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The current development of new liquid crystal devices often requires the use of thin cells and new,
experimental materials. Characterising these devices and materials with optical methods can be challenging
if (1) the total phase lag is small (“thin cells”) or (2) the liquid crystal optical and dielectric properties are
only partially known. We explore the limitations of these two challenges for efficient characterisation
and assessment of new liquid devices. We show that it is possible to extract a wealth of liquid crystal
parameters even for cells with a phase lag of ∆Φ ≈ π, such as E7 liquid crystal in a 1.5 µm cell, using
cross-polarised intensity measurements. The reliability of the optical method is also demonstrated for
liquid crystals without precise values of the dielectric or refractive index coefficients. © 2022 Optica Publishing

Group
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1. INTRODUCTION1

Thin liquid crystal (LC) cells are popular in industry, for ex-2

ample, paper-thin displays [1], paper-like displays [2], plastic3

sheet liquid-crystal displays (LCDs) [3], and ultrathin LCs for4

augmented reality and virtual reality [4]. Optically thin LC cells5

with low birefringence are also used as active-matrix LCDs [5]6

and thin spatial phase modulators for THz applications [6].7

Apart from the device thickness, the desired modulation of8

light is typically achieved by selecting appropriate LCs and9

alignment layers. The LC materials can include, for example,10

experimental mixtures or, increasingly often, colloidal suspen-11

sions of inorganic or plasmonic nanoparticles in LCs [7–12]. The12

physical, electrical or optical properties of such mixtures differ13

from the ones of the LC host, so they need to be recharacterised.14

This can also be an issue when newly synthesised, experimen-15

tal liquid crystals are used. Typically, only the birefringence16

or the dielectric anisotropy is known, but not the actual values17

of the refractive indices or the dielectric coefficients. This then18

leads to the question of how this partial knowledge affects the19

measurement of the other liquid crystal properties.20

There are several methods for measuring LC properties, such21

as Fréedericksz transition [13], Rayleigh light scattering [14],22

free energy perturbations [15], nonlinear effects [16] and bire-23

fringence [17, 18]. Most of these methods, however, are not able24

to measure multiple parameters in a single experiment for thin25

cells. For example, the pretilt angle in 4.5 µm cells was measured26

with capacitance-voltage methods using previously known liq-27

uid crystal parameters [19]. In 2.4 µm-thick reflective liquid28

crystal on silicon cells with thick alignment layers pretilt angle,29

anchoring energy and effective birefringence were determined30

by fitting voltage-dependent reflectance curves [20].31

Here we show a method based on the use of a single cross-32

polarised intensity (CPI) measurement of planar LC cells to33

provide an accurate estimation of the device parameters in opti-34

cally thin cells with alignment layers of standard thickness (e.g.35

20 nm). We investigate the phase lag limit for optically thin cells36

and also perform error propagation analysis to determine the37

accuracy of the estimated LC parameters. Our approach allows38

us to characterise not only the LC material itself, but also the39

properties of a LC cell or device. We have used the CPI measure-40

ment method to reliably determine a range of parameters, such41

as splay and bend elastic constants, viscosities, cell thickness,42

pretilt and polar anchoring energy [21–23], in a single exper-43

iment, for several combinations of LCs and alignment layers.44

However, its correct operation relies on having the values of the45

LC refractive indices and dielectric coefficients as input param-46

eters. If these parameters are missing or their values are only47

estimated, the error propagation analysis allows us to determine48

how reliable the CPI method is in determining the other, core49

LC parameters.50

The structure of this paper is as follows. First, we present the51

optical setup, experimental techniques and methods. We then52
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explore the lowest phase lag limit for our CPI-based method in53

Section 3A. We characterise LCs with partially known dielectric54

coefficients and find the errors on the extracted LC parameters55

that arise from the uncertainty on the refractive indices and56

the dielectric coefficients in Section 3B. In the conclusions, we57

review our results and discuss the case of geometrically thin, but58

optically thick cells.59

2. EXPERIMENTAL METHOD AND FITTING PROCEDURE60

LC cell parameters can be extracted from reliable cross-polarised61

intensity measurements [17] using an Optical Multi-Parameter62

Analyser (OMPA) described in detail by Bennett et al. [21, 22].63

We use planar LC cells with cell gaps of 10 µm to 12 µm, filled64

with nematic LCs, namely E7, MLC6815 and LC18523 from65

Merck. The alignment layers consist of polyimide (PI) or the66

photoconductive polymer polyvinylcarbazole (PVK) doped with67

fullerene C60, deposited on electrodes made of indium tin oxide68

(ITO). The LC cells are placed between crossed polarisers at 45°69

to the optical axis of the LC, and the optical transmission of the70

system is recorded as a function of the AC voltage amplitude71

applied to the cell. A diagram of the experimental setup is72

presented in Figure 1.73

P1 P2BS LC

PD1

PD2Laser L1 L2

Fig. 1. Schematic representation of the experimental setup.
The laser beam is expanded by the lenses L1 and L2 for anal-
ysis of the whole LC cell. The LC sample (LC), which is con-
trolled by an AC voltage source, is placed between the po-
larisers P1 and P2. The beam splitter (BS) produces a reference
beam detected by the reference photodetector PD1 and a trans-
mitted beam detected by the main photodetector PD2. The
measurement output is a plot of the CPI as a function of the
voltage applied to the cell (insert).

During a computer-controlled CPI measurement, a voltage-74

dependent CPI trace is collected and is subsequently fitted in75

order to extract the LC properties. The standard fitting proce-76

dure requires a CPI trace with at least one minimum and one77

maximum in order to automatically normalise the data between78

0 (smallest minimum) and 1 (largest maximum), which is equiv-79

alent to having a total phase lag larger than 2π. For cells that are80

either geometrically thin or contain low-birefringence LCs, i.e.81

cells with a phase lag smaller than 2π which we call henceforth82

“thin cells”, this procedure is modified by measuring separately83

the minimum and maximum transmitted intensity. In order to84

record the minimum intensity, the LC sample is removed, so85

a configuration of crossed polarisers and no cell is used. The86

maximum intensity can be measured using parallel polarisers87

and an empty cell. With this normalisation of the CPI trace, the88

phase lag limit can be reduced to less than π.89

The fitting procedure is based on the Frank–Oseen static the-90

ory of nematics, which is used to find the alignment equations of91

a nematic liquid crystal in electrostatic field. The time evolution92

of the director field of the liquid crystal, and the cross-polarised93

intensity, see Eq. (3), are computed in MATLAB as described by94

Bennett et al. [21, 22].95

The fitting procedure requires the following LC parameters96

to be specified: the extraordinary and ordinary refractive indices,97

ne and no respectively, and the dielectric coefficients ε∥ and ε⊥.98

In this paper we have determined the dielectric coefficients ε∥99

and ε⊥ of MLC6815 for validation purposes by measuring the100

capacitance of a planar cell before and after it was filled using101

the auto balancing bridge method [24] and a DC voltage source.102

3. RESULTS AND DISCUSSION103

The CPI measurement method extracts the liquid crystal parame-104

ters from the phase lag experienced by a linearly polarised beam105

as it passes through a LC cell. This is measured as a function of106

voltage, thus probing and measuring the competing effect of the107

liquid crystal electric coupling and its elastic stiffness. The total108

phase lag ∆Φ of the liquid crystal is given by [17]109

∆Φ =
2πd∆n

λ
, (1)

where d is the cell thickness, λ the wavelength of the light prop-110

agating through the LC cell, and ∆n is the cell effective birefrin-111

gence, given by [21, 22]112

∆n =
∫ d

0

 neno√
n2

e sin2 θ (z) + n2
o cos2 θ (z)

− no

dz . (2)

Here we set the z-coordinate in the direction of the cell thickness;113

the cell is positioned between z = 0 and z = d, and θ (z) de-114

notes the angle between the input surface and the director in the115

director alignment plane. Finally, the cross-polarised intensity116

is [17]117

I = sin2
(

∆Φ
2

)
. (3)

This equation shows that the CPI oscillates between 0 and 1, with118

each transition between two consecutive extrema corresponding119

to a decrease of the phase lag by π. Cells of decreasing thickness120

have smaller and smaller phase lags, which leads to fewer and121

fewer oscillations, and in the limiting case of a thin cell, which we122

consider here, the maximum phase lag is smaller than 2π so that123

there is at most one or, possibly, no extrema of the CPI. Figure 2124

shows a comparison of CPI and phase lag traces between thick125

(10 µm) and thin (1 µm and 2 µm) E7 cells.126

As discussed in the previous section, the CPI normalisation127

differs in thick and thin cells. In thick cells, where there are at128

least one maximum and one minimum of the CPI trace, the data129

can be normalised automatically. In thin cells, additional mea-130

surements of the minimum and maximum intensity are needed.131

One important aspect that needs to be considered here is the132

reliability of the thin cell normalisation method. The reliability133

can be compromised further if parameters like ne, no, ε∥ and134

ε⊥ are only partially known. We address such reliability issues135

by looking into, separately, the errors on the fitting parameters136

stemming either from the process of normalisation or from the137

uncertainty over the values of the dielectric anisotropy and the138

birefringence.139
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Fig. 2. Simulated cross-polarised intensity (top) and phase lag
(bottom) of E7 cells with thickness of 1 µm, 2 µm and 10 µm.
The LC cell parameters are: elastic constants K1 = 10.9 pN
and K3 = 17.895 pN, dielectric coefficients ε∥ = 19.54 and
ε⊥ = 5.17, pretilt θ0 = 2°, strong polar anchoring energy,
i.e. Wp = 1 J/m2, and refractive indices ne = 1.7287 and
no = 1.5182 at λ = 642 nm.

A. Thin cell measurements140

Studying optically thin cells allowed us to investigate the limit141

of the CPI measurement method. In Figure 3 (top) we present142

a comparison between the two normalisation methods for the143

case of a low birefringence 12 µm-thick LC18523 cell with PI144

and PVK:C60 alignment layers. The CPI traces of the LC18523145

cell were measured at three wavelengths: 450 nm, 532 nm and146

642 nm. Using these three wavelengths allowed us to obtain147

data with three different values of the total phase lag (see Eq. (1))148

and hence to compare thin-cell characterisation (at 642 nm) to149

thick-cell characterisation regime (at 450 nm and 532 nm) for150

the same cell. In Figure 3 (top) the CPI traces for the shortest151

and longest wavelength are shown, while the 532 nm curve has152

been omitted for clarity. For the shortest wavelength (empty153

circles in Figure 3 (top)) the maximum phase lag is larger than154

2π and the CPI data has both a maximum and a minimum, so155

automatic normalisation is possible. For the longest wavelength156

(filled circles) there is only one extremum, so we use the thin-cell157

normalisation method.158

In all cases we obtain very good agreement between the159
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Fig. 3. Voltage-dependent CPI traces and theoretical fits
(top) and normalised phase lag (bottom) for the LC18523 PI
PVK:C60 cell at different wavelengths. Parameter values ex-
tracted from the CPI traces are presented in Table 1.

fitting curves and the experimental data (see Figure 3 (top)). The160

parameter values obtained from the OMPA fits for the LC18523161

cell at all three wavelengths are presented in Table 1, where the162

Fréedericksz transition threshold voltage at zero pretilt, Vth, is163

defined as [25]164

Vth = π

√
K1

ε0∆ε
. (4)

Here K1 is the splay elastic constant, ε0 is the permittivity of free165

space and ∆ε = ε∥ − ε⊥ is the dielectric anisotropy. The parame-166

ters extracted from the fitting, for example the elastic constants,167

show good agreement with the published values summarised in168

Table 2, thus, confirming that our method is sufficiently robust to169

characterise thin cell with a CPI containing just one extremum.170

Interestingly at the shortest wavelength used, namely 450 nm,171

the anchoring energy is weaker than for the longer wavelengths.172

This small effect can also be seen in the graph of the normalised173

phase lag, Figure 3 (bottom), where at 450 nm the tail of the174

normalised phase lag curve is lower than than those at longer175

wavelengths. This result, which is likely to be associated with176

the increased photoconductivity of the aligning layer, PVK:C60,177

in the blue region of the spectrum, is currently being studied and178

will be reported separately. For the purpose of the investigation179
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λ [nm] Vth [V] K1 [pN] K3 [pN] Wp [J/m2]

642 1.96 8.6 10.9 1

532 1.91 8.2 11.8 1

450 1.96 8.6 10.7 6.8 × 10−5

Table 1. Values of the threshold voltage Vth, the splay K1 and
bend K3 elastic constants, and of the polar anchoring energy
Wp obtained by fitting the LC18523 PI PVK:C60 CPI traces
in Figure 3 with OMPA. Here Wp = 1 J/m2 corresponds to
infinitely strong polar anchoring energy.

presented here we note, however, that the OMPA method is180

capable of detecting small changes in anchoring even in thin181

cells.182

As a further comparison, the automatic and thin-cell normali-183

sation methods were applied to the same CPI experimental data184

of a MLC6815 cell with one maximum and one minimum. No no-185

ticeable difference between the results of the two normalisation186

processes was discovered.187

The thin-cell normalisation method was tested experimen-188

tally only for CPI traces with no minima. Cells that are optically189

very thin, i.e. with a maximum phase lag smaller than π, can190

in principle be measured using the thin-cell normalisation of191

the CPI data. In this case, however, due care must be taken to192

account for reflection and absorption in the LC cell when esti-193

mating the maximum intensity. If the cells are geometrically thin194

as well, their effective birefringence and voltage threshold may195

depend on the cell thickness [31, 32], and their response time196

may be longer under weak anchoring [20, 33]. Therefore, it may197

also be necessary to include the inert layer corrections discussed198

by Wu and Efron in [32].199

B. Partially characterised liquid crystals200

New LC mixtures and experimental composite LCs are often ac-201

companied only by their birefringence and dielectric anisotropy202

values. We explore the impact of this uncertainty in the actual203

magnitudes of their indices on the reliability of our CPI char-204

acterisation method. The LC alignment depends on the values205

of ε∥ and ε⊥, but not on the refractive indices. Only the cross-206

polarised intensity depends on the refractive indices. More207

specifically, the phase lag depends primarily on the birefrin-208

gence and only more weakly on the exact values of the refractive209

indices, see Eq. (1)-Eq. (3). Therefore, when fitting data with210

large uncertainties on the refractive indices or the dielectric coef-211

ficients, we expect relatively small impact from the unknown re-212

fractive indices ne, no, providing the birefringence ∆n = ne − no213

is known. However, bigger errors are expected when the dielec-214

tric coefficients ε∥ and ε⊥ are unknown, even if the dielectric215

anisotropy ∆ε = ε∥ − ε⊥ is known.216

On the strength of these observations, we consider first the217

effect of partly characterised dielectric coefficients. We assume218

that the refractive indices and the dielectric anisotropy, ∆ϵ, are219

known, but not the individual values of ε∥ and ε⊥. In this case,220

one can formulate reasonable guesses for these parameters in221

order to fit the data. The results of such estimations are presented222

in Figure 4, where the literature value for ε⊥ is 5.17 for E7,223

while for MLC6815 we measured ε⊥ = 4.3 at room temperature.224

Indeed, as can be observed, the fittings with these values of225

the dielectric coefficient are the closest to the experimental data226

for each LC; values further away from the true value of ε⊥227
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Fig. 4. Theoretical fits using different ε⊥ values for an E7 cell
(top) and a MLC6815 cell (bottom) at 532 nm. The correspond-
ing values of ε∥ were obtained using the dielectric anisotropy
∆ε reported in the literature and summarised in Table 2. The
parameter values extracted from the fitting procedure are pre-
sented in Table 3.

give worse and worse fits and in some cases convergence of228

the fitting algorithm cannot be reached. Based on how close229

the fitting curves in Figure 4 are to each other for each LC cell,230

the quality of the fit cannot be used to determine the values of231

the dielectric constants. However, we can conclude that the fit232

is poor if ϵ⊥ is over- or under-estimated by a factor of at least233

two. The parameter values obtained from the fitting procedure234

using different values of ϵ⊥ are given in Table 3. The results235

for the elastic constants of E7 using the correct value ε⊥ = 5.17236

are well within the accepted range of the literature values given237

in Table 2. Interestingly, as the results in Table 3 suggest, the238

elastic constants are somewhat insensitive to the precise values239

of ε∥ and ε⊥. Reducing ε⊥ by a factor of two with respect to240

the accepted value of ε⊥ gives up to 20% error on the elastic241

constants, while doubling the accepted value of ε⊥ gives up to242

12% error on the elastic constants. Therefore, even with some243

uncertainty over the dielectric coefficients, the elastic constants244

can be estimated reasonably well.245

We now address the more general case of estimating the error246

on the fitted parameters in terms of the error on the refractive247

indices and the dielectric permittivities. In other words, we248
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LC ε∥ ε⊥ ne no λ [nm] Vth [V] K1 [pN] K3 [pN]

E7 19.54* 5.17* 1.7287 [26] 1.5182 [26] 642 0.90 10.5 [27] 12.3 [16]

0.95 11.7 [28] 19.5 [28]

TL205 8.68 [29] 4.01 [29] 1.7317 [30] 1.5205 [30] 642 2.03 17.2 [29] 20.2 [29]

LC18523 6.7 [29] 4.2 [29] 1.5 [30] 1.453 [30] 642 1.87 7.85 [29] 10 [29]

MLC6815 6.9 4.3 1.5191* 1.4674* 589 2.07 10 12

Table 2. Literature values of the LC parameters for four standard LCs: E7, TL205, LC18523 and MLC6815. The wavelength at which
the refractive indices are given is also specified. The threshold voltage Vth was computed using Eq. (4) and the corresponding value
of K1. The threshold voltage computed here may be different from published values for cells with non-zero pretilt. The MLC6815
parameters ε∥, ε⊥, K1 and K3 were measured in this work. The refractive indices ne and no of TL205 and LC18523 were collected as
part of the investigation presented by Warenghem et al. [30]. A range of values were found for the elastic constants of E7, so only
the maximum and the minimum values are given for clarity. The listed parameters are used to calculate the errors in Tables 4 and 5,
where for E7 we use K1 = 10.9 pN and K3 = 17.895 pN.
* Merck KGaA Technical data sheet, 2005

LC ε⊥ K1 [pN] K3 [pN]

2 8.1 14.4

3 9.3 14.6

E7 5.17 10.6 15.3

10 11.8 16.6

12 12.1 17.0

2 9.0 12.3

4 10.0 12.0

MLC6815 4.3 10.1 12.0

6 10.4 12.1

8 10.6 12.3

Table 3. Fitting parameters for different estimates of ε⊥ and
ε∥ = ε⊥ + ∆ε obtained using OMPA for E7 and MLC6815 cells
for fixed dielectric anisotropy ∆ε. We have used the literature
values of ∆ϵ reported in Table 2. Graphical representation of
the fits is given in Figure 4.

consider the case when all the optical and electrical LC param-249

eters are known, but only within a certain uncertainty range.250

How do these uncertainties affect the CPI-based estimate of the251

other liquid crystal parameters? In this analysis we use the252

standard error propagation formulas, with the added factor that253

the relation between the known and the fitting parameters is254

known only in implicit form through the fitting procedure. We255

therefore must use the implicit function theorem to evaluate the256

derivatives of the fitting parameters in terms of the dielectric per-257

mittivities and the refractive indices. The details of the method258

can be found in Appendix A.259

The relative errors for four LC cells used to compare the case260

of unknown refractive indices to that of unknown dielectric per-261

mittivities are presented in Tables 4 and 5. The LC parameters262

used in our calculations are given in Table 2. Comparison be-263

tween Table 4 and Table 5 suggests that measurements of the264

properties of a liquid crystal with refractive indices with 10%265

error, ∆no = ∆ne = 0.1 no, and fixed birefringence can give266

reliable results with typical errors below 0.02% for all of the267

fitting parameters K1, K3, d, θ0 and Wp for the four LCs. These268

errors are negligible when compared to experimental noise or269

numerical errors during the fitting procedure. In contrast, mea-270

surements of the properties of a liquid crystal with dielectric271

permittivities with 10% error, ∆ϵ⊥ = ∆ϵ∥ = 0.1 ϵ⊥, and fixed272

dielectric anisotropy give errors ranging from 0.02% to 16%. In273

this case the errors are significant, so the reliability of the re-274

sults is considerably worse. The pretilt, followed by the elastic275

constants, is the most sensitive parameter to errors on the di-276

electric coefficients, while the cell thickness is the least sensitive277

parameter. Similar behaviour is observed for infinitely strong278

anchoring. These results confirm that unknown refractive in-279

dices ne, no and fixed birefringence ∆n = ne − no lead to much280

smaller errors than unknown dielectric coefficients ε∥, ε⊥ and281

fixed dielectric anisotropy ∆ε = ε∥ − ε⊥. This is in agreement282

with the preliminary analysis at the beginning of this section.283

It is important to note here that when the CPI is close to 0 or284

1 (i.e. ∆Φ = mπ) at V = 0, the CPI is less sensitive to changes285

in the phase lag. Therefore, there is more freedom for the fitting286

parameters due to the weaker constraints, hence bigger errors287

are expected. This is confirmed by the error propagation analysis288

in Appendix A. The dependence of the error of the splay elastic289

constant on the maximum phase lag, i.e. the phase lag at V = 0,290

is shown in Figure 5 as an example. It clearly indicates that when291

the maximum phase lag is an integer multiple of π, i.e. when292

the CPI at V = 0 is close to either 0 or 1, the error is largest. This293

behaviour is typical of most of the fitting parameters. Therefore,294

in order to minimise the error on the fitting parameters, it is295

important to choose a cell thickness or a light wavelength such296

that the maximum phase lag is different from an integer multiple297

of π.298

4. CONCLUSION299

In this work, we considered two technologically important con-300

straints for liquid crystal devices: thin cells/small phase lag and301

liquid crystals with incomplete set of dielectric and refractive302

indices.303

The LC parameters of optically thin cells were successfully304

extracted from cross-polarised intensity data with a limit of the305

total phase lag of ∆Φ ≈ π. The measurement procedure pro-306

posed here is also valid for cells that are geometrically very thin,307

and if their boundary effects become significant [32], effective308
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LC ∆K1 [%] ∆K3 [%] ∆d [% ] ∆θ0 [%] ∆ln(Wp) [%]

E7 0.0065 0.0099 0.0002 0.0206 0.0025

TL205 0.0023 0.0143 0.0002 0.0067 0.0016

LC18523 0.0003 0.0036 0 0.0009 0.0012

MLC6815 0.0006 0.0036 0.0005 0.0112 0.0009

Table 4. Relative errors on the fitting parameters for fixed birefringence and absolute error on the refractive indices ∆no = ∆ne =
0.1 no for four LCs. The maximum amplitude of the applied voltage is Vmax = 10V for E7, LC18523 and MLC6815, and Vmax = 20V
for TL205. The errors are estimated using Eq. (9). The liquid crystal parameters used are listed in Table 2. The other parameters are
d = 12 µm, θ0 = 2°, Wp = 1 × 10−4 J/m2, λ = 642 nm for all cells.

LC ∆K1 [%] ∆K3 [%] ∆d [% ] ∆θ0 [%] ∆ln(Wp) [%]

E7 4.4 1.2 0.08 16.1 0.7

TL205 2.8 1.3 0.07 11.3 0.4

LC18523 1.4 2.2 0.02 4.3 1.6

MLC6815 1.8 2.1 0.04 7.6 1.3

Table 5. Relative errors on the fitting parameters for fixed dielectric anisotropy and absolute error on the dielectric coefficients
∆ϵ⊥ = ∆ϵ∥ = 0.1 ϵ⊥ for four LCs. All LC cell parameters are as in Table 4.

2 3 4
0

0.005

0.01

0.015

Fig. 5. Absolute error on the splay elastic constant K1 divided
by the uncertainty on the ordinary refractive index no as a
function of the phase lag at V=0 V for E7 cell with varying
thickness. The LC cell parameters are: elastic constants K1 =
10.9 pN and K3 = 17.895 pN, dielectric coefficients ε∥ = 19.54
and ε⊥ = 5.17, pretilt θ0 = 2°, strong polar anchoring energy
Wp = 1 J/m2, and refractive indices ne = 1.7287 and no =
1.5182 at λ = 642 nm.

cell parameters may still be extracted [20].309

Furthermore, we have demonstrated the reliability of our310

approach, using the associated error analysis, to determine elas-311

tic constants for LCs with unknown refractive indices and/or312

unknown dielectric coefficients. In the former case, the uncer-313

tainty on the refractive indices does not affect significantly the314

accuracy of the extracted elastic constants; in the latter case, a315

reasonably good approximation can be obtained for the elastic316

constants. The error analysis is based on using the implicit func-317

tion theorem in the standard error propagation formula. In this318

paper we have applied it to a Frank-Oseen model for a planar319

cell, but it can also be used for twist cells and for cells where320

flow effects are significant, the latter being modelled using an321

Ericksen-Leslie theory [34, 35]. The combination of thin-cell322

fitting and error analysis presented here is quite versatile and323

can serve as a useful aid in efficient assessment of new liquid324

crystals in technologically-relevant geometries.325

A. ERROR PROPAGATION326

The OMPA fitting procedure returns a set of fitting parameters,327

K1, K3, d, θ0 and Wp, by fitting the experimental CPI trace, pro-328

vided that ne, no, ε∥ and ε⊥ are known. Let x and y denote the329

known and fitting parameter vectors respectively,330

x =
(

ne no ε∥ ε⊥

)T
, y =

(
K1 K3 d θ0 Wp

)T
. (5)

The fitting procedure in OMPA finds y by minimising the dis-331

tance D (x, y) between the experimental and the theoretical CPI332

traces, by solving the system of algebraic equations333

Fi (x, y) ≡ ∂D2 (x, y)
∂yi

= 0. (6)

The absolute error on the fitting parameters is given by the334

standard error propagation formula335

∆yi =

∣∣∣∣∣ ∂yi (x)
∂xj

∣∣∣∣∣∆xj, (7)

where the Einstein summation convention is assumed, and ∆xj336

and ∆yi denote the absolute errors on xj and yi respectively. We337

compute the derivative using the Implicit function theorem338

∂yi
∂xj

= −
[

∂Fk
∂yi

]−1
[

∂Fk
∂xj

]
, (8)
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where

[
∂Fk
∂xj

]
and

[
∂Fk
∂yi

]
are the Jacobian of F with respect to x339

and y respectively, and [ ]−1 denotes the matrix inverse. Substi-340

tuting equations Eq. (6) and Eq. (8) into Eq. (7) we obtain that341

the error on the fitting parameters is given by342

∆yi =

∣∣∣∣∣
[

∂2D2 (x, y)
∂yi∂yk

]−1 [
∂2D2 (x, y)

∂xj∂yk

]∣∣∣∣∣∆xj. (9)
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