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This thesis is concerned with the study of Kinematics and Symmetry. It
begins with an examination of motions in a general metric space X,

and gives a comp?ete discussion of the equivalence problem A symmetry
of a motion u in X is therefore a self-equivalence. The symmetry
group Sym p of u and ?ts E§r1gd§c subgroup P(u) are investigated
and it is found that P(u ) is,the centre of Sym u. The symmetry group
of individual trajectories of u s shown to be closed in I,(X) xR
(where I,(X) is the identity component of the isometry group I(X))

and is isomorphic to {0}, Z or R. Some special types of symmetries
including group motion, where the path u s a homomorphism, are

examined.

Special attention is given to smooth motions in a smooth connected
Riemannian n-manifold X. In this context, the centrode C(u) of u
is of great interest, each instantaneous axis Ct<“) of u being a
totally geodesic submanifold of X of even codimension. The centrode
C(u) 1s a l-parameter family of such axes.

The rest of the thesis is devoted to the case where X is Euclidean
n-space E".  The structure of I,(X) = E+(n) is exploited to exhibit
more properties of the group Sym u (in particular, where u is trans-
lational or spherical). Group motions are studied in the low dimensions
n=1,2 and 3. A complete discussion is presented for the symmetry
groups that can occur in plane motion.

The study of Kinematics in E} is reduced to the study of real-valued
continuous functions of a reai variable In particular, stable smooth
motions correspond to stab?e Morse fancttons f : R+ R. The symmetry
properties and the cfass1f1cat10n gf "smooth stable motions are studied
in some detail. »
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INTRODUCTION

Kinematics investigates motion in a space X, without discussing
the underlying physics. In particular in Kinematics no account is
taken of the forces that generate motion. Thus, Kinematics is defined
here to be the study of the geometry of the space M(X) of all motions
in X.

This thesis will be devoted to the study of Kinematics and Symmetry
in a general metric space X, with particular attention to smooth
motions in a smooth connected Riemannian n-manifold.

We begin in chapter 1 by examining motions in an arbitrary metric
space X. A criterion for equivalence of motions is given in section
1.3.2. A symmetry of a motion u 1is measured by the group Aut p, of
automorphisms or self-equivalences of u. The group Aut u, contains
a subgroup Aut,u, which preserves every orbit of u.  This subgroup
measures the periodic behfziggguoi u. We show that the group P(u)
of all periodicities of u isbtge centre of the group Sym p of all
symmetries of u. We prove in sections 1.6.6 and 1.6.7 that the group
of symmetries of individual trajectories of u 1is closed in I, (X) xR
(where I1,.(X) 1is the identity component of the group I(X) of isometries
of X) and is isomorphic to {0}, Z or R. We end this chapter by
examining some special types of symmetries and the special type of group

motion (where the path u is a homomorphism).

Chapter 2 considers the special case where X 1is a smooth n-manifoid
with a smooth Riemannian structure. Thus we restrict attention to
‘smooth motions', and observe that this term covers a wider range of
phenomena than the term 'motion' in Differential Geometry. Following
Kobayashi, we prove that an instantaneous axis is a totally geodesic
submanifold of even codimension. The relation between the symmetry
group Sym u and the symmetry group S(C(u)) of the centrode C(u) is
given at the end of this chapter.

In chapter 3 we consider Kinematics in the Euclidean n-space "
as an example of a smooth connected flat Riemannian n-manifold. Thus
the group I, (X) 1s E+{n). We give a few examples to show how large
the possible symmetry groups can be. Group motions are investigated



in detail when n = 1,2 and 3. We prove that every l-dimensional sub-
group of E+(3} is conjugate to a spiral subgroup, a circle subgroup
or a translational subgroup.

Chapter 4 deals with Kinematics in EZ. The special structure of
E+(2) helps us to explore more properties of translational and rotational
plane motions. Also we use this to give a complete discussion of the
kinds of symmetry groups that can occur. As a special case, we show
that there is an isomorphism between Sym u and S(C(u)).

The final chapter is concerned with the study of Kinematics in Ei.

We prove that this can be reduced to the study of real-valued continuous
functions of a real variable. We show that stable smooth motions
correspond to stable Morse functions f : R - R and so the classification
of such motions can be reduced to the classification of stable Morse
functions. The symmetry properties of stable smooth motions are given

in some detail.



CHAPTER 1
MOTION IN A METRIC SPACE

1.1 The metric category

Let dX and dY be metrics on sets X and Y vrespectively; the
pairs (X, éX) and (Y, dY) are then metric spaces. An isometry from
(X, dx) to (Y, dY) is an injective map f : X » Y, such that for all

X, X' ¢ X,
dX(X, x') = dy(y’ ¥')s

f(x), y' = f(x').
Let us denote the set of isometries from (X, dX) to (Y, dY) by

1

where y

‘I(X, Y), suppressing the symbols for the metrics. Trivially if

(Z, d is a third metric space, then for any f ¢ I(X, Y) and any

7)
g e I(Y, Z), the composite map ¢ o f is an isometry from X to Z,

i.e., go fe I(X,Z) and so there is a law of composition
I(X, Y} x I(Y, Z) » I(X, Z)

satisfying:
(i) ho(gof)=(hog)of,
for arbitrary f e I(X, Y), g e I(Y, Z) and h e I(Z, W).
(it1) for each Y, %Y o f=1f, go IY = g,
for arbitrary f e I(X, Y), g e I(Y, Z).

Hence there is a category K, the metric category of isometries between

- metric spaces.
For any metric space (X, dx) the group AutK(X, éx) = I{X} s

called the isometry group (or group of isometries) of (X, dxj, We




can topologise I(X, Y) by giving X and Y their metric topologies
and I(X, Y) the corresponding compact-open topology (see for example

0] p. 46). In particular I(X) 1is a topological group.

We denote the identity component of I(X) by I,(X), and the set

Ny
of invertible isometries from X to Y by I(X, Y).

1.2 Motion in a metric space
1.2.1 Definition:

A motion in a metric space (X, dX) is a continuous path
pur R+ I,.(X)

such that u(0) = 1X’
Denote the set of all motions in (X, dx) by M(X). Again M[(X)
can be topologised by the compact-open topology. In fact M(X) 1is a

topological group, with respect to the operation o given for any u,

v e M(X) by

(b ov)}(t) = u(t) o w(t}.

1.2.2 Definition:
Let » € M(X). Then the u-trajectory of a point x e X, 1is the
path
YX:R+X
given by
v, (t) = u(t}(x}, for all t e R.



1.2.3 Definition:

Let u e M(X). Then the y-orbit & of x e X 1is the path

Gx : R>R x X

given by

8. (t) = (t, u(t)(x)), for all t e R.

Intuitively, we can picture two copies of X, one of which is
‘fixed', which coincide at 'time' t = 0, and we think of the second
copy as 'moving' over the first in such a way that Xx e X will reach
position u(t)(x) after time t > 0, and was at position u(t)(x) at

time t < 0.

1.3 Induced action of a motion
Each motion u determines an action y, of the additive group of

reals on R x X given by

i

ne(ss (ts u(t)(x))) (s + t, u(s + t)(x)).

Trivially,

(ts p(t){X))

i

p*(O, (t, u(t)(X))}

and for all s, s' ¢ R, and all xe X

i

ue(S's ue(ss (B, u(€)(x)))) = (' + s + L, u(s’ +5 + )(x))

ﬁ*(st + 5, (t& p(t)(X)))

i

s0 py is a well-defined group action of R on R x X (Fig. 1}.



(t, u(t)(x)) /<s+t,u<s+t><x>>

= ue(ss(t,u(t) (X))}

Fig. 1

Recall that if G, H are groups and A, B are sets, a group
action p: Gx A~ A on A 1is said to be equivalent to a group action
q: HxB~=B on B iff there is an isomorphism 6: G~ H and a

bijection f: A - B such that the diagram

commutes.

Accordingly, for any two motions u e M(X) and v e M), we say
that u, 15 equivalent to vy, written u, X vy, iff there is an auto-
morphism 6 : R> R and an invertible isometry o x ¢ ¢ Rx X » R x Y

such that the following diagram commutes.

He .
R x {R x X} R x X
g x (o x ¢) i a x ¢
R x (R x Y) RxY
Vi

Thus with an abuse of notation o(t) =t + a, for some o ¢ R, and
Y
o ¢ I(X, Y). In fact, it is convenient to impose the simplifying con-

dition that ¢ = TR.



We use this idea to define equivalence of the motions u and v

themselves.

1.3.1 Definition:

Two motions u e M(X) and v e M(Y) are equivalent written u = v,
iff ux % vi, and in the above notation (¢, o) 1is called an equivalence
from yu, to v

The following proposition gives a criterion for the equivalence of

motions in metric spaces.

1.3.2 Proposition:

Let peMX), v eM(Y). Then u = v iff there exist

1

b, € ?(X,Y) and o ¢ R, such that for all x e X, and all t e R,

(1) ... o(u(t)(x)) = v(t + o) (¥(x}).
Proof:

Let u = v. Then the diagram

Hy

R x (R x X) RTX
1 (o x ¢) L o
Rx (RxY) ~ R x Y
Vi

Y
commutes for some o e R and some ¢ e I(X, Y). Thus for all x e X,

and all s, t e R,
(2) -.. (s + t+ a, o(uls + t)(X))) = vels»(t + a5 ¢(u{t)(x))))-

Now let t = 0, and observe that

cp(X) = V(m)(y)s



for some unique y e Y, since both ¢ and v(a} are surjective iso-

metries. Define ¢ : X > VY by ¢(x) =y. Thus ¢(x) = v{a)”¥(¢(x)).
Y

Hence ¢ ¢ I(X, Y). From (2), for all s € R,

i

ve(ss (@, ¢(x)))

velss (as v(e)(y)))

= ve(ss (o, v{e)(@(x})))
(s + a, v(s + a)(¥(x))).

(s + as ¢(u(s)(x)))

i

i1

Hence for all s ¢ R,

$(u(s)(x)) = v(s + a)(w(x)).

X .
/ u(t)(x)
X
0 : R
_—y l
Y K
o (u(t)(x))
= v(t+a)(y)
y = $(x)
a t+ o R



Y
Conversely, suppose that there are ¢, v ¢ I{X, ¥} and o e R,

such that equation (1) holds true. Consider the following diagram

P
(Ss (ta p(t)(X))) - (S + ts U(S + t)(X))
]Rx (d, X ¢) a X ¢
(s> (t+a, v(t+a)(¥(x))))s (stt+a, v(s+t+a)(¥(x)}))

Using (1), we see that the diagram commutes and thus the actions 1w,

and v, are equivalent. This implies by definition that p = v.

1.4 Symmetry of motion

The reader may notice that we could have defined a category of
group actions and hence a category of motions in which our notion of
equivalence corresponds to isomorphism. In this spirit, symmetry of
motion is measured by the group of automorphisms or self-equivalences of
a motion,

Thus if u e M(X), a symmetry of 1y, 1is an equivalence
(65 a) ¢ Y(X) x R of pu with itself. In fact, with Tater application
in mind, we prefer to restrict ¢ to be an element of I.(X). The set
of all such symmetries (¢, o) 1is the subgroup Aut u, of I (X) x R.
Trivially, Aut p, s isomorphic to a subgroup Sym u of
I.(X) x I,(X) x R under the correspondence (¢, a) + (¢, ¢» a) dis-

cussed above. MWe denote this isomorphism by

¥ AUt py > Sym p.

We call Sym y the symmetry group of the motion y, and refer to

its elements (¢, ¢, a) as symmetries of .



Since M(X) 1is a group, for any motion u ¢ M{X) there is an

. . T ,
inverse motion u , with

-1,-1

)

(n

The relationship between Sym p and Sym p"? is given by the follow-

ing proposition.

1.4.17 Proposition:
Let T be the automorphism of I,{(X) x I«(X) x R given by
T(6, ¥s @) = (b, ¢, o). Then for all  u e M(X), T(Symu) = Sym ™.
Proof: |
Let (¢, ¥, a) € Sym u, i.e., forall x e X and all t e R,
o(u(t)(x)) = n{t + o) (w(x)).
This implies that for all t ¢ R

¢ o u(t) = u(t + a) o ¥.

Hence

(b0 ) = (u(t +a)ov)
and so

e o o7t =0T o W 4 e
Thus

P o U”T(ﬁ) = u“}(t +a) o ¢.

Hence for all x ¢ X, and all t ¢ R,
-1 -
pu®) 7)) = Wi+ @) (6(x)s

and therefore (¥, ¢, a) e Sym u*¥~



1.4.2 Corollary:

For any motion u, Symu 1is isomorphic to Sym p"%.

1.4.3 Proposition:

Let (6, ¥, o) e LX) x L(X) x R, and u e M(X).

Then (4> v, o) e Symu N SymuT = 6f = 1
where g = w"] o ¢.
Proof:

Suppose that (¢, ¥, o) e Sym uf] Sym u'}»
Then

(65 Vs a) € Symu e ¢ o u(t) = u(t + o) o ¢, for all teR,

1

& ¢ o u(t) o v o=t + o),

and
(65 ¥s o) € Sym U”E¢z> b opu (t)-= u~}(t +a) oy, forall tedR,

= o u(t) o ¢ = u(t + a).
Hence, for all t e R,
pou(t)oy =ypout)os ,
that is, for all t e R,

o 8) 0 ut) = (e o 9)7

In particular for t =0, u(0) = TX and we get

and so



]

(a x 9)(t, n(t)(x)) = nyla, (t, u(t)(x)))

(t + a, p(t + a)(x)),

i

or

(t + o, ¢(u(t)(x})) = (t + a, u(t + a}(x)).
Hence

(t +a, u(t +a)@(x))) = (£ + o, u(t + a)(x))
for (¢, o) e Aut p,.

It follows that, for all x ¢ X, and all t e R,
u(t + o) (w(x)) = u(t + a)(x).

Thus, for all x ¢ X,
p(x) = X,
and so
Y o= ?X.
We refer to any element of Sym u of the form (¢,TX, ) as a
periodicity of u. Let P(u) be the set of all periodicities of
u e M(X). Then P(u) 1is a subgroup of Sym u, and we call this the

‘periodic group of wu, or the group of periodicities of n. If

(0, }X’ a) e P(u), then o is called a périod of .

1.5.2 Corollary:
(¢» «) e Autyu, preserves every orbit in R x X <& (4, Iys o)

preserves every trajectory in X.

1.5.3- Proposition:
- & subgroup of
P(u) 1is,the centre of Sym u.

11.




1.5 Periodicity

In general an automorphism of a group action p : G x A > A, will
not preserve individual orbits. So we may consider the subgroup
Aut,p of Aut p consisting of all elements (f, 6) ¢ Aut p that
preserve every orbit in the sense that for each a ¢ A, there exists

g ¢ G such that,
f(a) = g.a,

i.e., f(a) belongs to the orbit of a.
In case p =y, and so G =R, for some motion ., the group

Aut,p measures the periodic behaviour of .

1.5.1 Proposition:
Let U € .M,(X), (4), a) I I*(X) x R. Then ((j), a) £ Aut*p* iff

2{(4)9 a) = (¢ 1X: a)-

Proof:

Let (¢, 1X’ a) ¢ Sym y.  Then for all x ¢ X, and all t ¢ R,
(3) ... o(u(t)(x)) = u(t + o) (x).

Let 5x(%) = (t, u(t)(x)), be a y-orbit. Then

(t + a, o(u(t)(x)))
(t + a, u(t + a)(x))

i

(a x ¢)(t, u(t)(x))

#

and so

(a x ¢)(8,(t)) = 8,(t + o).

Hence (¢, o) & Aut -
Conversely let (¢, a) e Autyus. Then (¢, o) preserves every

p-orbit 8y that is for all x ¢ X, and all t e R,

10.



Proof:
Let k= (¢, ¢ a) € Sym u, and
L= (0, Ty, 8) e Pu).
Then

o w0k = (0950) (0, 14 ) (65 ¥ @)

-1

i

(¢ ’wﬁia -a) (6 0 ¢ Yy B o)

1

(QS.1 06 o0 ¢, 7X’ B), and we have

i

(67 000 ¢)(u(t)(X)) = (67 o 8)(u(t + o) (¥(x))

Gt + o+ 8)(9(x))

it

i
H

(it + o +8 - o) (0 (u(x))) = u(t + 8)(x).

Herice
(6 o000 $) & P(u), and so
P(u) < Sym y.
Now (67" 0 6 0 ¢)(u(£)(x)) = u(t + 8)(x)
= o(u(t)(x))

for all x ¢ X,‘ and all t ¢ R.

In particular, for t =0,

¢‘T o 8 o ¢(x) = 8(x) for all x ¢ X,
= PRl I
=  Klosok= 2  forallge P(u), and all

a Su&gronp of
k e Sym u.  This proves that P(un) isﬂthe centre subgroup of Sym u.

Note that if o and 8 are periods of u, then so is na + mB,
for any integers n and m. We note also that P{u) 1is an abelian

group since for all t ¢ R,

12.



i

(@} ) @2) o u(t) = u(t + ay + az}

i

u(t + oy + aq)

i

(4, 0 67) o u(t)

P(u).

M

for a1l (¢4, TX’ a1), (455 TX’ az)

1.5.4 Remark
Let @ denote the set of trajectories of n. Then Sym u acts

on Q by

2

(65 ¥s a)uy, = Yy

where y = y(x). The subgroup of Sym u that fixes each vy & @

is the normal subgroup P(u). We denote the quotient group Sym uw/P (u)
by Q(u). Note that Q(u) may be identified with the image of Sym v
in I.(X) under projection to the second factor. We therefore regard

Q(y) as a subgroup of I.(X). Q(u) acts on @ by
vy © Yy

where y = wu(x). We denote the quotient set /Q(u) by Q.

1.6 Symmetry of individual trajectories
1.6.1 Definition:
Let f: R X, be a path in a metric space (X, dX). A symmetry

of f 1is a commutative diagram

so that, for all t ¢ R,

13.



o(f(t)) = f(t +a),

where a(t) = t + o, for some a e R,
and ¢ ¢ I,(X) 1is an isometry.
We denote such a symmetry by (¢, a). Let S(f) be the set of

all such symmetries of the path f.

1.6.2 Proposition:

S(f) 1is a subgroup of the group H = I.(X) x R.

Proof:

Suppose that (¢, o), (¢, B) € H.  Composition in H 1is given by

(¢s a)(ws B) = (¢ o ¢ a + B),

and
-1

"
——
<

(Vs B)

Let (¢, a), (v, B) € S(f). Then for all s, t e R,

o(f(t)) = f(t + q),
and

p(f(s)) = f(s + 8).
Hence

f(s) = v (F(s + 8)).
Set t=5+8,
then

£t - 8) = v (F(t)).
Thus

(v, -8) € S(F).

14.



t

Also (¢ o WI(F(L)) = o(f(Tt + 8))

f(t+ 8+ a).

Hence

(¢ o Y, a ¥+ 8) = (¢9 a)(Ws B) € S(f)i

and therefore S(f) 1is a subgroup of H.

1.6.3 Theorem:

Let f : R+ X, be a path in a metric space (X, dx), and suppose
that (¢, o) € S(f). Let h be defined by h(t) = f(p(t)), where
o(t) = at +b forall teR, (a#0,a, beR), isasimilarity of

R. Then h is a path in (X, d,) with (¢, %} e S(h).

x)

Proof:

Since (¢, o) e S(f),

o (f(t)) = f(t + o) for all t e R.

Set = 5, a # 0,

then

1]

h(s) = f(p(s)) = flas + b) = f(t),

f(t + a)

i

o(h(s)) = ¢(f(t))

= flas + b + qa)
= fla(s + %} + b)
= [
flo(s +9)).
Hence for all s ¢ R,

s(h(s)) = h(s + &),

and sc h is a path for which (¢, %} e S(h).

15.



1.6.4 Similarity between metric spaces
The notion of similarity defined above for the real numbers may
be defined between any metric spaces (X, dX) and (Y, dy) as a map

o : X > Y such that, for some p > 0 and all x, x' ¢ X,
p dx(xﬂ x') = dy(e(x)’ 6(x")).

The number p is called the modulus |e6] of 6. If o : Y17 is
another similarity with modulus g, where (Z, dz) is a third metric
space, then

cgo 6 X~>1

is another similarity and
|0 o @] = |ol|e] = gp.

Trivially any similarity 6 is injective, and is an isometry iff
le] = 1.

We restrict attention to invertible (i.e., surjective) similarities,
and note that the set of all such similarities of X to itself is a

group =z(X) under composition. The map
m o I{X) ~» R+

into the multiplicative group of positive reals, given by
m{e) = |6

is a homomorphism with kernel I(X).

1.6.5 Theorem:

Let f be a path in a metric space (X, dx). Let p e z{(R) and
£ex(X). Llet g-= g'} o fop. Then S(f) and S(g) are conjugate
subgroups of z(X) x £(R). 1In fact S(g) = (£, o) (S(F))(Es p).

16.



Proof:
We have for all t e R, (£og)(t) =(f o pj(t), that is the

diagram

R -

f

commutes. Then for all (¢, o) ¢ S(f) and all t e R,

¢ ((g o g)(t)) = o(f(p(t)))
but from theorem 1.6.4,
s(( 0 9)(E)) = Flo(t +2)), a t o

i

(£ 0 9)(t +2)

and so

(£ 660 €0 g)(t) =gt +2),

Let

e

E 0 ¢ o0& T Y, B

i
wie

Then we have, for all t ¢ R,

p(g(t)) = g(t + 8).
Hence

(v, B) e S(g).

Now for each (¢, a) e S(f), there corresponds,

(E-T 0 $oksp o0 Qo0 p)

i

(g5 0) (4> a) (5, o)

i

<W: B) € S(g)a
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since p(t) =at +b = s, afti,

pﬁ}(s) =2 ; b
and so
(67 0 aop)(t) = (7 oa)iat +b)
= p'igat +b 4+ a)
= (at + b + a - b}/a
=t +'%
= g(t).
Hence
S(g) = (£, 0) " (S(F))(Es o).
1.6.6 Lemma:

S(f) is closed in I, (X) x R.

Proof:

Let <(¢n, an)> , n=1,2, ..., be a convergent sequence in
S(f), with Timit point (¢, a). Then for all t e R, we have a

system of equations of the form
o, (F(t)) = (Lt + o), n=1,2,...

Since the path f is continuous, f(t + un} converges to f(t + a)
as n + « and the following equality holds true,
Tim @n(f(ﬁ)) = Tim f(t + o)
n
{1 macd o0

that is,
o(f(t)) = f(t + o).
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Hence

(¢5 @) e S(f),

and therefore S(f) 1is closed in I,(X) x R.
In the same way, we can show that Sym u is closed in

I.(X) x I,(X) x R and Aut u, is closed in I,(X}) x R.

1.6.7 Theorem:
S(f) = {0}, R or Z,
where = means group isomorphism.

Proof:
Consider the projection Py I,(X) x R to the second factor, and

the inclusion map
vz S(f) > I.(X) x R.

Then Py o1 is a monomorphism of S(f) 1into R; since
(P o 1)(¢> @) = (Py o 1)(¥> 8) > a= 8, and forall teR
o(F(t)) = ¢(f(t)). Thus S(f) dis isomorphic to a closed subgroup of R.
We now show that every non-discrete subgroup of R is dense in R.
If G 4s a subgroup of R which is not discrete, then for every ¢ > 0
there is a point x # 0 of G which belongs to the interval [-e, +¢];
since all integral multipies of x belong to G, every interval of
length ¢ > 0 contains an element of G, and therefore G 1is dense
in R. Hence every closed subgroup of the additive group R other than
R itself is discrete.
Let G be a closed subgroup of R, such that G # {0}, R. & is

discrete and the relation -G = G 1implies that the set

H={yeG y> 0}
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is non-empty.
If beH, then [0, b]f1 G is compact and discrete and is there-
fore finite. Let ae H, A =1infH, so a3 0. If x=0, then

G = R which is a contradiction, so A >0. Forevery xe G put

m = {5} , the integer part of then we have x - xme G and

X
A Al
0 ¢ X = am < A, By the definition of A it follows that x - am =0

and therefore
G= {mr:meZ}, G=1Z.

Thus every closed subgroup of R other than {0}, R 1is a discrete

group of the form iZ where X > 0, and hence

S(f) = {0}, R or Z.

Let Per(y) denote the set of all periods of a motion u. Then
Per(y) is a subgroup of R, isomorphic to the group P(u) under the

projection
LX) x I.(X) x R»>R

to the third factor.

The proof of the next theorem is similar to that of theorem 1.6.7,

and is omitted.

1.6.8 Theorem:
Per(u) = {0}, R or Z.

1.6.9 Definition:
Let Per(y) = Z. Since Per(y) is a subgroup of R, it has a

unigue +ve generator called the primitive period of u.
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1.6.10 Proposition:
Let Yy be the trajectory of a motion u e M(X) through x e X.

Then the map
T 5 P() > S(y,)
given by, m(¢s ly> @) = (¢, o) is a monomorphism.

Proof:
Suppose that u ¢ M(X), and let (¢, IX’ o) ¢ P(u). Then for all

x e X, and all t ¢ R,

H)

(4) ... o(u(t)(x)) = wl(t + a)(x).

Since

we conclude that

oy, (t)) = v, (t + o).

Hence
(¢9 0,) £ S(Yx)’

The result now follows immediately.

1.6.11 Remark '
Conversely let (¢, o) e I4(X) x R, be such that, (¢, o) is a

symmetry of each trajectory of a motion u, then (¢, Tys a) e P(u).

1.7 Some particular types of symmetry

Let u e MX). Then Symy dis a subgroup of I,.(X) x I,(X) x R.

th

Consider the projections P> i=1,2,3 of Symy into the i~ factor
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of I.(X) x I(X) xR, 1=1,2,3. Then we have the following resuilts.

1.7.1 Proposition:

If P3 is trivial, then Py = Py-

Proof:

Let Py = 0. Then any element of Sym u is of the form,

(65 vs 0) and we have for all x ¢ X, and all t ¢ R,

o(u{t) () = u(t)y(x).

In particular, for t =20, u(0) = 1Xg and we obtain, for all x e X,

Hence

1.7.2 Proposition:

If Po and py are trivial, then so is Py

Proof:
Let Py and P3 be trivial. Then the elements of Sym y are
tﬁag of the form (¢, 1y, 0), and we have for all x ¢ X, and all

t e R,

-
o,
=
s,
[
N
—
b
o
S
i

u(t)(x).

I

In particular, for t =0, u(0). TX, and we get for all x ¢ X,

o(x) = x.

Hence
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It is of interest to consider the various possibilities that can
arise when at least one of the projections Pys Pos P3 is trivial.
Interesting phenomena are found also when Py = Py

The following table shows all such possible cases. However, using
propositions 1.7.1 and 1.7.2, these can be reduced to only five cases;

since cases (2), (3) and (7) are equivalent, as are cases (3) and (9).

Case Py ' Py P3 type
(1) ! ;" " A
(2) b 1 0 (7)
(3) 9 ¥ 0 (9)
(4) Ty v o B
(5) Ty ¥ 0 (7)
(6) Ty Ty a (n
(7) }X TX 0 ¢
(8) ¢ ¢ a D
(9) ¢ ¢ 0 E

1.7.3 Type A: Py is trivial.
Elements of Sym u, are then of the form (¢, ix, o) and we have

for all « e X, and a1l t ¢ R,
o(u(t)(x)) = u(t + a)(x),

and p is therefore periodic, with period o .

Example: Cycloidal plane motion (see 4.4, exampie (8)}.
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1.7.4 Type B: Py is trivial, where Pps Py are non-trivial.

In this case, the orbit of any x e X 1is "parallel” to that
through y = ¢{x), and one may be mapped to the other by translation
(t, z) » {t + o, z). It follows that the trajectory through y coin-
cides with that through x as a subset of X, with a time delay «. |

Clearly u is of type A i%f 2 s of type B. Thus an example
of type B is the inverse cycloidal plane motion (rolling of a line on a

circle).

X
(0¥ )bl .
(tsz) | ~ A tta, 2)
(ocg;(}‘ = {asy ’ﬁ/
9] O T
0
o t T+ a R
Fig. 3

1.7.5 Type C: P is trivial for all 1 = 1,2,3.

In this case Sym p is trivial.

1.7.6 Types D and E: Py = Py # }X'
In this case, every element of Sym u is of the form (¢, ¢, o)

and for such ¢ we have for all x e X, and all T e R,

o (u(t)(x)) = u(t + a)(e(x)).
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This means that for any x ¢ X, the trajectory Yy through x s
‘parallel’ to that through o¢{x), with a time delay a.
The case o = 0 1is mentioned separately for completeness, in view

of case 3 in the table.

We discuss translational motion in a normed linear space to illus-
trate some aspects of type E.

Let V be a normed linear space, and let d be given by

dix, y} = [[x - il
tet f e I,(V), and suppose that f(0) = a. Consider the isometry
g e 14(V) given by

g(x) = f(x) - a, for 211 x e V.

Then
g{0) = 0.

So every element of I,(V) can be expressed uniquely in the form (g, a),
where g e SO(V), and SO(V) denotes the identity component of the
orthogonal group of isometries of V that fix 0.

Conversely for any ¢ ¢ SO(V}) and any a ¢ V, the transformation

foVvsV,
given by

Fix) = g{x) + a, for all x e V,
is an element of I,(V), for, let x, y ¢ ¥V, then

d(f(x), fly)) = [|f{(x) - f(¥)]]
a(x) - gl = d(x, y).
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In Chapter 3, we discuss in more detail the particular case in
which V 1is the n-dimensional Euclidean space M. In fact I.(V)
is a semi-direct product of SO(V) with V itself. Thus u e M(V)

may be written

U(t> = {g(t>a a(t)>2 teR,
for some paths

g : R~ SO(V),
and

a @ R~ V.

We say that u s translational iff for all t e R, g¢g(t) = ivﬁ

and rotational iff for all t e R, a(t) = 0.
For any p e V, the isometry (lv, p) of V¥ s denoted by Ty

Thus for all X eV,

Tp(x) = X + p.

1.7.8 Theoren:
Let V be a normed linear space, and let yu e M(V) be transtational.
‘Then there is a monomorphism ¢ ¢ V » Sym u, given by

O), 0 e V.

Proof:

Let u ¢ M(V) be transtational. Then

U(t} = (?va a(t))

for some path a : R~ V, and so for all x ¢V, and all t ¢ R,

p(t)(x) = x + a(t).

Thus for any ¢ e I (V), (¢, ¢, 0) ¢ Sym u iff for all x e V, and
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all t e R,

o(x + a(t)) = ¢(x) + a(t).

In particular, for any p e V, (Tp, rpg Q) ¢ Sym u iff

(x +a(t)) +p=(x+p)+alt),

which proves the theorem.

1.8 Group motions

An obvious special type of motion ¢ ¢ R+ I,(X) occurs when the
path w 1is a homomorphism. The motion u is then called a group
motion (in the geometrical literature, a group of motions).  Thus if
3(X) denotes the set of group motions in X, then u ¢ %{X) iff
u R I.(X) is such that for all s, t e R,

u(s + t) = u(s) o u(t).

Group motions have special symmetry properties as follows. Let

uwe G(X). Then (¢, ¢, a) e Symu iff for all x e X, and all

t e R,
¢(u(t)(x)) = u(t + o) (v(x))
= u(t) o ula){w(x))
= (o) o u(t){y(x)),
where, as before, o= un](a) o ¢.

Since (¢, ¢, 0) ¢ Symu iff

¢ OB F U O b,

Sym u  contains the image in I,.(X) x [.(X) x 0 of the centralizer

of w(R) in I,{(X) under the homomorphism
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¢ (0, ¢, 0).

Moreover, if (¢, ¢, 0) e Symu, w e G(X), and o e R, then

(65 ¥, ) € Sym u, where vy = w {a) o ¢.
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CHAPTER 2
MOTION IN A RIEMANNIAN MANIFOLD

The concept of motion that has been developed in the previocus
chapter assumes an especially interesting form in the special case where
X s é connected Riemannian manifold and the metric dx is given by a
Riemannian structure ¢ on X.

It is important to emphasise at the ﬁﬁtﬁéﬁ that in the Titerature
of Differential Geometry, the term ‘motion' is used in somewhat differ-
ent, hut related, senses. We shall explain this in the course of the
discussion below.

The term ‘smooth’ will be used as a synonym for 'C”'. For
simplicity we use the term '‘n-manifold’ to mean an n-dimensional connect-

ed manifold without boundary.

2.1 Smooth motions
Complete

Let X be a smooth n-manifold with smqothhﬂiemamn%aﬁ structure g¢.
Thus g 1is a smooth Riemannian tensor field on X. Let ﬁX be the
associated metric. Then the concept of motion in (X, dx} is well-
defined according to the theory of Chapter 1. However, in order to
take advantage of the fact that X has the structure of a smooth mani-
fold, it is natural to restrict attention to smooth motions.

Recall that the group I{(X) of isometries of a smooth n-manifold
is a Lie group of dimension k g 4n(n + 1). It follows that I,.(X) is

a connected Lie group, also of dimension k.

A smooth motion in X is a smooth path

wor R I(X)
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such that u({0) = EXG The set of smooth motions in X 1is a subgroup
R{X} of the group M(X) of all motions of X. Of course R{X) need
not be closed in M{X), since a sequence Wss i=1, 2, ... of smooth

paths in I,(X) need not have a smooth limit (see Figure 4).

2.2 Velocity vector fields gnd'kii¥1ng vector fields
Let pne R(X). Then the path p has a well-defined tangent
vector i(t) = du(t)/dt for each t e R. We observe that i(t)

determines a smooth vector field on X, defined by
ve () (u(t)(x)) = v, (t),

where vy, is the y-trajectory of a point x e X. Thus if (X)
X

denotes the set of all smooth vector fields on X, then there is a map
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Voo RIX) x R » TV(X)

given by f{u, t) = vt{u)ﬁ We say that Vt{“} is the

velocity vector field of u at time t.

The set 7 (X) has the structure of a Lie algebra under pointwise
addition and the Lie bracket multiplication. This algebra contains a

subalgebra K(X) of Killing vector fields. These are defined as

follows, Let ve 7 (X), and let ivg denote the Lie derivative of
the Riemannian tensor field g along v. Then v 1is said to be a

Killing vector field [9] iff,

(1) ... L9 = 0.

Equation (1) is sometimes called the Killing-equation. In local co-

. 1 .
ordinates x ,..., xﬁﬁ it takes the form,

og, | p nsP
(2) ... v ir tg EXﬁ» + g, 3§¥, =0,
3X O oy 9X

where the symbols have their standard meanings and the summation con-
vention applies,
Let  K(X) denote the set of all Killing vector fields defined in

this way. If v, we X(X), then

H

i{vﬂwjg = Lybeg - Ltbg

it

ivﬁ - LWG = 0.

Thus [v,w Je K(X). Likewise, v+ w e K(X) and K({X) s a Lie
sub&?gebra of v ({X}.

Although 7TH{X)} 1is not of finite dimension, dim K(X) is finite.
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In fact K(X) 1is isomorphic to the Lie algebra J(X) of I(X) and

hence

dim  K{X) < in{n + 1).

Thus if 6 is an efement of the Lie algebra J(X), then there
is @ unique l-parameter subgroup G of I,(X) generated by exp 6. In
fact, G may be regarded as a smooth motion y in the sense of
Section Z.1. The velocity vector field v of u at t =0 1is then a
Killing vector field. It is a standard exercise ﬁo show that this
correspondence 6 ».v is an isomorphism of Lie algebras from ﬂ(X) to
K{X).

In Differential Geometry, a motion in X 1is a Téparamet@r group G

of isometries of X, and an infinitesimal motion in X is an element

of J{X) orof K(X). Our term ‘smooth motion' covers a wideyrange
of phenomena, since not every smooth path u : R - IL(X) with p(0) = }X
is a l-parameter subgroup of I.(X), and to each smooth motion g in
our sense there is associated not just a single Killing vector field but
a 1-parameter family of such fields.

We remark that the group R[X) is not, in general, a (finite-

dimensional) Lie group.

2.3 Centrodes
In classical Kinematics, attention is confined to motions whose
local structure is identical to that of smoth motions in our sense, In

particular, we are able to define the classical ideas of instantaneous

axis, and the twin notions of fixed and moving centrodes for smooth

motions, as follows.
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Let u e R(X). The set of all points of X, where the velocity

vector field vtéu) vanishes is called the instantaneous axis Qt(u)

of the motion u at time % ¢ R. The union of all instantaneous axes

of u, is called the centrode C{u) of the motion u. Thus

Clu) = U Culu).
teR

In classical Kinematics, the centrode C(u) 1is called the fixed centrode

CF(u) of u. Likewise the moving centrode @M{u} of u 1is the

. 5 ; . ~1
(fixed) centrode of the inverse motion w .  Thus

Cy(w) = Ce(u™).

The c¢lassical description of v is to picture two ‘copies’ XF

and X, of X, one of which is 'fixed'. The fixed centrode Cp(u)

M
is regarded as a subset of XF’ and the maviﬁg centrode Cﬁ(u} as a
subset of Xy. Then X, moves over X¢ by ‘rolling' Cy(u) along
CF(u) and/or 'sliding’ CM{“} over CF(u) along an %nét&ﬂt@ﬁacus axis
at which they touch. For example in cycloidal plane motion, X = Ezg
CF(“) is a straight line L, and EM(u} is a circle C. The moving

plane travels over the fixed plane by rolling C along L.

2.4 Lie group actions
In order to analyse the structure of the centrode of a motion, we
consider some general aspects of Lie group actions,

Consider a smooth action
o G x XX

given by «a{g, %) = g-x, where G 1is a Lie group. Then for each

g ¢ G, there corresponds a diffeomorphism ¢{g) of X so we have a
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homomorphism
p o G > DiFf X

given by ¢{g}{x) = g-x, for all x e X, where Diff X denotes the

group of diffeomorphisms of X. Thus for all g, h ¢ G,
(3) ... $(g)é(h) = ¢(g o h).

Let T denote the tangent functor. Then TX 1is the total space

of the tangent bundle of X, and thus o induces & map
ag G x TX » TX

given for all g e 6, and all v e TA by
ax(gs v) = T(o(g))(v).

We prove that o, 1is a group action, as follows.

(i) For all g, h e 6, and all v e TX,

it

oy (s a%(h@ V}} ?ééég}}{@w<ha V}E

i

T(o(g)){T{e(h})(v})
T{e{g)e(h))(v)
T(¢(g o h)){v),  from (3)

i

i

i

ag(g o h, v).

(ii) For all he G, and all v e TX,

ﬁwigﬁﬁ axlhy v)) = aﬁigg o h, v)

i

aglh, v}.
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We consider in particular the case G = R, so we have a smooth
action of the additive group R as a Lie transformation group on X.

Let t eR, and y e X be such that,

a{ts ¥} = y.

Then for all v ¢ ?y%a

axl(t, v) =w e "?y)(,

and hence o, defines a linear automorphism n ?yX;D given by

2.5 Structure of instantaneous axes
The essential content of the following theorem is included in the
work of Kobayashi [11, 12]. However we give a modified version to fit

the present context for the sake of completeness.

2.5.1 Theorem:
Let u e R{X). Then each instantaneous axis Ct(v> is a totally

geodesic submanifold of even codimension in X.

Proof:

Let O be the local T-parameter group of motions whose velocity

vector field is Ve Then,
Qt(‘d) = {y e X : Vt(p}(y) = 0}.

Suppose ¥y e Cﬁ{u}, and Tet WC Tyx be the fixed point set of the
automorphism n : ?yX;ﬁ . Thus W is a linear subspace of zyx. Let
U* be a neighbourhood of the origin in Tyx such that the exponential

mapping exp : U*¥ » X 1is an embedding. Let U = axpy{v*) and assume
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U 1is a convex neighbourhood (in the sense that any two points of U can

be joined by a unique minimizing geodesic). Then,
(un Ct(g)) = expy(ﬁ*(? Wy.

This shows that a neighbourhood U Celu) of y in Cilu) consists
of submanifolds of X.

Now if a point a ¢ Ct(p) 1s sufficiently close to y so that they
can be joined by a unique minimizing geodesic t, then the map
exg;T(r) is a straight line in ?yx through the origin. Hence this
straight line belongs to the linear subspace W of TyX, and so is
fixed by the automorphism n. It follows that each point of t s
fixed. Hehce Ct(ui is totally geodesic.

Let us regard ?yx as a Riemannian manifold, with flat Riemannian
structure induced by its inner product. Then there is a unique Killing
vector field w, on TyX» such that T expy maps wtfﬁ* to vﬁiﬁ,

Since wt(O) =0, it is an element of the Lie algebra of the orthogonal

of
groupA'?yX as an Euclidean inner product space. Thus if we choose
suitable orthonormal basis €15 coes for Tyxg the vector field Wes

which we regard as a Tinear endomorphism of ?yx, is given by a skew-

symmetric n xn matrix B of the form,

36.



~Let T' be the linear subspace of ?yx generated by €1senes B o

Then T° 1is the tangent space to the ccmponents of Ct(“} at y. Hence,

dim Ci(“) =dim 7' =n - 2k.

Thus codimension of Celu) s even.

Following Kobayashi, one can deduce from the form of the matrix B
that the normal bundle to each component of thu) is orientable. Hence
if X 1is orientable so is each component of Ct(”)‘

For examples and discussion of symmetry phenomena, we specialise
the Euclidean case, which is the subject of the remaining chapters.

However, we can observe that for any smooth motion u ¢ R{X), a
symmetry of the ceﬁtrcde C(u) may be defined as a pair (¢, o) ¢ I(X)=xR

such that for all t ¢ R,

(4) ... 6Ce(u) = Cp, (u).

The set of all symmetries of C(u) is a subgroup S(C(n)) of I.(X) x R.

We now construct a monomorphism

g+ Symu » S(Cp(w))

as follows. Consider the trajectory Yy of u through x ¢ X. Then

the velocity vector field Vi is given by

vl (u(t)(x)) = v, ().

Thus if (¢,¥, o) e Sym u, so that for all xe X, and all t e R,

o(u(t) (%)) = u(t + o) (v(x)),
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that is, ‘
d(r () = v,(t +a),

where y = y(x), then,
To(v,(t)) = v (t +a),

from which equation (4) follows immediately.
Consider now the inverse motion u'I of the motion wu. Then

(¥, ¢, &) € Sym u"i, and hence there is another monomorphism

oy ¢ Symu > S(Cyl(u))

given by oy(6, ¥, o) = (4, o) = (1" (a)(6), ).
It should be noted, however, that Ce(u) and Cy(u) may have
symmetries that do not arise in this way. For more details see

Chapter 4.
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CHAPTER 3

EUCLIDEAN KINEMATICS

3.1 The Euclidean group

We now consider Euclidean n-space E" as an example of a smooth,
connected n-dimensional Riemannian manifold. The Riemannian tensor
field g being given at every x e E2 by the identity matrix I with
respect to the standard coordinate system. Thus E" is flat and the
metric d 1is given by

d(x, y) = (1 (x -y

i 103
sk

1

The isometry.group I(En) is known as the Euclidean group and its

dimension is the maximum possible, dim I(En) =3n(n+1). It is
customary to denote I(En} by E(n).

Eﬂ"H contains the n-dimensional sphere

Euclidean space
s = (xe En+} : Ixll =1} as a smooth submanifold to which we may
assign the induced Riemannian structure. Thus S" 4s a smooth
Riemannian n-manifold of constant curvature 1, and its isometry group

E(Sﬁ} is the orthogonal group O(n + 1). Again, dimO(n + 1) =

in{n + 1} s maximal.

We now have two examples of Riemannian manifolds with the highest
possible degrees of symmetry in the compact and noncompact cases. In
fact, motions in S" can be studied as restrictions tar s" of motions

EMg that fix the origin.

in
The structure of E(n) 1is that of a semidirect product of the
orthogonal group 0(n} with the group " of translations of E". We

can identify the former with the group of all real n x n matrices A
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such that AAY = Eﬂg (where At is the transpose of A) and the
Tatter with the real linear space RT jtself under the following
identifications.

If Ae0O(n), and xeE", then A acts on x by

Bex = Ys

n

where y, = iz} and a5
a eR", then a acts on «x by

aijxj’ is the (i, j}th element of A. If

a*x = X + a.
As a set, E(n) may be identified with the cartesian product

0(n) x R", with group multiplication given by

(A, a)(B, b) = (AB, A+b + a),

and

(A, a)"" = (A

There is a short exact sequence
T+ RS E(n)-3 0(n)— 1

where 1(a) = (Eﬂ9 a), w(A, a) =A, which splits A~ (A, 0). The

action of E(n) on " may now be written as

(A, a)+«x = A-x + a.

As we have remarked above, O(n) fixed 0 ¢ E" and s™V i
among its orbits. The group R" of translations acts T-transitively

on Eﬂ, since for all x, y ¢ gn

dgeXx=x+a=y iff a=y - x.
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Of course R" is a normal subgroup of E(n), with E(n)/R" = 0(n), and
the isotropy subgroup of any x e E' is conjugate to O(n).

We are concerned with the path-component I*(E") = E+(n) of the
identity element (In’ 0). This subgroup E,(n) of E(n) consists of
all (A, a) e 0(n) x R™ such that A ¢ SO(n), the group of all ortho-
gonal matrices A with det A = 1. Thus I*(Sn) = SO0(n + 1).

We observe that if u ¢ \R(E“) = R{n) 1is given by

u(t) = (A(t), a(t)),
then,
-1 T -1
wo(t) = (A (1), A (t)-a(t)).

3.2 Euclidean motion
Since E" is a smooth connected Riemannian n-manifold, we can

apply the results of Chapter 2. Firstly we observe that the totally
geodesic submanifolds of E" are the affine subspaces of Eﬂ, and so
the instantaneous axis Ct(u} of any motion u e R(n) is an affine
subspace (or affine p1ane) of dimension n - 2k for some integer k,
0 s 2k ¢ n.  So the centrode C(u) is a 1-parameter family of such
affine planes.

In particular, if n =1, any instantaneous axis is either the

. R or is~empty. If n =2, then an instantaneous

whole line E
axis is either the whole of EZ» or is a singleton or is empty. If
n =3, then an instahtaneous axis is either E3, a line, or empty.
Thus we see that for motion in Euclidean 3-space, the centrode is a
ruled surface. The motion consists of rolling and sliding of CM(u)

on CF(u) along the generator Ct(“)' In the plane only ‘rolling’

occurs.
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3.3 Spherical motion
A motion u on S" may be regarded as the restriction of a motion

. n+l
u' in B, where

u'(t) = (u(t), 0), u(t) e $U(n + 1) and u'(t) e E+{n + 1),

Any instantaneous axis of such a motion u dis a great sphere of even co-

dimension in Sn, formed by the intersection with S" of a linear

subspace of E”+T.

If n=2, then/the instantaneous axes are pairs of antipodal
points, and the centrode of the corresponding Euclidean motion ' s a
cone with vertex 0. Thus ' may be pictured as the rolling {without

sliding) of one such cone on another.

3.4 Translational motion
In contrast to the spherical motions considered above, we can define

a translational motion to be a Euclidean motion wuw e R(n) of the form

u(t) = (In» a(t)), teR.
Then the velocity vector field vt(u} is given by
v (u)(x) = a(t), for all x e E".

Thus vt(u) is constant, and so each instantaneous axis is either £

itself or is empty.
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3.5 Symmetry groups

We have seen that for any motion . in a metric space (X, dx)w

the symmetry group Symyu of u is a subgroup of I,.(X) x I«(X) x R.

In case X is a Euclidean n-space, the group I.(X) is E+{n)
and we can say a little more about the structure of Sym u.

Recall first that Sym u s isomorphic to a subgroup S{u) of
I.(X) x R, and there is an embedding of S(u) dnto I (X) x I.(X) xR
sending (¢, a) e S(u) to (¢, ¢, a) e Sym u.

Suppese then that w e R{n), and et (¢, ¥, o) ¢ Sym v.

Identifying E_(n) with SO(n) x R" as above, we can write,

¢ = (A; a), v = (B, b) and for all t e R
u(t) = (P(t), p(t)),

where A, B, P(t) e SO(n} and a, b, p(t) ¢ R".  Thus since for all
t R,

s(u(t)) = u(t + a)(v)

we have

(R, a)(P(t), p(t)) = (P(t + o), p(t +a))(B, b).
In particular, for t =0, we obtain

(A, a) = (P(a), p(a))(B, b).

Hence

(... (B, b) = (P (a)A, P (a)-(a - p(a))),

and so

B=P (@A, b =P (a)e(a - pla)).
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It is natural to consider the question of which subgroups of
E+{H) x R may occur as symmetry groups S{u), these being embedded
in E+(n} x E+{ﬁ} x R according to equation (1) above as Sym u.

We have not investigated this question in any detail. However we
give a few examples to indicate how large these groups can be.

We can gain some insight by examining the possible symmetry groups
for translational motion.

Suppose that w e R{n) 1is a translational motion, given as in
Section 3.4 by u(t) = (En, a(t)), t e R.  Thus the behaviour of u

depends entirely on the path
a:R R

We discuss three special cases.
(i) Suppose that for all t e R,
a(t) =0.
Hence for all x ¢ En,

w(t)(x) = x.

Let (¢, a) ¢ E+(m) x R, and consider the following diagram

He
(s, (tau(t)(x))) (s +t, u(s + t}(x))
(2)...
1(0x9) @9
(sa(tro,g (u(t)(x)))) + = (s+t+a, ¢(u(s+t){x)))
H

This diagram commutes iff (¢, a) ¢ S{u), and this is so iff

(3) ... P(0)(x) = u(t +a)(¥),

for some y =y(x), ¥ e E(n).
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In the present example, u{(t)(x) = x for all x ¢ E", and all

t ¢ R. In particular for t =0, we obtain from (3)

Thus {¢, o) ¢ S(u) for any (¢, o) € E_(n) xR, since if we take

¥y = ¢(x), then for all s, t, a ¢ R,

i

u*<59 (t + a, U(t + a)(y))) (s +t+ a, u(s + t + a)(y)}

H

(S + 1+ a, y)

i

(s +t+ a, 6(x)).
Thus  S(u) = E (n) x R.

(i1) Let a(t) be a Tinear function of t. That is, there

exists v ¢ R" such that for all t ¢ R,
a(t) = tv.

Diagram (2) may be written

Ho
(s, (t, x+tv)) (s+t, X + tv + sv)
Tpx(axg) axe
(so{t+a, d(x + tv)))+ - (S+t+a, ¢{x + tv + sv)
Mg

Thus (¢, a) e S{u} 1iff for some vy ¢ E+(n), and for all x ¢ E",

and all t ¢ R,

p{x + tv) =y + tv + av,
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where y = y(x), and
y+tv+sv+av = $(x + tv+ sv).

That is for all x e E', and all t, s ¢ R,

(4) ... o(x + tv) + sv = ¢(x + tv + sv).
Now let ¢ = (B, b) ¢ E+(n), so (4) can be written
Bex + tBev +b +sv = Bex + tB-v + sB-v +b

which reduces to

sv = sB-v  for all s ¢ R,

i.e., Bev = V.

There 1is no loss of generality in taking v = € where €15 +ees € is

the standard basis for R". Then S(u) consists of all ((B, b), a),

where o e R, b ¢ R" and

B0 N
B = [ J , B eso(n-1).

(ii1) Suppose there exists w e R such that w > 0, and for all

teR,
a(t + o) = a(t).

Then diagram (2) may be written

(s.(t, x+a(t))) . . (s+t, X + a(s+t))
Tgx(axe) @ x g :
(ss(t+as9(x+a(t)))) + — (s+tta,¢(x+a(t+s)))
Ha
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Thus (¢, a) € S(u) iff for some ¢ ¢ E+(n), and for all x ¢ E" and
all teR,

(5) ... o(x + a(t)) =y + a(t + o),

where y = ¢(x}, and
(6) ... y+a{s+t+a)=¢(x+a(s+1t)).

let o =mw, for some me Z. Then

a{s + t +a) = a(s + t),

and (5) becomes
o({x + a(t)) =y + a(t).

Hence (6) may be written
(7) ... o(x + a(t)) - a(t) + a(s + t) = o(x + a(s + t)).
Now let ¢ = (B, b) ¢ E (n). Hence (7) may be written
Be(x + a(t)) +b - a(t) +a(s +1t) = Be(x+a(s +t)) +b

which reduces to
(B - 1.)(a(t) - a(s + t)) = 0.
If we now choose B to be any matrix in SO(n) having a(s) as
an eigenvector, for all s ¢ R, then ((B, b), mw) ¢ S(u) for any

b e R" and any me Z. Let V be the Tinear subspace of RN genera-

ted by the vectors a(s), s e R, and let dimV =k. Then B is
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conjugate to a matrix of the form

v
where B e SO(n - k). It follows that S(u) contains a subgroup of

the form
GxZ<E+(n)xR,

where G = {(P, b) ¢ SD(n)an}, and P 1is of the above form. In parti-
cular, if n =2, then P = IZ or a(t) =0 for all t eR.

Note that case (i) is obtained by taking k = 0, when V = {0}
and P = B.

3.6 Group motion in Tow dimensions
In looking for interesting examples of motions in any metric space,

it is worthwhile considering the homomorphism
s R~ LX)

some of whose properties were discussed in Section 1.8.

In the case of Euclidean n-space En, many such homomorphisms
exist, and the set g(n) = g(E”) is difficult to describe. For
n < 3, however, the situation is fairly simple. We concentrate our
discussion of Euclidean Kinematics in low dimensions, therefore, by
determining the sets G(1), 9(2) and §(3).

Trivially, G(1) = Hom(R, R} is R itself. In the case of

§(2), every uwe G(2) is of the form
u(t) = (A(t), a(t)),
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where,

cos At - sin At
A(t) = » for some X ¢ R.
sin At cos At

Thus
u(t +s) = u(t)-u(s)

iff, for all t, s ¢ R, x e E2,

i}

(A(t), a(t))(A(s), a(s))(x) = A(t)-(A(s)-x + a(s)) + a(t)

il

A(t)A(s)-x + A(t)-a(s) + a(t)

At + s)-x + a(t + s).
That is, iff for all s, t ¢ R,

A(t)A(s) = A(t + s),
and

A(t)-a(s) + a(t) = a(t + s).

Since A ¢ S0(2), A(t)A(s) = A(t +s) and hence u(t + s) = u(t)-u(s)

iff A(t)-a(s) = a(s). Thus for each pair t, s ¢ R, either

A(t)

it
po—
nNo
le]
-3
ot}
~
wy
S
i
<

Hence either for some X ¢ R,

I

u(t) = (A(t), 0),

or, for some V ¢ RZ,

u(t) = (Ips tv).

Next consider the epimorphism

T ol E+(n) -+ S0(n),
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given by the projection to the first factor in the set E+(n) = SG(n)><R",

by w(A, a) = A. Then any homomorphism

u: R~ E+(n)

determines a homomorphism

-—h
i

o u : R=>S0(n),

that is, the diagram

E, () i 50(n)

commutes. Thus f(R) 1is a connected abelian subgroup of SO0(n).
For n =3, we show that f(R) 1is a circle subgroup of S0(3)
as follows.
The Lie algebra so(3) of SO0(3) dis 3-dimensional and may be

identified with the algebra of all skew-symmetric 3 x 3 real matrices

A, where
[A, B} = AB - BA.

A basis for so(3) 1is given by

0 0 O 0 0 1 0 -1 0
vy = 0 0 -1, Vy = 60 0 O and Vg = 1 0 ©
0 1 0 -1 0 0 0 0 O

We regard Vs Vs and vy as tangent vectors at the identity of

S0(3) to the paths
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] 0 0 cos t 0 sin t
hl(t) =10 cost -sint | , hz(t) = 0 i 0 and

| 0 sint cost {*sin t 0 cos t

" cos t  -sin t 0
h3(t) = | sin t cos t 0 respectively.

0 0 1
Let v ¢ so0(3) and consider the map
fv : R+ S0(3),

given by fv(t) = exp(tv). Suppose aqVy t eV, + agVa = V. Then
fv(t) is a smooth path in SO0(3) whose tangent vector at the origin

is v.

map

exp(t + s)v = exp(tv)exp(sv)

fv(t + 5)

f (t)

v .fv(s), for all s, t ¢ R.

Hence the set {exp(tv) : t ¢ R} is a I-dimensional subgroup

Furthermore one finds from the properties of the exponential

of S0(3)
that

with tangent vector at the origin equal to v, and one finds
fvi<t) = exp(tvi) = hi(i)’ i=1,2,3.
In particular, fv (t) = h1(t), and h](t) is isomorphic to

1
circle group.

Now let G, H be any 1-dimensional subgroups of SO0(3).
is conjugate to H and hence every l1-dimensional subgroup G
(6 £#1)
the following.

is isomorphic to the circle group. To show this we

let G={exptv:t R} and H= {exptw : t ¢ R} be
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sional subgroups of SO(n), where v = [aijj’ w = [bij] are skew-
symmetric n x n real matrices, and v, w € so(n) are tangent vectors

to G, H respectively at the identity of S0(n). The eigenvalues Ay

p. of v, w are the roots of the characteristic eqguations
3
n n-1 n
AT, - vl =0+ SPA R e ks At (*1)_]det vl = 0,
n n-1
oI, = wl =p" +rpp "+ Lt g0+ (-1)"|det w| = 0,

where sm(rm), (m=1,2, ..., n=1) is (--'i)m times the sum of all the
m-square principal minors of v(w).

Since v, w are skew-symmetric, we observe that for n=3,

A3 + (a]2 + a22 + a32)x =0, p3 + (b12 + bZZ + b32)p = 0,

Set (3 a.z)% =||v|]| and (3 b 2)% = |lw]| Then the eigenvalues of v
it e a0
and w are 0, +{lv|| and O, +[|w]||, and they depend only on the norm
of the corresponding tangent vectors v, w. Hence there exists k € R,
k # 0 such that v, kw have the same eigenvalues. |
Since the eigenvalues of v, kw are all different, v, kw can be

diagonalised and they are similar to the same diagonal matrix. Thus v

is similar to kw, 1i.e., there exists A ¢ S0(3) such that

This implies that for all t ¢ R,
1

i}

.exp tv = exp A ktw A

H

I+ A Vktw)A + (A7 ktwh)2/2t + ...
AV + (ktw) + (ktw)2/20 + ...)A

A (exp ktw)A.

i)

Hence G 1is conjugate to H.
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We remark that in case n > 3 this is no longer true. The
following example shows that there exist T1-dimensional subgroups of

S0(n), n > 3 that are # 5.

3.6.1 Example:
Suppose n = 4 and let

cos Ait ~sin xit

A(Ait) = e S0(2),
sin Ayt cos At

where Aj € R, 1=1,2. Let G, H be 1-dimensional subgroups of

SO(4) given by

A(A}t) A()\.it)

: 1
0 0

Bty o |
) 0 LAGLY)

1 1

We note that H(t) = S°, where G(t) #S° in general. G(t) is

periodic and hence is closed, so G(t) = ST

iff A(A1t)= A(Azt) have
the same period <« Aq/Az is rational. Note that G(t) is not
conjugate to H(t) since their corresponding eigenvalues are

e » € » © s € and e , € » I, 1 respectively,

and they are different.

Now consider the homomorphism f : R - S0(3). Suppose that

f(R) # identity of S0(3), then f(R) = Si. We can choose orthogonal
cartesian coordinates for E3 so that
4
cos At -sinat O A(t) 0
f(t) = | sin at cos At O = A(t) =
0 0 1 0 1
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and A(t) 1is then a rotation about z-axis. Note that
(8) ... A(s)A(t) = A(s + t).

Let a(t) = (a;{t), ay(t), a,(t)). RS, and Tet g(t) = (a1(t)» a,(t)).
Then there is a homomorphism

~

Wi R->E(2)

given by w(t) = (A(t), 3(t)), and for all x ¢ E and all t ¢ R,
4
H(E)(x) = A(t)-x + 3(t).
Suppose K(t) # IZ’ then there exists a unique point g ¢ E2 such

that for all t ¢ R,

R(t)-q + 3(t) = g

it

u(t)(q)

o q = (1, - K(t)).3(t)

and g(t) is a rotation about the point q.
If we move the origin to the point gq ¢ EZ, (g 1is conjugate by a

| R
translation (I, - A(t)) 3(t) orthogonal to z-axis) then for all

S,tER:
. 0
9) ... A(t)-d(s) = d(s), where d(s) = 0
b(s)

Consider wu(t) = (A(t), d(t)), wu(s) = (A(s), d(s)) then

(A(t), d(t))(A(s), d(s))
(A(t)A(s), A(t)-d(s) + d(t))

u(t)-u(s)

[H

u(t +s) = (A(t +s), d(t +s)) iff

i

A(t + s) and

L}

(1) A(t)A(s)
(ii) A(t)-d(s) + d(t) = d(t + s).
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We have already observed that (i) is satisfied, and condition (i)

reduces to
d(t + s) = d(t) + d(s), by (9).

Hence d is a homomorphism, and u 1is a ‘screw motion‘vaicng the
translated axis 'z* through q. Thus in general wu(t) = (A(t), a(t))
is a screw motion along a line 1z, parallel to z.

We can summarise what we have proved in the following theorem and
lemmas which describe the set G(3).

Consider the subgroups G(x, «) of E_(3) of the form

u(t) =@A(t), a(t)),

where
cos At -sin At 0
A(t) = sin At cos At 0
0 0 1
and a(t) = (0, 0,&¢), A, k e R.

3.6.2 Theorem:
Every 1-dimensional subgroup of E+(3) is conjugate to G(x, «)
for some unique pair (1, x),  « > 0.

We call G(x, «) a spiral subgroup if A . +0, « >0, a circle

subgroup if A > 0, « =0, and a translational subgroup if A =0,

¢ > 0.

3.6.3 lLemma:

3

Every 1-dimensional subgroup of R™ 1is conjugate to a transiational

subgroup.
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3.6.4 Lemma:
Every 1-dimensional subgroup of S0(3) 1is conjugate to a circle

subgroup.

3.6.5 Lemma:
For every homomorphism u : R +~E+(3) there is a homomorphism

e : R +'R3, such that the following diagram

= R® — £, (3) — T SO0(3) — 1T

commutes.
In higher dimensions, one has to investigate the geometry of ruled
submanifolds of E". There has been considerable recent work on such

problems. See, for example, [4, 8, 14]
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CHAPTER 4

KINEMATICS IN THE EUCLIDEAN PLANE

Our aim in this chapter is to exploit the relatively straightforward
structure of E+(2} to give a fairly complete discussion of the kinds of

symmetry that occur in plane motion.

4.1 Translational motion

We saw in Chapter 2 that the centrode C(u) = U Ct(“) of a
smooth motion p e R{X) is a T-parameter family o?esotaily gecdesic
submanifolds Et(u) of X of even codimension. Thus in case X = Ez,
Ct(“) is empty, or a singleton, or is E2 itself.
Recall that a motion u e M(n) is said to be translational iff

p(t) = (Ins a(t)), for some path a : R -» R,

4.1.1T Theorem:

Let uwe R(2). Then u is translational iff, for all t ¢ R,

Proof:

Let v be translational motion,. Then for all t e R,
“(t} = {Igs a{t)),

where a: R » Rz is a smooth map.
Hence for all % e Ez, the velocity vector field v at te R

is given by
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v () (W) (%)) = a(t) = B

Thus vi(u) fis constant for all x e E4. If a(t) # 0 then Cilu) =
likewise if a(t) =0, then C.(u) = E°.
Conversely, let u e R[(2) and suppose that

u(t) = (A(t), a(t)),

-

where A : R~ S0(2) and a : R +-R2, are smooth maps. Let X e Ezﬁ
then
w(t)(x) = A{t)x + a(t), teR
= y_
Hence

ve(u)(y) = A(t)x + a(t).
Thus y ¢ Ct(u) iff
| 0 = A(t)x + a(t),
that is iff

Ae)A T (e)(y - a(t)) + 3(t) = 0.

Now suppose that u 1is not translational. Then A(s) # I,
for some s ¢ R, and A(t) #0 for some t e R. Forsuch t,

consider the matrix
P(t) = A(t)ATT(t).

Since the matrix A(t) is orthogonal, the matrix P(t) 1is skew-symmetric.

Thus P(t) can be written
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where A(t) = -8(t), and

Hence A(t) #0 & é{t) FO0 e a(t) £0

P(t)

A(t)

it

[_

0

|

0 At)

A(t) O

cos o(t)

sin s(t)

e P(t) #0 o Colu) =

-sin e(t) J

cos o(t)

Thus if p 1is not translational, then for some t e R, Ct(”) is a

singleton.

This theorem is false for motions in E", n > 2.

Tlet uwe R{n) be given by

where
" cos t

A(t) =

sin t

O

- gin t

cos t.

u(t) = (A(t), a(t)),

For example,

» a(t)

{i]

Then wu is not translational, but Ct(u) = & for all te R,

4.2 Rotational motion

A spherical motion or rotational motion in E" i4s a motion u of

the form
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u(t) = (A(t), 0},

where A(t) ¢ SO(n). In case n =2, such a motion has instantaneous
axis Ct(u} = g2 or a singleton.

Now we can identify S0(2) with the circle group S¥ of complex
nunbers of unit modulus. Thus z e S‘i iff z = eﬁe, for some 6 ¢ R.
We can then regard a rotational motion as a path u : R ~» E+(2) of the

form
u(t) = (1Y), 0y,
where © : R~ R is some continuous function, such that o(0) = 0.

Recall that (¢, v, ) ¢ Symu iff for all t e R,

(1) ... ¢ ou(t) =u(t +a) o9

O

Let ¢ = (eips a) and $ = {eiq, b}. Then

- (el (P-e(a))  -iela),
So we can take
(2} . g =p - 8(a) and,
(3) ... b = e 10(a),,

Equation (1) then becomes

{eip,a}(eie(t),ﬁ} - {eie(t+a}, Q)(ef(p~6(m}}9 emée(a)a}g
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that is, for all t ¢ R,

(e (PHO(1)) oy - (pi(0(tra)4p-0(a)) ~ T(e(t+a)-0(a)),

which reduces to

o(t + a) = o(t) + 6(a),s for all t ¢ R,

i

and either a =0 or o(t +a) = ofa).

But o(t +a) = 8(q) iff for all t eR, o(t) = of(a). Since o(0) =0,

#

we then have o(t) =0 for all t ¢ R. In this case y 1is the trivial

motion.
Thus if u 1is non-trivial, then a =b = 0. It follows that for
any non-trivial rotational plane motion y = (e‘e(t), 0), every element

of Sym y 1is of the form
(P, 0), (1 (Poled) ), o).

Conversely if o(t + o) = o(t) + 0(a) for all t ¢ R, then

((eip, 0), (ei(p'e(a)}, 0) o) e Sym  for any p ¢ R.

4,3 Rhythmic functions
1t seems that such functions e have not been discussed in standard
texts, so we propose the following.

Recall that a function ¢ : R+ R 1is periodic with period o # 0,

or is go-periodic, iff for all x e R,
o{x +a) = ¢(x).

Also a function ¢ : R+ R 1is linear with slope k ¢ R, iff for

all x e R,
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$(x) = kx.
We say that a function f : R~ R 1is rhythmic with beat « # 0 and

pitch f(a), or o-rhythmic iff for all x e R,

f{x + a) = f(x) + f(a).

Yot wranishes at O, )
Thus any a-~periodic function,js a-rhythmic with beat o # 0 and pitch

0. Also any Tinear function is rhythmic with beat o, for any a ¢ R,
a # 0.

Let P, denote the set of all o-periodic functions that vanish at
0, and let I denote the set of all linear functions. We denote the

set of all oa-rhythmic functions by ﬁa.

4.3.1T Theorem:

There is a bijection 8 : ‘R& > Pa x L given by B(f) = (¢, ¢)s

where
o(x) = £(x) - Hedy,
and p(x) = fi%l X.

The inverse of B 1is given by 8'}(¢, ) =4 + Y .

Proof:

let f e \R&. Thus for any x e R,

f(x + a) = f(x) + fa).

Hence, if ¢ and ¢ are as stated, then ¢ 1is linear, and for all x e R,
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it

p(x +a) = f{(x + a) - figl~(x + a)

£(x) + F(o) - L8 x - f(a)

i

i

f(x) - fi%l X

i

¢(x).

Thus ¢ 1is a-periodic.
Conversely let ¢ be a-periodic with ¢(0) =0, and let ¢ be

linear with slope k. Let f =¢ + y. Then for all x ¢ R,

f(x + a)

i

$(x + a) + y(x + a)

i

o{x) + k{x + a)

it

(6(x) + kx) + ka

i

f(x) + ¢{a) + ka,

since, 0 = ¢(0) = ¢(a).
Thus

f(x +a) = f(x) + f(a).

i

Note that
fla) = ka.

Finally, we observe that

Blo + ) = (¢, ¥).

For Tet 8(¢ +¢) = {¢', ¢') ¢ P x L. Thus

o' (x) = f(x) - Heb
= ¢(x) + kx ~ i&iﬁlaimggl X

= ¢(x).
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Hence

4,3.2 Corollary:
If f s rhythmic, then f(0) = 0.

Proof:
let f ¢ \Ra. Then f =¢ + vy, where ¢ ¢ Pa, v e L.
Hence

£(0)

H!

$(0) + (0)
¢(0)

it

i
o

4.3.3 Remarks
(1) The above argument shows that for any o« #0 and any g ¢ R,

we may construct a rhythmic function f with beat o« and pitch g as

Qiwm

follows. Let ¢ ¢ Pa and let ¢ ¢ L have a slope Then
f=9¢+79

has the required properties.

(2) Let fe R, with f(a) #0. Then

f{t + no) = f(t) + nfla), neld.
Thus

lim f(x) = #o

Xerkoo

(3) Let fe \R&. Then for all n ¢ Z,

f(0) = f(na‘+ (-na)} = f(na) + f(-na) = 0.
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4.3.4 Example

Let ¢(x) =sin x, ¢(x) =x, then

f(x) = sin x + x.

¥ R i
o0 2.00 5.00 700
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4.4 Symmetry of Centrodes

We constructed in 2.5 a monomorphism

pp Symuy - S(CF{u)),
for a motion . in a Riemannian manifold.
We should expect that 'in general’, PE will be an isomorphism.
This is easy to see for motions in E2 as follows.
47
Let uw e R{2), and let ﬁF(u) =C, CM(u) = C. Then the relation
betveen C, E is given by
N
(4) ... C(t) = u(t)C(t), for all t ¢ R.
Let A(u) = {{¢,0,0) ¢ E+(2} x E+(2) x R: forall teR,
N v
(0(C(t))s w(C(t))) = (C(t +a), C(t + a))}.
Consider the monomorphism

g - Symﬁ "*H(U)»

and suppose that (¢, v, o) € H{u). Then for all t ¢ R,

C(t + a) and,

i

(5) ... o(C(t))

6) ... (&) = C(t + a).

H]

From (4}, (5), we get

C(t) = uw(t)E(t) = ¢71(C(t + o).
That 1is

S(u(E)(C(£))) = u(t + a)(C(t + o).
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From (6) we obtain
s(u(£)(C(6))) = u(t + o) (w(¥(t))), for all ¢t R.

This implies that, for all t ¢ R,

¢ oul(t) =p(t +a) oy

and hence (¢, ¢, o) ¢ Sym u iff there are two distinct points in each of
the families C(t) and E(t), t ¢ R.  Now this is so iff the motion y
is neither rotational nor translational.

If u dis translational, then

and Sym y is isomorphic to a subgroup of E+(2) x R, but trivially
H(u) = E+(2) X E+(2) x R.
Likewise if u 1is rotational and non-trivial, then
A
C=C={x}=1{0, say, and

in this case Sym y 1is isomorphic to a subgroup of S0(2) x R, but

H(u) = S0(2) x S0(2) x R.

4.5 Symmetry groups of plane motions

The following examples of plane motions are designed to exhibit the
instances of every possible type of symmetry group. However, I cannot
prove that this Tist is exhaustive.

Consider a motion u e R(2). Let y be a p-trajectory. Then
there exists a function e wunique up to an additive constant such that

any other trajectory & of u is given by
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8(t) = v(t) + g, e (O(E) *Ks),

for all t e R, where 8(0) =0. Suppose vy is such that there is
no other u-trajectory with a bigger symmetry group. Since S(y) = {0},

Z or R (see section 1.6, theorem 1.6.7), we have the following cases:

(1) S(v) =R, and vy 1ds therefore:
(i) a fixed point path;
or (ii) a circular path with uniform velocity;

or (iii) a straight Tine path with uniform velocity.

(2) S(y) =Z, and v is therefore:
(iv) a closed path;
or (v) is not closed but bounded;

or (vi) 1is not closed and is unbounded.,

We can choose vy according to the priorities (1), (A1)s «uvy (vi),
given above. That is if there is a fixed point path, then we choose v
to be this path, and if there is no such path but there is a circular
path, then we choose vy to be this circular path and so on.

The symmetry properties of u are closely related to the structure
of the set 0, (see remark, section 1.5.4).

We now consider the following examples.

(1) Trivial motion
The trajectory y is a fixed point path and so S(y) = R. The

motion u s such that for all x e E2, and all t e R,

8, (£) = u(t)(x) = x

2

that is each x ¢ E“ 1is at rest. Let (¢, ¥, a) € E+(2) x E+(2} x R.

Then (¢,6,a) e Symu iff for all x ¢ EZ, and all te R,
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o(u(t){x)) = u(t + o) (v(x)).

That is iff for all x e E°,

#

o(x} = u(a)(w(x))

= p(x) & ¢ =y

The elements of P(u) are therefore of the form (1, 1, o), where

T =1 9 Thus we have

E
Sym w = E_(2) x R,
Plu) =R,
Q) = E,(2).

The action of Q(u) on @ 1is transitive and 4, 1is a singleton.

(2) Uniform straight line motion

The trajectory vy is a straight Tine path with uniform velocity and

so S(y) =R. The motion u 1is given by

U(t) = (129 a(t))a

where a(t) = tv, Ve Ez\\ou

The trajectory s, of any x e EZ is then given by
6X(t) = u{t)(x) = x + tv, t e R,

and Q 1is therefore a l-parameter family of parallel straight lines. Let
T denote the group of translations in EZ, and let ¢ ¢ T. Then

¢ = (12, W), where we Ez‘\\O, and so we have for all x ¢ Ez, and
all teR,

olu(t)(x)) = (x + tv) +w.
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let o = R, then there exists

m'g . ,
po{o) o ¢

R
H

i

(Iza "@V}(zgﬂ """:'

hi

I,,w-~-oav)eT,
2

such that for all x e E*, and all t e R,

i

u(t + o) (¥(x)) = (x +w - av) + (T + a)v

i

(x + tv) +w

o (u(t)(x)).

[

Thus (¢, v, ¢) € Sym u, and so

Symu =T x R,

Now ¢ =1 w =~av=0&w-= av and so each element of P(u) 1is of

the form ((12, av), 1, o) and we get

P(u)

i

R,

and

?
..-g

Q)

The action of Q(n) on Q s I-transitive and 04 is a singleton.

(3) ﬁnifa?m transiational circular motion

The trajectory v 1is a circular path of uniform velocity and so
S(v) = R. Suppose that vy 1is of radius r and centre 0. The motion
p is such that for all x ¢ Ez, and all t ¢ R,

(0(t)48,)

5, () = u(t)(x) = re'kt 4 L8 > where k, g, ¢ R,

and 6 1is constant and so 6X is a circle of the same radius r.
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Each element (¢, ¥, o) ¢ Sym u is of the form

((A(ka), b). (12’ b), o),

where ¢ = (A(ka}, b) ¢ E+(2), o ¢ R, Thus
Symypy =T x R,

Now ¢ =1 e b =0, andso each element of P(u) 1is of the form

((A(ka), 0), T, a). Hence

and so Q(u) = T.

The action of Q(u) on @ 1is T-transitive and @4 is a singleton.

(4) Uniform concentric circular motion
The trajectory v 1is a fixed point path, say 0, and so S{y) = R,
The motion u 4is such that for all x ¢ Ez, and all t ¢ R,

1(kﬁ+5x)
5 () = u(t)(x) = e :

(where k, g e R), that is §, s a circle of radius [cxg and

centre 0. The motion 1w can be given by
u(t) = (A(kt), 0),

where A ¢ S0(2). Let ¢ ¢ E+(2) be given by ¢ = (A(B), b). Then for

all xeE° and all teR,

u(t)(x) = A(kt)x

and

H

opu(t)(x) = A(B)A(kt)x + b

i

A(kt + 8)x + b.
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Let o ¢ R, then there exists

b= u o) oo

-
(Alka) , 0)}(A(8), b)

i

i

(A(B - ka), A(-ka)b),

such that for all x e E2, and all t e R,

it

u(t + a)(9(x)) = A(kt + ka)(A(B - ka)x + A(-ka)b)

i

A(kt + B)x + A(kt)b
o(u(t)(x))  iff,

i

Akt + B)x + A(kt)b = A(kt + g)x + b

i

]

T (Alkt) - Iz)b 0 for all t e R,

& b =0, since (A(kt) - 12) is non singular for some t ¢ R,
which implies that ¢, yeS0(2). That is for arbitrary o ¢ R and
¢ € S0(2)

((A(B)» 0), (A(B - ka), 0), a) e Sym y.

Hence

Symu = S0(2) x R,

Now ¢ =1 ¢ g8 =ka+2m, ne Z and this implies that the elements

of P(u) are of the form

((A(km + 2mn), 0), 1, a),

and so

R
e

P(u)

Hence

Q(u)

[

50(2).
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The action of Q(u) on @ is intransitive.
the set of non-negative real numbers.

iz

We can identify 0, with

Thus 8, Ties in the class
xl-

{(5) Closed circular arcs motion

The trajectory vy 1is a fixed point, say 0, and so S({y) = R.

The motion yu 1is such that for all x ¢ 529 and all t ¢ R,

i{a(t}+ﬁx)
5, (t) = u(t)(x) = r,e s

where 6 1is periodic with period w. Therefore each

§ e @, 5#'\"9
is a closed arc which subtends a fixed angle at 0.

Let ¢, ¢ ¢ E+(2)

be given by
_ /. ia _4.ib
$ - (@ ? 0)3 w - {8 5 6)*
Then
i(s(t)+sx+a)
o(u(t)(x)) = ¢ e
Let a e R, and consider

i(%(t+a}+8x%b}
u(t +a)(#(x) = e :
Now (¢, ¥, @) ¢ Symu iff,
i{@(ﬁ}%ﬁx+a) i{&(t+a)+ax+b}
z e = e
= 6(t) +a =6(t +a) +b
&= o(t + a) = o(t) +c, where ¢ = a - b.
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Suppose that ¢ # 0, then we have

6(t + 2a) = 6((t +a) +a) =6(t +a) +c =6(t) + 2¢c,

and so for ne Z

8(t + na) = 8(t) + nc.

Thus @ is not bounded, which is a contradiction since 6 1is periodic.
Hence ¢ =0, andso o =nw. Also c=0 e a=b < ¢ =y .

Therefore the elements of Sym u are of the form
((eia, 0), (e1a, 0), nw), and so
Sym u = S0(2) x Z.

Nowy =1 4 a=2nm, n=12, and so each element of P(u) is of the

form (1, 1, nw) and hence

e
™~

P(u)
Thus

i}

Q(u) = 50(2).

The action of Q(n) on o 1is intransitive and again Q, can be identi-
fied with the set of non-negative real numbers. Thus 8, lies in the
class [z, ].

(6) Rhythmic circular arcs motion

Same as in example (5) but with o a rhythmic function. Then by

theorem 4.3.1, o can be given by
8(t) = K(t) + a(t), for all t e R,

where K is periodic with K(0) =0, and X is Tinear with slope o.
Thus for all t e R
74,



o(t) = K(t) + ot.
Let a e R, and ¢, ¢ ¢ E,(2) be given by ¢ = (e‘a, 0}, ¢ = (e]b, 0).
Then (4, ¥, ) € Sym y iff for all x e E2, and all t e R,
o(u(t)(x)) = u(t + o) (w(x)).
That is iff

i(K(t)+pt+3X+a) i{K(t+a)+p(t+a)+sx+b)

z;xe = z;xe

K{(t + a) + pa + b

H

= K(t) + a

i

& K(t + a) K(t) + Cyo where ¢, =a-b - pa.

In particular for t =0 we get
K(a) = Cyr

Thus (¢, ¥, o) e Symp iff for all t ¢ R,
K(t +a) = K(t) + K(a).

Again since K 1is periodic, K(a) =0, and so0 « =no where o 1is the
beat of 8, ne Z. Also Cy = Ke) =0 © b=a-pa =a~ npo.

Hence each element of Sym u is of the form
(e, 0), (e1® = 109) ), no).

Therefore

Symu = S0(2) x Z,
Now ¢y =1 & a -noo =2nr & a =npo + 2nn, and so the elements of
P(u) are of the form

(™7 21) 0y, 1, no)
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and thus

4
i

P(u)

R

Hence Q(u) = S0(2).

The action of Q(u) on @ is intransitive, and 9x can be identified

with the set of non-negative real numbers.  Thus 8 l1ies in the class

lcx!.

(7) Translational motion with closed trajectories
The trajectory vy 1is closed with S(y) =Z. The motion u is such

that for all x ¢ E2, and all t e R,

i(a(t)4s,)
5 (t) = u(t)(x) = v(t) + g e ,

where 6 1is constant. Therefore each 6§ ¢ @ 1is isometric to vy. Let

w be the period of v, that is for all t ¢ R,
v(t +w0) = y(t).

Each element of’ Symu is of the form (¢, v, ak), where ¢ = (Ak’ a),

cos gﬂ&- - sin gﬁ&
m m 2
Ak = i 2nk o omk | 2 M2 0, mykeZ, and a e R
m m
. _ kw
W]th G-k b ”"’[’ﬁ @

Let x4 be the centre of . Then for each k

ula)(x) = A (x - %) + x4 =y,
and so

() = x= AT - %) + %
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Hence

A;}(Akx +a - X)X

i

o(x) =1 () o #(x)

IH

X + Ak'](a - X)) *+ Xy

=X + b,

where b = Ak"l(a ~ Xg) + X4, andso ¢ e T. Therefore each element

(¢s ¥, ak) e Symyu is of the form

((Aks a)a (Izs b), “k)

and we have
Symupy =T x Z,
Plu) =12

and Q{u) =T.

The action of Q(u) on @ ds 1-transitive and @, 1is a singleton.

(8) Cycloidal motion
The trajectory vy is a straight Tine path of uniform velocity and
thus S(y) = R. The motion u is such that for all x e Ez, and

all teR

i(o(t)+s,)
8, (t) =u(t)(x) =v(t) + gpe ;

where 6 1is periodic. The motion u can be given by

u(t) = (A7(1), a(t)),

where A e SO(2) and a(t) e RZ, a(t) = (t, 0). Then for all x e g2

and all t e R,
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u(t)(x) = A7 (t)x + a(t),

u(a)(x) = A“](a)x + ala), for some o e R.

Let ¢ = (12, b) ¢ T, then there exists

i

v=u ) oo

H

(A(a)> -A(a).a(a))(I,, b)

= (Ala)s Ala).(b - a(a))),

s.t. (¢, ¥» o)eSymyu iff, for all x ¢ E2, and all t ¢ R,
o(u{t)(x)) = u(t + a)(v(x)).

That is iff

-1

A )X +a(t) + b= AT (e 4 o) (A(a)x + Ala) (b - a(a))) + a(t + a)

i

A-]

i

(t)x + AT (t)(b - a(a)) + a(t + a))

-1

= b=~A "(t)(b - afa)) + a(a)

o
i

= (A(t) = 1,)a(a)

i

= (At) -L)(b - a(a)) =0, for all teR

i

= b ~ a(a) =0, since (A(t) - IZ) is

nonsingular for at least some t ¢ R.
Thus (¢, ¥, o) e Symu e b = ala), and so each element of Sym u

is of the form

(I a(e)),  (Ala), 0), o).
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Thus
Symu= R

Now ¢ =1 ¢ a=2nmm, neZ and so the elements of P(u) are of

the form ((12, a(2nw)), 1, 2nv).  Hence

P(U) Z,

1

and so

R

Q(u) = S0(2).

The action of Q(u) on @ is intransitive and @, can be identified

with the set of non-negative real numbers. Thus 8§, lies in the class

oyl

(9) Planetary motion

The trajectory vy 1is a circular path, and so S{y) = R. Let
Y hauaradiqs r, centre 0 and angular velocity By Let x = peik
and v = v(0) = re'. Then for all x ¢ E2, and all t e R

iR, t
5 (8) = w(E)(X) = ¥(t) + (x - v)e 2

That is,
i(51t+o) 1(82t+o) 1(82t+x)
u(t)(x) = r(e - e ) + pe ,
where 61; Bos 05 Ae R, and B4 # Bo-
Let ¢ = (eia, 0) and let o ¢ R. Then
i(gyato)  T(B,ato) i(Byath)
u(a)(x) = r(e - e ) + pe =z,

and so
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-i8,0 1(8¥a+0) 1(820+0}

v He)z) = e 2z - r(e e ).

Consider ¢ ¢ E_(2) given by

1) = 07 (@) (6(x))
N e"iszu(pei(x+a) ) r(ei(51“+0) i ei(32“+“)))
) pe1(k+a - Bza) ) r(eT(S]a’82a+U) ) eic).

Then (¢.pr0) ¢ Sym u iff for all x ¢ EZ, and all t ¢ R,

o(n(t)(x)) = u(t + o) (w(x)).

That is 1iff
1(57t+o+a) 1(52t+o+a) 1(82t+x+a)
r(e - e ) + pe
(B t+8at0) 1 (B,t+B0t0) (g, t+8,a) i(A+a=8,a)
= r(e 1 e 2772 ) + e 2= e (pe 2*
i(Br0-8 ato)
. Y'(e i 2 _ e]o'))
i(gyt+ejota)  1(Byt+s,0%0) i(gyt+ata)
= r(e - e ) + pe .

Thus (¢.psa) € Sym 4 <= a = Byos and so the elements of Sym , are
of the form

is i(1785) . i(B,-8
e 1° (e 172 i ,re'%(1 - e & z)ay,a),

(( » 0)>»
Hence Sym u = R,
Now ¢ =1 & ¢ = anf(sl - 82), nelZ.
It follows that P(u) = Z.
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Let y ¢ EZ, then y is a fixed point of ¢ iff

vz =2z,
i.e.,
1(87-85) . 1(84-B,)a
e V2, re'9(1 - e 172 ) =z,
and so ( ) ( )
i(B:-B,)a . i(By-B,)a
e 120 1)z = re‘c(e 172 1
1(81”62)0‘
Since By # By and e #1 for some o ¢ R,
z=rel% =y

that is the fixed point of y 1is independent on o, and thus
Q(u) = S0(2).
Note that if we put

o(u) = {¢ = (¢ 15 a) e P(u)},

so that ¢(p) 1is a subgroup of E+(2), then for the motion u that
we are now considering, ¢(u) s a subgroup of the circle group

ST = S0(2), and is the image of non-trivial homomorphism

h:Z-8!,

. i2nne 1
= , wh =
with h(n}) = e wnere @ T*:~E§7gi

It follows that if 62/81 is rational, then o(u) = Zm for some

m. If B,/8y 1is irrational, then o(y) = Z, but ¢(y) is dense in

The action of Q(u) on @ is intransitive, and again @, can be
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identified with the set of non-negative real numbers. Thus Sy lies

in the class |[x - v|.

(10) Translational motion with non-closed, unbounded trajectories
The trajectory vy 1s non-closed, unbounded with S(y) = Z. The

motion u is such that for all x ¢ EZ, and all t e R,

i(e(t)+8,)
8, (t) = u(t)(x) = y(t) + ¢ e ,

where ¢ 1is constant. Thus each 6§ ¢ @ 1is isometric to vy, and one

can show that

Symuy =TxZ, P(u)=1 and  Q(u) = T.

The action of Q(n) on o 1is 1-transitive and @, is a singleton.

(11) Translational motion with bounded non-closed trajectories
The trajectory vy 1is non-closed and bounded with S(y) = Z. The

motion n is such that for all x ¢ Ez, and all t e R,

(8(£)+8,)

8, (8) = u(t)(x) = v(t) + ¢, e ,

where 8 1is constant. Thus each & ¢ @  is jsometric to vy, and one

can show that
Sym py =T, P(u) is trivial and Q(u) = T.

The action of Q(n) ds 1-transitive and @, 1is a singleton.

For further study of the Euclidean plane kinematics see [3]. In
his paper [7], A. Karger studied the kinematic geometry in homogeneous
spaces the group of motions of which are special 3-dimensional Lie-

groups of motions. In [3] there is a method leading to the solution
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of an equivalence problem for all Lie-groups of motions. In addition

there is a description of all transitive 1-parametric systems of

motions 1in Ez.
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CHAPTER 5

KINEMATICS IN THE EUCLIDEAN LINE

The main theme of this chapter is that the study of Kinematics in
the Euclidean line E} is essentially the same thing as the study of
real-valued continuous functions of a real variable. Thus we can reduce
the study of smooth motions in 57 to the study of smooth functions
f:R->R.

Many of the concepts of Kinematics assume a very simple form in
this context. In particular, stable smooth motions in E] correspond
to stable Morse functions f : R > R. Consequently, we can classify

such stable motions and discuss their symmetry properties in some detail.

5.1 Structure of E (1)
The connection between continuous real-valued functions and motions

in E] depends on the following fact.

5.1.1 Proposition:

The map
given by

is an isomorphism.  Thus for all f ¢ E+(T) and for all x ¢ R,

f(x) = x + o(f).

84.



Proof:

Let f ¢ E%(i). Then for all x, y ¢ R,
(i) x <y iff  f(x) < f(y),
(i1) Ix -yl = |f(x) - f(0)].
Néw (i) and (i1) are equivalent to the statement that for all x, y ¢ R,
x -y =f(x) - fly).
Hence if f ¢ E+(i), then for all x ¢ R,

x=x - 0= f(x) - f(0),
and so

f{x)

H

x + f(0)

it

x + o(f).
Trivially, if f, g ¢ E+(1), then

f=g e o(f) =0(g).
Likewise every map f of the form

f(x) = x+ k

is in E (1). So e is a bijection. Further, for all f, g e E.(1),

H

g(x + o(f))
(x + o(f)) + 6(g)

x + o8(f) + 8(qg)

(g o f)(x)

il

i

It

x + 6(g) + 8(f)
x + 6(g o f).

H

This completes the proof of the proposition.
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5.2 Smooth motions

Let R = R(1) denote the group of smooth motions in ET, as

before, and Tet JF denote the group of smooth real-valued functions on
R, that vanish at 0, under pointwise addition. By proposition 5.1.1,

there is an isomorphism

i R F

agiven by
(1)) () = eu(t)).

We now see that for any motion u e R, we can write, for any

t, X ¢ R,
p(t)(x) = x + f(t),

where f = i(u).

We give F the UWhitney C}~topology [5].

5.3 Equivalence

Since the study of motions in EI reduces to the study of continuous
real-valued functions of a real variable, we expect that equivalence of
motions can be expressed as equivalence of functions.

Let f,ge F . Then f 1is equivalent to g, written f % g,

iff there exists (Ta, TB) e E (1) x E (1) such that the diagram

commutes, or for all x ¢ R,
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g(x + a) = f(x) + 8,

where TA<X} =x + r, for all x e R.

Another way of saying that is to observe that E+(¥) x E+(}) acts
on F by

N ~1
(Toe,l's)f—~ TBOfOToﬁ'

Then f 3 g iff f and g are in the same orbit under this action.
Thus the equivalence classes of smooth functions in F are the orbits
of E+(1) x E+(1). ‘

We now show that equivalence of motions corresponds to equivalence

of functions.

5.3.1 Theorem:
Let w,ve R and f =1d(u), g=1(v). Then u=zv & fqg.

Proof:
The motions wu, v are equivalent iff there exists

(¢s0s0) ¢ E (1) E+(1) x R such that for all x, t ¢ R,

o(u(t) (X)) = w(t + a)(v(x)).

i

Now o(u) u+ a,

v + b,

i

p(v)
for all u, v eR and some a, b ¢ R. Also for all s, t, x, ¥y ¢ R,

x + f(t)

i

u(t)(x)

and

i

v(s)(y) =y + g(s).
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Hence

pzv e x+f(t)+a=x+b+g(t+a)

e f(t) + (a -b) =g(t + a)

= f(t) + 8 =g(t + a), B =a-b,
&= TBOf ngTa

= f ~ g

This classification is 'very fine' in the sense that there are
‘very many' equivalence classes. A more familiar and coarser, classi-
fication is based on diffeomorphisms rather than isometries.

Let Diff+(R) denote the group of orientation preserving diffeo-
morphisms of R.  Then we say that f, ge F are (diffeomorphism)
equivalent, written f ~ g, 1iff there exist 013 Oy € Diff+(R) such

that the diagram

commutes,

ie can therefore introduce a corresponding classification relation
voon  Rby putting wo~ v iff i(u) & i(v).  The equivalence class
of f in JF is denoted by [f]. Now f is said to be stable iff [f]

is open in F . e may therefore say that , is stable iff f = i(u)

is stable.

Also there is a well-known characterisation of stable functions as

follows.

let fe ¥ . Then x e R is a critical point of f iff
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fi(x) = df(x)/dx = 0.  Such a critical point is non-degenerate iff

f"(x) # 0. Any non-degenerate critical point is isolated in the set
Me of all critical points of f. If Te consists entirely of non-
degenerate critical points, then f is said to be a Morse function,

and so for such a function, Tr. 1is countable.

f
It is well-known (see for example [5, p.87]) that a Morse function
f is stable iff it has distinct critical values, i.e., iff for any

X, ¥ € F.f:x

x Fy = f(x) £ fy).

~e observe next that if e R, and f = i(y), then the velocity
vector field vt(u) is the constant vector field on R whose value at
any point is f(t). Thus the instantaneous axis at any time is & if

F(t) #0 and is E' itself if #(t) = 0.

5.4 Classification of stable motions

We have now reduced the classification of stable smooth functions
in E} to the classification of stable Morse functions f : R > R. This
can be done as follows.

Let K be a non-empty discrete countable (written ndc) subset of R,
A Tabelling of K is an injective order-preserving map

£ K> 17

such that for any p, q ¢ K with p > q,

# K0 [p, q] = &(p) - g(q) + 1.

Thus a labelling of K enumerates its elements in succession along the
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real Tine.

If &, &' are two labellings of K, then there is a unique

integer m such that for all p e K,

g{p) = £'(p) + m.

If K, L are two ndc subsets of R, then we say that K 1is eguiva-
lent to L, written K TLOiff theret%re bijection“ B : K-> L and
labellings £, n of K, L such that n o B = &.

Now let f : R-> R, be a stable Morse function, and suppose that
its set e of critical points is non-empty. A labelling & of Ie

is said to be proper iff for some (and hence for every) maximum p of f,

g{(p) 1is even. Consider also the set
Ae = {f(p) = p eIl

A pair (¢, £') where & 1is a proper labelling of Te and &' s a

Tabelling of Be is called a labelling of f.

We also must take into account the behaviour of f at +o . Here
we assign to f the quadruple (x, X', ps p'), where each component
may take the value 1, 0 or -1. Thus we put x =1, 0 or -1 accord-

ing as Tim  f(x) is «, is finite, or is -«=, and define Ax',p, p'

K00

Tikewise with respect to lim f(x), Tim f(x), Tim f(x).

X0 Xm0 X-m00
We call (x, A'.0, p') the type of f. Note that not all of the 81
possibilities can occur. For example, if A" =1, then x = 1. This is

because 1lim z Tim. In fact one may readily check that there are 36

types.
Now let f, g : R > R, be stable Morse functions. If (&, &')

and (n, n'}) are labellings of f, g respectively, then we say that
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(¢, £') s equivalent to (n, n') iff there is a bijection vy : Te>T

mapping
maxima maxima
minima minima
such that, if

§ = Af‘*Ag

H

given by s(f(p)) = 9{x(p)), then for all p e r,

i

g(p) = nly(p)) +m ,
e (f(p)) = n"(6(f(p))) + n,

where m, n ¢ Z,

One would expect that if f, g : R » R are two stable Morse functions,
then f ~ g 1iff they are of the same type and either e = rg =¢5  or
admit equivalent labellings. We do not pursue this question.

5.5 Symmetry of motion
Let e R and let i(y) =f ¢ F . A symmetry of u is (by
definition) an element (¢,y; o) € E+(1) % E+(}) x R such that for all

X,th,

p(t + o) (p(x)).

i

(1 ... o(u(t)(x))

i

Let ¢, y be given by ¢(x) =x+8, yly) =y +o forall x, y e R,

and for some B8, o ¢ R. Equation (1) then becomes

o(x + f(t)) = y(x) + f(t + o),
and so

%+ f(t) + B8 =x+ o+ flt + a),

which reduces to
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(2) ... £(t) + (B - o) = f(t + a).

In particular, for t =0, f(0) = 0 and we get
(B8 - o) = fla).

Let 8, € E+(i), be given by

(3) ... 6 (x) =x+ (8- 0)=x+ f(a)

for alT x e R.  Then (2) becomes

(4)... ea(f(t)) = f(t + o), forall t eR,

thus (ea, a) e S(f).
By proposition 1.6.2 S(f) 1is a subgroup of E+(T) x R. The

inverse element of (ea, o) 1is given by

(ea’ 0‘)»I = (o

where, for all t ¢ R

6, (f(t)) = f(t + (-a))

i

f(t) + f(-a)

#

f(t) - fla)s

because f(0) = f(a - ) = f(a) + f(~a) = 0.

Since each element of S(f) s of the form (@a, o), where 8, is
given by (3), S(f) is isomorphic to the projection of S(f) into the

second factor of E+(1) x R.
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5.5.1 Proposition:
Let e R, and Tet ¢, ¢ ¢ E+(I) be given by ¢(x) = x + a,
P(x) = x +b, x e R. Then for any o ¢ RNOf(d, ¥, a) € Sym p iff

f = i(u) 1is rhythmic with beat o and pitch (a - b).

Proof:

Such (¢, ¢, a) ¢ Sym u iff for all x, t ¢ R,

$(u(t)(x)) = u(t + a)(v(x))

S o(x + f(t)) = x + b+ f(t + a)

= X+ f(t) +a=x+b+ f(t+a)
& f(t) + (a - b) = f(t + o)
& f(t) + fla) = f(t + a)

& f is rhythmic.

The classification of stable motions in R whose symmetry group
is isomorphic to Z or to R may be pursued in the spirit indicated
in section 5.4. In this context, the possibilities are severely Tlimited,

but again we regard this as outside the scope of our investigation.
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