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Abstract

We develop a two-stage oligopolistic network competition model where, first, firms simulta-
neously determine their prices, and, second, consumers connected through a network determine
their consumption. We show that firms price-discriminate consumers based on the consumer’s
network position. Denser networks (i.e., network topology) reduce prices, whereas increased
competition (i.e., market structure) reduces prices only when competition is weak. However,
the prices charged for the most influential consumers can increase with the number of firms
when competition is very fierce and when there are strong network externalities. We also show
that increasing competition always leads to lower firm profits, whereas equilibrium profits re-
spond to the number of firms more sensitively when the network is denser or the externalities
parameter is larger. Finally, we study the effects of network topology and market structure on
price dispersion and determine the optimal network structure based on the perspective of both
firms and consumers. We also extend the baseline model to allow for asymmetric firms and
product compatibility.
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1 Introduction

Competing firms account for network externalities among consumers when they make pricing de-
cisions, while network externalities between them depend on the number and variety of products
supplied by competing firms. Consider, for example, the market for gaming consoles. Consumers
choose among different consoles, such as Switch (Nintendo), PlayStation (Sony), and Xbox (Mi-
crosoft). Their choices depend on the price of the console as well as network effects effects—those
in their gaming community who choose to use each platform. These network effects depend on the
number of firms that make consoles and the degree of differentiation among them. When competing
firms make pricing decisions, they anticipate the network effects among consumers, which depend
on product differentiation and competition.

This study examines the impact of market structure (i.e., product differentiation and com-
petition) and the topology of the consumer network on firms’ pricing decisions. Firms face the
following trade-off: a lower price may benefit the firm by increasing demand, but, at the same
time, a lower price is costly because it reduces the price-cost margins for existing demand. These
effects are modulated by the degree of network externalities and the number of firms in the market.
We show that firms price-discriminate based on consumers’ positions in the network. The topology
of the consumer network affects prices overall: when network effects are stronger or networks are
denser, prices are lower. Moreover, the way that competition affects prices depends on the con-
sumer network: when the network is regular, more competition always decreases prices, but when
the network is not regular, increasing competition can increase prices charged to highly connected
consumers.

In our model, each firm sells a differentiated product to consumers connected in a network
of social interactions. Consumers derive utility from their own consumption as well as from the
consumption of others who are directly linked to them in the network, who could be their friends,
neighbors, or people who are connected to them online and with whom they have common interests.
Thus, by interacting with other consumers in the network, each consumer receives positive spillovers,
which we refer to as “local network effects.” In the first stage, firms simultaneously determine
potentially discriminatory prices, and, in the second stage, consumers determine their consumption
of each product, based on the prices set by the firms.

We show that the price set by each firm is a decreasing function of the position of each
consumer in the network in terms of Katz-Bonacich centrality, which means that firms price-
discriminate consumers by charging central agents lower prices. This implies that highly connected
individuals pay a lower price and can even be subsidized for consuming a product.! We also show
that prices are lower when either the network becomes denser or the intensity of the network
effects becomes stronger. Indeed, increasing network density or network externalities intensifies
the price competition between firms for the central nodes in the network, who, in equilibrium, are
compensated by being charged lower prices. We then study how a change in the market structure

IThe idea of using celebrities, who have a high social value in markets, to influence consumers is a well-known
marketing strategy (Knoll and Matthes, 2017).



(i.e., the number of firms L) affects prices. In regular networks (i.e., those in which all the nodes
have the same degree), prices always decrease according to the number of firms. However, in
non-regular networks, this is not necessarily true. In fact, in the latter, there is a non-monotonic
relationship between prices and L. In particular, we show that for highly connected individuals,
whose prices are negative (i.e., they are subsidized by firms to consume their goods), when L is
large and network externalities are important, increasing L further increases rather than decreases
prices. In other words, for these agents only, in a very competitive market, increasing competition
leads to an increase in prices. Indeed, when competition is very fierce, it becomes less profitable
for firms to subsidize these influential agents if competition further increases; in the limit, when
L goes to infinity, firms will set a price (in our setting, a mark-up) of zero for highly connected
individuals.

We then measure the amount of degree of price discrimination by the price dispersion in the
market; that is, the maximal price differential among consumers. Price dispersion was found to
be small in markets with monopolies and very stiff competition, and attains a maximum value in
markets that include an intermediate number of firms. Some illustrative examples suggest that the
extent of price dispersion can be significant; the maximal value is attained when there are two to
four firms in the market.

Next, we examine the impact of market structure and network topology on firms’ profitability.
Intuitively, a firm’s profit decreases as competition increases. However, it is less obvious that
increasing the intensity of network effects does not necessarily increase firms’ profits because it
depends on the degree of competition. We show that it leads instead to a rightward rotation of
the profit curve, which means that under low competition, when L is small, the firm’s profit is
higher when there are more network externalities, while, under fierce competition, when L is large,
the opposite is true. In other words, the equilibrium profits respond to the number of firms more
sensitively when the network is denser or the externalities parameter is larger. This unintended
outcome is the result of two effects. The first effect is that a strong network intensity amplifies
the benefits of network externalities, thereby leading to higher consumer consumption. The second
effect is that it pushes the firms to lower their prices due to stronger competition, and this price
effect can drive down the firm’s profitability. When there are only a few firms, the first effect
dominates the second one, and improvement in the network technology (i.e., when there are more
network externalities) generates higher firm profits. When there are many firms, however, the price
effect increases and the improvement in the network technology reduces the firms’ profitability.

To show these results for non-regular networks, we reduce the complex problem of a general
network structure to a series of sub-problems in regular networks, in which each sub-problem is easy
to solve. This new technique is based on the spectral decomposition theorem, which allows us to
decompose the equilibrium firms’ profits into a weighted aggregation of several terms, where each
term corresponds to a regular network which degree is replaced by the corresponding eigenvalue
of the network adjacency matrix. These techniques are similar to those used in Galeotti, Golub,
and Goyal (2020), which also applied the spectral decomposition theorem to simplify the optimal
targeting interventions in networks. Here, we use them in the very different context of comparative



statics in oligopoly networks.

To prove the robustness of our results, we consider four different extensions of our model. First,
firms are heterogeneous, so products are asymmetric because of either their quality differences or
their cost differences. We show that the prices are heterogeneous not only across consumers but
also across firms, and that firms price-discriminate consumers based on their network position.
Second, we incorporate in the utility function an additional benefit due to product compatibility.
We show that product compatibility results in higher equilibrium prices and higher firm profits
due to softer competition and enhanced demand multipliers. However, product compatibility may
lead to lower consumption and lower consumer surplus due to endogenous price effects. Third, we
consider an alternative setting in which firms compete in quantities (Cournot) instead of prices
(Bertrand). We show that our main results hold; in particular, the fact that for very connected
nodes, there is a non-monotonic relationship between prices and L. Finally, when the free entry of
firms in the market is allowed, we show that an improvement in the network technology increases
the equilibrium number of participating firms only when the fixed entry cost is high. Furthermore,
we demonstrate how our analysis can be used to characterize optimal network structures from the
perspectives of both firms and consumers.

1.1 Related literature

Our study is related to the game-on-network literature (for overviews, see Jackson (2008); Jackson
and Zenou (2015); Bramoullé and Kranton (2016); Jackson et al. (2017)), particularly that which
deals with pricing under imperfect competition in networks (see Bloch (2016) for a survey on
targeting and pricing in networks).?

In the game-on-network literature, different aspects of imperfect competition with network
effects have been addressed. In terms of pricing issues, Candogan et al. (2012), Bloch and Quérou
(2013), Hu, Milner, and Wu (2015), Du, Cooper, and Wang (2016), Fainmesser and Galeotti (2016),
Wang and Wang (2016), Leduc, Jackson, and Johari (2017), and Belhaj and Deroian (2021) dealt
with the monopoly case, whereas Chen, Zenou, and Zhou (2018a), Aoyagi (2018), and Fainmesser
and Galeotti (2020) examined the duopoly framework.? Amir and Lazzati (2011) studied a general
market structure (i.e., an oligopoly with L firms) with network effects. They considered oligopolistic
competition among firms in a market characterized by positive (direct) network effects when the
products of the firms are homogeneous and perfectly compatible so that the relevant network is
industry-wide. One of their key results was that because of network effects, market prices need not

2There are early literature on network externalities with imperfect competition that either focused on the aggre-
gate level of network externalities (e.g., Farrell and Saloner (1985); Katz and Shapiro (1985); for an overview, see
Economides (1996)) or on the competitive pricing problem in the context of two-sided networks in which players on
one side care about the aggregate contributions of those on the other side (see, for example, Caillaud and Jullien
(2003); Armstrong (2006); Rochet and Tirole (2006); Birge et al. (2021)), which corresponds to a very specific network
structure: the complete bipartite network. Tan and Zhou (2021) study effects of competition on pricing and entry in
a general model of multi-sided platform competition. In our model, the network structure can be arbitrary.

3See also Ushchev and Zenou (2018), who modeled the substitutability between differentiated goods as a network
and determined the equilibrium prices.



decrease with increased competition, a result that we also obtained in Proposition 2. However, our
model differs greatly; in particular, Amir and Lazzati (2011) did not explicitly model the network
topology.

To the best of our knowledge, our study is the first to investigate the interactions between the
market structure and the network structure/topology in a general network oligopolistic competition
model with an arbitrary number of firms, an arbitrary network structure, and a flexible degree of
product differentiation.

As stated above, we also develop new techniques based on the spectral decomposition theorem
to determine the comparative statics of our model. Similar techniques were used in Galeotti, Golub,
and Goyal (2020), but their purpose was to simplify the optimal targeting interventions in networks.
However, their study and ours have focused on different economic issues, highlighting the analytical
advantages of looking at the problems through the angle of eigen-decomposition and the eigenvector
space of the network matrix.

1.2 Comparison of duopolistic and oligopolistic competition

This study builds on our companion paper (Chen et al., 2018a), where we examined a network
model of duopolistic pricing. In this section, we highlight new insights that a study of L competing
firms (market structure) can contribute to the existing research.

First, in Section 4, we show the importance of considering a general market structure, especially
to determine the impact of competition on equilibrium price and price dispersion. Indeed, when
the number of firms increases from L = 1 to L = 2, the equilibrium prices always decrease (i.e.,
the standard competition effect). In Proposition 2, we show that the above price movement is no
longer true when the number of firms further increases from 2 to L. In fact, we show that prices can
increase with competition, especially when the network effect is strong, and the number of firms is
large.

Second, contrary to the duopoly case (Chen et al., 2018a), in Proposition 4, we show that the
impact of network effects d on firms’ equilibrium profits depends on L, and it is non-monotonic. Fur-
thermore, in Proposition 5, we study the impact of L and ¢ on equilibrium profits in any non-regular
network. We show that L has a negative impact on profit, whereas the effect is non-monotonic for
6. To show this result, we introduce a new technique based on the spectral decomposition theorem,
which allows us to reduce the complex problem of a general network structure into a series of sub-
problems with regular networks, in which each sub-problem is easy to solve. Finally, when L > 2,
we show how the market structure and the network structure are determined when we allow for

the free entry of firms into the market.



2 Model

Consider L firms that sell differentiated products to N consumers in a social network, where L > 1
and N > 2. Let £:={1,2,--- ,L} and N := {1,2,--- , N} denote the set of firms and consumers,
respectively. Each firm [ € £ sells product variety [ to all consumers (consumers love variety, so each
of them consumes all goods),* for which the firms sets prices p! = (pll, cee pév)/ , since prices may
differ across consumers, depending possibly on their network positions and other characteristics
such as a (defined below). Each consumer i € N has a quasi-linear utility, a;g + u;(x;,x_;), where

0 1

x; is i’s consumption of the numeraire good, x; = (x;

R ,:ciL)’ € Ri is i’s consumption bundle of

products offered by L firms, and x_; is the consumption profile of consumers other than 3.

Let us denote G = (gij)nxn as the adjacency matrix that represents the network structure
among consumers. In other words, g;; = 1 if and only if 7 and j are directly connected and g;; = 0.
We also assume that g;; = 0 (no self-loops) and that g;; = g;; € {0,1} (i.e., an undirected and
unweighted network).?

We adopt the following explicit functional form for the utility function:®

L L L [N
wi (X4, X—;) Z alxl — % Z(:ci) - - Z Z Brial | +6 Z Z gijxéxé . (1)
=1 =1 23 sl =1 \j=1

:=U¢(xi) =i (xiyxfi)

The utility of consumer i consists of two terms. The first term, v;(x;), represents i’s own consump-
tion utility, and it only depends on x;, with 5 measuring the curvature of v;(-) and the degree of
substitution between the L products consumed. For each ¢, and for s # [, we have aifg; = -0,
which is negative (positive) when f is positive (negative). Therefore, products are substitutable

(complementary) when 8 > (<)O0.

The second term in (1), n;(x;,x—;), captures the network effects (the peer effects) enjoyed by

consumer ¢ from interacting with other consumers in network G. These effects are scaled by the
2

parameter ¢, so that l 8 T = = 0g;j for any | € L. 7 Therefore, i’s utility depends on j’s consumption

“Indeed, the utility function (1) is strictly concave in x; under Assumption 2 below, which implies consumer i’s
love for variety.

>This is without loss of generality. Our model is flexible enough to allow for an arbitrary network structure G,
and achieve the same main results.

SThe quadratic form in the private part of v;(-) has been widely adopted in Industrial Organization, trade, and
macroeconomics (see, for example, Singh and Vives (1984); Vives (2001); Ottaviano, Tabuchi, and Thisse (2002);
Asplund and Nocke (2006); Foster, Haltiwanger, and Syverson (2008); Melitz and Ottaviano (2008), Syverson (2019)).
Also, quasi-linear utility functions such as (1) is commonly adopted in many network models (e.g., Ballester, Calvé-
Armengol, and Zenou (2006); Bramoullé and Kranton (2007); Bramoullé, Kranton, and d’Amours (2014)), especially
in IO network models (e.g., Candogan, Bimpikis, and Ozdaglar (2012); Bloch and Quérou (2013); Fainmesser and
Galeotti (2016, 2020); Chen, Zenou, and Zhou (2018a); Ushchev and Zenou (2018)).

"Note that, for [ # s, i # j, ailaz

cross-product network effects and thus the degree of compatibility among products.

= 0. In Section 6.2, we relax this assumption and analyze the case of



when ¢ and j are directly connected, which reflects the local network effects among consumers in
the network. In other words, the value to a given consumer of consuming a product increases when
others directly connected to this consumer consume this product. The budget equation for consumer
118 x? + Zlel pﬁxﬁ =Y;, where pé is the price that consumer ¢ pays firm [ for the consumption of xﬁ
As usual, we assume that the income Y; is sufficiently large so that the nonnegativity constraints
on consumptions {z!}s and 2¥ are not binding.®

Based on the price profile p = (p!,---,p%) and the consumption profile x = (x1,--- ,Xp),’

firm [’s profit is given by:
I'(p',p'sx) =Y (¢} — ei)a,
ieN
where ¢; is the marginal cost of serving consumer 3.

Our first assumption is to focus on ez ante symmetric firms. '’

I _

Assumption 1. For each consumer i, a; = a = a; > ¢; > 0 for any | and s.

Since each firm [ is defined by its product I, this assumption is equivalent to having symmetric
products. This implies that each consumer values all products in the same way but that different
consumers value them differently. Let a = (a1,--- ,an)" denote the marginal utility vector. In the
equilibrium analysis described in Section 3, we consider an arbitrary a. In some analyses descrbed
in Sections 4 and 5, we further restrict the model to the case where a; = a,¢; = 0,Vi € N (see
Assumption 3). While this is not without loss of generality, it best serves our purpose in this study

because our main focus is network topology (see footnote 27 for a further discussion).

For ease of exposition, we focus on substitutable products (5 > 0) with positive network effects
(6 > 0).'1 We assume that 8 € [0,1), under which i’s utility u;(x;,x_;) in (1) is strictly concave
in x; (see Lemma Al in the Online Appendix A for the proof). Let A;(G) denote the largest
eigenvalue of G.

Assumption 2. § >0, 0< 8 <1 and

1- 8- 6M(G) > 0. 2)

Condition (2) guarantees the uniqueness of the consumption equilibrium for any price profile and
the concavity of each firm’s profit function in prices. This assumption imposes conditions on the
product differentiation parameter [, the network effect parameter §, and the spectral radius of G
(which, based on the Perron-Frobenius theorem, is A1 (G), the largest eigenvalue of G, since G is a
matrix with non-negative entries) but does not depend on L, the number of firms. This condition is
satisfied when ¢ is not too large, i.e., when 6 < (1— )/ (G). In many network papers, conditions

8Effectively, consumer ¢ chooses x; to maximize u;(x;, X_;) — Zle plat.

9Note that the dimension of p’ is N, whereas the dimension of x; is L, so that both p and x have dimension N L.

10T Section 6.1, we relax this assumption and analyze the case of ex ante asymmetric firms.

' Similar techniques can be used for the case of negative network effects (6 < 0) and/or the case of complementary
products (8 < 0), but the model interpretation and the resulting insights will be different.



that are analogous to (2) are imposed.'?

We study the subgame perfect equilibrium of the following two-stage game: first, firms si-
multaneously choose their prices and, second, consumers simultaneously choose their consumption
bundles. Network structure G and model parameters 3, §, and a, are known and, in fact, are com-
mon knowledge among firms and consumers. Following the literature on industrial organization
(Sutton, 2007), market structure is captured by both the number of firms L in the market and
the degree of product differentiation 5. Following the network literature (Jackson, 2008; Jackson
and Zenou, 2015), network topology is captured by adjacency matrix G.!* We take as given the
market structure L, 5 and the network structure G in much of the analysis, with the exception of
Section F, where we study the free-entry of firms (so that the number of firms L is endogenized)
and the optimal network structure. In addition to Section 6, throughout the paper, we maintain
Assumptions 1 and 2 in all propositions, corollaries, and lemmas. Thus, we will not explicitly
describe them.'?

3 Equilibrium analysis

3.1 Consumption equilibrium

We first characterize consumers’ simultaneous consumption decisions. Given the price profile p =
(p',---,pF), with p! = (p},--- ,plN)’ for product I, each consumer ¢ = 1,---, N chooses x; to
maximize u;(X;,X_;) — Zlel plol, while taking as given the consumption decisions of all other
consumers in the network. The consumption equilibrium (CE) x(p) is a Nash equilibrium of the
second-stage consumption game among consumers in the network. When each consumer ¢ makes
her consumption decisions, she takes into account the following factors: her own preference aﬁ. for
each product [, the degree of substitution S5 between the different products, the number of firms L
in the market, which determines the number of products consumed, the price pé of each good [, and
the local network effects § (i.e., what her friends consume and how important their decisions are
for 7). Lemma 1 below shows that, under Assumptions 1 and 2, there exists a unique consumption
equilibrium (CE) x(p).

Let us define

M = [(1+(L—-1)B)Iy — 5G] Land M~ :=[(1 - B)Iy — 6G] . (3)

Lemma 1 (Consumption Equilibrium). Suppose that Assumptions 1 and 2 hold. In the consump-
tion game:

123ee, for example, Ballester, Calvé-Armengol, and Zenou (2006); Candogan, Bimpikis, and Ozdaglar (2012); Bloch
and Quérou (2013); Bramoullé, Kranton, and d’Amours (2014); Fainmesser and Galeotti (2016); Chen, Zenou, and
Zhou (2018a); Galeotti, Golub, and Goyal (2020).

13Note that § captures the intensity of the network effects.

14Tn Appendix A, we provide the matrix notations used in this paper.



(i) Given any price profile p, there exists a unique consumption equilibrium x(p) = (x'(p),1 €
L£).'5 Furthermore, the demand vector of each firm I, Xl(p), 1s linear in p and given by:

xhﬂ:Nﬁ<a—Zﬁ§f)—MT(ﬁ—ZL%pj. (4)

(ii) When each firm charges the same prices p, the unique CE is symmetric, and, for anyl € L,
s equal to:

x! = x*™(p) = M*(a—p) = [(1+ (L — 1))Ly — 9G] '(a — p). (5)

To understand Lemma 1, we first consider the average demands of firms by summing up (4)
over L. We get:
1 s + 1 s
seLl seLl
We see that M™ measures the marginal reduction of the average demands of firms in a marginal

increment of average prices.'® Similarly, by taking the difference of (4) for [ and s, the difference
between the demands of the two firms [ and s is equal to:

x' —x*=-M"(p' - p°). (7)

In other words, M~ measures (the negative value of) the marginal reduction of the demand differ-
ence between the two firms for a marginal increment of price differences between the two firms.!”
Accordingly, two firms that charge the same prices must obtain equal demands; this is consistent
with Lemma 1 (ii). Since M* and M~ measure the marginal reductions, we term them sensitivity

matrices.

Next, we link sensitivity matrices M+ and M~ to the underlying network structure and market
structure. We introduce the following inverse Leontief matrix, which is well-known in the network
literature:

M(G,6) = [Iy — 6G] ! = Iy +0G + §°G? + - - +,

where each entry m;; of M represents the total number of walks from ¢ to j in network G, where
each walk of length k is discounted by 6% (the infinite sum converges when § < 1/A1(G); see,
for example, Ballester et al. (2006)). In fact, both sensitivity matrices are proportional to the
inverse Leontief matrix M, with some adjustments to the discount factor J, according to a factor

Here, x' = (z},--- ,z')’ is the demand vector of firm I (which is different from x; = (x,--- ,2F)’, the consump-

tion bundle of consumer 7). So (x',1 € £) and (x;,7 € ) are two equivalent representations of x.
161t also implies that fw =[(1+(L -1, -6G]* =M".
17Tt also implies that —%;;‘} =[(1- )L, —6G]" =M.



of 3 for M™ and a factor of ﬁ for M~. Thus, we have:'®

1
T+(L—1)

1 g 1 g T
1+(L—1)BM<G’1+(L—1)B> :1+(L—1)5;(1+(L—1)5> &,

M= (G - <1i6>;<1ﬁﬁ>jc'j‘

Since 3 € [0, 1), ﬁ is less than one, and it decreases with the number of firms L (and with

Mt =

the product differentiation parameter ). This decrease implies that the network structure has less
impact on the sensitivity of the average demands with respect to prices when there are more firms
or when products are more homogeneous. However, ﬁ is greater than one, which implies that
competition among substitutable products amplifies the role of network structure in shaping the
sensitivity of the relative demand of firms with respect to price changes. Notably, the adjustment
factor 1/(1 — ) for M~ does not change with L.

In view of the interpretations of equations (6)—(7), we term M™ the market expansion social
multiplier, and M™, the business-stealing social multiplier. This is because the former reflects the
impact of the network structure on the aggregate demand of all firms (see (6) or (5)), and the latter
refers to the impact of the network structure on the demand differences between two competing
firms (see (7)). Interestingly, because m <1< ﬁ, the business-stealing social multiplier
is stronger than the market expansion social multiplier; that is,!” M~ > M™.20 Moreover, as the
number of firms L increases, the market-expansion effect of the social network is diminished (M™

is weaker), whereas the business stealing effect of the social network M~ remains the same.?!

The following corollary directly follows from Lemma 1 and our discussion above.

Corollary 1. Forl # s € L, we have:

oxl M4 (L-1)M!
op! L

=0

and N .
s M™-M~
O MM,
op! L -
Corollary 1 shows that linear combinations of M+ and M~ determine the sensitivity of a firm’s
demands with respect to its prices and those of its competitors. Since products are substitutable, if

. . . . . !
firm [ raises its prices, I’s demands decrease and the competitor s’s demands increase; i.e., g—;l =<0

s . . e L. o
and g—’;l = 0. Interestingly, the “own-price” sensitivity —g—;l is a convex combination of M™ and

8The path-counting interpretations of M and M~ are similar to those of M. Assumption 2 ensures that both
infinite sums converge.

YFormally, M~ — M* = M~ LSM™ > 0.

20Given two matrices H and D, we say that H < (>)D if component-wise h;; < (>)di; for all i,j, where
{hi1,..., hmn}’s are the components of the matrix H and {di1,...,dmn}’s are D’s components. We can define in
a similar way (i.e., component-wise) the partial derivatives of matrices and vectors.

2 Formally, OM* /0L = —M*8M™* < 0 and OM~ /0L = 0.

10



M~ but puts greater weight on M~! and, therefore, less weight on Mt in a larger number of firms.
These observations will shape the incentives of firms in the pricing stage.

3.2 Pricing equilibrium

We now characterize the pricing decisions of firms in the first stage. Suppose that there exists a
symmetric equilibrium in the pricing stage in which all firms charge the same prices p* (i.e., the
price is the same for all firms but may be different for each consumer). We now derive the necessary
conditions for sustaining p* as a symmetric pricing equilibrium. Hence, the equilibrium demand of
each firm would be x* = M™(a — p*), as in part (ii) of Lemma 1. For example, if firm 1 deviates

and lowers its price vector by Ap!, it must then satisfy the following no-deviating condition:>?

Ax! by Corollary 1

——
MM o o). ®)

marginal benefit of lowering prices

marginal loss of lowering prices

(Ap', Mt(a—p*) ) =
——

=x* by Lemma 1

Indeed, on one hand, if firm 1 lowers its prices by Ap! for all its consumers, it increases its profits
because all consumers will consume more of product 1, but this increase will depend on the network
effects 9, the degree of substitution 5 between the different goods, and how this increase propagates
through the network. All these aspects are captured by both M™, the market-expansion social
multiplier, and M ™, the business-stealing social multiplier. On the other hand, if the firm lowers
its prices by Ap!, it reduces its profits because it loses money for each product sold to consumers.
This is captured by M™ but not by M~ since the latter measures the business-stealing effect.

Equation (8) must hold for any Ap! in RY, which implies the following identity:
C MF 4 (L )M
- L

1 23

M*(a—p*) (p* —c). (9)

Solving (9) yields the p* stated in Proposition

Proposition 1. Suppose that Assumptions 1 and 2 hold. Then, there exists a unique equilibrium
in the pricing stage in which all firms charge the same price p*, defined as follows:

. _atc (L-1)8
T2 2

p [(2+ (L —3)B)Iy — 20G] }(a—c). (10)

In equilibrium, each firm’s profit is II* = (x*, (p* — c)), and the total consumer surplus is CS* =

W(x*,x*% where x* = Mt (a — p*) € RN gives the equilibrium demand of each firm.

The pricing formula (10) in Proposition 1 is determined by the trade-off specified in (9):
lowering prices enhances the firm’s demands but is costly for the firm because it also reduces the

2(x,y) = > o1 T¢ys is the inner product of x and y.
23 All proofs can be found in the Appendix.
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price-cost margins of existing demands. The degree of the demand-enhancing effects and the size of
the existing demands are captured by Corollary 1 and Lemma 1, respectively. The relative strength
of these two forces determines the equilibrium prices in Proposition 1.%*

It is easily verified that the pricing formula in (10) exhibits the following decomposition:

«_atce (L-1)B 26 !
R R (R A 3 R Ve LI M (11)

— 24
=b(G. mrz =z 2 )

The first term does not depend on the network, whereas the second term is proportional to the Katz-
Bonacich centralities® of nodes, where the discount factor ¢ is adjusted by a factor of m
Unless L = 1 (the monopoly case) and/or 8 = 0 (independent products), equilibrium prices exhibit
network-based discrimination; that ia, the price is a function of the consumer’s position in the
network. In particular, equation (11) shows that the more central a consumer is (in terms of Katz-
Bonacich centrality), the lower the price the consumer will be charged for consuming a good. This
is because a highly central consumer generates network externalities to her friends who are more
likely to consume the good, which is considered by each firm. As shown in (11), this price discount
depends on the intensity of the network effects J, the degree of substitution between the goods £,
the network structure G, and the market structure L.

Our general model extends several existing models. The equilibrium prices in (10) are consis-
tent with those in previous studies, where L, the number of firms, is either equal to 1 (indicating
a monopoly) or 2 (indicating a duopoly). For example, the prices drop to aT“’ in the case of a
monopoly firm (Bloch and Quérou, 2013; Candogan, Bimpikis, and Ozdaglar, 2012)). Similarly,

in the case of a duopoly, the prices are p* = 25¢ — g[(2 — A1, — 26G]"'(a — c) (Chen et al.,

a+c
2

the monopoly prices. However, this observation does not imply that competition always reduces

2018a). Since the monopoly prices are equal to?0 p™ =

the prices in (10) are always below

prices, as we show in Proposition 2 below.

One interesting prediction is that, if L = 1, equilibrium prices do not depend on the network
topology, whereas if L > 1, they depend on the network topology. These results can be explained
by studying the trade-off between a firm’s optimal value extraction from the more central nodes
and the tendency of the firm to subsidize the more central nodes to influence the consumption of
other less central consumers.

Monopoly versus oligopoly pricing. Bloch and Quérou (2013) and Candogan et al. (2012)
show that the equilibrium price is given by p*" = aTJrC The price p*™ is independent of any
network effect and, in particular, of the position of consumers in the network. Indeed, when a

firm sells network goods to a group of consumers, the firm faces two trade-offs in choosing optimal

Z4Proposition 1 shows that there is a unique symmetric equilibrium. In other words, non-symmetric pricing
equilibria do not exist here. Relatedly, Proposition E6 in the Online Appendix shows that the pricing equilibrium is
unique even with asymmetric firms.

258ee Definition Al in Appendix A for a formal definition of Katz-Bonacich centralities.

26The superscript m refers to the monopoly pricing.
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prices, regardless of whether there is competition or not. On one hand, more central players obtain
more network externalities from their neighbors. Hence, the firm has a strong incentive to charge a
higher premium to such consumers in order to capture the surplus associated with it. On the other
hand, the firm has an incentive to give such consumers larger discounts because they generate large
network externalities from their neighbors. This is the logic of internalization of externalities in
network games. For a monopoly firm, these two forces exactly cancel each other out, and thus, the
firm charges a price of (a + c) /2, which is independent of the network. For an oligopoly firm, the
same two economic forces are in place, but they do not exactly cancel each other (see (9)), which
results in network-dependent prices.

We now investigate the effects of the network structure and the market structure on equilibrium
prices in Section 4 and on firms’ profits in Section 5. We impose an additional assumption, as
follows:

Assumption 3. ¢ =0 and a=aly.

First, we normalize ¢; to zero so that, in the analysis below, the mark-up (p! — ¢;) is the same
as the price. This normalization does not cause any loss of generality. Furthermore, to simplify
the notations and without much loss of generality, we impose a; = a for every ¢, so that consumers
have the same marginal utility for the products. Nonetheless, the network structure is arbitrary,
and hence consumers are not necessarily located symmetrically.?”

Example 1 (Regular networks). Under Assumptions 1, 2, and 3 (with a = 1), the common
equilibrium price (mark-up) for reqular networks with degree d (i.e., Gly = d1ly) is given by:*®

D; =DPj = Preg -=— — — = L—1)8 €(0,5]. (12)
2+ (L—-3)8—20d 94 1(767)6d 2
Moreover, each firm’s equilibrium profit is equal to:
g o N pe)piey N[+ (L—2)8—dd](1-f—dd) (13)
O 14+ (L-1)B=d0d 14 (L-1)—-6d][2+ (L —3)8—20d*

4 The effects of market and network structure on equilibrium
prices

We use the equilibrium characterization in Proposition 1 to study the effects of network topology
and market structure on equilibrium prices. We first investigate the effects of the network structure
and the strength of the network effects on equilibrium prices while fixing the number of firms L. In
our Proposition E4 in Appendix E, we show that increasing the network density G or the strength
of the network effects d decreases the equilibrium price for all consumers. Since the equilibrium

2TUnder Assumption 3, the only heterogeneity between consumers is their network positions, which is our main
focus.
288ee Appendix B.1 for details.
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price vector in Proposition 1 is decreasing in the Katz-Bonacich centrality measures of consumers
in the network (see (11)), the result of Proposition E4 is straightforward. Indeed, increasing the
network density or the network externalities intensifies the price competition among firms for the
central nodes in the network, who, in equilibrium, are compensated with lower prices.

Example 2. Consider the kite network in Figure 1. Assume that Assumption 3 holds, with ¢ = 0,
a=aly = 1y, and f = 0.4.%° The equilibrium prices for different network effects 6 and for
different numbers of firms L are easily calculated as follows

0.239 —0.043
0.271 0.035

“(L=2.5=0.17) = d p*(L=26=027) =
P’ ( ’ ) 0271 | @ P ’ ) 0.035
0.320 0.192

The above equations show that when there are two firms and the network effects are not too strong
(6 = 0.17), the firms charge all consumers a positive price. However, prices decrease with a con-
sumer’s connection; for example, consumer 1 (the hub) pays a price of 0.239, and consumer 4 (the
spoke) pays 0.320. Interestingly, when the network effects increase to § = 0.27, the two firms find
it profitable to subsidize consumer 1 (i.e., charge consumer 1 a negative price) and tax the other
consumers (i.e., charge them a positive price). When we increase the competition from L = 2 to
L =10, we obtain:

0.034 —0.034
0.061 0.010

“(L =106 = 0.17) = d p* (L =106 =027) =
P’ ’ ) 0061 | @ Pl ’ ) 0.010
0.091 0.066

The pattern is the same but because of fiercer competition, all prices decrease, which is good for
consumers but not for consumer 1, whose absolute subsidy decreases when 6 = 0.27. To further
understand these results, let us plot the equilibrium prices for node 1 (the blue curve), node 2 (the
green curve), and node 4 (the red curve) while varying the number of firms L (on the z-axis) and
the network effects 6. The left panel (Figure 2) shows 6 = 0.17, the right panel (Figure 3) shows
§ = 0.27, and the solid black line shows § = 0.39

In Figures 2 and 3, we see that by fixzing 6 and L, consistent with Proposition 1, the most
central node (node 1 in the kite) is charged the lowest price, whereas the least central node (node
4) is charged the highest price. After comparing the two figures, we find that all the curves indeed
shift downward; that is, the price for each node is lower when § increases from 0.17 to 0.27. In
addition, the black curve (6 = 0) is higher than all the other colored curves, which correspond to

prices with strictly positive values of 9.

Next, we explore the impact of competition L on prices while fixing G. In fact, Example 2 has

2The largest eigenvalue \; is about 2.17. Assumption 2 holds when & < (1 — 3)/\; = 0.276.
39When § = 0, there is no price difference across different nodes: each node is charged the same price, which is
equal to aﬁ.
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Figure 1: A kite with four nodes

Prices Prices

number of firms

number of firms

Figure 2: § = 0.17 Figure 3: § = 0.27

already revealed several interesting observations on the effects of competition. As shown in Figure
2, when ¢ is equal to 0.17, the price for every node decreases with competition. In Figure 3, when
§ is equal to 0.27, interestingly, the price for node 1 is not monotone in L.?>' In both figures, the
prices eventually converge to zero as L becomes infinite. The following proposition demonstrates
that these patterns hold in general settings.

Proposition 2. Suppose that Assumptions 1, 2, and 3 hold. Let d; denote the degree of node i.

(i) If, Vi e N, 1 — B —dd; > 0, then p* decreases with L for any L.

(i1) Suppose that for some i, 1 — 3 — dd; < 0. Then p; has a non-monotonic relationship with
the number of firms L. In particular, Op;/OL < 0 when L is small, and Op}/OL > 0 for a
sufficiently large L.

Consider Example 1 of regular networks. We have shown that the common equilibrium price
Preg € (0, %] is given by (12). Since, in regular networks (where d; = d = A;(G) for any i), condition
(2) in Assumption 2 is reduced to 1 — g — éd; > 0, for all 4, it can be seen that prices always
decrease according to the number of firms L (see Appendix B.2 or equation (12)). Proposition
2 demonstrates, however, that the above price movement is not necessarily true in mon-regular
networks. First, consider part (i) of the proposition. The condition, 1 — 3 — dd; > 0, Vi, holds when

the network effects are very small (i.e., when ¢ is small). We obtain the standard competition effect:

31This result is reminiscent of that of Amir and Lazzati (2011), which showed that the price and the per-firm profits
can both increase with the number of firms.
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when L, the number of firms, increases, equilibrium prices decrease. In part (i7) of Proposition
2, this is not necessarily true, since for some consumers ¢, 1 — 8 — dd; < 0; that is, the network
effects are large enough. Even when competition L increases, firms find it profitable to subsidize
the consumers with the highest degrees (i.e., charge them negative prices) because they generate
many network effects; that is, they influence many other consumers to consume more of the same
product. Indeed, to prove the validity of Proposition 2(ii), we proceed as follows. If L is sufficiently
large, then we have the case of perfect competition described in Appendix C, where the equilibrium

price of agent i is given by>?

In (14), we see that, if 1 — 8 — dd; < 0 for consumer ¢, then p} necessarily increases with a L for
large L. The intuition regarding this result is as follows. When 1 — 8 —dd; < 0 (i.e., both ¢ and d;
are large), the markup on individual ¢ is negative (i.e., the price is below marginal cost). Therefore,

+O(L72). (14)

when the firm faces more competition (higher L), it subsidizes individual ¢ less and less because its

profit margins from non-central consumers gradually decrease.??

Now, let us consider the case when L is small. Note that the equilibrium price p; under a
monopoly (L = 1) is strictly higher than that under an oligopoly (L > 2) (see (11)) and thus, p}
decreases with L for a small L. By combining both cases, we show the results of Proposition 2(ii).

In particular, when m;;f T < d < Allzg-) ;3% the price for at least one consumer, such as i, who
has the highest degree, has a non-monotonic relationship with L, which generates an interesting
and counter-intuitive relationship between competition and prices: greater competition (more firms)
may increase prices for highly connected consumers if there are already many firms in the market.
Moreover, when L is large, for any node ¢ with 1 — 8 — dd; < 0, the price is given by (14), which
means that this price (or mark-up in our setting) is negative. In other words, when competition
is fierce (i.e., when L is large), firms find it profitable to subsidize central consumers in consuming
their products, whereas when there is very little competition, firms charge highly central consumers
a positive price. Of course, as shown in Figures 2 and 3, this also depends on ¢, the intensity of
network externalities. If, as shown in Figure 2, § is low, then firms always charge all consumers
a positive price because they do not find it profitable to subsidize highly central consumers since
they do not generate enough positive externalities to their friends. On the contrary, when ¢ is high
enough, as shown in Figure 3, firms subsidize some influential consumers. Moreover, in both cases,
when there is insufficient competition (i.e., when L is low), prices decrease as competition increases.
When L is very large and ¢ is high enough, increasing competition raises prices for highly-central
consumers because firms subsidize them less and less. Eventually prices converge to zero in the
limit. See the price curve of node 1 (with the blue color) shown in Figure 3 in which the price

32Gee equation (C9) in Proposition C2 in Appendix C. Given a real-valued function f, we write f(L) = O(L™?) if
f(L)
L2

33The positive relationship between the equilibrium price and L is only observed when the price (or markup) is
negative. See the proof of Proposition 2 and that of Proposition C2 in Appendix C.

34Here, the upper bound on § is required by Assumption 2, whereas the lower bound ensures that the condition
stated in Proposition 2 (ii) is satisfied for at least one node i. For any connected non-regular network, A1 (G) < max; d;,
and thus, this range for J is always not empty.

limsup; _, . < oo
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increases with L only when the firm’s markup is negative.

In equilibrium, firms charge prices depending on the positions of the nodes in the network. To
evaluate the extent of such network-based price discrimination, we define Disp(-) as the maximal
difference in equilibrium prices among consumers in the network.

Definition 1.
Disp(L) := max Ip; (L) — p;(L)|.

We obtain the following result:

Proposition 3. Disp(1l) =0 (monopoly) and limy,_,o Disp(L) = 0 (perfect competition). Suppose
that B # 0. For any non-reqular network,® there exists an intermediate value L* > 1 such that
Disp(L) is mazximized.

Proposition 3 demonstrates that the degree of price dispersion is hump-shaped according to
the number of firms. When there is only one firm (i.e., a monopoly), there is no dispersion because
the firm charges all consumers the same price. When the number of firms is infinite (i.e., perfect
competition), all prices converge to zero and, again, there is no dispersion. The maximal dispersion
occurs when L has an intermediate value L*, which generates a non-monotonic relationship between
price dispersion and competition. Thus, there is a tradeoff between weak competition (a low L),
where firms mainly focus on attracting the “right” consumers by price discrimination, depending
on their position in the network, and intense competition (a large L), where firms focus on prices
that can steal (in terms of consumption) consumers from other firms. Therefore, when L is greater
than 1 but is not too large, competition is not overly intense and thus, firms can price-discriminate
their consumers depending on the consumer’s position in the network. This is true until L reaches
L*, a value for which Disp(+), the maximal difference in equilibrium prices among consumers in the
network, is the maximum. In this case, Disp(-) reaches its peak. Clearly, the higher ¢, the network
spillover effects, the higher Disp(+) is, since firms would like to subsidize central consumers as they
significantly influence their neighbors, and firms would like to tax more the less central agents
because they do not have many connections. As L exceeds L*, Disp(-) decreases because the
competition between firms is fiercer and the firms become increasingly preoccupied with inducing
consumers to consume more of their products.

Example 2 (cont.) Consider the kite network with four nodes shown in Figure 1. In Figure 4,
we plot Disp(L) for this network using different values of 6. We see that the mazimal degree of
dispersion may occur when the number of firms is reasonably small. In Figure /, L* ~ 2 for the
dashed line (6 = 0.27), L* ~ 3 for the dot-dashed line (§ = 0.17), and L* ~ 4 for the solid line
(0 = 0.07). We also see that the price differences in the network can be significant. In the dashed
curve, the mazimal dispersion is about 0.25. (Note that the monopoly price is 0.5 as we set a = 1
and ¢ = 0 in this ezample. See also Figure 3.)

When the strength of the network effects is not large, we have the following simple character-
ization of the price dispersion.

35For regular networks, Disp(L) = 0,VL as all firms charge the same price to all consumers.
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Figure 4: Price dispersion curve (y-axis) as a function of [ (x-axis) for the kite network in Figure
1: dashed line (6 = 0.27), dot-dashed line (§ = 0.17) and solid line (6 = 0.07).

Remark 1. For a small d,

(L - 1)5(dmaaz - dmm)

Disp(L) ~ o 233

The mazimal dispersion is about %5, obtained when L* = —1+2/5 > 1.

When ¢ is small, the Katz-Bonacich centrality is reduced to the simple counting of degrees
of nodes in the network. In Remark 1, we show that the maximal dispersion increases with the
difference between the maximal degree and the minimal degree, that is, the dispersion of the degrees
in the network. In addition, the optimal L* takes the simple form of —142/3, which decreases with
the degree of product differentiation 8. In Example 2, 8 = 0.4; thus, L™ = 4, which is consistent
with the solid blue line indicating § = 0.07 in Figure 4.

Remark 2. Proposition 3 holds under alternative measures of the variation of equilibrium prices

across players. For example, a commonly used index is the variance of equilibrium prices:
n
Var(L):= Y |pi (L) = p*(L)I%,
i=1

where p*(L) := M is the average price. It is easily verified that a counterpart of Proposition
3 holds if we replace Disp(-) with Var(-). Furthermore, for a small 6, Var(L) takes the following

simpler form: ,
N S(L-1)8
Var(L) ~ ([2 I 3)5]2> Vargg,

where Vargy, = > |pi — d|* with d = Zfldi is the variance of the degrees in the network. The
mazimal variance of prices is obtained when L* = —1+2/8 > 1 (similar to Remark 1).
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In summary, the results discussed in this section highlight the importance of considering the
general market structure. The value of L qualitatively matters in the analysis of both price trend
and price dispersion. When the number of firms increases from L = 1 to L = 2, the equilibrium
prices always decrease. A naive conjecture would be that prices always decrease with competition.
However, this observation regarding the relationship between prices and competition does not
globally extend to the general setting if L > 2. As shown in Proposition 2, prices can easily
increase with competition, especially when the network effect is strong and the number of firms is
large. This finding suggests that we need to be cautious when drawing empirical implications for
price trends in the presence of network effects.

Moreover, the degree of price dispersion/variance in non-regular networks can be significant,
and the market structure that generates the largest degree of dispersion, L*, although not equal to
a monopoly, is not necessarily a duopoly. This finding further validates the role of local network
effects in pricing strategies that interact with market competitiveness. Finally, for markets with
a large number of competing firms, the structure of the network has little impact on equilibrium
prices.

5 Effects of market structure and network topology on profits

In this section, we characterize the effects of network topology G and the number of firms L (market
structure) on firms’ profits. As expected, we show that the firm’s profit curve, as a function of L, is
downward sloping because of the intensified competition. However, increasing the network density
does not lead to an overall upward shift of the firm’s profit curve. This result is surprising because,
other things being equal, a higher network density leads to a higher utility for each consumer since
a consumer now benefits from other consumers’ consumption. Instead, increasing the network
density leads to a rightward rotation of the profit curve. More precisely, the equilibrium profits
respond to the number of firms more sensitively when the externalities parameter § is larger.

5.1 Regular networks

We first discuss regular networks (Example 1) and then proceed to describe general network struc-
tures. We assume that Assumption 3 holds and 5 > 0.

The firms’ equilibrium profit is given by (13), which is the product of (1 — p.,)p}., and

m. We study the impact of the number of firms L on the firm’s profit. First, note that

the price effect of L is negative:

8{<1 - pieg)p:eg} .

. 0P
oL - (]' - zpreg) -

oL

<0

as py, decreases with L and pj., lies between 0 and 1/2 (see (12)). Moreover, the social multiplier

m is weaker when L is larger. Since these two effects move in the same direction, we
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have:?0
oIr*

reg

OL

<0. (15)

Next, we characterize the impact of § on the firm’s profit. The price effect of § is also negative:

8{(1 - pieg) X p:eg} * ap::eg
96 - (1 - 2p7'eg) EH < 07 (16)

but the social multiplier effect is positive: L sd> and is stronger with a larger §. Therefore,

I+(Z—-1)

the net effect of § on the firm’s profit is determined by these two opposite effects. The follow-
ing proposition characterizes the exact necessary and sufficient conditions under which one force
dominates the other and the net effect can be determined.

Proposition 4. Assume that Assumptions 1, 2, and 3 hold and consider a reqular network with
Oz g
)

degree d. The sign of 1s positive when L is sufficiently small and negative when L is sufficiently

large. More precisely, there exists a threshold L (depending on 3 and &) such that
oIT

S > ()0 if and only if L < (>)L = X (1 —ﬁ5d> |

where x(.) is the function defined in Lemma A3 in Appendiz A.>7

*
reg

the number of firms L is sufficiently small, increasing ¢ increases I1

Proposition 4 shows that the impact of § on II_, is non-monotonic. More precisely, when

regi and when the number of

firms L is sufficiently large, increasing d decreases II}.,. Remember that II7,,

profit for regular networks, is the product of (1 — py.,)pre, (the price effect) and

the equilibrium
Tz (the
social multiplier effect). When L is relatively small, the equilibrium prices Dreg are close to the
monopoly price 1/2 and, accordingly, 1 — 2p;eq is close to zero. Consequently, the price effect
is negligible compared to the positive social multiplier effect. On the contrary, when L is large
enough, the competition is so intense that the equilibrium price (or mark-up) is close to zero, and
the negative price effect of § dominates the positive social multiplier effect. Consequently, the firm’s
profit decreases with 4. Let us discuss some immediate consequences of Proposition 4. First, an
improvement in the network technology, caused, for example, by an increase in §, which makes
peer effects stronger, does not always generate a higher firm profit. In fact, whether firms can
profit from such a technology improvement or not critically depends on the degree of competition
that they face. At the extreme end, a monopoly firm can extract some of the additional network
benefits enjoyed by the consumers and, hence, earns a higher profit. The extent of such value
extraction by firms is jeopardized by the intensified price competition. In fact, when competition
is too strong, the firm’s profit is reduced. This finding suggests potential incentives for firms not
to improve their network technology. Second, when § increases marginally, the profit curve, as a
function of L, rotates instead of shifts globally (Figure 5). Furthermore, Proposition 4 explicitly

identifies the critical L := yx (%&) at which the profit curve rotates, where x(.) is the function

36Tt is easy to show that II}., converges to zero as L approaches infinity.
37x(z) is continuously differentiable and strictly decreases with z. See the proof of Lemma A3.
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defined in Lemma A3 in Appendix A. x(-) is continuously differentiable and strictly decreasing.
The graph of  is plotted in Figure A1l. Interestingly, the threshold L decreases with 6 and /3, as
x(+) is decreasing.

Example 1 (cont.) In Figure 5, we plot I ey as a function of L for a reqular network with d = 2

(for example, a ring network). We set § = 0.2 for the blue curve and § = 0.3 for the red curve.
We see that the red curve is a rightward rotation of the blue curve, which means that under low
competition (i.e., L < 3.5), the firm’s profit is higher when § is higher (i.e., when there are more
network externalities), whereas, under fierce competition (i.e., when L > 3.5), the opposite is true.
In other words, the equilibrium profits respond to the number of firms more sensitively when the
externalities parameter & is larger.

Profit
A

number of firms

Figure 5: The II7,, curve, as a function of L, for small ¢ values (blue curve; § = 0.2) and large §
values (red curve; 6 = 0.3)

Proposition 4 has several additional implications.

Corollary 2. Suppose that Assumption 3 holds. Consider a reqular network with degree d as a
function of 6 € [0, %).38 Then,

monotonically increasing in 9, if L=1,
ey is § an inverted U-shaped curve of 6, if 1< L < x(B),
monotonically decreasing in ¢, if L >x(pB).

This corollary shows that II7,, has a non-monotonic relationship with ¢ depending on the
market competition L. This is explained by the two main economic forces. On one hand, increasing
¢ decreases the equilibrium price p;,, because the firms compete more intensively in the pricing

game (i.e., the demands are more elastic with a larger §), which leads to uniformly lower prices

38The upper bound on § makes sure that Assumption 2 holds.
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(the price effect). This negatively affects profits. On the other hand, a rise in § increases the social
multiplier m for a larger L, which positively affects profits (the social multiplier effect).
In particular, when there is a monopolist (L = 1), increasing 0 always increases profits, whereas
when L is large enough, increasing ¢ always decreases profits. For intermediary values of L, there

is an inverted U-shaped curve between § and II7. . The following example illustrates this result:

reg 48 a function of & under different

market structures. For L = 1 (a monopoly; depicted by the blue dashed curve), the firm’s profit
always increases with §. For L = 2 (a duopoly; depicted by the black dashed curve), the firm’s profit
first increases and then decreases with 6.3 For L = 5 (an oligopoly; depicted by the red dashed
curve), the profit always decreases with 6.

Example 1 (cont.) In Figure 6, we plot the curve of 11

profit

08

06 V2
04t -

02

Figure 6: The profit II}..; curve as a function of ¢ under different market structures: blue L = 1;

black L =2;red L =5

We now study the effects of varying the degree d. Since d¢ is a sufficient statistic of 11 he

*

t
reg’
next result immediately follows Proposition 4.

Corollary 3. Consider a reqular network with degree d. Then, the impact of d on firms’ profit has
the same sign as the impact of 6 on firms’ profit; that is, sign{0ll;,,/0d} = sign{01l},,/0d}.

This corollary shows that increasing the degree d of a regular network (which then becomes a
denser network) does not always increase firms’ profits. In fact, increasing d leads to a rightward
rotation similar to that observed when increasing 6. As a result, we obtain the same result as shown
in Figure 5 if we fix § = 0.2 but increase d from 2 to 3.

5.2 From regular networks to general networks: A technical contribution

The analysis of regular networks is particularly simple, as the equilibrium prices do not depend on
the consumers’ network position, and firms’ profits and consumer surpluses are explicit functions

39I1;., /08 vanishes only when L = x(8/(1 — d)), or equivalently when § = w.
4ONote that, in Figure 6, d is fixed at 2, but § increases from 0.2 to 0.3.
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of the consumer’s (common) degree instead of the entire vector of the Katz-Bonacich centralities.
Here, we provide a new technique to reduce the analysis of general irregular networks to a series of
regular graphs. A key aspect of this new technique is the spectral decomposition of the underlying
network adjacency matrix, which is referred to as principal component analysis in Galeotti, Golub,
and Goyal (2020). To illustrate this new technique, let us analyze the firm’s profit. Note that the
analysis of the firm’s profit is similar to the analysis of the consumer surplus or the total welfare.

Let us demonstrate that the firms’ equilibrium profit from any non-regular network G can
be decomposed into a weighted sum of several terms, where each term corresponds to a regular
network in which the degree d is replaced by an eigenvalue of G, and where the positive weight is
equal to the square of the inner product of the vector al/ VN and the associated eigenvector of G.
Mathematically, under Assumption 3, we establish the following identity for the equilibrium firm’s

profit:
* % al
NGB8 L) = D, Ty 8,0,L) x ({ws, —=))” (17)
A €Spec(G)
where Spec(G) = {A1, -+, An} is the set of eigenvalues of G, and u; is the corresponding normal-

ized eigenvector®! associated with )\;. These eigenvalues are monotonically ordered from A;, the
largest eigenvalue, to Ay, the lowest eigenvalue. The coefficient ((u;, \‘}—%))2 is positive, unless u; is

orthogonal to 1x.%?

The identity in (17) follows a key lemma (Lemma 2), which is an application of the spectral
decomposition theorem of the network matrix G.

Lemma 2 (Localization lemma). Suppose that f(z) is an analytical function on an interval that
contains Spec(G), so that f(G) is well-defined.*> Then, for any v € R™, we have the following
equation
VIGIV= Y )V
Ai€Spec(G)
In particular, if f(z) is positive (nonnegative) at any \; € Spec(G), then v' f(G)v > (>)0 for any
v € R"\{0}.

Let us show how we use this Lemma in our framework. In Proposition D3 in Appendix D, under
Assumption 3, we define the firm’s equilibrium profit as II*(G; 3,6, L) := ((aly,¢"T(G)aly),
14(L—2)B—52)(1—B—5
where ¢ (2) := ¢T'T(2;8,0,L) = (1+((L——F§)ﬁ—gf)(2i)((L—§)5—Z%62)2 (see (D11)). In Lemma 2, the f(.)
function is given by ¢©'7(.) and v = aly, which implies that IT*(G; 3,6, L) := v’ f(G)v. Lemma 2

“1n other words, each u; is of unit length, and Gu; = A\;u;.

42 An eigenvalue \; that satisfies (u;, 1) # 0 is called a main eigenvalue of the network. The set of main eigenvalues
is called the “main part of the spectrum”. See Cvetkovié (1970).

*3Since f is analytical, it has an infinite-series representation: f(z) = > 7o cx2” for some c;. We define f(G) as
> reo ¢ GF, which, under the stated condition on f, is convergent. Lemma 2 is very general as it can applied to
broad specifications of f, such as polynomials, or rational functions, as listed in (D11) for welfare analysis in this
paper, and possibly many others.
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implies that:

IT*(G; 8,6,L) =V f(G)v=" > fR)Vw)?= Y ¢"T(\)(alyw)?.

Xi€Spec(G) Xi€Spec(G)

Consider a regular network G with degree d. When z = d, it is easily verified (see (13)) that
o7 (d) = + N1 e (d; 8,0, L). Recall that for a regular network, we have A\; = d and u; = 1y/VN,
and only one term in the summation in (17) is non-zero under Assumption 3. The reason is

that all the eigenvectors u; for ¢ # 1 are orthogonal to wuy; thus, the coefficient ((u;, %»2 =

0.4* Therefore, 2 ieSpec(G) AT (\)(alyw;)? = 2oniespec(@) reg(Nis 8,6, L) x ({uj, \“/l>)2 This
demonstrates (17).%°

This identity greatly simplifies our analysis of the comparative statics results of the profit in a
general network structure, as we can exploit the results in the case of regular networks, which are
simpler and are fully studied in Appendix B.

The results for regular networks in the previous subsection qualitatively extend to settings

with general network structures.?%:47

Proposition 5. For any network structure G, let Spec(G) = {A1, -+, An} denote the set of
etgenvalues of G.

(i) The firm’s profit II* decreases with L, and it converges to zero as L — 0.

(7i) Increasing ¢ leads to higher (lower) profits when the market is sufficiently concentrated (com-
petitive). More precisely,

(a) OI1* /06 > 0 if L < x(B/(1 — 8)\;)) for any \; € Spec(G),*®
(b) OII* /05 < 0 if L > x(B/(1 —6X;)) for any \; € Spec(G).*

Let us illustrate how our new technique can be applied to prove Proposition 5. Remember
that the firms’ equilibrium profit can be written as shown in (17), where 1T}, is given by (13).
1. First, note that the coefficients ((u;, %))2 are nonnegative. Using (15), we can first show
that O}, (A, 8,6, L)/OL < 0 for any )\; € Spec(G). Therefore, OII*(G; 3,0,L)/0L < 0,
which proves Proposition 5 (i).

“For a non-regular network, there are usually more non-zero summation terms in (17), as multiple coefficients can
be positive.

45This identity should be viewed as a useful mathematical result rather than an economic identity, since, when the
eigenvalue )\; is negative (or not integer-valued), it does not make much sense to say that II7., (X, 5,9, L) corresponds
to a regular graph with degree \;.

4In Appendix D, we perform a similar analysis of the consumer surplus and total welfare.

4"In Proposition E5 in Appendix E, we also investigate the impact of the network density on equilibrium profits.

BEquivalently, L < miny, espec(a) X(B/(1 — X)) = x(8/(1 — 5A1)) as x(-) is decreasing.

YEquivalently, L > maxy,cspec(a) X(8/(1—6Xi)) = x(B/(1 —6An)) as x(-) is decreasing, where Ay is the smallest
eigenvalue.
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2. Second, similar to Proposition 4, we can prove that 9II;., (A, 8,6, L)/05 > (<)0 if and only
if L < (>)x(8/(1—d\;)). Therefore, suppose that L < x(5/(1 —d\;)) for any \; € Spec(G).
Then, we have 9II*(G; 3,9, L)/96 > 0; this corresponds to case (a) in Proposition 5 (ii). Case

(b) can be shown in a similar way.

The results of Proposition 5 are similar to those derived under regular networks, since they are
based on the trade-off between the interaction of the price effects of competition and the market-
expansion social multiplier effects. Indeed, Proposition 5 (i) is the counterpart of equation (15)
and shows that competition drives down firms’ profits. Proposition 5 (ii) generalizes Proposition
4 by showing that increasing ¢ leads to the rotation of the profit curve. In regular networks,
these two effects take a simpler form due to the symmetry of the degree. The proofs are more
involved for non-regular network structures, as both effects operate in the space of matrices due to
the heterogeneity of the network positions of the nodes. Essentially, by using this new technique,
we reduce the complex problem of a general network structure into a series of easy-to-solve sub-

problems in regular networks.

As stated in Section 1.1, the techniques that we used (in particular, Lemma 2) complement
those used recently by Galeotti, Golub, and Goyal (2020), who also used the spectral decomposition
theorem to simplify the optimal targeted interventions in networks. In this study, we use them in
a very different context to solve for comparative statics exercises of various welfare measures in
oligopoly markets with network effects. We now discuss how Lemma 2 can be applied in the setting
used by Galeotti, Golub, and Goyal (2020), who, in a special case, analyzed the following optimal
targeting intervention problem:

max W (a) := a’ [l - 6G]2a, s.t. |la—a|?®<C. (18)
a

In the above equation, W (a), the sum of the squares of the equilibrium action with the marginal

utility vector a,”’

measures the aggregate welfare; and a is the initial marginal utility vector, and
C, the budget of the planner. Applying Lemma 2 to f(z) = 1/(1 — 62)2, we can reformulate the
welfare W (a) in (18) as:
1 / 2
W@ = > m(a u;)”. (19)
A €Spec(G)

After changing the variables, @; = a’u;, Vi, the objective function is further simplified to:°!

_ - - 1 -
w@) =W, - ,a,) = Z ma?' (20)
Ai€Spec(G) ¢

The neat form in (20) makes the optimal intervention much easier to solve and simpler to
interpret. Galeotti, Golub, and Goyal (2020) also obtained (20), but they used a different technique.
Note that the new choice variable a is not the original marginal vector a but its projection on

*’In Ballester et al. (2006), the equilibrium action x* = [I—§G] ™ 'a, and the aggregate welfare is 1 ||x”||* = 1 W (a).
5IThe budget constraint needs to be adjusted accordingly.
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eigenvectors. Equation (20) shows that the coordinates in the eigenspace, a, provide a more natural
perspective in examining the optimal network targeting intervention problem. We expect our new
technique based on Lemma 2 to be applicable to broader settings that involve networks.

Remark 3. In this section, we mainly focused on the comparative statics of firms’ profits with
respect to L and 6. Our method is very general and can be applied to other welfare outcomes. As
shown in Appendix D, we use similar techniques to study the comparative statics of the consumer
surplus and total welfare. In particular, the decomposition of the consumer’s surplus can be found
in (D14) and that of total welfare in (D15).

6 Extensions

We extend our baseline in four directions. First, we allow for heterogeneous firms. Second, we
introduce partial product compatibility. Third, we consider an alternative setting in which firms
compete in quantities instead of prices. Finally, we allow for the free entry of firms in the market
and endogenize the network structure. In each extension, we derive the equilibrium prices and draw
comparisons with the baseline model.

6.1 Heterogeneous firms and asymmetric products

We consider an extension in which products are asymmetric because of either their quality differ-

ences or their cost differences. To do so, we first relax the symmetric condition in Assumption 1,
I _

which imposes that for each consumer ¢, a; = aj = a; > ¢; > 0 for any [ and s. Let aé denote
the marginal utility of consumer i € A consuming product | € £, and let cﬁ denote the marginal

cost of firm [ € £ for serving consumer i. Let us define a! = (al,--- ,al) and ¢! = (¢}, -+, ),
a=_1>ca, €= % >iecc

Proposition E6 in Appendix E.3 generalizes Proposition 1 by determining the equilibrium price
in this extended model. The key matrices are H and D, which are given by:

H= %IN— (L_zl)ﬂ[(Q—i—(L—?))B)IN—Q(SG]_l and o
21
D= %IN - g[(z + (2L — 3)B3)Iy — 20G] .

The result shows that the equilibrium price in (E16) can be decomposed into three additive com-
ponents: the marginal costs ¢! of firm [; the firm-independent average mark-ups H(a — ¢), which
depend on the average qualities a and the average costs ¢; and the firm-specific adjustment term
D((a' —a) — (c! —¢)), which reflects the asymmetry of each firm.”? Clearly, when firms are ho-
mogeneous and products are symmetric (Assumption 1), we return to Proposition 1, since the
firm-specific adjustment term D((a! —a) — (c! — ¢)) vanishes.

52Note that the average of the third term in the prices over all firms must be zero, as the averages of (al —a) and

(c! — &) are zero.
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We next discuss the implications of the network structure for the shaping of the equilibrium
prices across firms and consumers in this extended model. First, we consider two firms s and ¢
with possible asymmetric qualities and/or costs. Let us define A%t = (a® — a?) — (c* — ¢!), which
measures the net differences between two products. Using (E16), we obtain:

(ps* . CS) o (pt* . Ct) — DASt.

Therefore, the difference in markups between firms s and ¢ is linear in A% and is multiplied
by the matrix D, which measures how the quality and cost differences of products between the two
firms are mapped into differences in equilibrium prices in the pass-through matrix. Using (21), we
write DA% as:

3 2

e 30 S ere_an )

DAst:%Ast_'_

where the second term is proportional to the Katz-Bonacich centralities. In other words, the
price differences between two asymmetric firms vary across consumers, which reflects their distinct
network positions.

Taking averages over | € L in (E16) yields the following expression for the average markups:

I*
Zlefp -—¢=H(a-o),

p-c=

which is linear in (a — ¢) with the sensitivity matrix H. Furthermore, we can rewrite the average
markups using the Katz-Bonacich centralities:

S C ) ¥ G
SR (R o)) R S o g M

which can be reduced to (11) under symmetric products. Thus, the analysis of average markups is
exactly parallel to that in the baseline model with symmetric firms.

In summary, in asymmetric firms, we observe price heterogeneity across both consumers and

firms. As illustrated above, matrices H and D play critical roles in shaping price dispersions across

-
consumers and ﬁI‘IIlS.‘)3

53With the explicit equilibrium prices in Proposition E6, we could conduct various comparative statics, which boils
down to the comparative statics of H and D with respect to the appropriate parameters. For brevity, we skip these
straightforward exercises.
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6.2 Product compatibility

We also extend our model by enriching the utility specification in (1) to incorporate the additional
network benefit due to partial product compatibility.”® We obtain:

Mxi,xi);_( aéxé—éZ(zif—éZZﬁxfmi)+6<Z<Zgijxiwé>>+u< > (zgijxfx;)).

1=1 1=1 1=1 s#l 1=1 \j=1 1<s#t<L \j=1

=v;(x;) =15 (%,% ) =7 (%x4,X—_5)

(22)

Compared with (1), we have a third term where parameter p measures the degree of compati-
bility among products. Indeed, when i = 0, we return to the baseline model without compatibility,
where 7; = 0. When u = §, the local network benefits enjoyed by consumers operate at the market
level and not at the firm level, since the total network benefit enjoyed by consumer i is equal to
n+ 7= 523‘ Gij (ES€L xf) (Zteﬁ xé), which depends on the aggregate consumptions, > . .z}
and ) . :U; We assume 0 < p < § to accommodate any degree of partial compatibility. Observe
that the issue of compatibility is relevant only when there is some competition, i.e., when L > 2.

The detailed analysis of this extension to product compatibility is shown in Appendix E.4.
In this section, we emphasize that the counterpart of Lemma 1 for demand characterizations and
of Corollary 1 for price sensitivities hold virtually when we replace the market-expansion social
multiplier M and the business-stealing social multiplier M~ defined in (3) by their counterparts,
M+ and M, respectively:

Mt =[1+(L-1)B)L,— (6+ (L—1)u)G] " and M~ =[(1- )L, — (6 —w)G]".  (23)

Proposition E7 in Appendix E.4 determines the equilibrium price for each firm as well as the
equilibrium profit and consumer surplus. When p = 0, we obtain Proposition 1. The effects of p
can be understood by inspecting its effects on the two main matrices, M+ and M, since they fully
determine the firms’ incentives to undercut competitors and consumers’ consumptions. Critically,
improvement in product compatibility amplifies the market expansion social multiplier M+ but
dampens the business-stealing social multiplier M~. Formally, dM™ /0y = (L — 1)MtTGM™ = 0
and OM~ /8 = —M-GM~ < 0.

To illustrate our results, consider the regular network described in Example 1.°> We analyze
the effects of p on prices and briefly discuss its effect on firms’ profits and consumer surplus.

Example 3. In a regular network with degree d, assume that a; = 1,¢; = 0,Vi € N. Based on

54 A similar analysis can be found in Amir and Lazzati (2011) but without an explicit network analysis.
55The general analysis can be done using the techniques developed in this study, but is beyond the scope of this
study.
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Proposition E7, the equilibrium price with partial compatibility is equal to:°%

1— (8 —pud)—dd
2+ (L —3)(8—pd)—25d

Pi = Pj = Dreg = (24)
Direct calculation showed that py., increases with w.>" Indeed, by increasing pi, which is the degree
of product compatibility, the price competition among firms is weaker and thus, leads to higher
equilibrium prices.

I . o 1-5%, -
Furthermore, each consumer’s equilibrium consumption of any product is Ty, = 1+(L£1)(%_9ud)_6d.°8

Thus, the total consumer surplus is equal to:

L(1+ B(L - 1)) (1= Preg) ’

« . LA+ B(L-1))
CSreg = N > [1+(L—1)(6—ud)—5d :

reg * = 9 (53* )2 =N

reg

(25)

*

which is quadratic in Ty,

Under a duopoly (L = 2), we can show that

oCS;: oz
. reg |\ _ . reg | _ . 1— —_ 94 — .
sign { o } sign { o } sign{l — dd — 2(8 — pd)}

In other words, C'S,, can either increase with p or decrease with pi. For example, we set d = 2,6 =
aC'S}:

reg

0.2 and p = 0.1 and vary the product differentiation parameter 3. For any € (0,0.5), o

positive; and for any 5 € (0.5,0.8), 808%69 18 negative.

To see the implication of this, we observe that increasing the product compatibility p affects the

*

consumer surplus, or equivalently, the consumption Iy,

through two channels. The first channel
18 through the obvious additional network benefit due to compatibility, which enhances the demand.
The term 1/(14+(L—1)(8—pud)—dd) can be interpreted as the market expansion social multiplier, and
it clearly increases with . The second channel is through a higher price due to softened competition
(recall that Dyeg increases with w). When B is small, the intensity of product competition is weak,
and the first effect dominates the second effect so that the consumers are better off with improved
product compatibility. When B is sufficiently large, the second price effect effect dominates, and the
consumers are actually worse off with improved product compatibility.”® This observation shows
the importance of considering the endogenous price effects when evaluating the effects of product

compatibility.

Next, we consider firms’ profit. Since each firm’s equilibrium profit is equal to:

N(1— 5%, )p
H:eg = N‘i:egﬁ;ﬁeg = ( preg)pmg :
1+(L—-1)(B—pd)—dd

*Here, the largest eigenvalue is d, so Assumption 2’ implies that 1 + (L — 1)(8 — ud) > éd and 1 — (8 — ud) > &d.

Together, they imply that 1 — dd > 0 and 2+ (L — 3)(8 — pud) — 25d > 0.
OPTeq (1) - - :
572P 5a B [2+(;(713)?g)7(5d)17)25d]2 >0as1l—4dd >~0 by Assumption 2’ and L > 2.
®®Here, each firm’s equilibrium demand is X* = M*(a—p*) = M1 (1y — Preyln) = reyln because Gly = dly.

(26)

acsx
®When L > 3, we can verify that ﬁ > 0, which implies that compatibility increases the consumer surplus.
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we can show that 117, increases with p, under a mild assumption.%0 This is because (1 — Dreg)Preg
increases with (v as pr., increases with p and py., € (0,1/2]. Moreover, the market erpansion
social multiplier 1/(1 4+ (L —1)(8 — ud) — dd) also increases with . Both effects move in the same

direction, which implies higher firm profits.

In this example of a regular network, we observe that product compatibility results in higher
equilibrium prices and higher firm profits due to weaker competition and enhanced demand multi-
pliers. However, product compatibility may lead to lower consumption and lower consumer surplus
due to endogenous price effects. Given the general insight developed here, we expect that analogous
results would hold for general networks.

6.3 Cournot versus Bertrand competition

In this extension, we consider an alternative setting in which firms compete in quantities instead of
prices. In the analysis of the consumption equilibrium in Lemma 1, we note the following one-to-one

mapping between the price profile p = (p,--- ,p¥) and the quantity profile x = (x',--- , x%):6!
Iy-0G pIy -+ Py 1 1
X a—p
Iy  Iy—-0G .-~  Bly
. : . . =1 | (27)
: : - : I I’
BIy By - Iy-06G| = a-p
Under Cournot competition, given firms’ quantity choices x = (x',--- ,x), each firm I’s profit

is equal to 74 (x!, x7!) = (x!, p!(x!, x71))), where p' is given by (27).°? The first-order conditions
for firm [ are given by:

_awlo(xlvx_l)_ il -1 op'(x!,x7") / !
O=—"pa =P x))+|—F 7).

In a symmetric equilibrium with x! = X(, pl = p, vVl € L, the above equations reduce to
po = (In = 6G)x¢
Combining it with the consumption equilibrium condition [(1 + (L — 1)8)Iy — 0G]x; = (a — pg)

yields the following proposition:

Proposition 6. Suppose that Assumptions 1, 2, and 3 hold. Under Cournot competition, there
exists a unique equilibrium in which the (symmetric) equilibrium consumption vector and price
vector are given by:

x5 =[(2+ (L —1)8)Iy — 26G] *a, (28)

50This additional assumption, 3 > ud makes sure that Preg € (0,1/2]. Furthermore, if Assumption 2" holds for L,
it must be the case that 5 > ud.

5'The inverse mapping is given in the proof of Proposition E6 in the Appendix.

52Without loss of generality, we normalize ¢ = 0.
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and
pe = Iy — 0G][(2+ (L — 1)B3)Iy — 20G] 'a. (29)

Even though the equilibrium price under Cournot competition (p in (28)) differs from the
price under Bertrand competition (p* in (10)), it shares similar features. In particular, the price
can be decomposed as follows

*_E_ (L_1>5 [I— 20
PC= 2 e+ -1p)" 2+ -1)8

G| 'a,

where the second term is proportional to the Katz-Bonacich centralities of nodes. Furthermore,

when L is large, we have:
1—4d;
¥ = ’ L72).
pio= gy +OL™) (30)

In particular, it is possible that the price increases with L under the Cournot competition. We

illustrate this observation using the same network shown in Figure 1 (i.e., a kite network with four
nodes) with 6 = 0.4 and 3 = 0.1.°> We plot the equilibrium prices for different nodes, as shown in
Figure 7. The equilibrium price for node 1 (the lowest curve in blue) is not monotonic in L. This
is similar to the results shown in Figure 3 regarding the Bertrand competition.

Prices
A

0.10}
0.08f
0.06

0.04}

0.02}

\J

— L number of firms
\\ __10_0___.20@———306———400‘

Figure 7: How equilibrium prices change with L under Cournot competition

6.4 Determinations of market structure and network topology

Here, we discuss the method by which the market structure and the network structure can be
determined. First, we endogenize the market structure by allowing the free entry of firms into the
market. Second, we endogenize the network structure by determining the firm’s and the consumer’s
optimal network structure.

53Recall that the largest eigenvalue \; is about 2.17, so Assumption 1 is satisfied.
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6.4.1 Market structure with free entry

Suppose that the number of firms in the market is determined by a free-entry condition. We
assume that each firm pays a fixed cost for entering the market. We show that when the fixed
cost is sufficiently large, the equilibrium market structure is relatively concentrated. In this region,
increasing the network density or the network technology level leads to more firms in the free-
entry equilibrium. On the contrary, when the fixed cost is sufficiently low, the equilibrium market
structure is relatively competitive. We reach a different region: increasing the network density or
the network technology level leads to fewer firms in the free-entry equilibrium. The results are
mainly driven by the rotation of the profit curve studied in the previous section.

Given a fixed entry fee f > 0, we define L¥P* as the number of firms in the free-entry
equilibrium such that IT*(L¥#*) = f. Since IT*(-) is strictly decreasing in L, L¥F* is uniquely
determined.’* For ease of notation, we omit the other dependent variables (such as G, 3 and J) in
the definition of L¥¥*. In Proposition B1 in Appendix B.3, for regular networks, we show that the
equilibrium number of firms L¥%* decreases with 6 when the entry cost f is sufficiently small and
increases with § when the entry cost f is sufficiently large.

Let us illustrate our result with the following example.

Example 1 (cont.) Consider regular networks of degree d and consider Figure 5. When f is
higher than the profit at the rotation point (L =~ 3.5), the free-entry number of firms is higher for
the red curve with a higher & than for the blue curve with a lower §. The reverse happens when f
is lower than the profit at the intersection point. Indeed, for a marginal increase in 9, the rotation
point occurs exactly when L = L* = x (%) based on Proposition 4. Therefore, the threshold f in

Proposition Bl is, in fact, equal to f = erg(d; B,0,x (%)) In reality, the size of f depends on
the institutional context, which varies from one industry to another. This provides several possible
implications of the impact of technology or network improvement on market concentration with

endogenous firm entry.

Since the observation that increasing the network density or § leads to similar rotations of the
profit curve (see Proposition 5 (ii) and Proposition E5), a result (available upon request) similar
to that in Proposition B1 holds in non-regular networks. Our unique result is that the equilibrium
number of firms depends not only on the entry cost f and the degree of product substitution 5, as
is usually the case, but also on the network structure and the intensity of the network effects.

6.4.2 Optimal network structures

So far, we have treated the network structure as a given. We now fix the market structure L and

discuss the optimal network structure from the perspectives of firms and consumers.%’

54We treat L as a continuous variable. To make our problem interesting, we assume that f is below the monopoly
profit, i.e., f <II*(L)|r=1.

55Very few papers have examined optimal network design in network games. Exceptions include Belhaj, Bervoets,
and Derofan (2016), Hiller (2017), and Konig, Liu, and Zenou (2019).
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As shown in Proposition F8 in Appendix F, we determine the optimal network structure.
First, in Proposition F8 (i), we show that the consumer-optimal network is the complete network.
Indeed, increasing the network density benefits consumers in two ways. First, the equilibrium
prices decrease due to intensified price competition among firms (see Proposition E4). Second,
the network multiplier becomes stronger, which generates greater network benefits for consumers.
Formally, in the proof of Proposition F8 (i), we show that the equilibrium consumer’s surplus is
monotone in the equilibrium consumption of consumers, i.e, u} o< (z} )2. Recall that, in equilibrium,
consumption is given by the multiplication of the market expansion by the difference between the
marginal utility vector and the price vector, i.e., x* = M*(a — p*). In a denser network, the
multiplier M™ is stronger and prices are lower. The result that, regardless of the market structure,
consumers’ equilibrium utilities always increase with the network density, immediately follows.

Let us now consider the firms’ perspective. Proposition F8 (i) shows that firms’ preferences
over the network structure critically depend on the market structure. Indeed, increasing the network
density again generates two forces that work in opposite directions. On one hand, higher density
leads to lower equilibrium prices due to greater competition, which reduces profit margins and thus
hurts firms’ profitability. On the other hand, the demand-enhancing effects due to stronger network
effects can benefit the firms. The dominant force depends on L, the number of existing competitors
in the market. When L is low enough, the firm-optimal network is the complete network, whereas
when L is high enough, the firm-optimal network is the empty network. Moreover, part (iib) of
Proposition F8 highlights that adding a link between any pair of nodes can result in intensified price
competition among firms, which may drive down their profits. This phenomenon occurs when the
market is relatively concentrated in which consumers and firms hold opposite views of the optimal
network structure. Note that even if the network is empty, firms’ profits can still be strictly positive
because each consumer’s willingness to pay is positive based on the stand-alone consumption utility.

It is worth mentioning that in reality, neither firms nor consumers have full flexibility in
adjusting network structures. Thus, the results of Proposition F8 should be regarded as benchmarks
of optimal networks. Nonetheless, the proof of Proposition F8 reveals a deeper principle: we provide
clear answers to the directions of changes in the firm’s profit and the consumer’s surplus when we
add a link to an existing network.

7 Conclusion

In this study, we examined the interplay between the market structure (as measured by the number
of firms in the market that sell differentiated products) and the network structure (as measured
by the network topology) among consumers who make consumption decisions. We showed that
prices are set lower when either the network becomes denser (by adding links) or the intensity of
the network effects is stronger. This suggests that competition among firms is intensified due to
the network effects among consumers. Moreover, we showed that price dispersion in the market is
small for monopolies and in competitive cases (i.e., when there are many firms), and a maximum
value is attained in the intermediate range. We also showed that when we increased the number
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of firms, prices initially decreased due to competition, but in some cases, they reverted to a rising
trend when the number of firms increased.

We also found that increasing the intensity of the network effects did not shift the firms’ profit
curves but instead led to a rightward rotation. Improvement of network technology generated
higher profits for a firm when there were only a few firms, but dampened the firm’s profitability
when there were many firms. This implies that if free entry were allowed, the improvement in the
network technology would increase the equilibrium number of participating firms only when the
entry cost was high. Finally, we characterized the optimal network structures from the perspectives
of firms and consumers. Intriguingly, their rankings of network structures were consistent when the
number of firms was small and the products were sufficiently differentiated. However, when there
was a large number of firms or when the products were sufficiently homogeneous, the firms and
consumers held completely opposite views of the optimal network structures.

Our model could be extended in several possible directions. First, we could extend our analysis
to the impact of the merger of two networks resulting from a new link formed between the mem-
bers of each network. An interesting question is the following: What would happen to the price
dispersion in the new network compared with that in the original network? Second, our analysis
relied on the common and perfect knowledge of the network structure held by consumers and firms.
While this assumption is standard and holds for relatively small networks, relaxing it would lead
to asymmetric network information and would allow us to study the interactions between network
knowledge and the market structure. We leave these promising topics for future research.
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Appendix: Proofs of the results in the text

Proof of Lemma 1: Given the price profile, each consumer 7 maximizes

L L 1 L 1 L L N
il x-) = 3 pket = S (a—hal — 23 @) - LN el 4630 (S gale!
=1 \j=1

=1 =1 =1 =1 s#l

With the presence of prices, the marginal utility a; is reduced exactly by pf,f for each product t.
Note that this consumption game belongs to the family of network games with multi-dimensional
strategy space studied in Chen et al. (2018b). Part (i) of this Lemma directly follows from Theorem
3 of Chen et al. (2018b), which characterizes the equilibrium in a general multi-activity network
game. Given the functional forms of consumer utilities, the system determined by the first-order
conditions for the underlying consumption equilibrium is linear both in x and p. Under Assumption
2, the system has a unique solution x(p) (i.e., the CE), which linearly changes with prices as given
in (4). Part (ii) directly follows from part (i). O

Proof of Proposition 1: The FOC at the symmetric prices p* is derived in the main text:

[(1+ (L - 1)B)Iy —6G] ™" + (L —1)[(1 — B)Iy — 0G|

[(1+(L-1)8)Iy—0G] ™! (a—p*) = :

(p*—c).

Solving this linear equation of p* yields the symmetric prices in Proposition 1. We provide two
equivalent expressions for the equilibrium prices p* in (31). We will adopt the most convenient
form in the analysis later.

p* =[(2+ (L—-3)8)Iy —26G] " [(1 - B)Iy — 6G]a+ [(1+ (L —2)8) Iy — 6G]c

_ate (BN (g1 - 206 a o) By
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Next we check the second-order conditions of firms’ optimization problem. Recall that II' =

(x!,pt — c). Since x! is linear in p!, the Hessian matrix of II! with respect to p! is just
+ _ -

—2% by Corollary 1, which is negative definite by Lemma A2. As a result, the profit

function II' is strictly concave in p!, and FOCs are sufficient for optimality.

Under this symmetric pricing equilibrium, for each firm the consumption vector is

x* = Mt(a-p*)=[1+(L-1)B)Iy-0G] '(a—p")
[(1+ (L = DB)Ix = 6G] (2 + (L = 3)8)Iy — 26G][(1 + (L - 2)8)Iy — 6G](a — c).

and the equilibrium profit is IT = (x*, ( p* — ¢)), which can be simplified to ((a —c), ®(G)(a —c)),
where

(1+(L—-2)—6z)(1 —p—dz)

Y S L0565+ (L- 35— 227

O

Remark 4. In the symmetric equilibrium, the consumption vector x* = M™(a — p*) is positive
as M* = 0 and a — p* = (a—c)/2. Moreover we can show that there is no asymmetric pricing
equilibrium. Hence, the symmetric pricing equilibrium stated in Proposition 1 is unique.

Proof of Proposition 2: With Assumption 3, which assumes that ¢ = 0 and a; = a for all 7, the
equilibrium prices are given by:

p* =a[(2+ (L —3)B)Iy — 26G] 1 [(1 — B)Iy — 6G] 1.

by using the formula in the first row of (31). We have

op*

o7 = ~aBl2+ (L =3)8)Iy = 20G] (2 + (L - 3)8)In — 20G] ' [(1 = B)Ty — 6G] 1w,

For case (i), we have 1 — 8 — dd; > 0 for every i, so [(1 — 8)Iy —0G]1y > 0. Furthermore,
[(1—B)Iy —6G]1 >0 and [(2+ (L — 3)8)L, — 20G]~" = 0. Thus, &~ < 0.

For case (ii), for any node ¢ with 1 — 3 — dd; < 0, for large L, by equation (C9) in Proposition C2

in Appendix C, we have:
«  1—pB—4dd;

Clearly, Op;/OL > 0 when L is sufficiently large (see (C10)). Moreover, the fact that dp} /0L < 0
for small L follows from the observation that

+O(L72).

op* af -1
1=—[1-8)Iny—-0G]""1=0.
AL 1 (A= By 1=
=0
This proves the results. O
Proof of Proposition 3 : When L = 1, pf = p; = §, so the dispersion is zero. As L — oo,
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the equilibrium price p! converges to zero for any ¢ € N by Proposition C2; again the dispersion
is zero. Consequently, the maximal dispersion must occur when L takes some intermediate value
L*>1. O

Proof of Remark 1: The equilibrium price, by taking the Taylor series expansion of (10) with
respect to 4, takes the following forms when § is small:

«_ (I=Plat+1+(L—-2)b)c (L-1)8

p = -4 G(a—c)+ 0(6?).
E+(L-35) E+T-gpp o+
Under Assumptions 3, p; —p; ~ %(di—dﬂ (we omit the higher-order terms of ¢), implying
Disp(l) =6 %(dmm — dpmin). The result about L* just follows from the observation that:
(L-v8  _  @-1p  _  (E-1p 1

2+ (L-3)8)?% ((2-28)+(L—-1)8)* ~ 42-28)(L-1)B 8(1—p)

Here we use a simple fact: for a,b > 0, (a + b)? > 4ab with equality when a = b. O

Proof of Proposition 4: To prove Proposition 4, we use Lemma A3. Direct differentiation shows
that

ey dn[(—=(5—-2L—2L7 + L?)3% — 6(L — 2)B%(1 — do) + 3(L — 3)B(1 — db)* + 2(1 — df)?)]
o5 (14 (L —1)8 —38d)2(2 + (L — 3)8 — 26d)3
B dn(1 — do)? B
- {a @ -10p-bdP2+ <L—3>5—26d>3}h <<1 —M) ’L>
=0

*

where h(-,-) is defined in (A4) in Lemma A3. Therefore, agg"‘g has the same sign as that of
h((%) ,L). The rest just follows from Lemma A3. O

Proof of Corollary 2: By Proposition 4,

oIl

" > (<)0 if and only if L < (>)x ( b

1—-4d

< (>)x D).

00

if ly if
> if and only i 1—sd

The rest follows immediately. O

Proof of Corollary 3: Note that 1T, depends on d and § only through the product dd. Therefore,

reg

oI, /0d = %GH* /09. The rest follows immediately. O

reg reg
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Proof of Lemma 2: The first part of this Lemma is a direct application of the spectral theorem
adapted to the symmetric matrix G, so we omit the proof, which is standard. For the second part,
when f()\;) > 0 for every \;, clearly v/f(G)v > 0. When f()\;) > 0, and v # 0, v'u; is non-zero
for at least one i as these eigenvectors {u;} form a basis of R". As a result, v/ f(G)v > 0. O

Proof of Proposition 5: We first show identity (17). In the proof of Proposition 1, we show
that the equilibrium profit, which equals (M (a — p*), p*), can be rewritten as

I1*(G; 8,6, L) = (a, ®77(G)a),

where

(1+(L—2)—=02)(1—p—dz)
(1+(L—-1)B—062)(2+ (L —3)8—202)?

Note that when z = d, ®77(d; 3, 6, L) exactly equals % X Ilyeq(d; 0, 8, L) in (13). The identity then
just follows from Lemma 2. Using Lemma A2 and the same argument in Section B, we can determine
the signs of OIl,c4(Ni; 6, 8, L)/OL and OIl,¢q(Ai; 9, B, L)/0d. Specifically, for any \; € Spec(G), we

have

(2 8,6,L) =

OMyeq(Ni; 6, 3, L) JOL < 0,

and
Hre )\i; 57 7L . .
0 g<8(5 5. L) > (<)0if and only if L < (>)x <1 —ﬁé)\) ,
The rest of the proof follows from the discussion in the main text. O
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Online Appendix

A Matrix notation, Katz-Bonacich centrality and some prelimi-
nary results

Matrix notation. Let A’ denote the transpose of matrix A. I,, is the n x n identity matrix, J,,,
is the m x n matrix with 1’s, and 1,, = J,1 is a column vector with 1s:

1 ... 0 1 ... 1 1
0 --- 1 1 ... 1 1
nxn mxn nx1
The inner product of two column vectors x = (z1,--- ,2,) and 'y = (y1, - ,yn)" in R™ is denoted

by (x,y) =Xy = >, z;y;. We use 0 to denote the zero matrix with suitable dimensions. For any
two matrices A and B, A < (>)B if component-wise a;; < (>)b;; for all i, j. Consequently, A is
a positive matrix if A > 0. A square symmetric matrix A is called positive definite if all of its
eigenvalues are strictly positive.

Katz-Bonacich centrality. Let us define the Katz-Bonacich centrality. Denote by A1(G) the
spectral radius of matrix G. Since G is a nonnegative matrix, by the Perron-Frobenius Theorem
it is also equal to its largest eigenvalue.

Definition A1l. Assume 0 < § < 1/M\(G). Then, for any vector a = (a1,--- ,a,) € R", the
Katz-Bonacich centrality vector with weight a is defined as:

b(G,d,a) := M(G, d)a, (A1)
where
M(G,d) = [1-46G]' =T+ G, (A2)
k>1

Let bj(G, 6, a) be the ith entry of b(G,d,a). Let m;;(G, &) be the ij entry of M(G,6). Then,

bi(G,6,a) = > my;(G,d)ay.
J

Some preliminary results. We would like now to present some results: Lemma A1l and Lemma
A2, which will be used in the proofs in the Appendix.
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Lemma A1l. Suppose § € [0,1) and L > 1. Define the L x L matriz ¥ as:

1 B8 - B
g8 1 --- B
U=\ . (A3)

/8 - /8 1 Inl

Then (i) the matriz ¥ is positive definite. (i) For a > 0, the function

1 L 1 L ﬁ L
v(x) = ax'1y — §x’\le = a(Zaﬁt) b (zh)? - 5 szswt, x=(a',--,a") e RV
t=1 t=1 t=1 s#t
has a unique mazximizer at x* = 1 with the mazimum value v(x*) = W@)Q, where

-, a

L= 1F@-n5-

Proof of Lemma A1: The eigenvalues of ¥: 1— 3 (with multiplicity L—1), and 1+ (L—1)5 (with
multiplicity 1), are strictly positive, and hence W is positive definite. The FOC of maximizing v is

just al;, = ¥x* which, by symmetry, leads to: x* = a® 11} = WIL' Since v(-) is strictly

I+
concave by (i), x* is the unique global maximizer. Substituting x* into v(-) yields the maximum

value. -

Lemma A2. Under Assumption 2.

(i) For any \; € Spec(G),

1—B—-XNd>0, 1+(L—1)8=X6>0, 1+(L—2)8—X6>0, 2+ (L—3)8—2X\5 > 0.

(i) The following matrices are symmetric and positive definite:
[(1-B)L,=6G] ™, [(I+(L-1)B)L,—8G] ™, [(1+(L~2)8)L,—0G] ™", [(2+(L—3)B)L,—26G] .

Moreover, for each matriz above, every entry is nonnegative.

Proof of Lemma A2: (i) Note that \; is the largest eigenvalue in Spec(G). So A; < A1, implying
1—8—-X6>1—08—X1d >0 by Assumption 2. Moreover,

1+ (L-1)8-Ad>1+(L—-2)8-Ad=(1—-8—-X\d)+(L—1)B>0
>0 >0

and
24+ (L=3)8—-200=(1—-8—-X0)+ (14 (L —-2)8—\d) > 0.
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(ii) The eigenvalues of [(1 — 8)I, — 6G]~! are precisely TI*MS’ where \; € Spec(G). Since

ﬁ > 0 by part (i), [(1 — 8)L, — 6G]~! is positive definite. The nonnegativity of the matrix

follows from

_ 1 d 1 5
(1= AT, ~ 6G] 1=1_5M<G,1_5>=1_6§<1_5>Jcﬂzo.

The proofs for the other three matrices are similar. ]

Lemma A3. Define
h(B,1):=2+3(1—3)3—6(1—2)3> — (I3 —21*> — 214+ 5)3. (A4)

on the domain O = {(B,1) € R?|3 € [0,1],1 > 1}. There exists a continuously differentiable and
strictly decreasing function x() : [0,1] — [1,00) of B with x(1) =1, limg_,o+ x(B) = oo such that

h(B,1) > (<)0 if and only if 1 < (>)x(B). (A5)

Proof of Lemma A3: We complete the proof in several steps.

First, we show that for each [ > 1, there exists a unique number 5*(1) € [0, 1] with g(5*(1),1) =
0. The existence of such a root * follows from Mean Value Theorem, as ¢(0,l) = 2 > 0, and
g(1,1) = —1(I — 1)? < 0. To show the uniqueness, we need to check the first and second derivatives
of h:
hs(B,1) = 3(1 —3) — 12(1 — 2)3 — 3(1* — 21* — 21 + 5) 52,

with hg(0,1) = 3( — 3), and
hps(B,1) = —12(1 — 2) — 6(1> — 21> — 21 + 5) 3.
Also note that for I > 1, the coefficient of 33, —(l3 —202 -9l + 5), of g is negative as the minimum

value of I3 —2[2 — 2l +5 on [ € [1,00) is about 0.73 > 0 at [* ~ 1.72076.

(i) When | > 3, hgg(B,1) < 0 for any € [0,1], so h is concave in §. Moreover, hg(0,1) =
3(1 —3) > 0, so h first increases , then decrease with §. Since h(0,1) =2 > 0, h has a unique root
on [0,1].

(ii) When 2 <1 < 3, hg is negative for any € [0, 1]. Thus, h is strictly decreasing in /3, which
implies uniqueness.

(iii) When 1 < I < 2, recall that —hg/3 = ((I° — 21> — 20 + 5)3* — 4(2 — 1) + (3 — 1)), since
the leading coefficient (I3 — 2I? — 2] +5) > 0, and the discriminant

D= (—4(2-1))*—4(> = 2> =21 +5)(3 1) =4(1 - 1)* (1+1*>-3]) <0,

————
<0, given 1€(1,2)
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Figure A1l: The cutoff curve 5*(1): below (above) the curve, the function h in Lemma A3 is positive
(negative).

So ((1*—21* =20 +5)3% —4(2— 1)+ (3—1)) > 0 for any 8 € [0,1], and therefore h is strictly
decreasing in 8. This implies uniqueness.

(iv) When [ = 1, h(B3,1) = 2(1 — 8)3, so the unique root is *(1) = 1.
The analysis above also shows that

g(B,1) > (< 0) if and only if 8 < (>)8*(1).

Clearly *(1) is continuously differentiable in . Moreover 5*(1) = 1 and 8* — 0" as | — oc.

Second, we show that for each fixed 5 € (0,1], there exists a unique x*(3) > 1 such that
h(53,1*(8)) = 0. To this end, we write h as

B(B.1) = 2(1 — B)° +36(1 — B)2(1 — 1) — (1 — 1)? — 31 — 1)%.

Again the existence of such as [*(3) follows from mean value theorem, as g(3,1) = 2(1 — 8)% > 0
and g(f,00) = —o0. To show uniqueness, we check that

hu(B,1) = =262 —66%(1—1) <0 (asl>1)

and

h(8,1) = 38(1 - B)* > 0.

Therefore, h(f3,1) is concave in [, and it is positive for small [, first increases with [, and then
decreases with [. So the solution to {l : h(8,1) = 0} is unique. Clearly, x*(8) is continuously
differentiable in 8. The analysis above also shows that

9(8,1) > (< 0) if and only if I < (>)x*(8).
Third, combining with both observations about f*(I) and x*(5), it is immediate that §*(I) is

the inverse function of x*(f), and vice versa. In particular, both curves are injective, and hence
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monotone. In Figure A1, we plot the cutoff curve 5*(-), which is indeed decreasing with [. The
curve x(-) is just the inverse function of such 5*(-), and hence it decreases with 3.1 O

B Regular networks

In this Appendix, we focus on regular graphs.

Definition B1. A network G is called reqular with degree d if every node has the same degree d,
i.e., D ien 9ij = d,Vi € N. Equivalently, Gly = dly.

B.1 Equilibrium prices
For a regular network, G1 = d1y. Using (31), we obtain the following equilibrium prices:

p* = a[(2+4 (L —3)B8)Ix —20G] ((1 - B)Iy — 6G)1y
B (1— 8 —dd) B 1

—a———1y.
O (@ —-3)5-20a " a2+ffgi)£l N

Set a = 1 in (B6). Then, we obtain the following common equilibrium price (mark-up) for regular
networks with degree d:

Pi = Pj = Preg "= 57 (1 —3)5 — 26d 2+ffgi>§;€(’2}

(B6)

Indeed, since the Katz-Bonacich centrality measures are the same for all nodes in a regular net-
work, every consumer gets the same equilibrium price. Note that m X (1 = pre,) is each

consumer’s equilibrium demand while 554 is the corresponding market expansion social

1
TF(=1)
multiplier. Indeed, for a regular network, G1y = d1, and therefore

1
1n.
1+ (L-1p—0d "

MT1y =

This term decreases with L and (3, and increases with § and d. For a regular network with degree
d, each firm’s equilibrium profit is then equal to:

I = n(l - p::eg)p:eg (B?)
reg T 14 (L—1)B—dd
"For | = 1,2,---,10, 8*(l) is about 1.0, 0.596072, 0.45541, 0.369902, 0.311759, 0.269522, 0.237411, 0.212159,
0.191773, 0.174969, respectively. Conversely, for 5 = 0.1,0.2,--- ,1.0, the threshold x* (/) is about 18.5628, 8.57185,
5.24991, 3.59808, 2.61803, 1.97933, 1.54419, 1.25, 1.07078, 1., respectively.
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B.2 The effects of market and network structure on equilibrium prices

By differentiating the equilibrium price in (12), we easily obtain:?

OPjey <0, OD}eg <0, OPreg <o
a6 od oL
Thus, for a regular network with degree d, only Proposition 2 (i) occurs and prices decrease with
L for all nodes, i.e., ag’"L"‘g < 0. Moreover, by Proposition C2, equilibrium prices (mark-ups in our

setting) for a regular network always lie above zero.?

B.3 Equilibrium market structure with free entry

Proposition B1l. Consider a regular network with degree d. The number of firms L¥F* in the
free-entry equilibrium decreases (increases) with § when the entry fee f is sufficiently small (large).
More precisely, there exists a threshold f such that

8LFE* B
55 (<)0 if and only if f > (<)f.

This result is a direct consequence of Corollary 2. Note that f = IT%, (d; 3,6, x (1%11))

reg

C Perfect competition

Regardless of the network structure, the equilibrium price must go to zero in the perfect competition
limit.
Proposition C2. For large L, we have:

(1-B)1, - 6G1,

. _ -2
p* = 73 +O(L7?) (C8)
or equivalently, for each i € N,
1 - ,8 - 5dl -2
b= O (©9)

As L — oo, p; converges to 0, for any G, 46, 3.

Proof of Proposition C2: Using the Taylor expansion of the equilibrium prices (10) in Proposi-
tion 1 at L = oo, we obtain the following result p* = % + O(L~?), which proves (C9).
In particular, as L — oo , clearly we have p* — 0. O

?Indeed, since ﬁ strictly decreases with d, d and L, the results immediately follow.
1—B—6d
3For a regular network with (common) degree d, A1 = d and Assumption 2 reduces to 1 — § — dd > 0. So

Assumption 2 rules out case (ii) in Proposition 2.
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Recall that we normalize the marginal cost to be zero, and prices here are mark-ups. Also, for

large L,
op: 1—B—6d;
a]z ~ (1= 5 —0di) ng ), (C10)
D General welfare analysis
Define the following rational functions:
EX . _ (1+(L—-2)8-142)
O8O L) = AT+ (L= 3)F = 207) (D11)
PT . — (1+(L—-2)B—-0dz)(1 - —6z)
o@D = AT oD@t (L= 3)F 202
(o) = HF (5 “ D 165x .0, 1)),
¢"™(28,6,L) = ¢°°(%8,6,L) + Lo"T (28,6, L).

Proposition D3. Suppose Assumption 1 and 2 hold. Then, for any L > 2, the equilibrium
consumption for each product is given by:

x*(G; 8,0, L) = 6" (G; 8,0, L)(a — c)
while each firm’s equilibrium profit is equal to:
IT*(G; 8,6, L) := ((a—¢),¢""(G; 8,6, L)(a - c)).
Furthermore, the total consumer surplus is equal to:
CS*(G;B,6,L) := {(a—c),¢“%(G; 8,6, L) (a — c)).

while the total welfare, defined as the sum of the consumer surplus and the equilibrium profit, is
given by:
TW*(G;8,8,L) == ((a—c),¢"" (G 8,6, L)(a — c)).

The functions ¥ (), o7 (-), 0“5 (), and ¢V (-) are defined in (D11).

This Proposition directly follows from the equilibrium prices characterized in the main text,
hence we omit the formal proof. Applying Lemma 2, we have the following decompositions of the

consumer surplus and total welfare:

(a—c)

W>)2 (D12)

CS*(Gvﬁ’ 55 L) = Z ¢CS()‘1';6757 L) X (<u’ia
A €Spec(G)
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and

TWHGAGL) = 3 6™V (Ni8,6 L) x (s, By (D13)
VN
XiE€Spec(G)
where Spec(G) = {A1, -+, An} is the set of eigenvalues of G, and u; is the corresponding normal-

ized eigenvector.

The comparative statics exercises of the consumer surplus and total welfare follow a simi-
lar analysis to the one we did for the firm’s equilibrium profit in Section 5. Indeed, by direct
differentiations of (D12) and (D13), we obtain:

0CS*(G; 3,6, L) Z ¢S (\i; B,0,L) y (a—c)

o = o ()2 (D14)

Xi€Spec(G)

and

(a—c)
x ({(u,
oL ((us, "
Therefore, we can analyze the effects of competition L on the consumer surplus and total welfare

CS Ccs
by computing the sign of %—L, %—L, respectively, at the eigenvalues. We first analyze welfare when

3L = )% (D15)

Ai€Spec(G)

the networks are regular.

total TW(red), CS(blue), total TW(red),CS(blue),
20}

14

. . . v I:nb of fi . , . . , .
5 10 15 20 2 3 . s 5 I:nb of firms

Figure D2: TW (in red)/CS (in blue) curves as aFigure D3: TW (in red)/CS (in blue) curves as a
function of L. function of L.

Example 1 (cont.) Under Assumption 3, we plot the consumer surplus and total welfare for the
regular networks.

(i) When the network effect is relatively small,* both consumer surplus and total welfare are
increasing in L; see Figure D2.

(ii) When the network effect is relatively large,” both consumer surplus and total welfare are
inverted U-shaped in L; see Figure D3. Interestingly, as illustrated by Figure D3, perfect

“In Figure D2, we set a = 1,6d = 0.3, 8 = 0.3
5In Figure D3, we set a = 1,dd = 0.63, 5 = 0.3
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competition does not maximize the consumer surplus, as the consumer surplus first increases
in L, then decreases in L. These non-monotonicity results are likely to be driven by strong
network effects and market fragmentation effects so that an oligopoly market structure, instead
of perfect competition, can generate the highest consumer surplus.

Using the results for regular networks, and the decompositions in (D14) and (D15), we can
easily derive the welfare comparative-statics results for non-regular networks following the similar
steps used in Section 5 for firms’ profit.

E Additional results

E.1 Impact of network density and/or the strength of network effects on equi-
librium prices

Proposition E4. Suppose that Assumption 3 holds and the number of firms L is fized. Then,
increasing network density G or the strength of network effects & decreases the equilibrium price
for all consumers. Formally, suppose G' = G”, and ' > 6". Then we have

p*(G/’(s/) j p*(G”,(S”).

Proof of Proposition E4: With Assumption 3, which assumes that ¢ = 0 and a; = a for all 4,
the equilibrium prices are given by:

> 52+ (L= 3)8)Iy — 20G] "1y,

by using the formula in the first row of (31). Note that

[ SR (RN L
[(2+ (L - 3)8)Ly — 20G] (2+(L—3)5>§<2+<L—S>ﬁ) “

When G’ = G”, and ¢’ > ¢”, clearly,

1 —1 1 20 7 15
@8y =2 <2+<L—3>ﬂ>§(2+@—3)ﬂ) «
S > (2(5”)] G" =[(2+ (L —3)B)Ix —25"G"L.
T RHE-3B) g \2+ (L -3)8
Consequently, p*(G’,d") < p*(G”,d"). O
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E.2 TImpact of network density on equilibrium profits

Proposition E5. Given two network structures G’ and G" with G' = G”, there exist cutoffs L
and L such that®

(i) For any L < L, TGV 8,6,1) > TI*(Q: 3,6, L):
(ii) For any L > L, 1I*(G';8,4,L) <II*(G"; 3,9, L).
Proof of Proposition E5: We assume G’ = G”. When L = 1, II*(G; 3,6, L = 1) = ta/[Iy —

5G]~ la is monotone in G; in other words, IT*(G’; 3,6, L = 1) > II*(G"; 3,6,L = 1) as G’ = G”.
By continuity, we obtain part (i). Using the following Taylor series expansion of ®*7 at I = oo:

1-8—-6z) 1

we obtain (1B 5G) 1
* - N — —
I (Gvﬁ)év L) = <a7 52 ﬁa> + O(L 3)'
Therefore,
"
(G 6,0,0) (@ 5.0.0) = (a8 2 Fay o),
<0, as E}r’ - G
So, for sufficiently large L, IT*(G'; 3,0, L) < ITI*(G”; 3, §, L), which proves part (ii). O

Increasing network density generates a similar rotation of the profit curve, as shown by Propo-
sition 3 (for regular networks) and Propositions 5 and E5 (for general networks). As above, these
results are due to the fact that there is a trade-off between the price effect and the social multiplier
effect. When L, the number of firms, is small, the latter dominates the former and firms benefit
from an increase in network externalities ¢ and in network density. When competition becomes
very fierce because L is large, increasing § or network density decreases profit because the negative
impact on prices is stronger than the positive network effect.

E.3 Heterogeneous firms and asymmetric products

Here we present the equilibrium prices with asymmetric firms.

Proposition E6. Suppose that Assumption 2 holds. Then, there exists a unique equilibrium in the
pricing stage in which each firm 1 € L chooses p' such that:

p* =c +H(Ea—¢)+D((a —a) - (c' —¢)) (E16)

where H and D are given by (21).

5These thresholds depend on G/, G”, 8 and 4.
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Proof of Proposition E6: With asymmetric firms, we can characterize the consumption equilib-
rium (CE), for a fixed price profile p, as follows

1 11
x'(p) B A ... Bl[® P
xp) =1 |[=1]. . . . : (E17)

. S

x"(p) BB ... Al P

where M+ M- Mt M-
L—1)M~ - M-

A= +(L )  B=——

Here M and M~ are defined in (3). This result generalizes Lemma 1. The proof directly follows

from Theorem 3 of Chen et al. (2018b), hence is omitted. Given this CE, we study each firm I’s

l

optimal price decisions. Each firm I’s profit is 7! (p’, p~!) = (x!(p!, p7!), (p' —c')), where x' is given

above. The FOCs for firm [ yield are

Xl I =1 /
X (plp ) = (PR el

Collectively, the equilibrium price profile P* solves the following;:

A B - B 1 _ lx A0 - 0 I _ ol
B A ... B|]|* P 0o A ... o||P €
' =|. . . . : - (E18)
S L _ L« S Lt _ oL
BB ... Al P 0 0 Al

The solution p* to (E18) is unique as the coefficient matrix is positive definite, hence invertible.
Though this linear system is of high dimensionality, it can be solved by exploiting the special
structure of the underlying coefficient matrix. First, we note that (E18) implies that

M* +(L-1)M! _

(A+(L—1)B)@a—p) = A(p" —c) = : (3 —c),
=M+
1%
where p* = Zlefﬁp is the average price. Solving it yields
p*—c=H(a—q), (E19)

where H = MT[M* + A]~!. After some algebra, H can be simplified to the form given in (21).
Also, (E18) implies that, for two firms s # ¢,

(A - B)((a’ —p™) ~ ('~ p")) = A((P™ — ") ~ (" — ).
v
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After some tedious calculations, we obtain

(p™ —c) = (p"" —¢') =D (a" —a') — (c" —c)), (E20)

=Ast

where D = M~[M~ + A]~!, after some algebra, is reduced to the form given in (21). Combining
(E19) and (E20) yields the equilibrium prices as given in (E16). O

E.4 Product compatibility

We first state a similar condition as Assumption 2 to make sure M+ and M~ are well-defined.

Assumption 2 §>0,0<8<1,0< <4, and’

(1+(L—1)8)— (6+ (L - DA (G) >0, 1—8—(5—pu(G)> 0. (E21)

We have the following characterization of the symmetric equilibrium prices, which is a gener-
alization of Proposition 1.

Proposition E7. Suppose Assumptions 1 and 2’ hold. With partial product compatibility, there
erists a unique equilibrium in the pricing stage in which all firms charge the same price p* defined
as follows:

b= 2t LD 1G4 ()01, — (204 (L-3)G] ac).  (E22)

L(+B(L-1)) <5i>s<7 )~(*>,

In equilibrium, each firm’s profit is II* = (x*, (p*—c)), and the total consumer surplus is 5

where X* = 1\7I+(a —p*) € RN is the each firm’s demand in equilibrium.

Proof of Proposition E7: The first order conditions for the consumer i’s consumption decision,
maxy, U;(X;, X—;) — (Pi, X;) yields

aj —pf =2t = B al+6) gai+p) > giyait =0 (E23)
t#s j#i t#s j#£i

for all i € N/, s € L. The consumption equilibrium is the solution to the above linear system. Note
that by Assumption 1, aj = a; for any s. Summing over s in (E23) and simplifying yield

a—p—(1+4(L—1)X" +GX" + u(L —1)Gx" =0,

"Note that (E21) immediately implies that 1 — §A;(G) > 0.
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x*=[(1+(L-1)B)L, — 0+ (L-1)p)G] " (a—p).

=M+

Here p is the average price, and X* is the average consumption. Comparing the conditions for firm
s and firm ¢ in (E23) yields,

x' —x* = —[(1 - B)L, — (6 — p)G] *(p' — p*).

=M~

Define

- Mt EERLY e + _ M1
A_MIHE DM L NN
L L
where M* and M~ are defined in (23). Then we have A + (L —1)B = M™* and A —B = M.

For a fixed price profile P, we can fully characterize the consumption equilibrium (CE) as follows

xp)=| : |=. . || | (B24)

<®)] |15 5 .. al —p*

T >
p-2Wws]

o
S

Using a similar argument as the proof of Proposition 1 and condition 9, a symmetric price p*
must satisfy the following conditions
Mt 4 (L —1)M~
T )] (E25)

M*(a - p*)

Solving it yields the p* = c+M*[M* + wrl(a—c), which can be simplified to the form
stated in (E22) in Proposition E7. The formulae for firm profit and aggregate consumer surplus

follow immediately. O

F Optimal network structures

Proposition F8. Let G denote the set of networks with n nodes: G = {G € {0,1}"*" : g;; =
0,9i; = gji}-

(i) Under any market structure, among networks in G, the consumer-optimal network is the
complete network.

(ii) Fixz the number of firms L. Then, the firm-optimal network is given by:

(iia) When L < x(B), there exists § > 0 such that, for any 0 < § < &, the firm-optimal
network is the complete network.
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(iib) When L > x(B), there exists § > 0 such that, for any 0 < § < g, the firm-optimal
network is the empty network.

Proof of Proposition F8: (i) By Lemma Al, each consumer’s equilibrium utility is equal to:

w(xf)z, for each ¢, while the equilibrium consumption x* = (xf,---,2}) is given by

x* = M*(a — p*). The rest just follows from the discussions in the main text.®

(7i) When ¢ is small, each firm’s equilibrium profit is equal to:

x _ (1+(L=2)8)1-5)
e = arz-vae+a-987
+52+3(L—3)ﬁ—6(L—2)52—(L3—2L2—2L+5)B3
(I+(L-1)B)*2+ (L —3)B)?

(a,a)

(a,Ga) + O(5?)

which follows from the following Taylor series expansion of ®T at § = 0:

Consider two networks G’ and G”,

i=h(B,L)
2+3(L—3)8—6(L—2)p%— (L®—2L*> — 2L +5)3°
(1+(L-1B)*2+ (L -3)8)°

>0

I*(G)-II* (G") = §

(a,(G'=G")(a))+0O(5?)

Note that (a, (G’ — G")(a)) = 3_, ; aia;(g;; — gi;) is positive whenever G’ = G” (i.e., gj; > g;; for
any 1,7, with strict inequality for some i,j). The sign of h(f3, L) is given by Lemma A3. When
L < x(B), h(B,L) is positive, and therefore increasing network density generates a higher firm

profit: IT*(G') — IT*(G”) > 0 for small ¢, whenever G’ = G”. This shows case (iia). The proof of
case (iib) is similar. O

8By the same argument, consumer surpluses increase with ¢ for any G and L.
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