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S U M M A R Y
P-to-S and S-to-P receiver functions are widely used to constrain the seismic discontinuity
structures of the Earth. Typically, receiver functions are projected to the depth and location of
conversion assuming a 1-D layered Earth structure. Receiver function finite frequency sensi-
tivity kernels have the potential to increase resolution. Here we present a method for rapidly
calculating the P- and S-wave receiver function sensitivity kernels, based upon the shortest
path method and Dijkstra’s algorithm to calculate the traveltime fields, and accounting for
geometrical spreading in heterogeneous media. The validity of the approach is evaluated by
comparing with amplitudes derived from a finite difference elastic full waveform simulation
in a complex subduction zone geometry. We show P-to-S and S-to-P kernels calculated using
our method for three examples cases: a half space, a layer with topography, and a sinusoidal
discontinuity. We also demonstrate the kernel recovery of discontinuities with these topogra-
phies by inverting synthetic data from SPECFEM2D. We find that P-to-S kernels recover the
structure of strong topography better than S-to-P kernels, although S-to-P kernels may be
useful in some situations. P-to-S kernels also show better recovery of the amplitude of the
discontinuities in comparison to S-to-P, although both typically achieve values within a few
percent of the input model. The computational cost of our approach for improved kernel cal-
culation in heterogeneous media is up to a few tens of seconds per station for typical regional
scale models on the scale of several 100s of kilometres.

Key words: Numerical approximations and analysis; Body waves; Wave scattering and
diffraction.

1 I N T RO D U C T I O N

Scattered waves have been widely used to reveal Earth’s subsurface
structure, especially by constraining the location, the width and the
magnitude of various seismic discontinuities. For instance, the re-
ceiver function method (Langston 1977; Vinnik 1977; Park & Levin
2000), is a commonly used technique that utilizes waves produced
by distant earthquakes that convert to different phases, for example
from P-to-S waves and from S-to-P waves when they encounter
abrupt changes in seismic velocity beneath the receiver. P-to-S re-
ceiver functions have seen extensive use in imaging the crustal and
upper mantle structure including the Mohorovičić (Moho) discon-
tinuity, the lithosphere–asthenosphere boundary (LAB), the mid-
lithospheric discontinuity and anisotropic layering (e.g. Owens &
Zandt 1985; Li et al. 2004; Rychert et al. 2005; Rychert & Shearer
2009; Ford et al. 2010; Levander et al. 2011; Gilbert 2012; Schulte-
Pelkum & Mahan 2014; Audet 2016; Julià 2017), the mantle tran-
sition zone discontinuities (e.g. Bostock 1996; Dueker & Sheehan
1997; Shen et al. 1998; Chevrot et al. 1999; Lawrence & Shearer
2006; Tauzin et al. 2008; Agius et al. 2017, 2021) and subglacial

structure (Chai et al. 2017). More recently, S-to-P receiver functions
have been particularly useful in imaging mid-lithospheric discon-
tinuities and the LAB (e.g. Li et al. 2004; Kumar et al. 2005a;
Rychert et al. 2018a,b, 2020; Ford et al. 2010; Fischer et al. 2010,
2020; Lekić et al. 2011; Possee et al. 2021; Chichester et al. 2018;
Lavayssière et al. 2018). The advantage of S-to-P over the P-to-S
converted phases is that the conversions arrive before the direct
S wave; thus, they are separated from near-surface reverberations,
which arrive later. A typical receiver function analysis includes
stacking of the deconvolved seismograms using the common con-
version point (CCP) method (e.g. Dueker & Sheehan 1997). Among
the advantages of this approach are its computational efficiency
and the simplicity of implementation. However, typically the back-
ground earth model is assumed to be a 1-D layered structure, and
waveforms are assumed to obey Snell’s law (e.g. Červený 2005).
When important lateral heterogeneity is present, such as dipping
layers or sinusoidal discontinuities (e.g. Harmon et al. 2020, 2021;
Wang et al. 2020; Saikia et al. 2021), it can result in patchy receiver
function imaging (Rychert et al. 2021) and the images may suffer
from artefacts (e.g. Lekić & Fischer 2017). Considering that often
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the focus of such studies is near areas with relatively complicated
lateral heterogeneity, such as subduction zones (e.g. Kumar et al.
2005b), hot-spots (e.g. Rychert et al. 2013, 2014, 2018c) and mid-
ocean ridges (e.g. Rychert et al. 2021), it is important to develop
methods that accommodate departures from 1-D earth models.

Over the past few decades, much research has been devoted to
improving scattered wave imaging using various approaches. These
include, for instance, improving the CCP technique to incorporate
3-D velocity models in the migration model (e.g. Levander & Miller
2012; Schmandt at al. 2012), post-stack migration of the CCP stacks
(e.g. Chen et al. 2005), pre-stack migration (e.g. Shearer et al. 1999;
Ryberg & Weber 2000; Levander et al. 2005; Wilson & Aster 2005;
Cheng et al. 2016; Millet et al. 2019) and pre-stack migration using
the inverse scattering formulation and variations of the generalized
radon transform (e.g. Bostock & Rondenay 1999; Bostock et al.
2001; Rondenay et al. 2000; Shragge et al. 2001; Poppeliers & Pavlis
2003; Frederiksen & Revenaugh 2004; Zhang & Schmandt 2019).

Recently, three works developed implementations of scattered
wave sensitivity kernels. Hansen & Schmandt (2017) calculated
sensitivity kernels for P-to-S and S-to-P receiver functions for ve-
locity models in a structured grid. The traveltime calculations were
performed using the fast-marching technique for solving the eikonal
equation (Rawlinson & Sambridge 2004), which allows traveltime
calculations for arbitrary velocity structure. Amplitudes were ap-
proximated by geometrical spreading from a point source in a homo-
geneous medium. In a parallel work, Mancinelli & Fischer (2018),
also presented a ray theoretical approximation for finite-frequency
scattering sensitivity kernels. In their work, they presented a method
for calculating traveltimes through a layered velocity structure with
amplitudes approximated by geometrical spreading through a lay-
ered structure. Another study also used a fast-marching approach to
calculate S-to-P kernels in an arbitrary medium, again approximat-
ing amplitudes by geometrical spreading in a homogeneous medium
(Hua et al. 2020).

This work expands upon previous works by presenting an algo-
rithm to rapidly estimate the P- and S-wave receiver function sen-
sitivity kernels, based upon the shortest path method and Dijkstra’s
algorithm to calculate the traveltime fields, for arbitrary topography
and velocity structures, without the need of a structured grid, and
accounting for geometrical spreading in heterogeneous media. We
validate the geometrical spreading against full-waveform synthet-
ics. We present kernels for a variety of discontinuity topographies
and also use the kernels to invert for the structures and magnitudes
of the discontinuities.

2 S E N S I T I V I T Y K E R N E L S

Next, we present the theoretical concepts for the calculation of the
sensitivity kernels that correspond to the differential traveltimes of
the P-to-S and S-to-P scattered phases with respect to the uncon-
verted parent P- and S-wave phases, respectively. Ray theory can
be used under certain circumstances (Dahlen et al. 2000) to solve
the wave propagation problem and to approximate the sensitivity
kernels that relate small perturbations in some property of the earth
model, to changes in the observed wavefield. In the case of scattered
wavefields, such as P-to-S and S-to-P conversions, the amplitude
of the scattered waveform, δu, can be related to the perturbation
of an Earth’s property δ ln m (e.g. seismic velocity), following, for
example (Mancinelli & Fischer 2018):

δu (t ; x, p) =
∫ K

(s − x, p, t) · δ ln m (s) ds. (1)

where p is the ray parameter, K is the sensitivity kernel, x is the
position vector at an arbitrary point, s is the position vector of
the source and t denotes time. δ ln m(s) ∼= δm(s)

m(s) for small model
changes and represents the relative model perturbation. We use ray
theory to approximate K to overcome the computational burden
of solving the full physics of the elastodynamic wave propagation
problem. Therefore, we assume an elastic medium, with smoothly
varying elastic parameters and density, under the high frequency
approximation, that is ω → ∞. If we omit near- and intermediate-
field terms the ray-theoretical Green’s function G j

i (e.g. Nolet 2008)
can be expresed as:

G j
i

(
r, ω; r ′) = γiγ j CP eiωτP

4πVP (rs)Rrs

√
ρ (rs) ρ (rr ) VP (rs)VP (rr )

− (γiγ j − δi j )CSeiωτS

4πVS (rs)Rrs

√
ρ (rs) ρ (rr ) VS(rs)VS (rr )

, (2)

where γi , γ j are the direction cosines δi j is the Kronecker delta
function, rs and rr are the position vector of the source and the
receiver, respectively. As mentioned above, density (ρ), compres-
sional velocity (VP ) and shear velocity (VS) can be smoothly varying
functions in space. Rrs represents the geometrical spreading from
the source to the receiver, and it satisfies the reciprocity condition
csRrs = cr Rsr . The terms τP and τS denote the P- and S-wave
traveltime fields that satisfy the eikonal equation. The first term
of eq. (2) corresponds to the P waves and the second term to S
waves. The terms CP and CS are constants that depend upon the
neighbourhood of the source of the wavefield in the 2-D case. They
can be calculated in close vicinity of the source where the medium
can be approximated as homogeneous, with the exact amplitude of
the P and S displacement field (see the Appendix) and have units of√

m. In the 3-D case CP = CS = 1.
Next, we use the single scattering (i.e. Born) approximation,

assuming the absence of caustics, for an incident plane wave of unit
amplitude. We can approximate the Fréchet kernel of an S-to-P or
a P-to-S converted phase as (e.g. Dahlen et al. 2000; Nolet 2008):

KM (r x ) = − 1

2π

∑
s

∑
r

CM · SM (r x )

V (r r )
√

VP (r x ) · VS (r x )

× Rrs

RxrRxs
× W (ω,�T) , (3)

where M is the mode of scattering (i.e. S-to-P or P-to-S) and the
vectors rs, rr and r x represent the position of the source, receiver
and the arbitrary location of the scatterer. The terms Rxs , Rrs and
Rxr , are the geometrical spreading terms from the source to the scat-
terer, from the source to the receiver and from the receiver to the
scatterer. V (r r ) corresponds to the velocity of the converted wave at
the receiver and CM to the constant CP or CS as described above. W
is the wavelet timing term that includes the finite frequency effects
and propagates the scattered source wavelet perpendicular to the
isochrons of the differential time field �T . It should be noted that
the scattered wavelet is phase-shifted by π

4 with respect to the inci-
dent wavelet for the 2-D case and can be described by multiplying
the source wavelet by the quantity ω2

√
2π/(−iω) (e.g. Bostock &

Rondenay 1999). �T is calculated for an arbitrary scatterer with
location r x , by adding the traveltime of the incident wave from the
source to the scatterer, T inc

sr , the traveltime of the scattered wave
from the scatterer to the receiver, T sc

xr , and finally by subtracting the
traveltime of the incident wave from the source to the receiver, T inc

sr

(Fig. 1), that is

�T (r x ) = T inc
sx + T sc

xr − T inc
sr . (4)
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Figure 1. Example showing different components of eq. (3) for the case of a P-to-S converted phase at a station at the surface (triangle), and a teleseismic
source (not shown) that produced a planar wave with incidence angle of 25◦ at the base of the model. P and S velocities are from PREM (Dziewonski &
Anderson 1981) as shown in the second and third column, respectively. (a) Delay isochrons in seconds of the direct P-wave phase relative to the traveltime at
the station, T Direct

sx − T Direct
sr . (b) Delay isochrons in seconds of a S-wave from a hypothetical source at the location of the station T Scatterd

xr . (c) Delay isochrons
in seconds of the P-to-S converted wave �T (x).

The term SS P (r x ) is the scattering amplitude term for the S-to-
P conversion model. The double summation is performed over all
the rays from the source to the scatterer (s index) and from the re-
ceiver to the scatterer (r index), respectively, that contribute within
the cross-correlation window that is used for the measurement of
the traveltime residual. Equivalent formulations have been derived
by other researchers (e.g. Mancinelli & Fischer 2018; Hansen &
Schmandt 2017). The units of the kernel in eq. (3) presented here
in 2-D are s · m−2 since the source and adjoint have been normal-
ized in the kernels shown here. The kernels for other conversion
modes have similar expressions (e.g. Bostock & Rondenay 1999;
Dahlen et al. 2000). Next, we analyse the different terms of eq. (3)
and we present the methodology for the calculation of sensitivity
kernels.

2.1 Traveltimes

We calculate the traveltimes required to calculate the differential
traveltime of eq. (4) and to estimate the geometrical spreading us-
ing graph theory and the shortest path method (e.g. Dijkstra 1959;
Moser 1991; Klimeš & Kvasnička 1994; Papazachos & Nolet 1997;
Bogiatzis 2010; Bogiatzis et al. 2021). We parametrize the medium
with an irregular and unstructured grid because of its higher per-
formance in the estimation of the traveltime field, compared with
similar size regular grids (Bogiatzis et al. 2021). This is because the

maximum error due to the angle discretization occurs if the whole
ray path systematically follows the most erroneous direction, which
is most likely in a homogeneous medium and a regular grid that is
periodic in space, (e.g. Klimeš & Kvasnička 1994; Bogiatzis et al.
2021). On the contrary, in the presence of heterogeneity and/or by
using an irregular grid, at least a part of the ray path is more likely
to follow a direction that is better than the most erroneous (e.g.
see Supporting Information and Figs S1–S3). After defining the
dimensions of the model, a fine cloud of random points is gener-
ated and then refined using the Delaunay triangulation-refinement
method (Engwirda 2014; Engwirda & Ivers 2016). This method
minimizes clustering by constraining the distance between nodes,
yielding round triangles in the corresponding triangulation and con-
sequently, uniformly distributed nodes. Then the adjacency matrix
of the direct AD and the adjoint wavefield AA are created. These are
sparse matrices that describe the connectivity between the different
gridpoints. For example, AD(i, j) corresponds to the time delay of
the direct seismic wave to travel from the point i to point j . Due to
reciprocity, the adjacency matrices are symmetric and thus only the
upper or the lower triangle is required to be stored. The traveltime
between connected nodes is approximated by the numerical quadra-
ture of slowness with respect to the internode distance, using the
trapezoidal rule. Consequently, for each edge, slowness is linearly
interpolated from the values at the two endpoints, similar to other
works (e.g. Moser 1991; Klimeš & Kvasnička 1994; Bogiatzis et al.
2021). For connections in large distances the traveltime may be less
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accurate because of (I) the error in the average velocity approxi-
mation and (II) the departure of the ray path from the straight-line
approximation. This poses a loose upper limit in the selection of
the maximum connectivity distance. However, Fermat’s law forces
the errors due to (II) to be always positive, that is yielding larger
traveltimes than the true traveltime, and thus in this case paths that
travel through shorter connections would be ‘preferred’ from the
algorithm and keep the overall error from increasing. Errors due
to large contrasts to velocity (I) can have both signs. The positive
errors, as previously, should not affect the overall traveltime field,
as paths through shorter connections will contribute the correct
traveltimes. Negative errors, that is traveltimes faster than the real
ones, can in some cases cancel the errors of type (II), although these
can also remain. Better accuracy can be achieved by avoiding large
connections over regions with high heterogeneity, or by sampling
the velocity in intermediate distances. However, this increases the
computational time for the formation of the adjacency matrix. Our
tests show that the improvement in accuracy, if any is marginal and
negligible for the typical connectivity distances and velocity models
used in this work.

The sparsity of the adjacency matrix is controlled from the con-
nectivity depth, that is the maximum distance of interconnected
points that defines the connectivity stencil, also known as ‘forward
star’ (Moser 1991). The shortest path method is stable in the sense
that it will always converge within (V-1) iterations, meaning that it
will calculate estimations of the traveltimes from the source to all
nodes (V) of the graph, regardless the internode distances or the
connectivity stencil (Dijkstra 1959; Thorup 1999). Moser (1991)
shows that its accuracy depends quadratically upon the number of
points per coordinate direction and the different angles sampled
from each point, which is a function of the number of connections.
In the same work it is shown that the traveltimes are correct up to the
second order in the space and angle discretization. Therefore, the
desired accuracy can be achieved by adjusting the distance between
the nodes and the number of connections, which increases the sam-
pled angles. Two examples of connectivity stencils corresponding
to different connectivity depths are shown in Figs 2 (a) and (b). The
accuracy of the method with respect to the maximum node distance
(Fig. 2c) and the maximum connectivity distance (Fig. 2d), for a
homogeneous medium is also demonstrated. If the source is located
outside the model, as in the case of teleseismic waves, then this is
modeled by adding a new row (or a new column) at AD that corre-
sponds to the source point. The non-zero elements of this row rep-
resent the traveltimes from the teleseismic source to the gridpoints
at the base of the model (Fig. 3) and can be readily calculated using
for example the TauP toolkit (Crotwell et al. 1999). In fact, from eq.
(3) it follows that only the relative traveltimes between the points
at the base are required and not the absolute ones. Under the plane
wave assumption, and assuming 1-D structure outside the model,
the traveltimes can be calculated by using the horizontal slowness.
When the incidence angle of the incoming ray path departs signif-
icantly from vertical, then the connections (traveltimes) from the
source to the points at the sides of the model, are also needed to
ensure the wave front satisfies the plane wave assumption. After
the adjacency matrix is created, Dijkstra’s algorithm (e.g. Dijkstra
1959) is applied to compute the traveltimes field, corresponding
to the fastest path that connects the source with all points of the
model, following the Fermat’s principle (e.g. Bóna & Slawinski
2003; Červený 2005). The calculation of �T (x) in eq. (2) for a
given source–receiver pair requires two applications of Dijkstra’s
algorithm, under the reciprocity principle of the traveltimes. One,
starting at the source using the AD to calculate T inc

sx and T inc
sr , and

a second by assuming a source at the location of the receiver using
the AA to calculate T sc

sx .

2.2 Scattering amplitude term

The scattering amplitude, is also known as normalized Rayleigh
scattering coefficient (Dahlen et al. 2000). For a reference 2-D
model, and a point scatterer that causes a shear velocity perturbation,
�VS
V o

S
, where an incident S wave converts to a P wave, following

the single scattering (Born) formulation, this can be expressed as
(Bostock & Rondenay 1999; Rondenay 2009; Dahlen et al. 2000;
Nolet 2008),

SS P (r x) = 2
VS

VP
(γ̂1 · γ̂2)(̂γ 2 · q̂1) = −2

VS

VP
sin 2θx . (5)

And the corresponding term for P-to-S is given as,

SP S (r x) = 2
VS

VP
(γ̂1 · γ̂2)(̂γ 1 · q̂2) = −SS P (r x) , (6)

where γ̂1 and γ̂2 are the unit direction vectors of the incoming
and the outgoing ray path. The quantities q̂1 and q̂2 are the unit
vectors with the polarization of the incoming and outgoing S wave,
respectively. θxi is the angle that is formed between the incident
and the converted ray path in the 2-D case. The calculation of
the scattering term, S requires knowing the angle θx . In a layered
earth model, θx can be readily calculated using Snell’s law (e.g.
Červený 2005). As it is apparent from eqs (5) and (6), the scattering
term is unitless. In an arbitrary heterogeneous medium, it can be
extracted at each point as the angle between the gradient vectors of
the forward and the adjoint traveltime fields (Fig. 4), which have
already been calculated from the previous stage. For the calculation
of the gradient field in an unstructured grid, there are several efficient
and accurate techniques (e.g. Mavriplis 2003; Syrakos et al. 2017).
In this work, we use a least-squares-based approach (Syrakos et al.
2017). More specifically, a linear system of equations is formed
using a Taylor series from each point to the adjacent nodes of the
triangulation and then solved in the least squares sense. Note that the
adjacent nodes in this case are defined based upon the triangulation
mesh, and they are not related with the adjacency matrix used for the
shortest path calculation. If a point in the triangulation is connected
to less than five nodes, then higher order neighbours are considered
as well, yielding better accuracy compared to typical first-order
approaches.

2.3 Geometrical spreading

There are three geometrical spreading terms in eq. (3): Rxs , Rrs

and Rxr . In the case of an incoming unit plane wave we can assume
that Rxs and Rrs are constant and the same within the model region.
Therefore, the only remaining term that is left to be computed isRxr .
There are several methods to estimate the geometrical spreading
without solving the full elastodynamic wave propagation problem,
including dynamic ray tracing techniques (Červený & deCastro
1993; Hanitzch et al. 1994), methods based on the solution of the
transport equation (e.g. El-Mageed 1996; Buske & Kästner 2004)
and approaches that are based on multiple traveltime calculations for
hypothetical sources surrounding the actual source (e.g. Vidale &
Houston 1990; Vanelle & Gajewski 2003; Buske & Kästner 2004).
In this work, we follow a well-established and tested method, ini-
tially presented by Vidale & Huston (1990), due to its simplicity
and efficiency. We present the 2-D implementation of the method,
however its expansion to 3-D case is straight forward.
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Figure 2. Illustration of the effects of node distance and maximum connectivity distance on error. (a) Connectivity stencil between a reference point (star) and
its neighbours (black nodes) for maximum distance of 10 km (radius of the circle). The nodes that are in greater distances (grey nodes) are unreachable directly
from the reference point. (b) similar to (a) but for maximum distance of 30 km. (c) Calculated root mean square error with respect to the nodes distance of
the shortest path method for a homogeneous model with wave speed of 7 km s–1. Error bars correspond to one standard deviation. The connectivity distance is
20 km for all the runs (d) Root mean square error with respect to the maximum connectivity distance, for the same model as with (c). The nodes distance is
∼3 km for all the runs.

Figure 3. Example of a model grid of points with their interconnections (grey lines). The star represents a teleseismic source, and the connections imply that
only the traveltimes from the source to the bottom of the model are considered. Green successive connections demonstrate a possible ray path from the source
to a receiver (triangle). Grid spacing here is intentionally exaggerated, so that the connections and grid are visible. The higher density grid used in our method
results in ray paths within the box that are good approximations to theoretical, for example straight lines through a homogeneous medium.

The geometrical spreading from the receiver to an arbitrary scat-
terer can be expressed as,

Rxr =
√

�i . (7)

The quantity �i represents the geometrical spreading of the ray
paths in successive distances from the source (e.g. Červený &
Hron 1980; Vidale & Houston 1990; Červený 2005), and can be
estimated by the take-off angles of the ray path from the source to
the four neighbouring points, on the top iu , at the right ir , beneath id

and at the left il of x, derived by perturbing its coordinates, one at
a time, along the vertical (±δz) and the horizontal (±δx) direction,
that is, a revised version of eq. (2) of Vidale & Houston 1990, to
explicitly include δx and δz,

�i =
√(

iu − id

2δz

)2

+
(

ir − il

2δx

)2

, (8)

where �i is equivalent to the loss of amplitude due to the geomet-
rical spreading. In a homogeneous medium, �i = (|x − s|)−1/2 ,
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Figure 4. Example of the calculation of the scattering amplitude term for (left-hand column) P-to-S and (right-hand column) S-to-P converted waves. The
upper panel (a and b) shows the traveltime contours and the associated gradient fields for the direct wave (black) that enters the model with horizontal slowness
of 0.09, and the adjoint field of the converted wave (red) for the station shown with the triangle. Arrows show the polarization vectors for the incoming
(black) and the scattered (red) waves. Panels (a) and (b) show the scattering amplitude term from eqs (5) and (6), respectively, calculated for a homogeneous
background model with Vp = 7.0 km s–1 and Vs = 4.4 km s–1.

where s is the position vector of the source. Each take-off angle can
be calculated using a finite difference scheme and by computing the
traveltime fields from hypothetical sources at the four neighbouring
points as (Vidale & Houston 1990),

i (x) = arctan

(
tl − tr
tu − td

)
(9)

where, tu, tr , td , tl are the traveltimes to the point x, from the
points on top, right, beneath and left with respect to the real source,
as previously described, by perturbing its coordinates, one at the
time by ±δr . Since the grid is unstructured, we must explicitly
add the gridpoints with the perturbed coordinates. From eq. (9), it
is apparent that the calculation of the geometrical spreading term
requires four applications of Dijkstra’s algorithm, which are to be
added to the two needed for the calculation of the differential time
field, �T and the scattering amplitude S in eq. (3). The evaluation
of eq. (9) is performed in an auxiliary rectangular grid, which is
constructed from the initial unstructured grid by means of natural
neighbour interpolation (e.g. Watson 1994), which proved to give
more accurate results compared with bilinear and nearest neighbour
interpolation methods. When the amplitudes are calculated they
are re-interpolated back to the original unstructured grid, again
using the natural neighbour interpolation scheme (e.g. Amidror
2002).

Vidale & Houston (1990) demonstrate that the amplitudes of the
first arrivals are accurate even in the presence of diffraction and
caustics. However, it should be noted that this approach assumes
smooth model variations, with relatively small velocity contrasts,
that is substantially smaller than the wavelength, following the high-
frequency approximation (e.g. Červený 2005), as for example, it
cannot model the energy loss through reflections. We find that cal-
culating the take-off angles in a smoothed version of the model,
derived through the application of a Gaussian smoothing kernel

of standard deviation ∼40 km, produces more robust results and
less noise in the take-off angles, in cases where sharp discontinu-
ities and significant velocity contrast are present. Vidale & Huston
(1990) report ∼10 per cent amplitude error in comparison to fourth
order finite difference full-wave propagation method. If further ac-
curacy is desired there are more accurate methods that can be used
by trading off the efficiency (e.g. Vanelle & Gajewski 2003; Buske
& Kästner 2004). In this work we consider that such errors are below
the typical uncertainties of real applications (e.g. limited knowledge
of the subsurface structure, source effects and the presence of noise
in data).

The calculated amplitudes using eq. (5) are about two orders of
magnitude less accurate than the traveltimes (Fig. 5) in homoge-
neous space. Therefore, the average traveltime error of ∼7.2e-3 per
cent in the example of Fig. 5, translates to average error of ∼0.3
per cent for the amplitude, with 2.3 per cent standard deviation,
and maximum errors less than ∼10 per cent. Note that near the
source the traveltime error is close to zero. This is because the trav-
eltimes from the source to the first order neighbouring nodes are
errorless in the case of homogeneous medium since the trapezoidal
rule for estimating the traveltime between nodes outputs the exact
solution. The interpolation of these times to points with azimuths
that are not sampled in the vicinity of the source will also give
near perfect results in a homogeneous velocity field. The errors
start to accumulate right after the first order neighbours as then
the ray path from the source to a higher order neighbour gener-
ally will not be straight, and thus it will introduce an error. On the
contrary, the amplitude error near the source is significant. This
error is not related to the traveltime error but is due to the high
curvature of the wavefront near the source, which is a problem
common to finite difference schemes (e.g. Vidale 1988). At greater
distances the error is mostly related to the error in traveltimes.
This suggests that it is important to calculate traveltimes as accu-
rately as possible to make sure that the effect in the final kernel is
minimal.
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660 P. Bogiatzis et al.

Figure 5. Comparison between errors in the traveltime field, and the amplitude. The calculations are performed for a homogeneous medium with wave speed
of 7 km s–1, node distance ∼3.5 km and maximum neighbourhood distance of 30 km. Amplitude reduction due to geometrical spreading, calculated (a)
analytically, and (b) using the approach used here (Vidale & Houston 1990) with a central difference stencil of ±5 km in both directions. (c) comparison of
the traveltimes in seconds, between the analytical and the ones calculated using the shortest path method (green, dashed contours). The background colour
represents the percent difference compared with the analytical times. The average error is ∼7.2e-3 per cent and the standard deviation 3.7e-3 per cent. (d)
Similar to (c), but for the amplitude. Contours correspond to the amplitude reduction factor. The average error is ∼0.3 per cent and the standard deviation 2.3
per cent.

To further evaluate the accuracy of the geometrical spreading
calculation, we compare it against a finite difference full wave-
form (FDFW) elastic simulation algorithm (SOFI2D; Bohlen et al.
2016) in a complex model that simulates a typical subduction zone
structure (Fig. 6). Starting with PREM (Dziewonski & Anderson
1981) as the background, a subducting lithosphere is added, which is
characterized by a ∼20 per cent increase in P- and S-wave velocity
compared with PREM. The density is not affected by the subducting
lithosphere. A thin layer on top of the subducted slab was added with
slower P- and S-wave velocities by ∼15 per cent and lower density
by 2 per cent compared with the background according to several
seismic observations of guided waves (e.g. Abers 2005). Finally,
the model incorporates a slow mantle wedge with P- and S-wave
velocities that are slower by ∼20 per cent and density that is lower
by 6 per cent compared with PREM (e.g. Stern 2002). A sixth order
finite difference stencil is utilized in space and a 2nd order stencil
is used in time with a grid spacing of 138 m in both directions. For
the simulation we use a point source and a Ricker wavelet source
time function, with central frequency of 1.5 Hz. We compute seis-
mograms for 476 hypothetical receivers which uniformly sample
the model space with 20.7 km spacing in both dimensions. To mea-
sure the amplitude, we calculate the envelope of the seismogram
from its analytical signal, and we select the peak amplitude within
a window that starts from the time that the amplitude exceeds the
level of numerical noise and ends 2 s later, in order to include the
full duration of the source wavelet. We then compare the relative
geometrical spreading of the seismograms with the one estimated
using the method of Vidale & Houston (1990), as well as the geo-
metrical spreading by assuming homogeneous medium. The results
(Fig. 7) suggest that our approach generally agrees with the geomet-
rical spreading derived from the FDFW simulation. For instance,
our result using the method of Vidale & Houston (1990) models the
defocussing of seismic energy in the upper left part of the model

Figure 6. The reference model that was used for the calculation of the sensi-
tivity kernels, showing the P-wave velocity (top panel), the S-wave velocity
(middle panel) and the density (bottom panel). The model is produced from
PREM (Dziewonski & Anderson 1981) by adding a subducting slab with P-
and S-wave velocities ∼20 per cent faster than the background. The model
also includes a slow mantle wedge, 15 per cent slower and a thin low velocity
layer on top of the slab.
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Fast calculation of spatial sensitivity kernels 661

Figure 7. Comparison of the relative geometrical spreading estimations of the first arrivals. The size of red circles is analogous to the result derived from
synthetic seismograms using SOFI2D (Bohlen et al. 2016) in both panels. (a) The size of blue circles represents the result from the method based on Vidale
& Houston (1990) that is presented here. (b) The size of blue circles represents the result assuming homogeneous earth model. The stars mark the position of
the source, and the contours indicate significant gradients in P-waves velocity structure (see also Fig. 6). Green frames mark the regions where the greatest
differences in amplitude exist between the compared methods.

(red circles that lie exactly over the blue circles in the green box
on the left of Fig. 7a. The match to the FDFW simulation is less
good if geometrical spreading for a homogeneous medium is as-
sumed (blue circles that mismatch red circles in the green box on
the left in Fig. 7b). This is also the case for the right-most region
of the model and for depths larger than ∼150 km (green boxes on
the right side of Fig. 7). Fig. S5 also illustrates that our approach
for calculating geometrical spreading using the method of Vidale &
Houston (1990) results in kernel amplitudes that closely resemble
those from the FDFW simulation.

3 K E R N E L E X A M P L E S

We demonstrate the methodology by showing kernels calculated
though three different models including a homogeneous medium,
a two layered model that includes a discontinuity with a Gaussian
bump, and a two-layer model with a sinusoidal discontinuity. The
models are loosely based on the examples of sinusoidal topogra-
phy that is at the edge of resolution as presented in the work of
Mancinelli & Fischer (2018) using an semi-analytical approach. In
all cases we use a Ricker wavelet, which was phase shifted by π/4
for the representation of the scattered source term, W , in eq. (3), with
a dominant period of 2 s in the case of P-to-S and 5 s in the case of
S-to-P, respectively, representing common periods in such data sets
(e.g. Rychert et al. 2007). The scattered source has been normal-
ized in the the kernels shown in Figs 8–14, making them traveltime
kernels. However no normalization is used in the recovery tests in
section 4. We create the adjacency matrix by considering neighbour-
ing nodes up to 30 km away and a grid spacing of approximately
3 km.

3.1 Homogeneous medium

We present the P-to-S and S-to-P kernels in homogeneous medium.
The elastic properties of the medium are V p = 7 km s−1,
V s = 4 km s−1 and ρ = 2.9 g cm−3. The incoming direct wave
has a 25◦ incident angle, (corresponding to horizontal slowness of
0.0604 s km–1 for P-to-S and 0.1057 s km–1 for S-to-P). The sen-
sitivity kernels for V s at four different delay times are shown in

Figs 8 and 9, for S-to-P and P-to-S converted waves, respectively.
The amplitude of the kernel in all cases is null along the direct
geometrical ray path. It peaks at a close distance from the direct
ray and then it decays slowly with increasing distance. The polar-
ity, which is controlled from the scattering term, that is eqs (5)
and (6), flips when crossing the direct ray path. The sensitivities of
the S-to-P and P-to-S converted waves are substantially different.
The S-to-P kernel presents a hyperbolic shape that opens towards
the direction of the incoming wave. P-to-S has a more elliptical
shape surrounding the station.

3.2 Layer with topographic high

In this case we examine S-to-P and P-to-S sensitivity kernels in
a model with two layers, separated by a discontinuity which has
a topographic high, in the form of a Gaussian with amplitude of
20 km and a width corresponding to σ = 35 km. The parameters
of the top layer are V p = 6.12 km s−1, V s = 3.5 km s−1 and
ρ = 2.5 g cm−3. The parameters of the half space beneath are
V p = 8.1 km s−1, V s = 4.5 km s−1 and ρ = 3.3 g cm−3. The
horizontal slowness is 0.09 s km–1 for the S-to-P and 0.06 s km–1

for the P-to-S case. The S-to-P kernels (Fig. 10) are similar in shape
with the ones from the constant velocity model of the previous
example, however they are distorted as they cross the discontinu-
ity. In the P-to-S case (Fig. 11) the kernel samples only limited
portions of the discontinuity at each delay time. This is the re-
sult of the high curvature of the P-to-S kernel, but is further en-
hanced by the opposite curvature of the topographic anomaly of the
discontinuity.

3.3 Sinusoidal topography

In this case we explore the sensitivity kernels in a model with two
layers, separated by a discontinuity with sinusoidal topography. The
parameters of the top layer and half space are identical to the pre-
vious example. The horizontal slowness is 0.046 s km–1 for either
incoming S- or P-waves. The sinusoidal topography has a wave-
length of 200 km and peak-to-tough difference of 40 km centred at
the mean depth of 140 km. We explore again, the sensitivities of both
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662 P. Bogiatzis et al.

Figure 8. Sensitivity kernels in the case of S-to-P conversion for a homogeneous medium, for delay times of 2.2, 7, 10 and 22 s. The solid grey lines correspond
to isochrons of the incoming plane S-wave, and the grey dashed lines to isochrons of the adjoint P-wave field. The triangle indicates the location of the receiver.

Figure 9. Sensitivity kernels in the case of P-to-S conversion for a homogeneous medium, for delay times of 8, 15, 22 and 30 s. The solid grey lines correspond
to isochrons of the incoming plane P-wave, and the grey dashed lines to isochrons of the adjoint S-wave field. The triangle indicates the location of the receiver.
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Fast calculation of spatial sensitivity kernels 663

Figure 10. Sensitivity kernels in the case of S-to-P conversion for a discontinuity with a Gaussian shaped topographic high, for delay times of 2.2, 7, 10 and
22 s. The solid grey lines correspond to isochrons of the incoming plane S-wave, and the grey dashed lines to isochrons of the adjoint P-wave field. The solid
black line corresponds to the discontinuity that separates the top layer from the half-space. The triangle indicates the location the seismometer.

Figure 11. Sensitivity kernels in the case of P-to-S conversion for a discontinuity with a Gaussian shaped topographic high, for delay times of 8, 9.5, 11 and
18 seconds. The solid grey lines correspond to isochrons of the incoming plane S-wave, and the grey dashed lines to isochrons of the adjoint P-wave field. The
solid black line corresponds to the discontinuity that separates the top layer from the half-space. The triangle indicates the location the seismometer.
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S-to-P and P-to-S converted phases. In the case of S-to-P conversion
the sensitivity kernel presents significant complexity, intersecting
the discontinuity several times vertically, and thus presenting rapid
changes in polarity along these intersections (Fig. 12). The S-to-P
sensitivity kernel remains tangent to the discontinuity along a spe-
cific topographic low of the sinusoidal topography, following its
oscillatory topography (e.g. Fig. 13 at delay time between 13 and
15 s). The P-to-S kernel remains tangential to the more vertical sec-
tions of the topography, for instance at a delay time of –18 s. Given
this, S-to-P sensitivity may be favourable for imaging horizontal
discontinuities, and P-to-S may have better potential than S-to-P for
imaging vertical topography. This will be revisited in the recovery
tests (Section 4).

We also calculated kernels for the sinusoidal tomography case
assuming geometric spreading in a homogeneous medium for com-
parison to the geometric spreading for heterogeneous media used in
our kernel calculations (Fig. 14). We find that incorporating more
accurate geometrical spreading can give a kernel that is up to 15 per
cent different for P-to-S and up to 30 per cent different for S-to-P.
Overall, this would translate to material properties inaccuracies of
the same scale.

4 R E C OV E RY T E S T S

In this section we test the potential of the proposed kernels to re-
cover three different models. The first includes a discontinuity with
a topographic high, a Gaussian with an amplitude of 20 km depth
with σ = 35 km. The second is a discontinuity with a topographic
low of the same scale as the topographic high. The third is a dis-
continuity that has sinusoidal topography with wavelength 200 km
and 40 m peak-to-trough topography. We use the same velocities
and densities as in the models used to demonstrate the kernel struc-
tures. We produce synthetic waveforms using SPECFEM2D. In all
cases we use 2 plane wave sources from the left and their symmet-
ric counter parts from the right. More specifically, for the S-to-P
converted phases this corresponds to horizontal slowness of 0.087
(incidence angle of ±23◦) and 0.097 (incidence angle of ±26◦). For
the P-to-S converted phases this corresponds to horizontal slowness
of 0.060 (incidence angle of ±29◦) and 0.065 (incidence angle of
±32◦). The dominant period of the source wave is 4 s. Synthetic
seismograms are computed in an array of 151 stations at the sur-
face with spacing of 2 km. To test the significance of the sampling
distance we also examine a case where only a subset of the seis-
mograms is used, by considering receivers every 10 km yielding a
total of 31 stations. To solve the problem, we create the following
system of linear equations,

d = J · m, (10)

where d is the data vector, J the matrix with the sensitivity ker-
nels and m is the vector with the structure that is to be esti-
mated. Each row of the sensitivity matrix corresponds to a ker-
nel of a source-receiver pair at a specific lapse time relative to
the corresponding unconverted parent phase. A total of 201 time
steps are considered with 0.1 s of sampling rate starting from
0, which corresponds to the timing of the parent phase, yield-
ing a time vector with the elapsed time from or to the par-
ent phase for P-to-S and S-to-P, respectively. This gives a total
of |receivers| × |timesteps| × |sources| = 121 404 rows. The data
vector d is constructed by augmenting the corresponding seismo-
gram component after applying the free-surface transform (e.g.
Bostock et al. 1998), that is the P-wave aligned component in the

S-to-P case, or S-aligned component in the P-to-S, at the same time
steps. The number of the model parameters is 82 500 which corre-
sponds to the number of the columns of the J matrix. We solve the
system using the iterative LSQR solver (Paige & Saunders 1982).
Based on the analysis of the residuals compared with the norm of
the solution we stop at ∼3 iterations in the case of P-to-S and ∼7
iterations in the case of S-to-P. Amplitudes and structures are re-
covered within 1-2 iterations. Structural recovery continues in the
form of ellimination of small artifacts fallling off after ∼3 and ∼7
iterations

Figs 15, 16 and 17 show the recovery results for the P-to-S and
the S-to-P scattering case, for the single discontinuity models with
topographic high, low, and sinusoidal variation, respectively. In the
P-to-S case, the inversion successfully recovers the structure of the
discontinuity in all three models. Most artefacts appear in regions
outside the array, with some artificial sub-station signal at the shal-
lowest depths, particularly for the sinusoidal topography case. Even
in the case with the sparser array the structure of the discontinu-
ity is recovered, albeit with higher noise levels at depths shallower
than the discontinuity. In the S-to-P case the recovery is generally
sharper and more focused around the discontinuity than the P-to-
S case. S-to-P recovery of the structure of the topographic low is
better than S-to-P recovery of the other structures in that there are
less artefacts, with only a low amplitude frown at deeper depths
(Figs 16a versus b). S-to-P recovery of the structure of the Gaus-
sian topographic high is also good, albeit with some minor artefacts
that appear as small sidelobes near the peak in the Gaussian high
(Fig. 15b). S-to-P recovery of the structure of the sinusoidal discon-
tinuity is characterized by the most artefacts. For instance, there is
a low amplitude artificial frown beneath the central low topography
and some noise at shallower depths than the discontinuity (Figs 17a
versus b). As in the case of P-to-S conversions the result when the
stations are sparser is also characterized by increased noise, which
does not change the recovered features of the discontinuities con-
siderably. A comparison between d and the synthetics m̂, where
m̂ is the estimated model from the inversion, can be found at the
supplementary material (Figs S6–S11).

The P-to-S recovery of the magnitude of the velocity contrast us-
ing the higher station density varies across the length of the discon-
tinuity but is usually within a few percent of the 28 per cent model
input. P-to-S amplitude recovery of the Gaussian topographic high
using higher station density typically ranges from 18 to 23 per cent
in the flatter regions and 26–34 per cent near the high. P-to-S am-
plitude recovery of the Gaussian topographic low typically ranges
from 22 to 27 per cent in the flatter regions and 15–24 per cent near
the high. P-to-S amplitude recovery of the sinusoidal topography
typically ranges from 13 to 20 per cent near the lows and from
15 to 20 per cent near the high in comparison to the 28 per cent
input model. Recovery for the case with sparser stations is typi-
cally around 3–7 per cent smaller, but as high as 11 per cent less.
The sparser station recovery of the sinusoidal topography typically
ranges from just as good as the higher station density to within
5 per cent less.

The S-to-P recovery of the magnitude of the velocity contrast us-
ing the higher station density varies across the length of the discon-
tinuity and is generally less than P-to-S, although still consistently
reaches within a few per cent of the model input. S-to-P recovery
of the magnitude of the Gaussian topographic high typically ranges
from 13 to 15 per cent in the flatter regions and 19–20 per cent near
the high. S-to-P amplitude recovery of the Gaussian topographic
low using higher station density typically ranges from 10 to 11 per
cent in the flatter regions and 18–28 per cent near the high. S-to-P
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Fast calculation of spatial sensitivity kernels 665

Figure 12. Sensitivity kernels in the case of S-to-P conversion for a discontinuity with sinusoidal topography, for delay times of 4, 10, 14 and 18 seconds. The
solid grey lines correspond to isochrons of the incoming plane S-wave, and the grey dashed lines to isochrons of the adjoint P-wave field. The solid black line
corresponds to the discontinuity that separates the top layer from the half-space. The triangle indicates the location the seismometer.

Figure 13. Sensitivity kernels in the case of P-to-S conversion for a discontinuity with sinusoidal topography, for delay times of 4, 16.5, 18 and 23 seconds.
The solid grey lines correspond to isochrons of the incoming plane P-wave, and the grey dashed lines to isochrons of the adjoint S-wave field. The solid black
line corresponds to the discontinuity that separates the top layer from the half-space. The triangle indicates the location the seismometer.
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666 P. Bogiatzis et al.

Figure 14. Comparison of sensitivity kernels that assume amplitudes for geometrical spreading in a heterogeneous medium (used here) versus a homogeneous
medium. (a, b) The approach applied here from Vidale & Houston (1990) is compared to (c, d) the assumption of a homogeneous medium. The final row (e, f)
shows the percent difference of the above two, respectively. Left-hand column corresponds to a P-to-S kernel for the sinusoidal topography model, at lag time
of 25 s (see also Fig. 10) while right-hand column corresponds to an S-to-P kernel for the same model, at lag time of 17 s (see also Figs 12 and 13).

Figure 15. Recovery results using the P-to-S (left-hand column) and S-to-P (right-hand column) converted phase kernels for a discontinuity presenting a
topographic high. This is shown for the case when spacing between stations is 2 km (a and b) and 10 km (c and d). The station locations are shown with
triangles at the surface. The black line corresponds to the actual location of the discontinuity.

amplitude recovery of the sinusoidal topography typically ranges
from 11 to 15 per cent in the flatter regions and 14–26 per cent
near the high. Recovery for the case with sparser stations typically
ranges from just as good as the higher station density case to up to
5 per cent less.

5 D I S C U S S I O N A N D C O N C LU S I O N S

We have developed a ray theoretical approach using the shortest
path method and Dijkstra’s algorithm to calculate finite frequency
sensitivity kernels for converted phases in arbitrary heterogeneous
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Fast calculation of spatial sensitivity kernels 667

Figure 16. Recovery results using the P-to-S (left-hand column) and S-to-P (right-hand column) converted phase kernels for a discontinuity presenting a
topographic low. This is shown for case when spacing between stations is 2km (a and b) and 10 km (c and d). The station locations are shown with triangles at
the surface. The black line corresponds to the actual location of the discontinuity.

Figure 17. Recovery results using the P-to-S (left-hand column) and S-to-P (right-hand column) converted phase kernels for a discontinuity presenting
sinusoidal variations. This is shown for case when spacing between stations is 2km (a and b) and 10 km (c and d). The station locations are shown with triangles
at the surface. The black line corresponds to the actual location of the discontinuity.

media using an unstructured grid. This provides a fast alternative to
solving the elastodynamic equation with reliable amplitudes (e.g.
Frederiksen & Revenaugh 2004), and it allows the implementation
of the topography/bathymetry and arbitrary model geometries. We
verified the improvement in our geometrical spreading calculation
over the assumption in a homogeneous medium geometric spreading
by comparisons with full waveform synthetics through a complex
subduction zone model. We showed the assumption of geometrical
spreading in a homogeneous medium can lead to a 30 per cent
difference in kernel amplitude in comparison to our calculations

in heterogeneous media (Figs 14e and f). Such differences may
play an important role in the interpretation of receiver functions,
for example in distinguishing spatial variations in amplitude that
reflect actual changes in the properties of the discontinuity from
artefacts related with focusing/defocusing of seismic energy due to
the surrounding heterogeneity. Improved amplitude estimates are
also important for joint inversion schemes. Our kernel calculations
show good agreement with previous results. The general shape and
polarity of our sensitivity kernels are in good general agreement
with another ray theoretical approach that assumed geometrical
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spreading in a layered structure (Mancinelli & Fischer 2018). The
amplitudes of our kernels are 3–5 orders of magnitude smaller
than those in previous work and also have a difference in units
(s m−2 versus m−2). Differences in amplitude and unit are expected
because the kernels presented in Figs 8–14 are traveltime kernels,
and we have normalized the amplitude of our source and adjoint
source. Our kernel amplitudes are smaller than the ray theoretical
kernels of Hansen & Schmandt (2017) for similar reasons.

Overall, we find that both P-to-S and S-to-P sensitivity kernels
calculated using graph theory are useful for recovering the struc-
ture of discontinuities with topography. Both P-to-S and S-to-P can
recover Gaussian topography with amplitude 20 km with minimal
artefacts. P-to-S kernels typically recover sinusoidal topography
well. Although S-to-P kernel recovery of sinusoidal topography
includes some artefacts, we were able to recover curvature of a
sinusoid with peak-to-trough amplitude of 40 km and wavelength
of 200 km even with 10 km station spacing. The structures of si-
nusoidal topography with peak-to-trough height of 20 and 200 km
wavelength and also peak-to-trough height of 40 with 400 km wave-
length were less well recovered by a similar method using ray theory
with station coverage every 5 km (Mancinelli & Fischer 2018). In
addition, we were able to constrain the magnitudes of the veloc-
ity contrasts (�Vs/Vs). The recovered amplitudes varied along the
length of the discontinuity. Recovery ranged from perfect to as large
as 20 per cent lower for both P-to-S and S-to-P, and were also oc-
casionally higher. The topographic high was also overpredicted by
P-to-S typically by around 6 per cent and the topographic low was
overpredicted by S-to-P typically by around 4 per cent. Lower sta-
tion density recovered lower magnitudes in comparison to higher
station density typically by up to around 11 per cent for P-to-S and
typically by up to around 5 per cent for S-to-P. Amplitude recov-
ery over the entire discontinuity length is not necessarily recovered
better by further iterations, rather some sections are better recov-
ered, and some sections are worse recovered. However, there may
be some potential to enhance the recovery of the magnitudes of
the discontinuities by further calibration given testing such as this.
The finding that P-to-S kernels can recover steeper discontinuity
topography better than S-to-P agrees with the findings of previous
work (Hansen & Schmandt 2017). Despite better recovery from P-
to-S in comparison to S-to-P, the S-to-P kernels may still be useful
for imaging deeper velocity discontinuities given that they avoid
free-surface multiples, which can be difficult to window out in real
data and potentially influence P-to-S. It may be possible to window
out the multiples. Alternatively, it would be possible to include the
multiples in the inversion. This requires the calculation of some
additional traveltime fields and an initial estimation of the location
of the discontinuity. In this way they could be incorporated in later
iterations under a non-linear inversion scheme to further refine the
results.

Our approach provides a simple and efficient method to incorpo-
rate geometrical spreading in arbitrary heterogeneous media (Vidale
& Houston 1990), without significantly affecting the overall com-
putational burden of the algorithm. More specifically, it requires
four in 2-D, or six in 3-D additional applications off the Dijkstra’s
algorithm, which for graphs where all nodes are connected, using
the binary heap implementation and the list of adjacency as in this
work, has time complexity of O(log(N ) × E), where N and E are
the number of points of the grid and the total number of connections
between the points, respectively (e.g. Barbehenn 1998). In practical
terms the total computational time is ∼23 s for a single source–
receiver pair. This time includes the time for the creation of the grid
(4 s) and the calculation of the forward and the adjoint adjacency

Figure 18. Performance of Dijjstra’s algorithm as a function of its com-
plexity (i.e. the product log(N ) × E). The vertical dashed line corresponds
to the size of the examples shown in this work. All calculations are done
using one core of a laptop, Intel i7-8850U CPU, at 1.8 GHz with 16 GB of
main memory).

matrices (5 s). It also includes the graph theory traveltime calcu-
lations, which includes ∼3 s for each source and ∼10 s for each
receiver, with ∼7 s out of the 10 s from the computation of the geo-
metrical spreading. All calculations are performed using one CPU
core of an ordinary laptop computer (i7-8850U 1.8 GHz with 16
GB of main memory). Additional efficiency can be readily achieved
through parallelization, for example by assigning the calculation of
traveltimes to different processing units.

We provide computational details from some other example
approaches for comparison. Kernel calculation using the fast-
marching approach and a single CPU Linux machine and Matlab
(8 core AMD processor, 32 GB RAM) required 2 hr to calculate
the traveltime fields for 443 stations (about 3X the number of sta-
tions used here) and a similar sized region (465 × 250 km, Hansen
& Schmandt 2017). Stacking the kernels required about 20 s per
event. For comparison, the GRT inversion (Bostock et al. 2001)
took 80 min total for 10 sources and 443 stations or an average
of 8 min per event for the Hansen & Schmandt (2017) model. The
SPECFEM forward simulation takes about 491 s for a homogeneous
model and ∼500 s for a layered half space using four CPU cores
(Intel Core i7-7700 CPU at 3.60GHz). The adjoint simulation takes
a similar time for a single source misfit kernel, making the total
time approximately 1000 s. SPECFEM computational costs could
be reduced by about one order of magnitude by using a grid spacing
of 1 km.

In this work only 2-D examples are examined; however, every
part of this method can be extended in 3-D either as it is, or with
minor modifications. For example, the Dijkstra’s algorithm used for
calculating traveltimes can be used without any alterations in a 3-D
grid. Geometrical spreading in 3-D can be calculated by adding
another perturbation along the 3rd dimension in eq. (6), and sim-
ilarly including the calculation of two additional traveltime fields
in eq. (7). Therefore, in the 3-D case, the impact in the computa-
tional time would be from these two additional evaluations of the
shortest path method, but also from the larger number of gridpoints
and connections (e.g. Fig. 18). It should be noted however that for
very large domains the escalation of the required computational
time and memory and can be bypassed by using recent alternative
implementations of Dijkstra’s method (e.g. Bogiatzis et al. 2021).
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All the source codes developed in this work are available upon
request from the authors.
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Supplementary data are available at GJI online.

Figure S1. Comparison of the regular (red points) against the irreg-
ular grid (black points), at an arbitrary selected region of the 2-D
model.
Figure S2. Neighbours of an arbitrary gridpoint in the case of the
irregular (left-hand panel) and the irregular grids (right-hand panel).
Figure S3. Traveltime field calculated with the irregular grid (left-
hand panel), the regular grid (middle panel) and their difference
(right-hand panel). A negative difference means that the traveltime
calculated in the irregular grid is smaller than the corresponding
traveltime from the regular grid.
Figure S4. Histogram of the difference between the traveltimes
calculated in the irregular grid versus the corresponding traveltimes
calculated with the regular grid. The traveltimes are sampled using
linear interpolation in both cases in a grid of 100 horizontal and 100
vertical, equally spaced points that lie between the minimum and
maximum x and z coordinates, respectively.
Figure S5. Scatter plot where at the horizontal axis is the normalized
relative geometrical spreading of the first arrivals derived from syn-
thetic seismograms calculated using SOFI2D (Bohlen et al. 2016)
and at the vertical axis, the corresponding value that estimated using
either the method of Vidale & Houston (1990) (black dots) or the
assumption of homogeneous model (green x’s). The shaded regions
mark the 5 per cent and the 10 per cent difference from the peak
amplitude.
Figure S6. Comparison between the target data for the P-to-S con-
verted phase and the model with a topographic high of the main text,
produced with SPECFEM (left-hand panel), and the corresponding
synthetics produced using the estimated model by applying eq. (10)
(right-hand panel). Horizontal black lines separate the data from the
different events and horizontal slowness value, which is also shown
for each data set. The horizontal axis shows the lapse time with
respect to the parent phase. The colour corresponds to the scaled
displacement (see main text for details)

Figure S7. Similar to Fig. S6 but for S-to-P converted phase.
Figure S8. Similar to Fig. S6 but for the model with topographic
depression.
Figure S9. Similar to Fig. S8 but for S-to-P converted phase.
Figure S10. Similar to Fig. S6 but for the model with topography
that presents sinusoidal variations.
Figure S11. Similar to Fig. S10 but for the S-to-P converted phase.

Please note: Oxford University Press is not responsible for the con-
tent or functionality of any supporting materials supplied by the
authors. Any queries (other than missing material) should be di-
rected to the corresponding author for the paper.

A P P E N D I X

Here we show the derivation of CP for P waves in the 2-D case. Sim-
ilarly, can be derived for S. Starting with eq. (2), we consider only
the P-wave part. For small distance from the source, the medium
can be considered homogeneous, thus VP (r x) = VP , ρ(r x) = ρ

and ωτP = kPr = ωR/VP and Rrs = √
R. So, the P-wave part of

eq. (2) can be written as,

G j
i

(
r, ω; r ′) = eiωr/VP

4πρV 2
P

√
R

. (A1)

For 2-D homogeneous space the Green’s function amplitude for
P waves has the form (Sanchezsesma & Campillo 1991),[

u† (ω, X)
v† (ω, X)

]
= A† (ω)
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2
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(
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(
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))
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(
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)
⎤⎥⎥⎦ .

(A2)

The total amplitude of the displacement is given as

‖v‖ =
√

u2 + v2 = A† (ω)
1

8iρVP
2

×
[((
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(
ωR
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(
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))2

+
((
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(
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))
sin θ − sin (2φ − θ ) H(1)

2

(
ωR

VP

))2
]1/2

.

(A3)

For brevity from now on, H(1)
ν is used instead of H(1)

ν ( ωR
VP

), implying

the Hankel’s function argument, ωR
VP

. After some simplifications, we
have,

‖v‖ = A† (ω)
1

8iρVP
2

×
((

H(1)
0

)2
+

(
H(1)

2

)2
− 2H(1)

0 H(1)
2 (cos(θ + 2φ − θ )

)1/2

= A† (ω)
1

8iρVP
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0

)2
+

(
H(1)

2

)2
− 2H(1)

0 H(1)
2 cos(2φ)

)1/2

.

(A4)

Replacing the Hankel functions with their asymptotic expansion,

H (1)
ν (z) ≈ ei(z− νπ

2 −π/4)
√

2
z .
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We have

‖v‖ = A† (ω)
1
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×
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(A5)

or,

‖v‖ = A† (ω)
π

√
π

8iρVP
2π

√
π

×
√

2VP T

2πR
e

i
(

ωR
VP

−π/4
)√

2
√

1 − cos(2φ). (A6)

By reordering the terms to resemble with the analytical Green’s
function for 2-D, that is eq. (A2) and by omitting the force terms,
and considering only the amplitude, we have that

CP =
∥∥∥∥√

2πVP T

2i

∥∥∥∥ . (A7)

The units of CP are
√

m. Also, we notice in (A6) that the scattered
wavelet is phase shifted by π/4.
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