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THE EFFECT OF LOAD ON THE AIR-GAP FIELD
AND FORCES IN INDUCTION MACHINES

by Peter Andrew Kahan

An accurate method is given for the determination, under load conditions,
of the tooth-ripple flux and force pulsations produced by the relative
motion of the slotted stator and rotor surfaces in induction machines.
These pulsations are obtained using a conformal transformation field
solution and the Maxwell stress function. When using conformal trans-
formation to solve the field in the air-gap region, or in any region
having a complicated polygonal boundary, it is necessary to evaluate
integrals containing singularities numerically. A number of quadrature
methods for performing this process are reviewed and two methods are
described for the evaluation of Cauchy Principal Values which arise with
boundarjes having parallel sides.

The tooth-ripple flux and force pulsations are computed, for a given
stator slot number, and a range of rotor slot numbers and rotor positions.
The results are presented graphically. In order to assess the influence
of slot combination on these pulsations, the peak to peak values of the
largest flux, normal and tangential force pulsations are used as defining
quantities. A number of simple equations are derived relating these
quantities to the slot pitch difference, and these equations are used
to determine the conditions under which the Flux and force pulsations
into a stator or rotor tooth are minimal.  Furthermore, conclusions
- are drawn about the choice of slot combination.

In addition, the fundamental tooth-ripple components of torque are
computed for the same slot combinations as the flux and force pulsations.
The influence of slot combination on this torque component is examined.
Conclusions of practical value are drawn from the results obtained.
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Ng synchronous speed



ns/(NS + P)

radial component in cylindrical co-ordinates
tangential component in cylindrical co-ordinates
harmonic orders

electric flux density

magnetic flux density

primary magnetic- constant (4m x 10;7)

relative permeability

scalar potential

+ 3 ;9 3
S 4 L —_—
nabla operator ( 1 3% gy * L
82 32 32
%2 T Ty? * g2
Ho Hr

complex variables

flux function

potential function

complex potential function

magnetic pole

current

dipole moment

force

normal component of field strength
tangential component of field strength

normal component of force

sum of squares function

ii.



= I

jo

tangential component of force

error function

vector of varijables

vector of constants

vector of gradients

the values of the vector of variables at the minimum
weights

nodes

Tower 1imit of integration

upper 1imit of integration

coefficients of Gauss-Jacobi quadrature formulae
weighting function

continuous function

transformed weighting function

transformed continuous function

coefficients of Chebyshev series

Chebyshev polynomials

slot width of the slot in singly-slotted region
stot width of upper slot in doubly-slotted region
stot width of Tower slot in doubly-slotted region
air-gap width

current in slot in singly-slotted region and current in
upper slot in doubly-slotted region

current in lower slot in doubly-slotted region



iv.
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n flux component in region containing no slots

FNA normal force on tooth A

HI magnetic field strength in iron

HA magnetic field strength in air

Li mean length of iron path
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I = ne INL
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Kd distribution factor
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Tmidd]e a tooth contained within a phase belt

FNP peak to peak value of the largest normal force pulsation

B flux density in the air-gap
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FTP peak to peak value of the largest tangential force pulsation
Tm useful torque produced by an induction motor

Ts Peak value of fundamental tooth-ripple component of torque
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1. Introduction

The polyphase induction motor is a very simple and robust machine.
It is manufactured in a wide range of sizes with power outputs ranging
from a few watts to many megawatts. Although its design is now largely
routine, there is scope for additional research into problems relating
to parasitic harmonic fluxes, forces and torques. These phenomena
arise as a result of the distributed windings and the slotted nature of
the stator and rotor. They cause such problems as stray losses, magne-
tic noise and crawling (stable running at low speeds). These parasitic
effects will always be present in induction motors to some extent
because of the nature of their construction. It is the designer's
responsibility to contain them within acceptable limits. Over the last
fifty years a number of rules have been developed to reduce these
effects(]‘l’ 1.2, 1'3). However, these rules should not be regarded as
hard and fast because if they are rigorously applied, they often lead to
the conclusion that no design is acceptable, rather than help the
designer find the best compromise. Also, in applying a certain set of
rules to minimise one effect, another effect can be made too large.

Any new information which helps the designer to make machines quieter
and more efficient is welcome.

It has long been known that the performance of an induction motor
is highly dependent on the number of stator and rotor slots (the slot
combination). With one slot combination the machine may have a satis-
factory performance whilst a slightly different combination can display
some undesirable effect such as crawling, cogging, or be extremely noisy.
The designer has only a 1imited range of stator slot numbers to choose

from.  The choice of a particular stator slot number is governed



mainly by the number of poles but is also closely related to the suppres-
sion of the harmonics fn the m.m.f. wave of the stator winding. In
practice, the machine designer haé essentié11y only to choose a suitable
number of rotor slots. It is because the choice of slot combination,

or more particularly rotor slot number, is so important in avoiding
undesirable effects, that its influence on parasitic fluxes and forces

is considered here.

The work presented in this thesis is a continuation of a previous
investigation into parasitic fluxes, forces and torques in induction
motors. At the beginning of this research, it was decided to calculate
these parasitic effects under no-load and load conditions. This distinc-
tion was mainly made because designers wish to distinguish between effects
that occur on no-Toad and effects that occur on load. Binns and

(1.4, 1.5) have examined the no-load case and determined

Rowlands-Rees
a set of relationships between the flux and force pulsations and the
air-gap dimensions (slot widths and pitches). From these relationships
a number of design rules have been obtajned.

In this thesis, the parasitic fluxes, forces and torques are
calculated under load conditions. The main purpose of this research
is to determine the relationships between slot combination and the para-
sitic fluxes and forces on load. In addition, the variation of torque
with rotor displacement over a rotor slot pitch is determined for a
number of slot combinations. From these torque variations, the high
frequency components of torque, periodic in a rotor slot pitch, or a

fraction of a slot pitch, can be obtained. It is then possible to

assess the influence of slot combination on such torque components.

1.1 Tooth-Ripple Fluxes

The stator or rotor tooth-ripple flux is that component of flux



in a stator or rotor tooth, periodic in a rotor or stator slot pitch,
or sub-multiples of these pitches, which arises as a result of the
relative motion of the two slotted surface.

Binns and Schmid(]'6) show that the stator and rotor tooth-
ripple fluxes are important components of stray loss. Furthermore, they
define a modulation process in which these high frequency flux components
are modulated by the low frequency m.m.f. harmonics. This modulation
process is now briefly described.

The basic modulation process is conveniently expressed in terms
of two sinusoidal waves, x = Xcos w, t and y = Ycos Wy t. The product
of these two waves, z, called the modulated signal, can be expanded to
give

XY

z = > [cos (w, + wy)t + cos (W, - w,) t] (1.1

where y ds arbitrarily chosen to be the modulating signal and x is the
carrier. Equation (1.1) shows that the resultant product is equivalent
to the sum of two sine waves shifted in angular frequency from the
carrier frequency Wy by * wy. In the case of the air-gap field, the
modulating signal is the m.m.f. However, as is shown shortly, this
signal is not a pure sine wave, and there is a series of such functions
each representing an m.m.f. harmonic. For each of these m.m.f. har-
monics, a separate modulation process applies, and so the upper side-
band has a frequency W + MW, where m s the order of the m.m.f,

N
harmonic, and the lower side-band has frequency Wy o= W The high

y
frequency carrier signal represents the influence of the boundaries
(tooth-ripple flux) and it also has harmonic components.  Therefore,
the modulation process applies not only to the fundamental tooth-ripple
component but to all its harmonics, and,in practice, the variation due

to slotting is sufficiently non-sinusoidal for the second and third



harmonics to be appreciable.

Binns and Schmid used an experimental approach, involving the use
of search coils, to measure the tooth-ripple fluxes in a particular
machine. In this thesis, the tooth-ripple flux components associated
with the stator and rotor teeth are computed, using a numerical confor-
mal transformation, for a number of slot combinations. The influence
of slot combination on the amplitude of these flux components is then

examined.

1.2 Tooth-Ripple Forces

The stator or rotor tooth-ripple force is defined as that component
of force acting on an individual stator or rotor tooth periodic in a
rotor or stator slot pitch, or sub-multiples of these slot pitches,
which arise as a result of the relative motion of the two slotted sur-
faces. It is convenient, for the purpose of analysis, to separate the
tooth-ripple forces into their tangential and normal components. These
force pulsations are of particular importance in the study of noise and
vibration in electrical machines.

This study involves a detailed consideration of the various sources
of noise in induction machines. A comprehensive review of the various
sources of noise in electrical machines is given by E1lison and Moore(1‘2).
One important source which they identify is the flux distribution in the
air-gap. It is normal when examining noise from this source to calcu-
late the radial force distribution associated with the air-gap field.
The tangential force distribution can also be calculated and its effect
studied(1'2>. The normal force distribution can be resolved into an
infinite number of force waves revolving around the air-gap of the
machine.  The force waves which are most important in the production
of noise and vibration are those for which the number of poles are

small, since the stator and rotor are least stiff to these modes of



vibration. In practice, only stator core vibration is normally con-
sidered as the rotor is usually sufficiently stiff to all but a 2-pole
force wave. Therefore, stator core vibration is investigated by
applying the simple force waves to a model representing the core.
Such an analytical model usually consists of a combination of thick
and thin annular cores of homogenous material and reveals the appro-
priate resonances. However, practical cores respond significantly to
most force harmonics to which they are subjected. Tests on machines
reveal that the combined structure consisting of stator core, frame and
winding does not simply vibrate at a few discrete frequencies correspond-
ing to the resonances of a particular model, but the response of the
structure is of a very complex nature and is distributed over the whole
frequency spectrum.  An important part of the reduction of noise is
the minimisation of the amplitude of the tooth-ripple normal force
carrier. This force carrier has been computed for a number of slot
combinations in this thesis.

In addition to stator core vibration, the resonant frequencies
of the teeth of large machines come within the audible range(1‘2), 50
that it is possible that such resonances‘wi1l be excited and sound

radiated directly from the teeth.

1.3 Harmonic Tooth-Ripple Torques

These harmonic torques are defined as the components of the
torque, periodic in a rotor slot pitch, or sub-multiples of a rotor
slot pitch.

As in the case of the tooth-ripple fluxes and forces, these
harmonic torques are computed under steady state conditions. However,
if these torque components are large under these conditions, it is

reasonable to assume that they will also be large under starting



conditions, for the same slot combination, especially as the stator
and rotor currents are larger, Such harmonic torques can give rise

to crawling in a machine.

1.4 Numerical Methods in Conformal Transformation

The study of tooth-ripple phenomena has involved the use of
conformal transformation methods. The reasons this method has been
chosen in preference to other methods for calculating magnetic fields
is explained in the next chapter.

The method of conformal transformation is a powerful analytical
method and has been used widely in both engineering and physics. The
range of problems that can be treated has greatly increased since the
introduction of the digital computer to solve numerical optimisation
problems.

The first of any problem involving conformal transformation con-
sists of finding a number of constant terms contained in the transfor-
mation equation. To find these constant terms, it is necessary to
formulate and solve a set of non-Tinear equations. These equations
are found by integrating the transformation equation between specific
limits and relating these integrals to the dimensions of the geometry
under consideration. For simple boundaries the equations can be
solved analytically, but for complicated ones a numerical method must
be used.

With a numerical approach there are two problems to overcome.

(i) The solution of a set of non-Tinear simultaneous equations.
These are implicit equations and the constant terms have to be
found using a numerical optimisation method.

(11) The numerical evaluation of the associated integrals.
In the last two decades, there has been a rapid development in

methods of optimisation suitable for use with the digital computer.



There are, therefore, a number of methods available for solving the
non-linear equations that arise with conformal transformation.

The integrals that arise in conformal transformation are usually
definite, but have integrands with critical points at both limits of
integration. These critical points can present difficulties, since
they can be either poles, in which case the integrand has an infinite
value at the 1imits of integration, or they can be zeroes, in which
case the integrand has an infinite first derivative, or a mixture of
the two. A number of methods are available for the evaluation of this
type of integral and these are discussed in detail later.

There is another type of integral that arises when dealing with
boundaries having parallel sides which meet at infinity. This is an
improper integral which in addition to having critical points at both
1imits of integration has a simple pole within the range of integration.
This type of integral is known as a 'Cauchy Principal Value'. Previous
to this research, there were no methods available which could be used
to give results of sufficient accuracy. This stimulated an investigation
by Binns, Rowlands-Rees and the present author into the evaluation of
this type of integral and two methods have been developed for its

evaluation.

1.5 Literature Review

1.5.1 Tooth-Ripple Fluxes and Forces

Apart from the previous work by Binns and Rowlands-Rees (-4+1-5)

other work on the computation of tooth-ripple phenomena is very limited.

A number of researchers have used two-dimensional field solutions
in conjunction with the Maxwell stress function to calculate the forces
on various machine members. For example, a number of authors, includ-

ing Carpenter(1'7), have calculated the force which aligns two salient
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poles. Lehmann(]'s) discusses the calculation of magnetic attraction
between two bodies by using flux plots, and takes as an example the
attraction between a salient pole and the armature of an electrical

(1.9)

machine. Carter used the conformal transformétion field solution

of a singly-slotted boundary to calculate the forceson téeth, as has

Dvoracek(1‘10). Binns(]“]])

has calculated the centring forces on a
displaced ventilating duct in a/machine; using the conformal transfor-
mation solution of a doubly-slotted boundary in conjunction with the
Maxwell stress function. Whilst this earlier work differs in practical
application from the work on the no-load flux and force pulsations and
from the present work, it does form the basis for much of this later
work.

Liebmanna'Yz) has also calculated the forces which tend to align
two doubly-slotted boundaries. The method used to calculate the forces
differs from that used by Binns; the force in this method is given‘as
the product of the rate of change of flux and the magnetic potential.

The total change in flux was obtained experimentally using a resisfive
network analogue and the rate bf change of flux was calculated from the
experimental results. However, difficulties arise in obtaining an
accurate result because the change in total flux is small. Furthermore,
once the approximate variation of the flux with displacement has been
determined, numerical differentiation greatly increases any inaccuracies.

It was thought advantageous to consider a boundary integral method,

(1-13), and compare this with the

developed by Trowbridge and Simkin
method of conformal transformation. The boundary integral method
depends upon a direct application of Green's Theorem and has been used

(]']4), including those arising in

in a number of harmonic problems
magnetostatic; Magnetic problems involving finite permeability and

distributed conductors can be solved by subdividing the boundaries
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into line elements. The boundary integral method and conformal trans-
formation have been used to compute the fluxes entering and the normal
and tangential forces acting on several teeth of an induction motor.
The Maxwell stress function is also used to determine the forces in
the boundary integral method. A comparison of the two methods reveals
that the method of conformal transformation is of the order of one
hundred times faster than the boundary integral method(]‘]S). Further
details about both methods are given in Chapter 2.

The finite element method has become a very popular method in
the solution of two and three dimensional field problems and can be

used in the treatment of saturable magnetic field prob?ems(1']6). A

(1.17)

complete review of this method is given by Norrie and Vries and

by Jabbar(1‘]8). This method has not been used in the present research
because hundreds of field solutions are required to investigate the
parameters of interest and it would simply be too costly in computer

time and storage to use finite elements.

1.5.2 Harmonic Tooth-Ripple Torgues

(1.19) (1.20)

A number of authors, including Liwschitz , Oberret]

(1.3)

and Alger , have published work on parasitic torques in induction

(1.19, 1.20)

motors.  However, some of these authors have entirely

ignored the effects of the slotted stator and rotor on the torque.

Others(1'3)

do allow for the effectsof slotting but use a method to
calculate the air-gap field which can only be regarded as giving an
approximate solution of this field. To fully understand this, it
is necessary to briefly review these methods.

The methods most commonly used to calculate the air-gap field

in induction motors are based on the well-known approach of represent-

ing the flux distribution by a family of harmonic flux waves. Each
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of these harmonic flux components varjes sinusoidally in both time and
space and is associated with a pole number appropriate to its harmonic
order. The most important of these flux waves is the fundamental
which rotates at synchronous speed (”5) and produces the useful torque
of the machine. The remaining flux components are regarded as para-
sitic and can be divided into those components which travel in the
same direction as the fundamental and those which travel in the opposite
direction. The speed at which these harmonic flux waves rotate lies
between zero and synchronous speed and are dependent on their harmonic
orders. Each flux wave is normally associated with either the stator
or rotor surfaces. There are essentially two approaches available
for calculating these flux waves. Both approaches can be used to
obtain a quantative analysis of the useful and parasitic torques pro-
duced by a motor. Before describing these approaches, it is necessary
to briefly discuss the concept of a distributed m.m.f. This subject
will be discussed in greater detail in Chapter 6.

The basis of the m.m.f. distribution is the relation curl H = J.
The m.m.f. is obtained by integrating the current distribution from an
arbitrary origin and can be considered to have a distribution around
the air-gap in o, the angle subtended at the centre of the machine.

1.3, 1.21) that, as the stator currents alternate,

It is easily shown
the m.m.f. of the stator currentsis equivalent to a family of waves,
each harmonic component of which varies sinuséidally in space and time,
and is associated with a pole number appropriate to its harmonic order.
In the first approach used to calculate the air-gap field, the
production of.the flux wave is exclusively attributed to the effectsof

the stator and rotor windings. The permeance of the air-gap is

assumed uniform, that is, the stator and rotor are assumed to have
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smooth surfaces. The stator and rotor current distributions are
analysed in terms of m.m.f. waves and it is assumed that the flux
waves are proportional to these m.m.f. waves. This method ié described

(]'22). The authors

in detail in the book by Liwschitz-Garik and Whipple
describe the construction of tables of stator and rotor m.m.f. harmonic
pole pairs. Each harmonic pole pair has either a positive or negative
sign attached to it, depending on whether it is travelling in the same
direction as the fundamental flux wave or in the opposite direction,
when the rotor is stationary. These tables can be used to predict the
occurrence of such parasitic torque phenomena as asynchronous crawling,
synchronous crawling and cogging.

Oberretl(]'zo’ 1.23)

takes this analysis a stage further and
assumes that the flux waves produced by the rotor m.m.f. waves induce
currents in the stator windings which in turn produce more stator m.m.f.
waves, and sometimes extends this up to a fourth order of reaction. He
has also considered the currents in the individual slots to be distri-
buted over the width of the slot rather than concentrated at points.
The rotor currents are calculated by solving a series of linear simul-
taneous equations which relate these currents to the terminal voltages
and machine inductances. The torque is then obtained from these
quantities. A numerical and experimental example is given, but it is
for the rather impractical machine having 2 poles, 6 stator slots and
7 rotor slots. |

It is important to emphasise that in the methods just discussed,
the slotted stator and rotor are replaced by a stator and rotor having
smooth surfaces. Therefore, although there are m.m.f. and consequently
flux harmonics having a wavelength of a similar order to the wavelengths
of the stator and rotor slot pitches or sub-multiples of these pitches,

there are no additional field harmonics due to s1otting‘a10ne.



13.

Furthermore, it is not possible to assess the influence of slotting on
the torque characteristic of an induction machine. In fact, the stator
and rotor slots considerably modify the flux distribution in the air-gap
and should, therefore, be taken into account in any analysis.

The second approach to the calculation of the air-gap field does
take into account the effect of slotting and involves the use of
permeance waves. It is necessary at this point to consider the concept
of a permeance distribution. This distribution is taken to be the flux
density along an arbitrary line, say, the centre of the air-gap. This
distribution has harmonic components periodic in stator and rotor slot
pitches and in submultiples of these. As the rotor rotates, this dis-
tribution has some harmonic components that are stationary and others
that revolve. It is then assumed that the flux density distribution,
under load conditions, is given by the harmonic series for the m.m.f.
and the harmonic series for the permeance distribution. Robinson(1'24)
employs this technique in his general discussion of harmonics in a.c.
machines.

A]ger(]'B)

uses this technique to determine the conditions that cause
crawling, cogging and noise in a machine. In his analysis, Alger assumes
that only certain of the m.m.f. harmonics have significant values. These
harmonics are: the fundamental m.m.f. wave, the phase belt harmonics of
order 2q - 1 and 2q + 1 (where g = the number of phase belts per pole)

and the two m.m.f. slot harmonics of order (NS/P) - 1 and (NS/P) + 1.

The phase belt harmonics have a wavelength of a similar order to the
length of a phase belt and the two m.m.f. slot harmonics have wavelengths
of a similar order to the length of the stator slot pitch. In addition,
he also takes into account the two rotor m.m.f. slot harmonics of order

(NR/P) - 1 and (NR/P) + 1. Alger obtains an expression for the product

of the m.m.f. and permeance wave series and identifies five terms as
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being significant in producing crawling and cogging torques. For
example, with regard to asynchronous crawl, he shows that the forward
rotating phase-belt and m.m.f. slot harmonic terms produce magnetic
fields having (29 + 1) P and (NS + P) pole pairs, their m.m.f.s being
in direct proportion to the stator currents. These harmonic fields
produce induced voltages in the rotor winding, which in turn produces
rotor currents and torques. When the rotor, during its period of
acceleration from standstill, reaches the synchronous speed of one

of these harmonic fields, that is, P/(NS + P) or 1/(2g + 1) times the
synchronous speed, the corresponding harmonic torque falls to zero and
at higher speeds reverses, thereby acting as a brake on the rotor.
This gives the characteristic dip in the torque-speed curve. Alger
also uses this analysis to predict conditions for synchronous crawling
and cogging. The rules relating to cogging are discussed by Rowlands-

Rees in his thesis(]'ZS).

Heller and Jok1(1-26)

also use the m.m.f. andpermeance wave method
to examine parasitic torque effects. The authors particularly concen-
trate on the effects of slotting on the torque produced by an induction
machine. They begin their analysis by considering the mth order sta-
tor m.m.f. harmonic and show that the air-gap permeance introduced by
the slotted stator and rotor surfaces generates additional harmonic
flux-density waves, which they call slot harmonics and which have

(NS + P) and (NR + P) pole pairs. It should be noted that the m.m.f.
harmonic series is defined in terms of a 2-pole fundamental field which
is commonly done in thisform of analysis. At a given point on the
slotted stator surface, the stator slot harmonic pulsates in time with
the frequency of the exciting m.m.f. harmonic (w'), whilst on the rotor

surface, the rotor slot harmonic pulsates with frequency (w' % NR wr)

where W, is the rotor frequency. Furthermore, it is shown that the
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stator m.m.f. slot harmonics, defined previously, have the same number
of poles and angular velocity as the slot harmonics. They can, there-
fore, be summed together. However, this is only strictly correct under
no-load conditions, since, under load, the stator m.m.f. slot harmonics
are a function of the stator current, whilst the slot harmonics are
generated by the fundamental flux wave and are, therefore, a function

of the no-load current. On load, they must be added in correct phase.

The authors were particularly interested in the effect of the
stator and rotor slotting on the field produced by the stator and rotor
m.m.f. slot harmonics with (NS + P) and (NR + P) pole pairs. For
example, the rotor slot harmonic flux density wave produced by the sta-
tor m.m.f slot harmonic having (NS + P) pole pairs comprises of two
waves, the first is a wave of long wavelength having (NR - (Ng + P))
pole pairs and the second is a wave of short wavelength having
(NR + (NS + P)) pole pairs. The most important of these waves, as
regards the production of parasitic torques, is the wave of long wave-
length. This field is referred to as the rotor difference field BA'R
with respect to the stator m.m.f. slot harmonic having (NS + P) pole
pairs.

Similarly, the rotor m.m.f. slot harmonic having (NR - P) pole
pairs generates the stator difference field BaA'S. This field is also
a wave of long wavelength having (NR - (Ng + P)) pole pairs.  The two
fields BA'R and BA'S are summed together to give the combined difference
field Ba'.

In a similar manner, the interaction of the stator m.m.f. slot
harmonic having (NS - P) pole pairs with the rotor slotting produces
the rotor difference field B "R. This field is a wave of long wave-

Tength having (N - (Ng - P)) pole pairs. The rotor m.m.f. slot
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harmonic (NR + P) pole pairs produces the stator difference field Ba"S,
which is also a wave of long wavelength, having (NR - (Ng - P)) pole
pairs. The two fields, BA"R and BA"S, are also summed together to
give the total difference field Ba",

In their paper, Heller and Jokl were particularly interested in
the parasitic torques produced by the stator m.m.f. slot harmonics
having (NS + P) pole pairs. They first consider the calculation of
torques associated with these m.m.f. harmonics in the absence of slot-
ting and then go on to show how slotting modifies the values of these
torques.

A strong additional torque, due to slotting, may be produced if
the stator harmonic field has a small number of pole pairs. Under these
conditions, if the number of bars per pole exceeds a certain minimum
value, Targe currents will flow in the squirrel cage. This situation
occurs for the difference fields having (NR - (Ng + P)) pole pairs which,
of course, are present in the air-gap.

Consider the differences field BA' having (NR - (Ng + P)) pole
pairs. This field is in synchronism with the rotor at a speed

n

S
n L. S
" (Ng +P)

i

where ng = synchronous speed.
This is the same angular velocity as the stator step harmonic of
(NS - P) pole pairs.
The action of this particular difference field on a rotor having
NR rotor bars is to induce an additional current distribution in the
rotor. This current in turn generates an additional rotor m.m.f. dis-

tribution. The m.m.f. slot harmonic of this m.m.f. distribution has

(NS + P) pole pairs and an angular velocity nS,(NS + P) and it pd]sates
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with the stator frequency. Furthermore, this rotor field increases
the value of the maximum torgque at the speed ns/(NS + P). Therefore
the maximum torque at this speed associated with stator m.m.f. slot

harmonic having (NS + P) pole pairs is given by

Mo = M) . K0
where MO is the maximum torque in the absence of slotting and KO is
the factor by which the torgue is increased due to slotting. The
equations for K0 are given in the paper. A similar argument can be
applied to the stator m.m.f. slot harmonic having (NS - P) pole pairs
at the speed - nS/(NS - P).

From the analysis, it is apparent that slotting has a considera-
ble effect on the parasitic torques of the stator m.m.f. slot harmonics.
The Tlargest increase occurs when NR > NS‘ The increase is much smaller
when NR < NS and, under certain conditions, slotting can either decrease
parasitic torques or eliminate them altogether. It follows that motors
in which NR < Ng are preferable from the point of view of additional
harmonic torgues.

In order to obtain satisfactory results the coefficients of the
air-gap permenace must be calculated with due regard to saturation of
the tooth-tips of the motor, that is, a fictitious increase in the slot
openings must be introduced to account for saturation. This assumption,
which is also used in thisanalysis, is discussed in Chapters 2, 4 and 5.

The occurrence of synéhronouscusp can generally be anticipated
if the number of rotor teeth is given by

Ng = 6.Pic+2P , ¢ = 1,2,.

Cogging may also occur if

Ng = 6.P.c , ¢c=1,2, ...



18,

It is shown ear1ier(]'27) that the motor has a 90% chance of passing
through a synchronous cusp 1if the accelerating torque is larger than
72.5% of the synchronous torque. The effects of parallel windings
on parasitic torques are also considered in some detail.

The general conclusions arrived at are that the ratio of the
number of rotor to stator slots should be below 1.25 in unskewed
machines and below 1.15 in skewed machines having uninsulated cages.

It is beneficial to choose the number of rotor slots to be less than
the number of stator slots.

It is important to clarify the assumptions underlying the use of
the m.m.f. and permeance wave approach. This approach, and the pre-
vious one in which the gap permeance was assumed uniform, involve
essentially only a consideration of the radial component of the air-gap
field. This is a one-dimensional view of the air-gap field(]‘G).
Such a field can be calculated using homopolar field conditions(1'
However, the complex air-gap field in the vicinity of the current
carrying conductors in the stator and rotor slots is in reality a
heteropolar fie1d(]‘28) and requires a two-dimensional field solution.
This subject is discussed in more detail in the next chapter. It is,
however, worth noting that some of the flux harmonics can be found to
a good approximation using the m.m.f. and permeance wave approach.
This is the case when the m.m.f, and permeance harmonics are signifi-
cantly different in wavelength. Under these conditions, it is very
reasonable to use a homopolar field solution, so long as the relevant
m.m.f. harmonic is nearly constant over several slot pitches. This
approximation is no longer valid, however, if the permeance and m.m.f,
harmonics are of similar wavelengths, as the field bears no relation
to the homopolar field from which the permeance harmonics have been

calculated.
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In contrast, the complex heteropolar field in the vicinity of the
current carrying conductors in the slots can be accurately calculated

<T‘28), since this is a two-dimensional

using conformal transformation
field method. Furthermore, this method can be used in conjunction
with the Maxwell stress function to obtain the tangential force on
each tooth(1‘4). At any instant, these tangential forces can be
summed to give the instantaneous torque produced by the machine. It
is also possible, as shown later, to examine the variation of torque
with rotor position. Therefore, the effects of slotting on the torque

produced by an induction machine can be accurately determined using a

conformal transformation field solution of the air-gap field.

1.5.3 Layer Theory

The multi-regional field analysis method, or layer theory, pre-
sents an alternative approach to the calculation of fields in induction
motors., In this method, a model is used consisting of a number of
laminar regions which are infinite in length in the plane of lamination

(1.29, 1.30)  1pe material properties of

and have an arbitrary thickness
each region are dependent on the part of the machine they have replaced.
For example, some of the regions may be conducting and/or ferromagnetic.
The regions may also be assumed to be isotropic, or they may be allowed
to be anisotropic(]'30). The model is subjected to a travelling field
produced by a current sheet which is located at the interface of two
layers. This current sheet has a sinusoidal distribution in the plane
of Tamination and flow is normal to the direction of motion. Maxwell's
equations can be solved in all layers of the model with the appropriate
matching at the boundaries.

The layer theory model has been used extensively in the analysis of

(1.31, 1.32)

Tinear induction motors It has the advantage that the

idealised model quite closely resembles the linear motor it models,



20.

especially in the case of the rotor. Furthermore, using this method,
the air-gap field in a Tinear motor can be explicitly determined, which
permits the study of three-dimensional forces and stability.
However, until recently, the layer theory model has not 1in
general been used in the calculation of fields in rotating induction
motors.  The reason for this is that it is difficult to model the
slotted region, and, in particular, to model the rotor. In the layer
theory model, the squirrel-cage and its adjacent teeth are replaced by
a homogenous layer of uniform thickness and conductivity. Therefore,
the slot-harmonics, which are produced by the discrete bar currents,
are simply not present. Furthermore, the effect of skewing the rotor
is lost when a homogenous current sheet is used to represent the rotor.
Also, concern has been expressed about the ability of layer theory models
to account for the effects of slot leakage. Eastham and w111iamson(]'33’]‘34)
have overcome these 1imitations by using techniques which ‘borrow
heavily' from the equivalent circuit method. However, the resulting
model has to be simplified considerably to incorporate these modifica-
tions.

(1'35), WiTlliamson and Smith introduced a new

In a recent paper
form of analysis which allows the discrete nature of the rotor currents
to be taken into account. Subsequently, this new theory has been

extended to include the effects of rotor skew(]'34).

The new theory
takes account of all impedances due to the flux which enters the air-
gap and in addition includes slot leakage directly. This analysis can
be applied to both cage and slip-ring motors. The effects of satura-
tion may be taken into account by modifying the permeabilities in the
appropriate regions using an iterative technique.

The main difficulty with this method Ties in the calculation of

radial, circumferential and axial permeabilities in the layers.
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(1.36) calculates these permeabilities using a model consist-

Williamson
ing of a number of alternate rectangular sections of two different
materials. However, this model can only be regarded as giving approxi-
mate values of these permeabilities. In a more recent paper(1'34),
Williamson and Smith show how the appropriate choice of circumferential
permeability, in a slotted region, may be made. For a typical

region (say the qth region) the appropriate choice of circumferential

permeability is given by

o

Heir uy ( ) (1.2)

oy
q

where u is the circumferential permeability, P_ is the specific

cir q
slot permeance of that part of the slot which the qth region models and
Pq'is the specific slot permeance for the qth region of a machine having
slots with parallel sides (open slots). The slot widths of the machine
with parallel sided slots are equal to the widths of the slot mouths
in the real machine.

The development of the new layer theory model is too recent to
have been considered in the study of parasitic flux and force pulsations.
Whilst the discrete nature of the current conductors can now be accounted
for in the model proposed by Williamson and Smith, there are still prob-
Tems in replacing the discrete nature of the slotted boundaries by layers.
In particular, the model is unable to account for the influence of the
tooth corners on the flux density distribution, whereas conformal trans-
formation can treat these sharp corners successfully. Clearly, in order
to calculate the flux and force pulsations associated with a tooth, it is
important to be able to calculate the flux distribution and the forces

acting on a tooth accurately and in this regard conformal transformation

is a particularly suitable method.
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1.6 Scope of the Work

The aim of the investigation into tooth-ripple fluxes, forces and
harmonic torques is to determine the relationships between these pheno-
mena and slot combination and to determine conditions under which these
problems are minimised.

In this study, an experimental approach has not been used because
of the difficulties in obtaining results for a wide range of slot com-
binations.  Furthermore, economic considerations also make this
impossible.  Instead, a numerical approach is adopted in which the
air-gap field, under load conditions, is accurately calculated using
conformal transformation. The normal and tangential components of

force are calculated using the Maxwell stress function.

1.7 Breakdown of the Subject

In Chapter 2, a number of methods suitable for the calcula-
tion of the air-gap field are reviewed and it is shown that conformal
transformation is best suited to the requirements of the present
research. This is followed by a simple description of the air-gap
field which gives a useful insight into the production of parasitic
fluxes and forces. A brief review of the method of conformal trans-
formation is presented and a description of a method suitable for
calculating magnetic forces on machine teeth under no-load and load
conditionsis given.

Chapter 3 1is concerned with the application of conformal trans-
formation to field problems with polygonal boundaries. Such problems
involve the use of an intermediate transformation known as the Schwarz-
Christoffel transformation. This transformation equation contains a
number of constant terms which have to be found before it can be used.

For complicated boundaries, this involves the use of a numerical method
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and a description of a general method for finding the constants is
given.

In Chapter 4, a general outline is given of the analytical solu-
tion of integrals that occur in conformal transformation problems and
it is shown that such analytical solutions have their Tlimitations. The
rest of the chapter is concerned with the numerical evaluation of the
two types of integral described in Section 1.2. Two new methods are
described and compared for the evaluation of Cauchy Principal Values.

In Chapter 5, the slotted air-gap boundary is separated into three
distinct regions. The solution of the field and the computation of
the forces in each of these regions are then described. The separate
solutions are then combined to give the flux 1in, and the tangential and

‘normal forces acting on, any tooth in an induction motor. This is
followed by a description of a computer program which has been used to
determine the distributions of flux in, and the forces acting on, the
teeth over a double pole pitch.

Chapter 6 is concerned with the calculation of the stator and
rotor current distributions and the air-gap m.m.f. under load. It is
shown that it is not practical or necessary to consider all types of
stator winding in the examination of tooth-ripple phenomena. Considera-
tion is also given to the damping action of the cage and the choice of
load current level.

In Chapters 7 and 8, the results of the examination into tooth-
ripple fluxes and forces are presented. From these results a number
of design rules for the choice of slot combination are obtained. A
comparison is made of the conditions which give rise to Tow pulsations
under no-load and load conditions.

In Chapter 9, the tangential forces computed for each tooth are

summed to give the torque of the machine. The variatjons of torque
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with a rotor displacement of one rotor slot pitch are presented in
graphic form for a range of slot combinations. The useful torque and
fundamental tooth-ripple torques are obtained from these graphs by
Fourier analysis. The magnitude of the two torque components are
then compared.

Finally, in Chapter 10 the results and conclusions are drawn

together, and suggestions made for future research.
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2. Introduction

In Section 2.1 a description is given of the air-gap field and it
is shown that this field is axially uniform over most of the bore length
and can, therefore, be examined in a two-dimensional cross-section of
the machine. This is followed, in Section 2.2, by a comparison of
some methods for the solution of the two-dimensional air-gap field and
it is shown why the method of conformal transformation has been chosen
in preference to other methods. A brief historical review of the use
of conformal transformation in the analysis of the air-gap field is also
given in Section 2.2. In Section 2.3, the three cateogries under which
all two-dimensional field solutions 1ie are listed. The method of con-
formal transformation lies under the category involving the solution of
a partial differential equation.

More specifically, the methods in this category involve finding
a potential function which satisfies Laplace's equation. The air-gap
field strength is then found by differentiating this potential function.
To solve Laplace's equation, it is necessary to specify the boundary
conditions of the problemand this is the subject of Section 2.3.1,
where suitable conditions are derived both for no-load and load cases.
The method of conformal transformation is briefly described in Section
2.4. Finally, in Section 2.5, a method is described for the calcula-
tion of forces on machine members.  Section 2.5.1 deals with the speci-
fic case of the calculation of electromagnetic forces on the teeth of

induction machines under load condition.

2.1 The Air-Gap Field in an Induction Motor

The air-gap field in an induction motor is complicated and three-

dimensional in reality. It is produced by the time-varying currents
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in both stator and rotor windings, and by the magnetising effect that
these have on the iron boundaries. The field varies in time and space
in a complicated manner.

In this analysis the rotor is assumed to be unskewed. A number
of manufacturers do not skew their rotors. From a practical point of
view skewing smothers certain phenomena associated with the air-gap
field. It is best to analyse the field without the extra complication
introduced by skewing.  Furthermore, the choice of slot combination is
not critically dependent on skewing. That is, if a slot combination
is bad as regards a certain phenomenon when the machine rotor is skewed,
it will also be bad when the machine rotor is unskewed.

In cylindrical induction motors, the air-gap field is resolved
into its three cylindrical components, namely, radial, tangential and
axial.  In unskewed machines, it is reasonable to assume that the
axial field is uniform over most of the bore length, this assumption
only breaking down in the end regions. However, for the phenomena
under investigation, the significance of the contributions from the
end regions is small and can be neglected. Hence, the field can be

examined in a two-dimensional cross-section of the machine,

2.2 A Comparison of Some Two-Dimensional Field Methods

There are a number of methods currently available for solving the
two-dimensional air-gap field. In this section some of these methods
are reviewed and it is shown why the method of conformal transformation
is preferred to other methods.

As mentioned in Chapter 1, in recent years the finite element me-
thod has become very popular in the solution of two and three-dimensional
field problems.  This method can handle complicated boundary conditions
and finite values of permeability in iron(z‘]), but at the expense of

both computer storage and time. It is because this method is so
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costly in computer resources that it has not been used in this work,
where hundreds of field solutions are required to investigate properly
the parameters of interest.

A boundary integral method, developed by Trowbridge and Simkin(2:2),
was considered in the computation of the air-gap field. This method
can handle complicated boundary conditions and a fixed finite permea-
bility in the iron. However, this fixed finite value of permeability
introduces an unknown amount of core-back reluctance into the computa-
tion of the air-gap field. Since the core-back reluctance cannot be
specified precisely using this method, it is just as reasonable to have
an infinite permeability and to neglect the unknown reluctance, as in
conformal transformation. The boundary integral method and conformal
transformation were used to calculate the flux values in, and the forces
acting on, some of the teeth of an induction machine. The results

(2‘2). The flux values

obtained were found to be in close agreement
found by conformal transformation were slightly higher because the
core-back reluctance had been neglected. However, the boundary inte-
gral method was of the order of one hundred times slower than conformal
transformation and has, therefore, not been pursued further.

A popular numerical method for solving Laplace's equation (it
will be shown that the air-gap field is a Laplacian field) is the
finite difference method. Full details of this method are given by

(2.3) in their book, so that, this method will not

Binns and Lawrenson
be described here. It is, however, worth mentioning that this method
tends to be expensive in computer time because a large number of simul-
taneous equations often have to be solved, Furthermore, because a
continuous medium is replaced by a finite set of points, a discretisa-
tion error is introduced by this method.

A numerical conformal transformation is particularly suitable for

the solution of the air-gap field because in this method a continuous
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potential distribution is retained. It does not, therefore, suffer
from the discretisation errors associated with other methods. Further-
more, as will be shown later, it is a particularly convenient method
for treating the slotted air-gap boundary as it can cope with the
sharp corner associated with such a boundary with relative ease.
This method has formed the basis for a program of research conducted
by K. J. Binns, G. Rowlands-Rees and the present author. Some of the
important aspects of this research are now reviewed.

The earliest work, done by Binns, was the calculation of centr-

(2'4). This involved the

ing forces on displaced ventilating ducts
first use of numerical conformal transformation techniques in the treat-
ment of doubly-slotted boundaries. These techniques have since been
developed more rigorously by Binns, Rowlands-Rees and Kahan(z'S). The
Maxwell stress function was used to obtain the centring forces and has
subsequently been used in calculating normal and tangential force pul-
sations under no-load conditions.

(2‘6), Binns dealt with the calculation of some

In another paper
basic flux quantities in induction motors. It was shown in this
paper how the complex magnetic field in the air-gap of an induction
motor can be 'synthetised' from the field of a single current in a
slot. The current has its return path along the other side of the
coil. Treating the field in this way, it is possible to consider it
in two parts, the field in the vicinity of the current carrying con-
ductor being a heteropolar or leakage field, while remote from the
sTot the field is homopolar. These two types of field will be dis-
cussed in more detail later in this chapter when it will be shown
that the homopolar field closely resembles the field of an induction

motor under no-load conditions, whilst a combination of the two types

of field are required to represent the field under load conditions.
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In the same paper, Binns derived an equation for the gap exten-
sion factor which is believed to be the most accurate equation now
available. He also obtained, using the homopolar field solution, an
accurate equation for the flux pulsations into the slots of an induc-
tion motor. Also obtained, using an electrolytic tank, was an empiri-
cal relation for the flux pulsations into the teeth. However, a
probable error of 25% is quoted for this formula, so that it can only
be regarded as a guide. Subsequently, a more accurate equation has
been derived for the flux pulsations into the teeth under no-load

(2‘7), and the calculation of such pulsations under Tload

conditions
conditions is one of the main subjects of the present work.

In the early paper on basic flux quantities, another important
subject considered was the air-gap leakage flux. A definition of air-
gap leakage was given based upon the heteropolar field solution. This
definition is very convenient because it allows the winding reactance
to be calculated to a high accuracy by synthesis of basic field elements.
Also, this definition is more precise than the one given by Alger in
his book(Z‘B), which divides the air-gap leakage into several components.
Unfortunately, there is no general agreement as to the precise definition
of these components.  Furthermore, the definition given in the above
paper gives a clearer insight into the actual path of the air-gap
leakage flux.

From the calculation of the air-gap leakage field, Binns was able
to investigate the variation of leakage permeance with slot position,
deriving some simple equations for the permeance. He later used these
results in his work on cogging torques in induction motors(z'g). The
air-gap leakage field arises as a direct result of an induction motor

operating under load and must, therefore, be jncluded in the calcula-

tion of the air-gap field under load conditions.
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Binns and Row]ands»Rees(2'7) have calculated the no-load
tangential force pulsations acting on the teeth of induction motors,
and have shown that a clear relationship exists between these and
the main flux pulsations entering the teeth under no-load conditions.
They have also derived equations which show the relationship between
these pulsations and the air-gap dimensions. Using these equations,
they have derived a number of rules for the minimisation of the flux
and force pulsations into both and stator and rotor teeth.

2‘10), the normal force pulsations, under

In another paper(
no-load conditions, acting on the stator and rotor teeth have been
calculated. As in the case of the tangential force pulsations,
equations have been derived which show the relationship between the
air-gap dimensions and the normal force pulsations, and, from these

equations, rules have been derived for the minimisation of these

pulsations.

2.3 Two-Dimensional Field Solutions
(2.11)

In his thesis , Rowlands-Rees outlines the three basic
categories under which all two-dimensional field solutions may be

listed. These are:

a) the solution of a variation problem;
b) the solution of the integral equation;
c) the solution of the partial differential eQuation.

The method of conformal transformation lies in the third
category, so that, only this category, which will be called the

differential approach, will be considered here. The starting point
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for all methods in the differential approach is Maxwell's equations,

that is,

(2.1)

Q..}Q.
R

curTH = J+

At power frequency the displacement current is negligible and so

equation (2.1) becomes

curlH = J (2.2)
and

divB = 0 (2.3)
Additionally, for a field in air

B = wH (2.4)

and in iron

B = yu.H (2.5)

Where there is no current, as in the air-gap region, there is no

curl field, and equation (2.2) becomes

curl H = 0 (2.6)

It should be noted that in calculating the flux entering an
individual tooth, the flux contribution due to the current conductors in
the slots on either side of the tooth can be added to the flux calculated
in the air-gap region, providing it is assumed that the flux crossing the
slot remote from the slot opening is uniform. Returning to the ajr-gap

field, since the current density in this region is zero, the magnetic
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field described by equation (2.6) is irrotational. This is important
because it allows the vector field to be calculated from a scalar

potential function. This subject is discussed in detail by

Hammond<2‘]3). Let this scalar potential function be denoted by
V, then
H = -gradV (2.7)

By suitably rearranging this equation using equations (2.3) and (2.4),
it can be shown that V obeys the equation

vZyV = 0 (2.8)
which is, of course, the well known Laplace equation.

Therefore, the differential approach to calculating the magnetic
field in the air-gap involves finding a scalar potential function which
satisfies Laplace's equation. The field can then be foundby solving
equation (2.7). There are, however, two problems in using this approach:

(i) It is often difficult, if not impossible, to specify the boundary
conditions with complete accuracy;
(i) Given a set of boundary conditions, it may be difficult to

obtain an accurate solution to the equation.

In practice, a compromise is sought between these two factors,
depending largely on the nature of the problem. In general, simplified
boundary conditions are used which give solutions that are substantially

correct in a limited region.

2.3.71 Derivation of the Boundary Conditions for the No-Load and Load

Cases

The choice of suitable boundary conditions for the calculation of
the air-gap field under no-load and Toad conditions will now be
considered. The machine designer wishes to distinguish between
effects which occur under no-load and load conditions. Under no-load

the air-gap field is main flux dominated, whilst under load there are
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additional Teakage flux components which can be superimposed on the
main flux providing saturation is neglected. The analysis developed
by Binns, Rowlands-Rees and the present author distinguishes between

the no-load and load conditions and is, therefore, exceedingly valuable.
Before considering the boundary conditions associated with these two
operating conditions, certain assumptions which are common to the two
must first be examined.

For the investigation of tooth-ripple flux and force pulsations
under no-load and load conditions, it is sufficient to analyse the field
quasistatically. The reason for this is that, at present, the main
interest lies in the variation of these phenomena with the displacement
of stator and rotor surfaces, and not in their variation with time.

It is common in many analytical methods of analysis to assume that
the permeability of the iron parts 1is infinite. It is inherent in
such an assumption that all flux crosses the iron boundaries normal to

(2.3) have discussed this assumption

their surfaces. Binns and Lawrenson
of flux crossing normal to the surface and have shown that it is still
valid for quite Tow values of permeability, quoting typical errors of
less than 5 per cent for u > 40, and less than 0.5 per cent for u > 400.
Furthermore, the optimum slot combination is not critically dependent
upon the flux level and neither is the exact value of the permeability
of the iron important providing it is reasonably high.

The assumption of infinite permeability not only allows the
method of conformal transformation to be applied to induction machine
field problems, but also results in simple expressions for the Maxwell
stress function and, therefore, greatly reduces the computation
required.

However, under load conditions, in regions of the machine where

there are heavy currents flowing in the conductors in the slots, the

tooth tips enclosing the conductors become saturated. These saturated
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tooth tips obviously effect the flux-density distribution Tocally.

To overcome this difficulty, and to retain the assumption of infinite
permeability, an equivalent slot opening 1is used, the width of which
Ties between that of the actual slot opening and slot width.

As mentioned earlier, in assuming an infinite permeability, the
core-back reluctance of both the stator and rotor is neglected.
Accordingly,any tooth fluxes calculated will tend to have too high a
value. This point is confirmed by the comparison of the boundary
integral method with conformal transformation, the former method
giving flux values Tower than the latter. The reason for preferring
an infinite permeability when considering the core-back reluctance
has already been discussed.

In Section 2.1 it was stated that the air-gap field under load
conditions can be synthetised from the field of a single current-
carrying conductor in a typical slot. This current has its return
path along the other side of the coil. It is, as mentjoned in Section
2.1, possible to consider the field of the slot conductor in two parts.
In the vicinity of the conductor the field is a heteropolar or leakage
field, and the flux crosses the current-carrying slot between adjacent
teeth or crosses the air-gap twice (See Figure 2.1). Remote from the
slot, the field is homopolar, the flux passing across the air-gap
between the two slotted surface at constant magnetic potential (see
Figure 2.2). The homopolar field is independent of the actual posi-
tion of the current, providing that the current is reasonably remote.
In fact, the field in the region of the slot adjacent to the one carry-

ing the current is virtually homopolar. Binns(2‘6)

has computed the
error in assuming this, and has found that there is a negligible error

in this assumption for practical air-gap dimensions. Hence over the
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region where the teeth overlap, the heteropolar field merges into the
homopolar field. By superposition, the fields due to the currents in
individual coils can be combined to give the field due to both stator
and rotor windings.

The treatment of the field in this way gives rise then to two
basic field solutions, and, providing it is assumed that the iron boun-
daries have infinite permeability, simple boundary conditions can be
defined for these two solutions.

The boundary conditions in a simplified section of the slotted
boundary are now considered first for the no-load case and then for
the load case. The following remarks apply to all induction machines
in the integral K.W. range and to all machines in the fractional K.W.
range above 200 Watts. It is interesting to note that induction
machines below 50 Watts are not usually polyphase except for control
applications. A consideration of such machines Ties outside the scope
of this thesis.

Under no-load conditions only a small current flows in the stator
winding. This current may be resolved into two components, a magnetis-
ing and core-loss component. The former component magnetises the iron
parts of the machine, whilst the Tatter flows because of the eddy cur-
rent losses in the core. Almost all the flux crosses the air-gap and
1inks the rotor circuits. There are only small components of stator
and rotor leakage flux. In fact, since the e.m.f. induced in the rotor
circuits is small, so are the resulting rotor currents. These currents
are just sufficient to produce the necessary torque to overcome friction
and windage. It is quite common in analysis to neglect the rotor

2.12) 2.8)

currents; both Say( and A]ger( make this remark in their books.

Furthermore, if the stator currents are neglected, which is reasonable
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since they give rise to only small leakage fields, the air-gap field,
under no-load conditions, is dominated by the main flux. The distri-
bution of this can be derived by assuming a simple magnetic potential
difference to exist across the air-gap. Under this assumption, the
air-gap field in any particular region of a machine is, of course, homo-
polar and corresponds to the first of the field solutions discussed
earlier,

In calculating the air-gap field under both no-load and load con-
ditions, it is usual to simplify the air-gap geometry and to solve
Laplace's equation in a region Q, see Figure 2.3., for which the boun-
dary conditions can be defined. It will be noted that the simplifica-
tionin Figure 2.3 involves the use of open rather than closed slots.

In this figure, the dotted lines indicate that the sections of the

iron surfaces from A to B and C to D are coincident with equipotentials
and have a potential difference of y.  Such boundary conditions are
referred to as Dirichlet boundary conditions. The lines from A to D
and B to C coincide with flux Tines and hence the Neumann boundary con-
ditions hold, that is,the normal derivative of the potential is zero
along them. With the boundary condition specified everywhere in the
region, a unique solution of Laplace's equation is guaranteed for all
points within the region bounded by the dotted lines.

When an induction machine is loaded, the rotor slows, increasing
the sTip. The e.m.f. induced in the rotor circuits rises in magnitude
and frequency, producing more current and torque.v This process 1is only
1imited by the leakage reactance of the rotor. The larger rotor cur-
rents flowing in the cage give rise to an m.m.f. which, in turn, causes
an extra component of current to flow in the stator winding to balance

this rotor m.m.f, If the main flux level in the machine remains
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constant, the two m.m.f.s will cancel each other out, Teaving only the
no-load m.m.f. which, of course, produces the main flux. However,
this is not strictly the case, because the main flux level drops as
part of it becomes leakage flux.

The magnetic field in region U of the air-gap geometry (see
Figure 2.4) consists of the main field crossing the air-gap and the
leakage fields associated with the two current-carrying conductors in
the slots. The air-gap field can be calculated using a combination
of the two basic field solutions discussed earlier. The appropriate
boundary conditions for region U are now derived. It should be noted
that the current-carrying conductors are included in this figure, but
do not 1ie in the air-gap region where Laplace's equation is to be
solved. In Figure 2.4, the iron surfaces AB, CD, EF and GH coincide
with equipotentials, but there is now a potential difference across
both slots as well as the air-gap. The lines BC, DE, FG and HA coin-
cide with flux Tines for which the Neumann boundary conditions hold.
Thus, again, a unique solution exists for Laplace's equation within the
region enclosed by the dotted lines.

The method of separation of variables cannot be used to solve
Laplace's equation in regions Q and U. Conformal transformation is the
only analytical method capable of solving Laplace's equation in these

two regions.

2.4 Conformal Transformation

Conformal transfromation is a very powerful method for the analy-
tical solution of Laplace's equation although, in problems with compli-
cated boundaries, numerical methods are required to solve the integrals
that arise. The transformation method is capable of handling boundaries

of greater complexity than other analytical methods. Furthermore,
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although the magnetic fields and boundaries being considered are often
complicated, the resulting solution of the field is usually simple and
functions of the field such as permeance and force are readily obtainable.
The main Timitation of the method, for most problems, is that boundaries
have to coincide with equipotentials (which implies an infinite perme-
ability) or to be coincident with flux lines, or a combination of these
two conditions.

The method of conformal transformation is discussed in great

(2.14) in their books.

detail by both Binns and Lawrenson(2’3) and Gibbs
However, a brief description of that part of the method relevant to the
calculation of the air-gap field is included here for the sake of com-
pleteness. |

Consider the complex function

z = f(t) = x(u,v) + jy(u,v) (2.9)

which describes a relationship between the two sets of complex variables
t = u+jvand z = x + Jjy. A particular value described by the
point t =u + jv in the complex t-plane can, through equation (2.9),
describe a value (or values) represented by a point (or points)
z =X + Jjy 1in the complex z-plane. Furthermore, this concept can
be extended to a succession of pairs of points in the two complex planes,
so that a curve tt' in the t-plane can, through equation (2.9), describe
a curve zz*' in the z-plane, see Figure 2.5. Another way of describing
this process is to say that the curve t t' has been transformed or
mapped onto zz'. This definition is, however, general and in engineer-
ing field problems particular interest lies  in those transformations
for which each point in the t-plane maps into one, and only one, point
in the z-plane. This means that for a given function

z = f(t) (2.10)
describing a mapping between the t and z planes, there exists an

inverse function
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t = g(z) (2.11)
which describes the reverse mapping between the z and t planes.
The term 'conformal' is applied to those transformations which

are analytic in a given region and whose derivatives do not vanish.
The first condition is satisfied if the real and imaginary functions of

equation (2.9) obey the well known Cauchy-Riemann equations. That is:

ax(u,v) _ 3y(u,v) ax(u,v) . -ay(u,v) (2.12)
du av av au

The two functions x(u,v) and y(u,v) are called conjugate functions,
since they obey the Cauchy-Riemann equations, and the curves defined by
the equation u = constant and v = constant are orthogonal to each other.

2.3) that if any two curves cross at a given angle

It can also be shown(
in one plane, the two transformed curves cross at the same angle

in the other plane and in such a way that the sense of the two angles

is preserved. An important property of conjugate functions is that

they are solutions of Laplace's equation and this is another powerful
reason for using transformation methods. Thus, any conformal transfor-
mation describes a relationship between two Laplacian fields, so that,
given a Lap]acian field with a complex boundary, conformal transformation
can be used to transfrom this boundary to a simpler one where the field
can be solved. Thus, the transformation method consists, in the first
instance, of finding a mapping functioh which relates the complex boun-
dary to the simpler one.

It is now necessary to introduce the complex potential function to
explain how the field is found once the complex boundary has been mapped
into the simpler one. Consider the simple Laplacian field in the t-
plane of Figure 2.6. The figure shows a uniform field in which the
lines u = constant are flux lines and the lines v = constant are equipo-
tentials. Let the gradient of the potential function be K at all points.

Then, if the axis v = 0 is taken as an arbitrary reference, a function

describing the potential at any point (u,v) is given by v = Kv. Similarly,
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if the vertical axis described by the equation u = 0 is taken as
reference for the flux lines, a function describing the flux at any
point is given by ¢ = Ku. It is important to note that the two
functions, ¢ and ¢, are proportional to the potential and flux
respectively. Accordingly, the two separate functions can be com-
bined to give one complex function

w=2¢+ Jju = Klu+ jv) (2.13)
or

w = Kt (2.14)
and it is the complex function w that is called the complex potential
function. It is convenient to regard the complex potential function
as representing another plane and equation (2.14) as describing a map-
ping function between the t- and w-planes. Hence, for any field, the
process of transformation involves deriving an equation of the form

w = h(z) (2.15)
which relates points in the z-plane to those in the w-plane. With
simple problems, the potential and flux functions can be expressed
directly as functions of the z-plane variables, x and y. However,
with more complicated problems, the complex boundary in the z-plane
has first to be transformed into a simpler one in the t-plane and the
field found by mapping on to the third plane, the w-plane. Thus, the
t-plane acts as an intermediate plane in the transformation process.

A good example of this process is the Schwarz-Christoffel transformation
which will be discussed in the next chapter.

It is important to note that when the actual flux or potential is
obtained from the flux or potential function, only one of these quanti-
ties is in the correct S.I. units. Which of these quantities this is
depends on the way the problem is defined. To obtain the other quan-
tity in the correct units, the appropriate function has to be multiplied

by a suitable constant.
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Finally, as shown by Binns and Lawrenson(2‘3), a simple relation-
ship exists for calculating the flux density and is given by

dw

8] =
dt

(2.16)

This equation will be used in conenction with the calculation of forces

on machine members.

2.5 The Calculation of Magnetic Forces

Having chosen an appropriate method for the calculation of the two-
dimensional air-gap field, it is now necessary to examine methods for
the calculation of forces on magnetised iron boundaries. This subject

(2']]), so that only those

has been reviewed in detail by Rowlands-Rees
details relevant to the calculation of forces under load conditions will
be described here,

The main method for calculating forces considered by Rowlands-
Rees was the boundary equation method. In physical terms this method
consists of replacing the region of magnetised iron, on which the force
is to be calculated, by an equivalent set of magnetic sources which,
to an external observer, produce an effect indistinguishable from the
iron they have replaced. Accordingly, the total force can be calcula-
ted by summing together the effect the external field sources have on
the sources that represent the magnetised iron. The sources which
replace the iron can be made up of magnetic poles, dipoles or electric
currents, although often the iron is considered to be a collection of
either dipoles or current loops. The basic equations associated with
the magnetic poles, currents and dipoles are:

F = Q.H (2.17)

for the force acting on a magnetic pole Q ,

F = IxB (2.18)

for the force on a current I ,
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and

F o= (m.v).H (2.19)
for the force on a bar magnetic with a dipole moment m .

For a given configuration, it would be possible to use an infinite
number of source combinations to give the same effect to the external
observer as the original iron that has been replaced. In practice,
however, force equations have been developed for only a Timited number
of combinations. These combinations have been listed by Row]ands—Rees(ZJ]),
the most important combination in the calculation of tooth-ripple forces
being a surface layer of poles combined with a surface layer of currents.

This method will now be described in detail. It consists of
totally enclosing the iron region by a surface in air on which a distri-
bution of both poles and currents are postulated. The distributions are
defined in such a way that the total field external to the surface is
constant, whilst the field inside the surface is zero at every point.
There are two stresses that occur with this arrangement; the first is
a tension along the line of the field of magnitude %Uoﬁ?a and the second
is a stress of equal pressure perpendicular to the first stress. For
a surface, inclined to the field, the two stresses can be resolved into

two components, the first normal to the surface and given by the equation
Fy = 3uo (Hy2 + Hi?) (2.20)

and the second, a tangential component, given by

The total force acting on a body can be calculated by integrating these

F

stresses around the surface enclosing the body.
An important feature of this method of calculating forces is that
is may be used irrespective of both saturation or hysteresis; all that

is required is a knowledge of the field over the surface surrounding the
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magnetised body. A further advantage of this method is that there is
complete freedom of choice in the selection of a suitable surface.

Both Hammond(2‘13) (2.15)

and Carpenter give examples in which a discrete
choice of surfaces leads to the formulation of the problem in such a

way that forces can be easily calculated.

2.5.1 The Calculation of Tooth Forces Under Load Conditions

The boundary equation method, discussed in the previous section,
is now applied to the calculation of the forces acting on the teeth of
induction motors under load conditions. The same application of the
method is made as that by Rowlands-Rees when calculating tooth forces
under no-load conditions. It consists of substituting the conformal
transformation solution of the air-gap field, under load conditions, in-
to a Maxwell stress integral evaluated over the surface of the teeth.

It is convenient, in this analysis, to separate the normal and tangential
components of force and calculate them separately.

The tangential component of force acting on a tooth can be calcula-
ted by integrating the stress around the surface ABCD, shown in Figure
2.7. A simplified air-gap geometry is used to make the calculation of
the force tractable. This assumption will be discussed in detail in
a later chapter. The planes AB, BC and CD coincide with the three
faces of the teeth, while the plane AD, crossing the tooth, is an inde-
finitely small air-gap introduced to close the surface. This air-gap
is a prerequesite of applying the boundary integral method. Under the
assumption of infinite permeability, all forces act normal to the sur-
face, so that there is no contribution from sides BC and AD. The
tangential force acting on the tooth can be calculated by integrating
the stress contributions over the surfaces AB and CD aTone. Accordingly,
under the assumption of infinite permeability, equation (2.20) becomes

Fy = 3 o Hy2 (2.22)
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and equation (2.21) 1is zero.

The normal component of force on the tooth can be calculated in
a similar manner by integrating the stresses around the surface EFGH
shown in Figure 2.7. As 1in the previous case, a fictitious air-gap
is introduced into the tooth to give a closed surface. If again the
iron is assumed infinitely permeable, the sides EF and GH make no con-
tribution to the normal force on the tooth. Hence, the normal force
may be calculated by integrating the stresses over the surfaces FG and
EH.  However, the field at the surface FG is zero, since it lies out-
side the machine, so that the only contribution to the normal component
of force on the tooth comes from integrating the stresses over the sur-
face EH.  The normal component of force on the tooth is thus obtained
by integrating equation (2.22) over this surface.

In the two cases just considered, the fictitious air-gap, intro-
duced to form the closed surface around the tooth, makes no contribution
to either the tangential or normal components of force. Furthermore,
since these air-gaps are indefinitely small, their presence has no effect
on the field distribution. For these reasons, the normal and tangential
component of force may be calculated by integrating the stresses over the
surface JKLM 1in Figure 2.7.

In using conformal transformation field solutions, the slots are
assumed to be infinitely deep and the current conductors are replaced
by point current sources at an infinite distance down the slot. This
assumption will be discussed in detail in Chapter 5. This gives rise
to a field solution in which the flux crossing the slot becomes uniform
at a distance remote from the slot opening. The method of calculating
the tangential and normal components of force consist of integrating the
stress function around the surface ABCD in Figure 2.8. The points A

and D are found by finding a distance z, far enough down the slot for
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the flux to have become uniform. To the tangential force component
calculated over the surfaces AB and CD are added the contributions
associated with the uniform flux crossing the slots, calculated to the
required depth of tooth, z'. This presents a slightly different
approach to that described above but leads to the same results, as a
conformal transformation solution is used. Interestingly, the first
approach was used when calculating the tangential and normal components
of force on a tooth in the boundary integral method, except that a
finite permeability was used which gave rise to a small tangential
stress. However, a comparison of the results obtained for the
tangential and normal forces on a tooth revealed a close agreement

between this method and conformal transformation.(z'z)
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3. Introduction

In Chapter 2, methods for calculating the magnetic field and
forces in the air-gap region of an induction machine were reviewed,
and a numerical conformal transformation was found to be the most
suitable. The air-gap geometry, with its slotted boundaries, is a
good example of a polygonal boundary, for which a transformation using
an intermediate mapping function involving the Schwarz-Christoffel
equation s particularly suitable. The main advantages of this
transformation equation are that it can handle the sharp corners that
occur in the air-gap geometry and it is able to cope with problems in
which the vertices of the polygonal boundary meet at infinity. The
transformation equation establishes a relationship which can be used to
map the real axis of the t-plane ontoc the polygonal boundary in the
z-plane. This transformation equation is defined in Section 3.1.

In Section 3.1, it will be shown that the Schwarz-Christoffel
transformation equation is a differential equation containing a number
of constant terms. With problems that have only simple boundarijes in
the z-plane, it is possible to integrate the transformation equation
analytically. Furthermore, the constants of the transformation equa-

(3.1) show when con-

tion can easily be found, as Binns and Lawrenson
sidering a number of simple examples. However, when the boundary in

the z-plane is more complicated, a numerical integration method is
required to evaluate the transformation equation.  Furthermore, numeri-
cal methods are also required to find the constants of the transformation
equation.  This constant finding process involves formulating a set of
simultaneous equations by relating the constants to the dimensionsof the

z-plane boundary. These equations are then evaluated using a numerical

optimisation method. This is an important process because unless the
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constants can be found to a high accuracy, any field calculation will
be subject to error. A further consideration is the time the constant
finding process takes to compute the values of the constants to a suf-
ficiently high accuracy. This depends on two factors; firstly, the
accuracy and efficiency with which the equations containing integrals
of the Schwarz-Christoffel transformation equation can be evaluated,
and, secondly, on the particular method of numerical optimisation used.
Both G. Rowlands-Rees and the present author have spent much time in
developing the constant finding process. Whilst their main interest
1ies in the calculation of flux and force pulsations in induction
machine teeth, their research has led to the development of two new
methods for the evaluation of a particular type of improper integral
and to the formulation of a general constant finding process suitable
for use with complicated boundaries. This type of improper integral
also occurs when calculating the electromagnetic forces on teeth.

Such is the importance of the constant finding process that the
whole of this chapter is devoted to it. In Section 3.2, a set of non-
linear equations is derived from which the constants of a general poly-
gonal boundary can be found. These equations are expressed in the
form of integrals, of which there are three different types. The
evaluation of one type of integral is explained in this section whilst
methods for the evaluation of the other two types are left to Chapter 4.
In Section 3.3, a simple description is given of a numerical method

suitable for use in finding the constant of a general polygonal boundary.

3.1 Schwarz~Christoffel Transformation

The transformation equation which relates the real axis of the
t-plane to the general polygonal boundary of the z-plane (see Figure 3.7)

in such a way that the interior of the polygon transforms into the upper
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half of the t-plane is given by

d 21 22 -1 i-1 3
Z _ _ - ™ - ™ - T
IE - K.f(t) = Ko(t-tp) (t-ty) e (t ti—1)
M Yt “n oy
(t-ti)“ (t-tiq) T (t-t )" (3.1)

or more concisely by ..

dz n '51 -1

& = Kf(t) = K 1 (t-t;) (3.2)

i=]

This is the well known Schwarz-Christoffel differential equation, in
which K is a constant of scale and rotation, o is the interior angle
of the polygon at any vertex i, and ts is the point on the real axis
of the t-plane corresponding to the vertex i of the polygon in the
z-plane. Use of equation (3.2) ensures a transformation giving the
required vertex angles of the polygon, but before the transformation

can be usefully employed, it is necessary to find the values of the

constants.

3.2 The Constant Finding Process

In general, two values of ti can be chosen arbitrarily, as dis-

cussed by Binns and Lawrenson(3‘]).

The remaining constants have to
be found by formulating and solving a set of n-1 equations. As ex-
plained previously, these equations are obtained by relating the con-
stants of the transformation equation to the dimensions of the z-plane
boundary.  These equations will now be derived using the general
polygonal boundary shown in Figure 3.2. They can be considered in two
categories

(i) where the transformation equation, and therefore the constants,

can be related to a finite length of the polygonal boundary, such

as the dimension Zi 9 4.1 in Figure 3.2; this relationship gives

rise to a definite integral.
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(i1) where those parts of the boundary having parallel sides are used
to obtain equations relating the dimensions S and d to the con-
stants of the transformation equation, giving rise to two further

types of integral.

3.2.1 Definite Integral

The relationship between the dimension Zi o 4o and the
Schwarz-Christoffel transformation equation is given by
ti-1
,21—2,1-1] = K[ f(t) dt (3.3)

ti-2

Using equation 3.1, this integral may be expressed in the following

form
t1'~1 o B
ti2
where
_ %i-2 _ %47
el T - .l Y B - - - 1
[0 2% .
j=i-3 -1 J
H(t) = 1 (t-t)" mo(t.-t)"
j=1 ! j=i

and the function H(t) is well-behaved in (ti-Z’ ti_1). In this and the
following sections, a well-behaved function may be taken to be one

that is continuous and bounded in the region under consideration, and
its derivatives are also continuous and bounded in the same region.
Clearly, the number of equations of this form is equal to the number of

finite dimensions avajlable on the z-plane boundary.

3.2.2 Residues
Consider first the derivation of equations which relate the constants
to the dimension S.  This involves, in particular, the constant t;

which, as it will be shown, is related to S. It is clear from
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Figure 3.2 that the constant t. corresponds to the point at infinity
in the z-plane where the parallel sides meet. There are two possible
cases:
a) the point t; has a finite value,
b) the point t. is infinite

Consider first case (a). To derive an equation in this case,
for the dimension S, it is convenient to express the transformation

equation in the following form:

g2 - kP (3.5)
t-t,

In the orientation shown in Figure 3.2, the dimension S may be obtained
as the imaginary part of the complex integral

fk F() g4 (3.6)

c U4
taken around the semi-circular contour shown in the t-plane of Figure
3.2. To simplify this integral, let t-t. = Re’®, then equation (3.6)

becomes

is = j Re%® do (3.7)

I { K .
m NRE

0 e
To obtain the desired relationship, the radius R is shrunk to zero, so

that equation (3.7) becomes

™ . 0
is = I { k F(R? + t5) j do (3.8)
Tim 0
R0
= K F(ty) nd (3.9)
or S = kF(t:) (3.10)

The term F(ti) is the residue of the transformation equation at
the simple (or 1st order) pole at the point t = ti’ A more general

equation for S, which includes all orientations of the geometry, is
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given by
S = |k F(ti)l (3.11)

In case (b), where t; = =, an even simpler equation can be derived
for the dimension S. In this case the transformation equation is
expressed in its original form (see equation (3.1) ) and the dimension S
is obtained as the imaginary part of the complex integral

J”k f(t) dt (3.12)
c
integrated around the semi-circular contour centred at the origin.

The imaginary part of this integral is given by

s = I [ k f(t) dt (3.13)
In this case let t = Reje, then equation (3.13) becomes
T .e .e
s = 1 f k f(ReI®) j ReI® do (3.14)
0
Now as R approaches infinity t»ty, ty, o0ty
and  Tim f(Re'®) = (ReI®)K’
Rore0 ‘
n ai
where k' = Z (= -1) = -1
T 0 0
Hence jS = Tlim [ k. f(ReJ J ReJ de = j.k.m (3.15)
R0 6
and S = k= (3.16)

As in the previous case, the residue of the transformation
equation has been evaluated, although in this case at the point ti =
Equation (3.16) can be generalised to include all orientations of the
geometry. This equation is then given by

S = |k 7] (3.17)

Obviously, the number of equations of this form, and of the form
of equation (3.11), are the same as the number of parallel sides of the
boundary in the z-plane.

3.2.3 Improper Integral

The remaining dimensjon for which it may be necessary to find an
expression is d.  Rewriting equation (3.1), so that it is in a

suitable form in the interval (t1 10 j+1), and assuming ti finite
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dz _ ook (bt )% (te - 0BGt
e (-1) i-1 i+1 (3.18)
(t - t'f)
(o N a
+1
where o =—L-1, =121 (o, 85 -1)
n o j-2 fj-] n EJ»1
v= T (1) and ()= 1 (st m (t-t)T
J='l+1 j:] J J='i+2 J
where G(t) 1is a well-behaved function in (ti-l’ ti+1> Then
Tim t, gk (t-t, )%(t.. . -t)®
e>0 t1. +e t- ti
t. 1k (t=t. )% (to,, - t)F
- (-1 f - -1 i+ G(t) dt (3.19)
t.i - t - t,i
which reduces to
Tim | ,tre k (t-t; )% (ts.q -t)®
-0 j" i-1 i+] G(t) dt
g>o t - t
i-1 ; A
tooq k (t-t. )7 (t.,q -t)
N J i+] i-1 i+ 6(t) dt (3.20)
t, e t-t,

j
The Timit of this improper integral is the Cauchy Principal Value,

denoted by

d G(t) dt (3.21)

- Jti+1 K| (t-t; 1) (t5,q -t)°

t -t
ti-] 1

A formal definition of the Cauchy Principal Values is given in Appendix

3.2) and in the book by Cohen(3’3).

1 of the thesis by Row]ands—Rees(
Thus, three types of integrals have been defined, namely, definite,

residue and improper. Each of these integrals relate the constants K

and ti (for all values of i) to the dimensions of the z-plane boundary.

Using them, it is possible to derive the n-1 equations necessary to find
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the constants of the transformation equation. With some simple geome-
tries the constants can be found analytically, but with more complicated
geometries a numerical method is required. The explicit relationships,
obtained by relating the distance between parallel sides to the value of
the residue at the appropriate poles, can either be solved directly or
by an iterative process to give some of the constants. The remaining
implicit relationships, where a formal numerical integration is required
to relate the chosen dimensions to the t-plane constants, are rearranged
to form a set of equations, elements of which tend to zero at the

required solution. A typical element, Fj, is given by

£,
K f ety dt (3.22)

ty

Zi 441

An error function, composed of the elements of Fj is defined as
J
Initial values of the unknown constants t;, t,, etc. are chosen and
are varied by a direct-search program until E,. has been made sufficient-

ly small. The choice of a suitable computer program is the subject of

the next section.

3.3 Simple Description of Direct-Search Methods

Since the advent of the digital computer, a number of numerical
methods have been developed to find the n variables of a set of n non-

linear equations. Essentially, these methods minimise a function which

is formulated from the set of equations. The function Er’ defined in
the previous section, is an example of such a function. It has been
shown(3'4) that a function expressed as a sum of squares function can

be minimised more efficiently than a general function. It is for this

reason that the function Er is defined as a sum of squares function.
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Numerical methods of optimisation may be categorised under two

headings: |
(i) gradient methods,

(ii) direct-search methods.
In general, the first methods are more efficient because gradients of
the functions are calculated and used to determine the best direction
of search for the minimum of the function. However, these methods have
not been applied to the minimisation of the function Er’ because it
is very difficult to calculate the gradients associated with this
function.  Thus the function Ey has been minimised using direct-search
methods.

0f the direct-search methods currently available, the most suita-

3‘4). Lawrenson and

ble are those devised by Powe11<3'5) and Peckham(
Gupta(3'6) propose the use of Powell's method to find the constants of
the transformation equation of a general polygonal boundary. This
method is iterative, the n-dimensional search is broken down into a
sequence of one-dimensional Tinear searches. One iteration consists

of a linear search along each of the co-ordinate directions of the n-
varijables. At each iteration a new conjugate direction is generated
and used to replace one of the current direction, so that a path is
found from the "guessed" starting point to the minimum. This principle
is illustrated in Figure 3.3 for a problem in two-dimensional space.

A possible path from the starting point to the minimum is shown.

(3.7) have used Peckham's method.

Binns, Rowlands-Rees and Kahan
This method is based on the simplex method in which the minimum is
enclosed in a n-dimensional region called a simplex. As anexample of a
simplex, such a region in two-dimensional space would be an equilateral
triangle. The simplex is reduced in size around the minimum until it

has been calculated to the desired accuracy. The principle of this
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method is illustrated in Figure 3.4, where again the problem of finding
a minimum in two-dimensional space is shown. Clearly, to obtain the
most rapid solution, the simplex should surround the minimum. However,
even if the simplex does not, it is still possible to obtain a solution be-
cause the program based on Peckham's method used here will generate new
points so that a simplex is obtained which does surround the minimum.
The author has chosen Peckham's method in preference to Powell's
mainly because it requires fewer function evaluations per iteration,
which is clearly an advantage when evaluating functions containing
definite and improper integrals which have to be evaluated numerically.
It should be noted, however, that Peckham's method requires a greater

number of numerical operations per iteration.

3.3.1 Peckham's Method

The method devised by Peckham determines the vector of variables

X = X1y Xgs ee X which minimises the sum of squares function

5. = kg] {fk (x)]2 (3.24)

A Tinear approximation to the fks are given by

n
L i Xy (3.25)
where hk is the constant and the g, ¢S are the gradients associated
with the function fk' In matrix notation

f o= h+6G.x (3.26)

The value of x at the minimum y s given by

T

G' G.y = -G'.h (3.27)

If the values of the gradients are available, these equations can be

solved for y. However, the functions fk are not generally Tinear, so

that y is not the true minimum, but may be used as a starting point
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for the next iteration. Peckham combined the above equation with the
simplex method to obtain an efficient method for the minimisation of a
sum of squares function. His method is now available as a subroutine
package in the Nottingham Algorithms Library (N.A.G.) and a description
of this routine now follows.

The user of the subroutine submits an initial estimate of the
values of X, from which a set of at least n+1 points (denoted Xn+1) are
generated. The corresponding function values fn+1 are then calculated.
A Tinear approximation to these function values ;g obtained by minimis-
ing the weighted sum of squares, over the point set Xoe1 of the diffe-
rence between the Tinear approximation and the function values. That

is, h and G are chosen to minimise the m expressions

n+1
2 - 2
221 w2 (hy + T 9ps %5 fip) (3.28)
where k=1, 2, ... m and the wys are the weighting factors. The

values of h and G which minimise equation (3.28) are given by

-X.'. .—X‘]T ET - _X.l EIT <3.29)
and
- 1
ho= 2 Fw (3.30)
n+1
where matrix notation has been used and = ) w2
=1

Once the coefficients of the linear approximation have been calculated,
they are then used to obtain a set of equations for y. An equation
for y in terms of X and F is given by

yo= @ x) e ETE ) T

Q

F'ow) (3.31)

Thesesets of equations for y are evaluated using orthogonal transforma-

tions. One iteration consists, therefore, of replacing that point of
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the current point set which has the largest sum of squares by

Zne1?
the estimated solution of the previous iteration. The set of equa-
tions derived from this new set is then solved to obtain a new esti-
mate of the solution. This process continues until Syhas been mini-
mised to the required accuracy.
The value of the weights in equation (3.28) are chosen to give
function values nearer the minimum more weight in determining h and G
2 ] ¥
wi? = g where S. = Y (fiq) (3.32)
i k=1
To ensure convergence, the step made in any one iteration is Timited.
Also no point is accepted if the value of Syfor this point is greater
than all those in the set Xt If a pm’nt_gg1~ is unacceptable, a new
point x; may be generated by

W. X. +w X
X, = —4 =1 070 (3.33)

where X, s the point with the smallest value of S;. This rule may
have to be applied several times to obtain an acceptable point.

In the routine, the number of points generated at the start of
the program (denoted P) 1is, in fact, greater than n+1 and becomes equal
to the largest integer less than n+3+% n. The extra points are obtained
by repeated application of equation (3.31) and each new point replaces
the point of the set with the largest value of S,. The upper bound for
P is chosen empirically. These additional points are included to re-
duce the probability of the n+1 points collapsing in a sub-space of less
than n-dimensions.  However, this may still happen if the functions
fk are linear in one variable. In this case equation (3.31) will be
ill-conditioned and the routine will not attempt to obtain a solution.
Instead a new point in the region of the point with the smallest value

of Spywill be generated using a pseudo-random number generator.
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Obviously, it is important to ensure that there are at least n+l
independent function values.

Peckham's method, in common with other direct-search methods,
cannot distinguish between a local and global minimum.  However, in
the conformal transformation application this is not a problem, and

the search always converges to the right solution.

3.2)

Row1ands—Rees( describes a method for improving the efficien-

cy of Peckham's method when integrals are evaluated. The reader is

recommended to read his thesis for details of this method.
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4, Introduction

It is essential that the definite and improper integrals, defined
in the previous chapter, can be evaluated both accurately and efficient-
1y if the method of conformal transformation is to be applied to
problems with complicated boundaries. Therefore, this chapter is
mainly concerned with the numerical evaluation of these two types of
integral.

The air-gap region of an induction motor has rectangular boun-
daries (the vertices of the boundary are right-angles) and it is
possihle to evaluate the integrals that arise with these boundaries
analytically. However, these analytical methods have their Timita-
tions and it is shown, 1in Section 4.1, that a numerical approach is
more suitable.

Having established this, Section 4.2 deals with the numerical
integration of a well-behaved function. This section is included,
firstly,to give a brief introduction to numerical integration and,
secondly, because some of the methods used to evaluate the definite
and improper integrals involve making their integrands well-behaved

This is followed in Section 4.3 by a description and comparison
of four methods suitable for the numerical evaluation of the definite
integral. In the next section, Section 4.4, two methods are derived
which are suitable for the evaluation of the improper integral. A
numerical example is then given to compare the accuracy and efficiency
of the two methods.

With the numerical methods described in Sections4.3 and 4.4, it
is possible to apply conformal transformation methods to problems with
complicated boundaries. To illustrate this, an example is given in
Section 4.5 of a region containing a pair of semi-closed slots. The
necessary equations required to find the constants of the transformation

equation are defined.
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The chapter is concluded in Section 4.6 with a brief comparison
between the methods used to evaluate both the definite and improper

integrals,

4.1 Limitations of Analytical Methods

Although this chapter is mainly concerned with the numerical
evaluation of integrals associated with complicated polygonal bounda-
ries, the first integrals to be discussed are those that occur as a
result of the application of conformal transformation methods to the
air-gap region of an induction machine and can be evaluated analytically.

These are of two types and may be expressed in the following forms:

K, f f(t) dt (4.1)
g(t) /{t-a)(t-b)

K, j h(t) dt (4.2)
K(t) Y{E=C)(E-d)(t-e)(t-F)

where K; and K, are constants and f(t), g(t), h(t) and K(t) are
polynomials of t .

The first type of integral is associated with a boundary having
two right-angled vertices, which results in two sauare root terms in
the denominator of the integrand. This integral may be evaluated analy-
tically using a transformation equation of the form:

t-b
t-a ,
The solution contains a number of terms which are themselves simple

(4.3)

p =

functions of p, such as tan-! p and 1oge' p. A boundary involving this
type of integral will be considered in the next chapter.

The second type of integral is associated with a boundary having
four right-angled vertices and is an elliptic integral. Whilst it
is possible to obtain an analytical solution to this type of integral,

the manipulation and subsequent numerical evaluation may be extremely
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difficult and laborious. To illustrate these difficulties, consider
the following example.

Figure 4.1 shows a complicated boundary in the z-plane with four
right-angled vertices. It will be shown in the next chapter that this
boundary represents a pair of open slots in the slotted air-gap region.
The Schwarz-Christoffel transformation equation, which maps the real

axis of t-plane into this region, is given by

dz _ /ErEg) (6rey) (555 ) (E-ts) (4.4)
dt t(t+1) (t-ts)

An expression for =z may be obtained by integrating equation (4.4),

that is

B f JCErtg) (E+ty) (E6,) (E-t 1) 4y (4.5)
t(t+1) (t-t3)

It is shown in Appendix 1 that the analytical solution of this integral
is given by

4 4 1 (vi—zi)
Z = KJAF(x,k') + ) B, T (x,Ky4, K') + y C; sinh
. S.

i=1 i=1 i

(4.6)

where A and all the values of Bi and Ci are constants, F(x, K') is an
elliptic function of the first kind and m(x, Kyso K') is an elliptic
function of the third kind. Only a brief description of the algebraic
manipulation necessary to obtain thissolution is given in the appendix.
A complete derivation would take many pages. Obviously, such a deriva-
tion is time consuming and laborious as each stage must be carefully
checked.

There are also a number of difficulties that arise when consider-
ing the numerical evaluation of equation (4.6). If the evaluation is
carried out by hand, the only practical method of performing this is to
use tables. However, the main difficulty in using tables,is that, in

some cases, there are large intervals between given values, which makes
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interpolation very difficult. The alternative is to use a digital
computer to evaluate the functions from a series expansion., Binns
and Lawrenson(4'1) 1ist a number of these series in Appendix II of
their book. Clearly this is preferable to feeding tables into a

(4.2) has applied the series developed by

computer store.  Freeman
King, which are most suitable for the evaluation of elliptic integrals
and functions, as they converge more rapidly than other, better-known
series.  However, the numerical methods described later in this
chapter were preferred when evaluating equation (4.5) and other inte-
grals associated with the air-gap geometry. This choice was made
because these numerical methods are more convenient to use and give an
accurate solution (typical error of the order of 10-10) to all the

integrals that occur when calculating the field in the air-gap of an

induction machine.

4,2 Quadrature Methods

In this section, a number of numerical methods are described

which are suitable for the evaluation of the integral

fb f(x) dx (4.7)
a
where f(x) 1is a well-behaved function. These methods are used later
in this chapter when methods for the evaluation of the definite and
improper integral, defined in the previous chapter, are considered.
Essentially, all methods of numerical integration consist of
approximating the above integral by a weighted sum of function values

bl

that is, by the equation

n
N Wi F(xs) (4.8)
i=1

where the w; are the weights and the X; are the nodes. All the
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x; 1ie in the interval (a,b) and can include the two end points a
and b .

A whole class of formulae, known as Newton-Coles formulae, has
been derived using equally spaced nodes. Of these formulae, the most
commonly used is Simpson's rule. The n-point form of this rule is
obtained by integrating the interpolating polynomial of degree n-1,
which is equal to the integrand f(x), at each of the n equally-spaced
values in the interval (a,b). In practice, the interval (a,b) is

2.3)

divided into 2 m equally spaced segments. It can be shown( that

the n-point formula is given by

1
T (b-a) (fg + 4fy + 2f, + 4f3 + 2f, + ... 4f2m—1 + f2m) (4.9)

where 2 and 4 are the weights of the equation

Comparison of two results is a common method of assessing the
accuracy of integrals evaluated on a digital computer by Simpson's rule.
However, this check can be unreliable, as is shown by Clenshaw and

4.3)

Curtis( » who considered the following example.

f(x) = -%% cosh x - cos x , a=-1,b=1 (4.10)

The values obtained from equation (4.9) are 0.4795546 for m = 1, and
0.4795551 for m = 2, whereas the true value of the integral is
0.4794282.

The possibility of the check failing can be greatly reduced if
at least three successive values are taken, although this, of course,
increases the amount of computation.

The nodes of equation (4.8) do not have to be equally spaced and
a whole class of formulae has been derived, called Gauss formulae, with un-
equally spaced nodes which are, in general, more accurate than Simpson's

rule. The Gauss formula, which can be used to approximate equation



83.

(4.7), is given by

(b - a)
1.

Ho F(x:) (4.17)

1

I o~

1 1
where X; =% (b +a) + = ti (b - a)

2
Hy = 1
- 2 i 2
(1 t, ){Pn (ti)}
and ty, ty, ... t, are the zeroes of the Legendre polynomial Pn(t).

Equation (4.11) is exact if f(x) is a polynomial of degree not exceed-
ing 2n - 1. Thus, if n = 3, equation (4.11) will be exact for a poly-
nomial up to and including a fifth order term. However, this consider-
able power is achieved only by introducing a set of irrational values

of Xs and Hi’ whose values need to be stored.

It is also more difficult to check the Gauss formulae than
Simpson's rule. Repetition with a new set of n requires a completely
new set of values of X and Hi . UnTike Simpson's rule, previously
computed co-ordinates cannot be used when n is increased.

Patterson(4‘4)

has developed a method which overcomes the diffi-
culty of checking the Gauss formulae. This method uses a family of
interlacing Gauss formulae in the following way. Beginning with the
3-point Gauss formula, a new 7-point rule is derived, 3 points of which
have abscissae that coincide with the original Gauss abscissae. The
remaining 4 points are chosen to give the greatest possible increase

in polynomial degree. The resulting 7-point formula has a degree of
precision 11.  The procedure is then repeated, adding 2 new points to
the 7-point rule, to give a 15-point formula with degree of precision

23.  Continuing, further rules using 31, 63, 127 and 255 points are

derived, all with an increasing degree of precision. Thus, two
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results can be checked after each new formulae has been derived.

This method has been used extensively when evaluating the inte-
grals that occur as a result of the application of conformal transforma-
tion methods to the air-gap region of an induction machine.

Finally in this section, the method developed by Clenshaw and

(4.3)

Curtis is briefly described. This method consists of expanding

the integrand f(x) in a finite Chebyshev series and integrating the

(4.5, 4.6) have

terms in the series individually. Smith and Imhof
derived a quadrature formula of the form of equation (4.8) for this
method and Smith and O'Hara(4‘7), after tests on various functions, give
an expression for a reliable error estimate. The Chebyshev series

is chosen in preference to other series, because it is rapidly conver-
gent. This is important both in the reduction of computational time

and in the estimation of an accurate upper bound for the error(4'8).

4.3 Methods for the Solution of Integrals with End-Point Singularities

This section discusses the evaluation of the definite integral,

Zipi| = It“‘kf(t) dt| = |k jt*‘] (t-t._,) (t;_;-t)® H(t) dt
ti-o ti-2

(4.12)
defined in the previous chapter. The integration of the function f(t)
is not as straightforward as that of a well-behaved function due to the
presence of the two terms (t - ti-z)a and (ti—l - t)B. In particular,
the powers o and 8 play an important role in determining the nature of
the integrand, f(t), in the vicinity of the end-points. Consider, for
example, the influence of the value of « on the function f(t;i If o is
greater than minus one but less than zero, the term (t - ti_z)a is a

pole of the function f(t) and f(t) = = at the point t = ti-Z’ If,

*The values of o« and 8 in equation (4.12) always lie in the range
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however, o is greater than zero but less than one, the term (t - ti_o)a

is a zero of the function f(t) and f(t) = 0 at the point t = ti o In
this case f(t) has an infinite first derivative at the point t = ti o

Exactly the same considerations apply to the other term, (t -t)s.

i-1
Therefore, if the two terms are combined, there are four possible cases
that can occur, each of which is shown in Figure 4.2. Whichever case
occurs, there are difficulties in integrating equation (4.12)

numerically.

4.3.17 Integrals Associated with Boundaries having Right-Angled

Vertices
Consider first the four combinations where (o, 8) equals (-3, -3),
(-3,+%), (+3, -3) and(+%, +1). These cases are associated with a
boundary having at least two right-angled vertices. It is not always
recognised that in these cases the integrand f(t) can be made well-
behaved by using a simple transformation equation. Consider, for
example, the case where (a, B) equals (-%, -3), then equation (4.12)

becomes

(4.13)

t, H,(t) dt
i~1 t
£i-2,4-1 kf

1
(t - t_i-_z)z (t-

1
-1 7 B)°

- ti-2
The range of integration can be changed to the interval (-1, 1) by

using the linear transformation equation
= 1 -
b=t (b r by v x (G - t)

so equation (4.13) then becomes

Z, 5 . 4] = 4.14
2,11 11 (1 +x)2 (1 - x)? (4.14)

POl

Then, if the substitution x = cosé 1is made, equation (4.14) becomes

ks
21_2,1_] = kf Hy (cose) de (4.15)
0
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The integrand in equation (4.15) is now well-behaved in the interval
(0, =) and the integral can be evaluated using any of the numerical
methods described in the previous section. The remaining three

cases can be treated in a similar manner and the results of the trans-

formation are listed below.

T x? T

k J Al Hx(x) dx{ = |k f (1 - coss) He(cose) de! (4.16)
1 (1 + x)2
T+ x?

k Al Hx(x) dxj = |k J 1 + coss) He(cose) de| (4.17)
-1 (1 -x)2
- 0
V'] 1 1 ki

[0 (00 H(x) ) - k[ sin% H_(cose) do| (4.18)
-1

0

4.3.2 Integrals Associated with a General Boundary Shape

When dealing with values of (a, B) other than the four just con-
sidered, the simple transformation equation can no Tonger be used.
However, a number of methods have been developed to evaluate the general

integral and four of these methods are now considered.

4.3.3 Displacing the Singularity

The difficulties caused by the singularities are overcome by

(4.9) (4.10)

Binns and Lawrenson and Gupta by commencing the integration

at a point removed from the singularities by a small amount .  Thus,

on displacing the singularity, equation (4.12) becomes

t. 1-8 ‘
7 kJ Tt )% (g -8B H(E) dt + E(6) (4.19)

ti ot
j-2%8 a B t o
(t-t,_)%(t;_y -t)® H(t) dt + kj (t-t,_,)°
ti1-¢
(t: )2 H(t) dt  (4.20)

1“291‘]

et

where E(§) = kJ

iz
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The term E(8) is relatively small and Lawrenson and Gupta assume that
if a suitably small value of s is chosen, E(8) can be neglected. Binns
does not neglect this term but approximates it in the following way.

Consider the first term on the right hand side of equation (4.20)

(t - t;p)% (t; g - £)8 H(t) dt (4.21)

£

This can be written in the following form

t,_+6 '
f < (t - ti_z)a F(t) dt (4.22)
ti-2

where F(t) = k(t; ; - £ H(t)

In the interval (ti—Z’ t:_o + 8}, F(t) is generally monotonic and its
range of variation is small. For both these reasons equation (4.22)

can be closely approximated by
§

Flte , +5) [ti‘2+6 (t - t,_,)% dt = Ftip ) st (4.23)
The second term on the r.h.s. of equation (4.20) can be treated in the
same manner and hence E(8) can be evaluated.

A suitable choice of & 1is very important if the method is to
be successful, and the value chosen is essentially a compromise. It
must be small enough to ensure that E(§) is small, but must not be so
small that the integrand of the first term on the r.h.s. of equation
(4.19) becomes too large. Binns recommends a value of 0.001 for § as
being the most suitable for most practical problems. Lawrenson and
Gupta suggest that a more efficient method is to relate § to each of the
Timits of integration. They recommend that for the interval (ti-Z’ t1~1)

that §.
(4

_p = 0.001 [t; 5| and &, 4 =0.001 [t, ;]. However, Rowlands-
1)

-
—d ek

Rees shows by an example that such a procedure is incorrect and

recommends instead that the value of & should be related to the range
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of integration, that is

6 = 0.00] ‘t'i".] - t_i_zl (4.24)

A11 that remains is to consider the evaluation of

ti_1”§ 8
k f (t - ti_z)a (t;_q - )7 H(t) dt (4.25)

Since the integrand of this equation is well-behaved, any of the

numerical methods described 4in Section 4.2 can be used.

4.3.4 Change of VafiabYe

As mentioned earlier, the integrand of a function can sometimes
be made well-behaved by using a suitable transformation equation. This
is true in the case of equation (4.12).

To show this, consider the following integral

7 (4.26)

fb F(t) dt
ab

o4
where the integrand has a pole at the lower Timit of integration. This

pole may be removed from the integrand by using the transformation

equation

y = (t-al® (4.27)
Equation (4.26) then becomes

1
T-a
(b-a) T-o
Z, - f EL%“i_x__~l dy (4.28)
- O

0

and the integrand is a well-behaved function.
In a similar manner the zero of the integral
b
Zp = j (t - a)® F(t) dt (4.29)
a
can be removed by using the transformation equation

y = (t-a)* (4.30)
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Equation (4.29) then becomes
1
T+a

7 =

ab dy | (4.31)

o 1+ a

This procedure can now be applied to an integral having singulari-
ties at both Timits of integration. Consider, for example, the case
where the terms (t - tinz)OL and (ti~1 - t)8 are poles of the integrand

in equation (4.12). Then this integral can be written in the following

form
t.
21-2 i K f i~1 H(t)adt - (4.32)
t. (t - ti*Z) (tiﬂ] - t) >
i-2
Furthermore, this integral can be separated into two integrals,
tz  H(t) dt N kft1~1 H(t) dt
Z. . [ o B o B
i=2,1-1 ! (t - ti_g) (t1_1 - 1) tz (t - ti»Z) (tyq - t)
i-2 (4.33)

where tz has a value Tying somewhere in the interval [ti—Z’ ti~1)'

The integrand of both integrals can be made well-behaved by using
equation (4.27), and then they can be evaluated using the numerical
methods described previously.  Obviously, the remaining three cases
shown in Figure 4.2 can be treated in a similar manner. Murthy

4.12)

Vamaraju( used this technique when applying the method of conformal

transformation to the calculation of electromagnetic fields.

4,3.5 Gauss-Jacobi Method

Another approach to the evaluation of equation (4.12) is described
by Howe(4']3). In this method the interval [ti—Z’ ti—1] is again trans-

formed into the interval [-1, 1] by the linear transformation equation

b= 3t bt g+ x(t -t (4.34)
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and equation (4.12) then becomes

1
k f (1+x)% (1 - x)® H (x) dx (4.35)
-1

Zi-z,i-l‘

In this form, the integral can be approximated by using the Gauss

Jacobi quadrature formula. This formula is another example of the very
powerful Gauss quadrature formulae mentioned previously. An approxima-
tion to equation (4.35) is given by |

n
121 AcH (%) (4.36)

where the Ai are the coefficients and the x; are the nodes of the
quadrature formula. These coefficients and nodes can be calculated

(4.14) 41 his book. The highest

using the formulae derived by Krylov
degree of precision of this quadrature formulae is 2n - 1.

Stroud and Secrest(4‘15) have written a computer program to evalu-
ate the nodes and coefficients of equation (4.36) for arbitrary values
of a, g and n.  They have also tabulated the nodes and coefficients
for a range of values of a, 8 andn,

Consistency of results with different values of n is used to check
the accuracy of dintegration. Once again, new values of the nodes and

coefficients have to be calculated for each new value of n and stored

in the computer.

4.3.6 The method of Branders and Piessens

This method is an extension of the Clenshaw-Curtis method to
include integrands with end-point singularities. A quadrature scheme
has been developed to calculate the integral

b
J o(t) F(t) dt (4.37)
a

where the weighting function w(t) 1is any one of the following five:
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w(t) = 1

o(t) = 1](t - a) a<a<b

w(t) = (b-1t)* (t - a)b a0, 8>-1,a<b
w(t) = (b-t)* (t-2a)® en(t - a) a, 8> -1, a <b
w(t) = (b-t)* (t-a)® an(b - t) 6, 8> -1,a<b

and f(t) 1is a well-behaved function. The method of solution involves
transforming the range of integration to the interval {—1, 1), as pre-

viously described. This gives equation (4.37) in the form

1
] = b-a j v(x) g(x) dx (4.38)
¢ -1

where v(x) and g(x) are the transformed weighting and continuous
functions respectively. The function g(x) is then expanded in a
truncated Chebyshev series (following the procedure of the Clenshaw-

Curtis method), that is
N
g(x) = jZO ¢ Tj (x) (4.39)

where the double prime indicates that both the first and Tast terms in

the expansion are to be multiplied by a 3. T 4s then approximately
given by
N
b-a :
I = == ' ¢, m, (4.40)
2 j=0 J J

where the ms are the modified moments of the weighting function v(x).

4.16) have derived recursive formulae for these

Branders and Piessens(
moments.

A computer package is now available consisting of a subroutine
using the integration scheme. A Fast Fourier Transform algorithm is
used to calculate the Chebyshev coefficients, this being applied to the

sequence N = 6, 12, 24, 48.... . Using this sequence, the integral is
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computed until the difference between any two successive computed
values satisfies |e| < max (A, B |J|), where A and B are the specified

absolute and relative tolerances and J is the last computed approxima-

tion of the integral.

4,3.7 A Comparison of the Different Forms of Quadrature

The method of displacing the singularity has been used success-

(4.10) but cannot be recommended

fully in several interesting problems
as a generally reliable method of integration.

The technique of changing the variable is attractive, due to its
simplicity, but the author has a very limited experience in the use of
this method.

The Gauss-Jacobi method in general gives accurate results but is
more difficult to program than the previous two methods as the nodes
Xk and the coefficientsAk have to be recalculated for each new value
of n,

The method of Branders and Piessens is particularly attractive,
especially as it is available as a computer package. One feature of
this package is that, in common with Tibrary routines that integrate
well-behaved functions, the user is able to specify the degree of

accuracy required.

4.4 The Evaluation of Cauchy Principal Values

This section is concerned with the numerical evaluation of the

improper integral.

d = G(t) dt (4.41)

o 8

- [tiﬂm (t -t 4)" (t5y - 1)
tﬁ_1 i

This integral is more difficult to evaluate than the one in the previous

section because in addition to having the end-point singularities, the

integrand also has a simple pole. Thus, for the case where the two
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terms (t - ti_])a and (ti+1 - t)B are poles of the integrand, the
integrand will be infinite at three points in the interval [ti—l’ ti+1]'
Two methods have been developed for evaluating this integral to a high

degree of accuracy and these are now described and compared.

4.4.1 Evaluation of the Integral using the Chebyshev Series

This is a further extension of the Clenshaw-Curtis method to
include integrals of the type described by equation (4.41). The

interval (ti-1’ t. 1] is, as before, transformed into the interval

i+]

(-1, 1] by the linear transformation

R R CR R R R R (4.42)
Equation (4.41) can now be rewritten as
1 o B
d = p| s.0xx) 0-X" 64y dx (4.43)
»‘] X"A
where S = [K.|(t. . - ti_1)/2]*"®)
2t, - t, 4 - t.
and A = —d=1 L ipy g
Liv1 = Yo

As G(x) is a well-behaved function in the interval [-1, 1], it can be
expanded as a Chebyshev series, following the procedure of Clenshaw-
Curtis.

Writing G(x) as a truncated Chebyshev series gives

n
G(x) = rZé b.. T (x) + E (x) (4.44)
n
where Zé q. = 3 g0+ Qq+Qq+ ... q
Y=

Equation (4.43) can now be rewritten

1 a
¢ = p[ S0 xx*(-x° i b, T.(x) + E (x)| dx (4.45)
"'] X = A Y‘=O
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or
n
d = Z' br°Ir + EPSn(x) (4.46)
r=0
where
1 o 3]
Ir P { S(T + X) (] - X) T (X) dx
X - A r

The error term is

1+x)® (1 -x)8
X - A n

1
EPS (x) = P f 5
-1

and if an upper limit EPS  is found for E.(x) then

EPSn(x) < IO EPSn

The Chebyshev polynomials Tr(x) are related by the well known
recurrence relation

Tegp(X) = 2x T(x) + T _4(x) = 0, T(x)=1, Ty(x) = x
and by using this, a recursive system can be found which relates the
terms Ir‘
Since 1 S(-] + X)C! (-‘ . X)B

I = P
r+1 /, x - A

Topp(x) dx

1 o
p [ S0+ x)* (1 -x)F [zx T(x) - T _1(x)] dx
- x - A r

1 o
=2 f S (1+x)*(1-x)® T.(x) dx + P f] op. 3(14X) (1-x)° T.(x) dx -1

r-1
1 1 X - A
this integral may be written as
Ir+1 - 2A Ir + Ir~1 = Cr (4.47)
where 1
C. = 2 j S (1+x)* (1-x)® T,(x) dx (4.48)
-1
15@+{f (1-x)®
IO = P f dx (4.49)
X - A

-1
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and
I, = J] S (1+)% (1-x)® dx + A I (4.50)
-1
The recurrence system defined by equation (4.47) has a general
solution which is trignometric, since |A| < 1, and so the system is well
conditioned when recurred in the forward direction to find I,, I3 ... In'

This is discussed further by Fox and Mayer(4']7).

4.4,2 Evaluation of Cr

The values of Cr are found by evaluating equation (4.48) and, if
this equation cannot be evaluated analytically, it can readily be
approximated by either the Gauss-Jacobi quadrature formula or by using
the method of Branders and Piessens(4']6). It is important to note
that the constants Cr have to be calculated only once, which is a great

advantage if the integration is to be performed many times.

4.4.3 Cases where I,y and I, can be Evaluated Analytically

The four cases where (a, B) equals (-3, -3), (- 1,+1), (+%, -3)
and (+%, +%) are the only ones for which I, can be evaluated analytical-
ly.  Only the case (a, B) = (-3, -1) is considered as the value of I,
for the remaining three cases can be derived from this case.

Substituting the values a« = -} and g8 = -1 into equation (4.49)

gives
Vst (1072 T 5
I, = P j dx = P f : (4.51)
2 X - A x (1-x2)2 (x-A)
Making the substitution, x = cos ¢
i
Ip = P J s 9 Al <1 (4.52)
c0s6-A

o
and taking the 1imit involved in the Cauchy Principal Value 1t is

found that Iy = 0.
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The method above can be adapted to deal with the other three

cases.

A11 values of Iy, I and C, that can be found analytically

have been collected together and are presented in Table 4.1.

a |8 I, 1, Cp

"'32* “% 0 Sw Cr--O,Y‘:],""

-3 1+3 -5t Sw(1 - A) Cp = =87, C,. = 0, r =2, o

+1 -3 St Sw(1 + A) C;y =S, C. =0, r=2,

+1 #3 | -S A | Sn(} - A2Z) {C; =0, C, = -Sn/2, C. =0, r=3,0
Table 4.1

a) a+8 = 0

In this, and the following case, it is helpful to

transformation equation

dw
dt

o (t+1)® (£-1)°
t - A

consider the

(4.53)

The relationship between I, and equation (4.53) is shown in Figure 4.3.

The case represented in Figure 4.3 is o > 0, and the I; shown is a

positive number.

It is important to realise that I, is not a modulus

but can have negative as well as positive values.

By evaluating the residues at t = A and at infinity, the follow-

ing values
u =
v =

It is then
Io

of u and v are obtained.
ISe(A + 1) (1 - A)®|

|Sn]

(4.54)

(4.55)

a simple trigometric exercise to show that

{v - u cos(am)| sin{am)

(4.56)
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Using equation (4.56) and substituting it in equation (4.50),

§
wy
Sy
—
L~
veeed
4
>
S
<
o
>
+
e

I {V - u COS(aw)J sin(an) (4.57)

which can be integrated by the calculus of residues to give

2SS 7o

sin{om

18}

H

) + A {v - u cos(aw)] sin(or) (4.58)

b) a+ B <0

When o + g is negative the configuration is as shown in Figure
4.4, where the lines meet at the point B, corresponding to t = =,

By evaluating the residue at t = A, the value of u 1is obtained
as

u =[St (A+ 1) (A - 1)F

Making the substitution

-1
- ls JO (14 x)® (1 - x)® x(e+8+]) dx] (2.59)
-1 (1~ Ax)
e - ;S f 1+ %)% (1 - x)® xlers) l
y (0 - A X (4.60)

Equations (4.59) and (4.60) can be evaluated numerically using either
the Gauss-Jacobi quadrature or the method used by Brandersand Piessens.
With the application of simple trigonometry to Figure 4.4, the

following equations are obtained

[l
i

-v sin{ar) - y sin(gn) (4.67)

H

I, v cos(am) - y cos{gm) (4.62)

It is not necessary to evaluate both v and y , as they are

related to u by equation (4.61).
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c) o+ B >0
Under these conditions, Iy can be conveniently found by reducing

the improper integral to a form that has already been considered.

o= b j‘s<1+x)“ 1-0%
_*] X"A

i

] ]
S [ (14x)Y (1-x)® dx + P j S(1+A) (1) (%)% g, (4.63)
2 11 X = A

where vy =qa - 1.

The first term on the r.h.s. of equation (4.63) can be integrated

in terms of the beta function

]
s j ()Y (1-x)8 dx = $.27B* g4y, 14g) (4.64)

-1
The integration of the second term on the r.h.s. of equation (4.63)
depends on the value of v + 8. If v + 8 £ 0 then it can be integrated
by the methods already described ; if vy + 8 > 0, then the procedure
is repeated until the integral is in a suitable form.

4.4.4 The Evaluation of the Improper Integral by Subtracting Out
the Singularity

This technique of evaluating Cauchy Principal Values is based on

the method of 'subtracting' or 'weakening' the singu1arity(4‘]8).

Consider again equation (4.43)

d = PJ1S 000% (1=0° 614 ax
- x - A

Since G(x) is a well-behaved function in the interval [-1, 1], it can

be expanded as a Taylor series about the point x = A to give

G6(x) = G(A) + G'(A) (x-A) + &n(A) (x-M)2 (4.65)
2!
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If a function H(x) is now defined as

H(x) = §i§l~lxﬁiﬁ> (4.66)
x--

it can be seen that

H(x) = G'(A) + §iiﬁ%_§iiﬁl A (4.67)

which is also a well-behaved function in the interval [~1, 7.
Returning to equation (4.43), it is evident that this can be

rearranged into the following form

1 8 1
d = P J s ga) )% (-7 4, f S H(x) (14x)® (1-x)® dx(4.68)
1 X - A 1

The first term on the r.h.s of equation (4.68) is a principal value and
can be evaluated by the techniques described earlier. The second term
is, of course, a definite integral and can be evaluated by the methods

described in the previous section.

4.4.5 A Comparison of the Two Methods

To compare the accuracy and efficiency of the two methods, it is
useful to consider the one finite value of d' in Figure 4.1 for which
the constants of equation (4.4) can be found analytically. This

occurs when the slot centres are aligned, so that

!

d' = (Sp - $,)[2 (4.69)

4.17)

Row]ands»Rees( has shown that the constants, in this case,

are given by the following equations

1
S o= = (4.70)
£ o= X* xZ <4
o 5 (4.7])
1
to = T, (4.72)
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2 .
b, o= YLENE-4 (4.73)
2
o
tz - -EL(. (4.74)
ty = 1 (4.75)
Sp2 - S22 + V(S,2 - Sp2 + 4)2+ 165,52
where x = A B A B B (4.76)
2
and - 2 2
y = X+ SB - SA (4.77)

The comparison is made by evaluating the following two integrals

M"%S/<t+to><t+t1)(t—tz>(t-tu> it | =0 (4.78)
. t(t+1) (t-t3)
Lty
and
t2
4o J S YAt ) (E-E) (B-2u) 44 (4.79)
L, HE)(tt)

The first integral shows the condition that the two surfaces on either
side of the slot are collinear, whilst the second integral relates the
slot displacement, d, to the constants of the transformation equation.
Three typical sets of values of SA and SB were chosen and the
constants were calculated using equations (4.69) - (4.77). Equations
(4.78) and (4.79) were then evaluated using the Chebyshev method
(called method 1 for short) and the method of weakening the singularity
(called method 2). The results of the calculations are presented in
Table 4.2. In this table, n is the number of Chebyshev coefficients
used in method 1 and H is the result obtained from evaluating equation
(4.78). The error term, EnT’ was taken as the sum of the absolute
values of the last three terms in the Chebyshev series multiplied by I,,

that is
Ear = (‘bn! ¥ lbn-]l * !bn—zl) Lo (4.80)

In method 2, the second integral of equation (4.68) was evaluated using
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Sy = 1.0 sg = 1.25
t, = 0.23218932 x 10M
t; = 0.43068303 x 100
t, = 0.33563320 x 100 , _ .
3 = t, = 0.29794430 x 10%!
Method 1
n=15 d' =-0.12500000 Ep = 0.20 x 107°
n= 25 H = 0.00000000 Egr = 0.19 x 10-8
' Method 2
d' =-0.12500000
H = 0.18189894 x 10710
S, = 2.0 Sg = 2.5
t, = 0.36791859 x 10%! t; = 0.27179926 x 10°
t, = 0.16569204 x 100  t, =1 t, = 0.60352931 x 102
Method 1
n=12 d' = -0.25000000 E.p = 0.81 x 107°
n = 33 H = 0.00000000 E.r=0.12 x 1077
Method 2
d’ =-0.25000000
H = 0.29103830 x 1076
Sy = 5.0 Sg = 7.5
ty = 0.44126434 x 10%1 ty = 0.22662127 x 100
t, = 0.27885148 x 10-1 ty =1 t, = 0.35861385 x 10+2
Method 1
n=10 d = -1.25000000 E.r = 0.94 x 1078
n = 44 H = 0.00000007 E.r = 0.34 x 1077
Method 2 d’=-1.25000000
H = 0.00000000

Table 4.2
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the Gauss four and six point formulae to a specified accuracy of 1076,

The integrals have been evaluated to a higher degree of accuracy
than would normally be required in a direct-search process. However,
the results illustrate the high accuracy that can be obtained using
either method.

A number of integrals have been evaluated using both methods and
it has been found that method 2 is more efficient, in terms of both
computer storage and time. For example, when finding the constants
for the slot combination Sp = 1.0, Sp = 1.25, with slot centres dis-
placed at intervals of 0.1 units from 0.0 to 2.0 units, a program using
the first method required 23,433 words of store and took 2,479 seconds,
whilst a program using the second method required only 13,134 words of
store and took 1,047 seconds. Both programs were run on the London
University C.D.C. 7600 computer.

In general, the second method of integration is more efficient
than the first because fewer integrals have to be evaluated. For
this reason it has been preferred when evaluating the integrals that
occur when applying conformal transformation methods to the air-gap

region of an induction machine.

4.5 A Further Problem

The methods described in this and the previous chapter can be
used to find the constants of a boundary whose complexity approaches
that of a boundary normally treated by the finite element method. To
illustrate this, consider the boundary shown in Figure 4.5. This
shows a region of the air-gap containing a pair of semi-closed slots.

The Schwarz-Christoffel transformation equation, which maps
the real axis of the t-plane on to the boundary in Figure 4.5, is
given by

dz  _ S’(t+t0)a1(t+t1)az(t+t2)a3(t+t3)°“+(t~tg)a5(t—ti)%(tjy)a7(t—t_8)a8
at t (t+1) (t-tg)

(4.81)
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where

. Y
ay = ';1 - ] » (e 2] =.F2 - ] s ee.. Og T

There are ten constants and ten equations are required for the direct-
search process.

Four of the ten equations can be obtained by evaluating the resi-
dues at the poles of dz/dt. Another four equations can be defined by
relating the transformation equation to the four dimensions

Zis Zp, 23 and z,.  For example,

j’t152t+to)“1(t+t1)“2(t+tz)“3<t+t3)““<t~tg>“5<t-t5)“6<t-t7>“7(t-ts)“*
t (t+1)(t‘t6)

|Z,] =

“to (4.82)

A ninth equation can be found by using the condition that the surfaces
on ejther side of a slot are collinear and the tenth equation can be
obtained by relating the transformation equation to the slot displacement,
dﬁ Thus, ten equations have been defined and can be used in a direct-
search process to find the constants.

A computer program, incorporating Peckham's direct-search method
has been written to find the constants of the transformation equation
for various values of Sp» SA', SB’ SB' and d.  The values of the «
are, at present, fixed. It is, however, a relatively simple matter to
change these values. Unfortunately, convergence is not very rapid
because of the Targe number of equations involved and because of the
complexity of these equations. It is also noticeable that the rate
of convergence decreases as SA' and SB' become smaller.

The reason for examining this slot shape is to find the slot
widths of an equivalent open slot configuration. A possible equivalent
open slot configuration is shown in dotted lines in Figure 4.6. It is
proposed to obtain these equivalent slot openings by calculating the

flux entering the slots of the boundary shown in Figure 4.6 using a
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conformal transformation field solution. These flux values are then
compared with those obtained by calculating the flux entering the
stots of a number of open slot profiles, until equivalent open slot
widths are found. This would give the required values of SA and SB,
the equivalent open slot widths.

It is hoped that this technique may be extended to include other
slot shapes. Thus it may be possible to replace a particular slot
shape with an equivalent open slot configuration. This is clearly
an advantage because of the relative simplicity of the transformation
equation associated with the open slot shape (see equation 4.4). Fur-
thermore, in the following chapter it will be shown that the constants
of the open slot shape can be found very rapidly, given values of SA,

SB and siot displacement.

4.6 Conclusions

Methods have been described and compared for evaluating the
definite and improper integrals that arise in conformal transformation
problems.

For evaluating the definite integrals, the Gauss-Jacobi method
and the method of Branders and Piessens are particularly suitable.
However, good results have also been obtained in some problems by
displacing the Timits of integration from the singularities and using
Simpson's quadrature. A simple change of variable method may also be
used to remove the singularities.

Cauchy Principal VYalues often arise in practical problems and two
methods have been developed to evaluate this type of integral. Both
methods evaluate the integral to a high degree of accuracy. One
method involves the use of a recursive formula based on a Chebyshev
series and the other is based on the method of weakening the singularity.

A numerical example shows the latter method to be the more efficient.
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5. Introduction

This chapter is concerned with the application of the conformal
transformation method to the solution of the field in the slotted air-
gap boundary of an induction machine. The numerical methods described
in the previous two chapters are used extensively here.

The main object of this chapter is to describe the analysis used
to calculate the flux in a tooth and the tangential and normal components
of force. This analysis has been incorporated into a computer program.
This program can be used to obtain the instantaneous flux and force
quantities associated with all the stator and rotor teeth and, thus,
gives the instantaneous distribution of these quantities over a double
pole pitch of the machine. The flux and force pulsations in the teeth
of the machine can be obtained by calculating these distributions at a
number of different positions of the rotor relative to the stator.

This process is described in greater detail in the following chapters.
Clearly, therefore, the calculation of the flux and force quantities
forms the basis of the Tater work and is to be explained in detail in
this chapter. The assumptions used in applying the conformal trans-
formation method to calculating the field in the slotted air-gap region
are stated and discussed in Section 5.1.

The flux distribution around a tooth, and the components of force
acting on it, can be obtained from a combination of the solution of the
field in three regions. These regions are identified in Section 5.2
as a region containing two displaced slots (doubly-slotted boundary),

a region containing a single slot (singly-slotted boundary) and a region
having no slots in which the gap density is assumed uniform. The
Schwarz-Christoffel transformation equations of the singly and doubly-

slotted boundaries are derived in Section 5.3.



115.

In Section 5.4, it is shown how the total flux in a tooth can be
obtained from the solution of the field in these three regions.

The force acting on any part of the slotted-boundary can be
obtained using the Maxwell stress method described in Chapter 2. In
Section 5.5, the integral of the Maxwell stress function is expressed
in a more convenient form as a function of t (the complex variable in
the t-plane) rather than z (the complex variable in the z-plane).
This form of the integral is then used to obtain the tangential and
normal forces acting on a tooth by integrating over the appropriate
surfaces. This 1is explained in detail in Sections5.6 and 5.7.

Finally, it is shown how the analysis in Sections 5.3 to 5.7 has
been incorporated into a computer program. A simplified block

diagram of this program is shown.

5.1 List of Assumptions

This section lists the assumptions made in the analysis of the
tooth flux and force pulsations under load conditions. These are:
(i) The air-gap field in an unskewed machine can be analysed using
a two-dimensional cross-section of the machine. In a skewed
machine, the field can be taken as axially uniform over a small
element of the bore length d1, and the field may be analysed using
a two-dimensional cross-section of the machine.
(ii) The curvature of the air-gap is neglected.
(i141) The relative permeability of the iron is high (u > «).
(iv) Any slot shape can be represented by an equivalent open slot
shape.
(v) The slots are infinitely deep.
(vi) Since the slots in a machine only perturb the field over a
limited region, it is assumed that, at any instant, at no part of

the air-gap boundary is the field affected by more than one pair
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of slots situated on the opposite side of the air-gap.
(vii) The field at any point on the boundary can be calculated
using the boundary conditions defined for the load case in

Section 2.3.1 of Chapter 2.

Assumptions (i), (iii) and (vii) are discussed in Sections 2.1,
and 2.3.1 of Chapter 2.

Assumption (ii) involves a negligible error since the air-gap
width is small compared with the radius of curvature.

In practice, induction machines have a variety of slot shapes;
some typical examples are shown in Figure 5.1.  Assumption (iv) is
commonly made when treating problems of this kind. It is reasonable
because the main aim of the present analysis is to derive a set of
equations relating the flux and force pulsations to the stator and
rotor slot pitches, rather than to calculate these pulsations in a
machine having a particular slot shape. If the teeth are highly
saturated, a value between that of the actual slot opening and slot
width may be taken.

Figure 5.2 shows an open slot containing one or more rectangular
conductors. When the conductors carry current, they set up a slot
leakage flux pattern of complex shape. Typical flux patterns have

(51) " If there

been obtained for the steady state condition by Carter
is an appreciable space below the bottom conductor, and the width of
the conductor is substantially less than that of the slot, the flux
pattern is that shown in Figure 5.2a. However, apart from those cases
of machines having high voltage windings with thick insulation, the
proportions of the conductor are usually more like those of Figure 5.2b

and the flux pattern is approximately in the form of straight lines

crossing the slot.  Robertson and Terry(5'2) have used this assumption
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when calculating slot leakage inductance. Thus, it is reasonable to

assume that the flux crossing the slot becomes uniform at a point

remote from the slot opening. This assumption is necessary if the

boundary conditions defined for the load case in Section 2.3.1 of

Chapter 2 are to be satisfied. Furthermore, if the slot depth is

much greater than the width, as is usually the case, the depth can be

assumed to be infinite and this gives a simpler transformation equation.
Assumption (vi) only ceases to be valid when the teeth on one

side of the air-gap are less than about 1.5 times the width of the slots

on the opposite side. This rarely, if ever, occurs in practice.

5.2 Division of the Air-Gap into Regions

The flux distribution around a tooth and the components of force
acting on it can be obtained from a combination of the solutions of the
fields in the three regions shown in Figure 5.3. Region 1 contains two
displaced slots. It is important to note that the flux in the air-gap
is almost uniform at points AA' and BB', which are remote from the
slot openings, so that the separate solutions can be combined. Region
2 contains one slot. Again the flux in the air-gap is almost uniform
at points AA' and BB'. Region 3 contains no slots and the air-gap

field is uniform everywhere.

5.3 The Transformation Equations of the Singly and Doubly-Slotted

Boundaries

5.3.1 Singly-Slotted Boundary

The singly-slotted boundary is shown in Figure 5.4, located in
the z-plane with corresponding points in the t-plane. The slot has
a width S/qg. It is convenient in the following analysis to take the
gap width, g, as unity. The equation which transforms the real axis

of the t-plane into the singly-slotted boundary is given by
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dz _ K/ (t+ tg)(t + t1)

5.1
dt t(t+1) 1)

A set of equations relating the constants of the transformation
equation to the slot width, S/g, can be obtained by evaluating the

residues at the poles of dz/dt. The equations are as follows:

K = JTF (5.2)
tg ty = 1 (5.3)
g, = L8/9)% + 2) 4 /g 2(8/9)% + 4 (5.4)

2 2

The transformation equation can be integrated to give 1z ;

7 = lj )/( t+t0)(t+t1) dt (55)
T t(t+1)

This integral can be solved analytically. In the interval (-tg, -t;)
the integrand in equation (5.5) is complex and has to be rearranged

as follows:

, - gl[/(-t~t1)(t+tal dt (5.6)
m t(t+1)

This integral can be integrated formally as a function of t , but a
simpler solution can be obtained by using the transformation equation
p2 = (t+ ty) (5.7)
(t + to)
After substitution for t and suitable algebraic manipulation, the

solution becomes

7 = 23 [tan’lp - tan~1 B §1§-. Tog ( 1E£;i“9 )| + constant
ks tl ? /{;-p (58)

for the interval (-t;, - 1) in Figure 5.4 and
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; = 4

™

tan”! p - tan”! %' - §é9u1og ( p- v )|+ constant
1 p+ /T
(5.9)

for the interval (-1, —to).

In the other intervals of t, the integrand of equation (5.5) is
real, and the integral can be integrated using the transformation
equation

t+ t,
t+t1

p2 (5.10)

which gives the following solution

z = l-[109 ;~§—%

™

- log

- 2.5/g tan~! 2| + constant
vt
(5.11)

tQ +p
to - p

In addition to giving a simpler solution, the p transformation has
another advantage. This can be illustrated by considering the calcula-
tion of the distance between a point on the tooth surface and a tooth
corner. This involves finding a point t' corresponding to a particular
point z'.  The point t' could be Tocated in either of the two intervals
(0, -t1) or (-to, =). Numerical problems can arise when finding t'
in either interval. In the first interval t' is very small (for
example, if S/g = 5.0, t; = -0.037) whilst in the second interval t' is
unbounded.  However, under the p transformation the interval (-tg, «
is mapped into the interval (0, 1) in the p-plane and the corresponding

values of p' and z' can be found with comparative ease.

5.3.2 Doubly-Slotted Boundary

The doubly-slotted boundary is shown in Figure 5.5 located in
the z-plane with corresponding points on the real axis of the t-plane.
The upper slot has a width SA/g, the lower slot a width SB/g and
Sg/9 > Sp/9.  The gap width is again taken as unity. The Schwarz-
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Christoffel transformation can be used to give the mapping function(5’3)
%% - kv (t+ty) (t+ty ) (E-t,) {t-ty) (5.12)

t(‘t'ﬂ ) (t“t3)

It is necessary to establish six equations to find the constants.
Four of the equations can be found by evaluating the residues at the

poles of dz/dt, and this leads to

K = .% (5.13)

32 = tg .t .ty . t (5.14)
(Sp/aP(14t5)2 = (t1=1)(1-to) (T+t5) (1+t,) (5.15)

and  (Sg/@? (14t3)2 . t32 = (ta+te)(ts+ty)(ta-ta)(ty-ts) (5.16)

The remaining two equations can be obtained by relating the
transformation equation to the dimensions of the z-plane boundary.
The first equation implies the condition that the two surfaces on
either side of a slot are collinear. For the upper slot in Figure 5.5,

this involves evaluating the integral

-t
lj RS )y, | - (5.17)

Lt t (t+1)(t-t3)

P

The second equation can be obtained by relating the transformation

equation to the slot centre displacement, d. This leads to the equation

Wb 1_[t2 TR (B e (6, (B8] gy (‘SA - Sp )

Tl t () (et 29

(5.18)

It is, of course, possible to rearrange equations (5.14) - (5.18)
to form the elements of a function which involves a sum of squares
suitable for use with Peckham's direct-search method. However, by

making to, t; and t, functions of tj3, t,, SA/g and SB/g the number of
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constants to be found in the direct-search program can be reduced from
five to two. These functional relationships may be obtained in the

following way. Let a function f(t) be defined such that
f(t) = (t+t0)(t+t1)<t't2) = dp + ai t + an t2 + t3 (5.]9)

Substituting the values t = 0, -1 and t3 into equation (5.79) gives

4.2
F(0) = =-tg .t . t, = -{—3— (5.20)
F(=1) = (t-1)(1-tg) (1+t) = (S,/g)2 . {1l (5.21)

tq+1

(Sp/9)? . (1+t3)2 . 152
fts) = (tatto)(ts+t;)(ts-ty) =

(ty-t3)

(5.22)
or in terms of the coefficients ag, a; and a,
f(0) = a, (5.23)
f(-1) = ag-a; +a, -1 (5.24)
f(tg) = ao + ay t3 + a2 t32 + t32 (5.25)
Equations (5.23) - (5.25) can be rearranged to give

f(-1) - f(0) +1 = -a; + a, (5.26)
f(t3) - f(O) - t32 = t3 a; + t32 do (5.27)

Accordingly, equations (5.26) and (5.27) can be solved to give ai and
a, in terms of tj, t,, SA/g and SB/g. This Tleads to the following two
equations,

(53/9)2 ’(SA/QZ)

a = tg —izi:ll + (] + tg) . (
(ty-t3) (ty+1)

Ty

-1 | (5.28)

2, = (S /g)z.\(1+t3) . by (55/9)2. T+t3) . ta+ (1-t3) (5.29)
A (T+ty) ty, (ty-t3)
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Also, from equations (5.20) and (5.23)

a, = —tal (5.30)

Thus, for any values of tz and ty, the remaining three constants
can be found by solving equation (5.19). A method suitable for finding
the roots of a cubic equation is given by Se?by(5'4).

The above method has been incorporated into a computer program
designed to find the constant of the doubly-slotted boundary for spe-
cified values of SA/g, SB/g and d.  The program also includes a sub-
routine package based on Peckham's direct-search method (see Chapter 3).
The elements of the sum of squares function are obtained by rearranging
equations (5.17) and (5.18). Both integrals are evaluated using the
method of weakening the singularity. Since only two variables have to
be found in the direct-search program, the constants can be found very
efficiently, as is confirmed by the results shown in Section 4.4.5 of
Chapter 4.

The doubly-slotted boundary also exhibits a form of symmetry.

This may be shown by considering the two boundaries in Figure 5.6. It
should be noted that the two boundaries have slot displacements equal
in magnitude but opposite in sign.

The transformation equation of the boundary in Figure 5.6a was

defined earlier and is given by

dz 1 J/(t+tg) (Bty) (E-tp) (t-ty) (5.3
T . t(t+1) (t-ts) )

The transformation equation of the boundary in Figure 5.6b is given by

dz _ 1 Jurtgurt]) (u-ty) (u-th) 5.32
du " u(u+1) (u-té) ( )
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Let
1
t =g
then
dz _ dz dt
@ " W
where
dt _ -1
dau - u2
Therefore ‘ :
1 1 1 1
dz -1 ﬂU* to)(g + ti)(g - ta)lg - tu)
du - 5
Usw 1 1 1
vt Dig-ta)
or
1 1 1 1
e (T2 AUXS AURR AR
du p _
ts u (u+ T)(u -~ l.)
t3
However, from equation (5.14)
/to'tl'tZ’tL}:‘l
ts
so that
1 1 T
dz 1 //(u ¥ ) (u tx ) (u '-% ) (u - T )
W7 : 0 : 2 b (5.33)
u (u+ T)(u —.fa)

By comparison with equation (5.32), the following relationships are

obtained

1
t

1 ' 1

1
.-Eo,tzz_. ta:

T

1

tg == , 1t = and ty = T, (5.34)

This set of relationships is of particular importance because
the constants have only to be found for positive values of displacement
in the direct-search program . Furthermore, the symmetry exhibited
by the boundary is of great value when calculating the flux and normal

components of force in the region of the doubly-slotted boundary
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corresponding to the intervals (-ty, =) and (ty, =) in the t-plane.

5.4 The Calculation of Flux in a Tooth

This section is concerned with the calculation of flux in any
tooth of an induction motor. The solutions of the field in the three
regions, defined in Section 5.2, are used to calculate this flux.

The section of the slotted-boundary shown in Figure 5.7 is the
most complicated region of the air-gap in which the flux in a tooth
has been calculated. Thus, the calculation of flux in tooth B
involves solving the field in two doubly-slotted regions, a singly-
slotted region and two regions containing no slots. The calculation
of flux in tooth A is much simpler, involving the solution of the field
in one doubly-sTotted region, one singly-slotted region and one region
containing no slots. A number of other cases can occur but the calcu-
lation of flux in the tooth is similar to the cases shown here.

It is important when calculating the tooth flux to define the
direction of flux across any part of the iron. The definition used
here is that if the flux crossing any part of the tooth is entering
the iron it is given a positive value, if it is leaving the iron it is
given a negative value.

Figure 5.7 also shows the notation used to identify the various
components of flux which, when summed together, give the total flux in
a tooth. Each component represents the amount of flux crossing the
boundary between the two points on the tooth associated with that
component.  The field at these points is, of course, almost uniform.
Thus, the flux in tooth A is given by

bp T g1t én tdgp (5.35)

and the flux in tooth B is given by

9 T Pgg T oy tdg3 t b Tt dg3
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An equation for the component of flux, ¢,, in the region contain-
ing no slots can now be derived. The flux crossing a segment of the
boundary, z, in the region shown in Figure 5.8 can be calculated by

evaluating the integral

oy = fjlg . ds (5.37)
s
which becomes
oy = J Bdz (5.38)
for unit axial length. If the potential difference across the air-

gap is M and the gap width is g, then

g
f H.de = M (5.39)

However, H is constant, so that
Hg = M

or B = XM (5.40)
g

Thus, an expression for ¢ = can be obtained in terms of the potential
difference, M, by substituting equation (5.40) into equation (5.38)

and integrating. This leads to the following equation

6, = ug Mz (5.41)
g

The remaining components of flux can be found by solving the
field in the singly and doubly slotted regions. = To obtain the correct
field in either region it is necessary to find a complex potential
function

w o= ¢+ Ju (5.42)
which satisfies the boundary conditions defined in Section 2.3.1 of
Chapter 2. As in the previous section, the two boundaries are treated

separately.
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5.4.1 The Calculation of the Flux Components in the Singly-
Slotted Region

The complex potential function for this region is obtained by
satisfying the boundary conditions shown in Figure 5.9. The terms
I; + I3, I3 and zero denote the values of the potential on the differ-
ent parts of the iron. The corresponding intervals in the t-plane
have the same values of potential. A function which satisfies these

boundary conditions in the t-plane is given by

W o= 25.109 t + li-Tog(t+1) (5.43)

i ™
I; is the instantaneous value of the current flowing in the condictor
in the slot and I3 is the instantaneous value of the ajr-gap m.m.f. in
the region of the machine where the slot is located. Both Iy and
I, are represented in the t-plane by point current sources, I;-being
located at the point t = -1 which corresponds to a distance infinitely
far down the slot in the z-plane and I3 is Tocated at the point t = 0
which corresponds to a distance infinitely far down the air-gap.

From equation (5.43), the potential can be obtaingd directly in
S.I. units by calculating the imaginary part of the function. The
flux can be found in units of webers by multiplying the real part of
the function by uq.

The flux crossing any segment of the singly-slotted boundary has
not been obtained by direct application of equation (5.43) because it
is very difficult to determine the direction of flux. Instead, the
boundary conditions associated with the two terms in equation (5.43)
were applied separately as shown in Figure 5.10. Clearly, the direc-
tion of flux in the two figures on the r.h.s. of Figure 5.10 is
dependent upon the values of I; and I3.  Thus, the flux crossing any

segment of the boundary can be found by calculating the two terms in
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equation (5.43) separately, assigning each term a positive or negative
value depending on the direction of flux, and then summing the two
terms together.

The components of flux are given by

ty

S T NI
a
bep = w0 {Jr 7153 log (-;d;) l 2 | L1 10g E:‘iz ’ ) (5.45)
and . o
bg3 = Mo (i { %3 log (-t-f) i . _71;1 1og Etz;i ' } (5.46)

where ta, tb, tc, etc. are all positive values. The gap density at the
points corresponding to t = »ta and»td is almost uniform. The values

of ty tb, tc, td, te and te are found by solving the equation
|z] - [f(p)] = O (5.47)

where z is the distance from the appropriate tooth corner to the point
on the slotted-boundary corresponding to any one of the six point

t = ta’ tb’ etc.  The function f(p) is one of the three functions on
the r.h.s. of equations (5.8), (5.9) or (5.11) depending, of course,
on the interval in which the point corresponding to p lies. Equation

(5.47) has been solved using the bisection method(®-5),

5.4.2 The Calculation of the Flux Componehts in the Doubly-
Slotted Region

The complex potential function for this region can be obtained by
satisfying the boundary conditions shown in Figure 5.11. A function
which satisfies these conditions is given by

w = I3 log t+ I, log (t+1) + I, log (t-t3) (5.48)

m m m
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where I; and I, are the values of the current flowing in the conductors

and I3 is the value of the air-gap m.m.f. in the region of the machine

in which the slots are located. In the t-plane there are point cur-

rent sources of values I, and I3 at the points t = ~1, t3 corresponding

to points infinitely far down both slots and a current source of value

I, at t = 0, corresponding to a point infinitely far down the air-gap.
The components of flux 941> Pd2> 943 and dqq are given by the

following equations

t ; (t.-1 t, +t
¢ =y + }.3 1o (.__tl) + _I_l lo b ) + _:.[_Zo(b 3)
dl 0 T 9% Tr - 09
a (ta~1) (ta+t3)
(5.49)
t (1-t ) (t +t3)
dqp = Ho [ + -%3 Tog( td )+ .% log d ' + %2 Tog a4 l}
c (1-t.) (totts)
(5.50)
t (T+te) (t3-te)
$gq3 = Ho [ + -%3 Tog( Ti E: -%1 Tog ; tf) ; + -%2 log ?;-;£; ’J
+ 3~
e
(5.51)
and
t (1+t,) (t,-t3)
g = Mo { * %3 Tog( %h R %llog h |, %2 Tog ~h ' }
g (1+tg) (tg*tg)
(5.52)

where ts tys to... etc. are all positive values. The gap density at
the points in the z-plane corresponding to t = =ty and -ty is almost
uniform.  The values of these eight t-plane variables can be found

by solving an equation of the form

2] -

J_Jt" M) () () (B-tu) 44 | = o (5.53)

m ty t(t+71)(t-t3)

where z is the distance from the appropriate tooth corner (at which
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the value of the constant is ty) to the point on the slotted-boundary
corresponding to ty (where ty is any one of the eight t-plane variables).
As in the case of the singly-slotted region, equation (5.53) can be
solved by the bisection method.

The same numerical difficulties have been encountered in finding

the values of ty tys to... etc. as reported by Rowlands-Rees in his

thesis(5‘6). Consider, for example, the equation
,Zl’ _ l J_td J(t‘l‘to)(t"‘tl)(t"tz)(t"tq) dt = 0 (5.54)
il

” t (t+1)(t-ts)

which relates the distance z;, in Figure 5.11, to the constants of the
transformation equation. It is often found necessary to make the dis-
tance z; large (for example, SA/g = 5.0, SB/g = 7.50, displacement =
5.0, zy = 12.75/g) to ensure that a point has been found sufficiently
remote from the slot openings for the flux density to have become
uniform.  However, if z; is too large, the value of [td[ becomes very
small.  The integrand of equation (5.54) then has a very large value
due to the pole of order 1 at t = 0. This gives rise to numerical
difficulties when trying to find [tdl. It has, therefore, been found
necessary to limit the value of z;. However, for all slot combinations
considered in this thesis, it was found possible to make z; large enough
to ensure that a point had been found where the flux density was suf-
ficiently uniform.

Consider now the equation

lrta M EQ) (BT ) (Tt ) (-] g | - ¢ (5.55)

" Lt t (t+1)(t-t3)

lz,] -

In this case, if zp is too large, then {ta[ becomes very large

and difficulties are encountered in producing consistently accurate
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results. To overcome these difficulties the doubly-slotted boundary
with opposite slot centre displacement is used, the problem being re-
formulated on the left hand side of the top slot. The limits of
integration are then -t; and ~té, where 0 >-t >-t;.  In this way it
is possible to obtain an accurate value for té and hence ta' This
formulation has the added advantage that the search is carried out in
a finite interval (0, - t1) rather than an infinite interval (-ty, =).
In fact, the same search program can be used to find both t and ty-
Exactly the same considerations apply to the variables te and ty.

To find the values of tp, tc, tf and t a point is found

g’
sufficiently remote from the slot opening for the flux to have become
uniform. If a greater slot depth is required, the slot Teakage flux
for the additional depth can simply be calculated and added to the
value of the flux obtained by the conformal transformation field

solution.

5.5 The Relationship between Field and Force Distributions

The force acting on any part of the slotted-boundary can be cal-
culated using the Maxwell stress method described in Chapter 2. It
will be recalled that this method involves the evaluation of the inte-
gral

_H B . H do (5.56)
C

(o)
over a suitable contour. This equation becomes

]
?TOJ B2 dy (5.57)

C;

per unit axial Tength. It is more convenient to solve this integral

. . dw (5.3)
as a function of t rather than z, and since B = !HE ,
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1 2 . 1 dw 2
m[ B2 , dz = E‘O‘j ('a'z ) . dz (5.58)
Cs Cs
which after a change of variable becomes

1 dw , , dt
= [ (02 (8t | a (5.59)
C
The force acting on any part of the singly-slotted boundary,

under load conditions, can be obtained as a function of t by substitut-

ing equations (5.1) and (5.43) into equation (5.59) to give

__l__.f (Is. (t+1) + L . t)2 dt

: (5.60)
ROt () TR (THE))

The analytical solution of this integral is described in the following
two sections.

In a similar manner, the force acting on any part of the doubly-
slotted boundary can be obtained as a function of t by substituting

equations (5.12) and (5.48) into equation (5.59) to give

1 f (I3 o (t+1) (t-ty) + Iy .t (t-t3) + I, . t(t+1) )2 dt
Zug m t(t+1)(t-ta) YT+ (BT ) (=T, (E-E,)

(5.61)
This integral can be solved by the analytical techniques described in

Chapter 4, but it is more convenient to solve it by the numerical
quadrature methods described in the same chapter.

In the following two sections, equations (5.60) and (5.61) will
be used to obtain the tangential and normal components of force acting

on any tooth of an induction machine.

5.6 The Tangential Force Acting on a Tooth

It was shown, in Section 2.5.1 of Chapter 2, that the tangential
force acting on any tooth can be obtained by evaluating the integral of
the Maxwell stress function over the two slot sides that enclose the

tooth.  Accordingly, the tangential force on tooth A, in Figure 5.12,



132.

is the difference between the forces associated with the slot sides of
the two doubly-slotted regions. The force on tooth B is the difference.
between the force on the slot side of the singly-slotted region and the
force on the slot side of the doubly-slotted region. The solution of
equation (5.60), the integral of the Maxwell stress function associated
with the singly-slotted region, is considered first.

Equation (5.60) can be integrated formally as a function of t,
but, as in the case of the transformation equation of the singly-slotted
region, a simpler solution can be obtained by using the transformation

equation

p2 = &) (5.62)
(t+to)

This Teads to two solutions. In the interval (-t,, -1), the solution

is given by

2tan-1 p - 1.2 tan~1 2 - Li2 435
[ (I + I5)2tan"1 p - I42 tan £, ?%§yg . log ;%fjﬁ ]

(5.63)

no ™

and in the interval (-1, -tg)

N 2 tan-1 p - 1.2 tan-1 B o 132 p -/t
TP [(Il + I5)% tan=! p - I32 tan ) + 2§7§ log =——L | (5.64)
p+ v/t

In the interval (-t;, -1), the Timits of integration are -t;, -t.

(see Figure 5.9) and in the interval (-1, -t ) the Timits of integration

o)
are -ty , -t.. Thus, the forces associated with the two slot surfaces
are calculated to a slot depth at which the f1ux‘has become almost
uniform.  The additional force contribution associated with the slot
leakage flux can simply be calculated and added to the value of the

force obtained by the conformal transformation field solution.

As mentioned in the previous section, the integral of the Maxwell
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stress function associated with the doubly-slotted region, equation
(5.61), is evaluated numerically. The method of weakening the singu-
larity is used to make the integral proper, and Patterson's method is
then used in the numerical integration. In this way, equation (5.61)
can be integrated to a high degree of accuracy. For example, when
using a routine based on Patterson's method, the absolute error was
specified to 10710 and this value was always obtained.

For the upper slot, in Figure 5.11, the limits of integration
are -t;, -t on one side and -ty, -t, on the other. For the lower
slot, the limits of integration are tf, t, on one side, and t, tg on
the other.  Thus, the force associated with the four slot sides is

again calculated to a slot depth at which the flux has become almost

uniform,

5.7 The Normal Force Acting on a Tooth

In Section 2.5.1 of Chapter 2, it was shown that the normal
force on a tooth can be evaluated by integrating the Maxwell stress
function over the air-gap surface of the tooth. To determine the
total normal force on a tooth, using a conformal transformation field
solution, the section of the slotted-boundary associated with the tooth
is again separated into connected regions (see Figure 5.7). The
normal force component on each region is then calculated by integrating
the Maxwell stress function over that part of the air-gap surface of
the tooth which lies within the region. The tdta1 normal force on a
tooth is obtained from the summation of these components. To jllus-
trate this, consider Figure 5.13, which shows a section of the slotted
ajr-gap boundary containing a tooth on which the normal force is to be
calculated. The total normal force on tooth A, FNA,is given by

F (5.65)

e = Pt Pt Pas
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where

FN] = the integral of the Maxwell stress function over the surface
between the tooth corner and point A,

FN2 = the integral of the Maxwell stress function over the surface
between points A and B,

FN3 = the integral of the Maxwell stress function over the surface

between point B and the tooth corner.
It is important to remember that at points A and B the gap density is
almost uniform.

In the singly-slotted region, shown in Figure 5.9, the normal
components of force are found by integrating equation (5.60) over the
surfaces corresponding to the t-plane intervals (-tg, —ta), (»td, -t1)
and (tf, te). In these three ranges of integration, equation (5.60)

has an analytical solution given by

to+p 2
1 2 ‘]"‘p; - 2 o] Z.Il -1
?Egﬁ? {(Il+13) log Tp 132 log TP + o0 tan /%5

(5.66)

Similarly, in the doubly-slotted region, shown in Figure 5.11,
the normal force components are found by integrating equation (5.61)
over the surfaces corresponding to the t-plane intervals (-t5, -t;),
(-tds -t1), (ta, te) and (th, ty). Equation (5.61) has again been
integrated to a high degree of accuracy (an absolute error less than
10710) 4n all four ranges of integration for relative displacements of
stator and rotor slot centres.

0f course, it is possible in another part of the slotted air-gap
boundary to have a region with no slots in which the flux is assumed
uniform.  Such a region is shdwn in Figure 5.8.  The magnetic pull
exerted on the segment, z, is given by

82
7 (5.67)
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Substituting for B using equation (5.40) gives

Ho. (2" (5.68)

Thus, the normal force component in this region can be expressed in

terms of the potential difference across the gap.

5.8 The Computer Program

The analysis described in the previous sections has been incor-
porated into a computer program which calculates the total flux in any
tooth and the tangential and normal forces. A simplified block dia-
gram of this program is shown in Figure 5.14. This program has been
used to obtain the distribution of flux and forces on the stator and
rotor teeth over a double pole pitch of an induction machine. Further-
more, by displacing the stator and rotor surfaces it was possible to
obtain a number of distributions and, thus, to determine the flux and
force pulsations into the teeth. This investigation has been carried
out for a number of slot combinations and the results and conclusions
are presented in the following chapters.

The program can obtain both flux and force distributions very
rapide. For example, for a machine with 36 stator slots and 32 rotor
bars, the program takes 4 seconds(execution time) on a C.D.C. 7600 com-
puter to calculate the flux, tangential and normal force distributions
for eight relative displacements of stator and rotor surfaces. This
involves the calculation of flux and force on 64 teeth. It is believed
that this program is presently one of the fastest available for calculat-
ing flux and force distributions using a two-dimensional field solution.
In fact, such is its speed that it is proposed to use the program to
generate the time history of the flux and forces on a tooth. This may

be achieved by calculating the flux and force on a tooth for very many
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positions of stator and rotor surfaces and for varying currents in
the windings. One can envisage this as taking hundreds of 'snap
shots' of the field and then combining them to produce a film of the
complete time history.

The main Timitation of the program at present is that a large
amount of data processing is required. The constants of the doubly-
slotted boundary are calculated in a separate program. The stator and
rotor current distributions are calculated separately( see Chapter 6)
and the currents flowing in the conductors 1in the region where the
tooth flux and forces are heing calculated are read into the program.
This also applies to the air-gap m.m.f. values. The slotted air-gap
boundary has to be drawn out in full for every position of the stator
and rotor surfaces so that it can be separated into the connected
sections used in the program. This involves, in particular, finding
a number of points at which the gap density is uniform. The later
two processes involve a large amount of laborious data processing.

It would, of course, be possible to do some of the data process-
ing by computer. For example, a small computer program has already
been written to find the constants of the doubly-slotted boundary.
This program can be incorporated into the main program without greatly
increasing computing time as it is a very efficient routine. A sub-
routine could be written to generate the stator and rotor currents and
the values of the air-gap m.m.f. Such a routine could be based on
the method described in Chapter 6. This method involves only simple
calculations and would not, therefore, greatly increase computing time.
The development of a routine which separates the slotted air-gap
boundary into sections is more difficult but not impossible. These
additional modifications have not been incorporated into this program

mainly because of time. It was believed more important to obtain
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results of engineering importance rather than develop a highly effi-
cient computer program. Nevertheless, it is hoped to include these
refinements in the program so that eventually it will only be necessary

to specify the overall design parameters (i.e. slot widthsand slot pitches).
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Figure 5.10 The separate boundary conditions on the singly-slotted
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CHAPTER 6

A METHOD FOR CALCULATING THE APPROXIMATE
ROTOR CURRENT AND AIR-GAP M,M.F., DISTRIBUTIONS

Introduction,
The Concept of a Distributed M.M.F.
Assumptions,

The Calculation of the Peak Value of the Fundamental No-Load
Air-Gap M.M.F,

The Calculation of an Approximate Rotor Current Distribution
on Load.

The Calculation of the Air-gap M.M.F. in the Conformal Trans-
formation Model.
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6. Introduction

It is a requirement of the present analysis that the flux,
tangential and normal force components associated with all the teeth
over a double pole pitch be calculated and for this it is necessary
to calculate the stator and rotor currents and the air-gap m.m.f. dis-
tributions. In order to do this, the concept of m.m.f. as a distri-
buted quantity is used and a brief introduction to this subject is
given in Section 6.1.

It is not practical to consider all types of stator winding and
only one winding is considered in the analysis. This analysis is not
primarily concerned with the modulation of the tooth-ripple carrier by
the m.m.f. harmonics, but rather, with the influence of the rotor slot
number on the carrier. This subject is discussed in detail in
Section 6.2.

In Section 6.3 the peak value of the fundamental no-load air-gap
m.m.f., associated with the stator winding used in the analysis, is
calculated. In large machines it is reasonable to assume that the
air-gap m.m.f. remains constant and sinusoidal when a load 1is applied
to the machine.

An approximate rotor m.m.f. distribution is obtained for a set
of imposed stator currents in Section 6.4. This distribution is found
by subtracting the fundamental air-gap m.m.f. distribution from the
m.m.f. distribution associated with the stator current on load. From
this rotor m.m.f. distribution, a rotor current distribution can be
obtained.

Finally, in Section 6.5, it is shown how the air-gap m.m.f, dis-
tribution associated with the point current sources and slotted-

boundary used in conformal transformation is calculated.
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6.1 The Concent of a Distributed M.M,F,

The concept of a distributed m.m.f. is used extensively through-
out this chapter and a brief introduction to this subject is now
presented.

The basis of the concept of m.m.f. is Maxwell's equation:

dD

TH = J+-— 6.1
curl H Jd o+ ot (6.1)

At power frequencies the displacement current is negligible and the
m.m.f. can be written in the more familiar form of Ampere's circuital

Taw:

M_.d_ = 1 (6.2)

This equation is commonly used in the calculation of flux in
magnetic circuits. In such circuits, the m.m.f, is a Tumped quantity
analogous to e.m.f. in electrical circuits. In a similar way, flux
and reluctance are analogous to current and resistance respectively.
In most applications, part of the magnetic circuit is in iron and part
in air, and it is assumed that equation (6.2) can be written as

I = Hp.ap+ Hy « 2p (6.3)

where i and 25 are the mean lengths of the magnetic circuit in iron
and air respectively and HI and Hp are the moduli of the magnetic field
in the iron and air respectively. Since the normal component of flux
density is continuous at a boundary, the following equation can be
obtained:

wo My = wo mp My (6.4)
The magnetic circuit quantities are related through the equation

m.m.f. = Flux x Reluctance (6.5)
The reluctance of the circuit, R, can be found by solving equations

(6.3) and (6.4).
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It is quite common to discuss the properties of the air-gap field
in an induction machine in terms of a magnetic circuit., Such an
approach presents, essentially, a one-dimensional view of the magnetic
phenomena.  The magnetic circuit quantities described in the previous
paragraph are all 'lumped' parameters, but in the analysis of the aijr-
gap field, many quantities of interest, such as losses, forces and
torque, depend not upon 'lumped' parameters, but on distributed quanti-
ties such as flux and current densities. To overcome this problem,
the concepts of distributed m.m.f, and permeance were introduced.

6.1) and only the

These have been clearly defined by Binns and Schmid(
concept of a distributed m.m.f. will be discussed here.

The idea of an m.m.f. distributed circumferentially around the ajr-
gap is a one-dimensional view of current driving flux across the
gap. To realise how an m.m.f. distribution can be obtained, consider
Figure 6.1. To obtain the m.m.f. associated with currentI,, flowing
in the point current source in Slot 1, the magnetic field strength, H,
is integrated around the closed path shown by a dotted line. On the
line AA', the m.m.f. is arbitrarily chosen to be zero and this 1line
acts as the origin of the m.m.f., distribution. In using the distri-
buted m.m.f. approach, it is generally assumed that the permeability
of the iron is high or even », This assumption is also made, of
course, when using a conformal transformation field solution. Thus,
the magnetic field strength in the iron is zero and the path of inte-
gration reduces to the two line segments AA' and BB' crossing the gap.
However, the m.m.f. at AA' is zero, so that the m.m.f. at BB' is simply
equal to I;. If the path is now enlarged to include Slot 2, the m.m.f.
at CC' is given by Iy + I,. In this way a complete m.m.f. distribu~

tion can be obtained as shown in Figure 6.2. This distribution is

periodic in a double pole pitch,
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6.2 Assumptions

For the purpose of assessing the influence of slot combination,
a 4-pole, 36 slot stator with a double-Tlayer winding of 8/9 pitch is
chosen.  The stator has a slot pitch, Ps/g, of 25.0. It is not
necessary or appropriate to consider all hypothetical stator winding
distributions since the object of this investigation is to consider the
influence of stator-rotor slot combinations, and it is not reasonable
or necessary to consider every possible stator winding. The object of
this analysis is to examine the conditions which give rise to large
flux or force pulsations at the stator and rotor teeth. Each m.m.f.
harmonic will modulate the fundamental and harmonic tooth-ripple

(6'7), but if the fundamental carrier is small the resultant

frequencies
effect will be small., The modulation by m.m.f. harmonics is well known
and there are 1imits to the practical reduction of such modulations.
The tooth-ripple carrier, however, critically dependson the slot dimen-
sions and the rotor slot number is clearly a parameter which can be
chosen by the designer.

It should be emphasised that the damping effect of the cage on
the harmonics is ignored. To include this effect it would be necessary
to specify the type of cage used and its appropriate resistance and.
reactance values which are frequency dependent. From a practical point
of view, only a few cage configurations can be considered but it is
known that the relative merits of different slot combinations are not
critically dependent on cage design. Hence, the applied electromagne-
tic field pulsations are computed and the possibility of making these
small is considered. The damping influence of the cage is further
beneficial but does not influence critically the choice of slot com-

bination. In short, a bad choice of slot combination can only be
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sTightly improved by cage design, its relative merits compared to
other choices remains largely the same,

It should be emphasised that in this thesis only squirrel-cage
rotors are considered.  This type of winding reacts with all the har-
monics produced by the stator. The cage tends to drastically reduce
the amplitude of those components of the air-gap leakage field associa-
ted with the wavelength of a phase belt (these components will be
referred to as the phase belt harmonics). The reason for this reduc-
tion is that there is a large difference between the angular velocities
of the cage and these harmonics. For example, if the cage has a
velocity of 1450 r.p.m., the 5th m.m.f. harmonic travels in the opposite
direction to the cage at one-fifth its velocity, that is, at 290 r.p.m.
Therefore, the relative angular velocity is 1740 r.p.m.. This large
difference in velocity results in the 5th harmonic of the air-gap field
inducing a large e.m.f. in the cage. The cage offers a very low
impedance to the phase belt harmonics so that very large damping cur-
rents flow. In fact, the cage acts as a virtual short-circuit. The
result of this heavy damping action is that the phase belt harmonics of
the ajr-gap field are greatly reduced and the air-gap m.m.f. waveform
is remarkably sinusoidal., It should, however, be noted that the tooth-
ripple harmonics of the air-gap field are still present, just as ina
wound rotor machine.

In the analysis, therefore, attention has been focussed on the
process by which the fundamentai air-gap m.m.f reacts with the currents
in the slots which, of course, give rise to the tooth-ripple fluxes and
forces.  Therefore, the analysis proceeds by imposing currents on the
stator, considering the fundamental gap m.m.f, alone and examining the
effects which occur when the rotor moves relative to the stator for the

same imposed stator currents. If the rotor is displaced by a rotor
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slot . pitch the field distributijon is unaltered since all rotor bars
are assumed to be the same,

In the investigation, a range of rotor slot numbers is taken
(see Table 6.1) for a given stator slot number and the flux and force pul-
sations are calculated under certain heteropolar field conditions. It
is then possible to determine not only the flux and force pulsations,
but their dependence on slot combination,

It should be mentioned that the equivalent slot openings of
both stator and rotor are kept constant throughout the analysis.
Thus, the effect on the flux and force pulsations of varying these two
parameters has not been investigated. It is worth noting that in
practice a designer has only a limited choice of slot openings. For
example, the stator slot openingsmust be large enough to allow the
machine to be wound. They cannot, however, be too large as this results

(6.2) in the rotor. Likewise, Tlarge rotor

in excessive tooth Tosses
slot openingsproduce large stator flux pulsationsgé'z) Rotor tooth flux
pulsations can be reduced by inserting magnetic wedges into the stator
slot openings and stator tooth flux pulsations can be minimised by hav-

ing closed rotor slots. In practice, the optimal slot combination is

not critically affected by the choice of slot opening.

Rotor slot number Rotor tooth pitch Pgr/g
24 37.50
28 32.14
30 30.00
32 28.13
36 25.00
40 22.50
42 21.43
44 20.45

48 18.75
60 ; 15.00

TABLE 6.1
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6.3 The Calculation of the Peak Value of the FundamentaT No-Load
Air-gap M.M.F.

The stator winding used in the present analysis is shown in
Figure 6.3. The conductors in the stator slots are represented by
point current sources which is, of course, a requirement of the con-
formal transformation method. Before an approximate rotor current
distribution on load can be obtained, it is necessary to calculate the
value of the fundamental component of the air-gap m.m.f. on no-load.

The fundamental air-gap m.m.f. is obtained as follows. Let the
stator current distribution be frozen at an instant in time. It is
assumed that the rotor currents are negligible as discussed in Chapter
2. For convenience, let the stator current distribution be frozen at
the instant when the no-Tload current in phase A is zero. The current
in phase B is -0.866 fNLand in phase C is 0.866 TNL,whereiNL is the
peak no-load current per phase. Figure 6.3 shows the stator current
distribution at this instant. The quantity, I, is equal to Ne iNL’
where n. is the number of turns per coil side. The exact value of
this quantity will be obtained shortly.

The m.m.f. distribution associated with the current distribution
can be obtained, as explained in Section 6.1, by summation of the cur-
rent distribution from the arbitrary reference shown in Figure 6.3.
This m.m.f. distribution is shown in Figureb.4,and it can be seen that
its peak value is 5.196 I. The peak value of the fundamental air-gap
m.m.f. can be found by using Fourier analysis. This value will be the
same regardless of the instant at which the stator current distribution
is frozen. The peak value of the fundamental is 5.4154 I. This value

coincides with the peak value of the flux density wave. Thus

§ﬁ.g_z = 5.4154 1 (6.6)
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or

. 19

Hj de = 5.4154 1
(o]

Hg = 5.4154 1

B

9 - 5.150 1

Ho

It is convenient to normalise all quantities to a gap width of

1 m and a peak fundamental flux density of 1 Tesla. Thus

1
5.4154 x Ho

i

1.4695 x 105
This gives a peak value of the fundamental air-gap m.m.f. of
7.96 x 105 Amps/m.

Whilst normalising I in this way results in large values of slot
current under both no-load and load conditions, it has the advantage
that it is not necessary to specify, Nph’ the number of turns in
series per phase. One consequence of the large slot currents is
that the values of the tooth fluxes and forces are unrealistically

large.

6.4 The Calcualtion of an Approximate Rotor Current Distribution

on Load

The steady state operation of an inducton machine on load was
described in Chapter 2. In all but small machines (output < 100 W)
the magnetising flux is virtually constant, for a given terminal vol-
tage, and consequently the resultant air-gap m.m.f. is also constant
as the load changes. The fundamental rotor m.m.f. distribution when
subtracted from the fundamental stator m.m.f, distribution at any load
results in the m.m.f, across the air-gap driving the magnetising flux.

The currents passing in the rotor bars for a given stator current can
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then be obtained from the rotor m.m.f, distributjon. However, before
discussing this further, it is necessary to consider the choice of
an appropriate load current level.

The Tload current Tevel can be expressed in terms of the stator
magnetising current. Depending on the size of the machine, this ratio
will vary, being close to unity for a very small machine and being
quite large for machines of megawatt ratings. Undesirable effects of
flux pulsations due to load begin to be revealed gradually and in
comparing designsas regards, for example, rotor slot number, the exact
load level is not vital. This is important since it means that dif-
ferent sizes of machine do not have to be considered in isolation ex-
cept for the very small machines which are stator winding resistance
dominated. It was decided to take the ratio 5 : 1 for the stator
current on load relative to the magnetising current.

To show how flux pulsations increase with
load current level, the flux pulsations in a rotor tooth where computed
for the slot combination NS = 36, Np = 40 at two load current Tevels.
Figures 6.5 and 6.6 show the rotor tooth-ripple flux pulsationsfor
stator currents 2.5 and 5 times as large as the magnetising current,
at the same power factor of 0.866. These types of curves will be
discussed in greater detail in the next chapter. The shape of the
waveforms are similar, but the amplitude of the pulsationsat the load
current level of 5 : 1 are larger than at 2.5 : 1. In a similar
manner, the normal force pulsations are greater at the load level of
5 : 1 than at 2.5 : 1. These two curves confirm, therefore, that the
amplitude of the flux and force pulsations steadily increase with
increasing load current level,

The stator current distribution on load is shown in Figure 6.7,

The currents shown there represent the values of the imposed stator
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currents discussed in Section 6.2. It should be noted that the stator
current distribution on load has been frozen at the same instant of
time as the no-load current distribution shown in Figure 6.3. The
m.m.f. distribution associated with the current distribution on load
is obtained, as before, by summation of the current distribution from
the reference point shown in Figure 6.7. This distribution is shown
in Figure 6.8 along with the fundamental air-gap m.m.f. The funda-
mental of this m.m.f. waveform is, of course, five times as large as
the fundamental of the no-Toad air-gap m.m.f.

It is not possible to obtain a perfect balance of the stator
and rotor m.m.f.s using the stepped waveform shown in Figure 6.8.
The reason for this is that the stepped waveform represents a piece-
wise continuous function where the m.m.f. is constant between the
current sources, whereas the air-gap m.m.f. is a continuous function
in which both phase belt and tooth-ripple harmonic components have
been neglected. The rotor m.m.f. waveform which results from the
subtraction of the air-gap m.m.f. from the stepped waveform does not
correctly represent the rotor m.m.f. distribution. To overcome this
difficulty, only the points at the centres of the steps corresponding
to the centres of the stator teeth are taken. This amounts to
sampling the waveform at these points. To ensure that a rotor
m.m.f. distribution can be obtained for any rotor position,
these points are joined by straight lines as shown in Figure 6.9. In
doing this, one is neglecting the effect that the slotting has on the
m.m.f. waveform. A balance is obtained using a more continuous wave-
form in which only the fundamental and Tower order m.m.f. harmonics are
present.  Interestingly, as shown in Table 6,2, there is scarcely any

change in the values of the fundamental and lower order harmonics when
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the stenped waveform is smoothed,

Fund 5th 7th

39,76 x 105] -1.19 x 105| 0.36 x 10°

! ,
Smoothed Waveform | 39.56 x 105E -1.02 x 105] 0.29 x 105l
Stepped Waveform. j

Table 6.2
Of course, the value of the higher order harmonics are quite different.
An approximate rotor m.m.f. distribution can be obtained, for a
given rotor displacement, by subtracting the fundamental of the air-
gap m.m.f. from the m.m.f. waveform shown in Figure 6.9 at points
corresponding to the centres of the rotor teeth. This will now be
illustrated by considering a slot combination in which NS = 36,
NR = 32. The rotor displacement is zero, that is, the centre of
rotor slot 1 aligns with an arbitrary reference on the stator, namely
the centre of the slot containing the coil side A-B. The values of
the rotor m.m.f.s at the centres of the teeth are shown in Figure 6.10.
The value of current flowing in any rotor conductor can be
obtained simply be subtracting the values of m.m.f.s on the adjacent
teeth. In this way, a complete rotor current distribution can be
found.  The values of these currents represent, of course, the values
of the point current sources in the conformal transformation model.
When the rotor is moved to a new position, the rotor m.m.f.s at the cen-

tres of the teeth are calculated and a new current distribution determined.

6.5 The Calculation of the Air-gap M.M.F. in the Conformal
Transformation Model

In the conformal transformation model, the air-gap m.m.f. distri-
bution cannot be represented simply by a continuous function,as the

teeth are present. Instead,this distribution has a constant value
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between current sources and only changes when a current source is
encountered.  This stepped air-gap m.m.f. can be obtained by integra-
tion of both stator and rotor current distributions from an arbitrary
reference,

When calculating the air-gap m.m.f. distribution in the slotted
air-gap region used in conformal transformation, two conditions must
be applied. The first condition is that, in any region where the
field is to be computed, the sum of the currents must be zero.
Accordingly, in Figure 6.11 there is a current of value -(I;, + I, + I;)
in the air-gap to the right of the two slots to balance the three
currents I;, I, and I3. The second condition is that when the field
is calculated in the next slotted region, the current -(I; + Iy + Ij)
becomes (I; + I, + I3), this current representing the air-gap m.m.f. to
the Teft of the slots in the new region. To explain this, consider
an observer at the point X, in Figure 6.11. If he is looking to the
left, the gap flux is rotating anticlockwise. If he is looking to
the right, the gap flux is rotating clockwise. To account for this
change in flux rotation, the sign of the m.m.f. is changed.

The air-gap m.m.f, distribution can be found by integration of
both stator and rotor currents from an arbitrary reference. In the
case of those slot combinations where

Ng - Np

N
p

= integer

the value of the air-gap m.m.f., at 8 + = (where & is the angle sub-
tended at the centre of the machine expressed in electrical degrees) is
equal in magnitude but opposite in sign to the value of the m.m.f. at o.
The air-gap m.m.f. is, therefore, an odd function of 6 and it is only
necessary to calculate this distribution in one pole pitch of the

machine. It is convenient, for a given rotor displacement, to draw
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a diagram of the part of the slotted ajr-gap boundary which represents
one pole pitch of the machine. To start the distribution, the stator
and rotor currents are summed together. The value that results from
this summation is divided by two, its sign changed, and it is then
inserted into the part of the air-gap at the extreme left-hand end of
the diagram (that is before the first slot or slots). Then using the
conditions discussed previously, a complete air-gap m.m.f. distribution
is calculated. In this form, the part of the slotted air-gap boundary
representing the pole can be divided into connected sections and the
flux and force distributions computed.

In the case of those slot combinations where

= R + integer

the air-cap m.m.f. distribution has to be calculated over the full
double pole pitch. In this case the part of the slotted-boundary cor-
responding to a double pole pitch is drawn and the values of the point
current sources are inserted in the slots. A value of m.m.f., x, is
inserted in the air-gap at the extreme left hand end of the diagram.

A new value of m.m.f. is then calculated each time a current source is
encountered (each value will, of course, be a function of x the
unknown m.m.f.).  This new value of the m.m.f. is multiplied by the
distance between the last current source and the next one that will be
encountered.  The values of all the m.m.f.s multiplied by the dis-
tances are then summed together and equated to zero. The reason for
this is that the area under the air-gap m.m.f, distribution must, of
course, equal zero over a double pole pitch. It should be noted that

the distance between current sources can either be expressed in terms
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of a ratio of g, where g = unity, or in electrical degrees. Thus, a
value of x can be obtained and the air-gap m.m.f. distribution can be
calculated.

An example of a complete stator and rotor current and air-gap
m.m.f, distribution is shown in Figure 6,12, This case is the same
as the one considered previously in which Ng = 36, N = 32 and the
rotor displacement, d, equals zero. It is interesting to note that
large changes occur in the air-gap m.m.f. distribution when a slot con-
taining a large current is directly under a tooth. This is not sur-
prising since the air-gap leakage flux is large in such regions, giving

rise to a significant change in air-gap m.m.f.
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7. Introduction

This is the first of three chapters which are concerned with the
results obtained from the computation of the flux and force quantities,
under load, with the ten slot combinations defined in the previous
chapter.  This chapter deals specifically with the tooth-ripple flux
pulsations in the stator and rotor teeth.

In Section 7.1, it is shown that the instantaneous values of flux
entering the stator and rotor teeth can be represented as a distribution
of stator fluxes and a distribution of rotor fluxes. It is shown in
Section 7.2 how the time history of the tooth-ripple flux in a rotor
tooth can be obtained by computing the rotor flux distributions at a
number of positions of the rotor within a rotor slot pitch. In the
same section, the important defining quantity is shown to be the peak
to peak value of the largest flux pulsation expressed as a fraction of
the peak value of the fundamental flux wave. A simple equation is
obtained relating this quantity to the slot pitch difference.

In a similar manner, it is shown in Section 7.3 how the time
history of the tooth-ripple flux in a stator tooth can be obtained by
computing the stator flux distributionsat a number of positions of the
rotor within a rotor slot pitch. The position of the tooth relative
to its phase belt is taken into account. The important defining
quantity is again the peak to peak value of the Targest flux pulsation
as a fraction of the peak value of the fundamental flux wave. As
before, this quantity is related to the slot pitch difference by a sim-
ple equation. The two equations defined in Sections 7.2 and 7.3 are
compared and conditions are found under which the flux pulsations in
a rotor and a stator tooth are minimal.

The important conclusions from the work on tooth-ripple flux

pulsations are summarised in Section 7.4.
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7.1 Flux Distributions

The analysis described in the previous two chapters has been used
to calculate the instantaneous values of flux in the stator and rotor
teeth for the ten slot cominations shown in Table 6.1. It is con-
venient, at any instant, to represent the fluxes in the stator and
rotor teeth in the form of a distribution of stator fluxes and a dis-
tribution of rotor fluxes. To do this, the flux in any tooth is
represented as a point value Tocated at the centre of that tooth.

The stator and rotor flux distributions are, therefore, a plot of the
fluxes in the teeth against the position of the teeth centres relative
to some arbitrary origin. Clearly, these two distributions are perio-
dic in a double pole pitch. The origin is normally taken to be the
centre of the tooth on the opposite side of the air-gap which lies
closest to the beginning of the pole. Typical stator and rotor flux
distributions are shown in Figure 7.1.

In this form, the flux distributions can be used to obtain the
rotor and stator tooth-ripple flux pulsations, as is described shortly,
The peak value of the fundamental flux wave associated with any flux
distribution can be found to a close approximation by joining the flux

points by straight Tines and using Fourier analysis.

7.2  The Tooth-Ripple Flux Pulsations in a Rotor Tooth

To obtain the flux pulsations in a rotor tooth, it is necessary
to compute the rotor flux distributions at a number of positions within
a displacement of one rotor slot pitch. In each position, the peak
value of the fundamental flux wave associated with the flux distribution
is calculated. Since a squirrel-cage rotor has negligible phase belt

(7.1)

harmonics » the value of the tooth-ripple flux in a tooth, in any

position, can be obtained by subtracting the value of the fundamental
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flux wave at the point corresponding to the tooth centre from the
computed flux value. The overall shape of the flux pulsations in each
of the rotor teeth, over a displacement of a rotor slot pitch, can be
obtained by computing the tooth-ripple fluxes in all the teeth in each
rotor position. However, under quasistatic field conditions, the
field distribution at any point in the air-gap region is the same after
a displacement of exactly one rotor slot pitch. Consider the flux and
force pulsations in rotor tooth 1 after an initial displacement of one
rotor slot pitch from an arbitrary origin. This origin is normally
taken as the centre of the stator slot containing the coil side A-B.
If the rotor is displaced through another rotor slot pitch, rotor tooth
1 will experience the same field distributions and, therfore, the same
flux and force pulsations as rotor tooth 2 for the previous rotor dis-
placement. The same argument can be applied to the remaining rotor
teeth. Therefore, it is possible by computing the flux pulsations in
all the rotor teeth over a displacement of a rotor slot pitch to obtain
the time history of the tooth-ripple flux in a rotor tooth as the rotor
is displaced through a double pole pitch. Furthermore, as the funda-
mental air-gap flux wave is stationary, the rotor tooth experiences
every part of this field as it is displaced through a double pole pitch.
This is an important concept because it allows one to use the informa-
tion gained from a few rotor flux distributions or 'snapshots' of the
air-gap field to obtain the complete time history of the tooth-ripple
flux pulsations in a tooth under quasistatic field conditions.

The time histories of the flux pulsations in a rotor tooth are
shown in Figures 7.2 - 7.11 for each of the ten slot combinations.
The origin of each of these graphs corresponds with the stator tooth

centre which 1ies closest to the centre of the pole. Any point on
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the horizontal axis of the ten graphs represents the displacement of

the rotor tooth centre from this origin expressed as a ratio of the

gap width. The large flux values are due, of course, to the large

slot currents and air-gap m.m.f. values. It can be seen that the rotor
tooth fluxes follow similar trends, and when the rotor tooth - ripple
flux is significantly large the waveform is particularly clear. At

any instant, the tooth-ripple fluxes lie on a near sine-wave,periodic

in a stator slot pitch and modulated by the fundamental gap m.m.f.

The tooth-ripple flux can, of course, be harmonically analysed
although this involves a considerable amount of laborious processing.
In practice, however, it is the total flux and force pulsations, and
particularly their amplitudes, that are of importance. Therefore,
only the peak to peak values of the flux pulsations are considered
here. In treating the problem in this manner one is not neglecting
the harmonic content of the tooth-ripple flux, for this is included 1in
the peak to peak value.

The important defining quantity for the flux amplitude is the
ratio of the peak to peak value of the largest of the flux pulsations
relative to the peak value of the fundamental flux entering a tooth.
The peak to peak value of the largest flux pulsation is taken because
at this point the associated losses are greatest. The peak value of
the fundamental flux is, in fact, an average of all the peak values of
the fundamental flux obtained at each position in which the rotor flux
distribution is computed. This quantity is included to remove the
obvious effect that a wider tooth receives more flux.

This flux ratio is plotted in Figure 7.12 against the difference
in slot pitches. The computed points show a very clear trend as
(PR/g - Ps/g) varies. When PR/g is less than Ps/g, that is,the rotor

slot number is greater than thirty-six (rotor overslotted), the rotor
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tooth flux pulsations steadily increase with an increase in slot pitch
difference. When PR/g is greater than Ps/g, that is,the rotor slot
number is less than thirty-six (rotor underslotted), the flux pulsations
into the rotor teeth are small and hardly vary when viewed as a fraction
of the fundamental.

The case where (PR/g - PS/g) = 12.5, or Ng = 36, NR = 24, 1is
interesting because it sugrests that the flux pulsations are again
increasing (see Figure 7.12). This trend reveals a limitation in the
conformal transformation model, for in this case there is insufficient
overlap of the stator and rotor teeth in some sections for the gap flux
to be almost uniform. The flux ratio associated with this slot com-
bination, therefore, can only be regarded as approximately correct.

The slot combination NS = 36, NR = 24 would not be used in practice

(7‘2). This slot combination serves as a

because of cogging problems
1imiting case when (PR/g - Ps/g) has a large positive value.

Simple functions have been fitted to the graph of the amplitude
of the tooth flux pulsation as a fraction of the peak value of the
fundamental flux against the difference in slot pitches. It is seen

(see Figure 7.12) that the functions are a good fit to the computed

values and are as follows:

g

3ep

1]

- 0.068 . (Pp/g - Ps/g) + 0.21  if Pc/g > Pp/g

and
I

Op

1

0.21 if Pa/g > P/
(7.1)
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7.3 The Tooth-Ripple Flux Pulsations in Two Stator Teeth,
One Contained Within and One at the End of a Phase Belt

To obtain the tooth-ripple flux pulsations in a stator tooth,
it is necessary to compute the stator flux distributions at a number
of positions within a rotor slot pitch. In each position, the peak
value of the fundamental flux wave associated with the flux distribution
is calculated. Unlike a squirrel cage, a stator winding has phase belt
m.m.f. and flux harmonics. However, these phase belt flux harmonics
cannot be directly calculated from the flux distributions because there
is an insufficient number of flux values in the distribution to
obtain them to a sufficiently high accuracy. It is assumed, therefore,
that the phase belt flux harmonics (which have wavelengths that are
simple fractions of a phase belt length) are proportional to the phase

belt m.m.f. harmonics(7‘3)

, that is,
K, K
& _ dn "pn %
§n = —L Pf §Fund (7.2)
n Kd Kp

where n s the harmonic order, Kdn and Kpn are the distribution and
pitch factors associated with the nth m.m.f. harmonic and K4 and Kp

are the distribution and pitch factors associated with the fundamental.
For the stator winding shown in Figure 6.3, the 5th, 7th, 77th apq 13th
m.m.f. harmonics are approximately 3%, 1%, 0.6% and 1% of the fundamen-
tal respectively. These harmonic flux waves are added to the funda-
mental flux wave to give the flux waveform associated with the funda-
mental m.m.f. wave and the phase belt m.m.f. harmonics. In each rotor
position, the wvalue of the tooth-ripple flux is obtained by subtracting
the value of the combined stator flux waveform, at the point correspond-
ing to the tooth centre, from the computed flux value. The flux

pulsations in the stator, over a displacement of a rotor slot pitch,



188.

are obtained by calculating the tooth-ripple flux in all the teeth in
each position. In practice, it was found that as each additional
harmonic flux wave was added to the fundamental flux wave the values of
the tooth-ripple fluxes tends to constant values. It was only necessary,
therefore, to add the flux waves associated with the 5th and 7th m.m.f.
harmonics to obtain an accurate value of the tooth-ripple fluxes.

Unlike the rotor, the pulsations in the stator teeth cannot be
combined to give the time history of the tooth-ripple flux in a single
tooth. The reason for this is explained by Binns and Schmid(7'4) in
their paper on harmonic fields in induction motors. In discussing
air-gap field harmonics, it is often assumed that the same travelling
field is experienced by all the stator teeth regardless of their posi-
tion relative to the phase belts. Leakage fluxes produce addition
effects dependent on the position in the phase belt and are superimposed
on the travelling field. The result is that the sidebands (defined in
Chapter 1) have different amplitudes for certain teeth. It should be
noted that the leakage flux has pulsating components and that these
are indistinguishable in frequency from the travelling field components.
The authors show experimentally the difference between the amplitudes
of the sidebands associated with a tooth at the end of a phase belt
(this tooth will be called Teng) @nd one contained within a phase
belt (this tooth will be called Tmidd]e)‘ On the stator frame,
shown in Figure 6.3, both types of teeth are present. Therefore,
the information obtained from computing the tooth-ripple flux pulsa-
tions, within a rotor slot pitch, can only be used to obtain the
partial time histories of the flux in the two types of teeth. On the
stator frame, in Figure 6.3, there are twelve teeth at the end of the

phase belts and six contained within the phase belts over a double pole

pitch.  The twelve pulsations associated with the teeth Tend can be
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viewed as the flux pulsations in a single tooth at the end of a phase
belt at different times as the tooth experiences different parts of

the travelling field. Similarly, the six flux pulsations associated
with the teeth Tmidd1e can be viewed as the flux pulsations in a sin-
gle tooth contained within a phase belt at different times as it
experiences different parts of the travelling field. Whilst it is

not possible to obtain a complete time history of the flux in both
types of teeth, there is sufficient information to obtain the relation-
ships between the amplitude of the flux pulsations relative to the peak
value of the fundamental flux and the slot pitch difference.

The flux pulsations in a tooth at the end of a phase belt are
shown in Figures 7.13 to 7.19 for the rotor slot numbers 24, 28, 30, 32,
36, 42 and 48. Similarly, the flux pulsations in a tooth contained
within a phase belt are shown in Figures 7.20 to 7.26 for the same
rotor slot numbers. The origin of these graphs corresponds with the
centre of the rotor tooth which lies closest to the centre of the
pole. Both sets of stator tooth-ripple fluxes 1ie on a near sine wave
modulated by the fundamental gap m.m.f.

As in the case of the rotor, the important defining quantity is
the ratio of the peak to peak value of the largest flux pulsation rela-
tive to the peak value of the fundamental flux. For each slot combi-
nation, this ratio is obtained separately for the two types of teeth,
and plotted against the difference in slot pitches (see Figure 7.27).
From this figure it is clear that the position of a stator tooth rela-
tive to its phase belt is of only slight significance. The two flux
ratios reveal the same trend, that when the stator slot pitch is smaller
than the rotor slot pitch (rotor underslotted) the stator flux pulsations

steadily increase with an increase in the difference in slot pitches.
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When the stator slot pitch is greater than the rotor slot pitch (rotor
overslotted), the flux pulsations into the stator are small and hardly
vary when viewed as a fraction of the fundamental flux. This is, of
course, the exact opposite of what occurs on the rotor.

Functions have been fitted to the computed values in Figure 7.27

and are given by

Trp
EFP

U

- 0.068.(Pg/g - Pp/g) + 0.10 if Pp/g > Pc/g

and
&rp

EFP

It is apparent from equations (7.1) and (7.3) that the stator and

it

0.10 if PR/g > PS/g (7.3)

rotor flux pulsations cannot be entirely eliminated. It is also appa-
rent that the rotor and stator tooth flux pulsations obey equations of
similar form except that the constant terms differ. It is clear that
the applied flux pulsations for a rotor tooth, particularly when

PS/g > PR/g, are greater than that for a stator tooth having the same
slot pitch ratio (when PR/g > Ps/g). It is also evident that the
condition for minimising stator tooth flux pulsations (Ps/g > PR/g) are
incompatible with those for minimising rotor flux pulsations (PR/g >
Ps/g). The pulsations in one of the two members inevitably become

large if the difference in slot numbersbecomes too great.

7.4  Conclusions
The relationship between slot combination and the peak to peak
amplitude of the flux pulsations into the stator and rotor teeth on

load have been examined. The following conclusions emerge:

(i) Stator and rotor tooth flux pulsations obey equations of

similar form,



(i1)
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The criteria for minimising stator and rotor flux pulsations
on Toad are incompatible.

Tooth losses inevitably become large, but in one member only,
if the slot number difference is very large.

Under no-load conditions, Binns and Row]ands-Rees(7'5) deter-
mined that the tooth flux pulsations can be minimised by
avoiding an excessive difference in slot pitches. The authors
suggest that the ratio of pitch should typically lie in the
range 10-30% of the smaller. Therefore, the criterion for
minimising tooth flux pulsations on load 1is similar to that

for no-load operation.
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8. Introduction

In this chapter the normal and tangential force pulsations
associated with the ten slot combinations are examined. The normal
and tangential forces acting on the stator and rotor teeth are repre-
sented, for any rotor position, as four sets of discrete parameters
distributed in space. These normal and tangential force distributions
are used to obtain the varjations of the normal and tangential forces
acting on a rotor tooth and on the two stator teeth (a tooth at the end
of a phase belt and a tooth contained within a phase belt). The vari-
ations in the normal force acting on the rotor and stator teeth are
presented in Sections8.1 and 8.2 and the variations in the tangential
force acting on the rotor and stator teeth are presented in Sections
8.3 and 8.4.

In order to assess the influence of slot combination on the nor-
mal and tangential force pulsations it is most realistic to take the
peak to peak values of the largest normal and tangential force pulsations
as the defining quantities. Therefore, in Sections 8.1 and 8.2, thepeak
to peak values of the largest normal force pulsations acting on a rotor
or stator tooth are related to the difference in slot pitches by two
simple equations. In a similar manner, in Sections 8.3 and 8.4, the
peak to peak values of the largest tangential force pulsations acting
on a rotor or stator tooth are related to the difference in slot pitches
by two simple equations. These four equations are used to determine
conditions under which the force pulsations (or tooth-ripple force
carriers) are minimal. Finally, in Section 8.5, the main conclusions
from the examination of the normal and tangential force pulsations are

summarised.
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8.1 The Normal Force Pulsations acting on a Rotor Tooth

For the purpose of representing the normal forces acting on the
stator or rotor teeth as a set of discrete parameters distributed in
space, it is reasonable to assume that the normal force associated
with a tooth acts at a point Tocated at the centre of the tooth. The
distribution of the normal forces on the teeth is, therefore, a plot
of the normal forces acting on the teeth against the position of the
teeth centres relative to some arbitrary origin. This origin is the
same as that of the corresponding flux distribution. The distribution
of tangential forces acting on the stator or rotor teeth may be repre-
sented in a similar manner. Typical distributions of normal and tangen-
tial forces acting on the rotor teeth of a slot combination having 36
stator slots and 48 rotor slots are shown in Figures 8.1 and 8.2. The
normal and tangential force distributions associated with the ten slot
combinations have been computed at the same rotor positions relative to
the stator as the flux distributions. These distributions have been
used in a way similar to the flux distributions to obtain the varia-
tions in the normal and tangential forces acting on a rotor tooth.

Figures 8.3 to 8.12 show the variation in the normal force acting
on a rotor tooth for each of the ten slot combinations. The origin of
these curves are the same as the corresponding tooth-ripple flux curves.
The variation in the normal force follows similar trends for all slot
combinations. These force variations are nearly sinusoidal, periodic
in a stator slot pitch and modulated by the fundamental gap m.m.f.

In determining an appropriate defining quantity, it is important
to emphasise that it is not only the amplitude of a force that is impor-

(8']). A relatively

tant in producing noise, but also its frequency
large force may cause little noise and vibration if the response of

the structure at the frequency of a particular mode of vibration is small.
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On the other hand, a relatively small force, exciting a particular mode
of vibration of some part of the machine structure at or near its
resonant frequency may cause considerable noise and vibration. Further-
more, a force wave having a short wavelength,spanning only a few teeth,
is unlikely to cause significant core vibration. Whereas a force wave
having a long wavelength, spanning many teeth, will probably produce
considerable core vibration. Clear%y, it is important to be able to
predict the response of the machine structure to all force harmonics.
However, if part of the machine structure is excited by the normal
force pulsations, it is obviously important to minimise the amplitude
of these pulsations.

The defining quantity chosen, therefore, is the peak to peak
value of the largest normal force pulsation acting on the tooth. This
is plotted in Figure 8.13 against the difference in slot pitches and it
is apparent that the relationship is almost linear and can be expressed

to a close approximation by

Fyp = (69 + (Py - Pc)/g) x 105 B2 Lg (8.1)

8.2 The Normal Force Pulsations acting on a Stator Tooth

The normal force distributions on the stator teeth have been used
to obtain the variation in the normal force on the two stator teeth (a
tooth at the end of a phase belt and a tooth contained within a
phase belt). These variations are presented in}Figures 8.14 to 8.23
for each of the ten slot combinations. To reduce the number of figures
required to present the results, the normal force pulsations associated
with the two teeth are shown on the same figure. The pulsations
associated with a tooth at the end of a phase belt are shown in full
Tines and the pulsations associated with a tooth contained within a

phase belt are shown in dotted lines. The variationsin the normal
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force are nearly sinusoidal, periodic in a rotor slot pitch and modu-
lated by the gap m.m.f.

As in the case of the rotor, the important defining quantity is
the peak to peak value of the largest force pulsation. This is plotted
for the two stator teeth against the difference in slot pitches in
Figure 8.24, It is clear from this figure that the position of a
stator tooth relative to its phase belt has only a slight influence on
the magnitude of the defining quantity. Again the variation of the
peak to peak value of the Targest force pulsation against the difference
in slot pitches is nearly linear. This variation for the stator is

given very closely by the equation
Fyp = [69 - 6 (Pc - Pp)/g] x 10582 Lg (8.2)

The normal force pulsations for Ps/g = PR/g are vitaually the
same for the stator and rotor, as expected. However, the slopes of
the curves are widely different and both stator and trotor force pulsa-
tions are minimal when PS/g_> PR/g (rotor overslotted). An important
difference, however, is that the stator force pulsations are much more
sensitive to a change in slot pitch ratio. Also, as stator core
vibrations are the major cause of magnetic noise, the variation shown

in Figure 8.24 is most important.

8.3 The Tangential Force Pulsations acting on a Rotor Tooth

The variations in the tangential force acting on a rotor tooth
are shown in Figures 8.25 to 8.29 for the rotor é?ot numbers 28, 30,
36, 42 and 48. These variations follow similar trends for all the
slot combinations; they are nearly sinusoidal and periodic in a stator
slot pitch and modulated by the fundamental gap m.m.f.

A plot of the peak to peak value of the largest tangential force

pulsation against the difference in slot pitches is shown in Figure 8.30.
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It is clear that the relationship is nearly linear and can be

expressed to a close approximation by

Frp = (13 + 0.37 (P - PS)/g] x 105 B2 Lg (8.3)

8.4 The Tangential Force Pulsations acting on a Stator Tooth

The variations in the tangential force acting on the two stator
teeth are shown in Figures 8.31 to 8.35 for the rotor slot number 28,
30, 36, 42 and 48. As in the case of the stator normal force pulsa-
tions, the tangential force pulsations associated with a tooth at the
end of a phase belt are shown in full lines and the tangential force
pulsations associated with a tooth contained within a phase belt are
shown in dotted lines. The variations in the tangential force acting
on the two teeth show a similar trend for all the slot combinations.
These force variations are nearly sinusoidal and periodic in a rotor
slot pitch.  They are modulated by the fundamental gap m.m.f.

A plot of the peak to peak value of the largest tangential force
pulsation (for the two stator teeth) against the difference in slot
pitches is shown in Figure 8.36. It is clear from this figure that
the position of a tooth relative to its phase belt is of only slight
significance. As in the case of the rotor, the peak to peak value of
the largest force pulsation varies almost linearly with the difference
in slot pitches. This variation for the stator is given very closely
by the equation

Frp = [12.4 - 0.7 (Pg - PR)/g] x 105 B2 Lg (8.4)

As in the case of the normal force pulsations, the tangential
force pulsations are almost equal when Ps/g = PR/g. Also, like the
normal force pulsations, the tangential force pulsations acting on the
stator and rotor teeth are minimal when PS/g > PR/g (rotor overslotted).

However, the slope of the stator graph is almost twice as large as the
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rotor graph. Therefore, the stator tangential force pulsations, Tike
the stator normal force pulsations, are more sensitive to a change in
slot pitch ratio. A comparison of equations (8.1) with (8.3) and
(8.2) with (8.4) reveals that over the range of slot pitch difference
considered, the largest tangential force pulsation is of the order of
20% of the largest normal force pulsation for both rotor and stator.
It is unlikely that the tangential force pulsations make a sig-
nificant contribution to stator core vibration because they act trans-
versely to the core and are small in amplitude in comparison with the
normal force pulsations. However, these pulsations can cause the
teeth in large machines to vibrate because the resonant frequencies of
theseteeth Tie within the tooth-ripple frequency range. These teeth
vibratijons have been observed in some large machines, although to some
extent they are damped down by the core and the insulation in the slots.
However, it is very difficult to determine this damping effect and the

subject of tooth vibration lies outside the scope of this thesis.

8.5 Conclusions

8.5.1 Normal Force Pulsations

(i) Normal force pulsations acting on the stator or rotor teeth
increase on load with an increase in (PR - PS) but the relationship

is more sensitive for the stator teeth.

(i)  As regards the stator, the criterion for Tow stator force pulsa-

tions is similar to the no-load case (PS > PR)(8‘2).

(ii1)  In the case of the rotor, the effect of slot combination on the
normal force pulsations is not very significant and the effect of load

(Teakage flux) is to change the relative amplitudes for load and no-load.
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8.5.2 Tangential Force Pulsations

(i) As in the case of the normal force pulsations, the tangential
force pulsations acting on the stator and rotor teeth increase with

(PR - PS). This relationship is more sensitive for the stator teeth.

(ii) The tangential force pulsations acting on the teeth are normally
small compared with the normal force pulsations. This conclusion is
the same as for the no-load case(8’2>.

(ii1) As regards the stator, the criterion for low tangential force
pulsations on load (PS > PR) differs from that for the no-Toad case<8'3).
However, the effect of a change in slot combination on the tangential
force pulsations is not very significant when compared with the effect
on the normal force pulsations.

(iv) In the case of the rotor, the effect of slot combination on the

tangential force pulsations is not very significant.

8.5.3 General Conclusions

(1)  Since stator normal force pulsations are a basic cause of 'magne-
tic noise', attention should be concentrated on the reduction of this
cause of core vibration and the choice of rotor slotting is seen to be
more critical.

(i1) It is unlikely that the tangential force pulsations make a major
contribution to stator core vibration because they act transversely to
the core and are small in amplitude in comparison with the normal force
pulsations. However, they can cause the teeth in large machines to
vibrate because the resonant frequency of these teeth 1ie within the
tooth-ripple %requency range.

(i1i)  There is no optimum slot combination since specific criteria are
incompatible.  However, where a choice of rotor slotting is available,
the balance between excessive stray loss and vibration producing forces

can be guided by these criteria.
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9. Introduction

In the previous chapter the tangential forces acting on the stator
or rotor teeth, in any rotor position, were represented as a discrete
set of parameters distributed in space. In this form, these tangential
force distributions were used to obtain the tangential force pulsations
acting on a rotor or stator tooth. In addition to obtaining these
pulsations, it is also possible, for any rotor position, to use the
distribution of tangential forces acting on the stator or rotor teeth
to calculate the instantaneous value of torque. Furthermore, the vari-
ation of torque with rotor displacement (over a rotor slot pitch) can
be investigated by calculating the torque at a number of positions
within a rotor slot pitch. The useful and the fundamental tooth-
ripple componentsof torque can be extracted from these torque varijations
using Fourier analysis.

In Section 9.1, the variations of torque with rotor displacement
associated with the ten slot combinations are presented*' In addition,
the value of the useful torques and the fundamental tooth-ripple com-
ponents of torque are calculated and these results are discussed. In
Section 9.2, some conclusions are drawn about the relationship between

the torque variations and slot combination.

9.1 Discussion of Results

Figures 9.1 to 9.10 show the variation of torque with rotor posi-
tion for each of the ten slot combinations. The useful torque and the
fundamental tooth-ripple component of torque are also shown on these
figures.  The second, third and higher order tooth-ripple components
have not been calculated because there are not enough torque values to

calculate these components to a sufficiently high accuracy. The values

*A11 torque values are calculated per double pole pitch.
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of the useful torque, the peak value of the fundamental tooth-ripple
components of torque and the ratio of the two are presented in Table

9.1 for the ten slot combinations.

S1ot ; Useful Tqrque | Peak'Va1ue of Fund TS
Combination ~of the Machine (T_) Tooth-Ripple Torque (TS) T; %
: x 105 N/m3 x 105 N/m3
36/24 81.60 8.09 10
36/28 81.77 8.65 1
36/30 79.53 0.00 0
36/32 81.40 36.52 45
36/36 79.53 45.40 57
36/40 78.64 15.72 20
36/42 78.72 0.00 0
36/44 78.09 5.26 7
36/48 77.01 1.10 1
36/€0 72.86 1.59 2
Table 9.1

The ten graphs and the results presented in the table are now
examined. It is convenient to consider together those slot combina-
tions for which the modulus of the difference in stator and rotor slot

number divided by the number of poles is the same.

- N
a)  Ne =36, N, =36

This slot combination has the largest torque variation as expected.
The fundamental tooth-ripple component of torque is very large and there
are also significant higher harmonic tooth-ripple components present.
The Targe variation in torque is due to nearly all the tangential force
pulsations being in phase with each other, as shown in Figure 9.11. The
numbers on the figure denote the positions of the rotor at which the

tangential forces were computed.

b) N = 36, Ny = 32 and N = 36, Ny = 40

S R

R
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There are large torque variations associated with both these
sTot combinations. The fundamental tooth-ripple components of torque
are large, but it is significant that the value of this component for
the overslotted case is less than half that for the underslotted case.
It is clear from Figures 9.4 and 9.6 that the higher harmonic tooth-
ripple components are negligible, that is,the variation in torque

with rotor position is nearly sinusoidal.

) Ng=36, No=30 and Ne =36, Ny = 42

The torque variations associated with both these slot combinations
are small. Furthermore, the nature of these slot combinations are
such that the field distribution (and tangential force) associated with
any tooth, is the same as that of a tooth a pole pitch away after
a rotor displacement of half a rotor slot pitch. This condition
arises partly because of the way in which the current distributions
are calculated. It results in the torque being periodic in half a
rotor slot pitch, so that there is no fundamental tooth-ripple component
of torque. It is clear, from Figures9.3 and 9.7, that the second
harmonic tooth-ripple component of torque is small. Thus, whilst the
torque is periodic in half a rotor slot pitch, it is significant that
_the variation over half a slot pitch is small. The phase of the tan-
gential force pulsations are such as to give an almost constant torque

(see Figure 9.12).

d) NS = 36, N, =28 and Ne = 36, NR = 44

R

These two slot combinations have relatively small torque varia-
tions in comparison with case (b). The fundamental tooth-ripple

components of torque are, however, relatively large when compared with
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the useful torque (approx. 10%). It is apparent from Figures 9.2 and
9.8 that the higher harmonic tooth-ripple components of torque are

small.

e) Ne = 36, N, = 24 and NS = 36, Ny = 48

S R R

The slot combination NS = 36, NR = 24 has a large torque variation
and a relatively large fundamental tooth-ripple component of torque when
compared with the useful torque (10%). It is apparent from Figure 9.1
that there are also significant higher harmonic tooth-ripple compo-
nents of torque present.

The slot combination NS = 36, NR = 48 has a small torque variation
and a small fundamental tooth-ripple component of torque. It is also
evident, from Figure 9.9, that there are only small higher harmonic

tooth-ripple torques present.

Ne - N

f)  Ne =36, Ny = 60

S R

In this case the torque variation is small and so are all the

harmonic torque components.

9.2 Conclusions

(i) The peak value of the fundamental tooth-ripple component of torque
can be of the order of 50% of the useful torque for those slot combina-
tions for which the difference between the number of rotor and stator
slots is small. On the other hand, this torque component can be
small (1%), when compared with the useful torque, for those slot com-
binations for which the difference between the number of stator and
rotor slots is large.

(ii) The magnitude of the torque variation, over a rotor slot pitch,
is largely dependent on the relative phases of the tangential force

pulsations. A Targe variation will occur when most of these force
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pulsations are in phase with each other. This particularly occurs
for those slot combinations for which the difference between the number

of stator and rotor slots is small.

(i11) The designer should avoid choosing those slot combinations for
which the difference in the number of stator and rotor slots is small,
and especially the combination which has an equal number of stator and
rotor slots, since these slot combinations have large torque variations

and fundamental tooth-ripple components of torgue.

(iv) To avoid large harmonic torques, a slot combination should be
chosen where the phases of the tangential force pulsations are such as

to give an almost constant torque (case c).

(v) The criteria for minimising harmonic tooth-ripple torques and
stray Toad losses associated with the stator and rotor tooth-ripple

fluxes are incompatible.
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10.  Introduction

This thesis is concerned with an examination of tooth-ripple
fluxes and forces under load conditions. In addition, the fundamental
harmonic tooth-ripple component of torque has been computed for a range
of slot combinations. Throughout this research the method of conformal
transformation has been used extensively and several ways of improving
the accuracy and efficiency of the numerical techniquesassociated with
this method have been found. In this chapter, the important conclusions,
obtained from the preceding chapters, are summarised and suggestions are
made for further research. However, before considering these conclu-
sions, it is useful to review certain aspects of the work discussed in
the previous chapters.

When using the method of conformal transformation to solve a
Laplacian field in a region having a complicated boundary, it is often
necessary to use numerical methods to find the constant terms of the
transformation equations. These constant terms are the solution of a
set of non-Tinear simultaneous equations. These equations are formu-
lated by relating the transformation equation to the dimensions of the
boundary. The set of non-linear equations are evaluated by
using a direct-search routine based on Peckham's method. A full des-
cription of the constant finding process is given in Chapter 3. In
this process, and when using conformal transfoﬁﬁation to evaluate force
quantities, it is necessary to evaluate integrals which contain singula~
ritie;x These integrals are of two types; the first has critical k
points‘at both 1imits of integration, and the second has, in addition
to critical points at both Timits, a simple pole within the range of

integration.  This second type of integral is called a Cauchy Principal
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Value. In Chapter 4 a number of methods are described for the numeri-
cal evaluation of both types of integral. The techniques described

in Chapters 3 and 4 should enable any problem involving a Laplacian
field and a complicated polygonal boundary to be solved successfully.

In Chapter 5, the method of conformal transformation is used to
calculate the flux entering, and the tangential and normal forces
acting on, any induction motor tooth under load. The assumptions
underlying the use of this method are clearly stated., However, it is
important to emphasise that the flux distribution around a tooth and
the tangential and normal force acting on it are obtained by a combina-
tion of the solutions of the air-gap fields in three separate regions.
The first region contains two displaced slots (doubly-slotted boundary)
and it is important to note that the gap flux density becomes almost
uniform at a point on the tooth surface remote from the slot openings
because the air-gap is narrow. The second region contains one slot
(singly-slotted boundary) and the gap flux density is uniform at a
point on the tooth surface remote from the slot opening. The third
region has no slots and the gap flux density is assumed uniform every-
where, The field solutions in these separate regions can be combined
because, for all practical air-gap dimensions, points can be found on
the teeth surfaces (where the teeth overlap) sufficiently remote from
the slot openings for the gap flux density to be assumed uniform.

The tangential and normal forces acting on a tooth are obtained
by integrating the Maxwell stress function over the appropriate surfaces.
It is not possible by this or any other method to determine uniquely
how the the stress is distributed over the tooth, since it is not .
possible to represent the jron by a unique set of magnetic sources.

The use of the Maxwell stress function has the advantages that the
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force can be obtained as a function of the complex potential function
and that it is economic in computer time and storage.

The analysis described in Chapter 5 is incorporated into a
computer program which can be used to calculate the flux entering, and
the tangential and normal forces acting on, any induction motor tooth
under load. This program has been used extensively in the calculation
of tooth-ripple fluxes, forces and harmonic torques. It is believed
that it is one of the fastest programs available for calculating the
two-dimensional air-gap field in an induction motor.

In calculating the air-gap field, under load conditions, there
are some additional parameters not present in the no-load case. For
example, under no-load conditions, the air-gap field is main flux
dominated so that the field may be calculated by assuming a simple
potential difference to exist across the gap. The exact type of stator
winding is unimportant under these conditions. Under load conditions,
however, there are additional leakage flux components associated with
both the stator winding and the rotor cage, and these must be considered
in the calculation of the air-gap field under load. With regard to
the stator winding it is neither practical nor necessary to consider all
types of stator winding in the analysis. The main object is to deter-
mine conditions under which the flux and force pu1satidns in the stator
and rotor teeth are minimal. Each m.m.f. harmonic will modulate the
fundamental and harmonic tooth-ripple frequencies, but, if the fundamental
carrier is small, so will the resultant effect be small. The tooth-
ripple carrier is critically dependent on the slot dimensions, and these
are fixed by the designer, when he chooses the rotor slot number.

Another important parameter under load conditions is the load

current level. This can be conveniently expressed in terms of the
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stator magnetising current. The value of this ratio is dependent on
the actual size of the machine. Its value is close to unity for a
small machine and quite large for a machine of megawatt rating. However,
undesirable effects, such as flux and force pulsations due to load, begin
gradually and increase as the load is increased. This is important
because different machine sizes do not have to be considered in jsolation
except for small machines which are stator winding resistance dominated.
It should be emphasised that the damping effect of the cage on the
flux and force pulsations has been neglected. To include this effect
it would be necessary to specify the type of cage used so that the
appropriate resistances and reactances can be calculated. From a
practical point of view only a few cages can be considered, but it is
known that the relative merits of different slot combinations are not
critically dependent on cage design. Whilst the damping influence of
the cage is beneficial in reducing flux and force harmonics, it does not
critically effect the choice of slot combination. In short, a bad
choice of slot combination can only be slightly improved by cage design;
its relative merits compared to other choices remain Tlargely the same.
In Chapter 6, a method is described for calculating, for a set of
imposed stator currents, an approximate rotor current distribution. In
all but very small machines, the magnetising flux is constant, for a
given terminal voltage, and consequently the resultant air-gap m.m.f.
is also constant as load changes.  Furthermore, in large induction
motors, the air-gap m.m.f. is remarkably sinusoidal because of the
damping action of the cage. Therefore, an approximate rotor m.m.f.
distribution can be obtained by subtracting the sinusoidal air-gap m.m.f.
from the stator m.m.f. associated with the stator load current. From

this rotor m.m.f. distribution, the currents can be obtained for any
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rotor position relative to the stator.

The tooth-ripple flux pulsations in a rotor and stator tooth, for
a range of slot combinations, are presented in Chapter 7. These flux
pulsations are obtained by computing the flux distributions at a number
of rotor positions within a rotor slot pitch. Under quasistatic field
conditions, the flux and force distributions associated with a tooth are
the same after a rotor displacement of a rotor slot pitch. Therefore,
the flux pulsations in all the rotor teeth over a rotor slot pitch, can
be combined to give the complete time history of the tooth-ripple flux
in a single rotor tooth as the tooth is displaced through a double pole
pitch. In the case of the stator, leakage fluxes produce additional
effects dependent upon the position of the tooth relative to the phase
belt. These additional effects are superimposed on the travelling air-
gap field. It is necessary, therefore, to compute separately the time
history of the tooth-ripple flux in a tooth at the end of a phase belt
and a tooth contained within a phase belt.

It is shown in Chapter 7 that the most important defining quantity
for both the stator and rotor is the peak to peak value of the largest
flux pulsation relative to the fundamental flux wave. This quantity is
related to the slot pitch difference, for both the stator and rotor, by
two simple equations. These equations are used to determine conditions
under which the tooth-ripple flux pulsations are minimal.

The variations in the normal and tangential forces acting on a
rotor and a stator tooth for a range of slot combinations are presented
in Chapter 8. The peak to peak value of the largest normal and tangen-
tial force pulsations acting on a rotor and stator tooth are related to
the slot pitch difference by four simple equations. These equations
are used to determine the conditions under which the normal and tangen-

tial force pulsations acting on the rotor and stator teeth are minimal.
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In Chapter 9 the variations in torque, over a rotor slot pitch,
are obtained for a range of slot combinations. From these torque
variations the fundamental component of tooth-ripple torque is extracted
using Fourier analysis. A comparison is made of the torque variations
and fundamental tooth-ripple torques produced by the various slot
combinations.

The above paragraphs briefly describe the work and the important
conclusions made in the previous chapters. The detailed conclusions
that can be drawn from this work are given in Section 10.1. These are
discussed in Section 10.2 and general recommendations about the choice
of slot combination are made. Finally, in Section 10.3 suggestions

are made for further work.

10.1 Summary of petailed Conclusions

10.1.1 Numerical Evaluation of the Integrals Associated with
Conformal Transformation

In Chapter 4, a number of numerical methods for the evaluation
of the definite and improper integrals encountered in the use of con-
formal transformation methods are described and compared.

Four methods are described for the evaluation of the definite
integral with critical points at both 1imits of integration. Results
of reasonable accuracy can be obtained, for a number of problems, by
displacing the limits of integration from the singularities and using
Simpson's quadrature. The definite integral may also be evaluated by
a simple change of variable. The Gauss-Jacobi method can be used to
obtain results of high accuracy but this is a difficult method to
program.  The method of Branders and Piessens is particularly suitable
for the evaluation of the definite integral because results of high
accuracy can be obtained. Furthermore, a computer package exists for
this method which allows the user to specify the degree of accuracy

required.
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Cauchy Principal Values arise with boundaries having parallel sides.
Two methods have been developed for the evaluation of this type of
integral. The first is an extension of the Clenshaw-Curtis method to
include integrals with critical points at both Timits of integration
and a simple pole within the range of integration. The second method
is based on the technique of subtracting out the singularity. Both
methods can give results of high accuracy but the latter method is more

efficient in computer time and storage.

10.1.2 Tooth-Ripple Flux Pulsations

The calculation of the tooth-ripple flux pulsations under load is
described in Chapter 7.  The following conclusions can be drawn from
this analysis.

(i) The peak to peak value of the largest flux pulsation into a rotor
tooth as a fraction of the fundamental flux wave is closely related to

the slot pitch difference by the equation

b .
T, - 0088 (Pp/g - Pg/e) + 0.2 if Pg/g > Py/g
and
9
2P oo if Pe/g > Pe/g
Op

for constant rotor and stator slot widths of 5.0/g and 7.5/g
respectively. This choice of slot widths was made because together with
the slot pitches, these dimensions represent practical air-gap dimensions.
However, it should be noted that the influence of slot openings on the
flux and force pulsations does not significantly effect the choice of
slot pitches, but simply makes these pulsations more or less acute.
Therefore, it is reasonable to choose any practical slot widths in the

examination of tooth-ripple flux and force pulsations on load.



291.

(11) The peak to peak value of the largest flux pulsation into a stator
tooth as a fraction of the fundamental flux wave is closely related to

the slot pitch difference by the equation

drp

dep

-0.068 (PS/g - PR/g) + 0.10 if PR/g > PS/g

and

b

f

; 0.10 if Ps/g > Pp/g
FP

for constant rotor and stator slot widths of 5.0/g and 7.5/g respectively.

(iii) It is clear from the equations in (i) and (i1) that the stator and

rotor tooth-ripple flux pulsations obey equations of a similar form.

(iv) The criteria for minimising stator and rotor flux pulsations
on load are incompatible.
(v) Tooth Tosses inevitably become large, but in one member only, if

the slot number difference is very large.

(vi) The criterion for minimising tooth flux pulsations on load is

similar to that for no-Toad operation.

10.7.3 Normal Tooth-Ripple Force Pulsations

The calculation of tooth-ripple normal force pulsations is des-

cribed in Chapter 8. The following conclusions emerge from this work.

(i) The peak to peak value of the largest normal force pulsation acting
on a rotor tooth is closely related to the slot pitch difference by the
equation

Fap = (69 + (P - PS)/g} x 105 B2 Lg
for constant rotor and stator slot widths of 5.0/g and 7.5/g respectively.

(i1) The peak to peak value of the largestnormal force pulsations acting

on a stator tooth is closely related to the slot pitch difference by the
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equation
for constant rotor and stator slot widths of 5.0/g and 7.5/g respectively.

(i11) The normal force pulsations acting on the stator and rotor teeth
increase on load with an increase in (PR - PS) but the relationship is

more sensitive for the stator teeth,

(iv) The criterion for low stator force pulsations is similar to the

no-load case (PS > PR)

(v) In the case of the rotor, the effect of slot combination on the
normal force pulsations is not very significant and the effect of load

(leakage flux) is to change the relative amplitudes for load and no-load.

10.7.4 Tangential Tooth-Ripple Force Pulsations

The calculation of the tangential tooth-ripple force pulsations
is presented in Chapter 8. The following conclusions can be drawn

from this work:

(i) The peak to peak value of the largest tangential force pulsation
acting on a rotor tooth is closely related to the slot pitch difference
by the equation

Frp = [13.040.37 (B - Pg)/g] x 105 82 Lg

for constant rotor and stator slot widths of 5.0/g and 7.5/g respectively.

(i1) The peak to peak value of the largest tangential force pulsation
acting on a stator tooth is closely related to the slot pitch difference
by the equation

FTP = [12.4 - 0.7 (PS - PR)/gJ x 105 B2 Lg

for constant rotor and stator slot widths of 5.0/9 and 7.5/g respectively.

(ii1) As in the case of the normal force pulsations, the tangential force
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pulsations acting on the stator and rotor teeth increase with an
increase in (PR - PS)' This relationship is more sensitive for the

stator teeth.

(iv) The tangential force pulsations acting on the rotor and stator
teeth are small when compared with the normal force pulsations. This

conclusion is the same as for the no-load case.

(v) As regards the stator, the criterion for low tangential force
pulsations on Toad (PS > PR) differs from that of the no-load case.
However, the effect of a change in slot combination on the tangential
force pulsations is not very significant when compared with the effect

on the normal force pulsations.

(vi) In the case of the rotor, the effect of slot combination on the

tangential force pulsations is not very significant.

10.1.5 General Conclusions Relating to the Force Pulsations

(1) Since stator normal force pulsations are a basic cause of
'magnetic noise', attention should be concentrated on the reduction of
this cause of core vibration and the choice of rotor slotting is critical

in this respect.

(i1) It is unlikely that the stator tangential force pulsations make
a significant contribution to core vibration. However, it is possible
that they can cause the teeth in alarge machine to vibrate, if the reso-
nant frequency of such teeth Ties within the tooth-ripple frequency

range.

10.1.6 Harmonic Tooth-Ripple Torques

The calculation of the harmonic tooth-ripple torques is presented

in Chapter 9. The following conclusions emerge from this analysis.
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(i) The peak value of the fundamental tooth-ripple component of torque
can be of the order of 50% of the useful torque for those slot combina-
tions for which the difference between the number of rotor andstatorslots
is small.  On the other hand, this torque component can be small, com-
pared with the useful torque, for those slot combinations in which the

difference between the number of stator and rotor slots is large.

(11) The magnitude of the torque variation, over a rotor slot pitch, is
largely dependent on the relative phases of the tangential force pulsa-
tions. A large variation will occur when most of these force pulsations
are in phase with each other. This occurs particularly for those slot
combinations in which the difference in stator and rotor slot number is

small,

(iii) The designer should obviously avoid choosing those slot combinations
for which the difference in the number of stator and rotor slots is small,
and especially the combination which has an equal number of stator and
rotor slots, since these slot combinations have large torque variations

and fundamental tooth-ripple components of torque.

(iv) To avoid large harmonic torques, a slot combination should be
chosen in which the phases of the tangential force pulsations are such

as to give an almost constant torque.

(v) The criterion for minimising harmonic tooth-ripple torques and
stray losses associated with stator and rotor tooth-ripple fluxes are

incompatible.

10.2 Discussion
The occurrence of parasitic fluxes, forces and torques associated
with the sTotting in induction motors is strongly dependent on the rotor

and stator slot numbers.
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It is clear from the rules in Sections 10.1.2 to 10.1.6 that there
is no overall optimum since specific criteria are incompatible. However,
when a choice of rotor slotting is available, the balance between exces-
sive stray loss, vibration producing forces and harmonic tooth-ripple
torques can be changed in the 1light of these criteria.

It has been shown that the criteria for minimising the losses
associated with stator and rotor flux pulsations are incompatible. An
effort should be made to keep the difference in stator and rotor slot
numbersas small as possible consistent with satisfying other design
criteria. This condition is the same as that obtained for the no-load
case.

The amplitude of the normal force pulsations can be minimised by
making Ps/g > PR/g, that is, by making NR > NS‘ However, it is also
important to recognise that the relative phases of the pulsations are
important in noise studies, since even in machines in which the force
pulsations are small, the phase of the pulsations can be such as to
produce a force wave having a long wavelength. Such a force wave can
produce significant core vibration. In this thesis it has been shown
how the applied electromagnetic force pulsationscan be computed under
complex Toad conditions. The method described here for computing these
force pulsations can be applied to any machine and used in a study of
noise and vibration associated with the stator core of that machine.

In a similar manner, the method described here for computing the
tangential force pulsations can be applied to large machines in a study
of the vibration of a single tooth.

It is clearly important to avoid slot combinations for which the
stator and rotor slot numbers are close in value, as such a machine

has a large torque variation and fundamental tooth-ripple component of
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torque. It has been shown that the magnitude of the harmonic torque
is largely dependent on the relative phases of the tangential force
pulsation. A large torque variation occurs when most of these force
pulsations are in phase with each other.

Conformal transformation has proved to be a most suitable method
for the investigation of tooth-ripple fluxes, forces and torques in

induction motors.

10.3 Suggestions for Further Work

Subjects for furthef research on parasitic effects under load
are suggested below:;

(i) Investigation of the effect of varying the stator and rotor slot
widths on the tooth-ripple fluxes, forces and harmonic torques. As
discussed in Section 6.2, the designer has only a limited choice of
stator and rotor slot openings. For example, the stator slot openings
must be large enough to allow the stator to be wound, although it is
well-known that if the stator slot openings are too large this gives rise
to excessive tooth losses in the rotor. Of course, these losses may be
reduced by inserting magnetic wedges into the slot mouths. There is
little point in considering either a very small or large stator slot open-
ing when examining flux or force pulsations. In the case of the rotor,
large stator flux pulsations will occur {f the rotor slot openings are
too large. To avoid this, semi-closed slots are normally used, so that

there is little point in considering a large rotor slot opening.

(i) Calculation of the high frequency damping currents caused by the
relative motion of the slotted surfaces and examination of the effects these
currents have on the tooth-ripple fluxes, forces and torques. These

currents may be obtained for a specific cage, by first calculating the
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change in flux in all the rotor teeth for a small rotor displacement
(for example, half a rotor slot pitch). These flux values can, of
course, be computed using the program described in Chapter 5. The
e.m.f. associated with each tooth can be calculated simply as the change
in flux entering the tooth divided by the time taken to displace the
rotor. The damping currents can be found by using the e.m.f. values

to solve the circuit equations associated with the rotor winding. The
resistances and reactances of the bars can either be obtained using

(10.1)

an appropriate model or by direct measurement.

(i1i) The applied electromagnetic normal force pulsations can be used
in a study of core vibration. The choice of a suitable model to repre-
sent the stator core, frame and windings is clearly of great importance
in obtaining realistic results. The tangential force pulsations can

be used in a study of noise and vibration produced by a single tooth.

(iv) Determination of the equivalent open slot widths of a range of
commercially used slot profiles. It has been shown in Chapter 4 that
the method of conformal transformation can be applied to complicated
slot shapes. It is hoped to extend this analysis to other slot profiles.
Clearly, it will be important to account for the effects of saturated

tooth tips on the local flux density distribution.
(v) Refinement of the computer program described in Chapter 5 so that

the user has only to specify the air-gap dimensions (slot widths and

pitches) and the load current level.

10.4 Reference

10.17 SWANN, S. A. and SALMON, J. W, : 'Effective resistance and
reactance of a rectangular conductor placed in a semi-
closed slot, Proc. I.E.E., 1963, 110, (9), pp.1656-1662.
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APPENDIX 1

THE ANALYTICAL SOLUTION OF AN ELLIPTIC INTEGRAL

The object of this appendix is to obtain an analytical solution

to the integral

7 = X j V(t+ty) (t+ty ) (t-t,) (t-ty) dt (A1.1)
t (t+1)(t-t3)

This integral can be expressed in the following form

7 - X j (t+to) (t4ty) (t-to) (t-ty) dt (A1.2)
t (t+1) (t-t3) /q
where Q = (t+ty) (t+ty)(t-t,)(t-ty). The polynomial Q may be expressed

in terms of even powers only by using the transformation

t = (a+bz)/(1+z). Then dt|/Q becomes of the form

C (A1.3)
27 = R2)(27 = B7)

where A, B and C are constants.

The rational part of equation (A1.2) can be expressed in partial

fractions of the form

Al + Az + A_3_ + Ag . As (A] .4)
(a; + a, z) (a5 + a, z) (as + ag z) (a; + ag 2)

where Ajp, Ay, Aj, Ay, As, a3, ap, a3, ay, as, ags a7 and ag are con-

stants.  Thus equation (A1.7) can be expressed in the following form

Z = K.C { f Ay dz . f A, dz
/(z2-A2)(z2-B2) (aj+ayz) V(z%-A?)(z -B)
+ the 3 remaining terms which are of the

same form as the second term J (A1.5)

Let x = Az, then the first term in equation (A1.5) becomes



299.

A J R (A1.6)
JT-x2) (1-K' 2x2)

where A s a constant and K' = A/B.  This term is an elliptic inte-
gral of the first kind to modulus K' and is equal to F(x,K').
Consider the second term in equation (A1.5), which after applying

the transformation X = Az becomes

A'IJ dx ~ (A1.7)
(ap+a,Ax) v(1-x2)(1-K'2z2)

By multiplying the numerator and denominator of the integrand by
(a7 - ap Ax), equation (A1.7) can be separated into the following two

integrals

(a;2-2,2A2x2) J/(T-xZ)(T-K"2x2) (a)2-2,2A2x2) /{T-xZ)(T-K" 2xZ]

(A1.8)
The first term in equation (A1.8) is an elliptic integral of the third
kind to modulus K' and is equal to =(x, k, k').B; where K; = a,A/a; and
By = a;A';.  The second term in equation (A1.8) can be integrated in
terms of elementary functions by substituting y = x2, which makes the
term under the root sign a quadratic, and then y - (a constant) = 1/v,

which converts the integral to the form

C, dv = ¢ sinhml ¥=S (A1.9)

/[(v-5)2 + 22] *

where C;, s and & are constants.
The remaining three terms in equation (A1.5) can be treated in
exactly the same way as the second. The analytical solution of equation

(A1.1) is thus given by
4 4 )
Z = K|AF(x, k') + ] B.omn(x kyso k') + ) C. sinh’!
i=1 ! i=1
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The numerical evaluation of the third elliptic integral is most
easily performed in Jacobian notation, by putting x = snu and k, = k'sna.

The Jacobian form of the third elliptic integral, 5 is given by

m(X,ky k') = U+ —2% n(u,q) (A1.11)
cna dna Y

and it can be shown that

miusa) = 3 Tog @ (u=a) |7 (4 (A1.12)
® (u+a)

The theta function can be evaluated from a Fourier series

® («) = 1+2 5 (-1)"q" cos D%E (A1.13)
. n=1
-k
inwhich q=e K. Also, Z(a) is defined as E(a) - F(a) E/K'.

In this way, the integral as a whole can be expressed in terms
of elliptic integrals of the first and second kind, which have been

tabulated or which can be evaluated from well-known series.
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