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UNIVERSITY OF SOUTHAMPTON 

ABSTRACT

FACULTY OF MATHEMATICAL STUDIES 

Doctor of Philosophy

ISOMETRIC AND TOPOLOGICAL FOLDING 
OF MANIFOLDS

by Entesar Mohamed ELKHOLY

Local isometries between Riemannian manifolds may be characterised 

as maps that send geodesic segments to geodesic segments of the same length. 

Isometric foldings are likewise characterised by such a property, with the 
difference that we use piecewise geodesic segments instead of geodesic segments. 
The theory of isometric foldings studies the stratification determined by the 
folds or singularities, and relates this structure to classical ideas of 

Hopf degree, volume and covering spaces.
The idea of topological folding is modelled on that of isometric 

folding, but in the absence of metrical structure the definition is 

necessarily inductive. Again a stratification by folds is obtained, and a 

body of theorems concerning neat foldings has been established. These theorems 

have a strongly algebraic flavour, and are related to certain aspects of 

graphs on surfaces and of covering space theory in general.
The first three chapters deal with the theory for manifolds of any 

dimension. In the final chapter, the special case of surfaces is examined in 

greater detail.
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CHAPTER 1

1. Review

This section gives a brief outline of previous work on isometric 
foldings. It is based on work by S.A. Robertson (ll).

Local isometries between Riemannian manifolds may be characterised 

as maps that send geodesic segments to geodesic segments of the same 

length. Isometric foldings are likewise characterised by such a property 
with Che difference that we use piecewise geodesic segments instead of

GO
geodesic segments^ that is, a map * * « N, where M and N are C

Riemannian manifolds of dimensions m, n respectively, is said to be an 
isometric folding of M into N, iff for any piecewise geodesic path 

Y : J ^ M, Che induced path *oY : J ^ N is piecewise geodesic and of 

Che same length as y. The set of points of M where * fails to be 
differentiable is called the set of sin^wlstities of the isometric folding 

^ and it is denoted by 1(^0. This set corresponds to the 'folds' of the 

map.
We denote the set of all isometric foldings of M inCo^^ by 

Examples

(1,). Any local isometry ^ : M ^ N is an isometric folding with 
Z(^) - 0. In particular, any locally isometric covering map has this 
property. For instance, let k be any positive integer, and let M and N be 

Che circles |z| - kR and |z| " R in the plane € of complex numbers. Define
* : M N by *(kRe^^) - Re^^^ . Then * is an isometric folding with no 

singularities.
(1.2) . Let R be the real line R with Che standard Riemannian structure.
Let ^ : R ^ R be given by ^(x) = |x|. Then * is an isometric folding and 

Z(^) is the origin.
(1.3) . Let + : R^^ + R^ be given by *(x,y,z) - (|x|, |y|. |z|).

Then ^ is an isometric folding of R^ into itself with respect to the standard



flat structure on R^, and Z(*) " ((x,y,z) : :^z = O) is the union of the

three coordinate planes.
2(1.4). Let M " N " S , the unit sphere in Euclidean 3-space, and let

; M N be given by *(z,y,z) » (x,y,|z|). Then * is an isometric folding
2 2and Z(^) is the great circle x + y - 1, Z - 0. See Figure (1.1) below.

Figure (1.1)
2(1.5). Let M = N - S , as above, and let * : M+ N be given by

(|, (x,y,z) - ((x|,lyl,|z|). Then * is an isometric folding and g(*) is a

graph consisting of the intersection of the three coordinate planes x = 0,

y =0, z =0, with six vertices (:^l,0,0),(0,j:l,0) and (0,0,-l), each of
2valency four and with twelve edges. The image <KS ) is the positive octant, 

See Figure (1.2), the image is shaded.

7

Figure (1.2)
There is no assumption about continuity or differentiability of



isometric foldings. However, continuity follows from the definition, 

since if we denote by <1 and d^ the metrics induced on M and N by their 

Riemannian structures, we have for all x,y in M, dU(x,y) ) (L('^(x),*(y)).

In general an isometric folding need not be differentiable. The 
local structure of Z(<^) has been established in detail by Robertson (ll), 

and this may be used to build up a general picture of for any isometric

folding of M into N, where M and N are complete Riemannian manifolds, as 
follows;

There is a decomposition of M into mutually disjoint, connected 

totally geodesic submanifolds which we shall call strata, with the following 
properties;
(i) Let denote the union of all strata of dimension k. Then

is the union of all for 0 k ,{^m-l;
(ii) For each stratum S, (|)|s is a locally isometric immersion into H;

(iii) The frontier of each stratum is a union of strata of lower dimension, 

and in case M is compact, of finitely many such strata;
(iv) The frontier of in M is the union of all the set %,(*) for

0 ^ ^ k—1.

Now, for simplicity, we suppose that dim M = dim N »= n and that both 

M and N are oriented and M is compact without boundary. Thus the Hopf degree 

degi)) of (|) is well defined. This can be calculated locally as follows.

Call each n-dimensional stratum S of positive or negative according as 
(|i|s orientation-preserving or reversing, and apply the same adjectives to 

individual points of these strata. Now let y be a point of that is
not the image of any shgularity of Then * ^(y) = .... x },where

each %. lies in some n-dimensional stratum, i=l, ..., p. Suppose that of 
these p points p^ are positive and p_ " p- p are negative. Then 

deg * * p^- p_ .



Next, denote by V, V_ and the n-volume of M, of the 
positive n-strata, of the negative n-strata, and of *(M) respectively.

Thus V = + V_ and it may be shown that - V + kV , k = deg
norNote that, if deg ^ = 0 (which happens, for example, if ^ istsurjective) 

we have, = V_ = V .

For surfaces, the local situation is particularly simple.
Let ^ E^3KM,N), where both M and N are smooth Riemannian 2-manifolds

(i.e. surfaces). Then, for each x e Z(*) the singularities of * near x

form the images of an even number 2r of geodesic rays emanating from x, making
r ralternate angles a , g , ..., a , g where ^ a. = ^ g =

^ ^ i-1 ^ i.l ^

The set of singularities Z(*) of an isometric folding of a smooth 

Riemannian surface M into another N is a graph on M satisfying the local 

angle conditions and the area (2-volume) conditions described above. See 
example (1.5).

Finally we remark that, for any smooth Riemannian manifolds 
X,Y,Z,W and any isometric foldings *E^){X,Y),^E^)^Y,Z^^G')(X,Z) and 
xe'3Kz,W), we have

(i) The composite map ^o4a3KX,Z);
(ii) (^,8)E^3<X,YxZ), and

(iii) *xx E^g^XxZ/YxW).

It follows that'^^M) ='3KM,M) is a semigroup which contains the 

isometry group I(M) as a subgroup. If M is compact, then for all * E^KM), 
deg * = 0, ±1. Moreover, deg ^ = ±1 iff I(M). We may topologise^^KM) 

by giving it the compact-open topology. Clearly deg * is constant on each 

component of this space. An obvious problem is to determine fbe number of 

components for each of the values +1 of deg * . Is there just one component 
on which deg * = 0?



2, Isometric Foldings and Covering Spaces

In this section, we shall use the term manifold to mean a smooth 
connected Riemannian manifold, unless otherwise stated. Liewise, we suppose 

that all maps are smooth.

2.1) Invariance

let M and N be manifolds. Let p : M + N be a regular locally 
isometric covering. A covering transformation of p is a homeomorphism 
g : M M such that pog = p. We denote by G the group of covering trans­
formations of p. Since p is a regular covering of N, G ^ ^^(N)/p^^ Oi), 
where p^ : ^ (M,x) ^ ?.(N,P(x)) is the homeomorphism induced by p.

2.1.1) Definition:- We say that ^ E^^(M) is p-invariant iff for all g e G, 

and all x E M,p(*(x)) = p(^(g.x)).

We denote the set of all p-invariant isometric foldings of M by

2.1.2) Example

Let P_(R) denote real projective n-space, consisting of the 
equivalence classes [x) of points x E R^*^\{o}, where x is equivalent Co y 

iff y = Xx for some real X ^ 0. Define p : S°^ ^ ^

is the standard double covering.
Consider the isometric folding ^ e'3^S^)given by 

*(x^, ..., x^^^) - (|x^|, ...,|x^^^|). Then * G;k(S°^p). Here the group 

G is where Z^ is the group generated by the reflexion, x ^ -x.

2.1.3) Proposition

For any covering map p : M + is a subsemigroup of3tM).

Proof:-

Since 1^ e "^^(M,?), hence 3L(M,p) ^ 0 . Let * , ^ Elt(M,P) be 

p-invariant isometric foldings of M. Then for all g e G and all x EM, 
p((*o*)x) - p(*(*(x)) = p(*(*(g.x))) = p((+o*)(g.x)),so (*o*)e'3%(M,p).



The next theorem establishes the relation between the set of 
isometric foldings of a manifold and the set of p-invariant isometric 

foldings of its universal covering space, where p is its universal covering.

2.1.4) Theorem

Let N be a manifold and p : M + N its universal covering. Let 
G be the group of covering transfoimatioas of p. Then9(N) is isomorphic

as a semigroup to'^(M,p)/G.

Proof

Let 4»E(^(M,P), and define * : N N, by T(p(x)) = p(*Cx)), 

for any x e M. Since <|* is p—invariant, is well-defined. For if
p(x) - P(y), Chen T(P(y)) " P(*(y)) - pCtCg.x)) " p(*(x)) = T(pW)'

The quotient 8et9(N) "3:(M,P)/G has a semigroup structure induced by 

that of'^CM,P). Also since p is a local isometry, * G3(M) implies that 

E^N). Now define a map F : ^N) '*'3'(N), by F(G<|i) « i^. Since 

G* - Qfi iff for all g e G there is h e G such that go4> - hoij,, it follows 
that if G* = G,p, then for all g e G, T(pW) " p(*(g'X)) " pC((|»og)(x)) = 
pC(Cg^^ o h oip)o g)(x)) - pCCip o g)(x)) - p(*(x)) - ir(p(x))'

Hence F is well-defined.
Now, let *,1(1 G^(M,p). Then F(G * o G ;(/) - FCG * o

But c* o 4,)(p(x)) - pC^CifiCx))) - P(*(y)), where y -= ,(,(x), hence 
(^mj7)(p(x)) - T(p(y)) - *(p(*(x)) =1* o 

Hence F is a Iwmeomorphism.
To prove that F is (me-(me, let *, * E'}.(M,p)and suppose that 

FCG*) = F(G*). Then according to the definition of F this will imply that 
^ = 1^, that is, for all x e M and all g e G, * (p(x)) " P(*(%)) " ^(p(x)) 
-p(i(i(x)). It follows that ^ ^ iff for all x E M and all g E G, p(*(x)) = 

(p(;|,(x)). This implies that there is h e G such that (h o(|i)(x) - *(x). 

Hence » Qj; and F is one-one.



To complete Che proof, we have to show chat F is onto. For 
diia purpose, let g e'3(N) and choose x e M, x^e N such that pCx) - x^. 

Now choose any y e M such that p(y) « B(x^) " ^ V
are (^en neig^ibourhoods of x in M and x^ in N such Chat p| D is a 

homeomoiphism onto V, Chen Chare is a unique mq* oi_ : D + M such ChaC 

a^(x) " y and poa^ " g o(p|,U). See Figure (1.3).

Figure (1.3)
Now, lec Y fmd y* be any Cwo paChs in M beginning aC x and 

having Che same end poinC z and such ChaC p o Y" Y and p o y' " Y* 
cwo paChs beginning aC x^;with Che same end poinC z . LeC g - go(p o y) 

g o y and g' - go(p o y*) = go y' be Cwo paChs aC y^ wich Che same end 

poinC w.. Suppose ChaC che unique pach liftings g and g' of g and g^



beginning at y have different end points w and w' respectively.

Since p is a universal covering of N, M is simply 

connected, that is every closed path in M is homotopic to a 
constant, It follows that w " w'.

Thus we can extend to the regions enclosed by the paths 

and so to the whole of M.
A similar theorem can be obtained in the case of regular 

covering maps as follows.

2.1.5) Theorem
Suppose that p : M N is a regular covering map. Suppose 

further that, given any points x, y c M and x^, y^ c N such that p(x) = 
p(y) " y^ andS(x ) = y^, where g (g^o p*)^^(M,x) < p*v^(M,y).

Then;}(N) is isomorphic toC)\(M,p)/G.

Proof
The proof of this theorem is the same as of theorem (2.1.4) 

except to show that the end points w and w' of the paths 5 and 5' 

respectively are the same. This can be proved as follows:
The loop - Y ^ o y' represents an element Ic r^(N,x^) 

and so the loop g^^ represent the element g(X) of ^^(N,y^). But, since 

g^ carries the image of p* into that of p*, there exist a unique map 

a : M M, such that a(x) = y and also the element g(X) is contained in 
the subgroup p^ w (M,y) (7). Hence there exists a loop 7 such

that p =gi^y and it follows from the uniqueness of path lifting that

*5'(t) where t c I and ^
particular, 6(1) =6'(1) = and 6' have the same end point.



2.2 EQOIVARIANCE

Let M and be manifolds and let p : M N 

be a regular locally isometric covering. Let C be the group of 
covering transformations of p as before.
2.2.1) Definition

We say that * E^^(M) is p-equivariant iff for all g g G, 

the following diagram commutes

M----
g i Ig
M----

4)

We denote the set of p-equivariant isometric foldings of M
by 3^ (M,p).

2.2.2) Example

Consider the infinite strip -1 f y f 1 in Euclidean plane
2R . Remove from this strip the discs of radius e >o and centres (n,o), 

where n is any integer and 1 > c. Let X denote the remaining closed region, 
shown in Figure (1.4). Let 8 : X ^ R be a function such

that 6 is 0 and has infinite normal derivative on 3X, and zero 
derivative in the x-direction whenever x - m + for any integer m. 
Moreover, let e(x,y) - 8(x + m, ±y) for all m e Z.

Define a surface M in E^ by

M " {(x, y, z) : (x, y)G X, z » ±6 (x, y)}.
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The group of integers Z acts freely on M by m.(x, y, z)=Cx+m, y, z) 
Let N = M/Z and let p : M ^ N be the covering projection. Then N is 

homeomorphic to a double torus.

The map ^ : M ^ M given by ^(x, y, z) =(x, -y, z) is an isometric 

folding which is p-equivariant.

2.2.3) Proposition

For any covering map p : M (M,p) is a subsemigroup of
9(M).

Proof:—
Since 1^ (M,p),13^(M,p) f 0. Now, let (M,p) be

p-equivariant isometric foldings of M, that is, for all g c G the diagrams

M—
gi jg
M—9

and M—
si

are commutative.

Then for all g e G, the diagram

is also commutative. Hence, under this composition of map8'^(M,p)e
is a semigroup and it is a subsemigroup of'^KM).

Consider now the special case in which M is the unit sphere S^. 

Every isometry of to itself is equivariant with respect to the action 
of Zg on S^ generated by reflexion in 0. We now show that there are no 

other equivariant isometric foldings of S^.

2.2.4) Lemma
Let be an isometric folding such that, for all x e S",

^^-x) = -^^x). Then * is an isometry.
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Proof

The result follows directly from the Borsuk-Ulam theorem (is) 

which can be stated : For n ) 1, there is no continuous map ^ 
of degree zero such that, for all x e S^, *(-%) = -*(x). Since any isometric 

folding of any compact manifold to itself has degree 1, or 0, and is an 
isometry in either of the first two cases, the lemma is proved.

We remark that the above lemma may be stated in the form 
*) - I(S°^, where *(x) = -x, x E S^.

2.3) Volume Theorems

If ^ : M N is an isometric folding between manifolds M and N of 
the same dimension,and M is compact, so that the volume Vol M of M is 
finite, then the volume of the image ^(M) of ^ in N cannot exceed VoIM 

itself. The inequality Vol ^(M) f Vol M is an equality iff ^ is an isometric 

embedding. If ^ is k-fold covering of ^(M), then of course k vol $CM) " Vol M.

If ^ is not an isometric embedding, then the above inequality can be 
sharpened to 2 Vol ^(M) ( Vol M. However, in certain cases Vol ^(M) is 

necessarily much smaller. We therefore pose the general question. For a 

given compact Riemannian manifold, find the infimum e(M) of the ratio 
Vol M/Vbl 4^M), over all isometric foldings ^ : M ^ M of degree zero.

We have succeeded in proving only a few facts about e(M) for 

particular manifolds M. We cannot say, for example, whether e(M) is always 

an integer.

2.3.1) Lemma

Let p : ^ double covering given by p(x) =
Let ^ e^3k(s"\p). Then either *eI(S^), or for all x, y e S^, 

d(*(x), *(y)) $ ^ .

Proof
Let X, y E S^, where x ^ ^ y. Then there is a unique great circle 

C such that x E C and y E C. Hence -x, -yeC, and these points occur on C
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in the cyclic order x, y, -x, -y.
Let d(x, y) - X. Then d(x, -y) = x-X. Thus min(X, x-X) g ^ .

But X = d(x,y) ^ d(*(x), *(y)) and x - X = d(x, -y) » d(*(x),*(-y)).
Since for all x e S^, p(*(x)) = p(*(-x)), we observe that either *(x) = *(-x) 
or -^(x) = ^(-x). In the later case, ^ El(S^) (by lemma (2.2.4)). So 

^(x) = ^(-x). Hence x - X )d(*(x), ^(y)), and so 

d(*(x)), *(y)) $ min (X, x -X) ^ -
^he above lemma allows us to give estimates for the number 

e(P (R)), where ^^(H) bas its standard Riemannian structure, as explained 

below.
For any isometric folding ^ : S ^ S such that, for all x E S ,

^(x) = ^(-x), the image ^(S^) = X of ^ is a closed subset of S in which 

the geodesic (great circle arc) distance d(x, x') between any two points 

X, x' G X is at most x/2.
Now consider the family of all closed subsets of S with this

property. Denote the supremum of the n-dimensional volume Vol Y over all
Y by Thus = x/2. However, we do not know the exact value of

M for n > 1. n
We now describe two members closed geodesic

disc D^(x/4) of radius x/4, with any centre on S^. Then % Vol(D^(x/4))=A^,

say. For example, A = x/2, =x(2 - / 2). It is tempting to

conjecture that M = A^^
The second example is the 'Reuleaux' set

R = {x E S^; X. ) 0, i=l, n+1} , see {4} or {lO}. Then R^ and
Vol R " Vol S^/2°^^ = e , say. Thus e. - e. = x/2. 

n n 1 ^
Now the map ^ + S° given by *(x^, ...,

is an isometric folding such that ^(S^) " R . It follows that e(P^(R^) $ 2 . 

Thus,
n
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Vol(sl/2 ^ eCEg^R)) <
Explicit formula for Vol and Vol QL(t) are derived in the Appendix.

Now, let N be a compact n-manifold and let ^ : N N be an 
isometric folding of degree zero. Then, consider the universal covering 

space M of N with projection map p : M + N, which is local isometry, and 
induced Riemannian metric. Let G denote the group of covering transformations 

of p. Then, by theorem (2.1.4), there is an isometric folding M M 
such that, for all xe M and all g e G, p(^(x)) = p(^(g.x)). Equivalently, 

for all X E M and for all g E G, there is a unique h E G such that 

h o *(x) = ^(g.x).

In fact, h depends only on g, since G is finite and h varies 

continuously with x. Thus ^ in the above sense is p-invariant. So there 

is a map f : G + G given by f(g^ = h. In fact, f is a homomorphism. For 

if g,g' E G and f(g) = h, f(g') = h', then
^((g'g).x) = *(g'.(g.x)) = h'.^Cg.x) - h'h.^(x).

Also, if 8 = G denotes the isomorphism induced by p,

then the diagram
G

TTiN -»TT^N

commutes, so oB - 8 of.
We now consider in more detail the case in which is trivial. 

Suppose that is trivial. Then so is f, and for all x E M,
^(G.x) = ^(x). Hence p|^(M) is a homeomorphism onto and therefore

vol *XN) - Vbl*(M).

Let F be a fundamental region for G in M. Thus F is a
(non empty) closed subset of M such that H g.F " M and, for all x,y E F,

gsG
if g E G is such that g(x) = y, then x and y both lie in the frontier of F.
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Now vol f = vol N = (1/k) vol M, where k = |G|, is the order of 

the covering p. Moreover, for all y e M,

4^y) " some x e F
= *(x) e *(F).

Hence *(M) = *(F). It follows chat vol*(M) = vol^(F), 

and we conclude that
Vol N/Vol *(N) - Vol F/Vol^(F) .

We remark that if is trivial, then each fibre of p is 
mapped by * to a single point of M. In general, when need not be trivial,

* is p-fibre preserving.
It seema likely that such results on volume can be strengthened 

considerably. A simple example of what is intended by this remark is 

obtained by taking N to be a circle of circumference 2A. Thus M is the 
real line R, and p : R ^ may be given by p(2At) = A/r e^^^" .

Suppose that ^ E^3:(R,p) is such that where
^ is the corresponding element of ). Then for all x, y c R, d(^(x),^\y^)<

For under these assumptions, for any %, y e R, tnere is a point 
x' = X + 2Am, for some integer m, such that d(x',y)$ A, and since ^(x')=^(x), 

the result follows.

2.4 Concluding Remarks
It seems difficult to establish any general theorems about the 

number e(N) for an arbitrary compact manifold M. If ^ then we can 

also study the number e(M, 3M), where Che isometric foldings concerned lie 
in the semigroup 1}(M, 3M). Clearly,AM) is a subsemigroup of *3(^0 .

Also, there is a homeomorphism 0 3M) given by G(^) " dM.
Even in the case of surfaces, these problems seem quite difficult.

For instance, let M be Che flat Mobius band represented by Che rectangle in 
Euclidean plane R^ with vertices (+a, ±b), in which the edges joining 

A = (-a, -b) to B = (-a, b) and C = (a, b) to D = (a, -b) are identified with 

Che direction reversal as shown in Figure (1.5).
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z zThe map 4^ : M ^ M induced by Che map 4: R ^ R , given by 
^(x,y) " (|xt, |y|) is such chat 3M) and 4 vol ^(M) = vol M
Thus e(M, 3M) $ 4.

B"(-a,b) C-4a,b)

4 ab.

A»(-a,-b) D"(a,-b)

Figure (1.5)
We have failed both Co construct any ^Ee(N, 3M) of degree 0 such that 

vol ^(N) > ab, and to prove that e(M, 9M) = 4.
It is clear that the concept of isometric folding may be extended with 

only trivial modification to pseudo-riemannian manifolds. There are, however, 

considerable difficulties in attempting to find analogues of the preceding 
theorems. The partial results that have been obtained so far are not 
reported in detail here. A first step is to establish the precise relation­
ship between the isometric foldings of Minkowski (n+l)-space M^ ^ to itself 

Chat keep o fixed and the isometric foldings of the 'positive spheres' S(n) 

given by

x^ + .... + x^ - x^^^ + O, x^^^ > 0, a f 0.

We can show that the hypersurfaces S(a) carry induced Riemannian 
metrics (positive definite in case a> 0, negative definite in case a <0), 
and there are natural isomorphismslKs(b)) +3ks(l)),3ks(@)) ^IKs(-l)) 

for a > 0,6 < 0 induced by radial homothety.
The next step is to establish whether ^^(S(o)) embeds naturally in 

where denotes the semigroup of isometric foldings of
hP ^ Chat fix 0. To carry out this step would lead naturally to a theory
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of isometric foldings for Lorentz manifolds and perhaps to a theory for 

pseudoriemannian manifolds in general.
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CHAPTER 2

TOPOLOGICAL FOLDINGS

The theory described in Chapter 1 made essential use of the 
Riemannian structure. We now construct a more general theory of a 
purely topological character. To achieve this, we abandon the definition 

of isometric folding, which has no obvious analogue in the topological 

case, and instead we adopt an inductive procedure. We restrict attention to 

the case in which domain and cpdomain have the same dimension.

1. Manifolds Without Boundary

We define the following standard subsets of Euclidean n-space 

for any n > o:
- {x e E^ : lx| g 1};

.n-1 {y G E^ : |y 1} .
We call and the unit disc and the unit sphere in Euclidean

n—space respectively. Thus S ™ bD « it follows from the definition that 

for each x e o" with x + 0, there is a unique real number t and a unique 

point y E such that x = t y, o ^t ( 1. Of course for all y E

0 = Oy. See figure (2.1).

Figure C2,l)



Now suppose that f : S
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is any map. Then f induces a 

map f* : ^ given by " tf(%:) where 0 $ t $ 1, x e

and f*(o) " 0.
By using this construction we can define a topological folding 

by the following induction. Let M and N be topological manifolds. Where 
dim M " dim N = n > o and 3M - SN - 0. For all x G M, a disc chart at 

X is a homeomorphism 5 : D V , where is a.neighbourhood of x in M 

and g(o) = X. Hence every x G M has a disc chart.
Now let ^ : M N be a continuous map. We say that ^ is a 

topological folding of N into N iff, for each x G M, there are disc charts 

E : ^ V for M at x and n : W for N at y = ^(x) together with a^ X y
topological folding f ^ such that n P i* = ^ o 5

To complete the definition we say that any map f : S° ^ S° is a 

topological folding. Since S° consists of the two real numbers 1, -1, 
there are exactly four topological foldings of S° to itself. We denote 

by ^](M,N) the set of all topological foldings of M into N, and put

If then x G M is said toh^d singularity of * iff *
is not a local homeomorphism at x. The set of all singularities of ^ is 

denoted by E(*).

2. Foldings of 1-Manifolds

2.1) Proposition
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Let *eO(M,N). wbere M and N are 1-manifolde wichouc boundary.

Then Z(*) is a discrete subset of M.

Proof

Let X G M and y - *(x). Then there are disc charts S : 1 V^,
n : I W on M and N respectively, and a topological folding f +S° 
such that n o i* " * o S , where I = ("1* Now suppose that
X e !(*). Then f(l) - f(-i) - ±1, say f(l) - f(-l) - 1. Then f*(t) = |t| 

Hence d> is & local homeomorphism on V \{x}. Hence x is an isolated 

point of Z(*), and so Z(*) is discrete.

2.2)Corollary
Let *ej^M,N). If M % R, then is countable. If M ^ S^, then

Z(^) is finite and # 1(40 is even.

Proof

The first statement follows immediately from the proposition.
Suppose then that M % S^, and let x e Z(^), then there are disc charts 

S : I ^ S^, n : I ^ such chat S(o) = x, nCo) " ^Cx) = y and 

* o g- nof*, where f* ; I ^ I is given by f*(t) - |c|. Hence f* induces 

orientations on rays I_(o < t < 1) and I (-1 < t < o) and hence local 

opposite orientations on S(l_) and These local orientations can

be chosen so that each region has a unique orientation induced by disc 
charts. This shows that the singularities of * partition into arcs in 
such a way that successive arcs have opposite orientations. Thus the 

number of arcs is even, and so the number of singnlarities is also even. 

In contrast isometric foldings, topological foldings of to

itself can be of any degree. For example, the power map : S + S 

g^ven by ^^(e 
for any k 0.

i6 ik6given by ) - e , is a topological folding (without singularities).



3. Foldings of Surfaces

Consider now any topological folding ^ G where M and N
are connected surfaces without boundary. The disc charts provide local 
models for the set of singularities Z(^), as follows. Let f : ^ S

be a topological folding. Then Z(f) consists of 2k points p^, ...» p^^. 
Hence ^(f*) consists of the rays joining each p^ to 0. That is 

E(f*) - {t p. : 0 g t ( 1, i=l, ..., 2k}.

It follows that the set Z(^) has the structure of a locally finite 

graph embedded in M, for which every vdrtex has even valency.
A connected subset of is called a ^-region. We note that

the ^-regions, together with the edges and vertices of K constitute a 

topological stratification of M.
Any isometric folding of a surface M to another N is an example 

of a topological folding.
Note also that if M is compact, then K is finite and the number 

of regions is finite. Moreover, every ^-region is bounded by a closed 

polygon in K .
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4. Foldings of Manifolds

From the previous two sections, we can begin to form a picture of 

how the structure of E(^) may be described, for any ^ G "^jCM^N), where 

M and N are topological n-manifolds without boundary. We proceed 
inductively as in the case of isometric foldings, and conclude that Z(^) 

partitions M into disjoint strata that fit together to form a topological 
stratification S of M. We refer to the r-dimensional strata as r-strata » 
and to the n^strata as ^-regions . This stratification is locally finite 

and, if M is compact, is finite. Again, any isometric folding is a 

topological folding.
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We observed in chapter 1 that if * e and ij; c '3- (Z,W),
then * X ^ E (5(Z, YxW). Likewise, if ^ e (M,N)aad ^ e ^ (P,Q), 

then * X ^ E (Mxp, NxQ). Also, it is easy to check that

Z(* X *) . (Z(*))(P) U (M X Z(*)).

For exaaple, let * e 3 (I) and * e 3 (S^) be the topological 

foldings given by for all x e I, *(x) - |x| and for all (y, z) eS^,
Tf'CFxZ) = (y, IzO. Then x ^E^lCl S^)« The set x and its relation

to Z(*) and is indicated in Figure (2.2).
Z(* X *)

I---
TE(*)

Figure (2.2)

However, the composite of any two topological foldings is not in 
general a topological folding. We give an exanple to illustrate the 
phenomenon.

Let be given by *(x, y, z) = (x, y, |z|j. Then
2^ e 3 (S ), the image of this topological folding being the 'Northern'

2 2hemisphere H. Let ^ be an embedding of the equator of S into S ,
given by n(x,y,o) - (x,y, ex sin ^), where o<e<l,x^:0 and

2h(0,y,0) » (0,y,0). By the Scboenflies theorem, since n : 3H S is a
2 2topological embedding, n extends to a homeomorphism n : S + S . Let
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^ = no Then ^ e But * o ^ since E(^ o ^) has
infinitely many strata.

We observe that for any * e 3 (M,N) and for each stratum o e S, 
^|o is a topological immersion of o in N. Suppose now that ^ e C](N,P) is 

a topological folding. Then ^o^ will be a topological folding if for each 

stratum o eS, where S in the topological stratification induced by ^ on 
M, ^(o) is topologically transverse to each stratum of This condition 

is not, however, necessary.

5. Manifolds with Boundary

let M and N be topological manifolds, where dim M = dim N = n > 0, 
and 3M = ^ 0. For all x clnt M (Int M means interior of M), a disc chart

at X can be defined as before. If x e a disc chart at x is a 

homeomorphism g ^ V , where V is a half disc heighbourhood of x inM,
= fx E : |x| $ 1, x^ % o} and S(o) =x. Hence every x e M has a disc 

chart.

Now, let M N be a continuous map. We say that ^ is a 
topological folding of M into N iff for each x E M, there are disc charts

:Tn

togehter with one of the following topological foldings:
(i) f : ^ ^ ^ such that Ho f^ = ^og (x E Int M and y E Int N);

s : + V or K :X
n Wn : D or n :y

1, X % o}.(ii) f : , where = {x E E^ : |x|

such that n o f^ = ^o S (% t 3M and y e3 N);
(iii) f^ : ^ ^ such that ho f^. = ^oC (xt Int M and y eB N);

(iv) fg : ^ s" ^ such that ho f^g = ^o E (x eS M and y E IntN).

Again we say that any map f: S° + S°, f : S° ,f. : S° ^ S°
or fg : ^ S° is a topological folding.
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These definitions imply immediately that : If e 
is a topological folding of M onto N where 3M = 3N 0, and ^i(3M)CI3N , 
then *|3MG 0 3N).

Aa before, any such topological folding determines a stratification 
S on M in which each stratum is a manifold without boundary, and S restricts 

to a stratification 3S on 8M. In constructing this stratification we have 

considered points in 3M separately. Thus the set Z(*) of singularities of 

^ is a proper subset of the union of the stra&of dimension $ m-l. This 
is becuase the ^[SM-regions of 3M are (m-l)-strata in S but ^ is not 

singular on these strata.

6. The Graph of a Topological Folding

Let * e (M^N). Then, as we saw in 5(2.4) there is a topological 

stratification S on M by singularities of In this section we show that there 

is a graph associated to this stratification in a natural way. In fact

the vertices of F are just the n-strata of S, and its edges are the (n-1)- 

strata. If E c S Chen E lies in Che frontiers of exactly two n-strata 
o,o'e S^. We then say Chat E is an edge in r with end points o, o' .

The graph can be realised as a graph r embedded in M, as 
follows. For each n-stratum o c S^, choose any point o eo. If o,o' eS 

are end-points of E e then we can join o to o' by an arc E in M that
runs from o through o and o'to o', crossing E transversely at a single point. 
Trivially, the correspondence o + o, E + ^ is a graph isomorphism from

fVr^to r,. Figure (2.3) below illustrate this relationship in case n=2.
In this case, the cell complex subdivision of Che surface M

induced by ? is the dual of that induced by K . These constructions have
* *

a greater significance in the case of neat foldings, as we show in the 

next chapter.
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Figure (2.3)

It should be noted that the graph T may have more than one edge 

joining a given pair of vertices. For instance, consider the topological
folding ^ of the torus T into itself shown in Figure (2.4) below, induced

3by the map ^ : Fj given by ^(x,y,z) =(x,y,|z|). The graph T has just two 

vertices but has two edges. See figpre (2.4).

Figure (2.4)
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CHAPTER 3

NEAT FOLDINGS

We have seen that any topological folding * : M + N determines a 
topological stratification S on M. However, no such stratification is 
induced on N itself. In this ch^ter, we consider a special class of 
foldings ^ : M N for which N does have a stratification related to the 
folding

1. Definitions and Examples

Let * : M N be a topological folding and let S be the topological
stratification on M whose starts are the singularity manifolds of <().

We denote the union of the strata of codimension j by Z . The set of
i-dimensioual strata in S denoted by S..

We say that * is a neat folding iff there is a topological
stratification S' on N such that Z' consists of the single n-stratum

Int N and for each i-stratum oe S^^, *(o) E S' , i - 0, n. It will
be hoticed that for any neat folding * : M + N, ,f,OM)caN. In fact

((iQMUM _) = 3N, where K " US. and M « M.^ i i k ^
We denote the set of all neat foldings from M to N byJ|/(M,N). For 

any neat folding *e\A/(M,N), the number of i(i- regions of M is called the 
infhix of ^ and the number#:^ ^(y) of points in the inverse image of any 

y E Int N is called the orde^ of A neat folding of order r is called

a neat r-folding. The order of any ^-region A is the nwnber of points in
i+ (y)n A for any y e Int N. Thus if * has index k and its regions are

A^, ... A^ of ordeiam^, ..., then the order of * is a - + ... + .
We denote the order of *e^)^,N) by w(*) and its index by i(*).

Examples

(1.1). lAt p : N be any covering map. Then p is a neat folding without

singularities. Also, the coiqposite of any covering map p : M + N and any 

neat folding N ^ Q is a neat folding, md if the orders of the covering 

map and the neat folding are s and r respectively, then the order of
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* " *op is rs.

(1.2) Let M - and let N be the submanifold of given by the 
inequalities x ) 0, y ^ 0. Define * : M + N by *(x,y) = (|x| , |y(). 

Then * is a neat folding in which the strata of N are the sets given 
by:

i)0<x<",y>0;

ii) X " 0, y > 0;

iii) y - 0, X > 0;
iv) X = 0, y " 0.

See Fignre (3.1).
, I

y;

X

Figure (3.1). M

The stratification S on M has only one 0-stratum {(0,0)}, and has 
four 1-strata consisting of the four half-axes obtained by removing the 
origin from the coordinate axes. There are four 2-8trata consisting of the 

open quadrants into which the axes divide R .

The set Z(*) of singularities of * is the union of the two coordinate
axes.
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(1.3) Let M - - {(x,y) e < l) be the closed unit disc in
2 2 the plane R with centre (0,0). Let N be the submanifold of D given

2by the inequalities 0(x<l,0<y(l and (x,y) e D . Define 
* : M + N by *(x,y) " (ix|), lyi)* Then * is a neat folding. The 

stratificatim S of M induced by * consists of five O-strata, eig^t 
1-strata (four open line segments and four open circular arcs), and 

four open disc quadrants, as indicated in Figure (3.2).

Figure (3.2)

The corresponding stratification S' of N is made up three O-strata, 
three l-strata (two open line-segments and open circular arc), and a single 

2-atratum.
Notice that the four circular arcs of 9M are l-strata of S but do not 

lie in the set Z(*) of singularities. Thus !(*) consists of the points 

(x,0) for -1 < X 1 and (0,y) for -1 ( y ( 1.

(1.4) Let M be the closed half-apace{(x,y) e R^ : y ^ o}, and let

N - {(x,y) e R^ : y $ 0, 0 K X ^ p. Define + : M + N by *(x,y) - (f(x),y)

where f(x) « min(x-ni. Then * is a neat folding in which the strata of N 
neZ

are the sets given hy:



i)0<%<i, y>0;

ii) z - 0, y ^ 0;

iii) z - y > 0;
iv) z = 0, y « 0;

1v) z " T» y " 0;z
vi) 0 < z < y « 0.

and the boundary strata of M
The sec Z(*) of singwlarities of ^Tis composed of:

(i) < z < ",
(ii) z - n, n » 0, 
See Figure (3.3).

0:
±1, * # # "vT# " * ; y > 0.

^-4-
(-1,0) (-i,0) (0,0) (j,0) (1,0) X

Figure (3.3)

(i.5) Let M " & , N - {(z,y) e R : 0 ( z < y , 0 $ y < y }.

Let * : M + N be given by *(z,y) - (f(z), f(y)), where the map f is

defined as in ezample (1.4). Then * is a neat folding from M to N and
the strata S' of N consists of four O-strata (the points (0,0), (0,^), 
(j,0) and (i,i)), four l-strata (the four open segments z - 0, z - ^ 

where 0 < y < ̂  and y « 0, y - ^ ^here 0 < z < y ), a single
0 < z < ^ , 0 < y < ^ . See Figure (3.4). The set of singularities
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Figure (3.4).

4
1

%
1 i 1

— L.- - - #- - - -
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f- - - -
! 1

1- - - -
# 1

(0,
4"

N

of ^ is composed of:
1 k(i) X " n, n " 0,± ^ , ...,i y..... and -» < y <

Ik(ii) -« < X < » and y » n, n - 0,i r 1, ...,± 2 '

(1.6). Let M » T be a torus obtained from the square 
2Q = {(x,y) G R : -1 ( x < 1, -1 S y $ 1 by identifying opposite sides, 

so that the points (l,y) and (-l,y) are to be identified for -1 < y ( 1 
and the points (x,l) and (x,-l) are to be identified for -1 $ x $ 1.

See Figure (3.5).
2Let N - {(x,y) e R : 0 < x 6 1, 0 < y < 1 . Define a map

* : M N by *(x,y) = ({x|,|y|). Then * is a neat folding. The 

stratification S of M consists of ^3ur 0-strata, eight l-strata (open 

line-segments) and four 2-8trata.

The corresponding stratification S' on N is made up four O-strata, 
four l-strata and a single 2 stratum.

It should be noted that the eight l-strata of SeBM do not lie 
in Z(+). Thus Z(*) consists of the points (x,o) for -1 ( x ( 1 and (o,y) 

for -1 ( y ( 1.
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(0,1) ^

^ (0,0) (1,0)

Figure (3.5).

(1.7). Let N be a double torus consisting of a sphere with two handles 
3embedded in R with a plane of symmetry as shown in Figure (3.6). Let C 

be a generator of one of these handles, see Figure (3.6). Cut N along C, 
so that N becomes a surface with two boundary curves C* and C".

lake two copies - N x {1} and N_ » N x {-1} of this surface, 
and a fourth surface M by identifying (c,l) e C' x {i} with 
(c,-l) G C" X {-i} and (o,l) G C" x {i} with (c,-l) G C' x (-i). Then M 

is a closed surface of genus 3, and if we write for the point of M

obtained from (x,j) G N^UN_, then there is a map p : M N given by x.

This is a 2-fold covering map. f

Figure (3.6).



Let us no* compose p with a neat folding * : K K given by 

*(^^y,z) - (x, |y|, z). Then * = po* is a neat 4-folding with stratification 

S on M consisting of no O-strata, two 1-strata (two simple closed curves) 

and three Z-strata. The neat folding ^ has index 3 and the regions
have orders 1, 1 and 2.

The corresponding stratifications S' on *(N) consists of no 

0-strata, one 1-stratum and one 2-stratum. The set E(^) of singularities 

consists of the two 1-strata of M.
For any and lor any oe S,*(o is a covering of

o' - ^CP). Prom now on we denote the ^-regions by the letters A,B, ...
We say that a neat folding ^Ej^kX,N) is simple or is a simple folding 

iff *|A is a homeomorphism onto Int N, for each ^-region A of M, that is 

to say is simple iff each ^-region is of order 1.

We denote the set of all simple foldings from M to N by

Each of examples (1.2), (1.3), (1.4), (1.5) and (1.6) is a simple 

folding, but examples (1.1) and 1.7) are not.
Note that a covering map is simple iff it is a homeomorphism.

For any *G&{K,N), w(^) - i(^).
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(1.8) Lemma

let p ; M + N be a covering. Let ^ : N + P be a neat folding

such that ^ - $op is simple. Then * is simple.

Proofs
Let A be an ^-region. Then $(A is a homeomorphism onto Int P.

Now * " *op, and if we put p(A) = A', then*(A') -(*op) (A) " *(A) = Int P. 
Hence A* is a union of ^-regions. But A' is connected, since A is 
connected. Bence A'isia^-region. Since *(A is a homeomorphism, it follows 

that both p(A and ^(A' are homeomorphisms. In particular, ^ is simple.
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(1.9) Corollary

If ^ = *opE i&(M,P) aa above, aad p is of order r, then 

i(^) = - rM(^) - ri(^).

We observe that example (1.7) gives a neat folding ^ that is 

formed by composing a covering map with a simple folding, although ^ itself 

is not simple. By removing one of the ^-regions of order 1 from M, we 
obtain a surface M' of genus 2 with boundary and ^|M' cannot be expressed 

in the form 8oq for a covering map q and a simple folding 8.
We have shown in §(2.4) that the composite of topological foldings 

is not in general a topological folding. This is still true for neat 
foldings. We give a simple example of two neat foldings that do compose to 

give a third.

(1.10) Example
11 3Embed a torus T - S x g in R in such a way that the set

2X = {(x,y,z)E T : x ( O) is homeomorphic to D . Let M' ^ cl(T\X), and let 

M be union of M' with its reflexion in x - 0. Then M is homeomorphic to 

a double torus, and we can choose cartesian coordinates so that M is 

invariant under reflexion in any of the coordinate planes. Thus the map
^ : M M given by *(x,y,z) = (|x| , |y|, |zj) is a simple 8-folding of

2M onto N = *(M>(Z^M, where W is homeomorphic to D and has a stratification

determined by five vertices (and edges) on its boundary. So we can 
represent N as the disc with vertices ^ . 0, 1, 2, 3, 4, and
consider the simple 10—folding ^:N ^ PiCiN, where P is the sector 
(e^^ : 0 g 8 ( x/5} in and\K(e^^^^*^^^) - e^^ for k even and e^^^^ 

for k odd. Thus P carries the stratification of a triangle A, and 

: K + P is a simple 80-folding.
We remark that if and ^E^^P,Q), then ^ x ^ E\V(M x p,N x Q)
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Also X - (E(*) X P)U (M X See §(2.4).

2. Neat 2-Foldings

Let H be a topological hypersurface in an n-manifold M, where 
3M = 0. Suppose that H is tamely embedded, so that H has a collar V with 
the structure of 1-disc bundle over H, and av - E' is a double-covering 

of E.
Let M' = M\lnt V. Then BN* - E', and there is a continuous map 

f : M' M such that f|lnt M' is a homeomorphism onto M\E, and f|E' is 

the above double covering of E.
We may apply these remarks to the case of a 2-folding 

^ : M ^ E where M and N are n-manifolds and 3M = 0. Then it is implicit 
in the definition of topological folding that Z(*) is a hypersurface E of M 

which is tamely embedded, since Z(^) has only (n—1)—strata.
Now suppose that * is neat. Then *|E is a homeomorphism onto 

3N, and continuing the use of the above notation, we note that p = ^of
is a 2-fold covering of N. In particular, f|E' is a 2-fold covering of 
3N.

Conversely, we can construct, for any n-manifold N with boundary 
a neat 2-folding ^ : M + N as follows. Let p : W ^ N be a 2-fold covering 

(W need not be connected even if N is connected), and define an equivalence 

relation ~ on W by x ~ y iff x, ye Int W and x = y or x,ye3 W and 
p(x) = p(y). Then M - W\v is a topological n-manifold without boundary, 
and there is a unique neat 2-folding * : M + N such that, if 8: W ^ M

denotes the quotient map, then $o8 = p.
To illustrate this construction, we consider a couple of examples.

(2.1) If * : M is a neat 2-folding, then M is homeomorphic to s".
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(2.2) Let I# : M N be a neat 2-folding, where N is a connected
a Klein bottle

surface. If N is a Mobius band, then M is^a torus. If N is an 

annulus, then M is a torus or a Klein bottle.

3. The Graph of a Neat Folding.

We showed in §(2.6) that to each folding *GtKM,N) there is 
associated a certain graph r^. We now show that if *E\K/(M,N), then T 
has the following special features.
(a) Edge-Colouring: The (n-l)-strata of N form a countable set, and we 

can label them N^, N^, ..., N^, ..., regarding the indices i 'colours'.

Each edge of is mapped by * to one of these. We may then give T an 

edge-colouring by assigning to each edge E the colour i of its image 
4i(E) = N..
(b) Sources and Sinks : It will be noticed that if N isorientable,iUi<^ 

any orientation of N induces an orientation for each n-stratum of M. If A 
and B ate regions with a common (n-l)-stratum in their frontiers, then A 

and B are given opposite orientations by this process. It follows that each 

edge of the graph T may be oriented in such a way that every vertex is 
either a source or a sink (where a vertex v is a source if all the oriented 

edges with v as a vertex begin at v, and is a sink if all the edges end

at v). See Figure (3.7).

Figure (3.7).

For such a graph, every circuit has an even number of edges (and 
hence of vertices).
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(c) Regularity: If i^E&(M,N), so that every <|i"-region of M is mapped

homeomorphically by ^ to lat N, then the graph T, is regular. This follows

immediately from the fact that the (n-l)-strata in the frontier of each

region are in one-one correspondence under ^ with those of N. It is also

worth observing that every colour i occurs exactly once in the set of
coloured edges at each vertex of I . Consequently, the valency of each
vertex of I is the cardinality of the set of (n-l)-strata of N, that is 9
to say, of the set of colours.

We say that 9 ie a Cayley-folding iff is a Cayley colour graph.

4. Balanced Foldings.

1^^ 9E^5X^U^^' Then for any 9"tegions A and B there is a 

homeomorphism 9*o = A ^ B given by 9.c(a) " b iff 9(a) " 9(b), where 

a E A and b e B. We can always extend 9^g bo a homeomorphism 9^g : A + B, 
but there need not exist an extension to any open neighbourhood of A. For 

instance, consider the following two examples.

4.1) Example
2Let M = {(x,y)E R : -2 ^ x ^ 1, -2 ^ y ^ 1} be a square in the 

2 2plane R . Let N = {(x,y) eR : 0 g x g 1, 0 ( y g 1} and define a map
9 : R^ + N, by 9(x,y) = (2f(x), 2f(y)),where f(x) - min|^ - n^ Then

neZ ^
9| M is a simple folding from M to N which maps each 9"region of M 

homeomorphically onto Int N.
Let A, B be the 9"Tegions given by 0 < x < 1, -1 < y < 0 and 

0 < X < 1, -2 < y < -1 respectively (see Figure (3.8)). Then there is a 

homeomorphism 9^^ : A ^ B, given by 9^g(x,y) - (x',y')iff 9(x,y) = 9(x',y'), 

where (x,y)E A and (x',y')e B. This homeomorphism has an extension to a
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homeomorphism * ^ : A ^ B given by *^g(x,y) " (x',y') iff *(x,y) - *(x',y') 
where (x,y)G A and (x', y')e B. Now consider any open neighbourhoods 

% of A, B respectively.

(0,0)

(1,1)

---->
N (1,0)

Figure (3.8).

We see that there is no extension of to a homeomorphism of : A 
This is because three edges of A are interior to M, while only two edges 

of B have this property.

4.2 Example,

Let M be the unit sphere in Euclidean 3-space, that is, 
.3M = (x E E : 11^1 " 1}. Then M can be partitioned by a triangulation

0^ - (cos8^^ 0, sin8^)whose vertices are given by O. " (cos8^^ sinB^O), - (cos8^^ 0, sin8^).
W^ = (0, cose^^ sin8^), where 8^ = 2x/k, k " I, 8$, S % 2, together
with the vertices (±o , ±o, ±a), where o - 1/V3 .

2There is an essentially unique neat folding S ^defined by 

mapping the vertices (±a,±a,±n) to (o,a,o) and the vertices U.^ V,, W. to 

n, or according as k is even.or odd. For instance, consider the case 

8 = 2. In this case we have a sphere with the triangulation shown in 

Figure (3.9).
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Figure (3.9)
By following the seme process explained in example (4.1) it can

be checked that a homeomorphism : A ^ B (where A and B are theAo
^-regions shaded in Figure (3.9)) can not he extended to a homeomorphism 

of any neighbourhoods A, B of A, B respectively. This is because the 

valencies of the vertices of the ^-region A are 12, 4, 4 while those of 

B are 12, 8, 4,
We say that ^ is balanced if such an extension exists, for all 

^-regions A and B. We denote the set of all balanced foldings from M to N 
by (& (M,N).
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4.3) Example

LetHte the unit sphere in Euclidean 3-space. Consider a

triangulation whose vertices are given by " (cosQ^^ sin8^^ 0),
= (cos8^^ 0, sin8^^, - (0, cos8^^ sin8^^ where 8^ = 2^/k,

6 = 1, 8, together with the vertices (±a , ±a, ±u) where a = 1//3.

This triangulation partitions the sphere into 48 triangles and an
2essentially unique simple 48-folding ^ : S ^ is defined again by mapping the 

vertices (±a , ±a, ±a) to (a,a,n) and the vertices U^, , W to ^ or %k = 1
according as k is even or odd. See Figure (3.10).

CL

c

Figure (3.10)

If we consider any ^-regions A, B of M* for example the ones 

shaded in the figure, then there is a homeomorphism * : A ^ B, given
by ^^g(x,y,z) = (x', y', z') iff ^(x,y,z) = *(x', y', z'), where (x,y,z) cA
and (x', y', z') cB. This homeomorphism has an extension ^ : A ^ BAE



39

'V 'X,defined in the same way. Now consider any open neighbourhoods A, B of A* B
respectively. A hoineomorpbism &_ : A *> B can be defined because theAn
valencies of the vertices of A and B are 6, 8, 4. It follows that ^ ia 
balanced.

5. Cayley Graphs and Cayley Foldings

The properties of the graph r that we have already discussed, 
in section 3, suggest that in certain cases the graph T may be a Cayley 

colour graph. We now show that this is indeed the case, for a large class of 

balanced foldings.
Note first,that, for any map ^ : M N, we can associate a group 

G(^) namely the group of all homeomorphisms h : M M such that ^oh =

In case ^ is a neat folding, we may ask whether the induced action of G(^) 

on the stratification S of M is transitive on the set of ^-regions. In 

particular, we ask whether there is a subgroup E (^) of G(^) that acts 

1-transitively on the set of ^-regions.

In general, this is not true. For instance, consider example (1.7). 

There are three ^rregions two of order one andcm^of order two. Hence no 

subgroup E(^) of G(^) act 1-transitively on the ^-regions in this case. 
However the following theorem gives us the conditions under which the group 

H(^), where ^ : M N is a neat folding, may act 1-transitively on the set 

of ^-regions.

5.1) Theorem

Let ^ : M N be a balanced folding, and M be simply connected. 

Then there is a subgroup H(^) of G(^) that acts 1-transitively on the set
of ^-regions. Moreover T. is a Cayley colour graph of the group H(^). 
Proof

Let be a balanced folding. Let A,B be ^-regions. Then
: A + B extends to a homeomorphism ^ : % + %, where % and B are open
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a=aj, fC, = X, where al E Al. Let|3 """k

neighbourhoods of A and B respectively. Let C be a ^-region such that 
C ^ A and CRA ^ 0 . Let ^ g(C)CL D. Then there are open neighbourhoods
% fX, %C and D of C and D such that extends to a homeomorphism :C D, 
where and agree on A/l Iterate this procedure to extend ^ ^ 

to a map'^kg: MM. The existence and uniqueness of the extension are 

guyanteed by the fact that M is 1-connected. For, let a = 

be an edge path in S*, the dual graph of S, starting at a E A_ and joining 
equivalent points a = a^, a^, a^^^ - x, where a. e A. (by equivalent

points we mean that they have the same image under ^). Let a' = »..«/

be another edge path in S* starting at a E A. and joining equivalent points

B'= ^^$2 "'^k images of a and a' under^^^g^ with vertices

b = b^, bg, b^^^ = y and b = b^, b^, b^^. = y' respectively.

Since M is 1-connected, there is a subgraph T' of that spans a

disc and whose boundary is made up of the edge paths a and o' from a to x.
Then^B^g maps onto a subgraph r" of T , in which a and are mapped to

Band B', both of which must have the same end point. Then y = y' and it

follows that'#'^ is well-defined.

Now, to prove that<^*g is onto, let y s M a nonsingular point.

Then y belongs to an m-stratum Y. Let B^, B^, ..., B = Y, be a sequence

of m-strata such that B., are contigous, j = 1, 2, ..., k. The sequence
B^, Bg, ..., mrstrata is the image underi^>g of a unique sequence

A^, Ag, ^k+1 ^ ^ m-strata such that Aj, are contiguous,
j ^ 1, 2, ..., k and each g ; A^ ^ B. extends to a homeomorphism

a = A.-^B. where and _ agree on A. HenceA,B. r r r i+l
is onto.

We have now shown that is a local homemorphism of the simply- 
connected manifold M onto itself. In fact,4^^g is a covering map. Thus
"l^g is a homeomorphism.
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The set of all such homeomorphisms is the required group H(^), 
which by its construction acts 1—transitively on the set of ^-regions.

The relationship of S(^) to the graph r.is as follows. Choose 

some ^-region A. Thus A is a vertex of T . Identify any other vertex 
(^-region) B of T with the unique elementof H(^) such that'&^gCA) = B.

It follows trivially that the graph I is a Cayley colour graph 

of H(^), with generators ^ runs through the set of m-strata
B y A having an (m-l)-scratum in its common frontier with A.

Note that for surfaces M,N and any ^E^^(N,N) the singularity sets 

and form the edges and vertices of a graph If ^ is balanced, then
the valencies of the vertices invariant under any of the extended 
homeomorphisms In particular, if be such that K, is aAD (p
regular graph embedded in M, then Moreover, if M is simply

connected, then H(^) will act 1-transitively on the set of ^-regions and 

r will be a Cayley colour graph of the group H(^).

5.2 Example

Let M = S = E E' : |^x|| = 1} , be the unit sphere in 

Euclidean 3-space. Let ^ : M Misgiven by ^(x,y,z) = (|x|, |yl, |z|)

Then ^ is a simple folding and the graph K is a regular graph of 

valency 4, with 6 vertices (±1, 0, 0), (0, ±1, 0), (0^ 0, ±1), twelve edges 

and eight regions. The image of ^ is the positive octant x ) 0, y % 0, 

z $ 0. See Figure (3.11)(a) below.
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Ca) with the graph K,

Figure (3.11)

(b) The graph T is a Cayley colour 9
graph.

Since K is a regular graph, it follows that ^ is a balanced
*

folding and the graph , which is a Cayley colour graph, has the form 

given by Figure (3.11) (b). Hence H(*) is isomorphic to x x z^ 
and it acts l-transitively on the set of eight regions A^, A^, Ag.

We now explore the relationship between balanced foldings and

covering maps.

5.3)Theorem.

Let teJ\kM.N) and let p : M be the universal covering.
Suppose that $ " ^op GSS(M,N) and that G(p) < H(^). Then there is a 
subgroup H($) of G($), isomorphic to H(^)/G(p), acting l-transitively 

on the set of ^-regions.
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Proof:-

We first construct the group H(^). Let h E H(^). We now show
that % covers a (unique) homeomorphism h : M M, that is hop - poh. Let

b i) 
(^)

a E M, and let a E p~^(a). Put b - p(%),where b = %(a^. The point b is
independent of the choice of a E p ^(a). For if p(c) = a, and d ' 

where ^ = h(c), then there is an element g E G(p) such that g(a) " c. 

Consider g' = h o g o ^ Then - d. Since G(p) < H(*), g' E G(p).

Thus b - p(b) - p(d) - d. Define h : M ^ M by h(a) - b. Then h is a 
homeomorphism of M, and, trivially, the set H(^) = {h ; he H(^)} is a 

subgroup of G(*) isomorphic to H(^)/G(p). Thus there is an epimorphism 

6 : H(6) ^ H(^) given by @(h) » h.
Secondly, we show that H(^) acts 1—transitively on the set of 

^-regions. By lemma (1.8) in this chapter,*EA&XM,N). Let A,B be ^-regions. 
Then there are ^—regions A and % such that p(A) " A and p(%) ^ B. Let h be 

the unique element of H(^) such that h(A) " B and let h " 8(h). Then 

h(A) = B, and there is only one such element of H(^).

Remark: If p : M + M is a covering map, and ^ = *op, where 
then ^^%(PLN) implies that ^e%XM,N).

5.4 Example
n+1 n+1

i=l
t.1Let M = P (R^, and let N be the n-simplex {t e R 

0 ^ t. g 1}. Define * : M ^ N by *((%)) " (1*^1 ,
M may be identified with S°\ and p : M M is given by p(x) " (x). In this

case G(p) = Z_ is generated by the map S + S g(x) -X, and
n't*! ». n*^!H(9v = (Zg) generated by the reflexions g^ : R R

• •‘n+P ' ‘*1' i-1' X . Xi+1' X ,) and n+1
$^x) = (^ op)(x) = (|x,I, above.
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5.5) Theorem

Let * be as In theorem (5.3) such that G(p) < H(^). Let y : P + M

be a regular covering. Then H(^), where ^ « ^oy , acts 1-transitively on

the set of ^-regions of P.

Proof
O/Since M is simply-connected, for any other covering map y : P ^ M there 

exists a universal covering map h : M ^ P such that yhh « p.

Now G(p) = x^(M) and G(h) = ^^(P). Since y : P ^ M is regular 
y^ x^(P,y) 4 x.(M,x), where y(y) = x. There are isomorphisms f ; G(p) + ^^(M) 
and g : G(h) + ^.(P) such that the following diagram is commutative.

It follows from elementary group theory that, since r^(P) is embedded 

in X (M) as a normal subgroup, then G(h) is embedded by a in G(p) as a 
normal subgroup. But G(p) < H(^) by assumption. Hence G(h) < H (^) and 

theorem (5.3) can be applied for yielding that G(^) " H(^)/G(h) acts 

l-transitively on the set of ^-regions of P.

5.6) Example

Let M = X S^, M = R^, and let p : M M be given by 

p(x,y) = , e^^^^). Let N = x I where I = anj let

^ : M N be given by ^(a,b) - (a,c), and if b » e2xiy cos 2xy + i sin 2yy,
then cosc = |cos 2xy{, sine - |sln 2xy|. Let P » Rx So that
h : P is given by h(x,y) = (x, e^^^^) and y: P M be given by
y(x, e^^^^) « e^^^^). Thus G(p) = ZxZ is generated by the
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translations (x,y) ^ (x+l,y), (x,y) ^ (x,y+l)* while H(^) = ZxZ, 

generated by (x,y) ^ (x+l,y) and (x,y) + (x,y+i). The quotient group
.'V,H(*)= E(*)/G(p) = Z . Also G(h) = Z and it is generated by the 

translations (x,y) ^ (x,y+l). Finally, E(*) is isomorphic to ZxZ^ and 
is generated by (x, ^ (x+l,e^^^^) and (x, + (x, e

6. Uniform Foldings

In this section we consider a class of neat foldings a little more general 

than simple foldings. Suppose that ^ : M + N is a neat folding. Then for 
any ^-regions A and B the maps ^ " ^|A and = ^|B are coverings of 

Int N. If, for any such A and B, the coverings ^ and are isomorphic, 

that is to say there is a homeomorphism 8: A ^ B such that then
* is said to be uniform folding. It follows that all the coverings ^|A 

in a uniform folding are of the same order. If this order is finite, say k, 

then ^ is said to be k-uniform.
Note that 1-uniform foldings are just simple foldings.

We remark that if ^ is a k-uniform folding of index j and order r, 

then r - kj.
We have observed previously that a covering map is a neat folding.

Also,if p : N ^ M is a covering and M + N is a neat folding, then 
^ = ^op is a neat folding. It is natural then to consider whether 

^ is uniform if * is uniform. In general, this will not be so. However, 

the following remarks may help to clarify the position.

Let ^ ; M ^ N be a uniform folding , and let A and B be ^-regions.

Then there is homeomorphism 8: A ^ B such that ^g08 = Now suppose
that p : M M is a covering, and let X, % be connected components of
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—1 —1 1^ p (A)) and p (B) respectively, and let p, = p|A and p^ = p|B. Thus

p. and pg are covering maps. In order that ? - *op be a uniform folding, 

we require that for all such A and B the covering maps * o p^ and
-*g o Pg be equivalent. We therefore seek conditions that guarantee 

such an equivalence.
Consider base points aeA, beB, aeA, bG% such that 0^a) " b, p(a) = a, 

p(&) - b. Let G - p^ (?^(A,a)) < ^^(A^a), H - Pg (?^(B,%)) < ^^(B,b.) 

Suppose that 8* : ?.(A,ay+ w^(B,b) maps G isomorphically onto H. Then

there is a unique hoeomorphism 0 : A B such that 0(a) - b, and

Pg o 8 " ®°pA' Figure (3.12) below. It follows that * is uniform in

this case.

'V

Figure (3.12)
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CHAPTER 4

FOLDINGS OF SURFACES

As the theory has built up, we have noted at many points that 
surfaces are particularly interesting because of the fact that the set 

of singularities of any folding ^ of a surface M forms a graph K on M.
In this chapter we examine a few simple aspects of the relationships 

between the topology of M and the structure of

1. Gendhl Considerations

Consider a neat folding * : M ^ N where M and N are surfaces. To
avoid too many complications, let us suppose that M is compact, connected
and with empty boundary, and let N be connected. Thus the boundary of

N is composed of finitely many closed curves.
Since M is compact, ^ is of finite order k ^ 1, and the graph

K " is a finite graph. Let K divide M into ^-regions A^, A^, .... A^,
say,and let ^|A. be a covering map of order k..Thus k" ^ k..

J J j.i J
1.1 Proposition

If 3N ^ 0, then k is even.

Proof:-

Suppose f 0. Then there is at least one component C of 3N. 

Suppose that K has a vertex v such that *(v) = w eC. Then * (w) is a 
subset of the set of vertices of K, say ^ ^(w) "

^ h
each V , s = 1, h has even valency 2Z , say. Hence k = ^

» ^ s-1
is even.

Suppose on the other hand that K has no vertices. Since 3N ^ 0, 

K consists of closed curves. Choose any point weC, and let
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^ (w) ^ V,} as above. It follows that k = 2h, and so again

k is even.
Remark; If &K = 0 then k can be odd, since ^ is then just a covering map.

2. Euler Numbers

Let ^ : M N be a neat folding, as above. We can triangulate N by

a simplicial complex T such that every vertex of the ^-stratification ofN
BN is a vertex of T^. Let T he the triangulation of % induced by

Consider the regions A^, ..., and their closures ..., B^.
Then for j = 1, 2..... n,^|Bj is a k. - fold covering of N. Thus

e(B.) = k. e(N), where e(X) is the Euler number of X. If we now calculate

the Euler number e(M) of M using the triangulation T , then we can compare 
n n '

e(M) with ^ e(B.) = ^ k. e(N) = k e(N). We note that for each vertex
jal ] j

of K with valency v exactly v vertices have been counted in the calculation 

of the Euler number k e (N) of the disjoint union of B^, ..., B . Likewise, 

every edge of K appears twice in these calculations. Figure (4.1) which 
shows the neighbourhood of a vertex with valency 4, may help to clarify 
these remarks.

Figure (4.1)
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Thus to obtain e(M) from ^ e(B.) we must subtract u-1

for each vertex of K (of valency v) and add the number of edges of K. The 
first of these is ?-pk, where V is the number of vertices of K, and p is 
the number of vertices of 3N. The second is equal to ^pk. We conclude that

e(M) -k(e(N)) + V-^pk. (4.1)

It may be worth observing that the number of closed curves 
(without vertices) in 3N does not influence this relation.

3. Neat Foldings Over a Disc
2We now study the case in which N is the disc D . In this case

2e(N) -1 and each ^-region A is itself homeomorphic to D . It follows that 
^|A is a homeomorphism, and so ^ is simple. Equation (4.1) now reduces to

49

2e(M) " k(2-p) +2V (4.2)

Notice that if N " D has no 0-strata, then p " V = 0, k " 2 and
M is homeomorphic to the 2-sphere S . Thus for a neat folding over a disc, 
with no O-strata, the 
^ is a 2-folding of S'
with no O-strata, the graph K consists of a single simple closed curve, and

,2

4, Balanced Foldings Over a Disc

Equations (4.1) and (4.2) can be refined slightly when ^ is balanced.
2In this case, if we label the vertices of the disc D as V , ..., V , then 

each vertex in the set ^ (V^) has the same valency 2q., i " 1, ..., p.
It follows that ^ ^(V\) contains k/2q^ elements. Thus the number of

vertices of K is 9
V - (k/2) ^ 1/q .

i-1 ^ (4.3)

Hence for a balanced folding over a disc, (4.2) may be reduced to

(4.4)

Certain cases of relation (4.4) are of special interest. For

2e(M) - k{(2-p) + ^ 1/q.} .
i-1 ^
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in#tance, let p " 3, so that M is triangulated by K, and (4.4) becmses

2e(M) - k{l + 1 1 - 1} . (4.5)
9l ^2 9;

fl +1 +1]
q; qg]Thus if M is a sphere, then ^ ^ | > 1 and k ) 4. The only

possibilities are listed in the following table

'll 92 93 k H(*)

2 2 n
. n> l

4n ''2n

2 3 3 24 6

2 3 4 48 0

2 3 5 120 Y

The group E(*) associated with ^ according to theorem (5.1) in
2chapter 3 is shown in column 5, and the corresponding triangulation of S 

are shown in Figure (4.2) (i), (ii), (iii) and (iv). Note that in 

Figure (4.2) (iv) we have drawn only one side. The vertices are labelled 
in such a way that vertices with the same image under ^ are labelled alike,

(1) (2. 2, 8) (il) (2. 3, 3)
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(iv) (2, 3, 5)
Figure (4.2)

5. Regular Folding Over a Disc

For any surfaces M and N, we say that (|)G&(M,N) is regular iff the
graph K = K of the set of singularities of * is a regular graph. We

2concentrate on the case N » D and denote the set of all regular foldings
2of M onto D bySD(M). For each non-negative integer p, we examine the

set,S^(M) of regular foldings of M over a disc for which the stratification 
2of D has p vertices. Thus (for p ) 3 at least), we study the problem of 

folding regular subdivisions of a surface M into topological p-sided polygons 
that correspond to some neat foldings.

As we have already observed,$[)(M)c:6^(M,D ), and T is a Cayley 

colour graph for a group H(*) acting 1-transitively on the ^-regions, 
for each ^eSD(M).

Suppose then that M is a closed connected surface with Euler 
number e, and let *e8u^M) be such that the graph K has E edges, and 

V vertices. Then there are k ^—regions, where

k - E + V = e.



Since ^ is regular, each vertex haa valency 2s for some positive 

integer s. Also k " 2m for some positive integer mu Thus,

V - pk/28. (4.6)

Also, since K is regular, 2sV - 2E, and so

E - pk/2 (4.7)

Equation (4.4) now reduces to

2e(M) - k{(2-p) + (4.8)

Note that k % 2s. It is convenient to denote by(^}^(M) the set of

all with k ^-regions. We are only interested in foldings up
to equivalence, where ^e^CXM) are equivalent iff for some homeomorphisms

2 2f : M M and g : D ^ D , ^of " g o and when we refer to a folding we 
mean the equivalence class of that folding. Thus to say that9^(M) contains 
only one element means that all *qEXM) are equivalent.

From equation (4.8) we see that if p " 0 then k - e " 2, and so
2M " S . In this case K is a single closed curve, and ^ is represented by 

the map *(x,y,z) - (x,y, |z|). ThusSL)^(M) ^ 0 iff k " 2 and M - S^.

andi§^^(S^) has only one element.

Likewise, = 0 for all N, andSEY^CM) = 0 for all M. Reference

to (4.8) also show that!2)2(M) ^ 0 iff M = , and the only element of
(S^) is represented by the map ^(x.y,z) " (x, |y| , |z(). In 

this case, E " 4, V - 2,and s = 2. See Figure (4.3).

52
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^ M - contains only one element 
A representative graph K is shown in Figure (4.4). It has 6 edges, and 

2 vertices, each of valency 6.

Figure (4.4).*^^)«(S^)

A corresponding map $ can be defined as follows. Let 
p(8,^0 " (sin8cos^\ sinGsin^ , cos8) be a point on the sphere where

&TT0 ( 6 f 2^,0 ^ ^ ^ Let + a where 0 f a $ ^/3. Then ^ is defined
by mapping P(8,^^ to P(a,^0 or P(y - if ^ is even or odd respectively.

In general^[^^XM) ^ 0 iff M " andiC)^\S^) has only one element.

The graph K has k edges, and 2 vertices each of valency k. A representative 

map for the k-regular foldings of the sphere over a disc with two vertices 

on its boundary can be defined as above, where 8 in this case is given by
8 - + a, 0 ^ a g ^

if ^ is even or odd respectively.

^" / 2 TF+ a, 0 ^ a g and ^ is mapping p(8,^) to p(a,^) or P("T"

In the next three sections we study the setsrE^^XM) for p " 3, 4 and 5. 

The results give some indication of how a choice of p restricts the 

topology of M and the value of k, and serve to illustrate the force of the 
relation (4.8).

6. Regular Foldings Over a Triangle

From a topological point of view, a triangle may be regarded as a disc 
which has a stratification on the boundary consisting of 3 vertices and 3 edges



lence e = kj(3-8)y^s. We study the set^^CM). So if k=2, then e = (3-s)/8.

Hence e = 2 and s = 1 or e = 0 and s = 3 are the only solutions. But 
neither of these can be realised. So = 0 for any compact surface

Now if k = 4, then e = 2(3-8)/s, and the only solution is given by 
s = 2. In this case e = 1 and so M = P (R). The graph K has 3 vertices and 
6 edges, andiE^^X^g^^^) contains only one element represented by the map

*(x:,y,z] = (|x|, |y|, |z|j « That is^^/^CM) ^ 0 iff M = P2(R)

If k = 6, then e = 3(3-s)/8, and the only solution is given by s = 3. 

In this case e = 0, V = 3, E = 9. Such a graph cannot be constructed and 
hence = 0.

If k = 8, then e = 4(3-8)/s, and the only solutions are given by 
s = 2, s = 3 and s = 4. For the first case e = 2 and we have a sphere. A 
representative graph K is shown in Figure (4.5). It has 12 edges, and 6 
vertices each of valency 4. The corresponding map is given by 
^(x,y,z) = (|x|, |y|, |z|). The image of the sphere is the positive 

octant.

Figure (4.5). ^[)^^S^)



In the second case (s = 3), e = 0 and we have a torus or a Klein bottle. 

In both cases the graph has 12 edges, and 4 vertices each of valency 
6. See figure (4.6) below.
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Figure (4.6)^eSD^(T or K)

A representative map is indicated by the labelling of the vertices 
of the graph as shown in Figure (4.6).

In the third case (s = 4) we have the closed surface of Euler 

number e = -1 . Thus M is homeomorphic to Pg(R):^: Pg(R):#: P (R). A 

representative graph K would have V = 3, E = 12 and F = 8, but no such 
graph exists. Hence<i)^(M) ^ 0 iff M = or N = I or M = K.

If k = 10, then e = 5(3-s)/s. The only solutions given by s = 3 

and s = 5. In the first case e = 0 and we have a torus or a Klein 
bottle. The graph in both cases has 15 edges, and 5 vertices each of 

valency 6. Such a graph does not exists. In tbe second case e = -2, and 

a representative graph K would have V = 3, E = 15, F = 10. Again such a 
graph does not exist. It follows that«D^^'(M) = 0.
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New, we consider Che case k = 12. In this case e = 6(3-s)/s. The only 
solutions are given by s = 3 and s = 6. This corresponds Co e = 0 and e = -3 

respectively. In the first case a representative graph K has 18 edges and 6 

vertices. See Figure (4.7). The corresponding map is indicated by 

labelling of the vertices of the graph.

a d c a

Figure (4.7).^e$^^^(T or K).

In the second case E = 18, V = 3, and F = 12. Such a graph does not 
occur. Hence^k)g^(M) ^ 0 iff M = T or M = K.

There is no difficulty in carrying on for k $ 14 to know the sets

k % 14. Anyhow from the above discussions we can pick out the following
results.
1. :I)^(S^) + 0 iff k = 8,

2.<g)^(P2(R)) + 0 iff k = 4,
3.iD^XT) + 0 iff k = 4m, m = 2, 3, ... , 

4.^Dq(K) ^ 0 iff k = 4m, m = 2, 3, ... .

It seems likely that no other closed surface can be regularly folded 
over a triangle.
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7. Regular Foldings Over a Square

As in the case of foldings over a triangle, we regard a square as 

a topological disc whose frontier is stratified into 4 vertices and 4 arcs. 
Putting p = 4 in (4.8), we get e = k(2-8)/s. For each k = 4, 6, 8, 2m,

we can calculate e, E, V and s, and attempt to construct a corresponding 

graph on a surface of Euler number e.
We observe first that^^^^(S^) = 0 for all k, since if e - 2, then

s = 2m/(l+m) which is not positive for any Integer m ^ 2.
On the other hand.lCX^CM) bas many elements for M a torus or klein

i+2 ^1 ^2 ^rbottle. In fact, if k = 2^ p^ p. , , where j % 0 and p^,

are distinct odd primes, then there are at least n mutually inequivalent 

regular foldings of a torus over a square where n is the smallest integer 

such that 2n % (j+l)(a + 1) ...(a^ + 1). For, let k = 4rs. Then we can
partition a rectangle into 4rs rectangles as in Figure (4.8), to obtain 

such a folding.
2r

Figure (4.8). The graph K of(E)^XT or K)

Then the decomposition into 2r columns and 2s rows is equivalent to 

that into 2s columns and 2r rows when the edges of the rectangle are 

identified to give a torus.
Note, however that if we identify the vertical ends oppositely to 

give a Klein bottle, then this symmetry is lost for r ^ s, and so even more
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foldings are obtained in this case.
3To illustrate these remarks, let k = 24 = 2 .3. Then j = r = - 1.

So we construct two inequivalent foldings of a torus, and four for a Klein 

bottle. See Figure (4.9).

d a d B d Qa

b c b c b c h

a d a d a d a

b c b ’ c b 'c b

a d .a d a d a

a d a da d c c a a d
»--- 1

c b c b c b c b c

, — »---- P----- H ---- --- (

Figure (4.9). The graph K , (T)

We note thatcD^(M) ^ 0 iff M is a torus or Klein bottle. For 

k > 4, other possibilities may exist, but we have not succeeded in constructing 

any example. In fact, it may be conjectured that non exists.

8. Regular Foldings Over Polygons

One may continue to explore the possibilities indicated by equation 

(4.8), for p = 5, 6, ... . Unfortunately the information so obtained gives 
no help in deciding whether a regular folding exists with such a specification.

In this context, the use of many regular tessellations of the 

hyperbolic plane may prove fruitful.
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To conclude, we point out that there is a regular 8-folding

with valency 4 of the double torus M over a pentagon. This indicated
3in Figure (4.10), below.We embed Min E in such a way that M is

invariant under the group Z. x x Z. generated by reflexions in the
3 3three coordinate planes. Then the familiar map f : E + E given by 

f(x, y, z) = (|x|, [y|, |z|) restricts to M to give an 8-regular 

folding ^ : M M iwhose image is a topological disc with pentagonally 
subdivided rim.

Figure (4.10). K , ^E3^^(T)
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APPENDIX

THE VOLUME OF SPHERES AND GEODESIC DISCS

In chapter 1,§(2.3), we discussed certain inequalities involving

the n-volume I = Vol S' of the unit n-sphere in In fact, it is
possible to give explicit formulae for ^ and .2n+l Zn

It may be shown by straightforward integration (see, for example, 
Coxeter ^}) that

= 2 r (|(n+l))

But r(^) = / r, so

. 2r^(^^^)/r(|(n+l)).

Also, from the recurrence relation

(1)

(2)

r(m+l) = mr(m).

we can deduce that

Z = 2rZ /(n+1). n+Z n

Since Z^ =2w andZ^ " we find that
2 n+1

and
2n+l n:

'2n =

(3)

(4)

(5)

.n+TNow the n-volume of a sphere of radius R in E is given
by

Z (R) = Z . a n

Thus
:2n+l(«) -

and
Zz^/R) = (2^^^^ r°) R^n

(2nj

(A)

(7)

(8)
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Now, denote by D (r) the volume of a closed geodesic disc of 
radius r and with any centre on S^. Then, from (7) and (8) we have.

“2n« J Isin6)^^*^d8, (9)

and Dg^(r) - j (sin8)^°d8, (10)

where R = sin8, 0 ( 8 ^ r. See Fig^^e (1) in the case of S^

Figure (1)
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