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The Hecke group H(A,) is the discrete subgroup of PSL(2,R) generated by
R(z) = —1/z and T(z) = z + A, for A\, = 2cosm/q. In this thesis we investigate
normal subgroups of these Hecke groups.

The most important Hecke group is the modular group obtained for ¢ = 3.
There are many results in the literature concerning normal subgroups of the modu-
lar group. We are interested in generalizing these to other Hecke groups H(},).

Jones and Singerman, [Jo-Si,1], determined a 1:1 correspondence between nor-
mal subgroups of certain triangle groups, including Hecke groups, and regular maps.
We study normal subgroups of H(),) by means of this correspondence and obtain
results about normal subgroups of H(},;) using the known regular maps. This is es-
pecially useful when g = 0 or 1, as all regular maps with these genera are classified

(see [Co-Mo,1] or [Jo-Si,1]).

We obtain fairly complete information about the normal subgroups of H(A4),
H(Xs) and H(Xs) of low index and obtain some other results for other values of ¢. In
particular we investigate principal congruence subgroups of H(},) for prime powers
q.



lvlvl\agv
\‘.»J{\ZHO!\’J

3.0.
3.1.

Q
~ U

ek
e

CONTENTS

ABSTRACT

CONTENTS
ACKNOWLEDGEMENTS
INTRODUCTION

PRELIMINARIES

Introduction

Galois theory and field extensions

Projective groups

Fuchsian groups and their subgroups, Permutation method
Some relations between u,n,t

The Reidemeister—Schreier method

Commutator subgroups, free groups and free products
Commensurability of the Hecke groups

SOME BASIC RESULTS CONCERNING H(),)
Introduction
A fundamental region for H(},)

. . . . ' .
Determination of the images of the vertices of F, and parabolic

points of Hecke groups

MINIMAL POLYNOMIAL OF A,
Introduction

The degree of the minimal polynomial of A;
The minimal polynomial of A,

The constant term of Py

RELATIONS BETWEEN NORMAL SUBGROUPS OF H(\,)

AND REGULAR MAPS

Introduction
Definitions and application to Hecke groups

Page

i

11
11
11
14
16
21
22
24
31

33
33
34

37

47
47
51
53
58

64
64
65



4.0.
4.1.
4.2.

v Ut

6.0.
6.1.
6.2.

7.0.
7.1.
7.2.
7.3.
7.4.

8.0.
8.1.
8.2.
8.3.
8.4.
8.5.
8.6.

o — O wm

NORMAL SUBGROUPS OF GENUS 0 WITH FINITE INDEX
AND TORSION SUBGROUPS OF H(),)

Introduction

Normal genus 0 subgroups of H(A;) with finite index

Number of normal genus 0 subgroups of H(},) with finite index
Normal torsion—free subgroups of H(),)

NORMAL SUBGROUPS OF GENUS 1 OF H(A,)

Introduction
Existence of normal genus 1 subgroups of H(A,)
Number of normal genus 1 subgroups of H(A,)

NORMAL SUBGROUPS OF H(A,) FOR ODD ¢
Introduction

Power subgroups of H(A,) for odd ¢

Free normal subgroups of H(A,) for prime p

PRINCIPAL CONGRUENCE SUBGROUPS OF H(),)
Introduction

Some results of Macbheath

Principal congruence subgroups of H(v/2) and H(/3)
Principal congruence subgroups of H(As)

Principal congruence subgroups of other Hecke groups

NORMAL SUBGROUPS OF H(v/2)

Introduction

Power subgroups H™(v/2) of H(v/2)

Normal subgroups of genus 0 of H(1/2)

Free normal subgroups of H(y/2)

Normal subgroups of genus 1 of H(\/2)

Another class of normal subgroups of H(v?2): K (g)
Connections between regular maps and normal subgroups

of H(v/2)

i

Page

74
74
76
78
81

89
89
90
94

104
104
105
115

118
118
123
128
145
148

156
156
159
164
165
169
176

178



9.0.
9.1.
9.2.
9.3.
9.4.
9.5.

10.
10.0.
10.1.
10.2.
10.3.
10.4.
10.5.

NORMAL SUBGROUPS OF H(v/3)

Introduction

Power subgroups H™(v/3) of H(v/3)

Normal subgroups of genus 0 of H(1/3)

Free normal subgroups of H(v/3)

Normal subgroups of genus 1 of H(1/3)

Connections between regular maps and normal subgroups

of H(V3)

NORMAL SUBGROUPS OF H(Xs)

Introduction

Power subgroups H™(Xs5) of H(As)

Normal genus 0 subgroups of H(A5) of finite index
Normal torsion subgroups of H();)

Principal congruence subgroups of H(As)

Low index normal subgroups of H(\s5)

APPENDIX 1. TABLES
REFERENCES
LIST OF NOTATIONS

INDEX

v

Page
180
180
180
182
183
185

187

189
189
191
194
195
196
197



ACKNOWLEDGEMENTS

I am extremely grateful to Dr. David Singerman who supervised me during the

preparation of this thesis. His professional guidance and friendly encouragement
have been invaluable.

My thanks to my advisor Dr. Gareth A. Jones for his help on many occasions

and to Prof. Stewart A. Robertson and Prof. Martin J. Dunwoody for their moral
support.

I wish to thank Prof. Turgut Baskan and Prof. Caroline Series for giving me a
background in discrete group theory and encouraging me to further studies.

I would like to thank other academic and secreterial staff for their help and in-
valuable friendship.

Special thanks to my wife, Oya, for her unfailing patience and moral support,
particularly during the writing of this thesis.

Finally I would like to express my sincere gratitude to my parents, my brother
and my sister, my relatives and friends who prayed for my success during my study.

Y



INTRODUCTION

In “Uber die Bestimmung Dirichletcher Reichen durch ihre Funktionalgleichun-

gen”, Erich Hecke introduced the groups H()) generated by two linear fractional

transformations

R(z) = 1L and T(z) = z 4+ A, (1)

~
4

where A 1s a fixed positive real number. R and T have matrix representations

0 -1 1 A
(1 0) and (0 1) (2)

respectively. Let § = R.T.

These groups are useful in the study of Dirichlet series only when H(A) is prop-
erly discontinuous, i.e. a Fuchsian group. E. Hecke, in [He,1], showed that when

A > 2 and real, or when

A=A, = 2c0s (3)
q
where ¢ is an integer > 3, when A < 2, the set
Fy={zelU:|Rez|<A2,|z]|>1} (4)

is a fundamental region for the group H(A), and also that F) fails to be a fundamen-
tal region for all other A > 0 (see Chapter 1 for more details). It follows from this
that H(A) is Fuchsian if and only if A = A; or A > 2 is real. In these two cases H())
is called a Hecke group. Because of its interest, we shall deal in this thesis with the

case A < 2 and denote the group obtained by H(};). Then the Hecke group H(},) is



the discrete subgroup of PSL(2,R) generated by R and T, where T(z) := z + A,.

The Hecke groups H(),) are included in a more general class H(A,, A,;) generated
by

1
z— X
where 2 < p<q¢< o0, p+ g > 4. In fact

R(z) == — and T'(z) = z+ A, + Ay, (5)

H(Xg) = H(A2, Ag)- (6)

It is known that H(X,, A;) is the free product of a cyclic group of order p and
one of order ¢ ( see [Lh-Ne,1}). In Chapter 2 we prove this result for Hecke groups,

geometrically, and find that H(},) is the free product of cyclic groups of orders two

and q.

The most important and worked Hecke group is the modular group H(XA3). In this
case A3 = 2cos7/3 = 1 and hence the underlying field for this group is Q(1) = Q,

i.e. all coefficients of the elements of H()3) are rational integers.

In the literature, the symbols I and I'(1) are used to denote the modular group.

In this thesis we shall use ' and H(A3) for this purpose.

There are many results in the literature concerning I'. Some of them can easily
be generalized to all Hecke groups with only a few differences.However most results,
especially number theoretical ones, can only be generalized to H(A,), where p is a
prime. For example, when power subgroups H™(),) are considered, the situation
in the H(A,) case is similar to the modular group case. Indeed, as we shall see in
Chapter 6, H(A,) has only three power subgroups H(},), H3(A,) and H?(),) like the
modular group. Finally there are some results which are only true for the modular

group and do not hold for the other Hecke groups. The main reason for this is that

o



the underlying field Q()Ay) for ¢ > 3 is clearly more complicated, being a simple
extension of Q, than Q, and therefore the coefficients of elements of H(},), ¢ > 3,
are more complex than integers, which are the coefficients of elements of I'. As a

result of this, all calculations are more complicated than they are in the modular

group case.

The next two most important Hecke groups are those for ¢ = 4 and 6. In these
cases A\g = V2 and /3, respectively. Therefore the underlying fields are Q(+/2) and
Q(+/3), i.e. quadratic extensions of the field Q of rationals.

We are also going to work with H(As) seperately, since in this case, the underly-
ing field is again a quadratic extension of Q. These four Hecke groups are the only

ones for which A, is a root of a polynomial of degree less than three.

For ¢ > 7, g € N, A, is a root of a polynomial of degree > 3. As a result of this,
as we shall see in Chapter 2, we are not going to be able to determine the number
Aq as clearly as in the first four cases we already discussed. Because of this we are
going to attempt to find the minimal polynomial of A, over Q. This will be done in

Chapter 2 where we deal with odd and even ¢ cases seperately and give the formulae

for the minimal polynomial.

One of the reasons for H(1/2) and H(v/3) to be two of the most important Hecke
groups is that, apart from the modular group, they are the only Hecke groups whose

elements are completely known. If we put m = 2 or 3, H(y/m) consists of the set of

all matrices of the following two types:

(l)<(cl\/n—1 b\/;(ll) a,b,c,d € Z,ad —mbc =1,

(7)
.. ay/m b
(1) ( . d/m ) a,b,c,d € Z, mad — bec = 1.



Those of type (i) are called even while those of type (i1) called odd.

Note that if we consider the multiplication of these elements, the situation is

similar to the multiplication of negative and positive numbers. Here we have

odd.odd=even.even=even, (8)
even.odd=odd.even=odd.

Let now ¢ be even. We can define an important normal subgroup of the Hecke

groups H(A,):

As ¢ is even there is a homomorphism of H()\;) to the cyclic group of order
two, taking both elliptic generators R and S to elements of order two. Then the
parabolic element T' = R.S goes to the identity under this homomorphism. Using
the permutation method we find the signature of the kernel as (0; ¢/2, 00, 00). That
is, 1t 1s isomorphic to the free product of the infinite cyclic group Z and a finite

cyclic group of order ¢/2.

In particular when ¢ = 4 or 6, this subgroup has a rather special form. Indeed,
it contains all the even elements in H(\/m), m = 2 or 3, and therefore will be called

the even subgroup denoted by Hc(y/m), i.e.

Cy/m

H.(Vm) = {M - ( ¢ b\/ﬁfl ) LM € H(\/m)}. (9)

In general for any even ¢, the even subgroup obtained above will be denoted by

H.(A;). It is generated by T = RS and TU = RS?R, and in fact

H.(\) 2<T >+ <TU >. (10)

We shall see in Corollary 1 that the elements of H(),) has one of the forms
V(z) = (az 4+ bA)/(Aez + d) or V(z) = (Aaz + 3)/(yz + A6) where A = A, and
a,b,e,d, o, 3,v,6 are all polynomials in /\3 with rational integer coefficients. In a

similar way to ¢ = 4 and 6 cases, we can consider the elements of the former type



as even elements and the ones of the latter type as odd. Again (8) hold in this case.

Therefore

Ho(\) = {M - ( . P > .M e H(/\q)}. (1)

The set of odd elements

Hy()) = {N - ( @A d/\f: ) . N € H(Aq)} (12)

forms the other coset of H.(}A,) in H(}A;). In fact

H(\,) = H(\) + R.H(X,), (13)
as R ¢ He()\).

It i1s not possible to have the even subgroup for the odd values of ¢q. Indeed the

elliptic generator S has order ¢ in H(\;) and cannot be mapped to an element of

order two.

He(),) is quite important amongst the normal subgroups of H(},). In fact it

contains infinitely many other normal subgroups.

We shall deal with He(y/m), m = 2,3, in detail, when we discuss the normal
subgroups of H(y/m) in Chapters 8 and 9.

Now we know all elements of ', H(1/2) and H(v/3). In other cases the elements
of H(),) are worked out by D. Rosen in [Ro,2]. Using continued A-fractions he gave
the necessary and sufficient conditions for a substitution to be an element of H(A,).

Because of the importance of being able to determine the elements of Hecke groups,

we now recall his ideas:

[ |



As shown in Chapter 1, an element of H(),) can be expressed, in terms of the

generators R and T, as

az+b

V(z) = cz+d

= T™RT™R...RT™, (14)

where the r;’s (0 <7 < n) are integers such that only r¢ and r, may be zero.

We shall write a continued fraction with arbitrary elements

ay
bo + p (15)
bl + b2+b_;$T
as
(bo, (l]/b], (12/()2, ) (16)

The a;’s and b’s (z = 0,1,2, ...) will be called the ¢z — th partial numerator and
denominator respectively, while «;/b; denotes the : — th partial quotient or term of
the continued fraction. The finite continued fraction consisting of the first n + 1
terms, when written as the quotient of two polynomials in a;, b;, will be called the

n — th convergent of the continued fraction, and denoted by

P./Q, = (bo, a1/b1, ..., a,/by). (17)

Here we shall consider the continued A-fraction

(7‘0A, 61/1'1)\, 62/7'2A, ) (18)

where ¢; = %1, g is a rational integer, r; is a positive rational integer for : > 1. The

values of A = A; are restricted to those for which H(\,) is Fuchsian.

An equivalent form of the A ~fraction (18) is

(roA, =1/1A, —=1/r2A, ...) (19)



where the r;’s (z > 0) are now integers and only ro may be zero. If the A-fraction

(19) is finite, say consisting of n + 1 terms, then r, may also be zero.

Now we have

Theorem 1: A substitution V(z) = (Az+ B)/(Cz+ D) € H(A,) if and only
if A/C = P /Qn = (roAg, —1/r1)q, ..., —1/1p),), i.e. A/C is a finite A,-fraction.

Proof: [Ro,2].
Note that B/D is also a finite A-fraction if A/C is. Moreover B/D and A/C are

consecutive convergents of a finite A-fraction consisting of n + 1 partial quotients if

r, # 0 and n partial quotients if r, = 0, i.e.

( 61)11—1 Pn : .
( an—l Qn ) it " :,é 0’

eP P_1 .
n n f o= 0,
\ ( an Qn—l ) : '

where € = %1 is chosen to make the determinant equal to 1.

By Theorem 1, we can determine whether a given substitution is in H(A,) or not.
It is also important, as in the cases ¢ = 4 and 6, to know the form of the elements

of H(),). The following corollary will supply this to us:

Corollary 1: If V € H(},;), then V has one of the forms

az + bA Aaz + 3
V = . ) = —
(2) Aez +d or V() vz 4+ A (21)

where a,b,¢,d,a, 3,7 and § are all polynomials in A? with rational integer coeffi-

cients.



Note that the result given in Corollary 1 coincides with the one given for ¢ = 4

or 6, while when ¢ = 3, it is clear.

Theorem 1 gives us a characterisation of the parabolic points of the Hecke groups.
These are the transforms of oo under the elements of H(),). As the fixed point of
T, oo is a parabolic point. All other parabolic points are real. In fact a real point is

parabolic if and only if it is congruent to oo under a group element. We then have

Corollary 2: The point z = —D/C is a parabolic point if and only if —D/C

is a finite A-fraction.

In Chapter 0, we recall some definitions and results which will often be used in
the following chapters. The main ideas discussed there are Galois theory and field
extensions, projective groups, basic notions concerning Fuchsian groups, the permu-
tation method and Riemann-Hurwitz formula, the Reidemeister—Schreier method,

free groups and products, all in connection with the Hecke groups, and finally, com-

mensurability of Hecke groups.

In the first chapter, we deal with two important problems: the determination
of the cuspset and the determination of the group theoretical structure of Hecke
groups. These two problems are related to each other in a way that one way of
solving them is to make use of fundamental regions. Therefore we begin by recalling
the results concerned with the fundamental region of the modular group and then
move on to the discussion of the fundamental region for Hecke groups in general.
To solve both problems we introduce some polynomials denoted by a, which give

the relations between the images of the vertices of a fundamental region for H(A,).

Chapter 2 is about the determination of the minimal polynomial of A, over Q.
As we explained above, the first four values of A, are obtained for ¢ = 3,4,5,6 as 1,

V2, (1+ \/g)/Q V3, and are rather nice algebraic numbers. However for ¢ > T,

v



it is not possible to obtain A, that nicely. Therefore obtaining properties of Hecke

groups, involving A,, will only be possible by using the minimal polynomial instead

of A,.

As it can be understood from its title, this thesis is concerned with the normal
subgroups of the Hecke groups H(),). Therefore we will try to use several methods
to determine these normal subgroups. One of them is to make use of regular map
theory. We recall a 1:1 correspondence, given by Jones and Singerman in [Jo-Si,1],
between the regular maps and normal subgroups of certain triangle groups including
Hecke groups H(A;). By means of this correspondence, we will try to get information

about normal subgroups of H(A,) from some well-known regular maps. We will see

some applications of this in Chapters 4 and 5.

In Chapter 4 we discuss the normal genus 0 subgroups of H(},). We determine
their total number for all ¢ and also give a classification of them. It will be shown
that most of these subgroups have torsion. Therefore beginning with the normal
genus 0 subgroups having torsion, we will discuss all normal torsion subgroups of
H(A;). We will detemine their number in each case and give a classification of them.

Torsion-free normal subgroups of H(A,) will also be discussed there.

Chapter 5 is concerned with the normal genus 1 subgroups of Hecke groups H(},).
We shall determine the values of ¢ for which H(A,) has normal subgroups of genus 1.
We shall also determine the ¢ such that H(A;) has a torsion—free normal subgroup
of genus 1. All these will be done using the regular map theory established by Jones
and Singerman in [Jo-Si,1] and recalled in Chapter 3. As a nice application of this

theory, we are going to calculate the number of normal genus 1 subgroups of a given

index in H(},).

We have already mentioned some differences between odd and even ¢ cases. ¢ =

4 and 6 give two of the most important Hecke groups and they are both examples

9



of the even ¢ situation. Therefore most properties of H(A;) for even g will be dis-
cussed in Chapters 8 and 9 where we deal with the normal subgroups of H(+/2) and

H(+/3). This leaves us the odd ¢ case to consider, and this will be done in Chapter 6.

In Chapter 7 we discuss the principal congruence subgroups of Hecke groups.
In the modular group case, they have been discussed by Newman [Ne,6] and Mc
Quillan [MQ,1]. It can be said that principal congruence subgroups are the most
important normal subgroups of the modular group I'. Here we discuss them for ¢
= 4, 6 and q = p, a prime. We use [Ma,1] to determine the quotients of H(},) by
them and then we find their group theoretical structures. Also in this chapter, we

prove that H(),) has infinitely many normal subgroups of finite index.

In Chapters 8 and 9, we discuss normal subgroups of H(v/2) and H(+/3), and
make some generalisations to the even g case. The lists of normal subgroups of these

two important Hecke groups with small index are given at the end of this thesis.

Another important Hecke group is H(As). As 5 is prime, this group shows a lot of
similarities to the modular group. Some properties and normal subgroups of H()s)

will have been discussed in the earlier chapters and they will be briefly recalled in

Chapter 10.

10



Chapter 0

PRELIMINARIES

0.0. INTRODUCTION

In this chapter we give some definitions and results about the normal subgroups
of Hecke groups H(A;), which will be used often in this work. To do this we need
to recall some classical notions and results such as Galois fields, field extensions,

projective groups and Fuchsian groups.
0.1. GALOIS THEORY AND FIELD EXTENSIONS

Several times in this thesis we will need finite extensions of fields. Although
there are other kinds of field extensions, the ones we are going to use will usually be

simple extensions. Therefore we start by recalling the notion of simple extension.

Let us first recall the construction of the field C of complex numbers from the

field R of real numbers. The complex number i is a zero of the second degree monic

irreducible polynomial

flz)y=z*+1 € R[x], (0.1)

11



and the elements of C are uniquely written in the form z = a + b1 where ¢,b € R
and i? = —1. This is a simple extension of the field R to the field C by adding a
single element 1 which is not in R but is a root of a monic irreducible polynomial in

the polynomial ring R[x].

Similarly let F be a field. Let f be a monic irreducible polynomial of degree n
in F[x]. We can construct a simple extension F(u) of F in which u is a root of f. It

is a well-known result that every element v of F(u) has a unique representation in

the form

v=ag+ a4 ... Fapqu? (0.2)

with @; € Ffori=0,1, ...,n — 1. In this case we say that u is algebraic of degree

n over F.

The existence of a simple extension of a field is given by the following theorem:

Theorem 0.1: Let F be a field and f a monic irreducible element of F[x] of
degree n. Then there is a simple extension K = F(u) of F such that u i1s algebraic

over F with minimal polynomial f.
Proof: See [Fr,1].

One of the applications of simple extensions in our thesis will be cyclotomic ex-

tensions. If ¢ is a primitive n-th root of unity, i.e. a root of the cyclotomic equation

of degree n

("—1=0, (0.3)

then by adding ¢ to the field Q of rationals, we will obtain the n-th cyclotomic

extension of Q.



In Chapter 2 we will try to determine the degree of the minimal polynomial of
Ag- To do this we shall need some definitions and results from Galois theory, such

as Galois group, normal extension, etc., which are recalled in the following:
Let F be a subfield of a field K.

If u,v € K are algebraic over F, then u and v are called conjugates over F if

they have the same minimal polynomial over F.

The extension K over F is said to be closed under conjugates if whenever F <
K <L,u € K, and v € L is a conjugate of u over F, then v € K. K is closed
under conjugates if and only if whenever f is an irreducible polynomial in F[x] hav-

ing any roots in K then it splits in K(see [Fr,1]).

K is said to be a normal extension of F if K is closed under conjugates.

The collection of all automorphisms of K leaving F fixed forms a group denoted
by G(K/F). If K is a finite normal extension of F, then G(K/F) is called the
Galois group of K over F. We now have the following result which will be needed
in Chapter 2:

Theorem 0.2: The Galois group of the n-th cyclotomic extension of Q has
@(n) elements, where ¢ denotes the Euler function, and is isomorphic to the group
of units modulo n.

Proof: See [Fr,1; pp 472].

Corollary 0.1: The Galois group of the p-th cyclotomic extension of Q for a

prime p is of order p — 1.

13



0.2. PROJECTIVE GROUPS

It is known that for every prime power ¢ = p", there is, up to isomorphism, a
unique field of ¢ elements, denoted by GF(q). This is the Galois field of ¢ elements.
All finite fields are of this form.

Let now K be a field of order ¢ = p*, i.e. K = GF(q). Then the general linear
group GL(2,K) is defined by

GL(2,K) = {( ch Z ) s a,b,c,d € K, ad — bc # 0}. (0.4)

This group acts on the 2-dimensional vector space K? = K & K as a group of lin-
ear fractional transformations and it permutes the set PG(1,K) of 1-dimensional
subspaces of K?. The center of this group, denoted by Z(GL{(2,K)) consists of all
the scalar 2x2 matrices and it forms a normal subgroup of GL(2,K). By means of

this, we define the projective general linear group PGL(2,K) as

PGL(2,K) = GL(2,K)/Z(GL(2,K)). (0.5)

The matrices of determinant 1 in GL(2,K) form a subgroup called the special

linear group

SL(2,K) = {( ‘c’ fz ) € GL(2,K) : ad — bc = 1}, (0.6)

and the projective special linear group is then

PSL(2,K) = SL(2,K)/Z(SL(2, K)). (0.7)

Here Z(SL(2,K)) is {1} if p > 2 and {I/} if p = 2. The order of PSL(2,K) is
qlg—1)(g+1)/2if p>2and q(q —1)(qg + 1) otherwise.

There is a natural homomorphism from SL(2,K) onto PSL(2,K) which takes

14



a b\.
g )i
PSL(2,K). Because of this we can represent an element of PSL(2,K) by either of

the two matrices in SL(2,K) which induce it.

b . . .
an element CCL d ) in SL(2,K) to a unique element, i.e. the coset *

Up to now we have only considered the projective groups over finite fields. But
in general the four groups defined above, i.e. GL(2,K), PGL(2,K), SL(2,K) and
PSL(2,K), can be defined in case of K being an infinite field, by taking all entries of
the matrices or the induced linear fractional transformations from this infinite field.
The most interesting examples are PSL(2,R), PSL(2,C) and their correspondences

in the other three classes of projective groups.
It is also possible to define projective groups over rings with identity; e.g. PSL(2,7Z).

We finally give a result which determines that for what values of a prime power
q, the projective special groups PSL(2,q) are Hurwitz groups — groups of 84(¢ —1)
automorphisms on a Riemann surface of genus g:
Theorem 0.3: The group PS5L(2,¢) is a Hurwitz group if
(i) ¢="T,
(i) ¢ =p==1 (mod7),
(iil) ¢ = p?, wherep = £2,43 (mod7)

and for no other values of q.

Proof: See [Ma,l].

15



0.3. FUCHSIAN GROUPS AND THEIR SUBGROUPS, PERMU-
TATION METHOD

By a Fuchsian group I' we understand a finitely generated discrete subgroup of

PSL(2,R)— the group of conformal homeomorphisms of the upper half plane U.

It is known that every Fuchsian group has a presentation of the following form:

Generators: ay, by, ..., ag, by (hyperbolic),
Tyy eeey Ty (elliptic), (0.8)
D1y ooy Pt (parabolic), '
hi, ..., hy (hyperbolic boundary elements),
Relations: @7 = [T, [as,b) Ty @5 [hey pe [y Ao = L.
We then say I' has signature
(g; My, ooy ) u); (0.9)

where my, ..., m, are integers > 2 and are called the periods of T.

We must note the following facts about this presentation: every elliptic element
of I' is conjugate to a power of one of the z; (1 < j < r), every parabolic element of
I" is conjugate to a power of one of the p; (1 < k < t) and every hyperbolic boundary
element of I' is conjugate to a power of one of the ~; (1 <1 < u). Moreover no
non-trivial power of one of the generators can be conjugate to a power of another

generator. (see, for a proof of these facts [Lh,2]).

Let us now recall the limit set L(I') for a Fuchsian group I'. L(T') is a subset of

the real line satisfying one of the following conditions:

(i) L(T') has at most two points,
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(ii) L(T) = R,
(ii1) L(I') is a perfect nowhere dense subset of R.

Groups of type (ii) are called groups of the first kind and groups of type (iii) of
the second kind. We shall mainly be interested in groups of type (ii).

For all normal subgroups of finite index of Hecke groups, u = 0, as they do not

have hyperbolic boundary elements. Let T be a group with signature (0.9) such that
u = 0. Define

pu(M)y=29g -2+ i (1 - -—1—) +t. (0.10)

m;

If T is of the first kind then g(T") > 0. In this case 27 u(T) is the hyperbolic
measure of a fundamental region for I'. As we shall prove in Chapter 1, H(},) has
a signature (0; 2, ¢, 00) and therefore, has a fundamental region of finite hyperbolic

area 27 (1 — 1/2 — 1/q). Let now I'; be a subgroup of I' with finite index. Then

o T)
ren =20 (0.11)

This formula is called the Riemann-Hurwitz formula and is probably the most

useful tool in the study and classification of Fuchsian groups and will be used very of-
ten in this thesis (If u = 0, (0.11) follows from the fact that 27 u(T") is the hyperbolic

measure of a fundamental region. If v > 0, (¢(I") = oo in this case), Maclachlan

proved this result in [Mc,1}).

The study of subgroups of Fuchsian groups is obviously quite related to this
work, and as a result of this we shall often use the following important result, which
will be called the permutation method, proved by Singerman [Si,2]:

Theorem 0.4: Let I'; be a Fuchsian group with signature (0.9). Then I'; con-
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tains a subgroup I'; of index u with signature

(g3 M1y voe s Pipgy oo s Torly woe s Tlppy B3 1) (0.12)

if and only if

(a) there exists a finite permutation group G transitive on p points, and an

epimorphism O : I'; — G satisfying the following conditions:

1) the permutation ©(z;) has precisely p; cycles of lengths less than m;, the
7 P g J

lengths of these cycles being m;/nj, ..., m;/n;,;
(i1) if we denote the number of cycles in the permutation ©(y) by 6(~), then

t' = Z §(pr), u = zj: §(hy) ; (0.13)

(b) w(Th)/u(T2) = p.

Proof: See [Si,2].

Recall that, in this thesis, we are concerned with the normal subgroups of the
Hecke groups H(A,;). Furthermore Hecke groups are Fuchsian groups of the first
kind. Therefore supposing I'; < I'; and T'; is of the first kind, we can now obtain
the following corollary for normal subgroups of the first kind Fuchsian groups. As
T, is of the first kind, u = 0. It is sometimes convenient to consider the parabolic

elements as elliptic elements of infinite order. So we may write the signature (0.9)

of I'; in a new form

(g5 My ver y Mgy Mgy ey Mipgy) (0.14)

where m,41 = ... = m,4; = oo. Let now [, : T1] = p. Let v; be the exponent of

z; modulo Ty, i.e. the least integer such that x}* € I'y. Clearly v; < oo and v; |m;

18



if m; < oo. Some of the z;’s in I'; may have exponent m; modulo I'y. Rearranging
the periods so that v; = m; only for 1 < ¢ < p and w4, has exponent n; < my,

otherwise, we find that (0.14) can be written as

(g5 M1, ..y My, naky, oo gky) (0.15)

where p+¢=r+tand 1 < k; < co. We then deduce the following result given
by Singerman [Si,1]:

Corollary 0.2: Let I'; be given by signature (0.15) and I'; be a normal sub-

group of finite index u. Then T'; has signature

(gl; k§”/"1), s ké“'/"")) (0.16)
where ki(“/ ") means that the period k; occurs p/n; times. Here g; can be found by
the Riemann-Hurwitz formula.

As Hecke groups H(},) are of the first kind and as we deal mainly with nor-
mal subgroups, when we refer to the permutation method we shall actually refer to

Corollary 0.2 rather than Theorem 0.4.

We now want to define triangle groups as Hecke groups H(},) can be thought of

as triangle groups with a parabolic generator.

Let I,m,n > 2 be integers. Consider the hyperbolic triangle with angles

x/l, #/m, 7 /n.

Let o1, 0,2, 03 be the reflections on the sides of this triangle as shown 1n Figure

0.1. Let I'* be the group generated by these three reflections:

" = (01,00, 05| 0] = 0} = 0} = (0203) = (0301)" = (102)" = 1.
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Put £ = 0203 and y = 0301. Then z is a rotation around the vertex A by 27/l
and y is a rotation around the vertex B by 27 /m. Then zy is a rotation around
C by 27 /n. These are all orientation preserving isometries. Therefore we obtain a

subgroup I' of I'* containing only orientation preserving isometries:

I' = <x,y|:c1 =y™ = (zy)" = 1> . (0.18)

This subgroup has signature (0; I,m,n) as a Fuchsian group and usually denoted

by (I,m,n). It is called a {riangle group. It has index two and is therefore a normal

subgroup of I'*.

02
AL )/l r/n( > C
o1
03
w/m
B.
Figure 0.1.

As we shall prove in Chapter 1, the Hecke group H(},) is a triangle group with
signature (0; 2,q,00). We also know that parabolic elements can be realized as
elliptic elements of infinite order. Of course in this case (zy)® = 1 is void, and

therefore H(),) is a triangle group such that

H(A;) = (2,q,00) = <$,y|:r'2 =y’ = 1> (0.19)



which is isomorphic to the free product of two finite cyclic groups of order 2 and ¢
(an elementary proof of this result is given in section 1.3.). It is easy to see that
the above triangle turns into one of the two triangles in Figure 0.2 with angles

/2, 7/q, /oo = 0.

Figure 0.2.

0.4. SOME RELATIONS BETWEEN p, n AND ¢

Let N be a normal subgroup of H(A,) with finite index . We define the parabolic
class number t of N as the number of conjugacy classes of maximal parabolic cyclic
subgroups and the level n of N as the least positive integer such that 7" € N. Then

it follows from Corollary 0.2 that

= n.t. (0.20)

The following result enables us to decide about inclusions between the normal

subgroups of Hecke groups:



Lemma 0.1: Let N;, N2 be two normal subgroups of H(},) with finite index
such that Ny O N,. Let N; be of level n; and have t; parabolic classes, N, be of

level ny and have t5 parabolic classes. Then
n1|n2 and tllt2- (021)

Proof That ny|n, is elementary group theory. The fact that t,|t, follows from
Corollary 0.2.

Since Hecke groups are finitely generated, a subgroup of finite index will also be
finitely generated and to find these generators will be very important in our work.

To be able to do this we have the following method:
0.5. THE REIDEMEISTER-SCHREIER METHOD

The Reidemeister-Schreier method is a useful technique which will be used to

find the generators of subgroups of H(),) with finite index.

Let G be a finitely generated group with generators {g;}. Let H be a subgroup
of G. The Reidemeister-Schreier method consists of firstly choosing a Schreier
transversal for H and then taking ordered products of the elements of this transver-

sal, generators and coset representatives, as described below:

A Schreier transversal ¥ is defined in {Jh,1] by Johnson. It consists of a set of

coset representatives satisfying the following conditions:

(i) The identity element [ € T,

(i1) ¥ is closed under right cancellation; i.e. if ¢;,.gi,. ....¢:;, € I, then ¢i, .95 ... .gi,_,

must be in ¥.

[S¥]
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Let ¥ be a Schreier transversal for N. Then a Schreier generator of N will have

the form

(An element of £)x (A generator)x(Coset representative of preceeding product)™
| (0.22)
Example 0.1: We want to find out the generators of the commutator subgroup
H'(v/2) of H(1/2), which will be discussed later in this chapter (see below for the
definition). We shall see that H'(1/2) is a normal subgroup of H(1/2) with quotient
group isomorphic to the direct product of two cyclic groups of orders two and four.

Therefore it has index 8 in H(v/2). There is a homomorphism

0 : H(V?2) — H(V2)/H'(V2) = C, x Cy. (0.23)

Recall that H(\/2) has a presentation < R,S : R? = S4 = I >. We choose a
Schreier transversal for H'(v/2) as

1,5,5% 5% R.RS,RS?, RS®. (0.24)

Now we can form all possible products formulated in (0.22):

I.RR =1 RRIV=1

1.5 =1 R.S(RS) ' =1

S.R.(RS) = SRS®R  RS.R.S~! = RSRS3

S.5.(§) 1 =1 RS.S.(RS*)' =1 (0.25)
S? R.(RS?)™! = S?RS®*R RS2.R.(S*)~! = RS?RS? .
S2.5.(5%)1 = RS®.S.(RS®) =1

S3.R.(RS®)~' = SRSR  RS®.R.(S®)~! = RSRS

S3.SI =1 RS®.S.R1 =1.

Now since (SRS®R)™! = RSRS3, (S*RS?R)™! = RS?RS? and (S*RSR)™! =
RS3RS, we have

H'(V/2) < RSRS%, RS?2RS?, RS®RS >; (0.26)



i.e. H'(v/2) is the group generated by a = RSRS?, b = RS?RS? and ¢ = RS3RS.

In fact it is known that

H'(V2) &< a,b,c: — >, (0.27)

that is, H'(1/2) is isomorphic to a free group of rank three.

0.6. COMMUTATOR SUBGROUPS, FREE GROUPS AND FREE
PRODUCTS

In this section we shall recall the commutator subgroup of a group in general
and discuss its basic properties. Then we shall apply these ideas to Hecke groups
to obtain more information about H'(A;)—the commutator subgroup of H(}A;). As
H(},) is isomorphic to the free product of two finite cyclic groups of orders two
and ¢, we shall often need information about free products. Therefore we recall
some results concerning them. As Hecke groups have infinitely many normal free

subgroups, we also discuss the free groups briefly in this chapter.

Let us now recall the commutator subgroup of a group G. The commutator

subgroup of G is denoted by G’ or [G, G} and defined by

<lg,h] : g,h €G> (0.28)

where {g, h]:=ghg~1h~!. We shall prefer the first notation.

G’ is a normal subgroup of G (see [Al,1]). Therefore we can form the quotient

group G/G'. This group is very significant in the study of the abelian quotients of

a group:

Lemma 0.2: G/G’ is the largest abelian quotient group of G. That is, if G/N

is any other abelian quotient of G, then



G'aN4aQG (0.29)

and there exists a homomorphism
©:G/G" — G/N. (0.30)

See [Al,1; pp 259] for a proof.

The second and the other commutator subgroups are defined succesively as the

commutator subgroup of the previous one, e.g.

G =<la,b] : a,bEe G >. (0.31)

We now have:

Lemma 0.3: Let G be a group generated by k elements a;, ..., ar. Let M be the

normal subgroup of G generated by all the commutators [a;, a;] of the generators.

Then
M=dq. (0.32)

Proof: Obviously G/M is abelian. But by Lemma 0.2, G/G’ is the largest
abelian quotient group of G. As M < G', M = G'.

As we have noted before, H(\,) has, as a free product, some free subgroups. To
be able to understand the structure of these subgroups and to get more information

about them we now recall some classical results:

Intuitively, a group is free if there is a set of generators with no relations between

them. We now make this precise as follows:

o
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Let X be a subset of a group F. Then F is a free group with basis X provided
the following holds: If ¢ is any function from the set X into a group H, then there
exists a unique extension of ¢ to a homomorphism ¢* from F to H. Here, we need

the uniqueness to make X generate F'.

The cardinal of X will be called the rank of F. If |X| = n, then the generated

free group will be denoted by F,. Note that all bases of a free group necessarily

have the same cardinal.

It is easy to see that two free groups are isomorphic if and only if they have the

same rank (see [Ly-Sc,1; pp 1]).
A free group of rank 0 is trivial, and of rank 1 is infinite cyclic.

Finitely generated Fuchsian groups of the first kind containing parabolics are free

if and only if they have no elliptic element, e.g. a group of signature (0 ; co®) =

Fg_l.
The following is a well-known property of the subgroups of free groups:
Theorem 0.5: Every subgroup of a free group is again a free group.

It is also known that every group is a homomorphic image of a free group.

We can now determine the rank—i.e. the number of free generators—of a sub-

group of a free group with a given rank. For this we need:

Theorem 0.6: Let H be a subgroup of finite index g in a free group G of finite
rank R. Then the rank » of H is also finite and given by
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r=1+4+p(R-1). (0.33)

Proof: This easily follows from the Riemann-Hurwitz formula and from the fact

that the rank of a free group of genus g having ¢ parabolic classes is equal to 2¢g+7—1.

Let now G be a free normal subgroup of H(A,) of finite index u. Let G have ¢

parabolic classes. We can use the Riemann—-Hurwitz formula to find the signature

of G:

Theorem 0.7: Let GG be a free normal subgroup of H(A,) of finite index . Then

it has the signature

t -2
1 — =+ u.q : ool ] . (0.34)
2 4q

Proof: As ( is free, it has the signature (¢ ; co¥). By the Riemann-Hurwitz

formula

1
gg_2+t:,hﬁa+1—3+1——+1> (0.35)

and therefore

(0.36)

We now briefly discuss some properties of the free products. We shall omit the

definition as it is a bit detailed and also well-known.

The free product of the groups A;, 1 € I, is going to be denoted by

IT - 4. (0.37)

el
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We have already noted that H(A,) is isomorphic to the free product of two finite
cyclic groups of order two and ¢. As we are studying the normal subgroups of the
Hecke groups, we need a result that gives the general character of the subgroups of

free products. This result is known as Kurosh subgroup theorem:

Theorem 0.8: (KUROSH SUBGROUP THEOREM) Let the group G be

the free product of subgroups A,. We write this as

G= ]« Aa (0.38)

If H is a subgroup of G, then we have

H=F ] -Bs (0.39)

3

where F' is a free group and, for each 3, Bj is conjugate to a subgroup of some A,.
Note that [T . Bs can be empty and that F' can be trivial. However if [T5 . B
is not empty, then [G : F] is infinite; for, otherwise, some power of a non-identity
element of []; . Bs would belong to F.
Proof: See [Ra,2; pp36].

Let us now discuss the commutator subgroup of H(A,).

We have the relations

R*=59=1RS=SR (0.40)
in H(A,)/H'(A,). So
H(X)/H'(N\) = Cy x C, (0.41)

Q]
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and hence = Cy, if ¢ is odd. Therefore

|HO\)  H(O)| = 2q. (0.42)

If ¢ is even, (RS)? = I while if ¢ is odd, (RS)* = I. Therefore by Corollary
0.2, H'(\,) has parabolic class number 2 if ¢ is even and 1 if ¢ is odd. The genus

can be computed by the Riemann-Hurwitz formula to give

Theorem 0.9:

H(),) = 1-1;500 oo) ?f q %s even, (0.43)
92—, ) if ¢ 1s odd.

In particular, H'(A,) is a free group of rank ¢ — 1.
We also have the following immediate result:

Corollary 0.3: The genus of the commutator subgroup of a Hecke group is

always positive.
The Reidemeister-Schreier method gives the generators of H'(},) as

ay = RSRS%', ay = RS?RS*?, ... a,_; = RST!RS. (0.44)

By Theorem 0.6, a subgroup N of H(A;) of finite index p has finite rank; in fact,
if r is the rank of N, then

r=1+ p(q—2). (0.45)

The following result connects the commutator subgroup and the even subgroup

of H(A;) when q is even:



Theorem 0.10: Let ¢ be even. Then the commutator subgroup H'(},) of H(\,)

is a normal subgroup of the even subgroup H.(},;) with index gq.

Proof: We have just seen that H’()\;) is a normal subgroup of H(},) with index
2q. The even subgroup H.(},), having index 2 , is also normal in H(};). Therefore

the required index is gq.

Let now two elements A, B of H(A,) be given. Then whatever A and B are, their

commutator [A, B} is always even. Hence for every pair of elements A,B of H(},),

we have

(A, B] € He(),). (0.46)
That 1s,

H'(A\,) < Ho()). (0.47)

We now have another result that gives the relation between the second commuta-
tor subgroup of Hecke groups and the group M defined in Lemima 0.3. We actually
show that these two subgroups are equivalent. We should recall, at this point, that

H'(A;) is of rank ¢ — 1 and, let us say, generated by a,, ...,a4-1. Then we have

Theorem 0.11: Let M be the normal subgroup of H'(},) defined in Lemma 0.3

with £ = ¢ — 1; i.e. M is the normal subgroup containing all commutators of the

ay, ...,aq-1. Then
M = H"(\,). (0.48)

Proof: Follows from Lemma 0.3.
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Let us now investigate the group theoretical structure of H”(},). We have seen
above that H'(),;) is a free normal subgroup of finite index, 2¢, and of rank ¢ — 1, of
H(),). Therefore the second commutator subgroup H”(}A;), as the commutator sub-

group of a free group, H'()\;), is of infinite index in H'(A,) and hence in H()\,). Hence
Theorem 0.12: H”(},;) is a free normal subgroup of infinite rank in H(},).
We also have

Theorem 0.13: H'(A;)/H"(),) is a free abelian group with free generators

(llH”(/\q), ,aq_lH”()\q) (049)

where a;’s (1 < ¢ < g — 1) are the generators of H'(A;) given by (0.47). Also
r(H'(A)/H"(Ag)) = v(H'(Ag)) = ¢ — 1. (0.50)
0.7. COMMENSURABILITY OF THE HECKE GROUPS
In this section we discuss commensurability of the Hecke groups.

Two subgroups G, H of a group I' are said to be directly commensurable if GNH
is of finite index in both G and H. More generally, G, H are said to be commensu-

rable in T if G and some conjugate of H in I' are directly commensurable.

It is a known result that H(y/2) and H(+/3) are the only Hecke groups commen-
surable with the modular group I'. A conjugate of H(y/2) and T have a common
subgroup, I'o(2), but there is no common normal subgroup with finite index in both
of them. To see this let us suppose there exists a normal subgroup N in I' and

H(v/2)M where H(v/2)M denotes the conjugation by a matrix M € SL(2,R). Let
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n(N) be the normalizer of N in PSL(2,R). H(+/2) contains the element SM of
order 4 and also S™ ¢ I'. But 5(N) contains both T and SM. As n(N) is also a

Fuchsian group, this contradicts with the maximality of ' (see [Be,1]).

Similarly there is no common normal subgroup of finite index in both I' and

H(VAM.

Note that the proof depends on the two facts: The maximality of I' = H()3)
and discreteness of the normalizer n(/N) of a normal subgroup N of I'. This can be

extended to any two Hecke groups as these two facts remain true for all Hecke groups:

Theorem 0.14: Let ¢ and r be two distinct integers > 3. Then the set of

normal subgroups of finite index in H()\;) and the set of normal subgroups of finite

index in H(),) are disjoint.



Chapter 1

SOME BASIC RESULTS
CONCERNING H(),)

1.0. INTRODUCTION

As is well-known, fundamental region plays an important role in the geometrical
study of a group and its subgroups. Therefore, as our thesis is concerned with the

subgroups of the Hecke groups, we shall have a great deal of interest in their funda-

mental regions.

In this chapter we first define a fundamental region of a group. Then we recall
some information about the fundamental region of the most interesting Hecke group
which is the modular group. This region is well-known and there has been a lot
of research related to it. E. Hecke asked the question that for what values of A,
the group H(A) defined in the introduction is discrete. In answering this question,
he proved that H(X) has a fundamental region if and only if A > 2 and real, or

1< A< 2and A = A; = 2cosn/q. Therefore H()) is discrete only for these values

of A. In particular all H(},) are discrete groups.
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After obtaining fundamental regions for Hecke groups H(),;), we shall deal with
two important problems: Firstly we shall try to determine the parabolic point set
(cuspset) of Hecke groups. Parabolic points are basically the images of infinity un-
der the group elements. In the literature there has been several attempts to find
this set, but no one has yet given a complete result. There are some results giving
partial answers, and they will be recalled here. We shall particularly deal with the
four important Hecke groups T', H(1v/2), H()s), H(+/3) and give the result in each

case.

We also calculate the vertices of the transforms of a specific fundamental re-
gion under the subgroup < 8> generated by the elliptic generator S of order ¢
which will be used in the determination of the abstract group structure of Hecke
groups H(A;). Since infinity is one of the vertices of the original fundamental region

given by Hecke, its transforms under < 5 > form a class of parabolic points of H(),).
Our second main problem in this chapter will be the determination of the ab-
stract group structure of H(),). Using a result of Macheath, we shall prove that
H(A,) is isomorphic to the free product of two finite cyclic groups of orders two and
g. This result is well-known for the modular group where ¢ = 3.
We begin by the discussion of fundamental region for Hecke groups:

1.1. A FUNDAMENTAL REGION FOR H()\,)

Definition 1.1: An open subset F' of the upper half-plane U is a fundamental

region (domain) for the group G in U iff
(i) Each orbit G(z),z € U, meets I, the closure of F', at least once;

(ii) Each orbit G(z),z € U, meets F at most once.
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Obviously (i) and (ii) imply that

U= U g(F’), (1°1)

9€G

and that

JFYNF=0if I4g€G. (1.2)

Let us begin with the modular group I'. A fundamental region for I is given by

F={2€Z1:|:l>1,‘Rezl<%}. (1.3)

ANN

L ! _ L

ES ! \\\ | - ] ~
. I
i ‘\\\ 7N | { gl BN

! \\ || // ! \\ § l\/(/ :

| N ’ | \ 7 "

! ‘\\ 7 : N\ / : |/,/ !

‘ \ V]/ | \ | P! '

l \ . \iJ Y) '

] “1 ' \r’ i W !

' \ Y | !

! 1 i ‘ .

-3/2 -1 -1/2 0 1/2 1 3/2

Figure 1.1. A fundamental region for the modular group
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This region is determined in many books, e.g. [Ra,2], [Fo,1]. See Figure 1.1. It has
three vertices in the upper half plane two of which are the fixed points of two elliptic

generators and the third one is the infinity which is the unique parabolic point in

this region.
Let us now discuss the situation in general for the other Hecke groups. (Of course
this discussion includes I' as well). E. Hecke, when investigating the discreteness of

Hecke groups H()), gave the following result (see [He,1]):

Theorem 1.1: When A > 2 and real, or when A = A\, = 2cosw/q, ¢ € N, q >
3, the set

Fy={z€elU:|Rez|<)\?2|z|{>1} (1.4)

is a fundamental region for the group H(\), and also F) fails to be a fundamental

region for all other A > 0.
R. Evans gave an elementary proof of this fact in [Ev,1].
We therefore take a fundamental region for H(A,) as

F\q:{:GU:IRe:|<)‘\—;,\zI>1}. (1.5)

It is well-known that fundamental region of a group is not unique. We have
already seen that F\ = Fy U F}, in Figure 1.2 is a fundamental region for H(A,).
Actually a shaded region together with an unshaded one form a fundamental region

for H(),). Therefore sometimes, for convenience, we shall take it as
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A 1 1
F = .9 — — - .
iy {ZEU 2<Rez<0,Ifcr-i-/\q|>/\q} (1.6)

which is [y U RF,.

The elliptic generator S has order ¢ so that the ¢ transforms of F} = Fy U RF;
form a pattern around the center point —( = —e~"/¢ which is the fixed point of 5.

In another words the transforms of F; and RF; under S form a pattern alternately.

\
\
! . i
=Xy =2/A =1 2 /2 1=, 0 A =1 XN/2 1T 2/x

Figure 1.2. A shaded and a white region together form a fundamental region for

H(Xg)

1.2. DETERMINATION OF THE IMAGES OF VERTICES OF F;_
AND PARABOLIC POINTS OF HECKE GROUPS

In this section we first try to find formulae giving the images of the vertices of F}_

under the subgroup < § >. We already know that a fundamental region for H(},)
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has three vertices and that one of those is a parabolic point. We are specially inter-
ested in the parabolic points as the determination of them is still an open question
on Hecke groups. These images will also be used in proving the group theoretical

structure of Hecke groups later on in this chapter.

Let us now find the images of the vertices of F, under the group < S >. It
is sufficient to find the images of the vertices of F;, since they coincide, in another

order, with the ones of F .

The region F; has vertices ¢, —( and oo in the compactified upper half plane
U =UU{oo} . Being the fixed point of S, —C is a vertex of every transform of Fy
under the group < S >. Therefore we only need to calculate the images of ¢ and
co. The latter ones will be real or co and called cusp (or parabolic) points and are

of great interest. They will be dealt with later on in this chapter.

After easy calculations we find the required images as follows:

F1 1 oo

C T . —M+i

SFy i 0

C2 . — A N2 1
SR N -3

.3 . —MA2—1)24 A
SR A6 3T +27\2+1 YIS (1 7)
17 A “A(A3—2)\)24: A2-1
SRy NE5N6 17N 207 +1 )
57 2 =AM =37241)2 44 A2
A S NOTTNE L1606 13 8 +3)02+1 M 33241
g6 p . — (A -4 430)2 +i M -3A%4
= 41 NIZ_9NTO L 29N _JON6+ 220 —3N2F1 N5 _4A3430\

and in general
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n INa2_ (N —i> Xe2(N) —i
S 1) = — . .
( ) | )‘*031_2()\) —1 ‘2 l /\a%()\) —1 |2 (1 8)

and

S™(o0) = —a;;E/(\/)\), (1.9)

where, for 1< n < ¢ — 1, a,, s are the polynomials given by the reduction formulae

a_1(A) = ag(A)=0

a(A) = 1 (1.10)
a,(A) = Aan-1(A) —an2(r) ; n>2.
It is clear that
(Yg(/\) = A

(Yg()\) = A2 —1

CY4(A) = /\3 -2 (111)
as(A) = M-3A%+41
ag(A) = A5 —4X3 4 3)

Also deg a,(A) = n — 1, and «, is not always irreducible.

We now discuss an open problem on Hecke groups which is the determination

of all parabolic (cusp) points of H(};), i.e. determination of the “ cuspset ” S, of
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H(),) given by

S, = {% ( . 3 ) € H(,\q)}, (1.12)

which is the orbit of co on RU{co}. There are several results answering this problem

for particular values of ¢q. Before recalling them, we discuss this problem for the four

important Hecke groups:

To find the parabolic points of any particular Hecke group, one needs to know
the form of the elements of this Hecke group. This is because all parabolic points,

being images of infinity under group elements, are quotients of the first and third

coefficients of the elements of H(},).

We have seen in earlier chapters that the most interesting and important Hecke
group is the modular group I' = H(\;). We determined the underlying field for this
group as Q. Therefore all coefficients of the elements of I" are rational integers. This

implies that the parabolic points of ' are just rational numbers and S3 is equal to

QU .

Next two interesting Hecke groups are obtained for ¢ = 4 and 6. For these
two groups the underlying fields were found as Q(v/2) and Q(v/3). Recall that
the elements of H(y/m), m = 2 or 3, have been classified as odd and even ones in
the Introduction. An easy calculation shows that the parabolic points of these two
groups are of the form “Jb@ for integers a and b. This implies that the cuspset Ss,,

is a subset of Q(1/m) consisting of -“—36’5 with a,b € Z, and of oo.

Another interesing Hecke group is H(As). Because of the identity

A2 = As + 1, (1.13)
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the underlying field is again Q(As). Rosen, in [Ro,3], showed that the parabolic
points, as finite A-fractions, are the quotients of integers in the field Q(X). A typi-
cal one is denoted by «/b where @ = a; + a2 and b = b; + b;A. Rosen also showed
that, in this case, the units A™ are all parabolic points. Wolfart, [Wo,1], proved that

the only possible values of ¢ such that all the elements of the field Q(A) are cusps

are 3 and 5.

We can now recall some other results concerning the parabolic points of Hecke
groups in general. One of the most significant results on this topic was proven by

Leutbecher [Le,2]: If ¢ = 3,4,5,6,8,10 or 12 then

Sy = A QA1) U {o0}. (1.14)

Borho and Rosenberger [Bo-Ro,1] proved that, for odd q, (1.14) is only valid

when ¢ = 2" 4+ 1. On the other hand it can only be true when the field Q(,\g) has

class number 1.

Let us now denote, by A, the ring of algebraic integers in Q(}q) and let

A =ANQAY). (1.15)
, . Y . ar;, b i a bl
We have seen that every M € H(A,) can be written as ( e d), ) or as ( o, d

with a,b,¢,d € Z[AZ] € Ay, and it is certain that

Sy € A Q(A2)° U {o0}, (1.16)
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where Q(AZ)° denotes the subset of Q(A2), whose elements are either a),/c or a/ch,

with a,c € Ay, (aAg,¢) =1 and (a,c)y) = 1 in A, respectively.

By means of Borho and Rosenberger’s method, Wolfart, [Wo,1], proved that
(1.14) can be written in an extended form by adding the cases ¢ = 9,18,20 and 24:

Theorem 1.2: If the cuspset S, of the Hecke group H(},) has the form

Se = 23-Q(A2)° U {oo0} (1.17)

then necessarily ¢ = 3,4,5,6,8,9,10,12,18,20 or 24.

By (1.9) we have an infinite class of parabolic points in general for any Hecke

group H(A,). In fact applying R to this class gives another class of parabolic points

given by

an(A)

RS (o00) = )

(1.18)

The other parabolic points are the transforms of those already found, under the
elements of H(}A;). Therefore the polynomials a,,(A) play a very important role in

determining the parabolic points of H(},).



1.3. H(A,) = C, x C,
We have already mentioned that H(},) is isomorphic to the free product of two
finite cyclic groups of order 2 and order q. We now give an elementary proof of this

fact using a result of Macbeath, [Ma, 2|. First we have:

Definition 1.2: Let [G, X] be a topological transformation group and let P C
X. If for g1,92 € G, g1 # g2, 1 P N g2 P = B, then P is called a G-packing.

Equivalently, if for 1 # g € G, gP N P = 0 then P is a G-packing.
If Pis a G-packing, then it contains at most one element from each orbit.

Theorem 1.3: The Hecke group H(A,), ¢ > 3, ¢ € N | is isomorphic to the free

product of two finite cyclic groups of orders 2 and ¢; i.e.

H(\,) = Cyx C,. (1.19)

The proof of Theorem 1.3 depends on the following lemma:

Lemma 1.1: Let H and K be two subgroups of a transformation group [G, X].
If P is an H-packing, Q is a N-packing, A =< H, K >- the group generated by
the generators of H and K-~ and PUQ = X, PN Q # 0§, then

A=HxK. (1.20)

Also PN @ 1s an A-packing.
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Proof: See [Ma,2].

We are now in a position to prove Theorem 1.3. Let H =< R >= (C, and
K =< S >= C,. Then H and K are subgroups of H(};). Let us now try to find

packings P and @ for H and K, respectively, such that the conditions of Lemma

1.1 are satisfied:

Since R(z) = —1/z = —%/|z|?, it is clear that

Sign (Re R(z)) = —Sign (Re z), (1.21)

and that the set

P={zel:Rez<0} (1.22)

1s an H-packing. Now consider the set

A 1 1
={z:E€U:Rez> - 24+ > —>. 1.23
Q { © ) g 2 ’ + ’\q g Aq } ( )
The elliptic element S(z) = —1/(z + A;) can be expressed as a composition of

simpler mappings as follows:

~~
Ll
N’
=3
—
L83
S’
Il
fo
~
fi
a =

=, reflection in the unit circle,
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(i1) T»(z) = —2z, reflection in the line Re z = 0,
(iii) T(z) = z + Ay, translation through ).

Then obviously S(z) = T'TT(2).

Figure 1.3. The region Q

Q has the vertices (, 0 and co. Now applying T to Q we obtain a translation of
Q) with vertices ( + Ay, A; and co. Applying T; to TQ we obtain a reflection of T'Q)
with vertices (, —A; and oco. Finally applying T to ToT'Q we obtain a reflection of
T,TQ which is SQ with vertices {, —1/\; and 0.

If we apply T, T, and T} respectively, this time, to SQ, the final region we obtain
will be S2Q with the vertices ¢, A;/(1 — A2) and —1/),. Repeating this process
another ¢ — 3 times, we obtain the regions S3Q, S*Q, ..., S7-'Q. Since they do not
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overlap each other, () is a K-packing.

We have already found the vertices of the transforms of (2 under the group < 5 >
in (1.8) and in (1.9). Of course one of the vertices, ¢, is the fixed point under this
group. Therefore the transform S"Q, 1 < n < ¢ — 1, will have vertices {, S™(o0)
and 5™t (o0).

Since we now have an H-packing and a K-packing we can apply Lemma 1.1.
Then the group H(A,) =< H,K > is isomorphic to the free product of its sub-
groups H and K, i.e. H(A;) = Cy + C,. Also

PNQ = {SEU:——%“<R62<O,‘5+%I-1>I—\1;}

= Iy,

is an H(A,)-packing.
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Chapter 2

THE MINIMAL POLYNOMIAL OF ),

2.0. INTRODUCTION

For the first four Hecke groups I', H(+/2), H()s) and H(+/3), we can find the
minimal polynomial of A, over Q as A3 — 1, A2 — 2, A2 — A; — 1 and A2 — 3, re-
spectively. However, for ¢ > 7, the algebraic number A\, = 2cos7/q is a root of a
minimal polynomial of degree > 3. Therefore it is not possible to determine A, for
g > 7 as nicely as in the first four cases. For this reason we shall be interested in

the minimal polynomial of A, instead of ), itself.

In Chapter 7, we shall discuss important kind of normal subgroups, the prin-
cipal congruence subgroups, of H();). Using results given in [Ma,1], we shall find
quotients of H(),) by these subgroups. There, we will need to know whether the
minimal polynomial of A, is congruent to 0 modulo p, for prime p. Therefore we will
need to know the constant term of it modulo p. Here we will determine the values

of p and ¢ satisfying this condition.

In this chapter we prove, using some results from Galois theory given in Chapter

0, that the degree of the minimal polynomial of A, is ¢(2¢)/2 where ¢ denotes the
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Euler function. Then we find formulae for the minimal polynomial in odd and even
q cases. This will be done using the Chebycheff polynomials and [Bn,1]. Our final
problem in this chapter is the determination of the constant term of these minimal
polynomials. This will also be done separetely for odd and even g. We shall see that

both problems are easier to solve when ¢ is odd.

In Appendix 1, we give lists of all polynomials we use here to calculate the min-

imal polynomial, and also list of the minimal polynomials of A, for ¢ < 50.
Let us begin by recalling the Chebycheff polynomials:
For n € N, the n-th Chebycheff polynomial T,,(z) is defined by

T.(z) := cos(ncos™'z), z,0 € R, |x| <1, (2.1)

or

Tn(cos®) := cos(n®), © € R. | (2.2)

We drop the conditions on © and z as they always apply.

The first few T.s are

To(IL') = 1

Ti(z) = =

Ty(z) = 22%—1 (2.3)
Ts(z) = 42 -3z

Ty(z) = 8z*-—8z%+1.

We have the following well-known recurrence formula for T;,:

Lemma 2.1: Let n € N. Then

Tn+1($) = 2.’L'Tn(.’13) - Tn—l(x)- (24)
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Here we shall also use a normalization of the Chebycheff polynomials, denoted

by A,. This normalization is given by

2T,.(z/2)
2cos(ncos™*(z/2)) (2.5)

= 2cosn®

An(z)

where £ = A;(z) = 2¢0s0, z,0 € R, |x| <2, n € N.

For our purposes, we take © = 7/q,q € N, q > 3. Then z = ), and A,(z) is

a polynomial of A,. In fact

An(Ng) = 200872 = (" 4 (™ (2.6)
q
where ( = ¢i"/9,
A,’s are given explicitly by H. Weber in [We,1]} as
e [n/2l _1yin n-1 n—2i
An(x) T 1=0 ( 1) n—t i z (2'7)
= " —ngn?4 28 nrllgn—4 _ 2 nonoSlgn=6 4 ..
where [a] denotes the greatest integer less than or equal to a. Therefore
deg(An(z)) = n. (2.8)
We have the following recurrence formulae for A, :
Lemma 2.2: Let n € N. Then
(2.10)

Anpi(z) = zAn(2) — Ana(z), n>1,

where, for consistency, we put Ag(z) = 1.
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Hence the first few A,’s are

A(z) = =

Ayz) = 2*-2

As(z) = 2°-3z (2.11)
A4(CE) = 4 4132 + 2

As(z) = z°—5z%+ 5z.

Then the inverse relations, giving powers of x in terms of Als, are

= Ao(z)
Al(:l})
As(z) + 3A1(z) (2.12)

8 =
T [

8 8 8 8 8
=S, S U %)

and in general

/2
" = kz: ( I )An_zk. (2.13)
=0
It is easy to see that
Agn = Ai -2 = AgOAn,
— A3 _ _
A3n = An 3An A30An, (214)
A, = AroA, , k,n> 1,
and in general
Amymn = Am0o(Am,0(...0(An,))) (2.15)
where m; > 1, (1 <i < n). Also
An0Ar = AroA, (2.16)
and
Ano(An0Ar) = (AmoAn)oAx (2.17)
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for every m,n, k > 1. Furthermore

AloAk = AkOAl = Ak (2.18)

for each £ > 1. Hence we have

Theorem 2.1: The set of Als, n > 1, forms a commutative semigroup with the

unit element A; under the composition of functions.
2.1. THE DEGREE OF THE MINIMAL POLYNOMIAL OF A,
NOTATION: We denote the minimal polynomial of A\; by P;.

We now want to determine the degree of P;. Let

(= e¥/™ = cos(2r/n) + isin(27/n). (2.19)
Then
¢+ -é; = 2cos(27 [n). (2.20)

Now let K be the splitting field of 2™ — 1 over Q. Then by Theorem 0.2,

K : Q) = o(n). (221)
If o € G(K/Q) and o({’) = ¢, then

o (C' + Zl—') =(" + % = ZCOS?%Z. (2.22)

But for 1 < r < n, we have 2cos(27r/n) = 2cos(2n/n) only when r = n — 1. Thus

the only elements of G(K/Q) fixing (' + % are the identity automorphism and the

automorphism 7 with

T((")=¢"" = % (2.23)

51



This shows that the subgroup of G(K/Q) leaving Q(¢’ + -Cl,-) fixed is of order two,
so by Galois theory

ro 3
[Q(¢" + G

Suppose that n is even and put ¢ = n/2. Then

o1 o)
)+ Q] ==~ (2.24)

¢+ % = 2cosm/[q = Ay, (2.25)

and hence by (2.24)
[Q(C +7) Q} - 229 (2.26)
[Q(%,) : Q] = f(—;—c-ll- (2.27)

Hence we have the following result:

Theorem 2.2: Let ¢ denote the Euler function. Then

. _ pl2
deg P = Lz—) (2.28)
Corollary 2.1: We have
. _ ] e(g)/2 if qis odd,
deg Fy = { ¢(q) if ¢ is even. (2.29)
Proof: Let first ¢ be odd. Then

deg P} = ”"22”

— 2(2)el(g

_ el
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Let secondly ¢ > 4 be even. Then ¢ can be written as

qg=2"k (2.30)
where k is an odd number. Now

deg P; = 230
Lp!2"'+1!.<p!k!
2
2m—1 (k)
e(2™).(k)

= ¢(q)-

2.2. THE MINIMAL POLYNOMIAL OF ),

In this section we give formulae for P} in odd and even g cases. We use a formula

given in [Bn,1].
NOTATION: Let ¢,,(z) denote the minimal polynomial of z = cos7/q over Q.
Then () is of degree ¢(2¢)/2 by Theorem 2.2.

As the minimal polynomials are monic we have the relation

Py(z) = 29007 4y (x/2) (2.31)

between the two minimal polynomials.

We now want to find the minimal polynomial P;(z) of A; in the light of this

information.

First let ¢ be odd. Then by [Bn,1]

Tya(@) = Tya(e) = 27 [] vale) (2.32)

d|2g
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as 2q is even and

Tos(2) — Teza (z) = 27 I|I ba(z) (2.33)
d|g

as q is odd. These can easily be proved by showing that both sides of each of them

have the same leading coeeflicients, same degrees and same roots. Hence

Torr(z) — Tooa(z) |

Tap(e) = Taa(z) i df2q vale) Yan(z) (2.34)
d # 2q
d even
Therefore
= 1 Tyn(z) — Tya(2)
¥a(2) = s o e T ) — T @) (2.35)
d # 2q
d even
Now by (2.31)
*(g) = 29584 Ty1(z/2) — Ty1(z/2)
P;(z) = 2 T d2g Pl Tep(@/2) - @) (2.36)
d # 2q
d even

Finally using (2.5), we obtain the minimal polynomial of A,, for odd ¢, as

*(p) = o8yt Agni(z) — Aga(z)
B = T oy b A () — A () )
d # 2q
d even

With a little more effort we can reduce this equation to a simpler form. Recall
that, by (2.14)

Agni(z) = Aig_, -2 (2.38)
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and similarly

Aq_l(.'l?) = A_2q—2-_1 - 2.
Therefore

Aq+1(.'l7) - Aq_l(CE) = Azg%i -2 - Aigl + 2

Il

Afgs ~ A

Then

A (z) — Aga(z) _
Aap(z) = Aea (@)

Hence we have

Ag_zﬂ(:c) - Ag_;l(x)

(2.39)

(2.40)

(2.41)

Theorem 2.3: Let ¢ be odd. Then the minimal polynomial P;(z) of A, is given

by

Pr(a) = 2705 Agtr(z) + Aga(z)

d # 2q

d even

Example 2.1: (i) Let q = 3. Then by (2.42) we have

Pi(z) = 2712t A)

=z — 1.

(ii) Let ¢ = 9. Then similarly

" — o=2 _As(z)+ As(x)
P9 (.’L‘) = 2 '¢2€$/2)-¢sz$/2)

=23 — 3z — 1.

Secondly let ¢ be even. Again by [Bn,1], we have

Tona(z) — Tpma(z) = 27 J] vu(2)

d|2g

%)

T gog #a1D

(2.42)

(2.43)

(2.44)

(2.45)



as 2q is even and

Typa(z) = Tgoa(z) = 22 [ tu(2) (2.46)
dlg

as ¢ is even. Then

Tir(z) = Ty(z) = 9f Majeq (=)
Tgs1(z) — Tg_a(z) Ty ta(z)

(2.47)

Therefore

L) = & Tyi1(z) = Ty-1(z) gy Pa(z)
pag(z) = T Tye) ~ Ty @) T g 9600 (2.48)

d # 2q

Proceeding similarly to the case of odd ¢, we get

Theorem 2.4: Let ¢ be even. Then the minimal polynomial P;(z) of A, is given

by
. #(29)~q Agpi(z) — Aga (o)
Pz) =272, . 2.49
7 (z) T a2, PG Agn(e) — Ag(e) (249)
d # 2q
d fq
Conjecture: If ¢ = 2.k, k¥ € N, odd, then
o(29)- Agpi(z) — Ayi(2)
Prz) = 2557, - g : 2.50
/) e Broala/D (Agni(®) - Aga@) )
Corollary 2.2:
A2n+1(:ﬂ) — Azn_l(m)
Pl.(z) = . 2.51
2 ( ) Agn—1+1(.’l?) —_ Azn—-l_l(l‘) ( )
Corollary 2.3:
Pya(z) = 2777 Azpr1(2) = Agpra(2) (2.52)

TIRZo Yapr(2/2)(Apnya(z) — Apna(z))
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We now find the roots of the minimal polynomial P;(z):

Theorem 2.5: The roots of Py(z) are 2co:5hT’r with (h,q) = 1, h odd and
1<h<gqg-1.

Proof: Let n = 29. We proved that Py(z) has ¢(n)/2 roots. Let h € N such
that (h,n) = 1 and let o be an automorphism of Q(() over Q such that

a(¢) = ¢4 (2.53)
where ( is the primitive n—th root of unity, i.e. { = co.szT’r + zszn%:L Then
0(2c0s2L) = g(cos®E + i.stn2E 4 cosE —i.sinik)
=a(() + o()!
2.54
— Ch + C—h ( )
= ZCOS%
Therefore
P;(Qcosz’i—’l) = P;(U(2cos2§))
= o(P;(2cos%))
— #(0) (2.55)
=0
since 2cos?X = ), is a root of P}(z) = 0 over Q. So 2cosZZE is a root of P(z) =0
over Q.

2rh

Now the values of 2cos#Z* are distinct for o € N such that (h,n) = 1 and

h < g, since

57



0 < — K< < 7. (2.56)
Also

(hyn) =1 <= (h,n—h)=1. (2.57)

Moreover (n,q) # 1. Finally by the definition of ¢(n), there are p(n) values
of h such that (A,n) = 1 and A < n. So from the above statements, there are
¢(n)/2 values of A € N such that (h,n) =1 and b < ¢. That is, there are ¢(n)/2
values of 2cos2® for h € N such that (k,n) = 1 and h < q. That is, there are
w(n)/2 values of 2cos%ffor h € N such that (h,q) = 1, hodd and A < ¢. As

deg P;(z) = ¢(n)/2, the proof follows.
2.3. THE CONSTANT TERM OF P;(z)

In Chapter 7 we will need to know the constant term of the minimal polynomial.

In this section we calculate this term for all values of q.

Let ¢ denote the constant term of the minimal polynomial P;(z) of Ay, i.e.

¢ = P(0). (2.58)

We have determined the roots of P;(x) in Theorem 2.5. Being the constant term,

c is equal to the product of all roots of Py(z):

it hm
c= II 2cos—. (2.59)
h=1 7
(h,q) =1
h odd

Therefore we need to calculate the product on the right hand side of (2.59). To do

this we need a result given in [Ke-Yu,1]:

58



Lemma 2.3:
g—1

11 2sin(h—” + 0) = 2sing®.
q

h=0

(2.60)

We now want to obtain a similar formula for cosine. By replacing © by £ — ©

we get
g—1
11 2cos(h—7r —-0) = 23inq(-7L - 0)
h=0 q 2

Let now p denote the Mébius function defined by

1 ifn =1
(—1)* if n has k distinct prime factors,

0 if n is not square—free
p(n) =

for n € N. It is known that

0 ifn>1
%“(d)_{l ifn=1

Using this last fact we obtain

In [IiZo 2¢cos(22 —©) = Y25 In (2cos(22 — ©)) Lyihg) #(d)
= Sap w(d)TEZ In (2c0s(kiz — ©))
=, 4(d) (ln M 2cos(kiz — e))

= Y4y #(d).In (2s:n4(5 — ©)) by Lemma 2.3
= In ]y, sind(% — ©)+(a/9),

Therefore
fat hr T
H 2608(—-—- — e) = H (Sznd(— — @))“(‘?/d)
h = 1 dlg 2
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(2.63)

(2.64)
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Finally, as (0,¢) # 1, we can write (2.65) as

g—1

h=1 dlq
(h,q) =1
Note that if q is even then

g-1 g-1
II 2cos(h—;—) = 11 2cos(h77r) = ¢
h=1 h=1
(h,q) =1 (h,q) =
h odd

while if ¢ 1s odd then

9-1 h
11 2cos(—7r) = ¢,
h=1 !
(h,q) =1
as cos(h —1)% = —cos%. Also note that

cosd® ifd = 1 mod4
. T sind®  if d = 2 mod4
sznd(§ -9) = —cosd® ifd = 3 mod4
—s5ind® ifd = 4 mod4

II 2cos(hT7r -0)=1] (sind(g- — ©))nla/d),

(2.66)

(2.67)

(2.68)

(2.69)

To compute ¢ we will let ©® — 0 in (2.66). If d is odd, then sind(3 — ©) — +1

Theorem 2.6: Let ¢ be odd. Then

le} = 1.

Proof: It follows from (2.68) and (2.69).
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Let us now investigate the case of even q. As (h,q) = 1, h must be odd. So by

a similar discussion we get

Theorem 2.7: Let ¢ be even. Then
¢ = lim [] (sind(Z — ©))*/9), (2.71)
©~0 g 2

Note that by (2.69), the right hand side of (2.71) becomes a product of +(cosd®)*!’s
and +(sind©®)*V’s. Above we saw that we can omit the former ones as they tend
to £1 as © tends to 0. Now as -y, u(d) = 0, there are equal numbers of latter
kind factors in the numerator and denominator, i.e. if there is a factor sind® in the

numerator, then there is a factor sind’© in the denominator. Then using the fact

that

- sink® . k
e-0 sinl®@ 1’

(2.72)

we can calculate c.
In fact the calculations show that there are three possibilities:

(1) Let ¢ = 2%, o9 > 2. Then the only divisors of ¢ such that u(q/d) # 0 are
d = 220 and 2%0~1, Therefore

5in2%0(Z-0)

¢ = lime—o ramrirTey
2 ifag>2 (2.73)
= -2 Zf Qg = 2.

(i1) Secondly let ¢ = 2p*, @ > 1, p odd prime. Then the only divisors of ¢ such
that p(q/d) # 0 are d = 2p*,2p*~1,p* and p*~!. Therefore
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sin2p°‘(§—~9).sinp°"l Z-9)
sinp® (L —0O).5in2p>—1(£-0)

¢ = lime_o

3in2p*0.cosp®~1 O

lime_o €. oD A IbaTTE (2.74)

= €.p

where

1 ifp = 1mod4
€= { -1 ifp = —1 mod4. (2.75)
i11) Let ¢ be different from above. Then ¢q can be written as
q
q = 2°°py* ... pp* (2.76)

where p; are distinct odd primes and o; > 1,0 <z < k.

Here we consider the first two cases k = 1 and 2. The proof for & > 3 is similar,

but rather more complicated.

Let £k =1, i.e. let ¢ = 2% .pf*. We have already discussed the case ap =
1. Let ag > 1. Then the only divisors d of ¢ with u(q/d) # 0 are d
200p31 220=1pm gaop=l and 220-1p1=1  Therefore

sm2°‘0p°1( —B).stn2%0-1 01-1("'—@)
5:‘1712'5"0-1;7(111 Z-9). sn‘:.?"opc'l“1 £-9) (277)

¢ = limg_.g

= 1.
Now let £ = 2, i.e. let ¢ = 2%0.pJ*.p52. Similarly all divisors d of ¢ such that
p(g/d) # Oared = 2°%0pf p3?, 200~ pft p32, 2%0pf1 =1 pg2, 220 piipfa=l gaopii—lyg2=l

and 200~ 1p{1~1p%2=1  Therefore

c =1 (2.78)

In general, when k > 3, the product of all coefficients d in the factors sind(Z —©)

in the numerator is equal to the product of all coefficients e in the factors sine(Z—0)
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in the denominator implying ¢ = 1. But the proof, as we explained above, is omitted.
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Chapter 3

NORMAL SUBGROUPS OF H()\,) AND
REGULAR MAPS

3.0. INTRODUCTION

Normal subgroups of the modular group I' have been studied by many people
and classification theorems are given ([Gr,1], [MQ,1], [Ne,2], [Ne,4], [Ne,6]). Our
aim in this chapter is to generalise these results to all Hecke groups and find some

normal subgroups of them. One way of doing this is to use regular map theory.

Although the study of maps began long ago, they have been widely studied in
the last hundred years by, amongst others, Tietze [Ti,1}, Brahana [Bh,1], Threlfall
[Th,1], Heffter [Hf,1], Coxeter and Moser [Co-Mo,1], Edmond [Ed-Ew-Ku,1], Sherk
[Sh,1], [Sh,2], and Jones and Singerman [Jo-Si,2 ].

In this chapter we begin by recalling some definitions and results about the
theory of maps, mostly from [Jo-Si,1]. We then discuss the relations between the
subgroups of H(A;) and maps. Specially, as all regular maps with genus ¢ < 7 are

known, we can obtain a lot of information about the normal subgroups of Hecke

Gl



groups with ¢ < 7, using these regular maps.
3.1. DEFINITIONS AND APPLICATION TO HECKE GROUPS

We define a map M to be an embedding (without crossings) of a finite connected
graph G into a compact connected surface S without boundary such that $ - G is a
union of 2-cells. We are not going to be interested here in the non-orientable case,

so we will assume that S is orientable as well.

The dual map of M has the same underlying surface S while the vertices and

face centers are interchanged.

If m and n are the l.c.m. of the valencies of the faces and vertices, respectively,

we then say M has type {m.n}. Clearly the dual map has type {n,m}.

We define a dart of M to be a pair consisting of an edge and an incident vertex,
and draw 1t as an arrow on the edge towards the vertex. The set of darts of M will

be denoted by Q.

Figure 3.1. A dart o

The study of maps is closely related to the study of subgroups of certain tri-
angle groups. Jones and Singerman showed that there is a natural correspondence
between maps and Schreier coset graphs for the subgroups of the triangle groups

(2,m,n). We can illustrate this correspondence in the following way:
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Let H be a subgroup of H(A;) with finite index gx. Then there is a natural ho-
momorphism from H(}\,) into the symmetric group S, by letting H(A,) permute the
right cosets of H by right multiplication. This takes the elliptic element R of order 2
to a product of 1-cycles and 2~cycles, such that the sum of these lengths is equal to
the index u. Geometrically each cycle corresponds to an edge of the associated map
(naturally, a 1-cycle corresponds to a free edge, having only one dart, and a 2-cycle
corresponds to an ordinary edge so that the two darts of this edge are represented

by the two elements in this cycle).

The elliptic generator .S of order ¢ goes to a product of r cycles of lengths ¢y, ... ¢,
where ¢;l¢g, 1 < ¢ < r, and again the sum of these lengths is equal to u. Here each
cycle corresponds to a vertex in the following way: If 0; is a cycle of length g¢;, then
there is a vertex v; of the associated map with valency ¢;. Also each dart at this

vertex is represented by an element in ;. S permutes the darts around each vertex

following an anticlockwise orientation.

Finally the parabolic element T goes to a product of s cycles of lengths ¢;, ..., ¢,

with the sum equal to p. Here each cycle corresponds to a face of the map and T

permutes the darts around each face.

The permutation group S, mentioned above is transitive on g points where each
point corresponds to a dart. In this way we obtain a map of type {m,n} where m is

the L.c.m. of the lengths of the cycles of S and n is the l.c.m. of the lengths of the

cycles of T

Similarly we can choose the cycles of S to correspond to the faces and the cycles
of T to the vertices and we obtain the dual map {n,m}, defined above, which has

the same number of edges but with numbers of vertices and faces interchanged.

We can illustrate this correspondence in the following example:
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Example 3.1: Let ¢ = 6 and let H be the subgroup given by the permutation

representation

6)(7 8)(9 10)(11)(12)
79 11)(2 4 8)(6 12)(10) (3.1)
67238910 11).

By the Riemann-Hurwitz formula H has the signature

(15 2,2,2,3,6, c0) (3.2)

and therefore is a map on a torus. To find its type, we must calculate the l.c.m.’s
of the lengths of the cycles of S and T. These are 6 and 12, respectively, and there-
fore it is of type {6,12}. To draw it, we must consider the cycles given for R, S
and T'. For example, there are five 2-cycles in the permutation representation of R,
each corresponding to an ordinary edge, and there are two 1-cycles corresponding
to two free edges represented by 11 and 12. In the representation of S, the cycle
(2 4 8) means that there are three darts represented by 2, 4 and 8 towards a ver-
tex of the map. Similarly there are three other vertices of the map with valencies

1,2 and 6. Also as we have only one cycle for T, the map is one faced. See figure 3.2.

2 10

Figure 3.2. A map of type {6,12} on a torus
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Conversely given a map M of type {m,n} with m|q, we can find a permuta-
tion representation of H(X,) by letting R permute the two darts of an edge and S
permute the darts around the vertices. Now if we take H to be the stabilizer of a

dart then H is a subgroup of index g in H(A,). Therefore to a given map we can

associate a subgroup.

When the subgroup is normal, the situation is simpler. If we consider the per-
mutation representation of this subgroup, then each of R, S and T has cycles of
equal lengths, those being 2 (or 1 in exceptional cases-see below), m and n, re-
spectively, where m|q: i.e. R goes to u/2 2-cycles, S goes to p/m m-cycles and T
goes to pt/n n-cycles. Here the number n will correspond to the level of the normal
subgroup. Clearly, g/n = t is the number of the faces of the regular map. Jones
and Singerman, in [Jo-Si,1], proved the existence of a natural 1:1 correspondence
between normal subgroups and regular maps. For example, in Chapter 0, we have
seen that H(X,)/H'(};) & C2 x C,. Clearly the relations R? = S9 = I are satisfied
and also if ¢ is even (RS)? = [ while if ¢ is odd, (RS)?? = I. Therefore the regu-
lar maps corresponding to the commutator subgroup H'(},) are of type {¢,q} and

{q’ 2(1} ) l‘espectively_

We define an automorphism of M to be an orientation preserving homeomor-
phism of S preserving the incidence of the darts of M. We identify two automor-
phisms if they have the same effect on the darts. The automorphisms of M form a
group AutM called the automorphism group of M. We shall see the importance of

this group when studying properties like regularity, etc. of maps.

A map M is called quasi-regularif every vertex has the same valency, every face
has the same valency, and either it has no free edges (an edge with only one dart)
or all its edges are {ree. The only ones of the latter kind are called star maps and
consist of a single vertex on the sphere surrounded by free edges towards it (Figure

3.3). Star maps lie on the sphere and correspond to the case where R maps to a
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product of 1-cycles.

Figure 3.3. A star map

We call a map M regular if AutM is transitive on Q - the set of darts. Tran-
sitivity implies that {rom every vertex, the map looks the same. Obviously every
regular map is also quasi-regular. The converse is not always true. However, on the

sphere, every quasi-regular map is also regular (see [Jo-Si,1}). Note that even star

maps are regular.

Every finite map of type {m,n} can be finitely covered by a regular map of the

same type, and hence, is the quotient of this regular map by a group of automor-

phisms.

Regularity is an important property of maps. Jones and Singerman showed the
existence of a 1:1 correspondence between regular maps and normal subgroups of cer-
tain triangle groups including Hecke groups H(},) (see [Jo-Si,1]). By means of this
correspondence we can find normal subgroups of H(A;) and prove many important
results related to them if we know the corresponding regular maps. For example,
we shall classify normal subgroups of Hecke groups having genus 0 and 1 using this
correspondence. Also as an important application, we shall use it to determine the
number N () of normal genus 1 subgroups of Hecke groups H(A,) having a given

finite index ¢ in H(A,). This result has been proved by Kern-Isberner and Rosen-
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berger using number theoretical methods in the special case ¢ = 4 (see [Ke-Ro,1}).

We use this correspondence between regular maps and normal subgroups to ob-
tain normal subgroups of Hecke groups from regular maps in the following way:
Firstly, there is a homomorphism § from H(A;) = (2,¢,00) to the triangle group
(2,m,n) where m is a divisor of q. Let now M be a regular map of type {m,n}.
By Jones and Singerman’s result, associated to M there is a normal subgroup N
of the triangle group (2,m,n). If we consider the inverse image §='(N) of N, it is
a normal subgroup of H(A;). We shall say that N is a normal subgroup of H(A,)
corresponding to the regular map M of type {m,n}. The number n corresponds to

the level of the normal subgroup #-1(N).

Let V, E and F' denote the set of vertices, edges and faces of a regular or quasi-

regular map M with ng,n; and n, elements respectively. Then

n.ng = 2.1 = m.n,. (3.3)

The number ng of vertices is the parabolic class number of §-(N).

We have noted above that studying low genus normal subgroups by means of
regular maps has many advantages. Therefore we try to obtain a classification of
the regular maps of genus 0 and 1. The ones with genus 2 are listed in [Co-Mo,1],
while when ¢ = 3 the result is given by Sherk [Sh,1], and when ¢ =4, 5, 6 or 7 by
Garbe ([Ga,1] and [Ga,2]). It is known that the number of regular maps with genus
2 < g < Tis finite. An easy argument using the Riemann-Hurwitz formula implies

that this is true for any ¢ > 2.

Let us consider the spherical regular maps first. In this case an easy calculation

shows that

(m—=2)n—-2) < 4 (3.4)



for a regular map of type {m,n} on the sphere. Therefore all regular maps on
the sphere are spherical tessellations (and star maps as a degenerate class), i.e.

{2,n}, n € N, {3,3},{3,4} and {3,5} with their duals. We discuss them in the

next chapter.
On a torus, a regular map of type {m,n} must satisfy the equation

(m —2)(n —-2)=4. (3.5)

Thus only regular maps on a torus are the ones of type {4,4},{6,3} or {3,6}. They
are classified, in [Jo-Si,2] and [Co-Mo,1], as {4,4},,{6,3},s or {3,6},s, respec-
tively, with 7,5 € N U {0} and not both of », s zero. Also the automorphism group

of {4,4}, is of order 4(r2 4 s?) and the automorphism group of {6,3},, or {3,6},,
is of order 6(r* + rs + s?).

The normal subgroups of H(A,) having genus 1 will be studied in Chapter 5 while

the ones of H(1v/2) and H(v/3) are studied in Chapters 7 and 8.

Let now M be a given regular map of type {m,n} and let the correspond-

ing normal subgroup N have index yx in H(};). By the permutation method and

Riemann-Hurwitz formula, we see that N has the signature

{u/m)
(1 LB (l _1 l) g m Oo(u/n)) (3.6)
2\2 m n m

<

By (3.6), we can find whether a regular map of a given type may exist. It is then a

purely group theoretical problem to show the existence of this regular map.

As we have already noted, the lists of regular maps of ¢ < 7 are known. There-
fore, for a given ¢, we can easily classify all regular maps with g < 7 corresponding

to the normal subgroups of H(}A,) with ¢ < 7. As an easy example let us see how



we can use the regular maps to obtain information about g = 1 normal subgroups
of H(A;). We have seen that the only regular maps of genus 1 are those of type
{4,4},{3,6} and {6,3}. It is then easy to see that the first ones occur only when 4|q,
the second ones when 3|g and the third ones when 6|q. Obviously when 12|q, H(},)
has normal subgroups of genus 1 corresponding to all three classes of regular maps
above. It is also clear that if ¢ is not divisible by 3 and 4, then H(},) has no normal
subgroups of genus 1. For example, one of the four important Hecke groups, H(s),

has no g = 1 normal subgroup for this reason.

To determine whether a normal subgroup is free or not is also important to us.
Therefore we now consider this problem in particular for normal genus 1 subgroups
of the four most important Hecke groups T, H(v/2), H()s) and H(+/3). When ¢ = 5,
we have noted in the above paragraph that H(\;) has no normal subgroups of g = 1.
The modular group T has infinitely many normal subgroups of genus 1 correspond-
ing to the regular maps of type {3,6}, and therefore all of them are torsion-free.
Similarly H(1/2) has an infinite number of normal subgroups of genus 1 correspond-
ing to the regular maps of type {4,4}, and again they are all {free. The different case
is H(1/3). As H(v/3) has signature (0; 2,6,00) it is possible to map it to (2,3,6) and
also (2,6,3). The former ones will give infinitely many normal subgroups of genus
1 with torsion (having a finite number of elements of order 2) while the latter ones
give an infinite family of torsion-free genus 1 normal subgroups. This argument can
easily be extended to other values of ¢. But significantly, the cases ¢ = 3, 4 and 6
will remain as the only cases having torsion-free genus 1 normal subgroups. For a

detailed discussion of normal genus 1 subgroups of Hecke groups H(},) see Chapter 5.

This idea, which we have applied to genus 1 normal subgroups only, can be ex-

tended to any ¢ such that ¢ < 7, but with more difficulty.

Some interesting examples of these three classes of regular maps are {6,3}2,

obtained by embedding the complete graph L'; on a torus, and {4,4},,; obtained by
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embedding K5 on a torus (see Figure 3.4).

/

7

Figure 3.4. {6,3},; and {4,4}2,

These three types of regular maps of genus 1 will be dealt with, in detail, in
Chapters 8 and 9 where we consider normal subgroups of the two important Hecke
groups H(+/2) and H(\/3). We shall give the lists of the regular maps correspond-
ing to low index normal subgroups of these two groups, and also pictures of some

interesting ones.



Chapter 4

NORMAL SUBGROUPS OF GENUS 0,
NORMAL TORSION AND TORSION-FREE
SUBGROUPS OF H(),)

4.0. INTRODUCTION

In this chapter we discuss normal subgroups of genus 0 of Hecke groups and also

as a related topic, torsion and torsion—free subgroups of any genus g > 0.

We have already considered genus 0 normal subgroups of Hecke groups in the
last chapter briefly, where we discussed the relations between normal subgroups of
H();) and regular maps. A more precise method which leads to a classification of

genus 0 normal subgroups is to consider the corresponding quotient groups.

Let N be a normal subgroup of genus 0 in H(X;). Then H(\;)/N is a group of
automorphisms of U/N, where U = U U Q U {oo}. This gives a regular map on the
sphere so that H(X;)/N is isomorphic to one of the finite triangle groups. These are
known to be isomorphic to Ay, 5S4, As, C,, and D,, for n € N. Considering each of

these groups as a quotient group of H(},), whenever possible, we will find all genus
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0 normal subgroups of Hecke groups. Also in this chapter, the total number Ny(A,)
of genus 0 normal subgroups in H(},) for all of the possible cases is calculated. It

will be shown that this number is finite when ¢ is odd, and infinite otherwise.

It can easily be seen that Ng(),) only depends on ¢. Indeed as it is only possible
to map H(),) to the finite triangle groups, No(},) will depend on the divisibility of
q by 2,3,4 and 5. We shall deduce that for each ¢, H(A;) always has genus 0 normal

subgroups and in fact

No(hg) 2 2T (1 + ) (4.1)

rle

where «,, is the exponent of the prime p in the prime power decomposition of q.

As most of the genus 0 normal subgroups of H(A;) have torsion, we shall consider
torsion subgroups of Hecke groups in this chapter. We shall classify all torsion-free
normal genus 0 subgroups of H(},) of finite index and deduce that their total num-
ber does not exceed 4 in any case. Actually this numberis only 1 if ¢ > 6. We
shall also find the number of normal torsion subgroups of H(A,) of genus 0 as finite

when ¢ is odd, and infinite when ¢ is even.

We then discuss the normal torsion and torsion-free subgroups of H(\,) of genus

g > 2. We particularly discuss the first two cases where g=2 and 3.

We shall see that the number of normal torsion-free subgroups of H(},) is always

infinite. But this number is finite for any particular g.

Considering normal torsion subgroups, we find that H(+/2) and H(},) for odd
primes p have no normal proper torsion subgroups if ¢ > 1, while for all other

values of q, H(),) has infinitely many such subgroups.



4.1. NORMAL GENUS 0 SUBGROUPS OF H(),) WITH FINITE
INDEX

We first discuss some genus 0 normal subgroups of finite index of H(},), which

exist for any q, ¢ > 3,q € N:

By mapping R to identity and S to the generator « of the cyclic group of order n
where nlq, we obtain a homomorphism of H(},) to the cyclic group of order n. For
each such n we get a normal subgroup N of genus 0. By the permutation method,
N has signature (0; 20", ¢/n, c0). We denote this class of normal subgroups of
H(X;) by Ya(}g). They are isomorphic to the free-product of the cyclic group Cy/»

of order q/n with n cyclic groups of order two. The corresponding regular maps are

star maps.

There is another homomorphism of H(},) to a cyclic group C; of order two with
signature (2,1,2) (that is, C; can be thought of as a finite triangle group with a
presentation < z,y|z? = y = (zy)® = I >). But as this quotient is a member of

the class D, = (2,n,2) of dihedral groups of order 2n, it will be considered in the

following paragraph:

Let us now map H(A,) to a dihedral group D, = (2,n,2) =< z,y|z®> =y" =
(zy)? = 1 > of order 2n, where necessarily n|q, by taking R to z and S to y. This
is a homomorphism and similarly we obtain a normal subgroup denoted by S,.(},)

with signature (0; ¢/n, q/n, ool™). It is isomorphic to the free-product of two cyclic

groups of order ¢/n with n — 1 infinite cyclic groups.

Note that, if n = 1, we map H(},) to the cyclic group of order two and obtain

the normal subgroup S1(A;) = C, » C,. If n = ¢ then S,(A,) = F,_1, a free group

of rank ¢ — 1, is obtained.

All these subgroups occur for each value of q. There are some others, which we
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are now going to discuss, that occur dependently on ¢. Actually their occurence
completely depends on the divisibility of ¢ by 2, 3, 4 and 5, as we have noted above.
Recall that if ¢ is not divisible by these numbers, then there is no homomorphism
from H(),) to a finite triangle group, and therefore there is no normal subgroup of

H(),) having genus 0. Let us now discuss all these cases in order:

First let ¢ be divisible by 3. Then H(},;) has three more normal subgroups of

genus 0 in addition to those listed above:

Let Ay = (2,3,3) =< z,y|22 =y®> = (zy)®> =1 >. By mapping Rto z and S
to y we obtain a homomorphism of H(},) onto A4 and this gives a normal subgroup

denoted by Ty(},) with signature (0; (¢/3)®), col)).

If we map H(X,) to Sy = (2,3,4) by taking R to the generator of order 2 and

S to the generator of order 3 of Sy, then we get a normal subgroup T3();) with

signature (0; (¢/3)®), co(®)).

Thirdly and finally if we map H()\,) to As = (2, 3,5) such that R is taken to the

generator of order 2 and S is taken to the generator of order 3, we obtain a normal
subgroup Ts3(};) = (0; (¢/3)2%), co12)),

Let, secondly, 4|q. Then we have another homomorphism to S; taking R to the
generator of order 2 and S to the generator of order 4, and we obtain a normal

subgroup Ty(A;) = (0; (¢/4), co®)).
Thirdly, if 5|g, then we can map H(},) to A5 = (2,5,3) such that R is taken to
the generator of order 2 and S to the generator of order 5. Then we obtain a normal

subgroup Ts(),) with signature (0; (¢/5)11%), 0o(20)),

Furthermore when ¢ is even, it is possible to map H(}\;) to a dihedral group
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D, = (2,2,n) &< z,y|z? =y* = (zy)" =1 > for eachn € N by mapping Rtoz
and S to y. Here we obtain a normal subgroup with signature (0; (¢/2)(™, oo, o).
These subgroups are important in the study of normal subgroups of Hecke groups.
They are denoted by W,,(},) and isomorphic to the free-product of the infinite cyclic

group Z with n finite cyclic groups of order two. We have the following result:

Theorem 4.1: Let m,n € N. Then

Won(Ag) <0 Wa(A,). (4.2)

In general if ¢ is odd, for example in the modular group case, it is not possible to
obtain these subgroups and therefore there are only finitely many normal subgroups
of genus 0 in H(}A,) for odd ¢q. Of course when ¢ is even, H(},) has infinitely many

normal subgroups of genus 0, as we can map H(}A,) to D,, = (2,2,n) foranyn € N.

4.2. NUMBER OF NORMAL GENUS 0 SUBGROUPS OF H()\,)
WITH FINITE INDEX

We now calculate the number of genus 0 normal subgroups of H(A,) for all possi-
ble cases. Because of the W, (A;) subgroups, there will be two situations to consider
mainly: Odd ¢ and even ¢ cases. As we have already noted, this number is finite for
the former situation, and infinite otherwise. However if we exclude the subgroups

of type W,.(},), then H(A;), now for any ¢, has only finitely many normal genus 0

subgroups with finite index. We will try to find this number:

Let No(A;) denote the number of normal genus 0 subgroups of finite index in
H(),) except those of type W, (A,). Firstly

No(A,) < oo. (4.3)



We have seen that for all ¢ we can map H(},) to the cyclic group C, such that
n|q by taking R to the identity and S to the generator of C,. For each such n
we obtain a normal subgroup of genus 0 and therefore the number of them will be
as much as the number of divisors of ¢. Since the function “number of divisors”
is multiplicative, we only need to determine the number of divisors of each prime
power p®f in the prime power decomposition of ¢. But this number is 1 + «, as all

the divisors of p» are 1, p, p?, ... , p°». Hence if ¢ has the prime power decomposition

g = pypS? . Rk, (4.4)

then the number of divisors of ¢ is

K
d(q) = 1—11 (1 + i), (4.5)

or in other words

dg) = T (1 + o). (4.6)

plg
As we can map H()\;) to D,, = (2,n,2) such that n|q, this will also give us d(q)

normal subgroups of genus 0. This shows that (4.1) is always true.

We now find the number of other normal genus 0 subgroups that occur depend-

ing on ¢q. As we are not considering the ones of type W, (A;) we have only nine cases

to investigate:

(1) If (¢,60) = 1, i.e. if neither 3,4 nor 5 divides ¢, then we do not have A4, S4

nor As as a homomorphic image of H();) and therefore Np(};) is just 2d(q).

(2) If (¢,20) =1 and 3|q, then there exist three homomorphisms to A4, S4 and

As as we have seen above and therefore the number Ny();) is 3 + 2d(q).



(3) If (¢,20) = 2 and 3]g, then again there exist three homomorphisms to A4, Sy

and As and therefore the number Ng(A,) is 3 + 2d(g).

(4) If (¢,15) = 1 and 4|q, then there is only one possible homomorphism which
is to S4 and No(A,) is 1 + 2d(q).

(5) If (¢,12) = 1 and 5|q, then again there is a unique homomorphism, this time

to As, and No(A,) is 1 + 2d(q).

(6) If (¢,5) = 1 and 12|q then there are two homomorphisms to Sy, one to Ay
and one to As. Therefore No(A,) = 4 + 2d(q).

(7) If (¢,4) = 1 and 15|q then there are two homomorphisms to Ajs, one to Ay
and one to Sy. Therefore Ny(A,) is 4 + 2d(q).

(8) If (¢,3) = 1 and 20|q then H(),;) can be mapped to Sy and As only and
No(Ay) 1s 2 + 2d(q).

(9) 1f 60|¢ then we have all of above homomorphisms and therefore No(},) =
54 2d(q).

Therefore we have

Theorem 4.2: Let d(¢) be the number of divisors of ¢. Then the number Ny(A,)

of normal genus 0 subgroups of H(\,) with finite index apart from the ones of type
Wa(Xg) is
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' 2d(q)
3+ 2d(q)
3 + 2d(q)
1+ 2d(q)
1 + 2d(q)
4 + 2d(q)
4+ 2d(q)
2 + 2d(q)

54 2d(q)

\

if

if

if

if

if

if

if

if

if

(q,60) =1 or 2

(¢,20) = 1 and 3|q
(¢,20) = 2 and 3|q
(¢,15) = 1 and 4|q
(q,12) = 1 and 5|q
(¢,5) =1 and 12|q
(¢,4) =1 and 15|q
(¢,3) =1 and 20|q

60|q.

(4.7)

Note that when (¢,60) = 2 in case 1 and in cases 4, 6, 8 and 9 we also have

infinitely many normal subgroups of genus 0 of type W, (},)

. These cases are, of

course, the ones where ¢ is even. In all other cases Ny(A,) is the number of all

normal genus 0 subgroups of H(A,).

4.3. NORMAL TORSION-FREE SUBGROUPS OF H(),)

We have seen that most of the normal genus 0 subgroups of Hecke groups have

torsion. Actually there are only a few that are torsion—-free. They are found by

considering the regular maps on the sphere:

Theorem 4.3: The normal genus 0 torsion-free subgroups of Hecke groups are

the following:

o
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( N

(0; ™) «
(0; 008y <
(0; 012y
(0; c0®) «
(0; 0029)

(0; () <«

H(A,)
(05 2,3, 00)
(0; 2,3, 00)
(0; 2,3, 00)
(05 2,4, 00)
(05 2,5, 00)

(0; 2,q,00)

index

12

24

60

(4.8)

Note that the number of parabolic classes of each normal subgroup is actually

equal to the number of vertices of the corresponding regular solid. In fact each

vertex can be thought of as a cusp on the sphere. For example there are four classes

of parabolic points for the subgroup (0; col?)) and the corresponding regular solid

is a blown-up tetrahedron on the sphere with four vertices being four cusp points.

See Figure 4.1.

Figure 4.1. A tetrahedron corresponding to (0; co)) <4 T

[07]

[S™]



Note also that the quotient group H(A3)/N = Ay = (2,3,3). Therefore corre-

sponding regular solid, which is a tetrahedron, can be thought of as a regular map

of type {3,3} (see Chapter 3).

In the other five cases, the corresponding regular solids are octahedron, icosahe-

dron, cube, dodecahedron and dihedron, respectively. See Figure 4.2.

I

L

Figure 4.2. Other four platonic solids and a dihedron

. | '
O w

Hence we have

[070]
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Corollary 4.1: The number of normal genus 0 torsion-free subgroups of H(}\,;) is

(4
2
S
1
\

if ¢=3
if g=4o0r5
if ¢>6.

(4.9)

and they are S3(A3), T1(A3), T2(XA3), T5(XA3), S:(V2), Ti(V2), Ss(As), Ts(As) and

SQ(AQ)’

By Theorem 4.2 and Corollary 4.1 we easily obtain the following result:

Theorem 4.4: The number of normal genus 0 subgroups of H(),) having tor-

sion is finite if ¢ is odd, and infinite otherwise. If we omit the class W, (\;) which

exists when ¢ is even, then this number is always finite and equal to

and

,

=1+ 2d(q)
24 2d(q)

24 2d(q)

when ¢ > 6, and

if

if

if

if

if

if

if

(¢,60) = 1 or 2

(¢,20) = 1 and 3|q
(¢,20) = 2 and 3|q
(g,15) = 1 and 4]q
(g,12) = 1 and 5|q
(¢,5) =1 and 12|q
(q,4) = 1 and 15|q
(¢,3) = 1 and 20|q

60lq.

(4.10)



(3 if ¢=3

} 5 i a=4 (4.11)
3 if ¢=5.

\

and t'hey are Fa F2’ I‘S’ H(\/‘z)’ He(\/é)a ),:2(\/5), S](\/‘Z), H2(\/§), H()\s), Hz(AS)
and H®3(\s), when ¢ < 5.

By the Riemann-Hurwitz formula, the number of normal subgroups of H(\,)
having genus ¢ > 1 and finite index is finite. However when g = 1, the situation is

more complicated. In Chapter 3, we have briefly discussed these subgroups. The

following result is clear:

Theorem 4.5: (i) H(),) has no normal genus 1 subgroups if and only if
(¢,12) = 1 or 2.

i1) H(\,) has infinitely many normal genus 1 subgroups if and only if (¢,12) >
g g g

(ii1) H(),) has a (and therefore infinitely many) torsion—free normal genus 1

subgroup if and only if ¢ = 3,4 or 6.

(iv) All normal genus 1 subgroups of H(A,) are torsion-free if and only if ¢ = 3

or 4. (In both cases, the number of these subgroups is infinite).

(v) All normal genus 1 subgroups of H(},) have torsion if and only if ¢ > 6. (In

this case their number is infinite again).

(vi) H(A,) has both torsion and torsion-free subgroups of genus 1 if and only if

q = 6. (Both are infinitely many).

[o2]
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Let us now discuss normal torsion subgroups of H(A,) for several values of ¢:

Firstly, if ¢ = 4, as we noted in the last chapter, H(y/2) has infinitely many nor-
mal genus 1 subgroups which are all torsion-free. Secondly let ¢ = p, a prime, it is
easy to see that H(A,) has no normal torsion subgroups of genus 1 as it is discussed
in the last chapter. Let thirdly ¢ be a composite number > 6 and let either 3|g
or 4|q. Then H(A,) has at least one (and therefore infinitely many) normal genus
1 subgroups with torsion. This is because we can map H(A,;) homomorphically to
the infinite triangle groups (2,3,6) or (2,4,4) and this gives infinitely many normal
subgroups of genus 1 with torsion. Also if 6]¢g, ¢ > 12, then H(};) can be mapped
to (2,6,3) homomorphically and this too gives infinitely many normal subgroups of
genus 1 with torsion. Let us finally consider the remaining values of ¢. By means
of a similar argument, we see that when ¢ is a composite number > 4 such that

(¢.12) = 1, H(A,) has no normal genus 1 subgroups with torsion (in fact no sub-

groups of genus 1).

We have noted above that the number of normal subgroups of H(A,;) having
genus ¢g > 1 is finite by the Riemann-Hurwitz formula. This can also be seen from
the fact that the number of regular maps of genus g > 1 is finite. Therefore there are

only finitely many normal torsion and torsion free subgroups of H(A;) of genus ¢ > 1.

Let us now consider the first two cases:

(1) g = 2 : All possible regular maps on a Riemann surface of genus two are
given by Coxeter and Moser in [Co-Mo,1]. They are of type {8,8}, {5,10}, {6,6},
{4,8}, {4,6}, {3,8} and their duals. Using the 1:1 correspondence between normal

subgroups and regular maps, it is not too difficult to obtain the following result:

Theorem 4.6: (i) H(A,) has no normal torsion-free subgroup of genus g = 2 if
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and only if g =7, 9 or ¢ > 10.

(ii) H();) has a normal torsion—free subgroup of genus two if and only if ¢ =
3.4,5.6,8 or 10.

(ii1) H(),) has no normal (torsion or torsion-free) subgroup of genus two if and
only if (¢,120) < 2.

(iv) Therefore, H(A,) has normal genus two subgroups if and only if (¢,120) > 3.

(v) H(),) has a normal subgroup of genus two with torsion if and only if ¢ > 10
and (q,120) > 3.

Proof: To prove this theorem, we must recall the 1:1 correspondence between
normal subgroups and regular maps described in Chapter 3: There is a homomor-
phism of H(}A,) to the triangle group (2,m,n) where m|q. We saw in Chapter 3 that
if M is a regular map of type {m,n}, then, by a result of Jones and Singerman,
there is a normal subgroup N of (2,m,n) and the inverse image of N is a normal
subgroup of H(),) corresponding, uniquely, to M. Using this correspondence, we

can prove Theorem 4.6. We prove (iii). The others can be proved in a similar way:

Let us suppose (q,120) = k > 3. Then & = 3,4,5,6,8,10,12,15,20,24,30,40,60 or
120. Let k = 3. Then as there exists a regular map of type {3,8}, by the above
correspondence, H(},) has a normal torsion-free subgroup of genus 2. Similarly for
k < 10, there exists a regular map of type {k,!} for some natural number ! and
therefore a normal torsion—free subgroup of H(A,). For the other values of £ H(),)
has normal subgroups of genus 2 having torsion, e.g. if k£ = 30, then H()\;) has at
least 5 normal genus 2 subgroups having torsion corresponding to the regular maps
of type {3,8}, {5,10}, {6,4}, {6,6}, {10,5}. Therefore by contrapositive method,

one side of (iii) is proven. Let now H(}A;) has a normal subgroup of genus 2. Then
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by Jones and Singerman’s result, ¢ must be divisible by 3,4,5,6,8 or 10. Therefore
(¢,120) > 3. Again by the contrapositive method, the other side of (iii) follows.

(2) g =3 : All regular maps of genus three are listed by Sherk in [Sh,1] . They
are of type {12,12}, {7,14}, {8,8}, {4,12}, {6,6}, {4,8}, {3,12}, {4,6}, {3,8}, {3,7}

and their duals. Then we can obtain following similar result:

Theorem 4.7: (i) H(),;) has no normal torsion—free subgroup of genus g = 3 if

and only if ¢ = 5,9,10,11,13 or ¢ > 14.

(i1) H(),) has a normal torsion-free subgroup of genus three if and only if ¢ =
3,4,6,7,8,12 or 14.

(iii) H(),) has no normal (torsion or torsion-free) subgroup of genus three if
and only if (¢,168) < 2.

(iv) Therefore, H(),) has normal genus three subgroups if and only if (¢, 168) >

(v) H(),) has a normal subgroup of genus three with torsion if and only if ¢ > 14
and (¢,168) > 3.

Similar results can be obtained for normal subgroups of H()\;) with genus 4

< g £ 7 as all regular maps of genus up to and including 7 are known.

However a problem arises when we want to calculate the number of normal sub-
groups of genus ¢ > 2. It is possible that there are many homomorphisms from
a triangle group (2,m,n) onto a finite group G. This means that there could be

more than one regular map of type {m,n} and genus g. For example there are two

regular maps {8,8}; and {4.2,4.2} of type {8,8]}.

[o79]
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Chapter 5

GENUS 1 NORMAL SUBGROUPS OF H(\,)

5.0. INTRODUCTION

In this chapter we discuss the normal subgroups of genus 1 of Hecke groups.
They have already been discussed briefly in Chapter 3 as an application of regular
map theory to Hecke groups. Here we extend this discussion and obtain all our

results concerning normal subgroups of genus 1 using regular maps.

We begin by recalling some facts from Chapter 3 about regular maps on a torus.
The main idea we are using is the 1:1 correspondence between regular maps and

normal subgroups of the triangle groups (2,m,n), proved by Jones and Singerman.

Firstly we determine the values of ¢ such that H(},) has a normal subgroup of

genus 1, and also such that H(A;) has a free normal subgroup of genus 1.

Next, we consider normal subgroups of genus 1 of H(v/2) and H(v/3), two im-
portant Hecke groups. These subgroups will be discussed in Chapters 8 and 9 in

detail. Here we determine their total number to be infinite.



Finally we give a generalisation of a result of Rosenberger and Kern-Isberner,
[Ke-Ro,1]. They discussed normal subgroups of genus 1 of certain free products and
showed, using number theoretical methods, that the number N(g) of normal genus
1 subgroups of H(1/2) of a given index p is equal to a quarter of the number of rep-
resentations of ;/4 as the sum of two squares in Z. Here we use some well-known
number theoretical results to calculate this number explicitly. Then we calculate
N(p) for H(+/3). Finally we obtain the generalisation for all values of ¢, that is,

a formula giving the number of normal genus 1 subgroups of H(A,) having a fixed

index p.

At the end of this thesis, we give, in Appendix 1. a list of values of N(y) for

small values of ¢ and p.

5.1. EXISTENCE OF NORMAL GENUS 1 SUBGROUPS OF H()\,)

Recall that, if a regular map of type {m,n} has ngy vertices, n; edges and n,

faces, then the Euler-Poincaré characteristic y of {m,n} is given by

N=ng—n +ny=2—-124 (5-1)

and also

nng = 2n; = mns. (5.2)

Combining these two equalities, we obtain

Y = —13-1—(4 — (m =2)(n = 2)). (5.3)
mn
We want to find out the regular maps of genus 1, that is, the regular maps on a

torus. Putting v = 0 in (5.3), we obtain

(m—2)n-=2) = 4. (5.4)
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It is easy to see that the only solutions of (5.5) are

{3,6}, {4,4} and {6,3}. (5.5)
This makes sense as these are the only regular Euclidean tessellations of the complex

plane C and the universal covering of the torus is conformally equivalent to C.

These three types of regular maps on a torus are classified in [Jo-Si,2] and [Co-
Mo,1} as

{3.6},. {4,4},5s and {6.3},, (5.6)

for non-negative integers r and s, not both zero.

In Chapter 3. we mentioned a 1:1 correspondence between the regular maps
and normal subgroups of certain triangle groups, including Hecke groups, proven by
Jones and Singerman. Recall that for every divisor m of ¢, there exists a homomor-
phism 8 from H(};) & (2, ¢, c0) into a finite quotient of the triangle group (2, m,n),
n € N, taking the generator R of order 2 to the generator r of order 2, the second
generator S of order ¢ to the generator s of order m so that the product T = RS
1s mapped to rs of order n in (2,m,n). This homomorphism gives us a normal
subgroup of (2,m,n). Let N be a normal subgroup of (2,m,n) of index x obtained
in this way. Then 6-'(N) is a normal subgroup of H(A,) of index p as well. By
Jones and Singerman’s result, there is a regular map of type {m,n} corresponding
to each normal subgroup of (2,m,n). It is known that the number p is also the
order of the automorphism group of {m,n}. Similarly to each regular map of type

{m,n}, there exists a normal subgroup of H(},), m|q. Here the number n is also

important:

Theorem 5.1: The number n is equal to the level of the normal subgroup
0-1(N).
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Proof: H(\,) has a presentation (2,q,00) 2< R, S|R?* = §7 = I >. Similarly
the triangle group (2,m,n) has a presentation < r,s|r?> = s™ = (rs)* =1 >. The
above homomorphism 6 takes the generators R, S of H(},) to the generators r, s of

(2,m,n). Then the parabolic element T' = RS is mapped to rs of order n and as
(rs)* =1

(RS)" € Ker6 = 0-1(1) < 0-*(N). (5.7)

That is 671 (N) <1 H(\,) is of level n.

As all regular maps {m.,n},; on a torus are {3,6},,, {4,4},s and {6,3},, it
follows that the existence of a normal genus 1 subgroup completely depends on the
divisibility of ¢ by 3, 4 and 6. Clearly if 4|¢ we obtain the regular maps of type
{4,4} corresponding to the normal subgroups of H(A,) of genus 1, while the ones of
type {6,3} (or {3,6}) are obtained when ¢ is divisible by six (or three). All these
three types are obtained when 12|¢. It also follows that if (¢,12) = 1 or 2, then

H(A,) does not have any normal genus 1 subgroups. Therefore we have

Theorem 5.2: H(),) has a normal subgroup of genus 1 if and only if ¢ =

0 mod3orq =0 mod4.

Note that when H(),) has a normal subgroup of genus 1, it actually has infinitely

many of them as each of the three classes discussed above has infinitely many regular

maps. Therefore

Theorem 5.3: The total number of normal subgroups of genus 1 in H(A;) is

either 0 or oo.

Let us now consider the four most important Hecke groups I' = H(A3), H(v/2),

H(}Xs) and H(V3).



By Theorem 5.2, H()s5) has no normal genus 1 subgroups.

The modular group, having the signature (0 ; 2, 3, c0), has infinitely many nor-
mal subgroups of genus 1 corresponding to infinitely many regular maps of type
{3,6}. If N is a normal subgroup of the modular group corresponding to such a

regular map, then in I'/N we have the relations

= =(rs) = ... = L (5.8)

Therefore N must be free. The genus 1 normal subgroups of the modular group

were discussed by [Ne,2].

H(v2), similarly to the modular group case, has also infinitely many normal

genus 1 subgroups corresponding, this time, to the regular maps of type {4,4}.

Here we have the relations

and again the normal subgroup is free.

Finally let us consider H(1/3). In this case, as there exist homomorphisms onto
the infinite triangle groups (2.3.6) and (2,6,3), H(v/3) has infinitely many normal
genus 1 subgroups corresponding to the regular maps of type {3,6} and also in-
finitely many normal genus 1 subgroups corresponding to the regular maps of type

{6,3}. If we map H(v/3) to the former triangle group, then in the quotient H(v/3)/N

the relations

¢ = & = (1‘3)6 = ... =1 (5.10)

are satisfied. Therefore N contains elements of order two, i.e. it is not torsion-free.

If we map H(v/3) onto (2,6,3), then similarly to the previous cases, N must be

torsion-free.
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All these together imply the following result:

Theorem 5.4: (i) All normal subgroups of genus 1 of H(),) are free if and only
if ¢ =3 or4.

(ii) The only values of ¢ such that H(},) has a normal free subgroup of genus 1

are 3,4 and 6.

Note that the converse of (ii) is not always true as H(1/3) has normal subgroups

of genus 1 with torsion.
5.2. NUMBER OF NORMAL GENUS 1 SUBGROUPS OF H(\,)

Normal subgroups of genus 1 of H(1v/2) and H(/3) will be discussed in detail in
Chapters 8 and 9. As a nice application, we are now going to obtain some formulae
for the number N(y) of genus 1 normal subgroups of these two groups having a
given index g, and then generalise this to any ¢ to find the number N{u) of the

normal genus 1 subgroups of H(},) having a given index .
(i) ¢g=4:

In Chapter 3, we have seen that such a regular map must be of type {4,4}. In
[Jo-Si,2] and {Co-Mo,1], these are classified as {4,4},, for non-negative integers r

and s. Also if N is a normal subgroup of H(y/2) corresponding to such a regular

map, then

|Aut M| = |[H(V2) : N| = 422 + s?). (5.11)

As regularity of the regular map corresponds to the normality of the correspond-

ing normal subgroup. each of these regular maps will give us a normal subgroup of
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H(+v/2) with genus 1 and finite index g = 4(r? + s?). This implies
Theorem 5.5: H(1/2) has infinitely many normal subgroups of genus 1.

We have already seen that a normal subgroup of H(1/2), apart from H(+/2) itself,
has always even index. We have studied the normal subgroups W,(1/2) of genus
0 and found their index in H(v/2) to be 2n. If u > 4, then apart from these nor-
mal subgroups, all normal subgroups of H(1/2) have index g divisible by four, and
we have often noted that this is an interesting case. Also if the genus is 1 then

= 4(r? + s?) as we have just noted.

Now given ¢ = 4(r? + s?), H(v/2) has as many normal subgroups N of genus
1 with index p as the number of possible "non-identical” pairs (r,s) such that
72 + 5% = t where t denotes the number of parabolic classes of N. Before proving

this statement, we want to explain what we mean by non-identical pairs (or equiv-

alently, identical pairs):

Recall that a regular map {4,4}, s is determined by the non-negative integers r

and s. Then there are three cases to consider:

(i) » # 0, s = 0: Then each of the pairs (r.0), (0,r), (—r,0), (0,—r) gives the
same normal subgroup of index 4r? having ¢t = r? parabolic classes. Therefore we

take these four pairs as identical. (s # 0, r = 0 case is similar).

(il) » and s are different non-zero integers: Then the pairs (r, s), (=7, ), (r, —s)
and (—r, —s) give the same regular map {4, 4}, s and the pairs (s,7), (—s,7), (s, —7)
and (—s, —r) give the regular map {4,4};,. Therefore there are two sets of identical

pairs corresponding to two different normal subgroups.

(111) 7 = s # 0: Then each of the four pairs (r.7), (r, —r), (=7r,7) and (—r,—7)



gives the same regular map {4,4}, ., and therefore will be taken as identical pairs.

Example 5.1: (1) If t = 1, then we have four identical pairs (1,0), (-1,0), (0,1)

and (0,-1) giving the regular map {4,4}10. In this case the corresponding normal

subgroup is denoted by K = [4,4]};.

(2) Secondly let ¢t = 2. Then the identical pairs are (1,1), (1,-1), (-1,1) and
(-1,-1). They give the regular map {4,4},; and the corresponding normal subgroup
is denoted by H'(V2) = [4,4]1.1.

We can now prove our statement.

A normal subgroup of genus 1 of H(1/2) has level 4: Indeed, to obtain a genus 1
normal subgroup N of H(yv/2), we map H(v/2) into a finite quotient of (2,4,4) by a
homomorphism. We also know that in a normal subgroup of (2,4,4) generated by r,s
of orders 2 and 4, the parabolic element rs has exponent 4. Then the corresponding

normal subgroup of H(1/2) also has level 4 by Theorem 5.1. Therefore ¢ = 4t. Then

4(r? 4 s?) = 4t (5.12)

and therefore

r? 4+ st =t (5.13)

Now for each pair satisfying (5.13) we have three more identical pairs. As each

set of identical pairs gives us a normal subgroup N of H(1/2) of genus 1, we obtain

the following result:

Theorem 5.6: The number N(u) of normal subgroups of genus 1 and index p

in H(V2) is
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N(p) = N(4t) = %#{(r,s) :r,s € Z, 1 5% = t}. (5.14)

(5.14) shows that N(y) is equal to a quarter of the number of representations of

t = p/4 as the sum of two squares in Z.

Remark 5.1: Kern-Isberner and Rosenberger proved the same result number

theoretically by showing that N{u) is a multiplicative function (see [Ke-Ro,1]).

We can now use some number theoretical results to calculate the number N(gu).
We have already proved that N(x) is equal to a quarter of the number of represen-
tations of t = /4 as the sum of two integer squares. The following result will be

useful in calculating N(p) explicitly:

Lemma 5.1: ([Kn,1]) Let t = 22 [T, p'*. [1. g™ be the prime power decom-
position of t, where the p, = 1 mod4 and the ¢. = 3 mod4. Then the number r(t)
of integer solutions of the Diophantine equation 22 + y? =t is given by r(t) = 0 if

one of the m, is odd, and by

r(t) = 4. ][ (b +1) (5.15)
b

if all m, are even.
By means of Lemma 5.1, we can easily find N(u) as

N(p) = i-.r(t) (5.16)

which is either 0 if there is, in the above prime power decomposition of ¢, a factor

g.e with ¢. = 3 mod4 and m, is odd, or equal to [T, (I, + 1) otherwise.



Remark 5.2: The first few values of the function N(u) are given in the follow-

ing table. Note that if the index g is not divisible by 4, then this number is 0.

t 1] 2 13] 4151 6 7] 819/ 10
W | 4| 8 [12] 16 [20] 24 |28 32 |36 40
N1l t1flo] 120 o] 1 |[1] 2

2
i || 44| 48 |52 56 |60 | 64 | 68| 72 | 76| 80
Nwlolol[z2]ofol 1 [2] 1 [o0o] 2

t | ..]25]...]65]..]325]...] 625 [..]1105
|| .. 100 ] ... [260 | ... 1300 ... [ 2500 | ... | 4420
N -1 3 [ .1 4.6 [..]5 [..] 8

Table 5.1: Some values of N(u) for ¢ =4

(ii)q:G:

Let us now calculate N (y) for H(v/3). The method we use is the same as the one
for ¢ =4. But this time we need to use the regular maps of type {6,3} and {3,6}.
However we must note an important difference between the two cases. In ¢ = 4
case, as we can only map H(y/2) to a finite quotient of the infinite triangle group
(2,4,4) to get genus 1 normal subgroups, all of these subgroups were torsion-free.
In ¢ = 6 case, we can map to finite quotients of (2,6,3) and (2,3,6). Mapping to the
former one gives torsion—free subgroups. However if we map H(1/3) to the latter,
then as the elliptic generator S, which is of order six in H(v/3), goes to an element
of order three under this homomorphism, the obtained normal subgroup will have
some elements of order two implying that it has torsion. We will find the number of
normal subgroups of genus 1 in both cases, i.e. for torsion and torsion—free normal

subgroups. We shall see that there is a 1-1 correspondence between their numbers
(as {6,3} and {3,6} are dual).

Let us now begin by recalling some facts about regular maps of genus 1 from

Chapter 3. If a regular map corresponds to a normal subgroup of genus 1 of 1H(V3),
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then it must be of type {6,3} or {3,6}. They are classified as {6,3},, and {3,6},,
respectively for non-negative integers r and s. Also their automorphism groups have

order 6(r% +rs + s?).

Now given the number g = 6(r? + rs + s?), we want to find the number of
normal subgroups of genus 1 in H(1/3) having index p. Clearly for the other values

of u, H(v/3) has no normal subgroup of genus 1 with index g as we have already seen.

Since 6|y, whenever one of {6,3},, and {3,6},, appears, the other one also
appears. Therefore it is enough to find the number of normal subgroups {6, 3),, for
each given g, as this is also the number of the normal subgroups {3, 6], ;. Therefore

the number of all genus 1 normal subgroups of H(1/3) is going to be twice that

number. Now

=3t = 6(r* +rs+s%) (5.17)
and hence
t = 2(r* +rs+s?) (5.18)
and finally
2 2 1
r°+rs+s -5 =0 (5.19)

t

which is a quadratic equation of, say r, if we take s fixed (as the equation (5.18) is
symmetric it does not matter which one of r and s is fixed). Solving this equation

we have

1
r= -2k SV -3 (5.20)

which are real only when s? < 2t/3. Therefore because of the symmetry, we have

r (and s) bounded:
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2t 2t
—/= < s <y = (5.21)
3 3

As p is given t is also given. Therefore there are only finitely many solutions of
(5.21). That is the solutions of (5.18) can be found by solving (5.21). Now similarly
to the ¢ = 4 case we find the number N () of the normal subgroups [6, 3]s of H(1/3)

having genus 1 as

1 t
Niy(p) = E#{(r,s) cr,8 € L, s+ 5% = -

o |
\__.\/_-/

Therefore

Theorem 5.7: The number of all normal subgroups of genus 1 in H(1/3) having

a given index p is

1 t
N(p) = 2.N(p) = 5#{(7*,3) cr,s € Lot s+ = 3}. (5.23)

The number N;(ut) is the number of torsion (or torsion-free) normal subgroups

of genus 1 of H(+/3) having index 4.

It is possible, as in ¢ = 4 case, to calculate N(;t) more explicitly using the fol-

lowing result:

Lemma 5.2: ([Kn,1]) The number of solutions to x? + zy + y? = k is 6E(k)

where E(k) is the number of divisors of k of the form 3a + 1 subtracting the number

of divisors of the form 3b + 2.
Note that if £ =t/2 = x/6, then we have

Corollary 5.1:
Ni(pn) = E(k) (5.

Ut
L]
NS

SN
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so that

N(p) = 2E(k). (5.25)

Remark 5.3: The following table gives the first few values of the function N(u)
for ¢ = 6:

t 2141681012 14 16} 18 |20

=31 6 | 1211812413036 42 |48 ] 54 |60

N(p) 210121241010 0 2 10
: 52 [ 24 | 2628130 ...] 98 | .. | 182
=3t 1661721788490 ...(294] ... 546
N(p) 01214107, 0 6 8

Table 5.2: Some values of N(u) for ¢ =6

Corollary 5.2: The number N (i) of genus 1 normal subgroups of H(1/3) having

a given index pu is always even.

Now we have calculated N(pu) for ¢ = 4 and 6. It is then easy to generalise
these to any ¢ > 3. Recall that. by Theorem 5.2, H(A,) has a normal subgroup of
genus 1 if and only if ¢ = 0 mod3 or ¢ = 0 mod4. Also recall the homomorphism
of H(v/2) to a finite quotient of the infinite triangle group (2,4,4), giving genus 1
normal subgroups. This homomorphism, in general, exists as a homomorphism of
H();) when ¢ is divisible by four. When ¢ is divisible by 3 or 6, we can obtain

similar results. By means of all these we now obtain the following generalisation:

Theorem 5.8: The number of normal genus 1 subgroups of H(),) having index

[t 1s
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0 if (¢,12) =1 or2
B/2 if3|q, qodd and g = 3t
0 if 3] ¢, g odd and pu # 3t
a if4]q,3 fgand p = 4t
0 if4)q,3 fqand g # 44
N(p) = B if6lg,4 fgand p = 3, (5.26)
0 if6lq,4 fqand p # 3t
a+ g if12]|qand u = 3t, = 4t
a if 12] ¢ and p = 31, # 41,

B if12|q and p = 41, # 3t

. 0 if 12| ¢ and 3t # p # 4t

where t; and t, are such that ¢; = r? + s2 and t5 = 2(r2 + 289 + s2) and also

1 - -~
o = Z#{(?l,-‘-‘l) : 1,81 € 2,11 457 = tl} (5.27)

and

B = #{(7‘2,32) : 79,82 € L, 13+ 1252 + 55 =

s

} . (5.28)

o -

Example 5.2: (i) Let ¢ = 20. As 4|q and 3 [g¢, the total number of genus 1

normal subgroups in H(Ay) is either @ or 0. A few values of N{y) are given in the

following table:



Iz 1 2 3 4 5 6 7 8 9 10

Nwyl!o o0 o 1 0 0 0 1 0 O

Iz 11 12 13 14 15 16 17 18 19 20

Nwgyyo o o o0 o0 1 0 0 0 2
Table 5.3

Therefore H(A50) has no genus 1 normal subgroup of index 12, for example, but

it has two such subgroups, [4,4}12 and [4, 4]21, of index 20.

(i1) Let ¢ = 84. As 12]q, the total number of genus 1 normal subgroups is either

0, a, B or a+ 3. Again the first few values of N(u) are given in the following table:
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It 12 3 4 5 6 7 8 9 10
Nwgylo o 0 1 0 2 0 1 0 0
It 11 12 13 14 15 16 17 18 19 20
Ng)yyo o0 0o 0 o 1 0 2 0 2
i 21 22 23 24 25 26 27 28 29 30
Npwyyo o o 2 0 0 0 0 0 O
Table 5.4




Chapter 6

NORMAL SUBGROUPS OF H(}A,) FOR
ODD gq

6.0. INTRODUCTION

In the earlier chapters, we have sometimes noted some important differences be-
tween the odd and even ¢ cases. For example, if ¢ is even, then H(),) has infinitely
many normal subgroups of genus 0 of finite index which is not true when ¢ is odd
(including the modular group case). Similarly if q is even, then H(},) has infinitely
many normal subgroups of finite index with torsion which is again not possible in

the odd ¢ case. There are many other examples like these that we have already

noticed or we shall notice.

As two of the most important Hecke groups are obtained for ¢ = 4 and 6, we
shall deal with even ¢ case mainly in Chapters 8 and 9 where we discuss the normal

subgroups of H(v/2) and H(v/3) and also we shall make generalizations of these two

cases to any even q.

In this chapter, we discuss some classes of normal subgroups of H(),) for odd ¢.
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As q = 5 gives one of the important Hecke groups, we shall deal with it in Chapter
10 separately. But, of course, all the results in this chapter also apply to H()\s) as

well as to the modular group I' = H(A3).

We begin with the power subgroups of H()\;). The m~th power subgroup H™(\,)
of H(),) is the group generated by the m-th powers of the elements of H()\,). The
power subgroups of the modular group I' = H(A3) have been studied and classified
in [Ne,1], [Ne,4] by Newman. In fact, it is a well-known and important result that
the only normal subgroups of I' containing torsion are I', I'?, and I'® of indices 1,2,3
respectively. Here we show that this nicely generalizes to the Hecke groups H(A,)
with p prime. We specially discuss H2(),) and H9(}\,) as they are nicely related to

H(),) and its commutator subgroup H'(};). Then we give a classification theorem

for these power subgroups.

In the second part of this chapter, we discuss free normal subgroups of finite

index in H(},), p prime.

If p is prime, then we shall show in Chapter 7 that we can find infinitely many
homomorphisms from H(A;) to PSL groups. So H(A,) has infinitely many normal
subgroups. If ¢ is non-prime, then there exists a homomorphism from H(A;) to H(\,)

where p|q (p prime). Therefore H(),) has infinitely many normal subgroups for all g.

6.1. POWER SUBGROUPS OF H(),) FOR ODD ¢

Let ¢ > 3 be an odd integer and let m € N. The m~th power subgroup of H(A,)
is defined to be the subgroup generated by the m-th powers of all elements of H(A,).

As fully invariant subgroups, they are normal in H(A,).

In this section we investigate these subgroups and also give some relations be-

tween them, H(},;) and the commutator subgroup H'(A,). We shall prove that H(\,)
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is the product of H?();) and H?(},) and that the intersection of these two subgroups
is H'(\;). Therefore H*(\;) and H?(),) will be two important power subgroups.

From the definition it follows that

H™(Xg) > H™(Ag) (6.1)

and that

(H™ O > H™ (). (6.2

The last two inequalities imply that

H™(Ag).H (X)) = H™M(),), (6.3)

where m,n € N and (m,n) denotes the greatest common divisor of m and n. In-

deed, first note that the product is well-defined as power subgroups are normal

subgroups. By (6.1) we have

H(m,n)(/\q) > Hm(/\q) (64)
and
H™(A) = H™(),) (6.5)
so that
HM(O0) > H™(N,).H™(A,). (6.6)

Let now z be any element of H(A;). Let us choose integers m;,n; such that

mym + nqn = (m,n). Then

21711171 e H‘nl()\q)’ z’l]ﬂ. E Hﬂ(/\q) (6.7)
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and hence

srumtmn o Hm()‘q).Hn(/\q). (68)
That is
2mm) e H™(X,).H(A,) (6.9)
and therefore
H(m,n)()‘q) < H™(A).H™(),). (6.10)
Therefore we have
H(m,u)(/\q) — Hm(Aq).H"()\q). (611)
Particularly
H(),) = H*(A,).HY(\,) (6.12)
as q is odd.

Let us now discuss the group theoretical structures of the power subgroups. The

proofs are just generalizations of the proofs in [Ne,1]. First we have

Theorem 6.1: The normal subgroup H?()\,) is the free product of two finite

cyclic groups of order q. Also

[H(A) = HA(0)| = 2, (6.13)
H()\) = H*()\,) U RH*(),), (6.14)

and
H*(\) =<S>*«< RSR > . (6.15)
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The elements of H2(),) are characterised by the property that the sum of the expo-

nents of K is even.

Proof: Set K = (S,RSR). Then clearly K is normal in H();). Since the
elements of K satisfy the requirements of the theorem, i.e. since the sum of the

exponents of R is even, we find that X' < H?(A,).
Let now z be any element of H(},). Then we can write

z = SURS2R.. SRS (6.16)

where the c!s are integers some of which, but not all, may be zero. Thus

T
|

= SU(RSR)2S5%...(RSR)™ S if niseven, (6.17)

and

z = SU(RSR)2S% .. S™(RSRY™' R if nis odd. (6.18)

Hence either z € K or zR € K. Since R is not in I\, we find

H(A,) = K UK.R

(6.19)
= K U R.K.

Now H(A,) > H2?(),) > K and | H(}A;) : K| = 2 which altogether imply that
{H2(X\;) : K] =1 or 2. But as R is odd, it cannot be a square as all squares are

even elements. Therefore R is not in H?(),). Hence H(A,) # H?(A,) which implies
(6.13), that is

K = H*(\,). (6.20)

That S and RSR generate H?()\;) can be seen by the Reidemeister-Schreier
method.
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Let us now consider the homomorphism

HO) — HOG)/HY(N,) = Ca (6.21)

Here R is mapped to an element of order two and S is mapped to the identity.
Hence T is mapped to an element of order two. Then the permutation method
and Riemann-Hurwitz formula together give the signature of H2(A,) as (0 ; ¢, ¢, ),

that is, H?()\,) is isomorphic to the free product of two finite cyclic groups of order q.

We now have

Theorem 6.2: The normal subgroup H(},) is isomorphic to the free product

of ¢ finite cyclic groups of order two. Also

|H(A;) = H¥(A)| = q, (6.22)
H(\) = HI(A\) U SH'(A,) U ... USTTHI(A,), (6.23)

and
Hi()\) =< R>*< SRS ' >x<S*RST™? > %...«< ST'RS > . (6.24)

The elements of H?(A;) can be characterised by the requirement that the sum of the

exponents of S is divisible by ¢.

Proof: Set L = (R,SRS?', S2RS9-2, ..., 5971 RS). Being closed under conju-
gation by the generators R and S, L is normal in H();). The elements of L satisfy

the requirements of Theorem 6.2, i.e. the sum of the exponents of S for each element

of L is a multiple of ¢q. Hence L < H9(A,).
Let now w, be any word of the form

w, = STRS?R...SM"R. (6.25)
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SR = S RS* 157 (6.26)

we have

w, = S*RS* w,_, (6.27)

where w,,_; = S2 2R ... S R. But

S“ RS = R, SRS, S2RS, . SRS, (6.28)

This implies, by induction on n, that

Wy = k.S (6.29)

where & € L and ¢g is any integer. Hence for any =z given by (6.16) we have

w
|

= w,.5m+!

(6.30)
= k.5¢

where c is some integer. Since no non-trivial power of S belongs to L, this implies
= 9¢-1 i
H(A\) = X5 L.S

(6.31)
= Y5 S'L.

Now we have H(A;) > H?(),) > L and also | H(A,;) : L| = ¢. Therefore

[H(Ag) « HI(A)| = d (6.32)

4

where d|g. Here d cannot be 1 since S is not in H?(A,). In H(A,)/HI()\,), we have

the relations

r? = 9 = (1'8)" =] (6.33)
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where r and s are the images, in H(A;)/H(),), of R and S, respectively. Therefore
gld. As also d|gq, we find d = q. Hence (6.22) is true. Therefore L = H9(},).

Now consider the homomorphism

H(A) — H(X)/H'(A) = C,. (6.34)

Here R is mapped to the identity and S is mapped to an element of order q. Hence

T is mapped to an element of order ¢q as well. Therefore

H(2,) = (0529, o) (6.35)

which is the required result.
Using the results above, we obtain the following theorem:

Theorem 6.3: Let p be an odd prime. The subgroups H™(},) satisfy the
following:
([ H(A,) if (m,2p) =1

H™(),) = H2(),) if mis even and (m,p) =1 (6.36)

H?(X,) if m is an odd multiple of p

Proof: When (m,2p) = 1, H(A,)/H™(},) is trivial and hence H™(},) = H(},).

Secondly let m be evenand (m, p) = 1. Then in the quotient group H(A,)/H™(},)
we have the relations 1?2 = s = [ and therefore this quotient is isomorphic to the
cyclic group C,. Now by the permutation method and Riemann-Hurwitz formula,
H™(A,) has the signature (0 ; p, p, 00) implying H™(X,) = H2(),), as there exists a

unique normal subgroup of H(A,) with index two when ¢ is odd.
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Thirdly, suppose that m is an odd multiple of p. Then similarly the quotient is
isomorphic to C, and H™(),) has the signature (0 ; 2(P), 0c0). Again as there is a

unique normal subgroup of index ¢ in H(};) when ¢ is odd, we have H™(),) = HP(),).

Remarks 6.1. Because of Theorem 6.3, we have left only the subgroups
H?™(),), m € N to consider. This will be done after a discussion of the com-

mutator subgroup H'(},) of H(A,).

Let now ¢ > 3 be a composite odd number. Then Theorem 6.3 is again satisfied,
but does not cover all cases. For example the subgroups H??™(),;) are again left to
consider as in the case of an odd prime p. Moreover, there are some other classes
of these subgroups which need to be dealt with. For example, if m is odd such
that 1 < (m,q) = d < ¢, then in the quotient group H(X,)/H™(A,;) we have the
relations r = s% = 1, that is, H(A,)/H™(),) = C4. Then we obtain

H™(A,) = (05219 ¢/d, o). (6.37)

Recall that in Chapter 4, we discussed a class of normal genus 0 subgroups of H(A,),

denoted by Y;(A,) with the signature (6.37). Therefore in this case H™(Xg) = Yy(A,).
Finally, if m is even such that 1 < (m,q) = d < ¢, then in the quotient group

H(X,)/H™(),) we have the relations 72 = s = (rs)™ = 1. Therefore the above

techniques do not say much about H™(A,) in this case apart from the fact that they
are all normal subgroups with torsion.

We now discuss the commutator subgroup H'(A,) of H(},):

Lemma 6.1: The commutator subgroup H'(A;) of H(}A,) is isomorphic to a free

group of rank g — 1. Also

LH(N,) + H'(A)] = 2q. (6.38)



2g~-1
H()\) = >, TH'(\) (6.39)
1=0
and
H'(A) =< SRS 'R > %< S*RS"?R>x..x<S"'RSR > . (6.40)
Let
@, = SRS*™'R,ay = S?RSIR, ... ,a,.1 = ST 'RSR. (6.41)

Note that since ¢ is odd the quotient groups H()\q)/H'z(g\q) and H(A;)/H(},) are

cyclic and therefore abelian so that

HA(0) > H'(N,), HY(N) > H'(A) (6.42)

Hence

H2(A,) 0 HI(N,) > H'(),). (6.43)

Since H2()\,) and H?()\;) are normal subgroups of H(A;) we have, by one of the

isomorphism theorems, that

H2 (M) HO(A)/HI(Ag) = H2(N,)/ (H2(A) 0 HI(),)) . (6.44)
As H2(A,)H()g) = H(),), we have

|H2(A) = (H* (M) N HI(A)) | = ¢ (6.45)
Then

|H(A) = (H2(A) N H(A)) | = 2q. (6.46)
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Now we have

H(N) > H2X(N) N HI(N,) > H'O\) (6.47)

and

|H(A) = H'(O\) | = [H(\) = (H2(A) 0 HY())) | = 2¢. (6.48)

These together imply the following result:
Theorem 6.4: The commutator subgroup H'(),) of H(A,) satisfies

H'(A) = H*(\,) 0 HY(N,). (6.49)

By means of this result, we are going to be able to investigate the subgroups

H2m(A,). As H2()A,) > H*(),) and H(A;) > H29(A,), (6.49) implies that

H'(X\) > H*()\,). (6.50)

As H'()\,) is a free group, we can conclude that H??(),) is also a free group. More-

over (6.1) implies that

H2()\,) > H¥™(),). (6.51)

for m € N. Therefore we have

Theorem 6.5: The subgroups H29™(),) are free.
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6.2 FREE NORMAL SUBGROUPS OF H(),) FOR PRIME p

As H(),) is the free product of two finite cyclic groups of orders two and g¢, it
has, by the Kurosh subgroup theorem, or by considering signatures, two kinds of
normal subgroups: Free ones and free products of some infinite cyclic groups with
some cyclic groups of order two and order d where d|q. Therefore the study of
free normal subgroups and their group theoretical structures will be important to
us. They have already been discussed briefly in Chapter 4 in connection with the
normal genus 0 subgroups. Here we discuss them for prime p. This has been done
for p = 3 by Newman in [Ne,1]. His results can be generalized to prime p case.
When ¢ is a composite odd number, it is possible to obtain similar results, however,

1t looks difficult to find all normal free subgroups in this case.

First we have

Theorem 6.6: Let p be an odd prime. If N is a non-trivial non—free normal

subgroup of H(A,), then IV is one of

H(\,), HX(),) or HP(),). (6.:

ot
o
~

The proof of Theorem 6.6 depends on the following two lemmas:

Lemma 6.2: Let N be a non-trivial normal subgroup of H(},). Then N is free

if and only if it contains no elements of finite order.

Proof: Suppose N contains no element of finite order. Now by the Kurosh

subgroup theorem

N = Fx]].B;s (6.53)



where F is either free or {/} and each Bj is conjugate to either {R} or {S}. As
N has no elements of finite order the product [, Bjs is vacuous and also as N is

non~trivial, N must be free.

Conversely, if N is free, then by definition, it contains no elements of finite order.

We also have

Lemma 6.3: The only normal subgroups of H(),) containing elements of finite

order are

H(X,), HA(N,) and HP(A,) (6.54)

Proof: Let N be a normal subgroup of H(},) containing an element of finite or-
der. Then N contains an element of order two or an element of order p, as p is prime.
An element of order two in NV is conjugate to R as p is odd and an element of order
p is conjugate to a power of S. Therefore if a normal subgroup N contains an el-

ement of finite order, then it contains £ or .S or both. Therefore we have three cases:

(1) If N contains both R and S then N = H(),).

(ii) If N contains S but not R, then H()A,)/N is isomorphic to C; as we have

the relations 2 =-s = 1. Then by the permutation method and Riemann-Hurwitz

formula we have N = H?(),).

(ii1) If N contains R but not .S, then H(A,)/N is isomorphic to C, as, this time,

we have the relations »» = s? = 1. Similarly N = H?(),).

The proof of Theorem 6.6 is now a direct result of Lemmas 6.2 and 6.3.
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We finally have

Theorem 6.7: Let ¢ be odd. Let N be a free normal subgroup of H(},) with

|H(A) : Nl = p < oo. (6.55)

Then .

2q | p. (6.56)

Proof: The quotient group must contain elements of order 2 and ¢, so its order

is divisible by 2q.
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Chapter 7

PRINCIPAL CONGRUENCE SUBGROUPS
OF THE HECKE GROUPS H(),)

7.0. INTRODUCTION

Perhaps the most interesting normal subgroups of the modular group I' are the
principal congruence subgroups. In this chapter we define these subgroups in general
for any Hecke group H(A,). Then we find the quotients of H(\;) by them and finally
we determine their group theoretical structure. Most of them are free groups. We
shall see that these subgroups are important and interesting in the case of Hecke

groups as they are in the modular group case.

In this chapter the principal congruence subgroups of H(},) will be discussed for
several values of ¢. The modular group case where ¢ = 3 has been investigated for a
long time, so we shall largely ignore this case. We begin with the next two interest-
ing examples ¢ = 4 and 6. There is some work done on the congruence subgroups of
these two groups, see [Pa,1] and [Pa,2]. Our next case will be ¢ = 5 as in this case
we have the icosahedral group As as a quotient group of H()s) giving a torsion free

principal congruence subgroup. As we shall see, this is not possible for the other
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values of ¢ > 3. Than we shall discuss the case where ¢ is a prime > 5. Againgqg=7
case will be significant and different from others, and therefore will be dealt with
seperately. Indeed in this special case, with only one exception, all quotient groups
of H(A\7) with the principal congruence subgroups are Hurwitz groups — i.e. the
groups of 84(g — 1) automorphisms on a Riemann surface of genus g. We shall also

prove that H(A,) has in fact infinitely many normal subgroups.

In each case we shall find the quotient group of H(A;) by the principal congru-
ence subgroup and then determine the group theoretical structure of the normal
subgroup. Our main tool will be [Ma,1]. We shall recall some results from this

work, which will be used in determining the required quotient groups.

Recall that Hecke groups H(),;) are triangle groups with a parabolic element T'.
We say a subgroup N of H(},) is of level n if T™ belongs to N and n is the least
positive integer with this property. It is known that g = n.t where ¢ denotes the

parabolic class number of N and g =[H()\;) : N] (see Section 0.4).

Let us now begin with the modular group:

A complete classification of the normal congruence subgroups of the modular
group I is given by Newman [Ne,7] and Mc Quillan [MQ,1]. The principal congru-
ence subgroup of level n of I' is defined by

az+b

I'(n) = {T(z) = o rd el : aEdEil,bEcEO(modn)}. (7.1)

A subgroup of I' containing a principal congruence subgroup I'(n) is called a

congruence subgroup of level n.

['(n) is a'normal subgroup of I'. But in general, not all congruence subgroups

are normal in I.
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Another way of obtaining I'(n) is to consider the “reduction homomorphism”
which reduces everything modulo n. Then I'(n) can be obtained as the kernel of this

homomorphism. (This will be discussed in detail for all ¢ in this chapter).

In [Pa,1], the principal congruence subgroup of level p of H(y/m), p prime,
m =2,3, is defined by

Tp(vm) = {M € H(y/m) : M ==%I (mod p)}. (7.2)

This is equivalent to

I'p(vm) = {T(z) = Z—Z\/% ca=d=+1,b=c=0(mod p), ad — mbc =1

(7.3)
See [Pa,2].

In general for any ¢ € N, ¢ > 3, we can define the principal congruence sub-

group of level p, p prime, of H(),) by

I'p(A)) =A{T € H(\,) : T ==xI (mod p)}.

— a Ab . =d= S — N2 ha

- {( Ae d) ra=d=d1,b=c=0(modp), ad /\bc—l}.
(7.4)

I',(),) is always a normal subgroup of H(},).

Let us once more consider the “reduction homomorphism” modulo p, p prime. In
the modular group case we noted that the kernel of this homomorphism is I'(p)-the
principal congruence subgroup of level p of I'. We shall see that the situation for
Hecke groups H()\;) with ¢ > 3 is more complex as there is not usually a unique
way of defining the reduction homomorphism.

Let p be an ideal of Z[)\,]. Then the natural map

Op 1 Z[A] — Z[)\)/p (7.5)
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induces a map

H(A) — PSL(2,Z[A)/p) (7.6)

whose kernel is going to be called the principal congruence subgroup of level p.

Let now s be an integer such that Pr(};) has solutions in GF(p®). We know
that such an s exists and satisfies 1 < s < d = deg Py()\;). Let u be a solution of

Pr(Ag) in GF(p®). Let us take p to be the ideal generated by u in Z[)Aq]. As above,

we can define

Opug @ H(Ag) — PSL(2,p°) (7.7)

as the homomorphism induced by A, +— wu. Let

Kpu(Ag) = Ker(Opuq)- (7.8)

As the kernel of a homomorphism of H(A,), K, .(A,) is normal in H(A,).

Given p, as I, (),) depends on p and u, we have a chance of having a different

kernel for each root u. However sometimes they do coincide:

Lemma 7.1: If u,v correspond to the same irreducible factor f of Py(};) over

GF(p), then I, .(Ay) = K,.(,).

. - : : _ 14 g(Xg) h(Aq)

Proof: Note that A € K, ,(},) if and only if A =+ k(\,) L+1(\)
with g(u) = h(u) = k(u) = l(u) = 0 in GF(p®). Therefore as f is irreducible,
(g, f)=1or f. Il it is 1, then there are polynomials a and b such that ag + bf = 1.
But f(u) = g(u) = 0. Therefore (¢, f) = f and ¢ is a multiple of f. Similarly

h,k and [ ate all multiples of f. As v is another root of the same factor of P;(}),),

g(v) = h(v) = k(v) =l(v) =0 in GF(p*)ie. A€ K,,()\,).
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Even when u, v give different factors of P;(},), we may have K, ,(A;) = Ip0(Aq)-

As an example of this situation we have the following:

In Example 7.1, we shall find odd elements A = ( 5V2 7

7 52
2v/2 7\ . :
91 ) in K73(v/2) - T'7(v/2) and K7 4(v/2) - T#(1/2) respectively for the

two roots of P;(+/2) mod 7. But

AB! = ( ,5]‘/5 ! )( Ve T ) = I mod. (7.9)

)ande

5v/2 —21  2V/2

AT7(V2) = B.T7(V?2), (7.10)
so that

K73(V2) = K74(V2). (7.11)

We now have

Theorem 7.1: K,.(),) is a normal congruence subgroup of level p of H(},), i.e.

To(Ag) Q@ K,u(Ay). (7.12)
Therefore
() € ) KpulAy). (7.13)
all u

Proof: Before starting the proof, we want to recall a way of obtaining group

homomorphisms from ring homomorphisms.
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Let R and S be two rings with identity. Let

$: R— § (7.14)

be a ring homomorphism. Then 1) induces a group homomorphism

P SL(2,R) — SL(2,5). (7.15)

Similarly since PSL(2, R) is obtained from SL(2, R) by factoring out the center,

which is £/, another group homomorphism

¥+ PSL(2,R) — PSL(2,5) (7.16)
is induced by the same 1.

This general idea of obtaining group homomorphisms from ring homomorphisms
can be applied to Hecke groups H(}),) in the following way: Consider Z[\y] which
is just an extension of the ring of integers by the algebraic number ;. If we reduce

all elements in this ring modulo p, for a prime p, we obtain a ring homomorphism

@p + Z[Aq] — Zp[Ag] (7.17)
which reduces the elements of Z[\q] modulo p. Now for each root, if there are any,

u € GF(p) of P7(),), there is a ring homomorphism

Xu + Zp[Ag] — Zp = GF(p) (7.18)
taking A, to u € GF(p). These two ring homomorphisms induce two group homo-
morphisms

wp 2 H(\g) < PSL(2,Z[)\q]) — Hy(Aq) < PSL(2,Zp[Aq]) (7.19)
and

Xu @ Hp(Ag) < PSL(2,Zp[)g]) — PSL(2,p), (7.20)
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where H,()\,) denotes the image of H(A,) modulo p, generated by R, and S,.

For each root u € GF(p) of P;();), Kyu(}g) is the kernel of the composite

homomorphism

Xuopp : H(A) — PSL(2,p). (7.21)

If a root u is not in GF(p) then it is in an extension field GF(p®). Then the
above idea can be applied to the homomorphism from H(A;) to PSL(2,p*) and the

kernel of this homomorphism gives us K ,(A;).

An element T of H(A;) has the form

T = (”‘ b2 ) (7.22)

P3 P4
where each p; is a polynomial of A, of degree < d — 1 with d is the degree of the
minimal polynomial P;(};). Under ¢,, T' is mapped to T’ = PL P2 ) Here

P P
pi denotes the polynomial of A, with coefficients in GF(p). Finally by x., T is

mapped to T, = ( () pa(u) ) in PSL(2,p), where p;(u) denotes the value of

ps(u)  pa(v)
pi at u € GF(p).

We can now prove Theorem 7.1. Let T' € T',(},) be in the form (7.22). Then
by the definition of I'p(A;), we have

P =ps=+1 modp , p, = p3 =0 mod p. (7.23)

Therefore T is an element of the kernel K, ,(}\,) defined above. Hence

To(Ag) < KpulAy) (7.24)

as required.
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Furthermore, as K, .(A,;) and I'y(}A,) are normal in H(},),

Tp(Ag) Q KpulXg)- (7.25)

By Theorem 7.1, K, ,(A,) is a congruence subgroup of H(A;). We shall see that
the index of I',(Ag) in K, .(),;) is 1 or 2 except for a few cases.

In this thesis, we are not going to be concerned with K, ,(),) for all roots u of
Pr(A;). We shall only consider the K, ,(A,) such that u is chosen from GF(p*) for
the smallest possible value of s. For example, if s = 1, then there is a homomor-
phism of H(A,) to PSL(2,p) as we shall see in the next section, and therefore the
quotient of H(A,) by K, .(},) is going to be PSL(2,p).

When the index of I'y(A;) in K, .(}) is not 1, i.e. when they are different, we
shall use K, ,(},) to calculate I'y,(A;). In fact in all cases we first determine the quo-
tient of H(),) by K, .(),) and then, using this, we determine the required quotient
of H(A;) by T',(A,). To do this we use some results of Macbeath (see [Ma,1]). As we

shall use these results intensively, we now briefly recall them here:

7.1. SOME RESULTS OF MACBEATH

Let k = GF(p") — a field with p™ elements, where p is prime and » € N, and
let kq be its unique quadratic extension. Let Go = SL(2,k) and G = PSL(2,k) so
that G = Go/{£1}. We shall also consider the subgroup G of SL(2,ky) consisting

of the matrices of the form

( " a'; ) (7.26)

where a,b € ky and a7t — 7! = 1. Macbeath, [Ma,1], classifies the Go—triples
(A, B,C), C = (AB)™!, of elements of Gy finding out what kind of subgroup they
generate. The ordered triple of the traces of the elements of the Gp-triple (A, B, C)
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will be a k—triple (a, B,7v). Also to each Go-triple (A, B,C), there is an associated
N-triple (I,m,n) where I,m,n are the orders of A, B and C in G.

Macbeath first considers the Go—triples and then using the natural homomor-
phism ¢ : Gy — G, passes to the G-triples in the following way: If H is the
subgroup of G generated by ¢(A), ¢(B) and ¢(C), we shall say, by slight abuse of
language, that H is the subgroup generated by the Go-triple (A, B, C).

In the Hecke group case we have A = r,, B = s, and C = t,, where r, (s;, t,
respectively) denotes the image of R (S, T respectively) under the homomorphism
pp reducing all elements of H(\,) modulo p. Hence the corresponding k —triple is
(0,u,2) where u is a root of the minimal polynomial P;(},) modulo p in GF(p) or

in a suitable extension field. Also the corresponding N —triple is (2, ¢, n) where n is

the level of the subgroup.

Macbeath obtained three kinds of subgroups of G: affine, exceptional and pro-

jective groups. We now consider them in relation with the Hecke groups.
Let p > 2. A k -triple (a, 3,7) is called singular if the quadratic form

Qo (&,m,0) = E 49> + P+ anl + BEC + vén (7.27)

is singular, i.e. if

1 /2 B[2
/2 1 aj2|=0. (7.28)
Bl2 o/2 1

Now consider the set of matrices of the form

( 0 a_i’ ) (7.29)

They form a subgroup of Go. By mapping it to G with the natural homomorphism

¢ we obtain a subgroup A, of G. Now consider the set of matrices

126



(0 emee o

in (1, where kj is the unique quadratic extension of k. This is conjugate to a
subgroup of SL(2,ky). It is mapped, firstly by the isomorphism from G, to G,
and then by the natural homomorphism ¢ from Gy to G, to a subgroup A, of G.

Any subgroup of a group conjugate, in G, to either Ay or A; will be called an affine
subgroup of G.

A Go-triple is called singular if the associated k —triple (e, 3, v) is singular. Any

group associated with a singular Go—triple is an affine group, [Ma,1].
From now on we restrict ourselves to the case k = GF(p), p prime.

For H(),) with the generators R(z) = —1/z and T'(z) = z + A,, the above de-
terminant is equal to —A2/4 and therefore vanishes only when A> = 0 mod p. Then
if ¢ = 3, A2 = 1 cannot be congruent to 0 modulo p for any p; that is, there is no

singular triple in the modular group case; i.e. modular group has no affine homo-

morphic images.

If ¢ = 4 or 6, then the only singular triples are obtained when p = 2 or 3, re-

spectively.

For the other values of ¢, we need to find primes p such that A2 = 0 mod p to find
the singular Go-triples. To do this we shall consider the minimal polynomial P}(x)
of A\, over Q, discussed in Chapter 2, and specially its constant term c. Recall that
we determined ¢ in 2.3 for all g. We found that if ¢ is odd then |¢| = 1. Therefore
we do not have any singular triples when ¢ is odd. When ¢ is even, we have more
possibilities. First, if ¢ = 2%, @ > 1, then |c| = 2 and hence (rp, s,,t,) is singular
if and only if p = 2. Secondly if ¢ = 2r™*,n > 1, then we showed that |c| = r and

hence (rp, s,,1,) is singular if and only if p = r. Finally, let ¢ be different from
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above. Then |c¢| = 1 and again no singular triples are obtained in this case.

The triples (2,2,n), n € N, (2,3,3), (2,3,4), (2,3,5) and (2,5,5) — as (2,3,5)
is a homomorphic image of (2,5,5)- which are the associated N —triples of the finite
tri}a,ngle groups, are called the ezceptional triples. The exceptional groups are those

which are isomorphic images of the finite triangle groups.

For example when ¢ = 3, we obtain exceptional triples for p = 2,3 and 5. When
q = 4 or 6 only exceptional triples are obtained for p = 2 and 3, respectively. In
general if ¢ > 6 is even, then except for the infinite class of exceptional dihedral
triples (2,2, n), we only have the exceptional triple (2, 2n,2) which is again dihedral.

That is, only for p = 2, an exceptional triple can be obtained.

If ¢ > 5 is prime then it is easy to see that the only exceptional triples are ob-

tained for p = 2.

For composite odd values of ¢, the number of exceptional triples depends on the
divisibility of ¢ by 3 and 5. For example if ¢ is divisible by 3, then there are homomor-
phisms to four finite triangle groups D3 = (2,3,2), Ay & (2,3,3), 5S4 & (2,3,4)
and As & (2,3,5) each giving an exceptional subgroup of H(A;). Similarly if ¢ is
divisible by 5, there are homomorphisms of H(},) to Ds = (2,5,2), A5 £ (2,5,3)
and again (2,5,5) as it maps onto As, giving three exceptional subgroups. Further
if 15| ¢, then H(A,;) has all of the above subgroups as there are homomorphisms to

the seven finite triangle groups mentioned above.

The final class of the subgroups of G is the class of the projective subgroups. We
have already discussed them in Chapter 0 and seen that there are two isomorphism
classes of them, PSL(2,ks) and PGL(2,ks) where kg < k, the latter containing the

former with index 2, except for p = 2 where the two groups are equal.
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Let now kj be the quadratic extension of k. Then every element of k is a square

in k1 and therefore PGL(2,k) is contained in PSL(2,k1), i.e. we have the following

inclusions:

PSL(2,k) < PGL(2,k) < PSL(2,ky). (7.31)

If kg is a subfield of k, then clearly PSL(2,ks) < PSL(2,k). If also the quadratic
extension ke, is a subfield of k, then PGL(2,ks) < PSL(2,k). Briefly, the groups
PSL(2,ks), for all subfields of k, and whenever possible, the groups PGL(2,ks),
together with their conjugates in PG L(2,k) will be called projective subgroups of G.

Dickson, [Di,1], proved that every subgroup of G is either affine, exceptional or
projective, and we have discussed all these above. The remaining thing to do is to
determine which one of these three kinds of subgroups is generated by the Go-triple
(5, Spstp). We shall see that in most cases it will be a projective group, and our
problem is going to be to determine this subgroup. To do this we shall use the

following results proven by Macbeath, [Ma,1]:

Theorem 7.2: A Go-triple which is neither singular nor exceptional generates

a projective subgroup of G.

Theorem 7.3: If a Gy-triple generates a projective subgroup of G, then it
generates either a subgroup isomorphic to PSL(2,«) or a subgroup isomorphic to
PGL(2,kg) where k is the smallest subfield of k containing «, 8 and v, and &g is

the subfield, if any, of which « i1s a quadratic extension.

There are some k-triples which are neither singular nor exceptional. They are
called irregular in [Ma,1}, i.e. a k-triple is called irregular if the subfield generated
by its elements, say k, is a quadratic extension of another subfield kg, and if one of
the elements of the triple lies in kg while the others are both square roots in & of

non-squares in kg, or zero. Then we have
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Theorem 7.4: A Go-triple which is neither exceptional, singular nor irregular
generates in G a projective group isomorphic to PSL(2, k) where & is the subfield
generated by the traces of its matrices.

We have thus completed recalling some necessary results of Macbeath. We can

now find the quotients of H(),) by I'y(A,) and K, .(},) for several values of ¢ be-
ginning with ¢ = 4 and 6:

7.2. PRINCIPAL CONGRUENCE SUBGROUPS OF H(v2) AND
H(/3)

In this section we discuss the principal congruence subgroups of H(y/m), where
m stands for 2 or 3. We first find the quotients of H(y/m) by the principal congru-
ence subgroups and then find the group theoretical structure of them. We find that

except for a few cases, they are all free.

We first try to find the quotients of H(y/m) with K, .(y/m). It is then easy to

determine H(y/m)/T',(1/m). To determine both quotients we need the results stated
in 7.1.

(1) ¢ = 4: Here we have the following result:

Theorem 7.5: The quotient groups of the Hecke group H(+/2) by its congruence
subgroups K, .(1/2) and principal congruence subgroups I',(1/2) are as follows:

PSL(2,p) if p= +1 mod8
H(V2)/K,.(V2) = { PGL(2,p) if p= +3 mod8 (7.32)
Cz if p = 2,

and
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Cy x PSL(2,p) if p= %1 mod8
H(V2)/T,(V2) = PGL(2,p) if p = £3 mod8 (7.33)
D, if p=2.

Proof: Case 1. Let p # 2 be so that 2 is a square modulo p, that is, p = *1
mod 8. In that case there exists an element u in GF(p) such that u? = 2. Therefore
/2 can be considered as an element of GF(p). Let us now recall the homomorphism
of H(},) reducing all elements of it modulo p. The images of R, S and T under this
homomorphism were denoted by r,, s, and t, respectively. Then clearly r,, s, and

t, belong to PSL(2,p). Now there is a homomorphism

0 : H(V2) — PSL(2,p) (7.34)

. av? b au b a b2 a bu
1nducedby(c d\/-z-)}——)(c du)and(c\/i d)H(cu d)

where in SL(2,p) we write, with slight abuse of language, a,b, ¢, d for their classes

in Zp. Then our problem is to find the subgroup of PSL(2,p) = G, generated by
R,, S, and T,.

Following Macbeath’s terminology let k = GF(p). Then &, the smallest subfield
of k containing & = trr,, B = tr s, and v = tr t,, is also GF(p) as V2 € GF(p).
In this case, for all p, the Hy(y/2)-triple (rp,s,,t,) is not singular since the dis-
criminant of the associated quadratic form, which is —u?/4, is not 0. It is also not
exceptional since the associated N—triple (giving the orders of its elements) (2,4, p)
is not an exceptional triple for p = 1 mod 8. Then by Theorem 7.2, (r,, sp,t,)
generates a projective subgroup of GG, and by Theorem 7.3, as k = GF(p) is not a
quadratic extension of any other field, this subgroup is the whole PSL(2,p), i.e.

H(V2)/Kp.(V2) = PSL(2,p). (7.35)

Let us now find the quotient of H(y/2) by the principal congruence subgroup
I',(1/2) in this case. Note that, by (7.3), I',(+/2) is a subgroup of the even subgroup



H.(v/2) consisting of all even elements in H(+/2). Therefore there are no odd ele-
ments in I',(v/2). We have the following subgroup lattice:

H(v2) Cz

H.(V2)

N PSL(2,p)
I (v2)

Figure 7.1. Two congruence subgroups of H(+/2)

We now want to find the quotient group K, .(v/2)/T,(v/2). To show that it is
not the trivial group, we show that K, ,(v/2) contains an odd element, as I',(1/2)

< H.(V2).

Let us see what an odd element looks like. If A is such an element, then

A= (a: 2 t\/%) A = 2xt—yz = 1, 7,y,2,t € Z, (7.36)
z

is in K, .(v2) — Tp(v/2). Now

o= (W) () - (el 0 )

and since zu = tu = 1, y = 2z = 0 mod p, we have

2?u? = 222 =1 mod p, (7.38)
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and similarly

t2u? = 2t> =1 mod p. (7.39)

Hence A is of exponent two mod I'y(1/2). Then we can write

K,.(V2) = T,(V2) U AT,(V2) (7.40)
as A ¢ Fp(ﬁ)- |

Now we want to show that any element ( Zﬁ b\/g ) of Ho(v/2)/T,(v/2) com-

mutes with A mod p. This is true since

(m y)( m%(fﬁflﬁicw ﬁ?fffjf;) (.41)

2 tv/2 w2 d
and
(2n (27 ) = (5" with) oo

and sincey = z = 0 and x = ¢t mod p. Therefore

H(V2)[Tp(V2) = Kpu(v2)/Tp(V2) x He(v2)[T,(V2)

~ ¢y x PSL(2,p). (7.43)
To find the odd element mentioned above we need to solve a Diophantine equa-

tion. Let us first see this with an example:

Example 7.1: (i) Let p = 7. Then u = /2 = #3 mod 7. We choose

u = 3 mod 7. We are looking for an odd matrix A = ( :\/i t\/% ) of K73(v/2)

which is not in I'7(+/2). Such an element must satisfy the following conditions:

A =2zt —-yz =1, (7.44)
zu=tu=1 y=2=0 modT. (7.45)
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Asu =3 modT,

r=t=5 modT. (7.46)

Then we have

2(5+ Ta)(5+7b) — Te.7d = 1, (7.47)

where a, b, ¢, d are non—negative integers. Hence

74+ 10(a + b) + 14ab = Tcd (7.48)

which has a solution whenever a + b is an integer multiple of 7. A particular solution

of the Diophantine equation (7.48) is

a=bb=0, c=d=1 (7.49)

j ). (7.50)

3 mod 7. If we choose the other value 4 of
u € GF(T), then again we obtain an odd element

B:(%iwé) (7.51)

in K74(v/2)-T'7(v/2). In fact, as in this special case, 3 is the negative of 4, gener-

and therefore

Notice that we have chosen u

ators of one of the two principal congruence subgroups corresponding to these two

values of u are just the inverses of the generators of the other. Therefore these two

subgroups are equal in H(y/2).
(i1) Secondly let p = 17. Then similarly we obtain the Diophantine equation

1+6(a+b)—34ab = 17cd (7.52)
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and solving this one we find

a=14,b=0¢c=1,d = 5, (7.53)

as a particular solution which gives the matrix

2412 17
= . 7.54
A ( 85 3v2 ) (7.54)
_ (=2 oy
In general let p = £1 mod 8. Let A = ( , 13 ) be as above. We have
A=2ct—yz =1, (7.55)
zu =tu=1,y = z = 0 mod p, (7.56)

where v = /2 mod p. Let v € GF(p) be such that wv = 1 mod p. Then

x=v+pa,t =v+pby=pcz=pd (7.57)

where a, b, ¢, d are non—negative integers. Hence (7.55) becomes

A = 2(v + pa)(v + pb) — pPcd =1 (7.58)
and hence
20> — 1 + 2vp(a + b) + 2p’ab = p’cd. (7.59)
Therefore
pl(2v? — 1). (7.60)
Let 2v? — 1 = k.p, k € N. Then (7.59) becomes
k + 2v(a + b) + 2pab = pcd. (7.61)
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This can be solved whenever

pl(k + 2v(a + b)). (7.62)

As k and v are known we can choose the non-negative integers a and b such that
(7.62) is satisfied. Although (7.61) has infinitely many solutions, we can obtain a

particular solution by choosing b = 0 and ¢ = 1:

A = ( (v + pa)v2 p ) (7.63)

pd vV/2
where a and d are chosen uniquely. That is, it is always possible to find an odd

element A of K, ,(1/2) which does not belong to [',(1/2), when p = 1 mod 8.

Case 2. Now choose p be so that 2 is not a square modulo p and let p # 2, i.e.
let p = 43 mod 8. In this case /2 cannot be considered as an element of GF(p).
Therefore we shall extend this field to its quadratic extension GF(p?). Then u = V2

can be considered to be in GF(p?) and there exists a homomorphism

0 : H(vV2) — PSL(2,p%) (7.64)

induced in a similar way to case 1.

Let k = GF(p?). Then &, the smallest subfield of k containing traces «, 8,7 of
Ry, Sp, Ty, 1s also GF(p?).

Except for p = 3, the Go-triple (7}, sp,tp) 1s not an exceptional triple. If p = 3
then the corresponding N-triple is (2,4,3) and therefore the generated subgroup is

isomorphic to the symmetric group Sy.

Now suppose p > 3. Then as in case 1, (rp, S, 1p) is not a singular triple. Since
& is the quadratic extension of kg = GF(p) and as § = 2 lies in k¢ while @ = 0,

and ¥ = /2 is the square root in & of 2 which is a non-square in kg, by Theorem
Yy q q y DY
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7.3, (rp, 3p, tp) generates PGL(2,p), i.e.

H(V2)/K,.(V2) = PGL(2,p). (7.65)

Since 2 is not a square modulo p, there are no odd elements in the kernel K, ,,(v/2).

Hence

Kpu(VD) = T,(V) ' (7.66)

and hence

H(V)[T,(V2) = PGL(2,p). (7.67)
H(V2)

2
H.(v2)

il

p(p=1)(p+1)
2 |

1

[

FP(\/E) = I{p,u(\/i)

Figure 7.2.

If p = 3, then again the two subgroups coincide and ;

H(V2)/T5(V2) @ H(V2)/Ks.(V2) = Sy = PGL(2,3). (7.68) b

Case 3. Let finally p = 2. Then \/52 = 2 = 0 mod 2. It is easy to find exactly
8 elements in H(v/2)/T'2(v/2) and as

s =12 =55 =1, s; = raty, (7.69)
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(r2, s2,12) is an exceptional triple generating the dihedral group Dy of order 8, that is

H(V2)/T2(V2) = D,. (7.70)

Now GF(2) = {0,1} and v/2 = 0 in GF(2). Therefore t; = I mod 2. Hence
H(\/i)/Km(\/i), generated by ry, s, and ¢, is isomorphic to the cyclic group of

order 2, i.e.
H(\V2)/K30(V2) = C,. (7.71)

H(v2)
2

He(V2) = K20(V2)

I'2(V2)
Figure 7.3. Two congruence subgroups of level two of H(1/2)

(ii) ¢ = 6: We now calculate the principal congruence subgroups of H(v/3). All
ideas and calculations are similar to the ¢ = 4 case. In fact we have the following

very similar result:

Theorem 7.6: The quotient groups of the Hecke group H(1/3) by its congruence
subgroups K, ,(v/3) and [',(1/3) are as follows:

: PSL(2,p) if p = £1 mod 12
PGL(2, if £1 mod 12, and 2
HOB)Ku(VB) = § POUBP) P 2 PEZ (1)
D3 if P = 2,
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and

Cy x PSL(2,p) if p= £1 mod 12
~ PGL(2,p) if p# +1 mod12, and p # 2

Proof: Case 1. Let p # 2 be so that 3 is a square modulo p, that is, p = +1
mod 12. In that case there exists an element u in GF(p) such that u*> = 3. Therefore

/3 can be considered as an element of GF(p). Then we have a homomorphism

Q' : H(\V3) — PSL(2,p). (7.74)

Let k = GF(p). Then « is also GF(p) as v/3 can be thought of as an element
of GF(p). (rp,3p,1p) 1s not singular nor exceptional as (2,6, p) is not an exceptional

triple and as p > 2. Then by Theorems 7.3 and 7.4, (rp, sp,1,) generates PSL(2, p),

i.e.

H(V3)/K,.(V3) =2 PSL(2,p). (7.75)

Let us now find the other quotient group H(+/3)/T,(v/3). As in the case ¢ = 4,

we can find an odd element

A= (mﬁ t\jé) (A =3st—yz =1,z,yz2t€L  (1.76)
z

in K, ,(v3) — I'y(v/3). Ais of exponent two mod [',(1/3), and hence

K,.(V3) = [,(V3) U AT,(V3). (7.77)

Also since A commutes with every ( Z\/g b\/z ) of H.(v/3)/T,(v/3) mod p,

we have the below commutative diagram and hence

HWB)/Ty(V3) 2 Kpu(V3)[Tp(V3) x Ho(V/3)/To(V/3)

~ C, x PSL(2,p). (7.78)
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Example 7.2: (i) Let p = 11. Then u = /3 = £5 mod 11. Let u = 5. After

some calculations similar to the case ¢ = 4, we find the required odd element as

A= ( 2;/5 9\1/:13 ) (7.79)

(ii) Let p = 13. Now u = /3 = #4 mod 13. For u = 4, solving the corre-

sponding Diophantine equation we find

103 13
A=(143 62\/5)' (7.80)
H(+/3)
C,
PSL(2,p)
H.(v/3)
B9 PSL(2,p)
o
I'p(V3)

Figure 7.4. Two congruence subgroups of level p of H(v/3), (p = £1 mod 12)

. . 3
Case 2. Let now p # 3 be such that 3 is not a square mod p, i.e. ( » ) = —~1.

Then +/3 cannot be considered as an element of GF(p). If we extend GF(p) to its |
unique quadratic extension GF(p?), then following the similar argument of the case

2 of ¢ = 4 case, we obtain

H(V3)/Kpu(V/3) = H(V3)/T,(V3) = PGL(2,p). (7.81)

When p = 2, (r,, s2,t2) gives the exceptional N-triple (2,3,2) and hence gener-

ates a group isomorphic to the dihedral group D3 of order 6.
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Let us now consider H(v/3)/T5(1/3). After some calculations we can see that

there are the following 12 cosets in this quotient group:

I,s,s%,83 % s° r,rs,rs? rsd rst rss. (7.82)

Here r and s denote their classes in the quotient H(v/3)/T3(v/3). Therefore we have
the relations r?2 = s = {2 = [, i.e. it is isomorphic to the dihedral group Ds of

order 12. Therefore we have the following;:

H(V3) H(V3)
2 2
H,(V3) He(V3)

3

p(p—l2 p+1 sz(\/g)

I, (V3) = K,.(V3) I2(V/3)

Figure 7.5. More subgroup lattices for H(+/3)

Case 3. Let p = 3. As /3 can be thought of as an element 0 of GF(3),

t3 = 1 mod 3. Asri = 1 as well, we have

H(V3)/K30(V3) = C,. (7.83)
In the quotient H(\/g)/l‘g(\/ﬁ) we have the relations

r2 =13 =55 =1, s3 = rats (7.84)

as 3 = 0 mod 3. Therefore H(v/3)/T'3(1/3) is a finite homomorphic image of the
infinite triangle group (2,3,6). As
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[3(v3) = {M = ( Z\/§ b‘/z) : M = I mod3}, (7.85)

we can find all cosets. It can be shown that the quotient group is isomorphic to the

Wreath product C3 | Cy of order 18.

H(V3)
2

He(v/3) = K30(V3)

I3(v3)
Figure 7.6. Some congruence subgroups of level 3 of H(+/3)

Hence we have found all quotient groups of H(y/m), m= 2 or 3, with K, ,(v/m)
and with the principal congruence subgroups I',(y/m), for all prime p. By means
of them we can give the index formula for these two congruence subgroups. (This

agrees with the formula given by Parson, [Pa,l]):

Corollary 7.1: The indices of the congruence subgroups K, .(v/m) and I',(y/m)
in H(y/m) are

p(p—1)(p+1)/2 if misasquare mod p and p # m,
p(p—1)(p+1) if mis not a square mod p and p # 6/m,
[H(v/m)/Kpu(v/m)| = 2 ifp =m,
, 24 ifm=2p=3,
6 ifm =3,p =, 2,

(7.86)
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and

plp—1)(p+1) ifp # m,6/m,

_ 2m? if p = m,
[H (/)T (/)] = A (7.87)
12 ifm=3p=2

We are now able to determine the group theoretical structure of the subgroups

K,.(v/m) and T,(y/m) of H(/m), m = 2 or 3. First we consider the H(+/2) case:

We know that

D,(vV3) D Kpu(V3) (7.88)
and also by the definition of I',(1/2)

T,(V2) <4 H.(V2). (7.89)

We then have four cases:

(i) Let p = 2. In this case H(v2) / Ky0(v2) & C,. 1t is easy to see that
K30(v/2) cannot have any odd elements. Indeed if there is one, say ( z\/i d\/g ),

then it can not be mapped to the identity mod 2. Since both of the normal sub-

groups K5 0(v/2) and H.(v/2) have index two in H(1/2), they must be isomorphic by
(7.71), i.e.

K0(V2) & H(V2). (7.90)

Let us now consider I'y(v/2). Recall that H(v/2)/T2(v2) & Dy 2 < a,7|a® =
4?2 = (ay)* = I >. Recall that the kernel of the homomorphism of H(1/2) onto

Dy was denoted by Wi(v/2). Therefore I'y(v/2) is the same as Wy(v/2). Here
R — «a, S + v and therefore RS +— a7y, i.e.

R — (12)(34)(56)(78
S gl 8;523%45))56 7; (7.91)
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and therefore

RS + (1357)(2864). (7.92)

Now by the permutation method and Riemann-Hurwitz formula we find the signa-
ture of I'y(v/2) as (0 ; 24, 00, 00).

(ii) Let p = 1 mod 8. Then the quotient groups are PSL(2,p) and C, X
PSL(2,p) respectively as we have proved. Let now r, and s, be the images of R and
S, respectively, in PSL(2,p) or in C; x PSL(2,p). Then the relations r2 = s§ = I
are satisfied, that is, both K,,(v/2) and T'p(1/2) are free groups. The parabolic
element 7,s, has order p, that is, the level of the congruence subgroup I',(v/2) or
K,..(v/2) is p. Then T goes to an element of order p. Let u be the index of the con-
gruence subgroup K, ,(1/2) or the principal congruence subgroup I'y,(v/2) in H(1/2).
Then they have the signature (g ; col#/?)). By the Riemann-Hurwitz formula the

genus g is given by

Ju
=14+ —(p—14). 7.93
=1+ Ew-1 (7.93)

Let us see this with an example:

Example 7.3: Let p = 7. Then the two quotient groups are PSL(2,7) and
Cy x PSL(2,7), respectively. Therefore the signature of K73(v/2) = Kr74(V/2) is
(10 ; 0o) and the signature of I'7(v/2) is (19 ; co(*®).

As the example suggests we can easily see that if K,,(1/2) has genus gx and

parabolic class number t;, and if I',(1/2) has genus g, and parabolic class number

t,, then

g = 2.9k — 1 (7.94)

and
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t, = 2.4 (7.95)

(iii) Finally let p = +3 mod 8. Then both quotient groups are isomorphic to
PGL(2,p). As in case (ii) we have the signature of K, ,(v/2) = T',(v/2) as

8p
Example 7.4: Let p = 5. Then H(v/2)/ K5.(v2) 2 H(V/2)/Ts(v/2) = PGL(2,5),

and therefore

(1 + Epoy, oo(“/p)> . (7.96)

Ks.(V2) = T5(vV2) & (4; 0o®), (7.97)

Let us now do the similar calculations for the principal congruence subgroups of
H(+/3). We have the following relations:

Ip(V3) 9 K,u(V3), (7.98)

and

LL(V3) 9 H(V3). (7.99)

We now consider the possibilities:

(i) Let p = 2. We know that H(v/3)/K2.(v/3) = D3 and H(v/3)/ T3(v/3) = De.
In the former one, the quotient group is D3 & (2,3,2), and hence by the permu-

tation method it is easy to see that K,,(1/3) has the signature (0 ; 2,2,00(®) and

therefore

K (V3) 2 Cox Cy* I, (7.100)

where F, denotes a free group of rank two.



Secondly let us consider H(v/3)/T'2(v/3) & De = (2,6,2). In a similar way we
obtain the signature of I';(1/3) as (0 ; co(®) and therefore it is a free group of rank

five, i.e.

Iy(V3) & Fs. (7.101)

(ii) Let p = 3. Now we have H(v/3)/K3p(v/3) & C,. Since R and S both map
to the generator of C3, we find

Kso(V3) = H.(V3). (7.102)

We have also proved that H(1/3)/T'3(v/3) 2 C3 1 C,. This Wreath product has

a presentation

(a,8,7 : &® = P = 4* = afa”'f = I, 7oy = B) (7.103)

which can be written as

(a7 1 o® = 4% = (a7)*(70)? = 1) (7.104)

and therefore is a finite quotient of the infinite triangle group (2,3,6), as (ay)® = I.
Therefore I'3(v/3) has the signature (1 ; 2(8),00®) and hence

[3(V3) & Fy * ﬁ . Ch. (7.105)

t=1
(iii) Let now p = +1 mod 12. Then we have shown that H(v/3)/K,.(V/3) =
PSL(2,p) and that H(v3)/T,(v/3) = C, x PSL(2,p). Similarly we find that
K,.(v/3) or T,(1/3) has the signature (g ; oo(“/”)) where

It
=1 (p—3). 7.106
g + 6p(1’ 3) (7.106)

Example 7.5: Let p = 11. Then Kn,g,(\/i) = 1(11,6(\/5) has the signature
(81 ; 00(60)) and T'y;(v/3) has (161 : 00(120)).
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Again (7.94) and (7.95) are valid in this case.

(iv) Finally let p Z +1 mod 12 and p # 2. In that case both quotient groups
are PGL(2,p) and as in part (iii) of ¢ = 4 case, both congruence subgroups K, ..(v/3)
and T'p(y/3) have the same signature

(1 + Lp-3); oo(“/”)> . 4 (7.107)
6p
Example 7.6: Let p = 5. Then Kj,(+/3) and I's(v/3) both have the signature
(9 : 00(24)).

Therefore we have finished the search of the principal congruence subgroups of

the two important Hecke groups H(v/2) and H(v/3). We now discuss the principal

congruence subgroups of another important Hecke group H(Xs):
7.3. PRINCIPAL CONGRUENCE SUBGROUPS OF H()s5)

For ¢ = 5, we have A = A5 = IJ'—;@, the golden ratio, as a root of the minimal
polynomial z? —z —1 = 0. Because of A2 = X + 1, every element of Q()) is linear
in A, i.e. has the form aX + b, a,b € Q. Therefore all entries of the matrices of

H()s5) will have form aX + b, a,b € Z.

We know that H(As) is generated by the elements corresponding, in the usual

R:(?'é), S=<(1) Ai) (7.108)

satisfying the relations

way, to the matrices

R* = S% = I. (7.109)
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Let us now reduce all elements of H(As) mod p, for a prime p. Doing this we ob-
tain a homomorphism of H()s) to H(As)/Kp.(As). Under this homomorphism R, S
and T are mapped to ry, s, and t,. Then H(X5)/ K, .(Xs) is @ homomorphic image of

<r,,, spirh =8 =1t =1t, = r,,s,,). (7.110)

Let us now discuss the possibilities. First we have three exceptional cases:

Case 1: p = 2. In this case the polynomial equation z2 — x — 1 = 0 has no
solutions in GF(2) = Za = {0,1}. Therefore we extend Zz by adding u where u is
a root of the quadratic equation z> + z +1 = 0. Then Zz[u] = {0,1,u,1 +u}. It
is then easy to see that in H()\s)/K>,.(As) we have the relations r2 = s§ = 2 = I
which implies that this quotient is isomorphic to the dihedral group Ds.

Case 2: p = 3. In that case r3, s3 and 13 satisfy the relations r2 = s} = 3 = I;

that is, H(As)/ K3,.(Xs) is As, as As is simple.

Case 3: p = 5. Now /5 can be thought of as equal to 0 € GF(5). There-
fore \s = 1 = 3 mod 5. As 3 € GF(5), there is a homomorphism of H(As)
to PSL(2,5). Then we have the relations r? = si = t2 = I in H(Xs5)/Ks3(As).
Therefore H(As)/K53(Xs) is isomorphic to a finite quotient of the infinite triangle
group (2,5,5). Now

rstl = ( (1) _i ) mod 5. (7.111)

Let us = #2. Since tr(rsus) = 1, r5us is of order three. Then H(As5)/K53()s) has
a presentation (rs,us|r? = ul = (rsus)® = I), that is H(Xs5)/Ks53()s) is a (2,3,5)-

group, i.e. it is isomorphic to the alternating group As.

From now on we let p > 7 be a prime. Then we have two cases according to

p = +1 mod 10 or not:
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Case 4: If 5 is a square mod p, i.e. if ( 15) ) = 1,ie. if p = 1 mod 10,
then /5 can be considered in GF(p). In fact as Py()s) is quadratic, there are two

values u and v of A; modulo p. Hence the elements r,,s, and ¢, would belong to

PSL(2,p). Then we have two homomorphisms

0; : H()s) — PSL(2,p), i=1,2, A (7.112)

induced by As — u and As — wv. Since the Go-triple (rp, sp,t,) is neither excep-
tional nor singular, by Theorem 7.3, it generates PSL(2,p). Therefore H()A5) has
two normal congruence subgroups K, ,()s) and K, ,()s) for p = +1 mod 10.

Example 7.7: Let p = 11. Then there are two candidates for A5, 4 or 8. Now
consider ST®. For A\s — 4, ST® is of order 6 and for \s — 8, it is of order 3.
Therefore there are two different kernels K11.4(As) and Kq1,8(As).

Case 5: Finally let p Z +1 mod 10 and p # 5. That is, p is such that 5 is
not a square mod p. In this case v/5 cannot be considered as an element of GF(p).
Hence we extend it to GF(p?) as two is the degree of the minimal polynomial of As.

Then /5 can be considered in GF(p?) and then we have a homomorphism

¢ : H()s) — PSL(2,p%). (7.113)

Since p > 7, the Go-triple (rp, s,,1,) is neither exceptional nor singular. Hence by
Theorem 7.2, it generates a projective subgroup of PSL(2,p?). By Theorem 7.3,
it is either PSL(2,p?) or PGL(2,p). In this case we must consider the irregularity
of the corresponding k —triple which is (0,u,2) where A\s = u in GF(p?). By the

discussion just before Theorem 7.4, this k-triple is not irregular. Hence Theorem
7.4 implies that

H(s)/Kpu(Xs) = PSL(2,p?). (7.114)

As a result of the five cases investigated above we have the following:
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Theorem 7.7: The quotient groups of the Hecke group H(As) by its principal

congruence subgroups K, ,()s) are as follows:

PSL(2,p) if p= 1 mod 10,
- ) PSL(2,p?) if = 43 mod 10, and 3,
H(Xs)/ Kpu(Xs) = D(s 7) " z 2 P (7.115)
A5 if P = 3,5

Let us now determine the group theoretical structure of these kernels. As we

have the relations

r2 =g =1 (7.116)
in H(As)/K,.(As), all these subgroups are free. Also

=1 (7.117)

implies that K, ,()s) is of level p. Now by the permutation method and Riemann-—
Hurwitz formula it has the signature

o < ooln/r)
4+ — —10) ; oo 7.118

depending only on the index g of K,,(XAs) in H(X5).

Example 7.8: Ky,()s) = (0; 00®), K3,()s) & (05 00C9) and Kss(As) 2
(4 ; oo(”)).

The first of these three kernels corresponds to a dihedron. The second one geo-
metrically corresponds to one of the five platonic solids, icosahedron, which can be

thought of as a regular map of type {3,5}. Finally the third one corresponds to a
great dodecahedron, a regular map of type {5,5}.

Let us remind ourselves of what we have already done in this chapter. For ¢
= 4 and 6 we have found the kernel K, ,(1/m) and then by means of it we have
calculated the principal congruence subgroups I',(y/m). We have seen that for a lot

of values of p, these two congruence subgroups are different. We have also calculated
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the principal congruence subgroups of H()s). We saw that for p = +1 mod 10

there are two K, ,()s) subgroups unlike ¢ = 4 and 6 cases.

7.4. PRINCIPAL CONGRUENCE SUBGROUPS OF OTHER HECKE
GROUPS

We have considered the principal congruence subgroups in the cases ¢ =4, 5 and
6, and recalled some results for ¢ = 3. We now discuss the case where ¢ > 7 is a
prime. We deal with the case of ¢ = 7 seperately because of its close relation with
the Hurwitz groups. We shall show that this is the only case, apart from the modu-
lar group, that gives the quotients H(A,;)/ Ky, u(},) as Hurwitz groups. Actually all

of these quotients, except for p = 2, are Hurwitz groups.

Let ¢ = 7. Since we do not have any exceptional or singular triples for p > 2, by
Theorem 7.3, (7,, Sp, ;) generates a projective subgroup. Now the minimal polyno-
mial P3(z) is of degree three, which is odd. Hence the field & which is either GF(p)
or GF(p®) cannot be a quadratic extension of any other field kg. Therefore by The-
orem 7.4 we cannot have any projective general linear groups as a quotient of H(\7)
by a principal congruence subgroup. That is, the only possible projective groups
generated by the Go-triple (r,, s,,t,) are PSL(2,p"),n|d = 3,ie. PSL(2,p) or
PSL(2,p*). Let us now deal with the possibilities:

Case 1: p = 2. In this case we have an exceptional N-triple (2,7,2) which gives

H(M)/Kau(M) = Ds. (7.119)

Case 2: p = 7. Now the minimal polynomial P%(z) has a root, u = 5, of multi-
plicity three in GF(7). Indeed

(z—-5P =(@+2°=2"~22-22+1 = P;(z) modT. (7.120)

Since (R7,S7,T%) is neither exceptional nor singular, it generates, by Theorem 7.3,
PSL(2,7). Therefore the quotient group

H(M)/ Kra(Ar) = PSL(2,7) (7.121)
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is a Hurwitz group.

Case 3: p = +1 mod 7. This is equivalent to say that p = +1 mod 14. Since
7 is prime and divides the order of PSL(2,p), there are elements of order seven in
PSL(2,p). That is, there is a homomorphism of H(A7) to PSL(2,p) for each of
the three roots of P;(A;) whenever p = +1 mod 14. Since (1}, 5s,,1,) is neither
exceptional, singular nor irregular, by Theorem 7.3, it generates the whole group
PSL(2,p). Therefore, as in the case ¢ = 5, H(A7) has three normal congruence
subgroups K, ,,(A7), ¢ = 1,2,3 with quotient PSL(2,p).

Case 4: Finally let p # +1 mod 7 and let p # 2. In that case, 7 does not
divide the order of PSL(2,p) implying that there is no homomorphism of H(A7) to
PSL(2,p). In another words, the minimal polynomial P3(z) has no roots in GF(p).

Hence we need to extend it to GF(p?), as the degree of P3(z) is three, and then we
have a homomorphism

0 : H(\;) — PSL(2,p%) (7.122)

induced as before. By Theorems 7.2 and 7.3, (rp, sp,t,) generates PSL(2,p*) which
is a Hurwitz group.

We have thus completed the discussion of the principle congruence subgroups of
H(A7). At the end we have the following result:

Theorem 7.8: The quotient groups of the Hecke group H(A7) by its principal

congruence subgroups K, ,()7) are as follows:

PSL(2,7) i p=7
PSL(2,p) if p= 41 mod7
PSL(2,p*) if p # £1 mod 7, p #2,

HO)/Kpu(Ar) = (7.123)

Now we consider the prime g case where ¢ > 7. Of course all ideas in this case
are also true for ¢ = 3, 5 and 7.
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Recall that for ¢ = 7 and p = £1 mod7, we obtained three homomorphisms
from H()7) to PSL(2,p) one for each root of P;(z) in GF(p), and these homomor-
phisms gave three non-conjugate normal subgroups of H(A7). A similar thing seems
to happen when ¢ > 7. Everytime we reduce P;(z) modulo p, it splits either in
GF(p) or in a finite extension of GF(p). That is, the roots of Py (z) modulo p are
in GF(p) or in a finite extension of GF(p). If a particular root u is in GF(p), then
there is a homomorphism from H(\,) to PSL(2,p), and the kernel of this homomor-
phism is K, ,(),). Similarly, if a root u lies in GF(p™) where n is less than or equal
to the degree d of the minimal polynomial P;(x), then there is a homomorphism
from H(A;) to PSL(2,p™) with the kernel K, ,(};). Therefore for each root u, we

have a chance of obtaining another normal subgroup K, .(}).

We have already seen that the Go-triple (rp, s,,1,) generates an exceptional sub-
group if p = 2. In this case the quotient group H(A;)/K>.(},) is associated with
the N-triple (2, q,2) which is dihedral of order 2q.

Earlier in this chapter we have shown the necessary and sufficient condition to
have a singular triple as A2 = 0 mod p. We have also shown that there is a unique
possible singular triple when ¢ = 2p™, p odd prime,n > lorq = 2", n > 2, and
no singular triples for the other values of ¢q. That is, we will not have any singular

triples when ¢ is prime > 7.

Since (rp, sp,1p) is neither exceptional nor singular for p > 2, it generates, by
Theorem 7.2, a projective subgroup of G. To find which projective subgroup is
generated by this triple, we must consider the field k and its smallest subfield «,

containing the traces a, 8 and ~, modulo p, of r,,s, and t,, respectively. Here we

have three possible cases:

Case 1: p = q. In this case o = ¢ — 2 is the only root of the minimal
polynomial P;(z) mod p. To prove this we show that —1 is the only root of
d,(r) = %%11 2Pl — P2 4 P3| 4+ 2% — 2+ 1. Consider the expan-

sion of (z + 1)?~!. The binomial coefficients are congruent to 1 mod p:
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( p;l ) _ (1 ..r.!..p—r = (~1)’.% = (_1)’ mod p.

Therefore ®,(z) is congruent to (z + 1)P~1. Hence all p — 1 roots of ®,(z) are
congruent to —~1 modulo p, as required. Therefore all roots are in GF(p). Then

there is a homomorphism of H(),) to PSL(2, p) for each root u. Again by a similar
argument we find

H(O)/K,u(y) & PSL(2,q) - (7.124)

for each u.

Case 2: Let p = £1 mod q. Since q is an odd prime, this is equivalent to say
that p = +1 mod 2¢;i.e. p = kq+ 1 with £ € N is even. Now

p(p—lg(pﬂ) g = p(p—I;(P“) : pj:l €N (7.125)

and therefore q divides the order of PSL(2,p); i.e. there are elements of order ¢ in
PSL(2,p). Then there exists a homomorphism

0 : H()\,) — PSL(2,p) (7.126)

for each root u in GF(p). Therefore there are d = deg P;(A,) normal congruence
subgroups I, ,(A) of H(A,). This implies

Theorem 7.9: If p = +1 modgq, then there exists a homomorphism © :

H(X\;) — PSL(2,p) for each root u € GF(p). The kernel of this homomorphism
is K, .(\).

Corollary 7.2: For each prime ¢, H(A,) has infinitely many normal subgroups.

Proof: This follows from Dirichlet’s Theorem on primes in arithmetic progres-
sions.

Note that as every finitely generated Fuchsian group has a surface subgroup of

finite index, Corollary 7.2 also follows from Malcev’s theorem on residual finiteness.
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Corollary 7.3: Let ¢ > 3, ¢ € N. Then H();) has infinitely many normal
subgroups.

Proof: It follows from Corollary 7.2 as there exists a homomorphism from H(\,)

to H(),) for each prime divisor p of q.

Case 3: Let p # +1 mod q and p # 2,9. Then ¢ does not divide the order
of PSL(2,p) and therefore no homomorphism from H();) to PSL(2,p) exists, i.e.
P?(z) has no roots in GF(p). We extend GF(p) to GF(p™) where n is less than or

equal to the degree d of the minimal polynomial P}(z) which is

i (7.127)

as ¢ is an odd prime. Let u be a root of P}(x) in GF(p"). Then by Theorems
7.2 and 7.3, we have a homomorphism of H(),;) to PSL(2,p") if n is odd, and to
PGL(2,p™?) if n is even. The kernel of this homomorphism is K,.(),).
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Chapter 8

NORMAL SUBGROUPS OF H(+/2)

8.0. INTRODUCTION

In the early chapters we often noted the importance of H(1/2). We saw that it
is, after the modular group, the most worked and accessible Hecke group. There-
fore the study of its normal subgroups is also important to us. In this chapter we

consider the normal subgroups of H(v/2) and discuss the relations between them.

In the introduction we have classified the elements of H(v/2) into two classes as
odd and even ones. We denoted by H.(v/2) the even subgroup of H(v/2) consist-
ing of all even elements in H(v/2). Having index two, it is a normal subgroup and
it contains infinitely many normal subgroups of H(y/2). Here we shall prove that
H.(v/2) is actually isomorphic to the free product of the infinite cyclic group Z and

a finite cyclic group of order two.

An important property of H(v/2) is its commensurability with the modular group.
We have earlier noted that H(+/2) and H(+/3) are the only Hecke groups that are
commensurable with the modular group T'. But although a conjugate of H(1/2) and

I' have a common subgroup, no common normal subgroup in both of them exists,
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as we proved.

In this chapter we discuss the normal subgroups of H(1/2). Being the free product
of two finite cyclic groups of orders two and four, H(+/2) has two kinds of subgroups;
those which are free of rank 2¢g + ¢ — 1 and those which are free products of a cyclic
groups of order two, b cyclic groups of order four and c infinite cyclic groups (see

the Kurosh subgroup theorem, Theorem 0.8).

We first discuss the power subgroups H™(1/2) generated by the m-th powers of
all elements of H(v/2). We shall deduce that, unlike odd ¢ case ( and particularly
modular group case where ¢ = 3), it is not possible to write H(v/2) as a product of
two or more proper normal power subgroups. We shall investigate H?(y/2) first and
deduce that for m > 2, H™(1/2) is either free if m is divisible by four, or equal to
H(+/2) if m is odd, or equal to W,,,(v/2) if m = 2 mod 4.

The search of genus 0 and genus 1 normal subgroups of the Hecke groups has
been done in Chapters 4 and 5. Therefore we will not go into details here and only
discuss them briefly. We shall see that H(1/2), unlike the modular group case, has
infinitely many normal genus 0 subgroups, as we can find a homomorphism of H(y/2)
to the dihedral group D, for any natural number n, each giving a normal subgroup
of genus 0 of H(1/2) containing a finite number of elements of order two. This will
also prove that unlike odd ¢ case (and again unlike the modular group case), H(v/2)

has infinitely many normal subgroups with torsion.

The study of normal subgroups of genus 1 will play an important role in the clas-
sification of normal subgroups of H(v/2). They correspond to regular maps of type
{4,4}. These regular maps are classified in [Jo-5i,2] and in [Co-Mo,1] as {4,4},, for
non-negative integers r, s and therefore are infinitely many. This means that H(1/2)
has infinitely many normal subgroups of genus 1 like the modular group. They have

also been discussed in {Ke-Ro,1] by Kern-Isberner and Rosenberger.
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By the Riemann-Hurwitz formula, a normal subgroup N of finite genus ¢ > 1

in H(+/2) always has finite index and therefore will be finitely generated.

H(v/2) has, as we shall prove, infinitely many normal free subgroups of finite
index. Therefore their investigation will form an important part of this chapter. We
will determine their group theoretical structure. They all have index divisible by

four, while those of genus 1 particularly have level four.

In the classification of normal subgroups of genus 1, we shall often use two par-
ticular subgroups, the commutator subgroup H'(v/2) of H(v/2) and K = H'(v/2) U
RS?.H'(v/2). Since H'(v/2) has index 8 in H(+/2), K will have index four in H(+/2).
They are both normal free subgroups on three and two free generators respectively,
having genus 1. We shall prove that all normal subgroups of genus 1 of H(+/2) lie
between K and its commutator subgroup K’, and therefore by the Kurosh subgroup

theorem, they are all free of level four, i.e. all normal subgroups of genus 1 in H(1/2)

are free.

We have already noted that a normal subgroup N of genus 1 of H(1/2) corre-

sponds to a regular map {4,4}, ; where

| Aut*({4,4},.) | = |H(V?2) : N| = 4(r* + $?). (8.1)

Using this we showed in Chapter 5 that the number of normal subgroups of genus

1 and given index u = 4t (as the level is necessarily four) in H(+/2) is

N(;L):i#{(r,s)ezzzrz-l-sz:t}. (8.2)

This number has also been found by Kern-Isberner and Rosenberger in [Ke-

Ro,1] using the fact that the function N(u) is a multiplicative function.
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Jones and Singerman showed that every normal subgroup corresponds to a
unique regular map (see [Jo-Si,1]). Therefore one way of studying normal sub-

groups of H()\,;) is to study corresponding regular maps.

When g > 2, H(v/2) has, by the Riemann-Hurwitz formula, only finitely many
normal subgroups of genus g and therefore there will only be finitely many corre-
sponding regular maps. The final part of this chapter is about the relations between

the normal subgroups of genus g > 0 and the corresponding regular maps.

Also in this chapter, we shall refer to a paper of C. Maclachlan, [Mc,2], for an
infinite class of normal subgroups denoted by K (g). This class is actually obtained

for any ¢ divisible by four, but when ¢ > 4, its elements contain torsion.

The principal congruence subgroups, of course, also form an important class of
normal subgroups of H(1/2). But because of their similarity with the ones of H(+/3),
and because of the length of their investigation, we have already discussed them sep-

arately in Chapter 7.

In Appendix 1, the list of all normal subgroups of index < 60 of H(1/2), and the
lists of all corresponding regular maps with genus ¢ < 7 are given. The number
of normal subgroups of index upto 100 in C; x C,, has been independently found by
Conder (see {Cn,1]). The numbers found here coincide with the ones found there.

Also pictures of some interesting regular maps of type {4,n} are given at the end
of this thesis.

We begin with the power subgroups H™(1/2) of H(v/2):
8.1. POWER SUBGROUPS H™(\/2) OF H(+/2)

Let m be a positive integer. Let us define H™(1/2) to be the subgroup generated
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by the m-th powers of all elements of H(y/2). H™(+/2) is called the m—th power
subgroup of H(1/2). As fully invariant subgroups, they are normal in H(1/2).

From the definition one can easily deduce that

H™(V2) > H™(V/2) (8.3)

and that

(E™(V2))" > H™(V2). (8.4)

Using (8.3) it is easy to deduce that

H™(V2).H"(V2) = H™(v/2) (8.5)

as in the case of odd ¢ given before (see Chapter 6). Here (m,n) denotes the greatest

common divisor of m and n. But the useful property that

Hz()‘q)'Hq()‘q) = H()‘q)’ (8°6)

which is a direct result of (8.5) in the case of odd ¢ (particularly modular group),
does not hold here since ¢ = 4. Therefore it will not be possible to express H(1/2)

as a product of its proper power subgroups.

Let us now discuss the group theoretical structure of these subgroups. First we

have

Theorem 8.1: The normal subgroup H2(y/2) is isomorphic to the free product

of the infinite cyclic group Z and two finite cyclic groups of order two. Also

H(V2)/H*(V2) = Cy x Ca, (8.7)
H(V?2) = H¥V2) U RH*(V2) U SH?(V/2) U RSH*(V/2), (8.8)
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and

H*(v/2) =< §? >« < RS?R > « < RSRS® > . (8.9)

The elements of H?(y/2) are characterised by the property that the sums of the

exponents of R and S are both even.

Proof: Set M =< S? RS?*R,RSRS® >. Then M is normal in H(v/2) and
clearly, the elements of M satisfy the requirements of the Theorem, i.e. the sums of

the exponents of R and S are both even for each element.

If r = HX(+/2)R and s = H%(/2)S, then the quotient group H(+/2)/H?(/2) is
generated by r, s with r? = s? = (rs)? = 1. Now rs = (1) \{i ¢ H2(V2),
sor # sand so < r,s >= (C, x Cy. Hence (8.7) is clear. Let us now use the
permutation method to find the signature of H2(v/2). As each of R, S and T goes

to elements of order two, they have the following permutation representations:

R — (12)(34)
S — (13)(24) (8.10)
T — (14)23).

Therefore the signature of H2(1/2) is (g ; 2,2, 00, 00). Now by the Riemann-Hurwitz
formula g = 0. Hence H?(y/2) is isomorphic to the free product of Z and two Cy’s.

As the unique normal subgroup of H(v/2) with quotient C; x Cj, it must be equal
to this free product.

If we choose I, R, S, RS as a Schreier transversal for H2(1/2) then it is easy to
see that M is a set of generators for H2(1/2).

We also have

Theorem 8.2: Let m be a positive odd integer. Then
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e

H™(V2) = H(\V?2). (8.11)

Proof: It is clear as the quotient is trivial.

We finally have

Theorem 8.3: Let m be a positive integer such that m = 2 mod 4. Then

H™(1/2) is the free product of the infinite cyclic group Z and m finite cyclic groups

of order two.

Proof: It is easy to show that the quotient group is isomorphic to the dihedral

group D,, of order 2m. The permutation representations of R,S and T are

(12)(34)...(2m —12m)
(2 3)(4 5)...(2m 1) (8.12)
(135.

L2m = 1)(2m 2m — 2 ... 4 2).

11

Then H™(+/2) has the signature (0 ; 2™ 0o, 0o) similarly to the previous cases, i.e.

H™(v/2) is the free product given in the statement of the Theorem.
Note that when m = 2 mod 4, H*(V/2) = W,.(V2).

We can now conclude our research of the power subgroups of H(+/2) making a

few remarks. Note that we have already proved

H(V/2) if m is odd

m -) _— k] .

H (\/:) { H/,,l(\/':.?-) ifm = 2 mod4. (8.13)
Because of this we have only left to consider the case where m is a multiple of
four. Let now m = 4k, k € N. Then in H(v/2)/H™(V/2) we have the relations

r2 = s* = | where r and s are the images of R and S, respectively, under the
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homomorphism of H(v/2) to H(v/2)/H™(+/2). These relations imply that H™(1/2)

is a free group.

We now investigate the structure of another important normal subgroup of

H(+/2), namely the even subgroup H.(1/2) defined in the introduction:

Theorem 8.4: The even subgroup H.(v/2) of H(1/2) defined by

H.(V2) := {M _ ( 5 b“g) .M e H(\/E)} (8.14)

is a normal subgroup of index two of H(+/2). Also

H(V2) = H.(V2) U RH.(V2), (8.15)
H(V2) 2<T>x<TU>=< RS >% < RS*R >, (8.16)

and therefore H.(1/2) is isomorphic to the free product of the infinite cyclic group
(generated by RS) and the finite cyclic group of order two (generated by RS%R).

Proof: Having index two H.(1/2) is a normal subgroup of H(y/2). By the per-
mutation method the signature of H.(1/2) is (0 ; 2,00, 00) as each of R and S go to

elements of order two.

Let us now choose I, R as a Schreier transversal for the even subgroup. Then
it is easy to find that H.(1/2) has the parabolic generators T = RS and U = SR
with their product TU being the elliptic generator of order two.

Finally as R ¢ H.(v/2), (8.15) follows.

The even subgroup is very important amongst the normal subgroups of H(1/2).
It is one of the three normal subgroups of H(v/2) with cyclic quotient of order two

and contains infinitely many normal subgroups of H(1/2). It will often be used in
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the classification and determination of the group theoretical structures of certain

types of normal subgroups like principal congruence subgroups, etc.

Recall that the normal subgroups of genus 0 of the Hecke groups have been
discussed in Chapter 4. We now discuss these subgroups particularly for H(1/2)

without going into details. For some proofs see Chapter 4.
8.2. NORMAL SUBGROUPS OF GENUS 0 OF H(V2)

It is well-known that if N is a normal subgroup of genus 0, then H(v/2)/N is a
group of automorphisms of the sphere, so that H(y/2)/N is isomorphic to a finite
subgroup of SO(3), and therefore, is isomorphic to one of the finite triangle groups.
As we can always find a homomorphism of H(v/2) to the dihedral group D,, for every
n € N, H(+v/2) has infinitely many normal subgroups of genus 0 unlike the odd ¢

case and in particularly the modular group case.

If we map H(v/2) to the cyclic group Cy = (1,d,d) where d|4, we obtain a
normal subgroup N = (0 ; 2(9),4/d, 00). This subgroup is denoted by Y;(+/2) and
is isomorphic to the free product of a cyclic group of order 4/d and d cyclic groups

of order two. If d }4 then there is no homomorphism of H(v/2) to a cyclic group Cj.

Secondly, if we map H(1/2) to the dihedral group Dy = (2,d,2) where d|4, we
obtain N = (0 ; 4/d,4/d, 00} which was denoted by S¢(v/2). Note that S;(+/2)
and S3(v/2) contain elements of finite order while S;(1/2) is free of rank three. Again

if d is not a divisor of four, this process is not possible.

Thirdly, by mapping onto Sy = (2,4,3) we obtain a normal subgroup denoted

by T4(V/2) with signature (0 ; co®) which is isomorphic to a free group of rank seven.

We have already found seven normal subgroups of H(v/2) with genus 0. We
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now introduce an infinite family of normal subgroups of genus 0 by considering the
homomorphism of H(v/2) onto D, = (2,2,n) for any n € N. Then we obtain the
normal subgroup W, (1/2) with signature (0 ; 2(*), 00, 00). These subgroups have
the property that each W,.(1/2) contains infinitely many normal subgroups W;,(1/2)
of genus 0, since we have W,1(1/2) < Wn(ﬁ)

Hence we have the following result:

Theorem 8.5: All normal subgroups of H(1/2) with genus 0 are H(+/2), Y2(+/2),
Yi(v2), S1(v/2), Ss(v/2), Ta(+v/2) and W,(1/2) for n € N.

Corollary 8.1: H(v/2) has infinitely many normal subgroups of genus 0.

Remarks 8.1: (i) Note that in the case of modular group, and in general, of
any odd ¢, we only have finitely many normal subgroups of genus 0. We shall see

that for every even ¢, H(),) has infinitely many normal subgroups of genus 0.

(ii) It is clear that when m = 2 mod 4, the subgroups H™(1/2) and W,,(v/2)

coincide.

(iii) Note that the subgroups He(v/2), S2(v/2), H?(v/2) and H*(v/2) for n
2 mod 4 are automatically included in the list of Theorem 8.5, since Hc(v/2) =
Wi(v2), S:(v2) = H3(V/2) = Wy(v/2) and finally H*(v/2) = W,(v/2) for n =
2 mod 4. We can also see that the congruence subgroups Fg(ﬁ), Kg(\/f), F3(\/§)
and K3(v/2) are also in this list since K5(v2) = Wi(v/2), I'2(v2) = Wi(v/2) and
K3(v2) = T3(v2) = Tu(V2).

8.3. FREE NORMAL SUBGROUPS OF H(+/2)

As a free product of two finite cyclic groups of orders two and four, H(1/2) has,
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by the Kurosh subgroup theorem, some free normal subgroups. We shall prove in
this section that these are actually infinitely many. We shall also give a characteri-

sation of them. First we have

Lemma 8.1: Let N be a non-trivial subgroup of H(+/2). Then N is free if and

only if it contains no elements of finite order.
The proof of this lemma is just a special case of the proof of Lemma 6.2.

Lemma 8.2: The only normal subgroups of H(1/2) containing elements of finite

order are H(v/2), Y2(v/2), S1(v/2), Ya(v/2) and W, (+/2) for n € N.

Proof: Let N be a normal subgroup of H(1/2) containing an element of finite
order. Then N contains an element of order two or an element of order four. Since
every element of order two is conjugate to R or S?, and every element of order four
is conjugate to S or S3, it follows that, as N is normal, N contains R, S and/or S2.

Then there are five possibilities:
(1) N contains R and S. Then clearly N = H(1/2).

(2) N contains R but not S or S%. Then in the homomorphism from H(1/2) to
H(+v/2)/N, R goes to the identity and S goes to a product of 4-cycles. Therefore
RS goes to a product of 4-cycles as well. That means that H(1/2)/N is isomorphic
to Cy = (1,4,4). Then N has the Signature (0; 24, 00), and hence N = Y,(v/2).

(3) N contains R and S? but not S. Then R goes to identity and S goes to a
product of 2—cycles. Therefore H(v/2)/N is isomorphic to C; and N has the signa-
ture (0 ; 2,2,2,00). Hence N = Y3(V/2).

(4) N contains S?, but not R or S. Then both R and S go to 2-cycles. Hence
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the parabolic element RS could go to any product of n-cycles, which altogether
imply that H(+/2)/N is isomorphic to the dihedral group D,, n € N. In this case
we have seen that the subgroup is W,(v/2).

(5)'Finally N contains S but not R. Here R goes to 2-cycles and S goes to

the identity. Therefore H(+/2)/N is isomorphic to C;. Then N has the signature
(0 ; 4,4, 00) which is the subgroup S;(v/2).

Remarks 8.2: (i) Note that Lemma 8.2 implies that H(1/2) has infinitely many

normal subgroups containing elements of finite order unlike the modular group and

any odd ¢ case.

(ii) The list of Lemma 8.2 also includes the normal subgroups Yi(v/2), K2(v/2),
H2(1/2), S5(v/2) and T'y(1/2), since each of them is equal to one of those listed above

(see Appendix 1 for more details).

We now have the following result:

Corollary 8.2: Let N be a normal subgroup of positive genus of H(v/2). Then

N is torsion—free.

Corollary 8.2 does not have a converse as there are some free normal subgroups

of H(+/2) with genus 0, as we have seen in 8.2.

We can now characterize the freeness of a normal subgroup of H(v/2) by com-

paring it with the following list of normal subgroups:

Theorem 8.6: Let N be a non-trivial normal subgroup of H(v/2) different from

H(v?2), Y2(v2), S1(V?2), Ya(v/2) and W, (v/2) for n € N. Then N is free.



Proof: Clear by Lemmas 8.1 and 8.2.

Now we know that what normal subgroups of H(+/2) are free. It is also impor-
tant to know the rank and index of these subgroups. We have seen in Chapter

that if V is a free subgroup of H(}),) of genus g, then the rank of N is

r=2g+t-—1 (8.17)

Note that particularly when g = 0,r = t—~1 and wheng=1,r =t + 1.

Let now N be a normal free subgroup of H(v/2) of index u. Then R goes to an

element of order 2 and S goes to an element of order 4 implying the following result:

Theorem 8.7: If N is a normal free subgroup of H(1/2) with finite index g, then

41 p. (8.18)

Note that in the statement of Theorem 8.7, we need N to be free , for otherwise,

we have, as a counter example, W,(1/2) with index sometimes not divisible by four.

Now by the Riemann-Hurwitz formula, the genus g of such a subgroup is given by

n—4
=1 . . 8.19
g + (8.19)

This implies, for a given genus g # 1, that we can only have finitely many normal

free subgroups of genus g of H(v/2), since the equation (8.19) has only finitely many

solutions.

For ¢ = 1 the situation is quite different. Here n must be four and ¢ could be
any natural number. Therefore there are infinitely many normal subgroups of genus

1 in H(+/2). (We proved their existence in Chapter 5 using regular maps of type
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