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Abstract—Lower earth orbit (LEO) satellites play an important
role in the integration of space and terrestrial communication
networks, which typically encounter high-mobility scenarios. It
has been shown that orthogonal time frequency space (OTFS)
modulation performs well in such high-mobility scenarios by
transforming the time-varying channels into the delay-Doppler
domain. In this paper, we develop a joint channel estimation
and data detection algorithm for OTFS-based LEO satellite
communications. Firstly, we adopt the powerful variational
Bayesian inference (VBI) method for estimating the delayDoppler channel vector, which contains the channel gain, the
delay and the Doppler. Secondly, we exploit the unknown data
symbols in an OTFS frame as ‘virtual pilots’ for improving the
accuracy of channel estimation and detect them simultaneously.
Our simulation results demonstrate that the proposed algorithm
achieves improved channel estimation mean square error and bit
error rate performance than its conventional counterparts.
Index Terms—LEO satellites, high-mobility, orthogonal time
frequency space (OTFS), VBI, joint channel estimation and data
detection.

I. I NTRODUCTION

L

OWER earth orbit (LEO) satellites play an important role
in the integration of space and terrestrial communication
networks, which are regarded as one of the key techniques
of next-generation wireless systems thanks to their seamless
wireless coverage [1]. LEO satellites tend to orbits at altitudes
between 500 and 2000 km [2], in support of global wireless
access at enhanced data rates. Although LEO satellites have
the twin benefits of low delay and path-loss [3], there are still
numerous challenging problems to be solved, especially their
high Doppler frequency, since they move at a high speed of
5 to 10 km/s [3]. One of the challenging problems is channel
estimation in high Doppler LEO scenarios. Impressive studies [4]–[6] have focusd on this problem. For example, Zhang et
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al. [4] proposed a deep learning (DL)-based channel prediction
for obtaining accurate instaneous channel state information.
However, the DL-based method is of high complexity. Pu et
al. [5] developed a Kalman filtering-based channel estimation method for orthogonal frequency division multiplexing
(OFDM)-aided LEO systems, while Zhang et al. [6] proposed
a two-stage Bernoulli-Rician message passing relying on the
expectation-maximization algorithm for addressing both user
activity detection and channel estimation problems of LEO
systems. However, they did not consider the severe impact
of high Doppler frequencies in LEO scenarios. In such highmobility scenarios, the orthogonality of the OFDM subcarriers
is eroded due to the high Doppler frequency. Therefore, intercarrier interference appears [7], which makes OFDM almost
unsuitable for high-mobility LEO satellite communications [8].
Recently, R. Hadani et al. proposed the novel orthogonal time frequency space (OTFS) modulation technique [9],
[10], which transforms a time-varying channel into an almost
time-invariant two-dimensional channel in the delay-Doppler
domain. Therefore, the data symbols can be multiplexed in
the near-constant delay-Doppler domain. Therefore, OTFS is
capable of addressing the above problems caused by excessive
Doppler in LEO scenarios. This advantage makes OTFS eminently suitable for high-mobility scenarios such as LEO satellite communications [11]. However, both channel estimation
and data detection become more challenging than in OFDM,
since in OTFS the data symbols have a more complex twodimensional convolutional relationship with the delay-Doppler
domain channel response. Therefore, the channel estimation
and data detection methods used in OFDM system cannot be
directly applied in OTFS system.
As for channel estimation in OTFS systems, many authors
have proposed sophisticated solutions. For example, Muriali
et al. [12] conceived an impulse-based channel estimation
method, which transmits an impulse surrounded by several
guard symbols used as pilots and performs deconvolution at
the receiver [9], since the received signal is obtained by the
two-dimensional convolution between the transmitted signal
and the channel. Raviteja et al. [13] poposed an embedded
pilot-based channel estimation method which beneficially arranged the pilot, the guard and data symbols in an OTFS
frame. To take full advantage of the delay-Doppler channel’s
sparsity, algorithms based on compressed sensing (CS) have
also been proposed. Zhao et al. [14] formulated the OTFS
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channel estimation problem as a sparse Bayesian learning
(SBL) framework and utilized the powerful expectation maximization (EM) method for estimating the channel parameters
by assuming the Laplace prior of pilot signals. Shen et al. [15]
firstly formulated a three-dimensional (3D) structured channel
model in the delay-Doppler-angle domain and proposed a 3Dstructured orthogonal matching pursuit (3D-SOMP) algorithm
for channel estimation, which exploited sparsity of multipleinput multiple-output (MIMO) OTFS channels. Furthermore,
Liu et al. [16] proposed an uplink-aided downlink channel estimator which exploited the parameters estimated in the uplink
for assisting the downlink channel estimation. An expectation
maximization variational Bayesian (EM-VB) algorithm was
proposed by Liu et al. [16] for calculating the uplink channel
parameters. However, the above algorithms only used the pilot
symbols, but our proposition is that the performance of channel
estimation can be further improved by additionally exploiting
the data symbols.
Data-aided channel estimation algorithms have indeed been
proposed for conventional OFDM systems in the literature.
For example, the SBL framework is utilized for joint channel
estimation and data detection of OFDM systems in [17]–[21].
Specifically, Prasad et al. [17] proposed a low-complexity recursive joint SBL algorithm (J-SBL) for quasi-static scenarios,
complemented by a low-complexity Kalman filtering-based
SBL (K-SBL) algorithm conceived for time-varying scenarios.
In [18], Prasad et al. extended the algorithms in [17] to MIMOOFDM systems and exploited the group-approximately sparse
(ga-sparse) and the group-approximately-cluster-sparse (gacsparse) properties of MIMO-OFDM channels for joint channel
estimation and data detection. Joint channel estimation and data detection algorithms have also been applied in near-capacity
coherent space-time shift keying (CSTSK) based MIMO systems by Zhang et al. [20] and in space-time trellis coded
MIMO-OFDM systems by Mishra et al. [21], respectively.
Furthermore, Ding et al. [19] proposed a data-aided quantized
Bayesian channel estimation algorithm, which harnessed the
transmitted data symbols as virtual pilots for improving the
performance of channel estimation without any additional pilot
symbols. However, these methods cannot be directly used
in OTFS systems because of the complex two-dimensional
convolutional relationship between the transmitted signal and
the channel. Yuan et al. [22] for the first time proposed a dataaided channel estimation algorithm for OTFS systems based
on a superimposed pilot and data transmission scheme, where
they used the sum-product algorithm (SPA) for data detection.
They achieved improved spectral efficiency by using dataaided channel estimation. However, they have not exploited
the sparsity of the delay-Doppler channel, which can be fully

exploited by the SBL framework for obtaining more accurate
channel estimates. Therefore, by exploiting the sparsity of the
delay-Doppler channel, we propose a joint channel estimation
and data detection algorithm based on the sophisticated SBL
framework for operation in high-mobility scenarios, which can
simultaneously achieve accurate channel estimation and data
detection.
The main contributions of this paper are summarized as
follows:
•

•

•

We formulate the joint channel estimation and data detection problem of OTFS systems as an SBL framework,
where the unknown data information is introduced as a
hidden variable for improving the accuracy of channel estimation without increasing the pilot overhead. Moreover,
the data symbols can be detected simultaneously under
the data-aided SBL framework advocated.
We develop a joint channel estimation and data detection algorithm for OTFS systems based on variational
Bayesian inference (VBI) [23]–[26]. Since the transmitted
OTFS frame is convolved with the delay-Doppler channel
for obtaining the received OTFS frame, the relationship
between a single transmitted symbol and the corresponding received symbol is more complex than in conventional
OFDM systems. Therefore, we calculate the a posteriori
probability of the transmit vector, which contains the
information of the entire OTFS frame, by harnessing the
probability mass function (pmf) of every symbol in the
frame. Then, we can update the a posteriori probability
of the channel vector based on both the estimated data
symbols and known pilot symbols. Moreover, for simplifying the calculation of the a posteriori probability of
transmit vectors when the dimension of the OTFS frames
is large, we approximate the a priori pmf of transmit data
symbols by the Gaussian distribution.
Our simulation results demonstrate that in high-mobility
scenarios the proposed algorithm outperforms the conventional OTFS channel estimation algorithms. Moreover,
the bit error rate (BER) of our proposed algorithm is
better than that of the conventional MP algorithms when
the size of OTFS frame is large. Finally, we show that
the Gaussian approximation of the data symbols’ pmf is
efficient despite its reduced complexity.

To boldly and explicitly clarify our contributions, we contrast our proposed solution to the state-of-the-art in Table I.
The rest of this paper is organized as follows. In Section II,
we present the system model of OTFS based on both ideal biorthogonal waveforms and on practical rectangular waveforms.
In Section III, we formulate the OTFS channel estimation
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Fig. 1.

OTFS communication system.

problem as an SBL framework and harness the VBI method
for solving it. In Section IV, we propose a joint channel
estimation and data detection method. Finally, in Section V,
we provide our simulation results, followed by our conclusions
in Section VI.
Notations: We use the following notations throughout this
paper. We let a, a, A represent a scalar, vector, and matrix,
respectively; (·)T , (·)H , and (·)−1 denote the transpose, conjugate transpose, and inverse of a matrix, respectively; δ(·) is
the Dirac delta function; [·]N denotes modulo N operation;
dae represents the smallest integer no less than a; bac is the
lagest integer no greater than a; a∗ denotes the conjugate of
complex numbers; ∝ indicates equality up to a multiplicative
constant; q ∗ (x) denotes the optimal solution; hf (x)ip(x) is the
expectation with respect to p(x). Finally, 0 denotes the zero
matrix, I denotes identity matrix.
II. S YSTEM M ODEL
A. Input-output Relationship of OTFS System based on Biorthogonal Waveform
As shown in Fig. 1, we assume that x [k, l] denotes symbols
in a M × N information block in the delay-Doppler domain,
where k = 0, . . . , N − 1 and l = 0, . . . , M − 1. Based on [27],
we transform x [k, l] from the delay-Doppler domain (dDD)
to X [n, m] in the time-frequency domain (TFD) by inverse
symplectic finite Fourier transform (ISFFT), which is defined
as
N
−1 M
−1
X
X
nk
ml
1
x[k, l]ej2π( N − M ) ,
X[n, m] = √
N M k=0 l=0

(1)

where n = 0, . . . , N − 1, m = 0, . . . , M − 1. The OTFS frame
in the TFD has a duration of N T and bandwidth of M ∆f .
From another perspective, we discretize the TFD by sampling
the time axes at intervals T and the frequency axes at intervals
∆f . Therefore, there are N grids in the time domain (TD) and
M grids in the frequency domain (FD).
Next, we transform X[n, m] from the TFD into the transmit
signal s(t) of the TD. We assume that the transmit waveform
is gtx (t) and receive waveform is grx (t), which satisfy biorthogonality in the ideal case. Therefore, we can obtain the
transmit signal s(t) by transforming X[n, m] in the TFD into

the TD [9]
s(t) =

N
−1 M
−1
X
X

X[n, m]gtx (t − nT )ej2πm∆f (t−nT ) .

(2)

n=0 m=0

This transform from the TFD to the TD is termed as the
Heisenberg transform in the mathematics literature [9]. The
received signal r(t) after passing through the channel is
expressed as [27]
ZZ
r(t) =
h(τ, ν)s(t − τ )ej2πν(t−τ ) dτ dν + w(t),
(3)
where
h(τ, ν) =

P
X

hi δ (τ − τi ) δ (ν − νi ) ,

(4)

i=1

is the sparse representation of the time-varying channel in the
dDD1 and w(t) is noise. In the representation of h(τ, ν) of
(4), P is the number of propagation paths, while hi , τi and νi
denote the channel gain, delay and Doppler of the i-th path,
respectively. Moreover, the delay and Doppler taps of the ith path can be represented as τi = li /M ∆f , νi = ki /N T ,
where li and ki denote the integer indices of the delay τi and
Doppler νi , respectively.
We can further reformat the received signal Y (t, f ) in the
TFD as
Z
0
∗
Y (t, f ) = grx
(t0 − t) r (t0 ) e−j2πf (t −t) dt0 .
(5)
After sampling at t = nT , f = m∆f , Y (t, f ) can be
expressed as
Y [n, m] = Y (t, f )|t=nT,f =m∆f .

(6)

The transformation from r(t) to Y [n, m] represented by (5)
and (6) is known as the Wigner transform [9], which transforms r(t) from the TD into Y [n, m] in the TFD and is the
inverse of the Heisenberg transform. We obtain the received
signal y[k, l] in the dDD by applying the symplectic finite
Fourier transform (SFFT), which is defined as
y[k, l] = √
1 (4)

N
−1 M
−1
X
X
nk
ml
1
Y [n, m]e−j2π( N − M ) .
N M n=0 m=0

is equivalent to the channel model of LEO systems in [1].

(7)
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In the ideal case, when the transmit waveform gtx (t) and the
receive waveform grx (t) satisfy the bi-orthogonality property,
the input-output relationship in the dDD can be expressed as
[10], [27], [28]
y[k, l] =

P
X

hi e−

j2πli ki
MN

x ([k − ki ]N , [l − li ]M ) + w[k, l],

i=1

(8)
where k is an integer in [0, N − 1], l is an integer in
[0, M − 1], li ∈ [0, lmax ], ki ∈ [−kmax , kmax ], while lmax
and kmax are the maximum delay and Doppler indices,
respectively. Furthermore, w[k, l] in (8) is approximated as
Gaussian noise [27].
For the sake of simplicity, we use the integers t and
d to denote delay index and Doppler index in (8), where
t ∈ [0, lmax ] and d ∈ [−kmax , kmax ]. The size of pilot symbols
is assumed to be Mp × Np , which will be described in detail
in the next subsection. By only considering the pilot symbols
in an OTFS frame, (8) can be expressed as
y[k, l] =

lX
max

kX
max

ht,d e
t=0 d=−kmax

− j2πtd
MN

x ([k − d]N , [l − t]M )+w[k, l],

h
l m
j k
i
N
N
where k ∈ N/2 − 2p − kmax , N/2 + 2p + kmax , l ∈
j k
h
l m
M
M
M/2 − 2p + 1, M/2 + 2p + lmax ].
We can rewrite (9) in a matrix form as follows:
ypbi = Φbi
p h + wp ,

(10)

∈
CZ×1 is obtained by stacking
where ypbi
Z×1
y[k, l], w ∈ C
is obtained by stacking w[k, l].
Furthermore, we have Z = (lmax + Mp ) (Np + 2kmax ),
h = [h0,−kmax , . . . , hlmax ,−kmax , . . . , ht,d , . . . , h0,kmax , . . . ,
T
hlmax ,kmax ]
∈
∈
C(lmax +1)(2kmax +1)×1 and Φbi
p
Z×(lmax +1)(2kmax +1)
C
of
(10)
depends
on
the
pilots, with the (l(Np + 2kmax ) + k + 1)-st row
of φ p [k, l]
=
[φ0,−kmax [k, l], . . . , φlmax ,−kmax [k, l],
. . . , φt,d [k, l], . . . , φ0,kmax [k, l], . . . , φlmax ,kmax [k, l]], where
φt,d [k, l] = x ([k − d]N , [l − t]M ) e−j2πtd/M N .
Due to the limited number of paths in the dDD, vector h
is usually sparse [14]. Hence, the channel estimation problem
(10) can be solved by powerful sparse signal recovery algorithms.
B. Input-output Relationship of OTFS System based on Rectangular Waveform
Having an ideal bi-orthogonal waveform is not practically
feasible because of Heisenberg’s uncertainty principle [29].
Therefore, we use a rectangular transmit waveform and receive waveform. The input-output relationship based on these
rectangular waveforms in the dDD can be expressed as [27]
P
X

hi e−

j2π(l−li)ki
MN

βi (k, l)x ([k − ki ]N , [l − li ]M )

i=1

+ w[k, l],

li ≤ l < M
,

(12)

0 ≤ l < li

N

with k being an integer in [0, N − 1] and l being an integer
in [0, M − 1].
Similarly to the previous subsection, we use the integers
t and d to represent the delay index and Doppler index
in (11), where t ∈ [0, lmax ] and d ∈ [−kmax , kmax ]. By
only considering the pilot symbols of an OTFS frame, we
N
N
have k ∈ [N/2 − d 2p e − kmax , N/2 + b 2p c + kmax ],
Mp
Mp
l ∈ [M/2 − d 2 e + 1, M/2 + b 2 c + lmax ]. We can have
l ≥ lmax by carefully arranging the pilots, as discussed in the
next subsection. Hence, (11) can be simplified to
y[k, l] =

lX
max

kX
max

ht,d e−

j2π(l−t)d
MN

x ([k − d]N , [l − t]M )

t=0 d=−kmax

+ w[k, l].

(13)

Rewriting (13) in a matrix-form, we have
y p = Φp h + wp ,

(14)

Z×1

(9)

y[k, l] =

where we have

 1


[k−ki ]N
βi (k, l) =
−j2π
N
 N −1 e

(11)

where yp ∈ C
is obtained by stacking y[k, l],
wp ∈ CZ×1 is formulated by stacking w[k, l], while
Φp ∈ CZ×(lmax +1)(2kmax +1) depends on the pilots, with the
(k(Np + 2kmax ) + l + 1)-st row given by [φ0,−kmax [k, l],
φ1,−kmax [k, l], ..., φt,d [k, l], ..., φlmax ,kmax [k, l]]
and
φt,d [k, l] = x ([k − d]N , [l − t]M ) ej2π(l−t)d/M N .
C. Pilot Arrangement
Fig. 2 shows the pilot arrangement. Explicitly, Fig. 2(a)
presents the arrangement of a transmit OTFS frame in the
dDD, where the orange upper right slash squares denote the
pilot symbols, the white squares represent the guard symbols
and the blue squares are data symbols. The dimension of pilots
is of Mp ×Np , while the frame size is of M ×N . To avoid the
interference between data and pilot symbols, guard symbols
of length lmax are required in the delay domain and of length
2kmax in the Doppler domain [13]. Moreover, we can set
M = 16, Mp = 2 and lmax = 3, which makes the delay
indices of the pilot symbols to be l = 7, 8. Hence, we have
l>lmax to simplify the input-output relationship.
Fig. 2 (b) shows the received OTFS frame. Observe that the
pilot symbols are spread to lmax intervals into delay domain
and to ±kmax in the Doppler domain. Thus, the pilot symbols
at the receiver have the dimension of (Mp + lmax ) × (Np +
2kmax ).
III. OTFS C HANNEL E STIMATION U SING SBL
In this section, we adopt the SBL framework and use
variational Bayesian inference for recovering the sparse vector
h introduced in the previous section. Theoretically, we have to
calculate the a posteriori marginal distribution after observing
the received symbols yp . However, this causes the calculation
of high-dimensional integration, which is excessively complex.
Therefore, we resort to an alternative method called VBI [24]–
[26], [30], [31] to obtain approximate solution instead of the
a posteriori marginal distribution.
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A. SBL Framework

ܽ

In the conventional SBL framework [24], [25], [32], the
channel gains hl , l = 0, . . . , L − 1 obey the Gaussian distribution, where we have
p(h | γ ) =

L−1
Y
l=0

p (hl | γl ) =

L−1
Y

CN

hl ; 0, γl−1



,

ܾ

(15)



l=0

where L = (lmax +1)(2kmax +1), γl is the precision of hl and
T
the hyperparameter γ = [γ0 , γ1 , . . . , γL−1 ] is the precision
vector. We assume that γ obeys the Gamma distribution,
i.e. [24]
p(γγ ) = Gamma(γγ ; a, b),

(16)

where a is the shape parameter and b is the inverse scale
parameter of Gamma distribution. By assuming that γl obeys
the Gamma distribution, p(γl ) is the conjugate a priori of the
likelihood function p(hl |γl ). This property can simplify the
calculation of the a posteriori distribution.
Furthermore, by
R
completing the integration of p(hl ) = p(γl )p(hl |γl )dγl , the
marginal distribution of hl becomes the Student-t distribution,
which explains the sparsity of h [25].
We assume that the noise wp obeys the zero-mean complex
Gaussian distribution of

p(wp ) = CN 0, α−1 I ,
(17)
where α is the inverse of the noise power, which is called the
precision in SBL framework. Hence, we have

p(yp | h, α) = CN Φp h, α−1 I .
(18)
It is assumed that α obeys the Gamma distribution of
p(α) = Gamma(α; c, d),

(19)

where c is the shape parameter and d is the inverse scale
parameter of Gamma distribution.

ܡ

ܐ
ܿ

Fig. 3.
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Factor graph of pilot-based VBI.
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B. Variational Bayesian Inference Principles
Fig. 3 shows the factor graph of the pilot-based VBI method,
where the squares represent constant values, the circles denote
hidden variables and the shaded circle denotes the observed
value. We use Θ = {α, h, γ } to denote the hidden variables to
be estimated. Based on the hierarchical prior model, the joint
prior of hidden variables can be expressed as
p(yp , Θ) = p(yp | h, α)p(h | γ )p(γγ )p(α).

(20)

We now aim for calculating the maximum a posteriori (MAP)
estimator of p(Θ | yp ), which relies on high-dimensional
integration. But since the calculation for high-dimensional
integration is excessively complex, we resort to the VBI
method [24]–[26], [33] for solving this problem by alternate
updates.
The Kullback-Leibler (KL) divergence [24]–[26] is introduced for quantifying the difference between two probability
functions, which is expressed as follows,
Z
p(Θ | yp )
KL(q(Θ)kp(Θ | yp )) = − q(Θ) ln
dΘ. (21)
q(Θ)
KL(q(Θ)kp(Θ | yp )) quantifies the difference between the
real a posteriori marginal distribution p(Θ | yp ) and the
variational approximation q(Θ). Therefore, we have to find
the optimal probability function q(Θ) for minimizing the
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KL divergence, which makes q(Θ) as similar as possible to
p(Θ | yp ). Hence, we formulate the problem as follows,
Z
p(yp , Θ)
dΘ.
(22)
q ∗ (Θ) = arg max q(Θ) ln
q(Θ)
q(Θ)
According to mean field theory [24]–[26], q(Θ) can be factorized as the product of the hidden variables’ probabilities
formulated as:
q(Θ) = q(α)q(h)q(γγ ).

(23)

Based on [23], problem (22) can be transformed into an
optimization problem as follows:
ln q ∗ (Θn ) = hln p(yp , Θ)iΠi6=n q∗ (Θi ) + const

n = 1, 2, 3,
(24)

where Θn denotes the n-th element in Θ and
hln p(yp , Θ)iΠi6=n q∗ (Θi ) denotes an expectation with respect
to all factors in Θ except q ∗ (Θn ). Since the optimal
probability functions q ∗ (Θi ), i = 1, 2, 3 and q ∗ (Θj ), j 6= i
are inter-dependent, it is an open challenge to obtain a
closed-form solution. Hence, we can calculate a stable
solution by alternately updating the probability functions as
follows:


(25)
q (i+1) (α) ∝ exp hln p(y, Θ)iq(i) (h)q(i) (γγ ) ,


q (i+1) (h) ∝ exp hln p(y, Θ)iq(i+1) (α)q(i) (γγ ) ,


(26)



q (i+1) (γγ ) ∝ exp hln p(y, Θ)iq(i+1) (α)q(i+1) (h) ,

(27)

Thus, the mean of α can be expressed as
(i+1)

α̂(i+1) = hαiq(i+1) (α) =

(i+1)

.

(30)

bα

2) Update of q (h):
ln q (i+1) (h) ∝ hln p(yp , Θ)iq(i+1) (α)q(i) (γγ )
∝ hln p(yp | h, α)iq(i+1) (α) +hln p(h | γ )iq(i) (γγ )
2

∝ −α̂(i+1) kyp − Φp hk2
− hH hdiag (γ0 , γ1 , . . . , γL−1 )iq(i) (γγ ) h.

(31)

Thus, h follows the Gaussian distribution of


(i+1)
(i+1)
q (i+1) (h) = CN h | uh , Σ h
,

(32)

where we have:

−1
(i+1)
Σh = α̂(i+1)ΦH
,
Φ
+hdiag
(γ
,γ
,
.
.
.
,γ
)i
(i)
0 1
L−1 q (γ
p p
γ)
(33)
(i+1)

uh

(i+1)

= α̂(i+1) Σh

ΦH
p yp .

(34)

3) Update of q (γγ ):
Based on (15) and (18), we can reformulate (27) as
ln q (i+1) (γγ ) ∝ hln p(yp , Θ)iq(i+1) (α)q(i+1) (h)
∝ hln p(h | γ )iq(i+1) (h) + ln p(γγ )
∝

L−1
X
l=0

where i denotes the iteration index and q (i) (·) represents the
probability function of variables in the i-th iteration.
In the next subsection, the detailed process of solving (25)–
(27) is provided.

aα

(a + 1 −1) ln γl − γl (b + hh∗l hl iq(i+1) (h) ),
| {z }
|
{z
}
(i+1)

al

(i+1)

bl

(35)
(i+1)

(i+1)

where hh∗l hl iq(i+1) (h) = Σh,(l,l) + uh,(l)
(i+1)

the (l, l)-th element in Σh

2

(i+1)

. Σh,(l,l) denotes

(i+1)

and uh,(l) denotes the l-

(i+1)

C. Update Details for SBL

∝ hln p(yp , Θ)iq(i) (h)q(i) (γγ )

th element in uh . Based on the expression of Gamma
(i+1)
(i+1)
distribution function, we have al
= a + 1, bl
=
∗
b + hhl hl iq(i+1) (h) and γ follows the Gamma distribution,
leading to:


(i+1) (i+1)
q (i+1) (γl ) = Γ γl | al
, bl
, l = 0, . . . , L − 1, (36)

∝ hln p(yp | h, α)iq(i) (h) + ln p(α)

where the mean of γ is

1) Update of q (α):
Based on (18) and (19), we can derive (25) as
ln q (i+1) (α)

∝ (a + Z − 1) ln(α)

(i)
− α b + yp − Φp uh

2
2

(i+1)



(i)
H
+ tr Φp Σh (Φp )
,
(i)

(28)
(i)

where Z is the dimension of yp ,uh = hhiq(i) (h) , Σh =
(h − uh (i) )(h − uh (i) )H q(i) (h) .
Based on the expression of the Gamma distribution, we
(i+1)
aα

(i+1)
bα

(i)
Φp uh

2

have
= a + Z,
= b + yp −
+
2


(i) H
tr Φp Σh Φp , and α follows the Gamma distribution of


(i+1) (i+1)
q (i+1) (α) = Gamma α | αα
, bα
.
(29)

(i+1)

γ̂l

= hγl iq(i+1) (γl ) =

al

(i+1)

.

(37)

bl

Hence, we have
(i+1)

(i+1)

hdiag (γ0 ,γ1 , . . . ,γL−1 )iq(i+1) (γγ )= diag

a0

(i+1)

b0

,...,

aL−1

(i+1)

!
.

bL−1

(38)
By iteratively updating (28), (31) and (35), we can obtain
the approximate distributions to estimate the channel gains,
the delay and the Doppler.
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IV. J OINT C HANNEL E STIMATION AND DATA D ETECTION
U SING P ILOTS AND DATA
In this section, we propose a data-aided SBL algorithm
based on the VBI method in the previous section for improving
the performance of channel estimation of our OTFS system
by exploiting the unknown data symbols as ‘virtual pilots’.
Simultaneously, the unknown data symbols are detected by
calculating the probability functions and estimating the mean
of data symbols. This way, we jointly estimate the channel
and detect the data.
A. Data-aided SBL Framework

y = Hx + w,

(39)

where x ∈ CM N ×1 is based on stacking x[k, l] and H can be
expressed as
P
X



hi (FN ⊗ IM ) Πli FH
N ⊗ IM
{z
}
|
i=1
(i)

P


· (FN ⊗ IM ) ∆ki FH
N ⊗ IM
{z
}
|
Q(i)

=

P
X

hi P(i) Q(i) ,

(40)

i=1

where FN is the n-point DFT matrix and Π is the forward
permutation matrix of


0 ··· 0 1


 1 ... 0 0 


Π= .
,
(41)
. 
 .. . . . . . . .. 
0 · · · 1 0 M N ×M N
while ∆ is a M N × M N diagonal matrix given by


∆ = diag z 0 , z 1 , . . . , z M N −1 ,
j2π
MN

ܾ

Fig. 4.

Since we convert the signals to the dDD and y[k, l] is the
superposition of the cyclic shifting of x[k, l] based on (11),
y[k, l] and x[k, l] do not correspond one-to-one. Therefore, the
data-aided channel estimation of conventional OFDM systems
cannot be applied directly in OTFS system. In this subsection,
we present the relationship of the transmitted vector x and
received vector y to calculate the a posteriori probability of
vector x through the VBI method [24]–[26], [30], [31] and
formulate this data-aided channel estimation problem into the
proposed SBL framework. Specifically, we obtain the a priori
pmf of vector x based on the pmf of element x[k, l] and
calculate the probability function by alternative updates.
In order to calculate the a posteriori probability of vector x
to complete the data-aided channel estimation, we rewrite the
relationship between the transmitted vector x and the received
vector y. Based on the system model (11), the received signal
can be expressed in a matrix-form as [29]

H=

ܽ

(42)

where z = e
.
In order to jointly estimate the channel and detect the
data symbols, we utilize (39) for calculating the a posteriori



ܠ

ܐ

ܡ

ܿ

Factor graph of data-aided VBI.

ߙ

݀

probability of x and then use x to construct the measurement
matrix Φ, which depends on both the pilots and on the
estimated data symbols. Therefore, we extend the range of k,
l in (14) to the entire frame, i.e. k ∈ [0, N − 1], l ∈ [0, M − 1]
and formulate the sparse signal recovery problem as
y = Φh + w,

(43)

where y ∈ CM N ×1 is created by stacking y[k, l], while
Φ ∈ CM N ×(2kmax +1)(lmax +1) depends on all symbols of an
OTFS frame and w ∈ CM N ×1 is formed by stacking w[k, l].
Compared to (14), the dimension of Φ is higher than that of
Φp , which corresponds to more measurement data. However,
the data part of Φ is unknown, hence we cannot use it for
channel estimation directly.
As shown in Fig. 4, the data is introduced into the SBL
framework as random variables for improving the performance
of channel estimation. Therefore, the hidden variable set becomes Θ0 = {x, α, h, γ }. In the SBL framework, the unknown
part of Φ is estimated by calculating the probability density
function (pdf) of x. Since we use 4QAM, the pmf of x [k, l]
can be expressed as:

p1 , x[k, l] = S1



p2 , x[k, l] = S2
p(x[k, l]) =
,
(44)
p3 , x[k, l] = S3



p4 , x[k, l] = S4
where we assume that the four 4QAM symbols appear at equal
probability, i.e. p1 = p2 = p3 = p4 = 41 . Assuming that each
x [k, l] is independently and identically distributed, the pmf of
vector x can be expressed as
p(x) =

N
−1 M
−1
Y
Y

p(x[k, l]),

(45)

k=0 l=0

where (k, l) denotes the range of data. The number of data
symbols is Q = M N − (Mp + 2lmax ) (Np +4kmax ). Hence,
the a priori pmf of x is
 0
p ,
x = X1


 10
p2 ,
x = X2
p(x) =
,
(46)
...


 0
p4Q , x = X4Q

8

Q

where p0j = 41 (j = 1, . . . , 4Q ), Xj (j = 1, . . . , 4Q ) is a
legitimate vector of x after Q data symbols take values from
{S1 , S2 , S3 , S4 }.
Hence, we can obtain a stable solution by alternately
updating the probability functions as follows:


q (i+1) (x) ∝ exp hln p(y, Θ0 )iq(i) (α)q(i) (h)q(i) (γγ ) ,

(47)

Based on (18) and (19),we arrive at:
ln q (i+1) (α)
∝ hln p(y, Θ0 )iq(i+1) (x)q(i) (h)q(i) (γγ )
∝ hln p(y | x, α, h)iq(i+1) (x)q(i) (h) + ln p(α)

E
D
(i)
∝ (a+Z −1) ln(α)−α b + tr ΦΣh ΦH
(i)

(i)

−2Re(yH hΦiq(i+1) (x) uh )+(uh )H


q (i+1) (α) ∝ exp hln p(y, Θ0 )iq(i+1) (x)q(i) (h)q(i) (γγ ) , (48)




q (i+1) (h) ∝ exp hln p(y, Θ0 )iq(i+1) (x)q(i+1) (α)q(i) (γγ ) ,
(49)


q (i+1) (γγ ) ∝ exp hln p(y, Θ0 )iq(i+1) (x)q(i+1) (α)q(i+1) (h) .
(50)
In the next subsection, we will provide the details of the
update process (47)–(50).

+yH y
i
(i)
ΦH Φ q(i+1) (x) uh .
(54)
q (i+1) (x)

Compared to the update of q(α) in (25) in the
previous section, we use hΦiq(i+1) (x) , ΦH Φ q(i+1) (x)
D
E
(i)
and tr ΦΣh ΦH (i+1)
to replace Φp , ΦH
p Φp and
q

(x)

(i)

(i+1)

(i+1)

H
tr(Φ
). Hence, we have aα
= a + Z, bα
=b +
D p Σh Φp E
(i) H
(i)
H
H
tr ΦΣh Φ
+ y y − 2Re(y hΦiq(i+1) (x) uh ) +
(i+1)
q

(x)

(i)

(i)

(uh )H ΦH Φ q(i+1) (x) uh , and α follows the Gamma distribution, yielding:


(i+1) (i+1)
q (i+1) (α) = Gamma α | αα
, bα
.
(55)
Thus, the mean of α can be expressed as
(i+1)

B. Update Details for Data-aided SBL
1) Update of q (x):
Based on the system model, the received signal can be
expressed as (39). Hence, we have
n
o
q (i+1) (x) ∝ exp hln p(y | x, α, H)iq(i) (α)q(i) (h) + ln p(x)
o
n
∝ exp −αky − Hxk22 q(i) (α)q(i) (h) p(x)
n
o
H
∝ exp − (x − ux ) Σ−1
x (x − ux ) p(x)

mn1 p01 ,
x = X1



mn2 p02 ,
x = X2
,
(51)
=
.
..



mn4Q p04Q , x = X4Q
H

=
α̂(i) Σx hHiq(i) (h) y,
Σx
=
−1
, m = 1/(n1 p01 +n2 p02 +. . .+n4Q p04Q )
(i) (h)
q
and nj = exp −(Xj −ux )H Σ−1
x (Xj −ux ) . The derivation
H
of hHiq(i) (h) and HH H q(i) (h) is detailed in Appendix A.
Therefore, the mean and covariance matrix of vector x are
where
ux

α̂(i) HH H

α̂(i+1) = hαiq(i+1) (α) =

aα

(i+1)

.

(56)

bα

3) Update of q (h):
ln q (i+1) (h)
∝ hln p(y, Θ0 )iq(i+1) (x)q(i+1) (α)q(i) (γγ )
∝ hln p(y | x, α, h)iq(i+1) (x)q(i+1) (α) + hln p(h | γ )iq(i) (γγ )

(i)
∝ −α̂(i+1) b + yH y − 2 Re(yH hΦiq(i+1) (x) uh )

(i)
(i)
+(uh )H ΦH Φ q(i+1) (x) uh
− hH hdiag (γ0 , γ1 , . . . , γL−1 )iqi (γ) h.

(57)

Therefore, h follows the Gaussian distribution, yielding:


(i+1)
(i+1)
q (i+1) (h) = CN h | uh , Σh
,
(58)
where
(i+1)

Σh


= α̂(i+1) ΦH Φ

q (i+1) (x)

+ hdiag (γ0 , γ1 , . . . , γL−1 )iq(i) (γγ )

−1

,

(59)

Q

u0x =

4
X

mnj p0j Xj ,

(52)

(i+1)

uh

(i+1)

= α̂(i+1) Σh

ΦH

q (i+1) (x)

y.

(60)

j=1

Q

Σ0x

=

4
X

2

[Xj − u0x ] p0j .

(53)

j=1

Hence, we can obtain hΦiq(i) (x) , ΦH Φ q(i) (x) and
D
E
(i)
tr ΦΣh ΦH (i) . The derivation is provided in Apq

(x)

pendix B.
2) Update of q (α):

4) Update of q (γγ )
The update of q (γγ ) is the same as that in the previous
section.
To summarize our joint channel estimation and data detection algorithm at a glance, we present it in Algorithm
1. We use (30),(34),(33) and (37) of Section III for the
(0)
(0)
initial values α̂(0) , uh , Σh and γ (0) . Furthermore, the
known part of the initial measurement matrix Φ is set to the
pilot symbols’ values and to the guard symbols’ zero-values,
while the unknown part is set to zero values. Since there are

9

Algorithm 1 The proposed joint channel estimation and data
detection algorithm.
Input: Received signal y, measurement matrix Φ, the pre(0)
cision of noise α̂(0) , the mean of channel vector uh , the
(0)
covariance matrix of channel vector Σh and the precision of
(0)
channel vector γ .
Initialization: Error ζ1 = 10−6 for inner iteration, error
ζ2 = 10−6 for outer iteration, maximum iteration Nmaxiter1 =
50 and Nmaxiter2 = 125 inner iteration counter i = 1 and
outer iteration counter t = 1.
1: repeat
2:
repeat
0(i+1)
0(i+1)
3:
Update ux
and Σx
by (52) and (53) respectively.
4:
Update α̂(i+1) by (56), where the matrix Φ is con0(t)
0(t)
structed by ux and Σx .
(i+1)
(i+1)
5:
Update uh
and Σh
by (60) and (59) respectively, where the matrix Φ is
0(t)
0(t)
constructed by ux and Σx .
6:
Update hdiag (γ0 , γ1 , . . . , γL−1 )iq(i+1) (γγ ) by (38).
7:
Set i = i + 1. 2
ku0(i+1) −u0(i) k
8:
until x 0(i) x2 2 ≤ ζ1 or i ≥ Nmaxiter1
ux

9:
10:
11:
12:

13:
14:
15:
16:

2

0(i+1)

Determine elements in ux
as {S1 , S2 , S3 , S4 } and
0(i+1)
assign pilot and guard values in ux
.
0(t+1)
0(i+1)
0(t+1)
0(i+1)
Update ux
= ux
and Σx
= Σx
.
Update α̂(t+1) by (56), where the matrix Φ is construct0(t+1)
0(t+1)
.
and Σx
ed by ux
(t+1)
(t+1)
Update uh
and Σh
by (60) and (59) respectively,
where the matrix Φ is
0(t+1)
0(t+1)
constructed by ux
and Σx
.
Update hdiag (γ0 , γ1 , . . . , γL−1 )iq(t+1) (γγ ) by (38).
Set t = t + 1. 2
kγ (t+1) −γγ (t) k2
until
≤ ζ2 or t ≥ Nmaxiter2
2
kγ (t) k2
0(t+1)
0(t+1)
(t+1)
Output: ux
, Σx
, uh

lots of unknown elements in u0x , u0x cannot converge in a
single iteration. We need multiple iterations, where the other
hidden variables are updated with the aid of the measurement
0(t)
0(t)
matrix Φ constructed by ux and Σx obtained in the
2
−u0(i)
ku0(i+1)
x
x k2
previous outer iteration. When the error
is
0(i) 2
ux

distribution to approximate the pmf of x[k, l] for simplifying
the calculations [19].
We assume that x [k, l] follows the zero-mean complex
Gaussian distribution, i.e. q(x [k, l]) ∼ CN (0, σx2 ), where σx2
is average symbol energy. Since every symbol is independent
identically distributed, q(x) is expressed as
q(x) =

M
−1 N
−1
Y
Y

p(x[k, l]).

(61)

l=0 k=0

Thus, the update of q (i+1) (x) can be formulated as
ln q (i+1) (x) ∝ hln p(y | H, α, x)iq(i) (α)q(i) (h) + ln p(x)
∝ −αky − Hxk22
H

= − (x − ux )
+

M
−1 N
−1
X
X

q (i) (α)q (i) (h)
−1
Σx (x − ux )

[ln πσx2 −

l=0 k=0

+ ln p(x)

x2 [k, l]
]
σx2

∝ −(x − u0x )H (Σ0x )−1 (x − u0x ),

(62)

where
Σ0x


=

α̂

(i)

1
H H q(i) (h) + 2 I
σx
H

H

u0x = α̂(i) Σ0x hHiq(i) (h) y.

−1
,

(63)

(64)

We use this approximation to replace the update of q(x) in
(51) for reducing the computational complexity. Our performance comparisons are discussed in Section V.
V. S IMULATION R ESULTS
In this section, we present our simulation results for investigating the performance of our proposed algorithms. The
simulation parameters are as follows. The carrier frequency
is fc = 137MHz [34]. The maximum delay tap index is
lmax = 3, the maximum Doppler tap index is kmax = 3
and the number of paths is P = 4. The dimension of data
block is M = 16, N = 16. The dimension of pilots is
Mp = 2, Np = 2. We define the normalized mean squared
error (NMSE) of the channel vector as

2

lower than a certain threshold or the number of iterations
reaches the maximum affordable value, the inner iterations
end, as shown in step 2–10. Then we update α̂, uh , Σh and
2
kγ (t+1) −γγ (t) k2
hdiag (γ0 , γ1 , . . . , γL−1 )iq(γγ ) . When the error
2
kγ (t) k2
is less than a certain threshold or the number of iterations
reaches the maximum, the outer iterations end.
C. Gaussian Approximation of q(x)
In the last subsection, we utilize the true pmf of x to
update the probability functions. However, Q would become
excessive when M and N take large values, which makes 4Q
too large to calculate p(x). Therefore, we use the Gaussian

2

h − ĥ
NMSEh =

2
2

khk2

,

(65)

where ĥ denotes the estimate of h.
As for the initial values of the VBI channel estimation
H
algorithm, we assume that u0h = Σ0h (Φp ) yp , Σ0h =

−1
H
(Φp ) Φp + I
, a0l = b0l = 1 [30]. The maximum error is
2
kγ (i+1) −γγ (i) k2
< 10−5 or the maximum number of iterations is
2
kγ (i) k2
125. The data-aided channel estimation algorithm’s simulation
parameters can be found in Algorithm 1.
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Fig. 5. The NMSE vs. SNR performance of channel estimation in the proposed OTFS system based on bi-orthogonal waveforms. The delay dimension
of data block is M = 16. The Doppler dimension of data block is N = 16.
The delay dimension of pilots is M p = 2. The Doppler dimension of pilots
is N p = 2.

A. Bi-orthogonal Waveform
Fig. 5 shows the NMSE performance of our OTFS channel estimator based on bi-orthogonal waveforms. The curves
labelled as Impulse-based Estimation [13], OMP [35] and
Pilot-based EM [14] characterize the NMSE performance of
conventional methods. Since the threshold-based method of
[13] requires a high pilot SNR, which is not consistent with
our pilot arrangement, we simplify this method to the Impulsebased Estimation method relying on a single pilot symbol and
take the P largest paths to estimate channel. The curve Pilotbased VBI shows the performance of the algorithm proposed in
Section III, the curve Data-aided VBI shows the performance
of the algorithm proposed in Section IV and the curve Entireframe utilizes the entire frame (both the data and pilot are
assumed to be known) to estimate channel which represents
a performance upper bound for Data-aided VBI. In Fig. 5,
we oberve that the Pilot-based VBI method has better NMSE
performance than the Impulse-based Estimation, OMP and
Pilot-based EM thanks to the reasonable a priori assumed by
the SBL framework. Moreover, the Data-aided VBI proposed
in this paper exhibits a substantial performance enhancement.
This is because Data-aided VBI exploits the data symbols as
‘virtual pilots’, which amounts to harnessing more observed
values for improving its NMSE performance.
As for complexity, the Impulse-based Estimation [13] has
a complexity order of
 O (L) and OMP [35] has a complexity
order of O LZ 2 P , where L = (lmax + 1)(2kmax + 1),
Z = (lmax + Mp )(2kmax + Np ) and P is the number of
propagation paths.
 The complexity of Pilot-based EM [14]
is O L2 ZNEM , where NEM is the number of iterations
for Pilot-based EM. The complexity of Pilot-based VBI is
O L2 ZNV BI , where NV BI is the number of iterations for
Pilot-based VBI. With regard to our Data-aided VBI, the
complexity of channel estimation is O (M 2 L3 )Nouter and

the complexity of data detection is O M 3 N 3 Ninner Nouter ,

15

20

25

30

SNR(dB)

Fig. 6. The NMSE vs. SNR performance of channel estimation in our OTFS
system based on rectangular waveforms. The delay dimension of data block
is M = 16. The Doppler dimension of data block is N = 16. The delay
dimension of pilots is M p = 2. The Doppler dimension of pilots is N p = 2.

where Nouter is the maximum number of outer iterations
and Ninner is the maximum number of inner iterations in
Algorithm 1. Compared to other methods, Data-aided VBI has
higher computational complexity, but it estimates the channel
more accurately, hence yielding a better NMSE performance
and detects M × N − (Mp + 2lmax )(Np + 4kmax ) symbols
at the same time. These advantages make the computational
complexity moderate.
B. Rectangular Waveform
Fig. 6 shows the NMSE performance of channel estimation
in our OTFS system based on rectangular waveforms. We
observe that the trend of curves is consistent with that in Fig. 5.
Moreover, the Data-aided VBI proposed in this paper is close
to its upper bound, i.e. to the performance of Entire frame,
especially at high SNRs.
Fig. 7 shows the NMSE performance of channel estimation
in our OTFS system based on rectangular waveforms, where
the size of the OTFS frame is 32 × 32 and the size of pilots
remains unchanged. This means that the pilot overhead is lower than that in Fig 6. We observe that the channel estimation
algorithms only using pilots have better performance at lower
pilot overheads, especially at SNR= 25 dB, when the NMSE
of Pilot-based VBI reduces to −12 dB. This is because as M
and N become larger and the maximum Doppler as well as
delay tap index are fixed, both the maximum Doppler shift
of kmax /N T and the maximum delay of lmax /M ∆f become
smaller. Furthermore, our proposed Data-aided VBI has an
improved performance gain, because more observation values
are harnessed.
Fig. 8 shows the impact of different number of paths on our
channel estimator. We observe in Fig. 8 that as the number of
paths increases, the NMSE is increased, because the number
of observed values remains unchanged, while the number of
parameters to be estimated is increased.
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Fig. 7. The NMSE vs. SNR performance of channel estimation in our OTFS
system based on rectangular waveforms. The delay dimension of data block
is M = 32. The Doppler dimension of data block is N = 32. The delay
dimension of pilots is M p = 2. The Doppler dimension of pilots is N p = 2.

Fig. 9. The BER performance of different algorithms against SNR. The
delay dimension of data block is M = 16. The Doppler dimension of data
block is N = 16. The Doppler dimension of pilots is N p = 2. The delay
dimension of pilots is M p = 2.

10 2

4

VBI-MP
Perfect CSI-MP [36]
VBI Data-aided

Data-aided VBI(P=2)
Data-aided VBI(P=6)
Entire-frame(P=2)
Entire-frame(P=6)

2
0

10 0

10 -2
-4

BER

NMSE(dB)

-2

-6

10 -4

-8
10 -6

-10
-12

10 -8

-14
0

5

10

15

20

25

30

SNR(dB)

Fig. 8. The NMSE vs. SNR performance of channel estimation in our OTFS
system with different path numbers. The delay dimension of data block is
M = 16. The Doppler dimension of data block is N = 16. The Doppler
dimension of pilots is N p = 2. The delay dimension of pilots is M p = 2.
The path numbers are 2 and 6 respectively.

Fig. 9 and Fig. 10 show our BER performance comparisons
of different algorithms for different OTFS frame sizes. The
curve VBI-MP represents the performance of the algorithm
utilizing the VBI method for channel estimation and the MP
algorithm of [36] for data detection. The curve Perfect CSIMP utilizes the MP algorithm of [36] for data detection
using perfect channel state information (CSI). The curve VBI
Data-aided represents our proposed algorithm of Section IV.
We observe that the proposed algorithm has better BER
performance than the MP algorithm.
Fig. 11 shows our NMSE performance comparison for a
practical pmf and for the Gaussian approximation of data.
We observe that the NMSE of the Gaussian approximation
has only a modest performance erosion compared to that
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Fig. 10. The BER performance of different algorithms against SNR. The
delay dimension of data block is M = 32. The Doppler dimension of data
block is N = 32. The Doppler dimension of pilots is N p = 2. The delay
dimension of pilots is M p = 2.

of the practical pmf scenario. This means that the Gaussian
approximation is effective, despite reducing the computational
complexity. Fig. 12 shows our BER performance comparison
of the practical pmf and Gaussian approximation. We observe
that the BER of the Gaussian approximation imposes a performance degradation compared to the practical pmf scenario, because the approximation also affects the data detection process.
In other words, the BER performance may be degraded even
if similar CSIs are used. Despite its performance reduction,
the Gaussian approximation is efficient becasuse of its modest
complexity.
VI. C ONCLUSIONS
Joint channel estimation and data detection algorithms were
developed for OTFS systems operating in high-mobility sce-
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Based on (39), we have
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i0 =1

where hi0 is the channel gain of the i0 -th path, which is
obtained from h.
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Fig. 11. The NMSE comparison of different data prior assumption. The
delay dimension of data block is M = 16. The Doppler dimension of data
block is N = 16. The Doppler dimension of pilots is N p = 3. The delay
dimension of pilots is M p = 2.
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Fig. 12. The BER comparison of different data prior assumption. The delay
dimension of data block is M = 16. The Doppler dimension of data block is
N = 16. The Doppler dimension of pilots is N p = 3. The delay dimension
of pilots is M p = 2.

In this part, we derive

H
hHiq(i) (h)

and HH H
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.
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A PPENDIX B
ΦH Φ

In this part, we derive hΦiq(i) (x) ,
D
E
(i)
tr ΦΣh ΦH (i) .

q (i) (x)

and

(x)

Based on the expression of Φ, we have
Φ = X E,

(69)

where X and E are given in (70) and (71) respectively as
shown at the top of the next page.
Therefore, we have
hΦiq(i) (x) = hX Eiq(i) (x)
= hX iq(i) (x) E,

(72)

where hX iq(i) (x) can be obtained from ux . Furthermore, we
have
ΦH Φ

A PPENDIX A

hh∗i0 i hhj 0 i , i0 6= j 0
2
Σh(i0 ,i0 ) + uh(i0 ) , i0 = j 0

and Σh(i0 ,i0 ) denotes the (i0 , i0 )-th diagonal element of Σh
and uh(i0 ) represents the i0 -th element of uh .

q

narios. Firstly, we adopted the VBI method for estimating the
channel vector, which contains the channel gain, the delay and
the Doppler. Secondly, we proposed a joint channel estimation
and data detection algorithm by exploiting the data symbols
as ‘virtual pilots’ to generate more measurement information.
Our simulation results demonstrate that the pilot-based VBI
method outperforms the existing OTFS channel estimators.
Furthermore, our proposed data-aided VBI algorithm outperforms the pilot-based VBI method and its BER performance
is better than that of the MP algorithm relying on perfect CSI.
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(70)

X(k) = diag [x(k, 0), x(k, 1), . . . , x(k, M − 1)] , k = 0, 1, . . . , N − 1,
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obtained from the corresponding elements in kux k2 + Σx and
the other elements can be obtained from the product of the
means of x [k, l]. Our experimental results demonstate that
Σx ≈ 0, thus
D Σx can be
E neglected.
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has been obtained.
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