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ELASTIC POSTBUCKLING BEHAVIOUR AND 
CRINKLY COLLAPSE OF PLATE STRUCTURES 

by S. Sridharan 

The widespread use of structures built up of thin plate elements in 

engineering construction has made a study of their buckling, post-

buckling and collapse behaviour very important. 

In the present study methods of buckling and post-local-buckling 

analysis of prismatic plate structures have been lieveloped using the 

finite strip approach. The buckling analysis presented takes into 

account the prebuckling stress distribution and can model localised 

buckling modes by a superposition of a chosen number of harmonics. 

The post-local-buckling analysis has been developed in tw^ versions: 

The first, a simpler version which neglects the coupling of inplane and 

out of plane displacements (and forces) of plates imeeting along a common 

edge, 

the second, the more general version which indkes no such assumption. 

Brief parametric studies on the post-local-buckling behaviour of a few 

typical plate assemblies have been reported. 

The plate structures are known to fail most frequently by a 'crinkly' 

buckling of one or more of their junctions; and this type of failure can 

occur entirely elastically. With the object of gaining an insight into 

this phenomenon, an analytical and experimental investigation on square 

box columns was undertaken as part of the present studies. The experi-

mental study established that the elastic collapse loads of the box 

columns is very reproducible and the phenomenon of crinkly collapse under 

controlled compression, is the result of snap-buckling of the structure 

after reaching a limit point, to a remote state of equilibrium. Good 

agreement was found to exist between the theoretically predicted and 

experimental values of collapse loads. A theoretical mechanical model 

of a column resting on a nonlinear elastic foundation has been proposed, 

to explain post-collapse "crinkly" displacement profile. 
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Notation 

Coefficients of the terms of energy expression 

B Width of plate 

Buj Coefficients of terms of energy expression 

C Width of patch loading on a plate 

Cjj Coefficients of terms of energy expression 

D Flexural rigidity of plate per unit width 

E Young's Modulus of the material of the plate 

N Total number of degrees of freedom of plate strip 

P Applied patch load on plate 

P _ Critical value of P 
cr 

A global degree of freedom 

U Total internal strain energy 

V Potential Energy of applied load 

W Total potential energy of a plate strip 

X,Y,Z Global axes of coordinates 

a Length of plate 

b Width of plate strip 

e Average strain of the plate structure 

h Thickness of plate 

i,j,k,&,m,n,p.q integers 

qu A local degree of freedom 

u,v,w Displacements in the longitudinal, transverse (inplane) 

and normal (out of plane) directions 

x,y,z Coordinates of a point in the longitudinal, transverse 

(inplane) and normal directions of a plate strip 

A End compression of a plate 

a = a/h 

VI 



g = b/h 

Y = a/B 

6 End compression of a plate 

E Perturbation parameter in chapters 2 and 3; average 

strain of the plate elsewhere 

Strain components at a point 

n Nondimensional 'y' coordinate of a point in plate 
strip (y/b) 

X Halfwave length of buckling 

V Poisson's ratio of the material of the plate 

r 
^ Nondimensional 'x' coordinate of a point in plate 

strip (x/a) 

a ,0 ,T Normal and shear stress components 
X y xy 

a p Buckling stress 

o.o Average longitudinal stress 
' av 

0 Maximum membrane stress 
max 

Ajry's stress function 

I f 

ay4 

w A synonym for 'w' in Chapter 1. 

All the other symbols have been defined when they are first introduced. 
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CHAPTER T 

REVIEW OF THE LITERATURE AND SCOPE OF 

THE PRESENT INVESTIGATION 

].1 Introduction 

of the major developments in modern civil, aeronautical and 

naval construction is the widespread use of structures composed of thin 

plate elements. The characteristic feature of thin-walled structures 

is tt̂ Lt th^^ are susceptible to local buckling when carrying longitudinal 

compression, i.e. t±e individual plates developing out of plams deforma-

tion while the junctions remain essentially straight. This results in 

the structure losing some of its stiffness after a certain critical load, 

but it can often have a great deal of reserve strength before it 

collapses. 

The determination of the critical load is of importance as buckling 

is accompanied by a loss in stiffness and growth of out of plane deflec-

tions. This is especially true of supersonic aircraft construction 

where the prime necessity is the maintenance of the aerodynamic shape of 

the vehicle. A postbuckling analysis, idhich takes into account the 

geometric and material nonlinearities can provide information regarding 

the stiffness characteristics of the structure under loads in excess 

of the critical load and help to assess the collapse load; and this 

has become vitally important in the curoMit design practice inspired 

as it is by the limit state design philosophy. 

It is not surprising therefore, that the attention of several 

investigators has remained focussed on the subject of buckling,post-

buckling behaviour and ultimate strength of plate structures in the past 



five decades. Most of the investigators have tended to concentrate their 

studies on single plates rather than plate assemblies in spite of the 

widespread use of the latter in practice. This is especially true of 

postbuckling and ultimate strength analysis due, understandably, to the 

necessity of exploring fully the behaviour of the basic component of 

plate structures and the complexity of analysis of combinations of 

plates. In the present investigation, greater emphasis is laid on the 

analysis of plate assemblies, but attention is restricted to elastic 

behaviour. A characteristic feature of the plate assemblies is their 

mode of failure by a "crinkly" collapse of junctions, and interestingly 

this type of failure can occur entirely elastically. In the present 

investigation an attempt is made to understand and explain this mode of 

collapse of plate structures. Thus the present investigation is con-

cerned mainly with the elastic postbuckling behaviour and crinkly collapse 

of plate assemblies. As a prelude to this study, an investigation into 

buckling of plate structures has been undertaken. In the review of 

literature that follows, an attempt has been irnade to place the present 

work in the context of earlier studies. 

1.2 Review of literature 

la this section, a brief review of Che literature on flat plate 

structures is presented. Emphasis will be on structures carrying axial 

compression, these being the most relevant to the present thesis. 

1.2.I Initial buckling of plate structures 

The literature on initial buckling of plates with various boundary 

conditions is very extensive as seen from references 1-4. The problem 

of initial buckling of plate assemblies has been studied extensively by 
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v=\^ 

V = Vg 

V=V2 

(b) 

V = V2 
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Pig. 1.1 Examples of Plate Assemblies with nontrivial 

Prebuckling Stress distribution. 
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Witcrick , who in a series of papers developed a generalised inatrix 

approach for the problem. His approach was based om a solution of the 

governing differential equations as given by Novoz&ildv'^ in terms of 

displacements. In contrast to the previous analyses, it was possible 

in this approach to obtain the 'local','overall' or 'coupled' buckling 

modes and loads as eigenvectors and values of a single stiffness matrix. 

Parallel to the development of the 'exact' method by Wittrlck, a 

simpler finite strip method of buckling analysis has been developed by 

11 12 

Turkey and Cheung independently. In this imethod, approximate poly-

nomial functions were used to characterise the variation of the dis-

placements in the transverse direction and a variational principle was 

invoked to generate the equilibrium equations. Ite main advantage of 

this approach over one based on solution of differential equations, is 

that it leads to a linear eigenvalue problem, which is capable of a 

direct solution for all the eigenvalues and wsctors. 

In all the above methods, the constituent plates are subjected to 

stresses (uniform or varying) whose values are known at the outset. In 

many situations in practice, the stress distribution can not be known 

a priori and can not be described adequately by simple expressions. 

Two examples will be cited to illustrate this point. In Fig. I(a-b) 

are shown the configurations of plate assemblies which carry uniform 

longitudinal stresses applied at the ends of the structure. Due to the 

'indeterminacy' of these structures, each of the constituent plates will 

carry varying magnitudes of stresses in the transverse direction due to 

Poisson's effect, the magnitudes of which are not known before hand. 

Fig. 1(c) shows a plate structure carrying a combination of axial and 

lateral patch loading. In this case the prebuckling stress distribution 

is too cong)lex to be described in terms of simple expressions. In the 

foregoing problems, it is necessary first to obtain the prebuckling 



stresses and feed their effect into the buckling analysis. In odber 

13 

words buckling must be treated as bifurcation from a "nontrivial" 

equilibrium path. Such an investigation for plates carrying inplane 

patch loads has been made by Rockey and Bagchi'^ using a finite element 

approach. In chapter 2 of this thesis a finite strip approach has been 

developed to deal with similar problems. 

1.2.2 Initial postbuckling analysis: General 

The problem of postbuckling analysis of plate structures, is in 

general a difficult one, riddled as it is by the presence of finite 

deflections and progressive plastic yielding of regions of the plate. 

In this section, attention will be confined to postbuckling behaviour 

of plates and plate assemblies at loads which are not far in excess of 

the critical load, while the material is assumed to remain elastic. 

The differential equations governing the problem of "large" 

deflections of plates were first established by von Karman*^ in 1910, and 

these are of fundamental importance in the study of nonlinear behaviour 

of plates. It must be noted that a few important assumptions'^'*^ 

had been made in deriving these equations. These are briefly 

w >> u,v 

. 0 « • • • • 

These assumptions are indeed valid for the postbuckling analysis of 

plates in the vast majority of practical situations, as has been 

demonstrated by analytical and experimental studies in the past five 

decades. 

In the context of postbuckling behaviour of plate assemblies it is 

ing)ortant to note that von Karman equations are not adequate for a study 

of post-overall—buckling problems, but only for post-local-buckling 



studies. This can be clarified by reference to Fig. 1.2. In the local 

buckling problems, each plate undergoes normal displacements while the 

junctions undergo little or no displacements. (Fig. 1.2(a)). An overall 

buckling mode, on the other hand, is one in which the junctions undergo 

significant translations. In this case, some of the constituent plates 

will undergo inplane displacements in the transverse direction which 

may not be small in comparison with normal displacements, as for example 

the stiffeners in the stiffened plate shown in Fig. 1.2(b). This meana 

tha± the assumption 1(a) of the von Karman theory is invalidated. In 

order to model the post-overall-buckling behaviour it is necessary to 

include the nonlinear terms in 'v' as well as in 'w' in the strain dis-

placement relations. Owing apparently to its complexity, it seems such 

an analysis has not been dealt with in literature so far. This is also 

trne of the present studies which deal only with the post-local -

buckling phenomena. 

1.2.2.1 Initial postbuckling analysis of single plates. 

With the exception of a small number of papers, most published work 

on the subject of postbuckling analysis of plate structures deal with 

single plates rather than of plate assemblies; and on this however a 

wealth of literature exists. The analytical procedures employed for 

the study of the problem fall under the following categories: 

1. Solution of von Karman differential equations. 

2. Solution of the von Karman compatibility equation together with 

the use of a variational method. 

3. Variational procedures. 

These will be considered briefly one by one in the following. 

1.2.2.1.(a) Solutions based on differential equations 

An "exact" solution of the von Karman equations for the case of a 
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simply supported plate under uniform edge compressiom was obtained 

18 
by Levy . The method waa based on the assumpticm of 'w* in the form 

of a double Fourier series. An extension of this method was due to 

19 
Coaa who studied the behaviour of plates with initial imperfections 

20 
with stress-free unloaded edges. Hemp proposed an iterative solution 

of von Karman equations for the initial postbuckling analysis of 

rectangular plates with one pair of edges simply supported. Manuel Stein 

21 22 

' employed a perturbation technique to solve the differential 

equations in order to study the problem of a simply supported rectangular 

plate. 

Except for the simplest case of a plate simply supported on all 

its four edges, the solution of the von Karman equations is no easy 

task. For plates with various boundary conditions, a semivariational 

approach appears to be more fruitful and this will be discussed next. 

1.2.2.l.(b) Semi-variational approach 

this approach is based on the fact that it is fairly easy to 

characterise the normal deflection 'w' by a relatively small number of 

terma (say one or tw^but not the stress function. OmLce the function 

for 'w' is assumed, it is often possible to solve the compatibility 

equation to obtain in terms of the coefficients describing 'w'; 

the arbitrary constants in the solution for can be obtained from 

the inplane boundary conditions. Instead of attempting to satisfy the 

equilibrium equation with these expressions for 'w' and it is 

often simpler to invoke a variational principle to generate the required 

nonlinear algebraic equations in terms of the unknown coefficients in 

the function describing 
23 

The earliest application of this technique was by Marguerre who 

solved the problem of a simply supported plate using upto three terms 

in the description of 'w' and Ritz procedure to generate algebraic 



equations governing the problem. 

Yarmaki undertook a comprehensive investigation of the postbuckling 

behaviour of rectangular plates using the semivariational method^^. 

Several combinations of inplane and out of plane boundary conditions 

were considered by him, such as simply supported and clamped edges for 

a pair of opposite edges as well as two sets of inplane boundary con-

ditions along the unloaded edges - one in which the edgps were allowed 

to freely wave and the other in which they were allowed to move but 

held straight. Galerkin's variational technique was used to generate 

the algebraic equations in terms of the unknown coefficients in the 

description of 'w'. Numerical solutions were obtained for square 

plates with or without initial imperfections. 

25 

Similar method was used by Walker in his investigation of simply 

supported square plates who used a perturbation technique to obtain the 

postbuckling characteristics. This obviated the necessity of solving 

nonlinear equations and an explicit solution for the deflection coeff-

icients was found to be possible. In using a perturbation method, it is 

important to remember that the accuracy of the final solution depends 

on the perturbation parameter chosen and in general remains unknown 

(unless by comparison with an already available solution) on points not 

in the immediate vicinity of the critical load. But the path parameter 
chosen by Walker /lo-a ^)/o ^ - the same as the one used by Stein, was 

found to give very satisfactory results for the postbuckling problem. 

A long rectangular plate, with all its edges supported in some 

manner, buckles under longitudinal compression with a deflection mode 

which can be satisfactorily represented by a sine wave at the initial 

stages of postbuckling behaviour. In such a case, the plate is subdivided 

into a sequence of independent buckles, with the nodal lines remaining 



straight and carrying no shear stresses. Thus it is necessary and 

sufficient to consider the action of just one buckle between two 

successive nodal lines to obtain the initial postbuckling behaviour of 

the entire plate. Such an approach was taken by Rhodes and Harvey^^ 

all of whose solutions are based on the assumption of 'w' in the form 

w = w(y) sin —^ 

where 'X' is the half wave length of buckling, (Fig. 1.3) and w(y) is a func-

tion of y, which could be so chosen as to satisfy the out of plane boundary 

25 

conditions. In one of their earlier papers , th^^ studied the behaviour 

of plates elastically restrained along its longitudinal edges but 

resting on rigid supports. A two term trigonometric function was employed 

to describe the normal displacement in the transverse direction. The 

solution was found to be quite accurate upto twice the critical load. In 
27 

a subsequent paper a four term polynomial ivas used to describe the 

buckling mode and the postbuckling analysis was carried out making the 

assumption that the postbuckled deflected form is the same as the buckling 

mode. An analysis based on such an assumption ca# not depict the drop 

in postbuckling stiffness with increase in load as was found by Graves-

sg 
SmithT in an earlier investigation, on rectangular columns. The same 
assumptions were made by Rhodes and Harvey, in their analysis of 

28 
eccentrically compressed rectangular plates . A summary of their 

29 

findings may be found in a recent paper . The chief contribution of 

these papers lies in producing a large body of useful results for the 

initial postbuckling stiffnesses for plates with various degrees of 

rotational restraints along the unloaded edges subjected to linearly 

varying applied end compression. 

The semivariational approach has proved to be quite a useful tech-

10 



nique for the initial postbuckling analysis of rectangular plates. 

However the algebraic work involved becomes much too tedious if several 

harmonics have to be taken into account in the longitudinal direction 

as may be required for loads higher than twice the critical load. The 

secret of their success lies in the fact that the boundary conditions 

in 'w' and are not coupled in the problems considered (so that 'w' 

can be described without reference to Suc& a coupling can occur 

when the plate is subjected to skewed boundary conditions as shown in 

Fig. 1.4. 

1.2.2.].(c) Variational methods 

The solution of von Karman compatibility equation is often a very 

difficult task and may not be readily achieved for any set of boundary 

conditions, even for rectangular plates. In such situations it can often 

prove simpler to make use of a variational principle and convert the 

problem into one of a solution of algebraic equations in terms of un-

knowns describing the displacements. In this section, these methods will 

be briefly discussed in the context of postbuckling analysis of plates. 

The following formulations of the variational method have been used 

in the past for a variety of structural problems:-

(i) The classical variational methods, such as Rayleigh-Ritz, 

Galerkin and Kantorovich methods. 

(ii) The finite element method. 

(iii) The energy formulation of the finite difference method. 

(i) Classical variational methods 

The application of Rayleigh-Ritz method has been restricted to the 

simplest case of a simply supported rectangular plate The main 

difficulty lies in the description of inplane displacement across the 

plate in terms of a manageable number of unknowns. Inadequate description 

I 1 



of inplane displacements will lead to inaccuracies in the resulting 

3? 

postbuckling characteristics, as for example in limoshenko's analysis " 

where the displacements were each described by one term. 

33 

Walker applied Galerkin's method for the problem of rectangular 

plate carrying a nonuniform loading. In the analysis, both 'w' and 

were described by polynomials whose coefficients were so adjusted as 

to satisfy the boundary conditions. The solution procedure, though of 

interest from the point of view of the analytical technique used, was 

found to involve generally more arithmetical work than the semienergy 

method for obtaining an accurate result. 

The main disadvantage associated with the classical methods is their 

lack of generality, in that it is very difficult to take into account 

the arbitrary geometry and boundary conditions of th# plate. 

(ii) Finite element method 

This is a generalised version of the Ritz imethod. The method is 

based on the description of displacements in s^b-domains (elements) 

instead of over the entire domain. Each element is connected to adjacent 

elements at joints, called nodal points, through which continuity of 

certain displacement parameters (called nodal degrees of freedom) is 

maintained. A stiffness relationship between the nodal forces and dis-

placements can be established using the virtual work principle for each 

element. 

The method has proved to be very powerful and is capable of dealing 

with complicated shapes and boundary conditions of plates^^ . The 

first attempt at including the geometric effects in method for the 

purpose of studying the buckling problem was made by Turner^^ et al. in 

1960. Later a long series of publications^^ has extended the method 

12 



to be applicable to various types of instability aKd large deflection 

problems. The finite element implementation may be based either on a 

total Lagrangian description of the displacements referred to a fix^d 

coordinate system or on a formulation where the "local" coordinate 

frames are updated in a stepwise fashion. The total Lagrangian des-

cription has the merit of simplicity and computational ease and has 

been used extensively^^'^^'^^. The formulation based on a movable 

'local' coordinate systems used by Murray and Tfilson removes the 

restriction on the displacement gradients that they be small. 

While it is true that the finite element inethod is the most 

versatile and powerful for dealing with structural problems, it can 

often prove expensive in computation and can be recommended only when 

cheaper and more efficient methods can not be found for the problem. 

If the ends of the plate are simply supported, a finite strip approach 

would often prove more efficient. This has already been forcefully 

demonstrated by Cheung for the buckling problem. However the applica-

tions of this technique for nonlinear problems have been very few. 

Of these, Ref. 48-51 deal with the problem of rotational shells using 

ring elements. The major difficulty encountered herein, arises due to 

the coupling of several harmonics in the solution, leading to a large 

number of coefficients of nonlinear terms to be calculated. In order 

to simplify the analysis certain approximations have been made e.g. 

coupling of certain harmonics being neglected altogether or the quartic 

terma in the potential energy expression. The validity of these 

assumptions for the postbuckling analysis of plates is questionable. 

The ref. 47 deals with the nonlinear analysis of plates, w%th 

displacement functions which model satisfactorily neither the case of 

uniform end compression nor of uniform apnlied stress. In chapter 3, 

13 



of the thesis, this method is developed to deal with post-local-buckling 

problem of plate assemblies, where it is shown how the foregoing 

difficulties can be overcome. 

(iii) Variational formulation of the finite difference method 

Usually the finite difference method is used to satisfy at 

discrete points, the differential equations governing the problem. In 

52 
this form, it has been used for large deflection problems by Wang and 

53—54 

more recently by Chapman . However investigations in which the 

difference technique has been applied directly to the functionals 

associated with the differential equations, have reported by 

Greenspan^^ This approach has been utilised for structural problems 
57 

by Almroth, Bushnell and others. It is believed that the finite 

difference method in this form, could be successfully applied to the 

postbuckling problems of plates. Nevertheless, the method is less 

versatile than tlhe finite element method being more difficult to apply 

in nonrectangular domains and in the presence of discontinuities. 

1.2.2.2 Initial postbuckling analysis of plate assemblies 

In contrast with single plates, the literature available on 

initial postbuckling analysis of combinations of plates is rather scanty. 

The most of the available solutions of the postbuckling problems of 

plates are based on solutions of differential equations and semi-

variational approaches. These methods tend to make the analysis of 

arbitrarily given configuration very complicated, as they involve 

satisfaction of difficult equilibrium and compatibility conditions along 

the junctions of the plates. The finite element approach provides a general 

framework for dealing with this problem, but would prove very expensive 

for computation. 

14 



The first notable work on the subject is by BenthenP^ who used the 

semi-energy method for obtaining the reduction in stiffness of the plate 

assembly immediately after local buckling. From the point of view 

of postulating the boundary conditions, the junctions were classified 

by him into three specific types: 

1) A "corner", i.e. a sharp bend between adjacent plates (Fig. 1.5(a)) 

2) A "transition" connecting two adjacent plates of unequal 

thickness. (Fig. 1.5(b)) 

3) A "branch point" where one plate branches off from a junction 

of two other plates in a line. (Fig. 1.5(c)) 

It can be readily seen that for a "transition" the boundary con-

ditions in 'w' and are not coupled, but for a 'corner', they are 

coupled in a strict theoretical sense. But using a fairly lengthy 

mathematical argument, Benthem came to the conclusion that the following 

boundary conditions may be applied for each of the plates meeting at a 

'corner':-

, the normal stress in the transverse direction = 0 
9x2 

w , the normal displacement = 0 

This set of conditions applied for each of the plates results in the 

violation of compatibility and equilibrium conditions along the junction, 

but can be justified on the following grounds: (i) The extensional 

rigidities of the plates are so great in comparison to flexural rigidit-

ies, that little resistance is encountered as each of the plates wave in 

their own plane and (ii) the inplane displacements for each of the plates 

along the common edge are small by an order of inagnitude in comparison 

to the normal displacements, the bending energy Involved in accommodating 

these displacements is negligibly small. (Fig. 1.6 and 1.7) 
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It will be of interest to consider the case of a junction where 

three plates meet at nearly equal angles (Fig. 1.8) and examine whether 

the above assumptions can be made. In this case, the inplane movements 

of each plate are resisted by those in the other two and thus each plate 

would carry a normal stress in the transverse direction at the common 

edge 0. However two equilibrium equations can be written relating 

these forces while the normal displacements at 0, for each of the plates 

can be assumed to vanish. 

Another situation where Benthem's approximations become question-

able is when two plates (such as AO and BO in Fig. 1.9) meet at a very 

oblique angle. Here even very small inplane displacements in the plates 

AO and BO would result in a comparatively large normal displacement at 

the common edge and this in turn can have a significant effect on the 

postbuckling characteristics of the plate structure. Such a problem 

is discussed in chapter 4. 

However, it is apparent that Benthem's approximations are valid for 

the initial post-local-buckling analysis for a wide spectrum of cases 

of practical interest. But the major disadvantage of Benthem's approach 

is that it is not suitable for automated confutation, a consideration 

which becomes important when dealing with plate assemblies consisting 

of several plates. 

An elastic post-local-buckling analysis of rectangular columns was 

59 

presented by Graves-Smith as part of his studies on the ultimate 

strength of columns. Semi-energy method was used and the boundary 

conditions along the junction were approximated in the same manner as in 

Benthem's analysis. Initial postbuckling stiffnesses were obtained for 

rectangular columns of various ratios of length to width of the cross-

section. Since the deflection mode was not allowed any freedom to 
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change in Che postbuckling range, it was not possible to obtain the 

reduction in postbuckling stiffness which occurs as the applied loads 

increase well beyond the critical. In a subsequent paper^^ Graves-Smith 

considered the post-local-buckling behaviour of a box beam subjected 

to end moments using a similar approach. 

Another significant contribution on the subject of post local 

buckling behaviour of combinations of plates came from Rhodes and Harvey 

who studied the problem of plain and lipped channels^* subjected to 

compression and bending using the semi-energy method. Their theoretical 

results showed good agreement with the experimental results published 

earlier by Winter. 

Before concluding this subsection, it may not be inappropriate to 

refer to the earlier studies of the author on the problem of elaatic 

postbuckling behaviour of plate assemblies, briefly summarised in 

Appendix I of the thesis. The solution is based on am assumption of 'w' 

and in the form of a trigonometric series, each term of which is 

associated with a finite difference grid in the transverse direction. 

By expanding certain terms in Fourier series again and using the perturba-

tion technique, it was possible to reduce von Karman equations to 

sets of sequentially linear algebraic equations. The advantage of 

this solution is that it uncouples the equations corresponding to eac% 

trigonometric term, which imay be solved separately, thus resulting 

in saving of computing effort. However, this approach did not prove 

efficient for tracing the postbuckling equilibrium path in its highly 

nonlinear ranges, as is shown in Appendix I. 

].2.3 Advanced postbuckling analysis of plates and plate assemblies 

As the applied load increases well beyond the critical, the struct-



ural response of the plate undergoes changes which can not be predicted 

by the relatively simple postbuckling analysis considered so far. TPhe 

analysis must be capable of depicting 

]. The possible changes in longitudinal wave form which can 

usually be accompanied by abrupt loss of stiffness of the buckled 

structure. 

2. The interaction of local and overall buckling modes, which imould 

occur if the plate structure is sufficiently long. 

3. The phenomenon of progressive plastic yielding of the material 

leading to the collapse of the structure. 

4. Collapse of the structure which is accompanied by 'crinkly 

buckling' of plate junctions, which is the sudden appearance of an 

extremely localised mechanism type of deformation or kink along the 

junction. 

The study of these phenomena has proved, in general, very difficult 

and therefore it is not surprising that the literature available on 

these is rather limited. 

1.2.3.I Changes in wave form 

The phenomenon of change of longitudinal wave from was first 

studied by SteinF^'°^. "The possibility of change of wave form from 

one consisting of 'm' half waves, on a certain point on the primary 

postbuckling equilibrium path, to one consisting of 'n' half waves 

(secondary buckling path) depends upon the second variation of the 

potential energy of the structure with respect to the degrees of 

freedom corresponding to the two buckling modes. If it is positive 

definite, the primary buckling is stable; and if it ceases to be 

positive definite at some point, then a change of wa^e foim is imminent. 
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Stein investigated the simpler problem of a mechanical model*^ resting 

on nonlinear elastic springs. With this it lyas possible to obtain the 

different possible paths of loading and unloading that could Ibe followed. 

Some led to conditions of gradual transition from one node to another 

and others to snapping or 'explosive' changes. In practice this change 

might be delayed or advanced by the presence of initial imperfections. 

However, Stein did not apply this rigorous procedure for the plate 

problem but based his results on a study of an infinitely long plate 

which was supposed to exhibit continuous change of wave form. 'The 

results of an experimental investigation on a plate resting on a number 

of intermediate supports subject to longitudinal compression were also 

reported. These results will be commented upon towards the end of this 

section. 

The problem of changes in wave form of plates was studied by 

64 

Supple in a rigorous manner. His approach was based on a detailed study 

in general terms of the possible forms of coupled buckling modes for 

structural systems with two degrees of freedom which have symmetric 

uncoupled modes^^ The plate was considered to have two degrees of 

freedom corresponding to any two given wave forms. Solutions were 

obtained for uncoupled and coupled buckling modes taking into considera-

tion the initial imperfections of the plate. With these solutions, it 

is possible to predict whether any change of form will occur at all and 

if so to obtain the precise path of transition from one mode to 

another, in any given case. 

It will be a matter of interest to examine Stein's experimental 

results in the light of Supple's theoretical conclusions. For an 

initially perfect simply supported, uniformly compressed plate with the 

unloaded edges free to move but held straight, Supple^^ haa proved 
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that no change of wave form from the primary buckling mode will occur; 

21 

on the other hand Stein's experimental study on a plate which can be 

treated as having the above boundary conditions does show a change of 

wave form, the plate snapping from a mode with five half waves to 

another with six half waves, while it remains still elastic. (Ref. 

Fig. l.IO) Thus it would appear that Stein's experimental results can 

be explained only by the presence of initial imperfections (in the form 

of a sine wave with a half wave length equal to one sixth of the length 

of the plate). It may be noted that Stein's theoretical results, based 

on a hypothetical continuous change of wave form are a way off his 

experimental results. 

In conclusion it may be stated that the results obtained by Supple 

are indeed of considerable interest, but his analysis is restricted to 

the case of simply supported plates on all the edges. In chapter 3 of 

this thesis, a method using finite strip technique for the problem is 

discussed. 

1.2.3.2 Interaction of local and overall buckling 

The local buckling of a plate assembly such as rhir.r-wal 1 columns 

results in a loss of stiffness of the structure, thus reducing the 

resistance of the structure to overall buckling; a coupled mode of 

buckling would set in if the length of the structure exceeds a certain 

critical value. The interaction of overall buckling, results in a 

further loss of stiffness often leading to a plastic failure of the 

material. The interaction of overall buckling and th# consequent failure 

of the column can be hastened by the presence of 'overall' imperfections. 

One of the early studies on the interactive buckling problem was by 

Graves-Smith^^. He determined the resistance to overall buckling by 
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calculating the moment developed by the section by the application of 

a small bending strain to the column; from this it wss possible to 

predict the load at which the overall buckling of the column would occur in the 

post-local-buckling equilibrium path of the structure. Thus in effect, 

interaction problem is treated as a bifurcation problem. For a simple 

but representative model, van der Neut^^ takes the analysis a step 

further and determines in addition to the bifurcation load, the asymp— 

i 

totic postcritical behaviour of the column in the neighbourhood of the 

point of bifurcation. His results showed that for columns so proport-

ioned that the local buckling stress is in the proximity of overall 

buckling stress, the bifurcation stress is substantially reduced in 

the presence of 'local imperfections' - a conclusion confirmed by 

69 

Koiter ; and the equilibrium state at the bifurcation is unstable, 

indicating the sensitivity of the structure to overall imperfections. 

In a subsequent publication/^ van der Neut extended his analysis to take 

into account both the 'local' and 'overall' imperfections. Svensson 

and Croliy' presented a more accurate solution of the van der Neut 

problem by treating the problem as one of large deflections; and they 

took into account plastic yielding of the material also for their pre-

diction of ultimate load. 

The interactive buckling problem for a stiffened panel was studied 

by Walker and his associates^^ A simple mathematical i&oiiel 

was proposed which though involving a number of assumptions did manifest 

the essential features of the problem. The experimental results showed 

good agreement with the theoretical predictions. 

1.2.3.3 Effects of plastic yielding 

Th^ collapse of practical steel structures is subjected to axial 

compression, is almost always preceded by plastic yielding of the material. 
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Marguerre, Yamaki and Walker have taken the load at which the first 

yield occurs, as the ultimate load. But this is not an accurate defini-

tion of the ultimate load, for the structure can withstand higher loads 

by a redistribution of stresses. An elastoplastic analysis taking into 

account the geometric nonlinearities appears to be necessary in order 

to find the load at which the structure loses all its stiffness and 

starts shedding load. While the principles on which such an analysis 

may be based have been established for some time, it is still proving 

too expensive to obtain a complete solution to any but very simple cases. 

78""82 

Most of the work on this problem is based on the von Mises 

yield criterion (or a modified version of the same) together with the use 

of Prandtl-Reuss equations which relate the increment of plastic strains 

to the corresponding deviatoric stress components. A variational approach 

is made use of to establish the equilibirum equations in an incremental 

form. Graves-Smith studied the problem of a thin-walled rectangular 

78 
column and corroborated his theoretical results by an extensive experi-
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mental investigation. Crisfield used a finite element approach to 

study the problem of a rectangular plate and applied his results to pre-

dict the behaviour of a wide eccentrically stiffened plate subject to 

axial compression. This approach is being used currently to solve a 

variety of related problems^^'^^ by, for instance Bowling and Bergan, 

to mention only two of the several investigators in the field. 

The effort and expense involved in an elastoplastic large deflection 

analysis of plates and plate assemblies have given an impetus to a search 

for simpler ultimate load analysis of these structures using a rigid 

plastic mechanism approach^^ which has been very successful in the 

yield line analysis of reinforced concrete slabs. It is important to 

remember, however, that there is a basic difference in the analysis of 
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plates under edge compression on the one hand and laterally loaded 

plates on the other. For a given shape and dimensions of a failure 

mechanism, the latter problem yields a certain ultimate load independent 

of the actual displacements the mechanism undergoes; whereas for a 

plate carrying edge compression, the applied load comes out as a 

function of the displacements the mechanism undergoes. Thus the 

analysis can yield only an "unloading curve" which relates the compress-

ive load to the displacements of the structure; and there is a family 

of unloading curves depending upon the dimensions of the mechanism. 

According to the reasoning advanced in the previous studies on the 

87""88 

strength of elements , the intersection of a plastic unloading 

curve with the elastic loading curve gives an estimate of the ultimate 

load. (Fig. 1.11) This procedure, though seemingly simple, is fraught 

with serious difficulties, some of which will now be discussed: 

1. There seem to be no rational criteria for a proper choice of 

the shape and geometric parameters of the mechanism except perhaps 

experimental observation. Such an approach, though of interest for a 

specific problem, does not provide a general framework for the solution 

of a similar class of problems. On the other hand, one can generate a 

family of unloading curves varying the geometric parameters of the 

mechanism with the help of a computer, and the choice which gives the 

least load may be taken as the solution sought after - an assumption 

which need not have a basis on reality. 

2. For the sake of simplicity, the mechanism is assumed to be made 

up of straight lines - an assumption which can not be justified by a 

proper elasto-plastic analysis. 

3. Another unresolved question is regarding the parameter against 

which the load should be plotted in both the elastic loading and plastic 

unloading curves. Is it the end shortening, central deflection or any 
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other suitable parameter? The point of intersection of the curves and 

therefore the predicted collapse load depends upon the choice of the 

parameter. 

Thus it would appear that the plastic mechanism approach, requires 

further development on a more rational basis before it can be applied 

extensively for the ultimate load analysis of plate structures. 

1.2.3.4 'Crinkly buckling' of plate junctions 

A striking feature of the behaviour of thin-walled structures is 

their mode of failure which is most frequently accompanied by the forma-

tion of kinks along one or more junctions of the plates. As soon as 

the structure loses its stiffness against axial compression, one or more 

of the junctions caves in; there occurs a dramatic change in the buckling 

mode, with a highly localised buckling mode making its appearance. 

Graves-Smith noted this type of failure^^'^^'^^ in his investigations of 

thin-walled columns and beams and called it the "crinkly buckling". 

(This nomenclature has been retained in the present thesis). It has 

90 
also been mentioned by other investigators, notably Jombock and Clark 

91 
and Rawlings and Shapland . It is important to note that the crinkly 

92 

collapse of plate junctions can occur entirely elastically as indicated 

by the preliminary experimental studies of the author. In the present 

investigation an attempt has been made to understand and explain the 

nature of this type of failure so frequently noticed in connection with 

plate structures. 

The problems mentioned in the foregoing are some of the benchmarks 

in the frontiers of nonlinear behaviour of axially loaded plates and plate 

assemblies. These problems are difficult in the sense, a great deal of 

effort is required in the analysis, computation and experimentation in 

order to generate useful new information; and it is not surprising. 
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therefore, the progress in these directions has been rather slow. 

1.2.4 Concluding remarks oh the review of literature 

The review presented herein, is indeed very brief considering the 

vast number of publications not cited in it, but it is believed that 

most, if not all, of the typical contributions have been touched upon. 

Attention, however, has been confined mainly to axially loaded plate 

structures as being the most relevant for the purposes of the present 

thesis. 

1.3 " Scope and Objectives of the present investigation 

The foregoing review shows that while there is a wealth of literature 

available on the subject of postbuckling behaviour of single plates, 

not much has been published on the problem of plate assemblies; the 

possible computational advantage offered by the application of the 

finite strip method, so highly successful for initial buckling problems, 

has not been explored in the postbuckling analysis; and finally no atten-

tion has been given to the most frequent type of failure - the crinkly 

buckling of plate junctions - a phenomenon which can occur entirely 

elastically. 

In the present work, therefore, analytical techniques based on the 

finite strip approach have been developed for the study of elastic post-

local-buckling behaviour of plate assemblies upto a point when the 

crinkly collapse becomes imminent. In order to study the phenomenon of 

crinkly buckling, an experimental investigation on square box columns 

up of Silocone rubber has been undertaken. Theoretical predictions 

of collapse loads are compared with experimental results. In order to 

gain an insight into the mechanics of snap through to the crinkly mode 

of deflection, a mechanical model of a column resting on discrete 
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nonlinear elastic supports has been investigated. 

This chapter is concluded with an outline of the contents of the 

various chapters in the thesis. Chapter 2 is devoted to a discussion 

of the buckling problem. The novel feature of the analysis presented 

therein, is that the prebuckling stress distribution is generated as an 

integral part of the analysis and its effects fed into the buckling 

analysis. Such an approach provides a general scheme for the analysis 

of plate assemblies in which the axial loading causes transverse stresses 

in the constituent plates and those subjected to a combination of axial 

and lateral loading. 

The finite strip method is further developed to deal with post-local* 

buckling problems of plate assemblies in chapter 3. Two versions of 

this method are described; one of them makes use of simpified boundary 

conditions as presented by Benthem, Graves-Smith and others and results 

in a particularly simple formulation, with the corresponding finite strip 

having only 10 degrees of freedom. As has already been pointed out, 

such an approach may not be sufficiently accurate, where the 'coupling' 

of inplane and out of plane quantities of constituent plates meeting along 

a common edge becomes significant. Such a coupling would become 

important in structures where the constituent plates meet at obtuse 

angles and in any case in advanced postbuckling behaviour when the 

displacement along the junction can no longer be neglected. In order to 

deal with these situations, a more general version of the finite strip 

method is developed and discussed in the same chapter. Examples 

presented deal with the convergence of solutions, effects of 'extra-

buckling' harmonics in the solution, possible changes of wave form and 

problems involving coupled boundary conditions. 

In chapter 4, the results of a study on the post*local»buckling 

29 



behaviour of channel section struts, plateg with v~corrugation and 

stiffened panels are presented. 

Chapter 5 deals with the problem of determination of elastic 

collapse loads for plate structures. It includes a parametric study on 

square box columns. 

In part I of chapter 6, the details of the experimental investigation 

are presented. Part II is devoted to a discussion of the results and 

includes the description of a mechanical model to explain the phenomenon 

of crinkly collapse. 

The thesis is concluded with a summary of findings and a discussion 

of scope for extension of the work begun in the present investigation. 



CHAPTER 2 

INITIAL BUCKLING ANALYSIS 

2.1 Introduction 

The determination of buckling stresses and modes of plate struct-

ures is an essential preliminary for a study of their postbuckling 

behaviour and forms, therefore, the subject matter of this chapter. 

The plate structures considered in the present investigation are assumed 

to consist of a set of thin rectangular plates, each of which is 

connected one or more of the others along one or both of its longitudinal 

edges. The most powerful technique for the initial buckling analysis 

of such structures is the finite strip method which retains most of the 

versatility of the finite element approach and in comg^rison, is 

extremely efficient in computation. In this chapter, the method is 

developed further to deal with the initial buckling problema in which 

the prebuckling stress distribution must be taken into account and 

buckling phenomenon treated as bifurcation from a "nontrivial" equili-

brium path. Such a problem can arise even in the context of a plate 

assembly acted upon by only axial compressive forces at its ends, as 

will be shown later in the chapter. 

2.1.1 Finite strip technique: Earlier studies 

In buckling and postbuckling problems of plates and plate assemblies, 

the deflection mode can often be characterised by one or at worst, a 

small number of harmonics; and the facility with which the buckling mode 

can be described is fully exploited by the finite strip method. This is 

achieved by a modification of the finite element procedure by 
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(i) the use of rectangular strip elements spanning from end to 

end, and 

(ii) the choice of the displacement functions which take the form 

of a continuously differentiable smooth series in tlm longitudinal 

direction satisfying the boundary conditions and polynomial functions 

in the transverse direction. Several applications of the method for 

12 

a variety of structural problems have been discussed by Cheung 

The method was applied to initial buckling analysis of plate assemblies 

by Turvey**. 

A comparison of the computing effort involved in the finite element 

method using triangular elements and the finite strip method has been 

93 

made by Yoshida , who found that the latter took only about 1 to 1.5% 

of the computing time required by the former for obtaining the buckling 

stress of a stiffened panel. 

In the foregoing studies, the prebuckling stress distribution was 

assumed to be uniform in the longitudinal direction, and either uniform 

or uniformly varying in the transverse direction, so that it could always 

be described by simple expressions. In many practical situations, 

however, prebuckling stress distribution can not be known a priori or 

described simply e.g. a plate carrying inplane patch loading. This 
95 94 

problem has been tackled among others by Khah and Walker using an 

energy method for relatively simple boundary conditions and also by 

Rockey and Bagchi'^ by the finite element method. A procedure to take 

into account Che prebuckling stress distribution in the finite strip 
96 

approach has been outlined by Benaon and Hinton . This has a few 

serious limitations, the most important of ^hich are mentioned in the 

following: 

(i) It was proposed that shear stresses imay be neglected in the 

description of prebuckling stresses, presumably in the hope 
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of uncoupling the harmonics in the buckling analysis. 

and (ii) The buckling mode was assumed to be made up of a single harmonic. 

In many problems where the influence of prebuckling stresses is signific-

ant, as for instance in the patch loaded plates, the buckling mode is a 

localised one and the description of the buckling mode by a single 

harmonic can often be very inadequate. 

2.1.2 The present approach 

The analysis outlined in this chapter may be considered as an advance 

in the finite strip approach to the buckling analysis of plate assemblies 

in that the prebuckling stresses are taken into account fully as an 

integral part of the procedure and the buckling mode is represented by a 

superposition of a number of harmonics, which can be chosen judiciously 

for the problem in hand. In these respects, the present analysis will be 

found to have much in common with the stability analysis of cylindrical 
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shells under lateral pressures by Prabhu et al . The formulation of Che 

problem is quice comprehensive in ChaC ic Cakes into account combination of 

axial and lateral forces acCing on Che sCructure and pick up buckling modes 

which may be 'local', 'overall' or 'coupled'. 

As stated earlier there are cases of plate assemblies subjected only 

to axial compression which would develop prebuckling stresses in the 

transverse direcCion of such magnicudes as to reduce significantly the 

buckling stress of the structure. This can be the result of 

(i) some of the constituent plates carrying inplane constraints 

and (ii) the 'indeterminacy' of the configuration. 

These will be discussed further in the next paragraph. 

The assumption of uniaxial compression, often Che basis of buckling 

analyses of place assemblies implies that the plates are free to expand 

in the transverse direction with a sCrain of va/E, where 'a' is applied 

axial stress. This is generally valid owing to the small bending rigid-
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ities of the constituent plates. The presence of inplahe lateral 

constraints in one or more of the plates, (Fig. 1.1(a) ) however, 

would prevent partly or fully the lateral expansion of plates and as 

a consequence there would develop transverse compressive stresses which 

are not negligible. The lateral expansion of the constituent plates 

can also be inhibited by the very nature of the configuration of the 

plates in the structure. (Fig.1.1(b))This can, however, happen only 

when the plates are subjected to a nonuniform applied stress distribu-

tion at the ends or when they are composed of materials with differing 

values of Poisson's ratio. This aspect will be discussed later in the 

chapter. 

From the foregoing discussion, it is clear that an analysis of 

prebuckling stress distribution is important not only for structures 

carrying lateral loads but also for axially loaded plate structures 

in certain special cases. In the next section, the analytical technique 

employed is discussed at some length. Most of the ideas presented 

therein will be useful when the approach is extended for the postbuckling 

analysis in the next chapter. The chapter is concluded with a discussion 

on the results of a small number of worked examples. 

2.2 Theory 

We now outline the various steps involved in the analysis. 

The first step is to choose a set of functions for the displacements 

u, V a^d w at the middle surface of the strip satisfying the boundary 

conditions at the ends of the strip. A Lagrangiaa description*^ which 

refers the displacements to a fixed coordinate system, is used in the 

analysis. The next step, is to express the potential energy of the 
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system in terms of displacements, with the aid of strain displacement 

relations. The principle of stationary potential energy is then invoked 

to generate the algebraic equations of equilibrium for the problem. The 

13 97 98 

perturbation technique ' ' is then employed to obtain the pre-

buckling equilibrium path and "the sliding incremental displacement" 

technique is used to detect the bifurcation thereof. Each of these 

aspects will be discussed in some detail in the following paragraphs. 

2.2.1 Displacement functions 

A typical strip with dimensions (a,b,h) is shown in Fig. 2.1 with 

the positive directions of the middle surface displacements u, v and w. 

As stated the displacement functions chosen must satisfy the 

boundary conditions at the ends of the plate iwhich may be stated in the 

form 

w = 0 

8^w = 0 

9x2 

V = 0 

^ = f(y) . . . 2.l(a-d) 

conditions 2.1(a) and (b) mean that the plates are simply supported 

at their ends; 2.1(a) and (c) together represent a situation where the 

end cross-sections of the plate assembly remain undistorted. The last 

condition 2.1(d) implies that the plate assembly carries a longitudinal 

stress proportional to f(y) across the plate (provided the displacements 

remain small). Since most of the discussion in the present work will 

refer to plate assemblies carrying uniform stress, f(y) nmst be ctosen 

as a constant. It must also be noted that the condition of uniform 

stress for columns is a very close approximation, in th^ prebuckling 
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state to the more physically realistic situation of constant end 

displacement across the entire plate assembly. 

It is however possible to stipulate the condition of constant end 

displacement, and this indeed is the basis of the post-local-buckling 

analysis presented in the next chapter. But the present approach based 

on the prescription of stress rather than of displacement offers some 

computational advantages over the latter formulation especially for the 

initial buckling analysis and these will be pointed out later in this 

section. 

In further discussion it will be convenient to work in terms of 

dimensionless quantities in order to make possible one treatment for all 

strips. The following dimensionless variables are therefore introduced: 

g = x/a , n = y/b 

u = u/h , V = v/h , w = w/h , 8 = 

on 

In this notation the displacement functions satisfying the boundary 

conditions 3.](a-d) take the form: 

u = f| cos mmg + Ga(& - g) 

V = fg sin mmg 

w = f^ sin mmg 
jm 

(m = 1,2 ... N) 
2.2(a-c) 

where 

1 "21. 

+ (3n^-2n^)w^ + . . . 2.3(a-c) 
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"im' v,m, "im' 9,* Wgm.Gga are Che coefficients of trigono-

metric terms in the expressions of displacements and rotation along the 

edges n = 0 and n =1 respectively. For example if is the dimnnsionless 

normal displacement along the edge n = 0, then 

w, = w, sin mng 
1 im 

The expressions f, , f_ and f_ which describe the variation of 
Im 3m 

displacements u, v and w across the strip contain just the sufficient 

number of degrees of freedom to ensure compatibility of deformation 

between adjacent strips along the common edge. These expressions have 

99 
been successfully used in the analysis of folded plates and vibration 

12 

and stability problems of plate assemblies. 

The expression for the longitudinal displacement consists of two 

parts, the second part giving a state of uniform strain 'e' in the 

longitudinal direction; since the strain in the transverse direction 

vanishes at the ends by 2.2(b), the applied longitudinal stress works 

out to Ee/(l-^2) for the plate strip. 

2.2.2 Strain Displacement Relations 

The middle surface strains E , e and y are related to u, v and 
x' y 'xy 

w as follows*^: 

E 
X 

E y 

9x 2 ^^9x^ iBx/ lax/ J 

_ 3u 3v . 3u 3u . 3v 9v , 3w 3w 

. 2.4(a-c) 
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It is essential to take the strain displacement relations in their 

nonlinear form, in order to obtain the destabilising effects of inplane 

stresses in the buckling problem. The nonlinear terms in 'w' are 

essential in the formulation whether the buckling mode is "local" or 

"overall", while those in 'v' are important in the context of overall 

buckling modes only. But the nonlinear terms in 'u' appear to have no 

significance in the present problem and have been neglected. 

2.2.3 Potential Energy Expression 

The potential energy of the plate strip (W) is the sum of the 

elastic strain energy stored in the strip (U) and the potential energy 

of the applied compressive force (V). 

The strain energy in the strip is the sum of the energy of inplane 

deformation (U ) and the energy of bending (U^). The former can be 

expressed in terms of middle surface strains and the latter in terms of 

normal displacement 'w' as follows*: 

a b 

U = — I I {e* + E* + 2vE E + }dxdy 
p 2(i-v2) J J * y * y 

o o 

u. Eh 3 
a b 

24(,-v2) , , 
j(v2w)2 - 2(l-v) 

-3x2 ' 3y2 axa? 
dxdy 

. . . 2.5(a-b) 

The loss of potential of the applied compressive forces at both ends is 

given by ^ 

oh I [(lO - (u) Idy . . . 2.6 
j ^ x=a x=o J 
o 

where o stands for the applied compression Ee/(I-^|2). 

Using the strain displacement relations (2.4) and displacement 

functions(2.2),the total potential energy of the strip (VQ can tKw be 
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expressed in terma of ... etc. in the form given in Appendix II. 

For convenience in further discussion this expression is written in the 

form: 

W = -V eA.q. + . - e(B.. + v C..)}q.q. 
2! ij ij ij 

* 3? ^ijk * 47 ^ijkA 4i9j%k9& 

= I, ... N 

. . . 2.7 

where q^ stands for a typical local degree of freedom of the strip 

i.e. one of the set u. , u^ . .. 8^ ! 'N' is the total number of 
im Zm 2m 

local degrees of freedom, equal to 8n where 'n' stands for the number 

of harmonics considered in the solution; and A., A... B... C.., A... 
i' ij ij 1] ijk 

and A..,- are coefficients which have the dimensions of FL (Force % 
ijk2 

length). The coefficients etc. are symmetric with respect 

to each of their subscripts. 

The significance of each of these terms will become clear as the 

analysis proceeds, but a few preliminary remarks are probably necessary; 

especially so as it is felt necessary to place th^ expression 2.7 in 

the context of previous studies of Cheung and Turvey. 

1. Firstly, the quartic terms in the expression 2.7 do not play 

any part in the analysis, as will be shown in further discussion, if 

as in the present analysis, the prebuckling path is assumed to be linear, 

2. The presence of the linear term in the expression, even in the 

absence of loads prescribed along the junctions ensures that, in general, 

the prebuckling equilibrium path of a plate assembly is nontrivial i.e. 

there occur nonzero displacements (apart from the uniform axial com-

40 



pression due to the applied loads at the ends) in the prebuckling stage. 

These displacements are the result of each plate tending to expand in 

the trandverse direction due to Poisson's effect. 

3. If the constituent plates are fully restrained against inplane 

movement in the transverse direction, all the prebuckling displacements 

will vanish by virtue of boundary conditions and the plates will carry 

stresses o and va in the longitudinal and transverse directions respect-

ively. The destabilising effects of the transverse stresses are given 

by the underlined quadratic term of 2.7. In this case the cubic terms 

will be seen to play no part in the buckling analysis. 

4. If on the other hand, the constituent plates are not all fully 

restrained against inplane movement, they will tend to expand in the 

transverse direction and the prebuckling stress distribution in 3. will 

be modified by the nonzero transverse displacements. In this case, 

the cubic terms will be seen to play a significant role in the analysis 

as they counteract the effect of underlined quadratic term which 

corresponds to the destabilising effect of a stress vo in the transverse 

direction. 

5. In the absence of end compression and in the presence of loads 

prescribed along the edges of the plate strips, all associated 

with 'e' will vanish; but the prebuckling stress distribution will be 

nontrivial and the remaining quadratic and cubic terms determine the 

buckling load. 

6. The energy expression corresponding to the finite strip approach 

for the longitudinally compressed plate assemblies developed by Turvey 

12 

and Cheung , can be derived in a similar manner with the displacement 

functions 2.2 modified as follows: 
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u = COS mng + ea(& 

V = sin mnG + vegn + C 

w = sin mng 

2.8(a-c) 

In the foregoing, 'C' is an arbitrary constant whose value is 

immaterial in the determination of buckling load. These displacement 

functions give rise to the energy function in the form 

W = . - e(]-v2)B..lq.q. + Higher order terma . . . 2.9(a-c) 
2! 1] 1 ] 

Note that in this function, the linear terms do not appear, and thus 

all the prebuckling displacements (u. ... 8. ) vanish, so that the 
im im 

prebuckling state of stress is one of uniaxial compression and buckling 

occurs as bifurcation from a "trivial" equilibrium path. In this case 

the cubic terms do not play any part in the determination of buckling 

2.2.4 Generation of prebuckling equilibrium path 

In this section the steps involved in obtaining the solution for 

the prebuckling equilibrium path are described briefly. In the analysis 

that follows in this and next section, we make use of the perturbation 

technique, the treatment and notation closely following the discussion 

by Croll and Walker*^. 

Differentiating the expression 2.7 for the total potential energy 

with respect to a certain local degree of freedom q., we obtain 
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3W 
E. = T — = - ve A. + {A.. - e(B.. + v C..)} q. 
1 1 1] 1] 1] J 

+ ir Aijk 9j4k + ir Aijkt qjqkq& 

. . 2.10 
(j,k,& = 1, ... N) 

i = 1, ... N 

In physical terms, stands for a force component (or a couple) 

in the direction of q^ at an edge of the strip, as can be demonstrated 

using the principle of virtual work. Expression 2.10 is nonlinear 

and can be used to generate a nonlinear solution to the prebuckling 

path. However, in many problems of plate assemblies the prebuckling 

displacements are small in comparison to the thickness of plates, so 

that it may be justified to treat the prebuckling equilibrium path as 

linear. 

We therefore employ a perturbation technique to generate a 

linearised version of the expression for edge forces given by 2.10 . 

Differentiating in 2.10 with respect to a certain path parameter 

'e'. 

9E 

3? 
— = — ve.A. + {A.. — e(B.. + v C..)}q., 

1 1 i j i j I J J ] 

+ { - e;(B.. + V C..)}q. + A..^ 

* ir Aijk& Sj^kSA, 

(j,k,& = 1, ... N) 

i = 1, ... N 

. 9e 
where q. = ^ and e, = . 

3E I Be 

Now identifying the path parameter 'e' with 'e', we obtain e^ = I 
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Applying the above equations to the unloaded state i.e. at e = 0, 

q^ = 0 (i = I, ... N) 

9E. 
1 

9E 
= A., q. - V A. . . . 2.11 

ij Jl 1 
q.=o 

^ (i = I, ... N ) 

Since the prebuckling path is approximated as linear the higher 

order derivatives with respect to the path parameter are deemed to 

vanish. 

In the above equation q. is the increment in the magnitude of 

the local degree of freedom v. for a unit increment in 'e' from the 

unloaded state. 

The coefficient matrix A., is the element stiffness matrix for 
ij 

the linear problem; and A^ plays the part of the vector of applied 

loads in the local coordinate system. 

Equilibrium equations for each edge can now be generated by 

(a) resolving each of the edge forces in the directions of global 

coordinate axes for all the strips ineeting at the edge, as 

indicated in Fig. 2.2. 

(b) expressing the local degrees of freedom in terms of global 

degrees of freedom 

and (c) summing up all the resolved components of the edge forces in 

the direction of each global coordinate a^a^ emd equating them 

to the externally applied forces prescribed along the edge, 

corresponding to unit value of 'e'. The surface loads on the 

structure are assumed to bear a given ratio to the edge com-

pressive force at any stage in this discussion. 

A set of equilibrium equations for the plate assembly can thus be 
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generated by going through the above steps for all the edges of strips. 

The first two steps are achieved with the aid of transformation 

matrices and the last one by a systematic assembly of the transformed 

element stiffness matrices to form the global stiffness matrix. The 

details of such a procedure are set forth in standard treatises on the 

finite element method and therefore will not be discussed any further. 

Solution of these equations yields the global displacement para-

meters for unit increment in 'e', from which the local displacement 

parameters for each strip can be computed. The primary equilibrium 

path is now defined by q? = eq. (i = I, ... N) in each of the strips 

for any given 'e'. 

1 

2.2.4.1 Merits of the displacement functions used. 

Due to the orthogonality of the trigonometric functions describing 

the displacements (2.2), the unknowns corresponding to each harmonic 

are uncoupled from those corresponding to other harmonics, in the 

system of equations generated from 2.9. Therefore it is possible for 

the degrees of freedom corresponding to given harmonic to be solved 

separately. This is an advantage associated with the displacement 

functions which prescribe the end stresses over those specifying end 

displacements for simply supported plate assemblies. In comparison 

with a formulation based on prescription of uniform end displacement, 

the present formulation has another advantage for the case of simply 

supported plate assemblies carrying axial compression. It is the 

ease with which the overall buckling mode can be described in the 

present case by a single harmonic. This is illustrated in Fig. 2.4 

with the example of a stiffened plate. A disadvantage associated with 

these functions, however, is that they are unsuitable for use in a 
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postbuckling analysis, as in that case they can model neither the 

condition of prescribed end stress or end displacement. 

2.2.5 Bifurcation from the primary path 

In this section, the technique of finding the bifurcation point 

at which the primary path loses its stability and buckling occurs, is 

outlined. 

In further discussion the displacements along the primary path 

are denoted by q? (i = 1, ... N) and the incremental displacement to 

the secondary path branching off from the primary path are denoted by v. 
1 

so that the displacements on the secondary path qf for the same 'e' are 

given by 

qf = q? + (i = 1,2, ... N) 

. . . 2.12 

as shown in Fig. 2.3. 

Substituting 2.12 in 2.10 to obtain the set of edge forces, we have 

Ef = - veA. + {A.. - e(B.. + v C..)}{q? + v.} 
1 1 ij iJ ij J J 

* 5T * IT ("k * "k' ( 4 + ) 

(j,k,& = 1, ... N) 

i = I, ... N 

. . . 2.13 

where the superscript 's' denotes that the edge force corresponds to 

the secondary path. Invoking a similar expression for the primary path 

and subtracting the same from 2.13, and substituting ^q^ for q?, we 

obtain 
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h - ^ l ' {"ij - ̂ [>ij - VC,. - ] + Ir Aijkl % Vj 

" & Aijk + ir \ i u V l 

(i,k, = 1, ... N) 

i = 1, ... N. 

2.14 

In physical terms this represents the "sliding" increment in dbe 

edge force corresponding to as the structure moves from the primary 

to the secondary equilibrium path; and expression 2.14 is the genesis 

of nonlinear equations of equilibrium for the secondary path in terms 

of incremental displacements v^. But here we shall be concerned only 

with obtaining the bifurcation point and the buckling mode. 

In view of our assumption of smallness of prebuckling displacements, 

we may neglect the underlined term in 2.14 which is nonlinear in the 

prebuckling displacements, in comparison to the rest and write 

sf - E? = lA.. - e(B.. + vC.. - A., q )lv. 
1 1 L_ij ij ij ijk k] - j 

+ ir Aijk Vj^k + ir Aijk& 

. . . 2.15 

Employing the perturbation technique at the bifurcation point, i.e. 

with v\ = 0, the first order perturbation equation takes the form 

^ - { E ? - E?}j = (A.. - eFB.. + VC.. - A. q, l}v. 
ae 1 1 y 1] L ij ij ijk^k, ^ J, 

i 

(j,k = I, ... N) 

i = I, ... N. 

. . . 2.16 
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Hi^er order perturbation equations can similarly be written down, 

but for the purpose of obtaining the buckling load they are of no 

interest. Note at this stage the quartic terms in the energy expression 

2.7 have vanished, thus proving our earlier statement that they play 

no part in the determination of buckling load. 

A set of equilibrium equations can now be generated for the first 

order perturbation of incremental edge force and they take the form 

{(A] - e|B]} {6} = {0} 

where {6} represents the vector of global degrees of freedom correspond-

ing to the incremental (or buckling) displacements of the structure. 

The eigenvalues and vectors for the case lAere both and [s] are 

symmetric, can be determined by employing a standard procedure The 

lowest eigenvalue e and the corresponding eigenvector give the buck-

ling load and mode respectively. 

The foregoing analytical treatment has been phrased in general terms 

and allows for coupling of all harminics in the buckling mode. This 

has been done with a view to simplifying the presentation and highlight-

ing the more important aspects of the theory. In actual computation, it 

is possible to specify the number of harmonics required in the descrip-

tion of the prebuckling state differently from those depicting the 

buckling mode. For example, for the axially loaded plate assenblies, 

where normal stresses play a predominant role, it is sufficient to 

describe the buckling mode by just one harmonic whereas for plates 

carrying inplane lateral loading more than one harmonic may be required 

as the buckling mode is, in general, localised in character. 

2.2.6 Computer Programme 

Based on the formulation described in sec. 2.2.5, a confuter 
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programme in Fortran has been developed. The programme can handle 

combinations of axial and lateral loads. The number of harmonics 

describing the prebuckling state can be specified differently from 

those entering into the buckling mode. The details of the programme 

are described in Appendix III. 

2.3 Worked examples and discussion of results 

A few worked examples are now presented to illustrate the applica-

tion of the theory to specific problems of plate structures. Two sets 

of examples are considered, one involving end compression and the other 

inplane patch loading. 

2.3.1 Plate assemblies under uniform end compression 

These examples are presented with a view to illustrate the 

influence of prebuckling stresses induced due to Poisson's effect on 

the buckling load of plate assemblies. 

It is proposed to present the results in the form of plots of 

nondimensional buckling stress o against the half wave length X of 

buckling. The boundary conditions at the ends of the plate assembly 

have a local influence on the distribution of transverse stresses in 

the prebuckling stage and this, in turn, can have an influence, albeit 

small, on the buckling load for the plate assembly if it is short. In 

order to suppress this effect the length 'a' was set equal to 3X in all 

the calculations. 

2.3.1.1 Stiffened plate 

The first example presented is that of an 'infinitely' wide plate 

reinforced with stiffeners at equal intervals shown in Fig. 2.5. The 

following two cases are considered: 
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Cgse (i) The exterior edges of the end panels aze free to move in the 

plane of the plate (Fig. 2.5(a)) 

Case (ii) They are fully restrained against movement in the plane of 

the plate. (Fig. 2.5(b)) 

Since the plate is infinitely wide, it is sufficient to consider 

the action of a typical panel ABC in Fig. 2.5(c). In both cases (i) and 

(ii) the edge 'A' of the panel ABC can be assumed aa restrained against 

rotation while for (ii) it is also restrained against inplane movement 

in the direction AA. 

With a view to study the convergence of the solution, case (i) is 

solved with an increasing number of degrees of freedom, each part AB 

and BC, subdivided into two, three and four strips and with an increasing 

number of harmonics to describe the prebuckling displacements. Some 

typical results are shown in Table 2.1. From a study of this table, it 

may be concluded that 

(i) it is sufficient to subdivide each plate into three strips in 

order to be assured of convergence within an error of 0.1% and 

(ii) the number of harmonics required to describe the prebuckling 

state (m) to achieve the required accuracy tends to increase with the 

ratio of wavelengths of buckling in the longitudinal to that in the 

transverse direction. 

In view of the above observations all the examples of aaially 

loaded plate structures discussed in this section have been solved with 

each of the plates divided into three strips, the value of 'm* incremen-

ted till the buckling stresses did not differ by 0.1% in two successive 

calculations. 

The variation of buckling stress with the wavelength for both cases 
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Table 2.1 

Number of strips Number of harmonics 
a 
cr 

in each plate (m = 1,3,...M) E 
X i U 

1 2 4 1 .34553 

2 3 4 1 .34504 
A = 40 

3 3 8 1 .34319 

4 4 8 1 .34310 

5 2 4 1 .25295 

! 6 3 4 1 .25315 
X = 80 

7 3 8 1 .24216 

8 4 8 1 .24221 

9 2 4 1 1 .73412 

10 3 4 I .73456 
X = 120 

I' i 
1 

3 8 1 69421 

12 1 
1 

4 8 1 .69427 
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(Fig. 2. 5(a-b)) of the stiffened plate is shown in Fig. 2. 6. A study 

of these characteristics shows several interesting features which shall 

now be discussed. 

First of all, we note that for the case (i), the results obtained 

using the present formulation are in very close agreement with the 

results obtained making an assumption of uniform uniaxial compression 

in each of the plates in the prebuckling stage. This is as it should be 

for the platers are fully free to expand in the transverse direction. 

The effects of inplane constraints are illustrated by comparison 

of the curves (i) and (ii). A significant reduction in the local 

buckling stress occurs when the plate is restrained in the transverse 

direction. The minimum nondimensional local buckling stress for the 

case (i) is 1.15 x 10"3 while for the case (ii) is 0.92 x lO"^. Thus 

there occurs a reduction of about 20% due to the presence of lateral 

constraints. Further the wavelengths for which the minimum local 

buckling stress occurs are also significantly different. Note that 

as the half wave length of buckling (X) increases, the difference in 

the buckling stresses widens at an increasing rate. For the case (ii), 

the buckling stress remains sensibly constant over a wide range of 

values of X. This indicates that the buckling modes for such a panel 

are nearly coincident and therefore the postbuckling behaviour will 

generally be characterised by changes of wave form. 

In general, the effect of transverse stresses on the buckling load 

is governed by the ratio of the half wave length of buckling in the 

longitudinal direction to that in the transverse. The greater this 

ratio, the more pronounced the effect. For the overall buckling mode, 

however, this ratio is zero, as the wave length in tbA transverse 

direction is infinity. It is not surprising, therefore, that the overall 
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buckling load for the two cases is identical. 

A comparison example of a stiffened plate of finite width with 

three stiffeners shown in Fig. 2.7 is considered next. Here the exterior 

edges A are simply supported. Two cases are considered again: 

Case (i) The plate is laterally unrestrained along the edges (Fig. 2.7(a)) 

Case (ii) The plate is subject to constraints against inplane movement 

along the edges A. (Fig. 2.7(b)) 

The buckling stresses for the two cases have been plotted in Fig. 

2.8 . It is seen that the introduction of lateral constraints changes 

the buckling behaviour profoundly. Not only is the minimum local buckling 

stress for the case (ii) about 17% lower, but the minimum overall buckling 

stress falls dramatically to a value which is less than 10% of the corres-

ponding value for the case (i). This is consistent with our earlier 

observation that the difference in the buckling stresses gets accentuated 

with increase in the ratio of buckling wave lengths in the longitudinal 

to transverse direction. 

2.3.1.2 Corrugated plate: 

The next example is that of a corrugated plate shown in Fig. 2.9 . 

Here again two cases are considered: 

Case (i) : The exterior edges 'A' resting on simple supports (Fig. 2.9 (a)). 

Case (ii): The exterior edges 'A' resting on simple supports and 

restrained against inplane movement. (Fig. 2.9 (b)). 

The buckling stresses for various values of 'X' have been plotted in 

Fig. 2.10. 

The corrugated plate of the same dimensions as in Fig. 2.9 has been 

investigated by Williams*^*and the results obtained using the present 

formulation are in good agreement with those published by Williams. It 
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may be Been that the minimum local and overall buckling for both the 

cases (i) and (ii) do not differ significantly. The prebuckling analysis 

in both the cases shows that the constituent plates are virtually free 

from transverse normal stresses, thus demonstrating that the restraints 

offered by flexural rigidities of adjacent plates for the lateral 

expansion of the plates are negligible. The presence of constraints 

against inplane movement at the exterior edges in case (ii) does not 

prevent the plates from stratching inwards thus becoming free of trans-

verse stresses as shown in Fig. 2.9 (c). 

However there are significant differences in the buckling stresses 

as obtained for the two cases in the region between the two minima 

(corresponding to local and overall buckling modes). These must be 

attributed in the main to the influence of inplane boundary conditions 

in the buckling problem. 

2.3*1.3 Square box structure with external diagonal members: 

Fig. 2.11 shows a configuration of a box column with each junction 

connected externally to a member, the remote end of which is fully 

restrained against movement in the plane of the cross-section of the 

column. 

The buckling stresses obtained using the present approach for 

various values of A are plotted in Fig. 2.12" In the same figure , are 

plotted the buckling stresses making the assumption of uniaxial compress-

ion in the prebuckling state. The latter approach gives a value of 

the minimum buckling stress which is in error of about 27%. It is 

apparent that the configuration does not allow enough degrees of freedom 

for each mamber to expand freely in the transverse direction. As a 

result tranaverse compressive stresses due to Poisson's effect cause 
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the plate assembly to,buckle at a smaller load. 

A general deduction is possible from the significant reduction in 

the buckling stress noticed in this case as against the case of the 

corrugated plate for which there was observed no reduction. It appears 

that provided the plates are long and have small flexural rigidities, 

the problem of transverse stress distribution prior to buckling in the 

plate assembly is analogous to the problem of a plane framework with 

hinged joints, subjected to temperature increase. In this analogy, the 

transverse strain vc/E of the plate corresponds to umit expansion pt 

due to a temperature increase of 't' degrees, (p is the coefficient of 

linear expansion of the material). In either case, the prevention of 

lateral expansion results in a stress of vo (or Ept). A mechanism of the 

type shown in Fig. 2.13(a) or statically determinate framework of the 

type shown in Fig. 2.l:Kb) allows the constituent members to freely 

expand and thus there develop no stresses due to variation of temperature. 

In the case of a plate assembly with an 'indeterminate' configuration, 

such as the one considered in this section, therefore, it may, in general, 

be expected that the transverse compression would develop in the constit-

uent plates due to Poisson's effect by the application of longitudinal 

compression; and as a consequence there can be a reduction in the buckling 

strength. 

2.3.1.4 Double box column with internal diagonal members: 

As a final example, the case of a double box column with internal 

diagonal members. The plate is subjected to no external constraints 

(Fig. 2.14/a)). 

The buckling stresses using the present approach for various values 

of X have been plotted in Fig. 2.1f@0 These have been compared with those 
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obtained making the assumption of uniaxial compression in the prebuck-

ling stage. The two sets of results are in good agreement within 2-3% 

of each other. 

99 

It can be readily established with the aid of a Williot-Mohr diagram 

that a plane framework of the type shown in Fig. 2.14 when subjected to 

uniform temperature increase,will remain stressTfree(providing'p' for all the 

members is the same). This explains the remarkably accurate results 

obtained using the assumption of uniaxial compression for the plates. 

The same example is worked again with the following changes 

(Fig. 2.14(b)) in the data: 

(i) The Poisson's ratio of the material of the diagonal members is now 

assumed as 0.1 while that for the remaining plates is kept at 0.3. 

(ii) The diagonal members are assumed to be twice as thick as the 

other members. 

The buckling stresses for this case have been plotted in Fig. 2.15/b). 

It is seen that the assumption of uniaxial compression is no longer 

true and results in an overestimate of buckling stresses by about 17%. 

The prebuckling stress distribution shows that significant intensities 

of transverse compressive stresses while the diagonals carry smaller 

tensile stresses. It must be noted in this case, however, the applied 

stress distribution in the plates is no longer uniform for a given 'e' 

but proportional to l/(l-v^. 

2.3.1.5 Concluding remarks on the worked examples on longitudinally 

compressed plate assemblies 

The worked examples presented in this section illustrate 

(i) the effects on the buckling behaviour, of the introduction of 

in-plane lateral constraints on the constituent plates of the structure 

and (ii) the error that may be involved in making the assumption of 
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uniform uniaxial compression in the constituent plates prior to buckling 

in an 'indeterminate' configuration. 

A plane framework analogy suggested herein, is found to be helpful 

in the interpretation of results. 

2.3.2 Plate structures carrying inplane patch loading 

The buckling of plates carrying inplane patch loading has been a 

subject of study by several authors. This problem has been studied with 

the aid of the finite strip technique developed in this chapter and a 

few results are now presented with the following objects in view: 

(i) To study the accuracy and convergence of the solution 

(ii) To illustrate the greater efficiency of the method over the 

finite element solution in respect of computing effort. 

An example of a box girder carrying patch loading along a pair of its 

junctions is also presented to illustrate the influence of the flanges 

on the buckling behaviour. 

2.3.3 Studies on convergence of the solution: Simply supported rectang-

ular plates 

The geometric parameters controlling the problem are defined in 

Fig. 2.16. The buckling coefficient 'K' may be defined aa 

p = KjfD 
cr B 

where P ^ is the critical value of the applied load. The accuracy of 

the final result 'K' of a computation depends upon the accuracy with 

which 

(i) the prebuckling stress distribution and 

(ii) the buckling mode 

are described in Che solution procedure. The former depends upon the 
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number of harmonics considered in the prebuckling analysis (%p) as ifell 

as the number of strips (n^) representing the plate. The accuracy ifith 

which the buckling mode is described depends upon the number of harmonics des-

cribing it(m^)and the number of strips n . Ibview of the fact that the 

harmonics are uncoupled in the prebuckling analysis, the computing time 

for the same is a small fraction of the rest of the analysis involving 

the determination of eigenvalues and vectors. Thus it is possible to 

include as many harmonics (m ) as may be desired in this part of the 

analysis without any significant effect on the total computing time 

required for the problem. In the problems considered here, it was found 

that it is unnecessary to include more than 15 nontrivial harmonics 

(m ) in order to obtain the value of 'K' within 0.01%. Thus n and mu 
P s b 

are the more important factors in convergence study. 

The first problem studied is the same as the one studied exhaustively 

by Rockey and Bagchi. The results of the present convergence study are 

given in Fig. 2.]7(a-b). The value of 'K' (3.356) obtained with 12 

strips across the plate and 2 harmonics describing the buckling mode is 

in very close agreement with Rockey's result as well as can be judged 

from his graphical plot. For the square plate problem, it is seen that 

it is sufficient to describe the buckling mode just by one harmonic to 

obtain the value of 'K' within an error of about 2%, for a given number 

of strips. This observation is confirmed by other examples of square 

plates which are presented in Table 2.2. These results are compared with 

94 95 14 
those of Khan et al. ' and Rockey , and the agreement is found to 

be very good. 

In Table 2.3, brief convergence studies on long rectangular plates 

(L/B = 4) are presented. In view of the localised nature of the buckling 

mode, it is found necessary to employ at least 4 harmonics (m^ = 4) in 
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Table 2.2(a) 

Convergence studies for the case L/B = I.O, C/B = 0.0 

n 
s 

(1 2^ ) 
#«#/ 

! K Remarks 

4 2 3.40 

1 6 2 3.30 

j 8 2 3.27 
Convergence 

10 2 3.25 
w.r.t. n 

s 

12 2 3.24 

14 2 3.24 

8 I 3.34 

8 2 3.27 

8 3 3.27 
Convergence 

8 4 3.27 
w.r.t. 

Note: 'K' as obtained by Rockey Bagchi (Ref. 14) 

= 3.25 

Table 2.2(b) 

Convergence studies for the case L/B = 1.0, C/B = 0.25 

"s (. > ) 
i 
1 K 1 Remarks 

4 2 i 3.56 

6 2 3.47 

8 2 3.44 
Convergence 

10 2 3.43 
w.r.t. n 

8 

12 2 3.42 

14 2 3.42 

8 

8 

8 

8 

1 

2 

3 

4 

3.49 

3.44 

3.44 

3.44 

Convergence 

w.r.t. m^ 

Note: / 'K' as obtained by Ref. 95 3.42 

'K' as obtained by Ref. 94 3.5 
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Table 2.3 

Convergence studies on a plate with L/B = 4.0 

C/B n 
s 

(ly3 ... ) 

K Remarks 

4 2 2.82 

1 .0 
6 2 2.91 

Convergence 

w.r.t. n 
s 

8 2 2.93 
j 'K' aa given by 

6 Z 2.91 
1 ref. 95 ^ 

= 2.80 ! 
6 3 2.74 

6 4 2.72 
Convergence w.r.t 

4 2 2.46 Convergence 

6 2 2.52 
w.r.t. n 

s 

0.25 8 2 2.54 
'K' as obtained 

by Ref. 95 by Ref. 95 

6 2 2.52 = 2.21 

6 3 2.23 
Convergence 

6 4 2.15 . r. t . 

i 6 5 2.13 

7] 



order to obtain results with an estimated error of 1%. This is 

especially true of the case with smaller C/B ratio. Further refinement 

of the results is not attempted in these cases, in view of the relatively 

greater computing effort involved. 

It may be noted that the solutions of K obtained are not necessarily 

upperbound for a given value of n as. may be seen from Table 2.3. This 

may be attributed to the fact that the solution of the prebuckling 

stresses as given by the displacement method is not bounded. 

The final example is that of a box girder shown in Fig. 2. 

carrying inplane patch loading on the web plate. Tha dimensions of the 

web plate and the width of patch loading are the same as in the case (2) 

in Table 2.3, thus making it possible to study the influence of flanges 

by comparison. Table 2.4 gives the results obtained for various values 

of n and m^. It also shows that the buckling mode corresponding to 

the lowest buckling stress is symmetric with respect to both the planes 

of symmetry. From a comparison with case (2) in Table 2.3, it is seen 

that buckling load for the box structure is about 50% higher. This is 

mainly due to the reduction in the intensities of longitudinal stresses 

in the latter case, for a given load on the structure. The buckling 

mode is shown in Fig. 2.19 (a-b). It is seen that the buckling 

deflections are concentrated in the central portion of the girder of 

length equal to 0.4 of the span of the girder, in the compression zone. 

2.3.4 Comparison of the computing effort involved in the finite strip 

and the finite element solutions 

As stated earlier, the example shown in Fig. 2.17 has been studied 

by Rockey and Bagchi*^ and from a study of their results, it is seen 

that at leaat 48 elements are required to obtain the buckling coefficient 

to the same order of accuracy as in the present imethod with n = 8 and m^ 

= 2. A comparison of the computing efforts is made on this basis in 
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Table 2.4 

Convergence studies on the box girder in Fig. 2.18 

n 
s 

( 
K Remarks 

8* 3(1,3,5) 3.34 

12* 

16* 

3(1,3,5) 

3(1,3,5) 

3.33 

3.32 

Convergence 

w.r.t. n 
s 

12* 

12* 

12* 

3(1,3,5) 

4(1,3,5,7) 

5(1,3,5,7,9) 

3.33 

3.23 

3.2 1 

Convergence 

w.r.t. . 

8* 

8** 

3(2,4,6) 

3(1,3,5) 

5.17 

4.83 

Additional 

checks 

8** 3(2,4,6) 11.96 

* Mode assumed symmetric w.r.t. plane AADD. 

** Mode antisymmetric w.r.t. plane AADD. 
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Appendix IV where it is shown that the finite strip solution tdces 

about only 1% of the computing time required by the finite element 

solution. 

2.4 Conclusions 

An initial buckling analysis which takes into account the effects 

of prebuckling stress distribution and capable of modelling 

localised buckling modes has been presented. Examples of plate 

structures carrying axial and lateral loads are presented. A comparison 

with an existing finite element solution of a patch loaded plate_problem 

shows that the method presented requires only one percent of the comput-

ing effort required by the former. 
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CHAPTER 3 

POST-LOCAL-BUCKLING ANALYSIS 

3.1 Introduction 

In this chapter, the general theory of post-local-buckling analysis 

of plate assemblies using the finite strip method is discussed. Two 

versions of this method are described, each suitable in different 

contexts. This is followed by a number of worked examples which illus-

trate the convergence, scope and power of the technique. The chapter 

opens with a summary of the inadequacies of the earlier methods of post-

buckling analysis which provide the motivation for developing the 

present approach. 

3.1.1 Inadequacies of existing methods of postbuckling analysis: 

As mentioned in Art 1.2.2 (Chapter 1) most of the earlier work on 

post-local-buckling analysis of plate assemblies has been based on the 

solution of the von Karman compatibility equation together with the use 

of a variational technique. These solutions though of considerable 

interest in themselves have the following limitations: 

1. The boundary conditions have been approximated in order to 

uncouple 'w' and this makes it possible to describe 'w' without 

reference to and simplifies the determination of from the com-

patibility equation. However, as already stated,these approximations 

are not always valid, especially where the inplane displacements along 

the junctions assume such magnitudes as to imake the normal displacements 

along the junction no longer negligible. Since, one of the aims of 

the present investigation is to study the phenomenon of crinkly collapse 

of the plate junctions, an approach which neglects the inward movement 
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of the junctions can hardly be adequate. 

2. The solutions are based on the assumption of a buckling mode 

represented by a single harmonic in the longitudinal direction over the 

entire length of the plate structure. This assumption has been made 

with a view to simplifying the algebraic imork iwhich would become 

intractable if more harmonics are taken into account. However with 

increase in applied compression the wave form in the longitudinal 

direction undergoes modification and this must be taken into account 

especially if the applied load exceeds about twice the critical. 

3. The other major disadvantage of these solutions is that t^ey do 

not lend themselves for a formulation of a generalised computational 

approach. In practical situations one comes across a variety of con-

figurations and some of these are quite complex. In order to be able 

to deal with these a generalised computational approach is a necessity. 

3.1.2 Finite strip method 

Most of these limitations can be overcome by the adoption of a 

finite element approach for the problem, but the excessive computational 

expense involved has probably remained a deterrent for its application 

to a study of postbuckling behaviour of plate assemblies. In the present 

chapter, the finite element technique has been considerably simplified by-

incorporating in it the information that the buckling and postbuckling 

normal displacement can be described by a sine iwave or by a superposition 

of a small number of harmonics - and the result is the finite strip 

method with its variations. A comparison of the computational expense 

for the finite element method with that of the finite strip method is 

made taking specific examples later in this chapter. 
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The finite strip method has not so far, been extensively used for 

the nonlinear problems. The most serious difficulty associated with 

this method as evidenced by its application^^ to the nonlinear 

analysis of rotational shells, has been the coupling of harmonics which 

make for a large number of degrees of freedom and consequently a very 

large number of coefficients of nonlinear terms. This has necessitated some 

simplifications being made in the analysis as for instance, the quartic 

49 

terms being neglected or the coupling between the harmonics assumed 

to be nonexistent^ . It is indeed difficult to justify these assump-

tions in general, especially in problems where the nonlinearities are 

severe. However these difficulties do not arise in the case of post-

buckling analysis of plates. Here, as mentioned earlier, the buckling 

mode can be accurately described in terms of a few harmonics and for the 

initial post local buckling analysis, even one harmonic may be suffic-

ient. In order to tackle the problem of computing the large number of 

coefficients required in the analysis - which increase rapidly with 

each additional harmonic taken into account, a special algorithm has 

been developed which will be discussed later in the chapter. 

3.1.3 Different versions of the method 

In this chapter, two versions of the finite strip method will be 

presented — one in which certain simplifying approximations are made 

to deal with boundary conditions along junctions of plates and the 

other in which no such assumptions are made. IMaturally the former 

approach involves much less computational effort than th& latter and 

must be used if the approximations are appropriate for the problem. 

The two versions will now be briefly introduced. 
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3.1.3.1 Version I 

In this version, the boundary conditions at the ends and along the 

longitudinal edges of the constituent plates are specified in the same 

manner as in Ref. 58-62. The essential feature of this version is the 

manner in which the boundary conditions along the junctions are approx-

imated. The approximations have the effect of ^uncoupling the inplane 

displacements (and forces) of one, with the out of plane displacements 

(and forces) of the other, of two plates imeeting along a common 

junction at an angle to each other. The implications of this statement 

will be made more explicit in the next paragraph, but it may be noted 

here, that this assumption makes it possible to characterise the varia-

tion of 'w' and 'v' in the longitudinal direction in independent forms, 

chosen from the point of view of their mutual compatibility in satis-

fying the von Karman compatibility equation. Further each plate will 

be assumed to be in a state of uniaxial (with the plates allowed to 

freely expand in the transverse direction) or biaxial compression 

(caused as a result of the plates being fully restrained in the trans-

verse direction) prior to buckling and thus no analysis of the pre-

buckling state of equilibrium is necessary. 

The assumptions made regarding the boundary conditions restrict 

the application of this version of the method to plate assemblies having 

certain types of configurations only. The plate assemblies must consist 

of junctions, each of which fall in one or the other of the following 

categories: 

(i) A "corner"^^ (Fig. 3.1(a)) where two plates meet at a sharp 

angle. In this case, the normal displacements of each of 

the plates along the junction are assumed to vanish separate-

ly and the plates free to wave in their plane along the 

junction. 
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(ii) A "Transition", where two plates which lie in the same plane, 

have a common edge (Fig. 3.1(b)). Here, the boundary con-

ditions do not involve any coupling between 'v' and 'w' of 

the plates and the assumptions mirror the reality. 

(iii) A "Branch point" where a third plate joins a junction along 

a common edge of two plates lying in the same plane (Fig. 

3.1(c). Here there exists no coupling between plates I and 

II, and the normal displacement of plate III is assumed to 

vanish along the junction and the plate free to wave in its 

plane. 

Most of the structures used in practice consist of junctions,all of which 

fall in one or the other of these categories. Some examples are shown 

in Fig. 3.1. 

Note that the version can not deal with structures with junctions 

where three or more plates meet at an angle to each other (Fig. 3.3). 

3.1.3.2 Version II 

In this version, the variations of 'w' and 'v' in the longitudinal 

direction are described by the same type of functions, so that compat-

ibility of displacements in the transverse plane along the junctions of 

the plates can be achieved. This version is more expensive in compu-

tation as generally several terms are found to be necessary for 

description of inplane displacements, but can deal with plate assembly 

of any complexity and carrying loads far in excess of the critical. 

In many cases, some simplification of this version is possible. 

While it is possible to describe 'w' in the postbuckling stage by a 

relatively small number of harmonics, the series for *v' is but slowly 

convergent. The efficiency of the procedure can be enhanced by allowing 

'w' and 'v' to be described by different number of terms. Tbis tmuld 



result in the boundary conditions along the junctions not being satis-

fied for each of the terms by which the series for 'v' exceeds that for 

'w'. For these terms, the boundary conditions would be treated in the 

same menner as for version I. This modification of version II will be 

called version IIA in further discussion. 

3.2 Theory 

In this section is outlined the finite strip approach to the post-

local-buckling analysis of plate assemblies. The basic reatures of the 

analysis remain the same as in Chapter 2 i.e. the Lagrpngian description of 

displacements and the systematic use of perturbation technique^^'^^. 

In the following description, therefore, greater attention is given to 

the sections where there arise concepts not discussed earlier. The 

analysis involves the following steps: 

1. A set of displacement functions satisfying the boundary con-

ditions at the ends of the plates is chosen. 

2. With the aid of strain displacement relations, the strain 

energy function is built up. 

3. Invoking the principle of stationary strain energy, a set of 

nonlinear algebraic equations of equilibrium is generated. 

4. The linearised prebuckling equilibrium path is generated. 

This step can be skipped for version I. 

5. "A sliding incremental displacement" technique is employed in 

conjunction with the perturbation technique to obtain the buckling load 

and characteristics of the post buckling padi in the immediate vicinity 

of the bifurcation. 

6. The nonlinear postbuckling path can now be traced using a com-

bination of incremental and iterative techniques of solution of non-

linear equations. 
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Each of these steps is described in some detail in the following. 

For the sake of clarity the versions I and II are treated separately 

as these differ in a few significant details. 

3.2.1 Version I. 

3 . 2 . 1 . 1 Boundary conditions at the ends of the plates 

The boundary conditions at the ends of each plate must be consid-

ered first before choosing the displacement functions. At the ends, the 

plates are assumed to be simply supported, to carry no inplane shear 

stresses and to undergo constant (or linearly varying) longitudinal 

displacement. These conditions may be stated in the form (referring 

to Fig. 2.1) 

w = 0 , 

3^w 
0 , 

T = 0 

u = u + u^y 

at X = 0 and x = a . . . 3.1(a-d) 

In the foregoing u^ and Uj are constants. Since the present 

investigation will be mainly concerned with uniformly compressed 

plates u may be taken as zero. 

It must be noted that these boundary conditions involve a contra-

diction. Condition 3,1(c) implies that the plates are free to expand 

in the transverse direction at the ends. Consider the case of two 

plates meeting at right angles as shown in Fig. 3.4. For each of the 

plates at x = 0 and x - a 

V ^ 0 5 w = 0 . 

Since the normal displacement of plate (I) w^ is the same as the 
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II 

transverse displacement of plate (II) v and vice versa, the conditions 

3.1(a) and (c) are mutually incompatible. Howeve^\ conditions 3.1 may be 

viewed as approximations which are justified in view of the smallness of 

bending rigiditi^of the plates and the fact that the inplane displace-

ments are of a lower order of magnitude in comparison to normal dis-

placements in the postbuckling range. 

For a plate assembly which buckles into a mode in the form of a 

sine wave with several nodal lines across the structure, the nodal lines 

may be assumed to remain straight and free from inplane shear stresses, 

due to symmetry. For the portion of the plate assembly contained 

between two successive nodal lines the conditions 3.1 can be applied, 

and for the post-local-buckling analysis of the plate assembly, it is 

sufficient to consider one such portion. Thus it would appear that 

boundary conditions 3.1 are valid approximations especially for an 

initial postbuckling analysis. 

3.2.1.2 Displacement functions 

As stated earlier, in this version of the finite strip method, we 

make the assumption that the prebuckling state of equilibrium is a 

"trivial" one, either a state of uniaxial or biaxial compression constant 

along the length of the plate and specified by a single parameter. 

Case 

We first take up the case of uniform uniaxial compression. The 

prebuckling equilibrium in this case can be characterised by 

E = - e 
X 

E = ve 
y 

and therefore the prebuckling displacements take the form 
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u = e(Y - x) 

V = vey + c 

w = 0 . . . 3.2(a-c) 

In the above 'c' is an arbitrary constant and can be determined from 

the inplane boundary conditions. However its value is immaterial for 

the postbuckling analysis. 

The displacement functions must be chosen to accommodate these 

prebuckling displacements as well as to satisfy the boundary conditions. 

In the notation introduced earlier (Chapter 2), these may be expressed 

in their dimensionless form as follows: 

u = f^^ sin mmg + ea(& - g) 

V = f cos mmE + vaBn + c 

w = fg^ sin mmg . . . 3.3(a-c) 

In the above f, , f_ and f_ are functions of in which describe 
im 2m 3m ^ 

the variation of the displacements across the plate strip in terms of 

displacement parameters ... 8^^ corresponding to the edges n = 0 

and n = 1 of the plate, as given by 2.3(a-c). These displacement 

parameters represent the incremental displacements from an equilibrium 

state on the primary path (which is the prebuckling equilibrium path 

extended) corresponding to a certain value of 'e' to an equilibrium 

state on the secondary path (which is the postbuckling equilibrium path) 

with the same value of 'e' as illustrated in Fig. 2.3 . These 

displacements are called "the buckling displacements" in further 

discussion. 

The values of 'm/, in each term of the expansions given by the 

first part of the expressions 3.3(a-c) must be chosen in the following 
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Let m take the values of i,, ig ... in the expression 
n 

for w, where i^ ... i are integers. Then the values which 'm' must 

assume in the expressions for u and v must include all the integers in 

the expansions 

k & ^ k & ^ 

The necessity of considering precisely these terms arises from the 

nature of strain displacement relations (3-4(a-c)) and the inplane 

equilibrium equation of the plate. The precise mathematical reasoning 

involved in this statement is discussed in Appendix V. 

The general statement made in the previous paragraph may be made 

clearer by reference to specific situations. 

Let the buckling mode be composed of 'n' half waves along the 

length of the plate assembly. If it is assumed that the buckling mode 

undergoes no change in the longitudinal direction, it is sufficient to 

describe the normal displacement 'w' just by one harmonic given by 'n'. 

In this case, the functions describing the buckling displacements 

in 3.3(a-b) take the form 

"b = f,.2n sin 2**% 

v. = f_ + fn - cos Znng 
b z,o 2,2n 

(no sum of *n') 

Here the subscript b refers to the contribution to displacements u and 

V due to buckling. 

If in the above case, it is desired to study the effects of a 

modification of longitudinal wave form, dhile dhe nodal lines remain 

straight, the normal displacement 'w' must be described by harmonics 

given by n, 3n, 5n ... etc. 



"b " ^3,. ""f * ^3,3n So't . 

^ " 'l,2n ^""5 + f,,4n * ^l.en 

V, = f_ + f_ _ COS 2nmG + f_ . cos 4rw^ + f, ^ cos 6nnE 
b 2,0 2,2n 2,4n l,on 

[ no sum on 'n' 

If the nodal lines are allowed to distort so that the buckling 

mode is allowed greater freedom, the description of 'w' must take the 

'b = =3.m sin mng 

(m = 1,3,5 ... n ...r); or (m = 2,4,6 ... n ... r) 

Here 'm' assumes odd values for a buckling mode which is symmetric 

with respect to the central cross-section and even values for a mode 

which is antisymmetric. In either case Uy and v^ must be taken in the 

(m = 1,2, ... r) 

and V. = f_ _ cos 2nmE 
b 2,2m 

(m = 0,1,2, ... r) 

In order to get an idea of the computational labour that may be 

involved in the use of these displacement functions, it is important to 

know the number of degrees of freedom associated with the finite strip , 

With 'w' represented by a single harmonic, say the n^^\ the vector of 

degrees of freedom (i.e. the edge displacement parameters) associated 

with a strip is as follows: 

t u, _ V, V, _ w, 8, u_ _ v_ Vn o 8_ 
l,2n 1,0 ],2n l,n l.n 2,2n 2.o z,2n 2,n 2,n 
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thus giving 10 degrees of freedom. This is a very small number for an 

entire strip end to end in comparison to the 20 degrees of freedom of 

the simplest rectangular plate bending element. However the strip 

developed here is a specialised one being applicable only for the post-

local-buckling analysis. 

Case (ii) 

The case of plates and plate structures with the longitudinal edges 

fully restrained in the transverse direction will be considered next. 

The prebuckling equilibrium in this case can be characterised by 

E = —e 
X 

E = 0 
y 

and therefore the prebuckling displacements take the form 

u = eCy - x) 

V = w = 0 . 

The displacement functions for this case may be stated in the form 

u = f^ sin mng + ea(& - g) 

V = fg^ cos mng 

w = f_ sin mmg 
jm 

The choice of the values which 'm' may take in each of the above 

expressions must be made in the same manner as explained for case (i) 

3.2.1.3 Strain energy expression 

In order to generate the equilibrium equations governing the 

problem, it is necessary to have recourse to a variational principle. 

For a plate structure under a prescribed uniform end compression, 

application of the virtual work theorem leads to t±e principle of 
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stationary strain energy. 

The strain energy can be expressed as a sum of energy of inplane 

deformation and the energy of bending, each of which is given by 

2.5(a-b). The expression for the strain energy can be built up with 

these expressions together with the strain displacement relations and 

the displacement functions 3.3(a-c). The strain displacement relations 

to be used for the post*local-buckling studies 

9u . If9w^2 

2 

The strain energy expression for the cases (i) and (ii) have been given 

in AppendixVl'in full detail. For the case (i) this expression can be 

expressed in the same format as equation 2.7 in the following manner: 

° - & K j - e(l-v2)B.pq.q. + A..^ q.q.qj 

(i,j,k,A = 1, ... N) 

For the case (ii) it takes the form 

U = - ve A.q^ + ly - e(B.j + vC^j)] q.qj 

* 3T ^ijk * iT^ijkA 

. . 3.5 (a-c) 

. . 3.6(a-c) 

(i,j,k,& = 1, ... N) 

Aa in eq. 2.7, q^ stand for the local degrees of freedom 

which number 'N'; and the coefficients A.., A... , A..,, etc. cure 
ij ijk' ijkA 
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symmetric with respect to each of their subscripts. 

3.1.2.4 Expression for a typical edge force: 

As a first step towards generating the equilibrium equations 

governing the problem, the expression for strain energy is differenti-

ated with respect to a typical degree of freedom q^^ ttms obtaining 

an expression for the corresponding edge force. For the case (i) this 

takes the form 

^ 3! ^ijk& 

. . 3.7 

(j,k,& = 1, ... N); i = 1, ... N. 

For the case (ii), the corresponding expression takes the form: 

E, - - veA. + [A,. - «(B.. + vC..)]q. + ^ q.q^ 

* •'jVi • • • 

The expression 3.8 has the same form as 2.10 but in this case, the 

linear term does not lead to any nontrivial pri&buckling displacements, 

as it is cancelled out when equilibrium equations are written for 

interior common edges of the strips and nonexistent in the equations 

for the junctions of the plates due to the presence of inplane con-

straints. Thus the linear term does not play any role in the analysis 

except to indicate that the plate will be subjected to a uniform 

compression in the transverse direction when all the buckling displace-

ments vanish. In further discussion case (i) alone will be considered 

as the procedure for case (ii) is exactly alike. 
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3.2.1.5 Perturbation technique applied to buckling and initial 

postbuckling analysis 

In order to generate a system of sequentially linear equations 

from the nonlinear expression of edge forces 3.7, it is necessary to 

differentiate it successively with respect to a suitably chosen para-

meter 'e'. In the resulting expressions, we set q^ = 0 in order to 

obtain the bifurcation point and the characteristics of the secondary 

(postbuckling) path in the immediate vicinity of bifurcation. The 

result of these operations is a set of expressions^ the first three 

which are presented below: 

3E. 
E. 
i| 3e 

{A.. - e(l-v2)B..}q. 
IJ IJ JI 

q.=o 

E =0 

sZg I 

191=° 

E = 0 

E. = a^E 

^3 96% 
q.=o 

E =o 

{A.. - e(l-v2)B.) - 36^ (l-v2)B..q., 

-3ej (I-v2)Byq^2 + l''k2 * ^IjkK 

. . . 3.9(a-c) 

The meaning of these expressions may be seen from the Taylor's 

expansion for E^ at the bifurcation point, which is 

E. = E. E + E. E? + jr E. gS . . . 3.10 
1 1% 2! 3! ig 

An ordered set of equilibrium equations can be generated in the same 

manner as described in chapter 2 corresponding to each of these express-

ions. 
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The first of these equations leads to a set of homogeneous 

equations and constitutes an eigenvalue problem. The lowest eigenvalue 

gives the critical value of e, e ^ at which buckling occurs. Keeping 

in mind that the plate is under uniaxial compression prior to buckling, 

the buckling stress is Ee (For case (ii) the buckling stress will 

be Ee^p/(]-v2) ). 

Note that the coefficient matrix built of the matrices 

{Ajj - e(]-v2)B^j} of individual strips remains tb& same for each of 

the perturbation equations, a helpful factor in computation. Further 

the system of equations is banded and symmetric amd this must be taken 

advantage of to economise on the computational effort. 

With a proper choice of the perturbation parameters, the buckling 

mode is obtained with = 1. In order to get a meaningful result, 

this parameter must not be identified with 'e* which plays the role of 

9 7 

a loading parameter in this problem . It will be convenient, as is 

explained in the next paragraph, to identify 'e' with one of the global 

degrees of freedom . 

The total number of second order equations which are obtained from 

3.9(b) is less than the total number of unknowns they involve, for 

there is an additional unknown e^, which appears in these equations. 

But an additional equation may be written which is Q = 0. The exist-

ence of the additional unknown and the importation of the extra 

equation, together, would destroy the symmetric banded structure of the 

equations and therefore a straightforward solution of these equations 

is not attempted. Instead the value of e^ is first extracted using a 

"contraction mechanism"^^\ Substituting the value of e^ in these 

equations and making the use of the information Q = 0, (as if it is 
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a boundary condition) it is possible to solve th^ remaining global 

degrees of freedom (Q. 's) from the remaining set of banded and 

symmetrically structured equations. The local degrees of freedom (q. 's) 
^2 

are obtained from the Q. 's, to be used for further analysis. 
^2 

The same procedure is employed to calculate e_ and q. 's from the 

third order equations derived from 3.9(c). 

The buckling displacements and the average strain of the entire 

plate assembly given by 'e', in the immediate vicinity of bifurcation 

point can be obtained from the Taylor's series: 

"=1 - + i r 

e = e ^ + e^e + . . . 3.]l(a-b) 

It is not proposed to improve the solution by considering the higher 

order equations, as an iterative procedure will be used to correct this 

solution. 

21 25 

As has been demonstrated in earlier perturbation solutions ' of 

plates with 'uncoupled' boundary conditions, it can be seen here also 

that 

(i) 1st order perturbation terms corresponding to inplane dis-

placements vanish i.e. buckling mode is characterised by 

normal displacements (w) alone. 

(ii) 2nd order perturbation terms corresponding to normal dis-

placements vanish and the bifurcation is symmetric, i.e. 

e ̂  = 0 

(iii) 3rd order perturbation terms corresponding to inplane dis-

placements vanish and so on. 
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3.2.1.6 Application of boundary conditions 

As explained earlier, a special feature of the version I is the 

manner in which the boundary conditions along the junctions of the plate 

are stipulated. In this section the manner of implementing the boundary 

conditions in the computational scheme is described for the case (i) 

of the version. Similar procedure is applicable for case (ii). 

Along a junction 'B' where two plates (1) and (2) meet at an angle 

as shown in Fig. 3.5(a), no attempt is made to enforce the continuity 

of displacements in the transverse plane. But instead the normal dis-

placements in each of the strips AB of plate (1) and BC of plate (2) 

are assumed to be zero; the plates are, in addition, assumed to be 

free from normal stresses in the transverse direction along the junction. 

The conventional finite element technique must be modified in the following 

manner, in order to implement these conditions:-

(i) The global degrees of freedom of the structure are defined in 

the same sense as the local degrees of freedom of th^ individual strips. 

Thus the stiffness matrices of the individual strips can be used straight 

to form the global stiffness matrix, without any transformation. 

(ii) The transverse displacements along the junction each of 

the strips AB and BC (Fig. 3.5) are treated as twe independent degrees 

of freedom. This ensures that the forces corresponding to each vanish 

separately as the strain energy is maintained stationary with respect 

to each degree of freedom representing the transverse displacements. 

(iii) The normal displacements of the strips AB and BC along B 

are assumed to vanish and eliminated by the application of boundary 

conditions. These degrees of freedom may be assigned the same number, 

in order to reduce the total number of degrees of freedom. A possible 

system of numbering the strips AB and BC is shown in Fig. 3.5(b). 
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(iv) It is necessary to eliminate the rigid body translation of 

each of the plates in the transverse direction, in order to prevent 

the stiffness matrix becoming singular. This can be done by stipulating 

either v^ ^ or Vg ^ of one of the strips constituting the plate to be 

zero. Note that these represent displacements whic& are constant all 

along the edges of the strip. 

3.2.1.7 Postbuckling analysis by direct solution of nonlinear equations 

The solution generated using the perturbation technique described 

in the previous section is an approximate one for the nonlinear problem 

as only a limited number of terms can be considered in the Taylor's 

series expansion 3.10. Further the accuracy of the solution can be 

judged only by comparison with the already known accurate solution of 

the problem and can not be known a priori. An exact solution of the 

nonlinear equations governing the problem is essential for a complete 

analysis and the perturbation solution described in the previous section 

is but a necessary starting point for obtaining the same. 

While there are several approaches for the solution of the non-

linear equations^^* what is described in the following is one of the 

simplest, most commonly used and the most reliable approach. This is 

based on a prediction of increments in the displacements for a chosen 

increment in the loading parameter (in our case 'e') and correction of 

the obtained solution by the Newton-Raphson iterative procedure. This 

is briefly described here for the sake of completeness. 

Perturbation Preidctor 

We recall that a typical edge force in the strip is given by the 

expression 
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Ei - i;: - [\j - + IT ^ j k ^ & - *ijk« 

. . . 3.7 (repeated) 

Let it be assumed that an equilibrium state in the nonlinear 

solution path is known. Let this be designated as (e ,q. ). The rate 
o 

of change of the edge force E., at (e , q. ) with respect to e may be 
o 

found by differentiating the expression 3.7 by e. 

3E. 
1 

Be " e(l-v2)B.j + q^^ + g; Oko^Ao 

Si-Si, 

e =e - q. 
o IJ JO 

»«. N) 

i = 1, ... N 
. . . 3.12 

where q^ stands for the rate of change of q^ with respect to e. 

The matrix [a.. - ed-v^JB.. + A., ,^ + YT *ijk% I k o ^ J = 

the so called incremental stiffness matrix which incorporates within 

itself 

a) The "Linear" stiffness matrix, whose elements are coefficients 

of linear terms in 3.7, |A. .1. 
L ijJ 

b) The matrix giving the destabilising effects of applied 

longitudinal compression given by 

amd c) the geometric stiffness matrix which gives the geometric effects 

due to finite displacements given by [A^j^ q^^ + 5Y^ijk& 

The column matrix q. } plays the role of applied loads. 
ij JO 

The incremental stiffness matrices of the strips are assembled to 

build the global incremental stiffness matrix. This is the coefficient 

matrix of the system of equations in terms of the global degrees of 
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freedom. The column vectors {(]-v2)EUj qj } of the strips are 

assembled to form the right hand side of this system of equations. The 

boundary conditions are applied and the system of equations solved to 

obtain q. 's. 

Let the value of *e* be incremented by Ae, so that the new value 

of *e* is given by e^ + Ae. An approximate solution qf for the buckling 

displacements corresponding to this value 'e* is given by 

qf = q. + Ae.q. 

*o I 

This method of prediction outlined above is called the "incremental 

approach" and can be used as such to trace the nonlinear solution. The 

major disadvantage with this approach is that the errors in the solution 

tend to accumulate with increasing number of steps and the magnitude of 

the errors remains unknown. Therefore it is necessary to employ an 

iterative correction procedure to eliminate these errors. 

Newton-Raphson Correction 

Let q? bt the correction to be made to a typical degree of freedom, 

so that 

a . c o 1 n 
q. = q. + q. . . . 3.13 
1 1 1 

where q^ are the degrees of freedom corresponding to e = e^ + Ae. 

Substituting 3.13 in 3.7, we obtain the edge forces in terms of 

the unknowns q^. Linearising this expression with respect to q? in 

view of its smailness in comparison to qf we obtain 

Ei = [Ajj - . + A.jk < * IT ^ 4 

. . . 3.14 

where E* stands for the edge force as given by the approximate set of 
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displacements and is given by 

E- = [\j - .]qj + & 1j 4 * & Ij % " 

. . . 3.15 

The stiffness matrix as given by the term within brackets in 3.14 

is assembled as before to form the improved global stiffness matrix; 

as also the column vectors {sf }to form the right hand side of the 

corresponding system of equations. The solution of these equations 

leads to the corrections to the local degrees of freedom and thus 

an improved solution vector is obtained. The procedure is repeated 

till the desired accuracy is achieved. As qf approaches the correct 

solution q^; sf in 3.14 approaches the correct value of edge force 

and each term on the right hand side of the equation tends to zero 

by virtue of the equilibrium conditions; as a result the corrections 

q^ also tend to zero. This process can be terminated as soon as the 

corrections become negligibly small. 

While there are several convergence criteria used in computations 

(Ref.46)p Che one used in the present work is that the sum of the 

squares of the terms appearing on the right hand side of the equations 

(which represent unbalanced forces) be less than a small stipulated 

value. This criterion was found to be simple to use and reliable. 

3,2.1.8 Computer programme for Version I 

The details of the computer programme based on the procedure 

outlined in this section (PLAPAVI) are given in Appendix Vll. 
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3.2.2 Version II 

In this section we present the formulation of the version II of the 

finite strip method for the post-local-buckling analysis. The general 

approach has much in common with version I and therefore the emphasis 

in the following sections will be on the points of contrast. 

3.2.2.1 Boundary conditions at the ends of the plate 

In this version the boundary conditions are assumed in the following 

form: 

w = 0 

3x2 

u = u . . . S.l^Ca-d) 

at X = 0 and x = a 

These conditions are the same as those used in version I but for the 

condition 3.16(c) which prescribes the inplane displacements (and not 

inplane shear stresses) as zero at the ends. This condition read 

together with 3.16(a) for each of the strips ineans that the end cross-

sections do not undergo any distortion. 

Unlike conditions 3.1, these conditions are logically coherent 

and are probably realised in practical situations where there is consid-

erable friction between the device applying the load and the ends of 

the plates. 

3.2.2.2 Displacement functions 

In this version, no approximations are made in the treatment of 

boundary conditions along the junctions. Therefore 'w' and 'v' must be 
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described by expressions which have the same form of variation in the 

longitudinal direction. To satisfy this condition and the boundary con-

ditions 3.16, the displacement functions may be taken in the form 

u = f| sin mng + ea(& - 5) 

(m = 2,4,6 ... ) 

V = f _ s i n m m g 

w = f _ s i n m m g 

(m = 1,3,5 ... ) 

. . . 3.17(a-c) 

The prescription of values in the parentheses in the above 

equations restricts the scope of the displacement functions to problems 

where the buckling mode is symmetric with respect to the central trans-

verse plane of the structure. This has been done deliberately in order 

to restrict the terms to a small number. If, on the other hand, the 

buckling mode is antisymmetric with respect to the centre, the descrip-

tion of u and v must both involve even and odd harmonics. For example, 

if 

w = w(y) sin 2mmS 

then = [w^(y^j2 sinZZmmg ; 

Thus is an even function with respect to the centre. To pair with 

this in the strain displacement relations for e , 'v' contain odd 

harmonics in its description. But since it must also have the same form 

of variation as 'w' in the longitudinal directions, it follows that 

both 'w' and 'v' must be described in terms of odd and even harmonics. 

The functions f, , f. and f_ ^hich describe the variation of 
Im 2m 3m 

displacements in terms of edge displacement parameters u^^ ... 6^^ 
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have the same meaning as in equations 3.3. The choice of the number of 

terms in each of the series must be made from considerations of conver-

gence of the solution. In order to ensure compatibility of displacements 

along the junction, the displacements 'w' and *v* must each be repres-

ented by the same number of terms. A imodification of this approach is 

possible, where the compatibility condition is satisfied but only 

partially; here 'w' would be described by a smaller number of terms 

than 'v', thus simplifying the computation a great deal. Such a imodi-

fication will be discussed in 3.2.2.7. 

3.2.2.3 Strain- energy expression 

The expression for internal strain energy is built as before using 

the equations 2.5(a-b) and the strain displacement relations 3.4(a-c) 

in terms of displacement parameters. This expression is given in 

AppendixViil in full detail. For purposes of further discussion, it is 

taken in the term 

n = - vAje qj + ^ [Ay - e(B,j + )] 

I- ^ijk "i'jlk * ir Aljkl 

. . . 3.18 

The presence of the linear term (which does not vanish in the equilibrium 

equations as the edges need, in general, not all carry inplane con-

straints unlike in case (ii) of version I) plays the same role as in 2.7, 

of ensuring that the prebuckling path will be nontrivial. 

3.2.2.4 Analysis of the prebuckling state of equilibrium 

The investigation of the prebuckling state of equilibrium has been 

found to be necessary in chapter 2 in certain cases of plate assemblies 
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for a proper buckling analysis. Thus a generalised approach Co Che 

problem of posc-local-buckling analysis musC have builC inCo ic as 

a preliminary, Che analysis of prebuckling sCaCe of equilibrium. This 

analysis has already been discussed in seccion 2.2.4 and will noC be 

repeaCed here. The prebuckling equilibrium paCh is assumed Co be 

linear as before and Che prebuckling displacemenC parameCers can be 

expressed as before, in Che form 

qf = e q, 

3.2.2.5 PerCurbaCion Cechnique applied Co buckling and inicial posC-

buckling analysis 

The analysis which follows has many similaricies wich ChaC discussed 

in 3.2.1 under version I and Che bifurcation analysis in chapCer 2. 

The essenCial difference between the presenC analysis and ChaC in version 

I is ChaC Che prebuckling equilibrium path is nontrivial in the present 

case. Thus it may be viewed as a continuation of the analysis in chap-

ter 2, but with different displacement functions as its starting point. 

These displacement functions are found to be necessary to depict the 

more realistic boundary conditions at the ends, which have a great 

bearing on the behaviour of the plate structure in the postbuckling 

behaviour. 

Let the displacements on the primary path be denoted by q^ and the 

incremental displacements Co the secondary path be denoted by v^ (Fig. 

2.5), so that the displacements on the secondary path are denoted, as 

before by 

s p 
4i = 4i + ^i 

From 3.13, the expression for the "sliding increment" in the edge force. 
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from an equilibrium state in the primary path to another in the second-

ary path, both corresponding to the same value of 'e', can be written 

in the form 

p. = E? - E? = [&.. - e(B.. + vC.. - A.., q, )1 v. 
1 1 1 ^1] 1] ij J ] 

h Aijk 'j'k ^ k ''j V t 

This expression for provides the basis for developing equilibrium 

equations (as does expression 3.7 for version I) for the plate assembly. 

The perturbation expressions for the sliding incremental edge force 

take the form, at the bifurcation point (v: = 0) 

3F. 

Fi,, = 

v^=o 

{A.. - e(B.. + V C.. - A... q, )} v. 
ij iJ ij ijk k] ]| 

*i,2 
8e' 

v.=o 
1 

{A.. - e(B.. + . C.. - A..^ v,^ 

" Ci: - Aijk Skj] 
1 

B^F. 

v.=o 
1 

{A.. — e(B.. + V C.. — A.., q, )} v. 
IJ IJ IJ Ijk ^k| Jg 

+ V C y - A . , ^ 'j, 

-3e, [B..t V C.. - A..^ q ^ ] v 

* 3^ijk "j, 

. . . 3. 19(a-c) 
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As before the set of equilibrium equations built using the first 

order perturbation expression 3.19(a) leads to an eigenvalue problem, 

the solution of which gives the critical load. Sequential solution of 

higher order equations as in 3.2.1.5 leads to a solution of incremental 

displacement v^ in the form 

V. = v . G + i ^ v . eZ +_L_v. e3 . . . 3.20 
1 1; 2! ig 31 ig 

(i= 1, ...N) 

corresponding to an 'e' given by 

e = Scr + + 4 ? =2=' 

The displacements in the postbuckling path with respect to the unloaded 

state for any 'e' are given by 

S T* , 
q. = qJ + V. 

= eq. + V. . . . 3. 21 
^1 

(i = 1, ... N) 

These provide approximate solutions for the displacements in the secondary 

path required for the direct solution of nonlinear equations governing 

the problem. 

3.2.2.6 Postbuckling analysis by the direct solution of nonlinear equations 

The procedure for the solution of equations using the perturbation 

prediction and Newton-Raphson correction is Che same as outlined for 

version I except for the following points of difference: 

The solution is sought for the total displacements in the secondary 

path and not for buckling displacements as in i/ersion I. The expression 

for the edge force in the secondary path is given by 
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E? = - veA. + lA.. - e(B.. + vC..)| qf 
1 1 Lij ijJ 

. 1 , s s ' l . B S S 
2! Aijk 9j 9% 3! ^iikt 9% 

as in 2.]]. Note that this expression, which is the basis for ^he 

solution of the nonlinear problem, includes a constant term absent 

in the corresponding expression 3.7 of version I. 

3.2.2.7 A variation of version II (Version IIA) 

As already stated, it is possible in most postbuckling problems 

to describe 'w' accurately in terms of one or two harmonics, but not 'v' 

This is especially the case with longer plate assemblies which buckle 

with several half waves along the length of the plate. If 'w' is 

described by a smaller number of terms than 'v*, the compatibility of 

junction displacement will not be satisfied for the set of harmonics 

which are present in the description of v but Absent i^ that of 'w'. 

But this may be justified in many situations for reasons already dis-

cussed in 3.].3.I under version I, where no attempt is made to enforce 

the compatibility of displacements in the transverse plane along the 

junctions at all. 

The modification of the version II suggested here is a via media 

between the version I and the more exact version of II discussed 

earlier in this section, from the point of view satisfying the compat-

ibility of displacements along the junction. Here 'w' is described by 

a comparatively smaller number of terms say 'm' than 'v' which ig 

described by say 'n' terms. The number of degrees of freedom for the 

strip is reduced therefore by 4(n-m) and as a consequence there could be 

significant reductions in the bandwidth of the global stiffness matrix 
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as well as in the total number of degrees of freedom. 

As developed in the present investigation, this modification is 

applicable only for plate assemblies which consist of junctions which come 

under the categories of a "corner", "transition" and "branch point" 

as described in 3.1.3.1. While equilibrium equations are developed in terma 

of edge forces for the first 'm' harmonics in the usual manner, the 

plates are assumed to be free from any inplane n^^mml forces correspond-

ing to the remaining 'n-m' harmonics. This is accomplished in the 

following manner. 

(i) The global degrees of freedom along all the edges of the 

strips are defined as having the same orientation as the local degrees 

of freedom except along the junctions. Along the junctions the global 

degrees of freedom corresponding to the 'w' and 'v' of the 'm' common 

harmonics is defined in the directions of the local degrees of freedom 

of one of the plates. The degrees of freedom corresponding to 'v' in 

the remaining n-m harmonics for the strips along the junction are defined 

as independent global degrees of freedom. 

(ii) For the strips with one of their edges coinciding with 

a junction on the plates, special transformation matrices must be 

employed which do not transform any but the degrees of freedom occurring 

in the common 'm' harmonics describing 'w' and 'v' along the junction. 

3.2.2.8 Computer Programme 

The details of the computer programme (PLAfAV2) using the version 

II as outlined in sec. 3.2.2 are described in .Appendix VII. 
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3.3 Simplifications of Che analysis 

The major difficulty in the analysis outlined above is that the 

number of nonlinear coefficients becomes disproportionately large as 

increasing number of harmonics are taken into account in the calculation. 

This is especially true of the coefficients of the quartic term in 

the strain energy expression (Refer Appendix V) which involves only the 

normal displacements. In expansion of the type 

V j V « . . . 3 . 2 2 

(i = ], ... n 

j = 1, ... n 

k = I, ... n 

& = 1, ... n) 

the total number of 's is n^. Since 4 degrees of freedom are 

associated with each harmonic, the total number of nonlinear coefficients 

in the expansion will be (4m)^ where 'm' is the number of harmonics 

considered in the solution. 

In order to achieve maximum simplicity and efficiency of Che 

compuCaCion Che following devices can be employed: 

1. In Che expression 3.22 , is symmeCric with respect to 

each of the subscripts i, j, k and & and therefore most of the terms 

repeat themselves, in the expansion. A great deal of simplification 

can be achieved if only the independent terms in the expansion are 

computed and used in building the stiffness imatrices. Table 3.1 gives 

the total number of terms in the expansion and the total number of 

independent terms thereof as the niTmher harmonics is increased 

frcm 1 to 5. An algorithm for obtaining an expansion of and 

computing the edge forces and elements of stiffness matrix resulting 
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Table 3.1 

No. of harmonics 
representing 

'w' 

Corresponding 
no. of degrees 

of freedom 

Total number of 
terms in the 
expansion 

The number 
of independ-
ent terma 

1 4 256 35 

2 8 4,094 330 

3 12 20,736 1,365 

4 16 65,536 3,900 

5 20 160,000 8,855 
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therefrom, using only the independent terms is described in Appendix 

VIII. 

2. In version II, the number of terms representing 'w' are the 

same as that representing 'v*. However the iionlinear effects of all 

the harmonics of 'w' may not all be equally significant. These non-

linear effects arise as a result of the nonlinear terms in the strain 

displacement relations. The strain energy expression, nay therefore 

be built up by considering the nonlinear terms corresponding to a 

suitably chosen number of harmonics, the rest being neglected. 

For example, consider the problem of the plate structure in 

Fig. 3.15(a). Let 'w' and 'v' both be represented by 5 harmonics, so 

that 

w = ^ w (n) sin mmS 

V = ^ sin mnS 

(m = 1,3, ... 9). 

Since the length of the plate is the same as the width of each plate, 

the harmonic corresponding to m=] gives the buckling mode and is the 

most important in the description of 'w'. In order to consider the 

flattening effect of wave form in the longitudinal direction, it may be 

necessary to consider the nonlinear effects of one or two additional 

harmonics, say m=3 and 5. The rest of the harmonics m=7 and 9 may be 

neglected in building the expressions for E , e and y which involve 
X y xy 

nonlinear terms in 'w*. 

These devices of simplifying the calculations have been built 

into the computer programmes described in Appendix VII. 
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3.4 Special problems related t:d advanced post-loc^l-buckling analysis 

In this section reference will be made to two specific problems 

associated with advanced (elastic) post-local-buckling behaviour of 

plate assemblies which can be dealt with by the methods described in 

this chapter, with certain modifications. The first is the problem of 

change of longitudinal wave form of the buckled plate from one with 

say 'm* half waves to another with *n' half waves. The second is the 

complete loss of stiffness of the locally buckled structure leading to 

its collapse. 

3.4.1 Change of wave form: 

Consider a plate which buckles into 'm' half sine waves and let us 

enquire whether there exists a possibility of a change of this wave form 

to one with 'n' half waves. 

Let 'w' be assumed to have two sets of degrees of freedom corres-

ponding to the two wave forms i.e. 

w = f_ sin mmg + f_ sin nng . . . 3.23 
3m 3n 

(no sum on 'm' or n ) 

where f_ and f are functions of n defined in 3.3(c). 
jm 3*1 

Some care must be exercised in the choice of displacement functions 

describing u and v . If for instance, version I is adopted (which is 

by far the simpler of the two versions) these must be chosen in the 

manner described in 3.2.1.2. Thus 

= I I ^^,i+j sin[(i+j)ng] + % % ^1,1-] sin[(i-j)nG] 

^b = I I f2,i+j cos[(i+j)*5] + I I cos[(i-j)nG] 

i = m,n 1 

j = m,n / 
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(The terms which are repetitions of the terms once included may be 

dropped from the functions; u^ and represent the buckling displace-

ments). 

The solution paths corresponding to each of the buckling modes are 

traced in steps and at each step the positive definiteness of the 

second variation of the strain energy expression is investigated. This 

is done by examining the positive definiteness of th# global incremental 

stiffness matrix for which standard techniques are available. (It can 

be established by a Taylor's series expansion of the strain energy of 

the strip, that the incremental stiffness matrix of the strip gives the 

second variation of the strain energy of strip amd therefore the global 

incremental stiffness matrix represents the second variation of strain 

energy of the entire structure). If at a step the matrix changes its 

character i.e. it either ceases to be or becomes positive definite it is 

an indication of change of stability. With the exclusion of a 'limit 

point', the change of stability is an indication that there occurs a 

bifurcation of equilibrium i.e. the equilibrium path corresponding to 

an uncoupled buckled mode is intersected by one witt a coupled mode. 

The following possibilities arise: 

Case (i): The primary buckling path corresponding to 'm' half waves 

does not lose stability at all; while the secondary buckling path 

becomes stable at a certain value of 'e'. (Fig. 3.6(a)). 

Case (ii): The primary buckling path loses its stability at a value of 

e, say e , while the secondary path becomes stable at a value of e, say 

e^. (Fig. 3.6(b-c)). 

Case (iii): The primary buckling path becomes unstable while the 

secondary path continues to be unstable (Fig. 3.6(dj). 

Each of these cases is discussed in the following; 
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Taking the case (i), no change of wave form would occur, as Che primary 

path continues to be stable. The fact that there occurs a change of 

stability for the secondary buckling path indicates the existence of a 

tertiary coupled equilibrium path, not connected primary path. 

This may have a significance only in the presence of initial imperfect-

ions in the shape of the secondary buckling mode. 

For the case (ii), the change of wave form does occur at the point 

where the primary buckling path loses its stability. This change of 

wave form will be abrupt if e > e^ (Fig. 3.6(a)) and will be gradual 

if e < e^ (Fig. 3.6(c)). There exists a coupled tertiary equilibrium 

path connecting the equilibrium paths at the points A and B where changes 

of stability occur. This path can be shown to be stable under con-

trolled end shortening*^ if e < e and unstable if e > e . 
m n m n 

For the case (iii) the primary path becomes unstable due to the 

intersection with a coupled tertiary equilibrium path, not connected 

with the secondary buckling path. (Fig. 3.6(d)). 

The problem is discussed later in the chapter with two numerical 

examples. 

3.4.2 Loss of stiffness of the plate structure due to elastic co^.rose 

of the junctions 

As the plate assembly is subjected to increasing end compression, 

much beyond the critical load, the normal displacements continue to 

grow at a more or less steady rate. This is accompanied by an increas-

ing concentration of longitudinal stresses near the junctions on the 

one hand and the waving in of the junctions on the other. At a certain 

stage the inplane displacements in the transverse directions for each 

plate along the junctions approach such magnitudes as to initiate 

a column-type collapse of one or more junctions. This further aggravates 
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the normal deflections in the plate and results in a complete loss of 

stiffness of the structure and the plate structure starts shedding 

load, under controlled end compression. At this stage there often 

occurs a snapthrough type of buckling of the structure resulting in an 

abrupt drop of the load. The problem of prediction of the collapse 

load can be tackled using a modification of the version II of the 

finite strip method developed in this chapter, but further discussion 

of this subject is postponed until chapter 5. 

3.5 Illustrative examples 

It is proposed to present a few numerical examples with the 

following objectives in view: 

1. To study the convergence of the solution as given by the two 

versions and incidentally to check the accuracy of the computer solu-

tions. This is done by comparison with existing solutions. 

2. To illustrate the greater efficiency of the finite strip 

approach in comparison with the finite element imethod for the post-

buckling problems. 

3. To illustrate with numerical examples, the procedure to study 

the changes in wave form outlined in 3.4.1, and to study the influence 

of coupling in boundary conditions along the longitudinal junction by 

means of an example. 

3.5.1 Study of convergence and accuracy of solutions: Version I 

3.5.1.1 Postbuckling stiffness of a simply supported square plate 

The first example considered is that of a square plate simply 

supported on all its edges. In this section we study the convergence 

of the postbuckling stiffness to the known exact values. The first 

case studied is that of a plate with unloaded edges free to but 
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held straight. Zhe ratio of postbuckling stiffness to the prebuckling 

stiffness (S*/S) obtained with increasing number of elements is shown 

in Fig. 3.7. The convergence to correct value of 0.5 reported by 

26 

Cox is rapid and monotonic. With 6 elements in the half plate the 

value of S*/S is obtained within an error of 1%. The results of a 

similar convergence study on a simply supported square plate with the 

unloaded edges free to wave are shown in Fig. 3.8. Here the convergence 

is found to be slower than in the previous case as a result of the 

additional force boundary condition this problem involves. 

3.5.1.2 Postbuckling behaviour of square plate under different boundary 

conditions 

The square plate problem is next studied under the following sets 

of boundary conditions in the postbuckling range upto a point where the 

applied stress exceeds 3 to 4 times the critical. In all the cases the 

square plate is simply supported along one pair of opposite edges. 

Plate 1(a): The unloaded edges are simply supported and allowed to 

move, but held straight. 

Plate 1(b): The unloaded edges are simply supported and free to wave in 

the plate of the plate. 

Plate 11(a): The unloaded edges are clamped and allowed to move but 

held straight. 

Plate 11(b): The unloaded edges are clamped and free to wave in the 

plane of the plate. 

The problem was studied with the normal displacement 'w' represented 

by two terma in the following manner: 

w = fg I sinnE + f^ ^ sin 3ng 
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and the displacement functions for u and v chosen as explained in 

3.2.1.2. The half plate was divided into 12 strips. For the case II, 

the deflection surface was assumed to be made up of two half waves in 

the longitudinal direction. The relationships between the load in its 

nondimensional form on the one hand to maximum deflection, end shorten-

ing and effective width (in their dimensionless forms) on the other, 

have been plotted for cases 1(a) and 11(a) in Fig. 3.9(a-c) and for 

cases 1(b) and 11(b) in Fig. 3.10(a-c). These results are compared 

with those obtained by Yamaki^^ who employed two terms in the solution 

to describe the normal displacement in each direction. As can be 

seen from the plots, the agreement between the two results in all 

cases over most of the range studied is excellent. It is noticed that 

at higher loads the present solution indicates a slightly lower stiff-

ness for the plate than Yamaki's. The normal displacement in the 

present solution is given considerably greater degree of freedom in 

the transverse direction than in Yamaki's solution, where it is 

restricted to two terma. In view of the fact that both the solutions 

give upper bounds for the displacements, the present solution must be 

considered the more accurate. 

3.5.1.3 Postbuckling stiffnesses of rectangular columns with various 

aspect ratios 

The next example considered is that of a rectangular column, com-

posed of plates of same thickness. It is necessary to study only the 

portion ABC of Fig. 3.11 included between two lines of symmetry OA and 

OC. The column is considered to be a long one, so that a preliminary 

investigation of the lowest buckling stress and the corresponding wave 

length is found to be necessary. A portion between successive nodal 

lines alone need be considered with the assumption that the deflection 
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surface is made up of single harmonic in the longitudinal direction 

Bbre the attention is confined to finding initial postbuckling stiffness 

in the immediate vicinity of the buckling load. 

Columns with ratios of longer to shorter sides (a^/b^) varying from 

O.I to I.O have been studied. The limiting case of local buckling when 

b^ tends to zero can be treated as a plate clamped along its longitudinal 

edges and free to wave in its plane. The problem was studied with 6 

strips on each plate AB and BC. The ratios of postbuckling to pre-

buckling sti-fnesses obtained have been compared with those reported by 

Graves-Smith^^ in Fig. 3.11. 

The solution given by Graves-Smith must be considered the more 

accurate, based as it is on the theoretically exact buckling mode, and 

the corresponding inplane stress system. It may be noted however that 

the agreement between the two results is quite close, the finite strip 

solution overestimating the stiffnesses by 1 to 2%. This is because of 

the relatively small number of strips employed in tb& solution. Referr-

ing to Fig. 3.8 it can be seen that in order to obtain the postbuckling 

stiffness within an error of 0.5%, for a plate with longitudinal edges 

free to wave, it is necessary to employ 12 strips in a half of the plate. 

3.5.1.4 Check for equilibrium 

In order to check the internal consistency of the solution, the 

longitudinal stresses were summed up at different sections and agreement 

in the total values of compression was in complete agreement upto 8 digits, 

This is mainly due to the mathematically consistent choice of the 

functions depicting the inplane displacements and tte compatibility of 

displacements along the edges of the strip inherent in the method. 
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3.5.2 Study of convergence: Version II 

In this section a few examples illustrating the convergence of the 

solution based on version II of the finite strip method will be presented. 

It is important to note that the set of boundary conditions assumed a± 

the ends of the plate in this version is different from those treated 

in the literature in one detail. It is dhe condition that the inplane 

displacements in the transverse direction at the ends are zero. This 

rules out comparison with other solutions for short plates. However 

when the plate buckles into several half waves, th^ solution would 

approach that for conditions assumed in version I. 

3.5.2.1 The problem of rectangular plate 

The ratio S*/S for a square plate and for rectangular plates with 

length to breadth ratios of 3 and 5 have been obtained taking varying 

number of strips in the half plate, and the number of harmonics char-

acterising 'u' and 'v'. These are given in the Table 3.2. The plates 

were assumed to be free to wave in their plane along the longitudinal 

edges. In order to check the internal consistency of the solution, 

an equilibrium check was performed by comparing the changes in the 

total longitudinal compression between two successive steps involving 

an increment of 'e' equal to 2 x I0"5, at different sections. Such a 

procedure is found to be necessary in order to isolate the errors 

involved in the description of prebuckling stress distribution. The 

deviation from the mean value as computed by taking 10 equidistant 

sections across the length of the plate are also given in Table 3.2. 

A study of Table 3.2 reveals some interesting features. First of 

all,.for the square plate a higher value of &*/S equal to 0.420 is 

obtained as against 0.408 reported in 3.5.1.1. This is due to the 

stiffer inplane boundary conditions at dhe ends of the plate. However, 
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the influence of these boundary conditions is not significant for 

greater aspect ratios whose values of S*/S approach that of the square 

plate in version I. 

An important factor governing the accuracy of the solution is the 

choice of the number of terms in the functions representing *u' and 'v'. 

It was noted that for version I, the number of teiMS representing u 

and V can be chosen exactly, once the number of terms characterising 

'w' are known. The same can not be said of version II. However, the 

number and character of terms entering into the description *u' and 'v* 

in version I, can be good indicators of the number of terms required in 

version II. 

Consider the case of a plate which buckles with 'n' half waves along 

the plate. Then the description of 'v' is composed of two terms, one a 

constant and the other which varies in the form cos 2nng in the longitud-

inal direction, according to version I. The number of terms required 

to represent a term like cos Znng , in the form of a Fourier series con-

sisting of sine terms increases with 'n*. Thus the greater the length 

of the plate, the greater the number of terms required to represent 

inplane displacements. 

From the Table 3.2, it is seen that for the case with a/X = 1 and 

'w' described by the first harmonic, at least four terms are required 

for describing the inplane displacements; increasing this number will not 

improve the accuracy of the solution for a given rwm&er of strips into 

which the plate is divided. Smaller number:of terms in the description 

would result not only in the inaccuracies in the prediction of the post-

buckling stiffness but also in the errors which become noticeable in the 

equilibrium check. With the increase in the ratio a/X to 3 the number 

of terms required to represent the inplane displacements increases to six; 
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Table 3.2 Convergence studies on FSM (Version II) as applied to rectangular plate 

Aspect No. of strips 
ratio in half plate 
(a/B) 

No. of harmonics to represent 

1 

w 
o 

12 

w u 

1(1) 3(2,4,6) 

4(2,4,6,8) 

5(2,4,6,8,10) 

1(1) 3(2,4,6) 

4(2,4,6,8) 

5(2,4,6,8,10) 

1(1) 5(2,4,6,8,10) 

3(1,3,5) 

4(1,3,5,7) 

5(1,3,5,7,9) 

3(1,3,5) 

4(1,3,5,7) 

5(1,3,5,7,9) 

5(1,3,5,7,9) 

Mean error in 
S*/S equilibrium 

check 

0.437 0.4% 

0.433 0.3% 

0.433 0.1% 

0.428 0.4% 

0.426 0.2% 

0.426 0.05% 

0.421 0.03% 

3 4 1(3) 5(2,4,6,8,10) 5(1,3,5,7,9) 0.428 0.4% 

6(2,4,6,8,10,12) 6(1,3,5,7,9,11) 0.426 0.2% 

7(2,4,6,9,10,12,14) 7(1,3,5,7,9,11,13) 0.426 0.1% 

6 1(3) 5(2,4,6,8,10) 5(1,3,5,7,9) 0.419 0.3% 

6(2,4,6,8,10,12) 6(1,3,5,7,9,11) 0.417 0.2% 

7(2,4,6,8,10,12,14) 7(1,3,5,7,9,11,13) 0.417 0.05% 

12 1(3) 7(2,4,6,8,10,12,14) 7(1,3,5,7,9,11,13) 0.412 0.02% 

5 4 1(5) 9(2,4,6,8,10,12,14,16,18) 9(1,3,5,7,9,11,13,15, 17) 0.423 0.1% 

6 1(5) 9(2,4,6,8,10,12,14,16,18) 9(1,3,5,7,9,11,13,15, 17) 0.417 0.1% 

12 1(5) 9(2,4,6,8,10,12,14,16,18) 9(1,3,5,7,9,11,13,15, 17) 0.410 0.05% 



and 80 on. However, the results for a plate with equal to 3 are 

sufficiently close approximations to those of the longer plates. 

In all the above caaes, the normal displacement has been described 

by a single harmonic. With 'w' represented by greater number of 

harmonics in order to study the postbuckling bi^haviour at loads consider^ 

ably greater than the critical load, more terms will be required to 

represent the inplane displacements. 

3.5.2.2 Effects of extra-buckling harmonics 

In the initial postbuckling analysis it is sufficient to describe 

the normal displacement by a single harmonic and most of the existing 

solutions are based on such an approach. At Ibigher loads there occurs 

a gradual deterioration of the accuracy of such a solution. 

A simple example is considered to illustrate the influence of 

harmonics other than the one which constitutes the buckling mode. It is 

the problem of a square plate simply supported along all the edges, with 

one pair of opposite edges free to wave in the plane of the plate. The 

problem was studied with version II of the finite strip method, with 8 

strips in half the plate. The ratio of S*/S and the nondimensional 

central deflection obtained using one (m=l), two (m=l,3) and three 

harmonics (mFl,3,5) for various levels of applied stress have been plotted 

in Fig. 3.12(a-b). 

It is seen that upto twice critical load, it is sufficient to 

consider just one harmonic, to predict accurately the postbuckling stiff-

ness. The agreement in the values of central deflection for the three 

solutions is closer than for the postbuckling stiffness. Comparing the 

three solutions, it may be concluded that it is sufficient to consider 

two harmonics for an accurate solution of the square plate problem. 

For plates with greater ratios of length to width, the role of extra 
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buckling harmonics can be even more important due to freedom of 

nodal lines to distort - something which does not exist for a square 

plate. 

3.5.3 Computational efficiency of the finite strip method 

In this section, an attempt is made to compare the computational 

efficiencies of the conventional finite element imethod and the finite 

strip method for the class of problems considered in this chapter. This 

is done by considering examples of postbuckling analysis of plates using 

the finite element method available in the literature. Two examples 

will be considered, one dealing with the determination of initial post-

buckling stiffness of a plate and the other with the postbuckling 

behaviour upto about thrice the critical load. 

The first example is that of a square plate simply supported along 

all the edges, with the unloaded edges allowed to move but held straight. 

The results obtained using the finite element approach by Akin Ecer^^ 

have been plotted in Fig. 3.13. Two patterns built up pf triangular 

elements with five degrees of freedom at each node were considered with 

one of them giving a better result. This is compared with the result 

obtained with the version I of Che finite strip method. The postbuckling 

stiffness is correctly predicted with 10 elements across the plate width 

fbr the Type II while 10 finite strips are needed across half the plate 

width in the present method. But this indicates a vastly greater comput-

ing effort involved in the finite element method - a fact which becomes 

evident by a consideration of the total number of unknowns in the 

equations and the half band width of the stiffness matrix. Considering 

only a quarter of the plate for the finite element approach, the total 

number of unknowns and the half band width work out to be 180 and 35 
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respectively, (Fig. 3.13) while for the finite strip method these are 

55 and 10 respectively. Taking the computing time to be proportional to 

the square of the band width and directly proportions^ to the total 

number of unknowns, the finite strip method will be fcmnd to take only 

about 3% of that taken by the finite element inethod. In addition, it is 

seen that the finite strip gives sufficiently accurate results even if 

only a small number of strips are employed e.g. the of S*/S is 

obtained in this problem within an error of 2% with just four strips 

in the half plate. 

The next example considered is that of a simply supported square 

plate again, considered by Bergan^^. In this case the unloaded edges are 

free to wave in the plane of the plate. The finite element mesh used by 

Bergan together with his results for the central deflection of the plate 

are shown in Fig. 3.14. Even though there are only five degrees of 

freedom associated with each node, there are several internal degrees 

of freedom associated with each element which are eliminated by static 

condensation. The results obtained using a 3 % 3 mesh in a quarter of 

the plate are of the same order of accuracy as those obtained with 6 

strips in the half plate in the version I of the finite strip method. 

In the finite element approach, the total number of unknowns involved in 

the solution (excluding the internal degrees of freedom) are' 80 and the 

half band width of the stiffness matrix 30. In the case of the finite 

strip method, these work out to be 35 and 10 respectively. By the reason-

ing employed in the previous case the computing tine required for the 

finite strip method is of the order of 5% of that required for the finite 

element approach. 

The major advantage of the finite strip method is that the band width 

of the system of equations remains constant once the number of harmonics 
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representing 'w' have been chosen. For example, in version I, if 'w' 

is represented by a single harmonic, (say n) the semi-band width in a 

plate problem is 10; if two harmonics (say n and 3n) aze employed, it is 

22. In most post local buckling analyses, it may not be necessary to 

consider more than two harmonics. Thus the semi-band-width would rarely 

exceed 22. But in the finite element procedure band width ck^ends upon 

the number of elements in the shorter direction and this can be determined 

only by a study of the convergence of the solution in a g^ven case and 

would often be several times greater. 

However there are situations where the finite element method may have 

advantages over the finite strip method. Consider a long plate or a 

plate structure which buckles locally into a number of half waves, say 

5 or n#re. If it is required to perform a postbuckling analysis giving 

freedom for each buckle to flatten in both directions and nodal lines to 

distort, then it may be necessary to consider several harmonics in a 

solution based on a finite strip method. This will considerably increase 

the number of local degrees of freedom and therefore the band width of 

the stiffness matrix. In addition the task of computing the coefficients of 

nonlinear terms becomes increasingly tedious as mcn^ and more number 

of harmonics are taken into account in the representation of 'w'. In 

such situations careful consideration must be given to both t̂ ie methods, 

before deciding upon one or the other. Such problems are however apt to 

pi#ve very difficult to tackle by either method. In most practical 

situations, however, the material would yield before the greater degree 

of freedom for the displacements envisaged in this situation results in a 

significant reduction in the postbuckling stiffness of th^ structure; and 

to study the elastoplastic problem there appears to be no better method 

than the finite element method. 
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3.5.4 Effect of displacements along the edges of Che plates 

In most analyses of plate assemblies as well as in version I of 

the finite strip method,certain assunptions have been made regarding the 

displacements along the edges of the plate. These assun^tions have been 

discussed at some length in 3.2.1.1. Even thougjh these assumptions have 

been justified by Benthem using a mathematical argument, it will be 

nevertheless interesting to enquire what order of magnitude of errors 

may be introduced by these, in actual computations. 

In order to study the effects of displacements along the longitud-

inal edges of the plates, two examples are presented in this section. 

In Fig. 3.15(a-b) are shown two plate structures made up of two identical 

plates; in one of them (Fig. 3.15(a)), the plates meet at a very oblique 

angle of 170° and in the other at a right angle. The outer edges of 

the plate structure are supported in the vertical direction and therefore 

not in a direction normal to the plates. Thus the longitudinal edges 

of each of the plates can undergo displacements normal to the plane of 

the respective plate. 

The post-local-buckling behaviour of the plate asseniblies has been 

studied using version II of the finite strip method which does not make 

any approximations with regard to boundary conditions along the junctions. 

In the analysis, both 'w' and 'v' are represented by five harmonics 

(m=l,2 ... 9) but the nonlinear effects of only the first three harmonics of 

'w' are considered in the analysis. The average stress-strain relationship 

has been plotted for each case in Fig. 3.16. Next the problem was 

studied using the sin^llfying approximations, that the normal displace-

ment 'w' is zero for each plate along the junctions and the edges are 

free to wave^Thggg assunptions reduce the structure into two Identical 

simply supported plates with edges free of all inplane stresses, due to 
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the antisymmetry of the buckling mode with respect to the common : 

junction. (Fig. 3.15(c)) This problem has been solved for the same 

degree of accuracy and the results are plotted alongside those of the 

plate assemblies in Fig. 3.16. 

From a study of these results, it is seen that the sin^lifying 

approximations have the effect of overestimating the postbuckling 

stiffness. In the range where the average stress is about twice the 

critical, the error is about 12%. This is a consequence of displacements 

along the junctions which make them less stiff and reduce the stresses in 

their vicinity. Any post-local-buckling analysis, which assumes the 

normal displacements of the member plates to vanish along the junctions 

is subject to errors of similar magnitude, and this observation may be 

helpful in placing the right value on the results of such analyses. 

3.5.5 Study of change of wave form 

In this section, the procedure outlined in section 3.4.1 for a 

study of change of longitudinal wave form will be illustrated with 

examples. 

3.5.5.1 Rectangular plate restrained against lateral movement 

The first example studied is that of a rectangular plate simply 

supported on all the edges restrained against inplane movement in the 

transverse direction and having an aspect ratio of 2. (Fig. 3.17(a)) 

The problem was studied with version I of the finite stnLp method. 

The lowest buckling stress corresponds to a buckling mode made up 

of one half wave along the length of the plate; the next higher eigen-

value of the buckling problem corresponds to a buckling mode of two 

half waves along the length. The primary and secondary modes were traced 

separately with degrees of freedom corresponding to both the modes 
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represented in the analysis. Thus the displacement functions chosen 

for 'w' took the form 

= w sinnG + sin 2ng 

where and Wg are appropriate functions of n. 

The corresponding functions for the buckling displacements u^ and 

therefore were taken in the form 

"b " 

(n = 1,2,3,4) 

and = V (n) cos nng 

(n = 0,1,2,3,4) 

It is seen that the primary buckling mode loses its stability between 

2 . 7 5 2 . 8 0 times the critical load, as indicated by second varia-

tion of strain energy ceasing to be positive definite. On the other 

hand the equilibrium path corresponding to the secondary buckling mode 

which is unstable at the beginning, becomes stable at a load which is 

10% higher than the corresponding critical load. Thus a snap through 

wiAl occur from the primary buckling path to the secondary path at about 

a load of 2.8 times the critical as shown in 3.17(a-c). These observa-

tions are in close agreement with those of Supple^^ who studied the same 

problem by a different method, thus confirming the validity of the 

procedure used. 

3.5.5.2 Rectangular plate free to inove along the unloaded edges but held 

straight 

The next example considered is that of a plate with the same 

dimensions and boundary conditions except that in this case the unloaded 

edges are free to move but held straight. (Fig. 3.18(a)) This change 

in the boundary conditions can be seen to influence the behaviour of the 

144 



S E C O N D A R Y . 
M O D E ( m = 3 ) 

PRWdARY MODE 

( m = 2 ) 

/ 
/ 

/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 

. B s l O O 

200 

/ 
/ 
/ 
/ 

/ / / / / / / / 

(O) 

/ 
/ 
/ 
/ 
/ / 

/ 
/ 

EDGES FREE TO MOVE 
BUT HELD STRAIGHT 

E n ^ 
c r 

Fig. 3.18 Postbuokling Equilibrium Paths 

of a Simply Supported Plate 

with edges held straight. 



plate profoundly. 

The primary buckling path corresponds to a mode with two half 

sine waves along the length of the plate. The secondary buckling path 

which bifurcates from the straight form of equilibrium from the iiext 

higher eigenvalue corresponds to a buckling mode of three half sine 

waves. The displacement functions for the buckling displacements were 

therefore chosen in the form 

*b " WgCn) sin + w^Cq) sin 3irS 

u^ = U|(%) sin irg + u^(%) sin 4ng + u^Cn) sin Sirg + Ug(n) sin 6?% 

v^ = Vg(n) + v^Cri) cosng + v^(r^ cos + v^C^j cos 5mg 

+ Vg(n) cos 6?g 

It was found that the primary buckling path was foumd to remain stable 

to an indefinite extent. The secondary path does become stable at a 

certain point indicating the existence of a path corresponding to a 

"coupled" mode branching from the secondary buckling path, but this is 

of no relevance to the behaviour of the initially perfect plate, which 

will remain in stable equilibrium along the primary buckling path. 

(Fig. 3.18(b)) These observations are in agreement again with those 

of Supple 

3.6 Concluding remarks 

The finite strip method has been developed for the postbuckling 

analysis of plates and post-local-buckling analysis of plate assemblies. 

Two versions of the method have been presented each being suitable in 

different contexts. Examples have been presented to accuracy 

of the solutions by comparison with earlier solutions. Convergence 

studies reported indicate the order of magnitude of computational 

effort involved in obtaining solutions of desired accuracy. The superior 
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computational efficiency of the method over the conventional finite 

element method for the class of problems considered here, was illus-

trated by two case studies. The other examples presented relate to 

the effects of extra-buckling harmonics in the solution, the influence 

of 'coupled' boundary conditions and the study of change of wave form 

using the method presented. 

The analytical tools and programmes discussed in this chapter 

form the basis for the theoretical studies reported in the chapters 

that follow. 
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CHAPTER 4 

STUDIES ON POST-LOCAL-BUCKLING BEHAVIOUR 

OF SOME TYPICAL PLATE ASSEMBLIES 

4.1 Introduction 

The last chapter was devoted to the discussion of the analytical 

techniques developed as part of the present investigation. In the present 

chapter, the post-local-buckling behaviour of a few typical combinations 

of plates is examined. The aim has been to study the effects of varying 

the geometric parameters of the structure on the postbuckling behaviour. 

It must be emphasised that the present studies are concerned exclusively 

with local buckling (vide Art 1.2.2 (Chapter 1)) i.e. the junctions of 

plates are assumed to remain essentially straight and in each plate 

w » U;V. Thus the conclusions are applicable to relatively short 

structures composed of thin walls so that the possibility of interaction 

of overall buckling is excluded. 

The types of plate structures investigated are plain channel section 

struts, corrugated plates and stiffened panels. The results presented 

have been produced using version I of the finite strip method discussed 

in chapter 3. This means that the 'coupled' nature of the boundary 

conditions has been ignored. In addition, the nodal lines have been 

assumed to be straight in the solutions. Unless mentioned, the solution 

employs a single harmonic in the description of normal displacement. 

The results presented are based on a waVe length corresponding to the 

minimum buckling stress in each case. 
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4.2 Studies on plain chahnel section columns 

The problem of post-local-buckling behaviour of channel section 

columns has been studied by Rhodes and Harvey^^ whose analysis is 

based on the assumption that the buckling mode does not undergo any 

changes in the post buckling range. In the present study, the buckling 

mode is allowed freedom to change both in the longitudinal and transverse 

directions and as a result it has been possible to obtain the reductions 

in the postbuckling stiffnesses which are quite significant in most 

cases. 

Fig. 4.1 shows the geometry of the cross-section. Sidce the local 

buckling mode is symmetric with respect to the line xx, it is sufficient 

to consider one half of the cross-section ABC for the analysis. Conver-

gence studies in chapter 3 have shown that it is sufficient to subdivide 

it into 12 strips in order to obtain an accurate description of the post-

buckling behaviour. Thus the portions AB and BC, have each been divided 

iato 12 strips for the purposes of the study. Only a single harmonic has 

been used in the description of 'w' in the study, except for a chosen 

number of cases for which two harmonics (n and 3n in general) were 

employed in order to study the effect of changes in buckling wave form 

in the longitudinal direction. 

Fig. 4.2(a) gives the minimum critical stresses and the corresponding 

wavelengths for various values of bg/b^ varying from 0 to 1. The critical 

stresses are expressed in terms of K which is defined in the form 

o 
K = -

h^ 

]2(l-v2) b* 

[rhus for a simply supported plate of width the value of K is 4V] 

The values of K as well as those of S*/S (the ratio of the postbuckling 

to prebuckling stiffness) at the onset of buckling giA%n in Fig. 4.2^b) 

149 



bi 

( a ) P R O P O R T I O N S 

1 
1 

S 

1 
1 
1 1 
1 
1 I 
f A 1 

X 

B 

(b) BUCKLING MODE 

Fig. 4.1 CrosG-section and Buckling mode 

of the Channel Strut. 



0'8 

0 7-

O'G-

% 
O'S-

0" 4 ^ 

INMMAL VALUE 

3 0 

. AT Ogjf . AT 

' AT 
(^cro 

" AT 

^cro 

&WGLE HARMONKZ 
SOLUTION 

AT (fgy = 3 ' 0 TWO HARMONIC SOLUTION 

5'On 

2.0 

Pig. 4.2(b) Post-local-Buckling StiffnesBeB :Pig. 4.2(a) Minimua Buckling StresBes and 

of Channel Struts. and corresponding Half Wave 

lengths of Channel Struts. 



are in complete agreement with those obtained by Rhodes and Harvey^^. 

In Fig. 4.1(b) are also plotted the values of S*/S at twice and 

thrice the values of the critical loads. In addition the values obtained 

using two harmonics in the solution are also shown in the figure. On 

an average, the reduction in stiffness at thrice the critical load is 

about 30%. 

As the ratio bg/b increases, there occurs a rapid fall in the value 

of the critical stress but the postbuckling stiffness increases in the 

region bg/b^ > 0.4. In order to compare the structural performance of 

two cross—sections it is necessary to obtain the ultimate stress. In the 

absence of an elastoplastic analysis, an indicator of the ultimate load 

is the average stress at which the maximum membrane stress (i.e. the 

stress at the middle surface of the plate) first exceeds the yield stress 

of the material. Such a criterion of ultimate stress has been used by 

certain authors in the past^^'^^. Fig. 4.3 shows the average stress and 

the maximum membrane stress o (which occurs at the junction) plotted 
max 

against the average strain for two cases, one with bg/b^ = 0.5 and the 

other with bg/b^ = 1.0. Both the stresses and strains have been divided 

h^ 
by 0 = E = . — , the critical stress or strain for a 

-cro cro 

plate of width b simply supported along its longitudinal edges. Taking 

bj/h = 50 and the a /E for the material to be 2 % lO"^, yielding will 

occur when o /a reaches a value of 1.383. Reading the corresponding 
max cro 

values of average stresses on the graphs, it is seen that the channel 

section with bg/bj = 0.5 is capable of carrying 20% more average stress 

than the one with bg/b^ = 1.0. It would appear, therefore, that it is 

best to proportion the channel sections such that bg/b^ lies between 0.4 

to 0.6; with bg/b < 0.4, the overall buckling is an important considera-
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tion except for very short columns as shown by Williams and Wittrick*^^. 

With bg/b > 0.6, the local buckling stresses are considerably lower 

(Fig. 4.2). As a result, the longitudinal stresses begin to get concen-

trated near the junctions quite early on in the load displacement 

history thus leading to an early failure. If a higher b^/b^ ratio must 

be had; it will be advantageous to make the outstands stiffer in com-

parison to the main plate. 

4.3 Studies on corrugated plates 

The load carrying capacity of the plates can be improved by intro-

ducing one or more V-shaped corrugations in them (Fig. 4.4(a)). The 

problem of initial buckling of corrugated plates with a single corruga-

101 

tion has been studied by Williams . In the present section, the results 

of studies on post-local-buckling analysis of plates with a central 

V-shaped corrugation, are presented. 

The analysis is based on an assumed buckling mode which is anti-

symmetric with respect to the line of symmetry of the cross-section xx 

as shown in Fig. 4.4; this together with the approximation that the 

normal displacements of the plates BC and CD at C vanish, inherent 

in V&rsion I of the finite strip method, makes it possible to treat the 

plate BC as being simply supported at C and the longitudinal edge C 

free to wave in the plane BC. Thus the problem is reduced to that of a 

plate structure consisting of two plates AB and BC, meeting along a 

common junction B and simply supported along their respective remote ends 

as shown in Fig. 4.4(c). 

The results of a parametric study using 12 strips in each plate AB 

and BC are presented in Table 4.1. Since in the context of assumptions 

in Version I the behaviour is governed only by the ratio of the widths 
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Table 4.1 Initial buckling data for the corrugated 

plates investigated 

C/L X/L K 
cr 

f 12(1-^2) L' 

S*/S 

1 0.5 60° 0.880 4.71 0.61 

2 30° 0.545 13.18 0.55 

3 0.6 60° 0.730 7.11 0.62 

4 30° 0.550 12.59 0.61 

5 0.7 60° 0.660 8.96 0.56 

6 45° 0.625 9.48 0.62 

7 30° 0.620 9.61 0.61 

8 0.8 60° 0.705 7.36 0.61 

9 45° 0.690 7.51 0.57 

10 30° 0.685 7.60 0.55 

11 0.9 60° 0.765 6.09 0.53 

12 30° 0.750 6.27 0.50 

f — 

-If—-

— a . 
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of the plates, it is appropriate to plot S*/S against (the ratio 

of shorter to the longer plate) and this has been dane in Fig. 4.5. As 

'b^' approaches zero, the problem becomes one of a plate of width b2 

simply supported along one of its longitudinal edges and clamped along 

the other. At the other end of the spectrum, with b^/bg equal to unity, 

each plate behaves as if simply supported along the longitudinal edges. 

In order to illustrate the effects of change in bi/bg, we consider 

cases 2 and 11 in Table 4.1. The cross-sections of the corresponding 

corrugated plates are shown in Fig. 4.6(a-b) where the length 'L' is 

assumed to be 100 and thickness unity. The total cross-sectional area 

w^irks out to be 107.74 and 110.00 in case 2 and 11 respectively. Thus 

the total quantity of the material is roughly the same. This provides 

the basis for enquiring which of the two config^^^±ions works out to be 

economical for supporting a given total load. It is seen that the case 

11 with a b^/bg ratio of 0.22 buckles at a considerably smaller load 

than the case 2, with a b^/bg ratio of 0.866. This is due to the fact 

that the buckling stress is controlled mainly by ratio bg/h, the 

ratio of width to thickness of the wider plate. Fig. 4.7 shows the 

stress-strain curves for the two cases. There occurs a significant 

reduction of postbuckling stiffness for the case 2, but because of the 

higher buckling stress, continues to carry a higher load in comparison 

to case II. In the figure: are also ^hown the values of maximum membrane 

stress (in their nondimensional form viz. a /E) on the stress-strain 
max 

characteristics, at discrete values, such as 2.0 % 10 2.5 % 10"^ and 

so on. From the figure, it is possible to obtain t±e first yield loads 

for given values of o /E. If, for example, this is equal to 2 x 10"^, 

the first yield load for case 2 exceeds that of case 11 by about 30%. 

The difference in the average stress carried by the plate structures for 
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the same value of the maximum stress is explained by Fig. 4.8(a4b). 

It is seen that for the same value of maximum stress given by o /E = 
max 

2.5 X at one of the edges of the constituent plates, the stresses 

for the case 2 are more equitably distributed whereas there is a wide 

raAge of variation of stress for the case II. 

If the thickness of the plates is changed from h to h , the 

characteristics in Fig. 4.7 can still be used provided all the stresses 

2 

and the strain are scaled by a factor (h^/h) . For very thin plates, 

which have a large elastic range of behaviour after buckling, the differ-

ences in the first yield loads, for the two cases, would tend to become 

smaller as the stress-strain characteristic for case 11 catches up with 

that of case 2. 

The example presented in Fig. 4.7 illustrates the greater structural 

efficiency of corrugated plates with bg/b^ in the vicinity of unity in 

comparison to those with plates having widely different widths. 

4^4. Studies on stiffened panels 

One of the structural elements most frequently met with in practice 

is the plate stiffened with a number of equispaced stiffeners. If the 

plate is sufficiently wide and carries a large number of stiffeners, it 

is sufficient to consider the action of a typical panel shown in Fig. 4.9. 

In this section, the results of a study on the post-local-buckling 

behaviour of stiffened panels are presented. Effects of changes in the 

width and thicknesses of the stiffeners are investigated. Note that the 

problems involving buckling of the plate as a whole, are beyond the scope 

of the present study. 

Fig. 4.9(a) shows an infinitely wide plate stiffened by equispaced 

stiffeners, together with the buckling mode assumed in the investigation. 
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A typical panel is shown in Fig. 4.9(b). The boundary conditions at the 

edges A are as follows: 

1) The edges 'A' are free to move in the transverse direction, but 

remain straight 

2) The shear stresses along the longitudinal ed^^^ vanish 

3) The rotation in the transverse plane vanishes 

4) The longitudinal edges are free from transverse shearing forces. 

These conditions are the result of the symmetry of the local 

buckling mode of the plate between the stiffeners with respect to the 

longitudinal edges A. The analysis employed 8 strips in each leg AB, 

BA and BC of the panel. 

Fig. 4.10(a-c) shows the proportions of the panels investigated. 

Table 4.2 gives the minimum critical load, the corresponding wave length 

and the ratio of the postbuckling to the prebuckling stiffness of the 

panel. The critical load expressed in terms of K where 

K . . 
^2 fh 

12(1-^^) 

(Thus if K = 4, the critical stress equals that of a plate simply 

supported over a width of 2L). The load displacement characteristics 

are shown in Fig. 4.11(a-c), where those of panels having the same widths 

of member plates (but varying thicknesses of stiffeners) are shown along 

side each other. All the stresses and strains have been divided by a 

factor o = E = jc for ready comparison with the behav-

j;cro cro % 

iour of a simply supported plate of width 2L; the maximum values of 

membrane stresses are also plotted in the figure so that the first yield 

loads can be obtained once a certain ratio of o /E is specified. 

The behaviour of panels ST4, ST5 and ST6 idhich carry thinner stiff-

eners is of particular interest. From Table 4.2, it is seen that these 

panels buckle at very low stresses in comparison to the other panels. 
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Table 4.2 Initial buckling data for the stiffened 

panels investigated 

Group Identification X/2% K S*/S 

I ST I 1.21 3 .20 0 .64 

ST2 1.10 3 .86 0 .52 

ST3 1.02 4 .22 0 .55 

II ST4 0.86 1 .23 0 .91 

ST5 0.69 I .92 0 .92 

ST6 0.53 3 .41 0 .94 

III ST 7 0.78 6 .17 0 .72 

ST 8 0.78 6, . 15 0, .68 

ST9 0.79 6, ,06 0, .66 
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This is due to the buckling of the stiffener almost independently of the 

main plate as illustrated by the buckling mode for the panel ST4 in Fig. 

4.12. This also accounts for the very high initial stiffness of buckled 

structure. Thus, in this case, buckling stress bears no relationship 

to the structural capacity of the panel, except as a starting point of 

the nonlinear behaviour. From 4.11(a-c) it is seen that the high initial 

stiffnesses of these panels gradually decrease and approach the values 

of those of STl, ST2 and ST3 at their respective critical loads. This 

shows the importance of studying higher ranges of postbuckling behaviour 

and obtaining the accompanying reductions in stiffness. 

From Fig. 4.11(a), it is seen that for a given yield stress, the 

panel ST7 takes up the highest average stress, STl the next higher and 

ST4 the least. Thus the structural efficiency (aa measured by load 

carried per unit area) of panel ST7, which carries a stiffener twice aa 

thick as the plate, is the highest. This demonstrates the key role 

played by the stiffener which must be made stiffer than the plate it 

supports. The boundary conditions of the stiffeners are a little weaker 

as one of their longitudinal edges is free. If they are slender (i.e. 

if the ratio thickness to breadth is relatively small) they are liable 

to buckle independently of the main plate,undergo increasing deflections 

and thus transfer some of their load to the plates. This would in turn 

weaken the plates and increase the rate at ^hich the junction stresses 

build up with respect to a given increase in the average stress. 

It is not obvious from Fig. 4.]l(a-c) what actual increase, in the 

load carrying capacity, if any, is associated with panels belonging to 

Group 3 (which have heavier stiffeners) over other panels, for a given 

quantity of material used. In order to explore this the panels ST7 and 
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ST4 are reproportioned in the manner indicated in Fig. 4.13 (and re-

designated as ST7* and ST4*) such that the ratios of the thicknesses of 

the plates are maintained but the area of cross section works out in 

each case to be 3h^L - the same as that of ST). The relationships 

between average and maximum membrane stresses and strain for the panels 

are shown in Fig. 4.14. These can be obtained for the cases ST7* and 

ST4* from the characteristics plotted in Fig. 4.11va) by using a scaling 

2 

factor equal to (h^/h^*) both for the stresses and strain. 

It can be shown with the aid of Fig. 4.14, that the proportions 

of the panel ST7* are the most economical. In order to demonstrate this, 

we consider a specific example. Let h/L = 50, and E = 2 x kg/cm^, 
V = 0.3 then o = 723 kg/cmf. Assuming o /o = 3 (corresponding to 

cro y cro 

a yield stress of 2169 kg/cm^), the corresponding nondimensional average 

stresses are given by points P, Q and R in Fig. 4.14 for the panels ST7*, 

STl and ST4* respectively. It is seen that the panel ST7* is capable of 

taking 10% greater load than the panel ST4* - an indication of the 

advantage of making the stiffeners heavier. 

Comparison of stress-strain relationships for the panels in each of 

the groups in Table 4.2, from Fig. 4.11(a-c) shows that panels with 

stiffeners of smaller width take up higher average stresses at the first 

yield. This is especially true of the panels in the first two groups. 

Thus there appears to be a case for proportioning the stiffener BC 

(Fig. 4.9(b)) such that it has a h/B ratio of at least 4 times the 

corresponding value for the main plate AA. It is possible to achieve 

this by reducing the value of 'B', but this will reduce the resistance of 

the structure to overall buckling. Finally it must be noted that aa the 

stiffeners are made increasingly stiffer, at a certain stage local 

buckling mode will change, the plate behaving as if clamped at the 

stiffeners. 
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4.5 E%aiiq)les of panels with box type stiffeners 

The disadvantage associated with the stiffened plates discussed in 

the previous section, is that the stiffener happens to be the weakest 

member of the structure, being conpletely unsupported along one of its 

edges. In order to maximise the structural efficiency of the system, the 

stiffener must be made stiffer, as demonstrated in the last section. It 

is possible to inqirove their performance in other ways, ag for exaiq)le by 

providing additional supporting members as shown in Fig. 4.]5(a-c). In 

the present section, it is proposed to consider the performance of box 

type stiffeners shown in Fig. 4.15(c); these inqirove considerably the 

resistance of the structure against overall buckling,with the result it 

would fail often exclusively by local buckling. Thus the post-local-

buckling behaviour of such structures is of special interest; and the 

subject is discussed in this section by considering a few worked examples. 

Fig. 4.16(a-d) shows the configurations of the plates in the examples 

studied. The panels fall into two groups identified by A and B; the 

preferred buckling mode in each case is also shown in the figure. The 

panels belonging to Group A have the same proportions as the panel STl in 

Table 4.2 except for the introduction of a plate parallel to the main 

plate connecting the adjacent stiffeners, thus providing a basis for 

comparison with the panel studied earlier. In the second group of panels, 

the spacing between the boxes has been doubled. The effects of changes 

in thickness of the plates constituting the stiffeners in each group 

are studied. 

Fig. 4.]7(a-b) gives details of the panels of each group investigated. 

The stress-strain characteristics are plotted in Fig. 4.18(a-b). 

Considering the stress-strain relations of the panels in Group I 

(Fig. 4.18(a)), it is seen that the panel identified by A3 buckles at a 
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considerably lower stress in comparison to A1 or A2. This is due to 

the buckling of the stiffening plates CD and DE and in particular, the 

latter, with other plates developing comparatively very small displace-

ments in the vicinity of the critical load. Therefore the postbucklin^ 

stiffness remains high; thus the panel carries the same average stress 

as the panel A2 in the initial postbuckling range of the latter. Com-

parison of the relationships between the average and maximum stresses on 

one hand to the average strain on the other for the three cases shows 

that panel Al carries the highest average stress fc^ a given yield stress 

of the material. But this does not in itself imply that the manner of 

proportioning of AI is the most economical. In order to examine this 

aspect, it is necessary as before, to obtain loads carried by the panels 

for a given total area of cross section at incipient yield. This is 

done by reproportioning A2 and A3 such that the cross sectional area of 

each of these is the same as that of Al, as shown in Fig. 4.19. The 

stress-strain relations for the panels Al, A2 A3* (Fig. 4.19) are shown 

in Fig. 4.20. Assuming = 3 as in the previous section, the 

corresponding nondimensional average stresses are given by the points 

P, Q and R for the panels AI, A2* and A3* respectively. It is seen that 

the panel A3* carries the maximum load and thus is the most economical 

of the three. But the difference between the loads taken by the panel 

Al and A3* is not significant, being within 4%. Bearing in mind the 

low buckling stress of the panel A3* and the smaller thicknesses of the 

plates constituting the stiffener, the panel is particularly vulnerable 

to the effects of initial imperfections and the extra load carrying 

capacity can easily be lost thereby. In addition the panel would buckle 

even at working loads and this may not always be allowed. 

The stress-strain relations of the second group of panels Bl, B2 

and B3 are shown in Fig. 4.18(b). These follow the same trends as the 
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group A. Comparison of Che two groups of stiffened panels (A and B) 

shows that the load carrying capacity per unit area of cross-section is 

higher for the group A. However, if comparison of the two groups is 

made on the basis of the same cross—sectional area over a length of the 

main plate, the group B would be found to be more efficient. Taking for 

example, the panels Al and Bl, it can be seen that the thickness of ea^h 

member of the latter must be increased by 20%, to obtain the same cross-

sectional area as panel AI. This is responsible for the higher efficiency 

of Bl over Al. 

Similarly it can be shown that the panel STl considered in the 

previous section has a greater efficiency than the panel Al. But the 

panel Al has an advantage over the panels STl and Bl, in that it has 

a greater resistance to overall buckling. 

4.6 Concluding Remarks 

Numerical studies on post local buckling behaviour of a few 

typical combinations of plate assemblies often met with in structural 

work are presented. By a comparative study of the characteristics 

relating the average strain of the plate structure to the average and 

maximum membrane stresses, relative merits of various ways of proport-

ioning the members have been examined. The conclusions arrived at may 

be summarised as follows: 

(i) In the case of channel section struts made up of plates of 

uniform thickness, the width of the outstands must be kept as small as 

possible taking into account the risk of overall buckling. The structural 

efficiency decreases rapidly with increasing value of bg/b^. (Fig. 4.1) 

The structural performance of the section for higher values of bg/b 

can be improved by provision of extra thickness for the outstands. This 

conclusion follows, in retrospect, from the study of stiffened panels 
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(ii) In the caae of corrugated plates (Fig. 4.4) built up of 

plates of the same thickness, the width of the constituent plates must 

be made as nearly equal to each other as possible. 

(iii) In the case of stiffened panels which are prone to local 

buckling, it is important to make stiffener (BC in Fig. 4.9(b)) suffic-

iently stiff by increasing its h/B ratio to at least 4 times the 

corresponding value for the main plate (AA in Fig. 4.9(b)). In the case 

of box type stiffeners, however, there appears to be no advantage in 

making the stiffener plates stronger than the main plate. On the other 

hand, the structural efficiency can be marginally improved by making 

the main plate slightly thicker than the plates constituting the 

stiffener. 
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CHAPTER 5 

ELASTIC COLLAPSE OF PLATE STRUCTURES 

5.] Introduction 

The failure of locally buckled plate structures is often marked by 

a 'crinkly' collapse of the junctions referred to in 1.2.3.4 (chapter 1). 

While in practical steel structures, the failure is preceded by plastic 

yielding of the material, it has been found that the crinkly collapse can 

92 

be an entirely elastic phenomenon . Therefore, it appears, that a 

complete elastic analysis would in itself provide an insight into the 

mechanics of this type of collapse. The high reproducibility of this 

phenomenon (chapter 6) observed in the tests indicates that 

(i) it is a well defined inherent feature of nonlinear behaviour 

of plate structures 

and (ii) mathematically, it would constitute a well conditioned problem. 

On these grounds, the problem of elastic collapse of plate structures 

appears eminently worth investigating. 

Consider a plate assembly subjected to axial compression, which 

exceeds its initial buckling stress. With increasing compression, the 

normal displacements continue to grow at a steady rate. This is accom-

panied by an increasing concentration of the longitudinal stresses near 

the junctions on the one hand and the waving in of the junctions on the 

other. At a certain stage, the inplane displacements in the transverse 

directions for each plate along the junctions i&pproach such magnitudes 

as to make them behave like columns with initial imperfections. As a 

consequence, there begins a column-type collapse of the junctions -

aggravating further the normal deflections of the plates resulting in 
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a complete loss of stiffness of the structure. In an experimental set up 

where the end displacements are controlled, the structure would now 

start shedding load. However, as will be seen in the next chapter, there 

often occurs at this stage, a snapthrough type of buckling of the 

structure with an abrupt drop of the load, to a remote equilibrium state 

characterised by the 'crinkly' buckling mode. 

In the discussion of the elastic collapse of plate structures, which 

is the subject matter of the present chapter, it is therefore necessary 

to distinguish between 

(i) the advanced post-local-buckling equilibrium states which 

precede and lead to the exhaustion of the capacity of the structure to 

carry loads 

(ii) the post-collapse states of equilibrium characterised by 

'crinkly' modes, and 

(iii) the intervening states of equilibrium which are skipped in 

the snapthrough buckling. (Fig. 5.]) 

A comprehensive analytical study of dbe three states mentioned in 

the foregoing, leading eventually to a mathematical modelling of the 

crinkly collapse mechanism offers itself as a fascinating proposition 

for research. But such a study is bound to prove intractably difficult 

owing to the fact that the deflections in the equilibrium states (ii) 

and (iii) in the above, become so large that no simplifying approximations 

(such as those used in von Karman equations) in the strain-displacement 

and curvature-displacement relations can be justified; and the exact 

92 

equations for these must be used. These equations are very complicated 

indeed and would increase the computational effort by am order of magni-

tude. In the present investigation, therefore, attention is restricted 

to the study of post-local-buckling behaviour until the structure takes a 
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maximum load and the failure by snapbuckling becomes imminent. 

In order to explain simply the phenomenon of crinkly collapse, a 

mechanical model of a column resting on a nonlinear elaatic foundation 

is proposed in the next chapter. 

5.2 Theory 

The problem is studied with the aid of the Finite Strip Method 

developed in chapter 3. Of the two versions of the method discussed 

therein. Version II is the more accurate in that it satisfies the 

boundary conditions along the junctions taking into account their 

'coupled' nature. This coupling has a significant influence on the 

structural response in the advanced stages of postbuckling equilibrium 

for the following reasons. 

(i) The normal displacements along the junctions of the plates 

assume values which can no longer be disregarded; and 

(ii) the plates after considerable local buckling tend to behave 

like interconnected thin shells and the movements of the junction in the 

plates of the constituent plates are resisted by development of inplane 

forces. 

These effects can not be depicted by Version I of the finite strip method 

which can not therefore form a reliable basis for th^ elastic collapse 

analysis of plate assemblies. But this approach has the merit of 

simplicity and does not involve any serious approximations as applied to 

a single plate. It is therefore used in diis chapter for,making compari-

sons with solutions based on Version II. 

Since the collapse of the structure is triggered by the growth of 

inplane displacements in a process of colmna buckling of the junctions, 

it is vitally important to incorporate the destabilising influence of the 
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inplane displacements 'v' in the analysis. This can be done by including 

the nonlinear terms in 'v' in the strain displacement relations, i.e. 

the strain displacement relations must be t^ken in the form 

9w , 9v 9v 
%y 9y 9x 9x ' 9y 9x ' 9y 

. . 5.](a-c) 

Introduction of these nonlinear terms in 'V would result in a large 

number of additional terms in the energy expressicm and make the computa-

tion considerably more expensive. However it seema possible to introduce 

simplifying approximations which would enable the prediction of the 

collapse load without serious loss of accuracy. In the present formula-

tion all the cubic and quartic terms involving the second or higher 

degrees of 'i/ are neglected. Only the quadratic term which results from 

the interaction of applied compression 'e' (the average strain) and the 

quadratic term ' is retained. 

The truncation of the energy expression in the manner described 

above, is capable of a simple physical explanation which will now be given. 

The region of the plate in the vicinity of the junctions may be 

thought of as a column carrying uniaxial compressive stress equal to Ee. 

This is tantamount to assuming the postbuckled stiffness of the junctions 

to be equal to that of the plate prior to buckling. Under a prescribed 

end compression given by 'e', the strain energy stored in the region of 

the plate during a virtual displacement is given by 
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U* = -Ee.h II dxdy 

A 

-5(Ehe II E dxdy) 

Now substituting Eq. 5.1(a) for e , the strain energy stored in 

the region of the plate is given by 

1 " + 1 + 1 rizi 
a* ? lavJ 9 lav/ 

U* = - Ehe dxdy 

The underlined terms have already been comprehended in the strain energy 

expression developed in chapter 3 (and given in Appendix VIII) therefore 

the additional terms AU* now sought to be included is 

AU* = - y E h e (§^3 dxdy . . . 5.2 

This term has little significance in the regions of the plate where 'v' 

remains small in comparison to 'w' and there its presence or otherwise wtmld 

not influence the solution. But in the vicinity of the junctions its 

influence is significant and must be considered. It must be noted that 

precisely the same term would occur in the buckling analysis of a column, 

based on the principle of stationary strain energy on the lines indicated 

for the plate problem in chapter 3. Sudh an analysis is based on the 

principle that 'v' remains so small that the longitudinal stress remains 

unchanged, but is nevertheless nonzero to make buckling possible. 

The strain energy expression including the term 6.1 is given in the 

last section of Appendix VIII 
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5.3 Elastic collapse of square box columns 

In order to confirm the validity of the approximation discussed in 

5.2 and to gain an insight into the mechanics of the phenomenon of 

elastic collapse of the plate structures, an analytical and experimental 

investigation into the problem of square box column (being one of the 

simplest type of plate structure) has been undertaken. The results of 

the analytical investigation are presented in this chapter. Some of 

these will be recalled in the next chapter for a comparison with experi-

mental observations. 

5.3.1 Details of the theoretical studies 

The geometric parameters of the square box columns chosen for the 

study are given in Table 5.1. 

Because of the symmetry of the postbuckling deflections of the 

column, it is necessary to consider only a quarter of the column contained 

between the longitudinal lines of symmetry (Fig. 5.2). Table 5.1 givee 

the number of harmonics in the displacement functions as well as the 

number of strips into which each half of the plate (AB or BC) is sub-

divided in the analyses. 

The choice of the parameters for the investigation requires an 

explanation. Firstly, it may be noted that all the studies based on 

version II are on the columns with y = 3. ('y' represents the ratio of 

the length to width of the constituent plates). Ttls choice is made 

obligatory by the following considerations. 

(i) Version II of the finite strip method, is primarily intended 

for cases where the buckling mode is symmetric with respect to Che 

middle of the structure as already noted in 5L2.2.2. An antisymmetric 

buckling mode will require displacement functions to be described in 

terma of both even and odd harmonics, thus increasing the number of 
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degrees of freedom in Che problem. Thus it would be zm advantage to 

investigate columns with values of y = 1,3,5 ... etc. 

(ii) The greater the number of half waves into which the structure 

buckles, the greater will be the number of harmonics in the functions 

describing 'v'. This would in turn call for an equal number of matching 

harmonics in 'w' for establishing compatibility along the junctions. 

The final result of this would be a vastly increased number of degrees 

of freedom making the computation very expensive. 

(iii) In short columns (y = I) the influence of the boundary con-

dition with regard to the transverse displacement i.e. v = 0, will be 

felt well into the interior of the structure and therefore such a column 

can not be representative of longer columns ^hich butkle into several 

half waves. 

The choice of y = 3 appears to be a good compromise between the 

conflicting requirements of economy in computation in (ii) above on the 

one hand and a proper modelling of practical situations on the other. If 

the initial pbstbuckling stiffness is any indication at all (vide chapter 

3), columns with y = 3 can be sufficiently accurate representation of 

longer columns for a study of postbuckling phenomena. 

A discussion of the nature of the harmonics entering into the 

description of 'w' is relevant here. The harmonic corresponding to m = 3 

represents the buckling mode of the box column and is fundamental to the 

analysis; the harmonic corresponding to m = 9 gives the flattening effect 

of the deflection surface between the nodal lines; tha remaining harmon-

ics m = 1,5,7 allow the nodal lines to distort and shift and together 

with other harmonics (m = 3,9) play a part in satisfying the coupled 

boundary conditions along the junction (by matching with the first five 

harmonics describing 'v' in the plate at right angles). In order to illus-

trate quantitatively the influence of each of the harmonics, the 

contributions of the harmonics in the displacement profile along the 
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Table 5.1 

(Ratio of length (Ratio of width to 
to width) thickness) 

Harmonics representing 

Arbitrary 

w u 

No. of strips Version of the 
in a half of each plate FSM used 

20 

30,40,50,60,70,80 
and 90 

100 

1,3,5,7,9 2,4,6,8,10...20 1,3,5...19 

20 

30,40,50,60,70,80 
and 90 

n,3n 2n,4n,6n 0,2n,4n,6n 

4,6,8,10 & 12 

12. 

6,8,10,12 & 14 

6,8,10& 12 

12 

II 

II 

II 

100 6,8,10,12 & 14 
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centre of the column, at a load equal to about 10 tines the critical load 

is shown in Fig. 5.3. It is seen that the harmonics m = 3 and 9 are 

predominant, but the influence of other harmonics though small is not 

negligible. Their influence, however, is far inore important in the 

vicinity of the junctions. 

The problem is also studied for the same values of the parameter 

'g' with the version I of the finite strip method for a column whose 

length may be an integral multiple of the width say 'n*. Here the 

buckling mode is represented by two terms 'n' and '3n'. This means 

that the nodal lines are assumed to remain straight. Since the boundary 

conditions along the junctions are assumed to be 'uncoupled', the 

antisymmetry of the buckling mode is preserved in th^ postbuckling 

range and therefore it is sufficient to consider one half of either 

plate As or BC (Fig. 5.3). In view of the assumptions involved, the 

results of this analysis are applicable strictly, to a single plate 

simply supported on all the edges with the unloaded edges free to wave 

and are approximations to the behaviour of a square box column. 

5.3,2Convergence of solutions 

5.3.2.1 Version II 

The convergence of the solution to a sufficiently accurate value 

depends upon (i) the number of harmonics employed in the displacement 

functions and (ii) the inwdber of strips which represent the structure. 

5.3.2.Ij]Convergence of the solution with respect to the number of 

harmonics 

As already stzted in chapter 3, it is comparatively easy to pre-

determine the number of harmonics required to describe 'w' in the post 

local buckling analysis. The significance of each of the harmonics 



employed in the present analysis has been discussed in sect. 5.2. As 

demonstrated in chapter 3, the number of harmonics required for 

description of 'u' and 'v' depends on the number of harmonics describing 

'w' and must be greater than the latter. 

The procedure adopted to check the adequacy of the number of 

harmonics describing the inplane displacements, employed in the present 

study is indirect. It is to compare the contribution of each of the 

harmonics with the actual magnitude of certain key displacements. Since 

the contribution of the last two harmonics turned out to be, in general, 

of the order of 1 to 2% of the value of the value of the displacements, 

the number of harmonics are deemed to be sufficient. Some typical 

results are shown in Fig. 5.5(A^b). 

Fig. 5.5(a) shows the cumulative value of 'v* at the centre of the 

plate AB, at locations 'E' and 'F' (Fig. 5.5(c)) aa efK± additional 

harmonic is taken into account. Fig. 5.5(b) shows tb^ cumulative value 

of 9u/9x (being more significant than 'u' for the longitudinally com-

pressed plates) at the centre of the supported edge of the plate AB 

(A1 Fig. 5.5(c)). It is seen that convergence is oscillatory and that 

the values of 'v' and 9u/8x for 8 harmonics differ from those 10 

harmonics by less than 2% in all the cases. The results given in 

5.5(a-b) are typical of the entire range of plates and stresses consid-

ered in the present investigation. 

5.3.2.1.2Convergence of the solution with increasing number of strips 

In Fig. 5.6(a—b) are plotted the nondimensional load-end displacement 

relationships of the columns with B = 20 and g = 100, with increasing 

number of strips to represent the plates AB and BC. Convergence is found 

to be much more rapid in the case with g = 20 than in the ca^^ 

B ? 100. In the former case, the difference in the collapse 
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stress obtained with 10 strips and that with 12 strips is less 

than ]%: In the latter case* the difference in th^ collapse stress 

obtained with 12 strips and that with 14 strips lies between 2 to 3%. 

The poorer accuracy in this case is due to the larger nonlinear range 

of precollapse behaviour of the column, made up as it is of thinner 

walls. In order to obtain solutions of collapse loads within an error 

of 2% on an average, over the range of values of 'g' considered (from 20 

to 100), it appears sufficient to employ 12 strips to represent each 

of the plates AB and EC. 

5.3.22 Version I 

In Fig. 5.7(a-b) are shown the results of the convergence studie 

on square plates with g = 20 and g = 100, using version I of the finite 

strip method. The trends are very similar to those observed in the 

studies on the square box columns using version II. 

5.3.3 Discussion of Results 

5.3.3.1 General trends 

Fig. 5.8(a-c) shows the nondimensional load-end displacement 

relationships for the nine cases (g = 20, 30 ... 100) of the box columns 

Investigated using version II. It is seen that, with increasing values 

of g, there occurs a reduction of the collapse stress (o^) on the one 

hand, while the ratio of a /a increases on the other. In the initial 
u cr 

postbuckling range, the ratio o/a ^ of the average stress carried by 

the column to the initial buckling stress is independent of 'g' i.e. it 

bears the same relation to the average strain or the nondimensional 

normal displacement w/h, for any box column whatever its value of g 

(Fig. 5.8). But once the normal displacements reach such proportions 

as to initiate the collapse, the stress-strain relationship is no longer 
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independent of The collapse becomes imminent once the maximum 

deflection reaches a certain proportion of the width. This observation 

is supported by Fig. 5.9, where the maximum deflection at collapse in 

most cases is found to lie in the range of ^ to y of the width of the 

column. For a given value of 'h', a higher value of 'g' means a column 

of greater width, which collapses at a correspondingly greater deflec-

tion. This is illustrated in 5.10 for various values of 'g'. 

The same general trend is noticed in the solutions based on version 

I which are plotted in Fig. 5.8(a-c) alongside the results of version II. 

The magnitude of errors introduced by the use of approximations in 

version I for the square box columns are very significant for those with 

smaller values of 'g'; for example the error involved in the calculation 

of collapse load for the case g = 20 is about 50%. However, the error 

diminishes steadily with increasing 'g' and becomes as small as 3% 

for the case with g = 70; for higher values of 'g' the collapse stresses 

predicted by the two versions are almost the same. 

The use of version I for square box columns involves two types of 

errors: 

(i) The normal displacements along the junction are assumed to 

vanish along the longitudinal edges. As a result, the stiffness of the 

box column is overestimated. This effect is noticeable in the relatively 

early stages of the postbuckling behaviour i.e. about twice the critical 

load. 

(ii) For advanced stages of postbuckling behaviour of the box 

columns, the constituent plates, with their highly accentuated local 

buckles start functioning like thin shells - the most characteristic 

feature of these being the capacity to resist forces by developing 

membrane stresses. Thus they resist the inplane movement of the edges 
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of the plates by developing tensile stresses as shown in Fig. 5.1], 

across the junctions, thus stiffening up the structure and delaying the 

collapse. This effect is of importance only after the deflections have 

become sufficiently large in comparison to the thickness and therefore 

for box columns with greater values of 'g*. Version I which treats the 

longitudinal edges free of stresses can not depict this feature. 

The error in (i) above, explains why a higher collapse load is 

given by Version I for columns with smaller values of The errors 

in (i) and (ii) are mutually compensating for columns with relatively 

larger range of nonlinear behaviour and this explains why the two 

versions give almost the same collapse loads for columns with higher 

values of 'B'. 

5.3.3.2 Assumptions in the analysis in the light of the results obtained 

The inplane displacement 'v' in the middle of the junction 'C' for 

the plate AC is plotted in Fig. 5.12. It is seen that it increases at 

a small steady rate in the initial stages of postbuckling equilibrium, 

but begins to build up rapidly at a load equal to about 80% of the 

collapse load. The rapid increase in the inplane displacements is 

apparently caused by the buckling of the strip of the plate adjoining 

the junctions as a column - an indication of the destabilising influence 

of the inplane displacement. 

In Fig. 5.13 are shown the variations of 'v' and 'w' in the trans-

verse direction along the centre line of the plate AB (g = 100) at a 

value of the applied load about 10 times the critical — a value close to 

the collapse load. It is seen that 'v' remains negligibly small in the 

interior of the plate but assumes values comparable to 'w' in the vicinity 

of the junction. This indicates that nonlinear effects of 'v' are of 

importance in the vicinity of the junctions and not elsewhere. 
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Fig. 5.14(b) shows t±e distribution of the average longitudinal 

stress over the two strips on either side of the junction B B^ of the 

column (Fig. 5.14(a)) considered in the last illustration and at the 

same level of load. The stress is found to have only a small range 

of variation, and the mean value close to 'e'. Thus it appears logical 

to approximate the longitudinal stress to a value equal to 'Ee', in 

the assessment of its destabilising influence of its interaction with 

'v'. 

5.3.3.3 Imperfection sensitivity 

In view of the observation that the collapse is associated with the 

geometric instability of the buckles and occurs a± a maximum deflection 

equal to ^ to y of the width, the initial imperfections of the plates -

unless they are of comparable magnitude - are not likely to have any 

influence on the collapse load. This is supported by experimental 

observations discussed in the next chapter. 

5.3.3.4 Implications of the approximation in the elastoplastic analysis 

Consider a plate ABCD simply supported on all its edges, loaded along 

the edges AB and CD and free to wave along AD and BC in the plane of 

the plate. It has been demonstrated that the collapse is triggered by 

the column type buckling of strips of the plate in the vicinity of the 

edges AD and BC in the plane of the plate. In an analysis which takes 

into account the plastic yielding of the material, the entire section 

at the middle of the plate along the edges AD and BC would be found to 

yield once the membrane stress exceeds the yield stress of the material. 

As a consequence the strips of the plate in the close vicinity of the 

edges AD and BC would begin to function like columns with a plastic 

hinge at their centres 'E' and 'F' respectively, resting on the elastic 
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support offered by the buckled plate. Buckling of such a column would be 

immediate and accompanied by the rapid increase in the deflections of 

the plate, leading to its collapse. This explains why the failure load 

is accurately predicted by the criterion of the first yield (i.e. the 

membrane stress exceeding the yield stress of the material), in the case 

25 

of plates with edges free to wave . In a complete elastoplastic study 

of the behaviour of the plates, this phenomenon of inplane buckling of 

the edges of the plates can be of importance in that it can make the 

collapse more abrupt than it would be otherwis^? However, in order to 

incorporate this feature in the analysis, it is necessary to take into 

account either in a rigorous or approximate manner as suggested in this 

chapter, the destabilising influence of the inplane displacement 'v'. 

5.4 Concluding Remarks 

In the light of the analytical studies reported in this chapter, the 

following conclusions may be drawn: 

(i) There exists an elastic limit to the capacity of plate struct-

ures to carry axial compression, beyond lAich the structures would start 

shedding load under controlled compression. This occurs primarily because 

the junctions start waving in at a rapid rate at a certain stage in the 

postbuckling equilibrium path. This phenomenon closely resembles the 

buckling of junctions as columns. 

(ii) The collapse appears to be governed by the ratio of the max-

imum deflection to the width of the column which was found to lie between 

y to y for most of the cases investigated. This results in hi^er 

values of o /o for columns with greater values of 
u cr 

(iii) It is necessary to take into account the destabilising 

influence of 'v' in the calculations, in order to depict the column-type 

buckling behaviour of the junctions and the consequent exhaustion of the 
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capacity of the structure. An approximate method haa been proposed to 

take this into effect in a simple manner; the numerical results obtained 

are consistent with the assumptions made. The final justification of 

these assumptions rests on a corroboration by the ezperimental obser^^^ 

tions in the next chapter. 

(iv) Since the behaviour of the junctions is vitally important in 

the study of the advanced postbuckling behaviour, it is appropriate to 

employ version II of the finite strip method for the analysis of plate 

a^^emblies. However accurate results for the collapse loads can be 

obtained using version I provided the plates are sufficiently thin. 

(v) In practical situations, however, the collapse is an elasto— 

plastic phenomenon, but the results presented herein demonstrate the 

importance of incorporating the destabilising influence of the inplane 

displacement in the proper modelling of the collapse and the post-

collapse behaviour of practical structures. 
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CHAPTER 6 

EXPERIMENTAL INVESTIGATION 

AND DISCUSSION OF RESULTS 

PART I. EXPERIMENTAL INVESTIGATION ON SQUARE BOX COLUMNS 

6.] Introduction 

Observation of new phneomena is often the starting point of 

research. Nowhere is this more true than in the study of behaviour of 

structures prone to instability, where an exclusive preoccupation with 

the theory can result in a complete loss of contact with reality. The 

purpose of the experiments is mainly threefold: To ascertain whether 

a certain instability phenomenon is imperfection-sensitive, to suggest 

simplifying approximations to deal with the problem and to corroborate 

the theoretical predictions, thus confirming the validity of the 

theoretical approach. 

In this chapter, an experimental investigation on the elastic 

crinkly collapse of the box specimens is reported. The collapse of 

the specimens exclusively by elastic instability, the constant occurrence 

of the 'crinkly' buckling modes accompanying the collapse and the hi;^b 

degree of reproducibility of the collapse loads n#ke this phenomenon 

an appropriate subject of an experimental investigation. 

The objectives of the experimental programme 

(i) To study the reproducibility of the crinkly collapse of the 

plate structures 

(ii) To gain an insight into the mechanics of collapse by direct 

observation of the behaviour of the specimens under test 

and (iii) To compare the results of the theoretical analysis with 

experimental observations and thus to confirm the validity of 

the theory. 
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since it is proposed to study exclusively the elastic behaviour, 

silicone rubber is chosen as the model material. This material possesses 

several merits,the most important of which is that it remains elastic 

until it fractures. 

The plate structure chosen for the present study is the square box 

column - one of the simplest and the most commonly used plate structure 

in practice. Because of the high cross-sectional stiffness of the 

stiructure, there is a considerable range of length of the structure over 

which the failure is exclusively by local buckling. This is an advantage 

because the present investigation is concerned essentially with post-local-

buckling behaviour. 

The first part of this chapter gives an account of the process of 

making the specimens of silicone rubber and testing them under axial 

compression. A recurrent feature of the tests is that the specimens 

under increasing compression lose their stiffness after buckling at a 

steady rate, till a maximum load is reached after and closely following 

which there occurs a snap through type of failure, with the appearance 

of a localised crinkly buckling mode. The second part of the chapter 

is devoted to a discussion of the salient features of experimental 

results which are compared with those of the theoretical analysis up to 

the point of collapse. The post-collapse behaviour is explained with 

reference to a theoretical mechanical model of a column resting on dis-

crete nonlinear springs. 

6.2 Description of the experimental technique 

In this section the technique employed to make the silicone rubber 

specimens and precautions to be observed in testing them are outlined. 
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6.2.1 Modelling with silicone rubber 

P a t t e r s o n s t u d i e d the problems involved in manufacturing sheets 

of silicone rubber of specified thickness and of making structural models 

therefrom. His report (ref. 106) on the subject is a valuable source of 

information on the making of structural models wi±h silicone rubber and 

forms the baais of modelling work in the present investigation. Greater 

experience in the use of the technique has helped the author to indbe 

improvements in details, to produce models of consistently high quality; 

and these will be specially mentioned in the following description. 

6.2.1.1 Silcoset as a modelling material 

Silcoset is a commercial brand of silicone rubber manufactured by 

I.C.I. It is supplied in the form of liquids and pastes that cure to 

form resilient silicone rubbers on the addition of a curing agent (two—pack 

system) or simply on exposure to atmospheric imoisture (one pack system^. 

The suitability of silcoset as a modelling material sterna from its 

flexibility, resistance to oxidation, excellent antisticking property, 

protection from dust and particularly its high elasticity. 

6.2.1.2 Manufacture of sheets 

After experimenting with various techniques, Patterson found that 

settling the rubber on a flat plate produced sheets of high quality and 

accuracy. Of the several grades of Silcoset available, Silcoset 105 

which is the least viscous member of the two pack system is chosen for the 

present work and can be described as a very easily pourable white liquid. 

6.2.1.2.1 Casting the sheets: 

The procedure used consists of pouring a specified quantity of 

Silcoset 105 thoroughly mixed with a curing agent on a suitably confined 

area of a level and polished steel surface and allowing it to settle 

and cure. The details involved in the above procedure will now be 
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briefly described. 

Preparation of the surface of steel plate: 

In principle it is possible to cast rubber on glass or metallic 

surfaces with the aid of suitable release agents. In order to allow the 

rubber sufficient time to settle out before it starts curing, it is 

necessary to use extremely small quantities (say of the order of O.I to 

0.2%) of the curing agent. With the use of such a small quantity of 

curing agent, rubber was found to stick to glass surface and it mas 

found not possible to remove the cured rubber sheet from the glass plate. 

With the steel surface, however, this difficulty does not arise and 

therefore the latter must be preferred for casting the sheet. 

The steel plate is mounted on a steel table each leg of which is 

resting on levelling screws. With the help of these, it is found 

possible to level the table to a high degree of precision by using a 

sensitive spirit level with the least count of O.I mm/metre. The surface 

is next well polished and rubbed with traffic wax to act as a release 

agent for the rubber sheet. 

From the size of the model to be made the size of the sheet required 

is calculated allowing for estimated wastage. This area can then be 

marked out directly on to the metal plate surface using a steel rule 

and rapidograph pen. A certain quantity of plasticene is then rolled 

into a long thin strip and firmly pressed against the surface all along 

the line marked out, to prevent the leakage of the Silcoset. The 

table kept ready for casting the sheets of rubber is shown in Fig. 6.1. 

Calculation of the quantity of rubber required by weight: 

In order to be able to calculate the iwei^it of the rubber required 

for a sheet of given dimensions, the density of the rubber fluid must 

be known. The density of the rubber fluid increases from the surface to 
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bottom of the vessel in which it is stored and therefore it is necessary 

to stir the rubber fluid in the vessel in order to obtain a uniform 

density. In order to eliminate uncertainties, it is found helpful to 

make a trial casting of a rubber sheet with a known weight of Silcoset 

and thus obtain the thickness and therefore its density. 

Pouring the Silcoset: 

In order to transfer a known weight of the rubber fluid on the 

marked area of the steel plate, the following procedure is found to be 

necessary. 

A paper cup with a spatula is weighed on a balance first. A 

quantity of Silcoset which exceeds the required amount by a small margin 

(5 to 10 gms) is weighed out in the cup. The curing agent of about 0.2% 

by weight is added and thoroughly mixed with the spatula. The contents 

of the cup are then transferred on to the prepared surface to cover it 

completely, spreading the same with the spatula in several stages and 

the cup and spatula weighed at each stage to ensure that just the 

required amount of rubber and no more is transferred to the surface. 

Since the uniformity of thickness of sheet depends upon the 

settling of the rubber fluid under gravity, the smaller the size of the 

sheet the better the results. Thus it is expedient to cast each side of 

the square box column separately i.e. to cast four equal strips rather 

than one big sheet for a specimen. This has the effect of localising the 

variations in thickness which may occur due to the viscosity of the 

rubber fluid, imperfections of the surface and inaccuracies in levelling. 

Fig. 6.2 shows the rubber cast in nine strips on the prepared steel 

surface. After the sheet has cured, the best inethod of removal is to 

cut the sheet with a sharp knife just inside the plasticene border. The 

sheet is then easily peeled off. 
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Fig. 6.1 The Table Kept Ready for Casting the Sheets 

Fig. 6.2 The Silcoset Sheets Cast on the Table 



6.2.1.2.2 Quality of Che sheet 

It is found ChaC Che method outlined above produced sheets free of 

trapped air bubbles as can be checked by holding it up against bright 

light. 

The thickness of the rubber sheet can be measured with the aid of 

a micrometer screw with the rubber sheet sandwiched between two metal 

plates, with care taken not to squeeze the rubber when closing. A 

typical set of readings on a sheet is ^hown in Appendix X which also 

gives the standard deviation from the mean thickness. In a great 

majority of caaes the standard deviation was found to be between 2 and 

3% of the mean thickness. 

6.2.1.3 Making the models 

Cbce the sheets required for making a specimen available, making; 

the models consists of two steps: cutting the sheets to size and joining 

the sheets along the edges. 

6.2.1.3.1 Cutting the sheets to size: 

It was found extremely difficult to cut the rubber along a given 

line as the sheet stretched and heaved as the blade was run along the 

line. Another problem was that it is impossible to draw on the rubber 

with any sort of ink, pencil or crayon. These problems are overcome by 

sticking strips of masking tape on to the rubber. Then lines can be 

drawn at required positions on the tape using a rapidograph drawing pen. 

A metal block of about 1 cm in thickness is placed with its edge on 

the line to be cut. This is to act as a guide to the cutting blade 

which can be run along the face of the m&tal block to cut the rubber 

along the straight line. The tape prevents the rubber from stretching 

thus giving a vertical straight cut. 
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6.2.1.3.2 Joining the sheets 

Silcoset sheets can be joined together using Silcoset itself. As 

a joining material, one pack Silcoset — Silcoset 151 — proved superior 

to two pack Silcoset 105 because of its greater viscosity and strength. 

The technique of joining two sheets A and B is illustrated in 

Fig. 6.3(a—b). A steel block with a small chamfer along one of its 

edges is placed on the sheet (B) with a margin equal to the thickness 

of sheet (A) with the groove facing outward. The joining material is 

applied along the edge of the sheet (A) and placed hugging the metal 

block and pressed home. The excess joining material is squeezed out 

into the tiny space provided by the chamfer, so that the metallic block 

does not come into contact with the rubber material. The arrangement 

is left undisturbed for about an hour after which the metal block can be 

removed. In order to ensure perfect bonding a minute fillet of the 

joining material is applied with a pen knife all along the joint. 

The other edges are then joined in turn, allowing each join to set, 

before continuing. The final join is illustrated in the Fig. 6.4(a). 

The finished model is shown in Fig. 6.4(b). ^ ^ : 

6.2.2 Test set up 

The square box column specimens are capped with square wooden 

blocks at either ends, with their outer surfaces flush with the top and 

bottom of the specimen. These are bonded to specimen using Silcoset 

151, and provide perfectly flat surfaces for loading. In order to 

correct any errors in the positioning of the wooden blocks at right 

angles to the axis of the specimen, the specimen is held against the 

guide of a sanding machine and the ends ground against the wheel with its 
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plane at right angles to the guide. The specimen is turned end to end 

and the procedure repeated. 

The specimen is then placed on the fixed cross head of the Instron 

machine (Fig. 6 . 9 and the movable cross head of the machine is brought 

in close proximity to the top of the specimen. In order to ensure 

uniformity of loading on the top surface, the specimen is held against 

the movable cross head and the space between the bottom surface and 

the fixed cross head packed tightly with tin shims. 

The specimen is now compressed at a steady rate choosing an 

appropriate scale and rate of loading and end compression. Since the 

testing machine is very rigid in comparison with the rubber specimen, 

it is possible to record the unloading of the specimen which occurs 

during failure. Since the material continues to be elastic, it is 

possible to record the load-end compression relationship in the process 

of decompression of the specimen as well. 

6.3 Experimental Programme 

Square box specimens with varying values of y(the ratio of the 

length to the width) and g (the ratio of the width to the wall thickness) 

made of Silcoset are tested in compression. The main interest in the 

programme is to obtain the load-end displacement relationship, the 

maximum load taken and to study the mechanics of collapse and post-

collapse behaviour. 

6.3.1 Details of specimens 

Table 6.1 gives the values of y and g of the specimens tested. The 

actual dimensions and material properties of the specimens gpA%n in 

Appendix XI. As shown in the table, there are two groups of specimens. 
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Fig. 6.5 The Test Set-up 



Table 6.1 Geometric parameters of the specimens tested 

Identification Y 6 Remarks 

Al(l) 

A](2) 

A2(l) 

A2(2) 

4 30 

A](I) and AI(2) have the same 

nominal dimensions and 'E' 

|2]4.0x53.5x1.78 mm; and 292 psi] 

A2(l) and A2(2) have the same 

nominal dimensions and 'E' 

[223.0x56.0x1.86 mm; and 296 psij 

Bl(l), Bl(2) 

B2(1),B2(2) 

B3(I),B3(2) 

3 

4 

5 

20 

20 

20 

Actual dimensions and material 

properties given in Appendix 

B4(1),B4(2) 9 20 
XII 

B5(1),B5(2) 2 30 

B6(]),B6(2) 3 30 

B7(1),B7(2) 4 30 

B8(]),B8(2) 5 30 

B9(1),B9(2) 9 30 

B10(1),B10(2) 3 40 

B1I(1),BI1(2) 4 40 

B12(1),BI2(2) 5 40 

B]3(1),B13(2) 5 50 

B]4(1),B14(2) 5 60 
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The members of Che first group, identified by letter A have all the 

same values of Y g and have been used to study the reproducibility 

of the behaviour of the specimens. The second group of specimens 

identified by letter B have varying values of Y and g. In this group 

there are fourteen combinations of Y and 6 and for each set of Y and 6, 

two specimens are tested. This is found to be sufficient in view of the 

generally high reproducibility of the test results. 

For values of B equal to 50 and 60, the specimens are found not 

to have adequate structural stiffness to retain their initially straight 

configurations whilst carrying their own self weight. Therefore it has 

been decided to restrict the maximum value of to 60 in the test 

programme. In view of the difficulties met with in making accurately 

the longer specimens, the maximum value of 'Y' was restricted to 9. It 

is believed that sufficient understanding of the phenomena investigated 

can be obtained within these bounds of Y and g. 

6.3.2 Reduction of experimental load—end displacement relations 

to nondimensional stress-strain plots 

For making comparisons between the behaviour of specimens which are 

not identical, but only geometrically similar and made up of rubber 

with differing values of E, it is necessary to represent the results 

in terms of nondimensional parameters. In the post local buckling 

behaviour of plate structures, the relationship between the average stress 

and average strain is of main interest, and therefore the experimental 

results are reduced to plots of o/E versus 'e' i.e. nondimensional 

stress versus average strain. The value of 'E' is obtained from a 

tension test carried out on a strip of rubber, which was cast along with 

the sheets out of which the specimen is made. The determination of 'E' 

in each case is vitally important as its value is found to change with 
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the age of the material and the density of the rubber fluid, (vide 

Appendix XI). In view of the very low stresses involved under compression, 

the initial tangent modulus is used for all the calculations (vide 

Appendix XI). 

In the calculation of 'a', account must be taken of the self-

weight of the specimen. This effect is especially significant for the 

specimens with higher values of Y and G . Since the selfweight imposes 

a uniformly varying dead load on the specimen, increasing from zero at 

the top to a maximum at the bottom, only half the weight is considered 

in the calculations. 
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PART II. DISCUSSION OF RESULTS 

In this part of the chapter, the salient features of experimental 

results are presented and discussed. 

6.4 Postbuckling behaviour of the specimens 

6.4.1 The General Pattern 

A typical load-end displacement characteristic as obtained from the 

tests is shown in Fig. 6.6. There are in general, four distinct stages 

in the behaviour of the specimens. These are 

(i) The initially straight form of equilibrium (Fig. 6.7(a)) 

corresponding to portion (i) of the characteristic shown in Fig. 6.6. 

(ii) The appearance of the local buckles, (Fig. 6.7(b)) correspond-

ing to portion (ii) of the curve in Fig. 6.6. 

(iii) The accentuation of local buckles to such an extent that the 

inward movement of the junctions becomes significant and noticeable, CFig. 

6.7fc)) corresponding to portion (iii) in Fig. 6.6. 

(iv) The sudden crinkly collapse of a pair of junctions (most 

frequently a diagonally opposite pair) with the load abruptly dropping; 

the specimen regains its stability at a much reduced value of the load, 

(Fig. 6.7(d)) corresponding to portion (iv) in Fig. 6.6. 

At this stage if the applied compression is released at a controlled 

rate, the specimen takes a slightly increased load along the path DE in 

Fig. 6.6 and at a certain stage snaps back to the original equilibrium 

path (at F in Fig. 6.6). 

The displacement profile after the collapse is markedly different 

from that in the postbuckling equilibrium path (iii) in Fig. 6.6 and is a 

localised buckling mode. The abruptness of unloading is an indication 
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Fig. 6.7(a) The Initial Straight Configuration 

Fig. 6.7(b) Occurrence of Local Buckling 



Fig. 6.7(c) Local Buckling at an Advanced Stage 

Fig. 6.7(d) Crinkly Buckling of a Pair of Diagonally Opposite Edges 



that the snapthrough type of buckling occurs, the specimen jumping from 

one state of equilibrium to another. In the case of a square box colunm, 

there is an additional feature. The displacement profile across the 

section of the column has two axes of symmetry prior to snap buckling. 

(Fig. 6.8 (a)). But the equilibrium configuration after collapse has no 

symmetry about either axis. This indicates that there occurs a bifurca-

tion of equilibrium between the point C at which snap buckling occurs 

and the point D in the post-collapse equilibrium path DE with the 

bifurcation mode being symmetric with respect to the diagonals (Fig. 

6. 8(b)). But this is a complication which is due to the symmetry of the 

cross-section and not an inherent feature of the crinkly collapse of the 

junctions which , as will be shown later, can be simply explained using 

a mechanical model. 

6.4.2 Behaviour of the longer specimens 

The collapse behaviour of specimens with y = 9 deviates in some 

important respects from the general pattern described in the previous 

section. The differences arise as a result of the intervention of the 

overall buckling in the vicinity of collapse. 

05 the specimens tested (ref. Table 6.1), there are two pairs 

identified as B4 and B9 which have the highest value of Y equal to 9. 

Of these, the specimens B4 which have a smaller value of P (equal 20), 

fail by an interaction of the overall buckling mode with the local 

buckling mode. With the appearance of the overall buckling mode, the 

stress-strain characteristic takes a turn to become flat and the collapse 

is precipitated earlier than what may otherwise be expected (Fig. 6.9 (a)) 

The coupled buckling mode at the instant of failure of the specimen B4(]) 

is shown in Fig. 6.9 (b). Since the ends of the specimen are made to be 

fully in contact with the flat crossheads, the overall buckling mode 
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Fig. 6. 9(b) Interaction of Local and Overall Buckling 
for the Specimen B4 
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resembles that of a column clamped at either end. 

The behaviour of the specimens B9 (with B = 30) is different from 

that of B4 in the following respects. The overall buckling mode does 

not make its appearance till the stiffness of the specimens is almost 

completely lost, and the stress-strain characteristic becomes very 

nearly flat (Fig. 6.10(a)). The postcollapse mode is a combination of 

the usual 'crinkly' mode and the overall buckling mode and is shown in 

Fig. 6.10(b). 

6.4.3 Reproducibility of test results 

Fig. 6.12 shows the nondimensional load displacement characteristics 

of a set of four specimens with the same value of 'g' and y (y = 4, 

g = 30). The set is made up of two groups of a pair of specimens each, 

wd±h the same nominal dimensions and the same value of 'E' for the 

material. The actual load displacement relations obtained for the first 

group (specimens Al(l) and Al(2)) are shown in Fig. 6.11(a) and those for 

the second group (specimens A2(l) and A2(2)) in Fig. 6.11(b). As seen 

from the figures, there is a remarkably good agreement between the results 

of each group as well as the nondimensional plots of the stress-strain 

relations of all the four specimens. The collapse stresses (given by a/E) of 

the specimens are almost identical, but slight differences are noticed in 

the corresponding 'e', the average strain. Generally the stress-strain 

relationship has a much better reproducibility until the collapse than 

afterwards. In the vicinity of collapse, the structure loses its stiff-

ness almost completely, and large increments in strain correspond to very 

small increases in stress; and the imperfections in loading and geometry 

now play a part in precipitating or delaying the collapse. Thus, while 

the collapse stress is insensitive to imperfections, the sane czm not 

be said of collapse strain. 
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The collapse of structure is caused by the geometric instability 

of the buckled surface and was seen in chapter 5 to occur as the ratio 

of the maximum deflection to the width reaches a certain value (1/7 to 

1/5). Thus the displacements in the vicinity collapse are larger than any 

imperfections that would be normally present in th^ plate structure, 

by an order of magnitude; thus the latter are of little importance in 

the determination of collapse load. 

As seen from the Fig. 6 . ] l(a-b) and 6.12, the postcollapse 

behaviour is somewhat less reproducible than the precollapse behaviour; 

but in view of the high degree of nonlinearity associated with the 

crinkly collapse mode and the predominance of the compressive stresses 

in the structure, the degree of reproducibility seen during the tests 

must be considered high. In all the four cases the collapse mode was 

characterised by two diagonally opposite junctions caving in simultan-

eously. It was seen, however, in subsequent tests, this was not always 

the case. There were cases where two adjacent junctions gave way, at 

times simultaneously and on other occasions sequentially. This shows 

that there are several equilibrium paths possible for the structure to 

any of which the specimen can jump once the stability of the post-local-

buckling path is lost, dictated by imperfections in loading and geometry. 

6.4.4 Effect of parameters 'y' and 'g' 

A study of the nondimensional stress-strain relations for the 14 

cases (Fig. 6.]3Ka-e)) reveals the following features:-

(i) The comparison of the results for the same value of '6' shows 

that specimen with smaller values of 'y' (the shorter specimens for a given 

cross-section) take more load before collapsing. This is due to the 

clamping of the ends of the specimen, the effect of which is felt to a 
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greater extent all along the length in shorter specimens than in longer 

specimens where it is localised near the ends. From Fig. 6.14, it may 

be seen that the depth of the buckles in the vicinity of the ends is 

definitely smaller than those in the interior. A small extra stiffening 

effect seema to be all that is required to cause significant differences 

in the collapse load in view of large range of average strain involved. 

With increasing length, the discrepancies tend to diminish as demon-

strated by the fact that the difference in the collapse stress between 

the cases with y = 5 and y = 9 (6 = 20,30) are roughly the same as that 

between y = 4 and y = 5. If, on the other hand, the specimens were 

simply supported, the local buckling mode would consist of a set of 

identical buckles and the collapse load would be independent of the 

actual length of the specimen. 

(ii) The comparison of the results for the same value of Y shows 

that there occurs a reduction of the nondimensional average stress (o/E) 

corresponding to collapse, as '6' increases; on the other hand the 

ratio of the ultimate to the initial buckling stress is found to 

increase with 'G'. These observations are consistent with the results 

of the theoretical study reported in chapter 5. 

(iii) As mentioned earlier, the collapse behaviour of the longer 

specimens with y = 9 is influenced by the intervention of the overall 

buckling mode. 

The Euler buckling stress of a column clamped at both ends, is given by 

= 4 . 

' • • ' 

where 'k' stands for the radius of gyration of the cross-section. For 

column with a hollow square cross-section and y = 9, Og/E = 0.0812. The 
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(a) 

Fig. 6.14 The Effect of Clamped End Conditions on the Buckle Displacement 

(b) 



ratios of overall to local buckling stresses take the values 

8.98 and 20.21 for columns with 6 = 20 and 30 respectively. Thus the 

risk of interaction of overall buckling is higher for the case with 

g = 20 and this is supported by the tests. In ttiis case, as already 

noted in 6.4.2, the failure is precipitated by the interaction of 

overall buckling mode with the local mode, unlike case with 

g = 30, where the overall buckling mode does not make its appearance 

till the stiffness of the specimen is almost fully exhausted. 

6.4.5 Comparison of the experimental and theoretical results 

In Fig. 6.13(a—e) the theoretical stress-strain relations for the 

five cases of g = 20,30 ... 60, are shown against the characteristics 

obtained in the experiments upto the point of collapse. It is seen 

from Fig. 6.13(a-b), the theoretical solutions are close agreement 

with the experimental characteristics for the case y = 9. Excellent 

agreement between theoretical and experimental collapse loads exists 

for the specimens B9 with g = 30; however this is not the case with the 

specimens B4 (g = 20), which as already explained, fail by the inter-

action of overall buckling with the local mode. 

As a rule, it is seen that the longer the specimen, the closer 

the agreement with the theoretical solution. In longer specimens, the 

end conditions have relatively smaller influence on the behaviour of the 

specimens than in shorter ones. The theory is based on conditions of 

simple support at the ends whereas the specimens have clamped end con-

ditions in the experiments. It stands to reason, therefore, that the 

theoretical predictions of collapse load are always smaller than the 

experimental values. Thus the experimental and theoretical results are 
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consisCeat with each other for all the cases and are ia good agreement 

for the case with y = 9 (Specimens B9). 

The consistency between the theoretical predictions and experimental 

observations, confirms the validity of the Lh&oretical approach. It 

shows that in very thin plate structures, which remain elastic till 

very near the collapse, the destabilising influence of the inplane 

displacements ' must be taken into account and that it can be done in 

a simple manner suggested in chapter 5. This validates the notion -

which itself is based on experimental observation — that the plate 

junction fails as a column. 

However as stated in chapter 5, the theory cannat explain the 

machanics of collapse and the post-collapse-behaviomr and in order to 

get an insight into the same, a theoretical loechanical model of a 

column resting on an elastic medium is proposed in the next section. 

6.5 A theoretical mechanical model to explain the crinkly collapse of 

plate structures 

The theoretical mechanical model proposed in ttiis section is based 

on the notion that the plate junction acts as a column supported later-

ally by the restraint offered by the locally buckled plates. Thus the 

problem resembles one of a ooLamn resting on an elastic foundation. 

In order to model realistically the behaviour of plate junctions, 

the properties of the mechanical model must be chosen carefully. The 

prime requisites are that the column must buckle locally and have a 

positive postbuckling stiffness. Now, it is known that a column 

resting on a linearly elastic foundation is unstable at the onset of 

initial buckling^^^*^^, unlike the locally buckled plate junction. From 

this it follows that the elastic foundation must have a nonlinear 
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stiffening response to displacements in order that the postbuckling 

equilibrium of the column may be stable. 

Thus the model proposed is one of a column resting on a nonlinearly 

elastic foundation. In order to simplify the analysis, the column is 

represented by a series of rigid links connected at joints (marked 

1,2, ... 9 in Fig.6.15(a)each of which rests on a nonlinear compression 

spring and carries linear moment springs, each connected to a link. 

This special arrangement is necessary in order to matA possible applica-

tion of the finite element procedure for the model. (vide Appendix XII). 

There are, however, additional features of the junctioirplate inter-

action which must be incorporated into the model in order to make it 

more realistic. These are:-

(i) The plate junction has a definite preference to bend inwards, 

i.e. the resistance offered by the locally buckled plates to inward 

movements is considerably smaller than to outward movements. This is 

especially so in the precollapse behaviour. This feature can be taken 

into account by prescribing an asymmetric response to the compression 

springs with respect to the direction of loading (Fig. 6.1^^b)). 

(ii) In the vicinity of collapse, the locally buckled plates 

start losing their stiffness and offer increasingly small resistance to 

the inward movement of the plate junction. This feature can be built 

into the model by prescribing the stiffness of the spring to drop after 

its initial stiffening behaviour. (Fig. 6. 15(b)). 

(iii) jkfti&r sn^p buckling of the plate structure, the deflection 

under the crinkle is quite large and the plate structure regains its 

stability. This can be interpreted as being due to the fact that the 

stiffness of the elastic foundation begins to improve beyond a certain 

value of applied displacement. 
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Thus the reactive force offered by the compression spring, at 

first increases, drops and then increases again with increasing dis-

placement. This response can be obtained by choosing the load-displace-

ment relationship in the form: 

F - f C . q i 

where q = 6/L, 6 being the displacement of the spring 

and L, the length of the link, 

and choosing the coefficients suitably. 

The details of the theoretical analysis are given in Appendix XII, 

but here a typical solution is presented. Fig. 6.15(a) shows the 

mechanical model analysed and the coefficients as well as the stiff-

ness of the moment spring. Fig. 6.15(b) shows thA load-displacement 

relationship for each spring. 

The number of unknowns involved in the solution are the displace-

ments of each spring (m) and the applied load, imaking up a total of m+1 

while the number of equations available is only 'm'. Thus either the 

load, or the total end displacement or one of the displacements must be 

prescribed in order to obtain the rest. The most convenient parameter 

in the present case was found to be the displacement of the central 

spring, for this enables the determination of the equilibrium path 

both load amd end displacement are retrograde simultaneously. 

The relationship between end load and end compression of the column 

is shown in Fig. 6.15(c) and the deflection profiles at a few key points 

are shown in Fig. 6.l5(d—h).Under controlled compression, ' C is a 

'limit' point and in an experiment where the end compression is applied 

by a very rigid platten on the model, there would occur a dynamic snap 
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buckling at 'C' to reach the equilibrium configuration at 'E'. As 

shown in Fig. 6.lS(h), che displacement profile in the p^ist-collapse 

equilibrium path DEF is a localised crinkly one such as would accompany 

the elastic collapse of a plate structure. At this stage, much of the 

energy in the remaining part of the column is drained into the sharp 

crinkle at the md^dle of the column. 

The equilibrium path loses and regains the stability at points 

P and Q respectively, under controlled compression. On decompression 

of the column after collapse the column would follow the path EQD and 

snap back at Q to the initial post local buckling equilibrium path. 

The similarity of the snap buckling of the plate junction and that 

of the mechanical model discussed in the example is apparent. Thus the 

model serves to explain in qualitative terms the mechanics of crinkly 

collapse of plate structures. 

6.6 Concluding remarks 

Aa experimental investigation of elastic collapse of square box 

columns made of Silcoset has been described. The experimental results 

are compared with the theoretical solutions discussed in chapter 5. A 

mechanical model of a ooliwmi resting on discrete nonlinear springs is 

proposed to explain the mechanics of collapse and the crinkly collapse 

mode. The main conclusions of the investigation may be summarised as 

follows: 

(i) The experiments demonstrate the suitability of Silcoset as a 

modelling material for the elastic behaviour of box ty^^ structures. 

(ii) The crinkly collapse of the plate junctions, often the mode of 

failure of the plate structures can occur entirely elastically. This 
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type of failure is shown to be a snap through type of buckling which 

the locally buckled column undergoes at the limit point of controlled 

compression. 

(iii) The phenomenon of elastic collapse of box structures and in 

particular the collapse load, was found to be very reproducible, u&Lng 

a relatively simple experimental technique described in the chapter. 

This shows the collapse load is unaffected by initial imperfections. 

(iv) The theoretical results are found to be consistent with the 

experimental ones and for the cases of long columns (Specimen B9) the 

agreement between the two sets of results upto the collapse of the 

structure is remarkably good. This confirms the validity of the 

simplifying approximations used in the theoretical approach. 

(v) The mechanical model of a column resting on discrete nonlinear 

springs exhibits all the essential features of the behaviour of plate 

junctions. 
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Fig. 6.15(d) Initial Buckling Mode. 

— OM"— 

Fig. 6,15(e) Deflection Profile at B in Fig.6.15(c) 

* ' Q Fig.6.15(c) 



Fig. 6.15(g) 

Deflection Profile at D in Pig.6.15(c) 

Pig. 6.15(h) Deflection Profile at 3 in Pig.6.15( c) 



CHAPTER 7 

CONCLUSIONS AND SCOPE FOR FURTHER WORK 

7.] Introduction 

The failure of plate structures by crinkly collapse observed in 

tests and that such a failure can occur elastically provided the motiva-

tion for initiating the investigation reported in preceding chapters. 

The objectives with which the author set out were to understand 

mechanics of the phenomenon of crinkly collapse zmd estimate the elastic 

collapse load for a given plate structure. This necessitated a study of 

buckling and postbuckling behaviour of plate structures, particularly 

the latter in its advanced stages - a study which in itself proved 

rewarding in many respects. But because of the highly complicated strain-

displacement relations which are required in the description of post 

collapse behaviour and the attendant increase both i^ volume and 

complexity of numerical work, the post collapse behaviour could not be 

modelled; however, with the background material available in this respect, 

the different aspects of this problem have become clearer so that the 

problem has become less difficult to tackle in future. However, an 

insight into the mechanics of crinkly collapse of tt^ plate junctions 

has been gained by a study of a mechanical model of a column resting on a 

nonlinear elastic foundation. 

In this chapter some of the more important conclusions of the 

investigation are summarised. These fall into Cwo categories - those 

which are of interest from an analytical stand point and others which 

give insight into the phenomena. The scope for extensions of the present 

work are discussed towards the end of the chapter. 
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7.2 Conclusions pertaining to analysis 

It is believed that a major contribution of the present studies is 

the development of finite strip technique for th^ analysis of buckling 

and postbuckling behaviour of combinations of plates. In the case of 

the buckling problem, the analysis presented in chapter 2 represents an 

advance over the buckling analysis in the literature available so far 

on the finite strip method, in that the prebuckling stress distribution, 

however complex, is taken into account as an integral part of the pro-

cedure and buckling modes which are not necessarily sinusoidal along 

the length of the plates can be modelled by a suitable combination of 

harmonics. Using this technique a number of worked examples have been 

* 

presented such as the problem of columns with 'indeterminate' config-

urations and patch loaded plate structures. The savings in computational 

effort are found to be considerable; in the cases studied the finite 

strip method required only about 1% of the time required by the finite 

element method. 

The finite strip method is also found to be efficient for dealing 

with post-local-buckling problems of plate structures; this is especially 

true of the Version I (of the finite strip method) which neglects the 

coupling of inplane and out of plane displacements (and forces) of the 

constituent plates along the junctions. The method is found to take 

only 3-5% of the computing time taken by a finite element approach for 

the study of postbuckling analysis of plates. Using this approach post 

local buckling analysis of a number of typical plate assemblies has been 

performed; the effects of variation of the widths and thicknesses of the 

* The term 'indeterminate' refers to configurations of columns whose 
constituent plates develop in addition to the longitudinal stresses, 
inplane transverse stresses as well, even though subjected only to 
axial loads at the ends. 
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member plates have been studied. 

An alternative version of the finite strip method which takes into 

account the 'coupled' nature of the boundary ooinditions, is found to be 

helpful in the study of advanced post-local-behaviour leading to U%e 

collapse of the plate structure. In order to imodel the collapse 

behaviour properly, it is found necessary to take into account the 

destabilising influence of inplane displacements in t±^ transverse 

direction and to &o this simply an approximation based on the conception 

that the junctions behave as columns, has been suggested. It is believed 

that this approximation may prove useful in the elastoplastic analysis 

of plate structures built up of thin plates. 

7.3 Conclusions from the experimental study 

The phenomenon of crinkly collapse, often the observed mode of 

failure of plate structures, can occur entirely elastically; the failure 

is due to snap buckling to a remote equilibrium state under controlled 

compression. The collapse load of square box columns is found to be 

quite reproducible, thus indicating that it is insensitive to initial 

imperfections. Good agreement between the theoretical and experimental 

results is observed. This confirms the validity of tha assumptions made 

in the theory. In general, it may be concluded that the behaviour of 

junctions is similar to that of a column resting on the nonlinear elastic 

support provided by the locally buckled plates. This is demonstrated by 

an analysis of a mechanical model of a column resting on discrete non-

linear springs which exhibit all the features of the plate problem: the 

phenomenon of local buckling, the exhaustion of the capacity to carry 

loads in the postbuckling range and the snap buckling to a remote 

equilibrium state characterised by dbe 'crinkly' deflection mode. 
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7.4 Scope for further work 

The present investigation has opened up new directions of research, 

pursuit of which,it is believed will prove rewarding. These will be 

mentioned briefly in the following. 

First of all there exists considerable scope fc^ undertaking 

parametric studies on buckling and post-local-buckling analysis with 

Che analytical techniques and compuCer programmes available. These 

include: 

1. The problem of inicial buckling of different types of prismatic 

plate structures under a combination of axial and lateral loading, 

using the finite scrip Cechnique discussed in chapter 2. 

2. The post-local-buckling analysis of chosen configurations of the 

plate assemblies using yergionl of the finite strip technique 

developed in chapter 3. 

Buckling and postbuckling behaviour of plate structures under 

a combination of axial and lateral loading using version II of db 

finite strip technique developed in chapter 3. (Note that version I 

is not suitable for this problem for the calculation of inplane 

stresses under lateral loading, in general, is not possible with 

the 'uncoupled' boundary conditions of Version I). 

3. Elastic collapse analysis of plate structures made of rubber-

like materials, using the method discussed in chapter 5. 

In addition there are other problems of interest which can be 

solved by making the necessary modifications to the techniques outlined 

in this report. These are 

(i) Initial buckling of plate structures under varying compressive 

loading. 
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(ii) Post-local-buckling behaviour of plate assemblies under 

increasing end compression applied along the centroid and prescribed 

constant end rotations about the principal axes; with a set of 

solutions for various values of rotations produced, it is possible 

to study the problem of the plate assembly acted upon by a load 

at given eccentricities with respect to the principal axes. 

(iii) The influence of initial imperfections varying sinusoidally 

in the longitudinal direction and having any arbitrarily given 

variation in the transverse direction. 

(iv) Interaction of the overall buckling mode with the local mode 

In the post-local-buckling equilibrium path of plate structures, 

this problem can be tackled with a slight modification of Version I 

of the finite strip method in the following manner:-

In addition to the degrees of freedom corresponding to the local 

buckling mode, those corresponding to overall buckling mode 

(u , V and w ) must be included in the formulation in the form: 
o o o 

, \ . trx 
w = w (y) s i n — 
o o a 

, \ . i r x 
V = V (y) sin — 
o o a 

" o = "o(y) COG - Y 

The strain displacement relations must include nonlinear terms in 'v' 

as well as in 'w'. The overall buckling mode will begin to operate 

at any point on the post-local-buckling equilibrium path at which 

the second variation of total potential energy ceases to be positive 

definite. 
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7.5 The final word 

The chapter is concluded with dne expression of hope that 

findings reported in the thesis go some way towards filling a gap in 

the literature available on the nonlinear behaviour of plate structures, 
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APPENDIX I 

POST LOCAL BUCKLING ANALYSIS OF PLATE ASSEMBLIES 

BY SOLUTION OF VON KARMAN EQUATIONS 

I.l Introduction 

In sec. 1.2.1.2 a reference was imade to the earlier work of the 

92 

author on the postbuckling analysis of plate assemblies hy dbe solution 

of von Karman equations. This analysis is briefly summarised in this 

Appendix. 

1.2 Governing equations 

The structural behaviour of elastic plates subjected to edge loads 

and undergoing large deflections may be studied with th^ aid of von 

Karman equations: 

f a Z w 

9 x 8 y 

2 
9 ^ w 3 ^ w 

3 x 2 3 y 2 

4 hj S^w _ 9^^ 
w = =4 — . 2 — — . + — ^ . V ^ w 

D 
9y2 3x2 3x9y 9x9y Bxf 9y2 

. . . I.l(a-b) 

Fig. I.A shows the plate with the coordinate axes and the positive 

directionsof stress resultants. In the above equation '4^ is the stress 

function defined by 

N = h ^ , N - h ^ and N = - h 
y 9x2 X ax2 xy 

1.3 Fourier Series Approach 

Considering the case of a longitudinally compressed plate 

assembly, we take for w and # for a typical constituent plate 
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W = I W^(y) sin 
mnx 

* = I " Y ' ' ' I'2(a"b) 

The boundary conditions at the ends of the plate assembly associated 

with such a representation of 'w' and will be discussed in the next 

section. 

Introducing I.2(a-b) into I.I(a-b), we obtain 

— — 

m a a 

. E z i I I (w: w! ij cos i l £ cos + w. w'/ i2 sin H i sin iS- 1 
a 2 ^ j l i j a a i j a a j 

% ( w i v _ 2 w " + S f z i w _ k B i l l .0 ) 

m * a% * a4 * D ^2 % 

m 

r2 
k l - Y Y jfA" » 4 2 + ^ ;2\ sin inx g i n A l Z i 

a a D " ? I I ( ( * i . W j . j 2 + 4 . wV i 2 ) 
a'^ 1 J ^ J J 

+ 2^! w! ij cos ^^^cos 
1 J . a a 

. . . I.3(a-b) 

We now expand terms sin sin — and cos cos — in Fourier 
a a a a 

series in the interval 0 < x < a in the following manner: 

inx jnx r _ 
cos cog = = ) C.. gin mmg 

a a 6 

inx . jnx r _ 
gin sin d — = \ s , sin mnE 

a a L ijm 

™ , . . . I.4(a-b) 

Truncating the series in 1.2 and 1.4 at a suitably chosen number of terma 
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*N', we obtain for each 'm' the following pair of equations: 

~ n 
a 1 J 

wl wl ij C.. + w. wV i^ s.. 
_i J ]jm 1 J ijm_ 

h 

D 
— y y 

a * i j 

(*V w. j2 + wV i2)S.. 
. 1 ] 1 ] i j m 

+ 2 *: w! ij C.. 
1 J ijmj 

where L and represent the linear differential operators 

I.5(a-b) 

m 
9 y ' 

- 2 

a ^ 9 y ' 

3 ^ m @2 # 2 ^ 2 ^ ^ 2 ^ 2 ^ 

* 3 y 4 
- 2 

a2 3 y 2 a 2 I a ^ » 

The equations I.4(a—b) represent a pair of ordinary nonlinear 

differential equations written for each 'm' for each plate. 

1.4 Boundary Conditions 

At the ends x = 0 and x = a 

For simply supported ends we may prescribe 

3 ^ w 

w = 0 

= 0 

9%^ 
V = 0 

^ 2 ^ 
L = 

9y2 
I.6(a-d) 

It may be readily seen that the conditions 1.6(a), (b) and (d) are 

satisfied by the choice 'w' and made in I.2(a-b). Regarding 1.6(c), 

it may be easily verified that 
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3v V 
3y E X 

This represents the transverse strain of the plate owing to the 

Poisson's effect of uniform applied longitudinal stress. Thus dbe 

expressions I.2(a-b) imply that the plate is allowed freedom at the ends 

to expand to the extent given by vo /E. It is believed that this lioes not 

constitute a serious enough violation of the boundary conditions to have 

any significant effect on the final results of the analysis, especially 

for long plates. 

Along the longitudinal edges: 

Along a common edge (B in Fig. I.B) where two plates (AB and BC) 

meet, compatibility and equilibrium conditions must be satisfied. 

Compatibility conditions: 

*BA "l + ^BA SI* = "BC «2 + sin a. 

*BA °I ^BA "BC °2 ^BC 

"BA = "BC 

(|2)^for AB = for BC 

. . I.7(a-d) 

Equilibrium conditions: 

COS a , + " W y ' e C " 2 * " 2 

' V b A °1 - ' V B A "2 * ®y'BC °2 ' ' V B C "2 

( \ y ) B A = K K c 

. . . I.7(e-h) 

2 6 1 



In the foregoing the suffix BA refers to the force or displacement 

quantity at B for the plate AB; and the suffix BC refers to the same 

for plate BC. Q refers to the Kirchoff's eiquivalent shear force. 

1.5 Buckling and Initial postbuckling analysis using the perturbation 

technique 

The sequentially linear perturbation equations at w = 0 (i.e. 0 

for each 'm') may be written in the form: 

L ($ ) = 0 
m m 

. I.8(a-b) 

wl w! ij C.. + w. TfV i^ S.. 
J] ijm 1; J] ijmJ 

_ h #2*2 
2 — . o w 
D ^2 X, m, 

a 

(i^ wV + w. )S.. 
J , 1, J; ijm 

+ 2*: wl ij C.. 
1; J I ijm 

I.9(a-b) 

(wl wl + wV wl )ij Ci. 
- 1 , J 2 ^ 2 J l 

+ (w. wV + w. wV )i2 S.. 
I 2 J ; i j m 
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, / \ o h . 
L (w ) = 3 — . (o w + o w ) 

m n y D 2 X ; # 2 * 2 

- ^ ^ n + % " V * " h " % " j , ' K j -

+ 2ij(*! wl + wl )C.. 
1 , j g 1 , J I i J * 

. I.lO(a-b) 

Higher order equations may be set up in a similar way, but will not 

be shown here. 

Solution of these equations together with the appropriate boundary 

conditions gives the buckling load and characteristics of the secondary 

path in the vicinity of the bifurcation. The solution of these sets of 

equations is discussed in section 1.7. 

1.6 Treatment of nonlinear boundary conditions I.7(a-b) 

Of the boundary conditions I.7(a—h), the conditions I.7(d-h) are 

linear in 'w' and The equation 1.7(c) can be replaced by the 

condition of compatibility of longitudinal strain which is a linear 

relationship in The conditions I.7(a-b) are nonlinear as 'v' 

is related to 'w* and in the following manner: 

i f i . _ 1 ( i ! * + ( 2 + v > \ ^ 

Taking 'v' in the form 

v = V (y) sin , we obtain 

V = 1 {*", _ (2+v) *' } _ li y % ±2 w. wi s. 
ml ^ E m 2 m 2 i J 

a a a 

263 



This nonlinear relationship must be reduced to a set of sequentially 

linear relationships by the perturbation technique amid uaed in the 

formulation of boundary conditions. 

1.7 Solution of perturbation equations 

The first order equations are a set of homogeneous equations and give 

riae to an eigenvalue problem for the buckling stress o . Note that 
cr 

the equations corresponding to any 'm' are uncoupled from the rest so 

that the buckling mode is exclusively in terms of a single harmonic say 'n', 

The differential equations are rendered algebraic by the use of a finite 

difference grid in the transverse direction. In order to obtain the 

values of ^ and w , it is necessary to choose a path parameter E , which 

may be one of the key displacement coefficients corresponding to the 

governing harmonic 'n'. 

It is important to note that in the present formulation, the higher 

order equations for each harmonic 'm' are also uncoupled from the rest, 

so that they can be solved separately. This represents a considerable 

saving in computing effort. 

Second order perturbation equations for the nth harmonic involve 

an additional unknown viz. o . But one extra equation can be brought =1 

into play viz. Eg = 0. 

The solution of the higher order system of equations is similar. 

1.8 Postbuckling path rn the immediate vicinity of bifurcation 

The expressions for w and # in the immediate vicinity of the 

bifurcation may be constructed using Taylor's series: 
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w = } (w E + w w E^ ... )sin nmE 
^ 2 ! nig 

TT "I" E^ ... )sin mrrg 
i i i | ^ -3 * 

1 g 
and o = o + o E + r̂r c E 

^ ^ c r ^ 1 ^ 2 

1.9 Direct solution of nonlinear equations 

In view of the possible inaccuracies in a solution based on the 

perturbation technique and the need for assessing the same, a solution 

based on a direct attack on the nonlinear problem represented by the 

equations 1.5 and 1.7 is desirable. 

This has been done by the use of perturbation technique for pre-

diction of increments in displacements for a given increment in the path 

parameter and Newton-Raphson correction. The procedure is fully 

explained in Ref. 92. However it must be noted that there occurs an 

interaction of all the harmonics in the solution process and as a result 

the computing effort is considerably increased. 

I.10 Worked example 

An exaiig)le of a square box column solved using the analytical 

approach described herein, is now presented. 

A square box column shown in Fig. I.C has been solved en^loying 5 

nontrivial harmonics for both 'w' and '({)' and 6 finite difference grid 

points on each half of the constituent plates (1) and (2). The variation 

of central deflection of the plate (1) with the applied stress is shown 

in Fig. I.C for three types of solution: 

(i) The perturbation technique en^loying upto the 3rd order 



4 0 

cr 
cr 

3 0 

2 - 0 

1 0 

Complete 
non-lineor 
soln. 

Pert, technique 
upto 5^^ order eqns. 

Pert, technique 
upto S""" order eqns. 

r l i i 1 
Z H i o o _ 

i | o 
1 1 ' 

) 
) ^ ' 3 ' % 

11 

J V r f i 
/ I 
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h%1 
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equations. The curvature at the centre of the column (I) was 

used as the perturbation parameter. This choice is based on 

the consideration that its rate of increase decreases î idh 

increasing deflection 

(ii) The perturbation technique employing upto the 5th order 

equations, using the same perturbation parameter as in (i). 

and (iii) The complete solution of the nonlinear equations governing 

the problem. 

It is seen that the agreement between the solutions (ii) and (iii) are 

very satisfactory upto about times the critical load. 

267 



APPENDIX II 

TOTAL POTENTIAL ENERGY EXPRESSION FOR A STRIP FOR THE 

INITIAL BUCKLING ANALYSIS 

Context: Sec. 2.2.3 

Content: In this Appendix, an expression for the total potential energy 

W of a strip for the initial buckling analysis outlined in 

chapter 2, is presented. 

Section 1. The expression takes the form: 

W = — { -ve.v. X-
2(]-v%) 

+ u. u. a.. + V . V . (g.. - e p.. ) 
im jn ijmn im jn ijmn ijnm 

+ u. V. y.. + w* w* (e - e p ) 
im jn ijmn rm sn rsmn rsmn 

+ u . w * w * + u . V . V, 
im r^ sp irsmnp im jn kp ijkmnp 

+ V . w * w * X . + V . V . ^ X . . , } 
im ra sp irsmnp im jn kp ijknmp 

m*n,p = 1 .... M 

i,j = 1,2 

r,s = 1, ... 4 

Section 2. The summation convention has been used in the above expression. 

'M' stands for the total number of harmonics considered in the 

solution. The displacement coefficients u. and v. hsw% already 
im im 

been defined in chapter 2 and the coefficients w* are related 
nn 

to w. and 8. (already defined) in the following manner 
im im 
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w* = w, 
Im Im 

"2m = 

w* = w_ 
2m 2m 

w* = 8 
4m 2m 

The other terms are defined below: 

Ann = '"0 

= 0 (m 4 n) 

Y = mng/a 
m 

X. = 
im mng 

[i - (-:0=\]A. 

a. . 
ijmn 

®ijmn • V • Pj) 4 j } 

- 'mo ' i ' 1^;) ' F a3. t (!-v)A|. } 

E . . = 6 . {sf. - Y Y (B^. + B?.) + yZ yZ gl 
ijmn mn 24 % ij m n ij ji m n i] 

+ (1-^0 Y "Y (B^. + b^. + 23?.)} 
m n 1] ji ij 

"ijmn ° V ' i • B!. + ^ .B|. 

"ijnm 'mn • 
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ir-x 1 
. if . cf. *ijkmDp - P?) C p c ! j k g2 • "map "ijk 

( * - v ) i r P I l f 5 r S + r E E l T5 r 5 g . l5 c5., + (21) i5 c!,. 
2gz I o mnp ijk ^ a' mpn ikj. 

•ijfamp ° P ? ( ^ ) ^ L p ^ijk ^ ""P? • ̂  C p C'jk 

i5 55 , (SI) i5 £5 \ 
op,2 I a mnp ijk ^ a-' mpn ik]) 

+ 

26 

%... - 1 - . I? cf. + 1 . (HI) (£1) I- c?,, 
Ijkmnp _3 mnp ijk g i mnp ijk 

+ ( 1 ^ . m ( m . I ' * (21)16 c 6 , 1 
G I mnp Ijk ^ a mpn ik] / 

X# »« " m fF ^7^ ^ 
Ijkmnp g3 mnp ijk 3g mnpijk npmjJki pmnkij 

where F .. l4 gS + fG c?. I 
mnpijk 11 mnp ijk ^ or mnp ijkj 

Section 3. In the foregoing. 

A. = f; dn 
1 1 

j 

{A*. A?. A?. } = I {f.f. flf' f.fl }dn 
1] iJ ij j 1 J 1 J 1 J 

o 

1 

fB 1 B?. B?. B^.} = f {*.*. *?*'/ *;*; *Y*.} dri 
I J I J I J I J j ^ l ^ J ^ l ^ J ^ l ^ J ^ l ^ J 
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i 

(Cijk Cijk j fi*]*! 

(Cijk C^jk C3.^ c;.^ C5.^ CS.^} = j {f.f.f^_ flf.f^ f.fjf, 

o 

r 

= " I^np = j sin . sin nng . sin png dn 

o 

= - I* = sin mng . cos nng . cos png dn 
mnp mnp j 

o 
] 

= l5 = I cos mng . sin nng , cos pw^ dn 
mnp mnp j ^ 

o 

wherein 

{ f; ^2 } = % } 

{^1 4^} - {1—3n^+2n^ n"2n^+n^ 3n^—2n^ -n^+n^} 

and dashes denote differentiation with respect to n , e.g. 

A' = 1 A" _ 1 

^ ' '1 an' 

271 



APPENDIX III 

DETAILS OF THE COMPUTER PROGRAMME FOR THE 

INITIAL BUCKLING ANALYSIS 

Context: Sec. 2.2.6 

Content: Details of the computer programme for the initial buckling 

analysis of plate assemblies taking into account the pre-

buckling stress distribution are described. 

Description: The programme will be described in three sections 

(i) Input data (ii) Scheme of Computation aad (iii) Output 

(i) Input data 

Number of strips 

Number of local degrees of freedom per harmonic 

Number of global degrees of freedom in the prebuckling analysis at 

a time 

Semi bandwidth of stiffness matrix for dbe prebuckling analysis &t 

a time 

Number of boundary conditions for the prebuckling analysis at a time 

Number of harmonics in tlhe prebuckling analysis 

Number of harmonics entering the description of the buckling mode 

Number of global degrees of freedom in the stiffness matrix for the 

buckling analysis 

Index which indicates whether the structure carries an axial 

compression, transverse loading or a combination of both 

Length of the plate structure 

Width and thickness, orientation of each strip 

The global degrees of freedom corresponding to the local degrees of 

freedom associated with each strip in both the stages of analysis 
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The actual integers (which enter into the arguments of the trigo-

nometric terms in the displacement functions) corresponding to 

each of the harmonics in both the stages of analysis 

The numbers of the global degrees of freedom which vanish by virtue 

of boundary conditions in each stage of the analysis 

In the case of transverse loading, external load vector, in terms 

of Fourier coefficients corresponding to unit load 

In the case of combined loading, the ratio of axial load to lateral 

load 

Young's Modulus and Poisson's ratio of the material 

(ii) Scheme of cong)utation 

Preliminary: Calculation of the integrals A^, ^ijk* ^ijk' 

I etc. (Ref. 
mnp 

Appendix II) 

Prebuckling analysis: 

(1) Build stiffness matrices for each of the strips for the 

prebuckling analysis for the first harmonic 

(2) If axial compression is present, build the equivalent load 

vector given rise to by axial compression for the first 

harmonic 

(3) Transform the element stiffness matrices, and the load 

vector in (2) to the global system 

(4) Assemble the transformed element stiffness matrices to 

form the global stiffness matrix 

(5) Assemble the transformed equivalent load vector in (3) 

to form the global vector of nodal forces given rise to 

by axial compression 
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(6) Add to the global load vector in (5) to the vector of 

applied lateral loading if any 

(7) Solve the system of equations to obtain the displacements 

corresponding to unit axial load (or lateral load) 

(8) Repeat the steps (1) to (7) for each of the harmonics 

Buckling Analysis: 

(1) Build the stiffness matrix governing the linear problem for all 

the harmonics entering into the description of the buckling 

mode, taken together 

(2) Build the stiffness matrix [s.. + v C.. - A. . q 1 tAdch 
Lij ij ijk k;i 

incorporates the destabilising influence or axaal compression 

and the effects of prebuckling stresses for unit axial 

compression (or lateral load) 

(3) Transform the matrices in (I) and (2) and assemble them to 

form the corresponding global stiffness matrices [A] and [s] 

(4) Determine the eigenvalues and vectors of the eigen problem in 

the form {[A] - e [s]} = {0} 

(5) Obtain the stress distribution corresponding to the lowest 

eigenvalue. 

(iii) Output 

The buckling load (axial compression or lateral load) 

The buckling mode in terms of the global degrees of freedom 

The longitudinal stress distribution at various sections of the 

plate assembly at the onset of buckling. 
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APPENDIX IV 

COMPARISON OF THE COMPUTING EFFORT INVOLVED IN THE 

FINITE ELEMENT AND STRIP SOLUTIONS 

Context: Sec. 2.3.4 

Content: A comparison of the computing efforts involved in the finite 

element and finite strip solutions of the problem of a plate 

carrying inplane patch loading is made. 

As stated in sec. 2.3.3, the problem of the square plate carrying 

inplane patch loading, with C/B = 0.2, has been solved by Rockey and 

Bagphi*^ by the finite element technique. The results obtained using th^: 

finite strip approach are shown in Fig. 2.17. Comparison of the two sets 

of results shows that in order to obtain a solution within error of 1%, 

the finite element solution requires 48 elements (sa^ 8 depthwise and 6 

breadthwise) over half the plate, whereas the strip method requires 8 

strips and 2 harmonics to describe the buckling mode. 

In the case of a plate carrying inplane loading, the prebuckling 

state is described by inplane displacements u and v alone and w = 0; 

on the other hand the buckling mode is described entirely by 'w', as 

it is greater than 'u' and 'v' by an order of magnitude. Thus for each 

part of the analysis, (prebuckling and buckling) only two degrees of 

freedom along each edge (nodal line) per harmonic need be taken into con-

sideration. On this basis, a comparison of the computing efforts can be 

made for each stage of the analysis as ^hown in the following tables. 
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Table II.A:Prebuckling Analysis 

Finite Element Method 

No. of 
elements 

No. of 
nodes 

Degrees of 
freedom per node 

Total No. 
of unknowns 

N 

Semi-band 
-width 

B 

8 depthwise 

6 breadthwise 

(8+l)x(6+l) 

= 63 
2 126 9x2 = 18 

Finite Strip Method 

No. of Strips No. of 
nodal lines 

Degrees of 
freedom per 
nodal line 
/harmonic 

Total no. of 
unknowns 
N/harmonic 

Semi-
band-width. 

B 

(8+1) 

Total no. of harmonics = 15 

Note: Computing effort C may be t^ken to be proportional to the NB . 

Thus 
"FSM ^ 18 X 4% X 15 

"FEM 126 X igZ 
= 0.]] 

i.e. the finite strip solution requires about 11% of the computing 

effort for the finite element solution for the prebuckling analysis. 

It must be noted that the computing effort required for th& prebuckling 

analysis is only a small fraction of that required by th^ second part of 

the analysis which involves solution of the eigenvalue problem and there-

fore the following comparative study on this aspect is of far greater 

relevance. 
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Tablell.B: Buckling Analysis 

Finite Element Solution. 

No. of 
elements 

No. of Degrees of Total no. of 
Nodes freedom per unknowns 

node N 

Semi-band-
width 

8 depthwise 
27 

6 breadthwise = 63 

Finite Strip Solutions 

No. of Strips No. of Degrees of Total na. of 
nodal lines freedom/ unknowns 

nodal line 
(two harmonics) 

Semi-band 
-width 

8 9 2x2 = 4 36 8 

Note: Following Ref. 103, the computing effort in th^ determination of 

finding the eigenvalues and vectors is proportional to the (̂ )̂e of the 

total number of unknowns, so that 

Thus the computing effort involved in the strip method is less than 1% 

of that in the finite element method. 
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APPENDIX V 

MATHEMATICAL BASIS OF THE CHOICE OF THE TERMS IN 'u' and 'v' 

IN VERSION I OF THE FINITE STRIP METHOD 

Context: Sec. 3.2.1.2 

Content: Sec. 3.2.1.2 describes the manner of choosing the trigonometric 

terms in the functions to describe 'u' amd 'v' for a given 

function for 'w' in version I of the finite strip method. The 

mathematical reasoning underlying this procedure is set 

forth. 

T ^ , \ . mnx 
Let w = w (y) sin 

m a 
(i) 

(m = i 
1 ' 

' in) 

where i^, i2 ... i are integers. 

von Karman compatibility equation relating the stress function and 'w' 

reads: 

= E 
J - ' l W ' 3^2 • 3y2j 

. (ii) 

Substituting (i) in the expression on the right hand side of (ii) and 

rearranging, it can be expressed in the form 

F^^j(y) cos [ji+j)^^^] + F;^j(y) cos [(i-j)-^\] 

(i = I, ... i 
n 

I, ... i. ) 
n 

The terma containing 'y' in the brackets, throughout this discussion, 

represent appropriate functions of 'y'. 

A solution for may therefore be taken in the form 
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*i+j(y) cos j ( i + j ) ^ + cos (i-j) 
TTX 

+ AgY* + A^yS . . . (iii) 

satisfying the conditions 

xy 
9?(f) 

x=o 
x=a 

9x^ 
x=o 
x=a 

The middle surface strain components E , e and v are related 
X y 'xy 

to in the following manner 

I (32* 92* 

Ey = " 
G IgxZ 9y2 

xy 
2 
G 9x9y 

. . (iv)(a-c) 

Substituting (iii) in (iv), each of the strain components can be expressed 

in the form: 

E - + A'y + E (y) cos[^i+j)^2i 
X z j xj+j L a 

+ e* (y) cos (i-j)^ 

^y -v(A'+A'y) + E (y)cos|(i+j) 
^ ^i+j L 

TTX 

a 
+ E (y)cos 

and 

(i+j) "FX + Yi_j(y) sin 
/. ..nx 
(i-j) — 

. . . (v)(a-c) 

where Ag, and A^ are appropriate constants. 

Since 
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X 9x Z^Bx 

9u _ . - _ |,...\nx 
+ A^y + u.^. cos|(i+j).a u. .(y) cos 

i-J 

Integrating, 

u = A|x + A^yx + A^ + u^^j(y)sin (i+j) 
TTX 

+ "i-j(y) sin 
/. .\WX 
(i-j)— 

. . (vi) 

where A^ is an arbitrary constant. 

Again, 

3v 1 f ^ 
=y = a? + YiafJ 

so that = -v(A' + A'y) + v. .(y) cos 
dy z j 1+] 

( i + j ) ^ 

+ j(y) cos 
/. ..nx 

Integrating 

V = -vtAgy + Ag + A^ + f(x) + Vi+j(y^ 

+ V . .(y) cos 
i-J 

where A^ is an arbitrary constant, 

..nx 
(i-j)-

. . . (vii) 

Substituting (vi) and (vii) into the expression for which is 

9u , 3v . 9w . 9w 
* y s ' - f - — - f " I . . . I . 

xy 3x 3y 9& 9y 

and making use of (v)(c), we obtain 
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AgX + f'(x) = 0 , so that 

f(x) = &A'x2 + C 

where 'C' is an arbitrary constant. 

Considering the case of uniform end compression A^ = 0. In this 

case the functions 'u' and 'v' take the form: 

u = A'x + A, + u.,.(y) sin 
z 4 i+j 

+ uu_j(y) sin 

(i+j) 
TTX 

(i-j)^ 

- A^y + A^ + v^^j(y) cos 

+ v\_j(y) cos|^i-j) 
irx 
a 

(viii)(a-b) 

The constants A^ and A^ are so chosen as to fix the plate in space in 

any given position. The term Ag corresponds to 'e' the average strain 

of the plate. 

The trigonometric terms in (viii) are the most relevant terms for 

the present discussion. It is seen that the functions for 'u' and 'v' 

include all the trigonometric terms corresponding to (i+j) and (i-j) 

where i and j are any two of the integers entering into the arguments 

of the trigonometric terms in the description of 'w'. 
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APPENDIX VI 

AN EXPRESSION OF STRAIN ENERGY OF A STRIP 

FOR THE POST LOCAL BUCKLING ANALYSIS - VERSION I 

Context: Sec. 3.2.1.3 

Content: In this Appendix, an expression for the strain energy U of a 

strip, required in the post-local-buckling analysis of plate 

assemblies, using Version I (case (i) ar^ (ii)) of the finite 

strip method as developed in chapter 3, i^ presented. 

Section 1. The expression takes the form: 

8 
U = Ehab I T_ 

2(]-vZ) 1 

where 

T] = 0 for case (i) 

- v e V. X' 
im im 

m = 1, ... M 
\ 

i = 1,2 

for case (ii) 

T_ = u. u. a.. 
2 im jn ijmn 

m,n = I, ... M 
' u 

i,} = 1,2 

= V. V. B.. 
im jn ijmn 

m,n = 1, ... M 
' V 

i,j = 1,2 

T, = u. V. y.. 
im jn ijmn 

m = 1, .. 

n = 1, .. 

i,j = 1,2 

M 
u 

M 
V 
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T_ = w* wv fe, 1 
im jni ijmn 

e p .. I 
ijmnr 

= 1, . . . M w 
ijj IJ « . . 4 

T. = u. w* w* 
6 im jn kp^ijkmnp 

m = I, .. . M 
u 

n,p = 1, ... 

i = ],2 

j,k = 1, ... 4 

T_ = V. w* w* X.., 
7 im jn kp ijkmnp 

m = 1, ... M 
V 

n,p = 1, ... 

i = 1,2 

j ,k = 1, ... 4 

To = w* w* w* w* A..,. 
8 im jn kp &q ijk&mnpq 

m»n,P,q = 1, M 
w 

= 1, ... 4 

Section 2. In the above, M . M and M represent the total number of 
u' V w 

terms in the displacement functions for 'u', 'v' and 'w' respectively, 

The other terms are defined in the following:-

2ve 

im 
. A. 

1 
(m^ = 0) 

= 0 (m ^ 0) 

a.. 
i]mn 

= 5 "iL)(SjL) Ai, + iLril A?. 
" 262 ij a ' ̂  a 

= 6 
I f 1 

ijmn "mvnv ' 2 ^ ' "ij 
•A?, A' 

a a '' 1] 

(m^ ^ 0) 

*mVnV ' 
(m^ = 0) 

Y ^ m V • ? • f ( 2 V A 3 . - ( l - v ) A ? j 
ijmn 
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e.. = 6 
1] im m^n ,WnW 

248 
- Y » + B ^ . ) 

4 1] m" n" ij J1 

^ ''n" ®ij ^ " " " ' V ^ ®ji + 2®ij" 

w w 

Pijmn ^ in case (i) 

: mWn* B?. 
^ a a ̂  ij 2 iJ 

in case (ii) 

m P^) (V-) I- cl 
ijkmnp I a a a ' mUn^pW ijk 

+ V 
a ^ _2 "n^nyp* ~ijk 

29%^ ^ ^^PnWpW Cijk + [ a ) llup^nW ^ikj 

w w 
r = 1 - 7 2 rZ + 2 fO n, rp 4 
ijkmnp .3 m^n^p* ijk g ^ a a ^ imVn^p^ "ijk 

Cf., 

/2LZj //Elii T6 c6 + razii 76 cG . I 
2& I a J 11 a J m^nMpW ijk ^ a ^ m^pWhy ikj J 

n̂ TT", 

1 / w w w w 1 , 
'ijk&mnpq 4 ^ ^ ^ 4 ' w w w w ijk2 

a* m n p q ^ 

"4" J ̂  

6" m V p V 

+ — fp + F + F 
6 ^mnpqijka mpnqikjA mqnpi&jk 

^npmqjki& * ^nqMpj&ik * ^pqmnk&ij J 

where F . ,= -^- (5LIlf2Ll)j3 o?., 
mnpqijkA % ^ a a ^ mnpq ijk& 
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Section 3. In the above: 

, u V w . , 

1. m , m , m represent integers occurring in the argument of 

the trigonometric function in the mth term in the 

series for u, v and w respectively. 
1 

'"ijU °iik« °ijk% ) -

3. {ll l3 l5 } = f {C C C C S S C S C } dg 
amp mnp mnp j m n p m n p m n p 

{l4 1% l6 } 
mnp nmp nmp 

1 

{jl J2 J3 } = {C C C C S S S S C C S S } dg 
mnpq mnpq mnpq j m n p q m n p q m n p q 

(where C = cos mng , S = sin nnrg ) 
m m 

All the other terms (not defined in this Appendix) have the same meaning 

as in Appendix II. 
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APPENDIX VII 

DETAILS OF THE COMPUTER PROGRAMMS PLAPAVl AND PLAPAV2 

Context: Sec. 3.2.1.8 

Contents: In this Appendix is described the computer-programmes entitled 

"PLAPAVl" and "PLAPAV2" for the post-local-buckling analysis 

of plate assemblies using Version I _and II respectively of 

the finite strip'.method, as developed in chapter 3. 

I Description of PLAPAVl: 

The programme is described in three sections: (i) Input data 

(ii) General scheme of the computation (iii) Computer output. 

1. Input data: 

Number of terms in the displacement functions of u, v and w; 

Number of strips; 

Number of local degrees of freedom; 

Number of global degrees of freedom; 

Semi-bandwidth of the stiffness matrix; 

Number of boundary conditions; 

Length of the plate assembly, width and thickness of each strip; 

The integers (m ,m^,m^) entering into the argument of trigono-

metric terms in the displacement functions of u, v and w; 

The number corresponding to each of the degrees of freedom 

which vanishes by virtue of boundary conditions; 

The number of the global degree of freedom which is to be used 

as a path parameter in the perturbation solution (Number 

corresponding to Q ) ; 

The number of independent quartic terms (Ref. Table 4.1) in 

the solution; 

286 



The number of steps in which the solution is to be traced; 

The value of the value of Q (e) to be used in 

the solution using perturbation technique; the magnitude 

of increment of 'e' in each step for tracing the postbuckling 

equilibrium path. 

2. Scheme of computation 

(i) Preliminary: Calculate the integrals A., A... B.., C... , D.., 

I , J 
innp mnpq 

(ii) Perturbation 

Solution: (1) Build stiffness matrices for the strips with the 

displacements u = v = w = 0 and e = e 

(2) Assemble the stiffness matrices to form the 

global stiffness matrix; apply boundary conditions 

(3) Making use of = 1, obtain the buckling mode. 

(4) Build the right hand side of the second order 

equations 

(5) Using the contraction inechanism obtain the value 

of e^; with = 0, solve the 2nd order equations 

(Note, however, e = 0 for version I) 

(6) Build the right hand side of the third order 

equations 

(7) Using the "Contraction Mechanism", obtain eg 

(8) With Q = 0, solve the 3r^ order equations 

(9) With = e, obtain the value of 'e' and those of 

the local degrees of freedom. 
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(iii) Tracing the postbuckling equilibrium path 

Prediction of the displacements for a given increment in 'e': 

(1) Build the incremental stiffness matrix for each strip with the 

values of u, v, w and e and the vector of incremental forces 

for unit increment in 'e' 

(2) Assemble the stiffness matrices in (1) to obtain the global 

stiffness matrix and the vector of incremental forces of the 

strips to form the right hand side of the system of 

'incremental' equations. Apply the boundary conditions. 

(3) Solve the system of equations to obtain the increments in the 

values of the degrees of freedom for a chosen increment in 'e'. 

Correction of the displacements using Newton Raphson iterations. 

(4) Build the incremental stiffness matrix and the vector of edge 

forces for each strip with the new values of displacements and 

'e' 

(5) Assemble the stiffness matrices in (4) to obtain the global 

stiffness matrix and the vector of the edge forces to obtain 

the vector of global unbalanced forces. Apply the boundary 

conditions 

(6) Obtain the corrections by solving the system of equations 

given by (5) 

(7) Obtain the improved values of displacements and repeat steps 

(4) to (6) till satisfactory convergence of the solution is 

obtained 

(8) At the end of each step obtain the stresses at various sections 

of the plate structure 

(9) Repeat steps 1-8 for the given number of steps. 
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3. Output 

The buckling mode in terms of the (iisplacements. 

The solutions of perturbation displacements as given by the 

second and third order equations and the value of 

The values of 'e', the degrees of freedom, the longitudinal 

stresses at various sections across the plate assembly and 

their integrated value at the end of each step. 

II Description of PLAPAV2 

The details are the same as for FLAP AVI except for the scheme of 

computation which includes a preliminary analysis of the prebuckling 

state of equilibrium. 

Scheme of computation: 

Preliminary: Calculate the integrals A., A. ., B. C..,, D. , 
1 1J IJ IJK 

I , J 
mnp mnpq 

Prebuckling solution: 

(i) Build the stiffness matrices for the strips with the 

displacements u = w = w = 0 and e = 0, and the vector of 

edge forces with e ̂  = 1 

(ii) Assemble the stiffness matrices to form the global stiff-

ness matrix and the vector of edge forces to obtain the 

right hand side of the system of equations. Apply the 

boundary conditions 

(iii) Solve the system of equations to obtain the prebuckling 

displacements u , v and w for e, = 1 and thus for e = e . 
P p p 1 cr 

(v) Build the stiffness matrix for each of the strips with the 

values of prebuckling buckling displacements at e = e ^ 
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and Che vector of incremental forces for unit increment 

in e. 

The rest of the procedure is the same as for FLAPAVl. 
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APPENDIX VIII 

AN EXPRESSION OF STRAIN ENERGY OF A STRIP FOR THE POST-

LOCAlrBUCKLING ANALYSIS - VERSION II 

Context: Sec. 3.2.2.3 

Content: In this Appendix, an expression for the strain energy U of a 

strip, required in the post-local-buckling analysis of plate 

assemblies J using Version II of the finite strip method as 

developed in chapter 3, is presented. 

The expression takes the same form as for Version I given in 

Appendix VI but for the following changes in definition of the terms. 

Changes in Section 1 

•̂1 ' 'im 

Changes in Section 2. 

• - S I >-^1 

m = ], ... M 
' V 

i = 1,2 

" u V Pir) >* V u } 
^ m n n m - ^ ' ^ 

1 
f 

where p = cos nnrg. sin rnr^ dg 
mn 

o 

Changes in Section 3. 

{ ll I^ I^ l'* l5 l6 } 
mnp mnp mnp mnp mnp mnp 

1 

{ C C C S S S C S S s e e S S C C S C }dS 
m n p m n p m n p m n p m n p m n p 

o 
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Section 4. 

The following additional term (U^) must be included in the strain 

energy expression, if it is necessary to take into account, as proposed 

in sec. 5.2 (Chapter 5), the destabilising influence of the inplane 

displacement 'v', 

" a - ( P f ) O • 4 j } 
1 1 

(in the notation of Appendix VI) 
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APPENDIX IX 

OPERATIONS ON AN EXPANSION OF THE TYPE A.... q.q.q.q USING 
1 J K & 3 k ^ £ 

ONLY INDEPENDENT TERMS 

Context: Art 3.3 

Contents: A simplified algorithm to perform certain operations e.g. 

obtaining the first derivative bf certain terms in the strain 

energy expression with respect to q , making use of only 

independent terms, is described. These operations are found to 

be necessary for computing the edge forces and the elements of 

stiffness matrices from the strain energy expression. 

Consider an expansion of the type 

= Aijkt li'j V i l 

i,j,k,2 = 1, ... N 

which occurs in the strain energy expression given in Appendix V. 

The terms in the expansion can be divided into the following five 

groups 

(i) with i,j,k,& all different from each other 

(ii) q?q.q. with i,j,k all different from each other 
1 J k 

(tii) q?q? (i ^ j) 

(iv) q?q. (i f j 

(v) 

In order to obtain the value of the functions 

I;- N) 

(i'j = I' 
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(which occur the expressions of edge forces and the elements of stiffness 

matrix respectively) 

We may take up terms in each of the groups (i) to (v) separately. 

It may be noted that the terms in group (i) repeat themselves 24 

times each, those in group (ii) 12 times, those in group (iii) 6 times, 

those in group (iv) 4 times and finally those in (v) only once. A 

computational scheme that may be adopted to obtain tt^ derivatives is 

given in the following:-

Initialise 
aq.9q 

DO 1 i = I,N-3 

DO I j = i+1,N-2 

DO 1 k = j+l,N-l 

DO 1 £ = k+],N 

Contd of next page 

* Refer to footnote on next page 
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Terms in 

Group (i) 

9U 9U* 
9q^ 

3U* 
* 

3U 
aq. 

3U* 9U* , 

^^k a^k 

3U* 9U* + 

82U* 9 * 
9 % 

Sq.3q. 
1 ] 

aq^aqj 

8 % * 92u* 

34i*9k 

3^V* gZu* 

0 * 
S^U a^u* 

9qj3q^ BSjSSk 

S^U* 92u* 

Contd from previous page 

- ! 

ijkA^i^j^& 

ijkA^i^j^k 

" zAAijkiSjqk 

Sq.Sq, • Sq^Sq. * kt'^A 
j 

•k 

J 2 

CONTINUE 

DO 2 i =],N 

DO 2 j =I,N-I 

DO 2 k =j+l,N 

Contd on next page 

* Note that the terms 'DO' and 'CONTINUE' have the same meaning as in 
Fortran language. ' ' indicates replacement. 
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%̂z= £ '— 

Contd from previous page 

Terms in 

group 

(ii) 

V 7 

3q^ * 24A^^j^q^qjq% 

9q. * 3q. * 

3q k * aq^ * 'ZAiijkqiqj 

+ 24A...,q.q^ 
Sq.Sq. Sq.Bq. iijk i k 
'1 'J '1 "J 

24A...,q,q. 
aq^aqk aqiaqt iijk i J 

a^u 
3qj3q^ 39^39% 

2 CONTINUE 

DO 3 i = 1,N-1 

DO 3 j = i+l,N 

T 
Contd on next page 
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Terms in 

group (iii) 

ConCd from previous page 

9q; * Bq; * '^^iijj ^i^j 

_ifu ^ 8U__ + ,2,^ q2 

Sq2 3q2 ^ 

1 X 

•k 
3U 

3q.9q. 9q.9q. * ^^^lijj ^i^j 
"1 J "1 J 

* 

i l E - + i U _ _ + , 2 6 . . . . q 2 

2 9q2 iiJJ 1 9q 

CONTINUE 

DO 4 i = 1,N 

DO 4 j = 1,N 

Terms in 

group 

(iv) 

# 

J=i 

* 
9U 

A 
9U 

9q. 9q^ 

* A 
9U 
9q. 9q. 
J J 

gzu* O ' gzu* 

9q; 9q^ 

g^u* 9̂ 1 

+ 12A.... q.q. 
Ill] 1 J 

+ 4A.... qf 
111] 1 

+ 24A.... q.q. 
Ill] 1 j 

9q^9qj 9q.9q. * 
^ J 

* 

CONTINUE 

Contd on next page 
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Contd from previous page 

DO 5 i = 1,N 

* * 
^ /A -3 

9q. ^ 9q. iiii i 
1 1 

O * C * 

iftL + 12A.... qZ 
11X1 1 

Sqf aqf 

1 

5 CONTE !mE 

STOP 
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APPENDIX X 

A TYPICAL SET OF READINGS OF THICKNESS ON A SHEET 

OF SILICONE RUBBER 

Context: Sec. 6.2.1 .2.2 

Content: In order to illustrate the quality of the sheets of silcoset 

used in making the test specimens, a typical set of readings 

of the thickness on a coupon of material (Fig. X.A) is given, 

in Table X.A. 

i r 

7.5cm 

45cm 

P i g . X . A 
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Table X.A 

READINGS ALONG LINE Thickness i n n m 

AA 

BB 

CC 

DD 

EE 

FF 

GG 

HH 

JJ 

1.52, 1.50, 1.53, 1.54 

1.52, 1.51, 1.52, 1.52 

1.51, 1.50, 1.50, 1.51 

1.52, 1.51, 1.51, 1.51 

.51. 1.51. 1.50. 1.50 

1.51, 1.53, 1.49, 1.50 

1.52. 1.53. 1.51. 1.51 

1.53, 1.52, 1.52, 1.54 

1.55, 1.52, 1.53, 1.48 

Mean thickness = 1.515 mm 

Standard deviation = 0.015 mm 
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APPENDIX XI 

DETAILS OF THE SPECIMENS TESTED 

Context: Art. 6.3 

Contents: Dimensions, the value of 'E' of the material, the self weight 

and the collapse loads of the square bo^ specimen tested. 

These summarised in Table XI.A. This is followed by a 

discussion on the properties of the inaterial. 

Table XI.A 

Identi- Dimensions 'E' of Selfwt. Observed 

Y g length* widtlpc th^ material in gms collapse 
Z lCaL iOn thickness of wall ^ p s i (inc. the load* 

caps) in lb. 

Al(l) 4 30 21.40x5.35x0.178 293 147 3.08 

A] (2) 4 30 21.40x5.35x0.178 293 146 3.07 

A2(I) 4 30 22.30x5.60x0.186 296 168 3.40 

A2(2) 4 30 22.30x5.60x0.186 296 166 3.40 

B](l) 2 30 10.8x5.4x0,180 300 97 3.80 

B](2) 2 30 10.8x5.4x0.180 312 98 3.90 

B2(l) 3 20 12.0x4.0x0.205 207 54 3.20 

B2(2) 3 20 12.0x4.0x0.200 187 55 2.95 

B3(l) 3 30 15.60x5.20x0.175 287 112 3.10 

B3(2) 3 30 16.65x5.55x0.185 328 139 3.90 

B4(l) 3 40 21.60x7.00x0.180 300 174 3.15 

B4(2) 3 40 21.60x7.20x0.180 293 174 3.10 

B5(l) 4 20 16.0x4.0x0.200 235 73 3.35 

B5(2) 4 20 16.0x4.0x0.200 235 73 3.33 

B6(l) 4 30 21.40x5.35x0.178 293 147 3.08 

B6(2) 4 30 21.40x5.35x0.178 293 146 3.07 
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Identi-

fication 

Dimensions 
lengthxwidthx 

thickness of wall 

'E' of Selfwt. 
the material in gms 

in psi (inc. the 
caps) 

Observed 
collapse 
load* 
in lb. 

B7(l) 

B7(2) 

B8(l) 

B8(2) 

B9(l) 

B9(2) 

BlO(l) 

BI0(2) 

Bll(]) 

B1I(2) 

B12(l) 

B12(2) 

B13(]) 

B]3(2) 

B14(!) 

B]4(2) 

4 

4 

5 

5 

5 

5 

5 

5 

5 

5 

5 

5 

9 

9 

9 

9 

40 28.50x7.10x0.178 

40 27.80x6.95x0.174 

20 20x4.0x0.200 

20 20x4.0x0.200 

20 26.50x5.30x0.177 

30 26.50x5.30x0.177 

40 37.00x7.40x0.185 

40 37.00x7.40x0.185 

50 40.00x8.00x0.169 

50 39.30x7.85x0.157 

60 45.0x9.0x0.150 

60 44.4x8.90x0.148 

20 33.10x3.68x0.184 

20 33.50x3.72x0.186 

30 49.70x5.50x0.184 

30 49.70x5.50x0.184 

318 

309 

175 

207 

313 

293 

302 

321 

386 

306 

258 

249 

355 

355 

355 

355 

220 

199 

83 

84 

165 

166 

404 

391 

401 

381 

513 

521 

132 

141 

269 

277 

3.08 

2.85 

2 .20 

2.56 

2 .80 

2.65 

2.85 

3.00 

2.08 

1.88 

1.16 

I.10 

2.96 

3.00 

2.80 

2.76 

Properties of the material 

From Table XI.A, it is seen that there is a wide variation of the 

value of 'E' of the material. This is due to 

(i) the change in the quality of the material with increasing age 

of the rubber fluid. 
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(ii) the variation of density of the rubber fluid from the top 

to bottom layers in the vessel in which it is stored. 

It was not found practicable to maintain the same value of 'E' throughout 

the investigation. Instead, the material is transferred to a smaller 

jar each time a specimen is made, thoroughly stirred with the aid of 

a mechanical stirrer and a tension specimen cast along with the specimen 

in order to be able to determine the value of 'E*. 

A typical stress—strain characteristic is shown in Fig. XI.A. It 

is seen that the material has a linear response upto a certain stress 

(5 psi in this case) hereafter the nonlinearity tends to get pronounced. 

In view of the very low stresses involved in the compression tests, the 

initial tangent modulus has been taken to represent 'E' . The value of 

'E' in compression is assumed to be the same as that in tension. The 

value of Poisson's ratio has been taken to be 0.3 for making comparisons 

with the theory. 
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APPENDIX XII 

ANALYSIS OF THE THEORETICAL MODEL OF THE COLUMN RESTING 

ON DISCRETE NONLINEAR SPRINGS (DISCUSSED IN CHAPTER 6) 

XII.1 Introduction 

This appendix describes the analysis of the mechanical model of 

a column made up of rigid links connected at joints, eaK& of which rest 

on a nonlinear compression spring and carry a linear moment spring. 

(Fig. XII.A-B). A finite element procedure is i&mployed for the analysis. 

XII.2 Theory 

Consider an element AB of the model (Fig, XII.A) its left end A 

resting on the compression spring. The total potential energy stored in 

the element consists of 

(i) The strain energy stored in the compression spring at A (U^) 

(ii) The strain energy stored in the inoment springs at A and B CU2) 

(iii) The loss of potential of the applied horizontal load, as the 

horizontal distance between A and B diminishes as the element 

rotates under the application of load (V^. 

XII.2.I The strain energy stored in the compression spring: 

Let the resistance offered by the spring F be given by 

n 

F = I C 
i=l 

where q = 5/L, 6 being the applied displacement on the spring and are 

coefficients having the dimension of force. 

The strain energy stored in the spring at a displacement 6 , 
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V E R T I C A L L Y 
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(l) The General Arrangement 

(ii) The finite Element 

(iii) !Che Defermation of 

the Element 

L (1 - cos a) 

Fig. ZII.A . The Mechanical Model 

Gnijded to be vertical 

Pig. . The Detaile at a Joint 
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= 

5 

( %C. qi)d6 = % A. qi*' 

L.C. 
where A. = 

i (i+1) 

XII.2.2 The strain energy stored in the moment springs 

Fig. XII.B shows the details at a joint of the model. It im^/be 

seen that at the joint there are two moment springs, ond on either 

side of the joint, each connected to a link and working independently 

of each other. This special arrangement assumed here is to make possible 

computation of the strain energy stored in each element separately in 

terma exclusively of the degrees of freedom associated with it so that 

the usual finite element procedure can be applied. 

The rotation of the element is given by 

a = sin *(q^ - q^) 

and the strain energy stored in the moment spring at A 

" 2 " 

where is the stiffness of the moment spring. Therefore 

Ug = 1 Y a { s i n ' ( q ^ - q ^ ) } ' 

The term sin " 9 ) can be accurately represented by the expression 

— 1 8 ^ 
sin (q,-q^) = 8 + —r » where 8 = q, - q 

u & O D & 

as long as 8 << 1. 

Thus the strain energy stored in both the springs works out to be 

^ 2 = ^ 2 + F 0 2 ) 2 ( Y a + Y y ) 
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If the moment springs have all the same stiffness given by 

Y = Y, = Y , then 
a b 

2 
Un = Y G ^ d + 7 - ) 

XII.2.3 The loss of potential of the applied load 

The change in the horizontal distance between the ends of die rigid 

element AB 

A = L(] - cos a) 

= L(1 - / 1 - sin^a ) 

But sin a = (q^ - q^) = 

so that A = L(1 - ), 

Thus the loss of potential of the applied load^ 

V = - P L ( I - / i - e ? ) 

Thus the total potential energy of the element 

i+1 r. 82\2 
U_ = y A. q + Y8^ (l + z ) + FL/l-e^ . . . (i) 
E ^ 1 a 6 

neglecting the constant term -PL. 

XII.2.4 Governing equations of the problem: 

We now invoke the principle of stationary potential energy to 

generate the nonlinear equations governing the problem. As a first step, 

we differentiate U , the potential energy of the element, by the nodal 

degrees of freedom q and q^ respectively. Thus 
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a 3qi 
A.(i+l)q — 2^8 (l + -g—j + PL8(1—8^) 

Z y e f l + - P L 8 ( l - 8 2 ) : 
b 3q^ 

. . . (ii)(a-b) 

These expressions stand for the nodal forces corresponding to q^ and 

respectively in the element. The nonlinear equations governing tibe 

problem can be obtained by summing up the reactive forces at each node 

corresponding to each of the two elements that meet at the node. These 

will not be explicitly developed here. 

XII.2.5 The buckling analysis of the column 

In order to examine the possibility of bifurcation from the trivial 

equilibrium path of the model, characterised by zero deflections, we 

employ the perturbation technique to develop a set sequentially linear 

equations and examine the first equation thereof with all the displace-

ments vanishing. As a first step in this procedure, we differentiate the 

expressions (ii) with respect to a path parameter 'e'(which need not be 

specified at this stage) and then examine the expressions obtained thereby, 

at q = q, = 0. Thus 

= q [ 2 A + 2 ^ - P L l + q* [ r Z Y * - a ^ L 1 J 

q=o 
ae 

= q r-2y + PL] + q 12Y - PL] 
q - o b , 

These represent the first order perturbation expressions of the nodal 

forces of the element AB. Expressed in a matrix notation 



3E 

r ^ 
E a = [Aj {q,}- P [B^ 

where A = 
e 

B = 
e 

^ q=o 

2(A+y) -2Y 

- 2 Y Zy 

L - L 

- L L 

{ q , } 
3 

3E 

The first order perturbation equations for the entire column 

written with respect to the trivial equilibrium state, can be obtained 

by a systematic assembly of the element matrices A^ and B to obtain 

the global matrices A^ and B^ and can be expressed in the form 

{ [ A g ] - { Q ^ } = { 0 } 

where {Q^} stands for the vector of global displacements. 

These are a set of linear homogeneous equations and lead to an eigen-

value problem. The lowest eigenvalue and the corresponding eigenvector 

of the above set of equations give the buckling load and mode. 

XII.2.6 Solution of nonlinear equations to trace the postbuckling 

equilibrium path 

It is possible to continue with the procedure outlined in the last 

section by setting up higher order perturbation equations, the solution 

of which would yield information regarding the characteristics of the 
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postbuckling equilibrium path in the vicinity of the buckling load. 

Such a procedure has been discussed in the context of the plate problem 

in chapter 3, and will not be repeated here. But th^ procedure for 

tracing the nonlinear equilibrium path by a direct solution of the 

governing equations will be discussed in this section - as this differs 

from the previously discussed procedure in a few significant details. 

Let a certain point A on the equilibrium path be characterised by 

the deflections (q , q_ ... etc) and the load P . Let 'e' be the 
a b o 
o o 

chosen path parameter and let its value at A be E . In order to obtain 

the next point on the solution path, we increment E by As. The new 

value of the path parameter is E^ + 6E. It is required to obtain the 

displacements and load corresponding to this new value of the path 

parameter. It is important to note that it is better not to identify 

this path parameter with 'P' or the end displacement (6), as there would 

be portions of the solution path where both P and 6 will be simultaneouslv 

retrograde. 

The procedure consists of the following steps: 

(i) To predict the displacements and load corresponding to the new 

value of the path parameter, by using a perturbation technique, and 

(ii) To correct the predicted values of displacements and load by a 

Newton-Raphson iterative procedure. The procedure is very similar, 
108 

in principle, to the one proposed by Walker and used by Svensson 

and Croll^*. 

Prediction of displacements and load 

The expressions E and E in (ii)(a-b) are differentiated by the 

path parameter to develop a set of sequentially linear equations there-

from. In most nonlinear problems it is quite sufficient to consider 

only the first equation thereof. But in view of the high degree of 
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nonlineariCy of the problem, the first two perturbation equations are 

considered here, to make the predicted values more accurate, so thcU: 

convergence can be obtained in a fewer number of iterations in 

correction process. 

The first order perturbation expressions of the nodal forces are 

3E f n c \ . 2 Y ( 1 + ) 

] ̂  I o 

- P 1(1-82) j 
o o j 

+ q, { - 2 Y ( I + 2 8 2 + 5 ^ ^ L C I - S ? ) } 
b. o ] / o o o 

+ P,.L8 (1-8^) 
I o o 

2 \ - & 

as . 

Be ^ a 
q {-ZyCl + 28% + 8^) + PLCl-e*) } 

o 12 o o o 

+ q { 2 Y ( 1 + 28% + 8 ^ ) 
b, o iz o 

- P L(]-82) } 

P, L8 (1-82) 2 
1 o o 

In the matrix notation these take the form; 

3 : i G b 

I 

= [S_] {q,}+ P,{C} . . (iii) 

{q,} = 

w = ®12 

^^21 ^ 2 2 

3 1 2 



— 1 ^ ? 
in which S = Y i(i+I)A. + 2^(1 + 28^ + _ _ 8 ^ ^ - P L(l-8^) 

l i , l a o l z o o 0 
1 o 

3 
S,_ = -2y(] + 282 + 5 ^ L(l-82)" 
] z o 1Z o o o 

Sz, = S,2 

_3 

' 2 2 ' " " o ' 12 " o ' " o " ' ' 
S.n = 2Y(1 + 28% + 8^) - p Kl-^Z) 

and {c} = ^ 

^ 2 
I 

in which 

C, = L 8 ( 1 - 8 2 ) * 
1 o o 

Systematic assembly of the first order perturbation nodal forces 

to express the corresponding equilibrium conditions for th^ entire 

column leads to a set of equations in the form 

[Sg ] {Q;} + P|{C} = {0} . . . (iv) 

where, {Q^} stands for the first order perturbation quantities corres-

ponding to the global degrees of freedom 

is the global stiffness matrix obtained by assembling the 

element stiffness matrices [Sg] 

{C} is the column vector, built up by the column vectors {c} in 

(iii). 
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The set (iv) gives 'N' equations (N being th^ number of global 

degrees of freedom) in N+l unknowns, comprising of 'N' degrees of 

freedom and P . An additional equation is required which is supplied 

by = 1. In the present problem, it appears best to choose (Ref-

lection of the spring at the middle of the column as the path parameter, 

as this increases monotonically all along the equilibrium path. 

The solution of these equations leads to and P^. 

In the same notation, the second order perturbation expressions 

for the nodal forces take the form: 

8 E ' 

= [Sg] {q2} + Pg {c} + {d} 

where {q_} = 

' b . , 

in which q 
9 E ' 

and so on. 

P . = 
a ^ p 

BE? 

and {d} = 

in which 

d = % (i-l)i(i+l)A. q _ ygZQ (12+582) 
1 1 a a, j ] o o 

o I 

5 3 
+ 3P L8 82(1-82)" + PL8,(l-8 )" 

o o I o 1 1 o 

do = T Y 8 ? 8 ( 1 2 + 5 8 2 ) _ g p 8 2 ( i _ Q 2 ) - /% 
z 3 1 o o o o % o 

- P,L6,(l-82) 
1 I o 

and the second order perturbation equations for th^ entire structure 

take the form: 
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[Sg JfQg} + ^2 = - {D} . . . (v) 

where {D} is the column vector obtained assembling the column vectors 

{d}. Again these equations number 'N' and involve imtnowns (com-

prising of 'N' global degrees of freedom and ^2^ extra equation 

is supplied in this case by the condition E = 0. 

The solution of these equations leads to the determination of 

and Pg! Che displacements and load corresponding to the incremented 

value of the path parameter, can be obtained as 

% • % * * IT*'"'" V 

o ] 2 

o 1 z P = P + AE.P + P 
o 1 /! Z 

These values provide an approximate solution of the equilibrium state 

corresponding to E = E + 6e and are in need of correction. 

Newton-Raphson Correction 

c c . . * ^ n* 
Let q amd P represent corrections to the displacements q ana P , 

so that 

* c 
4 a = 4 a + 4 a 

* c 
4 b = 4 b + q ^ 

* c 
and P = P + P 

Substituting these expressions in the i&onlinear expressions for 

the nodal forces E and Ky in (ii)(a-b) and linearising with respect 

to corrections, the nodal forces can be expressed im the foi^x 

E 
a 

[s]{qC} + P {c} + {e} . . . (vi) 
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in which and ^2 are the values of nodal forces as given by the 

* * * 

approximate displacements q , q^ and load P . Assembling these matrices, 

the global system of equations can be expressed in the form 

[Sg] {qC} + {C} = {E} . . . (vii) 

These again are N equations involving N+I unknowns the required 

additional equation is supplied by = 0, as no change in the path para-

meter is to be allowed during the correction process. 

The solution of (vii) gives the corrections, but the corrected 

displacements are still approximate due to &be linearisation in obtain-

ing the expression (vi). Therefore, the correction process is repeated 

till the corrections obtained become negligible. 

XII.2.7 Check for stability 

It is sonetimes necessary to determine whether a certain equilibrium 

state is stable or otherwise. The stability can be affected by the 

precise nature of application of compression, whether the load or end 

compression is prescribed. In the former case, the application of the 

virtual work theorem leads to the principle of stationary potential 

energy and in the latter to that of stationary strain energy. Thus in 

order to check the stability under controlled compression, it is necess-

ary to examine the second variation of strain energy. If it is positive 

definite, the equilibrium is stable; otherwise it is unstable. 

Recalling the strain energy stored in the element 

The second variation of strain energy is given by 
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2! 

= { q ^ 

9 ^ U 

* 7 1 H J ' 
9 q c 

L 

I [s] a 

where [s] = " ] l " 1 2 

^ 2 1 ^ 2 2 

in ^ i c h 

n 

11 
^ A. i(i+l)q^ + 2Y(1 + 282 + — 

i=I :L a IZ 

S,. = -2y(l + 28̂  + ;^ 
12 12 

^ 2 1 ^ 1 2 

= 2 y ( ] + 2 8 2 + ^ 8 4 ) 

The second variation matrix of the strain energy of the entire structure 

can be obtained by assembling the matrices ]̂ sj to form the corresponding 

global matrix. This is but the stiffness matrix |S ] wherefrom the 

terms involving P have been deleted. The second variation of strain 

energy is positive definite if this matrix is positive definite i.e. 

if the determinant and all the principal miners are positive. 

XII.2.8 Computer programme 

A computer programme for the analysis of the theoretical mechanical 

model based on the finite element procedure outlined above has been 

developed. The programme can deal with columns consisting of any given 

number of links and the coefficients defining response of the supporting 

springs. 
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