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A qualitatively new approach is taken in building Minimal Consistent Dark Matter
(MCDM) models, which facilitate the interpretation of complementary experimental
results for Dark Matter (DM). These models offer broader applicability than EFTs and
greater consistency with the symmetries of the SM than Simplified Models. Although
many of these models have been studied in the literature, we offer a complete system-
atic classification of possible MCDM models before discussing the phenomenology of
such models. We perform extensive numerical studies of the phenomenology of a sim-
ple but novel representative MCDM model at NLO, which gives rise to two-component
DM.

We present a model independent method to measure the mass of a DM particle (D) if
it appears alongside a charged partner (D±) at e+e− colliders. This takes advantage
of kinematic features of the energy distribution of charged leptons emitted from a W±

lepton emitted in cascade decays D± → W±D. We apply this to consistent models
of both Dirac fermion and scalar thermal DM, at benchmark points which produce
the observed DM density and evade direct detection experimental bounds. Realistic
simulations are performed to detector level, and an optimised analysis cut-flow is pro-
posed. Mass resolution for D,D± in this analysis was found to be better than 20% for
the benchmarks considered. Furthermore, we explore a method to distinguish the spin
of the DM particle using the angular distribution of W± reconstructed from di-jets.

Precision electroweak data, a light higgs and LHC searches for new spin one particles
are all very constraining on technicolor models. We use a holographic model of walking
techicolor (WTC) gauge dynamics, tuned to produce a light higgs and low S parameter,
to estimate the range of possible vector(ρ) and pseudo-vector(A) resonance masses and
couplings as a function of the number of colours and the number of flavours of techni-
singlet and techni-doublet quarks. The resulting models predict techni-hadron masses
and couplings above the current limits from dilepton resonance searches at the LHC
because their masses are enhanced by the strong coupling extending into the multi-
TeV range, while couplings to Standard Model fermions are partly suppressed. The
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models emphasize the contortions needed to continue to realize technicolor, the need
to explore new signatures beyond dilepton for LHC and also motivate a 100 TeV proton
collider.
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Chapter 1

Introduction

The Standard Model (SM) of particle physics has proved to be robust to precise
observations at energy scales probeable in laboratories. However when con-
fronted with the distribution and behaviour of matter in the cosmos, and espe-
cially in the early universe at energy scales unachievable at colliders, the SM
proves lacking. Increased efforts to systematically explore the electroweak scale
at colliders may still provide answers to some of these important questions.

Two of the biggest mysteries, which this thesis attempts to tackle, are connected
by the weak interaction. One of which, Dark Matter (DM), has been posited to ex-
plain the motion of galaxies and large scale structures in the universe, under the
sensible assumption that Newtonian gravity is an effective description at those
scales. The introduction of Weakly Interacting Massive Particles (WIMPs) are vi-
able candidates for DM. The other mystery addressed in this work, the hierarchy
problem, states that quantum corrections to the mass of fundamental scalars are
highly sensitive to the scale of new physics. Technicolor addresses this by remov-
ing fundamental scalars from the theory and providing an alternative mechanism
to break the electroweak symmetry.

The strategy to understand DM includes both the discovery and subsequent iden-
tification of the DM properties and its interactions in order to narrow the field of
candidate models. Although the former would be a huge achievement, to under-
stand the candidates character is a highly non-trivial task. In this thesis, strategies
to survey and characterise models of new physics are presented.

Other pivotal shortcomings of the SM not explored here include neutrino oscil-
lations and a mechanism to generate masses, flavour physics anomalies, mat-
ter/antimatter asymmetry, strong CP, muon g-2 and quantum gravity. In order
to answer these questions, we must go Beyond the Standard Model (BSM). In
this work, I will study BSM models which address DM, the hierarchy problem
and EWSB, in addition to the techniques, tools and problems employed in exper-
imental searches for such models.
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The task to decode new physics may be tackled in a “top-down” approach, whereby
fast simulations of complete models and comparison with experiments would al-
low construction of composite likelihoods over their respective parameter spaces.
This would allow a Bayesian interpretation of which models offer the greatest
possibility to describe new data as it becomes available. Although a full realisa-
tion of this approach is currently beyond the computing and man power avail-
able, steps towards this goal are being taken by the community. This includes
development and public release of codes to implement [10, 11, 12] and simulate
the phenomenology [13, 14, 15, 16, 17] for generic models of particle physics, and
the ability to store and catalogue these models [18]. Codes to make use of such
packages to enable rigorous statistical interpretation [19, 20, 21] rely on experi-
ments providing re-interpretable results [22], which may be published on [23, 24].
The alternative is the “bottom up” approach by which details about new physics
are gleaned from the data with minimal assumptions about the complete the-
ory. Although there have shown to be problems associated with interpreting new
physics [25, 26, 27, 28] in simplified model frameworks [29], the observation of
a signal could permit the characterisation of mass,spin, cross-section or branch-
ing ratios associated with new particles by analysis of distributions in kinematic
observables (see [30, 31, 32, 33, 34], Chapter 3).

1.1 The Standard Model of Particle Physics

The SM describes strong, electromagnetic and weak interactions using a renor-
malisable quantum field theory based on local (or gauge) symmetries. There are
eight strong charges of QCD (“colour” charges) and four electroweak charges.
The gauge structure may be expressed as SU(3)C ⊗ SU(2)L ⊗ SU(1)Y, where
C,L,Y are the respective gauge charges of colour, isospin and hypercharge.

The fermionic matter fields interactions are mediated by the exchange of gauge
bosons (or the Higgs boson). These interactions depend on the gauge numbers
of the matter fields. These are expressed in table 1.1, where matter fields are de-
scribed by Weyl fermions (or scalar for Higgs), with left(right) chirality expressed
by subscript L(R). In this table Q describes the doublet containing up (u) and
down (d) type quarks, and L is the doublet containing charged lepton e and neu-
trinos. The index i runs over three flavours. When the electroweak symmetry is
intact, the gauge bosons are vector bosons appearing in the adjoint representation
of their respective gauge group.
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Field Representation/Charge Spin
SU(3)C SU(2)L U(1)Y

QL,i 3 2 1/6 1/2
uR,i 3 1 2/3 1/2
dR,i 3 1 -1/3 1/2
LL,i 1 2 -1/2 1/2
eR,i 1 1 -1 1/2
Φ 1 2 1/2 0

TABLE 1.1: Table of matter fields and their charges in the SM.

1.1.1 EWSB

The 2013 discovery of the Higgs boson [35, 36], cemented the understanding of
the key mechanism in the SM by which the breaking of electroweak symme-
try gives mass to fundamental particles such as charged leptons, quarks, gauge
bosons and the Higgs itsef. Here, a brief overview of this mechanism is given.

The Higgs field is a weak isospin doublet constituting four components. The elec-
troweak symmetry is spontaneously broken, when the Higgs acquires a vacuum
expectation value (VEV). This is shown below, where the right hand side is given
in unitary gauge, where the missing degrees of freedom are “eaten” by the W and
Z bosons, in order to give these massive gauge bosons the required longitudinal
components.

Φ =
1√
2

(
φ1 + iφ2

φ3 + iφ4

)
→ 1√

2

(
0

v + h

)
(1.1)

SU(2)L ⊗U(1)Y → U(1)EM (1.2)

Fermion masses are then generated through Yukawa terms, which are gauge in-
variant before EWSB occurs, for example quark masses

L ⊃ −YdQ̄LΦdR −YuQ̄LΦ̃uR + h.c. (1.3)

This leads to mass terms −mud̄LdR + h.c when Yd = md
√

2
v , and similarly for the

down quarks 1.

Masses for the W and Z bosons are generated through the Higgs kinetic term, as
shown in equation 1.4.

1Here, Φ̃ ≡ iτ2Φ∗, with τ2 being the second Pauli matrix
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(DµΦ)†(DµΦ) =
v2

8
[
g2

2(W2
1 + W2

2 ) + (g1YBµ − g2W3)2]
=

v2

8

[
2g2

2W+W− + (g2
1 + g2

2)Z2
µ + 0A2

µ

]
(1.4)

Where, the second line is expressed in terms of the mass basis gauge bosons as
defined by equation 1.5.

W± =
(W1 ∓W2)√

2

Aµ =
(g1W3 + g2Bµ)√

g2
1 + g2

2

Zµ =
(g1W3 − g2Bµ)√

g2
1 + g2

2

(1.5)

1.1.2 The hierarchy problem and naturalness

If the SM, a theory defined at the electroweak scale (O(100GeV)) is assumed to
be a valid effective field theory up to the Planck scale (O(1018GeV), then why are
these two scales so different? The introduction of new physics at intermediate
scales may be required to solve some of the puzzles and anomalies in particle
physics.

h h

f

f

FIGURE 1.1: NLO fermion correction to Higgs mass

However, the introduction of an intermediate scale of new physics incites natu-
ralness issues [37] generated by the presence of a fundamental scalar particle in a
theory, such as the Higgs boson. The one-loop fermionic corrections to the Higgs
propagator (see figure 1.1) are sketched in equation 1.6, assuming zero external
momentum.
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iΠhh(0) ∼ −g2
f

∫ Λ
d4kTr

[
1

(k−m f )2

]
∼ −g2

f Λ2 (1.6)

This quadratic dependence on the scale of new physics Λ, presents the fine-tuning
problem.

Two of the most interesting and studied solutions to this problem are Supersym-
metry and Technicolor. In Supersymmetry, a superpartner is introduced for every
particle (scalar superpartner of fermion and vice versa). These superpartners gen-
erate an equal and opposite contribution to the Higgs mass correction, leaving a
freedom in introducing new particles at higher scales. The non-observation of
these superpartners at low scales in experiments leads to the renormalised Higgs
mass in SUSY not being completely natural as exact cancellations are not possible
- this is the so-called “little hierarchy” problem. In technicolor, the Higgs bo-
son is no longer a fundamental scalar which causes spontaneous EWSB. Instead,
the Higgs is a bound state of new technifermion particles coupled by an addi-
tional strong gauge group, in anology with the pion of QCD. EWSB is generated
dynamically by the formation of a technifermion condensate (see section 1.4 for
details).

1.2 The Standard Model of Cosmology

Prior to describing the behaviour of DM in the universe, a review of the history
of the matter content in the universe is essential.

The ΛCDM model, often called the SM of cosmology, is a parameterisation of the
big bang model in which the universe comprises of three components; a cosmo-
logical constant (Λ), cold dark matter (CDM) and ordinary matter.

The Hubble constant, H = ṙ/r, describes the expansion of the universe; objects
move apart with velocity proportional to their spatial separation. The cosmo-
logical constant, Λ which describes the dark energy density (the majority of the
energy content in the universe) may be defined through the Einstein-Hilbert ac-
tion. It is convenient to define dimensionless quantity ΩΛ = Λ/(3H2

0), which
describes the fraction of energy in the universe due to the cosmological constant.

The matter densities of the universe evolve with time, this may be separated non-
relativistic matter density ρm and relativistic matter (or radiation) density ρr. The
critical density, ρc, is the threshold energy density which bisects the cases of an
expanding or collapsing universe. It is again useful to define dimensionless quan-
tities Ωm = ρm/ρc and Ωr = ρr/ρc. An additional delineation is also possible, by
separating baryonic and non-baryonic (or DM) matter; Ω=Ωm −Ωb.
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To describe the history of the universe, and ultimately DM in the ΛCDM paradigm,
the line element in curved spacetime may be described using the Friedmann–Lemaı̂tre
-Robertson–Walker (FLRW) metric, given by equation 1.7. The FLRW metric is an
exact solution of general relativity which describes a homogeneous, isotropic and
expanding universe.

ds2 = dt2 − a(t)2
[

dr2

1− kr2 + r2dθ2 + r2 sin2 θdφ2
]

(1.7)

Here the time-dependent scale factor a(t) describes expanding distance between
objects, r(t) → a(t)r(t), and k is the curvature. Hubble’s law may be written as
H(t) = ȧ(t)/a(t), assuming no relative motion other than the expansion of the
universe.

Rµν(t)− 1
2

gµν(t)R(t) + Λ(t)gµν(t) =
Tµν(t)
M2

Pl
(1.8)

Using the FLRW metric and Einstein’s equation (1.8), we may deduce the Fried-
man equation and ultimately the thermodynamic equations of state for the types
of matter and energy, which gives the relationship between pressure, p, and den-
sity, ρ.

pj(t) = wjρj(t) (1.9)

Where wm = 0, wr = 1/3, wΛ = −1. The energy and matter densities depen-
dence on a may also be extracted by expanding a(t) around current value a0;
ρj ∝ a−3(1+wj) [38].

ρj(a) ∼


a−4 relativistic radiation

a−3 non-relativistic matter

const vacuum energy

(1.10)

This evolution of densities describes the epochs which the universe observes as
it expands and temperature, T, decreases. A truncated overview of the history of
the universe, following [39, 40, 38], is given in order to set the scene for DM and
its associated observables. Initially (T & 1019GeV), the four fundamental forces
may be unified, however a theory of quantum gravity is required to understand
this period. At T ∼ 1015GeV, the Grand Unified Theory (GUT) phase transition
occurs when the electroweak and strong forces delineate causing quarks and lep-
tons to distinguish themselves. Around this time, baryogenesis and the origin
of matter anti-matter asymmetry occurs. A period of inflation begins, driven by
the negative pressure associated with a vacuum energy dominated epoch. Infla-
tion offers a solution to the Flatness and Horizon problems of cosmology [39]. At
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T ∼ 1− 100sGeV, WIMPs could freeze-out (or FIMPs freeze-in) - see section 1.3.3
for details. Around T ∼ 100GeV the electroweak phase transition occurs, before
hadrons begin to form in the quark-hadron phase transition. At T ∼ 0.1MeV,
Big Bang Nucleosynthesis (BBN) occurs offering concrete mechanisms and mea-
surements, which are well understood. Following from equation 1.10, the epoch
of radiation domination ends at matter-radiation equality (around T ∼ 3eV). At
T ∼ eV, electrons and protons recombine to form Hydrogen, CMB photons decou-
ple. The CMB therefore offers a snapshot of this “time of last scattering”, when
the departure of free electrons causes the universe to be transparent to radiation.

1.3 Dark Matter

It has been observed since the 1930s, from the rotation curves of galaxies, that
there is insufficient luminous mass in the universe to account for many comple-
mentary observations. Multiple surveys of MACHOs [41, 42] (Massive Compact
Halo Objects) via gravitational lensing conclude these objects are incapable of ex-
plaining this missing mass. Cyburt [43] showed that this Dark Matter cannot be
baryonic, by measuring the Deuterium-Hydrogen ratio as produced almost ex-
clusively in Big Bang Nucelosynthesis. COBE [44], WMAP [45] and then Planck
[46] surveyed the CMB to accurately measure the baryonic and DM abundance
from the anisotropies, with DM composing 83% of the matter in the universe.
Simulations of large scale structure disfavour hot dark matter, corresponding to
masses for thermal candidates less than a few keV. Particle DM provides funda-
mental candidates for cold non-baryonic dark matter, with many possible models
studied extensively in the literature. Some of the most studied include Supersym-
metry, extended higgs sectors and Kaluza-Klein states.
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1.3.1 Observations

FIGURE 1.2: A schematic to describe the ability to probe the interactions between DM
and SM particles in different experiments [1]

The lack of a DM candidate is one of the biggest current problems with the Stan-
dard Model (SM) of particle physics. If the solution takes the form of a Weakly In-
teracting Massive Particle (WIMP), that is light, stable and weakly interacts with
standard model (SM) particles then it may be possible to observe at colliders.
WIMPs are an attractive solution due to the often-cited WIMP miracle (see sec-
tion 1.3.3 for further discussion), whereby weak scale interactions reproduce the
correct relic abundance for thermal DM masses of order 10-1000GeV; scales which
can be probed by current colliders.

The exploration of DM candidates via their fingerprint on the distribution of
mass in the universe may be accompanied by experiments which probe the non-
gravitational interactions of particle DM. As illustrated by figure 1.2, potential
production in a collider (left to right) is complemented by experiments which aim
to directly detect DM when they scatter off target nuclei (top to bottom), or indi-
rectly by their impact on other particles arriving from the cosmos as a proxy (right
to left). Calculation and measurement of DM relic abundance further can reveal
the nature of DM interactions with the SM. If DM annihilates to photons, then the
CMB could also show traces of DM through distortions in the anisotropies.

1.3.2 Astrophysical distributions

To measure the distribution of DM in a galaxy, we must rely on the gravitational
impact on visible objects. Stars serve as a collisionless tracer for the distribution
of DM.
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FIGURE 1.3: 21Sc galaxy rotation curves [2]

Using Newtonian gravity, the rotational velocity of stars was anticipated to be
proportional to

√
M/R, where M is the enclosed mass at a distance R from the

centre of the galaxy (when R is outside the galactic disk). Assuming all mass is
concentrated in the disc, M is constant. However, the velocity curve was observed
to flatten at such distances, implying M(R) ∝ R suggesting an additional ’dark’
component of matter. In figure 1.3, we see the 21Sc rotation curves originally
presented by Rubin et al. [2].

1.3.3 Relic Density and DM production mechanisms

The standard calculation of WIMP relic density assumes that the entropy of mat-
ter and radiation was conserved, that they were produced thermally and de-
coupled in the radiation dominated epoch, before BBN. In more recent times,
alternative production mechanisms have been studied. These mechanisms for
non-thermal relics include freeze-in [3] of feebly interacting massive particles
or FIMPs, and the misalignment mechanism for Axions or Axion like particles
(ALPs) [47]. This section will discuss the strong motivations for thermal DM prior
to a review of the freeze-out and freeze-in mechanisms.

After reheating, a thermal DM particle maintains thermal equilibrium with the
bath of SM particles through annihilation processes χχ → f f . When thermal de-
coupling occurs, the DM will freeze out with a density. Decoupling occurs when
the interaction rate drops below the Hubble expansion, i.e Γ(Tdec) = H(Tdec).

Γ(Tdec) = σχχvnχ (1.11)

By using the Friedmann equation for radiation domination:

H(Tdec) =
π

3
√

10MPl

√
ge f f (Tdec)T2

dec (1.12)
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Assuming g = 2 (Majorana fermion or complex scalar DM candidate) and an
weakly interactiong DM (WIMP).

σχχ =
πα2m2

χ

s4
Wm4

W
(1.13)

then decoupling occurs at xdec ≡ mχ/Tdec ≈ 28. Once decoupled, the number
density falls like a−3 with constant entropy. Taking this into account we arrive
at the so-called WIMP miracle (equation 1.14), by which a weakly interacting
particle with mass around the electroweak scale gives rise to the measured value
of DM density (Planck experiment measures Ωχh2 = 0.11 [46]).

Ωχh2 ≈ 0.11
(

100GeV
mχ

)2

(1.14)

This simplistic sketch is the result of solving the equations of thermal evolution
of DM number density, n. The first term is related to the Hubble expansion (H
scales like square root of the current matter density). The last term expresses
two related processes - DM annihilation into SM particles and the reverse. When
n = neq, these processes are in thermal equilibrium.

dn
dt

= −3Hn− < σv >T (n2 − n2
eq) (1.15)

Using the law of entropy (s) conservation, ds/dt = −3Hs, this equation is usually
written with T, the photon temperature, as the independent variable. This is given
by equation 1.16, where x ≡ m/T and Y ≡ n/s. In the second line, g∗ represents
the degrees of freedom [48]. This equation may be solved numerically using the
initial condition that Y ≈ Yeq at x ≈ 1 to give the present WIMP abundance.

dY
dx

=
1

3H
ds
dx

< σv >T (Y2 −Y2
eq)

= −
(

45
πM2

Pl

)−1/2
g1
∗/2m
x2 < σv >T (Y2 −Y2

eq) (1.16)
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FIGURE 1.4: Typical evolution of DM density for freeze-out (solid) and freeze-in
(dashed) with x. [3]

A key focus of the work presented in this thesis involves the calculation of the
relic density for dark sectors, which may include unstable sibling particles that
may co-annihilate with the DM candidate or additional DM candidates which
would contribute to the total DM relic, which could itself reside in its own dark
sector. Co-annihilation refers to the process by which dark-sector particles may
scatter off DM to produce SM particles, depleting both the number density of DM
and associated particles.

Freeze-in is the opposite process to freeze-out, in the sense that as the tempera-
ture drops below the DM mass then DM is heading towards thermal equilibrium
(freeze-in) or away from it (freeze-out). This is expressed in figure 1.4, where
the direction of the two arrows represents the influence of the increase of cross-
sections between DM and SM. This demonstrates that as interactions between
DM and SM increase, then the relic abundance generated my freeze-in increases
and by freeze-out decreases.

When calculating FIMP relics, the assumption is made that at very high tempera-
tures their is negligible initial DM abundance [3]. For a simple FIMP model such
as the Higgs portal, the required Yukawa coupling to generate the measured relic
abundance would be too small to allow for observation in the laboratory.

1.3.4 Direct Detection

Direct detection (DD) is a key laboratory probe for particle DM which has already
generated powerful limits on many DM models. DD experiments search for
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events where DM particles could scatter of a target material, as the solar system
moves through the Milky Way encountering DM particles with velocities∼ 10−3.
The current best limits for WIMP masses > 10GeV come from the Xenon1T ex-
periment [49], with the LZ experiment [50] set to begin taking data this year - the
sensitivity of these experiments are expressed in figure 1.5.

Typically, DD calculations assume the Standard Halo Model; that DM is dis-
tributed in an isotropic, isothermal sphere (DM density ρ ∝ R−2) implies a trun-
cated Maxwellian velocity distribution (equation 1.17). The 1/R2 dependence of
the DM density reproduces the observed flat galactic rotation curves. Here, vc is
the average circular velocity at distance R around the galactic centre and vesc is
the velocity required for DM to escape the gravitational well of the galaxy. The
local expected circular velocity is vc(R0 ≈ 8kpc) ≈ 220km/s, with whilst the nor-
malisation N = er f (z) − 2π−1/2ze−z2 (z = vesc/vc) results from the Boltzmann
equation for collisionless particles.

f (~v < ~vesc) =
1
N

exp
(
− |~v|

2

v2
c(R)

)
f (~v ≥ ~vesc) = 0 (1.17)

DM direct detection relies on the detection of a recoiling target particle, at low en-
ergy scales (sub-MeV). Whilst early universe observables are calculated at scales
similar to the DM mass, DD requires mapping our models to non-relativistic in-
teractions measured by experiments.

DM-nucleon amplitudes may be calculated from the DM-quark amplitudes of a
given model by the introduction of form factors which describe the quark content
of a nucleon. Typically, DM-quark amplitudes are computed in the v→ 0 limit.
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FIGURE 1.5: Limits from DD experiments [4]

1.3.5 Collider

If DM interacts sufficiently strongly with SM particles, and has masses below the
energy achievable at a particle collider, then they may be produced and pass in-
visibly through the detectors, leaving hints only via co-produced visible particles.
If a stable neutral particle were detected at a collider (by missing energy in the re-
constructed event), there would still remain the difficult task to diagnose that par-
ticle as being DM. The interpretation of results has resulted in a fissure between
the two types of models employed. The first are the highly specific “complete”
models, allowing targeted searches and strong constraining power for that partic-
ular model. These models (e.g MSSM) allow robust statements to be made about
the likelihood of the various DM observations under the assumption of a given
model. The other school of interpretation involves the use of EFTs or Simplified
Models, which offer broad classes of signatures and benchmarks for experimen-
talists to survey. However, the validity of EFTs at such energy scales, and the
interpretation of observables at a wide range of energy scales diminishes their
utility. Simplified models aim to remedy this, however gauge invariance issues
and the presence of additional dark sector partners or mediators can limit their
usefulness, especially when connecting the multitude of DM observables from
the various experiments.

Searches for DM at the Large Hadron Collider (LHC) typically take the form of
direct searches via missing energy signatures or indirect searches for mediators
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between DM and SM. The former relies on the production of one or more ener-
getic jets (or H,W,Z bosons) produced in association with large missing transverse
momentum (Emiss

T ), which is carried by the DM. The latter probes potential me-
diators by dijet or dilepton production. For Higgs portal models, the invisible
branching ratio of the Higgs is a key measurement.

Currently, no search for DM has shown a significant deviation from the expected
SM backgrounds. This may be interpreted as exclusion limits on models [51].

1.3.6 Indirect Detection

Indirect searches for WIMPs rely on possible self-interactions of DM which can
give rise to observable particles in Earth-bound or satellite detectors through DM
annihilations into SM particles. Such interactions would only occur in clumps of
gravitational matter, such as in the sun or the centre of a galaxy. In these clumpy
areas of the universe, efficient annihilation could generate observable photons or
pairs of particles or such as electrons and protons or their antiparticles. Whilst
many astrophysical backgrounds exist for particles, anti-particles are produced
much less copiously. This enables the search for DM annihilations through a
“shoulder” in the energy dependence of the antiproton-proton ratio around the
DM mass [38]. This relies on the fact that DM moves slowly compared to galactic
objects. The approximate energy ranges probed by a selection of indirect detec-
tion experiments are shown in figure 1.6 [5].



1.4. Technicolor 15

FIGURE 1.6: The energy ranges of SM messenger particles probed by an inexhaustive
list of indirect detection experiments [5]

1.4 Technicolor

Technicolor [52, 53, 54] is a model which describes EWSB dynamically. The in-
toduction of a new strongly interacting gauge group GTC alongside new parti-
cles called technifermions charged under GTC and the EW gauge group, allow
construction of EWSB mechanism by formation of a bilinear technifermion con-
densate, analogous to the chiral condensate of QCD. Through this technifermion
condensate, masses for the W and Z bosons are generated. In order to generate
SM fermion masses however, the model must be extended to models known as
Extended Technicolor (ETC) models [55].

The Yukawa terms responsible for fermion mass generation in the SM may be
generated if the Higgs is considered a technifermion bound state. However these
these non-renormalisable terms appear only in extensions to technicolor where a
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second strongly coupled gauge theory GETC is introduced at higher scales, which
the SM fermions and technifermions are charged under.

LYukawa → −yQ̄Qud̄ (1.18)

This ETC gauge group would introduce four-technifermion interactions which
give masses to the pseudo-Goldstone bosons of the Technicolor sector (those which
do not become longitudinal polarizations for the massive SM gauge bosons). Ad-
ditionally, four-SM fermion interactions would also be generated by ETC, which
could give rise to flavour changing neutral currents (FCNCs) which are incompat-
ible with experiment [56]. Assuming an effective coupling of such interactions are
O(1), then ΛETC > PeV [57]. This leads to the generation of the top mass being
very difficult in these models.

Walking technicolor (WTC) [58, 59] attempts to remedy these problems. The tech-
nicolor condensate responsible for SM fermion mass generation should be eval-
uated at the ETC scale, which may be related to the condensate at the lower TC
scale using the renormalisation group. For Technicolor theories which run similar
to QCD, the running of the technifermion condensate is given by equation 1.19,
where γ is the anomalous dimension of the technifermion mass operator. Here
the logarithmic enhancement to the SM fermion masses is insufficient to solve the
puzzle.

< Q̄Q >ETC∼ ln
(

ΛETC

ΛTC

)γ

< Q̄Q >TC (1.19)

If instead the technicolor coupling αTC walks (runs slowly with energy scale) be-
tween ΛTC and ΛETC then the enhancement to the SM fermion masses may be in-
creased, as may be seen in equation 1.20. This walking regime is near-conformal,
the anomalous dimension may be evaluated at α∗ (the conformal fixed point).
This constant anomalous dimension leads to linear enhancement of the tech-
nifermion condensate. This linear enhancement in WTC is sufficient to enable
heavy quark mass generation to become feasible whilst limiting FCNCs through
the scale of ETC.

< Q̄Q >ETC∼
(

ΛETC

ΛTC

)γ(α∗)

< Q̄Q >TC (1.20)

Technicolor forms a spectrum of techimeson bound states. This spectrum con-
tains a composite scalar meson analogous to the σ in QCD. In WTC, for a tech-
nicolor scale of ΛTC ∼ 1TeV, and a technipion decay constant similar to the SM
Higgs vev, the mass of σ is naturally found to be close to the measured Higgs
mass, Mσ = Mh = 125GeV [60]. Therefore in WTC models, the σ can walk and
quack like the Higgs.
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1.5 Attribution and organisation

Chapter 2 is based on a paper in preparation in collaboration with G.Cacciapaglia
and A. Belyaev [8]. The bulk of this work stems from our active discussions at DM
conferences in the years prior to COVID-19. My main contribution to this work is
the NLO calculations of mass splits and DD cross-sections, and the implementa-
tion of models via LanHEP [10]. Additionally, exhaustive numerical simulations
which explore the phenomenology of representative models are presented.

Chapter 3 is based on a paper in preparation in collaboration with A.Belyaev,
I.Ginzburg, A.Freegard, T.Hosken, A.Pukhov [9]. My contributions include ex-
ploration and model-building of the fermion DM model, along with implemen-
tation into LanHEP [10], simulation of LHC events to detector level, and subse-
quent analysis of these events. In order to streamline analysis prototyping, Phe-
noAnalysis an optimised python framework was developed, which is publicly
available at [61].

Chapter 4 is based on work published as [7]. My contribution to this paper is in
the statistical analysis of particle physics events, using binned composite likeli-
hood methods.

Section 5.2 is the result of discussions at LHC reinterpretation workshops. The
database was developed in collaboration with J.Blandford and A.Belyaev, with a
paper in preparation to be submitted to the Computer Physics Communications
journal.
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Chapter 2

Minimal Consistent Dark Matter
models for Collider and Direct
detection Characterisation:
fermion dark matter

Dark Matter (DM) exploration is becoming an increasingly appealing subject at
present, when the LHC, as well as other non-collider experiments, does not in-
dicate any clear signal Beyond the Standard Model (BSM). Indeed DM evidence
is the strongest experimental indication of BSM physics. It is well-established
from several independent Cosmological and Astrophysical observations, includ-
ing galactic rotation curves, cosmic microwave background fits of WMAP [45]
and PLANCK [46] data, gravitational lensing, large scale structure of the Uni-
verse as well as existence of so-called bullet clusters.

While the experimental evidence became more convincing, our knowledge of the
nature of DM remains veiled: there are many particle candidates, however no
experiment so far was able to probe their properties. Potentially, DM particles
can be probed at the LHC by measuring their production in particle collisions,
at direct detection (DD) underground experiments which are sensitive to elastic
scattering of DM particles in the local galactic Halo, and in the indirect detection
(ID) experiments which measure the product of DM annihilation (and/or decay)
in the Universe in the form of positrons, gamma-rays, anti-protons and neutrinos
from the galactic centre or from the sun. The fact that DM can be probed by a large
array of experiments, of differing nature, has resulted in interest in DM rapidly
increasing in the particle physics community, especially after the discovery of the
Higgs boson.

One of the most important issues behind DM searches is related to how to com-
bine the results of experimental searches, so different in nature, in a consistent
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and yet model-independent and general way. Starting from [62] which suggested
an Effective Field Theory (EFT) approach in collider and DD searches, the level of
sophistication in DM exploration at the LHC and DD experiments has been con-
stantly increasing. Though many ATLAS and CMS papers have been using the
EFT approach in Run 1 data analysis and interpretation [63, 64, 65, 66, 67, 68], its
limitations soon became clear. The EFT approach uses contact interaction to de-
scribe interactions of the DM to ordinary matter: eventually this approximation
does not work when the energy scale of the DM interactions is close or above the
mass of the mediator(s) probed experimentally. At the next step, the exploration
of collider DM phenomenology went beyond the EFT approach towards the ap-
proach of simplified models, where the dark matter sector is characterised by the
dark matter candidate and a mediator which makes the connection with the SM
particles [69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83]. Some of these mod-
els have been used in recent ATLAS and CMS experimental interpretation of Run
1 LHC data [84, 85, 86, 87, 88]. In case of simplified models the mass of the medi-
ator, and potentially its width, are non-trivial parameters of the model. In these
scenarios, one remains agnostic about the theory behind the dark matter sector
and tries to parametrise the interactions in the simplest terms: this often leads to
writing interactions which are not invariant under the full SM gauge symmetry
but only under the unbroken colour SU(3) and electromagnetic U(1). However,
one still needs to know if it is possible to construct viable models that lead to
a given scenario, and make this scenario consistent with the symmetries of the
Standard Model. The latter point is particularly important at the LHC, a machine
which is probing energy scales well above the electroweak symmetry breaking
scale, so that for many events the full weak SU(2)×U(1) is a good symmetry. For
instance, if a mediator or DM candidate comes in a multiplet of the weak SU(2),
its charged partners may play an important role in the LHC phenomenology of-
ten being more important that the neutral state itself. It is often the case for the
chargino in supersymmetry. In addition, simplified models often violate gauge
invariance which is a crucial principle for building a consistent BSM model which
incorporates the SM together with new physics. For example, considering sim-
plified model with a new heavy gauge vector boson mediating DM interactions,
one should also introduce a mechanism which is responsible for the mass gener-
ation of this mediator to provide gauge invariance for the model. Eventually, this
necessarily requires introducing a additional particles into the model which may
affect the DM phenomenology.

These drawbacks strongly motivate a qualitatively new approach based on build-
ing Minimal Consistent Dark Matter (MCDM) models. MCDM models can be still
understood as toy models, that however take in full account the consistency with
the symmetries of the SM. Furthermore, a particular MCDM model can be easily
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incorporated into a bigger, more complete, BSM model and be explored via com-
plementary constraints from collider and direct/indirect DM search experiments
as well as relic density constraints as independent and consistent model. The ex-
ploration of complementarity of the collider and non-collider constraints within
the complete models such as MCDM ones is very appealing especially now as we
have a large amount of data from the LHC. Combining searches may shed light
on the BSM physics in the form of Dark Matter, which can be near the corner of
the combined collider and non-collider searches. Another attractive feature of the
MCDM approach is their minimal but self-consistent parameter space which can
be potentially mapped to the parameter space of known (and potentially new)
BSM models.

Many implementations of MCDM models are known in the literature [89, 90, 91,
73, 81, 75, 74], however there were no attempt, yet, on their systematic classifica-
tion. This is precisely the aim of this chapter. In this study we shall a) perform
a complete classification of MCDM models and b) present the main features for
each class of MCDMs constructed using the main building principles we state
below. We believe that this classification, and the MCDM approach, will create
a solid framework for the exploration of consistent DM models at collider and
non-collider experiments for the complementary probe of Dark Matter.

2.1 Classification of MCDM models

The building blocks we will use to construct models are multiplets defined in
terms of their spin and electroweak quantum numbers. We will only consider
spin-0 (S), spin-1/2 (F for a Dirac fermion or M for a Majorana one1), and spin-1
(V). For models with higher spin, we refer the reader, for instance, to Refs [92, 93,
94, 95]. The electroweak quantum numbers will be encoded in the weak Isospin,
I, and the hypercharge, Y, of the multiplet. Furthermore, we will denote with
a tilde the multiplets that belong to the dark sector, i.e. they cannot decay into
purely SM final states. The multiplets we consider, therefore, read:

S̃I
Y , F̃I

Y , M̃I
0 , Ṽ I

Y ,

and similarly with un-tilded ones. As some mediator multiplets may carry QCD
quantum numbers, we will use a superscript c to label this feature.

To construct consistent minimal models, we follow the main building principles:

A) we add one Dark multiplet (including the singlet case) and all its renormal-
isable interactions to SM fields, excluding the ones that trigger the decays

1Here, we consider a Majorana fermion a multiplet with zero U(1) charge and in a real representation
of the non-abelian gauge symmetries, such that a mass term Mψ̄cψ is allowed.
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of the multiplet, which is therefore stable. The models will automatically
include a Dark symmetry, being Z2 or U(1) depending on the multiplet.
The weak Isospin and hypercharge are constrained by the need of having a
neutral component, therefore we will have the following two cases:

- for integer isospin I = n, n ∈ N, then Y = 0, 1 . . . n;

- for semi-integer isospin I = (2n + 1)/2, n ∈ N, then Y = 1/2, 3/2 . . . (2n +

1)/2.

Note that the case of negative hypercharge can be obtained by considering
the charge conjugate field, thus the sign of Y is effectively redundant, and
we will consider Y ≥ 0.

B) we consider models where only one Dark multiplet is present, and media-
tors are SM fields. 2 While our principle is to be limited to renormalisable
interactions, under the assumption that higher order ones are suppressed by
a large enough scale to make them irrelevant for the DM properties, in some
cases we will consider dimension-5 operators.

C) in additional to point B), we consider adding just one mediator multiplet,
characterised by the respective weak Isospin, I′, and hypercharge, Y′. The
mediator multiplet can be odd or even with respect to Dark symmetry, and
its quantum numbers are limited to cases where renormalisable couplings to
the Dark multiplet and to the SM are allowed. This leaves open the possibil-
ity of multiplets carrying QCD charges, which we label with a superscript c.
The mediators are labeled as following:

– SI′(c)
Y′ , FI′(c)

Y′ , MI′(c)
0 and V I′(c)

Y′ for even mediator multiplets;

– S̃I′(c)
Y′ , F̃I′(c)

Y′ , M̃I′(c)
0 and Ṽ I′(c)

Y′ for odd mediator multiplets.

D) we consider all renormalisable interactions allowed by the QFT. Our basis
assumption for MCDM models is that higher-order operators are suppressed
by a scale high enough that the LHC is unable to resolve the physics gen-
erating the operators. The effect on the DM properties is also considered
negligible (except for dim-5 operators generating mass splits).

E) we ensure cancellation of triangle anomalies, so that the MCDM models en-
tails consistent gauge symmetries, and consider minimal flavour violation
(MFV) couplings to SM fermion generations.

With the notations above, following the precepts A) to E), we can classify all
MCDM models with up to one mediator multiplet using a 2-dimensional Table
in Spin(DM)-Spin(mediator) space, as presented in Table 2.1. Each specific DM

2Note that this model building approach has been used in [90] to construct models of so-called Min-
imal Dark Matter, so some of the results we present here can be found in this reference. However, our
approach has some differences: in Ref. [90], the symmetry making the DM candidate stable or long lived
emerged as at low energy, at the level of renormalisable interactions, while decays could be induced by
higher dimensional couplings to the Higgs multiplets. In our case, we assume that a parity or global U(1)
symmetry is also respected by higher dimensional operators.
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Spin of
Mediator

Spin of
Dark

Matter 0 1/2 1

no mediator S̃I
Y F̃I

Y Ṽ I
Y

spin 0 even mediator S̃I
YSI′

Y′ F̃I
YSI′

0 Ṽ I
YSI′

Y′

spin 0 odd mediator S̃I
YS̃I′

Y′ F̃I
YS̃I′

Y′ F̃I
YS̃I′c

Y′ Ṽ I
YS̃I′

Y′

spin 1/2 even mediator

spin 1/2 odd mediator S̃I
Y F̃I′

Y′ S̃I
Y F̃I′c

Y′ F̃I
Y F̃I±1/2

Y±1/2 Ṽ I
Y F̃I′

Y′ Ṽ I
Y F̃I′c

Y′

spin 1 even mediator S̃I
YV I′

0 F̃I
YV I′

0 Ṽ I
YV I′

Y′

spin 1 odd mediator S̃I
YṼ I′

Y′ F̃I
YṼ I′

Y′ F̃I
YṼ I′c

Y′ Ṽ I
YṼ I′

Y′

TABLE 2.1: Classification of the Minimal Consistent Dark Matter (MCDM) Models in
Spin(DM)-Spin(mediator) space. When possible, the Dirac fermion can be replaced by

a Majorana one, F → M.

model is denoted by a one- or two-symbol notation, indicating the DM multiplet
first, followed by the mediator multiplet. One should note that in this case SM
particles as well as members of DM multiplet other than DM, could also mediate
DM interactions and their interference with the mediator multiplet can be non-
trivial. Eventually, the case with no mediator multiplet is denoted by just one
symbol labelling the DM multiplet. In this case the role of mediators can only be
played by SM particles and members of DM multiplet.

In the remainder of this paper, we will focus on spin-1/2 DM multiplets, leaving
the other two cases for a future publication.

2.2 Case of one DM multiplet: F̃I
Y and M̃I

0 models

Models where the DM belongs to a single EW multiplet, while no other light
states are present, have been studied in great detail, starting from the seminal
paper in Ref. [90]. In this section we briefly review the main properties of these
minimal models, and add a detailed discussion of the following novel aspects:
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i) We provide an improved formula for the mass splitting induced by EW
loops, which is numerically more stable than the one given in Ref. [90].

ii) We discuss in great detail the effect of couplings to the Higgs boson aris-
ing as dimension-5 operators. While going beyond the minimality principle,
they can be generated by integrating out a single mediator (thus, they can
be considered as a limiting case from the models discussed in Section 2.3).
Furthermore, a class of these operators have special phenomenological rele-
vance as they can help salvage some of the minimal models with non-zero
hypercharge.

iii) We provide a detailed and up-to date discussion of Direct Detection bounds,
including loop-induced interactions.

This section also serves to fix the notation we will adopt in the rest of the pa-
per. When writing Lagrangians and interactions we will consistently use Ψ =

ΨL + ΨR for the DM multiplet (where one chirality is absent for a Majorana DM
multiplet, i.e. ΨR = 0), ψi for the components of a Dirac multiplet and χi for
the components of a Majorana multiplet. Furthermore, we only consider Y ≥ 0,
as the case of negative hypercharge is straightforwardly analogous to the corre-
sponding positive value case.

In the “stand alone” case, the most general renormalisable Lagrangian for the DM
multiplet Ψ, with isospin and hypercharge {I, Y}, is

L = iΨ̄γµDµΨ−mDΨ̄Ψ− 1
2

(
mM Ψ̄CΨ + h.c.

)
, (2.1)

where the superscript C indicates the charge-conjugate field. We have explicitly
added both a Majorana mass mM, which is only allowed for Y = 0 (thus, integer
isospin), and a Dirac one mD, which vanishes for a Majorana multiplet. This
simple class of models has well established properties [90], which we list below:

- A gauge coupling Zψ̄0ψ0 is always present for Dirac multiplets with Y 6= 0,
which are thus excluded by Direct Detection even for under-abundant points
(for mDM < mZ/2 the invisible width of the Z also excludes the model).

- In absence of Higgs couplings, the mass splitting between the neutral and
charged components of the DM multiplet are generated by EW loop correc-
tions and are always small (below 200 MeV). This leads to long lived parti-
cles, especially at high mass. The lightest component is not guaranteed to be
neutral.

- For Y ≥ 1, the mass range with the neutral component being the lightest is
excluded by the Z width. Thus, these multiplets in isolation cannot provide
a DM candidate.
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- In absence of Higgs couplings, loop induced couplings to quarks excludes
all non-trivial multiplets via Direct Detection, with the exception of a triplet
and a quintuplet at high mass. Future experiments will be able to fully cover
these models.

- For Y = 0 (both Dirac and Majorana multiplets), the relic abundance is de-
termined by co-annihilation with the charged component via the W, or an-
nihilation via the dim-5 Higgs couplings.

- For Y = 1/2, a dim-5 operator with the Higgs boson generates a Majo-
rana mass, thus salvaging the model from exclusion via the Z interactions.
Blindspots in Direct Detection can occur, via a cancellation between the loops
and the dim-5 Higgs coupling.

We should finally note that for DM multiplets with {I, Y} = {0, 0}, {1/2, 1/2},
{1, 0} and {1, 1}, a linear Yukawa coupling with the SM leptons is allowed by
gauge symmetries, while larger isospin multiplets are automatically protected at
renormalisable level. However, higher order couplings involving the Higgs can
always generate decays of the DM multiplets, and it has been the main motiva-
tion of Ref. [90] to find multiplets that are long-lived enough to be Cosmologi-
cally stable. In this work we will be more pragmatic and allow for any multiplet
by forbidding implicitly all operators that could mediate the decays of the DM
candidate. The origin of such a symmetry is to be searched in the more complete
model containing the DM multiplet. After reviewing the properties of Dirac and
Majorana multiplets in Sec. 2.2.1 and 2.2.2 respectively, in Sec. 2.2.3 we will study
in detail the effect of dim-5 couplings to the Higgs field. In Sec. 2.2.4 we provide
novel detailed results on current Direct Detection exclusion limits and future pro-
jections.

2.2.1 Dirac multiplets (F̃I
Y)

In the case of Dirac multiplets, i.e. when both chiralities are present, the lowest
order Lagrangian in equation (2.1) is invariant under a global U(1)DM symmetry,
thus an asymmetric contribution to the relic abundance may be present if the
complete model preserves this symmetry. In the case Y = 0, the presence of a
Majorana mass breaks U(1)DM → Z2. 3

3Note that the Majorana mass is not generated radiatively as long as the U(1)DM symmetry is preserved
by the complete model.
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Except for the singlet case F̃0
0 , the multiplet contains extra charged states:

Ψ =



ψn+

...
ψ+

ψ0

ψ−

...
ψm−


, with n = I + Y , and m = I −Y . (2.2)

The Dirac mass term in equation (2.1) gives equal mass to all components of the
multiplet. This degeneracy can only be lifted by radiative corrections due to the
EW gauge bosons. This contribution has first been computed in Ref. [90], and can
be written as

MQ −MQ′ =
αmD

4πs2
W

[
(Q2 −Q′2)

(
fF(xW)− c2

W fF(xZ)− s2
W fF(xγ)

)
+

2Y(Q−Q′) ( fF(xZ)− fF(xW))
]

, (2.3)

where fF(x) is a loop function and xV = mV/mD. This expression explicitly
shows that in the limit of equal masses for W, Z and photon the mass differences
vanish. For the loop function, we found an alternative form that is numerically
more stable than the one given in Ref. [90] (see Appendix A.1 for more details).
The result, which is exact, reads

fF(x) =
x
2

[
2x3 ln x− 2x−

√
x2 − 4(x2 + 2) ln

x2 − 2 + x
√

x2 − 4
2

]
. (2.4)

This function has been defined in such a way that fF(xγ) ≡ fF(0) = 0. It is
instructive to study how the mass split looks in the limit of DM mass small and
large compared to the W and Z masses. For light DM, mD � mW , the leading
contribution reads

MQ −MQ′
∣∣
mD�mW

≈ 3α

2π
(Q2 −Q′2)mD

(
log

mW

mD
+

1
4

)
. (2.5)

This mass split vanishes for small DM masses, and is proportional to the dif-
ference in squared charges, as an indication that it is dominated by the photon
exchange. Furthermore, in this limit the lightest component of the multiplet is
always the neural one. In the opposite limit, mD � mW , the leading term in the
expansion reads

MQ −MQ′
∣∣
mD�mW

≈ αmW

2(1 + cW)

[
(Q2 −Q′2) +

2Y(Q−Q′)
cW

]
. (2.6)
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FIGURE 2.1: Left: maximum value of mD above which the lightest component has
charge Q = −1 for various values of Y. The horizontal line indicates mZ/2, below
which decays of the Z exclude the model. Right: spectrum for a generic multiplet with
Y = 1/2, with mD < 570 GeV. The vertical line shows mD ≈ mZ/2, below which the

model is excluded by the Z decays.

The second term, which depends on the sign of the charges (we chose Y > 0
without loss of generality), does not guarantee that the Q = 0 state is always the
lightest one. In particular, states with Q < 0 are always lighter than the Q = 0
one in this limit. Thus, there exists an upper limit on mD, above which the lightest
state in the multiplet is charged, and this value is determined by the Q = −1 state.
The values of the mass upper bounds for various Y are shown in the left panel of
figure 2.1: the highest value is achieved for Y = 1/2 which gives mmax

D = 570 GeV
(we recall that for Y = 0 there is no limit), while for Y = 1 we find mmax

D = 42 GeV,
which is already below mZ/2. Thus, multiplets with Y ≥ 1 are excluded by the
Z-width measurement in the region where the lightest state is neutral. For larger
Y, the maximal mass value scales exponentially with the hypercharge, with an
approximate formula

mmax
D |Y�1 ≈ mW

(
mW

mZ

) 2Y+c2
W

s2
W e1/4 ≈ 21.5× (0.32)Y−1 GeV . (2.7)

Note that the issue of lightest charged states does not exist for multiplets that do
not feature negatively charged components, i.e. if Y = I, and for Y = 0.
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The analysis of the loop induced mass splitting thus shows that only 3 classes of
models are potentially interesting:

a) the singlet F̃0
0 ;

b) multiplets F̃I
1/2 (I semi-integer with Y = 1/2), with mD ≤ 570 GeV for I ≥

3/2;

c) multiplets F̃I
0 (I non-zero integer with Y = 0).

As already mentioned, all models with Y 6= 0, i.e. a) and c), are excluded by Direct
Detection via the Z exchange, in absence of Higgs couplings (see Section 2.2.3.2).

2.2.1.1 Dirac multiplets with a Majorana mass term (F̃I
0 )

In the Y = 0 case, a Majorana mass mM can also be added, which breaks U(1)DM

to a Z2. The net effect is to split the multiplet into two Majorana multiplets with
masses

M1,2 = mD ±mM . (2.8)

This leads to a model with two DM candidates, with the relic density dominated
by the lighter one for large mass split. The physics properties will therefore be
the same as for the model with a Majorana multiplet, M̃I

0, that are described in
Sec. 2.2.2.

2.2.2 Majorana multiplets

In the case of a Majorana multiplet, Y = 0, the multiplet will decompose as

ΨL =



χn+

...
χ+

χ0

(χ+)C

...
(χn+)C


, with n = I , (2.9)

so that the Majorana DM candidate χ0 is accompanied by I Dirac charged part-
ners. The phenomenology of this multiplet is in large part the same as for a F̃I

0

Dirac multiplet, in particular the mass split between the various components is
given by the same formula given in equation (2.3).
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2.2.3 Mass splitting from dim–5 Higgs couplings

In this section we will consider minimal couplings to the Higgs field, which can
arise at the level of dim–5 operators. While they may be suppressed by a UV
scale, they are relevant because they can induce a mass split between the com-
ponents of the DM multiplet, potentially competitive with the EW loops. Thus,
while they are not renormalisable couplings, we will consider them here as min-
imal extensions of the single multiplet models. Furthermore, as we will see in
Section 2.3, they can arise by integrating out a heavier fermion mediator.

2.2.3.1 Dirac multiplets

The Brout-Englert-Higgs doublet φH can only couple to the DM multiplet via
higher dimensional operators. The lowest order operators have dimension 5 and
read:

Ldim−−5 ⊃ −
κ

Λ
φ†

HTa
1/2φH Ψ̄Ta

I Ψ− κ′

Λ
φ†

HφH Ψ̄Ψ , (2.10)

where Ta
I are the 3 SU(2)L generators for the multiplet with isospin I, and Λ is a

new scale that we assume being beyond the LHC reach to resolve. The second
term generates a common mass contribution for all components, thus it simply
shifts the Dirac mass of the multiplet

m′D = mD + κ′
v2

2Λ
, (2.11)

and generates a coupling to the Higgs, − κ′v
Λ h Ψ̄Ψ, that contributes to Direct De-

tection.

The first one induces a mass split among the various components, thus it may
affect the conclusions about the spectrum we reached in the previous section. We
recall that the form of the SU(2) generators for a generic isospin I is

T3
I =



I 0 . . . . . . 0
0 I − 1 . . . . . . 0
...

...
. . .

...
...

... −I + 1 0
0 0 . . . 0 −I


, T+

I =
1√
2



0 c1 0 . . . 0
0 0 c2 . . . 0
...

...
. . .

...
0 cN−1

0 0 . . . 0 0


,(2.12)

with

ck =
√

k(NI − k) , k = 1, . . . NI − 1, and cNI−k = ck . (2.13)
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Once the Higgs field develops its VEV, the only non-vanishing component is

φ†
HT3

1/2φH = −1
2

ϕ∗0 ϕ0 = −1
4

(v + h)2 , (2.14)

which couples to Ψ̄T3
I Ψ. The resulting term in the Lagrangian reads

Lκ = −µD

(
1 +

h
v

)2 (
I ψ̄n+ψn+ + (I − 1) ψ̄(n−1)+ψ(n−1)+ + . . .

−Y ψ̄0ψ0 − · · · − I ψ̄m−ψm−) , (2.15)

where µD = − κv2

4Λ . In terms of mass splitting, this couplings can be expressed as

MQ −MQ′
∣∣
Higgs = µD(Q−Q′) . (2.16)

As long as there are components with both positive and negative charges in the
multiplet, the lightest state will not be the charged one. For {I, Y = I}multiplets
with µD > 0, however, the lightest neutral state is guaranteed. An interesting
situation occurs for Y = 0 multiplets, as the Higgs-induced contribution may
remain smaller than the loop-induced one. The state that will first turn lighter
that the neutral one is the one with charge Q = +1 or −1, depending on the sign
of µD. The mass split, including the EW loops, will read

MQ −M0 = δmEW Q2 + µD Q , (2.17)

where δmEW = 166 MeV for heavy DM masses. The strictest bound comes from
the smallest charge states, and it reads

|µD| < δmEW ⇔ Λ
|κ| > 90 TeV . (2.18)

We can thus see that the presence of a dim–5 coupling to the Higgs does not help
salvaging any of the Dirac single-multiplet models of Dark Matter. There is how-
ever an exception to this generic statement, that we will study in the following
section.

2.2.3.2 Dirac multiplet with Majorana coupling: case Y = 1/2

A special case occurs for multiplets with Y = 1/2, as an additional coupling to
the Higgs can be added:

∆Ldim5 = −1
2

κM

Λ
φHTa

1/2φH Ψ̄Ta
I ΨC + h.c. (2.19)

The operator above is similar to the Weinberg operators in the SM [96] that gives
mass to the left-handed neutrinos. Note also that it preserves a Z2 symmetry on
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the DM candidate, but breaks the U(1). While multiplets with Y = 1/2 would be
excluded by Direct Detection via the Z coupling, the effect of the operator above
is to split the neutral Dirac state into two Majorana states with different mass: the
Z now couples to the two states, while the DM candidate is the lightest one. The
price to pay is that there is a new direct coupling to the Higgs boson, which will
also contribute to Direct Detection. Our goal in this section is to study in detail
this scenario.

In the above operator, the only non-vanishing component of the Higgs current is

φHT+
1/2φH =

1√
2

ϕ2
0 =

1
2
√

2
(v + h)2 , (2.20)

which couples to ψ̄T−I ψC. The resulting Lagrangian reads

∆Ldim5 = −1
2

µM

(
1 +

h
v

)2 (
c1ψ̄(n−1)+(ψ(n−1)−)C + · · ·+ ckψ̄(n−k)+(ψ(n−k)−)C+

· · ·+ cI+1/2ψ̄0(ψ0)C + · · ·+ ckψ̄(n−k)−(ψ(n−k)+)C + . . .

+c1ψ̄(n−1)−(ψ(n−1)+)C
)

+ h.c. (2.21)

where we recall that the neutral state corresponds to k = n = I + 1/2, and all
states receive a mass correction except the highest charge one, ψn+. Also, µM =
κMv2

4Λ . For the neutral state, the mass matrix can be written in a Majorana form as
follows:

−1
2

(
(ψ̄0)C ψ̄0

)(mD − 1/2µD cI+1/2µM

cI+1/2µM mD − 1/2µD

)(
(ψ0)C

ψ0

)
, (2.22)

whose eigenstates (Majorana fermions) are

m0
1/2 = mD −

1
2

µD ± cI+1/2µM , cI+1/2 = I + 1/2 . (2.23)

Note that cI+1/2 is the largest coefficient in the generators. This implies that, in
the absence of µD, the lightest state will always be neutral, independently on the
sign of µD. For the charged states, the mass matrix can be written as

−1
2

(
ψ̄(n−k)+ (ψ̄(n−k)−)C

)(mD + (I − k)µD ckµM

ckµM mD − (I − k + 1)µD

)(
ψ(n−k)+

(ψ(n−k)−)C

)
+ h.c.(2.24)

The mass eigenstates read

m(n−k)
1/2 = mD −

1
2

µD ±
√

(I − k + 1/2)2µ2
D + c2

kµ2
M . (2.25)
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This implies that there exist a neutral state lighter that the charged ones as long
as

c2
I+1/2µ2

M > (I − k + 1/2)2µ2
D + c2

kµ2
M ∀ k = 1, . . . I − 1/2 . (2.26)

The above inequalities imply

µ2
M > ξ Iµ

2
D , ξ I = Max

(
I − k + 1/2

k2 − 2Ik + (I + 1/2)2

)
. (2.27)

The largest charge state, which does not receive a mass correction from κM, also
provides a bound for µD < 0, as mn+ = mD + IµD, thus

|µM| > −µD . (2.28)

To summarise we have found that a Majorana neutral state is guaranteed to be
the lightest for

|µM| >


−µD for µD < 0 ;√

ξ IµD for µD > 0 ;
0 for µD = 0 .

(2.29)

As a reference, we numerically find:

ξ1/2 = 0 , ξ3/2 = 1/2 (k = 1) , ξ5/2 = 2/5 (k = 1) , ξ7/2 = 1/3 (k = 2) ,

ξ9/2 = 2/7 (k = 3) , ξ11/2 = 1/4 (k = 3, 4) , . . . (2.30)

2.2.4 Direct Detection

Here, we will focus on spin-independent scattering only, as the experimental sen-
sitivity to such operators is far greater than spin-dependent interactions. One
loop level direct detection in single (non-chiral) multiplet DM models has been
considered by several papers [97, 90, 98]. In [90], only scalar current type interac-
tions were considered, whereas in [97] a sizable suppression was shown through
cancellations with Twist-2 operators. Here we will extend these results to include
the case of pure Dirac DM (Y = 0 only, otherwise tree-level scatterings would
rule this out), and also consider the effect of the mass gap between DM and its
partners that propogate inside the loops. The relevant interaction Lagrangians
are given by

∆LDirac =

[
g2

2
√

2

√
n2 − 1D̄0γµD−W+

µ +
g2

2
√

2

√
n2 − 1D̄0γµD+W−µ + h.c

]
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FIGURE 2.2

If a Dirac fermion D0 is split into two Majorana fermions via some higher scale
physics, i.e D0 → (χ0

1 + iχ0
2)/
√

2 such that χ0
1 is sufficiently lighter to prevent tree-

level inelastic scattering via Z boson (when mass split larger than O(10)keV), and
is the DM candidate,

∆LPseudoDirac =

[
g2

4

√
n2 − (2Y + 1)2χ̄0

1γµD−W+
µ +

g2

4

√
n2 − (2Y− 1)2χ̄0

1γµD+W−µ + h.c
]

+
ig2(−Y)

cW
χ̄0

1γµχ0
2Z0

µ

A pure majorana multiplet is also possible (constructed from a multiplet of single
Weyl fermions), in this case Y=0:

∆LMajorana =

[
g2

2
√

2

√
n2 − 1χ̄0γµχ−W+

µ +
g2

2
√

2

√
n2 − 1χ̄0c

γµ(χ−)c(W+
µ )c + h.c

]

For the most general, Dirac case, D+ and D− are distinct particles (D̄± is used to
refer to their respective antiparticles), where D− disappears for the doublet. As
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FIGURE 2.3: Loop diagrams for DM direct detection, labelled A,B,C from left to right.

such, a DM particle(antiparticle) will couple to:

(a) up(down)-type quarks via diagram A containing a D+(D̄+) or diagram B
containing a D−(D̄−)

(b) down(up)-type quarks via diagram A containing a D−(D̄−) or diagram B
containing a D+(D̄+)

(c) all quarks by diagrams A, B (when two Z bosons are exchanged) and C

We will label the particle loop functions, Ai
q and Bi

q where i refers to the charge
of the DM partner running in the loop and q to the type of external quark spinor
contained within these expressions. After removing the Lorentz structures not
relevant to spin independent scattering cross sections, each of these loop func-
tions may be expressed in terms of five Lorentz structures (this may be seen in
appendix A.2. Note here that the spinor/antispinors contained within A,B are
implicit, and should be chosen such to match the external particle.

In the limit of small quark momenta, assuming that internal quark masses are
similar to external we derive the effective Lagrangian 2.31. This Lagrangian co-
efficients are given for the Pseudo-Dirac case, analogous to the calculation per-
formed in [97], however modification for other cases involves a trivial modifica-
tion of the couplings and spinors. Spinors for DM here are represented by the
first pair of angular brackets in each term, whilst quark spinors are represented
by the second pair.

L = XA < 1 >< 1 > +XB < pµ pν > [Oµν] + XC < γµ pν > [Oµν] + fG < 1 > Ga
µνGµν

a

(2.31)

Where these coefficients are given by equation 2.32, where Πi
α ≡ Πα(aq,(i)

V , aq,(i)
A , xi, yi)

with xi ≡ m2
Vi /m2

D, yi ≡ (mDi −mD)/mD. The vector and axial couplings for the

quarks are given by aq,(±)
V = 1

2 T3q −Qq sin2 θW , aq,(±)
V = − 1

2 T3q, aq,(0)
V = aq,(0)

A = 1
2 .
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XA = Xtri +
α2

2Y2

4c4
W

Π02
A +

α2

32

[
(n2 − (2Y + 1)2)Π−A + (n2 − (2Y− 1)2)Π+

A

]
XB =

α2
2Y2

4c4
W

Π02
B +

α2
2

64

[
(n2 − (2Y + 1)2)Π−B + (n2 − (2Y− 1)2)Π+

B

]
XC =

α2
2Y2

4c4
W

Π02
C +

α2
2

64

[
(n2 − (2Y + 1)2)Π−C + (n2 − (2Y− 1)2)Π+

C

]
(2.32)

where in the limit of zero mass splits between DM and the internal propagating
partners we arrive at equation 2.33, which agrees with Ref [97].

XA =
α2mq

4m2
h

[
(n2 − (4Y2 + 1))

8mW
gH(w) +

Y2

4c4
WmZ

gH(z)

]
+

mq

m3
Z

α2
2Y2

c4
W

(a2
A − a2

V)gs(z)

XB =
2

m2
Dm3

Z

α2
2Y2

c4
W

(a2
A + a2

V)gT2(z) +
α2

2

8m2
Dm3

W
(n2 − (4Y2 + 1))gT2(w)

XC =
2

mDm3
Z

α2
2Y2

c4
W

(a2
A + a2

V)gT1(z) +
α2

2

8mDm3
W

(n2 − (4Y2 + 1))gT1(w) (2.33)

where the contribution from diagram C is given by (see appendix A.2) for details.

Xtri =
α2mq

2m2
h

[
(n2 − (1 + 2Y)2)

16mW
∆− +

(n2 − (1− 2Y)2)

16mW
∆+ +

Y2

4c4
WmZ

∆0

]

The notation ∆i is used to refer to loop function ∆(xi, yi). In the limit of no mass
split, limy→0 ∆i = gH(x)/2, in agreement with [97].

The two loop result for coupling to gluons (fG in equation 2.31) is not derived
here, but taken from [97] (and given for completeness in appendix A.2). The
operator with coefficient XC is the dominant contribution, and is of opposite sign
to other operators. This leads to a cancellation that was not observed in [90],
which only computed the scalar-scalar current terms (i.e those proportional to
XA).
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FIGURE 2.4: The spin-independent WIMP-proton cross section for a single fermion
multiplet, for surviving cases n ≤ 5 for which the neutral component is the lightest

In figure 2.4 (calculated assuming internal DM partner masses = mD), we see
that although the models plotted evade current limits for the most part, the next
generation experiment LZ [50] will severely restrict the possibilities for single
multiplet models. There is an additional caveat; DM from this source could not
make up 100% of the DM abundance (100% relic is achievable at masses 1-10TeV
for the models considered here). Further refinement of this calculation would
require consideration of realistic mass splits generated from either electroweak
corrections or dim-5 operators to the Higgs. An initial exploration of the loop
functions behaviour with this split is given in Appendix A.2.

2.3 Fermionic Dark Matter with one additional multiplet

In this section, we present the classification of the models that contains one ad-
ditional multiplet (mediator multiplet), in addition to the the DM one. The me-
diator multiplet can be either odd or even under the symmetry protecting the
stability of DM candidate, and its quantum numbers are limited (and defined)
by the requirement of the renormalisability and gauge invariance of its interac-
tion with DM multiplet. We use different labels F/F̃ and M/M̃ for Dirac and
Majorana fermion multiplets respectively since they could define quite different
models when mediator is present as we discuss below.
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2.3.1 Even scalar mediator (F̃I
YSI′

Y′ and M̃I
0SI′

0 ).

The case of a scalar mediator that couples to the SM has been one of the first
models considered in simplified scenarios (see e.g. [99, 100, 101]), however it has
been by now established that it is not simple nor minimal to achieve phenomeno-
logically relevant models once the simplified case is included in a fully gauge-
invariant model [102]. In particular, couplings to SM fermions are hard to obtain
without breaking the EW symmetry, while couplings to gauge bosons only arise
at dim–5 operator level unless the scalar is allowed to develop a non-zero vacuum
expectation value. In the following, we will limit ourselves to the most minimal
scenarios and not consider higher dimensional operators in this section.

The models we consider in this section include Yukawa coupling connecting two
DM multiplets and (peudo)scalar mediator multiplet. They can be classified as
follows (for the sake of minimality we consider multiplets with zero hypercharge,
SI

0, to be real):

D1 - ∆LD1 = −yψ1 Φ Ψ̄Ψ, where the scalar multiplet has I′ = 0, 1, . . . 2I and
Y′ = 0. This coupling preserves a U(1) global symmetry acting on the DM
multiplet. The scalar multiplet SI

0 is a real CP-even multiplet.

D2 - ∆LD2 = −iyψ2 Φ Ψ̄γ5Ψ, where the presence of the γ5 implies simply that Φ
is a real CP-odd multiplet.

D3 - ∆LD3 = −yψ3 Φ Ψ̄cΨ + h.c., where the scalar multiplet has Y′ = 2Y and I′ =

0, 2, . . . 2I for I integer, and I′ = 1, 3, . . . 2I for I semi-integer. If Y 6= 0, the
global U(1) can be extended by giving charge −2 to the scalar multiplet (the
latter charge assignment could be forbidden by linear couplings to the SM,
thus only a Z2 acting on the DM multiplet would survive). For Y = 0, we
can still define a Z4 under which Φ → −Φ and Ψ → iΨ (this can be broken
to a dark Z2 in presence of linear couplings of the scalar, or a concomitant
presence of D1/D2 couplings). This coupling is also allowed for a Majorana
multiplet.

D4 - ∆LD4 = −iyψ4 Φ Ψ̄cγ5Ψ + h.c. is similar to the previous one, except that the
CP properties of the scalar are altered. This coupling vanishes for Majorana
DM multiplets.

The properties of all the possible models are summarised in Table 2.2, where we
identified four template scenarios with distinct properties. In the 4th and 5th
columns (“DM sym.” and “Ext. sym.”, respectively), we list the largest symmetry
allowed by the above Yukawa couplings, which could be broken by the couplings
of the scalar mediator multiplet Φ to the SM. The last column contains the scalar
mediators that can have linear (renormalisable) couplings to the SM.
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Model D1/D2 D3/D4 DM sym. Ext. sym. Ext. Charges Linear to SM

F̃I
YSI′

0
√

- U(1) - - S0
0, S1

0

F̃I=int.
0 SI′=even

0

√ √
Z2 - - S0

0

F̃I=int.
0 SI′=even

0 -
√

Z2 Z4
Φ→ −Φ S0

0Ψ→ iΨ

F̃I
YSI′

2Y -
√

Z2 U(1)
Φ→ e−2qiΦ S1

1, S0
2Ψ→ eiqΨ

M̃I
0SI′=even

0 -
√

Z2 - - S0
0

TABLE 2.2: Classification of models with a scalar even mediator multiplet. The ex-
tended symmetry in the fifth column refers to charges assigned to the scalar multiplet,
as shown in the sixth column. In the last column we highlight scalar multiplets that

allow for linear couplings to the SM that break the extended symmetry.

The most general Lagrangians, for the real and complex scalar multiplets, read:

∆LSI
0

= 1
2 (DµΦ)2 −V(Φ)− 1

2 λ (Φ2)(φ†
HφH) + Vlinear , (2.34)

∆LSI
Y

= |DµΦ|2 −V(Φ)− λ (Φ†Φ)(φ†
HφH) (2.35)

−λ′ (Φ†TaΦ)(φ†
HτaφH) + Vlinear ;

where V(Φ) is a generic potential for the scalar. Note that for the real case, only
one Higgs-portal coupling is allowed due to the fact that Φ has integer isospin
and Ta must be anti-symmetric matrix. The term Vlinear contains eventual linear
couplings of Φ to a SM operator, which can be made of the Higgs field or of
leptons. Only 5 such cases occur4:

S0
0 ⇒ Vlinear = −µ00 Φ φ†

HφH , (CP-even) ; (2.36)

S1
0 ⇒ Vlinear = −µ10 Φa φ†

HτaφH , (CP-even) ; (2.37)

S1
1 ⇒ Vlinear = −µ11 Φa φ†

Hτaφ†
H + h.c. ; (2.38)

S0
2 ⇒ Vflinear = −ξ02 Φ ēc

ReR ; (2.39)

S1
1 ⇒ Vlinear = −ξ11 Φa l̄c

LτalL . (2.40)

The linear Higgs portal coupling, allowed only for CP–even S0
0 and S1

0 and for
the charged iso-triplet S1

1, necessarily implies that the scalar meditator will ac-
quire a vacuum expectation value via the Higgs one, thus a universal coupling
to SM fermions is generated via the mixing with the physical Higgs boson [103,
104]. However, this mixing is strongly suppressed in the triplet cases because of

4Note here that subscript L,R refer to the chirality of particle or gauge multiplet it is assigned to
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three–level contributions to the ρ parameter, while in the singlet case milder (but
still important) bounds derive from the measurement of the 125 GeV Higgs cou-
plings [105]. This shows that the couplings of the scalar mediator to SM fermions
and gauge bosons are deemed to be small.

The only exception is due to the direct couplings to leptons: the doubly-charged
scalar S0

2 in equation (2.39) and the triplet S1
1 in equation (2.40). The latter cor-

responds to type-II see-saw models [106, 107, 108] for neutrino mass generation,
and it has been studied in connection to DM in Refs [109, 110, 111, 112]. The for-
mer also contributes to neutrino masses, as it breaks lepton number by two units,
and it has been studied in Ref. [113] paired with a scalar DM multiplet.

We finally note that a vacuum expectation value for the scalar mediator can be
induced in all cases, in particular via the quartic coupling to the Higgs field, and
with all the limitations and bound described above. The phenomenology of such
cases follow the analyses done in the simplified models [114, 115].

There is, however, a new class of mediators that arise from our classification:
scalar mediators that only have bilinear couplings to the SM Higgs field. Such
models have new interesting features that we will study in detail in the next sec-
tion. For now, we content ourselves to classify the relevant models:

(a) Accidental stability: the scalar mediator multiplet can be accidentally stable
if all linear couplings to the SM are forbidden, and it is lighter than the
fermionic DM multiplet. This case may occur in models F̃I

YSI′
0 (U(1) DM)

and M̃Y
0 SI′

0 (Z2 DM) for the case when S0 is CP-odd or when S0 is CP-even
and I = 1 (i.e. DM is the EW singlet). In case, when I 6= 0, at one loop level,
couplings of SI′

0 to the SU(2)L gauge bosons are generated which makes SI′
0

unstable. In addition, the presence of the coupling to the scalar mediator
multiplet does not affect the mass spectrum of the DM multiplet: this im-
plies that models with Y 6= 0 are excluded by Z-mediated direct detection,
while Y = 0 models with I ≥ 3 are ruled out by direct detection experiments
due to the loop-induced processes (as we have shown in section 2.2.4 and in
particular in figure 2.4) due to the small mass split, which is only induced
by the EW loops. The only model that avoids this exclusion is F̃0

0 S0
0 with

coupling D2 (i.e. CP–odd mediator). 5

(b) Stability protected by Z4: in models with an extended Z4 symmetry, i.e. F̃I
0 SI′

0

ith couplings D3/D4, the stability of the mediator is guaranteed by a discrete
charge. Like for case α), direct detection bounds cannot be avoided, thus the
only surviving case involves gauge singlets, F̃0

0 S0
0 with D4.

(c) Stability protected by U(1): similarly, stability can be guaranteed by a U(1)
symmetry in F̃I

YSI′
2Y models. In such cases, however, the fact that Y 6= 0 re-

quires that a Majorana mass split is generated in the neutral DM fermionic
5For M̃0

0S0
0, the scalar mediator is CP–even, thus linear coupling to the Higgs cannot be forbidden.
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candidate. This can only be achieved in models F̃I
1/2S1

1 with the couplings
in equation (2.38) included: this however explicitly breaks the U(1) symme-
try and allows decays of the mediator. By integrating out S1

1, or by a small
vacuum expectation value, the same mass split induced by the Higgs oper-
ator discussed in Section 2.2.3.2 will arise. The only difference would be the
presence of a coupling to a scalar mediator, which can affect the relic density
computation.

We note that in all cases, direct detection from the fermionic DM candidate may be
avoided if the dominant contribution to the relic density is coming from the stable
scalar, however this case will best fit under a scalar DM multiplet study [116].

One should pay a special attention to constraints from the electroweak precision
data, in particular from ρ0 parameter [117] which is one in SM and measured with
per-mille precision. In case of arbitrary number of SU(2) scalar multiplets ρ0 takes
the form (see equation(10.58) of in [118]):

ρ0 =
∑n[In(In + 1)− I2

3n]|vn|2
2 ∑n I2

3n|vn|2
, (2.41)

where In, I3n and vn are isospin, the third component of the isospin and the vac-
uum expectation value of the nth scalar multiplet respectively. So besides the cases
with doublet and singlet, strong bounds from ρ can be avoided in several other
cases, for example, in the model with septet scalar (S3

2) [119] which would couple
to DM quintuplet. The custodial symmetry is a symmetry which remains after
EWSB which protects the ρ parameter, by the preservation of SU(2)L ⊗ SU(2)R

(this may be achieved by adding a bimultiplet built from n nplets). This may also
be achieved in models with custodial combinations like triplets in the Georgi-
Machacek model (S1

0 + S1
1) [120]. This model would rather be the part of less

minimal models, but still possibly quite interesting. From equation( 2.41) one can
see that the case F̃I

1/2S1
1 described in point (c) can better fit in a Georgi-Machacek

scenario, where the triplet VEV is not too constrained. On the other hand for the
scenario with a custodial violating triplet only, the coupling may be enough to
generate a large enough mass split to avoid constraints from ρ0.

To summarise this section, we found a new class of relevant minimal models
with a scalar mediator that is (accidentally) stable: this includes a models with
two singlets, F̃0

0 S0
0 with D2 or D4, which we study in more details in Section 2.4.

2.3.2 Odd scalar mediator (F̃I
YS̃I′

Y′ and M̃I
0S̃I′

Y′)

In this class of models, the DM fermion multiplet Ψ couples to the odd scalar ϕ

and to a SM fermion via a Yukawa coupling: the quantum numbers of the scalar
multiplet are, therefore, fixed by the properties of the chosen SM fermion. As the
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SM fermions are chiral, one can classify two cases, distinguished by their chirality,
a SU(2)L doublet, fL, or a singlet, fR:

- for left-handed SM fermions, the respective interactions read as:

∆L = −hi
fL

ϕ fL Ψ̄R f i
L + h.c. (2.42)

thus ϕ fL = {I ± 1/2, Y − Yf } (and an anti-triplet of QCD colour if fL is a
quark);

- for right-handed SM fermions:

∆L = −hi
fR

ϕ fR Ψ̄L f i
R + h.c. (2.43)

thus ϕ f = {I, Y−Yf } (and an anti-triplet of QCD colour if fR is a quark).

Note that i = 1, 2, 3 is a SM family index, and the two types of couplings cannot
co-exist with the same multiplet in the minimal models. In other words, the cou-
plings of the mediator necessarily involve one chirality and only one type of SM
fermions. The scalar multiplet will also have couplings to the Higgs [91], in the
form analogous to that of Eqs (2.34) or (2.36), but with the absence of any linear
coupling forbidden by the DM parity. As the cases of quarks and leptons have
quite different physics, we will discuss them in detail separately.

2.3.2.1 Quark-type mediators

Firstly, as ϕqL/R carries QCD charges, the scalars cannot contribute significantly
to the DM relic density, thus they are expected to always be heavier than the DM
fermion candidate. Therefore, they should be heavier than DM and generically
Also, generically, these interactions will not affect DM direct detection bounds
since the contribution will come from Z-couplings or loop-induced couplings.
Thus the only safe cases involve F̃0

0 and M̃0
0, for which the scalar mediator has the

same quantum numbers as the corresponding SM fermion. This case is a template
of supersymmetry (ϕqL/R being one of the squarks), and has been studied in detail
in the simplified model with ϕqL mediator and Majorana DM [121].

2.3.2.2 Lepton-type mediators

In this case, the scalar multiplet may contain a neutral state which therefore plays
the role of DM (this case will be covered in a future work). In the case where the
DM arises form the fermionic multiplet, we can apply the same consideration as
for the quark case to direct detection, so that the only safe case involves F̃0

0 and
M̃0

0. This case will also correspond to the supersymmetry template with sleptons,
and has been covered in Ref [122].
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2.3.3 Even fermion mediator (F̃I
YFI′

Y′)

This case does not allow for renormalisable couplings between the mediator and
the DM multiplet, however we list it here for completeness and because it leads to
interesting new models of leptophilic DM. The only allowed coupling involved
one mediator multiplet, Σ, and three DM multiplets Ψ. In turn, the even multiplet
Σ need to couple to the SM via a Yukawa-type coupling to leptons (quarks are
excluded to avoid QCD charged DM).

The DM mediator coupling comes from a dim–6 operator:

L ⊃ 1
Λ2 (Ψ̄cΨ)(Ψ̄cΣ) + h.c. (2.44)

which preserves a Z3 DM parity for a complex Dirac multiplet F̃I
Y. 6 Moreover,

the hypercharges are related by:

Y′ = −3Y . (2.45)

The last relation imposes a significant constraint on the mediator multiplet, as the
hypercharge of the DM one needs to be semi-integer for semi-integer isospin, and
integer for integer isospin.

As a consequence, the only allowed cases (with Yukawa couplings to leptons) are:

Class A: ∆L = −ξL l̄Lφ†
HΣ + h.c. ; F̃I=int.

0 F0,1
0 ; (2.46)

Class B: ∆L = −ξR l̄RφHΣ + h.c. ; F̃I=semi–int.
1/2 F1/2

−3/2 . (2.47)

Due to direct detection constraints, and the role played by gauge interactions
in the thermal relic abundance (which would make the mediator irrelevant), the
only interesting case appears for a singlet DM, F̃0

0 F0
0 , which belongs to class A.

Note that Σ is effectively a heavy right-handed neutrino. The relic density will
thus be determined by the processes:

ΨΨ↔ Ψ̄ν , ΨΨ→ Ψ̄νh . (2.48)

If the coupling to SM is very small, being related to neutrino mass generation,
then this could be an effective FIMP model.

2.3.4 Odd fermion mediator (F̃I
Y F̃I′

Y′ , M̃I
0F̃I′

1/2 and F̃I
1/2M̃I′

0 )

Here we can comment on the general structure, and discuss how integrating out
one of the multiplets generates the dim-5 couplings to the Higgs discussed in

6For Majorana DM multiplets, the Z3 would be broken by the mass term. Furthermore, a coupling in
the form (Ψ̄Ψ)(Ψ̄Σ) does not preserve any DM parity nor U(1) charge.



2.3. Fermionic Dark Matter with one additional multiplet 43

the previous section. We can classify the matching between models and Higgs
couplings.

In the case of the odd fermionc mediators, the only renormalisable coupling is
a Yukawa with the Higgs boson. In general, therefore, the DM state will be the
lightest mass eigenstate from the neutral components of the two multiplets. No-
table examples of this class of models come from SUSY, where the lightest neu-
tralino can be a mixture of bino-Higgsino (M̃0

0 F̃1/2
1/2 ) or wino-Higgsino (M̃1

0 F̃1/2
1/2 ).

Note that in our notation the first multiplet is the one that has the largest compo-
nent in the DM physical state.

The possible models can be classified based on the form of the Yukawa coupling:

∆L = −λ Ψ̄′ϕΨ + h.c. ,

with I′ = I ± 1/2 and

{
Y′ = Y + 1/2 if ϕ = φH ,
Y′ = Y− 1/2 if ϕ = φ̃H ≡ (iσ2)φ∗H ,

(2.49)

where in our convention Ψ′ indicates the mediator multiplet. Note that the Higgs
field may appear as is, or in the form of the complex conjugate φ̃H. Also, either the
mediator or the DM multiplet can be of Majorana nature if either Y′ = 0 or Y = 0.
In general, this class of mediator models have similar features as the simple DM
multiplet cases, with an additional coupling to the Higgs boson that could make
direct detection more critical.

One point of interest, though, is the fact that in the case of large mediator mass,
i.e. M′ � m, by integrating the mediator multiplet one can generate the dim–5
couplings to the Higgs discussed in Sec. 2.2.3. In the case of Dirac multiplets, the
coefficient of equation (2.10) are matched to the Yukawa coupling and mediator
mass M′ as

κ

Λ
= ±ε

λ2

M′
2

2I + 1
,

κ′

Λ
=

λ2

M′
1
2

(
1± 1

2I + 1

)
, for I′ = I ± 1

2
; (2.50)

where ε = −1 if φ̃H appears in the Yukawa in equation (2.49) (and ε = 1 other-
wise). If the mediator is a Majorana multiplet, then only the coupling in equa-
tion (2.19) is generated, with

κM

Λ
= ±ε

λ2

M′
2

2I + 1
, for I′ = I ± 1

2
. (2.51)

2.3.5 Even vector mediators (F̃I
YV I′

0 and M̃I
0V I′

0 )

Vector mediators are very popular in the simplified model approach to DM phe-
nomenology [123, 124], mainly because they allow for “gauge invariant” cou-
plings to vector current of SM fermions. Nevertheless, it is not a simple task to
find a consistent, truly gauge invariant, renormalisable model containing vector
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mediator multiplets. As the vector multiplet couples to a current containing the
DM multiplet, its isospin and hypercharge are required to be:

∆LV = Vµ Ψ̄γµ(gVLPL + gVRPR)Ψ , with I′ = 0, . . . 2I , Y′ = 0 ; (2.52)

where PL/R are chirality projectors. As the hypercharge always vanish (and the
isospin is integer), we can always consider real multiplets.

For a generic vector field Vµ, the most general Lagrangian up to renormalisable
couplings reads:

LV I′
0

=
1
2

(DµVν − DνVµ)2 − 1
2

M2
VVµVµ + ξ2 Wa

µν(VµTa
I′Vν) + self int.

+ ∑
f∈SM

Vµ f̄ γµ(g f
VLPL + g f

VRPR) f + gVHVµ

(
φ†

H(DµφH)− (Dµφ†
H)φH

)
+λ0 (VµVµ)φ†

HφH + λ1 (VµTa
I′V

µ)φ†
HτaφH , (2.53)

where Wa
µν is the energy-stress tensor of SU(2)L. The second line contains cou-

plings to currents of SM fermions and the Higgs field, compatibly with the quan-
tum numbers of the vector multiplet: they are allowed only for the singlet V0

0

and a triplet V1
0 . For larger isospin, couplings mediating the decay of the vector

multiplet in SM states can only be generated at loop level.

While the Lagrangian in equation (2.53) seems renormalisable and consistent, it
needs the presence of additional states. In Ref. [125] it has been shown that the
self-interactions of the multiplet can be fixed in order to preserve perturbative
unitarity in the scattering amplitude of vector multiplets, however Ref. [126] later
showed that violation of perturbative unitarity occur once the vector multiplet
couples to massive gauge bosons (i.e. it is charged under a broken gauge group,
like SU(2)L) and/or to the Higgs: thus new states need to be included in order to
restore the consistency of the model. They might thus affect the low energy prop-
erties of the theory by introducing phenomenologically relevant operators. In
theories of this kind, the vector mediator may arise as a composite spin-1 meson
of a confining strong dynamics, like in models of composite Goldstone Higgs.

One way to avoid these issues is to introduce the vector multiplet as a gauge field:
in general, though, a vector carrying isospin needs to come from a model where
the gauge symmetry SU(2)L is extended and broken at higher scales. Now, gener-
ating the couplings to the SM fermions becomes the challenge, as new fermions
are likely to be needed in order to complete multiplets of the extended EW gauge
symmetry. Note that here the chiral nature of the SM fermions is the main obsta-
cle, as it may imply the presence of other chiral fermions.

One case that does not suffer from such problem is the singlet, V0
0 , as it could arise

from a broken gauged U(1) symmetry under which the SM fermions are charged.
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Once again, though, a consistent theory would require an anomaly-free U(1), thus
either additional charged heavy states are added, or one has very limited choices.

2.3.6 Odd vector mediators (F̃I
YṼ I′

Y′)

In the case of odd vector mediators, the only allowed couplings must involve
the DM multiplet and a SM fermion. The classification of mediators, therefore,
follows the same as the scalar odd mediators in Sec. 2.3.2:

- for left-handed SM fermions, the coupling reads:

∆L = gi
V f L Vµ

f LΨ̄Lγµ f i
L + h.c. (2.54)

thus Vf L = {I ± 1/2, Y − Yf } (and an anti-triplet of QCD colour if f is a
quark);

- for right-handed SM fermions:

∆L = gi
f R Vµ

f RΨ̄Rγµ f i
R + h.c. (2.55)

thus Vf R = {I, Y−Yf } (and an anti-triplet of QCD colour if f is a quark).

As the mediator typically has non-zero hypercharge, the Lagrangian (2.53) needs
to be extended:

LṼ I′
Y′

= |DµVν − DνVµ|2 −M2
VV†

µ Vµ + ξ1 Bµν(V†
µ Vν) + ξ2 Wa

µν(V†
µ Ta

I′Vν)

+ξ3 Gc
µν(V†

µ λcVν) + self int. + λ0 (V†
µ Vµ)φ†

HφH

+λ1 (V†
µ Ta

I′V
µ)φ†

HτaφH . (2.56)

Similarly to the case of even mediators, the above Lagrangian cannot be com-
plete because of perturbative unitarity violation or the need to extend the gauge
symmetries of the SM to generate Ṽ as a gauge boson.

2.4 Phenomenology of a new representative model: F̃0
0 S0

0(CP-
odd)

We would like to take a closer look at the F̃0
0 S0

0(CP-odd) model with a Dirac
fermion singlet (Ψ ≡ ψ) and a pseudo-scalar (CP-odd) singlet (Φ ≡ a) – probably
the simplest two component DM model discussed in section 2.3. The Lagrangian
of the dark sector, to be added to the SM one, reads:

∆L = iψ̄∂µγµψ−mψψ̄ψ +
1
2

(∂µa)2 − m2
Φ

2
a2 + iYψaψ̄γ5ψ− λaH

4
a2φ†

HφH −
λa

4
a4 ,

(2.57)
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Scenario Yψ λaH DM thermal properties
A O(10−3 − 1) O(10−3 − 1) ψ and a thermal with SM
B < O(10−8) O(10−3 − 1) ψ non-thermal, a thermal with SM
C O(10−3 − 1) < O(10−8) ψ and a thermal with each other, non-thermal to SM
D < O(10−8) < O(10−8) ψ and a non-thermal with each other and SM

TABLE 2.3: Table of distinct phenomenological DM scenarios possible in this model.

where φH is the SM Higgs doublet field. The model contains three new couplings:
the Yukawa coupling Yψ connecting the scalar mediator a to the fermion DM ψ,
the a self-interaction λa and the quartic coupling to the Higgs λaH. The latter is
the only coupling connecting the new sector to the SM via a Higgs portal. We
recall that a linear coupling of a to the Higgs field is forbidden by CP. Invariance
under CP is preserved as long as a does not develop a vacuum expectation value,
i.e. if

m2
a = m2

Φ +
λaHv2

8
≥ 0 , λa > 0 , (2.58)

where ma is the physical mass of the scalar particle. We will be working in this
region of the parameter space. As ψ couples exclusively and bi-linearly to a, it is
a stable fermionic DM candidate protected by a dark U(1) global symmetry. The
pseudo-scalar mediator a can only decay into a pair of DM fermions. Hence, if
ma < 2mψ, a is said to be “accidentally” stable and can contribute to the relic den-
sity as a second DM component. Decays of a into SM particles could be mediated
by the gauge and CP invariant dimension-5 operator iaφH f̄ γ5 f (where f is a SM
fermion), which, depending on the size of the coupling, can make a unstable or
metastable independently on its mass. However, this operator is not generated in
our model at loop level, as it would require CP violation in the dark sector, which
is not the case in this model. In fact, a only couples bilinearly to the SM via the
Higgs portal and only CP violation can allow for a linear coupling of a to a SM
operator. In this sense, it is the CP symmetry itself that prevents a from decaying
into SM states.

The interesting dynamics of this model, where a is in touch with the SM via the
Higgs portal coupling λaH, while ψ only interacts with a, leads to four distinct
regimes of relevance for DM phenomenology, summarised in table 2.3:

• In scenario A, both fermion and pseudo-scalar can thermalise with the SM
states. If ma ≤ mψ, then a is stable and contributes to the relic abundance.
Conversely, if ma > 2mψ, then it is unstable and merely acts as a mediator
for the interactions of the fermionic DM to the SM.

• In scenario B, the relic abundance of ψ is driven by the freeze-in mechanism,
while a contributes as a thermal DM component for ma < 2mψ. However, for
ma > 2mψ, the smallness of Yψ can lead to a being metastable and decaying
to (possibly warm) ψ.
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• In scenario C, both new particles can freeze-in via their couplings to the SM
(the coupling of ψ generated at loop level, as we will discuss below), before
thermalisation between the two species. Depending on its mass, the pseudo-
scalar a can either remain as a DM component, or decay promptly into the
fermion DM ψ.

• In scenario D, both particles have very small couplings. While a can freeze-in
via its coupling to the Higgs portal, the coupling of the fermion is too small
and would lead to a negligible direct production. Depending on its mass, a
can be the only significant DM candidate, or decay promptly to the fermion
ψ after being produced in the early universe.

Note that any other range of the couplings is excluded by DM over-production
(or loss of perturbativity). Furthermore, in scenarios C and D, direct and indirect
detection experiments, as well as colliders, would be unable to observe either of
these new particles due to the feeble couplings. In contrast, in scenarios A and B,
a may be observable due to the sizeable Higgs portal coupling. In scenario A, the
fermion may also be directly observables due to a loop-induced coupling to the
Higgs, as we will discuss below.

Let us start the discussion of the model by presenting some generic phenomeno-
logical features of the new states, ψ and a. If a is stable, its DM fraction can be
revealed via direct detection thanks to the following spin-independent (SI) elastic
cross section on nuclei:

σSI
a (aN → aN) =

λ2
aHv2λ2

N

8πm4
H

m2
N

(ma + mN)2 . (2.59)

where the nucleon form factors presented in section 2.2.4 are introduced via a
nucleon effective coupling λN (N labels the nucleon type), given by

λN =
mN

2v

[
∑

q∈{u,d,s}

f (N)
q mq(µ)

mq(µLHC)
+

2
27

f (N)
G ∑

q∈{c,b,t}

mq(µ)

mq(µLHC)

]
. (2.60)

The fermion ψ, which is always stable, couples to the SM only via the mediator
a. A direct coupling to the Higgs boson is, however, generated at one loop level.
The complete result is given in Appendix A.3.1. Here, we will present this contri-
bution as an effective Yukawa coupling, δY, given by the following expression in
the small a mass limit:

L1−loop ⊃ δY H ψ̄ψ , δY|ma→0 ≈ −
Y2

ψλaHv
32π2mψ

(
ln

mψ

ma
− 1
)

. (2.61)

For larger ma, the loop-induced coupling decreases monotonically, with asymp-
totically δY ∝ m−2

a for large a masses. This coupling is only relevant when both
Yψ and λaH are sizeable, and it contributes to direct detection via the following SI
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cross section of ψ on nucleons:

σSI
ψ (ψN → ψN) =

4δY2λ2
N

πm4
H

(
mψmN

mψ + mN

)2

. (2.62)

As an illustration, we show in figure 2.5 the SI cross section as a function of the
masses, rescaled by the tree-level couplings. Knowing that the current direct de-
tection limit is in the range σSI < 10−9÷10 pb, we can infer that this process pro-
vides relevant limits only for relatively small ψ masses and couplings of order
unity.

101 102 103 104

m
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m
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10 19
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aH
Y2 )

2  [
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]
FIGURE 2.5: Loop-induced direct detection cross section for ψ scattering on nucleons
σSI

ψ , scaled by the tree-level couplings (λaHY2
ψ)2, as a function of the masses in GeV.

Another important constraint arises if the pseudo-scalar and/or the fermion are
lighter than half the Higgs mass, i.e. ma, mψ < mH/2, thanks to the LHC lim-
its on Higgs invisible decays. For the pseudo-scalar, the partial decay width is
generated at tree-level:

ΓH→aa =
λ2

aHv2

128πmH

√
1− 4m2

a

m2
H

. (2.63)

For the fermion, the decay is induced via the one-loop induced coupling in equa-
tion (2.61). Hence, the loop-induced H → ψψ partial decay width is given by

ΓH→ψψ =
δY2

H→ψψ

8π

(
1−

4m2
ψ

m2
H

) 3
2

, (2.64)

where the effective coupling δYH→ψψ depends on a loop function Υ (see appendix
A.3.3)

δYH→ψψ = −
Y2

ψλaHv
32π2 ΥH→ψψ , (2.65)

with momenta properly evaluated for the decay process. We recall that a always
leads to missing energy, even when it decays promptly.
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Finally, the loop induced coupling of ψ can also play a role for the relic den-
sity computation (see Appendix A.3.2), and is fully taken into account in our
numerical results. This is done by numerically evaluating the loop as a function
of the centre of mass momentum using LoopTools [127], applied using the “im-
proveCS.c” routine in MicrOMEGAs [15].

ψ

ψ̄

a
a

H

ψ a

a

ψ

a

a

ψ

H
a

a

ψ

ψ̄

ψ̄
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c)
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Yψ vλaH2 Yψ

Yψ

Yψ

Yψ

vλaH2

a

a

ψ

H
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H

H

a

a

e) f )

Yψ

vλaH2
λaH

2

FIGURE 2.6: Feynman diagrams for DM (co)annihilation: a)-b) for ψ̄− ψ annihilation;
c)-d) for aa annihilation and d) for ψ− a co-annihilation.

2.4.1 Scenario A: 2-component thermal Dark Matter regime

In this scenario (see table 2.3) both new states couple sizeably to the SM, and will
therefore thermalise in the early universe. The relic density in this regime can be
evaluated using two coupled Boltzmann equations (see equation(5) of Ref. [128]),
which depend on the annihilation and co-annihilation processes illustrated in Fig-
ure 2.6. The equations for the two number densities na and nψ read:

dnψ

dt
= −σ

ψψ→aH
v (n2

ψ − na
n̄2

ψ

n̄a
)− σ

ψψ→aa
v (n2

ψ − n2
a

n̄2
ψ

n̄2
a
)− 3Hnψ , (2.66)

dna

dt
= −(σaa→H

v + σaa→HH
v )(n2

a − n̄2
a)− σ

aa→ψψ
v (n2

a − n2
ψ

n̄2
a

n̄2
ψ

)

−1
2

σ
aψ→ψH
v (nanψ − nψn̄a) +

1
2

σ
ψψ→aH
v (n2

ψ − na
n̄2

ψ

n̄a
)− 3Hna , (2.67)

where n̄a and n̄ψ denote the equilibrium number densities for the two compo-
nents, and σv ≡ σv.

We have performed a random scan of the 4-dimensional parameter space of the
model by use of MicrOMEGAs [15]. The 4 independent parameters, two masses
and two couplings, are probed within the following ranges (the upper value for
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the couplings is based on the loss of perturbativity):

10 GeV <mψ < 10 TeV ,

10 GeV <ma < 1 TeV ,

10−1 <Yψ < 10 ,

10−4 <λaH < 10 . (2.68)

We determine the allowed regions surviving after imposing the relic density con-
straint from PLANCK [46] (ΩPlanckh2 = 0.1186 ± 0.0020, though we also allow
under-abundant model points with Ω2

h < 0.12, below PLANCK constraints), DM
direct detection constraints from Xenon1T [129, 130] (which are dominant over
the DM indirect detection constraints, as we have explicitly checked) and invisible
Higgs decay constraints from the LHC from ATLAS [131] (we use Br[H → invis] < 0.11).
Our results are presented in Figure 2.7, where we show 2D projections of the
allowed parameter space for the F̃0

0 S0
0 (CP-odd) model after imposing the con-

straints listed in the top of each frame. The colour map indicates the relic density
normalised to the PLANCK value for the two DM components a (Ωa/ΩPlanck,
shown in green fading to yellow) and ψ (Ωψ/ΩPlanck, shown in Magenta fading
to cyan), or their sum (Ωtot/ΩPlanck, shown in black fading to red).

In the top row of Figure 2.7 we show the projection in the ma–λaH plane, where the
colour map corresponds to values of Ωa/ΩPlanck with dark green marking model
points that saturate the relic density with a alone. Recall that we keep all points
with Ωtoth2 < 0.12. In the panel 2.7(a), no other constraint except the relic density
is added: it clearly demonstrates the correlation between Ωa and the value of λaH,
driven by the Feynman diagrams c)/e) and a)/f) of Figure 2.6. One can also see
the region of the resonant annihilation through the Higgs boson, aa → H, which
takes place for ma ' mH/2. Due to its efficiency, it allows the value of λaH to go as
low as ' 4× 10−4 while being consistent with the ΩPlanck constraint. Outside of
the resonant region, values of λaH . 10−1 ÷ 1 are excluded by overclosure of the
universe. Furthermore, in the panel 2.7(b) we present the same 2D projection with
points satisfying DM direct detection constraints from Xenon1T experiment (both
on a and on ψ). The plot illustrates how Xenon1T excludes all points for ma . mH,
except for a sliver close to the Higgs resonance, which has small couplings or
small relic density for the a component. The excluded region of the parameter
space, in fact, requires relatively large λaH & 0.1 values in order to provide an
effective a annihilation via the virtual Higgs boson. Being consistent with the relic
density constraint, therefore, is at odds with the non-observation of a DM direct
detection signal. We also superimpose the LHC bound on the Higgs invisible
decays (Br[H → invis] < 0.11), which excludes the Higgs resonant sliver for
λaH & 3 × 10−2, as shown by the shaded region above the blue line. Future
collider projections are considered as well, showing that the exclusion on λaH
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FIGURE 2.7: 2D projections of the allowed parameter space for F̃0
0 S0

0 (CP-odd) model
(after constraints given at the top of each frame) with the colour map indicating the in-
dividual relative relic density of two DM components a (Ωa/ΩPlanck), ψ (Ωψ/ΩPlanck)
or their sum (Ωtot/ΩPlanck). Here, H → inv curves reflect only tree level contribu-
tions from H → aa, and as such are conservative limits in the given projection. In (c)

however, one loop H → ψψ is included in exclusion on points.

will improve by a factor of about 3 at the High Luminosity LHC run (HL-LHC)
(projected bound of Br[H → invis] < 3.8% [132]), as shown by the orange line.
The International Linear Collider (ILC) running at

√
s = 250 GeV and with an

integrated luminosity of 1.15 ab−1 will be able to exclude λaH & 4 × 10−3, as
indicated by the green line, corresponding to a projected exclusion of Br[H →
invis] > 0.4% [133]. One should also note that even the ILC will not be able to
fully exclude the Higgs resonant region, since λaH goes below the ILC sensitivity
by one order of magnitude.

Besides the Higgs sliver, a second viable region in the parameter space emerges
for ma & mH, as shown in plot 2.7(b). It is defined by the interplay of the semi-
annihilation processes ψψ→ aH and aψ→ Hψ, involving both new states of the
dark sector. This better illustrated by panels 2.7(c–d), in the plane defined by the
masses and the ψ mass and coupling, respectively. Panel 2.7(c), showing a colour
map corresponding to the total relic density Ωtot, offers the best view of the new
region. Besides the Higgs sliver for a, appearing as a horizontal band, the allowed
points highlight a vertical band corresponding to the Higgs resonant region for ψ
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FIGURE 2.8: The distribution of relic density among species in the mass plane.
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FIGURE 2.9: Direct detection cross-sections (scaled by relevant relic abundance frac-
tion) for the two DM species plotted in the mass plane, with constraints applied from

future experiment LZ [6].

via the one-loop induced coupling, and a wedge defined by

ma & mH and mψ & ma . (2.69)

An interesting feature is the fact that masses below mH/2 are excluded for both
DM candidates: while for a this is due to a compbination of relic abundance and
direct detection and (more marginally) by the Higgs invisible width. When ma <

mH/2 the coupling λaH must be > O(1) in order for efficient annihilation through
the Higgs to occur, resulting in the direct detection signals being sufficient for
Xenon1T to be exclude them. For ψ this comes from the fact that for low masses
the only efficient annihilation channel is ψψ̄ → aa. This is efficient enough only
for mψ & ma, thus, mψ < mH/2 would result in too much relic density due to
the limit on ma. In panel 2.7(d) we show the allowed points projected on the
mψ–Yψ space, with colour map corresponding to the individual relic density of ψ.
We can see a clearly defined triangular shape, which emerges from the ψψ → aa
annihilation process and which requires the coupling Yψ & O(1) to be fairly large
to avoid overclosure of the universe. On top of this, there is a “leakage” of points
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FIGURE 2.10: Loop induced branching ratio of Higgs to ψ, ψ when ψ resonantly anni-
hilates through Higgs.

for mψ & mH, which emerge from the interplay with the process ψψ → aH,
which becomes relevant for mψ & ma ∼ mH. This means that for each value of
Yψ, one can find a value for λaH that fixes the relic density below the limit. We
also observe a smaller “leakage” of points for masses below mH: this is due to
an interplay between the two processes aa → H and ψψ → aH and point to
masses mψ ' 3

4 mH. This value comes from the fact that the first process, aa→ H,
dominates for ma ' mH/2 in the Higgs resonant region, while the second, ψψ→
aH, opens up for mψ ' (ma + mH)/2.

We remark from panel 2.7(c) that points saturating the measured relic density ex-
ist in almost the whole allowed parameter region, thanks to the interplay between
the two components a and ψ. In Figure 2.8 we show, in the plane defined by the
masses, the contribution of each specie to the total relic (left for ψ and right for
a). Interestingly, the region with ma ∼ mH/2 contains points with sizeable and
dominant relic from ψ. The remaining parameter space contains a region with
ma ∼ mψ where both species can receive competitive relic densities, and regions
dominated by a for ma & 300 GeV and by ψ for mψ & 1 TeV. Future direct detec-
tion experiments will be able to probe most of the remaining points, as demon-
strated in Figure 2.9, where we impose the projected exclusion by the Lux-Zeplin
(LZ) next generation experiment [6]. The surviving points consist on the Higgs
sliver for a, with points dominated by the pseudo-scalar relic, and points with
ma ∼ mψ. The latter ones still have sizeable SI cross-sections, discernible from the
neutrino floor at future direct detection experiments. However, the Higgs reso-
nance region would prove to be invisible to such experiments and may be probed
instead through increased sensitivity to Higgs invisible decays at future colliders.

When mψ ≈ 60GeV (resonantly annihilates through the NLO coupling to Higgs),
and ma ≈ 100GeV, the Higgs can decay to a pair of psi at NLO. Sensitivity to the
couplings in this region are shown in Figure 2.10. In figures 2.7,2.9, we see that
although XENON1T cannot fully exclude this region, LZ would have sensitivity.
If a signal were to appear at LZ, then future colliders would have sensitivity to
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such a scenario also. To fully probe the many DM models which rely on resonant
annihilation through the Higgs, future Higgs factory type colliders such as the
ILC [134] are critical.

2.4.2 Scenario B: ψ FIMP regime with thermal a

As we have seen, small values of Yψ . O(10−1) are excluded due to an excessive
relic density of the fermionic component ψ. However, for extremely small values,
Yψ . O(10−8), ψ will not be in thermal equilibrium at early times and it will
freeze-in by means of the scattering of a with the Higgs, aH → ψ̄ψ. On the other
hand, sizeable values of λaH would guarantee that a remains thermalised and
contribute with a thermal relic component (as a second specie for ma > 2mψ or
by decayind into the fermionic DM). To study this regime, we performed a scan
of the parameter space, with results shown in Figure 2.11.
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FIGURE 2.11: 2D projections of the allowed parameter space for F̃0
0 S0

0(CP-odd) model
(after constraints given at the top of each frame) with the colour map indicating the
individual relative relic density of two DM components a(Ωa/ΩPlanck), ψ(Ωψ/ΩPlanck)

or their sum (Ωtot/ΩPlanck). Here we require that a is totally stable (ma < 2mψ).

The first two plots in the top row of Figure 2.11, showing the parameter space
in the ma–λaH plane and relic density of a, bear similarity with the top row in
Figure 2.7: in both cases, the allowed regions are dominated by the thermal pro-
duction of a. The only remarkable difference is the absence of “leaking” points,
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which were due to the co-annihilation processes involving ψ, which are now sup-
pressed by the small value of Yψ. The contribution of ψ via freeze-in is shown
in the bottom plots of the figure. In panel 2.11(d), in particular, we show the
relic density of ψ in the mψ–Yψ parameter space. While for most points the relic
density is very small, we can identify two distinct regions where sizeable values
can be attained (including saturating the whole DM relic density): one for largish
Yψ & 10−9 starting from masses mψ & 30 GeV, and another one for lower cou-
plings, 10−12 . Yψ . 10−9 starting at mψ & mH/2. These two regions can be
better understood in the ma–mψ plane, shown in panel 2.11(c): the former region
corresponds to points where a is in the Higgs resonant sliver represented by the
horizontal band; the latter region corresponds to triangle region at large a mass,
where ma > mH.

2.4.3 Conclusions

A naive treatment of mediators in such a DM model can overlook some key fea-
tures, and lead to the underestimation of DM abundance or direct detection cross-
sections. Here, this is demonstrated through regions of parameter space where
the mediator a can carry a sizeable amount of the DM relic abundance, and also
scatter at tree-level off nucleons at direct detection experiments in contrast to the
loop level scattering of the fermion candidate it accompanies.

It is demonstrated that although highly constrained by XENON1T experiment,
there is a strong sensitivity to discovery for such a model at the next generation
direct detection experiment LZ [50]. A non-observation at LZ would push this
model to require pseudoscalar masses around half of the Higgs mass, if this is the
case then colliders would play a pivotal role in further probing Higgs to invisible
decays.

2.5 Conclusions

A systematic classification was presented for MCDM models. The simplest of
such models, including only a vector-like multiplet containing DM produce loop-
level direct detection signals, calculated here to typically fall directly within the
reach of future experiment LZ (for masses less than 10TeV, for which the mea-
sured relic abundance is achievable).

The introduction of mediators and their phenomenological impact was surveyed,
although a complete treatment of their impact on direct detection signals was not
given. This would be a key future work, in order to understand the interplay
of mass splittings and generation for fermionic DM (and their respective impact
on the DD cross-section through loops) potentially caused by mediators and the
associated tree level contributions to DD which they may incur.
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Through considering the simple model in section 2.4, we show that the naive
treatment of mediators in simplified approaches may lead to the underestimation
of relic abundance or direct detection signals. Such a model, along with many
other viable EW scale models which rely on resonant (semi)annihilation through
the Higgs in order to satisfy the relic abundance would be ideally probed by a
combination DD experiments and a future Higgs factory experiment such as ILC,
CLIC, LHC-ee.
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Chapter 3

Decoding Dark Matter at future
e+e− colliders

The search for Dark Matter (DM) in High Energy Physics experiments (HEP)
has become one of the primary goals of the LHC and future colliders, in addi-
tion to non-collider experiments. Indeed it is one of the fundamental problems
for the HEP community to discover and decode the nature of DM, the existence
of which has been confirmed by several independent cosmological observations.
These include galactic rotation curves, cosmic microwave background fits of the
WMAP and PLANCK data, gravitational lensing, the large scale structure of the
Universe, and interacting galaxy clusters such as the Bullet Cluster. Despite this
multitude of observations strongly suggesting the existence of cold non-baryonic
particle DM, many of its properties remain a mystery. These properties include
the spin, mass, non-gravitational interactions, stabilising symmetry and the na-
ture of mediators between the Standard Model (SM) and DM, plus its potential
partner particles in the dark sector.

As one of the most active research areas in HEP, there are many key papers
exploring the vast model landscape of DM and the possibilities to disentangle
these models experimentally. A selection of important DM models include SUSY
[135, 136, 137], non-thermal DM and dark sectors [138], sterile neutrinos [139],
general minimal WIMP models [90], Axions [140], Kaluza-Klein DM [141], Uni-
versal Extra Dimensions [142] and extended Higgs sectors [143, 144, 145]. Phe-
nomenological investigations into distinguishing the many models of DM via
properties such as spin [34, 146, 147] and mass [33, 31] would be key in the event
of a discovery.

Traditional searches for DM at the LHC via missing energy signatures through
mono-jet [148, 149], mono-V [150, 151, 152, 153, 154, 155], mono-Higgs [156, 157,
158, 159, 160], DM+ top quarks [161, 162, 163] and invisible Higgs decays [164,
165, 154] or through potential mediators [166, 167, 168] expand on constraints
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from LEP on DM charged partner masses [169]. DM may also be probed in sce-
narios where its charged partners are long-lived, providing unique signatures
with little background. These scenarios, known as non-prompt searches, include
disappearing charged tracks [170, 171] and displaced vertices [172, 173].

On the other hand, in case of generic scenarios where DM is involved in SM
SU(2) electroweak (EW) interactions and no additional Beyond-the-Standard-
Model(BSM) mediators are present, it is quite challenging for the LHC to probe
such a DM even in the 100 GeV range if it does not give rise to non-prompt sig-
natures. For example, in [174] it was shown that even at High Luminosity (HL)
LHC, the higgsino-like neutralino DM from the Minimal Supersymmetric Stan-
dard Model(MSSM) can be probed only up to about 200 GeV mass with very
high transverse momentum mono-jet signature required to reduce large SM back-
ground. There are no current constraints on such a scenario from the LHC and
the best limits are set up by LEP on charged DM partner (e.g chargino) mass to
be above 100 GeV [174].

The most recent global scans of the MSSM [175] plus the neutralino and chargino
sector (analogous to split SUSY scenarios) [176] reveal a best fit region consistent
with a higgsino-bino DM candidate, which is mostly bino (mostly singlet DM
will avoid direct detection constraints). These viable points rely on the so-called
“Higgs funnel” annihilation channel (DM mass around half Higgs mass) in order
to reproduce the relic density as measured by PLANCK. Such scenarios may be
ideally probed by a 500 GeV collider such as the ILC, where the accessible particle
spectrum (< 300 GeV) contains the two lightest neutralinos in addition to the
lightest chargino.

In this study we explore the potential of a future e+e− collider to probe and dis-
tinguish two well motivated minimal models with DM of spin-0 and 1/2 embed-
ded into an SU(2) weak doublet with no additional BSM mediator. We assume
that the DM sector is represented by an EW doublet without loss of generality
and that each model includes DM, D, its charged partner D+ and heavier neutral
partner(s), D2(D3) with MD2(MD3) > MD, which are odd-particles with respect
to a Z2 symmetry responsible for DM stability. We explore the potential of the
500 GeV e+e− collider (which can be ILC, CLIC etc) to measure MD and M+

masses and distinguish DM spin using single- and di-lepton signatures from D±

decays. The observation of such signature requires a non-vanishing mass gap
∆M = MD+ − MD (& 10 GeV) which would provide detectable leptons. Our
study goes beyond the previous exploration(e.g. [147]) of the ILC potential to
discriminate DM models in several principal aspects: a) we explore the signature
with leptonic final state which has the advantage of keeping background under
better control and more precise determination of the final state energy distribu-
tions; b) we make use of the predicted cross-sections for typical parameter points
delivering the correct relic abundance; c) we suggest the set of new kinematical
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observables and cuts which boost e+e− collider potential discrimination of DM
models; d) we explore both cases for off-shell and on-shell W-boson decay; e) we
use model-independent template based approach to fit kinematic endpoints and
determine D and D+ masses using likelihood methods.

This paper is organized as following. In Section 2 we discuss models and pro-
cesses under study, in Section 3 we study the signal rate and kinematics, in Sec-
tion 4 we analyse signal and background separation and find the potential of e+e−

collider to measure DM properties. Finally in Section 5 we draw our conclusions.

3.1 Models and Processes

3.1.1 Inert doublet model (I2HDM)

The spin-0 or scalar DM (SDM) model which we use as a first case study is the
inert Two Higgs Doublet Model [177, 178, 179, 180, 181, 182, 183] which in addi-
tion to SM Higgs doublet contains inert scalar Z2-odd doublet, φD, that does not
acquire a Vacuum Expectation Value (VEV). In our paper we call all particles odd
under Z2 symmetry D-particles, and refer to the Z2 symmetry as D-parity. The
scalar sector of the model is given by

L = |DµΦ|2 + |DµφD|2 −V(Φ, φD), (3.1)

where V is the potential with all scalar interactions compatible with the Z2 sym-
metry:

V = −m2
1(Φ†Φ)−m2

2(φ†
DφD) + λ1(Φ†Φ)2 + λ2(φ†

DφD)2

+ λ3(Φ†Φ)(φ†
DφD) + λ4(φ†

DΦ)(Φ†φD) +
λ5

2

[
(Φ†φD)2 + (φ†

DΦ)2
]

.(3.2)

In the unitary gauge, the SM doublet, Φ and the inert doublet, φD take the form

Φ =
1√
2

(
0

v + H

)
, φD =

1√
2

( √
2D+

D + iD2

)
, (3.3)

where we consider the parameter space in which only the first, SM-like doublet,
acquires a VEV, v. After EW Symmetry Breaking (EWSB), the D-parity is still
conserved by the vacuum state, which forbids direct coupling of any single inert
field to the SM fields and protects the lightest inert boson from decaying, hence
providing the DM candidate in this scenario. In addition to the SM-like scalar H,
the model contains one inert charged D+ and two further inert neutral D and D2

scalars. The two neutral scalars of the i2HDM have opposite CP-parities, but it
is impossible to unambiguously determine which of them is CP-even and which
one is CP-odd since the model has two CP-symmetries, D → D, D2 → −D2 and
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D → −D, D2 → D2, which get interchanged upon a change of basis φD → iφD.
This makes the specification of the CP-properties of D and D2 a basis-dependent
statement. Therefore, following Ref. [145], we denote the two neutral inert scalar
masses as MD < MD2 , without specifying which is scalar or pseudoscalar, so that
D is the DM candidate.

The model can be conveniently described by a five dimensional parameter space[145]
using the following phenomenologically relevant variables:

MD , MD2 > MD , M+ > MD , λ2 > 0 , λ345 > −2
√

λ1λ2, (3.4)

where MD, MD2 and M+ are the masses of the two neutral and charged inert
scalars, respectively, whereas λ345 = λ3 + λ4 + λ5 is the coupling which governs
the Higgs-DM interaction vertex HDD. There is a (φD → iφD, λ5 → −λ5) sym-
metry of the Lagrangian which allows us to chose λ5 > 0. The masses of the
three inert scalars are expressed in terms of the parameters of the Lagrangian in
Eqs. (3.1)–(3.2) as follows:

M2
+ = 1

2 λ3v2 −m2
2,

M2
D = 1

2 (λ3 + λ4 − λ5)v2 −m2
2,

M2
D2

= 1
2 (λ3 + λ4 + λ5)v2 −m2

2 > M2
D,

(3.5)

which represent the only three parameters relevant to our study, since we explore
production of D-particles in the gauge interactions at e+e− colliders.

Constraints on the Higgs potential from requiring vacuum stability and a global
minimum take the following form[145]:{

M2
D > 0 (the trivial one) for |R| < 1,

M2
D > (λ345/2

√
λ1λ2 − 1)

√
λ1λ2v2 = (R− 1)

√
λ1λ2v2 for R > 1,

(3.6)

where R = λ345/2
√

λ1λ2 and λ1 ≈ 0.129 is fixed as in the SM by the Higgs mass in
equation (3.5). The latter condition places an important upper bound on λ345 for
a given DM mass MD. Constraints on the model’s parameter space have already
been comprehensively explored in a large variety of previous papers [184, 185,
186, 187, 188, 189, 190, 191, 192, 193, 194, 195, 196, 197, 198, 199, 200, 201, 202, 203,
204, 205, 177, 178, 179, 180, 145].

3.1.2 Minimal Fermion DM (MFDM)

The second model we consider here is a minimal model with an EW fermion
DM doublet. The model should respect direct DM constraints coming from the
most restrictive DM Direct Dtection (DD) searches from the XENON1T exper-
iment [130], and at the same time provide the correct amount (or at least not
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over abundant) of relic density. Therefore the model must have a mechanism
to suppress DM scattering through intermediate Z-bosons and/or Higgs bosons.
Among several candidates for such a mechanism, the most minimal is to intro-
duce Majorana neutral D-odd particles χ0

1 and χ0
2 as a part of an EW doublet and

split their masses via interactions with the SM Higgs doublet and additional Ma-
jorana singlet fermion χ0

s :

LFDM = LSM + ψ̄(iD−mψ)ψ +
1
2

χ̄0
s (i∂−ms)χ0

s − (Y(ψ̄Φχ0
s ) + h.c.) , (3.7)

where fermion fields are in bispinor form and Φ is the SM Higgs doublet. A DM
SU(2) vector-like doublet with hypercharge Y = 1/2, may be defined in terms of
majorana states χ0

1, χ0
2 as:

ψ =

(
χ+

1√
2

(
χ0

1 + iχ0
2
)) . (3.8)

The model which we suggest and use in our paper has only three new param-
eters: mψ, Y and ms. This model is more minimal in comparison to the previ-
ously studied doublet-singlet model [206, 207] which has four parameters be-
cause of two Yukawa couplings, distinguishing left- and right-handed interac-
tions of Higgs and DM doublets with χ0

s . Our choice of the parity conserving
ψ − Φ − χ0

s Yukawa interactions adds just one parameter to the model – the
Yukawa coupling, which is the same for left and right interactions. We have
checked that this scenario is radiatively stable. This parity would be spoiled if
the DM sector would directly couple to SM fermions, which is eventually not the
case. Therefore our model with just three new parameters is consistent and truly
the minimal one.

The Yukawa interaction mixes χ0
1 and χ0

s while χ+ and χ0
2 have the same mass

mψ and remain degenerate at tree-level. This degeneracy is not essential, since χ0
2

decay is driven by the χ0
2 → χ0

1Z(∗) process.

We trade mψ, Y and ms parameters for three physical masses:

MD, mψ ≡ M+ = MD2 , and MD3 , (3.9)

corresponding to (D, D2, D3) mass bases of the neutral DM sector, which one ob-
tains from the diagonalisation of the mass matrix in the (χ0

s , χ0
1, χ0

2) basis:

M =


ms Yv 0

Yv mψ 0

0 0 mψ

 , (3.10)
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where the relation between gauge (χ0
1, χ0

s ) and mass (D, D3) eigen-states are given
by:

χ0
s = D sin θ + D3 cos θ

χ0
1 = D cos θ − D3 sin θ (3.11)

and the rotation angle θ which diagonalises the mass matrix (3.10) is given by

tan 2θ =
2Yv

ms −mψ
. (3.12)

One should note that the mass and gauge eigenstate of χ0
2 coincide and have the

mass mψ ≡ M+ = mD2 . The relation between the Lagrangian parameters from
mass matrix (3.10) and physical mass parameters is given by:

ms = MD + MD3 −M+, (3.13)

Y =

√
(MD3 −M+)(M+ −MD)

v
, (3.14)

while the eventual mass order

MD3 > M+ = MD2 > MD (3.15)

follows from the condition for Y to be real. The phase of χ0
s may be chosen such

that Y is positive. If Y > 0 then the sign of ms −mψ [+,−] determines whether θ

lies in quadrant [(0, π
4 ), ( π

4 , π
2 )]. Likewise, if Y < 0 then the sign of ms−mψ [−, +]

determines whether θ lies in quadrant [( π
2 , 3π

4 ), ( 3π
4 , π)]. This MFDM model, with

singlet-doublet dark sector content can be mapped into the bino-higgsino MSSM
model with all other SUSY particles decoupled, including winos.

In this model, DM direct detection rates may be suppressed arising from the fact
that D does not interact directly with the Z-boson and couplings to the Higgs may
be small depending on scenario. Inelastic up-scatterings arising from the ZDD2

vertex are kinematically disallowed (which is the case of this study) when the
mass split between D and D2 particles is beyond the recoil energy threshold of
direct detection experiments - typically around 1 keV. In such a scenario, the tree
level direct detection rate depends exclusively on scattering via the Higgs.

The spin-independent nucleon scattering cross-section depends only on Higgs ex-
change, where the Higgs couples to DM with strength proportional to g2

DDh. Note
here that the sign (resulting from quadrant of θ) does not influence the observable
direct detection cross-section.

gDDh = −2Y cos θ sin θ = ±2
(M+ −MD)(MD3 −M+)

v(MD3 −MD)
(3.16)
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For cascade decays with sizable cross-sections at colliders we require a relatively
large mass gap, M+ − MD, in order to recoil on-shell (or slightly virtual) W
bosons. In this scenario, small couplings may be achieved when MD3 − M+ is
small, whilst producing the correct relic abundance through resonant annihila-
tion when MD ' Mh/2. D − D3 and D − D+ co-annihilation channels are sub-
dominant in this scenario due to the relatively large mass split between DM and
its partners.

3.1.3 Benchmark Points

In our study we chose two benchmarks with different D+ − D mass gaps: one –
providing D+ → DW decay with on-mass-shell W-boson in the final state and an-
other – with the off-mass-shell W∗-boson. We choose model parameters provid-
ing the right amount of relic density and satisfying the latest DM DD constraint
from XENON1T searches to make sure that chosen benchmarks are the realis-
tic ones. The benchmarks are presented in Table 3.1 together with DM observ-
ables. One should note that I2HDM model has two more parameters (five versus
three) in comparison to MFDM model – λ345 and λ2. First we chose MD, M+

D , MD2

to make the relic density consistent with the results from PLANCK for MFDM
model, then use additional parameter λ345 from I2HDM to make the relic density
from this model to be consistent with PLANCK. The other parameter – λ2 , which
controls the self-interaction of DM, is not relevant to collider phenomenology. We
keep λ2 = 1 without loss of generality1 since it does not affect any conclusion in
this paper. We chose the same D, D+ and D3 masses for both models with the
aim to explore the ILC potential in distinguishing theories with same mass but
different spin of the DM sector.

The relic density, Ωh2, and spin-independent proton scattering cross-section, σ
p
SI ,

were calculated using the micrOMEGAs package [15].

We have recast an existing SUSY analysis using CheckMATE2 [208] and found
that the most sensitive search for BP1 and BP2 is the CMS 13TeV search for elec-
troweak production of charginos and neutralinos in multilepton final states [209]
, which gives an r-value 2 of 0.325 and 0.664 respectively. Many of the most strin-
gent LHC constraints on electroweak scale WIMP masses arise from decays me-
diated by sleptons and sneutrinos of mass / 500GeV. In the scenarios explored
here we assume that all additional SUSY particles (or analogous particles which
could appear in the I2HDM extension) are decoupled. It is worth noting that the
global scan of electroweakino DM by the GAMBIT collaboration shows favoured
parameter points around our benchmarks [176].

1The large value of λ2 could potentially affect the DM density profile and loop-induced DM annhilla-
tion into SM particles. These effects are outside the scope of this paper.

2r = Signal/(95%CL on Signal)
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Parameters
Benchmarks

BP1 BP2

MD 60 60
M+ 160 120
MD3 160.85 120.85

I2HDM parameters
λ345 6.5× 10−4 7.0× 10−4

λ2 1.0 1.0
DM observables

Ωh2 sDM = 0 0.111 0.112
sDM = 1

2 0.108 0.109

σ
p
SI[pb]

sDM = 0 6.17× 10−13 6.17× 10−13

sDM = 1
2 1.67× 10−11 1.65× 10−11

TABLE 3.1: Benchmark points for I2HDM and MFDM with DM observables. All
masses are given in GeV.

3.1.4 Analysis setup

In our study we use the following tools to evaluate the ILC potential to probe
properties of DM. We use CalcHEP[13] to perform the parton-level signal anal-
ysis in section 3.2, including the study of the finite width effects from W-boson
decay, and the effects from the Initial State Radiation (ISR) and Beamstrahlung
Radiation (BR). We use Pythia8 [210] to simulate final state radiation and hadro-
nisation effects. Events from Pythia are then passed to Delphes [211] fast-detector
simulator using the ILC card based on the proposed ILD detector [212]. At this
level of simulation we have performed signal and background analysis of the var-
ious kinematic distributions to extract D and D+ masses to distinguish scalar and
fermion DM models as discussed in detail in 3.3.

3.2 Exploring DM production via cascade decays at e+e−

colliders

The neutral and stable DM candidate, D, can be produced and detected via the
production of D+ or D2 and subsequent decay D+ → DW±, D2 → DZ with
either on shell (real) or off shell W± or Z. The off shell W emerges as a qq̄ pair
(dijet) or `ν, having the same quantum numbers as W but with an effective mass
M∗W < MW . From now on, W or Z refers to any of these two cases. We denote
maximal value of off shell mass M∗W ≡ M+ −MD as M∗max.

In the text below we denote electron beam energy

E =
√

s/2 . (3.17)
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We consider energies E and three-momenta p of particles in different reference
systems and use particle name in superscript (W for W+ and D for D+) for energy
and momentum to indicate their Lorentz frame. For the lab system (cms for e+e− )
corresponding quantities are written without superscript. The subscript indicates
just the name of the particle to which the physical quantity belongs. For example,
pD

W is value of three momentum of W+ in the rest frame of D+, and Eµ is energy
of muon in the lab. system.

We supply upper superscript by additional sign (+) or (−) to mark upper and
lower limits of variation of corresponding energy at value of intermediate param-
eter mentioned in bracket, subscripts p or k mark values, corresponding to a peak
or kink.

3.2.1 Strategy to discover and measure DM properties

To discover particle DM, one needs to specify such processes with a clear signa-
ture producing sufficient signal to be distinguishable from SM background. The
e+e− Collider ILC/ CLIC provides an excellent opportunity for this task (see, e.g.,
[213], [214]) in the process e+e− → D+D− with a clear signature, see Eqs. (3.26)
and (3.27) below. The cross section of this process is a large fraction of the total
cross section of e+e− annihilation, sect. 3.2.2.

The masses M+ and MD could be found via the edges of the energy distribution
of dijets, originating from W from the decay D+ → DW±, (see [215, 216] for
MSSM and [181, 182, 183] for IDM). However, this method cannot provide a good
accuracy in measuring the mass. Indeed, the individual jet energy measurement
suffers from a sizable uncertainty. In particular, this uncertainty smoothes the
lower edge in the dijet energy spectrum.

On the contrary, the lepton energy can be measured much more precisely. In
this chapter we show, first, that the energy distribution of leptons has singular
points whose positions are kinematically determined. Measuring positions of
these singularities will allow, in principle, to determine the masses MD and M+

with good precision. In contrast to [215, 216], [181, 182, 183], our prescription is
suitable for different models.

Moreover, we present a simple method for measuring spin of DM particles in
these very experiments.

The discussed problem differs strongly from that for the case when the lightest
charged D-odd particle is a slepton (which is possible for a different set of pa-
rameters of MSSM). In the latter case DM particles are produced via slepton pair,
e+e− → ˜̀+ ˜̀− → `+`−χ0χ0. First of all, the signature of this process is quite
different from the one in our problem (3.26), (3.27). Second, the energy of the
observable lepton - which is a decay product of the slepton is measurable well
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in each individual event, in contrast with our case, where a similar decay product,
W, is seen as dijet or lepton plus neutrino with poorly measurable energy in each
individual event. Therefore, the approach used in the analysis of slepton produc-
tion (cf. [217, 218, 219]) cannot be applied directly to our problem.

3.2.2 Cross-section formulae for DDD-particles with spin, sDsDsD

We express the discussed cross sections via

σ0 ≡ σ(e+e− → γ→ µ+µ−) = 4πα2/3s . (3.18)

The total cross section of e+e− annihilation at ILC for
√

s > 200 GeV is ∼ 10 σ0.
The annual integrated luminosity L for the ILC project [214] gives the number of
events of

Lσ0 ∼ 3 · 105. (3.19)

The process e+e− → D+D− represents a significant fraction of all e+e− annihila-
tion events – see (3.22), (3.24), figure 3.1 and Table 3.2. With the luminosity (3.19),
the annual number of events associated with D+D− production will be between
0.6 · 105 and 3 · 105, depending on 2M+/

√
s and sD, and about 1/3 of them (in the

mode with e or µ plus dijet) are suitable for our analysis.

Note before we proceed that the energies, γ-factors and velocities of D+ are

E+ =

√
s

2
, γ+ =

√
s

2M+
, β+ =

√
1− 4M2

+/s. (3.20)

The amplitude of the process e+e− → D+D− is given by the sum of the annihi-
lation cross-section σγγ, the Z annihilation cross-section σZZ and an interference
term σγZ. This is given by equation 3.22, and may be factorised in terms of the
QED only cross-section (equation 3.21).

σγγ =

σ0β+

[
1 +

2M2
+

s

]
if sD = 1

2

σ0
β3

+
4 if sD = 0

(3.21)

σ = σγγ + σγZ + σZZ = σγγ

1 +
κγZ

1− M2
Z

s

+
κZZ(

1− M2
Z

s

)2

 (3.22)

κγZ =
cos 2θW(2 cos 2θW − 1)

4 cos2 θW sin2 θW
≈ 0.089

κZZ =
cos2 2θW + (cos2 2θW + (cos 2θW − 1)2))

32 cos4 θW sin4 θW
≈ 0.377 (3.23)
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FIGURE 3.1: Comparing the cross section as a function of the center of mass energy,
for fermion and scalar case. BP1 values are used. The green line corresponds to the

dominant background process.

√
s/GeV 300 500 500 500

M+/GeV 120 120 160 200

sD = 0 : σ/ f b 81.0 87.7 58.9 28.0

sD = 1/2 : σ/ f b 1188.6 508.1 480.8 411.3

TABLE 3.2: Some values of σ(e+e− → D+D−)

The benchmarks considered contain MD2 at masses just above M+, causing kine-
matic suppression of the decays D± → D2W±. In general MSSM scenarios, there
is a further contribution of the diagram with t-channel exchange of an additional
D-odd particle (such as sleptons). For the minimal model discussed here, slep-
tons are decoupled causing no t-channel process. For example, if the mass of the
selectron is more than 250 GeV (condition 2 in sect. 3 and [220]), the cross section
for sD = 1/2 can be reduced by a factor > 0.6, σMSSM > 0.6σ(sD = 1/2). Com-
bining with numbers from figure 3.1 and Table 3.2 we obtain (for identical masses
M+ at a given beam energy

√
s

2 ):

σ(sD = 1/2) > 4σ(sD = 0). (3.24)

• The experimental value of the e+e− → D+D− cross section is obtained by sum-
ming over all processes with signature (3.26), (3.27) (that is about 3/4 of the total
cross section). By taking into account the known BR’s for W decay the accuracy
of this restoration of σ(e+e− → D+D−) can be improved.

For a known mass M+, the cross section σmin(e+e− → D+D−) is calculated with
reasonable precision with equation (3.22). The strong inequality (3.24) allows
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to determine the spin sD from the obtained values of cross sections even with
a handful of well-reconstructed events.

75 100 125 150 175 200 225 250
M+ (GeV)

10 4

10 3

10 2

10 1

(e
+

e
D

+
D

)
(p

b)

s = 500 GeV

SDM
FDM

FIGURE 3.2: Comparing the cross section as a function of the mass of D±, for fermion
and scalar case. BP1 values are used, except for D+ which is scanned over.

3.2.3 The signature

• If M2 > M+M2 > M+M2 > M+ or D2D2D2 is absent, once produced, particles D+ decay fast (with a
unit probability) to DW±,

e+e− → D+D− → DDW+W− . (3.25)

The observable states are decay products of W with a large missing transverse
energy /ET carried away by the invisible D-particle, and the missing mass of par-
ticles escaping observation M(/ET) is large. In contrast to the LHC, where a large
flux of low p⊥ particles demands an additional p⊥ cut off, at e+e− LC the flux of
low p⊥ particles is small.

Therefore, the signatures of the process in the modes suitable for observation are

e+e− → DD(W → qq̄)(W → qq̄): Two dijets + nothing,
with energy of each dijet <

√
s

2 , with large /ET and large M(/ET).
(3.26a)

e+e− → DD(W → `ν)(W → qq̄): One dijet + e or µ + nothing,
with energy of each dijet or lepton <

√
s

2 , with large /ET and large M(/ET).
(3.26b)
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At M∗W > 5 GeV, the branching ratios for different channels of W decay are
roughly identical for on-shell W [220] and off-shell W. In particular, the frac-
tion of events with signature (3.26a) is 0.6762 ≈ 0.45. The fraction of events with
signature (3.26b) is 2 · 0.676 · 2 · (1 + 0.17) · 0.108 ≈ 0.33 (here 0.17 is a fraction of
µ or e from the decay of τ). At M∗W < 5 GeV, BR(eν) and BR(µν) increase, while
the dijet becomes a set of a few hadrons.

• If M+ > M2M+ > M2M+ > M2, when analysing the main process e+e− → D+D−, one more decay
channel is added, D+ → D2W± → DZW±. Its branching ratio B = BR(D+ →
D2W+) is typically less than 0.5. Particle D2 decays fast to DZ, creating new
cascades e+e− → D+D− → DW+D2W− → DDW+W−Z, e+e− → D+D− →
D2W+D2W− → DDW+W−ZZ. As a result, the signature of the processes e+e− →
D+D− in the modes suitable for observation contains both (3.26) and processes
with decay W’s or Z’s in the mentioned cascades:

(4 dijets, 0 l±) ÷ (1 dijet, 5 l±) with large /ET and large M(/ET) + nothing

(3.27)

Note that the processes with invisible decay Z → νν̄ (we denote these states as
Zn, their BR = 20% ) have signature (3.26).

3.2.4 WWW energy distribution

Here we consider the energy distribution of W with an effective mass M∗W . We
have, in the rest frame of D±, a two-particle decay D± → DW± with

ED
W(M∗W) =

M2
+ + M∗2W −M2

D
2M+

, pD
W(M∗W) =

√
(M2

+ −M∗2W −M2
D)2 − 4M2

D M∗2W

2M+

.
(3.28)

Denoting θ as the W+ escape angle in the D+ rest frame with respect to the di-
rection of D+ motion in the laboratory frame, and using c ≡ cos θ, we find the
energy of W+ in the laboratory frame as

EW = γD(ED
W + cβD pD

W)⇒

E(−)
W (M∗W) < EW < E(+)

W (M∗W), where E(±)
W (M∗W) = γD(ED

W ± βD pD
W) .

(3.29)
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In particular, at M+ −MD > MWM+ −MD > MWM+ −MD > MW (on-shell case) we have M∗W = MW , and the
kinematical edges of the W energy distribution are

E(±)
W (MW) = γD(ED

W(MW)± βD pD
W(MW))

=
E
2

1 +
M2

W −M2
D

M2
+

±

√
(M2

+ −M2
W −M2

D)2 − 4M2
D M2

W

M2
+

√
1− M2

+

E2


(3.30)

3.2.5 Single lepton energy distributions in process (3.26b)

3.2.5.1 Signal Evaluation Kinematics

We study the distribution of muons over its energy Eµ, by the differential cross-
section dσµ(Eµ|M+, MD)/dEµ.

The fraction of such events for each separate lepton, e+, e−, µ+ or µ−, is about
0.08, while their sum is about 0.33 of the total cross section of the process. We will
speak, for definiteness, ` = µ− and neglect the muon mass so that in the W rest
frame and the laboratory system with W energy EW respectively

EW
µ = |p|Wµ = M∗W/2 , γW = EW/M∗W , βW =

√
1− γ−2

W . (3.31)

Just as above, we denote θ1 as the escape angle of µ relative to the direction of the
W in the laboratory frame and use c1 = cos θ1.

The muon energy in the laboratory frame is

Eµ = γW (1 + c1βW) (M∗W/2) ≡ EW (1 + c1βW) /2⇒
E(+)

µ (M∗W , EW) > Eµ > E(−)
µ (M∗W , EW),

where E(±)
µ (M∗W , EW) = (EW ±

√
E2

W −M∗2W )/2 .

(3.32)

In particular, at M+ −MD > MW (on shell case) we have M∗W = MW , and at
given EW

E(+)
µ (MW , EW) > Eµ > E(−)

µ (MW , EW)

with E(±)
µ (MW , EW) = (EW ±

√
E2

W −M2
W)/2.

(3.33)

It is easy to check that the muon energy energy interval is located entirely within
the W energy interval. Therefore, all muon energies lie within the interval deter-
mined by the highest value of W energy, i.e. by equation (3.32) with EW = E(+)

W

from equation (3.30).

With a shift of EW from these boundaries inwards, the density of states in the Eµ

distribution grows monotonically due to contributions of smaller EW values up
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to E(±)
µ values, corresponding to the lowest value of W energy E(−)

W from equa-
tion (3.30):

ε±k ≡ E(±)
µ =

E(−)
W ±

√
(E(−)

W )2 −M2
W

2
. (3.34)

With these points the energy distributions of muons have kinks. Between these
kinks, the Eµ-distribution is approximately flat.

The cascade D− → DW− → Dτ−ν→ Dµ−νννD− → DW− → Dτ−ν→ Dµ−νννD− → DW− → Dτ−ν→ Dµ−ννν modifies the spectra just discussed.
The energy distribution of τ produced in the decay W → τν is the same as that
for µ or e, discussed above (within the accuracy of ∼ Mτ/M∗W). Once produced,
τ decays to µνν in 17 % of cases (the same for decay to eνν). These muons are
added to those discussed above.

In the τ rest frame, the energy of muon is Eτ
µ = y Mτ/2 with y 6 1. The energy

spectrum of muons is dN/dy = 2(3− 2y)y2 (see textbooks). The signal evaluation
is presented as energy distributions of muons in the Lab frame. It is clear that this
contribution is strongly shifted towards the soft end of the entire muon energy
spectrum.

In a well known approach, one measures the edges in the energy distributions of
dijets, representing W in the decay D± → DW± [215, 216]. However, the individ-
ual jet energies and consequently, effective masses of dijets cannot be measured
with a high precision. The observed lower edge of the W energy distribution in
the dijet mode are smeared by this uncertainty. One can only hope for a suffi-
ciently accurate measurement of the upper edge of the W energy distribution, E+

(3.30).

We suggest to extract the second quantity for description of masses from the lep-
ton energy spectra. The lepton energy is measurable with a high accuracy. We
found above that the singular points of the energy distribution of the leptons in
the final state with signature (3.26a) are kinematically determined, and therefore
can be used for a mass measurement.

M1) If a D2 particle is absent or M2 > M+, the results (3.32)-(3.34) describe the
energy distributions completely. The shape of the energy distribution of leptons
(with one peak or two kinks) allows to determine which case is realized, M+ −
MD > MW or M+ −MD < MW .

At M+ −MD > MW , the positions of the upper edge in the dijet energy distribu-
tion E+

on (3.30) and the lower kink in the muon energy distribution ε−k (3.34) give
us two equations necessary for the determination of MD and M+. We reproduce
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these equations for clarity

E±on =

√
s

2M+

(
Erest ± β+|p|rest

W
)

, ε−k =
E−on −

√
(E−W,on)2 −M2

W

2
,

where Erest =
M2

+ + M2
W −M2

D
2M+

, |p|rest
W =

√
(M2

+ −M∗2W −M2
D)2 − 4M2

D M∗2W

2M+
,

β+ =

√
1− 4M2

+

s
.

(3.35)

By solving simultaneous equations these are used to find equations for masses
M+ and MD independent of each other.

The position of the upper edge in the dijet energy distribution E+
on should be ex-

tracted from all events with signature (3.26), (3.27), the position of the lower kink
in the muon energy distribution ε+

k can be extracted from events with signature
(3.26b) only.

M2) The observation of the process e+e− → DD2 would suggest the inequality
MMM2 < M+ holds. In this case the position of the upper edge in the dijet energy
distribution is the same as in the previous case. The position of the lower edge in
the dijet energy distribution is either shifted or smeared, in this case the method
of [215, 216] becomes completely inapplicable. Taking into account a new decay
channel D− → D2W− with subsequent decays D2 → DZn, W− → µ−ν changes
the position of the main singularities in the muon energy spectrum very weakly.
Therefore the above mentioned procedure for finding M+ and MD may be used
in this case as well. The opportunity to extract new singularities from the data for
the case M1 is explored in section 3.3.3.

A more detailed analysis reveals two sources of distortion of the signal evaluation
(we neglected them in our preliminary analysis).

1. The final width of W and D± (Z and D2) leads to a blurring of the kinematic
features derived above. This effect increases with the growth of M+ −MD.

2. The energy spectra under discussion will be smoothed due to QED initial state
radiation (ISR), final state radiation (FSR) and beamstrahlung (BS).

3.2.5.2 Mass Determination

Here we will discuss the case where W± are produced onshell, i.e M+ −MD > MWM+ −MD > MWM+ −MD > MW .

We analyse distortion of the key features of the muon energy distribution for the
process discussed, at parton level, as presented in figure 3.3 left and right for SDM
and FDM respectively (at BP1). Here the blue line corresponds to the production
of D±DW∓ and the subsequent decay of the W boson, i.e W-width effects are
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not included. The yellow line corresponds to a simulation of the full production
cross-section, taking into account all widths. This effect smooths ε+

k considerably,
but the dominant distortion effect comes from the effects of ISR and BS (RAD), as
shown by the green line. In CalcHEP, ISR is modelled as in Jadach, Skrzypek, and
Ward [221], and BS by that of P. Chen [222]. The key observation here is that the
left hand kink, ε−k , remains visible.
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FIGURE 3.3: Muon energy distribution at BP1 for SDM (top) and FDM (bottom).

In figure 3.4, we compare the muon energy distributions for SDM and FDM, in-
cluding all width and RAD effects. For the SDM case, the left plot shows the
energy distribution of muons for the case of the matrix element independent of
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θ1. Since the positions of kinks are kinematically determined, it is not surpris-
ing that the calculations for distinct models (containing different angular depen-
dence) show variations in shapes, but do not perturb the position of kinks. We
see that for FDM, ε+

k is less well preserved than for SDM. Also, the higher energy
tail demonstrates the small difference in behaviour, however has no impact on
the endpoint, ε+, required for the measurement of mass. This small difference
between overall shapes suggests that the muon energy is not a good observable
to differentiate between spins of DM, but conversely that it is a good observable
for spin-independent measurements of mass.
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FIGURE 3.4: Comparing SDM and FDM Muon Energy Distributions using BP1 values,
including width and radiation effects.

The right plot of figure3 shows the muon energy distribution for the off-shell W
decay case. Its peak disagrees with the equation derived for this point, εp =√

s/2(1 + c1β+)(1−MD/M+)/2. Here c1 is the cosine of the angle between the
W boson in the lab frame and the muon that decays from it. In the M+ = 120
GeV and MD = 60 GeV case with

√
(s) = 500 GeV it is expected that εp = 136.88

GeV. As can be seen by figure1, the peak occurs at roughly 12 GeV, far from the
expected value.

The problem lies with this c1 term. At this peak, M∗W is a maximum so that M∗W =

M+ −MD and therefore c1 = 1 for this maximum value. However, in CalcHEP
c1 is not constrained to make these plots.
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FIGURE 3.5: Muon energy distribution for MD = 60GeV, M+ = 120GeV, with both
fermion and scalar dark matter models, showing the disagreement in peak placement.

We apply a cut to the parameter P(e2, N2), the angle between the muon and the
direction of the boosting of this particle set i.e the W boson these decay from.
With this cut, a change in the distribution is observed. The peak is shifted along
the x-axis, closer to the expected range.

Observation of events with signature (3.26), (3.27) will be a clear signal for DM
particle candidates. The non-observation of such events will allow to find lower
limits for masses M+, as was shown in [181, 182, 183]. One can hope that these
limits will be close to the beam energy

√
s

2 .

At M+ <
√

s
2 , the cross section e+e− → D+D− is a large fraction of the total cross

section of e+e− annihilation, and it makes this observation a very realistic task.

3.2.6 Spin determination

An effective way to determine the spin of DM is through the angle of the W±

which may be determined from a dijet pair with invariant mass close to the W
mass. This is most powerful when the mass gap between DM and its charged
partner is sufficient to allow an on-shell W boson to propagate. This may be seen
in figure 3.6, where BP1 and BP2 correspond to representative parameter points
(see section 3.1.3) with on-shell and off-shell W boson production respectively.
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The dominant background, BG1 (see section 3.3.1 for details) is from the SM di-
W production process, which is dominated by the t-channel neutrino exchange
diagram, resulting in W± bosons being produced mostly along the beamline. For
BP1, W± bosons are mostly produced transverse to the beam direction for SDM
whilst for FDM the W± are mostly produced along the beamline, however the
distribution is much flatter than BG1, giving a good possibility to distinguish
these signals from background and each other. For BP2 however, the t-channel
diagram becomes more important, as the intermediate D± in s-channel signal
diagram is pushed further off-shell.
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SIG: e + e W ± D D  //  BG1: e + e W ± W
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FDM BP2 ( = 0.25fb)
SDM BP2 ( = 2.14fb)

FIGURE 3.6: The angular distribution of W± with respect to beam direction in the lab
frame.

3.3 Signal versus background analysis and determination
of mass/spin

In this section, we discuss potential sources of background and simple strategies
to reduce their presence in an analysis. For analyses designed to determine clear
kinematic features such as those discussed in section 3.2.3, these ”backgrounds”
may also include non-SM processes. We then perform accurate detector level
optimization of analyses for discovery, mass and spin determination.
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3.3.1 Background to the process with signature (3.26)

We show here that the cross sections of possible background processes (with suit-
able simple cuts) are ∼ 10 – 100 times less than the cross section of the signal
process and therefore they can be neglected at analysis. Note that some of our
estimates can be corrected due to ISR and beamstrahlung.

BG1
The process e+e− → W+W− gives the same final state as those with signature
(3.26). However, many of its features are not permitted by this signature, espe-
cially the lack of large missing mass. This fact allow to exclude the BG1 process
from analysis with a good confidence applying suitable cuts.

Let us discuss e.g. the observable mode µ− + jj + /ET.

(a) For the process BG1, the energy of each dijet Ejj =
√

s
2 .

Application of a cut in the dijet energy Ejj < Ec with large enough
√

s
2 − Ec keeps

all dijets from the signal process and leaves only a small fraction of events from
BG1.

The dijet energy Ejj in BG1 can be less than Ec only if W− (seen as `−ν) is strongly
off shell with an effective mass much higher than MW . The probability of such
situation is estimated easily, it is δW1a ≈ Γw MW/(π

√
s

2 (
√

s
2 − Ec)).

(b) For BG1 the missing mass M(/ET) = 0. Application of cut M(/ET) > Mc with
suitable Mc keeps all events of the signal process but diminishes the contribution
of BG1 in the events with signature (3.26A) even further.

BG2
The same (in its content) final state as we consider for the signal process can be
achieved via mechanism without at least one intermediate D± in s-channel, e.g.

e+e− → (W− → µ−ν̄)(W+ → D(D+ → DW+ → Dqq̄)).

To simplify the text, we will comment here about the case MD2 > M+ only.

The contribution of this mechanism to the total cross section is at least a factor
α times less than that of the signal process. Indeed, in the signal process the
value of the cross section is given by the second order (in electroweak coupling)
process e+e− → D+D−. It includes the intermediate decay D+ → DW+ with
probability 1, the corresponding cross section is ∼ α/s (an additional α in the
formal diagram is compensated by the small D+ width Γ+ in the denominator of
propagator). In the process BG2 we have third order process with decays in final
stage (if M+ − MD < MW that is even the fourth order process). The neutrino
exchange term enhances this contribution only logarithmically. BG2 may be re-
duced by variation of longitudinal polarization of initial electron or additionally
by the cut in transverse momentum of muon pµ⊥ > 40 GeV, however in this study
we discuss only for unpolarized initial states as kinematic cuts are sufficient.
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The interference of this BG2 mechanism with the signal one is also very small. In
particular, in the signal process final leptons (`−ν) and D, arise from an interme-
diate D with effective mass M+± (∼ Γ+), while in the process BG2 the analogous
effective mass range does not contain the majority of the cross section.

Therefore, the contribution of mechanism BG2 can be neglected with accuracy
better than 1%.

BG3
e+e− → DD2 → DD+W− → DDW+W−. This background is absent if MD2 <

M+ or MD2 + MD >
√

s. If σ(e+e− → DD2) is not small at given
√

s, this fact
will be seen via an observation of the process e+e− → DDZ (B.2). The cross sec-
tion σ(BG3) < σ(e+e− → DDZ), i.e. it is much less than σ(e+e− → D+D− →
DDW+W−) (roughly, by one order of magnitude). In this process all recorded
particles move in one hemisphere in contrast to the signal process, where they
move in two opposite hemispheres. Therefore, the contribution of this back-
ground process may be reduced additionally by application of suitable cuts.

BG4
In the SM processes with an observed state, satisfying criterion (3.26), large /ET is
carried away by additional neutrinos. The corresponding cross section is at least
one electroweak coupling constant squared g2/4π or g′2/4π smaller than σ0, with
g2/4π ∼ g′2/4π ∼ α. Therefore, σ(BG4) . 0.01σ(e+e− → D+D−).

3.3.2 Signal versus background analysis

A useful kinematic observable at the ILC is the missing mass of the system (equa-
tion 3.36), reconstructed from the visible particles. Without RAD effects, this
would enable removal of all background processes at parton level.

Mmiss =

∣∣∣∣∣(√s, 0, 0, 0)−∑
vis

Pvis

∣∣∣∣∣ (3.36)

Here we present results for calculation of signal and background at luminosity
of 500 f b−1 (prediction for end of run 1). Events are simulated at parton level in
CalcHEP before being passed to PYTHIA for hadronization and finally Delphes
for fast detector simulation using the ILD detector card based on [134]. We set
the R parameter in the antikt jet clustering algorithm to 0.8, which improves dijet
reconstruction; the standard value of 0.5 reconstructs additional soft jets close to
the jet cone radius, smearing the Breit-Wigner for the W-boson reconstructed from
dijet.
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BP1 for process with signature (3.26)

Signal processes are produced via the process e+e− → (D+ → Djj)(D− → Dµν).
The dominant background, BG1, is produced via full 2-4 process e+e− → W +

W− → j, j, µ, ν. Both BG2 and BG3 are included, as well as interference between
them, by e+e− → W−DD+ with subsequent decays to D, D, j, j, µ, ν. The final
SM background process, BG4, is produced via e+e− → W+W−Z with decays to
j, j, µ, ν, ν, ν. We present the key distributions for kinematic cuts (figs 3.7 3.8 3.9)
for BP1 although these are similar for BP2. The dijet energy distribution exhibits
a tail at higher Ejj, as a result of the t-channel process mediated by an electron
neutrino. These are detector level distributions, where we have applied an initial
veto requiring at least 2 jets and a single muon. The red shaded regions show the
proposed cut regions (as outlined in table 3.3).
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FIGURE 3.8: Energy of W boson reconstructed from dijet at detector level
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FIGURE 3.9: Scattering angle of W as reconstructed from dijet at detector level.

Based on these results, we propose the analysis cut-flow as described in Table 3.3.

BP1 cut flow
SDM FDM
S B S/B α S B S/B α

No cuts 2098 332588 0.006 3.63 17962 334254 0.054 30.27
Mmiss > 170 2095 83143 0.025 7.18 17922 84810 0.211 55.92
Ejj < 200 2094 67130 0.031 7.96 17917 68796 0.260 60.84
| cos θjj| < 0.9 2046 29526 0.069 11.52 15993 31038 0.515 73.75
| cos θµ| < 0.9 1947 24306 0.081 12.02 14893 25766 0.578 73.86

BP2 cut flow
SDM FDM
S B S/B α S B S/B α

No cuts 1370 284290 0.005 2.56 8138 284273 0.029 15.05
Mmiss > 170 1370 39323 0.0349 6.79 8136 39307 0.207 37.35
Ejj < 200 1369 36177 0.0379 7.06 8123 36161 0.225 38.60
| cos θjj| < 0.9 1360 18647 0.0730 9.62 7815 18634 0.419 48.06
| cos θµ| < 0.9 1326 14398 0.0922 10.58 7420 14386 0.516 50.25

TABLE 3.3: Cutflow for BP1 (top) and BP2 (bottom) showing efficiency and signifi-
cance, α = S√

S+B
. Cuts are applied sequentially from top to bottom.

3.3.3 Mass determination

3.3.3.1 Kinematic fitting

We may fit the approximate shape of the muon energy distribution using a piece-
wise function. The functional form has power law dependence for the tail regions,
and a constant for the plateau region between the two kinks (eq 3.37).
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f (ε) =



b
(

ε
ε−k

)a
if ε ≤ ε−k

b if ε−k < ε < ε+
k

b
(

1− ε−ε+
k

ε+−ε+
k

)c
if ε+

k ≤ ε < ε+

0 if ε+ ≤ ε

(3.37)

Analysis of the shape of the muon energy using this piecewise function is con-
ducted using the expected number of events, produced via monte carlo for each
model at BP1. Here we generate the pseudo-experimental data set by neglect-
ing theory errors. This data set corresponds to the expected number of events in
each bin from a large MC sample (often called the Asimov data set), allowing us to
predict the expected mass resolutions. The discrepancy between this piecewise
function and the detector level distributions for each model results in a bias on
the estimator, to capture this we include a methodological error (conservatively
set to be 10% of signal for each bin). The signal plus background is calculated
for realistic statistics, corresponding to cross-section times luminosity for each
process. The cuts outlined in table 3.3 are applied, excluding the angular cuts;
these angular cuts smear ε−k considerably, whilst other cuts give approximately
uniform modulation of the signal distribution.

The profile χ2 is calculated by minimising over nuisance parameters a, b, c, analo-
gous to fitting experimental the signal with fixed ε−k , ε+

k , ε+ (which may be deter-
mined from MD, M+,

√
s). Here, the mean collision energy after RAD was used

(calculated to be 477.78 GeV from the RAD model used). The minimum of this
profiled χ2 corresponds to the global minimum for the fit, when MD, M+ are also
allowed to vary. From the 1σ contour, we may extract the errors on the masses.
Although this shape fitting procedure is less sensitive than template fitting, it has
the key advantage of being model independent. To obtain comparable precision
for SDM, we would require approximately 40 times more luminosity.

500 f b−1 20ab−1

FDM MD 58.4+5.7
−6.0 57.6+1.9

−2.2
M+ 158.1+4.0

−3.7 157.4+2.7
−2.4

SDM MD 66.0+19.2
−64.3 64.3+3.2

−6.1
M+ 161.3+14.7

−52.8 161.0+3.3
−3.9

TABLE 3.4: Mass resolutions for BP1 kinematic fitting procedure.
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FIGURE 3.10: Profile χ2 value for kinematic fitting of BP1 (left) and muon energy
distribution with best fit (right), for FDM.
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FIGURE 3.11: Profile χ2 value for kinematic fitting of BP1 (left) and muon energy
distribution with best fit (right), for SDM.

3.3.3.2 Template fitting

For off-shell W bosons in the semi-leptonic decay channel (BP2), there are no
longer clear kinematic features and so Monte Carlo template fitting was em-
ployed. Here, a grid of event level Monte Carlo distributions in muon energy
were produced in a 13x13 grid for MD = 168.0→ 170.0and M+ = 118.0→ 122.0.
Then, using a 2D linear interpolation in MD,M+, we may calculate the χ2 contour
presented in figs 3.12, 3.13 . Although this strategy yields better accuracy, infor-
mation about the overall normalisation of the distributions was used, making this
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approach more model dependent. We may also now use angular cuts, improving
the signal significance and signal-to-background ratio.
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FIGURE 3.12: Profile χ2 value for template fitting of BP2 (left) and muon energy dis-
tribution with best fit (right), for FDM.

40 45 50 55 60 65 70 75 80
MD

110.0

112.5

115.0

117.5

120.0

122.5

125.0

127.5

130.0

M
+ 1

2

3

3

2
min

BP2

0 50 100 150 200 250
 [GeV]

0

5000

10000

15000

20000

25000

30000

35000

Ev
en

ts
/b

in

int = 20ab 1

MD = 60.0
M+ = 120.0

SIG (SDM)
BG
Template (SDM)

FIGURE 3.13: Profile χ2 value for template fitting of BP2 (left) and muon energy dis-
tribution with best fit (right), for SDM.

500 f b−1 20ab−1

FDM MD 60.0+0.7
−0.8 60.0+0.1

−0.1
M+ 120.0+1.5

−1.7 120.0+0.2
−0.3

SDM MD 60.0+24.1
−19.7 60.0+4.4

−1.3
M+ 120.0+22.3

−45.9 120.0+2.3
−2.7

TABLE 3.5: Mass resolutions for BP2 shape fitting procedure.
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3.3.4 Spin discrimination

The angular distribution of W bosons reconstructed from dijets appears to show
different behaviour for scalar and fermionic DM candidates. Here we perform a
binned composite likelihood analysis to estimate discriminating power of these
distributions, assuming that a signal of one model is present. Here we assume
that the mass of the DM is precisely known, however a more complete treatment
would involve a simultaneous fit of mass and spin. Events are generated with
the model assigned to “Assumed nature” in table 3.6, before statistical compar-
ison with the alternative model is conducted. We perform the analysis for two
cases; using only the shape (signal strength becomes a nuisance parameter µ,
which may vary to maximise the likelihood) and also using the signal strength
predicted by the specific model realisations (here µ = 1). In table 3.6 we present
the luminosity required to exclude a given hypothesis at the expected 95% con-
fidence level. Distributions used here are after the Mmiss and Ejj cuts of table 3.3
only.

dσ

d cos θ
∝

1− cos2 θ, if SDM

(1 + s
4M2

+
)− (1− s

4M2
+

) cos2 θ, if FDM
(3.38)

The D+ angular distribution is given by equation 3.38. As M+ increases to half
centre of mass, the angular behaviour for FDM flattens making it more difficult
to discriminate.

Lint to differentiate at 95% CL / f b−1

Shape only Shape and cross-section

Assumed nature SDM FDM SDM FDM

BP1 974.9 30.08 1.9 3.4
BP2 2320.2 117.9 9.6 13.2

TABLE 3.6: Integrated luminosity required to discriminate between spin of DM within
these models using binned composite likelihoods.

3.4 Conclusions

We consider models in which stability of dark matter particles D is ensured by
conservation of new quantum number referred to as D-parity. Besides these mod-
els contain charged particles D± with the same D-parity. (Examples – Inert Dou-
blet Model with scalar D-particles and MSSM with D-particle of spin 1/2 and D-
parity equal R-parity). In these models we have studied the energy distribution
of single lepton in the process like e+e− → D+D− → DDW±(→ qq)W∓(→ `ν),
having high enough cross section. Simple analysis allows us to establish that this



86 Chapter 3. Decoding Dark Matter at future e+e− colliders

distribution has singular points, kinks, peaks and end points, which are driven
by kinematics only, and therefore are model-independent. Based on this analysis,
we propose to use the mentioned distribution at future linear e+e− collider ILC,
CLIC, etc. for the precise measurement of masses of dark matter particles and
charged particles D±.

This method is in several aspects superior to the standard approaches discussed
elsewhere.

1) It uses leptons which are copious and can be accurately measured in contrast
with jets which individual energy can be measured only with lower precision.

2) These singularities are robust and survive even when superimposed on top of
any smooth background.

In addition, even a rough measurement of cross sections with a very clean signa-
ture allows to determine spin of DM particles based on the results of mentioned
kinematical measurements.
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Chapter 4

Any Room Left for Technicolor?
Dilepton Searches at the LHC and
Beyond

Now we move the focus away from dark matter and towards a collider probe for
technicolor. Technicolor models of electroweak symmetry breaking [52, 53, 54]
solve the hierarchy problem by naturally generating a strong coupling regime
in the TeV energy range and a resulting composite higgs. They predict a large
bound state spectrum. LHC data has been used to study dilepton constraints
on the parameter space of technicolor vector and axial vector resonances in [223,
224], recently updated in [225]. To date that analysis have been presented in a
large phenomenological parameter space. Our goal here is to study where UV
complete models are likely to lie in that parameter space, whether the constraints
are stringent enough to exclude the paradigm, and to motivate further analysis
or colliders that might do so.

Strongly coupled models have been pressured by the precision electroweak data [226]
(which warns against extended electroweak sectors) and the discovery of a light
higgs [36, 35]. However, given our paucity of tools for computing in strongly
coupled environments, there has been a hope that within the space of strongly
coupled gauge theories are some that might still be tuned to the data. Walking
theories [227], that lie close to the edge of the conformal window in gauge theories
with varying Nc and N f , represent a sensible argument that such fine tuned mod-
els may exist with both small higgs mass [228, 229, 230, 231, 232] and electroweak
precision data S parameter [58].

A clear prediction of these models though is their large bound state spectrum
which must emerge close to the electroweak scale. Light pseudo-Goldstone modes
could, but need not, exist and when they do are hard to pin down because their
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mass is determined by breaking of the chiral symmetries by the potentially un-
known origin of flavour physics (which could be strong). We will therefore con-
centrate on the vector(ρ) and pseudo-vector(A) mesons of such theories which
are probably more robust in their mass predictions.

As a test case, we will present our theoretical predictions for SU(Nc) technicolor
theories with N f flavours in the fundamental representation. There is a choice as
to how many of these N f flavours form SU(2)L doublets. The S parameter [233]
suggests more than one doublet is unlikely. Further if more than one doublet
contributes to determining the electroweak scale through FΠ (the pion decay con-
stant [234]) then the entire scale of the technicolor theory moves down potentially
making these states more accessible. If there is a single doublet then there will be
just a single triplet of spin one particles (each of the ρ and A) that are most easily
experimentally accessible (since they mix with the W and Z and can be produced
singly in electroweak processes). Placing constraints on the single doublet theory
therefore offers techicolor the maximal chance of escape and we will concentrate
on this (since such models will be the last ones standing). We will though also
present results for the spectrum of theories with multiple electroweak doublets.

We wish to predict the masses and decay constants of the ρ and A states in
the space of strongly coupled models. Lattice techniques have begun the job
[235, 236] but they are computationally hard when the dynamics is spread over
a wide range of scales and it will take many years of hard work to understand
the full Nc, N f parameter space. To make progress more quickly we will de-
scribe the dynamics using holography [237, 238, 239]. Holography provides a
rigorous method of computation in a selection of strongly coupled gauge theo-
ries close to N = 4 supersymmetric gauge theory including theories with quarks
[240, 241, 242, 243]. In the quenched (probe) limit the key ingredient to determine
the spectrum is the running anomalous dimension of the quark bilinear (q̄q), γ

[244, 245]. Embracing that observation we can construct holographic models of
generic gauge theories [246, 247]. The predictions for the QCD (Nc = N f = 3)
spectrum lie surprisingly close to observation at the 10% level and one can hope
as one moves away to theories with e.g. walking behaviour that the models will
continue to make sensible predictions of the spectrum. For the purist the ap-
proach we use lays down a ball park estimate and challenges them to estimate
the parameter space of the models more accurately.

For generic Nc, N f the spectrum will look QCD-like with a heavy σ (higgs) and
a large value for the S parameter. The “last hope” for technicolor (which one
might hope to exclude) is that the (unknown) IR running is sufficiently fine tuned
that it can generate a light higgs and low S. The holographic models allow the
σ to become light if the running around the chiral symmetry breaking scale is
near conformal [246]. Most likely, if any, only a single choice of Nc and N f will
generate suitable walking and hence a suitably light composite higgs. Since we
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cannot guess that theory we will instead tune the IR running of every choice of
theory (ie N f , Nc) such that a 125 GeV state is generated. There is also a 5d gauge
coupling in the holographic model that allows the ρ and A masses to be tuned
together to achieve low values of S (this is the only way to achieve small S in
the simple holographic model presented) - again we do this for all theories. Of
course this means that the spectrum in most (if not all) cases will be wrong but
our philosophy is to show where the theories might lie if treated most favourably
to set the benchmark for total exclusion.

To compare the predictions to data we will use the constraints placed on the phe-
nomenological model of techni–ρ and A proposed in [59, 248]. The philosophy,
based on the ideas of hidden local symmetry [249, 250, 251], is to describe the vec-
tor mesons as the massive gauge bosons of a broken gauged SU(N f )L⊗SU(N f )R

symmetry. The two main signals relevant for phenomenology are Drell-Yan pro-
duction and Vector Boson Fusion [223, 224]. In each case a single ρ or A is
produced through mixing with the electroweak gauge bosons via the combined
mass matrix determined from the action. Constraints on this model (for the case
of a single electroweak doublet), from Drell-Yan processes, have recently been
updated in [225] to the March 2018 LHC results on CMS dilepton resonance
search [252]. The holographic model makes predictions for the parameters of
the phenomenological model so the constraints can be directly applied.

The results of the analysis in brief are that the technicolor theories that emerge are
rather odd - they enter the strong coupling at a scale of 700 TeV or above before
settling on an IR fixed point that trigger symmetry breaking at the 1 TeV or so
range. We find the IR theory constructed in the way described is largely inde-
pendent of the UV theory. The result is that the bound states of the theory know,
through the strong interactions, of rather high scales and their holographic wave
functions stretch to large UV scales. The result is that the ρ and A masses increase
to Mρ ' 4 TeV. Such theories, with the specific couplings we have found, are be-
yond the reach of the current LHC dilepton searches. However, they do motivate
new signatures to explore and future colliders with higher energies which could
probe these scales. In a sense such theories display the issues that any extension
of the standard model that addresses the hierarchy problem must now encounter
- to make the higgs light there must be tuning at one part in 100 or so and new
states must be pushed to high scale.

In the next two sections we will review our holographic model used to estimate
the parameter space for technicolor models and the phenomenological analysis
of [225] before bringing the two together to show the exclusion in section 3. The
act of forcing a small S parameter in the holographic model corresponds to en-
forcing ρ-A degeneracy and this places the models in the parameter space of the
phenomenological model where a measure of that degeneracy, a, is close to zero
(that the holographic predictions match the model’s parameter space is tested
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by this fact). Unfortunately this is the toughest edge of the parameter space to
probe experimentally. The reader who wishes to cut to the chase should inspect
Figure 4.2 where the bounds on the models in the coupling versus A mass param-
eter space are shown with the holography predictions for the parameter space of
technicolor overlayed.

4.1 Holographic Model

Our holographic model is the Dynamic AdS/QCD model which is described in
detail in [246, 247]. The action is

S = −
∫

d4x du, Tr u3 [ 1
r2 |DX|2

+ ∆m2(r)
u2 |X|2 + 1

2κ2 (F2
V + F2

A)
]

,
(4.1)

Here u is the holographic coordinate dual to energy scale, and X is a field dual
to the quark condensate q̄q. The solution of its equation of motion, which can be
found numerically, describes the vacuum of the theory. We pick the on mass shell
condition |X|(u = X0) = X0 with |X|′(X0) = 0 and require |X| = 0 in the UV so
all techniquarks are massless. Fluctuations of X describe the σ and π fields.

The vector and axial vector fields describe the operators q̄γµq and q̄γµγ5q and
their fluctuations give the ρ and A spectrum and couplings.

The theory lives in a geometry

ds2 = r2dx2
3+1 +

1
r2 du2, r2 = u2 + |TrX|2 (4.2)

|TrX| is included in the definition of r in the metric which provides a “back-
reaction” on the metric in the spirit of probe brane models [243] and commu-
nicates the mass gap to the mesonic spectrum.

∆m2 is a renormalization group scale/radially dependent mass term which can
be fixed, for example, from the two loop running of the gauge coupling in the
theory of interest as described in [246, 247] - this ansatz includes IR fixed points
for the running for appropriate choices of Nc, N f .

The spectrum of the theory is found by looking at linearized fluctuations of the
fields about the vacuum where fields generically take the form f (u)eip.x, p2 =

−M2. A Sturm-Louville equation results for f (u) leading to a discrete spectrum.
By substituting the wave functions back into the action and integrating over u
the decay constants can also be determined. The normalizations of the fluctua-
tions are determined by matching to the gauge theory expectations for the vector-
vector, axial-axial and scalar-scalar correlators in the UV of the theory. This full
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procedure is described in detail in [246, 247]. Note that in the holographic lit-
erature [246, 247] the dimension 2 coupling between the vector meson and it’s
associated source is normally written as F2

V whilst in the Weinberg sum rule liter-
ature [226] it is written as mV FV . We will adopt the latter definition here to fit the
other literature on technicolor.

Our models will focus first on a single electroweak doublet of techni-quarks but
we will assume the existence of technicolor singlet quarks to change the UV run-
ning of the coupling. In the computations of fπ and FV/A for the electroweak
physics only the electroweak doublet contributes - so factors of N f and Nc in
these quantities reflect the values in a one doublet model. As discussed in the in-
troduction we will further tune the IR running of γ in all our theories to generate
a 125 GeV σ meson. To achieve this we set a value of αTC where we deviate from
the UV running. Below that scale we allow N f to become a free parameter and
pick a N IR

f (which we stress is not the true value of N f in the theory - in practice
it is very similar for all cases and lies at 11.43) to let us tune the σ mass to the
observed higgs mass value. This matching scale becomes a discontinuity in the
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FIGURE 4.1: The running of αTC against RG scale imposed on the holographic model
with Nc = 3. The curve furthest to the left is for a technicolor model that is a scaled up
version of QCD with the usual two loop result for the running. The next curve over is
that same theory forced to have a IR fixed point to produce a light higgs (clearly we
know for this theory that this assumption is wrong!). Moving further to the right we
see the running as further singlet techi-quarks are added, again with N IR

f chosen to
give a light higgs. The IR of all such theories is shared and uniquely determined by

needing the observed higgs mass.

running of αTC, γ or the AdS scalar mass. In practice we deal with this by per-
forming all computations in sections and matching the value of fields and their
derivatives at the boundary point. To provide an estimate of the errors on the
spectrum we allow the matching point in αTC to vary from 0.3 to 0.7. In Figure 4.1
we show an example of the running in the theories we impose - clearly they all
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share essentially the same IR which is fixed by the higgs mass value. We will
discuss the implications further in the final section.

In the same spirit we will tune the coupling κ in the model to produce ρ–A de-
generacy to ensure the electroweak S parameter

S = 4π

[
F2

V
M2

V
− F2

A
M2

A

]
, (4.3)

is sufficiently small (we pick S = 0.1 as a benchmark point), even though this will
not actually be the case for most Nc, N f theories. We are leaning over backwards
to keep technicolor alive of course, but to understand a total exclusion on the
parameter space this is sensible. Equally the models display the large tunings
needed for viability. Note tuning κ to zero makes the Lagrangian terms for the
ρ and A the same so that the A mass drops to that of the ρ. However, since the
suppressed, first term in the action is the one which links the symmetry breaking
X to the A, to maintain f 2

π (which is the leading value in the AA correlator) one
must raise the overall scale. This is the main source of the rise in the masses
relative to a QCD-scaled up theory.

The parameter count in the holographic model is: for a particular theory with
Nc, N f the UV running of α (and hence the anomalous dimension γ) is fixed by the
perturbative two loop result. The overall scale is set by requiring FΠ = 246 GeV.
We then modify the IR running - we change it at scales below some matching
value of αmatch

TC (which we vary from 0.3 to 0.7 to provide the range of predictions,
displayed as the horizontal width of the prediction curves in Figure 4.2) by ad-
justing the effective value of N f in the IR and adjusting it to fix the σ meson mass
to the observed higgs mass. The model then predicts Mρ, Fρ, MA, FA as a function
of the 5d gauge coupling, κ. We tune κ to give S = 0.1. The remaining three
predictions we will express as

MA, g̃ =

√
2MV

FV
, ω =

1
2

(
F2

π + F2
A

F2
V

− 1
)

. (4.4)

In fact for all our models ω < 0.05 which is at a level where the experimental
constraints are unchanged in the high energy reach regime so we suppress that
parameter in our plots.
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4.2 Phenomenological Model

The phenomenological model of the spin one states made from the electroweak
doublet is [59, 248]

Lboson = −1
2

Tr
[
W̃µνW̃µν

]
− 1

4
B̃µνB̃µν

− 1
2

Tr
[
FLµνFµν

L + FRµνFµν
R

]
+ m2 Tr

[
C2

Lµ + C2
Rµ

]
+

1
2

Tr
[

Dµ MDµ M†
]

− g̃2 r2 Tr
[
CLµ MCµ

RM†
]

− i g̃ r3

4
Tr
[
CLµ

(
MDµ M† − Dµ MM†

)
+ CRµ

(
M†Dµ M− Dµ M† M

)]
+

g̃2s
4

Tr
[
C2

Lµ + C2
Rµ

]
Tr
[

MM†
]

+
µ2

2
Tr
[

MM†
]
− λ

4
Tr
[

MM†
]2

(4.5)

where W̃µν and B̃µν are the ordinary electroweak field strength tensors, FL/Rµν are
the field strength tensors associated to the vector meson fields AL/R¯

1, and the
CLµ and CRµ fields are CLµ ≡ ALµ − g

g̃ W̃µ and

CRµ ≡ ARµ − g′
g̃ B̃µ

The matrix M takes the form

M =
1√
2

[v + H + 2 i πa τa] , a = 1, 2, 3 (4.6)

Here πa are the Goldstone bosons produced in the chiral symmetry breaking,
v = µ/

√
λ is the corresponding VEV, and H is the composite higgs. We assume

the higgs has Standard Model yukawa couplings to the fermions. The covariant
derivative is

Dµ M = ∂µ M− i g W̃a
µ τa M + i g′ M B̃µ τ3 . (4.7)

When M acquires its VEV, the Lagrangian of equation (4.5) contains mixing ma-
trices for the spin one fields. The mass eigenstates are the ordinary SM bosons,
and two triplets of heavy mesons:ρ and A.

Including all the interactions with the electroweak gauge and higgs fields of di-
mension 4 needs six parameters: the mass, m and coupling g̃ of the new gauge

1In Ref. [59, 248], where the chiral symmetry is SU(4) there is an additional term whose coefficient is
labelled r1. With an SU(N)×SU(N) chiral symmetry this term is just identical to the s term.
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fields, the higgs VEV v, and three couplings r2, r3 and s. The model then predicts

M2
V = m2 +

g̃2 (s− r2) v2

4
, M2

A = m2 +
g̃2 (s + r2) v2

4
(4.8)

and

FV =

√
2MV

g̃
, FA =

√
2MA

g̃
χ , F2

π = (1 + 2ω) F2
V − F2

A , (4.9)

where

ω ≡ v2 g̃2

4M2
V

(1 + r2 − r3) , χ ≡ 1− v2 g̃2 r3

4M2
A

. (4.10)

Without loss of generality we chose s = 0 here, noting that: a) the Z′/Z′′ pro-
duction rates, as well as the partial decay width of Z to fermions (di-jets and
di-leptons) are independent of s (at the per-mil level); b) the branchings of Z′ to
dileptons increases by 10% at most for s reaching 10 in absolute value because
of the Z′ → ZH partial width decreases; c) we do not involve here higgs boson
phenomenology and use only the dilepton channel to probe the WTC space.

Of the five remaining variables we set FΠ =246 GeV, and S =0.1. This leaves
three degrees of freedom MA, g̃, ω which can be experimentally constrained.

We have implemented the model in CalcHEP [253] using LanHEP [254] to derive
the Feynman rules [223, 225]. The implementation of the model is publicly avail-
able at HEPMDB database [18] under hepmdb:1012.0102 ID. In this implementa-
tion we have extended the previous implementation [223](hepmdb:1012.0102) by
nonzero s and ω parameters to be interpreted in the context of the holographic
description.

The two main signals relevant for phenomenology were shown to be Drell-Yan
production and Vector Boson Fusion. In each case a single ρ or A is produced
through mixing with the electroweak gauge bosons via the combined mass matrix
determined from the action. The Drell-Yan analysis has recently been updated to
the latest 13 TeV LHC data in [225].

Phenomenologically the three parameters are treated as completely free param-
eters. The parameter count is the same as that of the holographic model which
makes absolute predictions for these numbers as a function of Nc, N f . We can
therefore immediately superimpose the holographic predictions on the constraints
from [225].

We have explored the dependence of the experimental constraints on the param-
eter ω. For |ω| < 0.3 the impact on the exclusion regime is small and any changes
occur at MA ' 1.5 TeV. The high mass reach area is least affected. Given the holo-
graphic models place ω < 0.05 in all cases we will simply suppress this parameter
which is not playing a significant role in constraining the models.
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A further useful parameter to monitor (although it is not independent) is a from

a4π2F4
π = F2

ρ M2
ρ − F2

A M2
A (4.11)

which provides a monitor of the second Weinberg sum rule or equally the degen-
eracy of the ρ− A pair. Since the holographic model ensures a small S parameter
precisely by such degeneracy it is not surprising the models lie near the a = 0
curve in the g̃ − MA plane. Unfortunately this is the extreme of the parameter
space analyzed in the phenomenological model previously which is hardest to
probe experimentally. It is instructive to know it might be favoured in real mod-
els.

4.3 Results

Our first goal is to place the recent experimental limits on WTC [225] in the con-
text of predictions for real models. In this paper we use LHC limits on dilepton
resonance searches only and reinterpret them for WTC parameter space. The
choice of dilepton signature is very well motivated since this is probably the most
clean signature for search of the vector resonances. However, as we will see be-
low, it becomes less efficient in the region of large values of g̃ where couplings of
resonances to SM fermions are suppressed.

In Figure 4.2 we present the up-to-date LHC reach for the phenomenological
WTC model, so the reader can see the current LHC potential to probe the model
parameter space. We use here the CMS DY limits on Z′ production at 13 TeV
(36 f b−1) from the dilepton (combined dielectron and dimuon) final state [252]
for the reinterpretation to limits on the WTC parameter space. The CMS limit
is expressed as a ratio, Rσ = σ(pp → Z′ → `+`−)/σ(pp → Z → `+`−), of Z′

signal cross section in the dilepton final state to the cross section of a Z boson
to the dilepton final state. CMS calculate this Z boson cross section to NNLO in
the control region of 60≤ m`+`−120 GeV. CMS present the limit as Rσ to remove
the dependency on the theoretical prediction of σ(pp → Z → `+`−) and corre-
lated experimental uncertainties. Using this limit we have found 95% CL limits
on the WTC g̃−MA parameter space for the ρ and A separately and then overlay
them to find overall combination. We have used CalcHEP to evaluate the signal at
tree-level and modified the ZWPROD program [255] to evaluate mass-dependent
QCD NNLO K-factor. The current LHC observed limit is indicated by the com-
bined shaded area in Figure 4.2. One can clearly see that the LHC is currently
not sensitive to the parameter space of WTC models predicted by holography,
even those models with a large number of techni-doublets where g̃ ' 2.5 and
MA ' 4 TeV.
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FIGURE 4.2: Shaded areas present 95% CL exclusion on the MA − g̃ plane from the
CMS observed limit on dilepton resonance searches at the LHC@13TeV with 36 fb−1.
Solid and dashed lines along the borders of the shaded area represent an expected
CMS limit and our limit using binned likelihood method respectively. The predictions
of our holographic model (tuned at each Nc, N f to give S=0.1 and the correct higgs
mass) are overlaid. The red colour indicates Nc = 3, green — Nc = 4 and blue —
Nc = 5. The top edge of the box in each case is the one electroweak doublet theory
result with the width representing an estimate of the theoretical error (we match the
IR running at different values as described in the text). The points correspond to the
motion of the right hand point on that line as the number of singlets is changed to
vary the UV running - the effect is small because the theories share much the same IR
running to generate mh. Moving down in the box corresponds to increasing the num-
ber of electroweak techni-doublets from one to 2Nc where the theories are assumed
to enter the conformal window. Parameter a, from the phenomenological model, is
related to ρ − A degeneracy and the holographic points lie near the line a = 0 as a

result of tuning to a small S parameter.

Besides finding the observed limit as a reinterpretation of the CMS results we
have closely reproduced an expected CMS limit (the solid lines along the borders
of the shaded area in Figure 4.2 to be compared with the respective dashed lines
from our approach) from the dilepton search in order to validate our approach
and extend its use to projections for future collider energies and luminosities.

We have evaluated our expected limits using a binned likelihood method. We as-
sume resonance widths are negligible compared to the gaussian-smearing effects
of finite detector resolution. The signal hypothesis pdf is defined by a Gaussian
of width equal to the detector resolution (1.2% of resonance mass), and a signal-
strength modifier, µ, which is the expected number of events at the experiment.
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Background is estimated by generating very high statistics for invariant dilep-
ton mass distributions. Where there are few background events (e.g. m`+`− ≥
2 TeV at 13 TeV), we use the CLs method alongside a toy Monté Carlo in order
to construct the distribution of a single test-statistic for background only and sig-
nal+background hypotheses.

In Figure 4.2 we also present a dashed black line lying in the large g̃ region and
indicating a 1% level of signal-to-background ratio (from the most optimistic ex-
pected systematic uncertainty) as an indication of the absolute limit of the dilep-
ton signature potential to probe the WTC paradigm. This contour line is not ex-
pected to change with the increase of the collider energy since the irreducible
dilepton background and the signal will scale the same way with the energy in-
crease.

These results display a reach of 3.5 TeV in mass and couplings g̃ ∼ 8, which at
first glance appears very constraining. However, let us first orient ourselves in
theory space. QCD is a gauge theory that we are fully confident of the spectrum
- we can therefore consider a techicolour model with an SU(3) gauge group and
N f = 2 light quarks (up to the influence of the strange quark) by scaling up QCD.
We scale fπ = 93 MeV to FΠ = 246 GeV and find Mρ = 2.05 TeV, MA = 3.25
TeV, S = 0.3 and g̃ = 7. This theory is roundly excluded simply by S and the
absence of a light higgs candidate but provides some reference values to place on
the exclusion plot Figure 4.2. It is not excluded purely in terms of the ρ, A bounds.

The minimal QCD scale up is already ruled out but we entertain here the possi-
bility that a related theory with additional techniquark electroweak singlets can
change the running so that the constraints on S and the higgs mass can be accom-
modated. In terms of the runnings of αTC in Figure 4.1 for the Nc = 3, N f = 2
case we would need to move the running from the left most profile (the two loop
running for the theory) to the rather bizarre running shown to the right. The one
loop coupling scale has moved close to 700 TeV then (here by “magic” since we
know this does not happen in QCD!) the IR is modified to create a very conformal
IR fixed point that allows a light higgs. We also vary our parameter κ to ensure
S = 0.1. As an example of the effects of these changes consider the Nc = 3, N f = 2
theory with the matching to the new IR running performed when α = 0.7 - we
find MA = 4.11 TeV, Mρ = 3.63 TeV, FA = 1.54 TeV, and Fρ = 1.48 TeV (ω = 0.047
and is small as previously discussed - there is very little impact on the excluded
regions from variation of this small size so we suppress discussion of it). This
spectrum is shown in the g̃ − MA plane in Figure 4.2 together with the current
LHC constraints - the mutated SU(3) point corresponds to the top red point. In
this mutation of QCD with exotic running the holographic model has predicted
that the vector meson masses grow even further from exclusion by the LHC con-
straints. It seems reasonable that in a theory with strong coupling out to such a
large scale the masses of the theory should be dragged to higher scales also.
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We now perform this same analysis for varying Nc and N f theories - it is possible
that for one of these theories the IR running we impose is less fanciful. The spec-
trum comes from the predictions of our holographic model tuned at each Nc, N f

to give S=0.1 and the correct higgs mass. The red colour is for Nc = 3, green
Nc = 4 and blue Nc = 5. The top edge of the box in each case corresponds to the
one electroweak doublet theory result with the width representing an estimate
of the theoretical error (we match the IR running at different values as described
above in Section II).

It is simple to also include the effects of additional electroweak singlets on top of
a single doublet since they only affect the running of the UV coupling. The points
in Figure 4.2 correspond to the motion of the right hand point on the top line (the
one doublet result) for each colour (value of Nc) as the number of electroweak
singlets is also changed to vary the UV running - the effect is small because the
theories share much the same IR running to generate mh.

In Figure 4.2 we have also extended the spirit of this analysis to theories with
additional techniquark electroweak doublets that change the UV running in a
known fashion (making the coupling run more slowly) and then adjusting the IR
and κ to match S = 0.1 and the higgs mass. The extra doublets tend to increase
FΠ by

√
N f which reduces the overall mass scale. However, the need to reduce

S (which grows as N f ) leads to a tuning of κ that increases the mass scale. The
net result we find is that the mass scale of the mesons is largely unchanged. The
decay constants FA though do scale as

√
N f so g̃ falls with the addition of further

doublets. The results are again shown in Figure 4.2 - here one should move down
in the coloured box associated with each Nc. Moving down the box corresponds
to increasing the number of electroweak techni-doublets from one to 2Nc where
the theories are assumed to enter the conformal window. Note here the collider
data is not directly applicable since it was generated for a single doublet theory
but the masses of the mesons do appear beyond LHC also at this time.

It is notable that the holographic models all lie on or near the line where a, from
the phenomenological model, is zero. The reason is that a parametrizes ρ − A
degeneracy and the points lie near the line a = 0 as a result of forcing a small S
parameter. In the holographic model where κ is the only available parameter to
tune this appears the unique solution. This makes it clear that in the phenomeno-
logical model much of the parameter space achieves S=0.1 by a complicated tun-
ing of the two vector masses and their decay constants - it is not clear if these
tunings are achievable in a UV complete model.

The broad conclusion of all of this analysis is that WTC models (if they exist)
probably still lie well beyond the LHC’s reach and are not yet fully excluded.
At this point one has to again query how believable the running functions we
have adopted are. Certainly the two loop runnings do include strongly coupled
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IR fixed points yet we should be sceptical of the fixed point values computed in
this (gauge dependent) way. The spirit of the analysis, guessing an IR fixed point
behaviour, is therefore not unreasonable but our runnings are hugely fine tuned
(at one part in 100 in N IR

f which takes the value 11.43) to give the observed higgs
mass. One might very reasonably conclude the chance of the real running falling
on these tuned guesses is very low. On the other hand if such a tuned theory
is the answer nature has chosen then one would encounter a light higgs and be
able to deduce this tuning in the runnings! Here we do not wish to advocate this
latter view particularly but our results do show the bizarre nature of a techni-
color theory that survives the current constraints and that more work is needed
experimentally to exclude them completely.

4.4 Beyond LHC

We have demonstrated that the LHC dilepton searches to date has not been able
to exclude the WTC paradigm. A total exclusion would need not only a higher
collider energy but also new signatures to probe 4-5 TeV resonances especially in
the large g̃ region with very low dilepton rates. We illustrate this point in Fig-
ure 4.3 where we present projections for dilepton searches at 27(15 ab−1) and 100
TeV (3 ab−1) pp collider. One can see a dramatic improvement of the sensitivity
(in comparison to LHC@13TeV and LHC@14TeV2) to the WTC parameter space at
these future colliders, especially at 100 TeV where there is sensitivity to g̃ ' 4 for
MA around 4 TeV with a dilepton search. At the same time one can see that these
searches would cover models only with large number of techni-doublets, while
models coupling with g̃ ' 8 are still far from reach even at a 100 TeV collider
if only the dilepton DY signature is used. An important observation of the two
plots in Figure 4.3 is that using this channel, the sensitivity of a 100TeV is similar
to a 27TeV collider with moderately increased luminosity, and as such there is
little gain in going to higher energies.

One can see that dilepton signature becomes less efficient in probing the WTC
parameter space for large values of g̃ where the couplings of the ρ/A to fermions
are suppressed. Therefore exploration of higher values of g̃ motivates study of
additional di-boson signatures either from DY production or from the additional
vector boson fusion (VBF) production channel. One should note that VBF pro-
duction of ρ/A followed by respective diboson(VV) or boson-higgs(VH) decay
looks particularly promising in the very large g̃ ' 8− 9 region since neither pro-
duction nor decay of new heavy resonances are suppressed by 1/g̃. Moreover, the
increase of collider energy can further enhance the significance of the VBF chan-
nel. An exploration of these additional VV/VH signatures and VBF production

2LHC@14 TeV with 3 ab−1 would be able to reach g̃ ' 4 for MA around 4 TeV as demonstrated in [225].
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channel, which could potentially cover the whole WTC parameter space, will be
the subject of a follow-up paper.

4.5 Conclusions

The technicolor paradigm has long been appealing but it has been under fire for
years from precision electroweak data and the discovery of a light higgs. Here
we have asked the question of whether it can be finally put to bed by LHC data
for searches for techni-ρ and A states. To declare a theory dead one must take
the most conservative approach so we have entertained the idea that tuning the
IR running of the theory may generate a sufficiently light higgs (since we do not
know which theory might have such IR running we have imposed it on a range
of theories with different Nc, N f in the hope to capture the true theory if it ex-
ists). Holography provides a very simple analysis that predicts the techni-ρ and
A spectrum and couplings based on the input running of γ, the anomalous di-
mension of q̄q, and therefore provides a good first estimate of the mass spectrum
of these theories.

It is worth stressing that our analysis relies on our specific holographic model
(although we have attempted to estimate theoretical error bars by varying the
energy scale at which the IR walking coupling deviates from the UV running,
which we present in Figures 2,3) and one might like to have a wider set of models
to compare. Although there are many holographic models of QCD we know
of only this model and the model of [256] which include a running anomalous
dimension. The latter model does not predict light higgs particles in walking
theories [257] because of the way the IR decoupling of the quarks is implemented.
The model used here [247] totally decouples mesonic physics from scales below
the IR quark mass (through the boundary conditions given below (1)) as one finds
in top down probe brane models. See [258] for a more in depth analysis of this
point – it will probably take future lattice simulations to untangle this issue. We
use this model, which does generate a light higgs when the IR running is slow, in
the spirit of giving technicolour a final chance. In the future we hope to test how
generic the model’s predictions are by looking at different origins of the dynamics
such as in technicolour models where an Nambu-Jona-Lasinio term assists the
symmetry breaking dynamics.

In our holographic model, we have found that tuning S to a small value natu-
rally places these models on the a = 0 line of the phenomenological model that
has been used previously for analysis. Our main result shows that these models
still lie beyond the reach of the LHC via Drell-Yan dilepton resonance searches.
We have also shown that the DY signal alone will not exclude the most minimal
models even at a 100 TeV (3 ab−1) pp collider which motivates future work on
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bringing additional signatures and production channels at higher energy collid-
ers that will exclude the paradigm.

The WTC models that survive here are fairly baroque, entering strong coupling at
the 700 TeV or so scale and then running very slowly in the IR with the result that
the resonances’ masses are pushed up in scale. They also possess a large change
to γ = 2 near the fixed point so display the walking mechanism that pushes
away the flavour scale. The biggest lesson perhaps to learn from this analysis is
the difficulties that a light higgs leave for all Beyond the Standard Model theories
which now must possess IR fine tuning and and push new physics to high scales.
On the other hand these models provide some motivation to build higher energy
colliders and explore new signatures to fully probe the model parameter space.
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FIGURE 4.3: Shaded areas present 95% CL projected exclusion on the MA− g̃ plane for
27(15 ab−1) (top) and 100 TeV (3 ab−1)(bottom) pp collider from dilepton DY resonance

searches. The notations are the same as in Figure 4.2.
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Tools

5.1 HEPMDB

HEPMDB [18] is a public, online database of particle physics models, defined by
feynman rules stored in LanHEP output [10] of UFO[259] model formats. It also
includes a user-friendly javascript interface to run simulations using CalcHEP
[13] and MadGraph [260] asynchronously on the IRIDIS4 High Performance Com-
puting cluster.

Ongoing support and development for the platform has seen us migrate from
IRIDIS3 to IRIDIS4. The ongoing aims for HEPMDB are to:

(a) collect HEP models for various multipurpose Matrix Element (ME) gen-
erators like CalcHEP [261], CompHEP [262, 263], FeynArts [264, 265], Mad-
Graph/MadEvent [266, 14, 267, 259], AMEGIC ++/COMIX within SHERPA [268,
269]. and WHIZARD [270]. Under “HEP models” we denote the set of parti-
cles, Feynman rules and parameters written in the format specific for a given
package;

(b) collect models’ sources which can be used on the HEPMDB to generate HEP
models for various ME generators using FeynRules [11] or LanHEP [271]
which automate the process of generating Feynman Rules, particle spectra,
etc.. Under the “model source” we denote the model (lagrangian etc.) writ-
ten in the form of input for FeynRules or LanHEP. For the moment, FeynRules
interfaces to CompHEP, CalcHEP, FeynArts, GoSam [272], MadGraph/MadE-
vent, SHERPA and WHIZARD [273] are available. Currently LanHEP works
with CalcHEP, CompHEP, FeynArts and GoSam. Also, the latest LanHEP ver-
sion 3.15 has an option under testing of outputting the model in UFO for-
mat [259] which provides a way to interface it with MadGraph/MadEvent;

(c) allow users to upload their models onto a server in order to perform evalu-
ation of HEP processes and event generation for their own models using the
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full power of the High Performance Computing (HPC) cluster standing be-
hind the HEPMDB itself. HPC cluster at Southampton University, IRIDIS3 is
the state-of-the-art fastest university owned HPC resource in the UK which
has 1008 8-core compute nodes (Intel Nehalem 2.26 GHz), at least 24GB of
memory per node connected with fast infiniband network for parallel com-
munication. This is one of the very powerful features of the HEPMDB: it
provides a web interface to various ME generators which can then also be
run directly on the HPC cluster. This way, users can preform calculations
for any model from HEPMDB (including their own models which they can
upload) avoiding problems related to installing the actual software, which
can sometimes be quite cumbersome;

(d) cross check and validate models for different ME generators. We should
note that similar functionality is also provided by the FeynRules web vali-
dation framework which is also presented in these proceedings. However,
the FeynRules web validation is mainly geared towards comparing Feyn-
Rules models and can use its knowledge of the model format to provide a
throughout and highly automatized test procedure for those, while HEP-
MDB works in a more generic way and will provide access to more model
formats at the price of slightly less automatization. Also, one should stress
that uploads and evaluations at HEPMDB are available to all users. This is
an important new feature of HEPMDB as compared to FeynRules website.

(e) collect predictions and specific features of various models in the form of
(sub)database of signatures and perform comparison of various model pre-
dictions with experimental data. There are a lot of different aspects related
to this problem details of which are outside the scope of the current short
contribution. We would like to mention though, that this task includes a
comprehensive development of a database of signatures as well as develop-
ment of the format of presentation of these signatures. This format will be
consistent with the format which will be used by the experimentalists for
the presentation of the LHC data, discussed at the workshop in the context
of the “Les Houches Recommendations for the Presentation of LHC Results”
activity.

(f) trace the history of the model modifications (in case modifications take place),
and makes available all the versions of the model. Through this application,
we stress the importance of reproducibility of the results coming from HEP-
MDB or from a particular model downloaded from HEPMDB.

5.2 PhenoData

PhenoData is an online database that allows the user to store digitized data from
plots or tables used in a given paper, for which there is no public data available.
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There was a demand for such a service in the phenomenology community, stem-
ming from the lack of availability of data associated with plots or tables on some
papers. This resulted in multiple people digitising the same plots. Although the
initial intended usage is within the HEP phenomenology community, PhenoData
may have further application to other fields.

The interface was designed to be quick and easy to use; JavaScript (and the
JavaScript library jQuery) were used alongside php to accomplish this. Fast de-
velopment was enabled by use of Bootstrap; a HTML, CSS, and JS framework for
building responsive, mobile-first projects on the web. The user system is shared
with HEPMDB [18].

A registered user may create an entry for a given paper, consisting of a title and
various reference formats; including DOI, arXiv, preprint. Any user may then
attach individual records for each plot or table contained within the paper. In
order to store data in this structure, the document-orientated database MongoDB
was used. These attached items consist of a label and data file to be uploaded. In
addition, the user may upload an image in any standard format, although .pdf is
preferrable. If a .pdf is uploaded then there will be automatic conversion to .png,
and both formats will be stored. For plots, this data file is then parsed and an
interactive plot is displayed (using plotly) side-by-side with the uploaded image
for comparison. TeX style formatting is supported for all titles and labels.

All data can be viewed or downloaded without registration. A registered user (of
HEPMDB) may also edit their own uploads. Each uploader is contactable via an
email form, or alternatively you may leave a comment on the paper record which
is publically viewable.

MongoDB is an open-source document-oriented database program licensed un-
der Free Software Foundation’s GNU AGPL v3. It stores data in flexible, JSON-
like documents, meaning fields can vary from document to document and data
structure can be changed over time. The scalability and flexibility of MongoDB
enables unrestricted development of PhenoData.

The ability to upload and download large amounts of data was a concern of ini-
tial users. To enable a streamlined interaction with the database for such users,
a RESTful API was developed using Lumen, a widely used MVC framework.
Through a common format as described in the API help pages, and an auth-key
generated for each user, a simple batch script may be used to upload many items
concurrently.





107

Chapter 6

Conclusions

In chapter 2 we have suggested and pursued the concept of a sytematic classifica-
tion of MCDM models. We have shown that fermion DM contained within a non-
chiral electroweak multiplet is still compatible with observation, although many
scenarios may be excluded. If DM is Dirac, then Y = 0 is required by DD experi-
ments. If DM is PseudoDirac then despite the cancellation in the NLO DD cross-
section (cross-section decreases with Y), the NLO corrections to masses would
drive the neutral particle to not be lightest for MD < 50GeV when Y > 1/2.
This causes such scenarios to be ruled out by invisible Z decays, leaving only
Y = 0, 1/2 as suitable candidates. The next generation of DD experiments have
the sensitivity to discover, but not completely exclude such models.

By analysing the phenomenology of the representative model containing a Dirac
fermion singlet and pseudoscalar mediator in detail at NLO, we demonstrate that
non-trivial dark sectors can arise in corners of parameter space of such simple
models. In particular, parameter points excluded by a naive treatment of simpli-
fied models with mediators can lead to the exclusion of parameter points which
could still be realised by nature. Future work to complete the picture of MCDM
models with two additional multiplets, will involve the treatment of scalar and
vector DM.

In chapter 3, model independent methods are demonstrated to extract the masses
for DM and a charged partner (assuming such particles are observed) using kine-
matical features of the energy distributions of charged leptons at e+e− colliders
with

√
s = 250GeV. These methods are tested for two simple but realistic models

(which generate the correct relic abundance and avoid DD bounds), and shown
to be able to deduce these masses to a precision of ∼ 5− 20% at an integrated
luminosity of 500 f b−1.

Furthermore, there appears to be the capacity to discriminate between the spin
of DM in these models, by measuring the angular distribution of W± bosons via
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their reconstruction from jets or charged leptons. If the model-predicted cross-
section values are used, discrimination between such models at 95% CL is possi-
ble at luminosites less than 13.2 f b−1, whilst using shape information only would
require . 2ab−1.

In Chapter 4, we demonstrate that our holographic model of WTC cannot be ex-
cluded by the DY signal alone even for projections of a 100 TeV pp collider at 3
ab−1).

Decoding the underlying theory of nature requires a broad and varied approach
to balance the challenges of surveying and interpreting experimental searches
whilst revering the predictive power of more complete models. In order to realise
the power of the “bottom-up” approach, the required technical infrastructure is
in development by several groups [19, 21, 15, 18, 24], however the challenge is
ongoing to systematise prototyping of toy-models and the combined statistical
inference over the many disjoint experiments.
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Appendix A

A.1 Radiative mass corrections (no additional mediators)

For a non-chiral fermion, the self-energy from a single diagram with some boson
V in the loop is given by

iΣ(p) = g2
∫ d4k

(2π)4

γµ(p + k + MD)γν(−gµ,ν)

[(p + k)2 −M2
D][k2 −m2

V ]

=
i

(4π)2

[
C0 + CA

D A(M2
D) + CA

V A(m2
V) + CBB(M2

D, m2
V)
]

where p is the external momenta and k the loop momenta. The coefficients are
found to be

C0 = (2g2 + δM)MD + (−g2 + δZ)p

CA
D = − g2

p2 p

CA
V =

g2

p2 p

CB = g2
[

2p− 4MD −
p
p2 (p2 + m2

V −M2
D)

]
=

g2

p2 (p2 + M2
D −m2

V)p− 4g2MD

Here, A and B are the 1 and 2 point Passarino-Veltman integrals, as defined in
[274]. The divergent parts of which are absorbed using the M̄S counterterms

δZ = − g2

ε̂
, δM =

4g2

ε̂
,

1
ε̂
≡ 2

4− D
− γE + log 4π (A.1)

We may then define a function of r, where r ≡ mV
MD

,
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f (r) =
16π2

MDg2 Σ(p = MD)

=
r
2

[
2r3 log(r)− 2r +

√
r2 − 4

(
r2 + 2

)
log (A)

]
− 4

where A =
(

r2 − 2− r
√

r2 − 4
)

/2. Combining contributions from all diagrams,
we find the total self-energy,

Σ(tot)(n, Q, Y) =
MDg2

16π2 Q2 fγ +
(Qc2

w −Y)2

c2
w

fZ +
[
CW+(n, Q, Y)2 + CW−(n, Q, Y)2] fW

(A.2)

Here, fX ≡ f
(

mV
MD

)
, Q is the electric charge and Y is the hypercharge (using

convention of Q = T3 + Y). The coupling to W± may be expressed as CW± =
1

2
√

2

√
n2 − (2Q− 2Y± 1)2 where n is dimension of the multiplet. This leads to an

expression for the difference between the pole masses of two members of a given
multiplet

MQ −MQ′ = (−Σ(tot)
Q (MD))− (−Σ(tot)

Q′ (MD)) (A.3)

=
MDg2

16π2 (Q−Q′)
[
(Q + Q′ − 2Y)( fW − fZ) + (Q + Q′)( fZ − fγ)s2

w
]

(A.4)

f (r) =
r
2

[
2r3 log(r)− 2r +

√
r2 − 4

(
r2 + 2

)
log (A)

]
− 4 (A.5)

where A =
(

r2 − 2− r
√

r2 − 4
)

/2

A more numerically stable expression also exists for f(r),

f (r) =
r
2

[
2r3 log(r)− 2r−

√
r2 − 4

(
r2 + 2

)
log (B)

]
− 4 (A.6)

where B =
(

r2 − 2 + r
√

r2 − 4
)

/2

lim
r→0

f (r) = −4 + 2πr− 3r2 +
3πr3

4
+ O

(
r4
)

lim
r→∞

f (r) = 6 log r− 5
2

+
1
r2

(
8 log r− 8

3

)
+ O

(
r−4
)
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A.2 Direct detection calculation

For simplicity, we compute in zero momentum transfer limit from the start, here ξ

is just the four couplings (with vector, axial couplings removed - note aV , aA = 1
2

for W exchange diagrams). For the case of Dirac DM, couplings to quark types
may be different in general, as such diagrams A and B (untwisted and twisted
topologies) must be calculated independently.

iMA = ξA

∫
l

Jµν
D Jρσ

q,Agµρgνσ

DA

iMB = ξB

∫
l

Jµν
D Jρσ

q,Bgµσgνρ

DB

where

Jµν
D = ū(p)γµ(p + l + mD+)γνu(p) (A.7)

Jρσ
q,A = ū(q)γρ (aV − aAγ5) (q− l + mQ)γσ (aV − aAγ5) u(q) (A.8)

Jρσ
q,B = ū(q)γρ (aV − aAγ5) (q + l + mQ)γσ (aV − aAγ5) u(q) (A.9)

DA = ((p + l)2 −m2
D+)(l2 −m2

V)2((q− l)2 −m2
Q) (A.10)

DB = ((p + l)2 −m2
D+)(l2 −m2

V)2((q + l)2 −m2
Q) (A.11)

∫
l
≡
∫ dDl

(2π)D (A.12)

Removing spin-dependent terms, we end up with the structures given in numer-
ators NA and NB

NA = Jµν
D Jρσ

q,Agµρgνσ

= −4mD+ mQ(a2
A − a2

V) < 1 >< 1 >

+ 2(a2
A + a2

V)
[
(p + l).(q− l) < γµ >< γµ > + < q− l >< p + l >

]
− 2mD+(a2

A + a2
V) < 1 >< q− l > +2mQ(a2

A − a2
V) < p + l >< 1 >
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NB = Jµν
D Jρσ

q,Bgµσgνρ

= −4mD+ mQ(a2
A − a2

V) < 1 >< 1 >

+ 2(a2
A + a2

V)
[
(p + l).(q + l) < γµ >< γµ > + < q + l >< p + l >

]
− 2mD+(a2

A + a2
V) < 1 >< q + l > +2mQ(a2

A − a2
V) < p + l >< 1 >

The full result may be expressed in terms of weighted Passarino-Veltman func-
tions (using the conventions of PackageX [275]).

iMA

ξA
(4π)2 = A1 < q >< 1 > +A2 < q >< p > +A3 < 1 >< 1 >

+ A4 < 1 >< p > +A5 < γµ >< γµ >

iMB

ξB
(4π)2 = B1 < q >< 1 > +B2 < q >< p > +B3 < 1 >< 1 >

+ B4 < 1 >< p > +B5 < γµ >< γµ >

All Ai C functions have argument
(

m2
D, m2

D + m2
q + 2p.q, m2

q; mV , mD± , mQ

)
.

A1 = −2
(

mq
(
a2

A + a2
V
)

C{2,1,1}
22 +

(
a2

A(mq + mQ) + a2
V(mq −mQ)

)
C{2,1,1}

2

)
A2 = 2

(
a2

A + a2
V
) (

C{2,1,1}
12 + C{2,1,1}

0 + C{2,1,1}
2 + C{2,1,1}

1

)
A3 = −2

(
−mD

(
mq
(
a2

A + a2
V
)

C{2,1,1}
12 + mQ

(
a2

A − a2
V
)

C{2,1,1}
1

)
+
(
a2

A(mD±(mq + 2mQ)−mDmQ)

+ a2
V(mDmQ + mD±(mq − 2mQ))

)
C{2,1,1}

0 + mD±mq
(
a2

A + a2
V
)

C{2,1,1}
2

)
A4 = −2

(
a2

A + a2
V
) (

mDC{2,1,1}
11 + (mD −mD±)C{2,1,1}

1

)
A5 = −

(
a2

A + a2
V
) (

B{2,1}
0

(
m2

D; mV , mD±
)

+ B{2,1}
0

(
m2

q; mV , mQ

)
+ m2

D±C{2,1,1}
0 + m2

QC{2,1,1}
0

+ 2C{2,1,1}
00 + m2

D

(
−C{2,1,1}

0

)
−m2

qC{2,1,1}
0 − 2p.qC{2,1,1}

0

)

All Bi C functions have argument
(

m2
D, m2

D + m2
q − 2p.q, m2

q; mV , mD± , mQ

)
.
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B1 = 2
(

mq
(
a2

A + a2
V
)

C{2,1,1}
22 +

(
a2

A(mq + mQ) + a2
V(mq −mQ)

)
C{2,1,1}

2

)
B2 = 2

(
a2

A + a2
V
) (

C{2,1,1}
12 + C{2,1,1}

0 + C{2,1,1}
2 + C{2,1,1}

1

)
B3 = −2

(
−mD

(
mq
(
a2

A + a2
V
)

C{2,1,1}
12 + mQ

(
a2

A − a2
V
)

C{2,1,1}
1

)
+
(
a2

A(mD±(mq + 2mQ)−mDmQ)

+ a2
V(mDmQ + mD±(mq − 2mQ))

)
C{2,1,1}

0 + mD±mq
(
a2

A + a2
V
)

C{2,1,1}
2

)
B4 = 2

(
a2

A + a2
V
) (

mDC{2,1,1}
11 + (mD −mD±)C{2,1,1}

1

)
B5 =

(
a2

A + a2
V
) (

B{2,1}
0

(
m2

D; mV , mD±
)

+ B{2,1}
0

(
m2

q; mV , mQ

)
+ m2

D±C{2,1,1}
0 + m2

QC{2,1,1}
0

+ 2C{2,1,1}
00 + m2

D

(
−C{2,1,1}

0

)
−m2

qC{2,1,1}
0 + 2p.qC{2,1,1}

0

)
For the surviving cases where either DM is majorana or Y = 0, diagrams A and
B may be combined. Here we take expansion of the combined integral around
small quark momentas, analogous to Hisano [97]. Using irreducible decomposi-
tion of the following quark operator, where in last line the antisymmetric piece is
dropped as it does not contribute to the nuclear matrix element [119].

q̄i∂µγνq = q̄
[

i∂µγν + i∂νγµ

2
− 1

4
gµνi∂

]
q + q̄

[
i∂µγν − i∂νγµ

2

]
q +

1
4

gµνq̄i∂q

= O
q
µν +

1
4

gµνmqq̄q

iM
ξ

(4π)2 = A < 1 >< 1 > +B < pµ pν > [Oµν +
1
4

gµνmq < 1 >]

+ (C + D) < γµ pν > [Oµν +
1
4

gµνmq < 1 >]

≡ ΠA < 1 >< 1 > +ΠB < pµ pν > [Oµν]

+ ΠC < γµ pν > [Oµν]

using x ≡ m2
V/m2

D and bx ≡
√

1− x/4 and taking the limit that the internal DM
partner mass goes to mD, we recover the result of [97].
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lim
y→0

ΠA =
4mq

m3
V

(a2
V − a2

A)gS(x)

lim
y→0

ΠB =
8

m2
Dm3

V
(a2

A + a2
V)gT2(x)

lim
y→0

ΠC =
8

mDm3
V

(a2
A + a2

V)gT1(x)

The contribution from the triangle diagram, again with couplings extracted as ξ

is given by

iM
ξ

(4π)2 = ∆ < 1 >< 1 > (A.13)

Where in the limit of no mass split between DM and partners, ∆ =
2mq
mV

gH(x).

gH(x) = − 2
bx

(2 + 2x− x2) arctan
2bx√

x
+ 2
√

x(2− x log x)

gS(x) =
1

4bx
(x2 − 2x + 4) arctan

2bx√
x

+
1
4
√

x(2− x log x)

gT2(x) =
1

4bx
x(x2 − 4x + 2) arctan

2bx√
x
− 1

4
√

x (1− 2x− x(2− x) log x]

gT1(x) =
1
3

bx(2 + x2) arctan
2bx√

x
+

1
12
√

x(1− 2x− x(2− x) log x)]

These expressions are in agreement with and mirror the conventions of [97]. How-
ever, when mD+ is different to mD then sizable modifications to these results may
occur.

The two-loop result for coupling of DM to gluons via loops of heavy quarks was
also derived in [97], and we make use of this result in this work. The relevant
loop factor is given by:

fG = f (a)
G + f (b)

G + f (c)
G

f (a)
G =

αsα
2
2

4π

[
n2 − (4Y2 + 1)

8m3
W

gW(w, y) +
Y2

4m3
Zcos4θW

gz(z, y)

]
(A.14)
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FIGURE A.1: Loop functions scaling behaviour with y = mD∗/mD, where mD∗ repre-
sents internal DM partner mass (for aA = aV = 1/2)

f (b)
G + f (c)

G = − αs

12π

α2
2

4m2
h

∑
Q=c,b,t

cQ

[
n2 − (4Y2 + 1)

8mW
gH(w) +

Y2

4mZcos4θW
gH(z)

]
(A.15)

Where w ≡ m2
W/m2

D, z ≡ m2
Z/m2

D, y ≡ m2
t /m2

D (mt is the top quark mass).

gW(w, y) = 2gB1(w) + gB3(w, y) (A.16)
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with
gB3(x, y) = g(1)

B3 (x, y) + cbg(2)
B3 (x, y). (A.17)

g(1)
B3 (x, y) =

−x3/2

12(y− x)
+
−x3/2y2

24(y− x)2 log y− x5/2(x− 2y)

24(y− x)2 log x

− x3/2√y(y + 2)
√

4− y
12(y− x)2 tan−1

(√
4− y√

y

)

+
x(x3 − 2(y + 1)x2 + 4(y + 1)x + 4y)

12(y− x)2
√

4− x
tan−1

(√
4− x√

x

)
,

g(2)
B3 (x, y) =

−x3/2y
12(y− x)2 +

−x5/2y2

24(y− x)3 log y +
x5/2y2

24(y− x)3 log x

+
x3/2√y(−6y + xy2 − 2xy− 2x)

12(y− x)3
√

4− y
tan−1

(√
4− y√

y

)

+
−xy(x2y− 2xy− 6x− 2y)

12(y− x)3
√

4− x
tan−1

(√
4− x√

x

)
,

(A.18)

gZ(z, y) =

[
∑

q=u,d,s,c,b

{
(aV

q )2 + (aA
q )2
}
− 2 ∑

Q=c,b
cQ

{
(aV

q )2 − (aA
q )2
}]
× 4gB1(z) + gt(z, y) .

(A.19)

gB1(x) = − 1
24
√

x(x log(x)− 2) +
(x2 − 2x + 4) tan−1( 2bx√

x )

24bx
, (A.20)

gt(z, y) = gno-log
t (z, y) + glog

t (z, y). (A.21)

gno-log
t (z, y) = (aV

t )2 Gt1(z, y) + (aA
t )2 Gt2(z, y), (A.22)
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Gt1(z, y) = −
√

z(12y2 − zy + z2)

3(4y− z)2

+
z3/2(48y3 − 20zy2 + 12z2y− z3)

6(4y− z)3 log z +
2z3/2y2(4y− 7z)

3(4y− z)3 log(4y)

− z3/2√y(16y3 − 4(2 + 7z)y2 + 14(2 + z)y + 5z)

3(4y− z)3
√

1− y
tan−1

(√
1− y√

y

)

− tan−1

(√
4− z√

z

)

× 48(z2 − 2z + 4)y3 − 4z(5z2 − 10z + 44)y2 + 12z3(z− 2)y− z3(z2 − 2z + 4)

3(4y− z)3
√

4− z
,

Gt2(z, y) =

√
z(2y− z)

(4y− z)
− z3/2(8y2 − 8zy + z2)

2(4y− z)2 log z− 4z3/2y2

(4y− z)2 log(4y)

+
4z3/2√y(2y2 − y− 1)

(4y− z)2
√

1− y
tan−1

(√
1− y√

y

)

− 8z(z2 − 2z + 1)y− (z2 − 2z + 4)(8y2 + z2)

(4y− z)2
√

4− z
tan−1

(√
4− z√

z

)
.

(A.23)

glog
t (z, y) = 4z3/2y2 (A1 y [I1 + I2] + A2 [I3 + I4]) , (A.24)

with

A1 = −2(aV
t )2 + 4(aA

t )2,

A2 = −(aV
t )2 + (aA

t )2,
(A.25)

following numerical integral were calculated using gsl library.

I1 =
∫ ∞

0
dt

(
√

t + 4−
√

t)
(

log
[√

t + 4y +
√

t
]
− log

[√
t + 4y−

√
t
])

[t + z]2 [t + 4y]5/2 t
,

I2 =
∫ ∞

0
dt

1
2
×

(t + 2−
√

t
√

t + 4)
(

log
[√

t + 4y +
√

t
]
− log

[√
t + 4y−

√
t
])

[t + z]2 [t + 4y]5/2 t1/2 ,

I3 =
∫ ∞

0
dt

(
√

t + 4−
√

t)
(

log
[√

t + 4y +
√

t
]
− log

[√
t + 4y−

√
t
])

[t + z]2 [t + 4y]5/2 ,

I4 =
∫ ∞

0
dt

1
2
×
√

t(t + 2−
√

t
√

t + 4)
(

log
[√

t + 4y +
√

t
]
− log

[√
t + 4y−

√
t
])

[t + z]2 [t + 4y]5/2 .
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A.3 h-ψ-ψ in pseudoscalar model

A.3.1 Direct detection

p1 p2

k

q

p2 − kp1 − k

FIGURE A.2: Feynman diagrams for DM DD

Here p1(p2) is the incoming(outgoing) momentum of fermion ψ and q is the in-
coming momentum of h (SM higgs boson).

ū(p2)iδYu(p1) =
−iλaH

2
(iYψ)2vµ2ε

∫ ddk
(2π)d

ū(p2)γ5(−i)i(k + mψ)(−i)γ5u(p1)

(k2 −m2
ψ)((p1 − k)2 −m2

a)((p2 − k)2 −m2
a)

Υ(s) ≡
(

ie−γEε

(4π)d/2

)−1

µ2ε
∫ ddk

(2π)d

(k + mψ)

(k2 −m2
ψ)((p1 − k)2 −m2

a)((p2 − k)2 −m2
a)

= mD
[
C0(m2

D, s, m2
D, mD, ma, ma)+

C1(m2
D, s, m2

D, mD, ma, ma) + C2(m2
D, s, m2

D, mD, ma, ma)
]

Where Ci correspond to the 3-point Passarino-Veltman integrals [276, 127]. Here,
s = −q2.

In the limit where q2 → 0 as is relevant for DM direct detection, and substituting
onshell conditions (i.e p2

1 = m2
ψ,p2

2 = m2
ψ, p1.p2 = −q2/2 + m2

ψ), we find the
following expression

δY =
−λaHY2

ψ

32π2
v

mψ
∆

(
m2

a

m2
ψ

)

∆(β) ≡ mψΥ(s = 0)

=

(β− 4)(β− 1) log(β)− 2
(

β + (β− 3)
√

(β− 4)β log
(

β+
√

(β−4)β

2
√

β

)
− 4
)

2(β− 4)
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FIGURE A.3: Dimensionless loop function ∆ as a function of β.

A.3.2 Relic

For the relic we should consider D̄D → h process.

v̄(p2)δYu(p1) = i
λaH

2
vY2

ψ

∫ ddk
(2π)d

v̄(p2)γ5(k + mψ)γ5u(p1)

(k2 −m2
ψ)((p1 − k)2 −m2

a)((p2 − k)2 −m2
a)

(A.26)

= −
λaHvY2

ψ

32π2 ū(p2)v(p1)Υ(s) (A.27)

The relevant quantity, required in order to find the relic density via the Boltzmann
equation is given by

ΥRelic ≡ Υ(s = 4m2
ψ(1 + 1/(2x)) (A.28)

Where x ≡ mψ/T. It is worth noting that around freeze-out (at x ≈ 20), this loop
function is insensitive to x.

A.3.3 Higgs invisible

ū(p2)δYv(p1) = i
λaH

2
vY2

ψ

∫ ddk
(2π)d

ū(p2)γ5(k + mψ)γ5v(p1)

(k2 −m2
ψ)((p1 − k)2 −m2

a)((p2 − k)2 −m2
a)

(A.29)

= −
λaHvY2

ψ

32π2 v̄(p2)u(p1)Υ(s) (A.30)

Where now, we assume Higgs is on-shell and so s = m2
H.

ΥH→ψψ ≡ Υ(s = m2
H) (A.31)



120 Chapter A.
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FIGURE A.4: Higgs vev (246GeV) multiplied by loop function, ΥH→ψψ, for Higgs in-
visible decays to pair of ψ, evaluated at various mass points.
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Appendix B

B.1 Process e+e− → Z → DDA → DDZe+e− → Z → DDA → DDZe+e− → Z → DDA → DDZ

One more process leading to production of D-odd particles at ILC is also observ-
able at MA + MD <

√
s (in particular, at

√
s

2 > M+ > MA):

e+e− → Z → DDA → DDZ. (B.1)

This process has a clear signature in the modes suitable for observation

The e+e− or µ+µ− pair with large /ET and large M(/ET) + nothing. The
effective mass of this dilepton is 6 MZ, its energy is typically less than

√
s

2 .
(B.2a)

A quark dijet with large /ET and large M(/ET) + nothing. The effective
mass of this dijet is 6 MZ, its energy is typically less than

√
s

2 .
(B.2b)

At MA < M+ the BR for channel with signature (B.2a) is 0.06, for the channel
with signature (B.2b) – 0.7. We skip channel Z → τ+τ− with BR=0.03, 20% of
decays of Z are invisible (Z → νν̄).

At MA > M+ BR’s for processes with signature (B.2) become less, since new
decay channels DA → D∓W± → DW+W− are added with signature

e+e− → DDA → DDW+W−: Two quark dijets or dijet + single lepton or
two leptons in one hemisphere with large /ET and large M(/ET) + nothing.
The effective mass of this system is 6 MZ, its energy is typically less than

√
s

2 .
(B.3)

The cross section of the process e+e− → DDA is model dependent. In the IDM it
is determined unambiguously, in MSSM result depends on mixing angles and on
the nature of fermions D and DA (Dirac or Majorana). In all considered cases at√

s > 200 GeV this cross section is smaller than 0.1σ0. Since the BR for events with
signature (B.2a) is 0.06, at the luminosity (3.19) annual number of events with this
signature is smaller than 2 · 103. This number looks insufficient for kinematical
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analysis with high enough precision, (but limitations for masses can be obtained
(cf. [181, 182, 183] for LEP)).

Nevertheless we describe, for completeness, the energy distributions of Z in this
process. The obtained equations are similar to (3.20), (3.28)–(3.30) for new kine-
matics.

The γ-factor and velocity of DA in c.m.s. for e+e− are

γA =
s + M2

A −M2
D

2
√

sMA
, βA =

√
(s2 −M2

A −M2
D)2 − 4M2

D M2
A

s + M2
A −M2

D
. (B.4)

For production of Z with an effective mass M∗ (M∗ = MZ at MA − MD > MZ

and M∗ 6 MA −MD at MA −MD < MZ) in the rest frame of DA

Erest
Z =

M2
A + M∗2 −M2

D
2MA

, prest
Z =

√
(M2

A −M∗2 −M2
D)2 − 4M2

D M∗2

2MA
. (B.5)

At MA −MD > MZ the Z-boson energy EZ lies within the interval with edges

E−Z,on = γA(Erest
Z −βA|p|rest

Z ), E+
Z,on = γA(Erest

Z +βA|p|rest
Z ). (B.6)

At MA − MD < MZ similar equations are valid for each value of M∗. Absolute
upper and lower edges of the energy distribution of Z are reached at M∗ = 0:

E±Z,o f f = γA(1± βa)(M2
A −M2

D)/(2MA) . (B.7)

The peak in the energy distribution of dilepton appears at M∗ = MA −MD:

EZ,p = γA(MA −MD) . (B.8)

Masses MDMDMD and MAMAMA. At first sight, measurement of kinematical edges of the
dilepton spectrum (B.6) (at MA − MD > MZ) gives two equations for MD and
MA, allowing for determination of these masses. At MA −MD < MZ, the same
procedure can be performed separately for each value of the effective mass of
dilepton [277]. In the latter case, the absolute edges of the dilepton energy spec-
trum (B.7) and the position of the peak in this spectrum (B.8) could be also used
for measuring MD and MA.

In any case, the upper edge in the dijet energy spectrum E+
Z (B.6), (B.7) (signature

(B.2)) gives one equation, necessary to find MA and MD. In principle, necessary
additional information gives position of lower edge in the dilepton energy spec-
trum E−Z . However, as it was noted above, the anticipated number of events with
signature (B.2a) looks insufficient for obtaining precise results. Together with
good results for MD and M+, one can hope to find an accurate value of MA.
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B.2 Derivations

B.2.1 ε± derivations

Starting with:

ε = γWL(1 + c1βWL)( M∗
2 )

plugging in the γWL and βWL terms for the off-shell case:

γWL =
E±o f f
M∗ , βWL =

√
1− ( M∗

E±o f f
)2

gives the off-shell ε variable:

εo f f =
E±o f f
M∗ (1 + c1

√
1− ( M∗

E±o f f
)2)( M∗

2 ).

Simplifying this down gives:

εo f f =
E±o f f

2 (1 + c1

√
1− ( M∗

E±o f f
)2)

εo f f =
E±o f f

2 (1 + c1

√
1

E±2
o f f

(E±2
o f f −M∗2))

εo f f =
E±o f f

2 + c1
E±o f f

2

√
1

E±2
o f f

(E±2
o f f −M∗2))

εo f f =
E±o f f

2 + c1
1
2

√
(E±2

o f f − 0))

εo f f =
E±o f f

2 + c1
E±o f f

2 .

Now c1 is set to ±1 for the corresponding maximum or minimum in muon enegy
distribution:

ε± =
E±o f f

2 ±
E±o f f

2 .

This gives a maximum muon energy of:

ε+ =
E+

o f f
2 +

E+
o f f
2 = E+

o f f

and minimum muon energy of:

ε− =
E−o f f

2 −
E−o f f

2 = 0.
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B.2.2 εp derivation

Starting with: ε = γWL(1 + c1βWL)(MW/2).

Replace MW with M∗ for the off-shell case:

ε = γWL(1 + c1βWL)(M∗/2)

and substitute the γWL and βWL variables for the off-shell peak in M∗ case:

γWL = Ep/M∗ =
√

s/2(1−MD/M+)/M∗

βWL =
√

1−M∗2/E2
WL =

√
1− M∗2

s/4(1−MD/M+)2

gives an ε for the off-shell case at M∗=M+ −MD (peak).

ε =
√

s/2(1−MD/M+)
M∗ (1 + c1

√
1− M∗2

s/4(1−MD/M+)2 )(M∗/2).

Replace M∗ by M+ −MD for max M∗:

εp =
√

s/2 (1−MD/M+)
M+−MD

(1 + c1

√
1− M2

+−M2
D

s/4(1−MD
M+

)2
)( M+−MD

2 ).

Simplifying this down:

εp =
√

s/2(1−MD
M+ )

M+−MD
(1 + c1

√
1− ( M+−MD

s/4(1−MD
M+

)
)2)( M+−MD

2 )

εp =
√

s/2(1−MD
M+ )

M+(1−MD
M+

)
(1 + c1

√
1− (

M+(1−MD
M+

)
√

s/2(1−MD
M+

)
)2)(M+(

1−MD
M+
2 ))

εp =
√

s/2(1 + c1

√
1− ( M+√

s/2 )2)( 1−MD/M+
2 )

εp =
√

s/2(1 + c1β+)(1−MD/M+)/2.

Now c1 is set to +1 corresponding to the maximum in M∗:

εp =
√

s/2(1 + β+)(1−MD/M+)/2.
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B.2.3 Simultaneous equations procedure for finding M+ and MD

Equations (4.1) give two simultaneous equations:

4ε+2 + M2
W

4ε+
=

√
s/2

M+

(
M2

+ + M2
W −M2

D
2M+

+

√
1− M2

+

s/4

√
M4

+ + M4
W + M4

D − 2M2
+M2

W − 2M2
+M2

D − 2M2
W M2

D

2M+

)
4ε−2

k + M2
W

4ε−k
=

√
s/2

M+

(
M2

+ + M2
W −M2

D
2M+

0

−
√

1− M2
+

s/4

√
M4

+ + M4
W + M4

D − 2M2
+M2

W − 2M2
+M2

D − 2M2
W M2

D

2M+

)

Solving the simultaneous equations produces the equation of MD in terms of M+:

M2
D = M2

W −M2
+

[
1√
s/2

(
4ε+2 + M2

W
4ε+

+
4ε−2

k + M2
W

4ε−k

)
− 1

]

and substituting this onto (1) results in the polynomial of M+:

−M4
+(α + β)2 + 4M2

+s/4(αβ + M2
W)− 4M2

Ws2/16 = 0

where:

α =
4ε+2 + M2

W
4ε+

, β =
4ε−2

k + M2
W

4ε−k
.

This gives 4 roots for M+:

M+ = ±
√

2

√√√√−√s2/16(α2 −M2
W)(β2 −M2

W) + αβs/4 + s/4M2
W

(α + β)2

M+ = ±
√

2

√√√√√
s2/16(α2 −M2

W)(β2 −M2
W) + αβs/4 + s/4M2

W

(α + β)2 .

Two of these roots will be positive and the top equation will correspond to the
physical mass of D±.

By rearranging the equation of MD in terms of M+ to give M+ in terms of MD and
substituting this into the M+ polynomial, the polynomial for MD has the form:
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−
(

M2
W −M2

D

α + β−√s/2

)2

(α + β)2 + 4
M2

W −M2
D

α + β−√s/2
√

s/2(αβ + M2
W)− 4M2

Ws/4 = 0

which gives two real and two complex roots for MD. Out of the two real roots,
one is positive and gives the physical mass for D.

B.3 Multivariate cuts

Here, we present multivariate cuts which could further boost the potential for the
ILC to observe a signal at these benchmark points.
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FIGURE B.1: Dalitz plot in PTmiss Mmiss plane, shows potential of multivariate cut at
BP1.
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FIGURE B.2: Dalitz plot in PTmiss Mmiss plane, shows potential of multivariate cut at
BP1.
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