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The current development of new liquid crystal devices often requires the use of thin cells and new,
experimental materials. Characterising these devices and materials with optical methods can be challenging
if (1) the total phase lag is small (“thin cells”) or (2) the liquid crystal optical and dielectric properties are
only partially known. We explore the limitations of these two challenges for efficient characterisation
and assessment of new liquid devices. We show that it is possible to extract a wealth of liquid crystal
parameters even for cells with a phase lag of A® ~ 7, such as E7 liquid crystal in a 1.5 um cell, using
cross-polarised intensity measurements. The reliability of the optical method is also demonstrated for
liquid crystals without precise values of the dielectric or refractive index coefficients. © 2022 Optica Publishing

Group
http://dx.doi.org/10.1364/a0. XX. XXXXXX

1. INTRODUCTION

Thin liquid crystal (LC) cells are popular in industry, for ex-
ample, paper-thin displays [1], paper-like displays [2], plastic
sheet liquid-crystal displays (LCDs) [3], and ultrathin LCs for
augmented reality and virtual reality [4]. Optically thin LC cells
with low birefringence are also used as active-matrix LCDs [5]
and thin spatial phase modulators for THz applications [6].

Apart from the device thickness, the desired modulation of
light is typically achieved by selecting appropriate LCs and
alignment layers. The LC materials can include, for example,
experimental mixtures or, increasingly often, colloidal suspen-
sions of inorganic or plasmonic nanoparticles in LCs [7-12]. The
physical, electrical or optical properties of such mixtures differ
from the ones of the LC host, so they need to be recharacterised.
This can also be an issue when newly synthesised, experimen-
tal liquid crystals are used. Typically, only the birefringence
or the dielectric anisotropy is known, but not the actual values
of the refractive indices or the dielectric coefficients. This then
leads to the question of how this partial knowledge affects the
measurement of the other liquid crystal properties.

There are several methods for measuring LC properties, such
as Fréedericksz transition [13], Rayleigh light scattering [14],
free energy perturbations [15], nonlinear effects [16] and bire-
fringence [17, 18]. Most of these methods, however, are not able
to measure multiple parameters in a single experiment for thin
cells. For example, the pretilt angle in 4.5 pm cells was measured
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with capacitance-voltage methods using previously known lig-
uid crystal parameters [19]. In 2.4 um-thick reflective liquid
crystal on silicon cells with thick alignment layers pretilt angle,
anchoring energy and effective birefringence were determined
by fitting voltage-dependent reflectance curves [20].

Here we show a method based on the use of a single cross-
polarised intensity (CPI) measurement of planar LC cells to
provide an accurate estimation of the device parameters in opti-
cally thin cells with alignment layers of standard thickness (e.g.
20nm). We investigate the phase lag limit for optically thin cells
and also perform error propagation analysis to determine the
accuracy of the estimated LC parameters. Our approach allows
us to characterise not only the LC material itself, but also the
properties of a LC cell or device. We have used the CPI measure-
ment method to reliably determine a range of parameters, such
as splay and bend elastic constants, viscosities, cell thickness,
pretilt and polar anchoring energy [21-23], in a single exper-
iment, for several combinations of LCs and alignment layers.
However, its correct operation relies on having the values of the
LC refractive indices and dielectric coefficients as input param-
eters. If these parameters are missing or their values are only
estimated, the error propagation analysis allows us to determine
how reliable the CPI method is in determining the other, core
LC parameters.

The structure of this paper is as follows. First, we present the
optical setup, experimental techniques and methods. We then
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explore the lowest phase lag limit for our CPI-based method in
Section 3A. We characterise LCs with partially known dielectric
coefficients and find the errors on the extracted LC parameters
that arise from the uncertainty on the refractive indices and
the dielectric coefficients in Section 3B. In the conclusions, we
review our results and discuss the case of geometrically thin, but
optically thick cells.

2. EXPERIMENTAL METHOD AND FITTING PROCEDURE

LC cell parameters can be extracted from reliable cross-polarised
intensity measurements [17] using an Optical Multi-Parameter
Analyser (OMPA) described in detail by Bennett et al. [21, 22].
We use planar LC cells with cell gaps of 10 um to 12 um, filled
with nematic LCs, namely E7, MLC6815 and LC18523 from
Merck. The alignment layers consist of polyimide (PI) or the
photoconductive polymer polyvinylcarbazole (PVK) doped with
fullerene Cgp, deposited on electrodes made of indium tin oxide
(ITO). The LC cells are placed between crossed polarisers at 45°
to the optical axis of the LC, and the optical transmission of the
system is recorded as a function of the AC voltage amplitude
applied to the cell. A diagram of the experimental setup is
presented in Figure 1.

Fig. 1. Schematic representation of the experimental setup.
The laser beam is expanded by the lenses L; and L, for anal-
ysis of the whole LC cell. The LC sample (LC), which is con-
trolled by an AC voltage source, is placed between the po-
larisers Py and P. The beam splitter (BS) produces a reference
beam detected by the reference photodetector PD; and a trans-
mitted beam detected by the main photodetector PD,. The
measurement output is a plot of the CPI as a function of the
voltage applied to the cell (insert).

During a computer-controlled CPI measurement, a voltage-
dependent CPI trace is collected and is subsequently fitted in
order to extract the LC properties. The standard fitting proce-
dure requires a CPI trace with at least one minimum and one
maximum in order to automatically normalise the data between
0 (smallest minimum) and 1 (largest maximum), which is equiv-
alent to having a total phase lag larger than 27t. For cells that are
either geometrically thin or contain low-birefringence LCs, i.e.
cells with a phase lag smaller than 27t which we call henceforth
“thin cells”, this procedure is modified by measuring separately
the minimum and maximum transmitted intensity. In order to
record the minimum intensity, the LC sample is removed, so
a configuration of crossed polarisers and no cell is used. The
maximum intensity can be measured using parallel polarisers
and an empty cell. With this normalisation of the CPI trace, the
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phase lag limit can be reduced to less than 7.

The fitting procedure is based on the Frank-Oseen static the-
ory of nematics, which is used to find the alignment equations of
a nematic liquid crystal in electrostatic field. The time evolution
of the director field of the liquid crystal, and the cross-polarised
intensity, see Eq. (3), are computed in MATLAB as described by
Bennett et al. [21, 22].

The fitting procedure requires the following LC parameters
to be specified: the extraordinary and ordinary refractive indices,
n, and n, respectively, and the dielectric coefficients €| and e .
In this paper we have determined the dielectric coefficients ¢
and e, of MLC6815 for validation purposes by measuring the
capacitance of a planar cell before and after it was filled using
the auto balancing bridge method [24] and a DC voltage source.

3. RESULTS AND DISCUSSION

The CPI measurement method extracts the liquid crystal parame-
ters from the phase lag experienced by a linearly polarised beam
as it passes through a LC cell. This is measured as a function of
voltage, thus probing and measuring the competing effect of the
liquid crystal electric coupling and its elastic stiffness. The total
phase lag A® of the liquid crystal is given by [17]

_ 2mdAn
==

AD (1
where d is the cell thickness, A the wavelength of the light prop-
agating through the LC cell, and An is the cell effective birefrin-
gence, given by [21, 22]

Nellp

dz. ()

— Ny

o= [ N

Here we set the z-coordinate in the direction of the cell thickness;
the cell is positioned between z = 0 and z = d, and 6 (z) de-
notes the angle between the input surface and the director in the
director alignment plane. Finally, the cross-polarised intensity

is [17] .
I= Sin2 (T) .

This equation shows that the CPI oscillates between 0 and 1, with
each transition between two consecutive extrema corresponding
to a decrease of the phase lag by 7r. Cells of decreasing thickness
have smaller and smaller phase lags, which leads to fewer and
fewer oscillations, and in the limiting case of a thin cell, which we
consider here, the maximum phase lag is smaller than 27t so that
there is at most one or, possibly, no extrema of the CPI. Figure 2
shows a comparison of CPI and phase lag traces between thick
(10 pm) and thin (1 pm and 2 pm) E7 cells.

As discussed in the previous section, the CPI normalisation
differs in thick and thin cells. In thick cells, where there are at
least one maximum and one minimum of the CPI trace, the data
can be normalised automatically. In thin cells, additional mea-
surements of the minimum and maximum intensity are needed.
One important aspect that needs to be considered here is the
reliability of the thin cell normalisation method. The reliability
can be compromised further if parameters like n,, n,, £ and
€ are only partially known. We address such reliability issues
by looking into, separately, the errors on the fitting parameters
stemming either from the process of normalisation or from the
uncertainty over the values of the dielectric anisotropy and the
birefringence.

n2 sin® 6 (z) 4 n2 cos2 0 (z)

(3)
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Fig. 2. Simulated cross-polarised intensity (top) and phase lag
(bottom) of E7 cells with thickness of 1 pm, 2 pm and 10 pm.
The LC cell parameters are: elastic constants K; = 10.9 pN
and K3 = 17.895pN, dielectric coefficients ¢| = 19.54 and
e = 5.17, pretilt §y = 2°, strong polar anchoring energy,
iee W, = 1]/ mz, and refractive indices n, = 1.7287 and

no = 1.5182 at A = 642nm.

A. Thin cell measurements

Studying optically thin cells allowed us to investigate the limit
of the CPI measurement method. In Figure 3 (top) we present
a comparison between the two normalisation methods for the
case of a low birefringence 12 pm-thick LC18523 cell with PI
and PVK:Cgg alignment layers. The CPI traces of the LC18523
cell were measured at three wavelengths: 450 nm, 532 nm and
642nm. Using these three wavelengths allowed us to obtain
data with three different values of the total phase lag (see Eq. (1))
and hence to compare thin-cell characterisation (at 642 nm) to
thick-cell characterisation regime (at 450 nm and 532nm) for
the same cell. In Figure 3 (top) the CPI traces for the shortest
and longest wavelength are shown, while the 532 nm curve has
been omitted for clarity. For the shortest wavelength (empty
circles in Figure 3 (top)) the maximum phase lag is larger than
27t and the CPI data has both a maximum and a minimum, so
automatic normalisation is possible. For the longest wavelength
(filled circles) there is only one extremum, so we use the thin-cell
normalisation method.

In all cases we obtain very good agreement between the
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Fig. 3. Voltage-dependent CPI traces and theoretical fits
(top) and normalised phase lag (bottom) for the LC18523 PI
PVK:Cg cell at different wavelengths. Parameter values ex-
tracted from the CPI traces are presented in Table 1.

fitting curves and the experimental data (see Figure 3 (top)). The
parameter values obtained from the OMPA fits for the LC18523
cell at all three wavelengths are presented in Table 1, where the
Fréedericksz transition threshold voltage at zero pretilt, Vy,, is

defined as [25]
_ K
Vin =70 gole’

Here Kj is the splay elastic constant, € is the permittivity of free
space and Ae = ¢ — ¢ is the dielectric anisotropy. The parame-
ters extracted from the fitting, for example the elastic constants,
show good agreement with the published values summarised in
Table 2, thus, confirming that our method is sufficiently robust to
characterise thin cell with a CPI containing just one extremum.
Interestingly at the shortest wavelength used, namely 450 nm,
the anchoring energy is weaker than for the longer wavelengths.
This small effect can also be seen in the graph of the normalised
phase lag, Figure 3 (bottom), where at 450 nm the tail of the
normalised phase lag curve is lower than than those at longer
wavelengths. This result, which is likely to be associated with
the increased photoconductivity of the aligning layer, PVK:Cg,
in the blue region of the spectrum, is currently being studied and
will be reported separately. For the purpose of the investigation

@



180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226

227

Research Article ‘

Applied Optics 4

A [nm]
642
532
450

Vin [V]
1.96
191
1.96

Ki [pN]
8.6
8.2
8.6

K3 [pN] W, [J/m?]
10.9 1
11.8 1
107  68x107°

Table 1. Values of the threshold voltage Vy,, the splay K; and
bend Kj elastic constants, and of the polar anchoring energy
W) obtained by fitting the LC18523 PI PVK:Cgp CPI traces

in Figure 3 with OMPA. Here W, = 1]/ m? corresponds to
infinitely strong polar anchoring energy.

presented here we note, however, that the OMPA method is
capable of detecting small changes in anchoring even in thin
cells.

As a further comparison, the automatic and thin-cell normali-
sation methods were applied to the same CPI experimental data
of a MLC6815 cell with one maximum and one minimum. No no-
ticeable difference between the results of the two normalisation
processes was discovered.

The thin-cell normalisation method was tested experimen-
tally only for CPI traces with no minima. Cells that are optically
very thin, i.e. with a maximum phase lag smaller than 7, can
in principle be measured using the thin-cell normalisation of
the CPI data. In this case, however, due care must be taken to
account for reflection and absorption in the LC cell when esti-
mating the maximum intensity. If the cells are geometrically thin
as well, their effective birefringence and voltage threshold may
depend on the cell thickness [31, 32], and their response time
may be longer under weak anchoring [20, 33]. Therefore, it may
also be necessary to include the inert layer corrections discussed
by Wu and Efron in [32].

B. Partially characterised liquid crystals

New LC mixtures and experimental composite LCs are often ac-
companied only by their birefringence and dielectric anisotropy
values. We explore the impact of this uncertainty in the actual
magnitudes of their indices on the reliability of our CPI char-
acterisation method. The LC alignment depends on the values
of ¢ and ¢, , but not on the refractive indices. Only the cross-
polarised intensity depends on the refractive indices. More
specifically, the phase lag depends primarily on the birefrin-
gence and only more weakly on the exact values of the refractive
indices, see Eq. (1)-Eq. (3). Therefore, when fitting data with
large uncertainties on the refractive indices or the dielectric coef-
ficients, we expect relatively small impact from the unknown re-
fractive indices e, 1,, providing the birefringence An = n, — n,
is known. However, bigger errors are expected when the dielec-
tric coefficients g and & | are unknown, even if the dielectric
anisotropy Ae = €| — ¢ is known.

On the strength of these observations, we consider first the
effect of partly characterised dielectric coefficients. We assume
that the refractive indices and the dielectric anisotropy, Ae, are
known, but not the individual values of g and ¢ | . In this case,
one can formulate reasonable guesses for these parameters in
order to fit the data. The results of such estimations are presented
in Figure 4, where the literature value for ¢, is 5.17 for E7,
while for MLC6815 we measured ¢ | = 4.3 at room temperature.
Indeed, as can be observed, the fittings with these values of
the dielectric coefficient are the closest to the experimental data
for each LC; values further away from the true value of ¢
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Fig. 4. Theoretical fits using different € | values for an E7 cell
(top) and a MLC6815 cell (bottom) at 532 nm. The correspond-
ing values of £ were obtained using the dielectric anisotropy
Ae reported in the literature and summarised in Table 2. The
parameter values extracted from the fitting procedure are pre-
sented in Table 3.

give worse and worse fits and in some cases convergence of
the fitting algorithm cannot be reached. Based on how close
the fitting curves in Figure 4 are to each other for each LC cell,
the quality of the fit cannot be used to determine the values of
the dielectric constants. However, we can conclude that the fit
is poor if €, is over- or under-estimated by a factor of at least
two. The parameter values obtained from the fitting procedure
using different values of €, are given in Table 3. The results
for the elastic constants of E7 using the correct value e | = 5.17
are well within the accepted range of the literature values given
in Table 2. Interestingly, as the results in Table 3 suggest, the
elastic constants are somewhat insensitive to the precise values
of ¢ and ¢ . Reducing ¢, by a factor of two with respect to
the accepted value of e, gives up to 20% error on the elastic
constants, while doubling the accepted value of €| gives up to
12% error on the elastic constants. Therefore, even with some
uncertainty over the dielectric coefficients, the elastic constants
can be estimated reasonably well.

We now address the more general case of estimating the error
on the fitted parameters in terms of the error on the refractive
indices and the dielectric permittivities. In other words, we
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LC d €1 Me 1o Alnm] Vi [VI Ky [pN] K3 [pN]
E7 19.54% 5.17* 1.7287 [26] 1.5182[26] 642 0.90 10.5[27] 12.3[16]
0.95 11.7[28] 19.5[28]
TL205 8.68[29] 4.01[29] 1.7317[30] 1.5205[30] 642 2.03 17.2[29] 20.2[29]
LC18523 6.7 [29] 4.2 [29] 1.5 [30] 1.453 [30] 642 1.87 7.85[29] 10([29]
MLC6815 6.9 43 1.5191* 1.4674* 589 2.07 10 12

Table 2. Literature values of the LC parameters for four standard LCs: E7, TL205, LC18523 and MLC6815. The wavelength at which
the refractive indices are given is also specified. The threshold voltage Vy, was computed using Eq. (4) and the corresponding value
of Kj. The threshold voltage computed here may be different from published values for cells with non-zero pretilt. The MLC6815
parameters g, £, K; and K3 were measured in this work. The refractive indices 1, and n, of TL205 and LC18523 were collected as
part of the investigation presented by Warenghem et al. [30]. A range of values were found for the elastic constants of E7, so only
the maximum and the minimum values are given for clarity. The listed parameters are used to calculate the errors in Tables 4 and 5,

where for E7 we use K; = 10.9 pN and K3 = 17.895pN.
* Merck KGaA Technical data sheet, 2005

LC e Ki[pN] Kz[pN]
2 8.1 14.4
3 9.3 14.6
E7 5.17 10.6 15.3
10 11.8 16.6
12 12.1 17.0
2 9.0 12.3
4 10.0 12.0
MLC6815 4.3 10.1 12.0
6 10.4 12.1
8 10.6 12.3

Table 3. Fitting parameters for different estimates of ¢ | and
€| = €1+ Ae obtained using OMPA for E7 and MLC6815 cells
for fixed dielectric anisotropy Ae. We have used the literature
values of Ae reported in Table 2. Graphical representation of
the fits is given in Figure 4.

consider the case when all the optical and electrical LC param-
eters are known, but only within a certain uncertainty range.
How do these uncertainties affect the CPI-based estimate of the
other liquid crystal parameters? In this analysis we use the
standard error propagation formulas, with the added factor that
the relation between the known and the fitting parameters is
known only in implicit form through the fitting procedure. We
therefore must use the implicit function theorem to evaluate the
derivatives of the fitting parameters in terms of the dielectric per-
mittivities and the refractive indices. The details of the method
can be found in Appendix A.

The relative errors for four LC cells used to compare the case
of unknown refractive indices to that of unknown dielectric per-
mittivities are presented in Tables 4 and 5. The LC parameters
used in our calculations are given in Table 2. Comparison be-
tween Table 4 and Table 5 suggests that measurements of the
properties of a liquid crystal with refractive indices with 10%
error, An, = An, = 0.1n,, and fixed birefringence can give
reliable results with typical errors below 0.02% for all of the

fitting parameters Ky, K3, d, 6y and W), for the four LCs. These
errors are negligible when compared to experimental noise or
numerical errors during the fitting procedure. In contrast, mea-
surements of the properties of a liquid crystal with dielectric
permittivities with 10% error, Ae; = AeH = 0.1€, and fixed
dielectric anisotropy give errors ranging from 0.02% to 16%. In
this case the errors are significant, so the reliability of the re-
sults is considerably worse. The pretilt, followed by the elastic
constants, is the most sensitive parameter to errors on the di-
electric coefficients, while the cell thickness is the least sensitive
parameter. Similar behaviour is observed for infinitely strong
anchoring. These results confirm that unknown refractive in-
dices n,, 1, and fixed birefringence An = n, — 1, lead to much
smaller errors than unknown dielectric coefficients ¢ I €L and
fixed dielectric anisotropy Ae = ¢ — ¢, . This is in agreement
with the preliminary analysis at the beginning of this section.

It is important to note here that when the CP1 is close to 0 or
1 (i.e. A® = mm)atV =0, the CPI is less sensitive to changes
in the phase lag. Therefore, there is more freedom for the fitting
parameters due to the weaker constraints, hence bigger errors
are expected. This is confirmed by the error propagation analysis
in Appendix A. The dependence of the error of the splay elastic
constant on the maximum phase lag, i.e. the phase lag at V =0,
is shown in Figure 5 as an example. It clearly indicates that when
the maximum phase lag is an integer multiple of 77, i.e. when
the CPI at V = 0 is close to either 0 or 1, the error is largest. This
behaviour is typical of most of the fitting parameters. Therefore,
in order to minimise the error on the fitting parameters, it is
important to choose a cell thickness or a light wavelength such
that the maximum phase lag is different from an integer multiple
of .

4. CONCLUSION

In this work, we considered two technologically important con-
straints for liquid crystal devices: thin cells/small phase lag and
liquid crystals with incomplete set of dielectric and refractive
indices.

The LC parameters of optically thin cells were successfully
extracted from cross-polarised intensity data with a limit of the
total phase lag of A® ~ 7. The measurement procedure pro-
posed here is also valid for cells that are geometrically very thin,
and if their boundary effects become significant [32], effective
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LC AKy [%]  AK3[%] Ad[%] A8 [%]  Aln(Wp) [%]

E7 0.0065 0.0099 0.0002 0.0206 0.0025
TL205 0.0023 0.0143 0.0002 0.0067 0.0016
LC18523 0.0003 0.0036 0 0.0009 0.0012
MLC6815  0.0006 0.0036 0.0005 0.0112 0.0009

Table 4. Relative errors on the fitting parameters for fixed birefringence and absolute error on the refractive indices An, = An, =
0.1n, for four LCs. The maximum amplitude of the applied voltage is Vj;;ax = 10V for E7, LC18523 and MLC6815, and V5 = 20V
for TL205. The errors are estimated using Eq. (9). The liquid crystal parameters used are listed in Table 2. The other parameters are
d=12pm, 0y =2°, W, =1 x 10~4J/m?2, A = 642 nm for all cells.

LC AKy [%]  AK3[%] Ad[%] A8 [%]  Aln(Wp) [%]

E7 44 1.2 0.08 16.1 0.7
TL205 2.8 1.3 0.07 11.3 0.4
LC18523 1.4 22 0.02 43 1.6
MLC6815 1.8 2.1 0.04 7.6 1.3

Table 5. Relative errors on the fitting parameters for fixed dielectric anisotropy and absolute error on the dielectric coefficients
Ae; = Ae =01€, for four LCs. All LC cell parameters are as in Table 4.

sis  paper we have applied it to a Frank-Oseen model for a planar
s20 cell, but it can also be used for twist cells and for cells where
a1 flow effects are significant, the latter being modelled using an
a2 Ericksen-Leslie theory [34, 35]. The combination of thin-cell
s2s  fitting and error analysis presented here is quite versatile and
s24 can serve as a useful aid in efficient assessment of new liquid
a5 crystals in technologically-relevant geometries.

0.015

2 A. ERROR PROPAGATION

szz The OMPA fitting procedure returns a set of fitting parameters,
ws Ky, K3, d, 6p and Wy, by fitting the experimental CPI trace, pro-
320 vided that n, ny, g and ¢ are known. Let x and y denote the

0 ‘ ‘ ‘ a0 known and fitting parameter vectors respectively,
2m 3 4m
Phase lag [rad]

0.005 |

AK;/An, [pN]

x=<nenosusl>T, y=<K1K3d90Wp>T- (5)

Fig. 5. Absolute error on the splay elastic constant K; divided
by the uncertainty on the ordinary refractive index 1, as a
function of the phase lag at V=0V for E7 cell with varying
thickness. The LC cell parameters are: elastic constants K; =
10.9pN and K3 = 17.895pN, dielectric coefficients ¢| = 19.54

ss1  The fitting procedure in OMPA finds y by minimising the dis-
sz tance D (x,y) between the experimental and the theoretical CPI
s traces, by solving the system of algebraic equations

_ 9D*(x,y)

and e, = 5.17, pretilt 6y = 2°, strong polar anchoring energy F(xy) = ——% =0. (6)
W, = 1]/ mz, and refractive indices n, = 1.7287 and n, = 9Yi
1.5182at A = 642nm. 304 The absolute error on the fitting parameters is given by the

a5 standard error propagation formula

cell parameters may still be extracted [20].

Furthermore, we have demonstrated the reliability of our Ay; =
approach, using the associated error analysis, to determine elas-
tic constants for LCs with unknown refractive indices and/or
unknown dielectric coefficients. In the former case, the uncer-
tainty on the refractive indices does not affect significantly the
accuracy of the extracted elastic constants; in the latter case, a
reasonably good approximation can be obtained for the elastic 1
constants. The error analysis is based on using the implicit func- Iy { oF } B [aFk } ©)

9y (x)
ax]'

Ax;j, 7)

ass  where the Einstein summation convention is assumed, and Ax]'
w7 and Ay; denote the absolute errors on x; and y; respectively. We
xs  compute the derivative using the Implicit function theorem

tion theorem in the standard error propagation formula. In this ox; N ay; ox;
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oF, oF,
where {k] and {—k} are the Jacobian of F with respect to x
ax]‘ ayz
and y respectively, and | ] 7! denotes the matrix inverse. Substi-
tuting equations Eq. (6) and Eq. (8) into Eq. (7) we obtain that
the error on the fitting parameters is given by

Ay = {62D2<x,y>]1 D2 (x,y)
vi Y9y 9x;9Y
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