






































Table of Petrov Types

Partition Petrov type Form of ¥ ,zcp
[1111] I Y apcp = aaBrYcdp)
[211] II Uapcp = auasfctp)
[22] D Uapcp = aaasBePpy
[31] III Uapcp = uasacPp)
4] N Vapcep = Qaaplcap)
— 0 Vapep =0

The increasing algebraic specialisation as one goes down this table of Petrov

types may be set out in the following diagram :

Penrose Diagram

/N
JAVAN

The arrow points in the direction of increasing specialisation. Type I is some-

times referred to as algebraically general, the other types as algebraically spe-

cial.

This all seems very nice but rather abstract. How do we determine the
Petrov type in practice? A well known result from the theory of spinors is that
the contraction of two spinors is zero if and only if they are proportional. Thus

if we denote an arbitrary spinor by (4, then it is proportional to a principal
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spinor if and only if
\I;ABCDCACBCCCD =0 (2-4)
or
\PABCD5§CE5§CF5§CG5§CH =0

Using the result that £,,£°2 = 6% for a dyad €2, we can write this in terms of

dyad components as

\I’ABcpfaEfaACEbeﬁbBCchafcccade{:dD CH =0

\padeCaCchCd — 0

\PabchaCchCd =0 (250)
Writing (2.5a) out in full it becomes
Wo(¢°)* + 40 (C7)°Ch + 6W2(¢)* ()" + 4Ws*(CT) + Wa(¢)* =0 (2.50)

where

Uy = Woogo
U, = Yoo
Wy = oo (2.6)
Uy = Wy
U, =V

are the Newman-Penrose scalars. Note that we have used the total symmetry

of W pep to deduce the total symmetry of W,;., and hence obtain relations
like Woo0; = Wooro €.t.c.. Assuming (' # 0 then dividing (2.5b) by (¢!)* and

letting (°/{' = z one obtains the equation

\II()Z4 + 4\11123 + 6\11332 + 4\1132 + \1}4 =0 (27)
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Distinct roots of this equation represent distinct ratios (°/¢* and hence distinct
(i.e. non-proportional) spinors satisfying (2.4). Thus the multiplicities of the
roots of (2.7) gives the multiplicities of the principal null directions of the Weyl
spinor. If it happens that ¥, = 0, then (2.7) will not be quartic, but the above
analysis can still be performed by defining the roots above the order of the

equation to be oco.

In order to determine the multiplicities of the roots of (2.7) we need to
study the theory of quartic equations [15]. We now summarise the results

obtained. Defining :

I=T,0, — 40,0, + 30,7

U, U, U,
J=|0, U, U,

U, Uy U,
G =V U, —30,0,V, +20,° (2.8)
H= Yo

v, U,

Z =01 —12H?
D=1-21J°

we have the conditions (iff = ‘if and only if’)

C1 : D # 0 iff 4 distinct roots.

C2 : I = J = 0iff at least 3 equal roots.

C3 : G=H =1 = 0iff 4 equal roots.

C4 : G = Z = 0 iff 2 pairs of equal roots (not necessarily distinct).

Using this information the Petrov type can be determined as follows :

Type 0 : Iff ¥,... ¥, are all zero.
Type I : Iff C1.
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Type IT : Iff not C1 and not C2 and not C4.
Type III : Iff C2 but not C3.

Type N : Iff C3.

Type D : Iff C4 but not C3.

d’Inverno and Russell-Clark [16] applied this logic directly in producing
their algorithm for determining Petrov type from the Ws. Their algorithm is

represented in the following flow-diagram :

Algorithm for Determining Petrov Type from the Us

\IIO) \IJI) \I;2a \1137 \Il‘i

NV
0
Al D=0
\ YEs
NO
I=J=0
% Y YES
G=72=0 G=H=0
ho YEs No VES
\'Z Vv v Vv v
Typel Type 11 Type D Type 111 Type N

In the case where (' = 0 we instead divide (2.5b) by ({°)*, where we know
that (° # 0 (or else we would have (4 = 0). In this case instead of (2.7) we
obtain

\11424 -+ 4\11323 + 6@222 -+ 4\1112 -+ \Ilo =0 (29)

where we now have z = (1/(°. Thus if we interchange ¥, with ¥, and ¥, with

U, in the definitions (2.8) then the algorithm proceeds as before. However,
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given only the set of ¥s how does one know which definitions (2.8) to use in
the algorithm. The answer is that it does not matter. If one makes the sub-
stitution z = 1/y in (2.7) and then multiplies through by y*, then a quartic in
y is obtained with the coefficients reversed. Since there is a 1 — 1 correspon-
dence between z and y we conclude that using the reversed coeflicients in the

algorithm will give exactly the same result for the multiplicities of the roots.

Note that in the case where ¥y = ¥, = 0, although the above algorithm

can be used, d’Inverno and Russell-Clark present a much simplified algorithm.
§3. Advanced Algorithms

Although the logic of the d’Inverno and Russell-Clark algorithm is very
clear, what is really required is an algorithm that minimises the amount of
computation required to calculate the Petrov type. The general strategy be-
hind these more complex algorithms is to delay the calculation of quantities
of high order in the Ws (for example D which is sixth order) until as late as
possible, with the expectation that lower order quantities may determine the
Petrov type earlier in the algorithm. It will be noted that the d’Inverno and
Russell-Clark algorithm starts by calculating D. Here we shall present an al-
gorithm due to F.W. Letniowski and R.G. McLenaghan [7]. The mathematics
of this algorithm is largely the same as an earlier one due to Aman et al [8], but
the presentation is much clearer. The Aman et al algorithm (with some minor
corrections) is the one used by CLASSI and is compared to the Letniowski

and McLenaghan algorithm in detail in [7].

The Letniowski and McLenaghan algorithm considers the thirty two differ-
ent possible permutations of zero/non-zero ¥;, ¢ = 0,1, 2, 3,4, assigns to each
permutation a number n ranging from 0 to 31 and then analyses the Petrov
type for each n. Let us introduce the symbol r; where

r;=0 ifY; =0
ri=1 ity £0
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Then n is defined by the equation

n = [(ror1raTsTa)base 2)base 10 (2.10)

For example, if we have

\Il()#(), l111:0, \II2¢0, \1}3:0, \II4:0 (2.11)
then
n= [(10100)17&56 Z]base 10 = 20 (212)

We introduce a shorthand whereby a non-zero V; is denoted by the letter
N. Thus the permutation of ¥; in (2.11) would be denoted by NON00. The

following table shows how Petrov type is analysed in terms of the number n :
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Table of Petrov Type Analysis by the Number n

Yo, W, 00, | n Analysis
N=non-zero
00000 0 type 0 by definition
0000N 1 type N, all four roots are co
000NO 2 type 111, 3 roots oo, 1 root 0
000NN 3 type 111, 3 roots co, 1 root = —W,/4¥,
00NOO 4 type D, 2 roots oo, 2 roots 0
O0NON 5 type I, 2 roots oo, others &(—V,/6W,)!/?
O0NNO 6 type 11, 2 roots oo, 1 root 0, 1 root —2W;/3W,
OONNN 7 2 roots co, other 2 roots are equal iff the
discriminant of the quadratic is 0
Thus if 20,2 — 3¥,¥, = 0 then type D, else type II
ON00O 8 type 111, 1 root oo, 3 roots 0
ONOON 9 1 root oo, 4¥,2% — ¥, = 0 has 3 distinct roots
= typel
ONONO 10 type I, 1 root oo, 1 root 0, others £(~W;/¥,)!/?
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\Iloqll\pz\pg\p‘; n AnaIYSiS
N=non-zero
ONONN 11 G=2¥72#0 = not typeD or N
I =—49,¥; # 0 = not type III
D=0 270,20, + 6402 = 0 & type II
else type 1
ONNOO 12 same analysis as 6 with coefficients in reverse order
ONNON 13 G =2V 3 #0= not type D or N
I =3V¥,2#0 = not type III
D=0& Y20, +2¥2=0% typell
else type |
ONNNO 14 1 root oo, 1 root 0
the other 2 roots are equal iff the discriminant
of the quadratic is 0
Thus if 9%, — 16W,¥; = 0 then type 11, else type 1
ONNNN 15 special case 1 (see later)
N000O 16 all 4 roots are 0, type N
NOOON 17 Uoz* + ¥, = 0 has 4 distinct roots = type |
NOONO 18 same analysis as 9 with coefficients in reverse order
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\DO\III\IIQ\P3\D4 n AnalySiS
N=non-zero
NOONN 19 G =V,2¥; # 0= not typeD or N
I=9,V¥, #0 = not type III
D=0& P03 -27T0,* =0« typell
else type 1
NONOO 20 same analysis as 5 with coeflicients in reverse order
NONON 21 results in a quadratic in z?, each root of the
quadratic gives 2 distinct roots of the quartic
= if the discriminant of the quadratic is 0
then type D, else type I
e 9¥,2 — ¥, 0, =0 & type D, else type |
NONNO 22 same analysis as 13 with coefficients in reverse order
NONNN 23 special case 2 (see later)
NNO00O 24 same analysis as 3 with coefficients in reverse order
NNOON 25 same analysis as 19 with coefficients in reverse order
NNONO 26 same analysis as 11 with coeflicients in reverse order
NNONN 27 special case 3 (see later)
NNNO0O0 28 same analysis as 7 with coeflicients in reverse order
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U, v, V0, n Analysis

N=non-zero
NNNON 29 same analysis as 23 with coefficients in reverse order
NNNNO 30 same analysis as 15 with coefficients in reverse order
NNNNN special case 4 (see later)

{31
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Special Case 1 n = 15 or 30 (with coeflicients reversed)

In this case the quartic reduces to the cubic equation
40,23 + 6W,22 + 4032+ U, =0
The quantity I reduces to
I=307 40,7,
The quantity J reduces to
J =920, +20,0,¥; - ¥.,°
If one defines F o= 20,0, — 30,0,

F, = 9V,¥, — 8V.°

then the discriminant D is given by
D=-D/V?=3F?4+2IF,
It is important to note that I, Fy and F, are not independent since
U Fy 43U, F, — 20,1 =0
= it is not possible to have exactly 2 of I, F} and F), zero.

The algorithm for this case is given in figure 1.
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Figure 1. Algorithm for Special Case 1

One root is oo but the other three are finite = not type D or N
If I =0 then 3J = U, F, hence if F; =0 then [ = J =0 = type III
else D = 3F,2 40 = type |
else I # 0 = not type I11
if F; =0 then Fy #0= D =2IF, # 0 =typel
if F, =0then F} # 0= D =3F,%># 0 = typel
if D (=3F,2+2IF,) =0= typell
else D 0 = type I
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Special Case 2 n = 23 or 29 (with coefficients reversed)

In this case the quartic reduces to the equation
Uizt 4+ 6We22 +4Us2+ U, =0
The quantity I reduces to
I=%,9,+3¥,”

If I =0 then
3J/U, = 40,0, — 30, = J

If one defines Fs = UyJ — 2U,] then the discriminant D satisfies the relation

D=D/U,=0,I*—3JF,

The algorithm for this case is given in figure 2.
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Figure 2. Algorithm for Special Case 2

G reduces to ¥,2¥; # 0 = not type N or D
fI=0thenif J=0=1=J=0= typelll
else D = —3W,J? £ 0 = type |

else I # 0 = not type III

if J=0then D= W, 1%+ 0= typel

if F3 =0 then D = U,J2 0 = type ]

if D (= U,I2 —3JF;) = 0= type 11

else D # 0 = type I
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Special Case 3 n =27

In this case the quartic reduces to the equation
\1}024 + 4\11123 + 4\1132 + \1}4 =0

We have
I - \1}0‘1;4 - 4q}11113

J=—0,0.7 — 0’0,
G - \I}OZ\IJB + 2\1113

Z - \POS\I}4 - 4\1102\111\113 - 12\1114

Let us define
U= WO\IJAI + 2\111\113

V=0,0,2 - U2,

W = 0,0, — 16,7,
If G =0 then
U,7 = —20,°U (2.13)

If U = 0 then
0,6 = —20,V (2.14)

For type D we have the condition
G=7=0

But from (2.13) G =0and Z=0=U =0
From (2.14) U =0and G=0=V =0
SoG=Z=0=U=V=0

Also from (2.14) if U =0and V=0= G =0
From (2.13)if U=0and G=0= Z =0

Therefore, overall
Type D & G=Z=0U=V=0
The discriminant D reduces to
D=DP -21] =WU? - 27V?
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If one examines the algebraic form of I, U and W one finds that at most 1
of them can be zero. Similarly, the algebraic forms of J and V shows that at

most 1 of them can be zero.

The algorithm for this case is given in figure 3.
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Figure 3. Algorithm for Special Case 3

H =-¥.?+# 0= not type N
HV=0thenif U=0=G=72=0= typeD
elseif W=0=D=0= typell
else D = WU? #£ 0 = type |
else if I = 0 then if J = 0 = type 111
else D = —27J% £ 0 = type 1
elseif J =0 then D = I3 # 0 = type |
else if D (= I° - 27J%) =0 = type Il
else D # 0 = type |
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Special Case 4 n =31

In this case, all the coefficients ¥; are non-zero. Therefore, we have the full

quartic

Uoz + 40,22 4+ 60,22 +4W,2 + U, =0 (2.15)

or equivalently for ¢ = ¥z + U,
z* +6Hz* +4Gx + V2T —3H* =0 (2.16)

This new equivalent form is useful when considering the case H # 0 and G = 0,
as it then has coefficients 1,0, H,0,W *I — 3H?. Then, if ¥ *I —3H? =0, we
have the case NONOO which, from the table, is found to be type Il. Otherwise,
we have the case NONON, which is type D if ¥ 2] — 12H? = 0 or type I

otherwise.

The quantities defined below are used in the following analysis
H=9,¥, -9
F=9W; - 0,7,

A=0,0, -0
E=9,9, — \1122
Then we obtain
I=F —4A

G =V, F -2V, H

J=V,H - U3 F + ¥, A
Note that A, F' and H are dependent since
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Type N Determination
The quartic (2.15) is of type N iff there exists ‘a’ such that it can be written
Uo(z — a)* = Uy2* — 40,02’ + 6Wea’2” — 4¥oa’z + Yoa* =0 (2.18)

Then by equating the coefficients of (2.15) and (2.18) and performing a little
algebra it can be shown that we have type N iff

H=F=E=0 (2.19)

The algorithm for this case is given in figure 4.
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Figure 4. Algorithm for Special Case 4

If H=0by (2.17) = VA= U, F
thenif F=0= A=0=J =0 thenif £F=0= typeN
else | = K # 0= typel
else F#£0# A, G =Y, F #£0=nottypeDorNand ¥;J = —AF #£ 0
= not type I1I
if E=0then U 3D = W, FA*(370,2 + 27V, VU3)
if 370,24+ 270, U5 = 0 then D =0 = type II
else D # 0 = typel
else if I = 0 then since J #0 = D # 0 = typel
else if D = 0 then type II
else type I
else H#£0
if I =0 thenif J =0 = typelll
else D = —27J2 #£ 0 = type |
else if G =0 then if Z =0 = type D
else if ¥ 2/ —3H* =0 = typell
else type I
else if J =0 then D = I? #£0 = typel
else if D = 0 then type 11
else type [
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The complete algorithm is presented in the following series of flow charts.
The quantity appearing in a diamond shaped box is compared to 0 — the
right direction from the box indicates that the test was false, the downward

direction that it was true.
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3
The Equivalence Problem

§1. Introduction

In this chapter the equivalence problem and its solution are discussed in
detail as it is felt that an in depth understanding of this work is vital for a
proper understanding of all subsequent work. The account given here closely
follows a review by Karlhede [9], but concentrates on explaining as clearly as
possible the various subtleties that arise. In this way it is hoped that the
reader may be offered a short cut to a clear understanding of the problem,

which for the author took a considerable amount of study.

We are given two metric tensor fields ¢ and § on manifolds M and M

where
g=1n; W Q@ (3.1)
g=n; 0 @ (3.2)
(note that each manifold has the same constant frame metric 7;;)
Then regions U and U on M and M respectively are said to be equivalent if

and only if there exists a point-wise identification between points P in U and

P in U such that
9p = 9s (33)
(g, denotes the tensor at the point P)
If we express g, and §; in terms of coordinates as
9p = gudz¥da” (3.4)
95 = Gupdz*dz” (3.5)

where z# and #* are local coordinates in U and U respectively, and then express

dZ* in terms of dz* as

dz’ (3.6)



we see that the condition g, = g5 gives

0z* 0&°

_ oz" or” 3.7
gl“’ ax# al‘” gPU ( )

It is important to note that the investigation is for regions U and U with
local coordinates z# and Z* and, therefore, determines whether the spaces are
locally equivalent. As an example our investigation would find a plane and a

cone to be equivalent because locally their geometries are the same.
§2. Preliminary Discussion of the Problem

Referring to (3.1) and (3.2) we see that if

then g, = §;. However, there exists a group of linear transformations of the

1-forms w*
o = b W (3.9)

J

which leave the frame metric invariant :
b iy = Tan (3.10)

Then it is easily seen that these transformations &, also leave the metric, g,

invariant _ _
g=1n; & Qw

=n; b0, W QY W
= Npn W™ Q W"
=4g
So we see that it is not necessary for the 1-forms to be equal to make the
metrics equal, but only for them to be equal up to the transformations &',.

The transformations &'; form a group G which has a continuous subgroup of

rotations of dimension n(n — 1)/2 where n is the dimension of M, together
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with a finite number of discrete transformations. In the case of n = 4 and n;;
the Lorentz metric, i.e. general relativity, then G is the six dimensional ho-
mogeneous Lorentz group, the continuous subgroup of rotations is the proper
Lorentz group (£1) and the discrete transformations are space and time in-

versions. The analysis above enables us to state the following lemma :

Lemma 3.1a

Two geometries are equivalent if, and only if, there exists a point-wise iden-
tification P = P of P € U and P € U and a transformation b'; leaving n;;

invariant, such that

= b, )
Let wi(z#,e*,m) denote the basis of 1-forms at point P on the manifold
with coordinate z#, with direction €4 and m. z* are local coordinates in U,

€A

are the n(n — 1)/2 parameters of the rotational subgroup of G and m are
the discrete parameters in G. So one obtains all possible 1-forms at a point
with frame metric n;; by varying ¢* and m. In this language we can state the

content of lemma (3.1a) as follows :
Lemma 3.1b

Two geometries are equivalent if, and only if, there is a correspondence

i = i*(z") (3.11)
& = (P, ") (3.12)
m = m(m) (3.13)
which gives
OF(E Y, W) = Wk, et m) (3.14)

A word about the m dependence — as stated before the number of discrete
transformations in G is finite, so we can handle the m dependence by fixing

m and investigating the existence of a solution for each value of  in turn.
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More generally we could have the relation
i* = 3*(z", ) (3.15)

giving (3.14). However, for equivalence as we have defined it we need an
identification of P in U and P in U realising g, = g5, where g, and §; are
independent of the choice of tetrad (because the tetrads are generated by the
group G which keeps the metric constant). Therefore, the identification of U
and U has to be independent of the choice of tetrad, ruling out a relation like

(3.15).

So we see that our investigation of the equivalence problem has reduced
to the problem of determining the necessary and sufficient conditions for a
solution of (3.14) to exist. In the next section we analyse a similar but simpler

situation and then use our results to solve the real problem in §4.
§3. Analysis of the Simpler Problem
Statement of Simpler Problem :

Given two systems of n linearly independent 1-forms w' and &*, defined on re-
gions U and U with local coordinates z* and Z* respectively (i,p=1,2,...n)
when does there exist an identification of U and U, given by the relation

&# = g#(z), realising &' = w'?

This is a similar problem to the one which we have but it is simpler because
we are only considering a point-wise identification of the regions U and U to

match up the 1-forms, not a rotation/discrete transformation as well.

Solution :
Take the exterior derivative of w* and &°.

dwi = -;-c'l;h wk AN wh C;.ch = —c;k (3.16a)
do' =18, P A &y = —&, (3.16b)
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where ¢, = ¢, (z#), &n = Ea(3*).

A) Let us first consider the special case where there are n functionally inde-

pendent functions among ¢}, (and &,).

Note : n functions fy, fs,... f, are said to be functionally independent if and
only if the vectors dfy,dfs,...df, are linearly independent. The number of
functionally independent components among the f; is equal to the number of

linearly independent vectors among the df;.

Ai) To establish the necessary conditions for w' = &' in this special case let

us assume w' = @' as our starting point and see what deductions arise from

this.

If w* = & then dw' = d&', so from equations (3.16)

&n = Chn (3.17)

Further differentiation gives
ey, = oy @' (3.18a)
A&y = Gy &' (3.18b)

These derivatives must be equal from (3.17) so we obtain
achll = C2h|1 (3.19)

So we see that a necessary condition for w* = &* is for (3.17) and (3.19) to be

compatible as equations relating z* and z#. If we continued the differentiation

dcin = Conpmw™ (3.20a)

A&y = Epm@™ (3.200)

we would obtain, using the fact that the derivatives must be equal from (3.19),
that

62h|1m = cih“m (3.21)
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However, in this special case we have n functionally independent functions
among the ¢}, (¢,) which is of course the maximum number on an n dimen-
sional manifold, so that the ¢}, (&) must be functionally dependent on the
¢y (&), For (3.19) to be compatible with (3.17) requires this functional de-
pendence to be the same — i.e. the ¢}, must be the same function of the c}, as
the &,; are of the &,. The functional dependence enables us to express all the
higher derivatives ¢}, (€rim)s Cipimn (Cikpmn) €bc. in terms of ¢, (&,) (for
example c},,,, comes from differentiating ¢}, which, because of the functional

dependence, is a function of ¢i,. Therefore, ¢

. . ; ;
*epm 18 @ function of ¢ and ¢y,

but we can substitute for ci,,, using the functional dependence, giving ¢,
as a function of only ¢j;). Thus, assuming the functional dependence is the
same for ¢j;, and &, ,, we see that all untwiddled and twiddled higher deriva-
tives will be the same function of ¢}, and &, respectively. Therefore, we see
that compatibility of (3.17) with (3.19) guarantees compatibility of all higher

derivatives, so that we need not concern ourselves with them.

Aii) In (Ai) we proved that the necessary condition for w' = &' is compat-
ibility of (3.17) and (3.19). We shall now show that compatibility of these
equations is also a sufficient condition by assuming the compatibility as our

starting point and showing this results in w' = &'.

Assuming (3.17) and (3.19) are compatible as relations between #* and

x*, consider the set of equations
dé,), — dci, = (@' —w') =0 (3.22)

This set will contain n linearly independent equations in &' — w' because n
of the ¢, are functionally independent, which means, as stated before, that
n of the vectors dci, are linearly independent. Let us denote the n linearly

independent equations as
@ —w') =0 (3.23)
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where A represents some combination of 4, 5,k in ¢}, and runs from 1 to n. If
we consider this as a matrix equation with ¢ff an n X n matrix then because
of the linear independence of the vectors ¢fj they will form an n X n matrix of
rank n, which will, therefore, have an inverse. This means that set (3.23) has

only the trivial solution &' — w' = 0, which proves our desired result.

To summarise what we have found so far, in the case where there are
n functionally independent functions amongst the ¢, (&,), compatibility of
(3.17) and (3.19) is a necessary and sufficient condition for @' = w'. Note
that because the set (3.17) contains n functionally independent relations it

will yield a unique coordinate relation * = ##(z") giving @' = w'.

B) In (A) above we investigated the special case where n of the ¢}, are func-
tionally independent. We now want to consider the general case where there

are ny < n functionally independent components among the ci,.

Bi) As in case (Ai) we first investigate the necessary conditions for @ = w' by
assuming at the outset this holds and investigating what consequences ensue.

We proceed exactly as in (Ai) and, therefore, generate the set of equations

i
Ceh = Cpn
i _ i
Ckall, = Crayy
= . (3.24)
~i i
Chhfiydppr = Crmlly . dpps

In case (Ai) it will be remembered that compatibility of the Oth and 1st
derivatives guaranteed compatibility of all others so that we could stop at

this stage, this being a result of the reasoning following (3.21). Using exactly
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the same reasoning again we see that set (3.24) need continue only to the
(p + 1)th derivative, which is the first derivative functionally dependent on
lower derivatives. Therefore, we have established the result that compatibility

of set (3.24) is a necessary condition for ' = &'.

Bii) We now want to determine the sufficient conditions, so once again we

start by assuming that the set (3.24) are compatible.

Biia) First consider the case where the total number of independent compo-
nents produced by going to the pth derivative is n. We again form the set of
equations

&, — dcky, = (@ —w') = 0 (3.25a)

but because our n functionally independent components are now scattered

among the first p derivatives, we obtain relations linearly independent of set

(3.25a) from the set

i i g ~m my _
dckhll - dckh]l = Ckhllm(w -w™)=0

- . (3.25b)

~i i _ ~m my _
dckh[llu,l,, - dckhlh...l,, = Ckh]ll.ul,,m(w —w") =0

Together (3.25a) and (3.25b) will contain n linearly independent equations for
@' —w' produced by differentiating the n functionally independent components
among the ¢, and its first p derivatives. Therefore, just as in case (Aii), they
give as the only solution the trivial solution &' —w' = 0. So for the case where
continued differentiation does finally produce n functionally independent com-
ponents we have the result that compatibility of the set (3.24) is a necessary

and sufficient condition for &* = w?.

Biib) Now consider the case where continued differentiation never produces n

functionally independent components. We can once again form the set (3.25),
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but the problem is that among the set there will only be & < n linearly
independent equations for the n unknown &' — *, where k is the number of
functionally independent components among the ¢}, and its first p derivatives.
Thus, the best that one will be able to do with the set (3.25) is to use it to
express k of the &' — w' as linear combinations of the other n — k. So with a

suitable numbering we obtain
Ot — w? = bA(0% — w®) (3.26)

where A, B etc. run from n — k+ 1 to n (i.e. k of them), and «a, 8 etc. run

from 1 to n — k (i.e. n — k of them).

So we have got to the stage where if we can just prove that compatibility
of set (3.24) makes the (n — k) &@* —w* zero, then we automatically have from

(3.26) that & — w* = 0 for 7 running from 1 to n. The argument will run in

two stages :

1) For @ —w®* = 0 it will turn out that a system of first order partial differential

equations needs to be integrable. A proof by Cartan shows this to be the case.

2) It will then be necessary to show that the coordinate relation obtained from
the system of first order partial differential equations is compatible with the
one obtained from our starting point, the set (3.24). This will also turn out

to be the case.

The final conclusion will be, therefore, that compatibility of set (3.24) is a
necessary and sufficient condition for there to exist an identification of U and
U giving & = w' with 7 = 1,...,n. The arguments involved in stages (1) and
(2) above are fairly involved and are dealt with in appendix A so as not to

interrupt the main flow of ideas.

Let us at least see explicitly how the requirement that ©@* — w® = 0 leads

to a set of first order partial differential equations. In local coordinates we

42



have

0% =ay di* (3.27a)
w* =a; dz* (3.27b)

which gives the n — k equations
O —w* = (sz dz* — GZ dz* =0 (328)

These equations are linearly independent in the di* because &* are linearly
independent, so we have n — k linearly independent equations for n unknown
di#*. Therefore, we can solve for n — k of them as linear combinations of the

other k. With a suitable numbering one obtains
di® = brdz* + 5 di’ (3.29)

where once again A, B etc. run fromn — k+1 to n (i.e. k of them), and «, 8

etc. run from 1 to n — k (i.e. n — k of them).

The integrability of equations (3.29) is discussed in appendix A, where it

is shown that they can be integrated to the coordinate relation
= z2%(z*,3%) (3.30)

and that this coordinate relation is compatible with that emerging from set

(3.24).

We see, therefore, that in general the n relations £# = &#(z*) providing the
identification of U and U giving @ = w* are obtained from the set (3.24) (which
gives k of them) together with the integral relations (3.30) (which gives n — k
of them). The relations (3.30) are not unique but depend on n — k constants
of integration (see appendix A), so there are n — k continuous deformations
of (3.30) which preserve &' = w'. There may alsc be discrete transformations

which are not found in our analysis.
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The entire analysis contained in this section has enabled us to reach the

point where we can state the following theorem :
Theorem 3.1

Given two sets of n linearly independent 1-forms &' and w* defined on U and
U with local coordinates z# and z* respectively, then there exists a coordinate
identification of U/ and U, given by * = &#(z*), giving &' = W' if and only if
the equations (3.24) are compatible. The (p + 1)th derivative is the first one
which is functionally dependent on lower derivatives (including the zeroth), so
p+ 1 < n (see below). The coordinate relations * = ##(z*) depend on n — k
constants of integration, where k is the the number of functionally independent

components in (3.24).

The reason that p + 1 < n can be understood as follows. If the ¢}, are
constants then their derivatives will be zero, so that the differentiation termi-
nates at first order. Thus, in order for the process to continue beyond first
order the ¢, must contain at least one functionally independent component.
Subsequent differentiation must produce at least one new functionally inde-
pendent component at each stage for the process to continue. However, in n
dimensions there are at most n functionally independent components so by the
(n — 1)th derivative all n must have been produced, making the nth derivative

the first to be dependent on lower derivatives.
§4. The Equivalence Theorem

Theorem 3.1 is essentially telling us that the ¢}, ¢}, etc. are the invariants
that must be equal in order to have an identification of the two regions U and
U giving & = w'. The actual identification map would be obtained by finding
the coordinate relation ## = £#(z”) which makes the invariants equal (we call
the ¢, ¢ty etc. invariants in that they are frame dependent but coordinate

invariant). However, the real problem that we have is not as stringent as the
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one we have just solved in that we do not require that &' = w* but only that

they are equal up to transformations ¥'; of the group G.

To tackle this problem let us proceed according to Cartan [2], where the
idea is to keep the rotational freedom of the tetrad. Therefore, the w* depend
not only on the n position coordinates z# but also on the n(n — 1)/2 rotation

parameters €4. In a coordinate basis we have
W' =a(z", ) dz¥ (3.31)

where 7,7, etc. and g, v, etc. Tun from 1 to n, and A, B, etc. run from 1 to

n(n —1)/2.

The connection 1-forms w'; normally give the change in the tetrad between
neighbouring points, but because of our rotational freedom they will now also
contain a part which gives the change at a fixed point due to changes in the

€. So we write w‘j as

W'y = Wiy W (332)
where w(,; are the ‘traditional’ connection 1-forms defined by
dw' = w Awi,y Wiy = —Win (3.33)

where d, stands for the exterior derivative in z* space. If the connection

coefficients I ji are defined as
T, =< o', Vie; > (3.34)

where V,, is the covariant derivative and e; are basis vectors whose dual basis

1-forms are w*, so that < e;,w’ >= &/, then for a symmetric connection
H S pl k
Wy, = I (3.35)

This result (3.35) is derived in appendix B.
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The wi,y; are defined by

dw' =W Al wily = —wl} (3.36)
where d, stands for the exterior derivative in €4 space, and gives the change in
the tetrad at a fixed point due to changes in €4. From equation (3.31) we see
that d,w’ contains only terms like dz* A dz” whereas d.w* contains only terms
like de# A dz*. This implies, using equations (3.33) and (3.36), that in local

coordinates {z*, e*} we have
Wiy = a¥(z", €8)dz* (3.37a)

wéi) = ai(z",€?)de? (3.37b)

By antisymmetry there are n(n—1)/2 different 1-forms wéi) and these must
be linearly independent because they give the n(n —1)/2 parameter rotational
subgroup of the group G which leaves the frame metric 7;; invariant. We
therefore have n(n — 1)/2 + n = n(n + 1)/2 linearly independent 1-forms

{w', w'} spanning the dual tangent space to the {z#, e*} space.

Recall that lemma 3.1b told us that two geometries are equivalent if, and

only if, there is a correspondence

¥ = 3#(2") (3.384a)
&t = (P, a*) (3.38b)

giving
O (3, €)= wi(z*, ) (3.39)

(Remember that we ignore discrete transformations because as there is only a
finite number of them they can be dealt with by keeping m fixed and investi-
gating the existence of a solution for each 72 in turn). From (3.33) and (3.36)
we see that @' = w' implies that ©¥ = w', so that we can say that equivalence

requires a coordinate relation (3.38) giving
Of(3*, &) = Wi (2, e?) (3.40a)
QY (3#,E) = W (2", ) (3.40b)
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If we now consider {z*, €4} as local coordinates on a region U* of a n(n+1)/2
dimensional manifold M* then, because the n(n +1)/2 1-forms w', w* defined
on U* are linearly independent, the problem of determining whether there
exists an identification of U* and U* giving (3.40) is exactly the same problem
as the one tackled in §3, the only thing having changed being the dimension of
the problem, from n to n(n + 1)/2. The identification obtained will be of the
desired form required for the equivalence of regions U and U (i.e. of the form
(3.38)) because & = w' implies @, di* = ai, dz*, which can only be satisfied if
&# = z#(z¥) and not if ## = Z#(z", e*). Therefore, the analysis of §3 provides

the solution of the equivalence problem.

The analysis of §3 led to theorem 3.1 which was essentially obtained by
differentiating the original 1-forms and equating the results. Let us see what

differentiation of our 1-forms w', w¥ gives.
dw' = d,w' + d.w'
= W AWy + 0 Awl, (3.41)
=w" A wik
The derivative of w' is calculated in appendix B. The result is
dw’ = w* Al + LR WP AW (3.42)

where R;;;; are the frame components of the Riemann tensor for the symmetric

connection I",,, given by
Rijk = Lijpe — Dijin + i (T = T70) + T I = Tina I, (3.43)

So following the procedure used in §3, this time using the facts that &' = W'
and @Y = w, we see that the equation &, = ci, obtained from equating d&’

and dw' has the analogue, obtained by equating d&* = dw' and d&" = dw?

Rijii = Riju (3.44)
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Next we differentiate R;;;; (see appendix B)

dRijii = Rnjuw™; + Rimuw™; + Rijmuw™, + Rijemw™; + Rijrimw™ (3.45)
Then equating dRijkI and dRijkI llSiIlg @ = wi, @Y = wY and Rijkl = Rijlcl
gives

Rijeim = Rijiim (3.46)
Differentiating Ri;xi.m gives

dRijkim = Bajrimw"; + Ringimw”; + Rijnimw™,
t Rijinimw” + Rijrinw”,, + Bijrimnw” (3.47)
$0 we obtain
Rijkl;mn = Rijkimn (3.48)

and so on.

So it is seen that we end up with the result that equivalence is governed
by the following theorem, which is essentially the same theorem as theorem
3.1 except applied to the n(n + 1)/2 dimensional space with local coordinates
{z*, €}, where the ¢, ciy;, etc. are replaced by the Riemann tensor and its

covariant derivatives.
Theorem 3.2 — The Theorem of Equivalence

Two regions U and U of two n-dimensional Riemannian manifolds are equiv-
alent if, and only if, the set
Riju = Riju
Rijkl;m = Rijkl;m
= . (3.49)

Rijkl;m,mg.“mp_'_l = Rijkl;mlmg...nz,,+1
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is compatible as equations in ##, z#, €4, e*. The (p+ 1)th derivative is the first
one which is functionally dependent on lower derivatives (including the zeroth),
so p+1 < n(n+1)/2. The coordinate relations expressing z*, é* as functions of
z#*, e* depend on n(n+1)/2—k constants of integration, where k is the number
of functionally independent components among R;jzi, Rijrims---y Rijrim,..m,-
This means there are n(n+1)/2—k continuous deformations of the coordinate
relations which preserve equivalence. There may also be discrete transforma-

tions which preserve equivalence but these are not found in the above analysis.

So we see that the set { Rz, Rijeim,---» Rijetmi m,,, } provides a com-
plete invariant description of the geometry (invariant because the set are frame
components of the Riemann tensor and are, therefore, frame dependent but

coordinate invariant).
§5. How to Investigate Equivalence in Practice

In this section our aim is to use the theorem of equivalence 3.2 in order
to develop a practical procedure for investigating the equivalence of metrics.
We shall first clearly spell out the procedure used, leaving comments on it to

afterwards.
The Procedure :

1) Choose a constant frame metric 7;; for the tetrad.

2) Calculate the tetrad components R;;;; of the Riemann tensor in an arbi-
trary fixed tetrad with metric »;;.

3) Determine Hj, the subgroup of G which leaves the R;;;; invariant. In fact,
this is a straightforward procedure as will be shown in §7. Note that H, may
contain discrete transformations since G does.

4) Determine, up to a transformation in Hy, a standard tetrad by requiring
that R;;;; takes on a special form, called the canonical form. That this can

always be performed for R;;;; and all its derivatives is shown in [17] and it will
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be done explicitly for R;;;; in §7 (in spinor language).

5) Determine ng, the number of functionally independent components among
R;;ui in its canonical form. Note that the Rijx are now only functions of xz#
because we are using a particular standard tetrad (up to transformations Hy
which leave the R;;;; invariant). The e# dependence has been dealt with in (3)
above.

6) Calculate Ryjji,n, in the standard tetrad.

7) Determine H; the subgroup of H, which leaves R;;;; and R;jxi.m, invariant.
8) Determine among the earlier standard tetrads, up to a transformation in
H,, a new standard tetrad by stipulating a canonical form for R;;xim,-

9) Determine n;, the number of components among R;;x; and Rijxim, tn their
canonical forms which are functionally independent.

10) If dem(H,) = dim(H,) and n; = n, then the procedure terminates. Oth-
erwise, we repeat the steps 6 —9 for Rijkim,m, s Rijkimimam,, €tc. until we reach
the stage when dim(H,4,) = dim(H,) and n,,1 = n,, in which case the proce-
dure terminates. The set {H,, ny, Rijkimims.m,}, ¢ =0,1,...,p+1, classifies

the solution.

Then given two metrics g and § which we wish to compare for equivalence,
we start by completing the above classification for each metric. The rest of

the procedure is contained in the following steps :

11) If the two sequences Hy,ng; Hi,ni;...; Hyyn, for g and g differ, then so
do the metrics.

12) If the set of simultaneous algebraic equations ];?,»jk, = Riju, R,‘jkl;ml =
Rijkimys---s Rijkl;mlmg...mq = Rijktymym,..m,, With the invariants in their canon-
ical form, admits a coordinate transformation #' = z*(z%), ¢ = 1,...,n, as a

solution then the metrics are equivalent, otherwise they are inequivalent.

Because the corresponding invariants (R;y;; and Rj;;, for instance) may

differ wildly in their functional form, determining whether the coordinate iden-
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tification exists can be a difficult problem. Indeed, since there is no construc-
tive procedure for solving simultaneous algebraic equations (here we do not
mean algebraic in the strict mathematical sense, our equations might be tran-

scendental), step (12) is not algorithmic.

The reason why the procedure terminates when dim(H,;,) = dim(H,),
Npy1 = N, is firstly because we have no new z* functionally independent
quantities as n,4; = n, and secondly because we have no new €* functionally
independent components because dim(H,,;) = dim(H,). The second argu-
ment follows from the result that dim(H,) = n(n — 1)/2 — m, where m is
the number of €4 functionally independent components amongst the Riemann
tensor and its first ¢ derivatives. This result can be validated by recognising
that the components of the Riemann tensor and its derivatives which are €
functionally independent can be used as new parameters for the group G, with

the other components expressible purely in terms of these new parameters.

The key to understanding why this procedure tackles the equivalence prob-
lem lies in the use of the canonical form. The essence of what the equivalence
theorem 3.2 is telling us is that in order for us to have @ = w' up to the
rotational freedom in the problem, we require that there exist frames in which
the two sets of invariants R;;xi, Fijxim,, etc. are equal, the actual identification
map being provided by the coordinate relation #* = ##(z*) which gives this
equality. This is the meaning of looking for an identification é¢* = &*(e?,z")
which satisfies equations (3.49). Once one realises that this is the geometrical
meaning of the algebra the whole problem becomes much more transparent.
By using the canonical form we pinpoint much more precisely (up to transfor-
mations in H,) the frame which will enable these invariants to be made equal,

by the coordinate identification z# = &#(z").

Even if the last step, step (12), cannot be tackled we still obtain a lot of

information about the geometry before this difficulty arises. In §7 we shall see
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that steps (1) to (4) are equivalent, for empty space, n = 4 and 7,; the Lorentz
metric, to the Petrov classification, in that the result depends uniquely on
the multiplicities of the principal spinors in the spinor equivalent of the Weyl
tensor. The procedure as a whole provides a kind of maximally generalised
Petrov classification — maximal in the sense that we classify all the covariant
derivatives of the Riemann tensor that are necessary to provide a complete
description of the geometry, it works for non-empty spaces and spaces of arbi-
trary dimension n and frame metric 7;;. Note also that the classification works
for any geometry, regardless of whether the metric satisfies any field equations,
and is in this sense a purely geometrical classification. In the next section we
shall see how the procedure, excluding step (12), enables us to investigate the

dimension of the isometry group and its isotropy subgroup.

Finally let us make a brief comparison of the Karlhede procedure with
the one suggested by Brans [17]. The two procedures are very similar, the
main difference being that Brans first calculates the Riemann tensor and its
covariant derivatives and then determines a canonical form for them, starting
with the highest derivative. In this procedure we do this successively starting
with the curvature tensor, which greatly simplifies the process, making the

amount of computation required much more feasible.

In conclusion, we have reduced the equivalence problem to the problem of
determining whether or not a finite set of algebraic equations is compatible or

not as relations between # and z*.
§6. The Isometry Group

Definitions :

1) The isometry group [ is the group of mappings #* = ##(z") of the manifold
onto itself which preserve the metric, i.e. the metric at the original point is

the same as at the point reached under the mapping.
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2) The isotropy group H at the point P is the subgroup of I which leaves P
fixed.
3) The orbit T of a point P is the set of points into which it is mapped by the

elements of 1.

If we know that two regions U and U of manifolds M and M are equiv-
alent then from the geometrical point of view the two regions are effectively
the same region U of the same manifold M, with the coordinate relations
giving equivalence, * = ##(z"), identifying effectively the same points. The
coordinate systems z# and ## are then different coordinate systems covering
the same region of the same manifold. Variations in the coordinate relations
giving equivalence map points in U into new points in U, and, therefore, from
what has just been said can be viewed as mapping points in U into new points
in U, i.e. they provide a mapping of the manifold onto itself. If these varia-
tions in the coordinate relations maintain equivalence, they will by definition
map points to new points where the metric is the same, hence giving isome-
tries. Variations in the coordinate relations giving equivalence, which maintain
equivalence, are provided by the constants of integration obtained on integrat-
ing equations (3.29). As remarked in §3, these parameters give continuous
deformations of the coordinate relations maintaining equivalence, so our anal-
ysis enables us to investigate only the continuous part of the isometry group
— to find the discrete isometries we would need to identify discrete changes in
the coordinate relations maintaining equivalence, which are not found in our
analysis of the equivalence problem. In addition, because our investigation is

purely local, we only find local isometries.

Bearing in mind these limitations, let us state the following theorem, con-

sidering its proof afterwards.
Theorem 3.3

Given an n-dimensional Riemannian manifold M, suppose that there are k
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functionally independent components among Ri;xi, Rijitmyy-- - Fijktmy.mpen
m of them functionally independent as functions of ¢* and ¢ of them function-
ally independent as functions of z#. M then has an isometry group I with

dimension

r=n(n+1)/2 -k (3.50)

The isotropy subgroup H has dimension
s=n(n—-1)/2-m (3.51)
and the dimension of the orbits T is

g=r—s=n-—t (3.52)

Proof :

Referring to appendix A, we see that if we use the functionally independent
components of the Riemann tensor and its covariant derivatives as coordinates,

then the coordinate relations giving equivalence take the form

X' =Xx! (3.53)
& = & (z*, ) (3.54)
M = M(z*, ¢t ) (3.55)

where X7 represent the functionally independent components of the Riemann
tensor and its covariant derivatives used as coordinates (so that with a suitable
numbering of indices I runs from n(n+1)/2—-k+1 to n(n+1)/2, b runs from
1 ton—t, M runs from 1 to n(n —1)/2 — m, g runs from 1 to n, A runs from

1 to n{n —1)/2 and « runs from 1 to ;n(n 4 1) — k).

As explained above varying the parameters in (3.54) provides isometries.
However, we see that under these isometries it is only the n — ¢ coordinates &°
which change, so that a point P is mapped into an (n —¢) dimensional region,

the orbit, by these isometries.
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Consider a point P in the manifold and assume that the geometry is ana-
lytic at P, by which we mean that the metric at points P’ in a neighbourhood
of P can be expressed in a Taylor series expansion about P. We take the case
where the manifold M has dimension 4 and possesses a Lorentz metric, i.e.
general relativity, although all our arguments in fact generalise to an arbitrary
n dimensional manifold. If we choose geodesic normal coordinates for this

neighbourhood then the Taylor expansion takes the form
Gur(P') = 1 (P) — %R“,,,,p(P)(:L‘" —z3)(zf —af) + ... (3.56)

where subsequent expansion coefficients are all functions only of the Riemann
tensor and its covariant derivatives, and 7,, is the Lorentz metric (diagonal
(1,1,1,-1)). From (3.56) we see that the coordinate basis vectors at P, which
are the tangent vectors to the coordinate lines, form a Lorentz frame — by
applying a Lorentz transformation to this frame at P we produce another
Lorentz frame at P which can in fact be associated with the coordinate basis
vectors at P for another set of normal coordinates, in some way rotated with
respect to the previous set. From equations (3.53) and (3.55) we see that a
general Lorentz transformation will change the Riemann tensor and its covari-
ant derivatives at P, but one using only the n(n — 1)/2 —m parameters e* will
not, and will, therefore, keep the expansion coefficients in (3.56) for the new
rotated normal coordinates the same. Therefore, the metric at a given coor-
dinate location with respect to the rotated normal coordinates (i.e. a given
z? — zy for p =1 to n, where z* is a rotated normal coordinate) will be the
same as the metric at the same coordinate location with respect to the original
normal coordinates (i.e. z* —af = z* — ). If we consider that instead of the
normal coordinates having rotated about P, the manifold has rotated about
P, that is we consider the transformation as active instead of passive, then we
have identified isometries that leave the point P fixed, i.e. we have identified

isotropies. Each € in (3.55) will clearly give an independent isotropy, so that
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the dimension of the isotropy group is n(n — 1)/2 — m. This completes the
proof of theorem 3.3.

§7. Canonical Forms for the Weyl Spinor and its Invariance Group

In this section we restrict our attention to the case where the manifold M
has dimension 4 and possesses a Lorentz metric, i.e. we have general relativity.
Instead of working with the tetrad components of the Riemann tensor and
considering proper homogeneous Lorentz transformations of the frame one
can work with dyad components of the equivalent spinor and consider SL(2,C)

transformations. This is because of the following two important results [9] :

1) The tetrad components of a tensor in a Newman-Penrose null tetrad are
the same as the dyad components of the equivalent spinor.
2) SL(2,C) transformations of the dyad correspond to proper homogeneous

Lorentz transformations (,CL_) of the Newman-Penrose null tetrad.

The relationship between the dyad {(¢', (#} and the Newman-Penrose null

tetrad {I#,n*,m* m*} is provided by the equations

=n'
"= o4p.( (o
n# = U;B’Cf 45/
m* = o’y (i E (3.57)

_ =n!
m* = ohp (i Co

The spinor equivalent of the Riemann tensor can be decomposed in the fol-

lowing way :

Ruppricapn = Yapepeprean + CABﬁcp‘I’E/F'G'H'
+ €apeem®cppr + €cpeer Pape
+ A{(€ap€Bc + €actnp )epFEcia (3.58)
+ eapecpl€pm€rc + €pgi€rim )}
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where

Vapep = Yasepy 5 Pasen = Pusyepy = P apcip (3-59)

A is essentially the Ricci scalar, the Ricci spinor, ® 4pcips, represents the trace-

free Ricci tensor and the Weyl spinor, ¥ ,5¢p, represents the Weyl tensor.

For a vacuum spacetime, in this decomposition of the Riemann spinor
(3.58) it is only the Weyl spinor ¥ ,5cp which does not vanish. From chapter
2 it will be recalled that because the Weyl spinor is totally symmetric it can be
written as a symmetrised product of 1-spinors, with the multiplicity of these

principal spinors determining the Petrov type. Thus one obtains :

Petrov type Weyl spinor
I Yapep = Ol(AﬂB’chsn)
II VU pcp = aaapPBcp)
D Vapep = aaapBefp)
11 Vpep = aaapacfp)
N Vapep = QapQcCp)
0 Wapcp =0

where a4, B84, 74 and 6,4 denote non-proportional spinors.

All SL(2,C) transformations can be represented as the product of three

matrices as follows :

A0 1 0\ /1 b
T:( )( )( ) . Aabec  (360)
o 1/x/\a 1/\o 1

Let us call the first matrix 7}, the second 75 and the third 75. Under T} the
dyad {(g',(#} transforms as

G — MG
G — A (3.61)
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Under T, the dyad transforms as

G — G

Gt — G +ag (3.62)
Under T the dyad transforms as

(¢ — ¢+ et
(— (3.63)

By calculating the affect of these dyad transformations on the tetrad vectors
via equation (3.57), one can gain a geometrical interpretation of the trans-

formations they represent. Under T}, writing A = re'?, the tetrad transforms

as

m* — e*fmH# (3.64)

Thus we see that T represents a rotation in the {m,m} plane and a boost
in the {{,n} plane. Therefore, transformations 7} are termed spin and boost

transformations.
Under T;, the tetrad transforms as

[Ny 7
n* — n* + am* + am” + aal®
mt — m* + al* (3.65)
m* — m* + al”
Thus we see that T, represents a rotation about the vector [*. Therefore, these
transformations are termed null rotations.
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Under 75 the tetrad transforms as
» —s I* 4 bm* + bm* + bbn*
n* — n*
m* — m* 4+ bn* (3.66)
m* — m* + bn*
Thus we see that T3 again represents a rotation, but this time about the n*

vector. Therefore, these transformations are also called null rotations.

Let us examine how the components of the Weyl spinor transform under

these transformations. It is easily calculated that under 7} they transform as
T, — M,
U, — A2,
v, — U, (3.67)
Uy — A2,
¥, — A7,
Under T, they transform as
¥, — ¥,
U, — ¥, +a¥,
¥, — U, +2a¥, + a’Vv, (3.68)
U, —s U, 4+ 3a¥, + 3a°¥, + a°¥,
U, — U, +4a¥; + 6a°0, + 4339, + a*¥,
Under T5 they transform as
U, — U, + 400, + 6620, + 4630, + 6* 0,
U, — U, + 300, + 3%V, + b°0,
U, — U, + 2605 + 60, (3.69)
Py — WUy 4 bWy
Y, — W,
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Let us now consider the question of determining a canonical form for the
Weyl spinor and determining its invariance group for each Petrov type in turn,

beginning with Petrov type IIL.
Petrov Type II1

For Petrov type I1I the Weyl spinor has the form

Vsgcp = a(AaBaCBD) (3-70)
Let us choose as our dyad
and
Cf = ﬂA/aBﬂB (3.71b)

which clearly satisfies the dyad condition (p4(# = 1. With this dyad we can
contract the Weyl spinor with at most one (£ for a non-zero result as otherwise
we will contract two a*s giving zero. In addition, contracting with four ({'s

will also give zero as we will contract two 3%4s. So we have

\1}3#0 5 \110:\1112\112:\1’4:0 (3.72)

We must now consider the SL(2,C) transformations of the dyad which leave
these components invariant. A little thought will convince one that any mixing
of the dyad or swapping over of its basis vectors will change this pattern of

zero/non-zero components so that we can only have the dyad transformation

A0
T, = ( ) , AEC (3.73)
0 1/A

From (3.67) we see that under this transformation the components in (3.72)

T given by

transform as follows :

\1}3 = /\_2\113 y \i}o = \NIll = \i}z = \if4 =0 (374)
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where U refers to the transformed value. Thus we see that invariance requires
that A = +1. These two SL(2,C) transformations generate proper homoge-
neous Lorentz transformations of the Newman-Penrose null tetrad via (3.57)
as mentioned above. Clearly because (3.57) connects a tetrad vector with a
product of two dyad vectors both the transformation of the dyad with A = +1
and that with A = —1 correspond to the identity transformation of the tetrad.
Thus we have a zero dimensional invariance group and consequently, from

theorem 3.3, the isotropy group is also zero dimensional.

Let us now consider a canonical form for the dyad components. Remember
that the idea of a canonical form is that by insisting the components have a
special form a special dyad is picked out, up to the dyad transformations that
leave the components invariant. The canonical form is chosen so that the
choice of dyads is as restrictive as possible. In this case it is obvious from
(3.74) that this can be achieved by insisting, for convenience, that W3 is unity,
with all the other components vanishing. Because the invariance group is
zero dimensional, this canonical form determines a finite number of dyads and

hence tetrads (in fact, 2 dyads and 1 tetrad).
Petrov Type II

For Petrov type II the Weyl spinor has the form

Vaipcp = a(AOZBﬂC'YD) (3-75)
Let us choose as our dyad
(=at (3.76a)
and
(= p*/apB® (3.76b)

in which case the dyad components of the Weyl spinor clearly satisfy

\1,2, \pg # 0 ) ‘I’Q = \1’1 = \IJ‘; = 0 (377)
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Once again a little thought will convince one that any mixing of the dyad or
swapping over of its basis vectors will change this pattern of zero/non-zero

components so that we can only have a dyad transformation of the form

(3 1?/\) , A€C (3.78)

Again from (3.67) we see that under this transformation the dyad components

in (3.77) transform as follows :
(I;Z = \Ilz ’ {I}3 = /\_2‘113 3 \ilo = \ill == \1}4 =0 (379)
Thus once again invariance requires that A = X1, so we again have a zero

dimensional invariance group (and hence a zero dimensional isotropy group).

Let us now consider a canonical form for the dyad components. In this
case it is obvious from (3.79) that a convenient canonical form is obtained by

insisting that U is unity, with all other components except ¥, vanishing.
Petrov Type I

For Petrov type I the Weyl spinor has the form

V,apcp = a(AﬂB’YcéD) (3~80)
Remember that each of the principal spinors is determined only up to a com-
plex scalar factor. Therefore, we can arrange that o434 = 1 and choose
{a*, B4} as our dyad. In this dyad clearly ¥, and ¥, will both be zero as
they will involve the contraction of two a*s together and two £4s together
respectively. If we introduce the notation («/f8) to denote the contraction

a4 4, then the full set of components of the Weyl spinor are (up to a constant

factor)
Ty =T, =0
Uy = 6(a/B)(B/a)(v/a)(8/e) = =6(y/a)(6/a) # 0
Vs = 6(a/B)(B/a)(v/B)(é/B) = —6(7/B)(6/B) # O (3.81)

Wy = 4[(a/B)(B/a)(v/a)(8/8) + (a/ B)(B/a)(v/B)(6]/ )]
= —4[(v/)(8/8) + (v/B)(8/ )]
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In obtaining these expression we have used the result that for any two spinors
aysfB* = —Baa?, and the result that the four principal spinors in (3.80) are
non-proportional and hence have a non-zero contraction with each other. Note

that because W, is a sum of two terms, it could possibly be zero.

First let us use a spin and boost transformation T} to make
U, = Uy = (WL0y)H/2 (3.82)

where U} and W% refer to the untransformed values given in (3.81), while keep-

ing ¥y = ¥, = 0 and leaving ¥, unchanged. If we now use a transformation

T = (_11/2 1;) (3.83)

it i1s easily calculated that the Us will transform as

of the form

U, — 8Y, + 6V,

v, — 0

U, — —1/2¥, (3.84)
Y, — 0

\IJ4 —_— "%\Dl + glpg

Clearly ¥, and ¥, can only be zero if ¥, = -3V, or ¥, = SV, respectively. If
we let (v/a)(6/8) = X and (v/B)(6/a) = Y then it is easily shown from (3.81)
and (3.82) that this can only occur if X = Y. However, from the definitions
of X and Y we see that X =Y implies that 7,8, = ¥,6; or

Y1/72 = 61/6, (3.85)

But we see that (3.85) contradicts our assumption that ¥4 and 64 are non-
proportional spinors, so we can deduce that neither ¥, or ¥, transforms to

zero under (3.83). Therefore, we can now use a spin and boost transformation
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to make ¥, = W,, while keeping ¥; = U3 = 0 and leaving ¥, unchanged.

Thus our canonical form for Petrov type I becomes
lI;() = \1’4 # 0 ) \Ill = \Ilg = 0 (386)
where W, may or may not be zero.

From equations (3.67), (3.68) and (3.69) we see that the canonical form
(3.86) fixes the parameters A, a and b to certain discrete values, so that we

again have a zero dimensional invariance group.

To summarise our results so far we see that because our invariance group
is zero dimensional, defining a canonical form for Petrov types I, II and III
defines a finite number of dyads (and hence tetrads). The analysis that follows

shows that this is not the case for the remaining Petrov types — types D and
N.

Petrov Type D

For Petrov type D the Weyl spinor has the form

Vapep = aaapBePpy (3.87)
Let us choose as our dyad
G =ao (3.884)
and
(= 8" apB® (3.88b)

in which case the dyad components of the Weyl spinor clearly satisfy
\112#0 9 \DOZ\I}I—_—Q,?,:\IIK;ZO (389)

It is clear that the transformation

A0
( ) , Aec (3.90)
0 1/
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will preserve this pattern of zeros/non-zeros, and that because of the symmetry

between a* and 4 in the Weyl spinor, a transformation swapping them over,

(_f/a Z) . aec (3.91)

will also maintain this pattern. Any transformation other than (3.90) and

l.e.

(3.91) will involve mixing of the dyad vectors and will clearly change the pat-
tern of zeros/non-zeros in the components (3.89). It is easily shown that trans-
formations (3.90) and (3.91) leave the Weyl tensor components unchanged,
so these two sets of transformations together represent the invariance group.

However, transformation (3.91) can be written

(—f/a Z): (g 1(/)0) (_?1 (1,) (3.92)

so we may write the invariance group for type D as

A0 0 1
ID:< ),,\ec ; ( ) (3.93)
0 1/A -1 0

Thus, because X is complex, the invariance group is a 2-dimensional subgroup
of SL(2,C). From theorem 3.3 we see that this means that the maximum

dimension of the isotropy group is two.

Because the pattern of components (3.89) limits us exactly to the invari-
ance group Ip, it provides a convenient canonical form. However, because the
invariance group is now 2-dimensional the canonical form limits us not to a

unique dyad but to an infinite number of dyads.
Petrov Type N
For Petrov type N the Weyl spinor has the form
Y ipcp = asapacap (3.94)

Let us choose as our dyad

¢ =a? (3.95)



and (# an arbitrary spinor satisfying (o4(#* = 1. It is clear that any dyad

component involving a contraction with a* will vanish so that we obtain
‘114:1 y WQ:\Dlz\pz:\I}s:O (3.96)

In order for these components to remain invariant under a dyad transformation
it is clearly necessary that the transformation of (# does not mix in any (.
In addition we can transform ({* in such a way that we multiply it by %1 or
+3 and add in any amount of (2, as this will keep ¥, = 1. The only SL(2,C)

transformations which satisfy these criteria are
1 0
+ , a€cC (3.97)
a 1
and

1 0
+i (~ ) , bec (3.98)
b —1

However, transformation (3.98) can be written

APy a0

so the invariance group for type N can be written as

1 0 t 0
Iszt( ), acC ; ( ) (3.100)
a 1 0 —

which is a 2-dimensional subgroup of SL(2,C). From theorem 3.3 we see that

this means that the maximum dimension of the isotropy group is two.

Because the pattern of components in (3.96) limits us exactly to the in-
variance group Iy, it provides a convenient canonical form . However, because
the invariance group is now 2-dimensional the canonical form limits us not to

a unique dyad but to an infinite number of dyads.

We can use these results above to refine the upper bound on the num-

ber of covariant derivatives which need to be calculated in order to determine

66



equivalence (remember that the equivalence theorem 3.2 set this upper bound
at 10 for a 4-dimensional space). For Petrov types I, II and III the invariance
group of W,,., is zero dimensional and so cannot change. If there are n, com-
ponents among the W¥,,., which are functionally independent with respect to
the coordinates z#, there are only 4 — n, functionally independent components
that remain to be generated. We must generate at least one new functionally
independent component per differentiation, as otherwise the Karlhede algo-
rithm terminates, so that after at most 4 — n, differentiations all functionally

independent components must have been generated, so we have
Petrov types I, I, I1] : p+1<5—ny (3.101)

So we see that in the worst case we only need to go to the fifth covariant

derivative for these Petrov types.

For Petrov types D and N we can use similar arguments, the only difference
being that the invariance group starts with dimension 2 and hence in the worst
case could drop 1 dimension at each differentiation down to zero dimensional.

Thus we have
Petrov types D and N : p+1<7—n, (3.102)

So we see that in the worst case we only need to go to the seventh covariant
derivative for these Petrov types. It should be emphasised that these worst

case values of 5 and 7 assume that :

1) The W4 are constants (i.e. there are no functionally independent compo-
nents).

2) The dimension of the invariance group and the number of functionally in-
dependent components do not both change on differentiating.

3) We produce at most one new functionally independent component on dif-

ferentiating.
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4) The dimension of the invariance group goes down by at most one dimension

on differentiating.

So in actual calculations it seems very likely that less derivatives will be needed.
In fact, for all calculations performed to date it has been found necessary to

go up to at most the third covariant derivative.

If the solution possesses isometries then these upper bounds are reduced.
If the dimension of the isometry group is r then this means, from theorem 3.3,
that the final dimension of the invariance group, dim(Hp), plus the number
of functionally independent components not produced (out of the 4 possible)

equals r. Thus we have
Petrov types I, I and II] : p+1<5—ng—r (3.103)

Petrov types Dand N : p+1<T—ny—r (3.104)

These upper bounds will apply to non-vacuum as well as vacuum space-
times. For the non-vacuum case it can be seen from the decomposition of the
spinor equivalent of the Riemann tensor (3.58) that as well as the Weyl spinor
we have the Ricci spinor ® 4p¢/ps, which represents the trace-free Ricci tensor.
Therefore, for the non-vacuum case any invariance group will have to keep the
dyad components of ® 4pcip. invariant as well as the dyad components of the
Weyl spinor, so the invariance group will either be of the same dimension as in
the vacuum case or of smaller dimension. This means that the upper bound

in the non-vacuum case will be the same as in the vacuum case.

The one case that has still not been considered is the conformally flat case,
Petrov type 0, where the Weyl spinor vanishes. We shall not present the proof
here, but it turns out that by proceeding in a similar manner to that above
and considering the dimension of the invariance group of the Ricci spinor, it

can be shown that the upper bound for this case is also seven. Thus we have

Petrov type 0 : p+1<T—ng—r (3.105)
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4
The Karlhede Classification
of Cylindrically Symmetric
and Stationary Axisymmetric Spacetimes

§1. CLASSI

The classification procedure developed in the previous chapter (i.e. steps
1 to 10) is generally referred to as the Karlhede classification. A suite of
computer programs has been written to perform this classification on space-
time metrics, these programs being collectively called CLASSI [4]. Note that
as discussed in the previous chapter, the Karlhede classification is algorith-
mic, although determining equivalence in fact involves a non-algorithmic step,
so CLASSI does not determine equivalence. CLASSI is written in the com-
puter algebra system SHEEP [4], which is written in the language LISP. In
this section we give an account of the use of CLASSI to perform a Karlhede

classification. For more details about CLASSI and SHEEP in general see [4].

Because tensorial symmetries become far simpler when expressed in terms
of spinors, CLASSI performs the Karlhede classification in terms of the spinor
equivalents of the Riemann tensor and its covariant derivatives, which as noted
in the previous chapter is equivalent to using a Newman-Penrose null tetrad.
An important question is what is the minimal set of components of the Rie-
mann spinor and its covariant derivatives? More precisely, we wish to specify
a smallest set of components of the Riemann spinor and its first n covari-
ant derivatives, such that all components up to order n can be algebraically
expressed (i.e. using sum, products and contractions) in terms of this set.
The relations that enable one to find this algebraic dependence are the Ricci
and Bianchi identities, for Siklos has shown that these are the only equations
relevant in the most general case [18]. For the vacuum and electrovac cases,

Penrose showed that only the totally symmetrised spinor derivatives of the
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Weyl and Maxwell spinors are required [6]. However, for the general case
more components are required, and a convenient minimal set has been deter-
mined by Aman and MacCallum [19]. Although this set is not unique it is
convenient in that it is recursively defined (so that additional nth derivative
quantities need not be calculated to determine the set for higher derivatives)
and it contains only totally symmetrised spinors (which simplifies storage and

retrieval algorithms). This minimal set is defined as follows :

Let the set V*R contain the following :

1) The totally symmetrised spinor nth derivative of the Weyl spinor
VA'VY LV Uhkia (4.1)

2) The totally symmetrised spinor nth derivative of the Ricci spinor
VEVY VB (4.2)

3) The totally symmetrised spinor nth derivative of the scalar curvature

VE VY . VA (4.3)
4) Let us define Zpgrw: by

EDEFW’ - VC‘WI\I,CDEF = v(DY QEF)Y’W' (44)

Then for n > 1, the set V"R contains the totally symmetrised (n — 1)th

derivative of Zpgpw:

VA VY . VZEpem") (4.5)
5) For n > 2, the d’Alembertian of all quantities in V2R, i.e.
VAVIQ (1.6

where () is a member of V"~2R,
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Then the minimal set for the Riemann tensor and all its derivatives up to
the nth is provided by the V"R, for r running from 1 to n. How important is it
to find a minimal set? Well, the nth derivative of the Riemann tensor contains
in total 20 x 4" components. It can be shown (see for example [18]) that the set
V"R contains (n + 1)(n + 4)(n + 5) components. Therefore, if one calculated
the Riemann tensor and its first 7 derivatives (7 being the upper bound of
Karlhede), the cumulative totals of components work out to be 436,900 and

3156 respectively.
CLASSI gives special names to the spinors contained in V*R. We have

V' VY . VEZ Wk = DPSL, D2PSI, ete.
VE'VY . VES,,"""") = DPHI, D2PHI, etc.
VA VY ... VZ)A = DLAMBDA, D2LAMBDA, etc.
VE'VY VL0 = X1, DX, ete.

VA, VX ,Q = APSI, APHI, etc.

Let us outline the procedure by which one performs a Karlhede classifica-

tion using CLASSI, discussing various aspects in more detail subsequently.

1) Calculate a set of basis 1-forms for the metric (in any tetrad you like).

2) Input this set as IZUD to CLASSI.

3) Specify your input frame with (LORENTZ IFRAME) etc. (see [4]).

4) If the input frame, IFRAME, is not null, force calculations to be performed
in a null tetrad by specifying (NULLT FRAME).

5) Calculate PSI in this null tetrad, and determine Petrov type.

6) Bring PSI into the canonical form for its Petrov type by calculating a
suitable dyad transformation, and placing it in DYTRSP1.

7) Recalculate PSI in the new dyad, and check that it is in canonical form.
Calculate PHI.

8) Determine the invariance group H, of PSI by checking its canonical form

(and hence Petrov type — see §7 of chapter 3). If any invariance group remains,
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and if it is possible to restrict PHI to a canonical form within this group,
calculate the dyad transformation that will restrict PHI to its canonical form
and place it in DYTRSP2.

9) Recalculate PSI and PHI in this new dyad. PSI should not be changed from
its canonical form, since we are only allowed to perform dyad transformations
in its invariance group in transforming PHI to canonical form. Check that
PHI is in canonical form. Calculate LAMBD (note that LAMBD is used to
denote the quantity LAMBDA, because LAMBDA has a very special meaning
in all LISP systems).

10) Set ¢ = 0.

11) Determine the number of functionally independent components n, among
the set V™R in its canonical form for n running from 0 to ¢, and the dimension
of the invariance group H, of this complete set.

12) If n, = n,_, and dim(H,) = dim(H,_,) then the classification terminates.
13) Otherwise set ¢ = ¢ + 1.

14) Further restrict the frame if possible, by putting V!R into canonical form,
placing the dyad transformation in DYTRSP3. Again note that that VR
must be put into canonical form using only transformations in H,_;, so that
the set V"R with n running from 0 to ¢ — 1 is not changed from its canonical

form.

15) Go to (11).

Let us discuss further how one goes about finding the canonical forms and

invariance groups for the spinors. It is convenient to consider three separate

cases :
Case I : Vacuum Metric

In this case we only have the PSI at zeroth order, and, therefore, only deriva-
tives of PSI appear at higher order. Let us list the canonical forms for PSI,

which as discussed in §7 of the previous chapter, can be determined from the
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Petrov type. The canonical forms are summarised in the following table :

Table of Canonical Forms for PSI

Petrov type Canonical form Abbreviation
I U, =Ty #0, U3=U,=0 X0-0X
11 Uy =1, £0,¥3=V, =¥,=0 10X00
I11 Uy=1, ¥y =9, =¥, =¥, =0 01000
D U, £0, U, =Ty =T, =Ty =0 00X 00
N U, =1, V=0, =¥, =T, =0 10000

The abbreviations used for the canonical forms in the above table are a
common shorthand in which the sequence of five characters represents the
components U, ... W, with coincidences between components being reflected
in the use of the same character to represent them (the blank entry for Petrov
type I indicates that there are no conditions on ¥,). By checking the canonical
form, CLASSI determines the invariance group H, for PSI, as discussed in §7
of the previous chapter. At first order the only new quantity will be DPSI, at
second order D2PSI and so on. For Petrov types I, IT and III the invariance
group H, is zero dimensional so no new dyad transformations are allowed at
higher order and the problem of finding a canonical form for DPSI, D2PSI etc.
does not arise. The problem of finding a canonical form for DPSI, D2PSI etc.
for Petrov types D and N, where H, is 2-dimensional, is discussed in [20] and

[21] respectively.
Case II : Conformally Flat Metric

In the case of a conformally flat metric, PSI will vanish so that it is PHI which
must be put into a canonical form. In fact, it is more convenient to use a
spinor called CHI, which is built from PHI using the equation

XABcD = iq)(ABEIF"I)CD)E'F' (4-7)
as defined in [22]. This spinor CHI is called the Plebanski-Petrov spinor and

is classified in a Plebanski-Petrov classification. The reason it is convenient to

73



use this spinor is that it is totally symmetric and can, therefore, be classified
in exactly the same way as the Weyl spinor using the Petrov classification pro-
grams of CLASSI. The canonical forms for CHI are exactly the same as for PSI,
with Plebanski-Petrov type replacing Petrov type, and these canonical forms
completely determine the canonical forms for PHI. By checking the canoni-
cal form, CLASSI determines the invariance group H, for PHI. At first order
the new quantities will be DPHI and DLAMBDA, at second order D2PHI,
D2LAMBDA and APHI and so on. At each stage of covariant differentiation
the frame must be further restricted if possible, by putting the relevant spinors

into canonical form.

This approach to the canonical form for PHI is fine as long as the spinor
CHI does not vanish, when it will be necessary to use PHI directly. CHI only
vanishes for three Segre types, but unfortunately two of these are physically
interesting. The three Segre types involved are the perfect fluid, the tachyon
fluid and the electromagnetic null fluid. The canonical forms for PHI for these
Segre types are given in the following table, where unmentioned components

of PHI are zero:

Table of Canonical Forms for PHI (CHI = 0)

Segre Type Canonical Form
Perfect fluid : A1[(111),1] Doy =20, = Byp # 0
Tachyon fluid : A1[1(11,1)] Doy = =20, = By £0
E.m. null fluid : A3[(11,2)] Q. #£ 0

By checking the canonical form CLASSI determines the invariance group
H, for PHI.

Case III : Non-vacuum and Non-conformally Flat Metric

For Petrov types D and N, determining a canonical form for PSI (in the same
way as above, using the Petrov type, and putting the relevant dyad transfor-

mation in DYTRSP1) will still leave a 2-dimensional invariance group, so that
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one must then investigate if the dimension of this invariance group can be
reduced by determining a canonical form for PHI. To determine the invariance
group for PHI, and in fact to get a unique answer for the Segre type, CLASSI
needs to have it in the canonical forms given previously for the conformally
flat case. However, putting PHI into these canonical forms may disrupt the
canonical form of PSI, so CLASSI provides a dyad transformation DYTRPHI
which transforms CHI and a copy of PHI called PHISTD, but which does
not affect PSI. The following diagram summarises the dyad transformations

of CLASSI and the spinors they transform.

Dyad Transformation Mechanisms of CLASSI

UNPSI,UNPHI

DYTRSP DYTRPHI
PSI,PHI PHISTD

‘\(

CHI

UNPSI and UNPHI stand for the untransformed spinors, i.e. the spinors in
the original null tetrad.

DYTRSP = DYTRSP1xDYTRSP2xDYTRSP3

DYTRPHI = DYTRPHI1 xDYTRPHI2x DYTRPHI3

Note that DYTRSP in fact acts on all the spinors in V"R, for any n.

Thus by checking the canonical forms of CHI, or in the cases where it
vanishes PHISTD, the invariance group of PHI is determined. If we denote
the invariance group of PSI by Iy and that of PHI by I, then the transfor-
mations Iy — Iy can be used to determine a canonical form for PHI without

disturbing PSI, this canonical form possibly being less restrictive than the
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conformally flat counterpart. The relevant dyad transformations are placed in
DYTRSP2. The invariance group H, can be calculated as Iy N I5. At first
order the frame is further restricted if possible by finding a canonical form
for DPSI, DPHI, DLAMBDA and XI, with the relevant dyad transformation
being put in DYTRSP3. This process is continued at each subsequent stage
of differentiation until the frame can be restricted no more. There is a pack-
age called DYTAUT which will find the dyad transformations required to put
PSI, CHI and PHISTD into canonical form automatically, although at the
time of writing it is not always effective, especially with Petrov type I, so the

transformation must in many cases be calculated by hand.

In using CLASSI to classify a solution, apart from the substitution lists
required for algebraic simplification (see [4]), the main interaction of the user is
in transforming the dyad so as to put the various spinors into canonical form.
As mentioned previously, the system possesses an automatic mechanism for
finding the correct dyad transformation, and this works well for all Petrov
types other than Petrov type I. For Petrov type 1 it is often no use, so the user
has to experiment himself in order to find the required transformation. The

‘Applications of SHEEP’ manual of Jim Skea [4] states that a transformation

() s

can be useful in order to transform ¥, and ¥j to zero (remember that the

canonical form for Petrov type 1 is ¥y = ¥, # 0, ¥, # 0, ¥, = U3 = 0). Let

of the form

us examine this in more detail. It is straightforward to calculate the effect of

such a dyad transformation on PSI, and the result is
\I}() — lD0+4\I}1+6\D2+4\D3+\D4

Uy — =20 — U,y + U3+ 20,

Uy, — 10, — 10, + 10,

Uy — —10, + 20, — 10, 4 1,
\1’4———>-11—6\I/0—i 1+§\112-—%‘I/3+%\I’4
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Therefore, we see that ¥, and W3 will vanish if initially ¥y = ¥, and ¥, = ¥3.
In the classification work which was carried out, the cases for which it was
most difficult to find the correct dyad transformation indeed had ¥y = ¥, and
¥, = W3, so the dyad transformation (4.8) enabled one to transform ¥, and

W3 to zero. A boost transformation,

(0 1‘/’) (19)

clearly causes the spin coeflicients to transform as
U, — 240,
U, — 22,
¥, — U,
U, — 2720,
U, — 274,
Therefore, in these circumstances a boost can always be used to make ¥y = ¥,

while keeping ¥, = ¥; = 0. One requires

24\1}0 = 1/24\Il4

z = (U,/T,)"/® (4.10)

In many cases the components of PSI will be complicated algebraic expressions
and, because of simplification problems, the system will often still not recognise
that ¥, = W, even after the correct dyad transformation has been applied. In
such a case the only solution to the problem is to substitute for all of ¥, by L
say and all of ¥, by M say, and to set = = (M/L)'/3. This results in

Vo=V, = (LM)"2,
fixing the canonical form correctly.

Let us conclude this section by listing the commands which perform the

various classifications.
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A Petrov classification is performed by the command (PETROV).

A Plebanski-Petrov classification is performed by the command (PPETROV).
A Segre classification is performed by the command (SEGRE).

The Karlhede classification is performed by the command (CLASSIFY). Here
it will be necessary that the requisite dyad transformations are included in the
metric file. The commands (CLASSIFYO0), (CLASSIFY1) etc. enable the user
to step through each stage of the classification procedure, allowing the fixing

of the tetrads along the way.

A classification summary can be obtained after (CLASSIFY) has been run,
by using the command (CLASSISUM). The output of this command takes the

form

ABC DE FGHI JKLM (4.11)

A is the Segre type (e.g. e = e.m. non-null fluid, p = perfect fluid, r =
e.m. null fluid), with 0 indicating vanishing Ricci spinor. B is 0 if LAMBD is
zero and 1 if it is non-zero. C is the Petrov type. D is the dimension of the
isometry group. E is the dimension of the isotropy group. F,G,H and I are
the invariance group at each stage of differentiation, H, (e.g. e = spin and
boosts, n = null rotations, b = boosts, s = spin transformations). J,K,L and
M are the number of functionally independent components at each stage of
differentiation, n,. A blank entry for F,G,H or I with a corresponding blank
entry for J,K,L. or M indicates that neither the dimension of the invariance

group H, nor the number n, changes.

The output of (CLASSIFY) can be sent to a file by means of the command
(OUTF ‘file name’ (CLASSIFY)) and similarly for the output of CLASSISUM.

§2. Stationary Axisymmetric Spacetimes

In 1980 a book entitled ‘Exact solutions of Einstein’s field equations’ [1]
was published, this book representing the result of many years work to compile

a complete list of all exact solutions then known. A major effort is underway
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to use CLASSI to compile a computer database of all the exact solutions. The
idea is that every exact solution will appear on the database together with
a Karlhede classification of that solution. In §4 of this chapter we present
the classification of the cylindrically symmetric metrics explicitly given in this

book as well as a number of stationary axisymmetric vacuum solutions.

First let us consider stationary axisymmetric solutions. Such a solution
possesses a Killing vector (* whose orbits are timelike curves and a Killing
vector ©® whose orbits are closed spacelike curves. In addition we require that

these two Killing vectors commute, i.e.

[¢°, %] =0 (4.12)

These spacetimes are of great interest in general relativity since they describe
equilibrium configurations of axisymmetric rotating bodies. It has been shown
[23] that for the cases of greatest physical importance, asymptotically flat sta-

tionary axisymmetric spacetimes, (4.12) is automatically satisfied.

The commutativity of (¢ and ¥* means that we can choose coordinates
{z° =1, ' = ¢, x?, 2%} so that both (* = (£)® and ¢* = (5%)“ are coordinate
vector fields. In such a coordinate system the metric components will be

independent of ¢ and ¢, so the metric will take the form
ds* = g,, (2%, 2%)dz"dz” (4.13)

Thus we must solve for 10 unknown functions, g,,, of two variables. We shall
now show that by a further careful choice of coordinate system, a weak further
assumption and some use of Einstein’s equations, we can reduce the metric to
one containing only four unknown functions for the non-vacuum case and one
containing only three unknown functions for the vacuum case. In addition, the
vacuum Einstein equations reduce to two equations for two of the unknown

functions together with a quadrature for the third.
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The first important simplification arises if the 2-dimensional subspaces of
the tangent space at each point spanned by the vectors orthogonal to (¢ and
¥® are integrable, i.e. are tangent to 2-dimensional surfaces. This is the case
if the conditions specified in the following theorem are satisfied, which is the

case for all explicitly known stationary axisymmetric solutions.

Theorem 4.1

Let ¢* and ¢* be two commuting Killing fields such that (i) {.%»V.(q
and (¥ V.4 each vanishes at at least one point of the spacetime and (ii)
(R = 2R [(ep® = 0. Then the 2-planes orthogonal to (? and ¢ are

integrable

The conditions of this theorem will be satisfied by a wide range of sta-
tionary, axisymmetric spacetimes of physical interest. Condition (i) will be
satisfied for asymptotically flat spacetimes, since there must be a ‘rotation
axis’ on which ¥ vanishes. A wide variety of energy-momentum tensors will
satisfy condition (ii) including vacuum, a perfect fluid with the 4-velocity in the
plane spanned by (* and ¢* (i.e. circular flow) and a stationary axisymmetric

electromagnetic field [24].

If the conditions of this theorem are satisfied, then we may introduce coor-
dinates z%, 2 in one of the orthogonal 2-surfaces and ‘carry’ these coordinates
to the rest of the spacetime along the integral curves of (¢ and ¥*. Then in

the coordinate system {¢, ¢, 2%, 23} the metric has the form
e W 0 0
Guv = weexooo (4.14)
0 0 g2z 9gos

0 0 g23 g33

The block of zero expresses the orthogonality of -2 and - with 2 and a%'

Thus theorem 4.1 allows us to reduce the number of unknown metric functions

to 6. Without theorem 4.1 only two metric components in the 2 x 2 block
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could be set to zero by use of the coordinate freedom available in the choice

of a coordinate system adapted to (* and °.

We still have not specified how the coordinates z? and z* are to be chosen
and we shall see that a clever choice of these coordinates leads to a further

simplification of the metric. We define the scalar function p by
Pt =X + W? (4.15)

i.e. p? is equal to the negative of the determinant of the t — ¢ part of the
metric. Assuming that V,p # 0, we choose p as one of the coordinates, z?, of
the

2-surface. We choose the other coordinate, z = 23, so that V,z is orthogonal

to V4p. In the coordinates {t, ¢, p, 2} the metric now takes the form

—e?V 2w 0 0
e (p?eiV —w?)e¥ 0 0
Guv = (4'16)
0 0 e? 0
0 0 0 e?A?
where w = We=%, or
ds* = —e®V(dt — wdd)? + e 2V p?d¢* + €*7(dp* + A*dz?) (4.17)
Thus we have reduced the number of unknown metric functions to 4 — U,

w, v and A. Equation (4.17) is the general form of a stationary axisymmetric

spacetime satisfying the conditions in theorem (4.1).

The form of the metric can be simplified further for the vacuum case,

R, = 0. The Einstein equation
R, +R% =0 (4.18)

gives
D*Dyp =0 (4.19)

81



where D, is the covariant derivative in the 2-dimensional surface spanned by p
and z with the induced metric ds? = e*(dp?+ A%dz?). Equation (4.19) leads to
two important deductions : (a) If p # constant, it can be shown that V,p can
vanish only at isolated points. Since our coordinates p, z will be well behaved
except where V,p = 0, this shows that our coordinate system can break down
only at isolated points. In fact, in many situations it is possible to show that
V.p # 0 everywhere, so the coordinates p and z are globally well behaved [25].
(b) Evaluating (4.19) directly leads to the result that A is a function of z only.
Thus if we transform z by the transformation z — [ Adz, we set A = 1. Thus
we have reduced the number of unknown metric functions to 3, and the metric

now takes the remarkably simple form
ds? = —e*V(dt — wd)® + e Y [p*dd* + e**(dp® + dz*)) (4.20)
where €2 = ¢27¢2V,

The remaining vacuum Einstein equations, other than (4.19), can now be
computed and the result is that we obtain four independent equations for the
three unknown metric functions. The first two equations involve only U and w
and can be formulated most succinctly by defining a 3-dimensional Euclidean
space

d3* = p*dd® + dp® + d2° (4.21)

and expressing the equations in terms of the flat covariant derivative operator,
D,, associated with this metric. In this way the first two equations may be
viewed as equations for axisymmetric scalar fields U and w in 3-dimensional

Euclidean space. The four equations are

0= D(e D, + p2ewD,w) (4.22)
0 = D*(p~2e' D,w) (4.23)
R C IO RV R CIC e
o _ %pe_w%%i—u —lpletin gy (4.25)
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o _ 0%
Y 8z20p ~  9pdz

by virtue of equations (4.22) and (4.23). Therefore, given a solution of (4.22)

is satisfied

The integrability condition for the last two equations

and (4.23), a solution of (4.24) and (4.25) always exists and is unique up to
the addition of a constant. Thus, apart from the computation required to find
k explicitly, the problem of solving for all stationary axisymmetric vacuum so-
lutions has been reduced to solving (4.22) and (4.23) for the two axisymmetric
functions U and w in 3-dimensional Euclidean space. This is a great simplifi-
cation of the original problem which was to solve the full Einstein equations
for the 10 unknown functions g,,. However, the equations are still sufficiently
difficult to solve that, with the exception of the static solutions discussed
below, almost no solutions have been obtained by direct attack on equations
(4.22) and (4.23) (in cases where solutions have been found it has often proved
useful to work with coordinates other than p and z [26]).The equations can
be reformulated by the introduction of potentials, as was first done by Ernst
[27], and a few solutions of interest, the Tomimatsu-Sato solutions [28], have
been found by direct study of these modified equations. Recent progress in
methods for generating solutions [29] has produced algorithms for obtaining
all asymptotically flat stationary axisymmetric vacuum solutions, but because
the algebraic computations required in this procedure are so formidable, very

few explicit solutions have so far been obtained.

For static axisymmetric vacuum solutions direct attack on equations (4.22)
and (4.23) is completely successful in that all the static axisymmetric vacuum
spacetimes are obtained by this approach. For the static case, assuming that
the Killing vector 1° lies in the hypersurface orthogonal to (¢, we have w = 0,
so (4.23) is trivially satisfied, and if we let x = In(e?V), equation (4.22) reduces
to simply

Vix =0 (4.26)

that is x is an axisymmetric solution of the ordinary Laplace equation in 3-

dimensional Euclidean space. Since all such solutions are explicitly known, all
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static, axisymmetric vacuum solutions of Einstein’s equations can be explicitly
obtained. This analysis of static, axisymmetric vacuum spacetimes was first
carried out by Weyl [30], and the solutions are often referred to as the Weyl
solutions. It should be noted that the properties of the solution of (4.26)
do not translate in a simple way to the properties of the spacetime metric it
generates. Specifically, the monopole solution of Laplace’s equation does not

generate a spherically symmetric spacetime, the Schwarzschild solution.
§3. Cylindrically Symmetric Spacetimes

A cylindrically symmetric solution possesses a Killing vector (* whose
orbits are spacelike curves and a Killing vector ¢ whose orbits are closed
spacelike curves. Again we require that the two Killing vectors commute.
Therefore, the analysis of the metric form proceeds in the same way as the
stationary axisymmetric case, except that we now call the coordinate adapted
to the ¢* Killing vector z. Thus the general cylindrically symmetric metric

can be written as
ds* = e®Y(dz — wd¢)® + eV p*d$* + ¥ (dp® — A*dt?) (4.27)
which can be obtained from (4.17) by the substitutions
t— 2z, 2>t (4.28a)

and the substitutions

P—*ZP, 62U—>—62U

, €77 — —e” (4.28b)

which are required to obtain the correct signature for the metric. Therefore,
locally at least, the solution of Einstein’s field equations is formally the same
problem for the cylindrically symmetric case as for the stationary axisym-
metric case, although it should be noted that the substitutions (4.28) will in
general take real stationary axisymmetric solutions into complex cylindrically

symmetric solutions.
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84. Results

The following table summarises the results of the Karlhede classification
which has been performed on the cylindrically symmetric and stationary ax-
isymmetric vacuum solutions of the exact solutions book [1]. The metric files
for these solutions are given at the end of the thesis, in appendix C. The left
hand column of the table identifies the solution by its equation number in the
exact solutions book, with a prefix ¢c— representing a cylindrically symmetric
solution and a prefix sa— representing a stationary axisymmetric vacuum so-
lution. The right hand column is the output from (CLASSISUM), which has

been described earlier in this chapter.
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Table of Karlhede Classification of

Cylindrically Symmetric and Stationary Axisymmetric Solutions

Solution Classification Summary
c-20.7 001 30 00—— 11—-—
c-20.8 001 30 00—— 11—-—
c-20.9a e0l 30 00—— 11——
c-20.9b e01 30 00—— 11—-—
c-20.9¢ e01 30 00—— 11—-—
c-20.10 e0D 41 ebb-— 111-—
c-20.11 e0l 30 00—— 11——
c-20.12 e01 30 00—— 11—-—
c-20.13 pll 30 00—— 11—-—
c-20.14 pll 30 00—— 11—-—
c-20.14(sp) pll 30 00—— 11——
c-20.18 pll 30 00—— 11—-—
c-20.25 001 20 00—— 22——
c-20.39 r0l 20 00—— 22——
c-20.41 rON 20 n00— 022—
GH2 001 20 00—— 22——
sa-18.2 001 20 00—-—- 22-—-—
sa-18.4 001 20 00—— 22——
sa-18.8 00D 41 ess— 111-—-
sa-18.9 001 20 00—-— 22——
sa-18.23 002 20 000— 122-

Since the publication of the exact solutions book it has been discovered
that c-20.12 is, in fact, not a solution of Einstein’s equations. In addition,
solutions ¢-20.9 require constraints on the values of the constants appearing

in the solution in order to satisfy Einstein’s equations.
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Solution c-20.14(sp) is a specialisation of solution ¢-20.14 with { = p (see
[1]). Solution GH2 is the general metric for a Lewis-type class of solutions
discussed in G.Holmes’s Ph.D thesis (1986), p.79, case (ii). Solutions c-20.9a
and c-20.9b are, in fact, locally equivalent under the coordinate transformation

¢ — z.

Solutions ¢-20.9a and c-20.9c were investigated to discover which special-
isations would give a more algebraically special Petrov type. In order for the
Petrov type to be I, three of CLASSI’s discriminants must be non-zero — they
are called PSI4 (which is just ¥4), ULOCRIT and U11CRIT. All possible spe-
cialisations of the three parameters ¢, d and m of the solutions which broke
one or more of these conditions were found , and for both solutions ¢-20.9a and
c-20.9c this resulted in four distinct solutions of a more algebraically special
Petrov type — flat space, two of vacuum type D and one of non-vacuum type

D. The results are summarised in the following tables.

i) Solution c-20.9a :

ds? = pzm’Gz(dPZ —dtz) +p2G2d¢2 + G2d2?

where
G=cp™ +dp™™
Table of Specialisations of c-20.9a
Specialisation Classification Summary

m=1 e0D 41 ebb— 111-—-
d=0,m=—3 00D 41 ess— 111
d=0,m=—2 00D 41 ebb— 111—

m=0 or c=0,m=1 Flat space

ii) Solution ¢-20.9c :

ds? — p2m2G2(dp2 +d22) —{-szzdgf)E — Gt
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where again

G=cpm+dp™

Table of Specialisations of ¢-20.9c

Specialisation Classification Summary
m=1 e0D 41 ess— 111-
c=0,m=1 00D 41 ebb— 111—
c=0,m=2 00D 41 ebb— 111-
m=0 or ¢=0m=1 Flat space
The solution ¢-20.9a with the specialisation d = 0, m = —2 is equivalent

to the solution ¢-20.9c with the specialisation ¢ = 0, m = 2 if ¢ = £1 and

d = %1 for the respective solutions.

The special case of the Weyl solutions with e? = (ﬁ—i)&> where z is
a prolate spheroidal coordinate, has been investigated by Voorhees [31] and
Zipoy [26]. For 6 = 1 we have the Schwarzschild solution, sa-18.8, and for
0 = 2 we have the Darmois solution [32], sa-18.9. The Schwarzschild solution
is Petrov type D and the Darmois solution Petrov type I. An investigation was
made into which values of § give Petrov type D in general. This time, in order
for the Petrov type to be I, CLASSI’S discriminants called B4CRIT, USCRIT
and U9CRIT must all be non-zero. It is found that the only values of § which
make the discriminants zero are § = 0, § = 1 and § = —1. The solution
with 6 = —1 is equivalent to the Schwarzschild solution under the coordinate
transformation ¢ — —z, the solution with § = 0 is flat space. Thus, one
may conclude that the only solution in this class with Petrov type D is the
Schwarzschild solution. Otherwise the Petrov type is always I, except when

6 = 0 in which case we have flat space.
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5

The Karlhede Classification
of Type D Vacuum Spacetimes

§1. Introduction

Following some work by Kinnersley [10], all type D vacuum spacetimes are
split into 3 invariant classes. A canonical form is derived for each class in turn,
these canonical forms forming an essential part of the Karlhede classification.
In addition, the frame transformations required to obtain the canonical forms

are calculated.

At the end of §7 of chapter 3 consideration is made of the upper bound
on the order of covariant differentiation of the Riemann tensor required to
perform a Karlhede classification of a spacetime metric, and hence tackle the
equivalence problem. Equations (3.103), (3.104) and (3.105) tell us that, in
the absence of isometries, it might be necessary to go as high as the 5th deriva-
tive for Petrov types I, II and I, and as high as the 7th derivative for Petrov
types D, N and 0. Because all type D vacuum spacetimes admit at least a
2-dimensional isometry group, equation (3.104) tells us that the upper bound
for these spacetimes is reduced to 5. The Karlhede classification is a purely
geometrical classification in the sense that it works for any Riemannian man-
ifold, regardless of whether the metric obeys any field equations, and these
upper bounds are calculated without using the information contained in Ein-
stein’s field equations. In this chapter we use the information contained in the
field equations and Bianchi identities, together with symmetry considerations,
to reduce the upper bound for the vacuum type D case to 2 for two of our
invariant classes, and to 3 for the third. In fact, Kinnersley [10] derived all
type D vacuum solutions explicitly, so one can use CLASSI on these solutions
directly. This has been done by Aman and Karlhede [11], and the result is

that it is only necessary to go up to the second covariant derivative. However,
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the advantage of the approach in this chapter is that it does not require a
complete set of solutions, and can, therefore, be extended to other cases where
a complete set of solutions is not known. In the next chapter vacuum type N
solutions are considered and in the final chapter non-vacuum type D solutions.

In none of these cases is a complete set of solutions known.

In this chapter we work in the extended NP formalism (Newman-Penrose
formalism [13]) called GHP formalism (Geroch-Held-Penrose formalism [12]).
The advantage of using this formalism results from the fact that type D space-
times have a Weyl tensor which admits spin and boost transformations as its
invariance group (see [9]), and it is precisely these transformations that the
GHP formalism respects. In this thesis we do not give an account of GHP

formalism, so the reader unfamiliar with it will need to consult [12].

In §2 a canonical form for the Weyl spinor of a type D spacetime and the
GHP equations for the vacuum case are given. In the following section the
totally symmetrised spinor covariant derivative of the Weyl spinor, DPSI, is
calculated, and by reference to the work by Kinnersley [10], the spacetimes
are split into three different classes and a canonical form derived for each
class in turn. In §4 D2PSI is calculated and the field equations, together with
the result that all type D vacuum spacetimes admit at least a 2-dimensional
isometry group, are used to show that the upper bound can in the worst case
be reduced to three. In the following section, by considering the third covariant
derivative, it is proved that the upper bound is three without having to use
Kinnersley’s result or the isometry group result. The final section summarises

the main results of the chapter.
§2. Type D Vacuum Spacetimes

In a vacuum spacetime the Riemann tensor reduces to the Weyl tensor.

We introduce a spin frame {o*,:4} which satisfies

OALA =1
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From now on we shall use dyad components of the Weyl spinor and its covariant
derivatives, which is equivalent to using a Newman-Penrose null tetrad [9].
Because it is totally symmetric, the Weyl spinor has only five independent
dyad components which, in standard notation, are labelled

A B C D
Vo = Wogo0 = Yapcpo™0- 0”0

A B C,D
W, = Wogor = Yapcpo®o~ 0™t

A B C D
Wy = Woo1n = Wapcpo©o”t™t

A B C D
Vs = Woi11 = Yapepo™t 7t

A B,C,D
Wy =Wy = Vapept o™t

Then the Weyl spinor of a type D spacetime has the canonical form
\110:\111:\113:\114:0, \PQ#O (5.1)

The proper Lorentz transformations form a six parameter invariance group on
the spin frame at each point. The condition (5.1) is only preserved under the

two parameter invariance subgroup H, defined by

H, = (/\ 0 ) ; A=re ec (5.2)
0 At
under which
o* — Aot
A — A

1.e. Hy is the subgroup of spin and boost transformations.

In GHP notation, the Bianchi identities in vacuum under assumption (5.1)

become

3k0, =0 (5.3a)
PO, = 3p0, (5.3b)
50, = 37V, (5.3¢)
30’0, = 0 (5.3d)
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35/, = 0 (5.3¢)

DU, = 350, (5.3f)
3\1’2 = 37'\1;2 (539)
30V, =0 (5.3R)
These equations require
c=d"=k=k"=0 (5.4)

which also follows directly from the Goldberg-Sachs theorem [33]. The Bianchi

identities, therefore, reduce to

p\IIQ = 3p\I]2 (5.5@)
6,\1;2 = 37'1\1!2 (5.5b)

together with their primed versions (recall ¥, = W,).

Under assumptions (5.1) and (5.4) the GHP vacuum field equations be-

come
3p = (p—p)7 (5.6a)
Pp = p? (5.6b)
Pr =p(r -7 (5.6¢)
8T =171’ (5.6d)
Vp=pp —77 -V, + 81 (5.6¢)

together with their primed versions, and the commutators acting on a spin

and boost weighted scalar of type {p, ¢}

PV~ PPYyyy = [(7 =)+ (7~ 7')3

—p(Uy — 77") — q(¥y — 77|10y, (5.7a)
(P53 —38P)n,, = (8 — 7'P + ¢pT" )0y (5.7b)
(88 —88)n,, = [(p' — )P+ (p— PV

+p(pp’ + V2) — q(pp’ + ¥2)lny, (5.7¢)

92



together with the equations obtained by applying prime, complex conjuga-
tion and both to (5.7b). We call equations (5.6) and (5.7) the GHP vacuum
field equations because both sets together contain the same information as

Einstein’s vacuum field equations.
§3. First Covariant Derivative

The Bianchi identities in spinor form are

GAE‘I’ABCD;EF' =0 (5-8)
from which it follows that the first covariant derivative of the Weyl spinor is
symmetric on all the unprimed indices, so that we do not need to symmetrise
in order to obtain DPSI. Then, using a similar notation to that used for dyad
components of the Weyl spinor, DPSI has 12 independent components labelled

i
D)oo = Wooo000 = Yapep.pr 0™ 0P 00 oF " (5.9a)

DY)y = Yoo00000 = Yapep,er0?o® 0°oP Fa" (5.9b)
D)y = Yooor100 = Yapep.pr 0t 0P 0P F5" (5.9¢)
)

(

(
(
(
(DW)se = Yoor100 = Vancpipro®o”“iPiPo
(
(
(

B ,C D EF' (5.9d
D)o = Woi11.10 = Yapep.prio A4,8,0,0 Egt 5.9¢)
DW)so = U100 = VYapep.prt*l? CP Eot (5.9f)
D)oy = Voso001 = Yapep.er oo B oCoP oPrF (5.99)
(DY) 11 = Wopooa1r = VU 1pep.prot 0B 0% 0P BT (5.9h)
(D%)31 = Yogor.11r = Y apep.er0®o® o€ P E (5.97)
(DW)31 = Yoo1101 = Vapeppro® 0B C P B (5.97)
(D®)ay = Yoi11010 = Yapep,pro*l® (CP (5.9k)
(DW)s1; = WUy11101 = Yapepert A,B,C /D EF (5.91)

Let us consider in detail the calculation of these components. We define a

generic symbol (A for the dyad {o*, ¢*} by
¢ = o? (5.10a)
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(A=A (5.100)
together with
a =o" (5.10¢)
(= (5.10d)
The first covariant derivative is then defined by
(D9),pr = Yancpier (P CCCRCELT (5.11)

where p of the unprimed dyad vectors are ({ 's. We use the Leibnitz property

of covariant derivatives to write this as

(D) = (YanenCi G er (0L = (CAGPCECR)imr CECf Wanen
and consider the three possible cases : g =5, p =4 and p < 4.

For the case p = 5 we can arrange that all 4 of the dyad vectors taken into

the covariant derivative are ({ 's, so we have

(DW)yp = (Wa)ap —4CH (P CT P Wanen (5.12)

where we have contracted the spinor covariant derivative indices and used
the symmetry of the Weyl spinor. This contains a term (3},;, which can be

expressed in terms of the spin coefficients 1"y 4 as follows :

ClA;u' = Guaget
= Cl.l;lf’ekICl?ClJ

= FluflﬁkIC;‘ (513)

Using this result in (5.12) gives

(DW)uyr = (Pa)ap — AT unp €GP (P W aen
- (\114);11-: - 4F111j1\1)3 + 4F101flql4 (5.14)
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For the case 4 = 4 we can again arrange that all 4 of the dyad vectors
taken into the covariant derivative are (£ ’s, the only difference with the first

case being that the remaining unprimed dyad vector is now a (#* instead of a

(. In this case (5.12) will become

(D®)upr = (Wa)op — 4(L0; ¢ ¢ W aBeD (5.15)

The steps now proceed in an exactly analogous way to the previous case, again
expressing covariant derivatives of the dyad vectors in terms of spin coefficients

using a calculation of the type {5.13). The final result is

(D\I;)llf' = (\I;4);0f’ —_ 4]:‘110}’1\1;3 + 4F100f’\114 (5.16)

For the final case y < 4 we can arrange that all g of the (# ’'s are taken
into the covariant derivative so that the remaining dyad vectors are all (# ’s.

Therefore, equation (5.12) now becomes

(DU),pr = (B)iop — 1006 ¢ 1Y amen — (4 = 1) Goiop [ ¢ ¢ 1 W anen
(5.17)
where a little counting will show that the first set of square parentheses con-
tains (g — 1) (* 's and the second set contains g (# ’s (in obtaining (5.17)
the symmetry of the Weyl spinor has again been used). The calculation now
proceeds as in the previous cases, again expressing covariant derivatives of the
dyad vectors in terms of spin coeflicients using a calculation of the type (5.13).

The final result is

(D) s = (Y)orr — #1100 Wpums + plioos ¥y
— (4 = p)or0p Wy + (4 — p)To00s Wiy
= (u)os — #1105 Vs
+ (26 — )10y Wy + (4 — 1) lo00s Vs (5.18)
where, in obtaining the final equality in (5.18), we have used the symmetry of
I'43.4 on the first two indices.
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For a type D vacuum spacetime (5.1) immediately tell us, referring to
(5.14), (5.16) and (5.18), that (DW¥),; vanishes for 4 =5, p = 4 and p = 0.
Using in addition (5.4), we see from (5.18) that (DW),;, also vanishes for u = 1.
Therefore, from (5.18), using (5.1) and (5.4), the non-vanishing components

for a type D vacuum solution in canonical form (5.1) are

(DY), = PV, = 3pV, (5.19a)
(D¥)30 = 80, = 37’0, (5.19b)
(DW)yy, =8¥Y, =377, (5.19¢)
(D) = DT, = 39T, (5.19d)

where the second equality in each case follows from the Bianchi identities
(5.5). The succinct nature of these equations illustrates how natural the GHP

formalism is for this problem.

To summarise, the zeroth order covariant derivative of the Weyl tensor

depends only on ¥,, i.e.

DT = DO (T,) (5.20)

and the first covariant derivative depends additionally on p, p/, 7 and 7/, i.e.
DV = DY(W,,p,p',7,7) (5.21)

Under H,, these spin coefficients transform as follows :

p — Tp (5.22a)
p — (5.22b)
T —  e¥r (5.22¢)
T — ¥ (5.22d)

Following the work by Kinnersley [10], all type D vacuum spacetimes can

be split into 3 invariant classes, depending on the zero/non-zero nature of
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the spin coeflicients. Let us use equations (5.22) to determine the lst order

canonical forms and invariance groups for each of these classes.
ClassI: p#0, p#0, 7=0, 7 =0

From (5.22) it is seen that we can fix

ol = |p'| (5.23)

by setting
r = (lo')/1ol)* (5.24)

However, since 7 and 7' are zero, 8 remains arbitrary. In this case, therefore,
the dimension of H,; is 1. Thus there still remains a 1-dimensional invariance

subgroup generated by rotations.
ClassII: p=0,p=0,7#0, 7#0
From (5.22) it is seen that we can fix
Im(r)=0 (5.25)
by setting
6 =—(Arg(7))/2 (5.26)

(up to a multiple of 7/2). However, since p and p’ are zero, r remains arbitrary.
In this case, therefore, the dimension of H, is again 1. Thus there still remains

a 1-dimensional invariance subgroup generated by boosts.
Class IIT: p#0, p 40, 7#0, 7" #0

In this case we can demand both conditions (5.23) and (5.25), which fixes the
frame completely. In this case, therefore, the dimension of H, is zero, so that
no frame transformations are permitted and (5.1), together with (5.23) and

(5.25), completely specify the canonical form.
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Since in each case the dimension of the invariance group has changed, we
must continue to the next order of differentiation to continue the Karlhede

classification.
84. Second Covariant Derivative

We proceed as we did in §3 and compute the dyad components of the sec-
ond covariant derivative of the Weyl spinor. In fact, it can be proved using
the Bianchi and Ricci identities that, for the vacuum case, at all orders of
covariant differentiation of the Weyl spinor only the symmetrised parts are
algebraically independent [6]. Therefore, we shall first calculate the second

covariant derivative and then symmetrise over its indices to obtain its sym-

metrised part, D2PSI.

The calculation of the second covariant derivative follows much the same
pattern as that of the first covariant derivative. The second covariant deriva-

tive is defined by

(D*®)pign = Vascpieriam (LT CCCOCEICH CECH (5.27)

where g of the unprimed dyad vectors in the square parentheses are (! 's. The
Leibnitz property then gives
(D*0)uprgn = (Yapepier (L CECECTCECE Yiam (CCH
- (ngI?CfC(?CeEEflI);GH’C_(?E}LI[\I}ABCD;EF'
The right hand side of this equation has u ({* ‘s inside both sets of parentheses

and, therefore, (5—p) (& 's. Hence, contracting the spinor covariant derivative

indices and using the symmetry of the Weyl spinor gives

(D*W)piign = (DY) ligne
— 1CLon [GP TP T W A mr
— (5 = W) (¢ CECPCE T 1 W aBcD e
— (g €A P CECRCE 1Y abepipr (5.28)
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A little counting shows that the second set of square parentheses contains
(g — 1) ¢# 's and the third set g ({* ’s, as do the final set. All the types of
term in (5.28) have occurred previously except the term ffF,';gh,. This term can

be expressed in terms of spin coefficients as follows :

Fflhglf Ck)
=Tppn et C (5.29)

If we now substitute in (5.28) using results (5.13) and (5.29) then we obtain

(D* @) upign = (D) g ign
— pLugn f“(}f[Cz?CcCCfCeECTf:I]‘I’ABCD;EFI
— (5 = ) Poign €' ¢EICECECPCECT 1Y anep b
= Dporng @ CEICHG 2GR CP W apeier
= [(DY),sJign
— L 11gn (DY) g
+ (24 = 5)l 100 (DT),.;
+ (5 = #)Tooghe (D ) (1)
— Trmg(DV)or
+ Tpromrg (DY) v (5.30)

For a type D vacuum spacetime (5.19) immediately tell us, referring to
(5.30), that (DW),; vanishes for 4 = 5, u = 4 and g = 0. Therefore, from
(5.30), using (5.4) and (5.19), the non-vanishing components for a type D
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vacuum solution in canonical form (5.1) are

(D* 0100100 = 12977,

(D*W)y0r110 = 12p7 0,

(D*W)11010 = 12p70,

(D*W)11041 = 12770,

(D*W) 0100 = 3(Pp) ¥y + 9p° Y,

(D*W)s01100 = 3(8'p) V2 + 18p7' ¥,

(D*W)g901 = 3(8p) ¥y + 9p7V, + 370,
(D*W)g0r110 = 3(P'p) Vs + 9pp' Uy + 9770, + 3770,
(D*W)y1: 000 = 3(PT)Wy + 9p7 U, + 3p7' W,
(D*W)gys100 = 3(BT)Wy + 977"y + 9pp' U,y + 3pp' W,
(D*W)g1r010 = 3(87) T, + 9770,

(D*W)gyi01 = 3(P'7)U, + 187p' 0,

(D*W)300.000 = 3(PT')U, + 18p7' 0,

(D*W)301100 = 3(8'7" )V, + 97720,

D*W)sp.01 = 3(37)W, + 977U, + 9pp' W, + 3p'p¥,
D*W)ap0y = 3(P'7) W, + 99" 7'V, + 3p' 7Y,
D*W)sy.00 = 3(Pp' )W, + 9pp' Wy + 977" 0, + 377,

(
(
(
(D*W)a10100 = 3(8'p")Ws + 970"V, + 3700,
(D*W)3001 = 3(8p" )Wy + 187"V,
(D?*W)g1a1r = 3(P'p") W, + 99,
(D*W)yor.00 = 12770,

(D*W) 01 = 129" 7' 0,

(D*W)ayr000 = 120" 7',

(D*W)y410.00 = 12070,

100

(5.31a)
(5.31b)
(5.31c)
(5.31d)
(5.31¢)

(5.31f)

(5.31¢)
(5.31h)
(5.31i)
(5.315)
(5.31k)
(5.311)
(5.31m)
(5.31n)
(5.310)
(5.31p)
(5.31¢)
(5.31r)
(5.31s)
(5.31t)
(5.31u)
(5.31v)
(5.31w)

(5.31z)



We now have to consider the problem of symmetrising the second covariant
derivative of the Weyl tensor to obtain its symmetrised part, D2PSI. Using a

similar notation to that used before the components of D2PSI are labelled
(D*V),, ; p=0,1,2,3,4,56,r=01,2) (5.32)

this representing the symmetrisation of the component with x of the unprimed

and v of primed indices equal to 1. Thus, for example
(DZ\II)SI' = ‘I’(0001;1o';11') (5'33)

where the unprimed and primed indices are symmetrised independently. It is
readily confirmed that there are 7 x 3 = 21 independent components. The

formula for calculating (D?W¥),, from the (D*W), ;1. 5 is

(D*¥) e = (D" W) umnyrians + (6 = p)(D* W) pri0m
+ N(Dz\p)(u—l)h’;lf’ + (6 - /‘)(DQ\I;)uh’;Of’] (5'34)

where p of the unprimed and v of the primed indices are 1. The reason this
formula is correct is that the process of symmetrising over the unprimed indices
can be broken down into (i) placing each of the 6 unprimed indices in turn
into the g slot and (ii) each time symmetrising over all the other unprimed
indices. There will be p different 1s that can be inserted in the g slot but
only 6 — p different Os that can be inserted there, thus giving the weightings
in (5.34). The symmetrising over the 2 primed indices is trivial. From (5.34),
using equations (5.31), the non-vanishing components of D2PSI for a type D

vacuum solution in canonical form (5.1) are

(D*W),0, = 2(Pp) ¥, + 10p°T, (5.35a)
(D*W)yy, = (PT)W, + 10p7T, + (8p) U, + pT V¥,

+ 7', (5.35b)
(D?*W)gq = 2(87)T, + 10770, (5.35¢)
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3 3

(Dz\p)gol = E(PT')\IJQ + §(B'p)\112 + ].SpTl‘Ilg (535d)
3 3 3,

(D2\D)311 = Z(ppl)\pz + Z(plp)\pz + gppl\yz + Z(BT )‘I’Q

+ %(3'7‘)\112 + 977’0,

+ %TT"I’Z + %T’?’\Ilz + %pp'\llz + %pﬁ'\llz (5.35¢)
(D?W)sy, = g(pff)xpz + %(8/)')‘112 + 187/, (5.35f)
(D*W)4p = 2(8'7" )V, + 107720, (5.359)
(D*W)yy, = (P'7) W, + (800, + p' 7Y,

+ 57U, +10p'7'Y, (5.35h)
(D*W) 40 = 2(P'p') T, + 10920, (5.350)

In summary
D*¥ = D*U(W,, p,7,,Pp, Vp,8p,8p, Pr, V' 1,57,87, + primes)  (5.36)

that is the second covariant derivative is a functional of the zeroth order quan-
tity W,, the first order quantities p, p’, 7 and 7/, together with the derivatives
with respect to P, P, 8 and & of all first order quantities. Thus the only pos-
sibly new information arises from the GHP operators acting on the first order
quantities. To investigate these terms we use the vacuum field equations (5.6)

and (5.7). Using equations (5.6) to substitute into equations (5.35) we obtain

(DZ\I’)QQI = 12/)2\112 (535@ bZS)
(DZ\P)QII = 12PT\II2 (5.35b bZS)
(DZ\I')ZQ/ = ].27'2\112 (535C bZS)
3 .
(D*W)3q = g(PT')\PQ + 5(3'/})\1/2 + 18p7' ¥, (5.35d bis)
2 3 ’ 3 ’ 3 /
(Du\p)znl = Z(p p)\IIQ + Z(BT )\DQ + Z(a T)\pz

3
+ Z(Pp’)\llz +9pp' ¥y + 9770,
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3 3 ’ 3 =1 3 17
+ZT7"I’2+Z/7P‘I’2+ZPP‘I’2+ZTT‘I’2

3 3
(DZ\I’),?,QI = i(p,T)\Ijg + E(Bp')\llg + 187'/),\1/2

(qul)‘ml = ].27'12\1;2
(Dz\p)4ll - 12P/TI\P2
(D?\I})421 = 12pl2\I}2

where all GHP operator terms other than

&p, Pr', Pp, &7

(5.35¢ bis)

(5.35f bis)
(5.35g bis)
(5.35h bis)
(5.35¢ bis)

and their primes have been expressed in terms of first order spin coefficients. In

addition, equation (5.6e) enables us to relate P'p to &7 and its prime relates Pp’

to 87'. However, equations (5.6) provide no information about & p and P7’ and

their primes — for these it is necessary to use the commutators (5.7). Taking

the complex conjugate of (5.7b) and acting with it on the {0,0} weighted

quantity ¥, we obtain
(P8 —&'P)U, = (p&' — 7'P)V,
Using the Bianchi identities (5.5) this gives
3P(r'¥,) — 38 (p¥,) =0
which, on using (5.5) again, leads to

3U,(Pr' —~&p) =0

(5.37)

The vanishing of the quantity in parentheses, together with its prime, provides

us with relations between the required quantities.

In summary

D*W = D*U(Vy,p,p', 7,7, Pp,Pp' 8 p,8p")
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where, from (5.6e) and (5.37), we have the relationships

Vp=pp —77 - Uy + 87 (5.38b)
8'p = br’ (5.38¢)

and their primes. We return to the three classes of §3.
ClassI: p#0, pp#0, 7=0, 7/ =0

From (5.38), all components of D*¥ can be expressed algebraically in terms
of first order quantities. Therefore, we always retain a 1-dimensional invari-
ance group and (5.1), together with (5.23), completely specify the canonical
form. As no new quantities are introduced at this order, Karlhede’s procedure

terminates at 2nd order.
Class II: p=0, p=0, 7#0, 7 #0

Again, from (5.38), all components of D?*¥ can be expressed algebraijcally in
terms of first order quantities. Therefore, we always retain a 1-dimensional in-
variance group and (5.1), together with (5.25), completely specify the canonical
form. As no new quantities are introduced at this order, Karlhede’s procedure

again terminates at 2nd order.
Class ITI: p#0, p 40, 7#0, 7' #0

We use the result that all type D vacuum spacetimes admit at least a two
dimensional isometry group I [10]. Combining this with the result (3.50) of
chapter 3, we see that, since the dimension of H, is zero, we have n, < 2, i.e.
there are at most two functionally independent components in total. One of
these is provided by W,, since it cannot be constant (as the Bianchi identities
(5.5) would then imply that p = p' = 7 = 7/ = 0, which contradicts our
assumptions). In the worst case no new functionally independent components
will be produced at first order, as the reduction of the dimension of the in-

variance group in going from ¢ = 0 to ¢ = 1 would still allow the Karlhede
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procedure to continue. However, in going from ¢ = 1 to ¢ = 2 the dimension
of the invariance group remains unchanged (namely zero) and, therefore, if
the procedure is to continue a new functionally independent component must
be produced at this stage, so that we now have them both. Therefore, the

Karlhede procedure terminates at ¢ = 3.
§5. Third Covariant Derivative

In the previous section we used the result that all type D vacuum space-
times admit at least a 2-dimensional isometry group to arrive at our conclusion
that the Karlhede algorithm terminates at at most the third covariant deriva-
tive. In this section we consider the third covariant derivative explicitly to
obtain this result without having to use the isometry group result. We shall
not actually calculate the third covariant but deduce its form by some simple

arguments.

The third covariant derivative of the Weyl spinor is defined by the equation
(D°®)uprignrgm: = Wapepprienon [P CECTCEICT CECE CECM (5.39)

where g of the dyad vectors in square parentheses are (#’s. All the dyad
vectors other than (¥ and (¥’ can now be taken into the covariant derivative

to obtain

(D*9)uprignims = [(D*®)grgnliims — pC ] CRCECECECT CECH Y anepier an
— (5 — )y CECECPCECE CCCE Vapenimram
- C_fjl;zm'CfoCcCCfoCf -}T{I\IIABCD;EF';GH'
- glm’CfCI?CfC;)Cfo',Eh"\I;ABCD;EF’;GH’
— it Gt G2 CECR CP (Y aBenimr G (5.40)
The vital part of the argument now comes from inspecting equations (5.13)

and (5.29). These equations show that in order for a term of (5.40) to contain

a (D*W) 4.1 then it must contain a 4.4 of the form T'y;__ or I'jy__, or a
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Taiprera of the form Toqi__ or T'y__ (this is because such I's replace the dyad
vector which is being ‘used up’ in the covariant derivative). If we now apply
this argument to (5.40), using (5.13) and (5.29), and assuming that z of (¥
are (f*s and that y of (¥ and {#' are (s, then it will take the form

(D*0)prignriims = [(D*W) ugrigniLime + BT 101me (D) posn
— (5 = 1) Totim (D* W) uprgn + 2L 100 (D* W) 1m0
— (1 = 2)Toum (D* W) prigne + YT 100t (D* W) posgne
(2 = ) o (D W) + - . (5.41)

where the remaining terms do not contain (D?W) ;. (D?*W),404n is a spin
and boost weighted scalar of type {p,q} wherep=(5—p)+(1—z)—p—z =
6 —2u ~2z and ¢ =(2—y)—y =2 —2y. So (5.41) can be written

(Ds\p)#f’;gh’;lw = [(D2\D)uf’;yh’];lw
- pFIOIm’(Dz\p)uf';gh' — qf‘llolm/l(Dz\I})”fl;ghl + .. .(5.42)

where we have used the symmetry ['ygm = Torm and iigimi = Dorimn. Equa-

tion (5.42) now becomes

(D>, g gnrms = P(D*®) pogns + ... 5 Im/ =00’ (5.43q)
(D) s gy = (D) prgns + ... 3 Im' =01 (5.43b)
(D?0) s ghrm: = &(D* W) prgns + ... 5 Im/ =10 (5.43c)
(D*W)prighigme = P (D*W)ypiign + ... 5 Im' =11 (5.43d)

Thus, we see that the spin coefficients 3, 3’, € and ¢, occur in exactly the
right combinations and proportions for them to be included in either a P, 3,
3 or P’ GHP derivative operator. It is clear that this result can, in fact, be
generalised to the dyad components of the covariant derivative of any spinor.
Now, using (5.38a), we see that this means that the only new terms which
will occur at third order are P, 3, P’ and & acting on Pp’, P'p, 8p’ and &p. Of
these 16 new terms the 8 8Pp’, P'Pp’, PV'p, 8P'p, &8p’, P'3p’, P8'p and 85'p can
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be expressed in terms of lower order quantities by first using the commutators
(5.7) and then the field equations (5.6). For example,
PPp=PPp+ (F—1)op+ (1 —7)8p— (Uy—77")p — (U, — 77 )p
=2pP'p + (T —7)8p + (1 = 7)8p — (¥, — 77")p — (¥y — 77')p

The remaining 8 terms PPp’, 8Pp’, 8P'p, P'Vp, P3p, 88p’, 88 p and P'&p can
be expressed in terms of lower order quantities by alternately using the com-
mutators (5.7) and equation (5.38b) or (5.38¢), and finally the field equations
(5.6). For example

PPy’ « DPor’ o 8P7' > 88 p «— 88p o F[(p — p)7]

and
8Pp' « P3p’ «» PP & P'Pr o V(7 — 7')p]

where « implies equality modulo lower order quantities.

So we see that the only apparently new quantities at third order can, in
fact, be expressed in terms of lower order quantities. Therefore, we can indeed
show that for type D vacuum spacetimes it is necessary for the Karlhede algo-
rithm to continue to at most the third covariant derivative, without requiring
the isometry group result. The other result which was used on the way to our
conclusion that the upper bound is 3 is the splitting into only 3 classes at the
end of §3. In the proof above that we can express all quantities occurring at
third order in terms of lower order quantities, we have made no assumptions
about the zero/non-zero nature of the spin coeflicients, and therefore it applies
for any conceivable case. Therefore, we could obtain our result that the upper
bound is 3 without knowing that the 3 classes of §3 are the only ones allowed.
This is important because it is only by integrating the field equations that one
finds that there are only these three classes, and it is nice that we can obtain

our result without requiring any integration of the field equations.
§6. Summary of Results

The main results of this chapter are summarised in the following table :
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Table of Results

Class I I II1

Invariant p#£0 p= p#£0

Characterisation | p' #0 p= pr#£0
T=0 T#0 T#0
=0 ' #0 ' #0

Canonical Form :

Zeroth Order U, +£0 Uy, £0 U, £ 0

Ty =0 Ty, =0 Ty =0

U, =0 Y, =0 ¥, =0

Y3 =0 U; =0 Uy =0

U, =0 U,=0 Y, =0
1st Order ol = 1] Im(r) =0 ol = 1P|

Im(t)=10

Upper Bound 2 2 3

As mentioned previously, all type D vacuum metrics have been explicitly
obtained by Kinnersley [10]. For completeness let us list which of these metrics
fall into each of the above classes. The ‘related metrics’ are metrics which differ

only in the choice of sign for constants of integration.

Class I : Schwarzschild (plus two related metrics) and NUT (plus two related

metrics).

Class II : ‘B’ (plus two related metrics) and ‘Rotating B’ (plus two related

metrics).

Class III : Kerr-NUT (plus five related metrics), ‘C’ and ‘Twisting C’.
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6
The Karlhede Classification
of Type N Vacuum Spacetimes

§1. Introduction

In this chapter all type N vacuum spacetimes are split into various invariant
classes and a canonical form is derived for each class in turn, as well as the

frame transformation required to obtain this canonical form.

The work begun in the previous chapter in reducing the upper bound
on the order of covariant differentiation of the Riemann tensor required for
a complete Karlhede classification is continued in this chapter. It is shown
that for a type N vacuum spacetime the Karlhede upper bound of 7 can be
reduced to 2, 4, 5 or 6, depending on the invariant class. The analysis is carried
out in spinor language using NP formalism (Newman-Penrose formalism [13}),
and uses the simplifications of the NP equations that result from having the

spacetime in its canonical form.

In §2 a canonical form for the Weyl spinor of a type N spacetime and
the NP equations for the vacuum case are given. §3 introduces the invariant
classes into which type N vacuum spacetimes naturally split, and derives the
canonical forms at first order. §4 makes a general consideration of functional
independence and derives the second order canonical forms. The following
section analyses the problem of the upper bound on derivatives of the Weyl
tensor required in the Karlhede classification for each class in turn. The final

section summarises the main results of the chapter.
§2. Zeroth Order

The Weyl spinor of a type N spacetime has the canonical form

\I;():\Illquzz\lls:o; \I;4:1 (6.1)
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The proper Lorentz transformations form a six parameter invariance group on
the spin frame at each point. The condition (6.1) is preserved only under the

two parameter invariance subgroup H, defined by

H(,:C O) ; a€cC (6.2)

under which

¢ — P+ ao

i.e. Hy is the subgroup of null rotations.

In Newman-Penrose notation, the Bianchi identities for a type N vacuum

spacetime become, using (6.1)

kWy =0 (6.3a)
(4e —p)¥, =0 (6.3b)
oV, =0 (6.3¢)
(48 — 7)Uy =0 (6.3d)
These equations require
k=0c=0 (6.4a)
de = p (6.4b)
48 =1 (6.4¢)

with (6.4a) also following directly from the Goldberg-Sachs theorem. From
now on, in order to simplify equations, p and 7 will be used instead of € and

B respectively.

For later reference the NP vacuum field equations and commutator equa-
tions are written out for a type N vacuum spacetime. The NP vacuum field

equations become, using (6.1) and (6.4)

Dp = 3p* + ;pp (6.5a)
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Dr =3pr+7mp— 3pT (6.5b)

Da — 16p = jpa+ tpa— E7p+ 2pm (6.5¢)
Dr —ép=23pr —ap+7p (6.5d)
Dy—3iAp=3rr—typ+ratarn+ 377 — 90— 7P (6.5¢)
DX —bér=3pA+ipA+ 72 +ar — 177 (6.5f)
Dy — éx = 3pu+ w7 — spp — Ta+ 37T (6.59)
Dv—Ar=mp+7p+aA+1A+y7m =31 — 2pv — 1pv (6.5h)

AXN—bv = —pX — pA =3y A+ A+ 3av + v — 27v — ¥, (6.57)

bp=23rp+ap—pr (6.57)

bar — 36T = Sup +aa + 57T — a1 +Yp — VP — ;Ph (6.5k)

X —8p = pv — pv + pm — iT + po + suT + Aa — 27 (6.51)
bv—Ap=p* + A +yp+yp — i+ trv — av (6.5m)

by —3iAT =1ry —ay+3ur —pv + 177 4 2 (6.5n)

6t =Ap+ 3t —1a (6.50)

Ap— b1 =—pp— 377 —at +yp+7p (6.5p)

Ao — by =3py — 3TN+ 75a — pa — 31y (6.5¢)

The commutator equations become, using (6.4)

(AD = DAY =[(y +7)D + 3(p + P)A — (T + 7)6 — (7 + 7)é]¢ (6.6a)
(6D~ Dé)¢ = [(a+ 37 —7)D — (35 + {p)0l¢ (6.60)
(A —A8)p=[-vD+ (2r —a)A+ X6+ (p— v +7)d]¢ (6.6¢)

(86 —68)p = [(a — pu)D + (P — P)A — (@ — §7)6 — (57 — )6]4(6.6d)

§3. First Order

The calculation of the first covariant derivative for a vacuum type N vac-
uum spacetime in canonical form (6.1) is exactly the same as the corresponding

calculation given in chapter 5 for a type D vacuum spacetime. From (5.14),
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(5.16) and (5.18) one obtains for the non-vanishing components, using (6.1)

and (6.4),

(D)4 = p (6.7a)
(D¥)so = 4ax (6.7b)
(DV)yy =7 (6.7¢)
(DW)sy, = 4y (6.7d)

where the same notation as in chapter 5 has been used.

To summarise, at zeroth order there is just the constant W, = 1, whereas

the first covariant derivative depends on p, a, 7 and v, i.e.
DY = DVY(p,a,7,7) (6.8)

Under H, these spin coefficients transform as follows :

p — p (6.9a)
a — a+iap (6.9b)
T — T+ap (6.9¢)
¥y — y+aa+ 2ar+ 2aap (6.9)

Let us now consider the possible zero/non-zero nature of these spin coefli-
cients for type N vacuum metrics, using equations (6.9) to determine the first
order canonical forms and invariance groups for the various invariant classes

so obtained.
ClassI: p#0

From (6.9¢) it is seen that 7 can always be transformed to zero by setting

a = —7/p, which fixes the frame completely.
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ClassII: p=0,7=0

From equations (6.9) it is seen that the only transformation remaining is (6.9d)

which reduces to

vy — q+aa
This class is divided into two subclasses :

ITa) « #0

The remaining transformation can be used to set v = 0 by setting a = —vy/¢,

which fixes the frame completely.
IIb) a=0

None of the spin coefficients can be transformed at all so the frame cannot be

fixed any further i.e. the full 2-d null rotations remain.
Class IIT: p=0,7#0

Again from equations (6.9) it is seen that the only transformation remaining

is (6.9d) which reduces to

v — v+ (ea+ar) (6.10)
We shall denote
a = zexp(tz’) (6.11a)
T = yexp(iy’) (6.110)
a = zexp(1z') (6.11c)

Then the term in parentheses in equation (6.10) has real part
zz cos(z' + 2') + 2zy cos(y’ — 2') (6.12a)
and imaginary part

zsin(z’ 4 2') + 2zysin(y’ — 2') (6.12b)
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This class is divided into two subclasses :
Ila) |a] £ £7| = 2 # 3

In this case equations (6.12a) and (6.12b) can be set equal to arbitrary values
to yield two linearly independent equations for the two unknowns z and 2’
Therefore, we may transform both the real and the imaginary parts of v to

zero, fixing the value of a and hence the frame completely.
IIIb) |a| =2|7| =z =3y

In this case we can use the trigonometric formulas for the sum of two cosines

and the sum of two sines to write (6.12a) as

Szycos(3(z’' +y'))cos(3(z' —y') + 2') (6.12a bis)
and (6.12b) as

2zysin(3 (¢’ + y')) cos(3(z' — y') + 2') (6.12b bis)

The two equations are now seen to be linearly dependent for the two unknowns

z and 2’ and we further divide this class into three subclasses :
ITIbi) a=-3r=2'+y =2n+1)r

In this case the real part (6.12a bis) is zero for all z, 2’ whereas the imaginary
part can have any value depending on z,2’. Therefore, we can transform the
imaginary part of v to zero but not the real part. Because (6.12b bis) is
only one equation for the two unknowns z and 2’ the frame is fixed up to a

1-dimensional invariance subgroup H;.
IIIbii) a=327 = 2’4y =2nn

In this case the imaginary part (6.12b bis) is zero for all z, 2 whereas the
real part can have any value depending on z,z’. Therefore, we can transform

the real part of v to zero but not the imaginary part. Because (6.12a bis) is
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only one equation for the two unknowns z and 2’ the frame is fixed up to a 1

dimensional invariance subgroup H;.
ITIbiii) & # —ET, a# %T sz4+y #£2n+)r,2' +y #2nr

In this case we may start with either the real or imaginary part and give it a
particular value, fixing the frame up to a 1 dimensional invariance subgroup
H, as above. However, we see from equations (6.12a bis) and (6.12b bis) that
the ratio of the imaginary to the real part is tan(;(z'+y’)), so that a particular
value for either the real or imaginary part fixes the other uniquely. Therefore,
in this case generically we may transform either the real or the imaginary part

ot v to zero, but not both.

Let us examine the 1-dimensional set of values that the group parameter
a assumes on fixing the three canonical forms in Class I1Ib), as this will prove

important later. Consider first the canonical form Re(y) = 0. From equation

(6.12a bis) this gives

2oy cos(4(e’ + ') cos(3(a’ — y') + ) = —Re(y) (6.13)

If we now write

(' —y")/2=190 (6.14a)
~2Re(7)/5y cos(3(z' +y')) = f (6.14b)

then equation (6.13) becomes
zcos(z' +6)=f (6.15)

Expanding this equation one can obtain the connection between the real and

imaginary parts of a that it implies. Writing a = s + ¢t one obtains

t=ms+c (6.16)
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where

m = cot(0) (6.17a)
¢ = —f/sin(0) (6.17b)

Thus, at each point on the manifold the canonical form chosen fixes a to lie on
a straight line, but as m and ¢ are functions of the coordinates this straight line
will vary from point to point on the manifold. In the case where the canonical
form is Im(y) = 0 one obtains exactly the same results except that now

__ —2Im(y)
5y sin(3(z' + y'))

84. Second Order

Let us proceed as we did in §3 and compute the dyad components of
the second covariant derivative of the Weyl spinor. In fact, as discussed in
chapter 5, it can be proved using the Bianchi and Ricci identities that at all
orders of covariant differentiation of the Weyl spinor only the symmetrised
parts are algebraically independent so that there will be only 7 x 3 = 21
independent components (see [6]). However, in our subsequent analysis there
is no advantage to working with symmetrised components, so we shall not
symmetrise to save additional work. Thus, using a similar notation to that

used before, the components are labelled
(D*W) yarper (1 =0,1,2,3,4,5; a,b,c=0,1) (6.18)
For example

2
(D \p)OO’;OO’ = ‘1’0000;001;00/

I I
= lIIABCD;EF';GH'OAOBOCODOEaF %o (6.19)

The calculation of this second covariant derivative for a type N vacuum space-

time in canonical form (6.1) is exactly the same as the corresponding calcula-
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tion for a type D vacuum spacetime. From (5.30) the non-vanishing compo-

nents are, using (6.4) and (6.7),

(D*®)301100 = 2p°

(D*W)30111 = 2p7

(D*W)3y1.100 = 2pT

D*W)zy04y0 = 277

D*W) o000 = Dp + 2p* — 1pp

D*W) 40100 = 6p+ Tap — 27p

D*W)yror = bp+3tp—ap+71p
D*W)yoi11 = Ap +3yp + 4ar — gp + 71
D?*W)syip0r = D7+ 2p7 —7p + 3p7

(

(

(

(

(

(

(D*W)arinor = 67 4+ 3ar + 4yp — ip + 77
(D*W) o = 67 + 272 = Ap+ ar
(D*W)g101y = AT + Ty — Dp + AT
(D*W)spr.00 = 4Da — 57p + Sap — pa
(D*¥)s0r100 = 46 — 5Ap + 200* — Ta
(D*W)spr010 = 46 — bup + 51a — 4ad + 4yp

(Dz\p)g,o;lll =4Aao — 5Vp + 20’7@ et 4’7a + 4’)’7_-

(D*W)s10000 = 4Dy — 577 + 5py — 4T + pry
(D*W)s10100 = 467y — BAT + 20y — 4fice + T
(D*W)s1101 = 46y — 5ut + 597 — 4 e + 4va
(D*W)510110 = 4Ay — 5uT + 207 — 4o + 47

In summary

DU = D*U(D'W, D(D'), §(D'V), §(D'W¥), A(D*T), 7, A, p, v)
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that is, from (6.8), the second covariant derivative is a functional of the first

order quantities p, o, 7 and ~, the derivatives with respect to D, §, § and A

of all these quantities, and the new spin coeflicients 7, A, y and v.

The derivative terms can be expressed in terms of spin coefficients by

means of the NP vacuum field equations (6.5). Using these equations to sub-

stitute for the derivative terms in (6.20) gives

(D* )00 = 2p
(D*W)agr110 = 2p7
(D*W)3y110 = 2p7
( Jary = 27°

D*vy

(D*¥) 0000 = 2p”
(D*W)aga0r = 8p + Tap — 3T

(D*W)agror = 2p7

(D*W)40r11 = Ap +3vp + daT —Fp + 77
(D*W)gy1 000 = 27p

(D*W)gy100 = 67 + 3aT + 4yp — fip + 37T
(D*W)4y0 010 = 277

(D*W)arar = AT + Ty — bp + 77

(D*W)spi.00 = 4Da — 57p + 5ap — pa
(D*W)spr100 = 46 — BAp + 200* — T
(D*W)spr01 = 46 — Bup + 57a — 4aa + 4vp
(D*W)50.11 = 4Aa — 5vp + 20y — 45a + 497

(D*W)s11.00 = 4Dy — 57T + 5py — 47 + py
(D*W)s1110 = 467y — BAT + 20y — 4jice + T
(D*W)s10010 = 467y — But + 57 — 4da + 4va&
(D*W)s1011 = 407y — 5vT + 209 — 40 + 4975
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(

(6.20b bis)
(6.20c bis
(6.20d bis
(6.20e bis
(6.20f bis
(6.20g bis
(6.20h bis
(6.20i bis

(6.205 bis

(6.20 bis
(6.20m bis
(6.20n bis
(6.200 bis
(6.20p bis
(6.20q bzs
(6.20r bus
(6.20s bis

)
)
)
)
)
)
)
)
(6.20k bis)
)
)
)
)
)
)
)
)
)

(6.20¢ bis



In addition, equations (6.5) provide connections between the derivative terms.

The relevant equations are
Do — t6p = tpa+ tpa— L7p+ Spm (6.5¢ bis)
Dt —ép=2pr—ap+7p (6.5d bis)
Dy—-3iAp=3rr—iyp+ra+ar+ 177 —39p — 7P (6.5¢ bis)

ba— 261 =2pp+oaa+ 77 —tar+yp—yp— zpi (6.5k bis)

by —iAT =ity —ay+ Sur — 1pp + ity + al (6.5n bis)
Ap—é1=—pp—323TT —ar +yp+7p (6.5p bis)
Aa—by=3py — 37X + 78 — pa — 31y (6.5q bis)

Equation (6.5d bis) gives nothing new but is consistent with equations (6.5b)
and (6.5j). Inspection of the remaining equations shows that there is functional

dependence amongst the following groups of derivatives

Da, ép (6.22a)
Dy, Ap, b1, b (6.21b)
8y, At (6.22¢)

Aa, 4 (6.22d)

Sa (6.22¢)

A~ (6.22f)

with (6.22e) and (6.22f) following from the fact that equations (6.5) provide
no information about the derivatives o and A~v. In summary, it has been

shown that

D*¥ = D*V(D'V, Do, Dy, 67, Aa, da, Ay, 7, A, u, v) (6.23)

Let us now consider the second order canonical forms for our various
classes. For classes [, Ila and IIla the frame is completely fixed at first order, so

the specification of canonical forms is complete. For Class IIb a 2-dimensional
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invariance group remains at first order, and for Class IIIb a 1-dimensional

invariance group remains. Let us consider each of these classes in turn.
Class IIb: p=0,7=0,a=0

From equations (6.20 bis) we see that the only potentially new functionally
independent information at second order is D, 6v, éy and Ay. However,

on substituting p = 7 = a = 0 into equations (6.5¢), (6.5n) and (6.5q) one

obtains
Dy =0 (6.24a)
5y =0 (6.24c)

Therefore, from equations (6.24a), (6.24b) and (6.24c) it is seen that all of the
potentially new functionally independent information is zero except A~v. Can
this term be used to fix the frame any further. It is easily verified that under

H, the NP derivative operator A transforms as
A — (A+ab+aé+aaD) (6.25)
It is seen from equation (6.9d) that 4 remains unchanged under H, so we have

Ay — (A+ab+ad+aaD)y
- Ay (6.26)

using the fact that Dy = §y = 6y = 0. So we see that A~ remains unchanged
under H® so that at second order we still have the full 2-d null rotations as

the invariance group.

It can be readily calculated using extensions of the calculations shown
in chapter 5 that at third and higher orders of covariant differentiation the
only non-zero component will be the highest labelled one and it will contain

as potentially new functionally independent information only a term of the

120



form AAA...~. For example, at fifth order we shall have, using an obvious
generalisation of our previous labelling, the component (D*W)s1:q1r.1111011/ a8
our only non-vanishing one, and it will contain the term AAAA~ as the only
source of potentially new functionally independent information. It will now be
proved by induction that, using an obvious shorthand, A"~ is invariant under

the group H, of 2-d null rotations, for any n.

Suppose that A®~1~ is invariant under H,, then under H, A"y will trans-

form as

A"y — (A +ab+ab+ aaD)A Ny
= A" +abAT Yy 4+ abA Dy 4 aaDA Dy (6.27)

From the commutator equations (6.6a), (6.6c) and the complex conjugate of
(6.6c) it is seen that the NP derivative operators D, § and § can be moved
through a line of A to the right. However, from equations (6.24a), (6.24b) and
(6.24c) we see that Dy = §y = &y = 0. Therefore, equation (6.27) becomes

A — Ay

Thus, we have shown that if A~V is unchanged under H, then so is A™y.
However, we know from equation (6.26) that A~ is unchanged under H, so we
have by induction that A"y is unchanged for any n. Thus the canonical form
for this class cannot be restricted any further, so we shall retain the 2-d null

rotation group H, as our invariance group at all orders.
Class IIlb : p=0,7 #0,|a| = 27|

From equations (6.20 bis) we see that the potentially new functionally inde-
pendent information at second order is #, A, p and v together with the NP
derivatives of the first order spin coefficients a, 7 and v. Under null rotations

the new spin coefficients 7, A\, y and v transform, using (6.1), (6.4) and the
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class condition p = 0, as follows :

* — w4+ Da (6.28a)
A — X+ta(r+2a)+béa+aDa (6.28b)
p — p+ar+iar+éa+aDa (6.28¢)

v — v4ad+a(p+2y)+aa2a+ )
+ 2a’r + Aa + aba + aba + aaDa (6.28d)

The NP derivative operators transform as

D — D (6.29q)
§ — &+aD (6.295)
§ — aD (6.29¢)

A — A+ab+aé+aaD (6.29d)

In order to fix the canonical form further at second order one requires a second
order quantity that transforms under null rotations but which does not contain
derivatives of the transformation parameter a in the transformation equation.
From equations (6.28) we see that the transformations of 7, A, p and v are
not suitable, and from equations (6.9) we see that only a transformation of
an NP derivative operator acting on « or 7 could be suitable. However from
equations (6.5b) and (6.5¢), on substituting the class condition p = 0, we see
that one obtains D7 = Da = 0. Thus, from equations (6.29), we see that we
must consider only the transformations of A7 or Aa, or the quantity is fixed

under null rotations. It proves convenient to use the transformation of A7 :
ATt — AT+ (ad+ad)r (6.30)

This equation can be split into the transformation of the real part of Ar
by a real amount and the transformation of the imaginary part of A7 by
an imaginary amount. It will turn out that the frame can only be further

restricted in a way consistent with the fixing at first order if one has a second
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order canonical form which restricts only the numerical value of the real part
of Ar. Thus, from equation (6.30), it is seen that to transform the real part

of A7 by a real amount requires that 7 is not purely imaginary. Let us prove

that this is the case.

Adding equation (6.50) and equation (6.5p), remembering that p = 0, one
obtains

(6+8)r =3+ 3rr +7(a—a) (6.31)

If 7 were purely imaginary then it is readily confirmed by considering the

real/imaginary nature of the left and right hand sides of equation (6.31), that

this is only possible if both sides are zero. Subtracting equation (6.5p) from

equation (6.50) gives
(6—8)r=237"-271 — (0 + @) (6.32)

The same considerations as above will readily reveal that the only way that
T can be purely imaginary is if « is also purely imaginary. Writing 7 as
7 = 14y, the class condition |a| = 2|7| means that the condition that o is
purely imaginary gives @ = £2¢y. Substituting these expressions for 7 and o
into the previous condition expressed in the form that the right hand side of

equation (6.31) is zero gives

W E Y = gy E Syt =0
which is clearly a contradiction. Thus we may conclude that 7 is definitely

not purely imaginary.

Going back to equation (6.30) and choosing Re(A7) = 0 as our canonical
form gives
(ab + @d)Re(r) = —Re(AT) (6.33)
From equation (6.16) a = s + it = s+ i(ms+ c). Substituting this in equation
(6.33) yields after some algebra
o —}?e(AT) + (2‘(15 - zc§)Re(7’) (6.34)
(6 + 8)Re(7) + (imé — timé) Re(T)
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(note that m and c are real functions)

We now see the reason why one can only restrict the numerical value
of the Re(At) to be consistent with our canonical conditions at first order.
Inspecting equation (6.34) one sees that if it did not contain only Re(7) then
s, which is defined to be real, would in fact be complex. All that remains is
to check that the denominator of equation (6.34) is not zero, for otherwise the
attempt at fixing the canonical form clearly does not work. Substituting for
87, 67, m and c from equations (6.50), (6.5p), (6.17a) and (6.17b) respectively,
and substituting for 7 and a from equations (6.11) (using the class condition

5

t = 2y), shows after much algebra that the denominator of equation (6.34)

evaluates to 2y?.

Therefore, to summarise, the standard form at second order is Re(A7) = 0

which fixes the value of the group parameter a and hence the frame completely.
85. Upper Bounds

In this final section we use the simplifications to the NP field equations
and the commutator equations which result from using the canonical forms
discussed above, to consider the upper bound on the order of covariant differ-
entiation of the Weyl tensor required in the Karlhede classification of each of

our classes.
Class I: p#0

As shown in §3 p # 0 implies that 7 can be set to zero, fixing the frame
completely at first order. Let us examine the reduction of equations (6.5)
which occurs on setting 7 = 0. It is seen from equation (6.5b) that as p # 0
then # = 0, and from equation (6.50) that A = 0. Substituting these zeros

into equations (6.5) gives

Dp = 3p*+ {pp (6.35a)
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Do — 26p = tpa+ 3pa (6.35b)
bp=ap (6.35¢)

Dy —3Ap=—37p — 37P — 37P (6.35d)
Dy = 2pp — pp (6.35¢)

Dv = -3pv — ipv (6.35f)

v = —3av + ¥, (6.35¢)

S§p = ap (6.35h)
Soo=2pp+ ad+yp—p — 1p (6.350)

bp = pv — po — pv (6.357)
bv—Ap=p* +yp+Fu — av (6.35k)
by = —ay — 3pv (6.351)

Ap = —pii+vp+7p (6.35m)

Aa — by =Spv +7a — o (6.35n)

In principle, the worst case could occur if everything were constant at first
order, when it might be necessary to continue right up to the sixth order
derivative. However, from equation (6.35¢) it is seen that putting p as a
constant implies that & = 0. In addition, from equation (6.351) it is seen that
putting + as a constant and o = 0 implies that » = 0. Now inspection of
equation (6.35g) shows that v = 0 gives an inconsistency (V4 = 1). Therefore,
the worst possible case is, in fact, not permitted. Thus, there must be a
non-constant component at first order, which means that at worst it could be

necessary to continue to the fifth covariant derivative.
Class IT: p=0,7=0
ITa) a#0

As shown in §3 we can set v = 0, fixing the frame completely at first order.

Let us examine the reduction of equations (6.5) which occurs on setting p =
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7 = = 0. It is seen from equation (6.5¢) that as a # 0 then = = 0, and from

equation (6.5n) that A = 0. Substituting these zeros in equations (6.5) gives

Da=0 (6.36a)
Du=0 (6.360)

Dy =0 (6.36¢)

bv = ¥, — 3av (6.36d)

Sa = aa (6.36¢)

op = —pa (6.36f)

§v— Ap = p* — av (6.369)
Aa = —fia (6.36R)

In principle, the worst case could occur if everything were constant at
first order, when it might be necessary to continue right up to the sixth order
derivative. However, putting a as constant in equation (6.36e) gives 0 = a&
which is a contradiction as for this class a # 0. Therefore, the worst possible
case is, in fact, not permitted. Thus, there must be a non-constant component
at first order, which means that at worst it could be necessary to continue
to the fifth covariant derivative. Clearly, the worst case now will be where
all spin coefficients are non-constant, as here all the derivatives of these spin
coeflicients could produce new functionally independent information. Let us

examine this case in detail.

The only spin coefficients which are non-zero are «, p and v. At first order
only a occurs, whereas at second order the NP derivatives of a occur as well
as ¢ and v. From equations (6.36) it is seen that we know how to express all of
the derivatives of « in terms of spin coefficients except d«a, about which there
is no information. However, information about this term can be obtained by

applying é to the complex conjugate of equation (6.36h) and using the complex
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conjugate of commutator equation (6.6¢). Thus one has
$A8a = —[(8p)a + (6a)y]

Using the complex conjugate of commutator (6.6¢) the left hand side can be
initially transformed to a double derivative term Adéa and the three single
derivative terms D&, Aa and éa. On using equations (6.36) all of these
terms reduce to combinations of spin coefficients, as does the only remaining
derivative term du. Thus one obtains an expression for éo in terms of spin

coeflicients only. The exact result is
pba = po’ + pa’ — pad (6.37)

Thus it is seen that at second order everything can be expressed in terms
of 4 and v. At third order one will obtain the NP derivatives of x and ».
From equations (6.36) it is seen that Dy, éu, Dv and év can be expressed
purely in terms of the lower order quantities o, ¢ and v. In addition, there
is a relationship between Ap and év. However, there is no information about
op and Av. Information about éu can be obtained by a similar calculation
to that which lead to equation (6.37), this time applying é to the complex
conjugate of equation (6.36h) and using commutator (6.6¢). The result is that
one obtains an equation connecting éu and Au. However, one is still left with
the problem of finding information about Arv and examination of the equations
(6.36) and the commutators (6.6) shows that no information about this term
can be obtained. Thus at third order the only possible new information comes

from the term Av and the functionally dependent group Ap, éu and év.

From equations (6.36a), (6.36b) and (6.36c) one sees that a, p and v are
all independent of one of our four coordinates (the {# tetrad vector is taken to
lie along one of the coordinate lines). All derivatives of these quantities will
also be independent of this coordinate as can be proved by considering the

NP operator D acting on the derivative, and commuting the D through the
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expression from left to right using the commutators (6.6a) and (6.6b). Thus,

only three of the four coordinates appear in the covariant derivatives and,

therefore, at most 3 functionally independent components can be produced.

Thus, the Karlhede algorithm must terminate at fourth order.

IIb) a=0

In §4 it was shown that the full 2-dimensional null rotations remain as the in-

variance group throughout the Karlhede classification. Thus, for the Karlhede

algorithm to continue it will be necessary to produce at least one new function-

ally independent component on each differentiation. Thus it might be thought

that the upper bound would be the fifth covariant derivative. However, in

this case the simplifications of the NP field equations and commutators are

sufficient to reduce this upper bound still further by means of the following

considerations.

Substituting p = 7 = @ = 0 into equations (6.5) one obtains

Dy =0 (6.38q)

DX — 67 = 7? (6.380)
Dy — b =17 (6.38¢)
Dv—-Ar=mp+ X+ yr — 4w (6.38d)
AN =y = —p)A — A =3y A+ A+ v — ¥, (6.38¢)
A — by = pum — gm (6.38f)
Sv—Ap=pw’ + A +yp+Ju —ox (6.38¢g)
Sy =0 (6.38h)

5y =0 (6.381)

Now from equations (6.38a), (6.38h) and (6.381) it follows that « is independent

of three of the coordinates. The derivatives which occur at higher orders, A~,

AA~y etc. will also be independent of these three coordinates as can be shown
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by acting on them with D, § or § and using the commutators (6.6a) and (6.6c)
to commute the derivative operator through the expression from left to right.
Thus only one of the four coordinates of this specially chosen coordinate system
can ever appear in the covariant derivatives and hence only one functionally
independent component can ever be produced. This component must be the
~ appearing at first order, so the Karlhede algorithm will terminate at second

order.
Class III: p=0,7#0
IMla) |a| £ 27|

As shown in §3 we can set 4y = 0, fixing the frame completely at first order. Let

us examine the reduction of equations (6.5) which occurs on setting p = v = 0.

Dr =0 (6.394)

Da =0 (6.39b)
0=2rn+71a+ar + 377 (6.39¢)

DX —ém =7+ ar — 77 (6.39d)
Dy — b7 =77 —ma+ iwr (6.39%)
Dy —Ar=rmp+7p+7TA+7A (6.39f)
AN —bv = —pX — pA 4+ 3av + 7v — 27p — U, (6.399)
ba — 301 =aa+ £77 — tar (6.39h)
6N —bp = pm — fm + po+ T 4+ Aa — 27 (6.392)
v —Ap=p>+ A —bm+ irv —av (6.395)
—iAT =37 + ) (6.39k)
br =271 —71a (6.3910)

—é1 = =277 —ar (6.39m)
Aa=-27) - pa (6.39n)



In principle, the worst case could occur if everything were constant at first
order, when it might be necessary to continue right up to the sixth order
derivative. However, on putting 7 as constant in equations (6.391) and (6.39m)

one obtains

0= %TZ —Ta (6.391 bis)

0=—371—ar (6.39m bis)

Equation (6.391 bis) gives & = 27. Substituting this value into (6.39m bis)
then gives 277 = 0 which is impossible because 7 # 0. Therefore, the worst
possible case is, in fact, not permitted. Thus, there must be a non-constant
component at first order, which means that at worst it could be necessary to

continue to the fifth covariant derivative.
IIIb) |o| = %ITI

In this case it has been shown that at first order one can make either the
imaginary part or the real part of ¥ equal to zero but not both, fixing the
frame up to a 1-dimensional invariance subgroup. At second order one can
set the real part of A7 equal to zero, fixing the frame completely. On setting

p = 0 in equations (6.5) they reduce to

DTt =0 (6.40a)

Da =0 (6.408)
Dy=3rr+1a+ar+ 117 (6.40c¢)

DX —br =7+ ar — 177 (6.404d)
Dp—ér =7 —ma+ 377 (6.40¢)
Dv—Ar=7mu+7p+7A+7A+y7 — 57 (6.40f)
AX =8y = —pX — pA =3y A+ YA 4+ 3av + 7v — 37y — U, (6.40g)
b — iST =oaa + II—GTf — %OéT (6.40h)
6X — by = pm — fim + pa + FuT + Aa — 37 (6.407)
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bv— Ap=p* + A+ yp +yp — w4+ 17v — av (6.405)
by —3AT =31y —ay + Sum 4+ 17y + al (6.40k)
or =371 — 14 (6.4010)

bt =311+ ar (6.40m)

Ao —by=-31A+7a— pa — 37y (6.40n)

In principle, the worst case could occur if everything were constant at first
and second order, when it might be necessary to continue right up to the
seventh order derivative. However, by exactly the same argument as used
above for Class Illa, it is not in fact permitted to have everything constant
at first order. The worst case will now be when only one new functionally
independent component is produced at first order, none at second order, and
then only one more at each subsequent order. The Karlhede algorithm would

then not terminate until sixth order.
§6. Summary of results

The main results of this chapter are summarised in the following table :
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Table of Results

Class I ITa) I1b) I1Ia) I1Ib)

Invariant p#£0 p= p= p= p=0

Characterisation T= 7=0 T#0 T#0
a#0 ja=0 |laf#3rl}le]= {7

Canonical Form :

Zeroth Order Py=0 U, =0 Y,=0 Y,=0 U, =0
¥, =0 U, =0 ¥, =0 ¥, =0 U, =0
U, =0 U,=0 ¥, =0 v, =0 ¥, =90
P; =0 U; =0 Vs =0 U; =0 U3 =0
U,=1 | U,=1 |U,=1 [U=1 [T,=1

1st Order 7=0 ~v=0 v = Re(y) =0

orIm(y) =0
2nd Order Re(AT) =0
Upper Bound 5 4 2 5 6

All vacuum type N spacetimes have been split into four classes by C.
McIntosh [34]. Let us consider these four classes and relate them to the classes

discussed in this chapter :
Class MI : pp-wave metric

These are plane-fronted gravitational waves with parallel rays, as defined in

[1]. The metric form is
g = 2dudv — 2d¢d{ + 2[f(u, () + f(u,()]du’ (6.41)

where f(u,() is an arbitrary function of u and (. These solutions fall into

Class II of the present chapter.
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Class MII : Rotating, plane-fronted wave metric

These are again plane-fronted gravitational waves, as defined by Kundt [35].

The metric form is
g = 2dudv — 2d(¢d + 2(z + 2)[f(Y, 2) + f(Y, 2)]dY? (6.42)
where f(Y),z) is an arbitrary function of ¥ and z and
z=(-Yv, 0=(wuw-Y()-Y((-Yv) (6.43)
These solutions fall into Class II1 of the present chapter.
Class MIII : The Robinson-Trautman metric

Metrics in this class are type N examples of a wider class of vacuum metrics
given by Robinson and Trautman [36]. Robinson-Trautman vacuum solutions
are defined to be vacuum solutions admitting a geodesic, shearfree, twistfree

and diverging null congruence. The metric form is
g = —2v%d¢d( + 2[e(u) du + v(P,d¢ + P:d() + Pdv]du (6.44)
where P(u,(, () satisfies
Plin(P)e; = e(u) (6.45)

These solutions fall into Class I of the present chapter, but additionally require

that the imaginary part of p is zero.
Class MIV : The twisting case

This is a class of solutions with non-zero twist, the Hauser metric [37] being
the best known solution. The metric form of the Hauser metric is rather
complicated and will not be presented here. These solutions also fall into
Class I of the present chapter, but additionally require that the imaginary

part of p is non-zero.
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7
Lowering the Upper Bound
for Type D Non-Vacuum Spacetimes

§1. Introduction

From chapter 3 equations (3.103), (3.104) and (3.105) we see that the upper
bound on the order of covariant derivative of the Riemann tensor required to
perform a complete Karlhede classification of a spacetime is 5 for Petrov types
I, IT and III, and 7 for Petrov types D, N and 0. Thus in the worst case
it may be necessary to continue up to the seventh covariant derivative. In
chapter 5 this upper bound was reduced to the third covariant derivative for
vacuum type D metrics, and in chapter 6 it was reduced to the sixth covariant
derivative for vacuum type N metrics. Therefore, we see that at best the upper
bound can only be reduced to 6 for a general spacetime by the methods used in
this thesis. However, in order for an upper bound of six to be true in general
it still remains to show that it is not necessary to continue as high as the
seventh covariant derivative for non-vacuum type D and type N spacetimes.
In this chapter this is proved for the case of non-vacuum type D spacetimes
using some simple considerations involving the transformation properties of
quantities appearing in the non-vacuum case, the Bianchi identities and the
field equations. Work is under way to use a similar approach to prove the

result for non-vacuum type N spacetimes.
§2. Lowering the Upper Bound

From our discussion at the end of chapter 3, it is seen that the following
conditions all have to be satisfied for it to be necessary to continue up to the

seventh covariant derivative :

C1) The Weyl spinor, Ricci spinor and A must all be constants.

C2) The invariance group at zeroth order H, must have dimension 2.
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C3) The dimension of the invariance group and the number of functionally
independent components must not both change on differentiating.

C4) We must produce at most 1 new functionally independent component on
differentiating.

C5) The dimension of the invariance group must go down by at most 1 di-

mension on differentiating.

The Ricci spinor ®4p¢/p: has the following symmetries

®apcip = Pasycpy = ® spcip: (7.1)

It is easily verified that these symmetries reduce the number of independent
components to 6. Because of the symmetry on the primed and unprimed
indices, we can label these components using a similar notation to that used

previously for the Weyl spinor. Thus, we have

i !
@001 = OAOBOC OD QABCIDI

by = 02025 ' ® 5o p
oy = 020P1° ? ®4pcip (7.2)
O,y = 02 PP O upeip
B0 = 02 PTC P D upoip

®22/ = LALBZC’ZDIQABC/D/
For a type D spacetime the canonical form for the Weyl spinor is

\I}():\Illz\ll;;:\p‘;:O 3 q’Q#O (73)

and, for the vacuum case, the invariance group a zeroth order, H,, is the

2-dimensional spin and boost transformations,

A0 i0
Hy = 0 - ; A=re’ ecC (7.4)
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Under these transformations, the components ®,;, transform as

By — Py (7.5a)
Oy — 2?0, (7.5b)
Dyy — 1Py, (7.5¢)
11 — Dy, (7.5d)
b — 72?0, (7.5¢)
G,y — 7Dy, (7.5f)

From these equations we see that in order for the invariance group H, to remain
2-dimensional for the non-vacuum case, it is necessary that all ®,, other than
®,,. vanish. Therefore, if the Karlhede classification is going to continue up

to the seventh covariant derivative, condition (2) above requires that

@00! = QOII = @021 = @12/ — @22/ = 0 (7.6)

Using the fact that everything must be constant at zeroth order (condition

(1)), together with equations (7.3) and (7.6), the Bianchi identities become

3V = 2k (7.74)
3p0 = —2p® (7.7b)
310 = 27 (7.7¢)
300 = —20® (7.7d)

together with their primes (here ¥ = W, and ® = ®,,,). The contracted

Bianchi identities become
(p+p)®=0 (7.8a)
(r+7)0 =0 (7.8b)

together with their primes. The field equations (excluding the commutators)

become

8p—8o=(p—p)r+(p —p)k (7.9a)
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Pp -8k =p"+00—kT -7k 7.9b)

Po~8k=0 7.9¢)
7.9d)

7.9¢)

(
(
br— Vi =p(r—7) +o(r - 7) (
87 — Po = plo —5'p+ 7 + k¥ (
Vp—87=pp + 00 —77 — ke — U —2A (7.9f)

together with their primes (where we have used (7.8a) and (7.8b), assuming
that ® # 0). It is seen from equations (7.7) and their primes that if any of
K, &', 7 and 7' are non-zero then ® = 2V, whereas if any of p, p’, o and o’
are non-zero then ® = —2W. As we have a type D spacetime, we know that
U #£0,s0 ® =32V and & = —3V are in contradiction. Therefore, there are

only 3 possible cases :

Case ) k=K' =7=7'=p=p'=0c=0"=0
Case 2) k =k’ =7 = 7" = 0 and at least one of p, p’, o and ¢’ is non-zero.

Case 3) p=p' =0 = ¢’ = 0 and at lease one of «, £, 7 and 7' is non-zero.

It is important to note that ® # 0 for cases 2 and 3 — for case 2 & = -2

2
and for case 3 ® = %\Il

Let us now calculate the first covariant derivative of the Weyl spinor and
Ricci spinor. Note that because A is a scalar, assuming it is constant implies
that its covariant derivative is zero. From equations (5.14), (5.16) and (5.18),

we see that under condition (7.3), the non-vanishing components of (DW¥),;.

are
(DW)0 = 36T (7.10a)
(DY), = 300 (7.100)
(DW)ye = DV ' (7.10¢)
(DD)yy, = 6T (7.10d)
(DW)ye = 37T (7.10¢)
(DU)g1 = 39T (7.10)




The calculation of the covariant derivative of the Ricci spinor follows the same
pattern as the calculation of the covariant derivative of the Weyl spinor. Using
a similar notation to that used for the covariant derivative of the Weyl spinor,

the covariant derivative of the Ricci spinor is defined by
(D@),“,l;ef/ = QABC’D’;EF'[C::CI;B #Slzd,l]gfiff;l (7.11)

where p of the unprimed dyad vectors and v of the primed dyad vectors in
square parentheses are ({*s and (A's respectively. We use the Leibnitz property

of covariant derivatives to write this as
(D®)yyriesr = (®ancin CEECE C Ve — (CACPCE TR )iep ®anon (T.12)
Using the symmetries (7.1) of ® 4pcipr, (7.12) becomes
(D(I))W’;ef’ = ((I);w’);ef’
- N(f;eff(f _cc;lgd'IQABC’D' -(2- N)Cé“;ef’CbB _SIG?IQ)ABC/D'
- V&S:ef’C:Cszd”QABC'D’ - (2 - V)zo’;eflC:CI;BdeIIQABC/A’?-l:‘;)
If we now substitute in (7.13) using (5.13) and (5.29) then it becomes
(D®)usrags = ()
— ‘Ilzrllefl(p(u_l)yf + (2/1 - Q)Flﬂef’(puu’

+ (2 - /‘)FOOGI’(I)(MH)V’ - Vfl'l'ef'q’u(v—l)'
'*‘ (21/ - Z)Fllolefléu”l + (2 - l/)f‘olole‘fl@u(y_*_l)l (714)

Using (7.6), we see from (7.14) that (D®),, ;s is definitely zero for all cases
other thani)a=1,b=1,ii)a=1,6=0,lli)a=1,b=2,iv)a=0,b=1
and v) a = 2, b= 1. For these cases we obtain from (7.14), using (7.6),

(D@)III;OOI = D(bll' (715@)
(D@)lll;[)ll = 6@11/ (7.15b)
(D@)lll;l()l = 5@11/ (7.15C)
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ponents at first order are :

(D@)lll;lll = A@ll/
D@)lOI;OOI = 2:‘_{:@111
D@ 104,01’ — 2ﬁ®111

)
)10
D®)ygr11 = 27Dy,

)

(
(
(D®)10100 = 25P1y,
(
(D®)12000 = 27 @110
(D®) 121010 = 26" 1y
(D®) 12,100 = 29" P11
D®)yo gy = 28" Dy,
D®)g1i000 = 26Dy

(

(Do)

(D®)oro1r = 2011
(D®)o1r100 = 2pP11
(D®)or 1y = 2By
(D®)a1ig0r = 27" P11
(D®)s1r 01 = 20/,
(D®)s1 100 = 20°D 1,

(D(I))zv;n' = 26'®y,

Let us now consider each of our three cases in turn.

Case ) k= =T=7'=p=p'=0=0"=0

order so that the Karlhede algorithm terminates at first order.

(D\I’)lll = 30V
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From equations (7.10) and (7.15) we see that everything vanishes at first

Case 2) k = k' = 7= 7" =0 and at least one of p, p’, o and ¢’ is non-zero.

From equations (7.10) and (7.15) we see that the only non-vanishing com-

(7.16a)



(D)3 = 3p'¥ (7.16b)

and
(D®)10r010 = 2pD1. (7.16¢)
(D®)10r100 = 26P11. (7.164d)
(D®)121010 = 26" P11 (7.16¢)
(D®)1910 = 20" Dy, (7.16f)
(D®)o11 01 = 209, (7.16¢)
(D®)o1r100 = 2pPyy (7.16h)
(D®)ayio1 = 20" Py, (7.162)
(D®)211100 = 207Dy, (7.167)
The field equations become
8p—80=0 (7.17a)
bp=p*+o0 (7.17b)
Poc =0 (7.17¢)
Po=—po+a'p (7.17d)
Pp=pp +o0 —¥—2A (7.17e)

together with their primes.

Under spin and boost transformations (7.4) the spin coeflicients p, o, o

and ¢’ transform as

p—1rip (7.18a)
p— (7.18b)
o — r’e*o (7.18¢)
o' — re ¥ (7.18d)

Equations (7.18¢) and (7.18d) enable one to fix r by requiring a particular
modulus for the transformed quantity. In addition, they fix § by requiring that
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the transformed quantity is, say, real (imaginary will, of course, do equally as
well). Therefore, unless both o and ¢’ are zero condition (C5) will be broken,
in that the dimension of the invariance group will reduce from 2 to 0. Thus,
in order for it to remain possible for one to require the seventh covariant

derivative, one must have ¢ = ¢’ = 0. The field equations (7.17) now become

3p=0 (7.17a bis)
Pp=p? (7.17b bis)
Pp=pp — ¥ —2A (7.17¢ bis)

together with their primes. Taking the complex conjugate of (7.17a bis), and
using (7.8a) (remembering that ® = —2U £ 0) one obtains

where we have used the fact that 3 = &'.

At second order the only new quantities which will appear are the GHP
operators P, P, & and & acting on p and p’. From equations (7.17 bis) and
(7.19), together with their primes, we see that all these apparently new quan-
tities can, in fact, be expressed in term of lower order quantities. Therefore,

the Karlhede algorithm will terminate at second order.
Case 3) p=p' =0 = o' = 0 and at lease one of «, ¥/, 7 and 7’ is non-zero.

From equations (7.10) and (7.15) we see that the only non-vanishing compo-

nents at first order are :

(D\D)IOI = 3&‘1’ (7.20&)
(D\Ij)30/ = 37'/\1; (720b)

and
(D(D)IO’;OO’ = 27{@11/ (7200)
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(D®)1or 110 = 27Dy (7.20d)
(D®)191 000 = 27110 (7.20€)
(D®)13011 = 26'By,, (7.201)
(D®)orro0r = 26y, (7.209)
(D®)o1r;110 = 27Dy (7.20h)
(D®)11 000 = 271y, (7.207)
(D®)oyars = 26Dy, (7.205)
The field equations become

8k =RT+ 7'k (7.21a)

8Kk = 0 (7.21b)
Pr—Prk=0 (7.21¢)
37 = 7% + kK’ (7.21d)

T =77+ kk' — U —2A (7.21¢)

together with their primes.

Under spin and boost transformations (7.4) the spin coeflicients 7, 7/, &

and &' transform as

T — %7 (7.22a)
I o (7.22b)
Kk — rie®k (7.22¢)
K — rte B0 (7.22d)

Equations (7.22¢) and (7.22d) enable one to fix r by requiring a particular
modulus for the transformed quantity. In addition, they fix § by requiring
that the transformed quantity is, say, real. Therefore, unless both « and &’
are zero condition (C5) will be broken, in that the dimension of the invariance

group will reduce from 2 to 0. Thus, in order for it to remain possible for one
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to require the seventh covariant derivative, one must have k = ¥’ = 0. The

field equations (7.21) now become

Pr=0 (7.21c bis)
31 =12 + kR’ (7.21d tes)
dr=7T+ k' — U —2A (7.21e bis)

together with their primes. Taking the complex conjugate of the prime of

(7.21c bis), and using (7.8b) (remembering that ® = 2¥ +# 0) one obtains
where we have used the fact that P’ = P'.

At second order the only new quantities which will appear are the GHP
operators P, P', 3 and & acting on 7 and 7/. From equations (7.21 bis) and
(7.23), together with their primes, we see that all these apparently new quan-
tities can, in fact, be expressed in term of lower order quantities. Therefore,

the Karlhede algorithm will terminate at second order.

In conclusion, therefore, we see that for non-vacuum type D spacetimes
it is, in fact, not possible for the Karlhede algorithm to require the seventh

covariant derivative.
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Appendix A

We need to show that there is a solution of (3.29) of the form (3.30) which

is compatible with the coordinate relations obtained from equations (3.24).

Let W be a 2n-dimensional space with coordinates {Z#,z*}. Let

~ o

W =0 —w

di* — agdz* (A1)

where a, § etc. run from 1 to n — k. Therefore, solving (3.29), which is derived

from (3.28), is equivalent to finding the submanifolds V' C W such that

(o4 4

w

v =0 (A2)

where ©*|y means the ‘restriction of @* to V’, in the sense that ©* only acts
on vectors tangent to V. V will only exist (i.e. a solution of (3.29) will only

exist) if the vectors X such that
<w*, X >=0 (A3)
‘knit’ together in such a way as to be tangent to some submanifold V.
According to Cartan [2], the condition for this ‘knitting’ together is that
d(@% — w*) = 05 A (&F —P) (A4)

where 05 are arbitrary 1-forms. The exterior derivative must be taken in W
but will be the same as in (3.16) because w* (&) are independent of &# (z*).

Using (3.16), (3.17) and (3.26) we prove that (A4) is indeed satisfied
d(@* —w®) = Leg (@ A D" — WP AWh)
= TEAl(@F + WF) A (@ —wh) + (&F — WF) A (O +wh)]
= 3¢5, (@7 + W) A (&Y —w7) — (@7 +w7) A (&7 - wP)]
+ 365407 (&7 + W) A (7 = W) = (@ +w?) A (& — )]
+ 1€ap b5 (0% + W) A (&P — wP) — b2 (WP + WP) A (&7 — w)]
=05 A (O — W)
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V will have dimension 2n - (number of constraints in (A2)). So we have
dim(V)=2n—(n—-k)=n+k (A5)

In addition, V will not be unique but there will be an n — k parameter family
of Vs. This arises because the number of orthogonal normal directions to a
given V is 2n - (dimension of V) = 2n — (n + k) = n — k, and each orthogonal
normal direction will parameterise a set of Vs — the initial vector X which is
‘knit’ together with the others to form the submanifold may lie at any initial

point along the normal directions.

To show how the above analysis works in practice consider the following

simple example.
Example :

n =1, k =0, coordinates {z,z},z >0, >0
l-forms w =z dz, v = —% dI

(k = 0 because in 1-d we only have ¢!, which by antisymmetry must be zero)

So (A2) becomes & di + = dz = 0, which on integration yields #* + z? = ¢

or & = f(z,c).

Thus we obtain an n + £k = 1 dimensional solution submanifold with
n — k = 1 parameter (c) parameterising different solution submanifolds, ex-
actly as expected. In this case the solution submanifolds are concentric circles
with the parameter ¢ giving their radius, the radial direction being the only

normal direction.

We now need to show that the solution (3.30) is compatible with the
coordinate relations that are obtained from the set of equations (3.24). This
is achieved by reperforming the steps that led from (3.24) to (3.30), but in

a special coordinate system that makes the compatibility of the coordinate
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relations obtained with those obtained from (3.24) obvious. The argument is

as follows :

Introduce a new coordinate system {Z’,z'} such that the k functionally

independent relations among the set (3.24) become
Ft =z (A6)

where A runs from n —k+1 to n as before. What we have done here is simply
to let the functionally independent components act as a new coordinate sys-
tem, which we are at liberty to do because they are functionally independent.

Differentiating we obtain

di'* = da2'* (AT)
where

At = i (A8.7)

dz'* = c{fuw'’ (A8.21)

Suppose &4 = &2, .., for example. Then

di't = ét,holllmzxi@i (A9.7)
As 3 = éi%houl.“z, then z'4 = Cﬁ,hou,...zx 50

dz'* = Cioohoul,..lriwi (A9.12)

Comparing (A8.i) and (A8.ii) with (A9.i) and (A9.ii) shows

~IA _ ~ig -
Ci = Croholly. .l (A10.2)
JA o i
Cli = Choholly...lui (A10.22)

But from equations (3.24) we know that

~io — Ao
Croholly.dwi = Crkoholly...lni
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so that

Because the 7’4 are functionally independent, the dz’4 are linearly inde-
pendent. So equations (A8.1) represent k linearly independent equations in the
n &'. Thus, as before, we can express some k of the &' as linear combinations

of the other n — & (c.f. (3.26)). With a suitable numbering one obtains
ot = bAo* + dydi'® (Al2.%)

where A, B etc. run from n — k + 1 to n, and a, 8 etc. run from 1 to n — k.
Because of the equality (A11) the corresponding equation for w? will contain

exactly the same expansion coefficients b2 and df. So we obtain
w? = bAw® + dida’? (A12.22)
Now subtracting (A12.ii) from (A12.i) we obtain, using (A7)
Ot —w? = b — w*) (A13)

What we have performed so far is merely what was performed in §3 to obtain
(3.26), except it has been performed in our new coordinate system. Continuing

as in that section, we investigate the solution of the equation
G —w* =0 (A14)

which, from (A13), will if satisfied give & — w* = 0 for 7 running from 1 to n.

In our new coordinate system {a’, %'} this equation becomes
aydz” + ajgdi’® — ayda’” — ajgda’® =0 (A15)

However, and this point is crucial, from (A12.1) we see that {&*,d#4} span
the cotangent space and hence represent n linearly independent 1-forms. Ex-

panding the @* in terms of the coordinates we have

O = aydz’” + agdz'? (A16.7)
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We rewrite this equation as
Q% — agdE'’? = aydz” (A16.i)

Because {@*,d#'4} are n linearly independent 1-forms the left hand sides of
(A16.ii) are linearly independent for different values of a, and so, therefore,
are the right hand sides. This means that the @' form a non-singular matrix.
If we call its inverse (a@'~')3, i.e.

(@")zal = & (A7)

5

we obtain, by multiplying (A15) through by the inverse (a'~!)7,
di" = —(& ') &2d®'® + dz" + (&)1 ey da’® (A18)

The integrability conditions (A4) will again be satisfied by virtue of (A13),
which enables us to keep reexpressing quantities in terms of ©* — w® so as to

produce result (A4).Thus (A18) can be integrated to give

~ 1o

Fe=* (2", 2", ) (A19)

Now, because we have been working in this special coordinate system in
which equations (3.24) have the exceptionally simple form given in (A6), we
can immediately see that the coordinate relations needed to make &* —w* = 0,
given in this special coordinate system by (A19), are completely compatible
with the coordinate relations which come from the set of equations (3.24),

given in this special coordinate system by (A6).
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Appendix B
§1. Proof of Equation (3.35)

We have the connection coeflicients defined as
Fijk =< wi,Vkej > (Bl)
Expanding this equation we obtain

i

LI N Y S
[y = woepef, = =W,

erel (B2)

J

The exterior derivative of the 1-form w* is given by
dyw' = W), dz¥ A dz* (B3)

For a symmetric connection (i.e. I'*, = I'* ) we can replace the partial
derivative in (B3) by a covariant derivative because the additional term con-
taining the symmetric 'V, so introduced will disappear when contracted with

the antisymmetric wedge product. Thus (B3) can be rewritten as
dow' = i, dz¥ A dz* (B4)

If we now multiply (B2) by wfw!, using the result that e/w! = 67, then we
obtain

Wi, = I w0 (B5)

vip

Substituting this result in (B4) gives
dow' = T% 0’ AW (B6)
Comparing (B6) with (3.33) then gives
Wiy = Iy (B7)

which is our desired result.
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§2.

In this section we derive a number of formulae which will be needed in the

calculation of dw?.

Let w; (z*) be a fixed tetrad at z#. An arbitrary tetrad at z* with the
same frame metric 7;; is obtained by rotating w(;, as discussed in §2 of chapter

3. Thus we have
W= bi.wgf) (B8a)
wipy = (b7 (B8b)
where bij(b‘l)jk = (b‘l)ijbjk = 6i. The change in w* when the tetrad is rotated

by de4 is
bw' = b, betul,) = (b7, b, et (B9)

Since the transformations ; preserve 7;; we have
0=8g=nm; 6’ Quw +n;; W ® 6w’
= 5€A[(b_l)lkbj1,.4 + (b—l)ljkaYA] w* (X)wj

and hence, since §¢* is arbitrary,

(07 bja = —(b71) sbera (B10)

As in 84 of chapter 3, we define wf,,; = a'; ,de* as

dgw' =W Ay, (B11)
From (B8) we have
dw' = (b71) 0, de? AW (B12)
Comparison of this equation with (B11) then gives
Wiy = — (071 de? (B13)
a'ip =~ (6750 (B14)



§3. Calculation of dw" and dR;;u

Using the results in §4 of chapter 3 we obtain

dw' = (dz) + deo)(wiky + wii))
= () + dio))(T70" + wy)
= 19, ' Awk + T9, (W™ AT ')
+ ai{lk w* Ade* +T9, , de* Aw
+ T4, w™ Ad*, de* + aif g de® A de?
= (T, + 17 T™,) ' Awh

+ (Fijk,A - FianIkA - af«tjlk) de* AWt + ai{,B de® A det (B15)

and
W Aw = (F"’",w’ + ai{"dc”) A(T, 7w + aijdEB)
— FimII‘mjk wI A (.Uk
(D700~ T ) o A det + aa, ) det A de? (B16)
Therefore,

dw? + W' Aw, I = (Fijku + 9 I7, + T D7) W' AWk
+ (PijI,A - afz“ + a0 + dTY L — dF, TY)) de AW

+ (a¥ y — a}a,’ ) de® A det (B17)
By using (B14) a fairly long but straightforward calculation shows that
afiﬁ,B] - a‘im[Aa’rg]j = _—(b—l)kjbik,[AB] =0 (318)

Therefore, we see that because the wedge product is antisymmetric, the last
term in (B17) vanishes. To handle the second term we calculate T, ,. From
(B2) and (3.31), using the result that w' = ni/e;, we have

I, = —al, aka} (B19)
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This formula can be used to calculate the change in I'¥;; under an infinitesimal

rotation.
STk = —(6(azw)aj“ak” + ai‘;uéaj“ak” + ai‘;,,a“‘6ak”)
= —[(8a}),a’" " + @}, 607 a* + a}, a7 6a"] (B20)
Let us calculate éa’, from (B9). Writing (B9) in a coordinate basis using (3.31)

gives

St = (b‘l)jkb"ijécAaﬁda:" = (5a:"da:“

bai, = (b7'Y, b, J6€tal = —a’, ,6¢hal; (B21)

Multiplying (B19) by a/a* and using the result eJw = 67 gives

a,, =-I",da (B22)

Hiv

Using (B21) and (B22) in (B20) gives

STHE — ——aj,AF”kéeA — ak,AFijl66A + (aﬁa,uéeA);,,aj“ak”
= [(akay), "™ — o | ;T — a,T7']6e
= (a“A’Vamaj"ak" + ay,aliata* —al T — oF T et
= (af " + ayalia®d” — o, T — a*, T 6t (B23)

If we now use result (B22) to substitute for a,,,, we obtain after some simpli-

fication the final result
STk = (ai{,yak" +a' 7% —af, T — a* N6t (B24)
so that
Fijk)A = aitjlk — ai,AF’jk —a? T — a9 (B25)

where we have used a3, = a},a;. Therefore, we see that the second term

in (B17) also vanishes. If we use the antisymmetry property of the wedge
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product, (B17) can now be written as

dw + W™ Aw,) = (Fij[km + Fiijm[uc]
+ i, — i 7)) W AW
= iR, W AL (B26)

Finally let us calculate the exterior derivative of the Riemann tensor in

frame.

dR;ju = Rijp pdz” + Rijkl,AdéA
= Rijrymw™ + Rijui ade? (B27)

So we see that we must calculate Rijxym and R;jr 4. We have
Rijkl[m = Rijkl,ua; = Rzﬁjkz;ua,‘; (328)

where the last equality follows from the fact that R;;; is a scalar, so that its

partial derivative is equal to its covariant derivative.

[T o By 6 @
Rijrual, = (Rapysa; a; aja;)..ah,
dPalal
= Rz]k1m+Raﬂ76a ( zu Ja’kal
a B v,6 o B a B .75
+ ajdl ,alaj + afalal ,a] + afafalay,)

= Rijrim + (a, +T°,,07)ak Rojir + (af , + 17 a?)
+ (a] , + 7, ,a7)ak Riji + (a7, + Féo,‘a?)aﬂmRz‘jk«s (B29)

at, Rzﬂkl

In order to handle the second term in each of the brackets, let us take another

look at covariant differentiation.
Vi(ej) = ijiem
= Vi(a

Jar“)
= +F’" enat

J|1 63:» 7

— m
ale € m+T ut J
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= afaly + 1T ,af (B30)

Bij

Applying this result to the second term in each bracket and simplifying then

gives

Rijiim = Rijiim + 65, Rajir + 0 Ripr + ) Rijy
) Roj + (1"}, — af),05) Rinn
+ (Fnkm - aglmaZ)Rijnl + (Fnzm - aﬁmaZ)Rijkn
= Rijiiyn + T Bt + T Rinir + T Rij + T Rijen (B31)

] n 1 n
+ ay Rijrs + (I, — af)a),

If we now turn our attention to R, 4 we have under an infinitesimal rotation
ORiii = Raﬁ755a?a?azaf + Raﬁwaf6a]@alaf
+ Ropysajaléala) + Rapysaialaléa)
If we now use (B21) to substitute for §a?, da; etc. we obtain
8Rijti = —R,iriGinaa™6e* — Ri#k,aj,ma”“ée“
— Riju@paaa™ e — R,-]-kuamAa"“&A

A
= (ankzanm + RinklanjA + Rija”, 4 + RijknanlA)66

Rijria = Rojma”, , + Rinklan]'A + Rijua”, 4 + Rijrna™, (B32)

If we now substitute in (B27) using (B31) and (B32) we obtain, using (3.35)
and (3.37b),

dRijp = Rijrimw™ + Rpjaw™, + Rimkzwmj + Bijmw™, + Rijrmw™, (B33)
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Appendix C
Metric Files
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(TITLE "C7.DIA
GENERAL STATIONARY CYLINDRICALLY SYMMETRIC VACUUM FIELD.
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equatiomns.
Equation (20.7)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON ESUBS SUBPOT POTSIM NOZERO)
(PRELOAD DIAINP DYTRSP)
(VARSTFP Z) %t , phi, rtho , =z

(RPL IZUD)

EXP(U) $ EXP(W)*A $ O

0 $ P+EXP(-U) $ O

0 $ 0 $ P (N"2/4-1/4)
] $ o $ 0

w o OO
€@ A L L

@ P P L

~(N~2/4-1/4)

(RFLU A C S QR)

(LOG(P*S))/2 $

C*P-N/N/Y/S+B $

I*N*(X*Y)~(1/2) $

X*P~N+Y*P~(-N) $
X~(1/2)*P~(N/2)-I*Y~(1/2)*P~(-N/2) $
X~ (1/2)*P~(N/2)+I*Y~(1/2)*P~(-N/2) $

(FUNS (U P) (A P) (X) (Y) (N) (c) (B) SQR)

(NEWSUL 5 RIESUL (DIFF 2))
Us

Q »

$
A S $

c$ $

Y $ P N(S-X*P"N) $

X$ S*xP"(-N)-Y#P~(-2N) $
(USESUL RIESUL RIE)
(SETSUB ESUL)

S*P~(-N)-Y*P~(-2N) $ X §
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(NEWSUL 3 PSISUL)
Q$ :Q$

R$ RS

s$ :5$

(USESUL PSISUL PSI)
(REDSIMP PSI)

(RPL DYTRSP1)
Q/R)-(1/9) $ o0 $
0 $ (R/QA(1/4) %
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(TITLE "C8.DIA
STATIC CYLINDRICALLY SYMMETRIC VACUUM FIELD.
LEVI-CIVITA (1917-19) SOLUTION.
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (20.8)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 SNH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP)

(VARSTPF Z) %t , rho, phi , z
(FUNS (M)

(RPL GD)
P'M$ P (M2-M) $ P (1-M) $§ P (M 2-M) $
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(TITLE "C9a.DIA

STATIC CYLINDRICALLY SYMMETRIC EINSTEIN-MAXWELL FIELD.

ANGULAR MAGNETIC FIELD (axial current).

Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equatioms.
Equation (20.9a)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP)

(VARSTPF Z) %t , tho , phi , z
(Funs (¢) (D) (M)

(RPL G)
C*P~"M+D*P~(-M) $

(FUNS G)

(NEWSUL 2 RIESUL)
1/G"2 ¢ :6°2/G"4 $
1/G"3 $ :6/G"4 $

(USESUL RIESUL RIE)

(NEWSUL JC1SUL)
1/6°¢4 ¢ :G/G°5 $

(USESUL JCiSUL JC1)

(NEWSUL PSIDSUL)
1/6°5 § :G/G"6 $

(USESUL PSIDSUL PSID PHID)
(NEWSUL DPSIDSUL)

1/G°7 ¢ :6/G°8 $
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(USESUL DPSIDSUL DPSID DPHID APSI XID APHI)

(RPL GD)
P~ (M~2)*G $ P-(M"2)*G $ P+G $ G (-1) $
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(TITLE "C9b.DIA
STATIC CYLINDRICALLY SYMMETRIC EINSTEIN-MAXWELL FIELD.
LONGITUDINAL MAGNETIC FIELD (angular current).
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (20.9b)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO PQOTSIM)
(PRELOAD DIAINP)

(VARSTPZF) %t , rho, z, phi
(Furs (¢) (D) (M)

(RPL G)
CxP~M+D*P~(-M) $

(FUNS G)

(NEWSUL 2 RIESUL)
1/6°2 $ :6°2/G6G°4 $
1/6°3 $ :G/G"4 $

(USESUL RIESUL RIE)

(NEWSUL JC1iSUL)
1/6"4 $ :G/G°5 §

(USESUL JC1SUL JC1)

(NEWSUL PSIDSUL)
1/6°5 $ :6/G°6 $

(USESUL PSIDSUL PSID PHID)
(NEWSUL DPSIDSUL)

1/6"7 $ :G/G"8 $
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(USESUL DPSIDSUL DPSID DPHID APSI XID APHI)

(RPL GD)
P"(M"2)*%G § P~(M"2)*G $§ P*xG $§ G (-1) ¢
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(TITLE "C9c.DIA

STATIC CYLINDRICALLY SYMMETRIC EINSTEIN-MAXWELL FIELD.
RADIAL ELECTRIC FIELD (axial charge distribution).
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.

Equation (20.9¢)")

% This file was written by :

% Julian Collins

% Department of Mathematics

% Southampton University
% Highfield

A Southampton

% S09 5NH

(OFF ALL) (ON NOZERO POTSIM)

(PRELOAD DIAINP)

(VARSTPF Z) %t , rho, phi, z

(Furs (¢) (D) (M)

(RPL G)
CxP"M+D*P~(-M) $

(FUNS G)

(NEWSUL 2 RIESUL)
1/6G"2 $ :6°2/G"4 $
1/G"3 $ :6/6"4 $

(USESUL RIESUL RIE)

(NEWSUL JC1iSUL)
1/6°4 $ :G/G"5 ¢§

(USESUL JC1SUL JC1)

(NEWSUL PSIDSUL)
1/G°5 $ :6/G"6 $

(USESUL PSIDSUL PSID PHID)

(RPL GD)

G (-1) $ P (M"2)*G $ P*G $ P~ (M"2)*G $

163



(TITLE "C10.DIA
STATIC CYLINDRICALLY SYMMETRIC EINSTEIK-MAXWELL FIELD.
LONGITUDINAL MAGNETIC FIELD (angular current).
THE MELVIN SOLUTION (MELVIN (1964)).
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (20.10)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP DYTRSP)
(VARSTPZF) /%t , rho, z, phi
(FUNS (B))

(RPL G)
B~2/4%P+1/P $

(FUNS G)

(NEWSUL 2 RIESUL)
1/6"2 ¢ :6°2/G"4 $
1/6°3 ¢ :G/G"4 ¢

(USESUL RIESUL RIE)

(NEWSUL JC1SUL)
1/6G"4 $ :6/G"5 §

(USESUL JC1SUL JC1)

(NEWSUL PSIDSUL)
1/6°5$ :6/G°6 $

(USESUL PSIDSUL PSID PHID)
(NEWSUL DPSIDSUL)

1/6°7 ¢ :G/G"8 $
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(USESUL DPSIDSUL DPSID DPHID APSI XID APHI)

(RPL GD)
PxG $ PxG $ PxG $ G-(-1) $

(RPL DYTR1)

-1 $ 1 $
~-1/2¢ -1/2 %
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(TITLE "C11.DIA
STATIC CYLINDRICALLY SYMMETRIC EINSTEIN-MAXWELL FIELD.
THE CHITRE SOLUTION (1975).
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (20.11)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP DYTRSP)
(VARSTPF 2) %t , rhp , phi , 2z

(RPL IZUD)
C*xP~(-2/9)*EXP(1/2%*A~2%P~(2/3)) $ ©
0 $ C*P~(-2/9)*EXP(1/2*A~2%P~(2/3))
0% 08 P(2/3) ¢ 0%

0% 0% AxP $§ P~(1/3) $

$ 0% 08
$ 0% 0%

(RPL X)
1/54C~(~2)*E~(-A~2*P~(2/3))*P~(-14/9)*(-4P~(1/3) *A*xI+6*A~3*P*I-2-34"2%P~(2/3)) $

(RPL Y)
1/54C~(-2)*E~ (-A~2+P~(2/3))*P~(-14/9)* (4P~ (1/3) #*A*I-6%A"3%P*I-2-34"24P~(2/3))$

(Funs (4) (C) X Y)

(NEWSUL 2 UNPSISUL)
E~(-A~2%P~(2/3))*C~(-2)*(-1/18%A~2+P~ (-8/9)-1/27P~ (-14/9)~1/9%A~3%P~ (-5/9) *I
+2/27#A%P~(-11/9)*I) $

Y$
E~(-A~2%P~(2/3))*C~(-2)*(-1/18%A~2%P~(-8/9)-1/27P"~ (-14/9)+1/9*A~3*P~ (~5/9) *1
~2/27T*A*P~(~11/9)*I) $

X$

(USESUL UNPSISUL UNPSI)
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(NEWSUL 2 JC1SUL)
SQRT X $§ :X/SQRT X $
SQRT Y $ :Y/SQRT Y $

(USESUL JC1SUL JC1)
(RPL DYTRSP1)

(X/Y)-(1/8) ¢ o0 $
0 $ (Y/X)-(1/8) $

167



(TITLE "C12.DIA

STATIONARY CYLINDRICALLY SYMMETRIC EINSTEIN-MAXWELL FIELD.

THE WILSON SOLUTION (1968).

Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (20.12)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
A Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP DYTRSP)

(VARS W X Y Z) % x1 , x2 , x3 , x4

(RPL IZUD)

0% o $ -SQRT(3)*LOG(W) $ 1 §
0¢$ W(-1/2) % © $ 08
0% o $ 1 $ 0%
1% 0 $ o $ 0%
(RPFL M L XN)

(((6-SQRT 3)/(6+SQRT 3))~(1/8))/SQRT 2 $
6+SQRT 3 §

6-SQRT 3 §

(FUNS (L) (M)(N))

(NEWSUL 3 PSISUL)
M$ :M$

6+SQRT 3 $ L ¢
SQRT 2 ¢ 6-N §

(USESUL PSISUL PSI)

(SETNSUB 3 ESUL)

1/8W~(-2)*N~(3/2)*L~(-1/2)-3/2W~ (-2)*N~(1/2)*L"(-1/2) $
-1/8W-(-2)*N-(1/2)+L"(1/2) $

L$ :L¢

N$ :N 3%
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(RPL DYTRSP1)
1 $ 1
-1/2° ¢ 1/2 %

(RPL DYTRSP2)
M$ 0o %
0% 1/M ¢
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(TITLE "C13.DIA
STATIONARY CYLINDRICALLY SYMMETRIC DUST SOLUTION.
van STOCKUM class of dust solutions specialised to cylindrically
symmetry.
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (20.13)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 BNH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP DYTRSP)

(VARSTPF Z) %t , rho, phi , z

(RPL IZUD)

1¢$ 0 $ AxP2$ O $
o0s$ o $ P $ o $
0$ o $ o $ E~(-1/2A"2%P"2) $
0$ E~(-1/24"2%P"2) $ 0 $ o $
(RPL X Y)

1 -2%A*P $

1 4+2%A%P $

(FUNS (&) X Y)

(NEWSUL 2 UNPSISUL)
A~3+P*E~(A~2%P~2) $§ A~2+E"(4"2+#P"2)*(1-X)/2 $
—A"3%P+E-(A"2%P~2) $ A“2¢E-(A"2%P"2)*(1-Y)/2 $

(USESUL UNPSISUL UNPSI)

(NEWSUL 2 JC1SUL)
SQRT X $ :X/SQRT X $
SQRT Y $ :Y/SQRT Y $

(USESUL JC1SUL JIC1)

(RPL DYTRSP1)
x/Y)-(1/8) $ 0 $
0 $ (Y/X)-(1/8) $
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(TITLE "C14.DIA
GENERAL STATIC CYLINDRICALLY SYMMETRIC PERFECT FLUID SOLUTION.
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (20.14)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

A S09 5NH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP)

(VARSTPF 2) %t , rho , phi , =z
(FUNS (B P) (G P) (D P)>

(RPL GD)
EXP(D) ¢ 1 ¢ EXP(B) $ EXP(G) $

(NEWSUL 2 RIESUL)
G&P&P ¢ B&P&P+(B&P)~2+B&P*D&P-(G&P) ~2-G&P*D&P $
D&P&P $ -(D&P)~2+B&P*G&P+G&P*D&P-(B&P) ~2-B&P&P $

(USESUL RIESUL RIE PSID XI)
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(TITLE "C14(SP).DIA
STATIC CYINDRICALLY SYMMETRIC PERFECT FLUID SOLUTION.
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (20.14).(special case where exp(eta)=rho)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP)

(VARSTPF Z) it , rho , phi , =z
(FUNS (B P) (G P) (D P))

(RPL GD)
Exp(D) $ 1 ¢ EXP(B) $ EXP(G) $

(NEWSUL 4 RIESUL (DIFF 1))

D&P&P $ -3(D&P)~2+(D&P)/P $

B&P $ 1/P+G&P $

G&P&P $ 6(G&P)~2+(G&P)/P $

D&P $ -2G&P $

(USESUL RIESUL RIE PSID XI PHID DLAMBDA)

(NEWSUL JC1SUL)
G&P&P $ 6(G&P)~2+(G&P)/P $

(USESUL JC1SUL JC1)
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(TITLE "C18.DIA
STATIONARY CYLINDRICALLY SYMMETRIC PERFECT FLUID WITH RIGID ROTATION.
THE KRASINSKI SOLUTION (1978).
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (20.18)")

% This file was written by :
% Julian Collinms
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5KH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP DYTRSP)

(VARSTXYZ) %t ,x,y, =z

(RPL IZUD)

i/H$ O $ X/H $ o $
0o $ 0 $ 0 $ SQRT(B)/SQRT(P)*H~(3/2) $
0O $ O $ SQRT(F)/SQRT(B)/H$ © $
0 ¢ (FxP*H)"(-1/2) $ O $ o $

(FUNS (4) (B) (FX) (P X) (HX) (UX) (LX) (MZX)N

(RPL L M)

-1/16%B*H*P+1/16*SQRT B*#SQRT F*H*P&X-3/16SQRT B*SQRT F*P+H&X+1/32%P*F&X&X
+1/32H*F&X*P&X~-3/32P*+F&X*H&X $

-B*H#P-SQRT B#SQRT F+H*P&X+3SQRT B*SQRT F*P*H&X+1/2H*P*F&X&X+1/2H*F&X#P&X~
3/2P*FgX*HeX $

(NEWSUL 2 UNPSISUL)

-1/16+B*H*P+1/16+SQRT B*SQRT F*H*P&X-3/16SQRT B#SQRT F*P*H&X+1/32H+P+F&X&X
+1/32H*F&X*P&X-3/32P*F&X*H&X $

L$

-B*H*P-SQRT B*SQRT F*H#*P&X+3SQRT B*SQRT F*P+H&X+1/2H*P*F&X&X+1/2H*F&X*P&X-
3/2P*F&X*HEX $

M3

(USESUL UNPSISUL UNPSI)
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(NEWSUL 3 UNPHISUL (DIFF 2))

P&X $§ P*(5H&X/H-F&X/F+B*X/F) $

H$ U-(1/3) $

U&X&X $  (USX(F&X-B*X)+3/4U(F&X&X-F&X~2/F+B*X*F&X/F-B))/F $

(USESUL UNPHISUL UNPHI)

(RPL DYTR1)
1 $ 1§
-1/2 % 1/2%

(RPL DYTRSP1)
(L/M~(1/8) ¢ 0 $
0 $ @WMm-(-1/8) %

(RPL DYTRPHI1)

2-(~1/2) $ © $
0 $ SQRT 2 $
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(TITLE "C25.DIA
CYLINDRICALLY SYMMETRIC VACUUM FIELD.
EINSTEIN-ROSEN WAVES.
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (20.25)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP DYTRSP)
(VARSTPF 2) %t , tho , phi , z

(RPL GD)
E"(K-U) $§ E~(K-U) $ E~(-U)*xP $ E~(U) $

(FUNS (UPT)(X P TD(LP T)(MP T))

(RPL L M)

E" (-2K+2U) * (P*U&T ~3-3P*U&T ~2*U&P+3P*U&LT*U&P~2-P*U&P ~3+3/2U&T ~2-3U&T*U&P
+3/2U&P~2-U&T&P+U&P&P+1/2/P*U&P $

E~ (-2K+2U) * (-P*U&T~3-3P*U&T "~ 2*U&P-3P*ULT*U&P ~2-P*U&P ~3+3/2U&T ~2+3U&T*U&P
+3/2U&P~2+U&T&P+U&P&P+1/2/P*U&P $

(NEWSUL 2 UNPSISUL)

E~ (—2K+2U) * (P*U&T~3-3P*U&T "~ 2*U&P+3P*U&T*U&P~ 2-P*U&P ~3+3/2U&T "~ 2-3U&T+U&P
+3/2U&P~2-U&T&P+U&P&P+1/2/P*U&P $

L$

E~ (-2K+2U) * (-P*U&T"~3-3P*U&T " 2+U&P-3P*ULT*U&P ~2-P*U&P ~3+3/2U&T " 2+3ULT+U&P
+3/2U&P~2+U&T&P+U&P&P+1/2/P*+U&P $

M3

(USESUL UNPSISUL UNPSI)
(NEWSUL 3 RIESUL (DIFF 1))
K&P $ P*(UZP~2+U&T"2) $

K&T $§ 2P*U&P*U&T $
UeTeT $§ (P*U&P)&P/P $
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(USESUL RIESUL RIE)
(RPL DYTRSP1)

(L/M)~(1/8) ¢ o© $
0 $ (@L/M-(-1/8) ¢
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(TITLE "C39.DIA
CYLINDRICALLY SYMMETRIC PURE RADIATION FIELD.
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equatioms.
Equation (20.39)™)

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP)

(VARSTPF 2Z) %t , rho, phi , z
(FUNS (UP T) (KP T))

(RPL GD)
E"(K-U) $ E~(K-U) $ P*xE~(-U) $ E~(U) $

(NEWSUL 2 RIESUL (DIFF 2))

K&P $ P*(U&P+U&T)"~2 ~ K&T $
UZP&P $ U&T&T-U&ZP/P $
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(USESUL RIESUL RIE PHI PHISTD LAMBD)

(NEWSUL 3 UNPSISUL)

—Px (E** (-2%xK+2%U) ) *(DF (U, T) ) **3-3*P

* (Ex* (-2%K+2+U) ) *(DF (U, T) ) #%2*DF (U, P) -3+P* (E**
(-2%K+2+U))*DF (U, T) *(DF (U,P) ) **2-P* (Ex* (-2+K+
2%U) )*(DF(U,P) ) **3+3/2% (E*x* (-2+K+2%U) ) *(DF (U,
T))**2+3% (E*x* (-2+%K+2%U) )*DF (U, T)*DF (U,P) +3/2%
(E**(-2%K+2%U) )* (DF (U,P) ) **2+ (E** (-2*K+2#U) ) *
DF(U,T,2) +(Ex*(-2%K+2%U) )*DF (U, T,P)-1/2%P** (-
1) * (E#*(-2%K+2+U) )*DF(U,P) $

L$

1/3+P* (E** (~2%K+2*U) )«DF (U, T)*DF (U,
T,2)+1/3%P% (Ex*(-2%K+2%U) ) *DF(U,T)*DF(U,T,P)+
1/3%P* (Ex*(-2%K+2*U))*DF (U,P)*DF(U,T,2)+1/3%P
* (Ex* (—2%K+2+4U) )*DF(U,P)*DF(U,T,P)~-1/6%(Ex* (-
2%K+2*U) )*DF (K, T, 2)-1/6% (E**(-2*K+2%U) ) *DF (K,
T,P)+1/2% (E** (-2+K+2+U) ) * (DF(U, T) ) **2-1/2% (E#*
(-2%K+2+U) )* (DF(U,P) ) #%2+1/2%P** (~1) * (E** (-2%
K+2+U))*DF(U,P) $

M3

Px (E¥* (-2%K+2%U) ) *(DF (U, T) ) **3+P*(E

*% (-2%K+2+U) ) * (DF(U,T) ) #*2+DF (U, P) -P* (E** (-2%
K+2%U) ) *DF (U, T)*(DF(U,P) ) *%2-P* (Ex* (-2*K+2*U)
Y*(DF(U,P))**3-2% (E** (-2xK+2%U) ) *DF (K, T) *DF (U
, T) +2# (Ex* (—2%K+2*U) ) *DF (K, T)*#DF (U,P) +3/2% (E**
(~2*K+2*U) ) *(DF (U, T) ) **2-(E**(~-2*K+2*U) ) *DF (U
,T)*DF (U,P) +3/2% (Ex*(-24K+2%U) ) * (DF (U,P) ) **2+
(E** (-2%K+2*U) )*DF (U, T, 2) - (E** (-2%K+2*U) ) *DF (
U,T,P)-P**(-1)*(E+*(-2%K+2+U) ) *DF (K, T)~1/2*P*x*
(1) *(E*#*(-2%K+2+U) )*DF(U,P) $

N $

(USESUL UNPSISUL UNPSI)

(FUNS (LPT) (MPT) (NPT))
(LOAD DYTRSP)

(RPL DYTRSP1)

(N/L)-(1/8) $ © $
0 $ (L/M)-(1/8) $
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(TITLE "C41.DIA
CYLINDRICALLY SYMMETRIC PURE RADIATION FIELD.
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equatioms.
Equation (20.41)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP DYTRSP)
(VARSTPF 2) % t , rho , phi , z
(FUNS (X P T))

(RPL GD)
E°(X) $ EE(K)$ P$ 18

(NEWSUL 4 RIESUL)

K&P ¢ -K&T $

K&P&T $ -K&T&T $
K&P&P $ K&T&T $
K&P&TET $ -K&T&T&T $

(USESUL RIESUL RIE PSID JC1i JC2 PHID D2PSI APSI DXI D2PHI APHI)
(RPL DYTRSP1)

(-1/P*E~ (-2K)*K&T)-(1/4) $ O $
0 $ (-1/P+E-(-2K)*K&T)"(-1/4) $
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(TITLE "GH2.DIA
CYLINDRICALLY SYMMETRIC RADIATIVE VACUUM SOLUTION.
Ref: J.Holmes PhD thesis (1986),p.79,case(ii)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

h S09 5NH

(OFF ALL) (ON NOZERO POTSIM)

(PRELOAD DIAINP DYTRSP)

(RPL IZUD)

EXP(G-S) $ © $ 0 $ o0 $
0 $ EXP(G-S) $ © $ O $
0 $ 0 $ P*EXP(-S) ¢ O $
0 $ 0 $ X+EXP(S) $ EXP(S) $

(VARSTPF Z) %t , rho, phi , z
(FURS (G P T)(SP T)(XP T)(WP T)(HP T)A)B))

(NEWSUL 7 RICSUL (DIFF 2))

S $ (LOG(A*P*COSH(H)))/2 $

X $ (SINH(H)/COSH(H))/A+B $

G $ (LOG(COSH(H)))/2+(LOG(P))/4+W/4 §
W&P $ (H&P~2+H&T2)*P $

W&T $ (2HZP*H&T)#*P $

HP&ZP $ H&T&T-(H&P)/P $

SINH(H) $ (COSH(H)"2-1)"(1/2) $

(USESUL RICSUL RIC)
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(NEWSUL 3 UNPSISUL)
—(E**(-2*G+2*S) )*DF (G, T)*DF(S,T)-(E

** (-2%G+2%*S) )*DF (G, T)*DF (S, P)~ (E** (-2%G+2%S))
*DF (G,P)*DF (S, T) - (E**(~2%G+2%S) ) *DF (G, P) *DF (S
JP)+(E*#(-2%G+2%S) )*(DF (S, T) ) **2+2% (Ex* (~-2%G+
2%35) )*DF (S, T)*DF(S,P) +(E**(-2%G+2*S) ) *(DF(S,P
))*%2+41 /2% (E** (-2*G+2%S) }*¥DF (S, T, 2) + (E+* (-2*G
+24S) ) *DF(S,T,P)+1/2% (E+*(-2%G+2%S) ) *DF(S,P,2
Y+1/2%P** (1) * (E** (-2%G+2%S) )*DF (G, T) +1/2%P**
(1) * (E** (-2%G+2%S) )*DF (G,P) -1/4*P** (-2) * (E¥*
(-2%G+6*5) ) *(DF (X, T) ) #%2-1/2%P** (-2) » (E+* (-2%
G+6%*S) )*DF (X, T)*DF (X,P)-1/4+P** (-2) * (E** (-2%G
+6%S))* (DF(X,P) ) **2-1/2*%I*Px*(-1) * (E** (-2*G+4
*S) )*#DF (G, T)*DF (X, T)-1/2*I*P** (- 1) * (E+*(-2%G+
4%S))*#DF(G,T) *DF (X,P)~1/2*T*P** (-1) % (Ex* (-2%G
+4%S) )*DF(G,P)*DF(X,T)—-1/2%I*P** (-1) * (Ex* (-2#
G+4%S))*DF(G,P)*DF(X,P)+3/2*I*P** (—1)* (E** (-2
*G+4%S) ) *DF (S, T)*DF (X, T) +3/2%I*P** (1) * (E*x* (-
2%G+4*S) )*DF (S, T)*DF(X,P)+3/2%I*P** (—1)* (Ex*(
—~2%G+4*S) )*DF(S,P)*DF (X, T)+3/2*I#P** (~1) * (E**
(-2*%G+4%S))*DF(S,P)*DF (X ,P)+1/4*I*P**(-1) * (E+*
(-2%G+4*S))*DF (X, T,2) +1/2*T#P#* (—1)* (E** (-2*G
+4%S))*DF (X, T,P)+1/4*I*P**(-1)* (Ex* (-2*G+4%S)
)*DF(X,P,2)-1/4%T*P**(-2)* (E** (-2*G+4*S) ) *DF(
X,T)-1/4*T#P#* (-2) *(Ex*(-2*G+4*S) )*DF(X,P) $
L$

1/2% (E#*(-2*G+2%S) ) *(DF(S,T) ) **2-1/

2% (E¥* (-2%G+2%S) ) *(DF(S,P) ) **2+1/2+P** (~1)*(E
#k (~2%G+2%S) ) *DF (S,P) +1/8%P**(-2) * (Ex* (-2*G+6
*S))*(DF(X,T) ) #%2-1/8*%P**(—2) * (E+*(-2%G+6+S))
*(DF(X,P) ) **2+1/2*I#P4* (-1)* (Ex* {-2%G+4*S) ) *DF
(S,T)*DF(X,P)-1/2%T*P**(-1) * (E** (-2%G+4%S) ) *DF
(S,P)*DF(X,T)+1/4*I*P**(-2) % (E** (-2%G+4*S) ) *DF
&, $

M$
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—(E**(-2%G+2#S) )*DF (G, T)*DF(S,T)+(E

*% (-2%G+2%S) )*DF (G, T)*DF(S,P) +(E**(-2%G+2%S))

*DF (G,P)*DF (S, T)-(E** (-2%G+2%S) ) *DF(G,P) *DF (S
,P)+ (E** (-2%G+2%S) ) *(DF (S, T) ) %*2-2% (E** (-2%G+
2%S) ) *DF (S, T) *DF(S,P) +(E+* (-2%G+2%S) ) * (DF(S,P
D) *%2+1 /2% (Bak (-2%G+2%5) )#DF (S, T, 2) - (E+* (-2*G
+2%S) )*DF(S,T,P)+1/2% (E**(-2%G+2%S) )*DF(S,P,2
)=1/2%P*% (-1) % (E¥* (-2%G+2%S) ) *DF (G, T) +1/2*P**
(1) * (E**(-2%G+2*S) ) *DF (G,P)~1/4%P** (-2) * (E**
(-2%G+6*S) ) *(DF(X,T) ) %%2+1/2%Px* (-2) * (Ex* (-2%
G+6%*S) )*DF (X, T)*DF (X,P)-1/4*P**(-2) * (E+* (-2%G
+6%S) )% (DF(X,P) ) **2+1/2+T#P** (~1) % (E** (-2%G+4
*S))*DF (G, T)*DF (X, T)-1/2%T*Pk (~1)* (Ex*(-2%G+
4%S))*DF (G, T)*DF(X,P)-1/2*%I*P**(-1) * (Ex*(-2%G
+4%S) )*DF(G,P)*DF(X,T)+1/2%I %Pk (~1) % (Ex* (-2%
G+4*S) ) *#DF(G,P)*DF (X,P)-3/2*I#P** (1) * (E** (-2
*G+4%S) )*DF (S, T)*DF (X, T) +3/2*I#P**(-1) *(E** (-
2%G+4*S) )*DF (S, T)*DF(X,P)+3/2%I*P** (—1)* (E*x*(

—2%G+4%*S))*DF(S,P)*DF (X, T)-3/2*I#P**(—~1) * (Ex*
(-2*G+4*S))*DF(S,P)*#DF(X,P)-1/4*I*P**(—1) * (E**
(-2%G+4%S))*DF (X, T,2) +1/2%I*P** (—1)* (E*x* (-2%G
+4%*S))*#DF(X,T,P)~1/4%I#P**(—1)* (E** (-2%G+4*S)

)*#DF(X,P,2)-1/4%T*P**(~-2)* (E**(~2%G+4+*S) ) *DF(

X,T)+1/4%I*Px*(-2) * (Ex* (-2%G+4*S))*DF(X,P) $

N $

(USESUL UNPSISUL UNPSI)

(FUNSs (LPT) (MPT) (NP T))
(LOAD DYTRSP)

(RPL DYTRSP1)

(N/L)-(1/8) $ © $
0 $ (L/M)-(1/8) ¢
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(TITLE "SA2.DIA
GENERAL STATIONARY AXISYMMETRIC STATIC VACUUM SOLUTION.
WEYL’S CLASS.
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equatioms.
Equation (18.2)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO PQTSIM)
(PRELOAD DIAINP DYTRSP)

(VARSPZTF) %rho , z, t , phi

(RPL IZUD)

0 $ o $ EXP(U) $ © $
EXP(K-U) ¢ © $ 0 $ 0 $
0 $ EXP(K-U) $ O $ o $
0 $ 0 $ 0 $ P*EXP(-U) $

(FUNS (U P Z) (KP Z))

(NEWSUL 3 RIESUL (DIFF 2))

K&P $ P*(Ug&P~2 - U&Z-2) $
K&Z $ 2P*U&P*U&Z $
U%Z&Z $§ -U&P&P - 1/P*U&P $

(USESUL RIESUL RIE)

(NEWSUL 2 UNPSISUL)

4%P* (Ex* (-2%K+2%U) }* (DF(U,P) ) **3-12

*P* (Ex* (—2+4K+2+U) ) *DF (U, P) * (DF (U, Z) ) **2-6% (Ex*
(-2*K+2*U) ) * (DF(U,P) ) %*2+6* (E** (-2*K+2*U) ) * (DF
(U,Z) ) *%2-4% (Ex* (-2+K+2+U) ) *DF (U, P, 2) —-2*P#* (-

1) * (E**(-2%K+2%U) ) *DF (U,P) - 12+ T#P* (Ex* (-2*K+2

*U) ) *(DF(U,P) ) #*2*DF (U, Z) +4*I*P* (Ex* (-2%K+2*U

))*(DF(U,Z) ) **3+12+I* (E**(-2%xK+2*U) ) *DF (U,P)*

DF(U,Z)+4*I* (E**(~2*K+2*U) )*DF(U,P,Z) $

X $
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1/4%P* (Ex* (~2%K+2%U) )% (DF(U,P) ) **3-
3/4%P* (Ex*(—-2%K+2+U) ) *DF (U,P) *(DF (U, Z) ) **2-3/
8% (E+* (—24K+2+*U) )* (DF(U,P) ) **2+3/8+ (Ex* (- 2*K+
24U) ) *(DF(U,2Z) ) **2-1/4% (E*x* (-2+%K+2%U) )*DF (U, P
,2)—1/8+P#** (—1)* (E**(-24K+2*U) ) *DF(U,P)+3/4+*I
*P* (E** (-2#K+24U) ) *(DF(U,P) ) **2%DF(U,Z)-1/4%*1
*P* (E+* (-2%K+2%U) )* (DF(U,Z) ) **3-3/4*I* (E*x* (-2
*K+2*U) ) *DF (U, P)*DF (U, Z) -1/4*I* (Ex* (—2*K+2*U)
Y*DF(U,P,Z) $

Y$

(USESUL UNPSISUL UNPSI)
(FUNS (X P Z) (Y P Z))
(RPL DYTR1)

I $ 1 $

-1/2 $ -1/2+I §

(RPL DYTRSP1)

(Y/x)~(1/8) $ o© $
0 $ x/¥)°(1/8) ¢
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(TITLE "SA4.DIA
STATIONARY AXISYMMETRIC STATIC VACUUM SOLUTION.
WEYL’S CLASS.
CHAZY(1924), CURZON(1924).
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (18.4)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 BNH

(ON NOZERO POTSIM ESUBS)
(PRELOAD DIAINP DYTRSP)

(VARSRHTF) %Yr , theta , t , phi

(RPL IZUD)

0 $ 0 $ EXP(U) $ 0O $
EXP(K-U) $ 0 $ o0 $ 0 $
0 $ R+EXP(K-U) $ O $ 0 $
0 $ o $ 0 $ R+(SIN H)*EXP(-U) $
(RPL U X)

-M/R $

~1/2M~2%(SIN H)"2/R"2 $
(FUNS (M) (UR) (K R H))
(SETNSUB 2 ESUL)

Ug :Us

K$ :K$

(NEWSUL RIESUL)
(SINH)"2$ 1 - (cOSH)2$

(USESUL RIESUL RIE)
(RPL DYTR1)

I $ 1 $
-1/2 $ -1/2*1 $
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(RPL X Y)

—4xM*k*x3%kR** (~5) % (Ekk (—M**2%Rk* (~2

)*(COS(H) )**2+M**24Rk* (~2) -2*M*R**(-1) ) ) *(COS

(H) ) *%*2+4*%M**3%R** (-5 ) % (Ex* (~M**2%R** (-2) *(COS
(H) ) **2+M**2#%R** (—2) —2%M*kR#k*k (1)) ) —6*M**2+R**

(—4) % (Ex* (—~M**2%R** (—2) * (COS(H) ) **%2+M*k* 2% Rk *

—2)-2%M*R¥k*k (1)) ) +6%M*kR*k* (—3) * (E#* (—M**2%Rk* (

—2)*(COS(H) ) **2+M**2%R*k* (—2) —2%«M*R**(-1) ) ) +4*

I*M**3%R*k*(—5) % (Ed* (~M*k*x2%R**(-2) % (COS(H) ) **2

+Mkk %Rk * (—2) —2%M*R** (-1)) ) *COS(H)*+SIN(H) $

—1/4%M**3%R*% (—5) % (Ekk (~M**2%R+** (

-2)%(COS(H) ) **2+M**2kRa* (~2) -2%M*R**(-1) ) ) *(COS
(H) ) **2+1/4*M**3%R**(—5) * (Ex* (~M**2#%R** (—-2) % (
COS(H) ) **2+M**2%R** (—2) -2k M*R** (-1) ) ) —3/8xM**
2%Rk*k (=4 )k (Ex* (~M*x*2¢R** (~2) % (COS(H) ) **2+M**2
*R¥k (—2)—2%M*kR** (—1)) ) +3/8*M*R** (-3 ) % (Ex* (-M**
2%R*%* (-2) % (COS(H) ) #*2+M**2kR¥% (~2) -2« M*R** (-1
)))—1/4*T*M**3%R**(—5) % (Ex* (-M**2%R** (-2)*(C0OS
(H) ) **2+M#*2%Ra* (-2) —2%M+R** (-1) ) ) *COS (H) *SIN
(1) $

(FUNS (X R H) (YR H))
(NEWSUL 2 UNPSISUL)

X ¢ X%

'Y$ Y §

(USESUL UNPSISUL UNPSI)
(RPL DYTRSP1)

(Y/X)-(1/8) ¢ o0 $
0 $ X/Y)-(1/8) ¢
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(TITLE "SA8.DIA.
STATIONARY AXISYMMETRIC STATIC VACUUM SOLUTION.
WEYL’S CLASS.
THE SCHWARZSCHILD SOLUTION IN PROLATE SPHEROIDAL COORDINATES.
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (18.8)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO POTSIM ESUBS)
(PRELOAD DIAINP)
(VARS T X HF) % t, x, theta (using y = cos(H)), phi

(RPL GD) % D = delta

(A/B)~(D/2) $
K*(B/A)~(D/2)*(C*G)~(1/2)*(A*B/C/G)~(D~2/2)*(A*B)~(-1/2) $
K*(B/4)~(D/2)*(C*G)~(1/2)*(A*B/C/G)~(D~2/2) $
K*(B/A)~(D/2)*(A*B)~(1/2)*SIN(H) $

(RPL A B C G)
X-1 4

X+1 ¢
X-COS(H) ¢
X+COS(H) $

(FUNS (K) (M) (D) A B C G)
(SETNSUB 2 ESUL)

D$ 1%
K$ M3
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(TITLE “SAS.DIA.
STATIONARY AXISYMMETRIC STATIC VACUUM SOLUTION.
WEYL’S CLASS.
THE DARMOIS SOLUTION IN PROLATE SPHEROIDAL COORDINATES.
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (18.9)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO POTSIM ESUBS)
(PRELOAD DIAINP DYTRSP)
(VARS T X HF) % t, x, theta (using y = cos(H)), phi

(RPL GD) % D = delta

(4/B)-(D/2) $

K*(B/A)~(D/2)*(C*G)~(1/2)*(A*B/C/G) ~(D"2/2)*(A*B)~(~-1/2) $
K*x(B/A)~(D/2)*(C*G)~(1/2)*(A*B/C/G)~(D"2/2) $
K*(B/A)~(D/2)*(A*B)~(1/2)*SIN(H) $

(RPL A B C G)
X-1 8

X+1 $
X-COS(H) $
X+COS(H) $

(FUNS (K) (M) (D) AB C G)

(SETNSUB 2 ESUL)
D$ 28
K$ M/28

(NEWSUL 9 RIESUL)

1/A°$ (:A)"2/4"3 $

1/4"2 $ :A/A°3 $
1/A-(3/2) $ :A/A°(5/2) $

188



1/B~56 $ (:B)"2/B°T7 $

1/B"6 § :B/B°T7 $

1/B~(11/2) $ :B/B~(13/2) $

c$ :c$

¢6$ :¢$

Cos(H) $ (1-(SIN(H))"2)"(1/2) $

(USESUL RIESUL RIE)

(NEWSUL 2 B4CRITSUL)
1/A°5 ¢ :A/A"6 $
1/B~13 ¢ :B/B-14 §

(USESUL B4CRITSUL B4CRIT)

(RPL DYTR1)
1 $ 1 3
I/2¢ 1/2 ¢

(RFL L N P)

48%Ax* (—3) *kBkk(~7) *kM**(-2) *X**7-96
*Akk(=3)*Bkk (—T7) *kMk*(—2) *X**6+24 0% A%* (-3 ) *B**
(=T)*Mkk (—2) #X#k5+ (SIN(H) ) #%2-144% A%+ (-3 ) *B**
(-7)*M*%x(—2) *X**5-288*A**(-3) *B** (-7 ) *M*k* (-2)
*X*k%4% (SIN(H) ) *%2+288%*A%* (-3 ) *Bk*k (-7 ) *M** (-2)
*X#%44+336%A%* (—3)*Bkk (=7) *M**(~2) *X**3* (SIN(H
) ) *%4-480*% A%k (—3) ¥BH* (=T ) *#M**(-2) *X**3*(SIN(H
) )**2+144%A%% (~3) ¥Bkk (-7 ) kMkk(—2) kX**3-288% A% *
(=3)#B#*(-T7) *M** (-2) *X**2%x (SIN(H) ) **4+57 6% A **
(=3) *B¥* (~7) *M** (-2) ¥X#*2% (SIN(H) ) #*2-288* 4 **
(=3)*Bak (—7)*M** (-2) *X**2+144% A** (-3 ) *B** (-7)
* Mk (—2) *X* (SIN(H) ) **6-336%A%% (—3) *Bk* (=7 ) *kM**
(=2)*X*(SIN(H) ) **4+240%A** (~3) ¥B** (-7 ) #M#* (-2
Y*X# (SIN(H) ) **2-48%A%* (~3) *Bkx* (=7 ) ¥Mb* (-2) %X~
96% A%*k (—3) *Bk* (~7) ¥Mak (-2)* (SIN(H) ) **6+288* A%+
(—3)#Bx* (=7) *M*x (-2) % (SIN(H) ) **4-288*A** (-3 ) *
Bk (—T7)*Ma* (-2)* (SIN(H) ) #*2+96*A** (~-3) #B** (-7
YRMA*k (—2)-96*%T %A%k (-5/2) ¥B**(-13/2) *M**(-2) *X
*#%x4xSIN(H)* (- (SIN(H) ) **2+1)%*(1/2) - 192+ I *A%* (
~5/2)#Bk* (—13/2) ¥M#* (—2) #X %2+ (SIN(H) ) #*3% (- (
SIN(H) ) **2+1) 4% (1/2)+192+I*A** (-5/2) *B**(-13/
2) #MAk (-2) #X#*2%xSIN(H) * (- (SIN(H) ) #*2+1)**(1/2
)-96*I*A%**(~5/2)*B**(-13/2) *M**(-2) * (SIN(H) ) **
5% (—(SIN(H) ) **2+1)**(1/2)+192*T#A**(~5/2) *B**
(-13/2) *M** (=2)* (SIN(H) ) *+3*% (- (SIN(H) ) #*2+1) **
(1/2)-96%I*A**(-5/2)*B**(-13/2) *M**(-2)*SIN(H
Y#(-(SIN(H) ) **2+1)*%(1/2) $
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Gxpkk (—3) %kBkk (=7 ) kMkk (—2) kX **T7-8*A**
(=3)*#B** (=7) %M**k(—2) %Xk %6+ 12%A%* (—~3) *B** (-7 ) *
Mk (—2) *X##5% (SIN(H) ) ##2-12%A%* (=3) ¥Bx* (-7 ) *M
Ak (—2) *Xkk5-24%k A%k (=3) *Bak (=7 ) k Mk (-2) ¥X 4% (
SIN(H) ) **2+24% A%k (-3) ¥Ba* (=7 ) kMk* (-2) #X*+4+12
* A%k (—3)*kBhk (7)) *kM**(~2) *X**3% (SIN(H) ) **4-24*
Ak (—3) *Bhx (=7 ) %Mok (-2) *X#*#3% (SIN(H) ) **2+12*A
*k(~3)¥Bkk (=T ) *M*k*k (—2) *kX**3-24%A** (-3 ) *B** (-7
YkM**(—2) ¥X*¥%2% (SIN(H) ) %*4+48*%A%* (=3) *B**(-7)
* Mk (—2) %k X*k*x2% (SIN(H) ) **2-24%A%* (-3 ) ¥B¥* (-7 ) *
Mk (—2) *X**2+4%A%k% (—3) %Bkk (=7 ) * Mk (-2) *X* (SIN
(H) ) *%6-12% A%+ (~3) *Bx* (=7) #M++ (~2) *X*(SIN(H))
*%4+12%A%*k(~3) *Bhkk (=7 ) *M#*k (=2) *X* (SIN(H) ) %*2—
4xpkk (—3) KBk (=7 ) #Mhk*k (—2)*X-8kA** (-3) #B**(-7)
*Mkk (—2) % (SIN(H) ) %*6+24 % f*% (—3) kBxk (=7 ) *M** (-
2)*(SIN(H) ) *%4—24*%A%* (—-3) *B** (-7 ) #M**(-2) * (SIN
(H) ) *%2+8%A%* (—3) *B**x (-7 ) *M**x(-2) $

3kA%k(—3)*kBak (=7 ) *kM**x (—2) *X**T~-6%
A%x (—3)%kBxk (—7) *M*k (—2) *X**x6+15%A%* (—3) *Bk* (-
T)*Mkk (=2) *X*k*5% (SIN(H) ) #*%2-9% A%k (=3 ) *B*k*(-7)
*Mokok (—2) % Xk*k5-18%A%* (—3) *Bkk (=7 ) *kM** (-2) *X**4
*(SIN(H) Y *%2+18% A%+ (—3) *Bkk (=7 ) kMkk (-2) %X **4+
21% A%k (=3 ) *Bokok (-7 ) *M*k (-2) *X#*3*% (SIN(H) ) #%4-30
*fkk (~3) *¥Bkk (—T7) %Mk (—-2) *X*%x3% (SIN(H) ) *¥*2+9*4
*%k (=3) kBkk (=7 ) *Mhk* (=2) *X**3—-18%A**(—3) *B** (-7
YAMAk (—2) *X*%2% (SIN(H) ) %*4+36%A%* (~3) *B**(~7)
*Mkk (—2) *X* 2% (SIN(H) ) **2-18*A** (-3 ) *B*x (-7 ) *
Mk (—2) %X k% 2+ 9k A%* (~3) *Bak (=7) *M**(-2) *X* (SIN
(H) )**6-21% A%+ (~3) *Bk*k (~7) *M**(-2)*X* (SIN(H))
*%k4+15% A%k (—3) *Bkk (=T ) *Mk% (—2) *X* (SIN(H) ) **2-
3k fkk(—3)kBkk (=7 ) *Mkk (~2) *X~6*A%* (-3) *Bx*(=7)
*Mak (—2) % (SIN(H) ) #*6+18% A%k (—3) *Brkk (=T ) kM4* (-
2)*(SIN(H) ) **4~18%A%* (=3)*B**(~7) *M** (~2) * (SIN
(H) ) *%2+6%kA%%k (—3) *Bk*k (=7 )¥M**(~-2) +6*I*A%*(~-5/
2)#B**(-13/2) *M*% (-2) *X*#*4*SIN(H) * (- (SIN(H) ) **
2+1) %% (1/2)+12*%T*A%*(-5/2) #B** (~13/2) *M** (-2)
*Xa*2% (SIN(H) ) #%3% (~(SIN(H) ) #%2+1)**x(1/2)-12%
TkhA*x(~5/2) %B**(—13/2) *M** (-2) *X**2*xSIN(H) * (-
(SIN(H) ) #*2+1)**(1/2) +6*I*A**(~5/2) *B**(-13/2
)RMx (=2) % (SIN(H) ) #*5% (- (SIN(H) ) #*2+1) %% (1/2)
—-124T#A%*(~5/2)*B** (-13/2) ¥M** (-2)* (SIN(H) ) **
3% (—(SIN(H) ) #*2+1) **(1/2) +6*I*¥A** (-5/2) #B¥* (-
13/2) *M*x (-2) *SIN(H) * (- (SIN(H) ) #*2+1)**(1/2) $
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(NEWSUL 3 UNPSISUL)

v o=
@ A &P
v =
@D A H

(USESUL UNPSISUL UNPSI)

(RPL DYTRSP1)

(p/L)~(1/8) ¢ © $
0 $ (L/P)-(1/8) $

(FUNS (L X H) (N X H) (P X H))
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(TITLE "SA23.DIA
STATIONARY AXISYMMETRIC VACUUM SOLUTION.
VAN STOCKUM SUBCLASS (1937).
Ref: D.Kramer , H.Stephani , M.MacCallum & E.Herlt.
Exact Solutions of Einstein’s Field Equations.
Equation (18.23)")

% This file was written by :
% Julian Collins
% Department of Mathematics

% Southampton University
% Highfield

% Southampton

% S09 5NH

(OFF ALL) (ON NOZERO POTSIM)
(PRELOAD DIAINP DYTRSP)

(VARSPZTF) % zrho, z, t , phi

(RPL IZUD)

0 $ 0 $ 0 $ (P/W)~(1/2) $
0 $ 0 $ (Pxw)~(1/2) $ -(P/W)~(1/2) $
P~(-1/4) $ © $ © $ o $
0 $ P (-1/4) % O $ o $

(FUNS (W P 2))

(NEWSUL RIESUL (DIFF 2))
W&Z&Z $ -W&P&P - W&P/P $
(USESUL RIESUL RIE)

(RPL DYTR1)

o0s$ -1%
1% 0 $
(RPL X)

—P**{(1/2)*Wx*(-1)*DF(W,P,2)~5/4*P**

(-1/2) *Ws* (1) *DF (W,P) +I#P** (1/2) W% (-1) *DF(
W,P,Z)+3/4*T*P*x(-1/2)*Wx*(-1)*DF(W,Z) $
(FUNS (X P 2))

(NEWSUL UNPSISUL)
:X$ X8
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(USESUL UNPSISUL UNPSI)

(RPL DYTRSP1)
X"(1/4) ¢ o0 $
0 $ X (-1/4) $
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