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The level of congruence between the articulating surfaces of
a diarthrodial joint can vary substantially between individu-
als. Quantifying joint congruence using the most widespread
metric, the ‘congruence index’, is not straightforward: the
areas of the segmented bone that constitute the articular sur-
faces require accurate identification, their shape must be
carefully described with appropriate functions, and the rela-
tive orientation of the surfaces measured precisely. In this
work, we propose a new method of measuring joint con-
gruence, which does not require these steps. First, a Finite
Element (FE) simulation of an elastic layer compressed be-
tween each set of segmented bones is performed. These are
then interpreted using the elastic foundation model, enabling
an equivalent, but simpler, contact geometry to be identified.
From this, the equivalent radius (quantification of joint con-
gruence) is found. This defines the radius of a sphere con-
tacting plane (or ‘ball on flat’) that produces an equivalent
contact to that in each joint. The minimal joint space width
(in this joint position) can also be estimated from the FE sim-
ulations. The new method has been applied to 10 healthy
instances of the thumb metacarpophalangeal (MCP) joint.
The ten thumb MCPs had similar levels and variability of
congruence as the other diarthrodial joints that have been
characterised previously. This new methodology enables ef-
ficient quantification of joint congruence and minimal joint
space width directly from CT or MRI derived bone geometry
in any relative orientation. It lends itself to large data sets
and coupling with kinematic models.

∗Please address all correspondence to this author.

1 Introduction
Two surfaces are congruent if they are identical in both

size and shape [1]. Given that mechanical stress is strongly
implicated in the development of osteoarthritis [2] and that
higher contact stresses have been shown to be a strong in-
dicator of the potential to develop symptomatic osteoarthri-
tis [3], one might initially consider two congruent articular
surfaces to be the ‘ideal’ geometry for a diarthrodial joint.
In theory, this would maximise the area over which the load
is transmitted, reducing both the peak stress and the average
stress experienced by the articular cartilage. However, there
are also a number of benefits to the geometry of the articu-
lar surfaces being less than perfectly conforming. Firstly, it
does not necessarily follow that the stress distribution gener-
ated by two congruent surfaces in contact is ideal mechani-
cally: at the edges of the contact area, a larger discontinuity
in stress would be generated in the articular cartilage than
where there is some incongruence. Incongruence also ben-
efits joint lubrication. M.A. MacConaill was the first [4] to
propose the incongruency of the articular surfaces generates
a hydrodynamic mode of lubrication [5], offering one expla-
nation for why diarthrodial joints are able to exhibit such low
coefficients of friction. MacConaill’s theory of joint lubrica-
tion has now been superseded, with several modes of lubri-
cation now considered to be active in diarthrodial joints and
hydrodynamic lubrication playing a supportive, rather than
dominant, role [6]. However, a form of hydrodynamic lubri-
cation, particularly when joints are experiencing high speed
and low loads, is likely to be active in diarthrodial joints [6].
There are also implications for joint kinematics and permis-
sible anatomical shape. Requiring two perfectly-conforming
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articular surfaces is much more constraining than permitting
some incongruence. The articular surfaces of diarthrodial
joints do not only slide but roll with respect to each other [7].
Rolling is not feasible if the two surfaces are to be congru-
ent in all positions. In practice, diarthrodial joints exploit the
freedom permitted by incongruent surfaces to enable com-
plex and unique kinematics [8]. Putting the advantages and
disadvantages of congruent articular surfaces to one side,
perhaps the source of the greatest interest in joint congru-
ence is exposed: different people have quite different levels
of congruence in their joints. Why is this? Is there a level of
congruence that is optimal? Do some levels of congruence
make people more at risk of developing osteoarthritis? In
order to engage with these questions, one must first be able
to quantify the level of congruence between the two articular
surfaces.

Ateshian et al. [9] drew upon the concept of an ‘equiva-
lent surface’ in their quantification of joint congruence in 13
thumb carpometacarpal joints. When two different surfaces
contact, it is possible to define a surface that is in contact with
a plane that generates an equivalent contact. This ‘equivalent
surface’ is found from the difference between the two origi-
nal surfaces [9, 10]. There are several benefits to calculating
an equivalent surface. For example, in contact mechanics,
this has been exploited for many years to enable different
pairs of contacting surfaces to be analysed as a Hertzian con-
tact [10]. It also enables different contact pairs to be more
conveniently compared; this is exploited in the quantifica-
tion of incongruity by Ateshian et al. [9]. The equivalent sur-
face can be described in terms of its two principal curvatures,
κe

max and κe
min. The ‘congruence index’ or ‘CI’ proposed by

Ateshian et al. [9] is found by taking the Root Mean Square
(RMS) of the two principal curvatures:

CI =

√
(κe

min)
2 +(κe

max)
2

2
. (1)

Thus, it is a measure of the average curvature of the equiv-
alent surface. Two surfaces that are completely congruent
would have a CI of zero; the equivalent surface would be a
plane. The CI quantification of joint congruence has been
employed in several subsequent studies: 46 further thumb
carpometacarpal joints [11], 14 human knees [12], and 10
further patellofemoral joints [13]. In more recent years, sev-
eral alternative quantifications of joint congruence have been
proposed; these are summarised in Table 1 [14–17]. In addi-
tion, other investigators have sought to quantify congruence
via the measurement of associated physical parameters, in-
cluding subluxation [18] and width of joint space [19].

Whilst there are potential advantages of other quantifi-
cation methods, the physical clarity and strong basis in ge-
ometry of the CI means that this quantification of joint con-
gruence is yet to be supplanted. However, this does not mean
that further development of the methodology is unwarranted.
When evaluating the CI, the areas of two digital bone geome-
tries (segmented from CT or MRI scans) that are considered
to be the two articular surfaces has a substantial influence

on the resulting value [13]. In addition, care must be taken
with the description of the articular surfaces. For example,
when interpolating B-spline functions to describe an articu-
lar surface, the curvature generated is dependent on the error
allowed between the B-spline and vertices the surface is be-
ing fitted to: too small an error and noise is generated; too
large an error and relevant information might be lost [12].
Finally, the relative orientation of the articular surfaces must
be quantified precisely, particularly if the effect of joint po-
sition is to be explored [13, 15].

In this study, we propose an alternative method to quan-
tify joint congruence that employs the concept of an equiva-
lent surface and description of its shape. First, a Finite El-
ement (FE) simulation of an elastic layer compressed be-
tween the two bones is performed, where all assumptions
are consistent with the elastic foundation model except those
concerning bone geometry: in each FE simulation, the sur-
face of the two bones is approximated through discretisation
into many triangular faces; in the elastic foundation model,
the two bone surfaces are reduced to an elliptic paraboloid
and plane. By interpreting the results of the simulation
with the elastic foundation model, a parameter that is very
closely related to the CI is determined—the ‘equivalent ra-
dius’. Whereas the CI is a measure of the average curvature
of the joint’s equivalent surface, the physical meaning of the
equivalent radius is perhaps more easily visualised: it defines
the radius of a sphere contacting plane (or ‘ball on flat’) that
produces an equivalent contact to that in each participant’s
joint. In addition, the FE simulation provides an estimate of
the minimal joint space width (in this joint position). This
new method is demonstrated by quantifying the congruence
of 10 thumb metacarpophalangeal (MCP) joints. Focussing
on the thumb MCP joint enabled this study to quantify the
congruence of a joint with known variation in shape, where
the congruence had not previously been characterised.

2 Materials and Methods
2.1 Joint and identification of its geometry

The thumb MCP joint connects the first metacarpal and
first proximal phalanx, and is the second most distal joint
of the thumb. It is a condyloid joint for which there is ‘no
precise mechanical equivalent’ [21]; experimental measure-
ment of cadaveric hands has suggested there are two non-
orthogonal axes of rotation [22]. However, others have de-
scribed the thumb MCP to have three degrees-of-freedom
[8,21], adding pronation-supination to flexion-extension and
abduction-adduction, and suggested it is best approximated
as a universal joint [21]. The characteristics of this joint
are critical for the prehensile action of the thumb; it pro-
vides necessary constraint during several gripping actions
[8]. Whilst several studies [9,11,15] have quantified the con-
gruence of the joint proximal to the thumb MCP—the thumb
carpometacarpal (or trapeziometacarpal) joint—no quantifi-
cation of joint congruence could be found for the thumb
MCP joint. However, the distal end of the first metacarpal
bone has been observed to vary substantially in shape be-
tween individuals [23]. This variation in shape has implica-
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Table 1. Alternative quantifications of joint congruence to the Ateshian et al. [9] ‘congruence index’ (CI)

Study Summary of proposed quantification of joint congruence

Tummala et al.
[14]

A ‘congruity index’ that is evaluated locally, in a piecewise manner, and then averaged over the con-
tact area to give an overall indication for two contacting surfaces. The local congruence quantifica-
tion is the reciprocal of the distance between the two local normal vectors (one for each contacting
surface), which have been scaled by the local normal curvatures. For congruent surfaces the quan-
tification will tend to infinity; the scale bar for ‘congruity map’ of a healthy medial tibio-femoral
joint was set between 0 and 10 [14].

Halilaj et al.
[15]

A ‘positional joint congruence’ that is designed to quantify the congruence of two articular surfaces
based on both geometry and joint position. First, 3D polar histograms of curvature are constructed
of each articular surface, which have been scaled to removed the effect of size. The quantification
of congruence is a statistical description of the level of dissimilarity between the two histograms
that describe each articular surface, in each joint position. A linear weighting factor was included to
ensure that points on the articular surface that are in closer proximity to the other articular surface
have a greater influence on the final quantification of congruence.

Conconi
and Perenti
Castelli [16]

A ‘congruence measure’ developed using the elastic foundation model [10]. One bone is expanded
by a distance ∆ in all directions, sufficient that the expanded bone intersects the other bone connected
at the joint. The volume of intersection between the expanded bone and the other bone, V , is
calculated. The quantification of congruence is calculated by V/∆. This is equal to the force divided
by the peak pressure for an elastic layer, if the compressed volume of the layer is V and its maximum
indentation is ∆. The quantification of congruence is a function of ∆; thus, the expansion of the
bone ‘must be kept constant within a group to be sorted’ [16]. Later work has sought to address this
limitation by proposing a normalisation of the quantity [20].

tions for the joint kinematics: the ‘flatter’ the distal end of
the first metacarpal, the lower the overall range of motion of
the thumb MCP; the more ‘curved’ the distal end, the greater
the overall joint range of motion [24, 25].

Ten participants free from hand or wrist disease or in-
jury were recruited for CT imaging as part of a larger study
on hand biomechanics (IRAS Ethics Ref: 14/LO/1059) [26].
Participants were sex matched (5 female, 5 male) with mean
age of 31 years (range: 27–37 years). Each participant’s
right hand was CT scanned (Discovery CT750 HD 128 scan-
ner, GE Healthcare Inc., USA) with near-isotropic voxel size
(0.293 x 0.293 x 0.312 mm), 1825 ms exposure time, and
0.7 mm spot size. The scans were collected with the hand
supported by an adjustable Nylon jig, with the fingers in full
extension. CT data were segmented using ScanIP (Synopsys
Inc., USA): the outlines of the first metacarpal and first prox-
imal phalanx were identified using a greyscale threshold, the
bones were separated using a particle split function, and each
assigned a triangular surface mesh. The surface meshes were
imported into MATLAB [27], where the bones were aligned
to a coordinate system proposed by the International Society
of Biomechanics (ISB) [28]. The body segment coordinate
system for the first metacarpal was employed for both bones,
where: the origin is at the centroid of the first metcarpal; the
x-axis points volarly; the y-axis is directed proximally, along
the the length of the first metacarpal; and the z-axis points
radially. To align each participant’s first metacarpal and first
proximal phalanx to this coordinate system, a previously-
employed [26,29] two-stage alignment process was used: an
initial alignment by Principal Component Analysis (PCA),

which was refined by the Iterative Closest Point (ICP) reg-
istration approach [30]. More precisely: after translating
the bones such that the origin was located at centroid of the
metacarpal bone, PCA of the x, y, and z coordinates of the
first metacarpal was used to identify an initial rotation to
align each bone with the ISB coordinate system. This ro-
tation was refined by selecting one participant, whose bones
had been well-aligned by PCA alone, and, using a MATLAB
implementation [31] of the ICP registration approach [30], a
second finer-rotation for each of the other nine participant’s
bones was defined and then applied.

2.2 Elastic foundation model
The elastic foundation model is detailed in Johnson’s

seminal work on contact mechanics [10]. In addition to be-
ing referred to as the ‘elastic foundation model’ [16, 20, 32],
this model has also been described as: Winkler elastic foun-
dation [10], Discrete Element Analysis (DEA) [3, 33], rigid-
body-spring-model [34], and some version of ‘elastic layer
on rigid foundation’ [35, 36]. Much of its previous use in
the field of biomechanics has been in a discretised form
[3, 32–35], which requires numerical integration. However,
if the geometry of the contacting surfaces is reduced to an
elliptic paraboloid and plane, a closed-form solution is avail-
able [10]. As will be shown, this closed-form solution can be
used to interpret an analogous FE simulation and quantify the
joint congruence from the variation of force with maximum
compressive strain.

Figure 1 shows the basic assumptions of elastic foun-
dation model: an elastic layer between two rigid surfaces is
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Fig. 1. Elastic foundation model: an elastic layer between two rigid
surfaces is modelled as a set of independent springs. A 2D plane is
shown (xz-plane). However, the model is 3D, with one surface being
a plane and the other described by an elliptic paraboloid. The maxi-
mum deformation of elastic layer by the rigid paraboloid, δ, occurs at
the origin of the coordinate system. An elliptical contact area is gen-
erated, which is described by two semi-axes in the x and y directions.
Only one is shown, a, which is the semi-axis in the x direction (b is
the semi-axis in the y direction). The initial thickness of the elastic
layer is t .

modelled as set of independent springs. The many indepen-
dent ‘springs’ that constitute the elastic layer are assumed to
have no interaction with each other and behave in a linear-
elastic manner, with a constant modulus, E. As the two sur-
faces that compress the elastic layer are rigid, the difference
in their shape defines the deformation of the layer. Thus, like
the non-planar surface, the deformation is paraboloidal. The
local stress at a point in the contact region can be calculated
from the local deformation, and the resulting paraboloidal
distribution of stress integrated over the contact area to give
the total load, P. Johnson [10] shows how this results in an
analytical solution:

P =
Eπabδ

2t
. (2)

In addition to being dependent on the modulus of the layer,
the load (Eqn. 2) is dependent on: the thickness of the elastic
layer, t; the maximum deformation, δ; and the dimensions of
the ellipsoidal contact area, a and b (the two semi-axes). It
can be shown that a= (2δR′)1/2 and b= (2δR′′)1/2, where R′

is the radius of curvature in the xz plane and R′′ is the radius
of curvature in the yz plane (radii of curvature calculated at
the origin). If a and b are substituted for their dependency on
R′, R′′, and δ, the expression becomes

P =
EπR′1/2R′′1/2

δ2

t
. (3)

Furthermore, an ‘equivalent radius’, Re, can be defined [10],

Re = R′1/2R′′1/2
, (4)

which is an average of the two radii of curvature, R′ and R′′.
It is noteworthy that Re is closely related to the Gaussian

curvature (K), which is the product of the two principal cur-
vatures (κmax and κmin) [37]:

K = κmaxκmin =
1

R′R′′
=

1
R2

e
. (5)

If Eqn. 3 is rearranged and expressed using Re, it is clearer
to observe that a plot of P/E on the y-axis, against (δ/t)2 on
the x-axis, should produce a straight line through the origin
if no geometric changes are made:

P
E

= πRet
(

δ

t

)2

. (6)

This is because the gradient, πRet, is constant for a particular
geometry.

If the articular surfaces of a participant’s joint can be re-
duced to a contact pair described by an elliptic paraboloid
and plane, when the results of an analogous FE simulation
are plotted on a graph of P/E against (δ/t)2, they should
produce a straight line through the origin—only the gradi-
ent should vary between the different participant’s joints. If
this is the case, then the equivalent surface (the difference
between the articular surfaces) of the articular contact pair is
well-described by an elliptic paraboloid. Furthermore, these
equivalent surfaces (one for each joint instance) can be char-
acterised and compared by their equivalent radius (Re).

2.3 Analogous Finite Element simulations
The FE simulation is ‘analogous’ as it employs the same

assumptions as the elastic foundation model bar one: in the
elastic foundation model, the equivalent surface (difference
between contact pair) is described by an elliptic paraboloid,
whereas in the analogous FE simulation the geometry of the
contacting surfaces is approximated via the use of many tri-
angular faces. Two pieces of software were selected to per-
form the analogous FE simulations: FEBio [38] and GIB-
BON (Geometry and Image-Based Bioengineering add-ON)
[39]. FEBio was selected as it: is open-source; has been
developed specifically for biomechanical analysis; and has
enjoyed widespread use in the biomechanics research com-
munity for several years [40]. GIBBON (which runs in
MATLAB [27]) was used as a pre- and post-processor for
FEBio. It enabled code-based development of model geom-
etry, boundary conditions, and simulation parameters.

Figure 2 shows the two bones connected at one partic-
ipant’s thumb MCP joint, with an elastic layer between the
surfaces of the bones. The dimensions of the elastic layer
in each simulation were 20 mm by 20 mm, with a thickness
of 0.6 mm. The elastic layer was made large enough that
the boundary conditions required to secure it in space were
sufficiently far from the contact region to have a negligible
influence on the compression. In order to locate the elastic
layer between the two bones, a rigid translation was applied
to the proximal phalanx of each participant’s joint before the
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Fig. 2. An example thumb MCP joint geometry. The first proximal
phalanx has been translated 6 mm distally (from its anatomical posi-
tion) to create space for the elastic layer between the surfaces of the
bones.

Table 2. Mesh details for elastic layer in each joint geometry

Parameter Value

Overall dimensions 20 mm by 20 mm by 0.6 mm

Number of elements 1600

Element size 0.5 mm by 0.5 mm by 0.6 mm

Element type 8-node trilinear hexahedral (hex8)

elastic layer was generated: the proximal phalanx was trans-
lated 6 mm distally from its anatomical position, along its
first principal axis (determined using PCA). In each partici-
pant’s joint, the two bone surfaces were meshed with 3-node
triangular surface elements (tri3) using the vertices identified
by the segmentation. Table 2 tabulates the mesh details for
the elastic layer in all ten joint geometries. A mesh verifica-
tion study was performed to ensure the number of elements
in the elastic layer was sufficient.

As the two bones were modelled as rigid surfaces, only
the elastic layer required constitutive properties. The elas-
tic foundation model assumes a linear-elastic constitutive
model, with no lateral expansion due to compression. Thus,
the ‘isotropic elastic’ material model was selected, with
20 MPa used for elastic modulus and a Poisson’s ratio of 0.
The frictionless contact at each interface, between the elastic
layer and bone surfaces, was modelled using the ‘sliding-
facet-on-facet’ algorithm [41]. This algorithm is based on
the work of Laursen and Maker [42] and has been devel-
oped further to provide additional numerical stability [41].
The FE simulation was performed in displacement-control,
which was selected over force-control due to greater numer-
ical stability. In order to compress the elastic layer, the prox-
imal phalanx was translated proximally, along its first prin-

cipal axis (from PCA)—back towards its anatomical posi-
tion. Once the elastic layer started to undergo notable com-
pressive strains (of the order 1%), the proximal phalanx was
translated in increments of 0.01 mm, with the reaction force
(in the direction of translation) generated by the elastic layer
recorded. This continued until the maximum deformation of
the elastic layer (δ) was 0.15 mm; one quarter of its thickness
or maximum compressive strain of 25%. This upper limit on
deformation was selected as FEBio’s ‘isotropic elastic’ ma-
terial model is unsuitable for large strains [41].

To generate appropriate boundary conditions, every
node of each metacarpal bone surface was fixed in position
(no translation permitted in any direction). In addition, the
nodes on the dorsal edge of the elastic layer were also fixed
in position. This prevented the elastic layer being under-
constrained, without significantly affecting the compression
of the elastic layer in the contact region. This was verified
through analysing the displacement and strain of the elastic
layer, as the proximal phalanx was gradually translated in a
proximal direction.

2.4 Identification of equivalent radius and minimal
joint space width

In order to quantify the joint congruence from the anal-
ogous FE simulations, Eqn. 6 was used. The maximum com-
pressive strain of the elastic layer (−εmin) is equal to the max-
imum deformation of the elastic layer divided by its thick-
ness (δ/t). Thus, a plot P/E against ε2

min (like (δ/t)2, as in
Eqn. 6) should produce a straight line through the origin:

P
E

= (πRet)ε2
min. (7)

The reaction force (equivalent to total load, P) was recorded
for each translation (proximal is positive) of the proximal
phalanx from its anatomical position, ∆, in the FE simula-
tion. The maximum compressive strain (−εmin) was calcu-
lated from the mean of the five greatest compressive elemen-
tal strains within the elastic layer, in the direction of load
(the displacement of the proximal phalanx). This value was
found to be a good compromise between the need to smooth
the numerical instability observed by only using the maxi-
mum value of compressive elemental strain, without overly
decreasing the value such that it is unrepresentative. Five
elements correspond to a contact area of 1.25 mm2 (see Ta-
ble 2), given that one can expect metacarpal joint contact
areas to be of the order of tens of mm2 [43], this is still a
relatively small area in the context of the joint. MATAB [27]
was used to fit linear regressions (with a zero intercept) to
a plot of P/E against ε2

min for each FE simulation (one for
each participant’s joint), Re was calculated by dividing the
gradient by πt.

The relationship between εmin and ∆ was used to esti-
mate the minimal joint space width (mJSW) from the re-
sults of the analogous FE simulations. Once the elastic layer
starts to be compressed by translation of the proximal pha-
lanx towards the metacarpal, a linear relationship between
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εmin and ∆ is expected from the elastic foundation model:
εmin is given by −δ/t, and ∆ is the sum of the displacement
from the anatomical position to the start of the elastic layer
(∆0) and the maximum displacement of the elastic layer (δ):

∆ = ∆0 +δ. (8)

Thus, both εmin and ∆ are linear functions of δ, and so
when plotted against each other should produce a straight
line graph. It is ∆0 that is of interest when calculating the
mJSW, as

mJSW = ∆0 + t. (9)

To calculate ∆0 from a plot of εmin against ∆, consider the
value of ∆ when εmin is reduced to nothing: when εmin = 0,
then δ = 0 (εmin =−δ/t), thus ∆ = ∆0 (from Eqn. 8). There-
fore, to find ∆0 for each participant’s joint, MATAB [27] was
used to fit linear regressions (with an intercept) to each plot
of εmin against ∆, and the gradient and intercept used to cal-
culate the intersection with the ∆-axis. Finally, t was added
(Eqn. 9) to give the mJSW for each participant’s joint.

Finally, in order to investigate the influence of size on
the values of Re and mJSW identified, the length of the first
metacarpal was calculated for each participant. This was
found by taking the difference between the maximum and
minimum y-coordinate in the set of nodes that described the
surface of each bone.

3 Results
3.1 Analogous Finite Element simulations

Figure 3 shows the variation of load divided by modulus
of elastic layer with maximum compressive strain squared
from the ten analogous FE simulations, where an elastic
layer was inserted between the segmented bone surfaces of
each participant’s joint and compressed. The elastic layer re-
sponse described by the elastic foundation model (Eqn. 7) is
strongly represented in all FE simulations: for all ten joint
geometries, P/E is well-described as being directly propor-
tional to ε2

min, with only the constant of proportionality (or
gradient of the straight line) varying between the partici-
pants.

Figure 4 shows the relationships between the displace-
ment (from anatomical position) of the proximal phalanx, ∆,
with εmin. An initial non-linear response between ∆ and εmin
was observed. However, after the maximum compressive
strain of the elastic layer had exceeded 5%, all analogous FE
simulations suggested the relationship between ∆ and εmin
could be well-described as linear—as suggested by the elas-
tic foundation model.

Figure 5 shows how the compressed area of the elastic
layer (A) varied for each joint geometry, as the maximum
compressive strain (−εmin) increased. The maximum com-
pressed area—defined by the number of elements experienc-
ing compressive strains of 1% or greater—varied between

Fig. 3. Analogous FE simulation results of elastic layer response
for all ten participants. Axes selected for calculation of equivalent
radius: the relationship between load divided by modulus of elastic
layer (P/E) and maximum compressive strain squared (ε2

min).

Fig. 4. Analogous FE simulation results of elastic layer response
for all ten participants. Axes selected for estimation of minimal joint
space width: the relationship between maximum compressive strain
of the elastic layer (−εmin) and displacement of the proximal phalanx
(∆). Some of the simulations were unable to converge, as shown
in the gaps between the usual 0.01 mm increments in ∆: this is
particularly evident for Participant 4.

participants. However, between the minimum and maximum
values of −εmin (0.01–0.25), all joint geometries showed
changes in A from single to double digit values of mm2.

3.2 Equivalent radii and minimal joint space widths
Table 3 shows the equivalent radius and minimal joint

space width of each participant’s thumb MCP joint (in one
joint position). These were identified from the results of the
analogous FE simulations shown in Fig. 3 and Fig. 4. In or-
der to avoid the initial non-linear response from some analo-
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Fig. 5. Variation in compressed area (A) with maximum compres-
sive strain (−εmin) for analogous FE simulation results of elastic
layer response, for all ten participants. A was calculated from the
number of elements experiencing compressive strains of 1% or more
(in the direction of the load).

Table 3. Equivalent radius (Re) and minimal joint space width
(mJSW) of each participant’s thumb MCP joint (in one joint position),
determined from results of analogous FE simulations

Participant Re (mm) mJSW (mm)

1 14.8 0.92

2 39.4 0.78

3 27.0 1.09

4 10.5 1.29

5 12.2 0.95

6 29.8 0.74

7 8.1 0.53

8 17.4 0.56

9 9.8 0.70

10 9.8 1.05

Mean 17.9 0.86

Standard deviation 10.6 0.24

gous FE simulations influencing the mJSW estimation, only
points where the maximum compressive strain of the elastic
layer had exceeded 5% were used in the calculation.

Figure 6 shows the relationship between equivalent ra-
dius and minimal joint space width for the ten thumb MCP
joints investigated. There was no apparent correlation be-
tween the two.

Fig. 6. Relationship between minimal joint space width (mJSW) and
equivalent radius (Re).

Fig. 7. Effect of bone size on equivalent radius (Re)

3.3 Effect of bone size
Very weak correlations were observed between bone

length and Re, and bone length and mJSW, for the 10 par-
ticipants (Figs. 7 and 8).

4 Discussion
An alternative method to quantify joint congruence was

applied to ten thumb MCP joints. This new method finds
the equivalent radius of the equivalent surface of each con-
tact pair. It does this via an FE simulation of an elastic layer
compressed between the bones, which is then interpreted us-
ing the elastic foundation model.

4.1 An equivalent surface described by an elliptic
paraboloid

The elastic foundation model is derived for an elastic
layer compressed between an elliptic paraboloid and a plane.
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Fig. 8. Effect of bone size on minimal joint space width (mJSW).

The analogous FE simulations removed this restriction on
geometry by approximating the shape of the articular sur-
faces via the use of many triangular faces. This enabled the
assumption of an equivalent surface described by an elliptic
paraboloid to be tested. The analogous FE simulations in-
dicated little deviation from the expectations of the elastic
foundation model; the relationships between P/E and ε2

min
(Fig. 3), and ∆ and εmin (Fig. 4), were well-described as lin-
ear. Some initial non-linearity was observed in the plots of
∆ against εmin. However, this is to be expected at the start
of the compression of the elastic layer in the FE simula-
tion. Initially, some nodes in the contact region will not
be acted upon by the contact algorithm, due to the approx-
imation of the shape by discretising into many faces. The
non-linear behaviour soon abated, once maximum compres-
sive strains of 5% were reached. In addition, whilst there
was variation in the maximum compressed area of the elastic
layer in the analogous FE simulations, all were of the or-
der of tens of mm2 (Fig. 5). These constitute a substantial
percentage of typical metacarpal joint contact areas, which
are unlikely to exceed much more than 100 mm2 (even in
strong grasps) [43]. Given that the lowest value of A was
close to 1 mm2 (εmin mean of five elements, covering an area
of 1.25 mm2), the assumption of an equivalent surface de-
scribed by an elliptic paraboloid was also consistent over a
range of joint areas.

The consistency between the elastic foundation model
and analogous FE simulations suggests that the equivalent
surface of each participant’s thumb MCP joint was well-
approximated by an elliptic paraboloid. This has impli-
cations beyond supporting the alternative methodology de-
scribed in this work for quantifying joint congruence. The
selection of an elliptic paraboloid to describe the non-planar
surface in the elastic foundation model is deliberate; this
surface description is far more convenient mathematically
than many alternatives, and enables closed-form (analytical)
solutions to be found. The demonstration in this work of
how successfully an elliptic paraboloid can approximate the

equivalent surface of ten examples of a diarthrodial joint sug-
gests that further application and development of analytical
contact mechanics [10] may still be appropriate for mod-
elling joints, despite the advances made in recent FE studies.

4.2 Comparison with congruence index
The equivalent radius is closely related to the CI

(Eqn. 1), yet they are not equivalent. The equivalent radius
is an average of the equivalent surface’s two principal radii
(R′ and R′′), whereas the CI is a different average of its two
principal curvatures (κe

max and κe
min). Therefore, there is ac-

tually only one difference between the CI and Re, other than
the choice of physical parameter (curvature or radius): the
method of averaging. When calculating Re, the geometric
mean [1] is used to average the two principal radii, instead
of finding the RMS of the two (as with the CI). Ateshian et
al. [9] justify their choice of averaging using the RMS over
the geometric mean (which would be (κminκmax)

1/2) by de-
scribing the consequence of a principal curvature of zero. If
κmin = 0 then the geometric mean would be zero, even if
κmax 6= 0. However, in this new methodology for quantify-
ing joint congruence, this potential issue is avoided: the Re
is found directly from the plot of P/E and ε2

min, and not from
the combination of R′ and R′′.

Unfortunately, for the purposes of direct compari-
son, the difference between the two methods of averaging
(RMS for the CI, geometric mean for Re) is not negligi-
ble, when typical values [9] of κe

max and κe
min are considered:√

(0.0852 +0.122)/2 = 0.104;
√

0.085 ·0.12 = 0.101. Yet,
the difference between the two methods of averaging is not
so large that an approximation of the CI can not be found
from Re. Thus, an estimate for the CI can be found from the
reciprocal of the equivalent radius:

CI ≈ 1
Re

. (10)

The geometric mean is always less than the RMS [44]. Thus,
the estimate of CI using Eqn. 10 will always be an underes-
timate.

The mean of the ten Re
−1 values for the thumb MCP

joint was 0.073 mm−1, standard deviation 0.034 mm−1. This
is similar to previous quantifications of the CI [9, 11, 12], as
shown in Table 4. This comparison with previous work sug-
gests the ten thumb MCPs were towards the less-incongruent
end (lower mean CI, thus larger Re) of previous quantifica-
tions of joint congruence. It is true that the systematic un-
derestimation of CI, though using Eqn. 10, will have also
assisted in reducing the mean value. However, the effect of
this is not expected to be so large that the general conclusion
is altered.

4.3 Congruence and minimal joint space width of
thumb metacarpophalangeal joint

Both the Re and mJSW of the thumb MCP joint varied
considerably between the 10 participants: Re ranged from
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Table 4. Comparison of estimated CI (from Re identified) with CI
values from previous studies

Joints Mean CI
(mm−1)

Standard
deviation
(mm−1)

10 thumb MCPs (this study) 0.073* 0.034*

12 thumb carpometacarpals [9] 0.104 0.044

18 ‘middle-aged’ (40–59 years)
thumb carpometacarpals [11]

0.092 0.031

28 ‘elderly’ (60–79 years)
thumb carpometacarpals [11]

0.073 0.033

12 femoro-patellars [12] 0.080 0.007

12 medial femoro-tibials [12] 0.069 0.019

12 lateral femoro-tibials [12] 0.069 0.011

*Estimated from Re

8.1 mm to 39.4 mm, with a standard deviation (10.6 mm) that
was more than half of the mean value (17.9 mm); the mJSW
was estimated to be between 0.53 mm and 1.29 mm, and had
standard deviation (0.24 mm) that was just over a quarter of
the mean (0.86 mm). Given the substantial standard devia-
tions, it is clear that the range of Re and mJSW was not gen-
erated by a few outliers. This range indicates a potentially
high level of variability of thumb MCP joint congruence and
minimal joint space width more widely: in small sample of
10 individuals, the largest value of Re was over four times
greater than the smallest, and the largest mJSW was over
twice the smallest. Both the magnitude and variability of Re
observed (in this work) is within the range of previous joint
congruence characterisations (Table 4).

Bone size did not play as strong a role (Fig. 7 and Fig. 8)
in determining Re and mJSW as one might expect—a larger
joint could have a larger Re and mJSW (with no change in
shape) just by virtue of being bigger. There was little evi-
dence of a positive correlation between the length of the first
metacarpal and both Re and mJSW. Similarly, the was no re-
lationship evident in the ten joints between Re and mJSW.
However, studies have found fixed location and multiple lo-
cation measures of joint space width to be superior to mJSW
[45, 46]. Thus, it is possible this lack of correlation was due
in part to the limitations of mJSW as a parameter.

4.4 Limitations
Although the number of participants is similar to sev-

eral previous investigations of joint congruence [9, 12, 13],
the small sample size limits how representative the results
are and what can be said about thumb MCP joints more gen-
erally. In addition, like previous quantifications of joint con-
gruence using CT imaging [15, 20], this study used the ge-
ometry of the subchondral bone as representative of articular
surfaces of the joint. Thirdly, it was possible to use a flat elas-

tic layer in the analogous FE simulations as the deformation
required to make the layer conform between the bones was
not substantial—the subchondral bone on the proximal end
of the first proximal phalanx is relatively flat. If the method-
ology proposed in this work were extended to other diarthro-
dial joints where the articular surfaces are highly curved or
irregular in shape, it is quite possible that the geometry of the
elastic layer would need to be modified to more closely repli-
cate those highly curved/irregular articular surfaces. This
would avoid substantial strain generation not due to com-
pression of the elastic layer.

The methodology currently requires the consistent iden-
tification of a longitudinal bone axis (the first proximal pha-
lanx in this work), this may prove challenging in some di-
arthrodial joints e.g. bones in the foot and the knee, and
thus further development of the methodology would be re-
quired. Additionally, by only using participants with healthy
joint geometries, it was not possible to investigate whether
localised geometric features resulting from osteoarthritis (for
example) would be detectable with the methodology pro-
posed here. It is quite possible that a step-change or non-
linearity would occur (in the plot of P/E vs. ε2

min) as the com-
pressed area of the elastic layer increased beyond the bounds
of a localised feature, which could provide useful clinical in-
formation about the joint. This would make an interesting
future study. Finally, although the participant’s hands were
supported by a jig whilst CT scanned, some variation was
observed in the relative position of the two bones connected
at the thumb MCP joint. Previous investigations have had
to face similar challenges and make assumptions regarding
what is ‘consistent’ in the relative position of articular sur-
faces when quantifying joint congruence [9,11]. Ideally, this
methodology for quantifying joint congruence would be used
in conjunction with a kinematic model for each joint—in ad-
dition to enabling variation in joint congruence with joint
position be quantified, it would also ensure that the effect
of variations in joint position on congruence would not be
mistaken for differences in congruence between joints.

5 Conclusion
A new method for quantifying the congruence of di-

arthrodial joints has been proposed. It has been applied on
10 healthy thumb MCP joints. The quantification of con-
gruence, the equivalent radius, is very closely-related to the
‘congruence index’ (CI) by Ateshain et al. [9], which can be
approximated as its reciprocal. The ten thumb MCPs had
similar levels of congruence and variability between partic-
ipants as previous investigations. The minimal joint space
width (in this joint position) could also be estimated in this
new method. The principal advantage of the new method
is its ability to quantify joint congruence directly from seg-
mented CT or MRI scans. Previously, to evaluate the CI it
has been necessary to identify the areas of the segmented
bone surfaces that constitute the articular surfaces, carefully
interpolate functions to describe the shape of these areas, and
measure the relative orientation between each. This com-
plexity is avoided in this new approach. It lends itself to ap-
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plication in larger data sets and also in conjunction with kine-
matic models of joints, where the orientation of the bones is
manipulated and this method used to assess congruence in
different joint positions.
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