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Abstract: Gravitational solutions involving shockwaves have attracted significant recent in-

terest in the context of black holes and quantum chaos. Certain classes of supersymmetric

two-charge black hole microstates are described by supergravity solutions containing shock-

waves, that are horizonless and smooth away from the shockwave. These configurations have

been used to describe how black hole microstates absorb and scramble perturbations. In this pa-

per we construct the first family of asymptotically flat supersymmetric three-charge microstate

solutions that contain shockwaves. We identify a family of holographically dual states of the

D1-D5 CFT and show that these pass a set of tests, including a precision holographic test. We

find precise agreement between gravity and CFT. Our results may prove useful for constructing

more general families of black hole microstate solutions.
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1 Introduction

Deriving a consistent quantum description of black holes remains a major open problem of

fundamental theoretical physics. One of the sharpest obstructions to such a description is

the black hole information paradox [1], which remains a topic of significant current interest.

String Theory offers the prospect of accounting for black hole entropy [2], resolving black hole

singularities, and providing a consistent description of black hole evaporation. However much is

currently not understood.

Large families of black hole microstates are known to be explicitly describable in String

Theory [3–6]. These results suggest that quantum gravity effects are important on the scale
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of the black hole horizon, due to the size of the underlying quantum bound state. In partic-

ular, several families of microstates of supersymmetric D1-D5-P black holes are described by

smooth horizonless supergravity solutions. The state-of-the-art such solutions are known as

superstrata, see e.g. [7–15]. The proposed holographic description of superstrata has passed

precision tests [16–18]. The most recently constructed solutions in this programme include both

supersymmetric and non-supersymmetric solutions [19–21].

Gravitational solutions containing shockwaves describe the backreaction of massless point

particles [22]. There has been significant recent interest in such solutions in the context of the

behaviour of black holes and quantum chaos. Shockwave collisions on black hole backgrounds

probe the absorptive nature of the horizon, providing insight into the chaotic behaviour of out-

of-time-ordered correlators (OTOCs) in the holographically dual CFT [23, 24]. This work led

to a proposed bound on such chaotic behaviour [25], which may be thought of as a refinement

of the conjecture that black holes are the fastest scramblers in Nature [26].

Solutions containing shockwaves have also appeared in the context of two-charge black hole

microstates. By considering a uniform distribution of high-energy massless point particles, one

can obtain a stationary gravitational solution with a shockwave [27, 28]. These solutions are

deformations of smooth circular supertubes [29, 30], where the shockwave deformation is in

the core of the solution. The shockwave describes the backreaction of the high-energy massless

quanta, the details of which are not resolved by supergravity. Solutions containing shockwaves

can be obtained by a coarse-graining limit of a set of profile functions that parameterize the

general family of two-charge solutions [3, 31–33].

In recent years there have been several studies of perturbations of microstate geometries.

Focusing on two-charge circular supertubes and the three-charge spectral flowed supertubes con-

structed in [34–37] and studied in [38–44], a classical perturbation analysis was performed in [45].

These solutions have a surface of infinite redshift known as an evanescent ergosurface, around

which there are stably trapped null geodesics with associated long-lived quasinormal modes. A

heuristic argument was presented that a probe massive particle, coupled to supergravity fields,

will minimize its energy by approaching a null geodesic at the evanescent ergosurface. The local

energy of such a probe would then be large, indicating a potential non-linear classical instability

associated with its backreaction. For related work, see [46].

For two-charge supertubes, it was later argued that the solutions involving shockwaves

of [27, 28] should describe the backreaction of such probes, and that the overall physical process

is an evolution from less typical to more typical microstates [47]. In the solutions of [28] the

shockwave is located at the evanescent ergosurface and so the solutions with shockwaves also

describe two-charge Ramond-Ramond (RR) ground states. More recent work has refined this

interpretation in the context of scrambling and the resulting motion on the moduli space of

RR ground states [43, 48]. These microscopic perspectives indicate that the evolution to more

typical states, which requires the bound state to shed angular momentum, is constrained by the

energy supplied by the perturbation.

Perturbations of three-charge solutions have also been recently investigated. For three-

charge solutions, the long-lived quasinormal modes of spectral flowed supertubes can also be

derived from the holographically dual CFT [49]. Furthermore, one can investigate scrambling

and chaos in superstrata. It has been found that extremal black holes and their microstates
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exhibit a slower scrambling than that seen in non-extremal black holes [50]. This slow scram-

bling can also be seen in the dual two-dimensional CFT [51]. Relatedly, tidal forces have been

computed in superstratum solutions [52], and analyzed in the holographically dual CFT [53].

Chaotic behaviour has also been observed at the rim of black hole and microstate geometry

shadows [54].

In this paper we construct the first three-charge black hole microstate solutions that contain

shockwaves in their core regions. For our seed solutions we take the three-charge BPS fractional

spectral flowed supertubes of [38]. We begin in the two-charge limit, in which the fractional

spectral flowed supertubes reduce to circular supertubes. We then consider the deformations of

these solutions that contain shockwaves [28], in the AdS limit. We perform spacetime spectral

flow to obtain the shockwave deformation of the fractional spectral flowed supertubes in the AdS

limit. We then use the multi-center formalism developed in [55–59] to extend these solutions to

new asymptotically flat BPS solutions.

Apart from the shockwave singularity, our solutions are otherwise smooth (up to possible

orbifold singularities) and free of closed timelike curves. The shockwave is a coarse-grained

description of the backreaction of a set of high-energy quantum or set of quanta; for instance

we know the total energy of the system, but not how this is distributed among the massless

particles [28]. This means that our solutions give an approximate collective description of a

family of microstates: the supergravity solutions do not resolve the microscopic details of the

shockwave. This is in contrast to the individual pure coherent states described by smooth

solutions. Nevertheless these new solutions might provide a useful guide for the construction of

more general smooth microstate geometries describing pure states.

Correspondingly the dual holographic description is not an individual pure state but instead

a family of pure dual CFT states that are collectively described by the same bulk solution at

the resolution of supergravity. We propose a specific family of holographically dual CFT states,

and perform tests of our proposal, including a precision holographic test. As a byproduct of our

precision holography analysis, we also refine the proposal of [28] for the CFT states dual to the

two-charge supertubes with shockwaves.

This paper is organized as follows. In Section 2 we review the two-charge BPS supertube

solutions with shockwaves. In Section 3 we construct new three-charge microstate solutions

containing shockwaves. In Section 4 we refine the proposal for the CFT states dual to circular

supertube solutions with shockwaves, propose a family of CFT states dual to our new solutions,

and perform tests of this proposal. We discuss our results in Section 5.

The appendices describe several details of our work. In Appendix A, we record the form of

the D1-D5-P 1/8-BPS solution of type IIB supergravity compactified on T 4 that corresponds to

six-dimensional minimal supergravity coupled to a single tensor multiplet, and the associated

BPS equations. In Appendix B, we compute the conserved charges of the supergravity solutions

describing fractionally spectral flowed supertubes with shockwaves. We describe the details of

our precision holography computation in Appendix C.
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2 Shockwaves in supertube backgrounds

In this section we review the supergravity solution that describes a shockwave in a circular su-

pertube background [27, 28], and make a straightforward generalization to introduce an orbifold

parameter k.

We consider Type IIB string theory compactified on M× S1, where M is T 4 or K3. We

take T 4 for concreteness. We consider the T 4 to be microscopic and the S1 to be macroscopic.

We consider bound states of D1 branes wrapped on S1 and D5 branes wrapped on S1×T 4. We

work in the supergravity limit, with D1 and D5 supergravity charges Q1 and Q5 respectively.

We consider configurations that are invariant on the T 4, and mostly work in six dimensions.

Furthermore, we work in the truncation that corresponds to minimal 6D supergravity coupled

to one tensor multiplet; the corresponding Type IIB ansatz and BPS equations are recorded in

Appendix A.

We begin in the AdS3×S3 decoupling limit, in which the original asymptotic S1, coordina-

tized by y, has become the angular direction of AdS3. We consider the background obtained

by taking a Zk orbifold of the global AdS3 × S3 vacuum, supported by the self-dual two-form

potential C2:

ds2
6 =

√
Q1Q5

(
−1 + k2r2

k2
dt2 +

k2

1 + k2r2
dr2 + r2dy2 + dθ2 + sin2 θdφ2 + cos2 θdψ2

)
,

C2 =
√
Q1Q5

(
cos2 θdφ ∧ dψ + r2dt ∧ dy

)
.

(2.1)

In this limit the dilaton is a fixed scalar, e2Φ = Q1/Q5.

One can deform this background to add a shockwave while preserving supersymmetry [27,

28]. Let us consider a distribution of massless quanta at the center of AdS (r = 0) and at θ = π
2

on the S3, moving in the φ direction. We take the energy of each quantum to be large such that

we can treat the quanta as massless point particles, and we consider a uniform distribution of

such quanta along the φ coordinate.

The backreaction of this distribution of quanta can be described by a stationary solution

involving an Aichelburg-Sexl type shockwave on the above background. For k = 1 this solution

was constructed in [27] and further studied in [28]. The generalization to k > 1 is straightforward

and is given in terms of a parameter q with 0 ≤ q < 1 that parametrises the strength of the

shockwave:

ds2 =
√
Q1Q5

[
−1 + k2r2

k2
dt2 +

k2

1 + k2r2
dr2 + r2dy2 + dθ2 + sin2 θdφ2 + cos2 θdψ2

+ q

(
(kr2 + 1/k)dt+ sin2 θdφ

)2 − (kr2dy − cos2 θdψ
)2

k2r2 + cos2 θ

]
,

C2 =
√
Q1Q5

[
cos2 θ dφ ∧ dψ + r2dt ∧ dy

− q

k(k2r2 + cos2 θ)

(
k sin2 θ

(
− cos2 θdφ ∧ dψ + kr2dφ ∧ dy

)
+ (1 + k2r2)

(
cos2 θdψ ∧ dt+ kr2dt ∧ dy

))]
.

(2.2)
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Near the locus (r = 0, θ = π/2), the metric is approximately

ds2 '
√
Q1Q5

[
− dt

2

k2
+k2dr2 +r2dy2 +dθ2 +cos2 θdψ2 +dφ2 +

q

k2r2 + cos2 θ

(dt
k

+dφ
)2]

(2.3)

which has a shockwave singularity at (r = 0, θ = π/2). For k = 1 this is an Aichelburg-Sexl-type

shockwave generalized to 5+1 dimensions and smeared along the shockwave locus [27]. For k > 1

the shockwave singularity is located at the Zk orbifold singularity of the solution in Eq. (2.1).

Upon spectral flow to the Ramond-Ramond (RR) sector, this solution gives an approximate

description of a family of RR ground states of the dual CFT, as we shall review in Section 4.2.

The relevant spacetime (fractional) spectral flow coordinate transformation is as follows:

φ→ φ+
t

k
, ψ → ψ +

y

k
. (2.4)

The result of this coordinate transformation is a 1/4-BPS two-charge microstate solution de-

scribing the backreaction of a shockwave on a circular supertube geometry, still so far in the

AdS3 decoupling limit.

We now extend the AdS solution to an asymptotically flat (R1,4 × S1) solution. For k = 1

this was done in [28] and again we make the straightforward generalization to k > 1. To do so

we introduce the scale Ry that will become the asymptotic radius of the y circle, and a scale a

defined in the following equation. We define dimensionful coordinates via the rescaling

r → r

a
, t→ tRy , y → yRy , a2 =

Q1Q5

k2R2
y

. (2.5)

The extension of this solution to an asymptotically flat one was obtained, for k = 1, in [28],

generalizing the two-charge circular supertube solutions (without shockwaves) of [29, 30]. The

straightforward generalization to arbitrary k gives the following solution:

ds2 = − 1

h̄(0)

(dt2 − dy2) + h̄(0)f̄(0)

(
dθ2 +

k2dr̄2

k2r̄2 + ā2

)
− ξ 2a

√
Q1Q5

kh̄(0)f̄(0)

(cos2 θ dy dψ + sin2 θ dt dφ)

+ h̄(0)

[(
r̄2 + ξ

ā2Q1Q5 cos2 θ

k2h̄2
(0)f̄

2
(0)

)
cos2 θ dψ2 +

(
r̄2 +

ā2

k2
− ξ ā

2Q1Q5 sin2 θ

k2h̄2
(0)f̄

2
(0)

)
sin2 θ dφ2

]
,

C2 = −Q1dt ∧ dy
f̄(0)h̄1(0)

− a ξ
√
Q1Q5

kf̄(0)h̄1(0)

(
cos2 θdt ∧ dφ+ sin2 θdy ∧ dφ

)
(2.6)

+
( ā2q Q1Q5 sin2 θ

k2f̄2
(0)h̄1(0)

+
Q5(k2Q1 + k2f̄(0) + ā2 sin2 θ)

k2f̄(0)h̄1(0)

)
cos2 θdφ ∧ dψ ,

e2Φ =
h̄1(0)

h̄5(0)

,

where ξ = 1− q parametrises the strength of the shockwave, and where

r̄ =
√
ξr , ā =

√
ξa , f̄(0) = ξ(r2 +

a2

k2
cos2 θ) ,

h̄1(0) = 1 +
Q1

f̄(0)

, h̄5(0) = 1 +
Q5

f̄(0)

, h̄(0) =
√
h̄1(0)h̄5(0) .

(2.7)

The subscript (0) denotes supertube quantities and we use it to distinguish the above functions

from those that characterize the new solutions that we will report in the next section.
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3 Shockwaves in fractionally spectral flowed supertubes

In this section we first review the three-charge, 1/8-BPS, fractionally spectral flowed supertube

solutions constructed and studied in [34–38], as well as their decomposition into two-center

solutions of the multi-center formalism of [55–59]. We then proceed to construct a novel family

of BPS solutions involving shockwave deformations of these solutions.

3.1 Fractionally spectral flowed circular supertubes

Fractionally spectral flowed circular supertubes are a family of 1/8-BPS microstates of the D1-

D5-P system. In addition to their D1 and D5 charges, they carry momentum charge along y

that we denote by Qp. The solutions take the form [35, 36, 38]

ds2 = − 1

h
(dt2 − dy2) +

Qp
hf

(dt− dy)2 + hf

(
dr2

r2 + a2(γ1 + γ2)2η
+ dθ2

)
+ h
(
r2 + a2γ1(γ1 + γ2)η − Q1Q5a

2(γ2
1 − γ2

2)η cos2 θ

h2f2

)
cos2 θdψ2

+ h
(
r2 + a2γ1(γ1 + γ2)η +

Q1Q5a
2(γ2

1 − γ2
2)η sin2 θ

h2f2

)
sin2 θdφ2

+
Qp a

2(γ1 + γ2)2η2

hf
(cos2 θdψ + sin2 θdφ)2

− 2
√
Q1Q5 a

hf
(γ1 cos2 θdψ + γ2 sin2 θdφ)(dt− dy)

− 2
√
Q1Q5 a(γ1 + γ2)η

hf
(cos2 θdψ + sin2 θdφ)dy ,

C2 = −
√
Q1Q5 a cos2 θ

H1f
(γ2dt+ γ1dy) ∧ dψ −

√
Q1Q5 a sin2 θ

H1f
(γ1dt+ γ2dy) ∧ dφ

+
(γ1 + γ2) a η Qp√

Q1Q5H1f
(Q1dt+Q5dy) ∧ (cos2 θdψ + sin2 θdφ)

− Q1

H1f
dt ∧ dy − Q5 cos2 θ

H1f
(r2 + γ2(γ1 + γ2)η +Q1)ψ ∧ dφ ,

(3.1)

e2Φ =
H1

H5
, (3.2)

where the parameters γ1, γ2 are determined by integer parameters s and k through

γ1 = − s
k
, γ2 =

s+ 1

k
, (3.3)

and where

a =

√
Q1Q5

R
, Qp = a2γ1γ2 , η =

Q1Q5

Q1Q5 +Q1Qp +Q5Qp
,

f = r2 + a2(γ1 + γ2)η(γ1 sin2 θ + γ2 cos2 θ) ,

H1 = 1 +
Q1

f
, H5 = 1 +

Q5

f
, h =

√
H1H5 .

(3.4)
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In the limit s→ 0 these solutions reduce to the two-charge circular supertube solution of [29, 30].

One can decompose these solutions into the form of the general BPS ansatz for such solu-

tions [60, 61]; this was done in [57, 59] (see also [58]). We will use this formalism to construct

our solutions, so we now briefly review it and introduce appropriate notation.

The relevant supergravity ansatz is recorded in Appendix A. Supersymmetry and the U(1)×
U(1) isometries along φ and ψ imply that the base metric ds2

4(B) introduced in the second line

of (A.1) is of Gibbons-Hawking form,

ds2
4(B) = V −1(dϕ1 +A)2 + V ds2

3 , (3.5)

where ds2
3 is the flat metric on R3, V is a harmonic function on R3, A is a one-form related to

V via ?3 dA = dV , and where ϕ1 = φ−ψ. On such a base metric, solutions can be constructed

in terms of a set of multi-center harmonic functions on R3 [55, 56], which have poles (centers)

at the same points xi on R3 (here I = 1, 2, 3):

V =
∑
i

q(i)

|x− xi|
, KI =

∑
i

d
(i)
I

|x− xi|
, LI = `I +

∑
i

Q
(i)
I

|x− xi|
, M =

∑
i

m(i)

|x− xi|
.

(3.6)

The relations between these harmonic functions and the quantities ZI , ΘI , β, ω and F that

appear in the BPS ansatz in Appendix A are given by (see e.g. [5, 10, 38])

ZI = LI +
1

2
CIJK

KJKK

V
, ΘI = dBI , BI =

KI

V
(dϕ1 +A) + ξI ,

F = −Z3 , β =
K3

V
(dϕ1 +A) + ξ3 , ω = µ(dϕ1 +A) + ω̄ ,

(3.7)

where

?3dKI = −dξI , µ =
M

2
+
KILI
2V

+
1

6
CIJK

KIKJKK

V 2
,

?3dω̄ =
1

2

(
V dM −MdV +KIdLI − LIdKI

)
.

(3.8)

Asymptotically flat solutions are obtained by setting `I = 1 ∀ I, while in the AdS3 de-

coupling limit we have instead `1 = `2 = 0, `3 = 1. Furthermore, in smooth horizonless

solutions, the set of coefficients q(i), d
(i)
I , Q

(i)
I ,m

(i) in (3.6) must obey certain constraints [58, 59].

Firstly, flat R1,4×S1 asymptotics and at most local orbifold singularities require that q(i) ∈ Z
and

∑
i q

(i) = 1. Next, the coefficients d
(i)
I are quantized in terms of integers k

(i)
I as (see e.g. [38])

d
(i)
1 =

gsα
′

2Ry
k

(i)
1 , d

(i)
2 =

gsα
′3

2V4Ry
k

(i)
2 , d

(i)
3 =

Ry
2
k

(i)
3 , (3.9)

where the volume of T 4 is (2π)4V4. Regularity of the solution (up to possible orbifold singu-

larities) requires a cancellation of the poles in the harmonic functions (3.6): this is ensured

if

Q
(i)
I = −|εIJK |

2

d
(i)
J d

(i)
K

q(i)
, m(i) =

d
(i)
1 d

(i)
2 d

(i)
3

(q(i))2
. (3.10)

Moreover, absence of CTCs partially constrains the positions of the poles xi:∑
j 6=i

Π
(ij)
1 Π

(ij)
2 Π

(ij)
3

q(i)q(j)

|xi − xj |
= −

∑
I

d
(i)
I , with Π

(ij)
I =

d
(i)
I

q(j)
−
d

(j)
I

q(i)
. (3.11)
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Fractionally spectral flowed supertubes are two-center solutions [38, 57]. Indeed they are the

most general asymptotically flat such solutions that are regular up to orbifold singularities (which

in turn are known to be resolved in the string theory description of these backgrounds [40–43]).

We introduce spherical polar coordinates centered on the locations of the two centers,

(r+, θ+, ϕ2) and (r−, θ−, ϕ2), where ϕ2 = −(ψ + φ). The poles in the harmonic functions (3.6)

are then located at r+ = 0 and r− = 0. The flat ds2
3 base takes the form

ds2
3 = dr2

+ + r2
+(dθ2

+ + sin2 θ+dϕ
2
2) = dr2

− + r2
−(dθ2

− + sin2 θ−dϕ
2
2) , (3.12)

where

r+ =
r2 + a2(γ1 + γ2)2η sin2 θ

4
, cos θ+ =

r2 cos 2θ − a2(γ1 + γ2)2η sin2 θ

r2 + a2(γ1 + γ2)2η sin2 θ
,

r− =
r2 + a2(γ1 + γ2)2η cos2 θ

4
, cos θ− =

r2 cos 2θ + a2(γ1 + γ2)2η cos2 θ

r2 + a2(γ1 + γ2)2η cos2 θ
.

(3.13)

In our conventions the functions LI for I = 1, 2, 3 correspond to the (electric) D1, D5

and P charges respectively. Writing Q±2 = Q±5 , Q
±
3 = Q±p , the coefficients of the poles in the

decomposition of the fractionally spectral flowed solutions (3.1) are

q− = −s , q+ = s+ 1 , d−1 = −d+
1 = Q5

s(s+ 1)

2Ryk
, d−2 = −d+

2 = Q1
s(s+ 1)

2Ryk
,

d−3 = −d+
3 =

Ryk

2
, Q−1 =

Q1(s+ 1)

4
, Q+

1 = −sQ1

4
, Q−5 =

Q5(s+ 1)

4
,

Q+
5 = −sQ5

4
, Q−p =

Q1Q5s(s+ 1)2

4R2
yk

2
, Q+

p = −Q1Q5s
2(1 + s)

4k2R2
y

,

m− =
Q1Q5(s+ 1)2

8kRy
, m+ = −Q1Q5s

2

8kRy
, `I = 1 ∀ I .

(3.14)

We note that the relations (3.10), (3.11) are satisfied.

In the AdS3 decoupling limit, the solution (3.1) is related via a fractional spectral flow large

coordinate transformation to the vacuum solution (2.1). In order to exhibit this, we first take

the limit in which the Ry is much larger than the scale set by the Q1 and Q5 charges:

ε =
(Q1Q5)1/4

Ry
� 1 ⇒ Qp �

√
Q1Q5 , η ' 1 . (3.15)

Physically, this regime implies that the geometry (3.1) has an AdS throat whose proper length is

large in AdS units (see e.g. [62]). The AdS throat is the region of spacetime where r �
√
Q1Q5.

To take the decoupling limit, we rescale coordinates as

r → a r , t→ t

Ry
, y → y

Ry
, (3.16)

and send Ry →∞ holding fixed the rescaled dimensionless coordinates (r, t, y) and the charges

Q1, Q5. From (3.4) this sends a→ 0, and likewise ε→ 0. We then obtain the decoupled metric

ds2 =
√
Q1Q5

[
− 1 + k2r2

k2
dt2 +

k2

1 + k2r2
dr2 + r2dy2 + dθ2

+ sin2 θ(dφ− γ2dt− γ1dy)2 + cos2 θ(dψ − γ2dy − γ1dt)
2
]
.

(3.17)
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The fractional spectral flow coordinate transformation

φ→ φ+ γ2t+ γ1y , ψ → ψ + γ1t+ γ2y , (3.18)

maps the geometry in Eq. (3.17) into the k-orbifolded global AdS3×S3 solution given in Eq. (2.1).

3.2 Shockwaves in fractionally spectral flowed supertubes

We now construct three-charge solutions involving shockwaves using a straightforward two-step

procedure. In the first step we take the solution involving a shockwave on global AdS (2.2) and

apply the inverse of the fractional spectral flow coordinate transformation (3.18) to obtain a

shockwave deformation of the AdS3 limit of the fractionally spectral flowed circular supertubes.

For later use we record the resulting metric:

ds2 =
√
Q1Q5

[
− (1 + k2r2)

k2
dt2 + r2dy2 +

k2dr2

1 + k2r2
+ dθ2

+ cos2 θ(−γ1dt− γ2dy + dψ)2 + (−γ2dt− γ1dy + dφ)2 sin2 θ

+
q

k2r2 + cos2 θ

(
−
(
kr2dy − (−γ1dt− γ2dy + dψ) cos2 θ

)2
+
(1 + k2r2

k
dt+ (−γ2dt− γ1dy + dφ) sin2 θ

)2
)]
.

(3.19)

In the second step we extend this solution to an asymptotically flat solution. The method is

again straightforward, however the calculation is more involved than the trivial first step. The

method is to decompose the solution obtained in the first step into the harmonic functions of

the multi-center formalism, and then “add back the 1” in the relevant harmonic functions.

To write the decomposition of the solution obtained in the first step, we rescale the location

of the two poles of the harmonic functions of the undeformed solution as

r± → ξ r± . (3.20)

The coefficients of the two poles are then

q− = −s , q+ = s+ 1 , d−1 = −d+
1 = Q5

s(s+ 1)

2Ryk
, d−2 = −d+

2 = Q1
s(s+ 1)

2Ryk
,

d−3 = −d+
3 =

Ryk

2
, Q−1 =

Q1(s+ 1)

4
, Q+

1 = −sQ1

4
, Q−5 =

Q5(s+ 1)

4
,

Q+
5 = −sQ5

4
, Q−p =

Q1Q5s(s
2 + 2s+ ξ)

4R2
yk

2
, Q+

p = −Q1Q5s
2(1 + s)

4k2R2
y

,

m− =
Q1Q5(s2 + 2s+ ξ)

8kRy
, m+ = −Q1Q5s

2

8kRy
, `1 = `2 = 0 , `3 = 1 .

(3.21)

Having expressed the AdS3 solution in this form, we trivially extend the solution to asymptoti-

cally flat space by replacing `I = 1 ∀ I.
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To generate the closed-form solution describing a shockwave on the fractional spectral flowed

supertube background, we use Eqs. (3.7) and (3.8) to obtain

ds2 =

√
h̄1h̄5f̄dr

2

b2 + r2
+ f̄

√
h̄1h̄5dθ

2 +
(−dt2 + dy2)

h̄1h̄5

+
cos2 θ

f̄2
√
h̄1h̄5

[
ξh̄1h̄5 f̄

2(r2 − s b2) + b2Q1Q5 (2s+ 1) ξ2 cos2 θ

− q
(
b2 s (−Q1Q5 + r2 (s+ 1)(Q1 +Q5)) ξ +Q1Q5 r

2
(
η ξ − f̄

r2 + b2 cos2 θ

))]
dψ2

+ q
2a
√
Q1Q5 sin2 θ(r2 − b2 s)(dt− dy)dφ

kf̄
√
h̄1h̄5(r2 + b2 cos2 θ)

+
a2 s(dt− dy)2(f̄ + s (r2 + b2 sin2 θ))

k2f̄
√
h̄1h̄5(r2 + b2 cos2 θ)

+
sin2 θ

f̄2
√
h̄1h̄5

(
h̄1h̄5f̄

2 (r2 + b2 (s+ 1))ξ − b2Q1Q5 (2s+ 1) ξ sin2 θ +
q b2f̄ Q1Q5 sin2 θ

r2 + b2 cos2 θ

)
dφ2

− 2a
√
Q1Q5 η ξ dy (cos2 θdψ + sin2 θdφ)

kf̄
√
h̄1h̄5

+
a4 s (1 + s) η2 ξ2(cos2 θdψ2 + sin2 θdφ2)2

k4f̄
√
h̄1h̄5)

− 2a
√
Q1Q5(r2 + b2ξ cos2 θ) (dt− dy) (γ1 cos2 θdψ + γ2 sin2 θdφ))

f̄
√
h̄1h̄5(r2 + b2 cos2 θ)

,

(3.22)

C2 = −Q1
dt ∧ dy
h1f̄

+
Q5 cos2 θ

h̄1f̄

(
Q1 + r2ξ + b2(s+ 1)ξ +

b2Q1q sin2 θ

r2 + b2 cos2 θ

)
dφ ∧ dψ

+
q a
√
Q1Q5(r2 + b2) cos2 θ

kh̄1f̄ (r2 + b2 cos2 θ)
dt ∧ dy +

q a
√
Q1Q5 r

2 sin2 θ

kh̄1f̄(r2 + b2 cos2 θ)
dy ∧ dφ

− sin2 θ
(
a
√
Q1Q5 −

q a b2
√
Q1Q5 cos2 θ

r2 + b2 cos2 θ

)(γ1 dt+ γ2 dy) ∧ dφ
h̄1f̄

− cos2 θ
(
a
√
Q1Q5 +

q a b2
√
Q1Q5 sin2 θ

r2 + b2 cos2 θ

)(γ2 dt+ γ1 dy) ∧ dψ
h̄1f̄

+
a b2 s (1 + s) ξ

k
√
Q1Q5 h̄1f̄

(
Q1dt ∧

(
sin2 θdφ+ cos2 θdψ

)
+Q5dy ∧

(
sin2 θdφ+ cos2 θdψ

))
,

e2Φ =
h̄1

h̄5
,

where

f̄ = ξf , b2 =
a2 η

k2
. (3.23)

We note that in the limit s = 0, this solution reduces to that in Eq. (2.6); in this limit f̄, h̄1 and

h̄5 reduce to f̄(0), h̄1(0) and h̄5(0).

In our new solutions the regularity constraints (3.10) are satisfied only by the coefficients

of the pole at r+ = 0 and not by the coefficients of the pole at r− = 0 in (3.21). This is as it

should be, since the solution has a shockwave singularity at f̄(0) = 0, i.e. at (r = 0, θ = π/2).

The relation which ensures the absence of CTCs for smooth solutions, Eq. (3.11), is also

not satisfied. Therefore we investigate the conditions for absence of CTCs directly. We do so

by completing the squares in the periodic coordinates (y, φ, ψ) and by checking that the overall

coefficient is globally non-negative. We first analyze the solution (3.22) in the decoupling limit,

– 10 –



where the form of the metric is simple enough to perform an analytic analysis. Since the gφφ
and gψψ are not affected by the spectral flow transformation (3.18), we complete the squares

in the following order: first φ, then ψ, and finally y. In doing so, the conditions for absence of

CTCs are independent of the spectral flow parameters γ1, γ2. We obtain the conditions

φ coordinate: sin2 θ +
q sin4 θ

k2r2 + cos2 θ
≥ 0 ,

ψ coordinate: k2r2 cos2 θ + (1− q) cos4 θ ≥ 0 ,

y coordinate:
(1− q)(k2r2 + cos2 θ)

k2r2 + (1− q) cos2 θ
≥ 0 ,

(3.24)

which are always satisfied for 0 ≤ q < 1.

For the full asymptotically flat solution (3.22), as is often done we have performed a numer-

ical analysis, based on which we can rule out CTCs with a high level of confidence.

Note that in our spectral flowed supertube solutions with shockwaves, Eq. (3.22), the evanes-

cent ergosurface is located at f = 0, where f is given in Eq. (3.4). By contrast, the shockwave

is located at (r = 0, θ = π/2) which is not on the evanescent ergosurface for s 6= 0. Correspond-

ingly, for s 6= 0 the addition of the shockwave does not come at zero cost in energy, and indeed

we will now see that the momentum charge Qp is modified.

We now record the conserved quantities of our solutions (3.22). As usual we wish to com-

pare with five-dimensional D1-D5-P BPS black holes [2, 63], so we are interested in the five-

dimensional conserved mass and angular momenta obtained after dimensional reduction along

the y direction. These quantities are computed in Appendix B and are given by Eqs. (B.2)

and (B.5), which we record here as

MADM =
π

4G5

(
Q1 +Q5 +

Q1Q5

R2
y

s(s+ ξ)

k2

)
,

J3 =
1

2
(Jφ − Jψ) =

1

2

ξN

k
+
sN

k
,

J̄3 =
1

2
(Jφ + Jψ) =

1

2

ξN

k
.

(3.25)

The condition 0 ≤ q < 1 has a natural interpretation in the holographically dual CFT,

as we shall see in the next section. Although the value q = 1 is excluded, and the natural

regime is small (but not infinitesimal) q, let us comment here on the form of the solutions

as they approach the singular limit q → 1 (ξ → 0) with r̄ =
√
ξr fixed. As q → 1, our

solutions approach small rotating D1-D5-P (BMPV [63]) black holes, where here ‘small’ means

zero horizon size in supergravity. In the AdS3 limit, the fractional spectral flow transformation

(3.18) relates these solutions to the AdS3 limit of the two-charge D1-D5 BPS (non-rotating)

small black hole solution. Similarly, this two-charge black hole solution is approached in the

q → 1 limit of the two-charge solutions with shockwaves (2.6). It is known that the two-charge

black hole solution does not correspond to a microscopic profile function (or superposition of

such functions), as discussed in [3, 4, 64]. These small black hole solutions are approached here

because the q → 1 limit is a singular limit which effectively coarse grains over all the microscopic

details of the bound state; we shall elaborate on this in the next section once we have proposed

the holographic description of these solutions.
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4 Holographic description of shockwave solutions

In this section we identify a family of states of the D1-D5 orbifold CFT and propose that these

are holographically dual to the AdS3×S3 limits of the supergravity solutions (2.6) and (3.22).

We perform tests of this proposal, including a precision holographic test, finding agreement.

4.1 D1-D5 CFT

We now briefly introduce the D1-D5 orbifold CFT. We consider D1-D5 bound states in Type IIB

string theory, as described at the start of Section 2. Let the integer numbers of D1 and D5 branes

be n1 and n5 respectively. In the AdS3×S3×T 4 decoupling limit, the holographically dual CFT

is conjectured to be a two dimensional, (4, 4) SCFT with central charge c = 6n1n5 ≡ 6N [65].

There is considerable evidence that there is a locus in moduli space where this theory becomes

a symmetric product orbifold theory of N copies of a (4, 4) free SCFT with target space T 4 and

central charge c = 6, see e.g. [66–69] and references within.

We label the different copies of the symmetric product orbifold theory with the index r =

1, 2, ..., N . The R-symmetry group is SU(2)L × SU(2)R: we label indices in the respective

fundamental representations by α, α̇ = ±, and those in the adjoint with a, ȧ = ±, 0. It is also

useful to label fields in terms of an organizational SU(2)C × SU(2)A ∼ SO(4): it descends

from the symmetry group of rotations in the four direction of the internal manifold, which is

broken by the compactness of T 4. We use indices A, Ȧ = 1, 2 for the fundamental of SU(2)C
and SU(2)A respectively. Each copy of the c = 6 SCFT contains four free bosons XAȦ

(r) , four

left-moving and four right-moving fermions ψα,Ȧ(r) , ψ̄α̇,Ȧ(r) .

Being a symmetric product orbifold CFT, the theory contains twisted sectors. The twist

operators are in one-to-one correspondence with the conjugacy classes of the permutation group

SN . These operators change the boundary conditions of the fields: for example, the boundary

conditions corresponding to the permutation (12...k) are given (on the cylinder) by

X(1) → X(2) → ...→ X(k) → X(1) ,

ψ(1) → ψ(2) → ...→ ψ(k) → ±ψ(1) ,
(4.1)

and analogously for the right-moving fermions. The ± boundary conditions in (4.1) on the

cylinder correspond respectively to the R and NS sectors of the theory on a local covering

space [70, 71]; the lowest-dimension (‘bare’) twist operator corresponds to the NS-NS vacuum

in the covering space. For more detailed discussion of this point, see [39]. In the full symmetric

product orbifold theory, twist operators are obtained by symmetrizing over all permutations in

a given conjugacy class.

Given a state involving a collection of twist operators of cycle lengths ki, it is common to

describe the state as a collection of effective ‘strands’ of lengths ki. Strands of length ki can

occur with multiplicity Ni, subject to the ‘strand budget’ constraint
∑

iNiki = N .

As a first example, consider the state consisting of N/k identical strands of length k, each

in the lowest dimension state in the k-twisted sector. We denote this state by

|0〉N/kk = |0〉(1)
k ⊗ |0〉

(2)
k ⊗ · · · ⊗ |0〉

(N/k)
k , (4.2)
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and we refer to it as the k-twisted NS vacuum. This state is an eigenstate of the left and right

Virasoro modes L0, L̄0 with eigenvalue h = c
24(1− 1

k2
), it is a singlet under the SU(2)L×SU(2)R

R-symmetry group and it is holographically dual to the k-orbifolded global AdS3×S3 solution

given in Eq. (2.1).

Upon mapping twisted states into the local k-fold covering space [70, 71], there are no

longer any twist operator insertions and the original k copies of the fields in (4.1) are mapped

into single-valued fields. In the k-fold covering space, the dimension hc and central charge cc
are related to those in the physical CFT via h = hc/k and c = kcc. Moreover, the k-twisted

sector of the physical CFT contains fractional modes n/k (and (n+ 1/2)/k), which correspond

to integer modes n (half-integer modes n+ 1/2) in the covering space.

Our main interest is in black hole microstates in the RR sector of the theory, which arises

directly from the AdS3 decoupling limit of asymptotically flat configurations (see e.g. [72]). One

can map the NS sector of the CFT into the R sector using spectral flow [73]. Starting with a

state of left scaling dimension h and SU(2)L J3 charge m and acting with a left spectral flow

transformation with parameter ν, we obtain a state in the same twist sector with left dimension

and charge (h′,m′) given by

h′ = h+ 2νm+
cν2

6
, m′ = m+

cν

6
. (4.3)

When ν is half integer, a spectral flow transformation maps a state in the NS sector to a state

in the R sector. When considering spectral flow of the full CFT, we have c = 6N . If we consider

an individual strand of length k, we have c = 6k. A similar transformation holds for the right

sector of the theory, with parameter ν̄.

When (ν, ν̄) = (1
2 ,

1
2), the untwisted NS vacuum |0〉N1 is mapped into a RR state with h =

h̄ = N/4, which is therefore a RR ground state. It carries R-symmetry charge m = m̄ = N/2 and

we shall denote it with |++〉N1 . The other RR ground states can be obtained from spectral flow

of other anti-chiral primaries (i.e. operators satisfying the bound h = j = −m, h̄ = j̄ = −m̄)

by applying the same spectral flow transformation. For a given twist k there are (anti-)chiral

primaries of dimension h = k/2, h = (k − 1)/2 and h = (k + 1)/2.

Let us now consider the sector of the full CFT composed of N/k strands of length k. In this

sector, there is an enhancement of spectral flow known as fractional spectral flow [74, 75], [38, 39].

This operation is naturally thought of as ordinary spectral flow in the k-fold covering space and

means that the values ν ∈ Z/k give rise to physical states in the same (R or NS) sector of the

theory, while the values ν ∈ (Z + 1
2)/k map from R to NS in the k-fold cover.

The backgrounds to which we add shockwaves in this work are the heavy BPS RR states

obtained by chiral fractional spectral flow of the state |++〉N/kk , studied in [38]. Specifically, we

consider |++〉N/kk as our reference state and perform left fractional spectral flow with parameter

ν = s/k. These states were proposed to be holographically dual to the bulk configurations in

Eqs. (3.1)–(3.4) in [38] and this proposal has passed non-trivial holographic tests [38, 76]. We

shall exhibit these CFT states in more detail in Section 4.4.
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4.2 Holographic description of shockwaves in supertube backgrounds

The first shockwave solution we reviewed, in Eq. (2.2), for k = 1 describes a shockwave on

the global AdS3×S3 vacuum. As we have discussed, the shockwave describes the backreaction

of a distribution of high-energy massless particles. Supergravity excitations on the vacuum

are holographically dual to CFT states in short multiplets whose top (bottom) component is

a chiral (anti-chiral) primary, see e.g. [18, 72]. In our conventions, the shockwave of (2.2)

is holographically dual to a set of several anti-chiral primaries of the dual CFT with large

conformal dimension and R-charge, and therefore high twist [28].

Upon spectral flow to the RR sector, (anti-)chiral primaries transform into RR ground states.

Suitably coherent RR ground states of the D1-D5 system can be described in terms of eight profile

functions gi(v
′) in R8, where v′ is a null coordinate, with periodicity L = 2πQ5/Ry [3, 31, 33].

Let us consider the twisted circular supertube geometry that is generated by a circular

profile of radius a/k in the x1-x2 plane,

g1(v′) + ig2(v′) =
a

k
e

2πik
L

v′ , gi 6=1,2 = 0 . (4.4)

The dictionary between the profile and the CFT state can be found in [3, 16, 31, 33] (see

also [17] for clarification of some details). The CFT state dual to the microstate generated by

the profile (4.4) is

|++〉N/kk . (4.5)

Let us now consider the AdS3×S3 limit of the solution with shockwave in Eq. (2.6). If we

switch off the shockwave by setting q = 0, this solution is the one corresponding to the pro-

file (4.4) and CFT state (4.5). For non-zero q, this solution can be generated by an approximate

profile function by performing two steps (see [28, Fig. 2] for a pictorial representation). The

first step is to consider a profile which initially traverses, k times, a circle of radius ā/k = ξa/k

in the x1-x2 plane on the interval v′ ∈ [0, ξL], and which then remains in the same x-location

for the remainder of its length (recall ξ = 1− q):

g1(v′) + ig2(v′) =
ā

k
e

2πik
ξL

v′
, 0 ≤ v′ ≤ ξL

g1(v′) + ig2(v′) =
ā

k
, ξL ≤ v′ ≤ L

gi 6=1,2 = 0 .

(4.6)

The constant segment represents the high-twist chiral primaries, corresponding to profile Fourier

modes with high modenumbers and small amplitudes that are not resolved by supergravity.

The second step is to break this constant segment into several smaller segments and smear

over their locations within the overall profile to obtain a uniform distribution (subject to addi-

tional conditions described in detail in [28]). The resulting approximate profile reproduces the

supergravity solution with shockwave given in Eq. (2.6) [28]. This procedure is most natural

when q is small compared to 1 (but not infinitesimally small).

We now discuss the holographic description of these solutions, refining the discussion in [28]

given for k = 1. The circular segment of the profile function (4.6) corresponds to a set of strands

of type |++〉k. The constant segment that is smeared corresponds to some collection of RR
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ground state strands whose strand lengths are large in a sense that we will make precise shortly.

The polarizations of the RR strands are not resolved in supergravity; for concreteness we will

take them to be the five bosonic RR ground states that are invariant on the T 4, commonly

labelled by their R-charges as |εε̄〉 = |±±〉, |±∓〉, |00〉. As a first pass, we write this family of

CFT states as follows (and arbitrary superpositions thereof):

|++〉N0
k |ε1ε̄1〉d1k1 · · · |εns ε̄ns〉

dns
kns

,
ki
k
∈ Z,

ki
k
� 1 , N0k +

ns∑
i=1

diki = N . (4.7)

Here N0 is the number of strands representing the supertube background, and di is the degen-

eracy of the various strands making up the shockwave. We work at leading order in large N .

We take the parameter k to be independent of N , so that N0 ∼ N . We also take q and ξ to be

independent of N . For ease of terminology we shall refer to the strands of length ki as the long

strands, and to those of length k as the short strands.

In the long strand sector, neither the parameters ki, di, ns, nor the distribution of po-

larizations are fixed. This is the CFT analog of the fact that in the bulk the total energy of

the shockwave is known, however it is not known how this energy is distributed among the

high-energy supergravity quanta making up the shockwave.

Each segment of the supergravity profile (4.6) corresponds to a component of the dual CFT

state that contributes a finite fraction of the total strand budget at large N . Considering the

overall strand budget of the set of all long strands, we must also have
∑

i diki ∼ N .

We will shortly refine the above to derive that at leading order in large N we must have

kN0 = ξN and thus
∑

i diki = qN . Thus ξ will be the fraction of the total strand budget taken

up by the short strands, and q will be the fraction of the total strand budget taken up by the

long strands.

The supergravity profile does not explicitly include any Fourier modes higher than k with

finite amplitude. From the two-charge dictionary as made precise in [16], this means that the

CFT state cannot contain any long strands with both ki ∼ N0 and di ∼ N . Therefore no di can

scale as N . We shall derive a stronger condition shortly.

We now refine the condition ki � k stated in [28] (for k = 1). Our main analysis will involve

a precision holography calculation. However it is instructive to make a brief crude first pass by

temporarily making the simplifying assumption that the length of all the long strands scales in

the same way, which we write as ki ∼ N b, where a priori 0 ≤ b ≤ 1. Similarly we temporarily

assume that all the degeneracies of the long strands scale as di ∼ Nd with 0 ≤ d < 1, recalling

that we have excluded d = 1 in the previous paragraph. Then the condition
∑

i diki ∼ N

requires that ns ∼ NA with b+ d+A = 1 and a priori 0 ≤ A ≤ 1.

Now, in order for there to be enough different integers ki to have order NA types of long

strands, we must have b ≥ A. Combining this with the constraint b+ d+A = 1, we find

A ≤ 1− d
2

, b ≥ 1− d
2

⇒ b > 0 . (4.8)

So in this simplified analysis, we see that the length of the long strands must scale with a positive
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power of N . Furthermore,

ns∑
i=1

di ∼ N1−b with b > 0 . (4.9)

This relation will be important for matching the conserved charges. Using precision holography

we will shortly establish it in general, with no assumption on the scaling of the different ki.

As a side comment, let us note that when we allow the different ki to scale as different

powers of N , it is possible for some strand lengths to scale as ki ∼ N0 with degeneracies that

scale as di ∼ Nd with d < 1, provided that ki � k. Since such strands individually account for

a vanishingly small strand budget at large N (of order Nd), one would discard them unless the

same is true for all the other long strands present, for instance if all diki ∼ Nd and ns ∼ N1−d.

However in such a CFT state, the vast majority of types of strands will have lengths that scale

as some positive power of N (at least N1−d).

4.3 Precision holography analysis

We now proceed to our precision holography analysis, in which we will prove for general ki
that the condition (4.9) is necessary. This condition will also be sufficient to ensure agreement

between gravity and CFT to the precision we probe.

We use the holographic dictionary developed in [16–18, 77]. Consider a heavy 1/4 or 1/8-

BPS CFT state dual to a given bulk configuration, and a light operator O which is either a chiral

primary or a descendant of a chiral primary under the global part of the chiral algebra. Then the

dictionary relates the expectation value of O to the asymptotic expansion of the supergravity

field dual to O.

We shall focus on a particular sector of the holographic dictionary. To keep the presentation

concise, we shall describe the computation in outline, without a lengthy review. We record some

definitions of chiral primary operators in Appendix C.1, and for further details we refer the

reader to [18].

On the bulk side, we work in the AdS3 decoupling limit. We expand fluctuations in S3

harmonics and consider a single-particle excitation that is a scalar in AdS3. Since we are

considering a two-charge configuration, the four-dimensional base space of the supergravity

ansatz (A.1) is flat R4. We work in spherical polar coordinates in which it takes the form

ds2
4 = dr̄2 + r̄2(dθ2 + sin2 θdφ2 + cos2 θdψ2) , (4.10)

where we have labeled the radial coordinate by r̄, for consistency with the notation used in the

two-charge solution with shockwave in Eq. (2.6).

In these coordinates it is useful to expand the harmonic functions Z1, Z2 that appear in the

BPS ansatz in Appendix A in scalar S3 harmonics Y mk,m̄k
k and for large r̄ as follows:

Z1 =
Q1

r̄2

(
1 +

2∑
k=1

k/2∑
mk,m̄k=−k/2

ak0 f
(mk,m̄k)

1k

Y mk,m̄k
k

r̄k
+O(r−3)

)
,

Z2 =
Q5

r̄2

(
1 +

2∑
k=1

k/2∑
mk,m̄k=−k/2

ak0 f
(mk,m̄k)
5k

Y mk,m̄k
k

r̄k
+O(r−3)

)
,

(4.11)
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where a0 =
√
Q1Q5

Ry
.

The particular AdS3 scalar we consider is denoted s
(6)(a,ȧ)
k=2 . We denote the coefficient of

r̄−2 in its large r̄ expansion by
[
s

(6)(a,ȧ)
k=2

]
, following the notation of [18]. Choosing the gauge

f
(m1,m̄1)
11 + f

(m1,m̄1)
51 = 0, one then has [18, 77]

[
s

(6)(a,ȧ)
k=2

]
=

√
3

2

(
f

(a,ȧ)
12 − f (a,ȧ)

52

)
. (4.12)

The explicit values of the harmonic functions characterizing the backreaction of shockwave on a

supertube background were obtained in [28, Eq. (3.18)]. Changing coordinates to recast the base

metric into the form (4.10), performing the asymptotic expansion in (4.11) and using (4.12), one

obtains that the AdS3 limit of the solution describing a two-charge supertube with shockwave

in Eq. (2.6) has the property that [
s

(6)(a,ȧ)
k=2

]
= 0 . (4.13)

On the CFT side, the dual operator is a scalar chiral primary operator of dimension two

and we shall denote it by Σ̃aȧ
3 , again following the notation of [18]. This operator is composed

of a linear combination of single-trace operators of dimension two and double-trace operators

made up of dimension one operators. Truncating this operator appropriately to the supergravity

ansatz in which we work, its explicit form is:

Σ̃aȧ
3 ≡ 3

2

[(
Σaȧ

3

N
3
2

− Ωaȧ

3N
1
2

)
+

1

N
1
2

(
−2

3
(Σ2 · Σ2)aȧ +

1

3
(J · J̄)aȧ

)]
, (4.14)

where the operators entering this linear combination are defined in Appendix C.1. In this sector,

the dictionary reads [17, 18]

〈
Σ̃aȧ

3

〉
= (−1)a+ȧ

√
N√
2

[
s

(6)(−a,−ȧ)
k=2

]
. (4.15)

Combined with the result in Eq. (4.13), this implies that the dual CFT state (4.7) must

have a vanishing expectation value of the operator Σ̃aȧ
3 . This requirement will yield the claimed

constraint (4.9).

For ease of presentation, we shall make two simplifications: first, we take the twist parameter

in (4.7) to be k = 1 for the remainder of this subsection, and second, we focus on CFT states

involving only strands of polarization type |++〉. The computation and result for generic k and

generic long strand polarizations are entirely analogous. A more general case involving both

|++〉 and |−−〉 polarizations for the long strands is described in Appendix C.2.

We shall focus on a particular component, specifically the operator Σ̃00
3 . Among the opera-

tors that mix in Eq. (4.14), there are three operators that have a non vanishing expectation value

on the class of states (4.7): the single-trace operators Σ00
3 , Ω00 and the double-trace

(
J · J̄

)00
.

The contribution of the other double-trace operator is subleading in N , so we shall ignore it.

First, we analyse the contribution from the twist-three operator Σ00
3 . This operator acquires

a non-vanishing expectation value by mapping two strands of different length into themselves,
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permuting the copies [17]. The fusion coefficient of the process can be computed holographically;

we describe the computation in Appendix C.3. The result is:

σ00
3 |++〉k1 |++〉k2 =

(k1 + k2)2

6k2
1k

2
2

(
1− δk1,k2

)
|++〉k1 |++〉k2 . (4.16)

The expectation value of Σ00
3 on the full state (4.7) arises from the process

Σ00
3

(
|++〉N0

1

∏
i

|++〉diki
)

=

(∑
i 6=j

(ki + kj)
2

6kikj
didj +

∑
i

(ki + 1)2

6ki
N0di

)(
|++〉N0

1

∏
i

|++〉diki
)
.

(4.17)

The two terms in the first parenthesis after the equality sign correspond respectively to the

processes in which the twist-three operator acts on two long strands, and on a long and a short

strand. Let us consider the first contribution: it is given by combining (4.16) with the fact that

Σ3 can act on any of the didj pairs of strand of different length and can cut each of them in ki
and kj different positions. The second contribution works analogously.

Second, we analyse the operator Ω00. The states |++〉k are eigenstates of this operator

with the following eigenvalue [17, Eq. (5.40)]

Ω00 |++〉k =
1

2k
|++〉k . (4.18)

Therefore the operator Ω00 acquires a non-vanishing expectation value via the process

Ω00
(
|++〉N0

1

∏
i

|++〉diki
)

=

(
N0

2
+
∑
i

di
2ki

)(
|++〉N0

1

∏
i

|++〉diki
)
. (4.19)

Third, we consider the double-trace operator
(
J · J̄

)00
. Its expectation value arises from the

process

(
J ·J̄

)00
(
|++〉N0

1

∏
i

|++〉diki
)

= 2

(
N2

0

4
+2

N0

2

∑
i

di
2

+
∑
i,j

didj
4

)(
|++〉N0

1

∏
i

|++〉diki
)
. (4.20)

The three terms after the equality sign correspond respectively to: (i) the action of both the

left and the right current on a short strand; (ii) one current acting on a short and one on a

long strand; and (iii) both currents acting on a long strand. By combining Eqs. (4.17)–(4.20)

we obtain the expectation value of the single-particle operator:

〈
Σ̃00

3

〉
=

3

2N3/2

[
2

3
N0

∑
i

di +
∑
i 6=j

didj
(ki + kj)

2

6kikj
− 1

6

∑
i,j

didj

(ki
kj
− 1
)]

=
1

N3/2

[
N0

∑
i

di +
∑
i 6=j

didj
k2
j + 3kikj

4kikj

]
,

(4.21)

where the last equality follows by noticing that the i = j parts of the last term of the first line

vanish.

We are using the normalization of the holographic dictionary employed in [17, 18], in which

the contribution of an operator is visible in the supergravity approximation if its expectation
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value is of order N1/2 in the large N limit. Therefore the expectation value of Σ̃00
3 will agree

with Eq (4.13) if and only if its large N scaling is subleading with respect to N1/2.

We note that Eq. (4.21) is the sum of two positive terms, so no cancellation can occur. Let

us thus consider the first term. We have N0 ∼ N and therefore we require that

ns∑
i=1

di ∼ N1−α for some α > 0 . (4.22)

We emphasize that we have now established that this condition is necessary in general, for any

set of long strand lengths ki.

Next we consider the second term. Again as a crude first pass, suppose that all the various

ki scale as the same power of N . Then an upper bound on the scaling of this term is N2(1−α)

with α > 0, from squaring (4.22). Then this term, and thus the total expectation value, are

subleading compared to N1/2 as required.

More generally, suppose instead that there are different values of ki scaling as different

powers of N . The term corresponding to 3kikj in the numerator of the second line of (4.21) is

subleading compared to N1/2 by the same argument as in the last paragraph. An upper bound

on the remaining term is given by adding in the i = j terms into the sum, obtaining

1

N3/2

(∑
j

djkj

)(∑
i

di
ki

)
. (4.23)

The first sum is of order N , while the second is bounded above by
∑

i di ∼ N1−α. So (4.23)

is also subleading compared to N1/2. Therefore the condition (4.22) is also sufficient to ensure

that the precision holographic test is passed.

We now use the condition (4.22) to determine N0, the degeneracy of the twist-k strands, in

the large N limit. The analysis of the conserved charges of the metric (2.6) in [47] established

that the angular momentum carried by the solution describing a shockwave on a supertube

background is suppressed by a factor of ξ with respect to that of the supertube solution:〈
J3
〉

Supertube+SW
= ξ

〈
J3
〉

Supertube
= ξ

N

2k
. (4.24)

The same value is obtained upon setting s = 0 in the conserved charges in Eq. (3.25). The CFT

state (4.7) is an eigenstate of the current operator J3, with eigenvalue:

〈
J3
〉

=
N0

2
+

ns∑
i=1

εi
di
2
. (4.25)

Recall that we have taken k ∼ N0 and N0 ∼ N . We have just shown that
∑
di ∼ N1−α

with α > 0. So at large N the contribution of the long strands to the expectation value of J3 is

subleading. As anticipated above, we thus conclude that at leading order in large N ,

N0 = ξ
N

k
. (4.26)

Therefore, as claimed, q is the fraction of the total strand budget taken up by the long strands,

and ξ = 1− q is the fraction of the strand budget taken up by the short strands.
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For convenient reference we now record the more refined version of the family of CFT states

in Eq. (4.7) as

|++〉N0
k |ε1ε̄1〉d1k1 · · · |εns ε̄ns〉

dns
kns

,
ki
k
∈ Z,

ki
k
� 1 ,

kN0 = ξN ,

ns∑
i=1

diki = qN ,

ns∑
i=1

di ∼ N1−α , α > 0 .
(4.27)

We remind the reader that while the presence of the shockwave decreases the angular momentum,

the total energy of the system is left unchanged and is given by h = h̄ = N
4 .

Let us return to the condition 0 ≤ q < 1 derived in Section 3. We make two brief observations

here that shed further light on the condition q < 1. First, the string profile (4.6) would become

a straight line in the limit q → 1, which is microscopically inconsistent with the fact that the

configuration carries two charges (see e.g. [4]). Second, the family of CFT states (4.7) involves

long strands of winding ki � k whose details are not resolved by supergravity relative to the

short strands of length k. In the limit q → 1, the short strands are no longer present, so the

approximation of a smeared profile is no longer valid. For such CFT states a more refined bulk

description is required, and is given by the extrapolation of the general two-charge microstate

solutions into the stringy regime [3, 28, 32, 33].

As a final comment on these microstates, we note that the proposed holographic description

of the k = 1 supertube background with shockwave is similar to the proposed holographic

description of small two-charge BPS black rings of the D1-D5 system [78–80], where again here

‘small’ means zero horizon area in supergravity. It would be interesting to further investigate

this similarity.

4.4 Holography of fractionally spectral flowed supertubes

In this section we review in more detail the holographic description of the fractionally spectral

flowed supertube solutions [38] and discuss some of their physical properties.

As mentioned at the end of Section 4.1, the dual CFT states to the fractionally spectral

flowed supertube solutions given in Eq. (3.1) are 1/8-BPS microstates obtained by left fractional

spectral flow of the 1/4-BPS state |++〉N/kk by an amount ν = s/k with s ∈ Z. The spectral

flow adds left-moving fermionic excitations, while leaving the right movers in the ground state;

this results in a non-zero momentum charge np = h − h̄. The state of each strand takes the

explicit form

|++〉k,s ≡


[
ψ+1
− s
k
ψ+2
− s
k
· · ·ψ+1

− 1
k

ψ+2
− 1
k

]
|++〉k , s ≥ 1

[
ψ−1
s+1
k

ψ−2
s+1
k

· · ·ψ−1
0 ψ−2

0

]
|++〉k =

[
ψ−1
s+1
k

ψ−2
s+1
k

· · ·ψ−1
− 1
k

ψ−2
− 1
k

]
|−+〉k , s ≤ −1 .

(4.28)

Recall that in the k-twisted sector the level spacing of the excitations is in units of 1/k. This

means that spectral flow is the energetically most convenient way to add charge, corresponding

to filling a Fermi sea of excitations up to the fractional level s/k for s ≥ 1, or the level −(s+1)/k
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Figure 1: Quantum numbers (J3, np) for fractional spectral flowed supertube states with k ≤ 12 and

|s| ≤ 12 satisfying the condition (4.30) and for which |J3| ≤ 2N . All points lie outside the parabola, even

though some appear very close to it.

for s ≤ 1. Fractional spectral flow has an entirely analogous effect on the other RR ground states

with polarizations |−−〉, |±∓〉, |00〉; for further details see e.g. [8].

Let us record the charges of the state (4.28). The spectral flow transformation involves only

the left sector of the theory, so the right charges are the same as those of the two-charge circular

supertube. The left charges follow from Eq. (4.3) and are

h =
N

4
+
Ns(s+ 1)

k2
, h̄ =

N

4
,

m =
N

k

(
s+

1

2

)
, m̄ =

N

2k
.

(4.29)

Importantly, not all values of s, k are allowed. The momentum per strand p is required to be an

integer:

p =
s(s+ 1)

k
∈ Z. (4.30)

In Figure 1 we display the (J3, np) phase diagram for the D1-D5-P system in the RR

sector. The black polygon represents the unitarity bound: allowed CFT states exist only on and

above this threshold. The parabola np = (J3)2/N delimits the region of existence of finite-size

BMPV black holes, which exist only inside the parabola. Note that inside but very close to the

parabola, the small BMPV black holes are sub-dominant to either a BMPV plus supertube or

black ring [81]. The fractionally spectral flowed supertube solutions live in the region bounded

by the black polygon and the purple parabola. We represent with dots the solutions with k ≤ 12

and |s| ≤ 12.
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Note that the dots in the corners of the unitarity bound polygon are the states with k = 1.

In our conventions the interval 0 < J3 < N/2 with np = 0 contains the RR ground states with

k > 1 and s = 0, i.e. the states |++〉N/kk . Dots in the interval −N/2 < J3 < 0 with np = 0

correspond to k > 1 and s = −1, which are the two-charge states |++〉N/kk,s=−1 = |−+〉N/kk . Dots

on the remaining lines of the polygon correspond to spectral flowed states that have s/k ∈ Z or

(s+ 1)/k ∈ Z.

The remainder of the states are the most interesting physically. These lie closer to the

BMPV parabola, and have k > 1 and neither s/k ∈ Z nor (s+ 1)/k ∈ Z. These were the states

of primary interest in [38].

4.5 Holography of shockwaves in fractionally spectral flowed supertubes

We now propose the holographic description of the AdS3×S3 limit of the solutions describing

fractional spectral flowed supertubes with shockwaves in Eq. (3.22). The AdS3×S3 limit of the

metrics are given in Eq. (3.19).

Recall that the spectral flow large coordinate transformation (3.18) maps the AdS3 decou-

pled metric in Eq. (3.19) into that of the supertube with shockwave in (2.2); the same holds for

the two-form potential.

Therefore the natural candidate family of dual CFT states is the family obtained by frac-

tional spectral flow with parameter ν = s/k of the family of two-charge states in Eq. (4.27),

subject to the condition of integer momentum per strand. We shall show that this condition is

non-trivial, but that it is satisfied by an arbitrarily large number of states in the large N limit.

Recall that the lengths of the long strands ki are required to be multiples of k, in order that we

can make this fractional spectral flow transformation.

To describe this family of states in more detail, let us introduce integer parameters si which

label the amount of spectral flow performed over the strands of length ki. One has

ν =
s

k
=

si
ki

∀i . (4.31)

Our proposed dual CFT states of the bulk solutions involving a shockwave on a fractionally

spectral flowed supertube background in Eq. (3.22) are the following states (and their superpo-

sitions):

|++〉N0
k,s |ε1ε̄1〉d1k1,s1 · · · |εns ε̄ns〉

dns
kns ,sns

,
ki
k
∈ Z,

ki
k
� 1 ,

kN0 = ξN ,

ns∑
i=1

diki = qN ,

ns∑
i=1

di ∼ N1−α , α > 0 ,
(4.32)

subject to the condition that the momentum on each CFT strand be an integer.

Let us now examine the condition of integer momentum per strand. For the strands cor-

responding to the background, recall that we have the condition p = s(s+1)
k ∈ Z, Eq. (4.30).

Similarly, for the strands corresponding to the shockwave, we require

pi =
si(si + εi)

ki
∈ Z ∀ i . (4.33)
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This condition is quite non-trivial, because we have noted that the candidate dual CFT states

contain strands of parametrically large ki, and because the numerator is constrained by si = ski
k .

Therefore, given an allowed pair (s, k), it is important to ensure that there is a set of allowed

values of ki that extend to arbitrarily large positive integers. We now prove that this is indeed

the case.

Let us assume without loss of generality that s > 0, and present the proof first for εi = 1.

Recall that k > 0 by definition. Since s and (s + 1) share no common factors and s(s+1)
k ∈ Z,

when we decompose k into its prime factors, a subset of these must divide s, and the rest must

divide (s+ 1). We can then write the prime factorization of k in the form

k = k(s)k(s+1) =
∏
i

n
(s)
i

∏
j

n
(s+1)
j , k(s) =

∏
i

n
(s)
i , k(s+1) =

∏
i

n
(s+1)
i , (4.34)

where n
(s)
i are primes that divide s, and similarly for n

(s+1)
i . Repeated primes can of course

occur in this decomposition, and n
(s)
i 6= n

(s+1)
j for all i, j. We can then factorize s and (s+ 1) as

s = ŝk(s) , s+ 1 = t̂k(s+1) , (4.35)

where ŝ and t̂ are positive integers but are not necessarily prime. We recall that the ki are

multiples of k, such that we can write ki = k̂ik for positive integers k̂i. By using si = skik and

the decompositions in Eqs. (4.34), (4.35), we have that the momentum carried by the i-th type

of strand is given by

pi =
si(si + 1)

ki
=

s(sk̂i + 1)

k
=

ŝ(sk̂i + 1)

k(s+1)
. (4.36)

Let us define p̂i = pi/ŝ and show that there is an infinite sequence of k̂i such that p̂i is a positive

integer. Rearranging, we have

p̂ik
(s+1) − sk̂i = 1 . (4.37)

Since none of the n
(s+1)
j divide s, we have gcd(s, k(s+1)) = 1. Bézout’s identity (and the extended

Euclidean algorithm) then imply that there is an infinite sequence of positive integer pairs (k̂i, p̂i)

such that (4.37) is satisfied, and therefore there is an infinite set of ki such that pi ∈ Z.

More generally, the right-hand side of Eq. (4.37) is εi. When εi = −1, Bézout’s identity

again ensures the required infinite sequence of positive integer pairs (k̂i, p̂i). When εi = 0, one

can simply take k̂i to be a multiple of k(s+1) to obtain such an infinite sequence.

The upshot is that there is an infinite family of states of the form (4.32) that obey the

non-trivial condition that the momentum on each strand is an integer, including strands with

arbitrarily large values of ki in the large N limit.

Let us compute the charges of the CFT states (4.32) and compare them with the gravity

result in Eq. (3.25). The scalings in the second line of Eq. (4.32) will again ensure agreement.

There is no spectral flow in the right sector, so the right charges (h̄, m̄) are the same as those

for the two-charge states dual to supertubes with shockwaves (4.27). For the left sector, we

compute the charges using Eq. (4.3), and derive their large-N behaviour using the second line
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Figure 2: Quantum numbers (J3, np) of spectral flowed supertubes without shockwaves (dots) and

corresponding solutions with shockwaves, for q = 0.2 (crosses). Colour coding and proximity indicate

corresponding solutions. Plotted are states with k ≤ 12, |s| ≤ 12, satisfying (4.30) and with |J3| ≤ N .

All plotted points lie outside the parabola, even though some appear very close to it.

of Eq. (4.32). Recalling that si = skik and denoting subleading terms with ellipses, we obtain

h = N0
k2 + 4s(s+ 1)

4k
+
∑
i

di
k2
i + 4si(si + εi)

4ki
=

N

4
+
N

k2
s(s+ ξ) +

s

k

∑
i

εidi

⇒ h =
N

4
+
N

k2
s(s+ ξ) + . . . ,

m = N0

(
s+

1

2

)
+
∑
i

di

(
si +

εi
2

)
=

sN

k
+ ξ

N

2k
+
∑
i

εi
di
2

⇒ m = ξ
N

2k
+
sN

k
+ . . . .

(4.38)

Comparing with the gravity charges given in Eq. (3.25) we see that the angular momentum

eigenvalue J3 = m explicitly agrees. We note in passing that in Eqs. (3.25), (4.38) the s-

dependent part of the angular momentum eigenvalue 〈J3〉 = m does not depend on ξ; when

s 6= 0, the long strands contribute a finite fraction of the angular momentum of the configuration.

To show agreement between the momentum charge Qp and the value of h, we extract the

quantized CFT y-momentum charge

np = h− h̄ =
N

k2
s(s+ ξ) . (4.39)

We then translate this CFT charge into supergravity normalization using the general relation

between the supergravity charge Qp and the quantized charge np (see e.g. [11, Eq. (6.26)]),

Qp =
Q1Q5

R2
yN

np =
Q1Q5

R2
y

s(s+ ξ)

k2
. (4.40)

– 24 –



This value, derived from the CFT, is in precise agreement with Eq. (3.25). The agreement of

conserved charges supports our proposal for the holographic description of our solutions.

In Figure 2 we plot both the fractionally spectral flowed supertube solutions without shock-

waves (dots) and the microstates obtained adding a shockwave in their core region (crosses). In

all examples, the backreaction of the shockwave drives the fractionally spectral flowed super-

tube solutions toward the BMPV parabola, without ever reaching it except asymptotically in

the limit q → 1, which as we have already discussed is a singular limit.

Let us make some observations on the set of solutions with shockwaves and their conserved

charges. First, let us consider the right-hand side of the np = 0 line, i.e. the range 0 < J3 ≤ N/2.

Upon backreaction of the shockwave, the microstate remains on the same line. The shockwave

reduces the angular momentum, corresponding to a transition from less typical to more typical

two-charge microstates [47].

On the left-hand side of the np = 0 line, when −N/2 ≤ J3 < 0, the behaviour is quite

different: upon adding the shockwave, the momentum charge of the microstate increases. The

difference between the two sides of the np = 0 line can be understood by first noticing that in all

points plotted, the shockwave adds a negative amount of J3. When the background has positive

J3, the shockwave decreases |J3|. However when the background has negative J3, the shockwave

increases both |J3| and the average winding of the strands in the CFT, so it is not possible for

the solution with shockwave to remain on the np = 0 line. A more direct understanding can be

obtained by tracing the spectral flow orbits of the points on the right-hand side of the np = 0

line (by fractional spectral flow with ν = −1/k).

Note that there exists a similar set of configurations with shockwaves in which the shockwave

adds a positive amount of J3. These can be obtained by interchanging φ ↔ ψ in the solutions

we constructed in Eq. (3.22). Their charges are obtained by reflecting Fig. 2 in the np axis.

So in fact for each background, there exist two solutions with shockwaves of the type we have

constructed, only one of which is plotted in Fig. 2.

The behaviour on the diagonal lines is similar to the respective halves of the two-charge line

np = 0. Specifically, the behaviour of the states on the left-most diagonal line is similar to that

on the right-hand side of the np = 0 line, being related by (integer) spectral flow with parameter

ν = −1. The configurations with shockwaves remain on the diagonal line. In the same way, the

behaviour on the right-most diagonal line is similar to that on the left-hand half of the np = 0

line. Recall that the dots on these lines include all states that have k = 1 and all states that

have s/k ∈ Z or (s+ 1)/k ∈ Z.

The final set of dots are those that already lie close to the parabola, for which k > 1 and

neither s/k ∈ Z nor (s + 1)/k ∈ Z. These are the states that involve ‘genuinely’ fractional

spectral flow, in the sense that they cannot be obtained from any two-charge state by spectral

flow with parameter ν ∈ Z [38]. The shockwave drives these states to be closer to the parabola,

though in many cases it is not easy to see this from the plot.

We conclude this subsection by returning to the point that for the states with shockwaves

that remain on the two-charge line, the process of adding a shockwave is a process that drives the

system from less typical to more typical two-charge microstates [47]. For our fractionally spectral

flowed supertubes with shockwaves, making a similar interpretation is complicated by the fact

that the conserved charge np in general changes when the shockwave is added. However in
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both cases the solutions with shockwaves describe a family of microstates involving strands with

unspecified twists ki, corresponding to the high-frequency quanta making up the shockwave

that are not resolved by supergravity. Indeed, our proposed dual CFT states in Eq. (4.32)

involve strands with windings that generically are of different lengths, including lengths scaling

as positive powers of N . Therefore, relative to other microstates with the same respective values

of np, the states with shockwaves are naturally thought of as being more typical than the states

dual to the fractionally spectral flowed supertube solutions without shockwaves.

4.6 Interpolating between different microstates

We now observe that the class of CFT states that we have studied, given in Eq. (4.32), contains

some simple examples of states that have attracted recent interest as families that interpolate

between different microstate geometries [82, 83]. Those works studied sub-families of states of

the general form

|++〉N0
k,ν |++〉d1k1,ν1 , (4.41)

where the pair (k, ν) is not equal to the pair (k1, ν1), and coherent superpositions of such states.

We caution the reader that in this subsection we are parameterizing spectral flow with the

rational parameter ν = s/k rather than the integer s.

This family of states is interesting because in the separate limits in which d1 = 0 or N0 = 0,

the state reduces to a spectral flowed supertube state (or a two-charge supertube state). In [82]

the sub-family k = k1 = 1, ν = 0, ν1 > 0 was studied (spectral flowed further to the NS-NS

sector). In [83] a general discussion was given, as well as an explicit analysis of the sub-family in

which ν1 = ν− 1
k1

. It was found that the bulk description of these states involves codimension-2

sources corresponding to an extra KKM dipole charge in the D1-D5 frame.

The family of states we have analyzed includes another distinct sub-family of states of the

form (4.41), namely that in which k1 ∼ N b with 0 < b ≤ 1, and either ν1 = ν or ν1 = ν+ 1
k −

1
k1

,

i.e.

|++〉N0
k,ν |++〉d1k1,ν , |++〉N0

k,ν |++〉d1
k1,ν+ 1

k
− 1
k1

. (4.42)

The first of these values of ν1 is obtained directly by taking the limit of our general family of

CFT states (4.32) in which there is only one type of long strand, of polarization |++〉.
The second value of for ν1 arises because we have the freedom to flip the sign of the left

angular momentum J3 while keeping the right angular momentum J̄3 invariant. This can

be implemented by the coordinate transformation (ψ, φ) → (φ, ψ) in our solutions (3.25), as

discussed below Eq. (4.40). This gives the bulk solutions dual to a set of CFT states similar to

those in Eq. (4.32) but with |++〉k → |−+〉k and all εi → −εi. This includes states of the form

|−+〉N0
k,ν |−+〉d1k1,ν . (4.43)

By shifting ν → ν + 1/k, we can rewrite these states as the second type of state in (4.42).

Note that setting ν = 0 in the second type of state in (4.42), we obtain a set of states of

which one is a RR ground state and one is a fractional spectral flowed state,

|++〉N0
k |++〉d1

k1,
1
k
− 1
k1

. (4.44)
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In our setup, the bulk configurations with q = 0 correspond to CFT states with all strands of

one type (of the shorter winding k). Dialling q larger, we obtain solutions that describe states of

the form (4.41) with k1 ∼ N b and either ν1 = ν or ν1 = ν + 1
k −

1
k1

. For these states, q controls

the fraction of the total strand budget accounted for by the long strands, as discussed around

Eq. (4.26).

In the analysis of [83], emphasis was placed on the ability to interpolate from states involving

strands of all one type to states involving strands of all the other type. On this point, let us note

that there are two limitations to our construction: first, we cannot interpolate all the way to

having only long strands, as this would invalidate the shockwave approximation we have made;

the approximation relies on both long and short strands contributing an order-one fraction of the

overall strand budget. Second, our bulk solutions do not differentiate between the polarizations

of the long strands, so the same bulk solutions describe interpolations between different pairs

of fractionally spectral flowed states. In this sense our bulk description is more coarse-grained

than that of [83]. Nevertheless, we have found the bulk description of interesting examples of

states of the general form (4.41), allowing us to describe a partial interpolation between strands

that have different amounts of spectral flow.

5 Discussion

In this paper we have exhibited the first family of asymptotically flat BPS three-charge mi-

crostate geometries involving shockwaves in their cores. Our construction is built upon solu-

tions that describe shockwaves in global AdS3×S3. We performed a spacetime fractional spectral

flow transformation and then exploited the multi-center formalism of supersymmetric solutions

to construct asymptotically flat (specifically asymptotically R4,1×S1) solutions. The resulting

solutions are recorded in Eq. (3.22).

The solutions contain a shockwave singularity. Away from the shockwave locus, the solutions

are regular up to possible orbifold singularities that are physical in string theory. We have

excluded closed timelike curves analytically in the decoupling limit, and numerically in the full

asymptotically flat solutions.

We have proposed the holographic description of these supergravity solutions as being the

family of CFT states described in Eq. (4.32), subject to the constraint of integer momentum

per CFT strand. We observed that this constraint is non-trivial, and proved that it is satisfied

by an infinite sequence of states involving strands of arbitrarily long length at large N .

We provided supporting evidence for our proposal by comparing conserved charges, finding

precise agreement. We also performed a precision holographic test using the recently developed

explicit dictionary of [16, 18], again with exact agreement. As usual, such tests cannot prove

that the identification of the CFT dual states is precisely correct (there can be many states

with same expectation value of a set of light operators), however their agreement together with

the method of spectral flow used in the supergravity construction provide strong supporting

evidence of this proposal for the dual CFT states.

Our solutions describe the backreaction of highly energetic supergravity quanta on a frac-

tionally spectral flowed supertube background. While the total energy of the shockwave is fixed,

– 27 –



the supergravity solutions do not contain information about the details of these supergravity

quanta. In the holographically dual CFT, the corresponding statement is that the fraction of

the total strand budget taken up by long strands in the states (4.32) is fixed, however the length,

degeneracy and polarization of each long strand are not. In this sense the shockwave provides a

coarse-grained description of the backreacted high-energy quanta.

We observed that the CFT states described by our solutions contain examples of states

that interpolate between certain types of different three-charge microstates that have recently

attracted attention, expanding upon the classes of states discussed in [82, 83].

We also observed that in our asymptotically flat solutions, the location of the shockwave

is not the same as the evanescent ergosurface. As a result, the addition of the shockwave does

not come at zero cost in energy, and instead changes the momentum charge np along the y-

circle. This is a physical difference from the two-charge solutions of [28], discussed in [47] in

the context of an evolution from less typical to more typical states following the perturbation

process described in [45]. Nevertheless, we have argued that the CFT states dual our solutions

with shockwaves are naturally thought of as more typical than the solutions without shockwaves,

when each is compared to other microstates with the same respective values of np.

Our results offer possibilities for generalization. By considering more general seed solutions,

one could construct more general families of microstates involving shockwaves. Within such

families, it may be possible to construct three-charge solutions in which the shockwave is located

at the evanescent ergosurface, thus preserving the total energy and hence the value of np. Such

solutions would connect more directly to the work of [45, 47].

It would be interesting to construct solutions involving shockwaves in the non-BPS mi-

crostate geometries of [37]. In particular, a solution with a shockwave in the ergoregion of these

backgrounds could describe the backreaction of the quanta generated by ergoregion emission,

which has been interpreted microscopically as an enhanced unitary version of Hawking radiation

for such microstates [84, 85]. One could further generalize this line of enquiry to more general

non-BPS microstate geometries such as those of [86–88] and [89–93].

Finally, two-charge solutions involving shockwaves can be obtained as limits of the general

family of two-charge solutions. Such a general family is not known for three-charge solutions.

Our solutions may be useful data points to inform the programme to construct a complete

description of the most general class of three-charge black hole microstates that can be described

by smooth supersymmetric supergravity solutions and their limits.
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A Type IIB supergravity ansatz and BPS equations

In this appendix, we record the class of solutions to type IIB supergravity compactified on T 4

within which we work. The ansatz allows for 1/8-BPS solutions with D1-D5-P charges, and in

six dimensions corresponds to minimal 6D supergravity coupled to one tensor multiplet.

The ansatz is arranged as a fibration over a four-dimensional spatial base B. Denoting

by dŝ2
4 and v̂ol4 the flat metric and the volume form on T 4 respectively, the ansatz for the

supergravity fields is

ds2
10 = ds2

6 +

√
Z1

Z2
dŝ2

4 ,

ds2
6 = − 2√

P
(dv + β)

[
du+ ω +

F
2

(dv + β)
]

+
√
P ds2

4(B) ,

e2Φ =
Z2

1

P
, P = Z1Z2 , (A.1)

C2 = − Z2

P
(du+ ω) ∧ (dv + β) + a1 ∧ (dv + β) + γ̂2 ,

C6 = v̂ol4 ∧
[
−Z1

P
(du+ ω) ∧ (dv + β) + a2 ∧ (dv + β) + γ̂1

]
,

where Z1, Z2,F are scalars, β, ω, a1, a2 are one-forms on B, γ̂1, γ̂2 are two-forms on B. We work

in conventions in which the coordinates u, v are related to the canonical asymptotic time t and

common D1-D5 spatial direction y by

u = t , v = t− y . (A.2)

Following [60], we introduce the operator

D ≡ d̃− β ∧ ∂

∂v
, (A.3)

where d̃ is the exterior differential on the spatial base B.

The structure of the BPS equations for this ansatz is as follows. The base metric ds2
4(B) and

the one-form β satisfy non-linear equations known as the “zeroth layer”. Having solved these

initial equations, the remaining BPS equations are organized into two further layers of linear

equations to be solved [61, 94].

In this work we construct solutions in which the four-dimensional base space B is flat R4,

and in which β is independent of v. The BPS equation for β is then

d̃β = ∗4d̃β , (A.4)

where ∗4 stands for the flat R4 Hodge dual.

We introduce the SO(1, 1) Minkowski metric ηab (a = 1, 2) in the form

η12 = η21 = 1 . (A.5)

This metric is used to raise and lower a, b indices. We then have

P ≡ 1

2
ηabZaZb = Z1Z2 . (A.6)
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We introduce the two-forms Θ1, Θ2 as follows:

Θb ≡ Dab + ηbc ˙̂γc . (A.7)

The BPS ansatz for the flux G1 = dC2 is

G1 = d
[
− Z2

P
(du+ ω) ∧ (dv + β)

]
+ ?4DZ2 + (dv + β) ∧Θ1 . (A.8)

The “first layer” of the BPS equations is

∗4DŻa = ηabDΘb , D ∗4 DZa = − ηabΘb∧ dβ , Θa = ∗4 Θa . (A.9)

The “second layer” of the BPS equations is given by

Dω + ∗4Dω + F dβ = ZaΘ
a ,

∗4D ∗4
(
ω̇ − 1

2
DF

)
= P̈ − 1

2
ηabŻaŻb −

1

4
ηab ∗4Θa ∧Θb .

(A.10)

B Conserved charges of three-charge solutions with shockwaves

In this appendix we compute the five-dimensional conserved ADM mass and angular momenta

carried by our new three-charge microstates containing a shockwave, given in Eq. (3.22). The

asymptotic metric to leading order has sphere radius r̄ =
√
ξr in the presence of the shockwave.

With this in mind, we use [95, Eqs. (2.17), (2.18)] (see also [96, Eqs. (3.3), (3.5)]) to calculate

the ADM mass of the solution in (3.22),

MADM =
Ω3L

16πG6
(3ct − cy) (B.1)

=
π

4G5

(
Q1 +Q5 +

Q1Q5

R2
y

s(s+ ξ)

k2

)
, (B.2)

where G6 = LG5, L = 2πRy, and Ω3 = 2π2 is the area of the unit sphere S3, and where we

have used a =
√
Q1Q5

Ry
.

To calculate the conserved five-dimensional ADM angular momenta, we dimensionally re-

duce on the y-circle. Following the discussion around [97, Eq. (1.58)–(1.65)] and again using the

coordinate r̄, we compute the angular momentum along ψ, finding

Jψ = − π

4G5

as
√
Q1Q5

k
= −sn1n5

k
, (B.3)

where in the second equality we have used a =
√
Q1Q5

Ry
, G5 = G10

2πRy(2π)4V4
, G10 = 8π6g2

s l
8
s ,

Q1 = gsn1α′3

V4
and Q5 = gsn5α

′. Similarly the angular momentum along φ is

Jφ =
πa(s+ ξ)

√
Q1Q5

4G5k
=

(s+ ξ)n1n5

k
. (B.4)
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Therefore the left and right angular momenta for our new solutions are

J3 =
1

2
(Jφ − Jψ) =

1

2

ξn1n5

k
+
sn1n5

k
,

J̄3 =
1

2
(Jφ + Jψ) =

1

2

ξn1n5

k
.

(B.5)

We note that to compute the ADM mass, we could equally well have used dimensional

reduction combined with [97, Eq. (1.65)].

C Precision holography

In this appendix we record several details of our precision holographic computation of Section 4.2.

C.1 Operators of the D1D5 CFT

We first collect the definitions of the scalar chiral primary operators (CPOs) of scaling dimension

one and two relevant for the holographic dictionary discussed in Section 4.2. We remind the

reader that we label with h,m (h̄, m̄) the left (right) conformal dimensions and R-symmetry

charges of the operators.

Let us start with the CPOs of scaling dimension ∆ = h+ h̄ = 1. First, we have the currents

(all sums over copy indices r, s run from 1 to N unless otherwise indicated):

J+ =
∑
r

J+
(r) =

∑
r

ψ+1
(r)ψ

+2
(r) , J̄+ =

∑
r

J̄+
(r) =

∑
r

ψ̄+1
(r) ψ̄

+2
(r) . (C.1)

Second, we have the twist-two operator Σ++
2 : it is composed of a ‘bare’ twist-two operator

σ(rs) associated with the permutation (rs) and spin fields S+, S̄+ that map NS to R boundary

conditions, and vice versa. It has dimension (1
2 ,

1
2) and is given by

Σ++
2 =

∑
r<s

S+S̄+σ(rs) =
∑
r<s

σ++
(rs) . (C.2)

These operators are the building blocks of the ∆ = 2 double-trace operators that enter in the

linear combination of Σ̃3 in Eq. (4.14). Their explicit definitions are

(Σ2 · Σ2)++ =
2

N2

∑
(r<s),(p<q)

σ++
(rs)σ

++
(pq) , (J · J̄)++ =

1

N

∑
r,s

J+
(r)J̄

+
(s) , (C.3)

where the numerical factors are arranged so that these operators have unit norm in the large-N

limit. Both these operators are highest-weight states of SU(2)L × SU(2)R; their R-symmetry

descendants can be constructed by acting with the zero modes of J−, J̄−. We shall follow the

conventions of [17, 18] and define the descendant operators to have the same norm as the highest

weight operator.

Next, we introduce the relevant CPOs at dimension ∆ = 2. In the untwisted sector we have

the single-trace product of the holomorphic and anti-holomorphic currents:

Ω++ =
∑
r

J+
(r)J̄

+
(r) =

∑
r

ψ+1
(r)ψ

+2
(r) ψ̄

+1
(r) ψ̄

+2
(r) . (C.4)
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Second, we have a twist-three operator

Σ++
3 =

∑
q<r<s

J̄+
−1/3J

+
−1/3

(
σ(qrs) + σ(qsr)

)
, (C.5)

where σ(qrs), σ(qsr) are bare twist operators associated with the inequivalent permutations (qrs)

and (qsr); the current mode insertions add the necessary charge to construct a chiral primary.

C.2 Precision holographic test for more general states

We now describe the computation of the expectation value of the single-particle operator Σ̃00
3

on the following class of states, which is more general than that considered in Section 4.2.

|++〉N0
1

n+
s∏

i=1

|++〉d
+
i

k+i

n−s∏
j=1

|−−〉
d−j

k−j
, N0 +

n+
s∑

i=1

d+
i k

+
i +

n−s∑
i=1

d−i k
−
i = N . (C.6)

Here the superscript ± refers to the strand polarizations |++〉 and |−−〉; for ease of notation

we introduce the index m = ± which we shall use in some of the following expressions.

Let us first consider the contribution from Σ00
3 . Proceeding as explained after Eq. (4.17),

and using Eqs. (C.27) and (C.28) from the following subsection, one obtains that the expectation

value of Σ00
3 on the full state (4.7) arises from the process

Σ00
3

(
|++〉N0

1

n+
s∏

i=1

|++〉d
+
i

k+i

n−s∏
j=1

|−−〉
d−j

k−j

)
=[∑

i

(k+
i + 1)2

6k+
i

N0d
+
i +

∑
i

(k−i )2 + 6k−i + 1

6k−i
N0d

−
i +

∑
m,i 6=j

(kmi + kmj )2

6kmi k
m
j

dmi d
m
j

+
∑
i,j

(k+
i )2 + 6k+

i k
−
j + (k−j )2

6k+
i k
−
j

d+
i d
−
j

(
1− δk+i k−j

)](
|++〉N0

1

n+
s∏

i=1

|++〉d
+
i

k+i

n−s∏
j=1

|−−〉
d−j

k−j

)
,

(C.7)

where the indices i, j run from 1 to n+
s (n−s ) when m = + (m = −).

Second, we consider the operator Ω00: by using Eq. (4.18), it acquires a non-vanishing

expectation value via the process

Ω00
(
|++〉N0

1

n+
s∏

i=1

|++〉d
+
i

k+i

n−s∏
j=1

|−−〉
d−j

k−j

)
=

(
N0

2
+
∑
i,m

dmi
2kmi

)(
|++〉N0

1

n+
s∏

i=1

|++〉d
+
i

k+i

n−s∏
j=1

|−−〉
d−j

k−j

)
,

(C.8)

where to obtain the second term on the right-hand side we have used the eigenvalue reported

in [17, Eq. (5.40)].
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Third, we consider the double-trace operator
(
J · J̄

)00
. Its expectation value arises from the

process described after Eq. (4.20),

(
J · J̄

)00
(
|++〉N0

1

n+
s∏

i=1

|++〉d
+
i

k+i

n−s∏
j=1

|−−〉
d−j

k−j

)
= (C.9)

[
N2

0

2
+N0

∑
i

d+
i −N0

∑
i

d−i +
∑
m,i,j

dmi d
m
j

2
−
∑
i,j

d+
i d
−
j

](
|++〉N0

1

n+
s∏

i=1

|++〉d
+
i

k+i

n−s∏
j=1

|−−〉
d−j

k−j

)
.

By combining the definition of the single-particle operator Σ̃00
3 with Eqs. (C.7)–(C.9), we

obtain the expectation value of the single-particle operator. We find cancellation of all terms

that are clearly of order N1/2, leaving the following remainder:

〈
Σ̃00

3

〉
=

1

N3/2

[
N0

∑
m,i

dmi +
∑
m,i 6=j

dmi d
m
j

(kmj )2 + 3kmi k
m
j

4kmi k
m
j

+
∑
i,j

d+
i d
−
j

(
1− 2δk+i ,k

−
j

)]
. (C.10)

We must ensure that this remainder is subleading compared to N1/2. When the long strands

were all of polarization |++〉, this condition led to the constraint
∑

i di ∼ N1−α with α > 0.

We will obtain the analogous constraint, however to do so we must take care since in the present

case we note that (C.10) is not the sum of positive terms, due to the final term.

Let us therefore examine the final term. Without loss of generality, let us assume n+
s ≥ n−s .

To obtain a bound on this term, let us consider the worst-case scenario in which k+
i = k−i for

all i = 1, . . . , n−s . The magnitude of the negative contribution to this term is then given by

1

N3/2

n−s∑
i=1

d+
i d
−
i . (C.11)

Since no dmi can scale as N , and since N0 ∼ N , the magnitude of this term is subleading with

respect to the first term in (C.10). Therefore these terms cannot cancel each other, and so the

first term in (C.10) must by itself be subleading with respect to N1/2. This implies that:(∑
i

d+
i +

∑
i

d−i

)
∼ N1−α , α > 0 . (C.12)

Upon imposing this condition, the other terms in (C.10) are also subleading with respect to

N1/2, as argued in the main text. We thus find that the precision holographic test is passed for

this more general class of states. The completely general case is analogous.

C.3 Fusion coefficients for Σ3

In this final subsection we compute the fusion coefficients ck1k2 for the following processes:

σ00
3 |++〉k1 |++〉k2 = c

(++)
k1k2

(
1− δk1,k2

)
|++〉k1 |++〉k2 ,

σ00
3 |−−〉k1 |−−〉k2 = c

(−−)
k1k2

(
1− δk1,k2

)
|−−〉k1 |−−〉k2 ,

σ00
3 |++〉k1 |−−〉k2 = c

(+−)
k1k2

(
1− δk1,k2

)
|++〉k1 |−−〉k2 .

(C.13)
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The term 1 − δk1,k2 can be explained as follows. The operator σ00
3 corresponds to a three-

cycle that, when acting on two permutations of length k1 and k2, produces another pair of

permutations of length k1 and k2 by shuffling the copies [17]. This process can occur only if

k1 6= k2.

We now give an explicit derivation of the coefficient c
(++)
k1k2

. The derivation of the coefficients

c
(−−)
k1k2

and c
(+−)
k1k2

is analogous, and we simply report their values at the end of the appendix.

We compute the coefficient c
(++)
k1k2

by requiring that the precision holography dictionary (4.15)

for the single-particle operator Σ̃3 holds on the two-charge CFT state:∑
N1

(
A |++〉k1

)N1
(
B |++〉k2

)N−N1

, (C.14)

where, for concreteness, we take k1 6= k2. Here A,B are coefficients that we take to be real; they

are related to the average number of strands N̄1 and N − N̄1 via [16]

k1N̄1 = A2 , k2(N − N̄1) = B2 . (C.15)

Let us first compute the bulk quantity
[
s

(6)(−a,−ȧ)
k=2

]
defined in Eq. (4.12). We do so by

generating the harmonic functions Z1 and Z2 as in [16, Eq. (B.2)], making use of the following

profile functions:

g1(v′) =
a

k1
e

2πik1
L

v′ +
b

k2
e

2πik2
L

v′ , gi 6=1(v′) = 0 . (C.16)

The supergravity Fourier modes a, b are related to the CFT coefficients A,B via

A = Ry

√
N

Q1Q5
a , B = Ry

√
N

Q1Q5
b , (C.17)

and satisfy the relation

a2 + b2 =
Q1Q5

R2
y

. (C.18)

Upon performing the asymptotic expansion in Eq. (4.11), one finds that the spin component

(0, 0) is non-vanishing, with value[
s

(6)(0,0)
k=2

]
=
√

2
a2b2

k1k2

R4
y

(Q1Q5)2
. (C.19)

The holographic dictionary in Eq. (4.15) then predicts that the single-particle scalar CPO

Σ̃00
3 has the following expectation value on the CFT state (C.14):

〈
Σ̃00

3

〉
=

a2b2

k1k2

R4
y

(Q1Q5)2
N1/2 . (C.20)

We now fix the fusion coefficient ck1k2 by requiring that this is indeed the case. The CFT

operators in the linear combination (4.14) that contribute at leading order at large N to the

expectation value of the single-particle operator Σ̃00
3 are the single-trace operators Σ00

3 and Ω00

and the double-trace
(
J · J̄

)00
.
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First, we consider the operator Σ00
3 . Its expectation value is obtained by multiplying the

fundamental process (C.13) by the number of different ways the twist operator can act on the

coherent state, as we shall describe momentarily. When the operator Σ00
3 acts on a term in the

coherent state sum (C.14), the contribution is

Σ00
3

[
|++〉N1

k1
|++〉N−N1

k2

]
= c

(++)
k1k2

N1(N −N1)k1k2

[
|++〉N1

k1
|++〉N−N1

k2

]
. (C.21)

The numerical factor N1(N −N1) follows from the fact that the twist operator can act on any

of the N1(N − N1) pairs of |++〉k1 , |++〉k2 , while the term k1k2 occurs because each strand

can be cut in k1 and k2 different positions respectively. Using Eqs. (C.15) and (C.17) we find

〈
Σ00

3

〉
= c

(++)
k1k2

a2 b2
R4
yN

2

Q1Q5
. (C.22)

Second, we consider the operator Ω00. The relevant contribution to the expectation value

of Ω00 then follows from Eq. (4.18) via the basic process

Ω00
[
|++〉N1

k1
|++〉N−N1

k2

]
=
(N1

2k1
+
N −N1

2k2

)[
|++〉N1

k1
|++〉N−N1

k2

]
. (C.23)

It follows from Eqs. (C.15)–(C.18) that

〈
Ω00
〉

= (a2 + b2)

(
a2

2k2
1

+
b2

2k2
2

)
R4
yN

Q1Q5
. (C.24)

Third, we consider the double-trace operator
(
J · J̄

)00
= 2

N

∑
r,s J

3
(r)J̄

3
(s). When acting on

a member of the coherent state (C.14), this operator produces three terms, which correspond

to: (i) both left and right currents acting on a strand of twist k1, (ii) both currents acting on

a strand of length k2, and (iii) each current acting on a different type of strand. This produces

the following contribution:

(
J · J̄

)00
[
|++〉N1

k1
|++〉N−N1

k2

]
=

2

N

(N2
1

4
+
N1(N −N1)

2
+

(N −N1)2

4

)[
|++〉N1

k1
|++〉N−N1

k2

]
,

(C.25)

which implies 〈(
J · J̄

)00〉
=
( a4

2k2
1

+
a2b2

k1k2
+

b4

2k2
2

) R4
yN

Q1Q5
, (C.26)

where we have used Eqs. (C.15) and (C.17). By using the definition of the single-particle operator

Σ̃3 in Eq. (4.14), we have that the holographic prediction in Eq. (C.20) holds provided that

c
(++)
k1k2

=
(k1 + k2)2

6k2
1k

2
2

. (C.27)

With an analogous computation one obtains

c
(−−)
k1k2

=
(k1 + k2)2

6k2
1k

2
2

, c
(+−)
k1k2

=
k2

1 + 6k1k2 + k2
2

6k2
1k

2
2

. (C.28)
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