Combining (S3.6 -,

= LAY ZI |
2N o Just

< %ilﬁ(”»lw Gl —|[P(A

— N P Jiyi 9 /

p?N2-clog N, Condmon (ii) in - holds.
To sum up, the RSC holds with probability at least 1—ey7 with ey < e1ny7+¢ [pQNQTl_‘Z/‘l(log N)_q/2—|—

p2N2—glog N] a

s (N,T) — oo

))H* S 2(1)’717’}’2 (A(l)’ A(2))

we have that with probability at least 1 —

(93.7)

Z[p?N?*T1 =94 (log N)~9/2 +

S4 Additional information for the empirical application section

In this section we provide some tables that summarize the funds information and descriptive statistics
for the dataset used in Section 5. Table[S1]lists the fund names and tickers. Notice that the funds are
divided into 11 categories, each of which contains 1 to four funds. Table [52| presents the descriptive

statistics for the volatilities defined in Section 5.1.1.

under study has excessively large skewness and kurtosis.

Table S1: Funds information

As one can see from the table, each time series

category  ticker fund name category  ticker fund name
Energy XLE Energy Select Sector SPDR Natu XLB Materials Select Sector SPDR
Fund Fund
Spdr S&P Oil & Gas Explo & SPDR S&P Metals & Mining
xop Prod Etf XME ETF
. Technology Select Sector
IYE iShares U.S. Energy ETF Tech XLK SPDR Fund
VanEck Vectors Oil Services VanEck Vectors
OIH ETF SMH Semiconductor ETF
. . Financial Select Sector SPDR Health Care Select Sector
Financial XLF Fund Heal XLV SPDR. Fund
KBE SPDR S&P Bank ETF IBB ;ES;;res Nasdaq Biotechnology
SPDR S&P Regional Banking Consumer Staples Select
KRE  prp Def XLP g ctor SPDR Fund
Cons. Disc. Select Sector . Utilities Select Sector SPDR
Cyc XLY SPDR Fund Util XLU Fund
XHB  Spdr S&P Homebuilders Etf Indu  XLI IF‘:i‘jfmal Select Sector SPDR
iShares U.S. Home VanEck Vectors Gold Miners
ITB Construction ETF EPM GDX ETF
XRT  Spdr S&P Retail Etf
Rea IYR iShares U.S. Real Estate ETF
VNQ Vanguard Real Estate Index

Fund ETF

Note: Cyc, Rea, Natu, Tech, Heal, Def, Util, Indu and EMP stand for consumer cyclical, real estate,
natural resource, technology, health care, consumer defensive, utilities, industrials and equity precious

metals, respectively.
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Table S2: Descriptive statistics of the volatilities

TICKER XLE XOP IYE OIH XLF KBE KRE XLY
mean 0.00136  0.00246  0.00141  0.00220 0.00157 0.00194 0.00184  0.00082
median 0.00063  0.00130 0.00059 0.00128 0.00041 0.00059 0.00066  0.00029
max 0.06034 0.06290 0.11527 0.05856 0.05743 0.04793 0.09748 0.03063
min 0.00004 0.00005 0.00004 0.00008 0.00001 0.00002 0.00002 0.00001
std 0.00369  0.00472  0.00549 0.00418 0.00463 0.00484  0.00539 0.00214
skewness 10.954 7.604 15.469 8.159 7.645 5.823 11.530 8.869
kurtosis 151.595 77.386  291.137  88.226 77.152 44.720 175.439  102.667
TICKER XHB ITB XRT IYR VNQ XLB XME XLK
mean 0.00218 0.00251 0.00115 0.00137 0.00146 0.00098 0.00264 0.00071
median 0.00079  0.00102 0.00056  0.00039  0.00041 0.00047 0.00133  0.00031
max 0.05071  0.04660 0.03094 0.04847 0.04831 0.02948 0.05631 0.03112
min 0.00007  0.00001  0.00001 0.00003 0.00004 0.00004 0.00014 0.00002
std 0.00431  0.00473 0.00231 0.00377 0.00403 0.00205 0.00510 0.00187
skewness 5.305 4.936 7.783 6.789 6.958 8.059 6.912 9.814
kurtosis 41.414 33.799 83.839 61.695 64.487 90.224 62.231 128.784
TICKER SMH XLV IBB XLP XLU XLI GDX
mean 0.00111  0.00054 0.00105 0.00036 0.00062 0.00075 0.00263
median 0.00069  0.00025 0.00058 0.00016 0.00030 0.00036 0.00154
max 0.02010  0.02865 0.03488 0.02197 0.03903  0.02108  0.07009
min 0.00004  0.00002 0.00003 0.00001 0.00003 0.00001 0.00010
std 0.00153  0.00162 0.00207 0.00111 0.00193 0.00156  0.00439
skewness 5.713 11.898 9.968 13.670 14.053 7.405 8.300
kurtosis 52.259 176.016  135.878  237.109  250.309 76.935 102.080
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