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Plate-type acoustic metamaterials with strip masses
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Plate-type acoustic metamaterials (PAM) consist of a thin plate with periodically1

added masses. Similar to membrane-type acoustic metamaterials, PAM exhibit anti-2

resonances at low frequencies at which the transmission loss can be much higher than3

the mass-law without requiring a pretension. Most PAM designs previously inves-4

tigated in literature require the addition of up to thousands of masses per square5

meter. This makes manufacturing of such PAM prohibitively expensive for most6

applications. In this contribution a much simpler PAM design with strip masses7

is investigated. An analytical model is derived which can be used to estimate the8

modal properties, effective mass, and oblique incidence sound transmission loss of9

PAM with strip masses. For high strip masses (compared to the baseplate), this an-10

alytical model can be simplified to yield explicit expressions to directly calculate the11

resonance and anti-resonance frequencies of such PAM. The analytical model is veri-12

fied using numerical simulations and laboratory measurement results are presented to13

demonstrate the performance of PAM with strip masses under diffuse field excitation14

and finite sample size conditions.15
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I. INTRODUCTION16

Yang et al. (2008) introduced the so-called membrane-type acoustic metamaterials17

(MAM) as a new class of acoustic metamaterials with lightweight properties and, at the same18

time, frequency bands in the low-frequency range with remarkably large sound transmission19

loss (STL) values (considerable larger than the corresponding mass-law). Subsequently,20

MAM received a lot of attention (e.g. (Huang et al., 2016; Mei et al., 2012; Naify et al.,21

2011, 2012; Yang et al., 2010)), but one major challenge for the application of MAM in22

practical noise problems is the pretension of the membrane. The pretension generates the23

spring stiffness of the unit cell and is therefore critical in determining the vibro-acoustic24

properties of the metamaterial. In practice, the pretension of a membrane can be difficult25

to control as it can be subject to relaxation effects in the membrane material or thermal26

variations. Also, MAM require a relatively heavy frame in order to sustain the pretension27

and this frame can significantly impair the lightweight properties of MAM. A solution to28

this problem is to use a plate instead of a membrane as the base material to which the29

masses are attached. In the case of such plate-type acoustic metamaterials (PAM), the30

spring stiffness is generated by the bending stiffness of the plate and a pretension is not31

required (Huang et al., 2016). Several different designs of PAM have been investigated, for32

example PAM with a frame and no masses in the unit cells (Varanasi et al., 2017), PAM33

with added masses (Wang et al., 2019), or double-layer PAM with air cavities and orifices34

(Ang et al., 2018, 2019).35
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One particular PAM design, which has particularly promising properties for applications36

with strong weight limitations, consists of a plate with a periodic array of rigid masses at-37

tached to the plate and no frame structure at all. In fact, this PAM type has already been38

investigated by Kurtze (1959) long before the term metamaterial was introduced. More re-39

cent research investigated analytically the sound transmission behavior of such PAM (May-40

senhölder, 2004), demonstrated their application to the improvement of the low-frequency41

sound transmission loss of glass wool insulation packages (Langfeldt and Gleine, 2019a),42

and studied the effect of random inaccuracies in the periodicity of the masses (e.g. due to43

manufacturing tolerances) (Langfeldt and Gleine, 2020a). Although these PAM exhibit the44

same low-frequency sound reduction properties as MAM and do not require a pretensioned45

membrane and frame structure, the large number of masses (typically hundreds or thousands46

of masses per square meter) lead to a level of complexity which drives the manufacturing47

cost of such metamaterials to prohibitively high levels—in particular when large surfaces48

need to be lined with PAM for low-frequency sound insulation. There is therefore a need49

for PAM designs with similar beneficial acoustic properties in the low-frequency range, but50

greatly reduced complexity to enable industrial manufacturing at reasonable cost. In this51

contribution, a novel PAM design is proposed in which the small masses are replaced by long52

strips. Thus, the number of masses to be attached to the baseplate is greatly reduced and it53

will be shown that an improved sound transmission loss at low-frequencies can be achieved54

even with such a simplified setup. Liu and Du (2019) investigated a similar membrane-55

type acoustic metamaterial with strip masses, but they only considered the MAM as part56
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of the wall of a duct system and did not investigate the sound transmission through the57

metamaterial itself.58

The present contribution is structured as follows: First, an analytical model for the pre-59

diction of the sound transmission loss of PAM with strip masses is presented. Compared60

to previous models, the proposed analytical model does not require the solution of linear61

systems of equations and, apart from a transcendental equation to obtain the eigenfrequen-62

cies of the PAM, provides only explicit expressions to obtain all necessary quantities for the63

calculation of the PAM sound transmission loss. In fact, it will be shown that for large64

strip masses the model can be significantly simplified to obtain expressions that can be65

directly used to estimate the vibro-acoustic properties of PAM designs. To the knowledge66

of the authors, this is the first time such expressions are proposed for acoustic metamate-67

rials of this kind. In section III, the proposed analytical model is verified using numerical68

simulations. Furthermore, simulations are employed to investigate (1) the accuracy of the69

analytical model when applied to PAM under oblique incidence excitation and (2) the limi-70

tation of the assumption of rigid strip masses in the analytical model. Sound transmission71

loss measurement results for a PAM with strip masses are presented in section IV in order72

to demonstrate the effectiveness of the novel PAM design even when a finite sized sample73

and diffuse sound field excitation are considered. The experimental results are compared to74

predictions obtained from the analytical model in section II. Finally, the paper is concluded75

with a brief summary of the key findings and a discussion of practical implications for the76

application of PAM with strip masses.77
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II. ANALYTICAL MODEL78

A number of analytical models for the prediction of the sound transmission loss of PAM79

can be found in the literature. For example, Maysenhölder (1998) presented an analytical80

model for calculating the sound transmission loss of periodically inhomogeneous plates using81

a Fourier expansion of the inhomogeneous plate properties. In (Chen et al., 2014; Langfeldt82

and Gleine, 2019b) the point matching approach is used to couple the baseplate with ar-83

bitrarily shaped masses and obtain the modal and sound transmission properties of PAM84

unit cells. In (Liu et al., 2019) the same method is applied specifically to MAM with strip85

masses. Although these analytical models could in principle be adapted and applied to the86

PAM with strip masses, all these models have in common that they rely on the truncation87

of infinite series expansions which results in relatively large linear systems of equations that88

need to be solved for each metamaterial design.89

In this section, the simple structure of the PAM with strip masses will be exploited to90

derive explicit expressions for calculating the sound transmission loss. These expressions can91

be readily applied to design and optimize unit cells of PAM with strip masses. In section IIA,92

the basic geometrical and material property definitions of the PAM are introduced. The93

analytical model to obtain the effective surface mass density of a PAM unit cell is derived94

in section II B. Finally, in section IIC this model is further simplified for high strip masses,95

yielding very simple expressions to directly calculate the modal properties of the PAM unit96

cell.97
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FIG. 1. (Color online) Basic geometrical structure of a part of a plate-type acoustic metamaterial

(PAM) with strip masses. (a) Isometric view. (b) Cross-sectional view with an illustration of the

transversal displacement w(x, y) due to an incident sound wave.

A. Definitions98

Figure 1(a) shows an isometric view of the basic structure of the PAM. It consists of a99100

homogeneous baseplate with a thickness of hb. The material of the baseplate is characterized101

by the density ρb, Young’s modulus Eb, Poisson’s ratio νb, and structural loss factor ηb. Strip102

masses are attached periodically onto the baseplate. The width of the strips is specified by103

the parameter b and the spacing between each mass is denoted l. Thus, the size of a unit104

cell of the PAM is given by a = b+ l. It is assumed that the flexural rigidity of the masses105

is much higher than that of the baseplate. Therefore, in order to simplify the analysis, they106
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can be considered as rigid bodies fully characterized by the thickness hM and density ρM.107

Based on the structure shown in Figure 1(a), the total surface mass density of the PAM is108

m′′0 = m′′b +
b

a
m′′M = ρbhb +

b

a
ρMhM. (1)

A Cartesian coordinate system is defined with the x-axis being on the midsurface of the109

baseplate and perpendicular to the spanwise direction of the masses. The y-axis points110

along the edge of one strip mass and the z-axis, consequently, is oriented normally to the111

baseplate. The dots in Figure 1(a) indicate that the PAM is extending infinitely within the112

xy-plane.113

Throughout this contribution, a harmonic time-dependence of the form exp(iωt) (with114

i =
√
−1, the angular frequency ω, and the time t) is implicitly assumed.115

B. Effective surface mass density116

The effective material properties of an acoustic metamaterial can be used to determine117

the sound transmission properties in the low-frequency range (i.e. frequencies for which the118

acoustic wavelength is larger than the unit cell size of the metamaterial). Several method-119

ologies for the homogenization of acoustic metamaterials exist in the literature (Fokin et al.,120

2007; Terroir et al., 2019; Yang et al., 2014). Since only the far-field transmission of sound121

through the PAM is of interest here and the PAM are much thinner than the acoustic wave-122

length, the Green’s function based one-dimensional homogenization method by Yang et al.123

(2014) will be employed. As explained in more detail in (Langfeldt and Gleine, 2020b), for124

thin plate-type acoustic metamaterials with unconstrained unit cell edges this homogeniza-125
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tion procedure can be expressed in terms of a modal expansion of the effective surface mass126

density m′′eff as127

m′′eff = m′′0

(
1−

N∑
i=1

1

µi

ω2

ω2
i (1 + iη)− ω2

)−1

(2)

with the mode index i, the number of non-zero eigenmodes N to be considered in the128

expansion, the angular eigenfrequency ωi, and the structural loss factor of the PAM material129

η. The normalized modal masses µi are given by130

µi =
1

m′′0S

∫
Ω
ρui

Hui dΩ

|〈wi〉|2
, (3)

where S is the area of a PAM unit cell, Ω represents the domain of the unit cell (including131

the baseplate and the strip mass), ui is the modal displacement vector field, uiH is the132

Hermitian transpose of ui, and 〈wi〉 is the surface-averaged transversal PAM displacement133

averaged over the unit cell S (Langfeldt and Gleine, 2020b). Therefore, to determine the134

effective surface mass density according to Equation 2, the relevant eigenfrequencies and135

mode shapes of the PAM unit cell need to be known.136

It should be noted that the effective surface mass density (or effective density, which137

is directly related to m′′eff via the metamaterial thickness) has been successfully applied to138

evaluate the far field sound transmission of acoustic metamaterials. For example, in (Yang139

et al., 2008) this concept was used to analyze and explain the sound transmission behavior of140

MAM. Closely related methods have also been applied to other kinds of metamaterial plates141

(e.g. (de Melo Filho et al., 2019; Langfeldt and Gleine, 2019b; Xiao et al., 2021, 2012)).142

Because the present work is focused on the sound transmission through PAM with strip143

masses, the effective surface mass density therefore is a suitable and established method for144
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modeling this phenomenon. There are, on the other hand, numerous models and investiga-145

tions available in the literature that are based on a more general mathematical basis, e.g.146

the Bloch-Floquet theory (see, for example, (Antonakakis and Craster, 2012; Craster et al.,147

2010; Maysenhölder, 1998)). These models also enable, for example, the calculation of wave148

propagation properties (such as dispersion curves) and can be applicable to higher frequen-149

cies with wavelengths comparable to the unit cell size. However, since the low-frequency150

sound transmission loss is of main interest here, the effective surface mass density based151

approach is followed.152

In order to simplify the analysis, the vibro-acoustic response of the PAM unit cell to a153

normally incident plane acoustic wave is considered here. The effect of obliquely incident154

plane waves will be discussed in section III B. Figure 2 provides an illustrative example155

showing the simulated displacement of a part of a PAM with strip masses excited by a156

normally incident plane acoustic wave. Due to the symmetry of the PAM and the exciting157

sound field, the displacement field in y-direction is constant and the vibration of a PAM158

unit cell can be simplified to the two-dimensional setup in the xz-plane, as illustrated at159

the bottom of Figure 2. In this case, the displacement field w(x, y) of the PAM can be160161

subdivided into two parts: The part covered by the strip mass (x ∈ [l, a]) undergoes a162

translational rigid body motion with the amplitude WM, because the bending stiffness of163

the mass is considerably larger than that of the baseplate. The other part consists of the164

baseplate between the mass strips and is governed by the partial differential equation165

−m′′bω2w +Db

(
∂4w

∂x4
+ 2

∂4w

∂x2∂y2
+
∂4w

∂y4

)
= ∆p, (4)
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FIG. 2. (Color online) Displacement of a part of a PAM with strip masses excited by a normally

incident plane wave.

where Db = Ebh
3
b/(12(1 − ν2

b)) is the bending stiffness of the baseplate and ∆p is the166

acoustic excitation of the PAM (Ventsel and Krauthammer, 2001). Due to the essentially167

two-dimensional character of the PAM vibration, the spatial derivatives in y-direction vanish168

in Equation 4. The mode shape functions Wi(x) of the baseplate in between the mass strips169

fulfill the homogeneous variant of Equation 4, which simplifies to the boundary value problem170

171

−κ4
iWi +

∂4Wi

∂x4
= 0, (5)

where κi =
√√

12ωi/(hbcb) has been defined and cb =
√
Eb/(ρb(1− ν2

b)) is the quasi-172

longitudinal wave velocity in the baseplate material. As shown in the bottom sketch in173

Figure 2, Equation 5 is subject to the boundary conditions174

Wi(0) = Wi(l) = WM,i

and
∂Wi

∂x

∣∣∣∣
x=0

=
∂Wi

∂x

∣∣∣∣
x=l

= 0,
(6)
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where WM,i is the mode shape component of the mass that is dynamically coupled to the175

baseplate via Newton’s second law of motion:176

−ω2
i b(m

′′
b +m′′M)WM,i = −2Db

∂3Wi

∂x3

∣∣∣∣
x=l

. (7)

It should be noted that the left hand side in Equation 7 corresponds to the inertia of the strip177

mass and the baseplate material covered by the strip mass. The left hand side represents the178

transversal interface forces in the baseplate acting on both sides of the strip mass. Equation 7179

can be solved for WM,i as follows:180

WM,i =
2

κ4
i b(1 + µ)

∂3Wi

∂x3

∣∣∣∣
x=l

, (8)

with the mass ratio µ = m′′M/m
′′
b.181

The solutions to the boundary value problem in Equation 5 can be expressed in the182

following form (Rao, 2007):183

Wi(x) = Aiα(κix) +Biβ(κix) + Ciγ(κix) +Diδ(κix), (9)

with184

α(κix) = cos(κix) + cosh(κix),

β(κix) = cos(κix)− cosh(κix),

γ(κix) = sin(κix) + sinh(κix),

and δ(κix) = sin(κix)− sinh(κix).

(10)
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In conjunction with the boundary conditions in Equation 6 as well as Equation 8, this leads185

to the homogeneous system of equations186 

1 0 0 C
κil

0 0 κi 0

α(κil) β(κil) γ(κil) δ(κil) + 2C
κil

−κiδ(κil) −κiγ(κil) κiα(κil) κiβ(κil)





Ai

Bi

Ci

Di


=



0

0

0

0


, (11)

where the constant C = 2l/(b(1 + µ)) has been introduced. The eigenfrequencies ωi can be187

determined by computing the values of κi for which the determinant of the system matrix188

in Equation 11 vanishes. This leads to the characteristic equation189

1− cos(κil) cosh(κil) = C (cos(κil)− 1) sinh(κil) + (cosh(κil)− 1) sin(κil)

κil
. (12)

Equation 12 can be solved numerically for κil, which then allows the computation of the190

eigenfrequencies via the relationship191

ωi =
hbcb√
12l2

(κil)
2. (13)

For each eigenfrequency ωi the coefficients Ai, Bi, Ci, and Di in Equation 9 are given by192

Ai = − C
κil
Di

Bi =
2− α(κil)

β(κil)
Ai −

δ(κil)

β(κil)
Di,

and Ci = 0.

(14)

Inserting this into Equation 9 yields the following mode shape function for the baseplate193

between the mass strips194

Wi(x) =

(
δ(κix)− δ(κil)

β(κil)
β(κix)− C

κil

(
α(κix)− 2− α(κil)

β(κil)
β(κix)

))
Di (15)

12
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and the modal displacement amplitude of the mass follows from Equation 8 as195

WM,i = 2Ai = −2C
κil
Di. (16)

Equation 15 and Equation 16 are used to obtain the normalized modal mass µi, according196

to the definition in Equation 3. Because of the periodicity and the (at the assumed nor-197

mal incidence) constant displacement in y-direction, the surface-averaged transversal PAM198

displacement appearing in the denominator of Equation 3 can be obtained from integrating199

the mode shape function of the PAM over one unit cell in the x-direction:200

〈wi〉 =
1

a

a∫
0

wi(x, 0) dx =
1

a

 l∫
0

Wi(x) dx+ bWM,i

. (17)

For the same reasons, the density-weighted integral of the squared magnitude of the dis-201

placement amplitude can be rewritten with a one-dimensional integral as follows:202

1

m′′0S

∫
Ω

ρui
Hui dΩ =

1

a

m′′b
m′′0

 l∫
0

Wi(x)2 dx+ b(1 + µ)W 2
M,i

. (18)

After inserting Equation 15 and Equation 16 and performing the integrations, the following203

expression for µi results:204

µi =
m′′b
m′′0

a

l
κil
J11A

2
i + J12AiBi + J14AiDi + J22B

2
i + J24BiDi + J44D

2
i

(I1Ai + I2Bi + I4Di)
2 , (19)
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which, for clarity, has been written in compact form with the coefficients given by205

I1 = γ(κil) + 2κil
(a
l
− 1
)
,

I2 = δ(κil),

I4 = 2− α(κil),

J11 = κil + 8
κil

C
+

3α(κil)γ(κil)− β(κil)δ(κil))

4
,

J12 =
α(κi)δ(κil) + β(κil)γ(κil)

2
,

J14 = 4− α(κil)
2,

J22 = κil −
α(κil)γ(κil)− 3β(κil)δ(κil))

4
,

J24 = δ(κil)
2, and

J44 =
β(κil)γ(κil)− 3α(κil)δ(κil))

4
.

(20)

It should be noted that in Equation 19 the indeterminate constant Di will cancel out in206

both the numerator and denominator, so that the value of µi will be independent of the207

eigenvector scaling.208

In summary, the procedure for calculating the sound transmission loss of a given PAM209

with strip masses using the proposed analytical model is as follows:210

1. Numerically solve Equation 12 for the first N positive roots κil.211

2. Calculate the corresponding eigenfrequencies ωi using Equation 13.212

3. Calculate the normalized modal masses µi using Equation 19 in conjunction with213

Equation 14 and Equation 20.214

4. Calculate the effective surface mass density m′′eff of the PAM via Equation 2.215

14
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5. Calculate the sound transmission loss TL with m′′eff substituted into the mass-law216

formula:217

TL = 20 lg

∣∣∣∣1 +
iωm′′eff cos θ0

2ρ0c0

∣∣∣∣. (21)

In most cases the first anti-resonance frequency fP1 is of main concern and only the first218

positive eigenfrequency of the PAM unit cell needs to be considered (N = 1). Consequently,219

the effective surface mass density is given by220

m′′eff = m′′0

(
1− ω2

(1 + µ1)ω2 − µ1ω2
1(1 + iη)

)
(22)

and the anti-resonance frequency fP1 corresponds to the pole of Equation 22 at whichm′′eff →221

∞ (undamped case with η = 0):222

fP1 =

√
µ1

1 + µ1

ω1

2π
. (23)

C. Simplified equations for C � 1223

If the surface mass density of the strip massesm′′M is considerably larger than the baseplate224

surface mass density m′′b, the constant C can be much smaller than unity. According to225

Equation 16, this results in a near-zero displacement amplitude of the strip mass at the226

PAM eigenmodes. Figure 3(a) shows the value of the first positive root of Equation 12227

for different values of C. This diagram shows that if C � 1, then κ1l will asymptotically228229

approach the first positive root for the special case C = 0, corresponding to a PAM with230

fixed strip masses. For this special case, the characteristic equation in Equation 12 will231

simplify to232

1− cos(κil) cosh(κil) = 0 (24)

15



Acce
pte

d Man
usc

rip
t

JASA/Acoustic metamaterial with strip masses

4.6
4.8
5

5.2
5.4
5.6
5.8
6

6.2
6.4

10−2 10−1 100 101 102 103
κ
1
l

C

C = 0

(a)

10−2

10−1

100

101

102

103

104

10−2 10−1 100 101 102 103

C = 0µ
1
m

′′ 0
m

′′ b

l a

C

l/a

0.25
0.5

0.75

(b)

FIG. 3. (Color online) Variation of the modal parameters for the first positive eigenmode of a

PAM unit cell for different values of the constant C. (a) First root of Equation 12. (b) Associated

normalized modal mass (Equation 19).

and the baseplate mode shape function is given by233

Wi(x) =

(
δ(κix)− δ(κil)

β(κil)
β(κix)

)
Di, (25)

corresponding to the characteristic equation and mode shape of a beam with both ends234

clamped (Rao, 2007). Using Equation 25, the normalized modal mass µi reduces for C = 0235

to236

µi =
m′′b
m′′0

a

l

(
κilδ(κil)

2β(κil) + 1
2
(γ(κil)2 − δ(κil)2)

)2

. (26)

16
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The first positive root of Equation 24 is given by κ1l ≈ 4.73. Thus, the first resonance237

frequency is approximately238

ω1 =
hbcb√
12l2

(κ1l)
2 ≈ 6.458

hbcb

l2
(27)

and the normalized modal mass associated with this eigenmode is239

µ1 ≈ 1.449
m′′b
m′′0

a

l
. (28)

Equation 27 and Equation 28 are explicit expressions for the modal properties of the first240

mode of a PAM with strip masses that are much heavier than the baseplate. These ex-241

pressions can be used directly to estimate the sound transmission loss of the PAM via the242

effective surface mass density determined using Equation 2. These equations also clearly243

show how the modal parameters can be tuned: The resonance frequency is directly propor-244

tional to the baseplate thickness and the longitudinal wave velocity of the baseplate material.245

It is also inversely proportional to the square of the distance between mass strips l. The246

normalized modal mass, on the other hand, is directly proportional to m′′b/m′′0 as well as the247

unit cell size a. Furthermore, µ1 is inversely proportional to l.248

The effect of C on the normalized modal mass µ1 of the first positive PAM eigenmode249

is shown in Figure 3(b) for different values of the relative mass spacing l/a. It should be250

noted that in this diagram µ1 has been scaled by m′′0a/(m′′bl) in order to more clearly show251

that µ1 asymptotically approaches the value given by Equation 28, as C → 0. Apart from252

this asymptotic behavior of µ1 for small values of C, it can be seen that the normalized253

modal mass has a pole at a certain value of C that depends on the value of l/a. µ1 becomes254

infinitely large if the surface-averaged modal displacement amplitude 〈wi〉 becomes zero.255
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This is the case when the modal displacement of the strip mass WM,i exactly cancels out the256

average displacement of the baseplate material not covered by the masses. Consequently, the257

incident sound waves do not couple with this PAM eigenmode and the mode therefore does258

not contribute to any anti-resonances of the PAM. Very high values of µi should therefore be259

avoided, if significant PAM anti-resonances are desired. Beyond the pole at very high values260

of C, the normalized modal mass asymptotically approaches another value that depends on261

the value of l/a (larger values of l/a leading to larger asymptotic values).262

III. NUMERICAL SIMULATIONS263

The simulation model of the PAM unit cell is shown in Figure 4. It consists of a two-264

dimensional mesh in the xz-plane discretizing the baseplate, one strip mass and the fluid265

on both sides of the PAM. The fluid domains are truncated using perfectly matched layers266

(PML) in order to minimize reflections of sound waves at these boundaries. At the sides267268

of the computational domain Bloch-Floquet periodic boundary conditions are prescribed so269

that the unit cell is modeled as part of an infinite periodic array. In the out-of-plane direction270

(y-axis), the acoustic pressure and solid displacements are modeled with an out-of-plane271

expansion of the form exp(−ik0,yy), in order to simulate an infinitely extending metamaterial272

in the y-direction. The PAM is excited by a plane acoustic wave with Cartesian wave number273

components k0,x = k0 sin θ0 cosφ0, k0,y = k0 sin θ0 sinφ0, and k0,z = k0 cos θ0. The acoustic274

wave number is given by k0 = ω/c0. The resulting sound transmission loss is evaluated by275

integrating the sound intensity at the transmission side of the PAM to obtain the radiated276
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FIG. 4. (Color online) Illustration of the geometry, boundary conditions, and mesh of the two-

dimensional FEM simulation model of the PAM unit cell.
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TABLE I. Material parameters of the baseplate and mass used in the analytical calculations and

numerical simulations.

Baseplate Mass

Material PET PVC-F

Density (kgm−3) 1400 460

Young’s modulus (MPa) 3500 1200

Poisson’s ratio (—) 0.4 0.4

Longitudinal wave velocity (m s−1) 1725 1762

Loss factor (%) 10 10

sound power Wrad. The incident sound power Winc is determined from the incident sound277

wave and the sound transmission loss can then be calculated via TL = −10 lg(Wrad/Winc).278

The PAM unit cell design considered here consists of a hb = 100 µm thick baseplate279

made of polyethylene terephthalate (PET). The material of the strip masses is a closed-cell280

polyvinyl chloride foam (PVC-F) with a thickness of hM = 5 mm. The mechanical properties281

of the materials that were used in the simulations are given in Table I. From this it follows282

that m′′b = 140 g m−2, m′′M = 2.3 kg m−2, and therefore µ = m′′M/m
′′
b = 16.4. The unit cell283284

size is a = 70 mm and the width of the mass strips is given by b = 50 mm, which results in285

l = a− b = 20 mm. Consequently, C ≈ 0.046 is very small and Equation 27 and Equation 28286

should provide a reasonable estimate of the modal properties for the first eigenmode of the287
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PAM unit cell. The total surface mass density of the PAM is given by m′′0 = 1.8 kg m−2 and288

the density and speed of sound of the fluid are given by ρ0 = 1.2 kg m−3 and c0 = 343 m s−1,289

respectively.290

A detailed view of the mesh used in the finite element simulations is provided at the291

bottom of Figure 4. The cross-section of the baseplate was discretized using second-order292

quadrilateral elements, with one element in through-thickness direction and 12 elements on293

each part of the baseplate not covered by the mass. For the mass and the fluid, second-order294

triangular elements were used with a maximum element size of a/6 ≈ 12 mm. In each of295

the PML, 10 layers were applied to ensure minimized reflections at these boundaries. The296

linear system of equations resulting from this discretization was solved using a direct solver297

for frequencies from f = 100 to 1000 Hz.298

In the calculations using the analytical model, only the first non-zero eigenmode of the299

PAM unit cell (defined by f1 and µ1) is considered in Equation 2. The reason for this is that300

the main focus is the first anti-resonance of the metamaterial which is primarily governed301

by the first non-zero eigenmode. To account for damping, η is replaced in Equation 2 by302

the structural loss factor of the baseplate material (see Table I). The effective surface mass303

density approach is only valid as long as the acoustic wavelength is much larger than the304

size of the unit cells (Yang et al., 2008). At the highest considered frequency (1000Hz)305

the wavelength is 0.34 m, which is nearly 5 times larger than the unit cell size of the PAM.306

Therefore, this assumption is valid for the interpretation of the analytical results.307

21



Acce
pte

d Man
usc

rip
t

JASA/Acoustic metamaterial with strip masses

0

5

10

15

20

25

30

100 1000

T
L

in
d
B

f in Hz

Mass-law
C = 0.046

C = 0
FEM

FIG. 5. (Color online) Comparison of analytical and numerical results for the normal incidence

sound transmission loss of the PAM.

A. Verification of the analytical model308

In order to verify the analytical model in section II, simulation results obtained for normal309

incidence (θ0 = 0) are used. Figure 5 shows a comparison between the analytical results310

(obtained using the more accurate model in section II B with C = 0.046 and the simplified311

model in section IIC with C = 0) and the results of the numerical simulations. As a reference,312

the grey curve in Figure 5 indicates the STL of a homogeneous plate with equal total surface313

mass density, according to the mass-law. In general, all three PAM curves in Figure 5 are314315

very similar with an anti-resonance at approximately 250Hz with sound transmission loss316

values over 25 dB. At higher frequencies, the PAM transmission loss exhibits a dip at the317

resonance frequency around 450Hz and then the STL values remain about 11 dB below318

the mass-law curve due to the decoupling of the strip masses from the baseplate. A direct319

comparison of the two analytical results with the FEM data shows that the more accurate320

model with C = 0.046 indeed yields results that are closer to the simulations than in the321

simplified case. In the simulation results, the anti-resonance frequency appears at 248Hz.322
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TABLE II. Comparison of the numerical and analytical results for the first positive eigenfrequency

f1, normalized modal mass µ1, and anti-resonance frequency fP1 of the PAM unit cell.

FEM C = 0.046 C = 0

f1 (Hz) 450 447 (−0.7%) 443 (−1.6%)

µ1 (—) 0.462 0.462 (0%) 0.398 (−13.9%)

fP1 (Hz) 248 251 (+1.2%) 237 (−4.4%)

The analytical model predicts the anti-resonance to be at 251Hz (for C = 0.046) and 237Hz323

(C = 0). Therefore, even with the simplified analytical model the anti-resonance frequency324

can be predicted with an error of less than 5%—well inside typical uncertainty margins325

due to other parameters of the PAM, such as the material properties or the geometrical326

dimensions.327

A more comprehensive overview of the accuracy of the analytical model in terms of the328

modal properties and the anti-resonance frequency is provided in Table II. This shows that329330

the modal properties (f1 and µ1) resulting from the analytical model with C = 0.046 are very331

close to the modal values obtained from a numerical modal analysis of the PAM simulation332

model. Therefore, the anti-resonance frequency fP1 also is quite close to the simulated result.333

On the other hand, if C = 0, the normalized modal mass µ1 is considerably underestimated334

which results in a larger error in the predicted anti-resonance frequency, even though the335

first resonance frequency is quite accurate (−1.6% error). Nevertheless, as mentioned above,336

for both variants of the analytical models, the accuracy with respect to the FEM solution337

23



Acce
pte

d Man
usc

rip
t

JASA/Acoustic metamaterial with strip masses

0

2

4

6

8

10

10 100

T
L

in
d
B

f in Hz

Mass-law
C = 0.287

C = 0
FEM

FIG. 6. (Color online) Comparison of analytical and numerical results for the normal incidence

sound transmission loss of a PAM with a smaller strip mass (b = 20mm).

is well within acceptable bounds so that the model can be regarded as validated for these338

types of PAM.339

It is important to note that C not only depends on the mass ratio µ, but it is also340

proportional to l/b. This means that even when µ is very large, C can be considerably341

greater than zero if the strip masses cover only a small part of the unit cells (and l/b is342

large). This is illustrated in Figure 6, which shows analytical and numerical results for a343

PAM with the same properties as the PAM shown in Figure 4, except for a much smaller344

mass width of b = 20 mm (note the reduced frequency range between 10 and 100Hz). In345346

this case, the value of C is 0.287 and it can be clearly seen that the simplified model with347

C = 0 is not applicable, even though µ� 1.348

B. Effect of oblique incidence349

Since in nearly all practical applications of noise control the incident sound field is not350

a normally incident plane acoustic wave, it is important to evaluate the performance of351
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the PAM with strip masses and the proposed analytical model in the case of obliquely352

incident plane acoustic waves. This is particularly important, because the analytical model353

in section II has been derived under the assumption of spatially constant acoustic loading.354

For obliquely incident sound waves, this loading will, in general, not be constant in the355

xy-plane. Thus, the accuracy of the model needs to be evaluated for these cases. For this356

purpose, additional simulations have been performed with different values of the incidence357

angle θ0 and the azimuth angle φ0. The azimuth angle has been varied since PAM with358

strip masses are highly orthotropic and it may be possible that an oblique sound wave359

propagating in x-direction (perpendicular to the strips) can be transmitted differently than360

a wave propagating in y-direction (parallel to the strips). Since the analytical model relies361

on a homogenization at normal incidence, any possible influence of the azimuth angle φ0 is362

neglected. Only the effect of the incidence angle θ0 is taken into account via the cosine term363

in Equation 21.364

Figure 7(a) compares three different simulation results with φ0 = 0◦, 45◦, and 90◦ to the365

analytical results (C = 0.046) at an incidence angle of θ0 = 30◦. For φ0 = 0◦, the acoustic366367

loading is varying only in the x-direction, while for 90◦ the loading spatially varies only in the368

y-direction. φ0 = 45◦ is representative for an excitation where the sound pressure varies in369

both directions. Since all three simulation results are virtually the same, it can be concluded370

that the PAM with strip masses is not sensitive with respect to the azimuth angle of an371

obliquely incident acoustic wave. A possible explanation for this is the unit cell size of the372

PAM, which is—even at the highest frequency considered here—considerably smaller than373

the sound wave length. Therefore, the sound field exciting the PAM will be nearly uniform374
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FIG. 7. (Color online) Comparison of analytical and numerical results for the oblique incidence

sound transmission loss of the PAM. (a) θ0 = 30◦. (b) θ0 = 60◦.

(and thus very similar to normal incidence), even at grazing incidence. The comparison with375

the analytical model demonstrates that at oblique incidence the main characteristics of the376

PAM transmission loss (anti-resonance peak, resonance dip) are not changed under oblique377

incidence. Only the magnitude of the STL is reduced, which is well reflected by the cos θ0378

term in Equation 21.379

Figure 7(b) shows the results for a higher incidence angle of θ0 = 60◦. Also in this case380

there is no significant impact of φ0 visible and the analytical model is in good agreement381

with the numerical simulations.382
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In summary, these results demonstrate that the performance of the PAM under oblique383

incidence is not significantly altered, except for the STL reduction due to the cos θ0-384

dependence. The anti-resonances and resonances of the PAM remained unchanged and385

the analytical model yields good estimates of the PAM transmission loss at oblique inci-386

dence.387

C. Effect of strip mass compliance388

A central assumption in the analytical model is that the strip masses are rigid, compared389

to the bending stiffness of the baseplate. For applications of these PAM it is important to390

consider the limitations of this assumption, which can be violated, for example, when the391

strip masses are very thin and/or made of a soft material.392

Simulations have been performed with different bending stiffnesses of the masses DM.393

This has been achieved by changing the Young’s modulus of the mass material EM, so394

that all other parameters (mass, geometry, and mesh) remain unchanged. In the original395

configuration, the ratio of the mass bending stiffness to the baseplate bending stiffness is396

given by DM/Db ≈ 43000. Figure 8 shows the simulation results for reduced mass bending397

stiffnesses down to DM/Db = 50. As the bending stiffness of the masses is reduced, it can398399

be seen that the first anti-resonance of the PAM moves down to lower frequencies. This400

is because the overall stiffness inside the unit cell is reduced. For the case DM/Db = 100,401

an additional anti-resonance appears at around 350Hz which becomes larger and shifted to402

lower frequencies when DM/Db is further reduced. This new anti-resonance results from403

higher order modes of the PAM unit cell that are shifted within the frequency range of404
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FIG. 8. (Color online) Numerical results for the normal incidence sound transmission loss of the

PAM with different values for the mass bending stiffness DM.

interest due do the reduced stiffening effect by the added masses. In general, the STL of405

these higher order anti-resonances is not much higher than the mass-law. However, in certain406

applications it could be useful to create multiple anti-resonances by using more compliant407

strip masses.408

As a general recommendation for the validity of the rigid mass assumption in the ana-409

lytical model, the results in Figure 8 indicate that the bending stiffness of the strip masses410

should be at least 1000 times higher than the baseplate bending stiffness. For example, if411

the elastic material properties of the masses and baseplate are similar, this would imply that412

the strip masses should be at least 10 times thicker than the baseplate.413

IV. EXPERIMENTAL DEMONSTRATION414

The experimental test sample was built based on the same unit cell geometry and ma-415

terial parameters for the baseplate and strip masses as in the numerical simulations (see416

section III). Figure 9(a) shows a photograph of the baseplate and two of the strip masses417
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(a)

(b)

FIG. 9. (Color online) Test sample and measurement setup for the experimental demonstration of

the PAM with strip masses. (a) Detail view of the baseplate and attached strip masses. (b) Test

sample mounted inside the transmission loss test window (view from the reverberation chamber).

attached to it. The overall size of the sample was 1m× 1.2m in order to fit inside the418419

transmission loss test window, see Figure 9(b). 17 PCV foam strip masses were attached to420

the PET baseplate using a thin double-sided tape. The contribution of the added mass due421

to the tape is negligible compared to the strip masses.422
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Additionally, a 1mm thick glass fiber reinforced plastic (GFRP) plate with a surface mass423

density of 2 kgm−2 was also measured. This homogeneous plate with nearly the same mass424

as the PAM sample serves as a reference to compare with the STL of the PAM.425

As shown in Figure 9(b), the samples were mounted inside a transmission window between426

a reverberation chamber (shown in the picture) and a hemi-anechoic chamber. The samples427

were fixed at the perimeter using clamps and foam rubber to minimize leakage and the428

transfer of vibrations over the window frame. In the reverberation chamber, a diffuse sound429

field was generated using an omnidirectional loudspeaker and a white noise signal resulting430

in an overall sound pressure level in the reverberation chamber of around 100 dB(Z). The431

measurement of the STL was performed in 1/12th-octave bands according to a modified432

ISO 15186-2 method: While, in the anechoic chamber, a sound intensity probe was used433

to measure the transmitted sound power, the incident sound power was estimated using434

a sound intensity measurement of the empty test window (Robin and Berry, 2016). This435

reduces the influence of non-diffusiveness of the excitation sound field on the measured STL,436

particularly at low frequencies.437

For comparing the experimental data with the analytical results, the diffuse field STL438

has been calculated using439

TLdiff = −10 lg


θmax∫
0

τ sin(θ0) cos(θ0) dθ0

θmax∫
0

sin(θ0) cos(θ0) dθ0

, (29)

with the transmission coefficient τ = 10−TL/10 and the limiting angle θmax has been estimated440

in previous experiments as θmax = 72◦ (Langfeldt and Gleine, 2020b).441
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FIG. 10. (Color online) Comparison of analytical (curves) and experimental results (symbols)

for the PAM and the nearly mass-equivalent homogeneous plate. (a) Diffuse incidence sound

transmission loss. (b) Insertion loss (re: homogeneous plate) with a variation of the loss factor η

in the analytical model.

The measured STL of the PAM and the homogeneous GFRP plate (symbols) are com-442

pared to the analytical results (curves) in Figure 10(a). In general, the agreement between443444

the analytical and experimental results is good, especially taking into account the simplicity445

of the analytical model. In the measurements, the anti-resonance occurs at around 260Hz,446

which is about 4% higher than in the analytical model (251Hz). This deviation is within447

acceptable limits, since uncertainties in the material properties of the PAM as well as the448
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unit cell geometry typically also lie in this range. The measured maximum STL value is449

about 5 dB lower than in the analytical results. Also, the STL reduction at the first res-450

onance of the PAM is not as distinct in the measurements. These systematic deviations451

can be explained by two separate effects, which are not taken into account in the analyt-452

ical model: First, the experimental sample can exhibit increased losses due to damping in453

the double-sided tape attachment as well as the sample fixture at the transmission win-454

dow frame, where foam rubber was used to prevent leaks. These damping mechanisms can455

exceed the inherent damping of the film and mass material. Second, the impact of inac-456

curacies in the placement of the masses can have an additional damping-like effect on the457

sound transmission loss of the PAM, as shown in (Langfeldt and Gleine, 2020a). Since the458

mass strips have been glued on manually and the PAM resonance frequency is proportional459

to 1/l2 (see Equation 27), small variations in the mass spacing l can lead to rather large460

changes in the modal properties of each PAM unit cell. A random sampling of l provided an461

estimate for the uncertainty of the mass spacing in the present experimental model of the462

PAM given by l = (20.0± 1.2) mm. From Equation 13 and Equation 23 it follows that the463

resulting uncertainties in the resonance and anti-resonance frequency are (447± 54)Hz and464

(251± 33)Hz, respectively. As shown in (Langfeldt and Gleine, 2020a), such manufacturing465

inaccuracies can therefore result in a smoothened STL curve of the PAM, similar to the466

effect of damping.467

Finally, it should be noted that at very low frequencies the analytical model underesti-468

mates the measured STL values. The reason for this is the spatial windowing effect of the469

finite sized transmission window in the experiments, which is not taken into account in the470
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analytical model. This effect can be eliminated for the most part, as shown in Figure 10(b),471

by calculating the insertion loss of the PAM ∆TLdiff , compared to the homogeneous plate.472

In this case, the agreement between the analytical and experimental data is much better, ex-473

cept for the aforementioned smoothing of the anti-resonance peak and resonance dip. That,474

however, can be considered in the analytical model by increasing the loss factor η to, in this475

case, 25% (see the dashed curve in Figure 10(b)). It should be noted that the modeling of476

damping using a constant loss factor strongly simplifies such a complex phenomenon (es-477

pecially when glue layers, rubber foam seals, and manufacturing inaccuracies are present).478

While a good estimate for η can greatly improve the accuracy of the model, quantifying479

and modeling the damping of a PAM still is a challenge which should be subject to further480

investigations.481

V. CONCLUSIONS482

In this contribution a new type of plate-type acoustic metamaterials with significantly re-483

duced complexity, as compared to previous PAM designs, has been presented. The proposed484

PAM employs strip masses attached to a baseplate in order to reduce the periodicity of the485

metamaterial unit cells to one dimension. An analytical model has been derived to estimate486

the modal properties of the PAM unit cell, enabling the direct calculation of the effective487

surface mass density m′′eff and sound transmission loss of the PAM. For large masses of the488

strips (compared to the baseplate mass), the analytical model has been further simplified489

yielding explicit expressions for the modal properties of PAM that can be directly employed490

in the initial design phase for applications of such PAM to noise control problems.491
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Numerical simulations have been performed to verify the analytical model. Using the492

simulations, it could also be demonstrated that the performance of the PAM is not affected493

by obliquely incident plane acoustic waves (except for the typical cos θ0 dependence). The494

assumption of rigid strip masses (compared to the baseplate) in the analytical model has495

been shown to be reasonably accurate, as long as the bending stiffness of the masses is at496

least 1000 times higher than the bending stiffness of the baseplate. Finally, sound transmis-497

sion loss measurements of a PAM with strip masses have been performed to demonstrate498

the performance of the PAM and the accuracy of the analytical model under diffuse field499

excitation and finite sized sample conditions.500

The results presented herein will considerably improve the applicability of PAM to prac-501

tical noise control problems: First, the simplified design reduces the manufacturing effort502

significantly, which is one of the major inhibiting factors for realizations of other, more com-503

plex acoustic metamaterials in an industrial scale. Secondly, the proposed analytical model504

yields, for the first time in the context of MAM and PAM, explicit expressions to directly505

estimate the vibro-acoustic performance of PAM with strip masses, without resorting to506

more complex analytical models or finite element simulations.507
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