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by Stuart Christopher Benedict Abercrombie

The amperometric response of electrodes generally cannot be predicted with-
out taking into account mass transport effects. These are described by partial
differential equations that often require numerical solution. In this thesis the
adaptive finite element method is examined as a means to this end.
Adaptive finite element, while long used in engineering fields, has not
so far been significant in electrochemical simulation. Most simulations have
been effected with finite difference or non-adaptive finite element, with a
priori mesh densities. Neither of these has the advantage of error control
that the algorithm presented here has, nor do they allow the same geometric
flexibility. An efficient, and in many ways novel, implementation of adaptive
finite element is described, which allows a user-defined error bound to be met
using an optimised machine-generated mesh. Rather than utilising generic
error measures, the mesh is optimised specifically for accuracy in the current
using a new error estimation strategy. This yields a widely applicable steady
state simulation program whose flexibility is demonstrated with a variety of

realistic problems.
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Chapter 1
Mass Transport Problems

The aim of this work is to model certain electrochemical systems. In the
quantitative interpretation of experimental results it is often found that,
having formulated the equations describing the problem, one is left with a
difficult mathematical challenge. We attempt here to solve some of these
problems.

Electrochemical experiments exist in both galvanostatic and potentio-
static forms, corresponding to controlled current and potential respectively.
The ambit of this work extends to the latter only, where typically the current
is measured, for instance to determine the concentration of an electroactive
species, or a reaction rate constant. In order to relate a measured current to
a chemical quantity, mass transport effects must often be modelled, and it is
on these that this thesis focuses. More particularly, we aim to model mass
transport to the microelectrodes now ubiquitous in electrochemistry.

The factors governing mass transport rates are the mass transport mode—
diffusion, convection or migration—and the electrode geometry—microdisc,
microband, etc. The effect of each mass transport regime is discussed in
§1.1.1; it governs the equation we formulate to model the movement of
species. The electrode geometry determines the boundary conditions we
impose on the aforesaid equation. A variety of electrode geometries are cov-

ered in this work, most with diffusive mass transport only, but convection is
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also considered.

A determinant of how we approach the mass transport problem is whether
or not experimental measurements (typically of the current) are time depen-
dent in the region of interest. If so, the concentration of reactant is generally
varying, and we must solve the transient problem. In reality, of course, all
systems are transient, but frequently to within experimental accuracy the
current is unchanging, and we assume this to be owing to a time indepen-
dent concentration field. This is termed a steady state problem. We deal
with only steady state problems in this thesis, which is an unfortunate limi-
tation, but an important simplification for our work. Extension to transients
is considered in the final chapter.

A final factor that cannot be ignored is the mechanism, which may involve
heterogeneous reactions (at the electrode) and homogeneous reactions (in so-
lution). These are intimately coupled to the mass transport, and bear on the
boundary conditions and governing equation respectively. The incorporation
of arbitrary mechanisms is a difficult problem when considering more com-
plex geometries, with simulations usually only addressing a few cases. We
consider only first order reactions, and a limited subset of these in practice,

but wider applicability is one of our aims.

1.1 The Problem

Consider the elementary single electron electrode reaction (Figure 1.1 on the

following page)

O+e 2R, (1.1)

where O and R are oxidised and reduced species respectively, and kyeq and
kox their reduction and oxidation rate constants. Regardless of the nature
of O and R, Fick’s first law (see [2] and § 1.1.1 on page 4) tells us that the

Faradaic current is directly related to the gradient of the concentrations of
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(0] R
mass mass
transport transport
reaction
- —>
O+e < R
electrode

Figure 1.1: Schematic of an electrode reaction.

O and R. For instance, the cathodic current, 7., is given in a one dimensional
system extending along the positive x axis from an electrode at z = 0 by

i = AFDg 22| | (1.2)
or

z=0
with A being the electrode area, F' Faraday’s constant, Do the diffusion
coefficient of species O, and cp its concentration. This statement is a rela-
tion between concentration gradients—and hence flux—and current; it says
nothing about reaction kinetics, which we consider later.

In order to predict the current, then, we must generally be able to cal-
culate g—fl at the electrode.! The obvious means of doing this is to find the
concentration as a function of position (termed the concentration field), and
differentiate it, which is what we in principle proceed to do. Since the con-
centration field depends on mass transport, and it is this aspect that concerns
us, the next step is to consider the types of mass transport and the equations

governing them.

In this work ;9% denotes differentiation with respect to the outward normal. Here it

is equal to —%.
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1.1.1 Modes of Mass Transport

There are three types of solution mass transport, any and all of which can
appear in electrochemical systems. They are diffusion, convection and mi-

gration, and are described below.

Diffusion

Diffusion is the most commonly important mode of mass transport. It is
always present, and its effect can only be neglected when that of convection
or migration is overwhelmingly stronger. It arises from the random thermal
motion of solvent molecules, as hypothesised in the 1905 analyses of Einstein
and Smoluchowski (see, for instance, [3]). But this assumption is not neces-
sary for its mathematical analysis, and was not made by Fick in 1855 when
constructing his famous laws [4].

Fick made the experimental observation, now termed Fick’s first law,

that
Ja=—-DVc; (1.3)

or, in its more familiar one dimensional form,

Ja = “D% : (1.4)
That is, the diffusive flux density vector, jq, is negatively proportional to the
concentration gradient, the constant of proportionality being the diffusion
coefficient? D. In other words, diffusion works to smooth out concentration
gradients by equalizing concentrations; it is an entropic, time-irreversible,
effect.

2In reality D is not always a constant, and can depend on the concentration of solute

species [5]; but in many cases this is not a significant factor, and henceforth we shall

assume that it is not. We also note later that D need not be a scalar.
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Convection

Convection is the net movement of solvent and solute molecules caused by
physically imparted momentum. It comes in two forms: natural and forced.
The aim is usually to eliminate the former, as it is extremely difficult to
predict, deriving from all manner of effects within the reaction solution—
gravity, density gradients, temperature gradients, etc.

Forced convection, conversely, is by definition induced by the cell design.
Sometimes the resulting convection is deliberately chaotic and unpredictable,
as with “turbulence promoters” in industrial cells, and in such cases would
almost certainly be analytically unquantifiable. In forced convection experi-
ments, however, the velocity field is designed to be predictable, and if it can
be found as a function of spatial position then it can be incorporated into
the mass transport equations.

Ignoring fairly small effects such as density gradients, etc. caused by re-
actant mass transport or reaction, the Navier-Stokes equations (see [6] and
the final chapter of this work) governing the velocity field v are independent
of the reactant mass transport equation(s), and can therefore be solved in-
dependently. In a tiny number of cases, notably that of the Poiseuille flow
(ibid.) in a channel flow cell, the velocity field may be determined exactly an-
alytically. In others, approximations are sometimes applicable, for instance
with the wall jet cell [7-11]. In all the following work we assume that v or
an approximation thereof is known, since solving the fluid dynamics prob-
lem is generally harder than the reactant mass transport one (some of the
difficulties are mentioned in the final chapter).

Under the assumption that we know v, its incorporation into the mass
transport equation is simple. The convective flux density, j, clearly depends
on the magnitude of the components of the velocity field and the concentra-

tion of the species with the aforesaid velocity. It is then

jc =CV (15)
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or, if only the z component of v is non-zero,
Je = CUg . (16)

While a relatively small change to the mass transport equation, the convec-
tive term makes both analytical and numerical solution considerably harder,
some of the reasons for which are discussed later. This is perhaps not en-
tirely surprising, as the character of convection is entirely different from that

of diffusion—for example, it is, unlike diffusion, time-reversible.

Migration

Migration is the effect of ions, as a result of their charge, moving under the
force from the electric field created by the potential difference between the
cell’s electrodes. It is commonly eliminated in experimental electrochemistry
by the addition of a relatively large quantity of supporting electrolyte, and
so will not be considered further. It could, however, become more important
in simulations as new experiments without supporting electrolyte are per-
formed. Apart from contributing a term to the mass transport equation, it
generally requires the solution to another coupled PDE governing the electric

field.

1.1.2 Electrode Geometries

The choice of electrode geometry is in part tied to the mass transport regime,
and is also related to whether or not the experiment is transient or steady
state. Since the early 1980s microelectrodes have become important to many
experiments [12]. These are generally held to be electrodes with a character-
istic dimension of less than 50um, allowing a number of advantages.

Firstly, of course, small electrodes can be used in situations where large
ones will not fit. But other advantages include high rates of mass transport

for studying fast mechanisms, and reduced capacitative charging and ohmic
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drop (ibid.). However, while alleviating experimental problems, microelec-
trodes generally increase theoretical ones. Macroelectrode edge effects can
often be ignored, allowing symmetric reduction to one dimension (see below),
but with microelectrodes edge effects are crucial to an accurate description
of mass transport, and more dimensions must usually be incorporated into
the mass transport equation. For example, diffusive transport to planar elec-
trodes and convective-diffusive transport to rotating disc electrodes are well
served with simple (semi-)analytical models, but even the simple case of the
steady state current to a recessed microdisc lacks such a thing over the range
of possible recess depths.

As a result of these considerations, the simulations in this thesis primarily
deal with microelectrodes. Two important cases of these are microbands
and microdiscs, and both will be studied in a number of guises. For these
purposes, either Cartesian or cylindrical coordinate systems will be adopted.
This is concealed in the Laplacian in the coordinate system-independent
formulation in §1.1.3, so we make the forms explicit here.

For the purposes of microband-type simulations, with translational sym-
metry in the z direction, we use the simplified Laplacian operator:

2 2
V? = 5%5 + 5%5 . (1.7)
In microdisc-type simulations, where the solution is taken as angularly inde-

pendent,

A 1_(9_( a(-)> 0?2 (18)

o Tror a2 o \or ) a2
The related grad and div operators, V and V-, also clearly vary.

Whatever the precise geometry, the conception of the problem is of solving
some transport equation within a domain ) whose shape is defined by the
extent of the solution in the cell. Since the scale of the problem we wish to
solve is typically much smaller than the overall extent of solution, it is usual to
approximate the simulation domain as infinite in one or more directions. This

generally helps in analytical solution efforts, as it increases the symmetry of
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the problem, but poses difficulties with most numerical techniques. Thus
often a finite domain is simulated, but one much smaller than the true one,
and this must be taken into account.

Mathematically we can write the steady state problem as finding ¢ such

that
Le=d, (1.9)

where £ is a differential operator, with appropriate boundary conditions for
¢ on the boundary of the domain, I'. Where multiple species are involved,
we may take ¢ to be a vector quantity. Before solving the problem, then, we

must determine the nature of £ and the boundary conditions.

1.1.3 The Reaction-Diffusion-Convection Equation

We now formulate the governing equation that we shall spend the rest of
this thesis trying to solve, in one form or another. There is a microscopic,
stochastic approach to the derivation, going straight from first principles
to the ultimate transport equation. But having given the constitutive laws
above, we can immediately use the principle of conservation of mass to estab-
lish the reaction-diffusion-convection equation without a microscopic model.
Many non-stochastic derivations of the diffusion equation look at in-
finitesimal blocks, and result in coordinate system-dependent formulae (e.g.
see [2]). We shall take a mathematically more general tack, and incorporate
convection and reaction as well, but fundamentally the idea is the same.
Firstly, we require Gauss’s Divergence Theorem [13], which is also used
several times later in this work. Essentially it states that, if a is a suitable

vector field over an arbitrary volume V with a surface S having an outward

/ﬁ~adS:/V-adV : (1.10)
s v

it relates surface integrals to volume integrals.

unit normal n, then
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The diffusive-convective flux is, from equations (1.3) and (1.5),
j=lJa+je=cv—-DVc. (1.11)
The flux into V through the surface § is then
/Sﬁ- (DVe —cv)dS (1.12)

(since i is the outward normal we change the sign), giving, with the Diver-

gence Theorem,

/ V- (DVc —cv)dV . (1.13)

The rate of change of material within V is, by definition,
d
— [ cdV = / gde (1.14)
dt /,, L Ot

(the interchange of limits is valid under reasonable assumptions).

Heterogeneous electrode reactions clearly by their nature occur at the
boundary of the domain within which mass transport is modelled, and thus
do not come into the governing equation. Commonly, though, homogeneous
reactions happen too, and manifest themselves as sources or sinks of the
species whose concentration we are modelling. We denote a general source
or sink of material by p = p(z,y,c) (its sign determines which—positivity
implies a source).

By conservation of mass, the molar rate of change of material within V
must equal the quantity entering through its surface (1.13), plus the amount

generated within V by sources,

/v pdV . (1.15)

Therefore
/?—C-dV:/V-(DVC—wCV)anL/pdV. (1.16)
v Ot v v

Collapsing the integrals into one, and distributing the scalar product,

L(%“v'(DVCHVC'V—p)dV:O. (1.17)
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Since the volume V is arbitrary, and has not been specified, (1.17) can
only be true if the integrand is zero (again under reasonable mathematical
assumptions). We thus arrive at the general reaction-diffusion-convection

equation—the basis for all the work presented in this thesis:

0

a—jr—“v-(DVc)—Vc'v—{»p. (1.18)
It is a second order partial differential equation (PDE), which will be linear
if p is (and if both D and v are independent of ¢, which we have already
assumed). Often D is taken to be independent of spatial position, in which

case we have a slightly more familiar form:

0

—C:DV2C—VC'V+p. (1.19)
at

(We shall make this assumption, although it makes no difference to the nu-

merical solution formulation.) In this work, as has already been stated, only

steady state problems are considered, which means solving
DV?c—Ve-v+p=0. (1.20)

A few things should be noted about (1.18) and its related forms. We have
assumed that D, the diffusion coeflicient, is a scalar. If diffusion were faster
in some directions than others—if it were anisotropic—then D would be a
tensor [14,15]. In fact this usually complicates the theory only slightly,® but
it can make simulation more difficult in practice. In this work we assume
isotropic diffusion.

Secondly, simply by reinterpreting ¢ as a vector of concentrations, we
have, mutatis mutandis, the reaction-diffusion-convection equation for a sys-
tem of interdependent species. It should be remembered here that the term
p can be complicated: it will usually be a function (commonly a polynomial)

of ¢, and could have other dependencies.

3If the tensor can be diagonalised, as is often possible, tensor analysis can be discarded
entirely, and the coeflicient viewed simply as having three different values for the three

spatial axes [16].
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There are a number of special cases of (1.19). It is important to identify
them, as certain commonly encountered forms and techniques for their so-
lution are well documented in the literature. Four important examples are

given below.

Diffusion Equation

Also known as Fick’s second law, the case where v.= 0, p = 0 is, in most

fields, called the diffusion equation:

— = DV?. 1.21
5 ¢ (1.21)

For non-convective systems where homogeneous reactions are absent or negli-
gible, (1.21) is an important model. It is, according to the classification used
for partial differential equations [13], a parabolic equation. This is important
for solving it numerically, as parabolic partial differential equations have
entirely different properties from the other common time-dependent type,
hyperbolic. The distinction becomes important when dealing with mixed
diffusion and convection problems.

Because it governs many other phenomena, most notably heat conduction
(for this reason it is also sometimes called the heat equation), (1.21) has been

studied extensively. It forms a model transient problem, and its consideration

is important for extension to transients, discussed in Chapter 6.

Laplace Equation

A further specialisation of (1.21) assumes that the concentration field is

unchanging—that the problem is steady state. Here g—% = 0, so
Vie=0. (1.22)

The Laplace Equation (1.22) is clearly only applicable where (1.21) is, but
with the additional constraint that the concentration, and consequently cur-
rent, be unchanging. This never truly happens, but depending on the exper-

iment, can be approached quickly if mass transport is fast.
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Unfortunately a complication arises when considering the relation with
experiment. Experiments usually achieve a steady state, but not always
a useful one purely described by diffusion: in practice, natural convection
imposes a steady state in most potential step experiments, typically after
about thirty seconds, limiting their maximum duration. If a purely diffusive
steady state is desired it must establish itself well before this time, and this
constrains the combination of mechanism and electrode geometry for which
steady state experiments are useful. With a simple £ mechanism microdiscs
achieve this but microbands do not, for instance. All of the cases simulated
in this work are known to exhibit true experimental steady states.

In common with the diffusion equation, Laplace’s equation describes a
variety of phenomena, obviously including steady state heat conduction, but
also electrostatics, for example. Consequently, many analytical and numer-
ical techniques have been applied to it. Lacking the time coordinate, it is
of a radically different type—elliptic this time. Despite its apparent simplic-
ity, and the wealth of literature on the subject, even this problem can be
challenging to solve, the major difficulty being the nature of the boundary
conditions imposed in electrochemical problems (see § 1.1.4 on the following
page and § 1.1.5 on page 18). Much of this thesis is devoted solely to this

problem.

Poisson Equation

A slight generalisation of the Laplace Equation entails a known solution-

independent source term f, which may be a function of position:
DVic=—f. (1.23)

The obvious interpretation is of a diffusant generated by a homogeneous
chemical reaction at a rate f—i.e. with p = f in equation (1.19). This
inhomogeneous form of the Laplace equation arises in modelling mechanisms

where species are coupled by homogeneous reactions and one concentration
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field can be determined independently of the others (for instance, with the

irreversible EC'E mechanism [2]), as well as with zero order reactions.

Modified Helmholtz Equation

A less commonly seen generalisation of (1.22) is the modified Helmholtz

equation [17]. It has the form
DV?c—ke=0, (1.24)

where k is a positive constant (if £ were negative, (1.24) would become the
plain Helmholtz equation, but this is not of interest to electrochemists.). It
can be used to model a first order £C' mechanism [2], where the homogeneous
rate constant is proportional to k. Beyond this, it serves as a building block
in the simulation of more complex mechanisms, and appears in some form
wherever there is a first order homogeneous reaction of a diffusing species.
For instance, with the irreversible FCFE mechanism the chemically reactive

species is governed by an equation of the form:

DV?c—ke=—f. (1.25)

1.1.4 Boundary Conditions

It is not difficult to find functions that satisfy PDEs like equations (1.21) or
(1.22) or (1.23) or (1.24); unlike ordinary differential equations (ODEs), the
general solutions contain arbitrary functions, not constants, so there exists a
multiplicity of candidates. The difficulty is in making such functions obey the
imposed boundary conditions, which can be very complex in dimensionalities
higher than one.

In electrochemistry, spatial boundary conditions at cell walls are defined
by the reaction, or lack of, at the cell boundary/solution interface. Where
the solution meets an active electrode, the reaction occurring there can be

expected to impose some condition on the concentration that results in a
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flux of material. Depending on the rate of reaction, its order, and the mech-
anism, different conditions need to be imposed. Conversely, at an insulating
wall-—the glass surrounding a microdisc, for example—no reaction will be
occurring, and we expect the flux to be zero. Any number of reaction condi-
tions could be imposed, but here, as in most work on the subject, we restrict
ourselves to linear boundary conditions. This limits what we do to first or-
der electrode processes, but these are by far the most common, and it avoids
some complexity. Finally, where the simulation domain tends towards the
bulk solution, conditions must be imposed there to reproduce this effect.

Linear boundary conditions are usually categorised mathematically into
three types: Dirichlet, Neumann, and Robin. However, unlike many phys-
ical problems governed by PDEs, electrochemical problems almost always
have mized boundary conditions—that is, different types of boundary con-
dition hold on different parts of the boundary.® Many of the problems of
electrochemical simulation stem from this fact.

For transient problems, which we do not simulate, one must also impose
initial conditions. These are usually of obvious form, (e.g. ¢|i—o = ¢*, where

¢* is the bulk concentration), but do not affect the steady state solution.

The General Boundary Condition

With one exception, all of the boundary conditions that we shall impose—
even the one on insulators—can be thought of as special or limiting cases of
the general current-potential characteristic [2]. Assuming in this section that

we are referring to concentrations at the boundary, it can be written as

i = nFAk" [coe_‘mf(E“Em) - cRe(l‘o‘)"f(E*EO/)} (1.26)

=nFAlksco — kicr] - (1.27)

4Some authors use “mixed boundary condition” to refer to a Robin condition, on the
grounds that it is a “mixture” of Dirichlet and Neumann conditions. The terminology

used here seems more modern, and less apt to confuse.
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The standard or intrinsic rate constant, k°, is a potential-independent con-
stant determined by the electrode system. The forward and backward rate
constants, ky and k,, do depend on the potential. The other symbols have
their usual meanings (1bid.).

By Fick’s first law, as exemplified in (1.2), the total current, 4, is related
to the concentration gradients of both species O and R. Thus we must, in
general, impose the conditions

8(:0

—Doa—n = kaO — k‘bCR (128)
and 5
c
DR-—a—ER— = ]{IfCO - kbCR (129)
at electrodes. We note that they satisfy the mass balance condition
dco dcg
—D,=Y = D, 1.30
O an R on s ( )

mandated by conservation of mass; the one implies the other in this sense.
These two conditions are essentially Robin conditions (although these are
usually presented mathematically in the context of a single field) because
they prescribe a linear combination of the concentration and its derivative.
In the full general case the reactant and product concentrations are clearly
inseparable—they must both be modelled and solved for—but often one can
be considered in isolation, simplifying matters, if certain approximations are
reasonable. It is also found that in the case of no reaction (at an insulator),
the conditions reduce to Neumann conditions; and conversely at electrodes
where there are very fast reactions Dirichlet conditions are imposed instead.

We now consider these important special cases.

Insulators and Neumann Boundaries

At the insulating surrounds of electrodes there is clearly no reaction and no

current. By definition, then, £ = 0, and we immediately see that

880 BCR
—_—D = ——=0. 1.31
on on 0 ( )
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These are examples of Neumann conditions, and specifically homogeneous
Neumann conditions, because the prescribed derivative is zero. We note that
the mass balance condition is inevitably satisfied by insulators with these
conditions: no material travels either way.

Non-zero prescribed derivatives would seem on the face of it to correspond
to a galvanostatic experiment, and as such would not be relevant to our work.
In a similar manner to the Poisson equation, however, they reappear when
modelling species that can be solved for sequentially. Consider the mass
balance relation of (1.30). If %c_;? for instance, is known (i.e. the co field has
been determined independently), then enforcement of mass balance reduces

to imposition of an inhomogeneous Neumann condition on cg.

Reversible Systems and Dirichlet Boundaries

In the first major special case at electrodes the intrinsic rate constant is
very high, implying equilibrium of surface concentrations, and the system is
termed reversible [2].
If we take (1.26), divide by nF Ak®, and let k° — oo, we lose the current—
and hence the concentration derivative—term, leaving
€0 _, en(B-8%) (1.32)
CR
The exponential term is constant as far as we are concerned. The crucial
point is that in this case we want to impose a ratio of concentrations: this is
a Dirichlet type boundary condition (although, again, in the mathematical
literature these are usually just values imposed on one field). It must be
remembered that, as well as enforcing (1.32), we must still satisfy the mass
balance condition of equation (1.30), which is not implied by the Dirichlet
condition.
An approximation common to many theoretical treatments, where the
concentration of reactant tends to zero, applies to the case where, on top of

reversibility, we have a negligible backward reaction because we have a high
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overpotential. This is a common simplification, attractive because it can
mean the product species can be neglected entirely. Here, of course, mass

balance is not a concern.

Totally Irreversible Systems and Robin Boundaries

In the second class of special case the kinetics in both directions are slow. If
only one of the reactions is significant, one of the terms in equation (1.26)
can be dropped. This is termed the totally irreversible case [2]. For instance,

we might have

1= nFAk:fco s (133)
meaning
_Do 20 _pre (1.34)
Oon IO '

This is still a Robin boundary condition, and is simple to enforce with finite
element.

In common with many practitioners, for the most part we will be assum-
ing one or the other of these special cases, not least because most of the

approximate solutions with which we typically compare results do likewise.

Bulk Boundaries

Bulk boundaries do not fit into the general scheme of (1.1.4). As has already
been said, most simulations must deal with the fact that the full expanse
of the solution in which the active species exist is far larger than the small
region around electrodes of interest. On the scale of the electrodes it has
been shown through many experimental validations that the solution may
therefore usually be approximated as infinite in extent.

While boundary and finite element can, in fact, deal with infinite domains,
it is more usual to see simulations conducted on large but finite spaces.
This is done principally for simplicity, and we follow this practice. The

question remains, then, of imposing boundary conditions for the bulk at a
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finite distance that will mimic the effect of those imposed infinitely far away.
This is not a well investigated or documented area.

It is clear that the concentration tends towards the bulk value as one
travels away from the electrode(s), but this would imply both the concen-
tration tending to a constant and its derivative tending to zero. Thus one
could arguably treat the bulk boundary either as an insulator (see above),
or impose a Dirichlet condition for the bulk value. It would appear that
the factor determining the best approximation is the effect on the quantity
of interest—usually the current. Where the bulk boundary forms a crucial
part of the system, for instance where it is the sole source of diffusant, then
a Dirichlet condition would seem inescapable. With a generator-collector
configuration, however, where other more important sources also exist, the
choice is less clear cut, and the difference in results can be significant [18].

For testing purposes it is sometimes useful to be able to rule out bulk
boundaries as a source of error, so with some simulations run for validation
purposes, where an analytical solution exists, the exact values can be imposed
on the bulk boundary. This is of course not a realistic practice, and a better
solution in finite element might be infinite elements [16]. These are not a
panacea, however, and are not widely documented. Some of their possibilities

and potential difficulties are discussed in the final chapter.

1.1.5 Boundary Singularities

As already suggested, the importance of modelling edge effects in microelec-
trode experiments gives rise to simulation domains with mixed boundaries.
Often, where an electrode is surrounded by insulating glass, and the electrode
reaction is diffusion controlled, a Dirichlet boundary abuts a homogeneous
Neumann boundary (see Figure 1.2). In the microdisc case illustrated we
can expect there to be a non-zero flux all along the surface of the microdisc;
indeed the analytical solution shows that it increases to infinity as the edge

is reached. Next to this, however, is the insulating surround at which by
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oc

Figure 1.2: The concentration field z derivative near the edge of a mi-
crodisc with a radius of unity. The electrode is a Dirichlet boundary
(¢ = 0), whereas the insulator is a Neumann boundary: g'f'; = —% =

The flux is discontinuous where they touch at z =0, r = 1.

definition there is no flux. Thus, while the concentration field may be con-
tinuous at the point where they join, its normal derivative cannot be. This
in turn means the concentration changes sharply, and can make its modelling
difficult. This is a central problem of numerical microelectrode simulation,

and is discussed below, when the solving methods are presented.

1.2 Analytical Solution Methods

The obvious place to start, as with most mathematical equations, is with
analytical solutions. If such a thing can be found then we have the ideal
case: a (presumably) quickly evaluable function then supplies the desired
numbers. Unfortunately they are rare, and are almost entirely absent in
domains with more than one spatial dimension. As stated earlier, this derives
from the complexity of imposing boundary conditions where they can follow

an arbitrarily complex line or surface in two or more dimensions. Important
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to almost any successful attempt is symmetry of one type or another.

The most obvious example of helpful symmetry is that of the translational
variety, allowing the approximation of certain spatial derivatives in the Carte-
sian diffusion equation as zero. For instance, where a large enough electrode
is employed, edge effects may be neglected, and if the surface normal points

in the z axis direction, the Cartesian diffusion equation

Oc ?c  Hc %
o= P (8372 Tor T 522) (1.35)
reduces to 5 52
¢ ¢
= =Das (1.36)

There exist a reasonable number of analytical solutions to the one dimen-
sional transient problem posed by (1.36). Since, by a substitution, problems
with spherical symmetry can be reduced to Cartesian one dimensional prob-
lems, these solutions also extend to hemispherical electrodes. However, less
spatially symmetric geometries, for instance SECM tips, do not have this
property, and solutions for even the simplest mechanisms do not exist. The
only notable case of a truly geometrically flexible method for two dimensional
problems is that of conformal mapping [19-21], which is only applicable to
the Cartesian Laplace equation. It has yielded, for instance, the solution to
the dual microband generator-collector problem [22], but three dimensions,
homogeneous terms and transients all defeat it.

The inlaid microdisc does posses enough symmetry to allow some exact
analytical solutions. In particular, the steady state F mechanism problem
is fairly easily solved if the right coordinate system is used, as shown in
Appendix A. The EC’ case, however, is rather harder [23,24], and the
resulting solutions are unwieldy. As far as is known, no exact solution has
been derived for the transient case, although approximations exist. Generally
speaking, these approaches fall down as soon as the geometry of the problem
changes, even slightly, as with a recessed microdisc.

Whatever can be achieved with a given problem, a difficulty of the analyt-

ical approach remains in that all calculations must be thrown away for a new
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problem; it can only ever be problem-specific. The length and specificity of
Appendix A perhaps make the most eloquent case against analytical solution
techniques for the problems under consideration: adaptation is difficult for
the FC" mechanism, and impossible for the recessed microdisc.

Relinquishing the hope of an exact formula for the desired answers, re-
searchers have also sought expressions that approximate in a useful way the
system under study. We adopt the description semi-analytical for these.
Semi-analytical methods approximate at a less fundamental level than the
numerical techniques discussed below, often using preexisting exact solutions
for related cases. Numerical methods tend to use non-problem specific ap-
proximations.

For instance, since an analytical solution to the recessed microdisc £
mechanism problem is unavailable, various approximations have been de-
rived. Bond et al. [25], for example, assumed a constant concentration at
the mouth of the recess, and derived a simple expression valid for relatively
deeply recessed microdiscs. This can be a fruitful pursuit, but the specificity
remains.

Since our aim is to solve general problems, and as a result of their limited
applicability, the only use we shall make of analytical or semi-analytical ex-
pressions is in verifying the validity of the more general numerical techniques

described next.

1.3 Numerical Solution Methods

Numerical techniques for solving the equations in which we are interested
are manifold. They all share the characteristic of approximating to reduce
the infinite dimensional problem posed by (1.22), say, to a finite dimensional
one. Thus the differential equation problem becomes an algebraic one, and
this is solved instead. The key, of course, is to ensure that the essential

nature of the former is reflected in the latter. There are many ways of
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attempting this, with varying degrees of efficacy and appropriateness, many
of which we shall ignore completely: spectral, finite analytic, wavelet, for
example. Most of these are simply not general enough for our problems. We
shall only address the few techniques that have reasonable currency in the
electrochemical world: finite difference, finite element, boundary element and
random walk (Monte Carlo).

In electrochemistry the one dimensional numerical simulation problem has
essentially already been solved, in that there exist packages that solve the
range of problems of interest [26]. This is because one spatial dimension is far
easier to deal with than two or three. Unfortunately this limits simulations
to only one microelectrode of interest, the hemisphere. In order to simulate
a variety of microelectrode geometries, a program capable of incorporating
at least two spatial dimensions is necessary, and it is the aim of this work to
develop such. Therefore a key requirement of the numerical method used is
geometric flexibility. A second requirement is the efficient modelling of the
boundary singularities mentioned above. The common simulation methods

must therefore be evaluated with these desiderata in mind.

1.3.1 Finite Difference

One of the oldest numerical techniques for PDE solution—certainly predat-
ing computers (see [27], translated in [28])——is finite difference (FD). Most
electrochemical simulations to date have used it, principally on account of
its simplicity, at least in its more rudimentary forms.

Finite difference relies on the Taylor series approximation of derivatives

in the defining equation. For instance,

2 2
clz £ Az) =c(z) + @Az + ¢ (Az)

1.37
oz or? 2 ( )

(assuming differentiability and convergence).
Using such expansions, all the derivatives in (1.36) or any other PDE

can be approximated. For example, using the first two terms of (1.37),
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one can produce the approximate equation, known as the forward difference

approximation,
dc oz + Az) — c(x)
— : 1.38
ox Az ' ( )
or the backward difference approximation
dc - c(z) — clz — Ax) (1.39)

Oz Az
Both become exact as Az — 0, so their average, the central difference ap-
proximation, must too:
dc _clz+ Az) —c(z — Az)
or 2Ax '

Of course, these expressions’ accuracy is contingent on Az being small enough

(1.40)

to render higher terms negligible. Assuming the solution is smooth enough,
higher order methods will be more accurate. The forward and backward
differences are first order, as they discard second order terms and above.
The central difference is second order, as it happens that the second order
terms cancel, and only terms of third order and above are neglected.

By writing another Taylor series for —gﬁ and repeating the process, a second
order central difference approximation of the right-hand side of (1.36) can

be derived:
Pc oz + Az) = 2¢(z) + c(z — Ax) (1.41)

oz? (Azx)?
This is used in many finite difference schemes, the main difference between

which is the approximation used for %.

In the ezplicit finite difference (EFD) scheme [29], the forward difference
expression is used for -g—g, to give
c(z,t + At) — ¢z, t) ~D c(z+ Az, t) — 2¢(z,t) + c(x — Az, t) (142)
At (Az)?

One overlays a grid on the domain, and uses this approximation at each grid

point. The “explicit” part of the name is explained when (discarding the

approximation sign) we rearrange in terms of ¢(z,t + At):

DAt
(Az)?

c(z,t+ At) = c(z,t) + [c(z+ Az, t) — 2¢(z, t) + c(x — Az, t)] . (1.43)
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Assuming ¢ is known at time ¢, it can be calculated for time ¢ + At. In other
words, the algebraic system associated with the approximation is diagonal
[30], and trivial to solve. This holds with higher dimensional analogues. Note
that, while the approximation of g% is second order, the approximation of
% is only accurate to first order in time.

It should be apparent that the type of analysis above can be extended
to any PDE, including, in principle, (1.19) in its full generality. In general
FD can incorporate any convective or homogeneous reaction terms, includ-
ing non-linear ones, so it is, prima facie, attractive for simulation programs
designed to handle arbitrary mechanisms.

While EFD is simple, and important for illustrative purposes, it is not
generally held to be a useful scheme, its widespread use in electrochemistry
notwithstanding. It can be shown [30] that the scheme is only stable (that

is, it only produces physically meaningful results) where

2DAL
aap <L (1.44)

and that even more stringent requirements exist for the two and three di-
mensional versions. For good spatial accuracy Az must be small, but this
limits the size of At. Soon enough, the scheme becomes uselessly slow with
even moderate problem requirements.

With steady state problems, stability is not an issue. And with transient
problems, the stability issues can be addressed by using backward or cen-
tral difference approximations in time.> The common feature here, however,
is that the resulting algebraic systems are no longer diagonal, and can re-
quire slower and more complicated solvers. In the special case of one spatial
dimension, the implicit and semi-implicit methods produce a tridiagonal ma-
trix [30], and can therefore be solved relatively easily. In higher dimensions,
both transient and steady state approaches produce less tractable band diag-

onal matrices. One way around this is with the alternating direction implicit

SThese are termed fully implicit and semi-implicit (or Crank-Nicolson) respectively.

The Crank-Nicolson scheme also carries the advantage that it is second order in time.
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(AD]) algorithm (ibid.).® This effectively breaks the process into two or more
one dimensional problems that are solved in turn. The central difficulty of

finite difference remains, however: that of boundaries.

RN

N

Figure 1.3: A two dimensional finite difference grid in a domain with a
complicated boundary. Specific Taylor series approximations are required
near the boundary for Neumann or Robin BCs, as well as higher order

Dirichlet boundary approximations.

Figure 1.3 illustrates the problem with imposing boundary conditions in
finite difference. To a first order approximation a Dirichlet condition can
be imposed at a grid point near to the boundary. Lower order boundary
conditions can pollute a higher order solution, however, and to be sure of
second order spatial accuracy second order boundary conditions are needed,
requiring separate Taylor series analyses. The case of Neumann or Robin
conditions is even worse: Taylor series are necessary for any approximation at

all. A boundary that irregularly intersects the grid therefore poses a difficult

6Qthers exist too: hopscotch, Du-Fort Frankel, fast implicit, strongly implicit, to name

some of them—see Britz [29].
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challenge. Should one wish to raise the order of the method everything
changes again.

For one dimensional problems (that is, one spatial dimension), where
only two boundary points can ever exist, finite difference is a reasonable
method, usually in its Crank-Nicolson form (although a popular commercial
package [26]) uses fully implicit FD). For higher dimensional problems with
very simple boundaries ADI could be appropriate, but is probably not worth
the effort, as the simulation program would be very specific to the system
for which it was designed. The essential difficulty is that the formulation is
dependent on geometry, and geometry can vary a great deal. For this reason,
despite its initial attractiveness, FD lacks the geometric flexibility to tackle
many problems in electrochemistry, and we consequently discard it. We do
not consider further, therefore, the vast body of literature on the subject,
comprehensively referenced in, for instance, [31].

One rider should be attached to the above conclusions. They hold for spa-
tial discretisation, but for transient simulations that use finite element for
spatial discretisation, finite differences are usually employed for time discreti-
sation. Some of the same schemes and stability concerns reappear there, but
even this type of temporal discretisation can be thought of in a finite element
framework, and doing so suggests some potentially superior alternatives [16].

Some of these issues are discussed in Chapter 6.

1.3.2 Finite Element

The finite element method (FEM) is a considerably more modern technique
than finite difference, and requires more mathematics to formulate. As a
consequence it has been much less used in electrochemistry, but it is gaining
popularity. It is possible to place FEM, FDM and BEM (described below)
in a single minimum weighted residual (MWR) framework, but in the case
of FDM this is rather contrived, in the sense that the weight “functions”

are not strictly functions at all. It is worth remembering, however, that in
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a sense finite difference is a special case of finite element, so we can never
expect finite difference to be superior, except in its simplicity.”

A full derivation of the finite element method will be given in Chapter
2; here it is enough to see the initial idea without its detailed consequences.

Consider the steady state equation for the field u:
V- (aVu)+qu=—f, (1.45)

where a, ¢ and f are known scalar functions of position defined over the
domain €2 with the boundary I', constrained by the Dirichlet boundary con-
ditions

v=a on [Ip (1.46)

and the Robin boundary conditions

Ou =au+pf on . (1.47)
on

If u satisfies (1.45) then it must also satisfy
/ w[V - (aVu) + qu+ f]dQ2 =0 (1.48)
Q

for any function w. (Here w is the weight function : the “W” of MWR.)
Assuming the Dirichlet and Robin conditions of equations (1.46) and (1.47)
are also imposed, this is an equivalent statement of the problem. So instead
of approximating the derivatives of (1.45) as in FD, one can approximate the
integral in (1.48).

Since numerical differentiation is known as a difficult and inaccurate pro-
cedure generally [30], and numerical integration is much easier (ibid.), one
might intuitively prefer this idea. But the real advantage is apparent in the
second big idea of FE: ) is broken (meshed) into simple shapes (e.g. trian-
gles), called elements, and the field in each approximated by a simple (e.g.

linear) function. Unlike FD, no mention is made of axes, and the spacing

It should also be born in mind that even with Galerkin weighting, certain uniform

finite element meshes yield the same matrix as simple finite difference discretisations [32].
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elements

Figure 1.4: A finite element mesh for an irregular two dimensional shape.
The elements are linear triangles, which means their nodes are at the cor-
ners of elements—higher order elements have additional nodes elsewhere.
A few example elements and nodes are labelled. Note that elements can

be placed arbitrarily in an unstructured manner.

of adjacent mesh points is not integral to the formulation, so any geometry
can in principle be imposed. In Figure 1.4 a possible mesh is shown for an
irregular shape difficult or impossible to treat with finite difference.

There are numerous formulations of finite element, principally differing
in the weight functions used. Unless otherwise noted, the most standard
version, the Galerkin formulation, will be used here. This has the special
advantage that with self-adjoint problems (see Appendix B on page 263),
the resulting matrix is symmetric, which happens to be advantageous. There
are also related, more theoretical, advantages.

The idea behind (1.48) is clearly not contingent on any particular form
for the PDE. It also happens that later in the formulation (see Chapter 2)

no other assumptions about the PDE are made. So, as would be expected
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elements
nodes

<l

Figure 1.5: A boundary element mesh for the same boundary as Fig-
ure 1.4 on the page before. The elements reside entirely on the boundary,
and are demarcated by perpendicular lines. For the simplest elements,
nodes are at the centres of elements. Again, a few example elements and

nodes are highlighted.

29
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from finite element being in a sense a generalised version of finite difference,
it can also in principle deal with entirely arbitrary manifestations of (1.19),
including convective, reaction and transient terms.® The practicalities of this
will be discussed later.

A primary advantage of FE is the flexibility of its mesh.® Firstly, this
means that non-axially aligned and even curved domains can be modelled
with relative ease without changing the simulation program. Secondly, the
density of mesh nodes can be easily increased near the boundary singularities
described in §1.1.5, allowing efficient handling of them. (Expanding grid
finite difference has long been used for this purpose, but refinement is usually
tied to an axial direction, making it inflexible and as a consequence possibly
inefficient.)

Among other advantages, finite element allows the possibility of estimat-
ing the error of the approximate answer—a crucial aspect that has so far
gone unmentioned in this work, but which will prove essential later. This
capability has seemingly not been developed for finite difference. Harriman
et al. show [33-38] that the error for currents calculated from finite element
simulations can be controlled by adaptively adjusting the mesh. This idea is
used extensively in Chapter 3. Finally, it is apparently easier to prove theo-
rems in relation to finite element than finite difference. A sense of this can be
found in [32], where the relatively stringent assumptions required for simple
proof of finite difference’s convergence are given. Very roughly, because finite
element deals with “weak” solutions (see 2.1.1 on page 45), with lower dif-
ferentiability requirements, it is more permissive than finite difference, with

its Taylor series basis.

8In fact, as noted in §1.3.1, transient terms are usually handled differently, with finite

differences, but they can be treated in the same way as spatial derivations.
9Here we use mesh to denote a generalised version of the regular grid used in FD, but

the distinction is blurred when expanding grid FD is compared with structured mesh FE.
Perhaps the true difference is that unstructured (see later) FE meshes, which have no

analogue in FD, are also used.
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The disadvantages of FEM lie in its complexity. The most difficult prac-
tical aspect of its implementation is indubitably mesh generation. Certainly,
if a good mesh is available, finite element will be an efficient method; but
generating such a thing, particularly in three dimensions, is not a trivial un-
dertaking. In the work discussed later the two dimensional meshing problem
is addressed with reasonable success, but the general problems of meshing
are not to be dismissed lightly. It should be remembered, though, that finite
difference offers no solution to this either: the issue of how to efficiently mesh
an arbitrary domain never arises because it is not possible.

It is fairly clear then, that, provided the slightly more abstract formu-
lation of FE is acceptable, there is no compelling reason to use FD: the
geometric flexibility and error estimation capabilities of finite element are
better-suited to handling outstanding electrochemical problems. The same

clear-cut dismissal cannot be made of the next alternative that we discuss.

1.3.3 Boundary Element

Boundary element uses the same idea as finite element: it solves the PDE
integrated over a weight function. But instead of carving up the domain into
pieces, and using a different weight function in each, it uses a specially chosen
global weight function to eliminate the domain integral in an expression
similar to (1.48). In fact, it eliminates the domain integral from the adjoint

expression.
There is no space to fully describe this, but an example gives the idea.

Assume we wish to solve the weighted Laplace problem:
/ wVudQ =0, (1.49)
Q

We can employ a trick, similar to one used later in the finite element formu-

lation, to rewrite the integral as

/ ViwudQ +B =0. (1.50)
Q
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where B denotes boundary terms (see (2.10) for the sort of expression).

If we wish to eliminate the domain integral in (1.50), one obvious approach
is to use a w that identically satisfies the governing equation. As has been
noted, functions that satisfty PDEs (but not their boundary conditions) are
not hard to find. In the two dimensional Cartesian form of our example we

need w to satisfy
_ Pw N Pw
9z Oy?

A host of possibilities suggest themselves, some more trivial (and useless)

V2w 0. (1.51)

than others:

w=0 (1.52)
w=z (1.53)
w=y (1.54)
w =z —y*, etc. (1.55)

A whole variety have been used with BEM—and indeed the best ones are a
matter of dispute—but whatever the choice the domain integral essentially
disappears, leaving solely boundary terms. This has profound implications
for the meshing—see Figure 1.5 on page 29 for a comparison with finite
element. In Figure 1.5 it can be seen that two dimensional problems require
only the discretisation of a line rather than a potentially irregularly shaped
area.

Although it is relatively unimportant for our discussion, it should be men-
tioned that most BE work in electrochemistry—and most BE work generally—
has been done with rather less arbitrary weight functions. Instead of weight
functions that satisfy the governing equation everywhere, fundamental solu-
tions (also called singular weight functions [16]) are used that obey it almost

everywhere. In our example,
Viw = 6(z — &)6(z — &) (1.56)

(0 here is the Dirac delta functional [13].) The reasons for the different
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approaches are not important here; instead we note the obvious advantages
and disadvantages over FEM.

The greatest advantage of BEM is that the disappearance of the domain
integral means that no domain meshing need be done: only the boundary
need be discretised, meaning the meshing challenge in three dimensions, par-
ticularly, becomes far easier due to a reduction in dimensionality by one.
Another is that high accuracy can often be achieved with few elements, and
the algorithm can be more efficient than finite element. This is not alto-
gether surprising, since some of the nature of the analytical solution has
been incorporated into the method.

The benefit of a reduced number of degrees of freedom is not as clear cut
as the size of the matrix suggests, however, as with BEM it is not sparse
or symmetric or positive definite, necessitating computationally expensive
general matrix solvers. If dense matrix LU factorisation is used to solve the
linear system arising from discretisation, as it usually is, the computational
effort scales with the cube of the number of elements (see Appendix C). This
imposes a practical limit on normal computers of a few thousand degrees of
freedom. Nor is there, to the author’s knowledge, any equivalent of multigrid,
which allows in finite difference and element, in some cases, solution in O(n)
(where n is the number of nodes) time. Finally, an important phenomenon
used in finite element error analysis, superconvergence, is also apparently
absent in boundary element.

Whatever the net advantages of BEM may be, they come at a price
in flexibility: the obvious disadvantage—mot shared by FEM-—is that the
weight function depends on the governing equation. If singular weight func-
tions are used, as they usually are in electrochemistry, then a fundamental
solution must be found whenever the formulation, and hence the mecha-
nism or transport regime, changes. This is a major limitation of the basic
boundary element method. Further difficulties become apparent even when a
fundamental solution is available, or non-singular weight functions are used.

The neat elimination of domain integrals in the derivation of the adjoint
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expression (1.50) commonly falls down when extra terms-—time derivatives,
convective terms, constant sources/sinks, etc.—appear. The BEM practi-
tioner must constantly walk a tight-rope to preserve its main advantage: the
lack of a domain integral.

In some cases, the problems are surmountable. If the convective veloc-
ity vector is constant, for instance, there does exist a usable fundamental
solution. But fundamentally, as it stands, the method is too inflexible to
be generally useful in electrochemistry. This is where the Dual Reciprocity
Method (DRM) and its variants come in.

Apparently the only hope for BEM as a generally useful electrochemical
technique lies in modifications like DRM. Essentially they separate out non-
Laplacian terms and approximate them, to allow solution of an equation of

the form (in two dimensions):
VQ’U,: f(u7$7y7t) > (]‘57)

where f is an arbitrary function, allowing time and spatial derivatives. So
convective, transient, and mechanistically more complicated problems can
be solved. Unfortunately DRM is under-researched, and some recent find-
ings in electrochemistry [18] suggest that its additional complications and
approximations destroy convergence in many important cases. While the
transient case has met with some success [39], convection appears difficult
to handle [18]. There always remains the difficulty of putting nodes in the
right place on the boundary; and similarly with the internal nodes that DRM
demands.

The last point illustrates a recurring problem with numerical methods.
In all techniques where a grid or mesh is used to discretise the domain,
the effect of the location of nodes on the accuracy of the result is known
to be pronounced. Near boundary singularities it is usually necessary to
have a high density of approximating nodes to capture the nature of the
rapidly varying concentration field. Much effort in finite difference and non-

adaptive finite element has been poured into finding functions to describe, a
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priori, the locations of nodes. Recent BEM work persists with this. Research
in electrochemistry and other areas has shown that FEM meshes can be
effectively tailored to the problem using error estimators that guide mesh
refinement. This is something so far largely undeveloped with BEM. For this

and the other reasons, we conclude that FEM remains the most attractive

option.

1.3.4 Random Walk

Unlike the numerical methods sketched above, random walk (RW) is not a
standard means of solving partial differential equations. Nonetheless, a sur-
prising amount of electrochemical literature exists on using RW to solve
diffusion problems. On the surface, it appears to offer an entirely non-
mathematical route to modelling numerical mass transport. Virtually none
of the papers on the subject refers to the diffusion equation, and they cer-
tainly do not use Taylor series, or weighted integral formulations. Instead,
random walk is justified solely with the familiar physical picture of diffusive
mass transport: random molecular motion. Purely from the perspective of
simplicity, then, one might wonder whether random walk offers something
that finite difference and finite element and boundary element do not.

It is not possible to give a standard mathematical formulation of the
random walk simulation technique, as various algorithms are used—at least
not without delving into stochastic differential equation theory [40]. Instead

we give below a brief sketch of the previous work in this area.

Previous Work

An early paper [41] describes the simple random walk algorithm used in most
subsequent papers. In a one dimensional problem the motion of a diffusing
molecule is described by random, equally probable steps to the left or right,
curtailed by reflecting or absorbing barriers corresponding intuitively to “zero

flux” or “zero concentration” boundary conditions respectively. The article
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considers simulation particles as direct representations of physical molecules,
which explains its mooting of a “more realistic picture” of reality, where parti-
cles’ step lengths are variable, being drawn from a Gaussian distribution—an
approach also adopted by a recent paper [42]. In all other electrochemical
papers mentioned, steps from a distribution with a fixed length are taken.

Much early electrochemical use of random walk simulations was in fractal
electrode investigations, a useful introduction to which is [43]. Witten and
Meakin [44] used a lattice-based random walk to study the Hausdorff dimen-
sionality of deposits in diffusion-limited aggregation. In one model, particles
diffused simultaneously; in the second particles diffused and deposited one
at a time. Both yielded qualitative data of an unknowable accuracy.

Nyikos and Pajkossy and co-workers published a number of papers [45—
48] with similar random walk simulations yielding semi-quantitative results
(arbitrary constants remained).

Voss and Tomkiewicz [49] describe a random walk model of diffusion-
limited aggregation with a “sticking coefficient” incorporating the effect of
potential. They demonstrate a qualitative relation between simulation and
experimental parameters. Their model was adopted by Fanelli et al. to study
growth of mono- and multi-layers [50], stripping voltammetry [51], and dif-
fusion to fractal electrodes, in all cases yielding qualitative insight.

Further fractal-related work has appeared from Trigueros et al. [52] as
well as Sapoval et al. [53,54].

All of these mainly fractal-devoted papers claim to give insight into the
relation between various parameters and the morphology of the resulting
deposit or shape of the current transient, but do not yield numerical pre-
dictions of experimental results. Partly, of course, this is because computers
were too slow to run full three dimensional simulations. Initially, nucleation
and growth were treated in the same way [55], but Nagy et al. [56,57], fol-
lowed by others [42, 58], applied random walk to nucleation and growth in
three dimensions, producing numerical answers limited only by model sim-

plifications and statistical variance.
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Difficulties with Random Walk

It is impossible to go into detail here about the various algorithms. A number
of simple points can be made, however.

Firstly, while claims are made in various papers that the random walk
method is “grid free”, it is usually not. Where particles move a fixed step
length in one of four or six directions (depending on dimensionality), they
are of course moving on an implicit grid, much the same as that used in finite
difference. In fact, by considering the difference equations governing move-
ment probabilities one can show that many simulations are in fact ezactly
equivalent, in the limit of an infinite number of particles, to the inefficient
and inflexible explicit finite difference scheme described above. This was ap-
parently not realised by the cited authors. (The relation is fairly easy to
prove from equations given by Cox and Miller [59].)

The difference, of course, is that there never is an infinite number of
particles, which raises the next point. The rate of convergence of all Monte
Carlo methods is O(1/+/N), where N is the number of samples (typically in
this case, the number of particles).’?. Since N is at best linearly proportional
to computational effort, this means that the accuracy scales very poorly
with simulation time. From the previous paragraph, however, a crucial point
should be made: the “accuracy” of which we speak is of the approximation
to the finite difference approximation of the true solution. At best, with
an infinitely fast computer, we would achieve an explicit finite difference
approximation of limited accuracy.

It should be clear, then, that grid-based random walk method is largely
useless, unless the accuracy of deterministic methods is simply unattainable
due to memory constraints (an unlikely scenario with an efficient mesh).
Monte Carlo methods as a whole, however, cannot be dismissed so eas-

ily. Numerous variants exist outside of electrochemistry, notably so-called

1"We do not have convergence in the usual sense, but a reasonable substitute definition

is the standard deviation of results. This decreases with v/ IV, by the definition of variance.
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floating random walk as described by Muller [60] and Haji-Sheikh and Spar-
row [61], and various other versions described by Sabelfeld [62]. It may be
that these could prove useful for some special cases, but they certainly bring
new problems lessening their attractiveness for many simulations. Perhaps
their ultimate purpose will be in simulations with random parameters (e.g.
with a randomly perturbed potential). It should also be added that, among
other techniques, “quasi-random” sequences have been used to increase the
convergence rate, but these bring their own theoretical difficulties (see, e.g.,
Ogawa and Lécot [63]).

For now, in the absence of any compelling demonstration of their useful-
ness, and without adequate documentation, random walk methods remain a

curiosity. The best option, then, remains finite element.

1.4 Dimensionless Quantities

To avoid numerical simulations being tied to one real-world situation, they
are usually conducted with dimensionless quantities: various real-world di-
mensional parameters can be separated out beforchand from the problem
statement, the simulation can be completed, and the dimensional quantities
re-incorporated to give results applicable to a range of experiments.

In the steady state simulations conducted hereafter, a dimensionless con-
centration, u, normalised with respect to the bulk concentration ¢*, or some

related quantity, will be used. For instance, an obvious choice is

w== (1.58)

e
Typically, then, the concentration in the domain under simulation will vary
from zero to unity. If, for example, material is consumed under pure diffusion
control at an electrode, u = 0 there, while far away, towards the bulk, v — 1.
Where more than one species is being modelled it may be preferable to use
some combined definition of concentrations. The details vary according to

the mechanism.
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Dimensionless spatial coordinates can also be of use, but the exact nor-
malisation will vary. It is often useful to define the spatial units in terms of
some characteristic length of the simulation domain, {. For a microdisc this
characteristic length is the radius of the microdisc; for a microband, the mi-
croband width. Using this idea one can define the dimensionless coordinates

for Cartesian domains:

x=2 y=1Y. (1.59)
l l
and for cylindrical domains:
R= % Z = 1; . (1.60)

Since there is little chance of confusion, lower case letters will signify di-
mensionless coordinates when used with dimensionless concentrations in the
following chapters.

The results of a microelectrode simulation thus conducted apply to all
sizes of microelectrode, provided any other features of the domain scale with
it (which is the case with an isolated electrode in an infinite domain). Where
other domain features also appear, such as with SECM simulations, we still
normalise with respect to the electrode size, but the relative dimensions of
other features limit the applicability of the results.

Finally, we also work in terms of a dimensionless current, normalised
with respect to a related analytical result. Here we take the example of
the microdisc. The analytical, steady state, n electron diffusion controlled

current to a microdisc of radius a is given by the familiar formula [12]
i =4nFDc'a . (1.61)

Using Fick’s first law!! we define the normalised simulation current for a

1 See equation 1.3 on page 4.
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microdisc-type simulation as

_ nFDc2r J—o %Jz:() rdr (1.62)

tnorm = AnF Dec*a
R=1
T ou
= — e RdR (1.63)
) /R:O 97|,

A comparable expression is used for microband simulations.

1.5 Summary

In §1.1.3 the problem that we set out to solve has been formulated. This boils
down, in our case, to solving (1.20), in some form or another, in a domain
reflecting the geometry of the cell in which we are interested.

It is well known that seeking analytical solutions to (1.19) is generally a
fruitless task, principally owing to the lack of symmetry of many important
domains. When turning to numerical solution methods, one finds that han-
dling the boundary singularities (§1.1.5) intrinsic to microelectrode geome-
tries is one of the major difficulties faced, whichever discretisation method is
used.

Examining in turn four of the most common simulation algorithms in
electrochemistry (finite difference in §1.3.1, finite element in §1.3.2, bound-
ary element in §1.3.3 and random walk in §1.3.4) it is possible to make some
clear decisions. Finite difference, despite its deep entrenchment, appears to
have been applied to most electrochemical problems within its range—while
suitable for one dimensional domains and other simple problems, it lacks the
geometric flexibility to tackle outstanding problems; even the simulation of
a tapered SECM [64] tip,'? for example, is practically beyond it. Conversely,
the basic form of boundary element, while exhibiting a level of geometric
flexibility greatest of all deterministic methods, cannot incorporate many
important governing equation terms; in their generality, convective and ho-

mogeneously reactive and transient problems defeat it. On the face of it,

12We do this with adaptive finite element in Chapter 5.
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dual reciprocity BEM solves these difficulties—and retains the geometric
flexibility—but the results of its application have not met expectations, and
with the current amount of research it is difficult to know if they will. To
this objection may be added two other criticisms: BEM, and DRM BEM
in particular, has had little work done on error adaptivity, as frequently
practised with FEM; and secondly the method in its entirety is very poorly
documented compared with FEM.

Finite element may be viewed as a middle way between finite difference
and boundary element. Outside of electrochemistry, it is probably docu-
mented as well as, if not better than, finite difference, and it shares FD’s
equation flexibility; but it also holds some of the promise for complete ge-
ometric flexibility that BEM clearly possesses (albeit with a more difficult
meshing challenge). It comes in innumerable versions, some of which we
might expect to be applicable to electrochemical problems. One of these, as
documented in the important work of Harriman et al. [33-38], is adaptive
finite element where, crucially, the current error can be controlled, rather
than some other arbitrary error measure. It is hard to see a better hope of
flexible deterministic electrochemical problem solver, and we pursue this goal
in Chapters 2 and 3.

The relation of random walk to other simulation methods is rather more
difficult to explain with reference to preexisting literature, whether or not in
electrochemistry. On the surface it offers promise of solving problems in a
different way, and of solving problems intractable with other methods. But
its inefficiency, and the paucity of documentation, make it difficult to recom-
mend at this stage. Certainly the method as used so far in electrochemistry is
difficult to justify. It may be that some other algorithm, perhaps a non-grid
based one, possibly using quasi-random sequences, may prove useful in the
future. Certainly if randomly perturbed systems become of interest, it will
be worth considering. For now, however, for the bulk of systems of practical
interest, finite element is clearly more attractive.

Finally, in §1.4 the advantageous changes wrought by use of dimensionless
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quantities are seen. Clearly there is no reason to perform simulations without

them, so we shall adopt them exclusively.
The next step, then, is to describe the adaptive finite element method in
detail. First, in Chapter 2, the basic finite element formulation is described,

followed by the specifics of a novel adaptive algorithm in Chapter 3.



Chapter 2
Finite Element Theory

Since the fundamental FE theory is more complicated than that of finite
difference, and because finite element is less common in electrochemistry,
a presentation of the basic formulation is given in this chapter. This also
allows the specifics of our implementation to be made clear. The variational
derivation [16,65] is not used as it is precludes convection, and requires use
of the calculus of variations;! instead the more general Galerkin weighting
approach is used. While this version of finite element for purely diffusive,
self-adjoint, problems appears in numerous basic texts (e.g. [65, 66]), the
discretisation applied to convective problems is less well documented.

The Galerkin theory is in principle applicable to almost all electrochem-
ical problems, steady state or transient, two or three dimensional, purely
diffusive or diffusive-convective, linear or non-linear. In practice, however,
certain cases may require special care or alterations. Specifically, where con-
vection dominates mass transport, stabilisation schemes are often used to
eliminate the unphysical oscillations that arise when the Galerkin scheme
is applied. An attempt is made to explain these in this chapter, although

the area is complicated. Essentially these amount to using modified weight

!Note that where a variational derivation exists, it gives the same result as Galerkin
minimum weighted residual (see later). Note also that, as exemplified in Chapter 3 and

elsewhere, the variational approach cannot be entirely ignored, if only as a theoretical tool.
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functions, so much of the theory remains the same, and the modifications
may be considered separately as an addition to the basic scheme.

Where the shape of elements and other specifics enter the theory, the
formulation is specialised to two dimensional steady state problems, which
of course limits its applicability. Nonetheless, it covers some important cases
that we wish to study in detail.

Substituting element-specific expressions into the general formulation pro-
duces an algebraic system that must be solved in order to recover the con-
centration field. If, as here, the problem is linear, this system is most con-
veniently written as a matrix equation. The efficient assembly of the matrix
requires some particular strategies, and some of the less obvious (or at least
less well documented) issues relating to this are raised. After assembly, the
linear system must be solved, taking into account the special matrix prop-
erties that allow efficient practical solvers. Since this is a standard problem,
only a brief sketch of the theory is given in Appendices C and D, but some

computational aspects are related at the end of this chapter.

2.1 The Galerkin FE Formulation

Some of what follows in this section is not specific to the Galerkin formu-
lation. Indeed much of it is generally applicable to any minimum weighted
residual method. This is useful, as it happens that other formulations can
be superior in certain situations. However, the Galerkin method is probably
the best for the case of self-adjoint problems, which for our purposes means
problems without a convective component to mass transport.

Leaving aside radical alterations of finite element such as the element free
methods surveyed in the book by Zienkiewicz and Taylor [16], finite element
methods always require a mesh of broadly the same nature—as exemplified
in Figure 1.4 on page 28. In § 3.1 on page 82 our approach to this mesh

generation question is presented in detail. Until then we assume we have a
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suitable mesh available.

2.1.1 The Weak Formulation

As a starting point we set out to find u ~ u, the approximate solution of the

partial differential equation
V-(aVu)—v-Vu+qu=f, (2.1)

where a, ¢ and f are known scalar functions of position defined over the
domain @ (which has the boundary I'), and v is a known vector field. In

3

addition, we impose the Dirichlet boundary conditions
u=a on [Ip, (2.2)
and the Robin boundary conditions

u _ au+ f on Ig. (2.3)
on

Although, as is shown in the previous chapter, the Dirichlet condition can
be thought of as a limiting case of the Robin condition, it is implemented
in an entirely different manner in finite element, so the two are separated.
Neumann conditions, on the other hand, are treated as particular cases of
Robin conditions with a = 0.

Equation(2.1) is a form of (1.20) specialised to first order homogeneous
reactions. For problems involving multiple species, several such equations
would need to be solved. It incorporates diffusion (in the Laplacian-type
term—a is essentially the diffusion coefficient, although this appears to be
given sometimes in differentiated form, outside the divergence operator), con-
vection of velocity v, a first order homogeneous reaction (in the gu term),
and a homogeneous reaction whose rate is independent of u (in the f term).
Thus it can model several mechanisms, including £ (¢ = f = 0), CE
(g =0,f >0), and EC' (¢ < 0,f = 0). Alone it represents the most
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general first order steady state system that can be modelled with a single
concentration field.
As mentioned in the previous chapter, if (2.1) is true, then it must also
be so that
/Qw[V (aVu) —v-Vu+qu— fld2 =0 (2.4)

for any weight function w. It is here that the term “minimum weighted
residual” is explained. If we substitute an approximate solution @ into the

version of the governing equation (2.1) rearranged to equate to zero,
V-(@aVu)—v-Vu+qu—f=0, (2.5)

we can expect that it will not be completely satisfied, giving a residual R:
V-(aVi)~v-Vu+qi—f=R. (2.6)

We cannot ensure that R is zero at the same time as satisfying the boundary
conditions, because that would require knowing the solution u, so instead we
attempt to minimise K by multiplying by a number of weight functions w,
and insisting that the results equal zero. This will become more apparent as
the derivation proceeds.

Multiplying through by the w factor, we can break the integral into several

pieces:
/ wV - (aVu)dQ — / wv - VudS) + / wqudS) = / wfd§d . (2.7)
Q Q Q Q

So far this is still a general weighted rewrite of (2.1). The first concession
to approximation made is in reducing the order of differentiation in the inte-
grand of the first of the integrals on the right-hand side. The result is termed
the weak form of the problem [17], since the differentiability requirements on
u are reduced. It is noted, however, that the weak form can produce more
physically realistic results (ibid.), and fundamentally there is no reason to

accord primacy to the PDE formulation.
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To achieve the reduction in the order of derivatives a generalisation of

the product rule is used:
wV - (aVu) =V - (waVu) — Vw - aVu . (2.8)

In combination with the divergence theorem, this yields a standard result
sometimes known as Green’s Theorem [16] or Green’s first formula [67].2

Applying (2.8) to (2.7), produces five integrals:

/V-(anu)dQ—/Vw-aVudQ—/wv'Vud9+ [wqudﬂz/wfd@
Q Q Q Ja Q

(2.9)
The problem is now in weak form.

There are at least three reasons for removing second order derivatives from
the formulation. The first is that doing so allows element shape functions (see
later) of lower order. Without this change the approximate solution @ would
have to be C*! continuous.® Rewriting in this way has the advantage that the
solution need only be C° continuous, removing the need for inter-element
derivative continuity. The second reason is that doing so in combination
with Galerkin weight functions introduces symmetry that manifests itself
advantageously in the system matrix. Thirdly, it allows Robin boundary
conditions to be built into the formulation. This is an important change in
view of the difficulties of doing the same with finite difference (see §1.3.1).

The next step is to convert the leftmost integral of (2.9)—an integral
over the domain—into a boundary integral. (This would have been combined
with the previous step had the pre-packaged Green’s Theorem been used.)
Recognising this as of the form of the left-hand side of divergence theorem

statement—see Equation 1.10 on page 8 —we can write

0
/wa—ﬁdF~/ Vw-aVudQ-/ wv-VudQ+/ wqudQ:/wfdQ. (2.10)
r On Q Q Q Q

ZSources appear to differ on terminology: alternative nomenclature includes Green’s

first identity; and Green’s Theorem is also used to denote another result.
3CT continuity means that all the function’s first order derivatives exist and are con-

tinuous. See, for instance, [13].
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(Remember here that the differentiation —(% is along the outward normal.)
This change elegantly incorporates the Robin boundary conditions. It

happens, as is seen later, that it is relatively easy to restrict #, the approxi-

mate solution, so that it satisfies (2.2). At this stage we solely seek to impose

(2.3), so we set w = 0 on I'p, whence the slightly modified form:

/ wa——dF /Vw aVud() — /wv - Vud(l + / wqudS) = / wfdS) .
Q Q Q

(2.11)

Since there is a Robin condition on 'y, g—s is known on that boundary,

and can be substituted from (2.3) to give a total of six integrals:

/ awaudF+/ awpfdl’
Tx g
—/Vw-a,VudQ—/zuv-VudQ+/wqudQ :/ wfdQ . (2.12)
o) Q Q Q

No real approximations have yet been made, as signalled by (2.12) re-
ferring to w rather than @; but a lower order of differentiability of u has
been conceded by adopting the weak formulation. The difference is subtle:
all “strong” solutions—solutions to the PDE form of the problem—are ad-
missible by the weak formulation; it is just that (2.12) allows other, weak,
solutions that do not formally satisfy (2.1). This distinction need not concern
us.

To proceed further we must adopt a particular type of weight function.
With the Galerkin formulation this weight function is intimately tied to the
shape function used for representing the solution, as described in the next

section.

2.1.2 Galerkin Weighting

We define the approximate solution to be

U = ZNJGJ 5 (213)
j=1
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with a; the (as yet undetermined) value of @ at node j, N; the shape function
associated with that node, and n being the number of nodes. If N is viewed as
a row vector of nodal shape functions, and a as a column vector of unknowns,

(2.13) may be written more compactly as
i=Na. (2.14)

In this we follow Zienkiewicz and Taylor [16].

Specific types of shape functions will be presented below. For the moment
we state that V; is only non-zero in the locality of node i, dropping away
to zero by the time any neighbouring nodes are reached. This is true of the
linear shape functions of the next section.

Substituting (2.14) into (2.12),

/ awaNadl' — / Vw - aVNadf) — / wv - VNadf(2 + / wgNad{) =
r Q Q Q

R /wadﬂ—/r awfdl . (2.15)

This restriction on @ confines the nature of the solution significantly—it has
moved from an infinite to a finite dimensional space.

In the Galerkin formulation one chooses to make u satisfy (2.15) with n
different weight functions W;, equalling each of the element shape functions
N;, except when the node 7 lies on I'p. On the Dirichlet boundary the value
of u is predetermined, so a degree of freedom is lost, and the weight function

at such nodes is set to zero (but see below). Thus
/ aN;aNadl’ — / VN; - aVNadf) — / N;v-VNa + / N;gNad) =
Tr Q Q Q
/ N, fdQ) — / aN;Bdl  (2.16)
Q T'r

defines n equations fori =1...n.

The integrands may be expanded in order to see the form of the integrals.
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For instance, the first integral of (2.16) is

/ alN;aNadl’ :/ aN;o (Z Nja/j) dr’ (2.17)
I'n I'r

j=1

= / aNia(Nlal + N2a2 S Nnan)dF (218)
T'r

:/ aNiaNlaldF—f—/ a,NiOzN2a2dF+...—|—/ aN;aNya,dl
T'r T

I'r

(2.19)

= / aN;aNydT + a, / aN;aNydl + . . +a, / aN;a N, dl'
I'r

Tr JTg

(2.20)

Owing to the locality of the shape functions, most of these integrals, and the
other ones deriving from (2.16), will be zero. Consider equation k of the set
1...n. The various integrands would entail multiplication of shape function
Ni, or a derivative thereof, by each of the other shape functions 1...n, or,
again, a derivative thereof. Only if both shape functions were non-zero over
the same domain would the result be non-zero. This is in turn defined by
the nodal connectivity in the mesh: if the nodes share an edge, their shape
functions will overlap, and the respective integral will be non-zero.

For instance, if node k& were connected to nodes r, s, ¢, then only the nodal
shape functions k, 7, s, would be non-zero in the same range as Ni, so the
integrals would disappear in all other cases. The four series of integrals of

the type shown in (2.17) therefore collapse to four terms each, giving, for the
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equation defined by the weight function Ny,
ak/ aaN,fdf‘—-ak/aHVNkHQdQ—ak/Nkv-VdeQ+ak/qN,fdQ+
Tr Q Q Q
aT/ aNkaNTdF—a,./aVNk-VNTdQ—aT/ NkV-VNrdﬂ+ar/quNrdQ+
T'r Q Q Q

as/ aNkaNde—aS/ aVNk-VNSdQ—aS/Nkv~VN3dQ+a5/quNsdQ—f»
T Q Q Q

[
at/ aNkaNtdF~a,t/ aVNk-VNtdQ-at/Nkv-VNtdQ+at/ NigNdQ) =
I'p Q Q Q
Q Tr

In spite of its length, the form of (2.21) is fairly simple. Since the only

unknowns are ag, a,, as, a, it is a linear relation between them. In general it
can be written as

n

D a ( / aVN; - VN;dQ + / Nyv - VN; — / aN;aN;dl' — / N,-qudQ>
Q Q Tr Q

=0

— [ anpar - [ Nipde (2.22)
JQ

JTR

(here we have multiplied through by —1 in order to make the diffusive term
positive). With n such equations, and n unknowns, there results an n dimen-
sional linear system. As (2.21) suggests, most of the coefficients of a; will be
7Z€ero.

One final point remains to be made regarding Dirichlet boundary con-
ditions. Their imposition is discussed below, but we have already said that
the weight function is set to zero at such nodes. Therefore (2.22) does not
apply, and instead there is a tautologous equation of the form 0 = 0 for each
case where node i lies on a Dirichlet boundary. The rest of the system of
equations, however, would still refer to the node’s value. This is of course
resolved by substituting the known nodal value from the boundary condi-
tion, as is detailed presently, but in the interim, during the construction of

the linear system, our program in fact ignores Dirichlet node weight function
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differences entirely. Thus, the notion of setting W; = 0 at Dirichlet nodes is
purely a formal one; in practice one need not be so fastidious.

One of the reasons for choosing the weight functions to be the same as
the shape functions might be apparent from (2.22)—the symmetry for self-
adjoint problems described below (note that the Dirichlet node zero weight
functions do not damage this symmetry). But there is another rationale
for the Galerkin weight function choice. If the problem is self-adjoint (see
Appendix B), then the @ so derived will be the closest to the true solution,
u, in a certain least-squares sense—the same result as would be derived from
the variational formulation [16].

The linear system defined by the equations (2.22) for ¢ = 1... N may be

written more compactly in matrix-vector notation as
Ka=F, (2.23)

where

CLMO{NJCZF—/NZQNJC{Q
Q

Kij = / CI,VNZ : VN]dQ + / NZ‘V . VNJdQ —/
Q Q r
(2.24)

R

and

F, = /P aN;Bdl — /Q N, fdQ . (2.25)

K is known as the “stiffness matrix” because of its origin in mechanical
applications; and F as the “force vector” for similar reasons.

Note the dependence of symmetry of K on convection: all terms in the
definition of Kj; are invariant under the interchange of 7 and j except that
involving v. Since symmetric matrices are generally easier to solve (see Ap-
pendices C and D), this is important. The high number of zero coefficients
is responsible for the sparsity of matrix K, which must be taken advantage
of in any efficient solver (see Appendix C). Finally, where the matrix is sym-
metric it is more easily solved if it is also positive definite. It can be shown,
for instance by considering the variational formulation [16,32], that for the

problems under study this does occur, which essentially means that where



CHAPTER 2. FINITE ELEMENT THEORY 53

convection is absent a conjugate gradient solver may be used to solve the

linear system.

2.1.3 The Linear Triangular Element

Until now, the derivation has been independent of dimensionality, and the
order of the approximation (in the Taylor series sense) has not been made
explicit; the general ideas apply to all possibilities. We have seen that the
end result of the mathematics is an algebraic system Ka = F, and we have
the form of the integrals that define K;; and Fj. It now remains to determine
the integrands to construct the linear system. To allow this, the domain’s
dimensionality, an element family, and a particular element order must be
selected.

We wish to solve, at a minimum, two dimensional problems if we are
to tackle microelectrode systems. Since mesh construction (discussed in the
next chapter) is more difficult in three dimensions, we opt for two dimen-
sions here, and ultimately for the problems that we solve later on. Two
basic shapes of elements are normally used in two dimensions: triangles and
quadrilaterals, the latter sometimes in the specialised form of rectangles.
Since most two dimensional automatic mesh generation has been conducted
using triangles, we adopt them exclusively. In particular we shall use for the
purposes of explanation the linear variety, which is the simplest. With this
type of element the overall solution field, @, will be piecewise linear. Later,
we actually employ quadratic elements for most of our simulations.

If the shape functions are linear in z and y, within each element we have
ut = oy + oax + asy . (226)

This interpolation within an element may be viewed as a plane intersecting
the values of & at the triangle’s vertices—a;, a; and aj (the subscripts in
this section are local to the element). Figure 2.1 shows this idea—mnote that

the vertex subscripts are in clockwise order, in contrast to some texts. Since
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ﬁ(x,-,yj)=aj

u(x,y)=a;

u(x,y,)=a

Figure 2.1: A linear triangular element. The nodal values (a;, a; and

ay) are interpolated linearly.

the vertex field values are the quantities of interest, we must eliminate the

arbitrary o, constants. This problem boils down to a simple set of three

equations:
a; = a1 + 0; + a3y, (2.27)
a; = a1 + QaT; + a3yY; (228)
ax = o + QaTk + A3y - (2:29)

These can be solved to yield the formula

1
o= ﬁ[(n + 8;% + tiy)ai + (T’j + 83 + tjy)aj + (Tk + spx + tky)ak] (2.30)

where
T, = Z‘kyj = .’Ejyk (231)

ti= Tj; — Tk, (233)
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cyclic permutation in the order k, 7,4 providing the other coefficients, and A
being the area of the element.

If the shape functions within an element are written as

Ne = {Nz NJ Nk} (234)
then from (2.30),
7y + 8T+ Ly
N = —+-—+—=, . 2.35
N , etc (2.35)

Similarly writing the three vertex values of @ within the element as

a;
7
allows us to write (2.30) as
¢ = N¢af , (237)

in an element-specific imitation of (2.14).

Knowing the functional form of IN allows us to, at least in principle,
evaluate the integrals in (2.24) and (2.25). In the particular case where the
coefficients a, ¢, v and f are constant, exact formulae exist for the integrals,
but generally some numerical approximation to the integration must be made
(see below).

The length of equations (2.30) to (2.33) might give cause to wonder if
a more elegant procedure is available to deal with the relation of element
shape functions and their coefficients to real world coordinates. There is,
and it involves an element-specific coordinate system, called area or trian-
gular or barycentric coordinates. Since they can simplify and generalise the
approach above to higher order elements, and because exact element inte-
gration formulae are given in terms of them, we describe area coordinates

next.
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2.1.4 Area Coordinates

The aim is to find a coordinate system for use within triangular elements,
independent of where the element is lodged in Cartesian space. Since we are
dealing with triangles, it seems intuitively appealing to have three coordi-
nates, each associated with a different vertex. The difficulty with this idea is
simply that a triangle is two dimensional, so there can only be two linearly
independent coordinates for a point within it. This is solved by using three
coordinates, but making them linearly dependent, reducing the number of
degrees of freedom to two.

Consider the system

llil?l + lgﬂfg + 53273 =T, (238)
hyn + by +lsys =y, (2.39)
i+ 1l+13=1. (2.40)

From (2.40), it is clear that having chosen any two of /1, I3 and I3 one cannot
choose the third; there are only two degrees of freedom.

Solving for [; results in the familiar expressions

T+ $17 + hy
{ = ———"7 " 2.41
1 - (2.41)
To -+ S2& + t2y
lg = - =7 2.42
b (2.42)
T3 + 837 + L3y
lg = —— "7 2.43
3 ZA 3 ( )

where r;, etc. are defined as above. This similarity is not a coincidence:
in fact the linear triangular shape expressions are equal to the area coordi-
nates for their corresponding nodes. Something has been achieved, however,
since the coordinates (Iy, I, l3) can be used for formulating higher order (e.g.
quadratic or cubic) and curved elements. Further, we can use general theory
to transform from element coordinate space to Cartesian space, avoiding te-
dious element-specific algebra. Although we will not use this fact, everything

in this section generalises to three dimensions and tetrahedral elements.
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As we have already said, we shall use quadratic elements for the bulk of
our simulations, partly for reasons of greater accuracy, but also because of
error adaptivity considerations explained later in this chapter. While linear
elements almost always take the form described here, quadratic triangular
elements come in several forms. A fairly minor technical difference, between
hierarchical and non-hierarchical elements, is described by Zienkiewicz and
Taylor [16] (we use non-hierarchical elements, but see Chapter 6 for mention
of their possible advantages). More importantly, we use so-called subpara-
metric elements. The more common isoparametric variety uses quadratic
functions for the shape of the element, making it potentially curved. Since
curved elements were not felt to be warranted, their additional complications
were avoided by the use of simpler subparametric elements. By extension su-
perparametric elements also exist. The details can be found in a standard

reference (ibid.).

2.1.5 The Element Stiffness Matrix

Having talked in terms of nodal shape functions in (2.13) it might seem
natural to construct the linear system (2.23) node by node, filling in K sys-
tematically, a row/column at a time. If we attempted to generate the entries
for node 7, however, we would have to find all nodes connected to node i;
and similarly with each node we considered. Depending on the structure of
the mesh, and the mesh data structures, this could be very inefficient. Con-
sidering a diagram of the nodal shape function for linear triangular elements
(shown in Figure 2.2), its piecewise linear nature is apparent, and it is equally
reasonable to work on an element basis. This proves more eflicient.

The domain integrals in the definition of Kj;, whose integrands are non-
zero only over the neighbourhood of node 4, can be broken into m pieces,
where m is the number of elements sharing node i. Thus, if we iterated
over these m elements, adding the contribution from each to K (initially

zeroed), we would arrive at the same result. The Robin boundary integral
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Figure 2.2: A linear triangular element nodal shape function, with some
surrounding elements. Note that the shape function is only C° at element

edges: it is piecewise linear.

can be incorporated on an element-oriented basis too, since each segment of
it affects only one element (assuming Robin boundaries are external, which
they are in this work). A similar logic applies to the force vector F. It is
common to assemble the various integral contributions of an element into
a sub-matrix, termed the element stiffness matriz, denoted here by K¢ an
identical approach also brings us the element force vector, F¢.

With linear triangular elements there are three nodes per element, so
K¢ will be a 3 x 3 matrix, and F¢ will be a three dimensional vector. The
first domain integral in (2.24) is, if a is approximated as constant over the
element,? given by
ON; ON;  ON; ON;

ds) 2.44
g O O0r Oy Oy ’ )

I = / aVN; - VN;dQ ~ a

where Q¢ is the portion of the domain €2 coincident with the element e. The

4The implications of this approximation are discussed later in this section.
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derivatives are available from (2.35), and are seen to be constant, so

a(s;s; + t;t;) a(s;s; +tit;)
J, o~ 22707 v — Ty 2.45
' 1A? /edﬂ 1A (2.45)

The next domain integral in (2.24) can be simplified similarly:
Iy = / Niv - VN;d€) ~ v - VN; N;dS2 . (2.46)
e Qe
The integrand is not constant, but we can use a well-known formula [16, 32,

65,68] to evaluate it. It can be shown that

[ 181!
PP = — 2.47
Jae 20542 (a+5+’y+2)!2A (247)

where [, etc. are the area coordinates introduced above. As noted there, the

shape functions for the linear triangular element are equal to the correspond-

ing area coordinates. Therefore

9] t;
I ~ “_J;_zfy_i . (2.48)

The other domain integral in (2.24) is approximated as

Is= | NgNdQ~q [ N;N;dQ, (2.49)
Qe

Qe

and by the integration formula is

CARE
Iy~{ P 5 (2.50)
8= j.
The same approach gives the domain integral in (2.25):
A
Qe 3

Another formula exists for integrals in area coordinates along the edges

of triangles [65]:

g __ML 9 59
/elll2dr_(a+6+1)! ’ (2:52)
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where I'® is the edge over which the integral is taken, and L is its length.

The remaining integrals may therefore be approximated as

aal - .

o LFET,
aN;aN;dT' ~ ace [ N;N;dI' = (2.53)

Tk Tq sok =y,

and
/ aNBdl ~ af | Nar = L (2.54)
Fe F e 2
R R

(The integral domain I', denotes an edge of element e with a Robin boundary—
i.e. a subsection of I'g belonging to a particular element edge.)
Finally, with a sigh of relief, we write the explicit form of the equations

defining the elemental linear system elements (dropping the approximation

signs):
. a(SiSZZtitj) n vzs]';vytj . % . % i ?é) :
Ki; = B o (2.55)
i e i=7,
and
aBL  fA
Fé= "7 21— 2.56
P =g 3 (2.56)

Unfortunately, where the magnitude of the convective velocity field, v, is
large relative to the diffusion coefficient, a, a different weighting scheme can
sometimes be preferable, and these expressions change. This is discussed

below in §2.2.

Integral approximation

It is seen later, when convergence is discussed, that finite element with lin-
ear elements is second order. It can be shown [16] that, in order to retain
convergence, the same order of integration is needed for the element matrix
integrals. The approximations made above are of the right order for linear
elements. With quadratic elements more accurate integration is required,

and this is almost always done numerically, which is actually simpler. In
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finite element, Gaussian integration is generally used for this purpose,® and

is well documented (ibid.).

2.1.6 Axi-symmetric Problems

So far no special account has been taken of axi-symmetric problems. It is
common to see “axi-symmetric elements” treated separately from Cartesian
elements (e.g. [65,66]). New formulae for linear system components can then
be derived. But provided one is prepared to sacrifice the seemingly minimal
performance increase so gained, both Cartesian and cylindrical coordinate
systems (and indeed other ones) can be incorporated into one framework.
The Cartesian form of, for the sake of argument, Laplace’s equation is

?u  O%u

92 + a7 =0. (2.57)
The cylindrical coordinate form is, following 1.1.2 on page 6,
%-{% (fr%) + 2277; =0 (2.58)
8%" (7"2—3) + rg;g =0 (2.59)
5% (r%) + 5% (r%) =0. (2.60)

The only essential difference, then, is a weighting within the two deriva-
tives. But we have already provided for a weight function in the form of a in
(2.1). Unfortunately it involves a slight abuse of symbology, since the weight
we need for cylindrical systems is part of the Laplacian operator in (2.1), not
a; but if we redefine a, and work in Cartesian systems with a weighting of
z incorporated into a, we get the same result as with special axi-symmetric
elements.

Consequently, although we shall continue to visualise axi-symmetric prob-

lems with 7 and z axes, the actual solving process proceeds in, formally, a

5Other types of non-polynomial shape functions, for instance in “singularity elements”,

might require a different approach. We do not use these.
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Cartesian system:

J ou 0 ou
T ae?) + L (a2t = 61
oz (a"@@az) oy (”ay) 0, (2.61)

where a in (2.1) is now a'. Using this approach, special care is needed with
additional terms in the equation (¢ and f would be multiplied by r above).
Integrals also need to be adjusted (the practical outcome is illustrated in

Appendix E).

2.1.7 Dirichlet Boundary Conditions

The Robin boundary conditions in (2.3) have been incorporated as a funda-
mental part of the formulation; they contribute terms to the element stiffness
matrix and forcing vector. But the solution @ has yet to be constrained to
satisfy the Dirichlet conditions defined in (2.2). This can be done, once the
linear system has been assembled, by substituting for all a; where node j
is on I'p. The obvious next step would be to reduce the size of the linear
system by eliminating row and column j. This would carry the advantage of
marginally reducing the linear system solving time and storage requirements.
However, it happens that deleting matrix rows and columns is generally—
and specifically with the matrix storage format that we use (see § 2.3.4 on
page 78)—a slow operation. We therefore adopt a different strategy.

If a node j lies on a Dirichlet boundary, where we know u = «, we set
all entries in row j of K to zero, except for setting K;; = 1. We also set
the force vector entry F; = «. This takes care of row j, clearly enforcing
the condition a; = « there, leaving column j for consideration. It should be
clear that substituting a; = « would leave, on each row i # j intersecting
the column j, a of value aK;;. This, being a constant, needs to be shifted to
the right-hand side of the equation—to the force vector—leaving a zero entry
in the matrix. The value « is therefore substituted into the system, but the
degree of freedom is not explicitly eliminated; we are just guaranteed that

the solution of the linear system will give node j the correct value. There
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are important computational optimisations that need to be considered when
implementing this step, and they are addressed later in § 2.3.4 on page 78.
We exemplify the operation with a 4 node case, where node 3 is on a

Dirichlet boundary where u = 10; that is, az = 10:

K Ko Kiz Ky ai F
Ky Ki Koz Koy az Fy
K3 Kz Kiz Kag a3 N F3
Ky Kgp Ky Ky aq Fy
(2.62)
Ky Ky 0 Km\ a1\ /F1 — 10K3
Ky Ky 0 Ky Q2 | Fy — 10K
0 0 1 0 |]a] 10
Ky Kg 0 Ky aq Fy — 10K 43

When it comes to computer implementation, difficulties sometimes make

other options more attractive. These are also discussed in §2.3.4.

2.1.8 Summary

The progression from the PDE and boundary conditions to the final linear
system is summarised in Figure 2.3. If the variational approach had been
taken, the initial problem would not have been the PDE, but an energy
functional that we wished to minimise with respect to all the degrees of
freedom available. Doing so would have led directly to the weak formulation.
While shorter, the energy functional approach suffers from unfamiliarity and
only applying to a subset of problems susceptible to Galerkin treatment. In
any case, much of the detail remains the same.

The end product, of course, is a linear system. Numerous standard meth-
ods exist to solve such things, detailed in numerical texts [69-72]. A brief
sketch of the options is given in Appendix C. We choose, as many others

have done, to use the preconditioned conjugate gradient (PCG) method for
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|  PDE |
{

Weighted
residual
restatement

{

Weak weighted Flux (Robin)
form BCs

}

Unadjusted |4 | Element shape
linear system functions

{

Final linear |e=] Dirichlet BCs
system

Figure 2.3: The theoretical steps from PDE formulation to linear system

approximation.

self-adjoint problems. Where convection is present, no one solver is clearly
preferable, so a number were implemented, including biconjugate gradient
(BiCG), stabilised biconjugate gradient (BiCGStab) and generalised mini-
mum residual (GMRES), all of which are documented at length by Barrett
et al. [71] and Saad [72]. These all come under the heading of Krylov space
solvers.

From a mathematical point of view, conjugate gradient is complex, and
it is only possible to give a short outline of it in Appendix D. Fortunately,
computationally it is among the simplest solvers—simpler even than Gaus-
sian elimination—and the only worry is optimisation, which we cover later
in 2.3.2 on page 74. The other Krylov space solvers are even more complex,
and the reader is referred to the previously cited texts.

Preconditioning is a primary concern among many researchers in this
field, and we use a few simple preconditioners, but since our problems do
not, partly thanks to efficient adaptive meshing, have that many degrees of

freedom, advanced preconditioning techniques were not found to be neces-
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sary. More important from our point of view was the efficient error controlled

meshing described in the next chapter.

2.2 Petrov-Galerkin Stabilisation

While the Galerkin weighting described above is uncontroversial for purely
diffusive problems, this is unfortunately not true where convection is a strong
effect. This is not too surprising, as Galerkin weighting gives the “best” an-
swer for self-adjoint problems, in the sense that it is the closest in a certain
norm [16], but no such guarantees are available in the considerably more
difficult non-self-adjoint case. This has been researched a great deal, as the
scalar convection-diffusion equation is commonly used as a prototype for the
more complex Navier-Stokes equations arising in fluid mechanics [73]. Unfor-
tunately researchers appear to disagree on the best method of stabilisation,
or even if stabilisation techniques are desirable.

Essentially, as Zienkiewicz and Taylor show [74], the various stabilisation

methods boil down to using modified weight functions of the form
W;=N;+71v-VN;, (2.63)

where 7 is given in terms of another constant, «, that we shall term the

stabilisation parameter:
ah

T =—
2[v|
(see below for the definition of h, etc.). These modified weight functions

are applied to one or more of the terms in the PDE.® As the shape and

(2.64)

weight functions are no longer identical, this is generally termed a Petrov-
Galerkin weighting scheme. Since the matrix and vector coefficients K;; and
F; described above derive from linear operations on W;, the effect of this
alteration is the addition of various values to the Galerkin versions already

derived.

8Tor the reasons mentioned above, the case of nodes on Dirichlet boundaries is ignored.
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The aim of the modification is to correct a particular perceived deficiency
in Galerkin FEM where convection is the dominant type of mass transport.
The degree to which convection predominates is usually measured by the
Peclet parameter, which is essentially the ratio of the magnitude of the con-
vective velocity to the diffusion coefficient. Zienkiewicz and Taylor define the

element Peclet number as
_ vl

2a '

where v and a are the familiar coefficients from the PDE, and A is some

Pe (2.65)

measure of element size (there is no one definition in the literature; the

longest element side is used here, as it is easy to calculate).

2.2.1 The Problem

Zienkiewicz and Taylor [74] illustrate the difficulty that can arise when em-
ploying Galerkin weighting to solve diffusive-convective mass transport prob-
lems: with some meshes, most notably uniform ones, the approximation
becomes steadily worse as Pe increases; instead of a smooth curve passing
through the nodes, a wildly oscillating result can arise, bearing no relation
to reality (for instance, large negative concentrations can appear). Finite
element practitioners agree that this scenario must be avoided, but differ on
the means to effect this. Perhaps the most balanced overall view is given by
Donea and Huerta [75].

There is no doubt that uniformly spaced meshes are not adequate for use
in combination with Galerkin weighting for solving convection dominated
problems. Zienkiewicz and Taylor (ibid.) show this in detail in the one
dimensional case. Harriman et al. show the same uniform mesh phenomenon
in two dimensions, and on this basis advocate a Petrov-Galerkin stabilisation
scheme [37]. The difficulty is that these authors apparently take uniform
mesh results to mean that Galerkin weighting would be inadequate with error
controlled adaptive meshes. As they give no results to show this, they would

appear to be relying on some implied mathematical consensus to justify this
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stance. If Gresho and Sani [73,76] are to be believed, however, no such
consensus exists; instead they characterise the debate as “religious”.

In fact, Gresho and Sani suggest that one only requires the right mesh to
allow Galerkin finite element to operate accurately with strong convection.
They term this “Galerkin Finite Element Intelligently Applied” (GFEMIA).
For instance, they show that the catastrophic failure of high flow rate Galerkin
FEM with a uniform mesh can be rectified using a mesh with only one in-
ternal node, provided that node is placed correctly. Further, they suggest
that results obtained using the various stabilisation schemes advocated by
some are dubious, as they effectively entail solving a different, easier, prob-
lem, which may give physically plausible results, but which is nonetheless
not accurate. Thus things would not seem to be as clear-cut as Zienkiewicz
and Taylor (and Harriman et al.) suggest.

On top of this fundamental disagreement, there are a number of different
stabilisation approaches documented [74] (e.g. Streamline Upwind Petrov
Galerkin, Galerkin Least Squares, Finite Increment Calculus, balancing dif-
fusion). While similar, they can result in different values for 7 in (2.63),
and in some cases entail applying the weight functions to different terms in
the PDE. Zienkiewicz and Taylor advocate a particular functional form of
the stabilisation parameter (see below), on the grounds that it is optimal
for one dimensional problems, but this does not seem to be widely accepted.
Harriman et al., for instance, do not use it (in fact they give little detail on
the issue, with no clue as to where they switch from no stabilisation to full
stabilisation).

Faced with these differing approaches, it is clearly not possible to pre-
tend that any optimal strategy is used here. As has been noted, a particular
problem with the literature on the subject is that it pays little attention
to adaptive meshing. Thus, while it may be that GFEMIA is the best ap-
proach, it is not clear at all how an adaptive algorithm could be devised to
utilise it while conforming to the other constraints mentioned in the next

chapter. On the other hand, it might be that the well-documented Galerkin
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FEM problems with uniform meshes do not arise where adaptivity works to
refine coarse mesh areas afflicted with unphysical oscillations. Our approach
is therefore guided by the particular requirements of our problem set, and
essentially derives from empirical findings arising therefrom.

All this being said, on one particular subject Zienkiewicz and Taylor and
Gresho and Sani appear to agree: the use of “balancing diffusion”, where
modified weight functions are applied solely to the convective terms of the
equation, is discredited. This technique is the analogue of the “upwind dif-
ferencing” used in finite difference for the same reasons. Leonard [77], shows
that it yields the wrong results where source terms are present in the PDE,
as they might well be in electrochemical simulations (the title of this paper
gives a clue to the varying views of stabilisation schemes). As a conse-
quence, where stabilisation schemes are used in this work, they are applied
to all terms. However, the last point would appear to bear on the work of
Alden [31], who used upwind finite difference for some convective simulations

and yet obtained correct results, so there remains some uncertainty.

2.2.2 Ouwur Approach

Testing with various schemes revealed two essential aspects to the particular
problems solved with our adaptive methods. Both camps would appear, from
the very limited testing conducted, to have been correct to an extent, at least
in the context of the electrochemical problems considered in this work.

Firstly, it was found that with low to moderate flow rates adaptivity did
work to remove oscillations, without any stabilisation scheme. While the
initial crude mesh led to the predictable oscillatory effects, mesh refinement,
guided by a current error bound, led to reasonable-looking concentration
fields. Most importantly, the resulting currents were in accordance with
reality. Unfortunately it was not possible to test this over the full velocity
field range, for the reason given next.

Secondly, it was found that all Krylov space solvers tested rapidly be-
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came unstable or unfeasibly slow as the flow rate increased, typically above
a shear rate Peclet number (see § 4.6 on page 190) of around 2. Even us-
ing preconditioned GMRES, generally one of the most stable of the Krylov
space methods, with a very long recurrence [71,72] (typically 200 iterations
between restarts on a linear system with around 1000 unknowns) failed to
solve problems with higher flow rates. Unless a different solver (or possibly a
far better Krylov solver preconditioner) were used, Galerkin weighting would
not appear to be practical over the full range of flow rates. This conclusion
is of course in concordance with the orthodoxy espoused by Harriman et
al., but the reasoning is decidedly different. It is congruent, however, with
Alden’s findings [31] in relation to upwind differencing in finite difference and
its effect on matrix diagonal dominance.

Fortunately it was found that Streamline Upwind Petrov Galerkin weight-
ing dramatically alleviated the Krylov space solver problems, allowing simu-
lation over the full range of flow rates. Rather than the slower GMRES solver,
stabilised biconjugate gradient (BiCGStab), was found to be adequate; and
it solved systems rapidly. Crucially, not only were oscillations not present
in the concentration fields simulated, but the currents derived from the sta-
bilised scheme were found to tally with known analytical results. It is not
clear, therefore, from where Gresho and Sani’s antipathy toward stabilisation
schemes derives. Perhaps it is more a result of hostility to “balancing dif-
fusion” and “upwind differencing”, which demonstrably fail to yield correct
results in known cases.

Whatever the particular stances of finite element authors, the conclusion
would appear to be fairly clear. Since stabilised schemes do appear to yield
correct results, and because beyond moderate flow rates they are necessary
to allow our unsymmetric Krylov space solvers to function efficiently, they
are used in this work for simulations involving convection. In order to pro-
vide a consistent approach over the full range of flow rates, the “optimal”
stabilisation parameter expression given by Zienkiewicz and Taylor [74] was

used. This adjusts the degree of stabilisation from zero, where there is no
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convection, to full at fully convective transport, according to the expression

1
= coth Pe — — . 2.66
a = coth Pe — (2.66)

For the channel flow model problem this was found to give correct results, as
well as reasonably fast solutions, at all tested flow rates. That said, during an
extended discussion, Donea and Huerta [75] suggest that the formula should
be modified depending on element order and node type, so it may be that

improvements could be made.

2.2.3 Element Stiffness Matrix Calculations

For linear elements Petrov-Galerkin weight functions do not involve any par-
ticular difficulties. No change is made to the diffusive term, as there the
weight function is differentiated, reducing the new part to zero. With higher
order elements a problem arises, as the weight functions are not continu-
ous between elements. Since in the diffusive term they are differentiated,
this leads to integration of a singularity at element edges. From our global
weight function perspective, two basic approaches appear to exist to combat
this: either modified forms of (2.63) are used where the derivative is mul-
tiplied by some sort of “bubble” function that equals zero at the element
boundary [74], or some effort is made to incorporate the singular part of the
integral in a “distributional sense” [78].

Harriman et al. eschew both courses because they operate on an element-
by-element basis, saying that after breaking the domain integral into element-
sized pieces the offending derivative term “makes sense” [37]. The results
achieved thereby are encouraging, and so with admittedly little theoretical
justification we follow their approach. Ideally a more detailed analysis would

be conducted.
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2.3 Computational Aspects

The computational aspects of the implementation are quite different in their
emphases than the mathematical ones. For instance, where the linear sys-
tem assembly occupies pages of algebraic manipulation, once the formulae
for stiffness matrix and force vector elements are available, the process is
achieved in a few hundred lines of code. As might be expected, the mesh
generation and refinement of Chapter 3 required relatively involved program-
ming, but ultimately occupied approximately a thousand lines of code.

Instead, so far unmentioned areas took considerable implementation ef-
fort. Rather than a command line interface, taking as input a problem de-
scription, and outputting the numbers describing the solution, it was thought
preferable to have a graphical interface, with solving an interactive process,
and the resulting concentration field plotted instantaneously. Thus a graph-
ical user interface was constructed, with code drawing the mesh along with
the various solution and error fields. Ultimately it would be preferable to
have problems described by interactively drawing the domain boundary, but
currently the program still loads a text-based problem description. However,
the solution process is nonetheless faster for the user, and more convenient,
with less likelihood of catastrophic failure going undetected, since the result
is instantly plotted.

Another important aspect of the interface is less obvious, but has been
touched upon already in § 2.1.6 on page 61. The program solves a set of

equations of the type

Ju

0 ou 0 Ou ou
a(senge) + 2 (o y>5y') 0.2t S pu = T(a)
(2.67)

with an arbitrary (in principle) mixture of Robin and Dirichlet boundary

conditions. In each governing PDE, then, we have five arbitrary functions.”

T Actually, as might be discerned from Appendix E, the program can accept different

diffusion coeflicients in the z and y directions, but this capability is not used here.
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And it might also be desirable to prescribe functions of spatial coordinates
as boundary conditions, for instance, where an analytical concentration is
imposed for testing purposes. Typically simulation programs take as input
only numeric constants, because these are readily handled by computer lan-
guages’ in-built capabilities: they are a fundamental data type. But limiting
a, vy, Uy, etc. to constants curtails the program’s range of applicability. We
have already seen that axi-symmetric problems can be incorporated without
special elements simply by—assuming a constant diffusion coefficient for a
simple example—setting a(z,y) = x. Thus, allowing functions to be input,
and evaluating them as needed, significantly contributes to the generality and
versatility of the program, and reduces the code required for special cases.
The three primary challenges of the programming were essentially, ignor-
ing the bulky but relatively simple graphical interface code, meshing, efficient
sparse matrix solving, and parsing and evaluation of functions. The first of
these is not well documented, and deserves a relatively detailed explanation,
which is given in the next chapter. The second is a well researched problem;
once a sparse matrix format and an iterative algorithm have been selected
it is straightforward. We therefore describe only the matrix format and the
matrix-vector product routines. The last is a challenge met in every computer
language compiler, but is certainly not described in any finite element text.
Because it is not central to our purpose we discuss it only briefly, although
it took more programming than the meshing. Finally, the mesh and matrix
data structures used had certain consequences for efficient implementation,

of which we give an outline.

2.3.1 Programming Platform

Everything so far described was implemented in C++ [79]. The only viable
competitor in terms of speed and suitably for scientific computing would be
Fortran in one of its later incarnations, but there are a host of reasons to

prefer C++. Firstly, almost all APIs (application programming interfaces)
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are geared towards C [80] and C++ (C is almost exactly a subset of C++).
Since graphical displays and windowing interfaces depend on API availabil-
ity, this severely limits Fortran’s usability. Secondly, Fortran compilers are
expensive and relatively unavailable.

Finally, Fortran does not have the same linguistic functionality of C++.
It is wrong to characterise C++ as purely a mixture of structured C with
new object oriented functionality; it incorporates an important third pro-
gramming paradigm with its templates, a form of generic programming. Ob-
ject oriented programming has a number of advantages—data encapsulation,
inheritance, etc.—and it was used extensively, but generic programming also
had an important réle. Not only does generic programming allow, for in-
stance, automated code generation for both single and double precision ver-
sions of the same routines; it also makes possible the extensive C++ Standard
Library [81]—in particular the Standard Template Library—used throughout
our finite element implementation.

For these reasons, Fortran (even with its newly acquired object orienta-
tion) and the fashionable Java are generally less capable, in spite of poten-
tially allowing more elegant expression of simpler programs. (In fact Java
would have to be discarded on performance grounds in any case, on account
of issues with run-time compilation and “garbage collection”.) One qualifier
should be attached to the previous statement: Fortran 90 and later do have
in-built constructs for parallel programming, and might prove more conve-
nient for leveraging parallel systems. But no parallel systems were used for
the finite element program because it was fast enough on serial machines,
and if they were C++ could still use their facilities; it would just not be with
native language capabilities.

The particular programming environment chosen was Microsoft Visual
C++, principally because it best supports Windows programming; but it
also happened to be competitive performance-wise: in tests it consistently
produced faster code than a popular alternative, GCC. The two latest ver-

sions at the time of writing, 6 and 7, were both used, with little difference
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between them for our purposes. The simulations were run on a variety of
standard Intel® 80x86-compatible processor platforms, primarily a mobile
Pentium I1I® running at 850MHz. Most of the adaptive finite element simu-
lations took a few seconds, so no outstanding processing speed was required.
The memory requirements were also modest, typically being around 5 Mb,
much of which was consumed by the graphical interface.

For double precision arithmetic, as was used throughout this work, the
Pentium III does not offer any vector processing capabilities. It is therefore
probable that the machine instructions generated by the compiler are not
easily improvable with hand-tweaking, given the complexities of Pentium III
instruction reordering, etc [82,83]. The possibilities of other platforms, and

of single precision, are discussed in Chapter 6.

2.3.2 Krylov Space Solvers

It is assumed in the analysis of Appendix D that the multiplication of a
vector by the system matrix is an O(n) operation, where n is the number
of nodes, and consequently the number of rows and columns in K. Further,
using a simple two dimensional array matrix format, one quickly discovers
that problems will not fit in memory if the number of nodes is more than
a few thousand, so it would be preferable for the memory footprint to scale
with n, not n?. These aims are only attainable if a sparse matrix format is
used that ignores zero entries.

Sparse matrix formats abound [69,72], but for unstructured sparsity pat-
terns there are only a few viable options. Because we are using iterative
solvers we do not need to randomly access matrix elements; we only need
to access them in rows at a time. This leads us, fairly inevitably, to the
compressed row storage (CRS) format (ibid.). Here for each row an array
of non-zero entries is stored, along with an array of their respective column
indices. We expect, given the limited connectivity between nodes, just a

handful of entries per row. Of course, where we deal with self-adjoint prob-
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lems the matrix is symmetric, so we only store the upper triangle, the lower
being implied. As a final space optimisation, because diagonal entries are
always non-zero, they are stored separately as an n dimensional vector. This
also marginally simplifies, and hence speeds up, the inner loop for matrix
multiplication and related operations.

The matrix-vector multiplication function is simple enough to give in Fig-
ure 2.4 on the next page. In fact, because we implement two basic precon-
ditioners, the various tricks used to speed them require a number of related
functions; but the essential simplicity remains. All the other computational
elements of the Krylov space solvers are operations with dense vectors, and

are hence straightforward in their implementation.

2.3.3 Function Parsing and Evaluation

The theory of mathematical function parsing and evaluation is a subset of the
theory of compiler writing. It is therefore covered in many books (e.g. [84]),
and no attempt is made here to explain it. We simply note the particularities
of our problem, and the techniques used to address them.

A simple lezical analyser (ibid.) was used to convert raw characters—
digits of numbers, addition signs, etc.—into tokens—numeric constants, arith-
metic operators, etc. The second phase, parsing, was more involved. Adopt-
ing the standard classification system of Chomsky [85, 86], mathematical
formulae conform to a simple Type 2 or context-free grammar,® and as such
can be parsed by standard techniques. However, normal mathematical no-
tation, also called infiz notation, is harder to parse, and slower to evaluate,
than postfiz notation. A particularly intuitive means of parsing expressions,
called recursive descent, is in fact not applicable, because some fundamen-
tal arithmetic operators are not left-associative, which it requires. Thus,

iterative loops were added, alongside the recursive parsing, to handle these.

8In this technical sense grammar means, roughly, the rules that govern valid construc-

tions from component symbols.



CHAPTER 2. FINITE ELEMENT THEORY 76

void CSSymMat::MulVec(const CVec& vec, CVec& ans) const
{

ans.Zero();

vector<CMatRow>::const_iterator row = m_rows.begin();

for (int row_i = 0; row != m_rows.end(); ++row, ++row_i) {

// do diagonal

ans[row_i]l += m_diagl[row_i] * vec[row_il;

vector<CMatEntry>::const_iterator entry =
m_rows [row_i].ConstBegin() ;

for (; entry != m_rows[row_i].ConstEnd(); ++entry) {

int col_i = entry->m_n;

// do upper and lower triangles
ans[row_i] += entry->m_val * vecl[col_il;

ans[col_i] += entry->m_val * vec[row_i];

Figure 2.4: The C++ function for the symmetric CRS matrix-vector
multiplication function. Each row is dealt with both as a row and a
column on account of the symmetry. The results are accumulated in
the ans vector structure, addressed with array syntax. The diagonal is
handled separately. This code fragment exemplifies both object oriented

programming, and use of the STL, which subsists on generic programming.
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The end product of parsing was a postfix version of the expression, which
had the minor advantage of eliminating parentheses. Since stiffness matrix
assembly requires numerous function evaluations, one optimisation, termed
constant folding (ibid.) was implemented. This simply means that constant
expressions—e.g. m/2—are evaluated once during parsing, and stored as
constants to avoid processing overhead every time the expression containing
them is evaluated.

As well as the four elementary arithmetic operators and parentheses, pow-
ers, elementary functions (e.g. sin z), and some special functions (for example
Bessel functions) are usable in the input expressions. To allow more concise
and readable input files, expressions can also refer to one another.

The effect of all this was to allow arbitrary functions where some programs
only allow constants: the governing PDE, the boundary conditions, and even
the boundary vertex coordinates are all—where applicable—functions of spa-
tial coordinates and other user-definable expressions. But perhaps the great-
est advantage is that the error norm used to guide adaptive refinement in
Chapter 3 is a user-defined expression. Thus any applicable mechanism can
be solved with any suitable error criterion, all with the same program. This
seems to justify the work put into function parsing and evaluation; it exposes
the full generality of the error estimation code to the user.

The only concern might be performance, but here we are relatively safe.
Since the linear system solving scales worse than linearly with n, it will al-
ways eventually dominate O(n) steps like stiffness matrix assembly and error
estimation. The crossover point depends on the proportionality constants—
asymptotic performance is after all not the only measure of algorithmic
efficiency—but in practice it was found that for most real problems the
parsing code had a tolerably small impact on solving speed. Possible op-

timisations are discussed in Chapter 6.
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2.3.4 Linear System Assembly

It is straightforward to assemble the element stiffness matrix of § 2.1.5 on
page 57 using simple data structures. The same applies with Robin boundary
conditions. But it should be noted that the Dirichlet boundary procedure
described in §2.1.7 can be made significantly more efficient by using the full
information in the mesh data structures.

The CRS matrix format does not allow efficient random access to row ele-
ments, so picking out each matrix entry on column j would be inefficient (this
would need to be done for each node on the Dirichlet boundary). Further,
given the sparsity of K, it seems inefficient to seek to zero each element in an
entire row and column when most elements therein would be zero already.

The neighbour information stored in our more comprehensive mesh data
structures (documented in the next chapter) helps here. Using the edge pair
linking it is possible to quickly determine the nodes sharing edges with the
Dirichlet boundary node. Since these correspond to the only non-zero entries
on the relevant row and column (because elsewhere the two shape functions
have no overlap), only these need be zeroed. Instead of an O(n) operation per
Dirichlet node, then, a roughly constant time operation was possible instead.
This effectively eliminated Dirichlet boundary conditions from performance
considerations.

One other possibility for Dirichlet adjustment has already been men-
tioned: elimination of the degree of freedom. It is not easy to envisage an
efficient implementation of this with the CRS format. The offending row
could be eliminated easily enough; and so could the offending non-zero col-
umn elements, using the neighbourhood information mentioned above; but
row entries after column j would need to be re-numbered, giving again an
O(n) algorithm per Dirichlet node.

Another, inexact, method of incorporating Dirichlet conditions is given
by Zienkiewicz and Taylor [16]. Termed the “penalty method”, it retains the

degree of freedom, but avoids manipulating any row apart from j by using
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a large parameter v to give row j overriding precedence, meaning one of the
linear system’s equations becomes yu; = ya. Perhaps without the mesh data
available to us it is an attractive option, but we see no advantage over our

approach, with only potential additional inaccuracy arising.

2.4 Summary

In this chapter we have presented the fundamentals of the finite element
method, a viable scheme for solving a wide range of electrochemical mass
transport problems. We have, it is true, ignored transient and non-linear
problems, but no fundamental barriers are apparent in the way of their im-
plementation; in principle the method we have described is fully general.
Instead we choose to focus on solving, in a relatively complete way, first or-
der steady state problems. The rest we leave to the future, and the final
chapter.

In order to apply this discretisation scheme, a mesh is required, and if it
is to be efficient, one tailored to whichever electrochemical problem is under
study. In order to achieve this for the generality of problems, adaptive mesh
generation is required. This is described in the next chapter. Where the
current is of interest, it is only natural to use the error in this to guide

adaptivity, and so this too is covered next.



Chapter 3
Adaptive Finite Element

After examining the generic machinery for finite element solving per se, in
this chapter we present an adaptive mesh optimisation algorithm capable of
efficiently modelling the boundary singularities (see § 1.1.5 on page 18) in mi-
croelectrode geometries. Eschewing the a priori meshing approach of many
practitioners (e.g. [87]), we instead look to adaptive mesh control in gen-
eral [16], and error control of the current particularly—a notion introduced
to electrochemistry by Harriman et al. [33-38]. Harriman et al.’s results are
encouraging, and an important step forward for electrochemical simulation,
as they tie mesh adaptivity to the quantity of interest. But their formula-
tions were apparently problem-specific, and the meshing would appear to be
inflexible, so we modify and extend their work significantly.

The general idea of mesh refinement is to use a series of successively im-
proved meshes, each solved with the standard FE techniques of the previous
chapter, until an answer of the necessary accuracy is reached. The flow di-
agram for this approach is shown in Figure 3.1. In the adaptive case, only
specific areas of the mesh are refined in each step; elements contributing most
to the error are identified, and replaced with more elements, it is hoped more
accurately modelling the solution. This is important, as refining the entire
mesh is generally inefficient because it generates too many nodes.

Apart from structured meshing of regular regions, there has been little
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Figure 3.1: The algorithmic flow for finite element with successive re-
finement. Note that the error of the initial mesh is in principle irrelevant.
The entirety of the Galerkin formulation and the matrix solving comes

under the “solve mesh” step, which is by far the most involved.

use of automatic meshing within an electrochemical finite element context.
Consequently much of this chapter is novel. In deciding on a mesh refinement
algorithm, one is generally constrained (unless some non-standard finite el-
ement scheme is being employed) by the need for certain mesh attributes.
These are described here, before an algorithm is outlined which can generate
meshes in general two dimensional simply connected regions, and refine them
as needed.

After establishing a means of refining the finite element mesh to increase
accuracy, we turn our attention to measures of error, and present new theory,
simpler and more flexible than that used by Harriman et al. (ibid.), for the
accurate computation of currents (and in fact other quantities related to the

concentration field).
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3.1 Mesh Generation and Refinement

All the theory in §2.1 is applicable to any valid mesh, such as the one shown
in Figure 1.4 on page 28. The validity or otherwise of meshes is considered in
the next section. This bears on the question of how to first generate a mesh
(the first step in Figure 3.1), and then how to refine it in order to increase
accuracy—a question with more than one answer. We present our approach,
a form of Delaunay triangulation, in §3.1.2.

Unfortunately, unlike the basic FE formulation, automatic mesh genera-
tion is not covered well in standard texts, and is an active area of research.
Generally it is assumed that a mesh is available, possibly having been manu-
ally generated. It is difficult, therefore, to have a definitive view on the best
approach, if indeed there is one. We adopt what seems a logical strategy,
but it is certainly not the only one. Doubtless as automatic mesh generation
becomes de rigueur, as surely seems inevitable, the situation will improve.

The idea of mesh refinement is simple. As the element size tends towards
zero we might expect, as with decreasing finite difference grid spacing, to
achieve convergence to the exact solution. If we wish to simulate to a pre-
ordained accuracy then an obvious strategy is to subdivide a crude initial
mesh until the solution is accurate enough. This is called & mesh refinement.
The alternative—increasing the order of elements, which in turn means effec-
tively raising the order of the Taylor series approximation—is called p mesh
refinement.’ Theorems exist [16,32] that prove convergence, under certain
conditions, with both decreasing element size and increasing element order,
so one might reasonably wonder which is the superior approach.

Mathematically speaking, p refinement is the more attractive technique

1Yet another type of refinement, r refinement, exists. This moves node positions while
keeping the number of degrees of freedom the same. It is described by Zienkiewicz and
Taylor [16] as being “theoretically of interest” but having “little to recommend it”. This
is probably true as regards general engineering practice, as well as in the context of our

problems.
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because, under certain common assumptions,? with increasing degrees of free-
dom it can converge at an exponential rate. However, it has been pursued
less commonly than h refinement, principally because it is difficult to imple-
ment. It clearly requires a practically unlimited degree of element available
in the basic Galerkin (or whichever FE formulation) solver, which while per-
haps not as difficult as the derivation in §2.1.3 might suggest (there exists a
more systematic theory of elements) is nonetheless a challenge. Secondly, if
the refinement is adaptive, as it is here, where different domain areas are re-
fined more than others, elements of different orders (with different numbers of
nodes) would abut, raising further difficulties, not least in the data structures
used to store them. Some researchers have combined A and p refinement into
hp refinement, but again this has proved problematic to implement. Since the
majority of research exists on h refinement, and the programming challenges
are manifestly less daunting, we follow this trend, noting that more efficient
alternatives may well exist, some mention of which is made in Chapter 6.
There are two basic approaches within A mesh refinement: element sub-
division (also called mesh enrichment) and mesh regeneration. In both an
initially crude mesh is refined according to an error criterion until the desired
accuracy is reached. The difference is simply that in the former new nodes
are added to the existing mesh, and possibly old ones removed (“derefine-
ment”); whereas in the latter an entirely new mesh is generated at each step.
It is not obvious which is better. Derefinement can be difficult to implement,
but then it is not always necessary (indeed, we do not implement it). And
mesh regeneration, given a fresh start each iteration, might be expected to
produce closer to optimal meshes. On the other hand, generating a com-
pletely new mesh can be time consuming. Element subdivision seems more
intuitive, and is more commonly employed, and for these reasons we adopt
it, but doubtless mesh regeneration could prove an adequate, possibly better,

replacement.

ZSee ibid. Notably, we assume here that singularities are not present, which is not

usually true with our type of problems. We address this concern below.
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3.1.1 Meshing Aims

Convergence theorems supply information about how the mesh affects so-
lution accuracy. It can be shown [16], for instance, that in the absence of
singularities, the order of convergence of a concentration field approximated
by linear elements is O(h?), where h is a measure of element size, and we
assume all elements’ sizes tend towards zero uniformly (uniform refinement).
Another way of stating the order of convergence is O(n) ™!, since the number
of degrees of freedom (the number of nodes) n is approximately inversely
proportional to A% in two dimensions.

As noted in §1.1.5, nearly all of the problems under study possess bound-
ary singularities; and it happens [16] that the order of convergence for uniform
refinement can be, and usually is, much lower with such singularities. How-
ever, it can also be shown (ibid.) that with a type of adaptive refinement,
where, broadly speaking, elements near singularities are refined, the rate of
convergence above with increasing n can be recovered.

Note that in the following section we shall not discuss the quality of
the mesh wvis a vis its ability to model the phenomena we are simulating;
that belongs later, where error analysis is discussed. The point of adaptive
mesh refinement is to add elements where needed—and only where needed—
to capture important phenomena. This will be defined by the governing
equation and the boundary conditions. However, regardless of the particular

physical problem under study, there are criteria that all meshes must satisfy,

and we sketch them next.?

3This is not entirely accurate. For instance, long thin “sliver” elements are sometimes
encouraged in convective simulations. And “non-conforming” elements breaking continuity
requirements are also sometimes used. Nonetheless, what we say does apply to the great
majority of finite element simulation, and certainly to the electrochemical problems that

we study; such unorthodox approaches demand special justification.
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Valid meshes

There exists a basic condition for any mesh used, regardless of accuracy. It
is this: if an edge is shared by two elements, they must also share the nodes
at its ends. This proviso is not surprising when one considers the necessity
of inter-element continuity. If a node breaks an edge in one element, but not
the edge in the neighbouring one, then the edge field values can disagree,
and CY continuity is lost. See Figures 3.2 and 3.3 for an illustration of the
implications of this necessity. HEssentially, so-called hanging nodes are not
allowable. This has consequences for when we wish to refine the mesh by

splitting elements: if an edge is split, both elements sharing it must also be

split, not just one.

Mesh quality

The other important constraint one must keep in mind, particularly with
adaptive meshing, is that convergence only holds when the lengths of all the
edges of the elements being refined tend towards zero at approximately the
same rate. This statement can be made mathematically precise—see [32]. An
obvious implication is that the element subdivision procedure one must not
allow angles to tend towards zero while edge lengths remain finite. This sends
the element area to zero, but it destroys the convergence of the finite element
method. A simple means of subdividing elements that suggests itself in the
light of the complications of splitting edges mentioned above—adding nodes
at triangle centroids—is illustrated in Figure 3.4 on page 87, and clearly
breaks this criterion. Obviously this technique alone would not be a usable
means of refining the mesh, but adding nodes at elemental centroids and
then rearranging mesh edges to enforce the Delaunay constraint (see below)
is a usable strategy, and is the one employed in our adaptive finite element
simulations.

An important generalisation of the above rule (ibid.) is that “badly

shaped” elements give inaccurate results [88]. Elements with small angles
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Element A

Figure 3.2: Nodes not shared by elements on which they border, as
in here, are not allowed in meshes. The solution is simply to subdivide

element A, as shown in the figure below.

Figure 3.3: Having added an edge, the offending node of the previous

figure is now legal.
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Figure 3.4: A faulty element subdivision strategy. Even though the
element areas and some edge lengths tend towards zero, some edges remain

untouched. This destroys convergence.

give 1l conditioned (see [89,90], and Appendix D for the implications) sys-
tem matrices [91]. Large angles, on the other hand, can cause a large FE
discretisation error [92]. Thus it must be our aim, in constructing any mesh,
to ensure triangles are “nicely” shaped, with angles close to 7/3. As already
noted, we use Delaunay triangulations for this purpose, motivated by their

special properties.

3.1.2 Delaunay Triangulation

We take as our starting point for this section a closed two dimensional domain
boundary composed of straight line segments. No curved edges are allowed,
and no holes may be cut out of the region so described. In mathematical
terminology the domain must be simply connected [13], and described by a
polygon as defined by O’Rourke [93].

The absence of curved boundaries considerably simplifies automated mesh-

ing, and anyway two dimensional curved domains? can be reasonably approx-

“Note that we do not here mean cylindrically symmetric three dimensional domains
whose curved boundaries are eliminated on the symmetric reduction to two dimensions—
we perform simulations in many such domains in Chapters 4 and 5. Instead we mean, for
instance, that an SECM tip with curved tapering would not be exactly representable in

the input file.
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imated in most cases by subdivision into enough straight lines. Most simu-
lation domains will require no such geometric approximation in any case, as
in two dimensions they generally have straight edges.

The lack of provision for holes in the domain is a more serious restriction,
preventing some domains from being simulated, and with no accessible ap-
proximation. It would not, however, be impossible to incorporate at a later
time; there is no fundamental barrier to doing this.

For the bare minimum of meshing, for output we wish to produce a trian-
gulation [93], which will satisfy the node connectivity requirements of §3.1.1.
But mindful of the criteria for a good mesh we shall also insist that it be a sort
of Delaunay triangulation—the constrained Delaunay triangulation (CDT) in

fact—the construction of which boils down to two steps, in our case:

1. Constructing a valid initial triangulation;

2. Flipping edges to enforce the constrained Delaunay triangulation prop-

erty.

These steps are combined in algorithms that create the CDT immediately
from the input data, but our method carries the advantage that any subse-
quent triangulation not of the constrained Delaunay variety can, by repeating
step two, be converted to one that is. Since we plan to refine the initial mesh
this will prove to be useful.

We now describe the theory of the two steps in detail, leaving computer

implementation until later.

1. Initial triangulation

The precise definition of triangulation is given by O’Rourke [93]. We describe
it as the subdivision of the boundary polygon into non-overlapping triangles
by connecting its vertices with edges. The nature of the initial triangulation
is (at least in principle) not important, provided it is valid. Since with

most boundaries possessing more than three vertices there is more than one
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possible triangulation, this is helpful. If, before enforcing the CDT constraint,
we were desirous of “nicely shaped” elements, as talked of previously, then
we would have to pay attention to the angles of triangles produced. Since,
as we shall see, this is dealt with by turning it into the constrained Delaunay
triangulation, we can pick any algorithm from those available in O’Rourke
[93], or any other source.

Figure 3.5 shows two different triangulations of a simple shape. The
second one would tend to give less accurate results than the first owing to
the high aspect ratio of one of the triangles. However, enforcing the Delau-
nay property would flip the internal edges to produce “nicer” triangles—see
below.

It should be noted that neither the initial triangulation nor the CDT
creation can break the node connectivity requirements discussed above as no
nodes are introduced during the process, only edges; and in the case of initial
triangulation the preexisting nodes reside only on the boundary, where edges
will only belong to one triangle (element) anyway.

O’Rourke (ibid.) presents a variety of triangulation algorithms, ranging in
their speed from O(n*) to O(n), where n is the number of boundary vertices.
Since the boundaries of most problems that we tackle generally have of the
order of ten vertices (although approximated curved boundaries could have
many more), and the initial triangulation process is only performed once per
simulation, we have no particular worry about the order of the algorithm
used, providing it is reasonable. The O(n?) and O(n®) and O(n?) triangu-
lation algorithms are all relatively simple, whereas those of O(nlogn) and
better are difficult to virtually impossible to implement. Thus O’Rourke’s®
O(n?) “ear removal” algorithm (Algorithm 1.1 in O’Rourke [93]) was selected
as the best compromise.

The crux of the algorithm is the definition of vertices as being, or not

being, “ears”—that is, vertices whose immediate neighbours can be joined

50’Rourke quotes O(n?) triangulation algorithms as having been “implicit in proofs

since at least 1911”.



CHAPTER 3. ADAPTIVE FINITE ELEMENT

Figure 3.5: Two possible triangulations of the simple shape described by
the bold lines—the thinner lines are edges added during the triangulation

process. Note that no nodes are added, only edges.

90
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Figure 3.6: The “ear removal” triangulation algorithm illustrated. The
unbroken line is the boundary of the region being triangulated. Five of
the six vertices are classified as “ears”, and the corresponding subdivisions

for their removal are shown in dashed lines.

by a line inside the polygon. Any such “ecar” can be chopped off, leaving a
smaller polygon to be triangulated and a triangle to be added to the stack of
triangles making up the triangulation. The concept is shown in Figure 3.6.

By careful maintenance of data structures classifying the status of ver-
tices as “ears” or not, this technique repeatedly applied leads to an O(n?)
algorithm. This is deemed more than adequate, as there will be later in the
process many more element nodes, and the CDT algorithm scales, in the
worst case, quadratically with the number of these.

The only complication with the algorithm adumbrated above is the data
structure used for the boundary, and for the resulting mesh—briefly, a circu-
larly linked list is used for the boundary; the mesh is more complicated, and

will receive more attention presently, in §3.1.5.
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2. Enforcing the constrained Delaunay condition

The (unconstrained) Delaunay triangulation is a certain triangulation® that
has a number of useful properties. The particular property that we exploit is
given by Edelsbrunner [94]: over all potential triangulations, the Delaunay
triangulation maximises the smallest angle of all the triangles. This ensures
that, given a certain nodal placement, the elements arising from its trian-
gulation will keep to a minimum small angles; it maximises the minimum
angle. We also wish, for finite element, to minimise the maximum angle;
but large and small angles are often concomitants, so the two qualities are
closely related. The more classical-—and easily testable—property is that no
triangle circumcircle (the circle defined by a triangle’s vertices [93]) contains
a fourth vertex inside its boundary.

We do not use a “proper” Delaunay triangulation, but a constrained
one. This is because Delaunay triangulations operate on point lists, whereas
we have a boundary with preexisting edges; therefore we must ensure that,
whichever edges are added, the edges given as the domain boundary remain.
This constrains our ability to meet the Delaunay properties. For instance,
a user can supply a boundary polygon with an angle of #/100 and it can-
not be removed without mutilating the domain. Nor can the circumcircle
property above generally be ensured. However, Edelsbrunner [94] quotes the
Constrained MazMin Angle Lemma, which states that, among all the con-
strained triangulations, the CDT maximises the minimum angle; in this sense
it is optimal for a given boundary.

Since we are starting from a preexisting triangulation, and because we
wish to add subsequent vertices during mesh refinement, we use an incre-
mental algorithm for Delaunay triangulation. Other approaches exist, for

instance Fortune’s plane-sweep O(nlogn) algorithm [95] for Voronoi dia-

bIn fact, in the case where four vertices are cocircular, the Delaunay triangulation is
not unique, but for our purposes this does not matter, as any of the candidates would be

equally good.
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grams,’ but we use one of the initial O(n?) algorithms—due to Lawson [96]—
that relies on successive insertion of vertices. A later, more common, algo-
rithm from Bowyer and Watson [97,98], relying on the circumcircle property,
is said by Shewchuk [99] to exhibit problems with numerical imprecision:
the circumcircle test can, with unfortunate combinations of imprecise calcu-
lations, lead to inconsistency, and complete algorithmic failure. We conse-
quently avoid the Bowyer-Watson approach.

It should be noted that the performance of the CDT step of the meshing
procedure is considerably more important than that of initial triangulation
since it is applied repeatedly, and with many more nodes. However, although
with some configurations O(n?) performance is expected, typically the cost
is far lower with the meshes we use; this has also been reported with some ex-
planation by Shewchuk (ibid.). Intuitively it is relatively easy to understand,
as with the iterative steps of element subdivision and CD'T enforcement one
can expect the majority of the mesh to comply with the Delaunay property
before it is re-enforced, as the mesh complied before the new nodes were
added.

Lawson’s algorithm does not directly use the circumcircle property, but
another defining property instead: for a constrained Delaunay triangula-
tion, if d is a diagonal (i.e. an internal edge) of the triangulation, then the
quadrilateral associated therewith—the union of the two triangles sharing
d—cannot have internal angles split by d whose total is less than «. The
algorithm follows simply from this property: if such a diagonal breaks this
rule then it is flipped, curing that particular angle problem, but potentially
altering the status of neighbouring diagonals, and so on. The idea is shown
in Figure 3.7 on the following page. The number of flips with typical cases
is actually relatively low.

In Figure 3.5 on page 90 the algorithm is seen in context. The first tri-

angulation is in fact the CDT; the second is a poor (from a finite element

"Voronoi diagrams, also called Dirichlet tessallations, are the geometric “dual” of De-

launay triangulations, and contain the same information [93]
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Figure 3.7: The Delaunay quadrilateral angle property and Lawson’s
algorithm. The sum of the angles split by the dashed diagonal d is less
than 7 in the left-hand example. This can be rectified by flipping d, as
shown, to give d’. In the single quadrilateral example here the process is
complete, but were there neighbouring triangles these would need to be

checked too.

perspective) triangulation. By flipping edge AB to give edge C'D the situa-
tion is improved.

A very crude approach would check all internal edges for the requisite
property, and upon finding a violating case, flip the edge, before starting
again. (The search could not just continue because previously compliant
edges might have had their status changed by flipping the first edge.) This
would be extremely slow, however, and to ensure quadratic complexity a
slightly more sophisticated approach is necessary. In a similar vein to the
“ear removal” triangulation algorithm above, the status of edges is stored,
and the implications of edge flipping carefully considered to minimise dis-
ruption of surrounding edges. It can be proven that such an approach must
terminate (it might be feared that cyclic cases could arise, with repeated flip-

ping to and fro of edges; this cannot happen). When nodes are added during
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adaptive element subdivision, again the implications for surrounding edges

are considered, and the work required to restore the CDT is minimised.

3.1.3 Delaunay Mesh Refinement

With the ability to enforce the CDT constraint—and hence ensure good
quality elements within the constraints of the set of vertices—in place, the
adaptive meshing algorithm is almost complete. It simply remains to find
a strategy to add new nodes where needed. Assuming offending elements
can be identified, the question remains of how to subdivide them without
breaking the node connectivity requirement of § 3.1.1 on page 84.

Harriman et al. [33-38] used an initial structured mesh, apparently gen-
erated trivially over a rectangular or similarly simple region, followed by
a ‘red-green” refinement strategy due to Bank [100]. Unfortunately that
type of initial mesh generation restricts the problem domain to the realm of
the trivial; and the “red-green” Bank refinement scheme is computationally
inelegant, because it requires maintenance of two types of refinement, and
removal of temporary edges during each refinement cycle. Further, the ad-
vantage of the “red-green” procedure is that it guarantees to introduce no
angle smaller than half the smallest angle in the initial mesh, but the diffi-
culty is that it says nothing about generating that initial mesh, which must
of course have no small angles. For the geometric generality that we seek,
then, it is not a complete solution, and if the initial mesh generation and
refinement can be performed with the same basic tool (the CDT in our case)
then it is unnecessary.

As has been mentioned, the element subdivision problem was solved for
elements without external edges by adding a node at the centroid, splitting
the triangle into three, as shown in Figure 3.4 on page 87. Elements with
external edges are split on their longest external edge, yielding two new
elements. The alternative strategy at the boundary is clearly necessary as

otherwise external edges would never be split. Internal edges, while never
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being split, can be flipped, leading to the same effect.

Initially a considerably more complicated algorithm, due to Ruppert
[101], was implemented. This added new internal nodes (by this we mean
those not on external boundaries) at bad element circumcentres (the circum-
centre of a triangle is the centre of its circumcircle). Given the circumcircle
Delaunay property this must lead to the splitting of the bad element, and
usually others too. Some theory exists to justify this approach in terms of
the quality of the elements produced. Unfortunately, with circumcentres not
necessarily lying within their triangles it also requires cumbersome searching
for the element containing the new node.

Another apparent difficulty with Ruppert’s algorithm comes when a bad
element circumcentre lies outside the domain. Here theory is used to show
that such a point could only lie in the diametral circle of a boundary edge
(diametral circle meaning the circle whose diameter is inscribed by the edge).
Such a boundary edge would be termed encroached, and would be split by a
new node at its midpoint. The elegant theory breaks down, however, with
boundaries having only relatively small angles: there, cyclic encroachment
can occur, with a new midpoint encroaching another edge, that being split,
and so on. Not splitting at the midpoint, and using special formulae for the
split point can alleviate this, but the algorithm becomes more complex.

For some time Ruppert’s algorithm was used, and could be restored to
the program, but it was found to be relatively slow and complex to maintain,
and removed. On the other hand, the triangle quality of the current strategy
is by no means perfect, particularly if the initial triangulation has extremely
elongated elements. This typically happens when problems of infinite extent
are approximated by very large domains, or where the domain has a high as-
pect ratio. Essentially, while the Delaunay property guarantees good quality
triangles given the distribution of vertices, the location of vertices is still a
limiting factor, and is not optimal with the centroid subdivision approach.
While no simulation failed badly because of poor quality elements, in ret-

rospect the Ruppert algorithm seems preferable from a robustness point of
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view, and it might, in spite of its additional complications, yield better per-
formance by producing meshes with fewer nodes and system matrices with
lower condition numbers. Whichever element subdivision rules are used,

however, the constrained Delaunay flipping algorithm seems eflicient.

3.1.4 Other Approaches

Delaunay triangulation is one of the more recent techniques to be used for
automatic mesh generation. Earlier algorithms tended to revolve around the
advancing front method and quaditrees (in two dimensions—these become
octrees in three dimensions), advancing front being the older.

As has been stated, the attraction of Delaunay methods is the minimum
angle property. Advancing front and quadtree generators do not have this
easily explicable attraction. Advauncing front algorithms appear to have lit-
tle theoretical support, but have been used widely, with success. For solving
problems such as ours they rely on advancing from the boundary inwards,
producing triangles as they go. The difficulties occur when the fronts meet
in the middle. It is probably true to say that advancing front methods are
becoming obsolete as they cannot offer the theoretical guarantees of quadtree
and Delaunay approaches. They also do not translate well to three dimen-
sions.

Quadtree methods and their higher dimensional analogues create a hi-
erarchical partition of the domain. With a quadtree, an initial grid of four
squares is laid over the domain, and squares containing high geometrical
complexity are recursively subdivided until a certain threshold is reached.
By warping the squares so produced, the mesh can be made to fit the bound-
ary. Perhaps surprisingly, there have been proven theoretical guarantees
on the angles produced by such methods, for instance by Bern et al. [102].
However, as documented by Shewchuk [99], quadtree methods typically pro-
duce several times as many triangles as necessary. Given their preference for

axially-oriented edges this is understandable.
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In sum, it is probably fair to say that in two dimensions, Delaunay trian-
gulation is the most elegant and efficient, at least given our current require-
ments. As will be discussed more fully in Chapter 6, the minimum angle
property does not generalise to three dimensions, so the central benefit of
Delaunay triangulation disappears there. Attempts have been made to work
around this, but it might be that octree methods, which seem to retain more
of the characteristics of their two dimensional versions, work better in three
dimensions. The problem of three dimensional meshing is a very active area
of research, and there is no universally satisfactory solution. It is primarily
for this reason that we stay in two dimensions, where meshing is closer to
being a solved problem.

A second factor in mesh generation arrives with transient simulations. If
the mesh is refined for each time step, the problem of locating new nodes
within the old mesh (in order to evaluate field values) becomes crucial to
the overall efficiency. Here the hierarchical methods mentioned above have

prima facie advantages. We return to this in Chapter 6.

3.1.5 Mesh Data Structures

Mesh enrichment requires more complex data structures than those for sim-
ple, static mesh finite element solving. This complexity manifests itself in
additional information that must be stored with elements, and in the way
elements and edges are stored; but there are commonalities, for instance in
the way node coordinates are used.

Since in an unstructured mesh nodes are shared by arbitrarily many el-
ements, it is logical to store them only once to eliminate redundancy. Thus
they might be stored in an array, with each element having three indices or
pointers referencing nodes therein. This is not simply a question of space
efficiency: the alternative approach of storing duplicate nodal coordinates
allows greater potential for inconsistent data structures, and hence program

bugs. An obvious data structure, then, for a triangular element, usable in



CHAPTER 3. ADAPTIVE FINITE ELEMENT 99

simple finite programs, would be a three element array of node indices per

element pointing into a global array of node coordinates, as in Figure 3.8.

Nodes
node 0
Element a / node 1
node index i: 0
node index j: 2 — ZZ:: i
node index k:3 — node 4 Element b
node index i: 2
: node index j: 0
l node index k:4
node n-1
node n

Figure 3.8: A simple element data structure. By using indirection, node
coordinates are stored only once in a global node array. Two elements, a
and b, are shown referencing the node array. They share the edge between

nodes 0 and 2.

Apart from node coordinates, some provision needs to be made for bound-
ary conditions, and it is here that it should be realised that the node index
lists stored with elements implicitly define edges. If we select a convention
(we, perhaps unwisely given the prevalence of the opposite standard, chose
clockwise), the node index array ordering defines the edges—for instance we
may take the node to implicitly refer to a following edge. We would then, if
we did not need to alter the mesh, store boundary condition data in another
three element list associated with each element; the linear system assembly
requires no more information.

For mesh refinement, however, we need more information if we are to flip
edges, as required by our constrained Delaunay meshing algorithm. This re-

quires knowing which elements border each other—something not instantly
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available from the data structure in Figure 3.8. By means of exhaustively
searching the element and node lists this information could be extracted,
but the process would be hopelessly slow. The solution is to ascertain upon
initial triangulation, and maintain during the refinement process, informa-
tion about the connectivity of the elements. A workable solution would be
to store a second list with each element, with pointers or indices referencing
the elements sharing each edge. This structure does introduce redundancy—
fundamentally it encapsulates no new information—but without it perfor-
mance would be unacceptable, so the potential for problems caused by in-
correctly maintained mesh structures must be tolerated.

As well as edge flipping, we need to perform element and edge subdivision,
as detailed previously. With the three element array approach, this becomes
cumbersome and error prone, because array lists do not well represent circular
edge patterns. Commonly, for instance, the code needs to step round the
triangle from one edge to the next, but the action it takes depends if it is at
the end of the element edge array (here it must loop round to the beginning
again), or at the first or second element (in which case the edge index is
incremented). The difference may seem trivial, but when it is magnified by
the number of times such code is required it becomes a liability.

Therefore we elect, instead, to introduce another level of indirection, by
storing with each element a pointer to a doubly (i.e. it can be traversed in
both directions) circularly linked list [103] of edges, which by its nature has
no beginning or end. For each element then, we have the topologically more
faithful edge chain, in turn linked to the node list, shown in Figure 3.9. The
new intermediate edge structure now holds boundary condition data, as well
as node positions and pointers to its pair, if there is one, in a neighbouring
element. The linking of these structures is now more complex, but easier
to work with. In fact, in our implementation edges do not store boundary
information, but point to segments of a special boundary data structure, not
described here; however, this is not fundamental. The maintenance of all

these links was the central challenge of the meshing code. Indeed, this is
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Elementa |— |edgei

7 N\

/

edge k |

edgej

Figure 3.9: The mesh data structure used. Element a links to an edge
in a circularly linked list. The edges in this list link in turn to the nodes.
Of course, despite how it is shown, the linked list is linear in memory, as
all things are, but traversal is dictated by pointers rather than memory
contiguity. Note that it does not matter which edge in the linked list the
element points to. Not shown are the links from edges to their pairs in

neighbouring elements, or the back-links from edges to their respective

element.
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node 4
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a significant factor, seldom discussed when considering the alternatives of

mesh enrichment and regeneration.

3.2 Error Estimation and Current Calcula-

tion

With the ability to generate and solve meshes, the final step needed to com-

plete the iterative cycle of Figure 3.1 is error estimation. Whereas much

automatic mesh generation—for instance that of Shewchuk [99]—has been
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devoted to optimising meshes for purely geometric factors, the future of fi-
nite element clearly lies in adaptive mesh refinement guided by the solution-

dependent quantities of interest.

3.2.1 Previous Work

Zienkiewicz and Taylor [16] give an overview of error estimation, but primar-
ily from a structural mechanics perspective. There certain error norms—
measures of error—related, for instance, to the total deviation in stress, are
typically in need of minimisation. Qur requirements are rather different, but
we use many of the same ideas translated into the electrochemical arena—
something apparently not done previously. Zienkiewicz’s focus has largely
been on superconvergent patch recovery and related error estimators.

Various more mathematically-oriented practitioners have also pursued
adaptive finite element. Babuska and Rheinboldt introduced a posteriori
residual-based error estimators [104,105] in 1978, and in 1984 Babuska and
Miller introduced the notion of the “influence function” key to this work
[106-108] (see below). Babuska and co-workers’ approach was largely cen-
tred on residual-based estimators, and the cited papers deal with steady-state
problems. Much of it is summarised in [109].

Through the nineties Eriksson and Johnson published a series of papers
dealing with adaptivity in parabolic problems [110-114], including non-linear
ones. When transient electrochemical problems are tackled their work will
doubtless become more relevant to ours. Rannacher, Becker, and others
have developed residual-based estimators for non-linear elliptic and transient
problems [115-118] (collected together in [119]) based on similar duality ar-
guments to those used by Harriman ef al. Much of this work is devoted to the
discontinuous Galerkin method—a different formulation from the standard
Galerkin one used here—and so is somewhat divorced from our concerns.
Of course, none of these authors addresses electrochemical problems, except

peripherally when dealing with flow through chemical reactors.
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Harriman et al. point the way [33-38] for adaptive electrochemical finite
element. Previous practitioners, some using commercial finite element pack-
ages, have typically, if they have used adaptive finite element, adopted some
standard error norm of the concentration field error. If, however, we desire
an accurate current from the simulation, it is the error in this specifically
that must concern us. It should be used to guide the mesh refinement, not
some indirectly related quantity.

Unfortunately Harriman et al.’s approach has difficulties for the electro-
chemical practitioner. The error estimation theory is extremely mathemati-
cal. Numerous pages of abstruse (for a non-specialist) “Sobelev spaces” and
“trace theorems” lead to very specific results, but this precision is, as we shall
show, unnecessary for error-controlled simulations; it also does not necessar-
ily imply any more efficiency in the estimator. The titles of all their papers
on the subject advertise “guaranteed accuracy” of currents calculated using
their techniques. To the layman this is potentially misleading, as the con-
tent reveals, because guarantees are contingent on having to hand the exact
solution to a second, dual problem (defined by the adjoint equation, possibly
with different boundary conditions), and “in general the analytical solution
to the dual problem is not known. . . In this case the reliability of the...error
bound can no longer be guaranteed” [33]. In certain cases, therefore, it is
possible for the “bound” to underestimate the error.

Without guaranteed error bounds or wide generality to bolster the claim
for such recondite mathematics, we are free to make modifications, as long
as we can ensure—Ilike Harriman et al.—that the estimate of the error of
our solution is within a prescribed bound. Consequently we put aside the
detailed theory and, focusing on the key idea presented in [33-38], develop
something simpler and possibly more general.

The most important idea used is that of re-expressing the boundary in-
tegral current definition as a domain integral of both the solution field (som-
times termed the primal field) and the an influence function (see below). This

was borrowed by Harriman et al. from the work of Babuska and Miller in en-
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gineering [106,109]. Tt is a fundamentally important idea, and we shall use it
extensively below, although it will be found that actually solving a separate
influence function problem is frequently unnecessary. Harriman et al. re-
strict the influence function to be the dual, as do Rannacher et al. [115-120],
which is something that our formulation does not demand, but which does

appear to be more efficient—see § 4.6 on page 190.

3.2.2 Current Calculation

Until now our efforts have been directed to solving the mass transport equa-
tion for the dimensionless concentration field u. However, usually we are
not concerned with this directly, but the current defined by integrating the
flux from Fick’s first law along the electrode surface. For instance, we have

already given the definition of the dimensionless microdisc current:

. T [T Ou
thorm = 3
2 Jo—y Oz

Generally speaking, we wish to evaluate a boundary integral of the form

I(u) :/1“ Q’—g—%dl‘, (3.2)

rdr . (3.1)

z2=0

where T', is the section of the boundary I' occupied by the electrode of in-
terest. (I(-) is here an operator on, sometimes called a functional of [121],
the dimensionless concentration field, u). The weighting function ( is either
unity, in the case of Cartesian problems, or 7 in the case of cylindrically
symmetric problems—see § 2.1.6 on page 61.

The difficulties of directly evaluating (3.2) are fairly severe. The obvi-
ous approach of simply substituting the approximate solution % and using
Taylor series-type numerical differentiation to evaluate the integrand does
not yield very accurate results. Various practitioners have adopted more
sophisticated strategies, using field values further inside the domain to in-

terpolate a smoother function to the boundary for numerical differentiation
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(e.g. [87,122]). Reasonable results have been produced this way, but at bot-
tom remain fundamental difficulties. Numerical differentiation, as copiously
documented (see, e.g., [30]), is an inherently inaccurate operation. Further,
it is intuitively unsatisfactory to produce an entire concentration field and
yet use only a few points within it to calculate the desired quantity; it seems
wasteful of effort. Yet another practical difficulty is simply that, given an
arbitrary domain, the location of interpolation points is difficult to generalise.

But the most important problem arises when considering an adaptive
refinement strategy guided by the error in the current. Given (3.2) it is
impossible to say which elements contribute to the error in /(@). Therefore
it is essential, if we wish to bring all the laboriously assembled adaptive finite
element machinery to bear on the problem of current calculations, to seek
an alternative, equivalent, expression for the current. This final objection
to (3.2) gives a clue as to how we should proceed: a domain integral, as
opposed to the boundary integral of (3.2), would allow the possibility of
adaptive element refinement, and also carries other advantages.

Adopting a very similar tack to that used in deriving the weighted weak
problem statement, we imagine multiplying (2.1) by an as yet undefined

function v’ and integrating over the whole problem domain:
/’u'[V-(aVu)—V-Vu+qu+f]dQ:O. (3.3)
Q
As before we use (2.8) to rewrite the Laplacian-type term, whence

/V-(v’a,Vu)dQ~/VU’-aVu+v'v-VudQ+/v’[qu-f—f]dQ:O. (3.4)
Q Q

Q
Again as previously, the divergence theorem can be used to rewrite the left-

most term as a boundary integral:
/v'a-a—udf - / Vo' aVu +v'v - VudQ +/ viqu + fld=10. (3.5)
r on Q Q

The new surface integral is clearly similar to (3.2). Aiming for this goal,
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we define v’ as having the following boundary values:

g onte (3.6)

0 onI'/T,

Immediately we can write down our alternative definition of the current as a

domain integral:
I(u) = / Vv -aVu+v'v - VudQ — / v'[qu + f]dQ . (3.7)
Q Q
In practice we define v' = (v/a, where

1 onl,
v = . (3.8)

0 onl'/IT,

In fact (3.8) is overly stringent, since if g—z disappears at any point on
the boundary then the first integrand of (3.5) is zero anyway, and v may
have any finite value there. This is more important than it might seem, since
abutting contradictory Dirichlet boundaries caused the adaptive algorithm to
fail to converge with the current error estimator developed in this chapter.®
Fortunately, on account of this relaxation of the stipulations relating to v,
this is not a practical difficulty as we usually have an insulating surround
between electrodes and between electrodes and the bulk boundary.

Everything is as we wanted it, but we have introduced a new field, v.

In the work of Harriman et al. this influence function is always the dual,

8The issue would appear to be a moderately subtle one, relating to integration of infinite
integrands. We successfully integrate the theoretically infinite fiux at the electrode edge
gradient discontinuity-—refinement allows convergence to a meaningful value there. But
where contradictory Dirichlet conditions impose a field discontinuity (note that the field is
continuous at the edge of a microdisc) one must integrate the derivative of a discontinuous
function, where the derivative itself has been estimated numerically. This would not seem
to be a stable procedure. Using an error norm defined in terms of the field itself, e.g. the
Lo error norm in u (see later), allows such problems to be solved, but of course without

current error estimates.
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meaning that it not only must have the correct boundary conditions to make
the domain integral give the correct answer, but for technical reasons it also
satisfies the adjoint equation (see Appendix B on page 263 for the definition).
Practically speaking, purely diffusive problems are self-adjoint, and so this
means v must satisfy the same PDE as u; convective problems, on the other
hand, will have a dual problem with convection in the opposite direction to
the primal problem.

A key difference in our case is that the derivation of the error bound
does not hinge on v being the dual solution. In order for the vector calculus
theorems used to derive (3.7) to hold, v must have continuous first derivatives
within the domain, as well as the desired boundary values, but no PDE need
be involved in its definition at all (we always do use one to define it though).
This offers a greater degree of flexibility which could be useful, but this not
to say that the nature of v is irrelevant to the efficiency of the bound, as
we shall see in the convective case. Indeed, the limited empirical evidence
suggests that the dual is indeed the optimal form of v.

For the bulk of the problems examined in this work we are in the happy
position of having a dual solution available with no extra work because the
PDE is self-adjoint and the boundary conditions are in a convenient arrange-
ment. If, for instance, we have pure diffusion, u = 0 on the electrode (I'¢)
and g% = 0 or u = 1 everywhere else on I', then we can set v = 1 — u.
This situation is actually fairly common, since it corresponds to a large class
of diffusion-controlled generator-collector problems. We term it the inverse
dual case. Harriman et al. cite the simpler but less common self-dual case of
v = u, which applies, for instance, to the EC’ simulations in the next chap-
ter.” We can expect an approximate halving of the solution time where these

simplifications apply (the problems are not coupled, so the computational ef-

9Note that both of these cases, in spite of this terminology, are self-adjoint: the distinc-
tion is purely one of boundary conditions. This terminology is perhaps slightly misleading
in its implications for the meaning of “dual”, but it allows a useful distinction to be made

between different boundary condition configurations.
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fort scales linearly with their number). Although commonly applicable, one
or the other of these cases does not always hold because sometimes we wish
to calculate the current at just one collector among several, say, in which
case we need to pick this one out with a v of a different nature from u.

The instance of only one problem necessitating solution is perhaps more
theoretically important than it seems at first glance, because it bears out
an apparently unexplored relation with the variational FE formulation—at
least in the case of Laplace’s equation. Leaving out the v, ¢ and f terms,

and setting a = 1, the current expression (3.7) becomes

I(u) = g%df‘ /Q Vv - Vudo . (3.9)

In the particular case of v = 1 — u this is obviously
I{u) = / V(1 —u) Vud. (3.10)
Q
Since the grad operator is linear, V(1 — u) = —Vu, so

/ INIRCOR (3.11)

(Note that norms without subscripts, as here, are assumed to be Euclidean
unless otherwise stated.) The procedure is virtually identical in the self-dual
case, the only difference being the absence of the minus sign in (3.11).

The negated integral is the energy functional (assuming no inhomoge-
neous Robin boundary conditions, as in our situation) minimised in the vari-
ational Laplace equation derivation [16]. This is perhaps a coincidence, but
it could be useful, because the finite element solution, not being the exact
solution, will always give a value for this quantity higher than the true one
because the functional is positive definite. Thus, in some cases, disregarding
other approximations such as numerical integration, the true current could be
rigorously bounded from above by the approximate value. Crucially, in other
words, the discretisation error of the finite element solution—the finiteness

of its solution space—can only push the calculated current in one direction.
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The possibilities for truly bounded currents are explored slightly further
in Chapter 6. Here we note some aspects relevant to the present algorithm.
Firstly, ignoring where necessary the inaccuracies of numerical integration
and geometric approximation, we can have reasonable confidence that, where
our simulation differs from another given value of the current, if it is lower,
it must be more accurate. The Galerkin approximation guarantees to min-
imise (3.11) within a finite subspace of the infinite subspace of all admissible
solutions. If our simulation finds a solution in its chosen (via adaptive mesh-
ing) subspace with a lower value of this functional, then it has improved on
any higher alternative. A corollary of this is that, when later we generate
smoothed gradient currents, with purported greater accuracy, we can be sure
that, if things are as they should be, the improved approximation must be
lower; if it is not, the smoothing has failed in an important sense.

Aside from approximations other than the finite element discretisation,
there are limitations of these ideas—notably the functional minimisation only
holds in self-adjoint cases—and we have only shown a connection in the
case of self- or inverse dual problems, but given the potential advantages we
discuss this line of thought further in the final chapter. It has not, as far as

is known, been pursued previously in the context of current calculations.

3.2.3 Error Estimation

Now we have a suitable current expression, we need to find a means of es-
timating error in such a way that we can guide mesh refinement until the
desired accuracy is reached. Specifically, following Figure 3.1, we need two

types of error estimator, whatever the quantity in which we are interested:

1. An estimate of the global error in the current, to know whether further

mesh refinement is needed (the global error estimate);

2. An estimate of each element’s contribution to this global error, in order

to guide mesh refinement (the local error estimate).
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In fact the two are closely linked, but it is not always the case that the global
error is the sum of the elemental errors; it depends on the form of the error
norm. It is here that we diverge most significantly from Harriman et al.
We pursue instead the approach of Zienkiewicz and others, but adapt it to
our purposes. Since their treatment focuses on certain standard error norms
we describe these first, putting aside current calculations momentarily. This
has its own end, too, since electrochemists are not exclusively interested in
current calculations: sometimes the shape of the concentration field might
be all that is desired, and slightly paradoxically a mesh optimised for current

calculations may not give the most accurate picture of this.

Error norms

Clearly the absolute error of the concentration at a single point is defined by
e=|u—ul, (3.12)

but since generally we are interested in the global error, we might take, in

effect, the root mean square integral over {2:

lells, = /Q(u )20 (3.13)

This is termed the Ls norm of the error, and would be used if we were
interested in the fidelity of the simulation over the whole domain in a least-
squares sense. For visual inspection of the concentration field it would be
an obvious choice, but an alternative is also available that can be easier to

calculate—the L, norm of the gradient error:

lleqllz, = \//Q IVu — Vau|2dQ . (3.14)

In mechanics applications this is closely related to the energy norm, which is

a logical choice there.
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Typically the relative error is of more interest, so we would divide by a
similar measure of the field magnitude. In the latter case we retrieve the

relative gradient error:

leglle, [ S IVu = Val2dQ
" lallz, \rfg IVu2dQ (3.15)

We therefore have a global error measure, and its relation to the local

error measure should be clear. Evidently, from the fundamental definition
of integration, error norms in the L, norm are square additive, so (dropping

the norm subscript):

lleqll =

> lleal? (3.16)

where the sum runs over all n elements, and |leq||; is the error of element
i. Practically, the global error measure calculation would entail calculating
each element’s error contribution. Having done so, we would have both the
information to decide on the necessity of further refinement, and where such
refinement would be needed. The global error would be compared with a
prescribed tolerance (e.g. 5% relative error), and if too high, a criterion for
individual error refinement would in turn be generated; any “bad” elements
would then be subdivided.

Usually it is decided to try to distribute error equally over elements—an
approach given theoretical backing by both Zienkiewicz and Taylor [16] and
Braess [32], as well as used by Harriman et al. Assume the user has specified

a relative error tolerance of 7. Then we must ensure that

leqll

n= <17 (3.17)
lal
Zl!eqll2 <7’|lalf” . (3.18)

This is the global error criterion that determines whether future meshing is

required. If we assume equidistribution of error amongst n elements, then
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we can substitute for the sum on the left to give

ne < ifal?, (3.19)
where ¢; is the measure of element i’s error. Rearranging,

€ < % . (3.20)
This is the local error estimate. If, after it is determined that further global
reflnement is required, any element’s flux error norm is found to be greater
than the right-hand side of the inequality above, it is subdivided. The theory
carries over, mutatis mutandis, for any other square additive norm. The
current error norm—developed later—which is not square additive, results
in a slightly different but analogous pair of criteria.

The difficulty with all the above, of course, is that we do not have the
exact solution u, or its gradient q. We can only hope in general, therefore,
to estimate error norms. Numerous means of estimating quantities in or-
der to circumvent this difficulty exist [16, 32]—residual, local Neumann and
Dirichlet problems, dual element orders, and recovery methods to name four.
The classification is complicated, and sometimes, as with Harriman et al.,
more than one strategy is used in tandem. We make no attempt to exhaus-
tively evaluate the alternatives; we solely present our strategy, and note the

differences from that of Harriman et al.

Higher order solutions

A simple, perhaps obvious, means of gauging FE solution error is to solve
with elements of two different orders—linear and quadratic for instance—
and compare the results. Harriman et al. used a comparison between certain
quadratic and linear solutions of the dual problem, in tandem with gradient
jump quantities, to create a current error estimator tailored to a form of the
current error norm. Alternatively, we can take a different, rather simpler and

more general, step if we denote by @ the solution with higher order elements,
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and substitute into (3.14) to give the estimate:

leqllz, ~ [[€qllz, = \//Q Vi — Val[?dsy . (3.21)

In general it is wasteful to solve globally at a higher order, with many
more degrees of freedom, solely to obtain an error estimate (it is seen in Ap-
pendices C and D that doubling the DOF would usually more than double
the linear system solving time). Thus the motivation for local problem tech-
niques above, and the recovery methods below. That said, if a higher order
solution—quadratic, say—is available, then a lower order solution—linear in
this case—can be extracted from it simply by ignoring some nodes. This was
in fact how Harriman et al. produced the two orders of dual solution used
in their error estimator, and how in this work we achieve higher-lower order
comparisons for problems where recovery methods alone do not suffice. If
recovery methods are applicable, then they will inevitably be more efficient,
since they take the basic finite solution and compare it with a more accurate
one, whereas quadratic/linear comparison, say, compares it with a less ac-
curate one. One of the major findings of this thesis is that a combination of

the two is eflective.

Recovery methods

Recovery methods attempt to obtain an improved solution without solving
again with higher order elements, either locally or globally, but with a type
of smoothing. Generally this is simpler with element gradients rather than
concentration values, partly because they are less smooth to begin with.
Because it often happens that we are only interested in the gradient, this suits
our purposes; and where we are not, we find we can augment the technique in
an efficient manner. We shall not discuss methods for improved concentration
recovery, even though they exist, for reasons that we explain presently.
Since inter-element concentration continuity is only C?, the gradient is

generally discontinuous at element boundaries. A one dimensional schematic
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illustrates this in Figure 3.10 on the next page. If this discontinuity is
smoothed out we might expect the resulting gradient field to more accurately
reflect the true gradient field. This generally proves to be the case.

Recovery estimators are the most recent, and probably the most popu-
lar, type of estimator, owing in part to ease of implementation and general
robustness (see Zienkiewicz and Taylor [16] and Babuska et al. [123] for ex-
tensive comparisons with residual and other estimators). Their popularity is
also probably related to the widespread use of the energy norm in mechanics
applications, which solely requires gradient recovery. In current error norms,
depending on the mechanism, the field as well as the gradient could appear,
negating some of their advantages.

In common with methods where higher order solutions are obtained, error
norm estimates can be written down directly by substituting the improved
solution @ (or its derivative) instead of the exact solution w in the norm
definition, just as in (3.21). This offers a considerable flexibility advantage
over residual-type estimators, where specific analysis is required depending
on the error norm, no better exemplified than by the extensive mathemat-
ics underpinning Harriman et al.’s error estimator. At the same time, the
method is considerably quicker, since no additional solution is required. As a
consequence of these attractive properties, we use recovery estimators in our
adaptive finite element implementation. We therefore describe the recovery

process in detail next.

Gradient smoothing

For the main part we limit our discussion to linear elements, but most of the
ideas can be transferred to higher order elements easily. We sketch later the
practical implementation challenges for quadratic elements.

In 1974 Hinton and Campbell [124] proposed using global least-squares
smoothing to produce improved stress fields in mechanical applications. This

approach did not prove particularly efficient or accurate for error estimation.
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Figure 3.10: A C° continuous field composed of linear elements com-
pared with its discontinuous gradient. Note that even with higher order
elements the gradient is still discontinuous; the inter-node interpolations

are just higher order curves.

By shifting the smoothing to local patches of elements, Zienkiewicz and Zhu
[125] created a more useful, and greatly simpler, technique, termed here
nodal averaging.'® In nodal averaging, a continuous piecewise linear gradient
field is constructed by approximating nodal gradient values by the average
of the surrounding elements’ gradients. The result is surprisingly accurate,
and the procedure is fast enough to add no appreciable cost to the solution
time. Nodal averaging was implemented in our simulation program, and
used successfully in a number of simulations. There exist more sophisticated
methods, though, relying on superconvergence, which were also implemented.

These have more theoretical support.

While nodal averaging had apparently been used before Zienkiewicz and Zhu for me-
chanics stress calculations, the idea of using it in an error estimator would seem to originate

with them.



CHAPTER 3. ADAPTIVE FINITE ELEMENT 116

Before considering more advanced smoothing techniques, and two dimen-
sional implementations, characteristics of the smoothing process are best
elucidated by a one dimensional example. Taking as our problem a form of

the one dimensional Poisson equation,

d*u 5 .
i —4r?sin(2rz) 0<z <1, (3.22)

with the boundary conditions
u(0)=u(l)=0, (3.23)

it is easy to verify that
u = sin(27z) (3.24)

is the exact solution. This is plotted in in the first graph of Figure 3.11 on
page 118. It is a curious fact that, for problems of this type, one dimensional
Galerkin finite element with linear elements yields the exact solution at the
nodes [16]. We can therefore plot, without actually performing the compu-
tation, the piecewise linear finite element solution with five regularly spaced
elements. This is also shown in Figure 3.11 on page 118.

As Figure 3.11 illustrates graphically, the gradient obtained by differen-
tiating the finite element solution is piecewise constant. The gradient so
obtained is plotted in the second graph of Figure 3.11 on page 118—clearly

a very crude approximation to the analytical gradient,

d
U on cos(2mz)

3.25
o (3.25)

3

also plotted. However, by linearly interpolating the approximate gradients
at element centroids, a more realistic approximation is secured. The result
for the simple five element problem illustrates both the advantages and lim-
itations of the method. For the most part the smoothed gradient is closer to
the exact value, but not everywhere, and because the end nodes are only con-
nected to one element the smoothed field there must be extrapolated from

further in. With more elements the situation improves: here a minimum
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occurs within an element, which cannot be expected to be handled well—
refinement would quickly rectify this. All of these issues translate to higher
dimensions.

It can be shown [125] that, under the Galerkin formulation, the most
accurate points for the concentration in linear elements are at the nodes
(at least for a class of self-adjoint problem). This is unsurprising given the
form of nodal shape functions shown in Figure 2.2 on page 58: used as a
weight function its strongest effect will be, one might expect, where it has
the highest value—at the node. It is perhaps less intuitively obvious, but
it can also be shown that in the same elements the most accurate points
for the gradient are at the centroids of elements. (Formulae exist giving
the location of the corresponding points in higher order elements.) These
are termed superconvergent points because the order of convergence of the
gradient there is higher than elsewhere. In the absence of singularities the
concentration approximation for linear elements is, as stated earlier, O(h?),
whereas its gradient is, at most points, O(h). However, O(h?) is achieved at
superconvergent points, making these of special interest. The situation with
convection and non-Galerkin formulations is not clear, and would seem to
demand further investigation, but the empirical results of this work appear
to offer a limited validation in those contexts.

Zienkiewicz and Zhu went on to show that a globally superconvergent gra-
dient is obtainable by appropriately interpolating nodal superconvergent val-
ues, themselves obtained from superconvergent points within element patches
(see below) surrounding them. This they termed superconvergent patch recov-
ery (SPR). The stated advantage over nodal averaging is apparently greater
robustness, with considerably more theoretical backing. The arbitrariness
of averaging greatly increases in two dimensions, where any number of ele-
ments can surround a node—some researchers advocate the arithmetic mean
of surrounding elements’ gradients; others weight the values according to
elements’ sizes, or their angles at the node in question. SPR is a more sys-

tematic approach: it finds (with linear elements) the linear gradient field over



CHAPTER 3. ADAPTIVE FINITE ELEMENT

0.5 4

0.0

Concentration

-0.5 4

118

exact

--------- linear element approximation

0.0

Concentration gradient

exact

linear element gradient
smoothed gradient

Figure 3.11: The linear element approximation to the solution u =

sin(27z), and the smoothed gradient thereof.

0.8 1.0



CHAPTER 3. ADAPTIVE FINITE ELEMENT 119

the patch with the minimum least-squares deviation at the superconvergent
points. This boils down numerically to solving a small linear system.

It has been proven that, under certain mesh regularity assumptions, error
estimators using the SPR gradient field are asymptotically exact, unlike,
for instance, residual estimators—that is, they tend towards the exact error
with increasing mesh density (ibid.). SPR is also apparently generally more
robust than other approaches, although clearly the robustness of our specific
estimator has not been examined. For these reasons, SPR was adopted as
the default in our simulation program, although the option exists for nodal
averaging—in fact the difference in results was small for the range of problems
tested.

Although there is much empirical evidence justifying SPR, its theoretical
underpinnings are not complete, particularly in more than one dimension and
with triangular elements. Significant new technical difficulties arise in ana-
lytical studies when moving to two dimensions, as described by Babuska and
Strouboulis [109]. Known results are fairly specific: under certain assump-
tions, for instance a uniform or quasi-uniform mesh, and for certain simpler
PDEs, the existence of superconvergent points has been determined. For the
Poisson equation triangular meshes may or may not have superconvergent
points depending on the order of element and the exact (uniform) mesh pat-
tern. Aside from the authors cited above, Zhang [126-129], Zhu [130, 131]
and Schatz et al. [132] have published various results on superconvergence.
The meshes used in this work are not in their generality covered by that
work, and nor are the full variety of possible transport equations.

Babuska and co-workers [133] have gone as far as employing computer-
based proof, a la Appel and Haken’s famous resolution of the four-colour
problem [134], in the search for superconvergent points. And yet their exis-
tence is far from resolved. All is not lost, though, as Babugka and Strouboulis
usefully point out [109]: recovery-based error estimators rely on cancellation
of error, and don’t in fact require superconvergence to work. The special

cases where superconvergence is proven to occur (and these are rare) we can
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expect better performance, but this is not crucial. This is as we expect from
the extensive numerical evidence in SPR’s favour (ibid.).

Of course, in two dimensions the gradient is a vector field; but this simply
necessitates that the procedure be performed separately for the two compo-
nents. The main complication in a two-dimensional implementation is the
variable topology of the mesh that leads to several distinct cases. Patches
of various sizes can and have been used, but for ease of implementation
we chose patches of minimal size for all cases where these were applicable.
For non-boundary nodes, the mesh always has at least three surrounding
elements with non-colinear centroids—the minimum required for the least-
squares process to succeed—so these are relatively straightforward. (Failure
is signalled by breakdown of the Cholesky factorisation—see below.) Each
internal node can therefore have its superconvergent gradient values deter-
mined by the surrounding patch, as shown in Figure 3.12 on the following
page.

Boundary cases appear to come in two distinct forms: corner nodes (where
one element contains the node) and boundary nodes with two elements; and
boundary nodes with three or more elements. The first case clearly cannot
work as the internal case does, as there are not as many points as degrees
of freedom in the least-squares process. It happens, however, that the final
case cannot in general either, since the surrounding elements can—and often
do—have co-linear centroids, and lead to a singular linear system (this cannot
happen with internal nodes with a valid mesh, as it would imply infinitely
thin elements). Thus it is not safe to deal with any boundary nodes in
the same fashion as internal nodes. Instead the average of the overlapping
internal node patches’ values is taken. In the corner case, of course, there
is usually only one patch to use (the only alternative is none—see below);
at others, two or more. The idea is illustrated in Figure 3.13 on page 122.
This averaging process at boundary nodes is hard to justify theoretically, and
indicative of the lower quality of smoothed gradients at boundaries, as seen

earlier.
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Figure 3.12: An internal node SPR patch. The shaded area is the
patch of elements whose superconvergent points are used in conjunction
with least-squares minimisation to determine a smoothed value at the
central black node. The white node values are determined by other, similar

patches.

The algorithm used to perform SPR over the mesh is discussed later.
Two final points must be made, however. Firstly, node-centred patches are,
by themselves, not sufficient to cover all cases. The minutiae are not impor-
tant, so we mention it briefly, but some meshes can throw up corner nodes
that cannot form part of internal node patches. In these particular and rel-
atively rare cases element-centred patches are used in our implementation.
Secondly, with quadratic elements, even an internal node-centred patch can
cause failure if the surrounding sample nodes lie on a conic section [135]—in
other words, quadratic element SPR. lacks the topological guarantees avail-

able with linear elements. In this case we augment the patch with additional
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Figure 3.13: An SPR patch containing nodes on the boundary. The black
nodes’ values are entirely determined from this patch; the grey nodes have

a contribution from this patch; and the white node is determined by its

own patch.

elements. Neither of these niggling facets is documented in any source cited.
While they do nothing to damage SPR theoretically, and are rare enough
that they wield little influence on numerical results, they do require require
a disproportionate programming effort to address.

The exact formulation of SPR is given in a series of papers by Zienkiewicz
and Zhu [136-138]. In the case of linear triangular elements, for each smoothed
field component (there are two per concentration field modelled) we find the
three constants that define the plane it describes within the patch. The
least-squares procedure, as is documented in standard numerical analysis

texts [90], yields in one relatively primitive form!! a symmetric positive def-

1This is the so-called normal equation form. It gives poor condition numbers, relatively
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inite matrix of size n, where n is the number of degrees of freedom. Thus
for linear elements our use of SPR boils down to solving two 3 x 3 symmet-
ric positive definite matrices for each node. This can be efficiently achieved
with Cholesky factorisation (ibid.; see also Appendix C), which is partic-
ularly suited to such matrices, and allows one factorisation to be used for
all gradient field components, potentially significantly reducing the solution
time, depending on the number of fields. With the plane equation available,
substituting a pair of coordinates within the patch yields a superconvergent
gradient value at that point.

At the end of either the nodal averaging or SPR process, a higher order
gradient field is available, of the same order as the field solution itself. The
process by which it is obtained is irrelevant to the purpose to which it is
put. In all cases, the smoothed gradient is substituted into the error norm
expression in place of the exact solution, sometimes in combination with

approximations to the field itself, and the norm evaluated.

3.2.4 Current Error Estimation

The standard error norms described by Zienkiewicz and others are not di-
rectly related to the error of the current, but the basic idea of using compari-
son of lower and higher order solutions can be adapted to our purposes. This
still gives a relatively simple error estimator, and avoids the complications of
the approach of Harriman et al.

Our starting point is the domain integral current expression (3.7), sub-

stituting the approximate primal and influence function fields % and v:
I(u) = / Vi -aVi+v'v - VudQ — / vlqu + f1d©) . (3.26)
) Q

For explicatory purposes we initially discard the second integral, and simplify

the first by specialising to f =¢g=0,a=1, v=0:
I(a) = / V- VadS) . (3.27)
Q

speaking, but the matrix here is very small so this is not a problem.
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Assuming we have more accurate approximations to the gradient fields, de-
noted by Vu and Vo, obtained by recovery procedures as detailed above, we

can define another, more accurate, current expression:
(%) = / Vo - VadSl . (3.28)
Q

The modulus of the difference, then, is the most obvious!'? estimate of the

absolute current error:

& = / Vi - ViadQ — / w-vmﬂ) (3.29)
Q Q

/V@ -Va— V- VﬂdQ, : (3.30)
Q

However, implicit in the analysis for the Lo norm in §3.2.3 was the assump-
tion that the integrand was positive. This allowed the distribution of the
error over the elements, and its minimisation by subdivision. With a poten-
tially negative integrand the error in one place could be cancelled by that in
another: subdivision could increase the error estimate.

An obvious solution would be to use the less tight bound defined by
moving the modulus sign inside the integral. This is valid because of the

elementary inequality:

/ Vio-Vi— V- Vﬂdﬂ’ < / Vo - Vi —Vou-Va|dQ . (3.31)
Q Q

So another, more conservative, error estimate is
§o = / IV -Vu—Vo-Vauldf) . (3.32)
Q

This estimate was found to be workable, but it overestimated the error con-
siderably.
The estimate eventually settled upon is in the same spirit as &, but

it enforces positiveness at an element level, not on a point by point basis.

2Harriman et al. use a marginally different form as the starting point for their calcu-

lations, similar in its essential characteristics.



CHAPTER 3. ADAPTIVE FINITE ELEMENT 125

Thus negative contributions can cancel positive ones within an element, and
the bound is less conservative, making for faster simulations. Consider the

practical definition of &;:

Z/ Vi - Vi — Vo - VidQ

An inequality like that of (3.31) is apparent:

Y| Vo-Vi-Vo-Vad <> / w-va—w‘vmﬂt (3.34)
. Qe i Qe

Thus we define:

&=

K3

. (3.35)

/ Vv -Vu— Vo - VudS)

This was the form of the global absolute error estimate used for all the current
controlled simulations.

The relative error is then
Yo V- Vi~ Vi - VadQ)|

- | [y Vi - VadQ) (3:36)

(The denominator’s modulus sign exists to avoid calculations being hostage
to the sign of the current.) As always, if further mesh refinement is to be

avoided this must obey the global criterion
n<mn, (3.37)

where 7 is the user-specified tolerance, e.g. 5%.
The form of (3.36) gives the form of the local error criterion—it is not
square additive:

o< /w-vadﬁi : (3.38)
niJa

We notice that smoothed gradients will be sufficient for the evaluation
of this error estimate, as only the gradient appears. But this is only true

under the assumption ¢ = 0 (f is irrelevant to this, and arbitrary a has no
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profound effect).!® For the FC' mechanism, where ¢ = —K say, the error

estimate becomes
T

§3 = Z

Z

Vo -Vua+ Kva — Vv - Vi — Kvad()| (3.39)

Qe

and clearly two different orders of u and v are required, as well as two different
orders of their gradients. This case is crucially important, as extension to
general mechanisms with homogeneous reaction coupling requires this case to
be solvable as a prerequisite. We explain our approach to this generalisation,

and its rationale, in the next section.

3.2.5 A Hybrid Approach

Although SPR has so far been explained mainly in the context of linear
elements, we choose to use quadratic ones in the main. Reference [16] tells
us that the approximate field itself, @ will have O(h®) convergence using
quadratic elements. It also tells us that the gradient, Va, obtained from
differentiating « is only O(h?).14

SPR, when applied to Vi, generally® yields an improved gradient esti-

mate V& which is O(h?) for quadratic elements. In the E mechanism case,

13The issue of convective terms is less clear. In this section we have used two orders
of both the influence function and primal fields. If only one order of v were used, which
would still on the face of it yield a usable error estimator, then convective terms would
not necessitate the approach used for the g # 0 case. With orders of v the demands made

by convective terms are much the same as those of the homogeneous reaction term.
Note that, as previously mentioned, these convergence rates are only strictly appli-

cable in the absence of singularities. However, according to Zienkiewicz and Taylor [16]
near-optimal meshes from adaptive refinement can practically recover them. Moreover,
empirical evidence in our specific area lends weight to the approach pursued here; aban-
doning the attempt to match convergence rates, for instance by solely using higher/lower

order solutions, dramatically slows our simulations.
15The situation is not simple. It appears that with triangular elements superconvergence

is not proven theoretically, although some numerical and theoretical evidence suggests
so-called ultraconvergence can give O(h?) in some cases. Generally speaking it seems

reasonable to assume roughly O(h3).
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where only gradient terms appear in the error estimate, we would therefore
ignore the order of # and simply note that we would be comparing expressions
with integrands of O(h?) and O(h®). This is true also of various standard
error norms such as the L, gradient norm and the energy norm in §3.2.3.
Consequently references do not address the case where we need alongside
these two orders of the field gradient two orders of the field itself.

The idea of comparing two different orders of approximation in order
to assess the accuracy of a numerical technique is not new. In the field of
solving ODEs the Runge-Kutta-Fehlberg technique [30, 90| is still popular,
for instance. This uses two different orders of approximation for controlling
adaptive step size. The idea hinges on the notion that the first Taylor series
term discarded by the lower order approximation dominates all the other
discarded terms, and is hence a reasonable approximation to the truncation
error (ibid.) of the numerical technique.

So far in the discussion we lack two orders of approximation of u: we
have O(h?) but nothing else. We could attempt a recovery procedure on the
field itself. These techniques are not well developed or widely used, however.
Besides, assuming by extension that they yielded a @ of O(h?), we would
then find the comparisons of the field and its gradient would not match: Vu
would be O(h?) versus O(h%), whereas u itself would be O(h®) versus O(h?).

Alternatively we could discard recovery methods entirely, and effectively
solve using two different orders of element. In practice we would, as Harriman
et al. did, solve with quadratic elements and, for the linear element version,
discard edge nodes. The result would be a field of O(h?) and O(R?), and,
differentiating the two, gradients of O(h) and O(h?). A mismatch remains.

The mismatch is not a fatal problem. EC’ mechanism problems were
successfully simulated, for instance, with the quadratic/linear approach just
described; our approach is not intrinsically tied to recovery methods. How-
ever, the rate of convergence was slow. The gradient comparison dominated
because the difference between O(h) and O(h?) was greater than that be-

tween O(h?) and O(h®)—we were in a sense wasting higher order information
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about the magnitude of the error.

The fairly obvious solution was to combine the two approaches. In our
final version we use linear and quadratic solutions for u—the linear solution
being denoted by @ and the quadratic by 4—and the derivative of @ for Vi,
while Vi was obtained by recovery methods. Thus the first two terms in the
integrand of the EC" error estimate (3.39) were O(h®), and the second two
O(h?). The result, while more complicated, and apparently not documented
in the literature, was considerably more efficient, and produced accurate
results in short times, as is seen in the next two chapters. (The analogue
for linear elements also works, perhaps surprisingly, but can fail with certain

error norms. In any case, it is far slower.)

3.2.6 Possible Theoretical Advantages

The chief motivation of the theory just described was simplicity, but it could
be that this method is more easily generalised than that of Harriman et al.
This seems to be so with heterogeneous kinetics, where there is no barrier
to immediate application of our algorithm. Another very important, but
unexplored, area is transient simulations, where things are much less certain

(some speculations can be found in [139]).

Heterogeneous Kinetics

As we have seen in §1.1.4, the full electrode kinetics expression relates the re-
actant flux to a linear combination of the concentrations of it and its product
at the electrode surface. But for the sake of argument we need only consider
the totally irreversible case in dimensionless form (see § 4.3.1 on page 162):

—g% = Ku . (3.40)
This is a Robin boundary condition, as opposed to the Dirichlet condition

applied in reversible systems [2].
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Harriman et al. use the fact that
/ V(u—a)-VodQ =0 (3.41)
Q

in the derivation of their error bound. This reposes on the exact satisfaction
of Dirichlet boundary conditions by finite element approximations'® because
among other things it requires that v = @ on I',. Robin conditions are not
exactly satisfied, but even if they were we would not in general expect the
exact and approximated concentrations to coincide where such a condition
holds. Since our approach does not rely on (3.41) we can set a heterogeneous
kinetics boundary condition on a portion of ', for the primal problem (the
influence function problem still always has the Dirichlet condition v = 1 on
the electrode).

The easy extensibility to quasi-reversible systems would seem to be a

useful advantage to our approach.

Extension to Transient Simulations

The most fundamental difficulty of the theory of [34-38] from an electrochem-
ical point view is in the arduousness of its extension to transient simulations.
The basic problem is that the dual problem is a backward in time transient
problem, which is very hard to solve efficiently. While Harriman et al. have
produced an extension of it to transients [140], it is heuristic, and it is pos-
sible that an equally or more satisfactory approach could derive from our
methods. Since, as we shall see, a non-dual influence function can yield re-
sults in reasonable times it does not seem inconceivable that, used with care,
this fact could yield a transient simulator of at least a similar efficiency. In

other words, the lack of hard reliance on duality might prove to be more of

an advantage than steady state problems can illustrate.

6They are “built into” the space of functions from which the approximation is drawn.
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3.2.7 Summary

We use nodal averaging or SPR-obtained gradients in combination with equa-
tions such as (3.36) and (3.38) as the basis of all our current-controlled sim-
ulations. In cases where homogeneous reactions bring in field terms we use
two different orders of solution to furnish a comparison. Based on the theory
available—SPR, generally increases the gradient order by one; differentiation
yields a gradient of an order one lower than the field—the matching of orders
so obtained applies to elements of any order.'”

The specific current error estimate has not been used before, but is a
logical extension of previous work. Its derivation is considerably simpler
than Harriman et al’s, and it gives us the opportunity to use generic im-
proved solution recovery procedures in combination with specific norms. In
electrochemical simulations where the error in the current is not the over-
riding concern, the norm could simply be changed, keeping the underlying
procedures, and could in principle be an integral of any function of u and its
gradient. The extension of Harriman et al.’s approach to other norms is not

as clear.

3.3 Conclusion

At the end of this chapter we have a mesh refinement algorithm and an error
estimator that are general enough for our purposes. Indeed the estimator
would seem to be at least as applicable and extensible as any so far proposed.

This theory was implemented in a program ultimately of around 20000
lines of C++, with a fair degree of generality in the problems that it could
simulate. The extent of its flexibility is perhaps best exemplified by Ap-
pendix E, where sample simulation input files are presented. Apart from the
aforesaid lack of transient or non-linear mechanism capability, its third major

limitation is confinement to solving for only one species at a time. Thus it

1"But note the caveats with regard to singularities.
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cannot simulate, for instance, the DISP1 mechanism [2], but it can simulate
a type of ECE mechanism. This deficiency is not due to any fundamental
problem, and it would seem relatively straightforward to correct.

Armed with a general means of solving electrochemical problems, we can

now see what results may be obtained.



Chapter 4
Microelectrode Simulations

Implementation of the theory of the previous chapter results in a relatively
flexible simulation system. Its general meshing approach, while confined to
two dimensions, and currently to domains without holes, allows a wide range
of electrode geometries. Using the simple weighting approach of § 2.1.6 on
page 61, both systems with translational and rotational symmetry can be
modelled.

Mechanistically, the program is principally limited by only solving for
one concentration field at a time, where many of the more complex mech-
anisms require two or more coupled fields to be solved for simultaneously.
Additionally, one is restricted to first order homogeneous and heterogeneous
reactions, because the algebraic system solver can only handle linear equa-
tions. Nonetheless, some simple common mechanisms involving homogeneous
steps—EC" and irreversible ECE for instance—can be incorporated. Pure
diffusion control and totally irreversible electrode kinetics can clearly be mod-
elled in all cases, and in some general reversibility can be incorporated by
use of the right normalisation procedure, as shown below.

Given its general importance, and treatment by other finite element prac-
titioners, the inlaid microdisc is an obvious choice for validation of our simula-
tion algorithm, and in this chapter fundamental tests of the effect of element

order and so forth are conducted using it. Crucially, it exhibits the type

132
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of boundary singularity that much of the theory is designed to address. Of
more practical importance are £ mechanism recessed microdiscs and EC’
microdisc configurations, where no simple exact solutions exist. To test sys-
tems with translational symmetry, microbands are simulated in three differ-
ent configurations. These also provide an opportunity to test the adaptive
FE program against BEM. Finally, in order to test convection, the channel
flow microband case with a simple E mechanism is simulated. The input
files used to simulate most of these cases are given in Appendix E.

Axes along which the simulation settings could be varied include the
element order, various iterative solver settings, and the means of gradient
smoothing (averaging or SPR). A lengthy investigation could be conducted
on the effect of these, but given the focus on electrochemistry we do not
present an exhaustive examination. Instead, the effect of some of these is
shown in the context of the E mechanism microdisc (where the analytical
solution allows conclusions to be drawn with more confidence than other
cases), alongside an examination of the importance of domain size. As noted
in the previous chapter, SPR is used for gradient smoothing in all simulations,
and unless otherwise noted quadratic elements are employed. For purely
diffusive problems, SGS preconditioned conjugate gradient is used as the
linear solver; for convective-diffusive ones, Jacobi preconditioned BiCGStab.

Since the program is limited to steady state cases, all problems in this

chapter are assumed, without explicit mention, to be steady state.

4.1 FE Mechanism Inlaid Microdisc

We begin our testing of the finite element program with a case where an
exact analytical solution exists: the reversible F mechanism in an inlaid mi-
crodisc geometry. Not only can we compare our results with the analytical
current, but we can compare performance with Harriman et al.’s finite el-

ement implementation. Another benefit is that, for testing purposes, the
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known analytical concentration field may be imposed on bulk boundaries,

eliminating domain truncation error (see below).

4.1.1 The Problem

The problem is one of diffusion of a species, A, from bulk solution to a
small disc-shaped electrode embedded in an insulating surround, where a
reversible reaction occurs. Assuming the disc to be geometrically perfect,
and the solution expanse to be infinite, the three dimensional problem may
be reduced to two dimensions: the rotational cross-section on which we solve
the problem is shown in Figure 4.1, with the microdisc radius normalised to
one.

By a reversible £ mechanism we mean homogeneously inactive species A

and B undergoing a reaction at the electrode of the form
A+tne =B (4.1)

with a potential-dependent surface equilibrium constant é. Assuming purely
diffusional mass transport, the concentrations of A and B, denoted by c4 and

cg, both obey Laplace’s equation:
Vieq=Vieg =0. (4.2)

At the electrode the assumption of equilibrium implies a constant surface

concentration ratio:
CS
A=y, (4.3)

Ch
Additionally, flux balance demands that, at the electrode surface,

aCA 803
— - 4.4
Dy o Dpg sl (4.4)

where D4 and Dpg are the diffusion coefficients of A and B. These two con-

ditions hold on T’y in Figure 4.1. Far away from the electrode cy4 — ¢}

and ¢g — 0. On the insulating surround a no-flux condition holds for both
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species (i.e. %—f = %?nﬁ = 0), and on the rotation axis we have also to impose
zero flux to ensure symmetry (if the gradient of the concentration there were
non-zero the concentration would be changing along the radial coordinate at
r = 0, and the symmetry would be destroyed). Therefore %%‘ = 65—5 =0 on
I's in Figure 4.1.

Clearly it is preferable to simulate only one species, and this is possible
by considering a relation between the species’ concentrations. Consider a

possible form for cp:

Dy, .,
cp = D (¢ —ca) . (4.5)
This form of cp satisfies Laplace’s equation if ¢4 does, since
D
VQCB = ———AV2CA . (46)
Dg

Mass balance at the electrode is clearly also satisfied. The only other condi-
tion is (4.3), which implies that
Dgcy
Da(cy — i)

This may be rearranged to give the surface concentration of species A in

=4. (4.7)

terms of known constants:
s DACZCS
AT Dp+Dad

By this means species B, in spite of being coupled to species A, is eliminated

c (4.8)

from consideration.
The problem is now one of solving VZc,4 = 0 with the bulk concentration
¢’ at the far field boundary, and the known surface concentration ¢ at the

electrode. Introducing the dimensionless concentration,

__ a8
U == C*A C:j N (49)
Ca— €y

u = 0 at the electrode surface, and u — 1 towards the bulk. Evidently u so

defined obeys Laplace’s equation,

10 [ ou &u
- - Z 0. 4.10
ror (Tar)+822 0 (4.10)
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and a no flux condition, g—z, still applies on T's.

The bulk boundary condition » — 1 highlights an important problem
with our implementation as it stands: infinite domains cannot be incorpo-
rated exactly. The mathematical problem requires that we ensure

lim w=1. (4.11)

T, 2=30C

Normally we must, with elements of finite extent, approximate this by setting

uzizmaz = 1 b

1, (4.13)

uT:T'ma:c -

where 2., and 7,,,, are numbers large relative to other domain dimensions.
This is a not completely satisfactory solution, and it requires careful checking.
Unless something is known of the nature of the solution beforehand, any
numbers so obtained must be verified by running the simulation with several
domain extents, checking for any changes on the scale of the error bound. If
there are none then one can assume that the result with an infinite domain
has been approached. A possibly superior strategy using infinite elements is
discussed in Chapter 6.

In the particular case of the microdisc, where the exact analytical field
values are known, we can eliminate this source of inaccuracy by imposing
the analytical boundary values. (This is of course only useful for validation
purposes: if we knew the solution we would not need to conduct simulations.)
We initially impose the analytical values on a small domain of 7,40 = Zmaz =
2 in order construct an ersatz “infinite” domain. This eliminates geometric
approximation as a source of error for the purposes of testing various other
aspects of the simulation, such as the element order. We then use a more
realistic finite domain, and vary its size in order to test its effect on the

simulated current values.
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Figure 4.1: The microdisc simulation domain. For the reversible E
mechanism, u = 0 on 'y and g—g =0on Ty 74, and 2,4, were infinite
we would have w = 1 on I'z, but for finite domain extents we can, for
testing purposes, impose the exact analytical values on I's as a Dirichlet
condition. For the EC’ mechanism we impose u = 1 on I'y, g—z =0on I'g,

and u = 0 on I's.
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4.1.2 Analytical Solution

The analytical solution to the problem described above has been given by

various authors, and is derived in Appendix A on page 253. It is

2 1 2
m €08 (\/z2+(1+7")2+\/z2+(1‘T)2> 2= 0
“=190 0<r<1,2=0,

2 cos™H(1/7) r>1, z=

We thus impose this on I's in Figure 4.1 on the page before.

The current cannot be directly determined from this definition, as de-
scribed in Appendix A. The familiar formula, however, has already been
given in § 1.4 on page 38, and using the dimensionless quantities described
there it is

(4.15)

lnorm = 1.

Since we know the exact current we can in this case calculate the error
of our simulation relative to the exact value, not an estimate. As this value
is unity, this is the same as the absolute error here. This simplifies things
slightly for this test case. After this section we turn to the relative error

estimate, described in § 3.2.3 on page 109, for more realistic simulations.

4.1.3 Simulation

The governing equation and microdisc domain of Figure 4.1, along with the
imposed solution on I's, are readily specified to the simulation program—the
input file for the effectively infinite domain case is given in Appendix E. All
of the results in this section, except of course those used for examining the
effect of domain size, were derived using the small domain with analytical

bulk concentration values.



CHAPTER 4. MICROELECTRODE SIMULATIONS 139

Figure 4.2: The normalised concentration field and mesh produced when
simulating the F mechanism inlaid microdisc problem with a 5% cur-
rent error tolerance. The first mesh is with linear elements, the second

quadratic.
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Concentration Field and Meshes

The final meshes for 5% accuracy, and the field interpolated on them, are
shown in Figure 4.2 on the preceding page. The results look reasonable, given
our physical understanding of the problem, and comparison of the concen-
tration field with the analytical values confirms this. The meshes generated
en route to these are reproduced in sequence in Figures 4.3 and 4.4: the
progression to a mesh allowing accurate representation of the concentration
field around the singularity at » = 1,2z = 0 is evident. Note that only five
mesh iterations are required with quadratic elements, as opposed to nine
with linear ones.

A comparison of the final meshes produced for various error criteria with
linear and quadratic elements is shown in Figure 4.5 on page 144. The
density of the adaptive mesh produced evidently depends heavily on the
element order used, and we expect on this basis that quadratic elements will
be significantly more efficient. This is confirmed by the simulation times,
which make them on average approximately a factor of four faster with our
implementation and computer hardware (as noted elsewhere, all simulations
were performed on a mobile Pentium IIT running at 850 MHz) for 5% error
tolerance.

While the mesh has been refined near the singularity, overall the num-
ber of nodes is not particularly high. For the same problem Harriman et
al., using their error estimate, achieved an estimated 5% accuracy with 396
nodes [34]. Our results are shown in Table 4.1 on page 143. Here “nodes”
refers to assembly nodes [16], at the corner of elements. “DOF” (degrees of
freedom) includes all nodes (i.e. quadratic element edge nodes as well) and,
as the number of unknowns in the global linear system, is the better guide

to computer time.! Since no figures for DOF are given by Harriman et al.,

!Note, though, that system matrices for quadratic element nodes apparently tend to
have a larger condition number [16], which could increase the number of solver iterations—

see Appendix D on page 271
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Mesh 9

141

Figure 4.3: Every other linear element mesh produced in the sequence

of nine required to refine to an estimated 5% error in the current to the

inlaid microdisc. Element colours are proportional to the error indicator,

with darker cyan higher. The scale is different for each mesh.
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Figure 4.4: The five quadratic element meshes produced in refining to
an estimated 5% error in the current. The first mesh is of course the same
as that for linear elements, but the error distribution is different, and we
see in the second mesh that the first refinement iteration is more targeted

towards the boundary singularity.
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Element Order | Tolerance () | Nodes | DOF | CPU time
linear 10% 177 177 | 0.15s
linear 5% 720 720 | 0.59 s
linear 2% 4707 | 4707 | 6.22 s
quadratic 10% 17 58 0.05 s
quadratic 5% 41 150 | 0.13 s
quadratic 2% 95 352 1 0.37s

Table 4.1: The computational cost of linear and quadratic elements for
the microdisc simulation for various current error tolerances. The node
and DOF counts are for the final mesh. As error tolerances become finer,
the number of DOF escalates rapidly, but with quadratic elements the

effect is much less pronounced.

we adopt their convention for purposes of comparison.

Since Harriman et al. only use quadratic elements for the dual problem,
and in a sense their simulation is linear element based, an exact comparison
is not possible, because we would generally expect better performance (for a
given node count) for quadratic elements, and a poorer one for linear elements
(we use either linear or quadratic elements for both the primal and influence
function problems). In all performance comparisons this arguable unfairness
should be born in mind, but it does not seem unreasonable to compare the
schemes on a practical computational basis: for most cases in this work we
solve a single quadratic element problem, whereas Harriman et al. solve both
a linear and a quadratic one.

Despite the provisions of the mesh refinement algorithm, some elements
are not as perfect in their shape as might be hoped in the linear element case.
The solution would appear to be implementation of the Ruppert algorithm
mentioned in the previous chapter. Crucially, though, the mesh is good
enough to converge to the desired result. The effect is also less pronounced
with quadratic elements, which fortunately are preferable for the efficiency

reasons just stated.
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Figure 4.5: The meshes generated for prescribed current error of 10%,

5% and 2% respectively for quadratic and linear elements.
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Current Calculation

While examination of the simulated concentration field can give an indication
of the accuracy the adaptive finite element algorithm, the only logical crite-
rion on which to evaluate it is the calculated current. This is, after all, the
raison d’étre of this work. We do, however, have several means of calculating
the current, and it is important to check their relative merits.

In §3.2.2 we have an alternative current formula from the definition in
§1.4, using a domain integral instead of one along the boundary. We therefore
have two formulae for the current in terms of the field gradient. We also have
two different versions of the gradient Vu—the directly extracted one, and the
smoothed one. Thus there are a total of four comparable formulae that we

shall label b, b, d and d:

m [t ou - o
b=—— —rd = —— —rd 4.16
2 /. 8n7 T, b ) anr T, ( )
d=-" / Vo - Vurdrdz , d = —z/ Vi - Vardrdz . (4.17)
2 Q 2 Q

Although the error adaptivity was guided by the domain integrals, we can
still evaluate the boundary integrals, and it is important to see the difference
in accuracy. As was argued in Chapter 3, we expect the best result to come
from the domain integral with a smoothed gradient, d, since the domain
integral is not so dependent on local errors at the boundary, and the smoothed
gradient is assumed to be closer to the exact solution. It was also predicted
that d would be smaller than d. These predictions are confirmed in the
results for various prescribed errors, given in Tables 4.2 and 4.3, for linear
and quadratic elements respectively.

Clearly the domain integral is considerably more accurate, as found by
Harriman et al., and this is true irrespective of gradient smoothing. We
discard from further consideration the boundary integrals, as not only are
they inaccurate, but the error estimate has little connection with their errors.
Although SPR does improve their accuracy, it does not do enough to make

them competitive with the domain integrals. While some form of interpo-
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7 n b b d d

10% | 0.099287 | 0.806364 | 0.864424 | 1.03028 | 1.00684
8% | 0.075223 | 0.840669 | 0.875394 | 1.01878 | 1.00305
6% | 0.049179 | 0.888538 | 0.922629 | 1.01167 | 1.01056
4% | 0.033071 | 0.896765 | 0.932499 | 1.00628 | 1.00437
2% | 0.019821 | 0.919240 | 0.941902 | 1.00346 | 1.00104

Table 4.2: The output for the four current expressions of (4.16) and

(4.17) with various prescribed accuracies, 7, using linear elements. (The
analytical answer is of course exactly 1.) The domain integrals are more
accurate, although the smoothed gradient helps to an extent in either case.
Note that the estimated error of d, 7, is not exactly equal to the prescribed

error, 7, since the iterative refinement process proceeds in discrete steps.

7 n b b d d

10% | 0.094150 | 0.722469 | 0.762309 | 1.06051 | 0.98481
8% | 0.053179 | 0.904447 | 0.910635 | 1.02619 | 1.01413
6% | 0.046929 | 0.809215 | 0.862562 | 1.02421 | 0.99738
4% |1 0.035228 | 0.866900 | 0.884601 | 1.01481 | 0.99274
2% | 0.015237 | 0.902981 | 0.927150 | 1.00561 | 0.99774

Table 4.3: A comparison of current expression accuracies with quadratic

elements. See the caption of Table 4.2. These results emphasise that

only the quantity explicitly controlled by the error bound, d, is expected
to become more accurate with a more stringent error tolerance. The
boundary integral expressions are clearly not accurate, and are worse than

with linear elements. d is more accurate than d, but unreliably so.
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lated smoothed field near the boundary would doubtless yield more accurate
derivative estimates, it seems improbable that it could match d or d, and it
would still bring with it the attendant difficulties noted in Chapter 3.

The question of d versus d is less clear-cut, but we can still make a firm
decision. While the error estimate applies to d, it is also a conservative bound
on the error in c?, as we would expect; the smoothed field current is in every
case more accurate. We therefore adopt the smoothed gradient current for
future simulation results, but keeping in mind the fact that it converges to
the true result less reliably as the error tolerance is decreased. We also note
that where we find disagreement with other estimates, we can have some
confidence in d as an upper bound on the current, unlike cz, which can clearly

underestimate the true value.

Error Estimator Effectivity

The error estimate is, as expected, a conservative one in the case of the
domain integrals. In Tables 4.4 and 4.5 we show the factor of overestimation,
termed the effectivity index [16], for both the smoothed and unsmoothed
gradients, for linear and quadratic elements respectively.

The difference in effectivity index between smoothed and unsmoothed
current expressions clearly varies to a large degree. It must be kept in mind,
however, that the point of comparison must be for d, as this is the quantity
for which the error estimator was developed. Any additional accuracy of the
smoothed gradient is free (computationally speaking, since gradient smooth-
ing must be performed for the error estimation itself anyway), but is also
unquantifiable where we do not know the problem’s answer before we start.
Our case is that, while the error estimator applies only to d, if the Taylor
series-type argument that motivates the error estimation theory holds true
then we expect the error of the higher order current expression d to be lower
than that of d.

For this example the effectivity index is consistently higher than that of
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N n/ld—1] | n/|d - 1]
10% | 0.099287 | 3.28 14.5
8% | 0.075223 | 4.01 24.7
6% | 0.049179 | 4.21 4.66
4% | 0.033071 | 5.27 7.57
2% | 0.019821 | 5.73 19.1

Table 4.4: Quantification of the error estimator’s conservativeness for
linear elements. The two right-most columns show the degree to which
the error estimator over- or underestimates the true current error for both
domain integral current expressions. These are the effectivity indices.
A value greater than unity indicates an overestimate, a value under an

underestimate. A value of one signifies unattainable perfection.

Harriman et al.’s error estimator for linear elements: their estimator ranged
between 3.07 and 3.81.2 For quadratic elements the estimator’s effectivity
index is consistently lower to about the same degree. Intuitively this makes
sense, as we are effectively comparing linear-linear and quadratic-quadratic
schemes with a linear-quadratic one.

Of course, we can only speak with definiteness in relation to the inlaid E
mechanism microdisc, for which we know the analytical solution. We cannot
be certain that properties discerned in this case will carry over to other, more
interesting, simulations, where the answer is not known a priori. We must
make that assumption, however, if testing with known solutions is to have

any meaning.

Efficiency

Referring to Table 4.1 on page 143, the simulation times are encouraging. The

infinite domain microdisc problem is solved to 5% accuracy using quadratic

?Note that the figures given in [34] are incorrect.
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N |n n/ld =11 | n/|d = 1|
10% | 0.094150 | 1.56 6.20
8% | 0.053179 | 2.03 3.76
6% | 0.046929 | 1.94 17.9
4% | 0.035228 | 2.38 1.85
2% | 0.015237 | 2.72 6.74

Table 4.5: The conservativeness of the error estimator for quadratic
elements. The error estimator is, generally speaking, more accurate for
these than the linear kind, perhaps due to ultraconvergence effects. In

both cases, as expected, the effectivity index is lower for the unsmoothed

gradient current.

elements in 0.13 s. Harriman et al. quote a figure of 1.6 s [34]. Precise
comparison of algorithmic efficiency is impossible, not least because of the
different hardware platforms, but scaling according to clock speed (a not
entirely meaningful procedure), this would translate to 0.6 s on our system.
Possibly the Sparc processor used in the other simulation performs fewer
operations on average per clock cycle, but we might conservatively claim a
factor of four increase in speed. While our hardware platform is superior, the
relative speeds of the linear solvers are not clear. Further, we do, as described
in Chapter 2, utilise an entirely general expression parser for calculation of
functionals such as element errors and the current. While this must ulti-
mately become of marginal importance as the problem size grows and the
linear solver dominates, for this case it is likely that our program is hand-
icapped speed-wise, and if specialised to the pre-programmed expressions
used by Harriman et al.’s system it could claim a larger speed advantage.
Solving the more realistic finite domain does increase computation times
(see below), but since the simulation is relatively insensitive to domain size
we have no reason to expect that our simulation scales more poorly than

competing methods, and unless truly infinite domains are implemented (as



CHAPTER 4. MICROELECTRODE SIMULATIONS 150

they are, for instance, with boundary element) we can remain relatively con-
fident that our method is competitive. Note that because v = 1 is imposed
on the bulk boundary of the finite domain, the problem is what we have
termed “inverse dual”: the dual is 1 — u. This means that half as much work
needs to be done for solving each mesh, and this goes some way to coun-
terbalancing the effect of the larger domain. This translates to many other,

more realistic, problems.

Effect of Domain Size

Regardless of all the error control theory that we have presented, when we
turn to infinite domains a modelling error of unknown magnitude remains.
Quite apart from inexact numerical integration, and the necessarily estima-
tive nature of our error measures, the approximation of infinite domains with
finite elements introduces another form of inaccuracy. It is problem-specific,
and unfortunately requires new analysis for reasonable confidence with a new
domain or mechanism. Possible approaches to eliminate, or at least reduce,
the problem are discussed in Chapter 6. For now, we deal with it as almost
all have done: by using large finite domains.

With the reversible £ mechanism at an inlaid microdisc, we of course have
the analytical current with which to compare. Adopting 5% accuracy then,
using quadratic elements, and evaluating both domain integral measures of
the current, we observe the tendency towards the true value with varying
values of 7., and z,.,. Although the r and z axes are not equivalent in
the PDE, as they would be with Cartesian simulations, we see no particular
reason to set these two differently. Thus we vary them together from two
to two hundred. The numerical results are given in Table 4.6, and plotted
in Figure 4.6. Note that in this case, as in the previous one, we artificially
calculate the error relative to the known analytical value, rather than to the
simulated current. The difference is not great for all but the smallest domain

size, which is any case entirely unrealistic.
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Tmaz = Zmaz | @ d n CPU time
2 1.44052 | 1.41276 | 80 | 0.17 s
5 1.15782 | 1.13218 | 55 | 0.11 s
10 1.10040 | 1.07061 | 70 | 0.16 s
20 1.04970 | 1.03227 | 91 | 0.24 s
50 1.03088 | 1.00467 | 128 | 0.36 s
100 1.02413 | 0.99544 | 149 | 0.48 s
200 1.02971 | 0.99582 | 175 | 0.57 s

Table 4.6: The effect of domain size on the calculated current and com-
putation time, with a 5% prescribed current accuracy, using quadratic
elements. Clearly we need a domain with dimensions of at least twenty
to get 5% accuracy, although it might be prudent to use a domain larger
than this. The number of nodes n generated is shown, illustrating the

benefits of adaptive refinement.

Evidently a reasonable domain size is required for error adaptivity to have
any purpose at all-—solving the wrong problem to 5% accuracy is of no use.
Fortunately, because most of the refinement occurs close to the electrode,
larger domains do not add too many nodes (although the simulation times do
increase noticeably). On the other hand, domains with very large dimensions
relative to the features of interest (i.e. the electrodes), stress the limits of the
meshing algorithm. We also find that the benefits of doubling the domain
size rapidly tail off as we get beyond about twenty units, unsurprisingly, since
we expect an asymptotic approach to the true value given the functional form
of the field.

Domain size effects are one of the few things that become less of a problem
with transient simulations. With steady state, we are assuming an infinite
time has elapsed, and consequently that boundary condition effects have
propagated all over the domain. This is in contrast to a transient simulation,

where, despite theoretically infinite propagation speeds, pronounced bound-
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Figure 4.6: The currents d (shown in red) and d (in black) of Table 4.6
on the preceding page plotted as a function of domain size. It is seen
that the slight undershoot of d does not occur with d; indeed d increases
slightly between the last two points plotted. Of course, the magnitudes of

these fluctuations are far smaller than the prescribed error bound of 5%.

ary effects generally occur only when a notional diffusion front reaches those

boundaries.

4.1.4 Conclusion

We have demonstrated the basic efficacy of the current error controlled adap-
tive approach. The results suggest that the error control scheme is effective
enough to make domain truncation, rather than finite element discretisation
itself, the more unpredictable source of error. It seems plausible that the

domain sizes determined here to be adequate would also be with recessed
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microdiscs too and SECM tips, but other mechanisms might, of course, have
rather different characteristics.

From the tests conducted, we conclude that quadratic elements are by
far the more efficient, and we shall therefore use them in all simulations
henceforth. We also adopt the current calculation formula d (or natural
variants thereof) for all results in the rest of this chapter and the next.
As has already been stated, we use SPR gradient smoothing everywhere.
While other simulations were conducted with linear elements, and with other
variation of parameters, we do not present the results in this work, as nowhere

were results observed significantly different in nature from those here.

4.2 F Mechanism Recessed Microdisc

Recessed microdiscs are relatively important on account of photolithographic
manufacturing techniques [141,142], and for a number of reasons we apply
the simulation program to this problem. There exist approximate expressions
for testing the results, making them a usable benchmark and an additional
means of validation. Since some of these expressions derive from finite el-
ement simulations, comparison of computational aspects can also be made.
Finally, the recessed microdisc is a first opportunity to check that relative
error estimation is working correctly, since the current magnitudes vary over

the range of recess depths.

4.2.1 The Problem

As we still have an £ mechanism in a rotationally symmetric domain, much
remains the same with the recessed microdisc. We again solve (4.10), but
in a modified domain, shown in Figure 4.7 on the next page. As with the
finite domain version of inlaid microdisc, we impose the bulk normalised
concentration of unity on I's, away from the electrode; thus the problem is

also inverse dual. In fact we alter but a few lines of the input file for that
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Figure 4.7: The recessed microdisc simulation domain. For the F mech-
anism v = 0 on I'y, g—z = 0 on I'y and the bulk boundary condition u = 1
holds on I's. For the EC’' mechanism the values of w on T’y and ' are

swapped, with u = 1 and u = 0 respectively.

case in order to simulate this one, as described in Appendix E.

As the recess depth L tends to zero, we expect the current to tend to-
wards the inlaid microdisc one. As the recess depth increases, on the other
hand, the disc becomes increasingly shielded from the bulk solution, and the
current will decrease. The recessed microdisc exhibits a less pronounced sin-
gularity than the inlaid one, essentially because the boundary conditions at
the electrode/insulator interface are less “contradictory”, and we expect this

to improve simulation times.
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4.2.2 Approximate Solutions

A standard expression for the steady state current is that of Bond et al. [25].
This assumes a constant concentration across the mouth of the recess, which
only becomes a reasonable approximation for relatively deep recesses, limiting

the formula’s applicability to these cases. It is, in our units,

T (4.18)
4L + 7

Other expressions derived from curve fitting to simulation results also

ibond =

exist, designed for use with the shallow recesses ill-served by (4.18). Both
Ferrigno et al. [143] and Bartlett and Taylor [87] used finite element simula-
tions to generate approximate expressions for the range 0 < L < 1. These

are, respectively,
i ferrigno = €xp(—0.96.L) (4.19)

and
1

Lhartlett — 1+ AlL n A2L2 T A3L3 + A4L4 )
where A; = 1.6843, Ay = —1.3237, A3 = 1.7116 and A, = —0.7585.

As described by Bartlett and Taylor, these last two expressions are con-

(4.20)

tradictory for almost all relevant values of L, with their formula finding more
agreement with (4.18) in spite of its inappropriateness for low values of L. A
fresh simulation should add evidence in support of one or the other, assuming

one of them is more correct.

4.2.3 Simulation

Although the difference between Equations (4.19) and (4.20) rises to above
10% (of the value (4.20)), for some values of L a fairly fine tolerance is
needed to distinguish between them. We also desire to evaluate the results
of Bartlett and Taylor’s expression versus (4.18), and there the difference is
consistently less pronounced. Consequently, in order to show clear separa-
tion, a prescribed relative error of 0.5% was used. For almost all values of L

the expressions’ disparities are several times greater than this.
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Figure 4.8: The effect of domain size on the simulated current to a
microdisc of recess depth 1. The values of the expressions of Bond et al.

(4.18), Ferrigno et al. (4.19) and Bartlett et al. (4.20) are also plotted.
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Figure 4.10: Simulated current versus domain size for a recess depth of

0.025. The shallower recess depth clearly increases the effect of domain

size on the result because of a reduced shielding effect.
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Figure 4.11: The mesh and concentration field around the electrode for
a recessed microdisc with L = 0.5, 700 = Zmaz = 200, and a prescribed
error of 0.5%. Note the concentration of nodes around the corner singu-
larity at the recess mouth. 518 nodes and 2006 DOF were used in the

final mesh.

In order to show convergence with increasing domain size we opt to sim-
ulate for three different values of L—0.025, 0.5 and 1.0—which are hoped to
be representative, and to use a range of values of 7,45 = Zmae- Lhe results
are shown in Figures 4.8 to 4.10. A typical concentration field and mesh
combination is also shown in Figure 4.11. It is seen that in all cases the
results are within 0.5% of the value of (4.20) once moderate domain sizes
are reached. Using the largest domain size of 200, the results for a range of
values of L are shown in Figure 4.12. The slowest of these simulations, with

L = 0.025, took 3.6 s to run.

4.2.4 Conclusion

The results clearly lend weight to the conclusions of Bartlett and Taylor,
considering that our finite element simulator is markedly different in con-

struction from theirs, and yet produces results closely in agreement. In each
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Figure 4.12: Current versus recess depth, using a domain size of 200
and an error tolerance of 0.5%. In the range 0 < L < 1 the expression
of Bartlett and Taylor (4.20) interpolates the simulation results to within
0.5%. Outside this range the expression of Bond et al. is within 2% of

the simulated values. This curve took 63 s to produce.

case within the range 0 < L < 1 our simulation tends towards their given
value, and with a reasonable domain size the difference is less than that
mandated by our error bound. Like them, we conclude that the expression
of Ferrigno et al. is less accurate than that of Bond et al. for the bulk of
values of L for which it was designed. Since our results do not diverge from
those of Bartlett and Taylor for any value of L below 1, we do not present
them here; instead (4.20) would appear adequate for the task of predicting
currents with shallow recesses. On a side note, results not given here indicate
that Ferrigno et al. [143] also overestimate the current to raised microdisc

electrodes, presumably owing to the same problems as with the recessed
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microdisc—ideally a further investigation of this would be conducted.

It is perhaps interesting to briefly compare finite element methodology
with the two sets of authors. Ferrigno et al. [143] used a commercial finite
element package and some form of mesh density specified a priori. The
number of nodes is not given, and nor are simulation times. Irrespective
of efficiency, the authors had difficulty with convergence, and as we have
seen, produced an answer actually worse than the approximation they were
trying to better. This must surely be an argument for current error-controlled
adaptive finite element.

Bartlett and Taylor [87] used a custom-written finite element program,
again with a preordained mesh density function. This clearly represents a
significant investment of programming effort, given that the program would
require modification for a new geometry, and a new grid density function
would have to be found and validated. In our case, apart from checking the
effect of domain size, everything is automatic, and the simulation program
input file might reasonably be expected to take ten minutes to write.

We do not consider performance of the various simulations, as the pro-
grams and hardware platforms are too different to make comparison mean-
ingful.

In conclusion, the recessed E mechanism microdisc is a case where our
approach works well, and admits of useful information. However, it should be
born in mind that the two references with which we compare results also dealt

with the transient case, for which our program so far lacks the capabilities.

4.3 FE Mechanism Hemisphere

The hemispherical electrode presents, of course, one of the more tractable
theoretical diffusion problems. Since a solitary hemispherical electrode has
enough symmetry to reduce the problem to one spatial dimension, analytical

solutions exist for numerous cases, particularly in the steady state. Clearly
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it also does not require more than one spatial dimension for simulation, but
our interest is in evaluating our program’s ability to handle hemispherical
microelectrode geometries because they appear in other less symmetric con-
texts. This is primarily a test of the effect of curve approximation by a finite
number of straight line segments.

A second attraction of modelling the well-known hemispherical case is
that it offers the chance of testing, in an electrochemically realistic case, our
program’s ability to handle heterogeneous kinetics. If we consider the sim-
plest scenario of a totally irreversible electrode reaction, only one field need
be simulated (aside from any influence function required). Thus a compar-
ison can easily be made with the simple exact analytical expression given

below.

4.3.1 The Problem

The problem solved is essentially the same as that described in §4.1.1 except
for the change in geometry, which is shown in Figure 4.13 (with the electrode
radius normalised to one). The procedure of §4.1.1 can be adopted to com-
press the range of reversible cases into one normalised simulation. We first
consider this scenario, before turning to the totally irreversible one where
heterogeneous kinetics come into play.

For the totally irreversible case a concentration normalisation of the form
u=cu/ch (4.21)

is adopted, and the electrode boundary condition of §1.1.4 becomes

gu _ —Ku, (4.22)
on

where K = ]g—j (a is the electrode radius). Therefore simulations are distin-
guished by the boundary condition on I'y; for both g—z =0onTlyand u—1
towards the bulk. In the limit as K — oo we expect the irreversible case to

tend towards the reversible one.



CHAPTER 4. MICROELECTRODE SIMULATIONS 163

Figure 4.13: The hemispherical electrode simulation domain. On I'; we
impose u = 0 for the reversible case, and %UZ = —Ku for the kinetically
controlled one. The two symmetry axes labelled I'y have the usual zero
flux condition. On the bulk boundary, I's, we impose the exact analytical

value given by (4.23)
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There is no singularity with the hemisphere geometry because it meets
the insulating surround at right-angles, and the “no flux” boundary condition
there is compatible with the solution of the full sphere problem: part of the
symmetric reduction to one dimension assumes no angular dependence, and

the insulating surround is consonant with this.

4.3.2 Analytical Solution

In spherical coordinates the problem reduces to a simple ordinary differential
equation. With the bulk boundary condition given above the solution is, in

cylindrical coordinates,
u=1+ - (4.23)

V12 + 22
(the expression is obviously simpler in spherical coordinates). The remaining

constant ¢; is determined by the electrode boundary condition.

Diffusion Control

If there is a concentration of zero on the surface of a unit radius hemisphere

the concentration field is given by

1

We opt for a definition of the dimensionless current that gives the ana-

lytical answer unity:

v = | 2%rar =1 (4.25)
r, on

(i.e. apart from dividing by the usual physical constants, F, D4, etc., we also

divide by the surface area of the hemisphere).

Kinetic Control

Where we have the electrode boundary condition

@ =—Ku, (4.26)
on
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(4.24) changes to
K

yu=1-— . 4.27
(1+ K)vr?+ 22 ( )
The current is then
. K
tnorm — 1_'_7 5 (428)

which clearly tends to one as K — o0o; at the same time (4.27) tends towards

the same value as (4.24).

4.3.3 Simulation

In the reversible case the current as a function of subdivision is examined.
This gives an idea of the level of circle subdivision required to push geometric
error below that of domain discretisation. The simulation program is then

tested over a range of values of K.

Diffusion Control

In order to isolate the effect of the circle approximation, we impose the
analytical value from (4.24) on the bulk boundary, and set 7,00 = Zmez = 2.
We subdivide the circle segment shown in Figure 4.13 uniformly into various
numbers of straight line segments, and impose a relatively strict 0.1% error
in order to minimise domain discretisation error effects. It is perhaps worth
noting that the first of the subdivision levels—one line segment—actually
corresponds to a conical electrode.

The results for various subdivision levels are shown in Table 4.3.3 on
the following page. The level of subdivision makes little difference to the
simulation time, but the gains of very fine subdivisions clearly run out fairly
quickly; for 1% error eight subdivisions are sufficient in this case. This is
fortunate, because fine subdivisions have a tendency, in combination with
the current meshing algorithm, to produce meshes with highly elongated
elements. On the subject of meshing, we note that in the example mesh

shown in Figure 4.14 the low error tolerance of 0.1% throws up generally
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Subdivisions | Z,0rm Error DOF
1 0.716139 | 0.283861 2568
2 0.916071 | 0.0839274 2662
3 0.960800 | 0.0392000 2388
4 0.977478 | 0.0224795 2596
6 0.989796 | 0.0102042 2224
8 0.994234 | 0.00576604 | 2412
10 0.996305 | 0.00369527 | 2585
20 0.999065 | 0.000934842 | 2350

Table 4.7: The currents arising from, and simulation degrees of free-
dom required to simulate, a hemispherical electrode with varying levels of
geometric subdivision, all with a prescribed tolerance of 0.1%. 1% accu-
racy is achieved with eight subdivisions, but in order to neglect geometric

approximation error for a 0.1% error target we need closer to twenty.

poorly shaped elements. With more realistic tolerances this problem is less

pronounced, but clearly the meshing algorithm is not ideal.

Kinetic Control

In order to have a degree of confidence that the circle discretisation is not
the primary cause of error, we opt for ten subdivisions for the kinetics sim-
ulations. We then run a series of 1% tolerance simulations with different
values of the heterogeneous rate constant, K, again with the analytical bulk
concentration imposed. The results are shown in Figure 4.15. In all cases
the error is less than the 1%. The simulation therefore works in this case
over seven orders of magnitude (we have not tested beyond these). Outside

this region other, more suitable, approximations exist.
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Figure 4.14: The mesh and concentration field around a hemispherical
electrode, approximated by six subdivisions, at which a diffusion con-
trolled reaction occurs. Since there is no singularity, refinement is largely
controlled by geometric necessity and the radial field gradient. Due to
the low error tolerance some elements are poorly shaped. The error, at-
tributable primarily to the geometric approximation, is approximately 1%

here.
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Figure 4.15: The current to a hemispherical electrode with various values
of the dimensionless heterogeneous rate constant, K, in the boundary
condition g—z = —Ku. The hemispherical cross-section was approximated
by ten straight edges. The prescribed tolerance was 1%. As K — 0,
the electrode becomes an insulator, and the current is clearly zero. As
K — o0, the effect of the boundary condition becomes like that of u =0,

and the dimensionless current tends towards the value for that case, unity.
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4.3.4 Conclusion

We have only studied one case of curved geometry approximation, but the
hemispherical case is an important one in electrochemistry, and the results
are encouraging. While it would undoubtedly be more convenient to specify
the boundary in terms of exact curves, approximation with straight line seg-
ments does not appear a great handicap in the pursuit of accurate results.
In common with infinite domains, it does introduce an element of human
intervention into the simulation process, but based on the results here there

seems little reason to suspect that a hemisphere approximated with ten or

duced by an exact boundary. If modelling hemispherical electrodes were our
alm, we would use one of the many one dimensional simulation programs
already available, and avoid inexact geometry. But if we move, for instance,
to hemispherical SECM tips, a two dimensional program is necessary, and
the results here are valuable in showing program capability in that area.

As for heterogeneous kinetics, we have evidence to suggest that they do
not present any great challenge (provided of course that they are first order;
non-linear heterogeneous reactions would require the techniques sketched in
Chapter 6). Using our program, changing a single line to reflect the different
boundary condition is sufficient to allow the introduction of heterogeneous
kinetics. This is in stark contrast to the Taylor series analysis required in
finite difference, even for Robin boundary conditions at axially aligned edges;
for the relatively complex shape simulated here, finite difference would be
even more problematic. This illustrates well the great advantage of finite
element over finite difference: its modularity, allowing different features to
be combined painlessly. All this said, the case under consideration here would
not prove particularly difficult to deal with using boundary element, although
many practitioners appear to have ignored heterogeneous kinetics. Finally,
perhaps most pertinently, the considerations raised in §3.2.6 and in [139]

apply here: the error estimator of Harriman ef al. insists, as it stands, on
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only Dirichlet boundary conditions being present at electrodes. This marks

a deficiency.

4.4 Generator-Collector Dual Microbands

Angus [18] has given a BEM-derived currents to various generator-collector
microband arrangements, all without homogeneous reactions. For some cases
analytical results also exist, facilitating comparisons. As a test of our sim-
ulation program in a Cartesian domain with several edge singularities, we

examine the dual microband configuration.

4.4.1 The Problem

The inlaid generator-collector microband configuration is shown in Figure
4.16. All dimensions are normalised according to the electrode width, which
is assumed to be equal for the the two electrodes. Species A diffuses towards
the left hand electrode, reacts there to form species B, and then reverts to
species A at the right hand electrode. These are termed respectively, in
reference to species B, the generator and collector electrodes. Both reactions
are assumed to be diffusion controlled, so the concentrations of A at the
generator and B at the collector are zero. In the bulk A is assumed to
proponderate, so ¢y — ¢, cg — 0 away from the electrodes.

Inside the domain the two species’ concentrations are both described by

Laplace’s equation:

Viea =0, (4.29)
Ve =0. (4.30)

If one of the concentration fields is known the other may be determined from

the usual relation:
DBCB = DA(CZ - CA) . (431)
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Figure 4.16: The dual microband domain. For the generator-collector
experiment we impose u = 0 on I'; (the collector), v = 1 on I's (the

generator), and g—z = 0 on I'y, the insulator/far field boundary.

Knowing this, it does not matter which concentration field is simulated. We

choose ¢g. The normalisation

Dgep

o 4.32
DACZ ( )

U ,

gives the boundary conditions shown in Figure 4.16.
Since we are solving in Cartesian space, the PDE for the normalised

concentration of species B is in full

Pu O%u
T 4.33
o2 Ty ! (4.33)
The dimensionless current is defined by
Inorm = Q—?—{dI‘ . (4.34)
T a’n/

With the boundary conditions used this is easily rewritten in terms of a do-

main integral of one field, in much the same way as E mechanism problems.?

%It is found if this is done that the domain integrals for the generator and collector
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The question of the bulk boundary condition is discussed by Angus (ibid.).
Theoretically u tends to zero away from the electrodes, but if this is imposed
on a finite domain it leads to drastically wrong currents because the bulk
boundary effectively forms its own collector, swamping the results. Moving
the far field boundary further away does (with our simulation, at least),
partially alleviate the problem, but even with Z,. = Ymee = 2000 the
problem is still pronounced.

If instead an insulating boundary condition is imposed on the bulk bound-
ary, accurate currents can be retrieved with reasonable domain sizes, and this
we proceed to do. This option also has the happy advantage that it makes
the problem inverse dual, saving computer time. Unfortunately it has the
effect of making the concentration field tend toward 1/2, rather than the cor-
rect value of 0—the situation seems almost paradoxical. Presumably infinite
elements would help considerably with the problem.

The analytical solution to the inlaid dual microband problem is given
below. Another known case is that of an infinite expanse of interdigitated
microbands, but modelling these exactly would require periodic boundary
conditions, which we do not currently allow in our program. If we were so
inclined we could automatically generate input files for the multiple electrode
cases simulated by Angus. There seems little reason to doubt, however, that
the results there are correct, tending as they do towards the analytical infinite
array value, and with no particular difference in the nature of each successive
microband’s edge singularities.

More interesting, from a simulation perspective, are the raised and re-
cessed dual microband configurations. The problem is the same as the an-
alytically solved inlaid version, but with each active surface, generator and
collector alike, raised by a dimensionless distance h, as shown in Figures 4.17

and 4.18. The two variants differ in whether the vertical sides are active or

currents differ only in sign, meaning the disparity between the two electrodes’ current
magnitudes investigated by some cannot exist with this particular arrangement. The

choice of I'y in (4.34) is therefore purely arbitrary: it could equally be I's.
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Figure 4.17: The “top” raised dual microband domain. The same bound-
ary conditions as in Figure 4.16 are imposed on I't, I's and I's. The sides

of the electrodes are inactive, and are hence designated I's.

not. These types of electrode could be constructed photolithographically.

4.4.2 Analytical Solution

The inlaid dual microband problem has been solved using a conformal map
[19,20]. Essentially, a mapping in the form of an elliptic integral folds the
domain up to transform the problem into a trivial one very similar to that
solved for thin layer cells [2]. Apparently this was first done in an electro-
chemical context by Amatore and Fosset [144]. In our normalised domain
the current depends on the ratio m = ¢/(g +2) (where g is the gap between
electrodes shown in Figure 4.16), and is given in our case by
Vi
Gdmp = ToR(m) (4.35)
where K (-) denotes the complete elliptic integral of the first kind [145].
In principle the other configurations considered here could be solved with

conformal mapping, using the Schwarz-Christoffel mapping theorem [19-21].
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Figure 4.18: The “all” raised dual microband domain, where the sides
of the electrodes are active. The same boundary conditions as in Figure

4.16 are imposed on I'y, I's and T's.

The resulting expression might well be unmanageable, however, and there is
apparently nothing of this kind in the literature. Qualitatively, we expect
reduced currents relative to the inlaid case for recessed electrodes, owing to
shielding effects. Conversely, raised microbands would be expected to have
larger currents in both cases because of enhanced accessibility. On top of this,
the “all” configuration will plainly tend towards a current proportional to A
as it increases, since electrode area is proportional to h, and the concentration
field within the inter-electrode recess would tend towards a type of thin layer
cell situation. By contrast, we anticipate the “top” raised microbands to have
a finite limiting current with increasing h, since the electrode area remains
constant, and the effect of the insulating surround would become vanishingly

small.
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4.4.3 Simulation

Only results for m = 1/3 (that is, a gap size equal to the electrode size)
are given, as simulations with other values of m resulted in similar accuracy
and times. After briefly checking the inlaid case, the raised and recessed
configurations are simulated with a range of values of h.

A sample mesh with its concentration field for the inlaid case is shown in
Figure 4.19 on the next page. With %02 = Ymez = 50 and 1% error tolerance,
the calculated value of the current is 0.7827. (Testing showed that, for all
the simulations run in this section, no significant difference was observed in
the results for domain sizes larger than 50, so this size was used for all cases.)
The analytical value is 0.7817, which implies approximately 0.1% error. This
simulation took 2.1 s to run. Evidently the simulation program is successful
in solving the inlaid problem.

The case of recessed and raised microbands is more involved, as we have
no analytical expression with which to compare. The results over a range of
values of h, positive and negative, are shown in Figures 4.20 and 4.21.

Qualitatively, the currents are in agreement both with physical intuition
and with the curves given by Angus. Quantitatively, however, there is clearly
a discrepancy with Angus’s results for both configurations for certain values
of h. In both cases, at its worst, this amounts to approximately 5% of the
estimated value, which might not give too much cause to worry. However,
the prescribed tolerance of 1% leads us to expect a better agreement if both
sets of results are correct, and altering both this parameter and the domain
size led to relatively negligible change in the FEM currents.

If our results are indeed the more correct, an explanation could perhaps
be advanced. The BEM simulation is reported to be fairly dependent on
the element discretisation used, with various effects, such as oscillatory flux
values, arising from different spacings. While tests were apparently con-
ducted establishing convergence, it is possible that exhaustive tests were not

conducted for all values of h. Perhaps most crucially, the same number of
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Figure 4.19: The mesh and concentration field generated by the simula-
tion for an inlaid microband with Z,,42 = Ymaesz = 10 and an error tolerance
of 1%. Notice the refinement at the four edge singularities. In practice
larger domains are necessary for accurate currents. The bulk boundary
condition causes the concentration field to tend, incorrectly, to u = 1/2

away from the electrodes.

elements was used for each simulation run, irrespective of A. Table 4.8 shows
that our finite element simulation requires many more degrees of freedom for
some cases than others, and there is a fairly strong correlation between the
number of DOF and the discrepancy between our results and those produced
by Angus [18]. One way or the other, then, the node counts in Table 4.8
alone would suggest a likelihood of divergence of opinion between the two
methods.

The question of which is correct is of course difficult to answer. It may
be that our simulation performs poorly in this situation when it deploys
more DOF, but validation in other cases as well as theory points away from

this. On balance, given the greater sophistication of error control in our
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Figure 4.20: The effect of h on the “top” configuration microband cur-
rent, normalised against the inlaid value. Our simulated values, denoted
“FEM simulation”, are compared with those of Angus [18], called “BEM
simulation”. For these simulations T4z = Ymae = 50 and the error toler-

ance was 1%.
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Figure 4.21: The effect of h on the “all” configuration microband current,

normalised against the inlaid value. Simulation parameters were the same

as in Figure 4.20 on the page before.
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h “All” DOF | “Top” DOF | “All” discrep. | “Top” discrep.
-1.0 | 4895 1482 4.8% 0.71%
-0.8 | 4827 1482 4.1% 0.99%
-0.6 | 5120 1581 4.2% 0.79%
-0.4 | 4639 1582 3.9% 0.67%
-0.2 | 4057 2089 3.0% 0.81%
(0.0) | (2193) (2193) (~0.1%) (~0.1%)
0.2 | 2240 4199 0.74% 3.5%
0.4 | 2079 4699 0.61% 3.9%
0.6 | 1914 4728 0.67% 3.9%
0.8 | 1853 5060 1.1% 3.9%
1.0 | 1516 5051 0.9% 4.1%

Table 4.8: The computational complexity of the various raised/recessed
microband simulations, and the discrepancy with the BEM simulation
results of Angus [18]. Each FEM simulation was performed with Z,,0, =

Ymaz = 90. The geometric parameters were w = g = 1. The percentages

are relative to the FEM value.

179
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approach, we think it reasonable to assume that our results are the closer
to reality. If this is so then the node counts give an explanation: while the
FEM simulation adaptively employs more nodes for difficult cases, reaching
a roughly constant accuracy, the BEM simulation, because of its a priori
element density specification, is only capable of modelling certain simpler
cases to within 1%, the accuracy degrading in others. Testing this hypothesis
further would require re-running the BEM simulations for the problem cases

with more elements, and carefully examining convergence.

4.4.4 Conclusion

As would be expected, having successfully solved cylindrically symmetric
problems, Cartesian systems do not prove to be any great challenge. The
effort required to obtain our results is obviously considerably less than is
expended in showing convergence of the boundary element approximation,
or in constructing the analytical solution via conformal mapping for that
matter.

As for the results, the inlaid microband case offers further evidence of the
reliability of our algorithm. The recessed and raised configurations, on the
other hand, inevitably cast some doubt on our procedure in the absence of
tertiary validating evidence; but given our stronger theoretical justifications,
and the inductive evidence of other simulations, we suggest that the BEM
results are the more questionable. If this is indeed the case, it illustrates
the danger, once again, of non-adaptive meshing. In the end, of course,
the difference is at most 5%, which might be enough accuracy for some

applications.

4.5 FEC' Microdisc

After covering a variety of geometries with the E mechanism, it is well to

test the simulation with a different mechanism. The FC’ mechanism is suit-
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able for this purpose, as it can still be modelled with one field, and for the
microdisc geometry there are approximate expressions as well as simulation
results with which to compare. A fundamental part of our error estimation
approach—that of comparison between the concentration field and its lower
order interpolant—has yet to be tested, so this forms a crucial part of its

validation.

Since Harriman et al. simulate both inlaid and recessed microdisc cases
for the FC" mechanism [36], we do so too, in order to compare the efficiency

of our algorithm with that of theirs.

4.5.1 The Problem

The EC' process we model is one where a reversible heterogeneous reaction
acts, alongside an irreversible homogeneous one, in a catalytic mechanism of

the form:

A+ne =B (4.36)
B+Z 5 A+Y. (4.37)

(Here Z and Y are considered inactive.) If the species Z is in large excess
then its concentration may be approximated as constant, and absorbed into
a pseudo-first order rate constant, k = czk’. The governing PDEs of the

active species are then, assuming purely diffusive mass transport,

DaVics+keg =0, (4.38)
DpVicp —kep = 0. (4.39)

Away from the electrode, species A is assumed to preponderate, so ¢4 —
ci and cg — 0.
At the electrode surface, assuming reversibility,

“_y. (4.40)

S
Cp
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As ever, mass balance must also hold there:

3CA (9CB
— = —Dp—. 4.41
Da on Dy on ( )

Galceran et al. [23] describe the process for mathematically eliminating cou-
pling between the two species. In a similar fashion to the E mechanism,
an acceptable functional form for one of the species’ concentrations can be

posited, this time for species A. Assume that

ca = DACZEADBCB . (4.42)
Substituting this into (4.38) gives (4.39); therefore, given Cp it is possible
to retrieve, via this expression, a form of C'4 that satisfies the necessary
governing equation. It should be obvious that the mass balance relation,
(4.41), is also satisfied by a pair of concentrations ¢4 and ¢p conforming to
(4.42).

The surface concentration of B is given by the reversibility condition

(4.40):
DC%6

s _ . 4.43
5= Da+ Dpd (4.43)

Defining the dimensionless concentration of B to be
u= B (4.44)

e’
the surface condition becomes uw = 1, and the bulk boundary translates to

u— 0.

The two microdisc domains are clearly the same as for the £ mechanism
microdisc simulations, and are shown in Figures 4.1 and 4.7. In these domains
we wish to solve the modified Helmholtz equation in cylindrical coordinates:

2
la<a“>+@—f<u:o, (4.45)

—_— 7’_—_
rdr \ Or 0722
where K is a dimensionless homogeneous rate constant defined by

ka?
K=" 4.46
i (4.46)
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(a is the dimensional radius of the microdisc). The dimensionless current
is defined in essentially the same way as for the £ mechanism microdisc
simulations.

Considering the one dimensional form of (4.45) gives some insight into
the difference in the functional form of the solution. The one dimensional
Laplace equation, which would hold (if a steady state existed) for a large flat

electrode, admits only linear solutions, whereas an equation of the form

d2
Eg —Ku=0 (4.47)

will be expected, if K is real, to give decaying or growing exponential so-
lutions. Since the latter could not represent a concentration field, based on
this admittedly crude heuristic argument one might expect the effects of the
electrode reaction boundary condition to fall away exponentially from the
electrode—more sharply than with the £ mechanism. This would have im-
plications for the domain size necessary to approximate accurately an infinite

expanse of solution.

4.5.2 Approximate Solutions

Various approximate expressions exist for this £C’ case, including for re-
cessed microdiscs, documented by Galceran et al. [23]. We give some of
these here, but since we also desire to make comparison with the simulation
results of [36] it is convenient to run simulations with the same parameters,

and so their calculated values of the exact current are available.

Inlaid microdisc

For the inlaid microdisc a number of options exist. Galceran et al. [23] give
an exact solution, but since it is in terms of the solutions of an infinite set of
linear equations it is in practice approximate. In any case, using their solution

they found the Padé approximant of Rajendran and Sangaranarayanan to be



CHAPTER 4. MICROELECTRODE SIMULATIONS 184

more than 0.01% accurate for all values of K. Consequently we can use that

expression, which takes the form:

o L+ 2.0016K"/% + 1.8235K +0.96367K%> 1 0.307949* 1 0.049925K°/*
- 1+ 1.3650K /2 + 0.8826K + 0.32853K3/2 + 0.063566 K2 '

(4.48)

For K > 10 the more convenient asymptotic expression of Phillips [146],

z’z%(\/l_(+1+ﬁ), (4.49)

is reported to be at least 0.27% accurate.

Recessed microdisc

An infinite system expression from Galceran et al. [23] is also available for
the recessed microdisc, but this is tiresome to evaluate. They also adapt
Bond’s strategy of assuming a constant mouth concentration [25] to the EC’
case, but this was found to diverge from the true value by as much as 3.6%.

A simpler alternative, is
i= %\/f—( coth [\/E(L + q)} , (4.50)

where
v 1 1

= 1
¢ 4 i 21.4479 + 0.2564 COth(0.3439L):l (1 4o 8\/?)3/4 ’

(4.51)

which is estimated to be 2% accurate. We use this for graphical comparisons,
but since none of the approximate expressions is as accurate as our simulation
is designed to be, we use for detailed numerical comparisons the calculated
values given in Harriman et al. [36], using Galceran et al.’s exact expression.

Finally, for large values of K or L it is useful to note that the problem
tends towards the one dimensional, and is easily solved by considering (4.47).

The solution for finite v having u(0) = 1 is

u=eVE= (4.52)
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The flux at z = 0 is then given by —v K, and the current by

r=1
\/K-;f/ rdr = %/K. (4.53)
r=0

4.5.3 Simulation

It is clear both from the explanations above, and from Harriman et al. [36],
that a relatively small domain approximates the infinite one on which the
problem is posed. As a consequence we adopt Tpar = Zmaes = 10 for the
inlaid problem, as is done by Harriman et al. For the recessed problem we
again use their extents, in this case of 7,00 = Zmer = 4 (the recess shields the
microdisc, reducing the far field effect). We are in a position then to make a
detailed comparison of accuracy and performance with their work.

As described in Chapter 3, the extensions of the domain integral expres-
sions of (4.17) for the EC" case are fairly simple, the only notable difference
being that they incorporate references to the field itself, as well as the gra-

dient terms present previously:

d= g / (Vo - Vu + Kuv) rdrdz (4.54)
Q

d= g / (Vi - Vi + Kad) rdrdz . (4.55)
Q

In practice, since the problem is self-dual, u is substituted for v, and @ for
0. As previously, we continue to use d as our best estimate of the simulation
current. This uses the quadratic order smoothed gradient in combination
with the full quadratic field, and is therefore expected to give the greatest

accuracy. The estimated error, however, remains that of d.

Inlaid Microdisc

The results for a range of values of K, presented in a similar fashion to [36],
are shown in Table 4.9 on page 187. Clearly the simulation produces results

within the expected error range in reasonable times.
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Comparison with Table 1 of Harriman et al. [36] is instructive, given the
various parameters’ equality. We find that their simulation uses far more
nodes (their numbers are 2665, 2417, 3452 and 7794 for the four values of
K) and, even attempting to compensate for machine speed differences, is
slower. The times scaled by clock speed are, respectively, 10.2 s, 7.68 s, 8.44
s and 19.3 s. At its best, their algorithm manages approximately a third
of the speed of ours; at its worst, a tenth. This last figure is apparently
the outcome of their error estimator’s increasing over-estimation with larger
values of K: it seemingly has difficulties with homogeneous terms, whereas
ours generalises to these more easily. Overall the method may be judged to
be markedly more efficient.

On the subject of node counts and overestimation, Harriman ef al. present
their estimator’s exaggeration of error as a virtue, stressing that “[wle have
again achieved much better accuracy than the tolerance that we have pre-
scribed, particularly so for K > 17. This is arguable, since in a sense 1t
represents a lack of control over their simulation. With our scheme, using
its tighter bound, greater efficiency can obviously be achieved. (We can also
actually achieve comparable accuracy using cz, it but its accuracy is unpre-
dictable.) On the other hand, a more conservative bound is evidently less
likely to fail by underestimating the error. Based on the empirical evidence
in this work it seems our bound rarely fails, so there are some grounds for

claiming its superiority in the electrochemistry arena.

Recessed Microdisc

The recessed microdisc is a similar story. In Table 4.10 on the next page
we echo the format of Table 2 in Harriman et al. [36], again to allow direct
comparison. As can be seen from this table, the recessed problem is easier,
with lower node counts, at least for these values of K and L. With very large
values of K, however, very small elements are required near the electrode

surface to capture the sharply exponential form of the concentration field (of
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K Exact current | d d Est. error | Nodes | CPU time
1 1.689 1.696 | 1.687 | 0.007483 | 243 0.931 s

10 3.322 3.336 | 3.324 | 0.004804 | 331 142 s

100 | 8.658 8.702 | 8.651 | 0.006839 | 700 2.96 s
1000 | 25.63 25.81 | 25.64 | 0.007137 | 1651 | 5.0l s

Table 4.9: Results for the £FC’ mechanism reaction with inlaid microdisc
geometry. For each simulation 7,4 = 2Zmes = 10, and the error toler-
ance was 1%; the only variable was the dimensionless homogeneous rate

constant K. The “exact” current was calculated from (4.48).

~

K Exact current | d d Est. error | Nodes | CPU time
1 1.010 1.015 | 1.011 | 0.008449 | 94 0.209 s

10 2.510 2.530 | 2.513 | 0.008160 | 91 0.148 s
100 | 7.854 7.920 | 7.854 | 0.008555 | 230 0.377 s
1000 | 24.84 24.98 | 24.83 | 0.006050 | 997 2.24 s

Table 4.10: Results for the £C’ mechanism reaction with a recessed
microdisc of depth L = 0.5. For each simulation 7,,,, = Zmez = 4, and

the error tolerance was 1%. The “exact” current was taken from [36].

course, here asymptotic expressions are available). Meshes and concentration
fields for the simulations of Table 4.10 are shown in Figure 4.22.

The results again show our algorithm to be as accurate as that of Harri-
man et al.’s, but faster, with less over-refinement. The scaled times of their
simulation for the four values of K in Table 4.10 are 1.31 s, 0.964 s, 1.33 s
and 5.22 s respectively. At best, then, they achieve half our speed; at worst,
a sixth.

Harriman et al. give log-log plots of 7 versus K for various values of L.
We do this in Figure 4.23. The simulation is robust beyond these parametric

values; for instance for the case of L = 0.05, K = 105, it takes approximately
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Figure 4.22: The mesh and concentration field around a recess depth

of L = 0.5 for various values of the homogeneous rate constant, K. As
K increases, refinement switches from the mouth corner to close to the

bottom of the recess.
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Figure 4.23: Double logarithmic plots of the simulated current (marked
as M) versus K for various recess depths. Also shown are equation (4.50)

(in red) and the asymptotic expression (4.53) (in green).
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three minutes to reach 1% accuracy. For all the simulations conducted we
find the results as accurate as we would expect from the prescribed error

tolerance and the reported accuracies of the approximate expressions.

4.5.4 Conclusion

Since the inlaid and recessed FC’ microdisc case has been analysed exten-
sively (see [23] and references therein), our simulations have not added any-
thing valuable in terms of results, aside from serving as yet another test of
formulae already given. The work in this section is more motivated by a
desire both to validate the code with a mechanism involving homogeneous
reactions, and to compare performance with [36]. The program passes the
former test, clearly, and has the advantage of being in every case faster than
the work cited. While a few seconds’ difference for simple simulations like
those undertaken here is clearly not a great factor, with more interesting,
complex, simulations we would expect the speed increase to be more signifi-

cant.

4.6 FE Mechanism Channel Flow Microband

Apart from being a useful cell geometry for experimental electrochemistry,
the channel flow microband arrangement is well suited for testing of convec-
tion simulation. The associated fluid dynamics problem has a simple exact
solution and there are a variety of approximations to the mass transport
problem. Harriman et al. give results for their adaptive finite element ap-
proach for the F mechanism, so a comparison of the algorithms’ efficiency

can be made in a convective context.

4.6.1 The Problem

The problem is one of convective-diffusive mass transport of species A to a

microband electrode embedded in the side of a channel in which a Poiseuille
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Figure 4.24: The channel flow microband domain. Material enters the
system at the inlet on the left hand side, labelled I's; there the normalised
concentration v is unity. Reactant is consumed at the electrode, denoted
by I'1, where u = 0. Elsewhere the g—z = 0.
flow regime [6,147] holds. At the microband a reaction occurs to form species
B—one that we shall assume is reversible.
The cross-sectional domain is shown in Figure 4.24. Only the z compo-

nent of the convective velocity field is non-zero, so the steady state convection-

diffusion equations for species A and B are:

DaVicy —v,—= =0, (4.56)
ox
DyV2es — 0,22 . (4.57)
Or
The velocity follows a parabolic profile defined by
h — 2
Ve = Vg [1 — (—]—L‘Q‘@‘:l s (458)

where vy is the maximum velocity, found at the centre of the channel.
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Reactant A enters the channel at the left hand inlet, so ¢4 = ¢%,cp =0
there. Adopting a normalised concentration, u(c,), we impose v = 0 at the
electrode, which may be interpreted in two ways.

If the diffusion coefficients D4 and Dpg are equal then we can take
cg=C4—ca, (4.59)

and all potentials may be related to one simulation by taking

u= AT (4.60)
Ca — Ch

With § the ratio of surface concentrations,

§=4 (4.61)
ch
the surface concentration of A is given by
5 *
¢ = A (4.62)

1+6°

If the diffusion coefficients are not equal the simulation covers only the

purely diffusion controlled case, where ¢ = 0, and we take
u=ca/cy . (4.63)

Both of these schemes lead to the bulk condition u = 1 at the inlet, and

g% on the insulating walls of the channel. All of the boundary conditions are

shown in Figure 4.24.

For the other quantities we adopt what appears to be the standard nor-
malisation. The z and y coordinates are divided by z, so that the electrode
has a normalised size of one. Two dimensionless quantities are then defined:

xr 4h’U0
e T8 = . 4.64
D1 L D2 3D, ( )

The transport equation then becomes

?u O 1 Ou
— - =P — — =90, 4.65H
St g~ (3R - 5 =0, (1.65)
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where P; = (3/2)pip, is the shear rate Peclet number, a global measure of
the relative importance of convection.

The normalised current is given by

ivorm = [ 24ar (4.66)
T 8”

4.6.2 Approximate Solutions

Various different approximations exist for different rates of flow. Often they
entail making the Lévéque approximation [148|, where the convective velocity
is taken to be approximately linear near the electrode—i.e. the quadratic
term in the convection coeflicient of equation (4.65) is neglected. By making
the further approximation that mass transport in the z direction is purely

convective, Levich [149] derived the simplest approximation to the current:
itevicn = 0.8075P3 . (4.67)

As a consequence of these assumptions, Levich’s equation is applicable only

at fairly high flow rates.

An alternative, for low flow rates, is that due to Ackerberg et al. [150]:

Gackerberg = TY(Ps)[1 — 0.04633P,g(F;)] (4.68)

where
1

9L5) = (In(4/v/B,) + 1.0559)

Finally, for moderate to high flow rates, Newman [151] gives a modified

(4.69)

version of Levich’s expression:*
fnewman = 0.8075PH3 4 0.7085P, /¢ — 0.1984 P 1/% . (4.70)

The expression of Aoki et al. [152] would not appear to offer any advantage
over those given above for any value of P,, and so was not included in the

comparisons below.

*Note that (4.67) and (4.70) are given incorrectly in [37] (as indeed is equation (16) in
that work).
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4.6.3 Simulation

The boundary conditions for this problem allow the use of 1 — u for the
influence function. Thus a possible expression for the current using the higher
order field 4 is

d= [Vl = (1= @) P2~ py) g (4.71)

As ever, this type of expression carries the advantage that only one field
need be solved for, but because we have convective terms the equation is not
self-adjoint, and 1 — u is not the dual. To use the dual a second problem

with convection in the opposite direction must be solved:

Pv v 1 Ov
oz T e T <2P5y(2 pw)) 5 = 0 (4.72)

and the domain integral becomes

d=— /Q Vi - Vi + f}%Psy(Q — Ply)%dﬂ . (4.73)
This presents an interesting performance tradeoff between the benefits of
solving only one problem, and solving a two potentially requiring less refine-
ment. In the apparent absence of any theory defining the optimal choice for
v we can gather here some empirical data.

The channel microband simulation was run over a range of flow rates,

with one of the sets of parameters used by Harriman et al. for comparison

purposes:
Djy=10"% cm?s !, (4.74)

T, =5x10"% cm | (4.75)

h=0.02 cm . (4.76)

Various values of P; were imposed by varying vy. The dimensionless z extents
given by Harriman et al. of 16 units in either direction from the edge of the
electrode were also used (these were reported to be sufficient to approximate

an infinite domain), and a 5% error tolerance imposed.
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Figure 4.25: The simulated channel flow microband current over a range
of flow rates. The approximate expressions of Levich (4.67), Ackerberg et
al. (4.68) and Newman (4.70) are also shown. The simulation is seen to
agree with one or other of these expressions, depending on their range of

applicability.

Using these parameters it was found that, with the stabilisation scheme
described in Chapter 2, a Jacobi preconditioned BiCGStab unsymmetric
solver converged rapidly for all flow rates. The values for the current were
close enough for the two forms of v that they are indistinguishable in the
logarithmic plot of Figure 4.25, and they both largely agree with those of
Harriman et al. and the approximate expressions. For larger shear rate
Peclet numbers it should be noted that the non-dual form of v does give val-
ues closer to the approximate expressions, but see below. At low flow rates

agreement is found with the expression of Ackerberg et al. (4.68); at higher
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rates, the simulation agrees with Newman’s approximation (4.70). As the
shear rate Peclet number increases beyond 1000, the current clearly tends
toward that predicted by Levich’s expression (4.67).

A pronounced difference between the non-dual and dual v cases is found
in the meshes produced, which is illustrated in Figures 4.26 and 4.27. In
the first it is seen that the mesh refinement follows the path that one would
expect for the material generated at the electrode. This is in contrast to
the results of Harriman et al. and to the adjoint v case, where refinement is
concentrated around the electrode, and more pronounced upstream, rather
than downstream. Where flow rates are high—i.e. where the PDE is furthest
from being self-adjoint—the effect of the 1 — u influence function is to cause
much greater refinement downstream, where it isn’t needed, and to greatly
increase overall node count. Since the results for the current are correct
in either case this is unwanted over-refinement, and points to the adjoint v
being more efficient.

In the diffusion dominated case of vy = 0.1, giving P, = 0.25, again at 5%
accuracy, our algorithm out-performs that of Harriman et al. in both cases
in respect of node counts. Where their algorithm required 2137 nodes, ours
needed either 218 or 150 for non-dual and dual respectively. It might also
be added that in the first case the simulated current is within 0.1% of equa-
tion (4.68)—closer than their estimate, but the accuracy of the approximate
expression is not known.

On the other hand, in the convection dominated case, where D = 107°
em? 571 1, = 1072 cm and vy = 50 cm 87! (giving P, = 500), our simulation
with v = 1 — u requires only slightly fewer nodes—1558 versus 1644. The
simulated current in this case was 6.63222, which is very close to the value
of Newman’s expression, 6.63562. This is a higher value than that cited in
[37], which was 6.59956. If Newman’s expression were known to be accurate
to within three significant figures, then we could claim greater accuracy;
but the various expressions’ accuracy is not documented. The adjoint v

simulation uses far fewer nodes—317-—and produces a current of 6.80947,
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Figure 4.26: The mesh and concentration field for a typical channel
flow microband simulation (Ps; = 30), zoomed in on the area around the
electrode. A 5% error tolerance was imposed on the current, and the

non-adjoint v was used, giving 593 total nodes.

Figure 4.27: The mesh and concentration field for a typical channel

flow microband simulation (Ps = 30), zoomed in on the area around the
electrode. A 5% error tolerance was imposed on the current, and the

adjoint v was used, giving 231 total nodes..
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which is further from the the approximate expression, but within the 5%
prescribed accuracy. The timings too are very different, with 18.2 s versus
2.7 s.

The slowest simulation run, at P, = 3000, took 77 s for the v = 1 —u case,
which while not unacceptable, is less impressive than the 7.3 s for adjoint
v. Timings for lower flow rates were generally much lower, going below 1 s
at the lower end of the P, spectrum, and there the difference became less
pronounced. Since the unsymmetric linear system solver used was almost
certainly far from optimal, there is reason to hope the situation could be

improved for both.

4.6.4 Conclusion

The channel flow microband case, with the simplest £ mechanism, has il-
lustrated the applicability of the adaptive FE algorithm developed in this
work to convective cases. Clearly further testing in other situations would
be desirable in order to be sure that the conclusions reached regarding sta-
bilisation schemes and Krylov solvers generalise over the range of possible
simulations, but nothing so far suggests that the algorithm fails where con-
vection is present.

Comparison with the scheme of Harriman et al. [37] is made difficult by
the paucity of information thereon. For instance, no idea is given of how the
degree of stabilisation is varied over the range of flow rates (the “optimal”
value of the stabilisation parameter given by Zienkiewicz and Taylor [74]
would appear to perform well here). Nor are any timings given. From what
information is given, it would seem that the algorithm used here is at least
competitive with v = 1—u, and considerably more efficient with a v satisfying
the adjoint equation.

Overall, the channel flow case is a successful one for the algorithm. That
said, more investigation needs to be done on the nature of v, and better linear

system solvers should also be evaluated. Convective problems are clearly
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more challenging than purely diffusive ones, and more work is required to

reach a satisfactory simulation method.

4.7 Conclusions

It is believed that the simulations described in this chapter show that the
theory outlined in Chapter 3 does yield a useful and accurate simulation
algorithm. Apart from the case of raised and recessed microbands, we have
found agreement with the best available approximations; and there we argue
that we have nonetheless produced accurate results.

As it stands, the program cannot simulate the majority of interesting
cases, as it cannot handle transient situations or various more complex mech-
anisms. Nonetheless, the results of this chapter do appear to constitute a
vindication of the theoretical approach taken in Chapter 3, and justify the
programming effort required to produce a general simulation program of the
type described there.

Having validated the adaptive algorithm over a range of problems where
analytical or semi-analytical solutions exist, it is desirable to test it in an
arena where simulation is essential. An example of such is SECM, to which

we turn in the next chapter.



Chapter 5

SECM Simulations

An important area of electrochemistry demanding accurate simulation is that
of scanning electrochemical microscopy (SECM). SECM is a broad field, and
it is not possible to describe it in detail here. A book covering a variety
of aspects of the technique is [64]. A review of the many SECM modes is
given by Mirkin and Horrocks [153]. We consider only two of the various
configurations in this work—those of negative and positive feedback.

For our purposes, an SECM tip may be considered a movable microelec-
trode embedded in a cylindrically symmetric insulating surround. In this
chapter we simulate approach curves of a reactant-consuming microdisc tip
moving towards either an insulating or conducting substrate. Since the sim-
ulation program is limited to two dimensions, we are confined to substrates
that are cylindrically symmetric; here we consider those that are unvarying in
the plane whose normal is parallel with the approach direction. This domain
is complex enough to make analytical solution difficult,! but there have been
various simulation studies. These have varied according to the geometric fi-
delity with which they have reproduced the experiment, with some ignoring

the solution past the level of the electrode, and others assuming a cylindrical

1The only attempt at an analytical solution appears to be that of Bard et al. [154], but
this is a restatement of the problem as an integral equation, and does not give an explicit

function.

200
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sheath shape. In this chapter a generally more realistic geometry is used.

5.1 The Problem

The aim is to quantify the current to the microdisc SECM tip as it moves
towards the two types of substrate. Either reactant diffuses solely from the
bulk to the tip, with the substrate an insulator, in which case we have negative
feedback; or it is also regenerated at a conducting substrate, giving positive
feedback [64].

A key approximation is usually made in SECM simulations: the tip ap-
proach is assumed to be slow enough to make the concentration field sur-
rounding the tip approximate that of the steady state one that would be
present if the tip were left in the given position ad infinitum. One can then
solve the steady state diffusion problem for a range of positions of the tip,
which is far simpler than considering either transient diffusion or the con-
vective currents that would be caused by faster movement. Fortunately the
steady state mode is often preferred for experimental reasons [153], and this
approximation has been widely validated with other simulations.

For the insulating substrate case the same normalisation as with the &
mechanism microdisc (see § 4.1.1 on page 134) can be used to extend simu-
lation results to the range of reversible cases. However, for the conducting
substrate case, as with the generator-collector case, there are two potentials
to consider, and the full generality of cases cannot be represented by a single
simulation. For simplicity’s sake, therefore, in this case we assume diffu-
sion control at both the tip and the substrate, and adopt the normalisation
u = ca/cly. In this we follow Amphlett and Denuault [1] and many others.
The concentration is therefore simply normalised by the bulk value as in
§ 4.4.1 on page 170.

The domain used for all microdisc simulations is shown in Figure 5.1,

where the microdisc radius has been normalised to one. Initially we conduct
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simulations with « = 0, where the sheath is approximated as cylindrical, in
order to afford comparison with the results of Amphlett and Denuault [1] (the
less accurate earlier simulations with rectangular domains were effectively
with « = 7/2). We explore the effect of this simplification later, but for now
we follow the accepted practice.

Material diffuses from the bulk boundary, where u = 1, to the tip, where
it is consumed, so u = 0. The sole difference between the two types of sub-
strate is in the type of boundary condition on I';—for a conducting substrate,
material is produced here and is a significant determinant of the tip current.
Both the cases under study are inverse dual, so we solve for only one field.

Clearly there is a relation with the inlaid microdisc case, and we do not
expect the currents at the tip to be radically different from those to an equally
sized microdisc with the same experimental conditions. For this reason the
dimensionless current is often normalised by the inlaid microdisc value (note,
though, that as explained below we use a different normalisation value). Two
major distinctions, however, affect the results.

Firstly, the microdisc is facing, at a distance L, an insulating or conduct-
ing barrier, rather than an infinite expanse of solution. This will tend to
lessen the current in the former case, and increase it in the latter. As the tip
distance decreases this effect will become more dominant, until in the limit
of L = 0 the current must be zero or infinite respectively. This effect has
been investigated in a number of studies.

The second effect depends on RG, the ratio of the insulating surrounding
sheath’s radius to the microdisc’s, and holds regardless of the substrate type.
As RG — oo the effect of the insulating surround clearly tends towards that
around an inlaid microdisc. But for small values of RG with moderate L,
diffusion around the corner becomes a significant factor, and can push the
current above the value for an inlaid microdisc, potentially in spite of any
insulating substrate’s effect. This was described by Amphlett and Denuault
[1], who based their conclusions on ADI finite difference simulation. They

point out that, contrary to previous speculation [155], RG does noticeably
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Figure 5.1: The microdisc tip SECM simulation domain. The dimen-
sions are normalised according to the electrode radius. The tip electrode
denoted by I'y has u = 0 prescribed on it. The two insulating surround
boundaries and the rotation axis denoted by I's have g—x = 0. The bulk
boundary I's has v = 1. For an insulating substrate, g% =0 onIy; for a

conducting one, © = 1. The degree of tapering is defined by «.
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affect the current even with a conducting substrate, although since diffusion
from the bulk is less significant here the influence is clearly less pronounced.
Fang and Leddy [156] also studied this phenomenon, as did Shao and Mirkin
[157].

Since SECM experimental results are conveniently normalised by the lim-
iting current as the tip tends towards an infinite distance from the substrate,
and because this can differ significantly from the inlaid microdisc current,
we normalise our results with respect to this, calculated by setting a tip dis-
tance of L = 100. This carries the advantage of allowing direct comparison
with Amphlett and Denuault’s results, as they also follow this practice. It
is important to remember, then, that graphical presentation of the results
in this form de-emphasises the impact of RG on currents; the difference in

normalisation values should also be taken into account.

5.2 Comparison With Previous Simulations

Various researchers have simulated the system under study [158], and there
are reasonably well accepted results with which to compare. The oldest
and least sophisticated simulations ignored diffusion from the bulk around
the sheath edge by cutting the domain off at the level of the tip, reducing
the simulation domain to a rectangle. Since then, simulations have been
conducted that do allow for this factor, but which approximate the sheath
geometry as being that of a cylinder. Comparison with experimental data
suggests that this latter approach is more accurate for small sheath radii
(there is no difference for larger radii), but it remains an approximation
to the true geometry, which is tapered. We begin by testing our simulation
program with the cylindrical sheath geometry, before conducting a numerical

investigation of the effect of this previously neglected tapering.



CHAPTER 5. SECM SIMULATIONS 205

5.2.1 Approximate Solutions

Amphlett and Denuault [1] give expressions derived from fitting curves to
ADI finite difference simulation results for various values of RG, for both
insulating and conducting substrates. The simulation accuracy is presumably
around 0.5%, as that was the accuracy obtained for the known microdisc case.
For an insulating substrate the expression is of the form
. 1
"7k + ko)L + kyexp(ka/L)
The constants ki, ks, k3, k4 are given for a number of values of RG between

1002 and 1.11. A few sets of values are reproduced in Table 5.1 on the fol-

(5.1)

lowing page; we use the respective curves for evaluating our results. These
curves have been validated against experimental data [159], and so are un-
likely to be incorrect, even though the simulation domain did not incorporate
tapering. A further validation is given by the agreement of the fitted curves
produced for a few very similar values of RG by Shao and Mirkin [157].
The conducting substrate curve clearly has a different form, as it increases

rather than decreases as L — 0. The curve fitting expression for this case 1s
i=ky+kof/L +ksexp(ks/L) . (5.2)

Some values of the fitting constants are given in Table 5.2 on the next page.

5.2.2 Simulation

Since the expression (5.1) only fits the simulations from which it was derived
to within 1%, and because the finite difference simulation accuracy itself is
not exactly quantified, we use 1% simulation tolerance.

Based on the microdisc case simulated in the previous chapter (see Ta-
ble 4.6 on page 151) we might expect the effect of domain size over 7 =
Zmaz = D0 to be relatively small, and this is indeed found to be the case. For
safety, and in order to accommodate the larger values of RG simply, we use

Tmaz = Zmaz = D00. This does stress the meshing algorithm, somewhat: an
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RG | k ko ks ks

100 | 0.27997 | 3.05419 | 0.68612 | -2.7596
20.1 | 0.35541 | 2.0259 | 0.62832 | -2.55622
10.2 1 0.40472 | 1.60185 | 0.58819 | -2.37294
5.09 | 0.48678 | 1.17706 | 0.51241 | -2.07873
1.51 | 0.90404 | 0.42761 | 0.09743 ~3.2306£

Table 5.1: The fitting constants given by Amphlett and Denuault [1] for a
selection of values of RG for an SECM approach to an insulating substrate.
They all are quoted as being at worst within 1% of the simulated finite
difference values in the range 0.4 < L < 20. (The peculiar values of RG

are a practical illustration of the geometric inflexibility of finite difference.)

RG | k ko ks k4

10.2 1 0.72627 | 0.76651 | 0.26015 | -1.41332
5.1 | 0.72035 | 0.75128 | 0.26651 | -1.62091
1.51 | 0.63349 | 0.67476 | 0.36509 | -1.42897

Table 5.2: Some of the fitting constants given by Amphlett and Denuault
[1] for a conducting substrate approach curve. They all are quoted as being

at worst within 0.5% of the simulated finite difference values in the range

0.1 <L <20

206
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example mesh generated with 7,4, = Zme, = 500, L = 5, shown in Figure
5.2, illustrates how the adaptive meshing handles large domains containing
relatively small features. The elongated elements are a cause for concern—see
below.

The simulated insulating substrate approach curves for our values of RG
are shown in Figures 5.3 to 5.7, along with the approximate expressions from
(5.1). The matches are generally as good as we could expect from a 1%
error tolerance, except at the extreme tip position of L = 1 in two cases.
For RG = 10.2, L = 1 the error creeps up to 1.09%. More disturbing is the
4.19% error for RG = 100, L = 1.

While it would be comforting to ascribe these discrepancies to a fault in
the finite difference simulation, the more likely explanation would appear to
be the extremely elongated elements caused by having a very long, narrow
channel between the SECM tip and the substrate (Figure 5.2 shows a less
pronounced example): it has an aspect ratio of 100 in the RG = 100 case.
Ideally the meshing algorithm would divide this up into nicely shaped ele-
ments, but it evidently fails to do a good enough job in this case, and the
SPR-based error estimator consequently underestimates the error. A better
meshing algorithm, as described in Chapters 3 and 6 would probably fix this.

In the meantime, one must rely on visual inspection of the mesh and
checking for convergence with decreasing prescribed error tolerance in suspi-
cious cases (essentially, those in domains exhibiting high aspect ratios). If, for
instance, we decrease the error tolerance to 0.2% then we do obtain a current
value within 1%. This does not, of course, mean that the error estimator is
working as it should; but it does perhaps suggest that with more intelligent
element subdivision cases such as these might well not be problematic, as
they are now.

The conducting cases simulated caused no failures, and the values shown
in Figures 5.8 to 5.10 are all within 1% of the values given by equation (5.2).

Overall, for 160 separate SECM simulations, the error bound fails in two

cases, significantly in only one; and neither of these is catastrophic. Given
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Figure 5.2: The mesh and concentration field for an insulating substrate
simulation with 7,50 = Zmee = 500, L = 5, RG = 10.2 and 1% current
error tolerance, shown at three different magnifications. The large domain
size relative to the tip does not cause too many problems efficiency-wise,
with very large elements used in the bulk of the domain, but notice in the
last picture the very elongated elements near the bottom. These did not

affect the convergence, but see the discussion for their impact on accuracy.
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Figure 5.3: The insulating substrate SECM approach curve for RG =
1.51 (marked “FEM”). The normalisation value, from the tip at L = 100,
was 1.16524. In this figure, and those following, is shown the approximate

expression deriving from (5.1) or (5.2), marked as “FD”.

the pre-existing experimental endorsement of the curve-fitted finite difference
expressions, this is a relief. Broadly speaking, we have a reliable starting
point for further investigations of SECM using our simulations. We must
keep in mind, though, that the high aspect ratios caused by very short tip
distances and large insulating surrounds can cause the error estimator to fail.

Clearly this problem is likely to manifest itself in other contexts.
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Figure 5.4: The insulating substrate SECM approach curve for RG =

5.09. The normalisation value was 1.04626.
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Figure 5.5: The insulating substrate SECM approach curve for RG =

10.2. The normalisation value was 1.0216.
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Figure 5.6: The insulating substrate SECM approach curve for RG =

20.1. The normalisation value was 1.01747.
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Figure 5.7: The insulating substrate SECM approach curve for RG =

100. The normalisation value was 1.00369.
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Figure 5.8: The conducting substrate approach curve for RG' = 1.51
(marked “FEM”). The normalisation value was 1.16813.
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Figure 5.9: The conducting substrate approach curve for RG = 5.1
(marked “FEM”). The normalisation value was 1.04862.
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Figure 5.10: The conducting substrate approach curve for RG = 10.2
(marked “FEM”). The normalisation value was 1.02397.
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5.2.3 Conclusion

The tests of microdisc approach curves with a cylindrical sheath are a further
case where the simulation program is generally successful. The deficiencies
at L = 1 are worrying, but for RG < 10, to which we now turn, they do not
lead us to expect significantly incorrect results.

The fact that comparison with ADI finite difference simulation is avail-
able, of course, does tell us that our approach is not necessary for this partic-
ular case; but of course modifications can now be made easily to the domain
and mechanism in order to conduct more interesting simulations. Since ta-
pered surrounds have apparently not been studied before, we examine next
the effect of this alteration to the domain geometry.

Regarding simulation of SECM in general, it is perhaps necessary to ad-
dress the views of Mirkin [158], who advocates a commercial package called
“PDEase2” [160]. This is a general PDE solving program which uses adap-
tive finite element. In [158] it is demonstrated that, for instance, microdiscs
and SECM can be simulated using it. While it has capabilities beyond those
of the program developed in this work (notably it can perform transient sim-
ulations), it is nonetheless less capable in the key areas focused on in this
work. Most importantly, it would appear to lack a) domain integral current
calculation and b) current controlled adaptivity (at least, if it has them, they
are not mentioned in [158]). The meshing would also appear to be rather
crude.

Instead of a percentage current error tolerance, an arbitrary accuracy
parameter, presumably in some generic error norm, is specified. Thus, for the
inlaid microdisc case, we find the specified error tolerance is 5x 1077 in order
to yield a current accuracy of 0.5%. Mirkin suggests that “[f]inding a proper
value of [the accuracy parameter]...requires some experimentation”. The
aim of this work has been to obviate, as far as possible, such experimentation.

No idea is given of the simulation time or the number of nodes, but from

inspection it would seem the node count is in the thousands. Since the ele-
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ment order is not specified, it is not easy to compare this performance with
our simulations. It may be comparable if linear elements were used, but of
course one would question why they were, given the far greater efficiency of
quadratic ones. In the SECM case, 8659 elements were apparently used to
simulate a typical case, but to an unspecified accuracy (comparable simu-
lations with our program used at most around 1000 quadratic elements to
achieve 0.5% accuracy).

In summary, the lack of information on the “PDEase2” program simu-
lations makes it impossible to conduct a true comparison. It is fair to say,
however, that it is, at least with the settings used in [158], around an or-
der of magnitude less efficient with regard to element count (with any but
a multigrid solver this implies an even greater difference in simulation time,
asymptotically speaking) and incapable of refining to a preordained accuracy
in the current. There seems little reason to use it for the cases covered by

our program.

5.3 The Effect of Tapering

It does not seem that any simulations are reported in the literature of ta-
pered SECM sheaths, in spite of the prevalence of this configuration in ac-
tual experiments. Clearly the case requires a simulation program capable
of meshing regions without axially aligned boundaries, which prevents the
simulation method favoured so far in electrochemistry, finite difference, from
being easily employed. The modification to the simulation input file for our
program however, is trivial, and there is no particular reason to believe that
the results would be any less accurate having made it.

Clearly, since cylindrical geometry simulations agree with experiment,
that approximation must be adequate for the cases where it has been tested.
On the other hand, those simulations neglecting diffusion around the sheath

edge are known to be deficient. Since these represent tapering angles of 0
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and 7/2 respectively (see Figure 5.1), one would expect to find a value of
« in between these two extremes beyond which it affects the tip current to
a noticeable degree. Since there is no difference between simulations with
a =0 and o = 7/2 for large values of RG, we expect the dependence on « to
only manifest itself for small RG; further, its influence must be greater the
smaller RG is. We address here only the insulating substrate configuration
where the effect is assumed to be more pronounced.

Results for four values of RG are shown in Figures 5.11 to 5.14, where
the tip distance has been held constant at I = 10, and the tapering angle
varied between 0 and 7/2. The current has been normalised by the @ = 0
value at L = 100. An accuracy of 0.5% was selected in order to be sure of
capturing the relatively subtle effects being probed.

A further illustration of the effect of tapering is given in Figures 5.15 to
5.17, where approach curves for the lower three values of RG are shown for
the more experimentally plausible end of the o range. Evidently any tapering
effect would be confined to the smallest possible values of RG. The tolerance
for these curves was 1%, as detail beyond this level is hard to perceive with
the scale used.

It is seen that the effect of o becomes more pronounced the smaller RG
is, as expected, but in all cases the effect increases sharply towards o« = 7/2.
Perhaps the most interesting conclusion from these simulations, if they are to
be believed, is that for the smallest sheath radii one anticipates a noticeable
tapering effect, depending on experimental accuracy, even for small angles.
For instance, with RG = 1.5, a tapering angle of 20° is predicted to alter the
current by more than 1%, and an angle of 30° should reduce the current by
over 2%. Unfortunately data on actual tapering angles used is apparently
unavailable, so it is difficult to know if these results have a bearing on exper-
iments that have been conducted, or whether they simply verify that for the
combinations of @ and RG used tapering may be neglected (as it clearly can
be in most instances). Nonetheless, since the resolution of SECM imaging is

known to be increased by the use of small sheath radii [1], it could be that
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Figure 5.11: The effect on the dimensionless tip current (normalised
by the value at o = 0, which was 1.14407) of sheath tapering angle, for
RG = 1.5. The tip was held at L = 10 while a was varied between 0 and

/2.
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Figure 5.12: The effect on the dimensionless tip current (normalised
by the value at o« = 0, which was 1.01982) of sheath tapering angle, for
RG =5.
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Figure 5.13: The effect on the dimensionless tip current (normalised
by the value at @ = 0, which was 0.991768) of sheath tapering angle,

for RG = 10. (Although the curve is not monotonic, the deviation from

monotonicity, assuming the other points are correct, is within the error

tolerance of 0.5%.)
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Figure 5.14: The effect on the dimensionless tip current (normalised by
the value at o = 0, which was 0.969356) of sheath tapering angle, for
RG = 20.
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Figure 5.15: Approach curves of a tip with RG = 1.5 and various values

of « to an insulating substrate.
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Figure 5.16: Approach curves of a tip with RG = 5 and various values

of o to an insulating substrate.
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Figure 5.17: Approach curves of a tip with RG = 10 and various values
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CHAPTER 5. SECM SIMULATIONS 227

RG | « ky ko ks k4

1.5 | 20° | 0.65721 | 0.59318 | 0.35211 | -1.08681
1.5 | 40° | 0.69525 | 0.64534 | 0.33397 | -1.14945
ot 40° | 0.62601 | 1.11231 | 0.37998 | -2.42286
10 | 40° | 0.63049 | 1.43748 | 0.37379 | -3.40603

Table 5.3: Fitting constants for equation (5.1) for some tapered sheath

insulating substrate approach curves.

the effect of tapering becomes more important. In that case a more thorough
investigation of its effects would probably be advisable.

In lieu of that investigation, and in the knowledge that tapering may never
be of concern to SECM practitioners, some fitted curves are given for the few
experimentally conceivable cases simulated where the experimental current is
predicted to deviate to an observable extent (taken here to be 1%) from the
cylindrical sheath approximation. The form is the same as equation (5.1),
and the parameters are given in Table 5.3. The fitting error is substantially
less than the simulation tolerance, so the accuracy is, assuming the tolerance
is achieved, 0.5% over the range 1 < L < 20 (at least for the integer values
of L simulated).

5.4 Conclusion

Unfortunately there has not been time to extend the simulation of SECM
systems beyond the results given in this chapter. The results so far, though,
are relatively encouraging. Where other reliable simulation data is available
the program generally produces results differing from it by less than the
prescribed tolerance. (The case of highly elongated domains, however, clearly
requires addressing.) The results from simulation of the novel case of a
tapered domain are in accordance with qualitative expectations.

Overall, SECM has been shown to be a viable arena in which to use the
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adaptive finite element algorithm developed in this work.



Chapter 6
Conclusions

Although no claims are made of universal applicability, the results of Chap-
ters 4 and 5 indicate that finite element in some form similar to that presented
in this thesis has a future as an important part of electrochemical simula-
tion. The particular algorithm described has some attractive features, the
most important of which is automated generation of a mesh designed to meet
the requirements of whichever problem is being solved. A program that does
this is clearly a major leap forward over a priori meshing, whether over the
domain for non-adaptive finite difference or element techniques, or on the
boundary for boundary element. The methodology espoused herein, then,
seems to be an inevitable part of the future of electrochemical simulation. In
this chapter a summary of the particular theoretical novelties of this work is
given.

The specific use of finite element has been argued for in Chapter 1, and in
the light of our findings these contentions still hold. Finite difference simply
lacks the geometric flexibility to model many two dimensional geometries, let
alone those in three dimensions. In any case it can be be incorporated into
the finite element framework as a special case.

The status of boundary element in future simulation work remains unde-
fined. As we have already said, the basic form of boundary element, incapable

of handling temporal or convective terms, seems to have little to recommend
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it in a world of complex mass transport and transient effects. The dual reci-
procity method, or other similar modifications, have the potential on paper
to handle any conceivable situation, but they remain largely unproven, par-
ticularly for convective transport schemes. If they can be shown to work in
the full range of realistic scenarios then the next step would be the devel-
opment of an adaptive scheme, capable of refinement to achieve a specified
current accuracy. This is not, at the present time, a well-researched area.

Assuming then that our approach has a future, it clearly needs improve-
ments, both to allow it to solve simpler problems more efficiently and reliably,
and in order to encompass a broader range of experimental conditions. Some
of these have been alluded to already. For instance, the more sophisticated
Ruppert [101] meshing procedure mentioned in Chapter 3 could, and prob-
ably should, be adopted. There are some computational issues related to
this, which we do not describe here (clearly none is insurmountable, as the
Ruppert algorithm was at one point a part of our simulation program). A
related notion is of adopting an entirely different, e.g. quadtree-based, mesh-
ing strategy. This could be anything from preferable to essential in transient
cases, where we have additional requirements, mentioned below in § 6.3.2
on page 240. Secondly, modification to allow simulation of multiple coupled
fields would allow arbitrary first order mechanisms. This would seem a very
worthwhile investment of effort, and the theory is a straightforward extension
of that in Chapters 2 and 3.

Even with arbitrary first order mechanisms, the program would not han-
dle quite a large number of realistic situations—mnotably transient ones—and
we outline the extensions necessary to incorporate them in § 6.3 on page 238.
On top of these, as geometric and mechanistic complexity grows, the system
will probably need to be made faster. We discuss methods that could be used
to achieve this in § 6.2 on page 232. Of course, if the program with these
features is to be generally useful, it must be usable by non-specialists in the
simulation field, and the less technical modifications required to achieve this

clearly warrant mention; we sketch some of them in § 6.4 on page 248.
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On an entirely different tack from the above future directions, the penul-
timate section addresses the possibility of error bounds on currents with a
greater claim to the term “guaranteed”—an approach that might give a dif-

ferent order of confidence in simulation results.

6.1 Summary of Theoretical Advances

From a theoretical perspective the most important new aspect of this work
is the use of Zienkiewicz’s idea of a higher-order/lower-order solution com-
parison in tandem with Babuska and Miller influence function. The com-
bination of lower order field interpolation with gradient patch recovery in a
hybrid two-order method has also not been reported before, and it expands
the range of Zienkiewicz’s and Zhu’s [125,136-138] basic means of estimat-
ing error. While Harriman et al. [34-38] and Rannacher et al. [119], have
used dual-based residual error estimation for functional evaluation, the more
straightforward two-order comparison has not been used for this purpose
(unless, perhaps, one counts the energy norm in engineering application).

In principle a wide variety of linear functionals expressible as domain
integrals could be evaluated within estimated bounds using the new technique
of this work, without any further mathematics. Given a domain-integral in
need of accurate estimation a very simple algorithm relates this to the error
estimator. A more advanced version of simulation program could incorporate
this functionality to simplify the input file format. If an analogous algorithm
exists for the residual-based tack of Harriman et al. it is not apparent, and
certainly far more complicated.

Because the error estimation strategy does not hinge on the influence
function being the dual of the primal solution it should allow a study to be
made to determine the best form of the influence function. Unfortunately
this has not yet been carried out, but the ideas in this work do offer some

interesting possibilities for numerical experimentation. With previous esti-
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mations strategies this has not been possible.

It has been noted that the meshing algorithm used to produce the results
presented earlier was not ideal. Nonetheless, it does represent the most
advanced used in electrochemistry so far, and generally functioned well. With
some relatively minor tweaking to produce Ruppert’s full algorithm it would
almost certainly be more effective. Both variants seem more applicable to
general problems than the simpler refinement algorithms used by previous
goal-based adaptive refinement practitioners.

Finally, the implementation of expression parsing, while not novel gen-
erally in finite element, is apparently a step forward in goal-based adaptive
finite element, where it is especially important. It allows the rapid employ-
ment of different error metrics, and if the program were expanded, notably
to a truly general set of coupled equations, it might obviate programming for

researchers wishing to use these methods.

6.2 Optimisations

We make the assumption that the basic error estimation theory presented
in Chapter 3 is good enough to guide refinement to produce relatively ef-
ficient meshes. Clearly it is not perfect, or the error estimator effectivity
index would be unity. There appears to be no obvious optimisation for this,
although it is certainly conceivable that in the light of new theory, some-
thing better is devised. The difficulty with any modification is that a more
accurate estimator (in the sense of avoiding over-refinement) is by definition
less conservative, and is clearly more likely to underestimate the error, giv-
ing incorrect results—an outcome worse than inefficient production of the
correct numbers. We have, in any case, already improved on the previous
best effort in electrochemistry [35] by a reasonable margin in all cases except
the channel flow microband at high flow rates, as documented in Chapter 4.

Using the same element error estimator as is to guide refinement, however, a
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number of possible speed improvements could be made.

For large problems—by this we mean systems generating large linear sys-
tems, whether through difficult geometry or mechanism—the linear system
solver inevitably becomes the rate limiting factor; it rapidly dominates simu-
lation times. There appear to be two primary algorithmic means of address-
ing this concern, ignoring for the moment non-linear mechanisms: better
preconditioning or multigrid. These are somewhat interconnected, inasmuch
as multigrid can be used as a preconditioner. A third path, always present,
is machine level optimisation.

Another line of attack is to use higher order elements, which might allow
the use of fewer DOF to attain the same accuracy. The great speed increase
of quadratic elements over linear elements for all simulations run gives cause
to wonder if, say, cubic elements could yield even faster simulations. We
describe the fairly minimal changes these would require. A related idea, of
using hp adaptive refinement, possibly in combination with an alternative

finite element formulation, is also considered.

6.2.1 Preconditioning and Multigrid

The advantages of preconditioning are well known, and are discussed in Ap-
pendix D. So far we have implemented only two simple preconditioners: Ja-
cobi and Symmetric Gauss Seidel. These carry the advantage of a near-zero
processing cost per iteration, meaning virtually any reduction in the number
of iterations is advantageous. They also cannot fail, in the sense that the
preconditioning matrix always exists. Unfortunately they generally yield a
relatively modest reduction in iteration count, and there are alternatives that
are generally perceived to be more effective.

Implementing Incomplete Cholesky Factorisation—a common general pur-
pose preconditioner—would not seem to be a particular challenge. It can
involve a greater cost per iteration, and it necessitates more involved calcula-

tions before solution begins, but it is generally judged to reduce significantly
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solution time. A primary difficulty, and one of the reasons for the great
number of variants thereof [72], is that the incomplete factorisation need not
exist. This would necessitate careful testing, and it is difficult to see how it
could form part of a reliable purely automated simulation scheme. Nonethe-
less, incomplete Cholesky factorisation is probably the most common generic
preconditioner used.

Two more problem-specific approaches are also being widely researched:
domain decomposition and multigrid. The former, roughly speaking, breaks
the problem geometry into smaller pieces, and solves them separately as a
prelude to the entire problem. The latter uses an iterative solver (sometimes
even the simple Gauss-Seidel solver, similar to the SOR. solver mentioned
in Appendix C—see [89,90]) at a variety of levels of detail, based on the
discovery that so-called smoothing procedures such as these are very and
only effective at eliminating error components on the scale at which they are
applied. In terms of implementation, multigrid requires a set of meshes at
different levels of resolution, and moves up and down them to solve the linear
system. This can be done either as a complete solver, or as a preconditioner.
The mathematical details are given by Braess [32]. Computationally it is
fairly involved, as it requires some form of hierarchical mesh storage.

Both of the techniques mentioned above have the potential to be consid-
erably faster than the iterative solvers currently implemented, but they are
very much active areas of research, and no one algorithm appears distinctly
preferable. The advantages of multigrid seem to be particularly attractive for
convective systems, where loss of matrix symmetry makes Krylov space meth-
ods less attractive. For non-linear mechanisms, on the other hand, Krylov
solvers might have the advantage, given the possibility of adding additional
terms to the minimisation process, thereby obviating additional Newton it-
erations. (This latter extension is discussed in § 6.3.4 on page 244.) All of
this would require further research before more definite statements could be

made.
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6.2.2 Machine Level Optimisation

Aside from parallel implementations, which while bringing large potential
speed gains (given the right hardware) also carry with them major technical
challenges, a number of optimisations could be made even on serial machines.
These incorporate a very limited form of parallel processing capability, gen-
erally termed wvector processing.

The designers of modern processors, recognising the inherently repetitive
nature of many numerical computations, have built into most of them capa-
bilities to perform multiple arithmetic operations with a single instruction
(sometimes called SIMD, for Single Instruction Multiple Data [83]), effec-
tively in parallel (although the distribution of the processing among execu-
tion units can be complex). The present simulation program, however, is
entirely written in C++, and is compiled using a compiler which generally
does not use these special instructions.

The Pentium III processor, on which all of our simulations were run,
has both integer and floating point SIMD capability. Clearly the former
is irrelevant. Unfortunately, so is the latter for most scientific computing
purposes, as it is confined to single precision. It would not be suitable for a
Gaussian elimination solver, for instance, where numerical round-off error is
a large concern [69]. It is conceivable, however, and limited tests have not
contradicted this, that single precision might be adequate for the iterative
solvers in the simulation program. In any case, on more advanced processors
double precision SIMD instructions exist. Exploitation of particular machine
capabilities would seem worthwhile, as the capabilities are widespread among
desktop computers, and optimisation of a few key inner loops would probably

yield noticeable speed improvements.
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6.2.3 Higher Order Elements and hp Adaptive Refine-
ment

Used globally, higher order elements in themselves do not in general present
any significant challenge, this being one of the great advantages of finite
element over finite difference. The shape functions are well documented [16],
and formulae exist for generation of any order of element. Assuming the
asymptotic orders of convergence expected in the absence of singularities, we
would anticipate improved rates of convergence. On the other hand, there
is clearly a limit to the advantage of higher order elements, as they do not
allow such fiexible distribution of DOF around the domain as lower order
ones. With them nodes are also more tightly coupled, and the system matrix
tends to have a higher condition number. There is presumably an optimal
element order, and it may not be quadratic, but it is not necessarily the
highest that can be implemented. The prevalence of lower order element
simulations is testament to this.

In addition to the above points, two issues are worth raising:

Firstly, there are apparently no evaluations of superconvergent gradient
refinement for very high element orders in the literature, and the supercon-
vergent point locations are not explicitly given. There is some systematic
theory governing these locations [16], but the difficulties with degenerate
least squares problems noted with quadratic elements would increase. This
is one difficulty with using arbitrary element orders, as demanded by hp
adaptive methods.

Secondly, the condition number problems of higher order elements can
be somewhat alleviated by use of hierarchical elements, which give the same
results, but better conditioned linear systems (see ibid.). These would seem
to be worth using regardless of element order, but apparently their advan-
tages are not as pronounced with transient simulations, at least in mechanics
applications (again, see ibid.).

As was noted in Chapter 3, p refinement has a theoretical rate of conver-
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gence with increasing DOF potentially far greater than that of h refinement.
Since p refinement is not generally regarded as alone suitable for adaptive
finite element, much effort has been expended by researchers on a hybrid ap-
proach, combining the geometric flexibility of h refinement with the greater
rate of convergence of p refinement, to form hp refinement. Simple ideas,
such as performing & refinement to a certain error level, say 5%, and then
increasing the element order to achieve 1% are described by Zienkiewicz and
Taylor, but many seek a more general approach, where elements in the same
mesh have different orders. It has been shown that this actually allows an
exponential rate of convergence even in the presence of singularities, effec-
tively by cordoning these off with h refinement while refining smooth areas
away from singularities with p refinement—see e.g. [161].

Various difficulties exist with incorporating varied element orders in a
mesh. In particular, satisfying the continuity requirements of the Galerkin
formulation is a problem. Consider a quadratic triangle abutting a linear
one. One element would have a node on their shared edge, whereas the other
would not; and yet for the C° continuity demanded by the formulation they
would have to have the same field value all along the edge.

Difficulties like these have driven theorists to alternatives with looser
inter-element continuity requirements. In particular, the Discontinuous Gal-
erkin method [74,162] appears to be gaining popularity. This enforces con-
tinuity in a weak sense, and is thus well-suited to hp adaptive meshing. It
also carries the advantage of apparently handling high flow rate convection
without stabilisation techniques. All is not perfect, however, and one ma-
jor downside, at least where using Krylov space solvers, is the loss of linear
system symmetry, regardless of convective terms, with some versions of the
formulation. More DOF are also needed for the same number of elements.
It is unclear how the performance tradeoffs sum up, but this technique, or

some other modification like it, might prove useful in the future.
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6.3 Future Extensions

Numerous experimental conditions are not at present handled by the simu-
lation program, varying in their difficulty of implementation. Unfortunately
in many cases the changes necessary for expanding the scope of our program
frequently impact on other decisions—for instance, convection is incompati-
ble with a non-linear conjugate gradient solver. It is not possible to consider
every permutation even theoretically, quite apart from performance in real

situations. That said, we attempt to note any particularly salient interplay.

6.3.1 Infinite Domains

Perhaps the least elegant part of the current approach is the need in new
cases to show convergence with expanding domain size. With automated
mesh generation providing a theoretical bound on the error, the only human
intervention in the solution process is this convergence testing. It would be
desirable to eliminate this.

Infinite electrochemical domains have so far only been simulated using
boundary element, which has particular advantages for this. One means
of extending finite element to problems of infinite geometry is to use this
capability by coupling finite element to boundary element in a hybrid scheme.
This might be one way of proceeding, but Zienkiewicz and Taylor [16] are
quite categoric in their advocacy of an alternative, infinite elements, which
they describe as “without doubt, the most effective and efficient treatment”.
They are also probably the simplest, so they form an attractive option.

The details of infinite elements are given in the finite element literature
(see ibid. and references therein). Briefly, they operate by mapping a finite
local coordinate space, similar to the local triangular coordinate system de-

scribed in Chapter 2, to an infinite expanse in the domain. The field within

1The other case of geometric approximation, curved boundaries, is of course similar,

but is well served by finite element texts, where curved elements are described in detail.
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this space is then represented by functions asymptotically approaching the
desired value (e.g. functions polynomial in 1/r, where r is a measure of the
distance from some part of the finite domain). We concentrate here on how
they might be fitted into the overall adaptive scheme, which is apparently
not a subject treated in the literature.

Clearly infinite elements cannot be subdivided geometrically. The h adap-
tive finite element scheme used for the normal elements therefore cannot be
employed. This leaves two options. On the one hand, subdivision could
be restricted to the finite part of the domain. This would mean the error
estimator domain integral could only extend over those finite elements. Al-
ternatively, a type of p refinement? could be implemented for the infinite
elements, and the whole domain could be refined. This might seem prefer-
able, but it does not eliminate user intervention; the size of the finite part
of the domain would still need to be specified, unless of course this too were
adaptively determined, which would introduce further issues.

It would seem therefore that the simplest viable means of using infinite
elements would be to accept that the user must specify a finite domain size,
encompassing any sharply varying parts of the concentration field, and that
infinite elements of a fixed order would provide an asymptotic approach from
the edge of that to infinity. Conceptually, this could be viewed as simply
another type of boundary condition on the edge of the finite domain, although
it would introduce extra degrees of freedom into the linear system behind the
scenes.

Without testing, it is impossible to say how workable this approach would
be. If it were successful it would not of course completely remove domain size
from consideration when determining simulation accuracy. But it would pre-
sumably increase efficiency and reduce the impact of domain size, obviating

very large domains that place greater demands on the meshing algorithm.

2The nomenclature does not seem strictly appropriate, since polynomials of spatial
coordinates are not used as the infinite element shape functions, but it appears to be

standard.
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The implementation would not seem to have any particularly difficult as-
pects, and could apparently be fitted into the program as it exists fairly
easily.

If the proposed scheme did not prove successful, other options could be
considered, including p adaptive infinite element refinement and boundary
element coupling. Clearly the latter, however, would bring all the attendant
limitations of boundary element, and so would negate a large part of the
usefulness of our approach: a large finite domain would seem preferable.
Perhaps adaptive sizing of the finite domain could be useful, but no mention

of such a thing has been seen in the finite element literature.

6.3.2 Transient Simulations

The lack of transient simulation capabilities is by far the greatest practical
downside to the simulation program as it stands. The basic finite element
theory for this is well-established, but implementing transient adaptive mesh-
ing brings with it difficulties. Most difficult of all, it would seem, and most
important, is the extension of the current calculation scheme to transient
currents.

Harriman et al. have followed a heuristic approach to solving this, with
some success [140]. Reservations about the complexity and relative ineffi-
ciency of their simulations remain, however, and it seems possible that our
version would retain some advantages if it could be made to work for tran-
sients. It has already been mentioned that the reduced restrictions on the
influence function in our case could be an advantage here.

One very simple approach would be to fix on an influence function invari-
ant with time, but this would probably handle singularities caused by initial
conditions badly if it were efficient for later times—ideally it would reflect
the shape of the primal solution. A better alternative could be to, say, solve
the modified Helmholtz equation with varying values of & (not necessarily

every time step). This could give a range of influence functions more or less
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tightly confined around the electrode. We note that Harriman et al. actually
solve this equation in their approach to the transient £ mechanism microdisc
problem, although the details are different.

A number of issues would remain if this primary problem could be solved.
The transient error estimator would need to incorporate both the spatial
discretisation error, as was done in the steady state case, and the temporal
discretisation error. Not only would this guide the shape of each time step’s
mesh, but, in order to keep the current error below a predefined limit, the
temporal step size would need to be adaptive too.

The sort of Taylor series time derivative approximations used in finite
element lend themselves easily to constructing two different orders of ap-
proximation. The difficulty is that while these provide a local error estimate,
an error will be accumulated with every step, and we desire to keep this error
below our predetermined limit for all steps: we do not have the luxury, as
with spatial coordinates, of globally adjusting the mesh over the whole range.
If the step size is adaptive, the number of steps cannot be known ahead of
time, and so it is difficult to know the acceptable error level for each one. One
approach, of course, would be to use space-time finite elements, and solve for
the entire time span at once. Unfortunately this is deeply inefficient, since
it does not take advantage of the very regular shape of space-time elements,
and it would have high memory requirements—this is of course why finite
difference schemes tend to be used for FE time stepping.

Leaving aside error estimation in transient simulations, various other
questions remain. The most significant concerns the computer implementa-
tion of adaptive meshing over time. Staying with a mesh enrichment strategy
(see § 3.1 on page 82), there are some obvious problems to be solved. Firstly,
some form of derefinement would need to be implemented in order to be
assured of efficiency of each successive mesh: areas requiring a fine mesh at
one time—for instance in the early stage of a Cottrell-type experiment near
the electrode—would not necessarily require so many elements later in the

simulation. Harriman et al. [34-38] implemented a derefinement strategy in
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their steady state simulations. We achieved generally greater efficiency in our
steady state simulations without derefinement, but for transients it would be
necessary. There exist a number of approaches, documented in the literature,
and it seems likely that one of them would fit easily into our overall scheme.

From a programming perspective, the most obvious difficulty with differ-
ent successive meshes is efficient evaluation of the old mesh’s concentration
field values on the nodes of the new mesh, which is required for any time-
stepping algorithm. This is non-trivial, because the new nodes introduced
in a time step will not correspond to the ones in the previous time step,
and searching for them within every element of the old mesh would be far
too inefficient. Some form of data structure, locating new nodes in the old
mesh, would need to be maintained as they were generated. In this context,
it is worth noting that mesh regeneration would require even more radical
measures to ensure efficiency, as no node in the mesh at ¢ + At would have
a direct correspondence to any in the mesh at ¢.

About the only obvious part of implementation transient simulations is
time derivative approximation, which is well documented. Here some of the
issues raised with finite difference in Chapter 1 re-emerge. In order to assure
stability, some form of fully or semi-implicit scheme is typically used, which
requires solution of a linear system at each step. This is unavoidable, and
it stresses linear system solver efficiency, but based on steady state simula-
tion times we would not expect this particular problem to lead in itself to
unacceptably long simulation times.

It is important to remember that transient simulation code constitutes a
means of solving steady state problems too, simply by extended iteration. In
some cases this might even be preferable, for instance where characteristic-
based methods (see below) allow reliable solution of diffusive-convective prob-

lems. At the very least it could save programming effort.
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6.3.3 Three Dimensional Simulations

Although perhaps less important than in many fields, three dimensional sim-
ulations would nonetheless be extremely useful in a number of situations.
For instance, BEM practitioners [163, 164] have modelled tilted SECM tips
in three dimensions, and there are any number of cases where cylindrical
symmetry is destroyed by such imperfections.

Nearly every part of mathematical theory discussed in Chapters 2 and
3 generalises easily to three dimensions. The MWR formulation and our
error estimation strategy carry over essentially unchanged; the area integrals
simply become volume integrals. The addition of transients does not change
this. The only alteration is in the type of element used, and tetrahedral three
dimensional analogues of triangular quadratic elements are well documented.
Instead of three assembly nodes and three edge nodes, they have four of each.

The real difficulty of three dimensional simulation is in the meshing. Cru-
cially, Delaunay meshing, as used here for meshing two dimensional regions,
does not generalise conveniently to three dimensions. Firstly, the three di-
mensional Delaunay triangulation does not necessarily exist, necessitating the
addition of new vertices irrespective of other meshing requirements. More
fundamentally, the minimum angle property does not generalise either, which
brings into question the desirability of using three dimensional Delaunay tri-
angulations in the first place. It means that the tetrahedra in a Delaunay
triangulation would not necessarily constitute “good” elements.

Various attempts have been made to fix these problems, still using the
Delaunay idea. Other quality constraints can be introduced to try to elimi-
nate bad quality elements [94,99]. It remains unclear, however, how effective
these can be. It may be that an entirely different approach is required, for
instance using octrees (described in a graphical context in [165]). These do
carry with them the attractive properties of quadtrees, which have been used
successfully for meshing in two dimensions [102]. It is not clear how efficient

they could be made to be, given the reservations described in Chapter 3,
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but they do hold potential benefits for efficient node searching in transient
simulations.

An overarching problem in three dimensions, of course, in common with
many other extensions to more complex systems, is the greater stress placed
on the linear solver. Three dimensional domains will inevitably have far more
degrees of freedom, and will therefore generate linear systems harder to solve.
In this context, then, the faster linear solvers discussed elsewhere in this

chapter might prove necessary for practical three dimensional simulations.

6.3.4 Higher Order Mechanisms

A large number of electrochemical mechanisms encompass second order ho-
mogeneous reaction terms. These render the algebraic system resulting from
discretisation non-linear, and consequently necessitate a new solver.

Many electrochemical simulations carried out so far have adopted sim-
plified, linearised, models of mechanisms in order to fit them into standard
simulation schemes. Unfortunately the results are often only qualitatively
congruent with experimental results (see e.g. [122]), and it would be desir-
able to simulate second order mechanisms properly. Since non-linear prob-
lems arise in many applications of the finite element method, a number of
means of solving them are in existence.

Harriman et al. have simulated the non-linear EFCyE mechanism with
current error adaptive finite element [38]. For this they used the multi-
dimensional form of Newton’s method in combination with a linear system
solver. As with the familiar two dimensional version, this requires knowledge
of the derivative of the function whose roots are being found, in the multi-
dimensional case in the form of the Jacobian [13]. Tt also requires a starting
guess, which Harriman et al. do not discuss.

The latter requirement necessitates some problem-specific thought. While
Harriman et al. do not say this, a good choice for the EC, E might well be the

solution of the linear EC'E mechanism. In other words, the various linearised
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versions of mechanisms proposed as approximations, as in [122], could form
a useful resource for the starting guesses of true non-linear solvers.

A second approach to the non-linear problem for purely diffusive problems
is modification of the Conjugate Gradient scheme itself. Since this is an
iterative minimisation process (of the linear system’s quadratic form—see
Appendix D), it is clearly possible to add other terms to the minimised
function [30,166]. In practice this means that one dimensional non-linear
root finding must be performed for each conjugate gradient step, which is
not generally too challenging to implement. This could prove an efficient way
of proceeding, as it would not require two sets of nested multi-dimensional
iterations, the one for the non-linear solution, and a further set of linear solver
iterations for each one of these. So far this type of solver has not, apparently,
been tried in electrochemistry, and it would seem to warrant investigation.
That said, of the finite element authors cited in this work, apparently only
Braess [32] mentions non-linear conjugate gradient, and most papers appear
to favour Newton’s method or other multi-dimensional iterations, so it may
not be very effective in a finite element context.

Of course, if this approach were tried with non-linear mechanisms com-
bined with convection, one of the generalised iterative solvers described above
would have to be combined with a non-linear component, and there is no ob-
vious mention of this in the literature. Clearly the Newton approach is the
more easily generalised to convective cases, but it seems at least possible that

non-linear Krylov space solvers could be more efficient.

6.3.5 Fluid Dynamics

The applicability of simulations with convective mass transport is limited,
as things stand, to systems where a good approximation to the fluid dynam-
ics problem is known for the cell geometry. The channel flow case is one
of the rare ones where such a thing exists, essentially because the problem

is one dimensional. Unfortunately, analytical solutions of the Navier-Stokes
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equations governing hydrodynamics are even rarer than those of the diffusion
equation. Experimental flow cell geometry is therefore somewhat constrained
at the present time. If the channel flow microband geometry were modified,
for instance, to have a recessed or protruding microband, as was simulated
with purely diffusional mass transport in Chapter 4, only a crude approxi-
mation to the velocity field would be available, and it would be difficult to
quantify the current under forced flow conditions.

The problem is not, or at least not principally, one of boundary condi-
tions, as with our mass transport problems, but rather with the equations
themselves. Even neglecting heat transfer and coupling between reactions
and the fluid dynamics equations, the problem remains complex. For the
most part we are concerned with fluids behaving like water—that is, vis-
cous incompressible media. One dimensionless form [147] of the steady state

equations in two dimensions is, ignoring external forces such as gravity:
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Here we must solve for the two velocity field components u, and u,, as well as
the pressure field p. The dimensionless constant Re is known as the Reynolds
number.

Various approximations exist for limiting cases. For very slow viscous
flows, for instance, termed Stokes flows, the convection-type terms are deemed
negligible, reducing the equations to the same form as those for incompress-
ible solid mechanics. Unfortunately, these themselves are non-trivial to solve
as incompressibility greatly complicates the process.

At the other extreme, where viscosity can be entirely neglected, termed
Eulerian flow, the equations become purely convective. This is not in itself

an advantage, but if the velocity field is irrotational [13], it can be written in
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terms of a scalar potential which obeys Laplace’s equation. All the machinery
developed earlier in this work could then be brought to bear. Unfortunately
this is not representative of the type of system under study. For instance,
the parabolic flow profile in the channel flow cell is a result of the “no slip”
condition imposed on the walls: the fluid is deemed to have zero velocity
where in contact with the walls, on account of viscosity. Since electrodes
generally reside in this region, viscosity cannot be neglected.

While no one approach appears universally validated, Zienkiewicz and
Taylor [74] do suggest that the Characteristic Based Split method is widely
applicable. (In any case, concerns such as shock capture in high speed gas
flow are hardly relevant to our situation, so some failings are not of concern.)
Roughly speaking, this separates the diffusion and convection parts of the
equations, and solves them separately.

Since (6.1) and (6.2) are essentially of the diffusion-convection variety, we
consider a simplified example of the same nature. The initial idea is that the

convective-diffusion equation of the form
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can be rewritten in a purely diffusive form if the new coordinate dz' = dz —

vzdt is deflned:
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Instead of moving the transported substance relative to the coordinate sys-

(6.5)

tem, we do the converse.

The primary difficulty with this idea is that the coordinates of the mesh
nodes would need to be rewritten in terms of the new coordinate, which would
lead to ever greater elongation of elements, and all manner of programming
problems. The realistic solution, then, is to project the new values back
onto the old mesh, and continue as before. This still leaves the problem of
non-linear convective terms, but various solutions have been proposed (ibid.).

Unfortunately error adaptivity seems far from well developed in this con-

text, and ideally the influence of the fluid dynamics discretisation error on
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the current would be considered, but there is the promise of an almost uni-

versally applicable simulation system if these problems could be solved.

6.4 Constructing a Generally Useful Simula-
tion System

At present, our simulation program accepts input in a fairly general format,
in terms of partial differential equations. This has the advantage of flexibility,
but is not ideal for electrochemists unfamiliar with the details of simulation.
More useful would be a program capable of handling a number of common
geometries, with a number of common mechanisms, ideally with the potential
for generalisation by the more technically minded user. The path to this goal,
theoretical simulation difficulties notwithstanding, seems fairly clear.

The input files currently have a degree of parameterisation, in that they
allow, say, the homogeneous rate constant, or the depth of a microdisc recess,
to be specified in a single line, and the implications for the governing equa-
tions or the geometry taken into account. This leads to the idea of simulation
template files, where a standard input file for, say, the £ mechanism with
a recessed microdisc, would be stored, and the user would supply the recess
depth and the desired current accuracy to get their desired result. This would
require a greater degree of interactivity on the part of the program, but boils
down to standard graphical user interface programming. This approach has
the advantage that the template files could be modified for deeper changes.

For further flexibility, with entirely arbitrary mechanisms and geometry,
another level entirely of interface programming would be required. For the
mechanism, some more chemist-friendly format than a PDE system would
presumably need to be devised, and a program written to convert these to
the mathematical description required; similarly for heterogeneous reactions
and boundary conditions. Overall, given the parsing challenges already met,

this does not seem overly daunting.
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With regard to geometry, the difficulty of the task of a cell geometry
designing interface would seem to revolve principally around the number of
spatial dimensions. For two dimensions, this would amount to drawing a set
of lines, and enforcing various constraints to ensure a well-formed boundary.
For three dimensions, it would be altogether more complicated, and would
entail many of the facilities of CAD design packages. Perhaps in that case
some form of import facility from such programs would be a better strategy.

The time dimension would of course require its own treatment. Since the
result of the simulation would be an entire curve rather than a single value
(or sets thereof), this data would need to be manipulable and capable of

export. None of this seems especially difficult.

6.5 “Guaranteed” Current Bounds

Apart from the error estimation theory in Chapter 3, there remains the un-
explored possibility, illustrated by Fox [167], of bounding the current from
above and below, using boundary element to establish the second bound.
Obviously all the caveats associated with boundary element would hold, and
the method would be restricted in its applicability, but it represents a qual-
itative jump from the estimated bounds that we deal with here, and which
formed the basis of Harriman et al.’s work.

The idea of establishing upper bounds for quantities of interest using a
Galerkin approach is not new, at least outside of electrochemistry. In quan-
tum mechanics it has been used both analytically [168] and numerically [169]
to establish upper limits for quantum energy states. FE bounds for strain
energies in solid mechanics applications are also not novel [16]. The notion of
upper and lower bounds using a combination of FE and BE, however, seems
to be less widespread.

Essentially, Fox shows that while the Galerkin finite element approxima-

tion yields an upper bound on domain integral current functionals like those
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in Chapter 3, the Trefftz boundary element approach gives a lower bound
for the same quantity. He presents this in an analytical context, and illus-
trates with manual integration of trial functions. But there seems to be no
fundamental reason why this could not be automated.

We have already alluded in Chapter 3 to some of the practical difficulties
and limitations for the finite element side of things. Ignoring round-off error,
there are still sources of approximation other than the finite element discreti-
sation. Exact integration formula, rather than numerical integration, would
be required for the linear system assembly and functional calculation. The
iterative linear solver error would also need to be considered. Finally, any
geometrical approximations, most relevantly the truncation of an infinite do-
main, would also cause difficulties. All of these suggest that no guarantee on
a bound is ever possible, but certainly greater confidence would be possible
where the error bound theory does not rest on the Taylor series arguments
so far employed.

Presumably similar difficulties would exist for the boundary element lower
bound generation. Exact integration formulae do exist for constant value
boundary elements, however. A real difficulty would be systematic gener-
ation of functions satisfying the governing PDE, which reminds us of all
the downsides of boundary element noted in § 1.3.3 on page 31. It is clear
for these reasons, and others, that the method could never be applicable as
widely as the algorithm we have used in Chapters 4 and 5.

All this being said, it might still be worth pursuing. Having both a lower
and upper bound for a quantity of interest brings real advantages over an
error estimate. If hard bounds could be established for currents using this
method then disagreeing results could be classified as being within a certain
percentage of the true value. A program could be envisaged employing adap-
tive finite element and boundary element in order to progressively bracket
the desired quantity within a shrinking range. This would be as robust a
means of establishing the current in some genuinely useful cases as could be

imagined.
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6.6 Summary

In this thesis the aim has been to move towards a more advanced simulation
capability in electrochemistry. In this attempt we have introduced a number
of new techniques to electrochemical finite element, including superconver-
gent patch recovery, and our own error estimation strategy. In combination
with our choice of meshing algorithm, we believe that, although not covering
every case that we wish for, the end product is a step forward.

Superconvergent patch recovery, in one form or another, would seem to
be well worth utilising in any electrochemical finite element simulation. It
can yield particularly accurate results in combination with a domain integral
expression for the current. It should not be thought, however, that it is the
only means of estimating the error. A less efficient, although possibly more
robust strategy, would be to simply use two different orders of solution. The
key idea is to use the widespread notion of different solution order comparison
for current error estimation. That said, in our tests the hybrid SPR/twin
order error estimation strategy has proven to be considerably more efficient
than competitors.

The mode of implementation, we hope, has some advantages regardless
of the technical specifics. The idea of supplying simply a cell geometry and a
mechanism, and allowing the simulation program to automatically generate
a mesh to solve it, is an attractive one. We believe this must be preferable
to the a priori meshing into which so much effort has hitherto been put. Al-
though Harriman et al. never make explicit the capabilities of their meshing
algorithm, the implication is that the program used to generate their pub-
lished results did not have the ability to mesh an arbitrary domain. We see
no reason why the more general approach used here should not become the
norm.

If it transpires, then, that none of the specific error estimation strategy
pursued in this work is of longstanding utility, it seems fair to assume that the

simulation methodology adopted here will prove fruitful. The next challenge
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is to apply it to a wider span of cases, most particularly transient ones.



Appendix A

Inlaid Microdisc Solution

Derivation

The E mechanism current to an inlaid microdisc is an important practical
problem in electrochemistry. Fortunately an exact solution has been known
for some time. A derivation is given here, the specificity of which is instruc-
tive when considering extension to more difficult cases; it makes a case for
numerical methods where symmetry is not present.

The method used here—that of oblate spheroidal coordinates—is not the
only one available. Carslaw and Jeager [170] employ an entirely different
approach, using the Neumann integral theorem (ibid.) in combination with
an obscure property of Bessel functions. While this may be shorter it seems
less intuitively understandable.

As is mentioned below, Saito [171] apparently first derived the result
in electrochemistry with essentially the same method as used here. Crank
and Furzeland [172] also gave a solution, but with a different form for the

concentration field. In this appendix the two are shown to be equivalent.
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ey
.

L I;

Figure A.1: The inlaid microdisc problem domain. On T';, which com-
prises both the disc’s insulating surround and the symmetry axis, we need
g—% = 0. OnT,, the electrode, we need u = 0. We expect the dimensionless
concentration u to tend towards unity far away from the electrode. The

solution u covers the semi-infinite domain €.

The Problem

Adopting the normalisation of 4.1.1 on page 134, the challenge is to solve the
Laplace equation,
Viu=0, (A1)

with the boundary conditions shown in Figure A.1. Since the domain is

cylindrically symmetrical, the equation is usually given in the form:

18<8u>+02u20. (A2)

—_— 7“ —_ _
ror \_ Or 02?2
This of course derives from the Laplacian operator in cylindrical coordinates,

9 10 ([ Ou 1 0% %
1 1 *u A3
Viu r Or T(?r +r28¢2+8z2 ’ (A-3)
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with the assumption, since the boundary conditions are not angularly de-
pendent, that g% = 0. The cylindrical coordinates are related simply to the

Cartesian ones by
T =7rcosg¢, y=rsing, z=2z. (A.4)

In spite of the symmetric reduction achieved by assuming angular inde-
pendence, the equation remains two dimensional. Worse, it is a mixed bound-
ary value problem, with different types of condition (Neumann and Dirichlet)
on the r axis. This precludes most traditional solution methods, including
separation of variables and integral transforms, as they generally require
the imposition of some unvarying condition along each constant-coordinate
boundary. Textbooks offer little by way of advice for such problems (see,

e.g., Ockendon et al. [17]).

A Better Coordinate System

In the oblate spheroidal coordinate system [145,173], the problem ceases to
be of mixed boundary type, which greatly simplifies it. Using the symbols of
Lebedev [173] (there appears to be no standard), we define, in three dimen-

sions,
x = cosh asin fcos ¢ (A.5)
y = cosh asin sin ¢ , (A.6)
z =sinhacos 3 . (A.7)

Here 0 < o < 00, 0 < 8 < 7w/2 and 0 < ¢ < 2m, confining points to the
upper half-plane. Note that in general oblate spheroidal coordinates (roughly
translated as “squashed sphere coordinates”) are parameterised according to
the degree of “squashedness”—the length of half the line segment defined
by @ = 0—but we have set this constant to one, which is convenient for
our particular problem. As previously assuming angular independence, we

obtain (taking ¢ = 0 and relabelling z as r),

r = coshasin 3, 2z =sinhacos 3 . (A.8)
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>N

Figure A.2: A constant ¢ cross-section, showing lines of constant o and
B, of the oblate spheroidal coordinate system used to solve the inlaid

microdisc problem.

This cross-section is illustrated in Figure A.2, where lines of constant o and
[ are plotted in the r — z plane.
Even after setting g—g = 0, the Laplacian operator in this system (given

in [173]) is rather more complicated than in the cylindrical system:

Vu = L L g cosh a@_u + 1o (Sinﬂ@)]
~ cosh?a — sin? B | cosh a Oa Do sin 3 03 oB)]
(A.9)

In the particular case of Laplace’s equation, however, the o and 8 coordinates

may be disentangled to give

1 0 ou 1 0 ou
il il — (sinB—|=0. A.10
cosh a O (COSh Olé"oz) T sin 3 0 <sm ﬂaﬂ) 0 ( )

This form of the equation is still more complicated than that in the cylin-

drical coordinate system, but this is the price paid for more convenient im-

position of boundary conditions. In any case, the microdisc problem allows
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further simplification. The Neumann conditions coincide with two different
values of # (0 and 7/2), but they are clearly satisfied by adopting a solution
independent of g—i.e. g—“ﬂ‘ = 0.

Most importantly, from the point of view of imposing boundary condi-
tions, the microdisc boundary condition implies u = 0 at « = 0. Consider
the situation where @ = O—then r = sinf and z = 0; in other words,
0 <r <1,z =0, which implies that o« = 0 exactly coincides with, and only
with, the microelectrode. The line between » = 0 and » = 1 is a degenerate

ellipse, with a minor axis length of zero.

Thus, for the microdisc, we are left with solving an ordinary differential

equation,
d d
T (cosh aﬁ) =0, (A.11)
with the boundary conditions
uIa:O =0 5 (A12)
limu=1. (A.13)

00

Since this is a linear differential equation, and it lacks a term in u, the

general solution is easily found to be
u = c; + ¢y tan”*(e%) (A.14)
(¢; and ¢y are arbitrary constants). Imposing the boundary conditions gives

4
u=—tan '(e*) —1, (A.15)
m

and the problem is solved in oblate spheroidal space.

The Back-Transformation

In order to compare the solution with those given in the literature, we need
(A.15) in cylindrical coordinate space. (As is seen presently, however, this

is neither necessary nor desirable in order to find the current.) Achieving
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this is a matter of finding « in terms of cylindrical r and z. Using standard

trigonometric identities and (A.8) it is found that

(r +1)* 4 2* = cosh? asin® B + 2 cosh asin f+ 1 + sinh® acos® B (A.16)

= cosh® o + 2 cosh asin B + sin? 3 (A.17)
= (cosh o +sin 8)? . (A.18)
Similarly,
(r —1)*+ 2* = (cosha —sin 8)* . (A.19)
S0
V(r+ 124+ 224+ +/(r—1)2 4 22 = 2cosh « (A.20)
and
a1
a = cosh 5{\/(7"+1)2+22+\/(7‘~1)2+22} : (A.21)

(In fact this is basically the Cartesian equation for an ellipse.) In the same

vein,
1
B =sin 5{\/(r+1)2+z2—\/(r—1)2+22} : (A.22)
Recalling the logarithmic definition of cosh™'(¢) we note that
exp [cosh ()] =t +Vt—1Vi+1, (A.23)

and therefore that, if we define

t:%[ TPt 2+ /-1 2 (A.24)

then we can write down a form of u in cylindrical coordinates:
4
w = tan! (t VIV 1) 1. (A.25)
T

Considering the various cases, we find that ¢ > 1; (A.25) therefore simplifies

slightly to

u = 1 tan ! (t + V2 — 1) —1. (A.26)

T
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This was apparently the form given by Saito [171], who, it would seem, used
a conformal map to derive it. (The use of oblate spheroidal coordinates here
is essentially equivalent to the conformal map « + i = sin '(r + iz), but
since (A.2) is not invariant under a conformal map it seems more logical

and convenient to view the transformation in terms of a new orthogonal

coordinate system.)

The form of Crank and Furzeland [172] is not immediately attainable
without some rearrangement, the least obvious part of which relies on a

relatively obscure identity, apparently due to Charles Dodgson (better known

as Lewis Carroll)!:

tan"'(p + 1) + tan "' (p + q) — g— =tan 'p (A.27)

where
1+p*=gqr. (A.28)

Consider the substitution

a=Vt?—1. (A.29)

Then { = \/m, and
w=2 2tan! (V@ +1+a) - —723} . (A.30)

™

If, in (A.27), we set p = a and ¢ = 7 = /a? + 1, satisfying the relation

A.28), we attain something relevant to our problem:
g
2tan Y(a + Va2 + 1) — g =tan ‘a (A.31)

(note that this holds when a is positive, which is the case here). We therefore

rewrite (A.25) as

2 2
u=-tan 'a= “tan V12 - 1. (A.32)
™ 7r

1See [174]. The relation is less arbitrary when viewed in terms of arccotangents.
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Still pursuing the equation of Crank and Furzeland, we use the standard

identity,
1 —
tan " =T sin? VT, (A.33)
T 2
which holds for positive z:
2 -1
u=—tan Vit -1 (A.34)
T

= Ziant L (A.35)
O

_ 1 Zgin G) : (A.37)

The Crank and Furzeland expression is then, substituting from (A.24),

w=1—2sin! ( 2 ) : (A.38)

™ VI + 12422+ /(r —1)2 + 22

which is more neatly expressed, using the elementary relation sin™' z = 7/2—

cos 'z, as

2 2
u = ~=cos ' : (A.39)
T VIr+ D2+ 22+ /(r—1)2 + 22
This derivation is not entirely rigorous in that the result does not hold for

z = 0. This is of no great practical significance for our purposes. Of greater

interest is the current, to which we turn now.

The Current

The dimensionless current is in principle given by

.om /“1 ou
1= — e
2 J,—y Oz

but direct use of this definition with (A.39) does not yield the correct answer

because %g is undefined in the region of integration (it is discontinuous there).

rdr (A.40)

z2=0
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However, we can derive the current from the concentration field in oblate

spheroidal coordinates.
The chain rule tells us that

Ou Ouda 4e® cos [ cosh «

Do . A.41
0z  Oadz  w(l+ e*)cos? fcosh? o+ sin? fsinh® a ( )
Fortunately the region of interest is a = 0, so we are left with
2 2
Ou (A.42)

0z electrode B WCOSB a T/ 1— SiIlQﬁ .
Clearly the expression for 5 in terms of r and z, (A.22), simplifies for z =
0, »<1to

u=sin""r, (A.43)
which can immediately be substituted to give

ou 2

P T (A.44)
The integration of (A.40) is then of standard type,
r=l
i= /r:o —f\/;_—rgdr =1. (A.45)

Conclusion

It is not suggested that the approach here is the best, and it is not the short-
est, but the use of elementary methods does perhaps illustrate the difficulties
of analytical solution of PDE problems. We have solved the simplest mecha-
nism, in one of the simplest geometries, with minimal boundary conditions,
and only in the steady state. And yet the amount of work required is fairly
significant.

It is true that had we used the Neumann integral theorem, the effort
might have been reduced somewhat. But this is a highly specific theorem,
and the facts about Bessel functions on which that method rests are only to
be found in specialised texts [175]. The approach used here is arguably more

natural.
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In any case, the more important objection is the necessity of symmetry to
the approach. If the microdisc under consideration were part of an SECM tip,
or even just recessed, the foundation of the solution method would crumble
(spheroidal coordinates have been used with simulations, however, where
they are generally thought of in terms of conformal maps [22]).

All of this being said, the method of oblate spheroidal coordinates might
warrant further investigation in other situations of interest with the same
geometry. The solution to the Helmholtz equation in oblate spheroidal coor-
dinates, originally used to model wave scattering, can be adapted to the EC’
mechanism case, as shown by Rajendran and Sangaranararyanan [24]. Ap-
parently the method has not been applied to the transient problem, however,
where by separation of variables some sort of solution would presumably be

within reach.



Appendix B

Self-adjoint Problems

We define a self-adjoint problem as one where the governing partial differ-
ential equation operator is self-adjoint. For our purposes, the adjoint of a
differential operator £, denoted by L£*, is defined such that, for two functions
u and v over the domain €2,
/u(ﬁv)dQ:/(ﬁ*u)vQ, (B.1)
Q Q
ignoring boundary terms. If £ = £* then L is self-adjoint.
This abstract mathematical definition being difficult to picture, we pro-

ceed with an example. Consider the ODE

d*v  du
i e+ b=0 B.2
a2 iz * (B:2)

over an interval 0 < z < 1. With a weight function v this becomes

L/ d2y du
— — +bldr=0. B.3
/Ou<dx2+a,dx+):c 0 (B.3)

In exactly the same manner as the BEM derivation, we integrate (B.3)
by parts twice (for FEM we would usually integrate by parts once). This
yields

1 d2 d
/ u (__; — a_v_ + b> dz + boundary terms = 0 . (B.4)
0 dz dz
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So the adjoint of the differential operator

d? d
- B.5
02 ot ad$ +b (B.5)
is )
d d
—a— b . B.6
dz? adl‘ o (B.6)

and (B.5) is only self-adjoint when a = 0.
As it happens, the pattern generalises to operators in higher dimensional

spaces, so the (modified) Helmholtz equation,
Viu+ku=0 (B.7)

is self-adjoint since it only contains second order derivatives, whereas the

steady-state diffusion-convection equation,
Viu—v-Vu=0 (B.8)

is not, on account of the first order derivatives in the convective term. In
practice, the question of whether or not we are solving a self-adjoint problem
hinges on the presence of convection.

Self-adjoint operators have a number of useful attributes. The only one
that concerns us is that they give symmetric matrices (see Appendix C on
the next page) with the Galerkin FEM formulation (this is a reflection of the
existence of variational [16] formulations for such problems). In such cases

simpler matrix solvers can be used.



Appendix C

Matrices

Numerical PDE solution methods generally replace the exact infinite PDE
problem with one of finite dimension; the differential operator is replaced
by a matrix, and the solution function by a finite vector. The result of this

discretisation is usually a matrix equation of the form
Ax=Db, (C.1)

where A is a known square matrix, b a known vector, and x the unknown
vector we wish to find. Sometimes, as with explicit finite difference, solving
(C.1) is implicitly incorporated into the algorithm because the form of A is
very simple. But often the end result of PDE discretisation is a matrix A
and a righthand side b comprising a linear system in need of solving with
standard methods.

Generally, solving (C.1) is the slowest part of the overall solution process,
and consequently much effort has been expended in finding efficient solving
algorithms. No one ultimate algorithm has been discovered for an entirely
general A [69,72]. Fortunately the matrices produced by finite element often
have special properties allowing faster specialised algorithms to operate. The
area of linear algebra is huge and complicated. We attempt here to do no
more than introduce the techniques used for solving our linear systems.

Firstly, self-adjoint problems yield, with the Galerkin formulation, sym-

265
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metric matrices —i.e. A;; = Aj;. Or, introducing the notation for the trans-
pose of A (A with its columns and rows transposed), AT, A is symmetric
if

AT = A . (C.2)
This is obviously easily determined by inspection of the matrix elements.

The transpose of the inverse is denoted thus:
(A =AT. (C.3)

Secondly, such problems are often of a nature that they yield positive
definite matrices. Positive-definiteness is most easily defined by saying that,

for positive definite A,
x"Ax >0  Vx where ||x]| > 0. (CA4)

This is equivalent to stating that all of A’s eigenvalues are positive [30, 90].
It is not a property easily determinable by inspection, but can be proved a
priori for certain problems. For the self-adjoint problems solved in this work,
the matrices are positive definite.

Finally, and most importantly, the finite element method always produces
sparse matrices, where most elements are zero, because non-zero entries only
occur where nodes are connected by element edges’; in fact, FE matrices have
O(n) non-zero entries, where n is the number of nodes and rows/columns in
A. (Consider a structured mesh, where each node is connected to six others:
we would have six non-zero entries on n rows.) An ideal solving algorithm,
therefore, would ignore as many of the zeros as possible. There are two basic
ways of trying to achieve this: sparse direct solvers and iterative methods.

Direct solvers—generally variants on Gaussian elimination—utilise suc-
cessive elementary manipulations, much like those used by humans, to elim-

inate matrix elements and ultimately determine x. The latter repeatedly

!Note that this is a marked difference from boundary element, whose matrices are
dense, since all boundary elements are connected to all others. (In fact BEM matrices

usually lack the other advantageous properties discussed here too.)
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apply some operation to a starting guess vector, and iterate towards the
solution; the number of iterations (steps) required is not usually known a

priori, and depends in part on the accuracy desired.

Direct solvers

Direct methods can be and are used in many finite element packages, but
usually in special forms—raw Gaussian elimination is not generally efficient.
It can be shown [69,89,90] that Gaussian elimination-type algorithms for
general matrices take O(n?) operations, where n is the number of columns in
A. Since they require the storage of the full matrix, they also clearly require
O(n?) storage. Since Gaussian elimination can be applied to any matrix—
dense, asymmetric, indefinite—this represents the performance baseline. We
work to improve on it, as large problems would clearly quickly require un-
reasonable amounts of computer time and storage.

A particular direct solver only applicable to symmetric positive definite
matrices is Cholesky factorisation. It only improves on the speed of Gaussian
elimination by a constant factor, but proves important for other reasons—
see Appendix D and § 3.2.3 on page 114. The most obvious aspect is that it
utilises the symmetry of A to avoid duplicating work. Further, it avoids the
piwoting required in general Gaussian elimination (ibid.), and so is simpler.
The algorithm is described in texts. The important fact is that it results in

the factorisation of A as
A=LLT, (C.5)

where L is a lower triangular matrix—that is, all entries above the diago-
nal are zero; L7 is by extension an upper triangular matrix. With such a

factorisation the system (C.1) becomes

LLTx = b. (C.6)
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This is solved by first substituting y = L7x, to give

Ly =Db (C.7)
y=L"b, (C.8)
then solving
T'x =y (C.9)
x=L"Ty (C.10)

The two matrix inverses are formal only—no inverse is calculated. Instead,
because L and LT are triangular matrices, they are very easy to solve by
back-substitution: they unravel in O(n?) operations.

The construction of the factorisation (C.5) is an O(n®) operation in gen-
eral, just like Gaussian elimination, so we have not greatly improved upon
Gaussian elimination, or the generalised variant of Cholesky factorisation,
LU factorisation (decomposition). LU decomposition factorises A into lower

and upper triangular matrices L and U:
A=1LU. (C.11)

The solution process then proceeds exactly as with Cholesky factorisation.
This is probably the most commonly used form of Gaussian elimination,
as once the O(n?) factorisation has been performed any number of linear
systems with the matrix A but different righthand sides can be solved in
O(n?) operations each. We do not use Cholesky factorisation for solving
the finite element system matrix, but we do use it for the small matrices
arising from SPR gradient smoothing (it is a way of solving least squares
minimisation problems), and it also appears in preconditioning methods for
conjugate gradients—see Appendix D.

None of the direct methods described so far take advantage of sparseness.
This is the central challenge of using direct methods for finite element solu-

tions. The basic problem is that it is intimately tied to the sparsity pattern
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of the matrix in question. If the mesh has a regular connectivity pattern it
will be reflected in the corresponding matrix, and can be exploited system-
atically in a direct solver. Commonly this boils down to predetermining the
bandwidth of A, and treating it as band diagonal. (The bandwidth is the dis-
tance of the furthest non-zero entry from the diagonal. A matrix is termed
band diagonal if this is significantly less than n.)

Unfortunately, during the Gaussian elimination process with pivoting,
previously zero entries usually become non-zero (called “fill-ins”), increas-
ing the bandwidth, and as a consequence drastically reducing the solver’s
efficiency [69]. Further, node re-numbering techniques are needed with un-
structured meshes (like ours) to get maximum efficiency. Even with the best
algorithms, the bandwidth for two dimensional problems scales with grid den-
sity, so with increased discretisation accuracy so come diminishing returns
on computer time.

It may be possible to construct a competitive direct solver for our cases,
but it seems unlikely. It would certainly be complex, and our unstructured
meshes seem particularly ill-suited for it (the sort of approaches used are
described by Golub and van Loan [69]). It is probably true to say that most
finite element practitioners now use iterative solvers, as described below, and

we follow the majority in this.

Iterative solvers

The attraction of iterative methods is that they do not manipulate the matrix
A directly; thus they do not require it to be stored in its entirety—a great
advantage with very sparse matrices like ours. They come in stationary and
non-stationary forms, exemplified by successive over-relazation and conjugate
gradient respectively. In the first case, the same transformation is applied to
the guess vector each time; in the second, information from previous steps 1s
used to alter the operation for each iteration.

It is generally accepted that stationary iterative methods are inferior to
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both direct and non-stationary iterative algorithms, so they are of little use
for the actual solving process. However, it happens that stationary iterative
methods reappear in the guise of preconditioners for conjugate gradient-type
methods—see Appendix D.

Conjugate gradient solvers, which are applicable only to symmetric posi-
tive definite matrices, only require storage of and mathematical operations on
the non-zero matrix entries—regardless of the matrix structure or bandwidth—
and never manipulate the matrix, allowing very efficient implementation
(see Appendix D). In Appendix D we find that conjugate gradient is ap-
proximately O(n3/?) for the problems solved in this work, which is consid-
erably better than basic Gaussian elimination, and probably beyond what
any sparse direct method could achieve?. More importantly, it avoids all the
complexity of sparse direct solvers, essentially requiring only efficient matrix-
vector multiplication to achieve near-optimal performance. We therefore use
conjugate gradient as the main solver for the linear system generated by finite
element assembly where convection is not present. For convective problems,

other Krylov space solvers are used.

ZNote though that the order of a method is not the only measure of its performance.

Doubtless for small enough problems direct methods would be faster.



Appendix D
Krylov Space Solvers

It is probably fair to say that Krylov space solvers are not intuitively under-
standable. A specialised text [69,71,72] should be consulted on their details.
Since, however, they form such a crucial part of our finite element solver,
and because conjugate gradient is the simplest example thereof, a brief, far
from rigorous, adumbration of it is given below. It seems, from the literature
(e.g. [32]), true to say that only multigrid methods can out-perform conju-
gate gradient, and yet the implementation of it is startlingly simple, even
with a preconditioner. Even the more complex non-symmetric solvers can be
implemented relatively easily, and they are probably simpler than the most
efficient direct methods. A brief description of those is given at the end of

this appendix.

Solving as Minimisation

The starting point for conjugate gradient is the fact that, if A is symmetric
and positive definite, solving (C.1) is equivalent to minimising the quadratic
form (see [90]):

g(x)=x-Ax —2x-b. (D.1)
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This can be shown by considering g(x-+e)—the quadratic form of the solution

x plus an error term e:

g(x+e)=(x+e)-Alx+e)—2(x+e)-b (D.2)
=x-Ax+x-Aet+e-Ax+e-Ae—2x-b—2e-b (D.3)
=q(x)+x-Ae+e-Ax+e-Ae—2-b (D.4)

Because AT = A, x-Ae = e - Ax, s0
g(x+e)=q(x)+2e-Ax+e-Ae—2e-b. (D.5)
But, from (C.1), Ax = b, so
g(x+e)=q(x)+e-Ae. (D.6)

Since A is positive definite, we know from (C.4) that the second term on
the right is always positive, so ¢ is minimised where e = 0, and is greater

everywhere else; the solution x is at its minimum.

CG Minimisation

A relatively obvious way of solving the minimisation problem is to start at
some point and take steps following the steepest gradient of the quadratic
form down to the minimum. This is termed the method of steepest descent,
and is too slow for solving linear systems. The difficulty is that many steps
in parallel or near parallel directions can be taken. The solution is to ensure
successive directions are orthogonal, but this is impossible by the usual def-
inition, because it would require knowing the solution to the problem being
solved [166]. Instead conjugate gradient ensures steps are A-orthogonal, or

conjugate (ibid.). Two vectors ¢ and d are A-orthogonal if
c-Ad=0. (D.7)

Sets of orthogonal vectors, whatever the type of orthogonality, can be

generated by the Gram-Schmidt process [30,90]. Unfortunately this is both
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numerically unstable and demanding of space and time: it requires storage
of, and processing with, all past vectors to generate a new orthogonal vector.
The conjugate gradient algorithm manages to avoid this by keeping just a
handful of vectors and scalars updated at each step, and using a recurrence

relation. The operations for iteration ¢ are as below:

Zip1 <= Av; (D.8)
liv1 < g (D.9)
Vit2i11
Xit1 <= X; + i1V (D.10)
Tit1 <= T — bip1Zit1 (D.11)
di+1 <7r;-r; (D12)
d;
Vi1 <= I+ —V; (D13)
Cit1 <= d; , (D.14)
with the starting values
g = vy = b — AXO (D15)
Co —=Tg-Igp . (D16)

It should be apparent that at each step the vector r; holds the residual—the
measure of the extent to which x; fails to satisfy (C.1). The starting vector
Xq is less important than might be thought: the method converges whatever
the value, and although a good guess for x, can speed up convergence, it is

not particularly influential.

Speed

On the face of it, the primary computational cost per step is the matrix-
vector product Av;. Since this product is the only use of A, the matrix may
be stored in the manner most efficient for its computation, and for storage

space. With our type of sparse matrix, as discussed in Appendix C, we
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can expect the matrix-vector product to be O(n), where n is the number of
matrix rows. Thus it becomes of the same order as the vector operations,
and we must be concerned about the speed of all of them.

Since all the steps taken by the conjugate gradient method are conjugate,
and there exist only n conjugate directions in an n dimensional space, the
method must theoretically terminate in n steps. The dimensionality n is, of
course, equal to the number of rows/columns in A. The real situation is not
quite as simple, however. On the downside, numerical imprecision destroys
exact orthogonality, meaning we will not reach the exact solution in n steps.
But this is more than counterbalanced by the realisation that, because we
are using a minimisation process, we needn’t seek an exact solution, but one
within a certain tolerance. We therefore stop when d = r - r < ¢, for some
small value ¢ (taken throughout this work to be 107°). Other termination
criteria exist, notably ones based on the relative residual; these might well
justify investigation.

It can be shown, in fact, that the number of steps to achieve a usable
solution is roughly proportional to the square root of the matrix condition
number & [90], which broadly speaking measures how close to singular A
is. So we know that CG is O(n+/k). It can be shown that for many two
dimensional problems £ o n [166]. Thus CG is, for our purposes, around
O(n®/?)—far better than the O(n?) obtainable from naive Gaussian elimina-
tion methods or similar. Nonetheless, anything that can be done to reduce

 will speed up solving. This is achieved via preconditioning the matrix.

Preconditioned CG (PCG)

If, instead of solving
Ax =b, (D.17)

an alternative system with the same solution,

M Ax =M 'b, (D.18)
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is solved, this is termed left-preconditioning (other possibilities include right
or split preconditioning, where the preconditioning matrix appears on the
right of A, or in two pieces either side of it, respectively). If M is in some
way “close” to matrix A, then we might expect the system to be solved
in fewer steps, as in the limit where M = A, M~ !A is the identity matrix,
and the system has a condition number of one. On the other hand, solving
the preconditioned system generally requires formal multiplication by M™!
during each solver iteration, increasing the cost of each step. Therefore for the
method to be effective M must be simple to invert—for instance it could be a
diagonal matrix, or a triangular one. Numerous preconditioning approaches
are described, both for CG and unsymmetric solvers, by Saad [72], and they
remain an active area of research.

Where M is the diagonal matrix formed from the diagonal values of A
it is known as the Jacobi preconditioner, on account of the relation with
the stationary iterative Jacobi iterative solver. Trivial to implement, Jacobi
preconditioning was incorporated into the finite element program, and gave
a modest increase in speed.

A more effective preconditioner is generally known as symmetric succes-
sive over-relaxation (SSOR). By analogy with Jacobi iterations, it uses the
symmetric version of successive over-relaxation (SOR) instead. This entails a
split preconditioner of two triangular matrices, which is more time consuming
than diagonal Jacobi preconditioning matrix, but special tricks [32,72] bring
the performance close to Jacobi levels. In the particular case of symmetric
Gauss-Seidel (SGS), a particularly efficient implementation allows steps as
almost as fast as without preconditioning. This too was implemented, and
achieved another modest increase in speed.

There is evidently a tradeoff between reduction of the number of steps and
the cost of each step: the closer M~! is to A™!, the fewer steps, but the greater
the cost of each. The two aforementioned preconditioners essentially cost
nothing per step, with clever implementations, and are always worth using.

More complex preconditioning matrices can further dramatically reduce the
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number of steps, but at the cost of ever greater complexity and processing per
step. Of the generic options, not associated with any particular form of A,
incomplete Cholesky factorisation (sometimes referred to as its more general
variant, incomplete LU factorisation—ILU) is probably the most significant.
As the name suggests, it approximately factorises A into upper and lower
triangular matrices, the one the transpose of the other. Numerous versions
exist, and they give varying speedups, but are less reliable than the simpler
preconditioners above.

Many other approaches exist, most significantly multigrid, which can be
a fast solver in its own right. We do not pursue them here, as the linear
system solver performance with was found to be adequate for the problems
under study, although of course with more complex problems in the future

more advanced preconditioners might well prove necessary.

Non-Symmetric Systems

Numerous iterative solvers exist that attempt to translate some of the at-
tractive properties of conjugate gradient to non-symmetric systems. Unfor-
tunately it has been proven that no similarly elegant equivalent exists, in
the sense that the recurrence relation that generates the series of search di-
rections in CG has no analogue where the matrix is unsymmetric [176]. A
large number of algorithms have been proposed, none of which functions well
for all matrices. Two of the most common are biconjugate gradient (BiCG)
(and its variants) and generalised minimum residual (GMRES).

In BiCG, sequences of search directions that are biorthogonal are are
generated. This can be done with a simple recurrence relation, and if the
sequence terminates then the solution has been found. Saad [72] notes that
this in effect entails solving the transpose system in tandem with the one for A
(in the case where A is symmetric they are the same thing, and the algorithm
reduces to an inefficient form of conjugate gradient). The problem is that

BiCG quite commonly breaks down without reaching a solution; it is not
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guaranteed at all to converge. Indeed, it has irregular convergence, which is
why variants such as stabilised biconjugate gradient (BiCGStab) exist. This
can sometimes be more robust, but introduces new ways in which breakdown
can occur, and there remain no guarantees.

GMRES is generally considered to be more robust than the biconjugate
gradient-derived algorithms. This is not surprising, as it usually employs a
far longer recurrence (e.g. fifty)—in other words it has a longer memory of
previous search directions. Full GMRES requires storage of every previous
search direction, and ensures orthogonality by looping through every one for
each iteration. It is therefore far too slow, and in practice the recurrence is
generally terminated after fixed number of vectors, to give Restarted GM-
RES (sometimes written as RGMRES, but since full GMRES is never used,
the abbreviation is probably redundant). The result is a solver that has a
relatively large cost per iteration, but which generally has a lower tendency
to break down than faster methods.

BiCG, BiCGStab and GMRES were all implemented in the simulation
program. As with conjugate gradient, these unsymmetric solvers benefit
from effective preconditioners. It was found that, where SUPG stabilisation
techniques were used, BiCGStab with the simple Jacobi preconditioner was
able to solve most systems quickly, leading to overall simulation times of a few

seconds. Doubtless it would benefit from more sophisticated preconditioners,

however.



Appendix E
Simulation Input Files

All of the simulations in this thesis were conducted using one program em-
bodying the theory of Chapter 3. This flexibility necessitated a relatively
general input file format for describing each problem. This format is not
documented here; instead examples of the files used to generate the results
in Chapters 4 and 5 are given, in the hope that the format is self-explanatory
enough to illustrate the program capability, as well as provide exact details
about the simulation settings used. Since most sets of simulations only var-
ied according to some parameter—a recess depth or kinetic rate constant,
for instance—it should be possible to reconstruct the full range of input files
relatively easily.

It should be born in mind that the program uses a number of default set-
tings which can be assumed. Firstly, elements are quadratic. Secondly, SPR
is used for gradient smoothing. Thirdly, for self-adjoint problems (that is,
problems without convection), which yield symmetric linear systems, conju-
gate gradient is used to solve the linear systems. The default preconditioner
for this is Symmetric Gauss-Seidel (equivalent to SSOR with a relaxation
parameter of one) [71,72]. For convective systems, stabilised biconjugate
gradient (BiCGStab) (ibid.) is used with a Jacobi preconditioner, although
this is not the default, and is explicitly set in the input file.

In the files that follow, each field and its derivatives come in two forms,

278
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with and without a preceded tilde. The former is the lower order one (O(h?)
for quadratic elements); the latter is higher (O(h®) for quadratic elements).
By use of the difference between the two, in various forms, an error estimator
is calculated, as described in Chapter 3. Throughout, subscripts of x or
y indicate differentiation with respect to that coordinate; an n subscript,
only applicable on the boundary, indicates differentiation with respect to the
outward normal.

In the AdaptiveControl section of the file, an element error estimate
is supplied as elem_err, the sum over all elements of which is denoted by
elem_err_sum (calculated automatically). At each stage of the iterative re-
finement process, the global error estimate—which, depending on the error
norm, can be or involve elem_err_sum—is compared with the global er-
ror tolerance (given as glob_err_tol) specified in the Settings section. If
it is higher, refinement proceeds according to a comparison between each
element’s estimated error, and the user specified elem_err_tol. This frame-
work is used in these files to refine the mesh according to the current error
estimate described in Chapter 3. It could of course be used to refine according

to other norms, and in fact the default is the L, gradient norm [16].

Inlaid £ Mechanism Microdisc

The input file for this case is more complicated than some others, since the
analytical solution (given here as sol) is imposed, and two fields are solved
for: the primal problem, u, and the dual problem, v. Both are solved with
a weighting of x—i.e. in the cylindrical coordinate system. The tests with
linear elements in Chapter 4 were run with the line elem_order linear in

the Settings section.

GoverningEgs

{
u { (xxu_x)_x+(x*u_y)_y = 0 }
v { (x*v_x)_x+(x*v_y)_y = 0 }
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}
UserExprs
{
pi := 3.1415926535897932384626433832795
sol := (2/pi)*acos(2/(sqrt(y~2+(1+x) " 2)+sqrt (y~2+(1-x)"2)))
}
BCDefs
{
insulator { flux(u) = 0 flux(v) = 0 }
collector {u=0v=11%
generator { u = sol v =0 }
}
Boundary
{
axis: 0 0  insulator
0 2  generator
2 2  generator
2 0  insulator
electrode: 1 0 collector
+
Functionals
{
b_current := -(pi/2)*int(electrode,u_n*x)
“b_current := -(pi/2)*int(electrode, "u_n*x)
d_current := -(pi/2)*int(domain, (Uu_x*V_x+u_y*v_y)*x)
“d_current := -(pi/2)*int(domain, (Tu_x*"v_x+ u_y* v_y)*X)
+

Settings { glob_err_tol 0.05 }
AdaptiveControl
{
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elem_err := (pi/2)*abs(int(element,
(Tu_x*"v_x+Tu_y* V_y-u_X¥V_X-U_Y*V_J)*X))
elem_err_tol := glob_err_tol/n_elems

glob_err := elem_err_sum

Recessed £ Mechanism Microdise

The recessed F mechanism microdisc illustrates a so-called “inverse dual”
problem, where only one field need be solved for, because we use a relatively
large domain (d=200 units here), and impose u = 1 on the bulk boundary. It
also shows the use of relative error estimation, as opposed to the less realistic
absolute error estimation used by Harriman et al. [34,36-38|. The input file
includes the approximate expressions described in §4.2.2, as it is convenient
to present their values alongside the simulated current value.

By setting the recess depth, L, to a negative value raised microdisc simula-
tions may be run. Alternatively, by slightly modifying the Boundary section,

an inlaid microdisc in a finite domain may be simulated.

GoverningEqgs
{
u { (xxu_x)_x+(x*u_y)_y = 0 }
}
UserExprs
{
d := 200
L :=0.5
pi := 3.1415926535897932384626433832795
Al := 1.6843
A2 := -1.3237
A3 := 1.7116
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A4 := -0.7585
}
BCDefs
{
insulator { flux(u) = 0 }
collector { u =0 }
generator { u = 1 }
}
Boundary
{
axis: 0 0 insulator
0 d generator
d d generator
d L insulator
1 L insulator
electrode: 1 0 collector
+
Functionals
{
“d_current := (pi/2)*int(domain, ("u_x 2+ u_y~2)*x)
bond_expr := pi/(4*L+pi)
ferrigno_expr := exp(-0.96%L)
bartlett_expr := 1/(1+A1*L+A2xL"2+A3*L"3+A4*L"4)
}
Settings { glob_err_tol 0.01 }
AdaptiveControl
{
elem_err := (pi/2)*abs(int(element, (“u_x 2+ u_y 2-u_x"2-u_y 2)*x)/

int (domain, ("u_x"2+7u_y"2) *x))

elem_err_tol := glob_err_tol/n_elems
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glob_err := elem_err_sum

Generator-Collector Microband

The microband case mainly differs in being simulated in a Cartesian, as
opposed to cylindrical, system (note the form of the PDE in GoverningEgs).
It also has a slightly different arrangement of boundary conditions. The exact
solution expression, as described in § 4.4.2 on page 173, is calculated here to

display alongside the simulated current.

GoverningEqgs
{
u { u_xx+u_yy = 0 }
}
UserExprs
{
d := 50
w o= 1
g =1
k = g/(g+2*w)
}
BCDefs
{
insulator { flux(u) = 0 }
collector { u = 0 }
generator { u = 1 }
}
Boundary
{

-d-g/2-w 0  insulator
-d-g/2-w d  insulator
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d+g/2+w d insulator
d+g/2+w 0  insulator
coll: g/2+w 0 collector
g/2 0 insulator
gen: -g/2 0  generator
-g/2-w 0 insulator
}
Functionals
{
d_current := int(domain,u_x"2+u_y~2)
“d_current := int(domain, u_x 2+ u_y"2)
exact := EllipticK(sqrt(1-k~2))/EllipticK(k)/2
}
Settings { glob_err_tol 0.01 }
AdaptiveControl
{
elem_err := abs(int(element, u_x"2+ u_y 2-u_x"2-u_y"2)/
int (domain, " u_x"2+ u_y"2))
elem_err_tol := glob_err_tol/n_elems
glob_err := elem_err_sum
}

Inlaid FC" Mechanism Microdisc

The EC’ mechanism requires the solution of the modified Helmholtz equa-
tion, and so the main difference between this case and the F mechanism
microdisc one is the change in the governing PDE. Another change is that,
owing to the boundary conditions imposed, the problem is self-dual. The
file here is easily modified to form one for the recessed microdisc variant.

Note the difference between the AdaptiveControl section and that of the
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previous files—there is more than one way to express the relations between
local and global errors, and this one is slightly more efficient, since only one
integral need be evaluated per element during the error estimation phase;

the difference is one of relative element error versus absolute element error.

UserExprs
{
pi := 3.1415926535897932384626433832795
d := 10
= 1000
+
GoverningEqgs
{
u { (xxu_x)_x+(x*u_y)_y-k*x*u = 0 }
}
BCDefs
{
insulator { flux(u) = 0 }
collector { u =0 }
generator { u = 1 }
}
Boundary
{
axis: 0 0 insulator
0 d collector
d d collector
insulator: d 0 insulator
electrode: 1 0 generator
}
Functionals

{



APPENDIX E. SIMULATION INPUT FILES 286

d_current := (pi/2)*int(domain, (u_x"2+u_y 2+k*u”2)*x)
“d_current := (pi/2)*int(domain, ("u_x 2+ u_y 2+k*"u"2)*x)
asymptotic := (pi/4)*(sqrt(k)+1+1/(4*sqrt(k)))

pade := (1+2.0016%k"(1/2)+1.8235%k+0.96367*k~(3/2)+0.307949%k™2+
0.049925%k"~(5/2)) /(1+1.3650%k" (1/2)+0.8826%k+
0.32853%k"~(3/2)+0.063566%k"2)
}
Settings { glob_err_tol 0.01 %
AdaptiveControl
{

elem_err := (pi/2)*abs(int(element, (("u_x"2+ u_y 2+ u"2*k)-
(u_x"2+u_y 2+u"2*k) ) *x))
elem_err_tol := (glob_err_tol/n_elems)*((pi/2)*int(domain,
("u_x"2+"u_y " 2+k*"u"2) *x) )

glob_err := elem_err_sum/((pi/2)*int(domain, ("u_x"2+ u_y 2+k*"u"2)*x))

Channel Flow F Mechanism Microband

Clearly the essential difference with the channel flow microband case is the
presence of convection. Apart from modifying the mass transport PDE, this
gives a different form to the current domain integral, and in turn to the error
estimation formula.

Given below is the non-adjoint version, which only solves for one field.
The file is slightly longer than others due to the more involved normalisation
scheme. The approximate expressions of Ackerberg et al.,, Newman and
Levich (see § 4.6.2 on page 193) are calculated for display alongside the

simulated current.

UserExprs

{
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D := le-b
v_0 := 1200
x_e := be-4
h :=0.02
d :=1
V_f := 4xdxh*xv_0/3
p_1 := x_e/h
p_2 := V_f/(d*D)
P_s := (3/2)*p_1"2%p_2
v 1= (1/2)*P_s*y*(2-p_1xy)
x_min := -16
X_max := 17
y_max := 2/p_1
g := (In(4/sqrt(P_s))+1.0559)"(-1)
pi := 3.1415926535897932384626433832795
}
GoverningEqgs
{
u { u_xx+tu_yy-vru_x = 0 }
}
BCDefs
{
insulator { flux(u) = 0 }
electrode { u = 0 }
bulk { u = 1 }
1
Boundary

{

287
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x_min O bulk
Xx_min y_max  insulator

x_max y_max 1insulator

x_max O insulator
elec: 1 0 electrode
0 0 insulator
}
Settings
{
glob_err_tol 0.05
nonsym_solver bicgstab
nonsym_preconditioner jacobi
}
Functionals
{
_P_s :=P_s
“d_current := int(domain, u_x"2+ u_y 2-(1-"u)*v* u_x)
ackerberg := pik*gx(1-0.04633*P_s*g)
newman := 0.8075%P_s”(1/3)+0.7085+P_s~(-1/6)-0.1984*P_s"(~-1/3)
levich := 0.8075*%P_s"(1/3)
+
AdaptiveControl
{
elem_err := (pi/2)*abs(int(element, ("u_x"2+ u_y 2~ (1-"u)*v* u_x)-
(u_x"2+u_y 2~ (1-u)*v*u_x)))
elem_err_tol := (glob_err_tol/n_elems)*abs(int (domain,
Tu_x"2+ u_y " 2- (1-"w kv Tu_x))
glob_err := elem_err_sum/abs(int(domain,

Tu_x"2+ u_y"2-(1-"u)*v*"u_x) )
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For comparison, the differing sections for the adjoint influence function
form of the same problem is given below. Note the backward convection
equation used for the influence function (since v is already in use for the flow

velocity, w is used for this).

GoverningEgs
{
u { u_xx+u_yy-v*u_x = 0 }
w { w_xx+w_yy+vkw_x = 0 }
}
BCDefs
{
insulator { flux(u) = 0 flux(w) = 0 }
electrode { u=0w=11}
inlet {u=1w=01%}
outlet { flux(u) = 0w =10}
}
Boundary
{
x_min 0 inlet
X_min  y_max insulator
X_max  y_max outlet
X_max 0 insulator
elec: 1 0 electrode
0 0 insulator
}
Functionals
{
_P_s :=P_s
“d_current := -int(domain, u_x* " w_x+ u_y* w_y+ wkvk u_x)

ackerberg := pixg*(1-0.04633*P_s*g)
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0.8075*P_s~(1/3)+0.7085%P_s"~ (-1/6)-0.1984*P_s"(-1/3)

newman :=
levich := 0.8075%P_s~(1/3)
}
AdaptiveControl
{
elem_err := (pi/2)*abs(int(element,
(Cu_x*"w_x+ u_y* w_y+ wkvkTu_x) -
(u_x*w_x+u_y*w_y+wkv¥u_x)))
elem_err_tol := (glob_err_tol/n_elems)*abs (int(domain,
TU_X*TW_X+ U_y* TW_y+ T wHv*Tu_Xx))
glob_err := elem_err_sum/abs(int(domain,
Tu_x*TW_x+Tu_y*Tw_y+ wHvETu_x))
}

SECM Approach Curve

The input file for an SECM approach curve is not radically different from
that for a microdisc. Given here is the input file for determining the cur-
rent to the tip at a normalised distance 1=100 from an insulating substrate.
For an entire approach curve, the simulation is run over a range of values of
1. The conducting substrate case requires the modification of one boundary
condition. Note that the simulated current must be normalised by the “infi-
nite” distance tip current in order to match the expression amphlett_rgl0_2
described in § 5.2.1 on page 205 (the slight difference in sheath radius is neg-
ligible).

GoverningEgs

{

(xxu_x) _x+(x*u_y)_y = 0
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b
UserExprs
{
d := 500
pi := 3.1415926535897932384626433832795
1 := 100
Rg := 10
}
BCDefs
{
insulator { flux(u) = 0 }
collector { u = 0 }
generator { u = 1 }
b
Boundary
{
electrode: O 1 collector
1 1 insulator
Rg 1 insulator
Rg d  generator
d generator
d 0 insulator
0 insulator
}
Functionals
{
d_current := (pi/2)*int(domain, (u_x"2+u_y 2) *x)
“d_current := (pi/2)*int(domain, ("u_x"2+ u_y"2)*x)

amphlett_rgl0_2 :=

1/(0.40472+1.60185/1+0.58819%exp(-2.37294/1))
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Settings { glob_err_tol 0.01 }

AdaptiveControl

{
elem_err := (pi/2)*abs(int(element, ("u_x 2+ u_y 2-u_x"2-u_y 2)*x))
elem_err_tol := (glob_err_tol/n_elems)x*((pi/2)*abs(int(domain,

("u_x"2+"u_y"2)*x)))

glob_err := elem_err_sum/((pi/2)*abs(int(domain, ("u_x"2+ u_y~2)*x)))
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A Note on References

Republished books (for instance those now published by Dover Publications)

are given in their modern forms.
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area, coordinates, 56
assembly nodes, 143

axi-symmetric problems, 61

balancing diffusion, 67
barycentric coordinates, see area co-
ordinates
BiCG, 64, 277
BiCGStab, 64, 277
boundary condition
Dirichlet, 45, 62
homogeneous Neumann, 16
mixed, 14
Neumann, 16
Robin, 45
boundary element, 31

boundary singularity, 18

CH+, 72
templates, 73
Cholesky factorisation, 120, 123, 267
conformal mapping, 173
conjugate gradient, 270
non-linear, 245
convection, 5, 191

current-potential characteristic, 14

Delaunay triangulation, 87
diffusion, 4
anisotropic, 10

diffusion equation, 11

dimensionless quantities, 38

direct matrix solver, 270

discontinuous Galerkin formulation,
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divergence theorem, 8

dual problem, 103, 107

electrode
channel flow microband, 190
hemispherical, 161
microband, 170, 175
microdisc, 133, 180, 253
microelectrode, 6
raised microdisc, 161
recessed microdisc, 153, 180
element
isoparametric, 57
linear, 53
quadratic, 57
subparametric, 57
superparameteric, 57

element patch, 117
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element subdivision, 83 Gram-Schmidt orthogonalisation, 272
energy functional, 63 Green’s first formula, see Green’s
relation to current, 108 Theorem
error estimate Green’s theorem, 47
global, 109

hanging nodes, 85
local, 109 SHe

error estimator

Helmholtz equation, 13

effectivity index, 147 infinite domains, 136, 238
higher order solution, 112 infinite elements, 18, 238
recovery, 113 influence function, 104
error norm, 110 insulators, 15
intrinsic rate constant, 15
Fick .
inverse dual problem, 107
first law, 4

iterative solver, 266
second law, 11

finite difference, 22 Java, 73
ADI, 25
explicit, 23

Krylov space solver, 271

implicit, 25 Léveque approximation, 193
finite element, 26, 43 Laplace equation, 11, 134
Finite Increment Calculus, 67 least-squares minimisation, 119, 120,
fluid dynamics, 5, 245 122
force vector, 52 LU decomposition, 268

element, 58 X

matrix

Fortran, 73

band diagonal, 269

four-colour problem, 119
bandwidth, 269

Galerkin Least Squares, 67 compressed row storage, 74
galvanostatic experiment, 1 ill conditioned, 123

Gaussian elimination, 270 ill conditioned, FE and, 87
Gaussian integration, 61 positive definite, 53, 123, 266

GMRES, 64, 277 quadratic form, 271
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sparse, 266
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transpose, 266
mechanism
E, 133
EC’; 180
second order, 244
mesh generation
advancing front, 97
Delaunay, 87
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octree, 97, 244
quadtree, 97
mesh quality, 85
mesh regeneration, 83
migration, 6
Minimum Weighted Residual, 46
modified Helmholtz equation, 13,
182
multigrid, 233, 271, 276

Navier-Stokes equations, 5, 246
Newton solver, 244
non-linear solvers, 244
norm
Loy, 110
current error, 125
energy, 110
FEuclidean, 108

numerical integration, 55, 61

order of convergence, 84
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gradient, 117

hybrid error estimator, and, 126

parsing
Chomskian grammars, 75
recursive descent, 75
PDE
elliptic, 12
fundamental solution, 32
hyperbolic, 11
parabolic, 11
Peclet number
element, 66
shear rate, 193
pivoting, 267
Poisson equation, 12, 116
positive definite matrices, finite el-
ement and, 53
potentiostatic experiment, 1
preconditioned conjugate gradient,
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preconditioner
domain decomposition, 233
incomplete Cholesky factorisa-
tion, 276
Jacobi, 275
multigrid, 233, 276
symmetric Gauss-Seidel, 275
programming
generic, 73

object oriented, 73
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structured, 73

random walk, 35

reaction-diffusion-convection equa-

tion, 8

refinement

h, 82
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r, 82

adaptive, 84

uniform, 84
residual, 46

reversible system, 16

SECM
approach curve, 201
effect of tapering, 218
self-adjoint
operator, 263
problem, 28, 263
self-dual problem, 107
shape functions, 49, 55
solution
analytical, 19, 253
numerical, 21
semi-analytical, 21

sparse direct solver, 266

sparse matrices, finite element and,
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steady state experiment, electrode

geometry and, 6
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steady state problem, 11

steepest descent, method of, 272

stiffness matrix, 52

element, 57

Streamline Upwind Petrov Galerkin,
67

successive over-relaxation, 270

superconvergence, 115, 117

superconvergent patch recovery (SPR),
117

symmetric matrices, finite element

and, 53

totally irreversible system, 17, 162
transient problem, 11, 240
triangulation

constrained Delaunay, 88

Delaunay, 87

variational formulation, 108
vector processing, 235
viscosity

effect of, 246

Voronoi diagram, 93

weak form, 46

weight function, 27, 46
Galerkin, 28, 44, 48
Petrov-Galerkin, 65

singular, 32



