UNIVERSITY OF
Southampton

University of Southampton Research Repository

Copyright © and Moral Rights for this thesis and, where applicable, any accompanying data are
retained by the author and/or other copyright owners. A copy can be downloaded for personal non-
commercial research or study, without prior permission or charge. This thesis and the
accompanying data cannot be reproduced or quoted extensively from without first obtaining
permission in writing from the copyright holder/s. The content of the thesis and accompanying
research data (where applicable) must not be changed in any way or sold commercially in any

format or medium without the formal permission of the copyright holder/s.

When referring to this thesis and any accompanying data, full bibliographic details must be given,

e.g.

Thesis: Author (Year of Submission) "Full thesis title", University of Southampton, name of the

University Faculty or School or Department, PhD Thesis, pagination.

Data: Author (Year) Title. URI [1]






University of Southampton

Faculty of Engineering and Physical Sciences

School of Engineering

Control of 3D Sound Scattering based on Decomposition into Spherical Harmonic

Components

DOI: https://doi.org/10.5258/SOTON/T0045

by

Mihai Orita

MEng Acoustical Engineering

ORCiD: 0000-0001-7307-0497

Thesis for the degree of Doctor of Philosophy

July 2021


https://www.southampton.ac.uk/
https://doi.org/10.5258/SOTON/T0045
http://orcid.org/0000-0001-7307-0497




University of Southampton

Abstract

Faculty of Engineering and Physical Sciences
School of Engineering

Doctor of Philosophy

Control of 3D Sound Scattering based on Decomposition into Spherical Harmonic
Components
by
Mihai Orita

This thesis explores the active control of sound scattering from finite 3D structures using series of
spherical harmonic components to describe the involved physical quantities. The investigation is
theoretically focused and attempts to establish a framework for modelling complicated 3D sound
scattering behaviour. An idealized approach is first explored where all variations of relevant physical
guantities are known at all moments in time. This involves solving partial differential equations for
an exterior impedance boundary-value problem and is done for two different models surrounded
by an idealized fluid. One model is the uniform, locally-reacting impedance sphere, which is
characterized by a radial wave impedance on the separation boundary that does not change with
frequency, does not exhibit modes of dynamic motion, and is independent at each point on the
boundary from all other points on the boundary. The other model is the thin, uniform, empty,
elastic spherical shell based on Love’s first approximation and is characterized by a wave impedance
on the separation boundary that has the opposite three properties of the previous model. Idealized
active control approaches based on spherical harmonic components are explored for the two
scenarios when using a small number of secondary control sources to suppress the scattered sound.
For simplicity, the incidence that produces the scattering is chosen as a single monochromatic
plane-wave. The common constraint of ‘least mean squares’ minimization is used for the scattered
sound power. Predictions are realized for the scattering behaviour before and after power
minimization using the spherical harmonic components, specifically at low frequencies, where the
chosen active control produces the most significant suppression. These predictions confirm that
the minimization with one or two control sources is similar to completely cancelling the first and,
respectively, first two most dominant spherical harmonic components of the scattered sound in
which the secondary also couples the best. The next component in the sequence is left as a residual
after control, either enhanced or suppressed. With more control parameters to optimize,
increasingly more of the dominant components in the scattering can be suppressed, depending on
the order in the sequence of which is most dominant and coupled best into. A practical-oriented
control approach is also explored, which relies on measurements of the incidence plus scattering
at discrete locations, but on no prior knowledge of the scattering. This takes the form of velocity
feedback control and is based on Bobrovnitskii's method for modelling scattering, but translated to
modal components, i.e. the spherical harmonics, rather than elemental components in space. Such
active control is found to change the loaded impedance of the shell when excited with forces and
measured with velocity sensors. The first few structural resonances can be dampened using this
approach, which results in some reduction of the scattered sound at these frequencies.
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Chapter 1

Chapter1 Introduction

We humans have been around on planet Earth for some time, and we have progressively come to
possess more and more knowledge about our surroundings. From using our senses to notice that a
human body floats in a bath of water or that an apple falls from a tree in a certain way, to building
advanced tools that have allowed us to discover the microscopic and astronomic worlds beyond
those senses, humans have conquered many of nature’s puzzles. And the fundamental building
blocks that form the pillars of this pursuit for understanding generally comprise a phenomenon, i.e.
an entity that generates information, an observer, i.e. an entity that can receive information, and a

method for interpreting information that was observed.

Reality and existence seem to revolve around the creation and transmission of information. If no
information is generated, then no observation can take place. Likewise, if there is no way for the
information corresponding to a phenomenon to reach an observer (e.g. hill obstructing radio
antenna) or if the observer does not have the means to receive that information (e.g. a microscope
or a telescope), then the occurrence of the initial phenomenon remains unknown to them, as if it
never happened. Further still, even if received, information must still be interpreted by the
observer, for example, humans can see that the clear sky is blue during the day, but further insight
is required into the meaning of what blue is. A crucial concept for understanding the observation

and interpretation of physical phenomena is the wave.

A wave is defined as the oscillatory behaviour of a physical entity as time progresses, or, in other
words, the motion of a physical entity varying periodically from one side to the other of a mean
position. Mathematically, a wave can be described using a sinusoidal function of time and position
in space. Under certain conditions, elaborate physical behaviour can be described mathematically
as a combination of waves, which was demonstrated by the famous work of Fourier and its
consequent developments. This is done by expressing a complicated function of time as a sum of
sinusoidal components of time corresponding to all possible periods of oscillations, called
frequencies. Each sinusoid is weighted in the sum by a scaling factor that results from the inherent
nature of the initial complicated function. Since its inception, this method of interpreting elaborate
physical behaviour based on decomposing it into a spectrum of well-defined, simple components
has paved the way for subsequent scientific discovery, and is currently used beyond just sinusoidal
functions of time in applications ranging from nuclear physics, to dynamics of engineering

structures, and to image processing.
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Chapter 1

Scatterer

Figure 1-1 Short-duration mechanical disturbance containing single-frequency plane-wave on
surface of water that approaches and interacts with round obstacle of small size
relative to the wavelength of the disturbance. Two frames shown, an early one (at time
t;) and a later one (at time t,), from video recording [2] of water wave experiments in

ripple tank.

Wave behaviour innately has energy associated with it, whether it be nuclear, electro-magnetic,
thermal, mechanical or gravitational. Some waves, for example those that constitute sound or light,
can propagate and ‘carry’ energy across distance and time under certain circumstances. However,
from a more abstract perspective, travelling waves are not just carriers of energy but are also
carriers of information corresponding to the phenomena that generated them. Likewise, all the
interactions a travelling wave has along its path with other entities creates new sources of
information. This can be observed in Figure 1-1, which shows the interaction between mechanical
waves travelling on the surface of water towards a small, round obstacle, which was recorded
during a ripple tank experiment. The initial disturbance (incidence), composed of a single-frequency
plane-wave, reflects back from and diffracts around the obstacle while putting it in mechanical
motion, thus creating new behaviour in the initial propagating medium, which is denoted as
scattering. The nature of the scattering is governed by the physical properties of the obstacle, the
water and their physical connection, as well as by the size of the obstacle relative to the size of the
spatial variations corresponding to the frequencies of oscillation in the initial disturbance, which
are denoted as wavelengths. At certain frequencies, a finite-sized object can be put into large
amounts of motion called resonances depending on its material properties, which in turn would

drastically change the generated scattering.
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Scattering can play a crucial role in the transmission of information to an observer and, hence, the
detection of a phenomenon. This is demonstrated very well by light, which represents a
propagating oscillation of particles called photons, and the workings of human sight. In the
presence of a light source such as the Sun, objects on the planet Earth interact with this light and
scatter it to be picked up and interpreted by human eyes, resulting in the visual images that humans
perceive. The colours are perceptual representations of the different frequency components which
make up the oscillations of the particles in light. In the absence of light on Earth, humans perceive
pitch black as nothing would be visible; however, this does not fully happen as light from the Sun
still reaches the planet as very low-intensity scattering from other cosmic bodies such as the Moon.
Furthermore, a human that is blind cannot be aware that the Sun exists through interpreting
sources of light, but can reach that awareness from receiving, interpreting, and contextualizing
other types of information, such as temperature changes between night and day or explanations

from other humans.

Figure 1-2 Bat using echolocation to find prey in the form of a species of butterfly (Danaus
chrysippus). Structure of butterfly wings absorbs the sound waves helping it avoid
detection [1]. Graphical elements for icons, bat, butterfly, and natural environment

used from [3].
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Another example is echolocation, where certain animals such as dolphins and bats have respective
anatomical features that produce and detect ultrasound (high frequencies), which represents a
propagating mechanical oscillation of matter (well-defined mass and volume). Monitoring the
echoes (reflections) produced by objects given a certain emitted sound allows these animals to
have an extra sense of their surrounding environment. Furthermore, certain species of moths and
butterflies have evolved to counteract the echolocation properties of their main predator - bats
(see Figure 1-2). Recent studies have found that geometrical patterns in the wing structure of these
insects allow them to absorb up to approximately 70% of the ultrasound frequencies specifically
emitted by the bats that hunt them, frequencies which play no role in the hearing or any other
function of the insects [1]. This significantly decreases the amount of scattering from the prey and,

thus, increases the chance of it being undetected.

The cases described above show that the game of generating and detecting information is prevalent
in the natural world. The presence of an object can be hidden to an observer by completely
suppressing any scattering behaviour that is generated by it. Alternatively, the scattering behaviour
can be significantly altered to render the observer either unable to adequately detect/interpret this
information, or make them perceive an illusion. Furthermore, representing and analysing elaborate
behaviour based on simple components such as waves can play a very important role in this game
of hide and seek. However, when it comes to humans, mastering the understanding behind such

phenomena and concepts does not represent the finish line.

Beyond the pursuit for knowledge, we humans also strive to manipulate and control our
surroundings like no other creature on planet Earth. This has pushed us towards great
achievements where we have conquered immense obstacles and adverse circumstances, for
example, the realization of planes, rockets, tunnels that cross mountain ranges, and dams that
harness the motion of rivers. Thus, an interesting question can be brought forward. Can humans
interfere with reality to make things seem as they are not? Or, more specifically, can additional
intervention make some random scattering object interact with incoming physical phenomena or
their components such that the object is made to appear as something else or non-existent to an

observer?

34



Chapter 1

1.1 Acoustic scattering and cloaking: an overview

Mechanical wave motion represents the oscillatory variation with space and time of matter that
has been disturbed from rest. When describing the matter as a continuum, the motion at each point
in it is represented through macroscopic physical quantities such as force, pressure, displacement,
velocity, acceleration, stress, and strain. Mechanical waves cannot occur in a vacuum and can travel
through mediums. The propagation manifests either as a fluid/solid going through cycles of
compression - extension in the same direction as that of travel, or as a solid going through cycles of

deformation in the direction perpendicular to that of travel.

When a finite or infinite-sized entity made of matter, fluid or solid, is mechanically excited with a
force, the resulting motion is governed by the mechanical properties of the matter making up the
object and any other matter surrounding the entity. The amount of opposition to motion generated
by the propagation medium in response to the force is described through the concept of
impedance. Impedance is a physical quantity used to measure opposition, and, in the case of
mechanical waves, it is typically defined at a point in space as the ratio between the magnitude of
the applied force and the magnitude of a quantity representing the generated motion, such as

velocity in a given direction, for example.

Figure 1-3 2D view of 3D spherical boundary (solid line) either: moving in all outward/inward
directions by the same amount — breathing mode (left), or moving back and forth on a
single axis — translational mode (right). Lamb [4] shows that, at low frequencies, when
a scattering body surrounded by a fluid does not compress or translate in the same

way as the same volume of fluid occupying its space, these two modes appear.
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Following the line of thought used in the concept of Fourier analysis, but applied to variations with
space rather than time, the elaborate motion of the entity can be described as the combination of
an infinite number of well-defined, simple functions of space, under certain assumptions. One
set/spectrum of such shapes is denoted as the modes of motion and represents the spatial
variations the entity is most likely to exhibit when moving as a result of its geometry and mass
distribution. Depending on other material properties, some of the modes can be resonant and
display a large amount of motion when excited with a force of specific characteristics, such as
frequency of oscillation. For some entities, the motion of some modes is interconnected to that of
others; however, under certain assumptions such as linearity, any set of modes can be
mathematically mapped to another set of fixed velocity distributions that move independently from
each other [5-7]. This can be done both for an object that creates outward propagating motion,
such as a piston or scatterer, and an object generating motion within an enclosed volume, such as
air in a room or duct. Two common example of independent mode shapes are a finite 3D object
moving by the same amount in all directions of 3D space or the whole object moving backwards

and forwards on a single axis, as shown in Figure 1-3.

At fundamental level, sound is a mechanical wave; however, not all mechanical waves are denoted
as sound. This label is interconnected with the capability of the human ears and brain to detect and,
respectively, interpret mechanical motion in atmospheric air. What is labelled as sound represents
very small pressure variations of specific frequencies about the mean atmospheric one. These
variations span between a lower threshold and upper (pain) threshold that are smaller than the
mean atmospheric pressure at sea level by approximately five billion times and, respectively, five
hundred times. Also, for a healthy, young human adult, the frequency range of these variations is
approximately 20 Hz to 20 kHz; anything higher or lower is not detectable by the human ear, with

the latter being perceived as mechanical motion of the human body.

An important special case of physical behaviour is a linear process, for which superposition applies.
During a such a process, the ‘cause’ is scaled by a constant amount in order to generate the ‘effect’,
i.e. the variations of the involved physical quantities. Furthermore, the overall outcome of multiple
linear operations acting on a set of circumstances is the direct sum between all individual
operations. Linear processes are prevalent in the physical world, one example being most of the
phenomena that involve the generation, transmission, and human perception of sound on a day-
to-day basis. For sound waves in particular, linearity means that the shape of the corresponding
spatial-temporal variations of physical quantities are preserved. In other words, a linear process
does not alter the frequency of an oscillation or the shape of a modal pattern of motion, thus,

making it easier to model mathematically, to obtain physical insight, and to manipulate in practice.
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111 Acoustic cloaking and its applications

Just like other waves, propagating sound interacts with objects made of matter to produce
scattering. Acoustic scattering is an important physical phenomenon in multiple scientific
applications, such as ultrasonic- based imaging [8], shaping the acoustic environments in rooms [9,
10], the effects of scattering from the human head and body on perceived sound [11, 12]. The
suppression of sound scattering relative to an observer detecting it is denoted as acoustic cloaking

and it has specific purpose in several practical applications (see Figure 1-4).

In architectural and room acoustics, the cloaking of certain building structural elements such as
columns, balconies and rafters can prevent them from altering the acoustic environment in an
undesirable way. Thus, the sound quality requirements are effectively separated from the structural

design requirements.

Anechoic chambers are rooms designed to mimic an infinitely large sound propagation volume, in
other words, an acoustic environment unaffected by the presence of the room. This is typically
achieved through special design of the room walls and lining them with acoustic absorptive
material. However, the status-quo for this approach only achieves anechoic conditions in a limited
frequency range. In particular, very low frequency resonances associated with the dimensions of
the room volume are still able to form. At these low frequencies, external energy can be introduced

in the room via loudspeakers to give the walls a degree of acoustic invisibility.

Figure 1-4 Applications of acoustic cloaking: making the columns in concert halls and auditoria to
be sound transparent (image of Hartington Auditorium, Nebraska shown from [13]),
and addressing low frequency room modes in anechoic chambers by making their walls
sound transparent (image of large anechoic chamber at the University of

Southampton, England, United kingdom).
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1.1.2 Acoustic cloaking strategies

Systems that suppress sound scattering have been researched for many years, but in recent times,
the focus has been on such systems that counteract the overall scattering behaviour rather than
specific aspects like backscattering reflections or the shadow due to diffraction. The reasoning
behind this is that detection methods have become more and more sophisticated, as seen, for
example, in the advancements of ultrasound tomography [14]. The current literature on sound
scattering suppression highlights different ways of approaching and solving this problem, which can

be categorised into:

. passive control methods, i.e. manipulate the scattering behaviour by introducing no external

energy,

. active control methods, i.e. manipulate the scattering behaviour by using additional external

energy,

. hybrid control methods, i.e. an optimized combination of passive and active methods for a

given set of circumstances.

Figure 1-5 Metamaterial-based 3D acoustic ground cloaks achieved and tested in practice. Images

recreated from [15] and [16] on the left and, respectively, right.
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The first in the above list involves optimizing characteristics such as geometrical features and
material properties of the scatterer, its boundary and/or its immediate surroundings. For example,
certain shapes or geometrical feature can produce less sound scattering than others, as seen in
[17]. However, relying on shape optimization as a solution introduces an extra requirement when
designing the object or requires the modification of an existing object that may not allow any
alteration. Likewise, objects with certain material properties scatter less when situated in a medium
of certain material properties, as observed from comparing the results in the works [18-22]. Extra
layers of new material can also be added around an obstacle to change its scattering characteristics
[23], which is not as drastic of an approach as modifying the actual design of the object. However,
the properties of currently available traditional engineering materials limit the achievement of
scattering suppression when it comes to either simple types of incident spatial motion, or a broad
range of small wavelength (high frequencies) incident motion. Therefore, more recent research of
passive methods has focused on surrounding the scatterer with layers/coatings of metamaterial
designs. These materials exhibit geometrical structures of subwavelength scale that result in
effective macro properties which are not typically encountered in nature and can lead to
significantly less generated sound scattering [14]. Two current practical examples of 3D acoustic
cloaks made out of metamaterials can be found in [15, 16]. These are illustrated in Figure 1-5.
Results from simulations and experiments show that these designs can provide cloaking over a
broadband range of frequencies that covers, in some cases, all directions of arrival; however, this
is possible only for very specific types of initial disturbances or may rely on the presence of the
ground. Thus, some of the current practical examples are not a robust solution to changes of the

circumstances.

A completely different method of overcoming the control performance shortcomings of traditional
materials is represented by the second item in the above list. Active control is achieved in practice
by positioning sensors in the vicinity of or on the scatterer to capture extra information that is used
to govern the action of additional generators of sound (secondary sources) placed in the scenario,
as seen in Figure 1-6. These generators can be loudspeakers around the scatterer or devices on its
surface that govern its motion (actuators), for example, and their action is typically governed
through an optimization algorithm. A mathematical ideal exists where, given certain constraints
such as linearity, secondary sound that completely cancels the scattering produced by a given
incidence impinging on a given obstacle can always be derived. This concept is based on the work
of Malyuzhinets, Jessel and Mangiante from the 1960s and 1970s, as summarized in [24]. However,
this ideal requires the sensors and the secondary sources to measure or act over a continuous

surface enclosing the volume of the scatterer and to be acoustically transparent, which are both
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not reasonable requirements to achieve in practice. Therefore, a more feasible employed approach
minimizes the effects of scattering using only a discrete number of sensors and sources that exhibit
their own effects on the overall behaviour just by being present in the scenario. This method has
been demonstrated for acoustic cloaking in simulations [25-33] as well as in practice [34-37].
However, arrangements that are discrete inherently offer restricted spatial information and regions
of manipulation compared to their continuous counterparts, which leads to limitations on the
working range of frequencies and achievable performance. Sensors or sources cannot be placed
either to close or too far from each other as they would not be able to accurately capture or
generate motion which varies over very large distances (low frequencies) or, respectively, over very
small distances (high frequencies). Furthermore, active control based on discrete arrangements are
generally found to give performance over a frequency range depending on the number of used
sources. A small number of these only produces suppression at lower frequencies, where the spatial

variations of motion are not complicated [24].

Primary source Scattering Object

Figure 1-6  Acoustic cloaking of 3D scatterers based on active control arrangements realized and
tested in practice. Images recreated from [34] on the top and, respectively, [37] on the

bottom.

40



Chapter 1

The choices of how, when and where the additional energy is introduced in a scenario are crucial
aspects that dictate the outcome of an active control system. In Figure 1-1, the initial disturbance
is of short duration, which results in the reflection and diffraction being visually distinguishable in
the image. An initial disturbance that persists for a long duration combines with the scattering,
leading to the generation of regions of constructive and destructive interference around the
obstacle, depending on the frequencies involved. Placing secondary control sources in the regions
where destructive interference naturally occurs would not result in a good scattering suppression
performance, for example. Also, the incidence mixes with the generated scattering gradually over
time as it goes around the geometry of the obstacle based on the propagation speed of the waves.
Thus, an active control system intended to work in real-time would need the abilities to capture
information and to manipulate the circumstances in a timely manner as events are occurring. One
strategy to achieve real-time acoustic cloaking requires prior understanding of how a known
incidence generates scattering from a known obstacle, which can be obtained from offline
measurements [34, 35], computer-simulated models [38], or virtual sensing estimations [36]. Then,
that information can be used to directly derive the ideal practical counteraction of the secondary
sources in real-time. However, such strategies are not robust to changes of the scattering object,
the surrounding medium, or the incidence. One real-time strategy that does not require prior
knowledge of scattering circumstances involves using the secondary sources to create a zone of
quiet in the vicinity of the obstacle without creating any effect outside of it, as shown in the works
of [27, 28, 30, 32, 39]. In this way, the incidence and scattering are reduced together near the
object, which results in minimizing the effect of the scattering further away from the obstacle. A
third potential real-time strategy requiring no prior knowledge is represented by separation
methods of incoming and outgoing waves relative to a coordinate system. Such methods have been
explored when it comes to isolating and then suppressing the effect of the incoming reflection off
of a room’s walls due a primary noise source [40-45]. But these methods have not investigated in

relation to acoustic cloaking.

The third item included in the list is the potential synergy of passive and active scattering control
techniques. In the literature, some theoretical concepts have been proposed where the scatterer
is surrounded with non-metamaterial layers of optimized material properties that also have an
active system integrated within them [46]. Strategies for enhancing acoustic metamaterial designs
with active control have also been considered, though this has not been explored for the purpose
of cloaking. One of this strategies consists of incorporating tiny loudspeakers and microphones as
part of the subwavelength periodic structure, which effectively allows another level of control in

shaping the macro-behaviour of such structural patterns [47, 48]. This approach has been shown in
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practice to widen the gaps in the low frequency range over which passive metamaterials offer
significant attenuation. Another strategy is concerned with designing the periodic structure with
the ability to actively adapt its repeating physical dimensions depending on the given circumstances
and requirements; however, this method is currently only conceptual as it is very elaborate to

realize in practice.

1.13 Previously studied scatterers

The predominant part of the literature on acoustic cloaking and scattering control discussed in the
above paragraphs focuses on a specific set of circumstances. Firstly, both passive and active
methods have been studied significantly more across time for simple geometries of 1D and 2D
rather than 3D —for example, reflection of acoustic plane-waves at the termination in an impedance
tube and, respectively, in a 2D duct. When it comes to 3D scatterers, the focus of the passive and
active research has been on plates and cylinders [49-52], due to their use in the construction of
room walls, aeroplane fuselage and submarine hulls. However, these have been studied from the
perspective of idealized mathematical models, such as very thin plates and infinite length cylinders,
which simplify the problem, essentially, to a 2D case and only allow limited prediction of the
practical physical behaviour. In particular, the active scattering control from structures which truly
have three dimensions has not been researched as extensively compared to the idealized plates

and cylinders.

Secondly, the study of acoustically cloaking moving scatterers or scatterers in fluid flow is a very
recent area of research with few examples of work [42, 53, 54]. Such two types of motion can
significantly complicate the problem as they inherently make the scenario non-reciprocal and cause
a shifting of the frequencies perceived at a stationary observer position (Doppler shift). Reciprocity
is the property where the wave motion generated by a stationary emitter at a stationary receiver

remains the same if the positions of the two were switched.

Thirdly, the processes considered in the scattering control problem are linear, which extends to the
most commonly used active control algorithms being tonal-based (at single frequency) [51]. The
linearity property significantly simplifies the mathematical modelling, practical realization, and

outcome analysis of an active control scenario.
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1.14 Modelling techniques for acoustic scattering and cloaking

The most common mathematical method of modelling the physical behaviour of a phenomenon
such as mechanical motion is in the form of equations involving single- or multi-variable continuous
functions corresponding to variations of physical quantities with respect to other physical
quantities. Such equations often contain derivatives of functions (partial differential equations) or
integration of functions (integral equations). When it comes to modelling motion that generates
sound, the most common considered functions are the acoustic pressure and acoustic displacement
or velocity or acceleration at a point in a fluid continuum, or the stress and strain at a point in the
structure of a solid. These quantities vary with position in space and time — and consequently

frequency through Fourier analysis.

There are many diverse methods to establish equations characterizing linear physical phenomena
and there are multiple different ways to solve them. Some methods are concerned with solving for
continuous functions and others with solving only over a discrete set of values. In the case of the
latter, equations can typically be written as operations between finite-sized matrices and then
solved by employing techniques from matrix algebra. In certain scenarios, an equation that
characterizes physical phenomena may consist of elaborate operations such as differentiation and
integration, which makes obtaining solutions not straightforward. Such operations may not be
simply calculated without some form of numerical approximation, e.g. finite differences for

estimating derivatives and the trapezium rule for estimating integrals.

The variation of a function with time can be studied at a finite number of instances, which can be a
good representation if there is no significant variation over the smallest interval between two
instances. Also, an infinite set of positions in space can be discretized into subsets of finite-sized
spatial elements, as used in finite element methods, boundary element methods and lumped-
parameter models. Furthermore, when expressing complicated linear functions as the combination
between an infinite number of other functions with more simple variations, it may not be practical
to calculate or manipulate all possible components. For example, when using Fourier analysis on a
function of time, only a finite set of frequencies can be considered, leading to an approximation. As
another example, only a finite number of modal patterns of motion can be considered for describing

a variation in space.

In linear acoustics, the overall behaviour of sound waves generated in a medium exterior to an
obstacle due to its interaction with an incoming incident disturbance is modelled as the direct sum

of:
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. the incidence, i.e. the motion in the medium exterior to the obstacle as if the obstacle is not

present, and

o the scattering, i.e. the new motion in the exterior medium generated solely from the incident

disturbance putting the obstacle in motion.

An active control system generates its own additional motion in the medium outside the obstacle,
which is denoted as the secondary and adds up directly to the previous two. The primary is the
name given to the physical behaviour (motion) that is controlled, which can be either the incidence,

the scattering, or their combination.

Both continuous and discrete mathematical models for describing the linear scattering control
problem have been significantly studied in the literature from as early as the 1800s [55, 56]. Discrete
model can either involve the elemental approach of dividing space into finite-sized chunks, or the
modal approach of considering a set of fixed velocity distributions to describe the motion. However,
there is no unified method or framework that encompasses all approaches, as certain shapes of
scatterers or certain frequency ranges of interest require very different modelling techniques. An
overview of the principal methods for expressing sound scattering in linear acoustics is contained
in [38]. In addition to these, the more recent elemental approach of Bobrovnitskii based on finite-
sized impedance matrices of the media involved in the scattering problems is worth highlighting
[57-59]. All these techniques ultimately establish a linear relation between the incidence and the

produced scattering based on the properties of the media involved.

When it comes to active control of sound and vibration, the most prevalent method is to use a
discrete number of sources to suppress motion at a discrete number of positions, due to its
practicality. By extension, it is most common to use approaches such as modal analysis to model
the quantities involved in the control algorithms rather than use their individual components in
the algorithm. Modal active control has been researched previously, for example in [49-51], and
spherical harmonics have been used to simulate the primary and secondary involved in active
control of sound [60]. However, manipulating the simple spatially variating components
individually with the control algorithm has not been extensively researched for 3D sound
scattering. Such a tactic has been explored significantly in the area of 3D sound field reproduction

and recording, with works such as [61-64].
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1.2 Scientific contributions of this thesis

The spherical harmonic functions are a set of spatial variation patterns commonly used in the
recording and reproduction of 3D sound, as well as in applications such as illumination procedures
within graphical design software, gravitational fields of planets, electromagnetic wave emission and
reception, and quantum mechanics of atomic orbitals. These functions can be observed in Figure
1-7 for the first few indices (I, m), where degree | € Z, and order m € Z,, |m| < [, govern the
variation with elevation angle 8 and, respectively, azimuthal angle ¢. The spherical harmonics are
encountered as the components of the infinite series solution to the Helmholtz equation expressed
in a spherical coordinate system (see Appendix A), which is used to describe sound wave
propagation in an idealized fluid. Spherical harmonics also appear in the solutions to equations
illustrating the mechanical motion of solid spherical structures [65, 66] and form the set of radiation
modes for certain spherical structures [67]. The variations of the first four spherical harmonics are
associated with the breathing mode and translational modes along the Cartesian axes depicted in

Figure 1-3.

m=—4 m= -3 m= -2 m=—1 m =0 m=1 m =2 m =3 m =4

Figure 1-7 Complex-valued spherical harmonic functions, depicted for the first few indices (I, m),
recreated from [68]. The degree [ € Z, and order m € Z,, |m| <[, govern the
variation with elevation angle 8 and, respectively, azimuthal angle ¢. In the 3D plot,
the radial distance corresponds to magnitude of the function, and the colourmap

corresponds to the real part of the function.
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The topic of the current thesis involves the passive and active control of 3D acoustic scattering from
structures, in particular, the construction of mathematical models based on spherical harmonic
series decompositions to describe such control problems. The main goal of the work was to obtain
better insight on the physics of 3D acoustic scattering and its manipulation, and, ultimately, to
create a basis for implementing a real-time acoustic scattering control procedure in a real-world

scenario.

The work detailed in this thesis produces several scientific contributions to the research area in
question. Firstly, an attempt is made to create a mathematical framework for approaching the
modelling of the 3D sound scattering problem that brings together some of the principal methods
used before in the literature. In particular, modelling the scenario based on orthogonal series
decomposition is detailed, then extended to application in active control algorithms to ultimately
exemplify passive and centralized, tonal, active control results for two simple geometries. The two
geometries are a uniform, spherical impedance boundary surrounded by a fluid and a thin, uniform,

empty, elastic spherical shell in a fluid.

Secondly, further physical insight is obtained about 3D sound scattering in the two sets of
circumstances described above, which are traditional examples previously studied in the literature.
Expressions based on spherical harmonics series are derived in place of the Legendre polynomial
series, as used in the current literature to describe the simplified axisymmetric geometry of a
sphere. In addition, the low frequency and resonant asymptotic behaviour of the scattering are
predicted and exemplified before and after active control for different impedances and material
properties of the two types of spherical surfaces, which goes beyond the present literature.
Furthermore, the optimal choice of such properties for the passive and hybrid control is studied

using parameter searches in computer simulations.

Thirdly, global active control algorithms based on minimizing the contributions of the components
in an orthogonal series decomposition of a quantity are studied and are shown to be equivalent to
the traditional method of ’least-mean squares’ minimization of the power associated with said
quantity. Due to the complexity of the 3D problem, regional active control in a single far-field
direction is also studied and compared to the global approach for some examples, using spherical
harmonic series still. Furthermore, simple feedforward as well as feedback control system
arrangements are investigated, with a focus on the latter, which has not been explored in the

current literature for 3D scattering control.

Fourthly, the practical considerations of realizing a real-time active control system based on

orthogonal series decomposition of the involved sound fields are discussed. Specific placement of
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control sensors and control sources in a feedforward arrangement such as described above is

shown to resolve some of the obstacles of practical implementation.

Lastly, all theoretical models used for this work have been simulated in MATLAB by truncating
infinite series of spherical harmonic components. The written code is generalized to cover the
multiple different notation conventions used in separate parts of the literature and is also optimized
to produce results in a timely manner all the way up to the complicated 3D variations of physical

quantities.

1.3 Methodology used for this thesis

The methodology of approaching the research covered in this thesis was based on the design and
implementation hierarchy discussed in classic textbooks covering active control of sound, such as
[24] and [51]. This hierarchy consists of starting with the analysis of the control performance when
using idealized secondary sources, such as point-monopoles and point-forces, when perfect sensing
can be achieved at any point in space. Afterwards, the effects of practical limitations on the sensing
are explored, for example, non-ideal source and sensor positioning, causality, averaging over space
and time, non-linearity, measurement error, and randomness. The last stage involves the
experimental validation of the active control system where its performance is verified given

secondary sources that have practical limitations.

The work detailed in this thesis focused specifically on the initial two stages described above, where
the goal was to develop theoretical models and gain further physical insight on the problem of
active control of 3D acoustic scattering. Furthermore, this work relied on using spherical harmonic
series decomposition of the involved acoustic pressures and velocities to achieve the intended goal,
due to the prevalence of this tactic in the existing literature on 3D sound recording and

reproduction, and due to the chosen geometries for study.

The investigation revolved around the sphere as a scatterer due to it being a symmetric and smooth
3D shape that has not been extensively studied before in terms of sound scattering control. The
properties are desirable for a goal such as obtaining further in- sight on physical problems, while
also bringing some mathematical modelling advantages. To further keep the circumstances simple,
only linear and reciprocal processes were considered, such that the chosen spherical shapes of
study were surrounded by a fluid that is stationary (no fluid flow), isentropic (reversible and

adiabatic thermo- dynamic processes), isotropic (uniform bulk modulus and ambient density over
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the occupied volume), satisfies the perfect gas law, and exhibits no viscosity (no internal energy
losses due to friction). The last property means any tangential motion of the spherical surface is

uncoupled from the motion of the fluid.

The first studied modelled consisted of a uniform, locally-reacting impedance sphere, which is
equivalent to a scattering surface satisfying the classic Dirichlet, Neumann or Robin boundary
conditions. The second studied modelled was that of a thin, uniform, empty, elastic spherical shell
based on Love's first approximation, as described in [65]. This model can be conceptualized as a
dynamic structure exhibiting membrane and flexural motion that has resonances and anti-
resonances. The two geometries essentially represent a simplified problem of an impedance
condition on a boundary, where the inside of the scatterer does not exist. The impedance in the
first model is a constant value, while the one in the second is a modal-dependent and frequency-

dependent function with poles and zeros.

In terms of active control, the general modelling framework was written in a general way in order
to accommodate different types of tonal primary disturbances and secondary control sources. In
the presented examples, a single monochromatic plane- wave is chosen as the incidence such that
the 3D behaviour is somewhat simplified and easier to interpret before and after control. Point-
monopoles and point-forces on and around the spherical surface were used as secondary sources
in order to better represent what can be achieved in practice with current technology. The
incidence and the secondary sources are placed on the z-axis of a coordinate system originating in
the centre of the sphere, which only activates a set of spherical harmonics of certain indices, thus,

facilitating the analysis and interpretation of results.

The ’least-mean squares’ minimization of scattered power, a conceptual measure, is used as a
global active control strategy due to its prevalence in the traditional literature and its expression as
an easily solvable quadratic equation. The regional active control is exemplified for a single far-field
direction such that it can be easily compared with the power criterion and such that complicated

near-field variations are avoided.

The results for the feedforward active control arrangements are based on always being able to
individually measure the incidence and the scattering, thus it is the best possible representation of
the control performance where the scattering is the primary disturbance. Global versus regional
control is only studied and exemplified from this perspective of best possible outcomes. The
feedback control arrangement is used to exemplify a non-ideal outcome of control performance
from a control system that can be potentially realized to work in real-time. In this scenario, the

primary is represented by the total field before control, i.e. the combination of the incidence and
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the scattering. Furthermore, the feedback arrangement is not illustrated for an impedance sphere
due to its effect being only a change of the impedance value which can, alternatively, be done as a

passive process.

1.4 Contents of this thesis

The current chapter details the full context of the thesis, and this specific section further illustrates
how the contents of the work associated with this thesis are structured. In Chapter 2, the idealized
theoretical models for describing the problem of controlling 3D acoustic scattering and,
respectively, the active control of this problem, from the perspective of using continuous functions
and their descriptions in terms of infinite series of spherical harmonics. This chapter contains
general mathematical tools and procedures required for the purpose in question. Further modelling
strategies are presented in Chapter 3, which account for certain practical limitations arising from

realizing a real-time active control system based on orthogonal series decompositions.

The theoretical models and general results from the previous two chapters are exemplified for two
specific geometries — the impedance sphere and the thin spherical shell — in the following four
chapters. These were simulated with a finite number of spherical harmonic components in the
series representations. Chapter 4 and Chapter 6 are studies of the sound radiation and scattering
involving the impedance sphere and, respectively, the thin spherical shell. They illustrate some
example sound fields which are later used as either the primary or secondary in the active control
problem and its analysis. This analysis is done in Chapter 5 and Chapter 7 for the impedance sphere
and, respectively, the thin spherical shell. All these four chapters show how the sound scattering
problem and its active control changes depending on the impedance and material properties of the

scatterer relative to its surrounding medium.

Finally, conclusions are drawn in Chapter 8, followed by a discussion of avenues for potentially
extending the work of this thesis in future research. The work presented in this thesis that has been
previously published is listed in the ‘Declaration of Authorship’ section found at the beginning of
the document. The MATLAB programs used to obtain the results presented in this thesis are listed
in Appendix | and are submitted together with the document as the dataset identified by
https://doi.org/10.5258/SOTON/D2174.
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Chapter 2  Idealized Theoretical Modelling of Sound

Scattering and Its Control

This chapter is concerned with presenting the general theoretical modelling approach used in the
examples contained in subsequent chapters, when it comes to describing the 3D sound wave
propagation involved in acoustic scattering and its active control. This is based on partial differential
equations (PDEs) of three spatial dimensions and of time, where the focus is on exterior impedance
boundary-value problems based on spherical coordinates. Furthermore, ‘idealized’, in this context,
refers to this chapter covering mathematical aspects rather than any practical considerations; in
other words, all relevant physical behaviour is known as all times and can be expressed as

continuous mathematical functions.

The content in this chapter is predominantly reproduced from existing literature but re-packaged
in a consistent framework that is suitable for approaching the research question of the thesis.
General building blocks for modelling physical behaviour with PDEs are first presented. These
building blocks are then used to represent 3D sound scattering and the secondary sources used to
control it under the most fundamental circumstances, and facilitate the investigation and
discussion approached in later chapters. Special consideration is given to aspects such as the wave
impedance on the scattering surface, the characteristic acoustic impedance of the propagation
medium, and the effect of scatterer size relative to the wavelength sound scattering behaviour in
different frequency ranges. These are crucial considerations in the subsequent problem of actively

controlling the 3D sound scattering.

2.1 Modelling 3D physical behaviour with partial differential equations

Partial differential equations relate single- or multi- variate differentiable functions to their total or
partial derivatives of different orders. These participants in the PDE can correspond to the different
variations created due to a physical phenomenon. Mathematical functions have domains, i.e. the
set of values the variables in the function can take, and co-domains, i.e. the set of values resulting
from applying the function to the values in the domain. All the functions involved in a PDE that
describe physical behaviour commonly have the same domain and co-domain, which govern the

solutions of PDEs.
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Furthermore, functions representing physical variations can take the form of a scalar field, f , or a

vector field, f The first represents behaviour where domain and co-domain are comprised of
number values, for example, ambient pressure at different positions in a fluid such as air. The latter
represents behaviour where either the domain, the co-domain, or both consist of number values,
each associated with a direction, i.e. vectors. For example, the mechanical oscillatory motion
(vibration) in void of a solid cylindrical beam manifests as an amount as well as in a direction
depending on the acting forces, at any point along the bar and at any given time. A scalar field can
be transformed into a vector field via a mathematical operation and vice-versa, plus, both types
can appear in PDEs describing physical phenomena at the same time. For example, the vibration of
the bar when surrounded by air can be modelled as a mathematical relation between the vector
field corresponding to the rate of change of the bars momentum (its mass times its velocity) with
time, and the vector field corresponding to the mechanical forces acting on the bar. The scalar field
describing the ambient pressure of the surrounding air contributes to the latter as a dynamically

impeding radial force acting uniformly around the diameter of the cylinder.

The common independent variables involved in describing physical phenomena are time and
position in space, either of which can be modelled as having a finite, semi-infinite, or infinite
domains and co-domains of values. Variations with time can be mapped to the frequency domain
via the Fourier Transform, under certain assumptions. The work in this thesis is focused on three
spatial dimensions and harmonic variations at a single frequency. Complex numbers in the co-
domain of any used function are strictly related to the Fourier Transform and have no association
with spatial vectors. The imaginary parts of these complex numbers correspond to shifts in time
when mapped back to the time domain, thus, they represent no dissipation of energy — reactive

rather than resistive in response to mechanical motion.

211 Homogeneous and inhomogeneous PDEs

Creating an imbalanced state within a set of circumstances generates a phenomenon. There are
two fundamental ways in which this can be achieved: change of initial conditions or introducing
additional energy. The first of the two involves setting the initial circumstances such that there is
an inherent imbalance of energy at time t = 0 and then letting the physics manifest with no
additional influence as time progresses. For example, pulling a string fixed between two points and
then letting it go to vibrate until rest. At mathematical level, this translates in the other variables of

the functions involved in the governing PDE having a specific set of values at time t = 0, and in the
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described variation of physical quantities equating to zero as a state of no variation is eventually

reached. Such governing PDEs are denoted as homogeneous.

The second way of realizing an imbalanced state is to continuously influence the physics within a
domain with additional energy, denoted as a ‘forcing term’. For example, when having a string fixed
between two points, moving the whole assembly up and down continuously with the same force
sets the string in harmonic motion. Generally, when creating mathematical models of physical
phenomena, forcing terms appear as functions that replace the zero in a homogeneous PDE, turning
it into an inhomogeneous one. Solutions of inhomogeneous PDEs exist depending on the nature of
the given equation and are, typically, related in some way to the solutions of the homogeneous
version of the initial PDE. When using the solution to a homogeneous PDE as a forcing term, the

resulting inhomogeneous PDE is guaranteed to be solvable.

2.1.2 Linearity. Reciprocity

A wide span of physical phenomena can be modelled using linear PDEs under certain constraints. A
PDE is deemed linear if all involved functions and corresponding derivatives are linear and have
corresponding coefficients (factors) that can only be dependent on independent variables of the
existing functions. In other words, two involved functions and/or derivatives cannot appear

together in a product. Any linear combinations of solutions to a linear PDE is also a solution.

Another special case of physical circumstances is represented by reciprocity. A simple example of
reciprocity is represented by the experiment of two communicating vessels being filled with fluid;
the fluid level equalizes in the same way regardless of the liquid being poured in one vessel or the
other. When it comes to a homogeneous or inhomogeneous PDE describing physical behaviour,
under reciprocity, the PDE solution at an evaluation point A4 in the domain when an initial condition
or a forcing term exists at point B of the domain is the same as the PDE solution at evaluation point

B when the same initial condition or forcing terms exists at point A.

2.13 Building blocks for modelling with PDEs

The work in this thesis is concerned with linear and reciprocal mechanical motion in three spatial
dimensions that varies harmonically at a single frequency. The spatial variations can appear as

scalar fields (e.g. pressure, kinetic energy) or vector fields (e.g. force, displacement, velocity,
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acceleration) with domains and co-domains containing only real values. The variation with time is
always a scalar field with a domain containing real values and co-domain containing values that can

be complex-valued.

The infinite set of all positions in 3D space is represented mathematically by R3 in Cartesian
coordinates (see Appendix A) and can be divided into subsets of finite or semi-infinite size to
describe geometries with finite features. These abstract delimitations can be chosen to either
intersect or not and can be the domains of different PDEs at the same time. The corresponding co-

domains in such PDEs are typically R3.

Figure 2-1 2D view of dividing infinite 3D space, R3, into multiple non-intersecting subsets, D; _-,

illustrated as different colors, where D; extends to infinity and D,_- are closed sets.

Let there be a division of 3D infinite space where all subsets do not intersect with each other, but
one can be completely enclosed by another, as exemplified in Figure 2-1. In physical terms, this
representation corresponds to non-intersecting volumes of matter that undergo physical
phenomena governed by different PDEs, where the involved boundaries between different
volumes do not allow any transfer of matter. Any subset in the division does not cease to exist, such
that any physical object cannot be destroyed. Also, any existing subset cannot form new

subdivisions, in other words, matter does not suffer changes of state or catastrophic failures.
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13 A B oo QA

(c) (d)

Figure 2-2 2D view of 3D building blocks for modelling with PDEs: the free-field problem (a), the
interior boundary-value problem (b), the exterior boundary-value problem (c), and the

transmission boundary-value problem (d), where D' = D U aD.

Under the constraints presented in the above paragraph, physical scenarios characterized by
complicated geometries exhibiting mechanical motion can be modelled using a set of basic building
blocks. These are the free-field problem, the interior boundary- value problem, the exterior
boundary-value problem, and the transmission boundary- value problem, which are shown in
Figure 2-2. The free-field represents the infinite set of 3D positions, which is used as the domain
and co-domain of functions involved in a single linear and reciprocal PDE that can be homogeneous
or inhomogeneous. The chosen geometry brings no additional constraints to the PDE and, thus,
potentially allows for a diversity of solutions. However, additional constraints may be required to
restrict the solutions only to those that describe physical behaviour. For example, the Sommerfeld
radiation condition for the Helmholtz equation (detailed in later sections) ensures that, in an infinite

medium, energy cannot propagate as sound waves from infinite distance back to an observer.

For modelling classical mechanical motion, the domain in Figure 2-2a represents an infinite

continuum of matter respecting the laws of classical mechanics, in particular, the conservation of
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momentum or Newton's second law. This law can be interpreted as a description of how matter

impedes motion based on its macroscopic properties inherited from its molecular structure. The

governing PDE obtained from the fundamental law relates the force vector field FiR* > R%, i.e.
the action, to the corresponding displacement vector field W: R* — R?, i.e. the reaction. The first
function is once integrable with respect to position in space (R3). The latter function is twice
differentiable with respect to time to allow the existence of velocity and acceleration, and once

differentiable with respect to position in space (R3). After mapping to the frequency domain, the

force and displacement vector fields become F: R3 > R3 and, respectively, w: R3 > R3, where
the notation W denotes a quantity at a single frequency and domains/co-domains are the positions

in space (R3).

The interior and exterior boundary-value problems are free-field problems that have been
additionally constrained by the presence of a given set D & R and its border dD. The domain of
the governing PDE is restricted to D without its border for the interior problem (see Figure 2-2b),
and to R3\ (D U dD) for the exterior problem (see Figure 2-2c). An additional constraint on the
functions involved in the PDE is defined specifically on dD, which further restricts the possible
solutions of the equivalent free- field linear PDE to only those of specific behaviour imposed by the
boundary condition. This constraint is denoted as a boundary condition. For a given type of
problem, the sets that are not part of the domain, R3\ (D U dD) and, respectively D, correspond

to no function and do not affect the nature of the PDE or of the boundary condition.

The physical interpretation the two scenarios described above are an enclosed volume of matter
and, respectively, a semi-infinite volume of matter enclosing a pocket of vacuum, where matter
does not transfer through the boundary dD. The regions of space which are not part of the domain
are equivalent to regions of vacuum that do not affect the matter or the boundary in any way. In
reality, this last condition is an idealization, especially in the case of the exterior problem. This is
because a volume of matter left in void, or a region of void left enclosed by matter, change their
circumstance based on the static internal forces within the matter. The work in this thesis is focused
on motion due to dynamic rather than static forces, therefore, the static effects on the regions of

vacuum due to the adjacent matter are ignored.

The border dD can be set in mechanical motion, thus the boundary condition must still respect the
momentum equation relating a displacement vector field due to an applied force vector field and
must not render the associated PDE unsolvable. These vector fields must also be differentiable and
integrable a number of times with respect to position in space and/or time, as for the free-field

problem. The momentum equation is commonly used as the boundary condition on dD, i.e. the
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capability of the boundary to impede and-redirect mechanical motion. From this perspective, the
boundary-value problems can be conceptualized as the equivalent of additional sources of energy
(forcing terms) present in a free-field problem that create very specific physical behaviour in certain

regions of space.

The transmission problem is the combination of an interior boundary-value problem and an exterior
boundary-value problem that share the same border, dD, between exterior and interior domains
(see Figure 2-2d). Each domain can be governed by a different PDE. Such PDEs commonly share the
same physical quantities between the two domains, quantities which are then inherited in the and
the boundary conditions on dD. In physical terms, this scenario corresponds to a finite volume of
some matter enclosed within a semi-infinite volume of some different or the same matter. No
transfer of matter occurs between the two volumes and each volume can potentially undertake
different physical phenomena. However, the separate physical behaviour in the interior and
exterior are related in certain regards due to their shared border. Again, the idealized case is
considered where the static forces due to mechanical material properties within each region of

matter are ignored, and the focus is dynamic forces. Given the force vector field ﬁl: R* - R* and

displacement vector field W;: R* - R* in the exterior domain, and the force vector field ﬁz: R* -
R* and displacement vector field w,: R* - R* in the interior domain, the force and displacement
on the boundary are the combination of 13'1 and 17"2, and, respectively, w; and w,. These vector fields
must also be differentiable and integrable a number of times with respect to position in space
and/or time, as for the free-field problem. Also, the boundary condition on dD has to respect the
momentum equation; however, the nature of this geometry leads to certain problems when
mathematical modelling, such as the discontinuity on dD for interior and exterior version of a
function [69], and the undampened natural resonances of the interior volume creating singularities

in the solutions of the exterior problem [70].

As a building block, the transmission boundary-value problem can be extended to create a scenario
such as that in Figure 2-1 by taking the semi-infinite region of matter and then introducing
additional finite-sized volumes of different or the same matter that do not intersect with each
other. Each volume can be governed by a different PDE and each separating boundary can have a
different constraint. In this way, an elaborate environment of different objects with different

geometries can be modelled; however, the task becomes more complicated.

In the following section of this chapter, the building blocks presented above are used to model the
3D sound scattering problem and its active control using a spherical coordinate system. Specifically,

the sound radiation and scattering in a fluid with desirable properties is considered, which can
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predict to some extent situations such as human perception of sound travelling in air. As such, the
main focus of the modelling work revolves around the 3D Helmholtz equation and its solutions,
which are first covered for the free-field problem and then restricted to the exterior boundary-
value problem to represent 3D sound scattering from a single spherical boundary. Under a spherical
co- ordinate system, the working solutions take the form of infinite series expansions of spherical
harmonics components (see Figure 1-7), which are modal patterns of sound radiation for spherical
scatterers, as is discussed in future chapters. The momentum equation is used as the constraint on
this boundary, which leads to mathematical formulations based on impedances to acoustic wave
motion. For the two models of sound scatterer considered in later chapters, these impedances can

vary with frequency, can vary with modal index, can exhibit poles, and can exhibit zeroes.

2.2 Modelling free-field propagation of 3D sound waves in spherical

coordinates

2.2.1 The wave and momentum equations for 3D acoustic waves

Let there be a free-field fluid that is stationary (no fluid flow), is isentropic (reversible and adiabatic
thermodynamic processes), satisfies the ideal gas law, and exhibits no viscosity (no internal energy
losses due to friction). Let the fluid also be homogeneous, i.e. properties such as its bulk modulus
and ambient density are uniform over the whole occupied space. A mechanical wave propagating
through such a medium satisfies conservation of momentum, i.e. Euler’s linearized momentum

equation [71]

—

VP‘*‘POZ_?:O' (21)
as well as the linearized homogeneous wave equation [71]
Zp—lzg:o, (2.2)
c§ 0t
in terms of the acoustic pressure scalar field p(7): R* - R*, or
1 0%u (2.3)

Vi ———— =0,
cé ot?
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in terms of the acoustic velocity vector field 1 (#): R* - R*. p and i are both functions of position

in space and time t, where the del operator V and the Laplacian V? describe the variation in space

with respect to the used coordinate system (see Appendix A). The quantity ¢y = /¥Po/Po
represents the ambient speed of sound, where p, is the ambient pressure in the fluid, p, is the

ambient density of the fluid and y is the adiabatic constant of the fluid.

Equation (2.1) relates each of the three components in the vector field for acoustic velocity to one
of the three components in the spatial gradient of the scalar field for acoustic pressure. In future
parts of the thesis, this result is used to define boundary conditions based on wave impedance for
the surface of a 3D sound scatterer. Only the radial component of the velocity and, hence, of the
radial pressure gradient, are later considered, as these two quantities act on the normal direction
relative to the surface of the obstacle. This is done because the chosen fluid exhibits no viscosity,

such that it does not couple with the motion of the scattering surface in other spatial directions.

2.2.2 The frequency domain and the 3D Helmholtz equation

The wave equation (2.2) is expressed in the time-domain, and can be transformed to the frequency-

domain with the Fourier Transform [71, 72]

F(w) = FIF(O)} = f de {F(t) et ), (24)

and, then back to the time-domain with the Inverse Fourier Transform
i 17 .
£ = FHF@)) = o fdw (F(w)- et} (25)

It is important to emphasize that different definitions of the Fourier Transform are used in certain

research fields. Maintaining Parseval's identity, a normalization factor of 1/v/2m can be used in

front of both direct and inverse transformations instead of just a factor of 1/(2m) in front of the

inverse one. Also, the F{} can be defined with a factor of e!®?, as in [73], instead of e 7'*¢, as in
[71], which leads to a sign change in front of Euler’'s momentum equation (2.1) and the time-
dependency of a steady-state sound field at a single frequency being expressed as F(w) - e i@t

instead of the F(w) et used throughout this thesis. Furthermore, this discrepancy also

establishes the convention for representing travelling waves either converging or diverging relative
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to the origin of the coordinate system. For definition (2.4), waves whose spatial variation behaves

—ik% +ikX

as e Il or ¢ are moving away from the origin, while those that behave as eIl or e

are moving towards the origin.

Assuming steady-state and no further transient effects, the Fourier Transform is applied to (2.2).
Using the fact that a double derivative in time translates into a factor of —w? emerging in front,

yields the homogeneous Helmholtz equation

V25 + k% =0, (2.6)

written in terms of the frequency-domain of the acoustic pressure, p . This can also be used on the

linearized version of Euler’'s momentum equation, (2.1), to obtain

VP = —ikpoCo U . (2.7)

2.23 General solutions to the 3D Helmholtz equation

The homogeneous wave equation (2.2) and homogeneous Helmholtz equation (2.6) in spherical

coordinates (r, 8, @) are expressed as [71]

16<Zap>+ 1 6(_ 90p> 1 0% 162p_0 (2.8)
r2or\ ar/ 1r?sin6a0 06/ " rZsin20d¢p?| cgatz '
In the time domain, and, respectively, [20]
10 ap 1 a ap 1 0%p
10O L0 LR g (29)
r2or\ dr/ r?sin6df 90) " 2 sin? 0 992

in the frequency domain, both of which also hold for the acoustic velocity vector field in place of
acoustic pressure scalar field. Using separation of variables or methods based on Kirchhoff-

Helmholtz integrals, at a single frequency, equation (2.9) has the general solutions [71]

@ =i Z | A Jn k) + B n ()| 126, 0), (210)

n=0 m=-n

with
T 2
A jnr) + B malkr) = [ sin0 do [ do {50 20, 00}, (2.11)
0 0
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for standing waves, and

0 n
5(7) = 2 Z O hO (k) + DE, h<2)(kr)] v©6,¢), (2.12)
n=0 m=-—
with
T 2m
L9 h (er) + D, AP (er) = f sin 6 d f do {5(7) 76,0} (2.13)
0 0

for travelling waves. Both (2.10) and (2.12) are expressed in the frequency-domain by omitting a
e'®t factor, which would vanish under the Fourier Transform. For a given value of n, there aren
terms corresponding to the negative values of m, n terms corresponding to the positive values of
m, and am = 0 term, thus 2n + 1 terms in total. Also, for a truncation degree n = N there are

(N + 1)2 terms with degree n < N in the overall summation.

The j,, and n,, are spherical Bessel functions of the first and second kind, respectively, while hﬁll)

and hflz) are spherical Hankel functions of the first and second kind, respectively. These describe

the dependence of the sound waves with radial distance away from the origin of the coordinate

system and are detailed in Appendix D. The ﬂ,ﬂ‘f?n, %g?n, é,(l%, and T),(l(,cr)n are sets of complex-valued
spherical harmonic coefficients that are typically frequency-dependent and that fully describe the
free-field sound waves under specified circumstances, such as an additional boundary condition or
additional sound sources. It is important to highlight that superscript C of these coefficients denotes

that they correspond to the complex-valued spherical harmonics, specifically.

The orthonormal functions Y,Em(e @) are the complex-valued spherical harmonics of degree n and
order m, and they define the azimuthal and co-elevation dependence of the sound waves. Spherical
harmonics are fixed spatial patterns on a virtual sphere centred at the origin of the coordinate
system. They are depicted in Figure 1-7 for the first few indices and are detailed in Appendix B. It is
important to comment that different disciplines use different definitions for the spherical
harmonics. In this work, the chosen version includes the Condon-Shortley phase, i.e. an extra
(—=1)™ factor, which is added in the formulation of the associated Legendre functions. Said
definition is the one utilized in [71]. Furthermore, there are also real-valued versions of the
spherical harmonics, which are covered in Appendix C, but not used in this work. The formulations

(2.10) and (2.12) are denoted as spherical harmonic decompositions or expansions in terms of

spherical harmonics because the functions Y( )(6 @) are considered the basis functions of the
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series. The expressions (2.11) and (2.13) arise as a result of the orthonormality of the spherical

harmonics.

The spherical Bessel functions and the spherical harmonics are dimensionless quantities. The first
of the two are power series expansions of the argument kr which is dimensionless (as seen in
Appendix D). The latter of the two are linear combinations of different powers of sine and cosine
functions with arguments 8 and ¢. Because of this, the units of the physical quantities expressed

as a series of spherical harmonics are given by the sets of coefficients.

For a given coordinate system, a traveling sound wave can either converge towards or diverge

outwards, relative to the origin. For the time-frequency convention e'®t, at a single frequency, a

converging wave P, (%) that satisfies (2.6) takes the form [71]

p() = z z AL, jn kT Y2 (0, ), (2.14)

n=0 m=-n

with
T 21
A Jn ) = f sin6 d6 f de {ﬁb(r) ARICH (p)} (2.15)
0 0

and a diverging solution p (') that satisfies (2.6) takes the form [71]

p<(r>—z 2 DO, k2 (k) ¥ 0, 9) (216)
n=0 m=
with
T 2
D((C) h(z)(kr) = f sin@d@f do {pq(r) Y,E (6, (p)}, (2.17)
0 0

The latter must also satisfy the Sommerfeld radiation condition, [20]

p- .\ (2.18)
|rlm{lrl <—6I?I + ik p<(r)>} =0,

which translates into the sound pressure tending to zero at infinite distance away from the origin,

such that it is impossible to have any acoustic energy travelling back to the origin from this distance.
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Figure 2-3 2D view of 3D regions of validity for a converging traveling wave solution (left) and a

diverging travelling wave solution (right) of the 3D Helmholtz equation, relative to the
origin O of the coordinate system. Spherical region of volume D, boundary dD, and
radius a used as reference. No sound sources present inside D on the left, and outside

D U dD on the right.

A converging wave solution (2.14) represents the case where all acoustic sources are situated
outside a bounded spatial region of validity centred at the origin, while a diverging wave solution
represents the case where all sources of sound are enclosed by a half-bounded spatial region of
validity that extends towards infinity and is centred at the origin, as seen in Figure 2.3. The terms
corresponding to n,(kr), hﬁll) (kr) and h,(lz)(kr) from (2.10) and (2.12) are ignored when
expressing (2.14) in order to avoid a singularity at the origin. These functions tend to —oo as r tends

to zero (see Appendix D). For expressing (2.16), this is not an issue as the origin is excluded. n,, (kr),

h,(ll) (kr) and h;z)(kr) all satisfy the Sommerfeld condition, but ~,(l(’(:,31 h;z) (kr) is used in expressing

the solution instead of ﬂ,(f,)n Jn(kr) + 53;9,1 n, (kr) for convenience.

Taking (2.14) and (2.16), differentiating them once with respect to r, and then applying Euler's

momentum equation (2.7), leads to the radial component of the acoustic velocity vector field [71]

[00] n

o i ~© dn(kr) () (2.19)

ur,b(r)_pocoz Z c’qn,m d(kr) Yn,m(ei(p);
n=0 m=—-n

for the converging wave solution, and
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. ©o n
4 () = —— 2 Z 5© dhyy? (kr) 9 0,9), (2.20)
e PoCo e d(kr)

for the diverging wave solution. From this point forward in the thesis, h,, is used to denote h,(lz),

and hy, (kr), j, (kr) are used to denote dh;z)(kr)/ d(kr), dj,(kr)/ d(kr)

224 Spherical wave spectra

If the acoustic pressure or acoustic velocity is known on a virtual sphere of radius r = 1 in the free-
field fluid, the subsequent acoustic pressure and acoustic velocity at any other pointr < ry orr >
Ty can be derived based on spherical wave spectra of a converging wave solution or, respectively, a
diverging wave solution. A spherical wave spectrum corresponding to a spherical harmonic series
expansion is the equivalent of the frequency spectrum corresponding to a Fourier Transform of a
function varying with time, i.e. the set of components with associated coefficients that combine to

describe a more elaborate function.

From (2.14), (2.15) and (2.19) the spherical wave spectrum of a converging wave solution is [71]

[ee] n
_ Jn (k1) [ ;o ' 2.21
p-0.0,0) = Y P N 1 D0.0) [ a0 {09 @00}, 2P
n=0]n ( rO) m=—-n
for the acoustic pressure, and
[} n
N i Jn(kr)
U (r,0,¢) = - 2 Vam (8, 9) J A {tgo (o, 0", ") (2.22)

PoCo & jn (kry)

SARICHD)S

for the acoustic velocity. From (2.16), (2.17) and (2.20) the spherical wave spectrum of a diverging

wave solution is given by [71]

N hy, (kr) (© ) ©) /01 (2.23)
p<(r,e,<p)—zh o Z Vi, w)fdn P, 0,9 - T (0,0}

for the acoustic pressure, and
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[0

n
_ i h,, (kr) (~ '
ro(r,6,9) = Z - z Vam(6,) f a2 {ity «(0,6',0) (2.24)
m=-n o

PoCo &= hy, (kry)

n=0
O nr 1
T (@, o},
for the acoustic velocity, where the pair (8', ¢") in the integrals represents a set of angles around

the sphere different from (6,¢), and [, dQ'(} = fonsianH f027r de {} is a compact way to

express the derivation across a spherical surface of unit radius.

The acoustic wave impedance in a direction of acoustic motion is defined as the ratio between the
acoustic pressure and the norm of the acoustic velocity in that direction, i.e. a measure of how
acoustic motion due to an excitation is impeded. Only radial acoustic velocity is considered in the
free-field fluid due to it having no viscosity, as previously described. Therefore, from (2.21) and
(2.22), the acoustic wave impedance of the free-field fluid in response to a travelling sound wave

converging to the origin is expressed as

5() ipyc Jn (ka) (2.25)
k)

on a virtual sphere of radius r = a, for each spherical harmonic degree (mode) n. Likewise, from
(2.23) and (2.24), the acoustic wave impedance of the free-field fluid in response to a travelling

sound wave diverging to the origin is expressed as

5 = ipoe hy, (ka) (2.26)
" "% hy,(ka)’

on a virtual sphere of radius r = a, for each spherical harmonic degree (mode) n.

2.25 The far-field. Radiated power

A sound wave diverging away from the origin in the free-field fluid gets attenuated with distance
as more and more matter has to be set in motion, i.e. due to spreading in space. This is reflected in
the Sommerfeld radiation condition. As r increases, the associated acoustic pressure eventually
becomes proportional to 1/r depending on the frequency and the properties of the fluid. This

region of space where the variation with r exhibits this behaviour is denoted as the far-field. In
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contrast, the region of proximity around the origin, denoted as the near-field, is characterized by
the spherical Hankel function of the second kind, which has complicated behaviour around the

origin, as seen in Appendix D.

The far-field behaviour of the acoustic pressure p (') of a diverging wave is given by [71]

o) n
Z Z 150 v© (9,) , (2.27)

—LkT

Poo (7) = lim P (7) =

and is discussed more rigorously in [74], where aspects such as convergence of this series expansion
are covered. Because the asymptotic behaviour of h,, (kr) at large arguments is not uniform with
respect to n (see Appendix D), it cannot be used individually for each term in the summation of
(2.16) to prove (2.27). A different approach is necessary, which is presented in [74] for the complex-

valued spherical harmonics.

The directivity pattern of the acoustic pressure is defined as [71]

[ee] n
z Z i"15© v (9,0, (2.28)
n= m=

wl»—x

Po(0,9) = —7 Poo () =
and represents the angular dependence of the far-field acoustic pressure p,,, which is maintained
in this region of space regardless of radial position. Using the approach from [74], the far-field of

the acoustic velocity can be written as

-1

ikr 2 n n
T = % (7 = poCo kr Z Z i Z Dr(l(cr)n Yrgg(e,q’) , (2.29)
n=0 m=

m=

with the corresponding directivity pattern

n+1 750 (O (2.30)
ur@(g (l)) —LkT uroo(r) _k pocoz 2 Z)annm(G'@)-
n=0 m=
The sound intensity is defined as the acoustic energy flux per unit area exhibited in the direction
normal to a surface. This quantity is a vector field that varies with time and its instantaneous value
atagiven pointinspaceisI(t) = p(t) - u(t).Inthe frequency domain, the time-averaged acoustic

intensity, at a single frequency, becomes [71]

3 1 _
lgypg(P) = > Re{ p(7) - . (F)} . (2.31)
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Let there be an acoustic pressure generated outside of a virtual sphere of radius a, centred at the
origin of the coordinate system. The region outside r = a represents the region of validity for the
diverging wave solution to the 3D Helmholtz equation. The acoustic power radiated from the virtual

sphere is defined as the component of the time-averaged acoustic intensity that is outward normal

to the surface, integrated over the surface [71]. The outward normal component of favg (#) is its

radial one, which corresponds to ii,.(#), thus, the radiated sound power at a single frequency is

T 27

~ 1 _
w =§fsin9d9f do { a® Re{p(a,0,¢) - U.(a,0,9) }} .
0 0

(2.32)

By using relations (2.33) and (2.20) in (2.32), after doing some algebraic manipulation involving the
Wronskian relation (see Appendix D), the dot product between the two double summations

corresponding to the acoustic pressure and, respectively, to the conjugate of the radial acoustic

velocity reduces to just the coefficients D,(”)n, so [71]

[ee] n
Z z ((C) (2.33)
Zpocok o L '

The radiated power is a quantity that does not depend on position in space, such that W calculated
using relation (2.31) at a different radius v > a and is the same as (2.33). In addition, it is worth
mentioning that each coefficient of the spherical harmonic decomposition is shown in (2.33) to
have an individual contribution to the overall radiated power due to their orthogonality. The result
can be interpreted as the spherical harmonics of a spherical surface being the modal patterns of
acoustic radiation from that surface, where these modal patterns are decoupled from one another

and radiate without influencing one another.

2.2.6 Special solutions to the 3D Helmholtz equation

Two special solutions that satisfy the 3D Helmholtz equation (2.6) are represented by a
monochromatic acoustic plane-wave and an acoustic point-monopole source. These are used as
the primary and secondary in the later chapters exemplifying 3D acoustic scattering and its active

control due to their well-understood and simplified behaviour.
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Let there be a monochromatic acoustic plane-wave of magnitude ﬁpw propagating in the direction
, relative to the origin. The spherical harmonic expansions of the generated acoustic
Opw Ppw) relative to th igin. Th herical h i i f th ted ti
pressure is [71, 72]
n

Bow (@) = Py otikpw Z 2 © ]n(kr) Y((C)(H ), (2.34)

>
n=0 m=-n

and that of the generated radial acoustic velocity is [71]

B n

- l .
ﬁr,pw(r) = § § 1(1«21 ]n(kr) Y((C) o6, (P) (2.35)
PoCo

n=0 m=-n

where

~(C ~ . C 2.36
CO = 4 Py (£ T O ) » (236)

and

sin 6, CoS @y,

Epw = kkp, =k [ sin6,, sing,,
cos By,

7 sin @ sin @ (2.37)

[r sin@ cos @
T cos 6

=

Il
—
N < xR
—

Il

In the time-frequency convention of this work, the ‘minus’ and ’plus’ signs correspond to plane-
waves moving away from or towards the origin, respectively. It is worth mentioning that (2.34)
takes the form of a converging solution (2.14) with a region of validity over all space. The plane-
wave, which is an idealization of physical behaviour, travels over all space while maintaining
constant magnitude, thus it cannot satisfy the Sommerfeld condition and cannot be described as a
diverging wave solution, even when it is outgoing away from the origin. From (2.34), it can be

observed that the expansion of the plane-wave always takes the form of a converging solution.

Let there be a monochromatic acoustic point-monopole of volumetric source strength g, situated
at position (Tym, Opm,@pm) away from the origin of the coordinate system (7, # 0). The spherical

harmonic expansion of the generated acoustic pressure is given by [71, 74]

2.

L _ (2.38)

o n
),
Pom (7) = T "
Gy z cO hPUr)YO@,0), 1> 1m
=

2

C C
O k) Y2 0,0), T <Tym

and that of the generated radial acoustic velocity is given by [71, 74]
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(4pm §:§:c®1AM)W@w¢) r<tpm
™ poco

ﬁr,pm(?) — n= Om——n , (2.39)
z Z C,(l% hy, (kr) Y((C) 0, 0), T > Ty,
n 0m=-n
where
k?p,c h(z)(kr )Y((C) (o ), r<r
C~((C) — PoCo Ny pm pms Ppm pm (2.40)
nm . C .
k2p0Co jn(Krpm) Van Bpms @pm)s - 7> Tom

It can be observed from the above that a point-monopole source is defined differently in the regions
inside and outside the circle of radius ;.. This is a consequence of the coordinate system not being
centred at the position of the point-monopole, which results in two regions of validity each

described by converging wave behaviour and, respectively, diverging wave behaviour.

2.3 Modelling 3D sound scattering in spherical coordinates

23.1 Sound scattering modelled as superposition

In acoustics, the problem of scattering from a finite object of volume V, enclosed by surface S, is
modelled as a wave freely propagating through a medium outside of V that impinges on the
boundary and suffers reflections, diffraction, absorption and/or transmission into IV depending on
the given circumstances. Under the assumption of linearity and by the Huygens-Fresnel principle,
each infinitesimally small point on S acts as a radiator in response to the interaction with the energy
transported by the initial wave and the combined contributions of all points form a new sound field
in the exterior of volume V and, respectively, in the interior of volume V. Therefore, using the

frequency-domain representation, [71], it is said that

~ L 2.41
Pt =Di t s ( )

The ideal cloak must achieve p; = 0 in all directions such that ; = p;. As such, in an ideal scenario

where all involved physical variations are always known, the scattering represents the primary

disturbance that must be cancelled.

In practice, an ideal cloak may be difficult to achieve and the effectiveness of hiding the obstacle

will always depend on the strategy used to search for its presence. Therefore, it is desirable to
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assess cloaking performance based on how much of pg is suppressed. One such criterion is
represented by the radiated scattered power as it quantifies the overall rate of change of energy.
This is a quantity that is invariant with position, therefore it is quite convenient to use in calculations
and to measure/manipulate in practice. However, one downside is that p; generally has
complicated variations in space, both with angular position and with radial position (near-field and
far-field). Using a global criterion such as radiated power hinders the potential efficiency of
addressing certain regions of space through different methods in order to achieve cloaking. Another
downside is that scattered sound power is a conceptual, not an actual physical quantity, as it relies
on the ability to take the information of the total physical behaviour and subtract from it the

behaviour if the incidence to obtain the “scattering information’.

2.3.2 Scattering as an exterior impedance boundary-value problem

The exterior impedance boundary-value problem from Figure 2-2c is the fundamental building
block that can be used to model sound scattering from a single object surrounded by a fluid. In this
model, the sound scattering due to a given incidence acting on the obstacle is governed only by the
physical properties of the separation boundary, which must satisfy (2.7). The interior of the object

is considered voided.

As explained previously, the incident pressure field must take the form of a converging solution,
thus let the incident pressure field be expressed as (2.14). Also, the scattered pressure field must
take the form of a radiating solution, thus let the scattered field pressure field be expressed as
(2.16). Taking all the above definitions into considerations, at a single frequency, the total field in

the fluid before any control is
Pe() = i) + P() = 2 Z (G jnler) + G RG] Vim0, @) (242)
n=0 m=

Considering the total pressure on the surface of the scatterer, applying (2.7) at r = a for the radial

component and performing some algebraic manipulation leads to [65]

~(s,C
Cr(l:qm) _ ]n

_ i (ka) __nlka) N PoCo (2.43)
Com b, (ka)+l Zn_ 2 i (k) hn(ka) * (ka)?[hy, (ka))?(Zy + 2,)
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where Z,, is the modal wave impedance on the surface of the scatterer, and Z, is the free-field

impedance or radiation loading of the fluid, given by (2.26). The total field is then equal to

PP =
NN ~(i,0) Jn(ka) + ipizoj;l(ka) © (2.44)
=2, 2. G i) ) Z 796, 9).
n=0m=-n h, (ka) + ipozo hy, (ka)

The above relations relate the spherical harmonic coefficients C,(lf';(,cl) that uniquely define the

incident field to the spherical harmonic coefficients C,(l_sr’;cl) that uniquely define the corresponding
scattered field. As long as the incident field coefficients are known, the scattered field coefficients
can be derived with knowledge of the impedances of Z,, + Z,,, which effectively governs the motion

of the fluid-loaded spherical scattering surface.

233 Asymptotic behaviour in different frequency ranges

Expression (2.43) highlights that the variation with normalized frequency ka of the ratio coefficients
between spherical harmonic coefficients of the scattering and of the incidence is given by a ratio of
spherical Bessel and Hankel functions. For a fixed n, the coefficients with the same index m exhibit
the same relation with ka. The asymptotic behaviour of the ratio at low frequencies, i.e. when
ka «< 1, otherwise known in the literature as the ‘Rayleigh region’, is discussed in [75] for different
cases of constant surface impedance. However, this reference uses the opposite time-frequency
convention from that employed in this work and, also, defines the acoustic impedance of the
scattering surface normalized by the characteristic acoustic impedance of the surrounding medium
as, = Z,/(ipoco) ratherthanthe &, = Z,/(poCo) used in this thesis. By combining the different
asymptotic behaviours of the spherical Bessel and Hankel functions, which are discussed in

Appendix D, it is obtained that

(ka)* (1 - ¢y ika/3)
Jjn(ka) + iZn Jjn(ka) ~ Zn + ika ' (2.45)
h, (ka) + i, hy,(ka) T2 2 (ka)®™'  —ika + {yn

el @+ ) ika+ Gy 1)

without taking into consideration any variation of the impedance {,, with frequency or n. If {;, does
vary with frequency and n, the asymptotic behaviour can be obtained by further manipulating

(2.45).
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24 Modelling active control of 3D sound scattering in spherical

coordinates

24.1 Active control modelled as superposition

Using the same conceptual approach as in the previous section, an additional sound field is now
considered alongside the previous incident and scattered pressure fields. For tonal active control,

the new total pressure becomes

~ ~ ~ ~ 2.46
B =i+ s + Pz (2.46)

where Py is the additional secondary pressure. The ideal suppression of the scattering, i.e. cloaking,

is achieved when Py + 9Dy =pg + Py = 0and p; = p; .

Assuming there are D incident waves that scatter from the spherical obstacle and each one creates

a scattered field with coefficients ocr(:cm), d € {1,2,3 --- D}, then by linear superposition the primary
field is

D o) n
ﬁu(F)=ﬁs(?)=Zz Z oD v (8, (p)—z 2 CED hy (k) YO (0,0) . (247)
d=1n=0m=-—

n=0 m=

Likewise, for the secondary field, let there be L control sources with the coefficients ﬁn l) le

{1,2,3 --- L} and corresponding control parameters §;, such that
L oo n 0o n
~ 5(CD ,(C <cz C 2.48
AGE Z Z Y a0 =) > Gl b vne) . (25
=1 =0 m=—-n n=0 m=—n
Combining the scattering and the secondary control field leads to

RO +R@ =Y > (650 +0eC50) halkn) H0(6,0) =

n=0 m=-—

= i 2 (Z i) +QZZB<‘“’> Vi (6,9),

n=0 m=-—

(2.49)

which is still the form of a diverging wave solution with the new coefficients (f,(l(,c’ﬂ) + Ql ((C Z).

Using the above formulations, it can be deduced that the total radiated sound power after control

is
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W 7D 4 5,6 2 (2.50)
' g,ct .
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This can be expanded into

o) n
T | 2 4, )
Pocok® | =4 2, n=0 m=-n (2.51)
e} n o n
2 Z C(M) C(m) +Z Z C(m C“CZ))].
n=0 m=-— n=0 m=-n

Relation (2.51) highlights the fact that there are three types of components that contribute to the
power after control. The first and second double summations represent the power of the primary
in the absence of the secondary and, respectively, the power of the secondary in the absence of
the primary. These are always real and positive quantities. The last two double summations
represent the cross-coupling, i.e. the outcome of the primary and secondary both being present
and interacting with each other. Individually, they can be complex with negative values of real and
imaginary parts; however, summed up together always results in a real number. In general, adding
the primary pressure to the secondary pressure does not translate in the overall power being
additive. This is because of the cross-coupling, which can either reduce or increase the sum of the
independent powers radiated by the primary and, respectively, secondary, on their own. When the
primary field and/or the secondary field consist of the superposition of many fields, each one will

couple in its own way with all the others, including the ones from the other field.

24.2 Control constraint: power minimization

In practice, the total scattered sound power after control expressed as a series expansion is
truncated up to N terms such that it can be calculated and manipulated. The choice of N dictates
the amount of spatial precision that can be represented by the decomposition, as the spherical
harmonic functions of higher indices described more complicated spatial variations. In practice, the

truncation value is generally chosen based on the shortest wavelength of interest.

Let the truncated spherical harmonics expansion of the total power after control be denoted as

- 5 2 2.52)
W, = Z 2 C(M) 4 0,6CA" (
t — 2p0C0k2 | Ql nm

n=0 m=
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This can also be written as ] = 2p,cok?W, = &€ using the matrix equation & = d + B - §, where

the (N + 1)2 by 1 column vector d contains the coefficients in the primary arranged in the order

i _ [#(C1) #(C1) &(C1) x(C1) ~(C1) ~(C1) ~(C1) T
d= [Co,o 120G G v Oy Iy Oy o Gy ] ’

each column of the of the (N + 1)? by L matrix B contains the coupling coefficients ~,(1<’C,’f) of the
secondary arranged in the same order, the L by 1 column vector § = [qy,q2,q5 - q.]" contains
the adjustable control parameters (modal control signals), and (N + 1)? by 1 column vector &

contains the combination after control of coefficients between primary and scaled secondary at

each indey, i.e. 5,(1%) + QLCNT(I%)-

Solving the quadratic equation to obtain the set of parameters q that best minimizes the cost

Hg represents the least-mean squares minimization, which is a common control

function | = é
strategy. The practical outcome of this is that the scattered sound power, a global measure, is
minimized. For an overdetermined system (E > L), the optimal control parameters required to

minimize J in a ‘least-mean squares sense’ are [76]

ope = —[B"B] 'BHd (2.33)

under the assumption that BHB is positive definite matrix, which leads to the minimum value of

the cost function being
Jmin = d" [ 1- B[B¥B] 'B" | d. (2.54)

As described in [76], the way in which the minimum of /] = &H& is reached depends solely on the

B, and the location of that minimum in the domain of the cost function is dependent on both B and

o

In the case of a fully-determined system (E = L), there is still a minimum for the quadratic cost
function which is unique if BYB is positive definite [76]. However, the expressions from the over-
determined case simplify. While this situation yields J,,;;, = 0 after optimization, there is still an
inherent risk that the outcome may not be the same for the positions other than the chosen sensors
location. Said risk is also present for the over-determined system. For the under- determined
scenario (E < L) , BHB cannot be positive definite and becomes singular, resulting in the
inexistence of an unique solution to the minimization problem [76]. The problem can still be solved
using different special approaches, one of which is represented by regularisation, where the control

effort gt q is minimized alongside the error ] = &é"& and the new cost function is given by
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] = &+ p gy, (255

where f is a regularisation parameter. The optimal modal control signals then become [76]

Gope = —[BHE + p1] "BHd. (2.56)

The control strategy described so far has several inherent disadvantages, the main one being that
the spatial domain is being discretised into a finite number of positions when it comes to both the
control sources and locations to be controlled. Firstly, this introduces spatial aliasing as the
wavelength of the acoustic wave under consideration becomes comparable with the relative
distance between these positions. Secondly, there is also the possibility for the chosen arrangement
of secondary source and control locations to not be the best option for achieving control of the
given scenario. For example, a pressure sensor can be placed in a region where the magnitude of
the pressure field is already very low before any control, thus resulting in less benefit after control
than could be achieved. Also, a source can be placed in a region where it does not couple very well
with the primary and, thus, would not be able to contribute adequately to the control. In practice,
convenient placement of sensors and secondary sources can either be identified by trial and error,
or by modelling the circumstances of the application and then using mathematical techniques to

optimize the locations.

243 Control minimization: single far-field direction cancellation

The parameter that optimizes the secondary can alternatively be constrained to produce regional
control of the sound pressure in a specific spatial region. For example, in the far-field, one control
source can be used to perfectly cancel the pressure at one angular position (8., ¢.) corresponding
to one direction relative to the origin of the coordinate system. In this scenario, using (2.47) and
(2.48) with L = 1, and taking their far-field equivalents as shown in (2.27), yields the scattered

pressure after control as

. (o] n

Oy ey €T . A(C1) | ~ A(C2)) ,(C 2.57

PO = b + r® == > 7 Y (C5V +acR im0, (27
n=0 m=-n

which can be further expressed as a normalized far-field directivity of the pressure in the form
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DA
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1 r 1
(6,9) = - FOF) = k_z ‘41 2 ((cn) C(m)) Y(@ ) (6, 0) . (2.58)

n:

The optimal source strength for completely cancelling 8.(0, ¢) in direction (6, ¢.) is then

QOpt_ [Z A z C((Cﬂ) Y((C) (ec:(pc)

n

/ [i‘ > 60|

n=0 m=-n

(2.59)

2.5 Chapter summary

In the current chapter, a framework has been established for modelling the 3D scattering of
acoustic travelling waves from an obstacle surrounded by an idealized fluid and for the active
control of said scattering. This has been done using, predominantly, material reproduced from
existing literature that has been repackaged in a consistent way. The contents of this chapter are
employed in the later parts of the thesis as a toolbox for exploring the research question at a

theoretical level.

Although the research contributions of the current work are in the form of theoretical analysis and
modelled results, some consideration is given to the potential practical limitations of realizing an
active control system for the 3D sound scattering from an object. These limitations are discussed in
the following chapter and are used as a guide for the modelling work that is later presented in

Chapter 4, Chapter 5, Chapter 6 and Chapter 7.
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Chapter 3  Practical-Oriented Modelling of Sound

Scattering and Its Control

The current chapter explores the challenges of transitioning the theoretical models discussed in the
previous chapters into a practical working system. Firstly, the measurement of the sound scattering
phenomenon is discussed, in particular, when it comes to capturing spherical harmonic
components in real-time. The theoretical strategies for the frequency domain that are presented in
Chapter 2 rely on the circumstances achieving a steady-state; however, a practical active control
system is required to act accordingly to situational changes as time progresses, especially when
performing the act of cloaking. Secondly, limitations are explained for using representations of
spherical harmonics, in particular, when describing multiple sound fields at the same time, i.e. the
scattering (the primary) and the secondary. Lastly, a specific modelling approach from the literature
is presented. This relies on the work of Bobrovnitskii and can overcome some of the practical

challenges covered in the previous sections.

3.1 Sensing sound scattering phenomena

3.1.1 Capturing spherical harmonic information for active control

Employing active control in a given situation implies gathering information about the situation such
that the involved phenomena can be manipulated. However, information such as the spherical
harmonic components of a physical quantity is a mathematical abstraction which is obtained in
practice by performing measurements of that quantity in a specific way and then further processing
the captured data. As such, this procedure is limited by the number and capabilities of the available

sensing devices, as well as the causality of implemented system.

When it comes to sound fields, there are two types of fundamental sensor designs that can be
generally realized in practice: a pressure microphone and a pressure gradient microphone. The first
of the two senses in an omnidirectional pattern equivalent to the radiation of a point-monopole.
The latter of the two consists of placing two pressure microphones very close to each other,
resulting in directivity patterns equivalent to the radiation of two point-monopoles in close
proximity to each other. This includes the figure-of-eight pattern associated with a dipole and the

cardioid pattern. Both these designs are limited when it comes to the 3D spatial information they
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can discern. Accurately measuring sound fields with more complicated spatial pressure variations
patterns requires more than one instance of the previously mentioned designs, arranged in

different combinations.

It can be observed from Figure 1-7 that as the degree n of a spherical harmonic increases, the
function has more and more complicated variations with angular position on a virtual sphere. From
the literature on measuring and reproducing 3D sound fields, it is known that (N + 1)2
omnidirectional loudspeakers or microphones are required to create or capture, respectively, the
spherical harmonic components of a sound field up to the degree N [77]. When it comes to
implementing active control, this limitation is inherited. Even more so, the active control system is

comprised of both sensors and sources, thus, the constraint applies in two separate cases.

However, active tonal control with a small number of sources produces benefit when the frequency
is low and no improvement in the high frequency regime, as mentioned in [24]. Furthermore, the
results in [78] suggest that there is a relation between the spherical harmonic coefficients in the
expansion and the wavelength relative to the size of the scattering object. This is because, at low
values of ka, where the spatial variations of a sound field occur over a relatively large distance, only
the first few spherical harmonic terms contribute in the expansion. Furthermore, as the spatial
variations of the field occur over smaller and smaller distance, more and more spherical harmonic
terms are present simultaneously in the expansion, such that the series becomes more difficult to
compute and methods such as series based on the Watson Transform are required [38, 65].
Considering all of these aspects, it can be said that active controllers based on spherical harmonic
series representations are most advantageous when using a small number of sensors and secondary

sources to suppress in the low frequency regime.

As an example, let only the monopole-like n = 0 term and the dipole-like n = 1 terms oriented
along the Cartesian axes be considered in the spherical harmonics series. These are expected to be
most dominant at low frequencies. Using the constraint described previously, at least four
omnidirectional sensors and at least four omnidirectional sources are needed for an active control
system. Ideally, each of the two array types would be positioned uniformly on a virtual sphere [77].
The number ‘four’ can be further reduced depending on the circumstances of the situation. If the
scenario was such that only the n = 0 term and one specific n = 1 term were always contributing

in the series, then the number ‘four’ could be reduced to ‘two’.

In addition to the practical limitations on number and position of sensors/sources, capturing
spherical harmonic information also is constrained by causality. Obtaining the spherical harmonic

components of a sound pressure field in practice requires measurement and processing of data
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from locations on a virtual spherical surface, or at least an enclosed 3D surface. In real-time, as an
individual acoustic wave travels towards such a virtual surface, it does not immediately create
sound pressure data at all sensor positions, unless it arrives on the virtual surface simultaneously
from all directions. In all other scenarios, time must pass before all sensors have measured some
signal corresponding to the initial wave, from which the spherical harmonic component information
can then be processed. This time delay makes the real-time control of the initial wave based on
spherical harmonic components not viable, as any manipulation relies on the knowledge of what
the spherical harmonic components are. Furthermore, additional time delay is introduced when a
scatterer is present inside the sensing surface, as it takes time for the incident wave to reach the

obstacle, interact with, and then reach all sensors after the interaction.

As an example, the practical approach used in [34, 35] for real-time control of 3D sound scattering
relies on relating the incident or total sound pressure to the scattered pressure. This relationship
can typically be mapped to the corresponding spherical harmonic components of each quantity.
These components can be measured and manipulated without issues, given the appropriate
arrangements of sensors and secondary sources. However, due to all the aspects presented in the
previous paragraph, the re-mapping would not lead to a causal system, thus preventing the

achievement of real-time from this method.

3.1.2 Isolating the scattered field from the total field in real-time

The behaviour in the region exterior to a scattering obstacle is comprised of both incident and
scattered sound fields, at steady-state. For cloaking, the interest is only controlling the scattered
field without affecting the incident field. However, placing sensors in the region outside the
obstacle or on its surface captures the total field. There is no way to avoid this outcome just by
placing the sensors and sources of the control system in different arrangements; a distinct way of

approaching the problem is required.

One approach for directly obtaining sound scattering data is to perform measurements both in the
presence and in the absence of the scatterer, under the same set of circumstances, as done in [34,
35]. In anechoic conditions, with the obstacle absent, impulse responses or transfer functions can
be measured between acoustic sources generating signals such as white noise or a frequency
sweep, and a discrete set of sensor positions outside the volume that would have been occupied
by the obstacle. This data corresponds to the incidence and, with a proper regularization strategy,

can be processed to obtain inverse filters that map any measurements of total pressure in the
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presence of the obstacle to the scattering it produces, at any sensing position in its exterior. These
filters can then be convolved in real-time with the measurements of total pressure at discrete
locations on a virtual sphere surrounding the obstacle to account for any incoming incidence. With
the scatterer, sensors and secondary sources all present, impulses responses or transfer functions
are also capture in the absence of the incidence between each source and sensor. These are used
in a real-time optimization process of the source signals such as steepest descent. The overall tactic
presented in this paragraph is limited by the fact that it depends on capturing the initial data for
the incidence. In practice, this offline measurement may not be possible, or it may be rendered
useless by changes of circumstances, such as significant fluctuations of sound speed in exterior

medium. Therefore, the tactic is not ideal.

A second approach is illustrated in Figure 3-1, on the left, and is similar to the previous one, but
relies on the domain exterior to the scattering obstacle being coupled with the interior one. In this
scenario, the scattered field is directly related to the sound field generated inside the object.
Therefore, a layer of sensors is placed in the interior domain to capture the scattered field and a
second layer of sensors is placed outside, surrounding the obstacle, for minimizing the pressure
with the aid of control sources. The real-time limitation of this method is that the incident field first

passes through the outside layer of sensors, then it takes time to reach the interior layer.

control actuators

Pincident control actuators Pincident

scattering obstacle
sensors for control

sensors for P acrerea

Figure 3-1 |Illustration of two arrangements for isolating the scattered field from the total field
generated around an obstacle, such that it can be controlled by an active system. On
the left, the method relies on the scattering object being flexible and enclosing a
volume, such that internal sensors can be used. On the right, the method relies on
cancelling the scattering before it can reach and contaminate an exterior sensing layer

that captures the incidence [79-82].
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A third potential strategy is highlighted in the recent work done at the Immersive Boundary
Conditions Laboratory at ETH Zurich [79-82]. This method relies on capturing the incident field as it
first reaches an external layer of sensors surrounding the scatterer and then using that information
to actively cancel the scattering artefacts before they can reach back to this initial layer to
contaminate it. In other words, on the layer at distance 7/, the pressure is always the incident one,
and in the annular region between 7’ and a, the total pressure is measured at a second layer of
sensors surrounding the obstacle. A prediction of what the incident pressure is at this second layer
is performed in real-time from the measurements on the initial layer through extrapolating a
Kirchhoff-Helmholtz integral. This prediction is then subtracted from the measurements at the
second layer such that the scattering is left isolated. Ultimately, the contribution of the isolated
scattering data is controlled through secondary sources placed in the annular region between 7’
and a. The real-time limitations of this strategy are the computational cost of performing the
prediction in the interval before the scattering can reach the external layer of sensors, and the pre-

calibration needed to account for the sound propagation properties inside the annular region.

It is important to note that the strategies discussed in the previous paragraphs do not consider the
requirement to capture spherical harmonic components of a sound field in real-time. Further
development is required to obtain a solution for such a task. One possible way of approaching the
problem is to further explore strategies for separating the converging, i.e. the incidence, and the
diverging, i.e. the scattering, waves relative to a virtual surface enclosing the scatterer [40-45].
These methods have been previously studied for sound field reproduction and active control of
sound within rooms, i.e. enclosed environments, and they may potentially be repurposed active
control of scattering produced in the exterior of obstacles. Another way of tackling the
manipulation of spherical harmonic components in real-time is presented in the following

subsection as a preliminary concept.

3.13 A preliminary concept for solving the sensing challenges

An enclosing surface of sensors cannot be avoided for measuring the spherical harmonic
information of a sound field. Thus, a potential option for achieving real-time 3D cloaking of a
scatterer is to design sensing layers surrounding it that have a number of enclosed sensing regions.
Each region would be approximately associated with a direction of arrival and combined they would
form themselves a layer that encircles the object. The tactic is illustrated in Figure 3-2 for virtual

spherical regions and it relies on the same principles as those in the work from ETH Zurich, that was
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Dscattered = 0

Figure 3-2

described

control sources

sensingregions( : BETITPLEE SN Lo \'\ ﬁ:ﬁincment

scattering obstacle sensors for control

Illustration of a preliminary practical concept for achieving real-time 3D acoustic
cloaking based on spherical harmonic components. A virtual sphere of radius r’
encloses the scattering obstacle and contains a number of spherical regions of smaller
radius on it. The smaller spheres are sensing regions that capture the incident field in
the form of spherical harmonic components. In the annular region between r’ and a,
the scattered pressure is maintained zero with the aid of an active control system
comprised of a second sensing layer and secondary sources. The second sensing layer
is also subdivided into spherical regions. The incident components measured on the
surface at ' are used to make a prediction of the incident components on the surface
of control sensors and then isolate it from the scattering components. The isolated

scattering components are then targeted for control with the secondary sources.

in the previous subsection. The ring of sensing spheres around the object is equivalent

to the external layer from which p; is predicted, and a sensor-source arrangement for active control

is positioned inside the region between the prediction layer and the obstacle. The layer of sensors

for control is also subdivided into spherical sensing regions. The prediction layer and the layer for

control measure the spherical harmonic components of p; and, respectively, p;, at each

corresponding spherical subdivision. A procedure would have to be devised for using the data

captured from each of these subdivisions to obtain a prediction of the spherical harmonic
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components of p; at the control sensors situated between r’ and a. This might potentially require

cross-talk cancellation methods implemented between regional virtual spheres on the same layer.

A number of limitations can be identified for the approach described above. Firstly, two different
instances of discretization are employed. For an individual regional sensing sphere, the number of
sensors is finite, thus, the highest order of spherical harmonic that can be manipulated is
constrained. Furthermore, for each overall sensing layer, there are a finite number of spheres that
can be placed surrounding the scattering object. This translates into spatial discretization, where
certain directions of arrival may be captured inaccurately. Secondly, each sensing sphere inherits
the (N + 1)? limitation of manipulating the spherical harmonic components. This has the
potential to increase the number of required sensors by an exaggerated amount if both spatial

resolution and harmonic content resolution are required to be high.

3.2 Limitations of minimizing spherical harmonic coefficient

contribution to the power

As seen in the previous section, realizing the control system in practice relies heavily on reducing
the number of sensors and secondary sources that are used, while still obtaining benefit after
control. However, this also reduces the number of components in the truncated spherical harmonic
representations that can be gathered in a practical scenario for the primary and, respectively,
secondary. As such, it may become not be possible to use strategies based on spherical harmonics
due to truncation error. The number of spherical harmonic components required to accurately
represent a physical quantity can vary with frequency, depending on the nature of the quantity, as
can be observed in [83, 84]. Typically, to describe a higher frequency requires more spherical
harmonic components in the series summation. This variation with frequency can be different
between the representation of the primary and that of the secondary. For accuracy up to a given
frequency limit, out of the two different truncation values required by the primary and,
respectively, by the secondary, the lower one may be chosen, then used at all frequencies in the
working range. This sacrifices some of the high frequency accuracy of the quantity for which more
spherical harmonic terms are necessary. The sacrifice may not be important if the chosen
truncation value is high enough to create the error in a regime of frequencies where a strategy such
as tonal control already does not produce any benefit due to the finite number of used sensors and

secondary sources.
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3.3 Bobrovnitskii's modelling approach

Bobrovnitskii [57-59] introduced an impedance-based approach to the analysis of sound scattering
by assuming that the surface of the scattering body was divided into many discrete elements, which
are assumed to be small compared with a wavelength in the surrounding fluid. If the pressure and
velocity over the surface are instead expressed in terms of a modal expansion, an entirely analogous
analysis of scattering can be formulated [85]. Assuming tonal excitation proportional to e®t, the
vectors of complex total modal pressures and total modal velocities on the surface of the scattering
body are denoted p; and V, where V, is measured normal and outward with respect to the surface.
Each of these vectors is made up of contributions from the sound field incident on the scattering
body, and contributions from the scattered sound field, so that p; can be written as p; plus ps and
V; as V; plus V. Three input impedance matrices are then defined, which are the in-vacuo structural
impedance matrix of the scattering body, ZB, the impedance matrix of the internal volume of the
scattering body if filled with the surrounding fluid, Z;, and the outward radiation impedance matrix

into the surrounding fluid, ZR, so that

_ s g o s 3.1
Pe = —1p V¢, pi=—%Z "V, Ps =1Zp Vs . (3.1)

Using simple manipulations of the defining equations above, the vector of scattered surface

pressures, Pg, can be expressed in terms of the vector of incident surface pressures, p;, as [57-59]

ps = [(vR + vB)_l . (?1 - vB)] ‘P;=R;'P (3.2)

~

and in terms of the vector of total surface pressures p; as

Po=[(T+%) " (- Ys)| B =Ry Pe . (3:3)

where the admittance matrices Yz, Yz and Y, are the inverses of the impedance matrices Zp, Zp
and Z;, assuming that these matrices are non-singular. The matrices (VR + VB) and (Y, + VR) are
also assumed to be non-singular. Under the conditions of linearity and reciprocity, the matrices YB,
Y; and Y, are symmetric, and when all the processes involved are passive, their real parts are
positive definite. The latter condition leads to all their associated impulse responses being causal.
It is important to note that despite being formulated in terms of the in-vacuo structural response
of the body, the loading of the fluid on the structure, as well as the sound scattering, are all

accounted for in equation (3.3).
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These impedance matrices are fully populated in the original formulation using elemental radiators,
but each could be diagonalised by choosing a modal expansion involving either the structural modes
of the body, for iB, the interior acoustic modes of the space, for Z,, or the radiation modes, for iR.
The eigenvectors of any of the three impedance matrices could thus potentially be used to define
this modal expansion. However, for certain cases, such as that of the scattering from a thin,
uniform, empty spherical shell in a semi-infinite fluid, an expansion in terms of spherical harmonics
diagonalises all three impedance matrices. This expansion is truncated here to N = N’ terms, so

that the pressure and velocity on the surface of the sphere are

N1 n
p(6,p) = pln,m) Yo (6,9), (3.4)
S (3.5)
(0, 9) = 5(n,m) Y596, 9), 3.5

where Y,E’(E,)l(e, @) is the complex spherical harmonic of index (n,m) and p(n,m) and ¥(n, m)

denote the modal amplitudes. The vectors of (N’ + 1)? modal pressures and velocities are then

defined as

P = [5(0,0) (1, —1) 5(1,0) FLL)... BN',—N') ... (N, 0) . sV, NO]T,  (36)

¥ = [5(0,0) #(1,—1) $(1,0) H(1,1) .. B(N',—N") ... B(N",0) ... 5(N', N)]T. (3.7)

3.3.1 Active feedforward formulation

A frequency domain feedforward control formulation can be used to calculate the optimal
performance of an array of secondary sources in minimizing the scattered power, assuming
knowledge of the incident and scattered fields. This allows evaluation of the best possible
performance with a given number of secondary sources, without having to be concerned with the
sensing of the reference or of the error signals, or with the implementation of a practical controller,

and so can be used as the first step in a hierarchical design approach for active control [24, 51].

Let there be L secondary sources on the surface of the scatterer, each of which has a magnitude fl
= x oz = =T
acting at (6;, ¢;) that generates a modal pressure of B - p.. [65], where p. = [fl, f2 f3 - fL] is

the vector of L modal control signals corresponding to each source, and B is equal to
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/A [73 + ZR]_I times the (N’ + 1)2 by L matrix S, where the [-th column of S has elements of

7752(61, @1). It is assumed that (Zp + Z) is non-singular.

The total field after control is

= - o5 = 3.8
Psc =Ps — B P ( )
The scattered power after control is given by
~ a’> a? _ L (3.9)
Wse = 7Re{p?c ' VSC} = 7p?c ' Re{YR} "Psc »

since V. is given by Yz - Psc, which is a quadratic function of P,. The scattered pressure can thus
be minimized by the vector of control sources given by [76]

50PY) _ [BH. Ref¥.Y-B1 - BH-Rel¥,) R, - B =
Pc [ {Yz}-B] {Yr} Ry (3.10)

= [B"-Re{¥z} B] ™" -B" - Re(Ve} R, - be,

where equations (3.2) and (3.3) are used to relate p; to p; and, respectively, p; to p;. The
procedure described by equations (3.1) — (3.9) also holds for incident, scattered and total pressures

on a virtual sphere away from the scattering surface.

In practice, a simple experiment can be performed to validate the feedforward control strategy
described above by ignoring some of the real-time measurement limitations and following the
procedure from [34, 35]. For air as the propagation medium, a spherical scatterer would be placed
in an anechoic chamber. The needed size of the obstacle would be governed by the frequency range
of interest. For a given choice of incident wave to test, one or multiple loudspeakers can be placed
around the scatterer with the sole purpose of generating this disturbance. However, the space in
between these loudspeakers and the obstacle must allow for the appropriate placement of sensors
and secondary sources for the control system. In the first instance, the experiment can use only a
small number of devices for active control. Then = 0 and alln = 1 spherical harmonic components
can be measured and manipulated with only four microphones and four secondary loudspeakers,
each arranged in a tetrahedron on the same virtual sphere surrounding the scatterer. The
microphones would ideally be placed in the far-field and the control loudspeakers between the
sensors and the obstacle. This is done in order to eliminate unwanted effects at certain frequencies
due to scatterer proximity, and to simplify the variation with radial distance in the spherical

harmonic representation. However, being in the far-field at high frequencies may require sensor
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locations that are very far away from the obstacle, and forces the loudspeakers that generate the

incidence to be far away as well.

Given the practical arrangement described in the first paragraph, the scatterer would be first
removed, and all other devices left present. Using only the loudspeakers designated for the
incidence and the sensors, impulse responses or transfer functions between the incidence and each
microphone position would be captured. This data would be processed offline into spherical
harmonic components, and then used to obtain filters that map the spherical harmonic
components of the total pressure that would be created in the presence of the obstacle, to those
of the scattered pressure, for any given incidence. This procedure is similar to that used in [34, 35],
but done for spherical harmonic components, and is equivalent to obtaining R, in (3.3) from
experimental data. All devices are left present such that any scattering that they produce is
accounted for when creating the filters. Secondly, with the scatterer and all other devices present,
the impulse responses or transfer functions between each secondary source and sensor would be
measured, without the incidence being generated, and then processed into spherical harmonic
components. This procedure would be equivalent to obtaining B in (3.7). Again, all the devices are

left present such that any scattering they produce is accounted for when capturing data.

Ultimately, the information processed to obtain ﬁz and B can be used in (3.7) — (3.9) to obtain the
optimal loudspeaker signals T)Eom) that minimize the spherical harmonic components of the
scattering. These signals would then be used in the experimental arrangement with all devices and
scatterer present, as well as with the incidence turned out and at steady-state. The microphones
would now capture the optimized outcome, which can be later processed for an evaluation of the

control performance. It is important to stress that this proposed procedure is not adaptive to

changes of circumstances and does not achieve real-time.

3.3.2 Active feedback formulation

The effect of active feedback control on a scattering sphere in a fluid is shown in the physical
arrangement example from Figure 3-3a. The signals from E discrete velocity sensors are fed to L
internal point force actuators via a feedback controller matrix, H. The effect of such a controller on

the modal velocity in response to a general modal pressure excitation is shown in Figure 3-3b.

The vector of the overall modal velocities in response to a general vector of an overall modal

pressures is
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V=Y, p. (3.11)

In the presence of active control with any array of internal point-force sources, as for feedforward

control, the modal pressures acting on the shell are modified, such that

e e 3.12
V=Y (F—S-Pc) - (312)

<

Figure 3-3 Feedback control using secondary point-force actuators driven by the measured
velocities at discrete sensors on the surface of the scatterer (a), and the block diagram

of the equivalent modal feedback system (b).

For the feedback arrangement shown in Figure 3-3a, the secondary forces, i.e. the secondary, are
related in the feedback to the velocities at the E sensor positions, V., i.e. the primary, via the

feedback controller H, so that

Pe=H ¥, ¥ =TV, (313)

where V is the vector of modal velocities, and Tis a E by (N’ + 1)2 transformation matrix, which,
from equation (3.5), has elements of the form Y,ng(ee, @.)- Thus,

V=-Y,(p—S-H-T-¥), (3.14)

and, so,
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v=—(1+Y-S-H-T) -¥;-p, (3.15)

The modal pressure can be expressed as

p=—Zy [1+¥;-S-H-T|-v=-Z v, (3.16)
where Zgl) is the overall modal impedance of the scatterer with closed-loop feedback control,

which can be written as

I =7, +S H-T. (3.17)

Although ZB is diagonal for a spherical harmonic expansion, the matrix S- H- T is generally not

diagonal. Nevertheless, the matrix Zgl) can now be used instead of ZB in equation (3.5) to give the
vector of scattered modal pressures after feedback control in terms of the vector of incident modal

pressures, and, hence, the scattered power after control can be calculated using equation (3.9).

In the absence of an incident field, the matrix of ‘plant’ responses, G., between the point-force

actuators and the discrete velocity sensors is

. = 5 1-1 = = (3.18)
VC=T'[ZB+ZR] S Pc=Ge Pe
since the force actuators must overcome both the impedance of the scattering surface and the

radiation impedance. If there are the same number of actuators as sensors and they are collocated,

then S is equal to TH, which leads to

(3.19)

an entirely passive modal representation. The stability of the closed-loop system is thus guaranteed

provided the feedback gain matrix, H, is also passive [86, 87].

Several designs of feedback controller are possible. The simplest is decentralised local velocity
feedback, for which H is equal to yI, where y is the gain of each local feedback loop. A more
selective approach to implementing the feedback controller is to make it modal [52], so that for the

collocated case

H=v¥ -0 -yH (3.20)
where, for L < (N’ + 1)?, ¥ is a matrix of mode shapes at the transducer locations for a subset

of the spherical harmonics, and Q is the diagonal matrix of modal velocity feedback gains. In the
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limiting case, where it is assumed that there are as many actuators and sensors as there are modes,
L =E = (N'+1)?, and assuming that the transducers are collocated and positioned so as to
actuate and sense all of the modes such that TH is a good approximation to the identity matrix,
then perfect control of all the modes would be possible. In this case, the closed-loop impedance of
the spherical surface could, in principal, be set equal to the input impedance of the volume of the
scattering body filled with fluid, Z;, so that the scattering would be completely suppressed [57, 58].

Setting equation (3.17) equal to Z, in this case leads to the feedback controller having the form

H="T-(Z —Zs) T". (3.21)

In practice, a simple experiment can be performed to validate the velocity feedback control strategy
described above and illustrated in Figure 3-3a. For air as the propagation medium, a spherical
scatterer would be placed in an anechoic chamber. The needed size of the obstacle would be
governed by the frequency range of interest. For a given choice of incident wave to test, one or
multiple loudspeakers can be placed around the scatterer with the sole purpose of generating this
disturbance. However, the space in between these loudspeakers and the obstacle must allow for
the appropriate placement of sensors and secondary sources for the control system. In the first
instance, the experiment can use only a small number of devices for active control. The n = 0 and
alln = 1 spherical harmonic components can be measured and manipulated with only four sensors
and four secondary actuators, each arranged in a tetrahedron on the surface of the scatterer. The
sensors and actuators would have to measure velocity and respectively, generate a force, in the
direction normal to the spherical surface. With the incidence turned, the measurements of total
velocity on the surface of the scatterer are fed back through the controller H to optimize the
actuator signals. This controller can be computer capable of digital processing and real-time
playback. The matrices S and T are obtained from the knowledge of the seniors and actuator
positions but are only required for understanding the outcome of the control and, hence, for
choosing the controller H. Optimization of H requires further processing steps, and can be done

either adaptively, in real-time, or offline.

333 The use of zero-valued spherical harmonic components when inverting

The modal strategies outlined in subsection 3.3.1 and subsection 3.3.2 use the spherical harmonic
components of all degrees n and orders m, for a given truncation value N. However, the placement
of sound sources relative to the coordinate system and, hence, to the scatterer, can lead to certain

spherical harmonic functions always being zero. In turn, the corresponding spherical harmonic
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terms in the series representations of the primary and/or the secondary are always zero. This

property is later used for the investigations in Chapter 4 — Chapter 7 of the thesis.

The zero-valued spherical harmonic components are an important consideration when computing
results for the previously mentioned active control strategies, specifically when doing matrix
inversions. For feedforward control, this operation is required when obtaining the optimal
parameters of the secondary sources in the minimization problem from equation (3.10). For
feedback control, matrix inversion is used when computing the quantity G, in equation (3.18),
which leads to the open-loop and closed-loop response. Furthermore, whether the used set of
spherical harmonic components has non-contributing, zero-valued elements plays a role in the

choice of feedback controller H.

For a given placement of sound sources relative to the scatterer, if the zero-valued spherical
harmonic components are known, it may be convenient to not include them in the matrices when
performing computations. This would eliminate any potential issues that may arise from inverting
sparse matrices. Furthermore, if the computational procedure introduces slight error in the
spherical harmonic components that should be zero, not including them prevents these errors
affecting the inversion. The tactic described in this paragraph is employed when computing the
active control results from Chapter 5 and Chapter 7 which illustrate an ideal placement of secondary

sources relative to the incidence and scatterer.

3.4 Chapter summary

This chapter has reviewed two types of potential approaches to the practical implementation of an
active system to control 3D sound scattering based on decomposition into series of spherical
harmonic components. The first involves arrays of sensors and secondary acoustic sources placed
away from the surface of the scatterer, where scattering suppression is achieved by directly
manipulating the motion of the fluid. The second involves arrays of sensors and actuators on the
surface of the scattering obstacle and employs feedback to change the dynamic response of this
obstacle in order to alter the scattering it produces. The time constraints of the research project
prevented a detailed experimental investigation of all these approaches and allowed only the
theoretical study of velocity feedback control for the 3D sound scattering from an elastic spherical

shell, which is presented in Chapter 7.
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Chapter4 Sound Scattering and Radiation: The Uniform

Impedance Sphere in a Fluid

This chapter explores the mathematical modelling for scattering from and radiation in the vicinity
of a uniform impedance sphere surrounded by a fluid (see Figure 4-1). This scenario represents the
exterior boundary-value problem with a fixed radial wave impedance Z on the scattering surface.
This impedance has no dependence on frequency or modal index n and is locally-reacting. The last
property translates in the behaviour at one position on the surface being independent of the
behaviour at all other positions on the surface. The physics in the domain inside the spherical
surface are considered to not alter the condition on the separation boundary, such that they can

be ignored in the study of scattering.

Q
E s
[P}
o
£~
—>
>
— scattering 0 =mn/2

Figure 4-1 Diagram of geometry and circumstances studied in this chapter, i.e. 3D sound

scattering from uniform impedance sphere in a fluid, shown as slice along yz-plane.

Classic solutions to the Helmholtz equation, such as a plane-wave and a point-monopole, are
exemplified when enforcing a condition on the spherical boundary. The scenarios discussed here

correspond with the passive case where no active control is considered. These scenarios are used
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in the following as either the primary or the secondary to exemplify the effects of active controlling

the sound scattering from the uniform impedance sphere.

The asymptotic behaviour at low normalized frequency is analysed for the exemplified cases of
scattering and radiation. This is the region in frequency where active control is expected to provided
performance when using a practical small number of control source, as explained in classic active

control textbooks [24, 51].

The investigation described in the paragraphs above is performed for three cases of locally-reacting
impedance on the scattering surface. The first is a rigid (or acoustically hard) sphere, where Z is
considerably larger than the characteristic impedance of the surrounding medium, pycy. The
second is an acoustically soft sphere, where Z is close to zero. And the third is the case of a sphere
where Z = pyc,, i.e. the locally-reacting impedance, which acts on the radial direction, is matched

to the impedance of the surrounding medium. This last case is denoted as ‘radially-matched’.

4.1 General formulation for scattering of a point-monopole source by

the sphere

Let there be a theoretical point-monopole with acoustic strength § situated at position (r',8', ¢")
away from an impedance sphere of radius a, centred at the origin of the coordinate system. The
inequalities ¥’ = a and r > a thus hold. This situation represents a scattering problem, where the

incident field is given by

o n
B = K2pocy@ ) > jn(kio) ha(ks) ¥Sn(0, @) i (60", (41)
n=0m=-n

at the evaluation point (1,0, @), following expression (2.38), where r- = min (r,7") and r, =

max (r, 7). In other words,

k POCOQE 2 Julkr) (k1) ¥2(0,0) 7O (0, 0), 7> 1
5.(7) = n= Om , (4.2)

k POCOQE 2 hy (k') (k) Y 2.(0,0) 70,0, 7 <1

n=0m=
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with its corresponding radial velocity taking the form of (2.39). The scattered pressure field, p¢(7),
is represented by the solution to the exterior problem (2.16) and has the corresponding radial

velocity (2.20).

The radial pressure gradients of the incident and scattered fields are expressed, respectively, as
©o n

Koo ). > hyler) julkr) W 0,0) T (@9, 7> 1

a .
L) = n=0m=-n . (43)
k3pocoqz Z 1 (k) (k) Y O.0,0) 790,00, <

and

aps z e (k) V6, 0) (4.4)

II
||M8

Let the surface r = a be considered, which respects the r < r’' condition. Using the lower
expression in (4.3) and, respectively, expression (4.4) within (2.7) relates the velocities of the
incidence and, respectively, the scattering to their corresponding pressure gradients, on the

considered surface. These gradients are then used together with the pressures to obtain

n

Tk Koty @ ji(ka) hn(r') Y00, @) Taoa (0',9") + D hiy(ha) Y6, @) =

n=0 m=-n

[o'e} n
=ik "> Koty @ n(ka) h(r') Vi (6,0) T (0, 0") + D i ec) Y6, 9,
n= =

where { = Z/(pyco) is the surface impedance normalized by the characteristic acoustic impedance

of the exterior propagation medium.

Using the orthogonality of the spherical harmonics, the double summation signs in the above

equation can be eliminated. Thus,
{ k3poco G ji(ka) hy (k") Y50 (8", 0")* + Cke Dy hip(ka) =
= ik3poCo G jn (k@) hy(kr") Yo (8", 9")" + ik Dy By (ka) =>

=> Dt k[ihn(ka) = {hiy(ka)] = —k3poco § h(kr') Y (6, @")" [ ijn(ka) — {jp(ka)] =>
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~ - Jn(ka) + ijn(ka)
=> DS, = —k?pycy G hy(kr") Y (0,9 . (4.5)
"'m O i@ ka) + ihy (ka)

For convenience, the ratio of spherical Bessel and Hankel functions of ka is denoted as

Jn(ka) + ij} (ka) (4.8)

WG k) =+ ieh (k) (4.6)

Using (4.5 ), the scattered pressure field is given by

B(P) = —k Pocoqz 2 W, hy (k) hy (k') Y€,(6, ) 76,0, (4.7)

n=0m=

where the arguments of Wn are omitted, and the total pressure field is given by

kzpocoqz Z Uin(kr") = Wy, by (k") |y (k) i3 (8, @) T (8, 07) 7 > 7
n= Om n

ﬁt(F) = ’
pocqu Z [ Cer) — W, hy (k1) | B (") Y0 (6, 0) T (6, 90') 7 < 7

n=0m=

where the modal frequency weighting of the radiation is defined as

(ka)?[jn(kr") = Wy hy(kr")], 7 >71'

- ) L (4.9)
—(ka)*Wy,h, (kr"), r<r

W™ (v ¢, ka) = {
with the first expression represents the combination of direct and scattering radiation, and the

second relation represents the scattering, all of which are diverging waves.

When it comes to radiated sound power, the known spherical harmonic coefficients (4.9) can be
substituted back into (2.33), where the closure relation of the functions (see Appendix B) leads to

the scattered sound power being

n(ka) + ija(ka) c ’

h, (ka) + iCh),(ka) Yum

k2p060 G hn(kr") CRD

- 2poCok?
n=0 m=

k2poco 17 o Jnka) + ijaka) |° O [ o©
- ., T k) S ea) + 12kl k) mZ_ EICH
_Mz @n+ D)|h (k) W, |* (4.10)
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and the total radiated sound power (direct radiation plus scattering) being

2 Z |k2poco @ [jn(kr") = Wiy b (k1] Fin (8 <p)|

Zpocok2
k20060 120 | N2 N :
= =P linllry = W Gy | Y | 000
n=0 m=-n
k2poco 1312 S g2
=%z @n + D)|jnCer’) = Wy hy(kr") | (4.11)

n=0

It is important to note that the above expressions do not have any dependence on angular position
or radial position of the point-monopole. This is to be expected as the radiated power is a quantity
invariant in space. Furthermore, the expression highlights that radiated power also does not

depend on whether the real or complex spherical harmonics were used in the expansion.

4.2 Scattering of a monochromatic plane-wave by the sphere

421 Coefficients in spherical harmonic expansion

In expression (4.8), allowing the radial position of the point-monopole to tend to infinity leads to
the spherical harmonic expansion of a plane-wave, in a similar fashion to what is presented in
Appendix |. Using that derivation, it is obtained that for a monochromatic plane-wave of magnitude
P; arriving from the incidence angles (6;, ¢;) , the scattering coefficients are

Jn(ka) + i{j; (ka)
h,(ka) + i¢h,(ka)

DEPY) = — B, 4w in V.9 (6, 1) = —P 4 " Wy Vi (0,0, (4.12)

where the ratio dependent on spherical Bessel and Hankel functions is the same as W,, in (4.6) .

It is important to note that in (4.12) the denominator h,,(ka) + il h},(ka) is never zero, so it is

possible to write Er(l(_cr',zl’w) in terms of a ratio. This is not straightforward to prove analytically,

however, it has been checked to be the case via numerical computation in MATLAB.
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4.2.2 Asymptotic behaviour of coefficients with ka

Expression (4.5) highlights that the variation with ka of the spherical harmonic coefficients E,Sfc;,’fw)

is given by the modal frequency weighting, W, ({, ka), from (4.6). For a fixed n , the coefficients

with the same index m exhibit the same relation with the normalized frequency. The only

dependence on m of the modal coefficient is given by 7,&2 (6;, ¢;). The magnitude of W,, is plotted
in Figure 4-2 for a rigid (Z = 100), soft (Z = 0.01) and radially-matched (Z = 1) spheres, whenn €
{0,1,2}. Approximate values of the normalized impedance were chosen for the soft and rigid
spheres, which are normally { = 0 and, respectively, { = +oo, in order to avoid some practical and
numerical limitations, as will become apparent in section 4.3 . The results in Figure 4-2 are
indistinguishable from those of the corresponding cases { = 0 and { = +, in the used normalized
frequency range ka. Where soft and rigid are mentioned further in this thesis, it is referred to

results computed for { = 0.01 and ¢ = 100, unless specifically stated otherwise.

It can be concluded from the above-mentioned results that for a fixed value of ka , the coefficients
with the lowest n are the most dominant when ka is close to zero, and as ka increases to higher
values, the contributions of more and more orders of Wn become significant. Generally, then = 0
coefficient is the most dominant at low ka, with the exception of the rigid sphere, which has the
same variation for W, and, respectively, W;.

The asymptotic behaviour of Wn when ka « 1, otherwise known in the literature as the ‘Rayleigh
region’, is discussed in the paper [75] for the three cases of surface impedance. In this paper, such
formulations are demonstrated for ﬁ?o and Wn for a soft, hard and a general uniform, locally-
reacting impedance. However, the time-frequency working convention is opposite from that used
in this work and ¢ , the normalized impedance, is used to denote Z/(ipyco) rather than Z/(poco).
The expressions in question from [75] are arranged and presented in Table 4-1 using the current
convention. These can be obtained by combining the asymptotic behaviours of the spherical Bessel
and Hankel functions at low argument, which are discussed in Appendix D. They are also simplified
for when the value of ka is very close to zero (see Table 4-2), which are then applied to W, and to
B

the coefficients for each impedance surface. This asymptotic behaviour is shown in the

plots in Figure 4-2 to demonstrate the limiting behaviour.
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Figure 4-2 Modal frequency weightings W,ﬁp‘”) = W, of scattered sound field due to a plane
incident wave for the soft { = 0.01 (a), radially-matched ¢ = 1 (b), and hard { = 100

(c) spheres.
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The results in Table 4-1 echo all the conclusions found when plotting W, for the first few orders.
The most general forms of the relationships consist of the product between an amplitude
dependent on n and ka as a power dependent on n. Thus, the W, of lowest n are dominant in
magnitude for a fixed value of the normalized frequency. Also, the n = 1 component is just as
significant as the n = 0 one for the rigid case only. It is also important to highlight that ﬁ?o for the
hard sphere and Wl for the soft sphere have the same limiting behaviour. In actuality, these
weightings of the two different spheres are equal for all values of ka , which can be proven with

the definitions from Appendix D.

As pointed out in [75], if |f| > ka, i.e. as the magnitude of the impedance rises closer and closer
towards infinity, the formulation of W, for a general uniform, locally-reacting impedance becomes
that of the rigid one. Indeed, in the expression for W, and W, from the first column in Table 4-1,
the terms with a factor of { from the nominators and the denominators become dominant as {

approaches +oo, thus implying to the corresponding expressions of the hard sphere.

As a result of all the aspects discussed above, in the expressions for the far-field scattered pressure,
the behaviour of the spherical harmonic series in the ‘Rayleigh region’ is equivalent to the most
dominant term of the summation, i.e. the n = 0 term, for the soft and radially-matched spheres.
As the surface impedance approaches infinity and when the sphere is rigid, the n = 1 terms need

to be also considered.

ra<1 WP (¢, ka) WP (100, ka) WP (0.01, ka)
> (ka)? (1 —{ ika/3) —i X o ka
e { + ika e~ika 3 (ka) tha e
(ka)? —ika+¢ i —i
n=1 e s 2 z (ka)3 5 (ka)®
| 2 % (ka)>*t  —ika +{n 12™!1?  n (ka)2t? _12"n!7? (ka)?n+t
e enr D ket iy | " [(Zn)! m+2n+1) o [(Zn)! Zn+ 1)

Table 4-1  Asymptotic behaviour of modal frequency weightings ﬁ?,ﬁp‘”) when ka « 1, calculated
for different regimes of {. Expressions are obtained for n = 0 and forn > 1 . All

expression above omit a factor of 1 + 0(k%a?).
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ka1 WP (100, ka) WP (1, ka) WP (0.01, ka)
- _?‘ (ka)® (ka)? i(ka)?
! (kay? ! (kay? = (kay?
. 6 6 3
21 21 —i
n= —_— 5 N 5 _ 5
: 135 k@) 135 ka) 75 k@)

Table 4-2  Asymptotic behaviour of modal frequency weightings W,Epw) when ka < 1, calculated

for different regimes of {. Expressions are obtained forn = 0,1,2.

4.2.3 Scattered field and total field expressed in terms of spherical harmonics
Substituting the calculated coefficients (4.12) back into the representation of the diverging wave
from subsection 2.2.3 leads to the spherical harmonic decomposition of the scattered pressure

n

o X - Jn(ka) + i ji" (ka) _
B =F ) Y —amin s b (kY (6,0) Vi (B @) (4.13)
n=0 n

h, (ka) + i h},(ka)

m=—
By combining ( 2.34 ) and ( 4.13 ), the total sound field due to scattering is
ﬁt(?) =

(4.14)

[0 n ~
- . Jjn(ka) +i¢ j,' (ka) © =(©
=P 4z " kr) — = h,(kr)|Y, 6,p)Y, "~ .
Lnio m:E_n mi []n( T) b (ea) + 22 bt (ka) n(k1) | Yom(6,9) Y

To demonstrate the essential aspects of the scattering scenario under discussion,

e contour plots of the instantaneous, total pressure field on the yz-plane over the range y €

[—2;2],z € [-2;2] and

e polar plots of ©,(8, ¢), the directivity function of the scattered pressure field normalized

by a factor of 1/(S‘~>l- a),

for a uniform impedance sphere of radius a = 0.3 m were computed in MATLAB using truncated
spherical harmonics expansions and plotted in Figure 4-3. Graphs are shown for three cases of

surface impedance: soft surface (Z = 0.01), the middle row is the radially-matched surface (f =1),
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and the bottom row is the hard surface ({ = 100), at six different values of normalized frequency
ka . The discrete set ka € {0.5,1,3,6,10, 20} was chosen for presenting results to match what
is presented in [71]. The incident plane-wave is chosen to have a magnitude of 1 Pa across all values
of ka and to arrive from the direction (6;, ;) = (m,m/2). Only a slice following the yz-plane is
shown in the figures. The results were computed using up to N = 438 terms in the summations for
the incident and scattered pressures to ensure that the mean-square error was always below 0.8%.

This judgement was made based on the results from [83, 84].

Placing the incident plane-wave at direction (, w/2) or (0,7/2) results in only the m = 0 terms

of a spherical harmonic expansions contributing to the scattered field. This happens because for

6 = mand 8 = 0, the associated Legendre function in the definition of Y,SE,{(@, @) has an argument
of minus one, which always leads to the value of zero when m # 0, as seen in Appendix B. The

nature of this behaviour arises from the choice of coordinate system.

From analysing the right halves in Figure 4-3, it can be observed that all three cases of surface
impedance show important similarities, but also some essential differences. The main conclusion
to be drawn is that in the lower frequency regime, the obstacle has a minor effect on the incident
plane-wave; however, significant scattering artefacts are created as the wavelength becomes
smaller than the dimensions of the sphere, which manifest as a “shadow’ region downstream of the

point of contact between incident wave and obstacle.

In the case of the rigid sphere, for lower values of ka, the scattered field is small in amplitude
relative to the magnitude of the incident wave, thus the total near-field shows minimal changes
due to the obstacle. In terms of normalized far-field directivity, the behaviour exhibits a main lobe
in the upstream direction and an additional, smaller lobe in the downstream direction. As ka
increases, the total near-field shows the planar wavefronts being affected further and further way
from the sphere, in both upstream and downstream directions. However, as seen in Figure 4-3 , the
main lobe still is significantly dominant compared to the additional lobe, even if they both increase

in magnitude as ka increases.

The results for the value of ka = 3 suggest that, at some stage, the downstream scattering artefacts
start to be more significant than the upstream ones. As ka increases after this stage, the shadow
created by the obstacle in the total near-field, downstream, becomes larger and larger while
encompassing a beam region that becomes narrower and more elongated away from the sphere.
This beaming behaviour forms in the direction of propagation of the incident wave and creates
more and more side-artefacts between 8 = /2 and 8 = 0. The same characteristics are observed

in the case of the normalized far-field directivity, where the initial main lobe starts to decrease after
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ka = 3, then remains around the same magnitude, and the additional lobe of the scattered

pressure directivity starts to beam downstream while forming smaller side lobes.

The case where { = 1 exemplifies what happens as the surface impedance becomes matched in
the radial direction to pycy of the surrounding medium. Compared to the rigid sphere, in the low
ka regime, the normalized far-field directivity is close to omnidirectional and larger in magnitude
for the same values of ka. As the normalized frequency increases, the omnidirectional pattern is
off-centred in the downstream direction and starts forming the beaming lobe between ka = 1 and
ka = 3, at a lower frequency than the rigid sphere. Furthermore, in the upstream direction, the
normalized directivity tends to zero; as the wavelength of the incident field becomes smaller and
smaller relative to the size of the obstacle, the curvature of the sphere acts more and more as an
infinite planar wall. Thus, a significant portion of the energy is absorbed due to the impedance of
the surface matching the characteristic impedance of the propagation medium. The side lobes are
also formed as ka increases, however, they are fewer in number than before. All of this behaviour
is echoed in the total near-field plots, where the plane-wave is mostly unaffected in the upstream

direction at all values of ka , but the shadow and beaming region still appear.

When adding the case of the soft sphere to the previous comparison, all of what was noted in the
previous paragraph applies to this as well, with two major exceptions. Firstly, in the low ka regime,
the incident field does not remain unaffected by the obstacle as the pressure has to reach zero on
its surface. Also, the magnitude of the normalized directivity has the highest magnitude of the three
impedance cases. Secondly, as ka increases, the normalized directivity that was somewhat
omnidirectional starts forming both upstream and downstream lobes. This resembles more the
case of the rigid sphere, as opposed to that of the { = 1 sphere, for which very little scattering is
created in the region upstream. It is worth mentioning that the soft sphere exhibits the least

amount of side lobes at large values of the normalized frequency.

The shadow and beaming regions of the three cases discussed above have very clear distinctions.
The shadow region of the rigid sphere is the least prominent while the one of the soft sphere is the
most prominent. The wavefronts in the beaming region are planar, even very close to the sphere,
for the rigid condition. This is not the same for the other two; closer to the obstacle the wavefronts

in the beam are bent and then become planar at a distance away from the surface.
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Figure 4-3: Contour plots of the total pressure field (on the left) and for normalized far-field scattered pressure (on the right) due to for scattering of a
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monochromatic plane-wave by a sphere with different values for the uniform,

locally-reacting impedance on its surface. The plane-wave has a magnitude of 1 Pa across all values of ka and arrives from the direction (8;, ¢;) = (r,m/2) , i.e. from bottom of the figure towards the top. The top row is the soft

surface ({ = 0.01), the middle row is the radially-matched surface ({ = 1), and the bottom row is the hard surface ({ = 100).
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424 Scattered sound power and its asymptotic behaviour with ka

The acoustic scattered power by the impedance sphere interacting with a plane-wave is

W ~(<CPW)
W Zpocok2 Z Z | (4.15)

which can be simplified to

~ 27Tﬁi2 ” = (pw) 2

W= Z(Zn )W, (4.16)
n=0

when using the weightings in (4.6) and the closure relationship of the spherical harmonics. If the

acoustic power associated with the incident plane-wave is defined as the product of the incident

intensity and the cross-sectional area of the sphere

. 2p?
A (4.17)
2poCo
then the normalized scattered power can be written as
- W,
0, === ZZ Z |5 (4.18)
w; n(ka)ziP
n=0 m=
and
T (pw)
i, = (k G 2(2n+1) | | (4.19)

The normalized scattered power is equal to the scattering cross section, as used, for example, in
[88, 89], divided by ma?. It should be noted that although the scattered power, as defined in
equation (4.19), is a useful measure of the space-averaged mean square pressure that is scattered
into the far field, it does not represent the actual power radiated by the sphere, which depends on

the interaction between the incident and scattered fields.

Figure 4-4 shows the variation in the normalized scattered power, ﬁs , with normalized frequency,
ka, calculated for three different values of locally-reacting surface impedance. These were
computed using a finite summation in equation (4.19), up to N = 100, which was found to
accurately represent the scattered power up to ka = 100, since doubling the number of terms

resulted in differences of less than 0.06 dB in the scattered power at any frequency [78]. When the
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Figure 4-4: The scattered sound power divided by the power associated with the incident plane-
wave, versus ka, for the soft f= 0.01, radially-matched Z= 1, and hard Z= 100

spheres.

surface impedance is the same as the characteristic impedance of the fluid surrounding the sphere
so that { = 1, which is described as the ‘radially-matched’ case, the normalized scattered power
initially increases in proportion to (ka)? and has a limiting value of unity at high frequency. This is
because a sound power equal to the incident sound power is absorbed by the sphere, but the
sphere casts a shadow at higher frequencies. If the normalized surface impedance of the sphere is
1072, the variation in the scattered sound power with ka cannot be distinguished from that of a
sphere whose surface impedance is zero over the frequency range and on the resolution of Figure
4-4. This finite surface impedance is used here as an example of a soft sphere, however, since a
monopole placed on its surface will generate a finite external pressure field, unlike when the
surface impedance is zero as described below. In the case of the soft sphere, the scattered power
is four times the incident sound power as defined by (4.17) for small ka [88]. The soft sphere
scatters sound strongly at low frequencies since to realize the pressure-release boundary condition
at the surface, the incident pressure, which is uniform over the surface of the sphere at low
frequencies, can be thought of as being balanced by that due to a monopole source at the centre
of the sphere of strength 4wa;/(ipc). The power radiated by such a monopole is ma?®;/(pc), so
that when divided by the incident sound power in (4.17), the normalized scattered power is equal

to four. At high frequencies, the scattered power is twice the incident power since not only is a
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shadow generated by the sphere, but the incident sound field is reflected off the almost-pressure-

release boundary condition at the front of the sphere.

When the normalized surface impedance is 100 times the characteristic impedance of the
surrounding fluid, the results are indistinguishable from the case when the normalized surface
impedance is infinite within the resolution used in Figure 4-4, and this is used here as a practical
example of a hard sphere. In this case, the scattering is very small at low frequencies with the
normalized scattered sound power rising as 7(ka)*/9, but at high frequencies the scattered sound
power is again twice the incident sound power, since the sphere both generates a shadow and
reflects the incident wave off the almost-zero-velocity surface. In the low frequency value 4(ka)*/9
corresponds to the contribution of the n = 0 component, and 3(ka)*/9 corresponds to the

contribution of the n = 1 component, as described by Lamb [4].

Using the results from Table 4-1, the limiting behaviour of scattered sound power, WS, and

normalized scattered sound power, ﬁs , when ka « 1, are calculated and presented in Table 4-3.

P? |1-"ika/3

2
—— | 2w a? (ka)?
PoCo ¢ —ika

4 (ka)? g (ka)* 4

Table 4-3  Asymptotic behaviour as ka approaches zero of scattered sound power, W;, and

normalized scattered sound power, ﬁs , due to an incident monochromatic plane-
wave scattering from a spherical obstacle with uniform, locally-reacting impedance on

its surface.
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4.3 Radiation of a monochromatic point-monopole source on the

surface of the sphere

43.1 Coefficients in spherical harmonic expansion

The radiation of a point-monopole situated on the surface of an ‘impedance sphere’ can be
obtained by allowing the radial position of the source, ', to tend to the radius of the sphere, a ,
while maintaining its angular position (8',¢') in relation. Therefore, r' =a <r and the

coefficients in the spherical harmonic expansion are

Jn(ka) + i{jy (ka) =(C)

~(Cpm) I
D > h, (ka)| Y 2 (0", @") =
h, (ka) + ilh, (ka) n(ka)| ¥om(@, )

nm kzpoco G |jn(ka) —

(4.20)

. Y S (C 12 ’ pOCO Y =(C 12 ’
= k2poCo [jn(ka) = Wy, hy(ka)] Ty (0,9 = === WP™ 70 (6,90,

where Wn is the same as in (4.6), and where the modal frequency weighting for the point-monopole

is given by

¢

ACLOT - -W =
W™ @, 6 kea) = (ea)? [jn(ka) = W hn(ka)] = 3 —omm s

(4.21)

The final form of (4.20) is obtained by bringing the expression in the initial square brackets at a

common denominator and then applying the Wronskian relation described in Appendix D.

It is important to note that, when the impedance is zero, i.e. for a soft boundary, all coefficients in
the spherical harmonic expansion are zero and the point-monopole cannot radiate when placed on
the surface, as demonstrated by relation (4.19). Because of this, the rest of the analysis uses a
sphere with { = 0.01 in place of the software, such that the behaviour can be observed as in that

region of impedance values.
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Figure 4-5 Modal frequency weightings W,E’"") of sound field radiated by point-monopole on the

surface of soft { = 0.01 (a), radially-matched { = 1 (b), and hard { = 100 (c) spheres.
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4.3.2 Asymptotic behaviour of coefficients with ka

Following the same procedure applied in [75] and the same structure as in subsection 4.2.2, the

asymptotic behaviour of W,Epm) when ka « 1 is first plotted in Figure 4-5 for the rigid and radially-
matched spheres. Similar to the scenario of the plane-wave, given a fixed value of ka, the

coefficients with the lowest n are the most dominant when ka is close to zero, and as ka increases

to higher values, the contributions of more and more orders of W,Epm) become significant.

However, the n = 0 coefficient is the most dominant at low ka for both types of spheres.

2 i 2
(ka) il —ka e~ika (ka)
(ka)* i{ 1
2 2l —ka 7 (ka)’
(ka)n+2 l'Z (ka)n+2
@n-D"il(n+1) —ka 2n -1

Table 4-4  Asymptotic behaviour modal frequency weightings W,Epm) when ka « 1, calculated
for different regimes of {. Expressions are obtained for n = 0 and forn > 1 . All

expressions above omit a factor of 1 + 0(k?a?).

Table 4-5  Asymptotic behaviour of modal frequency weighting W,,Epm) when ka « 1, calculated

for different regimes of . Expressions are obtained forn = 0,1,2.
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The different asymptotic behaviours of the spherical Bessel and Hankel functions, lead to the
analytical results contained in Table 4-4. The results for all n demonstrate that the formulation of

W,?’m) for a general uniform, locally-reacting impedance becomes that ofﬁ/,?m) for the rigid when
|(~| > ka , i.e. the magnitude of the impedance rises closer and closer towards infinity. The
asymptotic behaviour derived in Table 4-4 are presented in a straightforward way in Table 4-5, for
the normalized impedances of interest and first few orders. These are added in the plots from

Figure 4-5 to demonstrate the limiting behaviour as the normalized frequency approaches zero.

4.3.3 Radiated field expressed in terms of spherical harmonics
The radiated field of the point-monopole on the surface of the spherical obstacle is given by

ﬁpm (F) =

o n (4.22)
K2poco G Z Z [jn () = Wy I (k)] B (KT Y52 (6,0) FSn (0", ) =

_ Jntka) + iy (k) © 9.1 7O (g
pocoqz 2 [n(m ) T i e )| A ) Vi 0,0 T30

n=0m=

which, using (4.21) can be re-arranged as

- _Pocoq BN 4 © © (g
By (7) = Z Z e T T e O KO 9 FR@.9) . (423)

It is important to note that expression ( 4.23 ) still has the form of the diverging wave from

subsection 2.2.3, in the current coordinate system, and its corresponding coefficients are given by

ﬁr(l(c,pm) _ Poo ¢ 7(©

az h (ka)_i_l(h (k ) nm(el (p) (4'24)

For the rigid sphere, in (4.23 ), the fraction of spherical Hankel functions of argument ka becomes

—1/h},(ka) as { tends to +oo , therefore

h, (k
Ppm (7) = _lpocoq Z 2 W Ekr) 9 0,0) 790,90 , (4.25)

n=0m=
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In the case of a rigid sphere. In the case of the soft sphere, the fraction of spherical Hankel functions
of ka from expression ( 4.23 ) is proportional to ¢ and thus becomes zero as { = 0, leading to no

radiation.
To demonstrate the essential aspects of the radiating scenario under discussion,

e contour plots of the instantaneous, radiated pressure field on the yz-plane over the range

y €[-2;2],z€[-2;2],and

e polar plots of @S(H, ¢), the directivity function of the radiated pressure field normalized by

a factor of 1/(ak?pycoq),

for a uniform impedance sphere of radius a = 0.3 m were computed in MATLAB using the
truncated spherical harmonics expansions and plotted in Figure 4-6. Graphs are shown for three
cases of surface impedance: the top row is the soft surface ({ = 0.01), the middle row is the
radially-matched surface (( = 1), and the bottom row is the hard surface (( = 100), at six different
values of normalized frequency ka . The discrete set ka € {0.5,1,3,6,10,20}, as in subsection
4.2.3. The point-monopole is chosen to have a source strength of 1/k?pycod m3/s (equivalent
value, not units) across all values of ka and to be placed at the direction (8', ¢") = (m,/2). Only
a slice of the yz-plane is shown in the figures. The results were computed using up to N = 438
terms in the summations for the incident and scattered pressures to ensure that the mean-square

error was always below 0.8%. This judgement was made based on the results from [83, 84].

As for the case of the plane-wave, placing the angular position of the point-monopole at (m,7/2)
or (0,1/2) results in only the m = 0 terms of a spherical harmonic expansions contributing to the
scattered field. This happens because for 8 = m and 8 = 0, the associated Legendre function in
the definition of Y,E%(G, @) has an argument of minus one, which always leads to the value of zero

whenm # 0, as seen in Appendix B.

From analysing Figure 4-6, it can be observed that both cases of surface impedance behave in a
similar way with few differences. In terms of normalized radiated pressure, both the rigid and the
radially-matched spheres are close to omnidirectional in the low ka regime. The omnidirectional
characteristic begins to change somewhere between ka = 0.5 and ka = 1. As the dimenssionless
wavenumber gradually increases and the wavelength becomes more and more comparable to the
size of the sphere, a directivity pattern similar to a super-cardioid shape; a main downstream lobe
becomes increasingly large as a secondary upstream lobe becomes diminishingly small and

elongates towards the direction given by (8, ¢) = (0,1/2) .

112



Chapter 4

The secondary lobe decreases with higher ka more rapidly for the Z = PoCo Sphere than for the
rigid sphere. At ka = 20 and higher, it can be observed in Figure 4-6 that the normalized pressure
directivity is almost zero in the upstream direction for the first of the two cases. This is to be
expected as the surface impedance can absorb some of the source’s energy. For the rigid sphere,
some tiny oscillation can also be noticed when the main lobe connects with the secondary one as
the value of ¢ approaches it . These are very small compared to the size of the two lobes, and it is

difficult to state if they occur or not when { = 1 from the realized graphs.

All the behaviour described in the two paragraphs above is echoed in the near-field plots of the
radiated pressure. The spherical wave is mostly unaffected by the presence of the obstacle at lower
values of ka; however, as the normalized frequency increases, the sound field becomes shadowed
by the sphere, first upstream, and then increasingly more in the side regions. For the radially-
matched sphere, cancellation is almost achieved in the direction given by (8, ¢) = (0,7/2) at
higher ka . The previously discussed tiny oscillations in the normalized pressure directivity cannot

be observed in Figure 4-6 because they are so small in scale compared to all the other behaviour.
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Figure 4-6: Contour plots of the radiated pressure field (on the left) and for normalized far-field radiated pressure (on the right) due to a point-monopole radiating when placed on the surface a sphere with different values for the
uniform, locally-reacting impedance on its boundary. The source strength is § = 0.001 m3 /s across all values of ka and the source is placed at the direction (8',¢’) = (7, /2), i.e. from bottom of the figure towards the top. The top

row is the { = 0.01 soft sphere, the middle row is the { = 1 radially-matched sphere, and the bottom row is the { = 100 hard sphere.
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434 Radiated sound power and its asymptotic behaviour with ka

The acoustic scattered power by the impedance sphere interacting with a point-monopole radiating

from its surface is

[ee)

2
i, =1 2 Z |~(‘C”m) (4.26)
P D heCok?
n=0 m=
which can be simplified to
7y _ P0C0|C7|2 C 55 (pm) a 2 2
Wym = 2> > 20+ 1) B (@ 8 k)| (4.27)

n=0

when using the coefficients in (4.24), the weightings in (4.21), and the closure relationship of the
spherical harmonics. The acoustic power of a free-field point-monopole of volumetric source

strength § is [24, 71]

—~ k2P0C0|C7|2
Wi fpm = B — (4.28)

then the normalized radiated power of the point-monopole on the spherical surface is

W,
i =_om 2 Z perm|’ (4.29)
o Wffpm (pOC0)2k4 =0 M= |
and
T (rm)
M = (k G Z(Zn +1) [ W™ (a8, ka)| (4.30)

Using the modal frequency weightings (4.21) and N = 100 terms in the spherical harmonic series
for the used frequency range, the normalized radiated sound power, ﬁpm, is plotted versus ka in
Figure 4-7, for the soft sphere ({ = 0.01), radially-matched sphere ({ = 1), and hard sphere ({ =
100). The lines corresponding to the latter two cases both exhibit an overall ascent and, in the
lower ka regime, they are very similar to each other and to the radiation of a free-field point-
monopole. However, as ka increases, the rigid sphere becomes a better and better radiator of
sound. This behaviour between the two types of surface impedance is similar when compared to
the sound power scattered due to a plane-wave at higher ka (see Figure 4-4). The result suggests

that bringing a sound source closer to the surface of the obstacle potentially makes the resulting

115



Chapter 4

scattered sound power invariant to changes of the locally-reacting impedance at low frequencies.
In the case of the soft sphere, it radiates very poorly, as expected. Starting from low frequencies,
the radiated power descends proportional to (ka) 2, and then continues to descend not as abrupt

when frequency increases. Eventually, a fixed valued is reached at high frequencies.

H;n m

Figure 4-7: The radiated sound power of a point-monopole on the surface of an impedance
sphere, divided by the power radiated by a free-field point-monopole of the same
characteristics, versus ka, for the soft Z = 0.01, radially-matched Z =1, and hard f =

100 spheres.

Using the asymptotic behaviour when ka — 0 described in in Table 4-4 and Table 4-5, the low

frequency formulations for the radiated sound power, I/T/pm, and normalized radiate sound power,

[1,,,, of the point-monopole placed on the surface of different impedance spheres are obtained.

These are presented in Table 4-6.

It is important to highlight that the point-monopole radiating from the rigid spherical baffle
resembles a free-field point-monopole in the ‘Rayleigh region’ (see [71] for far-field and power of
a point-monopole). For the case of a radially-matched baffle, there is an extra factor in the
formulation for the acoustic pressure and, hence, in that of the sound power. This factor is

dependent on the surface impedance; however, it becomes equal to one as { > ka.
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k?pocolgl? if k?pocolgl?

8n il —ka 8m

1 1
Z_z (ka)?

Table 4-6  Asymptotic behaviour as ka approaches zero of radiated sound power, me, and
normalized radiated sound power, ﬁpm, due to a monochromatic point-monopole on

the surface of a spherical obstacle with uniform, locally-reacting impedance on its

surface.

4.4 Chapter summary

This chapter has presented a spherical harmonic analysis of the 3D sound scattering from a uniform
impedance sphere in a fluid, and of the 3D sound radiation from an acoustic source in the vicinity
of such a sphere. Physical quantities such as scattered/radiated sound pressure in the near-field,
directivity of scattered/radiated sound pressure in the far-field and scattered/radiated sound
power have been illustrated with computer-modelled results for idealized cases such as a plane-
wave or a point-monopole and for three representative values of surface impedance. The spherical
harmonic components of the quantities have been studied and used to make analytical predictions
at low frequencies. In this regime, one or two spherical harmonic components dominate, and a
hierarchy based on degree n is maintained given an ideal placement of an incidence or source
relative to the scatterer, i.e. on the z-axis. With increasing frequency, more and more spherical
harmonic components become dominant in the series at the same time. The content in this chapter
is later used to exemplify the effect of tonal active control on suppressing sound scattering, when
employing the idealized control strategy outlined in subsection 2.4.2 and subsection 3.3.1. The
example results for control are contained in Chapter 5, where the primary is represented by the
scattering of a plane-wave from the impedance sphere, and the secondary sources are represented

by point-monopoles radiating on the surface or in the vicinity of the impedance sphere.
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Chapter 5 Active control of Sound Scattering from

Uniform Impedance Sphere in a Fluid

In this chapter, centralized control in the form of active tonal suppression is exemplified for the
sound scattering from a uniform impedance sphere with computer-modelled results. These are
obtained from the spherical harmonic representations discussed in Chapter 4. The analysis pursues
a straightforward case where the incidence is represented by a single monochromatic plane-wave

and the secondary is represented by a finite number of point-monopole sound radiators.

For the impedance sphere scatterer, the active control examples represent the ideal outcomes from
solving the mathematical models presented in Chapter 2 without taking into consideration practical
limitations. The practical-oriented models presented in Chapter 3 either lead to an equivalent of
these models in a feedforward control arrangement or modify the impedance on the surface in a
feedback arrangement. The impedance of the scatterer in question is considered to be a fixed value
that does not vary with frequency or modal index; as such, the study in this chapter only considers

the active control arrangement that maintains this property, i.e. with no feedback control.

The benefit of active control is affected by the number of secondary sources, the position of the
secondary sources relative to the primary disturbances, and the position of the secondary sources
relative to each other. The presentation in this chapter first looks at the results using either one or
two secondary sources placed on the surface of the obstacle, along the direction of arrival of the
plane-wave. This is done to take advantage of the axisymmetric properties of the spherical shape
and simplify some of the mathematics involving spherical harmonic series expansions. Secondly,
the number of secondary sources is increased to a very high number, and they are distributed
evenly on the surface. And lastly, the pattern of many secondary sources is moved away from the

surface of the obstacle, all at the same radial distance.

The discussion builds upon what was presented in section 4.1, in particular, it focuses on results for
the rigid, soft and radially-matched spheres as the normalized frequency ka is varied. However, a
sound source does not radiate when placed on a soft boundary, thus it cannot be used as a control
source in this scenario. Because of this, in the following paragraphs, the active control with radiators
on the surface of the scatter is instead studied when the boundary is close to soft, i.e. the { = 0.01
sphere is used to approximate the case of a soft boundary. Furthermore, the { = 100 sphere is

used to approximate the case of a rigid boundary, for consistency.
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5.1 Active control with a small number of surface radiators

For active control with a small number of control sources on the surface of the sphere, the two
studied arrangements are depicted schematically in Figure 5-1. These consist of a monochromatic
plane-wave of unit magnitude as the arriving incidence, which produces the scattering that
represents the primary disturbance. This is placed along the z-axis, travelling from minus to plus. In
the first instance, one point-monopole secondary source is placed either in the 8 = m position or
the 8 = 0 position. Then, two point-monopoles are placed at both & = m and 6 = 0. In these
arrangements, the spherical harmonic formulations defined in Chapter 4 for the primary and the
secondary consist of only the terms that have m = 0, as all other terms do not contribute. Only the

m = 0 spherical harmonic components are used when computing the active control results.

Figure 5-1: 2D view of 3D arrangements of secondary sources for the study of tonal active control
of scattering due to a monochromatic plane-wave impinging on an uniform impedance

sphere. The single secondary source can be placed eitherat & = mor 8 = 0.

5.1.1 Effects of minimizing the scattered sound power with one or two surface radiators

Taking the modal frequency weightings ﬁ?,?’w) of the coefficients corresponding to the scattering

of the plane-wave, i.e. expression (4.6), and the weightings W,Epm) corresponding to the source

coupling of a point-monopole radiating on the surface of the sphere, i.e. expression (4.21), the
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theory outlined in subsection 2.4.2 is now used to calculate the effect of minimizing scattered sound
power due to a plane-wave with point-monopole secondary sources. The optimal source strength

qf);)t required to achieve this with one point-monopole is computed from expression (2.53) and

plotted in Figure 5-2 when normalized by a factor of 4wa?®;/(p,c,). Furthermore, in Figure 5-3,
the normalized scattered sound power versus normalized frequency ka is computed before and
after power minimization with secondary sources in the arrangements described in Figure 5-1. The
results from Figure 5-2 and Figure 5-3 are realized for the soft { = 0.01, radially-matched { = 1,
and hard { = 100 spheres. N = 100 terms were calculated in MATLAB in the spherical harmonic

series of the scattered sound power and in the power after minimization.

Using the strategy described in [78], the low frequency behaviour after power minimization can be
analysed based on the low frequency behaviour of the modal frequency weightings W,Epw) and

W,?”"‘). As seen in Figure 4-2, at low ka, the primary (scattering due to the plane-wave) is
dominated by the n = 0 spherical harmonic component for the soft and radially-matched spheres,
and by both the n = 0 and n = 1 spherical harmonic components for the rigid sphere. Also, as
shown in Figure 4-5, at low ka, the secondary (single point-monopole) is dominated by then = 0
spherical harmonic component for all three cases of impedance sphere. For these circumstances,

assuming that the power minimization described in subsection 2.4.2 cancels the leading order term
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Figure 5-2 The optimal source strength qf,;)t, normalized by 4ma?®;/(poc,), for one secondary

point-monopole at either 8 = m or & = m when minimizing the scattered power due

to a plane-wave incidence on the soft, radially-matched, and hard spheres.
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Figure 5-3 The normalized scattered sound power as a function of ka for the soft { = 0.01 (a),

radially-matched { = 1 (b), and hard { = 100 (c) spheres, with no active control and
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with active control using 1 or 2 secondary sources, as shown in Figure 5-1.
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of the dominant n = 0 component in the primary, then, the optimal source strength must be

~(1) _PoC  _ Wo(pW)(f' ka)
Pt 471 P; 2 ﬁ‘;épm) (a, Z, ka) ’

(5.1)

which leaves the residual n = 1 component as most dominant after control, while the hierarchy
with order n of the frequency weightings in the primary is maintained for n = 2. The frequency

weighting of the residual n = 1 component is then given by

Wl(pm) (a, {, ka)
Wo(pm) (a,¢ ka)

WO ka) = WP (¢ ka) F WP (¢ ka) , (5.2)
where the minus sign corresponds to the secondary source in the 8 = m position, and the plus sign

corresponds to the secondary source in the 8 = 0 position.

Using the values in Table 4-2 and Table 4-5, the normalized optimal source strengths from (5.1) are
equal to —i(ka)3/3, 1 and 100 for the { = 100, { = 1 and { = 0.01 spheres, respectively. These
values are the same when changing the position of the secondary source between 8 = r and 8§ =
0, as this does not alter the n = 0 component. In (5.2), the first term, which corresponds to the
primary, has a lower leading power of (ka) than the second term for the rigid sphere, leading to a

residual n = 1 component that remains mostly unaffected at low ka after power minimization, i.e.

ﬁ?l(c)(IOO, ka) = —i(ka)3/6, regardless of point-monopole placement. For the soft sphere, the

second term in (5.2), which corresponds to the optimized secondary, has a lower leading power of

(ka), such that the frequency weighting of the residual n = 1 component is ch)(o.m,ka) =
Fi(ka)? after power minimization, where ‘¥’ corresponds to 8 =  and 8 = 0, respectively. For
the radially-matched sphere, both terms in (5.2) have the same leading power of (ka), such that
Wl(c)(l, ka) is equal to —2(ka)3/3 when the source is positioned at 8 = m, and is equal to
—(ka)®/3 when the source is positioned at & = 0. The calculated frequency weightings after
control predict the normalized scattered sound powers after control being equal to 12(ka)? for
the soft sphere, 3(ka)*/9 for the hard sphere, 16(ka)*/3 for the radially-matched sphere with
the source placed at 8 = m, and 4(ka)*/3 for the radially-matched sphere with the source placed

atd = 0.

The low ka behaviours described above for the normalized optimal source strengths and for the
normalized scattered sound power after control match the computed results from Figure 5-2 and
Figure 5-3, thus confirming the initially assumed outcome of the power minimization. Furthermore,

it can be observed from Figure 5-3 that, overall, the smallest reduction after control is obtained for
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the rigid sphere, and the greatest reduction is obtained for the radially-matched sphere when the
source is in the 8 = 0 position. The lesser suppression when the source is in the 8 = 0 position on
the radially-matched sphere may be a result of the power minimization negatively interfering with
the passive scattering suppression properties of this impedance sphere in the hemisphere

corresponding to the direction of incidence (8 = ), which can be observed in Figure 4-3.

At low ka, the respectively obtained benefits after control require the highest magnitude of
optimized source strength for the soft sphere, followed by the radially-matched one, and then the
rigid one. The strengths of the first two spheres in the enumeration differ by a factor of 100, which

makes actively controlling the case of the soft sphere with one secondary source highly unpractical.

¢=0.01 (=1 ¢ =100
/2 ) /2 m/2
I 27 /3 w/3 0 27/3 /3 g 23 /3
a7 /6 /6 5m/6 /6 5w/6 N /6
- 0 T 0w > 0
1 5m/6 ;
57 /6 /6 Y /6 57/6 /6
27/3 /3 2r/3 /3 21/3 /3
/2 w2 m/2
|— No control 1 source (0],,,, =0) 2 sources

Figure 5-4 The directivity of the scattered field for the soft, radially-matched and hard spheres at
a normalized frequency of ka = 0.1 with no control (blue solid) and after active
control using one point-monopole placed at 8 = 0 (green dashed) or two point-
monopoles (orange dotted-dashed) secondary sources. The backscattered pressure

(6 = m) before control has been taken as the 0 dB reference in each case.

The observed effects at low frequencies of the power minimization on the global measure of
scattered sound power are also echoed in the behaviour of a regional quantity such as the far-field
directivity of the scattered pressure, expressed as (2.28). This is exemplified in Figure 5-4 at
normalized frequency of ka = 0.1, for the three cases of studied impedance spheres. This shows
that the far-field directivity of the scattered pressures becomes a figure-of-eight shape after control

for all three cases of impedance, which corresponds to the (n,m) = (1,0) spherical harmonic, i.e.
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the dominant component after control. At 8 = +m/2, the differences in the amount of attenuation
between the different impedance cases result from numerical limitations, i.e. evaluating the
frequency range at a discrete set of values. The backscattering (8 = ) is more significantly reduced
for the radially-matched sphere than for either the soft or hard spheres, which partially reflects the
greater level of reduction in the scattered power for the radially-matched sphere with one

secondary source located at 8 = 0.

As ka increases, more and more spherical harmonic components contribute simultaneously in the

series representations of the primary and secondary, hence ‘least means squares’ optimisation

D
opt

based on a single control parameter has less and less of an effect while the magnitude of g
becomes smaller and smaller (see Figure 5-2). This leads to relatively insignificant differences
between the normalized scattered sound power before and after control (see Figure 5-3), and
between primary and controlled far-field directivity of the scattered pressure, especially in the
shadow regions, as can be observed in the upcoming results of Figure 5-5 and Figure 5-6 in the

following subsection about regional active control.

Now, two secondary sources placed as depicted in Figure 5-1 are used and their optimal strengths
are computed using expression (2.53). A similar analysis as the one for a single source can be
employed to interpret the low frequency behaviour. For all three studied impedance spheres, the
two most dominant spherical harmonic components at low ka are n =0 and n =1, so, it is
assumed that the action of the two point-monopoles in minimizing the scattered power is to cancel
the leading order powers of (ka) in these two components. In this case, the sum of the two optimal
source strengths is the same as the result in (5.1) and is proportional to both the n = 0 spherical
harmonic component after control, which is suppressed, and the n = 2 harmonic term after
control, which becomes the most dominant residual component. The difference of the two optimal
source strengths is proportional to the n = 1 spherical harmonic component after control, which
is also suppressed. The frequency weighting of the n = 2 spherical harmonic component, after

suppression of then = 0 and n = 1 components, can then be written as

ﬁ?z(pm) (a,¢ ka)
Wépm) (a, {, ka)

B ka) = B (k) + (G k) (53)

When using the values from Table 4-2 and Table 4-5 in (5.3), the frequency weightings of the
dominant n = 2 component after power minimization are 15]72(6)(100, ka) = —i(ka)® /45 for the
hard sphere, WZ(C)(L ka) = (ka)*/9 for the radially-matched sphere, WZ(C)(O.Ol,ka) =

—i(ka)3/3 and for the soft sphere. For the first of the three, both terms in (5.3) have the same
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leading order term of (ka) and contribute to the final value. For the second, the initial term in (5.3),
which corresponds to the primary, has a lower leading order power of (ka), which translates in the
primary n = 2 component not being affected by the power minimization. For the third, the term at
the end in (5.3), which corresponds to the optimized secondary, has a lower leading order power
of (ka) and dominates the final value. The hierarchy based on orders is maintained for n = 3 after
control. The calculated frequency weightings after control predict the normalized scattered sound
powers after control being equal to 4(ka)®/405 for the hard sphere, 20(ka)®/81 for the radially-
matched sphere, and 20(ka)*/9 for the soft sphere.

The low ka behaviours described above for the normalized scattered sound power after control
match the computed results from Figure 5-3, thus confirming the initially assumed outcome of the
power minimization. Furthermore, it can be observed from Figure 5-3 that, overall, significant
amounts of attenuation are obtained with two secondary point-monopoles for all three cases of
impedance sphere, especially for the rigid sphere, where addressing both dominantn = 0andn =
1 spherical harmonic components drastically improves performance. The effects of the power
minimization with two sources on a regional quantity such as the far-field directivity of the
scattered pressure can be observed in Figure 5-4, and echo the effects on the global measure of
scattered sound power. For all three cases of impedance sphere, the directivity after control
significantly reduced for all angles, especially for the rigid sphere, and dominated by the directivity
of the residual n = 2 spherical harmonic component, which is similar to that of a longitudinal

guadrupole.

5.1.2 Effects of cancelling the far-field backscattered pressure with one surface radiator

In the previous subsection, the effects of minimizing a global measure such as scattered sound
power have been investigated with a single secondary point-monopoles on the surface of the
impedance sphere. In this subsection, the investigation is concerned with the complete cancellation
of the normalized far-field scattered pressure directivity, @S, in the backscattering direction 8 = m,
which is outlined in subsection 2.4.3. The regional and global effects of this regional control method
are computed in MATLAB using up to N = 438 terms in the spherical harmonic series for the far-

field directivity, and N = 100 in the spherical harmonic series for the scattered sound power. This

is done to accurately represent the frequency range used in the upcoming figures of results.

For a target cancellation direction around the sphere, the optimal source strength g, is given by

expression (2.59), where the coefficients of the primary belong to the scattered pressure due to
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the plane-wave, and the coupling coefficients of the secondary belong to the point-monopole
source on the sphere. The optimal choice for this parameter can be explained with the plots in the
first row of Figure 5-5, which show the normalized far-field pressure directivities of the primary and
un-optimized secondary of the hard sphere as a function of angle 8 around the sphere for three
different frequencies. If direction 8 = 1 is to be perfectly cancelled, then both olive and orange
lines must be scaled up to reach the value of the blue line at all three frequencies. Depending on
the frequency, some regions of angle 8 on the olive and orange lines become larger in magnitude

than the blue line, i.e. the primary is enhanced rather than suppressed.

Analytical predictions at low ka of the optimal source strength for backscattering (0 = m)
cancellation require a different tactic than that used for the predictions used in the previous
subsection. The asymptotes of n = 0 and n = 1 components in both numerator and denominator
of (2.59) must be considered. This leads to §,,;, normalized by a factor of ama’P;/(pycy), being
equal to 5i(ka)3/6 for the { = 100 sphere in both single source positions, to 1 — 2ika for the { =
1 sphere when 6,,,,, = 7, to 1 + ika for the { = 1 sphere when Opm = 0,10 100(1 — 3ika) for the
{ = 0.01 sphere when 6,,,,, = 7, and to 100(1 + 3ika) for the { = 0.01 sphere when 6,,,, = 0.
The magnitudes of these values are consistent with the results illustrated in the second row of
Figure 5-5 and are approximately the same as those for power minimization. However, the
variations of the optimal source strengths associated with the { = 1 and { = 0.01 spheres are
equal to the sum of two powers of (ka), where the term of a larger power contributes very little to
the magnitude but significantly to the phase. This translates in the n = 0 spherical harmonic
component not being perfectly cancelled as for the power minimization. For all three impedances,
given the two source positions, both n = 0 and n = 1 components contribute to the pressure
directivity @S after backscattering cancellation. Using the values from Table 4-2 and Table 4-5,when
¢ =100, the n = 0 and n = 1 components after control are a pure imaginary value and a real
value, respectively. When { = 1 or{ = 0.01, the term of lower power of (ka) in the optimal source
strength combines with the coupling factors of the secondary such that the term due to the primary
is cancelled inthen = 0 component and is dominant in the n = 1 one, after control. The aftermath
is thus the n = 0 component being dictated by the product between the higher power of (ka) in
the optimal source strength and the corresponding coupling factor of the secondary, resulting in a
pure imaginary value for the { = 1 sphere and a real value for the { = 0.01 sphere. Furthermore,
the n = 1 component is now dictated by the product between the lower power of (ka) in the
optimal source strength and the corresponding coupling factor of the secondary, which leads to a

real value for the { = 1 sphere and a pure imaginary value for the { = 0.01 sphere.
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The behaviours described above generate normalized scattered sound power after control that
varies as 4(ka)*/3 and 45(ka)? for the { = 100 and, respectively, { = 0.01 spheres, regardless
of source position. For the { = 1 sphere, a source at 8,m = 0 leads to a variation of 16(ka)*/3,
while a source at 6,,, = 7 leads to a variation of 64(ka)*/3. Thus, for all three spheres,
backscattering cancellation is less beneficial at suppressing the scattered power compared to direct
minimization using the same secondary source position. In the case of the { = 100 sphere, the
scattered power is even slightly enhanced after backscattering cancellation (see third row of Figure
5-5), while in the case of the { = 1 sphere using a source in the same direction as the backscattering
is, interestingly, more detrimental to suppressing the power than when using the opposite
direction. The behaviours described in this paragraph are echoed in Figure 5-6 and Figure 5-7,
where the magnitude of the normalized far-field pressure directivity after control is larger over the

half-space opposite 8 = m while being attenuated in a region around direction 8 = .

At large values of ka, when 8,,, = 7, the half-space corresponding to the backscattering direction
is favourably discriminated against by the secondary source (see first row of Figure 5-5). The
backscattering cancellation in this position enhances the scattered power by factors that are
constant with ka and equal to approximately 0.25 and approx. 0.08 for the { = 100 and,
respectively, { = 0.01 spheres. The power remains unaffected for the { = 1 sphere (see third row
of Figure 5-5). For all three impedance spheres, these outcomes are the result of a §,,,; greater in
magnitude with increasing ka and greater in magnitude than the one necessary for power
minimization with the same secondary source position (see second row of Figure 5-5). Furthermore,
the normalized far-field scattered pressure directivity exhibits a wide region of attenuation around

direction 8 = m and almost no change in the region around the opposite direction (see Figure 5-6).

When 8,,, = 0, the shape of the orange line seen in the first row of Figure 5-5 has to be scaled up
until its relatively small value at 8 = m is matched to that of the primary. Because of this, scattered
power after control is enhanced more and more as ka increases. The outcome is most detrimental
for suppressing scattered power for the { = 0.01 sphere, then for the { = 100 one, and then for
the ¢ = 1 one (see third row of Figure 5-5). At ka = 100, the enhancements are, respectively, by
factors of approx. 4 - 107, approx. 21 and approx. 10. This sequence of values does not correspond
to the one describing which sphere has the largest difference in magnitude of the optimized
secondary directivity between directions & = m and 8 = 0. This other order is the { = 0.01 sphere
having the largest difference, followed by the { = 1 one and then the { = 100 one. Achieving
backscattering cancellation of the far-field scattered directivity when 6,,,, = 0 requires an optimal

source strength than is greater in magnitude with increasing ka and much greater in magnitude
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than any optimized strength from the other studied control scenarios. The far-field scattered
directivity after control exhibits a narrow region of attenuation around direction 8 = m and large
enhancement in many of the other directions, particularly in the half-plane correspondingto 8 = 0
(see Figure 5-7). In the shadow direction (6 = 0), the magnitude of far-field scattered directivity
after control does not change for the { = 100 and { = 1 spheres after control while it does

significantly for the { = 0.01 sphere.
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Figure 5-5 Normalized far-field directivity of primary and secondary pressures (first row),

magnitude of optimal source strength vs ka (second row), normalized scattered sound
power vs ka (third row), for power minimization and backscattering cancellation.
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Figure 5-7 Normalized directivity of far-field pressure versus angle 6 around the sphere, for

primary, controlled after power minimization, and controlled after backscattering

cancellation (secondary source at 6,,,, = 0), at three different frequencies.
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5.1.3 Effects of cancelling the far-field pressure in the shadow with one surface radiator

This subsection now considers the same study as in the previous subsection, but for cancelling the
shadow direction 8 = 0. The same computational strategies are used to obtain the same sets of

results contained in the upcoming figures.

At small values of ka, the same procedure used to predict the behaviour due to backscattering
cancellation can be employed when cancelling the normalized far-field scattered pressure
directivity, ®,, shadow instead. This leads to Qopt, Normalized by a factor of ama’P;/(pycy), being
equal to 5i(ka)3/6 for the { = 100 sphere in both source positions, to 1 + 2ika for the { = 1
sphere when 6,,,, = 7, to 1 — ika for the { = 1 sphere when Opm = 0, to 100(1 + 3ika) for the
¢ = 0.01 sphere when 0pm = m, and to 100(1 — 3ika) for the { = 0.01 sphere when Opm = 0. It
can be observed that the optimal source strengths are the same as for backscattering cancellation
but, for the { = 1 and { = 0.01 spheres, values have a sign swapped in the term of higher power
of (ka) between the two source positions. The magnitudes of all predicted values of optimal
strengths are consistent with the results illustrated in the second row of Figure 5-8 and are
approximately the same as those for power minimization. As before, the variations of the optimal
source strengths associated with the { = 1 and { = 0.01 spheres are equal to the sum of two
powers of (ka), where the term of a larger power contributes very little to the magnitude but
significantly to the phase. This translates in the n = 0 spherical harmonic component not being
perfectly cancelled as for the power minimization. For all three impedances, bothn =0andn =1
components contribute to the pressure directivity, O, after shadow cancellation. The change of
sign due to source position which is found in the optimal source strengths of the shadow
cancellation does not change the characteristics previously encountered for the backscattering
cancellation, which are the same for the shadow cancellation. Therefore, the n =0and n=1
components after control are still: pure imaginary and, respectively, real when { = 100, pure

imaginary and, respectively, real when { = 1, and real and, respectively, pure imaginary when { =

0.01.

The behaviours described above generate a scattered sound power after control that varies as
4(ka)*/3 and 45(ka)? for the { = 100 and, respectively, { = 0.01 spheres, regardless of source
position. For the { = 1 sphere, a source at 8,m = 0 leads to a variation of 16(ka)*/3, while a
source at 6y, = 7 leads to a variation of 64(ka)*/3. These values are exactly the same as for
backscattering cancellation because the contributing n = 0 and n = 1 components are either real
and purely imaginary or vice versa, so, when taking the absolute value squared of these complex

numbers to obtain the power, the sign change based on source position when cancelling the
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shadow does not have an effect. It can be concluded that, for all three spheres, shadow cancellation
is less beneficial at suppressing the scattered power compared to direct minimization using the
same secondary source position. In the case of the { = 100 sphere, the scattered power is even
slightly enhanced after shadow cancellation (see third row of Figure 5-8). The behaviours described
in this paragraph are echoed in Figure 5-9 and Figure 5-10, where the magnitude of the normalized
scattered directivity after control is larger over the half-space corresponding to 8 = m while being

attenuated in a region around direction 8 = 0.

At large values of ka, when 8,,, = 7, the half-space corresponding to the shadow direction is
unfavourably discriminated against by the secondary source (see first row of Figure 5-8). The shape
of the olive line seen in the first row of Figure 5-8 must be scaled up until its relatively small value
at 8 = 0 is matched to that of the primary. Because of this, scattered power after control is
enhanced more and more as ka increases. The outcome is most detrimental for suppressing power
in the case of the { = 0.01 sphere, then for the { = 1 one and then for the { = 100 one (see third
row of Figure 5-8). The order follows which sphere exhibits the largest difference in magnitude of
the optimized secondary directivity between directions 8 = m and 6 = 0. At ka = 100, the
enhancements in power are, respectively, factors of approx. 53 -10°, approx. 1.7 - 101° and
approx. 2 - 10°, which are significantly larger than those for cancelling backscattering with a source
in the worst of the two locations. Achieving the shadow cancellation with a source at 8, =7
requires an optimal source strength than is greater in magnitude with increasing ka and much
greater in magnitude than any optimized strength from the other studied control scenarios (see
second rows of Figure 5-5 and Figure 5-8). The normalized far-field scattered pressure after control
exhibits a narrow region of attenuation around direction 8 = 0 and large enhancement in many

other directions, particularly in the half-plane corresponding to 8 = m (see Figure 5-9).

Atvery large ka, when 8,,,, = 0, the half-space corresponding to the shadow direction is favourably
discriminated against by the secondary source; however, the far-field scattered directivity exhibits
a very narrow beam around the shadow direction (see first row of Figure 5-10). In matching the far-
field directivities of the primary and secondary, the primary directivity outside the shadow but in
the same half-plane as the shadow gets significantly enhanced after control, which results in the
effects seen in Figure 5-10. The normalized scattered directivity exhibits a narrow region of
attenuation around direction 8 = 0 that is barely wider than the region of attention obtained with
a secondary source in the other position when cancelling the shadow. At all other angles, the
normalized scattered directivity after control is enhanced, more so closer to the shadow direction
than the backscattering direction. In the backscattering direction, the enhancement is greatest for

the { = 1 sphere, followed by the { = 100 sphere and then by the { = 0.01 sphere, which suffers
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no enhancement. Surprisingly, this sequence does not correspond to the one describing which
sphere has the largest difference in magnitude of the optimized secondary directivity between
directions @ =  and 8 = 0. In this new case, the order is the { = 0.01 sphere having the largest
difference, followed by the { = 1 one and then the { = 100 one. The behaviours described in this
paragraph lead to the scattered sound power after control being enhanced more and more as ka
increases even though the position of the secondary source matches the direction of cancellation
(see third row of Figure 5-8). At ka = 100, the enhancements in power are, respectively, factors of
approx. 2446, approx. 2294 and approx. 913 for the { = 0.01, { = 1 and { = 100 spheres. For
the last two sphere, these values are significantly larger than those for cancelling backscattering
with a source in the worst of the two locations. Achieving the shadow cancellation with a source at
8,m = 0 requires an optimal source strength that is relatively constant in magnitude with
increasing ka and much greater in magnitude than the one required for power minimization with
a source in the same position, but much lesser in magnitude than the one required for shadow

cancellation with a secondary source in the location 6,,,, = m.
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5.2 Active control with a large number of surface radiators

It is difficult to physically interpret the results if distributions of secondary sources that are not
aligned along the z-axis are used, partially because the complex-valued spherical harmonics forn =
1 and different values of m do not correspond to dipoles aligned along the three Cartesian axes.
Nevertheless, it is still interesting to use the theory described above to calculate the attenuation
that can be obtained with a larger number of secondary sources. For the three types of impedance
sphere previously used, Figure 5-11 shows the percentage reduction in the scattered sound power
as a function of ka and the number of secondary sources, which were arranged in a sunflower
pattern, depicted in Figure 5-12. This pattern divides the spherical surface into patches of equal
surface area and was chosen because it leads to a uniform spread of the point-locations. In these
computations, all spherical harmonic components, including ones with m # 0, were used, given
the same truncation value of N = 100 as before. Furthermore, the matrix BYB was regularized by
a factor of 107° if its condition number exceeded 10°, as described in equation (2.56) from
subsection 2.4.2. For the rigid and radially-matched spheres, at certain higher frequencies, the
scattered sound power is enhanced after control rather than suppressed, which arises due to the

frequency-independent regularization strategy not being adequate at certain frequencies.

From Figure 5-11, the number of secondary sources required for a 90% attenuation, corresponding
to a 10 dB reduction in scattered power, is approximately given by (ka + 1)2, which is known to
be the number of sources required to accurately reproduce a given sound field up to a normalized
frequency of ka [61]. It can be concluded from these results that the attenuation of scattered sound
power when using a large number of control sources is relatively independent of the surface

impedance of the scattering sphere.
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Figure 5-12 Sunflower pattern of points on the surface of a sphere, as used in [33]. Pattern spaces

points such that the total surface area is split into equal patches.

5.3 Active control with a large number of radiators away from scatterer

The active control of acoustic scattering with secondary sources that are not on the surface of the
sphere has been considered by a number of authors such as Vasquez et al. [30], Norris et al. [27,
28], Eggler et al. [39], and Liu et al. [29], although Cheer [33] found that for a hard sphere this was
less effective than when they were positioned on the surface of the sphere. The same formulations
for active control as in Chapter 2 can also be used in the case where the secondary sources are not

on the surface of the sphere, except that the frequency weighting of the spherical harmonics terms

of the secondary sources, ﬁ},&p"‘) (r’,f, ka) , Which dictates how the secondary couples into the

primary, is given in this case by the formula
W™ (¢ ka) = (ka)? [ (") = Wy, iy (kr”)], (5.4)

i.e. the first expression of equation (4.9), where 1’ is the distance from the secondary source to the

center of the sphere. Equation (5.2) reduces to equation (4.21) in the case when r’ is equal to a.

The first term in Equation (5.4) can be interpreted as the direct field due to the secondary source
in the absence of the scattering sphere, while the second term is due to the scattering of the sound

field from the secondary source by the sphere. Figure 5-13 shows the normalized scattered sound
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power after control with 200 secondary monopole sources uniformly distributed as in Figure 5-12
over a spherical surface of radius 7’ centered at the origin and of different impedances. This is done
for increasing values of ’. In these computations, all spherical harmonic components, including the
ones with m # 0, were used for the same truncation value of N = 100 as before. In the plot, the
frequencies at which the scattered sound power is enhanced after control are not adequately
addressed by the chosen frequency-independent regularization strategy, which is the same as that

for the results in Figure 5-11.

Figure 5-13 illustrates that, as the secondary sources are moved away from the surface of the
scattering sphere, the active control performance, at ka = 10 for example, is very significantly
reduced. Cheer in [33] obtained the same outcome for the hard sphere through computer
simulations. The results from Figure 5-13 and from [33] indicate that as the number of sources

increases, the active control performance becomes less dependent on the surface impedance.

The way that the secondary source couples into the n = 0 spherical harmonic component at low
frequencies is found to be relatively independent of its distance from the surface of the sphere,
regardless of surface impedance. In contrast, the secondary source couples much more efficiently
into the higher-order spherical harmonics as it is moved away from the surface of the sphere,
regardless of surface impedance. This behaviour is exemplified in Figure 5-14 for the hard sphere,
which shows the modal frequency weightings W,&pm) (r’,f, ka) of the coupling coefficients
belonging to the secondary point-monopole source, plotted for n € {0,1,2} and various radial

distances 1’ from the center of the sphere. At low ka, these results can be understood by taking

the low frequency approximation to each of the terms in equation (5.2), which for n > 1 gives

I

lim W™ (v, ka) = (ka)?(kr')™ .

2™n! 2n+ DI ,a\2n+l
1— (=) | (55
ka<1 2n)!'n+1) n+1)
By examining the second term in the square brackets of equation (5.5), it is clear that if ¥’ > a then
this term will be small for a sufficiently large value of n, so that the first, direct field term will
dominate. At low ka, and for a sufficiently large value of n, the ratio of the modal frequency

weighting for a source located at r = r’ to the one of a source on the surface (r’ = a), is thus

W k) = (r—l>n (5.6)

A, e 5 a
W, (a,(,ka)
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Figure 5-14 First few indices of the modal frequency weightings belonging the coupling coefficients
of a secondary point-monopole source radiating when placed at different radial

positions 7’ relative to the hard ¢ = 100 sphere.
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As the secondary source is moved away from the surface of the sphere, it therefore couples more
efficiently into the spherical harmonic components with a higher value of n. The scattered field to
be controlled, however, remains dominated by the lower order components, as shown in Figure
4-2. So, in controlling these lower order components, the secondary sources will increasingly excite
the higher order spherical harmonic components as they are moved away from the surface of the
sphere, which will degrade the control performance. This is similar to the control spillover effect
seen in the active control of modal systems, such as vibration in structures [50, 90] where the
secondary sources can excite higher order and previously poorly excited, structural modes when

they are used to attenuate the effects of lower order structural modes.

To a first approximation, however, the guideline used in the previous section for the number of
sources needed for effective active control being L = (ka + 1)? can be generalized for sources
away from the surface so that the required number of sources is L = (kr' + 1)2. Control will thus

be effective for larger values of ka up to a normalized frequency of
a
(k@) qee = 7\/5 (5.7)

where L is the number of secondary sources, which gives a reasonable prediction of the results in

Figure 5-13 as further illustrated in Figure 5-15.

10" |
— /L a/r' (analytical prediction)
@ (= 0.01 (computed)
B A ¢ =1 (computed)
N N .
=100 £ ¢ =100 (computed) ]
107!
0 15

Figure 5-15 Normalized frequency (ka) ¢+ up to which -10dB of attenuation is achieved, versus
distance away from sphere for active control with a spherical array situated at " and

constituting of 200 sources distributed as in Figure 5-12.
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5.4 Chapter summary

In this chapter, the idealized control strategy described in subsection 2.4.2, which is equivalent to
that from subsection 3.3.1 for the sound power minimization, was illustrated through computer-
modelled results of the uniform impedance sphere in a fluid, given three representative values of
surface impedance. Using the spherical harmonic representations of the primary and secondary, a
number of aspects that govern the performance of the control where investigated. Firstly, one or
two secondary sources in the form of monochromatic point-monopoles were used to suppress the
scattering due to a monochromatic plane-wave, when placed on the scattering boundary in an ideal
position relative to the incidence. It was found that tonal minimization of a global quantity such as
scattered sound power produces attenuation only in the low frequency regime with a small number
of secondary sources. This occurs because only the first few spherical harmonic components
dominate in this regime for both the primary and the secondary. Using the asymptotic behaviour
of the spherical harmonic coefficients in these two entities, the attenuation at low frequencies was
analytically predicted. Comparing the prediction to the computed results lead to the conclusion
that the tonal minimization with one or two secondary sources is equivalent to completely
cancelling the first or, respectively, first two dominant components in the primary that the
secondary also couples best into. In this context, the coupling at a given frequency is better when
the magnitude of the secondary is low compared to that of the primary by a smaller amount, or

when the magnitude of the secondary is big compared to that of the primary by a larger amount.

In contrast, with a single point-monopole on the surface of the spherical obstacle, a regional
quantity such as the far-field radiation pattern of the scattering can be significantly suppressed in
the proximity of a single chosen direction of space. However, this can generate significant
enhancement of the pattern in other directions or of the scattered sound power after control,
depending on the directivity patterns of the primary and secondary, as well as how these two are

placed relative to each other.

Secondly, the tonal minimization for scattered sound power was investigated when using a large
number of secondary point-monopoles spread uniformly on the surface of the impedance sphere.
It was found that increasing the number of secondary sources extends the frequency range
exhibiting attenuation after control towards higher values. However, this behaviour is governed by
a power law, such that, after a certain point, using more sources creates diminishing returns for

broadening the benefited frequency regime.
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Lastly, results are presented for tonal minimization of scattered sound power when the
arrangement of point-monopoles on a virtual sphere is moved away from the scattering surface. It
was found that proximity to the scatterer resulted in better suppression, which can be explained
and predicted at low frequencies using spherical harmonic components. In this regime, moving the
secondary sources away leads to the n = 0 spherical harmonic component remaining largely
unaffected and to the components with n = 1 coupling better into the primary, thus degrading the
control performance. An analytical prediction was found for the frequency up to which the control

is effective, given a specific number of secondary sources.
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Chapter 6

Chapter 6 Sound Scattering and Radiation: The Thin,

Uniform, Empty, Elastic Spherical Shell in Fluid

This chapter explores the mathematical models for scattering from and radiation in the vicinity of
a thin, uniform, empty, elastic spherical shell submerged in a fluid (see figure 6.1). The dynamic
motion of the shell is first modelled in a vacuum, which is then used to model the effect on the
dynamics of externally loading the shell with an idealized surrounding fluid. These chosen shell
models are based on Love's first approximations as explained in the work of Junger [65].
Furthermore, they describe the flexural and bending motion of an elastic structure, and lead to the
dynamic motion of the shell not varying with position along the thickness of the shell. The
hydrostatic effects due to the static fluid loading are ignored in the considered models, which helps
simplify the overall investigation. However, these do have an effect on the dynamic response of the

structure as presented in [91].

scaterig 5

Q-
O
c
X
Tg.
C
IC.

>
-
—
at

Figure 6-1 Diagram of geometry and notation for 3D sound scattering from thin, uniform, empty,

elastic spherical shell in a fluid, shown as slice along yz-plane.
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With the assumptions considered above, the motion of the shell can be simplified to that on its
exterior surface, i.e. a line border in the shape of a sphere. From this perspective, the chosen model
for the fluid-loaded and internally voided thin shell represents an exterior boundary-value problem
with an impedance to acoustic wave motion on the surface of the structure that is a function of
frequency and of modal index. These functions exhibit poles and zeros of the impedance, which
correspond to physical behaviour not encountered for the previously studied impedance sphere,

for example, structural resonances when the impedance is zero.

Classic solutions to the Helmholtz equation, such as a plane-wave, a point-monopole and a point-
force acting on the surface of the shell, are exemplified for different types of material parameters
of the scattering structure. The scenarios discussed here correspond with the passive case where
no active control is considered and are later used in Chapter 7 as either the primary or the

secondary to exemplify the effects of active controlling the sound scattering from the shell.

The asymptotic behaviour at low normalized frequency is analysed for the exemplified cases of
scattering and radiation. This is the region in frequency where active control is expected to provide
performance when using a practical small number of control source, as explained in classic active

control of sound textbooks [24, 51].

It is important to note that the thin shell theory employed in this thesis imposes an upper limit on
the frequency range of interest. For the shell to appear thin, the wavelength corresponding to the

slowest wave speed travelling through its structure must be considerably larger than the thickness

of the shell. This speed is that of a shear wave and is given by ¢, = \/E/[Zps(l +v)], where pq,
E, and v are, respectively, the density, Young's Modulus, and Poisson’s ratio of the shell material.
Material combinations between rubber, steel, ‘silver alloy’, water and air are later exemplified in
this chapter and in Chapter 7, when the shell has an outer radius of a = 0.5 m and a thickness of
h/a = 3%. Under these circumstances, the results of the used thin shell theory are respectively

accurate in the following regimes of normalized frequency ka:

e for arubber shell in water, ka «< 4.29,
e forarubbershellin air, ka < 18.28,
e for asteel shell in water, ka « 447.12,
e for asteel shell in air, ka < 1903.18,

e for a ‘silver alloy’ shell in water, ka <« 230.53,

Even with this limitation, the results presented in this chapter and in Chapter 7 are typically shown

for the same normalized frequency range regardless of wavenumber in the exterior fluid, i.e. ka
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between 10™% to 102. While this renders certain parts of the plots as an inaccurate representation
of the physics, typically at the higher frequencies, it was done to illustrate how the mathematical
model changes for drastically different choices of materials when shell thickness is constant.
Observations are made about the features in these inaccurate regions without repeating the upper
frequency limit at each instance. Furthermore, the focus of this thesis is to demonstrate how
spherical harmonic components can be employed in describing 3D sound scattering behaviour and
be manipulated in active control strategies. The values mentioned in this paragraph should be
referred to in order to judge whether any modelled results from Chapter 6 or Chapter 7 can be used

to judge practical outcomes.

6.1 Free vibration of shell in vacuum

Let there be a spherical shell centred at the origin of the coordinate system. For axisymmetric
motion, the vibration of a thin spherical shell (non-torsional motion with small deflections of
membrane/extensional and flexural/inextensional nature) in vacuum at a single frequency is

described by the radial deflection [65]

#,(0) = 2 &, P, (cos0), (6.1)
n=0
and tangential deflection [65]
We(0) = z By, Pi(cos@), (6.2)
n=1

of the exterior shell surface, which can be expressed as an infinite series of Legendre polynomials
P, (cos ), where a factor of e'®t corresponding to the used time-frequency convention is omitted.
&, and En are coefficients depending on frequency and the mechanical wave impedance of the
shell, which is Z,, for radial motion. Tangential motion is ignored as it does not couple with the

inviscid fluid. P, (cos 0) signifies derivation of B, (cos @) with respect to cos 6.

The above expressions can be extended to spherical harmonic series through Legendre’s addition
theorem for two angular positions, where one is fixed on an arbitrary direction (8',¢") and the

other embodies the variation with (8, ¢). This leads to (6.1) and (6.2) taking the forms
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5. y© © rpr
6.3
EEZnHan 0.0 F0 @0, (63)
n=0m=
[ee] n 1
I N L © © (g
_Zﬁn4nsin2922n+1cosgy m(09) Yum(®',¢") =
n=0 m=-n (6.4)

YOm0, 0) T2 (0,90

T 2n—1

when using the derivative of the Legendre polynomial,

db, (z)  n
dz ~ z2-1

ORI O]

However, the extension performed above does not guarantee that the spherical harmonic functions
are the all the non-axisymmetric modeshapes of the used 3D model for a thin spherical shell. This
is further discussed in the [92], which speculates that, for such a thin shell model, the non-
axisymmetric dynamic motion has the same modeshapes and modal impedances as the
axisymmetric one. However, no proof is provided. A demonstration of the result is presented in
[93], and put further into context in [94]. With all this considered, it can be concluded that in
expressions (6.3) and (6.4) for the given deflections, all possible modes of the shell are accounted
for in the series expansion. Furthermore, these modes are governed by the same modal impedance

as for the axisymmetric case described in [65].

6.1.1 Mechanical impedance, mechanical admittance, and their asymptotic behaviour

At a single frequency, on the surface of the spherical shell in vacuum, the modal wave impedance
for radial motion, which corresponds to the ratio between the modal pressure and modal velocity

at each modal order n, is expressed as [65]

Z.() =Pl Dy (65)
@ = 2 al-—A+)w+1,-1) '

with
Dy =0*—[143v+1,-p?(1—v—22 —v)|R%+ (A, — 2)(1 —v?) (66)

+ B%[A3 — 422 + 2,(5—-v?) —2(1 —v?)],
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where a is the outer radius of the shell, h is the thickness of the shell, p; is the density of the shell,
E and v are the Young's Modulus and Poisson’s ratio of the shell material, 2 = wa/c, =
(co/cp)ka is a non-dimensional frequency, Cz% = E/[ps(1 —v?)] is the low frequency phase
velocity of compressional waves in an elastic plate made of the shell material, 1, =n(n+ 1) is a
modal parameter, and 2 = h?/(12a?) is a geometrical parameter. The quantities c,, k and w are
the speed of sound, wave number and angular frequency in a reference medium, which will be later
used as the exterior fluid surrounding the shell. Compared to a locally-reacting surface impedance
of a sphere in a fluid, this mechanical impedance is a rational function of a dimensionless frequency,
with poles and zeroes. It is important to highlight that using a non-dimensional frequency makes

Zn dependent only on the material properties of the shell and not on the reference fluid.

Expression (6.5) can be re-written as

. ipsCoh D
Zy(ka) = == — : (6.7)
(ko) | (ka2 = ()" (1 + W+ 20— 1
Co
with
C 2
D, = (ka)* — (C—”) [143v+ A, — B2(1 — v — 22 — vA,))] (ka)?
0
cp\* 5 (6.8)
+(2) 1n-20 -
Co
+B2A5 — 445 + 2, (5 —v?) —2(1 — v},
such that the corresponding modal wave admittance, i.e. the reciprocal of Z,,(ka), is
2_ () 2
) ) a(ka)[(ka) ~(2) a+p@+2 -1 (69)
Y. (ka) ==—= —i - . ’
n( a) Zn lpsCO h DZ

For small ka (ka «< 1), whenn = 0, the terms corresponding to (ka)? and (ka)* in the numerator

and denominator of (6.7) become negligible, so that the wave impedance simplifies to

lim Zy(ka) =

ka1

4
_ ipscoh (i—’;) (o = DA = v?) + B2 — 425 + A5 —v*) — 21— v}

a

2 (6.10)
-(ka) (&) 1+ +2- D

_ hpseh 20-v?)  h 2E K
' co w—1D(ka) laco(l—v)(ka)_ia) ’
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where k' = 2Eh/[a?(1 — v)]. This behaviour of the impedance is controlled by the stiffness of the
structure. Whenn = 1, the (ka)0 term in the denominator of (6.9) is zero, such that (ka)? term is

dominant instead and the asymptotic behaviour of the impedance is given by

C 2
ipscoh — () [143v+2=F2(1—v =2 —vA](ka)?

klﬁii‘lzl(ka) " a 2 Cp\2 -
~(ka) () (1 +p)H@+2-1) (6.11)
_ipscoh 3(1+v)(1 + %) (ka) _ 3 h ) = iom
I Arna+py - by (ka) = iom”,

where m' = 3hp. This behaviour of the impedance is controlled by the mass of the structure. For

n = 2, the situation is similar to that for n = 0, such that

lim Z,(ka) =

ka1

4
_ipyeh (z—z) (M = 2)(1 = v2) + B2[A3 — 422 + 1,(5 — v?) — 2(1 — v?)]} _

@ —(ka) (E—z)z (145w + 1, — 1) (6.12)

hpsch (A —2)(1 —v2) + B2[A5 — 422 + 1, (5 — v?) — 2(1 — v?)]
e k)1 + B + A4, — D '

As for n = 0, the impedance at low ka is controlled by the stiffness of the structure forn > 2.

For large values of ka (ka — o), the terms corresponding to (ka)? and (ka)* in the numerator

and denominator of (6.7) are dominant, so that the wave impedance is

. h
lim Z,(ka) = iacops(ka) , (6.13)

ka—oo

i.e. it is controlled by the mass of the structure due to the power law of the frequency.

Consequently, for the modal wave admittance, the asymptotic behaviour at low ka is

i ) =
(6.14)
. Ca (k) A+ W+, — 1) -
T R Uy = 2) (1 —v2) + 2B — 42+ 1, (5 —v2) —2(1—vD)]©
- 1- k [
lim 7y (ka) = 2= Wka) _ o (6.15)
ka1

h 2F Tk

154



Chapter 6

- a 1 1
lim Y, (ka) = —i— = , 6.16
ka1 1 (ka) h 3cops(ka)  iowm' ( )
and at large values of ka is
lim ¥, (ka) = —i — (6.17)
ki M = T cops(ka) '
6.1.2 Natural frequencies and modeshapes for shell in vacuum

It can be seen in formulation (6.9) that the modal admittance at each order n # 1 has three real
zeroes, one of which always occurs at normalized frequency of 0 Hz and the other two governed
by the physical properties of the shell material. For n = 1, there is no third zero at a frequency of
0 Hz. For a given order n, the zeroes occur at the two angular frequencies

P+ 8w+, — D]V, (6.18)

gnz—co[

and represent the values in the frequency regime at which the motion of the mode n is the least.
For n = 0, the quantity underneath the square root in (6.18) is negative, assuming material
properties are not negative and Poisson’s ratio is a maximum of 0.5, and, thus, the two values g,
are complex, resulting in no troughs in the admittance versus frequency behaviour. Forn > 0, the
quantity underneath the square root in (6.18) is always positive, such that one value of g,, is always
positive and the other is always negative, resulting in one trough for the admittance as a function

of frequency.

Also, the admittance in (6.9) has four poles, two real and two pure-imaginary, all governed by the
properties of the shell material. The real poles that are positive represents the natural frequencies
of vibration for the shell, where the motion of the mode n is the highest in magnitude, i.e. where
peaks appear in Y, (ka). These natural frequencies are categorized in two sets [65], a ‘Upper

Branch’ given by

2Ca% = [1+3v+1,—F?(1—v—212 —vi,)]
+{(1+3v+1,-p2(1—v—22 —vA)]* —4(A4, — 2)(1 —v?) (6.19)
— 4%, — 425 + 2, (5 — v?) = 2(1 = vA]}/2

and a ‘Lower branch’ given by
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2Ch2 = [1+3v+ A, — 21 —v—23 —vAy)]
—{[1+3v+2,—-p*(A—v—-23 —v1)]?* -4, — 2)(1 —v?) (6.20)
— 4B2 [N — 425 + 2, (5 —v*) — 2(1 —v)}/?,

where € = (1 —v?)psa?/E and a,, b, are the angular natural frequencies when real and
positive. These natural frequencies can be written in terms of normalized frequency ka as either
ka=a, a/cy and ka = b,, a/cy. The resonances in the ‘Lower branch’ are typically lower in

frequency then those in the ‘Upper branch’ [65].

For the order n = 0, the ‘Lower branch’ exhibits a spurious mode where both radial and tangential
displacement are zero. Additionally, for the order n = 1, the natural frequency in the ‘Lower
branch’ occurs at a frequency of 0 Hz, which translates into a rigid body mode where the whole
structure moves in unison by the same amount; this is the reason why, the modal admittance in
(6.9) has only one peak in the frequency regime and is controlled by the mass of the structure at
low frequency. The natural frequencies in the two branches are exemplified in Table 6-2 and Table
6-1 for natural rubber and steel, respectively, when the shell has a radius of a = 0.5 m and a
thickness h/a = 3%. The ‘Upper branch’ is significantly affected by varying h/a while the ‘Lower

branch’ is not, as discussed in [65] and as seen in Figure 6-2 for the steel shell, where the natural

frequencies are expressed as normalized frequencies following ka = a, a/cy and ka = b,, a/cy.

n a, (rad/s) by, (rad/s) n a, (rad/s) by, (rad/s)
0 207.39 - 0 16444.29 -
1 254.01 0 1 20140.81 0
2 341.47 72.81 2 27885.55 7359.49
3 447.5 88.27 3 37354.69 8720.24
4 560.23 95.71 4 47309.64 9326.01
5 675.79 101.22 5 57433 9760.42
6 792.75 107.06 6 67630.59 10217.21
7 910.51 114.36 7 77866.94 10792.88
8 1028.77 123.84 8 88126.02 11547.14
9 1147.37 135.89 9 98399.59 12517.95
10 1266.2 150.74 10 108682.97 13726.63
Table 6-2 Natural frequencies for Table 6-1 Natural frequencies for
rubber spherical shell in vacuum. steel spherical shell in vacuum.
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Lower branch, steel spherical shell
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Figure 6-2 Normalized natural frequencies of steel shell in vacuum versus modal order n.

6.1.3 In-vacuo modal wave admittance versus frequency

From formulation (6.9), it can be concluded that the ratio of the thickness of the shell to its outer
radius is an important parameter that governs the modal admittance. However, the analysis
presented in this thesis is streamlined by exemplified only shells of a specific thickness value, i.e.
h/a = 3%. This allows the study to focus on other aspects such as the effects on the scattering at

different frequencies when changing different material properties.

The magnitude of the in-vacuo wave admittance 17,1 normalized by the characteristic impedance of
water or air as potential exterior surrounding fluids is plotted against the normalized frequency ka
in the top rows of Figure 6-3 and Figure 6-4 for the shells of h/a = 3% thickness made out of
natural rubber and steel, respectively. Results are shown for the first few modal orders n. The
wavenumber is defined relative to an exterior fluid that is not yet considered. Changing between
air and water for a shell made of a given material leads to shifting all lines by the same amount on
the frequency axis, but also to re-scaling of all lines by the same amount on the magnitude axis as
the normalization changes. In principle, the magnitudes of the peaks correspond to no motion and
go up to infinity, while the magnitude of the troughs correspond to resonant motion and go down
to infinity. However, these peaks and troughs appear as finite in the results because they have been
simulated numerically over a discrete range of frequencies and, respectively, due to the use of a
logarithmic scale. Thus, any changes to the peaks and troughs when using different material

combinations cannot be attributed to any specific physical reason.

For n = 0, the normalized in-vacuo wave admittance has only one peak corresponding to the

positive, real root a,, of the denominator in (6.9) and no troughs; it rises proportional to ka at low
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values of ka (stiffness controlled) and it descends proportional to 1/(ka) at large values of ka
(mass controlled). For n = 1, the admittance has only one peak corresponding to the positive, real
root a,, of the denominator in (6.9), and one trough corresponding to the real, positive root of the
numerator in (6.9); it descends proportional to ka at low values of ka as well as at large values of
ka. For the orders n higher than 1, the admittance has two peaks corresponding to the positive,
real roots a,, and b,, of the denominator in (6.9), and one trough corresponding to the real, positive
root of the numerator in (6.9); it rises proportional to ka at low values of ka (stiffness controlled)

and it descends proportional to 1/(ka) at large values of ka (mass controlled).

Rubber shell in vacuum, h% = 3%

Rubber shell in vacuum, h% = 3%_
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Figure 6-3 Normalized modal wave admittance versus normalized frequency at the first few
modal orders n for thin spherical shell made of rubber, in vacuum (first row) and

loaded externally (second row) by either water (first column) or air (second column).
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Steel shell in vacuum, h% = 3%
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Figure 6-4 Normalized modal wave admittance versus normalized frequency at the first few

modal orders n for thin spherical shell made of steel, in vacuum (first row) and loaded

externally (second row) by either water (first column) or air (second column).
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Normalized impedance, n =0

Normalized impedance, n =2

Normalized impedance, n =4

Figure 6-5
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Figure 6-6 Real and imaginary parts of modal impedance for the in-vacuo and fluid loaded steel
shell in water, as function of normalized frequency ka, shown for the very first few

modal indices n.
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6.2 Vibration of elastic shell loaded externally by fluid

In the used spherical shell model, the modal wave impedance of the structure at each modal order
n when externally loaded by a fluid is a modified version of the modal wave impedance in vacuum,

such that the new loaded impedance characterizing the separation boundary is [65]

h, (ka)

i _ 6.21
ipoCo Rk ( )

79 (ka) = Z,(ka) + 2,(ka) = Z,(ka) —
where Z,(ka) is the modal impedance of the free-field fluid towards an outgoing wave as in
equation (2.26), i.e. the radiation loading, and is added to the modal wave impedance of the
spherical shell in vacuum, Z,,(ka). The radiation loading has both a real part (resistive) and an

imaginary part (reactive) while the latter is purely imaginary (reactive), therefore, the real part of

Z,(ll) (ka) is the real part of the second term, Z,,(ka), in (6.21). This translates in the structure being

damped solely due to the loading of the fluid in this model.

The behaviours of Z,(ll) (ka), Z,(ka) and Z, (ka) with frequency are exemplified in Figure 6-5 and
Figure 6-6 for the rubber spherical shell in water and, respectively, the steel spherical shell in water.
It can be seen in the figures that the imaginary part of Z,,(ka) for all modal orders has no zeroes or
poles and is significantly small in magnitude at low ka and at large ka, while having a narrow mid-
frequency regime of large magnitude whose position depends on n. The real part of Z,, (ka) for all
modal orders is small in magnitude at low ka, rises to a slightly higher value around the same region
where the imaginary part of Z, (ka) does, and then decreases with higher frequency. In contrast,
Zn (ka) is significantly large in magnitude in almost all frequency regions for the steel shell in water
but is significantly large only at high frequencies and resonant frequencies for the rubber shell in
water. Given a modal order n, the effect of the fluid loading on the overall impedance is to add a
dissipative real part, and dominate the purely imaginary Z,, (ka) in the regions where the imaginary
part Z,(ka) shows a slight increase in magnitude. The natural frequencies of the shell in vacuum

are thus lowered by the mass loading of the exterior surrounding fluid.

The corresponding loaded admittance 17,51) normalized by the characteristic impedance of exterior
fluid is plotted against the normalized frequency ka for the first few modal orders n in the graphs
on the lower row of Figure 6-3 and Figure 6-4. This is done for the rubber and, respectively, steel
shells, submerged in either water or air. In Figure 6-3, when comparing the natural rubber shell in
vacuum versus in water, it can be observed that the fluid loading in this case, at low values of ka,
does not change the structure of the modal in-vacuo admittances and only the line corresponding

to n =1 is scaled down. Also, at large values of ka, the water loading creates complicated
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behaviour of relatively significant magnitude for all orders n. When it comes to the in-vacuo
resonances, it seems that all the natural frequencies for the low modal orders are shifted down in
frequency, while for higher orders, only the resonances in the ‘Lower Branch’ are shifted down; the
ones in the ‘Upper branch’ do not shift in frequency significantly. The troughs in the modal
admittances seem to not shift in frequency due to the fluid loading. The magnitudes of the peaks
and troughs are affected by the water loading [65]. However, this is difficult to observe since the
initial magnitudes at the in-vacuo resonances are meant to be zero on the logarithmic scale and
those at the in-vacuo antiresonances are meant to be infinity, while the plots have been simulated
numerically over a discrete range of frequencies. With that said, the peak of the admittance forn =

0 in particular appears to be significantly reduced by the loading in the results.

When comparing the natural rubber shell in vacuum versus in air, it can be observed in Figure 6-3
that the fluid loading seems to have no effects on the modal admittances with the exception of the
magnitude change of the peaks in all modal orders when the shell is loaded by the air. But, as
described before, the changed amount seen in the plots may not be the exact amount of effect
produced by the loading due to numerical limitations in computation of the results. The air loading
seems to not significantly shift the frequencies at which the resonances and the troughs in the
admittances occur, it seems to not change the magnitude in the troughs, and it does not change

the behaviour or scaling at low values of ka.

When analysing Figure 6-4 for the steel shell in water, it can be observed that the effects of the
loading are similar to the observed effects of the air loading on the rubber shell, with the addition
that the troughs in the in-vacuo admittances of the steel shell in water are increased in magnitude
very slightly. However, the peaks in the in-vacuo admittances of the steel shell in water are reduced
significantly in magnitude for both branches when compared to the air loading on the rubber shell.
In the case of the steel spherical shell in air, the overall magnitude of the in-vacuo modal
admittances, including those at resonances and anti-resonances, would be hardly affected even in

the absence of numerical limitations as the air loading is relatively very light on the steel structure.
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6.3 Scattering of plane-wave from an elastic shell

Generalising the discussion around equation (2.43), a monochromatic plane-wave of magnitude 73i

arriving from the incidence direction (6;, ;) creates a pressure scattered from the shell equal to

ﬁs(F)=z 2 m (KD Y50 (6,0, (622)

where the coefficients are
DS = =P 4w i" W, 1,00 (0,,00) (6.23)
and the modal frequency weightings are

o Jn(ka) + i Gy(ka) j, (ka)
Wnlenle® =, Gea) + 1 4u k) () (624)

where ¢, (ka) are the modal impedances of the shell in-vacuo, normalized by the characteristic
impedance of the surrounding fluid, (pgcg), and are functions of the modal order n, as well as the
normalized frequency ka. These fn(ka) now replace the normalized impedance  of the locally-

reacting sphere, which was independent of n and ka.

In [65], the axisymmetric form of expression (6.22) is described, which has the Legendre

polynomials as the basis functions and is obtained from (6.22) via Legendre’s addition theorem.

The normalized scattered power can then again be written as

~ W

A n(ka)z?z ; mz [Diim (6:25)
or

i, = (k G 2(2n+ D[ Wy G k)|, (6.26)

where I/T/l is the same as in equation (4.17).

164



Chapter 6

6.3.1 Low frequency asymptotes for modal frequency weightings of scattering

Using the asymptotic behaviour at low ka of the mechanical modal impedance from formulas
(6.10), (6.11) and (6.12) together with the asymptotic behaviour at low ka of the scattering
coefficients for a locally-reacting impedance sphere [78], and combining these together in (6.24)

leads to the following asymptotes of the modal frequency weightings of the plane-wave scattering

from the thin shell, W™ = W, (¢, ka),

3 2
- mow) _ . (ka) _ 3pcp(1 - V)E
h ps
. (ka)®* 3a p 1
A, W =i 3 ph ps (6.28)
1+6=6s
ap
~ 2112 (ka)2"l n
lim WP = i (ke) . nx>2. (6.29)
ka1 2l 2Cn+1) (n+1)

When comparing the above relations with the asymptotic behaviour of the modal scattering
amplitudes of a rigid sphere, the n = 0 and n = 1 components have additional factors governed
by the stiffness and mass of the shell, respectively, but the higher modal weightings behave in the

same way as those of a rigid sphere at low ka.

As commented in [78], at low ka, the ideal locally-reacting impedance that passively cancels the
leading order power of (ka) in the n = 0 scattering component is { = 3/(ika), and the one that
passively cancels the leading order power of (ka) in the n = 1 scattering component is { = (ika),
which cannot be satisfied at the same time for a locally-reacting impedance sphere. In the case of
the dynamic spherical shell, however, formulation (6.27) shows that the condition for completely
cancelling the n = 0 scattering component at low values of ka is

E h 3 (6.30)

pct(1—v)a 2° '

Also, equation (6.28) shows that the condition for completely cancelling the n = 1 scattering

component at low values of ka is
! (6.31)
3 .

Equating relations (6.30) and (6.31) leads the condition
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which can be satisfied in practice. This means that choosing appropriate material properties for the

spherical shell to satisfy (6.30), (6.31) and (6.32) at the same time, allows the simultaneous passive

2 (1_v)pS _
Co —

E

2
9

cancellation of then = 0 and n = 1 scattering components.

Searching through a database of existing materials, the closest one in material properties that can
satisfy (6.30) — (6.32) while maintaining the thin spherical shell condition (h/a < 5%) is a silver

shell loaded externally by water. Thus, a silver alloy or silver-based composite that exhibits all the

(6.32)

exact number values satisfying (6.30) — (6.32) could potentially be possible to manufacture.

930 0.0025 0.5 3%
7700 190 0.27 3%
11111.111 74.606 0.3 3%

Table 6-3

Physical properties of materials used in current study of thin spherical shells.

—0.3333i(ka)® | 7105i(ka)? 0.1412i(ka)® | —0.1968i(ka)® | —0.3333i(ka)? ~0
0.1667i(ka)® | —0.2616i(ka)® | 0.163i(ka)? —0.049i(ka)® | 0.1662i(ka)? ~0
2i(ka)5/135 2i(ka)$/135 2i(ka)5/135 2i(ka)5/135 2i(ka)s/135 2i(ka)5/135
0.7778(ka)* | 201924101(ka)*| 0.3988(ka)* 0.1771(ka)* 0.776(ka)* 0.0044(ka)®

Table 6-4

coefficients and normalized scattered sound power II; due to plane-wave scattering

from different elastic spherical shells surrounded by certain fluids.
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The asymptotic behaviour of the modal scattering amplitudes and of the scattered power at low
values of ka is showcased through five examples of spherical shell materials and external fluids.
These are natural rubber, steel and ‘silver alloy’ for the shell, and water and air for the external
fluid. The ‘silver alloy’ is fictional, close to the properties of actual silver; these properties are E =

74.606 GPa,v = 0.3, p, = 11111.11 kg/m3, h/a = 0.03, as compiled in Table 6-3.

The asymptotes of the modal scattering coefficients and the scattered power calculated from (6.30)
— (6.32), and (6.26) are tabulated in Table 6-4 for the five scenarios. The resulting values paint a
picture that different material properties for the spherical shell or the external fluid can produce
very different effects on the scattering at low frequency. For the rubber — water case, the n = 0
component is dominant over the n = 1 which results in a very large amount of scattering of the
plane-wave. For the rubber — air case, the n = 1 component is approximately the same as that of
a rigid sphere but the n = 0 component is very slightly less dominant than the n = 1 one while
following the same power law. The steel — water and steel — air cases behave similar to a rigid
sphere where both the n = 0 and n = 1 components are dominant at low ka; however, the latter
scenario is almost exactly the same as a rigid sphere, while for the first one, the magnitudes of both
n =0 and n = 1 components are lower than they would be for a rigid sphere, leading to less
scattered power. All of these previously described behaviours are reflected in the asymptotes of
the scattered power. In the case of the ‘silver alloy’ shell, cancelling the leading order power of
(ka) forn = 0 and n = 1 components leaves the n = 2 component dominant in the hierarchy of
components at low ka, which in turn also dominates the scattered power. In this fictional scenario,
the scattered power would be more than two times lower than that for a rigid sphere after power
minimization with two ideally placed point-monopole secondary source as in Figure 5-1, on the
right, for which the scattered power after control behaves as 0.0099(ka)® at low values of ka (see

Figure 5-3c).

6.3.2 The scattering coefficients and their modal frequency weightings

In Figure 6-7 and Figure 6-8, the loaded modal wave admittance plots from the previous section are

presented alongside plots of the magnitude of the modal frequency weightings W,Epw) belonging
to the scattering coefficients. This is done for the natural rubber shell and, respectively, the steel

shell, each submerged either in air or in water.

For the natural rubber shell, when submerged both in water or in air, the ‘Lower branch’ and ‘Upper

branch’ natural frequencies can be clearly identified in the behaviour of the modal frequency
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weightings, where they exhibit peaks in magnitude in the region below ka = 1. At low values of
ka, the water loading exhibits a dominant n = 0 component of the scattering except for one
frequency point where a natural resonance from the ‘Upper branch’ of the n = 1 component is
dominant. On the other hand, the air loading has both n = 0 an n = 1 scattering components
dominant at the same power law of (ka) and almost equal in magnitude (the latter is slightly
higher), except for a small region where the natural frequencies correspondington = 0andn =1

of the ‘Upper branch’ are close to each other in frequency.

For the steel shell in water, the ‘Lower branch’ natural frequencies can be clearly identified in the
behaviour of the modal amplitudes where they exhibit peaks in magnitude in the region below
ka = 1. However, even the lowest natural resonance of the ‘Upper branch’ occurs at frequency in
the regime where many modal scattering coefficients are dominant at the same time; thus, the
‘Upper branch’ cannot be easily identified in this plot. At low values of ka, the water loading makes
the steel sphere exhibit behaviour similar to a rigid sphere, where the n = 0 and n = 1 scattering
components are both dominant and vary as (ka)3/3 and (ka)3/6, respectively. However, the laws
in this case are approx. (ka)3/5 and (ka)3/22. In the mid-frequency regime, just above ka = 1,
the modal scattering component of orders n > 1 becomes dominant due to peaks corresponding

to the natural frequencies of the ‘Lower branch’.

For the steel shell in air, it is difficult to identify the natural frequencies of vibration in the behaviour
of the modal amplitudes, given the scale on the plot. Furthermore, the ‘Lower branch’ and ‘Upper
branch’ occur at relatively higher frequencies and are thus present in the regime where many modal
scattering components are dominant at the same time. The modal scattering components of the
spherical shell behave as those of a rigid sphere for most of the other frequency regime. This can
be observed, in particular, at low values of ka, where the n = 0 and n = 1 modal scattering

components are both dominant and vary as approximately (ka)3/3 and (ka)3/6.

Ignoring the peaks and troughs due to resonances and antiresonances, it can be observed in all
figures that a hierarchy is generally maintained in the modal amplitudes at low frequency, where a
higher order n translates into a less dominant behaviour, except for some cases where then = 0
and n = 1 modal amplitudes are close in magnitude to each other. Also, as the frequency becomes
larger, increasingly more orders n become simultaneously dominant at a given frequency. These

two characteristics are shared by a locally-reacting impedance sphere in a fluid.
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Figure 6-7 Normalized modal wave admittance versus normalized frequency ka (first row) and
modal frequency weightings of scattering coefficients due to plane-wave incidence
(second row), for the first few modal orders n, given a thin spherical shell made of

natural rubber loaded externally by either water (first column) or air (second column).
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Figure 6-8 Normalized modal wave admittance versus normalized frequency ka (first row) and
modal frequency weightings of scattering coefficients due to plane-wave incidence
(second row), for the first few modal orders n, given a thin spherical shell made of steel

loaded externally by either water (first column) or air (second column).

6.3.3 The scattered sound power

In Figure 6-9 and Figure 6-10, the plots of the modal frequency weightings of the scattering
coefficients from the previous subsection are again presented alongside plots of the normalized
scattered sound power I, for the natural rubber shell and, respectively, the steel shell. Each shell
is submerged either in air or in water. The scattered power was computed in MATLAB using N =
100 terms in the spherical harmonic series for the given frequency range, as in previous chapters.
The scale on the plots for rubber shells is different from that on the plots for the steel shells in order

to accommodate a clear presentation of the results in each case.
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For the natural rubber shell, when submerged in water, comparing the frequency weightings and
scattered power in the used frequency range leads to the conclusion that the first peak in the
scatter power occurs due to the ‘Upper branch’ resonant peak of the n = 0 scattering component,
which is significantly more dominant that all other contributions. The following and only other peak
is generated by the ‘Upper branch’ resonance of the n = 1 scattering component. All other
resonant frequencies of the ‘Lower branch’ and ‘Upper branch’ seem to ultimately not generate
peaks in the scattered power. After these two peaks in the scattered power, which occur at very

low values of ka, the rubber shell in water behaves like a soft spherical scatterer.

In the case of the rubber shell submerged in air, four peaks can be identified in the scattered power.
The first one corresponds roughly to the ‘Lower branch’ resonance of the n = 2 component and is
relatively small. The other three correspond roughly to the first three resonant frequencies of the
‘Upper branch’; the first peak is dominated by the n = 0 scattering components, the second peak
is dominated by both the n = 0 and n = 1 scattering component, and the third peak is dominated
by all threen = 0, n = 1 and n = 2 scattering components. After these three peaks, subsequent
resonances do not cause further peaks at higher frequencies and the spherical shell behaves in a

similar way to rigid spherical scatterer.

For the steel shell, when submerged in water, comparing the set of two corresponding plots leads
to the conclusion that the clearly identified set of peaks that are close to each other occur due to a
combination of many components. This combination is formed by rigid-like contributions of the
n = 0 and n = 1 scattering components, together with the peaks corresponding to higher orders
n of the ‘Lower branch’. The first distinguishable peak occurs at the ‘Lower branch’ resonant
frequency of n = 2. At low values of ka, the scattered power of the spherical shell is proportional
to the same power law as a rigid sphere, but scaled down (i.e. less scattering). At large values of ka,
the behaviour of the spherical shell is almost the same as a rigid spherical scatterer, with the
exceptions of some relatively small in magnitude artefacts, generated by the contributions of the

resonant peaks in the ‘Upper branch’.

In the case of the steel shell submerged in air, the scattered power of the spherical shell is almost
the same as that of a rigid spherical scatterer except for some very small peaks at higher
frequencies. It is difficult to distinguish which peak occurs first from the scale on the plot.
Furthermore, the peaks are present in the regime of ka where many spherical harmonic
components contribute significantly to the scattered power at the same time, which makes it
further difficult to establish individual component contributions to the peaks in the power from the

two types of used plots.
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The admittance plots of the fluid-loaded shells shown in the previous subsection thus illustrate the
natural frequencies and dynamic behaviour of the structure, while the plots of modal frequency
weightings of the scattering coefficients illustrate how the different modes couple into the external
fluid. A combination these results the allows then allows the interpretation of the plots depicting
scattered sound power as a function of frequency in the various cases of shells. These cases vary
from being almost entirely soft above ka = 0.1 for the rubber shell in water, to almost entirely

hard for most of the frequency range in the case of the steel shell in air.
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Figure 6-9 Modal frequency weightings of scattering coefficients due to plane-wave incidence for
the first few values of orders n (first row), and normalized scattered sound power due
plane-wave incidence, given a thin spherical shell made of natural rubber loaded

externally by either water (first column) or air (second column).

172



Chapter 6

Steel shell in water, h% = 3% Steel shell in air, h% = 3%

10! 10’
—n=20 —n=20
—n=1 —n=1
100F " MR A A 100 F o
net 77 nes fiir
—n=23 —n=23 |
— 10" —ow=d 10" — =4 m
E n=35 E n=25 ‘
= | =
102F 102t
\ ‘ ‘
10° \ 107k
|
‘ |
10 : : : 10 ‘ : ‘
103 102 107" 10° 10" 102 10° 102 107 10° 10° 10?
ka (in water) ka (in air)
) Steel shell in water, h% = 3% . Steel shell in air, h% = 3%
10 ‘ ‘ ‘ ‘ 10 ‘ : w w
100F — Elastic 100F — Elastic
--- Rigid --- Rigid
107 107
= =
102 102
10° 103
10 ‘ “ : : 10 ‘ ‘ : '
10° 102 107" 10° 10" 107 10° 102 107" 10° 10 102
ka (in water) ka (in air)

Figure 6-10 Modal frequency weightings of scattering coefficients due to plane-wave incidence for
the first few values of orders n (first row), and normalized scattered sound power due
plane-wave incidence, given a thin spherical shell made of steel loaded externally by

either water (first column) or air (second column).

The ‘silver alloy’ spherical shell described by equations (6.30) — (6.32) is exemplified in Figure 6-11
when it comes to normalized scattered sound power versus ka. This is done for water as the
surrounding medium and the behaviours of a soft sphere and rigid sphere, as well as those of the
thin spherical shell made of rubber and of the thin spherical shell made of steel, are included for
comparison. From the plot, at low values of ka < 1, it is observed that the passive optimization of
the shell to cancel the n = 0 and n = 1 components in the plane-wave scattering has a significant
effect. The normalized scattered power from the ‘silver alloy’ shell is a couple of orders of
magnitude lower than those corresponding to the rigid sphere and steel shell. However, the passive

optimization leads to the first few peaks in the scattered power of the ‘silver alloy’ shell being
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significantly strong. Also, these are higher than the first few peaks of the steel shell case and higher
than the power of a soft sphere, but not as strong as the two peaks in the case of the rubber shell.
In terms of normalized frequency, the first few peaks of the ‘silver alloy’ are situated between those
of the rubber shell and those of the steel shell, i.e. around and slightly above ka = 1, transitioning

past the low frequency regime.

10°F ! ! — Soft sphere i

10 , Rigid sphere ]
o f — Rubber thin shell | 1

1o Steel thin shell

10 3 — 7"Silver” thin shell| 3

ka(in water)

Figure 6-11 The normalized scattered sound power versus ka, when in water, for the soft f =0.01
sphere, the hard Z= 100 sphere, the thin spherical shell made of rubber, the thin

spherical shell made of steel, and the thin spherical shell made of the ‘silver alloy’.

6.4 Radiation due to a point-monopole on the surface of the shell

In order to compute and analyse the effect of active sound control using acoustic secondary sources
on the surface of the shell, which is covered in Chapter 7, the sound radiation due to such sources
must first be calculated. Similar to the progression from section 4.1 to section 4.3, a point-
monopole with acoustic strength g is first allowed to radiate in the exterior fluid at a position
(r',8',¢"), some distance away from the scatterer. This distance is brought down to r’ = a, such
that the new situation represents a source radiating from a baffle which is the spherical structure,
thus acoustic pressure is created in the exterior fluid and on the surface of the shell, excluding the

singularity at (a, 8, ¢"). As in section 4.3, this acoustic pressure takes the form,

174



Chapter 6

co n

~ = ~ ~ (C, C

Pom@® =7 ) D" DA™ ha (k) V00, 0) (6.33)
n=0 m=-n

where the radiation coefficients are

=(C, PoCo 5 = S(© rnr

D™ =250 W™ (0, k) T (61,0, (6.34)

and the modal frequency weightings are
Wrgpm)(a’ Z‘n_; ka) — (n~ . ( 6.35 )
h,(ka) + i¢, h;, (ka)

ka <1 Rigid Water - rubber Air - rubber Water - steel Air - steel
wem™ (ka)? (ka)? (ka)? (ka)? (ka)?
wem™ 0.5 (ka)3 0.0717(ka)3 0.4964(ka)? 0.2904(ka)? 0.4996(ka)3
7 (P™M) l 4 1 4 l 4 l 4 1 4
w, 9 (ka) 3 (ka) 9 (ka) 9 (ka) 3 (ka)

Table 6-5  Asymptotic behaviour for first few indices of frequency weighting W,?’m) (a,{p, ka) of
the coupling coefficients belonging to an acoustic point-monopole radiating from on
the surface of different elastic spherical shells surrounded by certain fluids.

6.4.1 Low frequency asymptotes for modal frequency weightings of radiation

Using the asymptotic behaviour at low ka of the mechanical modal impedance from formulas
(6.10), (6.11) and (6.12) together with the asymptotic behaviour at low ka of the modal frequency

weightings from Table 4-2, and combining everything in (6.35) leads to the asymptotes of the modal

frequency weightings w,ﬁpm) of the coupling coefficients belonging to an acoustic point-monopole
radiating from on the surface of different elastic spherical shells surrounded by certain fluids. These
asymptotes are compiled in Table 6-5. It is important to note that, interestingly, the point-
monopole on the surface of the shell at low frequencies has the n = 0 and n = 2 components

behaving as those for radiation from a rigid sphere. As a result, the behaviour of the n =1
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component solely distinguishes the radiation from the elastic shell from that corresponding to the
rigid sphere case. And even so, the low ka behaviour of the n = 1 component in the case of air —

rubber and air — steel are approximately the same to that of the rigid sphere.

6.4.2 The radiation coefficients and their modal frequency weightings

Figure 6-12 sows the magnitude of the modal frequency weightings W,ﬁpm) for the point-monopole
radiation coefficients, in the case of the natural rubber shell and, respectively, the steel shell. Each
shell is submerged either in air or in water. In the figure, it can be observed that at low ka, up to
the corresponding first resonance, there is a hierarchy of modal orders n, where a lowest order is

more dominant. All cases of material combinations are dominated in this frequency region solely

by the n = 0 omnidirectional component, and exhibit 127,5’”") increasing with frequency in the same

way for all modal orders at large ka.

For the rubber shell cases, the ‘Upper branch’ and ‘Lower branch’ of resonances can be clearly
distinguished in Figure 6-12 for both water and air, where the first peak belongs to the ‘Lower
branch’ and is dominated by the combined effect of the non-resonant behaviour of the n =0
component and the ‘Lower branch’ resonance of the n = 2 component, which is lower in
magnitude. The next three subsequent peaks are dominated, respectively, by solely the ‘Upper
branch’ resonance of the n = 0 component, solely the ‘Upper branch’ resonance of then = 1, and

solely the ‘Upper branch’ resonance of the n = 2.

For the steel shell in air, the results in Figure 6-12 are similar to the behaviour exhibited for the rigid
sphere shown in Figure 4-5c, and the ‘Upper branch’ and ‘Lower branch’ of resonances cannot be
distinguished. For the steel shell in water, the distinguishable peaks belong to the ‘Lower branch’,
where the first resonance that occurs is dominated by the non-resonant behaviour of the n = 0
component and the ‘Lower branch’ resonance of the n = 2 component. The subsequent two peaks
are dominated by the ‘Lower branch’ resonances of the n =3 and, respectively, n =4
components, with some contribution of the non-resonant behaviour of n =0 and n=1

components. The ‘Upper branch’ is not distinguishable in Figure 6-12 for this case.
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Figure 6-12 Modal frequency weightings of point-monopole radiation coefficients for the first few
values of n, when on the surface of a thin spherical shell made of rubber (first row) or

steel (second row), loaded externally by either water (first column) or air (second

column).

6.5 Radiation due to a point-force acting on the surface of the shell

An alternative form of secondary actuator for the thin spherical shell is a force acting on its surface,
pointed in the direction of the outward normal. In order to compute and analyse the effect of active
sound control using point-forces exciting on the surface of the shell into radiation, which is covered

in Chapter 7, the sound radiation due to such forces must first be calculated.

A point-force of magnitude F acting on the surface of the shell at position (&', ¢"), in the direction

of the outward normal, generates a pressure field in the exterior fluid equal to [65]
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oo n
~ = ™~ C C
Por() =F ) Z DD by (kr) Y50, 0) (6.36)
n=0 m=—
where the radiation coefficients are
1 1 1
((C pf) _ © rqr 1
D, = —ipyC = Y e’, =
Pocoz hy(ka) Z, + Z, m(6',¢") =
(6.37)
1 1
= Tam (@9 ,
az h 2(ka) +i ¢, hyy(ka) Yum
and the modal frequency weightings are
~ 5 1
®f _ ((C pf) © (gr
W, a,(p, ka) = = = D, Y 0 ] 6.38
" (a,dn ka) N / |7z Yam (0" 0" (6.38)
ka < 1 Water - rubber Air - rubber Water - steel Air - steel
3 3 3
Wy 21276.6i (kg) 1.4236i (kg) 0.4095i (kg) 273 x 107%i(ka)*/3
weD —0.8566 i(ka)? ~71.8 x 10~*i(ka)? ~0.4191i(ka)? —8.72 x 10*i(ka)?
WD 42735 i(ka)® 0.28923 i(ka)® 0.05464 i(ka)® 3.65 x 107 i(ka)®
Table 6-6  Asymptotic behaviour for first few indices of frequency weighting W,Epf) (a, Zn, ka) of
the coupling coefficients belonging to point-force exciting the surface of different
elastic spherical shells surrounded by certain fluids into acoustic radiation.
6.5.1

Low frequency asymptotes for modal frequency weightings of radiation

Using the asymptotic behaviour at low ka of the mechanical modal impedance from formulas
(6.10), (6.11) and (6.12) together with the asymptotic behaviour at low ka of the spherical Hankel
functions, and combining everything in (6.38) leads to the asymptotes of modal frequency
weightings W,?’f) of the coupling coefficients belonging to a point-force exciting the surface of
different elastic spherical shells surrounded by certain fluids into acoustic radiation. These

asymptotes are compiled in Table 6-6. It is important to highlight that the point-force on the surface
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of the shell at low frequency has the n = 1 component as the dominating one. This is followed by
then = 0 and thenn = 3, n = 4 and so on. Between the used material combinations, the largest
n = 1 component in magnitude is exhibited by the rubber shell in water, followed by the steel shell
in water, the steel shell in air, and the rubber shell in air. The largest n = 0 component in magnitude
is manifested by the rubber shell in water, followed by the rubber shell in air, the steel shell in
water, and the steel shell in air, but all have a leading order power of (ka) that is higher than that
of the corresponding n = 1 components, while also being lower than that of the corresponding

n = 2 components.

6.5.2 The radiation coefficients and their modal frequency weightings

Figure 6-13 shows the magnitude of the modal frequency weightings W,?’f) for the point-force
excited radiation coefficients, in the case of the natural rubber shell and, respectively, the steel
shell. Each shell is submerged either in air or in water. In the figure, it can be observed that at low
ka, there is a hierarchy of modal orders n, where the n = 2 component dominates, followed by
the n = 0 component and then the n = 3, the n = 4 and so on. The largest magnitude differences
between n =1 and n = 0 components in this ka regime are observed for the steel shells, in
particular, the steel shell in air. For the rubber shell in either fluid, as frequency increases while still
at low ka, and up to the first corresponding resonance, the n = 0 component eventually becomes
dominant over the n = 1 component, such that the hierarchy becomes ‘a lower order has a larger

magnitude’ for a narrow range of frequencies. This does not occur for the steel shells.

In Figure 6-13, for all combinations of materials, both the ‘Lower branch’ and ‘Upper branch’
resonances are distinguishable. The first peak is exhibited by the ‘Lower branch’ resonance of the
n = 2 component, which is dominant, with the exception of the rubber shell in water, for which
the n = 2 ‘Lower branch’ resonance is very close to and smaller in magnitude than the n =0
‘Upper branch’ resonance. After the first peak, the rubber shell in water manifests a peak
dominated by the ‘Upper branch’ of the n = 1 component, and the rubber shell in air manifests a
peak dominated by the ‘Upper branch’ of the n = 0 component. After the first peak, the steel shell
in water exhibits a peak dominated by the ‘Lower branch’ of the n = 3 component, and the steel
shell in air exhibits peaks corresponding to the ‘Lower branch’ resonances forn = 3, n = 4 and so
on, which are very close to the n = 2 one; this proximity is followed by peaks corresponding to the

dominant resonances in the ‘Upper branch’ belongington = 0,n =1, n = 2 and so on.
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By comparing Figure 6-12 and Figure 6-13, it becomes clear that the point-force surface actuator
excites the n=1 component of radiation more strongly than the acoustic point-monopole on the
surface. Also, the point-force couples more efficiently into the higher frequency resonances of the
loaded structure, as can be seen by comparing the magnitudes of the peaks between Figure 6-12
and Figure 6-13 for corresponding types of shell. In particular, the point-force couples very well into

the higher-order resonances of the steel shell in air.
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Figure 6-13 Modal frequency weightings of point-force excited radiation coefficients for the first
few values of orders n, when on the surface of a thin spherical shell made of rubber
(first row) or steel (second row), loaded externally by either water (first column) or air

(second column).
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6.6 Chapter summary

This chapter has presented a spherical harmonic analysis of the 3D sound radiation generated by a
thin, uniform, empty spherical shell, when surrounded by a fluid and excited via one of two different
mechanisms. The shell is set into harmonic motion via direct excitation of its outer surface or via
the motion of the fluid. The situation was modelled using thin shell theory based on Love's first
approximations, as in [65], which leads to the sound scattering from the structure and the sound
radiation generated by the structure being characterized only by the dynamic motion of its outer
surface. This motion is governed by a modal impedance that depends on frequency and on the
material properties of the shell, as well as the fluid. However, such a model accurately describes
the physics of the situation only up to a certain frequency, which is also dictated by the fluid —

structure combination of materials.

The formulations in [65] that describe the 3D sound scattering and 3D radiation involving the thin
spherical shell only consider axisymmetric motion, first when in vacuum and, then, when loaded by
the fluid through the exploitation of linearity and reciprocity. This leads to a simplified series
expansions based on Legendre polynomials; however, these expansions were extended to spherical
harmonic in order to also account for motion that is not axisymmetric. A property of the used shell
model is that the modal surface impedance at the separation boundary remains the same for

axisymmetric and non-axisymmetric motion.

In this chapter, the modal impedances of the shell when in vacuum and when loaded by the fluid
were first studied. These exhibit zeroes and resonant poles at different frequencies, which contrasts
the impedance sphere from the previous chapters. Secondly, physical quantities such as
scattered/radiated sound pressure in the fluid and scattered/radiated sound power were
investigated using spherical harmonic representations. The relation between these quantities and
the surface impedance was monitored when changing the fluid — structure material combination
between four representative cases. This was done with computer-modelled results for an incoming
monochromatic plane-wave impinging on the shell, for exciting the exterior fluid and shell via a
monochromatic point-monopole on the separation boundary, and for exciting the shell in motion
with a monochromatic point-force on its outer surface. The previous entities were respectively
placed ideally relative to the scatterer, i.e. on the z-axis. It was found that the zeros and resonant
poles of the surface impedance can produce noticeable peaks and troughs in the frequency
domains of the quantities describing scattering or radiation. Furthermore, the choice of involved
materials can place these peaks and troughs at higher or lower frequencies relative to the size of

the scatterer. Similar to Chapter 4, it was established that the low frequency regime before the first
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resonant peak is dominated by the first few components, which form a hierarchy based on index n,
while many components dominate in the high frequency regime at the same time. However, in the
first regime, the point-monopole is dominated by the omnidirectional n = 0 component (breathing
mode) while the point-force is dominated by the figure-of-eight n = 1 component (translational
mode). The asymptotic behaviour of the spherical harmonic coefficients was again used to make

analytical predictions at low frequencies.

The content in this chapter is later used to exemplify the effect of tonal active control on

suppressing sound scattering, when employing either:

e the feedforward control strategy outlined in subsection 3.3.1, which is equivalent to the
idealized control described in subsection 2.4.2, or

e the velocity feedback control strategy outlined in subsection 3.3.2.

The example results for control are contained in Chapter 7, where the primary is represented by
the scattering of a plane-wave from the impedance sphere and the secondary is represented either
by point-monopoles radiating on the surface of the spherical shell, or by point-forces exciting the

surface of the shell into harmonic motion.
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Chapter 7  Active Control of Sound Scattering from Thin,

Uniform, Empty, elastic Spherical Shell in a Fluid

In this chapter, centralized control in the form of active tonal suppression is exemplified with
computer-modelled results for the sound scattering from a thin, uniform, empty, elastic spherical
shell. These are obtained from the spherical harmonic representations discussed in Chapter 4. The
analysis pursues a straightforward case where the incidence is represented by a single
monochromatic plane-wave and the secondary is represented by a small number of either point-
monopole sound radiators on the exterior surface of the shell or point-forces exciting the exterior

surface of the shell into acoustic radiation.

The chapter initially covers examples that represent the ideal outcomes from solving the
mathematical models presented in Chapter 2 without taking into consideration practical
limitations. This is equivalent to investigating a feedforward active control arrangement, where all
physical quantities are known at all times. Once again, the modal frequency weighting of the
scattering coefficients and of the coupling coefficients belonging to the acoustic source or point-
force excited radiations are used in the formulations from subsection 2.4.2 to calculate the
optimum performance when minimizing scattered sound power. Results are computed for the
combinations of surrounding fluids and shell materials highlighted in Chapter 6, where either one
secondary entity is placed in the backscattering position 8 = m, or two secondary entities are
placed in the 8 = m and 8 = 0 positions. An analysis of the asymptotic behaviour after control at
low values of normalized frequency ka is performed, where calculations are done in the same way

as in Chapter 5 for the uniform impedance sphere scatterer.

The results of practical-oriented velocity feedback control discussed in Chapter 3 is then
exemplified and discussed when using a co-located point-force control actuator and point velocity

sensor in the backscattering position, for the steel shell in water.
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7.1 Ideal active control with small number of surface radiators

For ideal active control with a small number of point-monopole control sources on the exterior
surface of the shell, the two studied arrangements are depicted schematically in Figure 7-1. These
consist of a monochromatic plane-wave of unit magnitude as the arriving incidence, which
produces a scattered pressure that represents the primary. This is placed along the z-axis, travelling
from minus to plus. In the first instance, one point-monopole secondary source is placed in the § =
T position. Then, two point-monopoles are placed at & = m and 6 = 0 respectively. In these
arrangements, the spherical harmonic formulations defined in Chapter 6 for the primary, i.e.
expression (6.22), and the secondary, i.e. expression (6.33), consist of only the terms that have m =
0, as all other terms do not contribute. Only the m = 0 spherical harmonic components are used

when computing the active control results.

Figure 7-1 2D view of 3D arrangements of secondary point-monopoles for the study of tonal
active control of scattering in the case of an incoming monochromatic plane-wave

impinging on the thin spherical shell.
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7.1.1 Active control with one surface radiator

In Figure 7-2, Figure 7-3, Figure 7-4 and Figure 7-5, the ideal active control results with one point-
monopole in the backscattering direction (8 = m) are presented for the rubber shell in water, the
rubber shell in air, the steel shell in water and, respectively the steel shell in air. The scale on the
plots for rubber shells is different from that on the plots for the steel shells in order to
accommodate a clear presentation of the results in each case. N = 100 terms were calculated in
MATLAB for the spherical harmonic series of the scattered power and for the tonal power

minimization over the shown frequency range.

Similar to Chapter 5 and [78], an analysis can be performed at low ka to predict the behaviours of
the involved modal frequency weightings of the spherical harmonic coefficients. As seen in Figure
7-2 to Figure 7-5, the primary is dominated by then = 0 and n = 1 components with the exception
of the rubber shell in water, which is dominated only by the n = 0 component. The secondary for
all four combinations is dominated by the n = 0 component. For these circumstances, assuming
that the power minimization described in subsection 2.4.2 completely cancels the leading order
power of (ka) for the n = 0 component in the primary at low frequencies, the normalized optimal

source strength is

PoCo Wo(pW) (Zo: ka)

q =—— = — ~ ) (7.1)
opt 4 :Pl a2 Wo(pm) (a’ (0’ ka)
which leaves the dominant residual after control as
59 (pm) 5
—~ - — - w. a, (i, ka) -
W (G, ka) = i (G, ka) + — (0.4, ka) WP (8o, ka), (7.2)

ﬁ?o(pm) (a,¢o ka)

Using the values in Table 6-4 and Table 6-5, the optimized source strengths from (7.1) are
0.3333i(ka) for the steel shell in air, 0.1968i(ka) for the steel shell in water, 0.1412i(ka) for the
rubber shell in air, and 7091.8666i(ka) for the rubber shell in water. In (7.2), the first term

dominates the outcome after control for all material combinations, which yields Wl(c) after control
equal to 0.1662i(ka)? for the steel shell in air, —0.0429i(ka)? for the steel shell in water,
0.1631i(ka)? for the rubber shell in air, and —0.2616i(ka)? for the rubber shell in water. These
residuals represent the n = 1 component in the primary unaltered by the power minimization and
correspond to normalized scattered sound powers after control equal to 0.3316(ka)* for the steel
shell in air, 0.0221(ka)* for the steel shell in water, 0.3191(ka)* for the rubber shell in air, and

0.8214(ka)* for the rubber shell in water. The hierarchy based on orders is maintained for n > 2
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after control. The values of the optimal source strengths, the modal frequency weightings after
control, and the normalized scattered sound power after control all match the simulated results at
low values of ka from Figure 7-2 to Figure 7-5, thus confirming the assumption that the power
minimization suppressed the n = 0 spherical harmonic component in the primary at low ka as

described above.

The rubber shell in air exhibits both n = 0 and n = 1 components dominant at low frequencies
with the same power law of ka and approximately the same magnitude. Even so, due to the nature
of the secondary, the power minimization is able to suppress the n = 0 component of the primary,
in which the secondary couples best, without altering the n = 1 component. In this context, the
coupling at a given frequency is better when the magnitude of the secondary is low compared to
that of the primary by a smaller amount, or when the magnitude of the secondary is big compared

to that of the primary by a larger amount.

At large values of ka, the active control does not produce any suppression due to multiple spherical
harmonic components being dominant simultaneously while only one control parameter can be
optimized. In terms of resonances after control, the rubber shell in water, for which the peaks in
scattered sound power before control occur at relatively low ka, exhibits a significant change in the
positions and magnitudes of peaks and troughs after control. Even so, in this case, the magnitude
of all peaks after control is lower than the magnitude of the primary, as seen in Figure 7-2. The
rubber shell in air and the steel shell in water, for which the peaks in scattered sound power before
control occur at mid-frequencies in the studied range, exhibit some attenuation of the peaks in the
primary after control, as seen in Figure 7-3 and Figure 7-4. For the steel shell in air, the peaks in the
scattered power before control are present in the region of relatively high frequencies and do not

get significantly affected by the control as seen in Figure 7-5.

186



Chapter 7
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Figure 7-2 Variation of different quantities with ka when controlling the plane-wave scattering

from rubber shell in water with one surface point-monopole in the 8 = m position:
magnitude of modal frequency weightings for primary W,Epw), for secondary W,Epm),

for after control W,EC), normalized scattered sound power ﬁs after control, magnitude

of optimal secondary source strength g, (in this order, left to right, top to bottom).
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Thin rubber shell in air, h% =3%
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Figure 7-3 Variation of different quantities with ka when controlling the plane-wave scattering
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from rubber shell in air with one surface point-monopole in the 8 = m position:

magnitude of modal frequency weightings for primary W,E”W), for secondary W,?’m)

for after control W,ﬁc), normalized scattered sound power ﬁs after control, magnitude

of optimal secondary source strength g, (in this order, left to right, top to bottom).
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Thin steel shell in water, h% = 3%
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Figure 7-4 Variation of different quantities with ka when controlling the plane-wave scattering

from steel shell in water with one surface point-monopole in the 8 = m position:
magnitude of modal frequency weightings for primary W,Epw), for secondary W,?’m),

for after control W,ﬁ"), normalized scattered sound power ﬁs after control, magnitude

of optimal secondary source strength G,y (in this order, left to right, top to bottom).
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Thin steel shell in air, h% = 3% Thin steel shell in air, h% =3%
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Figure 7-5 Variation of different quantities with ka when controlling the plane-wave scattering

from steel shell in air with one surface point-monopole in the 8 = m position:
magnitude of modal frequency weightings for primary W,E”W), for secondary W,?’m),

for after control W,ﬁ"), normalized scattered sound power ﬁs after control, magnitude

of optimal secondary source strength g, (in this order, left to right, top to bottom).
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7.1.2 Active control with two surface radiators

In Figure 7-6, Figure 7-7, Figure 7-8 and Figure 7-9, the ideal active control results with two point-
monopoles in the backscattering (8 = m) and shadow directions (8 = 0) are presented for the
rubber shell in water, the rubber shell in air, the steel shell in water and, respectively the steel shell
in air. The scale on the plots for rubber shells is different from that on the plots for the steel shells
in order to accommodate a clear presentation of the results in each case N = 100 terms were
calculated in MATLAB for the spherical harmonic series of the scattered power and for the tonal

power minimization over the shown frequency range.

Similar to Chapter 5 and [78], an analysis can be performed at low ka to predict the behaviours of
the involved modal frequency weightings of the spherical harmonic coefficients. As seen in Figure
7-6 to Figure 7-9, the primary is dominated by the n = 0 and n = 1 components with the exception
of rubber shell in water, which is dominated only by the n = 0 component. The secondary for all
four combinations is dominated by the n = 0 component. For these circumstances, assuming that
the power minimization described in subsection 2.4.2 completely cancels the leading order powers
of (ka) for n =0 and n = 1 components in the primary at low frequencies, the sum of the

normalized optimal source strengths is

PoCo Wo(pW) (Zo: ka)

(‘70pt,1 + flopt,z) = =—= = ) (7.3)
41t P; a? WO(Pm) (a,y, ka)
which leaves the dominant residual after control as
59 (pm) 5
~ 5 ~ 5 w. a,{,ka) 5
W (&, ka) = WP (&, ka) + =2 (.3 ka) W (¢o, ka), (7.4)

ﬁ?o(pm) (a,¢o, ka)

Using the values in Table 6-4 and Table 6-5, the optimized sums of source strengths from (7.3) are
0.3333i(ka) for the steel shell in air, 0.1968i(ka) for the steel shell in water, 0.1412i(ka) for the
rubber shell in air,and 7091.8666i(ka) for the rubber shell in water. In (7.4), both terms contribute
to the outcome after control for all material combinations, which yields WZ(C) after control equal to
0.0518i(ka)> for the steel shell in air, 0.0367i(ka)® for the steel shell in water, 0.0305i(ka)® for
the rubber shell in air, and 788i(ka)® for the rubber shell in water. These residuals correspond to
normalized scattered sound powers after control equal to 9.68(ka)® for the steel shell in air,
9.9405 - 10~*(ka)® for the steel shell in water, 0.0186(ka)® for the rubber shell in air, and
1241880(ka)® for the rubber shell in water. The hierarchy based on orders is maintained for n >

3 after control. The values of the optimal source strengths, the modal frequency weightings after

191



Chapter 7

control, and the normalized scattered sound power after control all match the simulated results at
low values of ka from Figure 7-6 to Figure 7-9, thus confirming the assumption that the power
minimization suppressed the n = 0 and n = 1 spherical harmonic components in the primary at

low ka as described above.

At large values of ka, the active control does not produce any suppression due to multiple spherical
harmonic components being dominant simultaneously while only two control parameters can be
optimized. In terms of resonances after control, the rubber shell in water for which the peaks in the
scattered sound power before control occur at relatively low ka, exhibits a significant change in the
positions and magnitudes of peaks and troughs after control. In this case, some peaks are higher in
magnitude than the primary, as seen in Figure 7-6, which suggest a potential numerical issue in the
power minimization for this scenario. The rubber shell in air and the steel shell in water, for which
the peaks in scattered sound power before control occur at mid-frequencies in the studied range,
exhibit some attenuation of the peaks in the primary after control, but complicates the positions of
the peaks and the troughs of the resonances with frequency, as seen in Figure 7-7 and Figure 7-8.
For the steel shell in air, the peaks in the scattered power before control are present in the region
of relatively high frequencies and do not get significantly affected by the control as seen in Figure

7-9.
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Figure 7-6 Variation of different quantities with ka when controlling the plane-wave scattering

from rubber shell in water with two surface point-monopoles at § = 7 and 6 = 0:

magnitude of modal frequency weightings for primary W,Epw), for secondary W,ﬁpm),

for after control W,ﬁc), normalized scattered sound power ﬁs after control, magnitude

of optimal secondary source strengths g, (in this order, left to right, top to bottom).
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Thin rubber shell in air, h% =3%

10’

107 102 107 10°
ka (in air)

Thin rubber shell in air, h% =3%

10713

1071°
10

107 10°

ka (in air)

10° 102

Thin rubber shell in air, h% =3%

~-- Rigid sphere
— Shell (no control) e
Shell (controlled) 2

Figure 7-7

194

10" 10° 10 102

ka (in air)

(pm)

W,

‘Z qopt‘

Poco

4ma?P;

Thin rubber shell in air, h% =3%

1013 ‘ ‘ | | |
10 107 102 107 10° 10 10%
ka (in air)
s Thin rubber shell in air, h% =3%
10 T T T T T
10' J
107 -
10°F
10°¢
107F #ﬁ'}s‘ |Goptr + Gope2|
109 — —’47’:;:‘},‘ |Gopt1 — Gope2|
1041
10713 L L L L L
10 107 102 107" 10° 10’ 10%
ka (in air)

Variation of different quantities with ka when controlling the plane-wave scattering

from rubber shell in air with two surface point-monopoles at 8 = and 6 = 0:

magnitude of modal frequency weightings for primary W,E”W), for secondary W,ﬁpm),

for after control W,ﬁc), normalized scattered sound power ﬁs after control, magnitude

of optimal secondary source strengths g, (in this order, left to right, top to bottom).
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Figure 7-8 Variation of different quantities with ka when controlling the plane-wave scattering

from steel shell in water with two surface point-monopoles at 8 = and 6 = 0:

magnitude of modal frequency weightings for primary W,Epw), for secondary W,?’m),

for after control W,ﬁ"), normalized scattered sound power ﬁs after control, magnitude

of optimal secondary source strengths g,,; (in this order, left to right, top to bottom).
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Figure 7-9 Variation of different quantities with ka when controlling the plane-wave scattering

from steel shell in air with two surface point-monopoles at 8§ =m and 6 = 0:
magnitude of modal frequency weightings for primary W,E”W), for secondary W,?’m),

for after control W,ﬁ"), normalized scattered sound power ﬁs after control, magnitude

of optimal secondary source strengths g, (in this order, left to right, top to bottom).
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7.2 Ideal active control with a small number of forces on the surface

For ideal active control with a small number of point-forces exciting the exterior surface of the shell,
the two studied arrangements are depicted schematically in Figure 7-10. These consist of a
monochromatic plane-wave of unit magnitude as the arriving incidence, which produces a
scattered pressure that represents the primary. This is placed along the z-axis, travelling from minus
to plus. In the first instance, one secondary point-force in the direction of the outward normal is
placed in the 8 = m position. Then, secondary two point-forces in the directions of the outward
normal are placed at & = m and 8 = 0 respectively. In these arrangements, the spherical harmonic
formulations defined in Chapter 6 for the primary, expression (6.22), and the secondary, i.e.
expression (6.36), consist of only the terms that have m = 0, as all other terms do not contribute.
Only the m = 0 spherical harmonic components are used when computing the active control

results.

i f:f:incidenc:e B B L

Figure 7-10 2D view of 3D arrangements of secondary point-forces for the study of tonal active
control of scattering in the case of an incoming monochromatic plane-wave impinging

on the thin spherical shell.
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7.2.1 Active control with one force excitation on the surface

In Figure 7-11, Figure 7-12, Figure 7.13 and Figure 7.14, the ideal active control results with one
point-force in the backscattering direction (8 = m) are presented for the rubber shell in water, the
rubber shell in air, the steel shell in water and, respectively the steel shell in air. The scale on the
plots for rubber shells is different from that on the plots for the steel shells in order to
accommodate a clear presentation of the results in each case. N = 100 terms were calculated in
MATLAB for the spherical harmonic series of the scattered power and for the tonal power

minimization over the shown frequency range.

Similar to Chapter 5 and [78], an analysis can be performed at low ka to predict the behaviours of
the involved modal frequency weightings of the spherical harmonic coefficients. As seen in Figure
7-11 to Figure 7-14, the primary is dominated by the n = 0 and n = 1 components with the
exception of rubber shell in water, which is dominated only by the n =0 component. The
secondary for all four combinations is dominated by the n =1 component. For these
circumstances, assuming that the power minimization described in subsection 2.4.2 completely
cancels the leading order power of (ka) for then = 1 component in the primary at low frequencies,

the normalized optimal force magnitude is

79 (oW) ( 5
- 1 w. Jka
Fow g = i ), (75)
nra W, (a, (1,ka)
which leaves the dominant residual after control as
79 () 5
~ 5 ~ 5 W a, (o ka) 5
W (G, ka) = WP (G, ka) + i =2 (a,8 ka) WP (¢, ka), (7.6)

Wl(pf ) (a,¢y, ka)

Using the values in Table 6-4 and Table 6-6, the optimized force magnitudes from (7.5) are
190.6346i(ka) for the steel shell in air, —0.1023i(ka) for the steel shell in water, 22.7112i(ka)

for the rubber shell in air, and —0.3054i(ka) for the rubber shell in water. In (7.6), the first term

dominates the outcome after control for all material combinations, which yields WO(C) after control
equal to —0.3333i(ka)? for the steel shell in air, —0.1968i(ka)3 for the steel shell in water,
0.1412i(ka)? for the rubber shell in air, and 7091.8666i(ka)? for the rubber shell in water. These
residuals represent the n = 0 component in the primary unaltered by the power minimization and
correspond to normalized scattered sound powers after control equal to 0.776(ka)* for the steel
shell in air, 0.1771(ka)* for the steel shell in water, 0.3988(ka)* for the rubber shell in air, and

20.12 - 107 (ka)* for the rubber shell in water. The hierarchy based on orders is maintained forn >
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2 after control. The values of the optimal source strengths, the modal frequency weightings after
control, and the normalized scattered sound power after control all match the simulated results at
low values of ka from Figure 7-12 to Figure 7-14, thus confirming the assumption that the power
minimization suppressed the n = 1 spherical harmonic component in the primary at low ka as
described above. However, these do not match for the rubber shell in water, and there is no clear

reason as to why, but may potential be numerical error from the model at these low frequencies.

At large values of ka, the active control does not produce any suppression due to multiple spherical
harmonic components being dominant simultaneously while only one control parameter can be
optimized. In terms of resonances after control, the rubber shell in water for which the peaks in the
scattered sound power before control occur at relatively low ka, exhibits a significant change in the
positions and magnitudes of peaks and troughs after control. In this case, some peaks are higher in
magnitude than the primary, as seen in Figure 7-12, which suggest a potential numerical issue in
the power minimization for this scenario. The rubber shell in air and the steel shell in water, for
which the peaks in scattered sound power before control occur at mid-frequencies in the studied
range, exhibit some attenuation of the peaks in the primary after control, as seen in Figure 7-12
and Figure 7-13. For the steel shell in air, the peaks in the scattered power before control are
present in the region of relatively high frequencies and do not get significantly affected by the

control as seen in Figure 7-14.

199



Chapter 7

Thin rubber shell in water, h% = 3%

Thin rubber shell in water, h% = 3%
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Figure 7-11 Variation of different quantities with ka when controlling the plane-wave scattering
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of optimal secondary forcing Fopt (in this order, left to right, top to bottom).
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Thin rubber shell in air, h% =3%

Thin rubber shell in air, h% =3%
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Figure 7-12 Variation of different quantities with ka when controlling the plane-wave scattering

from rubber shell in air with one surface point-force at the 8 = m position: magnitude
of modal frequency weightings for primary W,?”W), for secondary W,?’f), for after

control W,EC), normalized scattered sound power ﬁs after control, magnitude of

optimal secondary forcing ﬁopt (in this order, left to right, top to bottom).
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Thin steel shell in water, h% = 3%

Thin steel shell in water, h% = 3%
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Figure 7-13 Variation of different quantities with ka when controlling the plane-wave scattering

from steel shell in water with one surface point-force at the 8 = m position: magnitude

of modal frequency weightings for primary W,EPW), for secondary ﬁ/,?f), for after

control W,EC), normalized scattered sound power ﬁs after control, magnitude of

optimal secondary forcing F'opt (in this order, left to right, top to bottom).
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Thin steel shell in air, h% = 3% Thin steel shell in air, h% =3%
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Figure 7-14 Variation of different quantities with ka when controlling the plane-wave scattering

from steel shell in air with one surface point-force at the 8 = m position: magnitude of
modal frequency weightings for primary W,Epw), for secondary W,Epf), for after control

W,ﬁ"), normalized scattered sound power Il after control, magnitude of optimal

secondary forcing Fopt (in this order, left to right, top to bottom).
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7.2.2 Active control with two force excitations on the surface

In Figure 7-15, Figure 7-16, Figure 7-17 and Figure 7-18, the ideal active control results with two
point-forces in the backscattering (8 = m) and shadow directions (8 = 0) are presented for the
rubber shell in water, the rubber shell in air, the steel shell in water and, respectively the steel shell
in air. The scale on the plots for rubber shells is different from that on the plots for the steel shells
in order to accommodate a clear presentation of the results in each case. N = 100 terms were
calculated in MATLAB for the spherical harmonic series of the scattered power and for the tonal

power minimization over the shown frequency range.

Similar to Chapter 5 and [78], an analysis can be performed at low ka to predict the behaviours of
the involved modal frequency weightings of the spherical harmonic coefficients. As seen in Figure
7-15 to Figure 7-18, the primary is dominated by the n = 0 and n = 1 components with the
exception of rubber shell in water, which is dominated only by the n =0 component. The
secondary for all four combinations is dominated by the n =1 component. For these
circumstances, assuming that the power minimization described in subsection 2.4.2 completely
cancels the leading order powers of (ka) forn = 0 and n = 1 components in the primary at low

frequencies, the sum of the normalized optimal source strengths is

1 WP (4 ka)

(Fopt,l + Fopt,z) = =— ~ ) (7.7)
41t P; a? Wo(pf)(a, Gy ka)
which leaves the dominant residual after control as
75 (0f) 5
~ 5 ~ 5 w. a, { ka) - 5
W (a,8y ka) = WP (85, ka) + =2 (a0 ka) WP (&, ka), (7.8)

Wo(pf ) (a, o, ka)

Using the values in Table 6-4 and Table 6-6, the optimized sums of force magnitudes from (7.7) are
—36626.3736 for the steel shell in air, —1.442 for the steel shell in water, 0.2976 for the rubber
shell in air, and 0.9999 for the rubber shell in water. In (7.8), both terms contribute to the outcome
after control for all material combinations, which vyields WZ(C) after control equal to
—0.11887i(ka)> for the steel shell in air, —0.06397i(ka)> for the steel shell in water,
0.1008i(ka)> for the rubber shell in air, and 4273.3011i(ka)"® for the rubber shell in water. These
residuals correspond to normalized scattered sound powers after control equal to 0.2823(ka)® for
the steel shell in air, 0.0817(ka)® for the steel shell in water, 0.2032(ka)® for the rubber shell in
air, and 3.6522-108(ka)® for the rubber shell in water. The hierarchy based on orders is

maintained for n = 3 after control. The values of the optimal source strengths, the modal
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frequency weightings after control, and the normalized scattered sound power after control all
match the simulated results at low values of ka from Figure 7-16 to Figure 7-18, thus confirming
the assumption that the power minimization suppressed the n = 0 and n = 1 spherical harmonic
components in the primary at low ka as described above. However, these do not match for the
rubber shell in water, and there is no clear reason as to why, but may potential be numerical error

in the results at these low frequencies.

At large values of ka, the active control does not produce any suppression due to multiple spherical
harmonic components being dominant simultaneously while only two control parameters can be
optimized. In terms of resonances after control, the rubber shell in water for which the peaks in the
scattered sound power before control occur at relatively low ka, exhibits a significant change in the
positions and magnitudes of peaks and troughs after control. In this case, some peaks are higher in
magnitude than the primary, as seen in Figure 7-15, which suggest a potential numerical issue in
the power minimization for this scenario. The rubber shell in air and the steel shell in water, for
which the peaks in scattered sound power before control occur at mid-frequencies in the studied
range, exhibit some attenuation of the peaks in the primary after control, but complicates the
positions of the peaks and the troughs of the resonances with frequency, as seen in Figure 7-16 and
Figure 7-17. For the steel shell in air, the peaks in the scattered power before control are present
in the region of relatively high frequencies and do not get significantly affected by the control as

seen in Figure 7-18.
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Thin rubber shell in water, h% = 3%

Thin rubber shell in water, h% = 3%
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Figure 7-15 Variation of different quantities with ka when controlling the plane-wave scattering
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Thin rubber shell in air, h% =3%

Thin rubber shell in air, h% =3%
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Figure 7-16 Variation of different quantities with ka when controlling the plane-wave scattering

from rubber shell in air with two surface point-forces at 8 = m and 8 = 0: magnitude
of modal frequency weightings for primary W,ﬁp‘”), for secondary W,E”f), for after

control W,EC), normalized scattered sound power ﬁs after control, magnitude of

optimal secondary forcing Fopt (in this order, left to right, top to bottom).
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Figure 7-17 Variation of different quantities with ka when controlling the plane-wave scattering
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Thin steel shell in air, h% = 3%
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Thin steel shell in air, h% =3%
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Figure 7-18 Variation of different quantities with ka when controlling the plane-wave scattering

from steel shell in air with two surface point-forces at 8 = m and 8 = 0: magnitude of

modal frequency weightings for primary W,E”W), for secondary W,Epf), for after control

W,ﬁ"), normalized scattered sound power Il after control, magnitude of optimal

secondary forcing Fopt (in this order, left to right, top to bottom).
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7.3 Summary of ideal active control with point monopoles and forces

The results presented in section 7.1 and section 7.2 for normalized scattered sound power versus
ka after power minimization with different numbers and types of secondary sources, are further
compared with each other in Figure 7-19 in the case of each considered material combination. It
can be observed in these summary plots that, out of the four tactics, the greatest suppression at
low frequencies is generally achieved with two point-monopoles, followed by with two point-
forces, with one point-monopole, and then with one point-force. Overall, using two sources
outperforms a single source, in particular, for the rubber shell in air and the steel shell in either air

or water. This is expected for these cases because

e the primary is dominated at low ka by both n = 0 and n = 1 components,

e when increasing the number of sources, the secondary for point-monopoles suppresses
the more dominant n = 0 component first, in which it couples the best, and

e when increasing the number of sources, the secondary for point-forces suppresses the less

dominant n = 1 component first, in which it couples the best.

In terms of resonances, it is difficult to interpret the differences between using point-monopoles
and point-forces in the plots of normalized scattered sound power after control or spherical
harmonic components after control. However, from Figure 7-19, it can be observed that for the
rubber shell in air and the steel shell in water, which exhibit peaks in scattered power at mid-
frequencies in the studied range, the control with either two point-monopoles or two point-forces

produces meaningful attenuation of these resonances.

The better performance of the acoustic point-monopoles is probably explained by the way in which
they more efficiently couple into the spherical harmonic components of the extended scattering
produced by the plane-wave. In contrast, the point-forces couple more effectively into the
structural modes of the shell, some of which radiate more efficiently than others. As a result, the
control performance achieved over the extended scattering produced by the plane-wave is less

direct.
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Thin rubber shell in water, h% = 3%

i =
ool /. i — Passive
w1 pf control
10 2 pf control 3
ot 1 pm control
) it b 2 pm control
10"%F
10717 : ' ‘ :
10 10" 102 107" 10° 10’ 10°
ka (in water)
. Thin steel shell in water, h% = 3%
10 ‘ ! ‘
— Passive
10tk =-- 1 pf control
2 pf control
1l 0 Qe :‘;L ;fa\w_w,_.‘lw./\u\nw«
FT A — 2 pm control ;;‘
= 107 1 =
102 ;
103
107 ’ ‘
102 107 10° 10’ 10°

ka (in water)

Chapter 7

Thin rubber shell in air, h% =3%
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Figure 7-19 Comparison of normalized scattered sound power before and after control versus ka,

for idealized tonal power minimization with either one point-monopole, two point-

monopoles, one point-force, or two point-forces on the surface of the shell made out

of either rubber or steel and surrounded by either water or air.
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7.4 Active velocity feedback control

For the analysis of active feedback control, it is convenient to formulate the problem in terms of
the modal acoustic pressures and velocities introduced in section 3.3, rather than the scattering
and radiation coupling coefficients previously used for idealized active control. In the case of a thin,
uniform, empty spherical shell, the three modal impedance matrices described in section 3.3 are
diagonal and of size (N +1)? X (N + 1)?, where N is the truncation value of the spherical
harmonic representations. All 2n 4+ 1 elements on the diagonals of these matrices that are
associated with a given index n share the same modal value for each of the three impedances, such

that

Jn(ka)

Z,(n,m) = ipyco——— , (7.9)
1( ) Po Ojn(ka)
_ h,, (ka)
— 7 7.10
ZR(nl m) lpOCO h-;l(ka) ) ( )
2 _ 2 2 _ N2
Zs(n,m) = l.Pst h (27— 071)(02% — Op,) (7.11)

Q a2 -1+p)w+r,—-1) "

for allm € Z, |/m| < n, where n is fixed. Expression (7.11) is equivalent to (6.5), and the values of

£, and (2,,, are the in-vacuo natural frequencies of vibration of the shell which are given by the

roots of equation (6.6).

Because of the above, a modal component of the scattered pressure on the surface of the shell, as
in (3.4), and a modal component of the incident pressure on the surface of the shell, as in (3.4),

form the ratio

ps(nm) _ Vi) — V() _ hu(ka) ju(ka) +ids(m) jn(ka)
pinm)  Tr)+ V()  ju(ka) hy(ka) +ids(n) hy(ka)’

(7.12)

for a given index n, at allm € Z, |m| < n. Using (7.12), the normalised scattered sound power of a

spherical shell due to an incident plane-wave can be calculated as [78]

Jn(ka) + i &(n) jh(ka) |
hn(ka) + i (n) hy(ka)| -

(7.13)

N
~ 4
l'[s = WZ(ZTL + 1)
n=0

The shell now is assumed to be controlled with L internal active point-forces, each of which has a

magnitude fl acting at (8, ¢;) that generates a modal pressure, as in equation (3.4) of [65]

212



Chapter 7

. Zg(n) fl ©
At = = [ 0. (744)

The scattered modal pressure after control with L secondary point-forces is thus

L ~
o o~ _ Zg(n) fi =(C)
Dsc(n,m) = ps(n,m) [ZB(n) +ZR(n)] il—z Yom (@100, (7.15)

which can be written in vector form as
(7.16)

ﬁsczﬁs_ﬁ'ﬁc'

— oz oz 71T . . . .
where p, = [fl, for f3. fL] is the vector of L control forces, which contains discrete rather

than modal pressures, and B is equal to— ZB [ZB + ZR] timesthe (N + 1)2 by L matrix S, where

the I-th column of S has elements of the form Y(,%(Bl,gol) Assuming [ZB + ZR] is non-singular,
the descriptions described in the paragraphs above can be used in the feedback control theory

outlined in subsection 3.3.2 to calculate the scattered sound power after feedback control.

The active velocity feedback arrangement described in section 3.3 and depicted in Figure 3-3 is
exemplified through computer-modelled results for the case of a single co-located control force
actuator and point velocity sensor on the outer surface of a steel spherical shell surrounded by
water, in the backscattering position (68 = m). These results are presented in Figure 7-20 and were
computed using only the m = 0 spherical harmonic components in the matrix operations as they

are the only contributing ones given the ideal placement of sensor and actuator relative to the

incidence and the scatterer. The matrices G, GECD, and H, which represent the open-loop response

between control force actuators and velocity sensors from equation (3.18), the closed-loop

response ng) = {4+ G.H)™1:G,, and, respectively, the feedback gain matrix, have only one
element each because only one sensor and one actuator are used. As such, they are denoted as G,

Gc(d), and H on the graphs.

In Figure 7-20, the first few modal components of the open-loop response, G, and of the closed-

G(Cl) = G./(1+ G, H), are plotted against normalized frequency ka for three

loop response,
values of constant feedback gain H € {pyc,/10, pyco, 10pgco}. N = 100 terms were calculated
in MATLAB for the spherical harmonic series of the scattered power and for the tonal power
minimization over the shown frequency range. The variation with frequency of the overall open-
loop and closed-loop responses are compared between different feedback gains, as well as the

effect on normalized scattered sound power after control.
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Thin steel shell in water, h% = 3%
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Figure 7-20 Variation of different quantities with ka for velocity feedback control of plane-wave

scattering from steel shell in water, with one co-located control force actuator and

point velocity sensor at 8 = m: modal magnitudes of open-loop response G, and of

closed-loop response Gc(d) with feedback gains H € {pycy/10, poco, 10pycy}, overall

magnitudes of open-loop and closed-loop response, and comparison of normalized

scattered sound power II; after control (in this order, left to right, top to bottom).
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In the results of the open-loop modal components, the ‘Lower branch’ and ‘Upper branch’ of in-
vacuo resonances of the shell can be easily distinguished in the peaks. For the closed-loop response,
as the feedback gain is increased, the peaks corresponding to the ‘Lower branch’ resonances get
attenuated, in particular, the higher order ones, without any shift in frequency. The peaks
corresponding to the ‘Upper branch’ resonances also start to get attenuated for a high enough
feedback gain without any shift in frequency. Furthermore, it is important to highlight that
increasing the feedback gain significantly lowers the magnitude of the n = 1 component in the

closed-loop response at the lowest values of ka, while the other modal orders remain unaffected.

Thin steel shell in water, h% = 3%

37r/4 L |
T2 -

T4 -

107 107" 10° 10" 102
ka (in water)

Figure 7-21 Phase of the open-loop response G, versus normalized frequency ka for a thin steel
shell of thickness h/a = 3%, submerged in water, and with one co-located control

force actuator and point velocity sensor at position 8 = 1 on its surface.

In the overall response, the open-loop G, and closed-loop GC(CD at low values of ka are dominated
by the n = 1 component, less and less so with increasing feedback gain. At a point in frequency,
the low frequency behaviour of the orders n = 2 becomes comparable with that of n = 1 and a
trough is formed in the overall responses at about ka = 0.2 . This trough is not shifted in frequency
by increasing the feedback gain and is not caused by an instability in the system. The latter is proven
by observing the phase of the open-loop response G, versus ka, which is plotted in Figure 7-21.
This phase does not reach anywhere close to —m for the shown frequency range and it cannot be

shifted as the feedback gain is a real-valued constant. Therefore, the value of G, - H cannot reach
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close to —1, and the closed-loop response GC(CD = G./(1+ G, -H) is guaranteed to be stable.
Across the shown range of frequency, except for the trough at ka = 0.2, it can be observed in
Figure 7-20 that increasing the feedback gain reduces the overall magnitude of the closed-loop

response, indicating that the feedback control is pinning the shell at the actuation position.

Thin steel shell in water, h% = 3%

fom—

Feedforward

e — No control
- —-- 1 pf control
2 pf control

ka (in water)

Thin steel shell in water, h% = 3%

10" ¢

*\\—._. =

Feedback —

=

— H=0
—--= H = pc/10 (1 pf)
H = pc/10 (2 pf )

ka (in water)

Figure 7-22 Normalized scattered sound power ﬁs versus normalized frequency ka for plane-wave
scattering from the thin steel shell in water (h/a = 3%), when using one or two point-forces on its
surface for feedforward active control equivalent to the result from Figure 7-13 (top), or for velocity
feedback control shown in Figure 7-20 (bottom). The ka range is zoomed-in around the first few

resonances.
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The decrease in magnitude of the closed-loop response at low ka due to increasing the feedback
gain translates into enhancement of the normalized scattered power after control, which is severe
at the frequency corresponding to the previously described trough in the response. Some
attenuation of the first few resonant peaks is achieved, which is the greatest for the lowest used
feedback gain. At large values of ka, insignificant alterations of the scattered sound power are

produced after control, regardless of the exemplified feedback gains.

In Figure 7-22 the active velocity feedback control is compared with the ideal active control
equivalent of a feedforward control for the steel shell in water, in the region of its first few resonant
frequencies. This is done for one co-located control force actuator and point velocity sensor in the
backscattering position (0 = ), and two co-located control force actuator and point velocity
sensor in the backscattering (8 = m) and shadow positions (8 = 0). It can be observed from the
figure that the ideal feedforward control achieves significant attenuation of all the first few
resonant peaks, in particular, of the very first one. The active velocity feedback control attenuates
the higher order modes more than the very first one. This can be explained from the overall open-
loop response G, in Figure 7-20 (blue line), which exhibits a lower magnitude at the frequency of
the first resonant peak compared to the magnitude at the subsequent ones. For both feedforward
and feedback methods, using two point-forces achieves somewhat more attenuation of all resonant

peaks when compared to their counterparts with one point-force.

7.5 Chapter summary

In this chapter, many results have been presented for tonal active control of the scattered power
due to a plane-wave, using either secondary acoustic point-monopoles or point-force actuator on
the surface of a thin, uniform, empty, elastic spherical shell. Rubber or steel were used as materials
of the shell, which was surrounded either by water or air. Some conclusions have been drawn about
the relative performance of different actuators in different circumstances, but the wealth of results
has prevented the preparation of an exhaustive presentation. Nevertheless, some conclusions are
clear. Under idealized feedforward control conditions and ideal placement of secondary entities
relative to the incidence and scatterer, it was reinforced that, at low frequencies before the first
resonant peak, the power minimization with one or two control entities yields outcomes equivalent
to cancelling the first one or, respectively, first two most dominant components of the primary
(scattering) that the secondary also couples best into. This was achieved by comparing analytical

predications based on asymptotic behaviour of spherical harmonic coefficients to the computed
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results. In both cases of secondary entities, these first two components respecting the described
characteristics are the omnidirectional n = 0 one (breathing mode) and the figure-of-eight n = 1
one (translational mode). However, the radiation due to a point-monopole couples better into the
n = 0 component of the plane-wave scattering, while the radiation due to point-force radiation
couples better into the n = 1 component of the plane-wave scattering. This led to a greater control
performance at low frequencies after tonal power minimization with point-monopoles, when
compared to using point-forces. At higher frequencies, the control strategy yielded no benefit
again, due to many spherical harmonic components dominating at the same time. However, the
magnitudes of the resonant peaks in the scattered sound power could be attenuated depending on
where they were situated on the frequency range. Ultimately, a feedforward arrangement as
described in this paragraph assumes perfect knowledge of the incidence, scattering and secondary

at all times; however, this is difficult to implement in practice.

One active control arrangement that can be readily implemented is velocity feedback control, as
discussed in Chapter 3, which would require the use of structural actuators. The very limited
investigation of feedback control presented in this chapter demonstrated that some attenuation of
the scattered power was possible with one secondary point-force actuator on the surface of a thin
spherical shell made of steel and submerged in water. This secondary was ideally placed relative to
the incidence and the scatterer, while also being co-located with a sensor on the surface measuring
velocity normal to the boundary. For the given circumstances, computer-modelled results showed
that the suppression after feedback control is achieved specifically for the first few resonant peaks
in the scattered power due to an incident plane-wave, with an appropriate choice of constant
feedback gain. Out of these attenuated peaks, the ones of higher modal index were supressed more
due to the point-force coupling better into the dynamics of structure at that specific frequency
range, as demonstrated by the open-loop response of the arrangement. When the feedback gain
was too large, the structure become effectively pinned at the actuation point, and very little motion
was in turn generated at the sensor after control. Further modelling and experimental work is
required to validate the possible capabilities of practical force actuators on the surface of a sound

radiating structure, as described in [95, 96].

218



Chapter 8

Chapter 8 Final Statements

8.1 Conclusions of current work

In this thesis, the active control of 3D sound scattering has been studied from a theoretically
focused perspective, which took advantage of spherical harmonic series expansions. This was used
to obtain computer-modelled results of the involved physical quantities, as well as to formulate an
active control procedure based on the modal components represented by the spherical harmonics.

The spherical harmonics form the set of radiation modes for certain spherical structures.

Overall, the methodology of the thesis set out to explore fundamental 3D models and ideal sets of
circumstances, such that physical insight of the complicated 3D physical behaviour can be observed
and understood. As such, a single stationary spherical scatterer in an idealized, stationary fluid was
considered and modelled as an exterior impedance boundary-value problem, ignoring any internal
behaviour of the obstacle. The impedance boundary value was allowed to either be constant,
corresponding to an impedance sphere model, or to be a function of frequency and modal index,
corresponding to a thin spherical shell model. The analysis focused on a simple incidence, in the
form of a single monochromatic travelling plane-wave. A classic method of active suppression was
chosen, i.e. ‘least-mean squares’ minimization of the radiated sound power at a single frequency,
and rudimentary models of secondary control entities were used, such as point-monopoles and
point-forces. Furthermore, when using a small number of secondary entities, their positions relative
to the incidence were chosen specifically to simplify the mathematics of the spherical harmonic
formulations, and thus allow a straightforward interpretation and discussion of the results. The
asymptotic behaviour at low frequencies, before and after control, were studied for the primary,
secondary and their superposition after optimization, where active control with a small number of

control entities is expected to produce performance [24].

Overall, it was found that at low frequencies, the power minimization approach with one control
source is similar to completely cancelling the first most dominant spherical harmonic component
of the scattered sound in which the secondary also couples the best. For a point-monopole
secondary with the impedance sphere and the spherical shell, this component was the
omnidirectional n = 0 component, while for a point-force with the spherical shell, this component
was the figure-of-eight shaped n = 1 component. The residual after control was typically the next
scattering component in the sequence of which is most dominant and coupled best into by the

secondary. This residual could be either enhanced or suppressed after control.
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With more control parameters to optimize, increasingly more of the dominant components in the
primary could be completely cancelled, depending on the order of which is most dominant and,
also, best coupled into by the secondary. At high frequencies, a small number of secondary sources
did not produce any control performance, because a large number of spherical harmonic
components are dominant simultaneously in the scattering, and only a small number of control

parameters are available to individually optimize the behaviour of these components.

Other aspects of actively controls 3D scattering were also briefly explored. The control with a large
number of secondary sources was studied for the impedance sphere, where the majority of
positions were not ideal; however, the geometrical pattern was uniform. Increasing the number of
sources was found to produce diminishing returns after a certain frequency threshold. Also, a
simple rule of thumb was derived for the number of secondary sources required to control the
scattered sound up to a given frequency. The effect on control performance of moving the uniform
pattern some distance away from the scatter was also explored for the impedance sphere and was
found to be detrimental for suppressing sound power, regardless of the surface impedance. This

generalizes the previous result for the rigid sphere from [33].

Also, regional active control was explored for the impedance sphere in the form of cancelling one
far-field direction around the scatterer. It was found that, under certain circumstances, this type of
control can severely enhance the scattered sound power (global measure) as well as the regional
behaviour of the far-field scattered pressure. The amount of suppression or enhancement after the
control is governed by the impedance of the scattering surface. The most severe enhancement
typically occurs at high frequencies, or if there are severe mismatches in the regional behaviour of

the far-field directivity between the primary and the secondary.

Lastly, the research considered theoretical models that could potentially address some of the
practical limitations of realizing the idealized active control systems previously investigated in the

thesis. These limitations included:

e the inability to directly measure the scattering without it being contaminated by the
incidence, and
e the constraints of measuring spherical harmonic components in real-time with sensors

around the scatterer.

Bobrovnitskii's approach to modelling scattering and its control was used for this purpose and
was translated into a modal method based on spherical harmonics components rather than the

original method based on a grid of spatial elements on the scattering surface. Active velocity
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feedback control was explored for the spherical shell in a fluid for a small number of point-force
actuators co-located with point velocity sensors on the scattering surface. It was found that the
behaviour of the open-loop response between forces and velocity sensors dictates the
outcomes of the control when it comes to altering the scattered sound power. Furthermore,
compared to the idealized active control approaches, the control performance of the feedback
is severely limited or inadequate in certain frequency regions, such as low frequencies. The
most significant benefit from the feedback is the attenuation of the first few resonances of the
externally loaded structure by adding damping to its modal impedances. This is an expected

outcome, as previously shown by the results of works such as [87].

Time constraints did not allow for any practical validation of the theoretical models studied
throughout this thesis. However, two basic experiments were proposed, one for testing the
idealized active control approaches (feedforward), and the other for testing the velocity
feedback strategy. These experiments were designed to ignore some of the real-time
constraints and allow for offline measurements, such that the focus would be on manipulating

the scattering components of the spherical harmonic representation in practice.

8.2 Avenues of future work

8.2.1 Improvement of feedback approach

The nature of the open-loop response described in subsection 3.3.2 can be changed to produce
different attenuation effects on the first few resonances of an externally loaded structure. For
example, using distributed force actuators and distributed velocity sensors on the surface of the
structure can potentially generate significantly better results. Furthermore, the feedback gain does
not have to be constant, the feedback does not have to be based solely on velocity data, and the
controller does not have to be restricted on a single independent feedback loop. All these aspects
can be further explored for control of 3D sound scattering from structures, both theoretically with

models and in practice through experiments.
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8.2.2 Non-ideal placement of incidence and secondary relative to the scatterer

The formulations throughout this thesis have been written in terms of full spherical harmonic
series, even though the investigation specifically illustrated positions on the z-axis for the incidence
and the secondary source, which lead to only the m = 0 spherical harmonic components being
non-zero. All formulations in this thesis can be used when the incidence and the secondary entities
are not ideally located for the mathematics of the spherical harmonics. However, in these scenarios
it is not straightforward to gain physical insight, for example, when it comes to the low frequency
asymptotic analysis before and after control. Furthermore, a full set of spherical harmonics
translates in a more components for which active control can generate spill-over or unwanted
effects, as well as in additional computational cost to model. However, the power minimization
method based on spherical harmonic components that was used in this work can be potentially
reformulated to force different outcomes on different sets of spherical harmonics, similar to a
multi-band filtering of frequencies but for the spherical harmonic orders. All things considered, the
cases of non-ideal placements are a better representation of practical scenarios, and they can still

be computed in a relatively straightforward way.

8.2.3 More complicated generators of sound as incidence and secondary

The theoretical models for active control that are described in this thesis focus on using a small
number of idealized secondary sources that generate simple radiation patterns in order to obtain
suppression in the low frequency region. This suppression was demonstrated theoretically for a
simple case of incidence, i.e. a monochromatic plane-wave. Also, the used models assume that
physical quantities such as sound pressure or surface velocity on the scatterer are at a single point,
i.e. a mathematical abstraction. All these aspects are not a good representation of the practical

circumstances.

Firstly, for certain practical situations, the incidence that generates the scattering may not be
known or may not be measurable. Furthermore, this incidence may be composed from the
superposition of many different types of waves, e.g. multiple polychromatic plane-waves, multiple
polychromatic point-monopoles. The general frameworks from Chapter 2 and Chapter 3 can be
applied to and account for any type of deterministic incidence, as long as assumptions such as
linearity and reciprocity are maintained. A different type of analysis is required when considering
randomly generated incident sound. When the incident sound is not a monochromatic plane-wave,

the nature of the spherical harmonic components in the scattering may change. Because of this,
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aspects such as the low frequency hierarchy of spherical harmonic orders or the way in which the
secondary couples into the components of the scattering may become difficult to interpret and

predict analytically, even at low frequencies.

Secondly, additional devices such as sensors and radiating sources must be introduced in a situation
to realize the active control system. These devices typically have their own dimensions, which may
be comparable to the wavelength of interest and, thus, can themselves produce significant
scattering the sound. As a result, the use of practical devices can pose additional challenges to be

overcome.

Thirdly, real sensors and sources typically do not have simple directivity patterns such as
omnidirectional or a figure-of-eight, depending on the frequency. As frequency increases, these
patterns tend to become more complicated in 3D space and can be described as the contributions
of several multipole components. Such complicated variations in space can be advantageous for
regional active control when they are designed to be very directional. However, discriminating in
favour of very narrow regions in space may not allow for proper spatial coverage when performing
global control, even when using many devices. Furthermore, it is difficult to realize practical sensors
and sources with complicated patterns of many multipole contributions. However, considerable
technological progress has been made in the area for multipole sensors, such as the ‘eigenmike’
[97-99]. With passing time, such technology will continue to improve; thus, an investigation of using
high-order multipole sensors and secondary source for actively controlling 3D scattering from

structures still represents a valuable modelling and experimental exercise.

8.2.4 Moving scatterer and/or medium around it

In practice, scattering objects and the medium surrounding them may not be stationary, and their
material properties may change with time. As a result, active controllers for these scenarios need
the ability to account for Doppler shifts, need to perform in real-time, and need to be robust, in
other words, a very challenging problem. In current times, the 3D sound scattering from non-
stationary entities has been explored only in a few works, such as [42, 53, 54], but is an extremely

important aspect of a practical scattering problem.
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8.2.5 Layers of different materials surrounding scatterer

Surrounding a scatterer with additional material layers to help cloak it is being significantly explored
in current times, as seen in metamaterial approaches [15, 16, 100-102] and approaches using layers
of traditional materials [23, 103, 104]. In terms of mathematical modelling, multi-layer scenarios
can be described by extending the transmission boundary-value problem described in Chapter 2 to
multiple mediums. This can potentially be used to create a unified, generalized mathematical
approach that encompasses both the case of continuously varying material parameters with
position in the medium, as seen in metamaterial designs, and the case of material parameters that

do not vary significantly with space.

8.2.6 Other active control constraints

As described in [76], multiple constraints can be imposed on a given scenario through active control.
For example, the control of a global measure such as sound power can be combined with the control
of a regional measure such as sound pressure in order to find a potential balance between global
suppression and regional attenuation or to limit the enhancement of pressure in certain regions of
space. This can be explored theoretically or in practice for 3D sound scattering from a structure, in
particular, for situations where significant regional effects are generated. An example of this is
represented by the shadow and backscattering regions formed around the scatterer when the

involved relative frequency is high.

8.2.7 Complicated cloaking/detection environment

Ultimately, in practice, a given environment has changing circumstances and is composed of
multiple sound scatterers that are not stationary. Typically, a detector that is also not stationary
would be searching for scatterers using acoustic emitters, acoustic receivers, and different
strategies for detection. Such a scenario is both very difficult to test experimentally, as well as very
difficult to model, simulate and interpret in terms of physical insight. That is why it is important to
construct rigorous mathematical procedures and research methodologies that gradually explore
the effect of cloaking starting from the most fundamental circumstances, and then following with

progressively more complicated features of physical behaviour.
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In complicated environments as described above, the spherical harmonic decomposition as used
throughout this thesis may not be the ideal approach of exploiting the spherical harmonic functions
[77]. These functions are defined relative to a reference point, and the origin of the coordinate
system was used as the reference in Chapter 2. This leads to the omnidirectional n = 0 spherical
harmonic component being equivalent to the sound pressure being equal on the whole surface of
virtual sphere surrounding the origin. However, the spherical harmonic decomposition can be
performed about a point that is not the origin, similar to how a Taylor expansion can be performed
around different values [77]. In this new scenario, the omnidirectional component obtained when
decomposing at a point that is not the origin consists of contributions from multiple of the original
spherical harmonic components corresponding to the decomposition at the origin. These

contributions can be established mathematically [77].

In situations where multiple scattering objects or vibrating structures are present in the same

environment, it may be useful to either

e decompose at a single convenient point in space, such that there is a consistency of how all
entities are described in terms of spherical harmonics, or
e decompose at multiple points in space centred at each entity, such that the dynamic motion

of each body relative to itself can be studied.

A structure that radiates the same in all directions, such as the sound scattering from a human head
at low frequencies, does not appear as a single omnidirectional component when expressed in
terms of spherical harmonics defined about a point that is not placed at the centre of the structure.
However, depending on the application, it may be more important to know that the structure has
an omnidirectional radiation pattern rather than its spherical harmonic description about an
arbitrary origin. For example, when investigating how the acoustic scattering from a person’s head
and torso affects their sound localization cues, it would be the most beneficial to use spherical
harmonic components centred between the two ears. But for reproducing 3D audio in a room, it
may be necessary to have the origin of the coordinate system at a specific location that is not that

of the listener.
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Appendix A 3D orthogonal coordinate systems

A point P in 3D space is defined by convention as P(x; y; z) in the Cartesian coordinate system,
P(p; @, z) in the cylindrical coordinate system, and P(r; 8, ¢) in the spherical coordinate system.
x, y and z represent the coordinates corresponding to the x-axis, y-axis and z-axis, respectively.
r represents the radial distance from the origin of the reference system to the point P. 8 is called

inclination (or polar angle or co-elevation) and it is formed between the positive direction of the z-
axis and the position vector OP. @ is called azimuth (or azimuthal angle) and it is measured from

the positive direction of the x-axis to the projection of the position vector OP on the xy-plane. p
represents the radial distance from the z-axis to the point P. A visual representation of these
conventions can be seen in Figure Al, where the direction of the trigonometric circle is highlighted

for previously defined angles.

In the cases of the cylindrical coordinates (r; ¢, z) and the spherical coordinates (p; 6, ) , any
coordinate triplet denotes a single point in three-dimensional space. However, any point in space
can have an infinite number of representations through these two types of triplets unless the

ranges of values of the coordinates are restricted. The convention used throughout this work is:
r=0, 0<6<m, 0<¢<2m,
which ensures a unique triplet of cylindrical/spherical coordinates is associated with each point.

Conversions from one of the three coordinate systems to another can be achieved using the

expressions presented Table Al. It is worthwhile to highlight the special cases:

e whenf =0o0r6f =m,Pisonthe z-axis,x =y =0,r =|z|,p =0, and ¢ can take any

value. For practical reasons, the convention ¢ = 0 when x = y = 0 is enforced;
e whenp =0andx?+y%2#0,Pisonthexzplane,y=0and0 <0 <;
e y=0alsowhenp =m;
e whenx=0andx?+y?#0,Pisontheyzplane,¢p =m/2,and0 <6 <;
e whenz=0andx?+y% #0,Pisonthexy-plane,d =m/2,and0 <68 <m;
e whenr=0,thenx=y=2z=0,and @ =0, 68 = 0is chosen as the convention for this

case.
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Figure Al: The convention for 3D Cartesian coordinates (py;py;p;) , cylindrical coordinates
(p; @, 2) , and spherical coordinates (r; 8, ¢) , of a point P in space. The convention
for the direction of the trigonometric circle in the cases of inclination 8 and azimuth ¢

are also shown.

230



Appendix A

V2f in Cartesian coordinates

Cartesian to cylindrical

Cartesian to spherical
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VZf in cylindrical coordinates
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V2f in spherical coordinates

Spherical to Cartesian

Spherical to cylindrical
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Conversions between Cartesian coordinates (x; y; z) , cylindrical coordinates (p; ¢, z) and spherical coordinates (r; 8, ¢) of a point P.
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Appendix B The complex-valued spherical harmonics

Definition
Y,E%(G, @) is the complex spherical harmonic of degree n and order m , wheren = 0 and |m| < n
are integers. This two-variable function describes the angular dependency of the pressure field for

the wave and Helmholtz equations in spherical coordinates, and is defined as [71]

2n+1(n—m)! ; B1
Vi, 0) = j T Oy P (cos e, .

where P (x) is the associated Legendre functions of degree n and order m (for details see [71]).

It is important to note that there are two different conventions used to define the functions

Y,E%(G,go), one that includes the Condon-Shortley phase and one that does not. The Condon-

Shortley phase is a (—1)™ factor that is included either in the expression for Y,E’(E%(H, @) or in the
formulation for the associated Legendre functions By*(x) , but not in both. The presence of this
one (—1)™ factor introduces an alteration of sign in the complex spherical harmonics of positive m
and is especially useful in the field of quantum mechanics, as described in [72]. The convention used

in this work includes the Condon-Shortley phase in the definition of B (x) , as is used in [71], while

in [72] the (—1)™ factor is contained in the definition of Y,E%(G, Q).
The associated Legendre function P)*(x) is defined over the domain x € [—1; 1] as [71]

d m
PR = (DM =22 () (PG, 52

where P, (x) is a Legendre polynomial of degree n , which can be expressed in terms of [71]

[n/2] .
(-1D)5@2n —2s)! x" =S

(B3)
sl(n—=s)!(n—s)! 2m

(&) o

P(x) = on

For n = 0, the spherical harmonics and associated Legendre functions of negative orders - m are

given by [71]

Y9,.(6,0)(6,0) = (—1)™ 79 (6,9) (B4)

and, respectively, [71]
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Orthogonality

The spherical harmonics form an orthonormal basis as shown by the relation [71]

T 2T
J sin 6 d@ f do {Y“C) 6, 9) ¥, (6, <p)} =8 Ot (B6)
0 0

where (m,n) and (m’,n") are two different sets of (order, degree), and also & is the Kronecker
Delta function. This important result translates into any analytic, square-integrable (L? space)

function (6, ¢) defined on the sphere can be written as the series expansion [71]

f6,9) = Z 2 Tn((fr)l Yé‘f%(&(p), (B7)

n=0 m=

where f"n((f,)l are complex constants defined as

T 2m
Fln = f sin 6 do f do {£(6,0) - Tin(6,0)}. (88)
0 0

For a given value of m € Z , associated Legendre functions have the orthogonality property [71]

1

2 (n+m)!
m —
f P (x) Py (x) dx = i1 (i o (B9)
-1
Closure relations
The orthonormality of the spherical harmonics leads to the two relations [71]
©o n
Y 496.0) T 0 = =560~ ¢ 560~ 8
— L (B10)
n=0m=-n
=8(p —¢") 65(cosO — cosh")
and [71]
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n
C 2 2n+1
Z |Y7§,n)1(9,<p)| = (B11)

m=—-n

where (6, @) and (8', ¢") are two different sets of angular coordinates and where §(x) is the Dirac

delta function.

Legendre’s addition theorem

Let there be two different sets of angular positions in three-dimensional space, (8, ¢) and (8', ¢'),

where the angle formed between their two position vectors is [72]
cosy = cosf cosf' +sinfsinf’ cos(p —¢'). (B12)

Then, the following relation is valid [72]

C 2n+1
= n
Z er.(fr)l(e, @) Y0, 9") = e P,(cosy). (B13)
m=-n
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Appendix C  The real-valued spherical harmonics
Relation to complex-valued spherical harmonics

The functions Y(C) (0, @) presented in the previous appendix are complex-valued, where all (n, m)
pairs with a m # 0 have both non-zero real and imaginary parts. However, it may be desirable in
some practical or theoretical situations to re-write the spherical harmonics expansion in terms of
real-valued basis functions. For example, when it comes to recording and reproducing the spherical
harmonic content of a sound field, i.e. the Ambisonics technique, Polleti describes in [105] that
microphones/loudspeakers can only capture/create real signals while the content to work with is

complex-valued. Furthermore, the directivity pattern of a point-monopole is the same shape as

Y(C)(G @) which is always real. When it comes to point-dipoles, their figure-of-eight directivity

patterns are given by Re {Y((C) (6, go)} {Y((C) (6, (p)} and Y( )(6 @) , which is real, where the

orientation of each is a different axis of the Cartesian coordinate system.

The complex-valued spherical harmonic used in this work is defined as

2n+1(n—m)! ,
((C)(H @) = \] ( ) P (cosf) e™? =

4t (n+ m)!
(C1)
= \/2n4: 1 EZ ; Z%: B (cos B)[cos(me) + isin(me)],

where the Condon-Shortley phase is included in the formulation of the associated Legendre
function B . The functions P* are real-valued, thus it can be observed from the above relation
that the real and imaginary parts of Y( )(6’ @) come from the complex exponential corresponding
to the variation with angle ¢ . The most common way to express the real spherical harmonics is to
define them as these real and imaginary components of Y,fff,)l(e, @). The paper [105] offers detailed
explanations of how this can be done and of how it affects the formulations for the spherical
harmonic expansions a sound field. However, it uses a description for Y,Em(H @) that does not

include the Condon-Shortley phase, which makes some of the results not applicable to the

definition used in this work.

In the following paragraphs, the relevant results and derivations from paper [105] are repeated

briefly for the case where the Condon-Shortley phase is considered. The covered topics follow the
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structure: definitions for the real spherical harmonics, mapping the real spherical harmonics to the
complex ones, re-writing the spherical harmonics expansions of the interior and exterior problem:s,
and mapping the field coefficients of the real spherical harmonics to those of the complex spherical
harmonics. Lastly, an extra step is done in addition to what is presented in [105]; it is shown that
the change from real to complex spherical harmonics in the expansion of the exterior solution does

not alter, in essence, the expression for the radiated sound power.

In expression (C1), the real and imaginary parts of Y( ) (0, @) are written as two separated functions

and normalized to obtain two types of real-valued spherical harmonics,

Enm(8,9) = e Re {¥io1(0,9)}

2n+1)(n—m)!
= Sm\/ i m) B™(cos ) cos(me) (2)
A E v Em
=T [ 6,0) + 6. 0)| = S| 6.0) + D™ 26,0
also denoted as the even function or the ‘cosine version’, and
Onm (6, 9) = Jer Im {¥,5.(6,0)}
Cn+1)(n—m)! )
=./&nm \/ I m) B™(cos 0) sin(me) (c3)

- Lo 19 0,00~ 796.0)] = L 120,00 - 0" K20,

also denoted as the odd function or the ‘sine version’, foralln € Z, andme€Z,-n<m<n.
The normalization factor is €,, = 2 for [m| = 1 and &, = 1. This is necessary in order to maintain
the orthonormality property of the complex-valued spherical harmonics, rather than just
orthogonality. These formulations differ from those in [105] through the fact that negative values
of m introduce an extra factor of (—1)™ in E;, ,,(6, ) and 0, ., (8, ¢) compared to the positive

values of m.

The &, factor required to maintain the orthonormality of the real-valued spherical harmonics is

different for the m = 0 ones because

’Zn +1
En,O (9, (P) = On,O (9' (,0) = Yn,O(grgo) = an P, (cos @) , (C4)
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where B, is a Legendre Polynomial. Due to YTE_%)(B, @) always being real-valued, Euler's formula

cannot be applied as it was to express the real-valued spherical harmonics of m # 0.

The sets of the ‘sine’ and ‘cosine’ versions E;, ,,, (8, ¢) and Oy, ,,, (6, @) can be arranged to define the
real-valued spherical harmonic functions, Y,Slf;z (6, p). However, before this, some of their
properties must be rigorously established and related back to those of the complex-valued spherical

harmonics. This is covered in the following sections of this appendix.

Orthogonality

There are three types of orthogonality relationships that can be established: with two ‘cosine’

versions, with two ‘sine’ versions, and with a ‘cosine’ version alongside a ‘sine’ version. These are

given by
T 2
f sin @ dHf do {En,m(H, @) Ey (8, (p)} = 8! O (Cs)
0 0
T 21
j sin 6 do J dg {Opm(6,9) - 0,1,./(6,9)}
0 0 (C6)
_ {5nn’5mm’ 2 +nt+m24m’? £0
0 ,n=n"=m=m'=0
T 21
J sin6de j A {Epm(6,9) 0,1,/ (6,9)} =0, (C7)
0 0

where (m, n) and (m’, n") are two different sets of (order, degree), and also § (x) is the Kronecker

delta function. These results can be proven by using how E;, ,,,(6, ¢) and 0, ,,, (8, @) are related to

Y,E’(E%(H,(p) and, then, exploiting the orthogonality properties of the functions that comprise

C
v 0, ).

Starting with the proof for expression (C5), it can be written that

T 21
f sin@ dé?f do {En,m(é’, @) Epr (6, <P)} =
0 0
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T 2
= f sianQf do E\/(Zn;r— D EZ;Z%: P™(cos8) cos(m'¢)
0 0

Cn'+ D@ —mH .
,/smr\j )] P, (cosB) cos(m'g) =

@n+1)m-m)! |@n+ D@ —m) [ i
=\/a\/g_m,\/ y (n+m)!\] v T ojsme P*(cos @) Pi (cos ) db

2T
J cos(me) cos(m’p) dy,
0
where the constants that depend only on n and/or m can be taken out of the double integral, all
functions depending on 6 can be separated from all the functions dependent on ¢ , and the double

integral can be split in a product of two individual integrals.

The value of the integral depending only on ¢ is a well-known result that is a direct consequence

of the orthogonality of the cosine function,

2T

2 12
f cos(mg) cos(m'¢) do ={ M, M°+m . 0 (C8)
J 2T, m=m

The integral depending only on 8 is more complicated to calculated. The following change of

variable is used, such that

d(arccosu) 1
u=cosf@ =>arccosu=0=> —du=df => ————=du=6do ,

du V1 = 12

which also leads to sin@ = V1 — cos2 6 = V1 — u? . Substituting these into the integral yields

cosm

Vs
! ! 1
. m m _ _ 2 o3 m m — =
Of sinf B*(cos @) P,r (cos@) db = f V1—u?sinf B*(u) P, (u) T du

cosO0

-1 1
= J — P™(u) PV (u) du = f P™(u) P (w) du . (C9)
1 -1

From (C8), it can be observed that unless m = m’ and they are both non-zero, the integral

depending on ¢ is always zero, making the whole expression zero. Because of this, it can be
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considered that m = m' and they are both non-zero for expressing (C9) , which leads to the

orthogonality property of the associated Legendre functions,

T 1

. ' 2 (n+m)
f sin® P"(cos6) P)} (cos ) do = f PM(u) Pt (w) du = 1 ! Spn - (C10)
0

-1
Putting together the relations from (C8) and (C10) back into (C5), it is obtained that

T 2T

f sin@ dé?f do {En,m(é’, @) Epr (6, <P)} =
0

0

[ 1 [@n' +1) @ —m)! (n+m)! , ,
[e e, = 85 18, 1, 240 +m?2+m'c£0
EmEm 2\/(2n+1) m—m)! (' +m7) o Omm o mem
@n'+1) @ —mH! (n+m)! e =m=m' =0
VemEm' Font 1) (n—m)l (' +m)! ’ nEn=m=m=
2 [2 2 ,2
:{ Snn'Omm’ » n+n"+m+m°-#0 = 8,8, . (C11)
1, n=n"=m=m'=0

For expression (C6), by using the same strategy it can be written that

T 27

f sin6 def dg {Onm(8,9) - 0,1 ,.1(6,0)} =
0

0

T 21
= f sin6 do f do {\Jem J(2n4: D gz;g: P™(cos8) sin(m'¢)
0 0

n+1) ' —mH _ ,
-,/sm,\] ) P}7 (cos @) sin(m’¢g) ¢ =

@n+1)m-m)! |@n+ D@ —m) [ i
=\/a\/g_m,\/ y (n+m)!\] v T Jsme P*(cos8) P (cos ) db

0
21

J sin(me) sin(m’¢@) de .
0

At this point, the integral depending only on 6 has been calculated previously. The value of the

integral depending only on ¢ is another well-known result,
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21

2 12
f sin(me) sin(m'¢) de ={ T’ » me +m iIO , (C12)
J 0o , m=m

which is a direct consequence of the orthogonality of the sine function.

Again, bringing the components (C8), (C12) and (C6) together concludes the proof

21

Vs
f sin6 df J dg {0y, (6,90) - 0,1 ,.1(6,0)} =
0 0

1 [(2n"+1)(n' —m)! (n+m)! 2 2

;= 8 185 1, 240 2 "0

VEmEm 2\/(2m1) —m)! (n &yt O Omm! o MO E A MM
\/_ 2n"+1) (' —m")! (n+m)! 0 e —me=m =0

Emém’ Ton+ 1) (n—m)! (0 +m)! ' nEn=m=m =
2 [2 2 ,2
:{ Snn'Omm’ » n“+n"+m+m-+0 _ 808, . (C13)
0 , n=n"=m=m'=0

Lastly, applying the same strategy a third time for (C7),

T 2T

f sin 8 dé?f do {En,m(é’, ®) 0,1, (6, <P)} =
0 0

b 2n
— f sdeQf d(p \/a\/(zn + 1) (n —m)' an(cos 9) Cos(m'(p)

47 (n+m)!
0 0

n+1) ' —-mH _ ,
-,/sm,\] ) P}7 (cos @) sin(m’¢@) ¢ =

47 (n+m)! 47 (n'+m')!
0

:\/a\/g_m,\/(Zn+1)(n—m)! J(znr“)(nf_m,)! Jsinepﬂ(cose)pg’(cose)de

21

J cos(me) sin(m'p)de .
0

Using a change of integration interval on the integral depending only on ¢, it is obtained that

2 2n-m
f cos(me) sin(m'p)de = f cos(me — me) sin(m'o —np)dp =
0 0—m
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T

= f cos(me — ) sin(m'¢o — ) de .

-1

Cosine is an even function while sine is an odd function, which results in their product being an odd

function; the integral of an odd function over a symmetric interval is equal to zero,

2T

f cos(mg) sin(m'p)dp =0 .
0

As a consequence,

b 21
f sinf def do {E,’[‘(G, @) - 0,7177’(9.<P)} =
0 0

for all value pairs (m,n) and (m’,n") , wheren € Z, andm€Z,—n<m<n,n’' €Z, and

m€eZ,—n"<m' <n'.

Interior and exterior solutions of the Helmholtz equations

In the case of the expansions into spherical harmonics series of the interior and exterior solutions,

the pressure field, it is first written that

P =) Y N FUn Y00

=0 m=-n (C14)

Z z ((C) (kr) [Enm(e @) +10nn(, (,0)]

where the function f can either be j, (kr) or h,, (kr) . The second summation over the parameter

m is now split in two, corresponding to negative and positive values of m, respectively. The terms

when m = 0 are divided by two and each half is introduced into each of the previously obtained

two new summations. The normalization factor &,, can be used such that division by two only

occurs for the m = 0 terms, thus the above formulation equals

ZC@ (kr) 3= [Enm(8,9) +1 0,0 (0,9)] +

2 Jem
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+Z EO Flr) =2 [Epm(6,0) + i Op (6, 9)] =

2,[em

L), fkr)

=) J_m

[Enm(6,9) + i (—1)™ 0 (6, 9)] +

M:

3

eO Flkr )_ [Epm (0, @) — i (—1)™ 0y (6, 9)] =

2 fem

e© 4 (- 1)m 6©
2 f(kr) Enpn (6, 0) +

+
M:

3
I
o

Z@

é© m 30
+LZ\/5 22 — 21) = f(kr) On,m(6r§0)=

n

= DT AR, fUr) By m(6,9) + 2 Bl (K1) O (0, 0) (c15)

m=0
In (C15), it can be observed that the original expansion using complex-valued basis functions is now
written as the sum of two separate expansions that have real-valued basis functions. However,
these new sets of coefficients, c/i,(lR% and %g{% , can still be complex-valued. The previous phase
information from the functions Y( )(6 @) has migrated into the coefficients sets as a result of the
change. For a given value of n, there are n + 1 coefficients of type cﬁl( ) and there are n +1

coefficients of type 53921 . Truncating the infinite series (C15) ton = N resultsin having (N + 1)% +

N terms in the overall summation.

The new two sets of field coefficients are

® ((C) ) 4+ (-1D)mE ((C)
~ n,—m
"qn,m =Em 2 , m=0, (Cle)

associated with the ‘cosine version’ of the real spherical harmonic and

© 5(C)

~ Gl —(=1)™mE

R )
EB;_)—l /— nm . n—m ’ m>0, (C17)

associated with the ‘sine version’ of the real spherical harmonic, where the superscript R denotes

the fact that they correspond to real-valued basis functions. Both these sets of coefficients can still

be complex-valued.
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For a fixed n, whenm = 0, the relations c/ig? = ér(l(,co) and %S}‘Rg = 0 hold. Based on this, the c/’ig}’%)

coefficient and the EB( n0 coefficient can be combined to form a new overall coefficient. In this way,

for a given n, there are n coefficients of type c/l,(”; , each one strictly associated with a ‘cosine

version’ of the real spherical harmonic, there are n coefficients of the type %9_2 , each one strictly
associated with a ‘sine version’ of the real spherical harmonic, and one coefficient for m = 0 that
is equal to the coefficient associated with the complex-valued spherical harmonic. Overall, all these
equate to a total of 2n + 1 coefficients, i.e. the same number as for the formulations based on

complex-valued spherical harmonics.

Expressions (C16) and (C17) can be used to determine the extra relations

. 1
0 = = A —iBom|,  m=o0, (C18)
Em
and
. D™ my a
e, = = A +iBom|,  m=o0. (C19)
m

The formulation for the radiated sound power, can be re-written as

co n
T2, . |6l - Z Z
Zpocok aya 2p0c0k2

2

f_m A%, - 5]

0 n
1 & Z(R) __ ~(R)
2B s® (SR _ &G®
2,00C0k2 z z . (Cﬂn,m l%n,m) (cﬂn,m lﬁBn_m) +

n=0 m=0

[ee] n
1 L, a®) (70 5 &l
* 2pocok? z z 2 (cﬂ;% + 1585”21) (Jlﬁl% + 123;’,31) =
0™o n=0 m=1
=#§: zn: l(|c/i(“‘” |2 + |§3(R) |2 — BB g® 4B s’B(R)) z | O
2,00C0k2 - — ) nm nm nmY*nm nm nm 2p0C0k2
n=0 m=1
_ 1 NN B2 a® ) a® Z® . A(R) &ZE)
A 3 A + [BE| + B AT, — (AT B, ) =
0~o n=0 m=1
[ee] n
(R) (R) ((C)
+ By ) z : (C20)
ZPOCOkZT; ;1( | | 2,00cok2 |
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1 v (. LI ~
- 2p0c0k27; <|Cr(1(co) T nZl |<A,(1“§31|2 + |Q39§31|2> : (C21)

It can be observed in (C21) that coefficients associated with the negative values of m and the
coefficients associated with the positive values of m are no longer present; instead, the summation

7 (R)

is now comprised of terms associated with A, ;, , %;R% and 51(1(% . In other words, using the set of

coefficients from (C21) in the expression of the radiated sound power is equivalent to using the set

of coefficients é,(l%. There is still the same overall number of coefficients involved in the
formulation as before, when given a truncation value n = N for the infinite series. Furthermore,

A 5355),1 and ﬁr(lfco) are effectively decoupled from each other such that they have individual,

nm

independent contributions to the total radiated sound power. However, these individual
contributions are not the same as the previous ones, except for the terms with m = 0 . For given
set (n,m) wheren # 0and # 0, the contributions to the power of components (n, m) and (n, —m)

are redistributed to the term corresponding to cﬁ;ﬂ% and the one corresponding to %;R% .

Definition of the real-valued spherical harmonics

From the previous sections in this appendix, it has been demonstrated that the complex-valued and
real-valued spherical harmonics share key properties when it comes to orthonormality and
expressing converging and diverging waves as series of spherical harmonic components. It is

convenient to have a single notation for the whole set of real-spherical harmonics rather than using

c/i,(lR% and SAB;H’% simultaneously.

The most common arrangement used for the values of the complex-valued spherical harmonic

coefficients (,5,(1(% is

50 50 50 50 50 50 50 50 50 50 50 50
| 680 €9, 69 69 60, e, &[0 &9 659 .. ey a0 L ER ] ()

and it can be mapped one-to-one to the arrangement
500 RO 30O 70O HO HO 50 #O© 7O GO 5(0) 7(0)
| &80 BE), e A, B B 610 AT A . BGy  C5Y Ay ] (€23)

of coefficients corresponding the real-valued spherical harmonics. The m = 0 coefficients are left

in the same positions, the 5355),1 coefficients are placed in the positions of the negative values of m,
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and the ﬂ;ﬂ% coefficients are placed in the positions of the positive values of m. The negative

values of m denote a “sine’ version and the strictly positive values of m denote a cosine version

when the superscript is R. This is possible without causing any arithmetic problems.
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Appendix D  The spherical Bessel and Hankel functions

Definitions

For real values of the independent variable x = 0 and integers values of the degree n = 0 , the

solutions of the Bessel Equation are the spherical Bessel functions of the first kind [72]

[T e CDSs)
Jan(x) = \/%]n+1/2(x) =2"x S=05!(2n+25+ D! X", (D1)

and the spherical Bessel functions of the second kind, also known as Neumann functions, [72]

—1 n+1 & —1)5(s — !
M) = [N 200 = (M o) = Sy SO
s=0

x2S, (D2)

These functions have the set of positive real numbers as a co-domain and can be combined together

to form the spherical Bessel function of the third kind [72]

n

_n\n+1_ix S
W@ = [T, 500 = juC0 4 imyy = TSN TEEE (o)

x sl(n—s)! (2x)s’

s=0

also known as the spherical Hankel function of the first kind, and the spherical Bessel function of

the fourth kind [72]

AP0 = [, = ju() = im0 = D) (04

also known as the spherical Hankel function of the second kind. The capital letters ‘J’, ‘N’, and ‘H’
used in the above formulations denote the non-spherical version of the Bessel functions. Plots of
these and more details about them can be seen in [71, 72, 106, 107], as well as the procedure of

solving the Bessel equation.
The spherical Bessel functions of zeroth degree are given by [72]

) sinx —CoSsX
Jol) ===, mo(x) =

_ieix ie—ix
;P =— P=—, (03

and for the derivatives, by [72]
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djo(x) xcosx—sinx dng(x) xsinx 4+ cosx
dx x? ’ dx x2 '

dh{P (%) e™(x + 1) dh () e ¥ (x — i)
dx x2 ’ dx x2 '

Rayleigh’s formula and derivatives

The spherical Bessel functions can also be written using Rayleigh's formulas [72]

jn(x) = (~1)Hixn (li)n {sinx},

x dx X

) = (D (L) 00
-2 (3]

xdx ix

h® (x) = i(=1)mx (11)11 {e._ix},

which also allows the derivation of closed-form expression for their derivatives.

Recurrence relations

The recurrence relations between spherical Bessel functions are [72]

2n+1
X

fa(x) = fro1(0) + fre1 (0,

dfa(x)
dx

1
frea () = 00,

A () _
@n+D L= =nfoi (@ = (4D fun (),

where the function f,,(x) can be any one of j,, , n,, , h;l) or h;z) .
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Wronskian relations

Another set of important formulations are the Wronskian relations [72]

dn,, (x) dnn (%)

Jn(x) Ix n()—— (D14)
and
dh{’ (@) djn(®) )
- n == (D15)
Jn(x) P P hy, 7 (%) :
and
dh® () djn(x) W@
- n == (D16)
Jn (%) P P (x) :
Orthogonality

The orthogonality of the spherical Bessel functions of the first kind is given by the relation [72]

f dr {ijn (anl T)]n ( Ay’ g)} = %3 [jn+1(anlr)]2 6(1 - l’) ’ (D17)
0

for a closed interval [0; a] and by the relation [72]

[oe]

j dr s jnkor)} = 6(k1—k2)
0

for the open interval [0; ) , where a,,; represents the [-th zero of the function j,, (x) , not counting

jn(0), and k; , k, are two arbitrary constants. § is the Dirac delta function.

Asymptotic behaviour for small arguments

Itis of interest to calculate approximations which explain how the spherical Bessel functions behave
asymptotically as the argument becomes very small. This can be done with the infinite series

expansions from the definitions (D1) and (D2), as they are based on positive powers of the
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argument. In (D3) and (D4), the spherical Hankel functions are expressed as a finite series of n

negative power terms, so the term with the power of —n is the leading one.

When x — 0, more and more terms of the expansion become negligible, thus if only the respective

leading order terms are taken into consideration, it is obtained that [72]

00~ (018)
S -
A () ~ — l% , (D20)
and
AP (x) ~ l% (D21)

The above representations of the spherical Hankel functions are pure imaginary. This happens

because the spherical Neumann functions asymptotically go to —oo as their argument goes to zero,

thus they dominate in the expression of h,(ll’z)(x) , compared to that of j, (x) .

The approximations (D18) — (D21) are valid as long as the term succeeding the leading order one is
negligible, or in other words, when the corresponding power of the argument dominates its

coefficient in the series. Therefore, the condition of validity for (D18) and (D20) are

n+1

& J(2n+2)(2n+ 3 =.,2(2n+3), (D22)

and, respectively,

2

< m . (D23)

x
In the case of the first derivatives of j,(x) , h,(ll) (x) , and hflz)(x) to calculate the asymptotic
behaviour at small arguments, the formulations (D18) — (D21) are used in the recurrence relations
described by (D12) and, then, only the leading order terms are considered in the resulting

expressions. Whenn = 1, this leads to
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dj,(x) nx™ 1

~_ , (D24)
dx 2n+ DN
and
dhP)  (n+1)(2n- D! dhP(x)  (n+1D)(2n- 1N
» dhy () _ (D25)

dx xn+2 ’ dx xn+2

Asymptotic behaviour for large arguments

When considering the asymptotic behaviour of the spherical Bessel functions as the argument
becomes very large, the infinite series expansions from the definitions (D1) — (D4) cannot be used
because they are based on positive powers of the argument. That is why an expansion based on
negative powers of the argument needs to be found for the spherical Bessel functions of the first
and second kinds. The spherical Hankel functions are expressed in terms of a series with a finite
number of terms that already contain negative powers. These are derived in detail in [72] and can

be written as

a0 = ~[Wasa 2@ i (3 = 0) + Quas o cos (x 5] (026)
n,(x) = (_1T)n+1 [Wn+1/2 (x) cos (x + %) — Qns1/2(x) sin (x + nz_n)] , (D27)
M) = —exp i (x =2 D)} [Whan/2(0) + Qa2 ()] (028)

and
WP (x) = %GXP {—i (x - % - g)} W12 = iQ@ns1/2(x)], (D29)

where the two coefficients W;,1.1/,(x) and @y, 41/2(x) are given by [72]

[

Wn+1/2(x) =
s=0

S Cnsmaasy 1

D30
st(n—2s)! (2x)%s’ (D30)
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and

o5
(=1)°(n+2s+ 1)! 1 (D31)
s!(n—2s—1)! (2x)%st1°

Qn+1/2 (x) =

s=0

It is important to note that Wy, 41/2(x) and Q41/2(x) represents the even and, respectively, the
odd powers of the same finite series, thus the leading order term in (D26) and (D28) is of power

zero and always given by Wy, 1/, (x) out of the two coefficients.

Taking the limit x — co and considering only the leading order term of Wi, 1/, (x) while Q41 /2(x)

becomes negligible, the following asymptotic approximations can be written [72]

1 nm
Jn(x) ~ £ sin (x —7), (D32)
1 nm
n,(x) ~ —;cos (x —7), (D33)
eix ei(x—nn:/z)
P @) ~ ()M — = i (D34)
and

—ix —i(x—nm/2)

h® (x) ~ i+ ex =S —, (D35)

These are valid as long as the term succeeding the leading order one is negligible, or in other words,
when the coefficient of the first term in Q41,2 (x) is considerably smaller than its corresponding

power, 1/x . Therefore, the condition of validity for (D32) — (D35) is [72]

x> @ . (D36)

In the case of the first derivatives of j,(x) and h,(ll) (x) , to calculate the asymptotic behaviour at
large arguments, the formulations (D32) and (D34) are used in the recurrence relations described
by (D12), and then the terms with 1/x2 can be ignored in the resulting expressions. For the function

jn (.X') ’ [72]
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Appendix D

dj,(x) 1 nm
~ — - D37
P ~ €08 (x ) . (D37)

which imposes x > v/n + 1 due to ignoring the 1/x? terms, and for h;l’z)(x) , [72]

1 ; 2 _i
dhiP () (_i)ni dhy) () € " (D38)
dx x dx x

which also imposes x > vn + 1. The condition (D36) already ensures that (D32) — (D35) are valid

as it is stricter thanx > vn+ 1.
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Appendix E  Far-field mapping of the exterior solution

to the Helmholtz equation

As can be observed in Appendix D, the spherical Hankel function of the second kind, h,,(kr) , which
controls the radial dependency of the sound field, has asymptotic behaviour at low and large
arguments. In other words, as r — a tends to zero and the position is closer to the source
distributions, the spherical harmonic terms in series expansion of the sound field have a
complicated radial behaviour described by an inverse power law (see 0 ). This region is denoted as
the ‘near-field’ which transitions into the ‘far-field’ region as r — oo . For the latter of the two the
radial behaviour of the spherical harmonic terms resembles a e “¥" /(kr) function. It is important
to note that the conditions of validity of the two asymptotic regimes of h,, (kr) are governed by
how large/small kr is with respect to a relation based on n. Therefore, it is not straightforward to
establish analytically where the transition between near-field and far-field occurs and this result

can be different depending on frequency.

Following the procedure from [74], the goal is to prove that the relation (2.27) for the far-field
pressure and its respective directivity pattern (2.29), are true. Given the nature of the exterior
problem, an outward propagating field towards infinity, there is no reason why the far-field
pressure should not remain an analytic function. Thus, it can be expressed in terms of its own

spherical harmonic expansion

lim $(7) = Z 2 2O v 0,0) , (E1)

where é,(lcr)n are coefficients given by

Pam = f da { lim 5@ - F00,0) } (E2)
Q

as a result of orthonormality property of the spherical harmonics. Likewise, there is the spherical

harmonics expansion for the pressure field of a diverging wave,
oo n
~ > ~(C C
PO =D > B ha(kr) i (0,)

n=0 m=-n

with the coefficients formulated as
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hn(kr) DS, = f do {5 - 70 0,9) }.

Q

The integral does not depend on the value of 7, so the limit can be commuted in front to obtain

P = [ a0 {1m5() - R0 } = 1 [ a0 {50)-Fh6.0)}
Q Q

—Lkr

= llm h (k‘l") D((C) = Tin-"lﬁg‘m , (E3)

using the asymptotic behaviour of the spherical Hankel function at large arguments. The same tactic

can be applied for the acoustic particle velocity, (2.28),

Z z PO, hy (k1) 26,0,

PoCo

n=0 m=-n

where
/ ~(C ~ > =(C
RGBS, = [ a0 {at)- 7000},
Q

Let the far-field particle velocity be expressed as

[ee) n
lim @(r, 6, ) = Z Z 79, v 9 0,¢) , (E4)
" n=0 m=—-n
with
O, = f da { lim a(®) - i 0, }. (E5)
Q

Therefore, it can be written that

ﬂgm= f dQ { hm i(r) - Y( m (0, (p) = hm f dQ u(r) Y( (9,<p)}
Q

—ikr

i e
=i _hl k D((C) - 'D’((C) , E6
T1—>r2) PoCo ( r) nm PoCo kr mm ( )
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by commuting the limit in front of the integral and using the asymptotic behaviour of the first

derivative of the spherical Hankel function at large arguments.

The procedure used up until these point to calculate the spherical harmonic coefficients of the far-
field pressure has not relied on the fact that the variation with radial distance is given by a spherical
Hankel function rather than a spherical Bessel function. In other words, the same strategy can be
used if j,, (kr) was present in the series expansion instead of h,, (kr) , as j,, (kr) also has asymptotic
behaviour that tends to a finite value as r — o. However, the term far-field does not make sense

in the context of an interior problem.

It is also of interest to consider what happens to the far-field pressure and particle velocity at high
frequencies, in other words, both k and r tend to +o . The issue is that the limit k — oo cannot be
taken directly in the formulations (E3) and (E5), because the asymptotic behaviour of the spherical
Hankel function for large arguments has already been applied once. Furthermore, this asymptotic
behaviour cannot be applied individually to each terms of the spherical harmonic expansions of a
diverging or converging wave solution, because it is not uniform in n [74], thus each term might

have a different rate at which the asymptote is reached.

Because of the arguments presented above, Colton’s tactic seen previously will be attempted this
time for both k and r tending to 4+c0 . Also, the ultimate goal is to relate these limits to the pressure
on the sphere of radius a . It is important to note that f(a, 8, @) in these expressions is at a single

frequency, but it can be considered a variable when taking the limit.

It is assumed that the limits of the pressure and particle velocity as both k and r tend to +oco remain
analytic functions, because the nature of the exterior problem is such that there is no reason why

this behaviour should be any different. Thus, it is written that

[ee] n
k—co n=0 m=-n
where
750 = [ a0 {rlm B 7#,‘5%(9.@} (ES8)
Q k—o0

The limit can be commuted in front of the integral that does not depend on k or r to get
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75 = [ a0 {rli_,rgloﬁ(F) Vam(®, <p>}=r1L
Q -

k—oo

[ da {p@-750.0) -
Q

§ §3

k)
" Rl )

= lim h (kr)D((C)

k—>oo

dqQ’ { p(a,8',¢")- Y((C) (@, 0" } (E9)

In the above relation, the ratio of the two spherical Hankel function of the same degree has a limit
based on the asymptotic behaviour (D35). However, the pressure on the sphere of radius a also
varies with frequency in an in an unknown way, thus no further progress can be made in this pursuit,

unless the variation of p(a, 8', ¢") with w is known.
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Appendix F Extracting spherical harmonic coefficients

In the same coordinate system, an equation that relates two spherical harmonic decompositions of

() ()

coefficients &, , and, respectively, , over the same domain is considered:

clz Z @ o (kT) Y20, 9) = czz Z Big . (kr) Yy 0,9) (F1)

n=0 m=—-n =0 gq=-1

wheren,m, [, q are integersandn >0, |m| <n,l>0,|q| <[.C;,C, € Care two independent
constants. The pairs of degree and order (n, m) and repectively (I, q) are also independent of each

other.

Let there be a new random pair of integers n’ and m’ with n’ = 0 and |m’| < n’ . The factor
7©
Y, m: (6, @) acts as a constant to the double summation signs in (F1) , thus multiplying both sides

of the equation by the spherical harmonic Yégn, (8, @) yields

[ee) n

Y Y @ () V(0,0 T, (0, 0)

n=0 m=-n

Z Z B9 by () Y0, 0) T (0.,

and then integrating both sides over the unit sphere

fn sin 6 d J { i i &, hy (k) Y5 (6, 0) T, (6, <p)}=
0 n=0 m=-—

T 21T o0 n
_ f sin 6 do f dg {czz z 3O by () Y2 (0,0) 75, (6, (p)}
0 0 n=0 m=-n

From the linearity of the integral operator,

2T

i z ~((C) m i (k) fsm@d@f d(p{ (C)(e o) Yrsczm(ej(p)}z

m=—n 0

[ee) n 21
= CZZ 2 ((C) h; (kr) Jsm@dﬁj do { (C)(G ) Y,ff%(e,go)},

n=0 m=-n 0
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and applying the orthonormal property further results in

oo n
61 Z 2 N((C) h (kr) 67’17’1 = 62 Z 2 ﬁ((c) hl (kr) 5[1’1, 6qm’ . (Fz)
n=0 m=-n

n=0 m=

In (F2), on each side of the equals sign, the multiplication of the two Kronecker delta functions give
a value of one in a single situation: when n =n', m = m’ and, respectively, [ =n', g =m'; all
other cases result in a value of zero. Because of this, the double summations end up being equal to

only one term and
Cy Gy b (kT) = C; B0 by (kr). (F3)

It can be observed that the coefficients of the two, initial spherical harmonics series have now been

isolated from their respective summation signs in the equation.

When defining (F1), it is possible to maintain the same indices for the order and degree of the terms
in the two decompositions. In other words, allow each term from the left-hand side to correspond
to a term from the right-hand side that has the same degree and the same order, effectively
imposing a consistent succession of orders and degrees in the respective summations. This

succession is referred to as the ‘mode-matching approach’ and yields

Cy G b (k1) = C; B2 b (k) => €y @l = C; B (F4)
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Appendix G Spherical harmonics expansion of a 3D

spherical wave

The sound field generated by a point-monopole source is derived from first considering the case of
a sphere of radius R whose surface is pulsating at constant normal surface velocity U, (m/s). The
limit is then taken as the radius R is allowed to tend to zero while keeping its volume velocity
constant. The approach forms a singularity at the centre of the pulsating sphere and can be

expressed mathematically as

e—iklr—r’| (Gl)

!

Pm(r) = ikpocoqm ,  r#r

is the pressure field from a point-monopole, in the frequency domain, for the e it time-domain

(3

is the position vector of the evaluation point in space and

convention, where

T sinf cos¢
r sin@ sin@
r cos@

!

r'=1y r’ sin@’ sing’

z r' cos@’

!

x’] [r’ sin@’ cos ¢’

is the position vector for the location of the source. The quantity § represents the source strength
based on volume velocity (m3s™1) and is expressed as the product of velocity times area § =

Ur X 4mR?. It is important to re-emphasize that § is maintained fixedas R — 0 .

The factor represented by the fraction in expression (G1) is a Green's function of the Helmholtz
equation, specifically, the causal version corresponding to a diverging wave field for the e i@t
time-domain convention. This is written in convention as

—ik|r-r'|

G (rjr") =

)

4|r — 1’|

where the ‘+’ superscript denoted the causality. There is also the acausal version of this function,

which corresponds to a converging wave field
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+ik|r-r'|
GOy =~
(rlr’) 4|r — 1’|
Given two different position vectorsrandr’, the expansion into spherical harmonics of the Green's
function G (r|r") is given by [71, 108]

+lk|r r'

o n
e —
GO = 2 Z JnClr) hP Gers) Y0, ) T @0y, (O

where . = min (|r|, |r'|) and r~ = max (|r|, |r']) .

From Euler’s formula,

e—ik'l‘—r" N e+ik|r—r’| _Zcos(klr_rll) (G3)
Alr —r'|  4mr—r'|  4m|r—r/|

Forrandr’, the addition theorem of the spherical Bessel functions is given by [106]

—cos(klr—r'])
klr—r'|

= > @n+ 1) julkr) na k) P(F -7 (64)

n=0

and the addition theorem of spherical harmonics is expressed as [72]

n

where T =r/|r| and ' =r'/|r’| are unit vectors set in the direction outward from the origin

(G5)

R AR HCRDY

towards the angles (6, @) and, respectively, (6',¢") . Combining (G4) with (G5) and inserting
everything back into (G3) leads to

e—ik|r—r'| —ik|r—r'|

e

ZkZJn(kT<) n(krs) z L@ Tin@.e).

m=—-n

4|r — 1’| 47T|l' — r’|

The same principles used when expressing the sine and cosine functions based on Euler’s formula
can be applied in the case of the spherical Bessel function of the first kind and the spherical

Neumann function. Therefore,

h$D @) + hP (x)
2 )

jn(x) =

KP0-rPw P -2

mn(x) = 2i - 2
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Using the above expression for the spherical Neumann function and (G2) in (G6) yields

Lk|r r'|
© ((OFPY;
4n|r—r’| 2""2 2 Jn(kr) n (k7>) Yo (6, 9) Y (6, 9 —
n=0m=
oo n
Sk )Y uler) P (1) V0 (0,0) T (0, 9) =
n=0m=-n
_Lk|r r’ © n (1) (2) ((C) (©
= 47'c|r—l"| zkz Z Jn(kr<) (x) — (x)] RACRDDARACIR'S!
n=0m=-n
~ik ), Z (kro) hSD (k1) (6, ) Ten (6, ¢") =
n=0m=-n
g~ ik[r=1'| . © n . " © o
=> =ik ) Y julkrd K () Y0 (6,0) T 0.
4mlr — r'| ]
n=0m=-n

Therefore, the pressure of a point-monopole can be expanded into a series of spherical harmonics

—ik|r-r'|

5 (E) = ikonced _
Pm(r) = ikpocoq e p—

[00] n
= k2pycoil Z Z W (kr ) R (k) Y ©.(0,0) 7O, 0,0 |
n=0m=—

(G7)
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Appendix H Obtaining spherical harmonic expansion of

plane-wave from the one of spherical wave

The plane-wave expansion of the spherical harmonics, expression (2.34), can be obtained from that
of a point-monopole, expression (2.38) by setting the position of a point-monopole to infinite

distance away. Asr’ — o, the following approximation can be employed

r=r'|2z7r"-nr=r"—-1r, (H1)

where n is a unit vector in the direction of r . Using this in (2.38), ' > r holds and

—ik|r-r'| —ik(r'-7) e~ikr' 4
lim —t = - ~ 7 - =
r'so [4w|r—1'|\ 4n(r’' —7r) e " 4qr

T—)OO

= lim {—lk Z Z Jn(kr) h(z)(kr ) Y(2(9,¢) Y((C) (G )}

In the previous relation, the limit of the series expansion as r’ — oo can be determined, therefore,

r’' -0

lim {—ik 2 Z juler) B2 (kr) vLO. (6, ) 796, (p)}

n=0 m=-n
co n
= —ik 2 Z rl,iirgo {h;z)(kr’)} Jn(kr) Y(C) m(0,0) Y(C) @',¢") =

® n —ikr'
=ik )Y S ) Y (0,0) T (0,91 =

n=0 m=-n

.
—Lkr —ikr 1

© © cpr € _
2 Z " k) K (0,0) T (0,0 = i 7 =>
n=0 m=
pikr © © e (H2)
=> —4n2 Z " ) G (6,0) Tin(0,0) = =
n=0 m=
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Appendix | List of used MATLAB programs

Programs for calculating special mathematical functions

radial_functions = MATLAB function for calculating spherical Bessel or Hankel functions of
first or second kind, given an order and a vector of values as the arguments.
radial_functions_prime = MATLAB function for calculating the first derivative of spherical
Bessel or Hankel functions of first or second kind, given an order and a vector of values as
the arguments.

spherical_harmonics = MATLAB function for calculating the spherical harmonic functions
for all orders m, given a degree n, a vector of values for angle 6, and a vector of values for
angle ¢.

sunflower_spherical_spread > MATLAB function that receives a chosen number of points
on a spherical surface and it spreads them such that each created patch between the points

has the same surface area. The coordinates of the uniformly spaced points are returned.

Programs for modelling the passive behaviour of impedance sphere

268

Z_rhoc_scattering_convergent_near_field = template MATLAB script for calculating the
total sound pressure and scattered sound pressure due to a monochromatic plane-wave in
the near-field of the modelled impedance sphere, where data is produced on a single plane
parallel to the direction of travel for the plane-wave.

scattering_directivity_Z_rhoc = template MATLAB script for calculating the directivity of
the far-field scattered pressure due to a monochromatic plane-wave interacting with the
modelled impedance sphere, where data is produced on a single plane parallel to the

direction of travel for the plane-wave.



Programs for modelling the passive behaviour of thin spherical shell

res_modeshapes_vac_loaded = MATLAB scripts for calculating the resonant frequencies
and the modeshapes of the modelled thin spherical shell, when in vacuum or when
externally loaded by the fluid.

Jun_wat_rub_sph_shell_scatt_pow = template MATLAB script for calculating the spherical
harmonic coefficients and the radiated sound power for acoustic scattering of a
monochromatic plane-wave, acoustic radiation of a monochromatic point-monopole in the
fluid, and acoustic radiation due to a monochromatic point-force exciting the surface, for
the case of a thin spherical shell made of rubber and surrounded by water.
Jun_air_rub_sph_shell_scatt_pow = template MATLAB script for calculating the spherical
harmonic coefficients and the radiated sound power for acoustic scattering of a
monochromatic plane-wave, acoustic radiation of a monochromatic point-monopole in the
fluid, and acoustic radiation due to a monochromatic point-force exciting the surface, for
the case of a thin spherical shell made of rubber and surrounded by air.
Jun_wat_steel_sph_shell_scatt_pow —> template MATLAB script for calculating the
spherical harmonic coefficients and the radiated sound power for acoustic scattering of a
monochromatic plane-wave, acoustic radiation of a monochromatic point-monopole in the
fluid, and acoustic radiation due to a monochromatic point-force exciting the surface, for
the case of a thin spherical shell made of steel and surrounded by water.
Jun_air_steel_sph_shell_scatt_pow > template MATLAB script for calculating the
spherical harmonic coefficients and the radiated sound power for acoustic scattering of a
monochromatic plane-wave, acoustic radiation of a monochromatic point-monopole in the
fluid, and acoustic radiation due to a monochromatic point-force exciting the surface, for
the case of a thin spherical shell made of steel and surrounded by air.
Jun_wat_silverA_sph_shell_scatt_pow > template MATLAB script for calculating the
spherical harmonic coefficients and the radiated sound power for acoustic scattering of a
monochromatic plane-wave, acoustic radiation of a monochromatic point-monopole in the
fluid, and acoustic radiation due to a monochromatic point-force exciting the surface, for

the case of a thin spherical shell made of ‘silver alloy’ and surrounded by water.
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Programs for feedforward control with spherical harmonic coefficients

e acous_scattering SHSC > MATLAB function for calculating the spherical harmonic

coefficients corresponding to either a monochromatic acoustic plane-wave travelling in a

free-field fluid, the acoustic scattering from the thin spherical shell due to a monochromatic

plane-wave, the acoustic radiation of a monochromatic point-monopole in the vicinity of

the thin spherical shell, or the acoustic radiation due to a monochromatic point-force

exciting the surface of the thin spherical shell. Coefficients after control can be calculated

with this function.

e acous_scattering_ RSHS_coeff primary = MATLAB function for calculating the spherical

harmonic coefficients corresponding to the acoustic scattering from the impedance sphere

due to a monochromatic plane-wave.

e acous_scattering_ RSHS_coeff secondary = MATLAB function for calculating the spherical

harmonic coefficients corresponding to the acoustic radiation of a monochromatic point-

monopole in the vicinity of the impedance sphere.

e RSHSC_0_0_controlled_pi_05pi = MATLAB function as template for applying feedforward

power minimization based on spherical harmonic coefficients of a known primary and

known secondary consisting of a single source at a specific position.

e RSHSC_05pi_05pi_05pi_05pi_controlled_pi_05pi = MATLAB function as template for

applying feedforward power minimization based on spherical harmonic coefficients of a

known primary and a known secondary consisting of a single source at a specific position.

feedforward power minimization based on spherical harmonic coefficients of a known

primary and a known secondary consisting of a single source at a specific position.

e RSHSC pi_0_controlled_pi_05pi = MATLAB function as template for applying feedforward

power minimization based on spherical harmonic coefficients of a known primary and a

known secondary consisting of a single source at a specific position.

e RSHSC_4 cardinal_controlled_pi_05pi = MATLAB function as template for applying

feedforward power minimization based on spherical harmonic coefficients of a known

primary and a known secondary consisting of four sources at specific positions.

e acous_scattering_RSHS_coeff_1controlled = MATLAB function that receives the spherical

harmonic coefficients of a known primary and a known secondary consisting of a single

source, as well as the optimized source parameter after control, and returns the spherical

harmonic coefficients after control.
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acous_scattering RSHS_coeff 2controlled 2 MATLAB function that receives the spherical
harmonic coefficients of a known primary and a known secondary consisting of two
sources, as well as the optimized source parameter after control, and returns the spherical
harmonic coefficients after control.

acous_scattering_RSHS_coeff_pos_3controlled = MATLAB function that receives the
spherical harmonic coefficients of a known primary and a known secondary consisting of
three sources, as well as the optimized source parameter after control, and returns the
spherical harmonic coefficients after control.
acous_scattering_RSHS_coeff_pos_4controlled = MATLAB function that receives the
spherical harmonic coefficients of a known primary and a known secondary consisting of
four sources, as well as the optimized source parameter after control, and returns the
spherical harmonic coefficients after control.
multi_channel_pmp_control_sph_scatterer_Z100 - template MATLAB function for
applying the feedforward power minimization based on spherical harmonic coefficients
when using multiple secondary point-monopoles that are uniformly spread on the surface
of the impedance sphere.

multi_channel_pmp_control_sph_scatterer_ Z100 - template MATLAB function for
applying the feedforward power minimization based on spherical harmonic coefficients
when using multiple secondary point-monopoles that are uniformly spread on a virtual

sphere surrounding the impedance sphere and positioned at a distance away.

Programs for feedback control with spherical harmonic coefficients

modal_velocity_feedback = template MATLAB scripts for calculating matrices required in

velocity feedback control and for modelling the outcomes of velocity feedback control.
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