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An accurate method is given for the determination, under load conditions, 
of the tooth-ripple flux and force pulsations produced by the relative 
motion of the slotted stator and rotor surfaces In Induction machines. 
These pulsations are obtained using a conformal transformation field 
solution and the Maxwell stress function. When using conformal trans­
formation to solve the field in the air-gap region, or in any region 
having a complicated polygonal boundary, It is necessary to evaluate 
integrals containing singularities numerically. A number of quadrature 
methods for performing this process are reviewed and two methods are 
described for the evaluation of Cauchy Principal Values which arise with 
boundaries having parallel sides.

The tooth-ripple flux and force pulsations are computed, for a given 
stator slot number, and a range of rotor slot numbers and rotor positions. 
The results are presented graphically. In order to assess the Influence 
of slot combination on these pulsations, the peak to peak values of the 
largest flux, normal and tangential force pulsations are used as defining 
quantities. A number of simple equations are derived relating these 
quantities to the slot pitch difference, and these equations are used 
to determine the conditions under which the flux and force pulsations 
into a stator or rotor tooth are minimal. Furthermore, conclusions 
are drawn about the choice of slot combination.

In addition, the fundamental tooth-ripple components of torque are 
computed for the same slot combinations as the flux and force pulsations. 
The influence of slot combination on this torque component is examined. 
Conclusions of practical value are drawn from the results obtained.
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LIST OF SYMBOLS

All quantities are measured in S.L units.

w carrier frequency

w modulating signal frequency 

p^. circumferential permeability 

specific slot permeance of a real machine

'q' Specific slot permeance of a machine with slots having
parallel sides

H magnetic field strength

^ current density

q number of phase belts per pole

Ng number of stator slots

Np number of rotor slots

P pole pairs

Ba'R rotor difference field with respect to the stator m.m.f. 
slot harmonic having (Ng + P) pole pairs

Ba'S stator difference field with respect to the rotor m.m.f. 
slot harmonic having (Nj^ - P) pole pairs

BA' = BA'S + BA'R

BA"R rotor difference field with respect to the stator m.m.f. 
slot harmonic having (Ng - P) pole pairs

Ba"S stator difference field with respect to the rotor m.m.f. 
slot harmonic having (Nj^ + P) pole pairs

BA" = BA"R + BA"S

ng synchronous speed



ii.

"rs = "s^(^S P)

R radial component in cylindrical co-ordinates

6 tangential component in cylindrical co-ordinates

m,n harmonic orders

D electric flux density

^ magnetic flux density

Uq primary magnetic-constant (47t x lO”^)

v^ relative permeability

V scalar potential

grad nabla operator ( i A + j 1 f kA )
— — dZ

= 3X2 + lyZ + yz2

^^ = T'o ^'r

t,z,u,v complex variables

$ flux function

tp potential function

W complex potential function

£ magnetic pole

I current

m dipole moment

F force

H||, normal component of field strength

Hy tangential component of field strength

F|H normal component of force 

S,^ sum of squares function
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Fy tangential component of force

E^ error function

X vector of variables

Ji vector of constants

G^ vector of gradients

^ the values of the vector of variables at the minimum

w. weights

X^. nodes

a lower limit of integration

b upper limit of integration

A^. coefficients of Gauss-Jacobi quadrature formulae

w(t) weighting function

f(t) continuous function

v(x) transformed weighting function

g(x) transformed continuous function

Cj coefficients of Chebyshev series

Tj(x) Chebyshev polynomials

S slot width of the slot in singly-slotted region

Sy^ slot width of upper slot in doubly-slotted region

Sg slot width of lower slot in doubly-slotted region

g air-gap width

Il current in slot in singly-slotted region and current in 
upper slot in doubly-slotted region

I2 current in lower slot in doubly-slotted region



iv.

13 effective current in the air-gap

$A* ^B fluxes in teeth A and B

^dP*d2’‘^d3’'^d4 ^^^^ components in doubly-slotted region

*s1'+s2'*s3 flux components in singly-slotted region

* flux component in region containing no slots

Fu. normal force on tooth A

Hj magnetic field strength in iron

Hp^ magnetic field strength In air

L^. mean length of iron path

Lyj^ mean length of air path 

I|qi_ peak no-load current per phase 

n^ number of turns per coil side 

^ "C ^NL

Np number of poles

Pg stator slot pitch

Pn rotor slot pitch 

^jp peak to peak value of the largest flux pulsation 

$PP peak value of fundamental flux wave 

Kdn distribution factor associated with n^h harmonic 

*^pn pitch factor associated with n^h harmonic

K^ distribution factor

Kp pitch factor

"'"end ^ tooth at the end of a phase belt 



V.

^middle ^ tooth contained within a phase belt

F^p peak to peak value of the largest normal force pulsation

B flux density in the air-gap

L axial length of the bore

Fyp peak to peak value of the largest tangential force pulsation

T^ useful torque produced by an induction motor

Tg Peak value of fundamental tooth-ripple component of torque 
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1. Introduction

The polyphase induction motor is a very simple and robust machine. 

It is manufactured in a wide range of sizes with power outputs ranging 

from a few watts to many megawatts. Although its design is now largely 

routine, there is scope for additional research into problems relating 

to parasitic harmonic fluxes, forces and torques. These phenomena 

arise as a result of the distributed windings and the slotted nature of 

the stator and rotor. They cause such problems as stray losses, magne­

tic noise and crawling (stable running at low speeds). These parasitic 

effects will always be present in induction motors to some extent 

because of the nature of their construction. It is the designer's 

responsibility to contain them within acceptable limits. Over the last 

fifty years a number of rules have been developed to reduce these 
effects^^'^' ^‘^’ ^•^). However, these rules should not be regarded as 

hard and fast because if they are rigorously applied, they often lead to 

the conclusion that no design is acceptable, rather than help the 

designer find the best compromise. Also, in applying a certain set of 

rules to minimise one effect, another effect can be made too large. 

Any new information which helps the designer to make machines quieter 

and more efficient is welcome.

It has long been known that the performance of an induction motor 

is highly dependent on the number of stator and rotor slots (the slot 

combination). With one slot combination the machine may have a satis­

factory performance whilst a slightly different combination can display

some undesirable effect 

The designer has only a 

from. The choice of a

such as crawling, cogging, or be extremely noisy, 

limited range of stator slot numbers to choose 

particular stator slot number is governed 



3.

mainly by the number of poles but is also closely related to the suppres­

sion of the harmonics in the m.m.f. wave of the stator winding. In 

practice, the machine designer has essentially only to choose a suitable 

number of rotor slots. It is because the choice of slot combination, 

or more particularly rotor slot number, is so important in avoiding 

undesirable effects, that its influence on parasitic fluxes and forces 

is considered here.

The work presented in this thesis is a continuation of a previous 

investigation into parasitic fluxes, forces and torques in induction 

motors. At the beginning of this research, it was decided to calculate 

these parasitic effects under no-load and load conditions. This distinc­

tion was mainly made because designers wish to distinguish between effects 

that occur on no-load and effects that occur on load. Binns and 
Rowlands-Rees^^*4’ ^'^^ have examined the no-load case and determined 

a set of relationships between the flux and force pulsations and the 

air-gap dimensions (slot widths and pitches). From these relationships 

a number of design rules have been obtained.

In this thesis, the parasitic fluxes, forces and torques are 

calculated under load conditions. The main purpose of this research 

is to determine the relationships between slot combination and the para­

sitic fluxes and forces on load. In addition, the variation of torque 

with rotor displacement over a rotor slot pitch is determined for a 

number of slot combinations. From these torque variations, the high 

frequency components of torque, periodic in a rotor slot pitch, or a 

fraction of a slot pitch, can be obtained. It is then possible to 

assess the influence of slot combination on such torque components.

1.1 Tooth-Ripple Fluxes

The stator or rotor tooth-ripple flux is that component of flux 
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in a stator or rotor tooth, periodic in a rotor or stator slot pitch, 

or sub-multiples of these pitches, which arises as a result of the 

relative motion of the two slotted surface.
Binns and Schmid^^'®^ show that the stator and rotor tooth­

ripple fluxes are important components of stray loss. Furthermore, they 

define a modulation process in which these high frequency flux components 

are modulated by the low frequency m.m.f. harmonics. This modulation 

process is now briefly described.

The basic modulation process Is conveniently expressed In terms 

of two sinusoidal waves, x = Xcos w^ t and y = Yeos w t. The product 

of these two waves, z, called the modulated signal, can be expanded to 

give

Z = — [cos (w^ + Wy)t + cos (w^ - Wy) t) (1.1) 

where y is arbitrarily chosen to be the modulating signal and x Is the 

carrier. Equation (1.1) shows that the resultant product Is equivalent 

to the sum of two sine waves shifted In angular frequency from the 

carrier frequency w^ by ± w^. In the case of the air-gap field, the 

modulating signal is the m.m.f. However, as is shown shortly, this 

signal Is not a pure sine wave, and there is a series of such functions 

each representing an m.m.f. harmonic. For each of these m.m.f. har­

monics, a separate modulation process applies, and so the upper side­

band has a frequency w^ + mw^, where m is the order of the m.m.f. 

harmonic, and the lower side-band has frequency w^ - mw,,. The high A y 
frequency carrier signal represents the Influence of the boundaries 

(tooth-ripple flux) and it also has harmonic components. Therefore, 

the modulation process applies not only to the fundamental tooth-ripple 

component but to all its harmonics, and,in practice, the variation due 

to slotting is sufficiently non-sinusoidal for the second and third 
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harmonics to be appreciable.

Binns and Schmid used an experimental approach, Involving the use 

of search colls, to measure the tooth-ripple fluxes In a particular 

machine. In this thesis, the tooth-ripple flux components associated 

with the stator and rotor teeth are computed, using a numerical confor­

mal transformation, for a number of slot combinations. The Influence 

of slot combination on the amplitude of these flux components Is then 

examined.

1.2 Tooth-Ri ppie Forces

The stator or rotor tooth-ripple force Is defined as that component 

of force acting on an Individual stator or rotor tooth periodic In a 

rotor or stator slot pitch, or sub-multiples of these slot pitches, 

which arise as a result of the relative motion of the two slotted sur- 

faces. It is convenient, for the purpose of analysis, to separate the 

tooth-ripple forces into their tangential and normal components. These 

force pulsations are of particular importance in the study of noise and 

vibration in electrical machines.

This study involves a detailed consideration of the various sources 

of noise in induction machines. A comprehensive review of the various 
sources of noise in electrical machines is given by Ellison and Moore^^*^^ 

One important source which they Identify Is the flux distribution in the 

air-gap. It Is normal when examining noise from this source to calcu­

late the radial force distribution associated with the air-gap field. 

The tangential force distribution can also be calculated and Its effect 
studied^^"^). The normal force distribution can be resolved into an 

infinite number of force waves revolving around the air-gap of the 

machine. The force waves which are most Important in the production 

of noise and vibration are those for which the number of poles are 

small, since the stator and rotor are least stiff to these modes of 



6.

vibration. In practice, only stator core vibration is normally con­

sidered as the rotor is usually sufficiently stiff to all but a 2-pole 

force wave. Therefore, stator core vibration is investigated by 

applying the simple force waves to a model representing the core. 

Such an analytical model usually consists of a combination of thick 

and thin annular cores of homogenous material and reveals the appro­

priate resonances. However, practical cores respond significantly to 

most force harmonics to which they are subjected. Tests on machines 

reveal that the combined structure consisting of stator core, frame and 

winding does not simply vibrate at a few discrete frequencies correspond­

ing to the resonances of a particular model, but the response of the 

structure is of a very complex nature and is distributed over the whole 

frequency spectrum. An important part of the reduction of noise is 

the minimisation of the amplitude of the tooth-ripple normal force 

carrier. This force carrier has been computed for a number of slot 

combinations in this thesis.

In addition to stator core vibration, the resonant frequencies 
of the teeth of large machines come within the audible range^^*^\ so 

that it is possible that such resonances will be excited and sound 

radiated directly from the teeth.

1.3 Harmonic Tooth-Ripple Torques

These harmonic torques are defined as the components of the 

torque, periodic in a rotor slot pitch, or sub-multiples of a rotor 

slot pitch.

As in the case of the tooth-ripple fluxes and forces, these 

harmonic torques are computed under steady state conditions. However, 

if these torque components are large under these conditions, it is 

reasonable to assume that they will also be large under starting 
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conditions, for the same slot combination, especially as the stator 

and rotor currents are larger. Such harmonic torques can give rise 

to crawling in a machine.

1.4 Numerical Methods in Conformal Transformation

The study of tooth-ripple phenomena has involved the use of 

conformal' transformation methods. The reasons this method has been 

chosen in preference to other methods for calculating magnetic fields 

is explained in the next chapter.

The method of conformal transformation is a powerful analytical 

method and has been used widely in both engineering and physics. The 

range of problems that can be treated has greatly Increased since the 

introduction of the digital computer to solve numerical optimisation 

problems.

The first of any problem involving conformal transformation con­

sists of finding a number of constant terms contained In the transfor­

mation equation. To find these constant terms, It Is necessary to 

formulate and solve a set of non-linear equations. These equations 

are found by integrating the transformation equation between specific 

limits and relating these Integrals to the dimensions of the geometry 

under consideration. For simple boundaries the equations can be 

solved analytically, but for complicated ones a numerical method must 

be used.

With a numerical approach there are two problems to overcome. 

(1) The solution of a set of non-linear simultaneous equations.

These are implicit equations and the constant terms have to be 

found using a numerical optimisation method.

(ii ) The numerical evaluation of the associated integrals.

In the last two decades, there has been a rapid development in 

methods of optimisation suitable for use with the digital computer. 
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There are, therefore, a number of methods available for solving the 

non-linear equations that arise with conformal transformation.

The Integrals that arise In conformal transformation are usually 

definite, but have Integrands with critical points at both limits of 

Integration. These critical points can present difficulties, since 

they can be either poles, in which case the integrand has an infinite 

value at the limits of integration, or they can be zeroes, in which 

case the integrand has an infinite first derivative, or a mixture of 

the two. A number of methods are available for the evaluation of this 

type of Integral and these are discussed in detail later.

There is another type of integral that arises when dealing with 

boundaries having parallel sides which meet at infinity. This is an 

improper Integral which in addition to having critical points at both 

limits of integration has a simple pole within the range of integration. 

This type of integral is known as a 'Cauchy Principal Value'. Previous 

to this research, there were no methods available which could be used 

to give results of sufficient accuracy. This stimulated an investigation 

by Binns, Rowlands-Rees and the present author Into the evaluation of 

this type of integral and two methods have been developed for Its 

evaluation.

1.5 Literature Review

1.5.1 Tooth-Ripple Fluxes and Forces

Apart from the previous work by Binns and Rowlands-Rees 

other work on the computation of tooth-ripple phenomena is very limited.

A number of researchers have used two-dimensional field solutions 

in conjunction with the Maxwell stress function to calculate the forces 

on various machine members. For example, a number of authors, includ­
ing Carpenter^^'^), have calculated the force which aligns two salient 
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poles. Lehmann^^'^^ discusses the calculation of magnetic attraction 

between two bodies by using flux plots, and takes as an example the 

attraction between a salient pole and the armature of an electrical 
machine. Carter^"^'^^ used the conformal transformation field solution 

of a singly-slotted boundary to calculate the forceson teeth, as has 
Dvoracek^^Blnns^^*^^^ has calculated the centring forces on a 

displaced ventilating duct In a machine, using the conformal transfor­

mation solution of a doubly-slotted boundary In conjunction with the 

Maxwell stress function. Whilst this earlier work differs In practical 

application from the work on the no-load flux and force pulsations and 

from the present work. It does form the basis for much of this later 

work.
Llebmam^'"^^^ has also calculated the forces which tend to align 

two doubly-slotted boundaries. The method used to calculate the forces 

differs from that used by Binns; the force In this method is given as 

the product of the rate of change of flux and the magnetic potential. 

The total change in flux was obtained experimentally using a resistive 

network analogue and the rate of change of flux was calculated from the 

experimental results. However, difficulties arise in obtaining an 

accurate result because the change in total flux is small. Furthermore, 

once the approximate variation of the flux with displacement has been 

determined, numerical differentiation greatly Increases any Inaccuracies.

It was thought advantageous to consider a boundary Integral method, 
developed by Trowbridge and Simkln^^'^^h and compare this with the 

method of conformal transformation. The boundary Integral method 

depends upon a direct application of Green's Theorem and has been used 
in a number of harmonic problems^^’^^^, Including those arising in 

magnetostatic. Magnetic problems Involving finite permeability and 

distributed conductors can be solved by subdividing the boundaries 
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into line elements. The boundary integral method and conformal trans­

formation have been used to compute the fluxes entering and the normal 

and tangential forces acting on several teeth of an induction motor. 

The Maxwell stress function is also used to determine the forces in 

the boundary integral method. A comparison of the two methods reveals 

that the method of conformal transformation is of the order of one 
hundred times faster than the boundary integral method^"® '^ ^h Further 

details about both methods are given in Chapter 2.

The finite element method has become a very popular method in 

the solution of two and three dimensional field problems and can be 
used in the treatment of saturable magnetic field problems^^.16)^ ^ 

fl 171 complete review of this method is given by Norrie and Vries'- * ' and 
by Jabbar^"^'^^h This method has not been used in the present research 

because hundreds of field solutions are required to investigate the 

parameters of interest and it would simply be too costly in computer 

time and storage to use finite elements.

1.5.2 Harmonic Tooth-Ripple Torques
A number of authors, including Liwschitz^^* ^^^, Oberretl^^'^^^ 

and Alger^^*^\ have published work on parasitic torques in induction 

motors. However, some of these authors^"® 1.20) j^^^^ entirely 

ignored the effects of the slotted stator and rotor on the torque. 
Others^^'^^ do allow for the effectsof slotting but use a method to 

calculate the air-gap field which can only be regarded as giving an 

approximate solution of this field. To fully understand this, it 

is necessary to briefly review these methods.

The methods most commonly used to calculate the air-gap field 

in induction motors are based on the well-known approach of represent-

ing the flux distribution by a family of harmonic flux waves. Each
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of these harmonic flux components varies sinusoidally In both time and 

space and Is associated with a pole number appropriate to Its harmonic 

order. The most Important of these flux waves Is the fundamental 

which rotates at synchronous speed (n^) and produces the useful torque 

of the machine. The remaining flux components are regarded as para­

sitic and can be divided into those components which travel in the 

same direction as the fundamental and those which travel in the opposite 

direction. The speed at which these harmonic flux waves rotate lies 

between zero and synchronous speed and are dependent on their harmonic 

orders. Each flux wave is normally associated with either the stator 

or rotor surfaces. There are essentially two approaches available 

for calculating these flux waves. Both approaches can be used to 

obtain a quantative analysis of the useful and parasitic torques pro­

duced by a motor. Before describing these approaches, it is necessary 

to briefly discuss the concept of a distributed m.m.f. This subject 

will be discussed In greater detail in Chapter 6.

The basis of the m.m.f. distribution is the relation curl _H = _J. 

The m.m.f. is obtained by Integrating the current distribution from an 

arbitrary origin and can be considered to have a distribution around 

the air-gap in e, the angle subtended at the centre of the machine. 

It Is easily shown'* ' * that, as the stator currents alternate, 

the m.m.f. of the stator currentsis equivalent to a family of waves, 

each harmonic component of which varies sinusoidally in space and time, 

and is associated with a pole number appropriate to its harmonic order.

In the first approach used to calculate the air-gap field, the 

production of the flux wave is exclusively attributed to the effects of 

the stator and rotor windings. The permeance of the air-gap is 

assumed uniform, that is, the stator and rotor are assumed to have 
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smooth surfaces. The stator and rotor current distributions are 

analysed in terms of m.m.f. waves and it is assumed that the flux 

waves are proportional to these m.m.f. waves. This method is described 
in detail in the book by Liwschitz-Garik and Whipple^^'^^^. The authors 

describe the construction of tables of stator and rotor m.m.f. harmonic 

pole pairs. Each harmonic pole pair has either a positive or negative 

sign attached to it, depending on whether it is travelling in the same 

direction as the fundamental flux wave or in the opposite direction, 

when the rotor is stationary. These tables can be used to predict the 

occurrence of such parasitic torque phenomena as asynchronous crawling, 

synchronous crawling and cogging.
Oberretl ^^ 1.23) ^gj^gg ^f^jg analysis a stage further and 

assumes that the flux waves produced by the rotor m.m.f. waves induce 

currents in the stator windings which in turn produce more stator m.m.f. 

waves, and sometimes extends this up to a fourth order of reaction. He 

has also considered the currents In the Individual slots to be distri­

buted over the width of the slot rather than concentrated at points. 

The rotor currents are calculated by solving a series of linear simul­

taneous equations which relate these currents to the terminal voltages 

and machine Inductances. The torque is then obtained from these 

quantities. A numerical and experimental example is given, but it is 

for the rather impractical machine having 2 poles, 6 stator slots and 

7 rotor slots.

It Is important to emphasise that In the methods just discussed, 

the slotted stator and rotor are replaced by a stator and rotor having 

smooth surfaces. Therefore, although there are m.m.f. and consequently 

flux harmonics having a wavelength of a similar order to the wavelengths 

of the stator and rotor slot pitches or sub-multiples of these pitches, 

there are no additional field harmonics due to slotting alone. 
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Furthermore, It is not possible to assess the influence of slotting on 

the torque characteristic of an induction machine. In fact, the stator 

and rotor slots considerably modify the flux distribution In the air-gap 

and should, therefore, be taken into account in any analysis.

The second approach to the calculation of the air-gap field does 

take into account the effect of slotting and involves the use of 

permeance waves. It is necessary at this point to consider the concept 

of a permeance distribution. This distribution Is taken to be the flux 

density along an arbitrary line, say, the centre of the air-gap. This 

distribution has harmonic components periodic in stator and rotor slot 

pitches and in submultiples of these. As the rotor rotates, this dis­

tribution has some harmonic components that are stationary and others 

that revolve. It Is then assumed that the flux density distribution, 

under load conditions, is given by the harmonic series for the m.m.f. 
and the harmonic series for the permeance distribution. Robinson^^*^^^ 

employs this technique in his general discussion of harmonics In a.c. 

machines.
Alger^^'^) uses this technique to determine the conditions that cause 

crawling, cogging and noise in a machine. In his analysis, Alger assumes 

that only certain of the m.m.f. harmonics have significant values. These 

harmonics are: the fundamental m.m.f. wave, the phase belt harmonics of 

order 2q - 1 and 2q + 1 (where q = the number of phase belts per pole) 

and the two m.m.f. slot harmonics of order (Ng/P) - 1 and (Ng/P) + 1. 

The phase belt harmonics have a wavelength of a similar order to the 

length of a phase belt and the two m.m.f. slot harmonics have wavelengths 

of a similar order to the length of the stator slot pitch. In addition, 

he also takes into account the two rotor m.m.f. slot harmonics of order 

(Nj^/P) - 1 and (Nj^/P) + 1. Alger obtains an expression for the product 

of the m.m.f. and permeance wave series and Identifies five terms as 
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being significant in producing crawling and cogging torques. For 

example, with regard to asynchronous crawl, he shows that the forward 

rotating phase-belt and m.m.f. slot harmonic terms produce magnetic 

fields having (2q + 1) P and (Ng + p) pole pairs, their m.m.f.s being 

in direct proportion to the stator currents. These harmonic fields 

produce Induced voltages In the rotor winding, which in turn produces 

rotor currents and torques. When the rotor, during Its period of 

acceleration from standstill, reaches the synchronous speed of one 

of these harmonic fields, that Is, P/(Ng + P) or 1/(2q + 1) times the 

synchronous speed, the corresponding harmonic torque falls to zero and 

at higher speeds reverses, thereby acting as a brake on the rotor. 

This gives the characteristic dip In the torque-speed curve. Alger 

also uses this analysis to predict conditions for synchronous crawling 

and cogging. The rules relating to cogging are discussed by Rowlands- 
Rees In his thesis^^'^^L

Heller and Jok1^^'^^^ also use the m.m.f. andpermeance wave method 

to examine parasitic torque effects. The authors particularly concen­

trate on the effects of slotting on the torque produced by an Induction 

machine. They begin their analysis by considering the m^h order sta­

tor m.m.f. harmonic and show that the air-gap permeance Introduced by 

the slotted stator and rotor surfaces generates additional harmonic 

flux-density waves, which they call slot harmonics and which have 

(Ng + P) and (Nj^ ± P) pole pairs. It should be noted that the m.m.f. 

harmonic series 1s defined in terms of a 2-pole fundamental field which 

is commonly done in this form of analysis. At a given point on the 

slotted stator surface, the stator slot harmonic pulsates in time with 

the frequency of the exciting m.m.f. harmonic (w'), whilst on the rotor 

surface, the rotor slot harmonic pulsates with frequency (u' ± Np ui^) 

where u^ Is the rotor frequency. Furthermore, it is shown that the 
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Stator m.m.f. slot harmonics, defined previously, have the same number 

of poles and angular velocity as the slot harmonics. They can, there­

fore, be summed together. However, this is only strictly correct under 

no-load conditions, since, under load, the stator m.m.f. slot harmonics 

are a function of the stator current, whilst the slot harmonics are 

generated by the fundamental flux wave and are, therefore, a function 

of the no-load current. On load, they must be added in correct phase.

The authors were particularly Interested in the effect of the 

stator and rotor slotting on the field produced by the stator and rotor 

m.m.f. slot harmonics with (Ng ± P) and (N^^ + P) pole pairs. For 

example, the rotor slot harmonic flux density wave produced by the sta­

tor m.m.f slot harmonic having (Ng + P) pole pairs comprises of two 

waves, the first Is a wave of long wavelength having (Nj^ - (Ng + P)) 

pole pairs and the second Is a wave of short wavelength having 

(N^ + (Ng + P)} pole pairs. The most Important of these waves, as 

regards the production of parasitic torques, Is the wave of long wave­

length. This field is referred to as the rotor difference field Ba'R 

with respect to the stator m.m.f. slot harmonic having (Ng + P) pole 

pairs.

Similarly, the rotor m.m.f. slot harmonic having (Nm - P) pole 

pairs generates the stator difference field Ba'S. This field is also 

a wave of long wavelength having (Nj^ - (Ng + P)) pole pairs. The two 

fields Ba’R and Ba'S are summed together to give the combined difference 

field BA'.

In a similar manner, the interaction of the stator m.m.f. slot 

harmonic having (Ng - P) pole pairs with the rotor slotting produces 

the rotor difference field B "R. This field Is a wave of long wave­

length having (Nj^ - (Ng - P)) pole pairs. The rotor m.m.f. slot 
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harmonic (Nn + P) pole pairs produces the stator difference field Ba"S, 

which is also a wave of long wavelength, having (Nj^ ~ (Ng - P)) pole 

pairs. The two fields, Ba"R and Ba"S, are also summed together to 

give the total difference field Ba".

In their paper, Heller and Jokl were particularly interested in 

the parasitic torques produced by the stator m.m.f. slot harmonics 

having (Ng ± P) pole pairs. They first consider the calculation of 

torques associated with these m.m.f. harmonics in the absence of slot­

ting and then go on to show how slotting modifies the values of these 

torques.

A strong additional torque, due to slotting, may be produced if 

the stator harmonic field has a small number of pole pairs. Under these 

conditions, if the number of bars per pole exceeds a certain minimum 

value, large currents will flow in the squirrel cage. This situation 

occurs for the difference fields having (N^ - (Ng + P)) pole pairs which, 

of course, are present in the air-gap.

Consider the differences field BA' having (Np - (Ng + P)) pole 

pairs. This field is in synchronism with the rotor at a speed

+ P) 

where n^ = synchronous speed.

This is the same angular velocity as the stator step harmonic of 

(Ng - P) pole pairs.

The action of this particular difference field on a rotor having 

Np rotor bars is to induce an additional current distribution in the 

rotor. This current in turn generates an additional rotor m.m.f. dis­

tribution. The m.m.f. slot harmonic of this m.m.f. distribution has 

(Ng + P) pole pairs and an angular velocity ng/Ng + p) and it pulsates 
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with the stator frequency. Furthermore, this rotor field increases 

the value of the maximum torque at the speed ng/(Ng + P). Therefore 

the maximum torque at this speed associated with stator m.m.f. slot 

harmonic having (Ng + P) pole pairs is given by

where M^ is the maximum torque in the absence of slotting and K is 

the factor by which the torque is increased due to slotting. The 

equations for K are given in the paper. A similar argument can be 

applied to the stator m.m.f. slot harmonic having (Ng - P) pole pairs 

at the speed - ng/(Ng - P).

From the analysis, it is apparent that slotting has a considera­

ble effect on the parasitic torques of the stator m.m.f. slot harmonics. 

The largest increase occurs when Nj^ > Ng. The increase is much smaller 

when Nn < Ng and, under certain conditions, slotting can either decrease 

parasitic torques or eliminate them altogether. It follows that motors 

in which Np < Ng are preferable from the point of view of additional 

harmonic torques.

In order to obtain satisfactory results the coefficients of the 

air-gap permenace must be calculated with due regard to saturation of 

the tooth-tips of the motor, that is, a fictitious increase in the slot 

openings must be introduced to account for saturation. This assumption, 

which is also used in this analysis, is discussed in Chapters 2, 4 and 5.

The occurrence of synchronouscusp can generally be anticipated 

if the number of rotor teeth is given by

N^ = 6.P.C f 2 P , c = 1, 2, ...

Cogging may also occur if

Np = 6.P.C , c = 1, 2, ...
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It is shown earlier^^'^^^ that the motor has a 90% chance of passing 

through a synchronous cusp if the accelerating torque is larger than 

72.5% of the synchronous torque. The effects of parallel windings 

on parasitic torques are also considered in some detail.

The general conclusions arrived at are that the ratio of the 

number of rotor to stator slots should be below 1.25 in unskewed 

machines and below 1.15 in skewed machines having uninsulated cages. 

It is beneficial to choose the number of rotor slots to be less than 

the number of stator slots.

It is important to clarify the assumptions underlying the use of 

the m.m.f. and permeance wave approach. This approach, and the pre­

vious one in which the gap permeance was assumed uniform, involve 

essentially only a consideration of the radial component of the air-gap 
field. This is a one-dimensional view of the air-gap field^^'^L 

Such a field can be calculated using homopolar field conditions'^'^\ 

However, the complex air-gap field in the vicinity of the current 

carrying conductors in the stator and rotor slots is in reality a 
heteropolar field^^'^®^ and requires a two-dimensional field solution. 

This subject is discussed in more detail in the next chapter. It is, 

however, worth noting that some of the flux harmonics can be found to 

a good approximation using the m.m.f. and permeance wave approach. 

This is the case when the m.m.f. and permeance harmonics are signifi­

cantly different in wavelength. Under these conditions, it is very 

reasonable to use a homopolar field solution, so long as the relevant 

m.m.f. harmonic is nearly constant over several slot pitches. This 

approximation is no longer valid, however, if the permeance and m.m.f. 

harmonics are of similar wavelengths, as the field bears no relation 

to the homopolar field from which the permeance harmonics have been 

calculated.
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In contrast, the complex heteropolar field in the vicinity of the 

current carrying conductors in the slots can be accurately calculated 
using conformal transformation^^.28)^ since this is a two-dimensional 

field method. Furthermore, this method can be used in conjunction 

with the Maxwell stress function to obtain the tangential force on 
each tooth^^"^). At any instant, these tangential forces can be 

summed to give the instantaneous torque produced by the machine. It 

is also possible, as shown later, to examine the variation of torque 

with rotor position. Therefore, the effects of slotting on the torque 

produced by an induction machine can be accurately determined using a 

conformal transformation field solution of the air-gap field.

1.5.3 Layer Theory

The multi-regional field analysis method, or layer theory, pre­

sents an alternative approach to the calculation of fields in induction 

motors. In this method, a model is used consisting of a number of 

laminar regions which are infinite in length in the plane of lamination 
and have an arbitrary thickness^^'^^’ ^'^Q). The material properties of 

each region are dependent on the part of the machine they have replaced. 

For example, some of the regions may be conducting and/or ferromagnetic. 

The regions may also be assumed to be isotropic, or they may be allowed 
to be anisotropic^^'^^\ The model is subjected to a travelling field 

produced by a current sheet which is located at the Interface of two 

layers. This current sheet has a sinusoidal distribution in the plane 

of lamination and flow is normal to the direction of motion. Maxwell's 

equations can be solved in all layers of the model with the appropriate 

matching at the boundaries.

The layer theory model has been used extensively in the analysis of 
linear induction motors^^'^^' 1.32) ^^ ^^^^^ ^j^^ advantage that the 

idealised model quite closely resembles the linear motor It models, 
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especially in the case of the rotor. Furthermore, using this method, 

the air-gap field In a linear motor can be explicitly determined, which 

permits the study of three-dimensional forces and stability.

However, until recently, the layer theory model has not in 

general been used in the calculation of fields in rotating Induction 

motors. The reason for this is that it is difficult to model the 

slotted region, and, in particular, to model the rotor. In the layer 

theory model, the squirrel-cage and its adjacent teeth are replaced by 

a homogenous layer of uniform thickness and conductivity. Therefore, 

the slot-harmonics, which are produced by the discrete bar currents, 

are simply not present. Furthermore, the effect of skewing the rotor 

is lost when a homogenous current sheet is used to represent the rotor. 

Also, concern has been expressed about the ability of layer theory models 
to account for the effects of slot leakage. Eastham and Williamson^^'^^'^'^^^ 

have overcome these limitations by using techniques which 'borrow 

heavily' from the equivalent circuit method. However, the resulting 

model has to be simplified considerably to incorporate these modifica­

tions.
In a recent paper^^'^^\ Williamson and Smith introduced a new 

form of analysis which allows the discrete nature of the rotor currents 

to be taken into account. Subsequently, this new theory has been 
extended to include the effects of rotor skew^^'^^\ The new theory 

takes account of all impedances due to the flux which enters the air­

gap and in addition includes slot leakage directly. This analysis can 

be applied to both cage and slip-ring motors. The effects of satura- 

tion may be taken into account by modifying the permeabilities in the 

appropriate regions using an iterative technique.

The main difficulty with this method lies in the calculation of 

radial, circumferential and axial permeabilities in the layers.
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Wniiamson^^'^^^ calculates these permeabilities using a model consist­

ing of a number of alternate rectangular sections of two different 

materials. However, this model can only be regarded as giving approxi­
mate values of these permeabilities. In a more recent paper^"^ ’^^^, 

Williamson and Smith show how the appropriate choice of circumferential 

permeability, in a slotted region, may be made. For a typical 

region (say the q^h region) the appropriate choice of circumferential 

permeability is given by

^cir ” ’^0 yS.^) (1'2)
q 

where n^^.^ is the circumferential permeability, P^ is the specific 

slot permeance of that part of the slot which the q^h region models and 

Pq' is the specific slot permeance for the q^h region of a machine having 

slots with parallel sides (open slots). The slot widths of the machine 

with parallel sided slots are equal to the widths of the slot mouths 

in the real machine.

The development of the new layer theory model Is too recent to 

have been considered in the study of parasitic flux and force pulsations. 

Whilst the discrete nature of the current conductors can now be accounted 

for in the model proposed by Williamson and Smith, there are still prob­

lems in replacing the discrete nature of the slotted boundaries by layers. 

In particular, the model is unable to account for the Influence of the 

tooth corners on the flux density distribution, whereas conformal trans­

formation can treat these sharp corners successfully. Clearly, in order 

to calculate the flux and force pulsations associated with a tooth, it is 

important to be able to calculate the flux distribution and the forces 

acting on a tooth accurately and in this regard conformal transformation 

is a particularly suitable method.
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1.6 Scope of the Work

The aim of the investigation into tooth-ripple fluxes, forces and 

harmonic torques is to determine the relationships between these pheno­

mena and slot combination and to determine conditions under which these 

problems are minimised.

In this study, an experimental approach has not been used because 

of the difficulties in obtaining results for a wide range of slot com­

binations. Furthermore, economic considerations also make this 

impossible. Instead, a numerical approach is adopted in which the 

air-gap field, under load conditions, is accurately calculated using 

conformal transformation. The normal and tangential components of 

force are calculated using the Maxwell stress function.

1.7 Breakdown of the Subject

In Chapter 2, a number of methods suitable for the calcula­

tion of the air-gap field are reviewed and it is shown that conformal 

transformation is best suited to the requirements of the present 

research. This is followed by a simple description of the air-gap 

field which gives a useful insight into the production of parasitic 

fluxes and forces. A brief review of the method of conformal trans­

formation is presented and a description of a method suitable for 

calculating magnetic forces on machine teeth under no-load and load 

conditionsis given.

Chapter 3 is concerned with the application of conformal trans­

formation to field problems with polygonal boundaries. Such problems 

involve the use of an intermediate transformation known as the Schwarz- 

Christoffel transformation. This transformation equation contains a 

number of constant terms which have to be found before it can be used. 

For complicated boundaries, this involves the use of a numerical method 
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and a description of a general method for finding the constants is 

given.

In Chapter 4, a general outline is given of the analytical solu­

tion of integrals that occur in conformal transformation problems and 

it is shown that such analytical solutions have their limitations. The 

rest of the chapter is concerned with the numerical evaluation of the 

two types of Integral described in Section 1.2. Two new methods are 

described and compared for the evaluation of Cauchy Principal Values.

In Chapter 5, the slotted air-gap boundary is separated into three 

distinct regions. The solution of the field and the computation of 

the forces in each of these regions are then described. The separate 

solutions are then combined to give the flux 1n» and the tangential and 

normal forces acting on, any tooth in an induction motor. This is 

followed by a description of a computer program which has been used to 

determine the distributions of flux in, and the forces acting on, the 

teeth over a double pole pitch.

Chapter 6 is concerned with the calculation of the stator and 

rotor current distributions and the air-gap m.m.f. under load. It is 

shown that it is not practical or necessary to consider all types of 

stator winding in the examination of tooth-ripple phenomena. Considera- 

tion is also given to the damping action of the cage and the choice of 

load current level.

In Chapters 7 and 8, the results of the examination into tooth- 

ripple fluxes and forces are presented. From these results a number 

of design rules for the choice of slot combination are obtained. A 

comparison is made of the conditions which give rise to low pulsations 

under no-load and load conditions.

In Chapter 9, the tangential forces computed for each tooth are 

summed to give the torque of the machine. The variations of torque 
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with a rotor displacement of one rotor slot pitch are presented in 

graphic form for a range of slot combinations. The useful torque and 

fundamental tooth-ripple torques are obtained from these graphs by 

Fourier analysis. The magnitude of the two torque components are 

then compared.

Finally, in Chapter 10 the results and conclusions are drawn 

together, and suggestions made for future research.
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2. Introduction

In Section 2.1 a description is given of the air-gap field and it 

is shown that this field is axially uniform over most of the bore length 

and can, therefore, be examined in a two-dimensional cross-section of 

the machine. This is followed, in Section 2.2, by a comparison of 

some methods for the solution of the two-dimensional air-gap field and 

it is shown why the method of conformal transformation has been chosen 

in preference to other methods. A brief historical review of the use 

of conformal transformation in the analysis of the air-gap field is also 

given in Section 2.2. In Section 2.3, the three cateogries under which 

all two-dimensional field solutions lie are listed. The method of con­

formal transformation lies under the category involving the solution of 

a partial differential equation.

More specifically, the methods in this category involve finding 

a potential function which satisfies Laplace's equation. The air-gap 

field strength is then found by differentiating this potential function. 

To solve Laplace's equation, it is necessary to specify the boundary 

conditions of the problem and this is the subject of Section 2.3.1, 

where suitable conditions are derived both for no-load and load cases. 

The method of conformal transformation is briefly described in Section 

2.4. Finally, in Section 2.5, a method is described for the calcula­

tion of forces on machine members. Section 2.5.1 deals with the speci­

fic case of the calculation of electromagnetic forces on the teeth of 

induction machines under load condition.

2.1 The Air-Gap Field in an Induction Motor

The air-gap field in an induction motor is complicated and three- 

dimensional In reality. It Is produced by the time-varying currents 
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in both stator and rotor windings, and by the magnetising effect that 

these have on the iron boundaries. The field varies in time and space 

in a complicated manner.

In this analysis the rotor is assumed to be unskewed. A number 

of manufacturers do not skew their rotors. From a practical point of 

view skewing smothers certain phenomena associated with the air-gap 

field. It is best to analyse the field without the extra complication 

introduced by skewing. Furthermore, the choice of slot combination is 

not critically dependent on skewing. That is, if a slot combination 

is bad as regards a certain phenomenon when the machine rotor is skewed, 

it will also be bad when the machine rotor is unskewed.

In cylindrical induction motors, the air-gap field is resolved 

into its three cylindrical components, namely, radial, tangential and 

axial. In unskewed machines, it is reasonable to assume that the 

axial field is uniform over most of the bore length, this assumption 

only breaking down in the end regions. However, for the phenomena 

under investigation, the significance of the contributions from the 

end regions is small and can be neglected. Hence, the field can be 

examined in a two-dimensional cross-section of the machine.

2.2 A_ComDari2on_of_^omeJ[wo2Dimensional_2iel^^

There are a number of methods currently available for solving the 

two-dimensional air-gap field. In this section some of these methods 

are reviewed and It is shown why the method of conformal transformation 

Is preferred to other methods.

As mentioned in Chapter 1, in recent years the finite element me- 

thod has become very popular in the solution of two and three-dimensional 

field problems. This method can handle complicated boundary conditions 
and finite values of permeability in iron^^'^\ but at the expense of 

both computer storage and time. It is because this method Is so 
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costly 1n computer resources that 1t has not been used in this work, 

where hundreds of field solutions are required to investigate properly 

the parameters of interest.
A boundary integral method, developed by Trowbridge and Simkin^^'^\ 

was considered in the computation of the air-gap field. This method 

can handle complicated boundary conditions and a fixed finite permea­

bility in the iron. However, this fixed finite value of permeability 

introduces an unknown amount of core-back reluctance into the computa­

tion of the air-gap field. Since the core-back reluctance cannot be 

specified precisely using this method, it is just as reasonable to have 

an infinite permeability and to neglect the unknown reluctance, as in 

conformal transformation. The boundary integral method and conformal 

transformation were used to calculate the flux values in, and the forces 

acting on, some of the teeth of an induction machine. The results 
obtained were found to be in close agreement^^'^L The flux values 

found by conformal transformation were slightly higher because the 

core-back reluctance had been neglected. However, the boundary inte­

gral method was of the order of one hundred times slower than conformal 

transformation and has, therefore, not been pursued further.

A popular numerical method for solving Laplace's equation (it 

will be shown that the air-gap field is a Laplacian field) is the 

finite difference method. Full details of this method are given by 
Binns and Lawrenson^^'^^ in their book, so that, this method will not 

be described here. It is, however, worth mentioning that this method 

tends to be expensive in computer time because a large number of simul­

taneous equations often have to be solved. Furthermore, because a 

continuous medium is replaced by a finite set of points, a discretisa­

tion error is introduced by this method.

A numerical conformal transformation is particularly suitable for 

the solution of the air-gap field because in this method a continuous 
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potential distribution is retained. It does not, therefore, suffer 

from the discretisation errors associated with other methods. Further­

more, as will be shown later, it is a particularly convenient method 

for treating the slotted air-gap boundary as it can cope with the 

sharp corner associated with such a boundary with relative ease. 

This method has formed the basis for a program of research conducted 

by K. J. Binns, G. Rowlands-Rees and the present author. Some of the 

Important aspects of this research are now reviewed.

The earliest work, done by Binns, was the calculation of centr­
ing forces on displaced ventilating ducts^^''^^ This Involved the 

first use of numerical conformal transformation techniques in the treat­

ment of doubly-slotted boundaries. These techniques have since been 
developed more rigorously by Binns, Rowlands-Rees and Kahan^^"^^ The 

Maxwell stress function was used to obtain the centring forces and has 

subsequently been used In calculating normal and tangential force pul­

sations under no-load conditions.
In another paper^^'^\ Binns dealt with the calculation of some 

basic flux quantities in induction motors. It was shown in this 

paper how the complex magnetic field In the air-gap of an Induction 

motor can be 'synthetised' from the field of a single current In a 

slot. The current has Its return path along the other side of the 

coll. Treating the field In this way, It Is possible to consider It 

In two parts, the field in the vicinity of the current carrying con­

ductor being a heteropolar or leakage field, while remote from the 

slot the field is homopolar. These two types of field will be dis­

cussed in more detail later In this chapter when It will be shown 

that the homopolar field closely resembles the field of an Induction 

motor under no-load conditions, whilst a combination of the two types 

of field are required to represent the field under load conditions.
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In the same paper, Binns derived an equation for the gap exten- 

sion factor which is believed to be the most accurate equation now 

available. He also obtained, using the homopolar field solution, an 

accurate equation for the flux pulsations into the slots of an induc­

tion motor. Also obtained, using an electrolytic tank, was an empiri­

cal relation for the flux pulsations into the teeth. However, a 

probable error of 25% is quoted for this formula, so that it can only 

be regarded as a guide. Subsequently, a more accurate equation has 

been derived for the flux pulsations into the teeth under no-load 
conditions^^'7^, and the calculation of such pulsations under load 

conditions is one of the main subjects of the present work.

In the early paper on basic flux quantities, another important 

subject considered was the air-gap leakage flux. A definition of air­

gap leakage was given based upon the heteropolar field solution. This 

definition is very convenient because it allows the winding reactance 

to be calculated to a high accuracy by synthesis of basic field elements. 

Also, this definition is more precise than the one given by Alger in 
his book^^‘^\ which divides the air-gap leakage into several components. 

Unfortunately, there is no general agreement as to the precise definition 

of these components. Furthermore, the definition given in the above 

paper gives a clearer insight into the actual path of the air-gap 

leakage flux.

From the calculation of the air-gap leakage field, Binns was able 

to investigate the variation of leakage permeance with slot position, 

deriving some simple equations for the permeance. He later used these 
results in his work on cogging torques in Induction motors^^'^\ The 

air-gap leakage field arises as a direct result of an induction motor 

operating under load and must, therefore, be included in the calcula­

tion of the air-gap field under load conditions.
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Binns and Rowlands-Rees^^"^^ have calculated the no-load 

tangential force pulsations acting on the teeth of induction motors, 

and have shown that a clear relationship exists between these and 

the main flux pulsations entering the teeth under no-load conditions. 

They have also derived equations which show the relationship between 

these pulsations and the air-gap dimensions. Using these equations, 

they have derived a number of rules for the minimisation of the flux 

and force pulsations Into both and stator and rotor teeth.
In another paper^^"'*^\ the normal force pulsations, under 

no-load conditions, acting on the stator and rotor teeth have been 

calculated. As in the case of the tangential force pulsations, 

equations have been derived which show the relationship between the 

air-gap dimensions and the normal force pulsations, and, from these 

equations, rules have been derived for the minimisation of these 

pulsations.

2.3 Two-Dimensional Field Solutions

In his thesis' ' , Rowlands-Rees outlines the three basic 

categories under which all two-dimensional field solutions may be 

listed. These are:

a) the solution of a variation problem;

b) the solution of the Integral equation;

c) the solution of the partial differential equation.

The method of conformal transformation lies In the third 

category, so that, only this category, which will be called the 

differential approach, will be considered here. The starting point 
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for all methods in the differential approach is Maxwell's equations, 

that is,

dD
curl H = J + —- (2.1)

— — dt

At pov/er frequency the displacement current is negligible and so 

equation (2.1) becomes

curl H = J (2.2)

and

div B = 0 (2.3)

Additionally, for a field in air

B = poH (2.4)

and in iron

B = no p^H (2.5)

Where there is no current, as in the air-gap region, there is no 

curl field, and equation (2.2) becomes

curl H = 0 (2.6)

It should be noted that in calculating the flux entering an 

individual tooth, the flux contribution due to the current conductors in 

the slots on either side of the tooth can be added to the flux calculated 

in the air-gap region, providing it is assumed that the flux crossing the 

slot remote from the slot opening is uniform. Returning to the air-gap 

field, since the current density in this region is zero, the magnetic 
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field described by equation (2.6) is irrotational. This is important 

because it allows the vector field to be calculated from a scalar 

potential function. This subject is discussed in detail by 
Hammond^^'^^). Let this scalar potential function be denoted by 

V, then

H = - grad V (2.7)

By suitably rearranging this equation using equations (2.3) and (2.4), 

it can be shov/n that V obeys the equation

72 V = 0 (2.8) 

which is, of course, the well known Laplace equation.

Therefore, the differential approach to calculating the magnetic 

field in the air-gap involves finding a scalar potential function which 

satisfies Laplace's equation. The field can then be foundby solving 

equation (2.7). There are, however, two problems in using this approach: 

(i) It is often difficult, if not impossible, to specify the boundary 

conditions with complete accuracy;

(11) Given a set of boundary conditions, It may be difficult to 

obtain an accurate solution to the equation.

In practice, a compromise is sought between these two factors, 

depending largely on the nature of the problem. In general, simplified 

boundary conditions are used which give solutions that are substantially 

correct In a limited region.

2.3.1 Derivation of the Boundary Conditions for the No-Load and Load 
Cases

The choice of suitable boundary conditions for the calculation of 

the air-gap field under no-load and load conditions will now be 

considered. The machine designer wishes to distinguish between 

effects which occur under no-load and load conditions. Under no-load 

the air-gap field Is main flux dominated, whilst under load there are 
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additional leakage flux components which can be superimposed on the 

main flux providing saturation Is neglected. The analysis developed 

by Binns, Rowlands-Rees and the present author distinguishes between 

the no-load and load conditions and Is, therefore, exceedingly valuable. 

Before considering the boundary conditions associated with these two 

operating conditions, certain assumptions which are common to the two 

must first be examined.

For the Investigation of tooth-ripple flux and force pulsations 

under no-load and load conditions, It Is sufficient to analyse the field 

quaslstatically. The reason for this Is that, at present, the main 

Interest lies In the variation of these phenomena with the displacement 

of stator and rotor surfaces, and not In their variation with time.

It Is common In many analytical methods of analysis to assume that 

the permeability of the Iron parts Is Infinite. It Is Inherent In 

such an assumption that all flux crosses the Iron boundaries normal to 
their surfaces. Binns and Lawrenson^^’^^ have discussed this assumption 

of flux crossing normal to the surface and have shown that It Is still 

valid for quite low values of permeability, quoting typical errors of 

less than 5 per cent for p > 40, and less than 0.5 per cent for p > 400. 

Furthermore, the optimum slot combination Is not critically dependent 

upon the flux level and neither Is the exact value of the permeability 

of the Iron Important providing It Is reasonably high.

The assumption of Infinite permeability not only allows the 

method of conformal transformation to be applied to Induction machine 

field problems, but also results In simple expressions for the Maxwell 

stress function and, therefore, greatly reduces the computation 

required.

However, under load conditions, In regions of the machine where 

there are heavy currents flowing In the conductors In the slots, the 

tooth tips enclosing the conductors become saturated. These saturated 
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tooth tips obviously effect the flux-density distribution locally. 

To overcome this difficulty, and to retain the assumption of infinite 

permeability, an equivalent slot opening is used, the width of which 

lies between that of the actual slot opening and slot width.

As mentioned earlier, in assuming an infinite permeability, the 

core-back reluctance of both the stator and rotor is neglected. 

Accordingly,any tooth fluxes calculated will tend to have too high a 

value. This point is confirmed by the comparison of the boundary 

integral method with conformal transformation, the former method 

giving flux values lower than the latter. The reason for preferring 

an infinite permeability when considering the core-back reluctance 

has already been discussed.

In Section 2.1 it was stated that the air-gap field under load 

conditions can be synthetised from the field of a single current­

carrying conductor in a typical slot. This current has its return 

path along the other side of the coil. It is, as mentioned in Section 

2.1, possible to consider the field of the slot conductor in two parts. 

In the vicinity of the conductor the field is a heteropolar or leakage 

field, and the flux crosses the current-carrying slot between adjacent 

teeth or crosses the air-gap twice (See Figure 2.1). Remote from the 

slot, the field is homopolar, the flux passing across the air-gap 

between the two slotted surface at constant magnetic potential (see 

Figure 2.2). The homopolar field is independent of the actual posi­

tion of the current, providing that the current is reasonably remote. 

In fact, the field in the region of the slot adjacent to the one carry- 
ing the current is virtually homopolar. Binns'^'^^ has computed the 

error in assuming this, and has found that there is a negligible error 

in this assumption for practical air-gap dimensions. Hence over the 
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region where the teeth overlap, the heteropolar field merges into the 

homopolar field. By superposition, the fields due to the currents in 

individual coils can be combined to give the field due to both stator 

and rotor windings.

The treatment of the field in this way gives rise then to two 

basic field solutions, and, providing it is assumed that the iron boun­

daries have infinite permeability, simple boundary conditions can be 

defined for these two solutions.

The boundary conditions in a simplified section of the slotted 

boundary are now considered first for the no-load case and then for 

the load case. The following remarks apply to all induction machines 

in the integral K.W. range and to all machines in the fractional K.W. 

range above 200 Watts. It is interesting to note that induction 

machines below 50 Watts are not usually polyphase except for control 

applications. A consideration of such machines lies outside the scope 

of this thesis.

Under no-load conditions only a small current flows in the stator 

winding. This current may be resolved into two components, a magnetis­

ing and core-loss component. The former component magnetises the iron 

parts of the machine, whilst the latter flows because of the eddy cur- 

rent losses in the core. Almost all the flux crosses the air-gap and 

links the rotor circuits. There are only small components of stator 

and rotor leakage flux. In fact, since the e.m.f. induced in the rotor 

circuits is small, so are the resulting rotor currents. These currents 

are just sufficient to produce the necessary torque to overcome friction 

and windage. It is quite common in analysis to neglect the rotor 
currents; both Say^^'^^^ and Alger^^’^^ make this remark in their books. 

Furthermore, if the stator currents are neglected, which is reasonable 
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since they give rise to only small leakage fields, the air-gap field, 

under no-load conditions, is dominated by the main flux. The distri­

bution of this can be derived by assuming a simple magnetic potential 

difference to exist across the air-gap. Under this assumption, the 

air-gap field in any particular region of a machine is, of course, homo­

polar and corresponds to the first of the field solutions discussed 

earlier.

In calculating the air-gap field under both no-load and load con­

ditions, it is usual to simplify the air-gap geometry and to solve 

Laplace's equation in a region Q, see Figure 2.3., for which the boun­

dary conditions can be defined. It will be noted that the simplifica­

tionin Figure 2.3 involves the use of open rather than closed slots. 

In this figure, the dotted lines indicate that the sections of the 

iron surfaces from A to B and C to D are coincident with equipotentials 

and have a potential difference of ip. Such boundary conditions are 

referred to as Dirichlet boundary conditions. The lines from A to D 

and B to C coincide with flux lines and hence the Neumann boundary con­

ditions hold, that is,the normal derivative of the potential is zero 

along them. With the boundary condition specified everywhere in the 

region, a unique solution of Laplace's equation is guaranteed for all 

points within the region bounded by the dotted lines.

When an induction machine is loaded, the rotor slows, increasing 

the slip. The e.m.f. induced in the rotor circuits rises in magnitude 

and frequency, producing more current and torque. This process is only 

limited by the leakage reactance of the rotor. The larger rotor cur­

rents flowing in the cage give rise to an m.m.f. which, in turn, causes 

an extra component of current to flow in the stator winding to balance 

this rotor m.m.f. If the main flux level in the machine remains 
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constant, the two m.m.f.s will cancel each other out, leaving only the 

no-load m.m.f. which, of course, produces the main flux. However, 

this is not strictly the case, because the main flux level drops as 

part of it becomes leakage flux.

The magnetic field in region U of the air-gap geometry (see 

Figure 2.4) consists of the main field crossing the air-gap and the 

leakage fields associated with the two current-carrying conductors In 

the slots. The air-gap field can be calculated using a combination 

of the two basic field solutions discussed earlier. The appropriate 

boundary conditions for region U are now derived. It should be noted 

that the current-carrying conductors are included in this figure, but 

do not lie in the air-gap region where Laplace's equation is to be 

solved. In Figure 2.4, the iron surfaces AB, CD, EF and GH coincide 

with equipotentials, but there is now a potential difference across 

both slots as well as the air-gap. The lines BC, DE, FG and HA coin­

cide with flux lines for which the Neumann boundary conditions hold. 

Thus, again, a unique solution exists for Laplace's equation within the 

region enclosed by the dotted lines.

The method of separation of variables cannot be used to solve 

Laplace's equation in regions Q and U. Conformal transformation Is the 

only analytical method capable of solving Laplace's equation In these 

two regions.

2.4 Conformal Transformation

Conformal transfromatlon Is a very powerful method for the analy­

tical solution of Laplace's equation although. In problems with compli­

cated boundaries, numerical methods are required to solve the Integrals 

that arise. The transformation method Is capable of handling boundaries 

of greater complexity than other analytical methods. Furthermore, 
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although the magnetic fields and boundaries being considered are often 

complicated, the resulting solution of the field is usually simple and 

functions of the field such as permeance and force are readily obtainable. 

The main limitation of the method, for most problems, is that boundaries 

have to coincide with equipotentials (which implies an infinite perme­

ability) or to be coincident with flux lines, or a combination of these 

two conditions.

The method of conformal transformation is discussed in great 
detail by both Binns and Lawrenson^^'^and Gibbs^^'^^^ in their books. 

However, a brief description of that part of the method relevant to the 

calculation of the air-gap field is included here for the sake of com­

pleteness.

Consider the complex function

z = f(t) = x(u,v) f jy(u,v) (2.9) 

which describes a relationship between the two sets of complex variables 

t = u f jv and z = x + jy. A particular value described by the 

point t = u + jv in the complex t-plane can, through equation (2.9), 

describe a value (or values) represented by a point (or points) 

z = X + jy in the complex z-plane. Furthermore, this concept can 

be extended to a succession of pairs of points in the two complex planes, 

so that a curve tt' in the t-plane can, through equation (2.9), describe 

a curve zz' in the z-plane, see Figure 2.5. Another way of describing 

this process is to say that the curve t t' has been transformed or 

mapped onto zz'. This definition is, however, general and in engineer­

ing field problems particular interest lies' in those transformations 

for which each point in the t-plane maps into one, and only one, point 

in the z-plane. This means that for a given function 

z = f(t) (2.10)

describing a mapping between the t and z planes, there exists an 

inverse function
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t = g(z) (2.11) 
which describes the reverse mapping between the z and t planes.

The term 'conformal* is applied to those transformations which 

are analytic In a given region and whose derivatives do not vanish.

The first condition Is satisfied If the real and Imaginary functions of 

equation (2.9) obey the well known Cauchy-Riemann equations. That is:

Sx(u,v) ay(u,v) ax(u,v) -3y(u,v) /g.12) 
au 9v av 9u

The two functions x(u,v) and y(u,v) are called conjugate functions, 

since they obey the Cauchy-Riemann equations, and the curves defined by 

the equation u = constant and v = constant are orthogonal to each other. 
It can also be shown^^"^^ that If any two curves cross at a given angle

In one plane, the two transformed curves cross at the same angle 

In the other plane and In such a way that the sense of the two angles 

1s preserved. An Important property of conjugate functions Is that 

they are solutions of Laplace's equation and this is another powerful 

reason for using transformation methods. Thus, any conformal transfor­

mation describes a relationship between two Laplacian fields, so that, 

given a Laplacian field with a complex boundary, conformal transformation 

can be used to transfrom this boundary to a simpler one where the field 

can be solved. Thus, the transformation method consists, in the first 

Instance, of finding a mapping function which relates the complex boun­

dary to the simpler one.

It is now necessary to Introduce the complex potential function to 

explain how the field Is found once the complex boundary has been mapped 

into the simpler one. Consider the simple Laplacian field in the t- 

plane of Figure 2.6. The figure shows a uniform field in which the 

lines u = constant are flux lines and the lines v = constant are equipo­

tentials. Let the gradient of the potential function be K at all points. 

Then, if the axis v = 0 is taken as an arbitrary reference, a function 

describing the potential at any point (u,v) is given by ^ = Kv. Similarly, 
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if the vertical axis described by the equation u = 0 is taken as 

reference for the flux lines, a function describing the flux at any 

point is given by <}> = Ku. It is important to note that the two 

functions, ip and (j), are proportional to the potential and flux 

respectively. Accordingly, the two separate functions can be com­

bined to give one complex function 

w = * f jip = K(u + jv) (2.13)

or 

w = Kt (2.14) 

and it is the complex function w that is called the complex potential 

function. It is convenient to regard the complex potential function 

as representing another plane and equation (2.14) as describing a map­

ping function between the t- and w-planes. Hence, for any field, the 

process of transformation involves deriving an equation of the form 

w = h(z) (2.15) 

which relates points in the z-plane to those in the w-plane. With 

simple problems, the potential and flux functions can be expressed 

directly as functions of the z-plane variables, x and y. However, 

with more complicated problems, the complex boundary In the z-plane 

has first to be transformed Into a simpler one In the t-plane and the 

field found by mapping on to the third plane, the w-plane. Thus, the 

t-plane acts as an intermediate plane in the transformation process. 

A good example of this process is the Schwarz-Christoffel transformation 

which will be discussed In the next chapter.

It Is important to note that when the actual flux or potential is 

obtained from the flux or potential function, only one of these quanti- 

ties is in the correct S.I. units. Which of these quantities this is 

depends on the way the problem is defined. To obtain the other quan­

tity In the correct units, the appropriate function has to be multiplied 

by a suitable constant.
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Finally, as shown by Binns and Lawrenson^^'^\ a simple relation­

ship exists for calculating the flux density and is given by

dw 
dt

(2.16)

This equation will be used in conenction with the calculation of forces

on machine members.

2.5 The Calculation of Magnetic Forces

Having chosen an appropriate method for the calculation of the two 

dimensional air-gap field, it is now necessary to examine methods for 

the calculation of forces on magnetised iron boundaries. This subject 
f 2 111 has been reviewed in detail by Rowlands-Rees' ' ', so that only those 

details relevant to the calculation of forces under load conditions will 

be described here.

The main method for calculating forces considered by Rowlands- 

Rees was the boundary equation method. In physical terms this method 

consists of replacing the region of magnetised iron, on which the force 

is to be calculated, by an equivalent set of magnetic sources which, 

to an external observer, produce an effect indistinguishable from the 

iron they have replaced. Accordingly, the total force can be calcula­

ted by summing together the effect the external field sources have on 

the sources that represent the magnetised iron. The sources which 

replace the iron can be made up of magnetic poles, dipoles or electric 

currents, although often the iron is considered to be a collection of 

either dipoles or current loops. The basic equations associated with 

the magnetic poles, currents and dipoles are: 

f = q . H (2.17)

for the force acting on a magnetic pole Q , 

2 = 1 X B (2.18)

for the force on a current I , 
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and 

F = (m . V) . H (2.19) 

for the force on a bar magnetic with a dipole moment m .

For a given configuration, it would be possible to use an infinite 

number of source combinations to give the same effect to the external 

observer as the original iron that has been replaced. In practice, 

however, force equations have been developed for only a limited number 
of combinations. These combinations have been listed by Rowlands-Rees^^'^^^ 

the most important combination in the calculation of tooth-ripple- forces 

being a surface layer of poles combined with a surface layer of currents.

This method will now be described in detail. It consists of 

totally enclosing the iron region by a surface in air on which a distri­

bution of both poles and currents are postulated. The distributions are 

defined in such a way that the total field external to the surface is 

constant, whilst the field inside the surface is zero at every point. 

There are two stresses that occur with this arrangement; the first is 

a tension along the line of the field of magnitude gPoU^’ ^"^^ the second 

is a stress of equal pressure perpendicular to the first stress. For 

a surface, inclined to the field, the two stresses can be resolved into 

two components, the first normal to the surface and given by the equation 

^N = )wo (H^^ + Hy2) (2.20)

and the second, a tangential component, given by 

F^ = uoH^ . Hy (2.21)

The total force acting on a body can be calculated by integrating these 

stresses around the surface enclosing the body.

An important feature of this method of calculating forces is that 

is may be used irrespective of both saturation or hysteresis; all that 

is required is a knowledge of the field over the surface surrounding the
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magnetised body. A further advantage of this method is that there is 

complete freedom of choice in the selection of a suitable surface. 
Both Hammond^^*^^^ and Carpenter^^'^^^ give examples In which a discrete 

choice of surfaces leads to the formulation of the problem In such a 

way that forces can be easily calculated.

2.5.1 The Calculation of Tooth Forces Under Load Conditions

The boundary equation method, discussed in the previous section, 

1s now applied to the calculation of the forces acting on the teeth of 

Induction motors under load conditions. The same application of the 

method Is made as that by Rowlands-Rees when calculating tooth forces 

under no-load conditions. It consists of substituting the conformal 

transformation solution of the air-gap field, under load conditions. In­

to a Maxwell stress Integral evaluated over the surface of the teeth. 

It is convenient, in this analysis, to separate the normal and tangential 

components of force and calculate them separately.

The tangential component of force acting on a tooth can be calcula­

ted by Integrating the stress around the surface ABCD, shown In Figure 

2.7. A simplified air-gap geometry is used to make the calculation of 

the force tractable. This assumption will be discussed in detail in 

a later chapter. The planes AB, BC and CD coincide with the three 

faces of the teeth, while the plane AD, crossing the tooth, is an Inde­

finitely small air-gap introduced to close the surface. This air-gap 

is a prerequesite of applying the boundary Integral method. Under the 

assumption of infinite permeability, all forces act normal to the sur- 

face, so that there is no contribution from sides BC and AD. The 

tangential force acting on the tooth can be calculated by integrating 

the stress contributions over the surfaces AB and CD alone. Accordingly, 

under the assumption of Infinite permeability, equation (2.20) becomes

F^ = & uo H^^ (2.22)
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and equation (2.21) is zero.

The normal component of force on the tooth can be calculated in 

a similar manner by integrating the stresses around the surface EFGH 

shown in Figure 2.7. As in the previous case, a fictitious air-gap 

is introduced into the tooth to give a closed surface. If again the 

iron is assumed infinitely permeable, the sides EF and GH make no con­

tribution to the normal force on the tooth. Hence, the normal force 

may be calculated by integrating the stresses over the surfaces FG and 

EH. However, the field at the surface FG is zero, since it lies out­

side the machine, so that the only contribution to the normal component 

of force on the tooth comes from integrating the stresses over the sur­

face EH. The normal component of force on the tooth is thus obtained 

by integrating equation (2.22) over this surface.

In the two cases just considered, the fictitious air-gap, intro- 

duced to form the closed surface around the tooth, makes no contribution 

to either the tangential or normal components of force. Furthermore, 

since these air-gaps are indefinitely small, their presence has no effect 

on the field distribution. For these reasons, the normal and tangential 

component of force may be calculated by integrating the stresses over the 

surface J KLM in Figure 2.7.

In using conformal transformation field solutions, the slots are 

assumed to be infinitely deep and the current conductors are replaced 

by point current sources at an infinite distance down the slot. This 

assumption will be discussed in detail in Chapter 5. This gives rise 

to a field solution in which the flux crossing the slot becomes uniform 

at a distance remote from the slot opening. The method of calculating 

the tangential and normal components of force consist of integrating the 

stress function around the surface ABCD in Figure 2.8. The points A 

and D are found by finding a distance z, far enough down the slot for 



the flux to have become uniform. To the tangential force component 

calculated over the surfaces AB and CD are added the contributions 

associated with the uniform flux crossing the slots, calculated to the 

required depth of tooth, z'. This presents a slightly different 

approach to that described above but leads to the same results, as a 

conformal transformation solution is used. Interestingly, the first 

approach was used when calculating the tangential and normal components 

of force on a tooth in the boundary integral method, except that a 

finite permeability was used which gave rise to a small tangential 

stress. However, a comparison of the results obtained for the

tangential and normal forces on a tooth revealed a close agreement 

between this method and conformal transformation.(2-2)
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FIG 2J
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HOMOPOLAR FIELD IN.MACHINE AIR-GAP
FIG 2.2
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Figure 2.3 Simnlified air-gap geometry containing region Q where no-load 
boundary conditions are defined.
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Region U enclosed by dotted lines

Figure 2.4 Simplified air-gap geometry containing region U where 
load boundary conditions are defined
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Figure 2.5 The mapping of a curve from the t to z planes
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Figure 2.6 Uniform field in t and w planes
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Figure 2.7 Simplified air-gap geometry used to calculate tooth forces
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Figure 2.8 Tooth force calculations using a conformal transformation 
field solution
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3. Introduction

In Chapter 2, methods for calculating the magnetic field and 

forces in the air-gap region of an induction machine were reviewed, 

and a numerical conformal transformation was found to be the most 

suitable. The air-gap geometry, with its slotted boundaries, is a 

good example of a polygonal boundary, for which a transformation using 

an intermediate mapping function involving the Schwarz-Christoffel 

equation is particularly suitable. The main advantages of this 

transformation equation are that it can handle the sharp corners that 

occur in the air-gap geometry and it is able to cope with problems in 

which the vertices of the polygonal boundary meet at infinity. The 

transformation equation establishes a relationship which can be used to 

map the real axis of the t-plane onto the polygonal boundary in the 

z-plane. This transformation equation is defined in Section 3.1.

In Section 3.1, it will be shown that the Schwarz-Christoffel 

transformation equation is a differential equation containing a number 

of constant terms. With problems that have only simple boundaries in 

the z-plane, it is possible to integrate the transformation equation 

analytically. Furthermore, the constants of the transformation equa­
tion can easily be found, as Binns and Lawrenson^^'"*show when con- 

sidering a number of simple examples. However, when the boundary in 

the z-plane is more complicated, a numerical integration method is 

required to evaluate the transformation equation. Furthermore, numeri­

cal methods are also required to find the constants of the transformation 

equation. This constant finding process involves formulating a set of 

simultaneous equations by relating the constants to the dimensionsof the 

z-plane boundary. These equations are then evaluated using a numerical 

optimisation method. This is an important process because unless the 
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constants can be found to a high accuracy, any field calculation will 

be subject to error. A further consideration is the time the constant 

finding process takes to compute the values of the constants to a suf­

ficiently high accuracy. This depends on two factors; firstly, the 

accuracy and efficiency with which the equations containing integrals 

of the Schwarz-Christoffel transformation equation can be evaluated, 

and, secondly, on the particular method of numerical optimisation used. 

Both G. Rowlands-Rees and the present author have spent much time in 

developing the constant finding process. Whilst their main interest 

lies in the calculation of flux and force pulsations in induction 

machine teeth, their research has led to the development of two new 

methods for the evaluation of a particular type of improper integral 

and to the formulation of a general constant finding process suitable 

for use with complicated boundaries. This type of improper integral 

also occurs when calculating the electromagnetic forces on teeth.

Such is the importance of the constant finding process that the 

whole of this chapter is devoted to it. In Section 3.2, a set of non­

linear equations is derived from which the constants of a general poly­

gonal boundary can be found. These equations are expressed in the 

form of integrals, of which there are three different types. The 

evaluation of one type of integral is explained in this section whilst 

methods for the evaluation of the other two types are left to Chapter 4. 

In Section 3.3, a simple description is given of a numerical method 

suitable for use in finding the constant of a general polygonal boundary.

3.1 Schwarz-Christoffel Transformation

The transformation equation which relates the real axis of the 

t-plane to the general polygonal boundary of the z-plane (see Figure 3.1) 

in such a way that the interior of the polygon transforms into the upper 
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half of the t-plane is given by

dz
?E

21 _ 1 22 _ 1 iLl- 1

K.f(t) = K.(t-ti)^ (t-tg)^ ... (t-tj^)
"i 1 "^+1 1 «n .

(t-tp" (t-t^+P ' (t-tp" (3.1)

or more concisely by

dz K.f(t)
n —

K n (t-t.)^ 
i=l ^

(3.2)

This is the well known Schwarz-Christoffel differential equation, in 

which K is a constant of scale and rotation, oj is the interior angle 

of the polygon at any vertex i, and tj is the point on the real axis 

of the t-plane corresponding to the vertex i of the polygon in the 

z-plane. Use of equation (3.2) ensures a transformation giving the 

required vertex angles of the polygon, but before the transformation 

can be usefully employed, it is necessary to find the values of the 

constants.

3.2 l]ie_^on2tantfjjidir^^

In general, two values of t^ can be chosen arbitrarily, as dis- 

cussed by Binns and Lawrenson^ ' The remaining constants have to 

be found by formulating and solving a set of n-1 equations. As ex­

plained previously, these equations are obtained by relating the con­

stants of the transformation equation to the dimensions of the z-plane 

boundary. These equations will now be derived using the general 

polygonal boundary shown in Figure 3.2. They can be considered in two 

categories

(1) where the transformation equation, and therefore the constants, 

can be related to a finite length of the polygonal boundary, such 

as the dimension z^^ j-i i^ Figure 3.2; this relationship gives 

rise to a definite Integral.
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(11) where those parts of the boundary having parallel sides are used 

to obtain equations relating the dimensions S and d to the con­

stants of the transformation equation, giving rise to two further

types of integral.

3.2.1 Definite Integral

The relationship between the dimension z^._2 and the

Schwarz-Christoffel transformation equation is given by

^1-2,1-1

Using equation 3.1

form

where

(3.3)

this integral may be expressed in the following

4-2,1-1
K p-' (t^.pt)^ H(t) dt

^1-2

j=i-3 -1 n -JL -1
H(t) = n (t-t.)^ n (t.-t)^

j=l j=i

(3.4)

and the function H(t) is well-behaved in (t.^, tj_^). In this and the

following sections a well-behaved function may be taken to be one

that is continuous and bounded in the region under consideration, and

its derivatives are also continuous and bounded In the same region.

Clearly, the number of equations of this form Is equal to the number of 

finite dimensions available on the z-plane boundary.

3.2.2 Residues

Consider first the derivation of equations which relate the constants 

to the dimension S, This involves, in particular, the constant t^ 

which, as It win be shown, is related to S. It is clear from
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Figure 3.2 that the constant t^ corresponds to the point at infinity 

in the z-plane where the parallel sides meet. There are two possible 

cases:

a) the point tj has a finite value,

b) the point t. is infinite

Consider first case (a). To derive an equation in this case, 

for the dimension S, it is convenient to express the transformation 

equation in the following form:

In the orientation shown in Figure 3.2, the dimension S may be obtained 

as the imaginary part of the complex integral

fkHtldt 
L t-t.

(3.6)

taken around the semi-circular contour shown in the t-plane of Figure

3.2. To simplify this integral, let t-t^ = Re^®, then equation (3.6) 

becomes
fir F(Re^® + t.)

jS = In, k . ------  ------  L j RgJG de (3.7)

To obtain the desired relationship, the radius R is shrunk to zero, so 

that equation (3.7) becomes

jS = Im r k F(Re^^ + tj) j de (3.8) 

lim 0 
R-^

= k F(t.) TT j (3.9)

or S = k F(t^.) ir (3.10)

The term F(tp is the residue of the transformation equation at 

the simple (or 1st order) pole at the point t = t.. A more general 

equation for S, which includes all orientations of the geometry, is 
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given by
S = |k ^F(t.)| (3.11)

In case (b), where t. = ", an even simpler equation can be derived 

for the dimension S. In this case the transformation equation is 

expressed in its original form (see equation (3.1) ) and the dimension S 

is obtained as the imaginary part of the complex integral
f,.k f(t) dt (3.12)

c 
integrated around the semi-circular contour centred at the origin.

The imaginary part of this integral is given by

jS = 'm k f(t) dt

In this case let t = Re'^®, then equation (3.13) becomes
*1T

k f(Re^®) j Re^^ de

(3.13)

(3.14)
0

Now as R approaches infinity t ^ti, tg, ... t
and lim f(Re^®) = (Re'^^}'^

where k

"IT

Hence

and S

jS =

= k IT

1 im 
R440 .

k.f(Re^^) j Re^^ da j.k.? (3.15)

(3.16)

As in the previous case, the residue of the transformation 

equation has been evaluated, although in this case at the point t. = ". 

Equation (3.16) can be generalised to include all orientations of the 

geometry. This equation is then given by

S = |k ^1 (3.17)

Obviously, the number of equations of this form, and of the form 

of equation (3.11), are the same as the number of parallel sides of the 

boundary in the z-plane.

3.2.3 Improper Integral
The remaining dimension for which it may be necessary to find an 

expression is d. Rewriting equation (3.1), so that it is in a 

suitable form In the Interval (t.j_p tp]}» ^nd assuming t^ finite 
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(t - tp

where a = -^^ —1 ^ 6 ~ ”1 (og6>~l)

n a. i-2 —n
X = I ( — -1 ) and G(t)= n (t-t.)^ n 

j=i+l j=l ^ j=1+2 

(3.18)

-j-1

where G(t) 1s a well-behaved function In (t^._p Then

(3.19)

which reduces to

1 im 
e^ 
e>0

■ t re

^1-1 
r^i+1

tj+e

k (t-t,-T)“ (t.^i -t)6
dt

(3.20)+
t -1,

The limit of this improper integral is the Cauchy Principal Value,

denoted by

d (3.21)

A formal definition of the Cauchy Principal Values is given in Appendix 
1 of the thesis by Rowlands-Rees^^'^^ and in the book by Cohen^^'^\

Thus, three types of integrals have been defined, namely, definite, 

residue and improper. Each of these integrals relate the constants K 

and t. (for all values of 1) to the dimensions of the z-plane boundary. 

Using them, it Is possible to derive the n-1 equations necessary to find 
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the constants of the transformation equation. With some simple geome­

tries the constants can be found analytically, but with more complicated 

geometries a numerical method is required. The explicit relationships, 

obtained by relating the distance between parallel sides to the value of 

the residue at the appropriate poles, can either be solved directly or 

by an iterative process to give some of the constants. The remaining 

implicit relationships, where a formal numerical integration is required 

to relate the chosen dimensions to the t-plane constants, are rearranged 

to form a set of equations, elements of which tend to zero at the 

required solution. A typical element, Fj, is given by

An

F, = Z . , - K f(t) dt (3.22)J I 9 1 T 1
ti

error function, composed of the elements of Fj is defined as

j Fj2 (3.23)

Initial values of the unknown constants ti, tg, etc. are chosen and 

are varied by a direct-search program until Ey. has been made sufficient­

ly small. The choice of a suitable computer program is the subject of 

the next section.

3.3 Simple Description of Direct-Search Methods

Since the advent of the digital computer, a number of numerical 

methods have been developed to find the n variables of a set of n non­

linear equations. Essentially, these methods minimise a function which 

is formulated from the set of equations. The function E^, defined in 

the previous section, is an example of such a function. It has been 
shown^^'^^ that a function expressed as a sum of squares function can 

be minimised more efficiently than a general function. It is for this 

reason that the function E^ is defined as a sum of squares function.
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Numerical methods of optimisation may be categorised under two 

headings:

(1) gradient methods,

(ii) direct-search methods.

In general, the first methods are more efficient because gradients of 

the functions are calculated and used to determine the best direction 

of search for the minimum of the function. However, these methods have 

not been applied to the minimisation of the function E^, because It 

Is very difficult to calculate the gradients associated with this 

function. Thus the function Ep has been minimised using direct-search 

methods.

Of the direct-search methods currently available, the most suita­
ble are those devised by Powell^^'^^ and Peckham^^'^L Lawrenson and 

Gupta^^*®^ propose the use of Powell's method to find the constants of 

the transformation equation of a general polygonal boundary. This 

method Is Iterative, the n-dimenslonal search Is broken down into a 

sequence of one-dimensional linear searches. One Iteration consists 

of a linear search along each of the co-ordinate directions of the n- 

variables. At each iteration a new conjugate direction is generated 

and used to replace one of the current direction, so that a path is 

found from the "guessed" starting point to the minimum. This principle 

is illustrated in Figure 3.3 for a problem in two-dimensional space. 

A possible path from the starting point to the minimum Is shown.
Binns, Rowlands-Rees and Kahan^^'^^ have used Peckham's method. 

This method is based on the simplex method in which the minimum is 

enclosed In a n-dimensional region called a simplex. Asanexample of a 

simplex, such a region in two-dimensional space would be an equilateral 

triangle. The simplex is reduced in size around the minimum until it 

has been calculated to the desired accuracy. The principle of this 
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method is illustrated in Figure 3.4, where again the problem of finding 

a minimum in two-dimensional space is shown. Clearly, to obtain the 

most rapid solution, the simplex should surround the minimum. However, 

even if the simplex does not, it is still possible to obtain a solution be­

cause the program based on Peckham's method used here will generate new 

points so that a simplex is obtained which does surround the minimum.

The author has chosen Peckham's method in preference to Powell's 

mainly because it requires fewer function evaluations per iteration, 

which is clearly an advantage when evaluating functions containing 

definite and improper integrals which have to be evaluated numerically. 

It should be noted, however, that Peckham's method requires a greater 

number of numerical operations per iteration.

3.3.1 Peckham's Method

The method devised by Peckham determines the vector of variables

X = Xi, x^, X which minimises the sum of squares function 

m / 2 
Sm = J, ffe (X) (3.24)

K= I

A linear approximation to the fVs are given by 
n 

^k = + ..I 9ki *1 (3-25) 

where h|^ is the constant and the g^.s are the gradients associated 

with the function f^. In matrix notation 

f = h + G.x (3.26) - —       * '

The value of jc at the minimum ^ is given by 

G^ G.y = -G^.h (3.27)
.i.ii.m ... I, ii.w

If the values of the gradients are available, these equations can be 

solved for ^. However, the functions f. are not generally linear, so 

that y is not the true minimum, but may be used as a starting point 
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for the next iteration. Peckham combined the above equation with the 

simplex method to obtain an efficient method for the minimisation of a 

sum of squares function. His method is now available as a subroutine 

package in the Nottingham Algorithms Library (N.A.G.) and a description 

of this routine now follows.

The user of the subroutine submits an initial estimate of the 

values of x, from which a set of at least n+1 points (denoted x^_j_^) are 

generated. The corresponding function values f^^^ are then calculated 

A linear approximation to these function values is obtained by minimis­

ing the weighted sum of squares, over the point set ^^p of the diffe­

rence between the linear approximation and the function values. That 

is, h_ and G are chosen to minimise the m expressions 

n+1
^k1 ^i& ' (3.28)

where k = 1, 2, ... m and the w^^s are the weighting factors. The 

values of h and G which minimise equation (3.28) are given by 

X'. X'^ G^ = X' F'T (3.29) 

and 
h . If w (3.30)

n+1 
where matrix notation has been used and n = T w.^ th

Once the coefficients of the linear approximation have been calculated, 

they are then used to obtain a set of equations for y. An equation 

for y in terms of X and F is given by

y = -1 (X' X'^) (X' F'^ F' X'^)- (X' F'^ F' w) (3.31)

Thesesets of equations for y are evaluated using orthogonal transforma­

tions. One iteration consists, therefore, of replacing that point of 
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the current point set ^^p which has the largest sum of squares by 

the estimated solution of the previous Iteration. The set of equa­

tions derived from this new set Is then solved to obtain a new esti­

mate of the solution. This process continues until Sj^has been mini­

mised to the required accuracy.

The value of the weights in equation (3.28) are chosen to give 

function values nearer the minimum more weight in determining h and G

m
^i^ = ^ where S. (fki) (3.32)

To ensure convergence the step made in any one iteration is limited.

Also no point is accepted if the value of S^for this point is greater 

than all those In the set x^_j_p If a point 2<^. is unacceptable, a new 

point x^. may be generated by 

x' = ^T zi '^o ^ (3.33)

where x^ is the point with the smallest value of S^. This rule may 

have to be applied several times to obtain an acceptable point.

In the routine, the number of points generated at the start of 

the program (denoted P) is, in fact, greater than n+1 and becomes equal 
to the largest Integer less than n+3+^ n. The extra points are obtained 

by repeated application of equation (3.31) and each new point replaces 

the point of the set with the largest value of S^. The upper bound for 

P is chosen empirically. These additional points are included to re­

duce the probability of the n+1 points collapsing In a sub-space of less 

than n-dlmenslons. However, this may still happen If the functions 

fj^ are linear in one variable. In this case equation (3.31) will be 

ill-conditioned and the routine will not attempt to obtain a solution. 

Instead a new point in the region of the point with the smallest value 

of Sj^will be generated using a pseudo-random number generator. 
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Obviously, It is Important to ensure that there are at least n+1 

independent function values.

Peckham's method, in common with other direct-search methods, 

cannot distinguish between a local and global minimum. However, in 

the conformal transformation application this is not a problem, and 

the search alwaysconvergesto the right solution.
Rowlands-Rees^^'^^ describes a method for improving the efficien­

cy of Peckham's method when integrals are evaluated. The reader Is 

recommended to read his thesis for details of this method.
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Figure 3.1 The mapping of the general polygonal boundary in the 
z-plane from the real axis of the t-plane using the 
Schwarz-Christoffel transformation equation.
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t-plane

Figure 3.2 General polygonal boundary with parallel sides
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Figure 3.3 An illustration of Powell's method showing a possible 
path from the guessed starting point to the minimum 
of the function
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A
Minimum

Old point discarded

Figure 3.4 The Simplex method in which a simplex first surrounds 
the minimum and Is then shrunk until the solution is 
obtained to the desired accuracy
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4. Introduction

It is essential that the definite and improper integrals, defined 

in the previous chapter, can be evaluated both accurately and efficient- 

ly if the method of conformal transformation is to be applied to 

problems with comolicated boundaries. Therefore, this chapter is 

mainly concerned with the numerical evaluation of these two types of 

integral.

The air-gap region of an induction motor has rectangular boun­

daries (the vertices of the boundary are right-angles) and it is 

possible to evaluate the integrals that arise with these boundaries 

analytically. However, these analytical methods have their limita­

tions and it is shown, in Section 4.1, that a numerical approach is 

more suitable.

Having established this, Section 4.2 deals with the numerical 

integration of a well-behaved function. This section is included, 

firstly,to give a brief introduction to numerical integration and, 

secondly, because some of the methods used to evaluate the definite 

and improper integrals involve making their integrands well-behaved

This is followed in Section 4.3 by a description and comparison 

of four methods suitable for the numerical evaluation of the definite 

integral. In the next section, Section 4.4, two methods are derived 

which are suitable for the evaluation of the improper integral. A 

numerical example is then given to compare the accuracy and efficiency 

of the two methods.

With the numerical methods described in Sections4.3 and 4.4, it 

is possible to apply conformal transformation methods to problems with 

complicated boundaries. To illustrate this, an example is given in 

Section 4.5 of a region containing a pair of semi-closed slots. The 

necessary equations required to find the constants of the transformation 

equation are defined.
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The chapter is concluded in Section 4.6 with a brief comparison 

between the methods used to evaluate both the definite and improper 

integrals.

4.1 Limitations of Analytical Methods

Although this chapter is mainly concerned with the numerical 

evaluation of integrals associated with complicated polygonal bounda­

ries, the first integrals to be discussed are those that occur as a 

result of the application of conformal transformation methods to the 

air-gap region of an induction machine and can be evaluated analytically. 

These are of two types and may be expressed in the following forms:

Ki [ -----^(t) dt (4j, 
g(t) /(t-a)(t-b)

Kgf --------- _ — (4.2)
J K(t) /(t-c)(t-dj (t-e)(t-f) 

where Kj and K2 are constants and f(t), g(t), h(t) and K(t) are 

polynomials of t .

The first type of integral is associated with a boundary having 

two right-angled vertices, which results in two square root terms in 

the denominator of the integrand. This integral may be evaluated analy­

tically using a transformation equation of the form:

p = (4.3)
t - a

The solution contains a number of terms which are themselves simple 

functions of p, such as tan~^ p and log^ p. A boundary involving this 

type of integral will be considered in the next chapter.

The second type of integral is associated with a boundary having 

four right-angled vertices and is an elliptic integral. Whilst it 

is possible to obtain an analytical solution to this type of integral, 

the manipulation and subsequent numerical evaluation may be extremely 
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difficult and laborious. To illustrate these difficulties, consider 

the following example.

Figure 4.1 shows a complicated boundary in the z-plane with four 

right-angled vertices. It will be shown in the next chapter that this 

boundary represents a pair of open slots in the slotted air-gap region. 

The Schwarz-Christoffel transformation equation, which maps the real 

axis of t-plane into this region, is given by

dt t(t+l)(t-t3)

An expression for z may be obtained by integrating equation (4.4),

that is

z = K '^(t+tp) (tft]) (t-tg) (t-t 4) j^ 
t(t+l)(t-t3)

(4.5)

It is shown in Appendix 1 that the analytical solution of this integral

is given by

Z =
4

A F(x,k') f X B. IT (x.Kq^, 
i=l

4
K') + I 

i=l
Cj sinh (4.6)

where A and all the values of B. and C^ are constants, F(x, K') is an 

elliptic function of the first kind and n(x, K^p K') is an elliptic 

function of the third kind. Only a brief description of the algebraic 

manipulation necessary to obtain this solution is given in the appendix. 

A complete derivation would take many pages. Obviously, such a deriva­

tion is time consuming and laborious as each stage must be carefully 

checked.

There are also a number of difficulties that arise when consider- 

ing the numerical evaluation of equation (4.6). If the evaluation is 

carried out by hand, the only practical method of performing this is to 

use tables. However, the main difficulty in using tables,is that, in 

some cases, there are large intervals between given values, which makes 
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interpolation very difficult. The alternative is to use a digital 

computer to evaluate the functions from a series expansion. Binns 
and Lawrenson^^'list a number of these series in Appendix II of 

their book. Clearly this is preferable to feeding tables into a 
computer store. Freeman^^'^^ has applied the series developed by 

King, v/hich are most suitable for the evaluation of elliptic Integrals 

and functions, as they converge more rapidly than other, better-known 

series. However, the numerical methods described later in this 

chapter were preferred when evaluating equation (4.5) and other Inte­

grals associated with the air-gap geometry. This choice was made 

because these numerical methods are more convenient to use and give an 

accurate solution (typical error of the order of 10“^°) to all the 

Integrals that occur when calculating the field In the air-gap of an 

induction machine.

4.2 Quadrature Methods

In this section, a number of numerical methods are described 

which are suitable for the evaluation of the integral

•b 
f(x) dx (4.7)

a

where f(x) is a well-behaved function. These methods are used later 

In this chapter when methods for the evaluation of the definite and 

Improper Integral, defined in the previous chapter, are considered.

Essentially, all methods of numerical Integration consist of 

approximating the above Integral by a weighted sum of function values, 

that is, by the equation 
n 
2 w. f(x.) (4.8)

1=1 
where the Wj are the weights and the x. are the nodes. All the 
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Xj lie in the Interval (a,b) and can Include the two end points a 

and b .

A whole class of formulae, known as Newton-Coles formulae, has 

been derived using equally spaced nodes. Of these formulae, the most 

commonly used Is Simpson's rule. The n-point form of this rule Is 

obtained by Integrating the Interpolating polynomial of degree n-1, 

which Is equal to the Integrand f(x), at each of the n equally-spaced 

values In the Interval (a,b). In practice, the Interval (a,b) Is 
divided Into 2 m equally spaced segments. It can be shown^'^'^^ that 

the n-poInt formula Is given by

-g^ . (b-a) (fo + 4fi + 2f2 + Afg + 2fi^ + ... 4f2^_^ + f^^) (4.9) 

where 2 and 4 are the weights of the equation

Comparison of two results is a common method of assessing the 

accuracy of Integrals evaluated on a digital computer by Simpson's rule. 

However, this check can be unreliable, as is shown by Clenshaw and 
Curtis^^'^\ who considered the following example.

f(x) = cosh X - cos X , a = -1, b = 1 (4.10)

The values obtained from equation (4.9) are 0.4795546 for m = 1, and 

0.4795551 for m = 2, whereas the true value of the Integral is 

0.4794282.

The possibility of the check failing can be greatly reduced if 

at least three successive values are taken, although this, of course, 

Increases the amount of computation.

The nodes of equation (4.8) do not have to be equally spaced and 

a whole class of formulae has been derived, called Gauss formulae, with un­

equally spaced nodes which are, in general, more accurate than Simpson's 

rule. The Gauss formula, which can be used to approximate equation 
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(4.7), is given by 
n 

(b - a) y H. f(x.) (4.11)
1=1 

where x^ = -^ (b f a) + "^ t^ (b - a)

' (1 - t^2){P^. (t^)}2 

and tj, t2, ... t^ are the zeroes of the Legendre polynomial P^(t). 

Equation (4.11) is exact if f(x) is a polynomial of degree not exceed­

ing 2n - 1. Thus, if n = 3, equation (4.11) will be exact for a poly­

nomial up to and Including a fifth order term. However, this consider­

able power is achieved only by introducing a set of irrational values 

of x^. and H^ whose values need to be stored.

It is also more difficult to check the Gauss formulae than 

Simpson's rule. Repetition with a new set of n requires a completely 

new set of values of x^. and H^. . Unlike Simpson's rule, previously 

computed co-ordinates cannot be used when n is Increased.
Patterson^^"^^ has developed a method which overcomes the diffi­

culty of checking the Gauss formulae. This method uses a family of 

interlacing Gauss formulae In the following way. Beginning with the 

3-point Gauss formula, a new 7-point rule is derived, 3 points of which 

have abscissae that coincide with the original Gauss abscissae. The 

remaining 4 points are chosen to give the greatest possible Increase 

in polynomial degree. The resulting 7-point formula has a degree of 

precision 11. The procedure is then repeated, adding 2 new points to 

the 7-point rule, to give a 15-po1nt formula with degree of precision 

23. Continuing, further rules using 31, 63, 127 and 255 points are 

derived, all with an increasing degree of precision. Thus, two 
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results can be checked after each new formulae has been derived.

This method has been used extensively when evaluating the inte­

grals that occur as a result of the application of conformal transforma­

tion methods to the air-gap region of an induction machine.

Finally in this section, the method developed by Clenshaw and 
Curtis^'^'^^ is briefly described. This method consists of expanding 

the integrand f(x) in a finite Chebyshev series and integrating the 
terms in the series individually. Smith and Imhof^^'^’ ^'^^ have 

derived a quadrature formula of the form of equation (4.8) for this 
method and Smith and O'Hara^'^*^^, after tests on various functions, give 

an expression for a reliable error estimate. The Chebyshev series 

is chosen In preference to other series, because it is rapidly conver­

gent. This is Important both in the reduction of computational time 
and in the estimation of an accurate upper bound for the error^'^'®\

4.3 Methods for the Solution of Integrals with End-Point Singularities

This section discusses the evaluation of the definite Integral,

^i-2,i-1 ^^kf(t) dt

^1-2 ^i-2

(tj_^-t)^ H(t) dt

(4.12) 
defined in the previous chapter. The integration of the function f(t) 

is not as straightforward as that of a well-behaved function due to the 

presence of the two terms (t - t^._2)“ and (t^._-] - t)^. In particular, 

the powers a and 6 play an important role in determining the nature of 

the Integrand, fft), in the vicinity of the end-points. Consider, for 

example, the Influence of the value of a on the function f(t). If a Is 

greater than minus one but less than zero, the term (t - t^-_2)“ "is a 

pole of the function f(t) and f(t) = « at the point t = 

*The values of a and e in equation (4.12) always lie in the range 
-1 < a or 6 < 1. 
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however, a is greater than zero but less than one, the term (t - t.^)^ 

is a zero of the function f(t) and f(t) = 0 at the point t = t^._2. In 

this case f(t) has an infinite first derivative at the point t = t-j_2-

Exactly the same considerations apply to the other term, (tp-j-t)®. 

Therefore, if the two terms are combined, there are four possible cases 

that can occur, each of which is shown in Figure 4.2. Whichever case 

occurs, there are difficulties in integrating equation (4.12) 

numerically.

4.3.1 Integrals Associated with Boundaries having Right-Angled 
Vertices

Consider first the four combinations where (a, g) equals (-^, -&), 

(-&,+&)* (+&, '&) and(+^, +^). These cases are associated with a 

boundary having at least two right-angled vertices. It is not always 

recognised that in these cases the integrand f(t) can be made well- 

behaved by using a simple transformation equation. Consider, for 

example, the case where (a, g) equals (-^, -^), then equation (4.12) 

becomes
Ht(t) dt

The range of integration can be changed to the interval (-1, 1) by 

using the linear transformation equation

t = & (t._2 + t._^ f X (t._^ - t^_2))

so equation (4.13) then becomes

^i-2,i-l (1 + x)^ (1 - x)^
Hx(x) dx

(4.14)

Then, if the substitution x = cosG is made, equation (4.14) becomes

^i-2,i-l (cose) de (4.15)
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The integrand in equation (4.15) is now well-behaved in the interval

(O, it) and the integral can be evaluated using any of the numerical

methods described in 

cases can be treated 

formation are listed

the previous section.

in a similar manner and 

below.

The remaining three 

the results of the trans-

H^(x) dx cose) Hg(cos8) de

Hy(x) dx

(1 -x)^ H^(x) dx

•TT

(1 + cose H (cose) de

sin^e H.(cose) de

(4.16)

(4.17)

(4.18)

4.3.2 Integrals Associated with a General Boundary Shape

When dealing with values of (a, g) other than the four just con­

sidered, the simple transformation equation can no longer be used. 

However, a number of methods have been developed to evaluate the general 

Integral and four of these methods are now considered.

4.3.3 Displacing the Singularity

The difficulties caused by the singularities are overcome by 
Binns^^'^^ and Lawrenson and Gupta^^*^^^ by commencing the integration 

at a point removed from the singularities by a small amount . Thus,

on displacing the singularity, equation (4.12) becomes 

^1-2,i-1 =

where E(5) = k| 

t

ft. 1-5
k (t-t._2)" (t

t.

1-1

-t)

1-2

-t)^ H(t) dt + E(8) (4.19)

H(t) dt f k (t-t. 2)= 

(t._i -t)^ H(t) dt (4.20)
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The term E(6) is relatively small and Lawrenson and Gupta assume that 

if a suitably small value of 5 is chosen, E(5) can be neglected. Binns 

does not neglect this term but approximates it in the following way. 

Consider the first term on the right hand side of equation (4.20)

■t.
(t - t._2)° (t._i - t)G H(t) dt (4.21) 

^i-2

This can be written in the following form 

ft.
(t - t^_2)° F(t) dt (4.22) 

'i-2

where F(t) = k(tj_.| - t)^ H(t)

In the interval (t^-_2’ ^1-2 "^ '^) ’ F(t) is generally monotonic and its 

range of variation is small. For both these reasons equation (4.22)

can be closely approximated by

The second term on the r.h.s. of

dt = (4.23)
Ct + 1 

equation (4.20) can be treated in the

same manner and hence E(6) can be evaluated.

A suitable choice of 6 is very important if the method is to

be successful, and the value chosen is essentially a compromise. It 

must be small enough to ensure that E(6) is small, but must not be so 

small that the integrand of the first term on the r.h.s. of equation 

(4.19) becomes too large. Binns recommends a value of 0.001 for 6 as 

being the most suitable for most practical problems. Lawrenson and 

Gupta suggest that a more efficient method is to relate 6 to each of the 

limits of integration. They recommend that for the interval (t^_2» 

that 5^._2 = 0.001 |t^._2l and 5^._-] = 0.001 lt^_-]|. However, Rowlands- 
Rees^^'^^^ shows by an example that such a procedure is incorrect and 

recommends instead that the value of 5 should be related to the range
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of integration, that is

« . 0.001 |t.q - t,_2l

All that remains is to consider the evaluation of 

k j ' (t - - t)^ Hft) dt

(4.24)

(4.25)

Since the integrand of this equation is well-behaved, any of the 

numerical methods described in Section 4.2 can be used.

4.3.4 Change of Variable

As mentioned earlier, the integrand of a function can sometimes

be made well-behaved by using a suitable transformation equation. This

is true in the case of equation (4.12).

To show this, consider the following integral

fb
Zab F(t) dt 

(t - a)=
(4.26)

where the integrand has a pole at the lower limit of integration. This

pole may be removed from the integrand by using the transformation

equation
1 -a (4.27)

Equation (4.26) then becomes

Zab
*(b-a)

1

F(a f y
1 - a

dy (4.28)

and the integrand is a well-behaved function.

y

a

0

In a similar manner the zero of the integral

Zab (t - a)° F(t) dt 
a

(4.29)

can be removed by using the transformation equation

y = (t - a) (4.30)
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Equation (4.29) then becomes

Z

F(a . yA

1 + aab dy (4.31)

This procedure can now be applied to an integral having singulari­

ties at both limits of integration. Consider, for example, the case

where the terms (t t)^ are poles of the integrand

in equation (4.12). Then this integral can be written in the following

form

{. (t - - t)«
(4.32)

Furthermore, this integral can be separated into two integrals,

^i-2,i-1
ftz H(t) dt

(t - t._2)° (t._^ 
^1-2

where tz has a value lying somewhere in the interval |t^_2, tj_^

The integrand of both integrals can be made well-behaved by using 

equation (4.27), and then they can be evaluated using the numerical 

methods described previously. Obviously, the remaining three cases 

shown in Figure 4.2 can be treated in a similar manner. Murthy 
Vamaraju^'^"^^^ used this technique when applying the method of conformal 

transformation to the calculation of electromagnetic fields.

4.3.5 Gauss-Jacobi Method

Another approach to the evaluation of equation (4.12) is described 
by Howe^^'^^\ In this method the interval ft^-_2’ ^j-]] ^'^ again trans­

formed into the interval [-1, 1} by the linear transformation equation

t = i [t._2 f t._^ f x(t._^ - t._2)] (4.34)
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and equation (4.12) then becomes

Z i-2,i-l
(1 + X)" (1 - x)^ H^(x) dx (4.35)

In this form, the integral

Jacobi quadrature formula.

can be approximated by using the Gauss 

This formula is another example of the very 

powerful Gauss quadrature formulae mentioned previously. An approxima­

tion to equation (4.35) is given by
n
J A. (x.) (4.36)

1 = 1 

where the A.^ are the coefficients and the x.| are the nodes of the 

quadrature formula. These coefficients and nodes can be calculated 
using the formulae derived by Krylov^^' "^^^ In his book. The highest 

degree of precision of this quadrature formulae Is 2n - 1.
Stroud and Secrest^^'"*^^ have written a computer program to evalu­

ate the nodes and coefficients of equation (4.36) for arbitrary values 

of (X, 6 and n. They have also tabulated the nodes and coefficients 

for a range of values of a, g and n.

Consistency of results with different values of n Is used to check 

the accuracy of Integration. Once again, new values of the nodes and 

coefficients have to be calculated for each new value of n and stored 

in the computer.

4.3.6 The method of Branders and Piessens

This method is an extension of the Clenshaw-Curtis method to 

Include Integrands with end-point singularities. A quadrature scheme 

has been developed to calculate the integral 
rb 

w(t) f(t) dt (4.37) 
a

where the weighting function w(t) is any one of the following fivel 
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u(t) = 1

w(t) = l|(t - a) a < o< b 

a)(t) = (b - t)"^ (t - a)^ a, 6 > -1, a < b 

w(t) = (b - t)“ (t - a)^ £n(t -a) a, 6 > -1, a < b 

w(t) = (b - t)“ (t - a)^ j!,n(b - t) a, 6 > -1, a < b 

and f(t) is a well-behaved function. The method of solution involves 
transforming the range of integration to the interval -1, ij, as pre­

viously described. This gives equation (4.37) in the form

I = —v(x) g(x) dx (4.38)
-1 

where v(x) and g(x) are the transformed weighting and continuous 

functions respectively. The function g(x) is then expanded in a 

truncated Chebyshev series (following the procedure of the Clenshaw- 

Curtis method), that is

N 
g(x) = 2" c. T. (X) (4.39) 

j=o 

where the double prime Indicates that both the first and last terms in 

the expansion are to be multiplied by a ^. I is then approximately 

given by
, , N 

^ - y" (4.40) 

where the m. are the modified moments of the weighting function v(x). 
Branders and Piessens^'^'"'^^ have derived recursive formulae for these 

moments.

A computer package is now available consisting of a subroutine 

using the integration scheme. A Fast Fourier Transform algorithm is 

used to calculate the Chebyshev coefficients, this being applied to the 

sequence N = 6, 12, 24, 48.........Using this sequence, the integral is 
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computed until the difference between any two successive computed 

values satisfies le| < max (A, B |J|), where A and B are the specified 

absolute and relative tolerances and J is the last computed approxima­

tion of the Integral.

4.3.7 A Comparison of the Different Forms of Quadrature

The method of displacing the singularity has been used success­
fully in several Interesting problems^^"^^^ but cannot be recommended 

as a generally reliable method of Integration.

The technique of changing the variable Is attractive, due to Its 

simplicity, but the author has a very limited experience in the use of 

this method.

The Gauss-Jacobi method in general gives accurate results but is 

more difficult to program than the previous two methods as the nodes 

X|^ and the coeffl dents Aj^ have to be recalculated for each new value 

of n.

The method of Branders and Plessens Is particularly attractive, 

especially as it Is available as a computer package. One feature of 

this package is that, in common with library routines that Integrate 

well-behaved functions, the user Is able to specify the degree of 

accuracy required.

The Evaluation of Cauchy Principal Values

This section Is concerned with the numerical evaluation of the

Improper Integral.

d =

1-1

(t - t._^)^ (t.^.^ t)'
G(t) dt (4.41)

t - t^

This Integral is more difficult to evaluate than the one in the previous 

section because in addition to having the end-point singularities, the 

integrand also has a simple pole. Thus, for the case where the two
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terms (t - t^^)^ and (t.^j - t)^ are poles of the integrand, the 

integrand will be infinite at three points in the interval ft. t.,,!. 

Two methods have been developed for evaluating this Integral to a high 

degree of accuracy and these are now described and compared.

4.4.1 Evaluation of the Integral using the Chebyshev Series 

This is a further extension of the Clenshaw-Curtis method to 

include integrals of the type described by equation (4.41). The 

interval ft. i, t.^J is, as before, transformed into the interval 

f-1, 1] by the linear transformation 

t = & [t^_^ + + X (t^^^ - t^_^)] (^^42)

Equation (4.41) can now be rewritten as 

d = P S . G(x) dx (4.43) 
X - A

where S = [K.|(t.^^ - t._T)/2|^+^]

and A = f^ ----- ̂ sL-h+l , |A| 1

As G(x) is a well-behaved function in the interval f-1, 1], it can be 

expanded as a Chebyshev series, following the procedure of Clenshaw- 

Curtis.

Writing G(x) as a truncated Chebyshev series gives 

n
G(x) = ? b T(x) f E(x) (4.44) 

r=0 '
n

where p q = qo f qi + q2 + ... q^ 
r=0

Equation (4.43) can now be rewritten

dx (4.45)
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or
n

where
I = p f^ ^,(1 (1 T (x) dx

X - A

(4.46)

The error term is

EPS,(x)
. p r s(i + xr(i-x)« p

X - A "

and if an upper limit EPS^ is found for E^(x) then

EPSn(x) , I„ EPS„

The Chebyshev polynomials T (x) 
r 

recurrence relation

are related by the well known

T„,(x) - 2x T^(x) + T^_i(x) = 0 , Tg(x) = 1, T,(x) = x

and by using this a recursive system can be found which relates the

terms I^.

"^ S(1 + x)° (1 - x)^

p H S(1 + x)° (1 - x)G

1 X - A

T^,(x) dx

2x T/x) - T^^(xJ dx

S (lfx)"(l-x)^ T_(x) dx f P f^ 2A'^(-X)°'()-x)^ T^(x) dx - L 

J, X - A

this integral may be written as

'r+1 - ^A I, + I^_^ . C^

where
Cr

fl
2

-1
S (l+x)« (1-x)^ T^(x) dx

(4.47)

(4.48)

Io P
-1

S(1+x)" (l-x)G j^ 

X - A
(4.49)
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and
I^ = f S (1+x)° (1-x)^ dx + A I^ (4.50)

-1

The recurrence system defined by equation (4.47) has a general 

solution which is trignometric, since |A| < 1, and so the system is well 

conditioned when recurred in the forward direction to find I2, I3 ... I^. 
This is discussed further by Fox and Mayer^^*^^\

4.4.2 Evaluation of C^

The values of C^ are found by evaluating equation (4.48) and, If 

this equation cannot be evaluated analytically, It can readily be 

approximated by either the Gauss-Jacobi quadrature formula or by using 
the method of Branders and Piessens^^'^^^. It Is Important to note 

that the constants C^ have to be calculated only once, which Is a great 

advantage If the integration is to be performed many times.

4.4.3 Cases where Ip and I^ can be Evaluated Analytically

The four cases where (a, e) equals (-i, -&), (- &,+&), (+i, -i) 

and (+i, +^) are the only ones for which Ip can be evaluated analytical- 

ly. Only the case (a, g) = (-i, -^) is considered as the value of Ip 

for the remaining three cases can be derived from this case.

Substituting the values a = -^ and g = -i into equation (4.49) 

gives
Ip = P f^ dx = P f^ ------ ------- (4.51)

il X - A (l-x^)^ (x-A)

Making the substitution, x = cos G 

Ip = P f"" S —, |A| < 1 (4.52)
COSG-A 

and taking the limit involved in the Cauchy Principal Value it is 

found that Ip = 0.
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The method above can be adapted to deal with the other three 

cases. All values of Io, Ii and Cy. that can be found analytically 

have been collected together and are presented in Table 4.1.

Table 4.1

« I 6 12 Cy.

0 Sit C y' — 0) r — 1,

-Sit S?(l - A) Cl = -Sir, Cy. = 0, r =2, co

Sit 5,(1 + A) Cl = Sir, Cy. = 0, r = 2, "

-S A IT Sx() - A2) ('I = 0, C2 = -Sir/2, Cy. = 0, r = 3, «

a) g + g = 0

In this, and the following case, it is helpful to consider the 

transformation equation

t - A

The relationship between Io and equation (4.53) is shown in Figure 4.3. 

The case represented in Figure 4.3 is a > 0, and the Iq shown is a 

positive number. It is important to realise that Iq is not a modulus 

but can have negative as well as positive values.

By evaluating the residues at t = A and at infinity, the follow­

ing values of u and v are obtained.

u = |S^(A + 1)° (1 - A)^| (4.54)

V = I Sir I (4.55)

It is then a simple trigometric exercise to show that

Io = V - u COs(aiT) Sln(a7r) (4.56)
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Using equation (4.56) and substituting it in equation (4.50),

Il = S
-1

-'^) dx f A V - u cos (air) 
(1 - x)°

(4.57)

which can be integrated by the calculus of residues to give

II 2 S IT g 
sin(aiT)

+ A V - U cos(a7r) sin(a?) (4.58)

1^) gjLAjL^

When a f g is negative the configuration is as shown in Figure 

4.4, where the lines meet at the point B, corresponding to t = ».

By evaluating the residue at t = A, the value of u is obtained 

as

u = |STT (A + 1)° (A - 1)^1 

Making the substitution

(1 + x)° (1 - x)^ 

(1 - Ax) 

(1 + x)" (1 - x)^ 
1 (1 - Ax)

(4.59)

(4.60)

Equations (4.59) and (4.60) can be evaluated numerically using either 

the Gauss-Jacobi quadrature or the method used by Brandens and Piessens.

With the application of simple trigonometry to Figure 4.4, the 

following equations are obtained

u = -V sin(aTr) - y sin(gTr) (4-61)

Io = V cos(a^0 - y cos(6^) (4.62)

It is not necessary to evaluate both v and y , as they are 

related to u by equation (4.61).
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Under these conditions, Io can be conveniently found by reducing

the improper integral to a form that has already been considered.

Io = P
x-A

(1+x)^ (1-x)^ dx + S(l+A)(l+x)^(l-x) dx (4.63)
-1

S P
x - A

where Y = a - 1.

The first term on the r.h.s. of equation (4.63) can be integrated

in terms of the beta function

(1+x)^ (1-x)^ dx S.2^^^t^ 6(1+Y, Ifg) (4.64)

The integration of the second term on the r.h.s. of equation (4.63)

depends on the value of y + 6. If 0 then it can be integrated

by the methods already described ; if Y + g > 0, then the procedure

S

is repeated until the integral is in a suitable form.

4'4.4 The Evaluation of the Improper Integral by Subtracting Out 
jthe SijTgulari^

This technique of evaluating Cauchy Principal Values is based on 
the method of 'subtracting' or 'weakening' the singularity^'^'^^\

Consider again equation (4.43)

d = P
x-A

6
- G(x) dx

Since G(x) is a well-behaved function in the interval [-1, 1), it can 

be expanded as a Taylor series about the point x = A to give

G(x) = G(A) f G'(A) (x-A) f GKAUx:^
2:

(4.65)
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If a function H(x) is now defined as

H(x) = S(x) - GIA) 
X -A

it can be seen that

H(x) = G'(A) + G"(A)J,x-A) 
2 :

(4.66)

(4.67)

which is also a well-behaved function in the interval [-1, 1].

Returning to equation (4.43) it is evident that this can be

rearranged into the following form

d = P P S G(A) (hx),,^ dx 

\ X - A- I

+ S H(x) (l+x)° (1-x)^ dx(4.68)

The first term on the r.h.s of equation (4.68) is a principal value and 

can be evaluated by the techniques described earlier. The second term 

is, of course, a definite integral and can be evaluated by the methods 

described in the previous section.

4.4.5 A Comparison of the Two Methods

To compare the accuracy and efficiency of the two methods, it is 

useful to consider the one finite value of d' in Figure 4 

the constants of equation (4.4) can be found analytically, 

occurs when the slot centres are aligned, so that

d' = (Sg - S,)|2

Rowlands-Rees^^'^^^ has shown that the constants, in 

are given by the following equations 

I 
IT

X + /x^ - 4
2

.1 for which

This

(4.69)

this case,

(4.70)

(4.71)

(4.72)

S

1
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+ _ y + /y^ - 4 (4.73)
2

1
(4.74)

Y - Sg2 + /(S;^^ - Sg2^ + 4)2+ 16Sg2
(4.75)

(4.76)WliL:: A

2

y . x + ^B' - :A' (4.77)

The comparison is made by evaluating the following two integrals

P S /(t+to)(t+ti)(t-t2)(t-t4) j^ 0 (4,78)
L t(t+l)(t-t3)

and

d' = p f lAtftE2gE2tEK2tESI dt (4.79) 
:t^ t(t+i)(t-t3)

The first integral shows the condition that the two surfaces on either 

side of the slot are collinear, whilst the second integral relates the 

slot displacement, d', to the constants of the transformation equation.

Three typical sets of values of S. and Sg were chosen and the 

constants were calculated using equations (4.69) - (4.77). Equations 

(4.78) and (4.79) were then evaluated using the Chebyshev method 

(called method 1 for short) and the method of weakening the singularity 

(called method 2). The results of the calculations are presented in 

Table 4.2. In this table, n is the number of Chebyshev coefficients 

used in method 1 and H is the result obtained from evaluating equation 

(4.78). The error term, Ej., was taken as the sum of the absolute 

values of the last three terms in the Chebyshev series multiplied by Io, 

that is

EnT = (I bn I + Ibn-]! + l^n-zl) ^o (4 80)

In method 2, the second integral of equation (4.68) was evaluated using
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S^ = 1.0 Sg = 1.25

i^ = 0.23218932 x lO^i 

tg = 0.33563320 x 10°
ti = 0.43068303 x 100

t^ = 0.29794430 x lO+i

E^^ = 0.20 X 10-9

E^y = 0.19 X 10-9

IQ-io

Method 1

n = 15

n = 25

Method 2

d'=-0.12500000

H = 0.00000000

dr=-O.12500000

H = 0.18189894 x

S^ = 2.0 S 3 = 2'5
....................................

tg = 0.36791859 x 10+: ti = 0.27179926 x 10°

tg = 0.16569204 x 100 tg = 1 ti, = 0.60352931 x 10^

Method 1
n = 12 d'= -0.25000000 E^y = 0.81 X 10"9

n :^ 33 H = 0.00000000 E^y = 0.12 X 10-7

Method 2
d'=-0.25000000

H = 0.29103830 x 10"G

= 7.5

to = 0.44126434 x lo+i ti = 0.22662127 x 10°

tg = 0.27885148 x 10-1 tg = 1 t., = 0.35861385 x 10+2

Method 1
n = 10 d^= -1.25000000 E^y = 0.94 X 10-8
n = 44 H = 0.00000001 E^y = 0.34 X 10-7

Method 2 d^ = -l. 25000000
H = 0.00000000

Table 4.2
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the Gauss four and six point formulae to a specified accuracy of ICr^.

The Integrals have been evaluated to a higher degree of accuracy 

than would normally be required in a direct-search process. However, 

the results illustrate the high accuracy that can be obtained using 

either method.

A number of integrals have been evaluated using both methods and 

it has been found that method 2 is more efficient, in terms of both 

computer storage and time. For example, when finding the constants 

for the slot combination S/^ = 1.0, Sg = 1.25, with slot centres dis­

placed at intervals of 0.1 units from 0.0 to 2.0 units, a program using 

the first method required 23,433 words of store and took 2,479 seconds, 

whilst a program using the second method required only 13,134 words of 

store and took 1,047 seconds. Both programs were run on the London 

University C.D.C. 7600 computer.

In general, the second method of integration is more efficient 

than the first because fewer integrals have to be evaluated. For 

this reason it has been preferred when evaluating the integrals that 

occur when applying conformal transformation methods to the air-gap 

region of an induction machine.

4.5 A Further Problem

The methods described in this and the previous chapter can be 

used to find the constants of a boundary whose complexity approaches 

that of a boundary normally treated by the finite element method. To 

Illustrate this, consider the boundary shown In Figure 4.5. This 

shows a region of the air-gap containing a pair of semi-closed slots.

The Schwarz-Christoffel transformation equation, which maps 

the real axis of the t-plane on to the boundary In Figure 4.5, Is 

given by 

t (t+1) (t-tg)
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where
ai - —- 1 , do = —^ - 1 , ... Hfi = —® - 1 

•nr TT 

There are ten constants and ten equations are required for the direct- 

search process.

Four of the ten equations can be obtained by evaluating the resi­

dues at the poles of dz/dt. Another four equations can be defined by 

relating the transformation equation to the four dimensions 

Zi, Zg, zg and Zi^. For example,

t (t+l)(t-t6)
(4.82)

A ninth equation can be found by using the condition that the surfaces 

on either side of a slot are collinear and the tenth equation can be 

obtained by relating the transformation equation to the slot displacement, 

d. Thus, ten equations have been defined and can be used in a direct- 

search process to find the constants.

A computer program, incorporating Peckham's direct-search method 

has been written to find the constants of the transformation equation 

for various values of S^, S.', Sg, Sg' and dt The values of the a 

are, at present, fixed. It is, however, a relatively simple matter to 

change these values. Unfortunately, convergence Is not very rapid 

because of the large number of equations Involved and because of the 

complexity of these equations. It is also noticeable that the rate 

of convergence decreases as S^' and Sg' become smaller.

The reason for examining this slot shape is to find the slot 

widths of an equivalent open slot configuration. A possible equivalent 

open slot configuration is shown in dotted lines in Figure 4.6. It Is 

proposed to obtain these equivalent slot openings by calculating the 

flux entering the slots of the boundary shown In Figure 4.6 using a
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conformal transformation field solution. These flux values are then 

compared with those obtained by calculating the flux entering the 

slots of a number of open slot profiles, until equivalent open slot 

widths are found. This would give the required values of S^ and Sg, 

the equivalent open slot widths.

It Is hoped that this technique may be extended to Include other 

slot shapes. Thus It may be possible to replace a particular slot 

shape with an equivalent open slot configuration. This Is clearly 

an advantage because of the relative simplicity of the transformation 

equation associated with the open slot shape (see equation 4.4). Fur­

thermore, in the following chapter It will be shown that the constants 

of the open slot shape can be found very rapidly, given values of S^, 

Sg and slot displacement.

4.6 Conclusions

Methods have been described and compared for evaluating the 

definite and Improper integrals that arise In conformal transformation 

problems.

For evaluating the definite Integrals, the Gauss-Jacobi method 

and the method of Branders and Piessens are particularly suitable. 

However, good results have also been obtained In some problems by 

displacing the limits of Integration from the singularities and using 

Simpson's quadrature. A simple change of variable method may also be 

used to remove the singularities.

Cauchy Principal Values often arise in practical problems and two 

methods have been developed to evaluate this type of Integral. Both 

methods evaluate the Integral to a high degree of accuracy. One 

method Involves the use of a recursive formula based on a Chebyshev 

series and the other is based on the method of weakening the singularity. 

A numerical example shows the latter method to be the more efficient.
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z-plane
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Figure 4.1 A complicated boundary with four right-angled 
vertices.
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a < 0, 6 < 0

Figure 4.2 The four types of integrand associated with the 
definite integral evaluated in Chapter 4.
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t = 1
w-plane

Figure 4.3 Configuration in w-plane used to 
evaluate 1^ when a + 8 - 0
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Figure 4.4 Configuration in w-plane used to evaluate 
Iq when a + 6 < 0
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Figure 4.5 A pair of semi-closed slots shown in the z-plane.
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Figure 4.6 A pair of semi-closed slots and a possible
equivalent open slot configuration.
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5. Introduction

This chapter is concerned with the application of the conformal 

transformation method to the solution of the field in the slotted air- 

gap boundary of an induction machine. The numerical methods described 

in the previous two chapters are used extensively here.

The main object of this chapter is to describe the analysis used 

to calculate the flux in a tooth and the tangential and normal components 

of force. This analysis has been incorporated into a computer program. 

This program can be used to obtain the instantaneous flux and force 

quantities associated with all the stator and rotor teeth and, thus, 

gives the instantaneous distribution of these quantities over a double 

pole pitch of the machine. The flux and force pulsations in the teeth 

of the machine can be obtained by calculating these distributions at a 

number of different positions of the rotor relative to the stator. 

This process is described In greater detail in the following chapters. 

Clearly, therefore, the calculation of the flux and force quantities 

forms the basis of the later work and Is to be explained in detail in 

this chapter. The assumptions used in applying the conformal trans­

formation method to calculating the field in the slotted air-gap region 

are stated and discussed in Section 5.1.

The flux distribution around a tooth, and the components of force 

acting on it, can be obtained from a combination of the solution of the 

field In three regions. These regions are Identified in Section 5.2 

as a region corttaining two displaced slots (doubly-slotted boundary), 

a region containing a single slot (singly-slotted boundary) and a region 

having no slots in which the gap density is assumed uniform. The 

Schwarz-Christoffel transformation equations of the singly and doubly- 

slotted boundaries are derived in Section 5.3. 
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In Section 5.4, it is shown how the total flux in a tooth can be 

obtained from the solution of the field in these three regions.

The force acting on any part of the slotted-boundary can be 

obtained using the Maxwell stress method described in Chapter 2. In 

Section 5.5, the integral of the Maxwell stress function is expressed 

in a more convenient form as a function of t (the complex variable in 

the t-plane) rather than z (the complex variable in the z-plane). 

This form of the integral is then used to obtain the tangential and 

normal forces acting on a tooth by integrating over the appropriate 

surfaces. This is explained in detail in Sections5.6 and 5.7.

Finally, it is shown how the analysis in Sections 5.3 to 5.7 has 

been Incorporated into a computer program. A simplified block 

diagram of this program Is shown.

5.1 List of Assumptions

This section lists the assumptions made In the analysis of the 

tooth flux and force pulsations under load conditions. These are:

(1) The air-gap field in an unskewed machine can be analysed using 

a two-dimensional cross-section of the machine. In a skewed 

machine, the field can be taken as axially uniform over a small 

element of the bore length dl, and the field may be analysed using 

a two-dimensional cross-section of the machine.

(11) The curvature of the air-gap Is neglected.

(Ill) The relative permeability of the Iron Is high (p °°). 

(1v) Any slot shape can be represented by an equivalent open slot 

shape.

(v) The slots are Infinitely deep.

(v1) Since the slots In a machine only perturb the field over a 

limited region, it Is assumed that, at any Instant, at no part of 

the air-gap boundary is the field affected by more than one pair 



of slots situated on the opposite side of the air-gap.

(vii) The field at any point on the boundary can be calculated 

using the boundary conditions defined for the load case in 

Section 2.3.1 of Chapter 2.

Assumptions (i), (iii) and (vii) are discussed in Sections 2.1, 

and 2.3.1 of Chapter 2.

Assumption (ii) involves a negligible error since the air-gap 

width is small compared with the radius of curvature.

In practice, induction machines have a variety of slot shapes; 

some typical examples are shown in Figure 5.1. Assumption (iv) is 

commonly made when treating problems of this kind. It is reasonable 

because the main aim of the present analysis is to derive a set of 

equations relating the flux and force pulsations to the stator and 

rotor slot pitches, rather than to calculate these pulsations in a 

machine having a particular slot shape. If the teeth are highly 

saturated, a value between that of the actual slot opening and slot 

width may be taken.

Figure 5.2 shows an open slot containing one or more rectangular 

conductors. When the conductors carry current, they set up a slot 

leakage flux pattern of complex shape. Typical flux patterns have 

been obtained for the steady state condition by Carter'' " If there 

is an appreciable space below the bottom conductor, and the width of 

the conductor is substantially less than that of the slot, the flux 

pattern is that shown in Figure 5.2a. However, apart from those cases 

of machines having high voltage windings with thick insulation, the 

proportions of the conductor are usually more like those of Figure 5.2b 

and the flux pattern is approximately in the form of straight lines 
crossing the slot. Robertson and Terry^^*^^ have used this assumption 
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when calculating slot leakage inductance. Thus, it is reasonable to 

assume that the flux crossing the slot becomes uniform at a point 

remote from the slot opening. This assumption is necessary if the 

boundary conditions defined for the load case in Section 2.3.1 of 

Chapter 2 are to be satisfied. Furthermore, if the slot depth is 

much greater than the width, as is usually the case, the depth can be 

assumed to be infinite and this gives a simpler transformation equation.

Assumption (v1) only ceases to be valid when the teeth on one 

side of the air-gap are less than about 1.5 times the width of the slots 

on the opposite side. This rarely, if ever, occurs in practice.

5.2 Division of the Air-Gap Into Regions

The flux distribution around a tooth and the components of force 

acting on It can be obtained from a combination of the solutions of the 

fields In the three regions shown in Figure 5.3. Region 1 contains two 

displaced slots. It is Important to note that the flux In the air-gap 

is almost uniform at points AA* and BB', which are remote from the 

slot openings, so that the separate solutions can be combined. Region 

2 contains one slot. Again the flux In the air-gap Is almost uniform 

at points AA' and BB'. Region 3 contains no slots and the air-gap 

field is uniform everywhere.

5.3 The Transformation Equations of the Singly and Doubly-Slotted 
Boundaries

5.3.1 Slngly-STotted Boundary

The singly-slotted boundary Is shown In Figure 5.4, located In 

the z-plane with corresponding points in the t-plane. The slot has 

a width S/g. It is convenient in the following analysis to take the 

gap width, g, as unity. The equation which transforms the real axis 

of the t-plane into the singly-slotted boundary is given by



118.

dz 
dt

K/^(t + to)(t + ti) 

t (t + 1)
(5.1)

A set of equations relating the constants of the transformation 

equation to the slot width, S/g, can be obtained by evaluating the 

residues at the poles of dz/dt. The equations are as follows:

to t, = 1 (5.3)

t, - ((S/g)^ 5/g /(S/g)2 + 4 (5

The transformation equation can be integrated to give z

= 1 /( t+to)(t+ti) j^
'"' 1 t(tfl)

(5.5)

This integral can be solved analytically. In the interval (-to, -tj

the integrand in equation (5.5) is complex and has to be rearranged

as follows:

z i f ./(-t-ti)(t+to) 
J t(t+l) dt (5.6)

This integral can be Integrated formally as a function of t , but a 

simpler solution can be obtained by using the transformation equation 

p2 = - lit tj (5.7)
(t+ to)

After substitution for t and suitable algebraic manipulation, the 

solution becomes

Z = — tan'^p - tan"^ -E, + 5/9. . log ( ..fi ) + constant 
' - P J (5.8) 

for the interval (-ti, - 1) in Figure 5.4 and



2- „/ti ) 
P + /ti _

Z = M
IT

tan"^ p - tan"^ -^ - ^^.log + constant

(5.9)
for the interval (-1, "^q)- 

In the other intervals of t, the integrand of equation (5.5) is 

real, and the integral can be integrated using the transformation 

equation

p2 = t + tp 
t + ti

(5.10)

which gives the following solution

z - 2.S/g tan~^ —£-! + p - log to + P
1 - P to - P + constant

(5.11)

In addition to giving a simpler solution, the p transformation has 

another advantage. This can be illustrated by considering the calcula­

tion of the distance between a point on the tooth surface and a tooth 

corner. This involves finding a point t' corresponding to a particular 

point z'. The point t' could be located in either of the two intervals 

(O, -tj or (-to, ”). Numerical problems can arise when finding t' 

in either interval. In the first interval t* is very small (for 

example, if S/g = 5.0, t^ = -0.037) whilst in the second interval t' is 

unbounded. However, under the p transformation the interval (-tg, ”} 

is mapped into the interval (O, 1) in the p-plane and the corresponding 

values of p' and z' can be found with comparative ease.

5.3.2 poubl221[otted^oundar^

The doubly-slotted boundary is shown in Figure 5.5 located in 

the z-plane with corresponding points on the real axis of the t-plane. 

The upper slot has a width Sy^/g, the lower slot a width Sg/g and 

Sg/g > S^/g. The gap width is again taken as unity. The Schwarz- 
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Christoffel transformation can be used to give the mapping function^ ' ‘ 

= k/(t+to)(t+ti)(t-t2)(t-t4) ,g 
t(t+1)(t-t3]

It is necessary to establish six equations to find the constants. 

Four of the equations can be found by evaluating the residues at the 

poles of dz/dt, and this leads to 

K = 1 (5.13)
IT 

t32 = tg . t} . t2 . t^ (5.14)

(SA/^(l+t3)2 = (ti.l)(l-to)(l+t2)(l+t^) (5.15) 

and (Sg/^ (l+ts)^ . tg^ = (t3+to)(t3+ti)(t3-t2)(t4-t3) (5.16)

The remaining two equations can be obtained by relating the 

transformation equation to the dimensions of the z-plane boundary. 

The first equation implies the condition that the two surfaces on 

either side of a slot are collinear. For the upper slot in Figure 5.5, 

this Involves evaluating the Integral

P /(t+to)(t+ti)(t-t2)(t-t;Tj^ = 0
t (t+l)(t-t3)

(5.17)

equation to the slot centre displacement, d.

d = p 1 f^^ ^(t+to)(t+ti)(t-t2)(t-t;T

If t (t+1)(t-t3)

It Is, of course, possible to rearrange

The second equation can be obtained by relating the transformation 

This leads to the equation

dt - ( -2 ------ 2. ) (5.18) 
2g

equations (5.14) - (5.18) 

to form the elements of a function which Involves a sum of squares 

suitable for use with Peckham's direct-search method. However, by 

making tg, ti and t2 functions of tg, t^, S./g and Sg/g the number of 
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constants to be found in the direct-search program can be reduced from 

five to two. These functional relationships may be obtained in the 

following way. Let a function f(t) be defined such that

f(t) = (t+to)(t+ti)(t-t2) = ao + ai t + ag t^ + t^ (5.19)

Substituting the values t = 0, -1 and tg into equation (5.19) gives 

f(0) = - to . ti . tg = (5.20)

f(-1) = (t,-1)(l-t„)(l+t2) = (S,/g)2 . ilt^^' (5.21)

^(ts) - (t3+to)(t3fti)(t3-tg)
(Sg/g)^ . (l+tg)^ . tgZ

(t^-ta)
(5.22)

or in terms of the coefficients ao, a^ and ag

f(0) = ag

f(-l) - aQ - a^ + ag - 1

f(tg) = ao + a^ tg + ag tg^ + tg^

(5.23)

(5.24)

(5.25)

Equations (5.23) - (5.25) can be rearranged to give

f("l) - f(0) + 1 = "dj + dg (5.26)

f(t3) - f(0) - tgZ = tg ai f tgZ Bg (5.27)

Accordingly, equations (5.26) and (5.27) can be solved to give a^ and 

ag in terms of tg, tt^, S^/g and Sg/g. This leads to the following two 

equations,

=2 = (S./g)2. + 1^ + (S„/g)2. (l-ta) (5.29)
(1+tl,) tij. (tt^-tg)
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Also, from equations (5.20) and (5.23)

4- 2
ao = (5.30) 

t4

Thus, for any values of tg and ti^, the remaining three constants 

can be found by solving equation (5.19). A method suitable for finding 
the roots of a cubic equation Is given by Selby^^'^\

The above method has been Incorporated into a computer program 

designed to find the constant of the doubly-slotted boundary for spe­

cified values of S./g, Sg/g and d. The program also Includes a sub­

routine package based on Peckham's direct-search method (see Chapter 3). 

The elements of the sum of squares function are obtained by rearranging 

equations (5.17) and (5.18). Both Integrals are evaluated using the 

method of weakening the singularity. Since only two variables have to 

be found In the direct-search program, the constants can be found very 

efficiently, as Is confirmed by the results shown In Section 4.4.5 of 

Chapter 4.

The doubly-slotted boundary also exhibits a form of symmetry. 

This may be shown by considering the two boundaries In Figure 5.6. It 

should be noted that the two boundaries have slot displacements equal 

In magnitude but opposite in sign.

The transformation equation of the boundary In Figure 5.6a was 

defined earlier and Is given by 

= 1 /(tftQ)(t+ti)(t-t2)(t-t^) 2^^ 
t(t+l)(t-t3)

The transformation equation of the boundary in Figure 5.6b is given by

dz _ 2 /(u+t^^ufti)(u-t?)(u-t^)
^ ■^ u(u+l) (u-tg) (5.32)
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Let

then

dz dz dt
^ " "dt ' ?u

where

dt -1
" u2

Therefore ________ ___

—.    ...... ... ........  .1 I .Nil"*      I WH .=..,li lUl i   — .iWl iWl.lilil    

or

^ u(u + l)(u--^^)

However, from equation (5.14)

ZS3Z3iZZ3ZZiZSL = ]

so that _____________ _______ _______

OU TT .

U (u + l)(u - T )
(5.33)

By comparison with equation (5.32), the following relationships are 

obtained

to ~ T » ti = T » t2 = T , tti = Y and tg = -I- (5.34) 
1-2

This set of relationships is of particular importance because 

the constants have only to be found for positive values of displacement 

in the direct-search program . Furthermore, the symmetry exhibited 

by the boundary is of great value when calculating the flux and normal 

components of force in the region of the doubly-slotted boundary 
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corresponding to the intervals (-to, ”) and (ti^, <») in the t-plane.

^•^ The Calculation of Flux in a Tooth

This section is concerned with the calculation of flux in any 

tooth of an induction motor. The solutions of the field in the three 

regions, defined in Section 5.2, are used to calculate this flux.

The section of the slotted-boundary shown in Figure 5.7 is the 

most complicated region of the air-gap in which the flux in a tooth 

has been calculated. Thus, the calculation of flux in tooth B 

involves solving the field in two doubly-slotted regions, a singly- 

slotted region and two regions containing no slots. The calculation 

of flux in tooth A is much simpler, involving the solution of the field 

in one doubly-slotted region, one singly-slotted region and one region 

containing no slots. A number of other cases can occur but the calcu­

lation of flux In the tooth Is similar to the cases shown here.

It is Important when calculating the tooth flux to define the 

direction of flux across any part of the Iron. The definition used 

here Is that If the flux crossing any part of the tooth Is entering 

the iron it is given a positive value, if It Is leaving the Iron It Is 

given a negative value.

Figure 5.7 also shows the notation used to identify the various 

components of flux which, when summed together, give the total flux in 

a tooth. Each component represents the amount of flux crossing the 

boundary between the two points on the tooth associated with that 

component. The field at these points is, of course, almost uniform.

Thus, the flux in tooth A is given by 

*A " *d1 *nl *s2 (^^"^^

and the flux in tooth B is given by

*B = *d4 + *nl *s3 + *n2 *d3 (5.36)
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An equation for the component of flux, 4)^, In the region contain­

ing no slots can now be derived. The flux crossing a segment of the 

boundary, z, In the region shown In Figure 5.8 can be calculated by 

evaluating the integral

^ . ds (5.37)
s

which becomes

*n Bdz (5.38)

for unit axial length. If the potential difference across the air­

gap is M and the gap width is g, then

H . d& = M (5.39)
0

However, H is constant, so that

Hg = M
or B = ^ (5.40) 

g

Thus, an expression for 4,^ can be obtained In terms of the potential 

difference, M, by substituting equation (5.40) into equation (5.38) 

and Integrating. This leads to the following equation

* = (5.41)
g

The remaining components of flux can be found by solving the 

field In the singly and doubly slotted regions. To obtain the correct 

field in either region It Is necessary to find a complex potential 

function 

w = <|) + jip (5.42) 

which satisfies the boundary conditions defined in Section 2.3.1 of 

Chapter 2. As in the previous section, the two boundaries are treated 

separately.
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5.4.1 The Calculation of the Flux Components in the Singly- 
Slotted Region

The complex potential function for this region is obtained by 

satisfying the boundary conditions shown in Figure 5.9. The terms 

Il + I3 , I3 and zero denote the values of the potential on the differ­

ent parts of the iron. The corresponding intervals in the t-plane 

have the same values of potential. A function which satisfies these 

boundary conditions in the t-plane is given by 

w = 11 log t + -11- log(t+l) (5.43) 
IT TT

Il is the instantaneous value of the current flowing in the conductor 

in the slot and I3 is the instantaneous value of the air-gap m.m.f. in 

the region of the machine where the slot is located. Both I) and 

13 are represented in the t-plane by point current sources, Ij-being 

located at the point t = -1 which corresponds to a distance infinitely 

far down the slot in the z-plane and 13 is located at the point t = 0 

which corresponds to a distance infinitely far down the air-gap.

From equation (5.43), the potential can be obtained directly in 

S.I. units by calculating the imaginary part of the function. The 

flux can be found in units of webers by multiplying the real part of 

the function by po-

The flux crossing any segment of the singly-slotted boundary has 

not been obtained by direct application of equation (5.43) because it 

is very difficult to determine the direction of flux. Instead, the 

boundary conditions associated with the two terms in equation (5.43) 

were applied separately as shown in Figure 5.10. Clearly, the direc­

tion of flux in the two figures on the r.h.s. of Figure 5.10 is 

dependent upon the values of Ii and I3. Thus, the flux crossing any 

segment of the boundary can be found by calculating the two terms in
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equation (5.43) separately, assigning each term a positive or negative

value depending on the direction of flux, and then summing the two

terms together.

The components of flux are given by

*sl - -

*s2 "^ ^0 +

and

4>53 = Po

11 log
TT

13 log
TT tc

T
± ■ -^ log ( ^ )

where t^^, t., t, etc. are all positive values.

(5.44)

(5.45)

(5.46)

The gap density at the

points corresponding to t = -t^ and-t, is almost uniform. The values

°^ ^a’ ^b’ ^c’ ^d’^e ®'^*^ ^f ®^® found by solving the equation

|z| - |f(p)| = 0 (5.47)

where z is the distance from the appropriate tooth corner to the point 

on the slotted-boundary corresponding to any one of the six point

t = tg, t|^, etc. The function f(p) is one of the three functions on 

the r.h.s. of equations (5.8), (5.9) or (5.11) depending, of course, 

on the interval in which the point corresponding to p lies. Equation 
(5.47) has been solved using the bisection method^^'^L

5.4.2 The Calculation of the Flux Components in the Doubly- 
Slotted Region

The complex potential function for this region can be obtained by 

satisfying the boundary conditions shown in Figure 5.11. A function 

which satisfies these conditions is given by

w = ^3 log t + I^ log (t+1) f ]^2 log (t-tg) (5.48) 
TT TT TT
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where Ii and 12 are the values of the current flowing in the conductors 

and 13 is the value of the air-gap m.m.f. in the region of the machine 

in which the slots are located. In the t-plane there are point cur­

rent sources of values 12 and 13 at the points t = -1, t3 corresponding 

to points infinitely far down both slots and a current source of value 

I3 at t = 0, corresponding to a point infinitely far down the air-gap. 

The components of flux *j^, *^3 ^"d *j^ are given by the

following equations

4'di y.o l3 log ( )

^d2 - ^0 - ^°9( r ^°9 ---------
12 ,=g W 

(tg+tg)

(5.50)

*d3 ^og( -J- ) ± -1 log- --------
I (1+tg)

I2

TT
log

(tg-t^)

(tg-t,)

(5.51)
and

^^109± —^ log( )
' *9*d4 - ^0

(1+tg)

(5.52) 

where t^, t. , tr"" ^1-^' ^""^ ^H positive values. The gap density at 

the points in the z-plane corresponding to t = -t^ and -t^ is almost 

uniform. The values of these eight t-plane variables can be found 

by solving an equation of the form

^(t+to)(t+ti)(t-t2)(t-tT)' 
t (t+l)(t-t3) 

where z is the distance from the appropriate tooth corner (at which 
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the value of the constant is t ) to the point on the slotted-boundary 

corresponding to t^ (where t^ is any one of the eight t-plane variables). 

As In the case of the singly-slotted region, equation (5.53) can be 

solved by the bisection method.

The same numerical difficulties have been encountered In finding 

the values of t^, t^^, t^... etc. as reported by Rowlands-Rees In his 
thesls^^'^L Consider, for example, the equation 

|zi| - 1 /lt+tQ)(t+ti)(t-t2)(t-t^I Q (5.54) 
t (tfl)(t-t3)

Which relates the distance zi, In Figure 5.11, to the constants of the 

transformation equation. It Is often found necessary to make the dis­

tance Zi large (for example, S^^/g = 5.0, Sg/g = 7.50, displacement = 

5.0, Z]^ = 12.75/g) to ensure that a point has been found sufficiently 

remote from the slot openings for the flux density to have become 

uniform. However, If Zy is too large, the value of |t^| becomes very 

small. The Integrand of equation (5.54) then has a very large value 

due to the pole of order 1 at t = 0. This gives rise to numerical 

difficulties when trying to find It^j. It has, therefore, been found 

necessary to limit the value of Zi. However, for all slot combinations 

considered In this thesis, it was found possible to make Zj large enough 

to ensure that a point had been found where the flux density was suf­

ficiently uniform.

Consider now the equation

IzgJ - - f 2(It+git+g]]l+tIRtEt3 dt = 0 (5.55) 
L t (t+l)(t-t3)

In this case, if zz is too large, then |t| becomes very large 

and difficulties are encountered in producing consistently accurate 
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results. To overcome these difficulties the doubly-slotted boundary 

with opposite slot centre displacement is used, the problem being re- 

formulated on the left hand side of the top slot. The limits of 

integration are then -tj and -t', where 0 >-tg >-t{. In this way It 

is possible to obtain an accurate value for t' and hence t,. This 
Q Q 

formulation has the added advantage that the search is carried out In 

a finite Interval (0, - ti) rather than an Infinite Interval (-to, “). 

In fact, the same search program can be used to find both t^ and t^j. 

Exactly the same considerations apply to the variables t^ and t^.

To find the values of t^, t^, t^ and t^, a point Is found 

sufficiently remote from the slot opening for the flux to have become 

uniform. If a greater slot depth Is required, the slot leakage flux 

for the additional depth can simply be calculated and added to the 

value of the flux obtained by the conformal transformation field 

solution.

5.5 The Relationship between Field and Force Distributions 

The force acting on any part of the slotted-boundary can be cal­

culated using the Maxwell stress method described In Chapter 2. It 

will be recalled that this method involves the evaluation of the Inte- 

gral

If B . H do (5.56)

over a suitable contour. This equation becomes

B^ dz (5.57)

per unit axial length. It Is more convenient to solve this Integral

as a function of t rather than z, and since B =
dw (5-3)
3z ’

z
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1
2uo .

Cz

dw (5.58)B^ . dz )^ . dz

which after a change of variable becomes

dt (5.59)

The force acting on any part of the singly-slotted boundary, 

under load conditions, can be obtained as a function of t by substitut­

ing equations (5.1) and (5.43) into equation (5.59) to give

_1_ f (I3. (t+1) f II . t)2 dt /CIGO)
^^0 J t(t+l) /(t+to)(t+ti)

The analytical solution of this integral is described in the following 

two sections.

In a similar manner, the force acting on any part of the doubly- 

slotted boundary can be obtained as a function of t by substituting 

equations (5.12) and (5.48) into equation (5.59) to give

1
2po ■^

(I3 . (t+1) (t-tg) + Ij . t (t-tg) + I2 . t(t+l) )^ dt 
t (t+1)(t-t3) /(t+to)(t+ti)(t-t2)(t-t^)

(5.61) 
This integral can be solved by the analytical techniques described in 

Chapter 4, but it is more convenient to solve it by the numerical 

quadrature methods described in the same chapter.

In the following two sections, equations (5.60) and (5.61) will 

be used to obtain the tangential and normal components of force acting 

on any tooth of an induction machine.

5.6 The Tangential Force Acting on a Tooth

It was shown, in Section 2.5.1 of Chapter 2, that the tangential 

force acting on any tooth can be obtained by evaluating the integral of 

the Maxwell stress function over the two slot sides that enclose the 

tooth. Accordingly, the tangential force on tooth A, in Figure 5.12, 
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is the difference between the forces associated with the slot sides of 

the two doubly-slotted regions. The force on tooth B is the difference, 

between the force on the slot side of the singly-slotted region and the 

force on the slot side of the doubly-slotted region. The solution of 

equation (5.60), the Integral of the Maxwell stress function associated 

with the singly-slotted region, Is considered first.

Equation (5.60) can be Integrated formally as a function of t, 

but, as In the case of the transformation equation of the singly-slotted 

region, a simpler solution can be obtained by using the transformation 

equation

p2 = -jtf^ (5.62) 
(t+to)

This leads to two solutions. In the Interval (-tj^, -1), the solution 

Is given by

[ (Il + I3)2tan-1 p - 1,2 tan-i £ - td . log '

(5.63) 

and in the interval (-1, -to)

(h + Ig)^ tan"^ p - Ig^ tan"^ ^O9 "^---- ^ (5.64)

In the interval (-ti, -1), the limits of integration are -ti, -t^, 

(see Figure 5.9) and in the Interval (-1, -t^) the limits of integration 

are -tj^, -t^. Thus, the forces associated with the two slot surfaces 

are calculated to a slot depth at which the flux has become almost 

uniform. The additional force contribution associated with the slot 

leakage flux can simply be calculated and added to the value of the 

force obtained by the conformal transformation field solution.

As mentioned in the previous section, the integral of the Maxwell 
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stress function associated with the doubly-slotted region, equation 

(5.61), is evaluated numerically. The method of weakening the singu- 

larity is used to make the integral proper, and Patterson's method is 

then used in the numerical integration. In this way, equation (5.61) 

can be integrated to a high degree of accuracy. For example, when 

using a routine based on Patterson's method, the absolute error was 

specified to 10"^° and this value was always obtained.

For the upper slot, In Figure 5.11, the limits of Integration 

are -ti, -t^, on one side and -t|^, -t^ on the other. For the lower 

slot, the limits of integration are t^, t2 on one side, and t^, t^ on 

the other. Thus, the force associated with the four slot sides Is 

again calculated to a slot depth at which the flux has become almost 

uniform.

5.7 The Normal Force Acting on a Tooth

In Section 2.5.1 of Chapter 2, it was shown that the normal 

force on a tooth can be evaluated by integrating the Maxwell stress 

function over the air-gap surface of the tooth. To determine the 

total normal force on a tooth, using a conformal transformation field 

solution, the section of the slotted-boundary associated with the tooth 

Is again separated Into connected regions (see Figure 5.7). The 

normal force component on each region Is then calculated by integrating 

the Maxwell stress function over that part of the air-gap surface of 

the tooth which lies within the region. The total normal force on a 

tooth is obtained from the summation of these components. To Illus­

trate this, consider Figure 5.13, which shows a section of the slotted 

air-gap boundary containing a tooth on which the normal force is to be 

calculated. The total normal force on tooth A, Fji^^,1s given by 

^NA ^N1 + ^N2 ^ ^N3 (5.65) 
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where

Fjq^ = the integral of the Maxwell stress function over the surface 

between the tooth corner and point A,

F|^2 ~ the Integral of the Maxwell stress function over the surface 

between points A and B,

F|^2 = the Integral of the Maxwell stress function over the surface 

between point B and the tooth corner.

It is important to remember that at points A and B the gap density is 

almost uniform.

In the singly-slotted region, shown in Figure 5.9, the normal 

components of force are found by integrating equation (5.60) over the 

surfaces corresponding to the t-plane intervals (-to, ~t^), (-t^, -ti) 

and (t^, tg). In these three ranges of integration, equation (5.60) 

has an analytical solution given by

(11^13)2 log 1^1 . 1,2 log +^tan-i^

(5.66)

Similarly, in the doubly-slotted region, shown in Figure 5.11, 

the normal force components are found by integrating equation (5.61) 

over the surfaces corresponding to the t-plane Intervals (-to, -tg), 

(-td* -ti), (tz, tg) and (t^, t^). Equation (5.61) has again been 

integrated to a high degree of accuracy (an absolute error less than 

W^Q) In all four ranges of Integration for relative displacements of 

stator and rotor slot centres.

Of course, It Is possible in another part of the slotted air-gap 

boundary to have a region with no slots in which the flux is assumed 

uniform. Such a region Is shown In Figure 5.8. The magnetic pull 

exerted on the segment, z, is given by 
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Substituting for B using equation (5.40) gives 

( 4 ) z (5.68)

Thus, the normal force component in this region can be expressed in 

terms of the potential difference across the gap.

5.8 T]Te_Com2Uter__fl29[^

The analysis described in the previous sections has been incor­

porated into a computer program which calculates the total flux in any 

tooth and the tangential and normal forces. A simplified block dia­

gram of this program is shown in Figure 5.14. This program has been 

used to obtain the distribution of flux and forces on the stator and 

rotor teeth over a double pole pitch of an induction machine. Further­

more, by displacing the stator and rotor surfaces it was possible to 

obtain a number of distributions and, thus, to determine the flux and 

force pulsations into the teeth. This investigation has been carried 

out for a number of slot combinations and the results and conclusions 

are presented in the following chapters.

The program can obtain both flux and force distributions very 

rapidly. For example, for a machine with 36 stator slots and 32 rotor 

bars, the program takes 4 seconds(execution time) on a C.D.C. 7600 com­

puter to calculate the flux, tangential and normal force distributions 

for eight relative displacements of stator and rotor surfaces. This 

involves the calculation of flux and force on 64 teeth. It is believed 

that this program is presently one of the fastest available for calculat- 

ing flux and force distributions using a two-dimensional field solution. 

In fact, such is its speed that it is proposed to use the program to 

generate the time history of the flux and forces on a tooth. This may 

be achieved by calculating the flux and force on a tooth for very many 
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positions of stator and rotor surfaces and for varying currents in 

the windings. One can envisage this as taking hundreds of 'snap 

shots' of the field and then combining them to produce a film of the 

complete time history.

The main limitation of the program at present is that a large 

amount of data processing is required. The constants of the doubly- 

slotted boundary are calculated in a separate program. The stator and 

rotor current distributions are calculated separately^ see Chapter 6) 

and the currents flowing in the conductors in the region where the 

tooth flux and forces are being calculated are read into the program. 

This also applies to the air-gap m.m.f. values. The slotted air-gap 

boundary has to be drawn out in full for every position of the stator 

and rotor surfaces so that it can be separated into the connected 

sections used in the program. This involves, in particular, finding 

a number of points at which the gap density is uniform. The later 

two processes involve a large amount of laborious data processing.

It would, of course, be possible to do some of the data process­

ing by computer. For example, a small computer program has already 

been written to find the constants of the doubly-slotted boundary. 

This program can be incorporated into the main program without greatly 

increasing computing time as it is a very efficient routine. A sub­

routine could be written to generate the stator and rotor currents and 

the values of the air-gap m.m.f. Such a routine could be based on 

the method described in Chapter 6. This method involves only simple 

calculations and would not, therefore, greatly increase computing time. 

The development of a routine which separates the slotted air-gap 

boundary into sections is more difficult but not impossible. These 

additional modifications have not been incorporated into this program 

mainly because of time. It was believed more important to obtain 
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results of engineering importance rather than develop a highly effi­

cient computer program. Nevertheless, it is hoped to include these 

refinements in the program so that eventually it will only be necessary 

to specify the overall design parameters (i.e. slot widthsand slot pitches).
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Round

Figure 5.1 Some typical induction motor slot profiles
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Figure 5.2 The slot leakage flux pattern of a high voltage and 
normal Induction machine
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Figure 5.3 A representation of the slotted-boundary of an induction 
machine
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Figure 5.4 Representation of the singly-slotted boundary in 
the z-plane and its relationship with the complex 
t-plane
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Figure 5.5 Representation of the doubly-slotted boundary in 
the complex z-plane and its relationship with the 
complex t-plane
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(b)

Figure 5.6 Two doubly-slotted boundaries having a positive and 
negative displacement, d. A simple relationship 
exists between these two sets of transformation 
constants.
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Figure 5.7 The most complicated section of the slotted air-gap 
boundary in which the flux in a tooth has been 
calculated
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Figure 5.8 A region containing no slots
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Figure 5.9 The singly-slotted region showing the correct boundary 
conditions
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Figure 5.10 The separate boundary conditions on the singly-slotted 
boundary used to determine the direction of flux
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Figure 5.11 The doubly-slotted region showing the correct 
boundary conditions
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Forces on slot sides associated with with the single slot region
the double slot regions

Figure 5.12 The tangential force on two consecutive teeth
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Figure 5.13 The section of slotted air-gap boundary used 
to illustrate the calculation of the total 
normal force on a tooth
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PROGRAM CALCULATES THE 
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Figure 5.14 A simplified block diagram of the computer program 
which calculates the total flux In any tooth and 
the total tangential and normal forces



154.

CHAPTER 6

A METHOD FOR CALCULATING THE APPROXIMATE 
ROTOR CURRENT AND AIR-GAP M.M.F. DISTRIBUTIONS

6. Introduction.

6.1 The Concept of a Distributed M.M.F.

6.2 Assumptions.

6.3 The Calculation of the Peak Value of the Fundamental No-Load
Air-Gap M.M.F.

6.4 The Calculation of an Approximate Rotor Current Distribution 
on Load.

6.5 The Calculation of the Air-gap M.M.F. in the Conformal Trans­
formation Model.

6.6 References.
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6. Introduction

It is a requirement of the present analysis that the flux, 

tangential and normal force components associated with all the teeth 

over a double pole pitch be calculated and for this it is necessary 

to calculate the stator and rotor currents and the air-gap m.m.f. dis­

tributions. In order to do this, the concept of m.m.f. as a distri­

buted quantity is used and a brief introduction to this subject is 

given in Section 6.1.

It is not practical to consider all types of stator winding and 

only one v/inding is considered in the analysis. This analysis is not 

primarily concerned with the modulation of the tooth-ripple carrier by 

the m.m.f. harmonics, but rather, with the influence of the rotor slot 

number on the carrier. This subject is discussed in detail in 

Section 6.2.

In Section 6.3 the peak value of the fundamental no-load air-gap 

m.m.f., associated with the stator winding used in the analysis, is 

calculated. In large machines it is reasonable to assume that the 

air-gap m.m.f. remains constant and sinusoidal when a load is applied 

to the machine.

An approximate rotor m.m.f. distribution is obtained for a set 

of imposed stator currents in Section 6.4. This distribution is found 

by subtracting the fundamental air-gap m.m.f. distribution from the 

m.m.f. distribution associated with the stator current on load. From 

this rotor m.m.f. distribution, a rotor current distribution can be 

obtained.

Finally, in Section 6.5, it is shown how the air-gap m.m.f. dis­

tribution associated with the point current sources and slotted- 

boundary used in conformal transformation is calculated.
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6.1 The Concept of a Distributed M.M.F.

The concept of a distributed m.m.f. 1s used extensively through­

out this chapter and a brief Introduction to this subject 1s now 

presented.

The basis of the concept of m.m.f. Is Maxwell's equation: 
dO

curl H = J + (6.1)
— - dt

At power frequencies the displacement current Is negligible and the 

m.m.f. can be written In the more familiar form of Ampere's circuital 

law:

j H . di = I (6.2)

This equation is commonly used in the calculation of flux in 

magnetic circuits. In such circuits, the m.m.f. Is a lumped quantity 

analogous to e.m.f. In electrical circuits. In a similar way, flux 

and reluctance are analogous to current and resistance respectively. 

In most applications, part of the magnetic circuit Is in Iron and part 

in air, and it is assumed that equation (6.2) can be written as 

I = Hj . 5-1 + Ha . i^ (6.3) 

where i^ and i. are the mean lengths of the magnetic circuit in iron 

and air respectively and H, and H^ are the moduli of the magnetic field 

In the iron and air respectively. Since the normal component of flux 

density Is continuous at a boundary, the following equation can be 

obtained: 

uo H^ = no Pr ^I (6'4)

The magnetic circuit quantities are related through the equation 

m.m.f. = Flux x Reluctance (6.5)

The reluctance of the circuit, R, can be found by solving equations 

(6.3) and (6.4).
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It is quite common to discuss the properties of the air-gap field 

in an induction machine in terms of a magnetic circuit. Such an 

approach presents, essentially, a one-dimensional view of the magnetic 

phenomena. The magnetic circuit quantities described in the previous 

paragraph are all 'lumped' parameters, but in the analysis of the air­

gap field, many quantities of interest, such as losses, forces and 

torque, depend not upon 'lumped' parameters, but on distributed quanti­

ties such as flux and current densities. To overcome this problem, 

the concepts of distributed m.m.f. and permeance were introduced. 
These have been clearly defined by Binns and Schmid^^'^^ and only the 

concept of a distributed m.m.f. will be discussed here.

The idea of an m.m.f. distributed circumferentially around the air 

gap is a one-dimensional view of current driving flux across the 

gap. To realise how an m.m.f. distribution can be obtained, consider 

Figure 6.1. To obtain the m.m.f. associated with currently flowing 

in the point current source in Slot 1, the magnetic field strength, H, 

is integrated around the closed path shown by a dotted line. On the 

line AA', the m.m.f. is arbitrarily chosen to be zero and this line 

acts as the origin of the m.m.f. distribution. In using the distri­

buted m.m.f. approach, it is generally assumed that the permeability 

of the iron is high or even =°. This assumption is also made, of 

course, when using a conformal transformation field solution. Thus, 

the magnetic field strength in the iron is zero and the path of inte­

gration reduces to the two line segments AA' and BB' crossing the gap. 

However, the m.m.f. at AA' i-s zero, so that the m.m.f. at BB' is simply 

equal to Ii. If the path is now enlarged to include Slot 2, the m.m.f. 

at CC is given by Ij + I2. In this way a complete m.m.f. distribu­

tion can be obtained as shown in Figure 6.2. This distribution is 

periodic in a double pole pitch.
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6.2 Assumptions

For the purpose of assessing the Influence of slot combination, 

a 4-pole, 36 slot stator with a double-layer winding of 8/9 pitch Is 

chosen. The stator has a slot pitch, P^/g, of 25.0. It Is not 

necessary or appropriate to consider all hypothetical stator winding 

distributions since the object of this Investigation Is to consider the 

Influence of stator-rotor slot combinations, and It Is not reasonable 

or necessary to consider every possible stator winding. The object of 

this analysis Is to examine the conditions which give rise to large 

flux or force pulsations at the stator and rotor teeth. Each m.m.f. 

harmonic will modulate the fundamental and harmonic tooth-ripple 
frequencies^^'^\ but if the fundamental carrier is small the resultant 

effect will be small. The modulation by m.m.f. harmonics is well known 

and there are limits to the practical reduction of such modulations. 

The tooth-ripple carrier, however, critically dependson the slot dimen­

sions and the rotor slot number is clearly a parameter which can be 

chosen by the designer.

It should be emphasised that the damping effect of the cage on 

the harmonics Is Ignored. To Include this effect It would be necessary 

to specify the type of cage used and Its appropriate resistance and 

reactance values which are frequency dependent. From a practical point 

of view, only a few cage configurations can be considered but it Is 

known that the relative merits of different slot combinations are not 

critically dependent on cage design. Hence, the applied electromagne- 

tic field pulsations are computed and the possibility of making these 

small is considered. The damping influence of the cage is further 

beneficial but does not influence critically the choice of slot com­

bination. In short, a bad choice of slot combination can only be 
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slightly improved by cage design, its relative merits compared to 

other choices remains largely the same.

It should be emphasised that in this thesis only squirrel-cage 

rotors are considered. This type of winding reacts with all the har­

monics produced by the stator. The cage tends to drastically reduce 

the amplitude of those components of the air-gap leakage field associa­

ted with the wavelength of a phase belt (these components will be 

referred to as the phase belt harmonics). The reason for this reduc­

tion is that there is a large difference between the angular velocities 

of the cage and these harmonics. For example, if the cage has a 

velocity of 1450 r.p.m., the 5th m.m.f. harmonic travels in the opposite 

direction to the cage at one-fifth its velocity, that is, at 290 r.p.m. 

Therefore, the relative angular velocity is 1740 r.p.m.. This large 

difference in velocity results in the 5th harmonic of the air-gap field 

inducing a large e.m.f. in the cage. The cage offers a very low 

impedance to the phase belt harmonics so that very large damping cur­

rents flow. In fact, the cage acts as a virtual short-circuit. The 

result of this heavy damping action is that the phase belt harmonics of 

the air-gap field are greatly reduced and the air-gap m.m.f. waveform 

is remarkably sinusoidal. It should, however, be noted that the tooth- 

ripple harmonics of the air-gap field are still present, just as in a 

wound rotor machine.

In the analysis, therefore, attention has been focussed on the 

process by which the fundamental air-gap m.m.f reacts with the currents 

in the slots which, of course, give rise to the tooth-ripple fluxes and 

forces. Therefore, the analysis proceeds by imposing currents on the 

stator, considering the fundamental gap m.m.f. alone and examining the 

effects which occur when the rotor moves relative to the stator for the 

same imposed stator currents. If the rotor is displaced by a rotor 
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slot, pitch the field distribution is unaltered since all rotor bars 

are assumed to be the same.

In the investigation, a range of rotor slot numbers is taken 

(see Table 6.1) for a given stator slot number and the flux and force pul­

sations are calculated under certain heteropolar field conditions. It 

is then possible to determine not only the flux and force pulsations, 

but their dependence on slot combination.

It should be mentioned that the equivalent slot openings of 

both stator and rotor are kept constant throughout the analysis. 

Thus, the effect on the flux and force pulsations of varying these two 

parameters has not been investigated. It is worth noting that in 

practice a designer has only a limited choice of slot openings. For 

example, the stator slot openings must be large enough to allow the 

machine to be wound. They cannot, however, be too large as this results 
in excessive tooth losses^^'^^ In the rotor. Likewise, large rotor 

slot openingsproduce large stator flux pulsationsP^'^^ Rotor tooth flux 

pulsations can be reduced by inserting magnetic wedges into the stator 

slot openings and stator tooth flux pulsations can be minimised by hav­

ing closed rotor slots. In practice, the optimal slot combination is 

not critically affected by the choice of slot opening.

TABLE 6.1

Rotor slot number Rotor tooth pitch Pp/g

24 37.50
28 32.14
30 30.00
32 28.13
36 25.00
40 22.50
42 21.43
44 20.45
48 18.75
60 15.00
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6.3 The Calculation of the Peak Value of the Fundamental No-Load 
Air-gap M.M.F.

The stator v/inding used in the present analysis is shov/n in

Figure 6.3. The conductors in the stator slots are represented by 

point current sources which is, of course, a requirement of the con­

formal transformation method. Before an approximate rotor current 

distribution on load can be obtained, it is necessary to calculate the 

value of the fundamental component of the air-gap m.m.f. on no-load.

The fundamental air-gap m.m.f. is obtained as follows. Let the 

stator current distribution be frozen at an instant in time. It is 

assumed that the rotor currents are negligible as discussed in Chapter

2. For convenience let the stator current distribution be frozen at

the instant when the no-load current in phase A is zero. The current 

in phase B is -0.866 I|\j[_and in phase C is 0.866 Ij^^, where Ip^j^ is the

peak no-load current per phase. Figure 6.3 shows the stator current

distribution at this instant. The quantity. is equal to n9

where n is the number of turns per coil side. 

this quantity will be obtained shortly. 

The m.m.f. distribution associated with 

can be obtained, as explained in Section 6.1 

The exact value of

the current distribution

by summation of the cur­

rent distribution from the arbitrary reference shown in Figure 6.3.

This m.m.f. distribution Is shown in F1gure6.4,and It can be seen that 

Its peak value Is 5.196 I. The peak value of the fundamental air-gap 

m.m.f. can be found by using Fourier analysis. This value will be the 

same regardless of the instant at which the stator current distribution 

is frozen. The peak value of the fundamental is 5.4154 I. This value 

coincides with the peak value of the flux density wave. Thus

6 H.d& = 5.4154 I (6.6) 
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or 
A r9
H dA = 5.4154 I 

0

Hg = 5.4154 I

— = 5.4154 I
PO

It is convenient to normalise all quantities to a gap width of

1 m and a peak fundamental flux density of 1 Tesla. Thus

5.4154 X no

= 1.4695 X 105

This gives a peak value of the fundamental air-gap m.m.f. of 

7.96 X 105 Amps/m.

Whilst normalising I in this way results in large values of slot 

current under both no-load and load conditions, it has the advantage 

that it is not necessary to specify, N^^, the number of turns In 

series per phase. One consequence of the large slot currents is 

that the values of the tooth fluxes and forces are unrealistically 

large.

6.4 The Calcualtion of an Approximate Rotor Current Distribution 
on Load

The steady state operation of an inductor machine on load was 

described In Chapter 2. In all but small machines (output < 100 W) 

the magnetising flux is virtually constant, for a given terminal vol­

tage, and consequently the resultant air-gap m.m.f. is also constant 

as the load changes. The fundamental rotor m.m.f. distribution when 

subtracted from the fundamental stator m.m.f. distribution at any load 

results in the m.m.f. across the air-gap driving the magnetising flux. 

The currents passing In the rotor bars for a given stator current can 



163.

then be obtained from the rotor m.m.f. distribution. However, before 

discussing this further, it is necessary to consider the choice of 

an appropriate load current level.

The load current level can be expressed In terms of the stator 

magnetising current. Depending on the size of the machine, this ratio 

will vary, being close to unity for a very small machine and being 

quite large for machines of megawatt ratings. Undesirable effects of 

flux pulsations due to load begin to be revealed gradually and in 

comparing designsas regards, for example, rotor slot number, the exact 

load level is not vital. This is Important since it means that dif­

ferent sizes of machine do not have to be considered in Isolation ex­

cept for the very small machines which are stator winding resistance 

dominated. It was decided to take the ratio 5 : 1 for the stator 

current on load relative to the magnetising current.

To show how flux pulsations increase with 

load current level, the flux pulsations In a rotor tooth where computed 

for the slot combination Ng = 36, N^ = 40 at two load current levels. 

Figures 6.5 and 6.6 show the rotor tooth-ripple flux pulsationsfor 

stator currents 2.5 and 5 times as large as the magnetising current, 

at the same power factor of 0.866. These types of curves will be 

discussed In greater detail In the next chapter. The shape of the 

waveforms are similar, but the amplitude of the pulsationsat the load 

current level of 5 : 1 are larger than at 2.5 : 1. In a similar 

manner, the normal force pulsations are greater at the load level of 

5 : 1 than at 2.5 : 1. These two curves confirm, therefore, that the 

amplitude of the flux and force pulsations steadily Increase with 

increasing load current level.

The stator current distribution on load is shown in Figure 6.7. 

The currents shown there represent the values of the imposed stator 
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currents discussed in Section 6.2. It should be noted that the stator 

current distribution on load has been frozen at the same instant of 

time as the no-load current distribution shown In Figure 6.3. The 

m.m.f. distribution associated with the current distribution on load 

is obtained, as before, by summation of the current distribution from 

the reference point shown in Figure 6.7. This distribution is shown 

in Figure 6.8 along with the fundamental air-gap m.m.f. The funda­

mental of this m.m.f. waveform is, of course, five times as large as 

the fundamental of the no-load air-gap m.m.f.

It is not possible to obtain a perfect balance of the stator 

and rotor m.m.f.s using the stepped waveform shown in Figure 6.8. 

The reason for this is that the stepped waveform represents a piece- 

wise continuous function where the m.m.f. is constant between the 

current sources, whereas the air-gap m.m.f. is a continuous function 

in which both phase belt and tooth-ripple harmonic components have 

been neglected. The rotor m.m.f. waveform which results from the 

subtraction of the air-gap m.m.f. from the stepped waveform does not 

correctly represent the rotor m.m.f. distribution. To overcome this 

difficulty, only the points at the centres of the steps corresponding 

to the centres of the stator teeth are taken. This amounts to 

sampling the waveform at these points. To ensure that a rotor 

m.m.f. distribution can be obtained for any rotor position, 

these points are joined by straight lines as shown in Figure 6.9. In 

doing this, one is neglecting the effect that the slotting has on the 

m.m.f. waveform. A balance is obtained using a more continuous wave- 

form in which only the fundamental and lower order m.m.f. harmonics are 

present. Interestingly, as shown in Table 6,2, there is scarcely any 

change in the values of the fundamental and lower order harmonics when 
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the stepped v/aveform is smoothed.

Fund Sth 7th

Smoothed Waveform 39.56 X 105 -1.02 X 105 0.29 X 105

Stepped Waveform 39.76 X 105 -1.19 X 105 0.36 X 105

Table 6.2

Of course, the value of the higher order harmonics are quite different.

An approximate rotor m.m.f. distribution can be obtained, for a 

given rotor displacement, by subtracting the fundamental of the air­

gap m.m.f. from the m.m.f. waveform shown in Figure 6.9 at points 

corresponding to the centres of the rotor teeth. This will now be 

illustrated by considering a slot combination in which Ng = 36, 

Np = 32. The rotor displacement is zero, that is, the centre of 

rotor slot 1 aligns with an arbitrary reference on the stator, namely 

the centre of the slot containing the coil side A-B. The values of 

the rotor m.m.f.s at the centres of the teeth are shown in Figure 6.10.

The value of current flowing in any rotor conductor can be 

obtained simply be subtracting the values of m.m.f.s on the adjacent 

teeth. In this way, a complete rotor current distribution can be 

found. The values of these currents represent, of course, the values 

of the point current sources in the conformal transformation model. 

When the rotor Is moved to a new position, the rotor m.m.f.s at the cen­

tres of the teeth are calculated and a new current distribution determined.

6.5 The Calculation of the Air-gap M.M.F. In the Conformal 
Transformation Model

In the conformal transformation model, the air-gap m.m.f. distri­

bution cannot be represented simply by a continuous function,as the 

teeth are present. Instead,this distribution has a constant value 



166.

between current sources and only changes when a current source is 

encountered. This stepped air-gap m.m.f. can be obtained by integra­

tion of both stator and rotor current distributions from an arbitrary 

reference.

When calculating the air-gap m.m.f. distribution In the slotted 

air-gap region used In conformal transformation, two conditions must 

be applied. The first condition is that, in any region where the 

field Is to be computed, the sum of the currents must be zero. 

Accordingly, In Figure 6.11 there is a current of value -(Ii + I2 ^) 

in the air-gap to the right of the two slots to balance the three 

currents £1, I2 and I3. The second condition is that when the field 

is calculated in the next slotted region, the current -(Ii + I2 + I3) 

becomes (Ii + 12 + I3), this current representing the air-gap m.m.f. to 

the left of the slots in the new region. To explain this, consider 

an observer at the point X, in Figure 6.11. If he Is looking to the 

left, the gap flux Is rotating anticlockwise. If he is looking to 

the right, the gap flux Is rotating clockwise. To account for this 

change In flux rotation, the sign of the m.m.f. Is changed.

The air-gap m.m.f. distribution can be found by Integration of 

both stator and rotor currents from an arbitrary reference. In the 

case of those slot combinations where

Ng - NR
integer

the value of the air-gap m.m.f. at e + tt (where 6 is the angle sub- 

tended at the centre of the machine expressed in electrical degrees) is 

equal in magnitude but opposite in sign to the value of the m.m.f. at e. 

The air-gap m.m.f. is, therefore, an odd function of e and It Is only 

necessary to calculate this distribution in one pole pitch of the 

machine. It Is convenient, for a given rotor displacement, to draw 
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a diagram of the part of the slotted air-gap boundary which represents 

one pole pitch of the machine. To start the distribution, the stator 

and rotor currents are summed together. The value that results from 

this summation is divided by two, its sign changed, and it is then 

inserted into the part of the air-gap at the extreme left-hand end of 

the diagram (that is before the first slot or slots). Then using the 

conditions discussed oreviously, a complete air-gap m.m.f. distribution 

is calculated. In this form, the part of the slotted air-gap boundary 

representing the pole can be divided Into connected sections and the 

flux and force distributions computed.

In the case of those slot combinations where

Ng - No
---------- - f Integer 

Np

the air-gap m.m.f. distribution has to be calculated over the full 

double pole pitch. In this case the part of the slotted-boundary cor­

responding to a double pole pitch is drawn and the values of the point 

current sources are Inserted in the slots. A value of m.m.f., x, is 

inserted in the air-gap at the extreme left hand end of the diagram. 

A new value of m.m.f. Is then calculated each time a current source Is 

encountered (each value will, of course, be a function of x the 

unknown m.m.f.). This new value of the m.m.f. is multiplied by the 

distance between the last current source and the next one that will be 

encountered. The values of all the m.m.f.s multiplied by the dis­

tances are then summed together and equated to zero. The reason for 

this is that the area under the air-gap m.m.f. distribution must, of 

course, equal zero over a double pole pitch. It should be noted that 

the distance between current sources can either be expressed In terms 
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of a ratio of g, where g = unity, or in electrical degrees. Thus, a 

value of X can be obtained and the air-gap m.m.f. distribution can be 

calculated.

An examole of a complete stator and rotor current and air-gap 

m.m.f. distribution is shov/n in Figure 6.12. This case Is the same 

as the one considered previously in which Ng = 36, Nr = 32 and the 

rotor displacement, d, equals zero. It is Interesting to note that 

large changes occur in the air-gap m.m.f. distribution when a slot con­

taining a large current is directly under a tooth. This Is not sur­

prising since the air-gap leakage flux Is large in such regions, giving 

rise to a significant change in air-gap m.m.f.
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Figure 6.1 A section of the slotted air-gap boundary showing 
the path of integration taken to obtain part of 
the m.m.f. distribution
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M.M.F.
Amps/m

Figure 6.2 A typical m.m.f. distribution, the current carrying 
conductors in the slots have been replaced by point 
current sources as is the case in conformal
transformation.
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on no-load at the instant 
when the current n phase A 
is zero.
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Figure 6.7 The stator current distribution 
on load at the same instant in 
time as the current distribution 
in Figure 6.3.
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7. Introduction

This is the first of three chapters which are concerned with the 

results obtained from the computation of the flux and force quantities, 

under load, with the ten slot combinations defined in the previous 

chapter. This chapter deals specifically with the tooth-ripple flux 

pulsations in the stator and rotor teeth.

In Section 7.1, it is shown that the instantaneous values of flux 

entering the stator and rotor teeth can be represented as a distribution 

of stator fluxes and a distribution of rotor fluxes. It is shown in 

Section 7.2 how the time history of the tooth-ripple flux in a rotor 

tooth can be obtained by computing the rotor flux distributions at a 

number of positions of the rotor within a rotor slot pitch. In the 

same section, the important defining quantity is shown to be the peak 

to peak value of the largest flux pulsation expressed as a fraction of 

the peak value of the fundamental flux wave. A simple equation is 

obtained relating this quantity to the slot pitch difference.

In a similar manner, it is shown in Section 7.3 how the time 

history of the tooth-ripple flux in a stator tooth can be obtained by 

computing the stator flux distributionsat a number of positions of the 

rotor within a rotor slot pitch. The position of the tooth relative 

to its phase belt is taken into account. The important defining 

quantity is again the peak to peak value of the largest flux pulsation 

as a fraction of the peak value of the fundamental flux wave. As 

before, this quantity is related to the slot pitch difference by a sim- 

ple equation. The two equations defined in Sections 7.2 and 7.3 are 

compared and conditions are found under which the flux pulsations in 

a rotor and a stator tooth are minimal.

The important conclusions from the work on tooth-ripple flux 

pulsations are summarised in Section 7.4.



183.

7.1 Flux Distributions

The analysis described in the previous two chapters has been used 

to calculate the instantaneous values of flux in the stator and rotor 

teeth for the ten slot cominations shown in Table 6.1. It is con­

venient, at any instant, to represent the fluxes in the stator and 

rotor teeth in the form of a distribution of stator fluxes and a dis­

tribution of rotor fluxes. To do this, the flux in any tooth is 

represented as a point value located at the centre of that tooth. 

The stator and rotor flux distributions are, therefore, a plot of the 

fluxes in the teeth against the position of the teeth centres relative 

to some arbitrary origin. Clearly, these two distributions are perio­

dic in a double pole pitch. The origin is normally taken to be the 

centre of the tooth on the opposite side of the air-gap which lies 

closest to the beginning of the pole. Typical stator and rotor flux 

distributions are shown in Figure 7.1.

In this form, the flux distributions can be used to obtain the 

rotor and stator tooth-ripple flux pulsations, as is described shortly. 

The peak value of the fundamental flux wave associated with any flux 

distribution can be found to a close approximation by joining the flux 

points by straight lines and using Fourier analysis.

7.2 The Tooth-Ripple Flux Pulsations in a Rotor Tooth

To obtain the flux pulsations in a rotor tooth, it is necessary 

to compute the rotor flux distributions at a number of positions within 

a displacement of one rotor slot pitch. In each position, the peak 

value of the fundamental flux wave associated with the flux distribution 

is calculated. Since a squirrel-cage rotor has negligible phase belt 
f 7 11 harmonics^ ‘ ', the value of the tooth-ripple flux in a tooth, in any 

position, can be obtained by subtracting the value of the fundamental 
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flux wave at the point corresponding to the tooth centre from the 

computed flux value. The overall shape of the flux pulsations in each 

of the rotor teeth, over a displacement of a rotor slot pitch, can be 

obtained by computing the tooth-ripple fluxes in all the teeth in each 

rotor position. However, under quasistatic field conditions, the 

field distribution at any point in the air-gap region is the same after 

a displacement of exactly one rotor slot pitch. Consider the flux and 

force pulsations in rotor tooth 1 after an initial displacement of one 

rotor slot pitch from an arbitrary origin. This origin is normally 

taken as the centre of the stator slot containing the coil side A-B. 

If the rotor is displaced through another rotor slot pitch, rotor tooth 

1 will experience the same field distributions and, therfore, the same 

flux and force pulsations as rotor tooth 2 for the previous rotor dis­

placement. The same argument can be applied to the remaining rotor 

teeth. Therefore,it is possible by computing the flux pulsations in 

all the rotor teeth over a displacement of a rotor slot pitch to obtain 

the time history of the tooth-ripple flux in a rotor tooth as the rotor 

is displaced through a double pole pitch. Furthermore, as the funda­

mental air-gap flux wave is stationary, the rotor tooth experiences 

every part of this field as it is displaced through a double pole pitch. 

This is an important concept because it allows one to use the informa­

tion gained from a few rotor flux distributions or 'snapshots' of the 

air-gap field to obtain the complete time history of the tooth-ripple 

flux pulsations in a tooth under quasistatic field conditions.

The time histories of the flux pulsations in a rotor tooth are 

shown in Figures 7.2 - 7.11 for each of the ten slot combinations. 

The origin of each of these graphs corresponds with the stator tooth 

centre which lies closest to the; centre of the pole. Any point on 
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the horizontal axis of the ten graphs represents the displacement of 

the rotor tooth centre from this origin expressed as a ratio of the 

gap width. The large flux values are due, of course, to the large 

slot currents and air-gap m.m.f. values. It can be seen that the rotor 

tooth fluxes follow similar trends, and when the rotor tooth - ripple 

flux is significantly large the waveform Is particularly clear. At 

any instant, the tooth-ripple fluxes lie on a near sine-wave,periodic 

in a stator slot pitch and modulated by the fundamental gap m.m.f.

The tooth-ripple flux can, of course, be harmonically analysed 

although this involves a considerable amount of laborious processing. 

In practice, however, it is the total flux and force pulsations, and 

particularly their amplitudes, that are of importance. Therefore, 

only the peak to peak values of the flux pulsations are considered 

here. In treating the problem in this manner one is not neglecting 

the harmonic content of the tooth-ripple flux, for this is included in 

the peak to peak value.

The important defining quantity for the flux amplitude is the 

ratio of the peak to peak value of the largest of the flux pulsations 

relative to the peak value of the fundamental flux entering a tooth. 

The peak to peak value of the largest flux pulsation is taken because 

at this point the associated losses are greatest. The peak value of 

the fundamental flux is, in fact, an average of all the peak values of 

the fundamental flux obtained at each position in which the rotor flux 

distribution is computed. This quantity is included to remove the 

obvious effect that a wider tooth receives more flux.

This flux ratio is plotted in Figure 7.12 against the difference 

in slot pitches. The computed points show a very clear trend as 

(Pr/S ~ Pg/g) varies. When Pp/g is less than P^/g, that is,the rotor 

slot number is greater than thirty-six (rotor overslotted), the rotor 
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tooth flux pulsations steadily increase with an increase in slot pitch 

difference. When Pn/g is greater than Pg/g, that is,the rotor slot 

number is less than thirty-six (rotor underslotted), the flux pulsations 

into the rotor teeth are small and hardly vary when viewed as a fraction 

of the fundamental.

The case where (P[^/g - Pg/Q) = 12.5, or Ng = 36, Nj^ = 24, is 

interesting because it suggests that the flux pulsations are again 

increasing (see Figure 7.12). This trend reveals a limitation in the 

conformal transformation model, for in this case there is insufficient 

overlap of the stator and rotor teeth in some sections for the gap flux 

to be almost uniform. The flux ratio associated with this slot com­

bination, therefore, can only be regarded as approximately correct. 

The slot combination Ng = 36, Nj^ = 24 would not be used in practice 
because of cogging problems^^-^), -pi^jg giQj. combination serves as a 

limiting case when (P[^/g - Pg/g) has a large positive value.

Simple functions have been fitted to the graph of the amplitude 

of the tooth flux pulsation as a fraction of the peak value of the 

fundamental flux against the difference in slot pitches. It is seen 

(see Figure 7.12) that the functions are a good fit to the computed 

values and are as follows:

- 0.068 . (Pp/g - Pg/g) + 0.21 if Pg/g > P^/g

0.21 if Pp/g > Pg/g

(7.1)
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7.3 The Tooth-Ripple Flux Pulsations In Two Stator Teeth, 
One Contained Within and One at the End of a Phase Belt 

To obtain the tooth-ripple flux pulsations In a stator tooth, 

It Is necessary to compute the stator flux distributions at a number 

of positions within a rotor slot pitch. In each position, the peak 

value of the fundamental flux wave associated with the flux distribution 

Is calculated. Unlike a squirrel cage, a stator winding has phase belt 

m.m.f. and flux harmonics. However, these phase belt flux harmonics 

cannot be directly calculated from the flux distributions because there

Is an Insufficient number of flux values In the distribution to 

obtain them to a sufficiently high accuracy. It Is assumed, therefore. 

that the phase belt flux harmonics (which have wavelengths that are

simple fractions of a phase belt length) are proportional to the phase
belt m.m.f. harmonlcs^^'^^ that Is,

"dn ^n
n ^Fund

where Is the harmonic order, K^^ are the distribution andn

pitch factors associated with the nth m.m.f. harmonic and K^j and Kp

are the distribution and pitch factors associated with the fundamental. 

For the stator winding shown in Figure 6.3, the 5th, yth, nth ^nd 13th 

m.m.f. harmonics are approximately 3%, 1%, 0.6% and 1% of the fundamen­

tal respectively. These harmonic flux waves are added to the funda­

mental flux wave to give the flux waveform associated with the funda­

mental m.m.f. wave and the phase belt m.m.f. harmonics. In each rotor 

position, the -value of the tooth-ripple flux is obtained by subtracting 

the value of the combined stator flux waveform, at the point correspond­

ing to the tooth centre, from the computed flux value. The flux 

pulsations in the stator, over a displacement of a rotor slot pitch, 
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are obtained by calculating the tooth-ripple flux in all the teeth in 

each position. In practice, it was found that as each additional 

harmonic flux wave was added to the fundamental flux wave the values of 

the tooth-ripple fluxes tends to constant values. It was only necessary, 

therefore, to add the flux waves associated with the 5^^ and 7^^ m.m.f. 

harmonics to obtain an accurate value of the tooth-ripple fluxes.

Unlike the rotor, the pulsations in the stator teeth cannot be 

combined to give the time history of the tooth-ripple flux in a single 
tooth. The reason for this is explained by Binns and Schmid^^'^^ in 

their paper on harmonic fields In Induction motors. In discussing 

air-gap field harmonics, it is often assumed that the same travelling 

field is experienced by all the stator teeth regardless of their posi­

tion relative to the phase belts. Leakage fluxes produce addition 

effects dependent on the position In the phase belt and are superimposed 

on the travelling field. The result is that the sidebands (defined in 

Chapter 1) have different amplitudes for certain teeth. It should be 

noted that the leakage flux has pulsating components and that these 

are indistinguishable in frequency from the travelling field components. 

The authors show experimentally the difference between the amplitudes 

of the sidebands associated with a tooth at the end of a phase belt 

(this tooth will be called T^^^) and one contained within a phase 

belt (this tooth will be called T^^.^^ig). On the stator frame, 

shown In Figure 6.3, both types of teeth are present. Therefore, 

the Information obtained from computing the tooth-ripple flux pulsa­

tions, within a rotor slot pitch, can only be used to obtain the 

partial time histories of the flux In the two types of teeth. On the 

stator frame, In Figure 6.3, there are twelve teeth at the end of the 

phase belts and six contained within the phase belts over a double pole 

pitch. The twelve pulsations associated with the teeth Tend “" I*® 
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viewed as the flux pulsations in a single tooth at the end of a phase 

belt at different times as the tooth experiences different parts of 

the travelling field. Similarly, the six flux pulsations associated 

with the teeth Tp^^^dle ^^“^ ^® viewed as the flux pulsations in a sin­

gle tooth contained within a phase belt at different times as it 

experiences different parts of the travelling field. Whilst It Is 

not possible to obtain a complete time history of the flux In both 

types of teeth, there Is sufficient Information to obtain the relation­

ships between the amplitude of the flux pulsations relative to the peak 

value of the fundamental flux and the slot pitch difference.

The flux pulsations in a tooth at the end of a phase belt are 

shown In Figures 7.13 to 7.19 for the rotor slot numbers 24, 28, 30, 32, 

36, 42 and 48. Similarly, the flux pulsations In a tooth contained 

within a phase belt are shown In Figures 7.20 to 7.26 for the same 

rotor slot numbers. The origin of these graphs corresponds with the 

centre of the rotor tooth which lies closest to the centre of the 

pole. Both sets of stator tooth-ripple fluxes lie on a near sine wave 

modulated by the fundamental gap m.m.f.

As in the case of the rotor, the Important defining quantity Is 

the ratio of the peak to peak value of the largest flux pulsation rela­

tive to the peak value of the fundamental flux. For each slot combi­

nation, this ratio Is obtained separately for the two types of teeth, 

and plotted against the difference in slot pitches (see Figure 7.27). 

From this figure It Is clear that the position of a stator tooth rela­

tive to Its phase belt Is of only slight significance. The two flux 

ratios reveal the same trend, that when the stator slot pitch Is smaller 

than the rotor slot pitch (rotor underslotted) the stator flux pulsations 

steadily Increase with an Increase In the difference In slot pitches. 
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When the stator slot pitch is greater than the rotor slot pitch (rotor 

overslotted), the flux pulsations into the stator are small and hardly 

vary when viewed as a fraction of the fundamental flux. This is, of 

course, the exact opposite of what occurs on the rotor.

Functions have been fitted to the computed values in Figure 7.27 

and are given by

— = _ 0.068. (Pg/g - Pp/g) + O.TO if P^/g > Pg/g

and

= 0.10 if Pp/g > Pg/g (7.3)

It is apparent from equations (7.1) and (7.3) that the stator and 

rotor flux pulsations cannot be entirely eliminated. It is also appa­

rent that the rotor and stator tooth flux pulsations obey equations of 

similar form except that the constant terms differ. It is clear that 

the applied flux pulsations for a rotor tooth, particularly when 

Pg/g > Pp/g, are greater than that for a stator tooth having the same 

slot pitch ratio (when Pj^/g > Pg/g). It is also evident that the 

condition for minimising stator tooth flux pulsations (Pg/g > P^/g) sre 

incompatible with those for minimising rotor flux pulsations (P|^/g > 

Pg/g). The pulsations in one of the two members inevitably become 

large if the difference in slot numbers becomes too great.

7.4 Conclusions

The relationship between slot combination and the peak to peak 

amplitude of the flux pulsations into the stator and rotor teeth on 

load have been examined. The following conclusions emerge:

(i) Stator and rotor tooth flux pulsations obey equations of 

similar form.
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(ii) The criteria for minimising stator and rotor flux pulsations 

on load are Incompatible.

(Ill) Tooth losses Inevitably become large, but in one member only, 

if the slot number difference is very large.

(iv) Under no-load conditions, Binns and Rowlands-Rees'' ' deter­

mined that the tooth flux pulsations can be minimised by 

avoiding an excessive difference In slot pitches. The authors 

suggest that the ratio of pitch should typically lie in the 

range 10-30% of the smaller. Therefore, the criterion for 

minimising tooth flux pulsations on load Is similar to that 

for no-load operation.
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ĵ^

^g
) fo

r th
e s

lo
t

co
m

bi
na

tio
n = 36, N

n = 
36



217

10
.0

Fi
gu

re
 7.2

5 The 
tim

e h
is

to
ry

 of
 the

 to
ot

h-
rip

pl
e f

lu
x in

 a s
ta

to
r to

ot
h (T

|^
id

dl
e^

 Q̂*
" ^^

®
 5^

°^
 

co
m

bi
na

tio
n Nc- 

= 36
, Nn

 = 4
2

sjaqsM ‘qqooq. joq.eq.s e ul xn^ 3[ddu-q;ooi



218

10
.0

sjaqaM ‘qq-ooq .xoqeqs e ul xntj. a[ddu-qqooi

Fi
gu

re
 7.2

6 The 
tim

e h
is

to
ry

 of
 the

 to
ot

h-
rip

pl
e f

lu
x In

 a 
st

at
or

 to
ot

h (T
j^

id
di

e)
 ^o*

' th
e s

lo
t co

m
bi

na
tio

n



219

-W
.O

 -7.5 
-5

.0
 

-2
.5

 
0.

4 
2.

5 
5.

0 
7.

5 
10

.0



220.

CHAPTER 8
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8. Introduction

In this chapter the normal and tangential force pulsations 

associated with the ten slot combinations are examined. The normal 

and tangential forces acting on the stator and rotor teeth are repre­

sented, for any rotor position, as four sets of discrete parameters 

distributed in space. These normal and tangential force distributions 

are used to obtain the variations of the normal and tangential forces 

acting on a rotor tooth and on the two stator teeth (a tooth at the end 

of a phase belt and a tooth contained within a phase belt). The vari­

ations in the normal force acting on the rotor and stator teeth are 

presented In SectionsS.I and 8.2 and the variations in the tangential 

force acting on the rotor and stator teeth are presented In Sections 

8.3 and 8.4.

In order to assess the Influence of slot combination on the nor­

mal and tangential force pulsations It Is most realistic to take the 

peak to peak values of the largest normal and tangential force pulsations 

as the defining quantities. Therefore, in Sections 8.1 and 8.2, thepeak 

to peak values of the largest normal force pulsations acting on a rotor 

or stator tooth are related to the difference in slot pitches by two 

simple equations. In a similar manner. In Sections 8.3 and 8.4, the 

peak to peak values of the largest tangential force pulsations acting 

on a rotor or stator tooth are related to the difference In slot pitches 

by two simple equations. These four equations are used to determine 

conditions under which the force pulsations (or tooth-ripple force 

carriers) are minimal. Finally, in Section 8.5, the main conclusions 

from the examination of the normal and tangential force pulsations are 

summarised.



222.

8.1 The Normal Force Pulsations acting on a Rotor Tooth

For the purpose of representing the normal forces acting on the 

stator or rotor teeth as a set of discrete parameters distributed in 

space, it Is reasonable to assume that the normal force associated 

with a tooth acts at a point located at the centre of the tooth. The 

distribution of the normal forces on the teeth is, therefore, a plot 

of the normal forces acting on the teeth against the position of the 

teeth centres relative to some arbitrary origin. This origin is the 

same as that of the corresponding flux distribution. The distribution 

of tangential forces acting on the stator or fotor teeth may be repre- 

sented in a similar manner. Typical distributions of normal and tangen­

tial forces acting on the rotor teeth of a slot combination having 36 

stator slots and 48 rotor slots are shown in Figures 8.1 and 8.2. The 

normal and tangential force distributions associated with the ten slot 

combinations have been computed at the same rotor positions relative to 

the stator as the flux distributions. These distributions have been 

used in a way similar to the flux distributions to obtain the varia­

tions in the normal and tangential forces acting on a rotor tooth.

Figures 8.3 to 8.12 show the variation in the normal force acting 

on a rotor tooth for each of the ten slot combinations. The origin of 

these curves are the same as the corresponding tooth-ripple flux curves. 

The variation in the normal force follows similar trends for all slot 

combinations. These force variations are nearly sinusoidal, periodic 

in a stator slot pitch and modulated by the fundamental gap m.m.f.

In determining an appropriate defining quantity, it is Important 

to emphasise that it is not only the amplitude of a force that is impor­
tant in producing noise, but also Its frequency*'®'"*L A relatively 

large force may cause little noise and vibration If the response of 

the structure at the frequency of a particular mode of vibration is small. 



223.

On the other hand, a relatively small force, exciting a particular mode 

of vibration of some part of the machine structure at or near its 

resonant frequency may cause considerable noise and vibration. Further­

more, a force wave having a short wavelength,spanning only a few teeth. 

Is unlikely to cause significant core vibration. Whereas a force wave 

having a long wavelength,spanning many teeth, will probably produce 

considerable core vibration. Clearly, it is Important to be able to 

predict the response of the machine structure to all force harmonics. 

However, if part of the machine structure is excited by the normal 

force pulsations, it is obviously important to minimise the amplitude 

of these pulsations.

The defining quantity chosen, therefore, is the peak to peak 

value of the largest normal force pulsation acting on the tooth. This 

is plotted in Figure 8.13 against the difference in slot pitches and it 

is apparent that the relationship is almost linear and can be expressed 

to a close approximation by

F^p = (69 + (Pp - Pg)/g) X 105 B2 Lg (8.1)

8.2 The Normal Force Pulsations acting on a Stator Tooth

The normal force distributions on the stator teeth have been used 

to obtain the variation in the normal force on the two stator teeth (a 

tooth at the end of a phase belt and a tooth contained within a 

phase belt). These variations are presented in Figures 8.14 to 8.23 

for each of the ten slot combinations. To reduce the number of figures 

required to present the results, the normal force pulsations associated 

with the two teeth are shown on the same figure. The pulsations 

associated with a tooth at the end of a phase belt are shown in full 

lines and the pulsations associated with a tooth contained within a 

phase belt are shown in dotted lines. The variationsin the normal 
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force are nearly sinusoidal, periodic in a rotor slot pitch and modu­

lated by the gap m.m.f.

As in the case of the rotor, the important defining quantity is 

the peak to peak value of the largest force pulsation. This is plotted 

for the two stator teeth against the difference In slot pitches In 

Figure 8.24. It Is clear from this figure that the position of a 

stator tooth relative to Its phase belt has only a slight Influence on 

the magnitude of the defining quantity. Again the variation of the 

peak to peak value of the largest force pulsation against the difference 

in slot pitches Is nearly linear. This variation for the stator Is 

given very closely by the equation

F^p = [69 - 6 (Pg - Pp)/g] X lO^ B^ Lg (8.2)

The normal force pulsations for Pg/g = Pp/g are vitaually the 

same for the stator and rotor, as expected. However, the slopes of 

the curves are widely different and both stator and rotor force pulsa­

tions are minimal when Pg/g > Pp/g (rotor overslotted). An Important 

difference, however, Is that the stator force pulsations are much more 

sensitive to a change In slot pitch ratio. Also, as stator core 

vibrations are the major cause of magnetic noise, the variation shown 

in Figure 8.24 is most Important.

8.3 The Tangential Force Pulsations acting on a Rotor Tooth

The variations In the tangential force acting on a rotor tooth 

are shown in Figures 8.25 to 8.29 for the rotor slot numbers 28, 30, 

36, 42 and 48. These variations follow similar trends for all the 

slot combinations) they are nearly sinusoidal and periodic In a stator 

slot pitch and modulated by the fundamental gap m.m.f.

A plot of the peak to peak value of the largest tangential force 

pulsation against the difference In slot pitches Is shown In Figure 8.30. 
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It is clear that the relationship is nearly linear and can be 

expressed to a close approximation by

Fyp = [13 + 0.37 (Pp - Pg)/g] x lO^ B^ Lg (8.3)

8.4 The Tangential Force Pulsations acting on a Stator Tooth

The variations in the tangential force acting on the two stator 

teeth are shown in Figures 8.31 to 8.35 for the rotor slot number 28, 

30, 36, 42 and 48. As in the case of the stator normal force pulsa­

tions, the tangential force pulsations associated with a tooth at the 

end of a phase belt are shown in full lines and the tangential force 

pulsations associated with a tooth contained within a phase belt are 

shown in dotted lines. The variations in the tangential force acting 

on the two teeth show a similar trend for all the slot combinations. 

These force variations are nearly sinusoidal and periodic in a rotor 

slot pitch. They are modulated by the fundamental gap m.m.f.

A plot of the peak to peak value of the largest tangential force 

pulsation (for the two stator teeth) against the difference in slot 

pitches is shown in Figure 8.36. It is clear from this figure that 

the position of a tooth relative to its phase belt is of only slight 

significance. As in the case of the rotor, the peak to peak value of 

the largest force pulsation varies almost linearly with the difference 

in slot pitches. This variation for the stator is given very closely 

by the equation

Fyp = [12.4 - 0.7 (Pg - Pp)/g] x 10^ B^ Lg (8.4)

As in the case of the normal force pulsations, the tangential 

force pulsations are almost equal when Pg/g = Pp/g- Also, like the 

normal force pulsations, the tangential force pulsations acting on the 

stator and rotor teeth are minimal when Pg/g > Pp/g (rotor overslotted). 

However, the slope of the stator graph is almost twice as large as the 



226.

rotor graph. Therefore, the stator tangential force pulsations, like 

the stator normal force pulsations, are more sensitive to a change in 

slot pitch ratio. A comparison of equations (8.1) with (8.3) and 

(8.2) with (8.4) reveals that over the range of slot pitch difference 

considered, the largest tangential force pulsation is of the order of 

20% of the largest normal force pulsation for both rotor and stator.

It is unlikely that the tangential force pulsations make a sig­

nificant contribution to stator core vibration because they act trans­

versely to the core and are small in amplitude in comparison with the 

normal force pulsations. Hov/ever, these pulsations can cause the 

teeth in large machines to vibrate because the resonant frequencies of 

theseteeth lie within the tooth-ripple frequency range. These teeth 

vibrations have been observed in some large machines, although to some 

extent they are damped down by the core and the insulation in the slots. 

However, it is very difficult to determine this damping effect and the 

subject of tooth vibration lies outside the scope of this thesis.

8.5 Conclusions

8.5.1 Normal Force Pulsatlons

(i) Normal force pulsations acting on the stator or rotor teeth 

increase on load with an increase in (Pj^ -^5) but the relationship 

is more sensitive for the stator teeth.

(ii) As regards the stator, the criterion for low stator force pulsa­
tions is similar to the no-load case (Pg > Pj^)^®*^^

(iii) In the case of the rotor, the effect of slot combination on the 

normal force pulsations is not very significant and the effect of load 

(leakage flux) is to change the relative amplitudes for load and no-load.
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8.5.2 Tangential Force Pulsations

(1) As In the case of the normal force pulsations, the tangential 

force pulsations acting on the stator and rotor teeth Increase with 

^^R * ^S^' "^^"’5 relationship Is more sensitive for the stator teeth.

(11) The tangential force pulsations acting on the teeth are normally 

small compared with the normal force pulsations. This conclusion is 
the same as for the no-load case^^’^\

(111) As regards the stator, the criterion for low tangential force 
pulsations on load (Pg > Pp) differs from that for the no-load case^®'^^ 

However, the effect of a change In slot combination on the tangential 

force pulsations is not very significant when compared with the effect 

on the normal force pulsations.

(iv) In the case of the rotor, the effect of slot combination on the 

tangential force pulsations is not very significant.

8.5.3 General Conclusions

(1) Since stator normal force pulsations are a basic cause of 'magne­

tic noise*, attention should be concentrated on the reduction of this 

cause of core vibration and the choice of rotor slotting is seen to be 

more critical.

(11) It 1s unlikely that the tangential force pulsations make a major 

contribution to stator core vibration because they act transversely to 

the core and are small in amplitude in comparison with the normal force 

pulsations. However, they can cause the teeth in large machines to 

vibrate because the resonant frequency of these teeth lie within the 

tooth-ripple frequency range.

(ill) There is no optimum slot combination since specific criteria are 

incompatible. However, where a choice of rotor slotting is available, 

the balance between excessive stray loss and vibration producing forces 

can be guided by these criteria.
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 - 

P5
)/g

] X 
10

5 b
2 L

g

Fi
gu

re
 8.1

3 The 
va

ria
tio

n In
 the

 pe
ak

 to 
pe

ak
 va

lu
e o

f th
e la

rg
es

t no
rm

al
 for

ce
 pu

ls
at

io
n a

ct
in

g 
on

 a 
ro

to
r to

ot
h w

ith
 di

ffe
re

nc
e in

 slo
t p

itc
he

s



242

15
0.

0

Fi
gu

re
 8.1

4 The 
va

ria
tio

ns
 in 

th
e n

or
m

al
 for

ce
 ac

tin
g o

n th
e tw

o s
ta

to
r te

et
h.

T^
^^

 and
 T^

id
dl

e’”
^^

^ *̂̂
®
 

di
sp

la
ce

m
en

t o
f th

e r
ot

or
 fo

r th
e s

lo
t co

m
bi

na
tio

n F
L = 

36
, Nn

 = 
24



243.

10
0.

0 
20

0.
0 

30
0.

0 
40

0.
0

D
is

pl
ac

em
en

t/g
ap

 wi
dt

h

Fi
gu

re
 8.1

5 The 
va

ria
tio

ns
 In 

th
e n

or
m

al
 for

ce
 ac

tin
g o

n th
e tw

o s
ta

to
r te

et
h,

T^
^^

^j
 an

d T
^^

^-
jjig

.v
.'i

th
 the

 
di

sp
la

ce
m

en
t o

f th
e r

ot
or

 fo
r th

e s
lo

t co
m

bi
na

tio
n N

g = 
36

, Np
 = 

28

14
0.

0

^lu/N ‘41004 JO4E4S e uo 6uLq.0B do-ioj. [eiiuoM



A
244.

14
0.

0

jUi/fj ‘qq.001 J04.B4.S B uo Oul^db goaoj. [buuon

Fi
gu

re
 8,1

6 The 
va

ria
tio

ns
 in 

th
e n

or
m

al
 for

ce
 ac

tin
g o

n th
e tv

/o
 sta

to
r te

et
h,

T^
^j

 an
d T

|
,̂j£

jj-
|g

, 
w

ith
 the

 dis
pl

ac
em

en
t o

f th
e r

ot
or

 fo
r th

e s
lo

t co
m

bi
na

tio
n N

<-
 = 3

6,
 Np 

= 30



245.

14
0.

0

Fi
gu

re
 8.1

7 The 
va

ria
tio

ns
 in 

th
e n

or
m

al
 for

ce
 ac

tin
g o

n th
e tw

o s
ta

to
r te

et
h,

T^
^^

 an
d T

^i
^^

di
g’

 
w

ith
 the

 dis
pl

ac
em

en
t o

f th
e ro

to
r fo

r th
e s

lo
t co

m
bi

na
tio

n N
c = 

36
, Np

 = 
32





247.

14
0.

0

10
0.

0 
20

0.
0 

30
0.

0 
40

0.
0

D
is

pl
ac

em
en

t/g
ap

 wi
dt

h

Fi
gu

re
 8.1

9 The 
va

ria
tio

ns
 in 

th
e n

or
m

al
 for

ce
 ac

tin
g o

n th
e tw

o s
ta

to
r te

et
h,

T^
^^

j an
d 

w
ith

 the
 dis

pl
ac

em
en

t o
f th

e r
ot

or
 fo

r th
e s

lo
t co

m
bi

na
tio

n N
, = 

36
, Np

 = 
40

4--------- 1--------- ^

^LU/N ‘4)004. JO)B4S B UO 6UL)DB 9DJ0J. [BUUOM





249.

14
0.

0

Fi
gu

re
 8.2

1 The v
ar

ia
tio

ns
 in 

th
e n

or
m

al
 for

ce
 ac

tin
g o

n th
e tw

o s
ta

to
r te

et
h,

T , an
d T

 ...
, 

en
d middle

w
ith

 the
 dis

pl
ac

em
en

t o
f th

e ro
to

r fo
r th

e s
lo

t co
m

bi
na

tio
n N

g = 
36

, N[̂
 = 

44



250

^lu/N ‘qq.00) joie^s b uo 6uLq.3B aDJOj. [euiaoM



251.

14
0.

0

^Ul/N ‘qq.004 JO4E4S e UO 6UL1.DE 3DJO4 [BUUON

6UL1.DE


Va
lu

e o
f F

un
 fo

r a 
to

ot
h



253

Fi
gu

re
 8.2

5 The 
va

ria
tio

n in
 the

 tan
ge

nt
ia

l fo
rc

e a
ct

in
g o

n a 
ro

to
r to

ot
h w

ith
 dis

pl
ac

em
en

t 
of

 the
 ro

to
r fo

r th
e s

lo
t co

m
bi

na
tio

n = 36, N
n = 

28



254.

16
.0

3uj?N ‘M^-OO) J040J e uo 6uL4.De 'dDuoj.' [eL4‘ud6uei T

Fi
gu

re
 8.2

6 The 
va

ria
tio

n in
 the

 tan
ge

nt
ia

l for
ce

 ac
tin

g o
n a 

ro
to

r to
ot

h w
ith

 dis
pl

ac
em

en
t 

of
 the

 ro
to

r fo
r th

e s
lo

t c
om

bi
na

tio
n N,. 

= 36
, Np

 = 
30

6uL4.De


255

0'91



Fi
gu

re
 8.2

8 The 
va

ria
tio

n in
 the

 tan
ge

nt
ia

l fo
rc

e a
ct

in
g o

n a 
ro

to
r to

ot
h w

ith
 dis

pl
ac

em
en

t 
of

 th
e ro

to
r fo

r th
e s

lo
t co

m
bi

na
tio

n N, 
= 36

, Nn
 = 

42

.1
8.

0



257

16
.0

^Lu/M ‘q^ooq. uoqou b uo Gul^db bd-ioj [BiqusGuBi

Fi
gu

re
 8.2

9 The 
va

ria
tio

n In
 the

 tan
ge

nt
ia

l fo
rc

e a
ct

in
g o

n a 
ro

to
r to

ot
h w

ith
 

di
sp

la
ce

m
en

t o
f th

e ro
to

r fo
r th

e s
lo

t c
om

bi
na

tio
n Nr 

= 36
, Np

 =



258.
CD

Fi
gu

re
 8.3

0 The 
va

ra
iti

on
 In 

th
e p

ea
k to

 pe
ak

 va
lu

e o
f th

e la
rg

es
t ta

ng
en

tia
l fo

rc
e p

ul
sa

tio
n 

ac
tin

g o
n a

 ro
to

r to
ot

h w
ith

 the
 dif

fe
re

nc
e in

 slo
t p

itc
he

s



259

10
.0

Fi
gu

re
 8.3

1 The 
va

ria
tio

ns
 in 

th
e ta

ng
en

tia
l fo

rc
e a

ct
in

g o
n th

e tw
o s

ta
to

r te
et

h,
T^

^^
^ a

nd
 T^

.j^
j^

^,
 

w
ith

 dis
pl

ac
em

en
t o

f th
e r

ot
or

 fo
r th

e s
lo

t co
m

bi
na

tio
n Nr 

= 36
, Nn

 = 
28



260.

10
.0

^UI/^J ‘qq.001. uoq.e4S e uo Oulidb 3d.40j. [e.nuaGuei

Fi
gu

re
 8.3

2 The 
va

ria
tio

ns
 in 

th
e ta

ng
en

tia
l for

ce
 ac

tin
g o

n th
e tw

o s
ta

to
r te

et
h,

 T
^^
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îjig

, 
w

ith
 dis

pl
ac

em
en

t o
f th

e r
ot

or
 fo

r th
e s

lo
t co

m
bi

na
tio

n N
g = 

36
, Nĵ
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9. Introduction

In the previous chapter the tangential forces acting on the stator 

or rotor teeth, in any rotor position, were represented as a discrete 

set of parameters distributed in space. In this form, these tangential 

force distributions were used to obtain the tangential force pulsations 

acting on a rotor or stator tooth. In addition to obtaining these 

pulsations, it is also possible, for any rotor position, to use the 

distribution of tangential forces acting on the stator or rotor teeth 

to calculate the instantaneous value of torque. Furthermore, the vari­

ation of torque with rotor displacement (over a rotor slot pitch) can 

be investigated by calculating the torque at a number of positions 

within a rotor slot pitch. The useful and the fundamental tooth­

ripple componentsof torque can be extracted from these torque variations 

using Fourier analysis.

In Section 9.1, the variations of torque with rotor displacement 

associated with the ten slot combinations are presented. In addition, 

the value of the useful torques and the fundamental tooth-ripple com­

ponents of torque are calculated and these results are discussed. In 

Section 9.2, some conclusions are drawn about the relationship between 

the torque variations and slot combination.

9.1 Discussion of Results

Figures 9.1 to 9.10 show the variation of torque with rotor posi­

tion for each of the ten slot combinations. The useful torque and the 

fundamental tooth-ripple component of torque are also shown on these 

figures. The second, third and higher order tooth-ripple components 

have not been calculated because there are not enough torque values to 

calculate these components to a sufficiently high accuracy. The values 

*A11 torque values are calculated per double pole pitch.
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of the useful torque, the peak value of the fundamental tooth-ripple 

components of torque and the ratio of the two are presented in Table 

9.1 for the ten slot combinations.

Table 9.1

Slot 
Combination

Useful Torque 
of the Machine (T^) 

X 105 N/m3

Peak Value of Fund 
Tooth-Ripple Torque (T )

X 105 N/m3 ‘m

36/24 81.60 8.09 10
36/28 81.77 8.65 11
36/30 79.53 0.00 0
36/32 81.40 36.52 45
36/36 79.53 45.40 57
36/40 78.64 15.72 20
36/42 78.72 0.00 0
36/44 78.09 5.26 7
36/48 77.01 1.10 1
36/60 72.86 1.59 2

The ten graphs and the results presented in the table are now 

examined. It is convenient to consider together those slot combina­

tions for which the modulus of the difference in stator and rotor slot 

number divided by the number of poles is the same.

a) N. =36, No =36 = 0K Np

This slot combination has the largest torque variation as expected. 

The fundamental tooth-ripple component of torque is very large and there 

are also significant higher harmonic tooth-ripple components present. 

The large variation in torque is due to nearly all the tangential force

pulsations being in phase with each other, as shown in Figure 9.11. The

numbers on the figure denote the positions of the rotor at which the

tangential forces were computed.

b) Nc = 36, Nn = 32 and N. = 36, N^ = 40 0 K a K
"s - ~R

Np
= 1
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There are large torque variations associated with both these 

slot combinations. The fundamental tooth-ripple components of torque 

are large, but it is significant that the value of this component for 

the overslotted case is less than half that for the underslotted case. 

It is clear from Figures 9.4 and 9.6 that the higher harmonic tooth­

ripple components are negligible, that is,the variation in torque 

with rotor position is nearly sinusoidal.

c) Ng = 36, N^ = 30 and Ng = 36, N^ = 42 'S " "R 1.5

The torque variations associated with both these slot combinations 

are small. Furthermore, the nature of these slot combinations are 

such that the field distribution (and tangential force) associated with 

any tooth, is the same as that of a toothj a pole pitch away after 

a rotor displacement of half a rotor slot pitch. This condition 

arises partly because of the v/ay in which the current distributions 

are calculated. It results in the torque being periodic in half a 

rotor slot pitch, so that there is no fundamental tooth-ripple component 

of torque. It is clear, from Figures9.3 and 9.7, that the second 

harmonic tooth-ripple component of torque is small. Thus, whilst the 

torque is periodic in half a rotor slot pitch, it is significant that 

the variation over half a slot pitch is small, 

gential force pulsations are such as to give an 

(see Figure 9.12).

d) Ng = 36, N^ = 28 and Ng = 36, Np = 44

The phase of the tan- 

almost constant torque

"s - Nr 
-------------  = /

These two slot combinations have relatively small torque varia­

tions in comparison with case (b). The fundamental tooth-ripple 

components of torque are, however, relatively large when compared with
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«s - "r

Np

a large torque 

component of

the useful torque (approx. 10%). It is apparent from Figures 

9.8 that the higher harmonic tooth-ripple components of torque 

small.

e) Ng = 36, N^ = 24 and Ng = 36, N« = 48

The slot combination Ng = 36, N^ = 24 has 

and a relatively large fundamental tooth-ripple 

9.2 and 

are

3

variation 

rque when

compared with the useful torque (10%). It is apparent from Figure 9.1 

that there are also significant higher harmonic tooth-ripple compo­

nents of torque present.

The slot combination Ng =36, N^ = 48 has a small torque variation 

and a small fundamental tooth-ripple component of torque. It is also 

evident, from Figure 9.9, that there are only small higher harmonic 

tooth-ripple torques present.

f) Ng = 36, N^ = 60
Ns - Np 

Np 6

In this case the torque variation is small and so are all the 

harmonic torque components.

9.2 Conclusions

(i) The peak value of the fundamental tooth-ripple component of torque 

can be of the order of 50% of the useful torque for those slot combina­

tions for which the difference between the number of rotor and stator 

slots is small. On the other hand, this torque component can be 

small (1%), when compared with the useful torque, for those slot com- 

binations for which the difference between the number of stator and 

rotor slots is large.

(ii) The magnitude of the torque variation, over a rotor slot pitch, 

is largely dependent on the relative phases of the tangential force 

pulsations. A large variation will occur when most of these force 
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pulsations are in phase with each other. This particularly occurs 

for those slot combinations for which the difference between the number 

of stator and rotor slots is small.

(iii) The designer should avoid choosing those slot combinations for 

which the difference in the number of stator and rotor slots is small, 

and especially the combination which has an equal number of stator and 

rotor slots, since these slot combinations have large torque variations 

and fundamental tooth-ripple components of torque.

(iv) To avoid large harmonic torques, a slot combination should be 

chosen where the phases of the tangential force pulsations are such as 

to give an almost constant torque (case c).

(v) The criteria for minimising harmonic tooth-ripple torques and

stray load losses associated with the stator and rotor tooth-ripple 

fluxes are incompatible.
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10. Introduction

This thesis Is concerned with an examination of tooth-ripple 

fluxes and forces under load conditions. In addition, the fundamental 

harmonic tooth-ripple component of torque has been computed for a range 

of slot combinations. Throughout this research the method of conformal 

transformation has been used extensively and several ways of Improving 

the accuracy and efficiency of the numerical techniques associated with 

this method have been found. In this chapter, the important conclusions, 

obtained from the preceding chapters, are summarised and suggestions are 

made for further research. However, before considering these conclu­

sions, it is useful to review certain aspects of the work discussed In 

the previous chapters.

When using the method of conformal transformation to solve a 

Laplacian field In a region having a complicated boundary. It is often 

necessary to use numerical methods to find the constant terms of the 

transformation equations. These constant terms are the solution of a 

set of non-linear simultaneous equations. These equations are formu­

lated by relating the transformation equation to the dimensions of the 

boundary. The set of non-linear equations are evaluated by 

using a direct-search routine based on Peckham's method. A full des­

cription of the constant finding process is given in Chapter 3. In 

this process, and when using conformal transformation to evaluate force 

quantities. It Is necessary to evaluate Integrals which contain singula­

rities. These integrals are of two types; the first has critical 

points at both limits of Integration, and the second has, in addition 

to critical points at both limits, a simple pole within the range of 

Integration. This second type of Integral Is called a Cauchy Principal 
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Value. In Chapter 4 a number of methods are described for the numeri­

cal evaluation of both types of integral. The techniques described 

in Chapters 3 and 4 should enable any problem involving a Laplacian 

field and a complicated polygonal boundary to be solved successfully.

In Chapter 5, the method of conformal transformation is used to 

calculate the flux entering, and the tangential and normal forces 

acting on, any induction motor tooth under load. The assumptions 

underlying the use of this method are clearly stated. However, it is 

important to emphasise that the flux distribution around a tooth and 

the tangential and normal force acting on it are obtained by a combina­

tion of the solutions of the air-gap fields In three separate regions. 

The first region contains two displaced slots (doubly-slotted boundary) 

and It is Important to note that the gap flux density becomes almost 

uniform at a point on the tooth surface remote from the slot openings 

because the air-gap is narrow. The second region contains one slot 

(singly-slotted boundary) and the gap flux density Is uniform at a 

point on the tooth surface remote from the slot opening. The third 

region has no slots and the gap flux density is assumed uniform every­

where. The field solutions In these separate regions can be combined 

because, for all practical air-gap dimensions, points can be found on 

the teeth surfaces (where the teeth overlap) sufficiently remote from 

the slot openings for the gap flux density to be assumed uniform.

The tangential and normal forces acting on a tooth are obtained 

by Integrating the Maxwell stress function over the appropriate surfaces. 

It is not possible by this or any other method to determine uniquely 

how the the stress is distributed over the tooth, since it Is not 

possible to represent the Iron by a unique set of magnetic sources. 

The use of the Maxwell stress function has the advantages that the 
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force can be obtained as a function of the complex potential function 

and that it is economic in computer time and storage.

The analysis described in Chapter 5 is incorporated into a 

computer program which can be used to calculate the flux entering, and 

the tangential and normal forces acting on, any induction motor tooth 

under load. This program has been used extensively in the calculation 

of tooth-ripple fluxes, forces and harmonic torques. It is believed 

that it is one of the fastest programs available for calculating the 

two-dimensional air-gap field in an induction motor.

In calculating the air-gap field, under load conditions, there 

are some additional parameters not present in the no-load case. For 

example, under no-load conditions, the air-gap field is main flux 

dominated so that the field may be calculated by assuming a simple 

potential difference to exist across the gap. The exact type of stator 

winding is unimportant under these conditions. Under load conditions, 

however, there are additional leakage flux components associated with 

both the stator winding and the rotor cage, and these must be considered 

in the calculation of the air-gap field under load. With regard to 

the stator winding it is neither practical nor necessary to consider all 

types of stator winding in the analysis. The main object is to deter­

mine conditions under which the flux and force pulsations in the stator 

and rotor teeth are minimal. Each m.m.f. harmonic will modulate the 

fundamental and harmonic tooth-ripple frequencies, but, if the fundamental 

carrier is small, so will the resultant effect be small. The tooth- 

ripple carrier is critically dependent on the slot dimensions, and these 

are fixed by the designer, when he chooses the rotor slot number.

Another important parameter under load conditions is the load 

current level. This can be conveniently expressed in terms of the 
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stator magnetising current. The value of this ratio is dependent on 

the actual size of the machine. Its value is close to unity for a 

small machine and quite large for a machine of megawatt rating. However, 

undesirable effects, such as flux and force pulsations due to load, begin 

gradually and Increase as the load Is Increased. This Is Important 

because different machine sizes do not have to be considered in Isolation 

except for small machines which are stator winding resistance dominated.

It should be emphasised that the damping effect of the cage on the 

flux and force pulsations has been neglected. To Include this effect 

It would be necessary to specify the type of cage used so that the 

appropriate resistances and reactances can be calculated. From a 

practical point of view only a few cages can be considered, but It Is 

known that the relative merits of different slot combinations are not 

critically dependent on cage design. Whilst the damping Influence of 

the cage is beneficial In reducing flux and force harmonics, It does not 

critically effect the choice of slot combination. In short, a bad 

choice of slot combination can only be slightly Improved by cage design; 

Its relative merits compared to other choices remain largely the same.

In Chapter 6, a method Is described for calculating, for a set of 

imposed stator currents, an approximate rotor current distribution. In 

all but very small machines, the magnetising flux Is constant, for a 

given terminal voltage, and consequently the resultant air-gap m.m.f. 

is also constant as load changes. Furthermore, In large Induction 

motors, the air-gap m.m.f. Is remarkably sinusoidal because of the 

damping action of the cage. Therefore, an approximate rotor m.m.f. 

distribution can be obtained by subtracting the sinusoidal air-gap m.m.f. 

from the stator m.m.f. associated with the stator load current. From 

this rotor m.m.f. distribution, the currents can be obtained for any 
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rotor position relative to the stator.

The tooth-ripple flux pulsations in a rotor and stator tooth, for 

a range of slot combinations, are presented in Chapter 7. These flux 

pulsations are obtained by computing the flux distributions at a number 

of rotor positions within a rotor slot pitch. Under quasistatic field 

conditions, the flux and force distributions associated with a tooth are 

the same after a rotor displacement of a rotor slot pitch. Therefore, 

the flux pulsations in all the rotor teeth over a rotor slot pitch, can 

be combined to give the complete time history of the tooth-ripple flux 

in a single rotor tooth as the tooth is displaced through a double pole 

pitch. In the case of the stator, leakage fluxes produce additional 

effects dependent upon the position of the tooth relative to the phase 

belt. These additional effects are superimposed on the travelling air­

gap field. It is necessary, therefore, to compute separately the time 

history of the tooth-ripple flux in a tooth at the end of a phase belt 

and a tooth contained within a phase belt.

It is shown in Chapter 7 that the most important defining quantity 

for both the stator and rotor is the peak to peak value of the largest 

flux pulsation relative to the fundamental flux wave. This quantity is 

related to the slot pitch difference, for both the stator and rotor, by 

two simple equations. These equations are used to determine conditions 

under which the tooth-ripple flux pulsations are minimal.

The variations in the normal and tangential forces acting on a 

rotor and a stator tooth for a range of slot combinations are presented 

in Chapter 8. The peak to peak value of the largest normal and tangen­

tial force pulsations acting on a rotor and stator tooth are related to 

the slot pitch difference by four simple equations. These equations 

are used to determine the conditions under which the normal and tangen­

tial force pulsations acting on the rotor and stator teeth are minimal.
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In Chapter 9 the variations in torque, over a rotor slot pitch, 

are obtained for a range of slot combinations. From these torque 

variations the fundamental component of tooth-ripple torque is extracted 

using Fourier analysis. A comparison is made of the torque variations 

and fundamental tooth-ripple torques produced by the various slot 

combinations.

The above paragraphs briefly describe the work and the important 

conclusions made in the previous chapters. The detailed conclusions 

that can be drawn from this work are given in Section 10.1. These are 

discussed in Section 10.2 and general recommendations about the choice 

of slot combination are made. Finally, in Section 10.3 suggestions 

are made for further work.

10.1 Summary of Detailed Conclusions

10.1.1 Numerical Evaluation of the Integrals Associated with 
Conformal Transformation

In Chapter 4, a number of numerical methods for the evaluation 

of the definite and improper Integrals encountered in the use of con­

formal transformation methods are described and compared.

Four methods are described for the evaluation of the definite 

integral with critical points at both limits of integration. Results 

of reasonable accuracy can be obtained, for a number of problems, by 

displacing the limits of Integration from the singularities and using 

Simpson's quadrature. The definite Integral may also be evaluated by 

a simple change of variable. The Gauss-Jacobi method can be used to 

obtain results of high accuracy but this is a difficult method to 

program. The method of Branders and Piessens is particularly suitable 

for the evaluation of the definite Integral because results of high 

accuracy can be obtained. Furthermore, a computer package exists for 

this method which allows the user to specify the degree of accuracy 

required.
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Cauchy Principal Values arise with boundaries having parallel sides. 

Two methods have been developed for the evaluation of this type of 

integral. The first is an extension of the Clenshaw-Curtis method to 

include integrals with critical points at both limits of integration 

and a simple pole within the range of integration. The second method 

is based on the technique of subtracting out the singularity. Both 

methods can give results of high accuracy but the latter method is more 

efficient in computer time and storage.

10.1.2 Tooth-Ripple Flux Pulsations

The calculation of the tooth-ripple flux pulsations under load is 

described in Chapter 7, The following conclusions can be drawn from 

this analysis.

(i) The peak to peak value of the largest flux pulsation into a rotor 

tooth as a fraction of the fundamental flux wave is closely related to 

the slot pitch difference by the equation

^TP
= -0.068 (P^/g - Pg/g) + 0.21 if Pg/g > P^/g

and
^TP
-— =0.21 if Pp/g Pc/g 
^FP

for constant rotor and stator slot widths of 5.0/g and 7.5/g 

respectively. This choice of slot widths was made because together with 

the slot pitches, these dimensions represent practical air-gap dimensions. 

However, it should be noted that the influence of slot openings on the 

flux and force pulsations does not significantly effect the choice of 

slot pitches, but simply makes these pulsations more or less acute. 

Therefore, it is reasonable to choose any practical slot widths in the 

examination of tooth-ripple flux and force pulsations on load.
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(11) The peak to peak value of the largest flux pulsation Into a stator 

tooth as a fraction of the fundamental flux wave Is closely related to 

the slot pitch difference by the equation

= -0.068 (Pq/g - Pp/g) + 0.10 1f Pp/g > P./g

and

*TP
= 0.10 If Pc/g > Pp/g

^FP

for constant rotor and stator slot widths of 5.0/g and 7.5/g respectively. 

(Ill) It Is clear from the equations in (1) and (11) that the stator and 

rotor tooth-ripple flux pulsations obey equations of a similar form.

(iv) The criteria for minimising stator and rotor flux pulsations 

on load are Incompatible.

(v) Tooth losses inevitably become large, but in one member only, if 

the slot number difference Is very large.

(vi) The criterion for minimising tooth flux pulsations on load is 

similar to that for no-load operation.

10.1.3 Normal Tooth-Ripple Force Pulsations

The calculation of tooth-ripple normal force pulsations Is des­

cribed in Chapter 8. The following conclusions emerge from this work.

(1) The peak to peak value of the largest normal force pulsation acting 

on a rotor tooth is closely related to the slot pitch difference by the 

equation

^NP 69 + (Pp - Pg)/g X 105 82 Lg 

for constant rotor and stator slot widths of 5.0/g and 7.5/g respectively.

(11) The peak to peak value of the largest normal force pulsations acting 

on a stator tooth is closely related to the slot pitch difference by the
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equation

^NP 69 - 6 (Pg - P^)/g X 105 82 [g 

for constant rotor and stator slot widths of 5.0/g and 7.5/g respectively.

(iii) The normal force pulsations acting on the stator and rotor teeth 

increase on load with an increase in (Pp - Pg) but the relationship is 

more sensitive for the stator teeth.

(iv) The criterion for low stator force pulsations is similar to the 

no-load case (Pg > Pj^)

(v) In the case of the rotor, the effect of slot combination on the 

normal force pulsations is not very significant and the effect of load 

(leakage flux) is to change the relative amplitudes for load and no-load.

10.1.4 Tangential Tooth-Ripple Force Pulsations

The calculation of the tangential tooth-ripple force pulsations

is presented in Chapter 8. The following conclusions can be drawn 

from this v/ork:

(i) The peak to peak value of the largest tangential force pulsation 

acting on a rotor tooth is closely related to the slot pitch difference 

by the equation
Fyp = 13.0 + 0.37 (Pp - Pg)/gl x lO^ B^ Lg

for constant rotor and stator slot widths of 5.0/g and 7.5/g respectively.

(ii) The peak to peak value of the largest tangential force pulsation 

acting on a stator tooth is closely related to the slot pitch difference 

by the equation
F^p = f\2.4 - 0.7 (Pg - PpJ/gj x lO^ B^ Lg

for constant rotor and stator slot widths of 5.0/g and 7.5/g respectively.

(iii) As in the case of the normal force pulsations, the tangential force 
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pulsations acting on the stator and rotor teeth increase with an 

increase in (Pn - Pg). This relationship is more sensitive for the 

stator teeth.

(iv) The tangential force pulsations acting on the rotor and stator 

teeth are small when compared with the normal force pulsations. This 

conclusion is the same as for the no-load case.

(v) As regards the stator, the criterion for low tangential force 

pulsations on load (Pg > P^) differs from that of the no-load case. 

However, the effect of a change in slot combination on the tangential 

force pulsations is not very significant when compared with the effect 

on the normal force pulsations.

(vi) In the case of the rotor, the effect of slot combination on the 

tangential force pulsations is not very significant.

10.1.5 General Conclusions Relating to the Force Pulsations

(i) Since stator normal force pulsations are a basic cause of 

'magnetic noise', attention should be concentrated on the reduction of 

thiscause of core vibration and the choice of rotor slotting is critical 

in this respect.

(ii) It is unlikely that the stator tangential force pulsations make 

a significant contribution to core vibration. However, it is possible 

that they can cause the teeth inalarge machine to vibrate, if the reso­

nant frequency of such teeth lies within the tooth-ripple frequency 

range.

10.1.6 Harmonic Tooth-Ripple Torques

The calculation of the harmonic tooth-ripple torques is presented 

in Chapter 9. The following conclusions emerge from this analysis.
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(1) The peak value of the fundamental tooth-ripple component of torque 

can be of the order of 50% of the useful torque for those slot combina­

tions for which the difference between the number of rotor and stator slots 

is small. On the other hand, this torque component can be small, com­

pared with the useful torque, for those slot combinations in which the 

difference between the number of stator and rotor slots is large.

(ii) The magnitude of the torque variation, over a rotor slot pitch, is 

largely dependent on the relative phases of the tangential force pulsa­

tions. A large variation will occur when most of these force pulsations 

are in phase with each other. This occurs particularly for those slot 

combinations in which the difference in stator and rotor slot number is 

small.

(iii) The designer should obviously avoid choosing those slot combinations 

for which the difference in the number of stator and rotor slots is small, 

and especially the combination which has an equal number of stator and 

rotor slots, since these slot combinations have large torque variations 

and fundamental tooth-ripple components of torque.

(iv) To avoid large harmonic torques, a slot combination should be 

chosen in which the phases of the tangential force pulsations are such 

as to give an almost constant torque.

(v) The criterion for minimising harmonic tooth-ripple torques and 

stray losses associated with stator and rotor tooth-ripple fluxes are 

incompatible.

10.2 Discussion

The occurrence of parasitic fluxes, forces and torques associated 

with the slotting in induction motors is strongly dependent on the rotor 

and stator slot numbers.
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It is clear from the rules in Sections 10.1.2 to 10.1.6 that there 

is no overall optimum since specific criteria are Incompatible. However, 

when a choice of rotor slotting is available, the balance between exces­

sive stray loss, vibration producing forces and harmonic tooth-ripple 

torques can be changed In the light of these criteria.

It has been shown that the criteria for minimising the losses 

associated with stator and rotor flux pulsations are Incompatible. An 

effort should be made to keep the difference in stator and rotor slot 

numbersas small as possible consistent with satisfying other design 

criteria. This condition Is the same as that obtained for the no-load 

case.

The amplitude of the normal force pulsations can be minimised by 

making Pg/g > Pp/g, that is, by making Np > Ng. However, it is also 

Important to recognise that the relative phases of the pulsations are 

important in noise studies, since even in machines in which the force 

pulsations are small, the phase of the pulsations can be such as to 

produce a force wave having a long wavelength. Such a force wave can 

produce significant core vibration. In this thesis It has been shown 

how the applied electromagnetic force pulsationscan be computed under 

complex load conditions. The method described here for computing these 

force pulsations can be applied to any machine and used in a study of 

noise and vibration associated with the stator core of that machine.

In a similar manner, the method described here for computing the 

tangential force pulsations can be applied to large machines In a study 

of the vibration of a single tooth.

It Is clearly Important to avoid slot combinations for which the 

stator and rotor slot numbers are close In value, as such a machine 

has a large torque variation and fundamental tooth-ripple component of 
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torque. It has been shown that the magnitude of the harmonic torque 

is largely dependent on the relative phases of the tangential force 

pulsation. A large torque variation occurs when most of these force 

pulsations are in phase with each other.

Conformal transformation has proved to be a most suitable method 

for the investigation of tooth-ripple fluxes, forces and torques in 

induction motors.

10.3 Suggestions for Further Work

Subjects for further research on parasitic effects under load 

are suggested below;

(1) Investigation of the effect of varying the stator and rotor slot 

widths on the tooth-ripple fluxes, forces and harmonic torques. As 

discussed In Section 6.2, the designer has only a limited choice of 

stator and rotor slot openings. For example, the stator slot openings 

must be large enough to allow the stator to be wound, although It Is 

well-known that if the stator slot openings are too large this gives rise 

to excessive tooth losses In the rotor. Of course, these losses may be 

reduced by inserting magnetic wedges into the slot mouths. There Is 

little point In considering either a very small or large stator slot open­

ing when examining flux or force pulsations. In the case of the rotor, 

large stator flux pulsations will occur if the rotor slot openings are 

too large. To avoid this, semi-closed slots are normally used, so that 

there is little point in considering a large rotor slot opening.

(11) Calculation of the high frequency damping currents caused by the 

relative motion of the slotted surfaces and examination of the effects these 

currents have on the tooth-ripple fluxes, forces and torques. These 

currents may be obtained for a specific cage, by first calculating the 
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change in flux in all the rotor teeth for a small rotor displacement 

(for example, half a rotor slot pitch). These flux values can, of 

course, be computed using the program described in Chapter 5. The 

e.m.f. associated with each tooth can be calculated simply as the change 

in flux entering the tooth divided by the time taken to displace the 

rotor. The damping currents can be found by using the e.m.f. values 

to solve the circuit equations associated with the rotor winding. The 

resistances and reactances of the bars can either be obtained using 

an appropriate mode r or by direct measurement.

(iii) The applied electromagnetic normal force pulsations can be used 

in a study of core vibration. The choice of a suitable model to repre­

sent the stator core, frame and windings is clearly of great importance 

in obtaining realistic results. The tangential force pulsations can 

be used in a study of noise and vibration produced by a single tooth.

(iv) Determination of the equivalent open slot widths of a range of 

commercially used slot profiles. It has been shown in Chapter 4 that 

the method of conformal transformation can be applied to complicated 

slot shapes. It is hoped to extend this analysis to other slot profiles. 

Clearly, it will be important to account for the effects of saturated 

tooth tips on the local flux density distribution.

(v) Refinement of the computer program described in Chapter 5 so that 

the user has only to specify the air-gap dimensions (slot widths and 

pitches) and the load current level.

10.4 Reference
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APPENDIX 1

THE ANALYTICAL SOLUTION OF AN ELLIPTIC INTEGRAL

The object of this appendix is to obtain an analytical solution 

to the integral

Z = K /(t+to)(t+ti)(t-t2)(t-t;fdt (AT.l) 
t (t+l)(t-t3)

This integral can be expressed in the following form

Z = K f It+tiJ^t+tiJ^^ ^ (Al.2) 
J t (tfl)(t-t3) /O'

where Q = (t+to)(t+ti)(t-t2)(t-ti^). The polynomial Q may be expressed 

in terms of even powers only by using the transformation 

t = (a+bz)/(l+z). Then dt[/Cy becomes of the form

-------\........................ (Al.3)
/(z^ - A^)(z^ - B^)

where A, B and C are constants.

The rational part of equation (Al.2) can be expressed in partial 

fractions of the form 

Al ,_A2____ , + A; ____ A; (Al. 4) 
(dl + d; Z) (d; + a^TzT (d; + d( Z) (dy f dg Z)

where A}, A2) Ag, Aq,, Ag, ai 321 83 5 31^.1 3g, ag, 37 3nd 3g 3re con™ 

stants. Thus equation (Al.1) can be expressed in the following form

" f Al dz f A2 dz 
' /(z^-A^)(z^-B^) (ai+a2z) /(z^-A^)(z -B ) 

+ the 3 remaining terms which are of the 

same form as the second term (Al.5)

Let X = Az, then the first term in equation (Al.5) becomes
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/(T-x2)(T_K'2x2)
(Al.6)

where A 1s a constant and K' = A/B. This term 1s an elliptic Inte­

gral of the first kind to modulus K' and is equal to F(x,K').

Consider the second term in equation (Al.5), which after applying 

the transformation x = Az becomes

A'l ______ dx
(ai+a^Ax) /(l-x^)(l-K'^z^)

(Al.7)

By multiplying the numerator and denominator of the integrand by 

(ai - 32 Ax), equation (Al.7) can be separated into the following two 

integrals

j^,^ f f__________ aj dx ______ 32 A X dx__________ __
t ' (ai^-ag^A^xZ) /rwE^TTTT^x^ (ai^-agZA^xZ) /(l-x:^)(l-r'^^)

(Al.8)

The first term in equation (Al.8) is an elliptic integral of the third 

kind to modulus K' and is equal to tt(x, k, k').Bi where K^ = a2A/ai and 

^1 = ^lA'i. The second term in equation (Al.8) can be integrated in 

terms of elementary functions by substituting y = x^, which makes the 

term under the root sign a quadratic, and then y - (a constant) = 1/v, 

which converts the integral to the form

Cl = c sinh-i ^
/[(V-S)2 + tZ]

(Al.9)

where Ci, s and A are constants.

The remaining three terms in equation (Al.5) can be treated in

exactly the same way as the second. The analytical solution of equation

(Al.1) is thus given by
4

Z = K A F(x, k') y B, n (X
1=1

1^11
4

k') + X 
i=l

C^ sinh+
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The numerical evaluation of the third elliptic integral is most

easily performed in Jacobian notation, by putting x = snu and k, = k'sna.

The Jacobian form of the third elliptic integral, ir., is given by

Tr(x,k^,k') = u +—in^L_ TT.(u,a) 
cna dna

(Al.11)

and it can be shown that

Trj(u,a) = i log + u Z (
(B) (u+a)

(Al.12)

The theta function can be evaluated from a Fourier series

in which

(a) = 1 + 2 2 (-1)" q" cos

e . Also, Z(a) is defined as E(a) - F(a)

(Al.13)

E/k'.q =

In this way, the integral as a whole can be expressed in terms

of elliptic integrals of the first and second kind, which have been 

tabulated or which can be evaluated from well-known series.
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