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Abstract Scattered wave imaging provides a powerful tool for understanding Earth's structure. The
development of finite frequency kernels for scattered waves has the potential for improving the resolution
of both the structure and magnitude of discontinuities in S-wave velocity. Here we present a 2-D analytical
expression for teleseismic P-to-S and S-to-P scattered wave finite-frequency kernels for a homogeneous
medium. We verify the accuracy of the kernels by comparing to a spectral element method kernel calculated
using SPECFEM2D. Finally, we demonstrate the ability of the kernels to recover seismic velocity
discontinuities with a variety of shapes including a flat discontinuity, a discontinuity with a sharp step, a
discontinuity with a smooth bump, and an undulating discontinuity. We compare the recovery using the kernel
approach to expected recovery assuming the classical common conversion point (CCP) stacking approach. We
find that the P-to-S kernel increases recovery of all discontinuity structures in comparison to CCP stacking
especially for the shallowest discontinuity in the model. The S-to-P kernel is less successful but can be useful
for recovering the curvature of shallow discontinuity undulations. Finally, although we observe some variability
in the amplitude of the kernels along the discontinuities, the kernels show some potential for recovering the
magnitude of the velocity contrast across a discontinuity.
Plain Language Summary Seismic waves convert from compressional waves to shear waves and
vice versa at sharp discontinuities in seismic velocity. These conversions are useful for tightly constraining
the structure and properties of the seismic velocity discontinuities, and this can be used to better determine
the physical and chemical properties of the Earth. Typical approaches that use the converted phases to
constrain discontinuities assume that the discontinuities are relatively flat, and migrate the converted phase
energy to depth, stacking the converted phase energy on a grid. However, discontinuities may have significant
topography, for instance in subduction zones or beneath hotspots, rifts, or ridges. There are several different
approaches to account for such topography with varying degrees of success and also computational cost.
One approach is to use the theoretical sensitivity kernels to distribute the converted phase energy in space.
Here we present analytical sensitivity kernels for converted phases and assess their ability to recover strong
discontinuity topography. The approach is very fast and computationally efficient. The compressional to shear
kernel successfully retrieves all shallow discontinuity structures, while the shear to compressional kernel may
be useful for constraining discontinuity curvature in certain circumstances.
1. Introduction
Scattered waves are useful for constraining Earth's discontinuities from the crust to the lower mantle. Receiver
functions calculated from teleseismic P-to-S and/or S-to-P conversions are particularly successful in imaging the
Moho and crustal anisotropic layers (Chichester et al., 2018; Ligorria & Ammon, 1999; Owens & Zandt, 1985;
Park & Levin, 2000; Schulte-Pelkum et al., 2005), upper mantle structure such as the lithosphere-asthenosphere
boundary, the mid-lithospheric discontinuity and discontinuities related to anisotropic lithospheric layering
(Audet, 2016; Ford et al., 2010; Lekic et al., 2011; Levander et al., 2006; Li et al., 2004; Possee et al., 2021;
Rychert & Shearer, 2009; Rychert et al., 2005), as well as the mantle transition zone discontinuities (Agius
et al., 2017, 2021; Lawrence & Shearer, 2006; Shen et al., 1998; Tauzin et al., 2008). For imaging discontinuities,
the simplest and most common approach is to use common conversion point (CCP) stacking, that is, migration
of receiver funtions to depth through an assumed velocity model before stacking (Angus et al., 2009; Dueker &
Sheehan, 1997; Rychert et al., 2012). The method assumes a 1-D layered velocity structures with little topography, where Snell's law and ray theory are valid. However, in some regions, strong topography and dip angles are
expected. For instance, strong undulations in Moho depths can occur beneath subduction zone arcs, hotspots, and
rifts (Hammond et al., 2011; Lavayssiere et al., 2018; Rychert et al., 2018; Schlaphorst et al., 2021). The raypaths
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of the conversions from strongly dipping topography may be quite different from those assumed by CCP stacking
(Lekic & Fischer, 2017). Therefore, tight constraints on discontinuities with strong topography have proven challenging. Better approximations to elastic wave physics are required.
Several approaches have been developed to account for heterogenous velocities in receiver function imaging to
better illuminate more complex structures. Post-stack one-way wave equation migration includes 3-D filtering
to account for lateral heterogeneities (Chen et al., 2005). Pre-stack depth migration involves stacking waveforms
onto surfaces of constant delay time (Cheng et al., 2016; Levander, 2003; Millet et al., 2019; Poppeliers &
Pavlis, 2003a, 2003b; Sheehan et al., 2000; Wilson et al., 2003). The generalised radon transform (GRT) approach
uses this approach for the forward problem and inverts for scattering potential relative to a 1-D background model
(Bostock et al., 2001; Liu & Levander, 2013; Rondenay et al., 2001; Shragge et al., 2001).
Full-waveform modeling and inversion can be used to invert for complex and/or heterogeneous structures,
although it is more computationally expensive. Various simplifications for solving for wave propagation have
been proposed to reduce the computational costs, for instance by using analytical solutions or reducing the simulation domains (Leng et al., 2016, 2019; Monteiller et al., 2013, 2015; Nissen-Meyer et al., 2014; Tong, Chen
et al., 2014, Tong, Komatitsch et al., 2014). These approaches are becoming more common but are still computationally intensive compared to the other methods discussed here for the S-to-P or P-to-S kernel calculations.
Central to full-waveform and ray theoretical inversion schemes are the sensitivity kernels that relate the scattered
phases or receiver functions to the theoretical predictions for the spatial sensitivity to changes in Earth structure.
These kernels are implicit in the constructions discussed above.
Recent work has explicitly presented the finite frequency kernels for scattered waves using the kernel formulated
in the work of Bostock et al. (2001) and Dahlen et al. (2000), including work by Mancinelli and Fischer (2018),
Hansen and Schmandt (2017) and Bogiatzis et al. (2022). The kernels were calculated via ray tracing through a
layered model (Mancinelli & Fischer, 2018), using the fast marching method and assuming geometrical spreading for a homogeneous medium (Hansen & Schmandt, 2017; Hua et al., 2020), and using the shortest path
method and Dijkstra's algorithm and accounting for geometrical spreading in heterogeneous media (Bogiatzis
et al., 2022). The fast marching and shortest path methods provide a means for efficient raytracing which is
required to calculate kernels based in ray theory. The fast marching method is a means of rapidly solving eikonal
equation problems by monotonically advancing fronts to obtain traveltime fields (Sethian, 1996). The shortest
path method uses Dijkstra's algorithm (Dijkstra, 1959) to calculate the traveltime fields between points in a graph
or network (Bogiatzis et al., 2021).
Recent work has revealed several advantages and limitations of using finite frequency kernels for scattered wave
conversions. The kernels were applied to synthetic full-waveform receiver functions to illustrate the recovery
of structures such as undulating discontinuities (Bogiatzis et al., 2022; Mancinelli & Fischer, 2018), sharply
dipping discontinuities (Hua et al., 2020), and subduction zone structures (Hansen & Schmandt, 2017). The
work of Mancinelli and Fischer (2018) showed that discontinuities with 100–200 km wavelength and topography of ±10–20 km can be recovered for secondary discontinuities, for example, discontinuities beneath the
Moho, by S-to-P kernels if the kernel are calculated through a layered structure that resembles the real structure.
However, S-to-P was not able to recover larger topography or higher frequency undulations. The study of Hansen
and Schmandt (2017) demonstrated the ability of the P-to-S kernels to recover dipping vertical subduction zone
topography, with S-to-P being less successful. The work of Hua et al. (2020) demonstrated that the S-to-P kernel
can be used to image discontinuities with dips of <20° and also dips of 40–50° with careful weighting and an
optimal station geometry. The study of Bogiatzis et al. (2022) demonstrated that P-to-S and S-to-P kernels can
recover Gaussian topography with an amplitude of 20 km with minimal artifacts, the P-to-S kernel recovers
sinusoidal topography with an amplitude of ±20 km and a wavelength of 200 km well, and the S-to-P kernel
can recover the curvature of the sinusoid. The work of Bogiatzis et al. (2022) also demonstrated that accounting
for heterogeneous structure can lead to up to a 30% improvement in waveform amplitudes in comparison to the
assumption of geometric spreading for a homogeneous Earth in a subduction zone setting. The approaches of
Hansen and Schmandt (2017) and Mancinelli and Fischer (2018) focused in particular on the imaging problem
rather than the recovery of the magnitudes of the velocity discontinuities, and all four studies required moderate
amounts of computational cost. In addition, scattered wave finite frequency kernels have been applied to discontinuities as deep as the mantle transition zone (Zhang & Schmandt, 2019; Zhou, 2018).
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Figure 1. Coordinate schematic. The cartesian x- and z-axes are indicated,
with the station located on the origin (red triangle). The distance and angle
between the origin and the scattering point are described by the cylindrical
coordinates R and ϕ, respectively. The incident plane wave (blue) and
associated angle measured from horizontal (θ) are shown.
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Here we present a closed form of the 2-D analytical P-to-S and S-to-P scattered wave finite frequency kernels. These kernels assume a homogeneous
Earth, and therefore do not include the effects of structural heterogeneity
like the previously described approaches. Although the kernels could easily
be extended to 3-D, we investigate the 2-D case here, as a first step and for
the sake of simplicity and also given that many tectonic environments, for
instance rifts (e.g., Armitage et al., 2015; Chambers et al., 2021, 2019; Lavayssiere et al., 2018; Rychert et al., 2012), ridges (e.g., Harmon et al., 2020,
Harmon, Wang et al., 2021, 2018; Agius et al., 2021, 2018; Eakin et al., 2018;
Rychert et al., 2021, 2018; Rychert et al., 2020; Saikia et al., 2021b, 2021a;
Wang et al., 2020), or subduction zone trenches (e.g., Harmon et al., 2013,
Harmon, Rychert et al., 2021, 2008; Chichester et al., 2020; Cooper
et al., 2020; Harmon & Rychert, 2015; Rychert et al., 2008; Schlaphorst
et al., 2021; Syracuse et al., 2008) are often characterized by at least some
structures that are expected to be relatively 2-D. The idea is to determine the
utility of using the simplest and computationally efficient way to implement
a kernel and also recover the magnitude of velocity discontinuities. We verify
the kernels against kernels calculated using SPECFEM2D (Komatitsch
et al., 2012; Tromp et al., 2008). We evaluate the ability of these analytical
kernels to recover a variety of discontinuity structures in comparison to classical CCP approaches.

2. Methods
2.1. 2-D Analytical Solutions for P-to-S and S-to-P Scattered Waves for a Homogeneous Medium
We begin with the Fourier transform of the wave equation and assume an isotropic homogeneous medium:
)
(
4
−𝜌𝜌𝜌𝜌2 𝐮𝐮(𝜔𝜔) = 𝜅𝜅 + 𝜇𝜇 ∇2 𝐮𝐮(𝜔𝜔) − 𝜇𝜇∇ × ∇ × 𝐮𝐮(𝜔𝜔) + 𝐟𝐟(𝜔𝜔)
(1)
3

where 𝐴𝐴 is density,
𝐴𝐴
𝐴𝐴
𝐴𝐴 is angular frequency,
𝐴𝐴
𝐮𝐮 (u, v) is the displacement vector,
𝐴𝐴
𝐴𝐴𝐴𝐴 and 𝐴𝐴 are the bulk and shear elastic moduli, respectively, and f is the body force of the initial source. We use a polar coordinate system
𝐴𝐴
𝐗𝐗 (R, 𝜙𝜙),
where R is radius and ϕ is the angle from the x-axis in a Cartesian coordinate system (Figure 1). The receiver is
located at R = 0. Finite frequency kernels can be constructed from a forward solution for a presumed incoming
plane wavefield u and a scattered adjoint wavefield
𝐴𝐴
𝐮𝐮† that consists of the simultaneous, time-reversed signal
from the receiver, that is, as if the receiver were a simultaneous, fictitious source (Liu & Tromp, 2006; Tromp
et al., 2005). Based on first-order perturbation theory the single frequency sensitivity kernels for λ and μ can be
expressed as:
K𝜇𝜇 (𝜔𝜔𝜔 𝐗𝐗) = 2𝜇𝜇𝑫𝑫 † ∶ 𝑫𝑫
(2)
(
)
K𝜅𝜅 (𝜔𝜔𝜔 𝐗𝐗) = 𝜅𝜅 ∇ ⋅ 𝒖𝒖† (∇ ⋅ 𝒖𝒖)
(3)

where 𝐃𝐃 and 𝐃𝐃† denote the strain deviator and its adjoint, respectively.
𝐴𝐴
And in terms of S-wave speed (Vs) and P-wave speed (Vp):
]
[
4𝜇𝜇
K𝜅𝜅 (𝜔𝜔𝜔 𝐗𝐗)
KVs (𝜔𝜔𝜔 𝐗𝐗) = 2 K𝜇𝜇 (𝜔𝜔𝜔 𝐗𝐗) −
(4)
3𝜅𝜅



KVp (𝜔𝜔𝜔 𝐗𝐗) = 2

(

𝜅𝜅 + 34 𝜇𝜇

)

K𝜅𝜅 (𝜔𝜔𝜔 𝐗𝐗)

𝜅𝜅

where Kκ is zero because the divergence of a S-wave field is zero (Equation 3). This means that KVp is also zero.
This is true for S-to-P imaging because the source is an S-wave, and it is true for P-to-S because the adjoint is
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an S-wave. It is also consistent with previous work that reported no Vp dependence for scattered wave imaging
(Bank & Bostock, 2003; Rychert et al., 2007). For the wavefields for the scattered wave system, we assume an
incoming shear plane wave of amplitude A, in the 2-D plane and a forward scattering to the receiver at R = 0.
For P-to-S, the incoming 2-D plane wave displacement at any point in X at a given P-wave slowness
(sin(𝜙𝜙V − 𝜃𝜃) ) at
𝐴𝐴
p

a given𝐴𝐴angle 𝐴𝐴, corresponding to the angle of the incident plane wave from horizontal (taken from the positive
x direction) is given by:
(
)⎡
⎤
⎤
⎡
⎢ u(𝜔, 𝐗) ⎥ = A(𝜔)exp − i𝜔Rsin(𝜙 − 𝜃) ⎢ cos(𝜃) ⎥
(5)
⎢ v(𝜔, 𝐗) ⎥
⎢ sin(𝜃) ⎥
Vp
⎦
⎦
⎣
⎣

The adjoint or incoming scattered S-wavefield due to an applied unit adjoint force𝐴𝐴in the 𝐴𝐴 direction to the receiver
can be described in 2-D as:
( )
⎡ (1) ( 𝜔R ) cos(2𝜙 − 𝜃) − cos(𝜃)
cos(2𝜙 − 𝜃) ⎤
(1) 𝜔R
⎤
⎡ †
H0 V
−
H
⎢
⎥
u
(𝜔,
𝐗)
1i
2
2VS
VS
†
S
⎥
⎢
= A (𝜔)
( ) R𝜔
( )
(6)
⎢ v† (𝜔, 𝐗) ⎥
4𝜌VS ⎢⎢ H(1) 𝜔R sin(2𝜙 − 𝜃) − sin(𝜃) − H(1) 𝜔R sin(2𝜙 − 𝜃) ⎥⎥
⎦
⎣
2
2VS
VS
R𝜔
⎣ 0 VS
⎦

where H0,2 (1) are Hankel functions of the first kind of 0th and 2nd order and are Green's functions for P- and
S-waves in 2-D
𝐴𝐴 and A† is the adjoint source amplitude (Sanchezsesma & Campillo, 1991). Substituting Equations 5 and 6 into Equations 2–4, we get:
)[
(
)( 2
𝜔 (sin(3𝜙 − 3𝜃) + sin(𝜙 − 𝜃))
−i𝜔Rcos(𝜙 − 𝜃)
𝜔R
H(1)
1
VP
Vs
4VP VS
)
(
)
]
2VS sin(3𝜙 − 3𝜃)
𝜔R 𝜔 sin(3𝜙 − 3𝜃)
−
+ H(1)
0
Vs
VP R
VP R2

KVs (𝜔, 𝐗) = A(𝜔)A† (𝜔)exp



(

(7)

H1 (1) is the Hankel function of the first kind of 1st order. The unit of this kernel (Equation 7) is [m −2]. To produce
the kernel for a traveltime misfit kernel we multiply the sum of kernels over all frequencies by the time series
length of the adjoint source, T:
∑N
(8)
KVS (t, 𝐗) = T 2 KVS(𝜔i , 𝑿)
i=2

For the S-to-P case the incoming plane wavefield is described by a S-wave horizontal slowness
𝐴𝐴 of ( sin(𝜙𝜙V − 𝜃𝜃) ):
s

(
)⎡
⎡
⎤
⎤
i𝜔Rsin(𝜙 − 𝜃) ⎢ sin(𝜃) ⎥
u(𝜔, 𝐗) ⎥
⎢
= A(𝜔)exp −
(9)
⎢ v(𝜔, 𝐗) ⎥
⎢ −cos(𝜃) ⎥
Vs
⎣
⎦
⎦
⎣

And the adjoint field is given by:
( ) ⎤
⎡ ( (1) ( 𝜔R ))
𝜔R
⎤
⎡ †
H0 V
cos 𝜃 − cos(2𝜙 − 𝜃)H(1)
⎢
⎥
u
(𝜔,
𝐗)
1
2
VP
†
P
⎥ = A (𝜔)
⎢
(
(
(
))
) ⎥
(10)
⎢
⎢ v† (𝜔, 𝐗) ⎥
(1) 𝜔R
8i𝜌V2P ⎢ H(1) 𝜔R
⎥
sin 𝜃 − sin(2𝜙 − 𝜃)H2 V
⎦
⎣
0
VP
P
⎣
⎦

(Sanchezsesma & Campillo, 1991). Applying Equations (2) and (4) to (9) and (10) gives the S-wave velocity
kernel for S-to-P:
)[
(
)( 2
𝜔 (sin(3𝜙 − 3𝜃) + sin(𝜙 − 𝜃))
−i𝜔Rcos(𝜙 − 𝜃)
𝜔R
H(1)
1
Vp
Vs
4Vp Vs
)
(
)
]
2VS sin(3𝜙 − 3𝜃)
𝜔R 𝜔 sin(3𝜙 − 3𝜃)
−
+ H(1)
0
Vs
VP R
VP R2

KVs (𝜔, X) = A(𝜔)A† (𝜔)exp
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Figure 2. The P-to-S𝐴𝐴kernel (𝐾𝐾𝑉𝑉𝑠𝑠 ) calculated analytically in comparison to the P-to-S kernel calculated using SPECFEM2D.
The kernels are for a homogeneous medium. We present: (a) the analytical kernel, (b) the SEM kernel, and (c) the difference
between the analytical and SEM kernels.

2.2. Models, Source, Adjoint Source, and Mesher
The analytical kernel solution is for a homogeneous background model. The material properties of the homogenous model are: ρ = 2,500 kg m −3, Vp = 6.12 km s −1, and Vs = 3.5 km s −1. The analytical kernel is calculated
on a 1 km by 1 km grid.
To verify the analytical kernels we use the SPECFEM2D package to calculate Fréchet kernels, the first-order
derivatives of the seismic misfit functional with respect to the model parameters, which are expressed in wave
speed and density (Tromp et al., 2005). The full-waveform misfit P-to-S kernel for a two-layer model is shown in
the work of Tong, Chen, et al. (2014). We show the full-waveform S-to-P kernel for a two-layer model calculated
using SPECFEM2D for comparison (Figure S1). The full-waveform kernel has sensitivity to both Vp and Vs and
is comprised of both an S-to-P scattered wave kernel component, such as that presented here (Figures 2–5), and
also “banana-doughnut” shaped kernel components, such as those used for direct P- and S- waves. The additional
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Figure 3. The difference between the analytical and the SEM P-to-S kernels
𝐴𝐴
(𝐾𝐾𝑉𝑉𝑠𝑠 ). We show (a) the maximum difference between the two kernels at every horizontal
position and (b) individual cross sections through the kernel. The analytical kernel cross sections are in dashed cyan, and the SEM cross-sections are in black. The
largest difference is caused by the fact that the SEM simulation also includes an artificial adjoint P-wave component, which also interacts with the incoming P-wave.
This component is not included in the analytical kernel. The remaining small oscillatory differences are caused by the interpolation of the SEM kernel onto a regular
grid.

sensitivity, in comparison to the kernels used here, arises from the interaction of the forward scattered P-wave
and the adjoint P-wave source, which gives sensitivity of the waveform to Vp heterogeneities in the upper layer; a
similar component sensitivity is visible in the lower layer in the Vs kernel where the forward propagating S-wave
interacts with the scattered S-wave from the adjoint P-wave source at the interface.
Without a velocity discontinuity, SEM calculations do not produce a scattered phase that can be used as the
adjoint source for the kernel calculation. The adjoint source and full-waveform kernel for a homogeneous medium
are zero. The full-waveform kernel for the case of an actual two-layer model includes additional sensitivity in
comparison to our kernel as discussed in the previous paragraph (Figure S1). Therefore, a different approach is
needed to construct the kernel for a hypothetical discontinuity relative to a homogeneous background model,
that is, the scenario under which our analytical kernels are constructed for scattered waves. The kernel for a
hypothetical discontinuity can be constructed by running SPECFEM2D simulations for adjoint sources at many
points throughout the model domain to populate the kernel for a given time delay and incidence angle, that is,
essentially assuming that every point in the model is a scatterer (Mancinelli & Fischer, 2018). We use an alternative approach. We implement a Ricker wavelet with the dominant frequency of 0.25 Hz rotated perpendicular to
the P-wave arrival angle as the adjoint source for P-to-S in SPECFEM2D. We do the same for the S-to-P adjoint
source but rotating into the S-wave arrival angle. The interaction between the adjoint and the incident plane wave,
also a Ricker wavelet with a dominant frequency of 0.25 Hz, in the SEM simulation gives a scattered wave kernel
for a theoretical discontinuity at a given offset that is suitable for benchmarking and comparison purposes. This
approach involves one forward and one adjoint simulation for each kernel, and therefore is a relatively efficient
way of verifying our analytical kernels. The amplitudes of the source and adjoint source wavelets are the same
and normalized by the sum of the spectral amplitude at all frequencies. This allows for simple and direct comparison with the SEM kernels. This results in a scattered wave traveltime misfit kernel equivalent to our analytical
kernels shown in Figures 2−5. The amplitude of the adjoint source
𝐴𝐴
A† (𝜔𝜔) and source A(ω) are normalized and
dimensionless, so the resulting kernel in Equation 8 is a traveltime kernel and has units [s m −2]. The adjoint
source in Equations 6 and 10 for the traveltime kernel has units of [s 2 m kg −1]. Source and adjoint amplitudes are
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Figure 4. The S-to-P𝐴𝐴kernel (𝐾𝐾𝑉𝑉𝑠𝑠 ) calculated analytically in comparison to the S-to-P kernel calculated using SPECFEM2D.
The kernels are for a homogeneous medium. We present: (a) the analytical kernel, (b) the SEM kernel, and (c) the difference
between the analytical and SEM kernels.

not normalised in the kernels used in the recovery tests, which is required to recover the magnitude of velocity
discontinuities, and this results in different units, which we will discuss in greater detail in subsequent sections.
We examine the ability of the 2-D analytical kernels to recover Earth structure. To create synthetic seismogram
predictions we run SPECFEM2D simulations through a two-layer model with a variety of discontinuity topographies. The two-layer models assume the properties of the homogeneous model for the shallow layer and the
following properties for the deeper layer: ρ = 3,300 kg m −3, Vp = 8.1 km s −1, and Vs = 4.5 km s −1, in other words,
causing a discontinuity associated with a 28% velocity increase with depth. We examine the ability of the analytical kernels to resolve four different boundary topographies: a flat layer at 100 km depth, a sinusoidal topography
with a wavelength of 200 km and amplitude of ±20 km centered at a depth of 100 km, a discontinuity at 50 km
with a 20 km step down step over 20 km distance, and a discontinuity at 100 km depth with a 20 km high bump
characterized by a Gaussian with σ = 35 km. The previously described discontinuities avoid potential artifacts
from free-surface multiples that arrive after the direct P-to-S conversion, since the multiples arrive much later.
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Figure 5. The difference between the analytical and the SEM S-to-P kernels
𝐴𝐴
(𝐾𝐾𝑉𝑉𝑠𝑠 ). We show (a) the maximum difference between the two kernels at every horizontal
position and (b) individual cross sections through the kernel. The analytical kernel cross sections are in dashed cyan, and the SEM cross-sections are in black.

However, we also test the Gaussian bump with σ = 35 km and amplitude of 15 km in depth and the sinusoid with
a wavelength of 200 km and amplitude of ±20 km at a depth of 30 km to evaluate recovery at realistic Moho
depths. The tests also allow us to evaluate variability in recovery with depth and also potential artifacts from the
multiples. Finally, we test a model with a flat Moho at 30 km depth and a deeper drop in velocity, a lithosphere-asthenosphere boundary phase at 80 km depth with a step down of 20 km over 20 km distance. The Moho velocity
contrast is the same as that of the single discontinuity tests and the layer beneath the lithosphere-asthenosphere
boundary has a Vp = 7.92 km s −1, Vs = 4.05 km s −1, and ρ = 3,300 kg m −3, in other words, creating a discontinuity
characterized by a 10% velocity decrease with depth. This final test is to evaluate the recovery of features deeper
than the shallowest discontinuity.
To calculate synthetic data through these models we use the internal mesher of the SPECFEM2D package. For
P-to-S we use plane waves with incidence angles of 29° and 32°. For S-to-P we use plane waves with incidence
angles of 23° and 26°. These angles are within the typical range used in receiver function studies, which vary
from approximately 23°–40° for P-to-S and 25°–33° for S-to-P. Including additional angles would improve recovery. Due to symmetry we are able to illuminate the structures using the two simulations by reflecting the kernels
on a vertical symmetry axis. We use a 4 s dominant period Ricker source wavelet for all simulations. We place
400 spectral elements in the horizontal direction and 360 elements in the vertical direction, leading to ∼500 and
∼250 m grid spacing in the horizontal and vertical direction, respectively. We use five Gauss–Lobatto–Legendre
points per element. The time interval dt for the simulation is set to 0.01 s and a total number of 10,000 time steps
are used.
We use synthetic seismograms from 151 stations located from 50 to 350 km distance in the model, spaced every
two km. We apply a free-surface transform to the data (Bostock, 1998). The parent phase is windowed with a 6 s
Tukey window. The daughter phase has a mute applied during the 6 s of the parent phase arrival. The windowed
and muted daughter component is Fourier transformed and used to calculate the kernel. We use the velocity of
the shallow layer to calculate the kernels. The kernels are constructed for all combinations of sources and stations
and then stacked.
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We then estimate δVs/Vs from the synthetic seismograms by performing one step in the conjugate gradient
method. We calculate the misfit or objective function, χ 2, from the daughter phase in the free-surface transformed
data by summing the absolute value squared of the Fourier transformed data:
∑M ∑NFFT∕2 †
2
(12)
𝜒2 = T
|Aj (𝜔i ) |
j=1

i=1

where M is the number of seismograms and NFFT/2 is the half number of frequencies in the Fourier transform.
Equation 12 is a full-waveform misfit function.
The change in the misfit function due to relative changes in the material properties is given by:
(
)
𝛿𝛿𝛿𝛿
𝛿𝛿Vs
𝛿𝛿VP
2
dxdz
+
K
+
K
𝛿𝛿𝛿𝛿
=
K
(13)
VP
𝜌𝜌
VS
∬
Vs
VP
𝜌𝜌

and we seek to minimize, χ 2 with changes to the material properties via:
𝜒𝜒 2 + 𝛿𝛿𝛿𝛿 2 = 0
(14)

We ignore the Vp and ρ terms in δχ 2. In the construction
𝐴𝐴 of KVS used for the recovery tests the units of the adjoint
source amplitude
𝐴𝐴
A† (𝜔𝜔) and source amplitude, A(ω), are [m] as they are unnormalized seismograms (unlike those
in Figures 2–5) and the adjoint unit (Equations 6 and 10) is [s 2 m 2 kg −1]. The𝐴𝐴final KVS unit is [s]. We are only
using the P-to-S and S-to-P forward scattered wave components here, that is, excluding the additional P-to-P and
S-to-S components typically included in full-waveform kernels such as that shown in Figure S1.
We then assume that δVs/Vs is proportional to the negative of the stacked misfit kernel, p = −KVs Stackeddxdz,
where KVs Stacked is the column vector of the stacked kernel, and solve for a coefficient ν (step size in the conjugate
𝛿𝛿V
gradient) that minimizes the misfit function 𝐴𝐴
where V s = 𝜈𝜈𝐩𝐩:
s

𝜒𝜒 − 𝜈𝜈𝐩𝐩𝐓𝐓 𝐩𝐩 = 0
(15)
2

𝜒𝜒 2
𝜈𝜈 = 𝐓𝐓
(16)
𝐩𝐩 𝐩𝐩

Although using further iterations, instead of the one step conjugate gradient approach could potentially increase
recovery, additional forward simulations would be required to update the misfit functions at greater computational cost. Therefore, our approach could be useful as an efficient first step in a more computationally intensive
workflow.
For comparison purposes we also generate CCP stacks from the synthetic data. We apply a free-surface transform
to the data, and the data are windowed in the same way described above. The receiver function is calculated by
spectral division of the daughter component by the parent component. The data are migrated through a homogeneous velocity model with a 1 × 1 km bin size assuming the velocity of the shallow layer described above and
stacked. We apply a lateral smoothing to the final image of 25 km, an approximation to Fresnel zone smoothing,
similar to that used in previous work (Rychert et al., 2012). We flip the polarity of the S-to-P CCP stacks to make
the images consistent with P-to-S as typically done in previous work (Rychert et al., 2012).

3. Result
3.1. Kernel Results
The analytical and SEM P-to-S scattered wave kernels for a conversion with delay time of 10 s are shown in
Figure 2. The P-to-S kernels curve back toward the receiver. The P-to-S analytical kernel is similar to that from
SEM. The main difference between the two is that the SEM kernel has additional linear bands extending away
from the receiver location outside the central kernel structure. These are artifacts of implementing an adjoint
S-wave source with a Ricker wavelet, since it cannot be done easily in an elastic SEM code without also causing
a P-wave component. The artifacts are caused by the P-wave component of the adjoint source interacting with
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the incident planar P-wave. Excluding the artifacts there is an excellent match in terms of the remaining portion
of the kernel, with differences typically more than an order of magnitude smaller than the kernel (<10 −10 s m −2
vs. 4 × 10 −9 s m −2) (Figure 3). The small oscillatory differences are the result of interpolation of the SEM kernel
onto a regular grid.
The analytical and SEM S-to-P scattered wave kernels for a conversion with delay time of 10 s are shown in
Figure 4. The kernels show the distinctive “boomerang” pattern with low sensitivity near the ray theoretical
conversion point, and long tails of sensitivity extending in two directions away from the receiver, one at a
sub-horizontal angle and the other at a steeper angle (Hansen & Schmandt, 2017; Mancinelli & Fischer, 2018).
The tails in both the SEM and analytical kernels decrease in amplitude away from the conversion point. Again
there is good agreement between the analytical kernel and the SEM kernel, with differences that are an order of
magnitude smaller than the kernel (<10 −10 s m −2 vs. 4 × 10 −9 s m −2) (Figure 5). As with P-to-S kernels the small
differences between the analytical and SEM kernels result from the interpolation of the SEM result onto a regular
grid. There are no artifacts in this case, since the adjoint S-wave is delayed relative to the incoming plane S-wave
and therefore has no interaction with the adjoint.
The shapes of the kernels reflect the differential traveltime isochrons. The differences in the curvature between
the P-to-S and S-to-P scattered wave kernels reflect the differences between the relative velocity of the scattered
phase compared to the direct arrival.
3.2. Recovery Results
The discontinuities are recovered as phase pairs (Figures 6–9), that is, a negative phase followed by a deeper
positive phase for a velocity increase with depth like the Moho or a positive phase followed by a deeper negative phase for a velocity decrease with depth like the lithosphere-asthenosphere boundary. This is the expected
model perturbation for recovery of a discontinuity relative to a homogeneous background and is typical for
scattered wave kernel imaging and in agreement with several other studies (Mancinelli & Fischer, 2018; Pearce
et al., 2012; Rondenay et al., 2001, 2008). Some studies apply a phase shift to the receiver functions in order
to recover a single phase centered on the discontinuity for ease of visualisation and interpretation (Hansen &
Schmandt, 2017; Hua et al., 2020), whereas other studies report that phase shifting results in further issues with
side lobes and instability (Mancinelli & Fischer, 2018). Regardless of how presented, scattered wave kernels such
as those presented here recover a change in velocity, rather than the absolute velocity of the layers. For instance, a
negative discontinuity, a velocity decrease with depth, could be caused by either a relatively fast shallow layer or
a relatively slow deeper layer, and whether the former or the latter is the case is not recovered. The scattered wave
kernels are different from full-waveform kernels which provide information about perturbations from absolute
velocities (Tong, Chen, et al., 2014; Figure S1).
Both analytical P-to-S and analytical S-to-P kernels effectively recover flat discontinuities beneath the array
(Figures 6a and 7a). The velocity contrasts recovered are 14%–22% for P-to-S and 12%–27% for S-to-P in
comparison to the 28% input model. There are artifacts in the P-to-S kernel recovery at far distances and shallow
depths. These appear in all of the P-to-S images and could be mitigated by expanding the lateral extent of the seismic array or down-weighting the outer limits of the model. For the most part the kernel recovery of flat structure
is structurally just as good as that using the CCP stacking approach (Figures 6b and 7b).
Recovery of the step discontinuity is best for the case of the analytical P-to-S kernel (Figure 5c) in comparison
to the analytical S-to-P kernel (Figure 7c) and the P-to-S and S-to-P CCP stacking approach (Figures 5d and 7d).
The P-to-S kernel recovers the step well, including the sharp near vertical step edges. The magnitude of recovery
is 20%–29% along the entire step beneath the array in comparison to the 28% input model. The kernel recovery
of structure is better than the CCP stacking approach which only recovers the flat portions of the step model and
includes additional artifacts, with smearing past the lateral extent in the location of the step by 10–20 km. The
S-to-P kernel recovers the flat portions of the step discontinuity but not the near-vertical edges of the step. The
magnitude of the recovered discontinuity is up to 34% in the deeper portions of the step and up to 15% in the
shallower portions of the step in comparison to the 28% input model. In addition, the shallow and deep portions
of the S-to-P kernel result are artificially smeared beyond the location of the step edge by 40–50 km. The CCP
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Figure 6. Recovery of velocity discontinuities at 50–120 km depth using analytical P-to-S kernels (left) in comparison to the common conversion point stacking
approach (right). We present recovery of (a, b) a flat discontinuity at 100 km depth (c, d) a discontinuity with a step from 50 to 70 km depth over 20 km distance (e,
f) a discontinuity at 100 km with a Gaussian bump with σ = 35 km and amplitude 20 km in depth, and (g, h) sinusoidal topography centered at 100 km depth with
amplitude of ±20 km and wavelength of 200 km.

stacking approach also recovers the flat regions of the step model, but not the more vertical steps. The S-to-P CCP
stacking result is characterized by less artifacts than the analytical kernel result.
The analytical P-to-S kernel (Figure 6e) recovers the structure of the bump discontinuity at 100 km depth best in
comparison to the analytical S-to-P kernel (Figure 7e) and also the P-to-S (Figure 6f) and S-to-P CCP stacking
approaches (Figure 7f). The P-to-S CCP stacking approach underestimates the lateral scale of the bump. The top
of the bump is also artificially smeared laterally, by 50–70 km on either side. The magnitude of the P-to-S kernel
recovery ranges from 10% to 24% beneath the array. The S-to-P kernel recovers the center of the bump. However,
the lateral extent of the bump is slightly exaggerated in comparison to its true scale using the analytical S-to-P
kernel, with a more gradual return to zero. The S-to-P CCP stacking approach exaggerates the scale of the bump,
slightly flattening it to more of a step shape. The recovered magnitude of the discontinuity using the S-to-P kernel
ranges from 12% to 42% beneath the array.
The analytical P-to-S kernel resolves the structure of the deep undulating discontinuity at 100 km best (Figure 6g)
in comparison to the analytical S-to-P kernel (Figure 7g) and also the CCP stacking approaches (Figures 6h
and 7h). The P-to-S kernel recovers both the high and low topography and also the more vertical regions, near the
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Figure 7. Recovery of velocity discontinuities at 50–120 km depth using analytical S-to-P kernels (left) in comparison to the common conversion point stacking
approach (right). We present recovery of (a, b) a flat discontinuity at 100 km depth (c, d) a discontinuity with a step from 50 to 70 km depth over 20 km distance (e, f) a
discontinuity at 100 km with a Gaussian bump with σ = 35 and amplitude 20 km in depth, and (g, h) sinusoidal topography centered at 100 km depth with amplitude of
±20 km and wavelength of 200 km.

zero crossings. The P-to-S CCP stacking approach does not recover the troughs. It recovers the peaks, but also
artificially smears them laterally by almost 100 km on each side. There is some recovery of the vertical portions,
although the recovery is artificially deep by 20 km. Amplitude recovery of the P-to-S kernel ranges from 14% to
34% within the well-recovered trough region in comparison to the 28% input model. The S-to-P kernel does not
resolve the undulating discontinuity well, recovering discontinuities ∼15 km shallower than the deepest parts,
with concave downward artificial tails. There is little or no recovery of the more vertical portions, and the shallowest portions are recovered as features dipping away from the shallow peaks toward the edges of the box. The
S-to-P CCP stacking approach underestimates the depths of the deepest topography and overestimates the depth
of the shallowest topography by 10–15 km. There are also artifacts related to horizontal smearing of the shallowest topography by up to 100 km. The magnitude of the S-to-P kernel recovery varies from 34% in the trough
region to 24% near the peaks in comparison to the 28% input model.
The structure of the bump discontinuity at 30 km depth is well-resolved by the analytical P-to-S kernel (Figure 8a),
the analytical S-to-P kernel (Figure 8e) and also the P-to-S and S-to-P CCP stacking approaches (Figures 8b
and 8f) with minimal artifacts nearby the interface. The magnitude of the P-to-S kernel recovery ranges from
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Figure 8. Recovery of velocity discontinuities at <50 km depth using analytical P-to-S and S-to-P kernels (left) in comparison to the common conversion point
stacking approach (right). We present P-to-S recovery of (a, b) a discontinuity at 30 km depth with a Gaussian bump with σ = 35 km and amplitude of 15 km in depth,
and (b, c) sinusoidal topography centered at 30 km depth with amplitude of ±20 km and wavelength of 200 km. We present S-to-P recovery of (e, f) a discontinuity
at 30 km depth with a Gaussian bump with σ = 35 km and amplitude of 15 km in depth, and (g, h) sinusoidal topography centered at 30 km depth with amplitude of
±20 km and wavelength of 200 km.

Figure 9. Recovery of secondary velocity discontinuities with a step, for example, the next discontinuity deeper than the Moho, such as a velocity decrease with
depth at the lithosphere-asthenosphere boundary using analytical P-to-S and S-to-P kernels. The Moho is flat and located at 30 km depth. The example lithosphereasthenosphere boundary discontinuity steps from 80 to 100 km depth over 20 km in distance. We present recovery for both (a) P-to-S and (b) S-to-P kernels.
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20% to 27% in comparison to the 28% input model along the surface of the discontinuity beneath the array. The
image recovered by the P-to-S kernel includes a deeper artificial bump that is caused by free-surface multiples.
The P-to-S free-surface multiples arrive much later in the case where the discontinuity is at 100 km depth and
therefore are not visible in the image. The S-to-P kernel recovers the shallow bump well, with minimal artifacts.
The recovered magnitudes from the S-to-P kernel range from of 15%–32% along the bump region beneath the
array in comparison to the 28% input model. The S-to-P CCP stacking approach recovers the bump discontinuity
well, with no apparent artifacts.
The analytical P-to-S kernel resolves the shallow undulating discontinuity at 30 km depth best (Figure 8c) in
comparison to the analytical S-to-P kernel (Figure 8g) and also the CCP stacking approaches (Figures 8d and 8h).
The magnitude of the P-to-S kernel recovery ranges from 29% to 41% beneath the array. The P-to-S recovery
is accompanied by later artifacts caused by free-surface multiples. The P-to-S CCP stacking approach resolves
an undulating feature, albeit artificially flattened near the trough, over a ∼50 km wide area on either side. The
S-to-P kernel resolves the shape of the undulating discontinuity at the shallowest peaks in the undulations but
does not recover the more vertical portions or deepest portions. There are also additional artifacts at depth, that
could potentially be cancelled with additional sources and/or receivers. There are also later artifacts caused by
free-surface multiples. The magnitude of the S-to-P kernel recovery ranges from 10%–96% beneath the array. The
S-to-P CCP stacking approach recovers discontinuities at the peaks and troughs of the undulations as artificially
flat features, here 5–10 km wide, and does not resolve the more vertical portions.
The analytical P-to-S kernel recovers deep lithosphere-asthenosphere features beneath a Moho better than S-to-P
(Figure 9). The P-to-S kernel recovers a step, both flat and vertical portions, albeit at artificially shallow depths
(10–15 km). In addition, there are later arrivals of free-surface multiples. The P-to-S kernel recovers a velocity
decrease with depth as large as 7% on the shallower parts and a decrease as large as 24% on the deeper parts
relative to a 10% input model. The amplification of the deeper parts is caused by constructive interference with
free-surface multiples. The S-to-P kernel also recovers faint artificial flat discontinuities at 15 km above the step.
The S-to-P kernel recovers a contrast as large as 7% in comparison to the 10% input model. The S-to-P kernel
does not recover the vertical portions of the step. In addition, there are artifacts where the shallow portions of the
step smear artificially by 100 km into locations where the step is deeper.
3.3. Effects of Noise and Velocity Model Assumptions on Recovery
We test the effect of noise on the structural amplitude recovery by adding random Gaussian distributed noise to
the synthetic seismograms calculated through the model including a negative Gaussian bump at 100 km depth
(Figure 10). We test signal-to-noise ratios (SNR) of 1, 3, and 10 calculated relative to the converted phase amplitudes for P-to-S and S-to-P kernels. For all SNR the structural information is recovered; although, with a SNR of
1, there is a larger degree of speckle in the recovery (Figures 10a and 10b). For the P-to-S kernel the structure is
also as clear as the noise-free synthetics at SNR of 3 and 10 (Figures 10c and 10e compared to Figure 6c). For the
S-to-P kernel the structure is less continuous for a SNR of 3, and the structure is similar to the structure observed
in the noise-free calculation for a SNR of 10 (Figures 10d and 10f compared to Figure 7c). The recovery of velocity contrast magnitudes is generally over-estimated for SNR of 1, with velocity contrasts of 30–40% for the P-to-S
kernel and up to 180% for the S-to-P kernel relative to the input contrast of 28%. The velocity contrast estimate
for SNR of 3 is as high as 37% for the P-to-S kernel and up to 43% for the S-to-P kernel, while at SNR of 10 the
velocity contrasts are closer to the noise-free estimates at 23% for the P-to-S kernel and ranging from 14% to
40% for the S-to-P kernel. The over-estimate of the velocity contrasts in these models is due to the increase in the
estimate of the misfit function caused by added noise and a corresponding increase in the scaling of the kernel.
Windowing of the phase of interest may help to ameliorate this problem if it can be clearly identified.
We also test the case where the kernels are calculated using velocities 10% faster than reality for the case of
the Gaussian bump at 100 km depth. We find that this impacts (increases) the absolute depth of the recovered
discontinuity by 10%, as might be expected, but it does not have a large impact amplitude recovery, with <1%–2%
difference than recovery assuming the correct velocity. In reality tomographic imaging could be used to provide
a suitable velocity model for kernel calculation in a region that is relatively homogeneous laterally, and more
sophisticated approaches would be needed in more heterogeneous regions.
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Figure 10. Effects of noise on recovery for P-to-S (left) and S-to-P (right) kernels for three different signal-to-noise ratios (SNR), including: (a, b) one, (b, c) three, and
(e, f) ten. Depth and structure of the discontinuity are shown as dashed black lines. Red triangles show the locations of the stations used. SNR is calculated relative to
the converted phase amplitude.

4. Discussion
4.1. Kernel Verification and Recovery
Our analytical kernels agree well with other results. Our kernels agree with those calculated using SEM both in
shape and in amplitude (Figures 2−5). We find agreement in terms of the shapes of our kernels with previous
studies that have explicitly calculated and presented P-to-S (Bogiatzis et al., 2022; Hansen & Schmandt, 2017)
and S-to-P kernels (Bogiatzis et al., 2022; Hansen & Schmandt, 2017; Mancinelli & Fischer, 2018). The absolute
amplitudes of the kernels presented in Figures 2−5) are the same as those in the work of Bogiatzis et al. (2022),
but 3–5 orders of magnitude smaller than other previous results (Hansen & Schmandt, 2017; Mancinelli &
Fischer, 2018). This is because the source and the adjoint source used to calculate the kernels in Figures 2–5 have
been normalised. In addition, our choice of source wavelet normalization, dividing by the sum of the spectral
amplitude, reduces the amplitude of the kernel. We do not need to multiply by a factor ∼1.10 to achieve a good
agreement with the SEM kernels as required in the work of Mancinelli and Fischer (2018).
The P-to-S kernel recovers undulating topography at shallow and deep depths and steps better than the CCP
stacking approach. The P-to-S kernel also recovers the bump at shallow depth as well as CCP stacking. The main
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advantage of the P-to-S kernel is imaging the first discontinuity with depth, and structural recovery is generally
good even with low SNR. The better P-to-S kernel recovery of dipping or undulating structures in comparison to
S-o-P kernel recovery agrees with previous work using more sophisticated ray tracing approaches. The work of
Hansen and Schmandt (2017) shows that the P-to-S kernel recovers discontinuities with steeper dips better than
the S-to-P kernel. The work of Bogiatzis et al. (2022) also finds better recovery of sinusoidal and Gaussian shaped
topography using P-to-S kernels in comparison to S-to-P kernels.
The P-to-S kernel is typically better at recovering shallow structure since it is complicated by multiples at greater
depth. The P-to-S kernel has some potential for imaging topography on discontinuities deeper than the Moho,
especially if free-surface multiples can be avoided by windowing. Our difficulties imaging secondary discontinuities, that is, beneath the shallowest Moho discontinuity, using P-to-S kernels is different than the findings of
Hansen and Schmandt (2017) which reported good recovery of secondary features, discontinuities beneath the
shallowest Moho discontinuity. This is likely caused by several reasons, including that the study includes: (a)
finer station spacing (1 km in comparison to 2 km), (b) additional sources (10 in comparison to 4), (c) a higher
frequency wave (1.25 s in comparison to 4 s), (d) a more sophisticated ray tracing method, that is, fast marching
through the known velocity structure in the calculation of the kernels, and (e) possibly more sophisticated phase
windowing.
The S-to-P kernel is better at recovering discontinuities at shallow depths in comparison to deep depths. In
typical CCP stacking approaches S-to-P is more useful than P-to-S for imaging discontinuities deeper than the
Moho, given that the converted S-to-P arrives before the S-wave and Moho multiples are avoided (Li et al., 2004;
Rychert et al., 2007). The poor S-to-P recovery of the deeper discontinuity structure could be related to the fact
that the kernel calculation used here presumes a fixed incidence angle of the source wavefield, which is not
correct in the presence of dipping layers, which can lead to greater errors with increasing depth. Alternatively, it
could be related to the smaller number of stacked kernels at depth owing to the size of the array, which could be
ameliorated by increasing the array aperture (Mancinelli & Fischer, 2018; Rondenay et al., 2005). Better recovery
of shallow structures by S-to-P kernels is also reported in the work of Mancinelli and Fischer (2018) and the work
of Hansen and Schmandt (2017).
The S-to-P kernel does not recover topography as well as the P-to-S kernel or CCP stacking approach in general.
Structural recovery is similar at all SNR for the S-to-P kernel although the number of artifacts at low SNR
suggests interpretation may be difficult. The most promising aspect of the S-to-P kernel is that it can recover the
shallow curvature of large undulations with amplitude of ±20 km that would otherwise appear as artificially flat
features in CCP stacking (Figures 8g and 8h). Therefore, in locations where CCP stacking images steps in the
Moho the S-to-P kernel could be used to evaluate whether there is curvature on the discontinuity steps. In other
words, it is a simple additional test, if already using S-to-P, that does not involve processing a new P-to-S data set
or a more computationally intensive approach.
Structural recovery using our analytical kernels is similar or worse than that of another study that used the same
station and event set-up and some of the same discontinuity structures (Bogiatzis et al., 2022). For instance, our
P-to-S and S-to-P kernels recover the Gaussian bump just as well as the previous work. Recovery of the sinusoidal
topography using the P-to-S kernel is the same near the center of the array, with worse recovery toward the edges
of the array in comparison to the previous work. Our recovery of the sinusoidal topography using the analytical
S-to-P kernel has more artifacts in comparison to the previous work. In addition, the analytical S-to-P kernel
recovers the trough in the center of the array 15 km shallower than the true model; whereas, the central trough was
recovered at the correct depth in the previous work. These differences are likely because the work of Bogiatzis
et al. (2022) used a more sophisticated ray tracing approach to calculate the kernels.
The observed variability in amplitude recovery agrees with previous work. The work of Bogiatzis et al. (2022)
inverted for the magnitude of the velocity contrast and also found recovery that was both smaller and larger than
the true model. The work of Mancinelli and Fischer (2018) similarly reported variability of scattering potential,
a proxy for amplitude variation based on comparing lithosphere-asthenosphere amplitudes to overlying Moho
amplitudes in a kernel stack. The observed range of amplitude recovery likely arises from the effects of focusing and defocusing, which results in variable kernel cancellation, and in the case of P-to-S interference with later
arriving free-surface multiples.
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The amplitude recovery of the P-to-S and S-to-P kernels is typically within 10% of the input model values.
However, sections of the discontinuities are both under and over predicted by both P-to-S and S-to-P. The range
of the amplitudes recovered by the P-to-S kernel for a given discontinuity is typically smaller than that recovered
by the S-to-P kernel in almost all cases. The P-to-S kernel has the best amplitude recovery in the case of the
step and the shallow bump. Overall, the results suggest that a reasonable estimate of the velocity contrast of the
discontinuity might be derived from the analytical kernels, but some caution should be employed in interpreting
variations in the strength of the discontinuities due to the focusing and interference effects. This is especially true
if the SNR is relatively low, as the increased noise levels result in greater variability and a greater potential for
over-estimating the velocity contrast. Median or average values along a given discontinuity may provide a more
robust estimate of the velocity contrast in the presence of topography.
4.2. Computational Cost
Using a 2.2 GHz Intel core i7 and an unoptimized MATLAB code (no parallelization) the analytical kernel calculation for a single plane wave source is very fast << 1 s for a 400 km by 200 km domain, sampled at 1 km. The
calculation needs to be performed for each plane wave source, but because our homogenous medium is symmetric, it only needs to be performed on one side of the model and reflected along a vertical symmetry axis to include
sources on the other side. To generate the stacked kernel, for a single plane wave source including processing and
stacking of 151 stations seismograms takes ∼3 s. Most of the cost is from multiplying the Fourier coefficients
with the kernel, summing over frequency and then interpolation from station centered coordinates onto the global
coordinates, which can be parallelized and optimized further.
For comparison, previous work using more sophisticated ray tracing approaches to account for velocity heterogeneity require more computational time. The work of Hansen and Schmandt (2017) uses a single CPU Linux
machine and Matlab (8 core AMD processor, 32 GB RAM) and requires 2 hr to calculate the traveltime fields for
443 stations (about 3 times the number of stations used here) and a similar sized region (465 × 250 km) and a fast
marching approach. Stacking the kernels requires about 20 s per event. Hansen and Schmandt (2017) also find
that the GRT inversion (Bostock et al., 2001) takes 80 min for 10 sources and 443 stations or an average of 8 min
per event. In another comparison, the work of Bogiatzis et al. (2022) requires 1,525 s for the same model set up
used here on one CPU core of an ordinary laptop computer (i7-8850U 1.8 Ghz with 16 GB of main memory). The
computational time requires a few seconds for the grid and forward and adjoint matrices as well as an additional
∼3 s for every source (two sources were used, given symmetry), and ∼10 s for every station.
The computational costs of using the SEM are at least two orders of magnitude different than using the analytical kernel. The full-waveform forward simulation takes about 491 s using four CPU cores (Intel(R) Core(TM)
i7-7700 CPU @ 3.60 GHz). Using the same computational setup, the full-waveform simulation for the layered
half-space takes about the same computational time as for the homogeneous case, ∼500 s. The adjoint simulation
takes a similar time. So for a single source kernel the total time is approximately 1,000 s. Computational costs for
the SEM can be reduced by about one order of magnitude when using a grid spacing of 1 km.

5. Conclusions
We present 2-D analytical P-to-S and S-to-P scattered wave finite frequency kernels and evaluate their accuracy
and computational cost. The kernels compare favorably with those calculated using SPECFEM2D. The kernels
are computationally efficient taking << 1 s to calculate. We find that the analytical P-to-S kernel is an effective and rapid tool for recovering shallow discontinuity structure including sharp dips and strong curvature. The
analytical S-to-P kernel is not well-suited to topography recovery. However, in locations where strong steps are
imaged by CCP stacking, the S-to-P kernel may be used to constrain the curvature. In addition, despite some variability in the recovered amplitudes, the kernels can provide an estimate of the magnitude of the velocity change
at depth, without requiring additional waveform modeling.
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Data Availability Statement
No data were used in this manuscript. Models and kernels for the SEM are computed via the open-source codes
SPECFEM2D (https://github.com/geodynamics/specfem2d). The analytical kernel codes used here are included
with the manuscript in Supporting Information S1 and S2.
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