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Iterative Learning Control for Robotic Path
Following with Trial-Varying Motion Profiles

Yiyang Chen, Bing Chu∗ and Christopher T. Freeman

Abstract—Iterative learning control (ILC) aims to maximize
performance of systems performing repeated tracking tasks.
However, in most existing applications, the motion profile is
inherently specified a priori, which has restricted both its ap-
plication range and scope of performance improvement. For
example, the typical repeated path following task in robotics only
requires a spatial path profile rather than a temporal trajectory
profile, for which most existing ILC designs are unsuitable.
To handle this requirement, this paper extends the ILC task
description by relaxing this postulate to enable a trial-varying
motion profile and formulate an ILC path following problem
with system constraints. Under this extended problem setup, a
spatial ILC algorithm is proposed with efficient implementation
and robust convergence analysis, which updates the input signal
and motion profile at the end of each trial to reduce the tracking
error. This algorithm is implemented experimentally on a gantry
robot test platform to verify performance, practical feasibility
and reliability. Comparisons with other control methods are also
made to clarify its advantages, such as error reduction, control
effort reduction and constraint handling.

Index Terms—iterative learning control, path following, gantry
robot

I. I NTRODUCTION

ILC is a technique formulated to improve the performance
of robotic tasks that repeatedly execute a task over multiple
trials. It employs the input signaluk and tracking errorek of
the current trialk to update the input signaluk+1 for the next
trial. Based on the recorded information of past trials, ILChas
been shown to significantly reduce the repeated errors caused
by model mismatch, and for many system classes guarantees
error convergence to zero after a sufficient number of trials.
In addition, the ILC implementation procedure is relatively
simple and straightforward, since it does not require change
to internal parameters or controller structure. Moreover,it does
not require a high computational load due to its off-line input
update procedure. Because of these benefits, ILC has been
applied to various robotic systems, e.g. stroke rehabilitation
[1]–[3], robotic manipulator [4]–[6], inkjet printer [7],gantry
robot [8] and motor system [9]. See [10] for a detailed
overview.
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The vast majority of ILC work, e.g. [11]–[16], considers
the concept of trajectory tracking as the design objective,i.e.
the output trajectory has ana priori motion profile specified
over a finite time interval[0, T ], whereT is the duration
of the task. However, the concept of path following is the
principal design objective within a wide range of robotic tasks,
such as manufacturing assembling [17], virtual fixture [18]and
packaging. Compared to trajectory tracking, path following
only requires the robotic end-effector to follow a given path
defined in space without any temporal constraints. Therefore,
the motion profile is unlocked as a free variable to release
substantial control design freedom. The work in [19]–[21]
exploited this design freedom to improve the robustness in
vehicle steering problems based on the feedback of measured
information. This design freedom is further considered in par-
allel work [22]–[25] to develop path planning strategies aiming
at minimizing the total robotic path following time. However,
the tasks described in the above research were not repeated,
which prevented the application of ILC to further improve their
path following performance. The research conducted in [26]
utilized ILC to handle a time-optimal path tracking task, but
employed a different ILC setting using a system model update
law. The recent work in [27], [28] exploited the trial-varying
initial conditions as well as multiple time-delays to design
robust ILC algorithm for tracking tasks with disturbances,
modeling errors, and various uncertainties.

A number of ILC attempts have been made to relax the
assumption of ana priori specified motion trajectory. The first
work in [29] proposed an ILC update law to increase the path
following accuracy at corner points. This update law measured
the closest distance to the path for each point on the output
trajectory, and employed this information to decide whether
to switch on and off the motors of a two-axis gimbal system.
Subsequent work in [30] addressed the torque ripple reduction
problem for switched reluctance motors with spatially defined
physical variables, which updated the input voltage at each
rotor position using the spatial torque error. Moreover, several
well-established ILC algorithms were reformulated in [31]
with spatial coordinates via 2D convolution reconstruction for
systems with spatial steady state coupling output, such as
additive manufacturing. Although the above work developed
ILC algorithms to handle robotic tasks without a unique
motion profile, these algorithms were ad hoc, applicable only
to specific robotic applications and only a minority focused
on path following tasks. Also, none exploited the control
design freedom released by the freedom of a trial-varying
motion profile to achieve practical benefits other than the
task accuracy. An exception is the authors’ previous work in
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[32]–[36], which proposed several ILC algorithms to minimize
control effort while maintaining high path following accuracy.
However, these algorithms were restricted to limited classes
of tasks, i.e. point-to-point or piecewise linear path following
tasks.

The contribution of this work in relation to the existing
solutions in the literature is listed as follows:

• ILC Task Extension (Section II).This paper extends the
classical ILC task description in [11]–[16] to exploit
the design freedom of a trial-varying motion profile to
improve task performance in terms of path following
accuracy.

• General Problem Formulation (Section II).This problem
formulation is the first attempt to solve general spatial
path following problem with constraints on micro scale
manufacturing tasks, which outperforms the existing spa-
tial ILC frameworks in [29]–[36] in terms of generality.

• A Comprehensive ILC Algorithm (Section III).A powerful
and comprehensive spatial ILC algorithm is proposed
with convergence analysis to update the input signal and
motion profile at the end of each trial, which solves the
proposed general path following problem.

• Experimental Verification (Section IV).The practical per-
formance of this algorithm is verified on a gantry robot
test platform, and comparisons with other control meth-
ods are made to illustrate its advantages to solve the
constrained path following problems, which cannot be
addressed by classical norm optimal ILC in [37].

The notation used in this paper is standard:N is the set
of non-negative integers;Rn andR

n×m denote the sets ofn
dimensional real vectors andn×m real matrices respectively;
S
n
++ is the set of alln × n real positive definite matrices;

Lℓ
2[a, b] denotes the space ofRℓ valued Lebesgue square-

integrable sequences defined on an interval[a, b]; 〈x, y〉 is
the inner product ofx andy in some Hilbert space;X×Y is
the Cartesian product of two spacesX andY, respectively; any
signal with the symbol̂denotes a physically measured signal
rather than a numerically computed signal using a nominal
system model. Other notations will be introduced as needed.

II. PROBLEM FORMULATION

In this section, the system dynamics are introduced, and
the path following task is described using the concepts of a
path and a motion profile. The ILC task description is then
extended to formulate an ILC path following problem with
a trial-varying motion profile as well as embedding system
constraints.

A. System Dynamics

This paper considers anℓ-input,m-output continuous linear
time-invariant system in state space form

ẋk(t) = Axk(t) +Buk(t),

yk(t) = Cxk(t),
(1)

where k ∈ N denotes the trial number;t ∈ [0, T ] is the
time index withT < ∞ being the trial length;xk(t) ∈ R

n,

uk(t) ∈ R
ℓ andyk(t) ∈ R

m are the state, input and output on
the kth trial respectively;A, B andC are system matrices of
compatible dimensions. At the end of each trial, the state is
reset to an identical initial value, i.e.xk(0) = x0. This system
has an equivalent operator form

yk = Guk + d. (2)

Since the signald is constant with respect to the identical
initial statex0, it can be absorbed by the reference trajectory
r(t) without loss of generality by assumingx0 = 0 to yield
d(t) = 0.

The input signaluk and output signalyk belongs to the input
and output Hilbert spacesLℓ

2[0, T ] andLm
2 [0, T ] defined with

inner products and associated induced norms

〈u, v〉R =

∫ T

0

u⊤(t)Rv(t)dt, ‖u‖R =
√

〈u, u〉R, (3)

〈x, y〉Q =

∫ T

0

x⊤(t)Qy(t)dt, ‖y‖Q =
√

〈y, y〉Q, (4)

in which R ∈ S
ℓ
++ andQ ∈ S

m
++; G : Lℓ

2[0, T ] → Lm
2 [0, T ]

is the system operator andd ∈ Lm
2 [0, T ] denotes the effect

of initial conditions with respective forms

(Guk)(t) =

∫ t

0

CeA(t−s)Buk(s)ds, d(t) = CeAtx0. (5)

Note thatG has an adjoint operatorG∗ defined by

〈u, G∗y〉R = 〈Gu, y〉Q , (6)

which will be used later in algorithm development.

B. Path Following Task Requirements

It is now necessary to introduce the concepts of a path and
a motion profile, where the former is defined as follows:

Definition 1. A path is a sequence of points in output space
R

m defined by a continuous function

r̃ : s ∈ [0, 1] 7→ r̃(s) ∈ R
m, (7)

mapping spatial coordinates to output pointr̃(s).

The path profile is defined by thea priori function r̃ with
initial and terminal positions,̃r(0) and r̃(1), and independent
of any temporal information. To determine how fast the robotic
end-effector moves along the given path, a continuous motion
profile

θ : t ∈ [0, T ] 7→ s ∈ [0, 1] (8)

is introduced to map between time indext and spatial co-
ordinates, i.e. s = θ(t). Based on the above definitions of
path profile and motion profile, a specific reference profile
r ∈ Lm

2 [0, T ] can be written as follows:

r(t) = r̃(θ(t)), t ∈ [0, T ]. (9)

Therefore, the path following task is described as: to choose
an input signalu such that the output trajectoryy = Gu
accurately follows the reference profiler defined by (9), i.e.

y = Gu = r, r(t) = r̃(θ(t)). (10)
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In practice, system constraints have to be considered in the
control design procedure to guarantee the obtained solution is
allowed and implementable. An input saturation constraint

Ω = {u ∈ lℓ2[0, T ] : |u(t)| � M(t), t ∈ [0, T ]} (11)

is taken into account to denote the restrictions on system input
limit for an exemplary case. In addition, the backward motion
of the system is prohibited to give the constraintθ̇(t) > 0,
and the extra constraintsθ(0) = 0 andθ(N) = 1 are used to
guarantee the task starting at the initial position and ending
at the terminal position. Meanwhile, considering the servo
speed and acceleration constraints, a motion profile constraint
is obtained as follows:

Θ ={θ ∈ L1
2[0, T ] : 0 6 θ̇(t) 6 vmax,

∣

∣

∣
θ̈(t)

∣

∣

∣
6 amax,

θ̇(0) = θ̇(T ) = 0}, (12)

wherevmax andamax are maximum velocity and acceleration
values respectively.

According to the task description and the system constraints,
a path following problem is defined as below.

Definition 2. The Path Following Problem aims at choosing
an appropriate input signalu in the input constraint setΩ to
reduce the path following error

e = r − y (13)

to zero, forr(t) defined in (9) and any admissibleθ in the
motion profile setΘ defined in (12).

C. ILC Path Following Problem

To improve the performance of repeated path following
tasks in robotics, the classical ILC task description is extended
in this paper to exploit the choice of motion profile as a free
variable, which gives rise to the following problem.

Definition 3. The ILC Path Following Problem iteratively
updatesuk andθk using

(uk+1, θk+1) = F(uk, θk, ek), (14)

such that the two variables converge, the system constraints
are met and the path following errorek = rk − yk converges
to zero, i.e.

lim
k→∞

uk = u∗ ∈ Ω, lim
k→∞

θk = θ∗ ∈ Θ, lim
k→∞

ek = 0, (15)

whererk(t) = r̃(θk(t)) is the reference profile at trialk.

Since the motion profile is a free variable in the above
problem setup, it is also incorporated into the ILC update law
(14) as an updated term. Note that the system constraint sets
Ω andΘ denote the physical limits discussed in Section II-B.
To achieve the design objectives of the extended problem, a
spatial ILC algorithm is proposed in Section III.

Remark1. The extended ILC problem setup in Definition 3 is
more general than that of classical ILC in terms of constraint
handling. It is capable of changing input signals and motion
profiles to alternative values to satisfy the system constraints,
while the unique solutions of classical ILC might not be
admissible. See the comparisons in Section IV for more detail.

III. A S PATIAL ILC A LGORITHM

In this section, the design objectives of the ILC path
following problem are listed, and a spatial ILC algorithm is
proposed with robust convergence performance and implemen-
tation instructions, which solves the problem in Definition3.

A. ILC Algorithm Description

To achieve the design objectives in Definition 3, the authors
consider the norm optimal ILC update law proposed in [37],
which iteratively updates the input signaluk by minimizing
a cost function consisting of the error and the input signal
change. This ILC update law is extended in this paper by
embedding the motion profileθ as a free variable and incor-
porating the system constraints as well. To handle the problem,
the following lemma is needed.

Lemma1. LetS1 andS2 be two closed convex sets in a Hilbert
spaceX. Define the projection operatorsPS1

(·) andPS2
(·) as

PS1
(x) = arg min

x̂∈S1

‖x̂− x‖
2
X ,

PS2
(x) = arg min

x̂∈S2

‖x̂− x‖
2
X ,

where‖ · ‖ is the induced norm inX. If S1 ∩ S2 6= ∅, the
following convergence condition is satisfied as

‖x∗∗ − x‖
2
X 6 ‖x∗ − x‖

2
X , ∀ x ∈ S1 ∩ S2, (16)

where x∗ ∈ X and x∗∗ is computed as̃x = PS1
(x∗) and

x∗∗ = PS2
(x̃).

Proof. The proof is derived in [38].

Using the condition (16) in above lemma, the extended ILC
update law and its convergence property are hence described
in the following theorem.

Theorem1. If the system (1) is controllable andC has full
row rank, define the ILC update law as follows: with initial
valuesu0 ∈ Ω and θ0 ∈ Θ, at each trial, an ILC update law
updates the input signal using

ũk+1 = uk +G∗(I +GG∗)−1(rk −Guk) (17)

followed by the projection

uk+1 = PΩ(ũk+1) = argmin
u∈Ω

‖u− ũk+1‖R , (18)

and then updates the motion profile using

θk+1 = argmin
θ∈Θ

‖r − yk+1‖Q , s.t. r(t) = r̃(θ(t)). (19)

If S1 ∩ S2 6= ∅, the monotonic conditions hold as follows:

‖rk − yk+1‖Y 6 ‖ek‖Y , (20)

‖ek+1‖Q 6 ‖rk − yk+1‖Q , (21)

whereG† = (G∗G)−1G∗ is the pseudo inverse operator of
G, S1 = {(y, u) ∈ H : y = Gu}, S2 = {(y, u) ∈ H : y =
rk, u ∈ Ω}, H is a Hilbert space defined asH = Lm

2 [0, T ]×
Lℓ
2[0, T ] and

‖y‖Y =

√

∫ T

0

[(G†y(t))⊤RG†y(t) + y⊤(t)Qy(t)]dt. (22)
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Proof. See Appendix A.

The above theorem states how the extended ILC update
law modifies the input signaluk+1 and motion profileθk+1

at the end of each trial respectively, while preserving their
constrained requirementsu ∈ Ω and θ ∈ Θ. Moreover, it
appealing properties on monotonic convergence and smaller
error upper bound have been shown in the next corollary at
the specific case without input constraint.

Corollary 1. If the input constraint does not engage, the path
following error monotonically converges, i.e.

‖ek+1‖Q 6 ρ ‖ek‖Q , (23)

and the upper bound of error normεk at each trial is equal or
smaller than the valueεnoilck of norm optimal ILC using the
same values ofQ andR, i.e.

εk 6 εnoilck , (24)

where0 < ρ < 1 is the spectral radius of(I +GG∗)−1.

Proof. See Appendix B.

Based on this update law, a spatial ILC algorithm (Al-
gorithm 1) is then proposed to update the input signal and
motion profile at the end of each trial. In this algorithm,u0

andθ0 are appropriate initial input signal and motion profile.
At the end of each trial, the input signaluk+1 is updated
by (39) with weighting matricesQ and R, and followed
by a projection mechanism. Then, the updated input signal
is sent to the plant to obtain the corresponding measured
output trajectoryŷk+1. After that, the motion profileθk+1 is
updated by performing another projection mechanism to yield
the measured path following errorêk = rk−ŷk in practice. The
training procedure terminates when the error norm becomes
smaller thanǫ, which denotes a sufficiently small positive
scalar specifying the accepted practical accuracy level for the
given task. Moreover, the computational complexity of this
algorithm is3n2.

B. Robust Convergence Performance

In this paper, a multiplicative form of model uncertainty is
considered as

Ĝ = (I +∆)G, (25)

where the operator∆ : lm2 [0, N ] → lm2 [0, N ] denotes the
model uncertainty. Therefore, the measured output trajectory
ŷk = Ĝuk differs from the the numerically computed output
trajectory yk = Guk. Although the ILC update procedure
in Algorithm 1 is similar to that in norm optimal ILC, the
employment of the trial-varying motion profile and system
constraints leads to extra effort in the robust performance
analysis as shown in the following theorem.

Theorem2. If the input constraint does not engage and

‖I −∆GG∗‖ 6 1, (26)

Algorithm 1 Spatial ILC Algorithm

Input: System operatorG, path profiler̃, initial input signal
u0 ∈ Ω, initial motion profileθ0 ∈ Θ, weighting matrices
Q andR

Output: Optimal input signalu∗ and motion profileθ∗

1: initialization: Trial numberk = 0
2: Send the initial input signalu0 to the robot, measure the

initial output trajectoryŷ0, and obtain the initial error̂e0.
3: Record the initial input signalu0 and motion profileθ0.
4: while not ‖êk‖ < ǫ do
5: Update the input signaluk+1 by solving (39) and

performing projectionuk+1 = PΩ(ũk+1).
6: Setk = k + 1 to perform the next ILC trial.
7: Send the input signaluk to the robot, measure the

output trajectorŷyk.
8: Update the motion profileθk by performing projection

(19) and obtain the error̂ek.
9: Record the input signaluk and motion profileθk.

10: end while
11: return u∗ = uk andθ∗ = θk

the measured path following error sequence{êk}k>0 of Al-
gorithm 1 monotonically converges to zero, i.e.

‖êk+1‖Q 6 ρ ‖êk‖Q , (27)

where0 < ρ < 1 is the spectral radius of(I +GG∗)−1.

Proof. See Appendix C.

Theorem 2 provides theoretical support for the robust
monotonic convergence property of Algorithm 1 with the
existence of model uncertainty. This appealing feature is of
much practical concern for robotic path following task, as it
guarantees the monotonic reduction of the path following error
to zero even there is a certain level of model uncertainty.

C. Implementation Instructions

The ILC update law (17) can be directly applied as a feed-
forward implementation. Moreover, the alternative feedback
plus feedforward implementation in [37] is suggested to embed
real-time measured system state within the ILC update. Since
this method has instantaneous interaction with system plant to
learn state information during the task, it can further improve
the robust performance of the algorithm.

The operatorPΩ projects the unconstrained inputũk+1 into
the input constraint setΩ. This step is straightforward as the
input constraint setΩ is usually pointwise in practice. For
example, if the input constraint setΩ is represented as the
saturation form (11), the solution ofuk+1 = PΩ(ũk+1) is
given by

uk+1(t) =











M(t), ũk+1(t) ≻ M(t),

ũk+1(t), −M(t) � ũk+1(t) � M(t),

−M(t), ũk+1(t) ≺ −M(t),

(28)
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for 0 6 t 6 T . The projection (19) chooses an element from
the motion profile constraint setΘ by solving the problem

min
θ

‖r − ŷk+1‖
2
Q ,

subject toθ ∈ Θ, r(t) = r̃(θ(t)).
(29)

The cost function of problem (29) is convex, the setΘ is
also convex by its definition in (12). However, the function

r(t) = r̃(θ(t)), (30)

may be non-linear since a general path is usually not composed
of straight line segments. In this sense, this problem is a
large scale non-convex optimization problem, as the motion
profile needs to be discretized at a small sample time into a
high dimensional vector. To reduce the computational load,
the following assumption is considered to add an additional
constraint to problem (29).

Assumption1. The motion profileθ in problem (29) belongs
to the set

Θk = {θ ∈ L1
2[0, T ] : θk(t−∆) 6 θ(t) 6 θk(t+∆)}, (31)

where∆ denotes a small time interval, e.g.∆ = 0.01 · T .

The extra constraintθ ∈ Θk reduces the search space of the
variable θ, so each elementθ(t) is then optimized over the
local sub-intervals[θk(t−∆), θk(t+∆)]. Since the lengths
of these sub-intervals are much smaller than the whole spatial
interval [0, 1], the path profilẽr can be approximated as a line
segment fromrk(t −∆) to rk(t + ∆) via local linearization
within these relatively small sub-intervals. Therefore, the con-
straint (30) on this sub-interval can be approximated by the
linear function

r(t) = rk(t)+
θ(t)− θk(t−∆)

θk(t+∆)− θk(t−∆)
(rk(t+∆)−rk(t−∆)).

(32)
Using the above linearized approximation, the problem (29)is
reformulated into the following convex optimization problem

min
θ

‖r − ŷk‖
2
Q

s.t. θ ∈ Θ ∩Θk, r(1) = r̃(0), r(T ) = r̃(1),

r(t) = rk(t) +
θ(t)− θk(t−∆)

θk(t+∆)− θk(t−∆)
(rk(t+∆)− rk(t−∆)),

(33)
with a global optimal solution.

Remark 2. Assumption 1 does not affect the convergence
performance of Algorithm 1, since the proofs in Theorem 1
and 2 still hold with respect to the combined motion profile
constraintΘ ∩Θk.

Remark3. The proposed algorithm has three steps during an
identical trial, which are the input signal update step (17), the
input signal projection step (18) and the motion profile update
step (19). As explained in the above text, the first two steps are
relatively straightforward to implement, but the computational
burden mainly lies on the last step, as it needs to solve a
high dimensional convex optimization problem (33). This can
be efficiently solved using standard solvers and parsers in
MATLAB , such asSeDuMi [39] andYALMIP [40].

Fig. 1. Three-axis gantry robot test platform.

Fig. 2. Structure block diagram of gantry robot platform.

Remark4. In practical applications, the controller should be
equipped with a large enough computation load to ensure
the ILC update procedure to be completed before the start
of the next trial of the repetitive task. In this sense, the
implementation of the proposed algorithm will not violate the
planned task execution time in practice.

IV. V ERIFICATION ON A GANTRY ROBOT

In this section, the performance of Algorithm 1 is verified on
a three-axis gantry robot test platform, which fully replicates
the practical environment with model uncertainty and random
disturbance. Also, comparisons with other control methodsare
made to clarify its advantages .

A. Test platform description

The gantry robot shown in Figure 1 is employed as the
test platform. This gantry robot comprises three axes marked
as x, y and z, which are perpendicular to each other. The
individual motions of the three axes together give rise to the
hybrid motion of end-effector in a given 3D space. Therefore,
this gantry robot structure allows the implementation of certain
robotic tasks, such as pickup a payload from the dispenser and
then place it down on the moving convey below.

The input of the gantry robot is in unit of voltage, and
the displacement of each axis is measured by an incremental
encoder as the output. The block structure overview of the
gantry robot test platform is shown in Figure 2. To build
up the test platform, a powerful dSPACE DS1103 micro-
controller is considered to serve as the interface between the
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Fig. 3. Mean square path following errors of Algorithm 1 withdifferent
values ofq.

software (host computer), and the hardware (gantry robot).For
each axis, a BNC channel is used to send the input voltage
signal to an Aerotech model BA10 linear amplifier. Renishaw
RGH22 linear encoders with a resolution of32µm for x-axis
and y-axis, and Aerotech rotary encoder for z-axis with a
resolution of16µm are used to receive the position feedback
of corresponding motors.

B. Path Following Task Specifications

To evaluate the performance of the proposed algorithms,
the path following task is specified as: using all three axes
(m = 3) to follow a path defined by

r̃(s) =





0.005cos(−2πs+ π) + 0.005
0.005sin(−2πs+ π)

0.01s



 , s ∈ [0, 1], (34)

within the given timeT = 2s. The nominal system models of
the three axes are considered as

Gx(s) =
0.05

s
, Gy(s) =

0.05

s
, Gz(s) =

0.03

s
. (35)

To provide baseline tracking, disturbance rejection and smooth
edge tracking, a feedback proportional controller is connected
in parallel with the axis to give

Gx(s)

1 +KxGx(s)
,

Gy(s)

1 +KyGy(s)
,

Gz(s)

1 +KzGz(s)
, (36)

where Kx = 100, Ky = 300 and Kz = 100. The input
saturation constraint (11) is considered with

M(t) = [1.10, 1.55, 1.10]⊤, t ∈ [0, T ], (37)

and the speed and the acceleration constraints in (12) are
defined asvmax = 2.00 and amax = 1.00 to prevent
the system damage to the gantry robot. For simplicity, the
weighting matrices are denoted asQ = qI, and R = r̂I,
whereq and r̂ are positive scalars.

Fig. 4. Hybrid output trajectories of Algorithm 1 for the initial few trials and
the final trial withq = 100, 000.

C. Practical Performance of Algorithm 1

Algorithm 1 is applied to perform the path following task
specified in Section IV-B. The initial input signal and motion
profile are chosen asu0 = 0 and θ0(t) = t/T respectively.
To compare the influence of weighting parameters on the
convergence performance of this algorithm, the authors set
r̂ = 1 as a constant value, and choose the values ofq as
50, 000, 80, 000, 100, 000, 120, 000, and150, 000 respectively.

To evaluate the accuracy of the algorithm in a fair manner,
the concept of mean square error is used in this paper to
quantify to the average squared error value.Algorithm 1
is repeatedly performed with different values ofq, and the
mean square path following errors at each trial are plotted
in Figure 3 as the coloured curves to show their monotonic
convergence properties. Also, a larger weighting parameter
q contributes to a faster convergence rate. The mean square
errors converge to the accuracy level of10−3 approximately
and fluctuate around certain values due to the measuring
limit of the incremental encoders. These fluctuations after
convergence cannot be avoided in practice, and can be only
reduced by applying more precise sensors.

To further evaluate the performance of Algorithm 1, the
experiment withq = 100, 000 is explained in detail. The
hybrid output trajectories for the initial few trials and the
final trial are plotted as the coloured curves in Figure 4,
which shows the path following performance from a direct
point of view. The hybrid output trajectory at each trial
gradually follows the desired path (the yellow curve), and the
hybrid trajectory at the final trial accurately follows the path.
Therefore, the information in Figure 3 and 4 gives rise to the
conclusion that Algorithm 1 guarantees high path following
accuracy of the robotic tasks.

The comparison between the initial and final motion profiles
are made in Figure 5, whose speed and acceleration satisfy
the motion profile constraint (12) withvmax = 2.00 and
amax = 1.00. This figure further indicates the evolution trend
of motion profile along the trial axis, such that there gradually
forms 4 acceleration-deceleration sub-intervals along the time
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Fig. 5. Motion profiles of Algorithm 1 for the initial few trials and the final
trial with q = 100, 000.
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Fig. 6. Comparison between Algorithm 1, norm optimal ILC and feedback
control in terms of path following error withq = 100, 000.

axis. Therefore, the results of Algorithm 1 meet the design
requirement (15) of the ILC path following problem.

D. Comparison with Other Control Methods

Furthermore, the algorithm performance is compared with
that of norm optimal ILC proposed in [37] and feedback
control on the same task specified in Section IV-B. The
parameters of norm optimal ILC are similar to those used
for the algorithm, i.e.r = 1, q = 100, 000, u0 = 0 and
θ(t) = t/T . The feedback control uses a300 feedback gain
to follow the path with motion profileθ(t) = t/T .

The mean square path following error of the four control
methods as well as their derivatives are plotted in Figure 6 and
7 for comparison. The mean square path following error of the
proposed algorithm converges to the accuracy level of10−3,
and the the derivative converges to a value below10. However,
the corresponding accuracy level of norm optimal ILC is10−2

and above10 and the accuracy levels of feedback control are
10−1 and 35.5 respectively, which is relatively much higher
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Fig. 7. Comparison between Algorithm 1, norm optimal ILC and feedback
control in terms of path following error derivatives withq = 100, 000.
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Fig. 8. Comparison between Algorithm 1, norm optimal ILC and feedback
control in terms of control effort withq = 100, 000.

than the values provided by the algorithm. This phenomenon
can be explained, since the algorithm iteratively updates the
motion profile to reduce the path following error by making
the reference trajectory more easily to be followed.

To illustrate other benefits of the algorithm, the concept of
control effort is used to quantify to the energy consumption
while performing the given task.A comparison is made in
Figure 8 on the control effort between these control methods.
Although the algorithm design phase does not contain the
objective of control effort optimization, its control design
freedom brings a positive side effect to reduce around15% of
the control effort required by existing control methods while
performing the same path following task.

To evaluate the constraint handling performance, norm
optimal ILC is again conducted on the same task specified
in Section IV-B with an alternative motion profile

θ(t) =

{

0.5t2, if t 6 T/2,
1− 0.5(T − t)2, otherwise.

(38)

To compare the constraint handling performance, the input
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Fig. 9. Comparison between Algorithm 1, and norm optimal ILC interms
of input trajectory withq = 100, 000.

signal of the three axes at the final trial withq = 100, 000 are
plotted in Figure 9, which reveals that the converged input
signal satisfy its input saturation constraint (11). Also,the
converged input signals using norm optimal ILC are plotted
separately in the same figure. As this motion profile of norm
optimal ILC contradicts with the given input constraint, the
converged x-axis input signal of norm optimal ILC is beyond
the input saturation constraint, which must be avoided. How-
ever, the proposed algorithm is capable of handling the system
constraints, as its problem setup enables an alternative choice
of motion profiles, which agree with the input constraint.

The above comparisons illustrate that the proposed spatial
ILC algorithm has better performance than other control meth-
ods for robotic path following tasks in terms of error reduction,
control effort reduction and constraint handling.Experiments
with other R and Q values provide varying convergence
speed but similar monotonic convergence performance to the
accuracy level of10−3mm2. For brevity, these results are
omitted.

V. CONCLUSION AND FUTURE WORK

This paper is the first attempt to solve general spatial
path following problem with a trial-varying motion profile
and system constraints on micro scale manufacturing tasks,
which outperforms the existing classical ILC and spatial ILC
frameworks with respect to generality as well as tracking accu-
racy. A powerful and comprehensive spatial ILC algorithm is
proposed with robust monotonic convergence analysis to solve
this problem, which simultaneously update the input signal
and motion profile at each trial. The practical performance of
this algorithm is verified on a gantry robot test platform, and
comparisons with other control methods are also conducted
to show its benefits in terms of error reduction, control effort
reduction and constraint handling.

The experimental results demonstrate the feasibility of the
algorithms to achieve the design objectives of path following

tasks.However, they use linearized approximation to convexify
the problems, and other efficient linearized methods with lower
computational burden will be examined and evaluated. To
further exploit the design freedom of motion profile, other
performance index, e.g. control effort, can be added into the
cost functionJk(u, θ) to yield additional practical benefits.
Last but not least, the robust convergence performance at
general case with input constraint will be investigated.All
these points constitute the authors’ future research directions,
and will be reported separately.

APPENDIX A
PROOF OFTHEOREM 1

The projection operatorPS1
(·) solves the problem

min
u

‖e‖
2
Q + ‖u− uk‖

2
R

s.t. e = rk − y, y = Gu, rk(t) = r̃(θk(t)),
(39)

with an identical structure to the norm optimal problem
described in [37], and the only difference is the relaxation
of reference profilerk(t) = r̃(θk(t)) to be trial-varying. In
this sense, the analytic solution (17) is derived. The projection
operatorPS2

(·) yields (18).SinceS1 ∩ S2 6= ∅, there must
exist u∗ ∈ Ω and hence the point(u∗, rk) ∈ S1 ∩ S2.
Thus, substitutex∗∗ = (uk+1, yk+1), x∗ = (uk, yk) and
x = (u∗, rk) into the convergence condition (16) to give

‖u∗ − uk+1‖
2
R + ‖rk − yk+1‖

2
Q

6 ‖u∗ − uk‖
2
R + ‖rk − yk‖

2
Q . (40)

Since the system (1) is controllable andC has full row rank,
the pseudo inverse operatorG† exists, which makes the above
inequality equivalent to

∥

∥G†(rk − yk+1)
∥

∥

2

R
+ ‖rk − yk+1‖

2
Q

6
∥

∥G†(rk − yk)
∥

∥

2

R
+ ‖rk − yk‖

2
Q , (41)

and gives rise to (20).In addition, it follows from the definition
of (19) such that

‖ek+1‖Q = ‖rk+1 − yk+1‖Q 6 ‖rk − yk+1‖Q , (42)

which yields (21).

APPENDIX B
PROOF OFCOROLLARY 1

Since the input constraint does not engage, it follows that
uk+1 = ũk+1 and thus

‖rk − yk+1‖Q 6
∥

∥(I +GG∗)−1ek
∥

∥

Q
6 ρ ‖ek‖Q . (43)

From the projection (19), the following inequality holds as

‖ek+1‖Q 6 ̺k+1 ‖rk − yk+1‖Q , ̺k+1 6 1, (44)

which gives rise to

‖ek+1‖Q 6 ρ̺k+1 ‖ek‖Q 6 ρ ‖ek‖Q . (45)

Therefore, the upper bound of error norm at each trial isεk =
ρk(

∏k
i=1 ̺i) ‖e0‖Q and this value is clearly smaller than the

valueεnoilck = ρk ‖e0‖Q of norm optimal ILC.
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APPENDIX C
PROOF OFTHEOREM 2

Since the input constraint does not engage, the equation
uk+1 = ũk+1 holds and there exists

uk+1 = uk +G∗(I +GG∗)−1êk, (46)

and it follows that

rk − ŷk+1 = êk − (I +∆)GG∗(I +GG∗)−1êk

= (I −∆GG∗)(I +GG∗)−1êk. (47)

As ‖I −∆GG∗‖ 6 1 and
∥

∥(I +GG∗)−1
∥

∥ 6 ρ, thus

‖rk − ŷk+1‖Q 6 ‖I −∆GG∗‖
∥

∥(I +GG∗)−1
∥

∥ ‖êk‖Q

6 ρ ‖êk‖Q . (48)

According to the definition of projection (19), the following
condition holds as

‖êk+1‖Q 6 ‖rk − ŷk+1‖Q . (49)

Therefore, the inequalities conditions (48) and (49) together
give rise to the robust monotonic convergence condition (27).
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