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Abstract

Modelling survey data often requires the knowledge of design and weighting variables.
With public-use survey data, some of these variables may not be available for confiden-
tiality reasons. The approach proposed can be used in this situation, as long as calibrated
weights and variables specifying the strata and primary sampling units are available. It
gives consistent point estimation and a pivotal statistics for testing and confidence inter-
vals. The approach proposed does not rely on with-replacement sampling, single-stage,
negligible sampling fractions or non-informative sampling. Adjustments based on design
effects, eigenvalues, joint-inclusion probabilities or bootstrap, are not needed. The inclu-
sion probabilities and auxiliary variables do not have to be known. Multi-stage designs with
unequal selection of primary sampling units are considered. Non-response can be easily ac-
commodated if the calibrated weights include re-weighting adjustment for non-response.
We use an unconditional approach, where the variables and sample are random variables.

The design can be informative.

Key Words: calibration, estimating equation, informative sampling, multi-stage sampling,
unequal inclusion probability, weights

Running Headline: Empirical likelihood for public surveys

1. Introduction

Fitting models on complex public-use survey data for secondary data analysis is
common practice in many areas of socials sciences and economics. Survey data
are rarely composed of independent and identically distributed (i.i.d.) observa-
tions, because the data collection process, called sampling design, often involves
clustering, stratification and unequal inclusion probability selection (e.g. Skinner
et al., 1989; Chambers & Skinner, 2003). Estimation often relies on adjustments
for the sampling design. However, users of public-use survey data often have lim-
ited design information, given by calibrated weights and stratification/clustering
variables. With secondary data analysis, inclusion probabilities and the auxiliary
variables used for weighting are often not available for secondary data analysis

because of confidentiality.
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Suppose that the data are selected with multi-stage unequal probabilities de-
signs, with small or large sampling fractions. The unconditional approach pro-
posed has the advantage of taking into account of the sampling design and the
model defining the parameter. It does not need the auxiliary variables and inclu-
sion probabilities. The point estimator is consistent. The empirical log-likelihood
ratio function follows a y2-distribution asymptotically, under the null hypothesis,
without adjustment involving eigenvalues, design effects, variance estimates, finite
population corrections or bootstrap.

We assume that the public-use survey data contain some calibration weights de-
rived from auxiliary variables and inclusion probabilities (e.g. Deville & Sérndal,
1992). Theses weights may also include some non-response adjustments. There are
numerous situations the inclusion probabilities and auxiliary variables are unavail-
able to data users, because they contain sensitive information, which may identify
some units. For example, the European Union Statistics on Income and Living Con-
ditions (Eurostat, 2012) users’ databases do not contain auxiliary variables. An-
other example, is when the values of non-surveyed auxiliary variables are linked to
sampled units, for weighting purpose. These auxiliary variables cannot be released
by the producer of the data, when interviewees have not given their consent to make
them publicly available.

The weights allows consistent point estimation. However, design-based vari-
ance estimates implicitly rely on (first and joint) inclusion probabilities and aux-
iliary variables (Deville & Sérndal, 1992) or some bootstrap weights. Consistent
design-based variance estimation may not be possible if this information is not
available. The aim of this paper is to show that under the approach proposed, this
information is not required.

When the sampling design is non-informative (or ignorable), we can use a para-
metric approach based a conditional “sample-likelihood”, given the sample labels
(e.g. Chambers et al., 2012). We may also use a disaggregated model with ran-
dom effects to control for clustering and dichotomous variables for stratification.
However, the inclusion probabilities can be associated with some variables of in-
terest; that is, the design could be informative or non-ignorable. In this case, the
sample-likelihood needs to be adjusted for the sampling design, using Bayes’s the-
orem (e.g. Krieger & Pfeffermann, 1992; Pfeffermann et al., 1998; Pfeffermann &
Sverchkov, 1999). In other words, the information about the design is incorporated
within a likelihood-based framework, by specifying a model for the relationship
between the inclusion probabilities and some variables of interest. This implicitly
assumes that these probabilities are known, which is not the case for public-use data

files. The adjusted sample-likelihood account for informativeness, but relies on re-



Empirical likelihood for public surveys Page 3

strictive assumptions about the design, such as “asymptotic independence” which
is achieved under sampling with-replacement, Poisson sampling or negligible sam-
pling fractions. The distribution of a sample-likelihood ratio test statistics cannot
be easily derived, and variance estimation and tests are often based on bootstrap.

Informative sampling is challenging with a conditional “sample-likelihood”
framework. We shall see that with the unconditional approach proposed, informa-
tive sampling is naturally accounted for within the empirical likelihood function,
without requiring a model for the inclusion probabilities, distributional assumptions
or limitation on the design. Testing can be based on the empirical log-likelihood
ratio function. Furthermore, the sample likelihood requires assumptions about the
unknown distribution of error terms, and unknown heteroscedasticity, which is not
an issue with the approach proposed. Furthermore, the framework considered has
the advantage of not depending on the correlation structure of error terms, and can
therefore accommodate intra-PSU correlations.

The approach proposed share some common features with pseudo-likelihood
(e.g. Binder & Roberts, 2009), based on sample-based weighted estimating equa-
tions which estimate unbiasedly a population score function. This should not
be confused with the mainstream pseudo-likelihood approach (Besag, 1975), and
should be viewed as a weighted version of the “generalized method of moments™.
For testing, Wald or F statistics based on variance estimates can be used (see Ap-
pendix C in the supplement). Empirical likelihood tests are usually more powerful
than Wald-tests. Rao & Scott (1981) proposed to use a naive Wald test statistics
adjusted by eigenvalues computed from variance estimates, based inclusion proba-
bilities and auxiliary variables, which are assumed unknown in our setup.

Empirical likelihood for survey data comes in different flavours called: “pseu-
doempirical likelihood” (Chen & Sitter, 1999; Wu & Rao, 2006), “unequal proba-
bility empirical likelihood” (Berger & Torres, 2012, 2014, 2016) and “population
empirical likelihood” (Chen & Kim, 2014). An approach based on biased Poisson
sampling was consider by Kim (2009). They all based on a conditional design-
based (non-parametric) framework. Chen & Kim’s (2014) “sample empirical like-
lihood” is a particular case of Berger & Torres’s (2012; 2014; 2016) approach. A
Bayesian version based on unequal probability empirical likelihood, can be found
in Zhao et al. (2019). Wu & Rao (2006) proposed to adjust the pseudoempirical
log-likelihood ratio function with design effects, when the parameter is scalar. Zhao
& Wu (2018) and Berger (2018) proposed to adjust the unequal probability empiri-
cal log-likelihood ratio function with eigenvalues to account for the design, similar
in spirit to Rao & Scott (1981) and Wu & Rao (2006). Variance estimation based
on inclusion probabilities is needed for the adjustment proposed by Chen & Sitter
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(1999), Wu & Rao (2006), Zhao & Wu (2018) and Berger (2018). They are also
conditional (design-based) approaches. The empirical likelihood approach pro-
posed is unconditional and motivated by the unequal probability empirical likeli-
hood. The empirical log-likelihood ratio function does not need to be adjusted with
variance estimates, inclusion probabilities, weighting auxiliary variables, eigenval-
ues, design effect or bootstrap. It is solely based on calibration weights and variable
specifying the stratification and clustering. This approach proposed is asymptoti-
cally valid even when the within cluster sample sizes are small.

Chaudhuri & Handcock (2018) proposed a “conditional empirical likelihood”
technique; which can be viewed as an empirical likelihood version of Pfeffermann
et al.’s (1998) fully parametric sample-likelihood procedure. It relies on assump-
tions about the design such conditional independence and a model for the inclusion
probabilities, as in Pfeffermann ez al. (1998). This implicitly means that the inclu-
sion probabilities have to be known. The distribution of the conditional empirical
likelihood ratio statistics is not available. Wald test statistics is proposed. Our ap-
proach is different and wider in scope. It is unconditional and is not motivated by
assumptions about the design. Our main contribution is to provide the asymptotic
distribution of the empirical log-likelihood ratio statistics.

If a matrix of re-scaled bootstrap weights (Rao et al., 1992) is made available
with a public-use survey dataset, it can be used for point and variance estimation.
Zhao et al. (2020) exploit this idea to derive an empirical likelihood approach un-
der public-use survey data, which contain bootstrap weights. Zhao et al. (2020)
proposed to adjust the pseudoempirical or empirical likelihood ratio function with
eigenvalues computed from a bootstrap variance estimate as in Wu & Rao (2006),
Berger (2018) and Zhao & Wu (2018). They also suggest a “bootstrap calibration
method” which consists in computing the bootstrap quantiles of the distribution of
the empirical log-likelihood ratio statistics under with-replacement sampling. This
method can be extremely computer intensive, since computing a single values of
a empirical log-likelihood ratio function is also intensive, because it involves op-
timisation. For the bootstrap calibration method, the bootstrap weights need to be
produced in a very specific way and may be different from the re-scaled bootstrap
weights available. The information about the design and auxiliary information is
in-bedded within the matrix of bootstrap weights. This is a elegant and sensible
technique for inference. However, there are several issues. Organisations releas-
ing public-use data do not always provide this matrix of bootstrap weights, which
cannot be constructed by users, if the inclusion probabilities and auxiliary variable
are not available. Zhao et al. (2020) assumed that the bootstrap variance is design-

consistent. However, bootstrap is valid under sampling with-replacement or negli-
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gible sampling fractions (Rao et al., 1992), which is not always the case with social
data. For instance, non negligible sampling fractions are used with the “National
Health and Nutrition Examination Survey” (National Center for Health Statistics,
2016). In the real data example of §9, the sampling fraction is approximately 10%.
Zhao et al. (2020) target the finite population predictor of 6, under a conditional
design-based approach. In this paper, we consider a unconditional model-based
approach, with @, being the parameter of interest. When modelling survey data,
it is more natural to target the model parameter 6, and based the inference on the
model and the design when it is informative. Zhao et al. (2020) bootstrap approach
has the advantage of taking into account of the effect of the auxiliary variables,
when bootstrap weight are available and the bootstrap variance is consistent; that
is, when the sampling fraction are small or under replacement sampling. This affect
is not taken into account with the approach proposed in this paper. Nevertheless,
we allow for large sampling fraction and sampling without replacement, without
the need of design effects, eigenvalues, joint-inclusion probabilities or bootstrap
weights.

In §2, we define the class of models considered. In §3 and §4, we define the
class of sampling designs and the survey weights. The asymptotic framework and
some of the regularity conditions are outlined in §5. The empirical likelihood ap-
proach is introduced in §6. The main contribution can be found in §7, which shows
the consistency of the variance within the self-normalised profile empirical log-
likelihood ratio function. In §8, a simulation study supports our findings. The
approach proposed is illustrated using the “Programme for International Student
Assessment” (PISA) survey data in §9. It shows that we may fit very different mod-
els, if we use the empirical likelihood approach proposed rather than random effect
methods. Additional regularity conditions are provided in Appendix A. Computa-

tional algorithms and proofs can be find in the supplement.

2. Class of models specified by moment conditions

Let Y € R% denote a random vector, which usually contains response variables,
some covariates and some additional side variables. We consider a class of models

specified by “moment conditions”; that is, let 8, € R% be a parameter specified by
EM{g(Y,O)} = 0g4,, if and only if @ = 6, (1)

where g(Y,0) € R% is an estimating function, with d, > dy. Here, E,, is the
expectation with respect to a model, and 0, denotes a d-vector of (0. Equation

(1) specifies a wide class of models, which includes generalised linear models and
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non-linear (in the parameter) models. It has the advantage of not relying on the
distribution of error terms. Sample data will be used to estimate 6.

With endogenous covariates, the approach proposed can be used by incorporat-
ing a suitable instrument matrix with the definition of g(Y", 8) (e.g. Donald et al.,
2009), by implicitly assuming that the instrument identifies the parameter (Newey,
1993). However, Dominguez & Lobato (2004) pointed out that this may not be al-
ways the case. Berger & Patilea (2021) proposed an empirical likelihood approach
that deals with this identification problem, with survey data.

We may also have some optional “side information”. Suppose that we know a

vector dy which is the solution to another moment condition; that is,
EM{f(Y,d)} = 04, if and only if d = d,, (2)

where f(Y,d) € R%. Here, d, is treated as known, rather than as a parameter
to estimate. The vector dy called “side information”, usually takes the form of
descriptive statistics of some of the variables within Y (e.g. Chaudhuri et al., 2008).
For example, d, could be aggregate information, such as vector of means, totals,
ratios or quantiles from a census or large surveys, so that it can be assumed that
d, is vector of constants. Side information can also be used in microeconometric
(Imbens & Lancaster, 1994) when combining micro and macro data. Taking into
account of (2) may improve the estimation of 8, (e.g. Deville & Siarndal, 1992;
Imbens & Lancaster, 1994; Chaudhuri ef al., 2008).

The distributions of g(Y,6) and f(Y,dy) do not need to be specified. We

simply assume that their second-order moments exists; that is,

Ev{llg(Y,00)]*} < oo, 3)
Eu{lIE(Y . o)’} < oo 4)

Similar fourth-order moment conditions will be also needed, such as condition
(A.4) in Appendix A.

3. Clustered population, sampling design and weighting

Suppose that we have a population of M units clustered into /N primary sampling
units (PSUs) denoted Uy, ..., U;, ..., Uy. Let U := {1, ..., N} be the set of labels
of N PSUs. Suppose that a sample S of n PSUs is selected without-replacement
with unequal probabilities 7;. The randomly select sample S is a random variable.
We assume that S is a “stratified sample” of PSUs from H strata. The quantity
ny, denotes the number of PSUs sampled from strata h, where h = 1,..., H and



Empirical likelihood for public surveys Page 7

Zthl np, = n. Within each PSU Uf; sampled (« € S), a sample .S; of n; units is
selected. The overall number of units selected is m = ), n;.

We have a two-stage design when S; is a single stage design. If the S; contain
more than two-stages, we have a multi-stage design. We have a single-stage cluster
designs, when S; = U;. Furthermore, if the PSUs U/, are made up of a single unit, we
have a single-stage design. Without loss of generality, we shall consider two-stage
designs hereafter. Non-response can be an ultimate phase.

We impose no restriction on the sampling fractions n;/N;, which may be large
or small. We assume that the first stage sample size n is not random and fixed by
design.

We consider an unconditional framework, where both the sample and the pop-
ulation values {Y], ..., Y/} are random variables. The first-order inclusion prob-
abilities are also assumed random. Inference will not be based on the conditional
sampling distribution given the sample’s labels or {Y;, ..., Yy}, as with model-
based or design-based approaches.

Let

9;:(0) :=g(Y;,0) for j € U;-

Here, Y] is the observed value of Y, for unit j € {/;. We shall assume that the

random variables g;;(0) are independent between PSUs; that is,
9;i(00) 1L g (60)  Vj€EU;,  €Uyandi# k- (5)

This assumption allows for possible correlation within PSUs; that is, g;;(6) and
9y)i(00) can be dependent.

For example, suppose that the response variable follows a random effect model
;.FMOO + €y, for j € U;, with €;; = u; + ej; with u; and ey
both independent and identically distributed. Here, x;; represents some exogenous

given by YV, = x

covariates. Now the estimating function is g;,(60) = @;;(Y; — mj]ieo) = ;) (u;+
eji). We see that we have an intra-PSU correlation between the g;;(6) and g,;;(6o),
because of the random effect u;. Nonetheless, g;;(6o) and g,;,(00) are independent
for i # k, as in (5). With the approach proposed, it will not be necessary to specify

a random effect and its distribution.
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4. Survey weights

Let w;|; denote some survey weights of a unit j € .S;. We assume that there exists
some quantities o; such that

Wjli = ——— (6)
where 7;); is the probability to select a unit j € S; and 7; is the probability to select
PSU 4. The oj; can be g-weights (Sdrndal et al., 1992,§6.5) or some calibration
adjustment (Deville & Sdrndal, 1992) derived from auxiliary variables. Assumption
(6) means that the weights w;|; have been derived by adjusting the sampling weights
(m;mj:) " by some re-weighting techniques. The quantities o;; depend on the units
in the entire sample. We suppose that the w;; are known for j € S; and i € S.
However, o;;, m; and 7;); are not available to the secondary users (or data analysts).
This correspond to the usual situation when some weights w;; are provided as part
of public-use data files and the more sensitive information given by the inclusion
probabilities and calibration variables are not revealed.

Hereafter, we shall use Greek letters for unknown quantities and Latin letters for
known quantities. We treat 0;, 7; and 7;); as random variables. The probabilities
7; and 7;; may be associated with Y when the design is informative. The function
f(Y, d) used within (2) could be, but does not have to be based upon the auxiliary
variables used to compute the weights w;..

Consider two “weighted estimating functions” for PSU 1:

9:(0) = ij\igﬂz‘(e)a (7)
JES;
piO) = mg0) = g, (0) )
jEeSs; Jjli

The key feature is the fact that the weighted functions g,(6) are known and can be
computed for a given value of 8. On the other hand, the p, (@) cannot be computed

by a secondary users (or data analysts), because the 7; are not available to them.

5. Asymptotic framework

The asymptotic framework is outlined as follows. We considers a sequence of
nested populations of N PSUs, with 0 < Nj; < Njz415, and a sequence of samples
of nyy PSUs, with Vt, 0 < np < np4q) and ny < Ny, with £ — oo (e.g. Hajek,
1964; Isaki & Fuller, 1982). To simplify notation, the index ¢ will be dropped

in what follows. Thus, ¢ — oo implies: N — oo, n — oo, and m — oo.
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We assume that n/N, n,/n and N, /N and H are constants free of the limiting
process, where /V;, denotes the number of PSUs within stratum h. Hence, n;, — oo
and N, — oo. We also consider that n, —N;, — oco. This excludes heavily stratified
design where 7y, is bounded and H tends to infinity. The PSU sizes are considered
asymptotically bounded; that is, m/n < oo and M /N < co. The within-PSU sizes
are assumed finite. Thus, the approach proposed is asymptotically valid even when
the cluster sample sizes are small. Let 0,(-) and O,(-) be the order of convergence

in probability with respect to the model and the sampling design.

We assume

1 y _1

<> a00)| = 0,7, 9)
ies

1 . _1

> EP{g.60) 1 SH| = 0,7, (10)
i€s

where || - || denotes the Frobenius norm. Here, IE((f) is the expectation with respect

to the second-stage design. Analogous assumptions about the side information are
given by (A.1) and (A.2) in Appendix A. Conditions (9) and (10) state that the
law of large numbers holds for g,(60,) and E((f) {g,(60) | S}. These are standard
assumptions which are often made when analysing the asymptotic properties of
survey estimator (e.g. Fuller, 2009 §6).

Let &/, be the unknown vector of auxiliary variables used to produce wj;, with
j € S;. Deville & Sirndal’s (1992) Result 5 implies that N ! Y, _o ;' p;(6,) can
be approximated by a regression estimator; that is,

_Z pz (6o) = ZZwﬂng 0y) = ZZ Wzﬂjzgjll (80)

zES ZES JjES; ZGS JjES;

T 1 )
_B;JN<ZZ Tl ]\z ) +0p(n_5)a (11)

€S jES;

where £, := N~* Dicu Zjeui &jis

= l€ (2 (2 15 3 ]
o - (DL M)y S sy

€S JES; €S jES;

is a regression coefficient and g;; are some factors used to derive wj;;;. Let us

assume that
Beg = op(1), (13)

(ZZ & —Cu) = Opnh) (14)

T
i€S jes; it jla
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The key assumption is (13), which holds under normal circumstance when the
weights w;; have been calibrated to improve the estimation of some totals of vari-
ables uncorrelated with g, ;(6o). This is a situation usually met in practice, when
g;:(00) is a estimating function of a generalised linear model. Since B, is the

regression coefficient between §;; and g,,(6), and &; is unknown, a user cannot

i
compute the vector [36 ¢ and would not know if [3 ¢g 18 1J1|1deed negligible. Therefore,
it will not be possible for a user to know if Bsg is indeed negligible. If (13) does
not hold, we expect more conservative variance estimates and confidence intervals.

When making inference about 6, it is impossible to take into account of the

effect of the unknown variables & . ;, if no proxies or bootstrap weight are available.

jle

The only solution is to conjecture that £, are not correlated with g;;(68o); in other

jli
words, to assume (13). If proxies of some auxiliary variables are available, they
can always be used as side variables.

Now, (11), (13) and (14) imply

1 )
—Z Pz (6o) = Z pm(eo)+op(n z), (15)

zES zES

where .
P, (0) = Z ;Qﬂi(e)' (16)
jES; Jli

6. PSU-level empirical likelihood

The “maximum empirical likelihood estimator” is defined by
0= arggleaécﬁ(e), (17)

where O is the parameter space and ¢(0) is the PSU-level empirical log-likelihood

function given by

= l =
(0) = e (S loxt) X .9,0) = 0,

€S €S
anizizﬁ,Zpiﬁzodf}, (18)
icS =
where
zZ; = (Zﬂ? ey Zihy ey ZiH)T7
o= (ny,...,ng)",

JES;
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fj|i = f(Y;, do), with j € U;-

Here, z;;, = 1 if PSU ¢ belongs to strata h and z;; = 0 otherwise. Note that
the p; within (18) are defined at PSU-level. It does not mean that we use a PSU-
level model. The model (1) is specified at unit-level. The function ¢() is not a
parametric likelihood, but we shall see that it behaves like a likelihood.

The Lagrange function associated with the optimisation in (18) is

QX pii€S) =Y loglnp) — (t+ X) {n > peio) - C*}. o)

€S €S

where

&10) == {%z £ ,g,(e)T}T, C = (%WT,OLC%)T 1)

and t := (1}, ng + dg)T is a scaling factor for the Lagrange multiplier ¢ + X*. Here,
1y is a H-vector of 1. Using t"&/(0) = 1, we have that maximising (20) with

respect to p; and X' reduces to a dual optimisation problem given by

-y log{l + 7\*(0)%;(9)},

€S

where

N — —l 1 *Tuf _Z* T v
X(9) arg}\nel/;\%)[; og{ +A cZ(B)} A C},

K(O) = {X:14+XTE0) >0}

Note that X* € A¥(0) ensures that 0 < p; < 1, as in Qin & Lawless (1994). The
computation of X*(G) is discussed in the Appendix B of the supplement.

The function (18) reduces to Berger & Torres (2012, 2014, 2016) empirical like-
lihood function, when o;; = 1 Vi, j, where 0;); is given by (6). Furthermore, if we
have a single stratum and a single stage design, (18) becomes Chen & Kim’s (2014)
sample empirical likelihood function. Note that the implicitly consider o;; # 1

Vi, j, because 0j; = 1 means that the 7; are known.

6.1 Empirical likelihood test

Testing will be based on profiling, as in Qin & Lawless (1994). The main contribu-
tion of the paper is to show that the profile empirical log-likelihood ratio function
has a y2-distribution under the null (see (31)).

Let 1, € R%™ be a sub-parameter of y; that is, 8, = (] ,v)", where v
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is the remaining part of 8y. Suppose that we wish to test Hy : 1, = 1,7) against
an alternative. The test statistics we proposed, is the PSU-level “profile empirical
log-likelihood ratio function” defined by

() == 2{(8) — (v, T°)}, (22)

v° = arg maxyey (1, v), with £(tp,v) = ¢(0) defined by (18), with 8 :=
(", v")T. Here, v denotes a vector within the parameter space of 1, and Y
is the parameter space of vo. We shall show that 7()) follows an asymptotic
x2-distribution under H,. This result has only been shown in a more restrictive
design-based framework, involving negligible sampling fractions, weighting auxil-
iary variables and known 7; (Oguz-Alper & Berger, 2016a; Berger, 2018).

First, by using (8), we have that (18) reduces to

o) = pz%az}éS{Z log(nps) = P, =0,n szzz ﬁ Z pi - Odf}

1€S
where (EZ .= m,f; is an unknown quantity. Under regularity conditions given in
Appendix A, we have that
1 AN AN —1~ _1
Pl3hy) = 151(80) (1 - 2)(00) T(6y) + O,(n~2): (23)

where f‘(HO) 2(00) and Q are respectively defined by (24), (26) and (28). The
proof of (23) can be found in Oguz-Alper & Berger’s (2016b) (more details can
be found in Appendix D of the supplement). Here, f‘(@o) 1s a regression estimator
defined by

T(6) == Z Pz(90> B(6o)" Z%QZ = Z%a(%), (24)
cs

zeS ies "t

where the residuals €;(6,) and the regression coefficient E(OO) are given by

€(00) = p,(6,) — B(6o) ¢, (25)
—~ o~ N —~ ~ —1 ~ ~
B0y = {Y. 766 -85 | {d n6.5.00" -5}
€S €S
Here,
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Note that we obtain the residuals €;(6) because of the side information constraint
Y ics pif = 04, within (18). The vector E(OO) should not be confused with (12).
The crucial term of (23) is EA)(OO), defined by

2(0n) = 1 3 0 &0 — 7 26)
with ] ]
7= ﬁzs—lﬁ and €:= iezﬁiaw())zj : 27)
The matrix € is defined by
0 =500 V{V'S0) 'V} V'S0 (28)

where V := 3" .

functions, by assuming that f‘(@o) converges to a differentiable function, as in Zhao

i o€ (69)/0v. Ttis possible to generalise (23) to non-differentiable
& Wu (2018). However, this is beyond the scope of this paper, which aim to show

that the empirical likelihood-based inference captures the effect of the design and

the model, even with large sampling fractions.

Since f(@o) is a regression estimator, we have that (Robinson & Sédrndal, 1983)
1 =~ _1
NEMEd{F<00)} = o(n"?), (29)

where [E; is the expectation with respect to the sampling design. Furthermore, we

assume that the central limit theorem holds for f(@o); that is,
N7'T(6,) & N (0, %), (30)

where X is the “model-design variance” of the estimator N *1f‘(00), defined by
(34) in §7. We shall treat (29) and (30) as regularity conditions. Justification for
(30) can be found in Fuller (2009, §1.3) and Bertail et al. (2017).

The key result of this paper is to show that (26) is a consistent estimator of X

(see Theorem 2). In this case, (23), (30) imply that under Hy : ¥, = 1,

Ty d

P() = Xipays (31)
in distribution with respect to the model and design. Here, XZf:dw denotes a -
distribution with d;, degree of freedom. The degree of freedom is given by the
trace d, of the symmetric idempotent matrix (28). Note that equation (24) is a

%

weighted sum of residuals €;(6)), because of the constraint Zie ¢ pifi = 04, within
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(18). Thus, the f}- may reduce the variance of (24) and increase the power, because
(26) is a residual variance.

Property (31) means that ?(fp) is an ancillary test statistics, which behaves like
the usual likelihood ratio statistics. It can be used to test the relative fit of two
nested models, with 1), being the additional parameters of the full model, and
{L = 0. A goodness of fit test can also be based on (31). Confidence intervals can
be constructed when 1), is scalar (d, = 1); that is, the confidence interval with a

nominal level « is

Cl(ehy) := {tp : T(¢p) < xi(a)}, (32)

where y? () is the upper a-quantile of the x2-distribution with 1 degree of freedom.
Lemma 1 shows that the test on 8 based on (22) with @) = 0 is asymptotically
consistent against alternatives H, : 8y = 7] ; where - 0, + b, and 4 is such that

||6]| = 1; that is, its local power tends to 1, as n — oc.

Lemma 1 Under (9), (10), and under the conditions (A.1)—(A.5), (D.42)—(A.8)
and (A.11) from Appendix A, we have that there exists a sequence 7, — 00, such
that P{?(g) > Tmin} — 1, asn — oo, where 0 :— 0 + b, for some § € R%,
such that ||8]| = 1. Here, b, denotes an arbitrary sequence tending to zero, and

such that nb? — oo.
Lemma 1 implies Theorem 1 below, which establishes the /m-consistency of 6.
Theorem 1 Under the conditions of Lemmas 1, we have that m?||0—8,|| = O,(1).

The proof of Lemma 1 and Theorem 1 can be found in Appendix D of the supple-
ment. Note that the asymptotic normality of 6 can be also established from (30).
Variance estimation is not needed for testing, since tests and confidence inter-
vals can be based on (31). Nonetheless, an estimate for the variance matrix of 6 can
be easily computed. Since 6 is the solution of an estimating equation and f](@o) is
a consistent estimator of X (see §7), the usual “sandwich” variance estimator of Q)

based on Taylor’s theorem is

o 1 9T(6) ~i. -~ (1 0L(9) —1T
V0) = {55, .} SO {5, ) 33

(©) N 00 lo=6 ()N80 6=0 33)
This estimator resembles the variance estimator used with pseudo-likelihood (see
Appendix C in the supplement), but there is a crucial difference. Here, we use
2(5) instead of a two-stage variance used with pseudo-likelihood (for more details
see Appendix C in the supplement). The matrix f](é) can be viewed as a between

PSUs Hansen & Hurwitz’s (1943) stratified variance estimator which over-estimate
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the variance, when the sampling fraction is larger. Nevertheless, it turns out that

31(0) over-estimates the design variance by an amount which estimates the model

variance component (see the proofs of Theorem 2 in Appendix D).

7. Main result: proof of consistency of the variance (26)

This § contains the main contribution of this paper. For (31) to hold under (30),
2(00) needs to be a consistent estimator of the variance of N *1f(00). In this
§, we present the key assumptions needed for the asymptotic unbiasedness and
consistency of 2(00). Additional regularity conditions are given in Appendix A.
The proofs can be found in Appendix D of the supplement.

Using the Taylor theorem, we obtain the asymptotic unconditional “model-
design variance” (34) of N~'T'(6,) by replacing B(6,) by 8 := E,E.(B(6y))
within (24) (e.g. Fuller, 2009 §2.2.2).

1 ~ ~
3= N2 [EMVd{F(Oo)} +VMEd{F(00)}}7 (34)
where B 1 .
L(00) =), —pi(60) —B" > —o; (35)
ies " ies "

The expectation and variance under the model are denoted by [E,, and V,,. Here,
[E, and V; are the expectation and variance with respect to the design. The variance

V.{T'(8,)} is the following two-stage variance
Va{T(00)} = V7 [EP{T(00)}| + EL VP {T(60)} (36)

The operators Efil) and Eff) are the first and second stage expectations. The first
stage refers to the selection of PSUs. The second stage is the selection of units
within PSUs, which may contain more than one stage. The first and second stage
variances are Vill) and Vf). The operators ]Ef) and Vﬁf) are conditional expecta-
tions and variances given the first stage sample S. To simplify the notation, we
shall use E&Q)(') and Vg2)(~) instead of ]Eff)(~ | S) and ng)(' | S).

Since n — oco0, we need an asymptotic expressions for the PSU-level joint-
inclusion probabilities. We consider that the joint inclusion probabilities 7;; be-

tween PSUs ¢ and k are given by the Héjek’s (1964, p1511) asymptotic expression:

H
ik 1= T 7Tk{1 —(1+e)(1—m)(1— Wk)z,zm Zkh gp,:l}, withi # &k, (37)

h=1
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where 7;, = m; when i = k, and e, — 0 uniformly as ¢, = E@]L zin mi(1 —
m;) — oo. Note that 7, = m; 7, when ¢ and k belongs to different strata, because
zinzkn = 0, Vh. Equation (37) can be justified under under weak conditions given
by Hajek (1964). Regularity conditions can be found in Berger (1998, 2011). Note
that ¢, — oo implies n, — oo and N, — n;, — oo, because of Chebyshev’s sum
inequality. It has the advantage of allowing large sampling fraction n;/N;. There
are enough evidences which shows that (37) is suitable for common designs (e.g.
Berger, 1998, 2011; Haziza et al., 2008; Matei & Till¢, 2005). It turns out that the
variance (26) implicitly includes an Horvitz & Thompson’s (1952) variance based
on (37) (for more details, see proof of Lemma 2 in the supplement).

We do not need the exact joint-inclusion probabilities for given n; and N}, be-
cause this would involves a non-asymptotic setup where n do not tend to co. Since
n — 0o, we have to use asymptotic expressions for these probabilities. Exact joint-
inclusion probabilities would be useless to derive asymptotic properties. Only an
asymptotic expression is needed. Furthermore, exact joint-inclusion probabilities
relies on the 7; which are unknown.

In order to establish the asymptotic expectation of f)(Ho), we need an asymp-
totic expression for the PSU-level “anticipated variance” of T'(8,), under informa-
tive sampling. This expression is given by the following Lemma. Its proof can be

found in Appendix D.

Lemma 2 Under (3), (4), (9), (10) and (37), and under the conditions (A.1), (A.2),
(A.3) and (A.12)-(A.22) from Appendix A, we have that

HE VY [EPHT(00)}| = 5B (Z 1 —eie] ) +o(1),  (38)
icld ¢
where

e = pi(6y) — B, (39)
p:(00) = EP{p,.(00)}, (40)
¢ = ED(¢,.). (41)

~ 1
Gy = > —Hy; (42)

€S, T5)i

and p, ;(0y) is given by (16).

Note that under non-informative sampling, we have that (5),(A.27) and (A.28)
imply (e.g. Sdrndal ef al., 1992, p451)

]-_7Tz'

EVY [EP{TO0}] =Y
iU

Eu(ei€ ) 43)

3
3
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Thus, under non-informative sampling, we see that (43) implies (38), because (1 —
)7 'Eu(ei€]) = Ey{(1—m;)7; '€ € }. However, under informative sampling,
(43) does not hold and E {(1 — m;)7; 'e; €] } # (1 — m)m; "By (e €/ ). Hajek’s
(1964) asymptotic expression (37) has the advantage of allowing for informative
sampling and can be used to establish (38).

Lemma 2 is key to proof Theorem 2, which establishes the asymptotic unbi-

asedness and consistency of 2(00).

Theorem 2 Under the conditions of Lemmas 2 and the conditions (A.10), (A.11),
(A.25) and (A.26) from Appendix A, we have that

nEvEa{£(00)} = nE +o(1), (44)
n{2(8y) — =} = o(1)- (45)

The proofs of Theorem 2 can be found in Appendix D. Theorem 2 and Slutsky’s
Theorem imply (31).

8. Simulation study

We show that the approach proposed have similar performances compared to the
customary pseudo-likelihood approach based on the full information about the de-
sign, given by the stratification/clustering variables, inclusion probabilities and aux-
iliary variables used to derive the weights (6). The empirical likelihood based infer-
ence proposed has the advantage on not relying on these probabilities and auxiliary
variables. The pseudo-likelihood approach considered is described in Appendix C
of the supplement. We also consider a parametric model-based approach with ran-
dom intercept. The aim of the simulation studies is not to show that the proposed
approach is more accurate than pseudo-likelihood. We use pseudo-likelihood as the
benchmark. We want to show that the proposed approach, which does not involve
the inclusion probabilities and auxiliary variables, is as accurate and has similar
confidence intervals coverages as pseudo-likelihood.

We consider randomized stratified systematic samples of n = 400 PSUs selected
from populations of different sizes containing N = 800, 1333, 4000 and 8000 PSUs,
in order to obtain different sampling fractions: n/N = 0.05, 0.10, 0.30 and 0.50.
The PSUs are randomly allocated to three equal sized strata. Equal allocation is
used. The number NN; of units within PSU U/, are generated randomly using a posi-
tively skewed beta-distribution; that is, N; ~ | Beta(1,20) x 280 + 20|. This gives
20 < N; < 300. The psu-level inclusion probabilities 7; are proportional to /V;.
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Within a PSU U; selected, a simple random sample of size n; = min{5, | N;/5]}
units is selected.

We generate covariates with symmetric, positively and negatively skewed dis-
tributions as well as one dichotomous covariate; that is, z; ~ (X?lf:4—4)8_% a
standardised x?-distribution, xo; ~ N(0,1), z3; ~ Bern(0.1) a Bernoulli distri-
bution, z4; ~ {Beta(6,2) — 0.75}0.0208" 2 a standardised beta-distribution. The

response variable y; is given by the following multiple regression model:
y; =, 0+ ¢j, j=1,...,M, (46)

where e; ~ N (0,1), z; := (1, 21j, 225, 35, ©4;) " and Oy = (5o, b1, B2, B3, B1) " =
(1,1,1,1,1)". The vector @ is the parameter of interest; that is, 9(Y;,0) =

x;(y; — x] 0). Here, the variables y; and ] are included within ¥;
In order to control the intra-PSU correlations, a unit j with values (y;, wJT)T

will be allocated randomly to a PSU in the following manner. Consider the variable

b

y; = y;j + eoj, where eg; ~ N(0,sd =wv)and j = 1,..., M. Let yuy, ..., Y,

.., Yy be the order statistics. We allocate the unit j to the PSU Uf;, where i is
such that y¢,, ) < y; < Y, Here, a; := 22:1 Ni, and ag := 1. The quantity
v controls the intra-PSU correlation. We consider v = 3, 5.5, 8 and 14.03 leading
respectively to intra-PSU correlations of 0.3, 0.12, 0.05 and 0; that is, the resulting
design effects are approximately 10.7, 4.2, 2.6 and 1.

The survey weights w;; are based on six auxiliary variables. Three auxil-
iary variables correlated with y; are generated: &; = (y; — 7)o, ' + €1, &y =
(y; — 7)o, " + ey and &5 = (y; — Y)o, " + es;, where e;; ~ N(0,sd = 1.7),
es; ~ N(0,sd = 0.75) and e3; ~ 7x{Beta(3,1)—0.75}. Here, j := M ! Z]Ail Yj
and o) = (M —1)7! Zj]\il(yj — y)?. The correlation are corr(&;,y;) = 0.5,
corr(&25,y5) = 0.8 and corr(&s5,y;) = 0.6. Two dichotomous auxiliary variables
are generated independently according to Bernoulli distributions: &;; ~ Bern(0.2)—
0.2 and &5; ~ Bern(0.5) — 0.5. The last auxiliary variable is a constant variable
&6; = M~ — 1, where M denotes the population size. The expected values of all
the auxiliary variables is zero. The calibrated weights wj; are derived using the
“x* distance”, as in Deville & Sérndal (1992).

The known parameter dy is the proportions of sub-groups, created by sorting
the unit-level data according to the variable 75; = x9; + €, correlated with z,;,
where €; ~ N(0,1) and corr(xs;, T2;) = 0.7. The first 30% of units are allocated
to the first group, the next 20% are in the second group and the remaining units
belongs to the third group. The known parameter d; is given by the proportion
of units within the first two groups; that is, dy := (0.3,0.2)". Thus, (Y}, dy) =
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{6(j € group 1) — 0.3,0(j € group 2) — 0.2}, where 6(j € group g) = 1if
the unit j belongs to group g, and §(j € group g) = 0 otherwise. The proportion
of the third group is redundant and should not be included within d, and f(Y}, dy).
Here, the variables 0(j € group 1) and 6(j € group 2) are included within Y;

In Table 1, we have the relative efficiency defined by the MSE of the empirical
likelihood estimator divided by the MSE of the pseudo-likelihood estimator. We
noticed a smaller MSE for the empirical likelihood estimator of the intercept. This
difference is more pronounced with larger intra-PSU correlation. For the other es-
timators, there are negligible differences between the MSE of empirical likelihood
and pseudo-likelihood.

[TABLE 1]

The observed relative biases (RB) are given in Table 2. The empirical likelihood
and pseudo-likelihood approach gives similar biases. Not surprisingly, with large
intra-PSU correlation, the estimators based on a random effect model can be biased.
When the intra-PSU is zero, we observe no significant differences between the RB of
the estimators based on empirical likelihood, pseudo-likelihood, and on a random
effect model.

[TABLE 2]

In Table 3, we have the observed coverages of 95% confidence intervals. We
consider two empirical likelihood confidence intervals: Wilks-type interval (32)
(EL) and the Wald-type interval (ELW) based on the variance estimate (33). We
also consider the pseudo-likelihood interval (PL) derived from the variance estima-
tor which can be found in Appendix C of the supplement. We observed similar
coverages for EL and ELW. For the intercept, pseudo-likelihood gives significantly
low coverages which decrease with large intra-PSU correlation. The EL intervals
can have better coverages than Wald-type intervals (ELW or PL). For example, with
an intra-PSU correlation 0.05 and a sampling fraction 0.5, we observe low coverages
(89.0% and 89.4%) for the wald-type intervals of the coefficient of the negatively
skewed variable x4. For EL the observed coverage is 95.1%. For the coefficient of
the variable x,, the coverages of ELW tend to be slightly lower than those of EL (see
bottom row of Table 3 which contains the column means).

[TABLE 3]

In Table 4, we have the relative bias (RB) of the empirical likelihood variance
estimates (columns EL) given by (33) and the pseudo-likelihood variance estimates
(columns PL) defined in Appendix C of the supplement. For the intercept, the RB of
the PL variance estimates can be larger than the RB of EL. For the other parameters,
similar RB are observed for EL and PL. The EL variance estimator is less biased,

but its RB can be larger than 10%.



Empirical likelihood for public surveys Page 20

[TABLE 4]

Now, we investigate the effect of side informations (2) on the efficiency. Sup-
pose that we use a different side information given by the means of y; and of a
variable 73; = y; + €3; correlated with y;, where €3; ~ N(0,2). Thus, f(Y],dy) =
(y; — ty» T3; — ) ", where p,, is the expectation of the variable y;. In Table 5, we
have the observed relative efficiency of the intercept defined as the ratio of the MSE
of the EL estimator of 3, divided by the MSE without f(Y;, dy), within (18). We
notice a gain in efficiency with a small intra PSU correlation and a large sampling
fraction. We only report the relative efficiency of the intercept, because f(Y;, d,)
did not affect the efficiency of the estimators of 3y, B, 3 and Sy, as £(Y;, dp) is
not correlated with the residuals.

[TABLE 5]

Consider the logistic model
logit(y;) = @, 6o, j=1,..., M, 47)

where y; ~ Bern(P)), P; = expit(x] 0y), ; := (1, z1;, Taj, 35, T4;)" and
0o = (8o, B1, P2, B3, 81)" = (=2,1,1,1,1)". The covariates follows the same
distributions as in (46). The function g(Y}, 0) is the estimating function of a logistic
model; that is, g(Y},0) = x;{y; — expit(x, 6,)}.

The auxiliary variables considered are: §;; = (PJ — P)UI;I +e1j, §o5 = Pj+eay,
&35 = P+ es;, & ~ Bern(0.2) — 0.2 &, ~ Bern(0.5) — 0.5, and &; = M ! — 1;
where e;; ~ N(0,sd = 1.7), e9; ~ N(0,sd = 0.75) and e3; ~ 7 x {Beta(3,1) —
0.75}. Here, P := M~} Zj\il Pjand 0% = (M —1)7! Z;Vil(P] — P)2. For the
side information, we use f(Y],dy) = {d(j € group 1) — 0.3,(j € group 2) —
0.2}, where dy := (0.3,0.2) T is the proportions of sub-groups, created by sorting
the unit-level data according to the variable z9; = x9;+¢; correlated with x5;, where
€ ~ N(0,1).

In Table 6, we report the observed coverages of the regression coefficients of
the logistic model (47) for the approach proposed (EL) and the coverages of the
Wald-type interval based on pseudo-likelihood (PL) based on the full information
about the design and auxiliary variables. We observe similar coverages, although
EL gives slightly smaller coverages than PL.

[TABLE 6]

9. An example of real data application: UK PISA survey (2006)

We use the 2006 Programme for International Student Assessment (PISA) survey

data for the United Kingdom. We consider a linear regression model, where ‘math-
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ematics achievement score on average’ is the response and the covariates are

City: 1 for city located schools, 0 otherwise
FParent-tertiary: 1 if parents have tertiary education, O otherwise
Large-class: 1 for class size over 25, 0 otherwise

Male: 1 for males and O for female

The data contains 13 152 students clustered into 502 schools. The school-level
sampling fraction is non-negligible and approximately equal to 10%. There are
nine strata. The dataset contains weights adjusted for the design and unknown
auxiliary information. The inclusion probabilities and auxiliary information are not
provided. However, the minimal information is available for empirical likelihood:
PSUs (schools), stratification and weights.

Since we have missing observations for some covariates, it is sensible to adjust
the weights with additional variables which may explain non-response. The ad-
justed weights considered are the students’ level weights provided in the dataset di-
vided by fitted response probabilities computed from a logistic model with the fol-
lowing dichotomous covariates: Male, Scotland (1 for students in Scottish schools
and 0 otherwise) and Public (1 for students in public school and 0 otherwise). The
resulting weight are the w;; that are used within (7). The dataset considered con-
tains the units with no missing values for City, Parent-tertiary and Large-class. The
empirical likelihood approach is valid under unit-level non-response, because we
have a mutli-stage design, and the weights are adjusted for non-response at unit
level.

[TABLE 7]

We consider three approaches: the empirical likelihood (EL) approach of §6,
parametric model with a random effect (RE) for the intercept and ordinary least
squares (OLS). Pseudo-likelihood used in §8 cannot be used here, because we do
not know the inclusion probabilities. OLS is expected to be unreliable, because it
does not take into account of the design. The random effect takes into account
of the clustering, by allowing the intercept to vary across schools, but ignores the
weights. It also relies on parametric assumption (normality of the error term and
random effect) which may not hold. The estimates can also be biased, as shown in
Table 2.

The results are given in Table 7. The three approaches give very different point
estimates, standard deviations, p-values and confidence intervals. EL should have
the largest and more reliable standard deviations and confidence intervals, because
it takes into account of the design. Standard deviations should be under-estimated
with the other methods. The variable City is significant with OLS, because of its
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small standard deviation. However, it is not significant with EL and RE. The vari-
able Large-class is significant with EL and OLS, but not significant with RE. The
variable Male is significant in all cases, but the confidence interval of EL is shifted
upwards and only just overlap with the other intervals. EL tends to give wider con-
fidence intervals, because it accommodates the randomness dues to the design and
the model. Some EL confidence intervals do not overlap with OLS intervals and
barely overlap with RE intervals.

This brief example shows that we may fit very different models, if we use em-
pirical likelihood rather than random effect models. Empirical likelihood is more
reliable and reveals that Large-class is significant. With a random effect model,

this variables is not significant.

10. Discussion

The approach proposed has the advantage of only requiring calibration weights and
variables specifying the stratification and identifying the PSUs. We do not rely on
inclusion probabilities and auxiliary variables, which are usually unknown with
public-used survey data. The PSU-level profile empirical log-likelihood test statis-
tics follows a y2-distribution asymptotically under the null, even when the sampling
fraction is large. It does not need a Rao & Scott’s (1981) adjustment or correction
factors based on bootstrap, eigenvalues, design effects or finite population correc-
tions. Therefore, it can be used like a standard likelihood ratio for testing, model
building and confidence intervals. At the end of §7, we propose a variance estimator
which does not rely on re-sampling, linearisation, inclusion probabilities or negli-
gible sampling fractions. Note that the approach proposed relies on the condition
(13), which is reasonable when fitting models on survey data.

The empirical log-likelihood ratio function implicitly recovers some asymp-
totic joint-inclusion probabilities between the PSUs. Indeed, this function can be
approximated by a quadratic form with a consistent variance estimator which im-
plicitly contains Hijek’s (1964) asymptotic joint-inclusion probabilities (37) within
an Horvitz & Thompson’s (1952) variance. These probabilities do not need to be
known, computed or be part of any adjustments or correction factors.

With non-informative sampling, the sampling design can be ignored under con-
ditional model-based parametric approaches, but with informative sampling, ad-
justments involving inclusion probabilities are often needed. These probabilities
are not needed for the unconditional approach proposed, even under informative
sampling with large sampling fractions. Calibrated weights, stratification and clus-

tering is the only information required.
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The model is specified with moment conditions without the need of a distri-
bution for the error terms. This allow unknown heteroscedasticity, because as-
sumption about the residuals variance is not necessary. This is an advantage over
model-based parametric likelihood, with skewed data. Likelihood approaches may
not be necessarily robust when the assumptions about the distribution of error terms
do not hold.

The simulation study shows that the empirical likelihood approach based on
minimal information (calibrated weights, stratification and clustering) gives similar
(and sometime more efficient) point estimators, confidence intervals and variance
estimates, compared to pseudo-likelihood, based on full information about the de-
sign, given by joint inclusion probabilities, auxiliary variables, calibrated weights,
stratification and clustering. Pseudo-likelihood testing is based on Wald-type tests
which can be less powerful than tests based on an empirical log-likelihood ratio
function.

Optional side information can be used for empirical likelihood inference. This
information is given by some variables with descriptive statistics known without
error. It can be combined with empirical likelihood to improve the accuracy of
estimates. Side information should not be confused with the auxiliary information
used to derive the calibrated weights. Nonetheless, it is recommended to use side
information which may be correlated with some of the auxiliary variables.

Unit-level non-response can be taken into account, when the weights have been
adjusted for non-response, under the usual “missing at random” response mecha-
nism. In this case, non-response is in-bedded within the design as an ultimate stage.
The non-response variables used to adjust the calibration weights are not needed.
However, there are some limitations. If non-response occurs at PSU-level or we
have a single-stage design, the point estimator is still consistent, but the property
(31) would not hold, because we assumed that a fixed number of PSUs is selected.
In this case, we would need to know the variables used for non-response weighting,

because they would need to be part of the side information as in Berger (2018).

Supplementary material

The online supplementary material contains Appendix B, C and D. Algorithms
for the computation of the point estimator and the empirical log-likelihood ratio
function are given in Appendix B. The Pseudo-likelihood approach implemented

in Section 8 is described in Appendix C. Appendix D contains the proofs.
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Appendix A: Regularity conditions

We assume that the following regularity conditions hold.

1 1~ 1
NH;? || = Ontn ), (A1)

LIS Lr@ 2y 1
NH; —EP ()] = 0,07, (A2)
JeeR: PN 7' <q) =1, Viel, (A.3)
E{|[S/(0)[I'} < oo, V6 € B, (A4)

. . or (e
IT(00)]| = Op(1), whereI'(0) := %, (A.5)
where q/b\z = mf} and

$(0) = mélo), (A.6)

B, = {6:]0 -6y <b,}

The vector ¢;(0) is defined by (21).

Conditions (A.1)—(A.2) means that the law of large numbers holds for (51 and
Ed{qgi} (e.g. Isaki & Fuller, 1982) as in (9) and (10). Condition (A.3) is a standard
assumption which ensures that 7; is not disproportionately small compared to /N

(Isaki & Fuller, 1982). Condition (A.4) ensures that the fourth moments of <,(6)
exists. Condition (A.5) assumes that the gradient is bounded for 6 = 6.
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We assume that there exists constants g and 7 such that

P[Oiengfn vmin{&)?@)}} vg > O} —1, VO ehB,, (A7)
P[eiélgn Yin{T(00) 'T(00) } > ¢ > o} 1, (A.8)

where Ymin{ A} denotes the smallest eigenvalue of A when A is symmetric. Here,
~ n 1 oo ms o T
®(0) = 13> 55(0)37(0)", (A9)

where <;(6) is defined by (A.6).

Condition (A.7) states that the variance-covariance matrix (A.9) is invertible
within the neighbourhood B,,. Inequality (A.8) is a mild condition which states
that the Gramian matrix I.‘(HO)TI.‘(HO) is positive definite asymptotically.

We assume that

1@ (80) — ®|| = 0,(1), (A.10)
1B(0)[| = 0,(1), Ve B, (A.11)
JZ*eR: E(Z) <oco and [|®(8)| <2 (A.12)
where
) n 1_., ek T
® = BB Y 6003700 (A.13)
€S
~ _ YN raT '
gw,i(e) T {Eﬂ-’bzi 7¢7r7i7p7r,7l(9) } '

We also assume that ||®| < oo. Note that ® is positive definite. Conditions
(A.10)—(A.12) states that the variance-covariance matrix {1\3?90) converged to P, is
bounded within the neighbourhood B,, and dominated at 6.

We assumed that the side information is such that

~—1
[@ || = 0,(1), (A.14)
holds, where
= n 1 T
P = WZFQCZ" (A.15)
ies
S; = mC

o T
& = (ﬁzj,fj) : (A.16)
n
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It common practice to assume (A.14) (e.g Deville & Séarndal, 1992, proof of result
3, page 381). The condition (A.10) implies that ||<f>?00)‘1|] = O,(1). Condition
(A.14) states that the norm of the inverse of the sub-matrix d of </I\>*(00), is also
bounded.

We assume that for / = 1,...dg

_Zw _ Z ~3) %Zﬂl (n"2)- (A.17)
! €s

€S GS

Here, Q/S\i( and gb are respectively the ¢-th component of (/b and qb where q@ is
defined by (19) and gz_’)m is given by (42).

Condition (A.17) is equivalent to (15), but for the side information. The first

7TZ’

part of condition (A. 17) holds if the auxiliary variables are not correlated with some

of the components £10)

il of f;;. However, this may not be the case when f}; includes

~O
€S z ¢z
— d®), where 5 ) is one of the auxiliary variable and d*) is the

,1 ~()
€S ; ¢z

some of the aux1hary variables. Indeed calibration implies N1 >
0, if ) =

li J\I
expectation of 5 . Now, if fJII and f are correlated, we expect N1
to converge quickly to zero, say w1th an order o,(n"2 )

In order to ensure convergence in expectation, we assume that some random

variables are dominated; thatis, Vh=1,..., H,

1
2

3%, €R: E(%) <oo and ”—hHZ —pi(0)) <. s
Nh iESH
%
1%, €R: E(%) <oco and X[—hHZ —5.(00) <@ @19
h €S
~ - n 1 ~
ICeR: E(F)<oc and ;Epm(eo)H <, (A.20)
1
n2
16, €R: E(§)<oo and ‘Z ~ ¢l < 4. (A21)
1€SH
3G eR: E(&) <00 and B[S g [ <4 (A22)
Nh €Sy i
J6€R: E(£) <oo and — ;F il <8, (A.23)
1
JA# ER: E(H)<oo and %Hz{; e || < o7, (A24)

where €; is defined by (39). We also have the following regularity conditions for
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the regression coefficient ﬁ(@o).

JBcR: E(%B) <oco, |B|=0,01) and |B(8)| < %, (A.25)
18] < oo and ||B(6o) — Bl = 0,(1), where B :=E Eq(B(6))- (A.26)

Equivalently to (5), we assume

f'\i A fg|k VjeU;, { €U,andi # k; (A.27)

J

gj‘i(GO) AL £y VjeU;, t €U,andi # k- (A.28)



Empirical likelihood for public surveys Page 31

Table 1: Relative efficiency defined as the MSE of the empirical likelihood point estimator
divided by the MSE of the pseudo-likelihood estimator.

Intra PSU
Correlation n/N 5o 51 5o B3 Ba
( 0.05 098 101 1.01 1.00 1.01
0.00 0.10 099 101 1.00 1.01 1.01
' 0.30 099 1.00 1.01 1.02 1.01
\ 0.50 1.00 1.00 1.01 1.01 1.00
( 0.05 098 1.00 1.00 1.01 1.01
0.05 0.10 097 100 1.00 1.01 1.01
' 0.30 097 100 1.00 1.00 1.01
( 0.50 099 1.00 1.00 1.01 1.01
( 0.05 097 101 1.00 1.00 1.00
0.12 0.10 095 1.00 1.00 1.01 1.00
0.30 098 1.00 1.01 1.01 1.00
\ 0.50 099 100 1.00 1.00 1.00
(005 094 101 1.00 101 1.00
0.30 0.10 091 100 1.01 1.00 1.00
' 0.30 093 1.00 1.00 1.00 1.01
( 0.50 098 1.01 098 1.00 1.00




Page 32

Empirical likelihood for public surveys

58020°0/{4L°0 — (¢ ‘9)ewd} =: (¢ '9)%e30d Aq pauyap UONNQLISIP ©IOF PISIPIEPULIS AU ST (T °9)*e30d

8€¢— 10— 10— 8¢~ €0— €0— L& T0— 10— L€ 10— 10— ¥0 T10— 10— 0S0 )
Le— T0— T0— ¢G€— T0 00 9¢— 00 00 ¢e— 10 T0 90 ¢0 <¢0 0¢£0 050
9¢— 00 00 9¢— ¢0 T0 9¢— 10 T0 Le— 00 00 €0 00 00 010

Le— 00 00 9¢— 10 T0 Le— 00 00 8¢€— 10— 10— €0 T1T0— 10— SO0 /
L0— T0— T0— ¥0— TO TO ¢0— 00 00 90— 00 00 00 T0— T0— 0S50

90— 00 00 70— T0 T0 70— T0 T0 L0— T0— T0— ¢0 ¢0 ¢0 0¢0 210
¢0— 10 T0 L0— ¢0— 10— L0— 10— T0— 90— 10— T0— 00 T0— TO0— 0I0

90— 00 00 ¢0— 10 T0 90— 10— 10— 4§0— 00 00 o 00 00 <00 /
¢0— 9T 91 I'0— &T— 81— T0— 90 90 ¢0— 90— ¥v0— 00 <¢0— 00 0SS0 )
¢0— 00 00 00 ¢0 ¢0 ¢0— 00 00 ¢0— 00 00 00 00 00 00 <00
€0— 10— 10— ¥%0— €0— €0— T0— 00 00 ¢0— 00 00 o 10 T0 O0I0

10— 00 00 ¢0— 10— 10— 10— 00 00 ¢0— 10— 10— T0— T0— T0— SO0 /

00 00 00 00 T1T0 00 I'0— 00 00 00 00 00 ¢0 ¢0 <T¢0 050 )
10— 10— 10— 00 00 00 I'0— 00 00 00 T0 T0 10— T0— T0— 0¢0 00°0
00 00 00 0 00 00 I'0— 10— 10— T1T0— 00 00 I'0 10 TO 0I0

00 00 00 €0— €0— €0— 00 00 00 ro— 10— 1ro— 10 TO TO0 SO0 /
H4 1d T 44 "1d 44 1d T4 44 "1d g4 1d T1d  N/u 10D

/J\|\ ~ J (. ~- . ~~ 7/ /J\|\ Dmm
[zro)erg ~ e (T0)umeg ~ £ (TN ~ % 2g/(F-"X)~Ta 1deosayug e[

T

“[OpOW 109JJ9 WIOPUEI B UO Paseq JOJeUWINSd
oLjoweIed (Y J0JBWNSd POOYI[YI[-0Pnasd THd J0JewnIsa pooyr[ay1] [eoudwd Td “SJUSIOYFI0D UOISSAITI AY) JO (9) SOSBIQ QANR[NY PAAIdSqQ T dqRL



Page 33

Empirical likelihood for public surveys

G0'0 > dn[eA-d "9%S$6 WOIJ JURIIP APUBOYIUSIS SATRIOA0D) |

28060°0/{5L0 — (z*9)ered} =: (¢ ‘9)*erod Aq pauyap uonNqIISIp g Pasiprepuess Ay st (z ‘9)“erod

€V6 TY6 L'v6 S6 96 Lv6 L6 L6 8¥6 676 L¥6 876 968 TS6 €56 :supdw uwnjo)

L'S6 8€6 666 8Y6 0S6 0S6 8€6 €76 v46  ¥'S6 1'S6 1S6 1L'68 796 1996  0S0

8'€6 8'€6 8'€6 €6 166 TS6 L'¥6 L'¥6 8¥6  8%6 066 TS6 4188 6%6 166 0£0 | .

LY6 LY6 0S6 TY6 TY6 €¥6 8'€6 1966 L'S6  S¥6 ST6 S+6 VL8 616 TS6 010

Y6 176 TY6 €6 LE€6 6€6 TY6 TY6 TH6 1T€6 1£€6 17'€6 (I'L8 9V6 LY6 SO0

066 676 1'S6 L'€6 L'€6 (9€6 tP6 ST6 876  $S6 S$S6 S$S6 18T6 796 1996  0S0

676 696 06 L'v6 €46 96 €96 €46 €¥6  bP6 £¥6 SH6 06 86 8¥6  0€0 | .

L'€6 8€6 8€6 0S6 ST6 ST6 096 T96 €96 1S96 1796 1L96 1916 €56 ¥'S6 010

LY6 96 L'v6 SY6 076 v'H6 6€6 8€6 8€6 LT6 9V6 976 1868 8S6 096 SO0

W68 1068 1'S6 816 LY6 056 €S6 TS6 LT6 056 S¥6 976 1066 €96 SS6  0S0

§'66 €66 ¥'S6 €66 $'S6 ¥'S6 176 T¥6 TY6 966 €56 €56 4616 T96 T96  0£0 | .

676 9V6 L'Y6 0S6 ¥v6 9Y6 Tve TY6 €¥6  L¥6 6€6 TH6 1£06 TY6 St6 010

€96 656 096 1S6 86 86 I'v6 0V6 Ov6  L¥6 v'¥6 S¥6 076 L6 L6 SO0

9Y6 tY6 tve TY6 LE€6 0F6 1S6 8¥6 1'S6 TS6 TS6 €S6 €16 L'€6 T'v6  0S0

LY6 96 976 166 0'S6 0'S6 T%6 L'€6 L'€6  8€6 6'€6 1'M6 1726 096 196 0€0 |

Sh6 8°€6 I'v6 096 ¥'S6 956 €56 TS6 1'S6  1S6 8¥6 676 €16 L¥6 8¥6 010

TS6 LY6 0S6 L'S6 SS6 ¥'S6 €S6 056 €56  I'v6 (S€6 L'€6 €16 8¥6 0S6 SO0

d MTd T4 1d M1 1d T1d M1Td T4 1d MTd 1T 1d MTd 14 N/u 10D
- - RN - - - ~ - - nsd

(z9mpg ~rr (To)udg ~fr (TN~ z8/(F-"AX)~ 12 1doorayug enu]

T

Joyewinse pooyIayI-opnasd ay} Jo J0jeWIISO

doueLIRA 9U) UO Paseq sonsne)s adA)-prepy 93 Jo saSeI10A09 1d “I0Jewnsd pooyr[ayI] [eorduwa oy Jo (g¢) JOJeWs? OUBLIBA Y} UO Paseq sonsie)s adA1-prep
oY} JO $OFBIQA0D (MTH "UOIIOUNJ O13eI POOYI[AYI[-30] Teondwa 9y} uo paseq saSeIaA0d TH "SJUSIOYJE0D UOISSAITAI Ay} JO (%) S98BIA0D POAIsqQ :€ dqeL



Page 34

Empirical likelihood for public surveys

28020°0/{6L°0 — (¢ ‘9)e1d} =: (¢ '9)"e10q £q pauyap UONNQLISIP ©JOF PASIPIEPULIS o SI (T *9)“e30d

€0—  €1- PI— 8¢— 60— LI-— ¢'0 ¢0— §G— 9¢  SuBdW UWN[OD)
I'v— 61— 6€— 6F— 9T~ €0— I'C 7 9¢e— GL 0S50
8¢— €t~ L0 ¢0— 6% 8I— 6c— 01— L9e— 89  0£0 .
pe— 86— 0T— ¢¢— L0I— 9T1—  L0— 80— ro— 1o oro [ %0
I'6—  6¢  ¥S¢— FL— TI— 0¢— V6—  ¥OI—  9TIF— ¥E¢—  S00
6c—  Te- I'v— GG— L0 F0 7 7'e 61— ¥II 0SS0
0¢—  €¢— 0T L0— 8¢ 9L— T'0 €0— 0¥7c— SF  0€0 .
Le— 6% cc— %€=  9¢ TG 6'9 ¢'9 roe— v oo [
0T €0— 9.— 06— 8¢ TL— 6°0 CI— 9°6c— 0%— SO0
€6 'S e 70 9%C 0T I'9 ey 601— €FT 0S50
¢F e 9°0 €0— 89— 18— 7 9'¢ 9%c— LT 0£0 .
Le— 9% L0— S¢— VI 00 ¢l 0 g~ 60 oro [ 00
eer L6 8F—  €9— 1%~ 8C— €0—  ¢I-— 81c— 9T SO0
ge— 8¢~  LC— €v— 8T 00 I'T ¢0— cIe— Se€— 0S50
91—  TE— e'e 80 ¢9— 18— Le—  TG— L'8T— 00  0£0 .
Ge ! L'C L0 g0 01— 0°¢ 6'C coe— 11— oro [ 00
I'v—  G9-— 0T €0 00 61— I'L— 98— 15— Vo= S00
1d ge| 1d T4 d 1d ge| 1d A N/u w0
———— ——— —— ——— N———— nsd
(g9)terpg ~ T (T0)uteg ~ fr (TO)N ~ 0 z8/(F-}X) ~ T (un 1 =02 enuy

"SJUIOYFA0D UOISSAIZAI AY) JO SOJBWIIISO QOURLIBA JO (%) SBIq 9AIR[AY :p d[qBL



Empirical likelihood for public surveys Page 35

Table 5: Relative efficiency of the intercept defined as the ratio of the MSE of the EL
estimator of (3 divided by the MSE without f(Y}, dy), within (18).

n/N
Intra PSU - % ~
Correlation 0.05 0.1 0.3 0.5
0.00 0.77 0.74 0.75 0.75
0.05 0.70 0.73 0.72 0.79
0.12 0.67 0.64 0.74 0.74
0.30 0.53 0.56 0.62 0.67
0.50 0.51 0.52 0.53 0.60

Table 6: Observed coverages (%) of the regression coefficients of the logistic model (47).
EL: coverages based on the empirical log-likelihood ratio function. PL: coverages of the
Wald-type statistics based on the variance estimator of the pseudo-likelihood estimator.

1~ (X3_y-4)/8%, 23 ~ N(0,1), 23 ~ Bern(0.1), x4 ~ {Beta(6,2) — 0.75}/0.02083

Intercept
—_——

n/N EL PL

T ) x3 Ly
—_—— —_—— —_—— ——
EL PL EL PL EL PL EL PL

0.05 94.8 94.9
0.10 94.0 944
0.30 93.8 94.3
0.50 947 95.1

9327 93.67 945 947 948 948 943 94.4
933" 93.8 945 94.8 9357 942 950 95.0
94.0 943 96.0 963 93.61 942 947 95.1
947 95.1 952 953 951 955 947 95.1

T Coverages significantly different from 95%. P-value < 0.05
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Table 7: Pisa estimates (Est.), standard deviations (SD), p-values and bounds of 95% con-
fidence intervals (Conf. Int.) for three methods: Empirical likelihood (EL), parametric
approach with a Random Effect (RE) and Ordinary Least Squares (OLS).

95% Conf. Int.
——~

Covariates Est. SD P-values Lower Upper
EL 493.3 5.7 0.000 481.5  505.2
Constant{ RE 488.1 3.4 0.000 481.5 494.8
OLS 485.6 1.6 0.000 482.6  488.7
EL -—-7.0 8.8 0.477 —=25.7 9.8
City{ RE 8.6 4.9 0.075 —18.2 0.9
OLS —4238 1.7 0.006 —-82 —14
EL 290 3.7 0.000 21.8 36.5
Parent-tertiary{ RE 11.5 1.4 0.000 8.8 14.1
OLS 245 1.5 0.000 21.5 27.5
EL —-20.3 6.3 0.001 =328 7.9
Large—class{ RE —-1.3 4.4 0.763 —10.0 7.4
OLS —-3.3 1.6 0.034 -64 —0.3
EL 258 4.0 0.001 18.1 33.8
Male{ RE 17.0 1.4 0.000 14.3 19.8
OLS 15.7 1.5 0.000 12.7 18.8




