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UNIVERSITY OF SOUTHAMPTON
ABSTRACT
FACULTY OF MATHEMATICAL STUDIES
MATHEMATICS

Doctor of Philosophy

ON A COVARIANT 2+Z2 FORMULATION OF THE INITIAL
VALUE PROBLEM IN GENERAL RELATIVITY

by Jeremy Smallwood

The initial value problems in general relativity are considered from

a geometrical standpoint. First of all a covariant 3+1 formalism is
developed for the investigation of non space-like initial value problems.
This involves an analysis of the problem of locally imbedding a family
of null hypersurfaces in space—time. More precisely, an intrinsic
affine conmpection is constructed on each hypersurface, a vigging is

then introduced, and the resulting Gauss—Codazzi equations are derived.
The fundamental differences between foliations of space~time into space-
like and null hypersurfaces ave demonstrated, and the difficulties of
applying this work to non space=like initial value problems is discussed.
The major part of this thesis is concerned with the development of a
covariant 2+2 formalism in which space-time is foliated by space-like

~gurfaces. This foliation is then rigged by a suitably chosen pair

[A~]
g

f directions in the orthogonal time-like Z-surface elements.  The

]

resulting 242 bregk-up of the Einstein vacuum field equations is then
used to investigate space~like, characteristic and mixed initial value
problems. In each case the so-called conformal 2-structure (essentially
the conformal metric of the foliation into space-like 2-surfaces) is
identified as explicitly embodying the true gravitational degrees of
freedom, By means of the formalism, the geometrical significance of
both the physically meaningful ipitial data and the various possible
gauge choices is made clear. Finally, a Lagrangian formulation is
included which supports the rdle of the conformal Z-structure as the

dynamical variables of the pure gravitational field.
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d in later chapters.

In Chapter III we turn our attention to characteristic and mized IVP's

which we shall term collectively as non space~like IVP's, reviewing in

{%} s e FFL e & S {S} T

and E&ﬁ% vino and Winicour . In

&3

particular the work of Sachs

% 2

Chapter IV the possibility of a geom ation of non

space~like IVP's is investigated. The main new result in this chapter
concerns the problem of locally iwbedding & family of null hypersurfaces
in space-tims. At the end of this chapter we discuss the major problems
which must survound aavy attempt to pursue this approach further.

The remainder of this thesis desls with a geometrical 242
formulation of the IVP's and all the results presented are believed to
be new. Chaptey V develops the necessary 2+2 formalism, and Chepters VI

and VII discuss this formalism as applied to Cauchy and non space-like

g to 3. vun from O to 1, and 1,3k, ..
run from 1 to 3. Capital Latin indices run from 2 to 3. The signature

pe=), and a general space~time
iz denoted by ¥ ey notation will be introduced where necessary.

Our convent

from both
All our considevations ave purely local {although hopefully the

242 formalism developed will eventually allow non local problems to be

£ Y

investigated) and for simplicity we work only in source-free vegions of V,

that is in regions where the Einstein vacuum field equations are assumed



to hold., Furthermore it is tacitly assumed throughout that the
space—time metric can be expanded in a power series gbout the initial
surface(s) since this is a necessary condition for the validity of
the various formal integration schemes for the field equations which
we discuss. This is undoubtedly a very strong assumption to make,
but we leave a more detailed discussion of the significance of the

restriction to analytic solutions to the conclusion.



Chapter I. The Cauchy Problem in General Relativity

1.1, Introduction

What precisely is a Cauchy problem? For a determined system

of partial differential equations of order = ,

kel - ,
Fy(yps8,Ypoeresdyp . (p) =0 (1.1.1)

where xaga = 0y..00.,m are the independent variables, and yégg = O ueeaky
are the unknown functions, Cauchy's problem consists of giving data on

some arbitrary hypersurface ég&@{x@) = 0 , in the space of independent
variables, which are necessary and sufficient to determine a solution in
some neighbourhood of $§?> The Cauchy data for (1.1.1) on @c consist
of Yy and their first mn-1 derivatives in a direction out of ¢,

If ¢ is such that the Cauchy data determine on ¢0 s through (1.1.1}),
the uth derivatives of y, out of $o , then ¢§ is said to be a free
surface. In this case, under the assumption of analyticity of both the
Cauchy data and of F, , then the Cauchy-Kowalewski theorem guarantees

A

the existence of a unique analytic solution of (1.1.1) in some neighbour-
hood of ée , determined by the Cauchy data. Under less stringent
assumptions than analyticity, existence can only be expected if further
restrictions on (1.1.1) and @S are imposed. For example, if (1.1.1)
are normal hyperbolic equations of second order, then a necessary
condition for existence is that @ﬁ is not only free but space~like,

1f ¢, is such that the Cauchy data, thrcﬁgh (1.1.1), do not
determine the nth derivatives of Y in a divection out of ¢e , then
(1.1.1) must be restrictions on the Cauchy data. Moreover, even if
Cauchy data are given such that these restrictions are satisfied, these

data will not determine a2 unique solution of (1.1.1) in a neighbourhood

of @G , even under the assumption of analyticity. In this case, és

-4 -



is called a characteristic surface, and gives vise to characteristic
and mixed IVP's. (In Appendix A, we consider the various types of
IVP for the simplest of all second order partial differential
equations possessing characteristic surfaces, namely the one-
dimensional wave equation. This serves as a useful prototype for

illustrating the various different IVP's in relativity.)

1.2. The Structure of the Einstein Vacuum Field Eguations

The Einstein field equations for a source-~free gravitational

field are

“R{XB =0, (1.2.1)

where z“’Rd8 is the Ricci tenmsor of the normal hyperbolic metric

iégOés of V . These equations are ten second~order, quasi-linear

partial differential equations in the ten unknowns *

ga& . Very
naively we might expect that specification of the ten functions “g&g
and their first time-like derivatives on some space-like hypersurface
in V would determine agag in a neighbourhood of the initial surface.
However, it is easy to see why this cannot be the case. Equations
{1.2.1) are tensor equations, and are thus invariant under the four-
dimensional gauge group of arbitrary coordinate transformations.

Thus, suppose we have solution functions ggﬁB such that they and
their first time derivatives take on specified values on an initial
space~like hypersurface. We can make coordinate transformations which
will leave the initial surface and the initial data unchanged, but which
will change the functional form of i‘*geﬁs elsewvhere. Such transformations
yield mathematically distinct solutions for the same initial data, and
so no set of initial data can uniquely determine all the components of
%g&B in a neighbourhood of the initial surface. Of course, the new
solutions obtained by such coordinate transformations are not to be

- 5 -



regarded as physically distinct, but merely different descriptions

of the same physical system because the metric tensor contains not
only physical information, but information about the particular
coordinates being used. Since less than the full ten components

of :“gag are required to determine uniquely the physics of a given
system, we should expect that the field equations themselves do not
determine all the components of “gas . However, we are left with
the fact that (1.2.1), as they stand, do not form a determined system
of equations for Lg’gegg . In fact, from what we have said so far, it
might appear that we have an overdetermined system since we have ten
equations in less than ten unknowns. However, the field equations
are not independent, they must satisfy the four differential constraints

which arise from the contracted Bianchi identities.
€
by %6 =0,
£ o

where ig’%3068 is the Einstein tensor of V , and “Vg denotes the
covariant derivative in V . We shall discuss the r&le of these
identities more fully later.

In order to deal with the gauge invariance of the field
equations, it is necessary to impose four coordinate, or gauge conditions
on “ggg in such a way that they single out just one member of each
equivalence class of solutions that represents a given physical system.
This can be done in a number of ways, not all of which can be formulated
in a covariant (and hence geometrically meaningful) manner.  The most
important example of non covariant coordinate conditions is the use of
so-called harmonic coordinates, which are differential constraints on
1ig{xg . These enable one to deal with a reduced system of field equations

which are no longer invariant under arbitrary coordinate transformations,

and which have very nice mathematical properties. Specifically, they

- G -



form a determined system of ten rigorously hyperbolic-normal equations
in ggag . All of the ’hard’ theorems concerning uniqueness,
existence and stability of solutions to the field equations, under
less stringent assumptions than analyticity, have been proved using
these coordinate conditions. We mention here the pioneering work

of Choquet-Bruhat(g) on the Cauchy problem, and the more recent work

(9)

of Muller zum Hagen and Seifert on the non space-like IVP's.

The major drawback of harmonic coordinates is that due to
their non covariant nature they are very difficult to interpret
geometrically, and we shall not consider them further. On the other
hand, we can impose four algebraic conditions on L*g(}éﬁ {or on
geometrical objects built out of i*gcﬁg}g which separate the components
of “gas into two groups, one whose evolution is determined by the
field equations, and the other to which arbitrary values may be assigned.
(L and

An approach of this type was first considered by Lichnerowicz

we shall review his results briefly in the next section.

1.3 lichnerowicz's Formulation of the Cauchy Problem.

8w B

o
o s s s . .
Let I : = = 0 be an initial space~like hypersurface in V .

That is, let

g >0 (1.3.1)

o o
on £ , and in some neighbourhood of I . (We drop the prefix “ on

. “Ras , etc., when we are referring to their components in an

gCi& 3
adapted coordinate system.) The vacuum field esquations can then be

written in standard form:

= wl oo 2 e =
Ri} i g 80 gij Mﬁj 0 {1.3.2)
o _ _ .00 + ii - ¢
G<O i g Mﬁo g 15 0 1.3.3a
c® = .00 _ 0] -
; g Mio g Mij 0 (1.3.3b

7



where MﬁB are independent of 3§ Bug ° We see immediately that
the field equations are independent of ag 800 ° This suggests
using up the four coordinate conditions by assigning arbitrary
values to 8oo everywherg in V (subject to maintaining (1.3.1),
of course) and we shall assume that this has been done. Equations

(1.3.2) then form a determined system of second order hyperbolic

o
equations in gij . £ 1is a free surface of the system (1.3.2),

)
i.e. specification of the Cauchy data gij and 80 gij on I
O
determines 8% gij on I through (1.3.2) and (under the assumption
. . . o
of analyticity) gij is determined in a neighbourhood of I by

means of successive differentiation of (1.3.2) with respect to x° .
and the expansion of gij in a power series in x°  about § .
Equations (1.3.2) are termed the evolution equations.

We now turn our attention to equations (1.3.3). These are
clearly constraints upon gij . However, the Bianchi identities can
be used to prove a remarkable lemma, namely that if equations (1.3.2)
hold everywhere, and (1.3.3) hold on the initial surface g then the
latter equations hold everywhere. Hence (1.3.2) act as constraints
only upon the Cauchy data.

To summarise the above arguments: in order to determine a
‘solution of the field equations in a neighbourhood of a space-like
hypersurface g : %0 =0 , the four components 800 must be prescribed
arbitrarily in that neighbourhood, subject to maintaining (1.3.1).

Then the Cauchy data gij and 30 gij satisfying the four constraint
equations {1.3.3) must be specified on g . The evolution egquations
(1.3.2) then determine gij in a neighbourhood of g , and the Blanchi

o
identities ensure that the constraint equations remain satisfied off I .



1.4, Conclusion

The use of a particular coordinate system in the above form-—
ulation rather obscures the geometrical significance of both the gauge
conditions chosen, and of the Cauchy data. That is to say, the use
of coordinate hypersurfaces and partial derivatives destroys the
covariance of the approach. Arnowitt, Deser and Misner(lg), in their
canonical formulation of the dynamics of general relativity, essentially
adopt the Lichnerowicz coordinate conditions. They introduce the
notion of a 3+1 space + time break up of the metric, into components
lying in the three-dimensional hypersurfaces x° = constant and a one-
dimensional time-like direction out of x = constant . They interpret
the Cauchy data set as being equivalent to giving the first and second
fundamental forms (i.e. the intrinsic and extrinsic curvatures) of the
initial surface. The coordinate conditions then determine the time
development of the initial surface and relate the intrinsic coordinate
system of the initial surface to those of successive surfaces x° = constant.
However, although their work is particularly powerful and contains consider-
able insight, they still make use of particular coordinate systems adapted
to a family of space-like hypersurfaces, Stadhel(z) was the first to
remedy this defficiency by formulating the Cauchy problem in a coordinate

independent (covariant, geometrical) way and we review his work, together

with the later developments by York(B) and others, in the next chapter.



Chapter II. The Covariant 3 + 1 Formulation of the Cauchy Problem.

2.1 Introduction

In the covariant formulation of the 3 + 1 approach to the
Cauchy problem, the essential ideas are to replace the coordinate
hypersurfaces x° = constant by an arbitrary family of space-like
hypersurfaces foliating space-time, and to introduce an arbitrary
congruence of time-like curves which thread the foliation. The Lie
derivative with respect to the tangent vector of this (suitably

parametrised) congruence is then used as the natural generalisation of
o{1ll)

(12)

appropriately constructed projection operators it is then possible

the partial derivative with respect to x By means of

to break up space-time objects covariantly into components tangential

and orthogonal to the foliation. In particular, a break up of the field
equations into those governing the evolution of the Cauchy data, and
those which act as constraints on this data, is induced.  In what follows
we shall lay particular emphasis on the geometrical techniques involved,

since generalisations of these will be needed later on.

2,2 Foliations of Space-time by Rigged Space-like Hypersurfaces.

A foliation {Z} of V into hypersurfaces ({f} is a
foliation of codimension 1) is defined by a closed one~form n, say,
with components n, in an arbitrary space—time basis E® (reciprocal

basis E&). Since n 1is closed we have
= — B =
dn = 0 <> V[gnB] 0 (2.2.1)

hence (locally) there exists a scalar function ¢ such that

_10...



= = W
n = d¢ <> na Vaé (2.2.2)

and each hypersurface I e {I} arises (locally) as a level

surface of ¢ .

An arbitrary basis Bi of vectors tangent to {I} must

satisfy

< n,Bi > = naB; = , {(2.2.%)

. o
where < > denotes imner product, and Bi are the components
. . . >
of Bi in the general space-time basis. For any vector v tangent

to {f} , we have

T=vE = v'B, (2.2.4)

o { . .,
where v and v' are the components of v with respect to Eg

and B, respectively. From (2.2.3) and (2.2.4), we get

Hence Bz act as connecting quantities of {I} . They give the
> . . .
components of v referred to Eu in terms of its components in

the basis Bi .

We denote by i*g the metric of V, and this has componants

Y _ 4
P g{Ea’ES)

] . . p -+
in the general space~time basis. We define a vector n by

o= 311gﬁgn E = nE (2.2.6)

where iéggg is the inverse of 1”ng« We zhall, in general, follow
the convention that vectors and one-forms corresponding in the
natural isomorphism determined by “g are demoted by the same kernel

...11...



letter, the vector being distinguished by the superscript .

From (2.2.6), we see that

s
”g(n,Bi) = <mn,B; > =0, (2.2.7)

The necessary and sufficient condition that {I} be a space-like
& L3 + # & # s
foliation is that n is a time~like wvector. That is

af nn dgf awz > 0

g N (2.2.8)

>
bg(n,n) = ‘g

where a 1is a strictly positive function, the so—called lapse
function. We shall assume that (2.2.8) holds for the remainder

of this chapter; that is, that we are dealing with a foliation of
space~like hypersurfaces. The unit normal vector to {f} is given

by

o = an (2.2.9)

[

A metric g is induced on each member of {I} by the

e
demand that for any vectors v, w tangent to {I} ,

The components of g 1n the basis Bi are given by

aB

ij ’

= = 4 = i
83 g(Bi,Bj) g(Bi,Bj) gQSB

where B?? = B?B? .
1] 1]

The reciprocal basis of forms B' in {I} have components
B> in the general basis. These latter quantities act as connecting

. . . a
quantities for onme—~forms in {£} in the same way that 'Bi do for

vectors in {I} (see equation (2.2.5)). The quantities B; are

- 12 -



determined if and only if we choose some vector field ¢ , defined

up to an arbitrary scalar factor, transvecting {Z} , and set
i
<BY, t>=0.

> ., .
The vector t defines a rigging of {Z} ; for space-like hypersurfaces
the natural rigging, and the one we shall adopt, is the direction
orthogonal to {Z} . With this choice the induced contravariant

metric g on {I} , with components in the basis B> given by

is identical to the inverse gij of the induced metric. This in turn
means that the natural isomorphisms, induced by “g and g between
vectors and one-forms tangent to {I} , are identical. |

With the natural choice of rigging, reciprocal bases of V

are given by (Bi,z) and (Bl,u). We can form the quantity

@

o def o _1i o o
= Y = - 2.2.1
B8 Bl BB 68 u UB { 0)

‘s ¢ i o . . .
The quantities Bi’ B& and BB act as projection operators into
. . -+

{r} on arbitrary tensors of V . For instance, for any vector v ,

the elements

—*‘ # #
are the components of a vector 'v tangent to {I} , in the basis
Ea . Similarly,

>, . . .
are the components of 'v in the basis Bi . Similar remarks hold

for one-forms and higher order tensors. The quantity

.=.13.°=



¢t = u™u (2.2.11)

projects tensors orthogonally to {IZ} . Any vector is the sum

of its projections tangential and orthogonal to {I} . Higher

order tensors can also be written as sums of their projections. For
example an arbitrary tensor T of type (1,1) can be written in terms

of its components as

TE + CaﬂTe

o 0.8,.€ 0,8 ¢ aBe
£ R B eR” 6

4+
T 8 = BSST 5 BSCBT ot C

o

Using a rather more concise notation, we can write the above as

o o o i o i
T = T + T ou v T u +T u
p TAT g H AT et 1T a% Y
where
lIaA def 5% u6T€ ,
1 € 8
and the obviocus extensions. Then for example, iIuA are the components
u

in E& of a vector tangent to {I} .
e
Although u is the unit normal vector to {I} , it is not
the natural vector with which to propagate geometric objects onto

successive members of {I} . The natural orthogonal connecting vector

of {I} is given by

N=at =><n,N>=1 (2.2.12)

The orthogonal metrical separation of neighbouring members of {I}
parameter distance &8¢ apart is a6¢ , where the lapse function, a , is
given by equation (2.2.8) or equivalently by

a = (“g(ﬁ,ﬁ))% .

v

..)' & #
In fact, any vector t satisfying

...14...



=3 .
£ > =1 (2.2.13)

<n‘9

is a connecting vector of {X} . Equation (2.2.13) only defines

-+ . . -5
t up to an arbitrary shift vector b tangent to {f} . That is,

any vector

<n,b>=0 (2.2.14)

gatisfies (2.2.13).

For a specific choice of ghift vector, t is tangent to a
particular congruence of curves/éj threading {Z} and fibrating V.
These curves set up a ome~to-one correspondence between points on the
initial surface g and points on any other slice ¥ , by identifying
points on the same curve of the congruence { . The curves in & are

parametrised by ¢ , and we may write

P (2.2.15)

)
If ¢ = 0 1is the equation of the initial slice I e {I} , the
value of a geometric object ?A on any other £ e {I} , parameter

0
distance ¢ from I 1is given by the generalised Taylor expansion

v,(¢) = eXp{tpﬁt}?A(O} ; (2.2.16)

We may think of the foliation and fibration of V described
in this section as being generated in a rather different but fully
equivalent way. Suppose that in V we are given an arbitrary vector

)
-* . . .
field t , together with some three-dimensional hypersurface I

& —) & * 7 & # &

transvecting t . The fibration }2 is obtained from the integral

curves of t as before, but the foliation {IZ} 4is obtained by Lie

0
dragging the initial surface I with the vector field t . The one-

- 15 =



form n and the vector n can then be determined from the
foliation. This latter approach is essentially that adopted by

Stachelcz).

2,3 Projections of the Riemann Tensor and Covariant 3 + 1 Break-up

of the Field Equations.

The only non zero projections of the space~time metric are

n - i -
L Byg BaS 857 = 8yp (2.3.1a)
and
fgan =1 (2.3.1b)
uu
Similarly, for the contravariant metric, the non vanishing
projections are
1 4% o B?? gtl = gf (2.3.2a)
and
an
hg =1, (2.3.2b)
It then follows from (2.3.1) and (2.3.2) that
0E o
= B
& Bge g
Indices on quantities in {I} , written in the general space-time
basis, can be raised and lowered by either the full metric of V,
or by the induced metric on {I} . A covariant derivative ¥V 1is
induced on {Z£} by projection. We define, for any scalar X
=1 " 2.3.
v A 1 vax ( 3)

> .
and for a vector v tangent to {I}, we define

_16_



Induced covariant derivatives of one~forms and tensors in {I}
are defined similarly. It is easy to show that with these
definitions

Vy8ga T O

that is, the induced connection on {I} is the connection of the

induced metric. The Riemann tensor of {I} is defined by

o B o
= v :
RéYB v 2%7’[(S Y]v : RSYS u ’

. > .
for arbitrary v tangent to {I} . This reduces to the usual
definition of the Riemann tensor when written out in the adapted

basis Bi . We define the Ricci tensor and Ricei scalar of {I}

by
€ €
= R R =R R
vB eyB €
The second fundamental form of {IZ} , Kas is defined by
= = e 4
Kag = Kap)™ 7L Vol

from which it is straightforward to show that

= 1
KaB 2£uga8 .

KaB is also called the extrinsic curvature of {Z} , and up to
a constant scalar factor it is the 'velocity' of gas as defined
by Eulerian observers instantaneously at rest in each slice of
{r} » It is possible to define another extrinsic curvature of
{z} by

..17_

(2.3.4)

(2.3.5)

(2.3.6)

(2.3.7)

(2.3.8)



akK . s (2.3.9)

hyg = “Hiy8up = aB

oB

50 has is the velocity of 8ug with respect to the natural
connecting vector N of {£} in the direction of the rigging. It

is usual to work with KQB rather than has in the 3 + 1

formulation of the Cauchy problem, since the former is independent of

the behaviour of neighbouring members of {I} . That is, specifying

8,8 and Kus on one slice I characterises uniquely just that slice,
as a hypersurface in space-time. If the lapse function a 1is taken

to be a gauge quantity (as is the case in the covariant formulation

of Lichnerowicz' approach which we discuss later in this chapter) then

it makes no difference whether we work with haﬁ or KGB » since they
only differ by a factor a. However, if other gauge conditions are
chosen, such as the maximal slicing condition where a is no longer a
gauge variable, it is important to distinguish between haB and Kas’

We shall not pursue this point further here. The reason for

introducing haB ig that its definition generalises to cases where

we are no longer dealing with time-like rigging directions. For example,
in Chapter IV we consider null rigging directions for foliations of
space~time by null hypersurfaces, in which case there is no unit vector
in the direction of the rigging, and we are led naturally to using a
rigging vector which is normalised to the one-form defining the foliatiom.
In the space~like case, such a vector is N » which satisfies the
normélising condition (2.2.12). 1In Chapter V, the situation is even
more complicated, since we do not know, a priori, what the metrical

properties of the rigging vectors are, and so again it is the

generalisation of haB which is appropriate. However, for the remainder
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of this chapter, we shall follow the standard approach of York, and

@

work with K
aB

Due to the large number of symmetries of the Riemann tensor

4 of V, there are only three independent projections. Two of

Rﬁysa
these are given by the well known equations of Gauss and Codazzi for a

Riemannian hypersurface imbedded in a Riemannian manifold. They are

-

l-{» =
L Rﬁysa Rﬁysu+KagKYQ KYBKM (Gauss) (2.3.10a)

b = - .
L Réyﬁﬁ VaKYB VYKgs (Codazzi) (2.3.10b)

The other independent projection is_L&RﬁyBa , and this is obtained

by considering the definition of EuKY8 and using the Ricei identity.

One obtains the result

bR, . =fK +KK ~alyv 2.3.11
+ uyBu w8 v e T % YyTe? e ( )

Equation (2.3.11) is the omly projection involving second time-like
derivatives of 8op Four of the field equations can be constructed
solely from the Gauss-Codazzi equatioms, and only contain first

derivatives of 8ua out of {I} . These four equations are

1 4™ = —veKas + VK =0 (2.3.12a)

2 4g% - g2 - K€8K€9 -R=0. (2.3.12b)

Although we omit the details here, a covariant analysis of the
Bianchi identities leads to the usual lemma, namely that (2.3.12)
hold automatically everywhere provided they hold on g , and the
remaining field equations hold everywhere. These latter equations,

o

which do involve (2.3.11) as well as the other projections of ngYB s

are found to be
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€ -1
-KK =-a VvVva+R _ =0 2.3.
Y v e T Ry (2.3.13)

1% =£K + 28 K
YE B8

Y8 u vB B

One integration scheme for equations (2.3.12), (2.3.13)
is the direct covariant analogue of Lichnerowicz's treatment: assume
without loss of generality, that the initial hypersurface ? has
equation ¢ = 0, and specify the lapse function a, and the shift
vector b quite arbitrarily in V (subject only to a > 0). The
lapse and shift correspond to the four-dimensional gauge freedom of
the theory. Next specify the Cauchy data gaB and K@8 on I,
subject to the comstraints (2.3.12), We can determine £tga§ on
7 from KaB , since, by (2.2.14) and (2.3.8)

= -2aK , + 2v(ab (2.3.14)

£e8yg B 8)"

We now turn our attention to the evolution equations,
0
2.3.13). The are solved o z £ K £2
{2.3.13) hese are solved on for Kag? and hence tgaB .

in terms of the Cauchy data and gauge variables. Successive Lie

. . . > . .
differentiation with respect to t of the evolution equations then

(k)g

‘ k=2,3,4,.02.. in terms of

allows the determination of &£ 08’
quantities depending only on the first k-1 derivatives of gas .
and the gauge variables. Then gaBg in some neighbourhood of

0
% , is given by applying equation (2.2.16) to obtain

8,5(0) = explof Jg ,(0) | (2.3.15)

The constraint equations now hold automatically off the initial
hypersurface by virtue of the Bianchi identities. The metric, in
some neighbourhood of g s is determined uniquely by the (constrained)
initial data, and is given by
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L*gms(@) = exp{¢g Jg (0) + u ($)u (4), (2.3.16)

where ua(¢) is given, using equations (2.2.1), (2.2.9) and

(2.2.16), by

ua(é) = na(O)expwﬁt}a(O} .

The geometrical significance of the gauge variables
a and b has already been discussed in section 2.2, but essentially,
they provide a reference system in V, along whose trajectories the
field equations are integrated. The initial data (subject to constraints)
are the first and second fundamental forms of the initial surface. With
the present choice of gauge, specifying KuS is, from (2.3.14),
equivalent to giving the natural velocity £tgu8 of the metric of
the initial surface in the direction of }g .

All the equations (2.3.3) - (2.3.14) can be rewritten in
the basis Bi , by formally replacing indices a,B,y ... with 1i,j,k,...

and by using the definition that for a tensor TO"B tangent to {I} ,

w3
and any vector v in V ,

i-o . i‘B [e P
gvTc.j Ba.j ivT..B . (2.3.17)

Note that if we demand the basis of vectors Bi be Lie transported
along the trajectoriesg of t , fhen (2.3.17) holds automatically.
Such a basis Bi , together with E, form what York terms the most
~general "computational frames'. Such frames can be related in a

natural way to 'Minkowskian observers at spatial infinity'.
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2.4 TInitial Data and True Gravitational Degrees of Freedom in the

‘3 + 1 Formulation.

Perhaps the greatest disadvantage of the 3 + 1 formalism
is that there is no natural extension of this approach which would
enable us to deal with non space-like IVP's, where data is set on
(at least one) initial null hypersurface. (This problem is discussed
further in Chapter I?), However, even as regards application of the
3 + 1 approach to the Cauchy problem, there remain certain difficulties
concerned with the identification of the dynamical degrees of freedom
of the gravitational field,
As we have seen, a sufficient set of Cauchy data needed to

determine a unique solution of the evolution equations (2.3.13) are the

twelve functions

o]
{gas, K@B} on I (2,4.1)

In the Lagrangian formulation of the 3 + 1  approach, gaB are

regarded as six configuration coordinates, with KaB the

corresponding velocities . In classical mechanical systems the

velocities become momenta when passing from a Lagrangian to a

Hamiltonian formulation. The situation is slightly more complicated
B

. . s . o
in general relativity, however it turns out that the momenta 7 are

closely related to the velocities; they are given by
*F = J:Q’EK“B - g“BK) (2.4.2)

Now the initial data set (2.4.1) (or equivalently {gag,ﬁas}) are

o
not freely specifiable on % , they must satisfy the four differential
constraints (2.3.12). Thus modulo functions of two variables, there
are really only eight independent initial data which may be set on the

initial hypersurface. The question arises as to where within the
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constrained data (2.4.1) these independent data reside. There is

no unique answer to this question. In principle one may choose any
eight of the twelve functions in (2.4.1) as independent data, providing
the constraint equations (2.3.12) form a consistent system for the
remaining four functions. The approach which has been brougﬁt to
considerable fruition by York and others is to adopt conformal
3~geometry techniques. In this approach, five of the independent data
are taken to be the metric gas of g specified only up to an
arbitrary conformal factor, or equivalently, the conformal metric

~ o]
gas , where in an adapted basis Bi on %
det(gij) = -1 ,

The remaining three independent data are taken to be the transverse
(covariantly divergence-free) - trace free part of Kas’ and the

trace K of K@ , York then showed that the constraint equations

B
(2.3.12b) and (2.3.12a) become a system of four coupled quasi-linear
elliptic partial differential equations for the conformal factor and

the longitudinal part of K respectively. The proof of uniqueness,

aB
existence and stability of these equations in the most general case is
still the subject of current research, although a number of‘haré\
theorems have been obtained. In particular, under the assumption that
the trace of Ka is constant on g, the constraint equations

decouple and can be successfully analysed. This condition on K does
not restrict the class of solutions to the field equations which may

be considered. The eight independent functions which constitute the un~-
constrained initial data contain four gauge freedoms, three of which
correspond to the intrinsic coordinate freedom within g , and one

o
which describes how Z 1is imbedded in space~time. This latter gauge

freedom is taken as being embodied in K. 1In particular, the condition
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K = constant requires the mean extrinsic¢ curvature of the initial
surface to be constant.

The problem of identifying the true dynamical degrees of
freedom is closely bound up with that of identifying the freely
specifiable initial data. From the above discussion, it is clear that
only four pieces of the unconstrained initial data are physically
meaningful, and taking two of these data as true dynamical variables,
and two as the corresponding velocities or momenta, then this is what
is meant by saying that the gravitational field has only two degrees
of freedom per space-time point. Thus although we may regard gaa as
configuration coordinates, they are not the true dynamical variables,
since they give six pieces of information at each point, which is four
too many. Rather, 8aa and HaB are constrained generalised
coordinates and momenta respectively, and if one works directly with
these quantities then it leads eventually to a constrained Hamiltonian
formulation. In the conformal 3—geometry approach, the true dynamical
variables are taken on each hypersurface I to be the conformal metric
éaB , modulo some choice of basis, with corresponding momenta given by
the transverse traceless part of ﬁGB . Thus although in this approach,
the configuration coordinate ch‘ (with conjugate momentum K) is
definitely nondynamical, and can be eliminated from the constrained
Hamiltonian by solving (2.3.13b), it is still the case that the
remaining five configuration coordinates éas contain implicitly the
true dynamical variables. That is to say, with the conformal 3-geometry
approach one cannot write down explicitly just where within the space-

time metric the independent functions representing the dynamical

variables reside. Some improvement on this situation can be obtained by
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the use of a covariantly formulated 'radiationvgauge‘ in which four
covariant differential gauge conditions are imposed on gas s O
rather on the velocities of 8o * In this case, the lapse and shift
cease to be arbitrarily specifiable, but are determined by four of
the evolution equations. (This gauge involves what York terms the
maximal slicing and minimal shift vector conditions). Nevertheless,
since the gauge conditions on gas are differential, it is still not
possible to write down in closed form explicit expressions for the
generalised coordinates representing the true dynamical degrees of
freedom. Whether or not other covariant gauge conditions in the 341
approach exist which would enable such a procedure to be carried out
is still an open question. This problem with the explicit identification
of the dynamical variables leads to certain difficulties, for example,
when trying to use the 3+1 formulation to tackle the problem of
quantization of the gravitational field. In the canonical quantisation
procedure, a necessary first step is to isolate explicitly the two degrees
of freedom of the gravitational field.

In the next chapter we shall see how in the classical
approaches to the non space-like IVP's one can, at least in a suitable
coordinate system, write down closed form expressions for the dynamical

variables of the gravitationmal field.
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Chapter III. Characteristic and Mixed Initial Value Problems.

3.,1. Introduction.

As a general rule, the greatest insight into a system of
partial differential equations comes from the study of the characteristic

surfaces of the system., From equation (1.3.1) we see that x° = constant

32

, and
o

are characteristic if and only if (1.3.1) do not determine g

ij
this will be the case if and only if goo'= 0 . But this latter condition
is necessary and sufficient for the surfaces x° = constant to be null
hypersurfaces of the space-time metric, that is surfaces everywhere
tangent to the local light cone. Hence the characteristic surfaces of

the gravitational field equations are identical to the null surfaces of
the metric. It can be deduced in a straightforward manner(IS) that the
bicharacteristics of the system are the null geodesics which necessarily
rule any null hypersurface. The physical interpretation of these results
is that gravitational and electromagnetic phenomena have the same propaga-
tion properties; the wave fronts of both coincide, and the rays along
which perturbations in the gravitational and electromagnetic fields spread
are the null geodesics ruling the wavefronts. Thus, just from the mere
determination of the characteristic surfaces of the Einstein field
equations, we obtain an important physical result.

There are a number of physical and geometrical reasons for
working with characteristic hypersurfaces. For example, in the study of
gravitational radiation, it seems natural to work with a reference system
which is adapted to the relevant ray congruence, Characteristic surfaces
are bound to be of importance in cosmological problems also, since all

information about the universe is received along the past null cone of

an ohserver.
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Non space=like EVP’s}that is those based on families of null
(as opposed to space-like) hypersurfaces, fall into two groups. As we
shall see presently, it is not possible to determine uniquely a solution
of the field equations by setting data on & single characteristic surface.
Additional data must be set on some other initial hypersurface, inter=-
secting the first in a space-like 2-surface. If this other initial
surfaﬁe is itself cha;acteristic, then we are dealing with a character-
istic or double=-null IVP. If the other initial surface is time~like,
then we have a mixed IVP. With regard to the latter,very little is known

(14)

as to whether such problems are well set ; although under our assump~
tions of analyticity there are no more fundamental difficulties in
dealing with mixed rather than with characteristic IVP's,

For the remainder of this chapter we shall review some of the
main formulations to date of non space-like IVP's. We emphasize here
that they have all been based on the introduction of specific coordinate

conditions; mno successful attempt has yet been made to formulate co-

variantly either the characteristic or the mixed IVP.

3.2. The Light Cone Gauge.

The classical coordinate-dependent approaches to the non space-
like IVP's have been based on the introduction of a coordinate system in
which four components of the metric take on specific prescribed values.
This 1s in contradistinction to the space-like case, where the gauge
variables can take on more or less arbitrary values. Moreover, in order
to isolate the physically meaningful, freely specifiable initial data, the
lower dimensional coordinate freedom is used up by imposing (again

specific) values on various components of the metric within the initial
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hypersurfaces, The first choice of four—dimensional coordinate freedom
. . . o _
is in fact forced on us, since in order that x = u = constant be a

family of null hypersurfaces, we must demand that
g’% =0 | (3.2.1a)

(As in Chapter I, we drop the prefix “ when referring to components of
N gas, etc., in a particular coordinate system.) Two other coordinate
conditions are used up by demanding that x! be a parameter along the

null geodesics ruling u = comstant, in which case

g% = 0 (3.2.1b)

®

Conditions {3.2.1) use up three of the four available four-dimensional
coordinate freedoms, and reduce the space~time metric to the so-called
light come gauge. The IVP in this gauge has recently been studied in

a paper by Gambini and Restuccia<15), in the course of which they make
varioug final choices of gauge and discuss the resulting integration
schemes for field equations. There does not seem to be any one particular
natural choice for the final gauge variable and indeed, although the
integration schemes differ in detail for each choice, the overall features
are essentially the same. We shall limit ourselves here to a brief

review of the double-null problem in the gauge considered originally by
Sachs(A)and of the mixed problem as investigated by Tamburino and

(5)

Winicour .

3.3. Sachs' Formulation of the Double-null Initial Value Problem.

In addition to (3.2.1) we demand that xl z v = constant be a
family of null hypersurfacés, that is
gl-o. (3.3.1)
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' The lower dimensional gauge freedom is used up by demanding first that
u and v respectively are affine parameters along the null rays ruling
) o
the initial surfaces Zs : v =0 and £ 1 u=0 respectively, and that

the null vectors tangent to the null rays ruling these respective initial

) o
surfaces are normalised to unity on the space-like intersection § of I,

)
and Zl « This implies that

ol o ° 1A o
g =1 on I, and 21 ; 8 =0 on I, . {3.3.2a)

Q

] A . .
Secondly, coordinates x  are chosen on 8 which reflect its conformal

flatness! that is, such that
o
g =y & on 8 (3.3.2b)

The field equations are split into several groups. Using Sachs'

terminology, we write

Ryp = 0 , propagating equations (3.3.3a)
ain equations

Rip = Rll = 0 , hypersurface equations (3.3.3b)

%O& = R@@ = (O , subsidiary conditions | {(3.3.3c)

801 = 0, trivial eguation. (3.3.34)

It turns out from an analysis of the Bianchi identities that providing
the expansion of the null rays ruling u = constant is non zero, which
we shall assume 1s the case, the following lemma holds: if the main
equations (3.3.3a,b) hold in some sufficiently small region R , bounded

o
from below by go and 21 , then the trivial equation (3.3.3d) is an
algebraic consequence of the main equations in R , and if the

o

subsidiary conditions (3.3.3c) hold on 2, , then they hold everywhere

in R .
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In order to describe the integration scheme for the field

equations, it is convenient to split gAB into two parts

AB -1 .AB
Y 8

g == =15

-4

Ead

0
The subsidiary condition Ry, = O , when evaluated on Z, takes the

form
9 _ ~AB
g v =M (v, g,
(In this analysis, M are known functionals of their arguments).

af
o]

The above equation determines vy on L, , provided the initial data

) .
LAB . . o
g on L ; y, 3,y on S

)
are given. Next the subsidiary conditions RGA = 0 imply that on Z,

1A _ A, 1B _ .BC
8,018 =My (387, v, &)

o
and this can be solved on I, for 81g1A providing the initial data

are given. On ZI , the hypersurface equation R.11 = ( has the form

~AB
82y =M (v, g )

which can be solved for <y providing that the remaining freely speci-

fiable initial dats

~AB
g

wo

on 13 81 Y on

are given., At this stage the following are known:

1A g ol

AB and 81 g on 4,3 g (=1) and gAB on

g°1(=1), glA(=0}, g

...‘30...
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The above provide necessary and sufficient initial data to integrate the

main equations in R . These equations can be written in the form
Rll = 0 => 81 g01 = Mll(gAB) , u# o0
Ry, = 0 => 3% 1A _ MlA(gol9 ng’ gBC)
Ry = 0 => 8,8, oA B0l 16 CD ) N

on each hypersurface u = constant. Formally, we may think of solving

the above equations as follows: R;; = 0 determines gol as a func~—
. AB . . . .
tional of g on each u = constant. Inserting this functional into

RIA = (0 determines glA' on u = constant, also as a functional of

gAB . These functionals are then inserted into RAB = (0 , and there

results an equation for gAB which can be solved (by successive dif-

ferentiation) in the region R . Insertion of the solution functions

gAB into the appropriate functionals then yields gol and glA' in R .

To summarise: we see that a unique solution to the field
)

equations in a region bounded from below by the null surfaces I  and

)
Z} is determined by the following initial data:
L AB ° _AB o 1A 0
g on I ; g on ;5 ¥, 357, 3;Y, 3 8 on S .

It is to be emphasised that this data is quite arbitrarily specifiable
and not subject to differential constraints. Ignoring the lower dim-
mensional data for the moment, we see that essentially the initial data
required to determine a solution are two functions of three variables on
each of the initial characteristic hypersurfaces. This demonstrates
explicitly that the pure gravitational field has two degrees of freedom
per space-~time point, and that the dynamical variables in the particular

coordinate system under consideration are the two independent functions
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. . ~A . . . .
contained in g B , or equivalently its inverse, gAB . The dynamical

equations can easily be shown to be

R L B =0
AB ~ 7 8sg & "Erp T VY ¢

That these are only two independent equations follows immediately by

contraction with gAB .

3.4, The Tamburino-Winicour Formulation of the Mixed Initial Value Problem,

We start again from the light cone gauge (3.2.1), but this time

o

we take the initial surface Zo to be time-like. In fact Tamburino and
o

Winicour take Z, to be a time-like tube, with topology s2 x R which

is taken to surround any scurces of the external gravitational field.
o
In this case the initial null surface 21 is the future pointing out=-
o
going null surface intersecting Zo in gome closed space~like Z-surface
o

) ,
. The initial data is then set on § , and the portions of Z, and

Mo o

)
; to the future of 8 . The region R in which the solution of the
o

field equations is determined is exterior to Zo and bounded from below

o
by EE .
The final four-dimensional coordinate freedom is used up by

1 v (16)

demanding that x~ £ r be a luminosity parameter along the null

rays ruling U = constant . That is, we set

%] = (mveGf) (3.4.1)

where f merely reflects the choice of intrinsic coordinates x  within

o
S . 1In particular, we can always take f = 1 . The three-dimensional
o
coordinate freedom within Z, is used to demand that the null surfaces
o
u = constant intersect Iy in a family of geodesically parallel (with

o
respect to the inner geometry of ZJ )  space-like 2-gsurfaces and that
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A . . . . .
X  be constant along the associated inner time-like geodesics normal

I3 & 0
to the 2-surfaces u = constant. In this coordinate system I, has

an equation

A
r = nu,x )

vhere 7 1is determined by the requirement that the full metric of

o
space~time reduce to the inner metric of 20 for r=n . If we write

S-S Fal I

and compare this with (3.4.1), we see that in this coordinate system, v

is a known function. The unknown components of the space-~time metric in

11 1A -
g AB

. ol
this gauge are g , g and g .

The analysis of the field equations and the Bianchi identities

follows similar lines to that given for the double-null problem in
0

section 3.3. The only major difference is that the choice of Zj as a

time~like surface has the effect of considerably complicating the form
of the subsidiary conditions; however a formal iterative scheme for

their solution can still be constructed. The initial data required to

uniquely determine a solution im R are

o} o
;4B 5 . sAB o, .1 1A 0

As with the double-null IVP, we see again that the solution is essentially
o

determined by two functions of three variables given on each of I  and

s}

21 , without constraints. The dynamical variables gAB (or gAB) are

again propagated by the trace-free part of RAB = O , Tamburino and

o
Winicour in fact consider 3, gAB as the initial data on £, , which
(7 and Sachs(18)°

they interpret as the 'news functions' of Bondi et al

These functions contain information about the behaviour of sources within

) o A
Ly . Clearly giving éAB or 3o éAB on I, is equivalent, for QAB

o 0
is known on S , since S 1is conformally flat.

....33....



3.5, Conclusion

This brief review of the coordinate dependent formulations
of the non space=~like IVP's serves to demonstrate the fundamental
differences of such problems from the standard Cauchy problem. If we
compare the results of this chapter with thosé of Lichnerowicz reviewed
in Chapter I, we note first of all that in the present case the initial
data is freely specifiable, and not subject to any differential constraints.
Admittedly, the conformal 3-geometry approach identifies the freely
specifiable initial data in the 3 + 1 approach to the Cauchy problem,
but only by means of a relatively complicated analysis of the constraint
equations. No such procedure is required in the approach to the non space-
like IVP's discussed in this chapter. Moreover, (in contradistinction to
the standard Cauchy problem) the initial data in the present case does not
contain any coordinate or gauge freedom, but represents the true physically
meaningful quantities defining the gravitational field. This means in
rurn that for characteristic and mixed IVP's the true gravitational
degrees of freedom are, in coordinate dependent terms at least, readily
identifiable as QAB or equivalently gAB . Such a property, as was
indicated at the end of Chapter II, is certainly desirable in any canon-
ical quantisation procedure. However the use of particular coordinate
systems, and somewhat ad-hoc choices of coordinate conditions at that,
tends to rather obscure the geometrical iﬁterpretation of the dynamical
variables éAB , and various of the other field and gauge variables.
The former have been interpreted by most authors as the conformal metric
(4)

of the null hypersurfaces u = constant. As Sachs points out, one

only needs, in adapted coordinates, a 2 x 2 matrix to specify the inner
metric of a null hypersurface, since such surfaces are degenerate. In

. . . . AB
adapted coordinates, one can readily invert gap O obtain g .
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However in a general coordinate system, the metric of a null hypersurface
haé no inverse, due to its degeneracy. Thus quite how one interprets

gAB geometrically is not clear. In fact, this indicates just one of the
difficulties encountered when one tries to formulate non space=like IVP's
covariantly using families of null hypersurfaces. One almost immediately
runs into several severe problems, due to the fact that null surfaces are
not Riemannian manifolds. This problem is discussed in some detail in the
next chapter. The problem of covariantly formulating the coordinate condi=-
tions adopted in this chapter is resolved in Chapter VII by means of the

2 + 2 formalism developed in Chapter V.
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Chapter IV. On Locally Imbedding a Family of Null Hypersurfaces

4,1, Introduction

A natural approach to covariantly formulating any non space-
like initial value problem is to consider a foliation of space-time
into a family of null (as opposed to space~like) hypersurfaces, {N} ,
and to then attempt to adopt procedures analogous to those used in
the covariant 3+1 formulation of the Cauchy problem, The crucial
step in this latter formulation is the calculation of expressions
for the various projections of “Rﬁysa which are dependent only upon
the intrinsic affine structure of {I} and the rigging field 3', and
not on the affine structure of space—~time. (These expressions then
allow the straightforward calculation of the projections of the field
equations, which can then be used to study the Cauchy problem.) Some
of the projections, at least, come from the equations of Gauss and
Codazzi for a Riemannian hypersurface in a Riemannian manifold.

In general, Gauss—Codazzl equations arise as integrability
conditions for a rigged submanifold with prescribed affine structure,
imbedded in an affine manifold of higher dimension, and they invariably
take the form of expressions for some of the projections of the Riemann
tensor of the imbedding space into the submanifold. In fact, any
manifold, considered as a submanifold of some higher dimensional affine
space and provided with a rigging, has a unique connection induced on it,
dependent only on the connection of the imbedding space and the rigging.
In such cases, the Gauss—-Codazzi equations are well known and given, for
example, by Schouten(lz). However, if the submanifold is endowed with

some other affine structure, then the Gauss-Codazzi equations must be

derived for that particular case.

It turns out, for reasons which will become apparent later

in this chapter, that the induced connection in {N} is not suitable
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for applications to the initial value problem, thus we first

turn our attention to the problem of choosing a suitable affine
connection on {N} . We then derive the resulting Gauss=-Codazzi
equations (this involves, as a necessary preliminary, introducing a
suitable rigging for {N}) and using the techniques developed in
this derivation, obtain expressions for the remaining projections

of 4R5y8a . The Gauss-Codazzi equations can be derived directly
as integrability conditions for the imbedding of {N} , with the
particular affine structure under consideration, in V . This has

been domne elsewheregls) but here we shall use a rather simpler method

of derivation. This method does not perhaps bring out the significance
of the Gauss—Codazzi equations as integrability conditions, but since

we are only interested in the final result, namely that of obtaining
suitable expressions for the various projections of QRSYBG into {N} ,
this is no great disadvantage, and we reiterate that the alternative
derivation is given in reference 18. We start however by reviewing

in the next section some aspects of the intrimnsic geometry of a null

3~manifold. This review draws heavily on work by Dautcourtglg)

4.2, Affine Structure of a Null 3-surface

An n~dimensional null manifold is defined as one upon which
a degenerate metric of rank n-1 1is defined. We shall restrict our
attention to mn=3 , and denote a 3-dimensional null manifold by N .
We assume without loss of generality that the metric g of N has
signature (0 -~ =) . Suppose Bi is an arbitrary basis on N ,

(reciprocal basis Bl). Then g is of rank 2 if and only if there

exists a vector K , say, such that
g(k,B,) = 0 <> gijk-" =0, (4.2.1)
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dpe
The vector k 1is defined up to scale factor by the above equation,
and defines the null directions in N . If N is considered as a
hypersurface in V , then the integral curves of ﬁ are null geodesics
in V.
=+ > . .
Any vector v not parallel to k is called space~like, and

satisfies

g(v,v) <0 <= v #£0.

. >, .
A one-form v , corresponding to v,is determined by

v =g VB dgt vl (4.2.2)

e = . .
Note that any other vector ‘v = v + Xk will define the same one-form
v by the above equation. Any pair of linearly independent space-like
- - . , . > .
vectors v and w (which are also linearly independent of k) give
rise to one-forms v and w which span a unique two-dimensional subspace
of one-forms on N . We introduce a one-form n , linearly independent
. . . .o .
of this subspace and, in particular, use n to fix k uniquely by the

normalisation condition

k> =1 ., <> nikl =1 . (4.2.3)

Since g; : is degenerate, it does not have an inverse.

. . . . ij
However, we may introduce a substitute contravariant metric g ] .
defined uniquely if and only if both gij and n, are specified.

The defining equations are

ke
E~-4 020
EARI-A T (4.2.4a)

(4.2.4b)
It follows immediately from (4.2.1), (4.2.3) and (4.2.4) that
ik i i
Lo =680 ~kn, . 4,2.5
& By = 9 ng ( )
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(Note that strictly speaking, we should use a different kernel
letter for gij and’ gij . We do not, since there is no chance of
confusion and it avoids unnecessary additional notation.)

Ideally, we should like to construct on N a linear
connection which is both torsion-free and metric {as with the case
of a Riemannian manifold). Unfortunately, it can be shown that except
for a very narrow class of null manifolds, this is impossiblegzo)
A number of authors have considered the problem of comstructing a
connection on N , considering variocusly either the torsion-free

property(19’21’22”23) or the metric property(24>

to be more fundamental.
0f these, references 21, 22 and 23 consider N as a hypersurface in V |
and the connections used in these cases in fact depend on quantities
extrinsic to N := a property which seems to have dubious geometrical
significance, and certainly renders them useless in applications to the
initial value problem. In reference 24, Sokolowski considers a metric
connection with torsion, intrinsic to N , but his resulting Gauss~-
Codazzi equations are valid only for a particular class of null hyper-
surfaces, and in addition are very complicated.

In what follows, we shall endow N with an affine connection
first considered by Dautcourtglg) The connection is non metric, torsion-
free and dependent only upon quantities within N and their internal
derivatives. OQur motivation for using this connection is purely
pragmatic ~ it enables us to derive a set of Gauss—Codazzi equations
valid for any null hypersurface imbedded in space-time, and the resulting
equations are suitable for studying non space-like initial value problems.
We denote the components of the Dautcourt connection in the basis Bi
by F?k , and the corresponding covariant derivative by V . Then the

connection is defined by demanding
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vinj = V[i nj]

Yifik T 2 i

i
T 7 e

where

= def _,
P15 T Rap T e B

This implies

and Cgk are defined by

[Bi,Bj] = c}i‘j B, -

Equation (4.2.6c) is merely the standard result expressing the fact

that the comnection is torsion»freegzs) The structure constants

i
ﬂ;k

(4.2.62)
(4.2.68)

(4.2.6¢)

(4.2.7)

(4.2.8)

contain only information about the particular basis Bi chosen,

and in particular they vanish for a coordinate basis. They contain

no information about the affipe structure of the manifold. In order

to calculate a specific expression for ng we proceed as follows.

From (4.2.6a) we obtain immediately

i

Tom ™1~ 26

Writing out (4.2.6b) gives

3 3 _
% B T TiiBuk T TieBin T Bigfe t P -
1f we cyclicly permute 1i,j,k in the above equation, and subtract

the two resulting equstions, we obtain, remembering that hij is

symmetric and using (4.2.6¢)
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. % 3 I
{ijk}+ g[gzkcij + ggjcik) 80T () = Mg - (4.2.10)

where
. . def
= o o
{ij k} %(ngik akgij aigjk) (4.2,11)

is the Christoffel symbol of the first kind. We now contract (4,2.10)
. im
with g, and use (4.2.4b and 5). This yields, on substitution of

(4.2.9),

m _ oim.. . m im 2 im £
My = €00 5 k) + KMyn ) v 1C 8ucCiy * 8 gﬁjcik} (4.2.12)

Thus P;k igs given explicitly by (4.2.6¢) and (4.2.12) .
It is clear from the above definitions that Pék is
uniquely defined if and only if gij and n, are specified. It
is unfortunate that the connection is dependent upon quantities other
than gij , but it is not unexpected. In a three-dimensional
Riemannian manifold, the metric connection is specified by the six
independent functions contained in the metric. In N , the metric
contains only three independent functions, and so it is hardly
surprising that further information is needed to fix a connection.
This information, for Dautcourt's connection, is supplied by the three
independent functions contained in n, .

The Riemann tensor of T;k is defined in the usual way by

i j i
Ry v =2 vDka]v

for any vector v in N. Inm general, calculations involving the
affine geometry of N are rather tedious, due to the non metrical
nature of the conmection, but a judicious use of the defining equations
(4.2.4), (4.2.5) for g3 , (4.2.1), (4.2.3) for k' , and (4.2.6) for
the connection, allows us to calculate all the results we need. In

particular, it is useful to obtain an expression for Vikj . From (4.2.6b)

we get
..41..
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R L R W
. . . ke,
Contracting this with g gives

ke i [z 3 i k2
V) = fehktn ) v k) = - .. (4.2,
A 5,k nl} v,k g (4.2,13)

Next, from (4.2.6a), we get
n,v.k7 = - kv.n, = klv.n, .
3z 1] j i

Substituting the above in (4.2.13) then yields

i__ % A
A g h, + KKV, . (4.2.14)

The relationships (4.2.1), (4.2.3-4.2.6) and (4.2.8) are fundamental
and most calculations on {N} rely heavily on their use. They will

be used, for the most part, without reference in the remasinder of this

chapter, and particularly in section 4.5.

4.3. Foliations of Space~time by Rigged Null Hypersurfaces

We shall follow an analogous procedure to that used in our
discussion of a foliation of V by a family of space~like hypersurfaces,
given in section 2.2,  Although some of the results go through as in
section 2.2 there are, as we shall see, some very important differences.

A foliation {N} of V into null hypersurfaces is defined
by a closed one-form k , say, with components ka in the arbitrary
space—time basis E® , and which satisfies

L}gagkaks = O . ([{’e 39 1}

Since k is closed, we have, as in section 2.2,
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dk = 0 <=> av[aka] =0 (4,3.2)

and (locally) for some scalar function ¢

= . =q'
k dé <=> ka Va¢ . (4.3.3)
Hence each member of {N} arises (locally) as a level surface of
¢ , and from (4.3.1) and (4.3.3)
4 OB 4y by ¢ = Q
g 0’.¢ 8 @
An arbitrary basis Bi of vectors tangent to {N} must
satisfy

a-‘.
<k>Bi> = kuBi =0 . | (4.3.4)

o . . .
Bi are the components of Bi in the general space-time basis and

{(c.f. section 2.2) act as connecting quantities of {N} for vectors

tangent to {N} .

The vector k defined by
T2 w0 g o ® 3.
k g kaEB k E, | (4.3.5)

is a null vector, since

by (4.3.1). Furthermore kK is both tangent to {N} , since
—->-~an _
<k,k> = *g "k k, =0
and orthogonal to {N} , since

‘*g(ic*,Bi) = <,B,> = 0,  (4.3.6)

by (4.3.4).
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A metric g is induced on each member of {N} by

demanding that for any vectors v and w tangent to {N}
o e o
glv,w) = “g(v,w) . (4.3.7

The components of g in the basis B, are given by

= = b - b of
8 g(Bi,Bj) g(Bi,Bj) gaSBij (4.3,8)

Since k is tangent to {N} , we have by (4.3.6) and (4.3.7),
B = 1
gk,B,) = "g(k,B,) =0 <> giikj =0 (4.3.9)

Also, since K is null, and gg(g,Bi} = (0 , any other linearly
independent vectors in {N} must be space-like, since a null vector
can never be orthogonal to a time-like vector; and is orthogonal to
another null vector if and only if it is parallel to it. From
the above argument and equation (4.3;9))we see that each N e {N}
is intrinsically a null 3-manifold, as described in section 4.2, by
virtue of the metric induced upon it. Note that now, however, we
have a normalisation of Kk already determined by equation (4.3.5).

In particular, we can show that for this normalisation

s kP -0,
a
since

e e M A TR S N R I N (8 S IR
o oy Y o vhoa J

by (4.3.5), (4.3.2) and (4.3.1). Hence & is not only tangent to
null geodesics, but also affinely parametrised.

In order to fix Bi » the components of the reciprocal basis
Bi in the general basis e , we must (c.f. section 2.2) define a
rigging of {N} . In the case of a space-like foliation {Z} , it

is the requirement that the correspondence between vectors and forms
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in {Z£} defined by the induced metric g be the same as that

defined by the full metric %g that leads to the idea of a natural
rigging direction for {I} . However, since the induced metric

on {N} is degenerate, we see from the discussion in section 4.2 that
we cannot follow an analogous procedure for {N} . Indeed, the
natural rigging for {f} is the direction orthogonal to {Z} , but

the direction orthogonal to {N} is, as we have seen, tangent to {N}
and hence does not provide a rigging. For the moment, we shall assume
that we have chosen some arbitrary direction out of {N} defined by a

vector field n , and normalised by the requirement that
-3 .

<Gk,n> = 1. (4.3.10)
Then B; is determined by the requirement that
<t > = Bon" =0 . (4.3.11)

. . . i . Lo
As for space-like foliations, BOc are comnecting gquantities for one—
forms in {N} . The "contravariant metric” #g induced on {N} by
the requirement that for any ome-forms v, w in {N}

s &

= 13
= kg VWL s

v W
J

y 0B
& v, 8

has components
agtd o 1,0BglJ (4.3.12)
aB
. ] “+
in the basis Ei s and hence is dependent upon n .

. > i .
Since (Bisn)8 (B",k) are reciprocal bases of V , as seen from

(4.3.4), (4.3.10) and (4.3.11), we can form the quantities

o def _o,i o o

B "= BB, =8 ~nk,_ . 4.3.13)
8 i B B B ( :
. o i o . .

The quantities Bi s Ba and BB act as projection operators,
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projecting tensors of V into {N} (e.f. section 2.2), |Note

. . . G o .
that technically, we should write B 8 for ég , Since

N
B g # 58 68 agi .

However, we shall always understand that B; = g% g * Similarly,

we define

¢ = n% (4.3.14)

Cg projects covariant quantities normally to {N} , and contravariant
gquantities in the rigging direction (which we emphasise is not’normal
to {N} ) .

The rigging field 7 induces a one-form "n on {N} , where

'n is the projection of n into {N} . Note that 'n can never

be zero, since

'n = BBn = = ngn k (4.3.15)
o o

by (4.3.13). Hence

n =0 => g = ﬁi

. . -,
for some (possibly zero) X . However, by assumption n is not

o .
parallel to k , and non zero. Moreover, since from (4.3.10)
3 e 5
<k,n> = <n,k> =<'n,k> =1,

we can use gij and ‘ni to determine a substitute contravariant
. ij . . . . .
metric g ] , as described in section 4,2, using equation (4.2.4).
We shall demand that this substitute contravariant metric be identical

»

@ & & i & I3
to the induced contravariant metric ¥#g ] given in (4.3.12). Now

- Jy_oB,
i ag B i BB g

(=
Latn

from the definition of #g™~ ., Using (4.3.1Y), the above becomes
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ij = J L 0-8( € . J €
% ¢ = . P
g~'n, =B, 'g |h~-nnk ) k“nn_ .

i 8

Again from the definitions of gij and *g"

that

iL
% =
8ii8kp Bix °

Comparison of (4.3.16) with (4.2.4) shows that

ij ij

®gT o= g7 <= nen€ = “g(g,g) =0 ,

That is, the induced and substitute contravariant metrics of {N}
are identical if and only if the vector n defining the rigging is

# > @ % 2
a null vector in V . We shall assume that n is null, in which

case (4.3.15) immediately yields

that is, n lies in {N} .

s, e e .
Now, the condition ‘“g(n,n) = 0 , and equation (4.3.10)
e
are not sufficient to completely determine n .

freedom of the subgroup of the null rotations

, we can show easily

There remains the

about g' which

(4.3.16a)

(4.3.16b)

(4.3.17)

leave K fixed. 1f we define a complex null vector m , such that

e

(kyn,m), (k,n.,m) form a quasi-orthonormal null basis spanning V ,

where

> -
<k,n> = - <H,m> = 1

(the bar denotes complex conjugate) are the only non zero inner

(45 36 18)

products between the reciprocal bases, then the transformations leaving

k fixed and preserving (4.3.18) are

K-k
- en- 5K
n+n-Bm- Bm+ B

(4.3.19a)
{(4.3.19B)

(4,3.19c)



where € 1is a real, and B a complex function.  In order to
. > o, s .
fix n completely, some other ad hoc conditions must be imposed
e b B8 B
on 1 . For example, we could demand n Vak <k~ , the gauge
(27) "
used by Sachs . However, we shall mske no such restrictions on
> . . s . . .
n at this stage, since it is by no means clear just which particular

.
n  is in any sense the 'best' choice.

4.4, Extrinsic Geometry of {N} .

In both this section and the next we shall, for conmvenience,
work in the adapted basis Bi s as opposed to the general basis Ea .
The analysis can be reworked in the latter basis quite straightforwardly
(to obtain results in the same form as those presented in Chapter II),
but in the first instance the analysis, which is in any case complicated
by the fact that {N} are non Riemannian manifolds, is far clearer in
the adapted basis.

As with a rigged space~like foliation, any tensor in V can
be written as the sum of its projections into {N} and in the direction
of the rigging. In particular, the metric tensor is decomposed as

follows:

. = g*Y + 28 MY 4g 4 ¢tV g .

b
8a8 a8 Buv (a”B) "y af  Cuv
Using (4.3.9) and (4.3.13), we obtain

WY oy id
Big By = BogBij .

From (4.3.14) and (4.3.17) we get

Y oy - U Vog -
280,Cy By = BBFe)® By T (T ¢

and since 1n is a null vector, we have from (4.3.14)

¢

L KoV oy = 0
0‘8 gi—W n n 24 s

- kakﬁ uv

Collecting the agbove results together gives
.-{;8..



4 - oi] ,

gaﬁ Baﬁgié * ZK{QQS} (4.4.%1a)
In an entirely similar manner we obtain

b8 B??glj v 2 (4.4.1b)

We next define a number of tensor fields induced on {N} ,

namely
o
h., =h,.., =~-B.. "% k A
ij (ii) ij o' B (4e4.2a)
= - g*Bu
Lij Bij ans {(4,4.2b3
P i 4 B
Li BiB Van . {4,4,2¢)

We can show by straightforward manipulations involving the results of

the previous section that first of all

Byy =~ #F (4.4.3a)

ij kgij
and so the definition of hij given in (4.2.7) agrees with that given

sbove, and in addition

dgf e LE {4 2
Qij L(ij} zkngij s (4.4,3b)

wr 1 - ik b4 3e)
Li g Lik . {4.4.3c)

" For example, let us prove (4.4.3b). By definition

(28 iy
.. =~-8B,. Y, n
ij ii (a8
Hence
- _ 1p%B L
%i5 2Bis En 8ap

Substituting (4.4.1la) in the above gives

- _ 1p0B 83
L, . éBij £nfé@5 84 + Zk(aaﬁ

&

P

1]
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But from (4.3.2), (4.3.4) and (4.3.10),

Bk =f£k =0,
L O n o

80

— _ 1g9B k4 dgf g
zij 2Bij £nBa8gk£ 2 £.8;,

(c.f. equation (2.3.17) for the above definition of £ngij)° We
shall refer to zij as the extrinsic curvature of {N} . It is
the quantity for {N} which is analogous to the extrinsic curvature
hmB of {f} defined in equation (2.3.8).

A covariant derivative 'V is induced on each member of

{N} by projection. TFor any scalar A we define
'v.a o= BY 49 (4.4.ba)
i i a

and for a vector v tangent to {N} , 'V is defined by

. , .
I R% oy B
Viv BiB Vav . (4.4.4D)

Similar formulae hold for one forms and temsors of higher order on

{N} . From the definition of 'V and equation (4.4.2b), it follows
immediately that

'W.n, = - L., . , (4.4.5a)

It is also quite straightforward to show that

' . 4.4,5b
Vigjk 2 hi(Jnk> s ( 5b)

gince from (4.4.1a) and (4.4.2a),

def _oBY Lo4
1 v 4
Vigik Biik  VoBpy

_o pOBY i
2 B3k Va[k(snv))

- @By
2 n(kB]ilj) Vaks

]

= 2 h,,.
i(i"k) ¢
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From the definition (4.4.4), it is clear that the induced connection
whose components in the basis Bi we shall denote by ’F;k ; is
torsion-free. From (4.4.5b), we see that *F;k is now metric, as

we should expect from our discussion in section 4.2, However
comparison of (4.4.5a) with (4.2.6a) shows that the induced connection
is different from Dautcourt's connection. Moreover, from (4.4.5a)

we see that 'F?k has the rather odd and dissatisfactory property that
it depends upon the extrimsic curvature of {N} . (This is in stark
contrast to the induced connection on a space~like foliation {I} ,

which depends only upon the induced metric.) This in turn wmeans that

the Riemann tensor of the induced connection, defined by
'R, i) = 2ty ty vt (4.4.6)
[+ x]

for any v tangent to {N} , is also implicitly dependent upon the
extrinsic curvature and its derivatives within {N} . Thus clearly
the induced connection *FEK is not suitable for the analysis of
initial value problems, since eventually we wish to obtain expressions
for the projections of the field equations which isolate explicitly the
terms containing derivatives of gij out of {N} .

. . . . i .
As discussed in section 4.2, Dautcourt's connection ?jk is

dependent only upon gij and n, and their derivatives within {N} .

Since ng and ¥F§k are both torsion-free, they must differ by some
tensor Afki = A(jk)l on {N} . That is,
T S & S | (4.4.7a)
[ie] = "] © * ik
and
rro-rh =4t * (4.4.7b)

, . . = A, , .
ik ik ik (3k)
From (4.4.7), we obtain

V.n. - 'V.n., = Aij n - (4.4.8)



First of all, we note that by antisymmetrising on i and j in
the above equation we get, using (4.2.6a) and (4.4.5a)
def
o s = L ¢ e - V‘n, @
“ij (i3] i3
Next, we symmetrise on 1 and j in (4.4.8) and use (4.2.6a),

{4.4,3b) and (4.4.5a) to obtain

k
S T
Subtracting equation (4.4.5b) from (4.2.6b), and again using

(4.4.7) yields

v - 2 4 -
ViBie T App B T Ay B3, T O

E

Vigsk

(4.4.9)

(4.4.10)

Cyclicly permuting the indices in the above equation and subtracting

the resulting two permutations leads to

L
Ay By =0
) . . . fm .
Contracting this with g gives

m m k
Aij -k nkﬁij = ,

and substituting (4.4.10) into the above gives

Using a standard result relating the Riemann tensors of two affine

connections differing by a tensor, we first of all obtain

i i i m, i
ki = Rexj *Zv[ﬁaAk]j ZA[zlj!Akjm g

. . k. . .
Next we substitute the expression for Aij given in (4.4.11) into

the above. Then after some straightforward manipulation, and the

use of equation (4.2.14), we obtain

.....52.~
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- i i_ i
'Rﬁkj = ngj + Zv[iﬁk]j k zg[ﬁfjlkmLk]mk
im
Y28 A M (4.4.12)

Equation (4.4.12) expresses the Riemann tensor of the induced
connection explicitly in terms of the extrinsic curvature of {N} and

quantities intrinsic to {N} .

4,5 Projections of the Riemann Tensor

We shall denote by {N}I and {N}D respectively the rigged
foliation {N} endowed with the induced and Dautcourt's connection.
The equations of Gauss and Codazzi for a rigged hypersurface in an affine
(12)

space. endowed with the induced affine structure are well knowm,

For {N}I in V , the equation of Gauss is

SyRi o i _ . im
Bﬂ,kja RG‘{B = fR}ij 2g L[ﬂtm!hkjj . (4.5.1)

This equation is derived as a set of integrability conditions for
. . I.
the imbedding of {N}  in V . As far as we are concerned, however,

its significance is that it gives an expression for the projection of

QR@YBQ into {N} . The Codazzi equations arise as further integrability

conditions, but again their significance here is that they are expressions
. . 8vB g o Syi n o B

for the projections Bikj RSYB ku and Bika R6YB oo, By standard

algebraic manipulations, it is quite straightforward to show that

5Y8 L o = GYBH iy [+
Bons Revg Kq gjnkmszma Rsyg > (4.5.2a)
gOvi ug o B _ in glvBmoau, o (4.5.2b)

ko SvB m fkno 8vB

Thus for the special case of a rigged {N} in V , the Codazzi equations

are algebraic consequences of the Gauss equation.
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Now let us consider the Riemann tensor of YV im its
completely covariant form. It has only three independent projections,
. . SyBa 8v8 o

due to its s tries. They are B ... 'R B IP b
yumme y gkji eyBe * Pgkj  Reyga®  2Rd

8 . . .
BYB R a°n® . Again, by standard algebraic manipulation we can

show easily that

SvBa m m 8vBn 4 o
B .. = o, = n, .
ﬂak;{l R(S‘YBO& (63g1n nlk an ngm RS'\{S 9 (4.5‘33)
SyB u 9 SyBm 4 o _
gﬁkj E5y5aﬁ ﬁmSija gayg : (4.5.3b)

Hence two of the independent projections of *RSYB& can be obtained

from the Gauss equation (4.5.1). Substituting this latter equation

into (4.5.3) yields

SvBa 4 - v oo o
Boeji Royee = Bin ki T ZE[eli)™]s T 2%iE(e|m|™] 5K

n.g, %bﬁ{ (4.5.4a)

1
L4

g8 up %o g o (4.5.4b)

gkj  “8yBo 2k ’
In analogy to the Gauss~Codazzi equations for {Z} , given in equations
(2.3.10), we shall refer to (4.5.4a and b) respectively as the equations
of Gauss and Codazzi for {N}z .

It is possible to derive from first principles the equivalent
equation to (4.5.1) for {ﬂ}n , as integrability conditions for the
imbedding of {N}E in V . This is done in reference 18,  However,
it is much simplef té obtain this equation by substituting the expression

i in terms of R ‘i given in (4.4.12)yinto (4.5.1). of

£ ¥
Lo Rkkj 2k

course, equations (4.5.2) and (4.5.3) still hold, and so we can obtain

_.,Sé}&.



the equations of Gauss and Codazzi for {N}D merely by substituting
(4.4.12) into (4.5.4). We first perform this operation for (4.5.4a),
and obtain after some straightforward algebra the following intermediate

expression.

(SYBOL L

3 n
Boxii Boyee  Bintuki T P*[eli|M]i T 2Pe)s|%]s

_ m m
Znih[ﬂj lwklmk nigjnngmnk P (4¢5o5)

The above equation can be put into a slightly neater form by obtaining

a suitable expression for the last term on the right hand side. We can

show that
m m
- nigjnRzkmnk = Zniv[ghk]j + Znih[ﬁlj fmk]mk 5 {(4.5.6)
since
m 1
%gﬁngikmék N gjnv[ivk}k

§ Vﬁz(gﬁnt‘fﬂ“n} - (‘?iz%i}["kzkn} :

Using in addition to the fundamental equations in section 4.2 the
. n
expression (4.2.14) for ka s the second term of the above equation

becomes

- ops(rgese) - [ostsmal) ige)
ST TBADS T el

from which (4.5.6) follows immediately, Substituting (4.5.6) into

(4.5.5) yields
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6yBa g

n
.. =pg, B . + <5 ., + S
Bikgl RS%S@ Bin ak] zﬁzigjiaiéz 2ﬁ€£§3§ <l

+ Z‘niv [ﬁhklj . {4.5.7a)

Next, we substitute (4.4,12) into (4.5.4b) to obtain immediately the

equation

5vB o o _ _ 5 R
szg ngﬁan zvgﬁijj Zg[ﬁ]jiig]m% (4.5.7b)

We refer to equations (4.5.7a and b) as the equations of Gauss and
Codazzi for {N}B . They are the true analogies to the Gauss-Codazzi
equations (2.3.10) for {Z} . Firstly, they are the projections of
§R5YBG four times into {N} , and three times into {N} , once in the
rigging direction. Secondly, the resulting expressions are explicitly
in terms of the extrimsic curvature, 2ij . and quantities that can be
built out of g,j s T and their internal derivatives only.

The only other independent projection of %R§78a comes from

considering the definition of £ ¢ . Eventually we obtain

n ki
YB 4 S AT T o+ gy + (4
B%E Rﬁyﬁaa n in ki Kj k a *g km@}a V<kaj} R (4.5.8)
where
. def £n. . (4.5.9)

Equation (4.5.8) is derived as follows. We first note that £nBZzQ .

Hence, from the definition of ﬁkj , We obtain immediately
'YB L
£ L. =-5 vV, n
n ki kj n (v B)
But from the definition of the Lie derivative, we get

4 = S ug uy S u vy S| b
£n VYHB g} Vé Vyne + ( ,Yn.}{ V5n ) + g Vs*ﬁ.)‘§ V ng
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Using the Ricci identity, this becomes

Suy b4 l 6 a (u ﬂ {u (4 5} 4
v - TR
n VY 8n8 5Y3®n n o+ | Vyn Vsng + VBn ( VYHG}

and again from the definition of the Lie derivative , this becomes

4 _ b § o by 6] fu
Vyinns RGyBan o + ( VBH‘}( Vynﬁ} .

Symmetrising on Yy and B , and projecting into {N} then yields

5 o % m
- £ % .=V, a, . -BF g + . .
2% &25) 1 Roypol B L(kimjLJ} . | (4.5.10)
But from (4.4.7), we have
¢ . = ¥ N = .m 2 ‘}éwah
V(kaj) x%5) ﬁkjk a (4.5.11)

Equation (4.5.8) follows immediately on substitution of (4.5.11) into

(4.5.10).

4,6, Conclusion., Possible Applications to the Non Space~like Initial Value

Problem,

From equations (4.5.7) and (4.5.8) it is a straightforward process
to calculate the independent projections B¥§ "R, BY “R nB and

ki yB” "k "¥B

%Q?Sg?ng of the Ricci temsor of V , and equating these projections to
zero gives the covariant  3+1  break up of the field equations with
respect to {N} . It is not hard to see that the projections into {N}
are the six main equations (c.f. equations (3.3.3)) while the
remaining projections are the subsidiary conditions and the trivial equation.
The expressions obtained for the projections of the Ricci tensor are,

however, quite long and without further analysis not particularly

informative. We do not reproduce them here, but they can be found in
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reference 18. In order to use them to investigate any non space-

like initial value problem, it is first necessary to choose a

particular null vectox o rigging {N} . {Remember n is only

defined at this stage up to the subgroup of the null rotations about

k given in equations (4.3.19)) Depending on the particular choice

of n , the field equations take on quite different forms. Even after

a choice of n has been made there still remains, in particular, the
problem of extracting the dynamical equations from the main equations.

The best way to do this is to project the field equations again into a
family of space-like 2=-surfaces foliating each member of {N} . Such

a family is naturally provided by choosing n so that the corresponding
one~form n’ is hypersurface orthogonal, that is proportional to a

closed one form n , say. {(Note that there is insufficient freedom in

the equations (4.3.19) to demand that n be equal to a closed one-form.)
The two families of null hypersurfaces defined by k and n then intersect
in a (two parameter) family of space-like Zwéurfaces. In fact, this
procedure has been investigated by the author, and work in this direction
indicates that it is possible, using this approach, to formulate covariantly
a characteristic initial value problem. The difficulties and drawbacks

to this approach are, however, manifold. Since {N} are non Riemannian,
one has to deal with the problem of imbedding a family of (Riemannian)
space-like 2-surfaces in a non Riemannian manifold - essentially the
reverse of the problem dealt with in this chapter. One is also restricted
with this method to considering only Sachs' dougle~nu11 problem, since one
has naturally introduced two families of null hypersurfaces. If one wishes
to impose different conditions on a , either to investigate other gauge
conditions for the double-null problem, or to analyse the mixed problem,
then n will not be hypersurface orthogonal. It will instead define

anholonomic null 3-surface elements, or anholonomic space~like 2-surface
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elements within {N} , and this leads to still further complications.

The fact that one is led to projecting again into space-like
2~surfaces raises the question as to whether it would not be better to
project straightaway into a family of (suitably defined) space-like
2-surfaces foliating V , without first projecting into {N} . 1In
fact this turns out to be a very fruitful appreoach, to which we devote
the remainder of this thesis.  Although the 3+l approach does not seem
to be the best way of analysing non space-like initial value problems,
it is felt that the work in this chapter is of interest in its own right,

since it leads to some deeper insight into the geometry of null

hypersurfaces,
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Chapter V. The '2+2' Formalism.

5.1 Introduction.

(28) suggested that

In a recent paper, d'Inverno and Stachel
the so-called 'conformal 2-structure' - essentially the conformal
metric of a family of space-~like 2~surfaces — might be considered as
the dynamical variables of the gravitational field. Using coordinate
dependent techniques they show that this prescription works,
formally at least, in the characteristic, mixed, and space-like
initial wvalue problems. Their work motivates the introduction, in
this chapter, of a covariant 2+2 formalism, in which space-time is
considered as being foliated by space-like 2-surfaces, rigged by a
pair of vector fields which are 1ineérly independent and normal to the
foliation, and which thus span time-like 2-surfaces (in general
anholonomic) orthogonal to the foliation. By a suitable choice of
these rigging fields, subfamilies of the space-like 2-surfaces can be
regarded as foliating hypersurfaces in space-time which may be
either time~like, space-like or null. This formalism allows us to
deal conveniently with all three types of initial wvalue problem,
namely Cauchy, characteristic and mixed. In the last two cases, it
is because we are working directly with the geometry of Riemannian
Z=-manifolds that the problems encountered in the last chapterywhich
arise from the degeneracy of the intrinsic geometry of a null manifold,
are essentially bypassed. In the remainder of this chapter we analyse
the 242 formalism in detail, before going on to consider in the

subsequent three chapters ‘the application of this formalism to the

various initial value problems.
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(12)

5.2 Foliations of Space-time by Rigged Space~like Z-gurfaces

A foliation {8} of V into 2-surfaces ({S} 1is a foliation
of  codimension 2) is defined by a pair of closed one-forms, na, say
(a = 0,1) with components in a general space~time basis ng . HNow,
n° and n! define respectively foliations of V, {21} and {20}3

into hypersurfaces. Each Se{S} can be thought of as the intersection

of some Zée{zo} and Zle{zl} . Since n? are closed, we have
a ' a
dn® = 0 <> 4y 0oy =0 5.2.
("] (9:2-1)
hence (locally) there exist scalar functions ¢a such that

a

a a
n = d¢ <> 1:1Oc

a
= “va¢ , (5.2.2)

and {20}9 {Zl} arise (locally) as the level surfaces of @l

and ¢0. Each E(a)siz(a)} is itself foliated by a subset of

{8} , and we denote these sugsets by {S}(a) (where parentheses
around an index indicate that we are referring to a fixed value of
that index). The remarks made so far in this section are illustrated

in figure 1.

An arbitrary basis of vectors BA tangent to {S} must

satisfy

< na,BA > = n§B“ =0 (5.2.3)

. o . ‘
The quantities BA are the components of BA in the general
space~time basis, and act as connecting quantities for vectors
tangent to {8} (cf. section 2.2).

. +a
We define vectors n by

—>~a=4a8
n g R§EB (5.2.4)
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Hence, from (5.2.3)

“g(@®,8,) = <nB > =0. (5.2.5)

A

Since ne are orthogonal to BA , the necessary and sufficient
condition that {S} should be space-like is that n° should span

a time—like 2-surface element T at each point of V. We shall
assume that this is the case, and we denote the totality of these
elements by {T} . Note that ﬁa are not, in general, closed under
the Lie bracket operation, so the elements {T} do not define a
foliation of V ; they are rather anholonomic time-like Z-surface
elements, or fields of non integrable time-like Z-planes. Now o2
and n® are bases of vectors and one-forms in {T} s but they are

. . . a .
not reciprocal bases. The reciprocal basis to n is gna and is

defined by

m =1 .aP (5.2.6a)

where LIS is some 2x2 matrix of (in general non constant)

scalars. From (5.2.6a) we have immediately that

Then (5.2.6b) and the above yield

a .+ 5 > 3
= < ' > o= o< Tt > = bg (! "n 5.2.7
Nep = Neg 20’1y o'y g('n_»'n.), ( )
hence n is a symmetric matrix. We define its inverse by

ch
an ., and thus

...62..‘
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ac
L= db . (5.2.8}
From (5.2.6a) and (5.2.8) we then get
ca,~> >¢
n 'n_=n (5.2.9)
a
” # = 3 §”)" e
Hence there is & natural isomorphism between o and n ,
and alsco 'na and n? s with the raising and lowering of the
indices a,b,.... defined by nab and b respectively. Thus
. . o 5 -
we may write no=mn, and n,=n . and the vectors o, and
one forms n° form a dyad basis of {T} . For any temsor Xu§§;
in {T} , we define its dyad components by
Beos .00 B Gows
X =1
cob el P XLg
and then it is easy to show from the above arguments that
D def bdyCaee _ yoeeb (5.2.10)
Boes Nae..." *..d Gese o o
Thus we may raise and lower dyad indices of the dyad components
of tensors in {T} with n° and Nap resgpectively.
al
Metrics g and 'g are induced in {8} and {T}
> -+
respectively by the demand that for vectors v and w tangent to
rel o o
{8} and ‘v and ‘w tangent to {T} ,
5 > e
glv,w) = LFg<v'sw) s
e e
‘e('v,'w) = bg('v,'w) .
Then s
def N L B
= B B = = 7 502ella
EAB g(By,By) = "e(BysBp) = "5 0Bq ( ) |

are the components of g in the basis B, » and
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? - 1 A = b - = - 4 o B -
8.1 g(na,nb)) g(n,n.) P (5.2.11b)
are the dyad components of 'g . Comparison of (5.2.7) and
(5.2.11b) gives
o f
LIRS 8. ° (5.2.12)

and so Ny are the dvad components of the induced metric in
{t} .

The natural rigging of {8} is defined by any two linearly
independent directions orthogonal to {8} , and in particular, the
two directions defined by ga constitute an especially convenient

I3

pair of rigging directions. The reciprocal basis of forms BA in

{S} is required to satisfy

< 8%, Ea > = Bi nz =0, (5.2.13)

A

and this fixes the components Bi of B . The vectors {Egg ga)

A &, . .
snd one-~forms {B ,n )} constitute reciprocal bases of V. Hence

we can form the quantity

o def o A o _ o _a
BS - BA BS = §8 nﬁ 36 s (50261&)
.. o o A . .
The guantities BB 5 BA and Ba act as projection operators,

projecting arbitrary tensors im V dinto {S} . For example, for

e
any vector v the elements

"}“ &
are the components of a vector ‘v in the general basis Ea s

and
¥vA = Bi'va {5.2.15)



+ % @ # @
are the components of ‘v in the basis BA . Similar remarks hold

for one-forms and higher order temsors {c.f. section 2.2). The

quantity

def

cg 2 a% n (5.2.16)

o a
a B

. . +
projects tensors into {T} and for example, for a vector v ,

the elements

ng? = p? @ (5.2.17)

.
are the dyad components of 'v.

It is perhaps worth emphasising at this stage that ’VA

{(defined by (5.2.15)) are the components of a vector v tangent to
{8} , and E?A transform in the usual way under arbitrary changes of
B

basis in {S} , EA > lﬁ By - However, 'v° , (as defined by

(5.2.17)) are a pair of scalars, "v°, "wl; the dyad index a has
no tensorial character. { In the terminology of Schcutan(é) the
dyad indices are 'dead’ indices.,) This arises from the fact that 3;
and n® are required to be fixed reciprocal bases of {T} , determined
uniquely by the demand that n® be closed one~forms, defining
particular foliations {Za} of V.

Any vector in V is the sum of its projections into {§}
and {T}. Higher order tensors can also be written as sums of their

projections. For example, an arbitrary temsor X of type (1,1) can

be written in terms of its projections as
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o ol € a -8 & o .6 & ag &
= ¥+ B E L
X B Bsﬁ 8 e CB X‘8 Ce BB Xsﬁ C€8 X 6

This can alsc be written as follows:

I g b a o a o b
= iX.8+ 1x bg + IX g%a + ¥ bRa nB

where, for example

o) def a B &
er s nb X B

are the components in Ea of a pair of vectors (labelled by the

dyad index a) tangent to {S} .

The inverse metrics induced in {8} and {T} have components

AB Biz 4 g8 (5.2.18a)

in the basis BA’ and dyad components

1g®n nd o %‘*gas (5.2.18b)

respectively. It is straightforward to show that

AC

A
= 2.1
g8 &g 6B (5 9a)

since, from (5.2.11a), (5.2.14) and (5.2.18a)

AC - BAC qgay £8

8B T Cay Bop Bep
AR [ y_Ovy
= B £ - nfn
aB Uy e Y} 8 gEB

and this gives, using (5.2.3)
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We also have

b
?ga = nab <= anc égbc e 52 (5.2"19!))
since from (5.2.6a), (5.2.11lb) and (5.2.12),
v,ab _ a by af _  ac bd a By _ _ab
nans 24 non ncnd 8a5 =1

Hence the respective induced inverse metrics in {8} and {T} are
the inverses of the metrics induced in {8} and {T} . This
justifies the use of the same kernel letter for the induced inverse
metrics in {S} and {T} respectively. It alsoc means that the

natural isomorphisms induced by "g and g between vectors and

one~forms tangent to {8} are identical. Similar remarks apply to

g , 'g and vectors and forms tangent to {T} .

Equations (5.2.2), (5.2.5) and (5.2.6) imply that g(a)
is tangent to {Z(a}} s and also that it is the natural orthogonal
connecting vector of meighbouring slices of {S}w)e The element
of b defines the lapse function of {S}(a); the

"(a) (a)

orthogonal metrical separation of nearby members of {S}(a), parameter

(a)

distance &8¢ apart, is given by

[Ag(g(a)§<a>))25¢(a) =ln(a)(aﬂ%§¢(a) (not summed over a) (5.2.20)

Then in an analogous manner to that discussed following equation
(2.2.12) where we defined the lapse function of the foliation {ZI}
in the 3+1 formalism, we define tn(a)(aﬁ% as the lapse function
of {8} The above remarks are illustrated in figure 2. The

(a)”

ab . . .
elements 1n°° , nll of n determine the metrical properties of

{£;} and {ZQ} respectively, since
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Q{a)(a) angn(a)n(a) . (5.2.,21)

o 8

The orthogonal connecting vectors ga of {S}a do

not in general commute, and we define

o o p(s 4
[n )% = £non1 = -2 ", (5.2.22a)

Then, since from (5.2.1) and (5.2.6)

a o _ . a a _
naﬁn nl = nlin nu 6,
o o
we have
2 = 1%, (5.2.22b)

. e ,
that is the commutator of n, 1sa vector tangent to {S}. The
;s P A . . ook
vanishing of 7 1s the necessary and sufficient condition for
{T} to be holonomic.

+ . .
Any wvectors e satisfying

a8 2 > =342 (5.2.23)

o]

re connecting vectors of {S}a’ Equation (5.2.23) only defines

(GRS

(qy UP to an arbitrary shift vector g{a} tangent to {8} . That
ig, any vectors

e =n +b s <n£> = (5.2.24)
a a a

satisfy (5.2.23) (see figure 2). We shall restrict our attention

to those gé for which the resulting Za commute. By virtue of
(5.2.22), such vectors always exist, but they are not unique. For

a given choice of shift vector gfa}’ the resulting g(a) ig tangent
to a congruence of cur?es /ﬁg(a) which lies in {Z(a)} s threads
{S}(a) and fibrates V. The curves of }:(a) are parametrised by
(2)

, and we may write

¢
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T o= 2 (5.2.25)

by virtue of (5.2.2), (5.2.23) and the demand that ga commute.

The curves in the congruences ﬁ;a set up a one-to—-one
correspondence between points on an initial Z-surface g , and

any other S e {S} as follows: if we start at some point P on g,
then travelling parameter distances ¢° and ¢! from g along
curves of ﬁgo and ;31 respectively, in any order, we always
arrive at the same point P, say, on a particular 2-surface § .
The vectors Za tangent to ﬁga are thus the natural ones with
which to propagate quantities through V. If, without loss of
generality, we assume that @G = ¢! =0 1is the equation of g N
then the value of some geometric object ?A (indices suppressed) on

a general Se{S8} 1is given by the generalised Taylor expansion

J

vy (6%,1) = exp{@aié } ¥, (0,0) (5.2.26)
a

{c.f, equation 2.2.16).

The foliation and fibration of V described in this section
may be thought of as being generated in a rather different, but fully
equivalent way. Suppose that we are given, in V, a pair of commuting

2 ,>' & & & L4
vector fields e and a two-dimensional,space~like cross—section

> . . . . -
of e - The fibrations ;ia of V are just the integral curves of
(as before), but the foliation {8} 1is obtained by Lie dragging
. . >
with ga so as to £ill up V. Since e commute, the order of

. . . a +>
dragging is immaterial. The one~forms n and the vectors n, can

then be determined from {8} .
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5.3 Intrinsic Geometry of {S} and {T}.

The only two non vanishing projections of L*gmg are
HV o = BAB =
BaB guv oB gAB gaB
and
BV oy = n2.b = 1
CaB guv nunenab Bag *

It follows immediately from (5.2.3) that the other projections

of ang vanish. Similarly, the non vanishing projections of
i OB are

oB 4 Hv af AB _ oB
and

oy wv  _ o B ab _ 1 _oB

va & Byt &

From {5.2.14), {Sszaié%(S.BsZ} and (5.3.2) it follows that

oy o

= B
8 Bgy B
S DU
g gﬁ*{ B

From (5.3.1 and 2) it follows that indices on quantities in {8}

{ff} can be raised or lowered by either the induced metrics

or

in {8} or {T} respectively, or by the full space-time metric.

The results (5.2.1-24) and (5.3.1-3) will be used repeatedly and

without reference in the remainder of this chapter.

Covariant derivatives V  and 'Y in 18} and {T}

respectively are induced by projection. For any scalar A , we

define

v A =B° %y )
[+ s [
tyoa o= cE By oa

[ o4 [

;.?O_a

(5.3.1a}

(5.3.1b3

(5.3.2a)

(5.3.2b)

{5.3.3a)

(5.3.3b)

{(5.3.4a)

(5.3.4b)



- >
and for vectors v and w tangent to {S} and {T} respectively,

we define
g _ _eBy g
Vav Bae ng {5.3.5a)
§ B _ eB o 8 -
Vaw C058 ng . {5.3.5%8)

From the above, it is easy to show that

Vygga = 'Vy'gsa =0 , (5.3.6)

that is, the induced connections in {8} and {T} are the

connections of the respective induced metrics. Next, we define

ya% - Y B oug . pd - na
?yﬁb n, ; n ?Qb i{c&) (5.3.73

P 4 e e e . -
With the above definition, it follows that for any w tangent

to {71}

Eyn%ﬁ? W i W o+ Ta b def ot (5.3.8)
FO A b c

{’:

Hence from {5.3.7 and 8}, we obtain

UW
]

Tyl = 19 = £ - I n =T
n ¥ g&a c¢"ba n. 'ba cbea cabe

ﬂ‘”“&u"

and this vields, by cyclicly permuting the indices c¢,b,a in the

above equation, and subtracting the resulting two equations,

r® = 12 + £ - £ (5
:Cb 2 i\ "3. ﬂ&‘b nb T’iac Bé ’n{:aﬁj s 3303 ?}
The set of gcalars Tic are just the dyad components of the
induced comnection in {T} .
The Riemann tensor of {S} 1is defined by
a B o o B
RSYB v - ZvEﬁvY}v 3 RgSYB nb O 3 (59301{}}
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. > , . e e s
for any v tangent to {S} . This amounts to the usual definition

when written in the basis BA . Since {T} 4is in general anholonomic,

itg Riemann tensor has a rather more complicated definition. It is

given by
g © B _ 219~ 17 % 4 2% E. &, L€ o _ B
5v8 W [E ¥]w ﬁaaﬁy VEg H 38 Rﬁyg O, (5.3.113
for any w tangent to {T} . The quantity
o def o d e £
& = T ,2 { e Js
Qé? Q[%Y] ngﬁny ie (5.3.12a)
o def o
Qdc iﬁﬁ n (5.3.12b

is the anholonomic object of {T} , which vanishes if and only if

{T} 1is holonomic. ., & has only one independent dyad component,
de 4

;z{}f , and comparison of (5.3.12b) with (5.2.22) shows that

ng the

Puta

i+

ot

inv

g
poe)
IS

. e e, e o
1 in the definition of R, s

anholonomic object, is required to keep the expression linear

We now take dyad components of (5.3.11) and

—
g
o
e
o
ok
(&)
b
=
@

sse (5.3.8) and (5.3.12) to obtain

r T

, N 3
& g 12 4p2 pe _p2 e wb
chb ce db

27V 'V v = £ £ -E £ [l +|E_ IT - TS +pd
[ﬁ é] ngn, B0y Ly cb n, db " de
(5.3.15)

From {5.3.12b) and the commutation law for Lie derivatives, it follows

immediately that
..'72»



e & -5 & Ju® = - a_ _, € . 2 = £
1§nd . £nc nd]w £Qé£w 2 T W - (5.3.16)

Substituting (5.3.16) into (5.3.15) and comparing the resulting

equation with (5.3.14) yields

'R, %=g 1% -£ 1% 412 1% - 1% % | (5. 3.
acb “Fnleb " Fn Tdb T Tde b T Teeab (5.3.17)
5.4 Extrinsic Geometry of {8} and {T} .
. . . . 6
We start by considering what Sﬁh@uﬁen{ ) terms the
'curvature tensors of valence 3" of {8} and {T} . These are
defined respectively by
o A Ay o - .
% =g My 8% = -p My ¢ (5.4.1)
&y §v Ayp §y Au
o Aln,, A0 Gohhe AU Lo
L = [ V.00 = B L V. C - 5.4.2
8y Sy Au Tue ATy ( )
{(5.4,3)
by g = =4y g = 2H - 2L, .. 5.4.4)
§5vB 8 Sy §(vy8) §(vR) ( ’
Trom (5.4.1 and 2}, we see that the contravariant indices in
- o o4 - . P M £ et i . 3
Hy and L. lie in {7} and {5} respectively, and the
{
covariant indices in {8} and {T} . Taking the dyad components
of (5.4.1), we get
P A
H, % = -piM4y o? (5.4.5a
8y sy Au : 2)

hence

&?’3.2



a
H[éﬂ =0 (5.4.5b)

and

def Au
h £y = - )
Sva (dv)a %Béyﬁnagku (5.4.5¢c)

# & & @ —>' #
Note that the Lie derivative with respect to n_ of a covariant
quantity tangent to {S} is not itself necessarily tangent to

{8}. TFor example, for a one~form v in {S} ,

> £ €
ni v ==y £ n =27 v
11 4
a b £ £ nb a ba ¢

hence there will in general be a non zero projection of £ v,
into {T} . However, since for the corresponding vector v s
nzﬁn Vs = -vein n: =0 ,
b b
the Lie derivative with respect to ga of a contravariant quantity
tangent to {S} remains tangent to {S} . Hence from (5.4.5c), we

see that we may write

Sy _ 8y
h s %Enag . (5.4.5d)

We shall refer to héya as the extrinsic curvatures of {S} .

They are the analagous quantities for {S} to the extrinsic

curvature hSY of {r} defined in equation (2.3.8). Note

that {S} , since it is a foliation of codimension. 2., has two
extrinsic curvatures. Each Se{S} arises as the intersection of

some I e{I } and Ij;e{Z;} , and haso » hyg, are "velocities'

of e in the direction orthogonal to {S} , but tangent to {ZO}

and {Z;} respectively. Put another way, any Se{S} can be

thought of as a hypersurface in some XOE{ZO} and has a corresponding

extrinsic curvature haso , Or as a hypersurface in some Zie{Z;} ,

with corresponding extrinsic curvature hasl .
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Taking dyad components of (5.4.2), we get

o _ 0 Ag u
de = Bund anc (5.4,6a)

This yields immediately, using (5.3.12), that

o
Liag] = -2, % (5.4.6b)
It can alsoc be shown from (5.4.6a), that

def 1
= PR | eé%s
% dea L(dc)ea 2Voandc ? (5.4.6c)

which we demonstrate as follows. From (5.4.6a), we have

immediately that

c U Ay c u
= B =
Ld o and vlnu Ban

Ay c

= —pH.Ch A
d VunA Ban 7 n {(5.4.7)

x Tt

From the last of (5.4.7), we get

= -gbn by ot
dea Baﬁkc Vund :

Symmetrising on d and ¢ in the above gives

A
d)

e % %,li* }3‘; %
==B Y in I A
it .

= —pt b -
g B.p V} kcﬁdj “aed ?

dea a rle [ﬁ

H

which is the desired result.

s

LE

We can decompose “?¥gg and %V¥nb in terms of thelr
projections into {8} and {T} . Collecting together the results

(5.3.7), and (5.4.1,2, and 5) yields

by & a a b a _cb “

v - 4+ 2 -7 A48z
s hYB L, (YnB) cb™ g (5 )]
L o _ oy O _ a o o ¢ a o.c 4. 8b
vynb hY b Lb Yna + ch ny o+ I’CbnamY . {5 3
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We can now decompose the covariant derivative of any tensor in V
in a convenient way. Suppose we have a tensor with every index

lying either in {S} or in {T} (an arbitrary tenmsor can always be

expressed as a sum of such tensors). For example, suppose that

b
X = B'n X .
YB Y B ub
Most of the projections of %vﬁxyg are either zero, or follow

immediately from (5.4.3), and do not involve derivatives of XYB .

For example,

AUVy Ay, Lo oV Y
B v X = - X /. B = = 3 3
dvg A BSV uv VA 8 vanﬁﬁ s
There are only two projections of iéVSX?S which do involve
derivatives of XYB . The first is
Ay vu = ,
= v + I, 5.4,
B§ vzxuv SXyE Xye b (

where this relation is proved as follows. From the definition

of X s

vB
Au v b4 = A E};; é?
Béynb vk TRV Bﬁgﬁb {W%e 3; :

Expanding the right hand side gives

pMHug ¢ + X gks;iv nS .

5y A u%
The definition of V , and equation (5.4.8a) then yield the desired
vresult. The only other projection invelving a derivative of ?{Q ig
p'B¥aY%v X = 'v.X _ + X _h° (5.4
4d°v's ATy d"vb By d °
where
wx ., et g¥e x-S x . (5.4
d"vb Y ng ub db ve

g

s
e



[
(o3
e}

To prove (5.4.10a) wé first note that, again from the definiti

£ X
o VB’

ALH_ vy ALty AV e
B'n V. X =qn B 7V X + X *
dy b Auv dy A ub ?egiﬁ% vkﬁv ’

o

Using the definition of the Lie derivative, the right hand side
becomes

Wi _— A Vi, &
BIE X, -X v + X 0 ¥yt
y(‘né ub £b gﬁ’g % %fégﬁ viﬁv

and using (5.4.8a), this reduces to (5.4.10a), remembering the
definition (5.4.11a).
%78

Similayr results hold for , and we obtain

gAYy gV -y xYP _ xYep b

n 3
Su'v A 3 e § ¢
Aoy bh. UV b b, v
0B a4y x" = 1y X7 - x%h Y,
du'v A d e d
where
b def vb b _ve
rg x7° 8 g x4 P Y
d n, de :
o]
- - o £ I+ e’?’@ z ;5 . Z
g two projections of <K being the only ones which
e s = w?g g o X P A Y N N
involve derivatives of X7 . Equations (5.4.11) extend the
finition of 'V_  to quantities with both dyad indices, and
dices lying in {8} . From this definition we see that

these latter indices. Equations (5.4.8) Ffu

(5.4.00) help us to calculate in a concise way the projections of

he Riemann tensor of V dinte {5} and {7} .

t
-
N

f



5.5 The Alternating Quantity €.b

e £

=il

m
m

We introduce a pair of antisymmetric quantities

defined by

- -0l .

= - = 5.5.1

€01 £ 1 {5.5.1)

Next, we define

n = (~dectn ))? (5.5.2a)
£ 3%} i}s -7
- =1 -.ab ab £oE 9%
ﬂa%} = 1N T}a% s N = 17 . {,y/»x,;a,&?:};

From these definitions we obtain immediately the following

regults:

¥
©
(9]
ot
jan
]
o)
N
P
L
Lnt
L
j ]
S

= 7
2 Maped
{ = = _ab cd -2 From s
-~ £ n = n 5.5.30)
7 facfpat " ( /
~ah Z ac bd. " .
= 1 £ {5,5.4a)
- 1 n “ed
s “’2 .,.QS‘:; I AN
£, =1 n N, € {(5.5.4b3
ab ac hd .

P Yy s fl s ab —-ab
A Ffurther relationship between n and ¢ is
ad bBe ac bd ~Z.ab_cd
g } = 7 e S 2
Now, from (5.5.2a), we have
be e
ty = i ! = 0 {(5,5.86}
%gn in vggés O ) (5.5.86)

that is, n behaves like a scalar demsity of weight +1 with

¢t te the operator ??3 . Then it is clear from {5.5.3)

1]

resp

w‘?gm



- -ab . o .
that €5 and ¢ must behave like densities of weight -1
+1 respectively, with respect to 5va o It then follows
immediately that
.be -
'V e ='TE =0.
a be
From the above discussion we see that, comparing
(5.2.22) and (5.3.12b), we may write
o .~ =G
[ =g, M,
de de
and we then have that
—g -, -
v i =5 2% -0
a n ae
a
. , =0 . . - . .
that is, #  behaves like a scalayr demnsity of weight +1 with

respect to *?n . We can alsc prove some useful results about

. From its defimition in (5.3.17), 'R

il
deba deba

antisymmetyric in its first pair of indices. Thus we may write

. o

in o H I |
R =g, € R R s
deba de“ba “olol de{ba)
Tt is possible to show that

, - =g

EéQiéé} Ede géag

as follows: from (5.3.17), we obtain directly that

e e

-f P e o~
£ Tcéa ”as’éba”%raseiéé aéeycb

?R =
deba ad

where, from {(5.3.9)

def e  f s
cba ae cb n, ba n, ca

L]

- TG -

is clearly

and

(5.5.7)

e
W
N
L
[
&

s

P
A¥ )
=

it
@

W
S

I4 i b
iga:’e E

o n
{E;ﬁ.:}f é.,{}



Symmetrising on a,b in (5.5.11) and using (5.5.12) yields

R =4[k £ -£ £ In. .
deiba) [.né ne n, ndj ab

The equation (5.5.10) then follows from the definitions (5.3.12b)

and (5.4.6¢), and the commutation law for Lie derivatives.

(5.5.9 and 10) yield immediately the following.

def e -2 - e =g
¥ = ¥ == +
Rcb Recb n Rolo}_ Zeeci bsﬂ

def e -3
7 I -
Hence

7 égf H [ 7 = 9. e e
Gcb Rcb 2Mep R zeecl bea °

Equations

(5.5.13)

(5.5.14)

The quantities ‘Rcb, 'R and ?Gcb are the dyad components of

the Ricci temsor and scalar, and Einstein tensor of {T} respectively.

As we would expect, the Einstein tensor vanishes if and only if the

Riemannian 2-surface elements {T} are holonomic.

Finally in this section, we note that by virtue of (5.5.5),

the dyad components of any tensor TaB

identity:

ab ab, e _ | ac_bd _ab_cd . ,~2-ad-bc
T nTe-(nnnn)TcdnesTcd

5.6 Conformal 2Z-structure.

in {T} obey the following

(5.5.15)

The concept of conformal 2-structure is due originally

to d'Inverno and Stachel, and an extensive discussion of it can be

found in reference 28. Thev in fact only consider in detail the case

of 2-surfaces foliating a 3-dimensional manifold. However, as they
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indicate, it is straightforward to extend their invariant definition
to the case of 2-surfaces foliating a 4~dimensional manifold. We
make such an extension here. We start by removing a conformal factor
y from the induced metric of {S} , and we dencte the resulting

-

metric by 8,8 That is, we define

- B - ~1~af
gaB '\{gaﬁ z g 'Y 8 . (5&601)

and then the conformal extrinsic curvatures of {8} are defined

by

Y8 ~YB
h a 2£nag & (59 6«2)

We now look for a conformal factor such that the trace of each of the

resulting conformal extrinsic curvatures vanishes, that is, such that

- e def - oyB
e o= g, =0, (5.6.3)

(Note that indices on quantitities with a superscript (") are
raised and lowered by the conformal metric,) Now, we have
gk g gt 8t 8 F

g o ¢
a Y8 a n, v B

Using (5.5.2) and (5.6.1-3), the above equation can be written as

- -1 T -1 _ T E -1
(/~%g) E Y='g=y £ y-h_ _*n’E n, (5.6.4)
a a a
where
y d

ef 4
g det ( guB) .

From (5.6.4), we see that (5.6.3) is satisfied if and only if

£ (ny</fﬁ§§"1} =0. | (5.6.5)
a
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-+ . . e »
Since n do not commute, the above equations have integrability
conditions which must be satisfied, and in general, the only solution

of (5.6.5) (unique up to a constant scalar factor) is
-1
Yy =n V/=Htg . (5.6.6)

We shall assume for the remainder of this thesis that vy 1is given
by the above equation, and we denote the resulting conformal metric
éas as the conformal Z-structure. We see that éae has only two
independent components, by virtue of (5.6.3) . In fact 2 1is just
the determinant of the induced metric of {S} , when the latter is
written in terms of the basis BA . Note that vy has the same
tensorial character as szg s namely it is a scalar density of
weight + 1 in V.

We may now decompose the extrinsic curvatures into their

trace and trace~free parts. We get

= vh + h 5.6,
h thBa %gYB 2 ( 7)

where
det h€ = ~y—1£ Y - (5.6.8)

We define the operator 'V_ on vy by

H P
vy = £n ¥ (5.6.9)

and this in turn defines the operation of Va on all quantities

superscripted by (') . For example

~YB

1 Bz ~YB
Vag 2h

- oY
= En g
a

a9

and so on in an obvious way.
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5.7 Projections of the Riemann Tensor.

On account of the many symmetries of the Riemann tensor of
V , it is pot difficult to see that it has only five independent
projections into {S} and {T} . Four of these are given by the
well known equations of Gauss and Codazzi for (possibly anholonomic)

Riemsnnian submanifolds of a Riemann space. In the present case, they

reduce to

AUVTY

- €.,
BS?B& Rlpvw Raysa * 2H[§[3E Hy]as (Gauss)

AUV, Ty AU v, Ty ’ .
= 2B
Bﬁygca Rluvw [§ ] C VAHuvw {Codazzi)

for {8} , and

b ,
Auvr -t +2L[ £ £

8yBa “Auvm Réyaa 5{5]'Ly]a€"2ﬁgy LBae (Gauss) ,

AUV Ty PRTRRY ﬂg _ £ .
CﬁySBa Ri [B ]6 v L - 2957 HSQB {Codazzi)

for {T} . We now take dyad components of the above four equations,
and use (5.4.9 and 10) to expand the first terms on the right hand

side of the respective Codazzi equations. We obtain, respectively

méyﬁa = Rygy * 2hmgtehﬂue (5.7.1)
_L"'R(SYB& = 2phg, * ZLaeEShY]Be (5.7.2)
qucba - decba ¥ ZL[éEBIELc]as - 2Qéc€Lbae (5.7.3)
LRybe = 2V rdte]be * Zhas[ch]bs B mdcehwé’ (5.7.4)

where, on the left hand sides of the above equationg, we have used

the abbreviated notation, described in section 5.2 , that
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AUV def 4R

Béys‘a AUVT SvBa

and so on. The remaining independent projection of the Riemann
‘tensor is iﬁRdySa’ and we obtain a suitable expression for this
as follows: we start by considering the Ricci identity, applied to

! . This gives immediately

gaB
~lig o by 0 = 4 €y PR Ey
2 VL} vp] ng Rhuv geﬂ Rluw gev
= b € 4 £
Rkpvecﬂ * Rkpﬂecv ‘

Next, we project this quantity twice into {S} , and twice into {T} .

Taking dyad components, this yields

[4R = —20 B¥Vn by -ty 4
— “dyBa ndBysna V[} u] ng@
The above expression for iﬁRdyBa becomes, using the identity

(5.4.4)

I = 20 MY iy ~
j__ RdYBa ndBYBE‘La VLA H}i}\)’ﬁ' Lﬁj vrl °
Finally, we use the identity (5.4.3), and equations (5.4.9 and 10)

in the above, and after some straight forward algebraic manipulation

we get

L; - ? * © € @ &
l'RdYsa vthBa hyeahB at VyLdaB + LdeBLa ¥ (5.7.5)

5.8 Projections of the Einstein Tensor.

The Ricci tensor of V is defined by

g8 - ‘*RSYBS (5.8.1)

and the Einstein tensor by
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hgYB o ugV®  _ gYBug (5.8.2)

where
by = bp €
R RE (5@803)

is the Ricci scalar. We split the projections into {8} of

“RYB and “GYB into their respective trace and trace-free

parts, defined by

1R =g juRYB (5.8.4a)

|

e m 4 YB ,
L'6=g,l'C ~ (5.8.4b)

v HARYE = uRYB - g Pk (5.8.5a)
Y LIEETR = 1he7E - 4gYB kG .  (5.8.5b)
Equations (5.8.2-5) imply the following relationships between the
projections of the Ricci and Einstein tensors:
14678 < R (5.8.62)
thp o bp 8
e Re (5.8.6b)
1468 = |4reB (5.8.60)
4g®P - ugpch _ gnCB{ﬁg + ‘*Ree} (5.8.64d)
e ,
*6,m = - 'R . (5.8.6e)

- 85 -



Using equations (5.8.1-6), we can write down the projections of
the Einstein tensor in terms of the projections of the Riemann

tensor. We obtain

AT S SILEF P (er®e_ o+ 1400

oo)

€

chb - “RQCbe + iﬁRCESb _ %ncb(FReffe + i&Reees + ZiﬁResee)

e _ iﬁRee + }qRee

e
e ce Be

]

It is straightforward to calculate all the necessary contractions of
(5.7.1~5) needed in order to calculate explicit expressions for the
projections of L*Gci8 . It must be remembered that va and the
raising and lowering of dyad indices do not commute, neither does

'Va and the raising and lowering of temsor indices in {S} . The
following formulae are easily established for any v  and w tangent

to {8} and {T} respectively.

aB, _ g B _ 50 B

24 Vava Vav 2V ha a

nabV w,. =V wb - 2w b
o a o ao

Using these results, together with the decomposition of dea into

its symmetric and antisymmetric parts, given by (5.4.6) we get
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i&RBS c _ VBhC - vshB C 4 2ecB + hB geca“h‘ﬂceﬁ + hﬁ qcee
€ £ e ce e ce
(uReYB o g pYBe _ gpvee B L oY B g vpefB o voefB
e e e ef ef
T ey efe € _ efe efe
LR ce veh b heee * vez . fez * SBefe:sz

JFRCS b _ v 2cbs B 323982};6E . *V(Chb} _ he@ch b + chsﬂbe€+296(baic)ee

3 £ £6
iﬁRce B _ f?ags _ ¥§?’/chs _ hs ClE 4 zceehs + 1y gceB _ 3h8 qcee
e e € ee e ee
gRECb _ ’R(Cb) s gceegb ﬁcbaz 308¢E b 2?8(0 lb) £
e eg
@Ref = 'R 4 }iefe}z - 28 - 3?26313&%3 )
fe efe £ efe

To obtain the projections of “G&B in final form, we use the
expression for Qdca given by (5.5.8a) and that for 'RCb given

by (5.5.14). 1In addition, we decompose hYBa using (5.6.7), and

b)

apply (5.5.15) to ’V(Ch LEGCb . Then we

in the calculation of

obtain, by straightforward algebraic manipulation,

oL fveﬂYBe~2ﬁY€eﬁgee— ﬁYBehe+ %(szs-zef"ze B_ 2{2?;’23) (5.8.7)

£

it

- J‘L}G

. ¢ e e_~ecbey € _ £ =2 €
R + veh gheb h haee-:-vsz Le8” +4n aﬁe (5.8.8)
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baeB . =2 66(1 2B _ B, sBr yEE] _ ExB © B, c
14¢ n el AN -2+ 6Tn)E vEET_© o+ 4vbh
+ 2P 3C8F 1B Caf L pCeB o vy OB L 1gCeB (5.8.9)
£e € e
heeh 2_ce-bf,v ho. +2n 2Ee(c£b) €5 -*éhchb-5eecﬁ b,y gcbe
(e £) e ¢ €0 £
-cheszb '“£Cb€£ - cb ihaeeh +3h%h -v ga.yégefag
es £ cfe e € efe
£ =2 £
+ 425+ R - 53}, (5.8.10)
g ® =19 p® - p®h + v 2f - 288~ 27%5%5 4R (5.8.11)
e e e £ efe £ }

where in (5.8.7), we have used the notation

T(XYBBéEZ yX(¥B> - %éstss s for any X8 in {s} .

5.9 The Bianchi Identities

The Bianchi identities “Vquae = 0 can be decomposed
aB

in terms of the projections of "G =~ . First of all we consider the

projection of the identities into {S} . We get

0 = BOUy 4GTE = BOE 4y oMM 4 g¥cE My HgTH
T € ™ € T u £

- rOEY BATU, T 480 U, 4.8 £y ™M WMy ef)
Bwu VgéL G +n€L G +nel G'ﬁ +B C v [I J_ 46 Mn olf G .
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Application of (5.4.3), (5.4.8-10) to the above then results in

O 4o baTE _ 4 80 o o ) 4 ABE Lk _oE oE Oy ef
B™ Mty Hg'T = Ty - + | -5 1* HGE =
T € ej‘ ¢ {éh e 5she Lre ﬂkva"‘ ¢ zsi ¢ +2ef ¢ 0.
(5.9.1)
Similarly, we get for the projection into {T}
o Ohy 4ATE _ 0 €y ( TS TR T -I TR uq.ef}
O CTf Va G CwBu VS,L G -+ne_L G <+nenf G
€4 (T 4.8H , W . 87T T Uy ef}
+
e Ve[ne‘l’“c +nl 146" +n'nk%e
which yields, on taking the dyad components
By 4gTE = 1y 48 _ g kg3 L ¢ iﬁsas - (2L a 52 )i?GeE +h ai?G€8=O,
T € e e > e € e € 4]
(5.9.2)

5.10 Conclusion

In the next two chapters, we shall examine the following
problem. Given a solution to the vacuum field equations anB =0
in V , together with a particular foliation {S} and fibrations ;;a’
then what data, on an initial 2-surface 8 and either or both of the
hypersurfaces %a intersecting in g , are necessary and sufficient
to determine that solution, in some neighbourhood of g . In this
section, however, we shall make some preliminary remarks about the

nature of this problem, and introduce some notatiom, which will simplify

the subsequent discussions in Chapters VI and VII.
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The metric of V can be written, using equations (5.2.24),

(5.3.2) and (5.6.1), as

af =1~a ab . ~
Hg™ =TI 4 g {e:‘bz} (es-b§}=‘*ga8Cy,gagmabsb:)e

Hence to determine a solution, we must find the ten independent
components {Y,éaa,nab,bz} of “gas . We may choose four of
these components arbitrariiy (subjectvts maintaining the correct
signature of “gas) s since the field equations are invariant under
a four-dimensional coordinate gauge group. This gauge choice
essentially gives us freedom to specify some (though not all) of the
metrical properties of, and relations between the foliation ’{S} and
the fibrations fC;a . For example, if we demand that one of the

foliations {za},{zl} say, be a family of null hypersurfaces, then

we must, by (5.2.21) impose the gauge condition

n =0 , (5.10.1)

The imposition of this gauge, which allows us to study characteristic
and mixed IVP's, makes the ensuing analysis fundamentally different
from the analysis of space-like IVP's, in which case we demand that

{Zl} be space-like and {ZO} time~like. That is, by (5.2.21)

7°° >0, nll<o. (5.10.2)

Having chosen either (5.10.1) or (5.10.2), the remaining
analysis falls, roughly speaking, into three parts: firstly, the
investigation of the r8le of the Bianchi identities; secondly, the

choice of the (remaining) gauge quantities. and thirdly, the
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construction of a formal integration scheme. The scheme then indicates
how the field equations propagate the six field variables into some
region of V in the neighbourhood of an initial ge{s} . This leads
néturally to the identification of the freely specifiable initial

data, and hence the dynamical variables. Since, as we have said, the
analysis is very different under the alternative choices (5.10.2) and
(5.10.1), we shall consider them separately in Chapters VI and VII
respectively. First, we introduce some notation which will facilitate
the ensuing discussion.

In what follows, g denotes an initial space~like 2-surface,
and ga denote the initial hypersurfaces emanating from g . In
addition, we denote the 'kth neighbouring hypersurface' to ga' by
%a , and the subsets of {S} foliating %a by {%}a . Finall?, we
denote the 2-surface defined by the intersection of %0 and %1 by

i3 o
ég . Then for example the 'jth neighbouring 2-surface' to §
mp 2

.9, 0]

within ZO 18 S

io’jo

éﬁ s say, on s , What we mean is that we know
H

When we refer to knowing some field variable

@

() (D)
£ £ o] . . . .
e, € Aig » 1 =0,1,0001 5§ = 05150005 .

0
The value of @A on any S in some neighbourhood of § is then
determined by the generalised Taylor expansion given in equation

(5.2.26).
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Chapter VI. The 2+2 Formulation of the Cauchy Problem.

In this chapter, we shall assume that (5.10.2) holds,
that is, that {Zl} are space-like hypersurfaces, and {ZO} time—
like. We group the field equations “Ga8=0 as follows, using
essentially the terminology of Bondi(17):

o )
16" =0 dynamical equations
"¢ =0
¥ main equations

4gll = 0 } constraint equations

o
‘Lif‘Gl = ( ) J
qGoa =0
¢ subsidiary conditions.
-LL'_GOQ. =0 J

First of all we analyse the Bianchi identities. If we assume that the
main equations hold everywhere, and that on some arbitrary member of
{El} the subsidiary conditions hold also, then on this hypersurface

the Bianchi identities (5.9.1) and (5.9.2) imply respectively that

£e i}Goa = 0 (6.1a)
o]
and
£, %6 =0, (6.1b)
[o]

by virtue of (5.3.8) and (5.2.24). Equations (6.1) then lead immediately

to the following lemma: the subsidiary equations are satisfied everywhere
0

if they are satisfied on the initial hypersurface £, and the main

1

equations hold everywhere.
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The one~form defining the foliation {21} is ni as follows
from equation (5.2.2), and the lapse function, a , of {El} ig

defined by (c.f. equation (2.2.8))

oo_y 0B oo _ -2
1 g Mg = a2 . (6.2)
Thus n°° determines the time development of the foliation {21}

0
from the initial hypersurface 2y s since (c.f. section 2.2, equation
(2.2.12)£ff,) the orthogonal metrical separation of two members of {21}

parameter distance 6@0 apart, is given by
> > Y o’ o
(g @ Jtoe° = ass®

e
where N 1is the orthogonal connecting vector of {21} , defined by

> +0 -1
N = a’n = (nOO) 2° . (6.3)
+ & 2
Now, any vector t satisfying
<«®,t> = 1 (6.4)

. . . . -+
ig a connecting vector of {21} , and in particular, the vector e,

satisfies (6,é). From (5.2.9), (5.2.24) and (6.3) we have

e =N+b , (6.5a)

where

b x*’(noo)"lnc}}‘g +D  => <n°$> =0 , (6.5b)

. . ol o - o .
In particular, if n "=0 and b0=0 s then e and N coincide
. ’ e 4
and the trajectories F%o of e, are orthogonal to {Zl} .  However,

)

. . > 1 ‘e
arbitrary choices of bo and no (for a specific wvalue of noo

give rise to corresponding shifts within {S} and in the direction

’+ & ’ @ & # kd
of oy respectively. These two shifts combine to give the arbitrary
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shift b tangent to {21} defined by equation (6.5b). Conversely,
for an arbitrary choice of b , we can always find values of n01

. . . :
and bo for which (6.5b) holds. For b # 0, the curves ;g o are
tilted relative to {21} s and a specific choice of b sets up a
particular correspondence between points on different members of {21} s

by identifying points on the same curves of ;g o "

For the remainder of thig chapter we shall regard the set

{n%, %, b} (6.6)

as arbitrarily specifiable in V , that is, as representing the
four-dimensional gauge freedom.

There are some additional three-dimensional choices of
gauge within 51 which we shall take as corresponding to the freedom to
specify the development of {g}l from g and the correspondence
between points on different members of {g}1 . These are governed
respectively by the lapse [nlllé , and shift 31 , of {g}l , which
we shall thus allow to take arbitrary values within 31 . There
remains one final choice of gauge on %1 , which corresponds to the
specification %1 as a hypersurface in V . One possible choice is

ﬁn Ny and to interpret the geometrical significance of this quantity

; . . o
we proceed as fellows. We first construct a projection operator 3BB

defined by
3% = 6% - 6.7
g 68 u ns (6.7)
where, from (6.2) it follows that
-1
‘:& éaf (T}OO} 5 Z;G (6»8}

is the unit time-like vector orthogonal to {21} . Thus 338 is
identical to the projection operator defined by equation (2.2.10).

In particular the induced covariant derivative 3%V on {21} is Riemannian,
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that is

3y 3, def sphuvoug -
vy &g YBa A By 0

where 3ga8 is the induced metric on {Zl} . Now, from (5.4.8b)

and (6.7 and 8) we obtain

oz, B def 3.8 oy, € _ B 1 _ olo B
n;°V,mq Bemy Vo Ly * Ty = 7Tyny

. . > . . .
Hence the trajectories of n, are geodesics with respect to the inner

geometry of '{Zl} if and only if

. B def | B _ .
2.421}‘ = g V n}_}_ - 5’7 ’ (669}

From (5.4.8b), we find

““v nB = L 8 + Pl n8 % FO nB

A | 11 1171 11% °

. P p =+ . .
from which we see that the trajectories of o, will be geodesics

in V if and omnly if, in addition to (6.9), the equation

nol 0

r© dgf !

11 oM T

[o]8] _ 1
m2E Moy T g M)t Ey

1

holds. Rearranging the above equation yields

(6.10)

- ol, oo,~1
£n0nll n ) £nlﬂll * 2£n1n01 :

Now, within gl , the shifts ga and all the components of ng are
gauge quantities. Let us suppose that some choice of these quantities
has been made. It is then always possible to choose En nyp SO that
(6.10) holds, in which case if the trajectories of 31 are geodesics
in gl , they are geodesics in V also. One may thus regard £n N1
as measuring by how much the trajectories of gl fail to be geode:ics

o
in V, given that they are geodesics in El .
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Finally, since any Riemannian 2-surface is conformally flat,
~0B o . . .
g  on S represents two—dimensional gauge freedom, corresponding to

o
an initial choice of basis on S . Hence in summary, the lower two-

and three—dimensional gauge freedom is

. o )
{b?f, N1 and £n nyp on . : é&B on S} . (6.11)
s

All of the gauge variables are completely arbitrarily specifiable,
subject only, of course, to maintaining equation (5.10.2). In this
gauge the field variables, that is those components of “gas to be

determined by the six main equations, are the set of quantities
[s4 3
tny b3y ,E%% (6.12)

We now use (5.8.7-11) to write the field equations in the

following form

- - - ~ ~f . ol
14578 = g = svehYBe = zh?seh5€e+ hYBehe~ T{szB—gefyzefB~2n 25*95)

146 -4 ©=0 = 'R =BE°%h _ - 1% - 2°%%¢ 4% - 6n7%%% + R
e cfe ) efe £ €

146%R = 0 => Ece‘ve§B - 25C6E5866+62h%J§€+n2[_ 58 cogvPpe ZhB 255

i Cl 0SBy £CeB_,Vc£Bj

g _ o o zeetbfig b o, s(elel,p) 5e nz(%hchb+ﬁeecﬁ b_y ,cbe
(e ) ee e® g

- 2£ces£b + 2cbe2 _ cb(% eeeh &h h V 1y %1lefe

et € ebe efa

+ 1080+ 07255 - 53)) .
£ €
Remembering the defining equations (5.3.8) and (5.2.24) of 'Va and Zé

respectively, the following can be deduced immediately.
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First of all no second derivatives with respect to ga (that is
derivatives out of {S}) of any of the field variables occur on the
right hand side of any of the above equations. Secondly, we see that
no second dérivatives with respect to go ("time' derivatives) occur
in the subsidiary cénditions° In fact the leading terms (i.e. those
involving second extrinsic derivatives) of the four subsidiary conditions

46% = 0, 46°! = 0, 146°® = 0 are, from (5.6.8), (5.2.222) and (5.2.24)

. =12
- £n h1 Ey TETY R ...
1 1
~ [4£_ h.+if h | = y"lg £ vy +
n 1 *n, o e, e et
(o} 1 1 7o
=y o
£ Q@ =18 £ b+ ...,
n; e1 eo 1

respectively. Now, let us suppose that in addition to some choice of

gauge variables, the following initial data are given)

» - - o
5% 5% o £3v.h ,hand & on 5. (6.13)

o
Then on S all the field variables and their first extrinsic derivatives

o
are known. Thus we can solve the subsidiary equations on § for
£2 v £ £ v and £ £ b s which is equivalent to knowing £ Y
e e, e e, e 1 e
1 1 7o 1 7o 1
o . 1,0 .
£e v and £e bl respectively on & . This then allows us to solve
o) o 1.0
the subsidiary conditions again on & . Repeating the above procedure
i,0
on all successive 8 , i=2,3,.... we build up a knowledge of
o
Ys Ee v and £e b? on 21 . Assuming that we have solved the sub~
O (o] Fe)

sidiary conditions on El , we now know all the field variables and
o)
their first 'time' derivatives on Zl . By virtue of the Bianchi

identities, the subsidiary conditions hold automatically on all other
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members of {Zl} . We now turn our attention to the main equations.

The main equations all contain second 'time' derivatives

11 e

of the field variables. The leading terms of "G~ =0, l% - “Ge = 0,

i&Gla = 0 and iﬁéaﬁ = (0 are, from (5.6.8)

-1.2
-y £e Y F oases

o o

m
=}
]

from {5.22a)

2 .0
= “%£e bl + 4689
O (o]

™
o)
i

from (5.3.9), (5.3.17) and (5.5.13)

2.2

'R n £e nll + e s g
o

]

and from (5.6.2)

ﬁneﬁyse = %n°°£§oéa8 + ...
respectively. At this stage we have sufficient initial data to solve
the main equations for the second "time' derivatives of all the field
variables on gl . Solving the main equations on gl then allows us
to solve them again on %l and then on all subsequent Zl, k=2,3,... «
In this way we build up a solution of the field equations in some
neighbourhood of g . It is easy to gee that the initial data given
in (6.13) is necessary and sufficient to determine the solution. Giving
EQBO and ﬁaﬁl on %1 is fully equivalent to giving the conformal
2-gtructure and its first 'time' derivative on gl . On g , the
quantities vy, hl'and ho then determine the complete intrinsic and
extrinsic geometry of S . Finally giving & on S is equivalent

s . . . . . o
to specifying the first 'time' derivative of the shift vector b1 .

- OB -



In the 2+2 approach to the Cauchy problem discussed in this
chapter, we have been able to formulate covariantly algebraic gauge
conditions on the space—time metric which eliminate not only the four-
dimensional gauge freedom, but also the lower dimensional gauge freedom
on the initial hypersurface §1 « This in turn enables us to identify
precisely and in’closed form the physically meaningful initial data which
must be specified on an initial space-like hypersurface in order to
determine a unique analytic solution to the vacuum field equations.
Modulo functions of two variables, this data consists of four functions
of three variables at each point of 51 . Two of these four functions,
namely the conformal 2-structure, we interpret as generalised coordinates,
and the other two,namely the first "time' derivatives of the conformal
2-structure, as 'velocities'. The propagating equations of éas .

- namely L“*QB = 0 , are, from (5.8.7) quite clearly normal hyperbolic

in éas . Comparison with the usual results for dynamical systems
described by second order hyperbolic equations (see Appendix A) shows
that, as has long been known, the gravitational field possesses two
degrees of freedom per space-time point. Furthermore, however, we see
that in the 2+2 approach to the Cauchy problem, the dynamical variables
may be regarded as being embodied explicitly and covariantly in the
conformal 2-structure. This contrasts strongly with the 3+1 approach

where,as discussed in section 2.4, no such explicit isolation of the

dynamical variables has yet proved possible.
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Chapter VII, The 2+2 Formulation of the Characteristic and Mixed

Initial Value Problems.

7.1 The Bianchi Identities and Reduction of the Field Equations to

the Generalised Light Cone Gauge.

In this chapter, we shall assume that (5.10.1) holds, that

is, that {Zl} is a foliation of V into null hypersurfaces. Under

the specific gauge choice (5.10.1), several dyad components of various

quantities vanish identically.

00

We obtain immediately that

n =0 => Ny = 0 and o1 = (nol)“l =7, (7.1.1a)

Substituting the above into (5.3.9) and (5.4.6c) yields

la

respectively.

1 =0 and 2°°
[s4

= 211& = 0 (7.1.1b)

In order to analyse the Bianchi identities, we first

group the field equations in a particular way. As in the previous

chapter, we use the terminology (essentially) of Bondi and write

146 =

1te
e
4G
Ite

14*c

00 _

oa _

11 _

lo _
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Next, we assume that the main equations vanish everywhere in V .

Then, substituting (7.1.1) into (5.9.2) gives first of all

o AUV -
nu“vv G"Y = %nhliﬁs =0 (7.1.2)

Now n # 0 , otherwise L’gm8 is degenerate. The expansion(zs)

of the null rays ruling {21} vanishes if and only if

“van°“ =0, (7.1.3)

& .* k3 L3 &
since n° is an affinely parametrised vector tangent to the null

rays. But from (7.1.la), we have
by 00 _ 4 -1l o
Van Va(n nl] .
Expanding the right hand side of the above, we obtain
by nou = n_l ﬁ“gusi “g - £ ﬁnn] . (7.1.4)
o n1 o8 n1

However, from (5.6.4 and 8), we have

g“gasinl“gas = (g £n1¢;“g = hy g s (7.1.5)

substituting (7.1.5) into (7.1.4), we get

by 00 _ -1
Van 7 hl »

Hence

hy #0 (7.1.6)

is a necessary and sufficient condition for the expansion of the
null rays ruling {El} to be non zero. We shall assume for the
remainder of this chapter that we are working in a region where

(7.1.6) holds. In that case, equation (7.1.2) implies immediately that
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%6 = o, (7.1.7)
Equation (5.9.1) now becomes
£ iﬁcla - (Zh 4 (h -£ znn}sa}i9G18 =0 (7.1.8)
n e 1 1 ot €
1 1 ;
and so if iﬁGla vanishes on any cross-section of {Zl} then
it vanishes everywhere. Under the assumption that iﬁGla does
indeed vanish everywhere, equation (5.9.2) gives

g 4l 4 (2£ Inn - h
n n .

l“cll =0 . (7.1.9)
1 1

1

s

Hence qul vanishes everywhere if it vanishes on some cross—section
of {21} . Collecting the results of (7.1.7-9) together, we obtain
the usual lemma: the trivial equation is an algebraic consequence of
the main equations; the subsidiary conditions hold everywhere if they
hold on some hypersurface transvecting {El} and the main equations

hold everywhere. In practice, we solve the subsidiary conditions on

O

L .
0

The condition (5.10.1) imposes one specific choice of gauge
o . e e . . .
on “g B , and its significance, as stated in section 5.10, is that

it emsures that {Zl} is a family of null hypersurfaces. Equivalently,

since

0o N
no=0 <=0y =0

this gauge choice may be regarded as choosing the lapse of the
foliations {S}1 of each L, € {Zl} to be zero (see figure 2). The

exact covariant analogue of the light cone gauge (c.f. section 3.2)
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would be to choose, in addition, the shift gl of {S}l to be
zero, in which case the trajectories ﬁg 1 of Zl would be the null
geodesics ruling {Zl}' (arbitrarily parametrised at this stage).
In general, however, we shall regard gl as being arbitarily
specifiable. If gi is non zero, then the surfaces Se{S}l are

tilted relative to the curves of /g ; (see figure 2). We shall term

the set of gauge quantities

{ny; = 0, b7} (7.1.10)

the generalised light cone (GLC) gauge. This gauge leaves one
further four-dimensional gauge freedom, and we shall consider various

possible choices for this remaining gauge quantity later in the

chapter.

In the GLC, the main equations take on a remarkably simple
form. Substituting (7.1.1) into equations (5.8.7-11) yields, in

particular, for the main equations

n246% = £31h1 - ()2 - h1£nlznn - iselﬁsel =0
—n2ue®l = £nlhO - %n_lhlﬁnlnoo = hh + in n o {hy) 2en” ~861ﬁ€61+V€5
- n~25€5€ - 4vPn éﬂ—l(ven) (v¥n) + 4nR = 0
24,00 _ =0 >0 o ze ex0 _y 2.0f -1
-n G = £nlﬂ - z(h c1 + §£(h1+§£nllnn))§2 + nV h 1 In“v (n hl)
+ énvain Inn =0
1
éniFéaB = £nlﬁu80~ %£n1(n 1n h BJ-Q}PE(05861)+n“1nooﬁa€155€1_ﬁ@3(ohl)
+ n"lnooﬁ"‘ﬁlhl * i(v%am %58 1v%y n-a-gv"‘nvsn} =0 .
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Note that in the above equations, we have written out explicitly the
dyad components of the various quantities involved. Unfortunately,

no great simplification of the subsidiary conditions occurs in the
GLC gauge. To proceed further, we must consider separately the
characteristic and mixed IVP's, in which case the initial surface go
is null or time-like respectively. We consider the characteristic

IVP first. In this case the subsidiary conditions, evaluated on go’

. . Q . .
take on a much simpler form than in the case when ZO is considered

to be a time~like hypersurface.

7.2 The Characteristic Initial Value Problem.

o
The initial surface ZO is a null hypersurface if and only

if

11 _ _ o
noo= 0 <=> Moo 0 on ZO . (7.2.1a)

0
This leads immediately to the following conditions which hold on Zo

only:

¢t 2y =o0anatt =o0. (7.2.1b)
o [s30104 00

Substituting (7.1.1) and (7.2.1) into the expressions for the
subsidiary conditions “Gll =0 and i&Gla = 0 , given by equations

(5.8.9 and 10), yields the following on go:

24811 - £n ho _ %(hc)z N Uho _ Ese z -0

n P
o o €60

o~

2 y.ala =0 _ ,=Efra a 1 : o _ _oErQ
n Lt¢ T = £n 8 =25 (h €0+6€(ho+2£n 1nn)} + inv £n lnn=nV h

o o o €0
2_of -1 o
1 - =
+ 3n V ( hq) nv u 0 5
where
Udgffo = £ fnun - %n-1£ n . (7.2.2)
00 no nl 0o
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There are a number of ways in which the remaining four-
dimensional gauge freedom can be used up. We shall consider just
two possibilities here.
Case 1: We allow n to be freely specifiable everywhere, subject,
of course, to n # 0 . The geometrical interpretation of n 1is as
follows. The foliation {21} is a family of null hypersurfaces,
defined by the one-form n° . The trajectories of 2° are thus
the congruence of null geodesics ruling {El}, and these trajectories
are parametrised by an affine parameter r , say, determined up to
an additive function, constant on each null geodesic(ZG). We may fix
r uniquely by further demanding, without loss of generality, that
r =0 on go . Under an arbitrary reparametrisation of these
trajectories,

r> r=£f(r)

. +0 . .
the tangent vector of the reparametrised curves 'n  , say, is given

by

>0 +0 -1 df
'n-=in 3 X = il

e . . .
Now, the vector n; 1is also tangent to the null geodesics ruling

{Zl} and in fact from (7.1.1la) we see that

Hence we see that a choice of n 1is equivalent to a choice of
parametrisation r' of the null geodesics ruling {Zl}, that is, of
the trajectories of Kl' Now, each 216{21} is foliated by a family

of 2-surfaces {S}l , and we define the initial member of {S}1 to
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& 3 O & #
be the intersection of Zl with 20 - Since the lapse function

{nll!% of {S}1 is zero, we see that this function does not

determine the development of {S}1 from its initial member. The

lapse merely tells us that the orthogonal metrical separation of
members of {S}1 is zero. However, since gl is a comnecting

vector of {S}1 we may regard r' = constant as the equation of

each of the members of {S}1 » considered as hypersurfaces in Zys

and without loss of generality, we may fix the origin of «r' by
demanding that r' = 0 be the equation of the initial member of {S}1°
Hence it is the parametrisation of the trajectories of 51 which
determines the development of {S}1 and thus from the above discussion

we see that we may interpret n as the quantity which determines the

development of each {S}l from its initial member. In particular,
n=1<=> 31 = n%<=> ¢ = ¢

and also, since from (5.4.8b) and (7.1.1) we can show easily that

B

by of =
ny Vunl nlinlﬁnn s
we see that any n satisfying £n f¢on = 0 implies that r' is
1
an affine parameter, related to r by
r'' =Ar ; £ A=0.
n
1
Case 2. We allow Moo to be freely specifiable everywhere, subject

)
of course to its vanishing on Zo . If Moo is chosen to be non

zero, then, since [noo[é is the lapse function of the foliations

{S}O of each ZOS{ZO} we see that Moo determines the development
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of each {S}o from its initial member, which we take to be the

& & 0 #
intersection of Eo with Zl . Now, since

=111
n =n n

o0 ’

we may equally well regard nll as the gauge quantity; this latter
quantity determines the metrical properties of {21} . In

particular if we choose

= <=> Moo = 0 everywhere,

then this implies that {EO} is a foliation into null hypersurfaces.
There remain certain lower dimensional gauge choices on
each of the initial hypersurfaces %(a)° In each case we shall take
these choices as corresponding to the freedom to specify the
development of {g}(a) from g ,» and the correspondence between

0
points on different members of {S}(a) . (In contradistinction to

o
to the space-like case, there is no freedom to specify I as
o 0
hypersurfaces in V. Once S 1is chosen, L are uniquely

determined since, as is well known, there are precisely two null
hypersurfaces intersecting in any given space-like 2-surface.) The
latter freedom is governed by the shift vector gka) - Since gl

has already’been designated a four~dimensional gauge quantity, this
does not lead to any additional gauge choice in 51 . however, we
shall regard the shift go of {g}o as being freely specifiable on
go . The development of {g}1 from g is governed by n , as has
been discussed above. Hence in case 1, there is again no extra gauge

choice, however in case 2, we shall regard n as being freely

0 0 0
specifiable on I, . Since z is null, the development of {S}o
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o
from S is determined by the parametrisation u' , say, of the
. . > 9 . .
trajectories of n_on ZO s which are of courseynull geodesics
)
ruling Zo » From (5.8.4b) and (7.2.1) it follows that

na by n8 = UnB
o o o o

where U 1is defined by equation (7.2.2). A given choice of U

specifies uniquely the parameter u'. For example, choosing U =0
-

implies that n is affinely parametrised, and so u' 1is

determined up to the transformation

u' > Au'; £n A =0, (7.2.3
[¢]

(we assume without loss of genmerality that u' = 0 is the

e}
equation of S , for any parameter u'). Under the transformation

(7.2.3), then

-+ -]
n =+ An .
o o]

o Q
The function n on S (already designated as a gauge variable on §)
s . ' ‘ s > >
fixes A, since the former governs the normalisation of n, to o, .

# & o & & ® O
Once A 1is determined om S, then it is known everywhere in ZO s
)
since En A=0 ., If U is chosen to be non zeroc on 20 , then the

o
parameter is determined in a rather more complicated way, but is still

0 o
uniquely determined by U on L, and n on S . In case 1, giving

U 1is equivalent to giving £n Moo * since n is already a known
1 (o]
function. Similarly, in case 2, once U 1is specified on ZO , then

0 o
n is known everywhere on Zo , once it is known on § .

S g . .
In both cases g B on S is two-dimensional gauge freedom

o)
reflecting the conformal flatness of S . Hence in addition to the
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GLC gauge conditions given in equation (7.1.10) and the condition

(7.2.1a), we choose in case 1 the set

. . o 9 ~g, 'e]
{n in V ; £n1noo’bo on Zo; g 8 on S}
and in case 2 the set
R . [s] i o [} ~a8 o]
{noo inV; nonij;m, bO on X ;g on st .

as freely specifiable gauge quantities.

The alternative gauges considered here are generalisations
of well known gauges in which, using coordinate dependent approaches
the’characteristic IVP has been solved. In particular if we choose

the actual covariant analogue of the light cone gauge, namely

b1 =0 ,
and in addition, in case 1
a 0
n=1 in V; £ n =0, b =0o0n I
n, oo o] )
and in case 2
0 in V 1on 2 ;n=l, b° 7
noo inVy; n=1o0n 21, n=1, b0 =0 on El
we obtain the exact covariant analogues of the Newman—Penrose(Zg)
or Robinson = Trautman (30) gauge, and the Sachs(é) gauge

respectively. The characteristic IVP in the former gauge has recently
been solved using coordinate-dependent techniques by Gambini and
Restucciacls). The coordinate-dependent version of the latter gauge

has been discussed briefly in section 3.3 , and a full discussion

can be found in reference 4. In fact the generalisations of these
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respective gauges which we consider here do not affect the resulting
integration schemes greatly, and these schemes follow essentially
their coordinate-dependent counterparts. In addition to some
particular choice of gauge quantities, the following initial data

are required, in each case, to determine a solution:

~q o) ~a ] - ©
h 50 on I ; h 81 onI; ¥ ,h,h,and 3 onS. (7.2.4)

The data EGBG and ﬂaﬁl are set respectively on the portions of

0 0
%O and Zl to the future of S , and the resulting region of

integration of the field equations is some (sufficiently small) region

o 0 o)
R bounded from below by Zo Zl and their space—like intersection S,

We consider first the integration scheme for case 2, the
generalised Sachs gauge. We start with the subsidiary conditions, and

s 5 o L}ll ® s 0,0
in particular the equation 7G™~ = 0 . This is solved on § for

. o e s 11
£n ho , and hence £i Y 5, in terms of the initial data . ke"" =0
o 0,1
can then be solved on successive 8 , 1i=1,2,3,... for £i v, and in
o

O &
this way the equation is solved for vy on ZO s by using the generalised

Taylor expansion (5.2.26). We now have sufficient data to solve

o 9] . .. . -
iﬁGo = (J on ZO in a similar fashion for % . We now turn our

attention to the main equations. Solution of the subsidiary conditions

9 .. o e .
on ZO , together with the initial data specified in (7.2.4) allows the

[¢]¢] ao

=0, 1" =0,

solution of the main equations, in the order G
~ k .
L‘GOI = Q, iﬁGaB = ( on successive Zl’ k=0,1,2,..., » The first of

. o) . .
these determines v on L, , and n thereafter. The remaining

1
. . 0 ~of . =0 .
equations determine &, hy and h o respectively. 2~ determines
o k ~ 0,8 k ) ~0 k+1
bo on any Zl H ho s 0 o °n Zl determine vy and g on 21
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respectively. The Bianchi identities then ensure that the subsidiary
conditions hold automatically everywhere else in the region R of

integration.

The integration scheme for case 1, the generalised Newman -
Penrose gauge, is more complicated, but the outline is as follows: on
0 Iy _ 411 yAl0 .
ZO , the subsidiary conditions "G~ =0 and [7G" =0 determine
41 . I ol o
y and § respectively. We next solve "G~ =0 on ZO for h1

(using the relationship £ h =€ h - 2V 3%) . The integration
n, o n_ 1 €
scheme for the main equations is rather invelved. We first solve

; 0 -
0o for y , and then [*¢°%* =0 on £, for 3%,

, which determines

o
el =0 on Zl

~ 0,0
We now solve iﬁGaB =0 on § for £n
1’1 Lp 00 [s] 1 .
§ . We can then solve ¢°=0 on § for En h1 s, which
' 1 1,0
0 on S for

~ 0
g B

P8 on

. 2,1 401
determines vy on é . Next we can solve G =

2,0
0 Moo which determines Nyo OO S . This allows us to solve
1
yof . 1,0 _ . .
6T =0 againon S . Continuing in this way, we solve

1

00 f .
and “¢ =0 on %, - We can summarise

o)
=0 on I 1

14e%F = g { s

the above process:

1,1 ol

0,1 0,1+l - 0,1+l
146%B=0 on °47546%%=0 on § 4G : e

=0on S§ =+ | =0 on 8§ ,i=0,1l;ccc .

We repeat the integration scheme for the main equations on each
X i k k+l .
successive pair of hypersurfaces Zl s Zl s k= 1,2,,.., starting
1 . .
by solving iFGoa==O on 21 . Again, once the main equations have

been solved in some region R, the Bianchi identities ensure that the

subsidiary conditions hold in that region.

7.3 The Mixed Initial Value Problem.

We start again from the GLC gauge (equation (7.1.10)). Now,

]
however, we assume that EO is a time-like hypersurface, say a
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. . o
time-like tube with topology S?XR , in which case S is a closed

)
space~like 2~gsurface, and 21 is the outgoing null hypersurface

o o o
intersecting 20 in S . (Strictly speaking the topology of Zo

is a non local question.) We take as lower dimensional gauge freedom

0 o o . 11 -2

>
om I the set of quantities {noo 0, b, } « Since n =m Noo®
0

we must have Moo > 0 to ensure that Zo is time-like. As the final
four—dimensional gauge freedom, we shall allow Y to be freely
specifiable, subject of course to the condition hl # O which is

necessary to ensure that the Bianchi identities play their usual role.

~ o
Again gaB is a gauge quantity on S . The set of quantities
S o 9, ~oB °
{ vy in V; noo>*0, bo on Eo, g on 8 } (7.3.1)

together with the GLC gauge, are generalisations of the gauge

(5)

‘considered by Tamburino and Winicour '=’. The exact covariant analogue

of the latter gauge is to choose the actual light cone gauge,

b? = (0 in V, and in addition
£2h-%h2=0inV' ba=0h=00n§°Vh=Oong (7.3.2)
n, 1 1 ’ o * Yo o ‘a1l ‘
. . L % A
In an adapted coordinate basis Ea = —5 where x = (u,r,x )
3%
are chosen so that
a * o a* o ~oB * o B AB ~AB
BA = dA > e, = 6a s B 0= 5AGBg and {g t =1,

then the conditions imposed on hO and h1 in equation (7.3.2)

imply that

LR
B2
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(16)

that is, that r is a 'luminosity parameter’ along the null

rays ruling {Zl}. Note that it is more convenient from a covariant
point of view to impose conditions on ho and hl s which are
scalars, than on vy directly, since the latter is a scalar density.

In particular, we cannot put y = (¢1)2 s Since ¢1 is a

scalar function. A specific choice of y , for which hl # 0, leads
to a particular parametrisation of the null rays ruling {21} s and in
particular, uses up the remaining gauge freedom in gl (c.f. the
discussion in the previous section). The lower dimensional gauge
conditions on go represent the freedom to specify the development

of {g}o from g s, the correspondence between points on different
members of {g}o’ determined by the lapse (noo)% and shift bi
respectively, and finally the freedom to specify go as a hypérsurface
in V. However, we regard vy as being freely specifiable in V, and
hence, in particular ho on go . ho is the trace of the extrinsic
curvature of {g}o , the latter regarded as hypersurfaces in go .
Specifying both the lapse. (noo)%’ and the trace of the extrinsic

0
curvature ho’ of {S}o is an overdetermination of the development

0 o
of {S}O from S . For example choosing

n00=1, h0=0

o
implies that {S}O are both geodesically parallel and maximal
0 0
hypersurfaces in ZO . This overdetermination serves to fix ZO as
a hypersurface in V. To summarise: the GLC gauge, together with

(7.3.1) use up all the available gauge freedom at our disposal.
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Apart from some specific choice of gauge, the initial data
required to specify a solution of the field equations in this gauge

are

w [¢] - o v (o]
2% on? ;8% on s 2 and n on S . (7.3.3)

As in the characteristic IVP, the data ﬁaﬁo and Eaﬁl respectively

. 0 ) )
are set on the portions of I, and Zo to the future of S . The

1
o]
resulting region R of intergration is bounded from below by Xl
0 0 0
and Sy and (regarding EO as a time-like tube) exterior to EO .
)
The subsidiary conditions in this gauge even when evaluated on ZO

have a very complicated explicit form, due to the non vanishing of

o )
nl1 on 20 . Nevertheless, we may write them formally on Zo as

“Glls 0 => £n n = fl%?as ’ ﬁasl, ns £ n ,5“, gauge variablesJ

o o n, oo
yealo_ o so _ clojraB roB o ,
LG 0 >£n03 £ (ﬁ o sh 1’9 ,n,inon,ﬁnln,inlnoo, gauge variables

where fll and fla are some complicated functionals of their arguments.
Explicit expressions for flland fla can be obtained from equations
(5.8.9 and 10), but they are very long and not particularly informative,
so we do not give them here.

The occurrence of derivatives of field variables out of ZO
in the subsidiary conditions means that they cannot be solved

independently of the main equations. The formal integration scheme is

as follows: the main equations, in the order 4690 = 0,_choa =0 ,
- ) - ~
“Gol = 0,_1_1"(3:0‘B = 0 are solved on Zl for n ,Qa > Moo hGSO
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0,0
respectively. The subsidiary equations can then be solved om § ,

. 1 1 -
in the order %G . 0, 1 ¢ = 0, for £ n and £ 3° respectively.
% % 1

This enables the main equations to be solved again on Zl . In

k
general, solving the main equations on Zl allows the subsidiary

o,k
conditions to be solved on § , which then allows the main equations
k+1
to be solved again on Zl s k=0,1,.... .

7.4 Conclusion.

It is easy to see that the initial data given in equations

(7.2.4) and (7.3.3) for the characteristic and mixed IVP's respectively
are both necessary and sufficient to determine a unique analytic
solution. The interpretation of this initial data is as follows. The
conformal extrinsic curvatures QGBO and ﬂagl on %o and gl
respectively are entirely equivalent to specifying the conformal
2-structure on the respective initial hypersurfaces. Additionally,
lower dimensional data is required on g . In each case one must give

-0, . . e s o . s
17+ This is equivalent to specifying Ee bO s the one extrinsic

1
. . o . .
derivative of bo left undetermined by the gauge conditions. In the
characteristic IVP one must also give v , ho and h1 s, which
0
determine the entire intrinsic and extrinsic geometry of S , 1In the
mixed IVP the quantity n must be given. This latter quantity
‘. .. © >
determines the initial normalisationm on S of the null vector n, to
. . +
the time-like vector n o

We see that the main physically meaningful initial data

required to determine a solution in both the characteristic and mixed
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IVP's, are two functions of three variables on each of the two initial
hypersurfaces. These two functions constitute the conformal 2-structure,
and as in the space~like case, we may interpret éGB as generalised
coordinates.

Comparison with the usual results for non space-like IVP's
of second order hyperbolic equations indicates that the dynamical
variables describing the pure gravitational field may be regarded in
the 2+2 approach to the characteristic and mixed IVP's as being explicitly
embodied in the conformal 2-structure. Comparing fhe results of this
chapter with those of the previous one, we see that in all three types
of IVP we have considered, the gravitational degrees of freedom can be
cast in a covariant manner in the conformal 2-structure. It is
interesting to note the 'doubling' of the initial data required in the

Cauchy problem, as opposed to the non space-like IVP's, this behaviour

is typical of normal hyperbolic partial differential equations, as is

demonstrated in Appendix A.
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Chapter VIII. A Covariant Lagrangian 2 + 2 Formulation

We start by assuming that we have a bare manifold with some
fixed foliation {8} and fibrations ﬁga defined by the closed one-

a . . > . . .
forms n  and commuting vector fields ea respectively, satisfying

a 3 a
n , e,.> = 6b o

b
. .4 . 4 aB . .
We now impose & metric g , with components g in an arbitrary
4 & a & & &
coordinate basis E, = —_— This metric can be decomposed with respect
9%

to {8} and ;;a in the way described in section 5.2 , and hence written

as

“go8 =yl gof o (ez - bZMeB ) bg} 8.1)

which is just the same expression as given in section 5.10 . We may

denote the set of independent components of Li‘gm3 by

fog}= 1y, 5%, 0%, v . (8.2)

+ a . . .
Note that e, and n  are defined independently of any metrical
considerations, they merely provide a framework in the bare manifold

upon which the metric is constructed. We shall consider variations in

the metrical components
= F
such that ’@A are related to é; and n® in the same way as the

original components ¢, . We define

6i%F = 3B, on® = &%, @ = g% . (8.3)
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Then, from the above discussion, we see that the following must hold:

n? oo, (8.4)

hence 8 is tangent to {S} ;

o ca
Sna -—%a s (8.5)

o
ni%a =0, (8.6)

a ~
hence ‘53. are vectors tangent to {S} . 1In order to calculate 6ga8~,

we first note that

~ 8 B P -'1
0= G(gas%} =y Bapt T S s

from which we obtain

B~ _ _ 1 . a B .~
n, 68&6 = =Y ’gab ;o n, oy 5g0&6 =0 . (8.7)
To calculate BZ; Séuv , we first obtain an expression for GB: .
First of all
o _ .0 _ _ ago
6By = =6C, = -ng £, (8.8)
but in addition we have
§BS = 5{‘"‘”‘ } =g sg, + 3 (8.9)
I SR Bey T V8 '

Then equating (8.8) and (8.9) gives

QY o -0 a o
68+ =

g gt g Mg,

_ Y e~ % =_-la
=> Boz 6gBY+ 50&8 Y nt .

= LA
=> Bog 08, Sug (8.10)

Collecting together equations (8.7 and 10), we obtain

o

. -1 a
Sgas = -6a8 -2 ‘n(@; 56‘)‘3 . ; (8.11)
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Now,

5(50‘8 £ gag;) =0. (8.12)
a

In order to write out the above equation explicitly, we first note that

since variation and partial differentiation commute, we have the operator

equivalence

Giv - £6V + £V6 (8.13)

for any vector Vv . Hence, from (8.12) we obtain, using (8.11 and 13),

<0B ~ ~af % ~0 B -
6 £na gas g Ena 6@8 + g £$a gas - O 3 (8«14)

But

£§a Bop = 2T(va583}

and so the third term in (8.14) vanishes. Hence from (8.14) we get

£ 8 =0=3 =90. (8.15)

From (8.4), (8.6) and (8.15) we see that the set

~ 6B o ab
88, = {8y, & ,{;a,s }

are ten independent variations of ?A , and from (8.1 and 3) we may

write
Gugaﬁ - Y—l 38 éaﬁ y 1 Sv + 2nab n(agg) . nz ns Sab )
(8.16)
The action function I is defined by
L= [Ciid“x ,
where
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def
cli = /=% "R (8.17)

is the Lagrangian density. Replacing [ with any OCD defined by

D €
LD = [/ Fg v 1*, (8.18)
where T® is a vector functional of 'g** and B.YL*gaB , leads to

. . D . .
an action function I . As defined in (8.18), OCD has the same
tensorial character as ac , namely a scalar density. Variation with
y_ OB . . . . D
respect to g of 1 is identical to the variation of I , and

leads to the same field equations. We obtain
T B - & oY 4
st = f s Pa'x = [A(szﬁ §4g®8 4 /g Vol )d X5 (8.19)

where 2% are linear in qu@B and Byé‘*gaB . Hence
s1° = 0 “><¥Tas = /hg “Gas =0. (8.20)

We would expect independent variations of ID with respect to the
different o, to give rise to different subsets of the field equationms.

In fact, substituting (8.16) in (8.19), and remembering the definition

of GCQB in (8.20), we see that

= D o Pty = Jhaive 3B . JThg vy 2% abx =s|4G =
0 6§a61 J GéaBoC d'x J [ gl Gasé + g vuzl d*x =>| GozB 0
- (8.21a)
0= Sle = J’ BYGI:_DdL*x = f (“V —-‘*gj_L*Gy~16y+ /=g f*vazg] d*x = |4 =0
N (8.21b)
. ,
= D _ Doy, - Jobg ug 3P /g by 7% gy =sbg . =
0 = 8 abl” f 5nab¢£Ld x j ( g6 8 + g 4y Z,ldtx =46 . =0
, . (8,21c)
3
= D _ Dyuy = Jtgite 22Pet L S hghy 7% ghg =s|4G? =
0= 8yt f 6b:¢C,d x [ (2 glte,n" gy /e g dhx = [het = 0
(8.21d)
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The above results allow us to obtain explicit expressions for the
various projections of the Einstein tensor. We first obtain an expres—
sion for aC in terms of @A and their derivatives. From (5.8.6b,e)

we see that

R = —(i“c + “Gee) ,

and hence from (5.8.8 and 11) we get

o . e e 3 e _ € _ ~efe _ efe
6{? - Eg(z Vho + 29 45 -5 nht - g2 -h  h fog et

efe '
Refeg + 'R + R) . (8.22)

We can establish the result
'Vehe = hehe + “ve{n:he} , (8.23)
since, from (5.3.5 and 8) we have

' e _ ~Eug (.68} _ 4 €. el _.e 84
Veh c Ve(neh] Ve [neh) h n v

£
o Cy (8.24)

€

and from (5.4.8), we obtain immediately that

e 6y e _ _
% v _Cy = hehe ) (8.25)

In an entirely similar manner, we can show that

€ _ € Lo o€
V.2 LAt v (8.26)

Substituting (8.23) and (8.26) into the expression (8.22) for 0£ s

we obtain an equivalent Lagrangian density OCD , given by

oCD = /:-'45(%‘ hehe * zag’s - 1‘;'t—:eeﬁeee - zefezeﬁe - 9efeQEfE v R R)

(8.27)
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where

L =L = 2/ f + nch®)

From equations (8.21), it is clear that variation of g{ln .

as defined in (8.27), with respect to each member of {@A} , should

lead to respective subsets of the field equations., We can perform the
explicit term by term variation of JiD , and this will provide an
alternative derivation of the 2 + 2 break up of the field equations.,
In particular, comparison of the expressions for the field equations
obtained by this method with those obtained in Chapter V, equations
(5.8.7=10) provides a check on the internal consistency of the formalism
we have developed in this thesis. In order to perform the variation of
GCD , we use the fact that variation and partial differentiation commute,
which means that equation (8.13) holds. We then obtain after rather long

but straightforward calculations, the following results:

& y;.i»“g = 6{1}7} = /;Tg'y.‘lay - %/:;‘géee (8.28a)

6(§hehe} - ('vehe - hehe] v ey + ghehfaef - [Vshe + g,ehe} %€

+ ‘*va (’n:hey-lzsy + hefs} (8.28b)

£ e ~1 = “e 8 € el. e . 4 €, €
P + -
6{%’2’ J LAY Sy ¥ T[zeze}s (zgz V.2 }58 + ve[z 8¢ }
(8.28¢c)
= 2

e

efe =1 = ef Y.c6
efe£ Yy Sy - T(z feﬁ a}é

£ £ de ef 4 c.ef
{ﬁezef + zefgz -+2£e Zfde}s vs{éef § ) (8.284)
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ul
<
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i
-
?
g
£
¥
=
[
4
[y
[as)
®
’Tm
E—
On
)
fan]
jn
e
0
[er]
h
Cn
[0
h

8 ("heeeh

_ ~E e re ey 0 oy exr e3bu _ ,re ecd
z(beh L Be )56 Ve[“eheu 5% - 28, 5é} (8.28e)

& £
efe} _ _ efe -1 ~ ef }xeb _ de ef
6(-gef69 }" Qe:‘:'s;Q Y Sy + T(QefeQ 6)6 ZQe Qfde‘S
+ 21y 0% - 0%F n )6 - 2 v_(nfe°f £° (8.28£)
et g e e|0f el e oYf :
§'R = a’Refsef + nefa’Ref ' (8.28g)
6R = Ry “oy + g%U6R . | (8.28h)

The variations geeﬁRe and nefé"Ref are rather more

8

difficult to calculate, and the procedure is outlined in Appendix B.

Eventually, we get

ef ., _ e _ e)f . N N ef
n*8'R {heh v ho)s + ( Vol hehf)ﬁ

+

e .f e 108 _ 1gf, & Y€
2{251& hzf€+ VSLE Vf'fg)ée

+

]

€,49€c £ _ 1y cof e, £ _ ef . ge _ ,,ef o,
Va[ne( Ve, V.S + h6g hes™ + 2zeg 24 95f>

(8,281)
~eb

€6 = € _ el =1 o _
g é‘Ree = [Vez 285& }y §y + T[Vgle 2528}6

- b"’g(ve (Y‘»Igee) + Ve(y_l&y) + zeyﬂléy + RGY-lgee) .

(8.283)
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From equations (8.27) and (8.28) we then obtain the following:

6~

D _ /Rl b €+ 28 R ML g e . oo ef
= o - h - ~
8894: g{ Veh b Begel * T Veze lefsg

e €6 cue 6 efe e
- ef [:eo /=g by 7€
Qefeg GJ}S + g Vsz1 (8.29a)

5. L0 = /-4 {Vehe - %hehe + v -e2f - R feée _gq _ o®f¢ . 'R}Yniﬁv

Y cbe efe
+ o =tg 4v€z§ ' (8.29b)
D_ /g ls _ 7 zed € de _ €
Snef,li V=9 { v(ehf) heeeh £ Vsg’ef * zze gfds Eefez
+ 'R =0 (4R + 4R+ v0% + v 2% = 3nnd - gu gE
ef ef d € d €
> =ebd _ dce dce} | .ef e Lo €
Hhggqh aeet  F Bgee” )}6 t oV Thg Vet

(8.29¢c)

D _ /el fe _ fe _ g b e e 198, _ igf,e
5b842 = 2 g { Vfﬂ . bfﬂ . Veh et %veh + 'R Vil

~86e e f- e € /b by o€
+ 4.h . zf sh + h ze}gé + g VSZ4 . (8.29d)

Comparing (8.29a,b,c,d) with (8.21a,b,c,d) respectively gives us
explicit expressions for the various projections of uGaB . It is a
simple matter to check that these expressions are identical to the
corresponding ones for the projections of “GGB given by (5.8.7-10).
Explicit expressions can also be calculated for the z% from equations

(8.28) and (8.29).
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Conclusion

To date most work on the IVP's of general relativity has
been focussed on the standard Cauchy problem. Here the 3+l approach
first suggested by Lichnerowicz and extensively developed by others
has led to some significant advances. In particular, the use of
harmonic coordinates, starting with the fundamental work of Choquet—
Bruhat, has allowed strong theorems of existence,uniqueness and stability
of the evolution equations to be proved. The introduction of coordinate
independent techniques by Stachel, and especially his use of the Lie
derivative as the natural covariant analogue of the partial derivative,
have done much to aid our geometrical insight into the 3+1 formulationm.
They allow, for example, a covariant interpretation of the gauge freedom
of the theory and of the (constrained) initial data required to solve the
evolution equations. The later development by York of these techniques,
and his introduction of conformal 3-geometry methods has allowed an identi-
fication of the freely specifiable initial data which reduces the comstraint
equations to a system of four coupled, quasi-linear partial differential
equations, for which many 'good' theorems of uniqueness, existence and

stability have been proved.

In recent years, Muller zum Hagen and Seifert have used harmonic
coordinate conditions to prove that the double-null IVP is well set.
While this is an important result from an analytical point of view, it
does not lead to any geometrical insight, since harmonic coordinate
conditions are inherently non- covariant. In fact all work to date on
characteristic and mixed IVP's has suffered from the disadvantage of it
being couched in rather ad hoc coordinate-dependent form. Part of the

purpose of the present work is to remove this limitationm.
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The main results presented in this thesis rely on the
development in Chapter V, of a covariant 2+2 formalism, in which space-
time is foliated by a family of space-like 2-surfaces, and all space-time
objects are covariantly decomposed into their projections tangential and
orthogonal to this foliation. The formalism was applied first to the
Cauchy problem, in Chapter VI, and then to the characteristic and mixed
IVPs, in Chapter VII. In all three cases the gauge conditions were
formulated covariantly, and in particular, in the case of the non space~
like IVP's considered, it was shown that certain specialisations of these
gauge conditions are covariant analogues of coérdinate conditions used
by various authors in previous coordinate dependent analyses. Furthermore
it was shown, in each case, that the dynamical degrees of freedom of the
gravitational field may be explicitly and covariantly embodied in the
conformal 2=-structure; that is, that the two independent quantities
constituting the conformal 2-structure may be regarded as unconstrained
generalised coordinates, or true dynamical variables, of the gravitational
field. Thus the gravitational degrees of freedom in the 2+2 approach
have an immediately clear and local geometrical significance. Moreover
it is possible to identify the two field equations l“GaB = (0 as
dynamical equations, that is as equations propagating the dynamical
variables off the initial hypersurface(s). 1In Chapter VIII we obtained
the expected result that variation of the action function with respect to
the dynamical variazbles does indeed lead to the dynamical equatioms.

However, work on the 2+2 formulation is still in its early stages
and the fundamental question as to whether the IVP's we have considered
are properly set with our choice of initial data is still an open one,
although as we have said Muller zum Hagen and Seifert have proved that
the problem is well posed in the double-null case. The next task is

clearly to determine whether the same is true for the other cases considered
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in this thesis. Of course the presciption works in the very limited

case of analytic solutions, and the probability is that, pathologies

aside, it will prove to work in the more realistic case of smooth

(¢” ) solutions (although there may be difficulties with the mixed IVP,

due to problems with the 'coherency' of initial data set on a time-like
hypersurface). Once the theoretical existence of non analytic

solutions has been established, then the restriction in practice to analytic
solutions is not so important (even finite discontinuities in the solution
functions can be approximated by sufficiently rapidly varying analytic
functions) and the iterative schemes which we have described in this thesis
may then well prove of direct use in allowing one to actually compute
solutions from given initial data.

Our analysis so far has been purely local, and certainly another
important area of investigation is the r8le of boundary conditions in the
2+2 formulation, and in particular a covariant analysis of the original
Bondi formulation of the non space-like IVP, where some data is set at
future null infinity (}+). Another interesting question is to consider
what happens when the solution admits a Killing vector. In the investiga-
tion of this latter problem it is likely that an anholonomic 2+2 break-up,
in analogy with the 3+1 anholonomic break-up first considered by
0 Murchadha(3l) and later by Stachel(Bz), will be of more use than that
considered here. In fact such a formalism haé been developed by the
author(33) in which space~time is considered as being fibrated by the
trajectories of two commuting vector fields which span a family of time-
like 2-surfaces, and "foliated' by the orthogonal space~like 2-surface
elements (these latter 2-surface elements are in general anholonomic
and so do not constitute a proper foliation). One then proceeds by

demanding that one of the two commuting vector fields is also Killing.

This problem is under study.
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Perhaps the most immediately interesting question is how
the 2+2 approach compares with the 3+1, First of all, of course,
we see that the 3+1 formulation only allows an analysis of the standard
Cauchy problem. As we demonstrated in Chapter IV, there are serious
problems involved in trying to apply a 3+l approach to non space-like
IVP's, and even were one to succeed in such a formulation, it would
bear little relation to the 3+l formulation of the Cauchy problem, since
the geometry of space=like and null hypersurfaces is so different. In
contrast, one clear advantage of the 2+2 approach is that it provides
a unification, at least locally, of all the various types of IVP, since
the dynamical variables in each case are the same. Secondly, as we
discussed in Chapter II the 3+l approach has difficulties associated
with it when it comes to the problem of identifying the gravitational
degrees of freedom. By means of the conformal 3-geometry techniques of
York the freely specifiable initial data can be identified, but this
contains implicitly within it the gauge freedom associated with the initial
surface. In particular the dynamical degrees of freedom are identified
as the conformal 3-geometry of a family of space-like hypersurfaces,
modulo a choice of basis at each point. It is possible to comstruct a
quantity (specifically a transverse trace-free tensor, the so-called Bach
tensor) invariant under conformal transformations and diffeomorphisms
("conformeomorphisms') of the 3-geometry of each slice. Although this
invariant characterises uniquely the gravitational degrees of freedom,
it depends upon space-like derivatives of the conformal metric, and hence
has a non-local interpretation. It is hard to see how the Bach tensor
could be interpreted as explicitly embodying the dynamical variables.
For example, it is not possible to isolate a subset of the six evolution
equations as dynamical equations propagating the Bach tensor. The non local
character of the dynamical degrees of freedom in the 3+1 approach is in

direct contrast to the situation, already discussed,in the 2+2 formulation.
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With regard to the problem of the quantisation of the
gravitational field, the 3+1 approach suggests the use of a constrained
Hamiltonian formulation, with the five functions contained in the
conformal 3-geometry acting as constrained configuration coordinates.
However, a necessary condition in at least one approach to quantisation
is to have the two unconstrained dynamical variables explicitly isolated,
and this suggests further investigation of the ‘2+2 approach in relation
to the quantum problem. Some work in this direction has been done,in

(15) working in the light cone gauge.

particular by Gambini and Restuccia,
The formalism developed in this thesis may well prove useful in any
future work on a canonical quantisation procedure for the gravitational

field.
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Appendix A, The One-dimensional Wave Equation.

The one-dimensional scalar wave equation(7) is given,
in guitable units, by
32 32
¢ . 3% . o, (A1)

at2 5x?

This is the simplest of all systems of normal hyperbolic equations,
which possesses one degree of freedom corresponding to the generalised
coordinate, or dynamicai variable, ¢(x,t). By transforming to new

{(null) coordinates

u=t =X

veEt+x,
it may be shown that the general (d'Alembert) solution of (Al) is given
by

¢ = £(u) + g(v)

where f and g are arbitrary functions. The lines u = const and
v = const are characteristics of equation (Al). Using the above
results, we may write down the general solution of (Al) in terms of
the initial data in a two-dimensional region R , for each of the three

types of 1IVP considered in this thesis.

1) The Cauchy Problem: we write the wave equation in terms of the

space~like and time-like coordinates x and t respectively, which

yields the form of the equation given in (Al), namely

2 2
u = M = O .
ot 2 ax2
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The necessary initial data is

¢ =y¢(x) on t=¢t , x $x$%

3 . x(x) on ¢t

]
rt
™

[ 9.5% 4
kaﬂ 10

The general solution is then
X+e-t
o

o(x,t) = %(w(x+t~t0> + w(x—t+to)) + 4 f x(y)dy .

X-t+t
o]

i regio -X gt-xgt - + +xgt + i i
in the region (tD LSEXEE "X, 5 £ FX gtixst Xl) s showm in figure 3.

2) The Characteristic IVP: we write the wave equation in terms of the

two null coordinates u and v , which yields

829
uov - O

The necessary initial data is

¢ = ¢y(u) on v = Vo, uzu
$ = x(v) on u-= u s VIV, x(vo) = w(uo)

The general solution is then

o(u,v) = P(u) + x(v) = ¥(u ) .

in the region (u;uo, vzvo) , shown in figure 3.

3) The Mixed IVP: we write the wave equation in terms of the null

and space-like coordinates u and x respectively, which yields

2 2
228 20 o

Jugx 32

®
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The necessary initial data is

¢ =9¢{u) on x=x , uzu .,

¢ =x(x) on u=u , XX , x(xc) = w(uo) .
The general solution is then

0,0 = xfx = dmu)) = x(x,hmu)) ¢ v

in the region (uzuo v XZXQ) shown in figure 3.

Thus we see that apart from the fact that the scalar wave
equation possesses only one degree of freedom, the initial data
which may be freely specified is entirely analogous to that required

for the Einstein vacuum field equations, as considered in the 2+2

formulation.
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Appendix B.  Calculation of gaBSRaD and nabS'Rab .
%5

B8

o P, s s
In order to calculate g GRQB s 1t 18 convenient to

introduce an arbitrary coordinate basis

into {S} . Since we have already assumed in Chapter VIII that we

are working in a general coordinate space-time basis

. s o . . .
we see that the connecting quantities BA defined in equation (5.2.3)

for arbitrary (and possibly non coordinate) bases Ea s BA become
o

B’XA

o
B

Equation (B1l) shows that BZ‘ is independent of any variations in e,

since it depends only upon some arbitrary choice of coordinate basis

8 and 2 in {S} and V respectively. Hence

A o

3'x ax
sg°F = 6(BZ§gAB) = Byosg'” = 6g'0 = BATeg™
and it then follows that
g"‘BaRaB = gABGRAB .

Now RAB has its usual definition in terms of the Christoffel symbols

A
TBC s namely

. E _ . .E EF __E F
Reg ® %6Teg ™ %"®s * Ter'cs ~ TcrlEs

We can calculate the variation in PéB , and we obtain
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SPéB - Vc{éAEsgBEl * VB(éAESgCE) - VE{gAEach) : (B2)

Note in particular that SPéB is a tensor in {S} . We then obtain

_ E _ E
SRy = V6T = VST (B3)

from which it follows, using (B2) and (B3), that

CB E CBY CB

g GRCB VEV [gCBSg ) - VCVBGg . (B4)
But we can now write this in terms of the basis of V , and we obtain

aB
g 5Ra

- ef aBy _ aB
8 st gaBSg ) VQVBGg (B5)

{

from which (8.28j) follows straightforwardly.

In order to calculate anﬁ'Rcb , we first note that

' - " e .f _ e [
Rcb £nercb £ncreb * I1ef ch cfreb *

and hence it is dependent both on b and bz . Let us calculate

A . a . .
the variation with respect to n b first. We start by calculating

a

be * From the definition (5.3.9), we can easily show that

8T

8T = - 117 § &
[

a 1
cb 2'V,8

(o8
b +§V6cb’

hence Sr‘ib is a "tensor' with respect to 'Va . Then we may write

§'R

= ! e
ch vearc

-t e
b VCGFe

b -
and
b

PSR, = *v;v“sgb~ 'vc'vbaCb (B6)

¢ s . o .
To calculate the variation with respect to ba , we first calculate

La .
4T, » and obtain

8y ae - = .¢€,8a _ € & €a
g'rcb in {flgcneb ¥ ﬁ«gbnec Egencb) gcz be 51)2 c€+§ *ebe
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. a . . ,
and so again gI‘cb is a "tensor' with respect to 'V ., Next we
a

can show that
e

' = e g 28 s e
§ Rcb £5eFCb £§creb * v'eﬁicb‘ Vcﬁfeb. ‘ (88)

In order to proceed, we need an expression for £§ I’ib . We use the
d

following result for the commutator of Va and £n acting on a scalar,
a

VE =-£ V =2n°%
n o [+

o n g

a a ae

Then

O, ae ¢ _ae

a _ ,o a _ _ _
£.5>drcb "gdvarcb 25/&2' arcbe ‘gdn {’£nb9'eca * £n Q'ebos £n ﬁcba)
c e

and hence

a _ _ gofy, ,2 1o 0@ _ 1o@
figdrcb éd{vbg cat ch bo v g’cboc} ’ (89)

Substituting (B7) and (B9) into (B8) gives

cb = 94€ figP _ 1gC,b . b{ e _ ,g.¢
"BRy, = 24 [Tr, - 7% C€)+ 219 %§b£a £5 bg), (810)

Then (B6) and (B1l0O) lead directly to (8.281).
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Figure 3, The region of integration R for each of the three
types of IVP considered in Appendix A,
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