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Optimisation and Power Scaling of Annular Transverse Laser Modes

by THOMAS LEWIS JEFFERSON-BRAIN

Laguerre-Gaussian transverse laser modes can have properties of a ‘vortex’ phase
front that carries orbital angular momentum with each photon, or a spatially variant
‘vector’ polarisation state; both result in an annular intensity profile. These modes
have been demonstrated to possess a range of advantages over those conventionally
used in applications such as laser material processing, but generating high quality
annular modes at significant output powers is difficult. To begin, vortex and vec-
tor annular modes are mathematically defined and their properties are described.
Generation methods and applications of these annular modes are reviewed to date.

A radially polarised vector LG01 mode source and a vortex phase LG01 mode
source were constructed using a combination of previously demonstrated techniques.
These modes were optimised for modal purity for use in other experiments. The ra-
dially polarised source was measured to have a high polarisation extinction ratio of
100:1, with an output power of 5.9 W. The vortex mode source had an output power
of 210 mW.

The lack of a quantified metric of beam quality suitable for higher-order trans-
verse modes motivated the development of a convolutional neural network (named
BeamNet) able to predict the modal composition of an intensity profile in real-time
using only a camera and a computer. BeamNet was able to predict modal compo-
sitions in just 49 µs per image with an error rate of 5.2% when trained on 9 possi-
ble modes. BeamNet was initially demonstrated as an alignment aid on a Yb:YAG
laser, then used as part of an automated feedback loop to lock the otherwise variable
modal composition of a Ho:YAG laser to a fundamental mode or radially polarised
LG01 mode.

Spatially variant waveplates previously had optical losses that were too high for
efficient intracavity generation of radially polarised modes. The demonstration of
a refined low-loss waveplate in the cavity of a Nd:YVO4 laser and the subsequent
generation of a radially polarised mode is presented. The additional cavity loss of
the spatially variant structure is measured as just 0.4%.

Finally, the amplification of the developed annular mode sources was explored
in a thermally guiding fibre rod. This is a new hybrid amplifier architecture with
excellent thermal handling and very large mode areas that shows promise for scal-
ing the powers of annular modes. A radially polarised mode and a vortex phase
LG01 mode are successfully amplified. The modes and their properties were well
preserved after amplification, with a maximum achieved gain of 7.7 dB.
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Chapter 1

Introduction

Lasers have captivated the imagination of many since their inception, with the first
optical laser being demonstrated by Maiman in 1960 [1]. Just four years later the
concept of a laser was cemented in public knowledge, famously being featured in
the 1964 James Bond movie Goldfinger. Since then, lasers have been used to achieve
truly remarkable feats that sound like they belong in fiction; they have been used to
recreate the conditions in the hearts of stars [2], cool matter to some of the lowest
temperatures ever recorded [3], and detect gravitational waves from from the merg-
ing of distant black holes [4]. Lasers have become engrained in the bedrock of our
technology, and perform key functions in a wide range of fields, from communica-
tion to manufacturing, and many more besides.

Many people will know of a laser as a device emitting a highly directional beam
of intense light but give little thought to the transverse structure, with most depic-
tions showing a beam of light possessing intensity that gradually decreases from a
central maximum. This is the well-known fundamental Gaussian mode, but it is just
one of an infinite number of possible transverse modes that a laser may operate on.
Higher order transverse laser modes form geometrical patterns of nodes and anti-
nodes similar to the modes encountered in simple harmonic motion. As a matter
of opinion, building a laser and adjusting optics to see the output modal pattern
shift and evolve is a very satisfying and beautiful demonstration of wave physics.
Although fascinating, this is not the main motivation of this thesis.

Growing interest has been placed on a set of solutions known as Laguerre-Gaussian
modes, easily recognized by their annular intensity distributions. In particular, Laguerre-
Gaussian modes that have the properties of a helical phase front (vortex modes), or a
spatially variant polarization state (vector modes) are in the spotlight. The spatially
variant properties of these modes are valued for a diverse range of applications be-
yond the already impressive feats that lasers are capable of, such as: more efficient
laser material processing, sub-diffraction limit microscopy, communication, micro-
scopic manipulation, and many more as reviewed in chapter 2.

At present, Laguerre-Gaussian vortex or vector modes are difficult to gener-
ate, typically have low output power, and lack quantitative characterization meth-
ods. The overarching aims of this doctoral research project were therefore to obtain
Laguerre-Gaussian modes of high quality, purity, and power, with eventual hopes
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that the advances from this work would be used in laser processing. The main novel
contributions of this thesis are summarised as follows:

• The development of a machine learning algorithm for real-time transverse
modal composition analysis.

• The generation of Laguerre-Gaussian modes through the use of an intracavity
spatially variant waveplate.

• The amplification of radially polarized and vortex phase Laguerre-Gaussian
mode in a thermally guiding fibre-rod.

These contributions are fully expounded by five main chapters of content. The first
of which, chapter 2, is a background chapter to providing context to the rest of the
thesis. It begins with a simple model of a laser resonator that is used to derive theo-
retical expressions relating to the laser power and the behaviour of beams within a
free-space laser cavity. Expressions for the electric fields of higher-order laser modes,
including Hermite-Gaussian and Laguerre-Gaussian solutions, are derived from the
scalar Helmholtz equation and used to describe the properties of interest in vortex
and vector Laguerre-Gaussian modes. Formalisms of the beam radius and quality of
a higher-order mode are then discussed that are important in proceeding chapters.
The applications of annular modes are reviewed, highlighting important contribu-
tions to the field, followed by a review on the methods used to generate these modes
so far. The background chapter ends with a discussion on the current limitations
facing the development of high power annular mode sources and links to how the
chapters of this thesis attempt to address these problems.

Chapter 3 reports the construction of two sources, operating on a vortex and a
vector mode respectively, that were used in other experiments recorded in this the-
sis. These sources were constructed using tried and tested generation techniques,
with some refinements, to attempt to produce annular modes of the highest pos-
sible purity from each source. The chapter first describes a 1030 nm Yb:YAG laser
and explains how an annular pump distribution and thermally induced bifocussing
were used to ensure operation on a high quality first order radially polarized mode.
The second half of chapter 3 reports on the development of a 1030 nm Yb:YAG laser
operating on a first order Hermite-Gaussian mode and how the use of dual pump
spots was used in a robust configuration to achieve this. The replication of a recent
experiment is then reported showing the conversion of the Hermite-Gaussian source
to a first-order vortex Laguerre-Gaussian mode using a pair of spherical mirrors.

Chapter 4 is records the details and implementation of BeamNet, a machine learn-
ing algorithm able to make accurate predictions on the relative transverse modal
composition of a given intensity profile with computation speeds three orders of
magnitude faster than previous algorithms. BeamNet is a convolutional neural net-
work, the the theory of which forms the beginning of Chaper 4. The training pro-
cess, data and the evaluation of the performance of BeamNet compared to alternative
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methods of modal decomposition is then discussed. This performance evaluation
includes a benchmark against synthetic intensity profiles of a range of transverse
modes, and real-time analysis of transverse laser modes from the radially polar-
ized source discussed in chapter 3. The final part of chapter 4 refers to experiments
performed to stabilize the transverse modal composition of a 2090 nm Ho:YAG laser
using BeamNet as a diagnostic element in a feedback loop. The Ho:YAG laser demon-
strated variation in the transverse mode composition with pump power without the
stabilization, but by using BeamNet it was robustly stabilized to either a fundamental
mode or a radially polarized Laguerre-Gaussian mode.

The next chapter is on the intracavity use of a refined spatially variant waveplate
(S-waveplate), designed for low transmission loss, in a 1064 nm Nd:YVO4 laser to
obtain a radially polarized mode. The concept, and the fabrication by femtosecond
laser writing, of the S-waveplate is briefly discussed. The experimental configura-
tion of the Nd:YVO4 laser is detailed next, where the chosen ‘L’ shaped configuration
had two outputs in order to study the beam either side of the S-waveplate. The char-
acterization of the outputs, one of which was a first order radially polarized mode,
followed by transmission loss measurements of the S-waveplate using the Findlay-
Clay method complete the chapter.

The application of a novel amplifier geometry, the thermally guiding fibre-rod,
on the vortex and vector annular mode sources from chapter 3 is the subject of
chapter 6. The thermal guidance model developed by C. R. Smith is adapted for
higher-order modes and included in the start of the chapter. The implementation
of the thermally guiding fibre-rod device using commercial Yb-doped extra large
mode-area fibre is shown next. The next two-thirds of the chapter are a report and
discussion of the successful amplification of a radially polarized mode and a vor-
tex Laguerre-Gaussian mode, noting the discovered limitations and potential of the
amplifier geometry.

The thesis is then concluded with a summary of the key results and suggestions
for future work. As the product of four years of research, it is hoped that this work
provides the field with additional tools to enable annular mode laser sources of
higher quality and power. In addition, this thesis was partially written with a tu-
torial in mind; the aggregation of definitions, citations, and methods should prove
useful to future students.
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Chapter 2

Background

This chapter aims to introduce background concepts useful to understanding the
operating and design principles of solid-state lasers and the annular modes that are
the focus of this thesis. It also aims to collate terminology and define the transverse
modes of interest according to their properties. The latest methods of generating the
modes of interest and their applications are reviewed. Finally, the state of the field
and the main problems that the work in this thesis attempts to address are discussed.

2.1 Fundamentals of Laser Resonators

In order to understand the design, construction and performance of lasers in general
it is useful to think of a simple model of a free-space laser. This is to be considered
a ‘perfect’ laser, and a large number of factors and effects that must be considered
for real lasers are omitted for the sake of brevity. For a more detailed treatment, the
reader is encouraged to consult excellent textbooks such as those by Koechner [5],
Siegman [6] or Svelto [7]. Much of the content in this section is adapted from these
textbooks and notes from W. A. Clarkson’s lecture series [8].

Gain 
Medium

Input 
Coupler

Output
Coupler

Pump
Light

Laser 
Output

FIGURE 2.1: A simple free-space solid-state laser.

Two key processes occur in a laser resonator - feedback and amplification. Fig-
ure 2.1 is a schematic of a laser resonator with just three components: two mirrors
and a gain medium. The mirrors in this example provide the feedback; light is con-
fined between them in well defined standing wave patterns known as laser modes.
Photons in the cavity may make many round-trips, and on each pass they will ex-
perience amplification in the gain medium. Energy is supplied to this gain medium
through the pump; this example is end-pumped by pump light transmitted through
one of the cavity mirrors that is transmissive at the pump wavelength and reflective
at the lasing wavelength, denoted as the input coupler. The laser output is extracted
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through the output coupler, the other cavity mirror that is partially transmissive at
the lasing wavelength.

The gain medium is a material with discrete energy levels able to absorb and
emit light. Another requirement is that the gain medium must have a long-lived
metastable energy state that can decay by stimulated emission. Commonly used
gain media can include doped crystalline and amorphous dielectrics, semiconduc-
tors, dyes and gasses to name a few. While a surprisingly wide variety of materials
can be used as gain media [9], this example laser uses a rare-earth ion-doped crystal.

2.1.1 Laser Performance

 E2

 E1

 E0

 E3

Laser 
TransitionPump

FIGURE 2.2: Energy transitions in a four-level system.

A simplified representative illustration of the energy levels of ions in the gain medium
is shown in figure 2.2. We assume four discrete energy levels as indicated by E0, E1,
E2, E3; this is therefore known as a four-level laser. The lowest energy level, E0,
is considered the ground state. The energy supplied from the pump light excites
ions in the medium from the ground state to the E3 energy state, a transition repre-
sented by the arrow labelled ‘pump’. The majority of pumped ions quickly decay
by lattice phonon emission to the upper lasing level E2 with the difference in energy
eventually being observed as heat. The transition from E2 and E1 is via spontaneous
or stimulated emission of a photon at the lasing wavelength. Photons at the lasing
wavelength may also be absorbed, promoting ions in the E1 level to the E2 upper
lasing level. Ions in the E1 state may return to the ground state again by phonon
emission.

The four optical transitions in this process are therefore spontaneous emission,
stimulated emission, pump absorption, and signal absorption. We can define ion
populations at the Ei level as ni. Calculating the rate of change of the upper laser
level population density, n2, in our simple laser resonator will allow for the deriva-
tion of an analytical model of the laser output power, threshold pump power and
efficiency. We further define the transition cross-section between levels i and j as σij,
and a photon density in the gain medium as s. Assuming the population of E3 is
negligible due to the speed of decay to E2, the rate of change of the n2 population
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density from pump absorption is represented by a pumping rate density rp:(
dn2

dt

)
pump

= rp. (2.1)

The E2 upper lasing level has a long fluorescence lifetime, τf , allowing accumulation
of a large ion population in this state compared to the ground level. The rate of decay
per unit area through spontaneous emission from the E2 upper lasing level to the E1

level is therefore (
dn2

dt

)
spont

= −n2

τf
. (2.2)

The ions in the E2 level will also decay through stimulated emission to the E1 level.
This is the key process that defines lasers as having well defined phase and emission
frequency. The rate of change of the upper lasing level population density due to
stimulated emission is (

dn2

dt

)
stim

= −cnσ21n2s (2.3)

where cn is the speed of light in the medium. Photons at the lasing wavelength
present within the gain medium may also be absorbed, giving an absorption term
per unit area (

dn2

dt

)
absn

= −cnσ12n1s. (2.4)

Combining these contributions to the rate of change of the upper lasing level popu-
lation density and assuming steady state conditions, one obtains

dn2

dt
=

(
dn2

dt

)
pump

+

(
dn2

dt

)
spont

+

(
dn2

dt

)
stim

+

(
dn2

dt

)
absn

= rp −
n2

τf
− cnσ21n2s− cnσ12n1s

= 0.

(2.5)

In order for lasing to occur, the medium needs to have a net positive gain. Stimulated
emission must dominate over absorption, and therefore n2 must be greater than n1,
which represents the necessary population inversion. In this simple four-level laser
this is easy to achieve, as the rate of decay from E1 to E0 is such that the population of
n1 is negligible. It should be noted that in real gain media, such as the Yb:YAG used
frequently in the experiments detailed in this thesis, the conditions for population
inversion are not always as trivial to achieve; the energy level diagram must be
modelled as a so-called quasi-three-level system. In the quasi-three-level system the
lower lasing level and ground state are close in energy in a thermally populated
manifold, therefore the population in these levels is no longer negligible relative to
the upper lasing level.

We can now form an additional rate equation by evaluating the rate of change
of photons in the laser cavity. We make the assumption that spontaneous emission
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is a negligible source of photons compared to stimulated emission, and that there is
simply a sufficient number of photons initially present in the cavity for stimulated
emission to begin. We also assume in our four-level system that n1 = 0, therefore
absorption at the lasing wavelength is negligible. The cavity photon lifetime is now
defined as τc and is a result of the rate of change of photons in the cavity due to
useful losses from the output and detrimental losses such as scattering, diffraction
and and absorption. Combining the cavity photon lifetime with the rate of stimu-
lated emission integrated over the cavity one obtains the second rate equation for
the number of photons in the cavity, S, under steady state conditions.

dS
dt

=
∫

cavity
cnσ21n2s dV − S

τc
= 0 (2.6)

Now we define normalised pump rate density and normalised photon density as
r0(x, y, z) and s0(x, y, z) respectively.

r0(x, y, z) =
rp(x, y, z)

Rp
(2.7)

s0(x, y, z) =
s(x, y, z)

S
(2.8)

Note that integration has been performed over the volume of the cavity in arbitrary
(Cartesian) coordinates here to introduce Rp as the total pump rate, and S as the total
photon number:

Rp =
∫

cavity
rp(x, y, z) dV (2.9)

S =
∫

cavity
s(x, y, z) dV. (2.10)

The rate equations, 2.5 and 2.6 can now be rewritten as

dn2

dt
= Rpr0 −

n2

τf
− cnσ21n2Ss0 = 0 (2.11)

dS
dt

=
∫

cavity
n2cnσ21Ss0 dV − S

τc
= 0. (2.12)

By rearranging equation 2.11 to give an expression for n2 and substituting the result
into equation 2.12 we obtain

∫
cavity

cns0r0

1 + cnσ21τf Ss0
dV =

1
Rpσ21τf τc

. (2.13)

The total pump rate, Rp, can be cast in terms of the pump power Pp, the fraction
of absorbed pump power ηabs, the pumping quantum efficiency (the fraction of ab-
sorbed photons exciting ions to the upper laser level) ηq, Planck’s constant and the
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pump frequency νp

Rp =
Ppηabsηq

hνp
. (2.14)

The laser output power can also be related to the total photon number for a cavity
of length lc and output coupler of transmission T:

Pout = ShνLT
(

cn

2lc

)
. (2.15)

The relations of equations 2.14 and 2.15 allow for an equation relating the pump
power to the laser output power

∫
cavity

s0r0

1 + 2Pout lcσ21τf s0
hνLT

dV =
hνp

Ppηabsηqcnσ21τf τc
(2.16)

where νL is the lasing frequency. This is now a generalised expression that can be
used to find the pump power at which lasing begins, known as the laser threshold,
and if the relationship is approximated as linear, the slope efficiency as the gradient
of the laser output power with respect to the pump power. To find the threshold, we
set Pout = 0 and rearrange for Pp.

Ppth =
hνp

cnσ21τf τcηabsηq

[∫
cavity

s0r0 dV
]−1

(2.17)

Assuming a pump power significantly above threshold, the slope efficiency ηsl may
be found by rearranging equation 2.16:

ηsl =
dPout

dPp
=

(
Tcnτc

2lc

)(
νL

νp

)
ηabsηqηPL (2.18)

where ηPL is a spatially dependent pump/signal overlap factor arising from the inte-
gration of s0r0. A useful substitution can be made for τc can be made to express it in
terms of the measurable quantities of cavity length lc, output coupler transmission
T and excess loss L.

τc = −
2lc

cn [ln(1− L) + ln(1− T)]
≈ 2lc

cn(L + T)
(2.19)

Now the laser output power can be approximated as a linear expression of pump
power, slope efficiency and threshold pump power.

Pout ≈
(

Pp − Ppth
)

ηsl (2.20)

While a number of approximations have been made in this derivation, it is reason-
ably accurate for a well-behaved four-level laser, and more importantly it introduces
key characteristics of lasers that will be measured in all of the experiments in this the-
sis. It also provides a valuable relation between quantities that can be used to aid in
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design and optimisation of laser sources.

2.1.2 Laser Cavities

With the gain medium discussed and modelled, the next aspect of the example laser
to consider is the feedback provided by the cavity mirrors. Barring advanced ge-
ometries and ‘unstable’ resonators from discussion for now, we require that the path
the light takes through the cavity forms stable patterns that are recreated after mul-
tiple round-trips, allowing for the signal to build up inside the laser. The choice of
the cavity mirrors, their alignment, and their separation are a set of variables that
are therefore of key importance to the construction of a laser. The mirrors and the
propagation of light in the cavity can be modelled by a simple geometric optics ar-
gument. This model was well described by Kogelnik and Li [10], with key elements
replicated here.

Consider a ray propagating at a small angle to the optical axis (z). This two-
dimensional ray can be described by its distance x1 from the z axis and its positive
angle to the z axis given by the derivative x′1. After transformation by an optical
element the ray will have a new position and angle x2 and x′2. This transformation
can be represented by a matrix termed ‘ABCD’ such that(

x2

x′2

)
=

(
A B
C D

)(
x1

x′1

)
. (2.21)

Successive transforms of a ray in the cavity can be represented by a single matrix
that is simply the result of multiplication of the ‘ABCD’ matrices of each element.
For example, the focussing of a ray by a thin lens of focal length f followed by
propagation in the z axis by a distance d is represented by the product(

1− d
f d

− 1
f 1

)
=

(
1 d
0 1

)(
1 0
− 1

f 1

)
. (2.22)

The cavity mirrors in our example laser have a spherical surfaces with radii of cur-
vature R1 and R2. The transformation applied to a ray reflecting from such a mirror
is equivalent to the transformation of a thin lens with focal length f = R/2, less a
change in direction that is neglected here. Therefore, the laser cavity can be consid-
ered to be a sequence of mirror-distance-mirror-distance, repeating n times as the ray
makes n round-trips of the cavity. The total ABCD matrix of this repeated sequence
of transformations is therefore(

A B
C D

)n

=

[(
1 0
− 2

R1
1

)(
1 d
0 1

)(
1 0
− 2

R2
1

)(
1 d
0 1

)]n

. (2.23)
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This sequence is stable, such that the ray has the same position and angle after a
round trip, when the trace of the total matrix obeys the inequality

− 1 <
1
2
(A + D) < 1. (2.24)

For the cavity round trip matrix in 2.23 this means that the laser resonator is stable
when

0 <

(
1− d

R1

)(
1− d

R2

)
< 1. (2.25)

This inequality therefore places limits on the curvature and separation of the cavity
mirrors that will allow for repeated feedback through the gain medium in a stable
mode. If one were to choose, say two planar mirrors, the cavity would not satisfy the
inequality, as there would be no converging elements present. While a useful math-
ematical aid, this is not claimed to represent all scenarios and effects encountered in
solid-state lasers. It will be seen in later chapters in this thesis that this formalism
can be used to inform the build of a laser stable for a desired regime of operation
and to model the propagation of a beam through a medium with a strong thermal
lensing effect.

2.1.3 Laser Modes

So far the description of the example laser has treated the light in the cavity as a ray
or a distribution of photons of density ‘s’. In fact, in a steady-state the light in the
cavity forms optical eigenmodes that replicate after a round-trip. These eigenmodes
have both longitudinal and transverse components. The transverse modes manifest
as spatial electric field patterns containing nodes and anti-nodes. The longitudinal
modes arise from the requirement of the field in a laser cavity to have an integer
multiple of 2π round-trip phase shift. These modes are analogous to the patterns
observed in, for example, a string instrument or the antique physics demonstration
known as Rubens’ tube [11]. Fox and Li originally modelled the modes in a laser
resonator through an iterative numerical solution [12]. Boyd and Gordon [13], and
Boyd and Kogelnik [14] later developed an approximate wave-based analytical so-
lution for the modes in a cavity of spherical mirrors, which was well summarised
by Kogelnik and Li in [10] together with other useful results for the theory of laser
resonators. This section heavily relies on the collated mathematical descriptions in
[10] and [15] and some are recanted here to aid in explaining the origin and math-
ematical descriptions of a selection of possible cavity modes that will be explored
throughout this thesis.

We begin with the scalar Helmholtz equation. The spatial wave-like behaviour
of light may be described by solving

(
∇2 + k2) E = 0 (2.26)
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where k = 2π/λ is the wavenumber and E is the complex electric field of the light.
The paraxial approximation is used to create a general form of the electric field in
cartesian coordinates as

E(x, y, z) = u(x, y, z) exp(−ikz) (2.27)

where u(x, y, z) is a slowly varying function such that

∂2u
∂z2 � k2u,

∂2u
∂z2 � k

∂u
∂z

.

By using this slowly varying envelope approximation, equation 2.26 becomes

∂2u
∂x

+
∂2u
∂y2 − 2ik

∂u
∂z

= 0. (2.28)

A beam-like solution has a form

u = exp
[
−i
(

P +
k

2q
r2
)]

(2.29)

where r = x2 + y2, and P is a complex phase shift associated with propagation of the
beam. q is known as the complex beam parameter, and it is a function of the wave
curvature and amplitude. The electric field decays according to a Gaussian function
with increasing distance from the z axis. A beam radius, w, can be defined as in
multiple ways, but was historically defined as the distance from the axis where the
amplitude falls to 1/e of the on-axis value. The wave-fronts have a curvature that is
represented by the radius of curvature R. The complex beam parameter is therefore
defined as

1
q
=

1
R
− i

λ

πw2 . (2.30)

By substituting equation 2.29 into 2.28, one can obtain

dq
dz

= 1,
dP
dz

= − i
q

. (2.31)

Integrating the derivative of q with respect to z between two arbitrary planes q1 and
q2 separated by a distance z gives

q2 = q1 + z. (2.32)

The q parameter can become purely imaginary if the curvature of the beam becomes
planar (R = ∞), this is known as the beam waist and is defined using the notation
w0 such that

q0 = i
πw2

0
λ

. (2.33)

It is often useful to use a beam waist as a reference point, therefore we can define the
evolution of the beam radius at a distance z from the beam waist by first using the
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relation in 2.32 on equation 2.33

q = q0 + z = i
πw2

0
λ

+ z. (2.34)

The real and imaginary parts can be equated to obtain equations for w(z) and R(z)
that will be used extensively in this work:

w2(z) = w2
0

[
1 +

(
λz

πw2
0

)2
]

(2.35)

R(z) = z

[
1 +

(
πw2

0
λz

)2]
. (2.36)

The final component to examine in this beam-like solution is the evolution and be-
haviour of P. The phase shift at a distance z from the beam waist is given by using
the relation between P and q written in 2.31, on equation 2.34 and then integrating
over z to obtain

P(z) = −i ln

√
1 +

(
λz

πw2
0

)2

− arctan
(

λz
πw2

0

)
. (2.37)

The imaginary term in this expression represents an amplitude factor that can be
shown to be equal to − ln(w0/w) by rearranging equation 2.35. The real part of
this expression represents the accumulated phase difference between a propagating
Gaussian beam and a plane wave and is known as the Gouy phase shift. The Gouy
phase shift is therefore defined as

ψ(z) = arctan
(

λz
πw2

0

)
= arctan

(
z

zR

)
(2.38)

where the Rayleigh range has been defined as zR. Equation 2.29 can now be written
in full with a scaling coefficient, C, introduced to encompass constant amplitude
factors.

u(r, z) =
1

w(z)
C exp

(
−r2

w(z)2

)
exp

(
−ikr2

2R(z)

)
exp(−iψ(z)) (2.39)

This solution is known as the fundamental Gaussian mode, and is comprised of a
single spot with maximum intensity in the centre that falls off gradually with in-
creasing r.

2.1.4 Higher-Order Laser Modes

The fundamental Guassian mode is just one of an infinite number of solutions to
the scalar Helmholtz equation. Higher-order modes can arise in a variety of sets
of functions depending on the boundary conditions present in a laser cavity. For
example, in a laser with favouring rectangular geometry one can use a trial solution
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based in Cartesian coordinates to solve equation 2.28:

u(x, y, z) = g
( x

w

)
h
( y

w

)
exp

{
−i
[

P +
k

2q
(
x2 + y2)]} (2.40)

This solution is valid if

g · h = Hm

(√
2x

w

)
Hn

(√
2y

w

)
. (2.41)

Hm(x) represents the physicists’ Hermite polynomial of order m. These Hermite
functions up to third order evaluate as

H0(x) =1,

H1(x) =2x,

H2(x) =4x2 − 2,

H3(x) =8x3 − 12x.

Equation 2.29 can now be cast as a Hermite-Gaussian solution of orders n and m, as
the product of these Hermite functions and the Gaussian mode:

uHG
nm (x, y, z) =

1
w(z)

CHG
nm Hn

(
x
√

2
w(z)

)
Hm

(
y
√

2
w(z)

)
exp

(
−(x2 + y2)

w(z)2

)
· exp

(
−ik(x2 + y2)

2R(z)

)
exp (−i(n + m + 1)ψ(z))

(2.42)

The keen-eyed reader will have identified that besides the two Hermite functions,
two terms in equation 2.42 are now themselves dependent on the orders n, m. The
solutions have been normalised in amplitude such that

∫
|u|2 dx dy = 1 by setting

the scaling factor C to

CHG
nm =

(
2

πn!m!

)1/2

2−(n+m)/2. (2.43)

In addition, the Gouy phase shift ψ varies with n and m. By following the same
approach used to obtain the expression in 2.37 but instead substituting the Hermite-
Gaussian solutions we find an extra factor of (n + m + 1) accompanies ψ(z) in equa-
tion 2.42. This dependence of the Gouy phase shift on mode order means that trans-
verse modes of different orders are unlikely to share longitudinal mode frequencies
due to a difference in phase velocity.

The intensities, |uHG
nm |2, of the Hermite-Gaussian solutions up to third-order are

shown in figure 2.3 where HGnm represents the Hermite-Gaussian mode of order
n, m. Rectangular symmetry is apparent in these images, and roughly, the order
m corresponds to the number of x axis aligned nulls in the modal pattern, likewise
with n in the y axis. When n = m = 0 the fundamental Gaussian solution is recov-
ered as expected. The higher-order Hermite-Gaussian modes are often encountered



2.1. Fundamentals of Laser Resonators 15

in free-space solid-state lasers targeting a fundamental mode a result of misalign-
ment on one axis. These solutions are also often referred to as TEMnm (transverse
electromagnetic) modes in the literature; this nomenclature is abandoned here due
to possible confusion with modal solutions derived from other symmetries that are
also well described as transverse electromagnetic.

Modes deriving from cylindrical symmetry are the main topic of this work. Laguerre-
Gaussian modal solutions to 2.28 can be found by substituting in a trial solution of
the form

u(r, φ, z) = g
( r

w

)
exp

[
−i
(

P +
k

2q
r2 + lφ

)]
(2.44)

where r and φ are the radial and azimuthal coordinates respectively and l is a pos-
itive or negative integer representing an azimuthal order. g evaluates in this case
after substitution to

g =

(√
2r

w

)l

Ll
p

(
2r2

w2

)
. (2.45)

Ll
p is the associated Laguerre polynomial of order l, p, which respectively are the

azimuthal and radial modal orders. Ll
p evaluates up to the third order in p to

Ll
0(x) =1,

Ll
1(x) =− x + l + 1,

Ll
2(x) =

x2

2
− (l + 2)x +

(l + 2)(l + 1)
2

,

Ll
3(x) =

−x3

6
+

(l + 3)x2

2
− (l + 2)(l + 3)x

2
+

(l + 1)(l + 2)(l + 3)
6

.

Using the same approach as before, the Laguerre-Gaussian solutions are therefore

uLG
pl (r, φ, z) =

1
w(z)

CLG
pl

(
r
√

2
w(z)

)l

Ll
p

(
2r2

w(z)2

)
exp

(
−r2

w(z)2

)
· exp

(
−ikr2

2R(z)

)
exp (−i(2p + l + 1)ψ(z)) exp (−ilφ)

(2.46)

where

CLG
pl =

(
2p!

π (p + |l|)!

)1/2

(2.47)

is again a normalisation constant. Important terms to note are again the mode-order
varying Gouy phase shift, and an additional phase component exp(−ilφ) that rep-
resents the phase of these modes varying with the azimuthal coordinate in a vortex
fashion. These solutions are shown graphically in figure 2.4. Again for p = l = 0 the
solution reduces to the same fundamental Gaussian solution. For all other orders
the modes form annular rings, with the number of null rings in the amplitude being
roughly equivalent to the radial mode order p.
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FIGURE 2.3: Hermite-Gaussian (HGnm) transverse laser modes up to
third-order.

LG00 LG01 LG02 LG03

LG10 LG11 LG12 LG13

LG20 LG21 LG22 LG23

LG30 LG31 LG32 LG33

FIGURE 2.4: Laguerre-Gaussian (LGpl) transverse laser modes up to
third-order.
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2.1.5 Beam Radius and ‘Quality’ of Higher-Order Modes

The images of both the Hermite and Laguerre families of Gaussian modes have all
been generated with the same value of w in figures 2.3 and 2.4. This shows an impor-
tant consideration to those working with these higher order modes: the mode size
increases with increasing mode order. In its usage so far in this thesis, w specifically
refers to the radius of the fundamental mode and its definition of the distance from
the central maximum at which the intensity falls to 1/e2 of the maximum loses some
meaning when the centre of the beam is a minimum. Siegman described an alterna-
tive in a tutorial [16] where the generalised mode radius W2 is defined as twice the
variance, found by evaluating the second moment of the beam intensity I(x, y) in an
arbitrary transverse axis:

W2
x = 2σ2

x =

∫ ∞
−∞

∫ ∞
−∞ I(x, y)(x− x̄)2 dx dy∫ ∞
−∞

∫ ∞
−∞ I(x, y) dx dy

. (2.48)

Here x̄ represents the on-axis ‘centre of mass’ of the intensity distribution given by

x̄ =

∫ ∞
−∞

∫ ∞
−∞ I(x, y)x dx dy∫ ∞

−∞

∫ ∞
−∞ I(x, y) dx dy

(2.49)

The product of the near-field waist W0 and far-field radius W(z) for this generalised
beam radius is defined as

W0W(z) ≈ M2 · zλ

π
. (2.50)

The M2 term is known as the beam quality parameter and represents a measure of
deviation from a diffraction limited fundamental mode, which has the smallest pos-
sible M2 of 1. The radius of a higher-order mode can be represented by an ‘embed-
ded Gaussian’ fundamental mode with radius w(z) and the M2 of the higher-order
mode:

W(z) =
√

M2 w(z). (2.51)

The values of M2 for a Hermite-Gaussian mode of order m, n are given by Siegman
[17] as

M2
x = 2n + 1, M2

y = 2m + 1 (2.52)

and for a Laguerre-Gaussian mode of order p, l the M2 is

M2
r = 2p + l + 1. (2.53)

This is a useful result for those designing lasers and optical systems operating on
higher-order modes; mathematical operations can be performed using the embed-
ded fundamental Gaussian mode radius and then adapted using the actual beam
radius. For an explicit example that is used frequently in this thesis, the beam radius
of a LG01 mode is a factor of

√
2 greater than the fundamental mode radius.
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2.2 Vortex and Vector Modes

Due to their appearance Laguerre-Gaussian modes have been referred to in the liter-
ature as ‘doughnut’ or ‘donut’ modes, particularly referring to the LG01 mode which
shares its shape with a ring doughnut. In this thesis the terminology ‘annular’ is
used to describe the more generalised ring-like appearance of their intensity pro-
files. Modes bearing a Laguerre-Gaussian intensity profile are the main topic of
study in this thesis due to their interesting properties. One possible property can be
identified from equation 2.46 recalling the exp(−ilφ) phase term. This term physi-
cally manifests as a so-called ‘vortex’ phase; for a pure Laguerre-Gaussian mode of
well defined l the phase varies azimuthally, so that a point of constant phase in the
field of such a mode traces a helical vortex path when propagating in the z axis. The
direction of the vortex phase rotation can take so-called left-handed or right-handed
paths, therefore a pure vortex mode is often described as having a handedness prop-
erty. The phase of a vortex LG01 mode is plotted in r and φ for constant z in figure
2.5 for a single handedness. This vortex phase is the origin for the central mini-
mum in Laguerre-Gaussian modes with |l| > 0; the phase singularity results in a
null in intensity. The vortex phase of these Laguerre-Gaussian modes means that

FIGURE 2.5: Phase of an LG01 mode at constant z

they carry orbital angular momentum (OAM) in addition to the linear momentum
carried by all photons and the spin angular momentum carried by circular polari-
sations. For this reason the descriptor ‘OAM mode’ also appears frequently in the
literature. Allen et al. [18] reasoned that higher-order Laguerre-Gaussian modes
imparted an orbital angular momentum of lh̄ per photon, explaining observations
by Beth [19] on the torque experienced by a suspended birefringent plate or a sus-
pended cylindrical lens. In their paper, Allen et al. discussed the relations between
Hermite and Laguerre polynomials of general order and how Hermite-Gaussian
modes could be converted to Laguerre-Gaussian modes and vice versa. Tamm and
Weiss first achieved this conversion for low order Laguerre-Gaussian modes [20]
before their results were reproduced and explained for arbitrary orders by Beijer-
sbergen et al. [21]. As an example, an LG01 vortex mode can be produced by the
coherent addition of a HG01 and a HG10 mode with a π/2 phase difference between
the Hermite-Gaussian modes to produce the required amplitude, curvature, and the
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phase:

uLG
01 =

1√
2

uHG
10 +

i√
2

uHG
01 . (2.54)

This relationship is used extensively in section 3.2 of this thesis to produce vortex
Laguerre-Gaussian modes. A similar relationship can be used to demonstrate that
not all modes with a Laguerre-Gaussian intensity distribution possess a vortex phase
and OAM, but do possess other interesting properties. For example, the coherent
addition of a HG01 mode linearly polarised in the y axis with a HG10 mode linearly
polarised in the x axis with no relative phase difference produces a mode with a
spatially varying polarisation state aligned with the radial axis:

~ur =
1√
2

uHG
10 x̂ +

1√
2

uHG
01 ŷ. (2.55)

In equation 2.55 x̂ and ŷ represent the unit vectors in the x and y axes respectively.
This solution is known as a first-order radially polarised mode and is an example
of a set of solutions with spatially variant polarisation that can be achieved in a
similar way with other combinations of Hermite-Gaussian modes and polarisation
states, known collectively as cylindrical vector modes. A derivation of this solu-
tion that can be obtained by solving the full vector wave equation for the electric
field can be found in [22, 15] but is not reproduced here for the purpose of brevity
and clarity of definitions. A similar solution can also be obtained by combining a
HG10 and HG01 mode but with the HG01 mode linearly polarised in the x axis and
the HG10 in the y. This produces a mode with the intensity profile of a LG01 mode
with spatially variant polarisation aligned with the azimuthal axis and is known
as a first-order azimuthally polarised mode. A representation of the orientation of
the electric field vector for first-order radial and azimuthally polarised cylindrical
vector modes is shown in figure 2.6. An azimuthally polarized mode can be easily
converted to a radially polarized mode or vice versa, or superposition with polarisa-
tion components of both states, through the use of a 90◦ optical rotator formed from
two half-waveplates [23].

Radial Azimuthal

FIGURE 2.6: Representative vector structure of the electric field for
radially and azimuthally polarised cylindrical vector modes.

In the case of these cylindrical vector modes the central minimum is formed due
to the polarisation singularity, in contrast to the phase singularity of the vortex
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modes. It is worth mentioning (although beyond the scope of this thesis) that it is
possible to form modes with superpositions of vortex and vector properties. These
are sometimes known as Poincaré sphere beams, which were recently reviewed by
Rosales-Guzmán et al. [24]. Equally, it is also possible to form the intensity profiles of
Laguerre-Gaussian modes through the incoherent combination of Hermite-Gaussian
modes so that the product has neither vortex nor vector properties. Therefore, ex-
periments should be performed using, for example, interferometry or polarisation
analysis to measure the properties of a generated mode with an annular intensity
distribution.

The modes of direct interest in this thesis are the radially polarised vector LG01

and the vortex phase LG01 modes. These modes are of growing interest for a wide
range of applications and there has been an increasing amount of effort dedicated
by researchers to effectively generate these modes at appropriate power levels.

2.3 Applications

The spatially variant properties of vortex and vector modes have found a wealth of
potential and demonstrated applications in recent years, particularly in fields such
as communication, sensing, measurement, microscopy, quantum physics and man-
ufacturing. Some results from these fields are reviewed here in order to provide a
motivation for the pursuit of higher quality and higher power annular beams re-
ported in this thesis. The applications are reported separately for annular modes
with vortex and vector properties, although in some cases the intensity distribution
is of interest, which is common for modes with either property in the case of the
LG01 distribution.

2.3.1 Applications of Vortex Modes

Laguerre-Gaussian modes carrying OAM are of interest in optical communications,
as discussed by Willner et al. [25]. Coaxially propagating vortex beams with dif-
ferent handedness and orders are mutually orthogonal; crosstalk between beams
can therefore be minimised by an additional degree. This orthogonality means that
multiple vortex modes can be effectively spatially multiplexed in combination with
conventional wavelength based multiplexing. Overall, these factors were identified
to potentially provide significantly increased data transmission capacity to a system.
In 2018 Zhu et al. experimentally demonstrated an 8.4 Tb/s data transmission rate
over an 18 km fibre [26]. They achieved this result by spatial and wavelength multi-
plexing of high order (LGp4 and LGp5) vortex modes for a 224 channel low-crosstalk
system. It is expected that future advances will be made through the application of
vortex Laguerre-Gaussian modes to fully exploit the additional spatial dimension
they provide for communication channels.

The OAM state of a vortex Laguerre-Gaussian mode also opens new applica-
tions for quantum information tasks, as reviewed by Erhard et al. [27]. A quantum
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particle composed of a photon carrying OAM has more than just two states - it can
have an additional number of states only bounded by the ability to generate arbi-
trarily high azimuthal orders. These additional degrees of freedom create enhanced
resilience against hacking attempts and noise for use in quantum cryptography [28].
Photon pairs have been successfully produced with entangled OAM states [29]. This
entanglement process has been used to transmit encrypted quantum keys via vortex
modes over free space, and through atmospheric turbulence, over distances of 3 km
in Vienna [30] and 300 m in Ottawa [31].

Vortex Laguerre-Gaussian modes have been examined for their suitability for
free space propagation applications, as multiple numerical studies have indicated
that these modes are particularly resilient to atmospheric turbulence and scintilla-
tion [32, 33]. However, recent experimental work returned the conclusion that a
carefully selected subset of Hermite-Gaussian modes were more resilient to atmo-
spheric turbulence than Laguerre-Gaussian modes [34], therefore this potential ap-
plication remains in dispute subject to further research.

Vortex modes have demonstrated advantages in the optical trapping of particles
[35]. Fundamental Gaussian modes are the norm for these trapping applications, in
which transparent particles can be trapped in the central maximum of the beam due
to a gradient force experienced proportional to the displacement from the centre,
however absorbing particles can be scattered due to absorption. Laguerre-Gaussian
modes also offer the proportional gradient force that can be used to trap particles,
but the central minimum for modes with OAM greatly decreases destabilising scat-
tering [36]. The OAM can be used to manipulate even non-birefringent particles,
adding an additional tool to the repertoire of the atomic or quantum scientist. The
ability of the OAM of vortex modes to exert a (small) torque has also been applied to
driving micromachines [37, 38] and micropumps [39, 40]. Vortex Laguerre-Gaussian
modes have also found application in particle acceleration, with some experiments
noting a reduction in particle beam angles and higher maximum particle energies
when compared to the use of fundamental modes [41, 42].

Other applications of vortex modes focussed on the small-scale have included
imaging techniques in microscopy [43, 44]. Laguerre-Gaussian modes have been
shown to allow for sub-diffraction limit resolution in combination with a fundamen-
tal Gaussian beam in stimulated emission depletion microscopy. The fundamental
mode is used to excite the fluorophores in a sample. The annular intensity profile of
the Laguerre-Gaussian mode is then used to deplete regions of the sample, leaving
a region smaller than the diffraction limited spot size of the fundamental mode to
emit by fluorescence.

OAM carrying vortex modes have found some use in metrology, as it has been
reported that the backscatter of such a mode from a rotating object produces a rota-
tional doppler shift proportional to the OAM state of the light [45]. This may mean
that vortex Laguerre-Gaussian modes find use in remote rotation sensing in the fu-
ture.
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Finally, Laguerre-Gaussian modes have shown promise for use in laser process-
ing and machining [46]. This application was the primary motivation for the devel-
opments recorded in this thesis. Both the intensity distribution and the OAM state
are relevant properties here. The intensity minimum in the centre of the beam has
been simulated to reduce the maximum stress experienced when applying lasers to
glass bending processes [47]. The intensity distribution of Laguerre-Gaussian modes
also has a high gradient; there is a small area of a beam that may be above a given
intensity threshold. This has been modelled to be of use in materials where localised
threshold intensity or temperature is preferable to a wide areas of a material close to
a threshold [48]. Multiple studies on the effects of processing of silicon with pulsed
Laguerre-Gaussian modes have revealed the fabrication of nano-needles inheriting
some interesting helical structure from the incident vortex modes [49, 50] with nee-
dle heights of ≈ 70 µm and 14 µm respectively. The helicity of these nano-needles
was simulated to have been caused by the rotational motion of molten material by
OAM transferral from the laser pulse before the material re-solidified.

2.3.2 Applications of Vector Modes

A further property of a radially polarised vector mode is the localised longitudinal
electric field component that arises under strong focussing conditions. This longi-
tudinal component is not present in azimuthally polarized modes. This property
has been widely reported on and confirmed by direct experimental measurement,
for example in [51, 52, 53]. When focussed by a very high numerical aperture lens
this longitudinal component can form a large contribution to the total electric field,
leading to a reduction in the spot size that could be achieved by a radially polarised
mode when compared to, for example, linear polarisation. A thorough review on
the applications of the longitudinal field and the associated tight focussing under
high NA conditions was provided by Zhan et al. in [15] with a recent update on the
latest advances in [54]. Spot sizes as low as 0.161λ2 have been achieved for radial
polarisation, whereas the spot size for linear polarisation under the same condition
was 0.26λ [55].

This property has lead to radially polarised modes finding use in high resolution
imaging [56, 57, 58, 59], although there have been some theoretical studies to suggest
that azimuthally polarised modes could also provide comparatively high resolution
imaging [60]. Image subtraction utilising illumination from both azimuthal and ra-
dially polarised modes has been shown to achieve resolutions below 100 nm [61, 62].
A beam with a polarisation state with both radial and azimuthal components can be
used to achieve control over sharpness and depth of field of a focus without addi-
tional complicated setups; the polarisation state can simply be tuned by rotating a
waveplate pair [63, 64]. Interestingly, this flexibility in the focal point of cylindrical
vector modes has been shown to allow for the precise orientation of gold nano-rods,
with the ultimate goal of polarisation based encryption [65].
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The manipulation of particles and optical trapping is another well studied appli-
cation of cylindrical vector beams, with the intensity profile and longitudinal field
under a tight focus again being key beneficial properties of radially polarised modes.
The state of polarisation for optical trapping experiments has been identified as im-
portant in a number of studies [66, 67, 68, 69]. Michihata et al. showed that the use
of a radially polarised beam enhanced trapping efficiencies in the longitudinal axis
by a factor of 1.84 compared to a linearly polarised beam, however, found that the
transverse efficiency was reduced by a factor of 0.58 compared to the that of a lin-
early polarised beam [66]. Kozawa and Sato agreed with these findings, and showed
that azimuthally polarised beams exhibited a higher transverse trapping efficiency
than radially polarised beams [67]. The ability to easily control the components of
radial and azimuthal polarisation present in a cylindrical vector beam has also found
application within optical trapping, where multiple groups have demonstrated the
control of a trapping volume by varying relative polarisation components [69, 70].
A significant advantage of using radially polarised beams in optical trapping is that
the dominant longitudinal component found in tight focussing does not contribute
to destabilising forces in the case of metallic particles [71]. Metallic particles are
usually more difficult to trap than optically transparent particles due to the strong
destabilising forces arising from absorption. Radially polarised beams were used
to trap gold nano-particles by Huang et al. [72] and were found to have a higher
trapping efficiency than azimuthally or linearly polarised beams.

Metrology is another field in which cylindrical vector modes have been applied.
A radially polarised beam was used by Novotny et al. to measure the orientation of a
molecular absorption dipole moment in three dimensions [73], with the key property
of use here again being the longitudinal electric field at the focal point. Another ex-
ample of position sensing on the Angstrom scale was demonstrated by Neugebauer
et al. who excited silicon nano-antennae with a tightly focussed radially polarised
beam [74]. The directional emission from the antennae was proportional to the posi-
tion of the antenna relative to the focal point of the beam. Fatemi demonstrated the
single shot measurement of polarisation dependent spin in rubidium vapour, and
used higher powers to induce position dependent atomic spin [75]. Radially po-
larised beams have been used for real-time, high resolution kinematic sensing [76].
The position of an object within a cylindrical vector beam can be measured by mea-
suring the polarisation state of the beam after interaction with the object. As the
polarisation is spatially variant the global average polarisation state change can be
used to measure and track the particle within the beam.

In plasmon resonance sensing, the sensitivity of phase sensitive surface plasmon
resonance refractive index biosensors is proportional to the phase difference in a
small region in a plasmon resonance dip. A differential phase between applied az-
imuthally and radially polarised beams has been shown to enable surface plasmon
resonance sensors with a dynamic range seven times higher than previous imple-
mentations of the technique while still maintaining a high sensitivity [77].
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Laser processing is an area where vector Laguerre-Gaussian modes are of signifi-
cant interest, with proven benefits over the linearly, circularly or randomly polarised
beams that are currently used in industry. In general, laser processing provides
key advantages over conventional machining techniques such as high productivity,
quality of finish, low material waste, and high flexibility [78]. In a very simplified
view of laser processing sharply focussed beams are absorbed by the work-piece ma-
terial which heats a localised volume resulting in melting or vaporisation. The types
of achievable laser processing are widely varied, and can include cutting, drilling,
engraving and welding to name a few. One such interaction of a focussed laser beam
with a material is shown in figure 2.7 where the beam is cutting a metallic sheet in
a direction indicated as the processing direction. The laser melts material at a cut-
front, before the melted material is removed by a gas jet (not illustrated) leaving a
cut path known as a kerf. This example is often referred to as laser fusion cutting or
melt-shear cutting.

Processing 
Direction

Kerf

x
y

z

FIGURE 2.7: Illustration of a laser-material interaction typical of laser
fusion cutting. Figure adapted from [79].

The intensity distribution and polarisation are important properties in processing of
this type. For high speed, uniform and efficient cutting a sharp (high gradient) in-
tensity distribution is desired, with beam shaping to ‘top-hat’ intensity distributions
recently trending in the field. As previously mentioned, modes with higher-order
Laguerre-Gaussian intensity profiles have steep intensity gradients compared to the
fundamental mode, making them desirable for laser processing. The polarisation
of a beam greatly affects its absorption by a material in a given configuration, and
therefore directly affects the efficiency of processing. Laser-material interaction oc-
curs on the walls of the material, as illustrated by a beam grazing the material wall
at an angle of incidence shown in figure 2.8.

This is relevant because the absorption of of metals varies with the angle of in-
cidence and the incident polarisation. The absorption is normally maximised for
polarisations parallel to the plane of incidence, denoted as P-polarisation to repre-
sent parallel. The polarisation perpendicular to this is denoted as S-polarisation,
with the S derived from the German word senkrecht, meaning perpendicular.
A graph of the absorptivity of iron as a function of angle of incidence for S- and P-
polarisation is provided in the left side of figure 2.9, where the absorptivity has been
calculated using Fresnel equations with the appropriate optical constants [81]. There
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FIGURE 2.8: Cross-sectional view of laser cutting and the angle of
incidence on the cut-front. Figure adapted from [80].

is a large difference between the absorptivity of the orthogonal polarisations, which
the ratio of the absorptivity P-polarisation to S-polarisation plotted in the graph on
the right of figure 2.9 shows can be very large at high angles.
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FIGURE 2.9: Left: Fresnel absorptivity of iron for S- and P-
polarisation as a function of angle of incidence. Right: Ratio of P-
polarisation to S-polarisation Fresnel absorptivity as a function of an-
gle of incidence. Optical constants of elemental iron obtained from

[81].

The angle of incidence in this kind of processing usually exceeds 70◦ [80], meaning
that the use of P-polarisation relative to the cut-front over S-polarisation is preferred
to maximise the absorption. If a linearly polarised beam is used the efficiency of
the cut will depend on the orientation of the polarisation with respect to the cutting
direction. For this reason, circularly polarised lasers find use over linearly polarised
lasers, although the absorptivity of a circularly polarised beam incident on a mate-
rial is simply the time average of S- and P-polarisations. Due to the cylindrically
symmetric spatially variant nature of radial polarisation, a radially polarised beam
presents P-polarisation to the material surface regardless of the beam orientation,
meaning that the absorption is always maximised.
A top-down comparison between linear polarisation and radial polarisation is given
in figure 2.10. The linearly polarised beam pictured on the left of figure 2.10 is ori-
entated so that it presents P-polarisation to the cut-front in the processing direction.
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FIGURE 2.10: Top view of laser cutting with an illustration of absorp-
tion distribution in the material for P-polarised and radially polarised

beams. Figure adapted from [79].

The colour shading on the material very roughly represents the heat distribution
from absorption, inspired by the mathematical modelling of Niziev and Nesterov
[79]. The P-polarised beam has very directional absorption, maximised at the lead-
ing edge of the cut front. In contrast, the scenario of cutting with a radially po-
larised beam that presents P-polarisation to the entire surface on which it is incident
shows higher and more uniform absorption, leading to increased efficiency and a
more isotropic kerf. This is one of the reasons used by Niziev and Nesterov to ex-
plain their theoretical findings that the laser cutting efficiency was a factor of 1.5 to 2
times higher for a radially polarised beam than for linear P-polarised and circularly
polarised beams [79]. Experimentally, Weber et al. measured a 40% increase in cut-
ting speed when using a radially polarised beam over a similar circularly polarised
beam when cutting 2 mm thick sheet steel with a CO2 laser [80].

In laser welding, particularly with high power sources, the amount of spatter
has been shown to be strongly dependent on the state of polarisation of the beam
used [82]. The spatter is a detriment to the strength of a weld as it displaces material
from the seam. Weber et al. also examined the effect of polarisation on laser welding
by comparing the results from the use of a randomly polarised, radially polarised
and azimuthally polarised beams at a range of feed rates [80]. They found that ra-
dially polarised beams produced noticeably less spatter, but stated that the physical
mechanism behind this was at the time unknown.

Ultrafast pulsed lasers enable high precision micro drilling and their application
has been well studied in metals. The geometry of boreholes drilled in this way is
highly dependent on the polarisation used, with linear polarisation producing el-
liptical distorted holes [83]. Circular polarisation can be used to produce boreholes
with improved circular profiles over those produced with linear polarisation [84].
This can also be achieved with radially and azimuthally polarised beams, with in-
dications that there are advantages in achievable hole diameter and aspect ratio as-
sociated with their use over circularly polarised beams [85]. Meier et al. performed
experiments comparing drilling using radially and azimuthally polarised modes,
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but were not able to prove the superiority of one polarisation over another, as in
different experiments the radial or azimuthal polarisations had a higher efficiency
depending on the depth of the borehole and the material properties in question [86].
Meier et al. did however note that azimuthal polarisation had a drilling efficiency
1.5 to 4 times higher than that of radial polarisation (dependent on depth) in mild
steel. A recent study by Matsusaka et al. investigated drilling using cylindrical vec-
tor and linearly polarised beams [87]. They found that the time required to pierce
metallic samples for an azimuthally polarised beam was 2.4 to 3.2 times shorter than
for the same tests with a linearly polarised beam. Their radially polarised beam had
longer piercing times than the linear and azimuthal beams for all samples, and in
some cases failed to pierce through at all. Significantly, they noted that azimuthal
polarisation was a factor of 7.7 times faster at piercing copper than linear polarisa-
tion, providing the explanation that the number of reflections on the hole wall may
be a significant factor in this performance.

2.4 Generation Methods

Despite the many and varied benefits and applications of annular modes, generating
a mode of sufficient purity and power for study or use is non-trivial. The spatially
variant nature of vortex and vector Laguerre-Gaussian modes normally requires the
use of advanced techniques and optical components to achieve these properties. A
review of some of the reported generation methods for these Laguerre-Gaussian
modes is included here, but is by no means a complete survey. The methods are
separated into intracavity and extracavity categories for clarity, where intracavity
methods normally use a method to force a laser to operate on a desired mode, while
extracavity methods may use conversion techniques to obtain the desired mode from
a more easily obtainable source. Intracavity techniques often have the benefit of
simplicity, as they may not require the bespoke optical components of compara-
ble extracavity techniques. The cavity losses resulting from additional intracavity
components can, however, significantly increase laser thresholds and reduce slope
efficiencies.

2.4.1 Generation of Vortex Modes

Intracavity Methods

One of the most basic methods of obtaining annular Laguerre-Gaussian modes is
through loss-shaping. In this approach, the thresholds of modes with intensity pro-
files significantly different than the desired mode is increased by introducing trans-
verse varying loss to a cavity. An easy way to do this is to use a spot defect on a
cavity optic to increase the loss to all modes without a central intensity minimum,
as used by Ito et al. [88] and Vyas et al. [89]. Hu et al. performed a numerical inves-
tigation into spatial loss shaping to iteratively determine optimum mask geometries
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for generating higher-order Laguerre-Gaussian modes [90]. Another notable use of
intracavity loss for mode selection was the generation of vortex modes in a fibre
laser with an external polarisation selective cavity by Lin et al. [91]. In this paper
the authors explain that they were able to exploit birefringence from anisotropies
in the fibre (possibly arising from fabrication) in combination with the polarisation
selective cavity to achieve a low threshold for the desired vortex modes relative to
other competing modes. While introducing additional loss in the cavity is an easy
method of obtaining outputs with annular Laguerre-Gaussian profiles it has the dis-
advantage of reducing laser efficiency.

Gain shaping is similar in concept, but here high gain is available to modes with
the desired intensity profile. This is most easily achieved in end-pumped lasers,
where the pump distribution is matched to the intensity distribution of the desired
mode, so that the overlap factor (given by the overlap integral in equation 2.17) is
high. Multiple demonstrations of the generation of Laguerre-Gaussian modes have
been published, most of which use pump light that has been converted to an annular
shape. This can be achieved using spatial light modulators [92], defocussed multi-
mode fibre output [93], diffracted pump beams [94], and capillary pump-delivery
fibres [95]. An interesting use of gain competition was developed by Kim and Kim
[96]; they used a double resonator with fundamental mode operation in a secondary
cavity depleting gain from the centre of the pumped region in the gain medium, so
that the primary cavity was forced to operate on the vortex LG01 mode.

Gain and loss shaping alone do not guarantee a particular output mode, as sev-
eral modes may share an intensity profile. In particular, vortex Laguerre-Gaussian
modes of the same order with opposite handedness are unfortunately degenerate
in all other properties. Explicitly, two modes with azimuthal index ±l respectively,
have the same beam radius, curvature and Gouy phase shift. Without control of the
handedness a laser may operate on either or both at the same time. A laser operating
on two Laguerre-Gaussian vortex modes of opposite handedness may form coherent
superpositions of both modes, resulting in ‘petal’ like structures, or incoherent su-
perpositions with intensity distributions indistinguishable from a pure vortex mode
as observed by Litvin et al. [97]. Therefore, a laser that appears to operate on a
Laguerre-Gaussian mode may not carry a clear charge of OAM. The presence or
lack of spiral phase should be therefore be confirmed using a measurement such as
interferometry.

Several methods have been demonstrated that appear to allow for handedness
selection for intracavity generation of vortex modes. Nanoscale aluminium stripes
were used in a laser cavity by Lin et al. to introduce additional loss to one handed-
ness by aligning the stripes so that they overlapped with the instantaneous maxima
of one handedness and the minima of the other [98]. The desired handedness could
be switched by repositioning the nanoscale stripes. Kim et al. reported that an an-
gled etalon inserted into a cavity could introduce differential loss to the opposite
handedness vortex modes [99]. Their paper states that due to the Poynting vector
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skew angle dependence on the value and sign of l, a tilted intracavity glass plate can
introduce a reflection loss that is different for left and right handed vortex beams.
Liu et al. obtained similar results through the use of an intracavity black phospho-
rous plate [100]. Zhou et al. constructed a hybrid free-space and fibre ring resonator
with intracavity conversion of the fundamental Gaussian mode to a vortex Laguerre-
Gaussian using spatial light modulators [101]. By changing the phase pattern loaded
to the spatial light modulator they could directly select the handedness and mode
order up to |l| = 10.

Extracavity Methods

One of the earliest extracavity methods of generating vortex modes was reported in
the seminal papers of Allen et al. [18, 21]. In these papers they suggested, then
demonstrated, that higher-order Hermite-Gaussian modes could be converted to
vortex Laguerre-Gaussian modes with very high efficiency through the use of the
astigmatic Gouy phase shift introduced by a cylindrical lens pair. This concept was
advanced by Uren et al. [102] through the use of spherical mirrors and is used to
generate vortex Laguerre-Gaussian modes in section 3.2.2 of this thesis.

Spiral phase plates are another tried and tested method of generating vortex
Laguerre-Gaussian modes with a wide range of papers over a number of years
demonstrating their use [103, 104, 105, 106, 107, 108]. A spiral phase plate retards
the phase front of an incident beam by having an optical path length that varies az-
imuthally, with one or more modulus steps depending on the desired output mode
order. This allows for convenient extra cavity generation of a vortex mode with good
conversion efficiency. The difficulty of fabricating spiral phase plates has classically
been a primary drawback, although they are now commercially available for an ap-
propriate premium price. Advances in fabrication techniques have enabled more
efficient spiral phase plates with continuous phase variation though the use of tech-
niques such as electron beam writing [109], direct laser writing [110], and focussed
ion beam milling [111]. Particularly impressive is the fabrication of micro-scale spi-
ral phase plates directly onto a VECSEL [112] and the tip of an optical fibre [113].

Holographic optical elements are a class of techniques that have been used to
generate optical vortices, though it should be noted that they do not generally pro-
duce a single pure mode, but fourier components with multiple modal orders that
form a superposition of Laguerre-Gaussian modes in the far-field [114]. The gen-
eration efficiency of a single mode order is therefore low. Examples of holographic
optical elements for generating vortex modes include fork gratings [115, 116, 117,
118, 119], and spiral Fresnel plates [116, 120, 121, 122]. Spatial light modulators
have been used to generate holographic amplitude masks [123] in addition to di-
rect phase modulation [124], with the significant advantage that they can be rapidly
reprogrammed. Digital micromirror devices are an alternative adjustable device of-
fering faster switching than spatial light modulators with lower device cost. They
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have also been used to form fork gratings for generating vortex beams [125]. Dig-
ital micromirror devices cannot directly adjust the phase of an incident beam, but
in conjunction with suitable experimental setups they allow for the necessary phase
and amplitude modulation to generate vortex modes [114, 126], albeit with poor
efficiency compared to the use of a spatial light modulator.

Extracavity conversion by means of coupling to annular vortex modes in fibres
is currently a popular topic of research due to the widespread adoption of optical
fibres in communication and the desire to utilise vortex modes for this purpose. A
fundamental mode was selectively coupled to annular modes by Ismaeel et al. [127],
although these were not pure vortex modes due to the aforementioned degeneracy
of modes with the same azimuthal order but opposite handedness. Various fibre-
based methods have since been demonstrated that attempt to break this degeneracy
[128, 129, 130].

Some of the more novel extracavity techniques to generate vortex modes pub-
lished in the last few years include metamaterials. Devlin et al. presented a meta-
material surface able to convert incident planar waves with spin angular momen-
tum into vortex waves possessing orbital angular momentum [131]. Ren et al. also
recently published a meta-holographic surface designed to produce a multiplexed
range of vortex modes for communication applications [132].

Coherent beam combining is a research topic that shows promise for overcoming
the limits of single lasers where multiple sources are coherently combined to form
a single beam with brightness well exceeding that of its component elements. Hou
et al. recently presented a theoretical discussion that a coherently combined phased
array may be able to form a vortex beam in the far-field when assisted by a machine
learning algorithm [133].

2.4.2 Generation of Vector Modes

Intracavity Methods

The earliest demonstration of a laser operating on cylindrical vector modes was
performed by D. Pohl in 1972 [134]. Direct generation of a first order azimuthally
polarised mode in a ruby laser was achieved through the use of a loss-inducing
aperture and central stop, and a birefringent calcite crystal inside a telescope. The
central stop was included to discriminate against the fundamental mode and the
aperture had the same purpose for higher order modes. The birefringence of the
calcite crystal caused light with radially aligned polarisation to experience a higher
magnification from the telescope and therefore higher loss from the aperture. The
birefringence was necessary to provide polarisation based selection between radial
and azimuthal modes that are otherwise degenerate in other properties. This intra-
cavity polarisation selection technique was refined in more recent years to utilise
thermally induced bifocussing in laser crystals, negating the need for the inclusion
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of separate birefringent optical elements [135, 136, 137]. The use of thermally in-
duced bifocussing is discussed extensively in section 3.1 of this thesis, where it was
used to create a radially polarised source.

The generation of a radially polarised output has previously been accomplished
by Bisson et al. through the inclusion of an intracavity Brewster-angled conical axi-
con [138]. As the conical axicon satisfies the Brewster condition at any azimuthal co-
ordinate it forces the laser to operate on radially polarised modes. The output beams
in [138] were composed of a superposition of high order modes (of tenth order and
higher) and took the forms of ring and arc-like beams due to high divergence arising
from uncompensated refraction from the conical axicon. Kozawa et al. constructed
a source operating on a first-order radially polarised mode that eliminated the oc-
currence of high intracavity divergence angles by using a Brewster-angled convex
and concave conical prism pair with an index matching immersion liquid filling the
space between them [139].

Another possible method of producing cylindrical vector modes is through the
use of bespoke feedback elements. Erdogan et al. proposed and demonstrated con-
centric circle gratings as a Bragg reflector on a semiconductor laser in [140]. In this
paper the authors used electron beam lithography to fabricate a concentric circle
grating into the upper AlGaAs layer of a AIGaAs/GaAs semiconductor laser. The
use of the concentric circle grating in a Bragg resonator caused the laser to operate
on a superposition of multiple azimuthally polarised modes, with some superpo-
sitions being cylindrically symmetrical in the far-field. A circular grating structure
was later integrated into a multilayer dielectric mirror by Ahmed et al. to create an
optic with a reflection coefficient for radial polarisation of 99.6% and as low as 76%
for azimuthal polarisation when measured at a wavelength of 1030 nm [141]. In the
same paper, Ahmed et al. used this grating mirror as a high-reflector in the cavity of
a disk laser, achieving a high quality first-order radially polarised mode source with
an output power of 10 W. The same group later used this concept to directly gen-
erate azimuthally polarised modes from a disk laser [142], a 3 kW radially polarised
CO2 laser [143], a 1 kW continuous-wave radially polarised thin-disk laser [144], and
a picosecond pulsed radially polarised thin-disk laser with 1.6 µJ pulse energy and
125 W average power [145].

Extracavity Methods

Extracavity methods of generating cylindrical vector modes mostly rely on the con-
version or combination of modes with readily obtainable homogeneous polarisation
states. Radial analysers based on birefringence [146] and dichroism [147] have been
previously used to convert light with circular polarisation to radial and azimuthal
polarisations, however this transformation also results in an associated geometric
phase shift that imparts a vortex phase (creating a so-called vortex-vector or Poincaré
sphere beam) onto the output beam that must be compensated for to produce a pure
cylindrical vector mode.
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The interferometric combination of in-phase linearly polarised Hermite-Gaussian
modes (as described by equation 2.55 in the case of a radially polarised LG01) is a rel-
atively simple method for generating cylindrical vector modes [148, 149, 150]. The
use of interferometry to generate vector modes does, however, require good coher-
ence and stability in the component beams.

Spatially variant polarisation rotation can be achieved through a number of meth-
ods. In this approach, light with a homogeneous polarisation is used in an input
and locally retarded so that the desired spatially variant output polarisation distri-
bution is created. The use of twisted nematic liquid crystals sandwiched between a
linearly-rubbed and circularly-rubbed plate is one such method [151, 152]. Alterna-
tively, liquid crystals can be photo-aligned to gain spatially variant retardance [153].
Spatial light modulators can achieve the same effects in conjunction with a quar-
ter waveplate while having the advantage of flexibility. Spatially variant subwave-
length metal stripe gratings produced via photolithography were able to operate in
a similar way to convert incident circular polarisation from a CO2 laser to a radially
polarised mode (with an additional spiral phase factor) [154], although it should be
noted that this approach would be difficult to achieve for shorter wavelengths.

Spatially variant waveplates, sometimes known as S-waveplates or q-plates, achieve
the necessary anisotropic retardance by having a fast axis that varies with azimuthal
position on the plate. The first demonstrations of such a device were segmented
waveplates. The operating principle of one such device is shown in figure 2.11.

FIGURE 2.11: The operating principle of a spatially variant wave-
plate.

In this example, linearly polarised light is transmitted through a spatially variant
waveplate comprised of four bonded half-waveplate segments with fast axes align-
ment indicated by arrows on each quadrant. The transmitted light is approximately
radially polarised. Machavariani et al. constructed an eight-segment waveplate able
to convert a linearly polarised mode to either a radially or azimuthally polarised
mode [155]. The use of trifold symmetrical mechanical stress on the circumference
of a cylindrical window has been shown to produce spatially variant birefringence
in finite element modelling and experiments on BK7, that when illuminated with lin-
early polarised light produces a spatially variant counter-rotating polarisation dis-
tribution with azimuthal and radial components [156]. This polarisation state could
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be rotated to a radial or azimuthal state by propagation though a half-waveplate
rotated to the appropriate angle. A more robust way of creating a spatially variant
waveplate is through femtosecond laser writing of anisotropic nanogratings in glass,
pioneered by Beresna et al. [157, 158]. These femtosecond laser written S-waveplates
have been used quite successfully, for example, to produce high quality radially po-
larised modes from a Yb-doped fibre laser [159] and as part of a high power pulsed
Yb-doped fibre amplifier chain to ensure a radially polarised output [160]. Until
recently the single-pass loss of these femtosecond laser written S-waveplates dis-
couraged intracavity use; the demonstration and loss characterisation of a new gen-
eration through intracavity use is the subject of chapter 5 in this thesis.

The creation of custom anisotropy with arbitrary distribution in transmissive
metasurfaces has seen advances in control and a reduction in the optical loss in re-
cent years. Arabi et al. fabricated arrays of elliptical amorphous silicon posts on
a silica substrate [161]. The elliptical cross-section of the amorphous silicon posts
created local birefringence aligned with the major and minor axes. The ability to
orientate each amorphous silicon post allowed the authors to create a metamaterial
waveplate for the conversion of linearly polarised laser modes to first-order radially
and azimuthally polarised modes of high quality with a noted single-pass transmis-
sion of 96%. Similar in concept, a paper published by Yue et al. presented the fab-
rication and use of a metasurface with rectangular nanorods varying in orientation
over the surface to create a spatially varying anisotropy [162].

A step-index cylindrical waveguide such as an optical fibre can support annu-
lar modes in some cases, such as the TE01 and TM01 modes which have radial and
azimuthal polarisation respectively. It is possible to transfer energy to these modes
from other transverse modes through careful misalignment, exemplified by Gros-
jean et al. by misaligning the cores of a single-mode fibre (fundamental) with a few-
mode fibre (fundamental, TE01, and TM01) [163]. The conversion efficiency using
this approach is low (less than 10%) and sensitive to small perturbations. The effi-
ciency of coupling to cylindrical vector waveguide modes can be improved some-
what (to around 30% to 50%) by using higher order modes such as a non-vector
LG01 [164] or HG01 [165] as an input, though generating these modes is a challeng-
ing and low efficiency process when compared to the fundamental mode anyway.
Narrow linewidth fibre lasers have more recently made use of fibre Bragg gratings
as a mode selective element in conjunction with offset fibre coupling [166, 167]. The
narrow reflection band of the fibre Bragg grating allows for selective reflection of the
fundamental mode while allowing the higher-order vector modes to be coupled out
of the fibre laser.

2.5 Current Limitations of Annular Mode Sources

The applications reviewed in section 2.3 require high quality vortex or vector modes
with well defined OAM or polarisation states respectively, and at high powers for
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laser processing.
The quality of higher-order transverse modes is a poorly defined topic at present;

a survey of the intensity profiles presented in all the publications reviewed as gen-
eration methods in section 2.4 would reveal high variation in appearance. Some
of the published modes are barely indistinguishable from theoretical intensity dis-
tributions, while others have significant defects or impurities. The most popular
quantitative measure of beam quality, M2, can be fooled while measuring a higher-
order mode through the inclusion of impurities of other mode orders, as described
in section 2.1.5. A poor quality LG01 mode, for example, can be measured as having
a ‘perfect’ M2 of 2.0. Unfortunately this means that it is difficult to directly compare
the merits of generation methods of annular modes based on beam quality due to
lack of a suitable quantitative metric. Chapter 4 of this thesis describes experiments
on modal decomposition using modern machine learning techniques as a potential
tool to help better quantify higher-order modes. Furthermore, the properties of vor-
tex and vector modes are often confused in the literature, particularly with regards
to mislabelling vector modes as OAM/vortex modes. Sometimes the presence of
an annular intensity profile is enough to mislead authors to claim vortex or vector
properties, despite the possibility of such an intensity profile being the result of nei-
ther [97]. Chapter 3 documents the construction and characterisation of a radially
polarised laser and and a vortex Laguerre-Gaussian mode source with an emphasis
on producing high quality beams with well defined properties for use in subsequent
studies.

The output powers of annular modes for the most part remain low compared
to the multiple kilowatts achieved for fundamental Gaussian modes. The majority
of the vortex Laguerre-Gaussian modes published in the last decade had maximum
output powers lower than 10 W, although there have been some high peak power
femtosecond demonstrations at large laser facilities in the past three years using
refined and novel generation methods such as plasma fork gratings [168], plasma
mirrors [169], and spiral phase mirrors [170]. The optical elements used to generate
vortex modes often prove a limiting factor in power scaling, having low optical dam-
age thresholds, small apertures, low efficiencies and high losses. Vector Laguerre-
Gaussian modes have achieved somewhat higher power with circular grating mir-
rors allowing for the aforementioned kW level continuous wave radially polarised
lasers [143, 144]. An S-waveplate produced using a refined femtosecond laser writ-
ing technique to reduce the transmission loss is trialled as an intracavity element
and reported on in chapter 5, showing promising results for the future generation of
annular modes using these elements.

In an effort to generate higher power annular modes while dealing with the lim-
itations and difficulties posed by the various generation methods there have been a
number of researchers examining amplification of annular modes in several differ-
ent gain media geometries, such as rods [171], slabs [172], fibres [173], and thin-disks
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[174]. While amplifying a low power mode separates the problems of power scal-
ing and generation, optical amplification is itself limited by a range of problems like
thermal effects, non-linear phenomena, and damage thresholds. Rod-based gain
media geometries tend to suffer in particular from thermal effects due to a rela-
tively low surface area to volume ratio. Slab geometries have improved thermal
management, but do have astigmatic thermal lensing that has to be accounted for.
Disk geometries have good thermal handling with a high surface area and primar-
ily longitudinal temperature gradient, and have produced the highest continuous
and average power annular modes so far. However, it has been noted that the low
single-pass gain necessitating multi-pass configurations can lead to complex set-ups
and instability. Fibre amplifiers have proved successful in scaling annular modes
past the 100 W average power level [160], however the small mode areas and long
interaction lengths seen in fibres leads to low thresholds for deleterious non-linear
effects, particularly in pulsed regimes of operation. In addition, the coupling to other
waveguide modes in fibres can degrade the purity of a propagated vortex or vector
mode.

The desire to mitigate against the multiple limiting effects in amplifier geome-
tries for the scaling of annular modes, and laser sources in general, has inspired the
development of novel or hybrid geometries. For example, photonic crystal fibres
[175], and single crystal fibres [176] have found use in amplifying radially polarised
modes due to the ability to tailor supported fibre modes, with the latter citation
containing a useful review on the recent highest peak powers and pulse energies
obtained for radially polarised modes. The successful amplification of both a vor-
tex, and a radially polarised Laguerre-Gaussian mode in a hybrid thermally guiding
fibre-rod geometry presented in chapter 6 is one such potential new avenue to ad-
vance the obtainable powers of annular modes.

While the development and use of annular mode lasers is not yet a mature field,
recent progress is very encouraging. This thesis attempts to address several aspects
of limitations affecting the modes of interest, and it is hoped to advance the un-
derstanding, quality, and obtainable output powers of vortex and vector Laguerre-
Gaussian modes.
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Chapter 3

Annular Mode Solid-State Sources

3.1 Radially Polarised Source

This section details the development of a radially polarised source primarily de-
signed for optimised beam quality, polarisation, and modal purity. A high quality
radially polarised seed source was deemed necessary for the amplification experi-
ments details in chapter 6 in order to isolate and understand any undesirable char-
acteristics arising from the amplification process. The radially polarised source that
was constructed achieved the desired properties by using a combination of the pre-
viously used techniques of thermally induced bifocussing and pump beam condi-
tioning.

3.1.1 Annular Pump Distribution

A common problem encountered with directly generating radially polarised modes
inside a laser cavity is that of other modes competing for gain. Compared to fun-
damental modes, where simple apertures and ‘top-hat’ pump beam profiles usually
suffice to suppress higher-order modes, more care must be taken to obtain a pure
higher-order mode. If an inappropriate spatial distribution of the pump light is
chosen a laser resonator may operate above threshold on a number of undesired
transverse modes that overlap the pumped region of a gain medium. An expression
for the threshold pump power of a four-level laser can be obtained by substituting
equation 2.19 into equation 2.17 and assuming (L + T)� 1 [177].

Ppth =
hνp Ae f f (L + T)

2σ21τf ηabsηq
(3.1)

Here h is Planck’s constant, νp is the pump frequency, L is the round-trip resonator
loss, T is the transmission of the output coupler, σ21 is the emission cross-section, τf

is the upper-state fluorescence lifetime, ηq is the pump quantum efficiency, and ηabs

is the pump absorption efficiency. Ae f f is a term that represents the effective area
overlap between the pump and cavity photon distributions, defined as

Ae f f =

(
lc

∫
cavity

r0(r, z)s0(r, z)dV
)−1

(3.2)
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where lc is the cavity length, and r0 and s0 are the normalised spatial distributions for
pump rate per unit volume and laser photon density respectively. Ae f f therefore has
a great effect on the transverse spatial modes that will be operating above threshold
in a given laser cavity. In order to directly excite a targeted radially polarised annular
profiled transverse mode, the pump distribution can be altered to match the targeted
mode. J.W. Kim et al. showed in [178] that pump light from a commercial diode laser
could be reconditioned into an annular profile by coupling the pump into the glass
region of a capillary fibre in order to directly excite annular profiled LG0n modes in
a Nd:YAG laser. They showed that by assuming that the pump beam has an annular
step profile with inner radius a and outer radius b, and is absorbed with a coefficient
αp, the pump rate density can be given as

r0(r, z) =

{
αpexp(−αpz)
π(b2−a2)ηabs

(a ≤ r ≤ b);

0 elsewhere
(3.3)

The normalised photon density of a Laguerre-Gaussian mode of azimuthal order l
and (fundamental) spot size w(z) is given by [179]

s0(r, z) =
2

l!πw2(z)lc

(
2r2

w2(z)

)
exp

(
−2r2

w2(z)

)
(3.4)

From these expressions, it can be shown after assuming negligible beam divergence
within the gain medium that

Ae f f =
π(b2 − a2)

ηPL
(3.5)

where ηPL is the overlap factor of the pump with the laser mode:

ηPL =
n

∑
m=0

1
(n−m)!

[(
2a2

w2
0

)n−m

exp
(
−2a2

w2
0

)
−
(

2b2

w2
0

)n−m

exp
(
−2b2

w2
0

)]
. (3.6)

Using these expressions, one is able to calculate the threshold of a given azimuthal
order of annular transverse mode given the dimensions of the pump profile. This
led to the selection of a capillary fibre that could be used to create an annular pump
profile with the distribution indicated in equation 3.3 with appropriate inner and
outer diameters. The capillary fibre used in the experiments in this thesis was chosen
to have an inner radius, a, of 50 µm and outer radius, b, of 100 µm. Figure 3.1a shows
a magnified cleaved end-facet view of the capillary fibre used in these experiments.
In order to couple the light from a commercial fibre-coupled laser diode into the
capillary fibre for use in generating annular transverse modes the capillary fibre was
tapered by Gooch and Housego PLC. The tapering process involves drawing the
heated capillary fibre such that the central air-hole collapses. This tapered capillary
is then spliced to the multi-mode pump-delivery fibre of the selected diode laser
pump source.
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(A) End-facet view of a cap-
illary fibre with a 100 µm di-
ameter central air hole and
200 µm diameter silica light-

guiding ring.

(B) Focus of the the pump spot
from a multimode diode laser
after guidance through a sec-

tion of capillary fibre.

(C) Near-field image of the
pump spot from a multi-
mode diode laser after guid-
ance through a section of cap-

illary fibre.

FIGURE 3.1: Capillary fibre used to condition pump light to form an
annular near-field profile

Figure 3.1b is a CCD camera image of the focussed output of the same capillary fi-
bre as shown in figure 3.1a when spliced to a commercial 940 nm fibre-coupled diode
laser. It is evident that the focussed spot obtained from propagating and imaging
pump light through a capillary fibre does not exactly match up to the idealisation
presented in equation 3.3 due to the presence of non-zero intensity in the central
hole. However, this method of pump conditioning has been used to successfully
generate high quality annular modes [180]. This approach was therefore selected for
use in the design and construction of a radially polarised source for use in further
experiments.

During the construction of the sources utilising these capillary fibres experimen-
tal optimisation revealed that positioning the focus of the light from the capillary
fibre directly on the laser crystal was not the ideal configuration for the short crys-
tals used in these experiments. In practice it was found that sharply focussing the
capillary pump spot into a laser crystal in an effort to obtain a first order annular
mode led to an increase in the fundamental mode content of the obtained transverse
mode. Instead, a slightly defocussing the pump beam by offsetting the pump focus
with respect to the laser crystal was found to be optimal. The same output from the
capillary fibre shown in figures 3.1a and 3.1b is again imaged in figure 3.1c at an axial
position 5 mm before the focal point imaged in figure 3.1b, showing a closer visual
match to the targeted annular mode. It is important to note that this slight change
of pump focal point position with respect to the gain medium will only be valid for
gain media that are short compared to the Rayleigh range of the pump beam, as
was the case with the constructed radially polarised source. To analyse why this
slight defocussing of the light from a capillary fibre was beneficial in obtaining a ra-
dially polarised mode, intensity in a horizontal cross-section of the centre of figure
3.1b was compared to the targeted LG01 intensity profile in figure 3.2. In this graph,
the overlap integral between the transverse pump intensity distribution and the in-
tensity distribution of an LG01 mode is maximised by scaling the cavity mode radius
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FIGURE 3.2: Transverse pump distribution of sharply focussed light
from a capillary pump-delivery fibre compared to a theoretical LG01
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FIGURE 3.3: Transverse pump distribution 5 mm from the focus of
light from a capillary pump-delivery fibre compared to a theoretical

LG01 mode.
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relative to the pump spot. While the pump distribution shown in figure 3.2 is a good
fit to the first order LG01 mode, it is certainly not the form we modelled in equation
3.3, and there is some intensity present in the centre of the pump beam that could
cause the presence of undesired fundamental cavity modes.

For comparison, a similar graph for the slightly defocussed pump light is given
in figure 3.3. Due to an increased overlap integral over that of the tightly focussed
pump beam, one can quantitatively see why this change of pump spot position rel-
ative to a gain medium would ensure a higher quality first-order annular mode.

3.1.2 Thermally Induced Birefringence

While shaping the pump light for directly exciting annular modes within a cav-
ity has been previously successful, it is necessary to engineer a laser cavity de-
signed to output on a radially polarised mode with some mechanism to discrim-
inate against degenerate modes. Specifically, the intensity profile of a LG01 mode
is shared across a number of annular modes with different properties, such as vor-
tex phase modes, cylindrical vector modes and incoherent superpositions of modes.
For the purpose of constructing a radially polarised source with excellent polarisa-
tion and mode purity, a previously published technique exploiting thermally in-
duced birefringence was used [137]. This method was chosen in order to avoid
using bespoke optical components and arrangements while avoiding the losses as-
sociated with extra-cavity methods. In this method, a laser resonator is designed
such that there is a difference in the cavity stability between the degenerate trans-
verse modes. This is achievable in laser crystals that exhibit thermally induced bi-
focussing, where azimuthal and radial polarisations experience different refractive
indices due to stresses in the material arising from a non-uniform temperature dis-
tribution. This birefringence can cause the focal lengths of the thermal lens in the
laser crystal to differ between these polarisations, which can be exploited when de-
signing a laser cavity. Koechner provides the following mathematical description of
this effect which was used to aid the design of the resonator geometry used in these
experiments [5].

We will assume that the gain medium in this description is a cubic crystal with
cylindrical rod geometry with flat, free ends, is in thermal contact with a coolant on
the cylindrical surface, and that heat-flow is strictly radial. The key crystal prop-
erties are heat generated per unit volume, Q, whose the exact form depends on the
pump light distribution, radius r0, and thermal conductivity K. This heat generation,
arising from effects such as quantum defect heating, causes a non-uniform temper-
ature distribution in the crystal. In the case of end-pumping this distribution has a
maximum in the centre of the crystal and a temperature which decreases with radial
position. The temperature distribution in a cylindrical laser crystal with the stated
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assumptions can be expressed as

T(r) = T(r0) +

(
Q
4K

)
(r2

0 − r2). (3.7)

In designing the radially polarised source, the heat generated per unit volume is
assumed to be uniform and is given by

Q =
Ph

πr2
0lc

(3.8)

where Ph is the pump power deposited as heat. It is worth noting that the annular
pump spot from a capillary fibre will give a different form to the heat density, and a
better approximation of an expression for the heat density may be found in the work
of Kim et al. [181]. However, the assumption of a uniform pump deposition density
is a sufficient approximation for the purpose of experimental design [182].

Temperature gradients of the form in equation 3.7 cause mechanical stress within
a laser crystal as the inner area is limited from thermal expansion by the cooler exte-
rior regions. The laser crystal will experience the following stresses in the radial σr,
tangential σφ, and axial σz coordinates.

σr(r) = QS(r2 − r2
0) (3.9)

σφ(r) = QS(3r2 − r2
0) (3.10)

σz(r) = QS(4r2 − 2r2
0) (3.11)

Where S = αE[16K(1− ν)]−1 with α being the thermal expansion coefficient, ν Pois-
son’s ratio, and E the Young’s modulus of the material. These stresses result in
radial and tangential refractive index variation due to the photoelastic effect, which
are given by Koechner [5] as

∆nr = −
1
2

n3
0

αQ
K

Crr2 (3.12)

∆nφ = −1
2

n3
0

αQ
K

Cφr2 (3.13)

Here n0 is the intrinsic material refractive index and the constants Cr and Cφ are cal-
culated from the elasto-optical coefficients of the material. For a YAG crystal along
the [111] direction, Cr = 0.017 and Cφ = −0.0025 [5]. The different values of these
constants explains the birefringence between the two states of polarisation.

The photo-elastic refractive index contributions are not the only changes of re-
fractive index that occur from the heat generated in a gain medium. The total re-
fractive index as a function of radial position can be expressed by combining the
intrinsic material refractive index, n0, the temperature contribution, ∆nT(r) and the
stress contribution ∆nσ(r). Contributions from end-face curvature due to differen-
tial expansion are neglected here due to their small magnitude relative to the other
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terms [5].
n(r) = n0 + ∆nT(r) + ∆nσ(r) (3.14)

We can obtain the temperature contribution by using the temperature dependent
change of refractive index:

∆nT(r) =
dn
dT

[T(r)− T(0)] = − Q
4K

dn
dT

r2 (3.15)

Combining these contributions, the refractive index profile in the laser crystal is

n(r) = n0

[
1− Q

2K

(
1

2n0

dn
dT

+ n2
0αCr,φ

)
r2
]

(3.16)

with Cr,φ denoting the use of one of these constants to give the refractive index pro-
file for radial or azimuthal light respectively. If we now treat the laser crystal as
a gradient index lens, we can find an expression for the thermal focal lengths of
the laser crystal for the different polarisations of light. Under the assumption that
the thermal lens focal length will be long compared to the crystal, a gradient index
medium of length lg with a refractive index of the form

n(r) = n0

(
1− 2r2

q2

)
(3.17)

has an approximate focal length of

f ≈ q2

4n0lg
. (3.18)

By comparison with equation 3.16 we can now give an expressions for the focal
lengths of radial and azimuthal polarisations in a thermally lensing crystal that can
be used to help design a laser cavity to obtain a radially polarised mode:

fr =
K

Qlg

(
1
2

dn
dT

+ αCrn3
0

)−1

(3.19)

fφ =
K

Qlg

(
1
2

dn
dT

+ αCφn3
0

)−1

. (3.20)

Recall that the constants Cr and Cφ have opposite signs in a YAG crystal. This means
that radially polarised light experiences a stronger lensing effect due to the posi-
tive contribution from the thermally induced stresses in the laser crystal, while az-
imuthally polarised light experiences weaker lensing by comparison. By designing
a laser cavity such that the geometric path of the light is stable on a round-trip be-
tween the cavity mirrors for radially polarised light but not azimuthally polarised
light, we can discriminate against unwanted degenerate modes and obtain a pure
radially polarised mode.
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3.1.3 Experimental Configuration
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FIGURE 3.4: Schematic of the end-pumped 1030 nm radially po-
larised Yb:YAG laser

The constructed radially polarised source employed a simple two-mirror resonator,
as shown in figure 3.4. The first cavity mirror was a convex pump input-coupler
mirror with a 100 mm radius of curvature, a high reflectivity (> 99.8%) at the lasing
wavelength of 1030 nm and high transmission (> 98%) at the 940 nm pump wave-
length. The other cavity mirror was a planar output-coupler mirror with a reflectiv-
ity of 96% at 1030 nm and a high transmission at the pump wavelength. The chosen
gain medium was a cylindrical rod Yb:YAG laser crystal with a diameter of 2 mm, a
length of 3 mm and a Yb3+ ion doping concentration of 7.5 wt.%. The Yb:YAG crystal
was mounted in a water-cooled copper heat-sink to aid in temperature control. The
crystal was positioned approximately 1 mm from the convex input-coupler. The sep-
aration between the cavity mirrors was chosen to be 15 mm. The choice of a convex-
plane laser cavity was influenced by equations 3.19 and 3.20 and the desire to keep
the laser cavity short for benefits to possible pulsed operation. This convex-plane
cavity is an intentionally unstable resonator for azimuthally polarised modes, while
the thermal lensing experienced by the radially polarised mode is strong enough to
compensate for the curvature of the input coupler.

A commercial fibre-coupled laser diode (nLight Inc.) with a central wavelength
of 940 nm and a maximum output power of 70 W was used as the pump source. The
pump delivery fibre was multi-mode with a 105 µm diameter core with a numerical
aperture (NA) of 0.22 and a 125 µm outer cladding diameter. This pump delivery
fibre was spliced to fibre of the same type which was tapered to a capillary fibre (ref-
erenced in section 3.1.1) with a 200 µm outer diameter and a 105 µm diameter inner
air-hole. The capillary fibre tapering was performed by Gooch & Housego PLC. The
output from the laser diode was conditioned by propagation through the capillary
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fibre to have an annular transverse profile in the near-field. The pump light was im-
aged into the laser crystal using a plano-convex lens pair with focal lengths 30 mm
and a 25 mm in a ‘4f’ configuration; the first lens is positioned by its focal length
from the object, the lenses are separated by the sum of their focal lengths, and fi-
nally the image is formed at a distance from the second lens equal to its focal length.
This ensures a well defined magnification factor of 0.83̇ and flexibility in focus po-
sition through slight adjustments of the position of the second lens. The magnified
pump spot therefore has an outer diameter of 169 µm and a 72 µm diameter central
hole. These pump spot dimensions were chosen to provide a good overlap with the
calculated mode size of a first-order radially polarised mode within the laser crys-
tal. The short, highly doped laser crystal was chosen due to the poor beam quality
(M2 ≈ 50) of such a multi-mode and conditioned pump spot, as well as the consid-
eration that the pump beam is only annular in profile in the near-field, which should
help suppress the onset of lasing on the fundamental mode.

After absorption in the laser crystal and transmission through the cavity optics,
the unabsorbed 940 nm pump light is separated from the 1030 nm signal light with
the aid of a 1000 nm long-pass reflective filter. The laser output is then collimated
for further experiments and characterisation using a plano-convex lens with a focal
length of 125 mm.

3.1.4 Characterisation

Beam Images

(A) Radially polarised mode. (B) Radially polarised mode
after linear polariser, 0 degree

orientation.

(C) Radially polarised mode
after linear polariser, 90 degree

orientation.

FIGURE 3.5: Intensity profile of the output radially polarised mode.

A CCD camera (Ophir Spiricon SP620U) was used to obtain images of the output
mode of the radially polarised source. A false colour image of the output mode is
shown in figure 3.5a. The mode is of very high quality to simple visual inspection,
with a very prominent low central intensity, clear annular profile and very little dis-
cernable difference from the theoretical transverse intensity profile of a first-order
radially polarised mode. Some slight imperfections in the image can be attributed to
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artifacts from the CCD camera, a small amount of interference fringes due to reflec-
tions in the optical arrangement, and some airy rings from dust present in the optical
path. Figure 3.5b is an image of the same mode after transmission through a linear
polariser. A first-order radially polarised mode can be considered a coherent super-
position of orthogonal linearly polarised HG01 modes. Therefore, the transmission
of a perfect first-order radially polarised mode through a linear polariser should re-
semble the two-lobe structure of a HG01 mode in transverse intensity profile. Figure
3.5b shows the expected intensity profile, and is a very good visual match to a HG01

mode. Figure 3.5c is provided to show the same mode transmitted through a linear
polariser with the polariser being rotated by 90 degrees with respect to figure 3.5b.
The images of the mode were captured for an absorbed pump power of 26.5 W and
an output power of 5.8 W. At absorbed pump powers below 25 W the fundamen-
tal mode became prevalent due to the weak thermal lensing strength leading to an
increase in the cavity mode size, and at absorbed pump powers above 33 W the cav-
ity became stable for the azimuthally polarised modes, which degraded the radial
polarisation purity.

Polarisation Purity Measurements

Polarisation extinction ratio is easily measured for a linearly polarised mode. One
simply has to use a linear polariser and a power meter, measure the power trans-
mitted through the linear polariser as a function of polariser angle and take the ratio
between the maximum and minimum power transmitted. For radially polarised
beams the measurement is not quite so simple, as the same measurement would re-
veal that the power transmitted was invariant with polariser angle. A method to
quantify the radial polarisation extinction ratio (RPER) was proposed by Smith et al.
which is represented in figure 3.6 [172]. An image of the radially polarised mode

FIGURE 3.6: Representation of sampling path for the calculation of
radial polarisation extinction ratio.

is taken after transmission through a linear polariser. A computer program is then
used to find the two peaks and the centre of the resulting mode. Using these, data is
sampled in a circular path which is centred on the mode with a radius equal to the
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average separation between the modal centre and the intensity peaks. An illustra-
tion of the circular path is shown in figure 3.6. This intensity data is then plotted as
a function of azimuthal angle in figure 3.7. The data plotted in figure 3.7 shows two
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FIGURE 3.7: Normalised intensity of a radially polarised mode af-
ter transmission through a linear polariser as a function of azimuthal

angle.

very clear peaks and minima which approach zero. The RPER is calculated from
this data by dividing the maximum intensity by the minimum intensity. To ensure
that the measurement of the RPER is accurate, this process is repeated for 36 orien-
tations of the linear polariser, with each producing an image which was analysed by
the computer program. The final RPER is obtained after averaging over all polariser
orientation angles, and was measured to be 100 : 1. For a sense of scale, an exper-
iment performed by C.R. Smith using a similar source and identical measurement
technique obtained an RPER of 31 : 1 [172].

Output Power

The output power of the radially polarised source was measured as a function of
absorbed pump power in order to characterise the behaviour and efficiency of the
source. Figure 3.8 is a graph of the measured output power plotted against the ab-
sorbed pump power. It is clear that the radially polarised source does not have the
typical power characteristics expected of a more simple solid-state laser. One might
expect that after a certain pump power the laser would reach threshold, then the
output power should increase linearly with respect to absorbed pump power. How-
ever, the radially polarised source has a very small band of operation for the radially
polarised mode. Due to the laser cavity being designed to use thermal lensing in
order to achieve stability, the slope efficiency of the laser changes with pump power.
From 10 to 15 W of absorbed pump power we see that the laser operates with a
low efficiency due to high losses in the cavity caused by a large cavity mode as the
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FIGURE 3.8: Output power of the radially polarised source plotted
against absorbed pump power.

result of weak thermal lensing. From around 15 to 25 W the laser operates on the
fundamental mode. This is caused by the thermal lens in the laser crystal growing
strong enough to ensure that the fundamental cavity mode becomes small enough to
overlap well with the pump spot. Within this region of operation we see the highest
obtained slope efficiency from this source of approximately 52%. From 25 to 33 W of
absorbed pump power the radially polarised mode dominates as the thermal lensing
further decreases the cavity mode size. From 33 W to the maximum output of the
pump source the output was a combination of first order radially and azimuthally
polarised modes.

The strange power characteristics of this radially polarised mode are less than
ideal, however it is important to remember that the objective for this source was to
construct a radially polarised source with optimised transverse modal and polarisa-
tion purity for use in further experiments.

Beam Quality Measurements

To further quantify the radially polarised source the beam quality parameter (M2)
was measured. This measurement was performed to the ISO 11146-1:2005 standard
[183]. The input pump power was set to 51.3 W, corresponding to an absorbed
pump power of 26.8 W. At this pump power the radially polarised source had an
output power of 5.9 W, which was deemed to be the optimal operating power to ob-
tain the highest polarisation purity. The laser was allowed to operate at this power
for one hour in order to reach thermal equilibrium before the M2 measurement was
attempted. A 100 mm plano-convex lens was used to focus the collimated and atten-
uated beam from the radially polarised source. Measurements of the beam diameter
were taken either side of the beam waist up to three Rayleigh ranges away. The beam
diameter is defined here for a higher-order mode as the second-moment width, D4σ,



3.1. Radially Polarised Source 49

where σ is the standard deviation of the intensity distribution on a given axis.

D4σx = 4σx = 4

√√√√∫ ∞
−∞

∫ ∞
−∞ I(x, y)(x− x̄)2 dx dy∫ ∞
−∞

∫ ∞
−∞ I(x, y) dx dy

(3.21)

where

x̄ =

∫ ∞
−∞

∫ ∞
−∞ I(x, y)x dx dy∫ ∞

−∞

∫ ∞
−∞ I(x, y) dx dy

(3.22)

The beam diameter was computed at each axial position using an Ophir Spiricon
SP620U CCD camera and the BeamGage software published by Spiricon. The inte-
gration area was set to three times the beam radius using an iterative auto-aperture
in the software. Finally, the background of the CCD camera image was substracted
using the built-in software feature. The beam diameter in the x and y axes was
then plotted against axial position in figures 3.9a and 3.9b. The M2 parameter is cal-
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FIGURE 3.9: Beam quality parameter measurements for the radially
polarised source in sagittal (x) and tangential (y) axes.

culated for each beam axis by fitting the following polynomial to the data using a
least-squares regression algorithm.

D4σ(z) =
√

az2 + bz + c (3.23)

Finally, the M2 values may be calculated using the polynomial coefficients

M2 =
π

8λ

√
4ac− b2 (3.24)

where λ is the central laser wavelength. The beam quality parameters were mea-
sured as M2

x = 1.9± 0.1 and M2
y = 1.9± 0.1, which are a quantification of the ex-

cellent purity and quality of the radially polarised mode. The theoretical minimum
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M2 of the targeted first-order radially polarised mode is 2.0. Although it may seem
strange that the M2 measured for the radially polarised source is below 2.0, it is pos-
sible that this is due to the presence of some component of the fundamental mode,
which distorts the values towards 1.0. A more likely explanation is experimental un-
certainty, as the measured value is within error bounds of the theoretical minimum
M2.

3.1.5 Summary

A 1030 nm Yb:YAG radially polarised source was constructed which utilised a cap-
illary pump delivery fibre and thermally induced birefringence to output a mode
which was optimised for quality and polarisation purity. The modal output was op-
timal at an output power of 5.9 W, which was deemed sufficient to use as a seed
source for further experiments investigating the amplification of a radially polarised
mode. While the power characteristics of the radially polarised source were less
than desirable, this was not the purpose of the source. The quantitative highlights
of the radially polarised source were the measured M2

x and M2
y of 1.9 and the radial

polarisation extinction ratio of 100:1.

3.2 Laguerre-Gaussian Vortex Mode Source

This section reports on the design, construction and results from a Laguerre-Gaussian
vortex mode source based on a first order Hermite-Gaussian mode laser with a dou-
ble pump source and a spherical mirror mode converter. The aim of this source
was to create an end-pumped solid-state laser with optimised mode quality for the
LG01 mode which possesses both a ‘vortex phase’ and orbital angular momentum
(OAM), to use as a seed source in order to investigate possible amplification meth-
ods. This section first begins with the design of a 1030 nm linearly polarised HG01

Yb:YAG laser which was pumped with two fibre-coupled diode lasers where the
pump delivery fibres are placed and imaged in such a way to optimise the overlap
with the desired transverse mode. The theoretical understanding behind a spherical
mirror mode converter first developed by R. Uren [184] is explained and results are
included for its use in converting the HG01 mode into a LG01 mode with OAM.

3.2.1 Double Pump-Spot Hermite-Gaussian Laser

In order to generate an LG01 mode using the mode converter method one must first
generate a high-purity HG01 mode. This has not been an active area of research, as
the uses of such modes are limited, however previous approaches to obtain the HG01

mode have used intra-cavity thin wires [21, 185], off-axis pumping [186, 187] or even
deliberate misalignment of the cavity mirrors in a fundamental mode laser. These
approaches have the significant drawbacks of low efficiency, mode impurities, and
the use of loss inducing elements. In this work a design introduced by Uren and Liu
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[102, 188] which uses two pump spots from fibre-coupled diode lasers in order to
shape the gain is used in order to produce a HG01 mode. Modal purity is obtained
by virtue of the overlap between the pump and cavity mode distributions being
high for the HG01 mode and low for other modes that might otherwise contribute to
impurities. This work is slightly different from this previous work in the approach
used to position the pump beams, although the main aim was to create a robust,
high purity source in order to trial amplification methods.
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FIGURE 3.10: Schematic of the double pump-spot 1030 nm HG01
Yb:YAG laser

The experimental configuration of the HG01 mode source is shown in figure 3.10.
The source is built using a simple two-mirror plano-concave cavity. The planar input
coupler is highly reflective at the laser wavelength (1030 nm) and highly transmis-
sive at the pump wavelength (940 nm). The output coupler is concave with a 200 mm
radius of curvature; it has a reflectivity of 95% at 1030 nm and is highly transmissive
at the pump wavelength. The cavity length was 100 mm. The gain medium was a
cuboid 9 wt.% Yb:YAG crystal with dimensions of 2× 3× 3 mm. This crystal was
used due to availability; a more optimal crystal would have a lower dopant concen-
tration and greater length in order to mitigate thermal effects. The Yb:YAG crystal
was positioned such that the separation from the input coupler was 58 mm.

The pump sources used for this laser were two 40 W 940 nm commercial fibre-
coupled laser diodes (nLight Inc.). The pump-delivery fibres from these diodes were
multimode with core diameters of 105 µm, cladding diameters of 125 µm and an NA
of 0.22. Using the core diameters of 105 µm and assuming imaging with a mag-
nification of 1.0, R. Uren et al. found experimentally that in order to ensure the
optimum overlap between the two pump-spots and the HG01 mode that the sepa-
ration between the pump spot centres should be approximately 200 µm to give the
correct ratio between the spot diameter and separation [102]. In their experiment
the pump beams were imaged onto opposite faces of a knife-edge prism in order
to obtain co-linear pump beams. The individual pump spots could be moved with
the aid of kinematic opto-mechanics. After this ratio had been experimentally ob-
tained the requirement to have the separation between the pump spots be adjustable
was no longer necessary, allowing for a more simple design with fewer components
and moving parts. Q. Liu recreated the experiment by bonding the cleaved ends
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of the pump delivery fibres to an anti-reflection coated silica substrate by using a
CO2 laser to heat the substrate before pushing the fibres onto the hot surface. The
co-linear pump beams were then imaged into the laser crystal with the required
magnification in a normal end-pumping approach. This had the benefit of having
no moving parts and a more simple set-up. However, successfully bonding two fi-
bres with the required separation and implementing the fragile result into a laser
proved non-trivial.

A much easier way of implementing the double pump-delivery fibre method was
to exploit the conveniently dimensioned polymer coating on the outside of the fi-
bres. The outer diameter of the polymer coating on most 105/125µm pump delivery
fibres is approximately 250 µm and in modern commercial fibre is well-toleranced
and uniform. The thickness of this polymer layer is therefore approximately 62.5 µm
from the edge of the outer cladding to the surface of the polymer layer. Fortunately,
the required optimal separation between the edges of the outer claddings in the two
pump delivery fibres is approximately 60 µm. Put simply, if one strips the polymer
coating from only one of the pump delivery fibres, then aligns the two fibres such
that they are co-linear and touching, the fibre ends will be positioned with approx-
imately the optimal separation between the centres of 200 µm. Experimentally this
was achieved by stripping the polymer from the majority of the length of one pump
delivery fibre, and only the very tip of the other fibre, then placing both fibres in
a v-groove. Figure 3.11 is an optical microscope image of the pump delivery fibres
from two diode lasers positioned in this way. The end-view of the two fibres posi-
tioned in this way is shown in figure 3.12. The outputs from the two pump delivery

FIGURE 3.11: Microscope image of the two pump-delivery fibres
used in the HG01 source, illustrating the use of polymer cladding as a

separation aid.

fibres were imaged into the centre of the laser crystal using a 25 mm and a 100 mm
plano-convex lens in a 4f telescope arrangement. This gave a magnification factor
of 4, meaning that the two pump spots each had an imaged diameter of 420 µm and
their centres were separated by approximately 800 µm. This large pump-spot size
was chosen to mitigate against the severe thermal lensing effects that were present
in the laser crystal.



3.2. Laguerre-Gaussian Vortex Mode Source 53

FIGURE 3.12: End-face view of two 105/125 µm pump delivery fibres
positioned with a separation of 60 µm between the outer surfaces.

Image courtesy of Q. Liu.

CCD camera images of the transverse intensity profile of the output of the HG01

source are shown in figure 3.13a and 3.13b for low and high power operation re-
spectively. At 210 mW output power the result is a high quality HG01 mode that

(A) 210 mW (B) 2.5 W

FIGURE 3.13: Intensity profile of the output HG01 mode at low and
high power.

very strongly resembles the theoretical intensity distribution. However, at an out-
put power of 2.5 W the mode shown in figure 3.13b exhibits clear distortions. This
was due to the significant thermal lens present in the cuboid laser crystal. This ge-
ometry manifests both as a distortion of the output to a more rectangular profile,
and as the introduction of modal impurities.

3.2.2 Spherical Mirror Mode Converter

The output from the HG01 source can be converted to an LG01 mode with the aid
of a mode converter. This concept relies on the use of optical elements to introduce
specific phase delays between constituent modes in order to coherently combine
them into other transverse modes [20]. This approach was first used by Beijersbergen
et al. to generate an LG01 mode with spiral phase and OAM from a HG01 mode [21].
The paper showed that in general, a HGnm mode may be converted to an LGpl mode
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of the same order, N where N is defined as

N = m + n = 2p + l (3.25)

and the mode orders in an LG mode relative to those in a HG mode are

p = min(m, n), l = n−m. (3.26)

The amplitude of a HGnm mode and LGnm are given as
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In these expressions, Hn(x) is the nth order Hermite polynomial, Ll
p the generalised

Laguerre polynomial, k, w and R are the wavenumber, beam radius and wavefront
radius of curvature respectively, which are all functions of z. CHG

nm and CLG
nm are nor-

malisation constants given by

CHG
nm =

(
2

πn!m!

)1/2

2−N/2, CLG
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)1/2

min(n, m). (3.29)

The final parameter to define in these expressions is of special importance in these
experiments. The Gouy phase shift, ψ, in terms of the Rayleigh range zR is

ψ(z) = arctan
(

z
zR

)
. (3.30)

LG modes may be expressed as being composed of HG modes of the same order N:

uLG
nm(x, y, z) =

N

∑
k=0

ikb(n, m, k)uHG
N−k,k(x, y, z) (3.31)

where b is a real coefficient given by [184]

b(n, m, k) =
(
(−2)k(−1)k

2kk!

)
dk

dtk [(1− t)n(1 + t)m]t=0 (3.32)

The interesting effect which can be exploited by an astigmatic mode converter is the
inclusion of the ik term in the decomposition of an LG mode which is not present in
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the same decomposition of a HG mode aligned at 45◦ to the x and y axes.

uHG
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x + y√

2
,

x− y√
2

, z
)
=

N

∑
k=0

b(n, m, k)uHG
N−k,k(x, y, z) (3.33)

This ik terms equates to a π/2 phase difference between successive components in
the decomposition of the mode for the LG case. Figure 3.14 shows this relationship
pictorially. In the converse case to the decomposition, the coherent combination of

+

HG01 HG10

=

HG01 (45
°)

+

HG01 HG10 (π/2 phase shifted)

=

LG01

FIGURE 3.14: The coherent combinations of HG01 and HG10 modes
in phase and again with a π/2 phase shift between the modes.

a HG01 and a HG10 mode with no phase difference is a ‘HG01’ mode at 45◦ to the
transverse axes. Due to the ik term, the coherent combination of a HG01 and a HG10

with a π/2 phase difference between the constituents is a ‘spiral phase’ LG01 mode.
An astigmatic mode converter takes a HG01 mode at 45◦ and applies this phase shift
to one of the components. Recall the Gouy phase shift given in equation 3.30; this
is an often ignored term which applies a phase shift to a beam as it passes through
a focus. However, by ensuring that the axes of a HG01 mode at 45◦ are focussed to
different waists, they will have a different zR and therefore a different Gouy phase
shift. By carefully selecting appropriate astigmatic optics, one can set this phase
difference between the constituent modes to the required π/2. The astigmatism
introduced must be then removed after successful conversion in order to prevent
futher phase changes in the output mode.

Beijersbergen et al. chose to use a pair of cylindrical lenses in their experiment,
and were able to convert a HG01 mode to a LG01 mode in this way [21]. Uren et
al. advanced the technique by using spherical mirrors at an angle θ to the beam
propagation axis in order to introduce astigmatism. This had the advantages of mir-
rors having higher damage thresholds for high peak power applications and usually
suffering from fewer optical imperfections than cylindrical lenses. The following ex-
pressions were used to recreate their experiment in order to produce a high quality
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LG01 spiral phase mode. For a full derivation consult [102]. For two identical spher-
ical mirrors with radius of curvature Rc, at an angle θ with respect to the beam, the
required separation between the mirrors is

2d =
Rc√

2 sin(θ) tan(θ)
. (3.34)

In order to obtain the correct phase difference between the constituent modes, the
incident HG01 mode must be orientated at 45◦ to the axis of the rotation of the mirror.
Upon contact with the first mirror it must have a fundamental mode radius of

w(d) =

(
2
√

2λd
π

)1/2

(3.35)

and a radius of curvature
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2 +
√

2
) − Rc

2 cos(θ)
. (3.36)

3.2.3 Experimental Configuration

The conditions for the input to the mode converter are very specific and requires
careful magnification and experimental design to avoid distortions in the output
mode. Two concave mirrors, highly reflective at 1030 nm, with a radius of curvature
of 150 mm were used to make up the mode converter. The first mirror introduces the
astigmatism between the constituent modes of the input, while the second mirror
serves to undo this astigmatism and produce a stigmatic beam. For these mirrors
at an angle θ = 45◦ relative to the incident beam the required separation between
them is calculated from equation 3.34 to be 150 mm. Using these parameters, a HG01

mode at a wavelength of 1030 nm should have a fundamental beam radius at the
first mirror of 264 µm and a radius of curvature of −134 mm. The beam waist in the
HG01 source was positioned at the input-coupler, and was measured to be 181 µm in
terms of the embedded fundamental mode (as defined in section 2.1.5). A number of
lens arrangements were trialled in order to attempt to obtain the correct beam radius
and curvature at the first mirror of the mode converter. It was found that a highly
flexible arrangement was required due to slight differences from the ideal parame-
ters produced highly distorted beams from the mode converter. Figure 3.15 shows
the set-up which eventually successfully produced a high quality converted LG01

mode. The reduced-opacity optics on the far left of figure 3.15 represent the cavity
of the HG01 source and pump separation optics in an effort to convey the position of
the beam waist, which is marked w0 and with a red cross. A 125 mm plano-convex
lens was placed 250 mm from the beam waist. A dove prism was used to rotate the
HG01 mode to the required angle relative to the x and y axis. The first mirror of the
mode converter was placed 296 mm from the lens at a position calculated to give the
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FIGURE 3.15: Schematic of the spherical mirror mode converter used
to obtain a LG01 mode from a HG01 input.

optimal beam radius and curvature using Gaussian beam propagation equations.
The second mirror of the mode converter was placed 150 mm from the first mirror at
the same angle of incidence to the beam as the first mirror. The mode converter was
adjusted in order to optimise the transverse intensity profile of the output mode by
slight variations (< 2 mm) of the distance of the focusing lens to the cavity waist, the
separation of the mode converter to the cavity lens and the separation of the mirrors
of the mode converter.

3.2.4 Characterisation

FIGURE 3.16: Intensity profile of the output LG01 mode from the
mode converter.

The intensity profile of the output mode from the spherical mirror mode con-
verter is shown in figure 3.16. The output is a clear LG01 mode with minor impu-
rities. The mode has a very low intensity central region, which means that there is
likely very little fundamental mode impurity present, and has low astigmatism and
good overall symmetry. The horizontal lines present on the image are unfortunately
interference fringes from the imaging optics, but do not reflect negatively on the
quality of the obtained mode. The largest of the defects present within the image are
the ‘spokes’ - four regions of intensity protruding slightly from the mode. These are
likely caused by thermal lensing within the laser crystal. Although this image was
taken with the HG01 source operating at a low power of 210 mW the thermal lensing



58 Chapter 3. Annular Mode Solid-State Sources

effects are still present. The thermal lensing became such a problem at high power
from the HG01 that the mode converter did not produce a recognisable mode. This
is partly due to the thermal lens in the laser crystal changing the imaged beam waist
and curvature to the mode converter in an unpredictable way, but also a symptom
of the susceptibility of the mode converter to modal impurities in the input. Future
sources of this design could make use of a different gain medium geometry, such as
a thin-disk, in an effort to reduce this thermal lensing.

FIGURE 3.17: A Mach-Zehnder interferometer revealed spiral inter-
ference fringes demonstrating the presence of vortex phase in the

LG01 beam from the mode converter.

The vortex phase of the LG01 source was the purpose of the construction of this
source and mode converter. In order to establish whether or not the output mode
did indeed possess this property a Mach-Zehnder interferometer was used [104].
The collimated output of the mode converter is split using a beam-splitter. One of
the beams is passed through a pinhole in order to diverge the beam and create a
spherical wavefront. The beams are then recombined. If the output from the mode
converter has vortex phase, the interferogram produced from the Mach-Zehnder
interferometer should be a spiral. Figure 3.17 is a CCD camera image of the inter-
ferogram from the Mach-Zehnder. There is a very clear spiral present which means
that the obtained mode had some degree of vortex phase. The direction of the spiral
also reveals the handedness of the spiral phase. It should be noted however that one
of the benefits of the astigmatic mode converter design is the ability to choose the
handedness of the output LG01 mode by changing the angle of the incident HG01

mode from 45◦ to −45◦.
The output power of the HG01 source and the LG01 output from the mode con-

verter was measured as a function of the absorbed pump power. The fraction of
power that was lost during propagation through the mode converter was measured
to be within the error on the detectors and therefore negligible. Figure 3.18 is a graph
of the output power from the mode converted source as a function of the absorbed
pump power. The slope efficiency was measured as 57% up to an absorbed pump
power of 7.6 W. This was slightly above expectations due to the sub-optimal gain
medium, and therefore could be excellent for a source of the same design with a gain
medium geometry with better thermal handling. Thermal problems typical of a laser
crystal rod become apparent above 8 W of absorbed pump power. The output power
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FIGURE 3.18: Output power of the LG01 mode source plotted against
the absorbed pump power.

here begins to decrease with absorbed pump power due to the significant thermal
lensing changing the cavity mode size, decreasing the overlap with the pump and
likely causing significant depolarisation. Another negative was the relatively high
threshold absorbed pump power of 2.5 W, which is again likely due to the highly
doped laser crystal needing a high pump power in order to reach transparency. Al-
though the combined available pump power of the diodes was 80 W, this power was
unable to be used as it was deemed likely to cause damage to the laser crystal.

3.2.5 Summary

A 1030 nm Yb:YAG LG01 mode source with spiral phase was constructed. The ini-
tial source operated on the HG01 mode, which was targeted by placing the pump
delivery fibres of two fibre-coupled laser diodes to be co-linear and separated from
core-to-core by 200 µm. The output was an excellent HG01 mode at low powers,
but the mode deteriorated at high pump powers due to significant thermal lensing.
A spherical mirror mode converter was used to convert the HG01 source to a LG01

mode. The mode converter used the astigmatism from oblique angle reflections from
two spherical mirrors in order to exploit the Gouy phase shift from a focus and intro-
duce a phase delay between constituent modes in the incident HG01 mode to obtain
a LG01 output. The LG01 result was a good match to a theoretical intensity profile
and had clear spiral phase as evidenced by the interferogram from a Mach-Zehnder
interferometer. The source had decent power characteristics up to a certain pump
power with a slope efficiency measured at 57%. However, the threshold absorbed
pump power was high at 2.5 W and the output power of the slope deteriorated
rapidly with increasing pump power due to significant thermal effects in the laser
crystal.
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Chapter 4

Machine Learning for Transverse
Laser Mode Analysis

During the development of the higher-order mode sources in this thesis the ques-
tion "How good is my mode?" was encountered frequently. In most experimental
higher-order mode systems the sources are constructed by visually optimising the
output mode and quantified after using such metrics as the beam quality parameter(

M2) and polarisation extinction ratio. This is not ideal as visual optimisation is
subjective, therefore such sources would greatly benefit from a quantified real-time
metric for optimisation. In addition, the solid-state lasers in this work are suscep-
tible to thermal lensing and modal competition; the laser may be optimised at one
power level but the cavity and modal composition effectively changes as the pump
power is increased or decreased. Fundamental mode lasers can be engineered to be
robustly single mode over a range of pump powers, while linearly polarised lasers
can deliver a variable output power through the use of a waveplate and a polariser,
which mostly circumvents this problem. For a radially polarised laser this isn’t pos-
sible, therefore it is common to see evidence of undesired modal impurities in these
sources.

The M2 parameter has become almost ubiquitous in the literature, as it enables
an easy direct comparison between fundamental mode sources if a common stan-
dard is followed. Real-time measurement of the M2 is achievable through the use
of Rayleigh scattering [189] and multiple axial position sampling [190] and ∼ 20 Hz
measurement frequencies are available from off-the-shelf commercial products [191].
While M2 is a decent metric for optimising fundamental mode sources, the M2 alone
is not sufficient to optimise the transverse modal composition of a higher-order
mode laser. For a multimode Hermite-Gaussian beam with modes of order n, m
where the normalised modal composition coefficients Cnm satisfy ∑n,m|Cnm|2 = 1
the M2 is given by Siegman [17] as

M2
x =

∞

∑
n=0

∞

∑
m=0

(2n + 1) |Cnm|2 and M2
y =

∞

∑
n=0

∞

∑
m=0

(2m + 1) |Cnm|2 (4.1)
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and for a combination of Laguerre-Gaussian modes of order p, l the M2 is

M2
r =

∞

∑
p=0

p

∑
l=−p

(2p + l + 1) |Cpl |2 (4.2)

Figure 4.1 uses these expressions to visually demonstrate that entirely different modal
compositions can have identical M2 values. One image is of a pure LG01 mode,
which has an M2 of 2.0, while the other image is an incoherent combination of ap-
proximately 66% LG00 and 33% LG03, which has a vastly different intensity profile
yet identical M2. A different metric is therefore needed in order to optimise the
output of a higher-order mode solid-state laser.

100% LG01
M2 = 2.0

66% LG00, 33% LG03
M2 = 2.0

FIGURE 4.1: Theoretically generated single and multimode intensity
profiles with identical M2 values.

Modal decomposition provides a metric which would be suitable for optimisation of
the output of a solid-state laser. Modal decomposition has previously been shown to:
enable adaptive mode control [192, 193], mode resolved gain [194, 195] and bend-
loss [196], optimise fibre to fibre coupling [197] and to diagnose transverse mode
instability [198, 199]. Several experimental techniques have been developed to anal-
yse modal composition in recent years, including spatially and spectrally resolved
imaging (S2) [200], frequency domain cross-correlated imaging (C2) [201], ring res-
onator based approaches [202], interferometry [203], optical correlation filters [204]
and digital holography [205]. While these techniques can all achieve accurate modal
decomposition they require non-trivial experimental set-ups or post-processing of
data. For example, S2 imaging requires the use of a broadband source and an optical
spectrum analyser, or alternatively a tunable laser and CCD camera. While these
techniques have merits such as the ability to measure polarisation states [202], the
complexity, intrusiveness and specialised nature of these experimental based meth-
ods makes them unattractive for use as a development aid for higher-order mode
sources.

Numerical methods of modal decomposition remove the requirement for com-
plex and sometimes bespoke experimental arrangements, and have been shown to
be able to achieve more than satisfactory accuracies [206]. Gerchberg-Saxton algo-
rithms [207] have been used in modal decomposition [208] with a benefit that the
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computation time is independent of the number of modes to be decomposed. How-
ever Gerchberg-Saxton is an iterative approach with convergence times on the order
of hundreds of seconds, which precludes their use for real-time modal decompo-
sition. Line search methods [206] seek to minimise an error function such as the
residuals between the observed laser beam and a beam reconstructed from modal
coefficients. These line search methods update modal coefficients, converging in
times of the order of a second, with convergence times increasing exponentially with
the number of modes [206]. In addition, line search methods can be vulnerable to
finding local minima and their success can depend strongly on the initial values.
Genetic algorithms also deserve a mention as a possible numerical modal decom-
position method, however their computation time is slow in comparison with other
methods [209]. Stochastic parallel gradient descent (SPGD) algorithms have a simi-
lar working principle to line search methods, but have reduced computation times
and are less susceptible to local minima and initial conditions owing to the stochas-
tic nature of their optimisation. SPGD algorithms have been used to analyse modal
composition with a frequency of approximately 9 Hz [210], which is fast compared
to the other techniques mentioned, yet still slow compared to the timescales over
which a transverse laser mode might vary.

A Convolutional Neural Network (CNN) is an image recognition method which
has often been referred to as an ‘artificial intelligence’, ‘machine learning’ or ‘deep
learning’ technique. There has been an explosion in interest in the use of CNNs in
recent years, fuelled by the results of the 2012 ImageNet competition. A CNN was
able to almost halve the error rates of the next best competition [211]. As a CNN re-
lies on the association of an image with an ascribed characteristic through a training
process, it is possible to achieve estimates of system properties from observed phe-
nomena despite the system being complex or nonlinear. In addition, computation
times are extremely fast, as CNNs make heavy use of parallel computing resources
such as graphics processing units (GPUs) while returning a result with only a sin-
gle forward pass through the network. For this reason, CNNs have been applied to
many topics within optics within a short space of time, such as laser mode-locking
[212], imaging through scattering media [213, 214], microscopy [215] and coherent
beam combination [216]. The modal decomposition of a waveguide [217], a fibre
[218] and a solid-state laser [219] has been demonstrated with a CNN with the latter
a result from the work in this thesis. The computation time of modal decomposition
using a CNN has been shown to be < 0.1 ms, independent of the number of modes,
which represents a three order of magnitude improvement over the previous fastest
method.

4.1 Convolutional Neural Networks

Machine learning is seeing increasing use in every day life and can be found in appli-
cations such as in smartphones, speech recognition, search engines, and self driving
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cars. Prior to the widespread adoption of machine learning algorithms these appli-
cations required laborious programming, which required a good deal of expertise
to implement algorithms that were limited in scope. Besides this ease of implemen-
tation, the use of machine learning approaches often provide increased speed and
accuracy.

Neural networks belong to a class of machine learning that is often referred to
as ‘Deep Learning’. Deep learning is a form of representation learning that allows a
computer to be fed raw data and labels and automatically discover the features that
represent each label. These algorithms rely on successive transformations that act
on raw data to reveal features, with the representation of features becoming more
abstract deeper in the network. The ‘Deep’ descriptor refers to the large number
of these successive transformations (layers) and therefore a hierarchical depth of
feature extraction. The layers of a deep neural network are linked using weighted
connections in a way that is reminiscent of neural connections, hence the sobriquet.

For a typical CNN, the upper levels are made of two types of layers - convolution
and pooling. In a convolution layer, n learned filters of a size (i, j, k), where i, j are
the width and height and k is the number of channels, are convolved with the input
array with the filters moving across the array by a stride distance l. The convolu-
tion of the input with these filters produces n feature maps, arrays that contain the
activations of the convolution between the input and filters. The convolution layer
is normally followed by a non-linearity, of which the most commonly used is the
rectified linear unit (ReLU). The ReLU function is simply f (x) = max(x, 0). A batch
normalisation layer can be included between each convolution and ReLU layer as a
‘hidden’ layer; its function is a subtraction of the mean and division by the standard
deviation of a batch of training data. The batch normalisation speeds up the training
process and reduces the sensitivity of the network to initial conditions. The output
of the previous layers is then downsampled in a pooling layer. The main purpose of
a pooling layer is to collate similar features, that may be otherwise variant through
position or distortion, into motifs. This is achieved by essentially coarse-graining
the positions of features. A pooling layer might operate by outputting the maxi-
mum of a group of units in an array before moving on to another group in a striding
operation. The conv - ReLU - pool sequence is repeated a number of times through
the middle layers of the CNN, with the optimal network depth being dependent
on the application. The final layers of a CNN include fully-connected layers. In a
fully-connected layer the input array is multiplied by a weighted matrix and a bias
is added. This forms the ‘brain’ of the network due to the large number of learned
weighted connections to previous layers. A dropout layer might be included as the
next layer. The purpose of a dropout layer is to randomly set inputs to zero with
a defined probability in order to aid in the prevention of over fitting the network
during training. Finally, the output of the CNN comes from an activation layer. This
is a function that returns an output vector, prediction or categorisation.

For a demonstration of the function of the early layers of a CNN a 120 × 120
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(A) 120 × 120 pixel
image of Pearl the

cat.

(B) 58× 58 pixel vi-
sualisation of the ac-
tivation of a channel
after the 5th layer of

the CNN.

(C) 27× 27 pixel vi-
sualisation of the ac-
tivation of a channel
after the 9th layer of

the CNN.

(D) 11× 11 pixel vi-
sualisation of the ac-
tivation of a channel
after the 13th layer

of the CNN.

FIGURE 4.2: Visualisation of the working concept of a CNN. An im-
age of a cat was input into the CNN. Channels were selected from
the 5th, 9th and 13th layers to illustrate the increasing abstraction of

feature recognition in deeper layers of the network.

pixel 8-bit greyscale image was used as an input to a trained CNN. Figure 4.2a is
the original image of Pearl the cat that was used as the input. The initial activations
displayed in the feature maps in the very early layers of a CNN are usually low level
features such as edges. The actual activation depends on the filter used and may in-
dicate for example, edges in a certain orientation, or transitions from high to low or
vice versa. Figure 4.2b is a visualisation of one of the feature maps extracted from the
5th layer of the CNN. This feature map seems to be identifying edges in a diagonal
orientation, with Pearl’s ears and diagonal boundaries between her light and dark
markings returning a high output. As one progresses deeper in the network the fea-
tures are gathered into motifs, although they become less visually recognisable due
to the abstraction of the feature maps. In Figure 4.2c we can see that in an activation
in the 9th layer of the CNN Pearl is barely recognisable. Instead the CNN has fur-
ther identified collections of edges forming the light patch around her nose. Finally,
in the layer before the fully-connected layers, Figure 4.2d shows an activation that
is maximal around the cat’s nose. The CNN has detected the presence and shape
of the continuous bright patch from the original image. This was unsurprising, as
the CNN used to create the figure was trained in laser mode identification, therefore
shaped bright regions of an image will lead to high activations.

Imagine we wanted to instead train a CNN to be able to recognise an image
of a cat from other animals. The first step is to collect a large number of images
of animals, including sufficient examples of cats, which are labelled with their true
contents. We then create a CNN, which may be original, or it may adapt a pre-
trained network in a process known as transfer learning. The output layer of the
CNN is set to a classification layer with a number of elements equal to the number
of possible animals. The weights of the CNN are then optimised using a training
process. In the training process, the computer is shown an image and it returns a
vector of scores for each of the possible image contents. It is unlikely at the start of
the training process that the computer has returned a high score for the cat category.
In supervised learning, the error function between the predicted scores and true
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score is computed. During the training the computer adjusts the weights of the
network to minimise the error function. In a typical deep learning application there
may be millions of weights to adjust, and thousands of labelled example images to
train with. An optimisation algorithm such as Stochastic Gradient Descent (SGD) or
Adam (adaptive moment estimation) is usually used to adjust each weight to find
a global minimum. The same approach to image recognition was used to create a
CNN that was able to make predictions of modal composition.

4.2 BeamNet

Some of the best known image recognition CNNs such as Alexnet [211] and VGG-
16 [220] have relatively large networks with 16 or more convolutional layers. The
structure is optimised for three channel (full colour) images with highly diverse
contents. Intensity based camera images of transverse laser modes are greyscale,
meaning they only have a single channel of information, and have simple contents
made up of various shaped intensity patterns. While the simultaneous research on
this topic by An et al. [218] chose to modify the existing VGG-16 network, a smaller,
more simple network was expected to deliver faster computation and training times
while achieving similar accuracy. Therefore, a bespoke network designated BeamNet
was created using the MATLAB® language. The structure of BeamNet is represented
in figure 4.3. First of all, the input layer accepts single channel (greyscale) images
with dimensions of 120× 120 pixels; this resolution was chosen to match the FLIR
Lepton®camera, but can be set arbitrarily. The second layer is a convolution layer,
where eight 5× 5 pixel filters are convolved with the input image. A ReLU layer is
next, followed by a two-dimensional maximum pooling layer with a pooling region

HG00

HG01

HG11

LG01

LG02

LG03

LG04
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LG06

noise

input
120×120 8 bit

convolution
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fully connected
1×4096,
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dropout(0.2)

regression
1×N

FIGURE 4.3: Visualisation of the BeamNet CNN structure



4.2. BeamNet 67

size of two units and a stride length of two. This pattern of convolution-ReLU-
pooling is repeated twice more with the same parameters, with a batch normalisa-
tion layer between each convolution and ReLU layer. A fully connected layer with
4096 outputs follows the three convolution-ReLU-pooling blocks. A dropout layer
with a 20% drop probability is then used to help prevent overfitting. The final layers
of the network are a fully connected layer with N outputs, where N is the number of
modes the model is being trained on, and a regression layer to calculate the mean-
squared-error during training. This network structure and parameters were selected
after consultation from Dr P. R. Wiecha of the University of Southampton and an
iterative investigation where the number of layers and complexity was gradually
increased and the parameters optimised while the prediction error of the trained
network was monitored. The investigation confirmed that a network with more
convolutional layers produced diminishing reduction in the error yet increased the
computation time. It should be stressed however that this network structure is not
entirely optimal and many advances in machine learning have been made recently
that could further increase the accuracy and decrease the computation time, there-
fore past this proof of concept further computer science expertise would be valuable.

4.2.1 Training Data

Training a CNN requires a large amount of labelled data, and in some applications
it can be difficult to obtain enough data to accurately train a network. In the case
of transverse laser modes an arbitrary number of training images may be generated
by utilising the equations for the transverse intensity distributions of any modes
observed in a system. Free-space laser cavities operating on more than one non-
degenerate transverse mode form incoherent superpositions due to the different fre-
quencies of their longitudinal modes [221], therefore for generating training images
phase-based components of the electric fields are neglected and the axial position is
set to zero. The expressions used to generate the training images were:
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where the normalisation constants are
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Assistance was received from A. D. Coupe in creating images programmatically
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from these expressions. Nine modes were selected for training BeamNet based on
observations of the modal composition of the Ho:YAG laser source, which is de-
tailed in section 4.3.

HG00 HG01 HG11 LG01 LG02

LG03* LG04* LG05* LG06* Noise

FIGURE 4.4: The transverse modes used to train BeamNet. Coher-
ent superpositions of two otherwise degenerate Laguerre-Gaussian
modes of the same order with opposite handedness are denoted with

an asterisk.

Figure 4.4 shows example images of the selection of modes generated using equa-
tions 4.3 and 4.4. The so-called ‘petal’ modes denoted with an asterisk in figure 4.4
are coherent superpositions of two LG0l modes with opposite handedness [97]. In
addition to the nine modes, images of white noise were generated to simulate the
lack of a laser beam incident on a camera. To create a varied data set and imitate real
laser beams incident on a camera the central positions, beam radius, orientation and
maximum combined intensity of the modes in each image was randomised between
upper and lower limits. The modal composition present in each image was system-
atically varied such that each mode was incoherently superimposed with the other
modes with normalised intensity contributions varying from 0–100% in 1% incre-
ments with equal numbers of images for each mode. 23,816 images were generated
for use as a training data set, along with a further 7,384 for use as a validation data
set. The images had a resolution of 120× 120 pixels and intensity values ranging
from 0− 255. A label in the form of a 1-D array of normalised modal composition of
the form {HG00, · · · , LG06, noise} shared an index with each image in both the train-
ing and validation data sets. The training process therefore aimed to teach BeamNet
to return a similar array with the composition of each mode indexed within. The im-
age and label arrays were concatenated into four 4-D datastores to avoid exceeding
the computer memory capacity. The final data was therefore separated into indexed
datastores for training images, validation images, training labels, and validation la-
bels.
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FIGURE 4.5: RMSE error as a function of time spent training BeamNet.

4.2.2 Training Process

In the training process for BeamNet an image from the training images data set is
passed through the network in the forward direction. The output of the network is
compared against the label from the training labels data set to find an error function.
Backwards propagation though the network is then used to calculate the gradient of
the error with respect to the learnable weights. This is repeated for a mini-batch of
images; in the case of BeamNet the mini-batch size was 256. After iteration over the
mini-batch an optimisation algorithm (Adam [222]) uses the computed error gradi-
ents and a specified learning rate to update the network weights, with a high learn-
ing rate corresponding to large adjustments. After the training process has iterated
over all of the training data, an epoch is said to have ended. The training process is
repeated over a specified number of epochs, with the learning rate potentially chang-
ing, until the desired accuracy of the network has been achieved or no further benefit
is obtained. Figure 4.5 displays the Root-Mean-Square-Error (RMSE) of BeamNet as
a function of time spent in the training process. BeamNet trains for 2000 epochs, with
the learning rate decreasing by a factor of 10 every 500 epochs. Training for a larger
number of epochs gives diminishing returns in error reduction. Initially, the RMSE
is extremely large and variable in the completely untrained network, although it de-
creases rapidly due to the high learning rate. However, this high learning rate has
the undesirable consequence of causing the network weights to occasionally well
overshoot the optimum values, leading to the spikes observed before approximately
60 minutes of learning time. At this time, the 500th epoch has begun and the learning
rate has decreased. The total training time in this example is just over 200 minutes
on a computer equipped with an Nvidia RTX 2080 Super graphics processing unit
(GPU). A GPU is used as the primary hardware for training and computing using
CNNs due to the large number of parallel processors. Training with a conventional
desktop CPU is possible, although the time would be on the order of weeks.
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4.2.3 Evaluation

As a first test of the performance of BeamNet, the validation data set was passed to
the network. Using a Nvidia RTX 2080 Super GPU BeamNet returned a prediction for
the modal composition of 7384 beam images in 340 ms when averaged over 100 runs,
corresponding to an average time of 49 µs per image. When paired with a camera
with a sufficient frame rate this would allow for modal composition predictions on
time-scales akin to the upper-state laser level lifetimes of some active ions. The ac-
curacy of the network was explored by measuring the RMSE of the predictions from
the validation data set. This is defined as

RMSE =

√
∑N

n=1 (x̂n − xn)
2

N
(4.6)

where x̂n is the true value for mode n, xn is the predicted value and N is the total
number of modes the network is trained on. The normalised RMSE of BeamNet’s
predictions on the validation data set was 5.2% in a centesimal representation. This
error is of a similar magnitude to previous numerical demonstrations of modal de-
composition [206], but higher than competing investigations involving CNNs. Liu
et al. [217] reported prediction errors of < 2% while An et al. [218] reported errors
on the order of 1%, although it is important to note that their networks were trained
on three and five spatial modes respectively compared to the ten outputs in Beam-
Net. When BeamNet is trained on the first three LG0l modes the normalised RMSE on
the validation data set falls to 1.4%. For a first experimental demonstration an early
version of BeamNet was used to analyse the modal composition of a Yb:YAG laser
that operated on combinations of HG00, HG01 and radially polarised LG01 modes
[219]. This laser is detailed in section 3.1. The beam was sampled onto a Thorlabs
DCC1545M CMOS camera as shown in figure 4.6. The frames from the CMOS cam-
era were cropped and subsampled before being analysed by a version of BeamNet

FIGURE 4.6: Render of the prediction of the modal composition of a
Yb:YAG laser using a CNN.
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Left: experimentally obtained modes from a laser aligned by using
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composition.

trained on the three visually observed output modes. Figure 4.7 displays the re-
sults of this preliminary experiment. A selection of theoretically generated modes
including two pure and one incoherent combination is shown in the right-hand side
of figure 4.7. The modal compositions used to generate the images are given in
the ‘Actual’ column, and the predictions of BeamNet are shown in the ‘CNN’ col-
umn. There is some minor discrepancy between the actual and CNN predictions
that is likely caused by the low contrast between images with similar compositions
of these modes. This discrepancy is represented by the 8% normalised RMSE er-
ror of this early version of BeamNet. In addition, the predicted modal contents do
not always sum to 100%; this is due to each mode having a composition predicted
independently on top of the error introduced by the network. The Yb:YAG laser
was then manually aligned to attempt to match the modal compositions of the three
theoretically generated modes in figure 4.7. The modes from the Yb:YAG laser that
achieved the closest compositions to the theoretical cases are shown in the left-hand
side of figure 4.7. This experiment demonstrated that despite artefacts such as noise
and interference fringes present in real camera images of laser modes a CNN was
able to facilitate the real-time alignment of a laser source to produce visually similar
modes to the desired result. Further experiments would need to be performed with
other means of accurately measuring the modal composition in order to establish
the accuracy of BeamNet on real laser modes past this simple visual comparison.

4.3 Automatic Optimisation of a Radially Polarised Ho:YAG
Source

After the initial indication that BeamNet could successfully predict the modal com-
position of a simple higher-order-mode laser an experiment was performed to de-
termine whether these predictions could be used as part of a control loop. A laser
design by P. C. Shardlow et al. [223] was identified as previously suffering from
problems with the output modal composition changing with pump power. A source
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FIGURE 4.8: Schematic of the radially polarised Ho:YAG laser

inspired by this design was constructed by M. J. Barber and P. C. Shardlow; the
schematic for this laser is shown in figure 4.8. A 40 mm long, 5 mm diameter 0.5 at.%-
doped cylindrical Ho:YAG crystal, which was anti-reflection coated on both facets
for 1.9 µm and 2.1 µm, was used as the gain medium. The Ho:YAG crystal was
mounted in a water-cooled copper heatsink where the coolant temperature was
maintained at 15◦C. A highly reflective (R = 99.9% at 2.1 µm) planar mirror and
a planar output coupler (R = 50% at 2.1 µm) formed the laser cavity around the
Ho:YAG crystal, with a total cavity length of 250 mm. The Ho:YAG crystal was posi-
tioned close to the highly reflective mirror. The laser is pumped using a single-mode
1907 nm Tm fibre laser with a maximum available pump power of 52 W. In order
to promote operation on the first-order radially polarised mode the pump laser is
spliced, via a tapered section, to a capillary fibre taper with a 100 µm diameter in-
ner air-hole and 200 µm outer diameter. When relay-imaged through a 25 mm and
a 150 mm plano-convex lens the pump spot forms an annular ring in the Ho:YAG
crystal with a 1.2 mm outer diameter. A 40 mm focal length anti-reflection coated
plano-convex lens was included in the cavity in a variable position. The purpose
of this intra-cavity lens was to change the cavity mode size in the laser crystal as a
function of its axial position. By exploiting thermally induced bifocussing between
the azimuthal and radial polarisations in the laser crystal, one can tailor the cavity
mode size such that the laser operates on only the radially polarised LG01 mode, as
described in section 3.1.2.

4.3.1 Source Characterisation

As predicted the intra-cavity lens required precise manual adjustment to obtain a
radially polarised LG01 mode of reasonable quality. The output mode significantly
changed with the incident pump power due to thermal lensing in the Ho:YAG crys-
tal, requiring manual readjustment of the intra-cavity lens for each change. To char-
acterise the source the incident pump power was set to 28 W. The intensity profiles,
captured using a FLIR Lepton®microbolometer camera, of the radially polarised
mode are shown in figure 4.9. Figure 4.9a is the output mode without any polarising
optics. It is a visually acceptable LG01 profile, although there is some astigmatism
and symmetry breaking features present; these are believed to be due to slight mis-
alignment and possible asymmetrical thermal gradients. A thin-film linear polariser



4.3. Automatic Optimisation of a Radially Polarised Ho:YAG Source 73

was used to observe polarisation state of the output, as shown in figure 4.9b-e. These
images, which represent different orientations of the linear polariser show the two-
lobe HG01 form expected of a radially polarised mode after transmission through a
linear polariser, with good minima between the lobes indicating a high polarisation
purity.

(A) (B) (C) (D) (E)

FIGURE 4.9: Intensity profiles of the output of the radially polarised
Ho:YAG at 28 W incident pump power. (A) is without a linear po-
lariser while (B)-(E) are after transmission through a linear polariser.

The radial polarisation extinction ratio (RPER) was measured from the images in
figure 4.9 using the method detailed in 3.1.4. The lowest RPER obtained from the
images was 25 : 1, indicating the laser operated on a high quality radially polarised
mode when manually aligned at this pump power.

The M2 of the radially polarised Ho:YAG source was measured in this manually
aligned configuration to provide a comparison to similar sources in the literature.
Figure 4.10 shows the measurements of the beam diameter on two axes as a function
of axial position through a focus from which the M2 is calculated. The measured M2

was 2.0 in the sagittal axis and 2.1 in the tangential, which agrees with the expected
value for a theoretical LG01 mode. The output of the Ho:YAG source was measured
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FIGURE 4.10: Beam quality factor measurements in sagittal (x) and
tangential (y) axes for the manually optimised radially polarised

Ho:YAG source at an output power of 28 W.
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using a Yokogawa AQ6375B optical spectrum analyser, as shown in 4.11. As ex-
pected there is a single peak at approximately 2090 nm with a FWHM linewidth of
0.4 nm, typical of a rod laser without wavelength controlling elements. In summary,
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FIGURE 4.11: Emission spectrum of the radially polarised Ho:YAG
source at 28 W output power.

the Ho:YAG source produced a high quality first-order radially polarised mode after
careful manual alignment. Changes in pump power and slight axial displacement of
the intra-cavity lens significantly impacted the appearance and polarisation purity
of the output mode as desired, allowing for a demonstration of CNN-based mode
control.

4.3.2 Control System

A control system was implemented in order to attempt to achieve the stabilisation
of the radially polarised Ho:YAG source using a CNN. This control system is repre-
sented in figure 4.12. The output from the Ho:YAG laser is split into two equal power
beams with the aid of a dichroic mirror with a polarisation independent reflectivity
of 50%. After suitable attenuation, one beam is transmitted though a thin-film linear
polariser before being captured by a FLIR Lepton camera. The polariser analysed
beam is required to allow for BeamNet to diagnose a radial polarisation state as a
transmitted HG01 mode. The other beam, with an unaltered polarisation state, is
captured by a second camera. The images are cropped from their original 160× 120
pixel resolution to 120 × 120. The cropped images of both beams then have their
transverse modal composition predicted independently of each other by the Beam-
Net CNN. The predicted modal content of each beam is returned as the normalised
vector ~P. The desired modal composition of the output beam is denoted ~D.

~P =
[

PHG00 , PHG01 , PLG01 , · · · , PHGnm , PLGpl

]
(4.7)



4.3. Automatic Optimisation of a Radially Polarised Ho:YAG Source 75

Ho:YAG laser

40 mm 
plano-convex lens

Δz Δz

unabsorbed
pump

Convolutional 
Neural

Network

50/50
Beam-splitter

Linear
polarizer Camera

Camera

Motor Control

FIGURE 4.12: Schematic of the CNN based control system used to
stabilise the radially polarised mode in a Ho:YAG laser

~D =
[

DHG00 , DHG01 , DLG01 , · · · , DHGnm , DLGpl

]
(4.8)

An error function, E, is created between the predicted and desired modal composi-
tion vectors, such that

E =
‖~P− ~D‖√

N
(4.9)

where N is the number of modes. If the predicted modal composition is close to
the desired modal composition, the error function tends to 0, while for completely
different vectors the error tends to 1. To obtain a first order radially polarised mode
the desired modal composition is 1 for the LG01 mode and 0 for all others in the beam
path without the linear polariser. Similarly for the linear polariser analysed beam the
desired modal composition is 1 for HG01 and 0 for all other elements. Therefore the
total error function, Etotal is a combination of the individual error functions for the
polariser analysed beam, Ep, and the unaltered beam Eu.

Etotal = Ep · Eu (4.10)

A stepper motor is used to dither the lens from its current position to five neigh-
bouring positions so that the error function may be computed at each. The range
of movement during the dithering of the lens was small compared to the displace-
ment necessary to significantly change the modal content of the laser output. The
gradient of the error function computed during the dithering operation is passed
to a gradient descent algorithm to proportionally update the central position of the
40 mm plano-convex lens in the Ho:YAG laser cavity. This process is repeated while
the laser is operating to optimise the modal composition despite parameter changes.

4.3.3 Transverse Mode Stabilisation

To test the effectiveness of the CNN based control system the pump power of the
Ho:YAG source was varied with and without the control active. Figure 4.13 is a table
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FIGURE 4.13: Output power of the Ho:YAG source as a function of
pump power for the cases of no locking and CNN based LG01 and

HG01 feedback locking.

of images at various pump powers of the output mode after a linear polariser with:
no stabilisation, stabilisation to the LG01 radially polarised mode and to demonstrate
the flexibility of the method, stabilisation to the fundamental HG01 mode. Without
the control system active the output mode is an LG01 mode with good radial po-
larisation at 28 W of incident pump power; this is because the mode was manually
optimised at this power. Below this pump power, and without the control system,
the mode is not recognisable as an LG01 anymore. Similarly as the pump power is in-
creased the radial polarisation purity decreases as other modes are introduced. For
reference, without the control system the M2 parameter was measured to be 2.0× 2.1
at 28 W and 2.1× 2.0 at 49 W incident pump power.

When the CNN based control system is active and set to optimise the radially
polarised LG01 mode the radial polarisation purity is quite consistent at all power
levels. At the highest incident pump powers there is some slight polarisation state
degradation that the control system was not able to account for in its current proof-
of-concept form. The M2 parameter of the LG01 mode is effectively unchanged with
the control system active, at 2.0× 2.1 at 28 W and 2.0× 2.0 at 49 W. The linearly
polarised HG00 mode obtained using the CNN control system was consistent at all
power levels, with only a slight astigmatism and the presence of either scattering or
a faint high order mode reducing the modal purity. The M2 of the obtained HG00

mode was measured to be 1.3 × 1.4; this inflated beam quality parameter can be
simply explained by the pump and cavity being designed for operation on the LG01

mode, so there was likely some higher-order mode content.
To quantify the performance of the control system in optimising the Ho:YAG to a

radially polarised mode the RPER was measured as a function of the incident pump
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FIGURE 4.14: Radial Polarisation Extinction Ratio of the Ho:YAG
source as a function of pump power with and without CNN feedback

power with the control system active and inactive. The data is shown in figure 4.14.
As shown in the images in figure 4.13,when the control system is not active the RPER
is only high at an incident pump power between 25 and 30 W, close to the power for
which the laser was manually aligned. Away from the manual alignment the RPER
significantly decreases down to as low as 0.21, representing a transition to either the
HG00 at lower powers and azimuthal LG01 and higher order components at powers
above 28 W. In comparison, when the control system is active and attempting to
lock the output mode to a radially polarised LG01 the RPER is almost constant over
the full range of pump power. As noted from the beam images, at the highest pump
powers there is a slight degradation in the RPER although it remains above 0.86 - a
large improvement with the control system active. In addition, it is observed that
the peak RPER of the source without the control system active is higher than with
the control system around the incident pump powers that the source was manually
aligned on. This is attributed to the continuous dithering of the intracavity lens.
To measure the potential impact of the control system on lasing performance the
output power of the Ho:YAG source was measured as a function of absorbed pump
power for the cases where the control system was inactive, locking to the radially
polarised LG01, and locking to the HG00 mode. This data is shown in figure 4.15.
Without the control system locking the transverse mode the slope efficiency of the
Ho:YAG source was measured at 67%. With the control system active the efficiency
of the source is reduced to 61% for the radially polarised LG01 mode and 0.55% for
the HG00 mode. The higher efficiency of the source with no control system active is
attributed to partial operation on higher-order modes having an improved overlap
with the pumped region at high pump powers in this source. The control system
effectively constrains operation of the source to the radially polarised LG01 mode,



78 Chapter 4. Machine Learning for Transverse Laser Mode Analysis

20 25 30 35 40 45 50 55
Absorbed Pump Power (W)

0

5

10

15

20

25
O

ut
pu

t P
ow

er
 (

W
)

No Locking, 
sl

 = 0.67

LG
01

 Locked, 
sl

 = 0.61

HG
00

 Locked, 
sl

 = 0.55

FIGURE 4.15: Output power of the Ho:YAG source as a function of
pump power for the cases of no locking and CNN based LG01 and

HG01 feedback locking.

which extracts slightly less gain from the laser crystal compared to a more multi-
mode output. The large difference between the efficiency of operation on the HG00

and LG01 modes is again attributed to the laser simply not being designed to oper-
ate on the fundamental mode. However, the robust operation on the HG00 mode
demonstrates the flexibility of the CNN based approach, with only a single vector
needing to be changed to select a different transverse mode.

4.4 Summary

In summary, a CNN has been used to demonstrate the effective recognition and pre-
diction of Laguerre and Hermite-Gaussian transverse laser modes in real-time. The
computation times are of particular note at an average of 49 µs per image and would
enable a fast control system to utilise measurement frequencies in the thousands of
Hz provided that a high frame-rate camera is used. The accuracies of the network
were acceptable, with a 5.2% normalised RMSE error on a validation dataset with ten
degrees of freedom. This error was suitable for a proof-of-concept demonstration
of the application and experimental proof, however it is very likely that this error
could be reduced by a large amount while keeping the computation times low. The
BeamNet network that was created was the result of a first foray into the topic, using
introductory tutorials and advice. With more research and expertise the network
could use more advanced and novel techniques to give improved results. Despite
this, BeamNet proved to be useful in providing a real-time metric for the optimisation
of solid-state laser cavities. The first demonstration of its use in an experimental test
was in diagnosing the modal composition of a Yb:YAG source. The laser was ad-
justed to produce diagnosed modal compositions as close as possible to a selection
of theoretical modes. The results showed that the experimental modes were at least
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visually similar to the theoretical modes with the target composition. Therefore, in
a limited form, a CNN was demonstrated as a real-time laser optimisation aid that
may be able to overcome the limitations of the use of the beam quality parameter for
higher-order modes.

A more robust test of the BeamNet CNN was whether it could be used to pro-
vide an error signal for a feedback-based control system to lock a laser to a partic-
ular transverse mode. This was achieved in the radially polarised Ho:YAG source
demonstration where the CNN was used to create an error signal to control the po-
sition of an intra-cavity lens. The error signal was used by a gradient descent al-
gorithm which continually dithered the lens position around a central point before
updating the central position to the new optimum. This system was able to keep the
output mode a radially polarised LG01 over the full range of pump power, in con-
trast to not having the control system active. In addition, the flexibility of the CNN
based system was demonstrated by locking the Ho:YAG system to a HG00 mode
of adequate quality. Some limitations of this proof-of-concept CNN control system
were identified; the peak of the radial polarisation extinction ratio was higher when
the system was manually aligned compared to the CNN optimised value at this
same pump power. This was believed to be due to the continuous dithering of the
gradient descent algorithm. Several control algorithms, such as hill-climb and PID
control, were attempted in the experiment with limited success before the gradient
descent was used. It is probable that a more suitable algorithm, for which dithering
is not necessary, could produce improved results. Furthermore, the control relied
on the optimisation of a single parameter in the laser cavity - the intra-cavity lens
position. A more advanced laser control system could simultaneously control mul-
tiple variables in the laser cavity, such as the mirror alignment, in addition to the
intra-cavity lens, while using the CNN to produce an error signal.

Another problem that was identified from the use of the BeamNet CNN in the
Ho:YAG system was the uncertainty of the network in the face of experimental and
camera artifacts. The network returned lower peak predictions than expected due
to the contributions of noise and mode distortions such as astigmatism. To make
the CNN more robust, it is possible to generate experimental image imperfections
in the training data so that the network learns modal characteristics while ignor-
ing the imperfections. A. D. Coupe developed parts of the training data script to
implement some possible image imperfections, although ultimately these were not
implemented for the sake of simplicity in this proof-of-concept. Future iterations
of CNN based control systems should implement the imperfections in the training
data. Ultimately, the limitations of a CNN based modal composition metric and
control system are a symptom of its infancy.

Overall these results allow for the conclusion that a CNN trained to predict trans-
verse modal compositions is effective in live optimisation of a free-space cavity to a
first-order radially polarised mode, with strong indications that it can be used to
optimise for a general modal composition. The key advantages demonstrated are
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the orders-of-magnitude reduction in computation time compared to similar meth-
ods and the simplicity of its implementation in laser systems. It is anticipated that
CNNs will find a place in future industrial lasers to aid in maintaining the output
beam profile and in diagnostics for higher-order modes where the M2 parameter is
not sufficient.
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Chapter 5

Intracavity S-Waveplate for
Generation of Radial Polarisation

This chapter reports the design, construction and results of a laser source which used
an intracavity spatially variant waveplate (S-waveplate) to ensure operation on the
first-order radially polarised mode. This was made possible for the first time by
the recent development of refined femtosecond laser written S-waveplate with that
promised much lower scattering losses than previous iterations [224].

The aims of the experiment were to investigate what happens to the cavity mode
either side of the S-waveplate, with the primary hope being the generation of a
high quality radially polarised mode. In addition, the placement of the S-waveplate
within a laser resonator allows for the use of well-developed loss measurement tech-
niques, as the absolute loss of this new S-waveplate had yet to be measured at the
design wavelength of 1064 nm.

5.1 Spatially Variant Waveplates

The control of the phase of light has been traditionally performed by altering the
thickness or the refractive index of a medium. It is also possible to alter the geo-
metric phase of light by the use of spatially variant anisotropy, which is the concept
behind the spatially variant waveplate (S-waveplate). With the aid of a femtosecond-
pulsed source, anisotropy can be introduced in optical media which can take on any
arbitrary design. This process is described and explained by Sakakura et al. in [224].
The S-waveplate of interest here is a substrate in which sub-wavelength birefringent
structures have been written, where the slow axis of these birefringent structures
are aligned at an angle φ/2 to the azimuthal angle φ. This is the origin of the term
‘spatially variant’, as these waveplates have a continuously varying birefringence as
a function of azimuthal angle. In simple terms, a spatially variant birefringence can
be permanently written into a substrate in such a way that linearly polarised light
(when aligned correctly) is converted to radially polarised light after transmission
through the S-waveplate. If the retardance is correctly written into the waveplate,
and if the incident polarisation is pure, the opposite is also true; radially polarised
light transmitted through the S-waveplate is converted to linearly polarised light.
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This type of S-waveplate has been used in the past to operate a cladding-pumped
Yb-doped fibre laser on the radially polarised mode with the aid of the waveplate
in an external feedback cavity [159]. In this paper, the authors note that the far-
field transmission of the S-waveplate used was only ≈ 75%. This loss was at-
tributed to scattering and absorption from inhomogeneities and the femtosecond
laser induced defects, along with the lack of anti-reflection coatings on the fused-
silica substrate. This level of loss was acceptable for a cladding-pumped fibre laser
due to the extremely high gain available, but in a free-space source with a laser
crystal this loss would be disastrous for the threshold and power characteristics.
In 2020, an S-waveplate with the same polarisation converting properties was pub-
lished which claimed much lower optical loss [224]. A femtosecond laser was used
to introduce sub-wavelength birefringent structures in the same way, however by
carefully choosing the parameters of the writing laser the authors claimed that the
nanoporous silica structures they observed in this new generation of S-waveplate
were fundamentally different from the laser-induced nanogratings in the previous
generation of waveplates. Y. Lei et al. provided one of these waveplates for test-
ing within a solid-state laser cavity. Figure 5.1 is a photograph of the femtosecond

FIGURE 5.1: The femtosecond written S-Waveplate in the visible spec-
trum.

S-waveplate designed to act as a linear-to-radial polarisation converter. It is im-
portant to note that in this photograph the S-waveplate is at a very different angle
of incidence to what it is designed for, which allows the effect of the birefringence
to be seen as a colour gradient for white light. This S-waveplate was written into
an excimer grade UV fused silica substrate with a diameter of 25 mm and a thick-
ness of 3 mm. The substrate was coated with an anti-reflection coating specified as
R < 0.2% at 1064 nm. In order to ensure that the performance of the S-waveplate
was not significantly impacted by the substrate, high optical specifications were cho-
sen. The substrate had a specified low wavefront error of λ/20, a parallelism of 5”
and a scratch-dig surface quality of 10-5. The altered region of the substrate had a
diameter of 6 mm and was written directly under the AR coating on one side of the
substrate.
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5.2 Experimental Configuration

In order to examine the effect of introducing an S-waveplate into a laser resonator,
a linearly polarised Nd:YVO4 source operating on the LG01 mode at 1064 nm was
constructed. A schematic of this source is shown in figure 5.2.
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FIGURE 5.2: Schematic of the end-pumped 1064 nm radially po-
larised intracavity S-waveplate Nd:YVO4 laser.

The laser cavity was made from three mirrors, folded into an ‘L’ shape. This was
chosen in order to be able to introduce pump light to the cavity while also being
able to see the output beam in two opposite directions. The transverse mode in the
cavity would be different either side of the S-waveplate when it was introduced, so
having access to both of these modes was deemed important. Two of the cavity mir-
rors were planar, while the third was concave with a 300 mm radius of curvature.
The total cavity length was 300 mm. One of the planar mirrors was used at one end
of the laser cavity as an output coupler, with a reflectivity denoted R1. At the other
end of the cavity the concave mirror was used as another output coupler, with reflec-
tivity denoted R2. The final planar cavity mirror was used as a pump input coupler
and was therefore highly transmissive (T > 98%) at the 808 nm pump wavelength
and highly reflective (R > 99.5%) at the intended 1064 nm lasing wavelength. This
mirror was orientated at 45◦ to the other cavity mirrors. The gain medium in this
source was a cuboid 1 wt.% Nd:YVO4 crystal with dimensions 5 × 3 × 3 mm that
was mounted in a water-cooled copper heat-sink. The end facets of the crystal were
anti-reflection coated at the pump and lasing wavelengths. The separation between
the crystal and the planar output-coupler was approximately 2 mm. The crystal was
pumped using a 4 W, 808 nm fibre-coupled laser diode (BWT Beijing LTD.) which
was spliced to a capillary fibre taper identical to the one discussed in section 3.1.1.
The 100/200 µm capillary fibre conditioned the pump light into an annular profile in
the near-field in order to target the first-order LG01 mode. The capillary fibre was im-
aged into the Nd:YVO4 crystal with a 40 mm and a 75 mm plano-convex lens used as
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part of a 4f telescope. The magnification factor for the pump telescope was therefore
1.875, meaning that the pump spot in the laser crystal had a 375 µm outer diameter
and a 188 µm inner diameter. The S-waveplate was introduced and removed from
the cavity as required in order to investigate its impact. When in the cavity it was
positioned approximately 3 mm from the concave output coupler at a normal orien-
tation to the beam. Finally, the outputs are shown on figure 5.2 as P1 and P2 from
output coupler R1 and R2 respectively.

5.3 Characterisation

5.3.1 Beam Images

FIGURE 5.3: Linearly polarised output intensity profile of the
Nd:YVO4 source without an S-waveplate in the cavity.

The pump power was set to the full available 4 W for the purpose of imaging the
outputs of the source. In the absence of the S-waveplate in the cavity the transverse
intensity profile of the output is shown in figure 5.3. Visually the output is an ex-
cellent LG01 mode. It is symmetrical, has a lack of modal impurities, and with the
exception of a slightly higher than desired central intensity resembles a theoretical
LG01 mode. The mode was linearly polarised and identical from both outputs of
the laser. This provided an excellent starting point for observing the effects that the
S-waveplate might have on the mode. Figure 5.4a is a CCD camera image of the out-
put P1 of the source when the S-waveplate was present in the cavity. Unfortunately
there is obvious distortion present within the mode, but the overall profile retains an
annular shape and is comparable to other published LG01 modes. The central region
has also expanded relative to the rest of the mode. This was one of the major flaws
in the S-waveplate during its construction. It was found that the central region of
the S-waveplate that should provide a polarisation singularity had poorly defined
anisotropy at its centre that caused some distortion in the laser mode. The effect of
this was that the cavity mode had to be expanded in order to fit the centre of the
S-waveplate within the natural singularity of the LG01 mode, leading to the cavity
design in figure 5.2.

The mode from output P1 was linearly polarised, as evidenced by the images
presented in figures 5.4b and 5.4c which correspond to the transmission of the mode
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(A) No polariser (B) After linear polariser, max-
imised transmission

(C) After linear polariser, min-
imised transmission

FIGURE 5.4: Intensity profiles of the linearly polarised P1 output of
the Nd:YVO4 source with the S-waveplate in the cavity.

through a linear polariser with maximised transmission and the same with the po-
lariser rotated by 90◦. The majority of the mode is transmitted through the linear
polariser when the transmission is maximised, with the exception of a region on one
side of the mode. This intensity not transmitted in 5.4b can be found in 5.4c. This
is a sign that the retardance of the S-waveplate is sub-optimal in this region. The

(A) No polariser (B) After linear polariser, 0 de-
gree orientation

(C) After linear polariser, 90
degree orientation

FIGURE 5.5: Intensity profiles of the radially polarised P2 output of
the Nd:YVO4 source with the S-waveplate in the cavity.

intensity profile of the other output, P2, is shown in figure 5.5a. Again some distor-
tion is present in the output mode. However, it is still recognisably annular, albeit
with an enlarged central intensity minimum compared to the rest of the mode. Fig-
ures 5.5b and 5.5c show the same output albeit after transmission through a linear
polariser with a 90◦ shift in orientation between the images. These look very much
like the HG01 profile that is expected for the transmission of radially polarised light
through a linear polariser. The polarisation purity looks good, as the images show
two distinct lobes at each orientation with intensity low between the lobes.

These results show clear potential for the direct generation of radial polarisation
in a laser cavity, which may be scalable to higher power. There is an interesting
question as to what the mode in 5.4a is. While in a radially polarised mode the cen-
tral singularity is formed as a result of a polarisation singularity, the presence of the
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same in the linearly polarised output may indicate a phase singularity, meaning that
this output is a spiral phase LG01 mode that may carry OAM. Another explanation
is that this mode is an incoherent combination of a HG01 and a HG10 mode, or two
handednesses of LG01 modes. Unfortunately this would require extensive experi-
mentation to confirm which explanation is true that was not possible within time
constraints.

5.3.2 Polarisation Extinction Ratios

The polarisation characteristics of the source were quantified using the measurement
of their extinction ratios for the linearly and radially polarised beams respectively.
For the linearly polarised case, the power transmitted through a linear polariser as a
function of polariser orientation angle is measured, and the ratio between the max-
imum and the minimum transmitted power gives the linear polarisation extinction
ratio. Figure 5.6 is a graph of these measurements taken for output P1 without the
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FIGURE 5.6: Power transmitted through a linear polariser as a func-
tion of polariser orientation angle for the P1 output of the Nd:YVO4

source without the S-waveplate present in the cavity.

S-waveplate present in the cavity. The linear polarisation extinction ratio in this case
is 280:1, which is likely limited by error in the measurement as the minimum power
transmitted through the polariser was effectively zero. While there is no polarisa-
tion control elements in the laser, the gain of Nd:YVO4 is extremely dependent on
polarisation. This means that the laser crystal itself acts to preferentially select linear
polarisation, which is one of the main reasons that this crystal was chosen. The po-
larisation extinction ratio was the same from output P2. The same measurement of
the polarisation extinction ratio was taken at output P1 with the S-waveplate present
in the cavity. Figure 5.7 is a graph of this data. It is immediately obvious that the
linear polarisation of this output is not as pure as it was without the S-waveplate in
the cavity, as the minimum power transmitted is a significant fraction of the max-
imum power. The polarisation extinction ratio was measured from this data to be
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FIGURE 5.7: Power transmitted through a linear polariser as a func-
tion of polariser orientation angle for the P1 output of the Nd:YVO4

source with the S-waveplate present in the cavity.

3:1. The retardance values of the waveplate are likely slightly off specification at
some azimuthal coordinates, as evidenced by the spatial dependence of the power
transmitted through a linear polariser, shown in figure 5.4c. As the retardance can
be arbitrarily tuned this was not seen as a significant problem, and could likely be
corrected in future manufacturing of these S-waveplates.

The radial polarisation extinction ratio (RPER) was measured for output P2 when
the S-waveplate was present in the cavity, using the same method as described in
section 3.1.4. At a source output power of 250 mW the RPER was measured at 35:1.
While not as high as the RPER of the radially polarised mode produced from the
source in chapter 3, this is still high enough to be considered an acceptable radially
polarised mode. Should the retardance of the S-waveplate be optimised in future
experiments the RPER will likely only improve.

5.3.3 Power Characteristics

The output power of the source was measured as a function of the absorbed pump
power for a cavity without the S-waveplate, with the S-waveplate, and with the
cavity mode propagating through a part of the substrate which did not have any
femtosecond written alterations to it, which is denoted ‘AR substrate’ from here on.
The maximum slope efficiencies were found for output-coupler reflectivities R1 >

99.5% and R2 = 85%. Figure 5.8 shows this data. Overall the data are very linear, and
behave as one might expect a solid-state laser to in terms of power characteristics.
The slope efficiencies overall are lower than one might expect for a Nd:YVO4 source,
this may be due to a slight mismatch of the pump profile with the cavity mode.
The important result to take from this graph is the small effect that the introduction
of the waveplate has on the slope efficiencies and thresholds. The slope efficiency



88 Chapter 5. Intracavity S-Waveplate for Generation of Radial Polarisation

0 0.5 1 1.5 2 2.5 3 3.5 4
Absorbed Pump Power (W)

0

0.5

1

1.5
O

ut
pu

t P
ow

er
 (

W
)

No Waveplate, 
sl

 = 0.47

AR Substrate, 
sl

 = 0.45

S-Waveplate, 
sl

 = 0.43

FIGURE 5.8: Output power of the Nd:YVO4 source plotted against
the absorbed pump power for the case of no intracavity waveplate,
an AR coated substrate, and the intracavity S-waveplate. The max-
imum slope efficiencies shown were achieved with output coupler

reflectivities R1>99.5% and R2=85%

of the basic cavity was measured as 47%, for the AR coated substrate it was 45%
and for the S-waveplate it was 43%. The threshold absorbed pump powers were
0.51 W, 0.54 W and 0.61 W for the cavity without waveplate, AR substrate and the S-
waveplate respectively. This is a first indication that the S-waveplate has a very low
loss at the operating wavelength. The linearity of the data is also an indication that
with more available pump power this source could achieve a higher output power
without significant detriment.

5.3.4 Beam Quality Measurements

The beam quality parameter (M2) of the source was measured at outputs P1 and P2

at a combined output power of 250 mW with and without the S-waveplate present
in the cavity. The method used was identical to the one described in section 3.1.4.
The data is presented in four graphs in figure 5.9, which are titled with output 1,
output 2, waveplate and no waveplate to denote measurements of the beam diam-
eter as a function of axial position for outputs P1 and P2 with and without the S-
waveplate in the cavity respectively. Overall the measured M2 parameters are close
to the intended 2.0, with the largest measured values being 2.6. These inflated M2

values may be able to be explained by the presence of some higher order modes. If
the cavity length was increased by only a few millimetres the output mode began to
have significant power present in the LG02 mode, so it is likely that some component
of this mode was present and indistinguishable on the CCD images from the LG01

mode when the cavity was returned to the designed length. Without the S-waveplate
in the cavity the M2 in the y axis appears higher for output P1 than it does for out-
put P2. This can partially be explained by the poor fit of the polynomial for the M2
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FIGURE 5.9: Beam quality factor measurements for the Nd:YVO4
source in sagittal (x) and tangential (y) axes for outputs P1 and P2

with and without the S-waveplate in the cavity.
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in both axes for output P1, however there was another suspected factor. As a CCD
camera was used to measure the beam diameters of these higher-order modes there
was some degree of ‘CCD bloom’ present during the measurements. High power
near-infrared light incident on a silicon based CCD device can cause some leakage
of light through to the electronic components, which can cause phantom intensity
to appear in a streak on one axis [225]. This has been shown to increase the M2 on
that axis when calculating beam diameters based on the second-moment integra-
tion method [226]. While efforts were taken to decrease the effect of this blooming,
such as attenuation of the beam and increasing the exposure time of the camera, this
blooming will have a small effect on the obtained M2 parameters.

The important result to take from these measurements is that the introduction
of the S-waveplate does not significantly increase the M2 of the output modes upon
its inclusion in the cavity. The graphs showing the M2 for output P1 with the S-
waveplate included shows similar beam diameters at similar axial positions, while
the M2 parameter is smaller on both axes. The polynomial fit is better for this data,
which in part is the cause of the reduced M2. However, this may be evidence for the
S-waveplate controlling the power leakage into higher-order modes than the desired
first-order mode. As the retardance distribution of the S-waveplate was written in
order to convert linear polarisation to the first order radially polarised mode, the
second-order radially polarised mode will not be converted to a linearly polarised
mode of the same orientation as the conversion of the first-order mode. This means
that the higher-order modes will likely experience reduced gain as they pass through
the Nd:YVO4 crystal and will therefore be suppressed.

The M2 was slightly higher on both axes for the radially polarised output P2

when the S-waveplate was in the cavity, however the increase is not significant
enough to cause concern. In fact, the measurement of these M2 parameters as slightly
different for both outputs with the inclusion of the S-waveplate in the cavity when
compared to the S-waveplate not being in the cavity raises the question as to the use
of this measurement for quantifying higher-order laser modes. Both outputs had
distortions added to the output modes from the addition of the S-waveplate in the
cavity, however these are not reflected in a consistent way in the M2 measurements.

5.3.5 Findlay-Clay Loss Measurements

The loss of the S-waveplate was of great interest in order to compare it against pre-
vious generations of the femtosecond writing process. A direct single-pass measure-
ment of the loss can be heavily inaccurate and does not reflect the performance of the
S-waveplate in its intended application. In this section the application of a method
for the determination of the internal losses of a four-level laser which was developed
by Findlay and Clay is reported [227]. This method gives the total loss of a laser res-
onator in a steady-state. By rearranging the mathematics for the output power of a
four-level laser system and assuming the intracavity loss, δ � 1, one can obtain the
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following expression (for a full derivation see [5])

− ln R =

(
2η

Ps

)
Pth − δ (5.1)

where R is the combined output coupler reflectivity, η is an efficiency factor, Ps is the
saturation power, Pth is the threshold absorbed pump power and δ is the intracavity
loss. The relationship between − ln R and Pth should therefore be linear; if one plots
− ln R against Pth the intracavity loss may be measured by finding the intercept with
the y axis.

Experimentally, this means varying the output coupler reflectivity of a laser and
measuring the threshold pump power for each reflectivity. One method of doing
this is by the use of a Brewster-angled window inside the laser cavity. At Brewster’s
angle, the window will have close to zero reflectivity assuming that the incident
beam has correctly aligned polarisation. By deviating the angle of the window from
Brewster’s angle the reflectivity of the window will increase as a function of the
angular deviation. A schematic of this experimental arrangement is shown in figure
5.10. In this experiment, there are four outputs which are denoted P1 and P2 as
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FIGURE 5.10: Experimental arrangement for measurement of the S-
waveplate loss.

before, and P3, P4 for the outputs introduced by the inclusion of an uncoated fused-
silica window orientated at approximately Brewster’s angle. A half-waveplate at
1064 nm was introduced into the cavity before the fused-silica window in order to
rotate the axis of the linear polarisation to minimise the reflectivity of the Brewster-
angled window. Brewster’s angle was found experimentally by optimising the angle
of the fused-silica window and the orientation of the half-waveplate while the laser
was operating such that the output powers P3 and P4 were close to zero. The angle
of the fused-silica window was then deviated from this angle with the aid of an
opto-mechanical rotation stage. At each angular deviation the output power was
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measured from each output as a function of the input pump power. The threshold
pump power was also measured at each deviation by recording the input pump
power necessary to first see relaxation oscillations in the laser output.

The total reflectivity, R, was obtained using a simplification of the expressions
first derived by Rigrod [228]. The relationship between the generalised output power
Pa from a cavity optic of reflectivity Ra and the output power Pb from another reflec-
tivity Rb can be expressed as

Pa

Pb
=

1− Ra

1− Rb

√
Rb

Ra
. (5.2)

If we now take the reasonable assumption that
√

Rb/Ra ≈ 1 we can obtain Rb as a
simple expression of Pa, Pb and Ra

Rb = 1− Pb(1− Ra)

Pa
. (5.3)

This expression allows for the calculation of the reflectivity of the Brewster-angled
plate as a function of known and measurable quantities. In order to simplify the ex-
periment the reflectivity R2 was assumed to be 100% due to the inclusion of a highly
reflective cavity mirror in this position. Only one output coupler was used, R1 which
was chosen to be 97.7%. By measuring the power from all output coupling optics,
the total output coupling reflectivity from both surfaces of the Brewster-angled win-
dow combined was calculated using

RBrewster = 1− (P3 + P4)(1− R1)

P1
(5.4)

The calculated reflectivity of the Brewster-angled window was averaged over many
values of P1, P3 and P4 obtained over different pump powers. Finally, the total out-
put coupling reflectivity of the source was calculated as R = R1RBrewster. The exper-
iment was performed with no S-waveplate in the cavity, with a reference AR coated
substrate in the cavity and with the S-waveplate in the cavity. The comparison be-
tween the total cavity loss in each case will allow for the calculation of the loss of the
S-waveplate structure itself.

Figure 5.11 is a graph of the calculated − ln R against the measured threshold
absorbed pump power for each angle of the window. The y intercept is measured
for each data set and displayed as δ on the graph. The loss of the S-waveplate is
therefore extremely low, as the difference between the calculated losses of the S-
waveplate and the substrate it is written on is only 0.4± 1.2%. While the error on this
measurement is high compared to the value obtained for the loss of the S-waveplate,
it allows for a confident statement that the S-waveplate has an extremely low loss
when used as an intracavity polarisation converter at 1064 nm.
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FIGURE 5.11: Plotted measurements of the threshold pump power of
the Nd:YVO4 source for a range of total cavity mirror reflectivities for
no waveplate, an AR coated substrate, and the S-waveplate following
the Findlay-Clay method. Determination of the y intercept allows for
a measurement of the intracavity loss in each case enabling a mea-

surement of the loss of the S-Waveplate.

5.4 Summary

A sample of a new generation of spatially variant waveplate was used as an intra-
cavity polarisation converting element in a solid state Nd:YVO4 laser operating at
1064 nm on a linearly polarised LG01 mode. The source was designed to have mul-
tiple interchangeable output couplers in order to observe the effect the S-waveplate
had on the mode within the laser cavity. It was found that on one side of the cav-
ity, before the S-waveplate that the output was linearly polarised with a polarisation
extinction ratio of 3:1, while on the other side of the S-waveplate the output was ra-
dially polarised, with an RPER of 35:1. The effect of the inclusion of the S-waveplate
on the cavity was explored by operating the source with no extra intracavity ele-
ments, the substrate that the S-waveplate was written in, and the S-waveplate. The
inclusion of the S-waveplate was not found to significantly degrade the performance
of the source. The optimal slope efficiency decreased by 2% due to the inclusion of
the S-waveplate, the beam quality parameter was not consistently affected in each
output, and the beam profiles suffered minor distortion while maintaining recognis-
able LG01 profiles. However, the linearly polarised output did decrease its polari-
sation extinction ratio from 350:1 to 3:1 due to the inclusion of the S-waveplate. It
is believed that the spatially variant retardance of the S-waveplate may need opti-
misation that will easily remedy this problem. The loss of the S-waveplate relative
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to the substrate it was written into was measured at just 0.4± 1.2% using a mod-
ified Findlay-Clay loss measurement technique. Overall the use of an intracavity
S-waveplate shows great promise for the construction of robust and simple radially
polarised lasers and may be scalable to much higher output power.
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Chapter 6

Amplification of Annular Modes in
a Thermally Guiding Fibre-Rod

This chapter details the amplification of the radially polarised and a vortex LG01

sources shown in chapter 3 with a thermally guiding fibre-rod. This hybrid geome-
try was introduced by C.R. Smith et al. in [229] for amplifying fundamental modes.
In a simple description, the thermally guiding fibre-rod is a fibre with a large di-
ameter core where the temperature based refractive index change enables the signal
beam to be guided without interacting with the fibre waveguide. Pump light can be
coupled into the core or an optional inner cladding. This design inherits the thermal
and convenience benefits of fibres due to the relatively long length and large surface
area while mitigating the problems associated with waveguide mode coupling, and
the non-linear effects of small mode areas. The cylindrical symmetry and any bire-
fringence being largely radial or azimuthal mean that the thermally guiding fibre
rod naturally suits the amplification of radially polarised and vortex phase annular
modes.

The chapter begins with a general theoretical model, an extension of the model
in [229], of the radius and curvature of a higher-order mode as a function of fibre and
thermal parameters and the propagation distance. This model allows for the calcu-
lation of an appropriate choice of input beam parameters and was used to inform
the experimental design. The implementation of the fibre-rod using a commercial
fibre is then described along with other device considerations. The experiment to
amplify a radially polarised source with the fibre-rod is described, and data is pre-
sented showing the fibre-rod geometry well preserving the mode and polarisation
properties. The experiment was repeated with a vortex phase Laguerre-Gaussian
mode, and preliminary results show that the amplification is possible, with similar
results to the radially polarised mode. The potential limitations, namely a significant
amplified spontaneous emission content, a difficult alignment process and the effect
of input beam quality are discussed along with the merits of this hybrid amplifier
geometry.
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6.1 The Thermally Guiding Fibre-Rod

6.1.1 Thermal Guidance Model

The non-uniform temperature distributions present in optical gain media results in a
non-uniform refractive index profile through a range of thermo-optic effects. One of
the most dominant effects observed is thermal lensing, where the change in refrac-
tive index at a position in a material is approximately proportional to a coefficient
dn/dT, contributions from material stresses, and differential expansion. Silica has
a positive dn/dT and therefore the temperature distributions seen in end-pumped
cylindrical gain media create a focussing lensing effect for propagating light. This is
usually encountered as a detrimental effect, however, it is also possible to use this
lensing to guide a beam through a gain medium. The thermally guiding fibre-rod
utilises this thermal lensing to propagate mode through the core of a large mode
area fibre without interacting with the core/cladding interface.

C.R. Smith et al. developed a theoretical model to predict the evolution of the
mode radius of an input beam as it propagates through the thermally guiding fibre-
rod and to choose the appropriate experimental parameters [230]. An extension of
this model is recorded here with a generalisation to higher-order modes. The key
assumptions of the model are that stress and birefringence thermo-optic effects are
small compared to the dn/dT contribution to thermal lensing, heat is generated in
the fibre-rod core from the quantum defect of the optical pumping cycle, the heat
flow is radial, and the pump deposition is transversely uniform across the core. The
total refractive index of the thermally guiding fibre-rod is assumed to take the form

n(r, z) = n0 −
1
2

ng(z)r2. (6.1)

Here n0 is the refractive index at the centre of the core and ng(z) is the radial varia-
tion in refractive index, given by

ng(z) = nth(z) + ns, (6.2)

where ns is a static contribution to account for deviation of the core from a flat re-
fractive index profile and nth(z) is the refractive index contribution arising from heat
in the core.

By considering the temperature distribution arising from Ph, the pump power
deposited as heat, in a rod of thermal conductivity κ, with uniform radial pump de-
position density in a core of radius r1, evaluating the effect of this temperature distri-
bution on the refractive index and separating constant and temperature dependent
terms, one can obtain an expression for nth(z).

nth(z) =
dn
dT

(
Ph(z)

2πr2
1kdz

)
(6.3)
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The transformation applied to a beam from transmission through a refractive index
such as that in equations 6.1-6.3 may be modelled using the ray-transfer matrix for a
graded index medium of length d, shown in equation 6.4 [10].

(
A B
C D

)
=

 cos
(

z
√

n0
ng

)
1√n0ng

sin
(

z
√

ng
n0

)
−√n0ng sin

(
z
√

ng
n0

)
cos

(
z
√

ng
n0

)
 (6.4)

A complex beam parameter, q(z), is then defined in equation 6.5. The complex beam
parameter contains important beam parameters: R is the beam radius of curvature,
M2 is the beam quality factor, λ the wavelength, and w the beam radius. < and =
represent the real and imaginary parts of the complex beam parameter respectively.

q(z) =
[

1
R (z)

− i
M2λ

πw2 (z)

]−1

= <+ i= (6.5)

A matrix transformation may be performed upon an input complex beam parameter
to obtain an output complex beam parameter. The beam radius and curvature after
transmission through a distance z of fiber-rod may then be found by applying the
transformation given in equation 6.4 to an input complex beam parameter, <in +

i=in. This may be rearranged to obtain the output beam radius, w, and curvature, R,
given in equations 6.6 and 6.7.

R =
(A<in + B)2 + A2=2

in
AC<2

in + AC=2
in + AD<in + BC<in + DB

(6.6)

w =

√
M2λ

π

(A<in + B)2 + A2=2
in

=in
(6.7)

If one then assumes that the input beam should be at a waist, w0, it is possible to
substitute equations 6.4 and 6.5 into equation 6.7 to obtain an expression for the
beam radius in the fiber-rod as a function of z. The output beam radius from the
fibre-rod device may be calculated from 6.8 by setting z equal to the fibre length.

w(z) =

√√√√w2
0 +

(
(M2)2

λ2

n0ngπ2w2
0
− w2

0

)
sin2

(
z
√

ng

n0

)
(6.8)

This sinusoidal expression mathematically describes the interplay between diffrac-
tion and thermal focussing causing the beam radius to oscillate along the length of
the fibre-rod. The period of this oscillation is π

√
n0/ng. There is, however, a value

of the input beam waist w0 for which the beam radius does not oscillate; this opti-
mum beam waist is found by setting w(z) = w0 in equation 6.8 and solving for w0,
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producing equation 6.9.

w0 =

((
M2)2

λ2

n0ngπ2

) 1
4

(6.9)

In the case that thermal guiding dominates over any static contribution (nth � ns)
the condition for constant beam radius simplifies to

w0 =

(
2r2

1κ
(

M2)2
λ2

πn0Ph(z)dn/dT

) 1
4

. (6.10)

In the case of end-pumping the pump deposition is not in reality a uniform function
of z, instead it may be described by

Ph(z) ≈ αpPinexp(−αpz) (6.11)

where γ is the fraction of absorbed pump power converted to heat, αp is the ab-
sorption coefficient and Pin the input pump power. This approximation of the pump
power heat deposition distribution assumes the ground-state depletion is negligible.
From equation 6.10, one can see that a varying heat deposition, Ph, along the length
of the device will also result in a value for the non-oscillating w0 that changes along
the device. In essence, the beam radius decreases at the pump input end of the de-
vice. Deviation from a beam waist of w0 at the input will result in an oscillation of
the beam radius with respect to distance propagated in the device with a position
dependent period given by

∆z =

√
2π3r2

1n0κ

Ph(z)dn/dT
. (6.12)

An issue with the TGFR is apparent. There is a limit to device length, as there needs
to be enough heat to guide the mode. For a single-pass the fibre rod therefore needs
to be shorter than a length for efficient absorption, which decreases the efficiency
of the amplifier. To combat this the unabsorbed pump light could be recycled for a
second pass or a double-end pumping arrangement could be used. In any case, the
fibre-rod length needs to be selected in order to create a relatively uniform thermal
profile along the length.

The calculated beam radius as a function of z for a mode of M2 of 2.0 propagating
through a 100 mm long fibre-rod is shown in figure 6.1. Three different pump power
scenarios are shown for a 95 µm radius seed introduced at z = 0 mm. 915 nm pump
light is introduced at the signal output end of the fibre-rod at z = 100 mm and
therefore propagates in the opposite direction to the seed beam. The fibre-rod is
cooled by direct contact between two water-cooled aluminium v-grooves in an effort
to ensure radial heat-flow. The material properties are assumed to be that of silica,
with thermal conductivity 1.38 Wm−1K−1 [231], and the change of refractive index
with temperature 12.9× 10−6 K−1 [232]. Previous work by Smith et al. [230] on the



6.1. The Thermally Guiding Fibre-Rod 99

0 10 20 30 40 50 60 70 80 90 100
Distance Propagated Through Thermally Guiding Fibre-Rod (mm)

0

20

40

60

80

100

M
od

e 
R

ad
iu

s 
(µ

m
)

 P
pump

 = 0 W

 P
pump

 = 136 W

 P
pump

 = 1000 W

FIGURE 6.1: Modelled evolution of the mode radius of a first or-
der annular mode input into a thermally guiding fibre-rod at a beam
waist of 95 µm with counter propagating pump light for the scenarios

of 0, 136, and 1000 W pump power.

same fibre indicated the presence of a static weakly guiding refractive index profile
in the core. The value of ns was assumed to be 3600 m−2 from their experiments.

In the absence of pumping, this value of ns yields an optimum input beam waist
of 95 µm from equation 6.8 for a beam of M2 = 2.0 at a signal wavelength of 1030 nm.
This is shown by the straight red line in figure 6.1 for Ppump = 0 W. 95 µm was there-
fore selected as a target beam waist for experimental demonstrations to simplify the
initial alignment process. The effect of the anticipated maximum pump power cou-
pled into the fibre-rod on the behaviour of the mode radius as it propagates through
the length of the fibre rod is shown by the blue line at Ppump = 136 W. The mode
radius decreases on average with distance propagated through the fibre-rod due to
the heat-loading being higher at the pump input end. The mode radius also oscil-
lates as expected, periodically diverging and focussing due to an interplay between
diffraction and thermal lensing.

The important outcome of this model is that a higher-order mode is able to prop-
agate through the core of the fibre-rod given parameters expected in an experimental
demonstration. The average mode radius at a pump power of 136 W is predicted to
be ≈ 73 µm. The mode is not predicted to interact with the core-cladding interface
of the LMA fibre at a radius r1 = 150 µm.

Another pump power scenario is shown in figure 6.1 as a black line, for Ppump =

1000 W to analyse the behaviour of the fibre-rod at power levels desired for future
experiments. As is predicted in the model and shown in figure 6.1, the amplitude
of the mode radius oscillation with respect to z is increased with the higher pump
power while the period decreases. The magnitude of these oscillations may be de-
creased by optimising the input beam parameters. The average mode radius at
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1000 W of pump power was calculated to be ≈ 54 µm, which remains large com-
pared to the typical mode sizes observed in single-mode high power fibre ampli-
fiers. This aspect of the thermally guiding fibre-rod gives an optimism to avoiding
limiting mechanisms such as non-linear effects in some regimes of operation.

6.1.2 Fibre-Rod Device Design

The thermally guiding fibre-rod was demonstrated using a commercially available
triple-clad Extra-Large-Mode-Area (XLMA) fibre supplied by Nufern. The XLMA
fibre had a Yb-doped circular core with a 300 µm diameter and 0.11 NA. The inner
cladding was octagonal in shape, with a flat-to-flat distance of 400 µm. The outer
cladding was again circular with a 480 µm outer diameter.

r2

r1

300 μm
400 μm
480 μm

FIGURE 6.2: End-face microscope view of the Yb-doped triple clad
fibre used in the thermally guiding fibre-rod amplifier device.

Figure 6.2 is a cross-sectional view of the Nufern XLMA fibre, with dimensions of
the core and claddings annotated along with the definitions of the r1 and r2 radii.
This fibre was chosen for its extremely large and uniform Yb-doped core. A 100 mm
length of the fibre was used for a proof-of-concept demonstration of the amplifica-
tion of higher-order modes. The fibre was supplied with a polymer coating that was
removed for this experiment.

Rectangular fused-silica windows of dimensions 7× 7× 4 mm, with anti-reflection
coatings for 915 to 1064 nm on one face were spliced to each end of the fibre-rod us-
ing a system designed and built by P.C. Shardlow. The purpose of the anti-reflection
coated windows was to reduce loss and feedback when the fibre-rod is used as
an amplifying medium. Firstly, the uncoated face of the fused-silica window was
aligned parallel to the cleaved end-face of the XLMA fibre by observing interference
fringes between the two closely spaced surfaces with a microscope objective. After
alignment the fibre was moved clear of the fused-silica window; the axial position of
the fibre was controlled using a micro-stepper motor for µm-scale positioning accu-
racy. The uncoated face of the fused-silica window was pre-heated with a ∼ 60 W,
10.6 µm CO2 laser for a controlled time period. The beam from the CO2 laser was
split into two approximately equal beams using a beam splitter and directed onto the
face of the fused-silica window such that the desired splicing position of the fibre-
rod was flanked by the two beams. The anti-reflection coated opposite face was
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FIGURE 6.3: The end-capped fibre-rod.

FIGURE 6.4: The end-capped fibre-rod mounted in a heat-sink.

cooled using a nitrogen gas jet during the heating process in order to avoid thermal
damage. The fibre was then pushed into the hot region of the fused-silica window
in a controlled manner and held for a short time with the CO2 laser incident on the
area around the fibre. This end-cap splicing process was repeated on the other end
of the XLMA fibre. A completed end-capped fibre rod device is shown in figure 6.3.

The end-capped fibre-rod was mounted in a bespoke heatsink composed of two
water cooled aluminium blocks with a v-groove cut into each. The fibre-rod was
sandwiched in the two v grooves such that there were 4 points of contact with the
circumference of the outer cladding along the entire length. An image of one end
of the fibre-rod mounted in the heatsink is provided in figure 6.4. Beyond the obvi-
ous purpose of cooling the fibre-rod in an amplifier experiment, the heat-sink was
designed to keep the fibre-rod as straight as possible as previous results by Smith et
al. indicated that slight deviances from a straight device significantly degraded the
output beam profiles [230].

6.2 Amplification of a Radially Polarised Mode

6.2.1 Experimental Configuration

With the fibre-rod having been successfully end-capped and mounted the experi-
mental demonstration of the amplification of a radially polarised beam using the
thermally guiding fibre-rod was performed. The schematic for this experiment is
shown in figure 6.5. The radially polarised source detailed in section 3.1 was used
as the seed source for this experiment. The red dashed line in figure 6.5 indicates
the beam path of the radially polarised seed. The seed was conditioned to as close
to the target 95 µm beam waist as possible through the use of a 100 mm focal length
anti-reflection coated plano-convex focusing lens. This focusing lens was positioned
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250 mm away from the 150 mm focal length collimating lens used in the radially po-
larised seed source. The resulting beam waist was verified using a Spiricon SP620U
CCD camera as 97 µm, within error of the target beam waist. The converging seed
beam was steered into the core of the fibre-rod using a highly-reflective dielectric
mirror at 1030 nm and a short-pass filter that was highly reflective at wavelengths
above 950 nm. Both the filter and the highly reflective mirror were orientated at a
45◦ angle with respect to the seed beam. The seed was aligned through the fibre-rod
in the absence of pump light. This alignment was a difficult procedure that may
present as a limitation of the fibre-rod architecture if an improved procedure or au-
tomation method cannot be established. The current alignment procedure [233] is
best described as observing the output of the fibre-rod in the near and far-fields and
iteratively adjusting the steering mirrors one axis at a time to reduce the complexity
of the scrambled highly multi-mode output. After a great deal of effort the modal
pattern can be reduced to a few-lobe structure that can be further finely adjusted to
retrieve the original input mode. The reason for the increased difficulty in aligning
the mode in the fibre-rod over a conventional fibre is the requirement for the mode
to not interact with the core-cladding interface, meaning that the input angle and
position must be within strict tolerances. Despite this difficulty the obtained out-
put mode was very similar to the input mode in the absence of pump light and the
alignment was stable over time.

A 155 W 915 nm fibre-coupled diode laser was used as the pump source. The
pump light was delivered through a 105/125 µm 0.22 NA multi-mode fibre and is
represented by a dashed blue line in figure 6.5. The pump delivery fibre output
was imaged using two anti-reflection coated plano-convex lenses of focal lengths
50 mm and 100 mm in a 4f configuration to give a total magnification factor of 2.
The converging pump light was steered into the core of the fibre-rod using a highly
reflective dielectric mirror at the pump wavelength and a long-pass filter with a
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FIGURE 6.5: Schematic of the experimental arrangement used in the
amplification of a radially polarised mode in a thermally guiding

fibre-rod.
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cut-off at 1000 nm, both orientated at 45◦ with respect to the pump beam. The in-
ner cladding of the fibre-rod was not used in this experiment, but would allow for
higher input pump power in future experiments using this fibre. The pump light
completed a single pass of the 100 mm length of fibre-rod and is separated from the
counter propagating seed by the 950 nm short-pass filter. 136 W was measured as
the maximum pump power incident on the fibre due to a combination of the diode
laser being below specification and loss from the 1000 nm long-pass filter.

6.2.2 Characterisation and Results

The radially polarised mode was recovered from the output of the thermally guid-
ing fibre-rod over the full range of pump power. As the pump power changed the
curvature of the mode at the output was seen to vary between converging and di-
verging several times, as expected from the theoretical model. Figures 6.6a and 6.6b
show a comparison between the input radially polarised seed and the amplified out-
put of the thermally guiding fiber-rod in the far-field for the maximum pump power
of 136 W. Before amplification the radially polarised mode in 6.6a was of very high
quality with a well defined annular profile and good central minimum, and free
of severe aberrations or distortions. After amplification the mode pictured in 6.6b
remained a high quality annular mode. There was no sign of coupling to the fi-
bre modes. However, some slight distortion was introduced; the right-hand side of
the mode in figure 6.6b shows some slight distortion, while the centre of the output
mode appears enlarged compared to the input mode. These distortions are likely the
result of misalignment, as aligning the input mode such that it propagates through
the exact centre of the fibre-rod was difficult and lacked a reference position, or some
deviation of the refractive index distribution from a cylindrical symmetry.

Figures 6.6c and 6.6d are images of the beam transmitted through a linear po-
lariser, where 6.6d has been amplified. There is some minor distortion, disregarding
the interference effects, as was seen from the amplified mode without being anal-
ysed by the linear polariser. Despite the slight distortion the desired two-lobe in-
tensity profile is obtained with good results. There was no measurable decrease in
the radial polarisation extinction ratio (RPER) when using the measurement tech-
nique described in section 3.1.4 on 36 polariser orientations; before amplification the
RPER was 100:1 and after amplification it was unchanged. This is an encouraging
result for the thermally-guiding fibre rod geometry, as it shows that higher-order
radially polarised modes can be amplified with the polarisation unaffected by detri-
mental thermal effects. To apply some quantitative measure to the degradation of
the mode caused by the amplification process the M2 parameter of the amplified
mode was measured. Figure 6.7a and 6.7b are graphs of the measured beam diame-
ters of the amplified mode at maximum pump power as a function of axial position
through a focus for the sagittal and tangential axis respectively. The M2

x parameter in
the sagittal axis was measured as 2.2± 0.1 and in the tangential axis it was 2.1± 0.1.
This is slightly higher than the M2 of the seed source at 1.9± 0.1 but consistent with
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(A) Radially polarised mode
before amplification

(B) Radially polarised mode after
amplification

(C) Radially polarised mode
before amplification analysed

by a linear polariser

(D) Radially polarised mode after
amplification analysed by a linear

polariser

FIGURE 6.6: Intensity profiles of the radially polarised mode before
and after amplification at the maximum pump power of 136 W, and

the same beams as analysed by linear polarisers.
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FIGURE 6.7: Beam quality factor measurements for the radially po-
larised mode after amplification at the maximum pump power of
136 W in the thermally guiding fibre-rod in sagittal (x) and tangen-

tial (y) axes.
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the distortion observed in figure 6.6b and 6.6d. The slight increase in the M2 is not
judged to be a cause for concern regarding the thermally guiding fibre-rod architech-
ture, and the encouraging result is that dramatic degradation that would indicate an
interaction of the mode with the core-cladding interface is not observed.
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FIGURE 6.8: Gain of the thermally guiding fibre-rod amplifier plotted
against absorbed pump power for a 2.5 W seed and an 80 mW seed

power.

While this experiment was primarily a proof-of-concept demonstration that a
radially polarised mode could be amplified with thermally guiding fibre-rod with
a focus on maintaining beam quality and polarisation, the gain performance of the
amplifier was studied for this short 100 mm length to explore future prospects. The
power of the amplified radially polarised signal light was measured as a function
of absorbed pump power in the fibre-rod for two input seed powers of 2.5 W and
80 mW; the data is shown in figure 6.8. The maximum signal output power was
10.7 W for an input seed power of 2.5 W at 54 W of absorbed pump power. The
single-pass gain at this maximum output power is therefore calculated as 6.4 dB
and the extraction efficiency as 20.6%. The maximum small-signal single-pass gain
was measured as 7.7 dB for the 80 mW seed. The pump power required to reach
transparency was approximately 6.7 W - this is shown as a negative gain below
this power in figure 6.8 and is a result of the quasi-three level nature of Yb-doped
silica having significant absorption at the lasing wavelength. Overall the gain and
extraction efficiency are low, although to a certain extent this is expected from such
a short length of fibre.

A more serious concern is the roll-over in the gain at the high range of absorbed
pump power. This was a sign that some detrimental process was clamping the gain.
Initial tests were carried out to rule-out detrimental thermal effects as the cause of
the roll-over; quasi-continuous operation at low duty cycles of the pump source had
no impact on the gain despite the reduction in the average heat load. The next in-
vestigation for detrimental effects was to measure the power spectrum of the seed
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output end of the fibre-rod amplifier at maximum pump power for seeded and un-
seeded operation using an optical spectrum analyser. Broadband emission typical of
the presence of amplified spontaneous emission (ASE) was observed in both cases,
as shown in figure 6.9. This was a first indication that a significant amount of gain
was potentially being used up by ASE. Further evidence of significant ASE was ob-
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FIGURE 6.9: Power spectra of the seed output end of the thermally
guiding fibre-rod amplifier for unseeded and seeded cases at the max-

imum pump power of 136 W.

served by monitoring the power above wavelengths of 950 nm emitted from the seed
input end of the fibre-rod amplifier while the amplifier was pumped and seeded.
The data shown in in figure 6.10 reveals power unrelated to the pump or seed ex-
ponentially increasing with respect to the absorbed pump power in the fibre-rod
amplifier. This unattributed power becomes significant where the gain experienced
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FIGURE 6.10: Single-aperture amplified spontaneous emission power
as a function of absorbed pump power in the thermally guiding fibre-

rod amplifier
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by the radially polarised seed rolls over. This suspected ASE was highly divergent
compared to the thermally guided radially polarised seed as it relied on the highly
multi-mode step-index in-built waveguide of the fibre. The high divergence of the
suspected ASE made it difficult to measure within the confines of the experimental
set-up, therefore accurate measurements of the suspected ASE power in the seed
output direction were not possible without significant changes to the experiment.
Rough measurements of the suspected ASE power in the seed output direction with
clipping on optics did however indicate a similar order-of-magnitude power level
as the suspected ASE in the opposite direction that was shown in figure 6.10. The
approximate amount of ASE power observed as emission from the fibre waveguide
structure does not explain all of the unaccounted power. It is possible that the to-
tal ASE power contained in closed paths and transverse directions is much higher.
Unfortunately, the Yb-doped XLMA fibre used in this fibre is predisposed to being
susceptible to ASE in this regime of operation. This fibre is quasi-three-level in na-
ture, the in-built waveguide is extremely multi-mode and ASE strength increases
with the number of modes supported in a fibre [234]. In addition, this experiment
used a low seed power and imperfect overlap between the pump and signal light,
further compounding the likelihood of significant available gain being used by the
ASE.

Several avenues are apparent for further power scaling and overcoming this ASE
problem. The fibre-rod parameters can be engineered to give better pump and signal
overlap in conjunction with a higher seed power to preferentially use the available
gain. This could be achieved by using a fibre-rod with a lower dopant concentration
for example. The thermally guiding fibre-rod has an advantage in that the ASE is
guided by the in-built fibre waveguide while the signal is thermally guided. The
extremely multi-mode fibre waveguide has a much higher output divergence than
the thermal guiding, therefore spatial filtering could be used to effectively reduce
the ASE power between stages in a multi-stage amplifier chain.

6.3 Amplification of a Laguerre-Gaussian Vortex Mode

A similar experiment to the amplification of a radially polarised mode using the
thermally guiding fibre-rod was attempted with the Laguerre-Gaussian vortex mode
source detailed in section 3.2. The aim of this experiment was to determine whether
a cylindrically symmetric higher order mode with a different polarisation state could
be propagated and amplified in the thermally guiding fibre-rod without significant
degradation. This was successfully demonstrated with preliminary results, however
due to time constraints a full investigation was unfortunately not possible.
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6.3.1 Experimental Configuration

The experimental configuration was largely the same as was used for the experiment
with a radially polarised seed discussed in section 6.2.1. The pump side of the ex-
periment was identical, and the only modification that had to be made to couple the
seed source in was a different magnification of the lens system. Figure 6.11 shows
the experimental arrangement used for the amplification of the vortex mode. The
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FIGURE 6.11: Schematic of the experimental arrangement used in
the amplification of a Laguerre-Gaussian vortex mode in a thermally

guiding fibre-rod.

HG01 source (section 3.2.1) was converted to a vortex LG01 mode using the spheri-
cal mirror mode converter (section 3.2.2). The output from the mode converter was
collimated using a 250 mm focal length plano convex lens positioned approximately
300 mm from the second mirror of the mode converter. The collimated beam radius
was measured to be 425± 10 µm when averaged over two axes. A 50 mm plano-
convex focussing lens was positioned 300 mm from the collimating lens in order to
give a magnification factor of 0.2. This conditioned the converted LG01 mode to
have a beam waist radius of 85 µm; although this beam waist was not at the calcu-
lated optimum of 95 µm it was modelled to propagate in the absence of pump power
without issue. Two seed beam steering mirrors were positioned between these two
lenses in order to align the vortex mode into the core of the fibre-rod. One of these
was a simple highly reflective mirror while the other was a 950 nm short-pass filter.
In the interest of exploring the effect of the thermally guiding fibre-rod on the beam
the seed power was kept to 210 mW to minimise the detrimental thermal effects ob-
served at higher output powers. The pump side of the amplifier experiment was the
same as described in section 6.2.1, namely a 155 W, 915 nm commercial fibre-coupled
laser diode from which the output was coupled into the core of the fibre-rod with a
magnification factor of 2.0.
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6.3.2 Characterisation and Results

The LG01 mode was mostly recovered after amplification in the thermally guiding
fibre-rod. Figure 6.12a is an image of the LG01 vortex mode before amplification, and
is recreated here for direct comparison the the far-field mode amplified at maximum
pump power shown in 6.12b. It is immediately obvious that the mode is not entirely
preserved. In the amplified output from the fibre-rod there is a significant propor-
tion of power that has visibly coupled into the fibre waveguide modes and therefore
diverging away from a thermally guided component. It is also noticable that the
thermally guided component of the amplified output is a very clean and symmet-
rical annular mode, in contrast to the input mode which has some components or
aberrations extra to the desired LG01 mode. The input mode appears to have four
‘spurs’ that are likely the result of thermal distortions having passed through the
mode converter, and may have components of other transverse modes. Because the
input beam parameters for these undesired components and aberrations were not
accounted for in the design of the thermally guiding fibre-rod amplifier experiment
a suggested explanation for the difference between the input and output modes is
that these components interacted with the fibre waveguide. Despite a significant
amount of power being lost to the fibre modes, the thermally guided component
appears to be an excellent LG01 mode.

(A) Before amplification (B) After amplification

FIGURE 6.12: Intensity profiles of the LG01 mode before and after
amplification at the maximum pump power of 136 W.

The gain performance of the thermally guiding fibre-rod amplifier was measured
as a function of the absorbed pump power for the 210 mW vortex LG01 seed. This
data is shown in figure 6.13. This data is at a glance similar to the gain data for
the amplification of the radially polarised mode shown in figure 6.8, however the
peak gain in figure 6.13 is noticeably lower than for both data sets in figure 6.8, at
just 4.2 dB. The same roll-over caused by the high ASE was present in this experi-
ment. The data is also more variable in figure 6.13 at the higher range of absorbed
pump power. This is likely due to the large power content coupling into the fibre
waveguide modes as shown in figure 6.12b, which due to its high divergence is not
captured by the aperture of the power meter when aligned for the thermally guided
component. To test this hypothesis a 50 mm focal length plano-convex lens was used
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FIGURE 6.13: Gain of the thermally guiding fibre-rod amplifier plot-
ted against absorbed pump power for a 210 mW LG01 seed.
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FIGURE 6.14: Gain of the thermally guiding fibre-rod amplifier plot-
ted against absorbed pump power for a 210 mW LG01 seed, with an
additional lens to capture light coupled into fibre waveguide modes.
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to ensure the fibre waveguided component of the output was within the aperture of
the power meter. The experiment was repeated, with the total output power shown
in 6.14. The maximum gain, with the addition of the divergent fibre waveguide sig-
nal power, was similar to the maximum gain observed in figure 6.8 at a maximum
of 5.6 dB. There was still some small amount of power lost through clipping on the
1000 nm long-pass filter, nevertheless, this measurement was sufficient to explain
the lower gain experienced by the thermally guided component of the signal beam.
The maximum output power was measured at 770 mW, corresponding to a power
extraction efficiency of approximately 1%. This experiment confirmed that a vortex
phase LG01 mode could be amplified in the thermally guiding fibre-rod with some
coupling of input modal impurities to the fibre modes, yet further investigation is
warranted into the effect of the input beam quality on the output beam and on the
effect the amplification has on the phase of the LG01 mode.

6.4 Summary

The amplification of a radially polarised beam, and preliminary data of amplifica-
tion of a vortex LG01 beam, was demonstrated in a thermally guiding fibre-rod. The
1030 nm radially polarised beam was successfully guided through the 300 µm core
of a 100 mm length of Yb-doped Nufern XLMA fibre without interacting with the
core/cladding interface using input beam parameters obtained from a model ex-
tended to higher-order modes. When pumped with a 155 W, 915 nm fibre-coupled
laser diode the radially polarised mode was amplified with a peak gain of 7.7 dB
for an 80 mW seed power and a maximum output power of 10.7 W for a 2.5 W seed
power. The radially polarised mode was visibly well maintained after amplification,
with the M2 increasing from 1.9 ± 0.1 to 2.1 ± 0.1 agreeing that the beam quality
was only slightly degraded. The radial polarisation purity was unchanged by the
amplification process.

The data from the amplification of a vortex LG01 mode showed that although
the mode was successfully propagated through the thermally guiding fibre-rod, a
significant amount of power held in modal impurities and thermal aberrations in
the input mode coupled into the fibre waveguide modes. The result was a visually
high quality thermally guided annular mode with a highly divergent multi-mode
component co-propagating with it. Gain measurements of the thermally guided
component and the focussed output of the entire fibre output confirmed that a large
amount of power was coupled to fibre modes and gave an indication that input
beam quality is an important consideration for the thermally guiding fibre-rod.

A potential limitation from ASE was discovered in this iteration of the thermally
guiding fibre-rod. A significant power in broadband emission was detected and
explains a roll-over in signal gain observed in all of the amplification experiments.
However, a large number of changes can be made to the fibre, input mode and exper-
imental parameters to mitigate against this ASE. In addition, the thermally guiding
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fibre-rod gives the ability to spatially filter the ASE, as it has a high divergence com-
pared to the thermally guided signal light - this will be a key advantage in future
multi-stage amplification experiments.

The main advantage demonstrated with this fibre-rod amplifier is the preserva-
tion of the polarisation and beam quality of the input mode with extremely large
mode radii and good thermal performance. These benefits could provide a way to
mitigate many of the drawbacks experienced by other amplifier geometries. Future
experiments should explore the multi-stage amplification of higher-order modes at
higher seed and pump powers with longer fibre-rod device lengths, in addition to
exploring narrow linewidth or pulsed regimes of operation in order to evaluate the
full potential of the thermally guiding fibre-rod.
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Chapter 7

Conclusions

This research project began with broad aims: improve the obtainable quality and
power of Laguerre-Gaussian vector and vortex modes. The introduction and back-
ground, chapters 1 and 2, introduced current generation methods and the huge
range of applications of these exotic laser modes. The main limitations facing re-
searchers in the field and the key innovations were reviewed. By considering the
most pressing of these limitations, this thesis presented innovations in quantitative
beam quality diagnostics, generation methods, and amplifier architectures for annu-
lar modes.

The first experimental chapter in this thesis, and indeed the first experimental
work performed chronologically, was the construction of the first order radially
polarised and vortex Laguerre-Gaussian mode sources written in chapter 3. The
combination of existing techniques of gain shaping with an annular pump distribu-
tion, shaped via a capillary pump-delivery fibre, and thermally induced bifocussing
proved very successful in enabling a high quality radially polarised mode from a
free-space Yb:YAG laser. This source had an intensity profile very similar to a the-
oretical LG01 mode, and a high polarisation purity with a ‘radial polarisation ex-
tinction ratio’ of 100:1. The M2 parameter was measured to be 1.9 ± 0.1 on both
the x and y axis. The output power characteristics of this source exemplified one
of the problems of generating cylindrical vector modes through thermally induced
bifocussing. The highest power obtained at the optimum polarisation purity was
5.9 W. This source was very successful for its purpose; the output was a high quality
radially polarised LG01 mode that was used heavily in other experiments.

The other source documented in chapter 3 was the HG01 free-space Yb:YAG laser
that was converted to a vortex LG01 mode with an extracavity spherical mirror mode
converter. While the double pump-spot approach used to operate on a HG01 source
was initially developed by R. Uren and Q. Liu, an advancement to this method was
the very easy and robust technique of placing the pump delivery fibres of two fibre-
coupled laser diodes parallel alongside one another with the outer polymer layer
stripped from one fibre. This method of positioning the fibres produced pump spots
of the correct separation relative to the individual spot size in the case of commercial
105/125 µm core/cladding standard multimode fibre, without the need for complex
optomechanics or end-capping. The spherical mirror mode converter developed
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by R. Uren was used to produce an acceptable vortex LG01 mode with a clearly
observed handedness. Some impurities were visible in the obtained LG01 mode that
were judged to be a result of distortions induced by the significant thermal lensing
encountered in the Yb:YAG crystal, or inclusion of a small amount of other higher-
order modes. The output power of the HG01, and therefore converted LG01 mode,
was limited to 210 mW before the thermal lensing produced unacceptable distortions
in the mode, however the source could be pushed to an output of 2.5 W with a 57%
slope efficiency before the output power rolled off. Despite the difficulties facing the
generation of this vortex LG01 mode, it was suitable for study in further experiments.

As was explained in chapter 4, after encountering the problem of the lack of a
good quantified metric of transverse modal purity, the machine learning algorithm
BeamNet was developed that was able to provide modal composition predictions in
real-time through the use of only a suitable camera and computer. The concept of
a convolutional neural network and the training and development of BeamNet was
included in 4, followed by theoretical end experimental evaluations of its perfor-
mance. Somewhat astoundingly, BeamNet was able to predict the modal composition
of 7384 previously unseen synthetic intensity profiles of incoherent superpositions
of transverse modes in 340 ms, regardless of the number of modes, meaning the av-
eraged computation time for a single image was just 49 µs. This represented a three
order of magnitude decrease in computation times compared to the next best numer-
ical method. The normalised root mean squared error established from this valida-
tion data set competed well with other methods, with values of 5.2% for a network
trained on 10 modes, and 1.4% when trained on three modes. BeamNet was initially
experimentally tested on the radially polarised source from chapter 3, proving suit-
able as a quantified alignment aid metric. A more thorough experimental test was
the active stabilisation of a radially polarised Ho:YAG source with BeamNet being
used to generate an error function for a feedback loop. The Ho:YAG laser exhibited
variable transverse modes in the output when the pump power was varied; the out-
put was robustly locked to either a fundamental mode or a radially polarised LG01

mode when the feedback loop was active. BeamNet is therefore a very promising
candidate for quantifying the modal composition of a laser with very little special-
ist equipment and at camera-limited measurement frequencies. Suggested further
developments should include the modelling of the near and far-field behaviour of
superpositions of transverse modes and the subsequent training of BeamNet to more
accurately diagnose modal composition through intensity profile analysis at mul-
tiple axial positions. The network structure itself could likely be optimised using
more advanced methods and expertise. It would not take an extraordinary amount
of work to implement convolutional neural networks like BeamNet into a robust
and accurate measurement system for improved quantification of transverse laser
modes, and into a wide range of laser systems. It would be particularly suited to
application in beam shaping systems for industrial laser processing.

The use of a spatially variant waveplate (S-waveplate) fabricated using a refined
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femotosecond direct laser writing process inside the cavity of a Nd:YVO4 laser was
reported in chapter 5. The laser was designed to preferentially operate on a linearly
polarised mode with a LG01 intensity profile, and indeed a high quality annular
mode with a linear polarisation extinction ratio of 280:1 was obtained at a maximum
combined output power of 1.5 W at a 47% slope efficiency. The introduction of the
S-waveplate in the cavity had the effect of causing the cavity to operate on a dif-
ferent mode either side of the waveplate. For this reason, the laser was built with
two output couplers. A radially polarised LG01 mode with a high radial polarisa-
tion extinction ratio of 35:1 was obtained from one output and a linearly polarised
output with a LG01 intensity profile from the other output. With the S-waveplate
in the cavity the linearly polarised output had a polarisation extinction ratio of just
3:1. Both outputs had visual imperfections in the intensity profile as a result of the
inclusion of the S-waveplate. Measurements of the M2 parameter was were not con-
clusively increased by the inclusion of the S-waveplate, however the measurements
were inconsistent values between 2.1 and 2.6 depending on the axis and output. The
distortions added to the output modes by the S-waveplate were judged to have been
caused by a slightly sub-optimal retardance distribution of the S-waveplate, which
could be easily fine-tuned in future devices. The additional loss of the S-waveplate
relative to the substrate it was written in was measured using a Findlay-Clay anal-
ysis to be just 0.4%. The fact that the S-waveplate induced such a small additional
loss to the laser cavity gives a great deal of hope for the future use of this device in
direct generation of high power radially polarised modes.

Finally, the radially polarised and the vortex Laguerre-Gaussian sources from
chapter 3 were amplified in a thermally guiding fibre-rod as described by chapter 6.
Both beams were successfully thermally guided through the 300 µm diameter core
of the 100 mm long Yb-doped fibre-rod without relying on the in-built fibre waveg-
uide for propagation. The peak gain obtained from this proof-of-concept fibre-rod
amplifier was 7.7 dB, while the highest output power obtained was 10.7 W from a
2.5 W radially polarised seed. There was a large roll-off in the gain at the high-
est pump powers; the roll-off was thought to be due to significant ASE build up
due to the measurement of several Watts of broadband emission from either end
of the amplifier. The radially polarised mode was amplified with very little visual
change in the intensity profile, with a minor distortion introduced, as evidenced by
the M2 increasing from 1.9 to 2.1 after amplification. The radial polarisation extinc-
tion ratio was unchanged when measured before and after amplification. The vortex
Laguerre-Gaussian mode, while successfully amplified in a preliminary experiment,
lost power to waveguide modes. Due to the visual observation that impurities of the
input mode were removed after propagation through the fibre-rod, it was theorised
that these impurities did not satisfy the carefully calculated guidance condition for
the LG01 mode and were therefore coupled into waveguide modes. Overall, the ther-
mally guiding fibre-rod was shown to be very capable of amplifying annular modes
with very little degradation added to the output, although the input beam quality
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requirements should be carefully studied and quantified in future experiments. The
extremely large mode area and good thermal performance of the thermally guiding
fibre-rod amplifier geometry should prove a promising candidate for the scaling of
annular modes to much higher powers. Suggested future works should check the
viability of longer device lengths, could include the amplification of pulsed annu-
lar mode sources, or demonstrate multi-stage amplification using several thermally
guiding fibre-rods with spatial filters in between each stage to prevent ASE build-up.

Ultimately, this thesis has described the current state of research into generat-
ing high quality annular modes at significant output powers, identified several key
problems and contributed novel research towards analysis, generation and ampli-
fication methods for these modes. With such a wealth of applications and recent
advances there is a good deal of optimism that vortex and vector Laguerre-Gaussian
modes will become commonplace in commercial, industrial and research environ-
ments.

An incredible amount was learned during the experimentation and writing of
this thesis, hopefully this has been conveyed to the reader together with inspiration
for their own work. Although this thesis is now at its end, it may serve as a begin-
ning for others to produce some excellent research on these fascinating laser modes.
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