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The Inference and Analysis of Correlation and Partial Correlation Financial
Networks

by Tristan Millington

To understand risk in a financial market we must understand how asset prices are
related. By using correlation measures we can quantify the relationships between
asset pairs, and then using network science we can then attempt to study the system
as a whole. In this thesis we explore the use of various correlation and partial
correlation estimators to estimate a financial network from returns data. We then
show how these networks differ from the standard Pearson correlation models and
attempt to evaluate their use.

We firstly explore the use of sparse precision matrix estimators, and compare
their success in selecting a known underlying model to simply thresholding the
sample covariance matrix. Surprisingly we find that thresholding the sample covariance
matrix is competitive with these sparse precision matrix estimators. Next we look
at using a selection of these estimators for portfolio optimization. We find that
in general they do not outperform non-sparse methods, such as the Ledoit-Wolf
shrinkage estimators, but can provide some added robustness, and do force diversification
upon the portfolios.

We then look at constructing networks using these precision matrix estimations.
Firstly we use the Ledoit-Wolf shrinkage method to construct partial correlation
networks of the S&P500. These partial correlation networks have a significantly
less variable largest eigenvalue than a correlation network, indicating the effect of
the market has been removed, but in fact are more unstable than their correlation
counterparts, with both the largest eigenvector and community structure changing
significantly more between adjacent time periods. Furthermore we have less success
in uncovering the underlying sector structure in these partial correlation networks
compared to the equivalent correlation ones.

These Ledoit-Wolf estimated networks are dense, which can inhibit interpretability.
Therefore next we look at using a sparse precision matrix estimator, the SPACE
method. Again these networks seem quite unstable, with a large number of edge
changes between networks adjacent in time, indicating that partial correlation networks
in general are more unstable than their correlation counterparts.

Next we explore the use of rank correlation methods for the construction of
minimum spanning trees from financial returns, and explore how these compare
to those constructed using Pearson correlation. We find that the trees constructed
using these rank methods correlation tend to be more stable and maintain more
edges over the dataset than those constructed using Pearson correlation and the
trees have similar topologies. We also explore how deviations from Gaussianity
drive differences in the trees. There is little correlation between MST differences and
deviations from univariate Gaussianity, but if we use quantile normalization to force
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the dataset to be univariate Gaussian then the differences between the MSTs drops,
indicating this does have an effect.

Finally we look at how the similarity and stability of correlation networks changes
during times of market calm and market stress. Using some simple measures, such
as the change and standard deviation of the entries in the leading eigenvector and
the mean L, difference between nodes, we look at three different markets, the US,
UK and Germany, and find that the UK and US markets become more similar and
more stable during times of market stress, but the German market does not see such
effects.
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Chapter 1

Introduction

1.1 Introduction and Motivation

Financial markets are a complex, dynamic system. Many different investors, with a
wide variety of objectives, interact together to agree on prices for assets. Regulators
also wish to observe, and occasionally intervene in markets, to ensure their stability.

A range of factors contribute to the price of an asset, including the price of a
commodity, interest rates, past performance of the asset and government policy.
Generally investors are interested in maximising the return and minimizing the risk
of their portfolios (the set of assets they own). The return of a portfolio is how much
the price of the assets it contains rises or falls during a period of time, while the risk
of a portfolio is a measure of the chance of the price changing significantly. In general
financial practitioners are interested in two forms of risk, that from the perspective
of a portfolio, and that from the perspective of the system as a whole (known as
systematic risk)

Investors are concerned with the former. Due to a desire to reduce risk they own
portfolios made up of multiple assets. This process is referred to as diversification.
To accurately assess risk in these portfolios we must understand the dynamics of
the relationships between said assets. The goal here is also often to minimize the
amount of risk inherent in the portfolio. Furthermore they may also be interested in
patterns of behaviour in the market. While "past performance is not an indicator of
future results" is an important phrase to remember when it comes to investments,
markets do fall into certain states, and by studying the properties of certain states,
and which they transition into, we can make recommendations for investors.

Both investors and regulators tend to be interested in the latter. Unlike risk from
the perspective of a portfolio, systematic risk cannot be minimized by an investor.
In an ideal world, if the level of systematic risk is high, a regulator would step in.
High levels of systematic risk can lead to market crashes, and potentially even a
breakdown of the financial system. Therefore it is desirable to quantify the amount
of systematic risk in order to inform a regulator when it might be wise to step in,
or for an individual investor to remove themselves from the market for a period of
time.

Network science can provide a toolkit to allow us to study the markets, and to
understand the relationships that occur in them. By using both global and node
level measures we can quantify how the entire system and individual components
behave and respond, and this helps us to understand risk from both perspectives.

In the context of financial networks, we are not given the true underlying network
and so must infer it from data. The usual choice is to use the Pearson correlation
between asset returns. This has the advantages of being simple the interpret and
calculate. The challenge is that asset returns are not stationary, so a common solution
is to take a window of data where the returns can be assumed to be approximately
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stationary. This necessitates a trade off between window size and stationarity. A
small window means this assumption of stationarity is more accurate, but this can
lead to the challenge of having more dimensions than samples. Financial returns
are also driven by the overall market as well as factors that influence individual
companies, meaning that there are spurious or indirect correlations which a user
may desire to have removed. The problems mentioned above are found in other
fields (e.g. biology, neuroscience) where the acquisition of extra samples can be
expensive. Therefore in the first few chapters we see if tools from these fields can
be used in a financial context. In particular we focus on sparse precision matrix
estimation, where the methods are designed to reliably infer precision matrices in
p >> nsituations. Precision matrices can also be used to construct a partial correlation
matrix, which removes these indirect correlations. Chapters 3, 4 and 6 focus on
this. The results in these situations seem to indicate that the networks are very
unstable, but this could be due to the instability of the lasso on highly correlated
data. Therefore to rectify this situation in Chapter 5 we look at the inference of
precision matrices and then partial correlation networks by using a non-sparse estimator,
the Ledoit-Wolf shrinkage methods.

Pearson correlation is also not a robust estimator, and so can be badly affected
by outliers and non-linear relationships. Both of these are often present in financial
returns, and so in Chapter 7 we explore the use of rank correlation methods for
construction of financial networks, as rank correlation is not susceptible to either of
these issues.

As previously mentioned, one of the goals of constructing and analyzing these
networks is to help inform how an investor might diversify their portfolios. Therefore,
in chapter 8 we investigate some of the properties of Pearson correlation networks
that relate to the goals of diversification vary during times of market calm and stress.
Below we give a more detailed description of each chapter.

1.2 Contributions

The main contributions of this thesis are

e The application of sparse high dimensional precision matrix estimators to
financial data. We use these estimators for portfolio optimization (Chapter 4)
and for inferring a network of company relationships (Chapter 6)

e Analysis of partial correlation financial networks. We compare and contrast
correlation and partial correlation networks inferred from financial data (Chapter
5, Chapter 6, Appendix A).

e The comparison of Pearson, Spearman and Kendall’s T correlation coefficient
for the construction of minimum spanning trees (Chapter 7). Studying the
difference between trees inferred using these correlation coefficients, we show
that the trees inferred using rank correlation are more stable and less affected
by periods of disruption, and tend to have slightly more reliable edge selection

e The study of correlation based financial networks in times of market stress
and calm (Chapter 8). Using some simple network measures and a community
detection algorithm, we show these networks could be considered more stable
during times of market stress
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1.3 Structure

Chapter 2 provides a review of the literature in inference and analysis of financial
networks from returns data. In it we detail the various methods designed to remove
noisy from the matrices, including topological based methods (e.g. minimum spanning
trees, planar maximally filtered graph) and spectral based methods (e.g. random
matrix theory). We include how these networks change over time, alternative methods
of inferring a financial network (e.g. correlation, partial correlation, mutual information)
and a software package that implements some of the methods discussed. Some
applications of these networks are shown (e.g. portfolio selection) and finally, how
they may be used as inputs into clustering algorithms, which can then be used for
portfolio diversification.

Chapter 3 provides a brief review of the estimation of precision matrices, mostly
focusing on imposing sparsity. We show how linear regression can be used to estimate
a row of the precision matrix, and from that how various advances in regularised
linear regression are then used to estimate precision matrices. We then compare
the performance of a selection of precision matrix estimators on Gaussian data.
This is quantified using the area under the ROC curve and the F; score when a
regularization parameter is selected using cross validation. Interestingly we find
that thresholding the sample covariance matrix is very competitive with even the
best sparse precision matrix estimation methods, and is computationally trivial.

Chapter 4 focuses on the use of sparse precision matrix estimation methods in
portfolio optimization. Noting that portfolio optimization suffers from many of the
problems these estimators are designed to fix - e.g. more dimensions than samples,
noisy data, we apply the graphical lasso, SCIO, Scaled Lasso and Ledoit-Wolf shrinkage
method to financial returns in the hope they will improve portfolio performance and
robustness. We find that the Ledoit-Wolf shrinkage method is the best at reducing
out-of-sample risk, but that the sparse methods can provide an improvement to the
robustness of portfolios, and to the turnover and size of asset holdings.

Chapter 5 looks at the inference of partial correlation financial networks using
the Ledoit-Wolf shrinkage estimators and compares them to correlation based ones.
Firstly we show that the partial correlation networks have a smaller and much less
variable intensity than the correlation networks, but in fact are less stable. We look
at the centrality of the various sectors in the graph using degree centrality and
eigenvector centrality, finding that sector centralities move together during the 2009
market crash and that the financial sector generally has a higher mean centrality
over most of the dataset. Exploring the use of these centrality measures for portfolio
construction, we shown there is mild correlation between the in-sample centrality
and the out of sample Sharpe ratio but there is negative correlation between the
in-sample centrality and out of sample risk. Finally we use a community detection
method to study how the networks reflect the underlying sector structure and study
how stable these communities are over time. Further analysis of partial correlation
networks is done in appendix A, where we take a topological approach to comparing
the correlation and partial correlation networks. Here we again find the partial
correlation networks are less stable, less clustered and could be considered noisier.

Chapter 6 looks at using the SPACE algorithm, which estimates a sparse partial
correlation matrix, to estimate partial correlation networks for S&P500 returns and
looks at how they have evolved over time. We see that companies tend to have
more connections to those in the same sector and some sectors tend to be more
self contained than others. By measuring the centrality of the various sectors in the
network we find that the financial sector is regarded as the most important for the



Chapter 1. Introduction 4

majority of the dataset. Finally we show there is mild negative correlation between
the centrality of a company and its out-of-sample risk.

In Chapter 7 we look at the construction of minimum spanning trees from financial
returns. This is an often used method to study relationships in the financial markets
due to the simplicity of construction, interpretation, and the removal of noisy edges.
However most of the work on this topic tends to use the Pearson correlation coefficient,
which relies on the assumption of normality and can be brittle to the presence of
outliers, neither of which is ideal for the study of financial returns. We study the
inference of MSTs over a time period from daily US, UK and German financial
returns using both the Pearson and two correlation coefficients, Spearman and Kendall’s
7. We find that the trees constructed using rank correlation tend to change less
and maintain more edges over the dataset than those constructed using Pearson
correlation. Generally the trees have similar topologies, irrelevant of the coefficient
used. Using a bootstrap method we show the rank correlations can have a small
impact on the robustness of the MSTs, but the construction procedure has the largest
effect.

In Chapter 8 we use network theory to study the correlations between stocks and
how this varies over time, using daily returns from the S&P500 (US), FTSE100 (UK)
and DAX30 (Germany). Our conclusion is that stocks returns tend to become more
similar during times of market disruption for the US and UK markets - implying that
nodes that were once dissimilar (and perhaps therefore a good choice for a low risk
portfolio) are no longer so, demonstrating the difficulties of choosing a diversified
portfolio. Furthermore the networks are also more stable by certain measures during
these periods of disruption, contrary to expectations. However these apply less to
the German market, perhaps either due to the smaller size of the German market or
the structural difference of the German economy.

1.4 Publications

These publications are based purely on research conducted during my PhD

e Tristan Millington and Mahesan Niranjan. "Robust Portfolio Risk Minimization
Using the Graphical Lasso." International Conference on Neural Information
Processing. Springer, Cham, 2017.

e Tristan Millington and Mahesan Niranjan. "Quantifying Influence in Financial
Markets via Partial Correlation Network Inference." 2019 11th International
Symposium on Image and Signal Processing and Analysis (ISPA). IEEE, 2019.

e Tristan Millington and Mahesan Niranjan. "Partial correlation financial networks"
Journal of Applied Network Science

e Tristan Millington and Mahesan Niranjan. "Construction of Minimum Spanning
Trees from Financial Returns using Rank Correlation" Physica A

e Tristan Millington and Mahesan Niranjan. "Similarity and Stability in Financial
Networks - How do they change during Times of Turbulence?" Physica A



Chapter 2

A Review of the Inference and
Analysis of Financial Networks
from Asset Returns

2.1 Introduction

The dynamics of asset returns are complex, with many different factors influencing
their movement. Furthermore portfolios do not consist of a single asset, and so
we are not just interested in the dynamics of one asset, but how asset prices move
together. This can lead to insights in how to diversify portfolios and assess risk,
both from the perspective of said portfolio and from the perspective of a market as
a whole (known as systematic risk). We can use network theory to help understand
these relationships, as it provides us with a set of tools that can be used to study
a variety of complex systems using common measures. Networks created from a
wide variety of fields show surprisingly common properties, such as community
structure, small world behaviour and power law degree distributions [10] [11]. In
this chapter we review work on the inference and applications of financial networks
from asset returns and summarize the conclusions and insights that have been found
so far.

2.2 Correlation Network Filtration

Often the genesis of studying the correlations in a financial system using a graph
model is credited to Mantegna [160]. Starting with the log returns of a stock

ri(t) = log x;(t) — log x;(t — 1) (2.1)

where x;(t) is a the price of asset i and time ¢ in our dataset containing p stocks with
n samples, we calculate the Pearson correlation coefficient between assets i and j as

img (ri(t) = 7) (ri(t) — 77)
VI (i) = 7)2(r() = )2

Cij = (22)

where 7; is the mean of 7;.

For various reasons, notably that it can be negative, correlation is not necessarily
the most suitable measure to use as a distance measure. However it can be trivially
turned into a ultrametric (i.e. non-negative, symmetrical, obeys the strong triangle
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inequality and 0 only when i = j) using the following formula
di]' = 2(1 - Cij) (23)

Either the correlation or distance matrix obtained from the asset returns can be
treated like an adjacency matrix, which results in a complete graph. This is difficult
to interpret and visualize, and furthermore many of the edges contained will be
small valued and noisy. Therefore it is desirable to remove these edges to increase
interpretability and to remove noise. In this section we detail various methods used
to discard these edges.

2.21 Minimum Spanning Tree

Mantegna [160] constructs a minimum spanning tree (MST) using the distance graph.
A minimum spanning tree is a fully connected graph without any cycles and with
the minimum possible edge weight. The tree can be created using Kruskal’s algorithm,
which proceeds as follows

1. Initialise the tree as a disconnected graph made up of the nodes in the distance
graph
2. Sort edges of distance graph in ascending order and place in a list

3. For each edge between i and j in this list

(a) Ifiand j are not in the same component in the MST, add an edge between
them with the weight from the distance matrix

The MST model is quite restrictive but does remove noisy low valued edges from
the correlation matrix. In these trees the branches tend to contain assets that are
similar - for instance when inferred from stock returns then they tend to contain
companies in the same sector. Effectively the goal of these trees is to maintain only
the strong correlations present in the matrix. These MSTs tend to have a scale free
[12] structure, with hubs (nodes with a large number of edges) occurring far more
than would be expected from a random graph [267] [30] and a low average path
length.

2.2.2 MST Forest

The MST is only unique if all edges in a graph have unique values. If not, there
can be multiple MSTs present in the network. Djauhari proposes a method to detect
if there are multiple MSTs in a network [69] and in a later paper [70], proposes a
method by which the optimal MST from this forest can be selected.

To calculate this forest we iteratively modify the distance matrix using

D}, = minm(D;, D} ") (2.4)

where m(x, y) is the element-wise maximum of x and y, D; is the ith column of the
distance matrix and min gives the minimum of the resulting vector.
Taking the original distance matrix D their algorithm proceeds as follows

1. Setk=0
2. Dy=D
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3. k=k+1
4. Compute D using (2.4)
5. If D* # D¥! goback to 3
6. Calculate the matrix A as follows
i:{l if Df; — D;j = 0and i # j 25)
' |0 ifDf—Djj#0ori=j

This A matrix then is the adjacency matrix of the MST Forest, and can be used
along with the original correlation matrix to construct a weighted MST.

In practice, due to difficulties with floating point equality, correlation matrices
inferred from stock returns tend to have unique edges. To overcome this, the edge
weights must be rounded to a set number of decimal places if the MST forest is
desired.

2.2.3 Average Linkage Minimum Spanning Tree

Constructing a minimum spanning tree using Kruskal’s algorithm is very similar to
a single linkage clustering method. In fact the algorithm to construct a minimum
spanning tree can be written in such a way to look like a single linkage clustering
algorithm. Tumminello et al. [263] show this, and furthermore how average linkage
MSTs (ALMSTs) can be constructed. The algorithm to construct an ALMST proceeds
as follows

1. Initialise the tree as a disconnected graph made up of the nodes in the input
correlation matrix C

2. Create a new matrix Q = C

3. Find the edge with the highest weight in Q between different components S,
and S; of the MST

4. Find the edge Cj; with the highest weight in the original correlation matrix C
between S;, and Sy,

5. Add this edge Cj to the MST

6. Redefine Q as follows

Qi ifi € Syand j € Sk
Qij = { mean(qp, p € Sand t € S;, with S; #5) ifie SandjeS; (26)
Qjj otherwise

7. If the MST is still disconnected, goto 3

2.2.4 Planar Maximally Filtered Graph

The MST model discards many correlations, keeping only p — 1 out of a possible
p(p —1)/2. An alternative, less restrictive model, is the Planar Maximally Filtered
Graph (PMFG), developed by Tumminello et al. [260]. This model keeps 3(p — 2)
edges over the p — 1 of the MST. Construction is similar to that of the MST:
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1. Initialize an empty graph G with the same nodes as the correlation matrix
2. Sort edges of the correlation matrix in descending order in a list
3. For each item in the sorted list

(a) If the edge does not increase the genus of G, add it to the graph

A planar graph is a graph with a genus of 0 - it can be drawn on a 2d plane
without any of the edges crossing. All the edges present in the MST will be present
in the PMFG. Furthermore the PMFG forces that all nodes are either in a 3-clique or a
4-clique (a clique is a set of nodes that are all connected to each other - their subgraph
is complete). The PMFG requires slightly more data than the MST to consistently
create the same graph, but this is to be expected as it retains more information.

2.2.,5 Triangulated Maximally Filtered Graph

A disadvantage of the PMFG is that the planarity check at each iteration is computationally
expensive. For large correlation matrices it may not be possible. There has been
another algorithm proposed to construct a maximal planar graph which is more
computationally efficient than the PMFG, the Triangulated Maximally Filtered Graph
(TMFG) [163]. Rather than checking whether the planarity constraint is violated
when adding an edge, this method adds a node into the graph in such a way that

the graph is guaranteed to be planar. This is achieved by adding the node as a clique

into a triangular face. The algorithm to construct a TMFG from a correlation matrix
proceeds as follows:

1. Find the four most correlated nodes in the network

2. Create a clique out of these, and create a list that holds the set of triangles
currently present in the graph

3. While there are less than 3(p — 2) edges in the graph

(a) Find the node most correlated with a triangle in the graph
(b) Add this node to the graph, connecting it with every node in the triangle
(c) Update the list of triangles in the graph

2.2.6 Thresholding

The topological methods have many attractive properties, but all throw away potentially
large correlations that do not fit into their model. An alternative approach is to set
some kind of threshold, where correlations above this threshold are set to 1 and
those below set to 0. Often the absolute value of the correlation is chosen, to ensure
large negative correlations are not discarded. In their seminal paper Onnela et al.
[194] rank the correlation edges in terms of strength and add them one at a time to
the graph, a model they name the “asset graph".

While thresholding does result in a robust graph [121], deciding on a threshold
is non-trivial. Some authors chose an arbitrary value, but others calculate the mean
(C) and standard deviation (¢) of the correlation coefficents and set the threshold
to be C + ko where k is set to 1, 2 and 3 [191] [284]. Alternatively we can rank the
edges in ascending order of p-value (for instance calculated by a statistical test, or
by some form of bootstrap [105]) and set a threshold once the p-value increases over
a set manner (usually 0.05).
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2.2.7 k-Nearest Neighbours Graph

Another disadvantage of the thresholding model is that it can leave nodes isolated,
which can be challenging to analyse. An alternative approach, termed the “k-Nearest
Neighbours network" (kNN network) is to keep the same number of edges for each
node [187]. This does require a decision for the value of k.

2.2.8 Examples

(B) ALMST
(A) MST

(C) MST Forest

FIGURE 2.1: Examples of the different types of MST generated from
US stock returns. Nodes are coloured according to sector structure.

To provide a visual comparison of these methods, we construct some example
graphs. These are generated from a correlation matrix inferred from 504 days of
daily log returns data from 228 companies from the US S&P500 from 2000-01-03
to 2002-03-05. The networks are shown in Figures 2.1 (MST methods), 2.2 (planar
methods) and 2.3 (kNN and Threshold). Nodes are coloured according to sector
membership. The software used for this is described at the end of the paper.
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(A) PMFG (B) TMFG

FIGURE 2.2: Example Planar Graphs generated from US stock returns

In all of the networks there is a significant amount of sector clustering, with
nodes being very likely to share edges with those in the same sector. We can also see
how the branches of the MST are likely to consist of nodes from a single sector. The
three MST method are very similar, but there are differences between the ALMST
and the MST, and cycles can be seen in the MST Forest.

In some ways the PMFG can be thought of a more permissive version of the MST
(in does in fact always contain the MST [260] as a subset of the edge set) and this can
be seen in this example - there are branches that contain companies in one sector in
a similar manner to the MST, but these have more edges that can connect them to
other parts of the graph. Similarly to the MST methods, the TMFG and PMFG do
have quite similar structures.

The thresholded graph has split into multiple components, but usually the largest
component is significantly larger than the others, and is densely connected. There is
also a number of isolated nodes (nodes with no edges). In the kNN network there
are no isolated nodes, but the network is not connected, with a number of different
components being present.

We then plot the weighted degree centrality of each node (i.e. the sum of the row
that corresponds to the node in the adjacency matrix) in these filtered graphs vs that
of the same node in the full correlation matrix in Figure 2.4. The filtration methods
do tend to give a very different picture of the correlation network, with nodes being
able to have a significantly different centrality in the filtered network compared to
the full one. The methods that retain less edges (i.e. the MSTs) tend to have a less of a
relationship between the degree centrality in the full vs filtered correlation matrices.
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FIGURE 2.3: Example of kNN and threshold networks generated
from US stock returns
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229 Windowing

Financial returns are non-stationary, and this has an effect on networks inferred from
them. Correlations tend to rise during periods of market stress and drop during
periods of calm [211]. To solve this, we take a small window of data where we can
assume the data is approximately stationary. Deciding on the size of this window is
challenging, as there is no objective way of setting the size. It is usually arbitrarily
set to either a round number (say 1000 days) or to a relevant size - for instance for
daily returns one trading year is a common choice (there are 252 trading days in a
trading year). There is also a trade off - larger windows mean there is less noise in
the estimation of the correlation matrix, but a greater chance of non-stationarities
affecting the results. Different window sizes also have significant affects on the
structure of the networks [291] [238].

Potential solutions to this include change point detection, or using a form of
weighting observations with an exponential decay, proposed by Pozzi et al. [209].
This can be thought of as like a soft threshold, compared to the hard threshold of
a sliding window. By giving greater weight to observations close to our period of
interest, and reducing the weight of those further from that period, we can gain a
snapshot of the network at that moment in time, while avoiding potential discontinuities
from hard thresholds. This still does require a decision on the decay parameter.

2.3 Correlation Network Analysis of Financial Markets

In this section we discuss how these filtration methods have been used to analyze
financial markets. We focus specifically on stock returns, and discuss applications to
other assets later in Section 2.6.

2.3.1 Minimum Spanning Tree Analysis

In [196] Onnela et al. study MSTs inferred over time using a sliding window. Their
data covers the ‘Black Monday” (October 19, 1987) crash, allowing us to understand
how these trees behave during times of stress. Firstly they find that the MSTs tend to
be relatively well preserved over time, with around 80% of the edges being maintained
from one MST to the next. For the edges that do disappear, they tend to disappear
relatively quickly (i.e. within a small number of time windows), although there are
some edges that are maintained for over a decade. The most central node is taken
by a relatively small number of companies, with their dominance maintained for
most of the dataset. The trees become less stable during times of market stress, with
large changes in the structure occurring. Furthermore the tree tends to shrink in
diameter as the companies start to behave more similarly due to the macroeconomic
effects of the crash. Finally they look at the consequences for portfolio optimization,
specifically with Markowitz portfolios. Generally companies that have large weights
in these portfolios tend to be on the leaves of the trees. There is however evidence
that this is merely an empirical observation, with algebraic analysis showing no
reason that this should be the case [111].

Wilinski et al. [283] further show that during times of market crisis there are
significant structural changes in MSTs, transitioning from a scale free MST with a
hierarchy of local hubs to being orientated around a single super hub.

MST based models have been applied to other markets, including the Japanese
[120], UK [56], Chinese [293], South African [159], Turkish [122], Italian [58], Korean
[119], Polish [89], Indian [236], German [37], Malaysian [7] and Brazilian [247].
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Generally the US has a massive influence on these markets which is not reciprocated
[78], due partially to its economy being significantly larger than any other. There
is also evidence to suggest emerging market are less efficient and are structured
differently to mature, more liquid markets [192] [164] [285]. However the shortening
of the MSTs during times of market stress is seen in other countries as well as the US
[145].

Nie et al. [189] analyse the structure of MSTs using Renyi indices, a measure of
the heterogeneity of a system. A smaller Renyi index implies a graph has nodes
of a similar degree, while a larger Renyi index implies a graph with nodes that
have larger differences in degree. In general they find that the Renyi index of MSTs
constructed from the S&P500 tends to move in the opposite direction to the index.
This implies that the MSTs have more nodes of a similar degree during times when
the market is increasing in value, and that there is more variance in the node degrees
when the market is crashing. On an international level, the Renyi index of the
Chinese market is more volatile than that of the US markets.

In [190] Nobi et al. use a measure of the hierarchy present in a network (a
measure defined by [259]), defined as the fraction of paths between pairs of nodes
that are degree hierarchical. For a path from node i to node j to be degree hierarchical,
node i must have a smaller degree than node j. They find that the hierarchy in a
financial MST constructed from S&P500 returns tends to rise just before a crash, and
falls during the financial crisis itself.

MSTs have also been applied in the neuroscience field [254]. Notable examples
include Vertes et al. [270], who compare neuroscience networks and those inferred
from stock returns. Applying both an MST model and the asset graph to correlations
inferred from fMRI data and from stock returns from the NYSE (although they
notably do not have any crisis periods in their dataset), they find both networks
show small world characteristics, with a high level of clustering, high degrees of
modularity and fat tailed degree distributions. Brain networks are shown to be
slightly less clustered, but more robust than their financial counterparts. They have
also been used to compare the differences in brain structure between controls and
patients with Multiple Sclerosis [253].

2.3.2 Thresholding Analysis

In their seminal paper, Onnela et al. [195] analyze the asset graph. Firstly they
show these graphs are different from a MST, only sharing around 25% of the same
edges when they have the same number of edges. Comparing this to an Erdos-Renyi
random graph with an equal chance of an edge existing between two nodes, they
show these asset graphs have properties that are significantly different from said
random graphs. Most notably the asset graphs are significantly more clustered
than a random graph, for instance at a connection probability of 0.2 they have a
mean clustering coefficient of around 0.7 compared to 0.2 for that of the random
graph. The behaviour of the clusters in the asset graph is very different compared to
the random one (for instance there is a maximum of 9 clusters in the asset graph
compared to 72 for the random one). Their final note is that after a connection
probability of around 0.3 most of the edges added seem to have an effect similar
to that of a random graph, indicating they may be noise.

Boginski et al. [26] further study these asset graphs. Experimenting with setting
various thresholds, they study how this then effects the degree distribution of the
graphs created. They claim that with a sufficiently high threshold the degree distribution
follows a power law. With these asset graphs they then formulate maximum cliques
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and maximum independent sets. A maximum clique is a set of nodes that are all
connected and cannot have another node from the graph added to the clique without
the set no longer being a clique. A maximum independent set is the opposite - a
set of nodes from the graph that are not connected and cannot have another node
added to them without breaking this property. The interpretation of these maximum
independent sets from a financial perspective is that theoretically they are a set of
diversified stocks. They can be found relatively efficiently and in a future paper [27]
(reviewed below in Section 2.7) the authors evaluate portfolios constructed using
them.

As well as to the US markets, other authors have applied this model to the
Russian [268], Chinese [108] [232], British [55], Iranian [76], German [24] and Greek
[68] markets.

Souto et al. [243] look at relating the VIX index to the average degree of thresholded
correlation matrices, and to the presence of balanced or unbalanced triad motifs in
a signed correlation graph (setting edges below a threshold to -1 and those above to
+1). They find significant correlation between the VIX index and the average degree
and that the presence of balanced positive triad motifs is a good predictor of the VIX
index.

Heiberger [102] studies correlation networks with a set threshold during times
of stress and calm. Using the May-Wigner theory of network stability from ecology,
they claim the markets become less stable during times of market stress, and that the
modularity tends to drop too.

An interesting piece of analysis is performed by Xia et al. [284], who compare
thresholded networks inferred from Chinese stock returns. In particular they compare
how the structure of the market changes from the financial crisis, to a period of
growth, and then to a local stock market crash. The threshold is set using the mean
correlation plus a multiple of the standard deviation. While the GDP of China grew
during the financial crisis, it still affected the country [149], and these effects are
visible in the stock market network. Both the mean correlation and mean degree of
the thresholded network are higher than during a time of calm. However the local
stock market crash has a far more drastic effect, with the mean correlation rising
significantly, as with the mean degree, even though the threshold is higher. The
modularity of the network also rises during these crisis times. It is interesting to see
how much more severe the effect of this local crash is against the global one.

Similar work has been done studying the effects of the financial crisis on the
Korean stock market [191] and the effects of Brexit on the British markets [8].

2.3.3 PMFG Analysis

In the same paper where Tumminello et al. [260] propose the PMFG, they also
demonstrate its properties on returns from the NYSE and compare them to those
of an MST. They find that the cliques tend to be composed mostly of companies
belonging to the same economic sector. Evaluating the stability of the PMFG vs the
MST by varying the sample size of the data, they show that the PMFG requires more
data than the MST to be stable.

In a similar manner to Onnela et al. [196], Aste et al. [5] study how the topology
of PMFGs inferred from stock returns varies over time. Firstly they note that 96% of
the correlation coefficients retained by the PMFG are significant, compared to 100%
of those in the MST. This seems reasonable, as the PMFG maintains more edges
than the MST, so we would expect a slightly higher number of noisy edges to be
found. To study the topological change in a graph they use a measure known as the
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"T1 Distance’, which quantifies the minimum distance between two nodes that were
neighbours in the first graph, but may become separated by longer paths in future
graphs. By this measure, the PMFGs can be considered more stable than the MSTs.
However if the size of the networks is taken into account, the two seem to have
a similar level of relative stability. Finally they explore how the centrality of the
financial sector has changed using betweenness centrality, eccentricity, degree and
closeness. In general the financial sector is quite central in the US markets, which
has been found in many other studies. During the financial crisis of 2008/2009,
the centrality of the financial sector increases, but there is evidence that overall it is
decreasing over the 13 year period (1996-2009) that they consider.

Di Matteo et al. [65] further explore the similarities and differences between
PMEFGs and MSTs. Constructing PMFGs and MSTs from the same dataset of NYSE
daily returns, they then calculate centrality and periphery measures for each node in
the filtered networks. Comparing these measures between the MSTs and the PMFGs,
they find that the two networks tend to agree on sector centrality, with both finding
the financial sector to have the most companies in the top 50 most central nodes.
Using these measures to then cluster the nodes, they find that the nodes can be split
into 6 clusters of varying connectivity and centrality.

Musmeci et al. [178] study the persistence of structure in correlation matrices
from US and UK financial returns. They quantify this using two measures, meta-correlation
(the correlation between the entries of adjacent correlation matrices) and edge persistence
(the fraction of edges that are shared between adjacent PMFGs). Particularly interestingly
they take multiple networks into account for these measures, and use exponential
weighting to ensure that results from networks closer in time are given a greater
weight than those further away. Furthermore they also develop a measure g which
is the ratio of the amount of volatility present in the current window vs the next one,
and look at predicting this from the edge persistence and the meta-correlation. They
show that this can be predicted, with an accuracy usually above 50%, and in some
cases up to 83%. This shows how financial networks may be useful for predicting
future volatility, which could be useful when deciding how or when to rebalance a
portfolio to reduce risk.

Zhao et al. [291] perform a detailed study of PMFG structure during two financial
crises, the dot-com bubble (1999 - 2002) and the subprime crisis (2007 - 2009) using
returns from the S&P500. Firstly they investigate the consequences of choosing
different window sizes for the structure of the networks, and show this choice has a
significant effect on the structure of the network. Next they take a novel approach to
understanding the changes in structure in the markets by using the entire dataset up
to the particular day in question, rather than using a window of constant size. With
this method they still find that the structure of the network changes during times
of crisis, with the average shortest path length decreasing, the average clustering
coefficient increasing and the heterogeneity of the network (as defined by [77]) decreasing
(indicating the companies become more similar). They also find that these PMFGs
constructed from the full dataset show a greater degree of sector clustering compared
to those constructed using windows, even when the windows are large. Using
InfoMap [220] to perform community detection, they show the modularity increases
during these crisis periods, and that the number of intersector edges drops during
both crises and stays low once it has dropped, indicating a permanent increase in
sector correlation. Finally they study the edit distance between adjacent PMFGs in
time. This spikes before a crisis, indicating a large change in structure.

Nie et al. [188] explore the Renyi index and dimension of MSTs and PMFGs
constructed from the US, UK and Chinese markets. The dimension of a network is
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the exponent between the volume and distance in a network [228]. The volume of
a node is the number of nodes that are within a given distance of it. The volume
of a network is the mean of the node volume for a given distance. To calculate the
dimension, the volume of the network is calculated for a set of distances, and the
value of the exponent describing the power law relationship between distance and
volume is estimated. The authors show there is strong negative correlation between
the Renyi index and dimension (-0.95 Pearson correlation) for both the MSTs and
the PMFGs for all countries. This shows that as the network shrinks in diameter
(which is common during a financial crash as correlations increase), it becomes less
heterogeneous, and more oriented around a few nodes.

Yan et al. [286] study the efficiency and robustness of MSTs and PMFGs. In
particular they focus on the effects that node removal has on the structure of the
network. This is measured using the change in efficiency and by the fraction of
nodes that are placed into a separate component when a node is removed. Efficiency
is calculated as the sum of the inverse of the shortest paths between nodes. Two
methods of node removal are investigated, firstly removing the most connected
nodes and secondly by randomly removing nodes. Perhaps unsurprisingly, removing
the most connected nodes has a drastic effect on the MST, causing a large drop in
the efficiency and causes a large fraction of the nodes to be placed into a different
component. A similar effect is seen for the PMFG, which is more unexpected. However
if random nodes are removed, the drop in efficiency is much lower, indicating that it
is only a few nodes that play important roles in PMFGs and MSTs, similarly to other
small world networks [3].

PMEGs have also seem applications in fields other than finance, notably with
gene expression data [242].

2.3.4 kNN Network

The kNN network has only been studied in the original paper where it was proposed.
In this paper, Nie et al. [187] find that nodes that have a large entry in the leading
eigenvector of the full correlation matrix tend to have a high degree centrality in
the kNN network. Secondly they use Newman’s spectral algorithm to perform
community detection on the KNN network. Varying the values of k, using modularity
as a measure they suggest k = 3 as an acceptable value that provides good community
separation while giving a sensible number of communities (in this case 11). Studying
the correlation matrix of each community, they find it has a eigenvalue structure that
is different to what would be expected using RMT. kNN networks are however not
guaranteed to be connected, and in fact can require reasonably large values of k for
this to occur. KNN networks have also been applied to gene expression data [52] for
the study of cancer.

2.3.5 Varying Time Period

Mostly the focus for the inference of these networks is on daily data. Correlations
tend to increase as we increase the time period (known as the Epps effect [74]), and
data tends to become less noisy. Institutional investors also tend to hold portfolios
for long periods of time, so these longer term correlations are important to understand.
However larger time windows mean less data is available. Furthermore we may be
interested in the dynamics of intraday data, with high frequency trading becoming
very common. Therefore studying how these correlations and networks vary for
different time periods is important.
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On this theme, Tumminello et al. [261] look at how PMFGs are affected by these
different time periods. In particular they study how the sector structure evolves as
the time period increases by looking at the average number of intra-sector edges per
sector (i.e. how many edges a company in a sector has to companies in the same
sector) The sector structure emerges a quite small time horizons for some sectors
- even at 5 minute intervals the financial, utility and energy sectors have many
intra-sector edges. For other sectors this takes longer periods to emerge, for instance,
the consumer cyclical and healthcare sectors.

A different approach is taken by Wang et al. [276], who propose to use wavelet
methods to decompose daily returns into various frequencies. This allows us to
get views of correlations over longer time periods while still making use of the
availability of daily data. Once these multiscale correlation matrices are created, they
construct MSTs and PMFGs and study their various properties. In these matrices,
the mean correlation tends to decrease as time periods increase, but the standard
deviation increases with the increased time period, as there are still some large
correlations present. For the shorter time scales, sector clustering tends to occur
in the MSTs, but at the largest scale (which is on the time scale of 256-512 days) the
sector structure almost completely disappears. Looking at the degree centrality in
these trees, companies from the Financials, Materials and Industrials tend to make
up at least one of the top 3 most central nodes in all of the time scales, showing
their importance in the US stock markets. Finally the authors perform community
detection on the PMFGs constructed from the dataset. In a similar fashion to the
MSTs, the sector structure becomes less pronounced as the time scale increases, as
both the number of clusters increases and the sector make up of each cluster becomes
more diverse.

2.3.6 Network Structure

While many authors have claimed their inferred correlation matrices have a small
world character, evidence from the neuroscience world has shown this may be due
to a bias in these correlation matrices rather then necessarily true clustering [289]
(although since there is not a true model underlying the system this is difficult
to actually define). Effectively the argument is that if there is a direct correlation
between nodes a and b, and a is correlated with c, b is also likely to share some
correlation with ¢ due to the definition of the measure. The relationship between
b and c is defined as an indirect correlation. This therefore increases the clustering
coefficient in networks constructed from these matrices purely due to these indirect
correlations rather than due to true clustering. The authors propose to solve this
by using more appropriate null models for correlation based networks rather than
using a random graph. One of their examples is to use a randomly generated correlation
matrix with the same distribution of entries as the observed one. Using this, they
show that this correlation based null model has a clustering coefficient of 4 times that
of a random graph. Interestingly though this does not apply for partial correlation
models, in fact they are less clustered on average than a random graph, although in
some ways this could be considered the goal of partial correlation based models - to
remove these indirect correlations. This has also been noticed by Hlinka et al. [104]
in the context of financial networks.
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2.3.7 Lead-Lag Networks

The efficient market hypothesis is a hypothesis in finance which states that stock
prices reflect all known information. It implies that future returns are independent
from past returns. Simple statistical tests reveal this to not be the case [154]. This
therefore implies there should be some cross-correlation between stock returns. It

is generally accepted there is little autocorrelation between stock returns [251], but
there are significant cross-correlations between stocks. A lead-lag network is constructed
using cross-correlation between asset returns.

Kullmann et al. [137] create directed networks from lagged correlations using 100
second return data. They find that more frequently traded companies tend to have
a lot of influence, and that smaller companies tend to influenced by many larger
companies while a larger companies influences many small ones. Other authors
have applied the same model to the Chinese market [91].

Curme et al. [61] take a more detailed study. They infer lagged correlations
between stock returns from companies listed on the NYSE, sampled at 5, 15, 30,
65 and 130 minutes and analyze the results. These correlations are then checked
for significance using a bootstrap method, and any insignificant correlations are
discarded. In general it appears that correlations increase as the time period decreases
- the momentum of price movement is clearly important, and that lagged correlations
disappear for timescales longer than an hour. Most of the correlations are positive
rather than negative. Furthermore the number of significant correlations has dropped
over time, implying that markets have become more efficient. Since these are lagged
measures, a directed network can be inferred from the results. In these networks
most of the nodes have a small out degree and a large in degree - they influence few
other nodes but are influenced by many other nodes.

2.3.8 Bootstrapping and MST Reliability

If we wish to use these MSTs in applications, we must study their consistency and
reliability. Tumminello et al. [263] use the bootstrap [35] to study how well edges
are maintained in MSTs. They create minimum spanning trees using returns from
300 stocks from the NYSE and use a bootstrap to see how reliable the edges in these
minimum spanning trees are. By selecting only specific returns from the dataset they
check if the same edges are present in the MST constructed from this smaller dataset
compared to the full one. Furthermore they compare the robustness of the ALMST
to the normal MST. In general they find the ALMST has a slightly higher success
rate in linking companies in the same sector although 85% of the edges between
the two MSTs are shared. For the reliability they find that the average bootstrap
value for the MST is 0.627 and 0.602 for the ALMST (i.e. on average, the edges
in the MST inferred from the entire dataset are present in 62.7% of the bootstrapped
MSTs). Edges between companies in the same sector tend to be present slightly more
often (0.740 for the MST and 0.725 for the ALMST) and edges between companies
in different sectors tend to be present less often (0.469 for the MST and 0.426 for
the ALMST). Furthermore the strength of an edge does not necessarily mean it
will be selected often - there is little relationship between the strength of an edge
and its bootstrap value. In a further paper [262], the Kullback-Leibler distance and
bootstrapping are used to compare the stability and amount of information retained
by various correlation filtration methods. They find that single linkage clustering
is the most stable, but removes the most information, while the average linkage
clustering retains more information at the cost of stability. Taking a random matrix
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theory approach (which is described later in section 2.5) retains the most information
at the cost of the lowest stability.

An alternative bootstrapping procedure is performed by Musciotto et al. [177],
who again use this to analyze the robustness of MSTs. In their work they test two
different bootstraps, one using pairwise comparisons (bootstrap on each pair to
calculate a distribution for the correlation between two assets) to one on the overall
model (referred to as the row-wise bootstrap). They find that both show the MSTs
are relatively robust, generally selecting similar edges on the various bootstrapped
datasets. However the pairwise bootstrap is much more restrictive than the row-wise
one, with edges usually having a lower p-value (i.e. appearing in less of the MSTs
inferred from the bootstrapped dataset) and is not guaranteed to produce a positive-definite
correlation matrix. To quantify this, if we select a p-value of 0.2 almost all the edges
in the MST on the total dataset are selected for the row wise bootstrap, but for the
pairwise bootstrap this drops to 85%, and this disparity only increases as we increase
the threshold for the p-value. It does however gain a better estimate of the largest
eigenvalue and the MST produced has a higher success in discovering intra-sector
relationships, so the authors argue it is a tool that could be useful to gain a slightly
different perspective when constructing MSTs. They suggest that edges that appear
in over 20% of the bootstrapped MSTs should be considered informative and reliable.

Kalyagin et al. [121] study the reliability of MSTs, PMFGs and thresholding in a
similar manner. Firstly they estimate the correlation matrix of a set of US financial
returns, and construct a filtered network from this (i.e. a MST, PMFG or thresholded
graph). This filtered network is then treated as the reference graph. Next samples
are drawn from a multivariate normal distribution with the same correlation matrix.
Filtered networks are then again constructed from these new correlation matrices
and then compared to the reference model. This is used to quantify the uncertainty
present for each method for a given number of samples. Both the MST and PMFG
required a large number of samples (i.e. over 10,000) to achieve a low uncertainty
(i.e. alow edge difference from the reference network) The thresholded networks
are more robust, requiring only 300 samples to achieve a similar level of uncertainty.

2.4 Alternatives to Pearson Correlation

Pearson correlation tends to be the most ubiquitous method used to infer the relationships
between assets. However it assumes the data is normally distributed and only
measures linear relationships, neither of which can be desirable when analyzing
financial data. There are however alternative methods that can give us a different
view on how two assets may be related. While there may be many goals in using
alternative methods, we divide them into broad categories - those which remove the
effects of other stocks on relationships, those which capture non linear relationships

and those which filter the returns to remove noise.

2.4.1 Methods to Remove Other Relationships

Firstly we focus on the methods that remove other relationships. Two stocks can
be correlated due to sharing a common factor driving them rather than because they
are in fact influencing each other. Perhaps the simplest method to attempt to remove
other relationships or market modes is to subtract the mean return across the entire
market from each individual stock return [131]. The network is then inferred by
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calculating correlations between these new return time series. This however only
removes overall effects.

Partial correlation can be a way of solving this issue, with the advantage that
it can remove common factors between groups of stocks as well as the market as
a whole. A univariate partial correlation model is applied by Kenett et al. [126]
on US stocks. This method is generally referred to as a ‘"dependency network’. By
removing the effects of one stock on the correlation between another two, they create
directed networks from stock returns in an attempt to understand influences in the
US economy. Their main conclusion is that the financial sector has a disproportionate
effect on the US economy, as it has a large out degree in these networks. They further
extend this model in two more studies [125] [128]. In [125] they construct MSTs and
PMEFGs from these dependency networks from windows of return data and compare
how the topology of the networks change using a measure of divergence and the
average clustering coefficient and path length. They find that the dependency networks
have peaks in the average shortest path and average clustering coefficient during
times of crisis, and that during these crisis there is firstly a large change and the
networks are not very similar, followed by the networks becoming significantly
more similar during these times. In [128] they perform statistical tests to remove
the non-significant connections. Quantifying the stability of various countries using
returns from their index by ranking the stocks on out degree and using the Kendall’s
T coefficient to measure how preserved this is through time, they show that the
more developed nations, such as the US, UK and Japan have relatively stable stock
markets, but this is not the case for India. Looking at sector specific effects, they
find the financial and energy sectors tend to connected within themselves i.e. they
mostly influence themselves while the Industrial and Materials sectors are much
more influenced by other sectors.

A more complete form of partial correlation, calculated by inverting and scaling
the correlation matrix is applied to index returns by Wang et al. [277]. With these
networks they construct MSTs and compare and contrast the edges. They find that
both trees have power law degree distributions, and that the correlation based tree is
much more tightly clustered than the partial correlation based tree. Furthermore the
partial correlation based tree reveals that the US, Germany and Japan serve as hubs
in the world stock markets, structure which is not present in the correlation based
networks. Similar models have been applied to the US [174] and to the Mexican
[258] markets.

Interestingly there have been methods developed to efficiently construct partial
correlation MSTs and TMFGs. Barfuss et al. [13] propose a method they name "LoGo’
to efficiently construct partial correlation networks from MSTs and TMFGs without
having to invert the full matrix. They achieve this by firstly constructing the filtered
correlation matrix with the preferred method (i.e. MST or TMFG) and then by using
local inversions to calculate the partial correlation for each of the edges.

An alternative method of normalizing the correlation matrix to reduce the effect
of the overall market is demonstrated by Kenett et al. in [127]. They use a method
proposed by [15] in which they create a meta-correlation by measuring the Pearson
correlation between rows and then multiplying this by the raw correlation value.
This new matrix is termed the affinity matrix. By removing the background market
effect, this allows a greater ease in detecting clusters of stocks, an effect noted in
other research [181]. Furthermore they measure the amount of information in these
networks by looking at the dispersion of the eigenvalues compared to the standard
correlation networks. The standard correlation networks have a strong time varying
measure, where periods of market distress are clearly visible. In this new measure,
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the is no real time varying measure of information available, showing the overall
market effect is removed. In further work the spectrum of these affinity matrices
is compared to that of partial correlation and normal correlation to evaluate the
amount of information available. In [124] Kenett et al. study the eigenvalues and
eigenvectors of 3 different types of correlation matrix, a raw one, their affinity matrix
and a partial correlation based method, where the stock index is removed from the
market. Their main finding is that this partial correlation matrix has a much larger
number of information bearing eigenvalues and eigenvectors than the other two
correlation methods. Furthermore the affinity matrix tends to have a much larger
largest eigenvalue than the other two methods and tends to contain the largest
amount of information measured using the spectral entropy. This model is used
in a manner by Shapira et al. [230] to study how the index influences the rest of
the market. By removing its effect using partial correlation and the affinity matrix
methods ([15]) they show that the index is responsible for most of the correlations
between stocks.

2.4.2 Quantifying non-linear relationships

Rank correlation methods can be a simple way of quantifying non-linear relationships
between assets. They also have the advantage of being robust to outliers, as we
compare the ranks of the variables rather than their values. Spearman correlation
based financial networks have been studied by Shirokikh et al. [234] although they
did not compare their networks to Pearson based ones, instead looking at extracting
k-cores. A more thorough comparison is performed by Pozzi et al. [209] who
compare Kendall’s T and Pearson correlation in terms of information content using
random matrix theory. Generally they find that Kendall’s T tends to hold information
better than Pearson correlation, with more non-noise eigenvalues present. The authors
also propose a method to solve the issues of choosing a window size, which is
mentioned in Section 2.2.1

Another study into the differences between various correlation methods is performed
by Musmeci et al. [180], who take a multilayer network approach and infer the layers
using Pearson correlation, Kendall’s T correlation, partial correlation in the manner
of Kenett ([125]) and tail correlation. These are filtered using the PMFG method.
In general the layers appear to have different structures, with between 30% - 70%
of the edges being unique to a particular layer, but this is sector dependent. The
Pearson and Kendall 7 correlation tend to agree the most on the degree of nodes,
with a node degree correlation of around 0.7, but this drops to 0.5 for the other
measures. Despite this, the layers are all affected by macroeconomic effects, with
market crashes tending to cause an increase in layer weight, but also a decrease in
edge overlap (i.e. less agreement between the layers)

Mutual information is another potential solution in attempting to identify these
non-linear relationships. Fiedor [80] uses mutual information and the mutual information
rate to quantify similarity between stock returns. Constructing both MSTs and PMFGs
from the mutual information between stocks they find these are significantly different
from the ones constructed using correlation. To measure this they look at various
network measures, notable node degree, where the correlation between the degree
of nodes inferred from the correlation base MST and the mutual information based
MST is 69%, and 67% for the PMFG, implying that around a 3rd of the relationships
in their dataset (the NYSE100 index) contain non-linear dynamics.

This is further extended to lag lead relationships in a following paper by the
author [80]. In this they infer directed networks using mutual information from
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log returns at 1 minute intervals from the NYSE100, and remove any edges that
are not statistically verified using a bootstrap method. They find that the number
of significant edges decreases more rapidly as time periods increase with mutual
information based networks than with correlation based networks, and that mutual
information finds more edges within a sector. Finally they also discover lagged
relationships with lagged daily returns, indicating that the efficient market hypothesis
is not strong.

The differences between Pearson correlation and mutual information based networks
are further studied by Hartman et al. [100]. They find that the correlation between
edge weights of mutual information and Pearson correlation networks is 0.87, but if
the individual stock return distributions are processed to ensure they are Gaussian,
this correlation jumps to 0.9775, indicating that most of the differences in these
networks is due to marginal non-Gaussianity rather than non-linearity. However
there are still some significant non-linear effects that can occur, particularly during
financial crises.

While again much of the focus on these mutual information networks has been
on US data, it has also been applied to Indian [231], Polish [81], Chinese [95] [288]
and Australian [287] stock markets.

Once inferred, these lag lead mutual information networks have been applied
to attempt to predict the VIX index by Begusic et al. [17]. Using transfer entropy,
which quantifies the amount of uncertainty in a variable X is reduced by including
the past of Y, they create a directed network and look for the existence of strongly
connected components to find cycles of feedback. They find that the number of
relationships increases during times of market stress, indicating a more chaotic and
complicated system, and that the predictability of US stocks decreases as time has
gone on, possibly due to the increased liquidity of the markets. Applying their
network to predicting the volatility of the S&P500 index 1 year in advance they find
their ‘Strongly Connected Component Index’ increases the R? measure compared
with purely using the VIX index from 0.29 to 0.45.

A disadvantage of information theoretic measures is that they require us to have
a distribution of the data. Binning is a usual tool to solve this, but due to the
high dimensionality of the data and the desirability to have a small window (due
to non-stationarity of the data) we can only use a small number of bins to get an
acceptable distribution.

2.4.3 Filtration Methods

We define filtration methods to be attempts to remove the effect of outliers or volatility
while still using Pearson correlation on the results. These do not necessarily quantify
non-linear relationships, but instead remove the effects that outliers or non-linearities
may have on the data.

A simple but effective method of dealing with non-linearities is symbolisation.
This involves converting a time series into a set of integers, which allows easier
analysis of noisy complex systems. For financial returns this can usually be done by
mapping a return to where it falls in a set of regions. For instance if we choose two
symbols, a return could be mapped to 1 if it below the mean of the entire series, or 2
if it is above the mean. The distance between these two new series is then calculated,
and then an MST, PMFG or other desired filtration method can be used. Furthermore
another attractive property of this method is that it can be used to combine multiple
pieces of information about an asset - say both the return and the volume traded



Chapter 2. A Review of the Inference and Analysis of Financial Networks from

Asset Returns 24

of a stock. Such methods have been applied to the Italian stock markets [41] [40],
currencies [38] and to the Euro Stoxx constituents [39].

Isogai [112] uses a DCC-GARCH model for data filtration. If a large market shock
occurs the increased volatility could distort our measurements of correlation within
the markets. DCC-GARCH allows volatility to be time dependent, and we can use
it to remove the effects of volatility on these stock returns. Using Japanese stock
returns the authors show that these DCC-GARCH based correlation models detect
periods of change well but successfully reduce the amount of correlation present
once this shock has occurred.

Another method is Detrended Cross-Correlation Analysis. This allows the quantification
of correlations for non-stationary data, which is clearly an attractive property when
dealing with financial returns. Originally proposed by Podobnik and Stanley [207],
it has seen many applications in currency analysis [275] [279] and in analysis of both
the US [278] and Chinese stock markets [51].

Khoojine and Han [130] fit an autoregressive model on stock returns from the
Chinese markets, and then use the results from the models to construct mutual
information based TMFGs and MSTs. This model is used to study the Chinese stock
market during 2015 and 2016, which covers a period of market disruption.

2.4.4 Other

There are a few methods we have discovered that do not fit into these categories. The
first is based on Escoufier’s RV coefficient [216], which is a multivariate extension of
Pearson correlation. While close price is the most commonly used piece of information
about a stock, other prices are available too - open, high and low. Lee et al. [144]
use the RV coefficient to combine these pieces of information and construct MSTs
to analyze Malaysian stock returns. In a further paper they extend this method to
using the MST Forest on NYSE stock returns [90].

The second is the use of causal networks. Causality in itself is very challenging
to measure, but we can approximate it using Granger causality. This is applied
to the monthly returns of banks, insurance companies, brokers/dealers and hedge
funds to attempt to quantify the amount of systematic risk in the system by Billio
et al. [23]. A formal definition of systematic risk is any set of circumstances that
threaten the stability of or public confidence in the financial system. This can be related
back to interconnectedness - if one bank fails, are the rest likely to? (or are the
public likely to believe the rest will, which could amount to the same thing) They
find that in the build up to, and during, the financial crisis of 2008, there was a
significant build up of relationships in these Granger causality networks, showing
the increase of interconnectedness which ended up helping to exacerbate the crisis.
Furthermore they find that banks tended to have far more out links that the other
groups, indicating that banks play a key role in transmitting shocks to the rest of the
financial sector.

2.4.5 Examples

Here, we show how these various methods compare. In a similar manner to Section
2.2.8, we use log returns from the US S&P500, and use each method to calculate
similarity matrices between each asset. We then show scatter plots of how various
alternatives compare to Pearson correlation in Figure 2.5.
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FIGURE 2.5: A comparison of how alternative methods compare to
Pearson correlation in quantifying asset relationships between US
stock returns. In all graphs Pearson correlation is on the x-axis.
We can see how the different methods operate - for instance the
partial correlation and dependency network methods tend to reduce
correlations, showing how they are removing indirect relationships.

In this figure we can see the different types in action. Those which quantify non
linear relationships (e.g. Kendall’s T/Mutual Information) tend to have fat’ middles
where assets can have significant values in one of the measures while an insignificant
value in the other. This contrasts to the removal methods (Partial correlation, dependency
partial correlation and affinity matrix) where the coefficient tends to have a lower
value than with Pearson correlation, as they have removed some of the indirect
relationships, while DCCA, a filtration method, is very similar to Pearson correlation,
with the coefficients showing a similar pattern.
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2.5 Random Matrix Theory

2.5.1 An Overview

Random Matrix Theory (RMT) is another potential solution for filtering correlation
matrices to ensure only relevant information is left.
The idea behind this application of random matrix theory is that we compare
the eigenvalues of the correlation matrix to those we would expect from a set of
uncorrelated variables. A correlation matrix inferred from p uncorrelated Gaussian
variables using n samples will have eigenvalues distributed according to the Marchenko—-Pastur

distribution.
p(A) = Z Vs _2?2)5}\ —2) 2.7)

Effectively this means that any eigenvalues that fall within the range A, to A_
are probably due to noise. A and A_ are given as

Ar=(1+ \/E)Z (2.8)

Therefore we can remove any eigenvalues in this range from our dataset. Unfortunately
this leaves us with the difficulty of what to replace them with. The general goal is to
maintain the trace of the correlation matrix. To do so we can set the eigenvalues to
0, recreate the matrix and then insert 1s into the diagonal, this is the approach taken
by [139]. Another approach is to take the mean of the noisy eigenvalues and replace
these noisy eigenvalues with the mean.

RMT also makes predictions about the entries of eigenvectors that correspond
to these eigenvalues. Eigenvectors that are constructed from a correlation matrix
inferred from uncorrelated Gaussian variables will have entries that are also Gaussian
distributed, with zero mean. We show an example of the eigenvalue and eigenvector
entry distributions from a correlation matrix constructed from the US stock returns
(see section 2.2.8 for the data) in Figure 2.6.

2.5.2 RMT Analysis of Financial Markets

We can use RMT to answer the important question of whether correlation networks
from asset returns contain real information or whether they are merely picking up
noise present at that moment of time. Both Plerou et al. [206] and Laloux et al. [139]
take this approach. Firstly, only a few of the eigenvalues and eigenvectors contained
in the correlation matrix differ significantly from those obtained from a random
matrix. This implies many of the relationships in the correlation matrix are noise.
However the leading eigenvector (corresponding to the largest eigenvalue) tends
to differ significantly and tends to contain the information that affects all stocks
(for instance interest rate increases). Furthermore, the components of the leading
eigenvector are significantly different from those obtained from a random matrix
and have significant values for all stocks. The largest eigenvalue is also an order
of magnitude larger than the next largest eigenvalue. They also study the next few
eigenvectors corresponding to the next largest eigenvalues and find these tend to
have significant values for related stocks - for instance those in the same sector or
who have business in similar regions. Finally they show the leading eigenvector
and corresponding eigenvalue tend to be preserved for correlation matrices inferred
from data across different times, indicating they are stable over consecutive periods.
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FIGURE 2.6: Example distribution of eigenvalues from a stock
return correlation matrix with the Marchenko—-Pastur distribution
highlighted (a), the distribution of entries from the leading
eigenvector (the eigenvector that corresponds to the largest
eigenvalue) (b) and the distribution of entries from an eigenvector
associated with an eigenvalue lying within the Marchenko-Pastur
distribution (c). In (a) we can see most of the eigenvalues lie
within this distribution, but there are deviations, notably the largest
eigenvalue. The leading eigenvector has entries that all are all
positive, and approximately uniformly distributed (b), while the
noisy eigenvector has entries than resemble a Gaussian distribution
with a mean of 0 (¢).

As previously mentioned, the largest eigenvalue of correlation matrices inferred
from stock data is significantly larger than any other eigenvalue in the spectrum.
Drozdz et al. [72] study why this might be the case. Showing that the distribution
of off-diagonal entries in the correlation matrix follows a Gaussian distribution with
non-zero mean and non-unit variance they propose a model of two matrices, one
with entries drawn from a Gaussian distribution (G) and the other of all ones (U):

C=G+U (2.9)

where 0 < ¢ < 1. Furthermore they also show that the entropy in the system
decreases during times of market turmoil and increases during times of market calm.

Borghesi et al. [31] further investigate the idea of removing the market mode
from the correlation matrix and the effect this has on correlations at different time
periods. They compare various different ways of removing the market mode - a one
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factor model using the index, a one factor model using the average return, deleting
the largest eigenvalue and eigenvector, and subtracting the average market return
from the dataset. The one factor model using the average return has the greatest
success in moving the mean correlation closest to zero, indicating this might be the
best approach. They also note that removing the market mode from data of any
return time period tends to give a similar distribution of correlation coefficients,
indicating there is time invariant structure within the system.

Saeedian et al. [222] use RMT to study index returns from 40 countries, and
attempt to quantify the amount of collective behaviour in this ‘world stock market’
using two measures they define based on the entries of the eigenvectors of the
correlation matrix. The entries of the eigenvectors are less uniform than those from
a randomly shuffled correlation matrix, indicating that there is a degree of collective
behaviour in this world stock market. There is a strong degree of geographic clustering
present in the dataset, and the Asian markets tend to behave more independently
than the American or European markets. They also apply this model to stock returns
from the US, UK, China and Iran to investigate their degree of collectiveness. The
US scores the highest on the collectivity measure, followed by Iran, China and then
the UK, indicating that more developed markets are not guaranteed to be more
collective.

As previously mentioned, it is possible to uncover sector structure using RMT,
with certain eigenvalues tending to have larger values for companies in the same
sector. These values may not necessarily be positive though, with both large positive
and negative values being present. Jiang and Zheng [117] study this for the Chinese
and US markets, and in particular show that stocks which have large positive values
in an eigenvector tend to have a much smaller average correlation with those that
have a large negative sign, and visa versa.

Uechi et al. [266] extend RMT to a partial correlation network, as well as studying
a normal correlation matrix. However their partial correlation network is only with
respect to the market index and not a complete inversion of the correlation matrix.
They then formulate a measure they term ‘Sector dominance ratio’ to study the
influence of various sectors in different stock markets. They find that in the US and
the UK, the financial sector is particularly dominant. This is also noticeable during
the crisis of 2009, where the ratio actually goes negative for the sector. They also find
that their partial correlation networks contain less noise based eigenvalues than the
correlation networks.

2.5.3 Combining RMT and Filtration Methods

Once we have these filtered correlation matrices we can apply the same topological
or threshold based models as above. The MST model is applied by Heimo et al. [103].
They find that the most central assets in the asset trees have the largest values in the
leading eigenvector, and that companies in similar sectors are clustered together in
said asset trees. They also state that this largest eigenvector has more equal entries
than other eigenvectors of the correlation matrix.

The threshold model is applied by Namaki et al. [182]. To get a better idea of
interactions in the system without the effect of the market mode, they construct a
portfolio with the weights on each stock corresponding to the leading eigenvector
and use a factor model to remove its effect.

M(t) =uy_, (2.10)



Chapter 2. A Review of the Inference and Analysis of Financial Networks from

Asset Returns 29

They model each stock return (G;(t)) as a combination of the market effect, a constant
and an error term:
Gi(t) = a; + BiM(t) +7i(t) (211)

By performing least squares regression «; and B; can be estimated. Once this is
achieved the residuals are calculated and then the network is constructed by using
the correlations between the residuals. The networks are then thresholded at various
values, and various network measures such as degree distribution and number of
components are calculated.

2.5.4 Other Markets

Again in the case of random matrix theory analysis of the stock market, most of
the attention has been on the US markets. Shen et al. [232] look at comparing the
Chinese, US and Indian markets from a RMT perspective. Studying returns from the
Shanghai stock exchange, and note that this stock market has a much larger mean
correlation than that of the US, and in fact has no negative correlations at all. The
largest eigenvalue is larger than the US or Indian stock markets, but there is less
sector identifiable information in the eigenvectors than in the US markets, and in
general less intra-sector correlation. Other authors have applied RMT analysis to
the Indian [236] [136] and South African [282] markets.

If the reader is interested in more applications of random matrix theory in finance
(for instance in portfolio optimization), we direct them to the following papers [32]
[208].

2.6 Alternative Asset Applications

As well as stock markets, these models have also been applied to other types of
financial markets.

2.6.1 Currency Returns

Minimum spanning trees have also been applied to currency returns. Currencies
are however slightly more challenging to work with as there is no absolute value -
only relative values compared to another currency. To compare currencies we can
choose a single one as the base, and have all others priced relatively to this, but this
influences the entire structure of the tree. Alternatively we can use pairs in the tree
- i.e. we can use the change in USD-EUR and GBP-JPY rather than ensuring they
are all priced identically. However the choice of pair matters (e.g. how many dollars
buy a euro vs how many euros buy a dollar?) when using an MST model, as negative
correlations are usually discarded by the method. McDonald et al. [168] propose to
use all pairs (i.e. both USD - EUR and EUR to USD) to solve this, while Naylor et al.
[183] uses only the value of said currency in USD and New Zealand Dollar (NZD)
to reduce the complexity. These currency MSTs seem to show a strong degree of
geographic clustering - countries that are close together in the world tend to also be
close in the trees. The MST containing all pairs is also relatively stable, with around
50% of the edges in a tree maintained after a 2 year gap, while this stability is not
studied for the USD or NZD based MSTs.

An alternative to a currency is to use a precious metal as the base for the MST.
Mizuno et al. [176] construct MSTs using both the USD as the base and the price of
an ounce of Platinum. In both MSTs there is clear geographic clustering, and in the
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USD MST the metals form their own branch. In the Platinum MST the USD is the
most central currency, with the Euro being the second most central.

Kwapein et al. [138] further exploring the effects of using a different currency
base for these MSTs. Using gold as the basis of the first currency MST they find
that the US dollar is by far the most central currency, followed by the Euro and the
Singapore dollar. Using other currencies as the base gives very different results,
indicating this choice is important to uncover structure. Looking at the MSTs from a
Euro base, again the US dollar dominates as the most central currency, with a small
amount of geographic clustering. If the US dollar is used as the base currency this
gives a far less centralized tree, and branches of countries geographically close tend
to form. Next the authors use a sliding window to study how the trees change over
time. The MSTs that use GBP as the base currency are the most stable, followed by
those than use Gold, then USD and finally the Euro. In general around 15% of the
edges for the MSTs last more than 4 years.

Other authors have used the Real Exchange Rate (which is based on weighted
basket of currencies) [198] [213], the Special Drawing Rights (SDR) [115] [275] and
the Turkish Lira [129] as a base. Alternatively, dependency networks can be used to
reduce the effects of currency choice [158].

Jang et al. [115] study how the currency MSTs vary over time. Using the SDR as
a base currency, they construct MSTs from 61 countries using returns from January
1990 to December 2008, which covers many different financial crises. In contrast
to stocks or indices, crises tend to cause a drop in correlation for currency returns,
with the length of the MST usually increasing. Certain crises cause large changes
in the MST structures, notably the Asian crisis of 1997. This crisis also starts the
anticorrelation of the USD and the Euro, which has persisted since then. Even after
these changes, the MSTs still show geographic clustering, with individual countries
changing locations.

Vodenska et al. [269] apply a PMFG approach to stock index returns and to
currency index returns from 56 countries. Dividing their dataset into 2 sections,
a non-crisis period from 2002 - 2006 and to a crisis period from 2007 - 2012 they
study both cross correlations and lagged correlations between stock indices and
currencies, and perform community analysis using modularity maximization (the
method of modularity maximization is unclear). Firstly they demonstrate that the
mean correlation during crisis and non-crisis times is different and they confirm this
using a t-test. They also show that the currency correlation coefficient distribution is
significantly different from the stock index correlation coefficient distribution using
a KS-test. From the stock index network, the community detection results mostly
in geographically similar clusters on the non-crisis data. With the crisis data the
clustering changes, notably with Portugal, Italy, Spain and Greece (sometimes referred
to as 'PIGS’) being clustered together, all of whom suffered from a sovereign debt
crisis during this time. For currencies, the US dollar is placed in a community with
many oil exporting nations. Many of these nations peg their currency to the US
dollar, and in general the US dollar is used for trading oil, so we can see its influence
here. The Euro is at the center of the European cluster. During the crisis period the
European cluster is disrupted, perhaps due to the euro-zone crisis at this time.

2.6.2 Cryptocurrencies

Cryptocurrencies are another emerging field for analysis. Perhaps even more interestingly,
they are not backed by anything evenly remotely real - there is no central bank or
underlying asset that gives them value, making their return dynamics more exotic.
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These are analysed using both the MST model and random matrix theory by Stosic
et al. [245]. Interestingly they also look at partial correlation based versions of these
MSTs. They find that the eigenvalue and eigenvector entry distributions are different
to what random matrix theory would predict, and different to stock returns. In
the MST, Bitcoin has the largest degree and most correlation, but not the largest
betweenness centrality. This implies that it is influential in its community, but perhaps
not the most influential in the entire market. The Bitcoin and Ethereum clusters
are very close together, indicating these two are strongly correlated. In the partial
correlation MST, the two are much further apart, and the overall tree has a significantly
different structure. This implies that correlations between individual cryptocurrencies
are strongly influenced by the entire market. Song et al. [239] propose to remove
the influence of Bitcoin and Ethereum using linear regression, to allow the minor
cryptocurrencies to form clusters. Using both an MST model and hierarchical clustering
they identify six major clusters, where cryptocurrencies of similar types (e.g. providing
anonymity, traded mostly in one country, token based) tend to make up these clusters.
If the influence of Bitcoin and Ethereum is not removed then only two clusters form,
as almost every other cryptocurrency is connected to one of the aforementioned two.

2.6.3 Index Returns

MSTs can also be applied to index returns [29]. This allows us to understand the
interactions between countries as well as individual stocks. For instance Coelho et
al. [57] study returns from the indices of 53 countries and create an MST from them.
Generally countries that are geographically closer tend to be clustered together, with
a developed European economy generally taking the most central node (usually
France or Germany). Furthermore the trees have become shorter as time has gone
on, implying countries are more connected. This also has implications for portfolio
diversification - the more correlation that exists, the harder it is to construct portfolios
from uncorrelated or anticorrelated assets. Partial correlation can also be used as a
measure [277], which perhaps unsurprisingly gives different results. Here geographical
clustering is less noticeable, and the US takes the spot as the most central node.

Sandoval et al. [223] further explore correlations between stock indices to see
how countries are connected, and by extension, if geographic diversification can
produce robustness to downturns. They study the effects of financial market crises
on the correlations between international stock indices, showing that correlations
also increase between them during times of market stress. This does unfortunately
mean that it is challenging to diversify a portfolio, even if an investor looks to
multiple countries. Correlations between indices also decay far more slowly than
those between assets [273].

Another study on index returns in performed by Zhang et al. [290], who hope
to understand the differences in MST structure between times of growth and times
of recession. Focusing on the US economy, they chose to use index returns that
represent various sectors of the US economy to get a coarse-grained view of the stock
market as a whole. These index returns are clustered to separate them into times of
market stress and market calm in a data driven way. Their conclusion is that the
topology of the MSTs is significantly different during times of crisis, the MSTs are
star like in times of market calm, with the industrial sector at the centre, but during
times of crisis they become chain like.

Song et al. [238] study the returns from 57 market indices from countries across
the world using a variety of time windows to show how different correlation dynamics
are present at different time periods. Shorter time periods allow easier detection of
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crises, with a 3 month window allowing the easy detection of the Asian 1997 crisis,
Russian 1998 crisis and the 2008 global crisis, while longer time periods cause these
to be smeared out. Constructing a PMFG using the returns, firstly they note there is
a strong degree of geographic clustering, and this is verified using the InfoMap [220]
community detection algorithm. The mean edge weight spikes during crises in these
PMEFGs as the correlation in the market increases. Mutual information is then used
to measure edge changes between PMFGs adjacent in time. During the months in
which shocks occur, the structure of the PMFG changes significantly, with drops
then large spikes in the mutual information. Comparing the average correlation
in the PMFG to that in an MST using Welch’s t-test, they find the p-value spikes
during times of stress, indicating that the two are detecting similar stress. Finally
they study the eigenvectors and eigenvalues of the correlation matrices, focusing on
the three largest eigenvalues and the eigenvectors that correspond to the two largest
eigenvalues. As is usually the case, the largest eigenvalue is significantly larger than
the second largest, and both it and the second largest tend to rise during times of
market stress. The largest eigenvector tends to have positive entries for developed
countries indicating there are common factors driving market growth, but small or
negative entries for developing nations. The second largest eigenvalue has a more
complex structure, with positive values for the US and some other European indices,
but more negative values are present for some European, Asian and Oceanian indices.

As well as studying worldwide indices, authors have focused on studying the
interplay between more specific indices, for instance in South Asia [22], the Industrials
sector [101] or for Automotive Companies [133].

2.6.4 Bonds

Government bonds are a very commonly traded asset that makes up significant
proportions of many portfolios, particularly as they are regarded as a low risk investment.
Gilmore et al. [92] study minimum spanning trees constructed from monthly returns
of bonds from 20 developed countries. As with the index return MSTs, there is
a significant degree of geographic clustering, noticeably with the Eurozone being
relatively tightly connected. Other countries that share strong economic links or
cultural ties are also connected, for instance the UK and the US. Interestingly the
mean correlation between the Eurozone countries has increased over the life of the
dataset, while the mean correlation between other countries has decreased. This
implies that the Eurozone countries have become more tightly linked, but also that
there are greater opportunities for portfolio diversification.

Using this knowledge that the bond MSTs do reflect some real world economic
characteristics, they can then be used to analyze various crises than occur. For
instance Dias analyzes daily bond yields during the Eurozone sovereign debt crises
over two papers [66] [67].

In the first paper [66] the period from April 2007 to October 2010 is studied for
19 EU countries. Four MSTs are constructed, one for the entire dataset, and then
three for each third to study the dynamics over time. Over the entire dataset the
countries most implicated in the crisis (Portugal, Ireland, Greece and Spain) form
a branch in the tree, as do the Eastern European countries who joined the EU in
2004. Before the financial crisis the Eastern European countries still form a branch,
and the Eurozone itself is tightly clustered. During the financial crisis the Eurozone
cluster disintegrates, and Greece, Ireland and Portugal make up a branch. For the
latter third of the dataset the PIGS cluster has formed, with Italy also near, and the
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Eurozone cluster has mostly reformed. In general the topology of the MST does not
change much for the entire dataset.

The second paper [67] covers the period from July 2009 - March 2012. In this
paper the author focuses specifically on the Eurozone, and constructs both minimum
spanning trees (i.e. connecting the most similar countries) and maximum spanning
trees (i.e. connecting the most dissimilar countries) for each half of the dataset.
For the maximum spanning tree, Germany and Greece and the central hubs with
all other countries connected to one of them in both halves of the dataset. In the
minimum spanning tree again there is a Portugal, Ireland, Spain and Greece cluster
in both halves too. The author looks at quantifying the difference between the
two trees by summing the edge weights of each tree and calculating the difference
between these. This difference measure shows how the Eurozone bond yield synchronisation
collapses during the crisis, as the different countries face different economic issues.

2.6.5 Commodities

Sieczka and Holyst [235] construct a minimum spanning tree from the returns of
35 commodities. Firstly they use RMT to analyze the eigenvalues and eigenvectors.
They find the majority of eigenvalues lie outside of the Marchenko—Pastur distribution,
implying there is a large amount of signal present. In their minimum spanning tree,
metals tend to make up the most central nodes, with silver, copper and gold have the
highest betweenness centrality. Furthermore they find the mean correlation between
commodities increases as time goes on, particularly during the financial crisis.

Tabak et al. [248] take a similar approach, constructing an MST from the returns
of 20 commodities. The commodities are divided into one of three sectors, Metals,
Agriculture or Energy. They find a degree of clustering, with similar commodities
making up branches in the MST. For instance, a branch of their tree is made up
of Crude Oil, Unleaded Gas, Heating Oil and Natural Gas, all of whom are in the
Energy sector. In general the Agricultural sector is the most influential and the
Energy sector the least. However due to various oil price shocks throughout the
period, the Energy sector has structure that varies the most.

Ji and Fan [116] concentrate on analyzing the correlations between oil index
returns in 24 countries, with a mix of oil importers and oil exporters. As usual, there
is a degree of geographic clustering involved in the MSTs, for instance the UK and
Norway share an edge, as do the US and Mexico. However there are other political
relationships also present, with the US and Iraq sharing an edge, and China being
connected to the Middle East, due to Chinese imports of Middle Eastern oil. The US
and Angola are the two most central countries in the MSTs. The high centrality of
the US is easily explainable, being the largest oil producer in the world as well as
a large importer, and the authors explain that Angola is not only a large exporter,
but also produces oil with similar properties to the US. Studying the correlations
over time, they find that the mean correlation is increasing, indicating markets are
becoming more integrated and that the trees are relatively stable, with 64% of the
edges persisting for over a year.

2.6.6 Other Assets

Returns are not the only data available about stocks, volatility is also an option.
Micciche et al. [172] study minimum spanning trees inferred from both the correlations
between stock returns and the correlations between stock volatilities. Those inferred
from volatilities tend to be less stable than those inferred from returns, but the degree
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structure from both tends to be stable over a number of years, evolving relatively
slowly.

Real estate is another asset class which is a popular investment choice. Wang
and Xie [274] study correlations between real estate indices from 20 countries using
PMFGs and MSTs from 2006 - 2012. Most of the correlation coefficients from this time
period are positive, and any negative correlations are small, indicating there is some
synchronisation and influence between the markets. Surprisingly the US is not the
most central country in these networks, instead France and the Netherlands occupy
this role. In both the MSTs and the PMFGs there is strong geographic clustering, with
branches and cliques tending to contain countries in similar regions. This is further
verified using the Louvain community detection algorithm on the PMFG, although
in this case the US and Canada join a European cluster rather than the Asian one. The
mean correlation increases during the financial and sub prime mortgage crisis, and
this corresponds to a decrease in the average distance in the networks. Looking at
the single step survival ratio (i.e. fraction of edges that are maintained from one tree
to the next), the MSTs and PMFGs tend to maintain most of the edges (around 95%)
indicating the influences are stable in time. At least 80% of the edges are maintained
for 20 days, although the life of an edge is dropping as time goes on, implying the
correlation between markets might be decreasing. Finally the authors apply some
RMT analysis, find that only three of the eigenvalues could be considered noise
and that the eigenvector that corresponds to the second largest eigenvalue shows
geographic localisation, with positive values for the Asian countries and negative
values for the European countries.

Meng etal. [171] apply both RMT and clustering based analysis to the US housing
market. In this they find correlations between house price returns has increased
sharply over time, particularly after 2002 (and note there was a significant house
price bubble from 2002 - 2008 in the US), and when clustering the effect of geography
is also weaker than perhaps would be expected.

2.7 Applications for Portfolio Selection

An obvious application of these networks is to make recommendations for portfolio
selection. As previously mentioned, Onnela et al. [196] briefly point out that the
companies which the minimum risk Markowitz portfolios put the highest weight
on tend to be on the leaves of a minimum spanning tree.

Pozzi et al. [210] show that superior out of sample Sharpe ratios can be achieved
by constructing portfolios from stocks on the periphery of these market graphs. The
Sharpe ratio is defined as the return of a portfolio divided by its risk, and allows us
to quantify both the risk and return of a portfolio. This is further studied by Peralta
et al. [203] who point out the similarities between selecting stocks of a low centrality
in a correlation network and the classic Markowitz minimum risk portfolios. It
has however been pointed out that there is no strict algebraic relationship between
graphs and Markowitz portfolios [111], and furthermore, other authors have actually
found that there is positive correlation between the centrality of an asset and it’s out
of sample Sharpe ratio [123].

We show an example of this in Figure 2.7. Here we construct an MST and
PMFG from the US stock return dataset from section 2.2.8, and then colour each
node according to its out of sample Sharpe ratio on the following 504 days of data
(from 2002-03-05 to 2004-03-02). In this specific example, there is relatively little
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FIGURE 2.7: Example graphs with the nodes coloured according to

their out of sample Sharpe ratio on the next time window. Darker red

means a more positive Sharpe ratio, while darker blue means a more
negative Sharpe ratio.

relationship between the centrality and Sharpe ratio, and our work on the topic has
also found relatively little relationship (see Chapters 5 and 6 for this)

A combination of RMT and topological filtering is used by Li et al. [150] to
create optimized portfolios. They then compare just using the largest eigenvalue
and corresponding eigenvector (i.e. the market mode) with using the full cross
correlation matrix to create PMFGs. With these PMFGs they then create portfolios
from peripheral stocks using a heuristic measure that combines several different
forms of centrality. Comparing the peripheral portfolios to a equal 1 portfolio on
stock returns from the S&P500 and the Chinese CSI300, they find that the peripheral
portfolios from the PMFG that only use the market mode out-perform both the naive
and the full cross correlation PMFG. These methods do also generally select around
17 stocks continuously (out of a total portfolio of 20), meaning that the portfolios are
relatively sparse and stable.

A different tack is taken by Boginski et al. [27], who use the market graph to
attempt to create well diversified portfolios. Usually to create a market graph, we
select edges with a weight above a set threshold. In this case they do the opposite,
selecting edges with a weight below the threshold. They then look at forming portfolios
from cliques in the graph. A clique is a set of nodes that are all connected to each
other. In this situation a clique is a set of companies that are all uncorrelated with
each other, which is ideal for diversifying a portfolio. However cliques are too
restrictive in this situation, so instead they look at relaxing this to an s-plex. An
s-plex is a subset of nodes in a graph where each node is only missing s edges to
the others. Once they have inferred the graph, they set the weight of each edge
in the graph to the return of the stock over that time period. They then look for
the maximum-weight cliques and s-plexes in the graph - i.e. they want a set of
uncorrelated stocks which have high returns. Testing their idea on windows of 250
days of return data from US markets they find they outperform both the S&P500
index and the Dow Jones, although it is unclear if this is out-of-sample data.

Motif structures in TMFGs are used by Turiel and Aste [264] to construct portfolios.
A motif is a small recurrent subgraph that is statistically overrepresented in the
network. Firstly they investigate the persistence of tetrahedral and triangular motifs
in 4 markets, the US, Italy, Germany and Israel. Motifs tend to be maintained for
longer periods of time (and hence more persistent) in the more mature and liquid
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US market than the others. Two types of portfolio are constructed, one consistent
of the ten most persistent triangular motifs and then a second type where each
vertex is weighted by the inverse of motif persistence for the motifs it is present in.
Perhaps unsurprisingly, the portfolios that consist of the most persistent motifs have
a much larger out of sample risk compared to a random portfolio, while those that
are weighted by the inverse of motif persistence have a much lower than expected
out of sample risk.

Rather than taking a network approach, we can use the filtering methods to
construct a correlation matrix with a reduced dimensionality and use this as input
into a minimum risk portfolio. Tola et al. [256] use the standard MST and ALMST to
filter the correlation matrices and compare them to RMT and unfiltered correlation
matrices. If we assume that the future volatilities are known then the ALMST filtered
correlation matrix generally achieves the best results out of all of the methods, achieving
the lowest risk for a given return, while the standard MST correlation matrix does
not out perform the unfiltered correlation matrix. However on a more realistic test,
where the future volatilities were not known and short selling was forbidden, none
of the methods showed consistently improved performance.

2.8 Clustering and Community Detection

It has been mentioned previously that intra-sector correlation is stronger than inter-sector
correlation in these networks, and so it is only natural to see if we can extract this
further using some form of community detection algorithm. We show an example

of running the Louvain community detection algorithm [25] on a PMFG constructed
from the same dataset as in section 2.2.8 in Figure 2.8. From this we can see there is

a significant overlap between the sector assignments and the communities, showing

it is possible to extract this information.
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(A) Sector Membership Colouring (8) Community Membership Colouring

FIGURE 2.8: Example of running a community detection algorithm

on a PMFG constructed from US stock returns. There is significant

overlap between the communities detected and the underlying

sectors in this example, showing that the sector structure can be
extracted from the correlation networks.
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2.8.1 Proposed Algorithms

Kocheturov et al. [134] use a clustering algorithm on correlation networks inferred
using returns data from Sweden and the US. Obtaining the clusters by solving a
P-median problem to infer star based communities, they find the clusters are actually
more stable during times of market disruption. This implies that actually there is
more noise during times of calm than market stress and that companies tend to fall
and fail together.

Many authors tend to use the classic Newman formulation of modularity, and
then some form of modularity maximisation algorithm to perform community detection
in these correlation matrices. It has however been noted by MacMahon and Garlaschelli
[157] that there are some issues with using Newman’s modularity formulation. In
this classic formulation of modularity the null model is that a community is no more
connected than would be expected from the degree of the nodes involved. However
this is not appropriate when we are looking at correlation matrices. In this situation
a more appropriate null model is that of an uncorrelated system. The new function
is therefore

Q= Y ¥ (Ay— Iy)d(cic) 2.12)
i

where [ is the identity matrix, A is the adjacency matrix of the graph, c is a vector
containing the community assignments and 6(c;, ¢;) is the Kronecker delta, equalling
1if ¢; = ¢; else equalling 0.

This formulation does deal with negative edges, but the cost is that modularity
no longer goes from -1 to 1. The gain in modularity from moving isolated note i into
community C can be calculated quickly and easily as follows

_ Yjec Ajj
m

0Q (2.13)
Effectively this means we sum the correlation of node i with all the nodes in j.
Furthermore they also propose a way in which the market mode can be removed
in their method. Testing their method on S&P500 and FTSE100 constituent returns,
they find it produces communities that are correlated within themselves and anti-correlated
with the other communities. These communities are mostly are dominated by a
single GICS sector, but no community is exclusively made up one of sector.

Teh et al [252] propose a very similar method to symbolisation to quantify relationships
between financial assets. They term this method “digital correlation". It is defined
as

DC(i,j) = il(?(ri(t),rj(t)) (2.14)

where 6(x) = 1if x > 0 else it equals 0. This removes the effects of outliers, and
is quite similar to a rank correlation method. Secondly they propose a method
“partial hierarchical clustering”, which is based on the idea of creating one giant
cluster from a seed node rather than joining individual clusters together. To discover
the existence of smaller clusters within this model, they plot the complete linkage
distance as more nodes are added to the cluster. When an elbow is reached (i.e. the
distance increases significantly) this can be regarded as a smaller cluster. They then
apply this method to the Singapore and Hong Kong stock exchanges, discovering
that Chinese companies listed on these exchanges tend to form their own clusters,
distinct from local ones.
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2.8.2 Cluster and Community Analysis

A more detailed study into the clustering created from stock return correlations
is conducted by Musmeci et al. [181]. In this paper they apply several linkage
based, k-medoids and a novel method called the directed bubble hierarchical tree
(DBHT) [241] to cluster unprocessed stock returns and those with the market mode
removed. They use the adjusted rand index to compare the stock clustering to the
underlying sector structure and a hypergeometric test to verify how much a sector
is over-expressed in a given clustering. Firstly they find that removing the market
mode improves the success of all the methods (something which has been known
previously) in recovering the underlying sector structure. For instance the adjusted
rand score of the DHBT method goes from 0.419 to 0.444 (the best performing on
normal returns), and complete linkage increases from 0.387 to 0.510 (the best performing
on detrended returns). Secondly the DHBT method shows the greatest over-expression
of sector structure in the clusters produced when using a hypergeometric statistical
test. Finally they show that for all methods the adjusted rand index drops during
the 2007-2008 financial crisis.

There are multiple factors that contribute towards the clustering of a company,
although by far the strongest of these is the sector that company is in. In [219] Ross
uses a hierarchical clustering algorithm to cluster stock returns, firstly investigating
the log returns of the S&P350 European stocks and then removing the sector specific
returns from these stocks to obtain a more geographical based clustering. To evaluate
the quality of their clustering they define a metric "purity’, which is designed for use
in the hierarchical clustering algorithm. To calculate it, for each pair of companies in
the same sector, we look at the point in the dendrogram where they are merged into
the same cluster. At this point, we calculate the fraction of companies in this cluster
that belong to the same sector as the two we have chosen. The mean across all pairs
of companies in the same sector is taken, and this is used as the measure. With the
log returns, the IT (0.93), energy (0.83) and Ultilities (0.77) sectors have high purity,
while the Consumer Discretionary (0.49) and Industrials have the lowest (0.33). If
we remove the sector specific effects (by removing the average return in said sector)
we get a strong increase in the geographic purity of the clustering - i.e. companies
from the same country are more likely to be placed within the same cluster. Finally
they study how the financial crisis effects the results, finding that the purity drops
during the crisis but sharply rise afterwards.

The consequences for clustering using the eigenvalues and eigenvectors of the
correlation matrix are studied by Heimo et al. [103]. While previous results have
shown that sector structure is present in the entries of various eigenvectors [206] in
this article the authors argue that many of the eigenvectors contain noisy entries, so
distinguishing these noisy entries from signal is not trivial without prior knowledge
(i.e. the actual sector structure). Furthermore they show that applying RMT to
discard supposedly noisy eigenvalues does relatively little for increasing the quality
of asset graph based clustering. Interestingly, removing noisy eigenvectors and
eigenvalues has been studied in the bioinformatics domain and has been shown to
increase the quality of clustering [20].

Other authors have used network based community detection methods. For
instance Piccardi et al. [205] use the Newman formulation of modularity [184] and
maximize it using the Louvain algorithm [25]. Analyzing both the DJIA (US) and
MIB (Italian stock index) constituent company returns, they find the DJIA has a
relatively high community structure, with 6 main communities which are mostly
conserved over time. With the Italian market there is relatively little community
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structure, possibly due to the common ownership of many Italian companies compared
to the US. Isogai [113] uses the spectral strategy [184] for detecting communities
in Japanese stock returns with the classic formulation of modularity. Performing
statistical tests they show some clusters do reflect sector classifications, but others
do not and they find the clusters can be used for portfolio diversification.

Another potential approach to understand how correlations change over time is
to use multilayer networks. Rubin et al. [221] take this approach, inferring correlations
from industry stock portfolios provided by Fama and French. One correlation matrix
is inferred from a year of returns, so they end up with a network with 88 layers,
ordered in terms of time. Performing community detection on this network using
a Louvain-like method [25] which allows nodes to change communities through
the layer they investigate how communities of companies in the US economy have
changed over time. Before 1960 the communities are stable and do not change, but
as we move forwards towards the present day the communities become less stable
and the rate of change increases.

Filtered networks can also be used to perform community detection. This approach
is performed by Nie et al. [187] using a PMFG. Using Newman’s definition of
modularity and spectral algorithm [184] they create communities from PMFGs inferred
from the US and Chinese stock markets. They find that modularity firstly drops
during the initial start of financial disruption, but then rises above previous values
during these times, notably during the financial crisis of 2008.

Coronello et al. [60] study returns from the UK market for 5 minute and daily
returns. Using an MST, PMFG, RMT and two forms of hierarchical clustering, average
linkage and single linkage, they study sector clustering in the UK financial markets
and how it differs over the two return time periods. All of the methods are capable
of discovering sector clustering, and give different perspectives on the markets. For
RMT, some of the non-noise eigenvectors tend to have larger entries for nodes that
belong to one sector, however it is challenging to extract this information without
first knowing the sector structure. The average linkage clustering algorithm has
more success in recovering hierarchical structure than the single linkage method,
and recovers more sub-sector clustering. Using the PMFGs they study how insular
the sectors are, and find that the energy and financials sectors tend to form strong
cliques with mostly intrasector edges. Comparing the clustering on 5 minute and
daily returns, they find that the daily returns contain more sector clustering.

2.8.3 Applications

Applications of clustering include index tracking [71], where hierarchical clustering
is used to cluster stocks with correlation as a similarity metric. We can then chose
K clusters, and select 1 asset from each of these clusters. Theoretically this should
be a diverse set of companies, and so we can then use these in a standard index
tracking problem (i.e. regress these K companies against the index returns) to obtain
the appropriate amount to invest in each stock. Purchasing every stock in the index
is not desirable due to transaction costs, so this is an effective way of achieving a
sparse portfolio. The authors claim their method is superior to randomly selecting
stocks.

Papenbrock and Schwendner [199] take this approach, using k-means and hierarchical
clustering on 125 correlation matrices inferred from assets in various classes, including
indices, government bonds and commodities. Diving the correlation matrices into
5 classes, they then characterise these classes are bullish, bearish, uncorrelated and
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volatile. After performing this they then cluster the asset returns, and study how
these cluster structures change .

2.9 TopCorr

While most authors seem to develop custom code for each paper, there has been
some software developed for the construction and analysis of correlation networks.
Christensen et al [54] have created an R package, ‘NetworkToolbox” that implements
many of the methods we have mentioned, notably the PMFG, TMFG and the Dependency
Network.

We have also developed a Python package on a similar theme, named TopCorr.
This can be found at https://github.com/shazzzm/topcorr. Currently we have
implemented

e TMFG

e PMFG

e MST

e kNN network

e Thresholding

e Dependency Network
e Partial Correlation

o Affinity Matrix

e Average Linkage MST
e MST Forest

e Detrended Cross Correlation Analysis

The package has relatively few requirements, needing only numpy, scipy and
Networkx, and can be easily installed using pip.

210 Summary and Conclusion

In this chapter we have reviewed a substantial amount of the literature available on
the inference of financial networks from asset return data. Often Pearson correlation
is used to due its simple calculation and interpretation, but mutual information
[80], rank correlation [209] [234], partial correlation [126] [277] [174], wavelet [276],
affinity matrix [127] and DCC-GARCH [112] models have also been used in the
literature.

The choice of which method to use to quantify the relationships does somewhat
depend on the goals of the user. The standard Pearson correlation only detects
linear relationships and is brittle to outliers and therefore might not be the best
option. However, it is not easy to decide what is the best choice due to the noise,
auto-correlations, non-linearities and outliers present in financial data. For instance,
the affinity matrix method is good at picking up sector structure [127], but this
means individual edges are less meaningful. Both the full partial correlation and
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the dependency networks remove the market mode and provide an approach that
is closer to a causal network than the standard correlation networks (note they are
still not causal). The full partial correlation networks tend to be very unstable, so
we would advise to not use them (see Chapter 5). The dependency networks are
more stable however, and show more community structure [128] [126]. Mutual
information can capture non-linear relationships that occur between asset returns
[80] [81] [95]. However it has been shown that many of the differences between
mutual information and correlation networks are due to univariate non-Gaussianity
rather than non-linear relationships [100]. Both rank correlation and the DCC-GARCH
models produce more stable networks than Pearson correlation [172] [112], at the
cost of a less interpretable result.

Once inferred, we may wish to filter the networks due to the presence of a
significant amount of noise. Topological forms of filtering, such as the MST [160]
[196], PMFG [260] or TMFG [163] are forms that produce a graph with certain properties.
Thresholding [26] [182] the correlation matrix is another alternative to this, but again
there is no objective way of selecting said threshold, although bootstrapping [35] is a
possibility [263] [61]. Alternatively a certain number of edges can be taken per node
[187] but again this still requires a parameter to be selected.

These filtration methods have been run on more than just stock returns, with
index returns [57] [223] [238], cryptocurrencies [239] [245], currencies [168] [183],
commodities [248] [235] and bonds [92] [66] [67] among the options, as well as
applications in non-financial fields [253] [254] [240]. When run on bonds, currencies
or index returns, we generally see a large degree of geographic clustering [92] [66] ,
with countries that are close to each other tending to make up branches or communities
in the resulting networks. Networks constructed from cryptocurrency returns are
dominated by Bitcoin and Ethereum, which are by far the most popular cryptocurrencies
[239] [245]. MSTs constructed from commodities have branches made up of similar
commodities (for instance, crude oil, heating oil, natural gas) [248], with precious
metals taking up the most central nodes [235].

The PMFG, MST and TMFG are guaranteed to produce a connected network,
which is convenient for analysis. All three also produce networks with stable structures
over time [172] [262] [264]. The PMFG is considered more stable than the MST [262].
This is probably due to it retaining more edges than the MST, meaning small changes
in input are less likely to cause large changes in structure. However, both the MST
and PMFG require large sample sizes to accurately recreate reference networks [121],
which is concerning.

Furthermore, these topological filtration methods impose a certain structure on
the data. It is not clear if this structure is correct or in general if there can be a correct
structure for the markets. Previous work using MST filtered correlation matrices for
portfolio optimization has not shown that they improve out of sample performance
compared to using the full correlation matrices [256], and we feel that more work
must be done to quantify whether these filtration methods actually produce improved
results over the full correlation matrix in applications. We suggest that future work
must involve investigating the performances of the methods with an objective measure.
For instance, this could involve comparing the success of graph classification for
filtered and full correlation matrices on financial returns (i.e. to distinguish between
different market states), on gene expression data (e.g. to distinguish between controls
and patients with cancer) and on MRI data.

Random matrix theory is another solution to filtering the correlation matrix,
based on the idea of studying the eigenvalues and eigenvectors of the correlation
matrix. The null model is that of uncorrelated Gaussian white noise, and we remove
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any eigenvalues and eigenvectors that correspond to this null model. In general
most of the eigenvalue/eigenvector pairs do correspond to Gaussian white noise,
and the removal of these is shown to improve Markowitz portfolio performance
[45]. In correlation matrices inferred from financial returns, the largest eigenvalue is
significantly larger than the others in the matrix and its corresponding eigenvector
gives us the effect the overall market has on the stocks. This drives most of the
correlations in the market, with most of the companies being more correlated to the
index than to anything else [230]. This effect is referred to as the market mode. If
we remove this market mode, we get a correlation matrix with more scale invariant
information [31]. We can of course then apply topological [103] or thresholding [182]
based models.

The entries of the eigenvectors can be used for the detection of specific sectors,
with the companies belonging to said sector having larger values in a particular
eigenvector. However, this structure is difficult to pull out without prior knowledge
[103].

Stock returns are not stationary. The usual solution to this problem is to select a
small window to infer the correlation (or desired similarity quantification method)
matrix. Selecting this window is challenging, as there is no objective way to do so,
and the choice can have large effects on the resulting networks [291] [238]. Potential
solutions to this problem include observation weighting [209] or change point detection
[14]. Both of these methods still require hyperparameter selection.

The structure of the networks also varies over time. Times of market stress
bring greater correlation [211], cause the MSTs inferred from them to shrink [196]
[145] and by some measures have a larger amount of signal [72]. Interestingly it is
also claimed the markets become more stable during these times, after an initial
amount of disruption [125], with the clustering also becoming more stable [181]
[134] although the success of obtaining the underlying sector structure decreases.
Other authors have found the reverse (i.e. the networks become more unstable)
[189] [188] [102]. This also seems to depend on which filtration model is used (if
any at all). Correlations between indices from different countries also increase [223]
[273], indicating that these effects are not geographically limited. The number of
edges maintained between adjacent PMFGs can be used to predict the volatility of
the next window [181].

In general companies in the same sector appear to share greater correlation than
those in different sectors, and therefore tend to be connected in both MSTs and
PMEFGs to companies in the same sector [261] [194] [261]. These effects can be seen
in intraday data, with the sector structure for certain sectors (e.g. financials, energy)
emerging in even 5 minute returns [261]. It is generally accepted that the financial,
industrial and consumer discretionary sectors tend to have a disproportionately
large centrality in networks inferred from US stock data [126] [160] [266] [65]. For
other countries, this can vary. The financial sector in the UK also shows a high
level of centrality, but for Germany and Japan the Industrial sector is much more
central, indicating these methods can detect differences in macroeconomic structure
[266]. The different sectors also show differing levels of interconnectedness, with the
financial sector having a large number of connections to both itself and other sectors,
while the energy and technology sectors tend to only connect to other companies in
the same sector [126] [65]. Developing markets tend to have higher correlations and
less sector structure than developed ones [236]. The different filtration methods also
tend to agree on sector centrality for the US markets [65].

We can attempt to recover these sectors by either running clustering algorithms
using the distance metric (2.3) via various methods [134] [181] or by treating the
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correlation matrix as a network using one of the many community detection algorithms
available [157] [113] [205]. Removing the market mode also tends to improve the
success of detecting the underlying sector structure [157] [181]. It is claimed this
is due to the stocks mostly being correlated with the overall market, removing this
dominating effect allows the intra-sector relationships to be detected more easily
[230]. These clusters can then be used to create diversified portfolios [71]. The two
most popular methods for sector detection are agglomerative hierarchical clustering
and the Louvain method [25] in community detection, but the method that has
the greatest success in recovering the underlying sector structure is the Directed
Bubble Hierarchical Tree [181] [241]. If indices or stocks from different countries
are clustered, geography tends to play the strongest role in deciding these clusters
[219] [269]. During times of market stress, it becomes more difficult to detect the
underlying cluster structure [181] [199]. There are disagreements on the stability
of the clustering structure during these times of stress, with authors both finding it
increases [134] and decreases [181] [179].

Investigation into using these networks for portfolio optimization has resulting
in disagreements on the use of centrality for portfolio selection. In general, lower
risk stocks are placed upon the peripheries of a network [194] [203]. However,
some authors have found that better Sharpe ratios can be found by selecting these
peripheral assets [210], while others have recommended selecting central assets in
the networks [123]. There is also limited theoretical support for either observation
[111].

An alternative approach is to use cliques to obtain supposedly unrelated stocks
[27], clustering [71], motif participation [264] or we can use the topological filtering
tools [150]. For these alternative approaches, the authors use a variety of baselines
for comparison (some use the index return, some use a minimum risk portfolio and
others use volatility weighted portfolio (i.e. investing in every asset proportionally
to its volatility)) and do not use the same datasets. This makes it difficult to directly
compare the proposed methods, or provide a recommendation on which performs
the best.

In conclusion these correlation networks can reveal structure in the stock markets
and help us to understand which companies influence the overall economy. However,
many of the current approaches tend to take models that are convenient for the
analyst rather than necessarily correct, and have few objective results on their performance.
This is the case for both the methods which quantify relationships between assets,
and the methods which filter these relationships to remove noise. Furthermore
there are parameters to select in most cases (for instance, the window size), and few
objective ways to select this parameter. These parameters also have large effects on
the results, and authors tend not to share their code or data, making reproducibility
challenging. For these networks to become useful to financial practitioners, these
issues must be solved. Our suggestion for future work is to test these methods on
both synthetic data with a known ground truth network, and on real data with an
objective measure (for instance, graph classification) in order to provide recommendations
on which methods have the best performance, and potential ways of parameter
selection. Authors must also share their code and data to ensure it is reproducible.
We suggest our software package, TopCorr may assist in this manner. Sharing of
code and data may also assist in resolving some of the disagreements over the properties
of the networks.

If the reader is further interested in the clustering of financial returns, we direct
them to a review by Marti et al. [162] which is on a similar theme to this one.



Chapter 2. A Review of the Inference and Analysis of Financial Networks from
Asset Returns

44

Software

The code to produce the plots in this chapter was written in Python 3, and we make
use of NumPy and SciPy [193] for handling the matrices, pandas [169] for handing
the data, statsmodels [227] for calculating the Spearman and Kendall’s T correlation,
scikit-learn for calculating mutual information [200], matplotlib [110] for plotting,
Networkx [96] for the network analysis, TopCorr for the implementation of the
methods and Cytoscape [229] for the graph visualization.
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Chapter 3

A Comparison of the Performance
of a Selection of Precision Matrix
Estimators

3.1 Introduction

In Chapter 2 we reviewed the various methods of inferring a financial network. In
this chapter we focus specifically on reviewing methods that can be used to infer a
sparse precision matrix.

The precision matrix has various useful applications, such as in classification,
portfolio optimization and in graphical modelling (for instance if i and j have a zero
entry in their entry in the precision matrix, then they are conditionally independent
if the data is Gaussian). It is also required to calculate the partial correlation matrix,
which we utilize in Chapters 5 and 6 The precision matrix can be obtained by inverting
the sample covariance matrix. However, if we have more dimensions than samples,
which is often the case in finance and other fields, this sample covariance matrix
is not invertible. Alternatively we may desire the precision matrix to have some
property (or have some prior information to indicate this is the case). In the machine
learning field regularization is a classic solution to both these problems.

When using these precision matrices for network inference, it is desirable that
they are sparse. This makes the resulting network much easier to interpret. Therefore,
firstly in this chapter we review a selection of methods which can be used to infer a
sparse precision matrix.

There is also relatively little information of how these methods perform in uncovering
the underlying model, both relative to each other and to a simple baseline. Therefore
in section 3.4 we provide a software package which implements a selection of the
methods mentioned in the previous chapter. Using this software, in section 3.5 we
compare the performance of the estimation methods to each other and to a simple
baseline of thresholding the covariance matrix.
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3.2 Estimation of Sparse Precision Matrices

3.2.1 Neighbourhood Selection

To start with we introduce how to recover a precision matrix from a dataset using
regression. Consider a p dimensional multivariate normal distribution, written as

X1

X2
X = : NN(y,Z) (3.1)

Xp

where p is the mean vector and X the covariance matrix. For simplicity we often
assume the mean is 0.

Firstly we set up a least squares regression problem regressing one variable (x;)
on the rest (X_;)

o1
argmin ||xi — X_iBill3 3.2)
where 7 is the number of samples. Each value of B allows us to gain row i of the
precision matrix (©) by using

ﬁij _ _GTi (3.3)

(this will be derived below) Doing this for every variable allows us to reconstruct

said precision matrix. To show why this is the case, we construct the equation for
the inverse of the covariance matrix X® = I into components and permute so i is

the final variable
Y11 o1 On 912) ( I 0)
— 3.4
( 0'{2 022 ) < 9{2 922 OT 1 ( )

We can multiply these out to link the various values. We are interested in
211012 + 0126022 = 0. (3.5)

Our solution for B; is
1 _ _
Bi = Ex,.T X (XX ) =ohrh (3.6)
From 3.5 we can extract an equation for 61,
012 = — X 01260 = —Bi 0. (3.7)

This is equivalent to (3.3). If we wish to estimate the diagonal we also must calculate
7. We show this using (3.5) and

0’1T2912 + 0900 =1 (3.8)

we have that
012 = — 2, 012020. (3.9)

Plugging this into (3.8)

— 01,1 012600 + Wb = 1 (3.10)
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922(0'22 — UEZZﬂlU]z) =1 (3.11)

1 1
Oy — - (3.12)
o — ohEG o 0o — 0L

which allows us to calculate it from B;. It is also equal to the inverse of the residual
of problem (3.2). To show this we firstly multiply out the L, norm of (3.2)

x}x; — 2x] X_iBi + BI XL, X_iBi (3.13)

02 — 2(71T2[5i + ﬁfznﬁ,. (3.14)
Substituting in B; = — 012

29

7012 0L 61,
02+ 20—+ ==X — (3.15)
B B  Ox

Now using (3.9) we can reduce the quadratic term

61T2 012 91T2
—£3 11— = ——=0r 3.16
0y 11 Oy 0y 12 ( )

which turns (3.15) into

T T
0,012 01,012
op +2A2E  CRTR g T1202
022 )

= 0 — 0'1Tzﬁl' (3.17)

which we can see is similar to (3.12)

Once we have estimated the precision matrix (@), a simple re-scaling will give
us the partial correlation matrix (P)

Pj=———= (3.18)
From this we can gain some intuition as to the meaning of partial correlation. It’s
definition is "the correlation between two variables once the linear effects of all
others have been removed". Looking at equations (3.2) and (3.3) we get that the
partial correlation between i and j is proportional to the weight of predicting variable
i from variable j (and visa-versa as it is symmetric).

For the applications we are interested in, this method has some issues. It will
return a dense result (i.e. every entry of B will have a non-zero value) and that it
may not work when we have more dimensions than samples (p > n). Since we
are interested in inferring a network, we do not want there to be an edge between
every node, and in finance we are often interested in datasets where we have more
dimensions than samples. Therefore we turn to regularization to solve this problem.
Meinshausen and Buhlmann [170] use a L; lasso penalty on a regression problem
to estimate the edges of a node using the measurements from a multi-dimensional
system

argmin 5| = X3+ A1 619)

1
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where the L penalty is the sum of the absolute values of B

p
1Bl =)_ |Bi] (3.20)
=

The L1 norm is known for giving sparse results [255], and will give us good results
even when we have more dimensions than samples.

3.2.2 Graphical Lasso

The precision matrix produced by neighbourhood selection is not guaranteed to

be positive semi-definite or symmetric. This is an issue in many applications, for
instance, in classification and portfolio optimization. To achieve these goals an alternative
approach is required. Friedman et al [86] propose a coordinate descent algorithm to
solve the L; penalized Gaussian log-likelihood equation, defined as

argrrgn—log|®| +tr(ZO) + A||O| |1 (3.21)
We can rewrite the optimization problem (3.19) as
1
arg min 5.3?211131' + Bl o2+ Al|Billx (3.22)

and instead of estimating the rows of the precision matrix separately, we iteratively
update X1 with its new row after we have estimated the corresponding row of the
precision matrix. To demonstrate the similarity between (3.21) and (3.22) we look at
the gradient equation for 3.21, calculated by differentiating it with respect to ©

@ !X - ASign(®) =0 (3.23)

If we use our partitioned matrices (defined in (3.4), focus on the top right hand
corner and let W = @~!) the equation becomes

wp— 02— Y12 =0 (3.24)

Again using (3.4) we can see that

0
Wiy = —Wueflz (3.25)
22
w12 = Wi (3.26)
where g = — % Now our gradient equation is
Wip—o12—112=0 (3.27)

This is the stationarity condition for the optimization problem (3.22) where ¥1; =
Wi1. Therefore by solving this problem we can recover wi, and 61, - i.e. we can
recover both the precision and the covariance matrices without having to invert
either. The solution produced is also guaranteed to be positive semi-definite and
symmetric. To show this, we refer back to the matrix partitions (3.4), and note we are
updating one column of the matrix. Using the Schur complements, the determinant
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of the matrix is
det® = det @y det(6x — 61,0,'612) (3.28)

For each iteration of the algorithm, we are only changing 61,. If we assume the input
into each stage (®11) is positive definite, this means that we require

det(6x — 6,077'612) > 0 (3.29)

for the resulting matrix © to be positive definite. The inside of the determinant is a
scalar, so we can discard the determinant

02 — 05,0,'61, > 0 (3.30)

This becomes 1
— >0 3.31
= (3.31)

which is always the case. It is also common to add A to the diagonal of the sample
covariance matrix before inputting it into the algorithm as a form of regularization,
and this will further guarantee that the output is always positive semi-definite.

There are some tricks that can be used to speed the graphical lasso up. For
instance, if we can threshold and permute the sample covariance matrix at a threshold
A such that it becomes block diagonal, the precision matrix produced by the graphical
lasso will also be block diagonal [166]. This further means that we can threshold the
sample covariance matrix (an operation of trivial complexity) to extract the block
diagonals, and then run the graphical lasso individually on each block. Since the
complexity of the glasso is around O(p?) this provides a significant increase in performance.
Furthermore there are situations in which the graphical lasso and thresholding the
sample covariance matrix perform the same [237]. QUIC [106] uses iterative quadratic
approximation based on Newton’s method to solve much larger problems than the
coordinate descent solution (i.e. 1000 - 200,000 variables) , and BigQUIC [107] increases
the performance even more (200,000 - 1,000,000 variables). Being able to deal with
such large systems allows us to not have to pre screen variables before inferring a
network - for instance the application the authors suggest is fMRI data, where they
apply it on a dataset containing 228,483 dimensions.

However in our experiments, and noted by Tan et al [250] the graphical lasso
tends to create isolated nodes with no connections and long "tails’, where nodes at
either end of the tail are dissimilar. In their paper, they explain this that the way the
glasso determines which components are connected is equivalent to single linkage
clustering. To fix this they propose to use a different method to detect clusters and
then running the graphical lasso on each cluster individually.

3.2.3 Other Approaches

Using the formulation of the problem 3.19, we can use any kind of regression method

to obtain a precision matrix. Peng at al [202] propose SPACE (Sparse PArtial Correlation
Estimation) on this theme. This a form of neighbourhood selection, but instead of
solving the problem row by row, we solve one large problem over the entire graph.
Firstly we note that we can express the regression parameter in terms of the partial
correlation coefficients and the diagonal of the precision matrix

Bij = P o, (3.32)
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Therefore we can impose sparsity on the partial correlation matrix rather than the
precision matrix using this link, which avoids imposing the uniform structure on
the network, helping to improve the detection of hubs. The optimization problem
requiring solving is the following

1F
©) =5 ) Ilxi— ZPm/ x,||2+A Y, IPy (3.33)

i=1 j#i 1<1<j<p

We alternate between solving for P and for the diagonal of ©® until the problem
converges - this typically takes around two to three iterations. To solve this we
formulate a large lasso problem - on the order of np by p(p —1)/2. This is done by
creating two new regression variables Y and X. Y is a np column vector containing
all the variables stacked upon each other

A

Y = (x1,%,...x5)7 (3.34)

Next we need to create a matrix that contains the predictors for the appropriate ¥
values.
X - (X(l,Z)I ceey X(P‘LP)) (335)

Xij = 01/ 50 i 5,0, 5 Vi aT,0,. (3.36)
ZZ ]]

The following problem is then solved to calculate the off-diagonal values of the
partial correlation matrix

min |[Y — Xal| + Al[all (337)

where a contains the off-diagonal values. Once we have run this we can estimate

the diagonal as following
1 /
0. —||xl ZPU l||2 (3.38)
" j#i

Another regression and variable selection procedure is the Dantzig selector, proposed
by Candes and Tao [50]. It is formulated as follows

minimize ||Bl[1
B (3.39)
subjectto || XT(y — XB)||lo < A

Instead of searching for the solution with the lowest error given a constraint on the
weights as before, we are looking at finding the "simplest” solution for a given error
bound. This selector has some attractive theoretical properties, but its predictive
capabilities are generally not as good as the lasso [73] and the L., norm can make it
more susceptible to outliers than a standard least squares problem.

A Dantzig selector inspired procedure is CLIME (Constrained L;-minimization
for Inverse Matrix Estimation), proposed by Cai et al [47]. They propose to solve the
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following problem
minimize ||O|[;
© (3.40)
subjectto  ||ZO — ]| < A

Again this is solved in a column by column way, formulating p optimization problems.
The problem for the ith column is

minimize ||B||;
© (3.41)
subjectto  ||ZB — eille < A

where ¢; is a p dimensional vector with a 1 in the ith position and zeros elsewhere.

Sparse Column-wise inverse operator (SCIO), developed by Liu and Luo [153],
is a method inspired by CLIME that formulates a quadratic problem to infer the
matrix. Here they propose a column-wise loss function

mﬁin % BTZp —elB (3.42)

where ¢; is a vector of zeros with a 1 in the ith position and X is the covariance matrix.
If we differentiate this we get
YB—e; =0 (3.43)

Al’ld rearranging we get
B =6 (3.44)

where 0; is the ith column of the precision matrix. Therefore we can see that solving
this optimization problem for i = 1...p dimensions will give us a precision matrix.
However this problem is neither sparse nor solvable when p > n. Therefore they
add a L; penalty term to solve this

min 387Ep - ef B+ Al Bl (3.45)

SCIO tends to give sparser results than the glasso or CLIME, usually with better
performance (time wise) than either (this can be up to several orders of magnitude)
as we can use the fast coordinate-descent based methods to solve it rather than using
linear programming. We perform some analysis of this later on in this chapter (see
Table 3.1). The authors also provide some theoretical analysis of using cross-validation
as an approach to decide upon a regularization parameter.

All of these methods do require the selection of a regularization parameter. While
there are methods to do so (e.g. BIC, cross validation e.t.c) some authors have
worked on methods that perform automatic parameter selection. We explain the
basic idea here. To recover the true non-zero coefficients using the lasso, we require
that the threshold is set high enough to ensure that the weights assigned to a variable
due to noise are set to 0. Effectively this means setting A = o/log p [50] [49]. This
requires estimating the noise (c), which can be done so if we have the oracle solution
(B*) of the problem

l *
ot = —|ly - Xp"|I2 (3.46)
Unfortunately we do not have the oracle solution. An approach to deciding

the regularization parameter is the "Scaled Lasso" [246]. With the scaled lasso we
estimate the lasso problem and then the noise in the problem iteratively, updating
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the regularization parameter until convergence. Starting we a guess for A (i.e. solve
the lasso problem for a chosen A), we estimate the noise, use this to rescale our A to
a more correct value and repeat until it converges. This proceeds as follows:

o 0 =5 AN =/2p/n,A =0
e B =argming &||ly — XB[[3 + Al[Blh
o o2 =1|ly - XBIj3

T n
e Repeat until the difference in s is less than 0.0001

Once we have this solution, we can then simply perform the row by row regression
to calculate each row of the precision matrix. This does not require any special
software beyond the usual machine learning libraries, which is attractive.

Other options on a similar front use the SQRT-Lasso [19] [152], but the challenge
with this method is actually solving this problem practically - it may be convex but
cannot be easily entered into many existing optimization packages.

3.2.4 Ledoit-Wolf Covariance

All the above methods impose sparsity to regularize. This may not always be desirable,
and so next we review a method that produce dense precision matrices.

Ledoit and Wolf [142] propose a shrinkage method to create a regularised covariance
matrix. By proxy this also gives us a well regularized precision matrix. Their model
combines the identity matrix and the sample covariance matrix to produce a new

estimate as follows
tr(S)

Se=(1-A)S+A—2] (3.47)

To decide A the authors wish to minimize the Frobenius norm of the difference
between X1, and the true population covariance matrix X,

min E[[|Z, — Sy 7] (3.48)

The optimal solution of p is

_E[IS-E g
P Els—#(S)1]E] ~ &

(3.49)

The interpretation here is that if S is very close to X (i.e. our estimate of the covariance
is good) then we do not need to shrink much, or if our shrinkage choice is not very
good then we should not shrink much either. However the obvious flaw so far is
that we need to know the true population covariance matrix to obtain the correct
value for p - and if we did then we would not need to bother estimating it to begin
with! We therefore require estimates of 8% and 62. We can estimate 62 as following:

62 =S — tr(S)I| |3 (3.50)
and B2 as

N 1 2z
1= ) llaex = Sl (3.51)
k=1

p? = min(5?,4) (3.52)
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b= 8 (3.53)

The constraint on [%Az ensures that p < 1. While it is rarely necessary, it does help
stop us accidentally making our estimate less well formed. This is of importance
in the application they are interested in - portfolio optimization, which requires
a positive semidefinite matrix for the optimization procedure to be convex (this is
further explored in Chapter 4).

Slightly tighter bounds can be achieved if the data is assumed to be Gaussian
[53] or alternatively cross validation can be used to select A [280].

3.3 Parameter Selection

Most of these methods require a regularization parameter to be selected to ensure the
correct level of regularization. This is a hard problem that has not been decisively
solved. The most common choice is to use cross validation, where we divide our
data into a training set and a test set, fit the model with various parameters on the
training set and use a loss function to evaluate the model on the test set. The usual
choice of loss function is the Gaussian log-likehood function, but other choices could
include the Frobenius norm or the quadratic loss (Tr(Z® — I)?)). Once we have a
parameter we then refit the model on the entire dataset. For certain methods (e.g.
SCIO) a per column parameter can also be selected. This can give better results, but
also can result in overfitting, particularly when the number of samples is small.
Cross validation does not take into account the complexity of the model produced.

We can use the Bayesian information criterion (BIC) [226] or the Akaike criterion
(AIC) [2] to fix this. For LASSO problems, they are defined as [295]

BICMM) = —2 % L + In(n)ed (M)

AIC(M) = —2 L + ed(M)

where L is the log likelihood, given by equation 3.21, and ed(M) is the effective
model dimension, in this case given by the number of edges in the network (the
number of non-zero values from the off-diagonal values of matrix M) These can be
minimized to find an optimal value of A.

There are of course also the methods mentioned above to automatically calculate
the appropriate value of A from the noise in the problem (Scaled Lasso and SQRT-Lasso)

3.4 NITK

The Network Inference Toolkit (NITK) is a software package written in Python. Its
goal is to provide an sklearn compatible implementation of the following algorithms

e Neighbourhood Selection (INS)

Scaled Lasso

SPACE

CLIME
e SCIO
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e Thresholding the Covariance matrix (Threshold)

While most of these estimators have been implemented in certain author provided
scripts, to the best of our knowledge they have not been implemented in one complete
package. The estimators all have unit tests so their results can be compared to the
original author’s implementations to ensure they are correct. This software can be
acquired at https://github.com/shazzzm/nitk.

We show some example code below to estimate a precision matrix using the
Scaled Lasso below:

from nitk import scaled_lasso
import numpy as np
from sklearn.datasets import make_sparse_spd_matrix

p = 50

n = 20

K = make_sparse_spd_matrix(p)

C = np.linalg.inv (K)

X = np.random. multivariate_normal (np.zeros(p), C, n)
sli = scaled_lasso.ScaledLassolnference ()

sli. fit(X)

print(sli.precision_)

3.5 Comparing the Methods

3.5.1 Approach

Using NITK we compare the various precision matrix estimation methods on graphs
with several different degree structures. To create the precision matrices we use the
normalized Laplacian (i.e. the off-diagonal row entries normalized to add to 1, and
the diagonal set to 1) of the graph with the desired structure. This is then combined
with the identity matrix to ensure it is positive definite as follows

O=al+(1—-a)l (3.54)

« is usually set to 0.8.

We construct networks with 3 different degree structures. The first structure, has
a relatively uniform distribution, and is constructed using the make_sparse_spd_structure
method from scikit-learn.

The second has a power law degree distribution and is constructed using the
Albert Barabasi model [12]. Here, we start with an empty graph. New nodes are
then added until we have the desired number. Each new node is connected to 5
existing nodes using preferential attachment (i.e. new nodes are more likely to be
connected to those of higher degree.)

The third is a modular structure, constructed using a caveman model. These
networks consist of fully connected modules with no connections to other modules.
Each module is composed of 5 fully connected nodes.

Example networks with these structure are shown in Figure 3.1. We choose these
models as they are likely to cover many of the networks that are likely to be seen in
real life networks [12] [202].

To evaluate the success of the methods we use several measures. Firstly, we
infer precision matrices for a set of regularization parameters. We then calculate
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FIGURE 3.1: Example networks for the chosen structures. Each
network has 50 nodes
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the true positive rate and the false positive rate for each regularization parameter in
order to create a ROC curve. An ROC curve is a graph with the false positive rate
on the x-axis and the true positive rate on the y-axis. It allows us to quantify the
performance of a binary classifier when the threshold for classification is varied.

For our experiments, we calculate the area under the ROC curve using the trapezium
rule. This quantifies how well the method does in uncovering the true model without
having to select a regularization parameter.

Often with applications of these inference methods we are not just interested if
it is possible to pick up the underlying model, but specifically if we can select a
singular network to analyze. We also explore the success of the methods in picking
up a specific network. The optimal parameter is selected using 5 fold cross validation,
and we use the F; measure of their success in uncovering the underlying sparsity
structure. The loss function for the cross validation is the log likelihood.

These different network structures are generated for five combinations of n and
p. These combinations are n = 50 p = 50, n = 50 = 100, n = 50 p = 200, n =
100 p = 200 and n = 200 p = 500. For each given p and n we generate 20 different
precision matrices, generate a dataset from this precision matrix, run an estimation
procedure on this dataset and evaluate the mean and standard deviation of the
various measures mentioned. The set of regularization parameters is decided firstly
by calculating the smallest parameter for which the networks will be completely
sparse (Amax). We then take the minimum regularization parameter as 1073 A max,
and use log spaced values from the minimum to the maximum A.

We compare all the methods implemented in NITK bar CLIME. In initial experiments,
CLIME had a high level of success in uncovering the underlying structure, but
simply took too long to be practically useful for anything other than trivial problems,
as it scales poorly with the number of dimensions (p).

3.5.2 ROC Curves

Firstly we compare the success of the methods using the area under the ROC curve
(AUC). We show the results in Figures 3.2 (uniform), 3.3 (power law) and 3.4 (caveman).

We see similar results across the different network structures. Firstly we note that
thresholding performs surprisingly well, generally being competitive with the best
performing sparse precision matrix estimator across all p and n combinations and
the different network structures. For the caveman networks, the threshold estimator
seems to perform particularly well.

For the sparse precision matrix estimators we notice a few trends. SCIO performs
consistently well across all the combinations of structure and p/n combinations.
SPACE tends to perform better as n and p get larger, which the authors also find
in their original paper [202]. Neighbourhood Selection (NS) shows the opposite
effect, performing significantly worse as p and n get larger. With the exception of
the uniform networks, the performance of the glasso is consistent, being the second
or third best estimation method.

We also find here that the network structure tends to influence the success of
uncovering the underlying network, with the caveman structure generally having
the highest mean AUC, and the power law the lowest.

3.5.3 F; Scores

As previously mentioned, we are also interested in selecting up one particular network
for many applications. In this section we explore the success of the various methods
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FIGURE 3.2: AUC for graphs with an underlying uniform structure
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in picking up the locations of the non-zero values when we select one particular
network from the set inferred. To select this network we use 5-fold cross validation.
The results are shown in Figures 3.5 (uniform networks), 3.6 (power law) and 3.7
(caveman).

Starting with the uniform structure, we note that the performance of any method
is not particularly high, with none achieving an F; score of above 0.4. The performance
of the methods also depends on p and n, with the Scaled Lasso, the glasso and
neighbourhood selection performing better when p is smaller and n larger, while
SPACE again tends to perform better when p and 7 are both larger. The threshold
method is relatively consistent across all tested values of p and n. SCIO tends to fail
as p increases.

Next we look at the results for the networks with a power law structure. For
almost all of the methods, the results are worse compared to the uniform structure.
Thresholding appears to be the best performing method here, followed by SPACE.
All methods also have a worse performance as p increases.

The results for the networks with a caveman structure are very different to the
others, and quite surprising. Firstly we note that most of the methods perform
much better than on the other two network structures, aside from SPACE and the
threshold, with most of the methods achieving an F; score of above 0.4 on every
combination (compared to achieving an F; score below 0.4 on the uniform networks)
We also see different results when p and n are changed, with Neighbourhood Selection
and the Scaled Lasso increasing in success as p and n are increased, while thresholding
and SPACE actually decrease. Unlike before, the glasso seems relatively unaffected
by different values of n and p.

For the uniform and power law networks, the relative performance of the methods
seems quite similar (i.e. if a method performs well compared to the others with AUC
as a measure, it also performs well compared to others with F; score as a measure).
However, this is not the case with the caveman networks, with the threshold method
in particular performing poorly.

3.5.4 Performance

Finally we compare the performances of the various network inference methods.
This is more complex than would be expected due to the dependence of the performance
of the lasso on the regularization parameter chosen - it will take longer to converge
for a smaller regularization parameter (and therefore a less sparse result). Furthermore
the scaled lasso does not have a parameter to chose - making it difficult to achieve
a comparable result. Therefore we decide to measure performance for a variety
of parameters, in a way that would replicate attempting to select a regularization
parameter using an information criterion. For the methods where it is possible,
we calculate regularization parameter at which the output matrix will contain only
zeros on the off-diagonal. This is our maximum regularization parameter. We then
divide this by 1000 and use this as our minimum regularization parameter. Using
these we create a set of log spaced values from the minimum to maximum regularization
parameters and run the estimation procedure for each value (as proposed in the
glmnet package [84]), timing how long it takes in total. We run these tests 50 times
and measure the mean and standard deviation. This is only run for the uniform
degree distribution. We do not show results for thresholding as the cost is trivial. A
table of these results is shown in Table 3.1.

The impressive performance of SCIO is notable, with it generally being the quickest
out of the methods that have to check a variety of regularization parameters. The
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Method p | n Uniform
Graphical Lasso | 50 | 10 4.291 £ 1.423
NS 50 | 10 2.837 £ 0.197
SCIO 50 | 10 0.743 £+ 0.010
Scaled Lasso 50 | 10 0.079 £ 0.021
SPACE 50 | 10 1.350 £ 0.120
Graphical Lasso | 100 | 10 10.436 + 3.061
NS 100 | 10 7.483 + 0.694
SCIO 100 | 10 3.163 £+ 0.133
Scaled Lasso | 100 | 10 0.141 £ 0.019
SPACE 100 | 10 6.785 £+ 0.499
Graphical Lasso | 100 | 50 23.924 4+ 4.530
NS 100 | 50 11.266 + 2.946
SCIO 100 | 50 3.849 + 0.366
Scaled Lasso | 100 | 50 0.442 £ 0.042
SPACE 100 | 50 52.343 £ 2.207
Graphical Lasso | 200 | 50 | 28.915 + 11.497
NS 200 | 50 24.039 + 3.733
SCIO 200 | 50 17.560 + 1.038
Scaled Lasso | 200 | 50 2.725 £ 0.653
SPACE 200 | 50 | 383.200 =+ 43.622
Graphical Lasso | 500 | 50 | 92.974 + 40.034
NS 500 | 50 | 46.320 +13.517
SCIO 500 | 50 | 134.983 + 9.858
Scaled Lasso | 500 | 50 | 69.990 & 29.665
SPACE 500 | 50 | 4056.933 + 126.811

TABLE 3.1: Mean and standard deviation of the time taken for
the algorithms to estimate a precision matrix for 50 different
regularization parameters. This is then run 50 times. The advantages
of not having to select a regularization parameter (the Scaled Lasso
calculates one from the data) are clear for performance purposes.
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advantages of automatically selecting a regularization parameter are obvious with
the Scaled Lasso - even though it must iterate and solve a succession of lasso problems,
it still is far more efficient than even the quickest method that requires parameter
selection.

3.6 Conclusion

In this chapter we have provided a review of a set of methods to infer a sparse
precision matrix, described a software package which implements them, and compared
how those methods perform to each other, and to a baseline of thresholding the
sample covariance matrix.

Most of the work in this field relies on using L; penalised linear regression methods
to estimation a sparse precision matrix row by row, the most basic of this being
neighbourhood selection. This also allows us to use advances in linear regression
techniques to improve precision matrix estimation (for instance, SCIO and the Scaled
Lasso). Certain properties can also be exploited to guarantee a positive definite
result (e.g. the graphical lasso).

When we compare the methods using the area under the ROC curve, simply
thresholding the sample covariance matrix performs very competitively with the
sparse precision matrix estimation methods, indicating that there is much work to
be done in getting good results out of these methods.

Furthermore, when we look at selecting one particular network using cross validation
we do not always achieve a great deal of success. In fact, for the networks with a
uniform or power law structure we achieve F; scores of less than 0.4 for all methods,
indicating how challenging it is not just to have a method that can uncover the
underlying truth, but also to select the correct regularization parameter to this end.
The threshold method is still competitive with the sparse regularization methods in
this situation. However, if we look at the results for the caveman networks, the
threshold method performs quite poorly, and the sparse precision matrices well,
indicating that the underlying structure of the network matters significantly.

This poor performance when selecting a particular network is likely to be an
issue when using these methods for the estimation of financial networks. This application
is an example of a situation where we do desire one particular network to analyze,
and so it being merely possible to extract the correct network is not sufficient. Furthermore,
we do not have a ground truth model of the financial network, meaning that we
cannot rely on the good performance of a particular method for a particular network
structure.
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Chapter 4

Robust Risk Minimization using
the Graphical Lasso

4.1 Introduction

Portfolio optimization and its variants have been of interest in empirical finance for
decades, following the pioneering work of Markowitz [161]. This is based on the
idea of formulating an optimization problem to minimize the risk of a portfolio for
a desired return, under the assumption that the log returns of the assets follow a
multivariate Gaussian density.
The risk of a portfolio is defined as the variance of the returns. This can be
expressed as:
w!Zw (4.1)

where w is a vector containing the portfolio weights, and . is the covariance matrix
of the asset returns. The returns of said portfolio are defined as:

wTy (4.2)

where p is a vector containing the mean return of the assets. Using these we can
formulate the optimization procedure:

minimize w!Xw
w

i=N
subject to 2 w; =1
= (4.3)
wi > 0
w'p>p

where p sets a minimum return. Solving the above quadratic programming problem
at different values of p yields a set of portfolios with different trade offs between
risks and returns.

We desire that the resulting portfolios have several properties. Firstly, the out of
sample performance must be good. In this situation, this means a low out of sample
risk. Secondly, buying and selling assets is not free. Therefore, we do not want to
own large amounts of different assets (referred to as a position), and furthermore
when we re-estimate our optimal portfolio, we do not want many changes between
the old and new portfolios. The size of the changes required from one window to
the next is known as the turnover of the portfolio.

Unfortunately, the estimation of the mean and covariance from financial data is
known to suffer from robustness issues [214], [143], [21]. Financial data consists of
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occasional outliers to which maximum likelihood estimates are notoriously sensitive.
Furthermore, to estimate covariance matrices reliably we need a long enough window
(n) of data, though due to non-stationarity in the markets, we may choose a small
window. This (particularly when n and p are of similar values) can lead to the
covariance matrix X being singular and non-invertible. The consequence of poor
estimation of parameters is that the resulting portfolio can be unstable and produce
poor out-of-sample performance, with extreme weights that are liable to have large
changes over time [21]. In many cases these portfolios perform worse than a portfolio
where each asset is evenly weighted (referred to as a % or naive portfolio) [63],
although it has been argued this is due to the use of small windows for parameter
estimation [135]. These issues are often addressed by regularization, of which shrinkage
estimation is a classic tool (e.g. [143]). Brodie et al. address this issue by regularization
using the I; (or lasso) penalty in an index tracking setting, deriving stable portfolios
which are also sparse. Takeda et al. [249] use a combination of /; and I, regularizers to
simultaneously induce sparsity and improve out-of-sample performance. Regularizing
the portfolio weights can also be related back to shrinking the covariance matrix in
some way [64].

Sparse precision matrix estimators have shown some promise in the financial
field, in reducing portfolio turnover when hedging [94], and some work has claimed
they can achieve a lower risk when compared to other estimators [6] [257]. In this
chapter we evaluate the performance and robustness of portfolios constructed using
these estimators

4.2 Methods

We focus on the estimation of the covariance and precision matrices, and so we do
not set a minimum desired return. Instead we look at solving the unconstrained
minimum variance portfolio, defined as:

minimize w!Xw
w (4.4)
subjectto 17w =1

We construct portfolios both with and without a short selling constraint (w; > 0).
Short selling refers to selling stocks which the seller does not own. On a practical
level, this is not always possible, and as far as the portfolios are concerned, a short
selling constraint can actually improve performance [114]. Effectively this constraint
acts as a regularizer, as portfolios without this constraint can have very large positive
and negative weights. If we do not have a short selling constraint, the problem has

an analytical solution:
1

17211
If we do have a short selling constraint, the problem does not have an analytical
solution.

From equation 4.5, we can therefore see that accurate estimation of the precision
matrix is key in selecting a portfolio with good performance. In particular we focus
on 3 methods - SCIO [153], Scaled Lasso [246] and the Graphical Lasso [87]. It is
important to note that only the Graphical Lasso will give us a precision matrix that
is guaranteed to be both symmetric and positive definite. For the other methods
we can make them symmetric without much effort, but ensuring they are positive
definite while maintaining the sparsity is much more challenging. With a portfolio

*

w ¥ 11 (4.5)
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that does not have the short selling constraint this is not an issue as we have a
formula for the solution (see equation 4.5). Obviously a precision matrix that is
not positive definite is not a correct model. This creates a question of whether
estimating the true non-zero values or having a more accurate overall model is more
important. We also use three non-sparse methods, the sample covariance matrix
(which provides a baseline), the Ledoit-Wolf estimator, which is regularised in a
different way (see Chapter 3) and portfolios where we invest evenly in every asset
(referred to as Naive).

If we do have a short selling constraint then our solver can fail on certain precision
matrices. We therefore report when it fails in the results.

4.3 Software and Data

We make use of Python, NumPy [193] and SciPy [118] for general scripting, scikit-learn
[201] for the implementation of the glasso and NITK for an implementation of the
other precision matrix estimators.

The data we use is downloaded from Yahoo Finance. For the UK data we use
the FTSE100 companies, for the US returns we use the S&P500 companies and for
the German data we use the DAX30 companies. We use returns from 2000/03/01
to 2019/10/21. For each dataset any company missing more than 10% of its data is
removed, and any missing values are filled forwards from the first good value. If
the values are missing from the start we backfill from the first good value. We use a
window of 252 trading days (1 trading year) for Germany and the UK, and 504 for
the US due to the larger sample size. The portfolios are then tested for out of sample
performance on the following year (UK and Germany) or two years (for the US)

To select the regularization parameter we use BIC (although note the scaled lasso
can calculate its own regularization parameter) since cross-validation cannot be used
in an unaltered state with time series data.

4.4 Results

44.1 Portfolio Optimization

To start we compare the out of sample risk of the portfolios. If using daily data
we use 252 trading days of data to estimate the covariance matrix and then test the
portfolios on the corresponding 252 days of data (252 days = 1 trading year). If
using monthly data we use 30 months of training data and 30 months of test data.
The sample covariance matrix was not well formed enough at any point to be used
without a no short selling constraint so we used the pseudo inverse instead. The risk
of the portfolios is annualized. The results are shown in Figures 4.1 (daily) and 4.2
(monthly).

Generally it seems that the Ledoit-Wolf methods have the best performance on
the most windows (i.e. the lowest risk). The sparse methods usually have a higher
risk than the Ledoit-Wolf or sample covariance matrices, but a lower risk than the
Naive portfolios. SCIO is prone to producing covariance matrices that are not positive
definite, with the optimization procedure failing at many points for the US data
(both daily and monthly)

Buying and selling stocks is not cost free, and holding large positions with leverage
is generally regarded as risky and therefore undesirable. Therefore next we look at
the size of the active positions of each portfolio and how much buying and selling the
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portfolio requires at each re-balancing. We measure the size of the active positions
by summing the absolute values of the weights (i.e. the L1 norm of the portfolio -
Y7 |wi]) - a portfolio with no short selling will have an active position size of 1.
A smaller position is more desirable. Figure 4.3 shows the active positions of the
various methods over the daily and monthly datasets with short selling permitted.
For the monthly data for the US and the UK, the sample covariance matrix takes
very large positions, so it is omitted from those figures.

Across all of the different countries and time periods, the sample covariance
matrix has the largest position. For the larger markets (US and UK), the glasso
also tends to take large positions when using monthly data, and the Ledoit-Wolf
method also tends to take the second largest positions across most market/time
period combinations. Interestingly the scaled lasso tends to have small positions and
engage in relatively little short selling. These do show the benefits of regularization
in reducing the size of positions a minimum risk portfolio takes. Once we impose
the short selling constraint the methods all have an active position of 1, so we omit
those figures.

Next we look at the turnover of the portfolios. The portfolio turnover is measured
by calculating the difference between adjacent portfolios, and then summing the
absolute values of this difference. Again a smaller difference is more desirable -
for instance the naive portfolio has a difference of 0 as no buying or selling is ever
required (as we have discarded data from companies that are removed from the
index in this paper). Figure 4.4 shows the portfolio turnovers over the various
datasets for the daily data. The regularized methods provide a significant boost in
reducing the portfolio turnover compared to the sample and Ledoit-Wolf covariance
estimators when short selling is permitted, with the exception of SCIO. However,
when short selling is forbidden the results are less consistent, with only the Scaled
Lasso reducing portfolio turnover for all country/time period combinations. Forbidding
short selling also reduces portfolio turnover across all estimators. The very low
turnover for the glasso portfolios on the German market is due to the parameter
selection procedure creating a completely sparse matrix for this market, meaning
the portfolios constructed never change.

Next we study this for monthly data. The results are shown in Figure 4.5. Without
a short selling constraint the sample covariance matrix was so ill-formed that the
positions held were massive and the turnover equally large, making comparisons
not particularly possible. Therefore the sample covariance turnover is not presented
in the figures for short selling. We see similar results to the daily data, with the sparse
estimators generally causing a reduction in the portfolio turnover, but forbidding
short selling having the greatest effect. Again the Scaled Lasso has the lowest turnover
out of all the methods.

In general our results say that sparse precision matrix estimation methods do not
tend to give better results than non sparse methods when looking at the out-of-sample
risk (this has also been found when using the sparse precision matrices for classification
[217]). Imposing a non-short selling constraint is perhaps the best way of regularizing
the covariance matrix, and the Ledoit-Wolf methods were the most consistent in
achieving the best results. However the sparse methods can give an improvement
with regards to the portfolio turnover and active positions held (if short selling
is permitted), with the Scaled Lasso performing well on this measure. It is also
well known that lasso based methods (of which all our sparse methods are) do
not perform particularly well on highly correlated data [271], which unfortunately
financial data is [211] and perhaps this could explain the poor performance of the
resulting portfolios.
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FIGURE 4.5: Portfolio turnover for the various covariance estimation
methods using monthly data. The sample covariance is omitted from
the short selling results as it is very large. Again banning short selling
reduces turnover, and the sparse methods also provide a reduction in
portfolio turnover when short selling is permitted.
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4.4.2 Portfolio Robustness

In this section we explore the robustness in the performance of the methods - how
sensitive they are to slight changes in the input. As mentioned in the introduction,
the sample covariance estimator is not robust to the presence of outliers, which
occur often in financial returns data. We hope that the regularization in the sparse
estimation methods may reduce the effect of outliers, and result in a more robust
estimate of the precision matrix. A more robust precision matrix should result in
better out of sample performance, and less portfolio turnover between windows.

To measure robustness, we use a circular bootstrap to create multiple sub-datasets
from our main one and create minimum risk portfolios using the covariance estimation
methods on each sub-dataset. A circular bootstrap is a form of the bootstrap designed
for time series data. Rather than randomly picking samples with replacement from
the dataset, we select a set of samples continuous in time, and "wrap around’ if we
go past the end. This allows us to avoid "look-ahead” effects in our data. We set our
training window as 504 days for the UK and Germany and select 252 days of data
from this for each bootstrap. For the US we use 1008 days for a window and select
504 days for each bootstrap. These portfolios are then tested on out of sample data
from the following 252 (for UK and Germany) or 504 (for the US) after the test set.

We evaluate the robustness of the covariance estimation methods using the standard
deviation of the risks of the bootstrapped portfolios. If a method is robust, the
portfolios produced will be similar and therefore the standard deviation of the risk
low. The results are shown in Figures 4.6 (daily) and 4.7 (monthly).

From these figures, we firstly note the effect of permitted short selling - in almost
all cases this causes an increase in the standard deviation of the risks. In general the
Scaled Lasso has the lowest standard deviation across the various time periods and
markets. In general we find that the regularized methods can sometimes provide
an increase in robustness, but it is method specific and not always the case. We can
also see that times of market stress cause a large decrease in the portfolio robustness.
For many of the time periods, SCIO failed to produce a positive definite precision
matrix, hence why it often has missing values in the graphs.

There are some country specific results. For the German daily data, the glasso
selects no non-zero values on the off-diagonal of the precision matrix. This explains
the lack of any standard deviation in the risk, but also should not be considered a
good result. If short selling is permitted on the German daily data, the results of
SCIO and the sample covariance are almost identical.

Also, for the two larger markets, with monthly data, the sample covariance matrix
is not positive semi-definite, meaning it cannot be used when short selling is forbidden.
This is why it is missing on our figures. Furthermore, when short selling is permitted
for the German monthly data, the sample covariance performed very poorly, so it is
omitted from the results.

In conclusion, it appears that the Scaled Lasso alone provides an increase in
robustness compared to the sample covariance matrix across all of our parameters,
countries and time periods. The other estimation methods do sometimes provide
an increase in robustness compared to the sample covariance estimator for certain
time periods, but this is not consistent and can in fact produce less stable portfolios.
Therefore they should not be relied on.
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4.4.3 Effect of the Regularization Parameter

Throughout this paper we have chosen the regularization parameter in a data driven
way, however there is of course the question of how robust the portfolios produced
are to changes in this parameter. For simplicity we focus on the graphical lasso here.
As we increase the regularization parameter the precision matrix will become more
sparse (in our experience if the regularization parameter is increased enough the
covariance matrix estimated will also become sparse, but this is not guaranteed). To
start we plot the weight on each company in a portfolio for a variety of As to show
how it changes. The maximum value for A is chosen as the smallest value that will
give us a completely sparse precision matrix. This can be calculated analytically, it is
the largest absolute value in the off-diagonal of the sample covariance matrix [167].

Anax = S;: 4.6
ma rglgx!zjl (4.6)

We then choose Apin = 1073 A nax as recommended by Friedman et al. [88], and
use log spacing from Apin to Amax. The DAX30 is used as it has a small number of
companies, making this effect easier to see. The results are shown in Figure 4.8 (the
top shows short selling permitted and bottom short selling prohibited)
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FIGURE 4.8: Effects of increasing A on portfolio weights constructed

from DAX30 data with short selling forbidden (left) and permitted

(right). As we increase A the portfolios become more diverse, with

more companies being invested in. We can see the portfolio weights
moving together as A is increased.

From this we can see the portfolios become more diverse as we increase A and
spread their weights out more evenly. Furthermore short selling stops with high
values of A even if it is permitted in the optimization procedure. Eventually as
we reach a precision matrix where the entire off-diagonal is 0, the investments will
simply be inversely proportional to the variance of the stock. If we wish to force the
weights to be completely equal, we would have to start adding A to the diagonal of
the sample covariance matrix.

If we look at the solution to the unconstrained optimization problem, we can see
why this would be the case. The solution is:

1
1Tz

*

w Py | (4.7)
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If we ignore the normalization part (ﬁ) we get that the weight assigned to a

stock is the sum of its row in the precision matrix

w* X1 (4.8)
Z 1
wf o) ¥ (4.9)
j=1

Therefore if we penalize the norm of each row (like these sparse estimators do,
although note they usually do not penalize the diagonal) we will cause the weight
invested in a stock to decrease. Furthermore if the norm of a row is large, it will cost
more than if the norm of a row is small, so large investments are more expensive than
small ones. Since it is renormalized to ensure the total weights add to 1, effectively
we reduce large investments more than small ones.

Next we measure how the train and test risks and returns vary as we increase
A, experimenting with both short selling permitted and disallowed. The difference
in train and test risks are shown in Figure 4.9 (short selling permitted) and 4.10
(short selling forbidden). Both train and test risks appear to increase as we increase
A, which is perhaps to be expected as we are giving the model less flexibility to
select a low risk model. However there is a plateau for the test risks, where actually
very small values of A generate a slightly higher risk model than for slightly larger
values. This could be due to the procedure overfitting on the precision matrices with
low regularization. We can also see that allowing short selling allows the train risk
to drop very low, but this is not reflected in the test risk, which is roughly similar
irrelevant of whether short selling is permitted.
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FIGURE 4.9: Train (a) and Test (b) risks of the portfolios constructed
from S&P500 data as we vary A with short selling permitted.
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4.5 Conclusion

In this chapter we have compared precision matrices estimated using sparse methods
(i.e. the graphical lasso and its variants) to the sample covariance matrix and the
Ledoit-Wolf shrinkage estimator by using them to construct low risk portfolios. These
portfolios are constructed from daily and monthly returns from the German, US and
UK markets and we experiment with both forbidding and allowing short selling.
To evaluate the portfolios we compare their risk on out of sample data. In general
we do find that the Ledoit-Wolf shrinkage based method has the best performance
on the out of sample data, and that simply enabling short selling generally means
the sample covariance matrix also out performs the sparse methods. However the
sparse methods can provide an improvement when it comes to portfolio turnover -
the portfolios produced are more stable.

Next we investigate how robust the various estimators are by using a circular
bootstrap on the datasets and looking at the mean and standard deviation of the
out of sample portfolios. In general we do not find any one estimator consistently
out performing the others on all of the different combinations of country and time
period. We do however note that adding a short selling constraint also improves the
robustness of the sample estimator.

Finally we investigate how the regularization parameter for the graphical lasso
effects the weights and the train and test performance of the portfolios. Increasing
the regularization parameter decreases the number of off-diagonal non-zero values
until eventually there is only the diagonal left. At this point this optimization procedure
will merely invest proportionally to the inverse of the variance for each stock. Interestingly
increasing the regularization parameter reduces the amount of short selling and
causes the portfolio investment to be more evenly distributed among the stocks.

It also has relatively little effect on the actual risks and returns of the portfolios. We
would contrast this to the work of Brodie et al. [44], who focus on the estimation of
sparse portfolios. In our case, a sparse precision matrix will lead to a dense portfolio.

From our experiments, we would not recommend the use of these sparse estimators
for portfolio optimization, as we have not found that they can be relied on to consistently
out-perform the Ledoit-Wolf estimator.

Future work on this could involve allowing the penalization of the diagonal as
well as the off-diagonal. While this might make the matrix less well formed, it could
allow sparsity within the portfolio weights by forcing a row to 0. Alternatively
elastic net based [294] methods could be used. These perform much better on correlated
data. However this does then give us two parameters to estimate rather than one,
which generally tends to be challenging to achieve.
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Chapter 5

Partial Correlation Financial
Networks

5.1 Introduction

In this chapter we present an empirical study on the inference and analysis of partial
correlation networks using a dense partial correlation estimator.

We hope that by using partial correlation we can discover latent relationships
that are hidden in correlation networks by the overall movement of the market (the
market mode). Previous work has focused on removing the market mode from the
data by various methods, including deleting the largest eigenvalue and eigenvector,
or using a factor model [182] but to our knowledge a partial correlation approach like
the one we take has not been used on stock return data before. In our approach, the
partial correlation between two variables is the correlation between the two once the
linear effects of all other variables have been removed. To gain further insight, first
consider that we can infer row i of a precision matrix from a dataset X via regressing
variable i (x;) on the others (X_;)

"= argmin||x; — X_if| 3 (5.1)
The solution to this is
Oij Ojj
s—__J—_p, | L 5.2
Py @; "\ o 62

This means that the partial correlation between i and j (P;) is proportional to the
weight that the least squares method would assign to j in a regression problem if we
tried to predict i from the rest of the dataset (or since P;; = P;; the weight that the
least squares method would assign to i if we tried to predict j from the dataset)

Furthermore the precision matrix is intimately connected with the minimum
variance portfolio. The problem, formulated as [161]

minimize w!Zw
w (5.3)
subjectto 17w =1

has a solution
N 1

Y T 1Ten
where 1 is a vector of all 1s and w; is the amount to be invested in asset i. Due
to the relationship between the precision matrix (®) and partial correlation (P) (see
equation 5.2) we expect these networks will give insight into the benefits and drawbacks

01 (5.4)
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of these portfolios, however it is important to remember a partial correlation matrix
discards the diagonal of the precision matrix

As previously mentioned, we require the covariance matrix to be invertible to
obtain the precision matrix and the partial correlation matrix. This is not always the
case with financial data. To solve these issues we use the Ledoit-Wolf Covariance
shrinkage method [142]. This produces a well-regularized covariance matrix by
combining the sample covariance matrix with the identity to reduce the off-diagonal
values. This well formed covariance matrix can then be inverted to obtain the precision
matrix. With these regularized covariance and precision matrices, we can use the
equations above to obtain the correlation and partial correlation networks. Once
obtained, we can then compare and contrast said networks. The shrinkage method
is described further in section 5.2.

Our approach in this chapter is to compare these partial correlation networks to
standard Pearson correlation networks, and to see if the partial correlation networks
can extract structure that is not present in said correlation networks. We also hope
that there will be some stable structure, usually covered up by the market mode,
that will be present for longer periods of time. While this is a subjective measure,
previous work has shown the presence of long term correlations and structure in
the financial markets [172] [262] [264], and with the lack of ground truth models,
attempting to detect this is the most common approach. If we cannot detect any
long term structure, this indicates that most of the edges in the networks are noise.

5.2 Ledoit-Wolf Covariance

Ledoit-Wolf covariance is based upon shrinkage, where we combine the sample
covariance matrix S (which may have a high variance but low bias) with a known
matrix with desirable properties (which has a low variance but high bias). The usual
choice for this is the identity matrix I and we create a linear combination of the two

Ziw = (1—p)S+ptr(S)I (5.5)

To decide p we wish to minimize the Frobenius norm of the difference between
Y1 and the true population covariance matrix X,

min E[]|2. — Zpu [} (5.6)

The optimal solution of p is

_ Ells-%.B g
PTENs —a(s)1E ~ &

(5.7)

The interpretation here is that if S is very close to X, (i.e. our estimate of the covariance
is good) then we do not need to shrink much, or if our shrinkage choice does not
seem accurate then we should not shrink much either. However the obvious flaw
so far is that we need to know the true population covariance matrix to obtain the
correct value for p - and if we did then we would not need to bother estimating it
to begin with! We therefore require estimates of g and 6°>. We can estimate 2 as
following;:

82 =||S —tr(S)1|3 (5.8)
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and B2 as
A 1 &
7= Y lluaf 5|} 59
k=1
f? = min(62,72) (5.10)
32
p = F (5.11)

The constraint on lBAz ensures that p < 1. While it is rarely necessary, it does help stop
us accidentally making our estimate less well formed.

The Ledoit-Wolf method is guaranteed to give us a positive-definite invertible
matrix, which is critical in this application as we require the inverse of the covariance
matrix (the precision matrix) to acquire the partial correlation matrix.

This covariance estimation method has been applied to the genomics field [224],
for portfolio optimization [142] and in the neuroscience field [42] but to our knowledge
has not actually been applied to create financial networks.

5.3 Data and Software

For our study we use daily log returns from the S&P500. If there is less than 10% of
the data missing for a particular stock we fill it with the price from the previous day,
or if the data is missing from the start, from the first day when the stock is traded. If
there is more than 10% missing we discard the data for that stock. We use the close
price on the day to calculate the return, from 2000-01-03 to 2017-12-05. Overall we
have 4510 days of return data for 345 stocks. Since financial data is non stationary we
use a window of 300 days and slide along this 30 days at a time to obtain a sample
where we can assume the data is stationary, giving us 140 windows overall. The
returns inside each window are normalized using the z-score to have a mean of 0
and a standard deviation of 1. While correlation is by definition normalized, this
procedure is mostly for the benefit of the shrinkage procedure - normalizing reduces
the amount of shrinkage required which allows us to capture more relationships.

Using this dataset we infer a network for each window by using the Ledoit-Wolf
shrinkage methods to obtain a covariance matrix and inverting it to obtain a precision
matrix. We then scale both of these matrices appropriately to create the correlation
and partial correlation matrices and use these as adjacency matrices to construct the
networks. We then study the properties of these networks and how they change
over time.

We make use of Python, NumPy and SciPy [193] for general scripting, pandas
[169] for handing the data, sklearn [200] for the implementation of the Ledoit-Wolf
estimation methods, statsmodels [227] for some of the statistical analysis, matplotlib
[110] for plotting, Networkx [96] for the network analysis and gephi [16] for some
graph visualization.

If the reader is interested in reproducing our work, the code and data can be
found athttps://github. com/shazzzm/partial_correlation_financial_networks/.
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5.4 Results and Analysis

5.4.1 Network Analysis

Firstly we display the networks constructed on the first window of this data. Since
they are dense, we display the edges that correspond to the 1000 largest absolute
values from the off-diagonal of the matrix. The correlation network has isolated
nodes in this situation, so we only display the largest connected component, but
the partial correlation network remains connected. These networks are displayed
in Figures 5.1 (Correlation) and 5.2 (Partial Correlation). Both networks show a
degree of sector clustering but it is far more prominent in the correlation networks
compared to the partial correlation networks. The partial correlation networks also
seem to have a more uniform degree distribution than the correlation ones, with less
community structure.

To begin our analysis we look at the distribution of correlation coefficients to
partial correlation coefficients in the network, and the difference in weight between
the same edge in the two networks. A histogram of these is shown in Figure 5.3, and
a scatter plot relating the two is shown in Figure 5.4. In general, partial correlation
coefficients tend to be smaller than the corresponding correlation values and are
more likely to be negative, but it is also clear that the two are related. This is likely
to be due to the definition of partial correlation - if it is reducing the value of indirect
correlations then we would expect some companies that are supposedly correlated
to have these relationship strengths reduced.

Our next goal is to compare and contrast stability of the networks. In a correlation
matrix the largest eigenvalue measures the intensity of the correlation present, and
the corresponding eigenvector measures the ‘market mode” and the effect the general
market has on that particular company [206] [182]. Each entry of this eigenvector can
also be used as a measure of centrality. Therefore we can study how this eigenvector
changes over time to see if the networks regard the same nodes as important, a proxy
for how stable the networks are. To measure this we normalize the eigenvectors so
the components to add to 1 and then measure the difference between those from
adjacent windows using the L, norm.

Firstly we look at how the largest eigenvalue varies over time. The results are
shown in Figure 5.5. From this we can see that the largest eigenvalue of the partial
correlation matrix is much smaller and varies relatively little, compared to the largest
eigenvalue of the correlation matrix. This implies that the intensity of the partial
correlation networks does not change much over the dataset, particularly compared
to the correlation networks which have large changes. This perhaps indicates that
the market mode has been removed. However if we look at the difference in the
eigenvectors we get a slightly different story. From Figure 5.6 we can see there is
a larger change in the corresponding leading eigenvector of the partial correlation
matrix as opposed to the correlation matrix, signifying the partial correlation networks
are less stable than the corresponding correlation networks and could indicate as to
why minimum risk portfolios tend to require large changes in asset holdings [63].
Both seem to reflect macroeconomic changes, with the magnitude of the difference
varying over time. Interestingly the differences between eigenvectors from adjacent
windows drops during periods of disruption.
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FIGURE 5.1: Example correlation network inferred from the first

window. Only the largest connected component of the network

containing the 1000 edges with the largest absolute weights are

shown. Nodes are coloured according to sector membership. There

is a strong community structure visible, with communities usually
made up of companies in the same sector.
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FIGURE 5.2: Example partial correlation network inferred from the

first window. Only the 1000 edges with the largest absolute weights

are shown. Nodes are coloured according to sector membership.

There seems to be less sector clustering in the partial correlation
networks and less of a community structure.
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FIGURE 5.3: Distribution of correlation and partial correlation

coefficients over the dataset of 140 windows taken over the 17 year

period. We can see that the partial correlation matrix generally has

smaller values than the correlation matrix, and that they are more
likely to be negative.
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networks in the dataset. The partial correlation coefficients are
in general smaller than their corresponding correlation coefficients
which is to be expected if the indirect correlations and reduced,
however there is still a relationship between the two
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FIGURE 5.5: Largest eigenvalue in the correlation (a) and partial
correlation (b) networks. There is a large variation in the largest
eigenvalue of the correlation matrix, with it varying from 180 to 40.
It noticeably picks up the financial crisis of 2008/2009, where the
eigenvalue reaches its maximum. The reverse is true in the partial
correlation networks where the largest eigenvalue stays roughly
constant (and quite small) showing the network has a consistent
intensity, indicating the market state has been removed
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FIGURE 5.6: Change in the normalized leading eigenvectors,
measured using the Ly norm, of the correlation and partial correlation
matrices. Both have changes that seem to reflect the general market
conditions, although the eigenvector from the partial correlation
matrix seems to change more, which shows the network is less stable.
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5.4.2 Sector Centrality

Next we study the centrality of the sectors in the networks, allowing us to quantify
their influence in the economy. We use two measures, degree centrality and eigenvector
centrality. Relating these specifically to financial networks, firstly we note that degree
centrality is simply the sum of the edges of a node. The weight on the optimal
portfolio is also proportional to weight of the edges on a node (see equation 5.4).
Secondly eigenvector centrality is calculated using the eigenvector that corresponds
to the largest eigenvalue, with its components normalized to sum to 1 in the same
manner as above. This largest eigenvector reflects the market mode and the effect
the general market has on a particular company.

The presence of negative edges in the networks makes calculating centrality
more challenging. Negative edges can result in a node having negative centrality,
which does not have an obvious interpretation. We can use the absolute values of the
edges to solve this problem but this involves discarding the negative relationships,
which are numerous in the partial correlation networks. In our experiments we
found relatively little difference between permitting negative edges or using the
absolute values of edge weights and so permit the existence of negative edges. We
normalize at the end so the sum of all node centralities is 1.

To measure the centrality of a sector we take the mean centrality of all the companies
in said sector. We then normalize these mean sector centralities to add to 1 to
make comparison easier. To start with we look at the mean degree centrality for
the sectors for each network. A graph of this over time is shown in Figure 5.8.
In this graph we can see that the partial correlation networks have a much lower
difference and variance in the sector centrality than the correlation networks - each
sector has roughly the same centrality and there is little variation over time. The
telecommunications sector has relatively few companies, hence why its centrality
has far more variance. In the correlation networks we firstly see a much larger
variance in the mean centrality of a sector, with the financial sector having the highest
mean centrality for the majority of the dataset. Interestingly all the centralities ‘jump’
together during the financial crisis, showing how suddenly the correlations between
previously unrelated companies increases due to these macroeconomic effects.

Healthcare

Consumer Discretionary
Energy

Information Technology
Telecommunication Services
Real Estate

Utilities

Materials

Financials

Consumer Staples
Industrials

FIGURE 5.7: Legend for the sector colours for Figures 5.8 and 5.9

Next we look at eigenvector centrality. A graph of this over time is shown in
Figure 5.9. In this figure we see very different results to degree centrality for the
partial correlation networks, which show a much larger variation in the centrality of
the sectors. They also show a slightly larger variance in the mean centrality when
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compared with the correlation networks too. In particular the financial sector is
far more dominant than we would expect. The macroeconomic conditions are also
visible in these graphs, with the financial crisis again forcing the mean centralities
towards a mean.

The movement of centrality measures towards a mean during times of disruption
is particularly interesting. Preis et al [211] pointed out that the market tends to be
more correlation during times of market disruption, which makes selecting truly
diversified portfolios very challenging as suddenly supposedly unrelated assets become
related during these periods. This may be relevant here too - here we have that
during periods of disruption companies start having far more similar behaviour
than they did during times of stability.

We have pointed out this connection between the minimum risk portfolios and
the degree centrality in the partial correlation networks, but to what degree does it
hold? To further explore this we plot the L, difference between the optimal portfolio
vector and the sum of the diagonal of the precision matrix (as this is effectively
discarded by the partial correlation matrix) in Figure 5.10. From this we can see the
difference can be quite large, although most of the difference seems to be explained
by the size of the precision matrix diagonal, which is effectively discarded by the
partial correlation networks.
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FIGURE 5.8: Mean degree centrality for each sector over time. It

is noticeable that in the partial correlation networks the difference

in centrality is much smaller for each sector than in the correlation

networks. We can see the macroeconomic trends in the correlation

networks with the centralities jumping together during the crash. The
colour legend can be found in Figure 5.7
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FIGURE 5.9: Mean eigenvector centrality for each sector over time.
These centralities have a much larger variance than the degree
centralities, particularly for the partial correlation networks. Here we
can see the financial sector is the most central for the majority of the
dataset, although the real estate does also become important in both
networks. Macroeconomic effects are also much more visible, with
the strong change from 2009 - 2011 as all the sector centralities move
together. The colour legend can be found in Figure 5.7
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FIGURE 5.10: L, difference between the weight placed on each node
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sum of the precision matrix diagonal (right). The differences between

the optimal portfolio and the degree centrality can be quite large, but

most of the difference can be explained by the sum of the precision
matrix diagonal.
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Degree | Eigenvector
Sharpe Ratio
Correlation 0.156 0.148
Partial Correlation | 0.129 0.131
Risk
Correlation -0.189 -0.175
Partial Correlation | -0.145 -0.156

TABLE 5.1: Spearman correlation between the centrality measures

and the out of sample risk and Sharpe ratio. In all situations there

is a positive relationship between centrality and Sharpe ratio, and a

negative relationship between centrality and out of sample risk. All

correlations are statistically significant at p < 0.05 but the correlation
is relatively mild.

Degree Eigenvector
Sharpe Ratio
Correlation 0.154 £+ 0.058 | 0.151 £+ 0.060
Partial Correlation | 0.127 4+ 0.057 | 0.131 4+ 0.057

Risk
Correlation -0.189 £+ 0.059 | -0.175 &+ 0.060
Partial Correlation | -0.145 &4 0.060 | -0.150 &+ 0.061

TABLE 5.2: Results of using a bootstrap to test if there is a significant

difference between the networks for the correlation between out of

sample Sharpe ratio and centrlaity. The correlation networks have

a slightly stronger relationship between centrality and out of sample

Sharpe ratio, and a more negative relationship between centrality and
out of sample risk.

5.4.3 Out of sample Portfolio Performance

Previous work with correlation networks has stated that companies who are on the
fringes of the network have a better Sharpe ratio than those who are more central
[204] [210]. We are curious as to how this applies in these networks. Therefore we
study the centrality of a company against its out of sample Sharpe ratio (defined as
the mean return over the standard deviation of the returns %) and its risk (defined
as the standard deviation of the returns) for the next window.

Using Spearman correlation we find that there is mild positive correlation between
the centrality of a company and its out of sample Sharpe ratio in every network,
and perhaps unsurprisingly mild negative correlation between out of sample risk
and centrality. The exact results are shown in Table 5.1. All results are statistically
significant at p < 0.05.

We verify if there is any significant difference between the two using a bootstrap.
We take 300 samples at a time from the dataset and run this for 1000 times. We then
calculate the mean and standard deviation of the correlations from the dataset. The
results for this are shown in Table 5.2. In this we can see the correlation networks
have a stronger relationship between centrality and out of sample Sharpe ratio, and a
more negative relationship between centrality and out of sample risk. The standard
deviation for both is quite similar.
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5.4.4 Community Detection

In Figures 5.1 and 5.2 it can be seen that there is some community structure in the
networks, so we are interested in further studying this. To do so we use a community
detection algorithm to divide each network into communities, and analyze how
these change over time. Since we have a ground truth classification of the sector
memberships of the various companies, we can also quantify how well these communities
reflect the sector structure.

A popular method to detect communities is to attempt to maximize the modularity
of the network. This is an NP-hard problem [36] and so various approximate methods
have been proposed, including a spectral method [184] or the Louvain algorithm
[25]. These methods have been applied previously to detect communities in financial
networks constructed from stock data [205] [113].

The classic formulation of modularity for a network with adjacency matrix A
and a vector of community assignments c is [184]

1 kik:
Q= ;;(Aij — j)é(ci, ¢;) (5.12)

where m = ) ZJ- Ajj, 0 (ci, cj) is the Dirac function, equaling 1 when ¢; = ¢; (i.e.
nodes i and j are in the same community and 0 otherwise) and k; is the sum of
weights of a node. However this is not appropriate when we are looking at graphs
with negative edges. Here we use a definition designed for the presence of negative
edges. Proposed by Gomez et al [93] we divide the network into positive edges
(signified by a +) and negative edges (signified by a —)

Al‘]‘ = Al? - Al; (5.13)

where
A;]f = max(0, A;j) (5.14)
Ay = max(0, —A;;) (5.15)

and so the definitions of modularity are

1 Frt
Q= ;;(A;]f ——)é(cicj) (5.16)
1 ki kj
Q = m;;“‘ﬁ ——)d(ci,cj) (5.17)
where
mt = ZZ;;A; (5.18)

m =YY A (5.19)

i

k= ZA;]T (5.20)
j

k= ZAZ; (5.21)
)
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Total modularity is then a scaled version of these

mt o+ m
mt +m— mt+m—

Q= Q" (5.22)

We choose the Louvain method [25] to maximize modularity. This method works
by maximizing modularity in a greedy bottom up manner. All nodes are initialized
into their own random community. We then check the gain in modularity from
moving node i from community a to community b. Doing so for all communities, we
putnode i in the community that maximizes the modularity gain the most, assuming
the gain is positive. We then continue to do this over all nodes until we cannot put a
node in another community and make a positive gain in modularity. Phase 1 of the
algorithm is now complete. In phase 2 each community can then be treated as a node
and the edges out to other communities collapsed into one edge per community.
The algorithm can then be run again until we do not make a gain in modularity by
collapsing the communities.

The gain in modularity from moving isolated node i into a community can be
calculated by separately considering the positive and negative edges as follows

+ o2kt ot Tk + s kit

(5Q+ _ mer i (Zt;/l+ )2 _ (n21+ _ (%1::)2 _ (W)Z) (523)
) kT = i k-

5Q7 _ Zmﬂj—_ i (Zt(;;—i_ i )2 o (ﬁ . (%)2 o (mil_)Z) (5.24)

where ) ;, is the sum of weights of all the edges inside the community node i is
being moved into, ) . is the sum of weights of the edges to the community. The
gains are then scaled by the total weight of positive and negative edges in the graph
and combined together

m
sot — -
Q mt+m-

m
mt +m—

0Q = 0Q~ (5.25)

A notable advantage of this algorithm is that we do not need to choose the
number of communities. Since this algorithm is greedy, we randomise the order
of the nodes each run through in phase 1. This of course means that we will achieve
different results every time we run the algorithm. Therefore we run the algorithm
10 times on each network to get a mean and standard deviation for any measures
taken.

To evaluate the success of the community detection we use the Adjusted Rand
Index. Given a set of elements S, and two partitions of this X and Y divided into
subsets the Rand Index [215] is defined as

a+b
R_a+b+c+d (5:26)
where a is the number of pairs of items in the same subset in X and Y, b is the number
of pairs of items that are in different subsets in X and Y, c is the number of pairs of
items in the same subset in X and a different subset in Y and d in the number of
pairs of items in the same subset in Y and different subsets in X. Basically it is very
similar to a measure of accuracy if we have a ground truth labelling.
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In the Adjusted Rand Index (ARI) a correction is made for chance, using the
expected similarity for community detection under a random model:

R —E[R]

ARl = ax®) —E[R]

(5.27)

Figure 5.11a shows the ARI over time, exhibiting how the networks reflect the
known sector structure. The partial correlation networks have less success overall in
discovering the sector structure, although both networks show large variations over
the time period. We suggest this is to due to the reduction in indirect correlations
that the partial correlation coefficient provides - we would expect this to reduce
intra-sector correlation strengths which would lead to a reduced success in recovering
the sector structure. It is also noticeable that times of disruption seem to lower the
ARI for the correlation networks. This could be due to the increased amount of
correlation and volatility causing companies to behave more similarly, reducing the
ability of the algorithm to separate them [211]. However for the partial correlation
networks the ARI actually increases during these times.

We next look at the number of communities produced. This is shown in Figure
5.11b. The correlation networks have a smaller number of communities than the
partial correlation networks, averaging around 4 while the partial correlation networks
have an average of around 20. Both choose roughly the same number of communities
throughout the entire dataset, although we can see there is a small dip for both
networks in 2009. Again this could be due to the increasing correlations during
market disruption, making the companies seem more similar. There are 11 actual
sectors in the dataset, so neither method is particularly close to the true value.

Finally we study how stable the communities are over time. Since we have 10
partitions per network, we use the adjusted rand index to compare the consistency of
the community detection between those from the previous window and those from
the next. The results of this are shown in Figure 5.11c. The correlation networks have
a much more stable community structure than the partial correlation networks (i.e
the ARI between each run is larger meaning more companies are in the same cluster),
although the variance does seem to be higher. For the correlation networks there is
a large 'break’ in 2008 with the consistency dropping considerably, but then both
networks have an increase in community stability over the crisis. This is consistent
with our finding about network stability in Section 5.4.1, with the partial correlation
networks being less stable than the correlation networks.
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FIGURE 5.11: Measures for the community detection over time.

The partial correlation networks in general have less success in

uncovering the sector structure, have a larger number of communities

and have less consistent communities compared to the correlation
networks.
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5.5 Conclusion and Future Work

In this chapter we have constructed correlation and partial correlation networks
from S&P500 returns data using the Ledoit-Wolf covariance estimator. This is designed
to cope having more dimensions than samples and always gives us an invertible
covariance matrix, which is required for estimation of the partial correlation matrix.
We construct 140 networks using windows of data and contrast the correlation and
partial correlation networks produced.

Firstly we compare the edge weights in these networks. The partial correlation
network has more negative edges than the correlation network and generally has
smaller weights. There is however a clear relationship between the two - several
edges with a high correlation also have a high partial correlation. Since partial
correlation is designed to reduce the effect of indirect correlations this is something
we would expect.

Secondly we use the largest eigenvalue and corresponding eigenvector to measure
the intensity and stability of the networks. The largest eigenvalue of the correlation
network varies significantly depending on the state of the market at that time while
the largest eigenvalue of the partial correlation network remains roughly constant.
This shows that the partial correlation networks do not have much change in intensity
over the dataset. However, using the difference in the largest eigenvector to measure
the stability of the network we find the partial correlation networks are significantly
less stable than the correlation networks, perhaps showing why minimum risk portfolios
tend to be less stable.

Exploring the mean centrality of various sectors using both degree and eigenvector
centrality, we find that in the partial correlation networks the sectors all have relatively
similar mean centrality with degree centrality. Furthermore macroeconomic factors
do not seem to effect the centrality, with all sectors have a fairly consistent mean
degree centrality. This is not the case in the correlation networks, where there is clear
variation in the centralities, notably during the financial crisis of 2008/2009. The
eigenvector centralities show a very different story, with there being more variation
in the partial correlation networks rather than less. Macroeconomic effects are also
picked up in both networks here, again with the centralities of the sectors moving
together during the financial crisis.

Utilizing these networks for portfolio selection, we find there is positive correlation
between the centrality of a company and its out of sample Sharpe ratio but there
is negative correlation between its centrality and risk. This result is statistically
significant and is relevant for both the correlation and partial correlation networks.

Finally we run an altered Louvain community detection algorithm using a version
of modularity that is designed for networks with negative edges to attempt to discover
whether the sector assignments are replicated in the actual data. We find that the
partial correlation networks are less successful than the correlation networks in uncovering
these sectors. The correlation networks also produce more stable communities with
alower number of communities than the partial correlation networks. This indicates
that in general the partial correlation networks have less stable structure than a
correlation network constructed from the same data.

Since we have struggled to extract easily explainable structure from these partial
correlation networks (when compared to the Pearson correlation ones) we would
not recommend their use in any applications interested in global properties of the
networks. We have however not sufficiently explored how individual nodes may be
differently expressed in these networks. This could be the topic of a future study.
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Chapter 6

Quantifying Influence in Financial
Markets via Sparse Partial
Correlation Estimation

6.1 Introduction

In this chapter we propose to use the SPACE [202] (Sparse PArtial Correlation Estimation)
to estimate a partial correlation network from financial returns data. Justification for
why we wish to do this can be found in Chapter 5. Here we briefly re-explain how
the SPACE algorithm works (a larger review on the estimation of partial correlation
matrices is available in Chapter 3).

Given an n (number of samples) by p (number of companies) dataset X, we
note we can recover row i (not including the diagonal) of the precision matrix by
regressing variable 7 upon the rest.

arg min||x; — X_iBill3 6.1)

The solution of this is §;; = _%Z' We can now get the partial correlation matrix (P)
using

Pj=———= (6.2)

We can note from these that §;; = Pij\/gjg

Meinshausen and Bulhmann [170] propose neighbourhood selection where we
solve (6.1) using the lasso. However neighbourhood selection does not take advantage
of the symmetry of the problem (the precision matrix is symmetric) and the imposition
of sparsity is row-wise rather than over the entire matrix. Since many real-world
networks are believed to have hubs (nodes with a large number of connections) we
may wish to impose sparsity on the entire network rather than on rows. With SPACE
we formulate 1 large problem rather than p smaller ones and impose sparsity on
the partial correlation matrix rather than the precision matrix, and so the objective
function becomes

12 P O
L(P/@)ZEZ"xi_ZPij\/#xj|‘%+A Y., 1Pyl (6.3)
i ii

i=1 j#i 1<1<5<p

We alternate between solving for P and for the diagonal of ©® until the problem
converges - this typically takes around 2-3 iterations. To solve this we formulate a
large lasso problem - on the order of np by p(p — 1) /2. This is done by creating 2 new
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regression variables Y and X. Y is a np column vector containing all the variables
stacked upon each other
Y = (x1,%2,. .. x,,)T (6.4)

Next we need to create a matrix that contains the predictors for the appropriate ¥

values. ) )
X - (X(l,Z)I ceey X(P‘LP)) (65)

X = ,/ Oj x;,0,. 1/ Oii x!,0,. (6.6)
ZZ ]]

The following problem is then solved to calculate the off-diagonal values of the
partial correlation matrix

min ¥~ Zal| + Alal s ©7)

where a contains the off-diagonal values. Once we have run this we can estimate

the diagonal as following
1
= *th_zpl] ]Hz (6.8)
®ll
j#i

Similarly to chapter 5, our goal is again to extract some form of stable, interpretable
structure from the networks. We firstly hope there will be some structure which
persists over time in the networks. We also hope to be able to see the pre-known
sector structure in these networks.

6.2 Methods and Data

Since financial data is non stationary we use a window of 300 days and slide along
this 30 days at a time to obtain a sample where the data is more stationary. The
data inside each window is then normalized to have a mean of 0 and a variance
of 1 using the z-score. This is mostly for the benefit of the SPACE algorithm, as it
requires standardized data. We use the SPACE method to estimate a sparse partial
correlation matrix, using a Bayesian Information Criterion (BIC) method to select A.
To do this we run the SPACE algorithm for 50 linearly spaced values of A from 1 to
200 initially. If either of the limits are selected we increase or decrease the limits A
as required and rerun the procedure. The network with the lowest BIC is selected.
The diagonal is filled with zeros to avoid self links and we use this as an adjacency
matrix to construct a network. We then study how the networks change over time.

For our study we use daily log returns from the S&P500. If there is less than 10%
of the data missing for a particular stock we fill it with the price from the previous
day, or if the data is missing from the start, from the first day when the stock is
traded. If there is more than 10% missing we discard the data for that stock. We use
the closing value on the day, from 01/03/2000 to 05/12/2017. Overall we had 4510
days of return data for 345 stocks, and this was divided into 140 windows.

We make use of Python, NumPy and SciPy for general scripting, pandas for
handing the data, sklearn, Networkx and gephi for the network analysis. If the
reader is interested in reproducing our work, the code and data can be found at
https://github.com/shazzzm/financial_network_inference
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FIGURE 6.1: Example of a generated financial network. Nodes are

coloured according to the sector they belong to. We can see that

clusters of companies all in the same sector tend to cluster. This

seems intuitive - companies that have lines of business that are related

are likely to be affected by similar underlying factors, ensuring their
stocks are correlated

6.3 Results

Firstly we show an example network in Figure 6.1. This is the network inferred
from the first window. The nodes are coloured according to the sector the company
belongs to. From this we see that companies in the same sector tend to cluster
together, with a noticeable group of companies in the energy sector in the bottom
right. Since larger stock movements tend to be affected by macroeconomic factors,
we would expect that companies that have similar lines of business would be affected
by these factors in the same way and so would have correlated stock price movements.
To further study this sector clustering we sum up the number of connections
between each sector and the others (including themselves) over the entire set of
networks and plot the results as a heat-map, shown in Figure 6.2. As the diagonal
component tends to dominate (i.e. companies in a sector are mostly connected to
those in the same sector) we take the logarithm of the values to make the heatmap
easier to understand. The weight of an edge is not taken into account here, only
its presence. Firstly we notice that the diagonal contains the largest weights - i.e.
companies are most likely to be connected to those in the same sector. Secondly,
the energy sector mostly seems to connect to itself and has relatively few outside
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FIGURE 6.2: Log of the number of connections (i.e. weights are
not taken into account) between each sector and the others. Lighter
colours indicate a larger number. The lighter diagonal indicates that
companies mostly seem to be connected to those in the same sector,
and we note the energy sector seems to be mostly self contained
while the financial, heath-care, industrial, technology and consumer
discretionary sectors make up most of the interactions

connections. Thirdly we notice there is a ‘block” of sectors that seem to be interconnected
- the financial, health-care, industrial, technology and consumer discretionary sectors.
Meanwhile the telecommunications sector has very few links, indicating its relative
unimportance.

Next we see how the number of edges in the networks change over time. A plot
of this is shown in Figure 6.3a. Generally we can see that during times of market
growth and calmer conditions there is a smaller number of edges. However during
times of market disruption and crashes the number of edges rapidly increases. We
do know from previous work that the market tends to become more correlated
during times of market disruption [211] and that the minimum spanning tree tends
to shrink [195]. Therefore it would make sense that the number of edges increases
during these times as the amount of correlation in general has increased.

To characterize the stability of the networks we look at the number of the edges
that change between networks inferred from adjacent time periods. A plot of this is
shown in Figure 6.3b. Firstly we observe the networks are not very stable - most of
the edges change between adjacent time periods. The networks also change much
more in times of market instability.

Next we study how the influence of various sectors changes over time. To measure
this we study the centrality of the companies in the sectors and take the mean centrality
for each sector. The presence of negative edges in the networks makes this more
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FIGURE 6.3: Number of edges and edge changes in each network

as we move through time. Generally we can see that during times

of market growth we have a smaller number of edges, while during

times of significant market movement and change we tend to get far

more edges. Furthermore there are more edge changes during times
of stress.

complicated as this means that many usual measures of centrality are no longer
guaranteed to be positive. To solve this we use the sum of the absolute values
of edges of a node to measure its centrality, which will always give us a positive
number and we divide it by the total sum to ensure the sum of all centralities is 1.
We show how these vary in Figure 6.4.

From the start of the dataset we can see that the financial sector has the highest
centrality for most of the dataset. However between 2009 and 2013 this is not the
case, with the consumer discretionary, industrial and technology sector also briefly
holding the top position. After 2008 we can see the centrality spread decreases,
particularly around 2009 where several groups of sectors seem to cluster together for
a year long time period before starting to diverge again. At this point the financial
sector regains its position as the most central. As previously mentioned the number
of edges in the network increases during times of market disruption and suddenly
companies previously unconnected become connected. This could be due to the
increased correlation that occurs during times of market distress [211]. This would
explain why the centralities move closer together - suddenly there are more edges
in the network sharing the weights out further. For most of the dataset we can also
see that telecommunications, consumer staples and utilities have a low centrality
and generally do not interact much with the rest of the sectors. This is reflected in
previous work [126] [95], and our heat-map in Figure 6.2. Generally these sectors are
regarded as less influential in the US economy.

Finally we are interested in exploring the consequences of this work for portfolio
selection. Previous work in this field has suggested selecting companies that have
a low centrality measure [203] [210], but this is in relation to correlation networks.
We study here how this advice transfers over to our partial correlation networks.
Our first remark is to draw attention back to Figure 6.3b, where we measure the
number of edge changes as a proxy for measuring the stability of the networks. It
has been noted that portfolios constructed using the empirical covariance estimator
tend to be unstable and have wild swings in weights [63]. Even for our regularized
estimator we can see how this would be the case - if the precision matrix changes
rapidly we would expect a portfolio calculated using it to also change rapidly. Since
we have this relationship between portfolio optimization and the centrality of a
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FIGURE 6.4: Plot of how the centrality of each sector varies over time.
We sum the absolute value of each edge to measure centrality as
the nodes may also have negative edges and divide by the sum to
ensure we have a centrality that adds to 1. In general we note the
financial, consumer discretionary, industrial and technology sectors
are important in the US markets, while the telecommunications,
materials and utilities have a low centrality and interact less. These
results are reflected in previous work [126] [95]. We can also see
the effects of the 2009 market crash, with the centralities clustering
together more. This could be due to the increase in correlations in the
market sharing the centrality out more.

company, we investigate how this presents itself in our dataset. We infer networks
from the 300 day time period and then evaluate the mean return () and risk (we
use standard deviation, ¢) of each stock on the next window, and calculate the
Sharpe ratio (defined as £). Due to its robustness, we use the Spearman correlation
coefficient to measure the relationship with a two sided test for significance, with
a null hypothesis that the datasets are uncorrelated. The Spearman correlation is
0.0965, indicating there is relatively little relationship here. However the Spearman
correlation between the centrality and the out-of-sample risk is -0.167 with a p-value
of less than 0.0001 indicating the result is significant. To explore how this changes
over time we plot the Spearman correlation between the centrality of a company
and its risk in the next window in Figure 6.5. In general there seems to be a negative
correlation between the two, except from 2009 - 2013 where the relationship becomes
much less significant. It is also at these points where the p-values indicate the
relationship is not significant, although due to space we omit a plot of these. This
also indicates it is challenging to create low risk portfolios during periods of market
disruption.

6.4 Conclusions

In this chapter we have inferred partial correlation networks from S&P500 daily
returns using the SPACE algorithm, analyzed how these networks vary over time
and how the importance and influence of various sectors changes. We have found
that the number of edges increases during times of market disruption, possibly due
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FIGURE 6.5: Centrality of a company compared to its risk on the next

window of data (i.e. out-of-sample). In general there seems to be

negative correlation between the two aside from during 2009-2013,

although at this point we also fail to reject the null hypothesis that
the data is not correlated

to the increased amount of correlation during these times. We find that the most
central sector in the market is usually the financial sector, but this mantel is also
taken by the technology, industrial and consumer discretionary sectors. Companies
tend to have more connections with those in the same sector, but certain sectors tend
to have more connections across the market (e.g. financial, consumer discretionary)
and others (e.g. energy) tend to be more inward looking. Finally we study the
relationship between centrality in the network and the out-of-sample Sharpe ratio.
We do not find a significant relationship between the out-of-sample Sharpe ratio and
the centrality of a company, but we do find a mild negative relationship between
centrality and out-of-sample risk.

While there is evidence of some form of sector structure in these networks, the
networks themselves are very unstable. This is a large issue if we desire to use the
networks for financial applications, as it indicates many of the edges present are
noise. Therefore, as with the dense networks, we would not recommend using them
in their current form.
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Chapter 7

Construction of Minimum
Spanning Trees using Rank
Correlation

7.1 Introduction

Most of the literature studying correlations between asset returns tends to use the
Pearson correlation coefficient. While the interpretability of the Pearson correlation
coefficient is a big plus, it assumes normality, something which most assets return
distributions do not follow [59], and is sensitive to outliers. There are of course
correlation measures that do not suffer from these issues, namely those based on
rank. Rank correlation methods calculate the correlation between the ranks of variables,
which tends to remove the effects of outliers while still giving a measure of the
degree to which two variables increase or decrease together. However to the best of
our knowledge, most of the literature which studies the correlations between asset
returns tends to use the Pearson correlation coefficient. Therefore in this chapter
we compare networks inferred from stock returns using Pearson, Spearman and
Kendall’s T correlation in order to see if the robustness of these rank correlations
can give an improved picture of the stock markets.

To evaluate the rank MSTs, we compare them to MSTs constructed using Pearson
correlation from the same data. Broadly speaking, we expect that the rank MSTs
should be more stable than those constructed from Pearson correlation, and maintain
their structures for longer periods of time. If non-linearities and/or outliers are
also affecting the Pearson MSTs significantly, we would expect greater differences
between the Pearson and Rank MSTs during times of market volatility too. We
therefore use a set of network measures which quantify these properties, which are
defined later on in the chapter.

The Pearson correlation between two variables r; and 7; is defined as follows

o = Lim(ri(t) —7)(r(t) — 7))
ij — - - -
\/Zizl((ri(t) — ri)Z(rj(t) _ rj)2)

To calculate the Spearman correlation, we firstly sort the values, replace each
value with its rank, and calculate the Pearson correlation between the ranks. This
then measures the degree to which two variables monotonically increase or decrease
together. Kendall’s 7 is slightly more complicated, measuring the relationship by
considering the number of concordant pairs vs the number of discordant pairs. A
pair of observations (;(t),7;(t)), (ri(t +1),7;(t + 1)) is concordant if r;(t) > rj(t)
and r;(t+1) > r;(t + 1) orif r;(t) < r;(t) and r;(t +1) < r;(t +1). It is discordant

(7.1)
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if r;(t) > r;(t) and r;(t +1) < rj(t+1) orif r;(t) < rj(t) and r;(t +1) > r;(t +1).
The 7-a formula simply counts the number of concordant pairs vs the number of
discordant pairs, divided by the total number of pairs. This does not however take
into account any ties that might occur in the data, so we use the 7-b formulation,
defined as

T = fte — M (7.2)

V(o — ny) (g — nz)

where 7. is the number of concordant pairs, 1, is the number of discordant pairs,
ng = @, n = Y ta(ta —1)/2, np = Y us(us — 1)/2, t, is the number of values
in the ath group of ties for variable i, u, is the number of values in the ath group
of ties for variable j. Any reference to T in the rest of the chapter refers to this 7-b

formation.

7.2 Data and Software

The data we use is downloaded from Yahoo Finance. For the UK data we use the
FTSE100 companies, for the US returns we use the S&P500 companies and for the
German data we use the DAX30 companies. We use returns from 2000/03/01 to
2019/10/21. For each dataset any company missing more than 10% of its data is
removed, and any missing values are filled forwards. If the values are missing from
the start we backfill from the first good value. From this data we take a window of
504 days and slide along 30 days at a time. This leaves us with 4789 days of returns
data from 229 companies for the US, 5063 days of returns data from 70 companies for
the UK and 5066 days for 23 companies for Germany. Germany will also be referred
to as DE in the rest of this chapter. Each company is tagged with a sector from the
GICS classification using information from Bloomberg. This places each company
into 1 of 11 sectors, Technology, Real Estate, Materials, Communications, Energy,
Financials, Utilities, Industrials, Consumer Discretionary, Healthcare or Consumer
Staples.

We make use of Python, NumPy and SciPy [193] for general scripting, pandas
[169] for handing the data, statsmodels [227] for some of the statistical analysis,
matplotlib [110] for plotting, arch [233] for the implementation of the circular bootstrap,
TopCorr for the MST construction, Networkx [96] for the network analysis and Cytoscape
[229] for the MST visualization. The code and data is available at https://github.
com/shazzzm/rank_correlation_msts.

7.3 Results and Analysis

7.3.1 Correlation Matrix Analysis

Firstly we analyze the full correlation matrices with no filtration. A starting point
is to look at the correlation coefficient for the same set of values. Figure 7.1 shows
a set of scatter plots comparing the correlations. From this we can see there is a
degree of agreement between all, and generally larger correlations are more likely to
be similar. However there is a ‘fat’ middle when comparing the rank correlations to
the Pearson correlation, where there can be significant disagreement. Spearman and
T seem to be very similar, with there being a strong relationship between the two,
although the T correlations are slightly smaller than the Spearman ones.

The largest eigenvalue of the correlation matrix is a measure of the intensity
of the correlation present, and in matrices inferred from financial returns tends to
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FIGURE 7.1: Relationship of the correlation coefficients for each
country across the entirety of each dataset. There is a large degree
of agreement and larger correlations are more likely to be similar,
but the ‘fat’ middle is notable when comparing the Pearson and rank
correlations. The rank correlations themselves are relatively similar,
with the T correlations being smaller than the Spearman correlations.
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FIGURE 7.2: Largest eigenvalue (Amax) in the networks over time.
From this we can see the Spearman correlation has a slightly
smaller largest eigenvalue than the Pearson correlation, while the T
correlation is much smaller. The rank methods also have a smaller
range than the Pearson correlation. The volatility of the markets at
times of stress is likely to lead to more outliers, so the robustness of
the rank correlations to these could be causing the reduced variance
of the largest eigenvalue.

be significantly larger than the second largest [139] [206]. Generally this largest
eigenvalue is larger during times of stress and smaller during times of calm [72]
[139]. Firstly we study how this varies over time for each correlation measure. This is
shown in Figure 7.2. For all of the networks there is a similar shape, with it peaking
during times of market stress and dropping during times of calm. The Spearman
and Pearson correlations have relatively similar values, although the Spearman has
a smaller range. The T correlation is much smaller than the other two at all times, and
also has a smaller range. Times of stress and volatility tend to bring more outliers in
returns data, which could be the cause of the difference in largest eigenvalue. Figure
7.1 has shown us that the T correlation coefficients tend to be smaller than the others,
which could explain why the largest eigenvalue is consistently smaller too.

7.3.2 MST Stability

In this section we analyze and compare the stability of the trees constructed using
the various coefficients.

Firstly we focus on measuring the fraction of edge changes between MSTs adjacent
in time, which quantifies how stable the trees are, and how well change in the market
is detected. The results are plotted in Figure 7.3. For the US and the UK, the Pearson
MSTs tend to have much greater spikes in edge changes compared to the rank MSTs,
indicating the rank MSTs are more robust to the outliers present during times of
stress. Interestingly the number of edge changes seems to drop during the financial
crisis in 2009 for all countries. Other authors have noted that by some measures
the markets could be considered more stable during these times [72] [134], but we
have not found that this has been mentioned in the context of MSTs. For Germany
the results are harder to interpret, as the German MSTs are much smaller, meaning
small changes are much more significant as an overall fraction and so we report the
mean and standard deviation (s.d.) of these MST differences. The mean differences
are are 0.138 (s.d. 0.089) for the Pearson MST, 0.131 (s.d. 0.080) for the Spearman and
0.128 (s.d. 0.077) for the T MSTs. This indicates that the rank MSTs do change less
than the Pearson ones, but the difference is small.

This therefore shows that the Spearman and T MSTs tend to be more stable than
Pearson MSTs for all of the countries. This is particularly prominent at the start of the
financial crisis for the US and the UK, with the Pearson MSTs showing a large spike
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FIGURE 7.3: Edge difference between adjacent MSTs. From this

we can see the MSTs inferred using rank correlation are far more

stable with regards to time than those inferred using Pearson

correlation. While all of the trees seem to become more similar

during the financial crisis (2009 - 2011), the Pearson MSTs show a big

reconfiguration as the crisis starts, while the T MSTs shows no spike
before dropping.

in difference, while the Spearman and T MSTs show little or no change in difference.
In this particular situation we would expect the heavy tails to affect the Pearson
correlation between two assets more than the rank methods, and this should change
the edges selected by the MST construction procedure.

Next we measure how the MSTs have changed from the first inferred tree using
the multi step survival ratio [196] - the fraction of edges that have been consistently
maintained for each tree from the first to the current. This measures the life of an
edge and shows us how the tree evolves. This is defined as

pi]E(t)ﬁE(t—l)...E(t—k+1)ﬂE(t—k)| (7.3)

where E(t) is the edge set at that moment in time, k goes from 1 to t — 1 and |S| is the
cardinality of the set S. A plot of this is shown in Figure 7.4. From this we can see
that quite rapidly the trees differ from the original for all countries, with 70% of the
edges changing within 2 years. For our experiments, what is particularly interesting
is that for the US and the UK the rank MSTs maintain slightly more edges than the
Pearson MSTs, but the difference between the T and Spearman MSTs is very small.
For Germany, the Spearman MSTs actually maintain the most edges for the longest
time period, followed by the Pearson MSTs and then the T MSTs.

Over the entire dataset for the US, the Pearson MSTs maintain 4 edges, the Spearman
MSTs 7 edges and the T MSTs 8 edges. For the UK the Pearson MSTs maintain 3
edges, the Spearman MSTs 5 edges and the T MSTs 4 edges. For Germany all three
maintain 2 edges. All of these edges are intrasector aside from one in the German T
MSTs, which is BASF to Bayer (Materials to Healthcare).

There is of course the question of how the difference between the MSTs changes
over time. We measure the fraction of edges that differ between the three MSTs and
plot it in Figure 7.5. From this we can see there is a significant difference in the
presence of edges between the rank MSTs and the Pearson MSTs for all countries.
The difference does seem to increase during the banking and financial crises, with
notable peaks occurring during 2008 and 2009. There seems to be relatively little
difference between the two rank MSTs, with less than 10% of the edges being different
for every country for most of the time period. This difference between the rank
methods does not seem to be particularly affected by market conditions.
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FIGURE 7.5: Fraction of the edges that differ between the various
MSTs. The US has the largest difference, followed by the UK and
then Germany, which indicates size of the MST influences the edge
difference. In general for the US and the UK around 40% of the
edges differ, although this does increase during the financial crisis,
particularly in 2009. Since the German tree is so much smaller there
is a larger range in these values, but on average around 30% of the
edges different between the Pearson and rank MSTs.
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7.3.3 Node and Sector Centrality

These networks can be used to study the importance of economic sectors in the
markets of the selected countries, and how they might be implicated in various
crises and growth periods that occur. Here we are interested in how sectors may
be differently expressed in the MSTs, to see if the different correlation coefficients
can give an alternative picture of the market at that moment.

To measure this we look at how the centrality of a sector varies by calculating the
mean of the centrality of all the nodes in said sector. This reduces the effect of the
different numbers of companies in each sector. Then to make comparisons between
the differently sized MSTs easier, we normalize the sector centrality so the sum of
all sector centralities in an MST is 1. To express mathematically, we calculate the
centrality of sector s from the set of all sectors S as follows

1 1
LI P 74
Yjes CjIs| Le 74

i€s

where ¢; is the centrality of node i, and |s| is the cardinality of set s. We use both
unweighted degree centrality and betweenness centrality to measure the influence
of a sector. Betweenness centrality is calculated by looking at the fraction of shortest
paths that pass through a node, and allows us to get a different perspective on which
nodes are more important. The results are shown in Figures 7.6 (degree centrality)
and 7.7 (betweenness centrality).

Firstly we focus on the sector degree centrality. For the US, the Financials and
Industrials sectors are important in all three MSTs for the entire dataset. They also
seem relatively similarly expressed over time in all three. The Materials sector is
regarded as more important at the start of the Pearson MSTs (from 2003 - 2008) but
less so in the rank MSTs. The Technology sector becomes more important in the rank
MSTs than in the Pearson MSTs, while the Energy sector is slightly more important
in the Pearson MSTs from 2009 - 2010 compared to the rank MSTs. The Consumer
Discretionary, Healthcare and Utilities sectors all are relatively similar throughout
the dataset.

For the UK again the Financials sector is important in all three MSTs. The most
notable feature is the large spike in importance of the Technology sector from 2015,
which is present in all three MSTs again. The Utilities sector seems more important
in the Pearson MSTs than the rank ones, while the Industrials sector seems slightly
more important in the rank MSTs, notably from 2015 onwards.

For Germany the Financials, Industrials and Materials sectors are again important
in all three MSTs. The Industrials sector seems more important in the rank MSTs,
notably from the start of the dataset until 2008 and then from 2016 onwards. The
Communications sector is quite differently expressed between the Pearson and rank
MSTs, but is very small, so the effects of one company are large. The spike in the
centrality of the Technology sector in 2017 is more intense in the Pearson MSTs than
the rank ones, but the rest of the centrality seems similar.

In general it seems the degree centrality of most sectors is relatively similar
in all three MSTs, with only small differences occurring. Furthermore the sector
centralities of the rank MSTs are virtually identical.
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FIGURE 7.7: Betweenness centrality for each sector over time

Next we study the betweenness centralities of the sectors. Starting with the
US, again the Industrials and Financials sectors are central for the majority of the
dataset in all three MSTs. Both seem more central in the T MSTs than the Pearson
or Spearman. The Energy sector becomes notably central in the Pearson MSTs from
2009 - 2012 but this is not reflected in the rank MSTs, and there is also a rise in
centrality for the Utilities sector in the Pearson MSTs that again is not seen in the
rank MSTs. The Consumer Staples sector seems more central in the rank MSTs,
notably towards the end of the dataset from 2015 onwards, as does the Consumer
Discretionary sector.

For the UK the Financials sector is again central throughout the dataset in all
three MSTs, but has a higher centrality in the T MSTs. The Technology sector also
becomes very central in all three from 2016, but has the largest centrality in the
Pearson MSTs. The Ultilities sector is not central for most of the dataset in any of
the MSTs, but has a peak during 2016 for the Pearson MSTs, but not in the rank
MSTs. The Communications and Consumer Staples sectors are relatively similarly
expressed across all MSTs, and are not very central. The centrality of the Materials
sector varies similarly in all MSTs, but has a higher peak value in the Pearson MSTs,
and the Consumer Discretionary is similar, but has its peak value in the Spearman
MSTs.

For Germany the Financials, Industrials and Materials sectors are regarded as
important throughout most of the dataset for every MST. However the Materials
and Industrials sectors are more central in the Pearson and Spearman MSTs than the
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T. At the end of the time period, the Technology sector has a higher peak in the
Pearson MSTs, followed by the Spearman MSTs, but is not particularly important in
the T MSTs. The Consumer Staples, Consumer Discretionary and Healthcare sectors
are not particularly central in any of the MSTs, and are relatively similarly expressed.

Compared to the sector degree centrality, the sector betweenness centrality shows
amuch greater range, and greater disagreement between the MSTs, notably between
the rank MSTs. However in general the sectors that are regarded as important in the
degree MSTs are also regarded as important in the betweenness MSTs. This could
imply that companies tend to be placed in different positions in the different MSTs,
even if they have a similar degree centrality

7.3.4 Effects of Gaussian Deviations

In this section we explore the potential reasons for differences between the MSTs,
focusing on univariate non-Gaussianity. To measure this we use the Kolmogorov-Smirnov
(KS) distance from a Gaussian distribution for each stock for each window and plot

this against the absolute normalised node difference, measured by

Poocxr Y
L aE (7.5)
j=i+1

p
et

1

where M* = Zle Zle Cij (i.e. the sum of all the correlations in the network), C;
is the ith column of the correlation matrix and C* and C¥ are correlation matrices
created from different correlation coefficients. Normalising the correlations ensures
that times where the correlations are higher do not distort our measurements. This is
done for both the full correlation matrices (Figure 7.8) and the MST filtered correlation
matrices (Figure 7.9). To clarify, an MST filtered correlation matrix is the correlation
matrix constructed from the MST, where edges in the MST are given the weight of
their correlation from the original full correlation matrix and all other correlations
are set to zero.

For all countries there is a positive relationship between the KS distance and
the distance between nodes in the full correlation matrices when we compare the
Pearson and rank networks, indicating that a departure from Gaussianity does increase
the difference between the different correlation coefficients. There appears to be no
relationship when comparing the rank correlation networks, which is to be expected.

However if we look at the MST figures, the results seem a bit different. For all
countries it seems there is relatively little relationship between node difference and
KS distance. However since the procedure to create the MST discards the majority
of correlations, this could imply that the trees tend to keep correlations that are
unaffected by this deviation. Furthermore, since the MSTs only keep large correlations,
it could be that the deviations affect smaller correlations more.

To quantify these we show the Spearman correlation between node difference
and KS distance in Table 7.1. For all of the full correlation matrices there is some
positive correlation between deviation from Gaussianity and the difference between
the rank and Pearson correlations. The US and UK also have some very mild negative
correlation between the T and Spearman MSTs. None of the countries have any
correlation between the node difference and KS distance with the MSTs. From the
scatter plots this is mostly to be expected. The results if we use unweighted MSTs
are very similar.
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FIGURE 7.8: Scatter plots of the difference for nodes in the full

correlation matrix against the KS distance for all 3 countries. There

appears to be a positive relationship between node difference and KS

distance when comparing the Pearson and rank MSTs, indicating that
a deviation from univariate Gaussianity does cause differences

Network | Pearson - Spearman | Pearson - T | Spearman - T
US Full 0.221 0.244 -0.114
UK Full 0.409 0.415 -0.104
DE Full 0.331 0.352 -0.075
US MST -0.005 -0.005 -0.016
UK MST 0.000 -0.008 -0.006
DE MST -0.013 0.008 0.021
TABLE 7.1: Spearman correlation between node difference and

the Kolmogorov-Smirnov distance for the node from a univariate

Gaussian. In general a departure from univariate Gaussianity tends

to cause differences in the full correlation matrices, but not in the
MSTs, potentially due to the filtration procedure.

" (H) Germany Pearson - T (I) Germany Spearman - T
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FIGURE 7.9: Scatter plots of the difference for nodes in the MSTs

against the KS distance for all 3 countries. There seems to be

significantly less of a relationship between the node difference and

the KS distance in the MSTs compared to the full correlation matrices.

This could be due to the MST procedure discarding the changed
relationships.
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FIGURE 7.10: Edge difference between the trees over time when

quantile normalisation is used to make the asset returns data normal.

Comparing this to Figure 7.3 there is a reduction in this difference

between the Pearson and rank MSTs, but it is still much higher than

the difference between the rank MSTs. This would imply that it is not

just a deviation from normality which causes differences between the
MSTs.

Our second experiment on this front is to use quantile normalisation to make
the distributions of the asset returns normal. We then look at how this changes the
differences between the trees. We use 200 quantiles for this, and plot the differences
between the MSTs in Figure 7.10. If we compare this to Figure 7.3 we can see the
differences between the Pearson and rank methods have been reduced, but that they
are still larger than the differences between the rank MSTs.

This therefore implies that, in contrast to the previous results, the departure from
univariate Gaussianity does cause differences between the MSTs as well as the full
correlation matrices. However it does not explain all of the differences between the
MSTs. This would imply that overall there are non-linear relationships present in
the dataset that also drive differences between the MSTs, as well as non-normalities.

7.3.5 MST Topology

Having studied the stability of the trees over time and the importance of various
sectors, we now look if the structure of the MSTs differ using some network measures.
We use the leaf fraction (fraction of nodes with only 1 edge), exponent when fitting
a power law to the degree distribution, the average shortest path length and mean
occupation layer (the mean of all shortest paths from each node to the center of the
tree). In this case we take the center of the tree as the node with the largest degree.
The plots of these measures over time are shown in Figures 7.11 to 7.13.

From these we can see that irrelevant of the coefficient, the MSTs have similar
structure. All of the trees have a heavy tailed degree distribution, with there being a
high number of nodes with only one other edge and a small number of edges with
a large degree. The structure of the trees does tend to be dependent on market state
for all countries. The average shortest length path is slightly longer for the T MSTs
than the Pearson or Spearman, but the 7 correlation tends to be slightly smaller for
the same value (see Figure 7.1) which would explain the longer paths, as they will
have a greater distance.

7.3.6 Applications to Portfolio Selection

As mentioned in the introduction, one of the goals in studying the correlations
between financial assets is to assess risk. An obvious application is therefore to
construct low risk portfolios using said correlations. MST correlation matrices have
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FIGURE 7.15: Out of sample Sharpe ratio of the portfolios. The full

covariance matrix generally has a higher Sharpe ratio than the MST

covariance matrices, but the difference is not particularly large. For

the larger markets this also comes at the cost of a larger portfolio
turnover.

been applied for this in previous work [256], and in this section we look at how the
rank MST correlation matrices compare on this front. To do this, we take the MST
filtered correlation matrices and turn them into covariance matrices using

Y = D:CD? (7.6)

where D is a diagonal matrix containing the variances of the assets.

We have found that sometimes the MST correlation matrices are singular, and
therefore add a small amount to the diagonal to ensure the resulting correlation
matrix is positive definite as follows

Y.=aX+ (1—a)tr(X)I (7.7)

where a = 0.9. This is also applied to the full covariance matrix to assist comparisons.
With these resulting covariance matrices, we create minimum risk portfolios by
solving the following optimization problem

minimize wTZ*w
w

subjectto 17w =1 (7.8)
w; >0

The resulting vector w gives us the weight for each asset.

Firstly we look at the out of sample Sharpe ratios of the resulting portfolios on the
following window of data. The results of this are shown in Figure 7.15. The results
for all four portfolios are relatively similar and highly affected by market conditions,
but in general the full correlation matrices have a higher Sharpe ratio than the MST
filtered ones. Next we look at the turnover of the portfolios. Since we have found
that the rank MSTs tend to be more stable than the Pearson MSTs, we look at how
this translates into improving portfolio stability. We measure this by using the L;
norm of the difference between two portfolios adjacent in time

p
Y Jw i — wia,i] (7.9)
iz

This is shown in Figure 7.16. There is a reduction in mean turnover for the MSTs
portfolios for the US and the UK, but not for Germany. This could be due to the
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FIGURE 7.16: Turnover of the portfolios constructed using the MST

correlation matrices. The MST portfolios tend to have a lower

turnover than the full covariance portfolios for the US and UK

markets, but not for the German market. Out of the three MSTs, the T
portfolios have the lowest turnover.

smaller size of the German markets, causing # to be much larger than p, and therefore
the estimation of the full covariance matrix will be much better. For all countries the
T MSTs have the lowest turnover, followed by the Spearman and then the Pearson
MSTs. This shows that rank MST covariance matrices may be useful in reducing
portfolio turnover when the investor is considering a large number of assets.

7.3.7 MST Robustness

Finally we are interested in comparing the robustness of these correlation coefficients.
This can be done using a bootstrap based approach, in a similar manner to Tumminello
et al. [263] and Musciotto et al. [177]. Here we create 1000 pseudo-datasets using a
circular bootstrap. A circular bootstrap is a type of block bootstrap where we select
data from a continuous stretch of time, and if the end of the dataset is reached we
wrap round and start back at the beginning. This tends to be more appropriate for
time series data compared to the classic bootstrap due to look ahead effects and
potential autocorrelation. With these pseudo-datasets we calculate the correlations
between assets and construct MSTs from these correlation matrices. Once we have
this set of MSTs, we can compare the edges present in them. Ideally if there is no
noise, the data is purely stationary and the methods robust all these MSTs would be
the same. Of course this is not the case in real life. To run the bootstrap we take the
first 1008 days of data and create 1000 bootstrapped datasets of 504 days.

Using these bootstrapped datasets we measure the mean and standard deviation
of the difference between the full correlation matrices, the MST filtered correlation
matrices (i.e. weighted MSTs) and the fraction of difference in edge presence across
the MSTs (i.e. unweighted MSTs). To measure the difference between the full and
MST filtered correlation matrices we take a similar approach as to section 7.3.4 and
normalise the entries of the correlation matrices to sum to 1 and take the sum of the
absolute difference for each entry

L0 GG
iljz; 3~ v (7.10)

where M* = Zle Z;;l G- The results are shown in Table 7.2. If we look at the
full correlation matrices, the US and Germany both see a reduction in the mean
difference when using rank correlation as opposed to Pearson correlation. For the
UK there is a reduction in mean difference for the Spearman MSTs, but not for the
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Method | MST Weighted | MST Unweighted Full
Mean | SD [Mean| SD Mean | S.D
Us

Pearson | 0.835 | 0.218 | 0.722 0.056 0.234 | 0.094
Spearman | 0.830 | 0.209 | 0.721 0.053 0.175 | 0.074
T 0.824 | 0.210 | 0.720 0.053 0.174 | 0.071

UK
Pearson | 0.896 | 0.214 | 0.750 0.054 0.296 | 0.137
Spearman | 0.904 | 0.220 | 0.749 0.056 0.247 | 0.123
T 0.890 | 0.220 | 0.747 0.056 0.248 | 0.123

DE
Pearson | 0.732 | 0.249 | 0.690 0.064 0.226 | 0.101
Spearman | 0.700 | 0.235 | 0.690 0.063 0.128 | 0.058
T 0.665 | 0.231 | 0.684 0.062 0.121 | 0.048

TABLE 7.2: Mean and standard deviation (s.d.) of the difference

between full correlation matrices and MSTs constructed from the

bootstrapped datasets. For the all of the countries there is a reduction

in the mean difference between full correlation matrices when the

rank correlation method is used, but there is little reduction for the
MST networks, weighted or unweighted.

T MSTs when compared the the Pearson MSTs. However if we look at the mean
difference between the MSTs, the results differ. If we look at the weighted edges
there is a slight reduction in difference for the US and Germany, but particularly for
the US this is not large. However for the unweighted MSTs there seems to be little
to no difference between the MSTs for the US and Germany, and in fact an increase
for the UK. From this we would conclude that the MST construction procedure has
a larger effect on the robustness of the trees than the correlation coefficient chosen.

7.4 Conclusion

In this chapter we have used the Pearson, Spearman and Kendall’s T correlation
coefficients to infer correlation matrices from stock returns from three countries (the
US, UK and Germany), constructed minimum spanning trees from these matrices
and compared the robustness and evolution of the trees over time.

Looking at the evolution of the trees over the dataset we have found the MSTs
constructed using the rank correlations (Spearman and Kendall’s 7) change less
than Pearson MSTs (notably during times of market stress) and have edges that
are maintained for a longer time period over the dataset. The rank MSTs tend to
select similar edges, with little variance over time. Compared to this, the difference
in edge selection between the rank MSTs and the Pearson MSTs tends to increase
during times of market stress. Despite this, the trees tend to have a similar topology,
irrelevant of coefficient and this topology tends to vary in a similar way over time
for all three methods. Perhaps unsurprisingly, the structure of the rank MSTs is very
similar, while they both differ more from the Pearson MSTs.

In general all of the MSTs tend to show broad agreement on which sectors are
regarded as important over the entire dataset, but there can be significant disagreements
at particular points in time. The rank MSTs show more agreement with each other
than either with the Pearson MSTs. The agreement using degree centrality is higher
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than using betweenness centrality, indicating that companies tend to be found in
different places on the trees in the Pearson MSTs compared to the rank ones.

We then attempt to connect departures from univariate Gaussianity for individual
companies to changes in their expression in the MSTs and full correlation matrices.
These deviations are correlated with changes in the expression of a company in the
full correlation matrices, but not in the MSTs. Furthermore we then use a quantile
normalisation method to enforce univariate Gaussianity on each company, and then
run the analysis again. From this we find that there is a reduction in difference
between the rank and Pearson MSTs, but there is still a much larger difference between
them than between the Spearman and T MSTs, indicating that there could be non-linear
relationships involved too.

These MSTs can also be applied for use in portfolio selection. We construct
minimum risk portfolios from the MST correlation matrices and compare the resulting
portfolios to those produced using the full covariance matrix. The portfolios constructed
from the MST correlation matrices tend to have a lower turnover compared to those
constructed using the full matrices for the larger markets, but tend to have a slightly
lower Sharpe ratio. In particular for the portfolios constructed the MSTs, the T
portfolios have the lowest turnover, while their Sharpe ratio is indistinguishable
from those constructed from the Pearson MST correlation matrices.

Finally we use a bootstrap to test the consistency of the correlation matrices
inferred and the edges selected in the MSTs. We find that the full correlation matrices
constructed using rank correlations mostly have a smaller difference than the full
Pearson correlation matrices, but there is relatively little difference in the MSTs,
indicating the MST construction procedure has a larger influence on this than the
correlation coefficient chosen.

Overall, the MST construction procedure has the greatest influence on the results.
Generally the Spearman and Kendall’s T correlation coefficients tend to give similar
results, indicating that if computational resources are constrained then calculating
the Spearman correlation is sufficient. For financial applications, it could still be
worth using rank correlations to quantify asset relationships, as we have found they
show improvements with regards to stability. However, many the issues that apply
to financial correlation networks independently of the chosen coefficient still apply.

Future work could proceed in several directions. A comparison of mutual information
MSTs to these correlation MSTs to see how they differ could be interesting, or exploring
different filtration models, for instance the Planar Maximally Filtered Graph. Alternatively
these comparisons could be performed with returns data from other countries or
assets, perhaps from data that is highly correlated and volatile, for instance for
returns from cryptocurrencies or developing nations.
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Chapter 8

Stability and Similarity in
Financial Networks

8.1 Introduction

In order to reduce risk, many investors wish to own stocks that are unrelated, or even
better, negatively correlated. This referred to as a diversified portfolio, and ensures
that even if a certain portion of their portfolio declines, the overall value remains the
same. Studying how correlations vary between assets allows us to understand how
to approach the construction of diversified portfolios. Therefore in this chapter we
study how the stability of correlation networks and the similarity between nodes in
said correlation networks varies during different market states.

The similarity of nodes in the network is important due to the concept of creating
diversified portfolios. If the nodes in a correlation network are very similar, this
implies that it is not possible to construct a diversified portfolio from said nodes.
Furthermore if the similarity varies over time, assets that were once dissimilar can
become similar, changing from a good choice for a diversified portfolio to a poor
one.

The stability of the networks can also be related to portfolio construction. If the
networks are unstable, this makes it challenging to predict the future performance of
assets, and by extension, portfolios constructed from said assets. Therefore understanding
the stability of the networks is also important for exploring the possibility of constructing
portfolios.

8.2 Methods

8.2.1 Network Construction

To construct this network, we calculate the correlation matrix of the log returns
of the stocks. This correlation matrix is then used as the adjacency matrix for the
correlation network, with the assets becoming nodes and the correlation between
two assets being the weight on the edge between them, in the same manner as in the
rest of this thesis.

Correlation networks by default are complete and weighted. Furthermore, these
weights can be negative. Both of these can cause problems when using some similarity
measures, which tend to either implicitly or explicitly assume that the networks are
sparse and only contain edges with positive weight. This is specifically the case
for heterogeneity and Katz similarity. We therefore use a filtration method to solve
these issues. A description of the various methods available can be found in Chapter
2. For our analysis we choose the Planar Maximally Filtered Graph (PMFG) [260]
to filter the full networks, and then apply the similarity measures to the filtered
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networks. We also take the absolute values of the correlations as input into the
PMEFG procedure as the similarity method can fail to converge when negative edges
are present.

8.2.2 Network Stability

To measure the stability of the correlation networks we use the L, difference between
the eigenvectors that correspond to the largest eigenvalue (the leading eigenvectors)
from networks adjacent in time. These are also normalized so the entries add to one.
This is defined as:

I [ |
25;1 Oti 21;1 Ot—-1,i

where p is the number of companies in the network, v; is the leading eigenvector at
time t and ||x||; is the L, norm of vector x.

The entry that corresponds to a node in this eigenvector can be interpreted as the
centrality of said node in the network. This difference therefore measures how much
the centrality of each node changes from one network to the next - so effectively we
measure if corresponding networks agree on which nodes are regarded as important.

|2 (8.1)

8.2.3 Network Similarity

Many methods have been proposed to measure node similarity in networks. Broadly
these fall into three categories, structural equivalence, regular equivalence or automorphic
equivalence [185].

Structural equivalence is perhaps the easiest to understand and calculate, we
simply measure how many neighbours two nodes have in common [155]. This
can be quantified by measuring the similarity between the appropriate rows of the
adjacency matrix with a vector distance measure e.g. Pearson correlation. To quantify
the amount of structural equivalence in our networks, we use two measures. The
first is the mean L, distance between the rows of the correlation matrix, defined as:

1
p(p—1) Z-;'Ci_cmz 2
i j#Fi

where C; corresponds to column i of the correlation matrix.
The second is the mean cosine distance, defined as:

1 Y1 CikCir
P(P—l) i A ||C,-||2||C]'||2

We choose two measures due to the varying amount of correlation present at
different times. The cosine distance is normalized while the L, distance is not. This
allows us to see if this normalization affects the results.

We may also be interested in methods that measure nodes that hold similar
positions in networks, despite not sharing any neighbours. This can be measured by
Regular equivalence, defined by [281]. Here, nodes are similar if they are connected
to other nodes that are themselves similar. To measure this we use a form of Katz
similarity, defined as

(D—-aA)"'D (8.4)

where D is the degree matrix (a matrix with the degree of each node on the diagonal),
A the adjacency matrix of the network, and « a ‘dampening factor’. The Katz similarity
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allows paths of all lengths to contribute to the similarity. « controls how longer paths
contribute, a small « (i.e. close to 0) means longer paths will contribute little, while
an « close to 1 ensures all paths will be given the same weight. This particular form
of Katz similarity is normalized so that nodes of a higher degree are not biased to be
more similar. We choose a to be 0.05.

Automorphic equivalence is formally defined as “two nodes of a graph are automorphically
equivalent if all the nodes can be re-labeled to form an isomorphic graph with the
labels of u and v interchanged" [99]. Calculating this can be computationally expensive,
as it requires computing graph automorphisms. Furthermore, it is difficult to define
for correlation networks as it does not depend on the weight of the edge. Due to
these issues, we do not use automorphic equivalence.

If the reader is interested in more detail, we direct them to the following reviews
[156] [197], both of which contain sections reviewing node similarity measures.

An alternative approach to measuring the similarity in the network is to look at
the distribution of node centrality. This again assume that nodes that share a similar
structure are more similar. Generally, these are based on the degree distribution. The
first piece of work on this topic is by Bell [18], who proposed to use the variance of
node degrees as a measure. Intuitively, if this is large then the nodes have a large
difference in degree, and therefore would be expected to be dissimilar. If it is small
then the nodes all have similar degrees, and therefore are more similar. We use this
approach to measure the similarity in the full correlation networks. As previously
mentioned, the entries in the leading eigenvector correspond to the eigenvector
centrality of the nodes, and so we measure the standard deviation in the entries
of the normalized leading eigenvector.

We also use a formulation proposed by Estrada et al [77]. This defines heterogeneity
as follows:

o Dijer (77 K1)
p—2yp—1

where k; is the degree of node i and E is the edge set of the graph. If the network is
completely uniform, with all nodes having the same degree, the heterogeneity will
be 0. On the other hand if there is a great amount of variation in node degree (for
instance a star graph), the heterogeneity will be close to 1. This cannot be used on
the full correlation networks as it assumes the networks are unweighted, and so we
only apply this method to the PMFG networks.

(8.5)

8.2.4 Community Detection

We can also study the similarities and differences between nodes in a network using
community detection. To do this we maximize the modularity of the network using
the Louvain algorithm [25]. The modularity for a network with adjacency matrix A
and a vector of community assignments c is [184]

1 kik;
sz;;wfnpwm) (8.6)

where m = }; }; Ajj and d(c;, ¢;) is the Kronecker delta function, equalling 1 when
¢i = ¢j (i-e. nodes i and j are in the same community and 0 otherwise).

The modularity is maximized in a greedy manner. Firstly each node is assigned
to its own community. Next we iterate through the nodes, calculating the loss in
modularity of removing it from said community, and the gain for adding it to a
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different community, as follows:

Zin +2k; _ (Ztot +ki)2 _ (Zin . (Ztot)z ki 2)

2m 2m 2m 2m’  2m

6Q = (8.7)

2m

where ), is the sum of weights of all the edges inside the community node i is being
moved into, ) . is the sum of weights of the edges to the community. The node is
assigned to the community that gives the largest gain in modularity. This process is
repeated until the overall gain in modularity is no longer positive.

This formulation of modularity does not permit negative edges, and so we simply
add one to every edge in the network. While there are more elegant methods (e.g.
[93] [157]), we find this method gives comparable results with a simpler implementation.

8.3 Software and Data

The data we use is downloaded from Yahoo Finance. For the UK data we use the
FTSE100 companies, for the US returns we use the S&P500 companies, and for the
German data we use the DAX30 companies. We use returns from 2000/03/01 to
2019/10/21. For each dataset, any company missing more than 10% of its data
is removed, and any missing values are filled forwards from the first good value.
If the values are missing from the start we backfill from the first good value. We
use a window of 252 trading days (1 trading year) for Germany and the UK, and
504 (2 trading years) for the US due to the larger sample size and slide it along
30 days at a time. This results in 5065 days of return data for 70 companies for
the UK, 5068 days for 23 companies for Germany, and 4790 days of return data for
229 companies for the US. Each company is tagged with a sector from the GICS
classification using information from Bloomberg. This places each company into
1 of 11 sectors, Information Technology, Real Estate, Materials, Telecommunication
Services, Energy, Financials, Utilities, Industrials, Consumer Discretionary, Healthcare
or Consumer Staples.

We make use of Python, NumPy and SciPy [193] for general scripting, pandas
[118] for handing the data, statsmodels [227] for some of the statistical analysis,
matplotlib [110] for plotting, TopCorr (https://github.com/shazzzm/topcorr) for
construction of the PMFGs, Cytoscape [229] for visualization of the networks and
Networkx [96] for the network analysis.

8.4 Results

8.4.1 Periods of Disruption

Firstly we look at the largest eigenvalue of the correlation matrices to demonstrate
when the networks detect a period of market disruption. The largest eigenvalue
measures the intensity of correlation in that network and should be larger during
periods of market disruption. This is shown in Figure 8.1.

The US market has a far larger eigenvalue than either the German or UK markets,
but it is a far larger matrix. It also has more obvious peaks in intensity - notably in
2003, 2009, and 2012. These relate to the dot com crash, financial crash, and European
sovereign debt crisis respectively [79]. The UK has similar peaks in 2003, 2008, 2012
and 2016 which contains periods of disruption during the financial crisis and the
Brexit vote of 2016. Germany is noisier, but with noticeable peaks in 2003, 2012,
and 2016. The two largest peaks are in 2012 and 2016, which could relate to the
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FIGURE 8.1: Largest eigenvalue of the correlation matrices inferred
from the market returns. 2009 and 2012 are noticeable peaks in the
US markets probably due to the financial crisis from 2007 onwards,
while the dot com crash of 2003 is also visible. The other markets
seem to be noisier, although the UK has peaks in 2003, 2008, 2012 and
2016 - the latter of which could be related to the Brexit vote. Germany
has peaks during 2003, 2012 and 2016 too, although these are smaller
(note scale on axis) but this could be due to the smaller market
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FIGURE 8.2: L, difference between the eigenvector centrality of
adjacent networks of the US market. Here our goal is to measure
the stability of the underlying structure of the correlation matrices
over time. Particularly for the US it is clear than the differences drop
during 2009 and 2012, which are both times of market stress. With the
UK we can see that there are minimums in 2009 and in 2016, which
again are times of market stress for the UK, while Germany has low
points during 2008, 2012 and 2016.

Eurozone sovereign debt crisis and the Brexit vote, both of which have deep ties into
the German economy [46].

8.4.2 Stability

Next, we look at the difference between the leading eigenvectors of the networks.
The results of this are shown in Figure 8.2. For the US, we see there is an obvious dip
from 2009 to 2011, showing that surprisingly the system seems more stable during
this time of disruption. If we look at values from times of growth and stability (e.g.
2006) the difference between adjacent windows is around 0.45, indicating most of
the leading eigenvector changes during these times. Before large drops (notably in
2009 and in 2011), there are small peaks in the difference. The UK has a slightly
different story, with the start of the dataset showing a large change, following by
the difference decreasing until 2008. From this year it is much more stable. There
are small peaks in 2004, 2010, 2015 and 2017. It is interesting to note how the
stability increases after 2004 until 2008, levelling off at around 0.3. Germany is again
distinctive. At the start of the dataset there are large changes in the entries of the
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FIGURE 8.3: Standard deviation of the normalized leading

eigenvector for the networks over time. This is a measure of the

similarity in the networks - if the standard deviation is low then the

nodes all have a more similar centrality and therefore should be more

similar. We again note the drops in 2009 and 2012 for the US market,
and in 2012 and 2016 for the UK markets.
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FIGURE 8.4: Mean L, difference between the nodes in the network,

defined in equation 8.2. Error bars are the standard deviation. For

the US markets the financial crisis is particularly noteworthy with

there being a significant drop in difference between 2009 and 2010,

but peaks in 2008 and 2011. With the UK there is a peak of difference

during 2017 when there was a strong bull market. Germany has
minimums during 2008, 2012, and 2016.

leading eigenvector, but it becomes far more stable as time goes on, with minimums
in 2008, 2012, and from 2015 to 2017.

8.4.3 Full Network Similarity

In this section, we study the similarity present in the full correlation networks. The
first measure we use is the standard deviation of the entries of the normalized leading
eigenvector - which as previously mentioned relates to the eigenvector centrality of a
node in the network. If this value is large then there is a big spread in the importance
of the nodes and therefore they could be dissimilar. If it is small then they all have
similar centralities and therefore could be similar. A plot of this over time is shown
in Figure 8.3.

Starting with the US, we note that the standard deviation is very high in 2002
and 2018. Again we see this drop from 2009 - 2010, during the financial crisis. For
the UK, we see drops during 2009, 2012, and 2016, which as previously mentioned
correspond to large negative macroeconomic effects. Germany has a maximum in
2002 like the others, and minimums during 2008, 2012, and 2016, but the movement
seems to be more subtle.

Next, we look at how the structural similarity of the networks varies over time.
To start with we look at the L, distance between nodes. A plot of this over time is
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FIGURE 8.5: Mean cosine difference between the nodes in the

network. Error bars are the standard deviation. We see an even

greater change in cosine distance between nodes during the financial
crisis than L, distance, particularly for the US.

shown in Figure 8.4. For the US market, we can see the difference drops from 2008 to
2009 and from 2010 to 2012, which is consistent with our other networks measures of
the perception of a crisis - implying the nodes do become more similar during times
of disruption. With the UK market, we can see a small drop during 2012 and 2016,
which as mentioned are times of difficulty. Interestingly, there is a large rise during
2017. This time was a period of growth for the FTSE100 due to the weakened pound
making UK company currency holdings worth more. This does line up with our
theory that bull markets correspond to times of greater difference between nodes,
but since this is a general large macroeconomic effect it is worth mentioning that
the gains do not seem to be as evenly spread out. Finally, we look at the results for
the German market. Again the differences here are smaller than for the UK and US
markets, but we do notice a drop during 2012 and 2016.

We then move to our other measure of structural similarity, the cosine distance.
Plots of how this varies over time are shown in Figure 8.5. The effects here are
even starker than for the L, distance, with both the mean distance and the standard
deviation dropping significantly during the financial crisis. This larger drop is due
to the effects of normalization. Since correlations are larger during times of stress,
normalization reduces the relative distance between them, even if the absolute difference
is larger.

8.44 PMFG Analysis

In this section, we study the properties of the PMFGs constructed from the stock
returns of the three countries. Firstly we show example networks from the first
window of data for all three countries. These are shown in Figure 8.6.

Next, we look at the degree heterogeneity. This is shown in Figure 8.7. From
this we first note that the PMFGs are not particularly heterogeneous, indicating a
relatively uniform degree distribution in general. This could be due to the construction
procedure, which does enforce a certain structure on the network. For the US the
heterogeneity is stable, being around 0.14 for most of the dataset. There is an increase
from 2012 - 2014 and minimums in 2003 and 2019. This is not particularly easy to
connect to any market crashes. For the UK there is significantly more variation.
There are peaks in 2003, 2007, 2011, and 2016 and a noticeable drop from 2009 - 2011,
which could be connected to the financial crisis. Germany is noisier still, with a great
deal of variation in the heterogeneity. The increase in variation as we move from the
US to the UK to Germany could be due to the decreasing size of the markets, making
smaller changes more visible.
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FIGURE 8.6: Example PMFGs constructed from the first window of
stock returns for all three countries. Nodes are coloured according to
sector membership.
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FIGURE 8.7: Degree Heterogeneity of the PMFGs over time (this is

defined in equation 8.5). For the US this is relatively stable in time,

making it difficult to connect to a market state. The UK and Germany
show much more variation.
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FIGURE 8.8: Mean Katz Similarity in the PMFGs over time. This
shows a very similar trend to the heterogeneity (see Figure 8.7),
indicating the two are picking up on similar trends

With this in mind, we next study Katz similarity in the PMFGs. A plot of its
mean value over time is shown in Figure 8.8. This shows a very similar trend to
the heterogeneity for all of the countries, indicating the two are picking up similar
trends. Again this makes it difficult to connect to specific times for the US and
Germany, but the UK can be linked to market states.

In terms of which nodes are regarded as similar to which, we found that if a node
had a high similarity to another, they tended to be in the same sector, and in general
the mean similarity was higher between nodes in the same sector. However, the
full sector structure is not immediately visible. To quantify this we look at the point
biserial correlation between the similarity between two nodes and whether they are
in the same sector. Across the full dataset, this is 0.257 for the US, 0.245 for the UK,
and 0.108 for Germany, indicating that the sector structure is not particularly strong.
In fact, if we do the same for the full correlation network, we get 0.417 for the US,
0.393 for the UK, and 0.484 for Germany. Therefore the sector structure is stronger
in the correlation matrices than the similarity matrices.

Finally, we look at how the stability of the PMFGs varies over time. To measure
this we use the number of edge changes between networks adjacent in time. The
results of this are shown in Figure 8.9. All three graphs show a sharp drop in edge
changes in 2009, and for the US this low is maintained until 2011. The US also shows
a drop in 2003, but for the other two countries there is no discernible pattern.

8.4.5 Community Detection

In this section, we use the Louvain modularity maximization algorithm on the full
correlation networks to perform community detection. We are interested in four
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FIGURE 8.9: Number of edge changes between PMFGs adjacent in

time. All three show a sharp drop during 2009, indicating an increase

in stability during this time, however beyond this there does not seem
to be any other patterns.
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FIGURE 8.10: Mean Adjusted Rand Index from the 10 runs on the
same network. Since the algorithm is greedy a different result will
be reached each time, but if there is structure to be discovered we
would expect similarities between the different runs. In general the
rand score is high and therefore the communities produced are quite
similar. It does also vary over time, with periods of market stress
seeming to have higher consistencies (see 2008-2010 in US and UK,
2016 in the UK)

measures, the number of communities in the network, the adjusted rand score between
the 10 runs on each network (referred to as the community consistency), the adjusted
rand score when comparing the community assignments to the underlying sector
assignments (using the GICS assignments) and the adjusted rand score when comparing
the assignments from one network to the next in time - referred to as the community
stability over time.

Firstly, we look at how consistent the community detection is when run on the
same network. This is shown in Figure 8.10. The communities produced seem to be
consistent, with the US mean being at 0.751, UK mean at 0.732 and German mean at
0.730. This consistency is also time-varying - for both the US and the UK there are
peaks during the financial crisis and the UK also has other peaks in 2004 and 2016.

This would indicate that there is more signal during these times for the community
detection procedure to uncover.

The adjusted rand score of the networks over time is shown in Figure 8.11. Interestingly,
the level of success in uncovering this underlying sector structure is relatively small,
showing that perhaps macroeconomic effects are more important than sector relationships.
For the US markets, both the mean and standard deviation of the rand score decrease
during 2003 and from 2008 - 2010, indicating that the market distress causes companies
to behave more similarly irrelevant of whether they are in the same sector. The UK
shows a similar trend, with a decrease in the rand index from 2008 - 2010. There are



Chapter 8. Stability and Similarity in Financial Networks 136

0.5 0.5 0.5

0.4 0.4 0.4
0.3 0.3 0.3
z I z z
< < <<

0.2 0.2 0.2

0.1 0.1 0.1

0.0

0.0 0.0
2% 0% 00 O VP b © B N e 209 100 1000 00 30 b ne v

FIGURE 8.11: Adjusted Rand Index of the community assignments
when compared to the known GICS underlying sector assignments.
In general there is not a great level of success in uncovering
this underlying sector structure, perhaps indicating macroeconomic
effects are more important than sector specific effects. There does also
seem to be dips during times of market stress, with both the mean and
standard deviation decreasing during these times in the US and UK

markets.
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FIGURE 8.12: Stability of the communities over time (measured as the
adjusted rand index of the networks from one period to the next). For
all the markets this is a noisy measure, but the communities do seem
to be relatively consistent. In particular it increases for the US during
2003 and from 2008 - 2010, which fits in with our hypothesis that the
markets are actually more similar during times of disruption

also lows in 2004 and 2017. Germany shows a great deal of variation compared to
the other two countries, with maximums in 2012 and 2018, and a large number of
lows. It is difficult to connect this to any market conditions.

The community stability over time is shown in Figure 8.12. We see peaks for
the US markets from 2008 - 2010 indicating that surprisingly, there is more signal
during times of disruption than calmer times. The UK has a similar trend, showing
an increase in community stability over the financial crisis, but this is not quite as
clear as it is for the US. There is generally more variation compared to the US. The
German stability is very noisy, with no discernible time varying structure.

The number of communities in each network is shown in Figure 8.13. If the
markets are becoming more similar we would expect fewer communities, so we
should see a drop during times of disruption. This does seem to be the case, with
drops for the US and UK between 2008 and 2010, and for the UK and Germany
during 2012 and 2016.

8.4.6 Correlation Between Network Measures and Volatility

Finally, we look at the Spearman correlation between the various market measures
and the volatility of the index. We also conduct a 2 sided hypothesis test to ensure
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FIGURE 8.13: Number of communities detected for each of the

markets over the dataset. There does seem to be fewer communities

during times of market stress, with perceptible lows for the US and

UK between 2008 and 2010, and for the UK during 2016. Germany
has drops during 2002, 2012 and 2016.

Network Measure Correlation with Market Volatility
Country uUs UK DE

Largest Eigenvalue 0.593 | 0.494 0.483
Leading Eigenvector Difference -0.404 | -0.304 0.067
L, Distance -0.311 | -0.122 -0.059
Cosine Distance -0.500 | -0.289 0.202
Leading Eigenvector Standard Deviation | -0.411 | -0.291 0.069
Adjusted Rand Index -0.444 | -0.230 -0.228
Community Stability over Time 0.400 | 0.416 -0.097
Number of Communities -0.502 | -0.513 -0.299
Community Consistency 0.378 | 0.430 -0.270
Heterogeneity 0.103 | 0.335 -0.152
Mean Katz Similarity 0.111 | 0.583 -0.148
PMFG Edge Changes -0.139 | -0.024 -0.030

TABLE 8.1: Spearman correlation of the various network measures

with the volatility of the index. The US and UK markets clearly

have strong relationships between the volatility of the index and the
network measures, while for Germany this is not the case.

the correlation is significant. To measure the volatility we use the standard deviation
of the log returns of the index over the time window the network is inferred from.
The results for all three countries are shown in Table 8.1. Non-significant correlations
(p > 0.05) are in italics.

Since the UK and US have similar results we focus on them first. Both have
a strong correlation between the volatility of the index and the largest eigenvalue,
showing this is a reasonable measure of the disruption present in the market. Both
also show a negative correlation between the L, distance, cosine distance, eigenvector
centrality difference, and the market volatility indicating that the nodes do become
more similar during times of disruption. The leading eigenvector also seems to
be more stable during these times of disruption. However, it is important to state
the correlation between the L, distance and volatility is only significant for the US
market. The German picture is different, having only two significant correlations
between the volatility and the network measures. In this case, this is the largest
eigenvalue and the cosine distance, both of which share a positive correlation with
the market volatility.

For the community detection, we have a negative correlation for all markets
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between volatility and adjusted rand index, which is something that fits in with our
hypothesis - if the nodes become more similar then the underlying sector structure
matters less. The US and the UK have positive correlation between volatility and
community stability and consistency, and all markets have negative correlation between
the number of communities and the volatility.

With the PMFG measures (heterogeneity, Mean Katz Similarity, and the edge
changes) we see that only the UK has any significant correlations, with heterogeneity
and Mean Katz Similarity having positive correlations with the market volatility. It
is somewhat surprising that only the UK shows any relationships between volatility
and network measures from the PMFGs. This could be due to the filtration procedure,
as it discards the majority of the correlations present, and it could be some of these
smaller correlations that are causing these effects in the full networks.

Throughout this investigation, it appears the US and UK markets show relatively
similar effects, while Germany deviates significantly. Part of this could simply be
due to the significantly smaller size of the German market (23 companies vs 70 and
229) but it is also known the German economy has a significantly different set up
the US and the UK. Both the UK and the US have much larger financial sectors than
Germany, which places greater emphasis on their stock markets.

8.5 Discussion and Conclusion

In this chapter, we have inferred correlation networks using returns data from the
US, UK, and German markets, and investigated how the stability and similarity
between companies changes over time. To this end, we have used both full correlation
networks and those filtered using the PMFG. We have also performed community
detection on the full correlation networks.

Firstly we study the full correlation networks. To measure stability we use the L,
norm of the difference between leading eigenvectors and the stability in the communities
detected from adjacent networks. We find that the leading eigenvectors tend to
change less during times of market disruption for the UK and US markets, and that
the community consistency and stability increases. This is perhaps surprising, as
we would expect the networks to change more during these times. Next, we explore
how the similarity between nodes changes, measuring this using the standard deviation
of the leading eigenvector, the L, and cosine distances between the rows of the
correlation matrix, the number of communities in the community detection, and the
success of recovering the underlying sector structure. We find that all these measures
drop during times of distress for the US and UK markets indicating that the nodes
do become more similar during times of market disruption, but that for the German
market the only measures with significant relationships with the market volatility
are the cosine similarity and the rand index.

For the PMFGs the results are different. Using the mean Katz similarity and
the heterogeneity to measure similarity in these filtered graphs, we firstly find that
these measures show very similar trends. For Germany and the US, these measures
are difficult to link to particular market states, and this is reflected in their low
correlation with the index volatility. This is not the case with the UK, which shows
a strong correlation with market volatility. Measuring the fraction of edge changes,
all three show a sharp drop in the number of edge changes in 2009, but beyond that,
there is little relation with market volatility. This is perhaps surprising, although this
could be due to the PMFG construction procedure discarding many of the correlations
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that are changing. While nodes are more likely to be considered similar to those in
the same sector, the relationship is not strong.

For financial practitioners, our results on node similarity demonstrate some of
the difficulties of portfolio diversification. Even when an investor creates a portfolio
of supposedly dissimilar, diversified stocks during a time of market calm, this actually
changes during a time of market stress, with the stocks becoming correlated and
similar, and therefore no longer diversified. However, once the crisis period is over,
the stocks returns to appearing dissimilar and diversified. Our results on network
stability are more difficult to interpret from this perspective. Some authors have
noted that there are significant structure changes during a financial crisis [283] [147],
but this is not obvious in these networks. The increased stability could imply that
prices may be more predictable, but if the end of the crisis cannot be easily predicted,
this may lead to a model which fails suddenly. We suggest that future research could
investigate this further, ideally with input from financial experts.
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Chapter 9

Conclusion and Future Work

9.1 Summary

In this thesis we have approached the subject of empirical finance from a network
science perspective. Underlying the studies is the goal of capturing dependencies
between asset returns using data which is both time varying and noisy. Robust
methods are thus required. We explore partial correlations and various related methods
of inference, how they impact portfolio selection, turnover and how the inferred
networks vary in times of market stress. Furthermore we also explore the use of
rank correlation methods to see if they can add robustness to the inferred networks.
We briefly summarize the main findings of the work.

Firstly, in Chapter 2 we provide a review of the literature on financial network
inference and analysis, including the different methods used to quantify asset similarity
(e.g. correlation, mutual information), methods to filter this information (e.g. topological,
random matrix theory), applications of these networks (e.g. portfolio selection,
economic sector influence) and clustering methods.

In Chapter 3 we provide a review of the various precision matrix estimation
methods, and a Python implementation of a select number. We then investigate
how successful a variety of methods are at uncovering a precision matrix from data.
Surprisingly we find that simple thresholding of covariance matrices is competitive
with more sophisticated formulations of precision matrix inference.

We then apply a variety of estimators to financial returns to obtain precision
matrices for portfolio optimization in Chapter 4. We find that the sparse precision
matrix estimators can improve portfolio turnover, and the sparsity constraint on the
precision matrix can be interpreted as a diversification constraint on the portfolio.
However they do not tend to improve out of sample risk when considering minimum
risk portfolios.

Pearson correlation is the most ubiquitous method to infer edge weights between
assets, but does create the issue of indirect correlations - if A and B and A and C are
correlated, this could cause B and C to be correlated. Therefore in Chapter 5 we
explore the use of partial correlation to remove such indirect relationships. Creating
a partial correlation network of the S&P500 we find that the networks produced
tend to be more unstable than their correlation based counterparts, and generally
have a less stable community structure with a larger number of communities. This
is further verified in appendix A. Stocks from the peripheries of both correlation and
partial correlation networks tend to be less risky (there is mild negative correlation
with the out-of-sample risk).

Ideally we desire a network to be sparse, as these networks are easier to interpret
and analyze. Therefore in Chapter 6 we look at the inference of partial correlation
networks using SPACE, a sparse precision matrix estimator. We find that the networks
inferred tend to be quite unstable, and that there is a general tendency for companies
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to be connected to those in the same sector. Furthermore we show that the financial,
consumer discretionary and industrial sectors tend to be central in these networks.

As previously mentioned, Pearson correlation assumes normality. Financial returns
do not tend to follow this assumption, and also contain outliers. Therefore in Chapter
7 we study the use of rank correlation methods, which are robust to these issues.
In particular we focus on using Spearman and Kendall’s T in the construction of
minimum spanning trees, and how these rank correlation trees compare to those
constructed using Pearson correlation. We do find that the rank correlation MSTs
tend to maintain more edges over the dataset than the Pearson correlation MSTs, but
that most of the instability seems to come from the MST edge selection procedure.

We then investigated how the stability and similarity of correlation networks
changes with the volatility of the markets (Chapter 8). To measure this we look at
some network measures, notably the mean difference between nodes, the standard
deviation of the values for eigenvector centrality and the difference between the
eigenvector centralities from adjacent networks. With this we find that the standard
deviation and mean difference are negatively correlated with the volatility present
in the market, indicating the networks could be considered more similar and stable
during times of stress. To further study this we perform some community detection,
seeing how the state of the market affects our ability to discover the underlying
sector structure, the number of clusters present and the consistency of the clustering.
We find that we have less success discovering the underlying sector structure during
times of higher volatility and the number of clusters drop but the clustering consistency
increases, again indicating the networks could be considered more stable.

9.2 Discussion

Drawing the work together, we have some broad conclusions to make. The first is
that the sparse precision matrix estimation methods we have evaluated do not seem
to perform well, being outperformed on network inference by a simple thresholding
of the sample covariance matrix, by the Ledoit-Wolf methods in portfolio optimization
and generally producing very unstable networks when applied to financial data.
This is on top of the difficulties of selecting a regularization parameter. Previous
work has reflected similar challenges in the use of these methods and we would
caution against their application [85] [217].

A second conclusion is that the application of the topological filtration methods
can cause the resulting networks to have different properties to that of the full networks.
For instance, in chapter 7 we showed that the MST construction method has more of
an effect than the choice of correlation coefficient, and in chapter 8 we showed that
the PMFG networks do not show the increase in node similarity demonstrated in the
full correlation networks. While this may seem obvious, we feel that many authors
do not consider the effects that these methods have when they are applied.

This leads us to an issue touched upon in the conclusion of chapter 2, and a big
issue in the field of the inference of networks from asset returns, the lack of ground
truth models. We do not have much of a reason to believe that the results of any of
the filtration methods truly reflect the underlying structure of the markets, and few
results to demonstrate their improved performance on real life problems objectively.

This also reflects one of our challenges when attempting to evaluate the different
methods that quantify asset relationships. Generally the field tends to evaluate the
success of methods by seeing if pre-known events or structure can be seen in the
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resulting networks. This is not an objective measure, and therefore it can be difficult
to directly compare methods and provide an objective result at the end.

The lack of objective results limits the practical application of these networks
in finance. We do feel they show promise for making broad recommendations, for
instance showing that correlation increases during times of stress, making diversification
challenging [211] [223] (also see our work in Chapter 8). However, these are not
specific recommendations (i.e. purchase this particular asset), and we feel these
issues mean the networks should not be used for this purpose.

This also ties into how these networks may have an impact for financial practitioners
in the medium term. We suggest that using simple methods (i.e. Pearson correlation
with no filtration) to assist humans in making portfolio decisions would be the best
approach here, as this allows the decision makers to take the downsides into account.
Currently we do not believe the filtration methods are likely to provide much of an
impact in the short or medium term, due to the many issues discussed. With the
poor performance of the sparse precision matrix estimation methods, and the lack
of much extractable structure from the partial correlation networks, we also do not
feel they will provide much practical use.

9.3 Future Work

As previously mentioned, one of the biggest issues in the field of financial networks

is the lack of objective results on the performance of the filtration models. Our first
suggestion is therefore to conduct a detailed comparison of the various topological
methods, comparing how successfully they retain information while avoiding overfitting,
in a similar manner to our chapter comparing correlation coefficients. A possible
approach could be to generate datasets which would have different correlation matrices
(e.g. those from control patients vs those with cancer), applying the filtration methods
and then using a graph classification method to distinguish between the two.

This could be further extended to apply topological filtration methods to data
other than financial returns, in the hope to obtain more information on how the
methods perform. There has been initial work in the neuroscience [253] [254] and
bioinformatics domains [242] [240], but this is only a small amount of work. We
would be particularly interested in looking at gene expression data, potentially from
The Human Cancer Genome project, where we hope the filtration methods would
allow us to understand how genes are differently expressed in tumour cells as opposed
to normal ones. We hope that our software package, TopCorr may help in these
plans.

On the theme of a lack of objective models, there is the issue of window size
selection for the inference of financial networks. It may even be desirable to have
a dynamic window as it is doubtful the financial markets only change at certain
points. There has been some work in change point detection for correlation [14] and
covariance matrices [4], which could be used to dynamically select an appropriate
window. We suggest that these methods could be used to improve the analysis
of financial correlation networks, by reducing the ‘blurring’ that occurs between
periods with a different underlying correlation matrix. These have only had limited
applications in the inference of financial networks [9] so far, and we feel this could
be a fruitful direction to take. In particular, chapters 7 and 8 could benefit from such
an approach.

Next we discuss some possibilities for precision matrix estimation. In general, we
have shown that the sparse precision matrix estimators do not outperform application
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specific baselines. Therefore clearly more work is required in these methods to
obtain an estimator that can reliably uncover the underlying precision matrix. CLIME
may be a solution to this, but we would require faster optimization programs for
this to be computationally feasible for many real world problems. Creating software
that makes better use of parallelisation or is written in a lower level language than
Python may allow the use of CLIME for more realistically sized problems.

Furthermore, for the lasso based methods (or even for thresholding) selecting the
regularization parameter is still a challenging problem. We would be interested in
using the objective functions from the problems we are attempting to solve to select
the regularization parameter, for instance selecting a A for the graphical lasso that
gives us the lowest risk on a portfolio.

Turning to the partial correlation networks, we found them to be very unstable,
and generally lacking detectable structure. A potential solution to this would involve
looking at dealing with non-linearities in the data, for instance using non-paranormal
models [151] or taking a rank correlation approach. A downside here is that this
makes the resulting coefficients much less interpretable. Alternatively, the lack of
stability could be dealt with by using a temporal constraint on the matrices to reduce
edge changes between adjacent time period, e.g. the time varying graphical lasso
[97] or TESLA [1].
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Appendix A

Analysis of Partial Correlation
MSTs and Asset Graphs

A.1 Introduction

In chapter 5 we compared the partial correlation matrices to their correlation counterparts
in terms of stability, clustering, how the entries compare and the centrality of various
sectors using the full networks with no filtering. In this chapter we change our
approach and compare them in terms of consistency, topology and various network
measures by using some topological filtration methods. We are particularly interested

in using graph based measures after applying some topological filtration in the hope

that we can show which parts of the partial correlation matrix are signal, and which
parts are noise.

The correlation and partial correlation networks are inferred in a similar manner
to before, using the Ledoit-Wolf shrinkage methods to estimate a covariance matrix
from a window of stock data, and then using this covariance matrix to obtain the
correlation and partial correlation matrices.

A.2 Data

The data we use is downloaded from Yahoo Finance. We use returns from the
S&P500 from 2000/03/01 to 2019/10/21. Any company missing more than 10% of
its data is removed, and any missing values are filled forwards from the first good
value. If the values are missing from the start we backfill from the first good value.

This results in 4790 days of return data for 229 companies. Each company is
tagged with a sector from the GICS classification using information from Bloomberg.
This places each company into 1 of 11 sectors, Information Technology, Real Estate,
Materials, Telecommunication Services, Energy, Financials, Utilities, Industrials, Consumer
Discretionary, Healthcare or Consumer Staples.

We make use of Python, NumPy and SciPy [193] for general scripting, pandas
[169] for handing the data, statsmodels [227] for some of the statistical analysis,
matplotlib [110] for plotting, arch [233] for the implementation of the circular bootstrap
and Networkx [96] for the network analysis.

A.3 Results and Analysis

To start with we analyse the first 504 days of data from the S&P500. Taking an
approach very similar to that of the "asset graph’ [194] we rank the strength of the
off-diagonal edges in the graph from largest to smallest and set a threshold at each
of these values. Values above or equal to this threshold are set to 1, those below are
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set to 0. With this binary graph we can then study how various network measures
change with the number of edges we include. A measure we are particularly interested
in is the average clustering coefficient. This is due to evidence that suggests that
correlation networks are biased to create 'small world” networks due to the presence
of indirect correlations [104] [289]. Of course our partial correlation networks remove
this effect, and the authors of these papers do state that in fact partial correlation
networks are less clustered than would be expected from a random network model,
so we are curious to see if these results are reflected in real data. A graph of how the
average clustering coefficient changes as we add edges for both a correlation, partial
correlation and an Erdos-Renyi random model is shown in Figure A.1 (a).
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(a) Average Clustering Coefficient (b) Average Path Length

FIGURE A.1: Clustering Coefficient and Average path length of the
correlation, partial correlation and a corresponding random network
with the same number of edges.

Effectively the partial correlation network is no more clustered than that of the
equivalent random network, with the exception of a small number of values at the
start. Onnela et al [194] claim that the point at which the clustering coefficient
starts looking like a random graph is the point at which the edges added could be
considered noise, which implies that the partial correlation networks might have
only a small number of noisy edges.

Having a large average clustering coefficient is not the only measure that makes
anetwork ‘small world’. The other measure of interest is the average path length (L).
This however is not defined when the network is disconnected, so in these situations
we measure the average path length of the largest connected component. A plot of
how the average path length changes as we add edges in shown in Figure A.1 (b).
Again the partial correlation networks look far more like a random graph than the
correlation networks.

We can then quantify the ‘small worldness’ of a network via the following measure:

o= (A1)

=00

This is comparing the average clustering coefficient of the graph (C) to that of the
equivalent random graph C, against the average path length in the graph L to the
average path length in the equivalent random graph L,. Again we plot a graph to
compare these, this is shown in Figure A.2.

There is a small uptick for the partial correlation values with a very small number
of edges, but beyond that it is clearly not a small world network. The correlation
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FIGURE A.2: Small World Measure for the two networks

network on the other hand shows a significant amount of small world structure for
a large number of edges.

To study this further we turn to an MST based model in a similar manner to
Tumminello et al [263]. This allows us to significantly reduce the complexity of the
model and to discard potentially noisy edges at the cost of discarding any edges
that do not meet our topological constraint. In our experiments we use a circular
bootstrap to create a set of pseudo stock returns and calculate the correlation and
partial correlation matrices from these. A circular bootstrap is a bootstrap designed
for time series data. With a normal bootstrap, we sample randomly with replacement
from the dataset paying no attention to the location of a sample. Due to look-ahead
effects (i.e. we might gain some information about future performance if we include
future samples before ones in the past) this is not a good idea with time series data.
In a circular bootstrap we select continuous stretches of time for each pseudo-dataset
in order to maintain any time series dependence, and if we reach the end we "wrap
around’ the dataset and start back at the first sample (hence the name circular bootstrap).

A bootstrap requires more data than above, so we expand the window to the first
1008 days of data (4 trading years), and set a bootstrap size of 252 days. Once we
have these matrices, we can transform them into a distance measure in the manner
proposed by Mantegna et al [160]

di]' = 2 — Ci]' (AZ)

and create MSTs using Kruskal’s algorithm. Our goal is to quantify the stability of
these trees - if the partial correlation matrix is mostly noise then we would expect
the MSTs to be unstable and be far less consistent in their edge selection than the
corresponding correlation matrix. We create 1000 times series using this bootstrap.

To start with we look at the frequency of edge selection. A histogram of the
frequency of which edges are selected in shown in Figure A.3. From this we can
see that the majority of the edges for both networks are selected a small number of
times, and a relatively small number are selected a lot, with the correlation networks
selecting a few edges in almost every tree.

Next we look at the differences between the edge selection across the MSTs.
To measure this we consider an edge to be present (1) or not (0), and measure
the fraction of edge changes that occur between different trees. We calculate this
for every tree in the dataset. The mean difference per MST for the correlation is
0.434 £ 0.121 and for the Partial Correlation is 0.555 & 0.129 indicating the partial
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FIGURE A.3: Number of selections of a particular edge in the
bootstrapped MSTs. Most edges are selected a small number of times
in both MSTs, while a small number are selected many times

correlation MSTs are slightly more unstable than the corresponding correlation ones.

We can get a p-value for the existence of a particular edge by looking at the
fraction of trees it is selected in our of the dataset. With this we study how the
p-value relates to the strength of the correlation? Previous work has shown there
is little relationship between the two in correlation based networks [263]. A scatter
plot of these is shown in Figure A .4. It is clear that the larger weights in the partial
correlation networks are selected more often than their correlation counterparts (although
itis important to remember there are less larger correlations present in these networks)
The Spearman correlation between the correlation strength and the p-value is 0.224
for the correlation based MSTs and 0.316 for the partial correlation based MSTs.
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FIGURE A .4: Correlation strength vs p-value for the MSTs.

There is then a question of how the MSTs change over time and how the structure
of the partial correlation MSTs varies from the correlation ones. Firstly to explore
this we plot example MSTs inferred from the first window of data in Figure A.5. In
both we can see a degree of sector clustering, particularly in the correlation MST,
with branches tending to be made up of companies in the same sector. This is less
the case in the partial correlation MST, with a much larger degree of multisector
branches, although companies are still likely to be connected to those in the same
sector.
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FIGURE A.5: Example MSTs inferred from the first window using
Correlation (a) and Partial Correlation (b)

0.54 —— Correlation
Partial Correlation
0.4
1
0.3
0.2
0.1
b q® A0 bl Ak A6 B
4100 100 4100 4}0‘\’ 'LQ‘\' "LQX' /-LQ‘\' 'LQ‘\'

FIGURE A.6: Number of edges changes for the two trees over time.

The partial correlation trees have a greater number of edge changes

than the correlation MSTs, but both of these are heavily dependent on
the market state

To explore how the MSTs change over time we use a sliding window of 504 days,
and slide along 30 days at a time for our dataset. We measure the number of edge
changes between trees adjacent in time and plot this in Figure A.6. From this we
can see that the partial correlation MST maintain significantly less edges between
adjacent trees that the correlation MST. What is however interesting is the number
of changes for both MSTs is also heavily dependent on the market state, and clearly
drops very rapidly for both networks from 2010 - 2012.

For our second measure of stability we look at whether relationships are maintained
over time. To do so we plot histograms showing the number of times a particular
edge is selected across the dataset. A plot of this is shown in Figure A.7.

The partial correlation MSTs select a greater variety of edges than the correlation
MSTs. This would imply they are generally less consistent and could be considered
to contain more noise than the correlation ones. What is particularly interesting is
that the correlation MSTs select a few edges for almost every single MST inferred
through the network, whereas this is not the case for the partial correlation ones,
who select an edge for a maximum of half of the dataset.
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FIGURE A.7: Number of times an edge is selected across the MSTs

inferred from the entire dataset. The partial correlation MSTs select a

greater variety of edges compared to the correlation MSTs, indicating

the network changes more. This could either be an indication there is

more noise in the partial correlation networks, or that they are more
sensitive to the market state.

A.4 Discussion and Conclusion

In this paper we have compared correlation and partial correlation networks using
thresholding and minimum spanning trees. We find there is generally less clustering
in the partial correlation networks than the correlation ones, and the structure of
the partial correlation networks in general seems to resemble a random network
compared to the small world structure of the correlation networks.

Using the minimum spanning tree as a topological filtering mechanism for the
networks, we use bootstrapping and study how the trees change over time to see
how stable the various networks are. We find that again the trees constructed from
the partial correlation networks are significantly less stable than their correlation
counterparts. There is however a slightly larger correlation between the relationship
strength in the partial correlation network and the number of times an edge is selected
in the MST compared to the correlation trees, but for both the correlation is not large.

In conclusion we find these partial correlation networks tend to be noisier than
the correlation counterparts. Possible reasons for this could be due to the non-Gaussianity
of financial returns, since partial correlation measures linear relationships.
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Appendix B

Keyphrase Extraction Using
Regularized Covariance Graphs

B.1 Introduction

As the number of documents available increases explosively as time goes on, extracting
and summarizing key points becomes ever more critical to assist humans in indexing,
organizing and deciding what to read. Keyphrase extraction is a tool that can assist
here, where we extract a few words or short phrases that accurately summarize a
document. Applications of keyphrase extraction include phishing detection [146],
clustering [98] and content recommendation [212]. Extracting keyphrases can be
done either in a supervised or unsupervised manner. Supervised methods tend to
approach keyphrase extraction as a binary classification problem - is a certain word
or phrase a keyphrase? Supervised methods include KEA [83], which uses a Naive
Bayes classifier to assign keyphrases, GenEx [265] which uses a genetic algorithm to
tune a heuristic method based upon 12 statistical features and [109], which uses a
rule based algorithm to output keyphrases. Supervised methods can produce better
results than unsupervised methods, but do require large annotated corpora [132]. In
many situations training data may be time consuming to construct or simply not
available. Therefore we often turn to unsupervised methods to avoid obtaining
pre-trained corpora. For this reason, we focus on unsupervised methods in this
paper.

Graph based methods can provide us with techniques for unsupervised keyphrase
extraction. We construct a graph from words or phrases in the text, using said
words or phrases units as nodes and relationships between them as edges. By using
various measures of node importance (network centrality) we can decide which
units are keyphrases. Previous methods such as RAKE [218] and TextRank [173]
adopt this approach, constructing graphs with words as nodes, and creating an edge
between two nodes if they exist within a certain distance of each other. TextRank
uses PageRank [43] to compute node centrality. PositionRank [82] is another variation
on this theme. In this method they construct a word co-occurrence graph and use a
biased PageRank method to decide on node centralities. Each word is biased using
the reciprocal of it’s position in a document - words that occur earlier are given
more weight. In a similar manner, Bougounin et al [34] propose TopicRank. Here
the authors use a hierarchical clustering algorithm to cluster the keyphrases in the
document into topics. They select the most representative phrase from each topic
and construct a complete graph using each topic as a node, and the weight on an
edge as the reciprocal of the distance between when 2 topics occur in a document.

Statistical methods are an alternative unsupervised approach. The simplest method
is TE-IDF, where we calculate how much information a word gives us in a document.
Words that are rare in the entire corpus but common in a document are given higher
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scores. However TF-IDF does require a corpus. Matsuo and Ishizuka [165] use the

x> measure to detect keyphrases. They evaluate their method by showing paper
authors the top 15 keywords extracted by their method and TF-IDF and ask them

to decide which words are relevant. Performance was similar to TF-IDF, with a
precision of 0.51 for their method vs 0.53 for TF-IDF but without the corpus requirement.
A more recently proposed method is YAKE!, developed by Campos et al [48]. YAKE!
takes 5 features for each word and heuristically combines them to give a score.
The candidate keyphrases are then ranked, with a smaller score indicating a more
meaningful keyphrase.

We propose to construct covariance graphs from text data and use nodes of a high
centrality as keyphrases. Since the covariance matrix is a symmetric matrix, we can
treat it like an undirected graph, with each dimension as a node and the covariance
between two dimensions being the weight on the edge. Such an approach has
been used before in financial applications [26] [175], biology [141] and neuroscience
[244]. To our knowledge this has not been directly investigated before with text data.
LexRank [75] uses cosine similarity (which is very similar Pearson correlation, which
can be thought of as normalized covariance) to evaluate how important a sentence
is in automated summarization, but they do not attempt to extract keyphrases. Li
and Han [148] use correlation and PCA to extract keyphrase. They weight each
potential keyphrase using TF-IDF, word length, word co-occurrence and the part of
speech and calculate the correlation between each word based upon these factors.
From this correlation matrix they extract the eigenvalues and use each eigenvalue
to weight it’s respective factor. These weighted factors are then summed up to
produce a score for the keyphrase. Bohne and Borghoff [28] use PCA to decide which
factors are important in keyphrase extraction. They find that combining statistical
techniques, the I'-Metric (developed by [292]) TF-IDF, and the Bernoulli model gives
better results than the methods alone with regards to the precision of the keyphrases
extracted.

B.2 Covariance Graph Construction

To begin with we must turn our document into a matrix in order to calculate a
covariance matrix. To start with we search through the document for candidate
keyphrases. This is common in other methods, as generally keyphrases are likely to
include nouns. We use the same candidate method as in PositionRank [82], considering
phrases whose part of speech tags match the regular expression (adjective)*(noun)+,
using phrases up to a length of 3. We split the document into sentences, count
the number each ngrams in each sentence and use this for a row of the matrix.
Constructing this for each sentence into the document we produce a n by p matrix
X, where 7 is the number of sentences and p is the number of words.

The maximum likelihood estimator for a covariance matrix (also known as the
sample covariance matrix) can be estimated using

S=-—
n?

(xi —p)" (xi — 1) (B.1)

™=z

Il
—_

where x; is a row of the word occurrence matrix X and p is the mean of the words
occurrence. In our case, we do not center the data when calculating the covariance
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matrix.

5—1N T(x; B.2
_E;xi(xl) (B.2)

This makes our covariance matrix non-negative. Non-negative matrices have a largest
eigenvalue which is positive and unique, with the corresponding leading eigenvector
having positive entries. This is important when interpreting each entry as a node
centrality measure.

Text data is famous for being high-dimensional (i.e. more dimensions than samples)
and it is well known that in these situations, the covariance matrix can be ill-formed
[142]. Therefore is it common in many fields to apply regularization to the covariance
matrix [86] [225] [53]. In this particular case we use shrinkage, combining the sample
covariance matrix with a well-regularized matrix, the identity matrix (I)

S* =pS+(1—p)I (B.3)

The regularization parameter p can be calculated analytically. Ledoit and Wolf
[142] propose to select it by minimizing the squared error between the true covariance
matrix and the sample covariance matrix. This is extended by Chen et al [53], who
show that if Gaussianity of the data is assuming we can calculate a more optimal
value for p. We utilize both of these in this paper to see if shrinkage can improve
performance.

We then must decide which nodes are the most central. To do so we experiment
with 2 centrality measures. The first measure is eigenvector centrality, where the
leading eigenvector is extracted from the covariance matrix (referred to in the results
as Unbiased Covariance). Extracting a leading eigenvector is very similar to PCA,
a common technique used to reduce the dimensionality of data in numerous fields.
Latent Semantic Analysis (LSA) [140] is possibly the most famous application of
PCA in text. Extracting this leading eigenvector is therefore the same as taking 1
dimension with PCA.

Secondly we look at the possibility of including the position of words into our
centrality measures, as it has been observed in many previous papers that words
that occur closer to the start of a document are more likely to be keyphrases [62] [82]
[48]. To do so we use a biased PageRank method in a similar manner to PositionRank
[82]. First we describe the PageRank [43] algorithm. Let G be our undirected graph
with the ngrams as it’s nodes and the correlation between the ngrams as the weights.
A is the adjacency matrix corresponding to the graph. We compute the PageRank
by a power method, extracting the leading eigenvector s from A using the following
equation

s(t+1) = As(t) (B.4)

where A is the column normalized matrix of A (i.e. the sum of each column of A = 1.
We initialize s to % where p is the number of ngrams. The idea behind PageRank is
that it is a user randomly wandering around the graph, travelling along edges from
one node to the next. To ensure the user does not get stuck, we can add a "teleporting’
factor - i.e. the user jumps to another node with change a. Our computation then
becomes

s(t+1) = ads(t) + U ; “)q (B.5)

However, we can bias the PageRank algorithm and make the user more likely
to walk to certain nodes by using a different vector to 1. In PositionRank [82]
the authors bias the user towards candidates that occur closer to the start of the
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document using a biased PageRank method. We also do this. We experimented
with 2 different ways of weighting each ngram, the first with it’s inverse position in
the document, summing all the position weights if the word occurs multiple times
(referred to as Inverse Bias). With this weighting, we found that the method tended
towards simply outputting a combination of ngrams found in the first sentence of
the document. Therefore we experimented with a second weighting, where the

first position in the document is equal to 1 and the second position is equal to

(num words—1) . .
“umwords~ and so on (referred to as Linear Bias).

We sum up the steps involved below
1. Scan document for candidate phrases
2. Split document into sentences

3. Count occurrence of each potential candidate in each sentence to form word
occurrence matrix X

Calculate covariance matrix C = XTX

AR

Apply shrinkage if desired

o

Calculate weighting of words by summing up position weights

7. Use a centrality measure (either eigenvector centrality or a biased Page Rank
algorithm) to rank nodes on importance

B.3 Methods & Data

For each document we remove stop words using the NLTK stopword list and stem
each word using the Snowball Stemmer. The datasets we use to evaluate our method
are compiled by Wan et al [272] (DUC2004 annotated news articles) and a dataset
provided by Nguyen and Kan [186] consisting of research papers from various disciplines.
We remove the abstract and copyright information, and use the remaining text as
input into the keyphrase extraction methods. This dataset is quite messy due to the
papers being turned into plain text files - there are many figure and mathematical
artficats in the documents that make them challenging to parse. All these datasets
come pre-annotated with keyphrases, and any documents that do not have pre-annotated
keyphrases are discarded. Both the true keyphrases and the extracted keyphrases
are stemmed with the Snowball Stemmer.

The methods are written in Python 3 using numpy and scipy. We rely on sklearn
to provide the implementation of the vectorizing methods, pke [33] for the implementation
of TopicRank, PositionRank, TextRank and TFIDF, and rake-nltk for the implementation
of RAKE. We will provide the code for this paper on Github.

B.4 Results

Evaluating keyphrase extraction methods is challenging due to the lack of an underlying
ground truth - deciding which phrases represent a document is fundamentally a
subjective task. We start by evaluating the various methods by comparing the F1
score of the top 5, 10 and 15 candidates. The results are shown in Table B.1.
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Method 5 10 15
F Precision F Precision F Precision
Covariance | 21.042 + 27172 + 23.857 + 21.526 + 23.752 + 18.321 £+
Linear Bias | 14.98 18.89 12.84 11.79 11.27 9.01
Unbiased 9.266 + 11.650 + 12.155 + 10.748 + 13.518 + 10.261 £+
Covariance | 11.31 14.03 11.11 9.72 10.37 7.85
LW 19.770 £+ 25421 + 23.999 + 21.627 + 24.001 + 18.501 +
Covariance | 15.81 19.81 13.65 12.48 11.57 9.20
OAS 19.914 + 25.690 + 24.132 + 21.762 + 24.041 + 18.546 +
Covariance | 15.68 19.74 13.37 12.25 11.55 9.24
TextRank 9.120 £+ 11.919 + 13.693 + 12.357 + 15.038 + 11.627 £+
11.36 14.93 12.70 11.66 11.64 9.21
RAKE 1.644 + 2.155 + 3.391 + 3.064 £+ 4233 £+ 3.258 +
4.79 6.20 6.29 5.66 6.55 4.99
TopicRank | 18.413 £ 23.569 + 19.745 + 17.710 £+ 18.732 £+ 14.388 +
15.80 19.95 13.34 11.95 11.42 8.87
PositionRank 21.828 + 28.199 + 24.897 + 22.469 + 24.449 + 18.838 +
15.03 19.16 13.83 12.68 11.81 9.34
TFIDF 9.373 &+ 11.785 + 10.697 £ 9.495 + 10.554 + 8.013 +
11.67 14.49 10.18 8.96 8.80 6.61
YAKE 9.327 &+ 12.088 + 10.863 =+ 9.787 & 11.480 + 8.822 +
11.60 15.08 10.12 9.12 8.98 6.90
Method 5 10 15
F Precision F Precision F Precision
Covariance | 2.817 &+ 4929 + 5.502 £+ 6.114 + 6.507 + 6.008 +
Linear Bias | 5.62 9.66 7.05 8.15 6.66 6.54
Unbiased 6.967 + 11.469 + 10.242 + 11.043 £+ 11.657 + 10.458 +
Covariance | 10.30 17.29 10.77 11.96 9.98 9.36
LW 1.407 £ 2.559 + 2.678 + 3.081 £+ 3.847 + 3.575 £+
Covariance | 4.23 7.73 5.63 6.64 5.84 5.79
OAS 1.470 £ 2.654 + 2.854 + 3.270 £+ 4.027 + 3.733 £+
Covariance | 4.31 7.82 5.75 6.76 6.14 6.03
TextRank 1.263 + 2.275 + 2.440 + 2.844 + 2.947 + 2.780 +
3.74 6.35 4.34 5.29 4.59 4.48
RAKE 0.126 + 0.190 + 0.179 + 0.200 £+ 0.144 + 0.133 £+
1.45 1.94 1.36 1.44 1.07 0.96
TopicRank | 9.903 + 15.829 + 11.987 + 12.991 + 11.568 + 10.497 +
11.65 18.41 10.73 11.89 9.49 9.07
PositionRank 5.257 + 9.005 + 6.712 + 7.583 £ 7.885 £ 7.337 £
7.70 13.08 7.25 8.34 7.12 7.22
TFIDF 13.629 + 21.801 + 15.955 + 17.251 £+ 16.010 £+ 14.412 £+
13.07 20.20 11.85 13.10 10.62 10.26
YAKE 11.920 + 19.550 + 14.598 + 16.106 + 15.114 + 13.838 +
11.52 18.30 10.52 12.06 9.69 9.42

TABLE B.1: F1 and precision % score for the results of keyphrase extraction
on the Wan dataset (top) and Nguyen dataset (bottom).
covariance based methods (top section), word occurrence graph based methods
(middle section) and statistical methods (bottom section).

We separate out our
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To check the sensitivity of the method to the value of & we experimented with
setting « to values in the range 0.7, 0.8 and 0.9 to see how this would affect results.
We did not find this varied the results much, with around a 1% point difference in
the F; scores and so we set « to 0.8.

We show the mean and standard deviation of the F; score and precision for the
Wan dataset (top) and Nguyen dataset (bottom) in Table B.1. It is worth noting
the large standard deviation values that make objective assessment of the success
of these methods challenging. We only experiment with the shrunk covariance
methods using the linear position bias.

Firstly we focus on the Wan dataset. Here we can see our method does not
outperform the state of the art (PositionRank) when measured by the F1 score, but
that including position very much increases performance in both the covariance
(Covariance Linear Bias) and word-occurrence (PositionRank) methods. This could
be due to the Wan dataset being news articles - often many of the keyphrases are
found in the first sentence. On this dataset graph based methods show better performance
than the statistical methods.

The Nguyen dataset shows a very different set of results. Here we can see
that graph based methods are outperformed by the statistical methods, and that
of particular note, including position information lowers performance of the graph
based methods. This could be due to the scientific articles being longer and containing
more topics than the news based articles - all of the information contained in the
document is not neatly summarized in the first few sentences, possibly explaining
why TopicRank has the highest performance. Our unbiased covariance method also
has reasonable performance on this dataset, particularly as we start to extract a larger
number of keyphrases it’s performance is similar to that of TopicRank.

Our second result is that shrinkage provides a small boost to the performance of
the method on the Wan dataset, but it is not drastic, and reduces performance on
the Nguyen dataset. This is perhaps surprising given the high-dimensional nature
of the dataset, but it is also important to pay attention to the conditions required
by the shrinkage methods. OAS assumes Gaussianity of the data, and text data is
clearly not Gaussian. Therefore it is perhaps less surprising to see it contributes
relatively little to improving the performance. The Ledoit-Wolf estimator is much
less restrictive in it’s assumptions but does require that the distribution of the data
has finite 4th moments (kurtosis). Word occurrence data is heavy tailed, and it is
possible that it does not have finite kurtosis.

Finally we provide an example of the keywords extracted from the article. This
is shown in Table B.2. The news article is on drought in North Dakota. We can see
that the covariance method with a linear bias captures much of the various topics in
the document.

B.5 Conclusion

In this paper we proposed a method for keyphrase extraction based upon constructing
a covariance matrix from a word occurrence matrix and ranking the importance of
each word or phrase using various centrality measures. We also investigated the
use of shrinkage in this situation, experimenting with both Ledoit-Wolf and OAS
shrinkage. We find that in certain situations the performance of our method is
comparable to word occurrence graph based keyphrase extraction methods. Manually
examining the keyphrases indicates that in many cases important words are extracted,
with a fair spread across the topics in the document. We also find that shrinkage is
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Method

Keywords

True Keywords

drought,upper midwest,north dakota,disaster relief
aid,four-part series,disaster aid program,farmers

Unbiased Covariance

North Dakota,North,Dakota,drought aid, most disaster
dollars,drought,drought relief program,Dust
Bowl,barren horizon,tumbleweed dancing,aid,economic
situation,business closures,areas Congress,their land

Covariance Linear

disaster relief aid,drought aid,disaster aid
program,drought relief program,other state,Drought
payments,disaster aid,North Dakota,average
farmer,many farmers,Midwest drought area,most
farmers,drought,disaster relief program,most disaster
dollars

LW Covariance

disaster relief aid, Drought payments,other state,drought
aid,disaster aid program,drought relief program,average
farmer,disaster aid,many farmers,North
Dakota,Financial aid,Midwest drought area,most
farmers,disaster relief program,drought

OAS Covariance

disaster relief aid,drought aid,Drought
payments,disaster aid program,other state,drought relief
program,disaster aid,North Dakota,average
farmer,many farmers,Midwest drought area,Financial
aid,most farmers,drought,disaster relief program

TextRank

disaster relief aid,dakota state university study,iowa
state university study,red last year,north dakota state
economist,disaster aid program,most disaster
dollars,government last year,drought aid,drought relief
program,midwest drought area,red river valley
county,last thing north dakota,disaster aid,disaster relief
program

RAKE

start coming around,shriveled brown stumps,reach
areas congress,perhaps nowhere harder,fading small
towns,dust bowl days,banker says go,major new
wave,farm dollar triples,assistance allocated
nationwide,12 months ago,election year ..., drought
evoked memories, 000 producers shared,000 maximum
payment

TopicRank

farmers,drought,north dakota,disaster relief aid,federal
aid,years,state,carl grindberg,red spring wheat,crop
insurance,crop loss,golden acres,crop,normal
trials,others

PositionRank

drought aid, midwest drought area,drought relief
program,disaster relief aid,disaster aid program,drought
payments,drought assistance,disaster aid,north
dakota,drought,disaster relief program,most disaster
dollars,other state,financial aid,government aid

YAKE

north dakota,north,dakota,said,perhaps nowhere
harder,aid north dakota
state,drought,disaster,state,crop,year,farmers,grindberg,da
state

TF-IDF

drought,crop,farmers,dakota,north
dakota,north,disaster,aid,farm,grindberg,acres,1988,the
drought,disaster aid,wheat

TABLE B.2: Top 15 candidate keyphrases extracted by each method.

kota



Appendix B. Keyphrase Extraction Using Regularized Covariance Graphs 157

not particularly useful in this context, while it provides a small boost in performance
on one dataset, it significantly reduces it on the other. Future work could involve
trying covariance matrices regularized in a different way or using a different method
to decide upon when to take sample boundaries - in this paper we use sentence
boundaries, but many of the word occurrence graph based methods have had success
with setting a co-occurrence window.
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