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A B S T R A C T   

Roots can stabilise slopes against shallow landslides by mobilising their mechanical strength. Existing analytical 
models are highly simplified and typically focus on the ultimate limit state only, thus providing little insight into 
the underlying mechanism of reinforcement mobilisation. A new analytical model (‘DRAM’) was therefore 
developed to predict mechanical root reinforcement as a function of direct shear displacements. This model 
accounts for elasto-plastic root behaviour, three-dimensional root orientations, root failure through breakage or 
slippage, and a dynamically changing shear zone thickness. 

Comparison to two independent experimental direct shear data sets showed that the model was able to 
accurately predict the gradual mobilisation of root strength, the magnitude of peak root reinforcement, as well as 
the presence of significant root reinforcement at large shear displacements, associated with a relatively large 
quantity of roots slipping out of the surrounding soil. 

Because the newly developed model more closely resembles the underlying physics of the mobilisation of root 
reinforcement in direct shear while still being easy to use, it will be a useful tool for the engineering industry, in 
terms of quantifying root reinforcement distribution for limit analyses at the ultimate limit state, as well as for 
directing future research into the drivers of mechanical root reinforcement.   

1. Introduction 

The modelling of the mechanical reinforcement of soil by plant roots 
is challenging due to the complicated interaction between soil and roots. 
Root reinforcement is typically studied in the context of slope stability, 
where the parameter of interest is the peak shear strength of the rooted 
soil (Coppin and Richards, 1990; Stokes et al., 2009). Various analytical 
models have been developed to predict this peak strength at the ultimate 
limit state, which are discussed in the following paragraphs. 

The most well-known root reinforcement model has become known 
as the Wu/Waldron Model (‘WWM’, Waldron, 1977; Wu et al., 1979), 
expressing the increase in soil shear strength by an increase in soil 
cohesion, cr. They hypothesised roots reinforce the soil by two 

mechanisms:  

1. The component of root tensile stress in the direction of shearing will 
directly add to the shear resistance of the soil–root composite;  

2. The component of root tensile stress normal to the shear plane will 
result in additional soil confinement pressure on the shear plane, 
resulting in additional soil shear resistance. 

In equation form, summing over all root sizes i: 

cr =
∑

i
ϕrtr(sinβ + cosβtanϕ

′

) (1)  

where tr is the tensile stress in roots of size i [FL− 2],1 ϕr the root area 
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ratio of root size i [L2L− 2], β the angle between the (displaced) root 
orientation and the normal to the shear zone [∘], and ϕ′ the soil angle of 
internal friction [∘]. 

In practice, the WWM is only used when calculating the peak root 
reinforcement cr,u, assuming (a) tr is equal to the root tensile strength tr,u, 
and (b) the bracketed term in Eq. (1) can be simplified as a constant, k′, 
often assumed as k′ = 1.2 (Wu et al., 1979). In this form, the WWM 
assumes all roots fail simultaneously in tension. This has often been cited 
as the main reason why the WWM has been found to significantly 
overestimate reinforcement, as in the real world roots will mobilise their 
strength progressively. Therefore an additional reduction factor k′′ can 
be applied, for which a large range of values has been previously sug-
gested based on experiments, ranging from k′′ = 0.2 to k′′ = 1.0 (Wu and 
Watson, 1998; Operstein and Frydman, 2000; Comino et al., 2010; Preti, 
2013; Meijer et al., 2018, among many others): 

cr,u = k′ k′′
∑

i
ϕrtr,u (2) 

Fibre bundle models (‘FBM’) have been used to incorporate pro-
gressive root failure (Pollen and Simon, 2005), typically defined in terms 
of a force-driven mechanism. In these models, the total tensile load in a 
bundle of roots is distributed among all intact roots. An important 
modelling choice is how to distribute the load between roots of different 
size and with different mechanical properties. Often root diameter dr [L] 
is used, in which case the distribution in tensile force F in two unbroken 
roots (‘i’ and ‘j’) can be described by (Meijer, 2021): 

Fi

Fj
=

(
dr,i

dr,j

)βF

(3)  

where βF is a (dimensionless) load sharing parameter. Once the tensile 
force exceeds the strength in a single root, it breaks and the load it 
carried is distributed over the remaining intact roots. Incrementally 
increasing the load until all roots have failed yields the maximum force 
the bundle can sustain, and thus the maximum root reinforcement cr,u. 
Common choices of βF are βF = 0 (load is equally distributed over all 
roots, regardless of the diameter); βF = 1 (load is split proportional to 
root diameters) and βF = 2 (resulting in equal stresses in all roots) (see 
for example Comino et al., 2010; Thomas and Pollen-Bankhead, 2010; 
Mao et al., 2012), although more recently other load sharing mecha-
nisms have been proposed (Ji et al., 2020; Meijer, 2021). 

The great advantages of the WWM and FBMs described above are (a) 
their ease of use, and (b) the small number of input parameters (root 
quantities and biomechanical properties only). However, these models 
have significant drawbacks:  

• They can only be used to capture the peak root reinforcement, cr,u, 
and do not provide any information of associated shear deformations 
and ‘stiffness’ of the root reinforcement. Such displacements may be 
relevant when considering the stability of (root-reinforced) infra-
structure embankments or cuttings with tight displacements toler-
ances (so-called ‘serviceability limit state’ problems, e.g. Briggs 
et al., 2016), or when identifying a limiting deformation of a slope 
that may be indicative of it approaching the ultimate limit state.  

• Load sharing mechanisms are highly simplified, based on root 
properties only and assuming all roots are parallel. Thus other factors 
affecting sequential loading of roots, such as the influence of soil 
properties and especially the variation in root orientations, are 
ignored;  

• They assume that, sooner or later, all roots will fail in tension. It is 
however often observed that roots may slip rather than break, for 
example on landslide scarps by Schmidt et al. (2001). Ignoring 
slippage may result in overestimation of root reinforcement.   

Other existing root reinforcement models include a mechanism 
describing how reinforcement is mobilised as a function of displace-
ments in the soil. One such model is the ‘root bundle model’ (‘RBMw’), 
an alternative fibre bundle approach developed by Schwarz et al. 
(2013). This model assumes all roots elongate by the same amount ur 
[L]. The root length Lr [L] may vary as a function of root diameter ac-
cording to a power law. The strain in each root is assumed equal along 
the entire root length Lr, so εr = ur/Lr, and roots are assumed linear 
elastic: 

tr = Er,eεr = Er,e

(
ur

Lr

)

(4)  

where Er,e is the root elastic stiffness [FL− 2]. Some studies such as Dazio 
et al. (2018) use a secant stiffness rather than the Young’s modulus. 
Schwarz et al. (2013) introduced a (dimensionless) breakage parameter 
fb, defined as the probability that a root is still unbroken given the 
(normalised) displacement applied to the root (Δx* [LL− 1]). Because of 
the assumed linear relations between tensile displacements, strains, 
forces and stresses, it can alternatively be expressed in terms of the 
tensile stress currently experienced by the root: 

fb = exp
(

−

[
Δx∗

λ∗

]κ )

= exp
(
−
[tr

λ

]κ )
(5)  

where κ [dimensionless] and λ [FL− 2] are the Weibull shape and scale 
parameter respectively. Note that λ is a scaled version of the (dimen-
sionless) scale parameter λ* used by Schwarz et al. (2013) due to the 
transformation from displacement to tensile stress. The ‘average’ root in 
the Weibull distribution must break when its tensile strength is excee-
ded. Using the mathematical expression for the mean of the Weibull 
distribution reveals that: 

tr,u = λΓ
(

1 +
1
κ

)

(6)  

where Γ() is the gamma function. This shows that under the assumptions 
of the RBMw, the Weibull scale parameter λ (or alternatively, λ*) cannot 
be independently chosen from the root strength and/or the assumed 
mobilisation mechanism, and that an alternative but equivalent 
expression for the breakage parameter fb is: 

fb = exp
(

−

[

Γ
(

1 +
1
κ

)
tr

tr,u

]κ )

(7)  

As expcted, when κ approaches infinity, the breakage parameter fb 
simplifies to: 

fb =

{
1 when tr < tr,u
0 when tr > tr,u

(8)  

At a given displacement ur, the current root reinforcement can be 
calculated by summing the contribution of all roots: 

cr = k
′
∑

ϕrtrfb (9)  

And therefore the peak root reinforcement cr,u can be found by finding 
the maximum of cr over the domain 0≤ ur ≤ ∞. The RBMw was origi-
nally developed for tensile condition such as root pullout along the 
crown of a landslide. To convert to direct shear conditions, Wu et al. 
(1979)’s orientation factor k′ may be required as well as an additional 
assumption for how root elongation ur relates to direct shear displace-
ment us in the soil. 

An alternative model, directly valid for direct shear conditions, was 
developed by Waldron (1977). Here, roots were assumed linear elastic 
(stiffness Er,e), which, when the soil has not yet deformed, 
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perpendicularly cross a shear plane with constant thickness h [L]. Roots 
were assumed sufficiently long so that root slippage did not occur. With 
these assumptions, the root tensile stress tr as a function of shear 
displacement us [L]: 

tr =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
4τiEr,eh

dr

√
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(secβ − 1)

√
(10)  

where τi is the root–soil interface shear resistance [FL− 2], and β is the 
angle between the displaced root and a vector normal to the shear plane 
[∘]: 

tanβ =
us

h
(11)  

Roots break when the tensile stress tr exceeds the tensile strength tr,u. 
Calculated values for tr were combined with Eq. (1) to acquire root 
reinforcements. 

Waldron and Dakessian (1981) expanded Waldron’s original model 
to include root slippage. Roots may slip rather than break when roots are 
relatively short and/or soil confinement is limited. This happens when 
the root tensile stress reaches a limiting slippage stress tr,s [FL− 2], at 
which point the tensile stress can increase no further and root ends will 
start to move (‘slip’) with increasing shear displacements instead: 

tr,s =
2τiLr

dr
(12)  

Individual roots will slip rather than break when slippage stress tr,s is 
smaller than the tensile strength tr,u. 

The models by Waldron (1977) and Waldron and Dakessian (1981) 
provide a geometrically plausible mechanism for the mobilisation of 
root reinforcement in direct shear. They however have seldom been used 
in root reinforcement research and practice, and seem to have been 
mostly overlooked in favour of the much easier ultimate limit state 
approach building on the work of Wu et al. (1979). 

In this paper, a new analytical model for mobilisation of root rein-
forcement in direct shear conditions is developed, extending the original 
methodology proposed by Waldron (1977) and Waldron and Dakessian 
(1981) by addressing three key model shortcomings:  

• Root stress–strain behaviour. When considering the mobilisation of 
reinforcement, the root tensile stress–strain behaviour needs to be 
modelled accurately. Roots are often assumed linear elastic up the 
the point of failure (e.g. Waldron, 1977; Schwarz et al., 2013), while 
experimental evidence shows root stiffness is significantly reduced 
after yielding (Loades et al., 2013), suggesting elasto-plastic behav-
iour is more appropriate;  

• Root orientations: Existing models assume that all roots cross the 
shear zone at a perpendicular angle (in the undeformed state). The 
effect of displaced orientations is normally accounted for through a 
single multiplication factor k′. In reality, (undeformed) root orien-
tations may vary in position in three-dimensional space, which will 
strongly affect sequential mobilisation of roots and therefore peak 
root reinforcements;  

• Shear zone thickness: Waldron-type models require an estimation for 
root angle β (Eq. (11)), which depends on the thickness of the shear 
zone (h, assumed constant) as well as shear displacement us. h has 
been reported to be large (80–250 mm) in field shear box tests on 
rooted soil (Abernethy and Rutherfurd, 2001; Burroughs and 
Thomas, 1977; Wu and Watson, 1998; Fan and Su, 2008), and was 
found to be larger in rooted or fibre-reinforced soil compared to 
fallow soils (Jewell and Wroth, 1987; Shewbridge and Sitar, 1989). 

Therefore some method for predicting how the shear zone thickness 
might increase as root reinforcement is mobilised is required. 

This new model, referred to as the ‘Dundee Root Analytical Model’ 
(‘DRAM’), provides a more mechanically rigorous model for the mobi-
lisation of mechanical root reinforcement as a function of soil shear 
displacement based on the underlying physics of the problem. This 
model accounts for progressive root mobilisation, not only as a function 
of root diameter, but also as a function of root biomechanical properties, 
soil properties and, crucially, root orientations. The performance of the 
model will be compared to existing displacement-driven reinforcement 
models using two sets of experimental direct shear test data. 

2. Methods: model description 

The three new model components will be addressed in turn in the 
subsequent sections: 

2.1. Root biomechanical behaviour 

The behaviour of roots is not linear elastic in tension. The initial 
behaviour is relatively stiff up to a point of yielding, after which the 
tensile stiffness dramatically reduces (Loades et al., 2013). In the pro-
posed model, this elasto-plastic root behaviour is therefore approxi-
mated using a bilinear relationship, see Fig. 1. Up to yield tensile stress tr, 
y [FL− 2] the root behaves linear elastically with elastic stiffness Er,e 
[FL− 2]: 

Er,e =
tr,y

εr,y
(13)  

where εr,y is the tensile strain at yielding [LL− 1]. After exceeding the 
yield stress, the stiffness is reduced to a (lower) linear stiffness Er,p 
representing the plastic tensile stiffness [FL− 2], up to the point where the 
tensile strength tr,u [FL− 2] is exceeded, at which point the root breaks: 

Er,p =
tr,u − tr,y

εr,u − εr,y
(14)  

where εr,u is the root tensile strain at failure [LL− 1]. 
In tension tests, root tortuosity may cause an (apparent) reduction in 

the initial stiffness as roots straighten and stretch simultaneously. Tor-
tuosity is driven by the geometry of the root rather than its biome-
chanical properties such as the Young’s modulus. While it may be 
possible to (partially) account for tortuosity through careful adjustment 

Fig. 1. Schematisation of root tensile stress (tr) versus tensile strain (εr). The 
root behaviour is assumed linear elastic up to yielding (εr,y, tr,y), followed by a 
reduced linear elasto-plastic stiffness Er,p up till the point of tensile failure (εr,u, 
tr,u). 
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of root stiffness, all roots were assumed to be straight during develop-
ment of the DRAM. 

2.2. Extension of the WWM to three dimensions 

Coordinates and angles are expressed in a right-handed coordinate 
system, orientated in such a way that x points in the direction of shear 
displacement us, and z is normal to the shear plane, pointing in the di-
rection of the displacing soil block, see Fig. 2. h indicates the current 
thickness of the shear zone. 

The orientation of undisplaced roots is described in spherical co-
ordinates; azimuth α0 (the angle between the x axis and the orientation 
of the root projected on the x-y plane) and elevation angle β0 (angle 
between z-axis and root axis). The azimuth and elevation angles of the 
displaced root within the shear zone are indicated by α and β respec-
tively. Transverse relative soil–root displacements are assumed to be 
zero, similar to assumptions by Waldron (1977) and Waldron and 
Dakessian (1981). This means each section of root always rotates by the 
same amount as the surrounding soil and can only move in the (rotated) 
root-axial direction. 

Using spherical coordinates makes extending Eq. (1) to include three 
dimensions straightforward: 

cr =
∑

i
ϕrtr(cosαsinβ + cosβtanϕ

′

) (15)  

This shows that only the tangential component of root reinforcement is 
affected by the inclusion of three-dimensional root orientations. 

The deformed orientation of roots within the shear zone can be found 
using trigonometry, see Fig. 2c: 

cosα =
ξx̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ξ2
x + ξ2

y

√ (16)  

cosβ =
h

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ξ2

x + ξ2
y + h2

√ (17)  

sinβ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ξ2
x + ξ2

y

√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ξ2

x + ξ2
y + h2

√ (18)  

where: 

ξx = hcosα0tanβ0 + us (19)  

ξy = hsinα0tanβ0 (20)  

2.3. Mobilisation of root tensile strength 

Root tensile strength is progressively mobilised with increasing shear 
displacements. In this section, model formulations for the tensile stress 
in individual roots (tr) are introduced. The following additional as-
sumptions were made:  

1. Roots behave like cable elements (i.e. bending and shear stiffnesses 
are both zero), and only reinforce in pure tension, not in compres-
sion, bending nor shear;  

2. Undeformed roots are straight, unbranched prisms (with cross- 
sectional area Ar [L2], circumference Cr [L] and length Lr [L]) that 
are not connected to other roots at either root end. Root properties 
may be different for each root. It is assumed that half of the root 
length is located below the shear plane, similar to the underlying 
assumption by Waldron and Dakessian (1981). 

Roots may behave in four different ways. For each, the root tensile 
stress tr within the shear zone has to be defined separately: (a) roots that 
are not in tension, (b) ‘anchored’ roots, i.e. roots that are sufficiently 
anchored in the surrounding soil so that the root ends do not slip, (c) 
slipping roots and (d) broken roots. 

(a) Roots not in tension: The increase in the length of the 
(stretched) root (ur, [L]) will change as a result of shear displacement 
(Fig. 3b): 

ur =
h

cosβ
−

h
cosβ0

(21)  

When ur ≤ 0 (or alternatively, cos β ≥ cos β0), the root does not increase 
in length and will therefore not be loaded in tension. In this case, the 
tensile stress in the root will be tr = 0, i.e. it is assumed that roots cannot 
carry compressive stresses. 

(b) Anchored roots: The tensile stress in the root will reduce with 
increasing distance from the shear zone because of transfer of stress 
through axial soil–root interface friction. When the root is sufficiently 
long, the root ends will not be loaded in tension and will not displace 
(Fig. 3b). This type of root behaviour is called ‘anchored’. 

It was assumed that the full soil–root interface friction τi is mobilised 
as soon as there is a finite relative soil–root displacement (i.e. rigid- 
perfectly plastic interface behaviour). 

Assume for the moment that the root behaviour is linear elastic and 
root breakage is ignored. Within the shear zone, no interface friction is 
assumed to be present, so the root tensile stress in these ‘anchored’ roots 
(tr,a, [FL− 2]) and the the corresponding tensile strain within the shear 
zone (εr,a = tr,a/Er,e) are constant. On either side of the shear zone 
interface friction is mobilised over a length Le [L] until the tensile stress 
in the root has reduced to zero (Fig. 3c): 

0

Fig. 2. Definition of root orientations in undisplaced soil (subplot a), and soil displaced by a shear displacement us and a shear zone thickness h (subplots b and c).  
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Le =
tr,aAr

τiCr
(22)  

The (undisplaced) length of the section of root that ends up in the shear 
zone (Ls, [L]) is given by (Fig. 3a,b): 

Ls =
h

cosβ
1

(
1 + εr,a

) (23) 

The tensile stress distribution along the root is known (Fig. 3c), and 
because the root stress-strain behaviour is known, so is the tensile strain 
distribution along the root. Integrating this tensile strain along the root 
axis yields a second expression for the increase in root length (area 
under the curve in Fig. 3d): 

ur =

∫

s
εrds = (Ls + Le)εr,a (24)  

where s is a coordinate along the root axis. 
Both expressions for the total root elongation, one based on the ge-

ometry of the problem (Eq. (21)) and one based on tensile strains in the 
root (Eq. (24)) should be equal. After substitution of expressions, the 
tensile stress tr,a in the shear plane for anchored roots follows from the 
resulting cubic polynomial equation, for which analytical solutions 
exist: 

ξ3t3
r,a + ξ2t2

r,a + ξ1tr,a + ξ0 = 0 (25)  

Expressions for ξ-coefficients can be found in Table 1. To simplify ex-
pressions, these solutions make use of an intermediate variable ζ: 

ζ =
tr,y

Er,p
−

tr,y

Er,e
(26)  

This approach is the same as that of Waldron (1977) with the key dif-
ference that they assumed Ls = 0 (i.e. to more simply calculate the root 
tensile stress profile along the root, they assumed the shear zone 
thickness was zero). 

However, if the calculated (elastic) tensile stress tr,a exceeds the root 
tensile yield stress tr,y, the root will behave plastically along part of the 
root length. In this case, the length over which root-soil interface friction 
is mobilised (on either side of the shear zone) consists of an elastic part 
(Le) and plastic part (Lp [L]), see Fig. 3e: 

Le =
tr,yAr

τiCr
(27)  

Lp =

(
tr,a − tr,y

)
Ar

τiCr
(28)  

The tensile strain in the root within the shear zone equals: 

εr,a = εr,y +
tr,a − tr,y

Er,p
(29)  

Integrating the root strain along the root axis results in another 
expression for the total root elongation (area underneath the curve in 
Fig. 3e): 

ur =

∫

s
εrds =

(
Le + Lp

)
εr,y +

(
Lp + Ls

)
εr,a (30)  

Rewriting this system of equations again results in a cubic polynomial 
equation that can be solved to find tr,a. Polynomial coefficients for the 

�

�

Fig. 3. Distribution of root displacements, tensile stresses and tensile strains (columns) along anchored or slipping roots (rows).  

Table 1 
Polynomial coefficients for calculating stresses in anchored roots (Eq. (25)).  

Coefficient Elastic solution Elasto-plastic solution 

ξ3 Ar

τiCr

1
E2

r,e 

Ar

τiCr

1
E2

r,p 

ξ2 Ar

τiCr

1
Er,e 

Ar

τiCr

1
Er,p

(1 − 3ζ)

ξ1 h
cosβ0

1
Er,e 

h
cosβ0

1
Er,p

+ ζ
Ar

τiCr

[
tr,y
Er,p

− 2(1 − ζ)
]

ξ0 h
cosβ0

−
h

cosβ 
h

cosβ0
−

h
cosβ

+ ζ
[

Ar

τiCr
tr,y(1 − ζ) −

h
cosβ0

]
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elasto-plastic case are also given in Table 1. 
Assuming the roots behave as ‘anchored’, the tensile stress in the 

shear zone tr,a can be found by first using the elastic solution, and if the 
calculated tensile stress exceeds the root yield stress, the elasto-plastic 
solution. 

c) Slipping roots: Previously for ‘anchored’ roots, it was assumed 
that the roots were infinitely long. In reality, the tensile strength that can 
mobilise in the root may be limited by the root length along which 
root–soil interface friction may be mobilised. Once friction has mobi-
lised along the full root length, the root tensile stress cannot increase any 
further and the root will ‘slip’ through the soil (Fig. 3g). When this 
happens, the corresponding limiting root tensile stress within the shear 
zone tr,s [FL− 2] equals (Fig. 3h): 

tr,s =
(Lr − Ls)

2
τiCr

Ar
(31)  

Eq. (31) can be rewritten in terms of a quadratic polynomial that can be 
analytically solved for tr,s: 

ξ2t2
r,s + ξ1tr,s + ξ0 = 0 (32)  

Expressions for the coefficients, both for roots that behave fully elasti-
cally and elasto-plastic roots, are given in Table 2. Similar to ‘anchored’ 
roots, the tensile stress in ‘slipping’ roots tr,s can be found by first using 
the elastic solution, and if the calculated tensile stress exceeds the root 
yield stress, replacing this with the elasto-plastic solution. 

Theoretically, it is possible that due to excessive slippage, the entire 
root ends up within the shear zone (i.e. when Lr cos β ≤ h). In this case, 
the tensile stress in the root is set to zero (tr,s = 0). 

The ‘slipping’ case is an upper-bound solution, always limiting the 
‘anchored’ case. Therefore, the root tensile stress within the shear zone 
(in an intact root) tr [FL− 2] can be found by taking the minimum tensile 
stress calculated by either of the mechanisms: 

tr = min
(
tr,a, tr,s

)
(33) 

d) Broken roots: In the previous calculations for the tensile stress in 
anchored and slipping roots, it is assumed that the roots do not break, i. 
e. tr,u =∞. Roots will however break if the tensile stress exceeds the root 
tensile strength tr,u. 

Breakage is incorporated in the model through applying a dimen-
sionless reduction factor fb: 

fb =

{
1 when tr ≤ tr,u
0 when tr > tr,u

(34)  

When a probabilistic model for root failure is used (similar to Eq. (4)): 

fb = exp
(

−

[

Γ
(

1 +
1
κ

)
tr

tr,u

]κ )

(35)  

necessitating a choice for Weibull shape parameter κ. 
Once roots are broken, they cannot ‘unbreak’ if the root tensile stress 

reduces at a later stage. Therefore the analysis is run progressively by 
gradually increasing shear displacement u while monitoring the smallest 
value of the breakage parameter achieved so far for each root: 

fb = min
(
fb,i, fb,i− 1

)
(36)  

where fb,i is the breakage parameter in the current step i, and fb,i− 1 the 
calculated breakage parameter in the previous shear displacement step. 

Summary: All of the required equations to calculate the tensile stress 
in a root as a function of root properties, interface properties and shear 
displacements have now been defined. A flowchart of the methodology 
to calculate the root tensile stress is outlined in Fig. 4. 

2.4. Thickness of the shear zone 

Soil often shows highly localised shear deformations (‘shear zone’). 
When roots are not present, the shear zone has an initial, finite thickness 
h0 [L], which may be estimated using established soil mechanics theory, 
e.g. h0 ≈ 10d50, where d50 is the mean soil particle size (Oda and Iwa-
shita, 1999). The available shear resistance of the non-rooted soil (τs,u, 
[Pa]) can be calculated for example using the Mohr-Coulomb failure 
criterion: 

τs,u = c′

+ σ′

ntanϕ
′ (37)  

where c′ is the apparent soil cohesion [FL− 2] and σ′

n the normal effective 
stress acting on the shear plane (without any additional root confine-
ment, [FL− 2]). This may be substituted by suitable alternatives when 
dealing with partially saturated soils. The effect of changes in the hy-
drological state of the soil on slope stability, for example during rainfall 
infiltration, can be accounted for by changing the shear strength of the 
soil accordingly. 

Experimental evidence suggests that mobilisation of root stresses 
causes the shear zone to increase in size, and not remain constant as 
assumed by Waldron (1977). The following approach was developed to 
capture this mechanism. 

As roots start to mobilise strength, stress will be transferred from the 
root to the soil at the edge of the shear zone in a thin transition zone 
(Fig. 5) to accommodate the change in root orientation. Soil just outside 
the shear zone will be reinforced by the component of root tensile 
strength normal to the shear zone, but at the same time is destabilised by 
the component parallel to the shear direction. The net result is a 
destabilising shear stress that may cause the soil outside the current 
shear zone to yield. When roots are loaded in tension, β > β0 and α > α0. 
Therefore the largest destabilising shear stress the roots apply to the soil 
(τs,r) in the transition zone equals (note similarities with WWM Eq. (15)): 

τs,r =
∑

i
ϕrtr(cosαsinβ − cosβtanϕ

′

) (38) 

When the destabilising load exceeds the shear strength of the soil (τs, 

r > τs,u), the soil on the edge of the current shear zone will yield, 
resulting in an increase in shear zone thickness h. The shear zone 
thickness will increase until τs,r has been sufficiently reduced so that τs, 

r ≤ τs,u. This simple model thus allows for the shear zone thickness to 
increase as long as root stresses are sufficient to reach the yield stress in 
the soil outside the shear zone. 

In the implementation of the model, a maximum shear band thick-
ness hmax can be defined that cannot be exceeded. This can be useful for 
when modelling cases where the shear zone thickness is limited by 
boundary conditions, for example in direct shear conditions, or when 
modelling roots reinforcing across a fabric feature such as a disconti-
nuity filled with a weak infill material. In addition, it should be noted 
that the case h = h0 = hmax = 0 is equivalent with modelling the opening 
of a tensile crack, for example at the top of a landslide scarp. 

2.5. Summary and numerical implementation 

The root reinforcement as a function of soil shear displacement us can 
be established by coupling the newly developed model components 
together. 

At the current amount of soil shear displacement us, calculate the 
(deformed) root orientations (α, β), root tensile stresses (tr) and breakage 

Table 2 
Polynomial coefficients for calculating stresses in slipping roots (Eq. (32)).  

Coefficient Elastic solution Elasto-plastic solution 

ξ2 − 1
Er,e 

− 1
Er,p 

ξ1 Lr

2
τiCr

Ar

1
Er,e

− 1 
Lr

2
τiCr

Ar

1
Er,p

− 1+ ζ 

ξ0 1
2

τiCr

Ar

[

Lr −
h

cosβ

]
1
2

τiCr

Ar

[

Lr(1 − ζ) −
h

cosβ

]

G.J. Meijer et al.                                                                                                                                                                                                                                



Ecological Engineering 179 (2022) 106621

7

parameters (fb) for each root. Subsequently calculate the current rein-
forcement cr by summing the contributions of all roots i: 

cr =
∑

i
ϕrtrfb(cosαsinβ + cosβtanϕ

′

) (39)  

The full root reinforcement versus shear displacement behaviour is 
found by progressively increasing us while updating shear zone thick-
ness h as required, see Fig. 6. The peak root reinforcement cr,u can 
subsequently be obtained by finding the maximum reinforcement cr 
within the range of shear displacements. 

This approach is computationally very efficient, as all equations are 
expressed analytically. The only numerical procedure required is finding 
the new value of shear zone thickness h in case the soil outside the shear 
zone is unstable, which can be done by solving τs,u = τs,r. 

The model was implemented in the free software R (R Core Team, 
2013), and can be found online (Meijer, 2022) [insert reference to 
GitHub repository after paper acceptance]. An online app showcasing 
the model can be found on https://gjmeijer.shinyapps.io/DRAM/ 

3. Methods: comparison with experimental data 

The predictions by the DRAM were validated against two indepen-
dent sets of direct shear tests. 

3.1. Direct shear tests by Liang et al. (2017) 

Liang et al. (2017) conducted a series of direct shear experiments on 
soil reinforced with Salix viminalis (willow, variety Tora), Lolium perenne 

Fig. 4. Flowchart for calculation of the current root tensile stress tr given the current stresses and displacements in the soil.  

Fig. 5. Transition of stress from root to soil at the edge of the shear zone, potentially destabilising the previously not yielding soil just outside the shear zone.  
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× Festuca pratensis (festulolium grass) or Ulex europaeus L. (gorse) roots. 
150 mm diameter cores with a height of 500 mm were filled with 
recompacted Bullionfield field soil (mineral portions consisting of 71% 
sand, 19% silt and 10% clay; dry density ρd = 1.4 Mg m− 3), planted and 
grown for 2–3 months, fully saturated and then drained to 5 kPa matric 
suction at surface level, and subsequently sheared at 100, 200, 300 or 
400 mm depth. For more details on test preparation and setup, see Liang 
et al. (2017), and for detailed data on root counts and shear dis-
placement–shear stress traces for both rooted and fallow samples, see 
Meijer et al. (2021). The average fallow soil shear strength was 
measured as τs,u = 2.7 kPa with no depth trend, with a soil angle of in-
ternal friction ϕ′ = 36 . 4∘. 

As roots were grown in relatively slender cores, in DRAM predictions 
all roots were assumed to have grown vertically from the top to the 
bottom of the core (Lr = 500 mm, α0 = β0 = 0∘). The soil–root interface 
was assumed to be rough such that τi = τs,u. Root yield stresses and 
strains were determined by fitting the experimentally measured stress- 
strain curves bilinearly (Fig. 7). 

All root biomechanical parameters are presented in Table 3, using 
power-law relationships for both root tensile strength and tensile strain 
to failure: 

tr,u = tr,u,0

(
dr

dr,0

)βt

(40)  

εr,u = εr,u,0

(
dr

dr,0

)βε

(41)  

where dr,0 is a reference diameter [L], and tr,u,0 [FL− 2] and εr,u,0 [LL− 1] 
the tensile strength and tensile strain to peak for roots with this diameter 
respectively. The measured variation in root tensile strength was 
captured by fitting a Weibull distribution to the normalised tensile 
strength (ratio of measured versus power-law prediction), resulting in 
shape parameters κt (see Meijer, 2021). It was assumed that the proba-
bilistic distribution of root failure is fully driven by the variation in root 
tensile strength, so κ = κt in Eq. (35). 

The initial shear zone thickness was chosen as h = 2 mm (h0 ≈ 10d50) 
or h = 30 mm (in line with the maximum thickness observed in X-ray CT 
observations by Bull et al. (2020)). Predictions for the shear dis-
placement–shear stress behaviour of the rooted soil were acquired by 
adding the predicted reinforcement to the average fallow soil behaviour 
measured at each shear plane depth. 

3.2. Direct shear tests by Bull et al. (2020) 

Bull et al. (2020) performed a similar series of direct shear experi-
ments using the same soil and plant species. Five tests were conducted 
on both willow (replicates C, E, F, H and I) and gorse-planted cores 
(replicates A, B, G, J and K). Smaller (103 mm diameter, 500 mm high) 
cores were sheared at 250 mm depth under approximately 5 kPa of 
suction (at the soil surface). After each test, the diameters of all roots 
crossing the shear plane were recorded (Fig. 8). Cores were sheared to a 
maximum displacement of 20 mm. Some tests were conducted in the 
μ-VIS X-Ray micro-CT scanner at the University of Southampton, stop-
ping seven times at points regularly spaced along the displacement 

Fig. 6. Flowchart for calculation of root reinforcement cr as function of a increasing direct shear displacements us in the soil.  

Fig. 7. Elasto-plastic bilinear approximation of root tensile strain versus tensile stress response. Each grey solid line (total number of lines: n) indicates a single tensile 
test conducted by Liang et al. (2017). 
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interval to perform a scan. These stops caused some (temporary) 
relaxation in shear stress which was regained when shearing recom-
menced. Digital volume correlation was applied to the X-ray CT dataset 
to obtain full field displacement and strain information in 3D. This 
allowed a direct method of measuring the shear zone thickness (Bull 
et al., 2021). 

The same set of soil and root parameters was used as in modelling of 
tests by Liang et al. (2017). Measured fallow soil shear strengths were 
slightly larger (τs,u = 3.3 kPa) and therefore τi = 3.3 kPa was assumed. 

3.3. Comparison to existing displacement-driven models 

The experimentally measured shear displacement versus root rein-
forcement traces were furthermore compared to the RBMw (Schwarz 
et al., 2013) and the models by Waldron (1977) and Waldron and 
Dakessian (1981) described in the introduction section, using the same 
root and soil parameters as in the DRAM. In these models the (linear 
elastic) root stiffness was set to the Young’s modulus Er,e. In the RBMw, 
κ = κt was assumed, as well as k′ = 1.2 and us = ur to account for direct 
shear rather than pullout conditions. For each model, the total predicted 
shear resistance of the rooted soil was determined by adding the 
calculated reinforcement to the average experimentally measured shear 
stress in the non-rooted (‘fallow’) soil. 

The difference between measured and predicted reinforcements was 
quantified for each direct shear tests using two parameters:  

• |Δcr|,max: The maximum absolute difference between measured and 
predicted reinforcement, anywhere along the entire shear displace-
ment range.  

• |Δcr|,avg: The average absolute difference between measured and 
predicted reinforcement, averaged across the entire shear displace-
ment range. 

Both parameters should be close to zero for a model to accurately predict 
both reinforcement mobilisation and peak reinforcement. The tempo-
rarily reduced shear stresses associated with a pause in shearing to 

enable X-ray CT scanning during some tests by Bull et al. (2020) were 
ignored during calculation of these summary parameters. 

4. Results 

Both sets of experiments show a large increase in the shear resistance 
in rooted soil. Direct shear experiments by Bull et al. (2020) could be 
well matched with the model (Fig. 9) when an initial shear zone thick-
ness of h0 = 2 mm was assumed. Both the initial stiffness as well as the 
observed decrease in stiffness after us > 2–3 mm was well captured. 
Increasing the initial shear zone thickness h0 to 30 mm resulted in a 
much more gradual mobilisation of root stress and less accurate rein-
forcement predictions (Table 4). In the case of h0 = 2 mm, for most tests 
the shear zone thickness was predicted to increase during shearing, 
indicating enough root material was present to affect the behaviour of 
the soil (Fig. 10). In Willow test F, in contrast to all other tests, the plant 
shoot was not removed prior to shearing, resulting in drier and therefore 
stronger soil. This explains why root reinforcements were under-
estimated for this test. 

The predicted reinforced shear displacement–shear stress traces also 
matched the experiments by Liang et al. (2017) well (Fig. 11). Although 
the peak reinforced shear stress was hardly affected by the choice of 
initial shear zone thickness (±0.25 kPa), the mobilisation of this rein-
forcement was. In most tests, assuming h0 = 30 mm provided better 
predictions compared to h0 = 2 mm (Table 4), although in some indi-
vidual tests this behaviour was reversed. Tests conducted closer to the 
soil surface, containing more root material, showed that shear zone 
thickness might increase significantly during the test (Fig. 12). 

In some experiments (notably the gorse replicate J test by Bull et al. 
(2020), and gorse sheared at 400 mm depth tested by Liang et al. 
(2017)) no reinforcement was measured despite the presence of signif-
icant amounts of root material. This inevitably led to overestimation of 
root reinforcement. In several of the tests on gorse, roots may have 
extended only slightly below the shear zone, leading to insignificant root 
reinforcements due to root slippage. For grass replicate 2 sheared at 
200 mm depth by Liang et al. (2017), the measured reinforcement 

Table 3 
Root biomechanical properties measured by Liang et al. (2017) and analysed by Meijer. (2021). The reference diameter dr,0 = 1 mm was used during fitting.  

Species Tensile strength Tensile strain to failure Yield strength Yield strain  

tr,u,0 βt κt εr,u,0 βε tr,y/tr,u εr,y/εr,u  

[MPa] [− ] [− ] [mm/mm] [− ] [− ] [− ] 

Gorse 22.8 0.0697 2.13 0.178 0.0769 0.38 0.13 
Grass 6.25 − 0.655 2.46 0.320 0.100 0.39 0.14 
Willow 10.8 0.0291 1.81 0.239 − 0.0934 0.51 0.19  

Fig. 8. Cumulative root area ratio (RAR) measured on shear planes after direct shear testing by Bull et al. (2020). Dots indicate the root diameter at 50% of the 
maximum RAR. 
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appears almost zero. It was hypothesised that the soil component of the 
direct shear resistance must have been lower than expected since roots 
must have been present at this depth given the measured root rein-
forcement at larger depths (300 and 400 mm) in the same core. 

The experimental results show that significant reinforcement is still 
present at large shear displacements, suggesting many roots might slip 
rather than break. This is confirmed by DRAM predictions, showing only 
a relatively small fraction of roots (10–25% on average) had failed at the 
end of shearing (Fig. 13). All roots initially behaved as ‘anchored’ roots, 
but increasing shear displacements caused them to either break or slip. 
Fig. 13 further shows predictions that a significant fraction of roots were 
strained beyond the yield strain, resulting in plastic root behaviour in 
the shear zone. 

Similar to the DRAM, the root reinforcement models by Waldron 

(1977) and Waldron and Dakessian (1981) matched the initial rein-
forced soil stiffness well (Fig. 14). At larger displacement however both 
predicted larger reinforcements since they do not include stiffness- 
reducing effects such as root plasticity or the gradual increase in shear 
zone thickness. The inclusion of slippage in Waldron and Dakessian 
(1981) reduced the predicted reinforcement beyond a certain shear 
displacement (us ≳ 7–13 mm in Fig. 14) compared to the model by 
Waldron (1977). The RBMw typically struggled to accurately predict the 
stiffness of the rooted soil measured in the experiments, and furthermore 
predicted a gradual reduction of reinforcement after reaching the peak 
reinforcement caused by the underlying model assumption that all roots 
will eventually break. 

The difference between measured and predicted reinforcement using 
the various models was investigated in more detail by analysing |Δcr|,max 
and |Δcr|,avg. Average values across all tests (Fig. 15) shows that the 
DRAM performed best on both criteria (|Δcr|,max ≈ 2.7–3.0 kPa, |Δcr|, 

avg ≈ 1.3–1.8 kPa), followed by the model by Waldron and Dakessian 
(1981) (3.3–4.0 kPa, 1.8–1.9 kPa), the RBMw (4.5–4.7 kPa, 
2.3–2.5 kPa) and finally the model by Waldron (1977) (4.9–5.1 kPa, 
2.2–2.9 kPa). 

Peak reinforcements cr,u were further compared against those ob-
tained with ultimate limit state models such as the WWM and various 
FBMs (Fig. 16). On average, DRAM predictions were 3 to 16% lower 
compared to measured root reinforcements. The WWM overestimated 
measured reinforcements by around 180%, while the RBMw and the 

Fig. 9. Measured and predicted direct shear displacement–shear stress traces for tests performed by Bull et al. (2020). Predictions are made using different as-
sumptions of the initial shear zone thickness h0. Solid lines indicate the experimentally measured root-reinforced response, while the shaded grey area indicates the 
average experimental shear stress measured in fallow soil. 

Table 4 
Mean and standard deviations of the maximum (|Δcr|,max) and average (|Δcr|,avg) 
absolute difference between experimental and DRAM predictions of root rein-
forcement for each test.  

Study h0 [mm] |Δcr|,max [kPa] |Δcr|,avg [kPa] 

Bull et al. (2020) 2 2.96 ± 1.39 1.76 ± 1.00  
30 5.74 ± 4.03 4.25 ± 3.24 

Liang et al. (2017) 2 3.22 ± 1.72 1.43 ± 1.03  
30 2.17 ± 1.68 1.28 ± 1.05  
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models by Waldron (1977) and Waldron and Dakessian (1981) over-
estimated by lesser amounts (18–37%, 46–104% and 4–46% respec-
tively). FBM predictions showed a wide range (8% underestimation to 
166% overestimation) depending on the chosen load sharing mechanism 
(βF). 

5. Discussion 

The newly developed model (DRAM) yielded good predictions for 
both the mobilisation and the magnitude of root reinforcement for the 
experiments considered. These experiments showed a limited reduction 
in reinforcement after reaching the peak reinforcement, similar to 
behaviour observed in direct shear tests (e.g. Ekanayake et al., 1997; Fan 
and Su, 2008). This behaviour indicates that many roots may have 
slipped rather than broken, which was confirmed by the DRAM (Fig. 13) 
and in line with recent experimental observations (Zhu et al., 2020). 
Compared to field conditions, the number of slipping roots may be 
exacerbated by laboratory testing methods. The latter used relatively 
small samples with younger, relatively short roots in combination with 
lower confining stresses, which may result in less root confinement and 
therefore more slippage compared to the field. 

The importance of slipping roots in the experiments explains why 
displacement-driven models that do not include root slippage (RBMw 
and the model by Waldron (1977)) performed worse than those that did 
(DRAM and the model by Waldron and Dakessian (1981)). The differ-
ences between the DRAM and the model by Waldron and Dakessian 
(1981) furthermore shows that the inclusion of root plasticity and a 
dynamically increasing shear zone thickness — aspects not previously 
considered — may further reduce the predicted reinforcement to levels 
closer to experimental observations. 

While the DRAM and models by Waldron (1977) and Waldron and 
Dakessian (1981) yielded good predictions for the initial stiffness of the 
rooted soil, the RBMw by Schwarz et al. (2013) was less accurate. It is 
hypothesised that this was caused by the assumed mobilisation mech-
anism of root strength. The RBMw assumes all roots stretch evenly along 
the entire root length, rather than the root stress being initially 
concentrated near the shear zone only, and does not take into account 
the interaction with the surrounding soil (e.g. root–soil interface resis-
tance τi). Furthermore, the additional assumptions required to transition 
from pullout to direct shear conditions (k′ = 1.2, ur ≈ us) will have 
effected the (initial) stiffness. 

The experiments show that peak root reinforcements occurred at 
large shear deformations (of the order of 50 mm). This has significant 
implications for the way peak root reinforcement is defined. In previous 
studies, peak root reinforcement is almost always defined as the differ-
ence between the peak shear strengths of rooted and fallow soils (e.g. 
Fan and Su, 2008), subsequently called ‘apparent reinforcement’. In 

contrast, traditional root reinforcement models such as the WWM or 
FBM calculate the ‘actual reinforcement’, the largest difference between 
rooted and unrooted strength occurring at any displacement level, see 
Fig. 17. Since shear displacements to reach peak strengths in rooted soils 
are much larger than in fallow soils (Ekanayake et al., 1997; Fan and Su, 
2008; Mickovski et al., 2009), at these larger displacements the soil 
strength may have reduced towards a critical state or residual strength 
(common in field soils due to soil ageing or cementation (Utomo and 
Dexter, 1981) and observed in the field by Meijer et al. (2018)). Thus, 
adding calculated peak root reinforcements (for example calculated 
using the WWM, FBM) to peak soil strength may lead to substantial 
overestimation of the shear strength of root-reinforced soil which is 
unconservative in stability analyses at the ultimate limit state. A better 
and more conservative practice would be to add cr,u to the residual soil 
strength instead. Models that can calculate root reinforcement as a 
function of shear displacement, such as the newly developed DRAM, are 
able to address this inconsistency as they can provide predictions for the 
‘actual reinforcement’ instead that can be added to soil stress- 
deformation curves. Since such models can be validated against full 
displacement versus reinforcement traces, rather than the ‘apparent’ 
peak reinforcements only, there can be greater confidence that they will 
yield reliable predictions and better capture the complicated interaction 
between soil and root. 

The direct shear experiments used to validate the DRAM had a 
number of limitations. Test were performed on relatively young and thin 
roots (dr ≤ 3.2 mm). The DRAM, similar to many of the other models 
discussed, assumes roots can only sustain tensile forces, making it 
potentially less suitable for thicker roots with significant resistances to 
bending. To model the effect of bending and/or branching in thicker 
roots, such as may be present in large tree root architectures, different 
and more sophisticated models are required (e.g. Wu et al., 1988; Meijer 
et al., 2019a; Meijer et al., 2019b). 

The experiments used to validate the DRAM used plants grown in 
relatively slender cores, causing roots to cross the shear zone more or 
less perpendicularly. The root orientation part of the DRAM could 
therefore not be validated. While this part of the model is a logical 
geometrical extension, further validation is required using samples with 
more widely varying root orientations. Previous work has shown that 
roots orientations may have a significant effect of the mobilisation and 
magnitude of reinforcement (Gray and Ohashi, 1983; Jewell and Wroth, 
1987; Fan and Chen, 2010; Thomas and Pollen-Bankhead, 2010). 

The potential increase in shear zone thickness with increasing de-
formations was difficult to validate. While this is likely to occur during 
landsliding conditions, it is difficult to study this mechanism using a 
shear box because of the discontinuous displacement boundary condi-
tions applied. Indeed, previous studies of fibre-reinforced soils found 
that the size of the shear box may affect the shear zone thickness 

Fig. 10. Evolution of shear zone thickness h in model predictions for direct shear tests performed by Bull et al. (2020), using different values for the assumed initial 
shear zone thickness h0. All curves for the case h0 = 30 mm overlap (dashed lines), and so do curves for Gorse replicates I and K in the case of h0 = 2 mm (solid lines). 
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Fig. 11. Measured (dark green, solid line) and predicted (dashed and dash-dotted lines) direct shear displacement–shear stress traces for tests performed by Liang 
et al. (2017). Predictions are made using different assumptions of the initial shear zone thickness h0. Grey shaded areas indicate the average fallow behaviour at each 
shear plane depth. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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(Shewbridge and Sitar, 1989). Both the model simulations described 
here, showing the effect of shear zone thickness on the mobilisation of 
root reinforcement, as well as previous experimental observations of 
shear zone thickness in rooted direct shear tests demonstrate the 

importance of understanding this interaction, which so far has been 
overlooked in the literature. While this part of the model can easily be 
switched off by specifying a constant shear zone thickness 
(h = h0 = hmax), similar to Waldron (1977) and Waldron and Dakessian 

Fig. 12. Predicted shear zone thickness as function of shear displacement for tests performed by Liang et al. (2017), using different values for the assumed initial 
shear zone thickness h0. Note that many curves for the case h0 = 30 (dashed lines) mm overlap, as do some curves for h0 = 2 mm (solid lines). 

Fig. 13. Predicted average percentages of the initial root area ratio that remains intact as function of shear displacement. The percentage of intact roots is further 
subdivided between different types of root behaviour. h0 = 2 and h0 = 30 mm was assumed for tests by Bull et al. (2020) and Liang et al. (2017), respectively. 
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(1981), future work should investigate this interaction between the 
presence of roots and the soil failure mechanism more closely. 

Bull et al. (2020) observed a preferential growth of root material 
near the sides of the core, where the shear zone thickness was much 
smaller (h ≈ 2 mm) than in the centre of the core (h ≈ 30mm). This 
explains why the model assuming an initial shear zone thickness of 
h0 = 2 mm performed best. In contrast, Liang et al. (2017) used both 
larger cores and cut all roots growing adjacent to the core side with a 
scalpel blade before commencing shear testing, which may explain why 

in most tests assuming a thicker initial shear zone produced better 
predictions. 

The DRAM only requires input parameters that are physically 
meaningful and measurable. Root biomechanical properties can be 
measured using uniaxial tensile testing (e.g. Loades et al., 2013), root 
volume fractions and diameters can be measured from obtaining soil 
cores (Genet et al., 2008) or trench wall methods (Moos et al., 2016), 
while root lengths may be measured on excavated roots or estimated 
based on root diameters (e.g. Giadrossich et al., 2013). The most 

Fig. 14. Example experimental and model shear displacement versus root reinforcement traces. Solid lines indicate the experimentally measured shear stress in the 
rooted soil. h0 = 2 and h0 = 30 mm was assumed for tests by Bull et al. (2020) and Liang et al. (2017) respectively. 

Fig. 15. Differences between predicted (models) and 
measured (experiments) root reinforcement, as a 
function of direct shear displacement us. Means and 
standard deviations for |Δcr|,max and |Δcr|,avg are 
shown using annotations. Thin grey lines indicate in-
dividual test results. Thick red lines indicate the 
average difference across all tests. h0 = 2 and 
h0 = 30 mm was assumed for tests by Bull et al. 
(2020) and Liang et al. (2017) respectively. (For 
interpretation of the references to color in this figure 
legend, the reader is referred to the web version of 
this article.)   
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challenging input parameters to determine are (a) the spatial orienta-
tions of roots (α0, β0), which may be measured experimentally, for 
example using pinboards (Smit et al., 2000), or estimated using root 
architecture models (e.g. ‘OpenSimRoot’, Postma et al., 2017), and (b) 
the root–soil interface friction (τi), which may be estimated using pull- 
out testing (Schwarz et al., 2011) or geotechnical piling methods (e.g. 
Meijer et al., 2019a). The newly developed model can be used to study 
the effect of each of these root, soil and root–soil interface parameters on 
the magnitude and progressive mobilisation of root reinforcement 
independently, and thus provides a useful framework for future 
research. 

The DRAM uses many of the same parameters used in existing 
displacement-driven models such as Waldron and Dakessian (1981) or 
the RBMw, see Table 5. In fact, when all roots are assumed linear elastic 
and initially perpendicular to the shear plane (β0 = 0∘), Weibull 

probability of root failure is not taken into account (i.e. κ = ∞) and the 
shear zone thickness remains constant (i.e. h = h0 = hmax), the DRAM 
almost fully collapses to the original model by Waldron and Dakessian 
(1981). The only new parameters in the DRAM are the initial root ori-
entations and, in case root elasto-plasticity is considered, a more accu-
rate description of the root tensile elasto-plastic behaviour which could 
be obtained from the tensile tests conducted to measure root strength. 
This compatibility with existing approaches makes it a suitable and 
practical alternative to existing methods for use in slope stability 
assessment methods. 

6. Conclusions  

• A new analytical model (‘DRAM‘) for calculating mechanical root 
reinforcement as a function of soil direct shear displacement was 
developed; 

• The model incorporates the effects of root geometry (3-D root ori-
entations, root diameters, root lengths), root biomechanics (elasto- 
plastic tensile stress–strain behaviour), failure dynamics (root 
breakage and/or slippage) and the effect of the surrounding soil 
(soil–root interface friction, shear zone thickness). The model closely 
follows the underlying physics of root strength mobilisation;  

• The model showed good comparison with shear stress–displacement 
data measured in direct shear tests on for rooted soils. It matched 
both the magnitude and gradual mobilisation of root reinforcement, 
as well as the significant ‘residual’ root reinforcement at large de-
formations associated with slipping roots;  

• The DRAM provided better predictions of experimentally measured 
direct shear displacement versus root reinforcement traces compared 
to existing displacement-driven reinforcement models. While the 
model by Waldron and Dakessian (1981) provided reasonable pre-
dictions, models that did not include root slippage such at the Root 
Bundle Model (RBMw) or the original model by Waldron (1977) 
yielded less accurate predictions.  

• This newly developed model will be a useful tool for providing 
further insight into the key parameters controlling the gradual 
mobilisation of root reinforcement. Its ability to both provide accu-
rate predictions for root reinforcement and the associated displace-
ments required to mobilise reinforcements make it useful for both 
ultimate limit state and serviceability limit state problems. 
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List of symbols 

All parameters in this manuscript, unless otherwise specified, are 
expressed in generic dimensions: [F] for units of force, [L] for units of 
length/diameter, [∘] for units of angles and [− ] for dimenionsless pa-
rameters. This allows the reader to use their own preferred set of units in 
each equation.  

• α: Azimuth angle of displaced root orientation [∘]  
• α0: Azimuth angle of undisplaced root orientation [∘]  
• β: Elevation angle of displaced root orientation [∘]  
• β0: Elevation angle of displaced root orientation [∘]  
• βF: Fibre bundle model load sharing parameter [− ]  
• Δx*: Normalised root displacement in the RBMw by Schwarz et al. 

(2013) [LL− 1]  
• εr: Root tensile strain [LL− 1]  
• εr,u: Root tensile strain at root failure [LL− 1]  
• εr,u,0: Root tensile strain at root failure in a root with diameter 

dr = dr,0 [LL− 1]  
• εr,y: Root tensile strain at yielding [LL− 1]  
• ζ: Intermediate parameter in root stress calculations: ζ = tr,y(E− 1

r,p −

E− 1
r,e ) [− ]  

• κ: Weibull shape parameter in RBMw model [− ]  
• κt: Weibull shape parameter for (normalised) root tensile strength 

distribution [− ]  
• λ: Weibull scale parameter [FL− 2]  
• λ*: Weibull scale parameter in the original formulation of RBMw by 

Schwarz et al. (2013) [− ]  

• ξ0: scalar coefficient for constant terms in equation  
• ξ1: scalar coefficient for linear terms in equation  
• ξ2: scalar coefficient for quadratic terms in equation  
• ξ3: scalar coefficient for cubic terms in equation  
• ξx: Change in root x-coordinate across the shear zone [L]  
• ξy: Change in root y-coordinate across the shear zone [L]  
• σ′

n: Normal effective soil stress acting on the shear plane [FL− 2]  
• τi: Root–soil interface shear resistance [FL− 2]  
• τs,u: Soil shear strength [FL− 2]  
• τs,r: Shear stress applied by roots on soil (just) outside the shear zone 

[FL− 2]  
• ϕ′: Soil angle of internal friction [∘]  
• ϕr: Root area ratio [L2L− 2]  
• Ar: Root cross-sectional area [L2]  
• Cr: Root circumference [L]  
• c′: Soil (apparent) cohesion [FL− 2]  
• cr: (Current) root reinforcement [FL− 2]  
• cr,u: Peak root reinforcement [FL− 2]  
• dr: Root diameter [L]  
• dr,0: Reference diameter [L]  
• Er,e: Root elastic stiffness [FL− 2]  
• Er,p: Root plastic stiffness [FL− 2]  
• F: Root tensile force [F]  
• fb: Root breakage parameter [− ]  
• h: (Current) soil shear zone thickness [L]  
• h0: Initial soil shear zone thickness [L]  
• hmax: Maximum soil shear zone thickness [L]  
• k′: Wu/Waldron coefficient [− ]  
• k′′: Sequential mobilisation reduction factor [− ]  
• Le: Length of section of root experiencing elastic stresses [L]  
• Lp: Length of section of root experiencing plastic stresses [L]  
• Lr: Root length [L]  
• Ls: Length of root section currently within the shear zone [L]  
• s: Coordinate along root axis [L]  
• tr: Root tensile stress [FL− 2]  
• tr,u: Root tensile strength [FL− 2]  
• tr,u,0: Root tensile strength in a root with diameter dr = dr,0 [FL− 2]  
• tr,y: Root tensile stress at yielding [FL− 2]  
• tr,a: Tensile stress in middle of anchored root [FL− 2]  
• tr,s: Tensile stress in middle of slipping root [FL− 2]  
• ur: Root elongation [L]  
• us: Soil direct shear displacement [L] 

Table 5 
Input parameters required to calculate the root-reinforced soil strength under direct shear loading conditions, using different reinforcement models.  

Group Parameter 

Displacement-driven models Peak reinforcement 
models 

DRAM Waldron (1977) Waldron and Dakessian (1981) RBMw WWM FBM 

Root geometry 

Root diameters (dr) ✓ ✓ ✓ ✓ ✓ ✓ 
Root quantities/root area ratio (ϕr) ✓ ✓ ✓ ✓ ✓ ✓ 
Root lengths (Lr) ✓  ✓ ✓   
Initial root orientations (α0, β0) ✓      

Root biomechanics 
Root tensile stiffness (Er) ✓a ✓b ✓b ✓b   

Root tensile strength (tr,u) ✓ ✓ ✓ ✓c ✓ ✓ 
Root breakage probability – Weibull (κ) ✓   ✓   

Soil properties 

Soil shear strength (τs,u, or c′, ϕ′ and σ′

n) ✓ ✓ ✓ ✓ ✓ ✓ 
Shear zone thickness (h or h0) ✓ ✓ ✓    
Root–soil interface resistance (τi) ✓ ✓ ✓    
Shear displacement–root elongation relation (us ~ ur)    ✓d   

Other parameters 
WWM multiplication factor (k′) e e e ✓d ✓ ✓ 
Load sharing parameter (βF)      ✓  

a Linear elastic or linear elasto-plastic root behaviour. 
b Linear elastic root behaviour only. 
c Related to chosen Weibull scale parameter λ*. 
d Not commonly used, but may be required to covert the RBMw to direct shear conditions. 
e k′ is not a required input parameter, but is calculated instead using the direct shear displacement us, shear zone thickness h, soil friction angle ϕ′ and the initial root 

orientations. 
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