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Abstract

Pushing the Envelope of Exoplanet Evolution Modelling

by Peter Bartram

Propelled by the discovery of the first exoplanet thirty years ago, the scientific com-

munity has rallied and made tremendous strides towards a full understand of the for-

mation and evolution of planetary systems. During this period, over 4,300 confirmed

exoplanets have been detected, and the resulting dataset has driven a revolution by al-

lowing for new formation theories to be proposed and tested. Despite these advances,

there is still much about these processes that remains unknown. Numerical n-body

simulations of planetary systems are now commonly used to push these frontiers.

When performing these investigations, the numerical integration process still poses a

very specific set of challenges and therefore demands the continued development of

state-of-the-art tools.

There are three key novel components to this thesis. Firstly, I perform a detailed anal-

ysis of numerical integrators built around multistep collocation methods to quantify

their numerical performance over a wide subset of their possible configuration space.

Highly favourable performance is observed when specific configurations are applied

to globally stiff problems.

Secondly, I present my new tool, the Terrestrial Exoplanet Simulator (TES), a novel

n-body integration code for the accurate and rapid propagation of planetary systems

in the presence of close encounters. TES builds upon the classic Encke method and

integrates only the perturbations to Keplerian trajectories to reduce both the error and

runtime of simulations. A suite of numerical improvements is presented that together

make TES optimal in terms of growth of energy error. Lower runtimes are found in

the majority of test problems when compared to direct integration using other leading

tools.

Finally, using TES, I perform a large simulation campaign to further understand the

stability of compact three-planet systems. This work addresses a key limitation in the

majority of stability studies by using TES to integrate precisely up to the first collision

of planets. Integrations span up to a billion orbits to explore a wide parameter space of

initial conditions in both the co-planar and inclined cases. I calculate the probability

of collision over time and determine the probability of collision between specific pairs

of planets. I find systems that persist for over 108 orbits after an orbital crossing and

show how the post-crossing survival time of systems depends upon the initial orbital

separation, mutual inclination, planetary radius, and the closest encounter.
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Chapter 1

Fundamentals of planetary formation,

evolution, and simulation

This initial chapter is a literature review detailing the current state-of-the-art in several

subfields of exoplanet science and modelling. Firstly, it serves as an introduction to

the processes by which planets form and evolve. This literature review spans many

decades from the times when only analytical estimates of formation processes were

available, right through to results obtained with more modern numerical simulations.

The focus of this thesis, and therefore also this chapter, is on the formation of rocky

planets similar to our own, but a brief discussion of the formation and evolution of

gas giants such as Jupiter is included for completeness. Secondly, this chapter also

provides an introduction to the challenges involved in modelling the formation and

long-term evolution of rocky planetary systems. Finally, an overview of some of the

leading modelling tools in the field are introduced.

1.1 Motivation and methods in the study of planet for-

mation

There are few questions captivate the curious mind as much as that of how did we

come to live on this pale blue dot? A full understanding of the origins and architecture

of even our own solar system remains elusive even to this day, but an full understand-

ing of how planetary systems come to be has wide reaching implications. If, as we

now know, exoplanets are common in the universe, then what system architecture
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has allowed for life to flourish here on Earth, and are there other similar planetary

systems that could potentially also harbour life?

Immanuel Kant was well known for his writings about the possibility of extraterrestrial

life. He was also responsible for one of the earliest published scientific works, based

upon the observations of Thomas Wright, postulating that stars and planetary systems

form from collapsed nebula (Kant, 1755), a proposition now known as the nebula

hypothesis. Laplace (1835) later devoted a small section of one of his works to the

nebula hypothesis; in it, he argued that over time nebulae collapse to form stars,

and that a disk of material left around that star will eventually separate into rings,

finally leading to the formation of planets. Laplace’s predecessors, such as Newton,

had observed the curious properties of our solar system, such as the prograde orbital

nature of all of the planets or the fact that all planets orbit on almost the same plane,

and arrived at a requirement for an omnipotent creator. When presented with the

same observations and Kant’s work on the nebula hypothesis, Laplace concluded that

there was no need for this creator, at least for this period in cosmic history, and that

the peculiarities could be explained through the prehistory of the solar system. This

was the first notable consideration of the implications of the prehistory of planetary

systems, a central topic in this thesis. As will be seen in the remainder of this chapter,

piecing together of this prehistory is not straight-forward. However, there are many

features that can be observed that place practical constraints on certain aspects of the

formation process, and when these are combined it becomes possible to build up a

more accurate time line. Progress towards the formation process was slow for many

years after Laplace, but by the time that Safronov (1972) published his treatise on

terrestrial planet formation, the theories were at least qualitatively developed for the

inner planets. As computing power was still in its infancy at this time, his works

were all analytical and, as such, made wide reaching assumptions. It is only with

modern increases in computational power that high precision numerical simulation of

the formation process has become possible, providing unparalleled glimpses of nature

in the prehistory of our solar system and exoplanet systems. The ability of numerical

simulations to test formation theory has led to otherwise unlikely revelations, such

as a possible explanation for the low mass of Mars (Walsh et al., 2012). Numerical

simulations are required, in part, because of the impracticalities, both temporal and

technological, in observing the formation of terrestrial planets. An exception to this

rule that can likely offer a rare glimpse into the formation process are the so-called

“extreme debris disks”. These are young protoplanetary disks that emit strongly in

the infrared spectrum due to the stellar irradiation of dust created in giant impacts

between bodies (Watt et al., 2021; Su et al., 2019).
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Progress on planetary formation until the late 20th century was throttled due to the

technical limitations of astronomy. Until the early 1990s we were only aware of nine

planets, Pluto not yet having lost this accolade. While it was always considered a

possibility that there would be planetary systems similar to our own orbiting other

stars, the technology was not there to detect them. Without these observations, all of

our formation theories had to be tested against the architecture of our solar system,

therefore limiting the confidence in our models. In 1992, Polish and Canadian as-

tronomers Wolszczan and Frail (1992) published their seminal work confirming the

detection of a planetary system around the pulsar PSR1257+12. Three years later,

Mayor and Queloz (1995) published their detection of a Jupiter-mass planet orbiting

a solar-type star. These discoveries ushered in the age of exoplanet observation and as

a result Mayor and Queloz won the 2019 Nobel Prize in Physics. Fast forward two and

a half decades from those first discoveries and the number of confirmed exoplanets

detected now stands at 4383, largely due to the efforts of the Kepler space observatory

(NASA, 2018; Petigura et al., 2013) launched in 2009. Figure 1.1 shows the distri-

bution of observed exoplanet masses against their semi-major axis. This data clearly

shows the presence of a large number of Jupiter-like planets but also the existence

of so-called “super Earths”. Where the term super Earth is used to refer to a planet

that is primarily rocky, with a mass larger than that of Earth by up to a maximum of

roughly an order of magnitude.

The Kepler space telescope is now retired, but its success and that of other similar

missions has renewed interest in the study of exoplanets and planet formation in gen-

eral. Enthusiasm is clear worldwide, e.g. both ESA and NASA have a new generation

of “planet searchers” either in orbit or under development. Despite the existence of

more exotic techniques, e.g. gravitational microlensing, the majority of exoplanet

data comes from two observation techniques: the transit method and radial velocity

search. The transit method observes the incoming light from a star and looks for the

characteristic dip in the light flux indicating the presence of a planet between the ob-

server and the targeted star. Through these measurements, the radius of the exoplanet

can readily be determined. Additionally, by making repeated observations of the same

planet over multiple orbits, the orbital period can be ascertained. Moreover, if a mass

estimate of the host star is known, then this also allows for the semi-major axis of

the planet’s orbit to be estimated. The transit method, however, offers no knowl-

edge of the mass of an observed planet and instead a radial velocity search must be

used. Radial velocity searches measure the Doppler shift in the emitted light of a host

star caused by the star and exoplanet orbiting a common barycentre. Through this

measurement it becomes possible to provide a lower limit to the mass of the planet
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Figure 1.1: The distribution of observed exoplanet masses, in units of Jupiter mass
(MJ), against their semi-major axis in astronomical units.

observed. A combination of observations with the transit method and a radial velocity

search is particularly powerful as it allows for both the mass and radius of the planets

to be combined to derive a bulk density, which then offers clues as to the composition

of the planet.

The prominent exoplanet hunting satellite mission presently is the Transiting Exo-

planet Survey Satellite (TESS) developed by NASA. TESS is a transiting observatory

and builds upon the original work of the Kepler mission. It is currently surveying

200,000 star systems every two minutes searching for changes in their light curves.

It is expected that TESS will find roughly 15, 000 exoplanets over its mission duration

(Barclay et al., 2018), roughly a four-fold increase to the currently known number.

On the other side of the Atlantic Ocean, the European Space Agency launched the

Characterising Exoplanets Satellite (CHEOPS) mission in 2020. CHEOPS is also a

transiting observatory but with a different overall aim to the TESS mission. Instead

of detecting a large number of new exoplanets, CHEOPS is designed to provide pre-

cise follow-up measurements of systems already detected via a radial velocity search.

In this sense, the TESS and CHEOPS missions synergize well with one another as well

as both complementing ground-based observatories.

Looking to the future, there are four major space-based observatories that are planned

to launch between 2021 and 2029; namely, the James Webb Space Telescope (JWST),
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Nancy Grace Roman Space Telescope, Planetary Transits and Oscillations of Stars

(PLATO), and the Atmospheric Remote-Sensing Infrared Exoplanet Large-Survey

(ARIEL). Each of these missions will further improve the exoplanet database. This

richer dataset will allow for a more precise comparison with the outputs of simula-

tions, thereby allowing for models to be validated in ways that have never been pos-

sible before. This is incredibly exciting because, as we will see, the current exoplanet

database has already revolutionised our understanding of planetary formation. Addi-

tionally, it has created a unique opportunity at this time for this thesis to contribute

to the understanding of exoplanet systems through the development and application

of novel numerical techniques to the formation and evolution process.

1.2 The phases of planetary formation

The initial conditions for planet formation are a freshly born star and a surrounding

accretion disk (Meyer et al., 2006). An accretion disk forms around a star because

the gas and metal making up the proto-stellar material has too much angular momen-

tum for it to fall directly onto the surface of the star and be captured. In order for

the material to be accreted onto the star, its angular momentum must therefore be

dissipated. Fortuitously, this is a very slow process and it therefore becomes possible

for planets to form within the disk, thereby leading to quasi-stable systems capable of

supporting life.

The term “planet” can occasionally be a source of controversy among astronomers,

e.g. what designation should be assigned to Pluto? In this work, the term planet

refers to a large body orbiting at least one star. Additionally, this object must be

massive enough that it collapses to a spheroid under its own gravity and clears its

orbital neighbourhood of any other large bodies. Any major object less massive than

this instead receives the designation of a dwarf planet. Finally, an upper mass bound

is needed to delineate planets from binary stars. Therefore, planets cannot obtain

any substantial fraction of their luminosity from nuclear fusion, thereby fixing the

upper limit to their mass at the deuterium burning threshold, approximately 2.4687×
1028 kg for solar composition objects (Armitage, 2009).

In the planetary formation process, there are three overlapping phases of evolution

that are still broad enough to warrant distinction from one another, these are:

1. The evolution of the protoplanetary disk.
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2. The formation and evolution of rocky worlds.

3. The formation and evolution of gas giants.

The evolution of the protoplanetary disk dictates the initial conditions in both the

terrestrial and gas giant planet formation processes. Furthermore, the evolution of

gas giants at least elicits a gravitational effect on the terrestrial formation process,

and it is likely that, as we shall see, planetary migration means that gas giants can

remove material from the terrestrial formation region, thereby having an even more

profound effect on the formation of rocky worlds. All this is to say, despite my choice

of categorisation, each of these processes occurs in the wider context of all others. A

second reason for these categories is that each requires different modelling techniques

to be able to understand their evolution. For example, the study of protoplanetary

disks will oftentimes require the use of a radiative transfer model (Akimkin et al.,

2013) to understand the heating of the gas in the disk. In contrast, the study of

terrestrial planet formation is generally accessible to n-body methods alone (Ida and

Makino, 1993; Kokubo and Ida, 1996, 1998; Kokubo, 2000; Ohtsuki et al., 2002;

Kokubo and Ida, 2002; Leinhardt and Richardson, 2005; Kokubo et al., 2006; Bartram

et al., 2021) as the majority of the evolutionary process takes place after the gas

present in the disk has dissipated. Finally, studying gas giants will often necessitate

the use of hydrodynamic simulations to understand the temperatures, pressures and

flows of gas surrounding a planetary core (Machida et al., 2010; Szulágyi et al., 2016).

The work in this thesis makes use exclusively of n-body methods as the work is focused

on understanding the evolution of planets within the terrestrial formation region. The

upcoming discussion on planetary formation therefore also focuses on the terrestrial

formation and evolution processes.

1.3 The protoplanetary disk

As discussed, modelling of protoplanetary, or circumstellar, disks is beyond the scope

of this thesis. However, some relevant aspects of disks are discussed here, such as

composition and density, so that the rest of the formation process can be discussed in

context.
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1.3.1 Planetesimal formation

The term planetesimal is used to describe a body in a protoplanetary disk that is

sufficiently massive to gravitationally attract other planetesimals in a disk yet still

small enough that it does not have a dominant influence on the overall dynamics

of the disk. An order of magnitude lower bound for the size of a planetesimal is

1 km. Generally, the upper limit to what is considered a planetesimal is approximately

1000 km, where, as will be seen later, the bodies are then referred to as oligarchs.

Protoplanetary disks initially evolve through angular momentum transport mecha-

nisms allowing the accretion of material onto the star. Eventually, these mechanisms

cause the opacity of the disk to drop sufficiently that heating via UV radiation from

the star creates a high enough pressure difference to excite the remaining gas out of

the system. During this period, planetesimals must form such that other formation

processes can then begin. The exact process by which planetesimals initially grow

to be greater than one meter in diameter is a long standing mystery with formation

theories (Blum, 2018) known as the meter size barrier. Consequently, the formation

of the first planetesimals is the subject of ongoing research (Morbidelli and Raymond,

2016), with Grishin et al. (2019) even suggesting that they could be captured from

interstellar space.

1.3.2 The snowline

A key feature of any protoplanetary disk is known as the “snowline”. The snowline

is crucial to our understanding of planetary formation as it delineates the terrestrial,

i.e. rocky, planet formation region from the gas and ice giant formation region.

In a circumstellar disk, the pressure is such that the critical temperature for water to

exist as a vapour is approximately 120 K. In turn, this implies two distinct regions

in the disk: one where ice is available for accretion into planets and one where it is

not; the radius at which this transition occurs is termed the snowline. In our own

solar system, the snowline is thought to have been located at approximately 2.7 AU1

but the location depends on, e.g. the energy output of the star, and it is therefore

variable for other systems. Interestingly, the location of the snowline in our solar

system implies that water was not available for accretion when the Earth initially

formed, meaning that it must have formed dry with the oceans being obtained later

on through collisions with other wet bodies (Morbidelli et al., 2000).

1I have chosen to use capital letters for the astronomical unit symbol throughout this work.
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1.3.3 The minimum mass solar nebula (MMSN)

To determine the mechanisms of formation it is necessary to infer the mass of the

material present to begin with. It is only possible to calculate a lower bound for

this value, which is termed the minimum mass solar nebula (Weidenschilling, 1977).

Hayashi (1981) provided a commonly quoted value for the surface density profile of

the material in a disk with respect to the orbital radius, r, such that

Σgas(r) = 1.7×103 r−3/2 g cm−2,

Σsol id(r) =







7.1 r−3/2 gcm−2 r < 2.7 AU,

30 r−3/2 g cm−2 r > 2.7 AU,

where Σgas and Σsol id are the surface densities of the gas and solid material within

the disk. These estimates are based upon observations of our solar system. These

estimates show that the disk is primarily composed of gas with very little solid material

present at all by comparison. The effects of the snowline can also be seen, with a large

increase in solid material present for accretion being estimated beyond 2.7 AU due to

the presence of ice. Kokubo and Ida (2002) found that numerical n-body simulations

that use these values of initial disk density can indeed form planetary systems similar

to those observed, with a leading surface density coefficient for solid material within

2.7 AU of 10g cm−2 generating the closest analogues of our solar system.

1.3.4 Processes affecting planetesimal velocity dispersion

Planets form slowly over time through the accretion of planetesimals into oligarchs

into protoplanets into planets. A prerequisite for accretion is the possibility of colli-

sions between planetesimals. In a dynamically cold disk composed of low mass bod-

ies, the chance of collisions is lower due to the circular nature of their orbits and the

weak gravitational interactions between them. Therefore, for any growth stage be-

yond planetesimal formation to begin, it is necessary for dynamic heating of the disk

to occur. There are four processes that have the effect of either exciting or dampening

the planetesimal velocities, and these therefore control the likelihood of impact and

accretion. These processes are:

1. Viscous stirring.



1.3. The protoplanetary disk 9

2. Dynamical friction.

3. Gas drag.

4. Inelastic collisions.

In a protoplanetary disk composed of equal low mass bodies, as is expected in the early

stages of evolution, viscous stirring is the only excitation process present. Viscous

stirring is the cumulative result of a series of weak gravitational encounters between

planetesimals that will convert orbital energy into velocity dispersion in the form of

increased eccentricities and inclinations, henceforth termed random velocities. It was

shown by Ohtsuki et al. (2002) that the effects of viscous stirring work to increase the

mean eccentricity, 〈e〉, and mean inclination, 〈i〉, with a ratio of 〈e〉 ≈ 2 〈i〉, in a time

period that means it will effectively cause dynamical heating of the disk before the

predicted formation of any large bodies. An order of magnitude analytical estimate

(Armitage, 2009, p. 169) of the timescale for heating to plateau is 6×103 yr.

Dynamic friction is caused by nature’s tendency to equipartition kinetic energy evenly

amongst bodies through gravitational scattering. When a disk is composed of a bi-

modal distribution of masses m and M , with associated random velocities of σm and

σM this partitioning of kinetic energy takes the form

1
2

mσ2
m ≈

1
2

Mσ2
M .

This means that the more massive particles, M , will be dampened to lower random

velocities, whereas less massive particles will be excited to higher random velocities.

Ohtsuki et al. (2002) show that although both mass distributions will be heated by

viscous stirring, the random velocities of the more massive particles will systemat-

ically remain below those of the other distribution. Therefore, a mass dependency

has been introduced to the random velocities. It is common in simulations to group

planetesimals together into a larger mass to save on computation; however, this mass

dependency means that to study the early stages of disk evolution, it is favourable

to maximise the particle number to more closely represent the initial distribution of

masses.

The presence of gas in the early protoplanetary disk means that planetesimals will

experience the effects of drag as they orbit. Due to the planetesimal size, this drag

will be in the Stokes regime and can be readily estimated for a given disk density and

population of planetesimals. Armitage (2009, p. 170) provides an analytical estimate

that shows the timescale over which drag will affect planetesimal random velocities
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is 1× 106 years, thereby making it appear to be a negligible contribution to their

velocity dispersion. However, the presence of gas will work to keep particles smaller

than planetesimals on circular coplanar orbits, which through the equipartitioning of

energy due to dynamic friction will cause a dampening effect on the planetesimals

themselves. This does not, however, seem to change the final mass distribution of

protoplanets attained through simulation when compared to gas free models (Kokubo,

2000).

Inelastic collisions between particles will cause dissipation of random velocities. How-

ever, the point mass treatment used in n-body simulations does not allow for these

effects to be considered. In this work, simulations are strictly terminated upon first

impact of planets thereby circumventing this potential problem. Elsewhere, how-

ever, n-body simulations incorporating a fragmentation model have been applied to

understand the subsequent fragmentation of bodies as a result of inelastic collisions

(Leinhardt and Richardson, 2005).

1.4 Terrestrial planet formation

Understanding the formation and evolution of terrestrial planets is especially exciting

as it works towards explaining the history of our home planet. From an astronomical

perspective, there are three key phases to terrestrial planet formation, which are:

1. Run-away growth.

2. Oligarchic growth.

3. Final assembly.

1.4.1 Run-away growth

Run-away growth is the first regime in time to be entered. It is characterised by the

absence of any individual bodies that are massive enough to dominate the dynamics

of the disk. All planetesimals experience a rapid increase in mass during this phase;

however, some grow more rapidly than others and become oligarchs that then domi-

nate the dynamics of the disk. The mass growth rate of a planetesimal M with radius
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R accreting field planetesimals of mass m is given by (Raymond and Cossou, 2014)

dM
dt
≈ nmπR2

�

1+
V 2

esc

V 2
rel

�

Vrel m (1.1)

where nm is the number density of the smaller field planetesimals to be accreted, Vesc

is the escape velocity from the surface of the primary mass M and Vrel =
q

V 2
M + V 2

m.

The left hand term within the parenthesis is the change in mass caused by the physical

cross sectional area of the planetesimal and the right hand term is the increased cross

sectional area due to gravitational focusing (Kokubo and Ida, 1996). Gravitational

focusing is effective during this stage of growth as the velocity dispersion of field

planetesimals is kept low due to the effects of gas drag within the disc, meaning that

Vrel < Vesc. Under these conditions Eq. (1.1) reduces to

1
M

dM
dt
∝ Σsol id M1/3ν−2, (1.2)

where Σsol id and ν are the surface density and velocity dispersion of the field plan-

etesimals, respectively. Finally, it can be assumed that in the early stages of planetary

formation, the growth of large planetesimals has little effect on the properties of the

disk, meaning that Σsol id and ν can both be assumed to be constant, resulting in the

final rate of change of planetesimal mass

1
M

dM
dt
∝ M1/3.

Thus, it can be seen that the growth rate of planetesimals has a positive mass depen-

dence. Given this result and two objects with masses M1 and M2 the rate of change

of the ratio of their masses is

d
dt

M1

M2
=

M1

M2

�

1
M1

dM1

dt
−

1
M2

dM2

dt

�

∝
M1

M2

�

M1/3
1 −M1/3

2

�

.

This positive mass dependence therefore causes more massive planetesimals to grow

even more rapidly in comparison to their less massive contemporaries leading to the

emergence of a small number of oligarchs. Run-away growth is an inherently self-

limiting process: as planetesimals become more massive they remove mass from the

background population of field planetesimals and therefore reduce the surface density

of the disk in Eq. (1.2) (Kokubo and Ida, 1998). Run-away growth has been observed

in a number of seminal n-body simulations where both gaseous and gas-free systems
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have been considered (Kokubo and Ida, 1996; Kokubo, 2000). These experiments

found that run-away growth is clearly visible in timescales as short as 2×105 years.

1.4.2 Oligarchic growth

The second formation stage in time is the oligarchic growth phase. Oligarchs are

bodies that are massive enough to dominate the dynamics of the disk as a whole.

Oligarchs do not have a precise definition, and the size and mass cut-off technically

depends upon the mass of a specific disk. However, for simplicity, the term oligarch

generally is taken to refer to bodies larger than 1000 km in diameter that are smaller

than roughly the size of the Moon, i.e. approximately 3000 km in diameter. Bodies

larger than this are referred to as protoplanets. Oligarchic growth begins once the

disk surface density, Σsol id , has been sufficiently depleted by the run-away growth

phase (Kokubo and Ida, 1998). Additionally, Ida and Makino (1993) showed that

the run-away growth phase increases the velocity dispersion, ν, in Eq. (1.2) such that

at the start of the oligarchic growth phase ν∝ M (1/3) thereby resulting in a mass

growth rate of oligarchs of
1
M

dM
dt
∝ M−1/3.

This negative mass dependence causes the switch to orderly growth and from then

on neighbouring oligarchs grow at roughly the same rate. During this growth phase,

orbital repulsion maintains a nearly constant separation between oligarchs. In short,

if two oligarchs approach each other too closely, then they will become excited to

a higher eccentricity and inclination, and over time dynamical friction will then re-

circularise their orbits at a higher semi-major axis, thereby maintaining the separation

distance between them (Kokubo and Ida, 1995). Oligarchic growth has also been ob-

served in n-body simulations (Kokubo and Ida, 1998; Kokubo, 2000; Kokubo and Ida,

2002) where integrations of 4000 bodies over a period of 5× 105 years did indeed

find the slow down of runaway growth resulting in two large almost equal mass pro-

toplanets containing 41% of the initial mass of the disk. The separation distance of

the two protoplanets was approximately 5 Hill radii, where 1 Hill radii is the dis-

tance from a planet at which its gravitational effects will dominate those of the star,

although during the process oligarchs did collide if multiple close approaches were

made before their respective orbits could be re-circularised by the dynamical friction.

As the disk field planetesimal population becomes further depleted and oligarchs in-

crease in mass, they will eventually have consumed the majority of the material within

their orbital Hill sphere. At this point, the oligarchic growth phase is concluded and
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the disk transitions into the final assembly phase. Additionally, the mass at which this

occurs is known as the isolation mass. Analytical estimates exist (Lissauer, 1993) for

the expected isolation mass with respect to the initial surface density Σsol id at a given

semi-major axis. Armitage (2009, p. 165) states that the isolation mass for a body at

1 AU under the assumption of Σsol id = 10 g cm2 to be approximately 0.07M⊕, i.e.

bodies at 1 AU will grow to be roughly the mass of the moon before clearing their Hill

radius of planetesimals. In contrast, the same calculations found that the isolation

mass for Jupiter’s core is closer to 9 M⊕ which, as will be seen, is important for the

formation of gaseous planets.

This then concludes the early growth phase of the planetary formation process. It is

theorised that this process is rapid, taking on the order of 0.01 - 1 Myr to complete and

resulting in 100 - 1000 protoplanets within the terrestrial planet region with masses,

in disks similar to our own, approximately that of the Moon or Mercury.

1.4.3 Final assembly phase

The final assembly phase of terrestrial planet formation is perhaps the most fascinating

and describes the period of time from the formation of protoplanets right up to the

point that the terrestrial planets have fully formed. This phase is the period in time

least accessible to statistical approaches to its understanding because the reduced

number of bodies present means that few assumptions about the dynamics can be

made. Therefore, the acquisition of knowledge about this phase lies predominantly

in the domain of n-body simulation. Due to the stochastic nature of these models, the

results about this phase are statistical in nature but can also qualitatively explain a

some of the less obvious macroscopic features within our solar system (Walsh et al.,

2012; Raymond et al., 2009; Tsiganis et al., 2005; Gomes et al., 2005; Chambers,

2004).

The beginning of the final assembly phase is not precisely defined but is said to begin

when roughly half of the mass of the disk is contained within protoplanets (a.k.a.

planetary embryos) and the other half remains in planetesimals / oligarchs (Kokubo,

2000). Simulations of this phase (Raymond et al., 2006; O’Brien et al., 2006) begin

with a small number of protoplanets (< 100) and approximately 1000 oligarchs; it is

believed that this number is enough to ensure damping due to dynamical friction is

present. Both Raymond and O’Brien found that the final assembly phase takes on the

order of 108 years which stands in stark contrast to the much shorter runaway and

oligarchic growth phases (approximately 105 years).
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1.5 Gas giant formation

Despite the focus on the terrestrial planets later on in this thesis, the formation of gas

giants also helps sculpt the terrestrial formation region (Batygin and Laughlin, 2015)

and as such a very brief discussion is included here for completeness. There are two

competing models for the formation of gaseous planets of a nature similar to Jupiter

and Saturn. The first is the core accretion model and the second is the disk instability

model; only the core accretion model is discussed here.

1.5.1 Core accretion model

In the core accretion model, giant planet cores form in the outer solar system through

the previously discussed effects of gravitational focusing but also via pebble accretion

as a result of planetesimal interaction with the sub-Keplerian velocity gas disk (Cham-

bers, 2021, 2014; Lambrechts and Johansen, 2012). In either case, these cores form

externally to the snowline and therefore consist of both rock and ice. A gas envelope

cannot be maintained around a planet core if the speed of sound in the surrounding

disk is higher than the gravitational escape velocity at the surface of the core. Ana-

lytical estimates indicate that it is unlikely the isolation masses required to maintain

this envelope can be reached within the snowline, and therefore indicates that giant

planets likely favour forming external to this location where the majority of the core

mass can be made up of water ice.

Recently, however, proposals have been made whereby one could envisage a much

higher surface density present than the minimum mass extra-solar nebula, allowing

for formation to occur much closer to the star (Batygin et al., 2016a). In either case,

once this critical mass is reached the capture of gas onto the star is rapid, with es-

timates of a few million years (Helled et al., 2014), well within the lifetime of the

gas within the protoplanetary disk. This implies that the gas giants would have been

present to influence the formation of the terrestrial planets, and this is reflected in the

initial conditions of recent models (Raymond et al., 2006, 2009; Raymond and Cos-

sou, 2014). These classical models begin the final assembly process with protoplanets

and oligarchs present in the terrestrial planet region and with fully formed gas giants

present in the outer solar system. It has been shown that the specific orbital param-

eters of these giants strongly affects the macroscopic properties of the final systems

formed (Raymond et al., 2006; O’Brien et al., 2006). In extreme cases, dynamical
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instabilities in the giant planet’s orbits can actually completely remove all other ma-

terial from the solar system (Raymond and Cossou, 2014) putting a dramatic end to

the formation process.

1.5.2 Migration

Although gas giants are thought to favour forming external to the snowline, this does

not mean that they have to remain there. A combination of observational evidence

and simulation data strongly suggest that gas giant orbits migrate through interaction

with the gas disk.

In order for migration to occur, a torque must be applied. It is theorised that this

torque is due to interaction between the planet and the gas in the disk. A planet in an

axisymmetric disk experiences no torque and it is therefore a requirement for migra-

tion that the disk is altered in some way that breaks this symmetry, be this through

gravitational interaction with the planet itself or otherwise. A discussion about the

mechanisms through which migration occurs is beyond the scope of this work, but

work in this direction has been extensive and is ongoing (Goldreich, 1980; Tanaka and

Ward, 2004; Jimenez and Masset, 2017). There are two types of migration, dubbed

Type I and Type II. Type I migration is theorised to occur for low mass planets when

the interaction between the planet and the disk is not strong enough to open up an

annular gap in the gas of the disk. Ward (1997) showed that Type I migration can only

realistically cause an inwards migration. In contrast, Type II migration is theorised to

occur for higher mass planets where the planet-disk interaction is strong enough to

open up an annular gap, this can potentially cause both positive and negative torques

to be applied causing migration inwards or outwards (Ward, 1997). Application of

migration to Jupiter and Saturn in simulations of our solar system has achieved suc-

cess in replicating some macroscopic features of the own solar system and has led to

models such as “the grand tack” (Walsh et al., 2012) that provides a possible expla-

nation for the low mass of Mars. Planetary migration is also of interest for explaining

the discovery of “Super Earths” and “Hot Jupiters” by the Kepler mission (Raymond

and Cossou, 2014).
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1.6 Exoplanet demographics

One of the most exciting aspects of the study of exoplanets is the recent increase in

observational data thanks to the Kepler and TESS missions as well as a large number

of ground-based observatories. As of 1st April 2021, there have been 4, 375 confirmed

exoplanet discoveries which have together yielded a large enough dataset to allow for

statistical studies to be performed on, e.g. their orbital parameters, radii and masses;

thus, the sub-field of exoplanet demographics was born.

Methods of detection such as the transit method and radial velocity search are not

without their biases, and both methods favour the detection of larger/more massive

planets with a short orbital period. Despite this, a collection of statistically significant,

interesting, and unexpected features are present within the dataset. In particular,

“hot Jupiters”, and “compact systems” are especially exciting as each of these features

challenges conventional formation theories.

1.6.1 Hot Jupiters

Hot Jupiters are defined as short period planets (< 10 days) with a mass roughly

that of Jupiter (> 0.1 M j) (Wang et al., 2015). Their existence highlighted an in-

consistency between previous formation theories formulated around observation of

our own solar system and the more general case of exoplanet systems. As discussed,

in our solar system gas giants are only found external to the snowline; however, the

discovery of hot Jupiters means that this observation does not hold in the general

case. Figure 1.2 shows the mass of detected planets against their orbital period for all

known exoplanets with available data. Exoplanets are shown in blue and the planets

of our solar system are shown as an orange diamond. The location of the data points

for our solar system being situated apart from those for exoplanet systems is a result

of the previously discussed observational biases. The area marked in red indicates the

hot Jupiter region of parameter space, within which are many hot Jupiters. Despite

the number found, the expected occurrence rate of hot Jupiters is less than 1% (Wang

et al., 2015).

The challenge in explaining hot Jupiters lies in the fact that there is not enough mass

present, in general, in the protoplanet feeding zone internal to the snowline for a

suitable mass planetary core (10 M⊕) to form that can therefore sustain a gaseous

envelope (Dawson and Johnson, 2018). The dampening effect of protoplanetary disk

gas upon eccentricities precludes highly eccentric orbits allowing for the accretion
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of mass from space external to the snowline. Thus, in-situ formation is unlikely to

have occurred unless the minimum mass extra-solar nebula (MMEN) is much more

massive that the MMSN in these systems (Bailey and Batygin, 2018; Batygin et al.,

2016b). The leading hypothesis is that the core of these planets formed externally to

the snowline where the isolation mass is high enough for a gas giant to form, and that

these planets then migrated inwards through interaction with the protoplanetary disk

(Naoz et al., 2011). In either case, the detection of this family of planets is one of the

key findings of exoplanet demographics to date.

1.6.2 Compact planetary systems

A second enigma of exoplanet demographics is the existence of compact systems.

A compact system is one where the period ratio of two adjacent planets in a given

exoplanet system is very close to one, typically defined as < 1.3. As a comparison,

the closest period ratio of adjacent planets in our own solar system is that of Venus

and Earth with a value of 1.6; our solar system is non-compact. In contrast, the

largest period ratio present in our solar system is that of Mars and Jupiter with a

value of 6.3. Compact systems are of interest because the close orbital spacing of

these systems means that the dynamics are dominated by strong orbital resonances

rather than secular dynamics (Wisdom, 1980; Quillen, 2011; Obertas et al., 2017;

Hadden and Lithwick, 2018; Petit et al., 2020). Numerical evidence suggests (Smith

and Lissauer, 2009; Rice et al., 2018; Tamayo et al., 2016, 2020a) that this will cause

them to become unstable over relatively short astronomical timescales (typically <

109 dynamic periods) making their presence in the exoplanet dataset the subject of

active research (Lissauer and Gavino, 2021). Figure 1.3 shows the period ratio of

adjacent planets, adjusted by one to enable the logarithmic scale, against the semi-

major axis of the innermost planet in a given pair of planets. Data are included for all

known exoplanet systems with available parameters. Planet pairs found in exoplanet

systems are shown in blue, whereas pairs from our own solar system are shown as an

orange diamond. The dashed orange line indicates the cut-off for a planet pair to be

considered compact. There are twenty-three such compact planet pairs underneath

the requisite period ratio. The study of compact planetary systems is a key focus of

this thesis and forms the basis of Chapter 5, where the behaviour of these systems is

studied right up until a collision of planets.
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1.7 Planetary dynamics as a gravitational n-body prob-

lem

The discussion thus far has focused around planet formation theory and exoplanet

demographics. The remainder of this chapter instead considers the requirement to

accurately simulate planetary dynamics. To this end, the discussion will centre around

the architecture of a gravitational n-body simulation, the computational challenges

involved, and the current state-of-the-art in this field.

The term gravitational n-body simulation, henceforth n-body simulation, has been

used so far without a formal definition. An n-body simulation is a simulation that

describes the dynamics of a group of n particles under the influence of gravitational

forces over a specified period of time. Therefore, as a modelling technique, it is di-

rectly applicable to the study of planetary formation and evolution, especially once

the gas in the protoplanetary disk has dissipated and the dynamics are exclusively

gravitational. Despite over 300 years of effort, the n-body problem only has known

analytical solutions in the simplest of cases, e.g. the two-body case, and therefore re-

quires approximate numerical solutions to be obtained instead. Given a set of initial

conditions composed of the position and velocity of each n particles, an approximation

to the state of the system at a later point in time can be obtained through numerical

integration. Ergo, the accuracy of any approximations to planetary dynamics obtained

in this manner depends on the accuracy of the integrators used.

1.7.1 Equations of motion

Throughout this work, the effects of gravity are assumed to be purely Newtonian

as the relativistic effects are understood to be small in this context. Later on, this

thesis makes heavy use of Hamiltonian dynamics and as such the gravitational n-body

equations of motion are introduced here using the same formalism. The Hamiltonian

function, or simply the Hamiltonian for short, for n particles of mass mi in Cartesian

coordinates with position vectors qi specified in an inertial reference frame and with

conjugate momenta pi where i = 1, ..., n is

H(p,q) =
n
∑

i=1

pi ·pi

2 mi
−

n
∑

i=1

n
∑

j>i

Gmim j

|qi −q j|
, (1.3)

where G is the gravitational constant. Throughout this work, the symbol · is used

to signify the dot product. Hamilton’s equations allow for the time derivatives of
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the position and momentum of a single particle to be obtained from the Hamiltonian

directly, these are given by

dqi

dt
=

∂H
∂ pi

,

dpi

dt
= −

∂H
∂ qi

.

Ergo, using a notation such that qi j = q j −qi the equations of motion are

dqi

dt
=

pi

mi
,

dpi

dt
=

n
∑

j=1
i 6= j

Gmim j

|qi j|3
qi j. (1.4)

In the purely gravitational case, the equations of motion are therefore conservative

as the change in momentum only depends upon the relative location of the particles

in space. However, the final equations can easily be expanded to include an arbitrary

perturbation to the change in momenta, thereby increasing the scope of addressable

problems, e.g. to include the effects of gas drag owing to the gas in an early-stage

protoplanetary disk. Introducing non-conservative forces, however, removes several

properties that, as we will explore in Chapter 2, are highly favourable to modelling

the long-term evolution of planetary systems.

1.7.2 Integrals of motion

The absence of analytical solutions to the n-body problem not only necessitates the

use of numerical integration to obtain approximations to the dynamics, but it also

means that there are no known solutions that can be used to determine the preci-

sion of the approximations themselves. One potential solution to this problem is the

creation of a high-precision reference solution that uses a more precise floating-point

representation in its generation than would typically be used in practice. In Chapter 4,

I use a quadruple-precision floating-point representation for this purpose, which has

a maximum precision 16 orders of magnitude above that typically used in scientific

computing. The consequence of performing calculations that make use of this extra

precision is an increased computational cost and solutions of this nature are therefore

resource intensive to generate. Furthermore, an additional limitation is that they are

only valid for a single set of initial conditions. Worse still, the e-folding time, i.e. the

time taken for the state of a system to diverge from nearby states by a factor of e, of
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planetary systems coupled with the stochasticity of n-body simulations due to finite

precision and the choice of time step during integrations means that solutions are only

useful for a relatively short interval of time after the initial conditions. It is therefore

typical to turn to integrals of motion as a proxy for the precision of a given simulation.

The n-body problem has four integrals of motion, of which three are vector invariants

and one is a scalar quantity.

Firstly, the Hamiltonian, Eq. (1.3), which is equivalent to the energy of a system, is

a conserved quantity. Secondly, the angular momentum, J, of a system is conserved

and is defined as

J =
n
∑

i=1

qi ×pi.

Finally, an additional three constants of motion can be obtained by considering the

symmetry of the forces in Eq. (1.4) to state that

n
∑

i=1

mi r̈i = 0.

Analytically integrating this equation shows that the position of the centre of mass c

moves with constant velocity, thus ċ = constant and c̈ = 0. This makes a total of ten

conserved scalar quantities that can be measured at any point in time within a simu-

lation to help ascertain the numerical performance. In practice, energy and angular

momentum are most frequently used although even in this case the conservation is

often dominated by the behaviour of a few relatively massive bodies.

1.8 Computational challenges in planetary dynamics

The n-body equations of motion, Eq. (1.4), contain two problematic subtleties that

must be addressed to effectively simulate the formation of planetary systems.

1.8.1 Calculating the gravitational forces between bodies

The first of these subtleties is that the computational cost in evaluating the total force

experiences by bodies scales as O(n2), which limits the size of systems that can be

simulated to modest particle numbers. In turn, this limits the point in the forma-

tion process that simulations can be initialised due to the particle number required
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increasing the further back in time one wishes to study. In addition to this temporal

limitation, it also means that the effects of dynamical friction cannot be fully explored.

This is because mass within a planetary system must be non-physically grouped to-

gether for computational efficiency which is postulated to be hiding some macroscopic

features of planetary evolution (O’Brien et al., 2006).

There are several existing methods for reducing the O(n2) scaling. For instance, the

Ahmed-Cohen method introduces a neighbourhood around each particle and assumes

that the dominant force contribution will come from this neighbourhood. It therefore

becomes possible to integrate the distant force contributions on a larger time step

thereby increasing efficiency. This method has been shown to reduce the computation

cost to scale as O(n1.6) (Makino and Aarseth, 1992). The seminal method, however,

was contributed by Barnes and Hut (1986). They used a spatial decomposition that

allows for the separations to be calculated in O(n log n) time. This algorithm is pro-

lific and has allowed for much larger simulations to be possible across a number of

fields. The applicability of either of these algorithms is determined by the coefficient

multiplying their scaling factor, as this will determine the particle number at which

the algorithms become more efficient than the direct approach. Additionally, each of

these methods approximates the force in one way or another and as such impacts the

precision of simulations. Given both of these factors, combined with the relatively low

particle number used throughout the remainder of this thesis, I have not chosen to

use any approximations to gravity and instead chose to accept the O(n2) computation

cost.

1.8.2 Close encounters

The second subtlety is that of close encounters which have two negative effects. First,

during a close encounter the dynamic timescale of the encounter becomes very dif-

ferent from the orbital timescale, thereby imposing additional requirements on the

numerical integration process in order to resolve both long and short timescales pre-

cisely. In this case, the equations of motion are said to have become “stiff”. Secondly,

in the limit of the close approach, limri j→0, the equations of motion become singular

and, as such, cannot be worked with. In practice, the latter effect is not typically a

problem as particles are generally assumed to merge before this happens, alterna-

tively a form of softened potential could be used. Still, the additional constraints

placed upon the choice of integrator are incredibly wide reaching, as will be shown

in Chapter 2. The study of compact exoplanet systems in Chapter 5 requires that
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the orbital propagation method developed in Chapter 4 can gracefully handle close

encounters all the way to the collision of planets.

In addition to the use of a “stiffly stable” integrator, regularisation is another poten-

tial avenue for gracefully handling close encounters. Regularisation involves the re-

formulation of the equations of motion such that the equations become non-singular

and enjoy numerically superior behaviour during a close encounter. In the co-planar

case, a complex conformal mapping, known as the Levi-Civita transform (Levi-Civita,

1920), onto a parametric plane can eliminate the singularity present in a two body

problem and enhance the approach behaviour. Moreover, in the three dimensional

case, the Kustaanheimo and Stiefel (1965) (KS) transform achieves the same pur-

pose, although this requires mapping the current state onto the surface of a 3-sphere

embedded in R4 space and then propagating the system forward in this higher di-

mensional space. The KS transform has been further developed to handle encounters

between three bodies (Aarseth and Zare, 1974), and there are many global regulari-

sation techniques based around it for n bodies (Bettis and Szebehely, 1971; Heggie,

1974; Mikkola, 1985; Mikkola and Aarseth, 1989). While these techniques are highly

effective (Amato et al., 2017) and moderately efficient, they have not found applica-

tion in this work as preference is given to a careful choice of the numerical integrator

instead.

1.8.3 Accurate long-term integrations

Solar-mass stars have a lifetime of approximately ten billion years, and the story of

planetary formation, stability, and evolution thus spans the same period. As such, n-

body based studies require accuracy over these timescales. Integrations spanning ten

billion dynamical periods are prohibitively expensive (Lissauer and Gavino, 2021)

but integrations spanning a billion dynamical periods are now commonplace. As-

suming an exact force calculation, the precision of a numerical integrator over these

timescales will determine the overall precision of the n-body simulation. This imposes

a very tight requirement on the conservation of integrals of motion to anyone wishing

to simulate the formation process in detail (Saha and Tremaine, 1992). Failure to

conserve the angular momentum, for example, can result in increases in the orbital

eccentricity, inclination, and semi-major axis of the planets and therefore invalidate

the results of a simulation. Therefore, any inaccuracies present in the numerical in-

tegration process, however slight, have the potential to build up over the timescale

being studied and corrupt the approximations to the dynamics obtained. This is such

an important topic that Chapter 2 is entirely dedicated to understanding the options
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available, and the remainder of this section is therefore meant only as a very brief

introduction. There are currently two main approaches to ensuring the conservation

of invariants over these timescales:

1. Symplectic integration.

2. Non-symplectic (traditional) integrators that follow Brouwer’s law.

Symplectic integrators, such as the seminal Wisdom-Holman (WH) map (Wisdom and

Holman, 1991), make use of Hamiltonian theory to split the system Hamiltonian into

distinct parts, such that the associated equations of motion for each part can be inte-

grated analytically in isolation. The splitting process introduces a small error in the

description of the system meaning that these schemes solve exactly for a system that

is slightly perturbed from the original. This leads to no long-term error growth of

conserved quantities and only a linear error growth in angle variables, such as mean

anomaly, as opposed to the quadratic growth present with more traditional integra-

tion schemes (Kinoshita et al., 1990). One of the downsides of the symplectic schemes

is that their symplectic nature is broken if the step size is changed; ergo, all particles

must be integrated on a fixed step size, ad infinitum. In terms of efficiency, this would

be a major performance bottleneck were it not for the fact that symplectic schemes can

make an order of magnitude fewer evaluations of the force function per orbit than tra-

ditional schemes, provided only moderate precision is required. However, the inability

for symplectic schemes to vary their step size does pose a problem for resolving the

dynamics of close encounters. Special adaptations to symplectic schemes can be made

that allow for so-called “hybrid” schemes to integrate close encounters using a tradi-

tional integrator without breaking the symplecticity of the overall scheme. In the case

of the hybrid MERCURY and GENGA (Grimm and Stadel, 2014) schemes this means

switching to a non-symplectic Bulirsch-Stoer scheme, whereas another scheme known

as QYMSYM (Moore and Quillen, 2011) chose to use a Hermite scheme instead. In

either case, this means that close encounters need to be detected and handled, conse-

quently making hybrid symplectic schemes much more computationally complex than

they would otherwise be and creating a performance bottle neck that has resulted in

a MERCURY runtime of up to 16 months for final assembly simulations with large

particle numbers (Raymond et al., 2006).

Increases in computational power mean that it has now become possible to use tra-

ditional integration schemes in this problem domain. As a comparison, for simula-

tions of the outer solar system planets over a period of a billion Jupiter orbits, I have

found that a particular symplectic scheme has a runtime of approximately ten hours,
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whereas a highly efficient traditional scheme, running on the same hardware, takes

approximately five days. Non-symplectic integrations of this nature are therefore right

on the cusp of what is considered a reasonable length computation. The benefit of

these schemes is that it is possible to achieve a degree of precision far higher than that

achieved with a symplectic scheme. However, in order for this benefit to be realised, it

is a requirement that the scheme follows Brouwer’s law (Brouwer, 1937) which is the

best possible error growth rate for a given floating-point representation. Currently,

very few schemes achieve this error growth rate, but IAS15 (Rein and Spiegel, 2015)

in the REBOUND (Rein and Liu, 2012) package is a notable example. Schemes that

do not follow Brouwer’s law have also been applied but the conservation levels are

many orders of magnitude worse (Sharp and Newman, 2016).

1.9 High performance computing (HPC)

Previous discussions have highlighted that computational power is a key constraint on

the possibility of more detailed and precise formation models, both through the cal-

culation of the forces involved and through the integration process. Aside from using

more efficient integration and force calculation algorithms, another possibility is the

use of high performance computing (HPC) techniques, whereby aspects of a program

can be run in parallel across multiple computing units to reduce the overall runtime.

There are currently three main options available, each with their own specific in-

tended application area. They are: MPI (Kowalik, 1996), OpenMP (Chandra et al.,

2001), and Graphical Processing Units (GPUs) through either CUDA (Patterson, 2010)

or OpenCL (Scarpino, 2012). MPI and OpenMP are both tools designed to enable util-

isation of multiple processing units via distributed computing. The former works by

having multiple copies of a program running with a communications channel between

them. This can be any protocol but is typically PCI on super computers (EPCC, 2017).

Having a communication channel means that the number of computing units that can

be connected is not limited, allowing theoretically for infinite scaling. The cost of this

flexibility, however, is that the speed of this link will often become the performance

bottle neck, limiting the overall system performance. In contrast, OpenMP only oper-

ates across computing units that share a common memory address space, typically in

the region of 24 cores (EPCC, 2017). This means that memory access and therefore

communication time are limited only by the RAM access time of the system. Ergo, for

small programs requiring limited scaling of processor numbers, OpenMP will gener-

ally outperform MPI, but the hardware available puts a hard limit on the final scaling
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of the system size. Both MPI and OpenMP have found applications in n-body simu-

lations (Aarseth, 1999; Rein and Liu, 2012). MPI from a spatial decomposition point

of view, particularly in conjunction with the Barnes and Hut algorithm, and OpenMP

for generally decreasing the runtime of large computational loops. In Chapter 5, MPI

is used extensively to distribute Monte-Carlo style integrations across over a thou-

sand cores on the Iridis supercomputer. The third, and most modern option, is the

use of GPUs. While originally designed for rendering graphics in real time, they have

found applications in scientific computing, specifically the n-body problem (Miki and

Umemura, 2017) with NVIDIA finding that they can achieve a timed performance

increase of 100 times over using a single threaded processor (NVIDIA, 2008) when

applied to the force calculation of a system where n = 1000. The application of GPUs

to planetary dynamics has had some successes (Grimm and Stadel, 2014); however,

efficiently implementing complex integration schemes on GPUs poses particular diffi-

culties due to the amount of instruction branching required. A promising new family

of integrators that do not suffer from this problem are the embedded operator split-

ting (EOS) methods (Rein, 2020) which may offer a more efficient means of using

GPUs to solve planetary dynamics problems in the near future.
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Table 1.1: Comparison of the macroscopic features of integrators in state-of-the-art planetary dynamics n-body integration packages. Green
and red indicate that a feature is present or absent, respectively.

Integration package: MERCURY REBOUND GENGA EnckeHH TES
Integrator name: RADAU MVS HYBRID WHFAST MERCURIUS IAS15 GENGA EnckeHH TES

Overall precision
High
Moderate

Integrator type
Symplectic
Traditional

Close encounter resolution
Hybrid symplectic scheme
Adaptive step-size integrator
Regularisation

RHS optimisations
Analytical Keplerian motion
Encke based method

High performance computing
GPU
OpenMP
MPI
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1.10 State-of-the-art planetary dynamics modelling tools

There are myriad integration packages available for the n-body practitioner wishing

to model planetary dynamics. There are far too many to discuss them all as new tools

are frequently developed to address modelling a particular niche in the formation

process. As a result, this section focuses only on key packages that have seen mass

adoption or are particularly relevant to the work in this thesis.

The first package of note is NBODY6, which is the sixth iteration of the NBODY pack-

age developed over 40 years at the University of Cambridge (Aarseth, 1999). NBODY

is particularly remarkable as it led the way in regularisation (Aarseth and Zare, 1974;

Mikkola and Aarseth, 1993) and numerical integration for many years. Despite being

a formidable tool, NBODY is aimed at galactic scale simulations and, as such, lacks the

long-term precision features required for solar system dynamics. Therefore, NBODY

is no longer widely used by the planetary dynamics community and is not discussed

any further here.

The de facto standard tool for modelling solar system dynamics is called MERCURY

(Morbidelli et al., 2000; Tsiganis et al., 2005; O’Brien et al., 2006; Raymond and Cos-

sou, 2014) and was created by Chambers (1999). MERCURY is written in Fortran

and contains multiple integrators available through a common interface. Firstly, an

implementation of the WH mapping is included for modelling systems where bod-

ies are not expected to experience close encounters. However, at the heart of the

package is the hybrid symplectic scheme which finds utility through the addition of

an elegant solution to handle close encounters without breaking the symplecticity of

the WH mapping. In addition to the symplectic methods, MERCURY contains several

non-symplectic schemes and one of particular note is the RADAU scheme of Everhart

(Everhart, 1974, 1985) which is discussed in Chapter 2. MERCURY is intended to run

on a single workstation and therefore does not possess any HPC aspects to allow for

a greater particle number to be achieved.

A modern addition to the list of integration packages is REBOUND (Rein and Liu,

2012). REBOUND is a framework for enabling easy use of multiple state-of-the-art

integrators. The package is primarily written in C99 but also boast a simple python

interface to allow for ease of use. REBOUND contains several integrators that are sim-

ilar in nature to those of MERCURY, however, each of the implementations has been

refined to great effect enabling much more precise solutions to be obtained than the

with the initial versions. Firstly, the MVS scheme has been improved to contain no

bias in round-off error and is called WHFAST. Secondly, the hybrid scheme has been
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updated to use a more precise non-symplectic routine to handle close encounters and

is known as MERCURIUS (Rein et al., 2019b), so called in appreciation of the orig-

inal MERCURY integrator. Finally, Everhart’s RADAU scheme included in MERCURY

has been further refined and forms the basis of the error optimal scheme IAS15 in

REBOUND. A combination of the quality of integrators and ease of use means that

REBOUND is now incredibly widely adopted.

A less widely known but still very powerful tool is known as GENGA (Grimm and

Stadel, 2014). The integrator in the GENGA package is very similar to the hybrid

scheme within MERCURY; however, it has been modified such that it can run effi-

ciently on any NVIDIA GPU. In comparison to MERCURY, GENGA achieves a slightly

more consistent conservation of energy while boasting runtimes 40 times faster for

systems containing large particle numbers. As a result, GENGA has enabled Nice

model simulations to be run with 2048 particles, which was a two-fold increase of

any prior simulation.

The last tool that will be discussed is that of Hernandez and Holman (2020) and is

known as EnckeHH. This tool makes use of a branch of the REBOUND code base and

utilises the IAS15 integrator. The contribution of EnckeHH is a modification to the

equations of motion to enable the dominant Keplerian dynamics of the central body

to be taken into account analytically. EnckeHH greatly improves the performance of

IAS15 in the case of fixed step sizes such that it follows Brouwer’s law. Many of the

concepts in EnckeHH are also used by the scheme developed in Chapter 4 despite

being developed independently at the same time.

One of the key contributions of this thesis is the development of a novel tool for

application to the long-term study of planetary dynamics in the presence of close

encounters. Importantly, this tool is able to match the precision levels achieved by

the best existing tools but with a reduced computational cost. This enables larger

ensembles of simulations to be run for a given available computational resource, or,

alternatively, allows for a given set of simulations to be performed with a reduced

environmental impact through reduction of CO2 emissions. The tool developed is

known as the Terrestrial Exoplanet Simulator (TES) (Bartram and Wittig, 2021) and

is discussed at length in its own chapter, Chapter 4. It is important at this stage to

understand the novelty of this tool in the context of all others previously discussed,

and to do this a comparison of the macroscopic features of each integration routine

is presented in Table 1.1. The final column contains the features of TES, where it can

be seen that TES is the only high precision, traditional, adaptive step-size integrator

that uses the dominant Keplerian dynamics to form an Encke method. TES is able
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to resolve close encounters between Earth-mass planets at close to machine precision

and is capable of runtimes up to 20% faster than IAS15 for low mass systems.



31

Chapter 2

On numerical integration for n-body

simulations

The equations of motion governing the accelerations in a system of particles acting

under mutual self-gravitation are well known. Therefore, given a set of initial condi-

tions, the n-body problem, and thus, to a good approximation, solar system dynamics,

is reduced to the solution of a system of ordinary differential equations. In all but the

most trivial of cases, the n-body problem has no known solution and instead one must

resort to using numerical integration techniques to obtain an approximate solution.

Clearly, the accuracy of this solution is of paramount importance to the practitioner

wishing to capture the remarkable complexity of n-body physics.

Numerical integration is a large field with a plethora of options available. The scope of

problems across many diverse fields requiring accurate numerical approximations to

the solution of ODEs ensures that research is continuously evolving. In general, there

are two broad families of numerical integration techniques: multistage and multistep

methods. The distinction between these two families is the way in which information

about the ODE is obtained.

Multistage methods, which include the classic Runge-Kutta schemes, work by obtain-

ing information about the derivative within the current step, i.e. no solution points

from previous steps are used in determining the next solution value. Multistage meth-

ods are convenient as they are self-starting, i.e. they do not require information about

past solution points to begin an integration. In contrast, multistep methods work by

using past solution data points to reduce the number of evaluations of the derivative

required within a single step oftentimes leading to highly efficient schemes. How-

ever, this performance comes at a cost: multistep methods are not self-starting and
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extension to variable step size requires careful backward interpolation between past

solution points.

It should be noted that these two categories are incredibly general and there is a

substantial richness of schemes within both of these groups. Indeed, as we shall see

in Chapter 3, schemes also exist that are capable of combining information about

the system of equations being integrated from both previous solution points and the

derivative within the current step.

It is notoriously difficult to define how good a particular integration scheme is; how-

ever, one key metric that is intricately linked to the performance of all integration

schemes is the order of convergence of the scheme. In general applications, high-

order schemes are used when a high degree of precision is required in the solution.

They are used such that the per-step integration error can be minimised efficiently.

However, when modelling the dynamics of planetary systems, the way that errors

accumulate over time is equally as important as the error associated with a single

integration step. As such, high-order methods alone are often not sufficient when

modelling exoplanet systems. Additionally, as we will also see, there are other prop-

erties of the planetary n-body problem that can be leveraged to create more interesting

and exotic integration schemes. For example, the symplectic geometry of the phase

space, the time-symmetric nature of the problem, or the dominant contribution to the

dynamics of the central body.

In addition to these favourable symmetries and geometries for creating new schemes,

the planetary n-body problem also comes with three additional requirements that

must be addressed by any aspiring integrator, which are:

1. Ensuring that solutions obtained remain accurate over the timescales required,

in solar system formation and stability studies typically 109 dynamical periods.

2. Ensuring that integrators can precisely model close encounters between objects.

3. Ensuring that such long-duration simulations can be completed within the avail-

able computing time.

Only through addressing all three of these problems can one arrive at a scheme at all

suitable for general use within this problem domain.

This chapter is a broad introduction to the most commonly used and/or cutting edge

numerical integration methods that meet these requirements. Section 2.1 provides a

general overview as to the sources of error when performing numerical integration.
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Section 2.2 provides an introduction to the symplectic methods commonly used in

this field. Section 2.3 focuses on non-symplectic integration methods and highlights

a few key schemes that are commonly used. Additionally, some other more exotic

techniques are explored here. Finally, Section 2.4 brings all of the schemes together

to identify the performance envelope for each scheme in the broader context of all

others in a series of numerical experiments.

2.1 Sources of numerical error

To understand the performance of a particular integrator, it is a requirement to first

identify the sources of numerical error as many schemes are capable of operating in

multiple error growth modes. The following discussion is applicable to both symplec-

tic and traditional integration schemes, although a broader discussion of the sources

of numerical error for the former case can be found in Section 2.2.

2.1.1 Machine precision

Computers aspiring to perform calculations of a scientific nature require a means of

representing numbers. Integer arithmetic is used in some cases where only integer

values are needed as this arithmetic has the advantage of operations being rapid on

a computer. One drawback of this choice is that in order to represent the real num-

bers it is necessary to store them as the ratio of two integers and perform operations

accordingly, which increases the memory requirements and computational costs of

calculations. In contrast to the low precision of integer arithmetic, ball arithmetic

can be used to not only store a real number but to also provide an upper limit to the

error associated with that number due to finite precision calculations; note that ball

arithmetic does not address modelling errors.

The commonly used compromise between these two extremes of performance and

precision are the floating-point numbers which are used throughout the remainder of

this work. IEEE754 (IEEE, 2019) is the standard defining the representation of these

variables and the rules of their arithmetic, including rounding. There are three com-

monly used word lengths for floating-point variables: single, double and quadruple

precision, and these have a word length of 32, 64, and 128 bits respectively. The larger

the word length, the more significant figures can be represented, and it is therefore

important to choose the correct size. In this work, double precision is predominantly
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used as single precision is not accurate enough and quadruple precision has too much

computational overhead due to the hardware available in most computers. In double

precision, 52 out of 64 bits make up the mantissa and allow for a range of around

sixteen significant decimal figures. Given this range, the minimum relative error in

any calculation is ≈ 1.1×10−16. I call this limit upon the relative precision εmachine.

2.1.2 Truncation error

Truncation error, alternatively referred to as integrator or discritisation error, is the

error introduced when an infinite process is instead represented by a finite one. In

numerical integration schemes, this substitution often occurs when an infinite series

expansion is truncated such that it only includes a finite number of terms. Truncation

error is notoriously difficult to quantify as it depends upon many scheme-specific pa-

rameters, e.g. the order of the scheme and the convergence criteria used in implicit

solvers will both contribute.

Step size control algorithms use integrator specific techniques to provide an estimate

of the truncation error incurred within a given integration step. In the subsequent

integration step, the error estimate is used to select a step size that will maintain a

near constant per step truncation error at a previously specified tolerance level. When

using traditional integration schemes, the truncation error growth rate is∝ t in the

integrals of motion which translates to a growth rate ∝ t2 in positional variables

(Sharp, 2006). In practice though, application specific integrators, e.g. symplectic

or time-symmetric schemes, are often used that enable an upper limit to be place

on the truncation error. These types of scheme are explored later in this chapter.

Furthermore, it is possible to select a suitable step size such that the magnitude of the

truncation error is below εmachine, and in this case round-off error can be made to be

the dominant error source. I term this error contribution εt runcation.

2.1.3 Round-off error

The finite precision resulting in εmachine also means that round-off error is introduced

when arithmetic operations are performed on floating-point variables. This error

source affects all programs that use floating-point arithmetic and is not limited only

to integrators. When an arithmetic operation is performed that cannot be expressed

exactly by the current floating-point representation, IEEE754 ensures that the result
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of the calculation will be rounded up or down to the nearest value that can be. Conse-

quently, the round-off error per floating point operation is< 1
2 εmachine. Therefore, the

round-off error per operation is tiny in magnitude. However, these errors can rapidly

accumulate over time because of the large number of floating-point operations that

comprise even a single integration step. Especially when one considers the more than

1010 integration steps in typical solar system simulations.

As a simplified example, let us consider the summation of m elements, each identified

by a subscript i, of a random vector, X, such that X i ∈ [0, 1) sampled from a continu-

ous uniform distribution. The result of this summation is φ =
∑m

i=0 X i. For simplicity,

assume that X is sorted in ascending order, failure to do this can result in an additional

source of lost precision when elements of different magnitudes are summed. In this

case, round-off error is the only error source and can therefore be considered in isola-

tion. The error growth when summing to obtainφ depends upon each realisation of X

and is therefore best considered as an average of a number of realisations. Figure 2.1

shows how round-off errors grow as more arithmetic operations are performed, i.e.

as the summation to obtain φ is performed. To determine the round-off error, a sep-

arate summation is performed using quadruple-precision floating point which is then

compared to the double-precision summation. One hundred individual realisations

are shown in blue and each can be seen to follow a random walk. The RMS of all

realisations considered is shown in orange. Finally, a linear model fitted to the log of

the RMS and the operations performed is shown in red. The slope of this model is 1/2

which shows that the error is growing like a random walk and is therefore the best

possible growth in round-off error. Additionally, this indicates that there is no bias

present in the summation process, as is expected due to the random nature of X.

A numerical integration can be viewed as a series of additions. For example, when

performing an update to the position x at step k the new state is obtained as xk+1 =

xk +∆xk where ∆xk is an update obtained through a numerical integrator step.

Therefore, if one assumes that ∆xk is exact to the available precision, i.e. does not

contain any truncation error, then when this process is repeated over m steps a nu-

merical integration simply becomes a series of m additions. Ergo, the best possible

error growth attainable when performing a numerical integration is also∝ m1/2.

Brouwer (1937) showed that when integrating over time, t, to obtain approximations

to the solution of celestial mechanics problems the best possible relative energy error

growth is also ∝ m1/2 whereas for the orbital longitude it is ∝ m3/2 owing to the

mean longitude being the result of an additional integral. Together these two state-

ments are referred to as Brouwer’s law and are the absolute limit in precision over
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Figure 2.1: The accumulation of round-off error when performing a summation over
the elements of the random vector X against the number of arithmetic operations
performed, m. One hundred individual realisations of the random vector X are shown
in blue. The RMS of all realisations is shown in orange. Finally, a linear model fitted

to the RMS is shown in red.

time that can be obtained for a given size floating point representation. There are

a small number of schemes that have been designed that follow Brouwer’s law, e.g.

Rein and Spiegel (2015) and Grazier et al. (2005) have both developed traditional

integration schemes that do. I call this error contribution εround .

2.1.4 Kahan summation

Kahan summation (Kahan, 1965), also referred to as compensated summation, is a

technique used to improve the precision obtained when summing over a sequence

of floating-point numbers. Compensated summation allows for the error made dur-

ing the summation of two floating-point numbers to be obtained and kept as an ad-

ditional floating-point variable, known as the compensation variable. This error is

then subtracted from future additions. Repeated application of this process allows for

round-off errors to be greatly suppressed. The listing below shows a python imple-

mentation of the compensated summation algorithm applied to the random variable

X from Section 2.1.3.
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An additional use of compensated summation that is particularly applicable in this

work is the summation of numbers of different magnitudes. Once again, consider the

update of the positions at the end of a numerical integration step, xk+1 = xk +∆xk.

Commonly, ∆xk is two orders of magnitude smaller than xk, and yet the resulting

summation must be represented within the approximately sixteen significant decimal

digits available in xk. Ergo, the two least significant digits in ∆xk are simply lost. In

this case, compensated summation can maintain a record of this lost precision that

can then be subtracted from subsequent position updates in later integration steps.

Rein and Spiegel (2015) found a reduction of two orders of magnitude in the size of

the random walk in relative energy error when applying compensated summation to

their integrator updates.

def kahan_summation(Xi, phi, comp):

y = Xi − comp

t = phi + y

comp = (t − phi) − y

phi = t

return phi, comp

phi = 0

comp = 0

for Xi in X:

phi, comp = kahan_summation(Xi, phi, comp)

Listing 2.1: Python implementation of the compensated summation algorithm.

2.1.5 Bias error

In addition to round-off errors that follow Brouwer’s law, there is also the possibility

of biased round-off errors. Biased round-off errors occur when there is a systemic

source of errors that are not symmetrically distributed with a mean of zero. It is

possible that almost any combination of floating point operations within a numer-

ical integration step could result in biased round-off error contributions; however,

key examples of sources of bias error are intrinsic functions, e.g. the trigonometric

functions, or the use of insufficiently precise integration coefficients. Biased round-off
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errors can cause a linear growth in energy over time. That is to say, even if the trunca-

tion error is suppressed below floating-point minimum and compensated summation

is used, there is still the possibility of linear error growth over time as a result of the

round-off errors becoming biased. Linear bias error is the norm in a large number of

integration schemes (Bulirsch and Stoer, 1966; Sharp, 2006). Worse still, it is possi-

ble that schemes appear to be unbiased over short integration periods but over longer

integration periods the accumulation of round-off errors becomes biased and leads to

transition away from Brouwer’s law and into a linear energy growth regime. There-

fore, when testing an integrator for bias error it is essential to perform integrations

of a length that are representative of the timescales expected in the final application

domain. I call contributions from this source εbias.

2.1.6 Total numerical integration error

At this stage, all sources of numerical error associated with an integration scheme

have been identified. Therefore, the total numerical error in terms of relative energy

error is just the sum of each of these sources, hence

εtotal = εmachine + εround + εt runcation + εbias. (2.1)

However, it is important to note the contribution of the dynamics themselves to the

final system state error. The often chaotic dynamics of the n-body problem mean

that small errors made in, e.g., position can, over time, result in solutions that expo-

nentially diverge from the physical reality while also maintaining an excellent energy

conservation. Therefore, exact trajectories of the n-body problem can only be trusted

to be accurate over short timescales (Hernandez et al., 2021).

2.2 Symplectic integration

One class of numerical integration scheme that has been used extensively in the simu-

lation of solar system dynamics is that of symplectic schemes. Symplectic integration

algorithms (SIAs) are widely used in celestial mechanics for two key reasons:

1. they exhibit a bounded maximum truncation error,

2. they are highly efficient as they account for the dominant dynamics of the central

body.
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The upper bound on truncation error makes these schemes excellent candidates for

the long-term integration of planetary systems. Oftentimes, when using an SIA the

relative energy error of a system is the same in the first and final years of a billion-year

integration. SIAs possess these advantageous properties because they are designed to

preserve the symplectic structure of a Hamiltonian phase space, i.e. they preserve

the Poincaré integral invariants. In turn, this has favourable properties for the con-

servation of other, more common, invariants such as energy and angular momentum.

The symplectic structure exploited requires that the time evolution of a system is gov-

erned by a Hamiltonian, which dictates that these techniques can only be applied

to model conservative systems1. Fortuitously, this includes the gravitational n-body

problem as SIAs (Wisdom and Holman, 1991; Chambers, 1999; Moore and Quillen,

2011; Grimm and Stadel, 2014; Rein and Tamayo, 2015) have enabled a much deeper

understanding of solar system dynamics (Clement et al., 2021; Esteves et al., 2020;

Raymond and Cossou, 2014; Marois et al., 2010; Laskar and Gastineau, 2009; Chat-

terjee et al., 2008; Jurić and Tremaine, 2008) than would have likely been possible

due to computational constraints.

Next, I introduce some well-known concepts related to the formal definition of sym-

plecticity and what it means for a routine to be symplectic. This introduction is by no

means exhaustive and exists to allow for the symplectic scheme widely used in solar

system dynamics to be discussed in context.

2.2.1 Background and theory

Given a generalised position vector q(t) ∈ Rd and conjugate momentum vector

p(t) ∈ Rd , the state of a Hamiltonian system is z(t) = (q,p)T ∈ R2d where d = 3n

and represents the three physical dimensions of space for each of n bodies with mass

mi. The Hamiltonian describing the gravitational n-body problem is then

H(q,p) =
n
∑

i=1

pi ·pi

2mi
−

n
∑

i=1

n
∑

i> j

Gmim j

|qi −q j|
. (2.2)

Hamilton’s equations can be applied to arrive at the equations of motion for a given

system, namely

1Recently, Tamayo et al. (2020b) showed why it is actually possible to model weakly perturbed
dissipative systems with SIAs, but this is not applicable to the work herein.
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dqi

dt
=
∂H
∂ pi

,
dpi

dt
= −

∂H
∂ qi

. (2.3)

In a more compact notation,

d
dt

z = J∇zH(z), (2.4)

where J is the “canonical structure matrix” of dimensions 2d ×2d and

J ≡

�

0 +Id

−Id 0

�

with Id the d × d identity matrix.

The natural way to discuss symplectic integration is through flow maps. Given a

known state z0 = z(t0) then the solution z(t) of the system at time t will be written

as z(t; z0). This notation is used to distinguish that the flow map is general for all

possible states within the phase space but that a particular solution depends on the

particular set of initial conditions. The flow map of the system can now be defined as

φ t : R2d 7→R2d ,

such that

φ t(z0) = z(t; z0),

where the subscript t also indicates time. The flow map is a physical property of all

Hamiltonian systems and a precise approximation of this mapping is what all numer-

ical integration algorithms are trying to achieve; however, as we will see later, this

becomes more explicit with SIAs. Distinct from the flow map itself is the flow map

approximation, ψt , i.e. an integration routine, such that

ψt(z0) ≈ φ t(z0).

Two particular forms of the flow map approximation are discussed in the next section.

Finally, a smooth map ψ is called a symplectic map with respect to the canonical

structure matrix if its Jacobian, ∇ψ, satisfies

∇ψT J−1 ∇ψ= J−1 (2.5)

for all points in phase space (Leimkuhler and Reich, 2005). Therefore, the creation

of a symplectic integration routine requires only that the flow map approximation be
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selected such that Eq. (2.5) is satisfied up to a given order (Stuchi, 2002, p. 78) and

that any individual terms within the flow map can be obtained either analytically or

numerically.

2.2.2 Application to solar system dynamics

The time derivative of any variable on a Hamiltonian phase space is given by the

Poisson bracket. The time derivative of the system in Eq. (2.4) is

dz
dt

=
n
∑

i=1

�

∂ z
∂ qi

dqi

dt
+
∂ z
∂ pi

dpi

dt

�

,

which when combined with Eq. (2.3) can be written as

dz
dt

=
n
∑

i=1

�

∂ z
∂ qi

∂H
∂ pi
−
∂ z
∂ pi

∂H
∂ qi

�

= {z, H},

where {�,�} is the Poisson bracket. The Poisson bracket can also be used as an

operator and is often written containing a single parameter in this case, e.g. { , H}z≡
{z, H}.

As we will see, the trick of symplectic integrators is that they split the Hamiltonian

into two or more parts such that, e.g. H = HA+HB. Defining two operators, A and B,

such that A = { , HA} and B = { , HB} means that the formal solution to the equations

of motion, i.e. the flow map, described by H after a single time step, h, are

φ t0+h(z0) = eh(A+B) z(t0; z0),

where A and B are evaluated at start of the interval h. Writing the formal solution to

the Hamiltonian evolution in this manner does nothing to help obtain a given solution.

However, presenting the flow map in this manner is favourable to deriving symplectic

schemes and to understanding the errors associated with them. It is important that

the splitting is chosen such that the evolution under HA and HB can be obtained easily

in isolation from one another. In this case, the evolution owing to each operator can

be applied one after the other to create a first-order approximation to the flow map,

hence

φ t0+h(z0
) = ehA ◦ ehB z(t0; z0)+O(h) =ψt0+h(z0

)+ O(h) (2.6)
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where ◦ represents composition. To understand physically what this splitting proce-

dure represents and understand the introduction of the error term, O(h), it is eluci-

dating to consider a concrete example of the splitting procedure. In particular, if we

consider the n-body Hamiltonian in Eq. (2.2) then a kinetic/potential energy splitting

would be such that

HA =
n
∑

i=1

pi ·pi

2mi
, HB = −

n
∑

i=1

n
∑

i> j

Gmim j

|qi −q j|
.

When the evolution under each of these Hamiltonians is performed independently, the

updated positions, are given by ehAq(t0; z0). Therefore, for a single body, denoted

by subscript i, after a single step the analytical solution to the evolution under HA is

given by

qi(t1) = qi +
pi

mi
h,

where all terms to the right of the equals sign are taken at t = 0 and t1 = t0 + h.

Likewise, the updated momenta are given by ehBp(t0; z0), and the analytical solution

to the evolution under HB is therefore given by

pi(t1) = pi −h
n
∑

j=1
j 6=i

Gmim j

|qi −q j|3
�

qi −q j

�

.

In this case, evolving the system under HA independently only updates the positions,

q, whilst the momenta, p, remain constant. Likewise, evolving the system under

HB independently only updates the momenta while the positions remain constant.

Therefore, the flow map approximation described by Eq. (2.6) represents a linear

update to the momenta for a single step of size h followed by a similar linear update

to the positions. Clearly, this evolution is not physical, but as the step size approaches

zero, the linear approximations will more closely resemble the true evolution. This

particular mapping is widely known as the leapfrog integrator.

Both ehA and ehB are symplectic mappings and evolving either the positions or mo-

menta via them ensures that the Poincaré integral invariants are conserved for the

respective Hamiltonian system, HA or HB. If each mapping is symplectic, then the

composition of the pair of mappings must also be. Therefore, the overall composition

must also conserve the Poincaré integral invariants (Tamayo et al., 2020b). It is this

feature of SIAs based around symplectic composition that gives rise to the excellent

long-term conservation properties typically associated with integration schemes based

upon it.
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Figure 2.2: Comparison of the behaviour of the symplectic leapfrog scheme, in the
left column, against the non-symplectic RK4 scheme, in the right column, when in-
tegrating a two-body problem with an eccentricity of 0.4. The top panels show how
the orbit changes over a period of 100 orbits. Here, the bold yellow line shows the
true trajectory and the blue lines show the integrated trajectory. The bottom panels

show the relative energy error for the two schemes over the same timescale.

Operator splitting schemes evidently evolve a Hamiltonian system; however, what is

less evident is what Hamiltonian system a given operator splitting method is actually

evolving. To understand this, and the O(h) error term in Eq. (2.6) we need to under-

stand in what way ehA ◦ ehB differs from eh(A+B), i.e. the way in which the flow map

approximation,ψ, differs from the flow map, φ. When using Lie derivative operators,

equivalent to our Poisson brackets in this case, the Baker-Campbell-Hausdorff (BCH)

identity (Steinberg, 2008) can be used to combine the exponents of non-commuting

operators into a single exponent. Physically, it is understandable that evolution via ehA

and ehB are non-commutative: performing an independent linear update to the posi-

tions and then the momenta is not the same as performing the update to the momenta

first followed by the positions. Therefore, the BCH identity can be used to obtain a se-

ries expansion describing the true Hamiltonian of the system being integrated, which

is commonly referred to as the shadow Hamiltonian (Rein et al., 2019a). In the case

of the kinetic/potential splitting above, the shadow Hamiltonian, H̃, is given by (Saha

and Tremaine, 1992)

H̃ = H+
h
2
{HA, HB}+O(h2). (2.7)
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There are several important features to note here. Firstly, the leading error term is

due to the Poisson bracket of HA with HB which is only zero when the two Hamiltoni-

ans are equal. Secondly, the leading error term is of order O(h), and decreasing the

step size will therefore cause the shadow Hamiltonian to more closely approximate

the true Hamiltonian. The final feature is less obvious and also highly important in

motivating the rest of the work in this thesis: the presence of the step size in the

shadow Hamiltonian introduces a dependency of the system being integrated on the

step size used. Put another way, changing the step size during an integration will

actually change the physical system being modelled and result in a shift in the energy

of the system with each change. Over time, these shifts can break the symplecticity of

the scheme (Chambers, 1999), and this therefore imposes the limitation that symplec-

tic integrators are forced, with few exceptions (Duncan et al., 1998), to use a fixed

step size. The inability to vary the step size from step to step during an integration

is a key drawback of the symplectic schemes. Without this ability, they are unable

to ensure that the acceleration is smooth within a given time step in highly dynamic

regions of phase space, such as during close encounters, resulting in an inability for

them to properly resolve the dynamics at the step sizes typically used.

Figure 2.2 shows a comparison between the symplectic leapfrog scheme, described

above, against a very widely used non-symplectic explicit fourth-order Runge-Kutta

scheme (RK4) (Press et al., 2007) for the two-body problem with an eccentricity of

0.4 where both schemes take seventy steps per orbit. In this plot, the benefits of

symplectic integrators can be seen: the energy for the symplectic scheme varies by

a large amount but a clear upper limit exists. Excluding errors due to floating-point

precision or close encounters, this upper limit will not increase for the full duration

of typical solar system dynamics integrations. In contrast, despite having a per-step

energy violation below that of the leapfrog scheme, the RK4 integrator suffers from

an accumulation of truncation errors that over approximately thirty orbits causes the

relative energy error to surpass that of the leapfrog scheme. While the precision in

this example is very low, it is this concept that makes symplectic integrators highly

favourable for long-term integration. The orbital plot panel for the RK4 scheme shows

that the change in energy has resulted in a change in the semi-major axis of the orbit

and in a small precession. The same panel for the leapfrog shows what the variation

in energy represents for the symplectic scheme: instead of a change in semi-major

axis, the orbit has precessed through a full 360◦. However, as the upper limit to the

energy error is bounded, the semi-major axis of the orbit remains largely unchanged.

The orbit followed by the leapfrog in this plot is exactly that described by the shadow

Hamiltonian in Eq. (2.7).
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I will end my discussion of general n-body symplectic schemes by saying that higher

order operator splitting methods exist, with fourth order being particularly common

(Kinoshita et al., 1990; Forest and Ruth, 1990; Yoshida, 1991), but these require more

evaluations of the force per time step and are therefore more computationally expen-

sive. As a result, these are not generally used for solar system dynamics, with the

second-order Wisdom-Holman mapping, discussed next, being favoured instead.

2.2.3 Wisdom-Holman mapping

Wisdom and Holman (1991) developed a symplectic mapping for the planetary n-

body problem, which is commonly referred to simply as the WH map. The WH map

built upon the earlier work of Wisdom (1982) but generalised the method to a much

broader region of phase space, i.e. no longer limited to studying a particular reso-

nance or eccentricity. It allows for moderate precision integrations to be performed

with no secular error growth in conserved quantities with only twenty evaluations of

the force per orbit, over an order of magnitude fewer than a traditional integrator.

These performance improvements allowed for the first billion year integration of the

outer solar system to be performed and helped confirm the findings of Sussman and

Wisdom (1988) that the motion of Pluto is chaotic. Given the highly desirable prop-

erties of this mapping, many widely used integration packages are based upon, or at

least incorporate, a version of it. Such packages include: SYMBA (Levison and Dun-

can, 1994), MERCURY (Chambers, 1999), GENGA (Grimm and Stadel, 2014) and

REBOUND (Rein and Tamayo, 2015).

In this description, I will follow the analysis by Chambers (1999) which differs from

the original method for deriving the WH map. The basic premise is that instead of

the Hamiltonian being split into kinetic and potential energy parts, it is split such that

the dominant Keplerian motion about the central body can be evolved analytically.

To enable this, so-called democratic-heliocentric coordinates are used which express

positions relative to the central body and momenta relative to the barycentre. Duncan

et al. (1998) provide a generating function to transform between the Hamiltonian in

standard coordinates, e.g. Eq. (2.2), and that in democratic heliocentric coordinates.

See Section 4.2.2 for a definition of the coordinate transformation, where the terms

q̂, p̂ and Ĥ(ẑ) there are equivalent to q, p and H in this section. In democratic-

heliocentric coordinates, the Hamiltonian is comprised of four parts:

1. Hkep, the unperturbed Keplerian motion;
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2. Hstar , thus called because −
∑n

i=1 pi is the barycentric momentum of the star

(Duncan et al., 1998);

3. Hper t , the gravitational interactions between bodies;

4. Hcom, the movement of the centre of mass;

such that H = Hkep +Hstar +Hper t +Hcom. Without loss of generality, I assume a

fixed centre of mass and therefore ignore the contributions from the Hcom part of the

Hamiltonian. The particular form of the remaining terms are

Hstar =
1

2m0

�

�

�

�

�

n
∑

i=1

pi

�

�

�

�

�

2

,

Hkep =
n
∑

i=1

�

pi ·pi

2 mi
−

G mi m0

|qi|

�

,

Hper t = −
n−1
∑

i=1

n
∑

j=i+1

G mi m j

|qi −q j|
,

(2.8)

where the index zero refers to the central body, and there are n secondary bodies. In

this case, the equations of motion resulting from each term in the Hamiltonian, H, can

be independently integrated analytically: Hstar and Hper t simply by a linear update

and Hkep via solving Kepler’s equation and applying the f and g functions (Danby,

1992, p. 162).

In keeping with the previous notation, I define three new operators A, B and C, such

that A = { , Hkep}, B = { , Hper t}, and C = { , Hstar}. Using these operators, the WH

mapping is given by the composition

ψt0+h(z0) = e
h
2 B ◦ e

h
2 C ◦ ehA ◦ e

h
2 C ◦ e

h
2 B z(t0; z0) (2.9)

where the error due to the Hamiltonian splitting is such that (Chambers, 1999)

φ t0+h(z0) =ψt0+h(z0)+O(εh2) (2.10)

where, provided that orbits remain well separated, ε=
∑n

i=1
mi/m0. Therefore, by us-

ing this splitting the WH map is a second order symplectic mapping with an additional

property that the magnitude of the leading error term depends upon the system mass

ratio, ε, i.e. the ratio of the mass of the planets to that of the star; in our solar system
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Figure 2.3: Comparison of the energy conservation of the WH map against that of
the leapfrog scheme for a simulation of the outer planets of the solar system. Each
integrator uses only twenty steps, and therefore twenty evaluations of the force, per

Jupiter orbit.

ε≈ 10−3. This reduction in the size of the leading error term is therefore highly sub-

stantial and is also central to the performance of the scheme. The final result of this is

a much lower energy error than if a simple kinetic/potential energy splitting method

were used. Figure 2.3 highlight this for a simulation of the outer planets of our solar

system over a hundred orbits when both integrators take twenty steps per orbit. The

energy for both schemes contains bounded high frequency oscillations that are char-

acteristic of symplectic schemes, but the relative energy error is smaller in the case of

the WH map by approximately ε. The reduction in error, ε, is present because, gener-

ally, Hkep is much larger than either Hper t or Hstar . During close encounters between

planets, however, Hper t can become large relative to Hkep and, under these circum-

stances, the reduction in error due to ε is lost. Likewise, close encounters between a

planet and the central body can cause an increase in the magnitude of Hstar which

also leads to a reduction in ε; the use of this coordinate system for modelling highly

eccentric (e > 0.99) orbits must therefore be considered carefully. The combination

of these factors with the inability to vary the step size while maintaining symplecticity

means that in its original form the WH map cannot be used to model the dynamics of

systems where close encounters are expected between bodies.

In his seminal tool, MERCURY, Chambers (1999) introduced the concept of a hybrid

symplectic integrator to overcome this limitation, and in doing so created a scheme

that is both symplectic and can also conserve energy during close encounters. To do
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this, he redefined Hkep and Hper t in Eq. (2.8) as

Hkep =
n
∑

i=1

�

|pi|2

2 mi
−

G mi m0

|qi|

�

−
n
∑

i=1

n
∑

j=i+1

G mi m j

|qi −q j|
�

1− K(qi −q j)
�

,

Hper t = −
n
∑

i=1

n
∑

j=i+1

G mi m j

|qi −q j|
�

K(qi −q j)
�

,

where K is an arbitrary scalar function of the separation between two bodies and is

referred to as the Hamiltonian switching function. Research into switching functions

is ongoing (Hernandez, 2019; Rein et al., 2019b) but the basic premise is that during

a close encounter the switching function will take the large problematic terms in Hper t

and move them into Hkep. This ensures that the favourable ratio of the two terms is

maintained such that ε is still present in the leading error term in Eq.(2.10). It also

ensures that the shadow Hamiltonian itself remains unchanged, i.e. this method does

not require the step size used in the symplectic composition to change, and therefore

that symplecticity is unbroken. Through this method the WH mapping can be ex-

tended to handle close encounters; however, the evolution due to Hkep can no longer

be obtained analytically. Instead, it is now necessary to numerically integrate the evo-

lution due to Hkep in order to obtain ehA in Eq. (2.9). This integration is performed

with a traditional integration scheme, such as the Bulirsch-Stoer scheme in MERCURY

or IAS15 in the REBOUND implementation, MERCURIUS (Rein et al., 2019b). It is

therefore less computationally efficient to use this method in the presence of many

close encounters. The effectiveness of this technique for handling close encounters is

discussed in Section 2.4.

As I will discuss later, it is this concept of using the known Keplerian motion present

in planetary systems to reduce numerical errors that motivated me to look for ways

to incorporate this knowledge into a non-symplectic integration framework.

2.3 Non-symplectic integration

I now turn my attention to the broad category of non-symplectic integration for plane-

tary systems. Non-symplectic integration in this case simply means that the integrator

was not specifically designed to preserve the symplectic structure of the phase space.

This is an important distinction to make as it is entirely possible that non-symplectic

schemes can preserve this property despite their design being wholly unaware of the



2.3. Non-symplectic integration 49

underlying symplectic structure of the phase spaces they are integrating. As men-

tioned previously, there are a large diversity of non-symplectic numerical integration

techniques and many of them can be used to model general n-body dynamics. Fewer

of them are capable of reaching the precision required for modelling solar system

dynamics, and fewer still are capable of obtaining these solutions for a favourable

computational cost. Owing to these facts, there are only a handful of schemes that

have stood the test of time and are widely used by the exoplanet dynamics commu-

nity. In particular, Everhart’s RADAU and the Bulirsch-Stoer scheme find widespread

usage while other avenues of research, such as time symmetric schemes or block time

step schemes, are ongoing. Each of these options are considered in this section.

2.3.1 Everhart’s Radau scheme

A non-symplectic scheme of particular note is Everhart’s RADAU Everhart (1974,

1985). RADAU is an implicit multistage method that is mathematically equivalent

to a Runge-Kutta scheme. However, Everhart showed that it is possible to solve the

implicit set of equations efficiently using multiple iterations of a predictor-corrector

scheme instead of using a more traditional method such as matrix inversion Hairer

and Wanner (1991)[p. 128]. In doing this, he eliminated the costly need to calculate

a Jacobian matrix and created a scheme that forty-five years later is still a particularly

efficient and accurate choice for integrating astrophysical problems.

RADAU is so named because it makes use of Radau spacing (Radau, 1880) in the in-

ternal quadrature used. The use of Radau spacing in this manner allows for the order

of convergence of the scheme to be increased from s or below, where s is the number

of stages used, to an order of 2s−1; this makes the algorithm particularly effective for

creating high order methods where the −1 term becomes less relevant. RADAU can

be used with any reasonable value of s to create various order schemes; however, 9th

and 15th order are particularly common (Everhart, 1985; Rein and Spiegel, 2015).

As such, the following discussion focuses on a 9th order implementation.

As RADAU is a multistage method, it is particularly straightforward to implement a

step size control algorithm and this is one of the key features that enables it to be

applied to a wide range of problems such as sun-grazing comets or near-earth ob-

ject dynamics (Amato et al., 2017). Despite being a highly effective algorithm in its

own right, Rein and Spiegel (2015) further improved the RADAU algorithm to create

a modernised implementation operating at 15th order called IAS15. IAS15 incorpo-

rates three main adaptations to the original RADAU scheme. Firstly, a new step size
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control algorithm is implemented. This algorithm is non-dimensional and is therefore

more portable to a variety of problems. Secondly, IAS15 incorporates a new conver-

gence criterion for the predictor/corrector scheme that enables a dynamic number of

iterations to ensure the implicit solver has fully converged. This is in contrast to the

original RADAU scheme whereby a fixed number of two iterations per step were used.

Finally, IAS15 provides a floating-point aware algorithm that makes use of compen-

sated summation to ensure that round-off errors accumulate as slowly as possible and

that the overall scheme follows Brouwer’s law for over a billion orbital periods. In the

discussion below, I include the additional IAS15 algorithms but adapted to operate

with a 9th order quadrature.

I wish to simultaneously solve 3n coupled equations of the form

q̈ = F(q, t),

one for each directional component of n bodies where q(t) ∈ R3n is the position

vector. To do this, RADAU expands the acceleration, q̈, in time, t, into a truncated

series so that

q̈ ≈ q̈0 + a0 t + a1 t2 + a2 t3 + a3 t4. (2.11)

It is prudent to rewrite this expansion in a way that is independent of the size of a par-

ticular integration step, dt. For this, Everhart introduced h = t/dt and bi = ai dt i+1

such that

q̈ ≈ q̈0 + b0h+ b1h2 + b2h3 + b3h4 (2.12)

where dt is the size of an integration step, and q̈0 is the acceleration at the start of

the step. The coefficients bi are unknown and the integration algorithm iterates to

converge to their values. To do this, it is necessary to perform evaluations of q̈ at s

locations either at the start or within an integration step. The locations are chosen

according to the Radau quadrature formulas, and the locations in time at which these

evaluations are performed are denoted by hi where i ∈ 0...s. The acceleration can

also be written as

q̈ ≈ q̈0 + g0 h+ g1 h(h−h1)+ g2 h(h−h1)(h−h2)+ g3 h(h−h1)(h−h2)(h−h3)

(2.13)
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where, using the abbreviations ri j = 1/(hi−h j) and ri1 = 1/hi,

g0 = (q̈1− q̈0) r10,

g1 = ((q̈2− q̈0) r20− g1)r21,

g2 = (((q̈3− q̈0) r30− g1)r31− g2) r32,

g3 = ((((q̈4− q̈0) r40− g1)r41− g2) r42− g3)r43. (2.14)

Note that in this form the values of gi only depend upon the force evaluations at the

locations hk where k ≤ i. Additionally, Eqs. (2.12) and (2.13) can be used with a set of

recurrence relationships (Everhart, 1985) to convert between the b and g coefficients.

Once the b coefficients are known, the expansion in Eq.(2.12) can be integrated an-

alytically with respect to h, either once or twice, to obtain an approximation to the

position or velocity at any point in time during a given step. Therefore, predictions

for the position and velocity are given by

q(h) = q0 + h dt q̇0 + h2dt2
�

q̈
2
+

b0

6
h+

b1

12
h2 +

b2

20
h3 +

b3

30
h4
�

(2.15)

and

q̇(h) = q̇0 + h dt
�

q̈+
b0

2
h+

b1

3
h2 +

b2

4
h3 +

b3

5
h4
�

. (2.16)

Additionally, at the end of a step, when t = dt and h = 1, the equations simplify and

the position and velocity are

q1 = q0 + dt q̇0 + dt2
�

q̈
2
+

b0

6
+

b1

12
+

b2

20
+

b3

30

�

(2.17)

and

q̇1 = q̇0 + dt
�

q̈+
b0

2
+

b1

3
+

b2

4
+

b3

5

�

(2.18)

where q1 and q̇1 are the position and velocity at the end of the step. These equations

are all implicit as the values of the b’s are unknown at the start of a step. To obtain

the value of the b’s the following algorithm is followed:

1. Predict the value of the position and velocity at a given substep, hk, via

Eqs. (2.15) and (2.16).

2. Evaluate the force using this position and velocity.

3. Update the values of gi via Eq. (2.14).

4. Update the corresponding values of bi.
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5. Repeat for all substeps.

6. Repeat until the values of bi have converged.

Once the b’s are known with sufficient accuracy, then Eqs. (2.17) and (2.18) can be

used to obtain the new state of the system at the end of a given integration step.

The IAS15 predictor/corrector convergence algorithm monitors the change in the final

coefficient in the truncated series, i.e. b3 for a scheme of this order, from one iteration

to the next. I call this change ∆b3 which is a vector containing coefficients for all 3n

equations. The maximum value of∆b3 is then compared to the maximum magnitude

of the acceleration at the start of the step, q̈0, and the algorithm terminates when

‖∆b3‖∞
‖q̈0‖∞

< 10−16.

Additionally, IAS15 includes an improved step size control algorithm which monitors

the truncation error for all 3n equations. To do this, it monitors the absolute value

final coefficient in the truncated series, i.e. b3 for a scheme of this order, for all 3n

equations, which I call b3. It does this relative to the acceleration at the start of an

integration step to obtain an estimate of the smoothness of the acceleration over a

given step as

ε=
‖b3‖∞
‖q̈0‖∞

.

The value of ε is then used to determine the next step size, dtn+1, as

dtk+1 = dtk

�

tol
ε

�1/4

where tol is a dimensionless tolerance parameter.

Figure 2.4 shows the final results of IAS15 in terms of energy conservation when ap-

plied to a medium-term (one million Jupiter period) simulation of the outer planets of

the solar system. There are twenty realisations of the initial conditions, each randomly

perturbed on the order of 10−15, shown in blue. The orange line is the RMS value

of each of these realisations and it can be seen that this value follows Brouwer’s law

which is shown as the dashed red line. Therefore, IAS15 is considered error optimal

in the sense that it follows Brouwer’s law. In addition, the compensated summation

scheme ensures that the random walk in relative energy error does not greatly exceed

the RMS value. In contrast, the original RADAU scheme is prone to random walks of

as much as two orders of magnitude from the RMS value (Rein and Spiegel, 2015).
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Figure 2.4: Relative energy error over time for a simulation of the outer planets of
the solar system using IAS15 over a period of one million Jupiter orbits. Twenty
realisations of the initial conditions are shown in blue. The orange line is the RMS of
the realisations. The optimal error growth, i.e Brouwer’s law, is indicated in dashed

red.

2.3.2 Bulirsch-Stoer scheme

A second non-symplectic scheme that has found widespread usage in the field of mod-

elling planetary formation is the Bulirsch and Stoer (1966) scheme. This scheme pre-

dates Everhart’s RADAU by over a decade and has found popularity for its ability to

handle close encounters with high precision. This is so much so that the Bulirsch-Stoer

scheme is the integrator used in the MERCURY hybrid symplectic scheme during close

encounters. Internally, the Bulirsch-Stoer scheme is an extrapolation technique based

around the midpoint method. One of the most interesting features of the scheme is

that the order of convergence within a time step can be increased dynamically to con-

trol the local integration error. Additional force evaluations are required in this case,

but integration steps are not repeated with a smaller step size to achieve a given pre-

cision. This is particularly relevant to performance in the context of close encounters

where it is more likely that step rejection algorithms can cause steps to be repeated if

the step size control algorithm does not respond quickly enough to the changing grav-

itational potential. Despite being a very useful scheme historically, as will be seen in

Section 2.4, the Bulirsch-Stoer scheme offers no apparent advantages over the more
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modern IAS15 algorithm, and as such no further details as to its internal workings

are discussed here.

2.3.3 Individual step size schemes

Non-symplectic schemes benefit greatly, both in terms of precision and runtime, from

the ability to dynamically adapt the step size used throughout a simulation depending

upon the current location in the phase space. In other words, the time step, dt, at a

subsequent step, dtk+1, is given by a function, τ, of the current state and, optionally,

step size such that dtk+1 = τ(dt,q, q̇). As an example, in the case of a secondary

orbiting in a highly eccentric orbit, the step size can be reduced at perigee when the

system is at its most dynamic and then allowed to take large strides at apogee when

the dynamics are easier to capture. In the general case, these schemes apply what

is known as a global step size, which is to say that all particles are bound to move

with a step size that is dictated by the most dynamic behaviour at a given time. As an

example of why this can be inefficient, in a simulation of our solar system Neptune

has an orbital period of 165 years yet is bound to take step sizes that are dictated by

the orbital period of Mercury, a mere 86 days. In this example, Neptune will take 885

times more steps per orbit than Mercury and therefore a similar amount more than is

necessary to capture the motion of Neptune to the same precision as Mercury.

Individual time step schemes (ITSSs) look to address this source of poor performance.

To this end, they allow each body to be integrated on a separate time step, where the

time step function, τ, only considers the local dynamics for each body when selecting

an appropriate step size. In the example of our solar system, this would result in

both Mercury and Neptune taking the same number of steps per respective orbit and

would therefore cause a large decrease in the computational cost of the integration.

Figure 2.5 shows the relative energy error against the computational cost, measured

in runtime, for a simulation of the solar system planets over a period of 103 Mercury

orbits. A fourth-order Hermite integration scheme (Aarseth, 2008) is used to perform

fifty integrations over a range of tolerances. One set of integrations is configured

to use a global step size and the other is configured to use individual time steps for

each body. The individual time step scheme achieves a given precision in a much

shorter runtime. At the highest levels of precision, the runtime for the global step size

scheme is twice that of the individual step size scheme. These efficiency gains have

led to the application of individual step size schemes to several use cases (Aarseth,

2003; Kokubo and Ida, 1996, 1998). However, their usage has not become more

widespread for two reasons:
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Figure 2.5: Relative energy error against computational cost for simulations of the
eight planets of the solar system over 103 Mercury orbital periods. A fourth-order

Hermite scheme was used in both cases.

1. The requirement of an individual step size for each body necessitates the use

of an interpolant to capture the behaviour of slower moving bodies, and this

places restrictions on the choice of integrators available.

2. Integration of bodies on individual step sizes cannot be represented by a canon-

ical map and these schemes are therefore non-symplectic (Dehnen, 2017).

The combination of these two factors makes applying ITSSs to problems in planetary

evolution challenging as one does not have the choice of using a high-order scheme

nor the option to apply a symplectic mapping. Consequently, implementations of these

methods usually result in a linear drift in energy, with very few exceptions (Makino

et al., 2006). Before considering a potential solution to this problem, I will introduce

block time step schemes (BTSSs).

BTSSs are a natural consequence of ensuring the efficiency of ITSSs and are simply an

extension where the choice of available step sizes are restricted for efficiency. First,

a range of appropriate step sizes for a given problem are chosen, from the smallest

permissible, dtmin, to the largest permissible, dtmax . The ratio of dtmax/dtmin is chosen

to be a power of two, typically in the region of 210 to 215. Then, each integer power

of two times dtmin up to a value of dtmax becomes a permissible step size. Ergo, the

choice of available step sizes is reduced to small set of 10 to 15 values. This procedure

serves two purposes: reducing the computational cost of calculating predictions of
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Figure 2.6: Visual representation of the hierarchical block time step scheme. Three
rungs are shown here meaning that the smallest time step, dtmin is four times smaller

than the largest.

particle positions and velocities, and allowing for approximations to gravity to be

used in calculating the accelerations.

Figure 2.6 shows the step sizes allowed in a typical BTSS. In this example, there

are three rungs, i.e. step sizes that bodies are permitted to take. The smallest rung

represents the smallest time step permitted, dtmin, and each rung above is exactly

twice the size of the one immediately below. Bodies are always able to move to a

smaller rung but can only move to a larger rung when the body is synchronised with

the rung above it, e.g. bodies on the smallest rung can only increase their step size at

t = 0,2, 4,6 and 8. In this manner, it is guaranteed that the time steps of all bodies

are periodically synchronised which is important for long-term conservation.

The requirement that time steps are chosen hierarchically excludes the possibility of

using the majority of high-order multistage methods as the spacings of force evalua-

tions in this case are non-uniform. Consequently, as far as I am aware, BTSSs are only

used with single-stage methods, which greatly limits the choice available integrators

and excludes particularly efficient schemes such as Everhart’s RADAU. A commonly

used integrator that can be adapted to be a BTSS is the 4th order Hermite scheme.

Higher order versions are available for use with BTSSs, but these versions are less

efficient owing to the need to calculate higher order derivatives of the acceleration

(Nitadori and Makino, 2008). In summary, the use of BTSSs excludes the possibility

of using the two concepts central to precise long-term planetary system simulation:

high order integration schemes, and canonical mappings. Despite these problems,

the efficiency of BTSSs is alluring and work on improving their long-term conserva-

tion is ongoing. One particular avenue of active research is that of time symmetric

integration (Hernandez and Bertschinger, 2018; Dehnen, 2017).
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2.3.4 Time symmetry

The n-body equations of motion are symmetric with respect to time. In essence, this

means that if the momentum of all bodies in a system are inverted at a point in time,

then the evolution from that point in time is equivalent to if a momentum inversion

had not been performed and time had been reversed instead. Mathematically, given

the n-body force function

ż = F(q,p)

the equations of motion are said to be time symmetric because

−F(q,p) = F(q,−p).

Numerical integrators for n-body dynamics can also be time symmetric. Consider an

integrator evolving a system forward for a given length of time from a given set of

initial conditions to a set of final conditions. If time were reversed at this point and

the integration were instead performed in reverse, then a scheme is considered time

symmetric if the final conditions of this second integration very closely match the

initial conditions of the first.

Given that the n-body equation of motion are time symmetric, it is perhaps under-

standable that integration methods that also respect this symmetry have long-term

solutions that are similar to the true trajectory (Hairer et al., 2002). Early works with

time symmetric integration (Kokubo et al., 1998; Kokubo and Makino, 2004) found

that time symmetric schemes exhibit long-term behaviour similar to that of the sym-

plectic schemes; here, the relative energy error contains no long-term drift but does

exhibit the short term fluctuations synonymous with symplectic integrators. To a sim-

ilar end as the symplectic shadow Hamiltonian, Hernandez and Bertschinger (2018)

developed modified differential equations as a means of quantifying the errors present

in a few particular time symmetric schemes. For integrations of the Hénon-Hieles

problem they also found no secular energy drift. Moreover, the JANUS integrator of

Rein and Tamayo (2018) achieves Brouwer’s law for long-term integrations of the

solar system including a modified potential approximation to general relativity.

There are many integration methods that are time symmetric over a single integration

step, e.g. the leapfrog and Hermite schemes (Nitadori and Makino, 2008; Kaplan and

Saygin, 2008; Kokubo et al., 1998), and also some variants of Runge-Kutta schemes

(Butcher et al., 2016). However, there is a deeper problem than ensuring symmetry

over a single step which is ensuring that the integrator step size is chosen in a time
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symmetric manner. Succinctly, in order for an integration to be time symmetric when

using an integrator that is time symmetric over a single step, evolving a system for-

ward in time to a set of final conditions must cause integration steps to be performed

at the same locations in time as if the final conditions were taken and then evolved

backwards in time. This condition is met for all fixed step size schemes but is not

generally the case for adaptive step size schemes. To see this, consider an arbitrary

step size function, τ, that depends upon the system state at a given time such that

dt0 = τ(z0) = τ0 where the subscript 0 indicates the start of an integration step.

It should be noted that although there are many options available for defining the

function τ (Makino, 1991) the particular choice is unimportant in the context of this

discussion on time symmetry. At the end of the integration step where t = 1, the time

step is given by dt1 = τ(z1) = τ1 and the integrator step size in the reverse time

direction will therefore differ from that of the forward time direction as it depends

upon the state at t = 1. Hut et al. (1995) proposed a straightforward solution to

this problem: the choice of time step must consider both values of dt. They proposed

selecting

dt1/2 =
τ0 +τ1

2
(2.19)

such that the choice of time step, dt1/2, is identical in both directions in time; the no-

tation dt1/2 indicates that the time step is time symmetrical. Therefore, the choice of

a time step has become implicit as it requires knowledge of the state of the system at

the end of a step, z1. Dehnen (2017) proposed a number of potential ways to address

this implicitness when using BTSSs, including extrapolating τ0 and implementing a

try and reject strategy that ensures the condition in Eq. (2.19) is met. Whilst these

method do in fact reduce the number of non-symmetric time step selections for BTSSs

they do not remove them completely. Moreover, several of the proposed solutions ne-

cessitate a smooth time step function which is not always the case when modelling

planetary systems, e.g. when close encounters are taking place. Therefore, the in-

ability for time symmetry to be applied to BTSSs means that the use of BTSSs is not

considered any further.

2.4 Quantifying integrator performance for solar sys-

tem dynamics

This chapter has laid out the considerable diversity in approaches to accurate compu-

tationally efficient long-term n-body integration in the context of solar system dynam-

ics. The benefits and drawbacks associated with each scheme have been presented in
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isolation such that their importance to the field can be appreciated. There are four

schemes that have been identified as being seminal: RADAU/IAS15, Bulirsch-Stoer,

WH mapping, and hybrid. Henceforth, the version of the WH map used is the im-

plementation in MERCURY and is referred to as the mixed variable symplectic (MVS)

scheme. All that remains to be done is to benchmark all of these schemes against

one another in the context of planetary dynamics modelling. High order symplec-

tic methods that incorporate symplectic correctors are also widely used; however, as

they are not suitable for modelling systems that will experience close encounters they

have been excluded from the following benchmarks. As per the introduction to this

chapter, there are three requirements for benchmarking planetary dynamics models,

these are:

1. Ensuring that solutions obtained remain accurate over the timescales required,

in solar system formation and stability studies typically 109 dynamical periods.

2. Ensuring that integrators can precisely model close encounters between objects.

3. Ensuring that such long duration simulations can be completed within the avail-

able computing time.

To compare the performance of each scheme in the context of the requirements above,

three experiments have been performed:

1. A short-term integration of the outer planets of the solar system across a range

of tolerances to understand the precision/computational cost trade-offs.

2. A long-term integration of the outer planets of the solar system to understand

the long-term error growth in conserved quantities.

3. A simulation containing close approaches between Earth-mass planets to discern

the performance in these challenging regions of phase space.

2.4.1 Short-term simulations of the outer planets of the solar sys-

tem.

In this experiment, the outer planets of the solar system are propagated using the

aforementioned integration schemes. The initial conditions of the planets are taken

from the NASA horizons (NASA, 2021) database and the simulation is run for a du-

ration of 103 Jupiter periods. Integrations are performed with each scheme across a
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Figure 2.7: Relative energy error against computational cost for simulations of the
outer planets of the solar system over 103 Jupiter orbital periods.

range of tolerances or step sizes. In the case of the fixed step size schemes, MVS and

hybrid, the steps chosen range from twenty to two hundred and fifty per Jupiter orbit,

where, in practice, twenty steps per orbit is a common use case (Lissauer and Gavino,

2021). Symplectic correctors are not used as they will later on preclude the study of

close encounters. The hybrid scheme tolerance for the non-symplectic portion of the

scheme is configured with a tolerance of 10−14. The variable step size schemes, IAS15

and Bulirsch-Stoer, are varied across a variety of tolerances such that solutions range

from highly inaccurate to the precision being dominated purely by round off error. In

the case of IAS15 this means to a maximum tolerance matching the recommended

operating value of 10−9.

Figure 2.7 shows the relative energy error against the runtime for this experiment.

Immediately, the difference between the symplectic and non-symplectic schemes are

apparent: the non-symplectic schemes are much more precise for a given runtime

over most of the tolerance range. As an example, for a runtime of 0.5 seconds, IAS15

is over a million times more precise in terms of energy conservation. Bulirsch-Stoer

also performs well on this short term integration reaching relative energy error levels

of 10−12 in runtimes that are roughly twice that of IAS15. For short term experiments
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of this kind, the symplectic schemes are most applicable to low precision integra-

tions, e.g. in the region where the runtime is below approximately 0.2. However, for

long-term integrations the step size required to ensure favourable error growth for

the entire duration of simulations must also be considered. In the symplectic cases,

the furthest left data point is generated by performing an integration using the rec-

ommended default step size for most simulations. Whereas, in the non-symplectic

cases, the furthest right data point is generated by performing an integration with

the recommended operating tolerance. In this context, the benefits of the symplectic

schemes can be seen: the computational cost per orbit is much smaller when long-

term energy error growth is to be considered. In the next section, I will consider

the final conservation levels achieved by these schemes using these default tolerances

for long-term simulations. Finally, to add a more practical context to the runtimes

with default settings, IAS15 will complete a billion-year integration of the outer so-

lar system in approximately a week on a moderately powerful workstation, whereas

the MVS scheme will take roughly a day to perform the same task. Both of these

timescales are potentially acceptable for performing simulations, however, the use of

a non-symplectic integrator needs to be justified accordingly.

2.4.2 Long-term simulations of the outer planets of the solar sys-

tem.

Figure 2.8 shows the results of long-term integrations of the outer planets of the solar

system over a period of 108 Jupiter orbits. Results are included for the four afore-

mentioned integration schemes, and two additional slopes are included indicating

optimal,
p

t, error growth and∝ t error growth in dashed red and dashed grey, re-

spectively. All schemes perform well, with a maximum relative energy error across all

integrators of approximately one part in a million. However, the way in which each

scheme reaches the final energy error is different for each family of schemes: the

symplectic schemes exhibit no long-term energy drift, whereas the non-symplectic

schemes do. The Bulirsch-Stoer scheme exhibits error growth ∝ t and arrives at a

final energy violation approximately two orders of magnitude below the two sym-

plectic schemes; however, as we saw previously, the computational cost for obtaining

this increased precision is an increase of a factor of ten. IAS15 can be seen to be the

best performer overall with an energy conservation a million times better than the

symplectic schemes and, as we also saw previously, with a superior runtime when

compared to the Bulirsch-Stoer scheme. Therefore, there appears to be little benefit
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Figure 2.8: Relative energy error against time for simulations of the outer planets of
the solar system over 108 Jupiter orbital periods. Both MVS and the hybrid scheme
take twenty steps per Jupiter orbit. IAS15 and Bulirsch-Stoer use tolerances of 10−9

and 10−15, respectively. The slopes show optimal error growth (
p

t) and∝ t error
growth in dashed red and dashed grey, respectively.

to using non-symplectic schemes that have a error growth ∝ t for long-term simu-

lations of solar system dynamics. However, if a non-symplectic scheme can be made

optimal in the sense that it follows Brouwer’s law, then there are great precision gains

to be made for long-term evolution of planetary systems compared to symplectic in-

tegration schemes.

2.4.3 The effects of planet-planet encounters on symplectically

obtained solutions

The next experiment forms the basis of an argument for the use of non-symplectic

schemes when modelling close encounters. This experiment is performed using a

three-planet system composed of Earth-mass planets orbiting a solar-mass star. Plan-

ets are on initially circular co-planar orbits and the innermost planet is placed at 1 AU.

The remaining two are given a semi-major axis such that the period ratio between

each adjacent planet is identical, and the initial longitudes are chosen according to

the golden ratio to avoid special configurations Smith and Lissauer (2009). The last
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(b) The top panel shows the relative energy error over time throughout the simulations for the integrators
indicated. The bottom panel shows the minimum distance between any two bodies over time.

Figure 2.9: Orbital diagrams, relative energy error and closest approach for simula-
tions of widely-spaced, co-planar, three-planet, Earth-mass systems orbiting a solar-

mass star over a period of one thousand orbital periods of the innermost planet.
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(b) The top panel shows the relative energy error over time throughout the simulations for the integrators
indicated. The bottom panel shows the minimum distance between any two bodies over time.

Figure 2.10: Orbital diagrams, relative energy error and closest approach for simula-
tions of closely-spaced, co-planar, three-planet, Earth-mass systems orbiting a solar-

mass star over a period of one thousand orbital periods of the innermost planet.
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parameter to consider is the particular value of period ratio between planets, and for

this experiment I have chosen two ratios. The first is 1.17 and leads to a system that is

stable for over a hundred million orbital periods (defined as two planets approaching

one another within one Hill radius); I refer to this configuration as the widely spaced

system. I refer to the second configuration as the closely spaced system, which has a

period ratio of adjacent planets of 1.06 and leads to a system that is only stable for a

few thousand orbits. These values of the adjacent period ratio are chosen such that

close encounters occur between planets at a minimum distance less than ten Hill radii

in the case of the closely spaced system and greater than ten Hill radii in the case of

the widely spaced system.

Figures 2.9 and 2.10 contain the results for the widely spaced and closely spaced

systems, respectively. First, let us consider the widely spaced system where Fig. 2.9b

shows the energy conservation during the integration for the four integration schemes.

Additionally, the bottom panel here shows the minimum distance between bodies in

the system and shows that no bodies come within 0.1 AU during the simulation. The

energy conservation for all schemes can be seen to be quite favourable despite the

clear divide between the symplectic and non-symplectic schemes. Finally, Fig 2.9a

shows the resulting orbital diagrams, which are all identical for the four integration

schemes. Furthermore, the initial and final positions are also marked on these di-

agrams, which shows that the final positions of the planets obtained are consistent

between all four integration schemes. Despite not knowing what the true final posi-

tions of the planets are overall, the fact that each of the schemes has converged to the

same solution gives confidence in its accuracy. Importantly, the fact that the symplec-

tic schemes obtain solutions similar to the non-symplectic schemes which are much

more precise by the metric of energy conservation, shows that they are highly capable

when bodies are well separated.

Next, let us consider the closely spaced system. Figure 2.10 shows that for this set

of initial conditions the closest approach is now approximately 0.05 AU, or roughly

5 Hill radii. Looking at the relative energy error plot, one can see little difference

compared to the widely spaced system. The upper limit on the truncation error for

the symplectic schemes is very slightly higher, but otherwise the behaviour is quali-

tatively identical. Figure 2.10a contains the orbital diagrams for the closely spaced

system obtained with each integrator. The energy conservation for all schemes leads

to the expectation that the orbital traces should look identical, and indeed they do.

Moreover, the final positions of the non-symplectic schemes are consistent with one

another, indicating the accuracy of the positions obtained. In contrast, the final posi-

tions of planets obtained by the symplectic integrators are not only different from the
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non-symplectic final positions but they are distinct from one another as well. Given

that the orbital geometry remains unchanged, there is only one possible reason for this

discrepancy in the final positions: during even moderate close encounters, the phase

of the planets being integrated is non-physically able to change. In general, the long

timescales of simulations compared to the e-folding timescale of planetary systems

means that the chaotic dynamics will cause a final position error comparable to the

phase change as a result of moderately close encounters (Hernandez et al., 2021).

However, there are cases where these phase changes are unacceptable, e.g. when

evolving the solar system to understand the probability of asteroid impacts with the

Earth. A second key area where they are unacceptable is when considering the time

taken for impacts between planetary bodies to occur. Rice et al. (2018) performed a

study of an array of exoplanet systems in the period of time after an instability event

leading up to a collision between planets. In this work, they recognised that hybrid

symplectic schemes are not adequate to capture the complex behaviour of planetary

systems in the presence of repeated close encounters between Neptune-mass bodies,

and they instead opted to use the Bulirsch-Stoer scheme to more accurately capture

the dynamics. In Chapter 5, I perform a similar study to that of Rice et al. (2018)

where, in accordance with the finding of this section, I have opted not to use a hybrid

symplectic scheme and instead use a bespoke non-symplectic model.
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Chapter 3

An interlude into multistep

collocation methods

The content of this chapter is based upon an article in preparation for submission to

the SIAM Journal of Scientific Computing. The authors of the article are Peter Bartram,

Hodei Urrutxua and Alexander Wittig. I am responsible for the vast majority of the work

in the article. However, the final choice of predictor and the analysis that led to this

design decision are both thanks to Hodei Urrutxua; this analysis is also included here for

completeness.

The title of this chapter was chosen to indicate that the work contained in it is some-

what tangential to the overall story told by this thesis. I use the word “somewhat”

as the original hope was that multistep collocation methods could be efficiently ap-

plied to problems in exoplanet science. During our analysis, we discovered that these

methods are best applied to problems that are globally stiff which, unfortunately,

does not include the dynamics of planetary systems. As a result, MCM are unable

to compete with other available methods in terms of run time, despite being able to

obtain precise solutions to planetary motion. However, the analysis of these methods

as applied to other problems is very interesting in its own right and therefore I have

chosen to devote this chapter to presenting the findings. The integration technique

that I ultimately used for modelling exoplanet dynamics can be found by proceeding

to Chapter 4.
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3.1 Background

Differential equations are ubiquitous in the description of physical phenomena and

are not just limited to the planetary n-body problem. Their use across myriad fields

is responsible for motivating a perpetual search for ever more accurate and efficient

algorithms. Chapter 2 showed that one potential method for ensuring accurate solu-

tions is the use of high-order methods, with a 15th order scheme being particularly

effective for two key reasons. Firstly, schemes of this nature are of a low enough order

that the step size required is still a fraction of the dynamic timescale of orbital motion

problems. Secondly, a high order method ensures that the number of steps taken per

orbit is kept to a minimum which therefore reduces the effects of round off errors.

To illustrate how schemes of roughly 15th order address these two points, consider a

two-body problem with an orbital period of 1 in some units. If an integration step is

performed with a step size ht r ial = 1 and the relative energy error, εt r ial , obtained is

roughly of order unity then it is straightforward to determine what the error would

be for a repeated integration step performed with a smaller step size hnew = 0.1. In

this case, the relative energy error, εnew after a single step of magnitude hnew is

εnew = εt r ial

�

hnew

ht r ial

�15

= 1×10−15 ≈ εmachine. (3.1)

Therefore, for methods of roughly 15th order it is possible to reach machine precision

by increasing the number of steps taken by only an order of magnitude thereby helping

to minimise round off errors. These potential benefits have therefore prompted the

analysis in this chapter into multistep collocation methods which allow for a richness

of high-order schemes to be created.

All integration methods necessitate procurement of information about the behaviour

of the differential equation in the nearby region of phase space. Typically, there

are two information sources that can be exploited to obtain this information: firstly,

through calculating higher order derivatives of the differential equation, or, secondly,

one can probe the right-hand-side of the differential equation in the nearby region

of phase space; this chapter focuses on the latter source of information. In this case,

there are two main approaches:

1. Multistage methods perform evaluations of the right-hand-side within the cur-

rent integration step.

2. Multistep methods use information from past solution points to inform the fu-

ture behaviour.
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Typically, schemes draw information from only one of these two sources. For example,

Runge-Kutta schemes are purely multistage whereas the Adams-Bashforth scheme is

purely multistep. A logical question is therefore: is it possible to combine these two

sources of information in such a way as to create a scheme that can benefit from the

advantages of each family of schemes?

General Linear Methods is the name given to the formalism under which these blended

schemes fall, and it should be noted that this class is general enough to include purely

multistage and purely multistep methods as well (Hairer and Wanner, 1991). A par-

ticular family of schemes that fall under this umbrella are known as the Multistep

Collocation Methods (MCM). These methods are highly general as information can

be utilised from any number of past solution points and with any number of inter-step

evaluations of the right-hand-side. Therefore, these schemes can conceptually be seen

as being composed of two parts: an explicit multi-step method and an implicit multi-

stage Runge-Kutta method. Moreover, Radau spacings introduced in Chapter 2 en-

able MCM integration methods to be created that are of the order (2s+ k−2) where

k is the number of past solution points considered and s is the number of inter-step

evaluations of the right-hand-side made (Lie and Norsett, 1989). In addition to the

favourable order properties, MCM integration methods also possess interesting sta-

bility properties making them particularly applicable to “stiff” problems. Specifically,

MCM methods allow for past solution points to be used to increase the overall order

of the scheme while still retaining the excellent stability properties of implicit Runge-

Kutta methods. Each combination of k− s pairing leads to a method with a distinct

stability domain and computational performance metrics.

Despite all of the factors in their favour, integrators based upon MCM seem to remain

of little practical interest to the broader community. The diversity owing to the degrees

of freedom in the configuration space appears to have been overlooked, despite the

versatility it offers. In the literature, only the case for s = 3 with variable k appears to

have been investigated as an archetypal example of this family of methods (Hairer and

Wanner, 1991). No evidence was found of any study that systematically considered

other configurations. The work in this chapter attempts to fill this gap by exploring

the k-s parameter space of Radau type MCM integration schemes. In particular, it

considers how the performance varies for different configurations, and works to iden-

tify the causes for such variations. Heatmaps and integrator performance curves are

used in the analysis, and conclusions are drawn from different performance metrics.

In particular, it is found that the predictor has a notable impact on the performance

of high-order MCM.
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This rest of the chapter is structured as follows: Section 3.2 introduces preliminary

concepts on collocation methods, so that a comprehensive derivation of MCM can be

addressed in Section 3.3. Section 3.4 presents a dedicated discussion on the key prac-

tical issue of solving the implicit part of the integration method. Section 3.3.3 presents

the absolute stability domains of these methods. In Section 3.5 test problems are pre-

sented (both stiff and non-stiff) for the sake of performing numerical experiments;

technical and procedural aspects are clarified for the sake of reproducibility; analysis

tools are presented and results are analysed. Finally, the findings are summarised in

Section 3.6.

3.2 Preliminaries on collocation methods

The following initial value problem (IVP) is considered

dy
dx

= f (x , y), y(x0) = y0 (3.2)

where the function f depends, in a more general case, on both the independent in-

tegration variable, x , as well as the solution y(x). When the IVP needs to be solved

numerically, the solution y(x) is an approximate solution to the differential equation

at every discrete value of the variable x .

It is during the two decades following the publication of Radau’s memoirs (Radau,

1880) that the celebrated Runge-Kutta (RK) numerical integration processes were

developed. These methods yield families of integrators, both implicit and explicit, and

also of varying orders, all of which can be characterised by two governing equations,

namely:

gi = yn + h
s
∑

j=1

ai j f (xn + cih, g j), i = 1,2, ..., s

yn+1 = yn + h
s
∑

i=1

bi f (xn + cih, gi)

where yn is the solution at the integration step xn, h is hereafter referred to as the

stepsize, and the two sets of coefficients ai j and bi define a particular instance of RK

integrator. The standard method of representing the ai j and bi values is the Butcher’s

tableau, popularised by its namesake (Butcher, 1996). Also, a property of RK methods
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is that coefficients ci satisfy

ci =
s
∑

j=1

ai j, i = 1,2, ..., s. (3.3)

Coefficients ai j and bi are normally determined by imposing order conditions, which

yields nonlinear algebraic relationships that can then be solved to provide families

of values of the aforementioned coefficients (Butcher, 2008); once these are known,

Eq. (3.3) explicitly leads to the locations at which to sample the right-hand side func-

tion f (x , y). This would seem to preclude benefiting from the increased order of a

method through the selection of ci coefficients using Radau spacings; however, the

process of finding ci from ai j as per Eq. (3.3) can be reversed for an implicit Runge-

Kutta (IRK) scheme when Radau spacings are used. By selecting c0, ..., cs in accor-

dance with Radau quadrature nodes, it is then possible to compute the corresponding

ai j and bi coefficients from the following equations (Hairer and Wanner, 1999):

ai j =

∫ ci

0

s
∏

k=1
k 6= j

(t − ck)

(c j − ck)
dt, b j =

∫ 1

0

s
∏

k=1
k 6= j

(t − ck)

(c j − ck)
dt, i, j = 1, 2, ..., s.

Here, the coefficients can be determined so readily because Radau spacings allow

for this IRK method to be expressed as a collocation method. This technique of pre-

selecting the sampling locations and then building the integration method around

these prescribed spacings is applied to multistep methods in the following section.

3.3 Multistep collocation methods (MCM)

Collocation methods are used consistently in numerical analysis and involve the de-

termination of a polynomial u(x) of degree s whose derivative u′(x) coincides at s

points with the vector field of the differential equation within a given interval. The

derivative is said to "co-locate" with the differential equation vector field. The fact

that u′(x) matches the vector field of the differential equation up to order s means

that, at the sampling locations, the shape of the u(x) matches that of the integral of

the differential equation; when this is combined with a known initial value for y , it

becomes possible to accurately approximate the solution of the IVP (Eq. (3.2)). The

idea of a MCM is that of not only matching the vector field within the current step,

but also matching the solution at past integration steps, thus yielding a higher-order

numerical integration method.
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Let s represent the number of stages, and let k represent the number of previous

steps to use. Then, let s real coefficients ci ∈ [0,1] be specified for i = 1, ..., s, and k

previous solution values yn, yn−1, .., yn−k+1 be known. The collocation polynomial is

then defined as

u(x j) = y j j = n− k+ 1, ..., n (3.4)

u′(xn + ci h) = f (xn + ci h, u(xn + ci h)) i = 1, ..., s (3.5)

where u(x) coincides with the approximate solution y j at the previous integration

steps, and whose derivative u′(x) coincides with the vector field f (x , y) at s points

within the interval [xn, xn + h]. The numerical solution at the new step is then ob-

tained by evaluating the collocation polynomial at xn+1 = xn + h, namely yn+1 =

u(xn+1).
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Figure 3.1: Collocation polynomial. Solution points are indicated by yi . Collo-
cation points are marked as Ci . The independent variable is X i , and t i is a non-

dimensionalised version of this.

For ease of notation, the dimensionless coordinate t = (x − xn)/h, can be introduced,

so that t ∈ [0, 1] represents values within the current stepsize, and previous steps

correspond to non-positive values of t. By doing so, x = xn + t h, and in the case of

fixed-stepsize, t takes integer values at the previous k steps, namely tk = 0, tk−1 =

−1, ..., t1 = −k+ 1. The collocation strategy is illustrated in Fig. 3.1.

3.3.1 Radau spacings

As was shown previously, the sampling locations of a quadrature technique have a

profound impact on the overall precision of the method; this subsection looks at how

this principle can be extended for use within a MCM.
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According to (Lie and Norsett, 1989), it is possible to construct General Linear Meth-

ods (GLM) of order p = 2s+ k−2 that are “stiffly stable” so long as the value of cs = 1

is fixed, and the other sampling locations c1, ..., cs−1 are chosen optimally. Given any

prescribed set of stages, it is possible to define the fundamental interpolating poly-

nomials χi(t), i = 1, ..., s, which vanish at every previous step and all but one stage

sampling locations, namely:

χi(t j) = 0, j = 1, ..., k, χi(c j) =







1 if i = j

0 if i 6= j
j = 1, ..., s (3.6)

These sampling locations will only be optimal (i.e. the order of the MCM will be

maximised) so long as the fundamental interpolating polynomials also satisfy the fol-

lowing additional condition (Hairer and Wanner, 1991, p. 294):

χ ′i (c j) = 0, j = 1, ..., s. (3.7)

These fundamental interpolating polynomials take the following form

χi(t) = Ki

k
∏

j=1

(t − t j)
s
∏

j=1
j 6=i

(t − c j)
2, i = 1, ..., s (3.8)

where Ki are determined from χi(ci) = 1. Hence, polynomials χi(t) readily satisfy

the conditions of Eq. (3.6) for any set coefficients ci. Enforcing that they also sat-

isfy Eq. (3.7) yields a system of equations whose solution defines the optimal stage

sampling locations for any MCM configuration of k steps and s stages:

k
∑

j=1

1
ci − t j

+
s
∑

j=1
j 6=i

2
ci − c j

= 0, i = 1,2, ..., s−1.

This system needs to be solved numerically for c1, ..., cs−1. This yields many potential

solutions, most of which lead to unstable MCM constructions (Hairer and Wanner,

1991, p. 294). In order to prevent this, it is necessary to choose the spacings such

that 0 < c1 < . . . < cs−1 < 1. In practice, a set of regularly-spaced stage locations

provides a good initial guess for an iterative root-finding procedure.
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3.3.2 Integrator coefficients

If the derivatives of the collocation polynomial u(x) are known, then Eqs. (3.4-3.5)

make up a Hermite interpolation with missing data, where the solution values u(xn +

ci h) are unknown; thus, the generic Hermite interpolation formulas cannot be ap-

plied. Instead, an ad-hoc approach is taken that can be regarded as a generalized

Lagrange interpolation, which requires two sets of fundamental interpolating polyno-

mials: the polynomialsψi(t) incorporate data from the vector field of the differential

equation within the current step, while vanishing at the previous step locations; on

the contrary, the polynomials φi(t) account for the previous steps data without inter-

fering with the collocation of the vector field at the stage locations (Schneider, 1994).

Hence, these polynomials must fulfill the following properties:

ψi(t j) = 0, j = 1, ..., k; ψ′i(c j) = δi j, j = 1, ..., s; (3.9)

φi(t j) = δi j, j = 1, ..., k; φ′i(c j) = 0, j = 1, ..., s; (3.10)

where δi j is the Kronecker delta. These fundamental interpolating polynomials allow

the collocation polynomial u(x) to be described by

u(xn + th) =
k
∑

j=1

φ j(t) yn−k+ j + h
s
∑

j=1

ψ j(t) f
�

xn + c jh, u(xn + c j h)
�

(3.11)

The latter equation can readily be used to describe a MCM. Indeed, by evaluating

Eq. (3.11) at the stage locations, t = ci, and renaming u(xn + ci h) as gi yields the

following implicit system:

gi =
k
∑

j=1

φ j(ci) yn−k+ j + h
s
∑

j=1

ψ j(ci) f (xn + c jh, g j), i = 1, 2, ..., s

The latter equation is often written in the more usual form (Hairer and Wanner, 1991,

p. 292)

gi =
k
∑

j=1

ai j yn−k+ j + h
s
∑

j=1

bi j f (xn + c jh, g j), i = 1,2, ..., s (3.12)

with coefficients defined in terms of the fundamental interpolating polynomials as

ai j = φ j(ci) and bi j =ψ j(ci). Hence, the solution at the new step is readily obtained
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by evaluating the collocation polynomial at t = cs = 1, namely

yn+1 = gs =
k
∑

j=1

as j yn−k+ j + h
s
∑

j=1

bs j f (xn + h, g j)

Note that the particular case k = 1 yields IRK methods of type Radau IIA, whereas

s = 1 results in BDF multistep methods.

According to Schneider (1993, p. 334) the MCM is guaranteed to have order 2s+ k−2

and stage order k+ s−1 as long as the coefficients ai j and bi j satisfy1:

k
∑

j=1

ai j = 1 and
k
∑

j=1

ai j
( j− k)l+1

l + 1
+

s
∑

j=1

bi j c l
j =

c(l+1)
i

(l + 1)
(3.13)

for l = 0, ..., (k + s − 2) and i = 1, ..., s. The system formed by Eqs. (3.13) must

be solved numerically. Note, however, that the system is decoupled in the i index,

and thus not all the coefficients need to be solved at once, but instead the matrices

representing the ai j and bi j coefficients can be computed one row at a time; this

approach implies solving s non-dimensional systems of dimension k+ s−1.

An alternative approach, perhaps more direct, to compute the integrator coefficients

would be making use of the collocation polynomials. Indeed, once the stage sam-

pling locations ci are known, each of the collocation polynomials φ(t) and ψ(t) can

be computed as an Hermite interpolation with incomplete data by imposing the con-

ditions of Eqs. (3.9-3.10), respectively. Then, as previously indicated, evaluation of

these polynomials at each node readily provides the coefficients ai j = φ j(ci) and

bi j = ψ j(ci). The convenience of this approach is that Hermite interpolation with

incomplete data is a linear problem, and thus the calculation of the integrator poly-

nomials is attained by solving k+ s linear systems, one per collocation polynomial. It

must be noted though, that for higher-order MCM instances, the calculation of the col-

location polynomials yields linear system matrices that are increasingly ill-conditioned

from a numerical viewpoint; likewise, the numerical solution of Eq. (3.13) is increas-

ingly inaccurate for the computation of higher-order MCM instances, as the dimen-

sionality of the non-linear system increases. This difficulty in the numerical calcu-

lation of the coefficients, if not treated carefully, may lead to a degradation of the

performance of higher-order MCM instances. To avoid this, precalculation of coeffi-

cients with extended precision arithmetic may be advisable.

1Note that Eq. (3.13) corrects a typo in Lemma 2.1 of Schneider (1993).
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Alternatively, calculation of the integrator coefficients can also be approached analyt-

ically, as in Lie and Norsett (1989), where an analytical procedure for constructing

multistep collocation methods is presented. Although somewhat involved, this ap-

proach may be desirable for the construction of higher-order methods, as it enables

an accurate calculation of the coefficients.

The integrator coefficients only need to be solved once, so they can be hardcoded in

the computer implementation. Note that, for an adaptive order integration scheme,

the precalculation of coefficients for all expected orders would be necessary. Table 3.1

contains the coefficients for a particular instance of MCM that is used in later sections,

which the reader may find useful for validation purposes.

Table 3.1: Coefficients for a Radau MCM with k = 8 and s = 2.

a11 = −8.559162×10−4 a12 = 9.090412×10−3 a13 = −4.426918×10−2

a14 = 1.315548×10−1 a15 = −2.696423×10−1 a16 = 4.170510×10−1

a17 = −5.631619×10−1 a18 = 1.320233×10−0 a21 = −8.117411×10−5

a22 = 9.879496×10−4 a23 = −5.633373×10−3 a24 = 2.019115×10−2

a25 = −5.212941×10−2 a26 = 1.089007×10−1 a27 = −2.264666×10−1

a28 = 1.154231×10−0

b11 = 3.483501×10−1 b12 = −2.951588×10−2 b21 = 7.446506×10−1

b22 = 1.482532×10−1

c1 = 5.033967×10−1 c2 = 1.000000×10−0

3.3.3 Stability

Radau-based MCM methods enjoy remarkable stability properties. The analysis of

their stability is performed following Schneider (1993) and results are extended to

higher values of s. Figure 3.2 shows the absolute stability domain diagrams for vari-

ous k-s configurations. Integrations are said to be stable if each eigenvalue, λi, of the

system of differential equations being integrated multiplied by the step size, h, fall

outside of the stability boundary in these plots. The real component of each eigen-

value is shown along the x-axis and the imaginary component is shown along the

y-axis.

Instances with s = 1 yield BDF methods, which are known to be zero-stable only for

k ≤ 6, A-stable only for k = 1, and A(α)-stable otherwise, with α rapidly decreasing

with k. Instances with s = 2 also exhibit a degrading A(α) stability for increasing

k. However, for s > 2 these methods posses excellent stability properties and remain
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A(α)-stable (with a very slowly decaying α) up to very high values of k.2 Stability

properties improve for higher values of s, as such configurations inherit features of

IRK methods. In particular, methods for k = 1 (IRK methods of type Radau IIA)

are A-stable for any value of s. Interestingly, methods with k = 2 seem to remain

A-stable for very high values of s before eventually becoming A(α)-stable.3 Table 3.2

provides the value ofα for various MCM configurations. As mentioned before, because

cs = 1, these methods are also stiffly stable in the sense of Gear, which makes them

appropriate for stiff problems.

Table 3.2: Stability measure α for various MCM configuration.

k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8
s = 1 90◦ 90◦ 86.033◦ 73.353◦ 51.851◦ 17.852◦

s = 2 90◦ 90◦ 88.188◦ 82.770◦ 74.283◦ 61.711◦ 40.875◦ 14.983◦

s = 3 90◦ 90◦ 89.726◦ 88.805◦ 87.656◦ 86.454◦ 85.237◦ 83.987◦

s = 4 90◦ 90◦ 89.964◦ 89.775◦ 89.506◦ 89.204◦ 88.887◦ 88.562◦

s = 5 90◦ 90◦ 89.995◦ 89.944◦ 89.832◦ 89.667◦ 89.458◦ 89.216◦

s = 6 90◦ 90◦ 89.999◦ 89.983◦ 89.927◦ 89.821◦ 89.665◦ 89.471◦

3.4 Implementation

This Section addresses particular aspects related to the numerical implementation of

an MCM integrator and presents guidelines and recommendations on how to proceed

for coding specific features.

3.4.1 Solution of the implicit system

For a complete implementation of the integration scheme an effective procedure needs

to be devised for solving the implicit part of the integrator. First, Eq. (3.2) needs to

be extended to the computation of multivariate ODEs; using vector notation, Eq. (3.2)

generalises to a system of first-order ODEs, where bold symbols represent m-dimensional

vectors:
dy
dx

= f(x ,y), y(x0) = y0. (3.14)

Throughout this discussion bold symbols represent column vectors.

2Schneider (1993) reports stability at the origin for up to k = 28 when s = 3 (a method of order
32), and we have confirmed these stability properties hold even far beyond.

3We tested numerically that up to s = 15 the methods remain A-stable within double precision.
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(a) s = 1 (b) s = 2

(c) s = 3 (d) s = 4

(e) s = 5 (f) s = 6

Figure 3.2: Stability domain diagrams for the configurations s = 1, ..., 6 and k =
1, ..., 8. The units are eigenvalue of the system of differential equations being inte-
grated, λ, multiplied by the step size taken, h. The real component of the eigenvalue
is shown along the x-axis and the imaginary component is shown along the y-axis.
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In vector form, the collocation polynomial, gi, is given by

gi =
k
∑

j=1

ai j yn−k+ j + h
s
∑

j=1

bi j f(xn + c jh,g j), i = 1,2, ..., s.

Since the multistep part of the MCM is explicit, defining the following quantity

wi =
k
∑

j=1

ai jyn−k+ j, i = 1, ..., s

allows one to conveniently rewrite Eq. (3.12) in terms of a new variable zi ≡ gi −wi

that represents the implicit part of the system and helps to reduce the number of

variables being worked with while allowing to iterate only on the variable zi (Hairer

and Wanner, 1991, p. 128):

zi = h
s
∑

j=1

bi j f(xn + c jh,w j + z j), i = 1, ..., s. (3.15)

At this point, it is convenient to define the following higher dimensional vectors, which

arrange the variables wi and zi in (ms)-dimensional column vectors, such that

W =







w1
...

ws






, Z =







z1
...

zs






.

where, the first m components of W are the components of w1, and likewise for

Z. Similarly, the function evaluations of the right-hand side of Eq. (3.15) can be

accommodated in the following (ms)-dimensional column vector:

F(Z) =







f(xn + c1h,w1 + z1)
...

f(xn + csh,ws + zs)






.

This allows for the system of ODEs to be compactly expressed using the Kronecker

product notation

Z = h (b⊗ Im,m)F(Z) (3.16)

where Im,m is an m×m identity matrix. It is now possible to solve this system for

Z by application of Newton’s method, which at every iteration, `, yields an updated
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approximation

Z`+1 = Z`+ ´Z`

These corrections ´Z` are obtained from solving the following linear system:

�

Ims,ms −h (b⊗ J)
�

´Z` = h (b⊗ Im,m)F(Z`)−Z` (3.17)

where J stands for the Jacobian of the ODE system. Its calculation might be computa-

tionally costly, so simplified Newton iterations are often used, making use of a single

Jacobian evaluated at the beginning of the integration step, i.e.

J =
∂

∂ y
f(xn,yn).

It has to be noted that the matrix
�

Ims,ms −h (b⊗ J)
�

in Eq. (3.17) is known to posses a

very special structure, which can be exploited in various ways to reduce considerably

the number of calculations required to solve the linear system (Butcher, 1976). Note

that in Schneider (1993) a MCM with s = 3 is developed on the basis that this is the

smallest value of s where these techniques offer an actual gain. Alternative approaches

may include transforming the matrix to Hessenberg form or exploiting the intrinsic

sparsity of the matrix. In all these cases, the actual workload ultimately depends on

the efficiency of the utilised linear algebra routines, specially for higher-dimensional

problems, where the matrices become large and a carefully implemented algebra may

offer a considerable speed-up.

The convergence criterion to stop the Newton iterations is essential from an efficiency

viewpoint. The convergence criterion used in our implementation mimics that used

in the RADAU code4 and described in Hairer and Wanner (1991, p. 130, 192), and

Press et al. (2007, p. 913). One key aspect is the estimation of the convergence rate

||´Z`||/ ||´Z`−1|| that monitors the quality of the convergence. This allows one to

reduce the computation cost by updating the Jacobian only when the convergence

rate exceeds a prescribed value (we chose 10−3) and allows the same Jacobian to be

reused in successive steps. Analytical Jacobians were used throughout the numerical

experiments in this chapter.

4Code available from http://www.unige.ch/~hairer/software.html

http://www.unige.ch/~hairer/software.html
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3.4.2 Dense output

A fixed-stepsize numerical integration method provides the solution to the IVP of

Eq. (3.14) at every step. However, the solution is often needed at specific values

of x that are not necessarily multiples of the stepsize. Hence, it is desirable that in-

tegrators have the ability to provide a dense output. This is achieved by computing,

along with the solution at every step, an interpolation polynomial that approximates

the actual solution, y(x), as closely as possible. Since MCM are collocation methods,

they naturally possess an interpolating polynomial, u(x), given by Eq. (3.11) in scalar

form, or in multivariate form as

u(xn + t h) =
k
∑

j=1

φ j(t) yn−k+ j + h
s
∑

j=1

ψ j(t) f
�

xn + c jh,g j)
�

, (3.18)

which solely depends on the values g j, which are known once the linear system of

Eq. (3.16) is solved, and the fundamental interpolating polynomialsφ j(t) andψ j(t).

The collocation polynomial can be evaluated at any value of t ∈ [−k+ 1,1], where it

is accurate to order 2 s+ k−2.

Interestingly, and although the collocation polynomial readily provides the optimal in-

terpolation for a given MCM, other (suboptimal) interpolators can also be proposed,

which, occasionally, might turn out useful. In particular, note that at every integra-

tion step not only past values of the solution are available, but also their derivatives,

f(x ,y); similarly, once the linear system is solved, the solution is known at every stage,

g j, and so are their derivatives, f(xn + c j h,g j). Thus, all this information can be used

and combined as needed to obtain a Hermite interpolating polynomial. However, al-

though it is tempting to believe that this might allow for a higher-order interpolation,

one must not lose from sight that the above data is intrinsically redundant; there-

fore, any interpolating polynomial of an order higher than the collocation polynomial

will overfit the solution, whereas a lower-order interpolation will of course be less

accurate. This is analysed in Section 3.5.5.

Solving the linear system (3.16) requires an initial guess for Z0
n+1 to be used at the

first iteration. Z0
n+1 = 0 can be taken in the absence of a better guess, but one can

do much better by using the collocation polynomial as a predictor (note this involves

extrapolation outside the collocation domain), i.e.

Z0
n+1 = [u(xn+1 + c1 h), ...,u(xn+1 + cs h)]>
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This point is particularly relevant for high-s configurations, since these allow larger

stepsizes, which yield linear systems that are more difficult to solve. Also, providing

an accurate initial guess reduces the convergence times and greatly impacts the over-

all efficiency of the scheme, as will be discussed in Section 3.5.5. It must be noted

that this strategy for predicting the initial guess is distinct from the one proposed in

Schneider (1993), which is specific to s = 3 and proved unsuitable for other configu-

rations, especially those yielding high-order schemes.

3.5 Numerical experiments

The flexibility of MCM allows for integration schemes of different configurations (i.e.

k and s combinations) to be created. This section presents the results of a series of

numerical experiments designed to compare the performance across a wide parameter

space of integrator configurations. Such that a fair comparison can be made of the

intrinsic merits of MCM, fixed stepsize is used throughout all following experiments,

thus removing the effects of adaptive strategies. After introducing the test problems,

the experimental setup and other considerations are described, and finally the results

are discussed and analysed.

3.5.1 Test problems

Three systems of ODEs have been chosen for use in this comparison: the Lorenz at-

tractor, the Prothero-Robinson problem, and a forced Van der Pol oscillator. The first

is particularly interesting due to its chaoticity, whereas the latter two pose a challenge

to integration schemes due to their stiffness.

The Lorenz attractor

Represents a low dimensionality, low stiffness problem, which instead offers chal-

lenges to integration schemes due to its chaotic nature. The system is defined as

du
dt

=
d
dt







x

y

z






=







−σx +σy

−x z + r x − y

x y − b z






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where the parameters b = 8/3, σ = 10 and r = 28 have been selected. The initial

conditions are chosen as per Hairer et al. (1987, p. 120), namely u0 = [−8, 8,27]>

and the integration interval is t ∈ [0,5].

The Prothero-Robinson problem

Represents a low dimensionality, high stiffness problem (condition number on the

order of 100,000), defined as (Constantinescu and Sandu, 2013)

du
dt

=
d
dt

�

x(t)

y(t)

�

=

�

Γ ε

ε −1

�











−1+ x2− cos(t)
2 x

−2+ y2− cos(ω t)
2 y











−











sin(t)
2 x

ω sin(ω t)
2 y











where Γ = −2 × 105, ω = 20, ε = 0.5 and is always integrated across the interval

t = [−3, 3]. The analytical solution to this problem is known.

The Van der Pol oscillator

A Van der Pol oscillator with sinusoidal forcing is proposed as another example of a

stiff problem, defined as

d2 y
dt
−ν(1− y2)

dy
dt

+ν y = A sin (ω t)

with ν = 8.5, A = 5 and ω = π/50. The initial conditions are y(0) = 2, y ′(0) =

−0.66, and the integration interval is t ∈ [0, 200].

3.5.2 Experimental setup

In order to perform numerical experiments with the aforementioned problems, a few

other considerations need to be taken into account.
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Error calculation

As a proxy for the precision of the numerical solution, the average error across the

whole integration domain is used, according to

E =
1

m n

n
∑

i=0

m
∑

j=0

�

�

�ui j −u∗i j

�

�

�

where j runs across each of the m ODEs of the system, i accesses all n solution points

within the domain, and u∗i j are obtained from the true solution. Where no exact

solution exists, a high precision set of values for u∗i j is generated numerically using

higher-order methods with adaptive stepsize and more stringent tolerances.

Total evaluation cost

The metric used throughout this work for the Total Evaluation Cost (TEC) of the inte-

gration methods combines the number of ODE right-hand side evaluations, Fcalls,

and the Jacobian evaluations, Jcalls, which are scaled to be described in terms of

the cost of a single function evaluation, i.e.

TEC= Fcalls+ Jcalls× Cscale,

where Cscale is a scaling cost dependent on the specific problem. In particular, Cscale = 2

for the Prothero-Robinson problem and Cscale = 1 for the other problems.

Comparison with other methods

As a baseline for comparison and validation, the RADAU9 (Hairer and Wanner, 1999)

code will be used, as in the case k = 1 MCM methods reduce to be of an identical

nature. This routine is available online in Fortran code, and it has been purposely

modified for this article so that a fixed-stepsize integration can be enforced to allow

a direct comparison with MCM instances in equal conditions.

3.5.3 General comparison of MCM configurations

Figure 3.3 contains heatmaps for the Loretz problem. Heatmaps are a natural and

effective way of displaying various performance metrics for different configurations
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Figure 3.3: Integrator performance in the Lorenz problem for various MCM configu-
rations for an upper error bound of 10−8. The colour map excludes methods of order

lower than 3, and non zero-stable BDF methods are removed.

of MCM, i.e. different choices of k and s. Here, each location corresponds to an

integration performed using a particular k-s pairing. Heatmaps are generated using

a step size that, for each configuration, is determined by dividing the integration

domain by the smallest integer divisor that ensures the integration error is below a

prescribed threshold (specified in the figure captions). Therefore, the same accuracy

is uniformly obtained across all configurations, enabling a direct comparison of their

computational cost. For the sake of brevity and concision, this analysis focuses only on

the results from the Lorenz problem, although the reported behaviour is consistently

mirrored across the other test problems, as per Figs. 3.4 and 3.5.

Figure 3.3a clearly shows that the overall performance of a MCM instance is highly de-

pendent upon the particular configuration used. As expected, for a prescribed upper
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Figure 3.4: Integrator performance in the Prothero-Robinson problem for various
MCM configurations with an upper error bound of 10−11. The colour map excludes

methods of order lower than 3, and non zero-stable BDF methods are removed

error bound, low-order schemes (bottom left corner) are computationally less effi-

cient compared to high-order schemes (upper right corner). The heatmap also shows

a relatively smooth transition across adjacent configurations, meaning that the perfor-

mance improves as the order is raised by either moving along columns (increasing k)

or along rows (increasing s). However, upon closer inspection, certain configurations

stand out for offering a higher performance than their neighbouring configurations.

For instance, for the case where s = 4, the particular value of k = 2 seems to perform

better than k = 3 despite having a lower order, and the same occurs for k = 4. It

is worth noting that k = 2 outperforming k = 3 seems to be a recurring feature for

configurations with s ¾ 3, which was observed in many test problems studied, both

stiff and non-stiff, with the exception of the Van der Pol oscillator. The existence of

such “sweet spots” or configurations that seemingly work particularly well for a given
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Figure 3.5: Integrator performance in the Van der Pol oscillator for various MCM
configurations with an upper error bound of 10−11. The colour map excludes methods

of order lower than 4, and non zero-stable BDF methods are removed

problem, might be of great importance for repetitive tasks where the same problem

may need to be integrated over and over again, as for a Monte Carlo analysis, or

problems that need to be routinely performed on a regular basis. These particular

configurations seem to benefit from a reduced number of steps and thus fewer Jaco-

bian evaluations (Jcalls).

Of all of these heatmaps, the number of Jacobian evaluations (Jcalls), shown in

Fig. 3.3c, is the one that exhibits the richest structure, which is a direct consequence

of two competing factors. On the one hand, raising k contributes to increasing the

order of the MCM, and this in turn allows larger stepsizes to be taken (Fig. 3.3i)

without incurring any additional computational cost. Nor is there added overhead

from a linear algebra point of view, since there is no increase in the dimensionality of

the implicit part of the MCM, and the cost of solving Eq. (3.16) is, therefore, roughly
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independent of k, as can be seen from the average number of Newton iterations per

step Fig. 3.3h.

On the other hand, as the value of s increases, MCM instances inherit more features of

multi-stage methods which also allow for increasingly larger stepsizes for a prescribed

accuracy. However, increasing s also raises the dimensionality of the implicit part of

the MCM, which is of dimension ms, and because root-finding is more difficult in

higher dimensions, this entails two main consequences:

1. an increase in the number of Newton iterations per step necessary to achieve

convergence (Fig. 3.3h),

2. that the Jacobian needs to be updated more often (Fig. 3.3f).

From these two competing factors, the former dominates for low s, thus exhibiting

a reduction of Jcalls as k increases, and the latter becomes dominant as s raises,

thus making Jcalls nearly invariant with k, as illustrated in Fig. 3.3c. A conse-

quence of this strong variability of Jcalls makes this a very important consideration

when choosing an adequate configuration for a particular problem, especially when

the computational cost is driven by Jacobian evaluations, as is the case for large sys-

tems with a fully dense Jacobian, even more so when it needs to be numerically com-

puted and function evaluations are expensive. In these cases, Cscale ≈ m, and thus

TEC≈ Jcalls, meaning that the heatmap for TEC will closely match that of Jcalls,

so choosing a configuration that minimises Jacobian evaluations may be critical. Ad-

ditionally, as discussed in Section 3.3.3, increasing k has a direct impact upon the

stability properties of the methods, particularly for the case s = 2, which suffers from

an acute degradation of the A(α)-stability, so the use of such configurations must be

carefully considered for each specific problem.

Another noteworthy appreciation to be made is that single-step configurations sys-

tematically improve their performance when information from previous steps (which

is available for free) is incorporated; this highlights that Radau-based IRK methods,

which are highly esteemed for their high efficiency, could greatly benefit from a mul-

tistep implementation. Again, this performance improvement is an immediate con-

sequence of larger stepsizes being possible while avoiding the added computational

overhead associated with configurations comprising more stages.

These findings and conclusions were mirrored across all three of the problems tested,

as can be seen in Figs. 3.4 and 3.5, where the best performing configurations are con-

sistent for all three cases. Finally, it must be noted that instances with the highest
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Figure 3.6: Results of Figure 3.3 (Lorenz problem) grouped in MCM configurations
of equal order.

values of s and k, located at the top right corner of the heatmaps, appear to exhibit a

slight degradation in their performance. This is likely so because of the natural limita-

tions of the floating-point arithmetics of double precision, which inevitably introduces

numerical errors in the computation of MCM coefficients for very high-order meth-

ods, which then propagate through the numerical integration process. This degra-

dation can likely be mitigated by hard-coding accurately computed coefficients using

extended precision arithmetics.

3.5.4 Performance as a function of the order

It is particularly revealing to look at the different performance metrics by compar-

ing the various MCM instances that yield methods of the very same order. This is

shown in Figure 3.6, where for a given order and prescribed accuracy, different MCM
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Figure 3.7: Results of Figure 3.4 (Prothero-Robinson problem) grouped in MCM con-
figurations of equal order.

configurations may differ in performance significantly from one another. In particu-

lar, as a general rule, configurations with higher s and lower k yield larger stepsizes

and require more Newton iterations per step, but the former pays off to provide a

lower overall value of total Newton iterations. However, the computational cost of

each iteration is proportional to the number of stages, so in the end it turns out that

higher values of s require more function evaluations, except when k = 1, which ap-

pears to be an exception to this rule. These patterns remain valid for all studied test

problems, and similar histograms for the Prothero-Robinson problem are shown in

Fig. 3.7. As for the Total Evaluation Cost (TEC), however, where differences between

configurations can be quite substantial (especially for low orders), its value depends

on the problem-dependent parameter Cscale, as well as both the function and Jacobian
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evaluations, the latter of which is deserving of a dedicated discussion.

Because of the competing factors discussed in the preceding section that affect the

number of Jacobian evaluations, there is an involved interplay that gives rise to dis-

tinct patterns for Jcallswhen configurations of the same order are compared. When

the instances considered are of order p below a certain problem-specific cut-off value

(p ¶ 6 for the Lorenz test case), Jcalls increases with the value of s, but for p above

a certain cut-off value (p ¾ 9 for Lorenz) this trend reverses and Jcalls increases as

the value s decreases. A similar pattern was observed in all the studied test problems.

This pattern is of paramount importance for problems where Jacobian evaluations are

expensive, and are therefore the driving aspect of the performance. In such cases, for

lower-order methods it would seem preferable to favour low-s and high-k configura-

tions; however, when higher-order methods are required, it would seem appropriate

to prioritise high-s and low-k combinations. Nonetheless, the latter option should be

considered judiciously, because if a high value of s is considered a requirement for a

given MCM, one shouldn’t just settle with a low value of k when, in practice, with the

expedient of increasing k one may also increase the order of the method arbitrarily

with no additional computational cost, but still with all the benefits of having a high

value of s. In fact, this is the procedure we would recommend for designing a specific

MCM instance, first selecting the value of s based on the problem’s dimensionality and

the associated linear algebra considerations, and then setting the value of k as high

as needed to meet a prescribed order or performance requirements.

Interestingly, when a configuration with k = 2 is available for a given order, this

proves to be systematically the best performing one under the proposed performance

criteria. Another interesting remark is that, despite the fact that configurations where

s = 3 have been most widely considered in the literature, under the proposed met-

rics there are often better performing configurations for any given order. It must be

noted, however, that none of these proxies for the computational performance takes

into account the cost of matrix inversion and other algebra-related aspects when solv-

ing the implicit part of the MCM (Section 3.4), which is increasingly more costly

for instances with higher s. Hence, although these conclusions remain of signifi-

cance for low-dimensional problems with expensive function evaluations, for higher-

dimensional problems with cheap function evaluations, linear algebra consideration

may outweigh the apparent high performance of high-s MCM instances. Hence, to

complete the picture, not only the TEC but also the runtime would need to be con-

sidered. However, runtime considerations are intentionally omitted from this analysis

for two main reasons: 1) their quantification is heavily dependent on low-level imple-

mentation details, as well as the efficiency of the linear algebra routines, aspects that
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are beyond the scope of this work; and 2) the proposed performance metrics remain

representative whenever the function and Jacobian evaluations are costly, and thus

comprise the dominant contribution to the total computational cost when the cost of

solving the linear system is marginal compared to that of function evaluations.

3.5.5 On the impact of the predictor

As highlighted before, the performance of MCM is largely dominated by the itera-

tive process employed to solve the implicit part; in particular, the number of Newton

iterations necessary for convergence depends heavily on the initial guess provided

to initialise the iterative procedure. Thus, the overall performance of MCM can be

greatly improved if an accurate prediction of the initial guess were available for the

vector Z0
n+1. As discussed in Section 3.4.2, it makes sense to calculate such initial

guesses by extrapolation of the collocation polynomial computed in the preceding

step by means of Eq. (3.18); we shall refer to this predictor as P . Table 3.3 shows

how this predictor notably improves the performance metrics compared to the naive

initial guess Z0
n+1 = 0, referred to as ‘None’.

p = 8
k = 6, s = 2 (Steps: 784) k = 4, s = 3 (Steps: 455) k = 2, s = 4 (Steps: 236)

TEC Fcalls Jcalls Newt TEC Fcalls Jcalls Newt TEC Fcalls Jcalls Newt
None 7909 7666 243 3810 7242 6958 284 2311 5737 5536 201 1382
P 4346 4038 308 2002 4774 4464 310 1481 4317 4112 205 1026

p = 9
k = 7, s = 2 (Steps: 707) k = 5, s = 3 (Steps: 461) k = 3, s = 4 (Steps: 288)

TEC Fcalls Jcalls Newt TEC Fcalls Jcalls Newt TEC Fcalls Jcalls Newt
None 7218 6963 255 3451 7328 7045 283 2336 6722 6495 227 1620
P 3908 3599 309 1778 4460 4136 324 1369 4565 4325 240 1078

Table 3.3: Impact of the predictor for the Lorenz problem with an error threshold of
10−8 and different 8th and 9th order MCM configurations.

The two key metrics to consider here are the Newton iterations, Newt, and TEC. The

use ofP systematically reduces the number of Newton iterations required for conver-

gence when compared to the naive initial guess. A small increase in Jcalls is easily

offset by this reduction and the combined computational cost, TEC, is also systemati-

cally below that of the naive guess.

3.5.6 Performance curve comparison

While heatmaps are an excellent tool for comparing integrator configurations, they

only allow a comparison for a prescribed value of the integration error. To compare
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Figure 3.8: Performance curves for various MCM configurations for the Prothero-
Robinson problem with instances of order 9.

the integrator performance across a range of errors and configurations, as well as

to compare them with other integration procedures, performance curves are a more

appropriate representation. To compute them, each integration method is used to

solve a given problem with varying stepsizes, so that for each integrator a TEC vs

er ror curve can be obtained that is parametrically defined by the stepsize. Figure 3.8

displays such curves in the Prothero-Robinson problem for all MCM configurations of

order 9. Similarly, Fig. 3.9 displays curves for configurations with fixed s = 5 and

increasing k. The performance of the RADAU9 code is also displayed as a baseline

and for validation purposes; as expected, it matches very closely our implementation

of the 9th order single-step MCM configuration, except for occasional slight deviations

caused by subtle implementation differences.

Importantly, Fig. 3.8 highlights that the performance of different MCM configuration

can greatly vary even for a given order. The error is comparable for all configurations,

yet configurations where s is lower will allow for a reduction in the dimensionality

of the implicit system to solve, a feature that may become important for computa-

tionally expensive problems dominated by Jacobian evaluations. As highlighted in

preceding subsections, it can be seen in Fig. 3.9 that configurations with k = 2 seem

to perform particularly well, and even better than higher-order configurations with

the same number of stages; for instance, in this particular problem the (k = 2, s = 5)
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Figure 3.9: Performance curves for various MCM configurations for the Prothero-
Robinson problem with s = 5 and varying k.

configuration even outperforms the (k = 5, s = 5) configuration. Similar behaviours

were observed in all test problems, thus highlighting the impact that a given MCM con-

figuration may have on the performance, and the fact that the order of the method is

not the only metric to be considered when trying to predict performance expectations.

3.6 Summary

This chapter splits in two parts: the first is devoted to providing a comprehensive, ded-

icated introduction to multistep collocation methods based in Radau quadratures, by

bringing together a compendium of concepts and theory that in the literature are only

found spread among various bibliographic resources. This information is presented

with a focus on the numerical implementation, in such a way that these integration

methods can be easily replicated and implemented. To this end, coefficient tables are

presented along with an analysis of the stability of the schemes for various configura-

tions, thereby showing the excellent stability properties of this family of integration

methods, even when a high number of previous steps are accounted for. This stabil-

ity analysis also enables the practitioner to immediately know whether this scheme

might be appropriate for their intended problem.
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The second part of this chapter is the primary contribution of this work and provides

a detailed analysis of a large parameter space of possible integrator configurations for

Radau-based MCM across a range of test problems. It has been shown that not all

configurations of MCM schemes have equal performance, even for a given order. In

particular, examples provided show evidence of some MCM configurations recurringly

outperforming even higher-order instances, thereby exposing the existence of better

performing configurations for particular integration conditions, which can be appro-

priately exploited when these integrations are to be performed routinely or repeti-

tively. It is specifically in the number of Jacobian evaluations where performance dif-

ferences between MCM configurations are most obvious. This is particularly relevant

for problems where the computational cost is dominated by Jacobian evaluations, in

which case an appropriate selection of MCM configuration that minimises the evalua-

tion frequency could offer a significant boost in performance. Interestingly, for a given

order, such configurations are shown to correspond to low-s instances for low-order

methods, and transition to high-s configurations as the order rises above a problem-

specific cut-off value, due to competing factors discussed in Section 3.5.3. Finally, the

role of the predictor used to provide an initial guess for the Newton iterations is also

shown to permit additional performance improvements for by reducing the number

of Newton iterations required for convergence.

Overall, MCM exhibit a convenient versatility that allows one to tweak the configu-

ration parameters to find a performance-wise optimal k-s set-up for a particular in-

tegration, which allows one to tune purpose-specific integrators for repetitive tasks.

Future work will look into extending MCM configurations to adaptive schemes where

both stepsize and order can be simultaneously changed to meet prescribed error tol-

erances; interestingly, for MCM instances both k and s allow one to change the order,

which introduces an additional degree of freedom that can be advantageous for the

design of adaptive strategies.
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Chapter 4

Developing the Terrestrial Exoplanet

Simulator (TES)

The content of this chapter is based upon the article published in Monthly Notices of

the Royal Astronomical Society, Volume 504, Issue 1, June 2021, Pages 678-691. It is

available with open access on MNRAS and also on arXiv. The authors of the article are

Peter Bartram and Alexander Wittig. I am responsible for the work in the original article

but owe a great deal to the Alex’s guidance.

In this chapter, I present TES, a new n-body integration code for the accurate and

rapid propagation of planetary systems in the presence of close encounters. TES builds

upon the classical Encke method and integrates only the perturbations to Keplerian

trajectories to reduce both the error and runtime of simulations. Variable step size

is used throughout to enable close encounters to be precisely handled. A suite of

numerical improvements are presented that together make TES optimal in terms of

energy error. Lower runtimes are found in the majority of test problems considered

when compared to direct integration using IAS15. I have chosen to make TES freely

available. The following introduction condenses the key findings of Chapters 1 and 2

before pivoting to describe how I have taken inspiration from these concepts and

reapplied them into a non-symplectic framework to arrive at my new tool, TES.

4.1 Background

Understanding and predicting the motion of the celestial bodies has been an active

field of research since the times of Newton and Kepler and is still equally as important

https://academic.oup.com/mnras/article/504/1/678/6195514
https://arxiv.org/abs/2102.00465
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today. Few analytical solutions exist for planetary motion and scholars have instead

turned to numerical n-body techniques. N-body problems range from the most general

form found in the study of plasma and star cluster dynamics (Aarseth, 1999) through

to systems with more inherent structure such as protoplanetary disks (Kokubo and Ida,

1996; Kokubo et al., 1998) or exoplanet systems (Smith and Lissauer, 2009). While

integrators exist for the general case, by restricting one’s self to systems that exhibit

more structure one can leverage it to develop more efficient integration algorithms. In

this chapter, I restrict the problem domain to planetary systems whereby there exists

a dominant central mass with any number of orbiting bodies. Reiterating previous

discussions for clarity, the three problems that any integration method for planetary

integration needs to address are:

1. Ensuring that solutions obtained remain accurate over the timescales required, in

solar system formation and stability studies typically 109 dynamical periods.

2. Ensuring that simulations can be completed within the available computing time.

3. Ensuring that integrators can precisely model close encounters between objects.

Moreover, Chapter 2 identified the sources of numerical errors present when perform-

ing numerical integrations. In it, we saw that when round-off error can be made to

dominate, specific numerical techniques can be used to ensure that the distribution

of errors are symmetrical. This has led to the creation of integration schemes that

are optimal in the sense that they follow Brouwer’s law (Brouwer, 1937) and exhibit

a growth in relative energy error over integrator time, t, proportional to
p

t, and

are therefore suitable for long-term integrations. Despite being optimal in the sense

of Brouwer’s law, these schemes are computationally expensive and typically require

upwards of a thousand evaluations of the force function per orbit.

There are less computationally intensive means of ensuring invariants are preserved

in long-term celestial mechanics integrations. For example, symplectic methods (For-

est and Ruth, 1990; Kinoshita et al., 1990; Saha and Tremaine, 1992) can be used

to place an upper bound on the truncation error of integrations by solving a system

governed by a Hamiltonian that is slightly perturbed from that of reality. The use of

symplectic methods ensures that the Poincaré invariants are conserved which in turn

has favourable properties for energy and angular momentum conservation. The WH

map has, and continues to be, the workhorse of the field. In planetary systems, the

WH map exploits the dominant contribution to the dynamics by the star and uses the

fact that secondaries, i.e. bodies in orbit around a more massive primary body such as
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the Sun, move on perturbed Keplerian trajectories to split the system Hamiltonian into

separate Keplerian and perturbation terms that can be solved independently within a

time step. This splitting allows for the WH map to make only twenty evaluations of

the force per orbit for typical applications that require only a moderate level of preci-

sion. Obtaining the solution for the Keplerian term analytically requires the solution

of Kepler’s equation (Battin, 1987). There are many choices for solving Kepler’s equa-

tion but universal variables (Battin, 1987) are favoured for their versatility. Stumpff

functions are typically used (Danby, 1992) although other recent works shows that

unbiased results can also be obtained without them (Wisdom and Hernandez, 2015).

One drawback of the WH mapping, and symplectic schemes in general, is that they

must use a fixed time step to ensure that symplecticity remains unbroken. Whilst not

a problem if bodies remain well separated it means integrators are unable to handle

close encounters which are typically defined as encounters between bodies within one

Hill radius rH . The ability to handle close encounters is highly important in celestial

mechanics for modelling many problems. This includes: the threat of asteroids to the

Earth (Giorgini et al., 2008), the behaviour of exoplanet systems after an instability

event (Rice et al., 2018; Bartram et al., 2021), and the planet formation process itself

(Davies et al., 2014). Options exist that enable invariants to be conserved during

close encounters when using the WH map (Duncan et al., 1998; Chambers, 1999;

Rein et al., 2019b) but they fail to obtain the true trajectories of bodies during the

encounter for the typical step sizes chosen. Therefore, to study realistic trajectories of

bodies during close encounters traditional integrators such as Bulirsch-Stoer (Bulirsch

and Stoer, 1966) or Everhart’s RADAU (Everhart, 1985) scheme are typically used.

In this chapter, I introduce my novel method, called the Terrestrial Exoplanet Simu-

lator (TES), that aims to combine the accuracy and performance benefits of the an-

alytical solution of the Keplerian motion, as found in symplectic schemes, with the

flexibility of traditional integration schemes. I build upon the classic scheme of Encke,

see e.g. (Wiesel, 2010), to create a perturbation method that can be integrated with

a traditional integrator. Importantly, I show that in this framework it is possible for

close encounters to be handled precisely and with a reduction in computational cost

as compared to performing a direct integration using the full n-body equation of mo-

tion. I show that through careful handling of round-off error through compensated

summation (Kahan, 1965; Higham, 1993) the Encke method can be made optimal

in the sense that it follows Brouwer’s law with a relative energy error comparable to

that of IAS15. I offer two implementations of TES, the standard configuration where

the implementation is purely in double precision floating point arithmetic and the ex-

tended configuration where 80 bit extended precision, i.e long doubles, available on,
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at least, all x86 instruction set based systems, are used in the Kepler solver. The latter

implementation enables a further reduction in error of an order of magnitude for the

same computational cost when compared to using IAS15. Both TES implementations

are capable of accurately handling close encounters and, as we will see in Chapter 5,

TES has already been used to study exoplanet evolution in the presence of collisions

(Bartram et al., 2021).

During the development of TES, a similar method, called EnckeHH, has been pub-

lished by Hernandez and Holman (2020). Both methods have been developed in-

dependently, and while they use similar concepts, EnckeHH focuses on achieving

Brouwer’s law for a fixed step size when integrating with IAS15.

I begin in Section 4.2 with a description of the components making up TES. Sec-

tion 4.2.2 contains the derivation of the equations of motion used. The solution of

the analytical part of our model is described in Section 4.2.3 and the numerical part

in Section 4.2.4. Section 4.3 contains details about specific numerical techniques im-

plemented to ensure TES follows Brouwer’s law. I show the impact of each of these

techniques in Section 4.4. Beginning in Section 4.5, the second half of this chapter

contains a series of numerical experiments. In particular, Section 4.5.3 contains long-

term integrations and Section 4.5.4 shows the performance in the presence of close

encounters. I offer some concluding remarks in Section 5.6.

4.2 TES model

In this section, I begin by giving an overview of the method and then describe in detail

the mathematical model, coordinate system, and force function used in TES.

4.2.1 General Encke method

In the Encke method, the position of a given body q̂ is made up of two terms:

1. q, the two-body reference trajectory,

2. δq, the perturbation to this two-body motion,

such that q̂ = q+δq. Figure 4.1 illustrates this concept, where the reference trajec-

tory, q , can be obtained analytically at any future time by solving Kepler’s equation
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initial positions
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Figure 4.1: A three-body Encke method. For the inner planet, the position on the
reference orbit, q, is shown along with the perturbation from it, δq. The position
on the true orbit, q̂, is also shown. Deviations from the reference orbits are greatly

exaggerated for clarity.

and applying the so called f and g functions (Battin, 1987, p. 156). In contrast, the

perturbation term, δq, must be obtained through numerical integration. When bod-

ies are well separated, the advantages of the Encke method over, e.g., a full n-body

integration, stem from the fact that the ratio of |δq|/|q|, henceforth called the delta

ratio, is much smaller than unity meaning that a given absolute precision in q̂ can

be obtained with lower relative precision in δq which means less computation by the

numerical integrator. In order to keep the delta ratio small one occasionally needs to

update the reference trajectory to the current true orbit, a process called rectification.

With a single rectification per orbit a delta ratio of 10−2 can reasonably be expected

for simulations of the outer solar system whereas for the inner solar system this ratio

remains below 10−4. With such delta ratios maintained, the analytical solution of the

reference trajectory becomes the primary source of numerical error. In order for this

method to work, it is crucial that this propagation is precise, in the case of this work

this means down to machine precision.

I continue by introducing a general form for creating an Encke method through two

arbitrary governing Hamiltonians, which therefore requires the integration of a con-

servative system without any dissipative effects present. Later, in Section 4.2.2, I use

this form to derive our method for two specific Hamiltonians in our chosen coordinate

system. I chose to work in canonical coordinates, and throughout this work the true
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state vector is denoted by

ẑ = (q̂, p̂)T

where q̂ and p̂ are conjugate position and momentum vectors. Similarly, the reference

orbit state vector is

z = (q,p)T

where q and p represent the position and momentum components of the reference

orbits. Both ẑ and z are assumed to be in the same coordinate system. Therefore, the

Encke method is

ẑ = z+δz

and the perturbation term, henceforth called simply the deltas, for which the equations

of motion need to be derived, is

δz = ẑ− z. (4.1)

The time evolution of ẑ and z for any conservative system is governed by their respec-

tive Hamiltonians Ĥ(ẑ) and H(z). Making use of the canonical structure matrix

J ≡

�

0 +I

−I 0

�

,

where I is the identity matrix of appropriate dimensions for a given problem, one can

apply Hamilton’s equations to yield the equations of motion as

d
dt

ẑ = J∇ẑĤ(ẑ),
d
dt

z = J∇zH(z). (4.2)

Taking the time derivative of Eq. (4.1) and replacing appropriate terms with those

from Eq. (4.2) gives a formula for finding the equations of motion for the deltas them-

selves as
d
dt
δz =

d
dt

(ẑ− z) = J (∇ẑĤ(ẑ)−∇zH(z)) . (4.3)

4.2.2 Encke method: democratic heliocentric (ENCODE)

In Cartesian coordinates, I define the state vector for this system as

Ẑ(t) = (Q̂(t), P̂(t))T

where Q̂i(t) is the generalised position vector and P̂i(t) is the momentum vector

conjugate to it. If the bodies are only interacting through mutual Newtonian gravity,
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then the time evolution of the system in Cartesian coordinates is governed by the

gravitational n-body Hamiltonian (Leimkuhler and Reich, 2005)

Ĥ(Ẑ) =
n
∑

i=0

|P̂i|2

2 mi
−

n
∑

i=0

n
∑

j=i+1

Gmi m j

|Q̂ j − Q̂i|
(4.4)

where the subscript i refers to the ith body in the system. Throughout this chapter,

i = 0 is reserved to refer to the central body.

There are no obvious Hamiltonian splittings of Eq. (4.4) that allow for the dominant

Keplerian motion of the secondary bodies about the primary, due to the dominant

central mass, to be isolated from the general evolution of the system. For this, it is

necessary to introduce a different coordinate system. There are several coordinate

systems available and Hernandez and Dehnen (2017) give a good overview of the

canonical coordinate systems for the n-body problem. The Jacobi coordinate system

was used by Roy et al. (1988) to create an Encke method to simulate the outer plan-

ets of our solar system. In this coordinate system, each body has a reference orbit

taken with respect to a different moving centre of mass that depends on the posi-

tion and mass of all other bodies who’s orbits are smaller than its own. Therefore,

as the relative size of the orbits of bodies changes in a system it becomes necessary

to recalculate reference trajectories with respect to a new moving centre of mass. To

avoid this complication and the numerical error it could introduce I instead opt to use

democratic heliocentric (DH) coordinates (Duncan et al., 1998) which are common in

celestial mechanics (Chambers, 1999; Grimm and Stadel, 2014). In DH coordinates

the equations of motion are such that the position of each body is expressed relative

to the central body, which I denote with the index zero throughout this chapter. The

momentum of each body, however, is expressed relative to the barycentre of the sys-

tem. The coordinate change from Cartesian to democratic heliocentric coordinates is

given by

q̂i =







Q̂i − Q̂0, if i 6= 0
1
M

∑n
j=0 m jQ̂ j, if i = 0

(4.5)

p̂i =







P̂i −
mi

M

∑n
j=0 P̂ j if i 6= 0

∑n
j=0 P̂ j if i = 0.

(4.6)

where M is the total system mass, i.e. M =
∑n

j=0 m j. Therefore, q̂0 and and p̂0 are the

centre of mass and momentum of the system, respectively. The Hamiltonian, Ĥ(ẑ),
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as a function of the previously defined state vector, ẑ, in these new coordinates is

Ĥ(ẑ) = Ĥstar + Ĥkep + Ĥper t (4.7)

where

Ĥstar =
1

2m0

n
∑

i=1

|p̂i|
2,

Ĥkep =
n
∑

i=1

�

|p̂i|2

2 mi
−

G mi m0

|q̂i|

�

,

Ĥper t =
n−1
∑

i=1

n
∑

j=i+1

G mi m j

|q̂ j − q̂i|
.

Each of the three components of Ĥ are identifiable:

1. Ĥstar , thus called because−
∑n

i=1 p̂i is the barycentric momentum of the star (Dun-

can et al., 1998),

2. Ĥkep is the Keplerian motion of the secondary bodies about the central body,

3. Ĥper t is the gravitational interactions between secondary bodies.

An additional fourth term that only depends upon p̂0 and represents the motion of the

centre of mass has been excluded under the assumption of a stationary barycentre,

and it is therefore unnecessary to propagate q̂0 and p̂0.

Note that Eq. (4.4) can also be used to obtain a Hamiltonian describing a system

of particles that only interact with the central body by enforcing that j = 0 thereby

removing the gravitational interactions between secondaries. After applying the same

coordinate transformation from Eqs. (4.5) and (4.6) the reference orbit Hamiltonian,

H(z), as a function of the previously defined state vector, z, in democratic heliocentric

coordinates reads

H(z) =
n
∑

i=1

�

|pi|2

2 mi
−

G m0 mi

|qi|

�

.
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Inserting Ĥ(ẑ) and H(z) into the general Encke form in Eq. (4.3) yields the equations

of motion for the deltas in democratic heliocentric coordinates as

δq̇i =
δpi

mi
+

1
m0

n
∑

j=1

�

p j +δp j

�

, (4.8)

δq̈i =
δṗi

mi
+

1
m0

n
∑

j=1

�

ṗ j +δṗ j

�

, (4.9)

δṗi =Gmi m0

�

(qi +δqi)

|qi +δqi|3
−

qi

|qi|3

�

+

n
∑

j=1
j 6=i

G mi m j

�

q j +δq j

�

− (qi +δqi)
�

�

�

q j +δq j

�

− (qi +δqi)
�

�

3 .
(4.10)

Here, and throughout this work, dots are used to signify the time derivative of a

variable. For the reasons discussed later in Section 4.2.4 I take an additional time

derivative of δq̇ to obtain δq̈. There are several key features to note about these

equations. The summation in the trailing term in Eq. (4.10) starts at an index of 1

meaning that it only captures interactions between secondary bodies; the gravitational

interaction with the central body, with an index of 0, is captured by the leading term

instead. In this term, it can be seen that there is a cancellation between similar terms

that depends upon only the size of δqi. Therefore, so long as this term remains small,

then δṗi will generally also remain small in comparison to the the reference trajectory

derivative, ṗ. The exception to this are close encounters between secondaries, where

this term can grow significantly. Again, it is this reduction in the relative size of the

term to be integrated that leads to the performance increase of an Encke method.

Typically, the Encke method as used in astrodynamics assumes massless secondaries,

and, as such, that the centre of mass of the central body is coincident with the barycen-

tre, i.e., the location to which the reference orbits are taken is fixed. This is not the

case in celestial mechanics, however, due to the relatively high mass ratio of planets

in comparison to their host stars, a ratio of approximately 10−3 for our solar system.

As an example, consider a two-body problem consisting of Jupiter and the Sun. In

this case, the elliptical motion of the Sun about the Sun-Jupiter barycentre is captured

by the trailing term in Eq. (4.8) as the negative momentum of the star

p̂star = −
1

m0

n
∑

j=1

�

p j +δp j

�

.
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This shows that even in a purely two-body case there will still be a deviation from the

reference trajectory around the Sun over time, and the magnitude of this deviation is

inversely proportional to the ratio of the mass of the star m0 to the mass of the other

bodies within the system mp ≡
∑n

j=1 m j. I call this ratio the system mass ratio and

define it as
mp
m0

. Practically, this means that systems with a small system mass ratio

have the greatest potential performance gains. Alternatively, in systems with many

bodies, an axially symmetric distribution of mass reduces the motion of the central

body through a cancellation of terms in pstar . Clearly, a distribution such as this is

non-physical for planetary systems, but typical accretion disks in planetary formation

are symmetric enough to see cancellation.

For the previously discussed reasons, it is no longer necessary to evolve the motion

of the central body as a separate set of equations, thereby reducing n by 1. However,

whereas a pure n-body integration can take advantage of a second-order formulation

of the equations of motion to reduce the number of equations to be integrated, espe-

cially in the case where the motion is not velocity dependent, this is no longer the case

for these equations where two first-order ODEs, Eqs. (4.8) and (4.10), must instead

be integrated. Note that this does not double the computational cost. The additional

cost in the RHS is small and scales only as O(n) and therefore the dominant O(n2)

interaction term remains unchanged. Furthermore, the integration procedure itself

performs identical operations for each first-order ODE, meaning that vectorisation,

either manual or automatically performed by the compiler, can recover some of the

additional computational cost. Finally, this does not have a noticeable performance

penalty when calculating the reference trajectories.

4.2.3 Analytical solution

In this section, I describe how I solve the two-body problem with universal variables

making use of the f and g functions (Danby, 1992). Assuming that the integration

of the perturbation terms can be performed in a way that ensures the truncation er-

ror is below floating point precision for δz then the overall precision of the scheme

depends upon the precision in the solution of the Keplerian motion. There are two

reasons for this: firstly, the equations of motion, Eqs. (4.8) and (4.10), depend on the

reference trajectories; and secondly, the rectification process is only as precise as the

reference trajectories and a lack of precision would therefore accumulate over time.

As such, a highly accurate solver implementation that is also non-biased is required to

ensure that the energy growth follows Brouwer’s law for long-duration integrations.

Several modern implementations of Kepler solvers exist that are suitably accurate,
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e.g. (Wisdom and Hernandez, 2015; Rein and Tamayo, 2015). I have chosen to fol-

low the implementation presented in WHFAST (Rein and Tamayo, 2015) but with

some additional numerical improvements specific to our needs, these are discussed in

Section 4.3.2.

Solution of n−1 independent two-body problems is required for which the time evo-

lution is governed by Ĥkep in Eq. (4.7). Typically, the f and g functions use a reduced

mass parameter such that µ = G (m0 +mi); however, in democratic heliocentric co-

ordinates, used here, the reduced mass is given by µ = Gm0 (Grimm and Stadel,

2014). In the following discussion I focus on a single two-body problem from the

vectors q and p above. For the remainder of this section, q and p refer to the position

and momentum of a single body undergoing Keplerian motion. As a result, I drop

the index referring to each body: an index of zero now refers to values at the start

of an integration step. After using the WHFAST algorithm to solve for the universal

anomaly and obtain the G-functions (Rein and Tamayo, 2015), the f and g functions

used are

f = −
µG2

|q0|
, ḟ = −

µG1

|q0||q|
,

g = dt −µG3, ġ = −
µG2

|q|
(4.11)

where dt is the time step. This allows for the solution to the Kepler problem, after a

time step of dt, to be obtained from the initial values of position and momenta and

a linear combination of them to be applied to each as an update term, ∆q and ∆p,

such that

q =q0 +∆q = q0 +
�

f q0 + g
p0

m

�

, (4.12)

p =p0 +∆p = p0 +m
�

ḟ q0 + ġ
p0

m

�

. (4.13)

When formulated in this manner, the smaller dt, relative to the orbital period, the

smaller the size of the bracketed terms and therefore summing them first is more

numerically robust. Additionally, TES uses a value of dt approximately 1/300th of an

orbit, roughly an order of magnitude smaller than, e.g., WHFAST and this means that

the relative sizes of∆q to q0 and∆p to p0 enables compensated summation to be used

to further reduce round-off error; our algorithm for this is described in Section 4.3.4.
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4.2.4 Numerical solution

While there are many numerical integrators to choose from, I showed in Chapter 2 that

a particularly efficient and accurate choice for astrophysical problems is the RADAU

scheme of Everhart (1974). A useful feature of RADAU is that once a polynomial

is fitted to the force, it is possible to integrate it analytically one or multiple times

allowing for both, e.g., velocity and position to be obtained from the same polynomial.

Everhart (1985) found that his scheme is best suited for directly integrating second

order ODEs, e.g. ÿ = F(y , t), without reduction to a pair of first-order equations. In

fact, for the same number of evaluations of the force function he found the solution to

second order ODEs could be as much 106 times more precise than if they were reduced

to first order and integrated. Due to the Hamiltonian formalism I chose to use in the

derivation of the equations of motion, I have had to reduce the system to a pair of

first-order equations. When using the RADAU scheme to integrate the equations in

this form, I also found a reduction in precision. Taking an additional derivative of

Eq. (4.8) to obtain δq̈ is inexpensive; however, this is not the case when taking the

derivative of Eq. (4.10) to obtain δp̈, and this led me to trying to integrate δq̈ and

δṗ. Heuristically, I then found that using this pairing of equations did not lead to the

same reduction in precision as when both equations are integrated at first order. I

cannot provide a solid theoretical reason as to why integrating δṗ at first order does

not cause the same reduction in precision. As discussed in Section 4.2.2, the effect of

this choice on the computational cost is minor.

In Chapter 2, I described the 9th order RADAU scheme. The following description is

similar, however, it describes the 15th order implementation used to integrate only

the perturbations within the TES model. I incorporate the improvements made by

Rein and Spiegel (2015) in IAS15. Only the process of integrating δq̈ is discussed but

a similar process is also followed for δṗ.

Simultaneous solution of 3n equations of the form

δq̈ = F(q,p,δq,δp, t),

one for each directional component of n bodies, is required. To do this, IAS15 expands

the acceleration, δq̈, in time, t, into a truncated series such that

δq̈(t) ≈ δq̈0 + b0h+ b1h2 + ...+ b6h7 (4.14)

where h = t/dt, dt is the size of an integration step, and t0 and δq̈0 are the time and

acceleration at the start of an integration step. The b coefficients are fitted though
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an iterative predictor-corrector process that performs an evaluation of δq̈ at the start

of an integration step, t = t0, and at seven sub-steps within the integration step.

The sampling locations in time for each sub-step, ci where i = 1...7, are chosen in

accordance with Radau quadrature spacings (Radau, 1880) to maximise the order

of the scheme. Once the coefficients, bi, are obtained to a sufficient precision then

Eq. (4.14) can be integrated analytically twice to obtain an estimate of δq at the end

of a step, t1 = t0 + dt, as

δq(t1) ≈ δq0 + dt δq̇0 +

dt2
�

δq̈0

2
+

b0

6
+

b1

12
+

b2

20
+

b3

30
+

b4

42
+

b5

56
+

b6

72

�

.

A similar process is also followed for δṗ. I expand δṗ in an analogous fashion to

Eq. 4.14 and also truncate at h7. This series is then analytically integrated once to

obtain an estimate of δp at time t1.

At the start of a step, an analytical continuation of the curve fitted to δq̈ via the

accurate bi values calculated during the previous step are used to generate a predictor

in the form of the values of bi to use in the current step. To ensure convergence when

iterating to obtain the coefficients bi a convergence criterion is required. I opt to use

a convergence criterion similar to that in IAS15 and therefore monitor the change in

the final coefficient in our truncated series, i.e b6, from one iteration to the next, I

call this change ∆b6 which is a vector containing coefficients for all 3n equations. I

then compare the maximum change to the maximum magnitude of the reference orbit

acceleration, q̈, and I terminate when

‖∆b6‖∞




q̈0







∞

< 10−15. (4.15)

I find that this criterion performs better in this use case than if δq̈ is used in the place

of q̈ in Eq. (4.15) which is more typical. The typical criterion would ensure that the

change in the coefficients in the series expansion of the acceleration of the deltas is

precise to floating point precision. By design, in TES, the deltas are much smaller

than the reference orbit terms and therefore it is unnecessary to converge this far to

achieve a combined relative tolerance in q̂+δq of 10−16 for use within an integration

step, e.g. in the predictors.

In contrast to the convergence criterion, as I wish to suppress the truncation error

across long duration integrations, it is a requirement that the step size, dt, is chosen

such that it controls the truncation error in the series expansion, Eq. (4.14), itself. I
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monitor the truncation error for all 3n equations which is estimated by ε. To do this, I

monitor the absolute value of the b6 coefficients for all 3n equations, which I call b6,

relative to the acceleration of the deltas at the start of an integration step to obtain

an estimate of the smoothness of the acceleration of the deltas over a given step as

ε=
‖b6‖∞




δq̈0







∞

. (4.16)

The value of ε is then used to determine the next step size, dtn+1, as

dtn+1 = dt
�

tol
ε

�1/7

(4.17)

where tol is a dimensionless tolerance parameter. I offer no analytical reasoning for

choosing a value of tol; however, numerical experiments demonstrating its effect are

shown in Section 4.5. I find that a default value of 10−6 is suitable for maintaining

Brouwer’s law for 109 dynamical periods for simulations of the inner solar system

and for handling close encounters. I have not included a step rejection algorithm as

I found little benefit in terms of precision. One drawback of this choice is that an

inappropriate choice of initial step size is not automatically handled. To remedy this

problem I always take an initial step size that is one hundredth of the shortest orbital

period which works in the majority of cases. Further work here could also include

a graceful method of handling edge cases such as detecting simulations that begin

during a close encounter and appropriately notifying the user.

4.2.5 Rectification

Rectification is the name given to the process whereby a new reference trajectory is

taken by adding the current reference trajectory together with the deltas. The recti-

fication algorithm used can be found in Section 4.3.4. Rectification is important and

the frequency with which is it performed has two conflicting effects on the efficiency

of the scheme that must be balanced. Firstly, because rectification causes the deltas

to be set to zero, the analytical continuation used to obtain a prediction of the val-

ues of bi becomes much less precise in the integrator during the subsequent step and

therefore increases the number of iterations required for convergence. Secondly, in

contrast, rectifying causes the size of the deltas to be reduced to zero and therefore

reduces the computational cost of the integrator in many subsequent steps. I exper-

imented with several rectification schemes based upon the size of the deltas relative

to the reference trajectories but found the optimal cutoff value depends largely upon
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Figure 4.2: Precision ranges of terms within TES using an example where q is of unity
magnitude. The size of δq is chosen to be representative of an approximate delta size
for a system mass ratio of the Sun to Jupiter.. The blue area shows a double precision
floating point variable and the orange area shows the range covered by the associated
compensation variable. The cross-hatched area indicates the key region of precision
where extended precision floating point arithmetic can be used to improve the overall

performance of TES.

the mass ratio of the system. Ultimately, I found that a scheme where a rectification

for all particles is performed between once and twice per orbit of the shortest period

body is simple to implement and provides a good balance between the two effects. In

the future, an individual rectification scheme based on, e.g., the orbital period of each

planet could be worthy of investigation. I choose to rectify according to the golden

ratio and perform 1.618... rectifications per orbit of the body with the smallest period

in the system to help avoid any possible bias effects due to resonances. I combine this

with a fall-back method whereby I also rectify if the delta ratio exceeds a given value,

typically 10−3.

4.3 Implementation details

In this section, I introduce a collection of numerical implementation features that im-

prove the overall energy conservation of TES for long integration times and enable

it to handle close encounters. A key component used through this work is compen-

sated summation (Kahan, 1965). Compensated summation allows for the error made

during the summation of two double precision floating point numbers to be obtained

and kept as an additional double precision number, known as the compensation vari-

able. The error made is then subtracted from any future additions. This is applicable,

e.g., when performing the final update of the state vector in an integration. I use

this technique to ensure a symmetrical distribution of round-off error and minimise
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Figure 4.3: Locations in a single step of the RADAU integrator, beginning at t0 and
ending at t1, where compensated summation is applied. Each value of ci is an inte-
grator sub-step location at which a reference trajectory must also be calculated. The
bottom panel shows the calculation of the reference trajectories where compensated
summation is used at each forward step of the Kepler solver, marked by the label 1,
to maximise precision. The top panel shows the calculation of the deltas in the inte-
grator. Here, a compensation variable is used to keep track of lost precision across an
entire integration step, as shown by label 2. Finally, at the end of the integration step,
t1, label 3, compensated summation is used to combine the separate compensation
terms. Compensated summation is also used to reduce error during rectification but

this is not shown here.

the total energy error in simulations. Compensated summation requires an additional

compensation variable be kept for each variable being compensated to keep track of

lost precision. To this end, I define a composite datatype, written as {�,�∗} and com-

prised of two components: the variable itself, and its compensation variable which is

denoted with a star; each component is stored in the computer as a double precision

floating-point number. In infinite precision, the true value represented by a composite

datatype Σ= �−�∗ where the minus sign is due to the Kahan summation algorithm.

Figure 4.2 shows the relative ranges in magnitude that are covered by the variables

used in TES. Compensated addition and subtraction operations are denoted by ⊕ and

	 respectively. I find it advantageous to use compensated summation in three ways

in addition to internally within the integrator:

1. Propagating the reference trajectories.
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2. Combining the reference trajectories and deltas.

3. Ensuring precision is maintained across rectifications.

4.3.1 Encke method: democratic heliocentric (ENCODE)

Equation (4.10) contains a subtraction between two terms of similar size and, owing

to the finite precision of floating point numbers, this causes cancellation of significant

digits which leads to a large decrease in the relative precision of δṗ. The loss of

relative precision here depends on how small the difference between the terms is. In

particular, after a rectification, the difference can be very small, e.g. 10−12 has been

observed. In addition to the risk of introducing numerical error when calculating the

acceleration, this also poses a problem for the step size control algorithm in Eq. (4.16)

and (4.17). The algorithm works by ensuring that the step size is chosen such that

the acceleration approximated by the expansion in Eq. (4.14) is smooth to a precision

of tol. Oftentimes, the numerical cancellation in Eq. (4.10) means that the required

degree of smoothness cannot be met. This can lead to a situation where the step size

will shrink uncontrollably as the algorithm tries to shrink the step size further to reach

an unattainable smoothness. To remedy this situation, it is possible to reformulate the

problematic term to avoid the subtraction of like terms and rewrite the term δṗ as

(Battin, 1987, p. 449)

u =
δq · (δq−2q̂)

q̂ · q̂
,

v =
−u
�

3+ 3u+ u2
�

1+(1+ u)
3
2

,

δṗi =
Gmi m0

|q̂i|3
(vq̂−δq)+

n
∑

j=1

G mi m j
q̂ j − q̂i

|q̂ j − q̂i|3
.

where δṗ is now obtained without loss of significance. This is the equation that I have

implemented and it decreases the numerical error as well as preventing a step size

lockup from occurring.

4.3.2 Analytical solution

Due to the relative size of the reference trajectories q compared to the deltas δq, the

dominant contribution to error growth stems from errors in q. To minimise the poten-

tial contribution from round-off errors, I have used compensated summation in the
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final update step of the f and g functions, Eq. (4.12) and (4.13). With compensated

summation they become

{q,q∗}= {q0,q0∗}⊕∆q,

{p,p∗}= {p0,p0∗}⊕∆p.
(4.18)

Due to the relatively small update terms, ∆q and ∆p, this allows for the value of q

and p to be maintained to machine precision across Kepler solver steps. Owing to

non-linearity when calculating the G-functions it is more precise to take k steps of

size τ than one step of size kτ. I therefore go further and minimise the value of dt in

Eq. (4.11) (the simulation time passed since the f and g function basis vectors were

calculated) which in turn decreases the size of∆q and∆p. To do this, I only ever take

a single step in the Kepler solver before calculating new basis vectors, i.e., I calculate

new basis vectors at the start of each step as well as at each sub-step required by the

integrator. The locations in time that I perform both the compensation in Eq. (4.18)

and a recalculation of basis vectors are illustrated in Fig. 4.3 and are marked by the

label 1. Here, it is shown that the universal variables compensation is used at the

start of a step, t0, at the end of a step t1, and also at all sub-steps required by the

integrator, ci.

While the standard TES configuration only makes use of double precision floating-

point arithmetic throughout, there is also a build configuration that allows for the

selected use of extended precision arithmetic through the C long double datatype. I

only use extended precision to perform the entirety of the reference trajectory calcula-

tions, and I achieve an improvement of energy conservation of an order of magnitude

for long duration integrations. Using extended precision sparingly like this allows

the compiler to optimise the majority of the code to use single instruction multiple

dispatch (SIMD) operations which are not generally available for extended precision

variables on Intel or AMD64 hardware.

Figure 4.2 shows an example of the relative scales of the various state variables used

within TES: the state vector variables are in blue and the compensation variables are

in orange. The cross-hatched area shows the extra precision required in the reference

trajectory, q, such that the extra relative precision in δq can be used to create a scheme

with a round-off error, per step, of 10−19, assuming that δq remains suitably small.

The cross-hatched area is also exactly the extra precision that can be obtained through

the use of long doubles in the calculation of the reference trajectories, and, as will be

shown in Section 4.4, allows for a reduction in energy violation of over an order of

magnitude.
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Figure 4.4: The effect of each numerical implementation technique on the relative
change in energy, dE/E, for simulations of the inner solar system over 108 Mercury
orbits. All results plotted are the RMS of twenty realisations of the initial conditions
randomly perturbed on the order of 10−15. All results use the double precision imple-
mentation of TES unless stated otherwise. "TES default settings" has all compensation

features enabled, while "naive Encke" has all compensation features disabled.

4.3.3 Numerical solution

In a similar fashion to Eq. (4.18), the numerical integrator also obtains a compensa-

tion variable at the end of a step for each variable being integrated, as is shown in the

top panel of Fig. 4.3. In our case, this means that at the end of an integration step I

obtain {δq,δq∗} and {δp,δp∗}. I therefore have two separate sets of compensation

variables: one for the reference trajectories, q∗ and p∗, and one for the deltas, δq∗
and δp∗; however, these two sets must be combined at the end of a step to ensure the

correct error is used in the subsequent step. Combination of compensation variables

is performed at the end of each step as can be seen by label 3 in Fig. 4.3. It is achieved
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through the following algorithm:

ψ∗ ← 0,

{q, ψ∗} ← ({q, ψ∗}	δq∗)	q∗,

δq∗ ← 0, q∗ ← 0,

{δq, q∗} ← {δq, q∗}	ψ∗

where ψ∗ is a temporary summation variable for each body. This algorithm begins

by combining the two compensation variables q∗ and δq∗ into a new compensation

variable ψ∗. This is done as a compensated subtraction into the reference trajectory

q in case the subtraction causes the range of the double precision variable ψ∗ to

overlap with q. After this, the range of ψ∗ now overlaps with the least significant

region of δq and a third compensated subtraction is therefore used to update δq

accordingly. In this final subtraction, the reference trajectory compensation variable,

q∗, is used to store the final summation error such that it can be used immediately in

the subsequent Kepler step. The same process is also used for the momentum terms,

p and δp. Note that this process differs from rectification, described next, as only the

reference trajectories are used here.

4.3.4 Rectification

Compensated summation can also be applied to maintain precision across a rectifica-

tion by following a very similar algorithm:

ψ∗ ← 0,

{q, ψ∗} ← {q, ψ∗}⊕δq,

{q, ψ∗} ← {q, ψ∗}⊕q∗,

δq←−ψ∗

q∗ ← 0, δq∗ ← 0

where again ψ∗ is a temporary summation variable for each body. This algorithm

begins by performing the rectification process by summing the reference trajectories

and deltas together and using temporary summation variables to capture any lost

precision from the addition. The reference trajectories, q, are then refined using the

compensation variables q∗ and δq∗ with any lost precision being captured again by

ψ∗. Due to the sign convention used in the compensated summation this means that
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−ψ∗ now contains the rectified value of the deltas which is then placed into δq. This

process is also used to rectify the momentum p.

4.4 Validation of implementation details

In the previous section, I described four key numerical features present in TES, in

summary they are:

1. Kepler compensation described in Section 4.3.2.

2. Kepler long doubles described in Section 4.3.2.

3. Combining compensation variables described in Section 4.3.3.

4. Rectification compensation described in Section 4.3.4.

Except for Kepler long doubles, the default configuration of TES enables all of these

features. Figure 4.4 shows the effect of disabling compensation at various points in

TES upon the energy conservation in a simulation of the inner planets of our solar

system over a period of 108 Mercury orbits. The data plotted is the RMS of twenty

realisations of the initial conditions randomly perturbed on the order of 10−15. The

modification to the force function in Section 4.3.1 to avoid numerical issues due to

cancellation of similar size terms is enabled for all configurations as without it a step

size lockup can occur.

As a baseline for the performance without any numerical improvements a naive Encke

implementation is included that has no numerical improvements other than the re-

formulation of the acceleration. The default configuration of TES using only double

precision with all compensated summation schemes enabled is shown under TES de-

fault settings. Here, the conservation of energy for TES is two orders of magnitude

better than for the naive Encke scheme. If the use of extended precision floating point

variables is permitted in the Kepler solver, then the energy conservation in TES can

be further improved by an order of magnitude compared to the default configuration.

Disabling individual compensation schemes results in energy conservation at least ten

times worse than that of TES with default settings. In the worst case, when compen-

sated summation is not used in the final update step of the f and g functions, the

conservation of energy can be as poor as just using the naive Encke method which
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Figure 4.5: A series of close encounters leading up to a collision between Earth mass
and radius planets orbiting a solar mass star at roughly 1 AU. The top panel shows the
minimum separation between bodies over time. The orange line shows the separation
between the Earth and Moon, and the green line shows the separation representing
a collision between planets. The central panel shows the step size used by TES. The
bottom panel shows the relative energy error over the same time span. The final

small change in energy is due to integrating all the way to collision.
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highlights how important a precise solution to the dominant Keplerian motion is to

schemes of this nature.

To ensure that TES can handle close encounters, I ran a simulation of three Earth mass

planets orbiting a solar mass star at 1 AU as per Bartram et al. (2021). Planets are

tightly packed and over time the system becomes unstable causing close encounters

between them. Figure 4.5 shows a series of these encounters leading up to a colli-

sion. Firstly, in the top panel, nine separate encounters cause two of the planets to

pass closer to one another than the Moon is to the Earth. The last of these encoun-

ters results in a collision between planets. Next, in the central panel, the step size

controller shrinks and subsequently expands the step size appropriately to cope with

the close approaches. Finally, in the bottom panel, the relative energy error can be

seen to perform a random walk close to machine precision throughout all but the final

encounter where a small increase in energy is present owing to integrating all the way

to collision.

These examples validate that the TES model derived in Section 4.2 and implemented

as described in Section 4.3 is indeed capable of performing highly accurate long-term

integration as well as handling close encounters between bodies effectively.

4.5 Numerical experiments

To further investigate the performance of TES in a variety of settings, in this section

I perform a series of numerical experiments. I also provide comparisons with a num-

ber of other integrators. The schemes used are: TES (double); TES (long double),

which makes use of long doubles in the Kepler solver; naive Encke; IAS15 (Rein and

Spiegel, 2015) from the REBOUND package (Rein and Liu, 2012); and Bulirsch-Stoer

(Bulirsch and Stoer, 1966) as well as the hybrid (Chambers, 1999) integrators from

the MERCURY package. Table 4.1 contains the default tolerances used throughout

these experiments unless otherwise specified. In the case of the TES, naive Encke

and IAS15 schemes, the tolerances used are the recommended defaults. All runtime

measurements were performed on an Intel Core i7-6700 CPU running at 3.4 GHz.

4.5.1 Efficiency mass dependence

As discussed previously, the magnitude of the deltas in comparison to the magnitude of

the reference trajectory, the delta ratio, must be kept small to maximize the efficiency
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Table 4.1: Summary of all default integrator tolerances used. TES, naive Encke and
IAS15 tolerances are the recommended defaults.

Tool Default Tolerance
TES (double) 10−6

TES (long double) 10−6

naive Encke 10−6

IAS15 10−9

Bulirsch-Stoer 10−14

hybrid 10−14 with 20 steps per orbit
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Figure 4.6: Relative energy error of simulations of circular two-body systems over
104 orbits for all integrators. The primary is a solar mass star and the mass of the
secondary is varied across a range coincident with that of our solar system. The
secondary mass is expressed in units of Jupiter’s mass, M j . The Encke based meth-
ods must account for the motion of the central body and the two-body problem is

therefore still an appropriate test case.
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Figure 4.7: Runtime of simulations of two-body systems over 104 orbits for all in-
tegrators. The primary is a solar mass star and the mass of the secondary is varied
across a range coincident with that of our solar system. The secondary mass is ex-
pressed in units of Jupiter’s mass, M j . The Encke based methods must account for the
motion of the central body and the two-body problem is therefore still an appropriate

test case. Each data point is the average of twenty identical integrations.

of an Encke method. Simultaneously, one must not rectify too frequently as rectifica-

tions degrade the precision of the predictor in the subsequent step and thus incur a

performance penalty. In the absence of close encounters, the dominant contribution

to the acceleration of the deltas is related to the motion of the central body which

in turn depends on the system mass ratio. Therefore, this experiment is designed to

understand in which region of system mass ratio TES is most effective.

I perform integrations of twenty-one two-body problems for our full selection of inte-

gration packages. I have opted to examine the range of system mass ratios that can

be found in our own solar system if each planet is taken in isolation with the Sun.

Therefore, this experiment ranges from a secondary of Jupiter mass, M j, down to

a mass of 10−4M j, approximately equal to that of Mercury. The samples across the

range of masses are logarithmically spaced, and the primary is always a solar mass

star. The secondary body is placed on a circular, co-planar orbit at 1 AU and inte-

grations are performed for 104 orbits. Runtime is calculated as the mean of twenty

identical integrations for each two-body problem for each integrator.
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Figure 4.6 shows the relative energy error achieved in these experiments. Here, except

for the hybrid scheme, I find no dependence between the relative energy error and

the system mass ratio, simply meaning that the error control algorithms within each

integrator are performing as expected. However, I do find large differences in the

precision of the various integration schemes. In particular, the Bulirsch-Stoer, hybrid

and naive Encke schemes all fail to reach the regions of highest energy conservation.

In contrast, the schemes that are floating point arithmetic aware, i.e, TES and IAS15,

are much more precise. TES (double) and IAS15 have almost identical performance

across the entire range of system mass ratios examined. TES (long double) is the best

performer overall and outperforms TES (double) and IAS15 by up to two orders of

magnitude.

Figure 4.7 shows the runtime for the same experiments where a cluster of curves can

be seen as well as the hybrid scheme which is between six and eight times faster than

the non-symplectic schemes. I find that the standard deviation in runtime across all

TES realisations is 146 ms. The Bulirsch-Stoer, hybrid and IAS15 schemes can be

seen to exhibit no dependency of the runtime on the system mass ratio. However, all

Encke based schemes, i.e., TES and naive Encke, show a positive correlation between

the runtime and the system mass ratio, as predicted. An interesting comparison is

that of TES (double) and IAS15, where for systems with a smaller mass ratio, TES

is able to achieve the same level of precision with only 75% of the computational

cost. TES (double) remains more efficient until the mass of the secondary is roughly

10−1M j. Therefore, for maximum benefit, TES should be applied to systems with a

system mass ratio below this value. Finally, TES (long double) can also be seen to

perform well with a runtime slightly greater than that of TES (double) despite having

a better conservation of energy of up to two orders of magnitude.

4.5.2 Convergence and runtime comparisons

Next, I study the convergence and runtime of TES in comparison to the wider field

of integrators over a period of ten thousand orbits of the innermost planet. In the

previous section, I showed that TES is most effective in systems with a low system

mass ratio, and I have therefore chosen the inner planets of our solar system as a

test problem using initial conditions taken from the NASA Horizons database (NASA,

2021). The tolerance of each of the non-symplectic integrators is varied over a range

of values such that the relative energy error no longer converges. TES and IAS15 use

a range ending at the recommended operating tolerances in Table 4.1. The hybrid

scheme uses a fixed tolerance of 10−14 throughout but the step size, which must be
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Figure 4.8: Relative energy error against average number of steps per orbit for the
inner solar system for 104 Mercury orbits.
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Figure 4.9: Relative energy error against runtime for the inner solar system for 104

Mercury orbits. Each data point is the average of twenty identical integrations.
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kept constant within an integration, is varied until the relative energy error no longer

converges. Runtime is calculated as the mean of twenty identical integrations for each

tolerance for each integrator.

Figure 4.8 shows the relative energy error against the number of steps per orbit. Once

again, there is a divide between the optimal and non-optimal schemes, TES and IAS15

clearly conserve energy more precisely than the other schemes, with TES (long dou-

ble) being the most precise by roughly an order of magnitude once the round-off

error dominated regime is entered at roughly fifteen steps per orbit. The power of

the Encke method can be seen in two places in this plot. Firstly, in the truncation

error dominated region, i.e., the region below roughly fifteen steps, where the rela-

tive change in energy for a given step size is approximately three orders of magnitude

smaller than any of the direct integrations. Secondly, in the furthest right data point

for TES and IAS15 where the recommended default tolerances for the Encke based

methods yield a reduction in the number of steps taken per orbit when compared to

a direct integration. Figure 4.9 shows how these benefits manifest themselves in the

runtime. Immediately, the hybrid scheme can be seen to stand apart from the others

and is indeed much faster than any of the non-symplectic integrators; however, as I

will show in Section 4.5.4 the relatively low precision of the hybrid scheme is not en-

tirely suitable for modelling exoplanet evolution in the presence of close encounters.

The Bulirsch-Stoer scheme has a poor runtime in comparison to the other integrators

and does not reach the highest levels of precision either. The naive Encke method

has a reasonable runtime in the truncation error dominated regime but is not capa-

ble of the energy conservation of the optimal floating-point implementation aware

methods. For the three remaining integrators, TES (double), TES (long double) and

IAS15, the performance is similar. However, for the recommended default tolerances,

the furthest right data point for each integrator, TES (double) is the fastest and is ap-

proximately 20% faster than the slowest scheme. Interestingly, TES (long double) has

the best energy conservation by up to an order of magnitude and has very comparable

runtime to IAS15 despite the disadvantage of not being able to use vectorisation in

the Kepler solver.

4.5.3 Long-term integrations of the inner solar system

In the field of exoplanet modelling, it is typical for simulations to span a billion dynam-

ical periods. It is therefore of great importance to ensure that propagation schemes

follow the optimal error growth of Brouwer’s Law, i.e. ∝
p

N for the relative en-

ergy error, where N is the number of steps taken. I have therefore chosen to perform
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Figure 4.10: Relative energy error of long-term simulations of the inner solar sys-
tem lasting either 108 or 109 Mercury orbits using default tolerances for TES and
IAS15. Bulirsch-Stoer is included for comparison with manually chosen tolerances
of 10−13,−14,−15 to maximise precision. For TES and IAS15 lines plotted up to 108

orbits are the RMS of twenty realisations of the initial conditions perturbed on the
order of 10−15. Beyond 108 orbits, the line plotted is the RMS of five realisations.
Individual realisations are also shown for the TES (double) integrator. Slopes show

optimal (
p

t) and linear error growth in brown and grey, respectively.

long-term simulations of the inner solar system to ensure TES conforms to this re-

quirement. I use the tolerance in Table 4.1 for TES and IAS15. In keeping with the

original IAS15 experiments (Rein and Spiegel, 2015) and to generate a statistical sam-

ple I perform twenty integrations for TES and IAS15 with a perturbation in the initial

conditions on the order of 10−15. The RMS of these twenty realisations is plotted in

Fig. 4.10. However, only five realisations were used in the region between 108 and

109 orbits. Additionally, results of three integrations highlighting the performance

of the Bulirsch-Stoer integrator are also shown for tolerances of 10−13, 10−14 and

10−15. Integrations performed with TES (double) span the full 109 Mercury orbital

periods whereas all other schemes are terminated after 108 Mercury orbital periods

to save on computation. Finally, two slopes are included: one in grey marking the

linear error growth typically associated with truncation dominated regimes, and an-

other, in brown, showing the optimal error growth associated with the symmetrical

distribution of round-off error required for Brouwer’s law.

Figure 4.10 highlights that TES (double) and TES (long double) both follow Brouwer’s
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Figure 4.11: Orbits of the Sun, Earth and Apophis over a one-hundred year period
from 1979 to 2079. The closest approach is marked and causes a transition of Apophis

from Apollo to Atens group.

law for the full integration duration and therefore show that these schemes are well

suited to the long duration integrations required in exoplanet modelling. Note that

despite the larger steps taken by TES (double), the use of the Encke method has en-

abled the truncation error growth to be suppressed for the entirety of integrations.

When performed by an integrator that follows Brouwer’s law, the RMS relative en-

ergy error of a suitably large number of realisations ε ≈ C
p

N where C is a constant

approximately at floating point precision, i.e. ≈ 10−16, and N is the number of steps

taken. In double precision, TES performs marginally better than IAS15 and I believe

this is due to the larger step size taken by the Encke method reducing the
p

N term.

TES (long double) performs only the solution of the Keplerian motion in extended

precision, i.e., the integrator and force models use only double precision. However,

even with this sparing use of extended precision, TES is able to attain a relative en-

ergy error of over an order of magnitude better than if only double precision is used

throughout, and importantly, it does this without excessive computational cost. Most

notably, TES (long double) is able to integrate for up to 105 orbits before there is any

noticeable growth in the relative energy error above the floating point floor. Both TES

(double) and IAS15 already start to show error growth after just hundreds of orbits.
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Figure 4.12: Relative separation between the Earth and Apophis over a one hundred
year period from 1979 to 2079. The closest approach is approximately 2.5×10−4 AU
or roughly 17,000 km, well within the geosynchronous orbital altitude at 35, 786 km.
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Figure 4.13: Relative energy error for a given runtime at the end of a one hundred
year integration of the Sun, Earth and Apophis, including the 2029 close encounter

with Earth. Each data point is the mean of twenty identical integrations.
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Figure 4.14: Final position error for a given runtime of Apophis after a one hundred
year integration of the Sun, Earth and Apophis, including the 2029 close encounter

with Earth. Each data point is the mean of twenty identical integrations.

4.5.4 Apophis 2029 encounter

The last example presented studies the performance of TES in the presence of close

encounters. When the dynamics of planetary systems are such that bodies do not

remain well separated indefinitely, it is important that close encounters are handled

accurately, e.g. when modelling the behaviour of systems after an instability event

(Rice et al., 2018; Bartram et al., 2021). Closer to home, another example is the

accurate modelling of near-Earth objects (NEOs) to understand potential hazards to

humanity. Of the known NEOs, one of particular interest is Apophis owing to the fact

that it will pass within 100,000 km of the Earth in 2029 bringing it closer than the

Moon.

The simplified model I use (Amato et al., 2017) evolves only the Sun, Earth, and

Apophis and makes use of purely Newtonian dynamics throughout. While not a re-

alistic model, it allows us to showcase the behaviour of different integrators in the

presence of strongly perturbing close encounters. To obtain a set of initial conditions

and a high precision reference solution trajectory, first the position of the three bodies

were obtained from the NASA Horizons system at the point of closest approach during

the 2029 encounter. Next, a Dormand-Prince integrator (Dormand and Prince, 1986)

operating in quadruple precision was used to integrate backwards for fifty years to
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obtain the initial conditions. Finally, the same integrator was used to propagate the

initial conditions forward for one hundred years to obtain the final conditions. I con-

sider this high precision integration truth, such that the final positions can also be

used as an error metric in addition to energy conservation.

The trajectories followed by the three bodies are plotted in Fig. 4.11 and the transition

of Apophis from the Apollo to the Atens group after its flyby of Earth can clearly be

seen. Figure 4.12 shows the separation between Apophis and the Earth over the

simulated period of 100 years. Here, Apophis makes many close approaches within

10 Earth Hill radii, or 0.1 AU, but only one very close approach which is in 2029.

This approach distance is approximately 2.5× 10−4 AU or roughly 17,000 km, well

within the geosynchronous orbital altitude at 35,786 km. I perform integrations at

61 different tolerance settings for each of the integrators in Table 4.1. The tolerances

used are chosen in the same way as in Section 4.5.2. At each tolerance, I perform

twenty identical integrations and take the mean value for the runtime.

Figure 4.13 shows the relative energy error for a given runtime. First, consider the be-

haviour of TES (double) in this plot. In the truncation dominated regime, it is among

the fastest schemes competing only with the naive Encke and TES (long double). TES

(double) can also be seen to be fastest at the default tolerance (Table 4.1) which is

represented by the furthest right orange data point; this is the recommended default

setting for users. Once TES (double) has converged such that only round-off error

is present, it is clear that the numerical implementation described in Section 4.3 has

improved the performance by between one and two orders of magnitude in compar-

ison to a naive Encke method (red). Due to the very short integration timescale of

only one hundred orbits, TES (long double) shows no advantage over TES (double)

and the runtime for the default tolerance setting is comparable to that of IAS15. The

MERCURY integrators, Bulirsch-Stoer and hybrid, fail to conserve energy as precisely

as the schemes based upon Everhart’s Radau and reach final values of relative en-

ergy error of 10−13 and 10−12, respectively. Interestingly, in contrast to Fig. 4.9, in

the presence of repeated close encounters, the hybrid scheme runtime increases to be

comparable to that of the non-symplectic integrators.

While the conservation of energy is a common metric for the accuracy, its value is

usually dominated by the most massive objects in a given system. Given the low mass

of Apophis in comparison to the Earth, I also look at the final position of Apophis as

output by each integrator in comparison to our quadruple precision numerical solu-

tion. Figure 4.14 shows the error in the position of Apophis, δr, for a given runtime.

Again starting with TES (double), there are two regions of performance: one where
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the runtime is low, below 32 ms, and it performs poorly, and one where the runtime

is higher, above 32 ms, where the scheme performs well. What is interesting is the

lack of a transition period between these two regions which is present in, e.g., IAS15;

instead, all Encke based methods are either highly precise or highly inaccurate. For-

tunately, the recommended default tolerance for both implementations of TES is well

within the highly precise solution region. Given a suitable tolerance, both implemen-

tations of TES and IAS15 are comparable in precision, with TES being slightly faster

for the default tolerances (Table 4.1).

For this problem, TES (long double) shows interesting behaviour once it has con-

verged to roughly δr = 10−7 AU. At this point, its performance becomes highly con-

sistent regardless of decreases in tolerance. This contrasts with all other Everhart

based schemes which exhibit variance in the precision of the final position of Apophis

with changing tolerance. The precisions seen here are highly consistent with Amato

et al. (2017) who find their implementation of Everhart’s Radau scheme integrating

using Cowell’s formulation converging to roughly 10−7 AU. To obtain more precise

solutions, the authors had to employ regularisation techniques on the equations of

motion.

The degree of positional precision obtained after a close encounter is paramount if one

wishes to model repeated encounters. Deviations from a true trajectory are greatly

amplified during a close encounter and any inaccuracies in modelling the first en-

counter in a series are therefore increased in all subsequent encounters. The preci-

sion achieved by TES in these experiments equates to a positional error at the time of

closest approach of approximately 10 cm whereas the naive Encke method achieves

an error of 10 m. Given that the size of keyholes, i.e., regions of space on the b-plane

formed by the separation vector at the point of closest approach, found by Farnocchia

et al. (2013) that can lead to a resonant return trajectory for Apophis are between

6 cm and 600 m, the precision of the naive Encke makes it unsuitable for use in

this challenging application domain. Therefore, the numerical improvements in Sec-

tion 4.3 that comprise TES are sufficient to improve the naive Encke method to the

point where it can now be used in the study of NEO asteroid dynamics.

The hybrid scheme is not precise enough for the step sizes presented to accurately

model the trajectory of Apophis during its flyby of Earth. However, I mirror the find-

ings of Amato et al. (2017) and find that if the hybrid scheme step size is reduced by

roughly a factor of one hundred then it is possible to obtain positional errors as low

as 10−5 AU, although the computational cost for doing this means this option is of

little practical importance.
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4.6 Summary

In this chapter, I introduced TES, a new integrator for planetary systems that follows

Brouwer’s law and permits close encounters between massive bodies. TES builds upon

the classical Encke method and takes advantage of the dominant nature of the star in

planetary systems. I showed that TES is effective across a wide range of planet-to-star

mass ratios but found that the more dominant the central body, the more effective

the scheme is, with excellent improvements in speed being seen in simulations of the

inner solar system.

In Section 4.2.2 I derived a new version of the Encke method in democratic heliocen-

tric coordinates (ENCODE) and presented the equations of motion in this coordinate

system. Additionally, I implemented a series of numerical improvements that reduced

the round-off error by two orders of magnitude compared to the naive Encke method.

TES is optimal in that it follows Brouwer’s law and has an RMS energy error slightly

below that of IAS15.

I performed extensive comparisons with IAS15 in REBOUND, and the Bulirsch-Stoer

and symplectic hybrid schemes within the MERCURY package. I found that for well-

separated systems, TES is the fastest non-symplectic scheme for a given precision. In

the presence of close encounters, I found that TES is able to reach a precision much

greater than either of the MERCURY schemes, in terms of both conservation of energy

and final position, with a precision comparable to IAS15.

TES is open source and accessible at https://github.com/PeterBartram/TES. It

is available in a “double” version using only double precision floating point arithmetic

and a “long” version using extended, 80 bit, floating point arithmetic in the Kepler

solver. In double precision, I found that TES is only 15% faster than the extended

precision implementation which is two orders of magnitude more precise, but for

portability I recommend the double precision version as the default. Regardless of the

version used, I found that TES is faster than IAS15 for the same energy conservation

in the majority of the problems examined, although some of this performance is lost

for systems with more massive secondaries. I also found that TES can handle close

encounters such as the Apophis flyby in 2029 efficiently and accurately.

In the next chapter, I use TES to study the stability of planetary systems. In particular,

I use it to model the dynamics of compact exoplanet systems right up until a collision

between planets occurs.

https://github.com/PeterBartram/TES
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Chapter 5

Post-instability impact behaviour of

compact three-planet systems

The contents of this chapter is based upon the article published at Monthly Notices of

the Royal Astronomical Society. It is available with open access on MNRAS and also on

arXiv. The authors of the article are Peter Bartram, Alexander Wittig, Jack J. Lissauer,

Sacha Gavino and Hodei Urrutxua. I am responsible for performing the work in the

original article although I owe a great deal to helpful conversations with my co-authors.

Additionally, results included in the chapter using the WH map and hybrid scheme are

courtesy of Sacha Gavino and Jack Lissauer.

This chapter brings together all previous discussions and work in this thesis. In it,

I take the TES algorithm developed in the previous chapter, and use it to perform

a large simulation campaign to understand the behaviour of compact exoplanet sys-

tems. This simulation campaign actually therefore provides two benefits. Firstly, it

enables a deeper understanding of the post-instability behaviour of compact three-

planets systems. And secondly, it provides a testing ground for TES to ensure that

it can handle the precision demands required by very long-term simulations in the

presence of repeated close encounters and a collision between Earth analogues.

I perform over 25, 000 integrations of a Sun-like star orbited by three Earth-like secon-

daries for up to a billion orbits to explore a wide parameter space of initial conditions

in both the co-planar and inclined cases, with a focus on the initial orbital spacing. I

calculate the probability of collision over time and determine the probability of colli-

sion between specific pairs of planets. I find systems that persist for over 108 orbits

after an orbital crossing and show how the post-instability survival time of systems

depends upon the initial orbital separation, mutual inclination, planetary radius, and

https://academic.oup.com/mnras/advance-article-abstract/doi/10.1093/mnras/stab1465/6280960
https://arxiv.org/abs/2104.13658
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the closest encounter experienced. Additionally, I examine the effects of very small

changes in the initial positions of the planets upon the time to collision and show

the effect that the choice of integrator can have upon simulation results. I generalise

the results throughout to show the behaviour of systems with an inner planet initially

located at 1 AU and 0.25 AU.

5.1 Background

The now retired NASA Kepler Space Telescope is responsible for observations leading

to the confirmation of hundreds of multi-planet systems (Lissauer et al., 2014; Rowe

et al., 2014). Of these systems, as many as six percent are thought to be compact (Wu

et al., 2019), containing planets that are much more closely spaced than the inner

planets of our own Solar System. These discoveries have naturally led to many ques-

tions being asked about the long-term stability of compact exoplanet systems. Indeed,

it is even possible that compact planetary embryos existed interior to Venus’s current

orbit that have subsequently been ejected from this region due to orbital instabili-

ties (Volk and Gladman, 2015). Within the class of observed compact systems, a large

population of planets have been observed with a mass (Mayor et al., 2011) and radius

(Petigura et al., 2013) between that of Earth and Neptune. Moreover, the observed

orbital architecture is such that mutual inclinations are small, typically in the region

of 1◦ to 2◦ (Fabrycky et al., 2014), while eccentricities are also found to be small, on

average ē ≈ 0.04 (Xie et al., 2016). An archetypal example of these systems, albeit

containing six planets, is Kepler-11 (Lissauer et al., 2011). Exoplanet systems with

orbital spacings much greater than that required for stability are also present in the

Kepler dataset. It is a favourable hypothesis that this orbital architecture is a result

of dynamical instabilities in much more compact systems leading to close encounters

and orbital reconfiguration (Pu and Wu, 2015). Understanding of the stability and

evolution of compact exoplanet systems is therefore not only important for making

sense of observations but also for understanding the planetary formation process as

a whole.

Characterisation of the stability of three or more planet systems can be approached in

several ways. Analytical models have been built that can predict the lifetime of three-

planet systems based upon resonance overlap (Wisdom, 1980; Petit et al., 2020).

Recently, machine learning approaches have also been developed that, after being

guided by a training set of 109 year integrations, can use far shorter integrations to

predict with surprisingly high accuracy which given exoplanet systems will remain
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stable for a billion orbital periods (Tamayo et al., 2016, 2020a). However, the most

common approach to the problem, and the one employed in this chapter, is the use of

n-body simulation (Chambers, 1999; Smith and Lissauer, 2009; Obertas et al., 2017;

Hussain and Tamayo, 2020; Lissauer and Gavino, 2021).

The majority of studies performed take a subset of the possible input parameter space

for a compact, near-circular, near co-planar system of a given number of planets, and

then evolve this system forward in time checking for either the first close approach,

typically specified as one Hill radius, rH , or waiting for an orbital crossing to occur:

this is then termed the instability event. Throughout this work, I will use orbital

crossing as the definition of an instability event and refer to the time at this point

as the crossing time. Rice et al. (2018) found that systems containing four Neptune-

mass planets can continue to evolve after an instability event for over ten million

dynamical periods before a collision of planets, meaning that the commonly used

instability metric may not capture the entire evolution of the system. Given that the

manner in which these planets collide determines the final orbital architecture, it is

important properly to understand this phase of the exoplanet system life cycle.

This study builds upon the work done by Rice et al. (2018) and Lissauer and Gavino

(2021) by considering the post-instability evolution of compact, Earth-analogue, three-

planet systems across a large range of initial orbital separations equally spaced in units

of mutual Hill radii. I create three integration suites called the standard suite, per-

turbed suite, and inclined suite, and perform 4,800 integrations each in the first two

and a further 16,800 in the final one. I continue integrations up until the time of first

collision between planets or for 108 or 109 orbits depending on the experiment.

In Section 5.2 of this chapter I describe the methodology used for the integrations

including the initial conditions for each integration suite, the integration packages

used, and the termination criteria. Section 5.3 contains the results of all standard

suite integrations: Section 5.3.1 details the timescales for orbital crossing and colli-

sion between pairs of planets, and details collision probabilities over time for various

initial configurations of systems; the effects of small changes in initial orbital longi-

tude upon these results are then examined in Section 5.3.2; and, finally, Section 5.3.3

examines the probabilities of particular pairs of planets colliding. Section 5.4 intro-

duces the results of inclined suite integrations: in Section 5.4.1 I explore the heating

of what are initially dynamically cold systems that eventually enables orbital crossing

and collision; here, I find that the three-planet Earth-mass systems behave in a similar

manner to the four-planet Neptune-mass case but follow a different power law. Sec-

tion 5.4.2 examines the timescales leading to collision in the inclined case and shows
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that the survival time after crossing can be a non-trivial fraction of the main-sequence

lifetime of stars. In addition, this section also looks at the effects on the lifetime of sys-

tems dependent on the distance from the innermost planet to the star and the initial

inclination. I finally summarise my findings in Section 5.6.

5.2 Methods

I have chosen to simulate compact three-planet systems comprising of analogues of

our own Solar System which are consistent with systems identified in the Kepler

dataset. The central body in each system is a one solar-mass star, m0 = 1 M�. Each

of the planets within the systems are Earth mass, m j = 1 M⊕ where j = 1, 2,3 with a

planetary radius also equal to that of Earth, RP = R⊕. Planets are placed on initially

circular orbits orbiting the star in a common direction with the innermost planet lo-

cated at 1 AU. Time throughout this work is provided in units of initial orbital period

of the innermost planet, this means that the crossing time is invariant to rescaling of

the system so long as the initial orbital period ratios between bodies are maintained

along with the mass-ratios of planets and star.

5.2.1 Initial semi-major axes

Initial semi-major axes a j of systems are evenly spaced in terms of mutual Hill radii.

The mutual Hill radii is defined as

rH j, j+1
=

 

m j +m j+1

m0 +
∑ j−1

k=1 mk

!
1
3 �a j + a j+1

2

�

.

This allows for a dimensionless value β to be defined to specify the even spacing of

adjacent planetary orbits in units of their mutual Hill radii as

β ≡
a j+1− a j

rH j, j+1

.
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Therefore, the initial semi-major axes of adjacent planets are chosen to be such that

a j+1 = a j +β rH j, j+1

= a j



1+
β

2
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1
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!
1
3





−1

.
(5.1)

The innermost planet is placed such that it has a semi-major axis of 1AU, and all other

semi-major axes are chosen through Eq. (5.1). I refer to this configuration as a system

at 1 AU. Likewise, later on, when results are generalised to include systems with an

innermost planet located at 0.25 AU with other planets spaced as per Eq. (5.1) I refer

to it as a system at 0.25 AU.

5.2.2 Stopping criteria and integration packages

I use TES (Bartram and Wittig, 2021) with a non-dimensional tolerance of 1× 10−8

to perform all integrations. This has ensured that the relative energy error in all

simulations, even after collision and for the longest lived systems, is maintained below

1× 10−13. To validate these results, I also repeated all standard suite integrations

making use of IAS15 (Rein and Spiegel, 2015) within the REBOUND package (Rein

and Liu, 2012). The results from this comparison can be found in Section 5.5.

As previously mentioned, time is measured by initial periods of the innermost planet

in the system throughout this work, meaning that all times are specified in units of

orbits or dynamical periods. Integrations run until either a collision is detected or the

simulation reaches a maximum time of 108 or 109 dynamical periods, depending on

the experiment.

To detect an orbital crossing, the orbital elements of each planet are calculated at every

step within each integration. These are then compared to determine the time at which

the apoapsis of a planet crosses the periapsis of the exterior adjacent planet. I define

this as the crossing time and denote it tc. Moreover, also at each step, the mutual

separations of each of the planets are calculated so that collisions can be detected.

The metric of two planets coming within 2R⊕ of one another is used for collision

detection. I define the time at which this occurs as the impact time and denote it t i. I

also define the post-crossing survival time, ts, of a system to be the time that the system
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Figure 5.1: Plot showing the crossing time, tc , and impact time, t i , for all integrations
in the standard suite for systems at 1 AU. Simulations are run for up to 109 orbits
in general but some are terminate at 108 orbits to save on computation. Orbits are
specified by the initial period of the innermost planet. Impacts that take place before
a crossing are highlighted by a green diamond whereas systems that did not cross
within the maximum simulation time are marked with a red triangle. Models fitted
to the crossing and impact times according to Eq. 5.2 are shown as a dashed black

and a dashed red line, respectively.

persists without a collision after the point of orbital crossing:

ts ≡ t i − tc.

All encounters closer than any experienced previously are recorded such that it is

possible to generalise the collision results to systems with planetary radii greater than

that of the Earth or, equivalently, initial orbital radii closer than 1 AU. I use this

generalisation to consider systems at 0.25 AU and 1 AU for all integration suites. I

also define the time of closest encounter prior to collision as the closest encounter time,

te. To ensure bitwise identical initial conditions as in Lissauer and Gavino (2021),

initial conditions are specified as orbital elements which are then entered in to the
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Table 5.1: Summary of all simulation event time symbols used.

Symbol Definition
tc crossing time
t i impact time
ts post-crossing survival time
te closest encounter time

MERCURY (Chambers, 1999) integration package to generate an initial state vector

which is then provided to either TES or REBOUND. Table 5.1 contains a summary of

all symbols related to simulation event times.

5.2.3 Standard integration suite

The first suite of integrations is composed of 4, 800 orbital configurations and is

termed the standard suite. In this suite, systems are on initially circular, co-planar

orbits with an initial mean anomaly for the jth planet M j = 2π jλ radians where

λ ≡
1
2

�

1+
p

5
�

, i.e., the golden ratio, and are merely chosen to avoid special orien-

tations. As I wish to study the effects of the initial spacing of planets upon impact

timescales, I choose a high resolution in β such that there are 1×103 integrations per

unit β over the range β = [3.465, 8.3]. Generally, integrations are terminated after

109 orbits if a collision is not encountered. However, in certain areas I have chosen

to limit integrations to 108 orbits to save on computation; these regions are clearly

marked on any plots.

5.2.4 Perturbed integration suite

The second integration suite is termed the perturbed suite and is also composed of

4,800 integrations. The only difference between the initial conditions of the standard

suite and the perturbed suite is that in the latter case the innermost planet is perturbed

by 100 m along its orbital arc. I strictly terminate integration at 1×108 orbital periods

of the innermost planet in this suite. This suite is used to examine the effects of very

small changes in initial conditions upon crossing and impact time.
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5.2.5 Inclined integration suite

The final integration suite is the inclined suite and is composed of 16,800 integrations.

I choose initial conditions across a subset of the available parameter space manually

rather than randomly and perform integrations for a maximum simulation time of

1× 108 orbital periods of the innermost planet. To make best use of computational

resources, I limit this study to the range β = [3.5,6.3] and perform experiments

uniformly spaced in β with fifty values per unit β . At each value of β I perform

one hundred and twenty experiments where the initial values of semi-major axis,

eccentricity and mean longitude are the same as in the standard suite.

Planets are, however, inclined relative to each other in one of four ways: one of inner,

middle or outer planet inclined above the orbital plane of the system, and also with

the middle planet above and the outer planet below. For each such configuration

of relative inclination fifteen initial values of inclination are logarithmically spaced

between i0 = 0.06◦ and i0 = 0.58◦, yielding an initial orbital height ranging from

0.10 rH to rH . The distribution of initial inclinations within this range is such that ten

values are used between i0 = 0.24◦ and i0 = 0.58◦ and five values are used over the

region i0 = 0.06◦ and i0 = 0.24◦. Finally, two values are chosen for the ascending

nodes Ω: either according to the golden ratio in Section 5.2 such that M j = Ω j or

equally spaced such that Ω j = [0◦, 120◦, 240◦].

The full state vector of each simulation is output to file once every ten thousand orbital

periods; additionally, each planetary flyby closer than any other previously observed

is also recorded.

5.3 Standard integration suite

This section contains the results of the standard integration suite described in Sec-

tion 5.2.3.

5.3.1 Timescale to planet-planet collision

The crossing and impact times for the standard suite are plotted in Fig. 5.1. Inspection

of the crossing time with respect to the initial orbital spacing shows the clear upwards

trend present in other works (Smith and Lissauer, 2009; Obertas et al., 2017; Hussain

and Tamayo, 2020; Tamayo et al., 2020a; Lissauer and Gavino, 2021). I also capture
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Figure 5.2: Cumulative sum of integrations with a collision before orbital crossing
for various initial values for semi-major axis of the innermost planet. The flat re-
gion between beta β = 7 and β = 8 is due to systems not experiencing an orbital
crossing within the maximum simulation time in that region (see the red triangles

in Figure 5.1).

the large scale variations about the trend which for the most part are a result of mean

motion resonances as discussed in Obertas et al. (2017). Additionally, I replicate the

finding of Lissauer and Gavino (2021) in the discovery of a highly stable configuration

around β = 5.74 which they attribute to the distance of this configuration from any

strong resonances.

Throughout this work I use a linear logarithmic fit of the form

log10 (t) = b′β ′+ c′ (5.2)

in several places where β ′ = β − 2
p

3 and is used to reduce the dependency of the

y-intercept upon the slope. I fit this model to three datasets such that t = tc, t i or ts

and state explicitly which at the time of use. Unless otherwise stated, I only include

data points in the region β = [3.465,6.3] in the fits to avoid biasing the results due to

systems that did not experience an orbital crossing within the maximum simulation

time. For t = tc, over this region, I find that b′ = 1.352 and c′ = 2.067 which is in
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Figure 5.3: Post-crossing survival time of systems initially at 1 AU against β . Blue
dots indicate the same pair both crossed orbits and collided; orange indicates the pair
that collided was not the pair that crossed; green indicates a collision between the
inner and outer planets. The ts model (bold dashed black) is fitted to all data points
with a survival time greater than two orbits. The insets show the planet separation for
the marked systems between crossing time, tc , (dashed orange) and collision time,

t i , (dashed green). Additionally, the Hill radius at 1 AU is shown (dashed red).

strong agreement with Lissauer and Gavino (2021) and confirms the functionality of

TES. For impact times t i, I find b′ = 1.192 and c′ = 2.42.

Figure 5.1 highlights that the post-crossing survival time is very small compared to

the crossing time for the majority of systems observed. The log scale of the plot and

the relatively small magnitude of ts means the bulk of the impact time data points are

hidden in this figure. The only exception is in the region of small β where the ratio
t i/tc is large due to the relatively small size of tc.

Finally, it can be seen that for a small subset of integrations collisions can occur before

an orbital crossing has taken place. A cumulative sum showing the number of occur-

rences is shown in Fig. 5.2 where I believe that the increase between systems at 1 AU

and 0.25 AU is not dependent purely on the physical cross-sectional area of planets
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Figure 5.4: Post-crossing survival time, ts, against orbital crossing time, tc , for sys-
tems initially at 1 AU. Blue dots indicate the same pair both crossed orbits and col-
lided; orange indicates the pair that collided was not the pair that crossed; green
indicates a collision between the inner and outer planets. The ts model (dashed

black) is fitted to all data points with a survival time greater than two orbits.

but rather the enhanced cross-sectional area due to gravitational focusing (Safronov,

1969, p. 147).

It is likely that a symplectic integrator, configured to use the standard step size of
1/20 th of the smallest dynamical period, would miss these collisions. However, given

the small number of occurrences relative to the number of integrations typically per-

formed in stability studies, it is unlikely that these missed collisions will have biased

the datasets in any statistically meaningful way.

Figure 5.3 shows the post-crossing survival time for all systems within the standard

suite against β; Figure 5.4 is identical but plotted against tc. I find two main popula-

tions of post-crossing survival times present: those surviving for less than two orbits,

and those surviving for more than ten orbits with very few outliers in between. Within

the long surviving population, it can be seen that there is a clear increase in the post-

crossing survival time of systems with respect to both β and tc. I fit models of the

form of Eq. (5.2) to both the long-lived population and the population in its entirety,

I call these datasets long and all, respectively. The model coefficients b′ and c′ can be

found in the top two rows of Table 5.2. Similarly, I also fit linear models to the two
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Table 5.2: Fitted model coefficients for ts against β and tc . Plotted models are fitted
to the long-lived population, long, only but fitted models for the full dataset, all,
are included as well. PCC is the Pearson correlation coefficient. σ is the standard

deviation of the dataset from the fitted model.

ts model dataset b c b′ c′ PCC σ

Figure 5.3
long − − 0.111 2.84 0.197 0.680
all − − 0.165 2.496 0.176 1.13

Figure 5.4
long 0.0781 2.693 − − 0.183 0.682
all 0.118 2.27 − − 0.167 1.13

datasets present in Fig. 5.4 for log10(ts) against log10(tc). The model coefficients b

and c can be found in the bottom two rows of Table 5.2. In all cases, I calculate the

Pearson correlation coefficient (PCC) and also calculate the standard deviation, σ, of

the data minus the fitted model, e.g. σ(log10(ts)− (b′β ′+ c′)). Clearly, there is a

tendency for systems to persist for longer after an orbital crossing when the initial

mutual spacing between them is greater, with a difference of a factor of three in me-

dian post-crossing survival time over the entire beta range. However, even given this

increase, the post-crossing survival time for systems simulated did not ever exceed

one million orbits. Given that this represents roughly one ten-thousandth of the main

sequence lifetime of solar-mass stars it is possible, although very unlikely, that we

could observe a compact exoplanet system that has undergone an orbital crossing but

has not yet experienced a collision between planets, even if it were a truly co-planar

system.

In the case of the short-lived population, there is a further subdivision of different

behaviours: those systems that experience a collision almost immediately following

a crossing, e.g. those bodies whereby ts < 10−1, and those which persist for longer

than this but less than a couple of orbits. In the former case, I have observed that

the trajectories of two planets about the star simply cross, leading to straightforward

collisions, and triggering an orbital crossing in the process. However, in the latter

case, I find that the trajectories of the planets about the star are such that a very close

encounter occurs, which causes the two planets to become temporarily gravitationally

captured. These two planets then remain within approximately a Hill radius of one

another before finally experiencing a fatal collision a fraction of an orbit later. These

behaviours are shown in the satellite images in Fig. 5.3. It can be seen here that

temporary gravitational capture is not the cause of collision in the case of outliers

with a post-crossing survival time between two and ten orbits.

To consider whether these results generalise to other systems of planets, I have calcu-

lated t i and ts for a system with the inner planet initially placed at 0.25 AU. This is
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Figure 5.5: Probability of having experienced a collision over time for various regions
of initial spacing, β . The probability is calculated as the cumulative fraction of sys-
tems that have experienced collisions over the total number of systems. Solid lines
show the probabilities for systems initially at 1 AU while the dashed lines are initially

at 0.25 AU.

equivalent to artificially inflating the radius of all planets in systems at 1 AU by a factor

of four. When thought of this way, this is akin to placing planets with a radius approx-

imately the same size as Neptune at 1 AU; tc is invariant to the initial location of the

inner planet. The probability, calculated as the cumulative fraction of systems that

have experienced collisions over the total number of systems, of collision over time

for both settings are shown in Fig. 5.5. The separation between dashed and solid lines

indicates that a given collision probability is reached sooner in systems composed of

planets with a larger radius. The difference in time remains approximately constant

over all values of β , even if the log scale suggests otherwise.

Figure 5.6 contains normalised histograms of ts within different regions of β for sys-

tems with the inner planet initially at 1 AU and 0.25 AU. I find that the distribution of

post-crossing survival times is log-skew-normal distributed across all systems; I con-

firmed this using a Kolmogorov-Smirnov test with a precision parameter of α= 0.005.

The skew-normal distribution is a generalisation of the normal distribution that allows

the class to be extended to include distributions with non-zero skewness through the
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Figure 5.6: Normalised histograms of post-crossing survival time, log(ts), for differ-
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N(µ,σ,ζ). Systems that did not experience a crossing were excluded from these

distributions.

addition of a shape parameter (Azzalini and Capitanio, 1999). Log-skew-normal prob-

ability density functions, shown in orange, are fitted to the data through a maximum

likelihood estimator. I calculated the mean µ, standard deviation σ, and the skew ζ

for each distribution; I use the Fisher-Pearson coefficient of skewness throughout. I

find that µ increases with increasing β range, and also find the same pattern for σ

in all but one case. In all cases, ζ is negative indicating a skew towards shorter post-

crossing survival times compared to a normal distribution. This means that there is a

preference for systems to collide sooner rather than later after an orbital crossing as

compared to the most frequent survival times. There is a slow build up in the num-

ber of systems experiencing collisions over time after an orbital crossing but a much

sharper cut-off after the peak density of collisions. This highlights the difficulty for

systems to persist for long timescales after an orbital crossing in the co-planar case.

Systems with a shorter mean post-crossing survival time show a skew of a smaller

magnitude than those with a longer survival time, e.g. at 1 AU ζ= −0.14 for β < 4.0

whereas for β >= 4.0 the smallest, in magnitude, value observed is ζ= −0.57. I find

that the distributions of post-crossing survival times at 0.25 AU are less skewed than

those at 1 AU, indicating that the survival times of systems in this case are closer to a

log-normal distribution.
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Table 5.3: Comparison of crossing times of systems using identical values of initial spacing, β , in mutual Hill radii for the standard and
perturbed initial longitudes.

Interval: [3.465, 3.999] [4.0, 4.999] [5.0, 5.999] [6.0, 6.33] [3.465, 6.33]
number of runs in the range 535 1000 1000 331 2866
< logtc

(standard)− logtc
(perturbed)> 0.006 −0.001 −0.011 −0.014 −0.004

< |logtc
(standard)− logtc

(perturbed)|> 0.039 0.182 0.306 0.356 0.219
tc(perturbed) < 0.5tc(standard) 7 (1.31%) 92 (9.20%) 200 (20.00%) 75 (22.66%) 374 (13.05%)
0.5tc(standard) < tc(perturbed) < 2tc(standard) 524 (97.94%) 812 (81.20%) 580 (58.00%) 173 (52.27%) 2089 (72.89%)
tc(standard) < 0.5tc(perturbed) 4 (0.75%) 96 (9.60%) 220 (22.00%) 83 (25.08%) 403 (14.06%)
within 10% of standard systems 398 (74.39%) 217 (21.70%) 100 (10.00%) 27 (8.16%) 742 (25.89%)
within 1% of standard systems 333 (62.24%) 68 (6.80%) 10 (1.00%) 7 (2.11%) 418 (14.58%)

Table 5.4: Comparison of collision times of systems using identical values of initial spacing, β , in mutual Hill radii for the standard and
perturbed initial longitudes both with the innermost planet initially at 1 AU.

Interval: [3.465, 3.999] [4.0, 4.999] [5.0, 5.999] [6.0, 6.33] [3.465, 6.33]
number of runs in the range 535 1000 1000 331 2866
< logt i

(standard)− logt i
(perturbed)> 0.015 −0.012 −0.010 −0.012 −0.006

< |logt i
(standard)− logt i

(perturbed)|> 0.429 0.302 0.294 0.349 0.328
t i(perturbed) < 0.5t i(standard) 145 (27.10%) 189 (18.90%) 185 (18.50%) 76 (22.96%) 595 (20.76%)
0.5t i(standard) < t i(perturbed) < 2t i(standard) 260 (48.60%) 614 (61.40%) 598 (59.80%) 175 (52.87%) 1647 (57.47%)
t i(standard) < 0.5t i(perturbed) 130 (24.30%) 197 (19.70%) 217 (21.70%) 80 (24.17%) 624 (21.77%)
within 10% of standard systems 108 (20.19%) 110 (11.00%) 99 (9.90%) 25 (7.55%) 342 (11.93%)
within 1% of standard system 79 (14.77%) 17 (1.70%) 8 (0.80%) 5 (1.51%) 109 (3.80%)
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Table 5.5: Comparison of collision times of systems using identical values of initial spacing, β , in mutual Hill radii for the standard and
perturbed initial longitudes both with the innermost planet initially at 0.25 AU.

Interval: [3.465, 3.999] [4.0, 4.999] [5.0, 5.999] [6.0, 6.33] [3.465, 6.33]
number of runs in the range 535 1000 1000 331 2866
< logt i

(standard)− logt i
(perturbed)> −0.005 −0.010 −0.010 −0.011 −0.009

< |logt i
(standard)− logt i

(perturbed)|> 0.297 0.243 0.301 0.353 0.286
t i(perturbed) < 0.5t i(standard) 98 (18.32%) 141 (14.10%) 187 (18.70%) 75 (22.66%) 501 (17.48%)
0.5t i(standard) < t i(perturbed) < 2t i(standard) 335 (62.62%) 701 (70.10%) 592 (59.20%) 176 (53.17%) 1804 (62.94%)
t i(standard) < 0.5t i(perturbed) 102 (19.07%) 158 (15.80%) 221 (22.10%) 80 (24.17%) 561 (19.57%)
within 10% of standard systems 142 (26.54%) 130 (13.00%) 99 (9.90%) 25 (7.55%) 396 (13.82%)
within 1% of standard system 108 (20.19%) 19 (1.90%) 10 (1.00%) 7 (2.11%) 144 (5.02%)
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5.3.2 Sensitivity to initial conditions

To examine the sensitivity to initial conditions of the results of the simulations, I use

the perturbed suite of integrations described in Section 5.2.4. The crossing and colli-

sion times of each integration between the standard suite and the perturbed suite are

compared to determine the effect of the perturbation. Table 5.3 contains the results

of that comparison for the time of orbital crossing. Tables 5.4 and 5.5 contain the same

comparison for but for the impact time of systems at 1 AU and 0.25 AU, respectively.

In general, the comparison between crossing times in Table 5.3 aligns closely with

Lissauer and Gavino (2021). Percentages between the two studies rarely differ by

more than a few points despite the different integration tools used: TES and MER-

CURY. One notable difference between the two studies is in the initially wider spaced

systems. In the regions β = [5.0,5.999] and β = [6.0, 6.33] I find roughly double the

number of initial orbital spacings where the standard and perturbed suite integrations

experience orbital crossing times within 10% of one another. Given the precise orbital

evolution required in order for standard and perturbed suite systems to experience a

crossing at the same time, it is unlikely that numerical error would ever cause an in-

crease in this statistic. I therefore take this as an indication that TES has maintained

a higher precision than the symplectic Wisdom-Holman (Wisdom and Holman, 1991)

scheme within MERCURY. To further validate TES in this setting I have also repeated

the standard suite integrations with IAS15 from the REBOUND package for compari-

son. I find very good agreement in results between the two routines.

The right-most summary column for the full range of β = [3.464,6.300] in Table 5.4

shows there is a marked decrease in the number of collisions occurring within a factor

of two, and within ten and one percent of one another; as compared to the orbital

crossing times in Table 5.3. The largest reduction is seen in the within-a-factor-of-

two row where a reduction of over 15 percentage points highlights the sensitivity to

close approaches in this setting. The majority of this difference in collision times is

seen in the initially closely spaced systems where a reduction of almost 50 percentage

points can be seen for integrations finishing within 10% of one another. However,

once the crossing times exceed approximately 1×104 orbits at β = 5 the effect of the

perturbation disappears and values between crossing and collision times for the two

datasets converge.
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Figure 5.7: Probability of collision per pair of planets broken down by the pair of
orbits that initially crossed and initial spacing, β , range. Probability is calculated
as the fraction of collisions between a given pair of planets over the total number
of collisions.The top panel is for systems initially at 1 AU while the bottom panel
is initially at 0.25 AU. Inner and outer refer to the innermost and outermost pairs
of planets, respectively. Extrema refers to the pair comprising the innermost and

outermost planets.

5.3.3 Which planets collide?

I find a slight discrepancy between the prevalence of orbital crossings, with the inner-

most pair triggering 48% of crossings compared to 52% for the outermost pair. These

percentages were calculated using n = 4,800 integrations and the expected stochastic

variation, about the mean, i.e. 50%, is therefore approximately 0.72% (Dobrovolskis

et al., 2007).

In the following, I designate the specific pair of planets that collide as the collision pair,

and analogously I refer to the pair of planets that experienced an orbital crossing as

the crossing pair. I find that across all values of β a collision between two planets

is almost twice as likely if the same two planets were also involved in the orbital

crossing. Figure 5.7 highlights clearly that this is the case with between 48% and 62%
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Figure 5.8: Post-crossing survival time distribution of collisions between different
pairs of planets. Blue bars indicate the same pair both crossed orbits first and collided;
orange indicates the pair that collided was not the pair that crossed; green indicates
a collision between the inner and outer planets. The top panel is initially at 1 AU

while the bottom panel is initially at 0.25 AU.

of collision events occurring between the crossing pair for systems at 1 AU depending

on the initial orbital spacing. Moreover, these percentages appear to be invariant as

to whether the inner or outer pair is involved in the orbital crossing. A clear trend

can be seen with respect to β , where an increase in the initial orbital spacing between

planets leads to an increased probability of collision between the crossing pair.

Figures 5.3 and 5.4 are coloured based on the collision and crossing pair for each

system. As first crossings can only ever occur between neighbouring planets, it is pos-

sible to use only three colours for this: blue for same-pair systems whereby the same

pair was involved in both the first orbit crossing and the collision, orange for other-

pair systems to indicate that the colliding pair was the neighbouring pair that did not

first cross, and green for extrema-pair systems to indicate a collision between the inner

and outer planets. Across the whole range of β it can be seen that for systems with

a ts below the ts model fit line collisions are predominantly between the first cross-

ing pair. Figure 5.8 shows how these three combinations of events are distributed

over time. Collisions that take place within a single orbit of orbit crossing are almost

exclusively found in same-pair systems due either to simple immediate collisions or

to the temporary gravitational bounding of planets discussed previously. Same-pair
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collisions are the most likely outcome for all systems at 1 AU, shown in the top pane,

until ts ≈ 104 orbits, followed by other-pair systems, with extrema-pair systems be-

ing the least likely. However, after this period the probability of collision between

any combination of planets becomes almost identical, indicating that the mixing of

planetary orbits after crossing is sufficient to overcome the increased probability of

same-pair integrations due to the initial orbital configuration. Interestingly, the peak

of other-pair and extrema-pair systems do not align, instead the former peaks first.

This can be understood as the mixing process taking longer to cause the inner and

outer planets orbits to overlap than to excite the middle planet enough to cross the

orbits of both of its neighbours. In the bottom pane, it can be seen that at 0.25 AU the

behaviour is similar; however, the number of collisions taking place within a single

orbit roughly doubles.

5.4 Inclined Integration Suite

In the co-planar case, no system survived for more than a million orbits after the first

orbital crossing. However, Rice et al. (2018) observed a number of non-co-planar

systems that survived for their maximum simulation time of ten million orbits. There-

fore, I now go on to examine the behaviour in the non-co-planar case described by

the inclined suite of initial conditions in Section 5.2.5. As a reminder, these initial

conditions include fifteen initial inclinations ranging from an initial orbital height of

0.10 rH to rH .

5.4.1 Dynamic heating

The systems studied in the inclined integration suite begin with modest inclinations

and no eccentricities, making them dynamically cold. Figure 5.9 shows how the sys-

tem heats up over time by plotting the root-mean-square (RMS) inclination and eccen-

tricity over time. I calculate the mean over all runs that have experienced an orbital

crossing and fit a linear model to this mean which is shown as the solid green line.

Individual integrations are shown in purple until they experience an orbital crossing

and in grey thereafter. For clarity, in Fig. 5.9 results of individual integrations are only

shown for eighty integrations in the inclined suite for β = 5.98. When generating the

data for this plot, the eccentricity and inclination were sampled uniformly in time

which has the effect of causing an apparent increase in the variation over time of the
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Figure 5.9: Inclination and eccentricity growth for individual systems from the in-
clined suite with β = 5.98. Only eighty configurations are included to aid clarity.
Systems are shown in purple until they experience an orbital crossing and in grey
thereafter. The RMS inclination and eccentricity values for all systems that have ex-
perienced an orbital crossing are shown (dashed blue). A linear model fitted to the
mean of all systems that have experienced an orbital crossing is also shown (solid

green).

eccentricity for systems that have not yet undergone an orbital crossing. This vari-

ation appears to indicate a decrease in the eccentricity for these systems over time,

however, this is not the case and is simply an artifact of the sampling and plotting.

Rice et al. (2018) found that, for four-planet Neptune-mass systems, there are two

distinct growth modes of RMS eccentricity before and after an instability event: Ec-

centricity evolves rapidly to a quasi-equilibrium at a value of 10−2 at which point

encounters begin. After a period of mixing as a result of close approaches, systems

transition into a new evolutionary phase during which eccentricity growth follows a
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power-law form approximately∝ t1/6. In the three-planet Earth-mass case, systems

reach a quasi-equilibrium value of e ≈ 10−3 before a period of chaotic mixing and

rapid growth, which finally settles into the new growth phase approximately∝ t1/6.

The RMS inclinations in Fig. 5.9, on the other hand, while similar, are different to

the four-planet Neptune-mass case. I also observe that the inclination of the systems

remains at roughly the initial value until the first encounter, at which point they are

rapidly excited before entering a new growth mode. This rapid excitation is in keeping

with the findings of Matsumoto and Kokubo (2017). These behaviours can be seen

by the horizontal inclination lines in the population of systems before crossing and

in the power-law growth in the population afterward. Rice et al. (2018) stated that

the trend towards long-lived systems depends upon only the RMS inclination being

greater than the averaged ratio of Hill radius to semi-major axis, this is called the

critical inclination and is marked on this plot. I also find this to be the case across all

systems within the inclined suite: any systems that have experienced orbital crossing

and have their RMS inclination damped below this threshold rapidly experience a

collision. The key difference in results from simulations as compared to the four-

planet, Neptune-mass case is that the power-law growth rate appears to be ∝ t1/4

as opposed to∝ t1/3. I offer two possible explanations for this: 1) the dataset could

be biased due to the non-random initial conditions used; or 2) there could be an

underlying dependence between either the planetary mass or the number of planets

within the system and the growth rate. Further investigation is needed to distinguish

between these two possibilities.

5.4.2 Timescale to planet-planet collision

Figure 5.10 shows the crossing time for systems within the inclined suite. I find a

large variance in crossing time across the inclined suite with a difference between

the maximum and minimum crossing times at each value of β as large as two orders

of magnitude in many cases. The spikes seen in Fig. 5.1 are also present in some

of the inclined cases. A model of the type in Eq. (5.2) is fitted to the mean values

of crossing time observed at each value of β , yielding coefficients b′ = 1.39 and

c′ = 2.18. These values are in very good agreement with those from the standard

suite. This is, however, where the similarities between the co-planar and inclined

cases end. Figure 5.11 shows the post-crossing survival time for systems within the

inclined suite, the times are much higher than in the co-planar case where the longest

surviving system after crossing survived for roughly one million orbits. Here, the

majority of systems survive for longer than this and, there are twenty-three systems
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Figure 5.10: Time to orbital crossing against β for the inclined integration suite. The
minimum, maximum and mean values of the one hundred and twenty integrations
performed at each value of β are shown. Additionally, the tc model is fitted to the

mean values.

that do not experience any collision at all within the maximum simulation time (100

million orbits), equivalent to 0.14% of all integrations. Given that the post-crossing

survival time is now approaching one percent of the lifetime of the Sun, it is much

more likely that we actually could observe an inclined system between a crossing

and a collision. However, at 0.25 AU no integrations survived for the full simulation

duration after an integration.

Figure 5.12 shows the probability of a collision across all integrations within the in-

clined suite. The probability is calculated as the cumulative fraction of systems that

have experienced collisions over the total number of systems. Results are included

for systems initially at 1 AU as well as at 0.25 AU. Decreasing the initial distance to

the star by this amount is identical to having artificially inflated the planetary radius

RP by a factor of four, i.e., made RP approximately equal to that of Neptune, whilst

keeping the innermost planet initially at 1 AU. It is therefore expected that the colli-

sion probability over time should increase with decreasing initial distance to the star.

However, the increase is striking: for Earth analogues, the probability of a collision for
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Figure 5.11: Post-crossing survival time of inclined integration suite with systems
at 1 AU. Colours of data points are used only to aid in visualisation. The twenty-
three systems that persisted for the full 108 orbits are highlighted via a red triangle,
independent of their initial inclination. Note that most of these surviving systems
had their initial orbital crossing in far less than 108 years, so they survived for almost
108 years post-crossing before the simulation was terminated and appear as triangles
at the top of the plot; the two exceptions, which survived for < 3× 107 years, both

had initial orbital separations β > 5.3.

a given system after one million orbital periods is roughly 50%, but for a Neptune ra-

dius (1 M⊕) planet at 1 AU that probability increases to over 75% across all β ranges,

reaching almost 90% in all but one range. Furthermore, for the 1 AU systems it can be

seen that the various β regions converge after roughly a million orbits. This indicates

that the evolution after the first close encounter has reconfigured the system such that

any prior collision probabilities due to initial orbital spacing are lost. To understand

this, I can look at the collision probability in Figure 5.12 at one million orbits for 0.25

AU systems. These systems are equivalent to to a Neptune radius planet being placed

at 1 AU and roughly 90% have experienced a collision within this timescale. I can

therefore infer that the same roughly 90% of Earth radius planets at 1 AU must have

experienced a close encounter within 4RP . The loss of prior collision probabilities

due to orbital spacing after this point in time therefore appears to be driven by these

particularly close encounters.
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Figure 5.12: Probability of having experienced a collision over time for various re-
gions of β in the inclined integration suite. The probability is calculated as the cu-
mulative fraction of systems that have experienced collisions over the total number
of systems. Solid lines show the probabilities for systems initially at 1 AU while the

dashed lines are initially at 0.25 AU.

Figure 5.13 contains the distribution of post-crossing survival times for two subsets

of the inclined suite results: the subsets each contain 1120 configurations, one at the

minimum initial inclination (0.06◦) and the other at the maximum initial inclination

(0.58◦). It can be seen that the distributions are different at each initial orbital radii

and inclination. Firstly, the population of collisions taking place within several or-

bits of an orbital crossing decreases with increasing initial inclination. In both most

highly inclined cases, there is only a single peak present in the distribution; however,

this distribution is much more negatively skewed in systems initially at 1 AU. In the

lowest inclination cases, there are two peaks present in addition to the one caused by

immediate collisions. One peak is collocated with those found in the more inclined

case. The second peak is centered at approximately ts = 102.5. In the co-planar case I

have seen that the distribution of post-crossing survival times are centered at approx-

imately 102.5 orbits and it is also known that if the inclination is below the critical

threshold i = rH the number of collisions occurring within a factor of three of the

orbital crossing increases (Rice et al., 2018). Both of these factors combined explain
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Figure 5.13: Distribution of post-crossing survival times in the inclined integration
suite for systems after a close encounter. Each plot contains data from 1120 integra-
tions across the entire inclined β range where β = 3.5− 6.3. The upper two plots,
in cyan, are for systems initially at 1 AU and the lower two plots, in grey, are for
0.25 AU. The two leftmost plots contain data for systems with the minimum initial
inclination, i0 = 0.06◦, whereas the two rightmost plots contain data for systems
with the maximum initial inclination, i0 = 0.58◦. Two systems survived for the full
simulation time after an orbital crossing in the low inclination case at 1 AU whereas
one survived in the high inclination case. No systems in the 0.25 AU case survived
for the full simulation duration after an orbital crossing in any of the integrations.

the appearance of this second peak. Additionally, a larger proportion of systems at

0.25 AU experience a collision in this second peak.

The effect of increased initial inclination across the whole inclined integration suite

can be seen in Fig. 5.14, where an increase in inclination, shown here in terms of

orbital height, leads to a moderate increase in the median post-crossing survival times

for systems at both 0.25 AU and 1 AU. The RMS inclination in compact three-body

systems has been seen to stay approximately constant up until the time of the first close

encounter, which means that the observed inclinations of actual planetary systems

could provide information about the probable survival times of systems after an orbital

crossing.
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Figure 5.14: Median of the log post-crossing survival time for each value of initial
inclination within the inclined suite represented by the orbital height as a fraction of
the Hill radius. There are fifteen values of inclination used meaning that each data
point plotted is the average of up to 1120 integrations; the only systems excluded

are those that did not experience a collision in the maximum integration time.

The parameter that dominates the post-crossing survival time of systems in the in-

clined suite is the ratio of the planetary radius to the Hill radius at 1 AU. Figure 5.15

shows the median of the log post-crossing survival times for all systems in the suite at

1 AU. I find almost two orders of magnitude difference in the average survival time of

systems with planets where RP/rH = 0.017 as compared to systems with planets where
RP/rH = 0.004. This outweighs the effect of initial inclination on the survival times.

Interestingly, systems surviving for the full 108 orbits can be seen all the way down to

a value of RP/rH = 0.0157 where a rapid decrease in the lifetime of the longest lived

systems is seen. This is equivalent to a planet initially located at 1 AU with a radius

3.5 times that of Earth.

In addition to the dependence of the post-crossing survival time upon the orbital ele-

ments of the system, I also find a correlation with the distance of the closest approach.

Figure 5.16 shows the time taken for a collision to occur after the closest encounter ex-

perienced prior to it, at time denoted te, against the distance between the surfaces of

the planets. Data points in the shaded grey area are excluded from the fitted models,
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Figure 5.15: Median and maximum post-crossing survival time for systems as a func-
tion of the radius of planets relative to the Hill radius at 1 AU for systems in the

inclined integration suite at 1 AU. Simulation times are capped at 108 orbits.

and this area corresponds to the boundary seen in Figure 5.3 at approximately eight

orbits. Here, I see a strong negative correlation where a least squares model fitted to

the log of t i − te and the miss distance of the encounter has a slope of −0.26 with a

y-intercept of 1.6. Ergo, the closer an encounter experienced by a system the longer

it is likely to survive afterwards. In this plot, each point is also coloured according to

the post-crossing survival time of the system. Looking vertically from top to bottom

at the colouring it can also be seen that the absolute post-crossing survival time of

systems depends upon the miss distance of the closest encounter. It seems that for

planetary systems to survive for a long time after an orbital crossing they must risk

collision.

I find that the closest encounters are responsible for driving the largest changes in

both inclination and eccentricity, and I believe that it is the increase in inclination

that causes the trend seen in Figure 5.16. Figure 5.17 shows the time taken for a

collision to occur after the closest encounter experienced prior to it against the time-

averaged inclination range, i.e., the difference between the maximum and minimum

inclinations. Systems with the largest inclination range survive for the longest after a

close encounter, and the minimum miss distance, indicated through colouring, is key



5.4. Inclined Integration Suite 161

1 0 1 2 3 4 5 6 7 8
log10(ti te) (orbits)

4

3

2

1

0

1

2

3
lo

g 1
0(

m
in

im
um

 m
iss

 d
ist

an
ce

) (
r

)
rH

2

0

2

4

6

8
log

10 (ts )

Figure 5.16: Time between closest encounter prior to impact and impact against
the distance between the surfaces of the planets involved for systems at 1 AU in the
inclined integration suite. The post-crossing survival time of each system is indicated
through colouring. The grey shaded area indicates impacts that are possibly due to
temporary gravitational capture which are excluded from the fitted model shown as
a bold dashed black line. The horizontal dashed black line shows the Hill radius at

1 AU.

to increasing this range. Figure 5.18 is identical except it shows the time-averaged

maximum eccentricity in a system. Again, the minimum miss distance can be seen to

be responsible for the increases in eccentricity. These increases in eccentricity will also

work to increase the lifetime of systems through a reduction in the effect of gravita-

tional focusing on the combined physical/gravitational cross-sectional area of planets

(Safronov, 1972).

5.4.3 Which planets collide?

Figure 5.19 is the equivalent to Fig. 5.8 but for the inclined suite. Similarly to the co-

planar case, I find that collisions within a single orbit, due to immediate impacts and

gravitational capture, are almost exclusively between the same pair involved in the

crossing. I also find an increase in the number of collisions within this time frame in

the 0.25 AU case compared to the 1 AU case. However, at a factor of approximately 3,

here I see that the increase is more substantial. The distributions of survival times for
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Figure 5.17: Time between closest encounter prior to impact and impact against
the time-averaged inclination range, i.e. the difference between the smallest and
largest inclinations, for systems at 1 AU in the inclined integration suite. The closest

encounter experienced by a system is indicated through colouring.
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Figure 5.18: Time between closest encounter prior to impact and impact against the
time-averaged maximum eccentricity for systems at 1 AU in the inclined integration
suite. The closest encounter experienced by a system is indicated through colouring.
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Figure 5.19: Time distribution of collisions between different pairs of planets in the
inclined integration suite. Cyan bars indicate the same pair both crossed orbits and
collided; dark grey indicates the pair that collided was not the pair that crossed;
yellow indicates a collision between the inner and outer planets. The top panel is

initially at 1 AU while the bottom panel is initially at 0.25 AU.

systems surviving after crossing for longer than a single orbit appear very different

to the co-planar case. Nonetheless, some similarities in behaviour are present: in

both the co-planar and inclined case there is a peak present of same-pair collisions

between 102 and 103 orbits which are largely due to systems having a low inclination

and therefore behaving similarly to the co-planar case. Adjusting for the number of

systems in each suite I find that the fraction of systems colliding at this point is roughly

five times smaller at 1 AU in the inclined case. The period for mixing in the inclined

case is approximately 104 orbits, slightly longer than in the co-planar case, after which

collisions between any pair of planets become equally likely.

5.5 Integrator comparison

To validate the performance of TES, I have chosen to perform additional integrations

making use of IAS15 such that crossing and collision times can be compared. I per-

formed integrations using IAS15 for all runs in the standard integration suite over the
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Figure 5.20: Plot showing a comparison of crossing times for three integration rou-
tines making use of the initial conditions in the standard integration suite.

range β = 3.5 to 6.3 using the standard configuration where the tolerance parame-

ter ε = 10−9. Additionally, I also perform identical comparisons with the dataset of

crossing times in Lissauer and Gavino (2021) obtained using the MVS implementa-

tion within MERCURY. Throughout this section, TES and IAS15 check for an orbital

crossing on every integration step whereas the MVS and hybrid schemes check for an

orbital crossing once every ten years. Table 5.6 compares the crossing time obtained

by TES and IAS15; I find very good agreement in results especially in lower β ranges

where the lifetime of systems is shorter. In particular, for systems where β < 4.0 I

find that 68% of systems experience an orbital crossing within 1% of one another, in-

creasing to 79% if the tolerance is relaxed to being within 10% of one another. These

percentages can be compared to the data presented in Table 5.3 comparing the per-

formance of TES under the influence of an initial 100 m perturbation in the position

of the innermost planet along its orbital arc. Comparison of the summary columns in

these two tables reveals that the difference in crossing time between TES and IAS15

is smaller than the effect of the 100 m perturbation. Tables 5.7 and 5.8 compare

the crossing times found in TES and IAS15, respectively, against those obtained with

MERCURY. Unsurprisingly, I find that the comparison yields very similar statistics in

both cases. In particular, the runs finishing within 1% and 10% of each other drop
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Figure 5.21: Plot showing a comparison of crossing time for two integrations routines
with shifted initial longitudes described in the main body of text. The MVS and
hybrid schemes have a density of one thousand and one hundred runs per unit β ,

respectively.

by at least 54% in the lowest region of β , although the reduction is much less pro-

nounced at higher β . I also find that the difference in crossing times between TES

and IAS15 at higher β is very similar to that of TES and IAS15, and MVS. Finally,

Table 5.9 compares the collision times for TES and IAS15, and this is where I find

the largest differences between the two schemes. In the summary column, over the

entire β range, I see that the number of runs finishing within 1%, 10% and a factor of

two have decreased substantially when compared to Table 5.6 performing the same

comparison but for crossing times. The majority of the reduction in these statistics

comes from the integrations where β < 5 and the evolution after crossing is still a

substantial fraction of the overall simulation time. These differences highlight the

sensitivity of integrations to close encounters.

In addition to the quantitative comparisons between integrators thus far, I have also

encountered some qualitative differences in behaviour between the schemes exam-

ined so far and the hybrid integration scheme within MERCURY. Figure 5.20 visualises

the comparison between integration schemes found in Table 5.6 to 5.8. It shows how

tightly the crossing times for the three schemes are clustered to one another, and in
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particular it shows that in the region located around β = 5.7, where a region of high

stability is found, the schemes all perform identically capturing the long-lived sys-

tem behaviour. The hybrid integration scheme within MERCURY combines the MVS

scheme with a non-symplectic integrator to allow for close approaches to be handled,

and it would therefore seem like an ideal candidate for performing all experiments

in this article. Figure 5.21 shows the results of an experiment identical to that de-

scribed in Section 5.2.3 except with initial longitudes of M j = [0,10.17, 20.33]◦. In

this experiment, the MVS scheme has a density of one thousand integrations per unit

β whereas the hybrid scheme has a reduced density of one hundred per unit β . Both

the MVS and hybrid schemes use what is considered a conservative step size of 18

days resulting in slightly over 20 steps per orbit. For the most part, the schemes agree

well with each other; however, a key difference between the schemes can be seen in

the region β = 6 where no integrations performed by the hybrid scheme lasted for

longer than 108 orbits despite the majority of MVS scheme integrations lasting for

1010 orbits. It appears that the hybrid scheme is not accurate enough properly to cap-

ture the dynamics in this region which has led to a population of short-lived systems

that should have been stable for a lot longer. Therefore, this is a particular example

of when a hybrid symplectic integration scheme is not necessarily precise enough to

fully resolve the dynamics and a scheme such as TES should instead be used.
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Table 5.6: Comparison of crossing times of systems using identical values of β for the standard initial longitudes using TES and IAS15. Systems
have the innermost planet initially placed at 1 AU.

Interval: [3.5, 3.999] [4.0, 4.999] [5.0, 5.999] [6.0, 6.3] [3.5, 6.3]
number of runs in the range 500 1000 1000 301 2801
< logtc

(TES)− logtc
(IAS15)> −0.014 −0.005 0.004 −0.041 −0.007

< |logtc
(TES)− logtc

(IAS15)|> 0.034 0.156 0.289 0.352 0.203
tc(IAS15) < 0.5tc(TES) 2 (0.40%) 77 (7.70%) 200 (20.00%) 56 (18.60%) 335 (11.96%)
0.5tc(TES) < tc(IAS15) < 2tc(TES) 489 (97.80%) 848 (84.80%) 608 (60.80%) 164 (54.49%) 2109 (75.29%)
tc(TES) < 0.5tc(IAS15) 9 (1.80%) 75 (7.50%) 192 (19.20%) 81 (26.91%) 357 (12.75%)
within 10% of one another 395 (79.00%) 291 (29.10%) 105 (10.50%) 27 (8.97%) 818 (29.20%)
within 1% of one another 340 (68.00%) 120 (12.00%) 9 (0.90%) 1 (0.33%) 470 (16.78%)

Table 5.7: Comparison of crossing times of systems using identical values of β for the standard initial longitudes using TES and MVS with
the innermost planet initially at 1 AU. Data marked with a * are likely to be somewhat erroneous due to the MVS scheme integrations only

checking for an orbital crossing once every ten orbits.

Interval: [3.5, 3.999] [4.0, 4.999] [5.0, 5.999] [6.0, 6.3] [3.5, 6.3]
number of runs in the range 500 1000 1000 301 2801
< logtc

(TES)− logtc
(MVS)> −0.045 0.002 −0.081 −0.044 −0.041

< |logtc
(TES)− logtc

(MVS)|> 0.244 0.303 0.355 0.371 0.318
tc(MVS) < 0.5tc(TES) 64 (12.80%) 215 (21.50%) 172 (17.20%) 56 (18.60%) 507 (18.10%)
0.5tc(TES) < tc(MVS) < 2tc(TES) 335 (67.00%) 589 (58.90%) 558 (55.80%) 162 (53.82%) 1644 (58.69%)
tc(TES) < 0.5tc(MVS) 101 (20.20%) 196 (19.60%) 270 (27.00%) 83 (27.57%) 650 (23.21%)
within 10% of one another 67 (13.40%) 99 (9.90%) 81 (8.10%) 21 (6.98%) 268 (9.57%)
within 1% of one another 12 (2.40%)* 4 (0.40%)* 6 (0.60%) 4 (1.33%) 26 (0.93%)*
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Table 5.8: Comparison of crossing times of systems using identical values of β for the standard initial longitudes using IAS15 and MVS with
the innermost planet initially at 1 AU. Data marked with a * are likely to be somewhat erroneous due to the MVS scheme integrations only

checking for an orbital crossing once every ten orbits.

Interval: [3.5, 3.999] [4.0, 4.999] [5.0, 5.999] [6.0, 6.3] [3.5, 6.3]
number of runs in the range 500 1000 1000 301 2801
< logtc

(IAS15)− logtc
(MVS)> −0.031 0.008 −0.086 −0.002 −0.034

< |logtc
(IAS15)− logtc

(MVS)|> 0.243 0.291 0.359 0.360 0.314
tc(MVS) < 0.5tc(IAS15) 72 (14.40%) 201 (20.10%) 189 (18.90%) 74 (24.58%) 536 (19.14%)
0.5tc(IAS15) < tc(MVS) < 2tc(IAS15) 333 (66.60%) 605 (60.50%) 552 (55.20%) 155 (51.50%) 1645 (58.73%)
tc(IAS15) < 0.5tc(MVS) 95 (19.00%) 194 (19.40%) 259 (25.90%) 72 (23.92%) 620 (22.13%)
within 10% of one another 66 (13.20%) 112 (11.20%) 79 (7.90%) 27 (8.97%) 284 (10.14%)
within 1% of one another 10 (2.00%) 5 (0.50%) 10 (1.00%) 2 (0.66%) 27 (0.96%)

Table 5.9: Comparison of collision times of systems using identical values of β for the standard initial longitudes using TES and IAS15 with the
innermost planet initially at 1 AU.

Interval: [3.5, 3.999] [4.0, 4.999] [5.0, 5.999] [6.0, 6.3] [3.5, 6.3]
number of runs in the range 500 1000 1000 301 2801
< logtc

(TES)− logtc
(IAS15)> −0.080 −0.024 0.003 −0.039 −0.026

< |logtc
(TES)− logtc

(IAS15)|> 0.485 0.296 0.280 0.352 0.330
tc(IAS15) < 0.5tc(TES) 125 (25.00%) 170 (17.00%) 189 (18.90%) 59 (19.60%) 543 (19.39%)
0.5tc(TES) < tc(IAS15) < 2tc(TES) 207 (41.40%) 626 (62.60%) 622 (62.20%) 156 (51.83%) 1611 (57.52%)
tc(TES) < 0.5tc(IAS15) 168 (33.60%) 204 (20.40%) 189 (18.90%) 86 (28.57%) 647 (23.10%)
within 10% of one another 62 (12.40%) 117 (11.70%) 115 (11.50%) 29 (9.63%) 323 (11.53%)
within 1% of one another 33 (6.60%) 20 (2.00%) 14 (1.40%) 1 (0.33%) 68 (2.43%)
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5.6 Summary

I performed more than 25,000 integrations of compact three-planet systems with the

TES integration tool for a maximum time of 109 orbits of the innermost planet or until

the first collision of planets. In all of these integrations, I found that TES performed

extremely well and conserved energy to a very high degree of precision. Importantly,

the results obtained with TES were very similar to those obtained with IAS15 which

further validates the new tool. Finally, TES was also able to resolve regions of high

stability that could not be captured with a hybrid symplectic integrator.

During these integrations, I chose to focus my attention on the effects of orbital spac-

ing and therefore distributed system configurations across a wide range of initial val-

ues evenly spaced in β . Efforts were initially focused on the co-planar case where it is

easier to isolate the effects of increasing β but then extended to include the inclined

case as well.

I find in the co-planar suite that planetary systems are doomed after an orbital cross-

ing: they rapidly experience a collision within a maximum observed time of less than

one million orbits. However, despite this prognosis, I found that systems with a wider

initial spacing of planets do survive longer, exhibiting a median post-crossing survival

time following a slope log10(ts) ∝ 0.12β . Additionally, I show that three distinct

populations of post-instability impact behaviour are present, with very few outliers:

1. immediate collisions within a tenth of an orbit,

2. prompt collisions between a tenth of an orbit and two orbits,

3. those surviving for much longer than ten orbits.

The pathologies of these different behaviours have been identified and each of them

are also observed in the inclined suite.

The probabilities of a collision between specified planetary pairs were also calculated

and it was found that collisions will occur between the same pair of planets that

initially crossed in the majority of cases, ranging from 48% to 62% depending on the

region of β . These probabilities increase further depending on the radius of the planet,

with Neptune-radius planets experiencing probabilities as high as 76%. Despite this

increase in probabilities in the co-planar case, the post-crossing survival time only

weakly depends upon the planetary radius, causing an increase of only 103 orbits.

In the inclined suite, however, I observe that the planetary radius is the main driver
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of the post-crossing survival time. I find a decrease in median post-crossing survival

time of almost two orders of magnitude between Earth and Neptune radius planets.

Additionally, the initial orbital inclinations have been shown to also influence the post-

crossing survival times across the full range of β by as much as an order of magnitude.

Additionally, I looked at the RMS eccentricity and inclination growth of all systems

within the inclined suite after an orbital crossing. Here, I replicate the eccentricity

growth rate e ∝ t1/6 found in other studies. I do, however, find the growth rate of

the inclination to be i∝ t1/4 instead of the i∝ t1/3 observed in previous work.

Finally, I have shown that systems that experience the closest encounters also sur-

vive for the longest, and planetary systems that wish to survive must therefore live

dangerously.
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Chapter 6

Conclusions and future work

6.1 Conclusions

Our understanding of the formation and evolution of exoplanet systems has improved

astronomically over the past thirty years, but there is still much that we are yet to dis-

cover. The powerful combination of order of magnitude improvements in observations

coupled with the creation of more sophisticated models is largely responsible for our

widened comprehension, and this synergy looks set to continue yielding new under-

standing long into the future. Observations of exoplanet systems have revealed many

unexpected features, such as the existence of compact planetary systems, with very

different dynamics to that of our own solar system. As new observatories come online,

these datasets will slowly become larger and less biased, and likely yield new enigmas

that will be left for theorists to interpret. In this regard, n-body simulations are the

natural choice of tool for theorists, and improving the sophistication and precision of

these models is therefore key to improving our understanding of the cosmos.

This thesis has concerned itself with further understanding the behaviour of compact

three-planet systems. In particular, the analysis performed in Chapter 5 provides a

deeper understanding of the behaviour of such systems in the period of time after

an instability event leading up to a collision between planets. This period of time

is particularly dynamic, and repeated close encounters between planets drive up the

eccentricity and inclination of bodies, ultimately leading to them being placed on a

collision trajectory with one another. Clearly, this imposes acute constraints on any n-

body integrator wishing to model these dynamics. Not only must integrators be able

to handle close encounters at machine precision, but they must do this after already
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having integrated for hundreds of millions of dynamical periods leading up to the first

close encounter.

In Chapter 4, I developed a novel tool, the Terrestrial Exoplanet Simulator (TES), to

address these modelling challenges more efficiently. TES is currently the fastest tool

available for accurately modelling the behaviour of terrestrial exoplanet systems after

an instability event. TES preserves energy over long timescales in a way that respects

Brouwer’s law and is therefore considered error optimal in terms of this precision

metric. To confirm the performance of TES, I performed extensive comparisons with

the leading tools in this field. Here, I confirmed that TES has very favourable energy

conservation properties both during close encounters and over integrations spanning

up to one billion dynamical periods.

After quantifying the performance of TES, I then used it to study the post-instability

behaviours of compact three-planet systems in Chapter 5. I performed over 25,000

long-term integrations across a wide parameter space of initial conditions to under-

stand the influences upon the survival time once a system is deemed unstable. In

particular, I found that the radius of planets is key to their longevity in this period.

However, other factors do play a lesser role, e.g. the initial spacing of planets in terms

of relative orbital periods. Interestingly, temporary gravitational capture between

planets is responsible for a small number of very rapid collisions after an instability

event. Moreover, a final revelation was that planetary systems that experience the

closest encounters also survive for the longest, and planetary systems that wish to

survive must therefore live dangerously.

6.2 Future work

Whilst the TES algorithm in Chapter 4 is already an improvement on other similar

schemes, there are additional features that are worthy of further investigation. An

example of this is investigating the effects of alternative coordinate systems upon

the performance. Likewise, there are still likely areas of the code base that could

be further optimised to take further advantage of modern processor features such as

the vectorization registers. Overall, these are likely to be marginal improvements but

could possibly result in an additional speed up of 5−10%. However, a key area that

could be improved with regards to TES is making it more accessible and user friendly.

To this end, preliminary work is being undertaken at the moment to incorporate the

TES algorithm into the REBOUND package which would make the code more easily

accessible to people wishing to use it while also improving usability features.
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Chapter 5 provided a detailed analysis of the post-instability behaviours of compact

three-planet systems leading up to a collision between planets. The analysis per-

formed here was specific to compact three-planet systems and also to Earth-mass

planets orbiting solar-mass stars. It is of interest to understand how these effects

generalise to different planetary masses, multiplicities and initial conditions. There

is still much work to be done on understanding the probability of impacts between

planets in unstable systems.

The Chapter 3 analysis into multistep collocation methods has shown that they are

a highly capable class of integrator for modelling problems where the dynamics vary

on significantly different timescales. Additionally, particular configurations of MCM

have been shown decrease the computational cost of a given integration. Therefore,

it is of interest to investigate the possibility of creating a variable step size and/or

variable order implementation of the MCM to enable a wider variety of problems to

be tackled efficiently.

6.3 Environmental impact of this research

Simulation based research projects, by their very nature, oftentimes require expensive

computations to be carried out, and an often overlooked aspect of these calculations

is the environmental impact that they can have. Carbon dioxide (CO2) emissions are

a widely used proxy for the environmental impact of our behaviors and I therefore

adopt this metric in the following discussion.

I estimate that during my PhD I have performed approximately 720,000 hours of

computation using the Iridis supercomputing cluster at the University of Southamp-

ton. The HPC team were kind enough to provide an estimate for the energy usage

per core in their datacentre, which is roughly 0.0125 kWh. Finally, in the UK the CO2

created as a byproduct of electricity generation is approximately 0.223 kg kWh−1.

Combining these values yields a total carbon emission of two tonnes, which, for con-

text, is similar to an economy seat on a transatlantic flight from London to New York.

Given the volume of CO2 produced in astrophysical simulations, an additional benefit

of producing more computationally efficient algorithms, such as TES, is therefore a

reduction in the overall environmental cost of understanding the universe.
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