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Abstract4

This paper presents a design approach for a shunted electrodynamic meta-5

material (EDMM) for broadband robust vibration control. A unit cell of6

12 inertial electrodynamic transducers is proposed, where the response of7

each transducer is tuneable via a connected resistive and inductive shunt8

circuit. The variations in the parameters of an off-the-shelf transducer are9

characterised experimentally, before the effect of this variation on the shunted10

response is investigated. It is shown that instability of the system is a limit-11

ing design factor. A problem is proposed whereby the resistive and inductive12

shunt values of an EDMM attached to a parametrically uncertain structure13

are to be found, and given the complexity of the design problem, a Particle14

Swarm Optimisation (PSO) is utilised to find a solution using an analytical15

model of the system. The results of the optimisation show that the effects16

of uncertainty in the actuators must be included, otherwise, the solution17

can be unstable. However, it is also shown that it is sufficient to ignore18

the uncertainty in the structure and optimise the EDMM considering actua-19

tor uncertainty alone, since the EDMM motion is then highly damped and,20

therefore, inherently robust to structural uncertainties.21
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1. Introduction24

The conservation of materials is becoming increasingly important, but25

as structural elements are made thinner and lighter, they also become more26

compliant and more receptive to vibration, which can lead to increased wear,27

or acoustic disturbance. Tuned Vibration Absorbers (TVAs) can achieve28

high levels of vibration attenuation [1], but multiple TVAs with resonance29

frequencies distributed around the target frequency are required to improve30

robustness to uncertainty in the target frequency [2]. For multiple target31

frequencies this means a large quantity of TVAs, and traditional TVAs are32

also often bulky or heavy, and therefore not suitable when there are weight33

or space constraints.34

A potential solution to these vibration control challenges may be pro-35

vided by metamaterials. Metamaterials consist of a number of periodically36

arranged sub-structures, which through local resonances or the interaction37

of scattered waves exhibit unusual properties, such as negative bulk modu-38

lus/stiffness and density/mass, at frequencies where the wavelength is long39

in comparison to the dimensions of the periodic structures they comprise of40

[3]. Elastic Metamaterials (EMMs) are a sub-category of these materials that41

are able to interact with elastic waves in solids. EMMs can be designed to42

interact with elastic waves in different ways, but the interest here focuses on43

their use as structural vibration absorbers [4, 5, 6, 7]. This can be achieved44

by using a locally resonant metamaterial, which consists of an array of small,45
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resonant sub-structures with one or more degrees of freedom, and can be used46

to absorb vibration from a primary structure without significant additional47

mass. EMMs can be distributed over the surface of a structure, which means48

that unlike a TVA mounted at a single point on the structure, the same con-49

trol force can be distributed over a much wider area. This means that they50

can potentially offer a better solution on thin, lightweight structures, where51

a control force applied to a single point would need to be constrained based52

on the structural strength.53

Early examples of locally resonant EMMs demonstrated that a unit-54

cell containing mass-spring resonators exhibits frequency-dependent vibra-55

tion absorption when the motion of the resonators cancels that of the struc-56

ture [8, 9]. Similar to the approach taken in [2], multiple resonators in a unit57

cell, with tuning frequencies distributed around a target frequency have been58

shown to achieve greater absorption than if they were all tuned precisely to59

the target frequency [10]. This approach has also been extended to multi-60

ple target frequencies to achieve broadband attenuation, and also improve61

robustness to changes in the target frequency. However, this requires a large62

number of resonators tuned to different frequencies. This results in a complex63

design procedure, where the tuning frequencies and damping characteristics64

of the resonators must be carefully selected in order to keep the number of65

variously tuned resonators within practical manufacturing and installation66

limitations.67

To be able to effectively design a passive EMM with multiple tuning fre-68

quencies requires a highly refined model of the EMM in order to predict its69

behaviour, but would also likely still require multiple prototyping runs to70
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fine tune the design. Furthermore, once built, the tuning frequencies and71

damping characteristics cannot be changed. An alternative approach is to72

use tuneable resonators. One way of realising this would be by connect-73

ing resonant electronic impedance circuits to a proof mass electromechanical74

transducer, a technique known as shunting [11]. Shunting has the benefit over75

other methods of variable tuning, such as mechanically variable stiffnesses, of76

being easily translatable to a small scale for integration into a metamaterial.77

The use of shunted electrodynamic assemblies as vibration absorbers has78

already been explored in a number of studies [12, 13, 14], but the effect of79

parametric uncertainty or variability in the electromechanical response of the80

transducers, on the efficacy of a proposed tuning approach, has not yet been81

considered in the literature, which has generally only considered a small num-82

ber of devices of known parameters. However, in a fixed system, variation83

in the electrodynamic transducers will affect the shunted response and with84

impedances where the real or imaginary part is negative, under certain con-85

ditions may in fact result in instability. Self-tuning control strategies such as86

those demonstrated in [15] are able to avoid this, but require a variable shunt87

impedance which is only achievable using a digital synthetic impedance. Dig-88

ital synthetic impedances introduce further complexities due to latency, and89

require high speed, high sample-rate converters and additional circuitry in90

addition to any controller [16]. In the case of using an array of shunted elec-91

trodynamic transducers to realise a metamaterial, it will not be practicable92

to characterise each transducer in advance and it will likely be necessary to93

utilise low-cost, small inertial transducers, which although readily available94

[17, 18], have a specified variability in their parameters of up to 10%. Re-95
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ducing manufacturing tolerances increases production cost, and measuring96

individual responses is unlikely to be practical for large arrays. Therefore, it97

is important to consider this uncertainty in the design of the metamaterial.98

This paper proposes a tuned-shunt electrodynamic metamaterial (EDMM)99

and a design procedure for the robust absorption of multiple modes of struc-100

tural vibration in the presence of structural uncertainties. The novel multi-101

resonator unit cell consists of a number of inertial electrodynamic trans-102

ducers, tuned independently via a fixed shunt impedance. Existing studies103

utilising tuned electrodynamic transducers as vibration absorbers have inves-104

tigated using a relatively small number of devices with known characteristics.105

This study investigates the potential for much larger numbers of these devices106

to be used, with realistic uncertainties in the device characteristics, where it107

may not be practicable to measure each transducer individually, and without108

using adaptive controllers. In order to take into account the uncertainties,109

the distribution of variation in the parameters of an electrodynamic trans-110

ducer is characterised experimentally, and these realistic distributions are111

used to quantify the robustness during the optimisation process. The com-112

ponent values of a resistive and inductive shunt are optimised directly using113

a Particle Swarm Optimisation (PSO) algorithm. The following sections set114

out the EDMM design, before demonstrating the principles of tuning, and115

the effect of different impedances on the dynamic response and system stabil-116

ity. The parametric variation in the miniature electrodynamic transducers is117

then characterised, and the effect of this variation investigated. An analytical118

model of a vibrating structure with an attached EDMM is then described,119

and finally the procedure and results of an optimisation study used to select120
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the impedances of a multi-resonator EDMM unit cell is set out.121

2. A Shunted Electrodynamic Metamaterial122

This paper proposes a novel shunted electrodynamic metamaterial (EDMM)123

for the robust absorption of multiple modes of vibration. This EDMM con-124

sists of multiple, differently-tuned resonators in a unit cell to achieve multi-125

mode control that is robust to variations in the structure and uncertainty126

in the electrodynamic transducers. A specific example is considered here,127

where a unit cell of 12 resonators is proposed for the control of 3 adjacent128

modes of an attached structure, which will be described in Section 4, with129

each resonator tuned individually and the unit cell repeated periodically over130

the structure, as shown in Figure 1. This is seen as a practical compromise131

between the ability to achieve a robust distribution of tuning frequencies,132

whilst also keeping the size of the unit cell to a minimum so that it is small133

compared to the wavelength of vibration.134

Figure 1: EDMM concept with the unit cell of 12 resonators highlighted in red, and

repeated along the structure.

The tuning of the response of an individual electrodynamic transducer135

is achieved by connecting a shunt impedance across its electrical terminals,136

which can have positive or negative components. Modelling the transducer137
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as a SDOF mass-spring-damper, Figure 2 shows the electromechanical and138

mechanical-only equivalent models of an RL shunted inertial electrodynamic139

transducer with: moving mass, mr; suspension stiffness, kr; damping coef-140

ficient, br; voice coil inductance, Le; voice coil resistance, Re; transduction141

coefficient, Bl; shunt inductance, Ls; and shunt resistance, Rs. j is the142

imaginary unit where j =
√
−1, and ω is the circular frequency. The shunt143

impedance acts as an additional effective mechanical impedance, operating144

in parallel to the suspension stiffness and damping, and can be designed to145

modify the resonance frequency and damping of the transducer. As a neg-146

ative impedance requires power to reverse the current flow, it is an active147

component, and therefore can result in instabilities, which will need to be148

considered in the design of the proposed shunted EDMM.149

Figure 2: Left: Electro-mechanical diagram of an transducer with voice coil impedance

of Re + jωLe and series resistor-inductor (RL) shunt impedance of Rs + jωLs. Right -

mechanical-only equivalent of the shunted transducer.

With a large number of transducers, accurate measurement of the re-150

sponse of each individual device is unlikely to be practical, and in-fact the151

response may change over time due to suspension run-in/creep, temperature,152

or degradation, for example. The selection of shunt components to tune the153

response is highly reliant on the accuracy of the modelled transducer re-154

sponse, and producing transducers with high manufacturing tolerances to155
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minimise this variation is very costly. However, by taking into account the156

transducer uncertainties in the shunt design process, the costs of the proposed157

EDMM can be minimised by enabling the use of mass-produced transducers,158

with relatively poor tolerances. Although uncertainty in the shunt circuit159

itself may well be present, it is considered that high quality components160

have a much smaller tolerance relative to the transducers that will be con-161

sidered, and are still relatively low cost. Therefore, this study does not take162

uncertainty in the shunt circuit into account.163

The Tectonic Audio Labs TEAX09C005-8 miniature inertial actuator [17]164

(shown in Figure 3) is selected to be used in this study. Since this is a165

low-cost, off-the-shelf device, it is well suited for implementation in the large166

numbers required for the proposed design, shown in Figure 1. It also presents167

a practical level of variability that might be expected of a device that is pro-168

duced in high volumes, and therefore facilitates a realistic investigation into169

the effects of uncertainties. In the following sections, the effect of different170

positive and negative shunt impedances on this transducer will be investi-171

gated, and the system stability will be analysed.172

Figure 3: Tectonic Audio Labs TEAX09C005-8.
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2.1. The effect of shunt impedance on an electrodynamic transducer173

The effect of a shunt impedance on the response of an electrodynamic174

transducer can be evaluated by modelling the inertial transducer as a SDOF175

mass-spring-damper, with the addition of an electromechanical transduction176

mechanism between the mass and the base, in parallel with the suspension.177

In an open circuit with the voice coil un-terminated, the effect of the magnet178

and coil can be disregarded, however, with the voice coil shorted or shunted,179

the back electromotive force (EMF) transduced when there is a net velocity180

difference between the base and the mass, presents an additional impedance181

to motion. The effective mechanical impedance of the electrical part, Zme, is182

related to the total electrical impedance of the closed loop, Zes, by [13]183

Zme = jω
(Bl)2

Zes

, (1)

whereBl is the transduction coefficient, or ‘force factor’ equal to the magnetic184

flux density, B, multiplied by the length of the coil, l. A resistor-inductor185

(RL) shunt circuit has been demonstrated in [14] to effectively tune the res-186

onance frequency of an electrodynamic transducer, and therefore, the same187

approach is used in this study. The shunted transducer is therefore approxi-188

mated by the SDOF model already set out in Figure 2.189

The study presented in [14] uses large, proof-mass transducers with a190

natural frequency at the lowest bound of the tuning range, and therefore191

only considers the case where the resonance frequency of the transducer is192

increased by the shunt, which does not require the system to have an overall193

negative impedance, and therefore avoids the risk of instability. However, the194

proposed EDMM requires resonators with a small mass, and from a practi-195

cal standpoint, small form-factor and low-cost. Transducers meeting these196

9



requirements with a low resonance frequency are not readily available, and197

so it is proposed here that if the resonance frequency of the transducer can198

also be decreased using negative inductances, this would allow the use of199

more readily available, lower-mass devices with higher natural frequencies.200

A total loop impedance with a resistive and inductive component presents201

a complex mechanical equivalent, and the equation of motion of the system202

becomes fourth-order. This means that the required values of Rs and Ls can-203

not be calculated straightforwardly from the desired resonance frequency and204

damping ratio. In the study presented in [14], although the effect of varying205

the shunt resistance and inductance is considered, for the time-varying sweep206

in order to easily tune the resonance frequency a fixed resistance is used to207

completely cancel the coil resistance and the inductance only is used to sweep208

the resonance frequency and damping ratio across a range. By cancelling209

the resistance of the circuit completely using a negative resistance equal to210

the coil resistance, the shunt presents an effective stiffness determined by211

the inductive components only, which is then proportional to the square of212

the resonance frequency, and the device can be easily tuned to a specified213

frequency. However, in the presence of transducer uncertainty, perfect can-214

cellation of the coil resistance is not guaranteed, and the circuit resistance215

can be utilised to modify the damping of the transducer as well. Therefore, it216

is beneficial to consider both shunt component values in the tuning process.217

To demonstrate this, Figure 4 shows how the impedance of the transducer218

base to displacement varies when the transducer is shunted with different219

resistance and inductance values. For reference, the solid line in 4 shows the220

open-circuit impedance of the transducer. If the total electrical impedance is221
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set equal to either a negative ( ) or positive ( � ) inductance only, the222

resonance frequency is shown to decrease or increase respectively, but with223

no visible change in the damping. However, if the total electrical impedance224

also has a negative resistance component in each case ( and · · · · · · ), it225

can be seen how the damping of the transducer is reduced, but the frequency226

tuning effect of the inductor is also reduced. Therefore, any design procedure227

must consider both parameters simultaneously to ensure that both the tun-228

ing frequency and damping are as specified. It also leads us to a hypothesis229

that uncertainty in the resistance of the coil, Re, is likely to result in both a230

change in damping and a shift in tuning frequency, which could significantly231

impact the efficacy of the EDMM, and needs further investigation.232

Figure 4: Impedance to displacement of transducer base, Zr, when: open-circuit;

Re +Rs = 0, Le +Ls = −1 mH; Re +Rs = −0.7 Ω, Le +Ls = −1 mH; �

Re +Rs = 0, Le + Ls =1 mH; · · · · · · Re +Rs = −0.7 Ω, Le + Ls =1 mH.
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2.2. Instability233

As demonstrated above, in order to tune the resonance of the shunted234

transducer down in frequency, the total circuit inductance must be negative.235

A shunted transducer with a total circuit impedance with positive real and236

negative parts is inherently stable, however, with a total circuit impedance237

that has negative real or imaginary parts the shunt could introduce insta-238

bility if not properly designed. This is because a complex impedance with239

negative real or imaginary components requires energy input to the system to240

reverse the direction of current flow and, therefore, is an active component.241

The stability of the system can be evaluated by considering the poles of the242

shunted transducer’s response. The Laplace domain transfer function, H(s),243

of the SDOF shunted transducer model shown in Figure 2, with a harmonic244

force acting on the mass, can be expressed as245

H(s) =
1

mrs2 + brs+ kr + s(Bl)2

(Re+Rs)+s(Le+Ls)

, (2)

where s is the complex frequency. This system will be unstable when any246

of the system poles have a positive real part. It can be demonstrated by247

equating the denominator of equation 2 to zero and rearranging, that if the248

total circuit resistance, Rtotal, where Rtotal = Re + Rs, has a different sign249

to the total circuit inductance, Ltotal, where Ltotal = Le +Ls, then there will250

always be a positive real root and the system will be unstable. Conversely, it251

is important to note that the system is always stable when Rtotal and Ltotal are252

both positive. However, when Rtotal and Ltotal are both negative, a complex253

problem is formed and the stability of the system is dependent on the system254

parameters and can only be determined by calculating the system poles.255
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Based on this analysis of the system poles, instabilities can be avoided256

during the design process. However, if this is carried out based on purely257

nominal transducer parameter values, then the system may become unstable258

in the presence of uncertainty. Therefore, in order to design a system that259

is robustly stable, uncertainties must be taken into account when designing260

the shunt circuit if Rtotal and Ltotal are negative.261

3. Characterisation of the variation in miniature electrodynamic262

transducers263

As stated in the introduction, this study examines a novel design process,264

where realistic uncertainties in the transducers are considered directly during265

the optimisation procedure, with the aim of achieving a level of robustness266

to these uncertainties. Therefore, a knowledge of the realistic uncertainties267

present in these transducers, and their effect on the shunted response and the268

robustness, is first required. Tolerances are given for the parameters in the269

manufacturer’s data sheet [17], however, the distribution of values within270

these tolerances is not provided. In order to include a realistic represen-271

tation of the variation in the transducers used, the parametric variation is272

characterised experimentally. In this section, the procedure and results of273

the experimental characterisation are set out, before the effect of the shunt274

impedance on the mechanical response of an electrodynamic inertial trans-275

ducer is described.276

A total of 59 transducers were obtained and their dynamic and electrical277

responses were measured in order to estimate the variation in their effective278

parameters. The parameters identified, which are required for the analytical279
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representation set out in Figure 2, are: resonance frequency, fr; moving mass,280

mr; suspension stiffness, kr; damping ratio, ζ (the damping coefficient br can281

be calculated from this as br = 2ζ
√
krmr); transduction coefficient, Bl; coil282

resistance, Re; and coil inductance, Le. The methods for measuring and283

calculating each of the parameters are set out in the Appendix Appendix A.284

The results of the experimental characterisation of the transducer param-285

eters are summarised in Figure 5, which shows plots of the distributions of286

each of the identified parameters. From these results it can be seen that287

each of the parameters can be approximated by a normal distribution curve.288

It should be noted that the distribution of the identified stiffness, kr, is not289

shown in Figure 5 because it is simply related to the mass, mr, and resonance290

frequency, fr. In the following section, the effect of these measured variations291

in the transducer parameters on their shunted response will be presented.292

3.1. The effect of the characterised transducer uncertainty on the tuned trans-293

ducer response294

In order to investigate the effect of the characterised transducer varia-295

tions on their shunted responses, the free-vibration response of the shunted296

transducer shown in Figure 2 can be expressed as297

mrẅr(t) = krwr(t) +

(
br +

(Bl)2

(Re +Rs + jω(Le + Ls)

)
ẇr(t), (3)

where wr(t) is the displacement of the transducer mass. An initial investiga-298

tion into the effect of the transducer parameter variations highlighted that299

the shunted transducer response was most sensitive to variations in the DC300

resistance of the coil, Re, and the transduction coefficient, Bl, and therefore,301
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(a) (b) (c)

(d) (e) (f)

Figure 5: Histograms with approximated normal distribution curve for the identified trans-

ducer properties: (a) fr, (b) mr, (c) ζ, (d) Re, (e) Le, (f) Bl.

for conciseness, the following results focus on these two parameters. Figures302

6 and 7 show the effect of variation in Re and Bl respectively, for two differ-303

ent shunted resonance frequencies, 175 Hz in plot (a) and 150 Hz in plot (b)304

in both figures. In each case, variations of ±1 and ±2 standard deviations of305

the measured distributions, σ, are shown and the results focus on the effect306

of tuning the resonance frequency down from the open circuit resonance of307

187 Hz since the effect is simply mirrored for an increase in the resonance308

frequency. In Figures 6.a and 7.a, where the resonance frequency has only309

been tuned down by around 6.5%, it can be seen that for all variations shown310

there is little to no change in the response. However, when the transducer311

is tuned down by approximately 20%, to 150 Hz, the variations in the re-312
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sponse are much greater. For uncertainty in the coil resistance, Re, Figure 6.b313

shows a small change in the frequency of the peak, and a significant change314

in the damping. Similarly, for uncertainty in the transduction coefficient, Bl,315

Figure 7.b shows increased damping and a shift in the resonance frequency,316

which is correlated to the magnitude of the change in Bl. From these results,317

it can be concluded that the effect of the transducer parameter variation is318

greater the further the shunted resonance is from the open-circuit resonance319

frequency.320

The results presented in Figures 6-7 suggest that uncertainty in Re and Bl321

will limit the accuracy of the tuned response. To improve the accuracy of the322

tuned response, it would be necessary to reduce the acceptable manufacturing323

tolerances on the resistance of the coil or transduction coefficient. In terms324

of the voice coil resistnace, Re, however, the measured variation was within325

approximately ±5% of the mean, which is in line with what is expected for326

machine wound voice coils [19] and, therefore, reducing the variation is likely327

to significantly increase production costs.328

Considering the variation in the transduction coefficient, Bl, it is clear329

from the measurement results presented in Figure 5.f and the resulting vari-330

ation in the shunted resonator impedances presented in Figure 7, that the331

wide range of variation in Bl (≈ ±40%) results in significant variation in332

the tuned response. The large range of variation in Bl could be due to333

the fact that several measurements are required to estimate this parameter,334

which may multiply the effect of any inaccuracies due to noise or imper-335

fect measurement conditions (for example, out-of-plane motion). It could336

also be a result of the low-cost manufacturing used for the considered trans-337
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ducers, which could result in inconsistencies in the relative position of the338

magnet with respect to the coil. In motion, the position of the coil within339

the magnetic field also changes, which means that Bl is actually dependent340

on displacement. This dependency and its effect on the shunt impedance are341

not the focus of this work and instead a tuning method will be developed to342

provide robustness to the uncertainty in Bl, and this is described in Section343

5.344

4. Dynamics of a Vibrating Structure with an attached EDMM345

In order to investigate the performance of the EDMM proposed in Sec-346

tion 2 for the control of structural vibration, this section will introduce a347

model of a structure. For the specific example considered here of a unit cell348

of 12 resonators, as shown in Figure 1, we aim to control 3 adjacent modes349

of an attached structure, and, therefore, define a 3DOF system. The concept350

and design process, however, can be straightforwardly extended to higher351

order systems. The 3DOF structure consists of three equally distributed352

masses suspended in series between fixed boundaries by four equal trans-353

lational spring elements with a structural (hysteretic) loss factor, as shown354

in Figure 8. A unit cell of the EDMM is attached to each mass element,355

oriented such that the masses of the EDMM move along the same axis as356

the masses of the structure, as also shown in Figure 8. In this section, the357

analytical model used to simulate the dynamics of the system, and to eval-358

uate the EDMM optimisation procedure, is first set out. The response of359

the structure without the EDMM is then evaluated, and the introduction of360

structural uncertainties is explained and defined.361
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4.1. Formulation362

The response of the 3DOF structure, shown in Figure 8, without the363

EDMM attached can be expressed as364

F(t) = (1 + jη)Kw(t) + Mẅ(t), (4)

where η is the hysteretic damping loss factor,365

F(t) =


0

0

F (t)

 ,K =


2k −k 0

−k 2k −k

0 −k 2k

 ,M =


m 0 0

0 m 0

0 0 m

 ,

and w(t) =


w1(t)

w2(t)

w3(t)

 .
wn(t) is the displacement of the n-th mass. The action of the EDMM can366

then be expressed as an additional opposing force vector, Fr(t), where367

FR(t) =


FR, 1(t)

FR, 2(t)

FR, 3(t)

 = ZRw(t).

FR, n(t) is the total force due to the n-th EDMM acting on the n-th mass368

respectively, and ZR is the total impedance of the base of the EDMM to369

a displacement. The equation of motion for the structure with the EDMM370

attached can therefore be expressed as371
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F(t)− FR(t) = (1 + jη)Kw(t) + Mẅ(t). (5)

As the EDMM unit cell consists of 12 shunted transducers with the same372

base reference, the EDMM force acting on the n-th mass, FR, n(t), due to373

wn(t), can be expressed as the sum of the forces and impedances due to each374

individual transducer, Fr(t) and zr(t) respectively, as375

FR, n(t) = ZRwn(t) =
12∑
r=1

Fr, n(t) =
12∑
r=1

Zrwn(t). (6)

If it is assumed that the individual shunted transducers that form the EDMM376

can be approximated by the model shown in Figure 2, then Fr, n(t) can be377

expressed as378

Fr, n(t) = kr

(
wn(t)− wr(t)

)
+

(
br +

(Bl)2

Zes

)(
ẇn(t)− ẇr(t)

)
= Zrwn(t),

(7)

where wr(t) is the displacement of the transducer mass, and Zes is the total379

electrical impedance of the shunted voice coil (Zes = (Re+Rs)+jω(Le+Ls)).380

The response of the system at each frequency can be evaluated by assuming381

a linear system undergoing time-harmonic motion, where Fr, n(t), wn(t) and382

wr(t) are equal to F̃r, ne
jωt, Wne

jωt and Wre
jωt respectively, where F̃r, n, Wn383

and Wr are complex amplitudes, then equation 7 can be expressed as384

F̃r, n =

(
kr + jωbr + jω

(Bl)2

Zes

)
(Wn −Wr) = ZrWn. (8)

Wr can be evaluated by considering the equation of motion of the transducer385

in Figure 2, which when subject to base excitation in the form of wn(t) can386

be expressed as387
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mrẅr(t) = kr

(
wn(t)− wr(t)

)
+

(
br +

(Bl)2

Zes

)(
ẇn(t)− ẇr(t)

)
, (9)

which, when wn(t) = Wne
jωt and wr(t) = Wre

jωt, becomes388

−ω2mrWr =

(
kr + jωbr +

(Bl)2

Zes

)
(Wn −Wr). (10)

Equation 10 can be rearranged to give an expression for Wr in terms of389

the transducer dynamics and the base displacement as390

Wr =
kr + jωbr + jω (Bl)2

Zes

kr + jωbr + jω (Bl)2

Zes
− ω2mr

Wn. (11)

Substituting equation 11 into equation 8 gives391

F̃r, n = Zsr

(
1− Zsr

Zsr + ω2mr

)
Wn, (12)

where392

Zsr = kr + jωbr + jω
(Bl)2

Zes

, (13)

and this therefore leads to an expression for Zr as393

Zr = Zsr

(
1− Zsr

Zsr + ω2mr

)
. (14)

Combining Equations 5, 6 and 14 gives394

F(t) =

(
(1 + jη)K +

12∑
r=1

ZrI

)
w(t) + Mẅ(t), (15)
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where I is a 3 × 3 identity matrix. Assuming the driving force is harmonic395

(F(t) = F̃ejωt) then the vector of structural velocity amplitudes at frequency396

ω can be expressed as397

Ẇ (ω) =

(
1

jω

(
(1 + jη)K +

12∑
r=1

Zr(ω)I
)

+ jωM

)−1
F̃(ω) (16)

The total kinetic energy of the structure, Ek(ω) can then be calculated by398

Ek(ω) =
1

2
ωẆ

H
(ω)MẆ (ω), (17)

where superscript H indicates the Hermitian transpose. The total attenua-399

tion in structural kinetic energy over frequency achieved by the EDMM can400

therefore be expressed, in decibels, as401

Ek, atten = 10 log10

(
ω∑ Ẇ

H
(ω)Ẇ (ω)

Ẇ 0
H(ω)Ẇ 0(ω)

)
, (18)

where Ẇ 0 is the vector of structural velocities without the EDMM attached,402

where
∑12

r=1 Zr(ω) = 0.403

4.2. Defining the structure and its uncertainties404

As discussed in Section 3.1, the effect of the uncertainties in the electrical405

characteristics of the transducer is greater the larger the difference between406

the shunted resonance frequency and the open-circuit resonance frequency.407

Therefore, in practice, the transducer should be selected to suit the scale408

and the frequency response of the structure. For example, a heavy structure409

with problematic low frequency resonances will require transducers capable410

of a greater force and with a lower resonance frequency than a lightweight411

structure with higher frequency resonances. Therefore, in order to evaluate412
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the performance of the proposed EDMM using the transducers considered in413

Section 3, the 3DOF structure to be controlled is designed so that its struc-414

tural modes are set within a bandwidth covering the open-circuit resonance415

of the transducer. Based on the robustness to variation in Re alone, this416

bandwidth is set so that the structural modes fall within ±20% of the nom-417

inal shunted resonance, which corresponds to a bandwidth of 100 – 460 Hz.418

The mass of the 3DOF structure is set so that the added mass due to all419

three EDMM unit cells equates to approximately 10% of the total structural420

mass and a 1% structural damping ratio, corresponding to η = 0.02, is used.421

In addition to variations in the transducer parameters, it is practically rel-422

evant to consider the effect of potential variations in the structure itself. The423

manifestation of uncertainties in a practical structure would be dependent424

on the size, construction methods, manufacturing tolerances, use, amongst425

many other variables. Therefore, it is not straightforward to define uncer-426

tainties for a general case study. However, in a structure such as a beam or427

a plate, the dimensions of the structure affect both its mass and stiffness.428

To this end, a normalised ‘effective thickness’, heff , is introduced, which is429

equal to 1 in the nominal case. A ±10% bounded, uniformly-distributed430

uncertainty in the normalised effective thickness, heff , is considered. This is431

not representative of any uncertain structure in particular, but it is a generic432

parametric uncertainty that will be representative of the effect of realistic433

uncertainty, in that the total mass of the structure and the natural frequen-434

cies will be modified. The mass of a simple beam or plate is proportional435

to its thickness, and the one-dimensional flexural stiffness is proportional to436

the thickness cubed. Therefore, the mass of each element is multiplied by437
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heff and the translational stiffnesses are multiplied h3eff in order to achieve438

each uncertain case. Figure 9 shows the total kinetic energy of the nominal439

structure, Ek, in black, and the variation in the kinetic energy due to the440

defined structural uncertainty in grey. It can be seen from these results how441

the resonance frequencies shift in the presence of structural uncertainties.442

5. Optimisation of the Robust EDMM Performance443

Optimising the shunt impedance of multiple shunted transducers in or-444

der to achieve a high level of performance in the presence of parametric445

uncertainty in both the structure to be treated and the transducers them-446

selves presents a highly complex, multi-variable design problem. A manual or447

iterative approach to the design would be time-consuming and labour inten-448

sive. Instead, metaheuristic optimisation algorithms, such as evolutionary or449

swarm algorithms, could be used to optimise the various design parameters450

[20]. Metaheuristics combine a low-level problem, i.e. changing a parame-451

ter to find the minimum of a solution, with higher-level functions, such as452

combining multiple sets of variables or stochastic variation. These meth-453

ods have the benefit of requiring very little initial information and can find454

high-achieving solutions to a complex multi-dimensional in a fraction of the455

time compared to an exhaustive search. Metaheuristics have been used in456

the topological design of single resonator metamaterials [21, 22, 23], but this457

is computationally demanding, requiring complex finite element models to458

be run for each iteration, and this complexity would be further increased in459

the case of a multi-resonator unit cell. However, in the case of the EDMM460

considered here, the shunted resonator design can be modelled analytically461
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to a reasonable degree of accuracy and thus a metaheuristic approach is well462

suited to directly optimise the shunt parameters to maximise performance.463

This section sets out the optimisation procedure utilised here and the464

results of the optimisation study. Firstly, the optimisation problem is de-465

scribed, along with a justification for the chosen optimisation algorithm. The466

successive subsections then go on to describe the implementation of the algo-467

rithm, set out the optimisation procedure and configuration in more detail,468

and then present the results for discussion.469

The EDMM needs to be tuned as a whole, with a single total impedance470

frequency response function. This is achieved by setting the shunt circuit pa-471

rameters for each of the 12 transducers in the unit cell, which corresponds to472

a total of 24 variables corresponding to the resistance, Rs, and inductance,473

Ls, of the shunt impedance for each transducer. Designing this response474

for robust performance adds a further level of complexity to the optimisa-475

tion problem, since the performance must be considered under a range of476

conditions. This problem is well suited to a metaheuristic approach, as no477

prior knowledge of how to set the variables is required, and the combina-478

tion of stochastic processes and intelligent search mechanisms can produce479

high-performing results in a fraction of the time of an exhaustive search480

[20]. In this study a particle swarm optimisation (PSO) is used to find high-481

performing configurations. This has been shown in similar studies by the482

authors to perform well, both in terms of the output, but also in terms of the483

computation time [24]. The PSO is often also favoured for its relative sim-484

plicity when compared to other optimisation approaches such as the genetic485

algorithm [25].486
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5.1. Constrained Particle Swarm Optimisation (PSO)487

The PSO is implemented using a constrained particle swarm implementa-488

tion in MATLAB [26], which uses an algorithm based on the original Kennedy489

and Eberhart design [27] and constraints are added using a penalty function490

[28]. A population of N particles is optimised, and on each iteration, the491

particle ‘positions’ are updated based on the current velocity vectors. The492

fitness values are then calculated for each of the new positions, and two types493

of constraint, bounds and non-linear inequality constraints, are imposed us-494

ing a penalty function. The penalised fitness vector for the n-th individual495

in the current population, Jpen, n, can be expressed as496

Jpen, n = Jn +
∑(

J̄gT
ngn

N∑
ḡ2
n

)
+ Jworst, feasible, (19)

where Jn is the unpenalised fitness value, J̄ is the mean of the unpenalised497

fitness values of the new population, gn is the vector of constraint values498

that have not been met for the n-th individual, ḡn is the mean value of499

the vector gn, and Jworst, feasible is the worst fitness value from all feasible500

members (those which meet all constraints) of the new population. This501

final term ensures that feasible positions will always have a smaller fitness502

value than unfeasible positions. Following this, the velocity of each particle503

is updated based on a weighted combination of the particle’s current velocity,504

and the distances to the best scoring position within a randomly selected sub-505

population, and the best historical position of the particle. Further details506

on the constrained PSO can be found at [26].507
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5.2. Optimisation Procedure508

The aim of the optimisation is to minimise the output of a fitness function.509

For this study, the aim is to maximise the broadband attenuation in the510

structural response provided by the EDMM to an unknown disturbance, and511

therefore the fitness function, J , is defined as the inverse of the mean total512

attenuation in kinetic energy, Ek, atten, calculated using Equation 18 over M513

uncertain structure-transducer models. This can be expressed as514

J = −Ek, atten = − 1

M

M∑
m=1

Ek, atten, m, (20)

where Ek, atten, m is the total attenuation in kinetic energy of the m-th uncer-515

tain structure-transducer models, calculated using the formulation set out in516

Section 3; by minimising the inverse of Ek, atten, the mean total attenuation517

is maximised. Although this approach only considers the frequency domain518

response, because the system is linear, the frequency domain response is rep-519

resentative of the dynamic response to any disturbance in the time domain.520

The EDMM is first optimised for the nominal responses only to give a521

benchmark against which to compare the robust performance of the robustly522

optimised EDMMs. Three strategies for robustly optimising the EDMMs are523

considered as follows: optimisation with uncertainties in the structure alone;524

optimisation with uncertainties in the transducers alone; and optimisation525

considering uncertainties in both the structure and the transducers. The526

robust performance of each optimised configuration is then evaluated for the527

case where there are uncertainties in both the structure and the transducers,528

giving insight into the importance of considering each type of uncertainty.529

For the robust optimisations, a total of 120 cases are considered. These530
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120 cases comprise of the nominal case with no uncertainty in the structure531

or transducers, plus 119 additional cases with uncertainties introduced. For532

the optimisation where only uncertainties in the structure are considered, the533

transducer parameters in each case are set to their nominal values, and for534

the optimisation where only uncertainties in the transducers are considered,535

the structure in each case is specified according to the nominal parameters.536

The structural uncertainties are defined by equidistant points along the de-537

fined normalised effective thickness distribution, as described in Section 4.2.538

The parameters of each individual transducer in the uncertain cases are se-539

lected at random from the distributions set out in Section 4, and bounded540

to ±2σ as the distribution alone can produce values outside of the measured541

range. This randomised uncertainty is reproduced and therefore consistent542

on every run of the optimisation, this ensures that any differences between543

configurations cannot be attributed to differences in the allocation of the544

starting population.545

The shunt impedance corresponding to each shunted transducer is opti-546

mised consecutively, and additively. This approach achieved a marginally547

better result than optimising all transducers simultaneously, without a sig-548

nificant increase in computation time as the number of generations required549

to find a solution significantly decreases.550

The optimisation constraints are set at follows. Firstly, it should be pos-551

sible for the transducers to be tuned anywhere within the 100-460 Hz range552

that contains the dominant features of the considered structural response, as553

shown in Figure 9, and the shunted transducers should allow a range of damp-554

ing values. In order to achieve this, the shunt resistance, Rs, and inductance,555

27



Ls, values are bounded within −12 ≤ Rs ≤ −4 Ω and −10 ≤ Ls ≤ 10 mH556

respectively. Secondly, the total resistance and total inductance must also be557

constrained to ensure stability, as discussed in Section 2.2. Specifically, the558

system will always be unstable if the total resistance and total inductance559

have opposite signs, and, therefore, a constraint is imposed that requires the560

negative ratio of the shunt resistance to the shunt inductance, −Rs/Ls, to be561

less than zero. Instability may also occur when the total resistance and total562

inductance are both negative, but in this case stability must be ensured by563

constraining the real parts of the poles in the transfer function of the shunted564

transducer to be less than zero for all transducer uncertainties.565

In addition to the fitness function and constraints, there are a number of566

other PSO algorithm settings, which can be used to modify the behaviour567

of the optimisation. Firstly, in this study, the velocity update function is568

weighted towards the local and historical best positions over the current569

position by a factor of two. This promotes exploration by enabling faster570

movement across the solution space even in the presence of similar fitness.571

The initial inertias are also configured with a large upper limit to enhance572

exploration early on in the optimisation run. A swarm size of 300 is used, and573

the optimisation runs until the best fitness does not improve by more than574

0.01 dB over the previous 30 iterations, thus ensuring that the optimisation575

reaches a good solution. Initial investigations were used to confirm that576

the algorithm generates consistent final fitness values when it was run from577

different sets of start points, so that a single set of start points could be578

used to evaluate the performance of the different approaches. This initial579

investigation confirmed that the fitness value achieved from different starting580
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points were within 0.1 dB of each other.581

5.3. Optimisation Results and Discussion582

In the preceeding sections, an optimisation procedure has been set out for583

the design of an EDMM that is robust to parametric uncertainties. This sec-584

tion presents and analyses the results of this approach, and compares them585

to the results for the EDMM optimised for nominal performance alone, the586

EDMM left open-circuit, and the case when an inert mass of equal magnitude587

to the EDMM is added to the structure. The mean attenuation over the 120588

uncertain structure-transducer cases, Ek, atten, for each approach is presented589

in Figure 10, along with the standard deviation in the case-by-case perfor-590

mance, σ(Ek, atten). It can be seen from these results that the configurations591

optimised for all uncertainties and for transducer uncertainties only achieve592

the greatest Ek, atten, and also show the least variation between cases, as593

dictated by the low σ(Ek, atten); the only exception to this observation being594

the low standard deviation achieved with the added mass configuration, but595

the level of attenuation in this case is very limited. The configurations op-596

timised for nominal performance and structural uncertainties alone achieve597

poor robustness when both structural and transducer uncertainties are in-598

cluded, and perform notably worse in comparison to the open-circuit EDMM599

in both Ek, atten and σ(Ek, atten).600

To provide more insight into the performance achieved by the differ-601

ent conditions presented in Figure 10, Figure 11 shows the performance602

of each optimisation procedure over all 120 uncertain structure-transducer603

cases ( ), sorted by the normalised effective thickness parameter used to604

characterise the structural uncertainty: Figure 11.a shows the performance605
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of the configuration optimised for nominal performance; Figure 11.b shows606

the performance of the configuration optimised for robustness to structural607

uncertainties; Figure 11.c shows the performance of the configuration opti-608

mised for robustness to transducer uncertainties; Figure 11.d shows the per-609

formance of the configuration optimised for robustness to all uncertainties.610

Each case is also compared to the performance of the EDMM when it is left611

un-shunted, in the open-circuit state (dashed), and when the EDMM is re-612

placed with an equivalent additional mass only (dotted). The data presented613

in Figure 11 also shows any individual cases where one or more instabilities614

are present in the EDMM - these cases are highlighted with a red dot. It can615

be seen from the results presented in Figures 11.a and 11.b respectively, that616

optimising the design for either the nominal response or when only consid-617

ering the structural uncertainties, fails to achieve robustness in the presence618

of uncertainties in the transducers, with significant enhancements in kinetic619

energy (Ek, atten < 0), accounting for the low σ(Ek, atten) seen in Figure 10.620

Additionally, for these two configurations, there are also instabilities in all621

cases other than the nominal system, which means that there is a danger622

of not only amplifying the structural response, but of damaging the trans-623

ducers or the circuitry. In comparison, the results presented in 11.c for the624

configuration optimised considering only the transducer uncertainty demon-625

strate robustness to structural uncertainty, and instabilities are completely626

avoided. Finally, when all uncertainties are taken into account during the627

optimisation, as shown by the results presented in 11.d, the robust perfor-628

mance is almost identical to the optimisation only considering transducer629

uncertainty. These results suggest that the robustness is dominated by the630
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uncertainty in the transducers, and that structural uncertainty could be ne-631

glected in this case. To further investigate why this apparent difference in632

sensitivities is present, the impedance of the optimised EDMM as presented633

to the structure, ZR, is examined.634

Figure 12 shows ZR over frequency for the nominal transducer (black-635

solid) and the transducers with uncertainty (dashed, grey if stable, red if636

unstable) when optimised for (a) structural uncertainty only, (b) transducer637

uncertainty only, and (c) both structural and transducer uncertainties. As638

expected, it can be seen that there is significantly more variation in ZR due639

to transducer uncertainty when this is not considered directly in the optimi-640

sation. For the optimisation configurations that consider either transducer641

uncertainty alone or both structural and transducer uncertainties have re-642

sulted in very similar results, with no visible resonance other than a small643

hump around the open-circuit resonance. This suggests that rather than644

significantly shifting the resonance frequency, the shunts have been used to645

obtain damped responses from the 12 unit cell transducers. The resulting646

highly damped response explains why the structural uncertainties have very647

little effect on the robustness of these two optimised configurations, as the648

performance of the EDMM is almost independent of frequency, with only a649

slight tail-off at lower frequencies. It is worth noting that if these instabili-650

ties result in permanent transducer failure, then they are not viable solutions,651

and therefore for an optimisation approach to be viable the transducer un-652

certainties must be taken into account.653
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6. Conclusions654

In this work, a shunted electrodynamic metamaterial (EDMM) vibration655

absorber has been proposed, with a unit cell consisting of an array of 12656

shunted inertial electrodynamic transducers. In order to assess the practi-657

cability of the proposed system, the variations in a low-cost, commercially658

available inertial transducer were characterised experimentally, and this in-659

formation was used to evaluate the robustness of the shunting to these uncer-660

tainties both in terms of the resulting change in the frequency response and661

also in terms of stability. An analysis of the response of the shunted inertial662

transducers has shown that it becomes unstable under certain conditions and663

that this must therefore be considered in the design approach, particularly in664

the presence of transducer uncertainties. Finally, a method of optimising the665

tuning of the EDMM for robustness to uncertainties in both the structure to666

be controlled, and the transducers has been proposed. The resulting perfor-667

mance of the optimised EDMM under different conditions has demonstrated668

that it is essential to include the transducer uncertainties in the optimisation669

procedure, because otherwise the system becomes unstable when practical670

transducer uncertainties occur. However, the structural uncertainties consid-671

ered in this study can be neglected during the optimisation, since optimising672

for robust performance based on transducer uncertainties alone ensures ro-673

bustness to the considered structural uncertainties because of the resulting674

highly damped EDMM. The EDMM optimised taking into account uncer-675

tainties was shown to achieve a higher level of robust performance compared676

to an EDMM optimised without any uncertainties considered, and compared677

to the open-circuit EDMM.678
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Appendix A. Methods for the experimental characterisation of686

the inertial transducers687

In order to characterise the inertial transducers used, two experiments688

were carried out:689

Experiment 1 - In order to measure the response to dynamic excitation,690

the transducers are clamped in turn to the platform of a large shaker, as691

shown in Figure A.13.(a, c, d). The shaker is driven with white noise and the692

acceleration of the base platform, ẅ0(t), is measured with an accelerometer.693

Simultaneously, a laser vibrometer is used to measure the velocity of the694

magnet mass of the transducer, ẇr(t).695

Experiment 2 - A second experimental configuration is used to mea-696

sure the response of the transducers to electrical excitation. The individual697

transducers are each connected in series with a resistance, R, of 10 Ω, as698

shown in Figure A.13.(b), and the circuit is driven with white noise. The699

total voltage across the circuit, vtotal(t), and the voltage across the resistor,700

vR(t), are both measured.701
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Appendix A.1. Estimation of the moving mass and dynamic stiffness702

The response of the shaker and transducer are captured without modifica-703

tion, and also with a 200 µg mass added to the top of the transducer magnet704

to introduce a shift in the resonance frequency. The peak in the frequency705

domain transfer response magnitude between the base acceleration and mass706

velocity is taken as the resonance frequency in each case and the change in707

resonance frequency due to the additional mass can be used to calculate the708

mass and stiffness of the transducers as follows.709

The open-circuit resonance frequency in Hertz, fr, of an ideal SDOF710

inertial transducer can be approximated as711

fr =
1

2π

√
kr
mr

, (A.1)

where kr is the stiffness of the suspension and mr is the moving mass. In-712

creasing the moving mass with the addition of mload, therefore lowers the713

resonance frequency to a new value, fm, and equation A.1 becomes714

fm =
1

2π

√
kr

mr +mload

. (A.2)

These simultaneous equations can be solved for kr and mr.715

Appendix A.2. Estimation of the damping coefficient716

The damping ratio ζr can be estimated using the half-power method [29],717

defined as718

ζr =
ω2 − ω1

2ωr

=
f2 − f1

2fr
, (A.3)
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where f1 and f2 refer to the frequencies above and below resonance respec-719

tively, where the power is half of that at resonance.720

Appendix A.3. Estimation of the electrical impedance of the coil721

With the mass of the transducers prevented from moving, assuming that722

the measured voltages as shown in Figure A.13.b are harmonic, so that723

vtotal(t) = Vtotale
jωt and vR(t) = VRe

jωt, then the blocked electrical impedance,724

Zeb(jω), can be calculated as725

Zeb(jω) = R

(
Vtotal
VR
− 1

)
. (A.4)

It is assumed that the coil can be modelled as a resistor, Re, and inductor,726

Le, connected in series with Zeb(jω) = Re = jωLe. Thus at low frequencies,727

where Re >> ωLe, Zeb ≈ Re. At high frequencies Le can then be estimated728

for a given frequency as Le =
√
|Zeb(jω)|2−R2

e

ω2 .729

Appendix A.4. Estimation of the transduction coefficient730

The transduction coefficient, or force factor, Bl, can be estimated using731

the procedure described in [30], where assuming the effect of eddy currents732

is negligible, it can be expressed as733

Bl =
(
R
{
Ze(jωr)

}
−Re

) I(jωr)

Ẇr(jωr)
(A.5)

where Ze(jωr) is the free-mass electrical impedance of the transducer, I(jωr)734

is the current through the coil and Ẇr(jωr) is the velocity amplitude of the735

moving mass, all measured at the resonance frequency ωr. In reality Bl will736

be dependent on the position of the coil within the magnetic field and the737
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presence of eddy currents, so the value calculated by this approach is only a738

linear approximation.739
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(a)

(b)

Figure 6: Impedance to displacement of the transducer base, Zr, at different tuning fre-

quencies ((a) fr = 175 Hz; (b) fr = 150 Hz) for the average value for Re as dictated

by the peak of the distribution curve, µRe, ( ), and for deviation by multiples of the

standard deviation of the measured distribution below (σ1), and above (σ2), the nominal:

µRe − 2σ1 ( ); µRe − σ1 ( ); µRe + σ2 ( � ); µRe + 2σ2 (· · · · · · ).

42



(a)

(b)

Figure 7: Impedance to displacement of the transducer base, Zr, at different tuning fre-

quencies ((a) fr = 175 Hz; (b) fr = 150 Hz) for the average value for Bl as dictated by the

peak of the distribution curve, µBl, ( ), and for deviation by multiples of the standard

deviation of the measured distribution: µBl−2σ ( ); µBl−σ ( ); µBl +σ ( � );

µBl + 2σ (· · · · · · ).
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Figure 8: A diagram of the 3DOF structure used for evaluation of the optimisation proce-

dure and EDMM response, showing the orientation and location of the EDMM, and the

excitation force.

Figure 9: Total structural kinetic energy, Ek for the nominal structure (black) and the

range of total structural kinetic energy for the uncertain structural responses (grey).
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Figure 10: Ek, atten (black) and σ(Ek atten) (grey) for each considered treatment.
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(a) (b)

(c) (d)

Figure 11: Ek, atten achieved by the EDMM for each perturbation of the uncertain

structure-EDMM model (sorted by the normalised effective thickness, ∆heff ). In each

plot the response with the EDMM as a mass only (· · · · · · ) and the open-circuit EDMM

( ) are compared with the EDMM: (a) optimised for nominal performance ( ); (b)

optimised for robustness to uncertainty in the structure ( ); (c) optimised for robust-

ness to uncertainty in the transducers ( ); (d) optimised for robustness to uncertainty

in both the structure and the transducers ( ). Individual cases where one or more

instabilities are present in the EDMM, are highlighted in red.
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(a) (b)

(c)

Figure 12: Resulting Zr for the nominal transducer (black, ) and uncertain transducers

(grey, ) when optimised for: (a) robustness with uncertainty in the structure; (b)

robustness with uncertainty in the transducers; (c) robustness with uncertainty in both

the structure and the transducers. Unstable responses are highlighted in red.
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(a) (b)

(c) (d)

Figure A.13: Experimental measurement of transducer mechanical and electrical param-

eters. (a) diagram of experiment 1 - response to dynamic excitation; (b) diagram of

experiment 2 - response to electrical excitation; (c) transducer mounted to shaker; (d)

photo of experiment 1 setup.
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