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The study of decision making under uncertainty is important in many areas (e.g. portfolio
theory, control theory and utility theory). The exogenous and endogenous uncertainties, such
as variations in stock prices, changes in consumer demand and ambiguity about investor’s
risk attitude, are beyond deciders’ control and knowledge and significantly influence the ef-
fectiveness of any decision. In this thesis, we concentrate on this issue and propose some
efficient models to deal with the uncertainties. Specifically, (a) we introduce a utility-based
reward-risk ratio (URR) optimization model and consider a situation where an investor does
not have complete information on the probability distribution of the underlying random vari-
ables, and we propose a distributionally robust URR optimization model to mitigate the risk
arising from ambiguity of the true probability distribution; (b) we introduce a multivariate
utility-based shortfall risk measure (MSR) and focus on a case that a decision maker’s true
loss function in the definition of MSR is unknown but it is possible to elicit a set of plausi-
ble loss functions with partial information, and consequently propose a robust formulation
of MSR based on the worst case loss function; (c) we investigate an issue that whether a
statistical estimator such as the optimal value of a preference robust optimization model
based on empirical data is reliable when the empirical data contain some noise, and we derive
moderate sufficient conditions under which the optimal value of the model is robust against

perturbation of the exogenous uncertainty data.
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Chapter 1

Introduction

Optimal decision making problems naturally arise in many fields of engineering and
management science. In investment and risk management, for example, a decision
maker aims to find the optimal allocation of resources among available assets that would
meet the expected return and risk preference. However, there are many underlying
exogenous and endogenous uncertainties involved in the decision making. For instance,
an investor need to select a portfolio to maximize gain with uncertain future stock price,
a manager need to decide an inventory level to maximize profit when future demand
is unknown, and there is an ambiguity about the decision maker’s risk preference.
Thus the desired outcome will be affected by these factors outside the decision maker’s
control and knowledge at the time of decision. In this thesis, we will investigate these
issues and propose some efficient models to deal with the uncertainties. The following
sections give a brief introduction of the motivations and contributions of this thesis

and also give a plan for subsequent chapters.

1.1 Distributionally Robust Optimization

The primary objective of portfolio management is to allocate monetary resources among
available assets so as to achieve the highest possible return while controlling the fund’s
risk exposure. Reward-risk ratio optimization is an important mathematical approach
in portfolio management. In previous researches, the reward-risk ratio optimization
problem has been studied based on various risk measures. One of the most referenced
reward /risk measures used in finance is the Sharpe ratio [76,77], which is based on

mean-variance analysis.

In general, a decision maker’s risk preference is important in reward-risk analysis. A
decision maker often needs to identify the utility function that characterizes his/her at-

1



2 Chapter 1  Introduction

titude toward risk when making decisions. Thus in Chapter 2, we propose a new reward-
risk ratio associated with personal preference which is called utility-based reward-risk
ratio (URR). We apply the URR to an optimal decision making problem where the

objective is to maximize the ratio.

An accurate prediction of the distribution of asset returns is an essential factor in
determining whether the reward-risk ratio can be precisely evaluated. However, in
practice, a decision maker does not have complete information on the distribution of
the underlying exogenous uncertainty. To deal with this difficulty, the research on
worst-case analysis of the portfolio selection problem has increased over the past few

years.

In Chapter 2, we consider a robust scheme for the URR optimization model to mitigate
the risk arising from ambiguity of the true distribution. We propose a distribution-
ally robust utility-based reward-risk ratio (DRURR) optimization model where the
ambiguity set of probability distributions is constructed through prior moment infor-
mation. We reformulate the DRURR optimization model as a mathematical program
with robust inequality constraints and further transform it into a nonlinear semi-infinite
programming problem through the Lagrange dualization. We then apply the entropic
approximation scheme to deal with the semi-infinite constraints and stability analy-
sis is presented for the approximation scheme, and consequently propose a numerical

scheme to solve the approximated optimization problem.

To see how the proposed framework of modelling works, we investigate a specific case
that the ambiguity set is determined by the mean and covariance. we consider box
constraints for the mean and covariance, which restricts each component of the two
quantities to an interval with finite lower and upper bound. We analyse the likelihood
of the true distribution to lie in the ambiguity set and the convergence of the optimal
value and the optimal solutions obtained on the basis of the ambiguity set. Finally,
we apply the DRURR optimization model to a portfolio selection problem and report
some numerical test results.

1.2 Preference Robust Optimization

The DRURR optimization model investigated in Chapter 2 is under the assumption
that a decision maker’s true utility function is known. In many practical applications,
however, the true utility function is unavailable because there may not be enough
information to specify it or a group of decision makers have difficulty agreeing on
which utility function to use. Thus in Chapter 3, we will focus on this issue in the
context of the utility-based shortfall risk measure (SR).
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The SR model introduced by Follmer and Schied [32] has received increasing attention
over the past few years. For a given loss function (as a risk attitude) and a threshold
value (as a prespecified risk level), the SR of a financial position is the minimal capital
added to the position such that the new position’s risk level is below the prespecified
risk level [47]. Previous research on SR was based on the univariate case, whereas in
natural applications, many financial positions possess multi-attributes, e.g., an insur-
ance company typically has several business lines each of which has a distinct attribute.
This motivates us to consider a multi-attribute SR model.

In Chapter 3, we introduce a multivariate utility-based shortfall risk measure (MSR)
and consider a situation where a decision maker’s true loss function is unknown but it
is possible to elicit a set of plausible loss functions with empirical data or subjective
judgements. Consequently, we define a preference robust multivariate utility-based
shortfall risk measure (PRMSR) through the worst loss function from the set to mitigate
the risk from the ambiguity. We demonstrate that MSR and PRMSR are convex risk
measures and discuss the domains of MSR and PRMSR.

Since a risk measure is often associated with some decision making problems, we apply
the PRMSR to an optimization problem (denoted by PRMSR-Opti) where the objec-
tive is to minimize the PRMSR of a vector-valued cost function. Considering a case
that the underlying probability distribution is continuous, we propose a sample average
approximation scheme and show it converges to the true problem in terms of the opti-
mal value and optimal solutions as the sample size increases. A tractable formulation
is developed for the approximated optimization problem when the ambiguity set of
loss functions is defined with some specified characteristics such as convex increasing,
Lipschitz continuous and pairwise comparisons. Some numerical studies are also given
to examine the performance of the proposed robust model and numerical scheme.

1.3 Statistical Robustness

In preference robust optimization models, e.g., the PRMSR-Opti in Chapter 3, the
true probability distribution is often assumed to be either known or can be recovered
via empirical data which do not contain any noise. However, it is unclear whether
a statistical estimator such as the optimal value of a preference robust optimization
model based on empirical data is reliable when the empirical data contain some noise,
that is, if we let () denote the empirical distribution based on the data with noise, Py
the empirical distribution based on the data with noise detached and 9J(-) the optimal
value of a preference robust optimization model, we ask whether J(Qy) is close to
Y¥(Py) under some metric when N is sufficiently large. This issue is also known as
statistical robustness which can be traced back to the work of Hampel [41].
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In Chapter 4, we investigate the above issue in the context of PRMSR-Opti model.
We recall some basic notions and results about -weak topology and derive uniform
continuity of ¢¥(P) w.r.t. variation of the true probability distribution P under some
metrics. We investigate the uniform Glivenko-Cantelli property and identify appropri-
ate metrics under which ¥(Py) uniformly converges to ¥(P). We establish statistical
robustness of estimator of ¥(-), that is, 9(Qy) is close to ¥(Py) under the Prokhorov
metric when N is sufficiently large as long as @) (the distribution generates the data
with noise) is close to P.

Unlike Chapter 2, which considers P is unknown but can be approximated with an
ambiguity set of distributions and the optimal decision is based on the worst probability
distribution from the ambiguity set, the statistical robustness in Chapter 4 does not
consider worst probability distribution, rather it concerns with quality of statistical
estimators based on real data. In addition, compared with the convergence analysis in
Chapter 3, the convergence analysis in Chapter 4 focuses on uniform convergence of
J(Py) to ¥(P) for all P in a specified set of probability measures rather than the rate
of convergence for a fixed P.

1.4 Notation

Throughout this thesis, we will use the following notations. By convention, we write
a’'b for the scalar product of two vectors a,b € R", e denotes a vector with all elements
being 1, || - || denotes the Euclidean norm of a vector, || - ||« denotes the infinity
norm of matrix, || - ||z denotes the Frobenius norm of matrix and (a); = max{a,0}.
We use ‘clA’ to denote the closure of a set A, Diam(A) denotes the diameter of a
set A, d(x,A) := infyea ||z — 2’| denotes the distance from a point = to the set
A, D(C,A) := sup,ccd(x,A) denotes the deviation of C' from A, and H(C,A) =
max{D(C, A),D(A, C)} denotes the Hausdorff distance between C' and A.



Chapter 2

Distributionally Robust
Utility-Based Reward-Risk Ratio

Optimization

Reward-risk ratio optimization is an important mathematical approach in financial
portfolio management. It helps decision makers allocate limited resource efficiently so
as to maximize their wealth while reduce the fund’s risk exposure. Generally, a deci-
sion maker’s risk preference has a significant influence on his/her investment decision
making, and it is important for a decision maker to find an appropriate reward-risk
ratio which reflects his/her risk attitude. In practice, a decision maker often needs
to identify the utility function that characterizes his/her attitude toward risk when
making decisions. Thus in this chapter, we propose a new reward-risk ratio associat-
ed with personal preference which is called utility-based reward-risk ratio (URR). In
the real world, a decision maker often needs to make decisions with underlying uncer-
tainties (e.g., variations in stock prices and changes in consumer demand), and these
uncertainties will significantly influence the effectiveness of decisions. Hence in this
chapter, we will consider a situation where there is an ambiguity about the probability
distribution of random variable, and use a robust scheme for the URR optimization
model to alleviate the risk arising from it.
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2.1 Introduction

2.1.1 Literature Review

One of the main issues in financial portfolio management is to develop appropriate
measures for hedging risks arising from various uncertain factors. Since the pioneering
Markowitz work on mean-variance portfolio selection [58], the reward-risk analysis
framework has been widely used in financial portfolio management. Under the reward-
risk analysis framework, the portfolio choice is made according to two criteria: the
expected return and the risk. One portfolio is preferred to another if it has higher

expected return and lower risk.

Related to reward-risk analysis is the reward-risk ratio optimization, which has been
studied based on the various performance measures in the literature, see Stoyanov et
al. [79] for an overview of this topic. One of the most referenced return/risk measures
used in finance is the Sharpe ratio [76,77], which is based on mean-variance analysis.
The ratio measures the excess return per unit of deviation in an investment asset, and
it characterizes how well the return of an asset compensates the investor for the risk
taken. After the publication of the Sharpe ratio, some new performance measures, like
the STARR ratio, Sortino-Satchell ratio and the Rachev ratio, have been proposed, see
Biglova et al. [14] for an empirical comparison.

In practice, no matter which performance ratio is adopted, whether the ratio can be
accurately evaluated mainly depends on the reliable and exact forecast of the distri-
bution of asset returns. The work of Black and Litterman [16] indicated that when
adopting the mean-variance model, the portfolio decision is very sensitive to the mean,
and a small error in the estimator of this variable can be amplified into a significant
change of the optimal portfolio strategy. It is obvious that the ambiguity in underly-
ing distributions can be observed in situations where data samples are insufficient or
unstable. In addition, other cases, such as indetermination of exit time in portfolio
selection problem [59] or no consensus on the future markets among decision makers
in decentralized investment management problem [60], may lead to the uncertainty of
underlying distributions.

This phenomenon motivates an increase in study of robustness of the portfolio selection
when dealing with the ambiguity in the underlying distribution. The work of Ben-
Tal et al. [12] developed a robust multi-stage asset allocation model using a robust
linear programming approach. Lobo and Boyd [56], Goldfarb and Iyengar [37] and
Lu [57] studied the robust mean-variance portfolio selection problem. In their work,
some uncertainty sets (e.g., box uncertainty set and ellipsoidal uncertainty set) of the

problem parameters (e.g., mean and covariance of the random returns) were introduced,
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and they showed that the robust portfolio selection problems corresponding to these
uncertainty structures can be transformed into semidefinite programs or second-order
cone programs, which can be solved by interior-point algorithms.

El Ghaoui et al. [35] studied the robust portfolio optimization problem using worst-case
value-at-risk, which requires the information of the first and second moments of the
distribution only. A study by Natarajan et al. [61] considered the robust value-at-risk
optimization problem by incorporating asymmetric distributional information. Zhu
and Fukushima [88] explored the robust portfolio selection problem using worst-case
conditional value-at-risk with several structures of uncertainty in the underlying distri-
bution. The work of Zhu et al. [89] focused on the robustness of lower-partial moment
based portfolio selection problems. Delage and Ye [26] investigated the distributionally
robust optimization problem where the ambiguity set is constructed through moment
constraints.

The work of Kapsos et al. [50] proposed a robust omega ratio model where the in-
formation of the true probability distribution is incomplete, and they computed the
omega ratio on the basis of the worst probability distribution in an ambiguity set of
distributions. In their work, three types of uncertainty (mixture distribution, box and
ellipsoidal uncertainty) were considered. A study by Gorissen [38] extended robust
optimization to fractional programming, where both the objective and the constraints
contain uncertain parameters, and he proposed tractable formulation for addressing
the problem under some conditions.

The majority of prior research on robust reward-risk ratio optimization have not taken
into account personal preference. However, in practice, a decision maker needs to
identify the utility function that characterizes his/her attitude toward risk when making
decisions. Tong and Wu [81] stated that decision maker’s risk preference is important
in reward-risk analysis. In the standard portfolio analysis, it is often assumed that
investors are risk averse and their utility can be expressed as a function of the mean and
variance of the portfolios rate of return [51]. The work of De Giorgi [23] characterized
reward and risk measures to obtain a link between reward-risk framework for portfolio
selection and utility expectation approach.

2.1.2 Contribution

Our research in this chapter proposes a new reward-risk ratio associated with deci-
sion maker’s risk preference which is called utility-based reward-risk ratio (URR). We
apply the URR to an optimization problem and consider a situation where the true
probability distribution is unknown. To tackle this issue, we investigate a distribution-
ally robust utility-based reward-risk ratio (DRURR) model, which is varied from the
ex ante Sharpe ratio model with the ambiguity set of probability distribution being
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constructed through prior moment information.

We reformulate the DRURR optimization model as a mathematical program with
robust inequality constraints and further transform it into a nonlinear semi-infinite
programming problem. We use the entropic approximation scheme to deal with the
semi-infinite constraints and give a stability analysis for the approximation scheme.
Compared with mainstream approximation methods in the literature of distributionally
robust optimization, the approximation scheme we used has no specific requirement
(e.g., linear or convex) for the underlying functions w.r.t. the random variables. Thus
the framework of our research has a wider range of applications.

We investigate a specific case that the ambiguity set is determined by the mean and
covariance. Unlike the work of Popescu [64] assumes complete information of the
mean and covariance, we consider some degree of uncertainty for the two quantities.
Compared with the work of Delage and Ye [26] which uses ellipsoid constraints for the
mean and semi-definite constraints for the covariance, we consider box constraints for
the mean and covariance which restricts each component of the two quantities to an
interval with finite lower and upper bound. The ambiguity set defined as such can
convert the robust formulation to a moment problem which can be solved by a general
numerical scheme. We also analyse the likelihood of the true distribution to lie in
the ambiguity set and the convergence of the optimal value and the optimal solutions
obtained on the basis of the ambiguity set.

We propose a numerical scheme to solve the approximated optimization problem based
on the framework of the Dinkelbach method. Compared with the standard Dinkelbach
method, our algorithm updates the optimal value automatically at each iteration by
solving a nonlinear equation. We apply the DRURR optimization model to a portfolio
selection problem and carry out some numerical tests to show the effectiveness and
efficiency of the model.

2.1.3 Structure

The rest of this chapter is structured as follows: In section 2.2, we propose a distribu-
tionally robust utility-based reward-risk ratio optimization model and reformulate it as
a mathematical program with robust inequality constraints. In section 2.3, we trans-
form the robust optimization problem into a semi-infinite programming problem in the
case when the ambiguity set is constructed through prior moment information and fur-
ther use the entropic risk measure to construct an approximation of the semi-infinite
constraints. In section 2.4, we consider a case that the ambiguity set is determined by
the mean and covariance with some degree of uncertainty and present stability anal-
ysis of the robust optimization problem w.r.t. change of sample data. An iterative
scheme is developed for solving the approximated optimization problem in section 2.5,
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and we apply the proposed model to a portfolio optimization problem and report some

numerical test results in section 2.6.

2.2 URR and Distributionally Robust URR

We use u(+) to denote a utility function which is increasing and concave and motivate

our discuss with the following stochastic program:

max Epfu(f(x,€)) - u(Y(©))] (2.2.1)

rzeX

where x is a vector of decision variables, X is a nonempty convex and compact subset
of R", f : R" x R* — R is a continuous return function and it is concave w.r.t. z
for every fixed £, ¢ is a random variable on probability space (2, F, P) with = C Rk,
Y (§) is a benchmark return, Ep|[-] denotes the expected value w.r.t. the probability
distribution of &.

Here Ep[u(f(z,€))] measures a decision maker’s preference to random returns of the
chosen action, likewise, Ep[u(Y (§))] measures a decision maker’s preference to a bench-
mark return. If

Eplu(f(z,£))] = Eplu(Y(£))],

we can assert that the random returns of the chosen action f(z,&) are preferred to
the benchmark return Y (§). It means that the decision maker is satisfied with this
investment action, and it can be considered as a reward to the investor. Therefore, we

can regard (2.2.1) as a reward maximization problem.

Similarly, we have the following stochastic program:

min Ep[(u(Y'(§)) — u(f(z,£)))+]; (2.2.2)

zeX

where (a), = max{a,0}. It considers the situation when

Ep[u(Y(£))] = Eplu(f(z,£))].

According to the above discussion, it can be regarded as a risk to the investor, and

(2.2.2) is a risk minimization problem.

As discussed in the introduction, reward-risk ratio optimization is an important mathe-
matical approach in financial portfolio management which takes into account the return
and risk of the investment and helps an investor make the optimal decision to max-

imise the expected return and minimise the risk. Thus in what follows, we focus on a
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so-called wtility-based reward-risk ratio (URR) optimization problem:

oy EPlulf @) —u(Y(©)]
X Erl(uY(€) - (2.9

In this setup, as discussed above, the numerator is regarded as a reward and the
denominator as a risk. Note that we define Ep[((u(Y (§)) — u(f(z,£)))+] as the risk
because we only care about the scenarios where the utility of f (portfolio return) falls

(2.2.3)

below the utility of benchmark return and we look at the expected utility values of
these scenarios. This is in accordance with the semi-deviation risk measures in practice
where only deviation from the targeted value is regarded as a risk. We assume that the
denominator is positive for all z € X in that if there is an zy such that the quantity is
zero, it means that in all scenarios (or almost surely) the new portfolio is worse than
the benchmark, and we will exclude such strategy from our feasible set.

The main issue relates to the above model is the information on the underlying un-
certainty. In practice, the true probability distribution of random variable & may be
unknown, but it may be possible to obtain some partial information to construct an
ambiguity set of distributions which approximate the true distribution. We use P to
denote an ambiguity set and consider a distributionally robust utility-based reward-risk
ratio (DRURR) optimization model:

Eplu(f(z,€)) — u(Y ()]
D)+l

In this formulation, the optimal solution is based on the worst probability distribution

sup inf

vex PeP Ep[(u(Y (€)) — u(f(x, (2.2.4)

from P and it provides a lower bound for the optimal value of problem (2.2.3) if the
true probability distribution is contained in P.

To deal with the fractional form of the objective function, we use a variable v € R and
reformulate problem (2.2.4) as follows:

st nf Bplu(f(z, ) —u(Y(§)) = v(u(Y(€)) —ulf(z,€)))+] 2 0

Compared to (2.2.4), problem (2.2.5) is relatively easier to handle as both the objective
and constraint functions are linear w.r.t. Ep[-]. We show the equivalence of (2.2.4) and
(2.2.5) in the following proposition.

Proposition 2.2.1 Problems (2.2.5) and (2.2.4) are equivalent when both have finite
optimal value and optimal solutions, that is, if {7*, (x*,7*)} is a pair of optimal value
and optimal solution of problem (2.2.5), then {v*,x*} is a pair of optimal value and
optimal solution of problem (2.2.4), and vice versa.
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Proof. We use the convention § = 4oc0. Let {y*, (z*,7%)} and {%,2} be a pair of
optimal value and optimal solution of problems (2.2.5) and (2.2.4) respectively. Since
(x*,~*) is a feasible solution of problem (2.2.5), we have

inf Eplu(f(z*,€)) —u(Y(§)) — 7" (u(Y(§)) — u(f(z%,£)))+] = 0. (2.2.6)

PeP

Next we show (2.2.6) implies

Eslu(f,©) —u(Y (@)
B B V(@) = e e = (22)

Assume for the sake of a contradiction that (2.2.7) fails to hold. Then there exists a
small positive number € and a sequence { PV} C P such that

Epnu(f(".) ~u(V(@)] _ .
Epv[(u(Y (©) —ulf (=" )+]

when N is sufficiently large. For a fixed PV, we have

(2.2.8)

Epxlu(f(z7,8)) = u(Y(§)) = v (w(Y(£)) — u(f(z",8)))+]
< —eEpn[(u(Y(§)) — ul(f (2", €)))+]-

I Epn[(w(Y(£)) —u(f(z*,£)))+] > 0, then the inequality above contradicts to (2.2.6).
On the other hand, if Epn[(u(Y (§)) — u(f(2*,€)))+] = 0, then Epn[u(f(z*,&)) —
uw(Y'(€))] > 0, which entails the left hand side of (2.2.8) to be positive infinity. This is
not possible because of the boundedness of v*. Thus we get a contradiction as desired.

Since z* is a feasible solution of problem (2.2.4), then

Eplu(f(z*,£)) —u(Y(£))] > . (2.2.9)

T2 R Epl(u(Y(©) — ul(fa, )]

On the other hand, as 7 is an optimal solution of problem (2.2.4), we have

Eplu(f(@,8) —uY ()] 5
Ep[(u(Y (§)) — u(f(2,6))+] —

for all P € P. Multiplying both sides of the above inequality by Ep[(u(Y (£)) —
u(f(2,€)))+] and taking minimum w.r.t. P over P, we obtain

inf Epfu(f(2,€)) — u(Y(€)) = 4(u(Y () — u(f(&,€)))+] = 0

Pep

which means (2, ) is a feasible solution of problem (2.2.5). Thus

o Erlulf(3.9) ~ u(Y(©))
= per Ep[(u(Y(€)) — u(f(%,€))4] ~

*

v

>4 (2.2.10)
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Combining (2.2.9) and (2.2.10), we have

The proof is complete. O
To ensure the optimal value and the optimal solutions of problem (2.2.5) to be bounded,
we make the following assumption.

Assumption 2.2.1 Assume that:

(a) X is a compact convez set;
(b) = C R* is a compact set;
(¢) f(-,9),Y (") and u(-) are continuous;

(d) there exists a positive number € such that

min inf Ep[(u(Y(§)) — u(f(z,£)))4] > €. (2.2.11)

zeX PeP

Parts (a)-(c) of the Assumption 2.2.1 are standard in the literature, see [30] for example.
Part (d) provides a sufficient condition for the well-definedness of the robust formulation

(2.2.4) and (2.2.5).

Proposition 2.2.2 Under Assumption 2.2.1, problem (2.2.5) have a finite optimal
value.

Proof. Condition (2.2.11) ensures that for all P € P and all z € X

Epfu(f(z,8)) = u(Y ()]
Ep[(u(Y(£)) = u(f(2,£)))+]

< ZIEplu(/(2,€)) — ulY(€))]

< sup sup ~[Ep[u(f(z,€)) — u(Y(E)]

zeX Pep €

< Lsupsup [u(f(z,6)) — u(Y (©)).

€ 2eX ¢eE

Under Assumption 2.2.1, = and X are compact sets and functions f, Y and u are
continuous. Therefore, sup,cx supgcz [u(f(,£)) — u(Y(£))| is bounded and so is the
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optimal value of (2.2.4). As we have shown in Proposition 2.2.1 that (2.2.4) and (2.2.5)

are equivalent, thus problem (2.2.5) has a finite optimal value. U

For the convenience of exposition, we rewrite problem (2.2.5) as a minimization prob-

lem:
ze)i(r,l’feR - 2919
st supEpl—u(f(z,6) + u(Y(€) + 1(u(Y(©) — u(f(x &) <0. 22

pPepP

To simplify the notation, we let

H(x,&,7) = —u(f(z, ) + u(Y(§) + 7 (u(Y(§) — ul(f(x,)))+

and write problem (2.2.12) in a concise form

P
reEX,YE
2.2.13
st.  supEp[H(z,£,7)] <0. ( )
PeP

Proposition 2.2.3 Under Assumption 2.2.1, the following assertions hold.

(i) For each P € P and v € X, Ep[H (x,,7)] is strictly increasing in y;

(17) there ezists a finite v* such that

sup Ep[H(x,&,7")] > 0,Vx € X; (2.2.14)
PeP

(1i1) if given a~* satisfying (2.2.14) and there exists x* € X such that Ep[H (z*,£,~*)] =
0, then —v* and (z*,v*) are the optimal value and optimal solution of problem

(2.2.13).

Proof. Part (i). Under Assumption 2.2.1 (d), it is easy to see that Ep[H(x,¢&,")] is
strictly increasing in .

Part (ii). Under Assumption 2.2.1 (a)-(c), we have

sup Ep| — u(f(z,&)) +u(Y(E))]] < max_|—wu(f(z,£)) +u(Y(§))] < +oo.

PcP reX, €2

By Assumption 2.2.1 (d),

sup Epy(u(Y (€)) — u(f(2,6)))+] > ve.

pPeP
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Therefore, there must exist a v* sufficiently large such that

sup Ep[H(z,§,7%)] 2 0,V € X.
Pep

Part (iii). The equality of (2.2.14) implies (z*,7*) is a feasible solution of problem
(2.2.13). By Part (i) and (ii), for any 2 € X and any 6 > 0

sup EP[H<:B> 5? ’7* + 5)] > 07
pPepP

which implies that the optimal value of problem (2.2.13) cannot be smaller than —~*.
OJ

The assertions in Proposition 2.2.3 ensure the boundedness of the optimal solution of
problem (2.2.13) and the sufficient condition for optimality.

2.3 Dual Formulation and Entropic Approximation

In this section, we consider a dual formulation for the problem (2.2.13) when the ambi-
guity set P is constructed through moments. Specifically, we construct the ambiguity
set P as follows:

o . Ep[i(§)] =0, i=1,....p
P {Pe‘@' Ep[i4()] <0, i:pﬂ,...,q}’ (23

where ¢; : = — R,7 = 1,...,q, are continuous functions, and & denotes the set of
probability measures of random variable £. For the simplicity of discussion, we restrict
P (€) to be scalar functions and make the following assumption.

Assumption 2.3.1 Let 1;(€) be defined as in (2.3.1) and = be the support set of €.
Let i := (Y1, ...,1,). We assume:

0, € it{Enb($)] : P € 2} — K.,
where ‘int’ denotes the interior of a set, K := 0, x R, 0, is a zero vector with q

dimensions and 0, is a zero vector with p dimensions.

The assumption is a standard condition for deriving Lagrange dual of moment prob-
lems, see Xu et al. [86, Proposition 2.1]. Under Assumption 2.3.1, we can reformulate
problem (2.2.13) as the following semi-infinite programming problem (see Appendix
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A):
inf —y
zeX,yERAERP XRY P ( )
2.3.2
s.t. sup H(z,&,7) i (€
up Z

If Assumption 2.2.1 holds, then the optimal value of the primal and the dual problems
is finite. In addition, by [72, Proposition 3.4], the set of optimal solutions is nonempty
and bounded.

For the convenience of exposition, we let

T(w,7,A€) = H(z,€,7) ZM&@ (2.3.3)

and rewrite the semi-infinite programming problem (2.3.2) as follows:

inf -
z€X,yERAERP xRL P (2.3.4)
s.t. supT'(z, 7, A, §) <0
ez

In what follows, we consider an approximation of the constraint in (2.3.4) through

entropic risk measure. The entropic risk measure is defined as
1 —aZ
eo(Z) := —InEple ],
«

where Z € (=, F,P) ! is a random variable and « is a positive number. It is well
known that e,(Z) is monotonically increasing in o and

lim e,(Z) = esssup(—2),
a—+00
where ‘ess sup’ denotes essential supremum of the random variable, see [33] for a
thorough treatment of the subject.

The following lemma states the uniform approximation of entropic risk measure for a

general class of random functions.

Lemma 2.3.1 ( [55, Proposition 2.1]) Let g : R™ x R¥ — R be a continuous function
and X be a subset of R™. Let & be a random variable on the probability space (=, F, P)
with support set = C R*. Let G(z), F.(-) and Z, denote the essential supremum, the
cumulative distribution function and the support set of —g(x, &) respectively, that is, =,
is the smallest set satisfied P(—g(x,&) € Z;) = 1. Let Diam(Z,) denote the diameter

1 #°° (8, F, P) denotes the set of essentially bounded measurable functions.
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of Z.. Assume: (a) X C R™ is a compact set, (b) for each fized x € X,

inf g(z,£) > —oo.

Then for each fixed x € X,

lim ea(g(z,€) = G(a).

a—+00
Assume in addition: (c)

inf inf > —
J}gxggag(w,f) 00,

(d) for any fixed small positive number €, there exists d(€) € (0,1) such that

F.(G(x) —e) <1—=46(e), Vo € X,

where X, := {x € X : Diam(Z,) > 2¢}. Then

lea(g(z,€)) — G(x)] < 2¢ + ‘élm(S(e)

. (2.3.5)

By Lemma 2.3.1, we consider an approximation of the constraint in problem (2.3.4) as
follows: |
ea(=T(x,7, A, €)) := — InE[e?T@7 )] < 0, (2.3.6)
@

Note that the expectation E[-] in (2.3.6) is different from the expectation Ep[-] in
the preceding section. From Lemma 2.3.1, we can see the conclusion holds for any
probability distribution of é with support set =. However, in problem (2.2.3), we do
not assume any knowledge of the true probability distriution P except the support set

—_
—
—

With (2.3.6), we can construct an approximation of problem (2.3.4) as follows:

inf —y
z€X YERAERPxRY P (2.3.7)
s.t. ea(=T(z,v,)\,&)) <0

Since the set of optimal solutions to problem (2.3.4) is nonempty and bounded under
Assumption 2.2.1, we may restrict the variables A;,7 = 1,...,¢ in problem (2.3.7) to
take finite values. Specifically, we assume that there exists a positive constant Cj such
that

IN| < Co,i=1,...,q

The following proposition states some important properties of the feasible sets and the
optimal values of problems (2.3.4) and (2.3.7).
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Proposition 2.3.1 Let F and v denote the feasible set and the optimal value of prob-
lem (2.3.4) respectively. Likewise, define F(c) and 9(«) for problem (2.3.7). Then the

following assertions hold.

(i) F C F(a) for all a > 0;

(11) F(a) is monotonically decreasing, that is, a; < ag, F(ag) C F(ay);
(7i1) Y¥(«) is non-decreasing and V() < ¥;
(

iv) if Assumptions 2.2.1 and 2.3.1 hold and there exists a positive number € such that

min E[(u(Y (§)) — u(f(2,€)))+] = €, (2.3.8)

reX

then both ¥ and ¥(«) are finite, and the set of optimal solutions to (2.53.7) is

nonempty and bounded.

Proof. Part (i). Since eq(—T'(7,7,A,§)) < supgez T(7,7, A, §), then F C F(a).

Part (ii). It follows form the fact that for any fixed z,v, A, eo(=T'(x,7, A, £)) increases

in a.
Part (iii). It follows from Part (i) and Part (ii).

Part (iv). Under Assumption 2.2.1, as we have discussed above, ¥ is finite. By Jensen’s

inequality,
E[eaT(xv’Yv)‘vf)] > eOC]E[T(.I,’Y,)\,E)].

Thus we have
1 1
«

«

In addition, we have

and

> —Efu(f(x,€))] +E[u(Y(©)] + e

Since | ;| < Cy and 1);(+) is continuous on =, for i = 1,..., ¢, then the inequality above
means E[T'(z,v, A, )] — +00 as v — 400, and hence

1
ea(_T(m, f)/, )\, f)) = — ln E[eaT(xv'Yv)‘yg)] _> +OO
(07
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It shows that a large v will violate the constraint of problem (2.3.7) regardless of the
value of «, which means v must be bounded at its optimum. The nonemptiness and
boundedness of the set of optimal solutions to (2.3.7) follow from the boundedness of
~ and the fact that the other variables of the problem are restricted to take a value
from a compact set. 0

In what follows, we consider the approximation of (2.3.7) to (2.3.4) in terms of the
feasible sets and the optimal values as « changes. For the convenience of exposition,
we let

M:=X xR xR x RY? and m := (z,7,\) € I,

then T'(z,v, A, §) can be written as T'(m, ). The below error bound condition [62] will
be used in the following stability analysis.

Assumption 2.3.2 There exist positive constants C' and § such that

d(m,F) < C (sup T(m,§)>+ (2.3.9)

£e=

for any m € M satisfying d(m, F) < 0.

Note that For m € F, supgez T'(m, §) < 0, the constraint (2.3.9) holds trivially. Thus
the quantity (supgez 7'(m,§))+ describes the significance of constraint violation when
mé¢ F.

Theorem 2.3.1 Assume: (a) F is a compact set; (b) ;i = 1,...,q, is continuous;
(c) Assumption 2.2.1 and the conditions of Lemma 2.5.1 hold for function T(m,§).
Then

(1) for any e > 0, there exists a positive number aqy such that

H(F (), F) <€, Va € [ag, +0);

(13) if Assumption 2.5.2 holds, then there exist positive constants C' and o* such that

H(F(a), F) < Csup Ay(m), Vo € [a*, +00), (2.3.10)
meM

where

Bam) = (sup T, €) = c0(-T(m,6)) )
(i4)
|U(a) — | < Csup Ay(m), Vo € [a*, +00).

meM



2.3 Dual Formulation and Entropic Approzimation 19

Proof. By Proposition 2.3.1 (i), D(F, F(«)) = 0, therefore in Parts (i) and (ii), we
only need to show the inequalities hold for D(F(«a), F).

Part (i). Let € be a fixed small positive number. Define

F(e) == inf T
(€)== inf Sup (m, §).
d(m,F)>e

Then F'(¢) > 0. Let 6 := F(¢)/2. By Lemma 2.3.1, there exists a positive number aq
such that

sup |sup T'(m, &) — ea(=T(m,¢))

meM [ EeE

for @ > ay. For any m € 9 with d(m, F) > e,

ea(=T(m,&)) = supgezT(m, &) + ea(=T(m,&)) — supee=T(m, §)

> Fle) = F(e)/2 = F(e)/2 >0,

which implies m ¢ F(«). It shows that for every m € F(«a), we have d(m, F) < ¢, that
is, D(F(a), F) <e.

Part (ii). Under Assumpion 2.3.2, it follows by Part (i) that there exists a sufficiently
large o* such that

d(m, F) < C <sup T'(m, 5))+

£e=

for all m € F(a) when a > a*. Since m € F(«) is equivalent to e,(—7'(m,¢)) < 0,
then for any m € F(a),

d(m, F) C (supgez T(m,€)), — C (ea(=T(m,£))),
C’(supge_ T(m, &) — eqo(—T(m, )+
(—T(

m, §)
= C(SUPgeET( §) — €a m, &) )
ea(=T(m,§))),

C supyem (SUPgeE T(m,§) —
where the second inequality follows from the fact (a); — (b); < (a — b), the equality

IA A

IN

follows from the fact supgcz T'(m, &) > eo(—T'(m,§)) for any m € M. It shows

D(F(a), F) < C sup (supT<m, §) — ca(~T(m. 5))) |

meM \ (€=

Part (iii). Let m* and m, be an optimal solution of problem (2.3.4) and problem
(2.3.7) respectively. Let v+ and 7, be the corresponding second component of m* and
m,, respectively. Then ¥ = —~* and J(a) = —v,. By Part (ii), there exists m € F
such that

[mo —m|| < C sup Ay(m).
meM
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Let 4 be the corresponding second component of m. Then ¥ = —y* < —4. Thus we
have

v < V< Yo+ |'7a - '7| < 79(@) + C sup Aa(m)-
meMN

Exchange the role of m, and m* under the symmetry of Hausdorff distance between
F(a) and F, we have

Y(a) < I+ Csup A, (m).
meM

The conclusion follows. O

Under condition (c), it follows by Lemma 2.3.1 that A,(m) goes to 0 uniformly for all
m € M as o — 400, thus Theorem 2.3.1 states that |J(a) — | — 0.

2.4 Specific Case of Ambiguity Set

In order to see how the proposed framework of modelling works, in this section we inves-
tigate a specific case that the ambiguity set is determined by the mean and covariance.
Unlike the work of Popescu [64] that assuming complete information of the mean and
covariance, we consider some degree of uncertainty for the two quantities. Specifical-
ly, based on the study by Tiitiincii and Koenig [82], we consider box constraints for
the mean and covariance, which restricts each component of the two quantities to an

interval with finite lower and upper bound. The ambiguity set is defined as follows:

. ¢ < Erle) =i e i=Loym
P"{Peg ERl(€ - 1)(€ - )] - Sl < 0 }’ (24)

where i and X denote the mean and covariance matrix respectively, || Al = max |a;;|.

The main advantage of such construction is that the ambiguity set (2.4.1) can be fitted
into the framework of the preceding moment problem so that we can solve the latter
by a general numerical scheme (to be detailed in Section 2.5). Specifically, we recast
(2.4.1) as follows:

* —e < EPW%(&)] < €, 1
P =X Pc P: . 2.4.2
{ c —OSEA%@HSU,j:p+L~wq} (242)

where p is the dimension of random &, ¢ = ’ij’p, Yi(€) = & — [ and ¢;(€), j =
p+1,...,q are the elements of the upper triangular of matrix (¢ — )(¢ — )* — 2.
Compared with the semi-definite constraint which specifies the property of the centered
covariance of random variable, it may be more convenient to give a lower and upper
bound for each component of the centered covariance. In some cases, the covariance
between two random variables is precisely known, and the box constraint also allows
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different o value to be set for each component of the covariance matrix.

In practice we may use samples to construct an estimate of the true mean and co-
variance. Let &', ..., &Y be an independent and identically distributed sample of &
and

PN = {Pe,@: —e < Bl 5V(§)]§<e, i=L.p } (2.4.3)
< q

where p and ¢ are defined as above, ¥ (£) = & — p¥ and wjv £),j=p+1,...,qare
the elements of the upper triangular of matrix (€ — p™)(€ — p™)T — XV,

The next work is to address some theoretical questions: (i) does PY converge to P* as
the sample size increases? (ii) is the true probability distribution of ¢ lies in PN? (iii)
does the optimal value and the optimal solutions obtained on the basis of PV converge
to their true counterpart?

We first address question (i). Let us recall the definition of total variation metric based
on [10] for forthcoming discussion.

Definition 2.4.1 (Total variation metric) Let P,Q) € &2 and M denote the set of
measurable functions defined in the probability space (Z,B). The total variation metric
between P and Q) is defined as

drv(P,Q) = sgr;{(Ep[g(f)] —Eq[g(8))),

where M = {g: RF = R | g is B measurable,supe.z [g(§)] < 1}.

Using the total variation metric, we can define the distance from a point to a set,
deviation form one set to another and Hausdorff distance between two sets in the
space of & as follows:

dTV(Qap*) = Plél’lg* dTV(Q7P)7

DTV(PNaP*) ‘= 8sup dTV(QaP*>7

QePN

HTV (PN, P*) = maX{DTV (PN, ,P*), ]D)Tv('P*, PN)}

Proposition 2.4.1 Suppose that = is a compact set. Then Hyy (PN, P*) — 0 as
N — +o0.
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Proof. When = is a compact set, both PV and P* are compact sets under the total
variation metric. For any given Q € P¥, it follows by [80, Lemma 4.1] that there exists
a positive constant C* such that

Drv(Q,P) < C([[(Eq[¥r(&)] —ee)+ |l + [[(=Eq[¥r(£)] —ee)+|)

+C((EQ[¥s(&)] — o)+ | + [(—Eq[¥.s ()] — ae)+])

< CH(I(EQ[Pr(&) = TN+l + (B[ (&) = ¥r()])+1)
+O (B[P (&) =TT (D + + I(EQ[Wh (&) — Ts(E)D+D),

(2.4.4)
where
(2 Ypi1 Uy i])\jrl
;= : WU, = : ’@y:: : ,\D]}[:: : ,
Vp Vq by (T

for a vector a, (a); = max{a,0} with the maximum being taken componentwise. The
first inequality of (2.4.4) means that a probability measure ) € & deviating form P*
under the total variation metric is linearly bounded by the residual of the system of
equalities and inequalities defining P*. The second inequality follows from the facts
that @ € PV and (a); < (a —b) if b < 0. Likewise, for any given Q € P*,

Dry(Q,PY) < C*(|(E[P7 (§)] — ee)i |l + [(—Eq[¥(§)] — ee)+ )
+C([[(EQ[W] (§)] — oe)¢ || + [(—Eq[¥5 (§)] — oe)+))
< C*(I(EQ[ (&) — Ui+l + I(Eq[W1(€) — w3 (E)])+1)
(B[ (&) = WD+l + [(Eq[¥s(§) — TF(E))+11)-
Since pV — i and ¥V — 3. it is easy to see that U and W) converge to ¥; and
U ; uniformly over = as N — oo. Thus both Dy (Q, P*) and Dry (Q, PY) converge to

zero as N — oo, which implies Hypy (PN, P*) — 0. O

To address question (ii), we give the following lemma based on [78].

Lemma 2.4.1 If £ is essentially bounded by a positive number 3, then for any given
positive small number 9,

(1) with probability at least 1 — § over the choice of the samples of &,

N < 2 L.
IEfE] - u Hoosm(u 21n5),

(13) with probability at least 1 — 2§ over the choice of the samples of &,

IE[(E = n™)(€ = 1)) =SVl < f/BNQ <2+ 21n %) .
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Proof. Part (i). It follows straightforwardly from [78, Theorem 3].
Part (ii). Let
| X
N ._ T _ T
SV =~ ;:1 67 and S = ElgeT).

Then

IE[(€ — ™) — 1™M)T] = 2Vl

IE[(€ — )€ — 1™)T] = % S (& — ™) (& — 1Y) le
1S = 2E[¢] (™) 4 N (u™)" = SN 4+ N (™) oo

1S = S¥|oo + 2[[E[E] (™) = 1™ (1) o

<
< 1S = SVl + 2B = p - (™)

Note that for any two events A and B, Bonferroni’s inequality states that
P(AB) > P(A)+ P(B) — 1.

Thus, it follows by [78, Corollary 5] and Part (i) that with probability at least 1 — 2§

< 2 (2+,2m1)+ 2 (24 /2m})
— 38 1

where the inequality indicates that with high probability the covariance matrix of the
randomly generated sample gives a good estimation of E[(§ — u™¥)(£ — u™)T] in a way
that does not depend on the dimension of the feature space. U

Theorem 2.4.1 Suppose that & is essentially bounded by a positive number 5 and the
parameters € and o are chosen as follows:

2
eN::%<2+ 21n%>,JN::?/—5N(2—I— 21n%>.

Then with probability at least 1 — 30 over the choice of the samples of &, the true
distribution of & lies in the ambiguity set PV .

Proof. It follows from Bonferroni’s inequality and Lemma 2.4.1 directly. U

Now we address question (iii). By the ambiguity set PV, we can derive the dual
formulation of problem (2.2.13) coupled by the entropic approximation as follows:
inf —ry
z€X,7ERAERP xR P (2.4.5)
s.t. ea(=TN (2,7, \,€)) <0,
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where TV (2,7, A\, &) := H(z,&,v) — Y0, M (€).

Let F, S and ¢ denote the feasible set, the set of optimal solutions and the optimal
value of problem (2.3.4) respectively. Likewise, we define F(a), S(«) and 9(«) for
problem (2.3.7) and FV(«), S¥(a) and 9V («) for problem (2.4.5). Let F*(«) denote
the set of strictly feasible solutions ? of problem (2.3.7).

Theorem 2.4.2 Assume: (a) A is any compact set such that AN S(a) # O and
ANSN(a) #0; (b) clF () NS(a) # D. Then

(4) limsupy_, oo SV (@) N A C S(a) N A and limy ;0 9V (o) = 9(a);

(17) if Assumption 2.5.2 holds, there exist N and & sufficiently large such that for any
N> N and y > 4,

D(FY(a), F) < Csup A} (m)
meM

and

0 — 9N (a) < Csup AY (m),
meM

where C'is a positive constant and

2Y(m) o= (supT(m,6) = 0T (m.)).

e

Proof. Part (i). Under condition (a), since ¥ (-) and WY (-) converge to ¥;(-) and
W ;(+) uniformly on =, it is easy to show that limsupy_,, . F~(a) C F(a). We assume
(N AN AN) € SN (), (N, 4N AY) = (2%, 9%, \F) € F(a) as N — 400, which implies

im 9V(a) = lim —" = —* > d(a). A
WB ) =l T = 2 9 (2£6)
Under condition (b) there exists (z,7, A) € S(a) and a sequence {(2°, 4%, \*)} C F*(a),
such that (z°,9°, /\5) (z,%,A), which implies that for any small positive number
e > 0, there exists a point (2,4, \*) € F*(«) such that

=3 =)= -y +7<e

UN(-) and U (-) converge to Wr(-) and W (-

Moreover, since (°,9°, A*) € F*(a) an
S 4%, ;\ ) € FN(a) for N sufficiently large. It implies

uniformly on = as N — oo, then (Z
that
Ia) > -4 —e> Y —e=0"(a) —e.

By deriving N to infinity, we arrive at ¥(a) > —v* — &, which implies ¥(a) > —v* in

*

that € can be chosen arbitrarily small. Together with (2.4.6), we have J(a) = —v%,

2 Strictly feasible solution is an interior point in 9t such that the constraint of (2.3.7) holds strictly.
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which implies (z*,7*, \*) € S(«), and it also shows limy_, ;o 9 (a) = 9(a).

Part (ii). By Part (i) and Theorem 2.3.1, there exist N and & sufficiently large such
that for any N > N and « > Q,

D(FY(a), F) <6,

where ¢ is a positive constant. Since m € F¥ () is equivalent to e, (=T (m,§)) < 0,
then for any m € FV(«), it follows by (2.3.9) that

dm,F) < O<supT(m,§)) — C (ea(=T"(m,9)))

£e=

< C (?ElgT(m, §) = ea( =TV (m, 5)))+
= (s Tm o o7V m.))
< Coup (supTng) = eo(-T¥(m,) )

where the second inequality follows from the fact (a); — (b); < (a — b), the equality
follows from the fact supgcz T'(m, &) > ea(=TN(m, §)) for any m € 9. It shows

D(F (), F) < C sup (supT<m, e ea<—TN<m,5>>> . (24.7)
meM \ (€=
Let m* and m) be an optimal solution of problem (2.3.4) and problem (2.4.5) re-
spectively. Let v* and Y be the corresponding second component of m* and m¥
respectively. Then ¢ = —y* and 9V (a) = —vY. By (2.4.7), there exists m € F such
that
Img" —m|| < C sup Ag(m).
me

Let 4 be the corresponding second component of m. Then we have

< =y < =Y + Y = 7] <9V(a) + C sup AY (m).
meM

The conclusion follows. O

We are guaranteed that F C F(«),Va > 0 by definition and limsupy_,, . F" (a) C
F () but we are not guaranteed that F C F¥(a) and hence we are unable to assess
D(F, F¥(a)). Note that AY(m) — 0 as N,a — +o0. This can be observed through
the inequality below

AY(m) < (supeez T(m, §) — ea(—T(m,¢)))
+ (ea(_T(mv f)) - ea(—TN(m, é)))Jr )

where the first term goes to zero by Lemma 2.3.1 and the second term goes to zero as
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N — +o0 by [73, Proposition 7].

2.5 Iterative Scheme

In this section, we propose an algorithm to solve problem (2.3.7). Let us first recall
problem (2.3.7)

inf —
2E€X,7ERNEA
s.t. ea(=T(z,7v,\,€)) <0,

where A := R? xR%”. The following algorithm presents an iterative scheme for solving
this problem.

Algorithm 2.5.1 (Iterative scheme)

Step 1. Given xg, Ao, set k= 0.

Step 2. For given xy, A\, solve v as a solution to the following equation:

Step 3. For given 7y, solve
min e, (=7 (z, v, A, §))
st. zeX (2.5.2)
A €A,

and denote the optimal value and the optimal solution by V(vx) and (i1, A1)
respectively.

Step 4. If V(y) = 0, stop. Return —v as the optimal value of problem (2.8.7) and
(Tks1, Ve, Aetr1) as the optimal solution. Otherwise go to Step 2.

Note that the idea of the algorithm is rooted in the well known Dinkelbach method
for quasi-convex fractional programming since our problem is reformulated from a
fractional programming problem. The procedure is more complex here because we
are handling e, (=7T'(x,~, A, §)) rather than T'(x,~, A, ). The bisection method can be
applied in Step 2, where variables z and A are fixed and we can find the root of equation
(2.5.1) since the function is monotonically increasing in . Although our algorithm is
analogous to the standard Dinkelbach method in Step 2 and Step 3, we solve a nonlinear
equation in Step 2 to obtain 7 and the objective function of (2.5.2) is nonlinear in
v or in (z,\). Compared with [50, Algorithm 1] which updates the optimal value by
a fixed increment and then solve a linear program, our iterative scheme updates the
optimal value automatically at each iteration by solving a nonlinear equation.
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Proposition 2.5.1 Let ;. be generated by Algorithm 2.5.1 and V() be defined as the
optimal value of (2.5.2). Then

(1) V(v) is continuous in y;
(11) equation (2.5.1) has a unique solution;
(1ii) for each k, — Vi1 < —Yk;

(1v) —g is the optimal value of problem (2.3.7) if and only if V(yx) = 0.

Proof. Part (i). Since X and A are assumed to be bounded, it is easy to verify that
eo(—T(x,7v, A €)) is uniformly continuous in (z,\). Then it follows by [70, Theorem
1.17] that V(7) is continuous in .

Part (ii). By Proposition 2.2.3 and (2.3.3), for fixed x, A, v, e (=T (2,7, A, €)) is strictly
increasing in 7. Thus equation (2.5.1) has a unique solution.

Part (iii) and (iv). By the definition of v; and V(7x), V() < 0. —~; is the optimal
value of problem (2.3.7) if and only if V(%) > 0. To see this, assume for the sake of a
contradiction that V() < 0, that is

€a(_T(xk+1ﬁk, /\k+1uf)) < 0.

Then we can find a positive number § such that

ea(—T(Ik_A,_l, Yk + 57 )\k;—‘rl) g)) = 0.

Thus =11 = =y —0 < —7, which contradicts the assumption that —~; is the optimal
value. If V() = 0, then

min  eq(—7'(z, v, A\, §)) = 0.

zeEX,NEA

Since eq(—T(x,-, A, €)) is strictly increasing in 7, we have
ea(=T(z, vk +0,1,8)) >0, V6 >0,z € X, \ € A,

which means v, + 0 is not feasible to problem (2.3.7). This shows —~; is the optimal
value and (Zx41, Yk, Ak+1) is the optimal solution of problem (2.3.7). O

Theorem 2.5.1 Let {—v} be a sequence generated by Algorithm 2.5.1. Under As-
sumption 2.2.1, the sequence is monotonically decreasing and it converges to the optimal

value of problem (2.5.7).
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Proof. The Monotonicity follows from Proposition 2.5.1. Next, we show the con-
vergence. Let us consider the case (a) that the Algorithm 2.5.1 terminates after k
iterations, that is, V(v;) = 0. By Proposition 2.5.1, ~; is the optimal value.

Now we consider the case (b) that {—~:} is an infinite sequence. Under Assumption
2.2.1, the sequence is lower bounded. Therefore, there exists a positive number v* such
that —y, 4 —v*, which means v* is the upper bound of the sequence {~;}. It suffices
to show that V(v*) > 0.

Assume for the sake of a contradiction that V(v*) < 0. Let (z*, \*) denote the cor-
responding optimal solution to problem (2.5.2) for the given ~v*. Then there exists a

positive constant ¢y such that
ea(=T(z",v*, A", €)) < —co.
Since eo (=T (x*, 7, A*,€)) is monotonically increasing w.r.t. 7, and v, < 7*, then
ea(—=T (2", vk, N, §)) < —co, VEk.

Let (xgy1, Ak+1) denote the corresponding optimal solution to problem (2.5.2) for the
given ;. Then we have

a( =T (Ths1, Vs A1, §)) < ea(=T' (2", 7k, A", €)) < —co.
Since 7, — 7* and e,(+) is continuous, there exists a sufficiently large k such that
ea(=T(2}11,7" A1, §)) < —€o/2.
At step 2 of the Algorithm 2.5.1 , ~; ., is chosen to satisfy
Co =T (%15 Vi1 Ay, €)) = 0

This shows v;_,, > 7", which contradicts the fact that 7 is the upper bound of the
sequence {7 }. The proof is complete. O

2.6 Numerical Tests

In this section, we carry out some numerical tests to evaluate the performance of the
DRURR optimization model. We apply our model to a portfolio selection problem

where limited funds are allocated among investment assets to maximize wealth.
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2.6.1 Problem Description

Let us start by describing the problem setup and notations. Suppose that there are
n = 10 assets and we let x; be the proportion of the total fund invested in asset j.
Since we do not consider short positions, the set of feasible fund allocations is a convex

X::{xER”:ijzl,xEO}.

=1

set

We let ¢; denote the random return of asset j. To simplify the discussions, we ignore
the transaction fee, then we let the random outcome

)= &y
j=1

denote the return of the portfolio.

In this numerical study, we consider three models. The first one is the stochastic
programming (SP) model where the problem (2.2.3) is solved by approximating the
true probability distribution P with empirical data. The second model is to minimize
the Conditional Value at Risk (CVaR):

min CVaR,(— (2. ) = min inf {n (- f) - 77)+]} |

z€X neR 1-—

where « € (0,1) is the level of confidence, in applications one typically sets a = 0.95
or 0.99, see [68]. The third one is our DRURR optimization model:

o o _ErU(.9) — u(V ()]
"R P Eplw(Y(©) - ulf(z, )]

To implement the DRURR optimization model and the iterative scheme, we use the
ambiguity set defined in (2.4.3).

2.6.2 Data

We now describe the data set to be used in our experiments. We randomly select 10
assets in stock markets and use the data over a time horizon of 6 years with a total of
1500 records of historical asset returns (obtained from https://www.google.com/finance
with adjustment for stock splitting).

For the experiments, we define the utility function u(y) = — exp(—pfy) with g = 0.05.
We let Y (£) be the benchmark return calculated based on an equally weighted fund
allocation strategy. We let the value of parameter § in Theorem 2.4.1 be fixed at 0.01
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which means with probability at least 97% the true distribution lies in the ambiguity
set. We set the precision € = 0.01 and figure out the entropic approximation parameter
a =700 (see details in Appendix B).

2.6.3 Experiments

We now describe the details of our experiments and present the results.

Experiment I: Comparison of the three models

In the first experiment, we compare our DRURR optimization model with the SP
model and the CVaR minimization model. We first randomly select 100 samples from
the total data set to calculate the optimal fund allocations for the three models. Then
we randomly select another 100 samples as the test data set to figure out the lowest
return and average return for each model. We present the results in Figure 2.1 after

100 simulations.

= SP
AF CVaR
DRURR

Lowest & Average return
N

0 20 40 60 80 100
Simulation

Figure 2.1: Lowest returns and average returns for three models: SP, CVaR and DRURR.

From Figure 2.1, we can see that the lowest returns under the optimal fund allocation
plans of the DRURR model are higher than that of other two models. Compared
with the lowest returns, the average returns of the three models show little change. It
indicates that the DRURR model has lower risk than other two models and it is more
suitable for the risk-averse decision makers.
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Experiment II: Sensitivity test of the DRURR model

In the second experiment, we test the sensitivity of the DRURR model w.r.t. the
change of parameters including a and d. The change of parameter § will determine
the value of ey and oy * which in turn determine the size of the ambiguity set. We
first randomly select 100 samples from the total data set to calculate the optimal fund
allocations for the DRURR model based on different parameters. Then we randomly
select another 100 samples as the test data set to figure out the total return for each
parameter setting. We present the relative changes of the total returns w.r.t. different
parameter settings in Figure 2.2 (a) and (b) after 100 simulations.

© a=1400
© a=3000
1t a=7000| |

1%)

700)

Relative change (&
Relative change {«x

0 20 40 60 80 100 0 20 40 60 80 100
Simulation Simulation

(a) (b)

Figure 2.2: (a) Relative change of total return w.r.t. parameter §. (b) Relative change of total
return w.r.t. parameter .

From Figure 2.2 (a) and (b), we can observe that our DRURR model is relative stable
w.r.t. the change of parameter o, while it is more sensitive to the variation of parameter
0. The results show that the size of ambiguity set has a more important influence on
the return of the DRURR model than that of parameter «.

Experiment ITI: Runtime w.r.t the number of assets

In the third experiment, we test the computation time of the DRURR optimization
model based on different numbers of assets. We implement Algorithm 2.5.1 on MAT-
LAB R2019b installed in a generic laptop with Intel Core i5 processor, 4GM RAM, on
a 64-bit Windows 7 operating system. We use the built-in optimization solver fmincon
to solve minimization problem (2.5.2). We record the average computation time based
on 100 simulations. The results in Table 2.1 and Figure 2.3 show that the computation
time is approximately doubled for each increase of 5 in the number of assets.

3 ey = % (2+ 21n %) , ON = f/% (2+ \/2In %), where N is the number of samples of ¢ and £ is
essentially bounded by a positive number (3.
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Number of assets 5 10 15 20 25 30
Time (second) 36.47 67.18 132.36 271.63 553.62 1092.37

Table 2.1: Computation time w.r.t. the number of assets

1200

1000 |

800

600 -

Time (second)

400

200 -

5 10 15 20 25 30
Number of assets

Figure 2.3: Computation time w.r.t. the number of assets



Chapter 3

Preference Robust Multivariate
Utility-Based Shortfall Risk

Optimization

The DRURR optimization model investigated in Chapter 2 is under the assumption
that a decision maker’s true utility function is known. In many practical applications,
however, the true utility function is unavailable because there may not be enough
information to specify it or a group of decision makers have difficulty agreeing on
which utility function to use. In this chapter, we will concentrate on this issue in the
context of the utility-based shortfall risk measure (SR) which has received increasing
attention over the past few years. The SR model is capable of capturing the large
potential loss and it is more sensitive to extreme events than CVaR. We consider the
situation where the true loss function (represents a decision maker’s risk preference) in
SR is not available and use a robust scheme to mitigate the risk from the ambiguity.
In addition, most studies of SR only deal with the univariate case, where profits/losses
are expressed by a random variable. In natural applications, however, many financial
positions possess multi-attributes, e.g., an insurance company typically has several
business lines each of which has a distinct attribute. This motivates us to consider a
multi-attribute SR model.

33
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3.1 Introduction

3.1.1 Literature Review

Measuring or quantifying risk is important to understand the potential features of risk
that an institution has. A proper assessment of the downside risk of financial positions
is significant in the process of decision making. As discussed in [36], a good risk measure
should be sensitive to excessive losses and encourage diversification. Over the past few
decades since the pioneering work of Markowitz [58] on mean-variance risk measure, a

great deal of effort has gone into achieving suitable methods of measuring risk.

One of the well known risk measures is value-at-risk (VaR), which has been widely
used as an industry standard since the 1990s [39,65]. However, there is a growing dis-
satisfaction about this measure, which is accused of neither encouraging diversification
nor taking into account the size of extremely large losses [68,69]. These shortcomings
motivated an axiomatic analysis of risk measures with desirable properties. The ax-
iomatic foundation study of risk measures was pioneered by Artzner et al. [9], which
introduced the notion of coherent risk measure. In the work of Artzner et al. [9], a risk
measure is called coherent if it satisfies four basic properties: translation invariance,

monotonicity, subadditivity, positive homogeneity.

After the introduction of coherent risk measures, many variations and extensions of
them have been proposed and studied in the literature, see e.g., [3,27,54,63]. Condi-
tional value-at-risk (CVaR), as one of the coherent risk measures, studied by [2,8,69]
has gained popularity in recent years. CVaR has emerged as a better alternative to
VaR because it measures the sizes of the potential losses beyond the threshold amount
indicated by the VaR. Although CVaR is used in a wide range of applications such
as supply chain [19], network design [11], healthcare [20], etc., it still suffers from se-
vere deficiencies. One important drawback of CVaR is that it only captures a limited
spectrum of risk attitudes and may not accurately represent the risk aversion of some
decision makers. There are also many other interesting coherent risk measures, such
as spectral risk measures [1,4].

An important extension of the concept of coherent risk measure is the notion of convex
risk measure, studied by Follmer and Schied [32] and Frittelli and Gianin [34], who
generalized coherent risk measures to the convex case by replacing the two properties of
subadditivity and positive homogeneity with the property of convexity. A special cate-
gory of convex risk measures, called utility-based shortfall risk measure (SR) proposed
by Follmer and Schied [32], has received increasing attentions over the past few years.
For a given loss function (as a risk attitude) and a threshold value (as a prespecified
risk level), the SR of a financial position is the minimal capital added to the position
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such that the new position’s risk level is below the prespecified risk level [47].

The use of SR turns out to be very flexible because both loss function and threshold
value can be tailored to the specific needs of any financial institution or regulating
authority. Besides, SR has many appealing properties, including monotonicity, trans-
lation invariance and law invariance, and it moreover satisfies convexity if and only
if the loss function is convex [32]. The work of Giesecke et al. [36] shows that SR is
capable of capturing the large potential loss and it is more sensitive to extreme events
than CVaR. The study on the estimation of SR is pioneered by Dunkel and Weber [29],
who treated the estimation of SR as a stochastic root finding problem and applied the
stochastic approximation algorithms combined with importance sampling techniques
to solve the problem. While Hu and Zhang [47] treated the SR as the optimal value of
a stochastic optimization problem and implemented the sample average approximation
method to solve the problem.

Although sensitivity analysis and computational aspects of SR have been studied in
the literature, an important challenge remains that it is unclear how to choose a loss
function that faithfully represents a decision makers true risk attitude. In the work of
Armbruster and Delage [6] and Hu and Mehrotra [46], the idea is to formulate a set of
plausible risk preference relations and seek decisions that are optimal with respect to
worst-case expected utility. Haskell et al. [42] extended this preference robust expected
utility framework to cases where there is also ambiguity about the underlying probabil-
ity distribution. Delage and Li [25] introduced the notion of preference robust risk mea-
sure: or(X) := sup,cr(X), where R is an ambiguity set of all convex/coherent/law
invariant risk measures. However, the authors did not provide a reformulation that
could exploit the fact that the measure is known to be a utility-based shortfall risk

measure.

3.1.2 Contribution

In this chapter, we consider the case that the true loss function in SR is not available
since there is no enough information to specify it or decision makers have difficulty
agreeing on which loss function to use. To mitigate the risk from the ambiguity, we
exploit the idea of Armbruster and Delage [6] to construct a set of loss functions from
empirical data or subjective judgements and compute the SR through the worst loss
function from the set.

Compared with Follmer and Schied [32]’s SR model which uses a fixed targeted utility
loss A to determine the acceptance set, Our SR model’s acceptance set is determined
by the expected value of utility benchmark loss E[I(—Y")] that captures not only the
performance of benchmark position under the same random environment but also the

decision maker’s preference which is particularly important when there is an ambiguity
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about the loss function.

In addition, most studies of SR only deal with the univariate case, where profits/losses
are expressed by a random variable, however, in many natural applications it is nec-
essary to assess the risk of a vector whose components represent different gains or
liabilities from various financial risk components. Thus in this work, we apply SR in
a multivariate framework that models are dependence of several financial risk compo-
nents, that is, we contribute to a systemic extension of SR based on multivariate loss

functions.

Moreover, many tractable reformulations of SR optimization problems are established
under the hypothesis of a discrete outcome space. We explore a tractable numerical
scheme for the case when the underlying probability distribution is continuous. We also
apply our proposed model to a multi-criteria resource allocation problem in homeland

security and conduct some numerical tests to examine the performance of the model.

3.1.3 Structure

The remainder of this chapter is organised as follows: In section 3.2, we give a brief
introduction to the multivariate utility-based shortfall risk measure (MSR) and propose
a preference robust MSR model. In section 3.3, we introduce some properties of MSR
and preference robust MSR. In section 3.4, we apply preference robust MSR to an
optimization problem and discuss discrete approximation of the problem when the
probability distribution is continuous. A tractable formulation is developed for the
approximation problem in section 3.5, and some numerical studies are carried out in
section 3.6.

3.2 MSR and Preference Robust MSR

Consider a financial position with multi-attributes represented by a random vector
X : Q — R™ for some integer n > 1 on a probability space (2, F,P), where (2, F) is
a measurable space with o-algebra F and PP is a probability measure. We let .Z° :=
L0, F,P) be the space of all measurable mappings X : Q@ — R", and £* =
L>(Q, F,P) C £° is the space of essentially bounded measurable functions. We
generally treat .Z° as a space of multi-attribute prospects with n > 2, although the
case n = 1 is also covered.

Follmer and Schied [32] first introduce utility-based shortfall risk measure (SR) over a
single attribute prospect space. Let [ : R — R be an increasing convex loss function
and Z : (2 — R a financial position. Given a targeted utility loss A, they define the set
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of acceptable positions as
S ={Z e L El(-2)] <A}
and the utility-based shortfall risk measure (SR) as

SR(Z) =inf{te R: Z+t e S}

In practical applications, many financial positions possess multi-attributes [31], i.e.,
an insurance company typically has several business lines each of which has a distinct
attribute. Moreover, there is often a benchmark position which provides a bottom
line for the performance of a financial position. This motivates us to consider multi-
attribuite utlity shortfall risk measure model with targeted utility loss determined by
a benchmark position. We start by defining the acceptance set

A= {X € £" :Ell(-X)] < EI(-Y)]},

where [ : R® — R is an increasing loss function and Y € #° is a benchmark. Note
that by increasing, we mean that I(z) < I(y) for any z,y € R" with x < y. In
comparison with the acceptance set which is determined by a fixed targeted utility loss
in Follmer and Schied’s SR model, our acceptance set here is determined by E[I(—Y)]
which captures not only performance of the benchmark position under the same random
environment but also the investor’s preference which is particularly important when
there is an ambiguity of the loss function.

With the acceptable set A, we can define the multivariate utility-based shortfall risk
measure (MSR) as

MSR;4(X) := inf{t e R: X +td € A}

= inf{t e R:E[l(—X —td) — I(-Y)] <0}, (3.2.1)

where d € D is a preset weighting vector and

D:{deR":Zdizl,di>O}.
=1

The MSR may be interpreted as the smallest amount of cash ¢ (when t > 0) to be
injected to the financial position X or the largest amount of cash ¢ (when ¢ < 0 ) can
be taken out so that the new position falls into the acceptance set A. A slightly more
general form of MSR is considered by Armenti et al. [7]

p(X) = inf {i m; : E[l(X +m)] < 0} . (3.2.2)
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Note that by setting m; = td; and using multivariate loss function [(—X —td) — [(-Y)
in (3.2.2), we get formulation (3.2.1). However, the two formulations are intrinsically
different for two reasons: (a) In (3.2.2), the optimal solution may have one component
being positive and another being negative, while in (3.2.1) the signs of the components
at optimum are consistent; (b) In (3.2.1), d is fixed which may be interpreted as a
preset weighting vector and the allocation is proportionate across the components,
while in formulation (3.2.2), the allocation m € R"™ does not have to be proportionate
and the overall aim is to minimize the aggregated liquidity cost Y ., m;. Although
model (3.2.2) is more general, (3.2.1) does have some advantages: (i) The optimization
problem has one variable ¢ as opposed to n-variables in (3.2.2), this will significantly
simplify (PRMSR-Opti) in the follow-up discussions; (ii) It allows one to choose optimal
weighting vector in (3.2.1) although we do not explore in that direction in this thesis,
this kind of research is interesting in asset allocation problem [13].

From the definition of MSR, it is easy to observe that choosing an appropriate loss
function [ is important in applying MSR. However, in practice, there could be consid-
erable ambiguity in the choice of the loss function. For example, the decision maker
does not gather enough information to uniquely specify the loss function, or a group
of decision makers have difficulty agreeing which loss function to use. In these circum-
stances, there is no obvious choice for the true loss function. To overcome the risk
arising from ambiguity about the decision maker’s risk preference, we will construct a
set of loss functions with available partial information or subjective judgements and
define a preference robust MSR through the worst loss function from the set.

Definition 3.2.1 Let L be a set of the loss functions | : R* — R and d € D. The
preference robust multivariate shortfall risk measure is defined as

(PRMSR) MSRy 4(X) := inf {t eR:supEll(—X —td) — I(-Y)] < 0} . (3.2.3)
leL

where the preference robust constraint means that the expected disutility of losses E[l(—X —
td)] falls below E[l(=Y)] for every risk attitude defined asl € L.

This worst-case approach is justified in robust optimization, and the above definition
is an application of the philosophy of robust optimization to preference ambiguity. For
a practical interpretation, which is especially relevant in the context of group decision
making, the robust loss function means accommodating the preferences of the least
favored member of L.

In practice, a risk measure is often associated with some decision making problems.
Thus we consider an optimization problem with PRMSR as an objective function.
Specifically, let ¢(z,&(w)) be a financial position associated with decision matrix z €
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Z C R™ and random matrix {(w). We consider
(PRMSR-Opti) II1€1§1 MSRY 4(c(2,€)), (3.2.4)

where £ : (Q, F,P) - = C R%, P:=Po&!is the probability measure on R* induced
by & and ¢(z,€) : Z x Z — R" is a continuous function. In this work, we focus on the
case that P is continuously distributed and propose a sample average approximation

scheme
meig MSRff\(’j(c(z, £)), (3.2.5)

where Py is a discrete approximation of the true probability distribution P. We es-
tablish conditions under which (3.2.5) converges to (3.2.4) in terms of the optimal
value and optimal solutions as the sample size increases, and we develop a tractable

formulation for the optimization problem (3.2.5).

3.3 Properties of preference robust MSR

In this section, we will investigate some properties of MSR and its preference robust
counterpart.

3.3.1 Convexity of MSR and PRMSR

We start by specifying a set of loss functions which will be used throughout this chapter
to define our risk measures. Let £ be the set of all convex increasing functions [ : R* —
R that are strictly increasing along direction d ! for each d € D.

Proposition 3.3.1 Let v € R", Il € L and d € D, let h(t) := l(x — td). Then the
following hold.

(1) h is a strictly decreasing convez function, and h is continuous on R;

(13) h(t) = 400 ast — —oo.

Definition 3.3.1 (Multivariate convex risk measure) A real-valued function p :
Z° — R is said to be a convex risk measure if it satisfies the following properties:

(a) Convezity: p(aX + (1 —a)Y) < ap(X) + (1 — a)p(Y) for all X,Y € £° and
a € [0,1];

1 Increasing along direction d € D means that [(z + t1d) < l(z + taod) for any z € R", t1,t2 € R with
t1 < ta.
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onotonicity: < or X,Y € wit > Yy
b) M city: p(X) < p(Y) for X,Y € £° with X > Y

(¢) Translation invariance: p(X +md) = p(X) —m for X € Z°, m € R and d € D.

Note that the inequality X > Y is understood to mean X (w) > Y (w) for all w € Q,
and we compare vectors on R” in the component-wise order, i.e., X (w) > Y (w) means
X;(w) > Yj(w) for all i = 1,...,n. Here convexity means that diversification does
not increase the risk, i.e., the risk of a diversified position aX + (1 — @)Y is less or
equal to the weighted average of the individual risks. Monotonicity means if financial
position X is better than Y in every scenario then risk of position X is less than risk
of position Y. Translation invariance means if financial position X can generate cash
m deterministically then the risk will be reduced by m.

Proposition 3.3.2 Let p(-) be a multivariate utility-based shortfall risk measure de-
fined as in (3.2.1). Then p(-) is a convex risk measure for each associated | € L.

Proof. By Definition 3.3.1, it suffices to verify the three properties specified there.
Let us start with convexity and consider any X; € £°, i = 1,2 such that

p(X;) = inf ¢

st. E[l(-X; —td)] <E[I(-Y)]. (3.3.1)

Let t1 = p(X1), t2 = p(X3) and t, = aty + (1 — a)ty, for any fixed o € [0,1]. Then

E[ll(—(aX; + (1 — a)X3) — tod)]
= E[l(a(=X1 — t1d) + (1 — a)(= Xz — t2d))]
< aEll(—=X; — t1d)] + (1 — @)E[l(—Xs — tad)]
< aE[l(-Y)]+ (1 — )E[I(-Y)]
= E[(-Y)],

which means that ¢, is a feasible solution to the program (3.2.1) with X = aX; + (1 —
a)Xy. Thus

plaXi+(1—-—a)Xy) < to, = ati+(1—a)ts = ap(X1)+ (1 —a)p(Xs).

To show the monotonicity, let X; > X5. Let F; denote the feasible set of (3.3.1). Then
JFo C Fi since
I(—X; —td) <U(—X5 —td),

which means that p(X;) < p(X2). The translation invariance follows by
p(X +md) = inf{t:E[l(-X — (t+m)d) —I(-Y)] <0}

= inf{t’ —m:E[(-X — (t')d) — I(-Y)] < 0}
= pX) —m.
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Hence p(-) is a convex risk measure. O

Proposition 3.3.3 Let p(-) be a multivariate utility-based shortfall risk measure with
a loss function | € L. Assume that p(X) is finite-valued. Thent' := p(X) is the unique
solution of the equation

E[l(—~X —td) — [(~Y)] = 0. (3.3.2)

Proof. Let
H(t):=E[l(-X —td) — I(-Y)],

and ty be such that
H(ty) =E[l(—X — tod) — I(-Y)] = 0.

The existence of ¢y is guaranteed by the fact: (a) p(X) is finite which implies that the
feasible set {t € R : E[l(—=X —td) — I(—Y)] < 0} is nonempty and hence there exists
a t such that

H(t)=E[l(-X —td) = (-Y)] < 0;

(b) H(t) is continuous and H(t) — +o00 as t — —oo based on Proposition 3.3.1.

From Proposition 3.3.1, we know that for each w € 2, the function h(t) = (- X (w) —
td) — (=Y (w)) is a strictly decreasing convex function and satisfies h,(t) — +oo as
t — —oo. Therefore, H(:) is a non-increasing continuous convex function. We first
show that H(-) is strictly decreasing near ty. Since h,,(t) is strictly decreasing, for any
sufficiently small positive number e,

H(ty—€) = E[l(—X(w)—tod+ed) —I(=Y)]
= / he(to — €) P(dw)
> /qhw(to)P(dw)

- E?l(—x —tod) — 1(=Y)] = H{(to).

Likewise, we can show H(ty+¢€) < H(ty). This indicates that H(-) is strictly decreasing
near tg.

We now return to show ¢’ := p(X) is the unique solution of equation (3.3.2). It is
easy to see that ¢’ is a feasible solution to (3.2.1), which implies H (') < 0. The strict
inequality does not hold because otherwise ¢’ could be further reduced and hence would
not be optimal. This shows ¢’ satisfies equation (3.3.2). Since we have shown that H(-)
is non-increasing continuous function and strictly decreasing near ty, hence t’' is the

unique solution to the equation. O

Theorem 3.3.1 Let L C L. Then
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(i) MSRp, 4(X) = sup MSR; 4(X), that is,

leL

inf {t eR:supE[l(—X —td) —I(-Y)] < o}
leL
= supinf{t e R: E[l(—X —td) — I(-Y)] < 0};

leL

(3.3.3)

(1) MSRp 4(X) is a conver risk measure.

Proof. Part (i). Let t* := MSRy 4(X) and # := sup;c; MSR;4(X). We first consider
the case (a) that there exists ¢ty € R such that

sup E[l(—X — tod) — I(=Y)] <0. (3.3.4)

leL

Under this condition, the feasible set of MSR 4(X) is non-empty and hence t* # +o0.
In what follows, we show that t* # —oc.

Since [(+) is convex, by the Jensen’s inequality,
E[l(=X — td)] > [(-E[X] - td),
which enables us to deduce

sup E[l(=X —td) — I(=Y)] > supl(—E[X] — td) — E[I(-Y)]. (3.3.5)

leL leL

Based on Proposition 3.3.1, we have

lim supE[l(—X — td) — I(—Y)] = +o0. (3.3.6)

Thus
{t €R:supE[l(—X —td) — (-Y)] < 0}

leL

is a bounded set and hence t* £ —oo. This shows t* is finite.

Now we return to show ¢* = ¢. Since t* is the smallest number such that

supE[l(—X —t*d) — I(=Y)] <0,

leL

then for any [ € L,
E[l(-X —t*d) — I(-Y)] <0,
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which means that for each [ € L, t* is a feasible solution for the inner minimization
problem of sup;c; MSR; 4(X). If we use ¢; to denote the optimal value of the inner
minimization problem of sup,c; MSR; 4(X), then our discussion shows t* > ¢; for all
[ € L and hence

t* >supt; = t. (3.3.7)
leL

Conversely, for each [ € L,
E[l(—=X —td) — I(=Y)] <E[l(-X — t;,d) — I(=Y)] < 0.

Thus
sup E[l(—X —td) — I(=Y)] < 0.

leL

This shows ¢ is a feasible solution of MSRy, 4(X) and hence £ > t*.

We now consider the case (b) that condition (3.3.4) fails to hold, that is, the feasible
set of MSRy, 4(X) is empty. In that case, the optimal value t* = +o0o. Moreover, the
emptiness of the feasible set means that for any ¢ € R, there exist a constant d; > 0
and [; € L such that

E[ly(—X —td) — [,(=Y)] > &. (3.3.8)

In what follows, we show that (3.3.8) implies £ is infinite. Indeed, if £ is finite, then for
all l € L,
E[l(—X —td) — (-Y)] <0,

which contradicts (3.3.8). Hence, without condition (3.3.4), both t* and ¢ must be
infinite.

Part (ii). It follows from Part (i) in that the supremum operation preserves convexity,

monotonicity and translation invariance. 0

Theorem 3.3.1 Part (i) states that the robust shortfall risk measure is equal to the
worst case shortfall risk measure associated with the loss function [ chosen from the
ambiguity set L. It is important because the right hand side has a clear business insight
whereas the left hand side will be effectively used to develop numerical procedures for
evaluating the robust risk measure.

3.3.2 Domain of MSR and PRMSR

The risk measures are real-valued functions defined on the space of random variables.
The domain of a risk measure specifies the set of random variables whose risks are
finite valued. In practice, each random variable represents a prospect of gain/loss and
the domain of a risk measure represents the scope of prospects where the risk measure
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can be sensibly used (not going to infinity which does not make a sense in practice).
Specifically, let p(-) be a multivariate utility-based shortfall risk measure associated
with [ € £. It might be interesting to discuss the domain of p(-) over £ where p is
finite valued. To this end, we exploit the notion of Orlicz space.

Let ¥ : R? — [0,00] be a Young function ? such that ¥ is continuous, increasing

convex with
0=U(0) = hﬁ)l U(z) and liTm U(z) = oo.
The Orlicz space associated with ¥ is

LYV =LY F,P)={X € £°: E[¥(c|X])] < oo for some ¢ > 0},

where we write |z| for the absolute value of vector x, that is, the i-th component of |z|
is |z;|. The Orlicz heart is defined as

AV =Y (O, F,P)={X € £ E[¥(c|X])] < oo for all ¢ > 0}.

Note that when ¥ takes the value of oo, Y = {0} and .Z¥ = £°. For this reason,
we mainly focus on the case when W is finite. Then we have the following relationship

of the spaces which are of our interest:
Lt cyt
We define a Young function
Uy(x) .= l(x) — 1(0) for x € R

It is easy to see that

=X —td) < HU(=2X)+ L(~2td)
< H2X]) — 51(0) + Si(2led]) — £1(0) + 1(0)
= L(2IX) + 10(ltd]) +1(0),

which implies E[l(—=X — td)] < oo for t € R and X € 57 when [(0) < co. Hence
p(X) # —oo for each X € Y. If in addition, T(X) := {t € R : E[I(-X — td) —
I(=Y)] <0} #0 for X € Y then p(X) # +oo. Thus the domain of p(-) is

AN N{X e LY T(X) #0},
where p is finite valued.

Now we turn to the robust case, that is, PRMSR p(-). Let L C L be the associated
ambiguity set. Suppose that sup;c; [(0) < co. Then following a similar analysis to the

2 In literature, Young function is defined over R . Here we extend the notion to multivariate case.
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above, we can show that p(X) # —oo for each X € (., #"" and the domain of o(-)
1s

Miee 2" (X € 2°: 7(X) # 0},

where

T(X):= {t €R:supE[l(-X —td) —I(-Y)] < 0} # 0.

leL

3.4 Approximation of (PRMSR-Opti)

In this section, we discuss discrete approximation of (PRMSR~Opti) when the underly-
ing probability distribution P is continuous. By the definition of the preference robust
MSR, we rewrite problem (PRMSR-Opti) as

Hitn !
st.  supEp[l(—c(z,&) —td) —1(-=Y(€))] <0, (3.4.1)
leL

and its approximate problem takes the form:

By
S.7t. sup EPN [l<—C(Z,£) — td) _ l(—Y(f))] <0. (3.4.2)
leL

To ease the exposition, we let

v(z,t) = sup Ep[l(—c(z,§) — td) — (=Y (£))] (3.4.3)
and
ov(2.) == SUp B [l(—(z. ) — td) — (=Y (€)]. (3.4.4)

Consequently, we rewrite (3.4.1) and (3.4.2) as

min ¢

(PRMSR-Opti) =€4teR (3.4.5)
stt.  w(z,t) <0,
and
min ¢
(Opti-N)  z€4t€R (3.4.6)

st. on(zt) <0,

Let F, § and 9 denote the feasible set, the set of optimal solutions and the optimal
value of problem (PRMSR-Opti) respectively. Likewise, we define Fy, Sy and Jx for
problem (Opti-N). Throughout this section, we make the following assumption.
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Assumption 3.4.1 Assume that:

(a) L C L (as defined at the beginning of Section 3.3);
(b) Z is a compact set;
(¢) c(-,-) is a continuous function on Z X Z;

(d) Problem (PRMSR-Opti) satisfies Slater condition, that is, there exist a positive
constant number 0 and zy € Z, ty € R such that

sup Ep[l(—c(29,&) — tod) — 1(=Y)] < —6. (3.4.7)

leL

Under Assumption 3.4.1 the optimal value 1 is finite. To see this, we note that

sup Ep[l(—=X — tod) — I(=Y)] < supEp[l(—c(20,&) — tod) — I(=Y)] < =0,

leL leL

where X := max,cz c(z,§). Following a similar proof to (3.3.6), we can show

lim supEp[l(—X — td) — I(=Y)] = +o0,

t——o00 lel

which implies the t component of the feasible set F must have a lower bound and hence
the optimal value ¥ > —oo. On the other hand, condition (3.4.7) ensures ¥ < ty.

3.4.1 Sample Average Approximation

We start by looking into sample average approximation (SAA) scheme. Let

Py(-) == %ank(-), (3.4.8)

where ¢!, ..., &V are iid samples of £ and

L if §(w) = ¢,

felell = { 0, if €(w) # £

Instead of deriving uniform approximation specifically for vy(z,t), we establish a gen-

eral convergence result which may be of interest beyond this section.

Let f: Z x = — R" be a continuous function and G be a set of continuous functions
g:R" — R. Let

w(z) :=supEp[g(f(2,€))]

g€eg
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and

wy(z) = sup Epy[g(f(z,€))].

geg

In what follows, we show uniform convergence of wy(z) to w(z) under some conditions.
Note that in the literature of stochastic programming, there are some recent studies
on uniform convergence of SAA of a random function, see e.g., [75,85]. Here we focus
on a slightly different situation where it considers uniform exponential convergence of
the maximum of a class of SAA random functions as opposed to a single SAA function

in the literature.

In order to derive uniform exponential convergence of wy(z) to w(z), we need to impose

some conditions on G and f.
Assumption 3.4.2 Let = be the support set of €.

(a) For any € > 0, there exists a compact set =. C = such that

sup  Epy[lg(f(z ) la= ()l <€ (3.4.9)

N,zeZ,geG
with probability 1.

(b) For any m > 0, there exist positive constants k,,, By, and xo € [—me,me] such
that

SUIg) lg(x1) — g(2)| < Kmllz1 — 22|, V1, 22 € [—TE, ME] (3.4.10)
ge

and sup,c¢, |9(xo)| < By, where

Gm :={9(-) € G : g(+) is defined over interval [—me, mel}. (3.4.11)

(¢) There exists a measurable function ¢(§) : = — Ry and a constant v > 0 such that

1/ (2,6) = F(Z, )N < o(&)llz = 2", Vz,2" € Z, £ €&

Assumption 3.4.2 (a) is a well known uniform integrability condition for all g € G [15,
Chapter 3]. Condition (b) requires the class of functions in G to be equi-continuous
over [—me, me] for any m > 0. Condition (c) means that f(-,&) is Holder continuous
in z [75, Theorem 5.2].

Under Assumption 3.4.2, the set G, is bounded by

sup [|9llcc < B + 26mm. (3.4.12)
9E€EGm

By Ascoli-Arzela Theorem [18], the Lipschitz continuity (3.4.10) and the uniform
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boundedness (3.4.12) guarantee that G, is relatively compact. The relative compact-
ness ensures existence of e-net of G,,, that is, for any € > 0, there exists a set of finite
number of functions {gi,...,9x} C G, such that

k=1

where (Gn)r :=={9 € Gm : |9 — gklloc < e} for k=1,... K.

Lemma 3.4.1 Let Assumption 3.4.2 hold. When N 1is sufficiently large, then for any
d >0 and € > 0, there exist positive constants C(e,d) and [(g,0) such that

Prob (sup lwy(2) —w(z)| > 5) < Cle, 8)e NVAED (3.4.13)

z2€Z

Proof. Under Assumption 3.4.2 (a), let

me = sup_ |f(2,8)]l
2€Z,E€E:

and G,,. be defined as in (3.4.11). Then G, is relatively compact. Let

sup sup  g(z)] < A

9EGm. TE[—me-e,mee]

Then
E. C{EeEg(f(z,8)) <A VzeZgeg

and hence
{E€E:9(f(2,¢)] > A} CE\E,Vz€ Z,g€g.

Under condition (3.4.9), we have

sup / 19(f (2. €)) | Pa(d€)
N,2€Z,9€G J {£€E:|g(f(2,6))|>A}

< sup / 19(f (2 €)) | Py(de) < <.
N,z€Z,9€G JE\=

Then it follows by [40, Lemma 2.1] that for any z € Z, g € G,

Eplg(f(z,))zz. ()] = lim Epy[g(f(z,6) 1=z (6],

N—oo

which implies
sup Ep[lg(f(z, )z ()] < e

2€7,9€G
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By the definition of wy(z) and w(z), we have

wn(z) = w(z)

= SglelgEPN lg(f(2,€)] — Sglelg]EP[g(f(Z7§))]
< ilelgEPN[g(f(Z ,€))1=.(8)] —SUPEP[ (f(2,8))1=.(8)] + 22
= sup Ep,[g(f(2,§)1=.(§)] — sup Eplg(f(z,&))1=.(§)] + 22

gegmg geg me

= sup sup Epy[g(f(z, €)= ()] —sup sup Epg(f(z,¢))1=.(§)] + 2¢
KEK 9&(Gme )i KEK 9E(Gme )

)
)

= SsSup Ssup EPN[ ( (275))15 ( >_gk(f(zug))155<§> +gk(f(z’§) 155(5)]
)

keK ge(gm )k

)
—sup sup  Eplg(f(2,€))1=.(€) — gr(f (2, 6))1=. () + gx(f (2, )= ()] + 2¢

KEK g&(Gm. )i
< sup(e + Epy[gx(f(2,€))1=.()]) — sup(—¢ + Ep[ge(f (2, £))1=.(§)]) + 2¢

keK keK

= supEpy [gx(f(2,§))1=.(€)] — sup Ep[gr(f(2,8)) 1= (§)] + 4e.
keK keK
Likewise, we can also obtain

wy(2) —w(z) = sup Epy [ge(f (2, €))L= (€)] — sup Ep[gi(f (2, €))L= ()] — 4e.

keK keK

Combining the above two inequalities, we get

[wn (2) = w(z)] < sup [Epy [9x(f (2, )= ()] = Eplgr(f(2, )= (§)]] + 4e.

Under Assumption 3.4.2 (b) and (c), for any g € G,,_,

19(f (2, €))L (&) — g(f (', €))L (§)]
< ]lm ( )Iime(ng) - f<2/7£)||
< A (O rm(§)llz — 27, V€ € E.

Then by [75, Theorem 5.1], we have

Prob ( sup |wy(z) — w(z)| > 5)

z€Z

< Prob Sup sup [Epy [95(f (2, €))L (§)] — Ep[gr(f (2, €))L (§)]| = 6 — 48)
= 210D (supsup Epy [0/, ) (6] ~ Bplan((2: )L (€] 2 0 - 1)
< S b (sup Epy [0/ (2, )L (€)] — Eplgu(f (2, )L (€)]] 2 6 - 45)
< ch(ggk Nﬂ€5gk

keK

which implies that (3.4.13) holds. O
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Note that the work of Haskell et al. [44] proposes a similar discretization scheme to
approximate integral stochastic dominance constraints where they derive uniform ex-
ponential convergence under the condition that the utility functions are Lipschitz con-
tinuous and defined on a compact set. Here we use the uniform integrability condition
to relax the compactness condition so that the convergence result can be applied to
the problem (PRMSR-Opti) where the loss functions are defined on R™ rather than a
compact set.

3.4.2 Convergence of the Optimal Values and Optimal Solutions

We now return to discuss convergence of (Opti-N) to (PRMSR-Opti) in terms of the
optimal values and optimal solutions. Let vy(z,t) and v(z,t) be defined as in (3.4.4)
and (3.4.3). We start by deriving uniform convergence of vy(z,t) to v(z,t) using

Lemma 3.4.1. To this end, we need to match the conditions required by the lemma.

(C1) Let T be a compact set in R. For any € > 0, there exists a compact set =, C =
such that

sup  Epy[li(—c(=,€) — td)lzyz, (6)]] < e

N,zeZ teT|leL

and
sup Ep, [[I(=Y(£)) 1=z ()] < e

N,leL

(C2) For any m > 0, there exist positive constants k,,, By, and zg € [—me, me] such
that

sup |l(z1) — U(x2)] < Kml|T1 — 22|, Va1, 22 € [—nE, ME]
leL

and sup;ep, |[(z0)] < By, where

Ly, :={l(-) € L:I() is defined over interval [—me, mel}.

(C3) There exists a measurable function r(§) : Z — R, and a constant v > 0 such
that
le(z,€) — c(2, Il < ¢(E)llz = ||, Vz,2' € Z, { € E.

Theorem 3.4.1 Let conditions (C1)-(C3) hold. Let T be a compact set in R. Then
for any § > 0 and € > 0, there exist positive constants N(e,d), C(e,0) and B(e,d) such
that

Prob ( sup |on(z,t) —v(z,t)| > 5) < Ce, 8)e NAE0) (3.4.14)

zeZ teT

for N > N(e,0).
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Proof. It is analogous to that of Lemma 3.4.1. U

The following theorem states convergence of (Opti-N) to (PRMSR-Opti) in terms of
the optimal values and optimal solutions as the sample size N increases.

Theorem 3.4.2 Let Assumption 3.4.1 and conditions (C1)-(C8) hold. Suppose that

for almost every € € =, ¢(+,&) is a concave function. Then

(1) For any 6 <0,
Prob(|9y — 9| > §) < C(e, )e VAle) (3.4.15)

for N > N(e,e), where N(e,e), C(e,e) and [(e,e) are defined as in Theorem
3.4.1 and ¢ is some positive constant depending on §, and 0 is given in (3.4.7).

(17) Let {zn,tn} be a sequence of optimal solution obtained from solving problem (Opti-
N). Then with probability 1, a cluster point of the sequence is an optimal solution
of problem (PRMSR-Opti).

Proof. Part (i). Let t* = o). Following the discussions immediately after Assumption
3.4.1, we know that t* is finite and t* < t3. Let § be given as in Theorem 3.4.1 with
0 < @ and n be any fixed positive constant such that 7 > §. Then there exists a
constant ¢, > 0 such that

i *— > . 4.
;relgv(z,t cy) > (3.4.16)

To see the existence, notice that

inf.ezv(z, t* —¢)
= inf sup Ep[l(—c(z,8) — (1" — ¢;)d)] — Ep[l(=Y(§))]

> inf Epll(—c(2,§) — (" — ¢;)d)] = Ep[l(=Y(€))] (for any I € L)
2 inf [(Ep[—c(2,§)] = (" — ¢)d) = Ep[l(=Y(€))] (by convexity of 1)

l <in£]Ep[—c(z,§)] — (" — cn)d) —Ep[l(=Y(£))] (by monotonicity of 1).
ze

Since Z is a compact set and Ep[—c(z,£)] is continuous, then inf,c; Ep[—c(z,§)] is

bounded. Moreover, since lim; o () = +o0, the last term goes beyond 7 for a

sufficiently large ¢, and hence (3.4.16) holds.

Let T"in Theorem 3.4.1 be chosen such that [t* —¢,, %] C T. Then by Theorem 3.4.1

;22 on(z,t" —¢)

;ggv(z,t —cy) + igg un(z,t" —¢y) — ;ggv(z,t — )

> n—suplon(z,t" —c,) —v(z,t" —cp)
2€Z
> n—0/2
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with probability at least 1 — C(e, §/2)e" V(92 for N > N(e,6/2). Let (2y,tn) € Sx
be the optimal solution of (Opti-N). The inequality above shows

un(zn, t"—cy) > inng(z,t* —cy) >n—19/2, (3.4.17)
ze
which implies ty > t* — ¢,

On the other hand, it follows by (3.4.7) and Theorem 3.4.1,

sup Ep, [[(—c(20,&) — tod) — I(=Y)]

= Slzlf Ep[l(—=c(20,€) — tod) — I(=Y)] + Sup Epy[l(=c(20,&) — tod) — I(=Y)]

—sup Ep[l(=c(20,€) — tod) — 1(=Y)]

< —9+UN(Z(),tQ>—'U(ZOatO)

< =0+ sup |vn(z,t) —v(z,1)]
zeZ teT

< —046/2 < —6/2

(3.4.18)
with probability at least 1 — C(e,d/2)e N8(/2) for N > N(e,6/2). The inequality
(3.4.18) implies (zo,%o) is a feasible solution to (Opti-N) and hence ty < ty. Summa-
rizing the discussions above, we have

tn € [t" — ¢y, to] (3.4.19)
with probability at least 1 — C(e, §/2)e~NA(€0/2),
Let us consider the systems of inequalities
v(z,t) <0, (2,t) € ZxT

and
un(z,t) <0, (2,t) € Z xT.

The set of solutions to the systems of inequalities are equal to FNZ xT and FyNZ xT
respectively. Since I(—c(z,§) — td) is convex in (z,t), both v(z,t) and vy(z,t) are
convex functions. By the Slater condition (3.4.7) and Robinson’s error bound theorem
for convex systems [67], for any (z,t) € Z x T,

d((z,t),FNZ xT) < %max{v(z,t),()},

where A denotes the diameter of F N Z x T and we write d(a, A) for the distance from
a point a to a set A. Likewise, by the Slater condition (3.4.18), for any (z,t) € Z x T,

2A
d((z,t), FyNZ xT) < 5 max{vy(z,t),0}.
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with probability at least 1 —C/(e,d/2)e VF(9/2) for N > N(e,§/2). Combining the two
error bounds, we obtain (see Appendix C)

2A
HFvNZXxT,FNZxT)<— sup |on(z,t)—v(z1t)], (3.4.20)

zeZ teT

where H denotes the Hausdorfl distance. Thus
. 2A
[Un—0| = |tn—t"| <H(FNNZXT, FNZxT) < —~ sup lun(z,t)—v(z,t)]. (3.4.21)
zeZteT

Let € := min(%, 2). We deduce from (3.4.14) and (3.4.21)
Prob(|vy — 9| > 9) < Prob ( sup |uon(z,t) —v(z,t)| > 5)

zeZ teT
C(e,e)e NBee)

IN

for N > Ne,e).

Part (ii). The exponential rate of convergence (3.4.15) implies ty — t* almost surely.
Moreover, since vy (zy,tn) < 0 and vy uniformly converges to v over Z x T, then
v(2,t*) <0 for every cluster point Z of {zy}. O

3.5 Tractable Formulation of (Opti-N)

In this section, we develop a tractable formulation for the approximated optimization
problem (Opti-N). Let us start by specifying the ambiguity set of multivariate loss
functions L. We require the multivariate loss functions to satisfy certain properties.
Below is a list of them.

((31) lq Q;[k
(C2) L, is a set of uniformly Lipschitz continuous functions with modulus &, that is,

sup |l(x1) — U(z2)| < K||lz1 — x2||, VI1, 29 € R™.
lEL>

Condition (C2) means that the multivariate loss functions will not change rapidly at any
point. Moreover, we suppose that the information on the decision makers preference
can be elicited through pairwise comparison of questionnaires or lotteries and add some
additional conditions as follows:

(C3) L3 :={l:Ep[l(—Gy)] — Ep[l(—Boy)] = —1,Ep[l(—0)] = 0};
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(C4) Ly = {l:Ep[i(~G)] < Ep[i(~By)].k=1,...,K}.

Here Gy, ...,Gk, By, ..., Bk are given random vectors representing lotteries, and O is
a zero vector with dimension n. Condition (C3) is used to normalise the multivariate
loss functions which specifies that the utility difference between —Go and — By is 1.
Condition (C4) means admissible multivariate loss functions must satisfy the pairwise
preference elicitation conditions, that is, L, denotes the set of utilities that prefer — By,
to —Gy for all k. Conditions (C3) and (C4) are also used in [6] to define the set of
decision maker’s utility functions.

We consider L has the specified structure that satisfies Conditions (C1)-(C4), that is,

L=LiNLyN L3N Ly. (3.5.1)

Following [70, Theorem 9.13], [ is locally Lipschitz continuous at z with [(z) finite if
and only if the convex subdifferential mapping 0l :  — 9l(x) is locally bounded at Z.
Furthermore, the Lipschitz modulus & of [ at ¥ is equal to

R = max ||al.
acdl(z)

Hence, Condition (C2) can be ensured by

max |la]| < k,Vz € R", 1 € L. (3.5.2)
a€dl(x)
We define
K
© := | J(supp(—Gi) U supp(—By)) U supp(—0) U supp(-Y)
k=0

to be the joint support of all random vectors. For convenience, let 6; denote the j-th
entry of ©, and the size of the support is denoted by J := |O)|.

As in Delage et al. [24], we will use support function approach to reformulate the robust
constraint in (Opti-N) as a linear programming problem. The main challenge that we
need to tackle here is that the loss functions are multivariate. To this effect, let us
recall some preliminary definitions associated with support functions.

Definition 3.5.1 Let f : R® — R be a convex function. A function g is said to be
majorized by f if
g(z) < f(z), Vz & dom f,

and g is a support function of f at x € R"™ if g is majorized by f and g(x) = f(zx). A
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vector s € R™ is called a subgradient of f at x € R™ if

fly) > f(z) +(s,y —x), Vyé&dom f,

and we denote the set of subgradients of f at x by Of(x) which is known as subdiffer-
ential of f at x.

When f is convex and subdifferentiable at z, the linear function

l(y) = f(z) + (a,y — )

is a support function of f at z for any a € df(z). The following theorem states some
properties of support functions and their relationship to convex functions.

Theorem 3.5.1 Let f: R" — R. The following assertions hold:

(1) f is a convex function if and only if there exists an index set J such that

f(x) =suplj(z), Vzedomf,
JjeTJ

where J is possibly infinite and l;(x) = (a;,x) + b; for all j € J.
(11) For any finite set © C R™ and values {vg}oco C R, f:R" = R defined by

f(z) = max{{a,z) +b: (a,0) + b < vy, V0 € O} (3.5.3)

a,b

18 convez.

These results are well known, see [17] for instance. Part (i) states that a convex function
can be recovered by taking the supremum of its support functions, and Part (ii) gives
conditions for constructing the “highest” convex function that contains a set of values
{vg}oco over a finite set ©. Note that in (3.5.3), point x is not necessarily in set ©.
The next theorem states that any positive combination of the function values at a set
of points may be calculated by solving a single linear programming problem. Moreover
if there is a set of convex functions each of which has some specified values over O,
then the worst value of the positive combination may be obtained by solving a single
linear programming problem with vy being treated as a vector of variables.

Theorem 3.5.2 Let L be a set of proper convex functions from R™ to R and © C R"
be a discrete set of points. For eachl € L, let v ={vy,---,v;} = {l(0) : 0 € O} be the
set of values of | over ©, where J = |O| denotes the cardinality of ©. Then for given
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tr € R", positive number a, k=1,--- K and 3;, j =1,---,J,

Z agl(ty) — Z Bl(0;) = sup {Z ag(aity +by) — Z ﬁjv]} (3.5.4)
k=1 k=1 j=1

=1 (Ab)eF(v)

and

J K
sup{Zakl tr) Z/le(ej)} = sup {Z (afty + by) ZBJUJ} (3.5.5)
j=1

leL — v,(AD)eF(v) |
where we write (A,b) for {(a;,b;)}]_, and
.F(’U) = {(Clj,bj),j: 1, ,J:a?@i—l—bj S'UZ', for i = 1, ,J}
Proof. Observe that (3.5.5) follows from (3.5.4) by taking supremum with respect

to [ over L at the left hand side of the equation and v (function values of [ over ©) on
the right had side, it suffices to show (3.5.4).

For the fixed t, € R", k= 1,--- | K, it follows by Theorem 3.5.1 (ii) that
U(ty) = sup {ajt, + by : (A,b) € F(v)},

Since (a;,b;) and (a;,b;) are two independent pairs of variables for ¢ # j and their
feasible ranges are not affected each other, then the maximization problem at the right
hand side of equation (3.5.4) is decomposeable (v is fixed there). This shows (3.5.4).
([l

Let us recall problem (Opti-N):

min ¢
zEZteER

st. wn(zt) <0,

where vy (z,t) := sup,c;, Epy [[(—c(z,€) —td) — (=Y (€))]. With the specified structure
of L (defined as in (3.5.1)), we first give a tractable formulation for vy(z,t).

Proposition 3.5.1 Assume that & is discretely distributed with p; = P(§ = &) for
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i=1,...,N. Then vy(z,t) can be reformulated as
N J
aieRn,bierﬂI%l%;(eR,sj-ERn ;pi«ai’ —e(z &) —td) +bi) = ; P(=Y = 0;)v;
J J
s.t. ZP<_GO = 93')’0]' — ZP(—BO = 9j>vj = —1,
P =1
J
> P(=0=6;)v; =0,
j=1
J J
> P(=Gp=0;)v; <Y P(-Bp=0;)v;, k=1,.. K,
j=1 j=1
<ai,9j)—|—bi§vj, j: ,...,J;izl,...,N,

(sj,0,—0;)+v; <w,, Jj=1,....J;¢=1,...,J
0<a;<ke, i=1,...,N,
0<s;<ke, j=1,...,J,
(3.5.6)
where §; € O, v; is the value of I on 8;, and J = (2K + 3)N + 1.

Proof. Let L(v) :={l:1(#;) =vj,j=1,...,J}. Then

sup sup  Ep,[l(—c(z,£) —td) — (=Y ()]
un(z,t) = v leL(v)NL

s.t. L(v) N L # 0,
sup  sup  Ep[l(—c(z,8) —td) — (=Y (£))]

e v lEL(’U)ﬂLlﬁLQ
s.t. L(U) N L1 N L2 7é @, L(U) - L3, L(U) - L4,

where the first equality is due to the fact that | J, L(v) N L = L and the second equality
holds since L(v) is either a subset of Lg or is disjoint from it and the same is true with
respect to L. Let us characterize the feasible set of the last program in the sequel.

Based on Theorem 3.5.1 and (3.5.2), constraint L(v) N Ly N Ly # () can be represented
as

(5,00 —05)+v; <v,, j=1,...,J;q=1,...,J,
Isille <llsill <k, G=1,...,J,
SjZO, ]:1,,J
Here the reason why we adopt the infinity norm rather than Euclidean norm is that

the resulting constraint with the former is linear which is easy to handle, otherwise
the resulting problem (3.5.6) will be a quadratic optimization problem. Constraint
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L(v) C L3 can be characterized by

and L(v) C Ly by
> P(=Gr=0;)v; <>, P(=By=06;)v;, k=1,.... K.
All of the three sets of the constraints form the feasible set of v, denoted by V.

Next we look at the objective function of problem (3.5.6). Note that for I € L(v),

N
Ep (=Y (€)] = Y pil(=Y(&))
Zjl
= ZP(_Y = ej)vﬁ
j=1
where the second equality follows from the fact that for y=1,...,J,¢1=1,... N,

P(-Y =0;) = { pi. =Y (&) =10;,

0, otherwise,

and (=Y (&)) = v; if =Y (&) = 6;. Then for fixed v € V, it follows by Theorem 3.5.2
that

Epy[I(— (Z §) —td) = [(=Y(§))] .
max sz a;, —c(z,&) — td) + b;) — ZP<_Y = 0;)v;,

(Ab)eF(v) <

(3.5.8)

where
F):={(a;,bj),j=1,---,J:(a,0;) +b<w;,j=1,...,J |a||le < k,a > 0}.

By taking supremum with respect to | over L (where L satisfies L(v) N Ly N Ly #
0, L(v) C L3, L(v) C Ly) at the left hand side of (3.5.8) and v over V' at the right hand
side of (3.5.8), we obtain (3.5.6). O

Proposition 3.5.1 indicates that for each fixed z, the value of vy (z,t) can be computed
by solving a finite dimensional linear program of reasonable size with (n + 1)(N + J)
variables and J?+ NJ + (N + J)n+ K +1 constraints (not counting the non-negativity
constraints). However, if we merge program (3.5.6) directly into the constraint of
(Opti-N), then the latter becomes an optimization problem with semi-infinite con-
straints (indexed by parameters (a;, b;, v;, s;)) which is undesirable. This motivates us
to consider the Lagrangian dual of (3.5.6) which is a minimization problem and can
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be better integrated into (Opti-N). To this end, we define the Lagrangian of program
(3.5.6)

L(a b, v, 8,7, T,\, 1,1, v, 3)

_ Zpl a;, —c(2,&)) — td) + b;) = > P(— =9j)vj+7<zp(—0291)vj>

j=1 J=1
J J J
+7 (Z P(—Go = 9]')’1)]' — Z P(—BO = Qj)Uj + 1) + ZO&j(KJ@ — Sj)
j=1 j=1 j=1
K J J
—i—Zx\k(ZP(—Bk:@j)vj—ZP( G = 0;)v >+Zﬁz ke — a;)
k=1 =1 j=1

J o N J
+Z Zujj/ —v; +5;(6 )+ ZZn@-j(vj —b; — aiTOj)

j=1j'=1 i=1 j=1

— Za;.r( i(—c(z,&) — Z% ﬁi)"i‘zbi (Pi—znij>

i=1

+ ) ul=P(=Y = 6;) +yP(=0 = 6;) + 7(P(~Gy = 6;) — P(~By = 6;))

K
+Z/\k(P(_Bk:6j) P(—=Gy = 0;) "‘ZNM ZMJJ+Z77U
k=1

7'=1 ]—1

J J
+3 s, (Z fjj (05 — 0;r) — aj) + 7+ rle, Z%’ + Zﬁﬁ
Jj=1 j'=1 j=1 i=1
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Since strong duality holds to problem (3.5.6), then the optimal value of (3.5.6) is equal

to the optimal value of its Lagrange dual

J N
min T+ k(e Z Z@

VA0, B = i—1
K
+Z>\k(P(—Bk =0;) — P(-Gy =10;)) — P(-Y =0;)
k=1

+’7P(—O:9J)+T(P(—GQ:9]>—P(—B[):9])):O, jzl,...,J,
J

pl(c(z,§1)+td)+2mﬂj+ﬂlZO, izl,...,N,

j=1
J
ij =p;, t=1,...,N,
; 1
Z”ﬂ N—a; <0, j=1,...,J
Ak 2 0, k=1,....K,
Hiq = 0, j—l yJig=1,...,J,
ni; >0, 1=1,...,N;j 1..,J,
a; >0, j=1,...,J,
B3>0, i=1,...,N.
(3.5.9)
By merging (3.5.9) into (Opti-N), we obtain
e
(3.5.10)

s.t. min T+ k(e a; + Bi) <0,
(v, p,0m,B)EF (2) ; ! Z !

where F(z) denotes the feasible set of program (3.5.9). It is easy to show that problem
(3.5.10) is equivalent to

min t
zeZ teR,y, 1A\ u,a,m, 3
J N
s.t. 7'—1—/1(6,204]- —I—Zﬁﬁ <0, (3.5.11)
=1 i=1

(v, 7, A\ 1, e, B) € F(2).

This enables us to give tractable formulation of (Opti-N) as stated in the following
theorem.
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Theorem 3.5.3 Let p; = P(§ =¢&;) fori=1,...,N. If problem (Opti-N) is feasible,
then it equals to the following problem:

min
2,87, T A s 0,m, B

s.t.

t

J N
T+ﬁ<e,Zaj +Zﬂi> <0,
=1 i—1

J
pi(c(2,&) +1d) + > mib; + B; >0, i

J=1

—P(—Y = 8]) + ’)/P(—O = 0]) + T(P(—Go

K

+ Y M(P(=By = 0;) — P(=Gy, = 6;))
k§1 ; N

D my = Dty Y =0 G=1
j'=1 =1 i=1

J
D om0 —0;) —a; <0, j=1,...,J

j'=1
J

ij:pi, i=1,..., N,

j=1

M >0, k=1,....K,

Wig >0, g=1,....J;q=1,...,J,
n; >0, i=1,...,N;g=1...,J,
a; >0, j=1,...,J,

;>0 i=1,...,N,

z2 € Z.

(3.5.12)

Note that problem (3.5.12) is a convex programming problem and it is linear when

c(z,&;) is linear in z. Theorem 3.5.3 establishes a tractable reformulation of problem

(Opti-N) and we will use it in the later numerical tests.

3.6 Numerical Tests

In this section, we apply our model to a multi-criteria resource allocation problem in

homeland security where we aim to allocate limited budget among major cities in the

United States to protect against terrorist threats. This application is based on the

case study investigated in Hu et al. [45] and Haskell et al. [43]. We use this example

to examine the performance of our proposed model.
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3.6.1 Problem Setup

Let us start by describing the problem setup and notations. As mentioned by Hu et
al. [45], there are four criteria giving a comprehensive measure of the health of a city,
thus in this case study, we believe that there are n = 4 criteria for estimating the effect
of a terrorist attack. In order to make the background of the case study clearer, we
extract the definition of these criteria from Haskell et al. [43]: property loss measures
the impact on economic structures and individual property; fatalities measures the
loss of human lives; air departures measures the loss for the citys airport; bridge traffic
measures the loss for the citys bridge traffic. Based on Hu et al. [45], there are three
possible underlying loss scenarios corresponding to different levels of terrorist attacks:

reduced loss, standard loss and increased loss, which means the size of sample space is
Q| = 3.

Suppose that we have a fund A to be allocated among m = 10 cities. Let z;; denote the
fund to be allocated to city ¢ corresponding to criterion j and z € Z C R™*", where
Z represents the set of feasible fund allocations:

7 = {ZE]Rmxnzzm:zn:zij SA}.

i=1 j=1

The random loss at city ¢ with respect to criterion j for scenario w is denoted by &;;(w).
Thus a random matrix £ € = C R™*"™ captures the loss for all criteria in all cities. To
simplify the discussions, we assume that the benefits per monetary unit to be allocated

to city ¢ corresponding to criterion j are the same.

Given a particular budget allocation z € Z, similar to Willis et. al. [84], the cost of
budget misallocation with respect to criterion j is measured by the function:

m

ci(2)(w) == Z(f,j(w) —Zij)+, w€Qandj=1,...,n (3.6.1)
i=1
The quantity ¢;(z)(w) can be viewed as the sum of the shortfall with respect to criterion
j over all cities. We combine the shortfall for each criterion into the vector-valued
mapping
c(z)(w) = (1(2)(w),...,cn(2)(w)), weE Q. (3.6.2)

The negative value of the shortfall, i.e. —¢(z)(w) can be viewed as the “reward”.

In this numerical study, we consider three models. The first one is the risk-neutral and

minimizes the expected shortfall:

min E[w” ¢(2)(w)], (3.6.3)

z€Z
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where w € R™ with w > 0 and ||w|| = 1. The second model is to minimize the
aggregated CVaR:

Izréiél ]Z:; CVaRaj (Cj(z) (CU)) = min inf {nj + a

2€Z ~ n;€ER
Jj=1

Bl (1)~ m)el }. (300
J
where «; € (0, 1) is the level of confidence for criterion j. The third one is our PRMSR
model:

min MSRILDVd(c(z)(w)), (3.6.5)

ze€Z

where L is an ambiguity set of multivariate loss functions [ and d is a given weighting
vector in D.

3.6.2 Data

We now describe the data set used in our experiments. We assume that the probability
distribution over three loss scenarios are equal and use the same data set considered
by Hu et al. [45] and Haskell et al. [43]. We give the data set for completeness of the
paper in Appendix E.

In our framework, the ambiguity set L is defined as in (3.5.1). To construct L, we
assume that the decision maker has a true multivariate loss function denoted by iy :
R™ — R, which is unknown. However, the decision maker has her/his choice function
denoted by p : Z°(R™) — R when s/he is asked to choose the preferred prospect
from each pair of prospects (the preferred prospect is denoted by Gy and the other is
denoted by By, k = 0,..., M, the first pair Gy and By is used in the normalization
property). We record Gy and By, in an “elicited comparison data set” and an example
is presented in Appendix F.

For simplification, in this case study we take a continuous, increasing and convex
function u : R — R and choose weights w € R™ with w > 0 and ||w|| = 1 to define the
choice function

p(X) :=Elu({w, X))], X e ZL°%R"). (3.6.6)

Here we use the exponential function u(y) = exp(fBy) with § = 0.01. Moreover, we
set the fund to be A = $500 million and assume the fund allocated to each city 4
corresponding to criterion j not less than $1 million and no more than $30 million. We
let Y(&) be the loss calculated based on an equally weighted fund allocation strategy.
We take the modulus of Lipschitz continuity to be k = 1/12. We let all elements in
vector w and vector d to be 1/n. The computational details of these three models are
given in Appendix D.
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3.6.3 Experiments

In this subsection, we describe the details of our experiments and present the results.

Experiment I: Sensitivity test of three models to data perturbation

In the first experiment, we compare the sensitivity of the three models (3.6.3), (3.6.4)
and (3.6.5) to data perturbation. The elicited comparison data set used for this exper-
iment is presented in Table F.1 in Appendix F, it contains five pairs of prospects for
pairwise comparison and one pair for normalization. The optimal budget allocations
are presented in Table 3.1. From the Table 3.1 we can see that more fund are allocated
to the Bridge traffic compared with other three criteria and New York, Chicago and
San Francisco are the three cities that are allocated the most fund.

To make the comparison, we consider a perturbed data set of the terrorism losses.
Specifically, we assume that the perturbed data set is generated from the original data
set by randomly changing +5% of the data in Table E.1 for each city, each criterion
and each scenario, since the distribution of the terrorism losses is fully described in
Table E.1 and has three different levels of terrorist attacks: reduced loss, standard loss
and increased loss. For example, the element 5]- (wy) for city i, criterion j and scenario
wy in the perturbed data set is given by

E(wr) = Elwi) X (L+7 x 5), (3.6.7)
where r = 5% is a perturbation ratio and s is from the uniform distribution on [—1, 1].

In this experiment, we randomly generate 100 perturbed data sets. By solving models
(3.6.3), (3.6.4) and (3.6.5), we obtain the optimal budget allocations for each perturbed
data set. We then calculate the average optimal budget allocation for each model under
100 simulations. To analyze the impact of the perturbations of original data set to the
optimal budget allocations for the three models, we consider the relative change of the
average optimal budget allocation to the original optimal budget allocation for each
city and each criterion. The results are presented in Figure 3.1. We can see that the
proposed PRMSR model is more sensitive to the perturbed data set compared with
risk-neutral model and aggregated CVaR model, which confirms that the PRMSR
model captures changes in data more effectively from shortfall risk perspective.

Experiment II: Effect of the perturbation range on optimal value

In the second experiment, we examine the impact of the data perturbation on the
optimal value of the PRMSR model. Specifically, we generate perturbed data sets
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Figure 3.1: Comparative analysis of impact of data perturbation: average relative change out of 100
simulations for the optimal budget allocations to each criterion and each city from different models:
PRMSR, Risk-Neutral (RN) and CVaR.
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by following the same procedures as in Experiment I with the perturbation ratio r €
{1%, 2%, 3%, 4%, 5%}. We randomly generate 100 perturbed data sets for each r and
solve the model (3.6.5) to obtain the optimal value for each perturbed data set. Figure
3.2 depicts boxplot and dot plot of the optimal values as r increases. We can see that

the change of the optimal value is not drastic.
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Figure 3.2: (a) Boxplot of the optimal values of the PRMSR model w.r.t. the perturbation ratio
(%). (b) Dot plot of the optimal values of the PRMSR model w.r.t. the perturbation ratio (%).

Experiment III: Effect of the number of pairs on optimal budget allocation

In the third experiment, we consider the impact of the number of pairs for eliciting
the ambiguity set L on the optimal budget allocation. We select K pairs of prospects,
K € {5,10,20}, to form the elicited comparison data set, and then solve the problem
(3.6.5) to compare their effects on budget allocations for cities and criteria. The results

are shown in Figure 3.3.
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Figure 3.3: (a) Optimal budget allocation to cities w.r.t. the number of pairs. (b) Optimal budget
allocation to criteria w.r.t. the number of pairs.

From Figure 3.3, we observe that an increase in the number of pairs has minor effect on
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the optimal budget allocations for cities and criteria. This phenomenon confirms that
in practical decision making, even with less extra preference information, our model
still can effectively capture the worst decision maker’s risk preference.

Experiment IV: effect of d on optimal budget allocation

In the fourth experiment, we consider the effect of the choice of the weighting vector
d on the optimal budget allocation. To this end, we consider three weighting vec-
tors: dy = (1/4,1/4,1/4,1/4) equally treating each criterion, dy = (1/8,1/8,3/8,3/8)
emphasizing the air departures and bridge traffic, and d3 = (3/8,3/8,1/8,1/8) giving
more consideration to the property losses and fatalities as Hu et al. [45] did for reflecting
the importance of each criterion. The influences of d on optimal budget allocations to
cities are shown in Figure 3.4(a) and the influences of d on optimal budget allocations
to criteria are shown in Figure 3.4(b).
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Figure 3.4: (a) Optimal budget allocation to cities w.r.t. weighting vector d. (b) Optimal budget
allocation to criteria w.r.t. weighting vector d.

From Figure 3.4(a) we can see that no matter which weighting vector used, more budget
is allocated to New York and Chicago whereas less budget is allocated to Philadelphia,
Newark and Seattle. We observe form Figure 3.4(b) that the effect of d on optimal
budget allocation to Air departures is small compared with other three criteria.

Experiment V: Runtime w.r.t the number of pairs

In the fifth experiment, we test the solution time of problem (3.6.5) based on the size of
the elicited comparison data set. The experiments are performed on a generic laptop
with Intel Core i5 processor, 4GM RAM, on a 64-bit Windows 7 operating system.
Specifically, we solve problem (D4) by the SDPT3 4.0 solver in CVX on Matlab R2019b.
The average computation time w.r.t. the number of pairs under 100 simulations is
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shown in Table 3.2 and Figure 3.5. We can observe that the solution time grows
gradually as the size of the elicited comparison data set increases because the pro-
posed tractable formulation to problem (3.6.5) is a finite dimensional linear program

of reasonable size.

Number of pairs 2 4 6 8 10 12 14 16 18 20
Time (second) 3.62 6.91 834 1097 11.73 13.84 16.75 17.82 19.78 20.83

Table 3.2: Computation time w.r.t. the number of pairs

22

2 4 6 8 10 12 14 16 18 20
Number of pairs

Figure 3.5: Computation time w.r.t. the number of pairs






Chapter 4

Statistical Robustness in Preference
Robust Optimization Models

Preference robust optimization has recently received increasing attention in decision
analysis. It deals with the ambiguity of decision maker’s utility preference or risk atti-
tude. In preference robust optimization models, e.g., the PRMSR optimization model
in Chapter 3, the true probability distribution of random variable is often assumed to
be either known or can be recovered via empirical data which do not contain any noise.
In practice, however, empirical data may contain some noise, and it is unclear whether
a statistical estimator such as the optimal value of a preference robust optimization
model based on those data is still reliable. Thus in this chapter, we will investigate this
issue in the context of the PRMSR optimization model. We aims to derive moderate
conditions and identify appropriate metrics under which the optimal value of PRMSR
optimization model obtained based on the perceived data is close to that based on real
data.

71
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4.1 Introduction

4.1.1 Literature Review

Consider the following expected utility maximization problem:

max Epu(f(z,))];

where u : R — R is an increasing utility function, x € X C R" is a decision vector,
¢ : Q — R is a vector of random variables defined over probability space (92, F,P),
P :=Po &1 is the probability measure on R* induced by € and f: R x R®* — R is a

continuous function.

By the well-known expected utility theory [83], there exists a utility function u(-) such
that the decision maker prefers prospect A to prospect B if and only if E[u(A)] >
E[u(B)]. A convex utility function means the decision maker is risk taking whereas
a concave utility function means risk averse and an affine utility function means risk
neutral. Our focus here is on the situation where the true utility function is unknown,
but it is possible to construct an ambiguity set of utility functions such that the true
utility function lies in the ambiguity set with high probability. Thus we consider the

following maximin preference robust optimization model:

V(P) := max inf Ep[u(f(x,&))],

zeX ueld

where U denotes the ambiguity set of utility functions.

This kind of preference robust optimization model is first considered by Armbruster
and Delage [6] and it is rooted in stochastic dominance [28]. The structure of the
above model is largely determined by the ambiguity set U of the utility functions.
The work of Armbruster and Delage [6] considers an ambiguity set of utility functions
which meets some criteria such as risk averse, S-shaped and prudent. Instead of trying
to identify a single utility function the criteria, they develop a minimax preference
robust optimization model where the optimal decision is based on the worst utility
function from the ambiguity set and demonstrate how the minimax optimization prob-
lem can be reformulated as a finite dimensional linear programming problem. Delage
and Li [25] extend the research to risk management problem where the objective is the
Folmer and Schied’s convex risk measure [32] and the uncertainty arises from decision
maker’s risk attitude. Haskell et al. [42] take it further by taking into account of am-
biguity about both decision maker’s utiltiy and probability distribution of underlying

exogenous uncertainty.

Hu and Mehortra [46] tackle the issue in a different manner. First, they propose a mo-
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ment type framework for constructing the ambiguity set of decision maker’s preference
which cover a wide range of approaches such as pairwise comparison, certainty equiva-
lent and stochastic dominance. Second, they consider a probabilistic representation of
the class of increasing convex utility functions by confining them to a compact interval
and scaling them to being bounded by 1. Third, they consider lower and upper bound
of the true unknown utility function, and propose a piecewise linear approximation
of the functions in the bounds for deriving tractable reformulation of the preference
robust optimization model.

In all these preference robust optimization models, the true probability distribution
is assumed to be either known or can be recovered via empirical data which do not
contain any noise. However, it is unclear whether a statistical estimator such as the
optimal value of a preference robust optimization model based on the data with noise
is still reliable. Specifically, let () denote the the empirical distribution based on the
data with noise and Py the data with the noise detached, we ask whether V(Qy) is
close to V(Py) under some metric when N is sufficiently large. This issue is also known
as statistical robustness in the literature of statistics [48]. The concept of statistical
robustness can be traced back to the work of Hampel [41], and it has been popularized
over the years particularly with monographs [48,49].

A research by Cont et al. [22] defines the notion of qualitative robustness ! of a risk
estimator and uses it to examine the robustness of various risk estimators derived from
empirical data. They demonstrate that the historical estimator of any spectral risk
measure is not robust. The work of Kriatschmer et al. [53] proposes and analyses a
refined notion of qualitative robustness that applies to tail-dependent law-invariant

convex risk measures on Orlicz spaces.

4.1.2 Contribution

Our research in this chapter concerns the issue that the optimal value obtained from
solving the PRMSR optimization model with perceived data may perform differently
from it’s true counterpart. We fill up this significant gap by providing a comprehensive
study of the statistical robustness of the PRMSR optimization model. Specifically, we
derive moderate sufficient conditions under which the optimal value changes continu-
ously against small variation of the probability distribution which paves the way for
the analysis of statistical robustness. Compared with the standard stability analysis in
stochastic programming [71], our result shows interactions between the tail behaviours
of probability distribution and loss function through some specified topology under
which the continuity is established.

! Throughout this chapter, we use terminology statistical robustness to avoid confusion with other notions
of robustness.
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Moreover, we identify appropriate metrics under which the statistical estimator of the
optimal value is uniformly asymptotically consistent. This result is associated with
convergence analysis of sample average approximation [74], while the uniformity re-
quirement makes the analysis much more challenging. This result gives a theoretical
basis for discrete approximation in the PRMSR optimization model where true proba-
bility distribution is continuous, and it is important in developing tractable numerical
schemes for the PRMSR optimization model.

We demonstrate statistical robustness of the optimal value of the PRMSR optimization
model obtained based on the data generated by some distributions close to the true
distribution. Although the analysis follows from the framework of qualitative robust-
ness in [52, 53], the PRMSR optimization model includes minimax operations w.r.t.
z,t and [ which needs more complex mathematical treatment.

4.1.3 Structure

The remainder of this chapter is structured as follows: In section 4.2, we recall the
PRMSR optimization model and make a preliminary analysis of the statistical robust-
ness. In section 4.3, we recall some basic concepts and results about y-weak topology
and show continuity of J(-) (the optimal value of PRMSR optimization model) near P.
In section 4.4, we introduce the Uniform Glivenko-Cantelli property and derive uniform
consistency of J(Py) to J(P). In section 4.5, we establish the statistical robustness of
the estimator of J(-).

4.2 Preliminary Description

Consider a financial position ¢(z,{(w)) associated with decision variable z € Z C R"™
and random variable {(w). Let L be a set of increasing and not constant loss functions
[:R"™ — R. We first recall the preference robust multivariate utility-based shortfall
risk measure (PRMSR) optimization model defined as in Chapter 3:

min t
. zeZ teR
(PRMSR-Opti)  ~ % sup Epll(—c(z, &) — td) — I(=Y (£))] <0, (4.2.1)
lEL

where £ : (Q, F,P) - Z C R*, P:=Po ¢! is the probability measure on R* induced
by € and ¢(z,€) : Z x E — R™ is a continuous function, Y is a benchmark, d € D is a
preset weighting vector and

D:{dER”:Zdizl,di>0}.
=1
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In the PRMSR optimization model, we assume the true probability distribution P
can be recovered from empirical data. In practice, however, the perceived empirical
data may contain some noise, and it is differ from the real data generated by P. The
discrepancy may have an impact on the quality of the optimal value obtained from
solving the PRMSR optimization model with perceived empirical data. Thus it may
be interesting to examine insensitivity of the optimal value of the PRMSR optimization
model to the deviation of empirical distributions from the true.

For simplicity of exposition, we assume that the probability space (€2, F,P) is atomless.
The assumption is common in the literature of statistical robustness, see [53]. The
assumption excludes all discrete distributions and we will focus on the case where P
follows a continuous distribution in the following discussion. Throughout this chapter,
we use Z(R?) to denote the set of all probability measures on R*.

Let P,Q € 2(R®). Let €',..., &N and €',... &Y be iid samples generated by P and
@ respectively. We write empirical distribution

N
1
Py(+) == NZ]@-(-) (4.2.2)
i=1
if the samples are generated by P and

Qn() = 5 S 1a0) (423

=1

if the samples are generated by (), where 1 5() denotes the Dirac measure at é . We
refer to P as the true probability distribution and ) its perturbation. In practice,
samples are often obtained from empirical data which contain some noise. This means
the samples are generated by () rather than P. In this setup, samples of P are not
obtainable and Py/(-) is defined only for theoretical analysis.

Let 9(-) denote the optimal value of (PRMSR-Opti). It is obvious that ¥(Qy) is a
statistical estimator of ¥((Q) rather than the true robust optimal value ¥(P), so we are
interested in how close ¥(Qy) is to ¥(Py) (a statistical estimator of ¥(P)) under some
metric. If ¥9(Qy) is close to ¥(Py), then it is safe to use ¥(Qy) as an estimate of J(P).
Note that there is a distinction between traditional stability analysis in stochastic
programming and statistical robustness. The former concentrate on the convergence of
Y(Py) to ¥(P) or continuity of J(-) near P. The latter requires not only the continuity
of 9(-) near P but also convergence of 9(Qy) to ¥(Q) uniformly for all Q) near P.
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4.3 Continuity of J(P)

A key step to establish statistical robustness of the estimator of ¥(-) is to show conti-

nuity of J(P’) when P’ is near the true probability distribution P under some metric.

4.3.1 -Weak Topology

Let us recall some basic concepts of 1)-weak topology which are needed in the forthcom-
ing discussions. The materials are mainly extracted from [21], and references therein
for a more comprehensive discussion on the subject.

Definition 4.3.1 Let ¢ : R® — [0,00) be a continuous function and

MY = {P’ c Z2(R*): . Y(&)P'(dE) < oo}.

Note that MY defines a subset of probability measures in Z(R*) which satisfies the

generalized moment condition of .

Definition 4.3.2 (¢)-weak topology) Let ¢ : R®* — [0,00) be a gauge function, that
18, Y 1s continuous and there exists a compact set such that v > 1 holds outside the
compact set. Let HY be the linear space of all continuous functions h : R® — R for
which there exists a positive constant ¢ such that

A < c(¥(€) +1), VEe R

The -weak topology, denoted by T, is the coarsest topology on MY for which the
mapping H : MY — R defined by

H(P') := / h(&)P'(d), h € HY

is continuous. A sequence {Py} C MV is said to convergence -weakly to P € MY
written Py %p if it converges w.r.t. Ty.

By Krétschmer et al. [52], 1)-weak convergence implies weak convergence, denoted by
P, % P, and

[ o)~ [ wP)

Rs
as k — oo.
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Definition 4.3.3 (Uniform integrating set) Let ¢ : R® — [0,00) be a gauge func-
tion. A set M C MY is said to be locally uniformly 1-integrating if for any P' € M
there exists some open neighborhood N of P’ w.r.t. the topology of weak convergence
such that

lim  sup (&) P"(dE) = 0.
V=0 PreNNM J {EeRs:p(£) >}

It is well known that the relative -weak topology on M C MY coincides with the
relative weak topology of weak convergence on M if and only if M is locally uni-
formly v-integrating [87, Lemma 3.4]. In the forthcoming discussions, we will use this

equivalence.

4.3.2 Continuity of J(P)

Let us start by deriving a gauge function which majorizes I(—c(z, &) —td) and [(=Y(£)).
To ease the exposition, let

vp(2,1) := sup Ep[l(—c(z,£) — td) = I(=Y(£))], (4.3.1)

leL

and rewrite (4.2.1) as

min ¢
(PRMSR-Opti) =€4teR (4.3.2)
st.  wp(z,t) <0

Let Fp denote the feasible set of problem (PRMSR-Opti). Throughout this section,

we let Assumption 3.4.1 hold and making the following assumptions.

Assumption 4.3.1 (Growth condition) Let ¢(-,-) and Y (-) be defined as in the
problem (PRMSR-Opti). Lett € T C R and T be a compact set. There is an ex-
ponent 5 > 0 and some locally bounded function g : R — R such that

| —c(z,&) —td|| < g()(J|€]I° + 1), V(2,8 € ZxE,teT,deD (4.3.3)

and
=Yl <g=)(l° +1), VeEeE. (4.3.4)

Note that g(-) is said to be a locally bounded function if the convergence of {zV}
implies the boundedness of {g(z™)}.
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Let C := sup,., g(#). Since Z is assumed to be a compact set, then C < co. We assume
without loss of generality that C > 1. Let

(€)= masx (supI(€(Iel? + D)sup —I(-C(lel’ + 1)) . (439)

Then the growth condition and monotonic increasing property of [(-) imply for all
(z,§) e ZxEteT,deDandl € L,

(=c(z,6) —td) < UC(IEN” +1)) < Y(§) for e(2,§) +1d <0,
—l(=c(z,§) —td) < —U=C(g]I7+1)) < ¥(&) forc(z,¢) +1d >0,

which means
l(—c(z,&) —td)| < (), V(z,&) eZx=teT,deD,leL. (4.3.6)

Likewise, we have
(=Y ()] <¥(§), VE€E €L (4.3.7)

Assumption 4.3.2 Let ¢(-) be defined as in (4.3.5) and P € MY. Let {P,} C MY

be a sequence of probability measures such that Py % P. There exists a sequence
of monotonically increasing numbers {ry} where ry — oo such that for any fized

re{rn}, P(IEll =7) =0,

k—oo , 44 1L

lim sup sup ‘/ l(—c(z,&) — td) Pe(d€)
{eeR=:lgll<r}
—/ [(—c(z,&) — td)P(df)' =0 (4.3.8)
{¢eR=:(l¢ll<r}

and

k—00 ],

lim sup ’ / 1(—Y(€)) Py (de)
{€€Rs:|[€]|<r}

/ =Y ()Pl =0 (43.9)
{€eRs:||€|I<r}

Based on [66, Theorem 3.2] we can establish equalities (4.3.8) and (4.3.9) under condi-
tions: (a) {(-) is uniformly Lipschitz continuous with a bounded modulus for all [ € L
and (b) Assumption 4.3.1 holds. Condition P(||{|| = r) = 0 is fulfilled when P is
non-atomic. Note that the setting of (4.3.8) and (4.3.9) does not fit to the framework
of [66, Theorem 3.2] exactly as the range of the integral in our case is bounded whereas
the range of the integral in [66, Theorem 3.2] is over the whole space. However, un-
der condition (a) we are able to show the class of loss functions [ are equicontinuous
and together with (b), we can show that (4.3.8) and (4.3.9) hold by a similar proof



4.8 Continuity of ¥(P) 79

to [66, Theorem 3.2] based on the equicontinuity condition and condition (b).

We let Py % P and consider the problem

Bie !
s.t. sup EPk [l(—c(z,g) — td) _ l(—Y(f))] <0. (4310)
leL

To ease the exposition, let

vp,(2,t) :=supEp, [l(—c(z, &) — td) — (=Y (§))] (4.3.11)

leL

and rewrite (4.3.10) as

min ¢
(Opti-Py) #€4t€R (4.3.12)
st.  wvp(z,t) <O0.

We use Fp, and 9J(P;) to denote the feasible set and the optimal value of problem
(Opti-Py) respectively.

Theorem 4.3.1 (Continuity) Letvp(-,-) and ¢(-) be defined as in (4.3.1) and (4.3.5).
Suppose that c(-,&) is a concave function. Then under Assumptions 3.4.1, 4.3.1 and
4.3.2,

(4)
lifpn vpr(z,t) = vp(2,t) (4.3.13)

(i)
li£n J(P") = 9(P). (4.3.14)

Proof. Tt follows by [49, Theorem 2.15] that MY is a Polish space. Thus it suffices to
show (4.3.13) and (4.3.14) for any sequence { P} C MY converging to P € M¥ under
W-weak topology.

Part (i). Since P * P, then P, = P and

lim | (P = | w(€)P(e)

k—o00 Rs
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Under the growth condition, we have via (4.3.6)

lim supsup/ [[(—c(2, ) — td)| Pp(dE)
{€eRs:|€||>r}

= »t.d leL

< lim Y(&) Pr(d§) = 0.
T J{geRs ¢ >}

(4.3.15)

The last equality is due to the fact that {P,} C MY and [52, Lemma 3.4], that is,
-weak convergence implies weak convergence and uniform integrating property. Note
that since ¢(-) is defined as in (4.3.5), we have ¥(§) — oo as ||£|| — oo. Similarly,
since P € MY, we have

lim sup sup/ [l(=c(2,&) — td)| P(d§)
{€eRs:|¢]|>}

T—=00 »t.d l€L

< lim [ (E)P(dE) = 0.

"0 J{geRs: gl >}

(4.3.16)

On the other hand, under Assumption 4.3.2, we can choose those r such that P(||¢|| =
r) =0 and

lim sup sup '/ l(—c(z,8) — td) P(d€)
{eeRs:|g]I<r}

k—oo ,td el
_ / (=2, €) —td)P(dg)‘ —0. (43.17)
{€eR=:|¢]|<r}

Combing (4.3.15), (4.3.16) and (4.3.17), we obtain

lim sup sup
k—oo ;14 1€l

/ U(—c(z,6) — ta)Pe(d€)
- / U=c(z) —td)P(df)‘ ~0. (4.3.18)

Likewise, we have

limsup | [ 1Y) Pulae)
- [ iviepras| <o (4.3.19)
Combing (4.3.18) and (4.3.19), we obtain
i sup [sup B I~z €) — 1)~ 1~V (€)]
—SpERl(—c(6) 1) ~ -V ()] =0, (4320

which implies (4.3.13).
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Part (ii). The proof is similar to that of Theorem 3.4.2 Part (i), we include a proof in
Appendix G for self-containedness. 0

Note that the stability result (4.3.14) requires perturbation of P’ from P under topology
of Y-weak convergence. Since 1) captures the growth of ¢(z,&) and [, it means that if
1 is steep w.r.t. growth of £ either due to the significance of loss or due to the sharp
increase of the loss function [ at the tail would make the optimal value function ¥(-)
less stable.

4.4 Uniform Consistency

In this section, we show the uniform consistency of vp,(z,t) to vp(z,t), that is, the
convergence of vp, (z,t) to vp(z,t) for all P in a subset of Z(R®), and its uniformity
w.r.t. z, the latter leads to uniform consistency of J(Py) to J(P). Here

Uiy (2,1) = sup Epy [I(—c(2,€) — td) — 1(=Y(€)) (4.4.1)

leL

and the approximate problem of (PRMSR-Opti) takes the form

min ¢
(Opti-Py)  #€21€R (4.4.2)
st. wpy(z,t) <0.

The convergence result is important because in the literature of preference robust
optimization models, tractable formulations rely on Py (discrete approximation of P)
when P is continuously distributed.

It follows by [52,53] that the v-weak topology on MY is generated by the metric
dy : MY x M¥ — R defined by

dw(P,, P//> = dpmk<Pl, P//) + 3 (443)

RS¢(€)P'(d£) - RS¢(£)P"(d£)

for P/, P" € MY, where dp,q : Z(R?) x 2(R?) — Ry is the Prokhorov metric
dp,ox (P, P") :=inf{e > 0: P'(A) < P"(A°) + ¢,VA € B(R")}, (4.4.4)

where A° := A + B.(0) denotes the Minkowski sum of A and the open ball centred at
0 (w.r.t. Euclidean norm) and B(R*®) denotes the Borel o-algebra on R”.

Let (R*)®" denote the Cartesian product R*x...xR* and B(R?*)®" its Borel o-algebra.
Let P®N denote the probability measure on the measurable space ((R*)®Y, B(R*)®")
with marginal P on each (R*, B(R?®)) and Q®" with marginal . We recall the def-
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inition of Uniform Glivenko-Cantelli (UGC) property based on [52] for forthcoming
discussion.

Definition 4.4.1 (UGC property) Let ¢ be a gauge function and dy, be defined as
in (4.4.3). Let M be a subset of M¥. The metric space (M, dy) has UGC property if
for any € > 0 and 6 > 0, there exists Ny € N such that for all P € M and N > N

PEN[(er, .. €NY 1 dy (P, Py) > 6] < e (4.4.5)

The UGC property states that for every empirical probability measure Py generated
by P € M, Py is close to P under the metric dy, when N is sufficiently large.

Theorem 4.4.1 (Uniform consistency) Let ¢ be defined as in (4.5.5) and
MY = {P e Z(R?%): Y(EPP(dE) < li} (4.4.6)
]RS
for some fived p > 1 and k > 0. Let M C MY" be a compact set. If Assumptions

4.3.1 and 4.3.2 hold, then for any € > 0 and 6 > 0, there exists Ny € IN such that for
all Pe M and N > N,

pPEN {{f € (RN . 51;13|va(2,15) —vp(z,t)| > 5}} <e (4.4.7)
(i)
PN [{€ € RN |9(Py) —I(P)| > 6}] <e. (4.4.8)

Proof. Part (i). By [52, Corollary 3.5], (MY’ dy») has the UGC property which
means that for any € > 0 and 6 > 0, there exists Ny € N such that

PEN{¢ € (R*)N : dyw(P, Py) 2 6}] < e, YP € MY (4.4.9)

for all N > Nj. For each fixed P as such, we may set r large enough so that P(||¢]| =
r) =0 and

sup sup (4.4.10)

zt,d leL

0
.

/ Z<—c<z,s>—td>P<ds>\ </ B(E)P(de) <
{EeRs:||€][>r} {EeRs:||€]|>r}
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On the other hand, by (4.4.9) and [21, Lemma 2.61],

peN {sup sup
zt,d lel

/{ IRLCCUE td)PN(dé“)‘ > g]

< pov VOPV(d) 2 3 <
{eeR=:(lglI>r}

. (4.4.11)
4
for all N > Ny and N, sufficiently large. Moreover, by Assumption 4.3.2 and (4.4.9),

peN {sup sup
z,it,d lel

/ (—c(z,€) — td) Py(de)
{EeRs:[€]|<r}

(4.4.12)

I

- /{EGRS:IIEST} mel= 8= td)P(dﬁ)‘ - g] =

for all N > Ny and N, sufficiently large. Combining (4.4.10), (4.4.11) and (4.4.12), we
obtain

PON |sup sup
z,t,d leL

| etz ~ ) Pxta)

- /}R (=c(=,) —td)P(df)' > g} < (4.4.13)

DO ™

for fixed P € M.

Next we show the uniformity of (4.4.13) w.r.t. P. Assume for the sake of a contradiction
that there exist some positive numbers ¢y and y such that for any v € IN, there exist
v >wv, Py € M and some N, > v such that

®@N,/
P, {sup sup
z,t,d lEL

[ ez~ td) P (a2)
_ / (—c(z,8) - td)Pvf(dg)’ > 50] > 6. (4.4.14)

Let v increase. Then we obtain a sequence of {P,} which satisfies (4.4.14). Since M
is a compact set under the y-weak topology, then { P/} has a converging subsequence.

Assume without loss of generality that P, KA P, € M. Tt follows by [40, Lemma 2.1]
that the convergence implies

[ ez~ )P > [ U(—elz,) - td)Pu(ae).
S RS
On the other hand, since { Py, } converges ¢-weakly to P, as v increase, we can obtain

PENv | sup sup
z,t,d leL

| etz ~ ta) Py ()

€o

- / =elz,8) —td)P*(df)‘ > %} <5 (4.4.15)
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which leads to a contradiction as desired. Thus the inequality (4.4.13) holds for all
PeM.

Likewise, we have

peN {sup
leL

/ H(—Y (€)) Py (d€) — / z(—Y(g))P(dg)l > 5} <eVPEM  (4.4.16)
for all N > Ny and N sufficiently large. Hence the inequality (4.4.7) holds.
Part (ii). It is analogous to the proof of Theorem 4.3.1. O

We make a few comments on the conditions and results of Theorem 4.4.1. First, the
set of probability measures M¥" is determined by the nature of function ¢» which is in
turn dependent on the growth of ¢(z, ) and the loss function [. In fact only the tail
properties of [ and c¢ affect the set. Roughly speaking, the heavier the tails, the smaller
the set M¥” will be. Second, in comparison with the convergence results in Theorem
3.4.2, the convergence result (4.4.8) focuses on uniform convergence of ¥(Py) to ¥(P)
for all P in M rather than the rate of convergence for a fixed P. Third, when = is a
compact set, MY = P(Z) for k sufficiently large.

4.5 Statistical Robustness

In this section, we use the UGC property to derive statistical robustness of the esti-
mator of ¥(-). Let us start by recalling the definition of statistical robustness based on
Kratschmer et al. [53].

Definition 4.5.1 (Statistical robustness) Let MM C Z(R?®) be a set of probability
measures and dy be defined as in (4.4.3) for some gauge function ¢p : R® — R. A
statistical estimator V(-) : M — R is said to be robust on M with respect to dy, and
dp.ox if for all P € M and € > 0, there exist 6 > 0 and Ny € N such that

Q € m) d?l)(P7 Q) S J - dProk (P®N o V(PN>_1)Q®N © V(QN)_I) S 67VN Z N07

where V(Py) and V(Qy) map from (R*)®N to R and provide an estimator for V(P)
and V(Q) respectively.

The definition is based on Hampel’s classical concept of qualitative robustness [41] of
an estimator requires that a small change in the law of the data results in only small
changes in the law of the estimator.
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Theorem 4.5.1 (Statistical robustness) Let 1 and MY" be defined as in (4.3.5)
and (4.4.6). Let M C MY" be a compact set with p > 1. Assume in addition that
Assumptions 4.3.1 and 4.5.2 hold. Then for any P € M and € > 0, there exist positive
numbers 6 and Ny € IN such that

Q € M,dwp(P, Q) S 5 — dProk (P®N o 79(PN)_1,Q®N o ﬁ(QN)_l) S € (451)

for all N > Nj.

Proof. By the triangle inequality, we have

dProk (P®N © ﬁ(PN)_la Q®N ° ﬁ(QN)_l)
< dprok (PPN 0 9(Py) ™Y Lypy) + dpror (Logpy, @2 0 9(Qn) ™) |

where 1, denote the Dirac measure at x € R. It suffices to show existence of appro-
priate positive numbers ¢ and Ny € IN such that for @ € M with dy»(P,Q) < 6, we
have

€

dprok (P¥N 0 9(Py) ™" Ly(p)) < 5 (4.5.2)

and
€

dprok (]119(13)7 Q®N © 79(QN)71) < 5

for all N > N,. By Strassen’s theorem [49, Theorem 2.13|, (4.5.2) and (4.5.3) are
implied respectively by

(4.5.3)

peN [{g e (RN : |[9(Py) — 9(P)| < %H >1- % (4.5.4)
and
QN [{ee @)Y (P) —v@Qw) < 5} 215 (45.5)

Note that (4.5.4) follows from Theorem 4.4.1. Thus we are left to prove (4.5.5). Note
that

[9(P) = 9(Qn)| < [0(P) = 9(Q)| + [9(Q) = (Qw)].

It follows by Theorem 4.3.1 that we can choose ¢ sufficiently small such that when
dyr (P, Q) <6, we have

€
9(P) ~ Q)] < & (4.56)
Analogous to (4.5.4), we have from Theorem 4.4.1
QN S\N . _ < E > 1 — E
QN [{e e )Y : (@) —v(@Qu)I < T} =13 (45.7)
for all N > Ny. Combining (4.5.6) and (4.5.7), we have (4.5.5) holds. O

Theorem 4.5.1 provides a theoretical guarantee that if the perceived data is generated
by some probability distribution ) which is close to the true distribution P and @
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satisfies moment condition (4.4.6), then the optimal value obtained with the perceived

data is close to the one with real data.

As we discussed after Theorem 4.4.1, the set of probability measures M¥" is determined
by the tail properties of ¢(z, £) and loss function . The heavier the tails, the smaller the
set M¥" will be, which means less plausible probability distributions may be considered
for the perturbation in the left hand side of (4.5.1) and consequently less chances for
the statistical estimator of the optimal value to be robust (satisfying the inequality at
the right hand side of (4.5.1)).



Chapter 5

Summary and Future Directions

Optimal decision making problems naturally arise in many fields of engineering and
management science. Decision makers often face underlying exogenous and endogenous
uncertainties when taking decisions. Such uncertainties are outside the deciders’ control
and knowledge at the time of the decisions and will affect the desired outcome. In
this thesis, we focus on this issue and propose some efficient models to deal with the
uncertainties. The following sections summarize this thesis and identify some promising
directions for future research.

5.1 Summary

Chapter 2. In Chapter 2, we introduce a utility-based reward-risk ratio (URR) opti-
mization model and consider a situation where the true probability distribution of the
underlying random variables is unknown. To mitigate the risk arising from ambiguity
of the true probability distribution, we propose a distributionally robust utility-based
reward-risk ratio (DRURR) optimization model where the ambiguity set of probability

distribution is constructed through prior moment information.

We reformulate the DRURR optimization model as a mathematical program with
robust inequality constraints and further transform it into a nonlinear semi-infinite
programming problem through the Lagrange dualization. We then apply the entropic
approximation scheme to deal with the semi-infinite constraints and show the stabili-
ty of the approximated optimization problem, and consequently propose a numerical

scheme to solve it.

We also investigate a specific case that the ambiguity set is determined by the mean
and covariance, and use box constraints for each component of the two quantities.

We demonstrate that the true probability distribution lies in the ambiguity set with

87
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a high likelihood, and the optimal value and the optimal solutions obtained on the
basis of the ambiguity set converge to their true counterpart. We apply the DRURR
optimization model to a portfolio selection problem, and the numerical test results

show some promising performance of our model and numerical scheme.

Chapter 3. In Chapter 3, we introduce a multivariate utility-based shortfall risk
measure (MSR) and consider a situation where a decision makers true loss function
is unknown but it is possible to elicit a set of plausible loss functions with partial
information, and consequently propose a preference robust multivariate utility-based
shortfall risk measure (PRMSR). We demonstrate that MSR and PRMSR are convex
risk measures and define the domains of MSR and PRMSR.

We apply the PRMSR to an optimal decision making problem. Considering the case
that the underlying probability distribution is continuous, we propose a sample average
approximation scheme and show that it converges to the true problem in terms of the
optimal value and the optimal solutions as the sample size increases. A tractable for-
mulation is developed for the approximated optimization problem when the ambiguity
set of loss functions is defined with some specified characteristics. Some numerical
studies are also given to examine the efficiency of the proposed robust model.

Chapter 4. In Chapter 4, we consider a situation where the true probability dis-
tribution P is approximated by empirical data and the data may contain some noise
which means the data are not exactly generated by P, rather they are generated by a
perturbed distribution ) from P. Under these circumstances, we examine the quality
of the optimal value J(-) obtained from solving the PRMSR optimization model with
the empirical data.

We derive moderate sufficient conditions under which ¥(-) changes continuously against
small variation of the true probability distribution P and identify appropriate metrics
under which ¥(Py) uniformly converges J(P). We establish statistical robustness of
estimator of 9(+), that is, J(Qx) is close to ¥(Py) under the Prokhorov metric when
N is sufficiently large as long as @) is close to P.

5.2 Future Directions

There are several research directions which can be taken to extend the works in this
thesis:

e In Chapter 2, we consider the situation where there is an ambiguity about the
underlying probability distribution in the URR optimization model but assume
the utility function in the definition of URR is known. We may take it further by
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taking into account of ambiguity about both decision makers risk preference and

underlying probability distribution in the URR optimization model.

e In Chapter 3, we assume that the loss function in the definition of MSR is convex.
In the future work, we may consider the case that the loss function has different
shapes, such as quasi-convex or S-shaped. In addition, we may take it further by
considering the situation where the direction d in the definition of MSR is also

ambiguous since in this work we assume that the direction d is known.

e In Chapter 3, we demonstrate that when L C £ then PRMSR is equal to the
worst case MSR associated with the loss function [ chosen from the ambiguity set
L. In the future work, we may investigate whether the worst of a set of MSR with
some specified characteristics such as positive homogeneity can be represented as
PRMSR by defining an appropriate ambiguity set of loss functions.

e In Chapter 4, we derive moderate sufficient conditions under which the opti-
mal value of (PRMSR-Opti) is statistically robust against perturbation of the
exogenous uncertainty data. In the future work, we may investigate statistical
robustness of the estimators of the optimal solutions for (PRMSR-Opti) as well.






Appendix A

Reformulation as A Semi-Infinite

Programming Problem

Let us recall the problem (2.2.13)

inf —y
zeX,yeR
s.t. sup EP[H(:E?S/Y)] < 07
pPeP

and the ambiguity set P constructed in (2.3.1)

P::{PE% Ep[di(§)] =0, i=1,....p }

Ep[¢i(§)] <0, i=p+1,...,q

Consider the constraint of probelm (2.2.13) with the ambiguity set P,

sup  Ep[H(z,,7)]
Pe
st Ep[Yi(§)] =0, i=1,....p
Ep[ts(§)] <0, i=p+1,...,q
Ep[1=(§)] =1,
where 1=(§) := { (1): g Z ;’

The Lagrangian function can be defined as

L<P7 /\HU’) = EP[H(J"7§7’7) - 23:1/\17701<§> - /vL]lE(f)] + H,
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and the Lagrangian dual problem is

in/f W
l’l’7
st H(z,&,7) — S i(€) < pl=(), VEE€E, (A1)

Problem (A1) can be reformulated as

sup H(x,&,7) — E?:V\z‘@/h‘(ﬁ)

e=
st. A >0, t=p+1,...,q.

Then we can reformulate problem (2.2.13) as follows:
inf —y

zeX,yERNERP x]R?[P
s.t. SUpgez H (7,8, 7) — 20 Miwbi(§) < 0.



Appendix B

Entropic Approximation Parameter

@7

In this work, we use the samples of the random variables to compute sample average
approximation (SAA) of the expected value in e, (+). In this case, the value of parameter
a may be estimated by the sample size and the tolerance. For example, suppose there
are 10 samples “Zy, ..., Z19” in decreasing order, then

1 1
ea(—=Z) = Z1 = —In(1 + %272 | 4 oZ0=20) _ Zn10 < 0.
a a

Thus

1 1 1
lea(=2)=Z)| = Zy—eo(—Z) = —In 10— = In(1 42 #2720 4 e(Z0=21)y < 1 1.
a a a

If the precision is €, then we may set o > ln%.

In the numerical tests, we set ¢ = 0.01 and use SAA method with 1000 samples to
calculate the expectation in e4(Z) := L InE[e~*?]. « = 700 ensures = In(1000) <
0.01.
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Appendix C

Proof of Inequality (3.4.20)

Under Robinson’s error bound theorem, we have

d((z,t), FNZ xT) < %max{v(z,t),O}, V(z,t) e ZxT (C1)

and
2A
d((z,t), FNNZ xT) < Tmax{vN(z,t),O}, V(z,t) € Z x T, (C2)

where ¢ is a positive number and ¢ < 6.
Let (2/,t') € FxNZ x T, then

d((z',t"), FNZxT) 5 max{v(2',t'),0} — £ max{vy(z','),0}
Gl 1) — o (21|
AN
Z

SUD,cz teT ‘U(z, t) - UN(Z7 t)‘

INIA A

The first inequality follows from (C1) and the fact that vy (2/,¢') < 0. Thus

A
DFNyNZXT,FNZxT)< 7 sup lv(z,t) —on(z,t)]- (C3)

zeZteT

Conversely, let (2/,t') € FNZ x T. Then

d((Z',t), FNNZ xT) 28 max{un (2, t'), 0} — 2 max{v(z',t'),0}
B (2, #) — 0, )]

25 sup.czer [on(2,1) — v(z ).

VANVAR VAN

Thus

2A
DFNZxT,FyNZxT)< —~~ sup lun(z,t) — v(z,t)]. (C4)

zeZ teT
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Combining (C3) and (C4), we obtain

HFvNZxT,FNZxT)< sup |un(z,t) —v(z, 1)

zeZ teT

2A
o



Appendix D

Computational Details

The first model (3.6.3): Let Ti];- = (&j(wgp)—zj)p fori=1,....m; j=1,....n; k=
1,...,N. Then 7} can be written as

7i; > 0, and 75 > &(wn) — 2.

Consequently (3.6.3) can be rewritten as

N n m
min g pkg w; g T
zZ,T J

k=1 j=1 =1

st. TE>0, i=1...omj=1..mk=1... N, (D1)
Til;zgij(wk>_zija 221,,7%,]:1,,’/17 k’zl,...,N7
z € /.

Problem (D1) is a LP and can be easily solved by using e.g., fmincon or CVX in Matlab.

The second model (3.6.4): Let u; = CVaRy,(cj(2)(w)) for j = 1,...,n. Then
there exists a 7 € R such that

Wi =05+

Let A = (¢j(2)(wi) — mj)4 for j = 1,...,n, k = 1,...,N. Then (3.6.4) can be
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represented as

n
min E g
J=1

2, A 1y

N
1 .
s.t. ;sznj+1 Zpk)\?, j=1,...,n,
~ Y =
A?ZZTZE—TU’ jzla---7n;k:17"'7N7 (DQ)
i=1
Ne>0, j=1,....mk=1,...,N,
Ti];'zgij(wk)_zijv Zzlvamuj::l??n?k:l’?N?
TZ-I;-ZO, t=1,....my5=1,....nik=1,...,N,
z € 4.

Problem (D2) is a LP and can be easily solved by using e.g., fmincon or CVX in Matlab.

The third model (3.6.5): We using the proposed tractable reformulation (3.5.12) to
solve (3.6.5). We assign values to components in © as follows:

Gr(w;), forj=2kN +1,

Bu(wi), forj=(2k+1)N +1,

6, = b(wi),forj = ( N+ withi=1,...,N;k=0,...,K. (D3)
Y(w;), forj=2(K+1)N+1,

0, for j = (2K +3)N + 1.

To make the numerical formulation clear, we introduce some notations for our experi-

ments. The index of citiesisi = 1,...,m = 10; the index of criteriais j = 1,...,n = 4;
the index of scenarios is k = 1,..., N = 3; the index of # is [ = 1,...,J = 40; the
index of elicited pairs is ¢ = 1,..., K = 5. There the numerical formulation for our

experiments of (3.5.12) is
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min t
2,87, T\ s, 00, B,V
N J
s.t. T + (ke, Z ay + Z Bi) <0,
k=1 =1
N J J K
DD =Y D A(P(=By = 6)
k=1 I'=1 I'=1 q=1

—P(—Y = 91) + ’}/P(—O = 91) + TP(—GO = (91)

_TP<—BOZHZ)—P(—Gq:9l)):O, lzl,...,J,
J

—pk(Zij—tdj)+Zuk191j+akj20, kzl,...,N;j:L...,n,
i=1 =1

J
anl/(el/—95)+ﬁ120, lZl,...,J,

I'=1
J
Zﬂ'kl:pkh k::la"wNv
=1

ijZfij(wk)—zij, i=1,....m;5=1,....,n;k=1,..., N,
v >0, di=1,...omyj=1,...,mk=1_.., N,
AN>0, ¢g=1,...,K;

e >0, kE=1,... . N;l=1,...,J,

my >0, =1,...,J;I'=1,...,J,

a, >0, k=1,...,N,

B >0, Il=1,...,J

z € 4.

(D4)

Problem (D4) is a LP and can be easily solved by using e.g., fmincon or CVX in Matlab.






Appendix E

Terrorism Losses Data Set

Table E.1 presents the raw data obtained from Hu et al. [45] and Haskell et al. [43]
which is used as the loss scenarios.

Citios Property losses ($ million) Fatalities ($ million)
Reduced Standard Increased Reduced Standard Increased
New York 265 413 550 221 304 401
Chicago 77 115 150 38 54 73
San Francisco 38 57 81 16 24 36
Washington 21 36 59 16 29 48
Los Angeles 16 34 58 7 17 31
Philadelphia 8 21 28 5 9 13
Boston 8.3 18 26 8 12 17
Houston 6.7 11 15 6 9 12
Newark 0.8 7.3 12 0.1 4 9
Seattle 4 6.7 10 3 4 6
Cities Air departures ($ million) Bridge traffic ($ million)
Reduced Standard Increased Reduced Standard Increased
New York 10.71 11.78 12.96 162.41 178.65 196.51
Chicago 18.13 19.94 21.94 86.81 95.50 105.04
San Francisco 9.56 8.69 10.51 75.62 83.18 91.50
Washington 7.83 8.61 9.47 69.43 76.38 84.01
Los Angeles 13.08 14.39 15.82 91.50 100.65 110.71
Philadelphia 6.19 6.81 7.49 52.34 57.57 63.33
Boston 5.28 5.80 6.38 182.18 200.40 220.44
Houston 9.52 10.47 11.52 84.04 92.44 101.68
Newark 5.82 6.40 7.04 141.09 155.19 170.71
Seattle 6.16 6.78 7.46 57.37 63.50 69.85

Table E.1: The random loss §;j(w) fori =1,...,10, j=1,...,4 and || = 3.
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Appendix F

Elicited Comparison Data Set

In this case study, we define the prospects over three scenarios where each scenario
has an equal one-third probability of being realized. Since the elicited comparison
data set is designed as a questionnaire to ask the decision maker to obtain his/her
preference, the precise values of the comparison data set have slightly effect on the
elicited preference for decision makers. Therefore, we assume that for each prospect,
we generate the loss for attribute j for each scenario from the uniform distribution on

rox | min A8(w)}, x| max {86(w)} (D1)
where 1 < 1 < ry. To generate the elicited comparison data set in our experiments,
we set r; = 0.5 and o = 2 and then the ranges to generate the realization for each
criterion are [0.4,1100], [0.05,802], [2.64,43.88] and [26.17,440.88]. Specifically, for
each criterion, we firstly generate three random realizations from (D1) and then assign
these values to different scenarios according to the risk levels, i.e., increased loss level
has the largest value, and so on. In our setting, the elicited comparison data set is
given in Table F.1.
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104 Elicited Comparison Data Set

Criteria Losses ($ million) (G) Losses ($ million) (By)

Reduced Standard Increased Reduced Standard Increased

Property losses 83.93 264.21 442.23 371.76 406.42 990.10

Pair 0 Fatalities 98.95 147.53 192.48 89.23 312.60 625.77
Air departures 4.69 19.85 39.87 6.62 12.61 19.30

Bridge traffic 229.07 229.74 417.98 80.90 416.85 422.69
Property losses  286.28 394.39 1017.51 562.94 618.95 865.63

Pair 1 Fatalities 26.21 72.53 597.01 29.93 344.68 782.59
Air departures 6.18 28.42 31.47 13.51 24.55 39.28

Bridge traffic 239.75 307.93 393.77 78.20 338.13 431.26

Property losses  102.00 753.40 959.89 106.62 930.53 1037.25

Pair 2 Fatalities 307.40 418.94 729.53 204.56 709.34 729.06
Air departures 12.32 23.08 37.27 8.92 12.16 29.77

Bridge traffic 105.33 350.24 369.16 32.17 161.07 203.93

Property losses  423.91 714.37 715.52 12.87 576,24 1000.37

Pair 3 Fatalities 171.80 455.23 717.40 319.64 501.28 717.44
Air departures 14.22 19.64 32.16 14.68 25.86 28.30

Bridge traffic 200.24 247.02 354.63 82.03 213.00 263.50
Property losses  306.31 469.75 923.88 633.42 695.26 839.23

Pair 4 Fatalities 196.42 244.26 514.03 3.14 188.61 706.23
Air departures 14.58 23.24 39.84 8.23 17.58 34.86

Bridge traffic 47.66 361.51 399.88 252.12 399.03 410.07
Property losses  441.12 488.47 609.86 297.50 694.93 916.88

Pair 5 Fatalities 126.05 313.45 642.67 662.16 708.72 758.19
Air departures 7.96 31.37 41.65 8.82 30.56 34.96

Bridge traffic 37.84 94.76 170.59 65.06 121.01 367.23

Table F.1: Elicited comparison data set example



Appendix G

Proof of Theorem 4.3.1 Part (ii

As we discussed after Assumption 3.4.1 that ¥(P) is finite and ¥(P) < to. Let a be
any fixed positive constant. Then there exists a constant ¢, > 0 such that

inf vp(z,9(P) — ¢o) > . (G1)

z2€Z

Let T be chosen as [J(P) — ¢a,to] C T. Since Py % P, then by (4.3.13), there exists
ko sufficiently large such that for all k > kg,

inf vp, (2, 9(P) — ¢ca)

ze€Z

a —sup |vp (2, 0(P) = ¢a) = vp(2,9(P) = ca)|

z€Z
> a—¢e>0.

v

Let (zp,,U(FPx)) be the optimal solution of problem (Opti-Py). The inequality above

shows
vp,(2p,, V(P) — o) > iggvpk(z,ﬁ(P) —cq) >0, Yk > ko, (G2)

which implies 9(Py) > 9¥(P) — cq.
On the other hand, it follows by (3.4.7) and (4.3.13),

sup By, [[(=c(z0,£) = tod) = 1(=Y)]

< =0+ vp,(20,t0) — vp(20,t0) (G3)
< =0+ sup |up(z,t) —vp(z, 1)

z€Z teT
< —0+e<0

for all & > ko. The inequality (G3) implies (zo,to) is a feasible solution to problem
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106 Proof of Theorem 4.3.1 Part (ii)

(Opti-Py) and hence ¥(P;) < to. Summarizing the discussions above, we have
V(Fy) € [0(P) = cas to] (G4)
for all k > k.
Consider the systems of inequalities
vp(z,t) <0, (z,t)€eZxT

and
vp(2,t) <0, (z,t)eZxT.

The set of solutions to the systems of inequalities are equal to FpNZ xT and Fp NZxT
respectively. By Robinson’s error bound theorem for convex systems [67], for any
(z,t) € Z x T,
A
d((z,t), FpNZ xT) < Emax{vp(z,t),()},
where A denotes the diameter of F N Z x T, # is the parameter in the Slater condition
(3.4.7). Likewise, for any (z,t) € Z x T, we have

d((z,t),Fp,NZ xT) < %max{vpk(z,t),()},

for all k > kg, where ¢ is a positive number and 6 < #. Combining the two error
bounds, we obtain

A
H(Fp, NZxT,FpNZxT)<— sup |vp(2,t) —vp(z,t)|.
5 z€Z teT
Thus
A
|0(Py) —9(P)| <H(FpNZxT,FpNZxT)< = sup |vp, (z,t) —vp(z,t)|. (G5)
zeZ,teT

We deduce from (4.3.13) and (G5)
Jim [9(F) —=J(P)] =0

which implies (4.3.14).
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