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ABSTRACT: Motivated by questions about quantum information and classification of quan-
tum field theories, we consider Conformal Field Theories (CFTs) in spacetime dimension
d > 5 with a conformally-invariant spatial boundary (BCFTs) or 4-dimensional conformal
defect (DCFTs). We determine the boundary or defect contribution to the Weyl anomaly
using the standard algorithm, which includes imposing Wess-Zumino consistency and fix-
ing finite counterterms. These boundary/defect contributions are built from the intrinsic
and extrinsic curvatures, as well as the pullback of the ambient CFT’s Weyl tensor. For
a co-dimension one boundary or defect (i.e. d = 5), we reproduce the 9 parity-even terms
found by Astaneh and Solodukhin, and we discover 3 parity-odd terms. For larger co-
dimension, we find 23 parity-even terms and 6 parity-odd terms. The coefficient of each
term defines a “central charge” that characterizes the BCFT or DCFT. We show how sev-
eral of the parity-even central charges enter physical observables, namely the displacement
operator two-point function, the stress-tensor one-point function, and the universal part
of the entanglement entropy. We compute several parity-even central charges in tractable
examples: monodromy and conical defects of free, massless scalars and Dirac fermions in
d = 6; probe branes in Anti-de Sitter (AdS) space dual to defects in CFTs with d > 6; and
Takayanagi’s AdS/BCFT with d = 5. We demonstrate that several of our examples obey
the boundary/defect a-theorem, as expected.
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1 Introduction

What information characterizes a Quantum Field Theory (QFT) uniquely? Can we use this
information to classify QFTs, or map the space of QFTs? Can we prove that this information
must obey constraints, thus eliminating regions in the space of QFTs? These questions are
vitally important for many areas of physics. For example, in condensed matter physics,
topological states can be classified by the discrete symmetries of QFTs. In particle physics,
constraints on QFTs, such as anomaly matching, are essential in the search for extensions
of the Standard Model. In string/M-theory, a classification scheme for QFTs translates to
a classification of internal manifolds when compactifying from 10 or 11 dimensions.

Symmetries are essential tools for characterizing and classifying QFTs. In particular,
in any local, reflection positive QFT in d Euclidean dimensions, Noether’s theorem for the
Euclidean group, i.e. translations and rotations of R¢, requires the existence of a symmetric,
conserved stress tensor, 7" = T"* and 9,T"" = 0, with u,v = 1,2,...,d. In this sense,
TH is universal: we can always characterize a local Euclidean-invariant QFT, in part, via
correlations of T with itself and other operators.

Conformal symmetry is also an essential tool for characterizing and classifying QFTs.
Indeed, Conformal Field Theories (CFTs) are natural starting points for such an analysis
because they are fixed points of renormalization group (RG) flows. Moreover, in a local,
reflection-positive CFT, conformal symmetry fixes the correlation functions of all local
operators in terms of the two- and three-point functions of conformal primary operators,
thus dramatically simplifying the problems of characterization and classification for CFTs,
and the QFTs connected to them via RG flows.

Conserved currents in d-dimensional CFTs are conformal primaries, including in par-
ticular T*”.! Conformal symmetry completely fixes the 2- and 3-point functions of TH¥
up to a set of dimensionless coefficients. In even d, these coefficients are fixed (in part) by
Weyl anomaly coefficients. While conformal symmetry requires tracelessness of the stress
tensor classically, 7%, = 0, for a CFT defined on a non-trivially curved background, quan-
tum effects can break conformal symmetry, leading to 7%, # 0. This is the Weyl anomaly,
which is in fact non-vanishing only in even d. In d = 2, the Weyl anomaly has a single
term, proportional to the Ricci scalar of the background manifold. This term’s coefficient
defines the central charge, ¢*¥, which actually fixes all of T""’s self-correlators [1]. In
d = 4, and with parity symmetry, the Weyl anomaly has two terms, proportional to the
Euler density and Weyl tensor squared [2]. Their coefficients define the central charges a*¥
and ¢ respectively.? Reflection positivity also imposes positivity constraints on central
charges [5, 6], where c*Y fixes TH"’s two-point function, and a“*® and ¢“*? are two of the
three coefficients that fix T#*’s three-point function |7, 8|.

! Although in d = 2, T* is not a Virasoro primary.

2The term “central charge” is typically reserved for the coefficient of a central extension term of some
algebra. Indeed, D appears in the coefficient of the central extension term of the Virasoro algebra.
However, generically the Weyl anomaly coeffcients of d > 2 CFTs, like a*® and ¢*? | and those of defects
or boundaries, are not coefficients of central extension terms of any algebra. Nevertheless, in analogy

(2d)

with ¢**%| we will follow the standard convention (see for example refs. [3, 4]) of calling all Weyl anomaly

coefficients “central charges”.



Furthermore, so-called c-theorems require some central charges to decrease along RG
flows between CFTs. Specifically, in d = 2 and d = 4, the c-theorem [9-12] and a-
theorem [12-18] state that ¢®? and a“?, respectively, must be smaller in the infrared
(IR) CFT than in the ultraviolet (UV) CFT.? c-theorems rely only on generic principles,
like locality, Euclidean invariance, and reflection positivity, making them powerful non-
perturbative constraints on QFTs. The decreasing quantities provide a measure of the
number of degrees of freedom of a QFT, which we expect to decrease along an RG flow,
as massive modes decouple. Most importantly for characterization and classification, c-
theorems impose irreversibility along RG flows, providing a hierarchical order among QFTs.

Another essential ingredient for characterizing and classifying QFTs are extended op-
erators, a.k.a. defects |20]. For example, in gauge theories, Wilson, 't Hooft, and other
line operators are crucial for classifying vacua as Higgs, Coulomb, confining, etc., and for
distinguishing gauge theories with the same gauge algebras but different gauge groups [21].
Similarly, higher-dimensional defects can be crucial for classifying vacua, for example by
providing order parameters that can detect whether higher-dimensional objects, such as
strings, have condensed. Co-dimension 1 defects, also known as interfaces or domain walls,
can provide natural maps between QFTs related by dualities, RG flows, and other transfor-
mations. A boundary of a QFT can be considered as a special case of an interface between
a QFT and a trivial or topological QFT.

We can define a defect supported on a submanifold in different ways. One approach is
to prescribe conditions on the behavior of the ambient fields near the defect, conditions that
may allow for coupling with degrees of freedom supported only on the submanifold. Another
possible method is to integrate a local operator over a submanifold, an approach used for
example in the construction of a Wilson line. We will denote the defect submanifold’s
dimension as 0 < p < d, and hence the co-dimension as ¢ = d — p. These extended objects
are in contrast with local operators, which have p = 0 and ¢ = d.

A defect necessarily breaks translational symmetry in directions normal to the sub-
manifold on which it is supported, so that T#” is no longer conserved. Indeed, now
0,TH = 8@ D! where 6@ is a delta function that localizes to the defect in the ¢ di-
rections normal to the defect, and D’ is the displacement operator. The displacement
operator is a defect-localized scalar, and is a vector in the normal directions, labeled by the
index i = 1,2,...,¢q. In correlation functions, the insertion of D’ acts as a local geometric
deformation of the defect, which “displaces” a point on the defect in a normal direction,
hence its name. Since it descends from the stress tensor of the ambient theory, the dis-
placement operator is itself universal in the defect spectrum: we can always characterize a
local QFT with a defect, in part, via correlations of D with itself and other operators.

A CFT with a defect or boundary that preserves scale invariance and special conformal
transformations about points in the submanifold is called a Defect CFT (DCFT) or Bound-
ary CFT (BCFT), respectively. As is the case with ordinary CFTs, DCFTs and BCFTs are
natural starting points for characterizing and classifying defects. In particular, they sit at

3 In d = 3, the F-theorem [18, 19] states that the CFT partition function on a sphere, called F, must
decrease along an RG flow to an IR fixed point.



the endpoints of RG flows, including those localized to the defect or boundary, and those
of the ambient QFT. Local correlators in a BCFT or DCFT are completely determined
by (1) the ambient CFT data, i.e. the spectrum of primaries, (2) the spectrum of defect
or boundary primaries, whose 2- and 3-point correlators with one another are fixed by the
defect or boundary conformal symmetry up to a set of dimensionless coefficients, and (3),
the mixed 2-point functions of ambient and defect/boundary primaries. This latter class
includes ambient one-point functions, when the defect/boundary primary is the identity.

In a DCFT or BCFT, the conformal symmetry preserved by the defect or boundary
requires 7%, = 0. Much like CFTs, a DCFT or BCFT in flat space can exhibit a Weyl
anomaly in curved space and/or when the defect or boundary is curved. In contrast to
the Weyl anomaly in CFTs, now T, # 0 generically consists of contributions from both
the ambient CFT, when d is even, and from defect or boundary localized terms. The
latter can potentially be non-vanishing for both even and odd p because a submanifold
has intrinsic and extrinsic curvatures, which provides a larger basis of conformal invariants
that can contribute to the anomaly. To date, defect and boundary contributions to the
Weyl anomaly have been determined only for defects/boundaries in d = 2 CFTs (p = 1
in d = 2) |22], surface defects (p = 2 in d > 3) [23-30] and co-dimension 1 defects in
d=4131, 32] and d =5 [33].

The coefficients of defect/boundary Weyl anomalies define defect/boundary central
charges that are crucial for characterization and classification. However, relatively little is
known about them, compared to CFT central charges. For instance, they should determine
many correlation functions involving 7% and D*, but exactly how has been determined only
for a subset of them, in the cases p=2ind > 3, and ¢ =1 in d =4 [31, 32, 34, 35]. These
results subsequently imply some positivity constraints for defect central charges [30, 32].
Defect /boundary c-theorem for arbitrary p and d has been proposed ref. [36], for RG flows
localized to the defect/boundary. Rigorous proofs of these c-theorems have appeared for
p =2 (37, 38] and p = 4 [39], because in these cases the Weyl anomaly includes an Euler
density term intrinsic to the defect/boundary, allowing the proofs of refs. [12, 17] to be
suitably adapted.* In section 2 we review the state of the art of defect and boundary Weyl
anomalies, central charges, and the constraints they obey.

In this paper we determine the contribution to the Weyl anomaly of a defect with
p=41in d > 6. Our motivation comes primarily from d = 6 CFTs, which occupy privileged
positions in the space of QFTs, and have various p = 4 defects that encode key information.

For CFTs in d > 4, power counting forbids any interacting local Lagrangian, so naively
we expect the only local, reflection-positive d = 6 CFTs to be free, massless fields, namely
scalars, fermions, self-dual three-forms, and combinations thereof. However, string theory
has revealed that intrinsically strongly-interacting supersymmetric (SUSY) CFTs (SCFTs)
exist in d = 6. This is in fact the highest d where superconformal symmetry can exist [44],
the only options being N' = (1,0) or N' = (2,0) SUSY. These SCFT’s degrees of freedom
are tensionless strings, giving rise to a tensor supermultiplet, including a two-form gauge

“When p = 1, the defect or boundary’s contribution to F' must decrease under defect/boundary RG
flows [40-43]. See footnote 3.



field with self-dual three-form field strength. Despite lacking a Lagrangian description, all
evidence to date suggests these SCFTs are local. These special properties suggest d = 6
SCFTs may be “parent theories” that, upon compactification and (super)symmetry break-
ing, give rise to many (if not all) QFTs in lower d [45]. Moreover, d = 6 SCFTs have been
classified [46-52|, making them an especially promising starting point for classifying QFTs.

In fact, these SCFTs arise from M-theory constructions, hence they may also encode
important information about the nature of quantum gravity. The most prominent example
is the maximally SUSY d = 6 N' = (2,0) SCFT, which for the gauge algebra Ay_1 arises
as the low-energy worldvolume theory of N coincident M5-branes. This SCF'T is especially
challenging to study, being an isolated, strongly-interacting fixed point, and having no free
parameter besides N. To date, most progress has come from holography [53], the conformal
bootstrap [54], and chiral algebra methods [55].

The prospect of elucidating the N’ = (2,0) theory through its p = 4 defects in part
motivates this work. The d = 5 superconformal group is not a subgroup of the d = 6
superconformal group. Hence a d = 6 SCFT cannot have superconformal boundary condi-
tions. More generally, chiral anomalies may forbid a spatial boundary [56, 57|, which could
obviate the study of d = 6 SUSY BCFTs. However, these SCFTs admit various supercon-
formal defects of higher co-dimension. For example, from the Mb5-brane construction, the
N = (2,0) SCFT admits a superconformal p = 4 defect, which arises from the 1/2-BPS
intersection with a second stack of M5-branes. These defects not only probe the M5-brane
theory, and hence M-theory, but also, upon compactification, determine many properties
of QFTs in lower d. For instance, wrapping the A/ = (2,0) theory on a Riemann surface,
depending on how many of the defect’s directions wrap the surface, the defect can reduce
to defects with p = 2, 3, or 4, the last case being hypermultiplets [58|, in class S theories.

Among d = 6 CF'Ts more generally, with or without SUSY, many other p = 4 defects are
possible. For example, various monodromy and twist defects exist, including in particular
the universal twist defect that appears in calculations of entanglement entropy (EE) via the
replica trick [59-61]. In general, EE depends on the UV cutoff, but in even d, EE includes
a contribution logarithmic in the cutoff whose coefficient is cutoff-independent, and hence
physical. When d = 4, this universal coefficient has precisely the same form as a p = 2
defect Weyl anomaly, but now with defect central charges determined by the ambient CFT’s
central charges |28, 62]. However, for EE in d = 6, so far the relation between the universal
log coefficient and a putative p = 4 defect Weyl anomaly has been determined for a replica
twist defect only in special cases, without extrinsic curvature [63] or with only extrinsic
curvature, i.e. a curved defect in flat space [64].

In short, a p = 4 defect’s contribution to the Weyl anomaly is essential for under-
standing QFTs and defects with various d and p, respectively. To determine the form of a
p = 4 defect’s Weyl anomaly, upon allowing both space and the defect’s submanifold to be
curved, we follow a standard three-step algorithm:

1. Find all curvature invariants whose scaling dimension, plus that of § (@) is the same as
T',,. These curvature invariants will be built from the defect submanifold’s intrinsic
Riemann tensor, the second fundamental form, and the pullback of the ambient Weyl



tensor. Many such invariants are related by Gauss, Codazzi, Ricci, and other relations,
which must be accounted for to identify a linearly-independent basis of invariants.

2. Impose Wess-Zumino (WZ) consistency. This is the statement that the Weyl anomaly
must reflect the fact that Weyl transformations are Abelian, i.e. two successive Weyl
transformations commute. Although trivial in principle, in practice WZ consistency
can place non-trivial constraints on curvature invariants, and generically can eliminate
some of them.

3. Fix renormalization scheme dependence by adjusting local counterterms to eliminate
as many curvature invariants as possible.

The defect central charges are then the coefficients of the remaining WZ-consistent, scheme-
independent curvature invariants, up to signs and other conventions.

A corollary of WZ consistency is that the integral of the Weyl anomaly over all of
space must be Weyl-invariant. That can happen in two ways, giving rise to two types of
terms: A-type and B-type [65]. Under a Weyl transformation, A-type terms transform
by a total derivative that cannot be eliminated with counterterms, while B-type terms are
simply invariant, or vary into total derivatives that can be removed with local counterterms.
All known A-type terms are in fact the Euler densities, whose coefficients generically obey
c-theorems, as mentioned above.

To our knowledge, the only existing results for p = 4 defect Weyl anomalies appear in
refs. [63, 64] for the special case of the entanglement twist field and for specific geometries
only, as mentioned above, and in ref. [33] for a generic BCFT in d = 5. In particular,
in ref. [33], Astaneh and Solodukhin allowed arbitrary curvature of both the space and
the p = 4 boundary, and imposed parity symmetry. In the boundary contribution to the
Weyl anomaly, they found 8 terms, including those familiar from a d = 4 CFT, namely the
intrinsic Euler density and the square of the pullback of the Weyl tensor. They computed
all 8 central charges in one example, namely a conformally coupled free massless scalar.

Our case of a generic p = 4 defect in d > 6 is a significant extension of these previous
results, and in particular we generalize them in two non-trivial ways. First, we generalize to
co-dimension > 1, where a larger basis of curvature invariants is available for step 1, leading
to many more terms in the final result. Second, we allow for parity symmetry to be broken,
which allows for still more curvature invariants. Ultimately, at the end of the algorithm, in
the Weyl anomaly of a p = 4 defect in a CFT with d > 6, we find 23 parity-even terms.
The number of parity-odd terms depends on the co-dimension, ¢, with 6 for any ¢, plus an
additional 1 when ¢ = 2, or an additional 6 when ¢ = 4. The parity-even terms include the
intrinsic Euler density, which is the only A-type term, and the square of the pullback of
the Weyl tensor, while the parity-odd terms include the submanifold Pontryagin density, as
expected. Our main result for the anomaly appears in eq. (3.1) for the case with any ¢, with
the additional parity-odd terms for ¢ = 2 and ¢ =4 in egs. (3.8) and (3.9), respectively.

The status of parity-odd contributions to the Weyl anomaly remains unclear. To our
knowledge, only three examples are known. First is a d = 4 CFT with parity broken, where
the Weyl anomaly can include a parity-odd term, the Pontryagin density [66]. In free field



CF'Ts, the associated parity-odd central charge can be non-zero only for fields in complex
representations of the Lorentz group [66-69]. However, even in the simple example of a free
Weyl fermion, no consensus has emerged on whether this central charge is non-zero: see
refs. [70-82|. The second example is a p = 2 defect in a d = 4 CF'T with parity broken, where
the defect’s Weyl anomaly can include 2 terms odd under parity along the defect [29, 30].
However, in all known examples of this case, the corresponding parity-odd defect central
charges vanish [30]. The third example is a ¢ = 1 defect/boundary in a d = 4 CFT, whose
B-type terms are parity odd under reflection in the normal direction, and which generically
are non-zero [31, 32]. Our results provide a new class of examples useful for studying the
many open questions about parity-odd Weyl anomalies.

As mentioned above, in sec. 2 we review the state of the art of defect/boundary Weyl
anomalies. In sec. 3 we determine the form of a p = 4 defect’s Weyl anomaly, with our
main result being eq. (3.1). In sec. 4 we show how some of the p = 4 defect central charges
appear in observables, namely the two-point function of D’ and the one-point function of
TH. Using the latter, we show how two of the defect central charges appear in the universal
contribution to EE of a spherical region centered on the defect [30, 36], and how the Average
Null Energy Condition (ANEC) constrains the sign of one defect central charge.

These results provide methods for computing p = 4 defect/boundary central charges
without computing T%, directly. Indeed, in sec. 5 we use the results of secs. 3 and 4 to
compute several defect central charges in two classes of examples. First are monodromy
defects of free, massless scalars our Dirac fermions in d = 6, which also provide non-trivial
tests of the defect a-theorem [39]. We also use the results for monodromy defects in free field
theories to find defect central charges for conical defects and orbifolds. Second, we consider
defects described holographically by five-dimensional probe branes in d > 7 Anti-de Sitter
(AdS) space, AdS;>7, where we use recent results from Graham and Reichert [83]. This
serves as a highly non-trivial check of our result for the defect Weyl anomaly.

In sec. 6, we compute boundary central charges for two examples of d = 5 BCFTs
in holography. First is five-dimensional probe branes in AdSg, where we compute all 8
boundary central charges, which provides another non-trivial check of the p = 4 boundary
Weyl anomaly. Second is Takayanagi’s AdS/BCFT [84, 85|, where we compute the A-type
and several linear combinations of B-type boundary central charges.

In sec. 7 we conclude with a summary and discussion of many open questions about
defect and boundary Weyl anomalies, for p = 4 and beyond.

We collect various technical results in several appendices, and in a supplemental Math-
ematica notebook.

Note: We use FEuclidean signature throughout, with only two exceptions: our discus-
sions of the ANEC, which requires Lorentzian signature to define null directions, and our
discussions of EE, which requires a Cauchy surface to define a QFT Hilbert space.

2 Review and Conventions

In this section, we review some concepts necessary for defect Weyl anomalies. In subsec-
tion 2.1 we fix our conventions for geometric quantities of the ambient space and the defect,



in subsection 2.2 we review known results for CFT Weyl anomalies, and in subsection 2.3
we review the known results for defect Weyl anomalies. We present no new results in this
section. Readers familiar with these topics may skip to section 3.

2.1 Geometry for defects and boundaries

Let My be a smooth d-dimensional (pseudo-)Riemannian manifold. M, is the background
geometry into which we will embed a defect, or introduce a boundary. We refer to this
background as the ambient space. In this section we take d > 2, however in all later
sections we take d > 5, unless stated otherwise. Let x* be the coordinates on M, where
p=1,...,d, and let g,,, be the metric on My. Our ambient metric will have Euclidean
signature, except when we discuss the ANEC and EE, which require Lorentzian signature.

Throughout this paper, D will denote the Levi-Civita connection on Mg, and '}, the
Christoffel symbols. The symbol R will generically denote the associated curvature tensors,
i.e. R, 0 is the Riemann tensor, 17, is the Ricci tensor, and R is the Ricci scalar on M.
We also need several other tensors related to R. The ambient Schouten tensor is

1

1
P 57<R Ry ). 2.1
Using P, we define the Weyl tensor,
Wiwpr = Ruwpr — BupGur + PupGur — Porgup + Purgup » (2.2)
and the Cotton tensor,
Cup=D,P,, —D,P,,. (2.3)
Lastly, the Bach tensor is
B, =DClp — PPTWpr . (2.4)
For even d, the Euler density of M is
1 WAV .- fhg /oY
Ed = W 5911011~~~P://2203//22 Rmalmvl Rp202u2l/2 e 'demgd/zﬂd/ﬂ’d/z? (2~5)

where 051517 is the generalized Kronecker delta.

The defects that we will study are supported on a p-dimensional embedded subman-
ifold, 3, < M. For the purposes of this review, we will take 1 < p < d, but in the
following sections, we will set p = 4, unless stated otherwise. Let y® be coordinates on
Yy, where a = 1,...,p. We will sometimes also write these coordinates as the vector y.
The embedding induces various intrinsic geometric quantities on X, that we distinguish
from their counterparts on My with a bar. In particular, let g,;, = eﬁez guv denote the
induced metric, where e = 9,X*, and X*(y®) are the embedding functions. The matrix
el acts to pull back ambient tensors onto X, e.g. the pullback of the ambient Ricci tensor
is Rap = elbiel Ry

On X, we denote the induced Levi-Civita connection as D, with its connection coeffi-
cients being the Christoffel symbols T, built out of §,,. We further introduce a covariant
derivative that acts on tensors with mixed indices. We will abuse notation and also refer to



it as Dq, e.g. Dowl) = Oqw} + T'hw} — T w for a mixed tensor wy', where I'y, = efT0,.
From D,, we define the second fundamental form, Hg p = Eaeg , and its traceless version,
Iy, = %, — 15,11, with II* = gedTt,.

We denote the defect co-dimension as ¢ = d — p. Let 2, denote the normal directions
to X,, where ¢ = 1,...,¢q. The embedding ¥, — M, splits the ambient space’s tangent
bundle TM, ~ T3, ® N¥, into a sum of the defect submanifold’s tangent bundle, T,
and the normal bundle, NY,. The structure group of the normal bundle depends both on
the co-dimension ¢ and the details of the embedding.

The important geometric features of the normal bundle N3, derive from the totally
antisymmetric normal tensor,

1
_ ai...a V1 Vp
Npyopg = *‘5 PEuy . wpp1.pig€ay T Cap s (26)

where €4,..q, and €., are Levi-Civita tensors on ¥, and My respectively. From n, .,
we define a projector onto N,

N,ul/ = (q_ll)!n,udz...aanGQ.noq- (27)
We can similarly define a projector onto 1'%, also called the first fundamental form, h,, =
gpw — Ny Note that hy, = ESEYG,,, where Ef is a matrix which obeys Elel' = 6.

When ¢ = 1, i.e. for a boundary or interface, NX, is a trivial bundle. In that case,
the normal projector becomes N, = n,n,, where n, is the outward pointing unit normal
co-vector. Moreover, h,, reduces to the usual hypersurface metric, b,y = g — nyn,. We
define the extrinsic curvature as K, = %Enh,w, where £, is the Lie derivative along n*,
satisfies n* K, = 0, and is related to the second fundamental form by K., = —nuﬂg »» Where
Ko = egeZKW. We define the traceless version Io(ab =Ky — %?abK, with K = g K.

Furthermore, we define two notions of parity. By “parity along the defect”, we mean
simultaneous orientation reversal of the submanifold and the ambient space, such that
gl — —gllp gpd ghl-Hd — —ghiFd guch that ntt#a as defined by eq. (2.6), is
invariant. Intuitively, this corresponds to reversing parity in the directions parallel to the
defect. By “parity in the normal bundle” we mean orientation reversal of the ambient space
alone. Under this transformation, g#t-#d — —ghl-Hd while €% is invariant, such that
nHi-Ha — —pt1-Pa  This corresponds to reversing parity in the directions normal to the
defect.

In general, a defect will break the conformal symmetry group of the ambient CFT
to a subgroup. In flat d-dimensional Euclidean space, My = R?, the conformal group is
SO(d+1,1), whose generators are rotations, translations, dilatations, and special conformal
transformations. The maximal subgroup that a p-dimensional defect or boundary can pre-
serve is SO(p + 1,1) x SO(q)n, where SO(q)n is the structure group of the normal bundle
N3,. This subgroup is preserved by either a flat or spherical defect that is rotationally
symmetric in the normal directions. For example, a flat defect preserves rotations and
translations along the defect, dilatations, and special conformal transformations involving
inversions about points in the defect, producing the SO(p+1, 1) factor, plus rotations in the



normal directions, producing the SO(q)n factor. In what follows, for CFTs in flat space we
will always assume the defect or boundary is flat, and so preserves this maximal subgroup,
unless stated otherwise.

2.2 Weyl anomalies of CFTs

To provide context and background for the following sections, in this subsection we review
some facts about the Weyl anomaly of CFTs, and in the next subsection we review the
current state of the art of defect and boundary Weyl anomalies.

Consider a QFT on an arbitrary background My with Euclidean metric g,,. The
effective action is W = —log Z, where Z is the QFT’s partition function. In a curved
background, the stress tensor is defined as the infinitesimal metric variation of the path
integral. In our conventions, the stress tensor one-point function is

20w
VI OGu

Consider an infinitesimal local Weyl rescaling of g,,, with Weyl parameter dw, i.e. d,9,, =

() = (2.8)

2g,, 0w. In any correlator, a Weyl variation brings down an insertion of the trace of the
stress tensor, T%,,. In paticular, a Weyl variation of the effective action gives

S W = — d%z\/g 6w (T",) . (2.9)
Ma
In addition, a non-trivial 7%, implies that the effective action includes a contribution that
is logarithmically divergent in the UV cutoff e. The coefficient of log € in the effective action
has the form

Wlloge = /dda:\@(T“#) . (2.10)

In a CFT, the Weyl anomaly T*, # 0 must be built out of external sources, such as g,,,.
Diffeomorphism invariance and invariance under the SO(d) structure group of the frame
bundle imply that 7", can only contain scalars (singlets) of the appropriate dimension. If
g is the only external source, then these scalars can only be constructed out of curvature
tensors and an even number of derivatives. Since curvature tensors contain two derivatives
of the metric, no Weyl anomaly is possible when d is odd. When d is even, WZ consistency
implies that the anomaly takes the schematic form

T, =

1 _ ((_)%—mﬁ‘“)Ed +> cgﬁmUn) , (2.11)
(4m)2 n
where we omitted any scheme-dependent contributions. FEj is the d-dimensional Euler
density and I,, are a set of conformal invariants that are generally expressed as rank—g
scalar monomials built from contractions of Weyl tensors and their derivatives. Since Ejy
is a topological density, it transforms as a total derivative under Weyl transformation,
whereas the I, are invariant or vary into total derivatives that can be removed by local
counterterms. This leads to the distinguishing nomenclature of “A-type” anomalies for the

~10 -



former and “B-type” for the latter [65]. Since we will discuss central charges of CFTs and
defects of various dimensions, we use the superscript (4™ to distinguish the dimension in
which the central charges are defined, and the subscripts on axq and ax to distinguish the
ambient CFT and intrinsic defect/boundary A-type central charges, respectively.

The Weyl anomaly of a d =2 CFT is

e

R
24

T, = (2.12)
where, ¢®¥ is the CFT’s central charge, defined from the coefficient of the central extension
term in the Virasoro algebra. For a reflection-positive d = 2 CFT with normalisable vacuum,
¢ is positive semi-definite and obeys the c-theorem [9]: along an RG flow from a UV CFT
to an IR CFT, a so-called c-function exists, built from correlators of T#”, that decreases
monotonically along the flow, and agrees with the values of ¢ of the CFTs at the fixed points.

(zd) > c(gd). Additionally, by WZ consistency, A-type anomalies such as

This implies that c;
c®9 are independent of marginal couplings [16]. The central charge ¢*¥ determines many
physical observables: all self-correlators of the stress tensor [1], the universal contribution
to the EE of an interval [60], the thermal entropy [86, 87|, and more. The central charge
c®¥ is thus essential for characterising and classifying d = 2 CFTs and QFTs.

The Weyl anomaly of a d =4 CFT is

T, = (4d>E 4 od )Wu oo WHPT 4 G ~(4d) 5“”’3’\RWWRW,;/\)’ (2.13)

1672 (

where the final term in eq. (2.13) is the d = 4 Pontryagin density. In eq. (2.13), WZ
consistency allows for a scheme-dependent term o< CJR [88], whose coefficient we have set to
zero using a local counterterm. For reflection-positive, local d = 4 CFTs, the A-type central
charge a(ﬁ) obeys the a-theorem: a{}k\l} > a <4d) [12-14, 17]. Like all A-type CFT central
charges, a“? is independent of marginal Couphngs. Explicit examples are known in which
the parity-even B-type central charge, c“? | can decrease or increase along an RG flow [3, 10].
In d = 4 CFTs holographically dual to Einstein gravity in AdSs, a®® = ¢4 [89, 90]. Unlike
d = 2 CFTs, no single central charge determines all of T#"’s self-correlators. Instead, the

“d) fixes THY’s two-point function, while ax‘j)

B-type anomaly ¢ and cY are two of the
three numbers that fix T""’s three-point function [7, 8]. Reflection positivity then requires
) > 0. If TH" is the unique conserved spin-2 operator, then the conformal bootstrap and
other CFT “first principles” bound the ratio a(ﬁ)/ P[5, 6], so that in particular a<4d) > 0.
Somewhat like a d = 2 CFT the d = 4 central charges determine the universal contrlbutlon
to EE [62]. In contrast to a 4 and c<4d) little is known about the parity-odd B-type central
charge, ¢“¥: for the state of the art, see refs. [70-82].

The Weyl anomaly of a d =6 CFT is

™, = (alvEs + &V + VL + V) (2.14)

(47)3

where the B-type Weyl invariants are

L = W WATPW, (2.15a)
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Iy = W, Wy, We i (2.15b)

6
Iy = W <D2 = RO, + 4R”g> Weovre, (2.15c¢)

where we have set total derivative terms to zero using local counterterms [91|. For d = 6
SCF'T tensor branch RG flows, a c-theorem has been proven for aﬁ“ [92]. However, whether
afj) obeys a c-theorem more generally remains an open question: for the state of the art,
see refs. [93-98] and references therein. N = (1,0) SUSY imposes a linear relation on
the B-type central charges, so that only two are independent, while N' = (2,0) SUSY
imposes a second linear relation, so that only one is independent [99]. For CFTs in d = 6
holographically dual to Einstein-Hilbert gravity, all four central charges are linearly related,
so that only one is independent [89, 90]. The central charge a(ff/‘f) appears in T"”’s 4-point
function, c(16d) and c(zﬁd) are related to the two free parameters in T#"’s 3-point function, and
céﬁd) fixes TH"’s 2-point function [7, 8, 100]. Reflection positivity then requires cgfd) >0. As

in lower d, the d = 6 central charges determine the universal contribution to EE [63, 64].

2.3 Weyl anomalies of defects and boundaries

Now consider a p-dimensional defect or boundary of a d-dimensional CFT. In particular,
consider a first-order variation of the effective action, W, with respect to the metric, g,.,
and the defect or boundary’s embedding functions, X*#(y®). This variation picks up contri-
butions from terms that are localized to the defect or boundary submanifold, X2,

1 1 ,
W=y [ oo )~ 5 [ PoE (g T7s,) + 25X (D))
2 My 2 Xp P
(2.16)

where TH| Mm, and TH \Ep denote the contributions to the stress tensor from the ambient
CFT and the boundary/defect, respectively. dX*(y*) is the variation of the embedding
functions in the directions transverse to X, and D; is the displacement operator defined
from the broken Ward identities for translations normal to the defect,

D, TH = 6@ (z,)D" . (2.17)

We emphasize that generically the defect/boundary does not have its own intrinsically
defined, conserved stress tensor. However, the components of the ambient stress tensor
along ¥, are conserved everywhere on My, including ¥, i.e. D, T+ = 0.

If we instead consider an infinitesimal Weyl rescaling without affecting the defect /boundary’s
embedding, then the Weyl anomaly picks up a contribution localized to X,

Ty =T | o, + 6(q)(mL)T“M|2p. (2.18)

Here we indicate by T* the contributions to the Weyl anomaly purely from the ambient

v
CFT, and by T”u‘zp we denote the defect/boundary Weyl anomaly, which will be the
primary focus of the following sections. Importantly, T“H‘Ep is built out of structures that
involve (derivatives of) the metric g,, and the embedding functions X*#(y®). This leads to
a much richer basis for conformal invariants, and hence novel defect/boundary anomalies.
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As mentioned in sec. 1, the defect/boundary Weyl anomaly has been determined in
four cases: p=1ind=2[22],p=2ind >3 [23-30], p=3ind =4 [31, 32|, and p =4 in
d = 5 [33]. In the rest of this section we will review the first three cases, and in the next
section we will review the fourth case.

The Weyl anomaly of a p = 1 defect in a d =2 CFT is [22]

(2d)
T“MZI = 61%
A defect with odd p has no intrinsic Euler density. However, if the ambient CFT has even

(2.19)

d, and the defect has co-dimension g = 1, then the restriction of the ambient Euler density
to the defect will appear in the defect’s Weyl anomaly. Moreover, WZ consistency fixes
the associated coefficient in terms of the ambient CFT’s A-type central charge [22]. We
see both of these features in eq. (2.19), and we will see them again for p = 3 in d = 4,
eq. (2.25). For p=11in a d > 2 CFT, the defect Weyl anomaly vanishes.

The Weyl anomaly of a p = 2 defect in a d > 3 CFT is [23-30]

1 _ 09 ) oi o4 - o
Tﬂu|22 _ %(agd)R+d(12d)H +d<22d)Wabab) + 2q7;r2€abnij(d12d)]1;cﬂzc+d(22d)Waij);
(2.20)

where 42 is a Kronecker delta. Within the first set of parentheses, the first term is an
A-type central charge, while the remaining two are B-type. The term d(;d) Wb, does not
exist for ¢ = 1 because the ambient Weyl tensor W vanishes identically when d = 3. In
that term, the trace over the indices is performed with the induced metric g,;, hence W,
is generically non-vanishing when d > 4. In the second set of parentheses, both terms exist
only when ¢ = 2, are B-type, and are odd under parity along the defect and separately
under parity in the normal bundle. The indices ¢, j,... are valued in the normal bundle.
We often use them instead of u,v... to denote projection onto the normal bundle. Note
that even if d is odd, and hence the ambient CFT has no Weyl anomaly, the defect Weyl
anomaly in eq. (2.20) still exists.

Like their CFT counterparts, the defect/boundary central charges should appear in a
number of observables, besides T, itself. We will review what is known to date. The central
charge d(lzd) controls D¥'s two-point function. For example, in d = 4 flat space [101, 102]

4 dg?d)

(D'(y)D’(0)) = 32 [y (2.21)

Reflection positivity then requires d(fd) > 0. When ¢ > 1, the central charge d;zd) controls
TH”’s one-point function, which is allowed to be non-zero by the conformal symmetry
preserved by the defect: in flat space, the non-zero components are {103, 104]

. 2t pd
{)gab o (d—q+1)6 — T
plA= D% iy G 2. [ (2.22)

In other words, the symmetries completely determine the form of T#’s one-point function,
up to the single number, h. As shown in refs. [30, 101, 102|, h is determined by d(;d),
1

_ (2d)
h= 67(d — 1)vol($9-3) s (2:23)
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where vol($?) is the volume of a unit d-sphere. If we Wick-rotate to Lorentzian signature,
then applying the ANEC to eq. (2.22) implies d5” < 0 [30].> A linear combination of ay;"
and d(;d) determines the defect contribution to the universal part of the EE for a spherical
region A of radius L centered on the defect, with UV cutoff € [30, 36],

1 d—3 L
Sas. =3 <a<§d> +o— ld(;d)) log <6> : (2.24)

The A-type defect central charge, a(zw, shares a few key features with the d = 2

CFT central charge, ¢®*¥. For instance, under a defect RG flow, a%‘” obeys a c-theorem:
alV > a2y, 37, 38]. Furthermore, WZ consistency implies that a> is independent of
>, UV > IR y unp » p

defect marginal couplings. However, the similarities seem to end there. For example, agd)

can depend on marginal couplings present in the ambient CFT [108-110]. Also, even in

(2d)
P

reflection-positive theories, avw"’ is not necessarily positive semi-definite. In particular, a

free, massless scalar with Dirichlet boundary conditions in d = 3 has agd) < 0 [37, 111,

(sz) is counting defect /boundary degrees of

112|. This raises the question of in what sense a
freedom. More generally, what bounds agd> obeys, if any, remains an open question.

In a d =4 SCFT, a p = 2 defect that preserves at least N' = (2,0) two-dimensional
SUSY has di = do, which is conjectured to extend to p = 2 defects in d > 4 SCFTs as
well [113]. Furthermore, for such defects in a SCFT with d > 3, a{? is fixed by an 't Hooft
anomaly [114], hence the IR defect R-symmetry can be identified by extremizing a trial
as?, similar to a-maximization [4] or c-extremization [115, 116].

The Weyl anomaly of the p = 3 boundary in a d =4 CFT is |31, 32]

1
THH‘Z;; = 1671’2

(afed Baloae + VK + 65V KW ). (2.25)

As anticipated below eq. (2.19), the first term in the parentheses in eq. (2.25) is the restric-
tion of the bulk A-type anomaly to the boundary,

Bilowa = 0305 (2K R e + S KKK, (2.26)
with a coefficient determined entirely by the ambient CFT’s A-type central charge, afj),
as required by WZ consistency of the ambient CF'T’s Weyl anomaly in the presence of the
boundary. The boundary thus has only two new central charges, b(fd) and bg’d), which are
both B-type and parity odd in the normal bundle. In free field CFTs, heat kernel methods fix
b$Y in terms of the ambient CFT’s B-type central charge, c“?, specifically, b5 = —8c(®,
independent of the boundary conditions [117-119]|. However, ref. [34] showed that the same
is not true in interacting CFTs. The other boundary central charge, b(13d), does depend on
boundary conditions, even for free fields [120, 121].

Similarly to the p = 2 defect/boundary, the B-type central charges b(f’d) and b(23d)
determine correlation functions of the boundary displacement operator, D. In particular,

®The proofs of the ANEC in refs. [105-107] have not yet been extended to include defects. Nevertheless,
in unitary DCFTs we expect the ANEC to hold for defects, because physically a defect should not change
the fact that the total energy measured by a null observer should be non-negative.
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b(;d) control’s D’s two-point function [32, 34]: in flat space,

(3d)
(D)D) = —5 % s (227

Reflection positivity then requires b(;d) < 0. Further, bggd) controls D’s three-point func-
tion [32]: in flat space
(3d)
35 by

PEVPEIDON) = =5 5 [ iy lilys —yat (228)

3 Defect Weyl anomaly

In this section we present our results for the Weyl anomaly of a p = 4 conformal defect of
arbitrary co-dimension ¢ > 1. For co-dimension g > 2 our results are novel. For ¢ = 1,
which includes the case of a conformal boundary of a d = 5 BCFT, the parity-even part of
the Weyl anomaly was reported in ref. [33]. We reproduce their results, and find three new
terms that break parity along the boundary.

We determine the anomaly through the three-step algorithm mentioned in sec. 1, which
we outline in detail in sec. 3.1. Applying the algorithm is computationally involved, so we
do not present all the details here. Many details can be found in appendix A, and we refer
readers wishing to reproduce our results to our supplemental Mathematica notebook. To
illustrate the algorithm, in app. B we review the simple example of a p = 2 defect in a
d = 4 CFT, reproducing the known result in eq. (2.20). Our result for the p = 4 defect
Weyl anomaly for general ¢ is presented in sec. 3.2, and specifically in eq. (3.1), which is
the main result of this paper. In sec. 3.3 we set ¢ = 1 and present the full anomaly of a
p = 4 conformal boundary or interface, including the parity-odd contributions.

3.1 Algorithm for defect Weyl anomalies

Starting from the effective action W, the most general form of the defect Weyl anomaly
oW = fzp(' ..)0w can be determined algorithmically by following three steps:®

1. Find a basis of terms for the anomaly §,)V. This amounts to enumerating all
possible terms that may appear in §,)V to linear order in the Weyl transformation
parameter dw. We insist that the terms appearing in §, WV are local, diffeomorphism
and Lorentz invariant, both in the ambient space and on the defect. Moreover, we
require that these terms have vanishing mass-dimension, since Weyl transformations
amount to a rescaling of lengths by a dimensionless scalar. Accounting for the mea-
sure of integration over the p-dimensional defect requires that each term contains p

SFor a co-dimension ¢ = 1 defect embedded in an even dimensional CFT there is an additional step.
As explained below eq. (2.26), the Euler density Eq in the presence of a boundary or interface contains a
boundary term. It ensures that the ambient part of the Weyl anomaly is Wess-Zumino consistent, and its
coefficient is fixed in terms of the ambient CF'T’s A-type central charge. These boundary terms are known
for all even d [31]. In the following sections, however, we will only consider conformal defects of dimension
p = 4 for which no such extra boundary contribution can arise from the bulk d =5 CFT.
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derivatives acting on the metric g,,, the pullbacks ef, or the Weyl variation param-
eter dw. These conditions put strong constraints on the terms that can appear in
the anomaly, and imply that they must be finite in number. However, not all of
these terms are linearly independent. The second Bianchi identity can be combined
with the Gauss-Codazzi-Ricci equations, summarized in app. C, to produce geomet-
ric relations. These can be further adorned with additional derivatives. These linear
relations between curvature invariants allow some terms to be expressed as a sum of
others. Imposing these relations on the anomaly basis ensures that the remaining
terms are linearly independent. Each of the linearly independent basis elements are
then included in the integrand of §, W, with free coefficients.

2. Impose Wess-Zumino (WZ) consistency. Since Weyl transformations are Abelian,
the WZ consistency condition forces the anti-symmetrization of two independent Weyl
variations of W to vanish, i.e., [dw,, 0w, ]VW = 0. Solving WZ consistency sets to zero
some of the coefficients of the linearly independent anomaly basis. Moreover, it can
fix some coefficients in terms of others, which leads to linear combinations of terms
with a single unfixed coefficient.

3. Determine which terms in the Weyl anomaly are scheme-independent. To
do so, we introduce in the effective action W all possible local, diffeomorphism and
Lorentz invariant counterterms with p derivatives acting on g, and ej. Including
each of these terms with their own free coefficient builds up the counterterm action,
Wer. Taking an infinitesimal Weyl transformation of Werp, one can shift the anomaly
oW = 0, W + 0, Wer. Since the coefficients in Wer are free, one can then tune
them so as to cancel terms appearing in §,W. The WZ consistent terms that cannot
be (partially) removed by any choice of counterterms are the scheme-independent
contribution to the Weyl anomaly.

This algorithm can be computationally intensive. Typically, the algorithm grows more
difficult to implement as the defect’s dimension, p, increases. In particular, the number
of diffeomorphism and Lorentz invariant terms with p derivatives increases sharply with p.
Moreover, ensuring that the terms are linearly independent becomes increasingly involved,
because geometric relations can be adorned with derivatives in numerous ways.

In app. B, we illustrate the algorithm with the simple example of a p = 2 defect in a
d = 4 ambient CFT. For such a surface defect, there are 10 terms in step 1. After step 2
there are 7 terms, of which 5 are scheme-independent and remain in the end. By contrast,
for a defect of dimension p = 4, those numbers are larger by an order of magnitude,
as we explain in the following subsections and in app. A. We employ the xAct package
for Mathematica [122]| to facilitate dealing with these large numbers of terms. In our
supplemental Mathematica notebook, we also derive many intricate geometric relations
that ensure that our basis is linearly independent.
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3.2 Defect Weyl anomaly for d > 6

Following the above algorithm for arbitrary ¢, in step 1 we find a 101-dimensional basis
of terms. We report this basis of terms in appendix A.1. Step 2, WZ consistency, selects
linear combinations of these terms with 61 unfixed coefficients. In step 3, we find that of
these 61 contributions, 29 are scheme independent, and thus make up the Weyl anomaly of
a p = 4 conformal defect.

These 29 terms comprise the expected A-type anomaly of the induced connection on
the defect, Ey4, as well as 28 B-type terms. The Weyl variation of Fy is a total derivative
that cannot be removed by a counterterm, whereas the Weyl variations of the B-type terms
are either exactly zero or a total derivative that can be removed by a counterterm’. Of
the 28 B-type terms, 22 are of even parity. The remaining 6 break parity along the defect
because they contain a defect Levi-Civita tensor e®¢?,

All of the terms mentioned above are admissible in any co-dimension g. The case ¢ = 1,
however, is special as the symmetry properties of curvature tensors cause many terms to
vanish identically. Moreover, terms that are distinct for general ¢ may reduce to the same
term when ¢ = 1. The 22 parity-even terms in general ¢ reduce to 8 different terms when
q =1, and of the 6 parity-odd terms, only 3 are non-zero when ¢ = 1.

In addition to the terms that exist for any co-dimension ¢ > 2, for special values of ¢
certain additional terms may appear that contain the totally anti-symmetric tensor in the
normal bundle, n#1#4, Ag explained in sec. 2.1, we refer to these terms as being parity-odd
in the normal bundle. We find that for ¢ = 2, there is 1 additional such term, and for ¢ = 4
there are 8. For ¢ = 3 and ¢ > 5, the index structure is too restrictive, and effectively rules
out the existence of such terms.

We now present the full Weyl anomaly of a p = 4 defect. For clarity, and since we will
only be considering p = 4 defects and boundaries, from this point forward we will drop the
(4 superscript label on all anomaly coefficients. After implementing the algorithm outlined
above, and using the same normalisation as in eq. (2.13), we arrive at

1 —
Tls, = W< —as By + d\Ji + doJo + dsWapegW ™ + dy(Wep)?
+ d5 Waibj Waibj + dﬁwbiabWCiaC —+ d7WZ-jleijkl + dS Waijkwaijk:

+ doWapjs WK - dyoWiape W + dy1 W, Wy + deWaiajWbibj

o jbc

o4 ocd ° 4 o jb
+ dlgwababﬂlcdﬂj + d14WabinZLcH -

+ d15Waibj]QIZacH
abedfy? T bacy® 7. d c. it fdab (31)

+ digW M, JMipg + dirWe Wy gl ™ + digW e 1

+ di9Tr ﬁzﬁiﬁ]ﬁj + doo'Tr ﬁlﬁjﬁiﬁj + dgl(TI' I"sz[i)Z + de(TI' ]OIZf[j)(Tr ﬁlﬁj)

+ dy WapeaW e 198 1 dy Wiy W g2 + (jsbaﬁz fbcf[idf gabed

~ oia ob - i R )
+ dgWapeall " eI1; ;e + dsWijap I, Ly, % + dgIT, °1hy, 10T deféade> .

"We have checked this statement explicitly for the non-trivial conformal invariants Z in eq. (3.10) and
Ji in eq. (3.1). However, we have not confirmed that this is true for Jo.

17 -



The only A-type term is the first term, involving the intrinsic Euler density, whose
coefficient defines ay. The next 22 terms, with coefficients (di,...,d22), are B-type and
parity even. The final 6 terms, with coefficients (0?1, e ,ng), are B-type and parity odd
along the defect.

In what follows, for B-type central charges, d or d with subscripts denote defect central
charges, as in eq. (3.1) above, and b or b with subscripts denote boundary central charges,
as in eq. (3.10) below. A handy mnemonic device is then “d for defect and b for boundary”.

As we noted above, solving WZ consistency can sometimes relate the coefficients of the
linearly independent terms in our basis to one another, which leads to non-trivial conformal
invariants built out of a linear combination of basis elements. For a p = 4 defect, there are
indeed two such WZ consistent non-trivial conformal invariants, J; and J2, which appear
in the first line of eq. (3.1), with coefficients d; and dg, and take the form

Ji = ﬁRﬁibf{i fNWR 9 mR“bHacﬂz %Wcacbnif[”b
+ gwcmﬁ Hab + T DWW, — %Hi’ﬁ 10,11 f[j + %H’HJ& g I1; (3.2)
n gD i, D°IL,.°
Jo = % W N R, —Z 4RW by ;Léj ;Rach(wb
- 5(d4g4>wa,,ab11iﬂi + MWCMD"HG,, LAY vy e (3.3)
- %Wic“ﬁaﬂi - 2 =5) iy 1101 e (dI;O)H’DiWab“b + %DiDiWabab,

where for example D'D;W,,® = NHYRPThOR D Dy W o
Also as noted above, even though our basis elements for the defect Weyl anomaly are
linearly independent, the basis is not unique. To illustrate this, consider the square of the

intrinsic Weyl tensor Wabchade The Gauss eq. (C.4a) and its index contractions imply

—_

b d 2 o3 ocd
WadeWa C abchade + *(Wabab)z B 2Wcacdeadb . gWababHchH;‘:

w

S+ AW, T + AW, 00T 11,4 — 2Tr T T — 2T TV, 0T; (3.4)
1 o jo oo q o o
+ 5 (Te IT'11;)2 + 2(Tr 1) (Tr I1T) .

Thus, in eq. (3.1), replacing any of the terms that appear on the right-hand side in eq. (3.4)
with Wabchade yields an equally admissible basis. Omne could also consider replacing
the intrinsic Euler density E4 with the scheme-independent part of the defect’s intrinsic

four-dimensional Q-curvature [123], which can be written as®

/Q5w = i/ (Ex — Wabchade> dw, (3.5)

8The full form of Branson’s Q-curvature in d = 4 contains a total derivative,

Q_

(R* — 3R,,,R" —OR).

OD\H
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where we have put a bar on @) to emphasise that it is constructed with intrinsic curvatures of
the submanifold. In eq. (3.1), the effect of replacing F4 with Q-curvature and using eq. (3.4)
amounts to scaling the A-type coefficient by a factor of 4 and shifting several B-type anomaly
coefficients. Specifically, replacing E4 with @Q in eq. (3.1) shifts

1 2
d3 — d3 + ax, d4—>d4+§a2, di1 — di1 — 2ay, d13—>d13—§az,

die — dig +4as,, dir = dir +4ax,, dig — dig —2ax, doyg — doo —2ax,  (3.6)

1
do1 — do1 + 395 dog — dag + 2ay .

Note that a number of coefficients are unaffected by the change to Q-curvature. Further,
several linear combinations of d,, in eq. (3.6) are invariant under the change to Q-curvature,
many of which we will find manifest in the AdS/BCFT computation in sec. 6.2.

In eq. (3.1), we emphasise the presence of the non-trivial parity-odd anomalies, with
coeflicients (Jl, .. ,JG). The term whose coefficient is Jg can be written as a linear combi-
nation of a total derivative plus the terms whose coefficients are ds and ds. The anomalous
variation of W, however, includes an additional factor of dw. The ds term is not a total
derivative in W because the derivative does not act on dw. If one were to try to absorb the
ds term into a shift of the ds and d5 terms via partial integration, one would be left with a
parity-odd Weyl invariant in 6,V with derivatives acting on the Weyl variation parameter
dw. Concretely, that term is Dy; in eq. (A.3). This term is also WZ consistent and cannot
be removed by a counterterm. So, we find it convenient to write the anomaly with the ds
term instead of Dyy.

Just as in the case for the parity even anomalies, the basis of independent terms for
the parity odd defect anomalies is not unique. To illustrate this, we could use the form of
the intrinsic Pontrjagin density, which can be expressed as

— — oia ob Y o
Rapea R el = Wpea W™y 4 AW poql1 T}y — AT, T T, T ge® (3.7

to rewrite the parity odd part of eq. (3.1). The net effect would again to be to shift and
possibly rescale ch, CZ4, and Jg, depending on the term in eq. (3.1) that we replace.

As mentioned in sec. 1, additional parity-odd terms may appear in the defect Weyl
anomaly, for special values of the co-dimension q. More specifically, using our definitions
of parity in sec. 2.1, these terms are parity-odd in the normal bundle, and their existence
depends on g by construction, because the totally antisymmetric normal tensor has ¢ indices.
The requirement that each term has p = 4 derivatives, and the symmetry properties of the
curvature tensors are so restrictive, that only when ¢ = 2 and ¢ = 4 can eq. (3.1) pick up
such parity odd contributions. When ¢ = 2, in step 1 we find 41 parity-odd terms in the
normal bundle. We list them in app. A.2. However, only one of these is WZ consistent and

The OR term linearises the Weyl variation, and ensures that §@ is a total derivative linear in dw, with all
terms at higher order in dw vanishing identically. Since the Weyl transformation of @ is a total derivative,
J @ is Weyl invariant. In eq. (3.5), we consider the Q-curvature of a p = 4 submanifold obtained by
replacing R — R and O — 0. The OR term plays no role in our discussion as it can be removed by a local
counterterm on the defect.
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scheme-independent:

Sg2 - ey
Tuu|z4 D) JT)Q d7Wajkai ch]nzk. (38)
When g = 4, in step 1 the basis of parity-odd terms in the normal bundle is 6-dimensional.

All 6 terms are WZ consistent and scheme-independent. They are

5q,4

(4m)?

T"uls, D (586“6‘1”” MW i Wedne + don™@ KW o, WP
+ dion T Wi W0+ dian @ Wi W™ (3.9)
- o o fdl  ~ ok o
+ d12n¢jkz€abchab”HkaHf + d13nz‘jk€WabUHachd) :
To date, little to nothing is known about the p = 4 defect central charges we have
found in egs. (3.1), (3.8), and (3.9). The one exception is the A-type central charge, ay. In
ref. [39], Wang showed that ay, obeys an a-theorem, for RG flows localized to the defect,

and furthermore, if the defect preserves at least A/ = 1 four-dimensional SUSY, then asx
obeys a defect version of a-maximization.

3.3 Boundary Weyl anomaly for d =5

Here we employ the algorithm outlined above to construct the most general expression for
the boundary Weyl anomaly in d = 5. In doing so, we will recover the expression for the
parity even anomalies found in ref. [33].” We also identify three previously unknown parity
odd anomalies, whose coefficients we denote (51, l~72, l~)3) The full anomaly is

1 _ O O
THuly, = W( —ax By + 01T 4 bo(Tr K2)? + b3Tr K + byWapeqWd

+ bBWanananbn + b6Wabcd}%aC}%bd + b7Wanbnf(acf(Cb
+ bBWnachnabc + Elﬁaf(beﬁcf(degabai

+ by Woap ™ Wege e 4 BBWabcdkaekbeCdef) ;

(3.10)

where Wo,pn = efin”egn(’WwpU, and similarly for Wy, 4. The conformal invariant Z is

2 .. 1 . 1 . 1 . 1 ,
T=-"RypK*K?+-RTr K> — ZRupyTr K2+ =Wyn KK® + —K? Tr K?
. 1 AR :
+ KD Woanin — S K T K3+ §D“KachKbc,

where Dp,Wanpn = nTeffn”egn"DTWng.

One can also deduce the form of eq. (3.10) from eq. (3.1) by setting ¢ — 1. Most of
the terms in eq. (3.1) do not have analogous ¢ = 1 structures: they vanish due to various
symmetry properties of the curvature tensors. Further, some of the ¢ > 1 structures
have identical ¢ = 1 analogues, and so a linear combination of their coefficients end up

°The dictionary between our central charges and those in ref. [33] is (Here — There): —ax —
a/5760, by — 08/5760, by — (Cl — %Cg) /5760, b3 — (62 + Cg)/5760, bz — Ci_1/5760 for 1 = 4,. . .,6,
b7 — (c6 + ¢s) /5760, and bs — ¢7/5760. Note the different sign convention for the A-type anomaly, where
here the ax-theorem goes the usual way, ax,uv > ax IRr.
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determining the ¢ = 1 anomaly coefficients. The exact dictionary for mapping the B-type
central charges is as follows, where — indicates taking ¢ — 1:

dy — b1, do1+daa — by, dig+da —+bs, d3z—bsy, ds+din— bs, (3.12)
dig — bs, dis—dir — by, dig—bg, d3—by, dy—by, dy— bz, .

with all other ¢ > 1 terms vanishing when ¢ = 1.

4 Defect central charges from observables

In this section, we connect some of the coefficients that appear in the defect Weyl anomaly
in eq. (3.1) to various physical quantities. In subsection 4.1 we will find a relation between
the coefficient of the two-point function of the displacement operator, (DD), and the defect
central charge dy. In a reflection-positive DCFT, we will then argue that dy is a negative
semi-definite c-number, by reflection positivity of (DD). In subsection 4.2 we will relate the
coefficient, h, in the 1-point function of the stress tensor in the presence of a co-dimension
g > 1 defect, (T*) in eq. (2.22), to the defect central charge dy. Assuming that the
defect ANEC is true, we then argue that do must be negative semi-definite. Further, we
will be able to show that since h o« —ds, the defect contribution to the universal part
of EE for a spherical region centered on the defect, as computed in ref. [36], contains a
linear combination of ayx, and dg, similar to the p = 2 result in eq. (2.24) [30]. Finally, in
subsection 4.2.2, for d = 5 BCFTs we compute (T"”) for a flat boundary of an ambient
space with non-trivial curvature, and relate the coefficients of the first two leading divergent
terms to linear combinations of the boundary central charges in eq. (3.10).

4.1 Displacement operator two-point function

In this subsection, we connect the anomalous scale dependence in the displacement two-
point function to a particular term in the Weyl anomaly. For a flat defect, conformal
invariance on the defect determines the 2- and 3-point functions of defect primaries up to
constants. In particular, the displacement 2-point function takes the form

(D) D(0)) = 67 2 (4.1)

with constant cpp. There are a variety of techniques for isolating the scale dependence of
the correlator in eq. (4.1), and hence matching to the Weyl anomaly in eq. (3.1) or eq. (3.10).
In subsection 4.1.1 we use some of them to fix ¢pp in terms of the defect central charge dy
in eq. (3.1), or boundary central charge b; in eq. (3.10). In subsection 4.1.2 we check our
result in the case of the free scalar BCFT in d = 5. In subsection 4.1.3 we comment on
other correlators of D? and their possible relation to defect/boundary central charges.

4.1.1 Relating cpp to d; and b,

Here we consider an infinitesimal shape perturbation of the flat defect, §X*(y). In this
subsection we will keep p generic, and at the end set p = 4. Up to second order in the
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shape perturbation, the variation of the effective action reads

SxW = =5 [ e (D) Dy (325X (v1)6X (32) + OXT), (42)

where by translational invariance along the flat defect, (D;) = 0. To isolate the logarithmic
divergence we first define s = y; — y2 and substitute eq. (4.1) into eq. (4.2) obtaining

SxW = —Cm’/ Py / s X' (y)6X'(y —s) + O(6X?)
p
. (4.3)
C’DD ... 8%pt2 i i
/Ep &y / s 2p+2 p+2)! SX (¥)Dar - - Oy 20X (),

where we are summing over the repeated 7 indices. In the second line, we Taylor expanded
5X%(y —s) up to order p+2 in s, and only kept the highest order to isolate the logarithmic
part. For even p, the integral over s can be computed using the identity

/ st g guee —yoqge1y =2 / " s L gmer | gonniona | porm), (4.4)
s2p+2 2p) /. s ’

where € and L are UV and IR cutoffs, respectively, and perm stands for permutations of

indices excluding pairwise exchange on each 6*°. For odd p, the integral over s vanishes

identically, so we will assume that p is even for the remainder of this computation. Using

the fact that the number of permutations is (p+ 1)!!, we obtain for the coefficient of log (f)

—(p+2) .5 '
IxWligge = (1P 2 m)cm;/ dPy 0™ .. 9%/ 5X9,, ... D
b

P 2) i bX (49

P

where we have used vol($P~1) = o /T (g) Let us rewrite the above equation in terms of
the second fundamental form. At leading order we have 61’ = 9,0,6X*. We thus find

p/2+1 2~ (P27 D, 901 a icd i
IxWlioge = (=1) AT T 2P ), dPy 0™ ... 9%z 61, ... 0, , 01,
P
(4.6)
Taking p = 4, we find for the logarithmically divergent part of dx W,
1 72 p,, STricdE 1T
(wa‘loge = 24608CDD d y5]1 D(Sﬂcd. (47)
p

The numerical prefactor can equivalently be obtained in the following two ways. The first
is to Fourier transform eq. (4.1) along the defect. Setting p = 4, and introducing a UV
cut-off € as a regulator, we find

) 4 4dr2c dr
[ atupypioety 50 TR [T (kg (1)
4 €
. L L
— S 2 -
ovm CDD(366 16e8 T 1922 T 1608 10g(6|k|)+"')’
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with k and r the momentum and radial coordinate along the defect, respectively. The power
law divergences in € can be cancelled by counterterms, while the coefficient of the logarithm
is the regulator-independent scale anomaly. The second, equivalent, approach is differential
regularization [124]. We replace the large inverse powers of distance with derivatives and

an energy scale pu:

: : . cpp —alog p2|y|?
Di(y)DI(0)) = —5% 0 . 4.9
(D)D) = 59 B2 OB (4.9

Taking a logarithmic derivative with respect to the scale pu then yields

2
i j _ _sij oo =t 1 e =3

which of course agrees with the methods above.

The next step is to relate cpp to the coefficients in the defect or boundary Weyl
anomaly, eq. (3.1) or (3.10), respectively. By eq. (2.10), the logarithmic divergence in
the effective action needs to match the anomaly, so we compute to second order the shape
deformation of eq. (3.1) around the configuration of a flat defect embedded in a flat ambient
space. Among all of the terms in the defect anomaly, only /7 contains an appropriate
structure to contribute at second order in the variation, which reads

Sx / d*y(TH,) = d / d*y oI, °6TI, + O (5T1%)
Y4 A

722
o 727T2 Sy

9 (4.11)

16

d'y — 0006 X' 9,000.6 X" + O (6X?).

Comparing eq. (4.11) to (4.5) then gives our main result of this subsection,

72
cpp = — dy . (4.12)

Performing an identical computation in the boundary case using eq. (3.10), we find

72
CppD = _ﬁ bl . (4.13)

As a check of our methods, let us consider p = 2. In that case, eq. (4.6) reduces to

™ . .
5xWhoge = 760D /E d2y STASTT (4.14)
2

and by direct comparison to the defect Weyl anomaly in eq. (2.20) we obtain dgw) =

31*cpp /4, reproducing the known result for d = 4 in eq. (2.21). In fact, our calculation
shows that eq. (2.21) is valid for any d.
4.1.2 Check of the result for the free scalar BCFT in d =5

We can check our result for the boundary case, eq. (4.13), using a free, massless scalar in
d = 5, in the presence of a boundary. On the one hand, b; = —ﬁ was computed in ref. [33]
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using heat kernel methods. This answer is in fact independent of the boundary conditions,
Robin or Dirichlet. On the other hand, we can compute the displacement operator two-
point function in flat space using Wick’s theorem. The displacement operator in the ¢ =1
case can be identified with the boundary limit of the T™" component of the stress tensor.
For a conformally coupled scalar, the improved stress tensor takes the form

d—2

v v 2

14 1 12
T = (0"9)(0"¢) — 50"(9,9)(0°¢) —
Using the scalar’s equation of motion, the displacement operator follows from the boundary
limit of T™":
D = 3 (000)(0:0) . Dy = —3(000)(06) + 7 0u0? (4.15)
D—2 n n 3 N — 2 a 4(d_1)a ) .
with subscript D for Dirichlet and N for Neumann. (Note the general Robin boundary
condition reduces to Neumann in the flat space limit.) If we normalize the two point
function of the scalar to take the form

1 1
(p(r1,y)9(0,0)) = & <(952¢ +y2)d-/2 + (22 +y2)(d—2)/2> ’

with a plus sign for Neumann and minus sign for Dirichlet, then Wick’s Theorem yields

2(d — 2)%k?
(D(y)D(0)) = Ty (4.16)
in both cases. The standard normalization, x~! = (d — 2)vol($¢~!), with d = 5 then gives

in agreement with the

cpp = 32%. Plugging this into eq. (4.13) then gives us by = —flﬁ,

heat kernel result, as expected.

4.1.3 Comments on other correlators of the displacement operator

Having successfully established a relationship between cpp and the Weyl anomaly for p =
4 defects, it is natural to wonder if additional relationships can be established between
the Weyl anomaly and other displacement operator correlation functions. One natural
candidate is the displacement operator three-point function,

_ CDDD
|Y1 - Y2|5|Y2 - Y3|5|Y1 - }’3|5 ’

(D(y1)D(y2)D(y3)) (4.17)

with constant cppp. In the d = 4 case with p = 3 dimensional boundary, such a correlation
function determines the coefficient of the Tr K3 term in the Weyl anomaly [32], as shown in
eq. (2.28). However, in our p = 4 case, an odd number of derivatives is required to produce
a 0(y1 —y2)d(y1 — y3) type contact term with the correct dimensionality. No such term
exists in the Weyl anomaly eq. (3.1), precluding the displacement 3-point function from
determining a piece of the Weyl anomaly.

Another obvious correlation function to investigate is (T (x)D(y)), which is also de-
termined by conformal symmetry, up to a constant [104]. In fact, the constant is c¢pp,
making it unlikely that further information can be obtained, while the tensor structures
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involved make the analysis more complicated. After some work in the ¢ = 1 case, we were
able to check that the scale anomaly in (T""(x)D(y)) is consistent with the coefficients of
the KD, Wanpn and D" K DK terms in eq. (3.11), as we show in app. D.

Other correlation functions involving the stress tensor and displacement operator tend
to involve undetermined functions of a cross ratio, as well as sums over tensor structures.
We have not found useful candidates to explore, except for (T#¥), which we turn to next.

4.2 Stress-tensor one-point function

In this subsection, we compute the one-point function of the stress tensor, (T#"), in two
cases. First, in subsection 4.2.1, we consider (T*¥) for a flat p = 4 defect in a d > 6
ambient CFT. Our results will be similar to those for a p = 2 defect in d > 3, reviewed
in sec. 2.3. By applying the method of ref. [101] (see also ref. [102]), we will show that
the coefficient h in eq. (2.22) and the defect Weyl anomaly coefficient ds in eq. (3.1) are
related as h o< —do. Using this result, we will then Wick-rotate to Lorentzian signature and
assume the ANEC applies in the presence of a defect to argue that ds < 0. By combining
the relation between h and dy with a result of ref. [36], we will also show that the defect
contribution to the universal part of the EE of a region centered on the defect is a linear
combination of ax; and dp. Second, in subsection 4.2.2, we will consider (T") in a d =5
BCFT with a curved boundary. In that case the near-boundary expansion of (T#") has
a number of free coefficients [125, 126|, which we determine in terms of some boundary
central charges from eq. (3.10).

4.2.1 Relating h to d» for a flat defect in flat space

In the context of computing Rényi entropies, where the defect is the co-dimension ¢ = 2
twist defect, the authors of ref. [101]| consider the relation between (T},,,) and the anomaly
term OW% ij when d = 6.9 Here we repeat their analysis, now keeping the co-dimension
of the defect arbitrary, provided ¢ > 1. We will focus on 75 in eq. (3.1), the only term in
the anomaly that contains OW% ijs

dy 1

—2__D'D;Ww,, 59 2 4.18
6.2 3DDZW a0V (z 1) + O(R?), (4.18)

T, D

where we used tracelessness of W, .5 to swap freely between Wi ij and W .. Ineq. (4.18),

the O(R?) stands for terms at least quadratic in the curvatures, which will not be important
to establish that h o< —ds.

The starting point for the computation is the ambient CFT on My = R? with metric

0y and a flat defect wrapping 3 = R* < R?. We then perturb the flat ambient metric so

198ee also ref. [63], which considered EE in a d = 6 dimensional CFT, but which has an error in the
analysis of the contribution to the anomaly containing the OW¥,; term. Specifically, in the third line of
eq. (2.28) of ref. [63], the variation of the term Iz = W), po- (06", + 4R, — $R6",)W"?°" in the ambient
Weyl anomaly does not result in a conformally invariant term along the entangling surface. Indeed, a
further Weyl variation vanishes up to terms that are total derivatives in the normal directions, but which
cannot be dropped in the integral over the entangling surface’s directions.
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that 0., — guv = 6w + 09, To first order in the metric perturbation, the effective action
changes as

1
W= / da (T g, (4.19)

Crucially, since we have assumed that the perturbation is about both a flat background
and flat defect, we can employ the form of the stress tensor given in eq. (2.22).

Since in curved space the Weyl anomaly is generically non-trivial, we expect that
eq. (4.19) will contain a logarithmic divergence of the form in eq. (2.10). In particular,
consistency between eq. (4.19) and eq. (2.10) implies

(4.20)

5g/dd$\/§<T“u> = —% /ddﬂ? (T") 09w
loge

In the anomaly eq. (3.1), J2 is the only conformal invariant that contains terms at most
linear in both the Weyl tensor and II,. The term in eq. (4.18) is the only one that
contributes to the first-order perturbation about the flat configuration.

Let us analyze the expressions on either side of eq. (4.20) separately, starting with
the left-hand side. The first order variation of the integral of eq. (4.18) over the defect’s
submanifold ¥4 may be written as

do 1
) d* T =——_ | d'y=0Fg,6w, .
9/24 WYT ulsy) =162 /24 Y 59" 0k bs (4.21)

where we dropped terms that are higher order in curvature, or subleading in the perturba-
tion. This short computation gives us all of the information that we will need about the
left-hand side of eq. (4.20).

The evaluation of the right-hand side of eq. (4.20) is bit more involved. Using the form
of (T*,) in eq. (2.22), we can write the right-hand side of eq. (4.20) as

J i
d % _ d (d_q+1) 1 “_(q_l) ab _dexL ..
/d x(TH) 69, = h/d x [|$J_d 80gi; PRC 00Gap 7|17J_|d+269” . (4.22)
The perturbed metric g, = ., + 0., admits an expansion near the defect of the form in
eq. (2.16) of ref. [127]. We observe that log-divergent contributions in eq. (4.22) can only
arise from terms with near-defect behavior like 1/|z,|%. Since d = ¢ + 4, we will need the
fourth order in the perturbed metric’s near-defect expansion, which has
1 r.s k.l

dgij O ~30 0r0s0 Rigjily,, @' xf 22y, (4.23)
where (5Rl-kﬂ]24 is the Riemann tensor of the metric perturbed around flat space, g,,,, and
evaluated on the defect. Note that terms of the form O(R?) in the near defect expansion
of the metric vanish for a first order perturbation around flat space. Since the orthogonal
and transverse directions are independent, for computational ease we can simply match
terms that have only transverse components. Plugging eq. (4.23) into eq. (4.22) and using
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the anti-symmetry of the Riemann tensor to eliminate the wixiégij term, we then adopt
cylindrical coordinates (p, 6;) around the defect, located at p = 0, to write

L
1
/ A% (TH) g, D — % / d*y 0:05 6 Rikilly,, / dp; / dQ, 1 a"atakat ) (4.24)
Y4 €

where we defined #* = 2 /|x,|. We also introduced a UV cutoff € and an IR cutoff L to
regulate the p-integral around the location of the defect. The angular integral can easily
be computed using the following relation,

A A _ o . o

/ dQg_1 3" ... 3" = (q<+”2)”)vol(i“»q‘l)(é’”2 .0t 4 perm) (4.25)
qg—2)!

where perm denotes pairwise permutations in the i,, indices. Performing the angular integral

in eq. (4.24) then allows us to compute the p-integral easily, which produces a logarithmic

divergence in €. The totally transverse part of the coefficient of log € is

_h vol($91)

dda (T™ 0Guw =—-—r
/ ) M lhoge . 4 alg+2)

/ d4y [825Rikik + 28k615R2-W] . (4.26)
34

Moreover, one can easily show that at first-order in the perturbation
20106 Ririt = 0°0 R, (4.27)
so that eq. (4.26) becomes

h
=—— vol(§7! / d*y 0?6 R, - 4.28
+2)V0( ) - Yy kik ( )

d%z (T™) 6g,. =
/ < > I loge, L 2(]((]

In order to compare eq. (4.28) to eq. (4.21), we use the explicit form of the Weyl tensor
in eq. (2.2) to find that at first order in the metric perturbation,

12

SWep| = ——"—— §Ryjij
ab 1 6+5q+q2 1717 1

(4.29)

where we have used the fact that we are perturbing around flat space, and we have only kept
terms that solely have transverse components. Finally, by plugging eq. (4.29) into eq. (4.21),
and comparing to eq. (4.28) through the relation eq. (4.20), we arrive at the generic relation
between the coefficient h that fixes (T%,) and the defect Weyl anomaly coefficient ds, for a
co-dimension ¢ conformal defect in a d = g+ 4 CFT:

I(4+1)

he—— 27
nat2 (g+3)

(4.30)
For the special case of ¢ = 2, which will be useful for the monodromy defects considered in

section 5.1, eq. (4.30) becomes
1

- 53

Upon taking into account the different conventions, this agrees with ref. [101].

h= dy . (4.31)
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Figure 1: Configuration for the null geodesic v* described in eq. (4.33). The null geodesic
(blue) passes by the defect (orange, labelled X) at an angle ¢ in the x1 — x5 plane and at
a distance ¢ away in the zg direction.

Following the example of a p = 2 defect in d > 3, reviewed in sec. 2.2, we can use our
result in eq. (4.30) to show that dy < 0, if we assume that the ANEC holds in the presence
of the defect. Wick-rotating to Lorentzian signature, the ANEC states

oo
/ du(T,)v""v” >0, (4.32)
—00

where v* is the tangent vector to a null geodesic with affine parameter u. Take ¥4 to be
a flat, static defect in d > 6-dimensional Minkowski space. We consider a null geodesic
passing at a minimal distance £ away from ¥4 and oriented at an angle v out of the plane,
as in fig. 1. We take the following family of null geodesics parametrized as

t="tu, 21 = fucos, x5 = fusin, x6 =1, (4.33)

while all the other components are set to zero. Here ¢,z are coordinates parallel to the
defect and x5, x¢ are orthogonal. By plugging eq. (4.33) and eq. (2.22) into the ANEC and
using eq. (4.30), we obtain

) T d+1 (4
/ du(T,,)v'v” = —dy et (5) g) |siny| >0, (4.34)
—co (q+3) ($n=v

and hence dy < 0, as advertised.

Also following the example of a p = 2 defect in d > 3, we can use our result in eq. (4.30),
combined with a result of ref. [36], to show that dy contributes to the universal part of the
EE of a spherical region centered on the defect. Wick-rotating to Lorentzian signature and
fixing the time, we consider a compact, spherical entangling region A of radius L that is
co-original with X4, such that the intersection A N ¥4 is an equatorial $2. The general
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expression for the universal part of the defect EE for a p-dimensional conformal defect is [36]

2(d—p— I)W%H

Sax univ =—-Fy — (4.35)
s T osin(3m)T (511 (42)
where
Zs L
Fy, = —log ZEOP[[L]}’ (4.36)

is the defect free energy derived from the Euclidean partition function on an $¢ of radius
L in the presence of a defect, Zs [L], normalized by the partition function on the same
background without a defect, Zyp[L]. The second term in eq. (4.35) follows from the defect
Killing energy for the time translation Killing vector. Importantly, the pole for even p, due
to choosing a dimensional regularization scheme, maps to a logarithmic divergence in the
UV-cutoff € in a short distance expansion around the intersection A N Y. In particular,
for p = 4, the universal part of the defect EE is

_5)pd/2
Sax, = —4 [ag — (26;(35)_2) h] log (f) ) (4.37)

where we used that Fy, = 4ay log (%) Using our result in eq. (4.30), we thus find, for the
universal part of the EE,

Say, = —4 [az + iW d;“d)} log (f) : (4.38)

This result highlights the key fact that the universal part of the defect EE is not necessarily
monotonic under defect RG flows. That is, in spite of the c-theorem for ay, proven in ref. [39],
and since no c-theorems are known for B-type anomalies, the presence of dy means eq. (4.38)
is not necessarily monotonic under defect RG flows. Indeed, the p = 2 result for EE in
eq. (2.24) was explicitly shown in ref. [128] not to be monotonic for holographic examples of
certain defect RG flows. We conclude the discussion about the defect EE by mentioning the
possibility that additional central charges may appear in the coefficient of the logarithmic
divergence if one considers entangling regions with a generic shape intersecting the defect,
as discussed in refs. [129, 130] in the d = 4 case with a boundary. We leave the study of
this more general case to future work.

4.2.2 Boundary Weyl anomalies and (T"") with curved boundaries

In this subsection, we consider a d = 5 dimensional ambient CFT on a curved background
M3 with a boundary, OMs # (). Since we assume that My is not flat, the stress-tensor
picks up a non-trivial one-point function in the near-boundary expansion. We will thus find
a relation between some of the boundary central charges in eq. (3.10) and the coefficients
in the leading divergences of (7},,).
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Generically, when a CFT is defined on a background with a curved boundary, the
near-boundary expansion of (T),,) has divergences of the form [125, 126]

(d) (d-1) (d—2)
T, T T
(Tw) =" +—LE++E5+.., (4.39)
Ty ) Ty

where x| is the geodesic distance from the boundary located at x; = 0. The first three
divergences can be computed simply by requiring that 7},, is conserved and traceless [125].

The residual conformal symmetry at the boundary is enough to constrain the leading
1/ :ccj divergence to vanish identically, T,Ecyl) = 0. The subleading divergences, however, have

much richer structures determined by the Weyl and extrinsic curvatures:

(4m)’ T = Ap K, (4.40)
and!!
A h 2, A 24
27(d—2 T w ) T T
4Tt = (i, — 25 ) 0k = 2 A0 DK — 24 Ry

. o hw
B 2ATK(puKV)p + B1Wipvon'n? + B2 K Ky + B3 <(K2)MV - dﬁltrK2> ’
(4.41)

where parentheses indicate symmetrization over the enclosed indices. In ref. [126], the
authors related the coefficients Ar, 51, B2 and B3 to the boundary central charges for di-
mensions d = 3 and 4. Below, we will find such relations for the case d = 5.

To relate the near-boundary data (Ar, f1, B2, 83) to the coefficients in eq. (3.10), we
again employ eq. (4.20). We begin by evaluating the left-hand side of eq. (4.20), which
requires a first-order metric variation of the integrated Weyl anomaly. For ease of compu-
tation, and to facilitate matching with the right-hand side, we write the background metric
in Gaussian normal coordinates,

ds® = da? + gap(x1, y)dy dy’. (4.42)

We next write the near-boundary expansion of the components g.5(x,y) in eq. (4.42) up
to third order in the geodesic distance x from the boundary,

ds® =da? + |Gap — 2Kapr 1 + (K2 — Rappn) 2> +

1

3

On the right-hand side, the variations 6K, and dg,, around the background eq. (4.43)
would contribute to the logarithmic divergence also at the orders O (1/22) and O (1/z ),

respectively, corresponding to Tﬁ) and Tﬁ). However, since the form of the one-point

(4.43)
(8nR0mbn - Rancanb - chanCa) Hﬁi + O(le_)] dyadyb'

"Tn ref. [126] the authors allowed for a term of the form R, —1/4 R ..., which is argued to be inconsistent
with conformal symmetry in ref. [125]. In addition, in ref. [126], they found that this term is absent both
when d = 3 and d = 4. The presence or absence of this term does not affect the calculation here.
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function of the stress tensor is only known up to order O (1 /w?i), we need to restrict to
metric perturbations that obey 0K, = 0gq = 0, allowing only the variations 0 R,pp, and
00n Ranpn to be non-trivial. To simplify the computation further, we assume without loss
of generality that the boundary metric is flat, g, = 4. With these assumptions, the
left-hand side, i.e. the variation of the anomaly, gives

1

2 - 2
5 Th = / 4y 4 b 2 Ravso, : — b KK,
69 / d’x \/§< H> (47T)2 OMs d'y b1 3 d0n Ranpn + 3 (b6 + b7 1)

1 1
+5 (b6 + b7) K25% 4 5 (3b1 = 2b6 — 2br) KK®

1 4
— (b1 +bg + br) trK26% + 5 (2ba+ b5)W“"’m] 5Ranbn} .

(4.44)

On the right-hand side of eq. (4.20), we need the log-divergent part of the integral of
eq. (4.39) in the near-boundary expansion of the metric in eq. (4.43). A straightforward
computation as in the previous subsection yields the same structure as in eq. (4.44), with
the identifications

4
(2b1 + b + b7) .

AT = 4b1) /Bl - —g
(4.45)

8 2 13
—3(254-”35), ﬁ2=§(b6+b7)+§bl Bz =

Our results in eq. (4.45) will play a crucial role in the holographic computations
in sec. 6.2. One interesting point to note about the relations in eq. (4.45) is that they
are all invariant under the change of basis that replaces the intrinsic Euler density with Q-
curvature. That is, the relations in eq. (4.45) are invariant under the shifts in eq. (3.6), after
using the map from defect to boundary central charges in eq. (3.12). Specifically, under
these shifts b1 and bg are invariant, while all other boundary central charges are shifted non-
trivially by multiples of ay,. This raises the question of whether the invariance of eq. (4.45)
under this change of basis is universal to all orders, or if it is spoiled at fourth-order by
contributions due to d K, and dg,,. We leave this question for future research.

5 Defect central charges in d > 6

In this section we use the results of sec. 4 to compute some defect central charges in examples
of p = 4 conformal defects in d > 6 CFTs. In subsection 5.1, we consider monodromy defects
in d = 6 free field theories. Specifically, we consider free, massless complex scalars and free,
massless Dirac fermions, and compute the defect central charges ay, di and do. We further
consider the closely related n-fold cover and orbifold defects. In subsection 5.2, we consider
the bottom-up holographic example of an AdSs probe brane in AdS;4; with d > 6. In this
case we compute all defect central charges in terms of the brane tension.

5.1 Monodromy defects in d = 6 free field theories

In this subsection, we compute the defect central charges ax, di, and do for monodromy
defects in d = 6 free field CFTs. Generally, one can think of monodromy defects as surface
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(¢ = 2) defects on which a topological ¢ = 1 defect that implements a flavor symmetry
rotation can end. The authors of ref. [131] used holographic techniques for monodromy
defects in the large N limit of the interacting O(N) symmetric scalar theory, mapped to
$! times hyperbolic space, to compute correlation functions such as (T, |s). Separately,
in ref. [132] monodromy defects were analyzed using defect Operator Product Expansion
(OPE) and free field techniques in RY. In particular, in d = 4 ref. [132] related the one-
point function of the U(1) flavor current, (J,,), as well as (D'D?) and (T}, |5, ), to the defect
central charges agd), d(fd), and d(;d), respectively. In a similar fashion, we will use the form
of the defect Weyl anomaly in eq. (3.1) and the relations of its coefficients to correlation
functions in eqgs. (4.13) and (4.31), as well as (.J,,), to compute ay;, di, and dp for monodromy
defects in d = 6 theories of single free, massless complex scalars and Dirac fermions.

To begin, our ambient geometry is flat space in Euclidean signature, Mg = R, with
metric ds® = guvdxtdx”, which we write as

ds® = yapdy"dy’ + dp® + p*df® = dr® + dif? + dp® + p*df>. (5.1)

Here we have adopted polar coordinates in the {p, 6}-plane normal to the defect, which we
take to be embedded along y* = {7, ¥}, at p = 0. In the computation of (DD7) below, we
will find it more convenient to use the complex coordinate z = pe'? in the normal directions.

On this background we will place a free field CF'T and turn on a non-trivial monodromy
around the surface p = 0. That is, we will start with the Euclidean action for a free,
massless, conformally coupled complex scalar ¢,

. A 1
Iscalar = /d6'r\/§ <DHQ0(DM90)T + 5R’90|2) ) (52)

where, anticipating the introduction of a background gauge field for the U(1) flavor sym-
metry, Du denotes a gauge covariant derivative, i.e. Dugo = Oy — 1A, p, with ¢ having
unit flavor charge. We will also consider a free, massless Dirac fermion v, with action

Ttermion = _/d6x|€’&¢¢a (53)
where |e| is the determinant of the components of frame fields, e4,
0 _ 1_ 2 _ B — du®
e’ =dr, e =dp, e =pdf, e’ =dy”, (5.4)
and f = 3,...,d runs over the indices for the defect’s spatial directions. We also denote the
gauge covariant Dirac operator J) = I'*(d, + Q, — iA,), with Q, = 2w, AP[[4,T5], T, =

e xI'a denoting the d = 6 gamma matrices obeying the usual Clifford algebra {I',, I, } =
2916, and wAB being the spin connection.

We construct a monodromy defect by turning on a constant background gauge field
for the U(1) flavor symmetry, where for free Dirac fermions we explicitly choose the non-
anomalous vector U(1)y flavor symmetry,

A=adb, (5.5)
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and minimally coupling to ¢ or ¢ with unit charge. In what follows, we set a € [0,1)
for both free scalars and free Dirac fermions. Turning on A is equivalent to prescribing a
non-trivial monodromy, ¢ — e~* ¢ and similarly for v, if we gauge away the singular (at
p = 0) background gauge field. The conserved current .J,, sourced by A, has a non-trivial

one-point function, whose form is fixed up to a function of «,

Cy(a)
pt

(J (@) = (5.6)
If we consider a spherical monodromy defect, then ref. [132] showed that, for d even, C;(«)
is related to the defect A-type anomaly coefficient by

dA 5
=)

d 4
(%)

where A = [ Vg{T",) is the integrated Weyl anomaly. On the sphere the only part of A
that is non-vanishing is the integrated Euler density. In our case, eq. (5.7) implies

Cyla), (5.7)

3
ax(a) = 5 /da Cila). (5.8)

For a monodromy defect, eq. (5.8) thus gives us another observable, in addition to those in
sec. 4, to obtain a defect central charge, namely asx.

Ref. [132] provides the details for the solutions of the free fields’ equations of motion,
using a mode expansion that exploits the defect’s cylindrical symmetry, followed by the
computation of the propagators, and then the calculation of (J,), (D'D7), and (T, |s).

Importantly, however, the choice of o does not uniquely specify the monodromy defect.
There is a possibility of having two different defect operators with the same transverse spin
that both appear in the defect OPE of a free field. The free field equations of motion do put
strong constraints on the defect OPE [132, 133|. For co-dimension 2 defects, a free scalar
can only couple to defect scalars OF of dimension A (s) = % + |s|, while a free fermion
couples to defect fermions of dimension Ay (s) = % + |s|, where s is the transverse spin
of the defect operator. While the plus sign is possible for any s, defect unitarity restricts
the choice of the minus sign to cases where |s| < 1. The monodromy boundary condition
means further that s € Z — . Further information about spin s = —a and s = 1 — «
defect operators must be specified to define the monodromy defect. In the case of the
scalar, we use the two free constants &, £ € [0, 1] to parametrize the admixture of the O:a
and Of_a operators in the defect OPE of the bulk scalar. We also note that these two
primary operators correspond to the defect limit of singular modes with a mild divergence,
Las p—0.

The analysis of the Dirac fermions has an additional wrinkle. In this case, consistent

i.e. modes with divergences softer than p~

solutions to the equations of motion in the presence of a monodromy defect required at
least one of two singular modes, which in the conventions of ref. [132] are contained in some
components of the defect spinors 12104 and 1[1_04. It is enough then to introduce only one
constant £ € [0, 1] to fix the defect OPE of the bulk fermion.
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5.1.1 (T},,) for monodromy defects in d =6

Using the relations in egs. (2.22) and (4.31), we can use free field methods to derive dy from
the one-point function of the stress tensor for both free scalars and free Dirac fermions.
Starting with the theory of free scalars in eq. (5.2) and the definition of the stress-tensor,

2 5Iscalar

T, = —
pv \/g 59“” )

(5.9)
we find
T 1 ,
Ty = Dyo(Dye)' + (Dpe)' Dy — R D,D, + ZQWD — R | || (5.10)

To fix the coefficient of the one-point function of the stress tensor we can analyze the
pp-component, which takes the form [132]

a(l —a?)(2 - a) 6026 6(1—a)2€\ 1
T,) =— 1— —
(Top) 36073 a( a)+2—a+ 1+« P8’
) ) - (5.11)
a(l —a®)(2 — ) 6a°¢  6(1 — )¢
h= 1- .
- 36073 ol =a) ot " 1ra
Using eq. (4.31), we can then easily read off the value of the defect central charge,
& — Ca(l- a?)(2 - ) a(l—a) + 6a2¢ N 6(1 — )% (5.12)
2T 72 2 -« 1+« ’ '

For free Dirac fermions, we start from eq. (5.3) and vary with respect to the frame
fields to find,

1/- _ _
T;w = 9 (d}r(;ﬁuﬂ/} - 3(u1/1Fu)1/1 - w(Q(,uFV) - ZA(yFV))w> ) (5'13)

where parenthesis denotes symmetrization across indices. In this case, the pp-component
of the one-point function of the stress tensor takes the form [132]

— o2 —
(T =~ 202 (00 1 9) 4301 20)8)
1 307; p (5.14)
I goig ) (a(ar+2) + 3(1 — 20)¢).
Using eq. (4.31), we read off the value of the defect central charge,
— o2 —
gy = A1 =a)2 =) (a(a +2) + 3(1 — 20)¢) . (5.15)

18

Note that ds for monodromy defects in theories of both free scalars and free Dirac
fermions in egs. (5.12) and (5.15), respectively, are negative semi-definite. That is, for any
value of &, £ € [0,1], or € € [0,1] and « € [0,1), do < 0, in accord with the defect ANEC

argument in subsection 4.2.1.
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Figure 2: Behavior of d; as a function of « for a monodromy defect in a theory of a single
conformally coupled complex scalar in d = 6, from eq. (5.19). The solid lines have fixed

& = 0 and varying &, while the dashed lines have fixed £ = 0 and varying &.

5.1.2 (DD) for monodromy defects in d =6

By virtue of the simple nature of the construction of the monodromy defect, the stress-
tensor of a field coupled to the A in eq. (5.5) obeys

DFT,, = JHE,, (5.16)

where F),,, is the curvature of A, which has non-vanishing 6p-components proportional
to d(p). Comparing to eq. (2.17), we can see that the current J is proportional to the

displacement operator D. Explicitly, adopting complex coordinates z = pe'® and z = pe~,
the relation between the D and J, when £ =€ =0, is
Dz = —27T7;CKJZ’Z75:0 s Dg = 27Tiajg|z’5:0 . (517)

For generic values of £, & # 0 we need the defect OPE, which was computed in ref. [132].

For the theory of free scalars in eq. (5.2), a computation of the defect OPE coefficients
that determine cpp appears in sec. 3.2.4 of ref. [132]. Sparing the details, the displacement
operator two-point function for a single free complex scalar in the presence of a monodromy
defect in d = 6 takes the form

(0] —a2 — X
(D.(5)Ds(0)) = 2201 = )2 a) <a<1—a>+

7T 2 -« 1+« |y |10

2 1— 24 1
6o | 61— a)% (5.18)
Using the relation between cpp and dj in eq. (4.13), we find that a generic monodromy
defect in a theory of free scalars in d = 6 is given by
a(l —a?)(2 -

d1 = — 36 Oé) (a(l - oz) +

6a2¢ N 6(1— a)2£> '

1
2 —« 14+« (5.19)
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Figure 3: Behavior of d; as a function of « for a monodromy defect in a theory of a single
free Dirac fermion in d = 6 for various values of &, from eq. (5.21). Note that when oo = 1/2,
dy is independent of €.

In fig. 2 we plot d; as a function of « for the monodromy defect in the theory of free complex
scalars, for various values of &, f .

For the theory of free Dirac fermions in d = 6 in eq. (5.3), a similar analysis using
the defect OPE for D was carried out in Sec. 4.2.3 of ref. [132]. Again sparing the details,
the displacement operator two-point function for free Dirac fermions in the presence of a
monodromy defect with singular modes turned on, with generic 0 < £ < 1, takes the form

_ 8a(l — a?)(2 — a)

((2+ ) + 3(1 — 20)€) (5.20)

T4 |ya|10 :
Using the same relation between e¢pp and d; in eq. (4.13), we find
1—a?)(2-
dy = _a(l—a’)2—a) ((2+ ) +3(1 — 20)€) . (5.21)

9

We plot this d; in fig. 3.
Monodromy defects in free field theories obey the following relation between h and
¢pp, originally conjectured for superconformal defects in ref. [102]

2¢d _sd+1
cpp — T3r<7)h = dy=2d,. (5.22)

m 2

Comparing egs. (5.12) and (5.19) for free scalars, and egs. (5.15) and (5.21) for free Dirac
fermions, we find precisely di = 2ds in both cases. Note also that in both cases, d; < 0 for
all a € [0,1) and &,& € [0, 1], as expected from reflection positivity for (DD).

5.1.3 (J) for monodromy defects in d = 6
Starting with the theory of free scalars in eq. (5.2), the conserved U(1) current is given by

L 6lscalar

TG sAR —ipDup" + Dt + 24,07 . (5.23)
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Figure 4: Behavior of ay, as a function of « for a monodromy defect in a theory of a single
conformally coupled complex scalar in d = 6. The solid lines have fixed £ = 0 with varying
¢, and the dashed lines have fixed £ = 0 with varying €.

A brief computation of the non-vanishing components of .J,, using the mode expansion for
@ with arbitrary ¢, € yields [132]

a(l —a?)(2 - a)
12073

100 10(1 — a)é) 1

—. .24
2 —« l+a (5 )

1—2a+
( =

(Jo) =

From eq. (5.24) we can compute ay, using eq. (5.8). The integral generates an undetermined,

a-independent constant, ¢, that can be fixed by imposing the boundary conditions that

ax, = 0 for &« = 0 with £ = 0, and for a = 1 with £ = 0. Computing the integral with the
appropriate boundary conditions, ¢(&,£) = £/15, then gives

> a? o? (1-a)?

ag(0,&,8) = ——(1-a)’B+a—a®) + - —(5— 3a*)¢ —

, i
_ — 6a— 2)E.
720 360 360 (5" —6a—2)¢

(5.25)

We plot this ay in fig. 4.

With an explicit expression for ay, we can test the p = 4 defect c-theorem of ref. [39]
by studying a simple defect RG flow. Suppose only the A = 2 — || mode, O:a, is present
in the defect OPE, i.e. £ = 0. We can then build a defect-relevant quadratic deformation

A / diy O~ ()0 o (v), (5.26)

with relevant defect coupling constant A\. As shown in ref. [132] for general d, starting
from any value of £ in the UV and deforming the monodromy defect by the defect relevant
operator in eq. (5.26), the defect theory flows at fixed « to an IR fixed point with £ = 0.
Looking at the behavior of ax in eq. (5.25) under this flow, we see that ax vv(o, &,0) >
ax 1r(a, 0,0) for all values of § € [0, 1], consistent with the c-theorem of ref. [39].
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Figure 5: Behavior of axy as a function of a for a monodromy defect in a theory of a
single free Dirac fermion in d = 6 for various values of £&. Note that when o = 1/2, ay is
independent of &.

Repeating the same analysis for the theory of free Dirac fermions in d = 6 in eq. (5.3),
the conserved vector U(1) current is

Jy =il (5.27)

Using the mode expansion of ¢ with arbitrary £, the non-vanishing components of .J,, are
found to be of the form [132]

a(l—a?)(2—a)2+a =50 1
-y

(Jo) = 153 p

(5.28)
In order to fix the undetermined constant in eq. (5.8), we fix the boundary conditions such
that ay = 0 when o = 0 and ¢ = 0, and when @ = 1 and £ = 1. Computing the integral
with Cy(a) in eq. (5.28), we set ¢(£) = —11£/360, which gives

_ o

360

We plot this ay in fig. 5.
The defect RG flows for monodromy defects in a theory of free Dirac fermions are

1-2
(204 — 1502 + 24) 4 L= 32

W(60/1 —12a% — 1602 +22a + 11)¢.  (5.29)

az(Oé, 5)

similar to the scalar case. We again try to construct relevant boundary deformations from
the extra operators, either (¢_o)2 or (¥1_o)%. These composite operators have scaling
dimension A = 5 — 2a and A = 3 + 2« respectively. Thus the first is relevant in the
range o > % and the second in the range a < % If a > %, then (@_a)2 triggers a flow
from a UV fixed point with arbitrary £ to an IR fixed point with & = 1, while if a < %,
then (1&1—05)2 triggers an RG flow from a UV fixed point with arbitrary ¢ to an IR fixed
point with £ = 0. Looking at the behavior of ax(a,§) in eq. (5.29), we again find that
1

ax uv(e,§) > axr(a, 1) for o > 5, and ax uv(o,§) > axr(a,0) for o < % In the
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limiting case @ = %, both (1& + )? and (1&_ 1 )? are exactly marginal deformations, and do
not trigger an RG flow. Because A-type defect central charges are independent of defect
marginal couplings [16], we expect ax(3, €) to be independent of ¢. Indeed, ax(3,¢) = %
for all £ € [0, 1], as seen in fig. 5.

As a final note regarding monodromy defects, we can use the computation of ay and ds
to make a prediction for the defect contribution to the universal part of EE of a spherical

region centered on the defect. From eq. (4.38), we find that for monodromy defects in free

scalar field theories in d = 6,12:13
o? o3¢ € L
=—|—-a)l+—=+>2(1-0a)?|l — .
Sazs AR TP TSN B <e> ’ (5.30)

while for a monodromy defect in a theory of free Dirac fermions in d = 6,

2 L
Sax, =— % (16 — 50%) + % (20a” — 300 — 12a + 11)] log <6> : (5.31)

For the defect RG flows described above, this contribution to EE is monotonic, that is,
the UV values, with 0 < &, € for scalars and 0 < € < 1 for fermions, are greater than the
IR values. However, whether the same is true for more general defects, and in particular
whether this is required by some physical principle, remain open questions.

5.1.4 n-fold covers and orbifolds

The monodromy defects of the previous subsection are convenient building blocks for con-
structing other p = 4 defects in free-field CFTs, namely n-fold covers and orbifolds. In
this subsection we will use the results of the previous subsection to compute ax, di, and
dy for n-fold covers and orbifolds in d = 6 free CFTs. We will start with the scalar field
because the boundary conditions are easier to implement. Once we have those results, we
will consider the free fermion.

For the scalar field, we can construct an n-fold cover of the plane (z1, z2) using a vector
of scalar fields gz; = (¢1,*+ , ¢p) with funny boundary conditions along the cut zo = 0 and

12YWe are grateful to J. S. Dowker for alerting us to a typo in an earlier version of the manuscript.

13Ref. [134] computes the universal contribution of a monodromy defect to EE, and suggests that their
result is in conflict with our eq. (5.30). However, we do not find any discrepancy between our results. Indeed,
we find perfect agreement. The defect EE crucially depends on the relative position of the entangling
surface and the defect. Ref. [134] considers a spherical monodromy defect on 8¢, and computes the defect
contribution to the universal part of the EE of a region coincident with the defect. This set-up differs
from the one in the present paper where the entangling surface intersects the defect in an equatorial $¢74,
as explained above eq. (4.35). The results of these two computations do not agree in general. Rather,
in changing the orientation of the defect relative to the entangling surface from the intersecting case to
the coincident one, the contribution from the stress tensor one-point function acquires an overall factor of
(d+1-¢)/(1—¢q) =—(d—1) for co-dimension ¢ = 2. Accounting for this additional factor, one recovers
the result of ref. [134] from the one presented here.
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21 > 0. The boundary conditions are implemented using the following n x n shift matrix:

010--- 0
0 - 01
10 0

We impose continuity and smoothness of the normal derivative along the cut x9 = 0 and
1 > 0: ¢ = Tsp and o = TSBQQZ_;. Since the original Lagrangian is quadratic, it is
convenient to switch to a basis where Tg is diagonal. In that new basis, we instead have
n scalar fields, each of which experiences a monodromy upon going around the branch
27ij 2mij
n n
the eigenvalues of Ts. We have chosen the range of j so that the monodromy parameter

)g?)j for j = 0,...,n — 1. The n phases exp(

point, 1 = xo = 0: qZ;j — exp( ) are
a €[0,1). We also fix & = §~ = 0, the physical intuition being that these values correspond
to IR fixed points and should be “more stable”. While our results will be sensitive to this
selection of «, our choice is consistent with some cross checks we perform below.

As a result of this map from the monodromy defects to the n-fold cover, we can express
each defect central charge for the n-fold cover as a sum over the central charge of the
monodromy defects. We immediately have d; = 2ds from eq. (5.22), because this is obeyed
by the monodromy defects themselves. For ay, and d; we perform the requisite sums over
j to find

(n? —1)(9n* + 9n? + 2)
60480n° ’

ay, = (5.33a)

_ (n* = 1)(31n* 4 31n? + 10)
dy = 0 . (5.33b)

Note that d; is negative for integer n > 1, as expected for a reflection-positive theory. The
final bit of magic is to recognize that the Z,, orbifold, i.e. R* x (R%/Z,,), can be obtained
upon the identification n = 1/m. As the orbifold theories have m > 1, and thus n < 1,
remarkably do > 0, in seeming violation of the ANEC. Furthermore, d; > 0, in violation of
reflection positivity for the displacement operator.

As a cross check, we can compare our result for m = 2 with an equivalent calculation
in ref. [135] for the orbifold RP x (R?/Z5), using the method of images. In that case, the
one-point function for the stress tensor had'*

1
"= @ DvelsT ) (5:34)

which for p = 4 and ¢ = 2 agrees with eq. (5.33b), and was also noted in ref. [135] to
violate the ANEC. While conical spaces with negative deficit angle appear to be consistent

4We are setting the parameter A’ = 1 in ref. [135] because we have a complex scalar, but we also need
to divide by two to normalize the charge strength using the method of images. We have also included a
standard factor of (d — 2)vol($?~!) in the normalization of the scalar two-point function.
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with the ANEC, these orbifold examples with positive deficit angle violate the ANEC, and
exhibit a curious violation of reflection positivity for the displacement operator.

Next we consider the fermions, which are more involved because fermions pick up a
minus sign under 27 rotation. The same strategy that worked for the scalars will work here,
but we need a more general matrix to impose the boundary conditions (see e.g. ref. [136])

OwO-- 0
0w - 0

Tp=| : SO (5.35)
0 e 0w
w 0 00

We choose w = exp(w) so that (Tp)" = (=1)""1. One can think of (TF)" as trans-
porting the fermions around the branch point n times, giving rise to a factor of (—1)".
However, mapping the n-fold cover back to the plane introduces an extra factor of —1. In

3 3):

n—1 n-3 n—1
a6<— 5 o T o > ) (5.36)

this case, we choose a branch cut for the eigenvalues of Tr such that o € (—

We also set € = 0, again because for a < %, & = 0 corresponds to the IR fixed point theory.
Summing the monodromy results, we find for the n-fold cover that

(n? — 1)(1221n* + 27612 + 31)
2419205 ’

ay =

(5.37)

~ (n? = 1)(367n* + 178n? + 31)
= 1209615 (5.38)

A Z,, orbifold can again be obtained under the replacement n — 1/m. Note dy again has
the wrong sign to obey the ANEC for the orbifolded cases, n < 1, and d; will again violate
reflection positivity for the displacement operator.

For the orbifold, the value of dy, or equivalently h, is straightforward to check using
the method of images, at least for odd m. The two point function for the fermion in this
case can be written as [137]

1 1 p (—1)ke "%
W' () =~ TSy O ZO = ezmk/mZ,P TR
(5.39)
Note we have divided the two-point function by a factor of m to normalize the strength of

the inserted charges to one. Inserting this expression into a point-split version of the stress
tensor, regulating by subtracting the stress tensor for the unorbifolded case, and carefully
taking the limit 2’ — z yields h, and hence via eqs. (4.31) and (5.22) also d in eq. (5.38).

The coefficients ay, d1, and do for the n-fold covers compute universal contributions to
the Rényi entropies associated with a spatial region bounded by a curved surface, ¥4. In
the n — 1 limit, via the replica trick, they also compute universal contributions to the EE.
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Furthermore, in the n — 1 limit [64], these coefficients are related to the central charges of
the ambient d = 6 CFT, which were computed for free fields in ref. [91]: in terms of the
d = 6 CFT Weyl anomaly in eq. (2.14), for a free real scalar in d = 6,

1 /5 285
(a(Gd)’0(16d)’c(26d)’cé6d)) = (97_3, 372> , (5.40)

while for a free Dirac fermion in d = 6,

1
6d) (6d) _(6d) (6d)y _
(a( >701 yCy 5 C3 ) ==

191 896
“7n\ o9 ‘

 — . 32,40
9

; (5.41)

The Euler density is normalized such that on a unit sphere, Eg = 720. From ref. [64], we

learn that for the n-fold cover in the n — 1 limit, ax, di, dig, dog, d21, and doo can be

expressed as combinations of a®¥, cﬁﬁd), c(zﬁd), and cgﬁd). Since we have not independently
computed dqg, dog, do1, and doy, we focus on the first two, ay, and dy, for which we have

the predicted relations

%)

%az‘nzl = 3a°Y | (5.42a)
%)

E;{dluﬁzlzz —12¢5Y . (5.42b)

These agree with the Fg and I3 coefficients in egs. (5.40) and (5.41), remembering to double
eq. (5.40) because the monodromy defects involve complex scalars.

5.2  Weyl anomalies for probe AdS; branes in AdS;>7

In this subsection, we will compute the defect central charges for a p = 4 defect described
holographically by a probe brane wrapping an AdSs; submanifold in an ambient AdSg41
background with d > 6. In particular, using the results obtained by Graham and Reichert
in ref. [83],'> we will be able to map a higher-dimensional generalization of the Willmore
energy [139], computed for co-dimension ¢ = d — 4 branes, to the integrated Weyl anomaly
of the holographically dual defect at the boundary of the AdS5 submanifold. We will briefly
review the construction in ref. [83], and draw on the analogous computation of holographic
central charges in p = 2 DCFTs following from the Graham-Witten anomaly [24], to read
off the defect central charges from eq. (3.1).

Following ref. [83], let (Xg4+1,9+) be a (d 4+ 1)-dimensional Poincaré-Einstein space
with metric g4, and with conformal boundary (0X411,9+|s) = (Mg, g), where My is a
Riemannian manifold with metric g. In an asymptotic region near 0X;,1, we can express
g+ in normal form as

1
g+ = ﬁ(dr2 +9). (5.43)

Of course, (My,g) exists as an element of the equivalence class of boundary conformal
geometries. In particular, using the defining function 72, and denoting § = r2g, = dr? + g,
the boundary metric at » = 0 is precisely g.

15 A similar analysis, extending ref. [24] to a co-dimension ¢ = d — 4 submanifold, was done in ref. [138].
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Let (Vp+1,0+) be a (p+1)-dimensional embedded submanifold of (X441, g+ ), transverse
to Mg, with induced metric g4 obtained from the pullback of g4 to V,4+1. The boundary
submanifold is (0Yp+1,9+|a) = (Ep,g) where V11 N Mg = X, . The boundary metric g
is induced by the pullback of § (or equivalently the pullback of g = 727, ), and the local
coordinates on ¥, are denoted y“, as in sec. 2.

Assuming that ¥, is a compact submanifold embedded in Mg, in ref. [83] Graham
and Reichert show that the renormalized area of X, denoted Ay, computed in the collar
neighborhood of 0,11 with cutoff parameter e, is

21
2
Ay = Z agn € PP — & loge + ... (5.44)

n=0

as € = 0. The coefficient of the log divergent term, &,, is the Graham-Reichert (or general-
ized Willmore) energy. &, encodes the conformally invariant part of the anomaly for even
dimensional conformal defects 3, embedded in M.

Broadly, &, is computed by first writing the area density, dSy, on YV,41 in the collar
neighborhood of the boundary as dSy = r?~1¢(y,r)drdSs, where dSs is the area density
on ¥, induced by the pullback of the metric g on My. The invariant function ¢(y,r) is
determined by the extension of the induced metric g on 3, into the neighborhood ¥, x [0, €),
where ¢ has an expansion in even powers of r. Computing the expansion of ¢ and extracting
the r7¢(®) part, the Graham-Reichert energy is

& = / dSs 6P (y).

P

By choosing a convenient coordinate system at a point ' € X, namely geodesic normal
coordinates at ¢/, and making the assumption that the normal bundle frame is covariantly
constant along the y®-directions at y’, the authors of ref. [83] were able to compute #W in
the case p = 4. Ultimately, their result for the Graham-Reichert energy is, for compact >4,

1 S . 7 . .
— — [ a4ss (Da]PDa]L- —ILGIFTE, T 4+ - (ILI)2 — IV W%,
128 Jy, 716

— 8P D, I — 80, 11" — 8PII ,, 1I; + 5P, (TI°TL;) (5.45)

&y
ab ai a \2 16 a
—16P® Py, + 16PY Py + 16(P%,)? — —— B )

d—4 ¢

We can rewrite &4 using the basis in eq. (3.1). After a bit of algebra and replacing
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ay, | di | do ds dy ds dg d7 | dg | dg d1o di1
11 1 1 1 2 Be+1d) [ 0o | -2 @+2) | _(Bq+2)
4 q 4 4 3q 9q 3q 6q 3q
dig | diz | dia | dis die dy7 dig dig | doo | do1 doo -
_2 | 1| 2=¢q | 2(g+4) | 2(2¢+1) | (7q+6) (g+6) 1| -1 1 1 —
q 2 3q 3q 3q 3q 3q 2 4 2

Table 1: Defect central charges of a p = 4 defect holographically dual to an AdSs probe
brane in AdSgy1 (i.e. co-dimension ¢ = d — 4), in units of 72L3 T, .

d — q + 4 for convenience, we find that the Graham-Reichert energy takes the form

f1= o [ aty(2Bi 487+ zjz AW W (W )2 ;)Swaibjwai”j
- Wwbmbwcmc + ;)(q;WabjkWabj P MWiachiabc
+ chacbwdadb + ;)Swamjwbibj - AW, I T
N 8(q3; 2) Wabijﬁicﬁjbc B 16(%: 4) Waibjf[iacﬁjbc (5.46)
_ 16(25;' 1) Wabcdﬁicﬂibd _ 8(74:1))+ 6) Wabacﬁzdﬂicd
+“§f&mwmﬁm+gnﬁmfm+4nﬁﬁmm

~9(Tr IT'TL)2 — 4Ty TV Ty ﬁiﬁj).

We want to use this expression to read off the defect Weyl anomaly arising from an
AdSs probe brane in AdSg11, with d > 6. We define a holographically dual action with an
Einstein-Hilbert term, with negative cosmological constant, and a probe brane term,

1 d(d—1) _
I=— drd?® R+ 2 T.. | drd’y/3.
167rGN/ re g*( T, >+ / reYVet,

where L,q45 is the curvature scale of the bulk AdS;41 geometry, R is the scalar curvature
of the holographic space Xg11, T}, is the brane tension, and g4 and g; denote the de-
terminants of the bulk AdS;y; metric and induced probe brane metric, respectively. The
holographically renormalized on-shell action of the probe brane takes the asymptotic form
in eq. (5.44), with the identification of the log divergent piece as

(5.47)

fi= - [ VAT, (5.48)
Thus, comparing eq. (5.46) to eq. (3.1), we find 20 non-vanishing defect central charges,
listed in tab. 1, in units of (72L3 Th,).

We can check our results for ay and ds in tab. 1 by considering the defect contribution
to the EE. When the entangling region is a sphere of radius L centered on the defect, the
defect contribution to EE has been obtained for generic p and ¢ in ref. [36], using the method
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described in ref. [140], valid for probe branes dual to conformal defects. The same result can
be obtained using the method of ref. [141], based on adapting the generalized gravitational
entropy of Lewkowycz and Maldacena [142] to the case when probe branes are embedded in
the bulk spacetime (see ref. [143] for a generalization to the case of non-conformal branes).
When p = 4, the result is

472 L
SA,E4 = _mLidSTbT lOg (6) . (549)

By plugging the values of ay, and ds listed in tab. 1 into the general expression eq. (4.38)
we find perfect agreement. In addition, when ¢ = 1, or equivalently d = 5, the universal
part of EE reduces to —4ay, as expected since h = 0 in that case.

When d = 6 we can interpret our probe brane as the minimal-area surface used in Ryu
and Takayanagi’s holographic prescription for computing EE [144, 145]. From that point of
view, to obtain the universal part of the EE from eq. (5.46), we must set T}, = 1 and divide
by 4G . With those changes, our results in tab. 1 can be interpreted as holographic results
for the twist defect in a d = 6 CFT holographically dual to Einstein-Hilbert gravity in
AdS7, in the limit where the replica index n — 1. Our result of course agrees with those in
refs. [144, 145], for example for the EE of a spherical region. More generally, as mentioned
in secs. 1, 2, and 5.1.4, the defect central charges appearing in the universal part of EE
should be linear combinations of the d = 6 CFT central charges, computed holographically
from the Einstein-Hilbert action in refs. [89, 90]. Our result eq. (5.46) by itself is insufficient
to determine those linear combinations, but should provide useful data point for doing so.

6 Boundary central charges in d =5

In this section, we restrict our attention to examples where the p = 4 defect has co-
dimension ¢ = 1, including cases with a d = 5 ambient manifold with boundary. The Weyl
anomaly for p = 4 and co-dimension ¢ = 1 in eq. (3.10) is clearly much simpler than that
of a p = 4 defect of general co-dimension in eq. (3.1), and in particular we will only need
to compute, at most, 9 independent boundary central charges. To do so, we will consider
two separate examples, each requiring different modes of analysis. First, in subsection 6.1,
we will study a defect holographically dual to an AdSs probe brane in AdSg. Second, in
subsection 6.2, we will study Takayanagi’s AdS/BCFT [84, 85| with d = 5 where, by solving
for the back-reaction, we will be able to compute several of the boundary central charges.
Being bottom-up holographic models, both examples describe a p = 4 defect or boundary
in a strongly-coupled, large-N CFT in d = 5, respectively.

6.1 Weyl anomalies for AdS; branes in AdSg

In this subsection, we reconsider the computation of the Graham-Reichert energy for AdSs
probe branes in sec. 5.2 in the limiting case where ¢ = 1. Compared to the ¢ > 1 case, for
AdSs probe branes in AdSg, the number of structures that can appear is greatly reduced.
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Table 2: Defect central charges for the AdSs probe brane in AdSg in units of WQLidsTbr-

For an AdSs probe brane embedded in AdSg,

£ = ((EaK)2 + (5P% — K?)Trk?

7 —
55 + —(TrK?)? + 8P, D K + 8C%, K

16

(6.1)
L 8PUYK WK + 16(PY P,y + (P%)% — P®Py, — Baa)) .

By using the Gauss-Codazzi-Ricci equations in app. C, and after partial integration on the
defect, we can expand eq. (6.1) in the same basis as eq. (3.10), which gives

1 _ . . .
&= <2E4 +8T) — 6(TrK?2)? + 12Te K% — 2Wapa W4 — 16K KW 40
OMs

+ 8Wanbnwanbn + Sf{(w}%chanbn + 4Wnabcwnabc> .
(6.2)

From this expression for &4, the relation to the Weyl anomaly eq. (5.48), and the conventions
in eq. (5.47), we can extract the ¢ = 1 defect central charges for the AdSs probe brane,
which are listed in tab. 2 in units of 72L3 . T;,. Note that using the relations in eq. (3.12),
taking the ¢ — 1 limit of the central charges in tab. 1 agree with those found in tab. 2.

6.2 Weyl Anomalies in AdS/BCFT

In this subsection we study the boundary central charges in the AdS/BCFT setup proposed
by Takayanagi [84, 85]. This is a bottom-up model where, in the Euclidean-signature
formulation, the holographic space is determined by the action

Sgravz—mlGN/N\fR 2A—/f/c T—/ Vak. (6.3)

In the above equation A/ denotes the holographic space equipped with the metric g. Its
boundary is ON = QU My, with induced metric denoted by g. My coincides with asymp-
totic boundary where the BCFT is defined, while Q is an end-of-the-world brane. By
construction we require QN My = Xy_1 # (0, which is the boundary of the BCFT. R is the
curvature on N, and A = —d(d — 1)/(2L2 ;) is the cosmological constant. The extrinsic
curvature of N is denoted by K, and T', which we assume to be a constant, arises from
matter fields on Q. In this framework, T is related to the boundary condition of the BCFT.
In the action principle we impose Dirichlet and Neumann boundary conditions on Mg
and @, respectively. Requiring a stationary action yields the bulk equations of motion

1
Run = 5Rgun + Agun =0, (6.4)
and the boundary condition

’CMN = (’C - T) ﬁMN Only on Q, (65)
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Ty P

Figure 6: The holographic space dual to the BCFT. The BCFT is defined on the manifold
My, depicted in blue, and its boundary is represented by the red curve. The green surfaces
correspond to the end-of-the-world brane Q. Left: BCFT on half space in the vacuum
state, with BCFT boundary at x; = 0 and angle 8 between Q and M. Right: BCFT on
a ball in the vacuum state, with BCFT radial coordinate p.

where M, N =1,...d + 1 are indices on N. The simplest solution to these equations is

L2
N : ds? = % (d22 + dy® + d:zi) , (6.6)
Q: x) = (cot )z, 0e(0,m), (6.7)
where z is the holographic coordinate, and we set T = —(d — 1)/Lqgscosf. The angle

6 describes how the end-of-the-world brane extends into N, see the left side of fig. 6.
This solution has an SO(d, 1) isometry, and corresponds to a BCFT in the vacuum state
when the boundary is the (d — 1)-dimensional hyperplane at z; = 0, with coordinates
Y= (y1,---,Yd—1)- We use this solution to compute the A-type boundary central charge in
subsection 6.2.1, and some B-type boundary central charges in subsection 6.2.2.

6.2.1 Boundary A-type Weyl anomaly from AdS/BCFT

The A-type boundary central charge, ays, can easily be determined by computing the parti-
tion function of the theory on the 5-ball, B, and singling out the logarithmically divergent
contribution. According to the usual AdS/CFT dictionary, this corresponds to the value
of the on-shell action of the holographic space. As discussed in refs. [84, 85], the relevant
metric and embedding of @ can be found by applying a coordinate transformation. This
results in the same background metric, but with a new embedding for Q, given by the
BCFT radial coordinate p as a function of z as (see the right side of fig. 6),

72
Q: po(z) = \/sm29 — (2 + Lcot §)?, 0 € (0,m). (6.8)

Note that we re-expressed the metric on My in spherical coordinates, such that its boundary
is mapped from 2| = 0 to p = L, and ¥4 = 0B®, which we take to be an $* with round
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metric. Using eq. (6.8) and introducing a UV cutoff hypersurface at z = ¢, the on-shell
action eq. (6.3) can be expressed as

{72 A Rtan ¢ po(z) 4 4
Seray = T AdS / ’ dz 10/ dp p—6 + 2 cos HPQEZ) 1+ pg(z)
€ 0 < < (6 9)

3 167Gy
mLlis [ 1+2sin?6 L
=Gy | 520 cot A log " +...,

where in the last step we isolated the logarithmic contribution. It is the only important
term for our analysis, as it encodes the boundary Weyl anomaly. From eq. (6.9) we find

nL% 1+ 2sin?6
™)V = AdS t 0. 6.10
/M5< “> 6GN  sinZ6 <0 ( )

For 4 =84, [ v (T'i) = —4as, which implies

L1+ 2sin6
:_245;15 J;inzlg cot 0. (6.11)

ax

This result is consistent with the one found in ref. [36] using dimensional regularization.
Furthermore, as a function of 6, as, is monotonically increasing with increasing 6. Ref. [85]
found that there are boundary RG flows between different values of # which must have
Ouv > Oir, assuming that the matter fields localized on Q obey the null energy condition.
Thus, the holographic central charge ax, in eq. (6.11) decreases under a boundary RG flow,
which is consistent with the boundary a-theorem [39]. Finally, we observe that ay is not
positive definite, and vanishes at § = 7 /2, similarly to the AdS4/BCFTj case [85].

6.2.2 Boundary B-type Weyl anomalies from AdS/BCFT

We next study the B-type Weyl anomalies in AdS/BCFT. To do so, we need to find the
solution to the Einstein equation when the BCFT has a non-trivial background metric. As
in sec. 4.2.2, we need the expansion of the metric of the BCFT found in eq. (4.43), and
we will again assume a flat boundary metric g, on ¥4. In addition, in order to obtain
tractable equations of motion, we assume that Kp, Ranpn, and Op Renpn are constant.

Our strategy is to solve the equations of motion perturbatively in the dimensionless
quantity = Kgp, (and xiRanbn, $i’_8nR,mbn, etc.), following refs. [126, 146, 147]. We use the
following ansatz for the bulk metric [126]

2

L
ds* :% [d22 + (1 + 1222 G (u) + P23 g®) (u)) dx3 +

(6.12)
+ (s +maL P () + 07 22 FG) () + 0 7 () dydy?| + O,

a

where u = z/x, n is a dimensionless parameter to keep track of the perturbative order,
and the functions G (u) and F®(u) are to be determined. Furthermore, we take the

embedding function for Q to be of the form

ug(z) = tan® + nBWx, + 2Bz +3B®23 o, (6.13)
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where the B® are constants to be determined. The first order result was found in refs. [126,
146] for any dimension d, while the following orders are novel. Since the solution at higher
order is quite cumbersome, we report only the calculation at first order to illustrate the
method, while the higher orders appear in the supplementary Mathematica file.

Requiring that at z = 0 the boundary metric reduces to eq. (4.43) for u > 0 at first
order in 7, one finds the following solution to the Einstein equations

o 1
-7'—(52)(“) =2 <Kabf(u) + 4K5ab> o f(u) = 1+7 (1—?112 + 2y —3arctanu |, u >0,
(6.14)

with free coefficient C1. This solution, however, does not give a bulk metric that is smooth
across ¥; = 0. This is problematic when 6 > 7. By solving the Einstein equations again
in the region v < 0, and asking for continuity of the metric and its first derivative with
respect to x|, we find a unique solution, which can be recast as

= B U — T arctan L/u
R Y e s e

For u > 0, the two functions in egs. (6.14) and (6.15) are identical. The smooth solution

was found first in ref. [146] in any d, by employing a different coordinate system. However,
even though the method of ref. [146] is more convenient when studying the first order, for
the discussion to higher orders we find it easier to work in Poincaré coordinates.

The last step is to employ the boundary condition in eq. (6.5) to fix the remaining free
coefficients, ¢} and B, Plugging the embedding in eq. (6.13) into eq. (6.5), we find at

first ord
rst order 5 0 X
3(0 —sinfcosh)’ 8 cos? 6

As anticipated above, the explicit results for the functions in eq. (6.12) are quite cumbersome

C) = tan 6. (6.16)

already at first order. For the higher-order expressions we refer to our supplementary
Mathematica notebook.

We will now show how to extract the boundary central charges in this setup. Our
strategy will be to obtain the one-point function of the stress-tensor holographically, from
which we can extract the boundary central charges using the method of sec. 4.2.2. To this
end, we employ the standard AdS/CFT dictionary, i.e. if we have the metric expressed in
Fefferman-Graham coordinates,

L2
ds? = e (d2? + g (2, 21, y)datdz”) (6.17)

where g, has the Fefferman-Graham expansion
9 =9+ z2g(2) R zdg(d) +..., (6.18)
then the stress tensor one-point function can be extracted as [148]

(Thw) = ALl - (6.19)
pv) — 167TGN 9(d)pv AR :
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where ... contains the Weyl anomaly for the ambient CFT on M,;. When d = 5, the
ambient CFT has no Weyl anomaly, so we only need the first term in eq. (6.19). To begin,
we focus on the result up to second order in 7. By applying the same procedure discussed
for the first order, we find that the form of (7},,) is in perfect agreement with the general
one in eqgs. (4.39), (4.40), and (4.41), with coefficients

AT — _1 4 7T‘Lids
3 (0 —sinfcosf) Gy ’
2 1 7Lt
pu— e 6.20
B = p3 30 _tand Gy ' (6.20)
By — 1 3 N 1 L4
3\ 0 —cosfsinf 6O—tanf) Gy

Up to second order, we directly apply the general result of eq. (4.45), obtaining the following
linear combinations of boundary central charges,

1 1 L4
by = —= AdS 21
! 360 —sinfcos Gy ’ (6.21a)
1 1 rxLi
9 _ 1t AdS 21
bt b = =8 Gy (6:21)
1 13sinf — 3sin(360) — 4 0 nL}
b b — - 3sinf — 3sin(36) — 40 cosf = Ads (6.21¢)

24 (0 —sinfcosf) (sinf — O cosh) Gy

By applying again the method used in sec. 4.2.2 at third order, we find two additional
linear combinations,

bs 1 13 —3cos(20) — 100 cot wL%,q
- — 204+ bs = . ;
2 48 (1 —fcot ) (f —sinfcosf) Gy

(6.22)

ba + lb _ ! L X
> 12" 93312 (sin(26) — 20)4(0 cos 6 — sin )

X [12 (7963 + 1699667 — 61446%) cos 6 — 24(5023 + 366?) cos(30)

+ 8(3719 + 464462) cos(50) — 4699 cos(76) — 57 cos(96) (6.23)
+ 2460(—13933 4 14886?) sin 6 4 1440(6006% — 421) sin(30)

4
L us

+ 219680 sin(50) — 111310 sin(760) + 4296 sin(90)) O
We stress that, even though the solution of the bulk metric has been found perturbatively
in the curvature tensors, the expressions of the boundary central charges we obtained are
not in a probe limit.

To fix all the boundary central charges uniquely we would need O(n*). However,
due to the increasing complexity of the differential equations involved in the computation,
extracting the remaining constraints at fourth order is not as straightforward as in the cases
analyzed above, and so we will postpone the study of higher orders to future research.
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Figure 7: Behavior of the (linear combinations of) boundary central charges computed
via AdS/BCFT, in units of 7L%,,/Gy, as functions of the angle, 7 — 6, at which the end-
of-the-world brane intersects the AdSg boundary. The UV values of 6 are on the left hand
side of the figure, while the IR values are on the right. Note, though, that at all values of
0 < 0 < 7 are conformal.

Curiously, as mentioned at the end of sec. 4, all of the linear combinations of boundary
central charges in egs. (6.23) to (6.23) are invariant under the change to a Q-curvature basis
for the boundary Weyl anomaly. That is, after using the mapping from defect to boundary
central charges in eq. (3.12), they are invariant under the mapping in eq. (3.6). We discuss
the possible significance of this in sec. 7.

It is revealing to study the behavior of the boundary central charges in egs. (6.11)
and (6.21a), and the linear combinations in egs. (6.21b) to (6.23), as we vary the angle
at which the end-of-the-world brane intersects the conformal boundary. Indeed, varying
0 from 0 to 7 changes the conformal boundary conditions, and boundary RG flows obey
Oyy > Oir. Plots of our results for the (linear combinations of) boundary central charges as
functions of m — # appear in fig. 7.

Several notable features appear along this boundary RG flow. First, we clearly see that
ax,uv > axr, and that ax, decreases monotonically as a function of 7 — 6, which nicely
demonstrates the c-theorem for a p = 4 boundary [39]. Further, ay, has a zero at 6 = 7/2.
The central charge by appears to be always negative, in agreement with the relation (4.13)
and the bound cpp > 0, and a monotonically decreasing function of # — 6. In addition,
we can clearly see that the combination 2b4 4 b5 is a monotonically increasing function of
7 — 6 on the interval [0, 7], with a zero at # = 7/2. Finally, the linear combinations in
egs. (6.21c), (6.22), and (6.23) are also monotonically increasing with increasing m — 6, but
do not have a zero on 6 € [0, 7.
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7 Summary and Outlook

In this paper, we determined the most general form of the Weyl anomaly for a conformal
defect of dimension p = 4 in an arbitrary CFT of dimension d > 6. To do so, we used
a standard algorithm, finding a complete basis of conformal invariants localized to the
submanifold supporting the conformal defect, and then eliminating terms by imposing WZ
consistency and introducing local counterterms in the effective action. Our main result for
the Weyl anomaly of a p = 4 conformal defect with co-dimension ¢ > 1 is eq. (3.1), with 23
parity-even terms and 6 parity-odd terms, plus the additional parity-odd terms in egs. (3.8)
and (3.9) for ¢ = 2 and g = 4, respectively. Among the 23 parity-even terms, one is A-type
while all the others are B-type. The parity-odd terms are all B-type. Each of these terms
comes with a coefficient that defines a defect central charge.

For p = 4 conformal defects with ¢ = 1, our result reduces to eq. (3.10), which repro-
duces the 9 parity-even terms first obtained by Astaneh and Solodukhin in ref. [33]. This
served as a non-trivial check of our results. Moreover, beyond the parity-even anomalies,
we found 3 parity-odd terms that were previously unknown.

We subsequently showed in sec. 4 how some of the defect central charges appear in
physical observables (besides the Weyl anomaly itself), namely the two-point function of
the displacement operator, the one-point function of the stress tensor, and the universal
contribution to EE of a spherical region centered on a flat defect. In sec. 5 we computed
many of the defect central charges in examples, including monodromy and conical defects
in d = 6 free field CF'Ts, and defects holographically dual to probe branes extended along
an AdSs submanifold inside AdSg>7. This last example provided an important check on
our main result, eq. (3.1), namely agreement with the Graham-Reichert energy of a probe
brane [83]. Correspondingly, we computed all 23 parity-even defect central charges only
for the probe brane. In sec. 6 we computed the parity-even boundary central charges in
two holographic systems, namely defects holographically dual to AdSs probe branes inside
AdSg where we were able to find all the 9 coefficients, and Takayanagi’s AdS/BCFT with
d = 5 where we fixed 6 of them.

Our results raise a host of questions, and suggest many directions for future research.
We will discuss only some of these here.

Many questions remain about how defect/boundary central charges appear in physical
observables. For example, in the calculation of EE in a d = 6 CFT for a region with
arbitrary shape, the defect contribution to the universal part will have the form of the Weyl
anomaly in eq. (3.1), but with defect central charges fixed by the ambient CFT’s central
charges in eq. (2.14). We partially determined two of these EE defect central charges
in eq. (5.42), however what about the rest? We saw that the central charges can help
determine correlation functions of the stress tensor and displacement operator in flat space
through their effect on contact terms. Counter-terms in the action can also affect these
contact terms, and an important open question is how to separate the effect of the counter
terms from the effect of the central charges, especially in a curved space context where even
defining the one point function of the stress tensor can become problematic. Moreover, how
do defect/boundary central charges appear in higher-point functions of the displacement
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operator, mixed correlators like (T'DD), not to mention thermal entropy, heat capacity,
conductivities, and so on? Answering these questions could be especially enlightening for
the many parity-odd defect /boundary central charges we found, which remain particularly
mysterious. More generally, answering these questions could allow us to compute all the
remaining defect /boundary central charges in our examples, and in many other important
examples, including free-field CFTs, like monodromy and conical defects of a d = 6 free,
complex, self-dual 3-form, as well as interacting CF'Ts, such as p = 4 defects in d = 6
SCFTs.

If we can determine how defect/boundary central charges enter physical observables,
then we can ask whether any general principles provide bounds on them. In eq. (4.12)
we found that the normalization of the displacement operator’s two-point function was
o —d; for a defect and < —by for a boundary, hence reflection positivity requires d; < 0
or by < 0, respectively. In eq. (4.30) we found that, for ¢ > 2, the normalization of
the stress-tensor’s one-point function was « —dsz, so that if the ANEC is valid in the
presence of a defect, then do < 0. Since the A-type central charge ay obeys a c-theorem
for boundary/defect RG flows [39], and hence counts defect/boundary degrees of freedom,
we can ask whether it is bounded from below. This bound cannot be zero, since ax; < 0 in
explicit (reflection-positive) examples, including a free scalar BCFT in d = 5 with Dirichlet
boundary conditions (see [33]), and AdS/BCFT (see fig. 7). Perhaps defect/boundary
central charges are bounded by other defect/boundary central charges, in a similar fashion
to the Hofman-Maldacena bounds on alyy’/c“® [5, 6].

Do any of the defect and boundary central charges obey c-theorems, for either de-
fect/boundary or ambient RG flows? To date, for p = 4 a c-theorem has been proven
only for the A-type central charge, ay, for a defect/boundary RG flow [39]. Several of our
examples provided non-trivial tests of this c-theorem, including the d = 6 free field mon-
odromy defects in sec. 5.1 and AdS/BCFT with d = 5 in sec. 6.2. However, what about the
B-type defect /boundary central charges? Nothing a priori forbids them from also obeying
c-theorems. The known examples provide useful data points. For example, for a free scalar
BCFT in any d, a boundary mass term triggers a boundary RG flow from a Robin boundary
condition in the UV to Dirichlet in the IR. The d = 5 results in ref. [33] show that under
this RG flow by is invariant, while by, by, b5, bg, and bg decrease, and bz and b7 increase. The
AdS/BCFT results in fig. 7 show that by is a monotonically decreasing function of © — 6,
and hence will monotonically decrease under a boundary RG flow from 0y to 0z < Oyy.
As a result, by could possibly obey a c-theorem byyy > byr, while bg could obey bgyy < b3,
and similarly for b7;. Clearly, exploring more examples, and developing methods to prove
c-theorems for defect/boundary central charges, remain important open questions.

Our holographic examples in sec. 5.2, 6.1, and 6.2 raise their own special questions.
For example, in AdS/BCFT we computed the BCFT’s stress-tensor one-point function to
third order in perturbations about a flat ambient CF'T geometry, which provided us with ax
and by exactly as functions of the angle at which the end-of-the-world brane intersects the
conformal boundary of AdSg. However, this provided only five equations for the remaining
six parity-even boundary central charges. Moreover, all of these linear combinations are
invariant under the change to a Q-curvature basis for the boundary Weyl anomaly, that

— 53 —



is, upon using the mapping from defect to boundary central charges in eq. (3.12), they
are invariant under the mapping to the @Q-curvature basis in eq. (3.6). In AdS;/CFTy,
holography also naturally seems to provide the Weyl anomaly in the Q-curvature basis [89].
Do our results reveal some deeper principle or pattern at work in holography? It would be
interesting to see if we pursue our strategy beyond third order in perturbations whether
again the linear combinations of boundary central charges that we obtain are invariant under
the shift to the Q-curvature basis. We could also explore other AdS/BCFT models, such as
those of refs. [149-152], or the supergravity constructions of p = 4 defects in refs. [153, 154],
which, being top-down, could provide a path beyond large N and strong coupling.

Adding SUSY also raises a host of special questions. For example, in refs. [39, 114],
Wang showed for superconformal defects with p = 2 and p = 4 that ax is fixed by cer-
tain 't Hooft anomaly coefficients, and obeys a form of ¢- or a-extremization [4, 115, 116],
respectively. Are other defect/boundary central charges fixed by 't Hooft anomaly coeffi-
cients? Are defect B-type central charges also extremized or maxmized along RG flows to
IR SCFTs? In ref. [155] the contribution of a superconformal defect to the SUSY Casimir
energy of an SCFT on S x R?~! was conjectured to be a (linear combination of) defect
central charges. This conjecture was supported by several examples of p = 2 and p = 4
superconformal defects. However, whether this conjecture is true, and if so how to prove
it, remain open questions.

As mentioned in sec. 1, one of our main motivations was to study the p = 4 super-
conformal defect in the d = 6 N' = (2,0) SCFT, arising from the 1/2-BPS intersection of
M5-branes. Our main result for a p = 4 defect Weyl anomaly in eq. (3.1) provides a starting
point for constructing the full defect super-Weyl anomaly, which should be crucial for char-
acterizing these important defects. More generally, fully characterizing both co-dimension
2 and 4 defects in d = 6 SCF'Ts through their defect central charges will be crucial not only
to exploring M- and F-theory, but also exploring how, through partially twisted dimen-
sional reduction, these data determine lower dimensional superconformal defects in class-S
theories in d = 4 [58, 156] and class-R theories in d = 3 [157].

Thinking more broadly, aside from the defect/boundary Weyl anomalies we reviewed
in sec. 2, and our novel results for p = 4 defects/boundaries in sec. 3, what other de-
fect /boundary Weyl anomalies are possible? Two obvious cases have yet to be studied.
The first is p = 3 in d > 4 (example appear for instance in refs. [158, 159]). In this case, our
preliminary analysis suggests that a p = 3 defect in d > 4 has parity-odd Weyl anomalies,
whose form depends on the co-dimension, similar to what we found for p =4 in d > 5. The
second is p = 5 in d > 6. Crucially, when d = 6 these must be non-SUSY, since the d =5
superconformal algebra does not embed in any d = 6 superconformal algebra.

In short, our results open up many new possibilities for characterizing and classifying

defects, boundaries, and CFTs with various p and d. We intend to explore many of these
possibilities in future research.
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A 4d defect Weyl anomaly basis

In this appendix, we present some details of the algorithm of sec. 3.1 applied to the case
of a p = 4 conformal defect. For the complete workings we refer to our supplemental

Mathematica notebook.

A.1 Arbitrary co-dimension

We begin with the part of the anomaly that is admissible in any co-dimension ¢ > 2. The
q = 1 case is a simple adaptation of the ¢ > 2 case.

Step 1: First, we determine the basis of terms. There are 36 scalars that transform non-
trivially under Weyl transformations, and that do not have any derivatives acting on dw.
They are

By = R?, By = Ry R™, Bs = (N R;;)?,

By = Wgp™N9R;; Bs = RW,,™, Bs = RNYR;;

Br = RyyW"? Bs = RyyW'",, By = RijRY

By = RII'L; ,
i oab
Bys = RIL,IT,
o4 o abj
816 = RZ]HabH 5
o (j

By = Wy,

ik oj oab
614 =N/ RjkﬂabHi )

Bl7 - Rabﬁ;bﬂl 5

Bis = NP R I,
Bis = RV ,
Big = Rabﬁzcﬁicaa

Brg = Wb M, 1) Bag = Wb I 11; | Bay = Wig;*IIIV | (A1)
Bao = Wm“ﬁ’ﬁib, Boz = Wi."“D,II" Boy = I'D;R,
Bas = f[abiDiWacbc ; Bag = ' D; Wy, Byr = D'D;R,

Bss = D'D;Wy, ",
B3 = WP T
Bss = DL, DT,

829 = HiTrﬁiﬁjﬁj N
Bsp = (I'TL;)?
Bss = D,II, D"

o abp—

830 = HiHiTrf[jf[j y
Bss = DI Dyl
Bys = DT, DML,

where ﬁaﬂj bﬁbﬂi =N H,,ﬁall DpIl”, and similarly for the other terms of the form (ﬁH)Q.
There are 24 trivial Weyl invariants without derivatives on dw:

By = WapeaW By = (Wabab)z, By = WapeaW, fe“lef ,
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By = WijegW pecdel
By = Wijpe Wik

Big = Waa™ W%,
Bz = Wa"ijflécflﬁ“,

df

7

[;’19 == Trﬁzﬁlﬁjﬁ] y

- ob o
Big = Wep“all 11

322 = Trﬁiﬁj Trﬁiﬁj s

Bs = Wiqjs W',

Bg = W W* |

Biy = Wiaj " W3y,

By = Waibjf[ibcf[ia ;

Bi7 = Wicjcﬂibﬁabj :

By = T,

Bos = I eTi) 11,1 iy jeabed

Finally, there are 41 terms with derivatives acting on dw

Dl = Wicacﬁibbbéw,
Dy ='RD;dw,

D7 = 1™ Wiap Didw,
DIO = HiWiaj“Djéw y
Di3 = Wy’ D' D6,
DIG = N’JRZ]Dkaéw N
Dig = D'Wy*Didw ,
D22 == RijDiDj(;w y
Dys = I TYILIT D;dw,
Dgg = ﬁ?bﬂiﬁaﬁbéw y
D31 = ﬁ?bﬁcﬁibﬁaéw s
D3y = Tll'Il; DI Djdw,
Dy; = I'D; D’ Djdw,
Dy = (D;D%)?6w,

Dy = W;II'Ddw ,
D5 = I'N'" R Djdw,
Dg = I'W,, % D;dw
D11 = RO0w,

Diy = D'RD;dw

Di7 = Wy®Odw,

Doy = Wi D" Diow,
Doy = Trll TLIT D; b,
Dog = M1V Djdw .
Doy = I; D, II' D" 6w,
Dsy = 11, YDy Dydw,
Dys = 'V D; D ;0w ,
Dss = I'0D; 0w,

Da = ]Olifﬁcloldfie“bc‘iﬁaéw .

Bs = Wap"W*,,
By = Wepjs W™ |
By = Wab“bﬁidf[ﬁd,
Bis = Wadef[Zcﬁbdi ;
Big = WL secger
5’21 = Tr]OIi]OIi Trf[jf[j ,

Boy = Wijcdﬁbiﬁife‘jdef.

Dy = I, R D;dw,
D = M Wiy Didw |
Dy = 'R Djdw,
D12 = N R;;06w,
D5 = RD'D;dw ,
Dig = Wy D' Djdw,
Doy = Wi;*D' DV w

Doy = WY D;0w,  (A.3)

Dor = "D, Dyow,
Do = i, 1T
Ds3 = Tl T D; D;0w
Dy = I'I; DY Djéw,
Dyg = 1, DD’ Dy,

(A.2)

In total, our basis is 101-dimensional. For ¢ = 1 the basis is over-complete because some
terms that are distinct in ¢ > 2 may reduce to the same term in ¢ = 1. Moreover some
terms vanish identically when g = 1.

Step 2: Next, we find solutions to WZ consistency. Computing a second Weyl variation
produces terms of the form DZ-WZ = &uﬂ)?éwl — (1 «» 2) for i = 1,...41, where Dia
corresponds to the operator version of D; in eq. (A.3) with the variation parameter dw
omitted. In addition, there are the following terms

D ? = Waei“D 6w D'owy — (1 ++ 2),
DYZ =D, D;wr D" 8wy — (1 ¢ 2),

’Dgz = HiDl‘(SW1ﬁ(SUJ2 — (1 — 2) s
Dy’ = ﬁZbD¢5w15aEb5w2 —(1+2),
Dy’ = ﬁfzbﬁaDi&UlEb(;wQ —(1+2),
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DYZ ='D;D;idw1 Didws — (1 4+ 2),  Dy§Z = Oowi D'Didws — (1 ¢ 2),
DY Z = D'Didw D' Djdws — (1 4+ 2), DY Z = D'6wiD; D’ Djdws — (1 4+ 2).

The 24 B’s trivially solve WZ consistency. In addition, one also finds four non-trivial
linear combinations of B’s. Three of them correspond to Ey4, Ji, Jo. The final one can be
written as a linear combination of other invariants and Wiq,. W, In eq. (3.1), we redefine
our basis to include Wjqp W€ instead of this extra conformal invariant.

Step 3:  We also find 33 linear combinations of D’s that naively solve WZ consistency.
However, 32 of them can be rendered WZ inconsistent by a choice of scheme. One can
introduce counterterms that remove at least one of the constituent terms of the linear
combination such that the remainder is inconsistent. The anomaly, however, must be WZ
consistent in any scheme. Thus, we must insist that the overall coefficients of these 32 linear
combinations of D’s must be zero in any scheme. Therefore, they are absent in the anomaly.
The one remaining linear combination of D’s, which just consists of the single term Dy in
eq. (A.3), is unaffected by local counterterms. It is related to the term in eq. (3.1) whose
coefficient is d3. As we comment in the main body, it is a genuine anomaly coefficient.

This leaves us with 23 parity-even contributions to the trace anomaly. One of them is
A-type and the remaining 22 are B-type in the classification of ref. [65]. There are 6 terms
that are parity-odd along the defect that are admissible in any co-dimension ¢, although 3
of them vanish identically when g = 1.

A.2 Parity-odd terms in the normal bundle when ¢ = 2

In addition to the terms that are parity-odd along the defect, there are terms that break
parity in the normal bundle. First, consider the co-dimension ¢ = 2 case.

Step 1: The extra parity-odd terms in the normal bundle are

Bgﬁ) = Rijnijin y 356) = Rijnjkﬁibf[abk y B§6) = Rabﬂiﬁibni]’ y
BY = Won 1" Wen?® . BY = Wy T W B = Wi "n D'l
6) _ v ac iy 11, 6) _ 1.9 7). 6) _ 7%, i c
BY =W, “nD,l;,  BY =in“D;R, BY) = 0""ni;DIW,u®, (A.5)
B =1in* D, Ry, B = Hinz‘ijf[kﬁkﬁj , BY = Hiﬂj”jkTrﬁkﬁi ;

ng) = nijbaﬂiﬁbﬁib N

and
B‘f) = ajbkﬁ?cﬁcbj n’* ) (A.6)
as well as
D = W, "My D", DY = W, MnD,, DY =1l R®nD;,
DY — ¥ RD; D = 1y n* Wiy, D? . D = 1" Wiiyn* Dy,
DY — Wk W, °D7, DY = W Ry D, DY = nM LR D;
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DPi% = niiD,RD; | DY = W,nD'D;, D) = Rin; DD,
DY = niD;R;,, D", DY = nikDyR;; D' DY = ', n,, D%, (A7)
DO = W' DY, DY = ny LI DY . DI = o NI 10 DF |
DO =, D", 0", DY = nyw'it),0°D’, DY =0y D,D"
. > chj

DY) = ny ML, DAY D", DY = Tl 'n;D*D;, DY = Wiln, DFD;

. . — [N — 71)
D§65) = nikHleD]Dj ) Dé? = nikHlDDk ) D£67) = nikH;bDaD DF .
Note that the identity nijnkg = Nl-ka — N]]-“Nf is very restrictive in combination with
various symmetry properties of tensors, and it sets to zero many candidate terms.

(6),w

%

Step 2: In addition to D Z = 5w2D§6)786w1 — (14 2) fori=1,...,27, the following
terms are generated when computing a second Weyl variation:

D7 = Wainjn D61 D dwa — (1 2),  Dyg™7 = Wy DFowy D'dwn — (1 ¢ 2)
Dég)’WZ = Waen;; D'6wi D 6wy — (1 ¢ 2), Déﬁl)’wz = RnjD'6w1 DY éwsy — (1 4 2),

DOWZ = Rk Digw) Dydws — (143 2),  DOWZ =1t 1% 1y Dy Db — (1 45 2),
DOWZ My Didwy DFows — (1 2),  DOWZ 11,9 0y D 6wy D owr — (1 2),
Dé(é),WZ = f[ibnijﬁbDi5w1ﬁa5wg — (1 <~ 2) y D§67)’WZ == ﬁCdinkka&t&Edﬁcéwl - (1 A 2) )

DOWE — Win,; Disws DY Dydwn — (145 2),  DIWZ = Win; DIsw,Tow; — (14 2)
O)WZ _ i jk OWZ _ i PEPis T

Do =II'n’"DyDijdw1 Djdws — (1 <> 2), Dy = I'n;; D D’ dwaDgowr — (1 <> 2),
©)WZ _ _ijry nk , _ ®VWZ _ s TN _

Dy =n"D;D"DidwiDidws — (1 <+ 2), Dyq = n;;D'0wr 0D’ dw; — (1 < 2),

DWZ = ¥ D, Dywy D;DFswy — (145 2). (A.8)

There are no solutions of WZ consistency involving B’s. Only 356) and linear combinations

of D’s (naively) solve WZ consistency.

Step 3: All of the linear combinations of D’s are scheme-dependent. There is only one
genuine scheme-independent solution to WZ consistency that is parity-odd in the normal

bundle: the trivial Weyl invariant Bgﬁ) which appears in eq. (3.8).

A.3 Parity-odd terms in the normal bundle when ¢ = 4

The co-dimension ¢ = 4 case is more restrictive. The only new terms that one can write
down are trivial Weyl invariants:

B§8) _ EabcdnzjlceWabZ,jWCCW7 5,%8) - niijWaibjWakbEa

Bés) = M Wi WPy 84(18) = 0 Wi WiPe (A.9)
B . o e ~ .ok o

B = nijrecapeaV ™ chkﬂf : B = nyjr WL 11,

These trivially solve WZ consistency and cannot be removed by counterterms. They appear
in eq. (3.9).
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B Isolating the anomaly: p = 2 conformal defect in a d =4 CFT

In this appendix we illustrate the algorithm presented in sec. 3.1 with a simple example:
the case of a p = 2 defect in a d = 4 ambient CFT. We will reproduce the known result
of refs. [23-30], stated in eq. (2.20). The structure of this section follows our supplemental
Mathematica notebook, and we use notation that mirrors the notation in the notebook.
Readers interested in reproducing our results for p = 4 defects may wish to consult this
appendix first, as a warm-up exercise, before diving into our notebook.

Step 1: We begin by finding a basis of terms for the defect Weyl anomaly. The terms
need to be scalars built out of the metric g,,,, the pullback e}, the Weyl variation parameter
dw, and two derivatives. There are 10 of them.

It is convenient to separate the terms into three categories. The first one involves
scalars with a non-trivial Weyl transformation. There are three such terms:

Bi=R, By =R, By =1I'Tl; . (B.1)

The second category involves scalars that are trivially Weyl invariant. There are four
linearly-independent such terms:

~ o i oab ~ o ~ oj ojc ~ .

Bl = HabHi s BQ = gacgdeabcd, Bg = nijeabHaC]Ib y 84 = n” eamejb . (BQ)
Finally, we list terms with derivatives acting on the variation parameter. There are three
of them:

D, = I'D;dw, Dy = NYD;Djéw, Dy = ni;I'D’éw. (B.3)

In general, these will all appear in the anomaly as

3 4
ow) = \/j (Z b;B;iow + Z [;il';’iéw + Z 0@171') . (B.4)

A few comments are in order. In constructing this basis, and making sure that it is
not over-complete, we have used a number of geometric relations. Since the Weyl tensor
Wwpo is a linear combination of Riemann tensor, Ricci tensor and Ricci scalar, we are
free to disregard any terms built out of R, ,s. Similarly, we have traded in a Hgb for its
traceless part Hgb and its trace I*. Moreover, any term containing two copies of either
€™ or n¥ can be re-written without any epsilon symbols using eqe? = 5355 — 55(55, and
similarly nijnM = NZ-’“N f - N ]ka. Further, we only consider quantities that do not need
to be extended into the bulk. An example is N D;II;, which crucially depends on how II;
is extended into the ambient geometry. Since there is no canonical way to do so, we do not
consider such terms here. In general, we don’t expect such terms be part of the physical
Weyl anomaly. In the present 2d case, WZ consistency eliminates them. One may have

also expected the following terms:

Ci =3"Rap Co = NYR;;, C3 = N*N*Wijpe,  Ca=g" " N"Weu;
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Cs = Rigle,  Co= EiDI", C;=E\D"Il,, (B.5)

where R' is the normal bundle curvature, i.e. the curvature associated with the connection
induced from D that maps normal vectors to normal vectors by parallelly transporting them
along the submanifold. However, these are not linearly independent. Firstly, C; = Bs — Cs.
We can use this relation to eliminate C;. Now, Co appears in the twice contracted Gauss
eq. (C.4c). Trading the Riemann tensor for the Weyl tensor, it reads

T
3Co=—-B1+ By — By + By + 183 . (B.6)

Thus we can use it to eliminate Co. Furthermore, the fact that the trace of any two indices
of Wyupe with the ambient metric g,, vanishes implies that C3 = —Cy = Bs. Cs can be
removed by the Ricci identity eq. (C.6). Finally, C¢ = —Bs using EfII* = 0 and the
definition of II, and similarly C; = —B;. This leaves us with the terms in egs. (B.1), (B.2)
and (B.3).

Step 2: WZ consistency reduces the number of terms to 7. To compute [d1, 2] w)
we take a second Weyl variation of the above basis. We anti-symmetrise in the variation
parameters, dwi and dws, which generates linear combinations of the following terms

D}/VZ = 5W2HiDi6w1 — (1 Ad 2) R DgVZ = (SngijDiDj(;wl — (1 — 2) R
DY = Swoni ;I DIdwy — (1 <5 2),  DYZ =nYD;swaDidwy — (1 4 2). (B.7)

The second Weyl variations are

(V9)'1(\/GBrdwz) — (1 ¢ 2) =

(V7)101(\/GB2dws) — (1 < 2) =4 (DWZ DY),

(V7)101(v/G B3dwa) — (1 > 2) = —4D]V 7

(V) '01(V/gBidwz) — (1 4+ 2) =0,

(V) '01(V/g Badwz) — (1 4+ 2) = 0,

(v/7)7101(1/GB3dws) — (1 <+ 2) =0, (B.8)
(V) '01(V/g Badwz) — (1 4+ 2) =0,

(V1) '61(/DYows) — (145 2) =0,

(V9) '01(V/3DYbws) — (1 45 2) =

(v/9) 101 (\/GDJows) — (1 <> 2) = —4D}VZ |

where (1 <> 2) only exchanges the subscripts on the Weyl variation parameters, and D?
denotes the operator version of D; in eq. (B.3) with the variation parameter dw omitted. In
the above we have dropped total derivatives along the submanifold D(...) since the above
terms appear in [d1, d2] W under an integral.

Solving WZ consistency reduces to a simple problem in linear algebra. Let (EWZ )T =
(By,...,B3,B1,....,B4,D?,..., DY) and (DVZ)T = (DVZ4,...,DYV?). Let MW Z be the
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10 x 4 matrix that implements the transformation,

(MWAT = (B.9)

o O O O
S O =
S O O =
o O O O
o O O O
o O O O
o O O O
o O O O
o O O O
_ O O O

ie. 82BWZ = MWZDWZ where the operator 82 acts like 824 = (/7)™ 161(\/ Adws)—(1 <>
2) for some A. The (right) null space of (M"#)T is the general solution to the condition
[01, 02] WO = 0. In this example, the solutions are particularly simple: they just correspond
to Bidw, Bidw, Bydw, Bsdw, Bydw, Dy and Ds, each added with an arbitrary coefficient in
the anomaly polynomial, i.e.

4 2
sw2 — \/j ([1181(5w + Z Eil’;’idw + Z aiDi> . (B.10)
) i=1 i=1

The other coefficients must vanish, i.e. by = bg = 03 = 0.

More generally, the solutions to WZ consistency may involve a linear combination of
terms with fixed relative coefficients, i.e. WZ consistency forces the coefficients of some
terms to be determined by one another up to a single overall number. Each such linear
combination would appear in §WW with this unfixed coefficient. For example, for a p = 4
defect, WZ consistency fixes the relative coefficients appearing in egs. (3.2) and (3.3) up to
a single overall coefficient for each of them, d; and do, respectively.

One sometimes also finds linear combinations of D’s at this stage. Indeed, this is the
case for a p = 4 defect. As we explained in app. A, however, they are typically not genuine
solutions of WZ consistency, but can be made inconsistent by addition of local counterterms.

Step 3: Finally, we introduce local counterterms in W. By adjusting their coefficients
we can set to zero some of the remaining coefficients in eq. (B.10). We find 5 scheme-
independent terms in the anomaly which cannot be removed by such counterterms.

Let Wer be the counterterm action. We cannot add any of the D’s as counterterms
because Wer does not involve the variation parameter dw. In principle, we could introduce
the B’s. However, they are Weyl invariant and, therefore, cannot remove any terms from
the anomaly. We are thus left with the B’s. The counterterm action reads

3
WCT = . \/5 (Z CZBZ> . (B.ll)
2 i=1
The first Weyl variation of these terms is
(V3) 6 (VaBi) =0,
(Va) 1o (ﬁrsz) = 4(Dy — Ds)dw, (B.12)
( 7)71(5 (\/583) = —4D;éw,

255

where we have again dropped total derivatives D(...).
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Determining the terms in the anomaly that cannot be removed by local counterterms
reduces again to a linear algebra problem. Let B = (By,...,B3)T and D = (Dy,...,D3)T.
We introduce the 3 x 3 matrix M,

M= (B.13)

o o o
|

RN

o o

which implements the first Weyl variation with appropriate factors of /g, i.e. 88 = MD,
where 8 acts like SA = (1/9) 10 (v/gA). The terms that cannot be removed by local
counterterms are given by the (right) null space of M. Generally, a null vector is a linear
combination of D’s, and one must choose a scheme in which one of the terms in that linear
combination cannot be set to zero.

In the present case, however, the null space is just the span of D3. Therefore, all but Dy
can be removed unambiguously by adjusting the values of the coefficients ¢;. In particular,

oW = WP 4+ sWer (B.14)

with arbitrary cq, ¢o = %02, and ¢z = %(01 + 02) sets the coefficients of D; and Ds to zero.
Since WZ consistency requires that the coefficient of D3 vanishes, the scheme-independent
part of the anomaly is therefore

oW = \/5 (b131 + [;1[;’1 + 62[;’2 + [;3[;’3 + 64[;’4) ow . (B.15)
Yo

After appropriately relabelling the coefficients, we find eq. (2.20) with ¢ = 2.

C GGauss, Codazzi, Ricci, and differential relations

In this appendix, we collect various useful geometric relations for embedded submanifolds
and their ambient geometries.
On the submanifold X, the metric decomposes as follows

Juv = h,uu + N/.Ll/ ) (Cl)
which, implies for example
GRay = "Ry, = R— N" R, , (C.2)
and
af =w*D,D,f+ N"D,D,f = af — m"D,f+ N"D,D,f, (C.3)

for some scalar function f. In the second equality of eq. (C.3) we used h*” = ejey g%,

eh D, = D,, the product rule, and the definition II* = §abﬁae§ .

The Gauss equation relates the intrinsic Riemann tensor Ry on the submanifold
and the pullback of the ambient Riemann tensor Rg.q. Together with the equation’s
contractions with the induced metric g, they read

R%ca = R"peq — 200, 1Y, (C.4a)
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Roypy = Rop — H;mb[[u + HMaCH“bC + NpURapbo' , (C.4b)
R=TR—T,0" + 0,,,,I1" + 2N" R, — N**N"° R pr - (C.4c)

The Codazzi relation and its contraction with g read

NYRY gpe = N} (DyIIY, — DIIy,,) | (C.5a)
NI'RYy = NE (DyII” — D) + N N’ Ry, (C.5b)

Finally, we also have the Ricci equation
NENT R gap = (R yap — M I, + T IL,, . (C.6)

Together with the first and second Bianchi identities, the Gauss-Codazzi-Ricci relations
above can be used to derive differential equations involving intrinsic and extrinsic curvature
tensors. The ones we find for co-dimension ¢ > 2 are similar to the ones listed in appendix A
of [33] for ¢ = 1. For g > 2, however, the number of such relations is larger, and they involve
many more terms, so we do not list them here. Instead we refer the interested reader to
our supplemental Mathematica notebook.

D b in (TD)

In this appendix, we relate the scale anomaly in (7}, (x)D(0)) to the curvature invariant
b1Z in the trace anomaly for a d = 5 CFT with a boundary in eq. (3.10). (The higher
co-dimension case is more involved, because the correlator involves an additional tensor
structure.) Of course, we have already shown that b; is determined by the displacement
operator’s two-point function, and specifically its coefficient c¢pp: see eq. (4.13). Here we
take a different route to the same result. Instead of varying the scale anomaly in the
effective action twice with respect to the defect’s embedding function, X(y), we will vary
once with respect to X'(y), thus introducing a displacement operator D, and once with
respect to the metric, thus introducing 7}, .

The two-point function (7T}, (x)D(0)) is completely fixed by conformal symmetry, up to
a single number. That number is ¢pp due to the identification lim, | 0 Ty (z) = D(y). In
preparation for a Fourier transform along the defect, we write (T}, ()D(0)) in components,
and for general d:

_ d CDD 2 1 2 212
<Tab(£L‘)D(O)> - d 1 (y2 + xi)d“ <4xj_yayb - g(sab(y + xJ_) )
d  2cppTiYa , o 9
Tna D - - 3 D1
T @DO) = 777 r i @ —y?) (D.1)
_ ¢DD 4dd 5 o 2 212
Bule)DO) = P (ot + (8 +ah )
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A Fourier transform is perhaps the quickest, if not the most elegant, way of identitying
the anomalous contribution to the two point function. Specializing to d = 5, we find'®

1 72 (6apk? — 4koky) T2 (Sapk?® — 2kaky)k?

— | d*e™*Y (T (2)D(0)) = — O(k81

g ] Ve Tan(@)D(0)) 115221 160827 + Ok logz1) ,
1 . ik, k% imlk kA

— | d*yet*Y(T, D(0)) = o a O™z, 1 D.2

oo | Tualy(0) = T~ T 4 O logr) (D.2)

1/d4 kY (T ()D(0)) = ﬁJr(’)(kﬁ logz )

N = 230422 B

By writing 1/2" as a derivative operator acting on a logarithm of z |,

1 (_1)m—1 om
— = ————log(z p)O(x1) ,
2 = (m 1) 9aT g(z1p)O(z1)
we can identify the scale anomaly from these Fourier transforms. The Heaviside theta
function ©(z, ) implements the boundary condition that nothing is beyond the boundary
at z; = 0. By first performing the variation p d/0u and then taking a 0,, derivative, we will
generate a Dirac delta function d(x; ). We can then read off from the Fourier transforms

the anomalous contributions to the two-point function:

L B (6T + 4000)

0 2epp
6

s Ta@)D(0)) = T

1 — _
—18n(—5abD + 28,185)5] 5(y)5(azl) ,

3<T (z)D(0)) = mcpp [320 O+ 19 DQ] 5(y)5(x) (D.3)
Mo\ e = 9304 | T g% YIOREL) '
B,

7'('26 —
(Ton(2)D(0)) = —T(fanmza(y)am) .

We want to compare this anomaly in (7'D) with the corresponding pieces of the anomaly

in the effective action:

b . 2o —
5wW|b1 - @ /8M (KabDananb + §DbeaDcKca + . > .

The variation of the K? term is straightforward:

8402, (DY Kap) (DK q)g) = 2(8,, DK 1) (8, DK oq) 5™ (D.4)
3 3—2 1— b ]_72

S P o -09,,0* - -0 el -
5 { 0 0“6 Gan + 5 0,0%0"5 g : Ondg }

16To perform the Fourier transform, we need

ik-y a—2
/d4y(67 = 2772( K ) #Kz,a(m) .

y2+a2)e 2 ()
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The variation of the KW term is a bit more involved. Combining the two, we find

This

5. (T (2)D(0)) = 2(f;)gianm%<4><y)5(m |
Tra(0)DO) = 277 (iaiaam T ;m%a) 50 (y)6(z1) (D.5)
Go{Tun(2)D(0)) = 2, 42:)2 (;agaaab . %%baf;i + (112 + é) 8,00,y

1 1 —9
=+ = 0" )s@ .
(12 + 24> 6ab8n >(5 (y)é(xJ_)

recovers the previous relationship between the (DD) two-point function and the

anomaly coefficient of the Z invariant in eq. (4.13), cpp = —72/7%b;.
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