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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF PHYSICAL SCIENCES AND ENGINEERING
OPTOELECTRONICS RESEARCH CENTRE

Thesis for the degree of DOCTOR OF PHILOSOPHY

TAPERED SILICON CORE FIBRES FOR SUPERCONTINUUM GENERATION

by
Joseph CAMPLING

A series of silicon-core fibre tapers are designed that allow for longitudinal vari-
ation of their nonlinear and dispersion parameters with length. A supercontinuum
(SC) is generated in the waist region of the taper due to the increased nonlinear-
ity there. The long-wavelength edge of the SC is then boosted by up-tapering to a
specific core diameter which is chosen to optimise the phase-matching conditions
for four-wave mixing. This means that the bulk of the initially-generated SC can be
used as pump sources for transferring power to the long-wavelength edge. Each
design targets a specific wavelength range with a 0.25 µm bandwidth.

The design work is driven by simulations of mid-infrared laser pulse propaga-
tion through the fibres, which work by solving the generalised nonlinear Schrödinger
equation (GNLSE). This incorporates numerous nonlinear effects in silicon affect-
ing SC generation, including two-photon absorption (TPA), three-photon absorption
and free-carrier effects. The wavelength-dependence of linear loss and the effective
area of the fundamental mode is incorporated into the GNLSE, which is extended to
also incorporate the wavelength-dependence of TPA.

The possibility of using these taper design principles is also explored for silicon-
on-insulator waveguides.
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Chapter 1

Introduction

A supercontinuum (SC) is a broadband source of coherent light that has many practi-
cal applications in sensing, spectroscopy and microscopy. The mid-infrared (mid-IR)
region is particularly useful as it can be used to study biological molecules as well
as accurately measure greenhouse gas emissions. For SC generation in the mid-IR,
silicon is a promising material due to its high nonlinearity and broad transparency
window. It is also versatile as it can be drawn as a fibre or etched as a ridge waveg-
uide onto CMOS-compatible chips.

The purpose of this work is to find a way to extend the long-wavelength edge of a
SC. The emphasis, however, is not merely on the points at which the SC drops below
a certain threshold relative to the pump wavelength (such as -30 dB, a commonly
used metric) which define its width. The work focusses rather on the average power
(or spectral density) available in the long-wavelength portion of the SC. As such,
the SC studied here could have practical applications in spectroscopy, for which a
minimum average power is required.

To this end, I have designed a series of silicon-core fibres that are tapered longi-
tudinally, thus varying their dispersion parameters with length. This allows a SC to
be generated in the waist region of the taper due to the increased nonlinearity there.
The long-wavelength edge is then boosted by up-tapering to a specific core diame-
ter which is chosen to optimise the phase-matching conditions for four-wave mixing
(FWM). This means that the bulk of the initially-generated SC can be used as pump
sources for transferring power to the long-wavelength edge. Each design targets a
specific wavelength range with a 0.25 µm bandwidth.

In order to carry out this design work, which is entirely simulation-based at
this juncture, I first study the generalised nonlinear Schrödinger equation (GNLSE),
which incorporates numerous nonlinear effects in silicon affecting SC generation,
including two-photon absorption (TPA), three-photon absorption (3PA) and free-
carrier effects. I develop code to solve the equation and compare simulation results
produced by it with a number of experimentally measured spectra to ensure the sim-
ulations are in good agreement. I incorporate the wavelength-dependence of linear
loss and the effective area of the fundamental mode into the GNLSE. Furthermore, I
extend the GNLSE to incorporate the wavelength-dependence of TPA, as this has an
impact on the SC produced with the taper designs which are pumped near the edge
of the TPA band.

The design work starts with a simple two-fibre model, where a pump and seed
are used to generate a third wavelength using degenerate-FWM in the first fibre.
The three wavelengths are then sent into a second fibre in order to generate a fourth
(target) wavelength. The core diameter of the output fibre is such that the input
wavelengths are phase-matched with the target in a non-degenerate FWM process.

This principle is essentially extended with the full fibre taper designs, in which
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the output facet core diameter allows for many such phase-matched processes to oc-
cur across the whole input spectrum, with targets contained in a limited wavelength
range at the edge of the SC.

Finally, the possibility of using these taper design principles is explored for silicon-
on-insulator (SOI) waveguides, which offer some promise but are found to be less
effective than the fibre designs for the pump and target wavelengths studied in this
work.

Nonetheless, these design principles are shown to be sound and tapered silicon-
core fibres have the potential to significantly enhance the power available for mid-IR
spectroscopy.

1.1 Supercontinuum generation in the mid-infrared

The infrared (IR) is an important domain in terms of sensing applications because
many energy transitions of molecules involve the absorption and emission of IR
photons. It can be used for studying ultrafast hydrogen-bond dynamics in water [1],
detecting trace gases [2] or even for monitoring volcanoes [3].

It is divided up in different ways by different authors, into bands such as the
near-infrared (NIR) [4], the mid-infrared (mid-IR) [5] and the far-infrared (FIR). Some-
times the term short-wavelength infrared (SWIR) is used to cover the region between
the NIR and mid-IR [6]. For the purposes of this study, I will define the NIR as 0.65
- 1.7 µm, the SWIR as 1.7 - 3.5 µm and the mid-IR as 3.5 - 10 µm. The spectral band-
widths studied in this report range from ∼ 1.4 – 5.5 µm, thus covering the SWIR and
significant portions of the NIR and the mid-IR.

When information about the optical response of a sample over a range of wave-
lengths is required, as in the case of fluorescence or absorption spectroscopy, it is
necessary to have a coherent broadband source of light [7]. In this process, the light
is passed through a sample and the output measured to resolve fluorescence or ab-
sorption lines across a wide spectrum, thus providing information about chemicals
and/or biological processes present. A supercontinuum (SC), which simply means a
continuum of frequencies over a wide (‘super’) range, is just such a source. SC gen-
eration has a range of additional applications: low-coherence interferometry [8], op-
tical coherence tomography [9], gas sensing (as mentioned) and confocal microscopy
[10].

An SC is generated by pumping an optical fibre or waveguide with short laser
pulses (generally < 1 ps). A combination of the material nonlinearity and disper-
sion then broadens the spectrum of the input light. A strong nonlinear interaction
is important for modifying the phase of the electric field component of the light in
order to change the spectrum. Equally crucial is the dispersion profile which de-
termines how wavelengths can be converted to different ones through a process of
phase-matching.

Optical fibres have been used for a long time for SC generation. The problem
traditionally has been that silica fibres have a very low material nonlinearity [11]
and a small index contrast between the core and cladding, which means that light
cannot be confined well in structures smaller than a few microns. As the nonlinear-
ity achievable is inversely proportional to the area of a waveguide, very high peak
powers (> 10 kW) have to be used to generate the nonlinear effects necessary for
producing an SC. This means that such setups are not very portable or compact, and
thus not suitable for use outside dedicated laboratories. In response to this prob-
lem, photonic crystal fibres (PCFs) have been developed which still use silica, but
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the structure is such that air-holes confine the light more strongly, increasing the
strength of the nonlinear response. PCFs have improved the efficiency of SC gen-
eration, but this is still limited to the NIR or telecoms region by the transparency
window of silica. Fibres and waveguides have also been developed using differ-
ent glasses such as chalcogenide, bismuth and tellurite [11]. These materials have
a higher intrinsic nonlinear coefficient, so do not require microstructuring, and a
higher refractive index than silica allowing for a higher index contrast which means
the laser light can be trapped in a smaller core. These effects combine to increase the
nonlinearity affecting the propagating light, and mean that lower peak powers, and
thus more compact lasers, can be used to generate an SC. Furthermore, their trans-
parency extends to longer wavelengths, allowing more versatility. However, these
materials are not entirely stable due to photo-darkening effects, and are difficult to
handle [12].

Concomitant to this has been research into waveguides using semiconductors
such as germanium and silicon [5]. There is a great deal of interest in the latter for
several reasons. Firstly, it has a very high nonlinearity allowing for lower power
lasers to be used for SC generation. Secondly, it is transparent from the NIR to the
mid-IR (and thus allows for an octave-spanning SC across the SWIR range). Thirdly,
a great deal of progress has been made in reducing the propagation losses. Finally,
the standardised fabrication process for silicon chips means that there is a great de-
sire to combine optical processing with electronic processing on the same monolithic
chip.

While there is much focus on silicon chips, this material can be also used to pro-
duce silica-clad fibres, one of the advantages of which is that they can be integrated
with ‘standard’ silica single-mode fibres (SMFs). In addition to SC generation, the
nonlinearity of silicon can be used for wavelength-conversion based information
processing, which can be built into existing fibre networks, allowing for such pro-
cessing to be done ‘en route’ [13]. In terms of sensing and spectroscopy, silicon fibres
can be incorporated into compact devices or connected externally to them without
the need to write waveguides on a chip, which can require multiple etching and
bonding steps if different materials are combined. Furthermore, and post-processing
those materials can be difficult if not impossible without ruining other aspects of the
chip. Silicon fibres do not suffer from this problem, and thus they offer much more
versatility in terms of post-processing.

In terms of SC generation, with which this study is concerned, silicon fibres of-
fer the possibility of portable spectroscopy-based technology that links in naturally
with standard fibres, covering the near-to-mid infrared region. The large core sizes
relative to typical ridge waveguides allows for higher input pulse powers to be used,
allowing for higher average output powers which are crucial for spectroscopy. The
circular geometry and smoother surfaces of silicon-core fibres, due to the flow of
the silica cladding around the core during fabrication, mean that the loss is lower as
well, potentially allowing for longer lengths which utilise the nonlinearity further.

1.2 Motivation

Although some success has been had with SC generation in silicon (eg [9, 14, 15,
16, 17]), there are limitations such as multi-photon absorption (arising from the ex-
citation of electrons into the conduction band) [18] and free-carrier absorption (ad-
ditional absorption by the released electrons) [19]. These processes require further
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study, particularly in terms of how they vary with frequency, in order to better model
and potentially design new silicon fibres.

Part of this design work includes exploring the possibilities offered by tapered
fibres, which can be fabricated using established techniques. The immediate advan-
tage of these is that it is easier to free-space couple light into them as they have an
input diameter comparable to standard fibres (so no lossy elements such as coupling
lenses are introduced). In the smallest diameter section (the waist) the nonlinearity is
highest, so the most spectral broadening occurs, but tight modal confinement means
the modal field spreads into the silica cladding, which strongly absorbs wavelengths
longer than 3.5 µm. However, the waist can be reduced in length while still keep-
ing the overall fibre long enough to be manageable. The SC can be generated in
the waist and then the up-tapered section allows the light to exit the fibre before
cladding-induced losses have accumulated.

Beyond the immediate practicality of having a waist which is narrow and of short
length, a further advantage of a taper is that its dispersion profile can be tailored with
length so as to open up new phase-matching conditions as the light propagates, thus
inducing additional spectral broadening. The goal of this PhD is to design tapered
fibres that effectively exploit this phase-matching in order to generate more average
power in the long wavelength edge of a mid-IR SC. This could have practical uses
for mid-IR spectroscopy.

1.3 Simulating SC generation

One of the main methods for numerically studying nonlinear effects and the re-
sulting evolution of pulses in both the time and frequency domains is the gener-
alised nonlinear Schrödinger equation (GNLSE) [20]. This is because it is not only
straightforward to understand conceptually but also solve numerically using the
well-established split-step Fourier method (SSFM) [21], as described in Chapter 2. It
has been used successfully to recreate the measured spectra of pulses in SMFs and
PCFs, including the case where pulses are short and the spectra very broad, which
occurs during supercontinuum (SC) generation [7]. In this case, accurate modelling
requires the frequency-dependence of all of the parameters to be taken into account,
including the nonlinear term which has been achieved for glass fibres. However, be-
cause semiconductor fibres and waveguides affect light via additional nonlinearities
(multi-photon and free carrier absorption), it is necessary to include extra frequency-
dependent terms. One such term, accounting for the frequency-dependence of two-
photon absorption (TPA), is studied in Chapter 5.

1.4 The structure of the thesis

Chapter 2 introduces the background theory pertaining to the types of silicon used in
silicon-core fibres, confinement of the modes and dispersion characteristics of a fibre,
and the GNLSE itself. The fundamentals of nonlinear effects are then introduced.

Chapter 3 studies these nonlinear effects in more detail, with simulations to il-
lustrate them individually and in combination. This will help to understand super-
continuum generation in silicon-core fibres better.

Chapter 4 tests the code by comparing simulations with measured spectra from
experiments with silicon-core fibres (including a tapered one) and a silicon-on-insulator
(SOI) ridge waveguide.
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In Chapter 5 the GNLSE is modified by making the nonlinear loss terms (TPA
and 3PA) fully wavelength-dependent. The effects of the wavelength-dependence
of the linear loss and effective area of the fundamental mode are also considered.

The final three chapters comprise design work of silicon fibre and ridge systems
that can extend the spectral reach of wavelength-conversion and SC generation.

Chapter 6 looks at connecting two fibres together with different diameters in
order to convert two pumps to a longer wavelength than would be achievable with
only one fibre.

In Chapter 7, this principle is extended to a full taper-shape and applied to SC
generation, where the aim is to boost the long-wavelength side of the SC for use in
spectroscopy of greenhouse gases.

Chapter 8 then applies these design principles to a ridge platform to demonstrate
that they are also applicable in different waveguide geometries.

Finally, Chapter 9 summarises and concludes.
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Chapter 2

Background

In this Chapter I introduce the theory necessary to understand nonlinear optics in
silicon-core fibres. This will include the optical properties of silicon, the structure
of silicon-core fibres and the equations governing the confinement of optical modes
and the propagation of pulses through these fibres. Finally I will look at some of
the main nonlinear processes, self-phase-modulation (SPM) and four wave mixing
(FWM) and the consequences of these, such as higher-order solitons and soliton fis-
sion that play a key role in supercontinuum generation.

2.1 Useful equations

The following equations will be used several times in this chapter, so it is useful to
define them here:

The Fourier transform is defined as follows:

Ẽ(r, ω) =
∫ ∞

−∞
E(r, t)exp(iωt)dt (2.1)

Correspondingly, the inverse Fourier transform is:

Ẽ(r, ω) =
1

2π

∫ ∞

−∞
Ẽ(r, ω)exp(−iωt)dω (2.2)

There is also the Fourier transform property which follows from these defini-
tions:

∂Ẽ(r, ω)

∂t
= −iωẼ(r, ω) (2.3)

Finally, there is the convolution theorem which means time-delays can be dealt
with in the frequency domain:

Given h(t) = ( f ∗ g)(t) =
∫ ∞

−∞
f (t′)g(t− t′)dt′

then h̃(ω) = f̃ (ω) · g̃(ω) (2.4)

2.2 Optical properties of silicon

Silicon has a transpacency window from 1.1 - 8.5 µm [16]. It is a semiconductor, and
has a bandgap of Eg = 1.13eV, which corresponds to light of a wavelength 1.1 µm.
This means that it has extremely high absorption at shorter wavelengths than this
(and hence does not transmit) because it only requires a single photon to excite an
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electron in the valence band enough to jump into the conduction band. The absorp-
tion is reduced at longer wavelengths, but a pair of photons can still be simulta-
neously absorbed in a process called two-photon absorption (TPA). In this case, if
a photon of energy Eg/2 < hν < Eg (where h is the Planck constant and ν is the
frequency) is absorbed by an electron in the valence band of the material, exciting it
into a virtual (forbidden) state, and a second photon is absorbed rapidly enough that
has enough energy to excite the electron above the bandgap, that electron can jump
into the conduction band. There is a caveat, in that silicon is an indirect bandgap
material [22], which means there is a difference in momentum between the bands,
and so vibrational states of the material (phonons) are required to assist in the pro-
cess. This means that photon absorption processes have a lower probability than in
a direct bandgap material, but nonetheless they still occur and can have a dramatic
effect on SC generation, as will be demonstrated. The TPA process is illustrated in
Fig. 2.1 which also shows the recombination of the released free electron (carrier)
back into the valence band by emission of a single photon.

FIGURE 2.1: Energy diagram for TPA in silicon. (a) Absorption of two
photons by an electron, assisted by a phonon. The electron becomes
a free carrier. (b) Recombination of free carrier by emitting a single

photon, also assisted by a phonon.

At longer wavelengths (i.e. lower frequencies), there are even higher orders of
multi-photon absorption, such as 3-photon absorption (3PA) which is also consid-
ered in this study. The electrons released into the conduction band by this process
are called free carriers, which also act as an additional source of absorption, free
carrier absorption (FCA).

Silicon has a crystalline form (single crystal, c-Si, or polycrystalline, p-Si) or an
amorphous form (a-Si) [23], and both types are looked at in this study. Table 2.1
shows the optical properties of a-Si:H (hydrogenated amorphous silicon) and p-Si
fibres at 1.55 µm.
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Optical parameter p-Si a-Si:H

n2 (×10−13cm2/W) 0.4 – 0.6 1.5 – 1.85
βTPA (cm/GW) 0.7 – 1 0.5 – 0.8
Loss (dB/cm) 1.6 – 3 0.9 – 3.5

TABLE 2.1: Optical properties of silicon-core fibres at 1.55 µm (taken
from [24]).

Most of the silicon-core fibres studied in this thesis are p-Si, but the more it is re-
heated and tapered, the more the grains melt and recrystallise in a form approaching
c-Si. The optical properties of c-Si are essentially the same as for p-Si, but the loss
is slightly lower because the grains grow larger and so there are fewer grain bound-
aries to cause scattering.

Crystalline silicon generally has lower losses than amorphous silicon but the lat-
ter can be hydrogenated (a-Si:H) to remove dangling bonds and thus reduce optical
absorption [23]. Furthermore, it has higher nonlinearity (2-5 times higher than c-Si)
and lower TPA [14] which makes it very useful for nonlinear optics and particularly
SC generation (as demonstrated in [14] and [17]). For fibres or waveguides longer
than a cm, however, crystalline silicon is more versatile than amorphous because it
is more stable and it can be post-processed (i.e. melted and re-crystallised). Amor-
phous cannot, as such heating and cooling of the material would cause crystals to
form, such that it loses its amorphous form. Furthermore, crystalline silicon has
lower losses ([24]). These advantages of crystalline silicon make it a good material
for fabricating fibre tapers (see Section 2.3.3).

2.3 Silicon-core fibres

2.3.1 Fabrication

Silicon core fibres can be fabricated in one of two ways: high pressure chemical
vapour deposition (HPCVD) or the molten core drawing (MCD) method.

In HPCVD, layers of silicon are deposited inside a silica capillary [25]. A mixture
of silane and helium is forced through this capillary at a high pressure (of∼ 35 MPa)
and a temperature of 400 – 500°C. The material is deposited in an amorphous state
and thus bonds smoothly to the silica walls, which means the roughness at the inter-
face is as low as the silica walls, which are very smooth. The fibre can then be used
with the silicon left in its amorphous state (a-Si). If hydrogen is added to the original
deposition mixture, it saturates the dangling bonds in the silicon, producing hydro-
genated amorphous silicon (a-Si:H) which has a reduced optical loss. Alternatively,
it can be subsequently annealed at a much higher temperature of 1325°C in order to
produce a p-Si core.

The MCD method [26] is essentially the process used to draw SMFs and thus is
much more versatile than CVD, which can be very slow, limiting the reasonably ob-
tainable lengths. In the MCD method, a rod of the core material (in this case silicon)
is sleeved inside a silica cladding tube, which is coated with a thin layer of calcium
oxide (CaO). The complete structure is then fed into a drawing tower at a temper-
ature of 1950 °C, melting core and cladding, and the resulting fibre is then drawn
down from the tower at a rate of 2.7 m/min [27]. The CaO interface layer prevents
oxygen transfer from the silica to the silicon and reduces the stress between these
materials during the process of heating them to such high temperatures, following
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(a) (b)

FIGURE 2.2: (a) Refractive index profile of a step index silicon-core
fibre fabricated with the HPCVD method. The core has diameter 2 µm
and the cladding 10 µm. Note that the refractive index outside the
cladding is that of air (1). (b) Profile of a silicon-core fibre fabricated
with the MCD method, which includes a CaO interface layer between

core and cladding.

which the core crystallises upon cooling [28]. The resulting fibre is very thick (with
core diameters of 60 – 120 µm) and so is characterised as ‘cane’. It can then subse-
quently be tapered down to a usable core size of 1 – 3 µm by heating it and pulling
it.

2.3.2 Fibre structure

In this study, I investigate Si-core fibres fabricated via the two different methods, a-
Si:H as produced by HPCVD, and p-Si, as produced by MCD, which approaches c-Si
when it is heated again in order to taper the core longitudinally and subsequently
recrystallises.

Figure 2.2 shows the refractive index profile of the two types of fibre: (a) shows a
fibre fabricated using HPCVD, such that there is no gap between core and cladding.
(b) shows a fibre fabricated using MCD, with the CaO interface layer between the
core and cladding. This interface layer has a composition of roughly 50% CaO and
50% SiO2, and thus its refractive index depends on both. For the purposes of this
chapter I talk about calculating the propagation constant for the simple step-index
case only (ignoring the CaO layer), but for my simulations of p-Si and c-Si fibres I
use a finite-difference model (in Comsol, a commercially-available package) to do
this calculation which takes the interface layer into account.

Due to the refractive index change between core and cladding, light is guided in
the same way as standard fibres, i.e. by total internal reflection.
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2.3.3 Tapering

The design work carried out in this thesis is based on the principle that silicon core
fibres, like other types of fibre, can be tapered. This can be for the purposes of de-
creasing the core diameter to create tighter mode confinement and thus higher non-
linearity, changing the mode size to couple to a different fibre or waveguide, or for
controlling the dispersion parameters along the length. This latter purpose will be
the main focus of this thesis, as the tapered fibre and waveguide designs studied in
later chapters are designed to access different phase-matching conditions as the light
propagates through them.

Silicon core fibres can be tapered by feeding them through a fusion splicer, as
shown in Fig. 2.3, which heats the silicon to above its melting point of 1410°C [29].
This does not melt the silica cladding, but it does soften it, and the fibre can then be
pulled at a rate of ∼ 100 µm / s. The exact rate can be varied to produce different
waist sizes and taper transition lengths as required.

The silicon crystallises as it cools, forming larger grain sizes such that it ap-
proaches c-Si. As mentioned previously, in-diffusion of oxygen from the silica cladding
to the silicon core is prevented by the CaO interface layer, which also acts to reduce
tensile stress between the two materials during drawing and subsequent tapering
processes as they have different melting points [30].

FIGURE 2.3: Tapering of a silicon core fibre by feeding it into a heated
zone it and then pulling it through.

2.3.4 Ridge Waveguides

The majority of this thesis is concerned with silicon-core fibres, but ridge waveg-
uides are also considered as a point of comparison. These are silicon on insulator
(SOI) waveguides, which have a rectangular structure as shown in Fig. 2.4.
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FIGURE 2.4: Structure of SOI ridge waveguides. (a) Cross section. (b)
Three-dimensional view.

As shown in Fig. 2.4, the thickness of typical SOI waveguide cores is 220 nm.
These are designed for telecoms wavelengths (∼ 1.55 µm) rather than longer wave-
lengths in the mid-IR. However, the thickness can be increased up to 2 µm to support
these.

There are a number of ways of creating a SOI wafer. One of the most common
is separation by implantation of oxygen (SIMOX) [31]. In this process, oxygen is
implanted into the top of the silicon wafer. This is done by electrostatically acceler-
ating oxygen ions and directing them into the wafer, where they form a buried oxide
(BOX) layer. The wafer is subsequently annealed at a temperature of ∼ 1350 °C. As
a result, a layer of silicon dioxide (silica) is formed which acts as an insulator, or
cladding for the purposes of waveguides.

The waveguides are then formed by using lithography to remove the excess
silicon from the top layer to leave rectangular strips. These are generally called
nanophotonic waveguides and have a width of 300 – 500 nm [32]. However, this
width can be increased arbitrarily and ridge waveguides, such as the ones studied
in Chapter 8, can have widths > 1 µm.

Unlike silicon-core fibres, which have very smooth boundaries between core and
cladding, SOI waveguides have rough sidewalls, which can cause scattering of the
light propagating through them, which is a source of loss. I will cover this in more
detail in Section 8.1.1 when I focus on ridge waveguides for the purposes of com-
parison with silicon-core fibres.
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FIGURE 2.5: V-number vs core diameter for 3 wavelengths, as la-
belled. The horizontal dashed line shows the single-mode cut-off
condition, V = 2.405. The inset images are some of the first linearly

polarised mode field profiles generated in Comsol.

2.4 Modal confinement

Due to the boundary conditions between the core and cladding in a step-index fibre
(i.e., Hz and Eθ should be continuous), there are only certain allowed distributions of
the electric field in a fibre, in terms of its polarisation. Those distributions that main-
tain their shape during propagation are called modes (as opposed to superpositions
of modes, which do not). There are usually a number of modes supported by a fibre,
depending on its diameter and the carrier frequency of the electric field. To deter-

mine how many, a concept called the V-number is introduced [20]: V = k0a
√

n2
1 − n2

0
where a is the fibre radius and n1 and n0 are the core and cladding refractive indices
respectively (given by the Sellemeier equations for silicon [22] and silica [33]). Fig.
2.5 shows how the V-number of silicon fibres changes with diameter for 3 different
wavelengths, 1.55, 2.4 and 3 µm.

When V < 2.405, the fibre only supports one mode, the fundamental mode.
As the graph shows, however, this cut-off point occurs for extremely small core di-
ameters of between 0.19 and 0.37 µm, so the fibres that are studied in this thesis,
which have core diameters ranging from 0.9 to 5.7 µm, are technically multimode
fibres. However, for the simulations contained herein it is assumed that the pulses
are propagating only in the fundamental mode. In [34] it was shown that by careful
coupling of the light into a a-Si:H fibre with 5.7 µm core diameter, > 98% of it can
be contained in the fundamental mode, despite the fact that such a large core can
support thousands of modes. I recreate the simulation that shows this in Section 4.2
which is the only time I explicitly include higher-order modes.

To calculate the propagation constant β the eigenvalue equation for the funda-
mental (HE11) mode is used [35]:{

J′1(u)
uJ1(u)

+
K′1(w)

wK1(w)

}{
J′1(u)

uJ1(u)
+

n2
0K′1(w)

n2
1wK1(w)

}
=

(
β

kn1

)2 ( V
uw

)4

(2.5)
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where J1 and K1 are Bessel functions of order 1 and ’ denotes a derivative (e.g.

J′1(u) = dJ1/du), u = a
√

k2
0n2

1 − β2, w = a
√

β2 − k2
0n2

0.

The propagation constant can be written as a Taylor series [20]:

β(ω) = β0 + β1(ω−ω0) +
β2

2!
(ω−ω0)

2 +
β3

3!
(ω−ω0)

3 + ... (2.6)

where β0 = β(ω0) and βn = dnβ/dωn at ω = ω0.
β(ω) determines the rate of phase change of ω due to its propagation distance

(see Section 2.6). 1 / β1 is the group velocity, vg of the carrier frequency. Although
the other frequencies in a pulse have different propagation constants, they group
around the carrier, so that the pulse as a whole travels at vg. The spread of these
phase velocities in the pulse is governed by β2, the group velocity dispersion (GVD)
term, and generally the most important term for describing pulse dynamics. Gen-
erally, a waveguide is characterised by its dispersion profile, and Figure 2.6 shows
the GVD across a range of wavelengths that I calculated by solving Eq. (2.5) and
differentiating it twice for 3 different silicon fibre core diameters. Finally, β3 is the
third order dispersion (TOD) parameter, which can be treated as a perturbation on
β2. Of course there are an infinite series of higher-order dispersion terms, and the
number needed depends on how wide the spectrum is around the carrier (or pump)
wavelength (i.e. the broader the spectrum, the more terms are typically required).

FIGURE 2.6: The dispersion profile of 3 silicon fibres of labelled di-
ameters

The modal fields are then given by [36]:

Ex = −jAβ
a
u

[
(1− s)

2
J0

(u
a

r
)

cos(φ)− (1 + s)
2

J2

(u
a

r
)

cos(2θ + φ)

]
(2.7)

Ey = jAβ
a
u

[
(1− s)

2
J0

(u
a

r
)

sin(φ) +
(1 + s)

2
J2

(u
a

r
)

sin(2θ + φ)

]
(2.8)

Ez = AJ1

(u
a

r
)

cos(θ + φ) (2.9)

in the core and:
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Ex = −jAβ
aJ1(u)

wK1(w)

[
(1− s)

2
K0

(w
a

r
)

cos(φ) +
(1 + s)

2
K2

(w
a

r
)

cos(2θ + φ)

]
(2.10)

Ey = jAβ
aJ1(u)

wK1(w)

[
(1− s)

2
K0
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r
)

sin(φ)− (1 + s)
2

K2

(w
a

r
)

sin(2θ + φ)

]
(2.11)

Ez = A
J1(u)

K1(w)
K1

(w
a

r
)

cos(θ + φ) (2.12)

in the cladding, where A is the field amplitude, Jn and Kn are Bessel functions of
order n, J′(n) and K′(n) are their derivatives,

s =
n
( 1

u2 +
1

w2

)[
J′n(u)

uJn(u)
+ K′n(w)

wKn(w)

] (2.13)

and s1 = β2/(k2n2
1)s , s0 = β2/(k2n2

0)s.

The LP01 (fundamental) and two of the higher-order modes (LP11 and LP21)
are shown in Fig. 2.5. Note that LP01 mode is a scalar approximation to the fully-
vectorial HE11 mode defined by the above equations, which is valid in the weakly
guiding limit as discussed in Section 2.5.

This means that the electric field polarisation is assumed to be strictly perpendic-
ular to the direction of the propagation. This means that Ez = 0 and the polarisation
is all in the Et-direction, where t is transverse (i.e. in the x,y plane). Thus, Ez/Et = 0.
In reality, it is small but nonzero, and grows as the wavelength increases and be-
comes comparable to the waveguide dimensions. This has an effect on the strength
of the nonlinear interaction, which will be examined further in Sec. 2.5.3.

Furthermore, the assumption of linear polarisation means that the direction is
constant in the transverse plane. In fact, this is used in the derivation of the Non-
linear Schrödinger Equation (Sec. 2.5.1), in which x is defined as the direction of
polarisation.

To check how good this assumption is, it is instructive to look at the electric field
as calculated by Comsol and in particular the ratio of Ex/Ey or vice versa. The po-
larisation direction in Comsol is arbitrary (due to circular symmetry) and so both
field-components will have some distribution. The ratio shows how much the po-
larisation varies from its average direction.

Fig. 2.7 shows the fundamental mode for four wavelengths in a silicon-core fibre,
with core diameter of 1700 nm, from 2.1 – 5.5 µm. The left plots show the modulus
of the field, which can be seen to become increasingly distorted as the wavelength
increases, spilling out of the core. The field strength also decreases to about a quarter
over the wavelength range, showing that the longer wavelengths are poorly guided.
This is to be expected due to the size of the wavelength relative to the core dimen-
sion, and in the fibre tapers simulated later on, the core size is generally doubled
to facilitate the generation of these longer wavelengths. The middle pair of plots
shows the Ey and Ex field respectively, and these become correspondingly distorted.
Interestingly, the Ex field seems to lose its shape entirely. Nonetheless, the ratio of
Ey/Ey remains fairly constant throughout, becoming seemingly less pronounced at
longer wavelengths, but this is more due to the weakening of the field-strength and
spillage into the cladding. The maximum ratio is 10 in these plots. It is most ap-
pararent in the top mode where the field is strongest, but still only occurs at the
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FIGURE 2.7: Electric field polarisation for the fundamental mode
in a silicon-core fibre with diameter of 1700 nm. Left-right: electric
field norm, x-polarisation, y-polarisation, ratio of y-polarisation / x-
polarisation (colour scale is ±10). Fundamental mode wavelengths
are (a) – (d): 2.1 µm, (e) – (h): 3.5 µm, (i) – (l): 4.5 µm and (m) – (p):

5.5 µm.
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FIGURE 2.8: Electric field polarisation for the fundamental mode at
a wavelength of 5.5 µm in silicon-core fibres with diameters of (a) –
(d): 2600 nm and (e) – (h): 3500 nm. Left-right: electric field norm,
x-polarisation, y-polarisation, ratio of y-polarisation / x-polarisation

(colour scale is ±10).

core-cladding interface. This is a good indication that the mode is indeed mostly
linearly-polarised.

Fig. 2.8 (top row) shows the mode at 5.5 µm in a silicon-core fibre with 2600 nm
diameter as a point of contrast, which is much less distorted and appears mostly
linear. The field strength is 40% that of the 2.1 µm mode in the 1700 nm. Actually, for
generating wavelengths beyond 4.5 µm in the taper designs, diameters of > 3500 nm
are used, which support such wavelengths much more comfortably (as shown in the
bottom row).

2.4.1 Ridge waveguide modes

The majority of this thesis is concerned with silicon-core fibres, but silicon-on-insulator
(SOI) ridge waveguides are also considered, which have a rectangular cross-section,
a silica undercladding and air overcladding.

The equations are omitted here for brevity, and modes are solved using a finite
difference method in Comsol. The important thing to note is that the rectangular
shape means there two distinct directions for polarisation of the electric and mag-
netic fields. This leads to two categories of modes, transverse electric (TE) and trans-
verse magnetic (TM) modes. These have different propagation constants and effec-
tive areas. These are shown in Fig. 2.9.
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FIGURE 2.9: Fundamental modes in a 500 x 2000 nm SOI ridge waveg-
uide at 2.1 µm. (a) Electric field (norm) of TE mode, with neff = 3.08,
(b) magnetic field (norm) of TE mode, (c) electric field (norm) of TM
mode, with neff = 2.94, and (d) magnetic field (norm) of TM mode.

FIGURE 2.10: Fundamental modes in a 500 x 2000 nm SOI ridge
waveguide at 2.1 µm. (a) Electric field (x-component, Ex) of TE mode,
(b) Electric field (y-component, Ey) of TE mode, (c) Ratio of Ex/Ey for
TE mode, (d) Electric field (x-component, Ex) of TM mode, (e) Electric
field (y-component, Ey) of TM mode, (f) Ratio of Ex/Ey for TM mode.

Fig. 2.10 shows that despite the small thickness of the ridge waveguide relative
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to the wavelength, the majority of the electric field is polarised in the x-direction
with the y-components confined to the corners of the waveguide. This is most likely
because the width of the waveguide is much closer to the wavelength. The ratio
of Ex/Ey shows that for the TE-mode, the polarisation is indeed linear across the
waveguide, with the exception of small artifacts in the silica under-cladding and air
over-cladding, which may be due to the mesh settings. In the TM-mode, there is a
more noticeable y-component to the field, and thus some of the artifacts in the ratio
appear in the waveguide core.

Nonetheless, the TE mode is preferred for nonlinear optics as the nonlinear inter-
action is stronger. This means that coupling light in to a ridge waveguide is harder
as the polarisation needs to be matched, unlike with a fibre where the circular sym-
metry means that the fundamental mode is polarisation-independent.

2.4.2 Vector vs scalar modes

The above discussion has assumed that the electric fields confined within the waveg-
uides are perpendicularly polarised i.e. there is no z-component (where z is the di-
rection of propagation). In reality, there is a z-component that increases with wave-
length and becomes non-trivial when the wavelength is comparable with the waveg-
uide dimensions. As a result, the nonlinear effect on the light will increase, however
the amount of propagating power, proportional to the Poynting vector (which in
turn is proportional to the amount of light polarised in the transverse direction) will
decrease. This will be discussed further in Sec. 2.5.3.

2.5 The Generalised Nonlinear Schrödinger Equation

Pulse propagation is modelled by using the generalised nonlinear Schrödinger equa-
tion (GNLSE). This is adapted from the NLSE derived for silica fibres, which can be
extended for other materials. In the case of silicon, this means adding nonlinear
absorption (TPA, 3PA etc) and free carrier absorption.

2.5.1 Derivation

We start with Maxwell’s Equations:

∇× E = −∂B
∂t

(2.14)

∇×H = J +
∂D
∂t

(2.15)

∇ ·D = ρ f (2.16)

∇ · B = 0 (2.17)

where E and H are the electric and magnetic field vectors, D and B are the electric
and magnetic flux densities, and J and ρ f are the current and charge densities re-
spectively. As there are no free charges in an optical fibre, these last two densities
are zero.

We can also use the following two constitutive relations given in [20]:
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D = ε0E + P (2.18)
B = µ0H + M (2.19)

where ε0 is the vacuum permittivity, µ0 is the vacuum permeability, and P and M
are the electric and magnetic polarisations, the latter of which is also zero as a fibre
is a non-magnetic medium.

We can then eliminate B and D as follows. First, take the curl of both sides of Eq.
(2.14), substituting B = µ0H as we go:

∇×∇× E = ∇×
(
−∂B

∂t

)
= − ∂

∂t
(∇× µ0H)

= −µ0
∂

∂t

(
∇× ∂D

∂t

)
= −µ0

∂

∂t

(
ε0

∂E
∂t

+
∂P
∂t

)
= −µ0ε0

∂2E
∂t2 − µ0

∂2P
∂t2

Now we can just substitute ε0µ0 = 1/c2 and we get:

∇×∇× E = − 1
c2

∂2E
∂t2 − µ0

∂2P
∂t2 (2.20)

The electric polarisation P can be split into linear and nonlinear components PL
and PNL. As mentioned in Sec. 2.7, these are governed by the optical susceptibility
tensor χ, which can be split up into different orders, χ(1) which governs the linear
response, χ(2) which only applies to non-symmetric crystals and so is zero for silica
and silicon, and χ(3) which is the lowest-order nonlinear response and as such the
dominant one (higher orders are negligible and can be ignored). PL and PNL are
related to χ(1) and χ(3) as follows:

PL(r, t) = ε0

∫ t

−∞
χ(1)(t− t′) · E(r, t′)dt′ (2.21)

PNL(r, t) = ε0

∫ t

−∞
dt1

∫ t

−∞
dt2

∫ t

−∞
dt3

× χ(3)(t− t1, t− t2, t− t3)
... E(r, t1)E(r, t2)E(r, t3) (2.22)

We can make the assumption that PNL can be added as a perturbation later, such
that we can just deal with the linear part. This can be done by Fourier transforming
both sides of Eq. (2.20). To apply this to PL, we use the convolution theorem Eq.
(2.4). As such,

P̃L = ε0χ̃(1)(ω) · Ẽ (2.23)

and Eq. (2.20) becomes:
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∇×∇× Ẽ = − 1
c2

∂2Ẽ
∂t2 − ε0µ0

∂2χ̃(1)(ω) · Ẽ
∂t2 (2.24)

The Fourier transform is defined as in Eq. (2.1).
So, using ∂Ẽ/∂t = iωẼ, Eq. (2.24) simplifies to:

∇×∇× Ẽ(r, ω) = ε(ω)
ω2

c2 Ẽ(r, ω) (2.25)

where ε(ω) = 1 + χ̃(1)(ω) is the frequency-dependent dielectric constant. This can
be related to the refractive index n(ω) and the absorption coefficient α(ω) by using
ε = (n+ iαc/2ω)2. The absorption is assumed to be small and can thus be neglected,
giving the approximation ε ≈ n2.

We can simplify the LHS of Eq. (2.20) by subsitituting Eq. (2.23) into Eq. (2.18)
and using χ̃(1) ≈ n2 − 1:

∇ · D̃ ≈ ε0∇ · Ẽ +∇ · P̃L

≈ ε0∇ · Ẽ + ε0(n2 − 1)∇Ẽ
= ε0(1 + n2 − 1)∇ · Ẽ
= n2ε0∇ · Ẽ = 0

As n2 > 0 and ε0 > 0, ∇ · Ẽ = 0 and thus ∇ · E = 0. The following relation can
thus be used:

∇×∇× E ≡ ∇(∇ · E)−∇2E = −∇2E (2.26)

and now Eq. (2.20) becomes:

∇2E− 1
c2

∂2E
∂t2 = µ0

∂2PL

∂t2 + µ0
∂2PNL

∂t2 (2.27)

in which PNL is included. It will nonetheless be treated as a small purturbation
when solving Eq. (2.27). Other simplifying assumptions used are that optical field
maintains its polarisation during propagation, and that the field can be assumed to
be quasi-monochromatic (i.e. its bandwidth is much smaller than the carrier fre-
quency). These assumptions are valid for silica fibres and become less so for silicon,
but in practice the resulting equation still works well.

As mentioned in Sec. 2.6, the slowly varying approximation is used, so the elec-
tric field and polarisation can be written as follows:

E(r, t) =
1
2

x̂[E(r, t)exp(−iω0t) + c.c.] (2.28)

PL(r, t) =
1
2

x̂[PL(r, t)exp(−iω0t) + c.c.] (2.29)

PNL(r, t) =
1
2

x̂[PNL(r, t)exp(−iω0t) + c.c.] (2.30)

We can subsitite Eqs. (2.28) and (2.29) into Eq. (2.21) to give:
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1
2

x̂[PL(r, t)exp(−iω0t) + c.c.] = ε0

∫ ∞

−∞
χ(1)(t− t′) · 1

2
x̂[E(r, t′)exp(−iω0t) + c.c.]dt′

=⇒ PL(r, t) = ε0

∫ ∞

−∞
χ(1)(t− t′) · E(r, t′)exp(−iω0t′)exp(iω0t)dt′

= ε0

∫ ∞

−∞
χ(1)(t− t′) · E(r, t′)exp[iω0(t− t′)]dt′

It would be more useful if the integral was in the frequency domain rather than
the time domain, which can be achieved by Fourier transforming and then inverse-
transforming the RHS, using the convolution theorem Eq. (2.4) in the first step with:

PL(r, t) = ε0u(t)
where u(t) = ( f ∗ g)(t),

f (t− t′) = χ(1)(t− t′),
g(t′) = E(r, t′)exp[iω0(t− t′)]

Now we can apply the theorem:

ũ(ω) = f̃ (ω) · g̃(ω)

= χ̃(1)(ω) · g̃(ω)

= χ̃(1)(ω)
∫ ∞

−∞
E(r, t′)exp[iω0(t− t′)]exp(iωt′)dt′

= χ̃(1)(ω)
∫ ∞

−∞
E(r, t′)exp[i(ω−ω0)t′]exp(iω0t)dt′

= χ̃(1)(ω)Ẽ(r, ω−ω0)exp(iω0t) (2.31)

Finally, we apply an inverse Fourier transform such that:

PL(r, t) = ε0F−1{ũ(ω)}

=
ε0

2π

∫ ∞

−∞
χ̃(1)(ω)Ẽ(r, ω−ω0)exp(iω0t)exp(−iωt)dω

=
ε0

2π

∫ ∞

−∞
χ̃(1)(ω)Ẽ(r, ω−ω0)exp[−i(ω−ω0)t]dω (2.32)

To solve for PNL(r, t), we can subsitute Eq. (2.28) into Eq. (2.22) and make the
simplifying assumption that the nonlinear response is instantaneous. Thus, the time-
dependent integrals can be replaced by a product of delta functions with the form
δ(t− ti) and the equation reduces to:

PNL(r, t) = ε0χ(3)...E(r, t)E(r, t)E(r, t) (2.33)

I write out the full solution to this in Appendix B. The result of this is:

PNL(r, t) ≈ ε0εNLE(r, t) (2.34)

where
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εNL =
3
4

χ
(3)
xxxx|E(r, t)|2 (2.35)

Now, we want to get Eq. (2.27) into the frequency domain, to get it into the form
of the Helmholtz wave equation. To do this, we treat εNL as a constant (i.e. not
dependent on electric field intensity), which is valid according to the slowly varying
envelope approximation. We substitute in Eqs. (2.28), (2.32) and (2.34) as follows:

∇2Ẽ− 1
c2

∂2Ẽ
∂t2 − µ0

∂2PL

∂t2 − µ0
∂2PNL

∂t2 = 0

=⇒ ∇2Ẽ +
ω2

c2 Ẽ + µ0ω2P̃L + µ0ε0εNLω2Ẽ = 0 (2.36)

To solve P̃L, recall that PL = ε0F−1{ũ(ω)}where ũ(ω) is defined as in Eq. (2.31).
Thus, P̃L = F{ε0F−1{ũ(ω)}} = ε0ũ(ω). We can use the definition of the Fourier
transform Ẽ(r, ω−ω0) as follows:

Ẽ(r, ω−ω0) =
∫ ∞

−∞
E(r, t)exp(i(ω−ω0)t)dt

=⇒ P̃L(ω) = ε0χ̃(1)(ω)Ẽ(r, ω−ω0)exp(iω0t)

= ε0χ̃(1)(ω)
∫ ∞

−∞
E(r, t)exp(i(ω−ω0)t)dtexp(iω0t)

= ε0χ̃(1)(ω)
∫ ∞

−∞
E(r, t)exp(iωt− iω0t + iω0t)dt

= ε0χ̃(1)(ω)
∫ ∞

−∞
E(r, t)exp(iω)t)dt

= ε0χ̃(1)(ω)Ẽ(r, ω)

Now we can plug this value of P̃L(ω) into Eq. (2.36) to get

∇2Ẽ + ε(ω)k2
0Ẽ = 0 (2.37)

where k0 = ω/c = 2π/λ (where λ is the free-space wavelength) and

ε(ω) = 1 + χ̃
(1)
xx (ω) + εNL (2.38)

which is defined as the nonlinear dielectric constant. This can be approximated as
[20]:

ε = (n + ∆n)2 ≈ n2 + 2n∆n (2.39)

where ∆n is a small perturbation defined as:

∆n = n̄2|E|2 +
iᾱ

2k0
(2.40)

where n̄ and ᾱ are the intensity-dependent nonlinear-index and absorption coeffi-
cients:

n̄ = n + n̄2|E|2, ᾱ = α + α2|E|2 (2.41)
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In Eq. (2.41), α2 is the TPA coefficient. n̄2 and α2 relate to the real and imaginary
components of χ

(3)
xxxx as follows [20]:

n̄2 =
3

8n
Re
(

χ
(3)
xxxx

)
, α2 =

3ω0

4nc
Im
(

χ
(3)
xxxx

)
(2.42)

We can now use separation-of-variables to split Eq. (2.37) into two parts, by using
a solution of the form

Ẽ(r, ω−ω0) = F(x, y)Ã(z, ω−ω0)exp(iβ0z) (2.43)

where Ã(z, ω − ω0) is a function of z that varies slowly relative to the central fre-
quency ω0. This is referred to as an ‘envelope’ function. β0 = k0/n is the wavenum-
ber inside the fibre (i.e. compressed by the refractive index). The two parts become:

∂2F
∂x2 +

∂2F
∂y2 +

[
ε(ω)k2

0 − β̃2] F = 0 (2.44)

∂2Ã
∂z2 + 2iβ0

∂Ã
∂z

+
(

β̃2 − β2
0
)

Ã = 0 (2.45)

where an eigenvalue β̃ is introduced which can be solved using the eigenvalue for-
mula Eq. (2.5).

A major simplification is made in Eq. (2.45) by assuming that because the ‘enve-
lope’ function Ã(z, ω−ω0) varies slowly relative to z, the second-derivative ∂2Ã/∂z2

can be ignored. This is called the ‘slowly varying envelope approximation’ (SVEA).
Eq. (2.44) can be solved by using first-order perturbation theory [37, 20]. In the

first step, ε ≈ n2 is used, and the eigenvalue is just the wavenumber β(ω). Then
the effects of the 2n∆n term are included, which does not affect F(x, y) but adds a
perturbation to the eigenvalue which becomes:

β̃(ω) = β(ω) + ∆β(ω) (2.46)

where

∆β(ω) =
ω2n(ω)

c2β(ω)

∫∫ ∞
−∞ ∆n(ω)|F(x, y)|2dxdy∫∫ ∞
−∞ |F(x, y)|2dxdy

(2.47)

The electric field can now be written as a combination of Eqs. (2.28) and (2.43):

E(r, t) =
1
2
{F(x, y)A(z, t)exp[i(β0z−ω0t)] + c.c.} (2.48)

Eq. (2.45) can be rearranged as follows:

∂Ã
∂z

=
i

2β0

(
β̃2 − β2

0
)

Ã

≈ i[β(ω) + ∆β(ω)− β0]Ã (2.49)

in which the approximation β̃2 − β2
0 ≈ 2β0(β̃− β0) was used.

We now want to use the inverse Fourier transform to get Eq. (2.49) into the time
domain. We use the Taylor series expansion Eq. (2.6) around ω0 for both β(ω) and
∆β(ω). The Fourier transform is carried out over ω − ω0, and this can be replaced
with the differential operator i(∂/∂t) to form:
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∂A
∂z

+
∞

∑
n=1

in−1βn

n!
∂n A
∂tn = i∆β0A (2.50)

where ∆β0 = ∆β(ω = ω0). This can be calculated using Eq. (2.47), assuming that the
value of ∆n is similar enough in the core and cladding that it can be taken outside the
integral. It is further assumed that F(x, y) does not vary over the pulse bandwidth,
and the approximation β(ω) ≈ n(ω)ω/c is used. We then introduce the nonlinear
parameter γ, defined as:

γ(ω0) =
ω0n2

cAeff
, n2 =

2n̄2

ε0nc
(2.51)

where Aeff is the effective area of the mode:

Aeff =
(
∫∫ ∞
−∞ |F(x, y)|2dxdy)2∫∫ ∞
−∞ |F(x, y)|4dxdy

(2.52)

where F(x, y) is given by Eqs. (2.7) and (2.8) in the core and Eqs. (2.10) and (2.11)
in the cladding. The effective area is a measure of how strongly confined the mode
is in the fibre, and is generally smaller than the fibre core area. A smaller effective
area means a higher intensity of light, and thus a stronger Kerr nonlinearity. For
silicon fibres, due to the high index contrast, as the core diameter gets smaller, the
z-component of the field becomes non-negligible, so the effective area (defined by
its transverse components) is smaller than if the two-dimensional field approxima-
tion as given in [20] (Eqs 2.2.12 and 2.2.13) is used. At a small enough diameter (<
0.4 µm), the effective area diverges even further from the overlap integral (Eq. 2.52),
as the vectorial nature of the fields and the variation of n2 between core and cladding
have to be fully accounted for [11]. However, the smallest diameter of fibre studied
in this thesis is 0.9 µm, which justifies the use of Eq. (2.52).

In Sec. 2.5.3 I calculate the effective area in Comsol for a number of diameters
and wavelengths using the full vectorial equation and compare this to the scalar
effective area.

Eq. (2.50) can now be written as follows:

∂A(z, t)
∂z

= i
∞

∑
n=1

inβn

n!
∂n A
∂tn + iγ(ω0) |A(z, t)|2 A(z, t)− α

2
A(z, t) (2.53)

This is the GNLSE as used for silica, in which TPA is negligible, and so the ap-
proximation ᾱ ≈ α was used. For silicon, the α2|E|2 term needs to be reintroduced.
We can write out ∆n to include it explicitly:

∆n = n̄2|E|2 +
iα

2k0
+

iα2

2k0
|E|2

=

(
n̄2 +

iα2

2k0

)
|E|2 + iα

2k0
(2.54)

This means that n2 would become:
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n2s =
2n̄2

ε0nc
+

iα2

ε0nk0c

=⇒ γs(ω0) =
ω0

cAeff

(
2n̄2

ε0nc
+

iα2

ε0nω0

)
However, it is customary to leave n2 and thus γ unchanged, such that they relate

only to the real part of χ(3), and define a separate term βTPA to deal with TPA:

βTPA = 2iAeff Im(γs) =
2iAeffα2

ε0nc
(2.55)

This term can then be included in the GNLSE as follows:

∂A(z, t)
∂z

= i
∞

∑
n=1

inβn

n!
∂n A
∂tn + iγ(ω0) |A(z, t)|2 A(z, t)

− βTPA

2Aeff
|A(z, t)|2 A(z, t)− α

2
A(z, t) (2.56)

As mentioned in Sec. 2.2, as photons are absorbed by electrons in the TPA pro-
cess, the excited electrons become unbound (‘free’) charge carriers i.e. free-carriers.
These can absorb further photons in a process called free-carrier absorption (FCA)
which needs to be included in the GNLSE. This can be included as an additional loss
term σf such that the GNLSE becomes [38, 24, 39]:

∂A(z, t)
∂z

= i
∞

∑
n=1

inβn

n!
∂n A
∂tn + iγ(ω0) |A(z, t)|2 A(z, t)

− βTPA

2Aeff
|A(z, t)|2 A(z, t)− 1

2
(σf + αl)A(z, t) (2.57)

where α is relabelled as αl to make it clear that it accounts for linear loss. σf =

σ(1 + iµ). σ is the FCA cross section (1.45 × 10−21m2 in crystalline silicon [38] or
1 × 10−20m2 in amorphous silicon [34] at 1.55 µm), µ is the free-carrier dispersion
(FCD) parameter (µ = 2kck0/σ where kc = 1.35× 10−27m3 [34]) and N2 is the free
carrier density, where

∂N2 (z, t)
∂t

=
βTPA

2hν0

|A (z, t)|4

A2
eff

− N2 (z, t)
τf

, (2.58)

h is the Planck constant, ν0 is the (non-angular) centre frequency, and τf is the free-
carrier lifetime, which is typically 87 ns for wavelengths affected by TPA.

A similar approach can be followed to include higher orders of photon absorp-
tion. The simulations in this thesis include 3PA in the GNLSE to give:

∂A(z, t)
∂z

= i
∞

∑
n=1

inβn

n!
∂n A
∂tn + iγ(ω0) |A(z, t)|2 A(z, t)

− βTPA

2Aeff
|A(z, t)|2 A(z, t)− β3PA

3A2
eff
|A(z, t)|4 A(z, t)− 1

2
(σf + αl)A(z, t)
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and the FCA resulting from this process is included in σf such that σf = σ(1 +
iµ)(N2 + N3). The free-carrier parameters at 2.5 µm, which is affected by 3PA, are
σ = 3.7× 10−21m2 for the cross section and µ = 4.7 [9]. N3 builds up across the
pulse as:

∂N3 (z, t)
∂t

=
β3PA

3hν0

|A (z, t)|6

A3
eff

− N3 (z, t)
τf

, (2.59)

The free-carrier lifetime τf is 10 ns at 2.5 µm [9].
Finally, the frequency-dependence of γ needs to be taken into account, as this

becomes significant when the pulse spectrum broadens into a SC. This can be added
as a perurbation γ1, which is applied in the frequency domain as [20]:

γ1(ω0)

γ(ω0)
=

1
ω0

+
1
n2

(
dn2

dω

)
ω=ω0

− 1
Ae f f

(
dAe f f

dω

)
ω=ω0

. (2.60)

This is applied to the electric field amplitude in the time domain by using the
Fourier-transform property F{∂n A(t)∂tn} = (−iω)n A(ω) and is included in the
full GNLSE for silicon as used in this study [20, 38, 24, 39]:

∂A(z, t)
∂z

= i
∞

∑
n=1

inβn

n!
∂n A
∂tn + i

(
γ(ω0) + iγ1

∂

∂t

)
|A(z, t)|2 A(z, t)

− βTPA

2Aeff
|A(z, t)|2 A(z, t)− β3PA

3A2
eff
|A(z, t)|4 A(z, t)− 1

2
(
σf + αl

)
A(z, t) (2.61)

2.5.2 Multi-mode GNLSE

The GNLSE can be extended to include multiple modes. As mentioned in Sec. 2.4,
I assume single-mode propagation throughout the thesis, with the exception of the
simulation in Sec. 4.2 in which I recreate one of the simulations from [34]. In that
case, the GNLSE is as follows:

∂Aν

∂z
= −(β

(ν)
1 − β1)

∂Aν

∂t
− i

∞

∑
n=2

inβn

n!
∂n Aν

∂tn

+iγ′(ω0)

(
Rνν|Aν|2 + 2 ∑

ν 6=µ

Rµν|Aµ|2
)

Aν

+iγ1
∂

∂t
|Aν|2 Aν −

βTPA

2A(ν)
eff

|Aν|2 Aν −
1
2
(
σf + αl

)
Aν, (2.62)

ν = 1, 2, ...

In this version I have omitted the z and t arguments for ease of reading, and also
omitted the 3PA term as it does not apply at the 1.54 µm wavelength in the simula-
tion.

The ν subscript designates the mode, such that any number of modes can be sim-
ulated, where each mode propagates separately according to its own propagation
constant and nonlinear interaction, with two key additional terms. The first term
governs the ‘walk-off’ between modes, which travel at different group velocities.
Thus, 1/β1 is the group velocity of the fundamental mode.
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The second additional term, which contains the sum, governs XPM, in which
each mode modifies the refractive index of each other mode (designated µ). For this
term, γ is replaced with γ′ = k0n2 i.e. omitting the effective area. This is done be-
cause an overlap integral needs to be introduced to specify the strength of interaction
between modes. This is defined as:

Rµν =

∫∫ ∞
−∞ |Fµ(x, y)|2|Fν(x, y)|2dxdy∫∫ ∞

−∞ |Fµ(x, y)|2dxdy
∫∫ ∞
−∞ |Fν(x, y)|2dxdy

. (2.63)

For each mode, the effective area is included in the Rνν term (i.e. its overlap with
itself) which reduces to 1/A(ν)

eff .
The number of free carriers implicitly contained in the σf term is also affected by

the overlap of modes in the following way:

∂Nc

∂t
=

βTPA

2hν0

(
∑
ν

R2
νν|Aν|4 + 2 ∑

ν 6=µ

RννRµν|Aµ Aν|
)
− Nc

τc
, (2.64)

ν = 1, 2, ...

2.5.3 Vector vs scalar effective area

To check that this assumption is indeed justified, I recalculated the effective area in
Comsol for a number of diameters and wavelengths using the full vectorial equation
[11]:

Aeff =
|
∫
(E×H∗) · ẑ dA|2∫
|(E×H∗) · ẑ|2 dA

(2.65)

This can be simplified as follows:

(E×H∗) = (Ex · x̂ + Eyŷ + Ez ẑ)× (H∗x x̂ + H∗y ŷ + H ∗z ẑ)
= Ex H∗x (x̂× x̂) + Ex H∗y (x̂× ŷ) + Ex H∗z (x̂× ẑ)
+ EyH∗x (ŷ× x̂) + EyH∗y (ŷ× ŷ) + EyH∗z (ŷ× ẑ)
+ EzH∗x (ẑ× x̂) + EzH∗y (ẑ× ŷ) + EzH∗z (ẑ× ẑ)
= Ex H∗y ẑ− Ex H∗z ŷ− EyH∗x ẑ + EyH∗z x̂ + EzH∗x ŷ− EzH∗y x̂

=⇒ (E×H∗) · ẑ = Ex H∗y − EyH∗x

So, Eq. 2.65 becomes:

Aeff =
|
∫

Ex H∗y − EyH∗x dxdy|2∫
|Ex H∗y − EyH∗x |2 dxdy

(2.66)

These are the results I got, compared with the scalar approximation:
Fig. 2.11 shows that the difference between the full vectorial effective area and

the scalar approximation is less than 10 % for core diameters of 2600 nm and above,
even with wavelengths out to 5.5 µm, which is the longest wavelength looked at in
the fibre taper designs later. The difference becomes much more significant with a
core diameter of 1700 nm, but this is the smallest diameter (the waist) in the taper
designs, and wavelengths > 4 µm are not generated there. Thus, the results obtained
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FIGURE 2.11: Scalar and vector effective area for the fundamental
mode with silicon core fibre diameters of 1700, 2600 and 3000 nm for

wavelengths of 1.2 – 6 µm.

with the scalar approximation for the effective area are still valid for the fibre taper
designs.

I did, however, also look at ridge waveguides, as mentioned previously, and the
smallest dimension (the thickness) in these cases is 500 nm, which is much smaller
than the pulse wavelengths studied, thus the z-component of the field would be
expected to become much more significant. I also calculated the vectorial effective
area for ridge waveguides:
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FIGURE 2.12: Scalar vs vector effective areas for ridge waveguides
with 2000 nm width and heights of (a) 400 nm, (b) 500 nm, (c) 600 nm

and (d) 700 nm.

Fig. 2.12 shows that, with a ridge waveguide width of 1 µm and a height of
400 nm, the vector effective area increases significantly more with wavelength than
the scalar approximation. The difference is already 10 % by 3.73 µm and increases to
nearly 80 % by 6 µm. However, the longest wavelengths looked at in ridge waveg-
uides in this thesis is 4.5 µm, and the smallest height simulated is 500 nm. In that
case, the difference is 18 %. However, a width close to 2 µm is only used for generat-
ing wavelengths up to 3.75 µm, so the results obtained are within tolerance.

For generating wavelengths of up to 4.5 µm, a width of ≈ 2.5 µm is used. Fig.
2.13 shows the vectorial effective area compared with the scalar approximation for
ridge waveguides of this thickness and the same height range of 400 – 700 nm.
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FIGURE 2.13: Scalar vs vector effective areas for ridge waveguides
with 2500 nm width and heights of (a) 400 nm, (b) 500 nm, (c) 600 nm

and (d) 700 nm.

Fig. 2.13 shows that even with a height of 400 nm, the difference between the
vectorial effective area and the scalar approximation is less than 10% up to 4.4 µm,
and with a height of 500 nm, 4.65 µm.

Therefore, for the ridge waveguides studied later in Chapter 8, the scalar approx-
imation of the effective area is a reasonable one.

2.5.4 Solving the GNLSE: The Split Step Fourier Method

The code implements the split-step Fourier method (SSFM). This processes the linear
part of the equation (dispersion and linear loss) in the frequency domain and the
nonlinear part in the time domain. Thus, the GNLSE is split into two operators, a
linear operator L̂ and a nonlinear operator N̂ so that

∂Aν

∂z
= (L̂ + N̂)A(z, t) (2.67)

L̂ = i
∞

∑
n=1

inβn

n!
∂n

∂tn −
α(ω)

2
(2.68)
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N̂ = iγ0

(
|A(z, t)|2 + i

γ1

γ0

1
A

∂

∂t
(|A(z, t)|2A)

)
− βTPA

2Aeff
|A(z, t)|2 − β3PA

3A2
eff
|A(z, t)|4 − 1

2
σf (2.69)

where γ1 is defined as above and γ0 = γ(ω0). In my code, the 1/A factor in the self-
steepening term caused numerical errors and so I have used the technique described
in [21], which is to set

1
A

∂

∂t
(|A(z, t)|2A) = A∗

∂A
∂t

+
∂|A(z, t)|2.

∂t
(2.70)

The SSFM processes each operator separately in the following (non-symmetric) man-
ner [20]:

A(z + h, t) ≈ exp
(

h
2

L̂
)

exp
(∫ z+h

z
N̂(z′)dz′

)
A(z, t) (2.71)

where the integral is approximated by exp(hN̂). This produces a phase error of size
h which is the spatial step size. It is, however, straightforward to improve this to
second-order (h2) by symmetrising the process as follows [40]:

A(z + h, t) ≈ exp
(

h
2

L̂
)

exp
(∫ z+h

z
N̂(z′)dz′

)
exp

(
h
2

L̂
)

A(z, t) (2.72)

I have implemented a third-order scheme by not approximating the integral in Eq.
2.72 by hN̂(z) but instead using [41]:∫ z+h

z
N̂(z′)dz′ ≈ h

2
[N̂(z) + N̂(z + h)] (2.73)

This first estimates N̂(z + h) by using the second-order scheme, which is then fed
into the third-order scheme to obtain an accuracy of (h3). I also implemented a
fourth-order scheme invented by Hult, the interaction picture (IAP) method [42] but
my initial tests showed little improvement over the third-order method.

For computational efficiency, I later implemented an adaptive step-size Runge
Kutta method that solves the GNLSE using the Cash-Karp method, which gives
fifth-order accuracy [43]. (See Appendix A).

2.5.5 Code testing

I have implemented two tests within the code to ensure that the results I obtained
are sensible, even though numerical errors can never be completely ruled out. The
first is checking that energy is conserved (when setting α = 0), simply by calculating
the total input and output power by integrating the modulus squared of the pulse
over the time window. The relative error should be very small, e.g. < 10−6, where
the relative error is defined as 1− |A|2out/|A|2in. The second test is to check that a
fundamental soliton propagates unchanged, by setting β2 < 0, all higher dispersion
terms to zero, switching off self-steepening and loss terms, and P0 = |β2|/(T2

0 · γ).
This is done by comparing the input and output pulses after every propagation step
to obtain a relative error. The errors accumulate with the number of steps, so it is not
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enough to simply double the number of steps when doubling propagation length.
When error testing, I set the condition that the error should be less than 4.5× 10−6

at 10% of the propagation length (such that the full length does not have to be run
before a warning is raised). I settled on this value by trial and error, which involved
looking at different simulations with varying lengths and ascertaining when no fur-
ther improvement to the output was achieved by increasing the number of steps.
This test helps to reduce errors which will become magnified when larger pulse
powers, higher orders of dispersion and additional nonlinearities are all included.

Higher-order dispersion terms can be tested by offsetting the pulse from the cen-
tre frequency and comparing its shape evolution to a pulse with known value of β2.
In this way, it can be ensured that the higher-order terms are producing the correct
dispersion effect across the spectrum.

2.6 Pulse propagation

There are two useful terms which indicate over what lengths dispersion and non-
linearity become significant. The dispersion (LD) and nonlinear (LNL) lengths are
defined as follows [44]:

LD =
t2
0
|β2|

(2.74)

LNL =
1

γP0
(2.75)

For this study it is assumed that the light travels in a packet consisting of a carrier
frequency (ω0) which is modulated in time to form an envelope. This modulation
produces a range of frequencies around the carrier, and the field can be written [20]:

E(r, t) =
1
2

x̂F(x, y)A(z, t) exp[i(β0z−ω0t)] + c.c. (2.76)

where r is the spatial component, A(z, t) is the field amplitude, z is the propagation
direction and t is time. β0 = k0neff is the propagation constant where neff is the
effective refractive index at ω0 which depends on its refractive indices in the core
and cladding material as well as the fibre diameter (see Section 2.4) and k0 = 2π/λ0
is the wave-vector in free-space of the carrier wavelength λ0.

In this case the polarisation is in the x̂-direction, and the strength of the field
varies as a function F(x, y). Generally speaking, in a uniformly circular fibre the
polarisation direction is arbitrary, and it can vary across the (x, y)-plane, but in the
following only linearly polarised fields will be considered for simplicity.

This assumption is essentially valid for the fibres and waveguides studied in this
thesis, as shown in Figs. 2.7 – 2.10. It is further assumed, however, that there is neg-
ligible polarisation in the z-direction, but this is shown to be a good approximation
in Sec. 2.5.3.

Propagation of the wave-fronts occurs in the z-direction, and these have a spatial
phase which depends on β0 and a phase in time which depends on ω0.

A(z, t) is also referred to as the envelope, which is assumed to vary slowly in time
relative to ω0, so this model is termed the slowly-varying envelope approximation
(SVEA). This is a valid approximation as the optical cycle time for the frequencies
studied in this thesis, which range from 55 – 250 (THz) (i.e. 5.5 µm down to 1.2 µm),
ranges from 4 – 20 fs, while the shortest pulse lengths looked at are 100 fs.
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This envelope is initially assumed to be a Gaussian pulse where [45]:

A(0, t) = exp
(
− t2

2t2
0

)
(2.77)

where t0 is the half-width (where intensity reaches 1/e) and t0 = tFWHM/1.665,
where the full width half maximum (FWHM) is the width where the intensity is
half, which is the more commonly used pulse width given in the literature.

Assuming that the pulse propagates free from any nonlinear effects and is only
affected by the GVD parameter β2, then A(z, t) satisifies the linear partial differential
equation:

i
∂A
∂z

=
β2

2
∂2A
∂t2 (2.78)

We can use the inverse Fourier transform, defined in Eq. (2.2), to transform this
into an ordinary differential equation:

i
∂Ã
∂z

= −1
2

β2ω2Ã (2.79)

This has the solution

Ã(z, ω) = Ã(0, ω)exp
(

i
2

β2ω2z
)

(2.80)

Inserting this solution into the inverse Fourier transform equation gives:

A(z, t) =
1

2π

∫ ∞

−∞
Ã(0, ω)exp

(
i
2

β2ω2z− iωt
)

dω (2.81)

The initial shape of the Gaussian pulse can now be inserted into the Fourier trans-
form definition of Ã(0, ω) to give:

Ã(0, ω) =
∫ ∞

−∞
exp

(
− t2

2t2
0
+ iωt

)
(2.82)

This can be solved using the identity [20]∫ ∞

−∞
exp(−ax2 − bx)dx =

√
π

a
exp

(
b2

4a

)
(2.83)

where a = 1/2t2
0 and b = −iω, and inserted into Eq. (2.81) to give:

A(z, t) =
1

2π

√
2t2

0π
∫ ∞

−∞
Ã(0, ω)exp

(
− t2

0ω2

2
+

i
2

β2ω2z− iωt
)

dω (2.84)

We can use the identity Eq. (2.83) again with a = t2
0/2− iβ2z/2 and b = it to

give:

A(z, t) =
t0

(t2
0 − iβ2z)1/2

exp
[
− t2

2(t2
0 − iβ2z)

]
(2.85)

Eq. (2.85) shows how the amplitude and phase changes with propagation in the
z-direction. This pulse then gains a phase-shift as it propagates, such that

A(z, t) = |A(z, t)| exp[iφ(z, t)] (2.86)
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where

− ∂φ

∂t
= δω(t) =

sgn(β2)(z/LD)

1 + (z/LD))2
t
t2
0

(2.87)

δω(t) is the chirp, which represents how the spectral content varies across the
pulse in the time domain. A positive value means that the frequency increases from
the leading to the trailing edge, while a negative chirp is the opposite. Fig. 2.14
shows how the intensity and frequency chirp of a guassian pulse changes as it prop-
agates up to 4LD in both the normal and anomalous dispersion regimes.

FIGURE 2.14: Gaussian pulse at LD = 0, 2 and 4. (a) Intensity profile,
(b) frequency chirp in the normal dispersion regime and (c) frequency

chirp in the anomalous dispersion regime.

If the pulse starts with an initial chirp, this is defined as C ∝ δω(t) such that:

A(0, t) = exp
(
− (1 + iC)

2
t2

t2
0

)
(2.88)

Another common pulse shape is the hyperbolic secant, which maintains its shape
as it propagates (so it is called a ‘soliton’). This will be covered in Section 3.1.1.

2.7 Nonlinear processes

As pulses propagate, they are modified by nonlinear interaction with the material,
which for materials such as silica and silicon is dominated by the third-order sus-
ceptibility tensor, χ(3). (χ(1) governs the linear response, which is also included in
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the study, whereas χ(2) governs the nonlinearity of non-symmetric crystals and is
not applicable for silicon [38]).

Whereas χ(1) is a vector (a tensor of order-1), χ(3) is a tensor of order-3 and so
it cannot be muliplied directly with the electric field. It has 81 elements (do) where
d is the number of dimensions (3: the spatial ones) and o is the tensor order (also
3). Thus a triple dot product has to be applied (see Appendix B) which reduces the
number of elements down to 3.

There are two main types of third-order nonlinearity: the Kerr and Raman re-
sponses. Whereas the Raman effect is a delayed vibrational response and thus only
applies under certain conditions (see Sec. 2.7.2), the Kerr effect is an instantaneous
electronic response and operates by changing the refractive index of the medium in
response to the intensity of the field, i.e. ñ = neff + n2|E|2 [20]. The Kerr coefficient
n2 is related to χ3 as follows [46]:

n2(ω) =
3

4ε0cn(ω)2 χ
(3)′

eff (ω) (2.89)

where ε0 is the vacuum permittivity and χ
(3)′

eff is the real part of the third-order sus-
ceptibility. (In silicon, as with other semiconductors, the imaginary part of χ3 gov-
erns multi-photon absorption so βTPA ∝ Im(χ3) - see Section 2.5.)

One of the main consequences of this refractive index modification is self-phase
modulation (SPM) which means that a pulse becomes chirped as the rate of change
of the refractive index follows the shape of the pulse intensity. So as the intensity
increases at the leading edge of the pulse, the refractive index continually increases,
thus continually slowing down the phase velocity of the frequencies in that part of
the pulse, effectively lowering those frequencies. The opposite occurs at the trailing
edge: the refractive index continually decreases, and the phase velocity continually
increases, raising the frequencies. Thus, the spectral content varies across the centre
of the pulse in the time domain, from lowest frequencies to highest. On its own,
this would have no impact, but group velocity dispersion (GVD) takes over. This
is a linear effect whereby different frequencies travel at speeds determined by their
refractive indices. In the ‘normal’ dispersion regime, lower frequencies propagate
faster than higher ones, which causes the pulse to spread out in time anyway (and
also chirps it) but in this case, SPM is acting in the same ‘direction’ and causes even
more rapid broadening. However, in the so-called ‘anomalous’ dispersion regime,
the higher frequencies travel faster, which alone causes broadening, but with the
right pulse intensity, SPM can counteract this and a pulse can maintain it shape,
travelling as a ‘soliton’, as described in Section 3.1.1. If pulses occur at different
frequencies but overlap in time, they will also modify the each others’ refractive in-
dices, in an effect called cross-phase modulation (XPM).

2.7.1 Phase-matching and four wave mixing

The phase of a wave depends not only on its frequency but also on its wave-vector,
which in a medium is modified by the refractive index. Thus, waves of different
frequencies can phase-match, and a process called four wave mixing (FWM) occurs
if four such waves match according to the following condition [47]:
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ωp1 + ωp2 −ωs −ωi = 0. (2.90)
∆k = βp1 + βp2 − βs − βi = ñp1kp1 + ñp2kp2 − ñsks − ñiki = 0 (2.91)

where p1 and p2 are pumps 1 and 2 (ωp2 > ωp1)) and s and i refer to signal and
idler, such that ωs < ωp1 and ωi > ωp2. As different wavelengths travel at different
speeds (due to different refractive indices), waves tend to move out of phase with
each other and as such this condition is quite hard to satisfy.

Effectively the result is that two photons of frequencies ωp1 and ωp2 are ab-
sorbed by an electron, which then emits two photons of different frequencies ωs and
ωi. This is non-degenerate FWM because all four frequencies are different. How-
ever, the pumps can have the same frequency, and in this (degenerate) case, the two
pump photons (of the same frequency such that ωp1 = ωp2) are converted to a sig-
nal photon of lower frequency ωs and an idler of higher frequency ωi, such that
ωi − ωp1 = ωp1 − ωs. Fig. 2.15 illustrates these processes. Note that the diagram
only represents the frequencies of the photons involved, but as Eq. 2.91 shows, the
momenta of all four has to sum to zero.

FIGURE 2.15: Energy diagram of FWM process showing frequen-
cies of pumps, signal and idler in (a) degenerate FWM and (b) non-

degenerate FWM.

The effective indices of different wavelengths are changed by the nonlinearity,
which means that when certain dispersion conditions are met, the nonlinearity can
create additional phase-matching conditions.

We can see how this happens by starting with Eq. (2.61) but simplifying it by
removing all dispersion terms, self-steepening and linear and nonlinear loss to leave
just the nonlinear effect:

i
∂A
∂z

= −γ|A|2A (2.92)

We can look at a CW with power P0 and frequency ω0 which has amplitude:

A(z, t) =
√

P0exp(−iω0t) (2.93)

Thus,
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∂A
∂z

= −iγ|A|2A

= iγP0A (2.94)

It can be seen that the solution is therefore:

A(z, t) = A(0, t)exp(iγP0z)
= A(0, t)exp(iφNLz) (2.95)

where φNL = γP0. This is the nonlinear phase shift. If we now assume that the
power of pumps P1 and P2 in Eq. (2.91) is much greater than the power of signal and
idler (Ps, Pi) such that the nonlinearity only has significant effect on the pumps, then
we get an effective phase-mismatch [47]:

κ = ∆k + γ(P1 + P2) (2.96)

Thus, phase-matching occurs when κ = 0.
As γ, p1 and p2 are positive, this can only occur when ∆k is negative. To calculate

∆k, we can use Eq. (2.91).
By picking a reference frequency ω0 halfway between ωp1 and ωp2, we can write

the propagation constant for each wavelength as a Taylor expansion:

β(ωn) = β0 + β1(ωn −ω0) +
β2

2!
(ωn −ω0)

2

+
β3

3!
(ωn −ω0)

3 +
β4

4!
(ωn −ω0)

4... (2.97)

where n = p1, p2, s, i and βm = dmβ/dωm|ω=ω0 .

When each propagation constant is written out in this way, substituting ωp2 −
ω0 = −(ωp1 − ω0) and ωi − ω0 = −(ωs − ω0), and inserting it into Eq. (2.91), the
odd-numbered βm terms vanish and we are left with only even terms:

∆k = β2[(ωp1 −ω0)
2 + (ωs −ω0)

2]

+
2β4

4!

[
(ωp1 −ω0)

4 + (ωs −ω0)
4
]
+ ... (2.98)

It should thus be clear that at least one of these even-numbered β terms must be neg-
ative. So, for example, β2 can be positive (the normal dispersion regime) as long as
β4 is negative. In the simplest case, β2 is negative (the anomalous dispersion regime)
such that −β2 = |β2|, β4 is negligible and the pumps have the same frequency (i.e.
ωp1 = ωp2 = ω0 and p1 = p2 = P0). Thus, κ = 0 when

|β2|(ωs −ω0)
2 = 2γP0 (2.99)

ωs −ω0 =

√
2γP0

|β2|
(2.100)
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Thus, sidebands form either side of the pump, with a frequency separation of ωs.
This process of MI arises from amplification of quantum noise (photons of arbitrary
frequency spontaneously emitted by electrons), and can cause the breakup of a con-
tinuous wave (CW) into a train of pulses, or a long pulse into shorter pulses.

2.7.2 A note on the Raman effect

The Raman response occurs when electrons are excited by photons, but then vibrate,
losing some of their energy via phonons before re-radiating the rest of the energy
(the Stokes process). Thus pump frequencies are downshifted to a signal frequency,
which follows a gain spectrum peaking around 15.6 THz lower than the pump (in
silicon). This process can occur spontaneously, or it can be stimulated by an existing
signal wave, and thus can be used for intentional frequency conversion or signal
gain (stimulated Raman scattering: SRS). A higher frequency can also be produced
(the Anti-Stokes process), but is thermodynamically less likely because it requires a
phonon giving energy to an electron at just the right moment. Fig. 2.16 illustrates
these processes.

FIGURE 2.16: Energy diagram of spontaneous Raman scattering. Ini-
tial electron energy state is labelled as i, final state as f and virtual
Raman state as r. h̄ωOSC is the vibrational energy of the phonon in-
volved in each process, h̄ωP is the pump photon, h̄ωS is the emitted
photon in the Stokes process (a) and h̄ωAS in the Anti-Stokes process

(b). Adapted from Fig. 1 in [48].

For the purposes of this study, the Raman effect in silicon is ignored because it
has a very narrow gain bandwidth of 105 GHz [38]. The response time of the Raman
effect (i.e. the time the electric field needs to be applied to trigger the effect) is in-
versely proportional to the gain bandwidth, which means a response time in silicon
of ≈ 3 ps (as opposed to silica which has a response time of 32 fs [49] corresponding
to a gain bandwidth of 10.6 THz). Although the SC studied in this thesis can span
up to nearly ten times the Raman shift frequency of 15.6 THz, the pulses studied
have widths of 100 – 150 ps, so are much too short to be affected by this process.
In Chapter 6 C.W.s are looked at for the purpose of wavelength conversion, but the
frequency spacing of the pumps is 30 THz, so will not stimulate the Raman response.

Furthermore, when the Raman response is included in the GNLSE, the gain
bandwidth and shift frequency are used to calculate the maximum strength of the
reponse relative to the Kerr effect.
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The nonlinear response term iγ(ω0)A(z, t)|A(z, t)|2 in Eq. (2.61) is replaced with
[20]:

iγ(ω0)A(z, t)
∫ ∞

0
R(t′)|A(z, t− t′)|2dt′ (2.101)

where A(t, t − t′) takes into account the delay in the vibrational response, R(t) =
(1 − fR)δ(t) + fRhR(t), fR is the fractional contribution of the delayed Raman re-
sponse to nonlinear polarisation PNL and hR(t) is the Raman response function. This
is written as:

hR(t) =
(
τ−2

1 + τ−2
2
)

τ1exp
(
−t
τ2

)
sin
(

t
τ1

)
(2.102)

where τ1 = 1/ΩR, ΩR is the vibrational Raman frequency and τ2 is the damping
time of vibrations (or response time). For silica these values are set to be τ1 = 12.2 fs
and τ2 = 32 fs [49], whereas in silicon they are set as τ1 = 10 fs and τ2 = 3 ps [38].

The Raman gain gR is then related to the imaginary part of the Fourier transform
of hR:

gR(∆ω) =
fRω0

cn(ω0)
χ
(3)
xxxxIm[h̃R(∆ω)] (2.103)

Using measured values of peak Raman gain, Eqs. (2.102) - (2.103) can be used to
estimate that the fractional contribution of the vibrational Raman effect to the total
nonlinear response is 0.18 in silica, whereas in silicon it is only 0.043 [50].

2.8 Conclusion

In this Chapter I have introduced the optical properties of silicon, the structure of
silicon-core fibres, the equations governing the modes confined by fibres and the
equation used to solve the propagation of light pulses through the fibres, the GNLSE.
I have also discussed the basics of SPM and FWM.

In the next chapter I will look at how these nonlinear effects combine together
with dispersion to produce spectral broadening of pulses as they propagate, ulti-
mately resulting in SC generation.
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Chapter 3

Supercontinuum generation
dynamics in silicon-core fibres

Having introduced the GNLSE and the basic nonlinear processes in the previous
chapter, in this chapter the dynamics of SC generation in silicon-core fibres will be
studied. This is important because understanding these dynamics will help with
designing fibre tapers which will extend the long-wavelength edge of a SC.

3.1 Supercontinuum Generation

A supercontinuum is generated by a combination of nonlinear processes. In this
chapter I study these effects individually and in combination in order to better un-
derstand SC generation.

Initially the spectrum is broadened by SPM, FWM or both. Following this, under
the right conditions (see following sections), a pulse which forms a higher-order soli-
ton (see Sec. 3.1.1) can separate into several fundamental solitons in a process called
soliton fission (see Sec. 3.1.2), which then can be shifted in frequency by FWM where
the phase-matching is governed by third-order dispersion (TOD), causing new com-
ponents to appear in the spectrum, thus broadening it. Higher order solitons are
pulses with higher powers than fundamental (first-order) ones, and evolve periodi-
cally. They can be thought of as consisting of multiple fundamental solitons which
can be separated by perturbation [51].

3.1.1 Solitons

Solitons, as previously mentioned, occur when dispersion is counteracted by non-
linearity. This only occurs in the anomalous dispersion regime, i.e. when β2 < 0
The simplest type of soliton, or first-order, occurs when the pulse envelope has a
hyperbolic secant shape:

A(0, t) = sech
(

t
t0

)
exp

(
− iCt2

2t2
0

)
(3.1)

and

P0 =
|β2|
t2
0 · γ

(3.2)

where P0 is the peak power of the pulse and t0 is the pulse width. When these
terms are balanced in this way, the pulse propagates unchanged in both time and
spectrum, hence the term ‘soliton’.
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Higher-order solitons are solutions to the GNLSE that have long-term propaga-
tion stability, as with fundamental solitons, but rather than maintaining their tem-
poral and spectral properties, they periodically oscillate or ‘breathe’ [44]. The order
of a soliton is given by N in the solution

P0 =
|β2|N2

t2
0 · γ

(3.3)

where fundamental solitons have order (N = 1). Fig. 3.1 shows one period (πLD/2)
of a second-order soliton.

(a) (b)

(c)

FIGURE 3.1: Periodic evolution of a second-order soliton in (a) time,
(b) spectrum and (c) chirp. λ = 2.47 µm, γ = 2 × 10−3W−1m−1,

β2 = −0.02ps2/m, T0 = 100 fs, N = 2

Initially, SPM dominates, creating lower frequencies on the leading edge and higher
on the trailing edge, giving the pulse a positive chirp. Anomalous GVD then acts
on this, slowing down the lower frequencies and speeding up the higher frequen-
cies relative to the group velocity. This contracts the pulse width. However, GVD
does not stop here, and the lower and higher-frequency parts of the pulse are pulled
and pushed respectively past each other, thus switching the chirp of the pulse to
negative. At this point, SPM lowers the higher frequencies on the leading edge and
raises the lower ones on the trailing edge, thus reducing the chirp and narrowing
the bandwidth. By the end of the soliton period, SPM has narrowed the spectrum
back to its original bandwidth and GVD has broadened the pulse width back to its
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original width, and the opposite contributions to chirp have cancelled out. The en-
tire process then repeats, unless there is some perturbation which can cause soliton
fission.

In the case of third-order solitons (see Fig. 3.2), the change in phase and cor-
responding chirp caused by the interplay of SPM and GVD becomes more compli-
cated. SPM increases the chirp, which broadens the spectrum if the chirp is already
positive or narrows it if the chirp is negative. At this point, anomalous GVD re-
sponds in the opposite way by compressing the spectrum if the chirp is positive
and broadening it if the chirp is negative. As a result, the pulse will oscillate in a
repeating pattern in time and spectrum.

(a) (b)

(c)

FIGURE 3.2: Periodic evolution of a third-order soliton in (a) time,
(b) spectrum and (c) chirp. λ = 2.47 µm, γ = 2 × 10−3W−1m−1,

β2 = −0.02ps2/m, T0 = 100 fs, N = 3

3.1.2 Broadening via SPM and soliton fission

When pulses are very short (< 100 fs), initial broadening is dominated by SPM be-
cause the change in intensity of the pulse with respect to time is greater than with a
longer pulse of the same peak power.

Before the dispersion length LD, as defined in Eq. (2.74) is reached, SPM domi-
nates over dispersion and thus the pulse broadens in frequency and narrows in time,
which also means the peak power increases, and with high enough power, a higher
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order soliton forms. If the broadening causes enough of the spectrum to cross over
the zero-dispersion wavelength (ZDW) from the anomalous dispersion regime into
the normal dispersion regime, however, some of the energy of the pulse will dis-
sipate as Cherenkov radiation [52]. This is also known as a dispersive wave (DW)
because the resulting pulse can only disperse in this regime (i.e. it cannot form a soli-
ton). This perturbation will cause the pulse to break up into a number of lower-order
solitons.

The following simulations show pulse propagation through a-Si:H fibres, as they
have high nonlinearity and low TPA which means the nonlinear processes are clearly
discernible.

Fig. 3.3 shows the propagation through a 3 mm length of a 1.7 µm-diameter a-
Si:H fibre, for a pulse with a 50 fs width and 175 W peak power. This corresponds
to soliton order N = 2.4 (where N =

√
LD/LNL and the nonlinear length LNL is

defined in Eq. ??). Thus a second-order soliton forms and then when the soliton
fission length Lfiss = LD/N (0.78 mm) is reached, a DW is emitted (seen in the time
evolution plot Fig. 3.3 (a) as the right-most purple band) and the soliton fissions into
two fundamental solitons, with the new soliton moving faster than the main one
which is delayed. Fig. 3.3 (b) shows the spectrum at the fission length, and the DW
is seen at 1.71 µm.

The phase-matching between the DW and soliton can be analysed as follows. Let
the phase of a wave at frequency ω and the phase of a soliton (with frequency ωs)
be defined as:

φ(ω) = β(ω)z−ω

(
z

vg

)
(3.4)

φ(ωs) = β(ωs)z−ωs

(
z

vg

)
+

1
2

γPsz (3.5)

where Ps is the peak power of the soliton, which gains a nonlinear phase-shift of
γPsz/2 as it propagates. A DW can be emitted with a frequency ω when the phase-
matching condition φ(ω) = φ(ωs) is met i.e. when

β(ω)z−ω

(
z

vg

)
= β(ωs)z−ωs

(
z

vg

)
+

1
2

γPsz

=⇒ β(ω) = β(ωs) + β1(ω−ωs) +
1
2

γPs (3.6)

We can substitute the Taylor expansion Eq. (2.97) of β(ω) up to order 4, exanding
around ωs, into Eq.(3.6) to get:

β(ωs) + β1(ω−ωs) +
1
2

β2(ω−ωs)
2 +

1
6

β3(ω−ωs)
3 +

1
24

β4(ω−ωs)
4

= β(ωs) + β1(ω−ωs) +
1
2

γPs

=⇒ 1
2

β2(ω−ωs)
2 +

1
6

β3(ω−ωs)
3 +

1
24

β4(ω−ωs)
4 − 1

2
γPs = 0 (3.7)

In the case where β4 is negligible, and defining Ω = ω − ωs as the angular fre-
quency separation between the soliton and the DW, this becomes:
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β2Ω2 +
β3

3
Ω3 − γPs = 0 (3.8)

The solution for Ω can be approximated as [53]:

Ω = −3β2

β3
+

γPsβ3

3β2
2

, (3.9)

Fig. 3.3 (c) shows the evolution of the spectrum, showing that the higher-intensity
soliton shifts to a longer wavelength, and correspondingly its emitted DW is shifted
to shorter wavelength. Fig. 3.3 (d) shows the two solitons at the end of the 3 mm
fibre, and the DW which is a wide hump with low power at around 0.5 ps.

(a) (b)

(c) (d)

FIGURE 3.3: (a) Evolution of a second-order soliton propagating
through 3 mm of an a-Si:H fibre, fissioning and releasing a DW. (b)
The spectrum at the point of fission (c) Evolution of the spectrum (d)

The pulses and DW at the end of the fibre

3.1.3 Pulse break-up when Four Wave Mixing dominates

Dispersive waves can be generated in a different manner when longer input pulses
are used, provided that the soliton-order� 10 [54]. In this case, FWM is the domi-
nant source of spectral broadening, and if the spectrum crosses the ZDW, a DW can
arise out of this phase-matched process.

Fig. 3.4 shows a 1.7 µm-diameter, 2 cm long a-Si:H fibre, pumped at 2.47 µm
(in the anomalous region), which is approximately 0.31 µm away from the ZDW
(2.16 µm), with 2 ps-long pulses, long enough that FWM dominates over SPM.
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(a) (b)

(c)

FIGURE 3.4: (a) Spectrum produced by 20 W, 2 ps-long pulses at
20 mm, showing the first FWM sidebands. (b) 30 W pulses, showing
cascaded FWM. (c) Spectral evolution showing cascaded FWM hap-

pening with propagation distance.

Fig. 3.4 (a) shows the output pulse spectrum with 20 W peak power, where FWM
peaks appear at ±ω =

√
2γP0/|β2| = 6.08THz. Then, at 30 W in Fig. 3.4 (b, c),

cascaded FWM occurs with 7 THz intervals. These processes are governed by MI,
which amplifies the noise, and at a high enough power (40 W), this process breaks
up the pulse into several shorter pulses. This is accompanied by the emission of a
dispersive wave in the normal dispersion regime, at 1.73 µm, which occurs at the
end of the fibre.

To show the process more clearly, Fig. 3.5 shows pulse propagation with 75 W
peak power, so that the DW can be seen appearing at around 12 mm and then per-
sisting along the fibre.
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(a) (b)

(c) (d)

FIGURE 3.5: (a) Spectrum produced by 75 W, 2 ps-long pulses at
20 mm, showing the dispersive wave. (b) Spectral evolution (c) Time
evolution showing breakup of pulse into sub-pulses (d) Propagation

of sub-pulses (close-up of (c)).

With this peak power, the soliton order is 63.5, and the soliton fission length is
3.95 cm, so it is clear that the DW is not caused by soliton fission. In any case, it is
clear that it does not occur in the same way as with soliton fission, where the wave
appears at the edge of the spectrum and then shifts to a shorter wavelength, but
rather emerges out of the phase-matched FWM processes already occurring. Thus
it does not form such a strong band, but it is clearly present. The breakup of pulses
in the time domain looks different to soliton fission as well, with pulse delay being
much less pronounced and no sign of solitons passing through each other. It is also
harder to see the dispersive wave, with the only indication being a faint band of
streaks moving up and to the right at around 15 mm and 1 ps in Fig. 3.5 (c). How-
ever, this is not surprising as the DW itself in the wavelength domain is only slightly
more pronounced than the surrounding material, and appears to consist of multiple
bands. This entire spectrum is very noisy because the FWM process starts by ampli-
fying noise. Thus a SC produced in this manner is not coherent in the time domain
between pulses.

3.2 Simulations of SC generation in a p-Si fibre

The following simulations were conducted originally to compare with experiments
being conducted at Southampton with a 15 mm-long p-Si fibre with 2 µm core di-
ameter. These were inconclusive, but the simulations show a range of the nonlinear
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processes involved in SC generation, so are useful for study here. Fig. 3.6 shows the
calculated dispersion-curve for this fibre.

FIGURE 3.6: Calculated dispersion-curve of 2 µm-diameter p-Si fibre

The ZDW is at 2.25 µm. The simulations use 2.4 µm pulses with a peak power of
∼600 W and FWHM of 200 fs. Table 3.1 shows the full set of parameters used.

Parameter Value

λ(µm) 2.4
n2(cm2/GW) 1.04× 10−4

Aeff(µm2) 1.23
β3PA(cm3/GW2) 2.66× 10−3

β2(ps2/m) −5.866
β3(ps3/m) 5.578× 10−3

β4(ps4/m) −2.594× 10−5

β5(ps5/m) 1.866× 10−7

L (mm) 15
α (dB/cm) 2
TFWHM (fs) 200

P0 585W

TABLE 3.1: Parameters used for the 2 µm-diameter p-Si fibre
.
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3.2.1 Numerical simulation of SC generation dynamics

FIGURE 3.7: Simulation of 200 fs pulses with 587 W peak power
(10 mW average) through a 15 mm-long, 2 µm-diameter p-Si fibre. (a)
Output spectrum (green dashed line shows input). (b) Temporal evo-

lution of the pulses. (c) Spectral evolution.

Figure 3.7 shows the output of the full simulation. To analyse the dynamics, spectro-
grams were produced at periodic intervals along the fibre length and studied to gain
insight into the interplay between time and frequency characteristics of the pulses
as they propagate.

A spectrogram is defined as [55]:

S(ω, τ) =

∣∣∣∣∫ ∞

−∞
E(t)R(t− τ)exp(−iωt)dt

∣∣∣∣2 (3.10)

where R(t− τ) is a gating function with a shape such as a Gaussian, with a width τ.
The gate can be thought of as a time-dependent Fourier transform that shows how
the frequency components of a pulse vary according to position in the time domain.
This is useful as it can highlight where specific wavelengths are separating from the
rest of the pulse, as is the case with DWs.

The temporal resolution is inversely related to the width of the pulse, and the
spectral resolution has the opposite relationship, so some trial and error is needed to
find a gate width that shows a useful relationship between the time and frequency
domains. In the following figures, a Gaussian window with a 0.03 ps width was
used.
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FIGURE 3.8: Spectrograms showing evolution of pulse propagation
at (a) input (b) 2.2 mm (c) 3.5 mm (d) 4.22 mm (e) 4.8 mm (f) 6.1 mm
(g) 7.5 mm and (h) output. The red dashed-line shows the zero-
dispersion frequency. The normal dispersion regime is above it and

anomalous below.
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The implementation in the code defines R(tw) = exp[−t2
w/(2τ2)] in which tw is

the time-window used in the GNLSE-solver, but shifted such that it starts halfway
through the pulse window. A series of slices is calculated, each one as

F
{

exp
(
− t2

w
2τ2

)
E(t)

}
. (3.11)

where tw shifts back one time-step for the next slice, such that the gating function
effectively scans across the entire time-window. The modulus squared is applied to
the entire 2D array, and plotted as shown in Fig. 3.8.

Initially the pulse spectrum lies entirely in the anomalous dispersion region (see
Figure 3.8 (a)), as the pump is at 2.4 µm (125 THz) and the ZDW (the red dashed-
line in the spectrograms) is at 2.24 µm (133.84 THz). The spectral width (FWHM)
is 2.2 THz. The horizontal and symmetrical oval shape shows that the pulse is not
chirped, i.e. all parts of the pulse contain the same range of frequencies. The pulse
starts broadening due to SPM, giving it a positive chirp, and part of the spectrum
crosses over the ZDW, as shown in Figure 3.8 (b). The chirp is shown by the tilting
of the central part of the shape from bottom left to top right (i.e. the frequencies in
the trailing edge of the pulse are higher than in the leading edge). Treating the input
pulse as a HO soliton (of order N = 22) means the soliton fission length is ∼3.9 mm,
but by 3.5 mm, approximately half of the pulse spectrum has entered the normal
dispersion regime and so only a fraction of the component solitons remain intact.
These components nonetheless begin to separate at ∼4.2 mm (Figure 3.8 (d)), and
the lower half of the spectrogram shows the onset of this splitting. The soliton with
highest peak power can be discerned clearly in Figure 3.8 (e) as a peak at ∼100 THz
and 0.1 ps in the lower half of the spectrogram. This soliton then adjusts its shape
as it is perturbed by higher-order dispersion, which it does by shaking off energy in
the form of Cherenkov-like radiation. The frequency of this radiation is ∼180 THz,
which is phase-matched with the soliton (at∼100 THz) according to Eq. (3.9), where
β2 = −0.6 ps2/m and β3 = 3.7× 10−3 ps3/m so the first term is dominant, giving a
frequency separation between the soliton and DW of (2π)80 THz, matching the ob-
served separation in the spectrogram. The second term gives only a small correction
for a soliton with peak power of a 500 W of (2π)1.5 THz. The energy build-up at the
phase-matched frequency, in the form of a dispersive wave, is seen in Figure 3.8 (e)
as a peak in the top half of the spectrogram (at around 0.15 ps), corresponding to a
wavelength of ∼ 1.67 µm. The DW propagates at a lower group velocity than the
soliton, so it gets increasingly delayed until they stop overlapping (Figure 3.8 (f))
and no more energy can be transferred. After this, the soliton gets delayed (but to a
lesser extent than the DW) Figure 3.8 (g). Figure 3.8 (h) shows the final state of the
pulses, in which it can be observed that the DW is delayed by 1.75 ps relative to the
leading edge of the pulse, and the primary soliton (from which the DW had been
emitted) has almost completely separated from the rest of the pulse.

3.3 Conclusion

In this chapter, I have shown various nonlinear processes that are involved in SC
generation, such as SPM, soliton fission, FWM and MI. The combination of these
processes are analysed in a full simulation of a p-Si fibre with the aid of spectro-
grams. This study will help during the design of tapered fibres later in the thesis, as
the design choices will require taking the different processes into account.
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In the next chapter, I compare some simulations with experimentally measured
spectra in a fixed-diameter fibre, ridge waveguide and a tapered fibre, in order to
show that the code solving the GNLSE works as expected and produces reasonable
predictions.
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Chapter 4

Code validation: experimental
comparison

4.1 Introduction

In the previous chapters the GNLSE was introduced, and nonlinear effects were
discussed and simulated both individually and in combination in the process of SC
generation. In this chapter, some of the initial tests of the model are shown. In order
to ensure that it was producing sensible results, I simulated a few examples of silicon
fibres and waveguides and compared these with the measured spectral outputs.

4.2 Multi-mode silicon-core fibre

When developing the pulse-propagation model, the first test was to replicate the
simulations carried out in [34]. In that paper, two a-Si:H fibres with core diameters of
1.7 and 5.7µm were fabricated. Pulses with a wavelength of 1.54µm were coupled in
and the output spectra measured. A series of simulations was then run with different
proportions of light in the first four linearly polarised modes to ascertain how much
the higher-order modes would contribute to the spectral width and shape.

In the case of the 12 mm long 5.7 µm diameter fibre, which can contain a large
number of modes, it was nonetheless concluded that the best agreement was found
when assuming > 98% of the light was in the fundamental mode. Fig. 4.1 shows
the original simulation from the paper, overlaid on the measured spectra, and my
recreation of that simulation. The parameters used for the simulation are shown in
Table 4.1
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FIGURE 4.1: Simulations of 1.54 µm pulses propagating through a
12 mm long a-Si:H core fibre with 5.7 µm diameter core. (a) Original
simulation from [34] (blue line) overlaid on measured spectra (green
dashed line). (b) Output from my simulation (green dashed line is

input pulse for reference).

Parameter Value Parameter Value

λ(µm) 1.54 R11 (×1011m−2) 0.816
n2(cm2/GW) 1.8× 10−4 R12 (×1011m−2) 0.682

βTPA(cm/GW) 0.8× 10−3 R13 (×1011m−2) 0.666
σ (m2) 1× 10−20 R14 (×1011m−2) 0.662
kc (m3) 1.35× 10−27 R22 (×1011m−2) 1.011

Power in LP01 mode (%) 98.7 R23 (×1011m−2) 0.795
Power in LP02 mode (%) 0.8 R24 (×1011m−2) 0.767
Power in LP03 mode (%) 0.3 R33 (×1011m−2) 1.043
Power in LP04 mode (%) 0.2 R34 (×1011m−2) 0.815

β
(2)
1 − β

(1)
1 (ps/m) 87.79 R44 (×1011m−2) 1.035

β
(3)
1 − β

(1)
1 (ps/m) 253.51 L (mm) 12

β
(4)
1 − β

(1)
1 (ps/m) 507.80 α (dB/cm) 3

β
(1)
2 (ps2/m) 0.998 τc (ns) 87

β
(2)
2 (ps2/m) 0.856 t0 (fs) 390

β
(3)
2 (ps2/m) 0.55

β
(4)
2 (ps2/m) 0.1

TABLE 4.1: Parameters used for simulation of the multi-mode a-Si:H
fibre as studied in [34].

The agreement between measured spectrum and the original simulation is good,
and my pulse-propagation model successfully recreated the spectral output. This
shows that my model works as expected. Furthermore, as concluded in [34], the
majority of spectral broadening and shape can be assumed to occur due to light
propagating in the fundamental mode of a silicon-core fibre, and this is the assump-
tion carried forward throughout this thesis.

One caveat should be noted, however, which is that the nonlinear interaction (or
walk-off) length between the modes is shorter than the total length of the fibre. This
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is calculated as [56]:

LW =
t0

dmn
(4.1)

where dmn = β
(m)
1 − β

(n)
1 is the walk-off parameter (i.e. the difference in group veloc-

ities of modes m and m). Taking the values from Table 4.1, walk-off lengths between
between the LP01 mode and LP02, LP03 and LP04 are ≈ 4.4 mm, 1.5 mm and 0.8 mm
respectively. This means that there is no interaction between the modes after the
first third of the fibre. There will be other set-ups where the nonlinear interaction
length is much longer, however it is proportional to pulse length, so will likely be
even shorter for most of the scenarios considered later, which involve pulse lengths
of 150 fs.

4.3 SOI waveguide

This simulation was originally conducted in order to see if including wavelength-
dependent TPA would make a significant difference to the result. It did not, due to
the low peak power of the pulses, but it is included here as the simulation nonethe-
less matches very closely with the authors’ simulation and measured experimental
output. I later look at simulations of tapered SOI waveguides in Chapter 8, so this
comparison offers a suitable check.

The simulation is of pulse propagation in an a-Si:H rectangular waveguide, as
studied by Leo et al. in [14]. The waveguide parameters used by the authors are
given in Table 4.2. I extracted the dispersion parameters from Fig. 2 in [14] which is
reproduced as Fig. 4.2. I also included wavelength-dependent TPA (see Sec. 5.3.1)
in the simulation, but this had negligible impact.

FIGURE 4.2: Measured dispersion curve of the waveguide studied in
[14] (Reproduced from their Fig. 2). The red line is the a-Si:H disper-
sion, green-dashed is for a c-Si waveguide of similar dimensions. The
inset shows the curvature of measured phase-difference between the

waveguide and a reference-path, from which GVD was calculated.
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Parameter Value

λ(µm) 1.575
n2(cm2/GW) 1.35× 10−4

Aeff(µm2) 0.07
βTPA(cm/GW) 0.434× 10−3

dβTPA/dω (cm/GW/(2π·THz)) 1.254× 10−3

β2(ps2/m) −3.356
β3(ps3/m) −8.19× 10−4

β4(ps4/m) 1.94× 10−4

β5(ps5/m) −8.3× 10−6

L (mm) 10
α (dB/cm) 2.65
TFWHM (fs) 180

TABLE 4.2: Parameters used for simulation of the 220nm by 500nm
a-Si:H waveguide studied in [14] by Leo et al.

In their experiments, Leo et al. pumped 180 fs (FWHM) pulses at 1575 nm through
the a-Si:H waveguide with peak pump powers up to 13 W. SC generation in this
wavelength region is difficult to achieve because of the loss caused by TPA, and so
their measured spectra were a good test case to compare with simulations. The re-
sults of their modelling agreed reasonably well with the experiments, but there was
a slight discrepancy in that the height of the DW around 1900 nm was higher than
that measured. Fig. 4.3 shows their simulation (a) and mine (b).

(a) (b)

FIGURE 4.3: (a) Simulation of 13 W pulses from [14] (Fig. 3b) (b)
Output of my simulation of the 13 W pulses, with and without TPA

frequency-dependence.

Firstly, it is interesting to note that two features in the current simulation match
the measured output more closely than the original simulation. One is the double
peak around 1620 nm, and the second is the drop-off near 1400 nm, where the origi-
nal simulation has a shelf. These differences are minor, however, and are presumably
due to different estimates of higher orders of dispersion from their measured profile
(see Fig. 4.2). The more noticeable discrepancies in both cases are the presence of
a peak around 1525 nm in the simulations that is absent in the experiment, and the
greater height of the DW around 1900 nm in the simulations.
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The TPA would actually be lower around this DW (so could not account for its
reduction in the experiment), but a higher value at a shorter wavelength may affect
the soliton emitting the DW. This soliton may be at 1525 nm and is suppressed in
the experiment, but attributing this to higher TPA is problematic because this would
also affect the 1475 nm peak which is clearly present in experiment and modelling.
As can be seen, however, including frequency-dependence of TPA makes virtually
no difference on either side of the spectrum, except for a slight red-shifting of this
short-wavelength peak. This experiment is not a good candidate for ascertaining the
impact of the wavelength-dependence of TPA because the pump in the middle of the
TPA band, where its value is high and as such it would affect the pump significantly
before much spectral broadening can occur. In addition, the pump power in this
case is low, so its impact would likely be hard to determine anyway. In Sec. 5.4 a
much better example is shown with higher peak power in this region, as well as an
example where the pump lies near the edge of the TPA band.

Although there are some minor discrepancies between simulation and exper-
iment, the overall agreement is very good, and most importantly, my simulation
matches closely that of the authors. This is further confirmation that the pulse prop-
agation model is behaving as expected and can thus be used to make predictions.

4.4 Tapered p-Si fibre

By tapering a fibre, the dispersion properties can be varied with propagation dis-
tance. This can, for example, allow a dispersive wave to be pushed further away
from the soliton that generates it by shifting the ZDW, thus broadening the overall
SC. Also, a taper can be useful as the length of the smallest diameter-part can be min-
imised, while keeping the overall fibre length long enough to be manageable. This is
important because with a small waist where the nonlinearity is high, spectral broad-
ening can occur very rapidly (over a length ∼ 1 mm) but the spreading of the mode
into the cladding can cause high loss, so it is desirable to increase the core diameter
after broadening so as to preserve the spectrum for output coupling. Furthermore,
it is easier to free-space couple the light to a larger core diameter, so a coupling lens
with lower magnification is needed than with a smaller core. Therefore, a potential
source of loss is reduced such that a lower pump power is needed.

The following simulations serve as a crucial test of my pulse-propagation model,
as the dispersion and nonlinear parameters are varied with propagation length,
adding complexity to the output. Establishing that the model works is important
as predictions are made later in the thesis about the output of silicon-core fibre ta-
pers that are yet to be fabricated and tested.

4.4.1 Modelling a taper

These simulations were carried out concurrently to the fabrication and testing of
a 14.6 mm long p-Si taper by H. Ren at the University of Southampton. This was
tapered after being drawn by the MCD method. A number of SC were generated
with different input peak powers which are reported on in [57]. Fig. 4.4 (a) shows
a sketch of the taper and (b) shows a more accurate taper profile in terms of its
diameter and the corresponding ZDW.
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(a) (b)

FIGURE 4.4: (a) Sketch of the taper (not to scale) (b) Variation of core
diameter and ZDW with fibre length.

The taper was pumped with 200 fs pulses with a carrier wavelength of 2.4 µm
and peak powers ranging from 20 W - 266 W. The fixed parameters used in the sim-
ulation are shown in Table 4.3.

Parameter Value

λ(2.4 µm) 2.4
n2(cm2/GW) 1.04× 10−4

β3PA(cm3/GW2) 2.66× 10−2

L (mm) 14.6
α (dB/cm) 2
TFWHM (fs) 200

P0 (W) 20 - 266

TABLE 4.3: Parameters used for the tapered-diameter p-Si fibre

In order to simulate this and study the dynamics in the taper, it was modelled
as a number of 200 µm-long constant-diameter sections (which is shown in Section
4.4.2 to provide a good approximation). For each of these, the dispersion coefficients
β2− β5 and effective area of the fundamental mode were calculated using Comsol (to
simulate the modal field-distribution) and Matlab (to automate Comsol and output
derivatives of the propagation constant, i.e. higher-order dispersion terms). This
was then read into the GNLSE implementation in Python so that the parameters
varied with propagation distance. The spectral output of the experiments are shown
in Fig. 4.5 along with the spectral output of my simulations, and the simulated
temporal and spectral evolution of 266 W peak power pulses.
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(a) (b)

(c) (d)

FIGURE 4.5: (a) Measured spectral output of p-Si tapered fibre from
[57] by Ren et al. The pulses are 200 fs long and pumped at 2.4 µm
with labelled peak powers. (b) Spectral output of my simulations
with corresponding peak powers. (c) Temporal evolution of the

266 W peak power pulses. (d) Spectral evolution of 266W pulses.

The qualitative agreement with experiment is good. The dispersive wave ap-
pears with an input peak pump power of 127 W, and grows more prominent with
additional power. Furthermore, as the power increases, additional peaks appear be-
low 2 µm. There is a minor discrepancy between simulation and experiment, which
is the precise position of the DW, which appears at 1.4 µm in the measured spec-
tra but at 1.5 µm in the simulations. This is likely due to an incorrect estimate of the
ZDW, which may be caused by unknown effects of the CaO interface layer on higher
orders of dispersion.

4.4.2 Test of flat sections to approximate taper

To test that the use of 200 µm sections is a reasonable approximation, I checked the
stability of the output spectra when longer sections were used (corresponding to
larger core diameter steps). Figure 4.6 shows the propagation of a 266 W pulse with
the same parameters as above, with 200 µm-sections (labelled ‘1x’ in the figure) and
then with sections twice as long, then five and ten times the length.

Figure 4.6 shows that the approximation is reasonable, as it is robust when the
resolution is decreased. The spectra for sections twice as long is indistinguishable
from the original approximation. With sections five times as long there is a notice-
able difference but not a critical one, and even with sections ten times as long (which
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FIGURE 4.6: 266 W pulse propagating through the taper approxi-
mated with 200 µm-sections (1x) and then longer sections as labelled

means there are only eight sections) the difference is significant, but the dispersive
wave is still in the correct position.

4.4.3 Discussion

A taper was successfully used to generate an SC while avoiding loss for two reasons:
(1) the taper broadens out after the spectral broadening has occurred, minimising
evanescent field interaction with the cladding and interface layer, and (2) the length
of the fibre after SC generation is also minimised, so other loss mechanisms in the
core such as free-carriers have less length over which to cause loss. The propagation
of pulses through the taper was then modelled with fairly good agreement, and the
model is robust against small changes in diameter, so it can be used to study other
taper profiles and design new ones.

4.5 Conclusion

In this chapter, three pulse propagation simulations have been shown: an a-Si:H
fibre, in which three additional LP modes were included although the propagation
was dominated by the fundamental mode; a SOI ridge waveguide; and a tapered p-
Si core fibre. In all cases, the agreement between simulation and experiment is good,
such that the propagation code can be assumed to operating correctly and thus can
be used to make reasonable predictions.

In the next chapter, I look at the wavelength-dependent parameters that are in-
cluded in the GNLSE and discuss how I use them. The modification of the TPA term
to make it wavelength-dependent is also discussed, and two examples are shown,
one where it is not applicable and one where it is.
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Chapter 5

Making the GNLSE more
wavelength-dependent

5.1 Introduction

In the previous chapter I looked at the standard GNLSE, which is only partially
wavelength-dependent, in that it incorporates the change in the nonlinear coefficient
γ by including a self-steepening term. In this chapter I show how I have modified
the code solving the equation to incorporate wavelength-dependent linear and non-
linear loss (TPA and 3PA) into the simulations studied in this thesis.

5.2 Frequency-dependent linear loss

The dominant source of linear loss in silicon-core fibres is from the core material,
where the fundamental mode is mostly confined. However, at longer wavelengths
the mode spreads further into the silica cladding, causing significant loss beyond
4 µm. At this point the loss in pure silica is already > 10 dB/cm [58] and continues
to increase with wavelength, so as a larger fraction of the mode interacts with it, the
more contribution to the loss it will make.

FIGURE 5.1: Fundamental mode in a silicon-core fibre, with CaO in-
terface layer and silica cladding, solved by Comsol for (a) 2.1 µm with
1700 nm core diameter, (b) 4.5 µm with 1700 nm core diameter and (c)

4.5 µm with 3000 nm core diameter.

In order to include the wavelength-dependent linear loss in the simulations of
silicon-core fibres, I needed to include the wavelength-dependent silica loss in the
Comsol model of the fibre cross-section, which was also used to calculate the dis-
persion coefficients and effective areas according to diameter and wavelength. Fig.
5.1 shows the electric field of some of the fundamental modes found by Comsol. It
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shows the degree to which the mode spills out into the cladding (which includes
the interface layer which is a mixture of CaO and silica). For example, with a core
diameter of 1700 nm, the mode at 2.1 µm (a) has minimal overlap with the cladding,
whereas at 4.5 µm (b) it has significant overlap, such that the cladding will cause
noticeable loss. However, increasing the core diameter to 3000 nm (c) reduces this
overlap and the corresponding loss.

The linear loss for the silica cladding was included in the model as the imaginary
part of the refractive index, as extracted from [58]. The relevant figure from that
paper is shown in Fig. 5.2 (b) over which is overlaid the values that I used in the
model. (a) shows a more detailed plot of those values.

FIGURE 5.2: Imaginary refractive index of silica. (a) Figure from [58],
which plots the values recorded from numerous studies. The values
I used are overlaid in blue. (b) The values used in the Comsol fibre

model.

The Comsol model then returns an effective refractive index for the fundamental
mode when it finds a solution. This includes an imaginary part, giving an effective
modal linear loss which can be extracted into a value α (in dB/cm) by using

α = Im(n) log10(e)×
0.4π

λ× 10−6 , (5.1)

where n is the effective index of the fundamental mode and λ is the wavelength in
microns.

Of course the dominant source of linear loss is from the bulk material itself. There
is a scarcity of optical loss measurements for this, and thus measurements that are
reported are for specific waveguide or fibre structures, which already include losses
from scattering and cladding and also depend on the crystal grain sizes. Nonethe-
less, by looking at a number of sources [59], [13], [60], some reasonable estimates can
be made, as shown in Table 5.1.

Wavelength (µm) Linear loss (dB/cm)

1.55 3
2.1 0.8
3 0.05

TABLE 5.1: Estimates of material linear optical loss in bulk p-Si.



Chapter 5. Making the GNLSE more wavelength-dependent 62

A line based on these values can then be added to the cladding losses estimated
using Comsol, resulting in the loss profiles plotted in Fig. 5.3 for silicon-core diam-
eters of 1700 – 3000 nm. The dotted lines show the contribution from cladding loss
alone, which dominates for wavelengths > 3µm.

FIGURE 5.3: Linear loss for silicon-core fibres with core diameters
from 1700 nm – 3000 nm. Wavelength-dependent loss for (a) 1 – 6 µm
and (b) 2 – 5 µm to show more detail. Dotted lines show contribution

from cladding loss alone.

This linear loss envelope is included directly in the code by turning αl in Eq. 2.52
into αl(ω). As the term is applied directly in the frequency domain, an array can be
specified rather than a constant to map loss values onto their position in this domain.
In order to test that it is working correctly, I ran some simulations of continuous
wave (CW) propagation through 1 cm lengths of fibre with the diameters shown in
Fig. 5.3. I switched off the nonlinear loss terms such as TPA and FCA and used a
low power pulse of 1 W in order to minimise any nonlinear phase-matching effects
that happen with higher input powers.

I used four wavelengths: 1.55, 2.1, 3 and 4.5 µm, with the frequency window
centred on 2.1 µm in all cases to ensure that the loss was being applied across the
frequency window. For the first three wavelengths I only look at one diameter be-
cause the material loss from the core dominates. However, for 4.5 µm, the cladding
loss is the dominant source of loss and so core diameter makes a significant differ-
ence.

I recorded the losses in power at the end of the fibre propagation simulation and
compared these with the calculated linear loss values Lcalc where

Lcalc = Pin

(
1− 10−α/10

)
, (5.2)

Pin = 1 W is the input power and α is the loss coefficient in dB/cm. Fig. 5.4 shows
the power loss in each simulation and Table 5.2 summarises the findings.
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FIGURE 5.4: Average power loss in simulations of a 1 W power CW
propagating through a 1 cm length of silicon-core fibre with: (a)
2600 nm core diameter at wavelengths of 1.55 – 3 µm where the dom-
inant source of loss is the silicon core material; (b) labelled core diam-
eters at 4.5 µm where the dominant source of loss is the overlap with
the silica cladding. The spectral window is centred on 2.1 µm but the
other CW wavelengths are offset to demonstrate that the linear loss

envelope is working.

Wavelength
(µm)

Diameter
(nm)

Loss
(dB / cm)

1 cm loss
(calculated)

1 cm loss
(simulation)

1.55 2600 3 0.5 W 0.49 W

2.1 2600 0.8 0.17 W 0.17 W

2.5 2600 0.47 0.10 W 0.10 W

3 2600 0.05 0.01 W 0.02 W

4.5 1700 5.1 0.69 W 0.66 W
2150 2.1 0.38 W 0.39 W
2600 1.17 0.24 W 0.23 W
3000 0.75 0.16 W 0.15 W

TABLE 5.2: Linear loss values for wavelengths from 1.55 – 4.5 µm and
expected power losses for a 1 W CW propagating through 1 cm of

silicon-core fibres with labelled diameters.

As Table 5.2 shows, the simulated power losses are in good agreement with the
calculated losses, so I am confident that the linear loss term in the code is behaving
as expected.

It is interesting to note that, although the linear loss values for 4.5 µm are quite
high, they do drop below 1 dB/cm when the silicon-core diameter reaches 3000 nm,
which is promising for wavelength conversion to wavelengths in this region, as will
be explored in Chapter 6.
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5.3 Wavelength dependence of TPA

TPA is wavelength-dependent, and thus it should have an impact on SC generation
because it causes some frequencies to be absorbed more strongly than others. This is
not generally included in simulations, so I modified the GNLSE to ascertain whether
or not it should be included. If it could be shown to have a significant effect, then
it may also be necessary to include the frequency-dependence of 3PA as this would
affect SWIR SC generation.

In this section the effect will be tested to make sure it behaves as expected. First,
the wavelength-dependence is included in the GNLSE as a derivative at the pump
wavelength. Then this is replaced with a fully specifiable envelope function to in-
crease the accuracy of the effect.

5.3.1 Including the wavelength-dependent TPA term as a derivative

The frequency-dependent term to adjust TPA was implemented in a similar manner
to the self-steepening term which adjusts γ as:

βTPA(ω−ω0)(|A|2A) = βTPA(ω0)(|A|2A) + i
dβTPA

dω

∣∣∣
ω=ω0

∂(|A|2A)

∂t

= βTPA(ω0)(|A|2A) + i
dβTPA

dω

∣∣∣
ω=ω0

F−1 {−i(ω−ω0)F (|A|2A)H(ω)
}

(5.3)

where Hω) is a Heaviside step function that has a value of 1 for wavelengths up to
2.2 µm, at which point it switches to zero such that there are no negative values of
TPA.
This addition to the GNLSE was tested by comparing the effect of TPA on a pulse
propagating with a frequency offset from the centre of the simulation window, which
is achieved by modifying the phase (φ) of the Gaussian pulse in the following way:

A(0, t) exp(−iφ) = exp
(
− t2

2t2
0

)
exp(−i(ω−ω0)t). (5.4)

In this test the central frequency was set corresponding to a wavelength of 2.2 µm,
and TPA was defined as zero. The frequency-dependent TPA term was set such that
its value at 1.55 µm should be 0.46 cm/GW. This value was taken from the curve fit
to Lin et al. in Fig. 4(a) from [46], which is reproduced here as Fig. 5.5.
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FIGURE 5.5: Measured values of TPA in silicon, reproduced from Fig.
4 (a) in [46].

To confirm this, a 75 W peak power, 200 fs pulse was propagated for 5 mm with
the parameters in Table 5.3 (where test A, B and C correspond to (a), (b) and (c) of
Fig. 5.6). The output of the pulse is shown in Fig. 5.6 (a) with frequency-dependent
TPA included, (b) with a flat level of TPA corresponding to the target value and (c)
with TPA switched off. It is clear that the offset pulse is modified correctly and thus
the frequency-dependent TPA term works. Fig. 5.6 (d) shows the profile of TPA by
wavelength used.

Parameter Test A Test B Test C

βTPA (cm/GW) 0 0.46 0
dβTPA/dω (cm/GW/(2π·THz)) 1.254× 10−3 0 0

λ (centre of window) (µm) 2.2
λ (pump) (µm) 1.55
n2(cm2/GW) 5.52× 10−5

Aeff(1.4 µm2) 1.4
L (mm) 5

α (dB/cm) 2
TFWHM (fs) 200

P0 (W) 75

TABLE 5.3: Parameters used for the frequency-dependent TPA test,
where the centre of the frequency window corresponds to 2.2 µm. The
parameters for ‘Test B’ and ‘Test C’ are the same as for ‘Test A’ except

where listed.
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(a) (b)

(c) (d)

FIGURE 5.6: Simulations of a 75 W, 200 fs pulse propagating through
5 mm of p-Si fiber, which has a carrier wavelength of 1.55 µm (the
centre of the frequency window corresponds to 2.2 µm), with (a)
frequency-dependent TPA, (b) constant TPA defined to produce a
matching value and (c) TPA switched off as a point of comparison.

(d) TPA values by wavelength.

5.3.2 Including wavelength-dependent TPA as an envelope function

I originally included wavelength-dependent TPA as a constant derivative term ap-
plied at the pump wavelength, as explained in the previous section, but I also ap-
plied a Heaviside step-function H in order to prevent negative values occurring be-
yond 2.2 µm. I realised that this step function, applied as an array or envelope across
the entire frequency domain, could be modified to produce the precise shape of the
TPA envelope. Not only does this make the values at each wavelength more accu-
rate (as it does not assume a linear curve) but it also removes the need to change
the value of the derivative at different pump wavelengths. It can be applied in the
same manner regardless of the centre wavelength of the window, meaning it can be
used in cases where the pump is at the edge of the TPA window or even beyond it.
This is important as the TPA will have an effect on the short-wavelength side of a SC
generated by a pump that is not itself affected.

This simplifies the TPA term in Eq. 5.3 so it is now solved as follows:

βTPA(ω−ω0)(|A|2A) = iF−1 {−i(ω−ω0)F (|A|2A)HTPA(ω)
}

(5.5)

HTPA(ω) is the envelope function applied directly in the frequency domain, with
values taken from [46] as shown in Fig. 5.7.
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FIGURE 5.7: Values of TPA used in the code.

I tested that this modification works with the same procedure as described in
Sec. 5.3.1 and got the same results.

In the previous chapter, the code was tested by comparing the results of sim-
ulations with existing experiments, to make sure that the results are sensible. The
simulation of the SOI ridge waveguide included the wavelength-dependent TPA.
However, the peak power in that case was very small (13 W) and the pump was
in the middle of the TPA range, such that the value was high at the pump and so
wavelength-dependence of the effect was barely perceptible.

It would be useful to have experiments with high input powers (in the multi-
kW region) where the pumps lie at 1.55 µm (in the middle of the TPA band) and at
2.1 µm (near the edge) in order to compare the effects of the wavelength-dependence
of TPA in the limit. In the absence of this, I have simulated these cases in order to
estimate the scale of the effect.

5.4 The impact of wavelength-dependent TPA on multi-kW
pulses at 1.55 and 2.1 µm

In the following simulations, I have implemented a function in the code which inte-
grates over specified wavelength ranges at each step, and normalises them according
to the total input average power (which depends on the pulse width, peak power
and an assumed repetition rate of 100 MHz). This means that changes to specific
wavelength regions can be seen which may not be apparent by simply looking at
the spectrum. This technique is crucial to results in future chapters, where the goal
is to maximise the average power in specific target wavelength ranges.

Both sets of comparisons use pulses with a width of 150 fs and peak power of
5 kW, and are propagated through 10 mm lengths of p-Si fibre. The difference in the
sets is the centre wavelength of the pulses (1.55 and 2.1 µm) and the core diameters
(2000 and 2625 nm).

5.4.1 5 kW pulses at 1.55 µm

In this first comparison, the pulses are propagated through 10 mm lengths of p-Si
fibre with a core diameter of 2000 µnm. In the first case, the TPA is set as a constant
and in the second, the TPA envelope is used. The simulations are shown in Fig. 5.8.
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FIGURE 5.8: Simulations of 150 fs, 5 kW pulses at 1.55 µm propagat-
ing through a 10 mm length of p-Si fibre with 2000 nm core diameter.
(a – d) Constant TPA. (e – h) Wavelength-dependent TPA. (a, e) Input
and output spectra. (b, f) Temporal pulse evolution. (c, g) Spectral
pulse evolution. (d, h) Evolution of average power in labelled wave-

length ranges.

The simulations in Fig. 5.8 show that there is no distinguishable difference be-
tween the case where TPA is constant and that where it varies with wavelength. This
can be simply attributed to the fact that TPA is high enough at the pump to clamp
that wavelength and prevent any appreciable spectral broadening from occurring.
Thus, there is not enough power in the surrounding wavelength ranges on which
varying levels of TPA could act.

5.4.2 5 kW pulses at 2.1 µm

The next comparison uses pulses with the same width and peak power but centred
at 2.1 µm, which is near the edge of the TPA band. Thus, it would be expected that
the clamping effects would be much less significant on the pump itself but would
manifest in the short-wavelength side of the SC generated.

In these simulations, the fibre has a length of 10 mm and core diameter 2625 nm
diameter, chosen as it allows for FWM-based transfer to wavelengths > 3.5 µm (as
will be explained in Chapter 7). Again, in the first case the TPA is kept constant at
the value for the pump and in the second, the full TPA envelope is included.
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FIGURE 5.9: Simulations of 150 fs, 5 kW pulses at 2.1 µm propagating
through a 10 mm length of p-Si fibre with 2625 nm core diameter. (a –
d) Constant TPA. (e – h) Wavelength-dependent TPA. (a, e) Input and
output spectra. (b, f) Temporal pulse evolution. (c, g) Spectral pulse
evolution. (d, h) Evolution of average power in labelled wavelength

ranges.

In this case, the wavelength-dependent TPA has a significant impact. The aver-
age power in the wavelength ranges spanning 1.4 – 1.8 µm is clamped by around
half, which is an expected effect as the TPA is much higher at these wavelengths
than at the pump. What is perhaps surprising is that some of the wavelengths longer
than 2.2 µm, where there is no TPA acting at all, are affected. In particular, the 3.75 –
4 µm range is cut by an order of magnitude. This can be explained by assuming that
power is transferred to this range by FWM, in which one of the pumps lies in the
short wavelength ranges clamped by TPA. The phase-matching conditions for such
transfers are covered in great detail in Chapter 7, where silicon core fibre tapers are
designed to optimise these conditions. As the simulations here show, it is thus cru-
cial to include the wavelength-dependent TPA in the pulse propagation equations,
as loss in one part of the spectrum can impact other parts.

5.5 Three-photon absorption

Three-photon-absorption has a much smaller impact than TPA, but is included for
completeness. It is included as an envelope function in a similar manner to TPA, as
shown in Eq. 5.6. The values for this, taken from [61], are shown in Fig. 5.10.

β3PA(ω−ω0)(|A|4A) = iF−1
{
−i(ω−ω0)F (|A|4A)H3PA(ω)

}
(5.6)
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FIGURE 5.10: Values of 3PA used in the code.

5.6 Self steepening

The self-steepening term, as defined in Eq. (2.60), accounts for how the nonlinear
coefficient term γ changes with wavelength around the pump and contains three
sub-terms, which depend on ω, n2(ω) and Aeff(ω). The first and dominant term
is precisely proportional to ω, so is easy to include. The last term is dependent on
Aeff(ω), which changes roughly linearly with wavelength, as shown in Fig. 5.11.

FIGURE 5.11: (a) Wavelength dependent area the fundamental mode
in silicon-core fibres with core diameters of 1700 – 3000 nm. (b)
Change to γ by including the wavelength-dependent effective area

in the self-steepening term, Eq. (2.60).

Fig. 5.11 (a) shows how the effective area changes with wavelength for silicon-
core fibres with core diameters from 1700 – 3000 nm. It can be seen that the change
is mostly linear with wavelength, with the exception of the 1700 nm core fibre for
wavelengths > 4 µm. However, this will have no impact on the fibre tapers simu-
lated in Chapter 7 because this size of diameter is only used for the waist, where the
wavelengths generated are < 3.5 µm. It will be shown that longer wavelengths are
generated in the up-taper and end-facet section where diameters are > 2000 nm.

Fig. 5.11 (b) shows how the nonlinear term γ is modified by self-steepening.
It can be seen that the wavelength-dependent effective area makes only a modest
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change beyond the purely frequency-dependent term 1/ω0. However, it has a much
more significant effect for SOI ridge waveguides, as the cross-sectional area is much
smaller. This is will be covered in more detail in Chapter 8.

The remaining term in Eq. (2.60), proportional to n2, the intrinsic material non-
linearity, does not vary linearly with wavelength, at least not for silicon across the
wavelength range covered by simulations in this thesis, 1.55 – 5.5 µm.

FIGURE 5.12: Material nonlinear coefficient n2 in silicon by wave-
length. The red dot indicates the value at 2.1 µm.

Fig. 5.12 shows this very clearly. Many of the simulations are conducted with
a pump wavelength of 2.1 µm, and as the SC produced can span from 1.55 µm to
beyond 4 µm, there is no linear derivative term that can account for this. A Tay-
lor expansion could potentially be used, but as the self-steepening term acts on a
Fourier transform of the pulse amplitude across the entire time window, adding
additional terms to this would increase the numerical errors. It would require sig-
nificant further investigation to quantify this and ascertain whether this approach
would be justified when the contribution of wavelength-dependence to this term
may be relatively small. I have therefore omitted the n2(ω) self-steepening term for
the purposes of this thesis.

5.7 Conclusion

In this chapter I have looked at the effects of adding wavelength-dependence to
linear loss caused by cladding absorption and TPA, and shown that these effects can
be accurately modelled in the code and have a significant impact. I have also added
wavelength-dependent 3PA and the change in effective area to the nonlinear term.

In the following chapter, I will look at how wavelength conversion in silicon-core
fibres can be extended to longer wavelengths by connecting a second fibre to change
the dispersion profile and thus open up new phase-matching conditions. This will
lay the groundwork for moving on to designing full tapers for extending the long
wavelength edge of a SC.
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Chapter 6

Two-diameter fibre system for
wavelength conversion

6.1 Introduction

One of the main applications of nonlinear optics is wavelength conversion. A seed
(signal) and pump are coupled into a fibre or waveguide, and if phase-matching
conditions allow, energy is transferred from the pump to the seed and also to an
idler frequency on the side of the pump opposite the signal.

The output frequency can be tuned by shifting the frequency of the pump and/or
seed, so the output range is limited by the tuning ranges of these inputs, assuming
that a single fibre or waveguide with fixed diameter or width is used. However, it is
possible that by varying the diameter or width longitudinally, the output bandwidth
can be extended. In this chapter I investigate this by changing the fibre diameter to
tune these phase matching conditions.

6.1.1 A note on terminology

In some investigations, the term signal is used to refer to the input seed frequency
and the idler is the generated output frequency, regardless of their frequency relation
to the pump. This can be confusing, so in what follows I will use the terms signal
and idler depending on their wavelength relative to the pump. The convention I use
is that an idler has a shorter wavelength (or higher frequency) and a signal has a
longer wavelength (or lower frequency). As in this case I am looking at conversion
from a shorter to a longer wavelength, the input seed is thus referred to as the idler.

6.2 Investigation into extending the wavelength conversion
range

The scenario investigated here is as follows. The seed wavelength is 1.82 µm and the
pump is at 2.2 µm. The goal is to generate an output signal in the free space commu-
nications wavelength band (between 3.6 and 4 µm) but the seed (idler) and pump
are too close together in the frequency domain to be able to generate this target with
a fixed-diameter fibre. To reach this target, a cascaded wavelength generation pro-
cess will need to be used, so the phase matching conditions will need to be changed
along the pulse propagation length to facilitate this.
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6.2.1 Proposed solution: connecting two fibres

The scheme for generating a longer wavelength with the 2.2 µm pump is as follows.
Two fibres are connected together, such that a signal wavelength is generated by the
pump and idler in the first fibre in a degenerate FWM process. When the signal
reaches its peak, the three wavelengths are sent into the second fibre, which has a
diameter chosen such that this signal now acts as a second pump in a non-degenerate
FWM process in the second fibre, phase-matched with the original pump and idler
to produce a new (target) signal. (Alternatively, the idler from the first fibre can act
as a second pump in the second fibre to produce a new idler.)

To phase-match with all three existing waves, we need to fulfil Eqs. (2.91) –
(2.98). Having chosen whether the target is a signal or idler, finding the correct
diameter to use is straightforward. The dispersion curve (β(ω)) is calculated (using
a finite element method in Comsol) for a range of diameters centred on the input
fibre diameter. The exact diameter can then be calculated by interpolation.

6.2.2 First fibre: seeded degenerate FWM

The optimum diameter for the first fibre depends on the wavelengths of the pump
and seed (idler or signal). For generating a longer wavelength, the seed will be at a
shorter wavelength than the pump, so is defined as the idler and the output will be
the signal.

For degenerate-FWM in the first fibre, I only look at the simple case where the
pump, signal and idler all lie in the anomalous dispersion regime. In silicon-core
fibres, the ZDW therefore lies at a wavelength shorter than the idler. This is shown
in Fig. 6.1 (a).

FIGURE 6.1: Position of ZDW relative to pump/s, signal and idler
when higher-order dispersion terms are small for (a) degenerate and

(b) non-degenerate FWM.

As mentioned in Section 2.7.1, modulation instability sidebands cluster around
an optimum wavelength. This is given by Eq. 2.100 but this is an oversimplification
as it assumes that higher-order dispersion terms are negligible. A more accurate
equation is:

∆β = 2βp − βs − βi − 2γP = 0. (6.1)

This is solved numerically to find the optimum diameter.
It should be noted that this Equation ignores the effects of loss, which means that

the only depletion of the pump is due to transfer of power to the signal and idler.
In reality, linear and nonlinear losses will have an effect, such that rate of power
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transfer will be different to the rate of pump depletion. The optimum diameter will
likely be different to that calculated in the idealised case. As will be shown in Sec.
6.3, this is indeed the case, and simulations which include all relevant losses are used
to find the best diameter.

6.2.3 Second fibre: non-degenerate FWM using output from first fibre

As mentioned previously, in the first fibre it is assumed that the three wavelengths
lie in the anomalous dispersion regime. But for non-degenerate FWM (i.e. with
four different wavelengths) in the second fibre, two of these must be in the normal
dispersion regime, such that there is one pair on either side of the ZDW. This is
shown in Fig. 6.1 (b).

Therefore, the ZDW has to move to a longer wavelength to fulfil this condition.
For generating a wavelength longer than the original signal, the ZDW will need to
be positioned in between the pump (which will become pump 1) and the original
signal (which will become pump 2). The target will become the new signal in this
scenario. For generating a wavelength shorter than the original idler, the ZDW will
need to be positioned in between the idler and pump (which will become pumps 1
and 2 respectively) and the target will be a new idler. In either case, a larger diameter
will be required to shift the ZDW to a longer wavelength, as shown in Fig. 2.6.

The fulfilment of these phase-matching conditions can be explained in the fol-
lowing way [62]:

The phase-matching conditions for non-degenerate FWM are generally satisfied
when the pumps are spaced roughly symmetrically around the ZDW. This is the
case because, due to the size and circular geometry of the fibres, the rate of change
of the dispersion is relatively linear.

This can be understood by recalling Eqs. (2.91) – (2.98). The leading order of ∆k
vanishes if β2 = 0, i.e. if the pumps are equally spaced around the ZDW. The fibre
geometry means that the higher-order terms in Eq. 2.97 are negligible and so the
majority of phase-matched solutions do indeed follow this pattern.

However, as we will see later (in Chapter 8), for ridge waveguides where the
higher order dispersion terms cannot be so readily ignored, the phase-matching con-
ditions become more complicated.

6.3 Optimising the core diameter of the first fibre

As mentioned in the previous section, finding the optimum diameter for the second
fibre is a straightforward matter of solving Eqs. (2.91) – (2.98). For the first fibre,
which uses degenerate FWM, finding the optimal diameter requires more investiga-
tion.

For the purposes of this proof-of-principle design, I looked at a pump wave-
length of 2.2 µm (the edge of the TPA-band) and a target signal wavelength of 3.8 µm
(as this is a potentially useful wavelength for free-space communications). The
frequency-separation between these is 60 THz, so the seed (idler) is positioned with
frequency 30 THz higher than the pump, corresponding to 1.9 µm. The pump and
seed will generate an intermediate signal at 2.8 µm in the first fibre section, and then
these will be phase-matched in the second section to generate the 3.8 µm target.

The simulations are done with a CW pump with 40 W power and a seed with
8 W, which are easily achievable with commercially available lasers [63]. The results
are also applicable for long pulses of > ps.
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Fig. 6.2 shows the phase-matching curves (∆β) for a pump at 2.2 µm with powers
of 0 W and 40 W in a fibre with a core diameter of 1935 nm.

FIGURE 6.2: Nonlinear phase-matching with a diameter of 1935 nm
and pump at 2.2 µm with power of 40 W and the limit of 0 W. Green-

dashed line shows target frequency-separation of 30 THz.

The phase-mismatch ∆β is shown in the frequency-domain as the waves are
equally spaced in this domain (unlike in the wavelength domain). With no pump
power, the phase-matching is purely dependent upon dispersion, and the optimum
frequency-separation is at 24 THz. As the pump power increases, this phase-matched
frequency-separation increases, until at 40 W, it lies at 33 THz. This is higher than the
30 THz required, but as the pump depletes due to wavelength conversion as well
as losses, the phase-matching conditions will approach the zero-power case. The
green-dashed line in the figure shows the 30 THz target, at which point |∆β|(0 W)
∼ |∆β|(40 W). Most of the time the pump power will lie somewhere between these
two, so will maintain a relatively low phase-mismatch. Simulations which include
pump depletion due to propagation loss show that this diameter is indeed the op-
timum one in terms of transferring the most power to the intermediate signal at
2.79 µm. Three of these simulations are shown in Fig. 6.3.

The simulations in Fig. 6.3 show that the maximum amount of power (8.952 W)
is generated with a core diameter of 1937 nm, whereas only 8.589 W is generated
with a core diameter of 1947 nm and 6.852 W with a core diameter of 1927 µm.

In order to generate the maximum power at the target wavelength in the second
fibre, however, it does not make sense to couple in the original three wavelengths at
the point where the intermediate signal reaches its peak. This is because the original
pump power drops below that of the idler at 6 mm, at which point they are both
at 13.4 W, and the intermediate signal is at 7.94 W. As this is close to the maximum
it seems like a sensible cut-off point at which to couple in the wavelengths to the
second fibre.

As this cut-off point does not rely on the peak of the signal being reached, it
means that there is more tolerance in the core diameter of the first fibre. For example,
with a core diameter of 1947 nm, at 6.85 mm, the pump and idler cross when the
power in each is 12.95 W, at which point the signal power is 7.11 W. The power levels
are very similar at this length in the 1927 nm core fibre. Thus, the overall output is
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FIGURE 6.3: Simulations of 40 W pump at 2.2 µm and 8 W seed at
1.82 µm propagating through 12 mm lengths of p-Si fibre with core
diameters of (a, b) 1925 nm, (c, d) 1935 nm and (e, f) 1945 nm. Each
simulation shows the spectral output (a, c, e) and the evolution of

power (b, d, f) in the pump, seed, and generated signal at 2.79 µm.
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likely to be affected very little by fabrication intolerance in the first fibre, as will be
shown in Section 6.4.1.

6.3.1 Optimum core diameter for second fibre

For the particular set of wavelengths looked at here, the optimum core diameter for
the second fibre is 2578 nm, at which point the ZDW is at 2.55 µm, close to halfway
between the pump at 2.2 µm and the intermediate signal at 2.79 µm. It is not ex-
actly halfway, so there is a small contribution from higher-order dispersion terms.
Nonetheless, for this diameter, the phase-mismatch between the four wavelengths
is minimised.

The tolerance for variation to this diameter is lower, as at diameters of 2568 and
2588 nm (i.e. ± 10 nm) the phase mismatch increases to 0.3/mm, which means that
the waves will undergo a relative phase-shift of π at ∼ 10 mm. As will be seen in
Section 6.4.1, with the addition of losses in the simulation, this translates to a peak
in power transfer to the target at ∼ 8 mm into the second fibre, whereas with the
optimum diameter the transfer continues for a further 10 mm which doubles the
target power output.

6.4 Simulations of the two-fibre design

The following simulations use the GNLSE, as outlined in Sec. 2.5. The input pa-
rameters were a 40 W CW pump at 2.2 µm and 8 W CW seed (labelled ‘Pump 2’) at
1.82 µm. Fig. 6.4 shows the output when these pumps are propagated through two
fibres of diameter 1937 nm and 2578 nm with corresponding lengths of 6.85 mm and
19 mm.

FIGURE 6.4: (a) Spectral output of two-fibre system. (b) Evolution of
pump (Pump 1), seed (Pump 2), intermediate signal and target wave-

length signal.

As Fig. 6.4 shows, the two input pumps produce an intermediate signal at
2.79 µm which reaches a peak of 7 W. The three wavelengths then phase-match with
the target of 3.8 µm in the second fibre, which reaches a peak output of 3 W. The
efficiency of the conversion from input pump and seed to output target is 6.25 %, i.e.
the power output at the target wavelength is 6.25 % of the total power input of the
pump and seed.
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6.4.1 Stability analysis

As mentioned in Section 6.3.1, the phase-matching conditions in the second fibre
are highly sensitive to variations in the diameter, so I conducted a stability analysis
whereby I varied the diameter of each section by 10 nm to account for standard fab-
rication intolerances. Fig. 6.5 shows the evolution of the target wavelength power
with each combination of these diameter changes.

FIGURE 6.5: Conversion to the target wavelength when input and
output diameters are varied by a ± 10 nm range. The labels show the

diameters of the first / second fibre in each case.

The analysis shows that the output power is not particularly sensitive to changes
in the input diameter, as this is optimised to phase-match to a degenerate FWM
process. However, the output power is extremely sensitive to the diameter of the
second fibre, as the conversion in this section relies on non-degenerate FWM. The
conversion to the target is halved with a variation of 10 nm either way and this con-
version also peaks at a much shorter length (14 mm) than the optimised one (26 mm),
so almost no output would be seen at this longer length unless the fabrication was
perfect. However, if the lower output was acceptable, the overall length could be
shortened to 14 mm to guarantee an output of at least 1 W (or 2 % of input) at 3.8 µm.

6.5 Conclusion

The primary purpose of the work in this chapter has been to show a proof-of-principle
example of how wavelength conversion can be achieved with a two-step process us-
ing two different kinds of FWM (degenerate and non-degenerate). Although the
wavelengths for the simulations in this chapter were chosen with the goal of an
immediate practical application, the target wavelength region (for free-space com-
munications) can be reached with existing pumps and seeds in a straightforward
single-step wavelength-conversion process with higher efficiency.

Nonetheless, a useful design principle has been shown: that three wavelengths
generated by one nonlinear process in one fibre can be used to generate a fourth
wavelength in a second fibre with appropriate phase-matching conditions. This
principle can be extended to multiple groups of wavelengths, as are produced in
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a supercontinuum (SC). The next chapter will demonstrate through simulations that
this process can be exploited to extend the width of a SC generated in a silicon fibre
taper, and more importantly, boost the usable average power in the long wavelength
edge of this SC.
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Chapter 7

Fibre tapers for boosting longer
wavelengths in a supercontinuum

7.1 Introduction

In the previous chapter, I looked at how two fibres with different diameters can be
used to generate a new wavelength in a two-step process: degenerate FWM in the
first fibre followed by non-degenerate FMW in the second, which opens up new
phase-matching conditions. This approach of using a second diameter to change the
phase-matching conditions (in this case using a larger second diameter to reach a
longer wavelength range) can be adapted for SC generation.

In this chapter, the design is expanded into a full taper-shape, with a down-
taper from a large input facet to a waist region, an up-taper, and a fixed-diameter
end section. The down-taper and waist replaces the first fixed-diameter section in
the wavelength-conversion design. In this case, several processes (self-phase mod-
ulation and soliton fission as well as degenerate FWM) produce initial spectral-
broadening. The up-taper then introduces new phase-matching conditions for non-
degenerate FWM-based conversion to progressively longer wavelengths. This pro-
cess culminates in the fixed-diameter end facet, which is optimised to maximise the
number of phase-matching conditions to a particular target wavelength range. The
taper design is shown to work with a range of input powers, improving the effi-
ciency of conversion to several output wavelength ranges out to 5.5 µm.

7.2 Motivation

The width of a supercontinuum (SC) is measured as either the frequency or wave-
length range between its edges, defined as the points in the spectrum which drop
below a threshold relative to the peak. This threshold is often set at the -20 or -30 dB
level. However, this does not give any indication of the usable power in any given
wavelength range, which could alternatively be expressed as a signal-to-noise ratio.
If the purpose of the SC generation is for spectroscopy, for example, one or the other
of these metrics is crucial.

Some of the papers that have focused on the amount of average power in this
way are [64, 65], which have looked at SC generation for spectroscopy of green-
house gases, for which the 3 – 5 µm region (the first mid-IR atmospheric window) is
particularly important as it contains many of the absorption lines of such gases [66].
They achieve usable amounts of power in the first half of this window (3 – 4 µm) by
pumping high-power lasers at 1.55 µm through a silicon-on-insulator (SOI) waveg-
uide in the first case [64] and 2.1 µm through a silicon-dioxide ridge platform in the
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second [65]. The first achieves an output of 0.3 mW across the 3 – 4 µm wavelength
range, whereas the second can achieve 1 mW, but with a peak pump power > 10 kW.

This chapter shows that silicon-core fibre tapers can produce similar output av-
erage powers across the entire greenhouse gas absorption region but with relatively
modest (< 10 kW peak) powers. Initially, I investigate the role of the taper profile
to obtain flat and efficient SC in a silicon-core fibre taper that extends across the 3 –
4.5 µm region by optimizing the FWM phase-matching conditions. The long wave-
length edge is then extended out to 5.5 µm.

A key goal is to achieve output SC spectra at practical power levels using stan-
dard commercially available fibre laser pump sources, such as the 2.1 µm one used
in [65], from which I use the pulse parameters. The taper is designed to have large
input and output diameters to maximize the coupling efficiencies, with a waist such
that the ZDW is close to the pump in order to enhance the efficiency of the nonlinear
processes. However, in contrast to conventional tapers, the design is asymmetric
such that the up-tapered output section can be carefully engineered to access new
phase-matching conditions for FWM, thus extending the long wavelength substan-
tially beyond what could be achieved with a straight waveguide.

Having designed four tapers which target progressively longer 0.25 µm wave-
length ranges covering the 3.5 – 4.5 µm region, I then look at extending the target
ranges still further, out to 5.5 µm.

7.3 Taper design principles

Each taper design is optimised for a different peak pump power, starting with 1 kW
for the first target wavelength range (3.5 – 3.75 µm), increasing to 5 kW for the 4.25
– 4.5 µm range and then up to 10 kW in the second half of the chapter where 5.25
– 5.5 µm is targeted. These input peak powers are established by simulating pulse
propagation through fibres with a constant diameter to ascertain the maximum av-
erage power generated in the target ranges, thus setting a benchmark against which
to measure the performance of the taper in this region. The primary goal is to search
for designs that maximise the spectral width of the supercontinuum, whilst retaining
a high spectral density in the mid-infrared region of interest.

The tapers are divided into three sections, a down-taper (1), up-taper (2) and
constant-diameter end facet (3), as shown in Fig. 7.1. Section (1) has a large input
facet in order to couple the light into the fibre with minimal loss, and then tapers
down towards the waist diameter. As the light propagates in this section, it un-
dergoes initial spectral broadening via self-phase modulation (SPM). At the waist
diameter, the nonlinearity reaches its maximum, and part of the spectrum crosses
the zero-dispersion wavelength (ZDW), triggering soliton fission which speeds up
this broadening. Section (2) is an up-taper, where the increasing diameter opens up
new phase-matching conditions for non-degenerate FWM, which acts to improve
the transfer of power to increasingly longer wavelengths. This up-taper culminates
in Section (3), the end-facet, where the diameter is optimised for phase-matching to
the target wavelength range. The larger the diameter, the longer the wavelengths
that can be phase-matched to in this manner. For each design, the total length of
the tapered structure and the individual sections are fixed, but the diameters of the
individual sections are allowed to vary (for example, increasing the input diameter
allows for larger peak powers which are needed to reach longer wavelengths). This
approach was arrived at by an extensive numerical search through the design space,



Chapter 7. Fibre tapers for boosting longer wavelengths in a supercontinuum 82

simulating pulse propagation through tapers with different section lengths as well
as different diameters.

FIGURE 7.1: Schematic showing taper design: (1) down-taper, (2) up-
taper, and (3) constant diameter end facet.

When deciding upon appropriate length scales for each section in the taper de-
signs, the main factor I took into account was the nonlinear length, defined as LNL =
1/γP. For mid-infrared light propagation, silicon core diameters on the order of a
few micrometers ∼ 1.5− 4 µm are desired so that the pump is positioned close to
the ZDW and that the interaction with the silica cladding, which is lossy at these
wavelengths, is minimised. Such diameters correspond to nonlinear parameters γ
in the range 3− 22 W−1m−1. The properties of the pump laser used in my inves-
tigations are modelled on typical values for a 2.1 µm fibre laser, with a pulse dura-
tion of 150 fs, peak powers in the range 1− 5 kW, and a repetition rate of 100 MHz
[67]. Thus, for these values of γ and P0, typical nonlinear lengths are in the range
0.01− 0.3 mm, so it can be assumed that significant nonlinear effects will occur over
lengths of ∼ 1 mm. The peak power drops rapidly with pulse propagation, due to
linear and nonlinear losses, and most of my simulations show that the SPM broad-
ening reaches a maximum at lengths ∼ 3 mm. As silicon-core fibre tapers as short as
8 mm [30] have been demonstrated, I set this as the total length, divided into a 3 mm
down-taper (where most of the SPM occurs), 2 mm up-taper (where cascading FWM
occurs) and 3 mm end-facet (to maximise phase-matching for FWM-based transfer
of power to the target wavelength-range). This design is shown in Fig. 7.1.

It would be possible to design tapers with much shorter length (say 3 – 5 mm),
but these would be extremely difficult to fabricate and so would have limited practi-
cal interest. The overall length is reduced slightly however, for designs targeting the
4.5 – 5.5 µm region, to ∼ 6.5 mm, because as the peak input powers approach 10 kW,
the nonlinear length is reduced.

7.3.1 Controlling the initial broadening in the down-taper

The fibre design starts with a down-tapered region, from the input facet to the waist,
to facilitate efficient coupling of the fibre-based pump source into the narrow waist.
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During this transition, SPM initiates spectral broadening. Then, in the waist region,
the red edge of the spectrum crosses the ZDW, triggering soliton fission which facil-
itates further broadening.

However, if too much power crosses the ZDW, the solitons that form in the
anomalous dispersion region are of too high an order. Thus, when soliton fission oc-
curs, two problems arise: (1) the solitons recoil too far toward shorter wavelengths,
wasting power that could otherwise be transferred to longer wavelengths. (2) The
dispersive wave generation spreads to longer wavelengths too rapidly, which means
power does not build up in the target output wavelength ranges. Furthermore, it
does not build up in the central part of the spectrum, so there is no stable source of
pumps for later transfer to the target ranges.

Some examples of these processes happening in non-optimised taper designs are
shown in Figs. 7.2 and 7.3 where in the first case, with an input peak power of 2 kW,
the input facet diameter is too small, and in the second, with 3 kW peak power, the
waist is too small.

Fig. 7.2 (a – c) shows the output spectrum, temporal and spectral evolution of
the pulse propagation. Fig. 7.2 (d) shows how the 0.25 µm ranges in 3 – 4 µm evolve
along the length of the taper. It shows that the first three ranges peak closely to-
gether, with more power being transferred to the 3.25 – 3.5 µm range and signifi-
cantly less to the 3.5 – 3.75 µm range. Even the power that is transferred here is not
contained and so fails to act as a pump for the target range (3.75 – 4 µm). Thus, the
cascading power transfer does not happen and too little power is transferred to the
target region. Fig. 7.2 (e) shows the taper profile (i.e. how the core diameter changes
with length). In this case the input diameter is too small, causing the initial spectral
broadening to occur over too short a length. The design with a more optimal input
diameter is shown in Section 7.5.2.

FIGURE 7.2: Simulation of 2 kW pulses through a non-optimal taper
design. In this case, the input facet (3200 nm) is too small, causing
too much soliton fission in the early stages of spectral broadening.
(a) Output spectrum. (b) Temporal evolution of the pulses. (c) Spec-
tral evolution. (d) Evolution of average power in 0.25 µm wavelength
bands. (e) Profile of the taper showing how the diameter changes

with length.

Fig. 7.2 (c) shows spectral broadening, due to soliton fission, extending down to
1.2 µm. This happens shortly after SPM broadens the spectrum past the 1.85 µm
point shown as a dashed red line. As a result, the long-wavelength side of the
spectrum also broadens too quickly, and the spectrum breaks up before FWM can
transfer sufficient power to the target region. The output spectrum actually extends



Chapter 7. Fibre tapers for boosting longer wavelengths in a supercontinuum 84

beyond the target region (also shown by red-dashed lines), but the power is not con-
tained and thus the maximum level reached in the 3.75 – 4 µm range is 0.08 mW.
Furthermore, this occurs at 6 mm propagation length.

The simulation results for the second non-optimal design (where the waist is too
small) are shown in Fig. 7.3.

FIGURE 7.3: Simulation of 3 kW pulses through a non-optimal taper
design. In this case, the waist (1700 nm) is too small, causing too
much soliton fission in the early stages of spectral broadening. (a)
Output spectrum. (b) Temporal evolution of the pulses. (c) Spec-
tral evolution. (d) Evolution of average power in 0.25 µm wavelength
bands. (e) Profile of the taper showing how the diameter changes

with length.

Fig. 7.3 (a – c) shows the output spectrum, temporal and spectral evolution of the
pulse propagation. It can be seen in Fig. 7.3 (b) and (c) that soliton fission occurs
at 3 mm (i.e. when the waist is reached). The spectral evolution plot shows a soli-
ton breaking away to a shorter wavelength, while a corresponding dispersive wave
carries away energy to a longer wavelength. Thus, some of the useful power is lost
before the bulk of the wavelength conversion to the target range (4 - 4.25 µm) hap-
pens in the output facet. Fig. 7.3 (d) shows that the average power in the target
range increases, but then peaks (at 0.16 mW) before the end of the taper and starts
to drop again. Fig. 7.3 (e) shows the taper profile. The design with a more optimal
waist diameter is shown in Section 7.5.2.

Based on these results, when optimising the output facet diameter (see Section
7.3.2) to maximise the FWM-based transfer to the target wavelength ranges, I filter
the space of available solutions to the phase-matching condition such that the short-
wavelength pump lies at λ > 1.85 µm. Thus, when simulating different taper designs,
initial spectral broadening beyond this limit indicates that power is wasted because
shorter wavelengths will not be able to serve as pumps for the transfer to the targets.
Thus, the input and/or the waist diameter will need to be adjusted.

Nonetheless, a limited amount of soliton fission is necessary to provide addi-
tional spectral broadening to that produced by SPM, so for lower input powers (1
– 2 kW) the waist diameter is set to 1700 nm (where the ZDW is at the input wave-
length, 2.1 µm). The goal is to produce a reasonably broad intermediate spectrum,
but with an evenly distributed spectral density. This will act as a range of pumps in
the up-taper and end-facet to transfer power to the longer-wavelength target ranges.

To control the initial SPM and limit the degree of subsequent soliton fission, the
input facet and waist diameters are both increased with higher input powers. Unlike
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most tapers, in which the waist is held constant over some length to maximise a par-
ticular nonlinear process, our design transitions immediately into the up-tapered
region to start continuously shifting the FWM phase-matching conditions to pro-
gressively longer wavelengths. The up-taper section of the design ends when the
optimum diameter is reached for FWM wavelength conversion to the targeted wave-
length region.

In the second half of the chapter, I look at additional designs to push the target
output wavelength ranges beyond 4.5 µm. As the pumps needed to generate these
also get longer in wavelength, the designs begin to reduce the waist diameter in or-
der to gradually reintroduce additional soliton fission in the early stages of spectral
broadening.

7.3.2 Optimising the end-facet diameter for phase-matching to the target

This is the most important section of the design, as it is the point at which phase-
matching to the target region is maintained. In order to determine the optimum out-
put diameter for the different taper designs, I calculated the phase-matching condi-
tions for all combinations of pumps in the 1.2 – 4.5 µm range for each diameter (sam-
pling pump wavelengths at 25 nm intervals). I was then able to use this dataset to
obtain the number of phase-matched solutions depending on where the pump, sig-
nal and idler wavelengths lie. Fig. 7.4 shows the positions of pairs of phase-matched
pumps (short and long wavelength plotted as black and yellow points respectively)
and the corresponding idlers for four signal wavelength ranges, (a) 3.5 – 3.75 µm, (b)
3.75 – 4 µm, (c) 4 – 4.25 µm and (d) 4.25 – 4.5 µm. In all cases, only pump wavelengths
that are longer than 1.85 µm are considered for the non-degenerate FWM processes.
Although solutions do exist with pumps at shorter wavelengths, they are not useful
because they are only generated by excessive soliton fission in the waist region (as
explained in Section 7.3.1). Fig. 7.5 summarizes the results of this analysis, showing
the usable bandwidth of the generated pumps. The maximum bandwidth corre-
sponds to the point where the phase-matched pumps reach the short-wavelength
edge of the target spectral range, and this indicates the optimum output diameter
for maximal transfer of power to the target range.

The phase-matching conditions for non-degenerate FWM are generally satisfied
when the pumps are spaced roughly symmetrically around the ZDW, as explained
in Section 6.2.3. Thus, having set lower limits to the position of the short-wavelength
pump (1.85 µm) and the target wavelength range of the output signal, the number
of solutions should reach its maximum when the ZDW lies halfway between these
limits.
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FIGURE 7.4: Four wave mixing phase-matched solutions where
pumps have λ > 1.85 µm and signals are in the target ranges (a) 3.5
- 3.75 µm, (b) 3.75 - 4 µm, (c) 4 – 4.25 µm and (d) 4.25 – 4.5 µm. Orange
dashed line shows the zero-dispersion wavelength. Note how the
short-wavelength pumps and long-wavelength pumps tend to clus-

ter either side of the ZDW.

FIGURE 7.5: Bandwidth of phase-matched solutions for non-
degenerate FWM where the pumps exist at wavelengths longer than
1.85 µm for target signals in the labelled wavelength ranges. The
peaks correspond to the diameters where the pump wavelength

range starts to overlap with the target range.
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Indeed, Fig. 7.4 shows that the majority of the long wavelength pumps (yel-
low points) cluster above the ZDW (shown by the orange dashed line), and the
short-wavelength ones (black points) cluster below it. It can be seen that the ZDW
increases with diameter, and as it reaches the halfway point between the lower
pump limit and the lower edge of the target wavelength range, the available phase-
matched solutions for FWM to occur ‘fill-in’ the space between these limits. This
means that FWM can draw from pumps across the entire spectrum to transfer to the
target wavelength range, and thus the ‘density’ of solutions, corresponding to the
usable pump bandwidth, is maximised, as shown in Fig. 7.5. The position of these
peaks indicates the output facet core diameter required for maximising the output in
the required range. So for maximising power in the 3.5 – 3.75 µm range, the diameter
should be ∼ 2600 nm, for the 3.75 – 4 µm range, ∼ 2800 nm and so on.

7.4 Fixed-diameter fibre simulations

Before designing tapers and assessing their efficiency, I needed a set of benchmarks
to compare them with. The benchmarks are simply the maximum amount of aver-
age power generated in a given target wavelength range in a fixed-diameter silicon
fibre. A set of simulations were conducted for straight fibres with core diameters
covering the range 1 – 4 µm. The pulses are centred at 2.1 µm, have a width of 150 fs
and a repetition rate of 100 MHz. These are typical parameters achievable using a
commercially available fibre laser such as the one used in [65]. Thus, as shown in
Table 7.1, 1 kW peak input power corresponds to 18 mW average power.

In each case, I extracted the average power within each 0.25 µm spectral win-
dow covering the entire greenhouse gas absorption region (3 – 4.5 µm) for every
propagation step. Thus, it was possible to ascertain the maximum average power
transferred to each window along the propagation length. As the maximum trans-
fer to any spectral window always occurred at a propagation length shorter than
20 mm, this length was used for every simulation. From these simulations, I found
that generating a SC extending out to 3.5 µm was easily achievable in all fibre di-
ameters with a peak power of 1 kW, so we concentrated only on the remaining four
0.25 µm ranges covering 3.5 – 4.5 µm.

Fig. 7.6 shows the results of this study. The maxima of the target ranges ac-
cording to input power are summarised in Table 7.1. It can be seen that for the first
three target ranges, the maximum average power is ∼ 0.02 mW, and so the goal of
each taper design is to boost this by an order-of-magnitude, i.e. to 0.2 mW (shown
as a black dashed line in Fig. 7.6). The exception to this is for the 4.25 – 4.5 µm
range, where with 4 kW peak input power, the maximum output average power
is 0.008 mW, which is due to a combination of increased TPA at the pump and in-
creased separation between pump and target. It was found that taper designs were
unable to boost this level up to the benchmark, so the input peak power was in-
creased to 5 kW.

This 0.2 mW level across a 0.25 µm bandwidth is somewhat arbitrary, but it was
necessary to establish a target, and more importantly it should provide a usable
amount of power for spectroscopy applications ([64] for example claims that 0.3 mW
across a 1 µm bandwidth is sufficient). The results are discussed in the following
section.
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FIGURE 7.6: Complete results from fixed-diameter simulations,
showing maximum average power levels transferred, with input
peak pump powers of 1 – 5 kW, to the target wavelength ranges (a)
3.5 – 3.75 µm, (b) 3.75 - 4 µm, (c) 4 – 4.25 µm and (d) 4.25 – 4.5 µm.

Dashed black lines show the benchmark level of 0.2 mW.

Input power Target
Peak
(kW)

Average
(mW)

λ Range (µm) Maximum power
output (mW)

1 18 3.5 – 3.75 0.022
2 36 3.75 – 4 0.021
3 54 4 – 4.25 0.015
4 72 4.25 – 4.5 0.008
5 90 4.25 – 4.5 0.039

TABLE 7.1: Maximum average power transferred with fixed-diameter
fibres of any length to the 0.25 µm target ranges with labelled input

powers.

7.5 Taper Simulation Results and Discussion

7.5.1 3.5 – 3.75 µm target window with 1 kW pulses

As explained in Section 7.4, with 1 kW peak power input pulses (18 mW average
power), the bulk of the SC power in any fixed diameter length of fibre occurs at
wavelengths shorter than 3.5 µm. As shown in Table 7.1, the maximum average
power obtained in the 3.5 – 3.75 µm window with a fixed diameter fibre is 0.022 mW.
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FIGURE 7.7: 1kW (18mW) pulses. (a) Output spectrum. (b) Temporal
evolution. (c) Spectral evolution. (d) Evolution of average power in
250nm spectral ranges between 3 and 3.75µm. (e) Taper profile. (f)
Comparison of taper output with fixed diameter fibre (1275nm) at

length where power in the 3.5 - 3.75 µm range is highest.

By using our taper design (Fig. 7.1) with an input diameter of 3200nm, waist of
1700nm and output facet diameter (2625 nm) that maximises phase-matching to the
target range (as shown in Fig. 7.5), we can generate a SC with 0.066 mW across 3.5 –
3.75 µm, which is a threefold improvement. The overall SC spans 1.2 octaves (1.64 –
3.75 µm) with a total average power of 8.3 mW. Fig. 7.7 shows the spectral output (a),
as well as the evolution of the pulses in the temporal (b) and spectral (c) domains.

Fig. 7.7(d) shows how the average power evolves in the 0.25 µm spectral win-
dows from 3 – 3.75 µm, mapped against the taper profile below in (e). This evolution
shows that the average power peaks in progressively longer wavelength windows
as the light propagates along the length. In particular, it can be seen that the average
power in the 3.25 – 3.5 µm window peaks near the end of the up-taper region before
dropping as the power in the target range (3.5 – 3.75 µm) rises in the final straight
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section of the taper. This is evidence for FWM-based transfer of power from the
shorter to the longer wavelength range along the end facet.

Finally, Fig. 7.7(f) shows a spectral density plot obtained using the tapered struc-
ture, compared with the output from a length of fixed diameter fibre (with core di-
ameter of 1275 nm) in which the most average power in the target region is gener-
ated. This gives a clear indication that the tapered design can be used to improve
the transfer of power to a specific spectral window.

7.5.2 3.75 – 4 µm target range with 2 kW pulses

FIGURE 7.8: 2 kW (36 mW) pulses. (a) Output spectrum. (b) Temporal
evolution. (c) Spectral evolution. (d) Evolution of average power in
0.25 µm spectral ranges between 3 and 4 µm. (e) Taper profile. (f)
Comparison of taper output with fixed diameter fibre (1125nm) at

length where power in the 3.75 - 4 µm range is highest.
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For input pulses with a 2 kW peak power (36 mW average power), the SC in a single
diameter extends only to ∼ 4 µm at the -30 dB level. The maximum power trans-
ferred to the 3.75 – 4 µm window with any length of a fixed diameter is 0.021 mW.
The output facet diameter was set to 2800 nm to maximise phase-matching to this
target range (see Fig. 7.5). However, without increasing the input diameter, the
higher input power causes soliton fission to occur too early, as the simulation shown
in Fig. 7.2 illustrates.

I found that a much larger input facet diameter (4475 nm) is required to slow
down the rate of SPM-induced spectral broadening, limiting the amount of the spec-
trum crossing the ZDW in the waist region, which is kept at 1700nm. The simulation
is shown in Fig. 7.8.

Now it can be seen that the larger input facet ensures that the initial spectral
broadening is contained. The wavelength ranges shown in Fig. 7.8 (d) peak in an
orderly succession, showing that power is transferred in a cascading fashion. A
more significant amount of power is transferred to the 3.5 – 3.75 µm region, and is
maintained for around a mm as the up-taper transitions to the end-facet, so is able to
act as a pump source, allowing for efficient FWM conversion (0.23 mW) to the target
region. This is an order of magnitude improvement over the best fixed-diameter
case.

The power in the 3.5 – 3.75 µm window, although depleted, is still 0.166 mW
at the end of the taper, and the average power across the entire 3 – 4 µm region
is 0.8 mW, which is sufficient power for use in practical spectroscopy applications.
As a point of reference, this represents a conversion efficiency (CE) of 2.2 % in this
region, which is five times higher than the 0.4 % CE achieved in systems that have
utilised much higher peak powers, such as the > 6 kW used in an aluminium nitride
photonic chip waveguide [68]. The overall SC spans 1.4 octaves, from 1.6 – 4.18 µm,
with total average power of 11.8 mW.

Fig. 7.8 (f) shows the spectral density output from the fixed diameter (1125 nm)
for which power in the 3.75 – 4 µm range is maximised, compared with the output
from the taper. It is clear that the power is cut off at around 3.75 µm in the fixed di-
ameter fibre. Thus, the power in these pulses is not being transferred very efficiently
to longer wavelengths. The taper design introduces new phase-matching conditions
that are not otherwise available, allowing for effective redistribution of the spectrum
to the target region.

7.5.3 4 – 4.25 µm target range with 3 kW pulses

For input pulses with a 3 kW peak power, the power transfer to the 4 – 4.25 µm
window attainable with a fixed diameter fibre is limited to 0.015 mW, so this is the
range I wanted to boost.
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FIGURE 7.9: 3 kW (54 mW) pulses. (a) Output spectrum. (b) Temporal
evolution. (c) Spectral evolution. (d) Evolution of average power in
0.25 µm spectral ranges between 3 and 4.25 µm. (e) Taper profile. (f)
Comparison of taper output with fixed diameter fibre (2800nm) at

length where power in the 4 - 4.25 µm range is highest.

The output diameter was increased to 3000 nm to optimise the phase-matching
conditions for transfer to the target range (see Fig. 7.5), and the input diameter was
increased to 5100 nm. However, even this increase in diameter was insufficient to
limit the amount of spectral power crossing the ZDW before the taper waist was
reached. Thus, too much soliton fission occurred, dispersing the spectral energy, as
shown in Fig. 7.3.

Therefore, I increased the waist diameter to 1875 nm in order to push the ZDW
further from the pump. From Fig. 7.9 it is clear that with this increase in the waist
diameter, the soliton fission is more limited, and thus the energy is contained in the
middle of the spectrum until the FWM process is able to take over in the up-taper
and end facet. It can also be seen in Fig. 7.9 (c) that more power is transferred to the
3.75 - 4 µm range in the up-taper, which then acts as a pump source for the target
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range. The target power increases steadily right until the end of the taper, reaching a
higher peak (0.221 mW) than in the previous design. This is an order-of-magnitude
improvement on the power reached in this region with a fixed-diameter fibre.

7.5.4 4.25 – 4.5 µm target range with 5 kW pulses

FIGURE 7.10: 5 kW (90 mW) pulses. (a) Output spectrum. (b) Tempo-
ral evolution. (c) Spectral evolution. (d) Evolution of average power
in 0.25 µm spectral ranges between 3 and 4.5 µm. (e) Taper profile.
(f) Comparison of taper output with fixed diameter fibre (2975nm) at

length where power in the 4.25 - 4.5 µm range is highest.

The maximum average output power achievable in the 4.25 – 4.5 µm spectral win-
dow with a fixed diameter fibre is 0.039 mW, which was obtained in a fibre with a
diameter of 2975 nm (see Table 7.1). To boost this range, I increased the taper in-
put diameter to 5500 nm, the waist to 2175nm, and set the output facet diameter to
3150nm to optimise phase-matching to the target region. The output average power
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in this region is boosted to 0.159 mW, a fourfold improvement. The overall SC ex-
tends from 1.6 – 4.7 µm (1.5 octaves), as shown in Fig. 7.10.

7.5.5 Discussion

Table 7.2 summarises the results in this section.

Input power Taper diameters (nm) Generated target
Peak
(kW)

Avg.
(mW)

Input Waist Output λ Range
(µm)

Power
output
(mW)

Boost
factor

1 18 3200 1700 2625 3.5 - 3.75 0.066 3
2 36 4475 1700 2800 3.75 - 4 0.23 11
3 54 5100 1875 3000 4 - 4.25 0.221 14.7
5 90 5500 2175 3150 4.25 - 4.5 0.159 4.1

TABLE 7.2: Summary of taper parameters used for each peak input
power, and average power transferred to the target wavelength range

in each case.

It shows that with a low input peak power (1 kW), the taper design offers a three-
fold improvement in the average power conversion to the target wavelength range.
With 2 – 3 kW, the improvement is a more significant order-of-magnitude. The wave-
length conversion with a 5 kW input is more modest, as nonlinear losses have a
clamping effect, but nonetheless the average power transferred to the target region
is still a fourfold improvement over that achievable with a fixed diameter fibre.

These results show that a silicon-core tapered fibre could be used to generate
power in the greenhouse gas absorption region that is comparable to that generated
in [64] and [65] but with less input power, potentially allowing for a compact spec-
troscopy solution.

7.6 Extending the wavelength range out to 5.5 µm

The biggest source of loss in silicon fibres and waveguides for wavelengths > 4 µm is
cladding loss, whereby the mode spreads into the silica cladding and is thus subject
to the increased losses of this material. For a fibre with a large enough core diameter
however, the mode can be confined almost entirely to the silicon core itself with
very little cladding interaction. Thus, the possibility of using the entire transparency
window of silicon (out to 8 µm) opens up, as explored in [60]. In this section, I will
explore the possibility of extending the SC generation to at least 5.5 µm with the
same design principles as before, i.e. using an up-taper and a fixed-diameter end-
facet to maximise FWM to the target wavelengths and build up sufficient average
power for spectroscopy applications. I also use the same pulse parameters to see
how much long-wavelength transfer can be attained before needing to consider a
longer-wavelength pump source.

As explained previously, the goal is not simply to extend the long-wavelength
edge of the SC, which has been achieved multiple times, but to increase the average
power in those longer wavelengths such that it has a signal-to-noise ratio suitable
for broadband gas spectroscopy.
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7.6.1 Phase-matching solutions

FIGURE 7.11: Four wave mixing phase-matched solutions where
pumps have λ > 1.85 µm and signals are in the target ranges (a) 4.5
- 4.75 µm, (b) 4.75 - 5 µm, (c) 5 – 5.25 µm and (d) 5.25 – 5.5 µm. Black
triangles represent the short wavelength pumps, yellow triangles rep-
resent the long wavelength pumps, and red circles represent the gen-

erated signals and idlers.

FIGURE 7.12: Bandwidth of phase-matched solutions for non-
degenerate FWM where the pumps exist at wavelengths longer than

1.85 µm for target signals in the labelled wavelength ranges.
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As before, the design process starts with identifying the core diameter at which the
maximum possible bandwidth can be used as pump sources for FWM-based power
transfer to the target wavelength ranges. Fig. 7.11 shows the positions of the pumps,
signals and idlers where the phase-matching condition is fulfilled. Fig. 7.12 shows
the corresponding usable pump bandwidth. The peaks (indicated with dashed lines)
correspond to the diameters where the pump wavelength range starts to overlap
with the target range and thus indicate what the output facet core diameter should
be for each range.

7.6.2 Fixed-diameter simulations

Again, as before, the target for improvement depends on the average power that
can be produced in the wavelength bands of interest with lengths of fixed-diameter
silicon fibre. Fig. 7.13 shows the results of 20 mm lengths of fibre pumped with 150 fs
pulses, centred at 2.1 µm with a repetition rate of 100 MHz and peak powers ranging
from 6 to 10 kW. Table 7.3 summarises these results.

FIGURE 7.13: Results from fixed-diameter simulations with input
powers of 6 – 10 kW, showing power transferred to (a) 4.5 – 4.75 µm,

(b) 4.75 – 5 µm, (c) 5 – 5.25 µm and (d) 5.25 – 5.5 µm.
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Input power Target
Peak
(kW)

Average
(mW)

λ Range (µm) Maximum power
output (mW)

6 108 4.5 – 4.75 0.041
7 126 4.75 – 5 0.012
8 144 5 – 5.25 0.006
10 180 5.25 – 5.5 0.006

TABLE 7.3: Maximum average power transferred with fixed-diameter
fibres of any length to the 0.25 µm target ranges with labelled input

powers.

The simulations show that increasing the input peak power from 6 to 10 kW pro-
duces a significant increase in the 4.5 - 4.75 µm range, but a much more modest
increase in the 4.75 - 5 µm range. There is then an almost negligible increase in the
last two ranges.

These results give a sense of the ‘horizon’ of achievable long-wavelength powers
when pumping with fixed-diameter fibres. The peak pump power could be boosted
beyond 10 kW, but at this point TPA is already extremely limiting. This is indicated
by the results of these simulations, which show that the difference between average
power generated in the 5 – 5.25 and 5.25 – 5.5 µm ranges is negligible when increas-
ing the input peak power from 8 to 10 kW.

Extending the SC beyond this point would therefore require a longer wavelength
pump, but the investigation in this chapter is focussed on the limits of what is achiev-
able with a pump centred at 2.1 µm.

7.6.3 Taper design simulations

The following results provide a snapshot of the improvements that can be achieved
for these longer wavelengths with taper designs based on those explored earlier in
this chapter and keeping the pulse parameters the same. Note that the input facet
diameter in all of these designs is 5500 nm.

7.6.4 4.5 – 4.75 µm target range with 6 kW pulses

The trend of increasing the output facet diameter to optimise FWM phase-matching
to the target wavelength range continues with the design for 6 kW pulses. The out-
put diameter is set to 3325 nm, but the input diameter (5500 nm) and waist (2150 nm)
are kept at approximately the same as for the 5 kW design. This breaks the trend of
increasing the input and/or waist diameters, which means that in order to reach
wavelengths beyond 4.5 µm, the early spectral broadening (dominated by soliton
fission) is becoming more important. This is because the pump wavelengths need to
be longer in order to generate the even longer signal wavelengths.
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FIGURE 7.14: Simulation of 6 kW pulses through a taper designed
to optimise average power output in the 4.5 – 4.75 µm wavelength
range. (a) Output spectrum. (b) Temporal evolution of the pulses. (c)
Spectral evolution. (d) Evolution of average power in 0.25 µm wave-
length bands. The target band is the purple line. (e) Profile of the

taper showing how the diameter changes with length.

The simulation of pulses propagating through this design is shown in Fig. 7.14.
The power transferred to the target range is 0.21 mW, which occurs at a length of
7.3 mm as shown by the purple line in Fig. 7.14 (d). Thus the end-facet is reduced
to a length of 2.3 mm. This reduction in length is due to the fact that the longer
wavelength target requires increased soliton fission in the initial part of the taper.
As a result, the overall energy is less contained and the entire broadening process
occurs over a shorter length.

7.6.5 4.75 – 5 µm target range with 7 kW pulses

FIGURE 7.15: Simulation of 7 kW pulses through a taper designed to
optimise average power output in the 4.75 – 5 µm wavelength range.
(a) Output spectrum. (b) Temporal evolution of the pulses. (c) Spec-
tral evolution. (d) Evolution of average power in 0.25 µm wavelength
bands. The target band is the green line. (e) Profile of the taper show-

ing how the diameter changes with length.

With the power increased to 7 kW in order to reach the next target wavelength
range, the waist diameter is increased to 2325 nm and the output facet is increased
to 3450 nm to maximise phase-matching to the target wavelength range. The input
facet is kept at 5500 nm.
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Fig. 7.15 shows the simulation output of this taper design. The average power
generated in the 4.75 – 5 µm target range is shown by the green line in Fig. 7.15 (d).
Note that this line appears to be continuing to increase at the end of the fibre but this
is in fact the peak. The maximum average power in this range is 0.142 mW which
is an order-of-magnitude improvement over a fixed-diameter fibre with this peak
input power and is 50% higher than the maximum output with a fixed diameter
even when the input peak power is increased to 10 kW (red line in Fig. 7.13 (b)).

7.6.6 5 – 5.25 µm target range with 8 kW pulses

With this design, although the output facet diameter is increased to 3550 nm to opti-
mise phase-matching to the target wavelength range, the output in the target range
is maximised when the waist diameter is actually decreased to 2025 nm, based on
simulations run with a range of waist diameters. As the target range gets further
away from the pump, the early soliton fission that occurs with a smaller waist be-
comes increasingly useful to accelerate the initial spectral broadening. With target
ranges closer to the pump, this early broadening needed to be controlled to allow
shorter wavelengths to build up before being used as pump sources, but now the in-
creased early broadening is needed to reach the longer wavelengths that will serve
as pumps.

FIGURE 7.16: Simulation of 8 kW pulses through taper designed to
optimise average power output in the 5 – 5.25 µm wavelength range.
(a) Output spectrum. (b) Temporal evolution of the pulses. (c) Spec-
tral evolution. (d) Evolution of average power in 0.25 µm wavelength
bands. The target band is the green line. (e) Profile of the taper show-

ing how the diameter changes with length.

Fig. 7.16 shows the simulation output of the taper best-optimised to target the 5 -
5.25 µm range. The input peak power has been increased to 8 kW and the maximum
average output power in the target range is 0.102 mW, shown as the green line in
Fig. 7.16 (d). This is considerably lower than the desired 0.2 mW ‘benchmark’ level,
but nonetheless is more than an order-of-magnitude improvement over the power
produced in this range with a fixed diameter, with 8 kW or even 10 kW peak input
power.
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7.6.7 5.25 – 5 µm target range with 10 kW pulses

FIGURE 7.17: Simulation of 10 kW pulses through a taper designed
to optimise average power output in the 5.25 – 5.5 µm wavelength
range. (a) Output spectrum. (b) Temporal evolution of the pulses. (c)
Spectral evolution. (d) Evolution of average power in 0.25 µm wave-
length bands. The target band is the red line. (e) Profile of the taper

showing how the diameter changes with length.

Fig. 7.17 shows the output of a design optimised to generate power in the 5.25 –
5.5 µm wavelength range. The output facet diameter is 3675 nm to optimise the
phase-matching conditions for transfer to the target wavelength range, and it was
found that the target power was maximised when the waist was increased from the
previous design, to 2300 nm. This balances out the increased input power, is still a
slightly slightly smaller waist than for the 7 kW taper design due to the increased
separation between pump and target.

The output is 0.09 mW, which is an order-of-magnitude higher than that achiev-
able with a fixed diameter fibre. Nonetheless, it is clear that at this point the returns
from increased input power are significantly diminished. This is in part due to the
increased separation between the pump and the target wavelength range, but also
due to TPA at the pump wavelength, which is relatively small but nonetheless has
an effect proportional to the square of the pump power.

7.6.8 Discussion

Table 7.4 summarises the results of this section.

Input power Taper diameters (nm) Generated target
Peak
(kW)

Avg.
(mW)

Input Waist Output λ Range
(µm)

Power
output
(mW)

Boost
factor

6 108 5500 2150 3325 4.5 - 4.75 0.21 5.1
7 126 5500 2325 3450 4.75 - 5 0.142 11.8
8 144 5500 2025 3550 5 - 5.25 0.102 17
10 180 5500 2300 3675 5.25 - 5.5 0.09 15

TABLE 7.4: Summary of taper parameters used for each peak input
power, and average power transferred to the target wavelength range

in each case.
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This section has explored the potential for shifting power in the SC generation to
longer wavelengths, and has shown that this is possible even while exploring a small
subset of the design space. Although improvements of an order-of-magnitude in the
average output power in the target wavelength ranges even out to 5.5 µm are made
by using a tapered design, it seems that this is the limit of what can be achieved with
a pump at 2.1 µm.

This is supported by the fact that the early spectral broadening needs to be
boosted by reducing the taper waist for the last two target wavelength ranges (5
– 5.25 µm and 5.25 – 5.5 µm). It is also indicated by Fig. 7.13 (c) and (d) which
show that power transferred to these last two target ranges with a fixed diameter
is negligible, and increasing the peak power from 8 to 10 kW makes no noticeable
difference. The tapers looked at here which target these ranges do offer a significant
improvement, but from a lower baseline.

Future work would look at a larger region of the design space, and using a
longer wavelength input pump (around 3 µm), for which available power has been
increased significantly in recent years. It has been shown in a very interesting work
([60]) that a SC could indeed be generated with a silicon-core fibre taper pumped
at 3 µm that extends out to the 8 µm silicon transparency limit. However, a detailed
analysis of the average power generated in specific target wavelength ranges near
this limit has yet to be conducted.

7.7 Conclusion

In this Chapter I have looked at eight taper designs, each optimised according to
input power in order to boost the output power on the long-wavelength side of the
supercontinuum generation to a level that is not attainable with a fixed diameter
fibre. The simulations show that the principle of using a tapered waveguide to ex-
tend the long-wavelength edge of a SC is sound. In particular, I have shown that
silicon-core tapered fibres offer a solution which could generate a usable amount of
output power (of around 0.2 mW per 0.25 µm spectral band) in the greenhouse-gas
absorption region of the mid-IR (2.7 – 4.3 µm), with modest input powers and pulse
widths that are readily available in a portable set-up.

Although there have been various demonstrations of multiwatt average output
powers in this absorption window, they typically require very high peak powers of
tens of kilowatts and sub-100 fs pulses. Thus my design is unique in that practi-
cal levels of mid-IR light could be generated using conventional fibre-laser sources
with � 10 kW peak power, offering a much more efficient solution. The CE from
the pump laser to the 3 – 4 µm range (covering the majority of the greenhouse ab-
sorption peaks) can reach 2.2 %, which is 5 times higher than existing solutions for
a portable spectroscopy platform using similar input powers because these are lim-
ited by fixed-width waveguides. Furthermore, the silicon-core fibre-based design
offers straightforward integration with standard glass fibre components, as they can
spliced directly together, allowing for an all-fibre solution to mid-IR spectroscopy.

The SC achievable with these taper designs, pumped at 2.1 µm, can be extended
out to 5.5 µm, with nearly 0.1 mW in the last 0.25 µm range of the SC. However,
further extension of a mid-IR SC out towards the silicon transparency limit of 8 µm
would likely require a longer pump wavelength of ≈ 3 µm.
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Chapter 8

Applying the taper model to ridge
waveguides

Having demonstrated in the previous chapter that a longitudinally tapered silicon-
core fibre structure can effectively boost the long-wavelength edge of a SC, it is worth
investigating how effectively this design strategy would work in a ridge platform.

In this chapter, a range of taper designs with two different layer thicknesses for
silicon-on-insulator (SOI) ridge waveguides are studied, and the effects of wavelength-
dependent area and the phase-matching conditions allowed by the dispersion pa-
rameters are considered.

8.1 Merits of SOI ridge platform vs silicon-core fibres

Ridge waveguides are an alternative geometry to that of fibres which have the ad-
vantage of being integrated with other waveguides, optical and electronic compo-
nents on a single silicon chip. They also offer increased nonlinearity due to tighter
modal confinement. This means that tapers based on this platform have the poten-
tial to generate mid-IR wavelengths with greater efficiency than tapers based on the
fibre platform. Moreover, as fibres have only one degree of freedom, their diameter,
the phase-matching conditions can only be changed based on this. Therefore, the
diameters which offer FWM conditions to transfer spectral energy from the body of
a SC to its long-wavelength edge can be fairly large (> 3 µm) which means that the
input peak powers needed are of the order of > 3 kW when generating usable aver-
age powers beyond 4 µm. With the ridge platform, however, there are two degrees
of freedom (height and width) which means that there are multiple geometries that
can offer these phase-matching conditions. Thus, smaller heights can be favoured,
decreasing the effective area and thus requiring smaller input peak powers of < 3 kW.

However, one of the drawbacks of a smaller cross-section is that coupling light
into and out of ridge waveguides is more difficult than with the larger cross-section
offered by a fibre. Not only does the light need to be focussed to a narrower spot-
size, but a rectangular cross-section supports two perpendicularly polarised modes
(TE and TM), so the input polarisation needs to be matched to one of these. Fibres
are circularly symmetric, so are polarisation-agnostic.

8.1.1 Accounting for sidewall scattering and linear loss

Another issue that arises with ridge waveguides is surface roughness along the side-
walls that arises during the lithography process that removes the surrounding sili-
con, causing scattering of the field which overlaps these regions. This is exacerbated
when the over-cladding is air as opposed to silica which would provide a smoothing
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effect. This is not a problem for silicon-core fibres because the the flow of the silica
around the core during the drawing process produces a smooth surface. To include
scattering loss when using Comsol to solve the fundamental mode in a given ridge
waveguide, I have used the approach outlined in [69]. There, they simply add side-
wall sections to the main waveguide which have the same real refractive index but
include an additional imaginary component to simulate the loss. This term is actu-
ally arbitrary and depends on the thickness of the sidewall sections and the mesh
set-up, but once it is set such that the output loss value matches the expected one, it
can be used to produce values for wavelengths where they have not been measured.

FIGURE 8.1: Comsol model used for calculating dispersion, effective
area and linear loss parameters for the ridge waveguides. (a) Whole
geometry showing silica under-cladding, silicon core and air over-
cladding. (b) Core, with highlighted regions showing where the side-

walls are modelled. (c) The mesh used around the core.

Fig. 8.1 shows the model set up in Comsol. Some trial and error was needed
to set an appropriate value for the imaginary refractive index in the sidewalls, be-
cause the model is in 2D and thus does not depend on propagation length. I used
the linear loss measurements plotted in [70] to test that the model produced sensi-
ble outputs. These loss measurements are high and many improvements have been
made to reduce these losses since the work was carried out [71]. However, the im-
portant result from this work is that there is an exponential relationship between the
linear loss and the waveguide width. For a 200 nm thick waveguide, the linear loss
at 1.54 µm is negligible with a width > 3.5 µm. However, this loss then increases to
∼4 dB/cm with a 1.5 µm width, 10 dB/cm with a 1 µm width and > 30 dB/cm for
0.5 µm width. As mentioned, these are high loss values, but I decided it was best to
assume the maximum value for scattering loss for the simulations conducted here.
As it turns out, for the longer wavelengths and thicker waveguides studied in this
chapter, the scattering loss becomes negligible.

I tested the Comsol model with this wavelength and compared 1.5 µm and 1 µm
widths. With 10 nm sidewalls, I adjusted the imaginary part of the refractive index to
produce a loss of 10 dB/cm for 1 µm width and 3 dB/cm for 1.5 µm width. As noted
in [69], changing the sidewall width does not change the ratio of these results, but
only the absolute values, such that the imaginary component needs to be adjusted.

As noted above, with the ridge waveguide thickness increased to at least 500 nm
and with most of the wavelengths in the SC simulated in this chapter lying beyond
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the 2.1 µm pump, the sidewall scattering loss becomes negligible. As with silicon-
core fibres, the biggest source of linear loss for wavelengths > 3 µm is from interac-
tion of the fundamental mode with the silica cladding, for which the losses signifi-
cantly increase beyond 4 µm.

I included this cladding loss in the model as the imaginary refractive index value,
extracted from [58]. When the fundamental mode is solved by the model, the overall
propagation loss is included in the imaginary part of the effective index, which can
be converted to a loss figure in dB/cm.

Fig. 8.2 shows the loss profiles for two widths at 500 nm thickness, and one at
600 nm thickness. The loss increases noticeably beyond 4 µm, but is still a manage-
able level of < 3 dB/cm. However, beyond 4.5 µm, the loss becomes prohibitive.

FIGURE 8.2: Linear loss by wavelength for ridge waveguides with
500 nm and 600 nm thickness. Linear loss for a 2625 nm diameter fibre

is also plotted for comparison.

8.1.2 Including wavelength-dependent effective area

The Comsol model is also used to calculate the effective area at different wave-
lengths, and this can be used to calculate the wavelength-dependent effective area
self-steepening term used in Eq. 2.61. Fig. 8.3 shows the effective area for a range
of wavelengths with a 500 nm thick waveguide and also the effect on γ of the self-
steepening term on ridge waveguides with 500 and 600 nm thickness.
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FIGURE 8.3: (a) Effective area of the fundamental mode in SOI waveg-
uides with 500 nm thickness, compared with a silicon-core fibre with
diameter of 2600 nm. The dashed red line shows the fibre line ad-
justed for ease of comparison. (b) Self steepening in SOI waveguides
with thicknesses of 500 and 600 nm, compared with a silicon-core fi-
bre with 2625 nm diameter. Black line shows the purely frequency-
dependent self-steepening term. Blue and red lines show the cor-
rection to this when including wavelength-dependent effective area
for 500 nm thick waveguides with widths of 2000 nm and 2600 nm re-
spectively, and orange line shows the correction for a 600 nm thick
waveguide with width of 2850 nm. Green line shows the correction
for a fibre with 2625 nm diameter for comparison. The dashed lines
show the point when self-steepening reduces γ by -50% and -68%.
This latter level is only reached at 5.5 µm for the fibre whereas it oc-

curs at 3.95 µm in the ridge waveguides.

It is clear that the wavelength-dependent effective area has a more significant
effect than for a fibre with the smallest output facet diameter looked at in the previ-
ous chapter. For reference, the dashed lines show the point at which self-steepening
reduces γ by -50% and -68%. This lower level corresponds to the level in the fi-
bre at 5.5 µm, which was the longest wavelength targeted in the fibre taper designs.
This large reduction in γ occurs at 3.95 µm in the ridge waveguides, which means
that generation of wavelengths beyond 4 µm is likely to be highly inefficient. This
will indeed be demonstrated in the results section where simulations ignoring the
wavelength-dependent area self-steepening term will be compared with those in-
cluding it. There is a modest reduction in this effect with a 600 nm waveguide, so
this ridge thickness will also be tested.

8.2 Ridge taper design process

One of the advantages of using a ridge platform over a fibre one is that the longitu-
dinal profile can be much more arbitrary. With a fibre, the taper has to be drawn out,
which limits the exact shape attainable. It also sets a minimum length on the taper,
which is why the designs were mostly 8 mm long in the previous chapter. With a
ridge platform, however, the shape is defined by lithography, which means that the
length can be shorter and the design itself can have any chosen profile.

Designing a taper takes some trial and error, testing a multitude of shapes and
simulating pulse propagation through them. There are certain guidelines provided
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by analytic analysis, such as the ZDW for a particular cross-section, and the phase-
matching conditions available for a particular target range, but beyond this, the only
way to really know how the spectrum will change over the length of the waveguide
is to simulate it. As time-consuming as this is, it is still more efficient and cost-
effective than manufacturing every waveguide profile and measuring light propa-
gation. This stage should only be conducted once the design stage is complete.

8.2.1 Optimising the waveguide thickness

The taper principles worked out for silicon-core fibers should also work for ridge
waveguides. However, care is required because the rectangular cross-section intro-
duces a second ZDW which changes the phase-matching conditions on the long-
wavelength side. The non-degenerate FWM process with pumps either side of the
first ZDW can only transfer power to wavelengths shorter than the second ZDW.

The standard thickness of silicon waveguides is 220 nm, but this is for telecoms
wavelengths. For extending into the mid-IR, a thickness of at least 300 nm is needed
[72].

FIGURE 8.4: Dispersion curves for a ridge waveguide with (a) 300 nm
thickness with widths of 1000 nm – 1400 nm and (b) 400 nm thickness

with widths of 1200 nm – 1800 nm.

Looking at Fig. 8.4 (a), it can be seen that with a thickness of 300 nm, the dis-
persion curves have two ZDWs at wavelengths shorter than the target ranges which
start at 3.5 µm. The taper design principles discussed in the last chapter and ap-
plied here rely on pumps either side of the ZDW, with the short-wavelength pump
and idler lying in the normal dispersion regime and the long-wavelength pump and
signal lying in the anomalous regime. This second ZDW thus rules out such FWM
processes from occurring.

With a thickness of 400 nm (b), the second ZDW disappears, which means that
phase-matching conditions are possible, but the first ZDW needs to be close to 2.5 µm
(i.e. in the middle of the usable bandwidth for pump sources). This occurs with
widths of less than 2000 nm, which mean that the modes of these longer wavelengths
will be too tightly confined, causing high scattering and cladding losses, as shown
in Fig. 8.5.
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FIGURE 8.5: Fundamental mode profiles, as generated by Comsol.
Top row: modes in a 400 x 2000 nm waveguide at (a) 2.1 µm, (b) 3.3 µm
and (c) 4.5 µm. Middle row: modes in a 500 x 2425 nm waveguide at
(d) 2.1 µm, (e) 3.3 µm and (f) 4.5 µm. Bottom row: modes in a 600 x
2850 nm waveguide at (g) 2.1 µm, (h) 3.3 µm and (i) 4.5 µm. Note that
the width is increased along with the thickness in each case to account
for the dimensions where the appropriate phase-matching conditions

are met for FWM-based transfer to the target regions.

Fig. 8.5 shows the fundamental mode profiles solved in Comsol at three wave-
lengths: 2.1 µm (the pump), 3.3 µm (an intermediate wavelength) and 4.5 µm (the
edge of the furthest target wavelength range). In each case the width is set such
that the ZDW lies in the correct region for the phase-matching conditions needed
in the end-facet. It can be seen that the longest wavelength is barely confined with
a 400 nm thick waveguide (top row), and only starts to be reasonably confined in
a 500 nm one (middle row), and this is the thickness I use for the initial designs.
Clearly the confinement is better still with 600 nm thickness (bottom row) and this
waveguide thickness will also be studied in this chapter.

I thus assume that the minimum waveguide thickness that could produce wave-
lengths out to 4.5 µm is 500 nm. I will start with designing tapers with this thickness,
and then consider a 600 nm thick waveguide base.

The ridge taper design settled on for 500 nm thick waveguides is much simpler
than for the fibre tapers, as shown in Fig. 8.6.
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FIGURE 8.6: Design of SOI ridge waveguide taper. (a) 3D view. (b)
Top-down view.

This is because the widths that provide the maximum bandwidth for FWM phase-
matching to the target wavelength bands lies in the range 2175 - 2425 nm. The width
where the ZDW is at the pump wavelength, 2.1 µm, is 2000 nm. As this is so close
to the output widths required, there does not seem to be an advantage to tapering
down to 2000 nm and then back up again. The designs that seem to work the best
are those that start with a large input width (> 3000 nm) and then taper down to the
output width, which is then maintained for some length to allow the FWM process
to transfer energy to the target wavelength range.

8.3 500 nm thick waveguides

In this section ridge waveguides with 500 nm thickness are studied to find the widths
where phase-matching to the target wavelength ranges 3.5 – 3.75 µm, 3.75 – 4 µm, 4
– 4.25 µm and 4.25 – 4.5 µm are optimal. Taper designs that incorporate these output
widths are then simulated and the outputs in these ranges are compared with the
maximum power levels transferred in fixed-width waveguides to see if the tapers
successfully boost these power levels.

8.3.1 Phase matching conditions

The dispersion curves for 500 nm thick SOI waveguides with widths from 2000 –
2900 nm are shown in Fig. 8.7.
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FIGURE 8.7: Dispersion curves for 500 nm thick SOI ridge waveg-
uides with widths of 2000 – 2900 nm.

It can be seen that the dispersion curves in Fig. 8.7 become less linear as the width
increases, with the curve becoming less steep with longer wavelengths as if there
will be a second ZDW, but then the curve dives down again. This means there is
not a second ZDW before the edge of the target wavelength ranges at 4.5 µm, which
allows for phase-matching solutions to the target wavelength ranges. However, the
ZDW wavelength increases rapidly for widths > 2400 nm.

As with the fibre tapers, the optimum output diameters correspond to the point
where FWM phase-matching solutions ‘fill-in’ the gap between the target wave-
length range and the lower pump limit. This was 1.85 µm for fibres, but for ridge
tapers the limit is decreased to 1.7 µm. It may be that the increased self-steepening
allows the spectrum to broaden further towards short wavelengths without trigger-
ing runaway soliton fission. In any case, the actual design process is iterative, in that
the optimum width is ascertained by looking at the phase-matching solutions, but
these depend on the lower pump limit. Testing taper designs with simulations then
reveals which widths tend to produce the most average power in the target ranges,
and this can then indicate which lower pump limit is actually producing a sensible
result. It will be seen in the simulations in Sec. 8.4 that the short-wavelength SPM
lobe broadens down to 1.7 µm and remains fixed there.

Fig. 8.8 shows the distribution of FWM phase-matched solutions and Fig. 8.9
shows the number of solutions found, with local peaks indicated by dashed lines
which correspond to the widths where the pump wavelength range starts to overlap
with the target wavelength range.
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FIGURE 8.8: Four wave mixing phase-matched solutions where
pumps have λ > 1.7 µm and signals are in the target ranges (a) 3.5
- 3.75 µm, (b) 3.75 - 4 µm, (c) 4 – 4.25 µm and (d) 4.25 – 4.5 µm. Or-
ange dashed line shows the zero-dispersion wavelength. Black tri-
angles represent the short-wavelength pumps, yellow triangles the

long-wavelength pumps and red circles the signals and idlers.

FIGURE 8.9: Number of phase-matched solutions for non-degenerate
FWM where the pumps exist at wavelengths longer than 1.7 µm for
target signals in the labelled wavelength ranges. The peaks (indicated
with dashed lines) correspond to the waveguide widths where the

pump wavelength range starts to overlap with the target range.
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With phase-matching conditions constrained by a lower pump limit of 1.7 µm,
the optimum widths for maximising the number of phase-matched solutions are
2275 nm, 2325 nm, 2375 nm and 2425 nm for power transfer to the target wavelength
ranges 3.5 – 3.75 µm, 3.75 – 4 µm, 4 – 4.25 µm and 4.25 – 4.5 µm respectively.

Fig. 8.9 shows these optimum widths as vertical dashed lines. But whereas for
fibres the peak in number of solutions corresponded to the maximum usable pump
bandwidth, this is not the case for ridge waveguides. The solutions do increase
with width, as expected, reaching a local maximum before dropping off again as
the bandwidth decreases (due to the move to longer wavelengths of the shortest
wavelength pump).

It will be noted that there are ‘holes’ in Fig. 8.8 (a – c). This is not a sampling
error (the grid size was increased to test this) but rather due to the sensitivity of
the phase-matching conditions to the higher-order dispersion terms. These play an
increasing role at widths > 2400 nm, where the change in ZDW wavelength clearly
increases at an accelerated rate with width. This means that, given a combination of
wavelengths for the two pumps, signal and idler, a small change in position of one
of these will result in a bigger change in the positions of the others than is the case
where the dispersion curve is more ‘linear’ (i.e. higher-order terms are smaller).

Fortunately, these gaps in the spread of phase-matched solutions for each target
range do not appear until the widths have increased beyond the point at which the
usable pump bandwidth meets the lower edge of each range. This means that there
is sufficient ‘density’ of solutions for each of the optimum widths indicated in Fig.
8.9.

However, after widths of 2500 nm, the number of solutions increases again, such
that even as the usable bandwidth decreases, the ‘density’ of solutions increases,
which can be seen in Fig. 8.9 as the number of solutions increasing after the optimum
width has been reached. This is because, as the ZDW approaches very close to the
lower edge of each target wavelength range, the dispersion curve becomes highly
linear over the reduced usable pump bandwidth, which means that small changes
in each pump wavelength result in small changes to signal and idler. Needless to
say, these larger widths are less useful as the usable pump bandwidth is so small,
so the bulk of the initial spectrum will not be converted to the target wavelength
ranges.

8.3.2 Fixed width simulations

As with the fibre taper design process, I started by looking at the power transferred
to the target wavelength ranges when pumping through fixed width waveguides.
The simulations all use a length of 15 mm to ensure that power in each range reaches
a maximum before the end but these peak points usually occur in the first 10 mm.
The maximum average power is then extracted to use as a benchmark against which
improvement by tapering the waveguide can be compared. Following the last chap-
ter, I keep the target average power level at 0.2 mW, but the input peak powers are
smaller because the nonlinear interaction is increased by the smaller effective area in
these waveguides. Fig. 8.10 shows the complete results of these simulations, which
are summarised in Table 8.1.
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FIGURE 8.10: Complete results from fixed-width 500 nm thick ridge
waveguide simulations, showing maximum average power levels
transferred, with input peak pump powers of 0.75 – 3 kW, to the tar-
get wavelength ranges (a) 3.5 – 3.75 µm, (b) 3.75 - 4 µm, (c) 4 – 4.25 µm
and (d) 4.25 – 4.5 µm. Dashed black lines show the benchmark level

of 0.2 mW.

Input power Target
Peak
(kW)

Average
(mW)

λ Range (µm) Maximum power
output (mW)

0.75 13.5 3.5 – 3.75 0.08
1.25 22.5 3.75 – 4 0.061
2 36 4 – 4.25 0.051
3 54 4.25 – 4.5 0.014

TABLE 8.1: Maximum average power transferred with fixed-width
500 nm 15 mm long ridge waveguides to the 0.25 µm target ranges

with labelled input powers.

Fig. 8.10 shows that increasing the input peak power increases the output aver-
age power in the first two wavelength ranges, 3.5 – 3.75 µm and 3.75 – 4 µm. How-
ever, the increase in the 4 – 4.25 µm range shows significant clamping, with the max-
imum average output only increasing from 0.052 mW to 0.063 mW with a peak input
power increase from 2 to 3 kW. This is likely because the self-steepening created by
the wavelength-dependent effective area reduces γ by 68% at wavelengths beyond
4 µm, as mentioned previously.

At the end of Section 8.4, the impact of this effect will be demonstrated by com-
paring the outputs when the wavelength-dependent effective area term is included
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and omitted in both a fixed-width waveguide and a tapered waveguide targeting
this target region.

8.4 500 nm thick tapered waveguide results

In this section, four different ridge taper designs are simulated, each with an out-
put width chosen to maximise the transfer of power to the four target wavelength
ranges, as indicated in Fig. 8.9. The downward taper length is kept at 3 mm in each
case, but the length of the output section varies depending on the point at which
maximum power is transferred to the target range in each case.

As with the fibre taper work, the input peak power is increased as the target
wavelength range gets further away from the pump, and comparisons are made
with the benchmark average power levels established in the previous section.

8.4.1 3.5 – 3.75 µm with 0.75 kW pulses

FIGURE 8.11: Simulation of 0.75 kW pulses through a 9 mm long
500 nm thick ridge taper consisting of 3 mm down-taper from
3000 nm down to an output fixed-width section with a width of
2175 nm. (a) Output spectrum. (b) Temporal pulse evolution. (c)
Spectral pulse evolution. (d) Evolution of average powers in the 3.5 –
3.75 µm, 3.75 – 4 µm, 4 – 4.25 µm and 4.25 – 4.5 µm wavelength ranges.

(e) Profile of the taper width over its length.

The simulation in Fig. 8.11 shows that a taper design with 3000 nm input width and
2175 nm output width works effectively at transferring spectral power to the 3.5 –
3.75 µm range, with the average power in this region starting to increase significantly
after 4 mm (1 mm into the end section) and then continuing to increase over 5 mm,
reaching a maximum of 0.169 mW at the end of the taper. This is a twofold improve-
ment over the maximum output power achievable with a fixed width waveguide
pumped with the same input power. Furthermore, this is an improvement of 2.5
times the average power produced in this range by a fibre taper (see previous chap-
ter) pumped with 1 kW peak input power. Therefore, for this wavelength range, a
ridge waveguide taper offers a significant efficiency improvement over a fibre.
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8.4.2 3.75 – 4 µm with 1.25 kW pulses

FIGURE 8.12: Simulation of 1.25 kW pulses through a 10 mm
long 500 nm thick ridge taper consisting of 3 mm down-taper from
3600 nm down to an output fixed-width section with a width of
2225 nm. (a) Output spectrum. (b) Temporal pulse evolution. (c)
Spectral pulse evolution. (d) Evolution of average powers in the 3.5 –
3.75 µm, 3.75 – 4 µm, 4 – 4.25 µm and 4.25 – 4.5 µm wavelength ranges.

(e) Profile of the taper width over its length.

The simulation in Fig. 8.12 shows that this taper design with 3600 nm input width
and 2225 nm output width is effective for transferring energy to the next target wave-
length range, 3.75 – 4 µm. As with the previous design, the FWM-based transfer
starts at around 4 mm, and it can be seen that the previous wavelength range, 3.5 –
3.75 µm starts to increase first, eventually dropping after 6 mm while the target range
continues to rise, suggesting that a cascaded FWM process is occurring. The aver-
age power in this target range peaks at 0.19 mW, a more than threefold improvement
over a fixed-width waveguide and again more efficient than a fibre taper, which re-
quired a peak input power of 2 kW to attain this level of output.

8.4.3 4 – 4.25 µm with 2.25 kW pulses

Fig. 8.13 shows pulse propagation through a taper design with 3700 nm input width
and 2375 output width optimised for power transfer to the 4 – 4.25 µm range. At
this point, the self-steepening has become more significant, so pumping with 2 kW
of peak input power only produced 0.147 mW average power in the target range.
This is still a factor of 3 improvement over the benchmark level recorded for this
input peak power. However, increasing this peak input power to 2.25 kW boosts
the output average power level to 0.239 mW. This makes this ridge waveguide taper
over 30% more efficient than the fibre taper designed for this wavelength range,
which required 3 kW peak input power to generate > 0.2 mW in the target range.
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FIGURE 8.13: Simulation of 2.25 kW pulses through a 6.84 mm
long 500 nm thick ridge taper consisting of 3 mm down-taper from
3700 nm down to an output fixed-width section with a width of
2375 nm. (a) Output spectrum. (b) Temporal pulse evolution. (c)
Spectral pulse evolution. (d) Evolution of average powers in the 3.5 –
3.75 µm, 3.75 – 4 µm, 4 – 4.25 µm and 4.25 – 4.5 µm wavelength ranges.

(e) Profile of the taper width over its length.

8.4.4 4.25 – 4.5 µm with 2 – 3 kW pulses

At this wavelength range, the self-steepening effect induced by the wavelength-
dependence of the effective area has a significant clamping effect that prohibits any
appreciable amount of average power building up in this region. The following sim-
ulations demonstrate this by comparing the pulse propagation when the wavelength-
dependent effective area term is omitted and included. First, a fixed-width waveg-
uide is studied, and then a taper.

The 2450 nm output width is chosen as this is the width that produces the maxi-
mum output average power in the 4.25 – 4.5 µm range with the wavelength-dependent
effective area term included in the self-steepening. This peak is 0.014 mW and occurs
at a 10 mm length, as shown in Fig. 8.14. However, switching off the wavelength-
dependent effective area term has a dramatic effect, as shown in Fig. 8.15. The
average power in this range shoots up to 0.15 mW, an order-of-magnitude increase,
after only 5 mm. The level of average power in the previous wavelength range, 4 –
4.25 µm, is impacted to a very similar degree, reaching a peak of 0.03 mW with the
effect switched on and 0.2 mW with it switched off.
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FIGURE 8.14: Simulation of 2 kW pulses through a 10 mm long
500 nm thick 2450 nm wide ridge waveguide with the wavelength-
dependent effective area self-steepening term included. (a) Output
spectrum. (b) Temporal pulse evolution. (c) Spectral pulse evolution.
(d) Evolution of average powers in the 3.5 – 3.75 µm, 3.75 – 4 µm, 4 –
4.25 µm and 4.25 – 4.5 µm wavelength ranges. (e) Profile of the taper

width over its length.

FIGURE 8.15: Simulation of 2 kW pulses through a 5 mm long 500 nm
thick 2450 nm wide ridge waveguide with the wavelength-dependent
effective area self-steepening term omitted. (a) Output spectrum. (b)
Temporal pulse evolution. (c) Spectral pulse evolution. (d) Evolution
of average powers in the 3.5 – 3.75 µm, 3.75 – 4 µm, 4 – 4.25 µm and
4.25 – 4.5 µm wavelength ranges. (e) Profile of the taper width over

its length.

These simulations of a fixed width indicate the magnitude of the effect of self-
steepening induced by the wavelength-dependence of the effective area, but they
do not show how this affects a taper design. To demonstrate this, the following
simulations show pulse propagation through a design which should work well for
the target range, with a down-taper from a large input width (3700 nm) down to an
output fixed-width section with a 2425 nm width, chosen to maximise the phase-
matching from the bulk of the spectrum to the target wavelength range.

In this case, the input peak power is increased to 3 kW, as the input width is
larger than for the fixed width comparison. The taper design does work reason-
ably well, even with the full self-steepening, boosting the output average power
to 0.1 mW after a 2.5 mm end section, which is on the same order-of-magnitude as
the target level of 0.2 mW and is nearly an order-of-magnitude improvement over
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the fixed-width maximum. However, with the wavelength-dependent effective area
term omitted, the power level is boosted to 0.4 mW, and this occurs at a much shorter
length, 0.7 mm into the end facet.

FIGURE 8.16: Simulation of 3 kW pulses through a 5.5 mm long
500 nm thick ridge waveguide taper with the wavelength-dependent
effective area self-steepening term included. The input width is
3700 nm and tapers down over 3 mm to an output section of 2425 nm
width. (a) Output spectrum. (b) Temporal pulse evolution. (c) Spec-
tral pulse evolution. (d) Evolution of average powers in the 3.5 –
3.75 µm, 3.75 – 4 µm, 4 – 4.25 µm and 4.25 – 4.5 µm wavelength ranges.

(e) Profile of the taper width over its length.

FIGURE 8.17: Simulation of 3 kW pulses through a 3.7 mm long
500 nm thick ridge waveguide taper with the wavelength-dependent
effective area self-steepening term omitted. The input width is
3700 nm and tapers down over 3 mm to an output section of 2425 nm
width. (a) Output spectrum. (b) Temporal pulse evolution. (c) Spec-
tral pulse evolution. (d) Evolution of average powers in the 3.5 –
3.75 µm, 3.75 – 4 µm, 4 – 4.25 µm and 4.25 – 4.5 µm wavelength ranges.

(e) Profile of the taper width over its length.

8.4.5 Discussion

Table 8.2 summarises the results of this section.
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Input power Taper widths (nm) Generated target
Peak
(kW)

Avg.
(mW)

Input Output λ Range
(µm)

Power
output
(mW)

Boost
factor

0.75 13.5 3000 2175 3.5 - 3.75 0.169 2.1
1.25 22.5 3600 2225 3.75 - 4 0.19 3.1
2 36 3700 2375 4 - 4.25 0.147 2.9
2.25 40.5 3700 2375 4 - 4.25 0.239 -
3 54 3700 2425 4.25 - 4.5 0.1 7.1

TABLE 8.2: Summary of taper parameters used for each peak input
power, and average power transferred to the target wavelength range

in each case.

In this section, the taper design principles introduced in the last chapter have
been applied to SOI ridge waveguides with 500 nm thickness, albeit with a simpli-
fied design. The results of simulations show that for the first three wavelength target
ranges (out to 4.25 µm), the SOI tapers are more efficient than the fibre-tapers. The
first ridge taper produces more than twice the average power than the fibre taper in
the 3.5 – 3.75µm target range with 75 % of the input power, making it 240 % more ef-
ficient. The second ridge taper produces 83 % of the output power in the 3.75 – 4 µm
range as the fibre taper, but with 62.5 % of the input power, making it 30 % more
efficient. And finally, the third ridge taper is also 30 % more efficient at transferring
power to the 4 – 4.25 µm range than the fibre taper, as it requires 2.25 kW to gener-
ate > 0.2 mW in this range whereas the fibre version required 3 kW. However, the
improvement stalls at this point as the self-steepening produced by the wavelength-
dependent effective area of the fundamental mode in the SOI waveguides causes
a significant drop in strength of the nonlinear interaction needed for FWM-based
transfer to the target range 4.25 – 4.5 µm. Increasing the input power further would
negate the advantage of having a higher nonlinear interaction strength in a ridge
waveguide. Furthermore, the efficiency improvements that have been shown do not
take into account the increased coupling loss that would be caused by the stronger
coupling lens needed to launch light into a SOI waveguide due to its smaller cross-
section.

8.5 600 nm thick ridge waveguides

As the clamping effect on the 4.25 – 4.5 µm wavelength range is so strong in the
500 nm thick waveguides, a better output may be achieved by increasing the waveg-
uide thickness, increasing the effective area and thus reducing the effect of self-
steepening. In this section I will look at the prospect of designing ridge waveguide
tapers with a thickness of 600 nm.
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8.5.1 Phase-matching solutions

FIGURE 8.18: Dispersion curves for 600 nm thick SOI waveguides
with widths in the range 2500 – 3000 nm.

Unfortunately, for a 600 nm thick ridge waveguide, the phase-matching conditions
become poorer, and the optimum output width for transferring spectral power to
the target wavelength bands becomes unclear. The nature of the dispersion curves
means that the point at which the number of solutions reaches a peak does not cor-
respond to the point at which the usable bandwidth is maximised.

This is very different to the pattern seen for 500 nm waveguides, where the num-
ber of solutions for each target range increases as more of the bandwidth is covered,
reaching a local peak as the spectral range between lower pump limit and lower
edge of the target wavelength range before dropping off again. Furthermore, the
number of solutions at this peak increases for the next target range, as the pumps
have a broader spectral window to cover.

For 600 nm waveguides, the dispersion curves do not favour this pattern. The
ZDW increases with width, and the number of solutions initially increases, but then
starts to drop again before the potentially usable bandwidth is ‘filled-in’. This has the
result that, for the last two target wavelength ranges (the ones we were hoping to im-
prove the output for by increasing the thickness and thus lowering the wavelength-
dependent effective area) this spectral gap is never ‘filled-in’ by the pumps.
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FIGURE 8.19: Four wave mixing phase-matched solutions where
pumps have λ > 1.7 µm and signals are in the target ranges (a) 3.5
- 3.75 µm, (b) 3.75 - 4 µm, (c) 4 – 4.25 µm and (d) 4.25 – 4.5 µm. Orange

dashed line shows the zero-dispersion wavelength.

FIGURE 8.20: Number of phase-matched solutions for non-
degenerate FWM where the pumps exist at wavelengths longer than
1.7 µm for target signals in the labelled wavelength ranges. The peaks
no longer correspond to the waveguide widths where the pump

wavelength range starts to overlap with the target range.

For example, for the first wavelength range, 3.5 – 3.75 µm, the highest number
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of solutions occurs at a width of 2400 nm (with 22 solutions). At this width, the
longest pump wavelength is 2.85 µm. This is not a useful pump range if the goal
is to maintain a SC while also maximising the power at its long wavelength edge.
The number of solutions then drops to 15 at a width of 2700 nm, where the usable
bandwidth is ‘filled in’. This means that, although the entire spectrum can be used
as a pump source, the phase-matched combinations are more spaced out, so the
conversion will be less efficient than for the 500 nm thick waveguides, where the
number of solutions was 32. These numbers are not the absolute number of solutions
but they are proportional to the sampling rate of 25 nm used in the search algorithm.

For longer wavelengths, the situation gets worse: for 3.75 – 4 µm, the maximum
number of solutions is again 22, which occurs at a width of 2500 nm. The longest
pump wavelength in this case is 2.99 µm. At the point where the solutions span
the maximum bandwidth, with a width of 2800 nm, the number of solutions has
dropped to 13.

For 4 – 4.25 µm, the maximum number of solutions increases to 25 at a width of
2600 nm, but the longest pump wavelength is 3.07 µm. In this case, the usable band-
width is not even fully filled in. The closest it gets is with a width of 2850 nm, at
which point the number of solutions has dropped to 17 and the longest pump wave-
length is 3.77 µm. At a width of 2900 nm, the number of solutions has dropped to 4,
and these lie at the extreme edges of the usable bandwidth. So the ‘best’ width, offer-
ing a compromise between ‘density’ of phase-matched solutions and usable band-
width coverage is 2850 nm.

Finally, for the 4.25 – 4.5 µm range, the maximum number of solutions is 20,
which occurs at a width of 2700 nm, where the longest pump wavelength is 3.33 µm.
With a width of 2900 nm, the solutions drop off significantly, so the ‘best’ width,
based on a compromise between number of solutions and covered bandwidth, is
once again 2850 nm, for which the number of solutions is 14 and the longest pump
wavelength is 3.7 µm.

There are two problems here. (1) The gradual ‘thinning-out’ of pump combina-
tions that phase-match to the target wavelength ranges and (2) the sudden drop-off
in the number of pump combinations that occurs for the last two wavelength ranges.

The first issue can be broadly explained by the dispersion curves, shown in Fig.
8.18, becoming less linear over the spectral range of the long-wavelength pumps (i.e.
between the ZDW and the target signal range). As such, a small shift in the pump
positions produces a larger shift in the signal (and idler) positions, pushing it out of
the target range.

The calculated changes to the signal and idler positions when the short-wavelength
pump is offset are shown in Fig. 8.21.
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FIGURE 8.21: Position of signal wavelength when pumps are spaced
around the ZDW with labelled offsets. Ridge waveguides have thick-
ness of 600 nm and widths of (a) 2500 nm, (b) 2600 nm, (c) 2700 nm,

(d) 2750 nm, (e) 2850 nm and (f) 2900 nm.

The lines show how the signal wavelength changes when the pumps move away
from the ZDW. The pump positions are measured in the frequency domain (al-
though the graphs do show the corresponding wavelengths), and initially are po-
sitioned with zero separation from the ZDW. As the dispersion curves are not linear,
the solutions do not fall with equal frequency spacing above and below the ZDW, so
there is an offset, which is shown in the graphs in THz. The offset is applied to the
short wavelength pump (so it starts at a frequency ωZDW +ωOFFSET) but this is equiv-
alent to a negative offset applied to the long wavelength pump. The pumps are then
pushed away from the ZDW at the same frequency rate until the short wavelength
pump reaches the lower limit of 1.7 µm. The frequency shift of the long-wavelength
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pump (which always starts at zero) is shown on the x-axis and the corresponding
frequency separation of the signal from the ZDW is shown on the y-axis.

The waveguide widths increase from 2500 nm to 2900 nm, and the offset of each
line plotted on the graph is increased by 1 THz from the previous one. Immediately
it can be seen that with smaller widths, the frequency shift of the signal is smaller
with each offset step than with larger widths. This shows the sensitivity of the phase-
matching conditions to a frequency shift in one of the pumps, which increases as the
dispersion curve becomes less linear over the range of the pumps. This explains why
the number of solutions for phase-matching to a particular target range becomes
more sparse.

The second problem relates to the specific shape of the dispersion curve, which
at widths > 2850 nm bends up towards the ZDW and then back down again in such a
way that the pump combinations across almost the entire usable bandwidth phase-
match to a very limited range of signals. The blue line in Fig. 8.21 (f) shows this very
clearly. It starts beyond the last target wavelength range at the minimum pump sep-
aration from the ZDW, and remains at this wavelength for the first 30 THz (approx.
3 µm), before finally moving towards the ZDW near the edge of the usable band-
width. The signal position only crosses into the target wavelength range at around
3.8 µm before reaching a limit of 4 µm as the short-wavelength pump reaches 1.7 µm.
This explains why there are just a few odd pump solutions shown in Fig. 8.19 at a
width of 2900 nm, appearing at the extreme edges of the potentially usable pump
bandwidth.

These two problems mean that for the last two target wavelength ranges, 600 nm
thick ridge waveguides are not a viable platform. Two taper designs are nonetheless
tested in Sec. 8.7 with output widths of 2700 nm and 2850 nm to see if any significant
boosting occurs in the 4 – 4.5 µm region.

8.6 Fixed-width simulations

Before testing different taper designs, it is first necessary to establish the bench-
mark levels of average power transferred to the target wavelength ranges with fixed-
width waveguides. Fig. 8.22 shows the results of this study, which are summarised
in Table 8.3.
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FIGURE 8.22: Complete results from fixed-width 600 nm thick ridge
waveguide simulations, showing maximum average power levels
transferred, with input peak pump powers of 1 – 3 kW, to the tar-
get wavelength ranges (a) 3.5 – 3.75 µm, (b) 3.75 - 4 µm, (c) 4 – 4.25 µm
and (d) 4.25 – 4.5 µm. Dashed black lines show the benchmark level

of 0.2 mW.

Input power Target
Peak
(kW)

Average
(mW)

λ Range (µm) Maximum power
output (mW)

1 18 3.5 – 3.75 0.167
2 36 3.75 – 4 0.288
3 54 4 – 4.25 0.265
3 54 4.25 – 4.5 0.094

TABLE 8.3: Maximum average power transferred with fixed-width
600 nm 15 mm long ridge waveguides to the 0.25 µm target ranges

with labelled input powers.

The maximum average power generated in the last two target ranges, 4 – 4.25 µm
and 4.25 – 4.5 µm, with a fixed-width 600 nm is actually greater with a 3 kW peak
power input than for any fixed-width 500 nm thick waveguide. This is useful to
know, as it means that there is less clamping of the these longer wavelengths by
the self-steepening effect, as predicted. However, the lack of sufficient ‘density’ of
phase-matched solutions for FWM-based transfer to these wavelength ranges means
that I was not available to find a taper design that boosts these power outputs any
further, as discussed in the next section.
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8.7 Results of taper designs

As the 500 nm thick ridge waveguide tapers seem to work effectively for target
ranges out to 4.25 µm, I focused on trying to design a taper for maximising the final
wavelength range, 4.25 – 4.5 µm. As discussed in Section 8.5.1, the phase-matching
conditions are not satisfactory, and so very poor results are achieved. I tried a num-
ber of different designs, none of which worked particularly well. Table 8.4 shows
the results from some of these tests.

The following two designs utilise the simple down-taper - end-facet combination
that worked for 500 nm waveguides, and have an input width of 4000 nm and output
widths of 2700 nm (at which the ‘density’ of solutions peaks) and 2850 nm (where the
pump bandwidth is closest to being ‘filled in’).

FIGURE 8.23: Simulation of 3 kW pulses through a 6 mm long 600 nm
thick ridge taper consisting of 3 mm down-taper from 4000 nm down
to an output fixed-width section with a width of 2700 nm. (a) Output
spectrum. (b) Temporal pulse evolution. (c) Spectral pulse evolution.
(d) Evolution of average powers in the 3.5 – 3.75 µm, 3.75 – 4 µm, 4 –
4.25 µm and 4.25 – 4.5 µm wavelength ranges. (e) Profile of the taper

width over its length.

FIGURE 8.24: Simulation of 3 kW pulses through a 6 mm long 600 nm
thick ridge taper consisting of 3 mm down-taper from 4000 nm down
to an output fixed-width section with a width of 2850 nm. (a) Output
spectrum. (b) Temporal pulse evolution. (c) Spectral pulse evolution.
(d) Evolution of average powers in the 3.5 – 3.75 µm, 3.75 – 4 µm, 4 –
4.25 µm and 4.25 – 4.5 µm wavelength ranges. (e) Profile of the taper

width over its length.
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It is clear that neither of these tapers produce an appreciable amount of average
power in either of the last two target wavelength bands. This is most likely be-
cause the phase-matching conditions for FWM-based transfer from the bulk of the
spectrum to these bands do not exist. Thus, despite the lower self-steepening effect
caused by the wavelength-dependent effective area, the output power in the 4.25 –
4.5 µm range is actually lower than for the 500 nm thick SOI tapers.

Taper profile Maximum average output power (mW)
Input width (nm) Output width (nm) 4 – 4.25µm 4.25 – 4.5µm

4000 2700 0.096 0.015
2750 0.096 0.012
2800 0.067 0.007
2850 0.176 0.022
2900 0.13 0.021
2950 0.097 0.05
3000 0.118 0.041

3500 2700 0.046 0.025
2750 0.094 0.021
2800 0.147 0.082
2850 0.167 0.018
2900 0.132 0.023
2950 0.049 0.017
3000 0.103 0.019

TABLE 8.4: Average output power in the target ranges 4 – 4.25 µm and
4.25 – 4.5 µm with various SOI taper designs with 600 nm thickness.

It can be seen by comparing the results in Table 8.4 with Table 8.3 that none of the
taper designs generate more average power in the target ranges than a fixed-width
waveguide.

8.8 Thicker waveguides: 700 nm and 800 nm

FIGURE 8.25: Four wave mixing phase-matched solutions for 700 nm
thick (a – d) and 800 nm thick (e – h) waveguides where pumps have
λ > 1.7 µm and signals are in the target ranges (a, e) 3.5 - 3.75 µm, (b,

f) 3.75 - 4 µm, (c, h) 4 – 4.25 µm and (d, h) 4.25 – 4.5 µm.
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I also looked at increasing the thickness further, to 700 nm and then 800 nm, to see
if the pattern of thinning-out phase-matched solutions is an anomaly, but Fig. 8.25
shows that this is not the case. Particularly for the last target wavelength range, 4.25
– 4.5 µm, shown in (d) and (h), this thinning-out effect is significant, so although
the usable bandwidth is ‘filled-in’, the conversion efficiency will likely be low. Fur-
thermore, as the thickness is increased, the width at which phase-matching would
be optimised for this final wavelength range also increases. Thus, the effective area
increases and so more input pump power will be needed. In fact for a 4500 nm wide,
800 nm thick ridge waveguide, the effective area (2 µm2) is on the same order of
magnitude as a 3150 nm diameter fibre (4 µm2). Further increases in ridge thickness
(with corresponding width thickness) would thus eliminate any potential efficiency
gains, even if the phase-matching solution-spacing improved.

8.9 Conclusion

Ridge waveguides offer the promise of replicating the useful output average powers
in the greenhouse gas absorption regions that can be generated with fibre tapers, but
with lower input powers. This was demonstrated to be the case with 500 nm thick
SOI tapers for wavelengths out to 4.25 µm, where the input powers needed are at
least 30% lower than those required for the fibre taper designs studied in the last
chapter. This ignores the coupling losses, however, which are likely to be greater for
SOI waveguides than for fibres due to the smaller cross section and thus need for
a stronger coupling lens. Furthermore, the coupling to a ridge waveguide requires
matching the polarisation to the TM mode which adds extra complexity, whereas
this is not an issue for fibres due to their circular symmetry.

Even accounting for these extra sources of loss and assuming some efficiency
improvement remains, beyond 4.25 µm the significant self-steepening produced by
the wavelength-dependence of the fundamental modal area introduces a significant
clamping effect which reduces the generation of longer wavelengths.

In order to mitigate this problem, a thicker silicon layer of 600 nm was consid-
ered, which has a reduced self-steepening barrier. However, with even this modest
increase in the ridge waveguide thickness, the phase-matching conditions for trans-
ferring spectral power to these longer wavelengths are too spaced apart, so the con-
version efficiency becomes negligible. Increasing the waveguide thickness further
(to 800 nm) offers no improvement in the available phase-matching conditions. Still
further increases in thickness also increase the effective area such that the nonlinear
coefficient approaches that of a fibre.

Silicon fibres were shown in the previous chapter to have robust phase-matching
profiles for the target wavelengths. This, in addition to the less stringent coupling
conditions mentioned above, means that the tapered fibre platform remains the bet-
ter choice for extending a SC into the mid-IR while boosting the average powers
available on the long-wavelength edge.
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Chapter 9

Conclusion

In this thesis I have studied supercontinuum (SC) generation in silicon-core fibres
and silicon-on-insulator (SOI) ridge waveguides. I have used the generalised non-
linear Schrödinger equation to model the propagation of light, in both continuous
wave and pulsed form, through these fibres and waveguides. I checked the validity
of this model, which includes silicon-specific effects such as two- and three-photon
absorption and free-carriers, against experiments. These comprised straight sections
of fibre and waveguide as well as tapered fibres fabricated and tested by my col-
leagues at Southampton. These simulations showed good agreement between the
model and the experimental outputs.

In the second half of the thesis, I look at ways in which silicon fibres can be ta-
pered in order to improve nonlinear wavelength conversion and SC generation. I
start with a very simple approach to wavelength conversion which uses two differ-
ent fibre-diameters, the first of which is optimised to produce degenerate four-wave-
mixing (FWM), which results in signal generation from a pump and idler seed. The
second fibre section is optimised for non-degenerate FWM, which takes in the three
wavelengths from the first section and converts them to a target wavelength. This
design is shown to work and can be used to extend the wavelength-range that can be
reached with any combination of pump and seed, providing the intermediate signal
and target output wavelength lie in the transparency range of the material.

This approach of using a second diameter to change the phase-matching condi-
tions (in this case using a larger second diameter to reach a longer wavelength range)
is adapted for SC generation. The design is expanded into a full taper-shape, with
a down-taper from a large input facet to a waist region, an up-taper, and a fixed-
diameter end section. The down-taper and waist replaces the first fixed-diameter
section in the wavelength-conversion design. In this case, several processes (self-
phase modulation and soliton fission as well as degenerate FWM) produce initial
spectral-broadening. The up-taper then introduces new phase-matching conditions
for non-degenerate FWM-based conversion to progressively longer wavelengths.
This process culminates in the fixed-diameter end facet, which is optimised to max-
imise the number of phase-matching conditions to a particular target wavelength
range. The taper design is shown to work with a range of input powers, improving
the efficiency of conversion to several output wavelength ranges out to 5.5 µm.

Finally, this taper design is adapted for SOI ridge waveguides. For a thickness of
500nm, it is found that the widths of the output sections lie very close to the width
that matches the zero-dispersion wavelength (ZDW) to the input pump (2.1 µm), so
the design is simplified to a down-taper and end-facet. This is also shown to work
for the output wavelengths out to 4.25 µm, but beyond this the boosting effect is
clamped due to the wavelength-dependence of the effective area of the fundamental
mode.
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Thus, for the purpose of generating longer wavelengths in the mid-IR, the silicon-
core fibre platform is the better choice.
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Appendix A

Appendix A: Cash-Karp method

My GNLSE solver uses the general symmetrised form Eq. 2.72. It then solves the
nonlinear integral using the Cash-Karp method [43]:
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This sequence of steps produces two new nonlinear operators N̂4 and N̂5 which are
accurate to fourth and fifth order respectively. In order to check this, they should
converge to within a specified tolerance δN i.e. |N̂5 − N̂4| < δN. Providing this
condition is met, the N̂5 is passed into Eq. 2.72 i.e.

A(z + h, t) = exp
(

h
2

L̂
)

exp(hN̂5)exp
(

h
2

L̂
)

A(z, t). (A.9)

If the tolerance check fails, the process is repeated with the z-step reduced as follows:

hnew = 0.95h×
(

δN
|N̂5 − N̂4|

)0.25

. (A.10)

In fact, this adjustment to the z-step size is performed regardless, so if |N̂5 − N̂4| <
δN, it will be increased for the following propagation step (but the current propaga-
tion step is not repeated). This allows the algorithm to perform with more compu-
tational efficiency when the pulse propagates with little change, as the step size can
keep growing and will only be reduced again when more complex pulse evolution
requires it.
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Appendix B: Tensor vector triple
dot product

The shorthand for a triple dot product between a third-order tensor and a vector is:

T(3) ... VVV ≡ T(3) ·V ·V ·V
= V2

where V2 is a new vector. This can be broken down into stages:

T(3) ·V = T(2) (B.1)
T(2) ·V = M (B.2)

M ·V = V2 (B.3)

For our purposes, we are looking at a third-order tensor, χ(3) which has three
indices per dimension, x, y and z, corresponding to spatial dimensions. As the tensor
has four dimensions, it has 34 = 81 elements, represented as χ

(3)
xxxx, χ

(3)
xyxx, χ

(3)
xxzz etc.

Let’s start with Eq. (B.1), defining the elements of the resulting T(2):
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T(2)
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Now, to perform Eq. (B.2) to get the elements of M:
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yxxVx + T(2)

yyxVy + T(2)
yzxVz

Mxz = T(2)
zxxVx + T(2)

zyxVy + T(2)
zzxVz

Myx = T(2)
xxyVx + T(2)

xyyVy + T(2)
xzyVz

Myy = T(2)
yxyVx + T(2)

yyyVy + T(2)
yzyVz

Myz = T(2)
zxyVx + T(2)

zyyVy + T(2)
zzyVz

Mzx = T(2)
xxzVx + T(2)

xyzVy + T(2)
xzzVz

Mzy = T(2)
yxzVx + T(2)

yyzVy + T(2)
yzzVz

Mzz = T(2)
zxzVx + T(2)

zyzVy + T(2)
zzz Vz

Finally, we can perform Eq. (B.3) to get the elements of V2:

V2x = MxxVx + MxyVy + MxxVz

V2y = MyxVx + MyyVy + MyxVz

V2z = MzxVx + MzyVy + MzxVz

Using the assumption that Vy = Vz = 0 gives:

V2x = MxxVx = T(2)
xxxV2

x = T(3)
xxxxV3

x

V2y = MyxVx = T(2)
xxyV2

x = T(3)
xxxyV3

x

V2z = MzxVx = T(2)
xxzV2

x = T(3)
xxxzV3

x

Now we can substitute V = E(r, t) and T(3) = χ(3):

PNL(r, t) = ε0χ(3)...E(r, t)E(r, t)E(r, t) (B.4)

Further subsituting Eqs. (2.28) and (2.30) into Eq. (2.33) leaves only x-components,
such that:

PNLx(r, t) = ε0χ(3)...Ex(r, t)Ex(r, t)Ex(r, t)

= ε0χ
(3)
xxxxE3

x(r, t)

Thus,

1
2
[PNL(r, t)exp(−iω0t) + c.c.] = ε0χ

(3)
xxxx

(
1
2
[E(r, t)exp(−iω0t) + c.c.]

)3

(B.5)

To solve this, we’ll use the general form:
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(A + A∗)3 = (A + A∗)2(A + A∗)
= (A2 + 2AA∗ + A∗2)(A + A∗)
= (A2 + A∗2 + 2|A|2)(A + A∗)
= A3 + A2A∗ + A∗2A + A∗3 + 2|A|A2 + 2|A|2A∗

= A3 + A∗3 + 3|A|2(A + A∗)

Now we can plug this back in:

1
2
[PNL(r, t)exp(−iω0t) + c.c.] =

1
8

ε0χ
(3)
xxxx([E3(r, t)exp(−3iω0t) + c.c.]

+ 3|E(r, t)|2[E(r, t)exp(−iω0t) + c.c.])

We make the assumption that third-harmonic frequency generation, involving
the 3ω0 term, is generally negligible in optical fibres as the phase-matching condition
is difficult to fulfill, so the equation reduces to:

1
2
[PNL(r, t)exp(−iω0t) + c.c.] =

3
8

ε0χ
(3)
xxxx|E(r, t)|2[E(r, t)exp(−iω0t) + c.c.]

=⇒ PNL(r, t) =
3
4

ε0χ
(3)
xxxx|E(r, t)|2E(r, t)

= ε0εNLE(r, t) (B.6)

where

εNL =
3
4

χ
(3)
xxxx|E(r, t)|2 (B.7)
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