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ABSTRACT 
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MATHEMATICS 

Doctor of Philosophy 

ON A COVARIANT 2+2 FORMULATION OF THE INITIAL 

VALUE PROBLEM IN GENERAL RELATIVITY 

by Jeremy Smallwood 

The initial value problems in general relativity are considered from 

a geometrical standpoint. First of all a covariant 3+1 formalism is 

developed for the investigation of non space-like initial value problems. 

This involves an analysis of the problem of locally imbedding a family 

of null hypersurfaces in space-time. More precisely, an intrinsic 

affine connection is constructed on each hypersurface, a rigging is 

then introduced, and the resulting Gauss-Codazzi equations are derived. 

The fundamental differences between foliations of space-time into space-

like and null hypersurfaces are demonstrated, and the difficulties of 

applying this work to non space-like initial value problems is discussed. 

The major part of this thesis is concerned with the development of a 

covariant 2+2 formalism in which space-time is foliated by space-like 

2-surfaces. This foliation is then rigged by a suitably chosen pair 

of directions in the orthogonal time-like 2-surface elements. The 

resulting 2+2 break-up of the Einstein vacuum field equations is then 

used to investigate space-like, characteristic and mixed initial value 

problems. In each case the so-called conformal 2-structure (essentially 

the conformal metric of the foliation into space-like 2-8urfaces) is 

identified as explicitly embodying the true gravitational degrees of 

freedom. By means of the formalism, the geometrical significance of 

both the physically meaningful initial data and the various possible 

gauge choices is made clear. Finally, a Lagrangian formulation is 

included which supports the r81e of the conformal 2-structure as the 

dynamical variables of the pure gravitational field. 



Introduction 

The study of initial value problems (or IVP's as we shall 

refer to them) in relativity is of central importance to the theory 

as a whole. First of all, IVP's give insight into the analytical 

structure of the field equations through the investigation of the 

uniqueness,existence and stability of solutions. Secondly, IVP's 

provide a means of studying the geometrical structure and physical 

content of the theory, since they are closely related to the problem 

of identifying the true dynamical degrees of freedom of the gravitational 

field. This in turn is of fundamental importance in any investigation 

of such phenomena as gravitational radiation, and the crucial problem 

of the quantisation of the gravitational field. Thirdly, lYP's help 

in the formulation of the problem of actually computing numerical 

solutions to the field equations. Obtaining such solutions is becoming 

feasible with the development of high speed computers. One particular 

application of current interest relates to the discovery of the binary 

This provides one of the first opportunities for accurately 

the theory against observation, since approximate solutions of 

[wo-body problem are involved. In this thesis, we shall be 

concentrating on the second of the aspects of the IVP's that we have 

mentioned, although hopefully the techniques developed will be of use 

in the investigation of the third. 

In Chapter I, after some general remarks concerning the nature 

of the Cauchy problem for a system of partial differential equations^we 

review one of the earliest formulations of the Cauchy problem in 

fl) 
relativity, namely that due to Lichnerowicz^ . In Chapter II we 

review the covariant, or geometrical, 3+1 formulation of the Cauchy 

(2) (3) 
problem, due first to Stachel and later developed by York and 



others. In particular, we introduce at this stage those geonetrical 

techniques modifications of ^yW.ch are needed in later chapters. 

In Chapter III we turn our attention to characteristic and mixed IVP's 

which we shall term collectively as non space-like IVP's, reviewing in 

particular the work of Sachs^ and Tmnhurino and Winicour^^\ In 

Oiapter IV the possibility of a geometrical 3+1 formulation of non 

space-like IVP's is investigated. The main new result in this chapter 

concerns the problem of locally itdbedding a family of null hypersurfaces 

in space-tinie. At the end of this chapter we discuss the major problems 

which must surround any attengit to pursue this approach further. 

The remainder of this thesis deals with a geometrical 2+2 

formulation of the IVP's and all the results presented are believed to 

be new. Chapter V develops the necessary 2+2 formalism, and Chapters VI 

and VII discuss this formalism as applied to Cauchy and non space-like 

IVP's respectively. Chapter VIII deals with the derivation of the 

field equations from a Lagrangian. Finally, some concluding remarks 

are made, summarising the main results presented in this thesis, and 

i ; remaining problems and possible future areas of research. 

Except where specifically indicated, Greek indices run from 

0 to 3. Small Latin indices a,b,Ci^<,.. n m from 0 to 1, and i,i,k,... 

run from 1 to 3. Capital Latin indices run from 2 to 3. The signature 

of the space-time OKtric is assumed to be (+^-^—) , and a general space-tinK 

is denoted by V. Further notation will be introduced where necessary. 

Our conventions follow Schouten^^^ in the main. The notation is adapted 

(3) 

from both Schouten and York. 

All our considerations are purely local (although hopefully the 

2+2 formalism developed will eventually allow non local problems to be 

investigated) and for simplicity we work only in source-free regions of V, 

that is in regions where the Einstein vacuum field equations are assumed 

- 2 



to hold. Furthermore it is tacitly assumed throughout that the 

space-time metric can be expanded in a power series about the initial 

surface(s) since this is a necessary condition for the validity of 

the various formal integration schemes for the field equations which 

we discuss. This is undoubtedly a very strong assumption to make, 

but we leave a more detailed discussion of the significance of the 

restriction to analytic solutions to the conclusion. 

- 3 -



Chapter I. 

iuction 

What precisely is a Cauchy problem? For a determined system 

of partial differential equations of order n , 

^A<>'b'VB ° ° 

where - 0, ,m are the independent variables, and y^,A = 0,... .k, 

are the unknown functions, Cauchy's problem consists of giving data on 

some arbi trary hypersurface - 0 , in the space of independent 

variables, which are necessary and sufficient to determine a solution in 

some neigjhbourhood of 4"̂ ^̂  The Cauchy data for (1.1.1) on consist 

of y. and their first n-1 derivatives in a direction out of d) 
A o 

If 4"̂  is such that the Cauchy data determine on * , through (1.1.1), 

the nth derivatives of y, out of 6 , then 6 is said to be a free 
A ^o o 

surface. In this case, under the assumption of analyticity of both the 

Cauchy data and of , then the Cauchy-Kowa lewski theorem guarantees 

the existence of a unique analytic solution of (1.1.1) in some neighbour-

hood of ^ , determined by the Cauchy data. Under less stringent 

assung)tions than analyticity, existence can only be ejected if further 

restrictions on (1.1.1) and are imposed. For exanq)le, if (1.1.1) 

are normal hyperbolic equations of second order, then a necessary 

condition for existence is that is not only free but space-like. 

If is such that the Cauchy data, through (1.1.1), do not 

determine the nth derivatives of y in a direction out of , then 

(1.1.1) must be restrictions on the Cauchy data. Moreover, even if 

Cauchy data are given such that these restrictions are satisfied, these 

data will not determine a unique solution of (1.1.1) in a neighbourhood 

of (() , even under the assumption of analyticity. In this case, 
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is called a characteristic surface, and gives rise to characteristic 

and mixed IVP's. (In Appendix A, we consider the various types of 

IV? for the simplest of all second order partial differential 

equations possessing characteristic surfaces, namely the one-

dimensional wave equation. This serves as a useful prototype for 

illustrating the various different IVP's in cy , 

1.2. % e Structure of the Einstein Vacuum Field Equations 

The Einstein field equations for a source-free gravitational 

field are 

- 0 , (1.2.1) 

where is the Ricci tensor of the normal hyperbolic metric 

'̂ ĝ  of V . These equations are ten second-order, quasi-linear 

partial differential equations in the ten unknowns "̂ ĝ g . Very 

naively we might eigect that specification of the ten functions 

and their first time-like derivatives on some space-like hypersurface 

in V would determine ^ neighbourhood of the initial surface. 

However, it is easy to see why this cannot be the case. Equations 

(1.2.1) are tensor equations, and are thus invariant under the four— 

dimensional gauge group of arbitrary coordinate transformations. 

Thus, suppose we have solution functions '̂ ĝ g such that they and 

their first time derivatives take on specified values on an initial 

space-like hypersurface. We can make coordinate transformations which 

will leave the initial surface and the initial data unchanged, but which 

will change the functional form of elsewhere. Such transformations 

yield mathematically distinct solutions for the same initial data, and 

so no set of initial data can uniquely determine all the components of 

"̂ ĝ g in a neighbourhood of the initial surface. Of course, the new 

solutions obtained by such coordinate transformations are not to be 

- 5 -



regarded as physically distinct, but merely different descriptions 

of the same physical system because the metric tensor contains not 

only physical information, but information about th^ particular 

coordinates being used. Since less than the full tern components 

of are required to determine uniquely the physics of a given 

system, we should expect that the field equations theneelves do not 

determine all the components of ^g ^ . However, we are left with 
Op 

the fact that (1.2.1), as they stand, do not form a determined system 

of equations for « In fact, from what we have said so far, it 

might appear that we have an overdetermined system since we have ten 

equations in less than ten unknowns. However, the field equations 

are not independent, they must satisfy the four differential constraints 

which arise from the contracted Bianchi identities. 

- 0 , 
e a ' 

where . is the Einstein tensor of V , and denotes the 
ag e 

covariant derivative in V . We shall discuss the r81e of these 

identities more fully later. 

In order to deal with the gauge invariance of the field 

equations, it is necessary to impose four coordinate, or gauge conditions 

on in such a way that they single out just one member of each 

equivalence class of solutions that represents a given physical system. 

This can be done in a number of ways, not all of which can be formulated 

in a covariant (and hence geometrically meaningful) manner. The most 

important example of non covariant coordinate conditions is the use of 

so-called harmonic coordinates, which are differential constraints on 

4g^g . These enable one to deal with a reduced system of field equations 

which are no longer invariant under arbitrary coordinate transformations, 

and which have very nice mathematical properties. Specifically, they 

- 6 -



form a determined system of ten rigorously hyperbolic-normal equations 

in of the 'hard' theorems concerning uniqueness, 

existence and stability of solutions to the field equations, under 

less stringent assumptions than analyticity, have been proved using 

these coordinate conditions. We mention here the pioneering work 

/g\ 

of Choquet-Bruhat on the Cauchy problem, and the more recent work 

of Muller zum Hagen and Seifert^^^ on the non space-like IVP's. 

The major drawback of harmonic coordinates is that due to 

their non covariant nature they are very difficult to interpret 

geometrically, and we shall not consider them further. On the other 

hand, we can impose four algebraic conditions on (or on 

geometrical objects built out of '^g^g), which separate the components 
of "̂ g a into two groups, one whose evolution is determined by the 

Op 

field equations, and the other to which arbitrairy values may be assigned. 

(1) 

An approach of this type was first considered by Lichnerowicz and 

we shall review his results briefly in the next section. 

1.3. Lichnerowicz's Formulation of the Cauchy Problem. 

° o 

Let E ; X = 0 be an initial space-like hypersurface in V . 

That is, let 

g°° > 0 (1.3.1) 

O o . a 
on Z , and in some neighbourhood of Z . (We drop the prefix on 

"̂ g , , etc., when we are referring to their components in an 
c&B o&p 

adapted coordinate system.) The vacuum field equations can then be 

written in standard form: 

R. . - -i g°° 3^ g.. + M.. - 0 (1.3.2) 
ij o ij ij 

G° = g°° M + ĝ -" M. . - 0 (1.3.3a) 
o oo ij 

G? = -g°° M. - g°^ M.. - 0 (1.3.3b) 
1 lO 1] 
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where are independent of 8% . We see immediately that 

the field equations are independent of 3% g^^ . This suggests 

using up the four coordinate conditions by assigning arbitrary 

values to g ^ everywhere in V (subject to imaintaining (1.3.1), 

of course) and we shall assume that this has been done. Equations 

(1.3.2) then form a determined system of second order hyperbolic 

o 
equations in g.j . Z is a free surface of the system (1.3.2), 

o 
i.e. specification of the Cauchy data g^j and 3^ g.^ on Z 

determines 3% g^j on Z through (1.3.2) and (under the assumption 

o 

of analyticity) g^j is determined in a neighbourhood cf Z by 

ineans of successive differentiation of (1.3.2) with respect to , 

and the expansion of g^j in a power series in af about Z . 

Equations (1.3.2) are termed the evolution equations. 

We now turn our attention to equations (1.3.3). Dhaae i&ne 

clearly constraints upon g^j . However, the Bianchi identities can 

be uGed to prove a remarkable lemma, namely that if equations (1.3.2) 
o 

hold everywhere, and (1.3.3) hold on the initial surface Z then the 

latter equations hold everywhere. Hence (1.3.2) act as constraints 

only upon the Cauchy data. 

To summarise the above arguments: in order to determine a 

solution of the field equations in a neighbourhood of a space-like 
o o 

hypersurface Z : x - 0 , the four components g must be prescribed 

arbitrarily in that neighbourhood, subject to maintaining (1.3.1). 

Then the Cauchy data g.. and 3 g.. satisfying the four constraint 
o 

equations (1.3.3) must be specified on Z . The evolution equations 
o 

(1.3.2) then determine g.. in a neighbourhood of Z , and the Bianchi 

o 
identities ensure that the constraint equations remain satisfied off Z 

— 8 -



1.4. Conclusion 

The use of a particular coordinate system in the above form-

ulation rather obscures the geometrical significance of both the gauge 

conditions chosen, and of the Cauchy data. That is to say, the use 

of coordinate hypersurfaces and partial derivatives destroys the 

covariance of the approach. Amowitt, Deser and Mi8ner^^^\ in their 

canonical formulation of the dynamics of general relativity, essentially 

adopt the Lichnerowicz coordinate conditions. They introduce the 

notion of a 3+1 space + time break up of the metric, into cong)onent8 

lying in the three-dimensional hypersurfaces = constant and a one-

dimensional time-like direction out of = constant . They interpret 

the Cauchy data set as being equivalent to giving the first and second 

fundamental forms (i.e. the intrinsic and extrinsic curvatures) of the 

initial surface. The coordinate conditions then determine the time 

development of the initial surface and relate the intrinsic coordinate 

system of the initial surface to those of successive surfaces = constant, 

However, although their work is particularly powerful and contains consider-

able insight, they still make use of particular coordinate systems adapted 

(2) 

to a family of space-like hypersurfaces. Stachel was the first to 

remedy this defficiency by formulating the Cauchy problem in a coordinate 

independent (covariant, geometrical) way and we review his work, together 
(3) 

with the later developments by York and others, in the next chapter. 
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Chapter II. The Covariant 3 + 1 Formulation of Cauchy Problem. 

2.1 Introduction 

In the covariant formulation of the 3 + 1 approach to the 

Cauchy problem, the essential ideas are to replace tha coordinate 

hypersurfaces = constant by an arbitrary family of space-like 

hypersurfaces foliating space-time, and to introduce an arbitrary 

congruence of time-like curves which thread the foliation. The Lie 

derivative with respect to the tangent vector of this (suitably 

parametrised) congruence is then used as the natural generalisation of 

the partial derivative with respect to By nw^ms of 

(12) 

appropriately constructed projection operators it is then possible 

to break up space-time objects covariantly into components tangential 

and orthogonal to the foliation. In particular, a break up of the field 

equations into those governing the evolution of the Cauchy data, and 

those which act as constraints on this data, is induced. In what follows 

we shall lay particular emphasis on the geometrical techniques involved, 

since generalisations of these will be needed later on. 

2.2 Foliations of Space-time by Rigged Space-like Hypersurfaces. 

A foliation {%} of V into hypersurfaces ({%} is a 

foliation of codimension 1) is defined by a closed one-form n, say, 

with components n in an arbitrary space-time basis E° (reciprocal 

basis E ). Since n is closed we have 
a 

dn = 0 < — > ^ (2.2.1) 

hence (locally) there exists a scalar function # such that 

- 1 0 -



n = <—> n = ^9 * (2.2.2) 
a a 

and each hypersurface Z e {Z} arises (locally) as a level 

surface of # . 

An arbitrary basis of vectors tangent to {E} must 

satisfy 

< n,B. > = n B? = 0 (2.2.3) 
1 a 1 

< > denotes inner product, and B? are the components 

of Bu in the general space-time basis. For any vector v tangent 

to {%} , we have 

V = v^E = v^B. (2.2.4) 
a 1 

where v^ and v^ are the components of v with respect to E 

and B^ respectively. From (2.2.3) and (2.2.4), we g^± 

V° = B°v\ (US) 

Hence B? act as connecting quantities of {E} . They give the 

components of v referred to E in terms of its components in 

the basis B^ . 

We denote by \g the metric of V, and this has components 

in the general space-time basis. We define a vector n by 

n " 4g°^n E = n^E (2.2.6) 
^ a g a 

where ^g™^ is the inverse of ^g . We shall, in general, follow 
Bp 

the convention that vectors and one-forms corresponding in the 

natural isomorphism determined by ^g are denoted by the same kernel 

- 1 1 -



letter, the vector being distinguished by the siqperscript ( ). 

From (2.2.6), we see that 

4g(n,B^) " < n.B^ > - 0, (2.2.7) 

The necessary and sufficient condition that {Z} be a space-like 

foliation is that n is a time-like vector. That is 

4g(n,nJ - 4g06 n n a ^ > 0 , (2.2.8) 
a p 

where a is a strictly positive function, the so-called lapse 

function. We shall assume that (2.2.8) holds for the remainder 

of this chapter; that is, that we are dealing with a foliation of 

space-like hypersurfaces. The unit iiormal vector to {%} is given 

by 

u = an . (2.2.9) 

A metric g is induced on each member of {%} by the 

demand that for any vectors v\ w tangent to {%} , 

g(v\w) = . 

The components of g in the basis are given by 

g.. - , 

where B?? = B?B? . 

1] 1 J 

The reciprocal basis of forms B^ in {E} have components 

Bg in the general basis. These latter quantities act as connecting 

quantities for one-forms in {%} in the same way that B? do for 

vectors in {%} (see equation (2.2.5)). The quantities B^ are 
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determined if and only if we choose some vector field t , defined 

up to an arbitrary scalar factor, transvecting {Z} , and set 

< t > = 0 . 

The vector t defines a rigging of {%} ; for space-like hypersurfaces 

2 8 , 

is identical to the inverse g^^ of the induced metric. This in turn 

means that the natural isomorphisms, induced by and g between 

vectors and one-forma tangent to {%} , are identical. 

With the natural choice of rigging, reciprocal bases of V 

are given by (Bu,u) and (B^,u). We can form the quantity 

B" B? Bj - s" - u V (2.2.10) 

P 1 P P P 

C& 1 ct 
The quantities B., B and B act as projection operators into 

1 Ct p 
{%} on arbitrary tensors of V . For instance, for any vector v , 

•v" . iCyG 

are the components of a vector 'v tangent to {%} , in the basis 

'vi . B^v* 

o 

are the components of 'v in the basis BL . Similar remarks hold 

for one-forms and higher order tensors. The quantity 
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Cg = (2.2.11) 

projects tensors orthogonally to {%} . Any vector is tha sum 

of its projections tangential and orthogonal to {%} . Higher 

order tensors can also be written as sums of their projections. For 

example an arbitrary tensor T of type (1,1) can be written in terms 

of its components as 

Using a rather more concise notation, we can write th^ above as 

T", - it", + IT" .Ug . lT"g." . T" a""'; • 

where 

IT". B" . 
U E O 

and the obvious extensions. Then for example, .1?^. are the components 
u 

in E of a vector tangent to {%} . 
a 

Although u is the unit normal vector to {Z} , it is not 

the natural vector with which to propagate geometric objects onto 

successive members of {%} . The natural orthogonal connecting vector 

of {%} is given by 

N = au '0< n,N > = 1 (2.2.12) 

The orthogonal metrical separation of neighbouring members of {Z} 

parameter distance 6* apart is ad* , where the lapse function, a , is 

given by equation (2.2.8) or equivalently by 

a = . 

In fact, any vector t satisfying 
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< n,t > - 1 (2.2.13) 

is a connecting vector of {Z} . Equation (2.2.13) only defines 

t up to an arbitrary shift vector b tangent to {%} . That is, 

any vector 

2 - au + & - & + 5 j < - 0 (2.2.14) 

satiafies (2.2.13). 

For a specific choice of shift vector, t is tangent to a 

particular congruence of curves threading {%} aa^ fibrating V. 

These curves set up a one-to-one correspondence between points on the 

0 . 

initial surface Z and points on any other slice E , by identifying 

points on the same curve of the congruence . The curves in are 

parametrised by # , and we may write 

(2.2.15) 

If # - 0 is the equation of the initial slice Z e {Z} , the 

value of a geometric object on any other Z e {Z} , parameter 

o 
distance # from Z is given by the generalised Taylor expansion 

Y^^#) " exp{*E^}Y^(0) . (2.2.16) 

We may think of the foliation and fibration of V described 

in this section as being generated in a rather different but fully 

equivalent way. Suppose that in V we are given an arbitrary vector 

field t , together with some three-dimensional hypersurface Z 

transvecting t . The fibration is obtained from the integral 

curves of t as before, but the foliation {Z} is obtained by Lie 

dragging the initial surface Z with the vector field t . The one-

- 15 -



form n and the vector n can then be determined from the 

foliation. This latter approach is essentially that adopted by 

(2) 
Stachel 

2.3 Projections of the Riemann Tensor and Covariant 3 + 1 Break-up 

of the Field Equations. 

The only non zero projections of the space-time metric are 

and 

- 1 . (2.3.1b) 
°uu 

Similarly, for the contravariant metric, the non vanishing 

projections are 

1 gij = (2.3.2a) 

and 

- 1 . (2.3.2b) 

It then fallows from (2.3.1) and (2.3.2) that 

. 

Indices on quantities in {%} , written in the general space-time 

basis, can be raised and lowered by either the full metric of V, 

or by the induced metric on {%} . A covariant derivative V is 

induced on {%} by projection. We define, for any scalar A 

V X - 1 4v X (2.3.3) 
a a 

and for a vector v tangent to {%}, we define 
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^ (2.3.4) 

Induced covariant derivatives of one~forma and tensors in {%} 

are defined similarly. It is easy to show that with these 

definitions 

V e « " ° ' (2-3'5) 

that is, the induced connection on {Z} is the ciamection of the 

induced metric. The Riemann tensor of {[} is defined by 

for arbitrary v tangent to {%} . This reduces to tha usual 

definition of the Riemann tensor when written out in the adapted 

basis . We define the Ricci tensor and Ricci scalar of {%} 

by 

The second fundamental form of {%} , is defined by 

•'cB • - -L V s ' (2-3-7) 

from which it is straightforward to show that 

(2.3.8) 

K _ is also called the extrinsic curvature of {%} , and up to 
Op 

a constant scalar factor it is the 'velocity' of g _ as defined 
ag 

by Eulerian observers instantaneously at rest in each slice of 

{%} . It is possible to define another extrinsic curvature of 

{%} by 
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'*^N8a6 " ' (2.3.9) 

so is the velocity of with respect to the natural 

connecting vector ^ of {E} in the direction of th« rigging. It 

is usual to work with K . rather than h _ in the 3 + 1 
op op 

formulation of the Cauchy problem, since the former is independent of 

the behaviour of neighbouring members of {Z} . That is, specifying 

g^g and on one slice Z characterises uniquely juat that slice, 

as a hypersurface in space-time. If the lapse function a is taken 

to be a gauge quantity (as is the case in the covariant formulation 

of Lichnerowicz' approach which we discuss later in this chapter) then 

it makes no difference whether we work with h _ or K . , since they 

only differ by a factor a. However, if other gauge conditions are 

chosen, such as the maximal slicing condition where a is no longer a 

gauge variable, it is important to distinguish between h and K . 
op 

We shall not pursue this point further here. The reason for 

introducing h^ is that its definition generalises to cases where 

we are no longer dealing with time-like rigging directions. For example, 

in Chapter IV we consider null rigging directions for foliations of 

space-time by null hypersurfaces, in which case there is no unit vector 

in the direction of the rigging, and we are led naturally to using a 

rigging vector which is normalised to the one-form defining the foliation. 

In the space-like case, such a vector is N , which satisfies the 

normalising condition (2.2.12). In Chapter V, the situation is even 

more complicated, since we do not know, a priori, what the metrical 

properties of the rigging vectors are, and so again it is the 

generalisation of h * which is appropriate. However, for the remainder 



of this chapter, we shall follow the standard approa<^ of York, and 

work with K . 
oB 

Due to the large number of symmetries of the Riemann tensor 

gg of V, there are only three independent projections. Two of 

these are given by the well known equations of Gauss and Codazzi for a 

Riemannian hypersurface imbedded in a Riemannian inanifold. They are 

^ * V y . - (2.3.10a) 

- 1 - V e a V y s - ' A s (coda^.i) (2.3.10b) 

The other independent projection this is obtained 

by considering the definition of 8^^ using the Ricci identity. 

One obtains the result 

^ " V V - • (2.3.11) 

Equation (2.3.11) is the only projection involving second time-like 

derivatives of g ^ . Four of the field equations can be constructed 
ap 

solely from the Gauss-Codazzi equations, and only contain first 

derivatives of g * out of {Z} . These four equations are 
Op 

2 = 0 (2.3.12a) 

2 . gZ _ - R = 0 . (2.3.12b) 

Although we omit the details here, a covariant analysis of the 

Bianchi identities leads to the usual lemma, namely that (2.3.12) 

0 

hold automatically everywhere provided they hold on Z , and the 

remaining field equations hold everywhere. These latter equations, 

which do involve (2.3.11) as well as the other projections of 

are found to be 
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One integration scheme for equations (2.3.12), (2.3.13) 

is the direct covariant analogue of Lichnerowicz's treatment: assume 

without loss of generality, that the initial hypersurface B has 

equation * - 0, and specify the lapse function a, and the shift 

vector ^ quite arbitrarily in V (subject only to a > 0). The 

lapse and shift correspond to the four-dimensional gawg^ freedom of 

0 
the theory. Next specify the Cauchy data g . and K on Z , 

Bp &p 

subject to the constraints (2.3.12). We can determine oa 

E from K * , since, by (2.2.14) and (2.3.8) 
ap 

We now turn our attention to the evolution equations, 

(2.3.13). These are solved on Z for E K , and hence t^g , 

in terms of the Cauchy data and gauge variables. Successive Lie 

differentiation with respect to t of the evolution equations then 

(k) 
allows the determination of ^ ° in terms of 

quantities depending only on the first k-1 derivatives of g , 
Qp 

and the gauge variables. Then some neighbourhood of 

E , is given by applying equation (2.2.16) to obtain 

" e%p{*E^}gQg(0) . (2.3.15) 

The constraint equations now hold automatically off the initial 

hypersurface by virtue of the Bianchi identities. The metric, in 

some neighbourhood of Z , is determined uniquely by the (constrained) 

initial data, and is given by 
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" exptOEtlgggfO) + u^(*)Ug(*), (2.3.16) 

where UgC*) is given, using equations (2.2.1), (2.2.9) and 

(2.2.16), by 

"^(4) " n^(0)exp{*E^}a(0) . 

The geometrical significance of the gauge variables 

a and & has already been discussed in section 2.2, but essentially, 

they provide a reference system in V, along whose trajectories the 

field equations are integrated. The initial data (subject to constraints) 

are the first and second fundamental forms of the initial surface. With 

the present choice of gauge, specifying K is, from (2.3.14), 
op 

equivalent to giving the natural velocity E g of the metric of 
t Otp 

the initial surface in the direction of . 

All the equations (2.3.3) - (2.3.14) can be rewritten in 

the basis , by formally replacing indices a,6,Y with i,j,k,... 

and by using the definition that for a tensor T™"' tangent to {E} , 
* m P 

and any vector v in V , 

E T^': - E T°"' . (2.3.17) 
V a.J V ..B 

Note that if we demand the basis of vectors B^ be Lie transported 

along the trajectories of ^ , then (2.3.17) holds automatically. 

Such a basis B^ , together with t; form what York terma the most 

general 'computational frames'. Such frames can be related in a 

natural way to 'Minkowskian observers at spatial infinity'. 
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2.4 Initial Data and True Gravitational Degrees of Freedom in the 

3 + 1 Formulation. 

Perhaps the greatest disadvantage of the 3 + 1 formalism 

is that there is no natural extension of this approa<^ which would 

enable us to deal with non space-like IVP's, where data is set on 

(at least one) initial null hypersurface. (This problem is discussed 

further in Chapter IV), However, even as regards application of the 

3 + 1 approach to the Cauchy problem, there remain certain difficulties 

concerned with the identification of the dynamical degrees of freedom 

of the gravitational field. 

As we have seen, a sufficient set of Cauchy data needed to 

determine a unique solution of the evolution equations (2.3.13) are the 

twelve functions 

In the Lagrangian formulation of the 3 + 1 approach, g _ are 
(%p 

regarded as six configuration coordinates, with the 

corresponding velocities . In classical mechanical systems the 

velocities become momenta when passing from a Lagrangian to a 

Hamiltonian formulation. The situation is slightly more complicated 
oip 

in general relativity, however it turns out that the momenta n are 

closely related to the velocities! they are given by 

- g»®Kj (2.4.2) 

Now the initial data set (2.4.1) (or equivalently {g _,n°^}) are 
ap 

0 

not freely specifiable on E , they must satisfy the four differential 

constraints (2.3.12). Thus modulo functions of two variables, there 

are really only eight independent initial data which may be set on the 

initial hypersurface. The question arises as to where within the 
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constrained data (2.4.1) these independent data reside. There is 

no unique answer to this question. In principle one nay choose any 

eight of the twelve functions in (2.4.1) as independent data, providing 

the constraint equations (2.3.12) form a consistent system for the 

remaining four functions. The approach which has been brought to 

considerable fruition by York and others is to adopt conformal 

3-geometry techniques. In this approach, five of the independent data 

0 
are taken to be the metric g of Z specified only up to an 

ap 

arbitrary conformal factor, or equivalently, the conformal metric 

g , where in an adapted basis B. on E , 
dp 1 

det(g^j) " -1 . 

The remaining three independent data are taken to be the transverse 

(covariantly divergence-free) - trace free part of K , and the 
ap 

trace K of K ^.York then showed that the constraint equations 
ag ' 

(2.3.12b) and (2.3.12a) become a system of four coupled quasi-linear 

elliptic partial differential equations for the conformal factor and 

the longitudinal part of K respectively. The proof of uniqueness. 
Op 

existence and stability of these equations in the most general case is 

still the subject of current research, although a number of hard 

theorems have been obtained. In particular, under the assumption that 
o 

the trace of K is constant on Z, the constraint equations 
ap 

decouple and can be successfully analysed. This condition on K does 

not restrict the class of solutions to the field equations which may 

be considered. The eight independent functions which constitute the un-

constrained initial data contain four gauge freedoms, three of which 

correspond to the intrinsic coordinate freedom within E , and one 
0 

which describes how Z is imbedded in space-time. This latter gauge 

freedom is taken as being embodied in K. In particular, the condition 
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K = constant requires the mean extrinsic curvature of the initial 

surface to be constant. 

The problem of identifying the true dynamical degrees of 

freedom is closely bound up with that of identifying the freely 

specifiable initial data. From the above discussion, it is clear that 

only four pieces of the unconstrained initial data are physically 

meaningful, and taking two of these data as true dynamical variables, 

and two as the corresponding velocities or momenta, then this is what 

is meant by saying that the gravitational field has only two degrees 

of freedom per space-time point. Thus although we may regard g as 
Bp 

configuration coordinates, they are not the true dynamical variables, 

since they give six pieces of information at each point, which is four 

too many. Rather, g^g and n are constrained generalised 

coordinates and momenta respectively, and if one wori:s directly with 

these quantities then it leads eventually to a constrained Hamiltonian 

formulation. In the conformal 3-geometry approach, the true dynamical 

variables are taken on each hypersurface Z to be the conformal metric 

g , modulo some choice of basis, with corresponding momenta given by 

the transverse traceless part of n . Thus although in this approach, 

the configuration coordinate (with conjugate momentum K) is 

definitely nondynamical, and can be eliminated from the constrained 

Hamiltonian by solving (2.3.13b), it is still the case that the 

remaining five configuration coordinates g^g contain implicitly the 

true dynamical variables. That is to say, with the conformal 3-geometry 

approach one cannot write down explicitly just where within the space-

time metric the independent functions representing the dynamical 

variables reside. Some improvement on this situation can be obtained by 
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the use of a covariantly formulated 'radiation gauge' in which four 

covariant differential gauge conditions are imposed on g . , or 
Op 

rather on the velocities of g^ . In this case, tb^ lapse and shift 

cease to be arbitrarily specifiable, but are determined by four of 

the evolution equations. (This gauge involves what York terms the 

maximal slicing and minimal shift vector conditions). Nevertheless, 

since the gauge conditions on g are differential, it is still not 
Op 

possible to write down in closed form explicit expressions for the 

generalised coordinates representing the true dynamical degrees of 

freedom. Whether or not other covariant gauge conditions in the 3+1 

approach exist which would enable such a procedure to be carried out 

is still an open question. This problem with the explicit identification 

of the dynamical variables leads to certain difficulties, for example, 

when trying to use the 3+1 formulation to tackle the problem of 

quantization of the gravitational field. In the canonical quantisation 

procedure, a necessary first step is to isolate explicitly the two degrees 

of freedom of the gravitational field. 

In the next chapter we shall see how in the classical 

approaches to the non space-like IVP's one can, at least in a suitable 

coordinate system, write down closed form expressions for the dynamical 

variables of the gravitational field. 
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Chapter III. Characteristic and Mixed Initial Value Problems. 

3.1. Introduction, 

As a general rule, the greatest insight int# a system of 

partial differential equations comes from the study of the characteristic 

surfaces of the system. From equation (1.3.1) tfe see that = constant 

are characteristic if and only if (1.3.1) do not determine 3^ , and 

this will be the case if and only if g°° = 0 . But this latter condition 

is necessary and sufficient for the surfaces = constant to be null 

hypersurfaces of the space-time imetric, that is surfaces everywhere 

tangent to the local light cone. Hence the characteristic surfaces of 

the gravitational field equations are identical to tb^ tmll surfaces of 

(13) 

the metric. It can be deduced in a straightforward that the 

bicharacteristics of the system are the null geodesies which necessarily 

rule any null hypersurface. The physical interpretation of these results 

is that gravitational and electromagnetic phenomena have the same propaga-

tion properties; the wave fronts of both coincide, and the rays along 

which perturbations in the gravitational and electromagnetic fields spread 

are the null geodesies ruling the wavefronts. Thus, just from the mere 

determination of the characteristic surfaces of the Einstein field 

equations, we obtain an important physical result. 

There iarea number of physical and geometrical reasons for 

working with characteristic hypersurfaces. For example, in the study of 

gravitational radiation, it seems natural to work with a reference system 

which is adapted to the relevant ray congruence. Characteristic surfaces 

are bound to be of importance in cosmological problems also, since all 

information about the universe is received along the past null cone of 

an observer. 
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Non space-like IVP's^that is those based on families of null 

(as opposed to space-like) hypersurfaces, fall into two groups. As we 

shall see presently, it is not possible to determine uniquely a solution 

of the field equations by setting data on a single characteristic surface. 

Additional data must be set on some other initial hypersurface, inter-

secting the first in a space-like 2-surface. If this other initial 

surface is itself characteristic, then we are dealing with a character-

istic or double-null IVP. If the other initial surface is time-like, 

then we have a mi^ed IVP. With regard to the latter^very little is known 

as to whether such problems are well set^*^^, although under our assump-

tions of analyticity there are no more fundamental difficulties in 

dealing with mixed rather than with characteristic IVP's. 

For the remainder of this chapter we shall review some of the 

main formulations to date of non space-like IVP's. emphasize here 

that they have all been based on the introduction of specific coordinate 

conditions; no successful attempt has yet been made to formulate co-

variantly either the characteristic or the mixed IVP. 

3.2. The Light Cone Gauge. 

The classical coordinate-dependent approaches to the non space-

like IVP's have been based on the introduction of a coordinate system in 

which four components of the metric take on specific prescribed values. 

This is in contradistinction to the space-like case, where the gauge 

variables can take on more or less arbitrary values. Moreover, in order 

to isolate the physically meaningful freely specifiable initial data, the 

lower dimensional coordinate freedom is used up by imposing (again 

specific) values on various components of the metric within the initial 
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hypersurfaces. The first choice of four-dimensional coordinate freedom 

is in fact forced on us, since in order that x° = u = constant be a 

family of null hypersurfaceg, we must demand that 

g°° = 0 . (3.2.1a) 

(As in Chapter I, we drop the prefix ^ when referring to components of 

4 g°^, etc., in a particular coordinate system.) Two other coordinate 

conditions are used up by demanding that be a parameter along the 

null geodesies ruling u = constant, in which case 

g°^ = 0 . (3.2.1b) 

Conditions (3.2.1) use up three of the four available four—dimensional 

coordinate freedoms, and reduce the space-time metric to the so-called 

light cone gauge. The IVP in this gauge lhas recently been studied in 

a paper by Gambini and Restuccia^^^^, in the course of which they make 

various final choices of gauge and discuss the resulting integration 

schemes for field equations. There does not seem to be any one particular 

natural choice for the final gauge variable and indeed, although the 

integration schemes differ in detail for each choice, the overall features 

are essentially the same. We shall limit ourselves here to a brief 

review of the double-null problem in the gauge considered originally by 

Sachs^^^and of the mixed problem as investigated by Tamburino and 

Winicour^^^. 

3.3. Sachs' Formulation of the Double-null Initial Value Problem. 

In addition to (3.2.1) we demand that x^ 5 v = constant be a 

family of null hypersurfaces, that is 

gll = 0 . (3.3.1) 
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The lower dimensional gauge freedom is used up by demanding first that 

u and V respectively are affine parameters along the null rays ruling 

o o 
the initial surfaces E : v = 0 and : u = 0 respectively, and that 

the null vectors tangent to the null rays ruling these respective initial 

o o 
surfaces are normalised to unity on the space-like intersection S of 

o 
and . This implies that 

g° " 1 on Eg and ; g = 0 on Eg . (3.3.2a) 

A o 
Secondly, coordinates x are chosen on S which reflect its conformal 

flatness! that is, such that 

gAB _ y-l gAB on o (3.3.2b) 

The field equations are split into several groups. Using Sachs' 

terminology, we write 

(3.3.3a) 

"main equations 
(3.3.3b) 

= 0 , propagating equations 

= 0 , hypersurface equations 

= 0 , subsidiary conditions (3.3.3c) 

Rg^ = 0 , trivial equation. (3.3.3d) 

It turns out from an analysis of the Bianchi identities that providing 

the expansion of the null rays ruling u = constant is non zero, which 

we shall assume is the case, the following lemma holds: if the main 

equations (3.3.3a,b) hold in some sufficiently small region R , bounded 
o o 

from below by Eg and , then the trivial equation (3.3.3d) is an 

algebraic consequence of the main equations in R , and if the 
o 

subsidiary conditions (3.3.3c) hold on Z^ , then they hold everywhere 

in R . 
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In order to describe the integration scheme for the field 

AB 
equations, it is convenient to split g into t%m parts 

AB -1 -AB i-AB| 1 
g = Y g , |g I = 1 ' 

o 
The subsidiary condition = 0 , when evaluated on takes the 

form 

35 Y " Moo(Y' 8^^), 

(In this analysis, are known functionals of their arguments). 
o 

The above equation determines Y on , provided the initial data 

_AB y . , o 
g cm %o : Y, do Y GO S 

o 
are given. Next the subsidiary conditions = 0 imply that on Zg 

o 
and this can be solved on Eg for 3^g providing the initial data 

1A o 
B^g on S 
p 

are given. On , the hypersurface equation = 0 has the form 

^1 Y = g^*^ 

which can be solved for y providing that the remaining freely speci-

fiable initial data 

on ; 3^ y on S 

are given. At this stage the following are known: 

g°^(=l), g^^X=0), ĝ ^̂  and 9^ g^^ on Eg ; g°^(=l) and g^^ on 

- 30 -



The above provide necessary and sufficient initial data to integrate the 

main equations in R . These equations can be tnritten in the form 

= 0 => 9^ g°^ = , u ^ 0 

RlA = 0 ^l g^^, g^C) 

Raa = 0 => g^^ = g^^, gCo, gCQ) 

on each hypersurface u " constant. Formally, iwe may think of solving 

the above equations as follows: = 0 determines g^^ as a func-

AB 
tional of g on each u = constant. Inserting ttiis functional into 

lA 
Rq^ = 0 determines g on u = constant, also as a functional of 

g^^ . These functionals are then inserted into R ^ = 0 , and there 

AB 

results an equation for g which can be solved (by successive dif-

ferentiation) in the region R . Insertion of the solution functions 

into the appropriate functionals then yields g°^ and g^^ in R . 

To summarise: we see that a unique solution to the field 

o 
equations in a region bounded from below by the null surfaces and 
o 

is determined by the following initial data: 

-4a r -AS f ^ . lA o 
g on %o ; 8 on ; y, Bo?, 9^?, 9^ g on S . 

It is to be emphasised that this data is quite arbitrarily specifiable 

and not subject to differential constraints. Ignoring the lower dim-

mensional data for the moment, we see that essentially the initial data 

required to determine a solution are two functions of three variables on 

each of the initial characteristic hypersurfaces. This demonstrates 

explicitly that the pure gravitational field has two degrees of freedom 

per space-time point, and that the dynamical variables in the particular 

coordinate system under consideration are the two independent functions 
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~AB 

contained in g , or equivalently its inverse, g^ . The dynamical 

equations can easily be shown to be 

1 EEL 
*AB " Y S a a 8 RgF - o . 

That these are only two independent equations follows immediately by 

contraction with g^^ . 

3.4. The Tamburino-Winicour Formulation of the Mixed initial Value Problem. 

We start again from the light cone gauge (3.2.1), but this time 
o 

we take the initial surface to be time-like. fact Tamburino and 
o 

Winicour take Eg to be a time-like tube, with topology % TR which 

is taken to surround any sources of the external gravitational field. 

o 
In this cage the initial null surface is the future pointing out-

o 
going null surface intersecting % in some closed space-like 2-surface 
o _ o ° 
S . The initial data is then set on 5 , and the portions of Zg and 

o o . . . 
to the future of S . The region R in which the solution of the 

o 
field equations is determined is exterior to and bounded from below 

o 

by . 

The final four-dimensional coordinate freedom is used up by 

demanding that H r be a luminosity p a r a m e t e r a l o n g the null 

rays ruling u = constant . That is, we set 

= |r4f(x^fj (3.4.1) lg I 

where f merely reflects the choice of intrinsic coordinates x^ within 

o 

S . In particular, we can always take f = 1 . The three-dimensional 
o 

coordinate freedom within is used to demand that the null surfaces 
o 

u = constant intersect Eg in a family of geodesically parallel (with 
o 

respect to the inner geometry of Z ) space-like 2-surfaces aad that 
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A 
X be constant along the associated inner time-like geodesies normal 

o 
to the 2-surfaces u = constant. In this coordinate system Z has 

an equation 

n(u,x^^ 

where n is determined by the requirement that the full metric of 
o 

space-time reduce to the inner metric of Eg for r = n . If we write 

g A B . ^ - l - A B _ IgABj , 1 

and compare this with (3.4.1), we see that in this coordinate system, y 

is a known function. The unknown components of the space-time metric in 

... ol 11 lA . -AB 
this gauge are g , g , g and g 

The analysis of the field equations and the Bianchi identities 

follows similar lines to that given for the double-null problem in 

o 

section 3.3. The only major difference is that the choice of as a 

time-like surface has the effect of considerably complicating the form 

of the subsidiary conditions; however a formal iterative scheme for 

their solution can still be constructed. The initial data required to 

uniquely determine a solution in R are 

-AB y -AB y 11 . lA o 
g on 6o ; 8 on ; g , 3^ g on S . 

Aa with the double-null IVP, we see again that the solution is essentially 
o 

determined by two functions of three variables given on each of Eg and 

o . AB 
, without constraints. The dynamical variables g (or are 

again propagated by the trace-free part of = 0 . Tamburino and 

AB ^ 

Winicour in fact consider 8o g as the initial data on » which 

they interpret as the 'news functions' of Bondi et al^*^^ and Sachs^^^^. 

These functions contain information about the behaviour of sources within 
' Clearly giving g^^ or 3o g^^ on Zg is equivalent, for g^^ 

o o , 
is known on S , since S is conformally flat. 



3.5. Conclusion 

This brief review of the coordinate dependent formulations 

of the non space-like IVP's serves to demonstrate the fundamental 

differences of such problems from the standard Cauchy problem. If we 

compare the results of this chapter with those of Lichnerowicz reviewed 

in Chapter I, we note first of all that in the present case the initial 

data is freely specifiable, and not subject to any differential constraints. 

Admittedly, the conformal 3-geametry approach identifies the freely 

specifiable initial data in the 3 + 1 approach to the Cbuchy problem, 

but only by means of a relatively complicated analysis of the constraint 

equations. No such procedure is required in the approach to the non space* 

like IVP's discussed in this chapter. Moreover, (i^ contradistinction to 

the standard Cauchy problem) the initial data in the present case does not 

contain any coordinate or gauge freedom, but represents the true physically 

meaningful quantities defining the gravitational field. This means in 

turn that for characteristic and mixed IVP's the true gravitational 

degrees of freedom are, in coordinate dependent terms at least, readily 

identifiable as g*^ or equivalently g^^ . Such a property, as was 

indicated at the end of Chapter II, is certainly desirable in any canon-

ical quantisation procedure. However the use of particular coordinate 

systems, and somewhat ad-hoc choices of coordinate conditions at that, 

tends to rather obscure the geometrical interpretation of the dynamical 

variables g^^ , and various of the other field and gauge variables. 

The former have been interpreted by most authors as the conformal metric 

of the null hypersurfaces u = constant. As Sachs^^^ points out, one 

only needs, in adapted coordinates, a 2 x 2 matrix to specify the inner 

metric of a null hypersurface, since such surfaces are degenerate. In 

=AB adapted coordinates, one can readily invert g.^ to obtain g^^ . 
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However in a general coordinate system, the metric a null hypersurface 

has no inverse, due to its degeneracy. Thus quite tmw cma interprets 

AB * » ' * 
g geometrically is not clear. In fact, this indicates just one of the 

difficulties encountered when one tries to formulate nom space-like IVP's 

covariantly using families of null hypersurfaces. Cbe alawst immediately 

r^ms into several severe problema, due to the fact that null surfaces are 

not Riemannian manifolds. This problem is discussed in some detail in the 

next chapter. The problem of covariantly formulating the coordinate condi-

tions adopted in this chapter is resolved in Chapter VII by means of the 

2 + 2 formalism developed in Chapter V. 
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Chapter IV. On Locally Imbedding a Family of Null Hyperdurfaces 

4.1. Introduction 

A natural approach to covariantly formulating any non epace-

like initial value problem is to consider a foliation of space-time 

into a family of null (as opposed to space-like) hypersurfaces, {N} , 

and to then attempt to adopt procedures analogous to those used in 

the covariant 3+1 formulation of the Cauchy problem. The crucial 

step in this latter formulation is the calculation of expressions 

for the various projections of which are dependent only upon 

the intrinsic affine structure of {Z} and the rigginjg field u , and 

not on the affine structure of space-time. (These expressions then 

allow the straightforward calculation of the projections of the field 

equations, which can then be used to study the Cauchy problem.) Some 

of the projections, at least, come from the equations of Gauss and 

Codazzi for a Riemannian hypersurface in a Riemannian manifold. 

In general, Gauss-Codazzi equations arise as integrability 

conditions for a rigged submanifold with prescribed affine structure, 

intedded in an affine manifold of higher dimension, and they invariably 

take the form of expressions for some of the projections of the Riemann 

tensor of the imbedding space into the submanifold. In fact, any 

manifold, considered as a submanifold of some higher dimensional affine 

space and provided with a rigging, has a unique connection induced on it, 

dependent only on the connection of the imbedding space and the rigging. 

In such cases, the Gauss-Codazzi equations are well known and given, for 

(12) 

example, by Schouten . However, if the submanifold is endowed with 

some other affine structure, then the Gauss-Codazzi equations must be 

derived for that particular case. 
It turns out, for reasons which will becone apparent later 

in this chapter, that the induced connection in {N} is not suitable 
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for applications to the initial value problem, tbws we first 

turn our attention to the problem of choosing a suitable affine 

connection on {N} . We then derive the resulting Gauss-Codazzi 

equations (this involves, as a necessary preliminary, introducing a 

this derivation, obtain expressions for the remaining projections 

of ' The Gauss-Codazzi equations can be derived directly 

as integrability conditions for the imbedding of {N} , with the 

particular affine structure under consideration, in V . This has 

been done elsewhere, but here we shall use a rather simpler method 

of derivation. This method does not perhaps bring out the significance 

of the Gauss-Codazzi equations as integrability conditions, but since 

we are only interested in the final result, namely that of obtaining 

suitable expressions for the various projections of _ into {N} , 

in the next section some aspects of the intrinsic geometry of a null 

4.2. Affine Structure of a Null 3-surface 

An n-dimensional null manifold is defined as one upon which 

a degenerate metric of rank n-1 is defined. We shall restrict our 

attention to n=3 , and denote a 3-dimensional null manifold by N . 

We assume without loss of generality that the metric g of N has 

signature (0 - -) . Suppose is an arbitrary basis on N , 

(reciprocal basis B^). Then g is of rank 2 if and only if there 

exists a vector k , say, such that 

g(k,B.) " 0 <-> g..k^ = 0 . (4.2.1) 



The vector k is defined up to scale factor by the above equation, 

and defines the null directions in N . If N is considered as a 

hypersurface in V , then the integral curves of k are null geodesies 

in V . 

Any vector v not parallel to k is called space-like, and 

satisfies 

gCv^v) < 0 <-> V 0 . 

A one-form v , corresponding to v^is determined by 

V - v & i . (4.2.2) 

Note that any other vector 'v = v + Xk will define the same one-form 

V by the above equation. Any pair of linearly independent space-like 

vectors v and w (which are also linearly independent of ^) give 

rise to one-forme v and w which span a unique two-dimensional subspace 

of one-forms on N . We introduce a one-form n , linearly independent 

of this subspace and, in particular, use n to fix ^ uniquely by the 

normalisation condition 

<n,3> " 1 . <-> n^k^ " 1 . (4.2.3) 

Since g^j is degenerate, it does not have an inverse. 

However, we may introduce a substitute contravariant metric g^^ , 

defined uniquely if and only if both g^j and n^ are specified. 

The defining equations are 

' h j (4.2.4a) 

g^^nj = 0 . (4.2.4b) 

It follows immediately from (4.2.1), (4.2.3) and (4.2.4) that 

g^^g^. - 6^ - k^n. . (4.2.5) 
Jk J J 
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(Note that strictly speaking, we should use a different kernel 

letter for g^j and g^^ . We do not, since there is no chance of 

confusion and it avoids unnecessary additional notation.) 

Ideally, we should like to construct on N a linear 

connection which is both torsion-free and metric (as with the case 

of a Riemannian manifold). Unfortunately, it can be shown that except 

for a very narrow class of null manifolds, this is impossible^^^^ 

A nuizber of authors have considered the problem of constructing a 

connection on N , considering variously either the torsion-free 

(19 21 22 23) . (24) 

property * » ' g]. ̂ ^e metiric property to be more fundamental. 

Of these, references 21, 22 and 23 consider N as a hypersurface in V , 

and the connections used in these cases in fact depend on quantities 

extrinsic to N a property which seems to have dubious geometrical 

significance, and certainly renders them useless in applications to the 

initial value problem. In reference 24, Sokolowski considers a metric 

connection with torsion, intrinsic to N , but his resulting Gauss-

Codazzi equations are valid only for a particular class of null hyper-

surfaces, and in addition are very congilicated. 

In ^ a t follows, we shall endow N with an affine connection 
(19) 

first considered by Dautcourt. The connection is non metric, torsion-

free and dependent only upon quantities within N and their internal 

derivatives. Our motivation for using this connection is purely 

pragmatic - it enables us to derive a set of Gauss-Codazzi equations 

valid for any null hypersurface imbedded in space-time, and the resulting 

equations are suitable for studying non space-like initial value problems. 

We denote the components of the Dautcourt connection in the basis 
by , and the corresponding covariant derivative by V . Then the 

jk 
connection is defined by demanding 
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9.n. " Vr. n.M 
1 J U- Jj 

rr.̂ -i - i 

ij " (ij) (4.2.7) 

h. .k - 0 , 
1] 

and Cj^ are defined by 

Is. ,B.l - C^. B, . 
^ i' ]-* 1] k 

Equation (4.2.6c) is merely the standard result expressing the fact 

C contain only information about the particular basis chosen, 

and in particular they vanish for a coordinate basis. They contain 

no information about the affine structure of the manifold. In order 

to calculate a specific expression for we proceed as follows. 
Jk 

From (4.2.6a) we obtain immediately 

' (4.2.9) 

Writing out (4.2.6b) gives 

^i ^jk " ^ij^&k " ^ik^jt " ^k'^j ' 

If we cyclicly permute i,j,k in the above equation, and subtract 

the two resulting equstions, we obtain, remembering that h.. is 
^ J 

symmetric and using (4.2.6c) 



{i j k} + . (4.2.10) 

{1 j k} + ^kSij - (4.2.11) 

is the Christoffel symbol of the first kind. We now contract (4.2.10) 

with , and use (4.2.4b and 5). This yields, on substitution of 

'(jk) • j "} + + s ' - S y C y (4.2.12) 

Thus Tj^ is given explicitly by (4.2.6c) and (4.2.12) . 

It is clear from the above definitions that is 
Jk 

uniquely defined if and only if g.. and n. are specified. It 

than g.. , but it is not unexpected. In a three-dimensional 

independent functions contained in the metric. In N , the metric 

This information, for Dautcourt's connection, is supplied by the three 

independent functions contained in n^ . 

The Riemann tensor of is defined in the usual way by 

vJ - 2 Vr.V. 

for any vector v in N . In general, calculations involving the 

affine geometry of N are rather tedious, due to the non metrical 

nature of the connection, but a judicious use of the defining equations 

(4.2.4), (4.2.5) for g^^ , (4.2.1), (4.2.3) for k^ , and (4.2.6) for 

the connection, allows us to calculate all the results we need. In 

particular, it is useful to obtain an expression for V.k^ . From (4.2.6b) 



k& 
Contracting this with g gives 

91%: . - g ' ' \ . . (4.2.13) 

Next, from (4.2.6a), we get 

n.V.k^ " - k^V.n. = k^V.n. 
J 1 1 J J 1 

Substituting the above in (4.2.13) then yields 

?.kJ . - g^Jh^i + k^k^V^n. . (4.2.14) 

The relationships (4.2.1), (4.2.3-4.2.6) and (4.2.8) are fundamental 

and most calculations on {N} rely heavily on their use. They will 

be used, for the most part, without reference in the remainder of this 

chapter, and particularly in section 4.5. 

ions of Space-time by Rigged Null Hypersurfaces 

We ^hall follow an analogous procedure to that uaed in our 

discussion of a foliation of V by a family of space-like hypersurfaces, 

given in section 2.2. Although some of the results go through as in 

section 2.2 there are, as we shall see, some very important differences. 

A foliation {N} of V into null hypersurfaces is defined 

by a closed one-form k , say, with components k in the arbitrary 

space-time basis , and which satisfies 

4gOGk k - 0 . (4.3.1) 
a p 

Since k is closed, we have, aa in section 2.2, 
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dk = 0 <-> = 0 (4.3.2) 

and (locally) for some scalar function * 

k = d* <-> k = * . (4.3.3) 

Hence each member of {N} arises (locally) as a level surface of 

* , and from (4.3.1) and (4.3.3) 

* 0 ' 

An arbitrary basis of vectors tangent to {N} must 

satisfy 

<k)B^> = kqB? - 0 . (4.3.4) 

B? are the components of B^ in the general space-time basis and 

(c.f. section 2.2) act as connecting quantities of {N} for vectors 

tangent to {N} . 

The vector k defined by 

& = ^g*^k^Eg = (4.3.5) 

is a null vector, since 

^g(&,2) = 4gO&kgkg = 0 , 

by (4.3.1). Furthermore ^ is both tangent to {^} , since 

<k,k> = _ Q 

and orthogonal to {N} , since 

4g(2\B^) - <k,B.> = 0 , (4.3.6) 

by (4.3.4). 
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A metric g is induced on each member by 

demanding that for any vectors v and w tangent to {N} 

g(v\wO = ^g(v,w) . (4.3.7) 

The components of g in the baais are given by 

g.. - g(B.,B.) - (4.3.8) 

Since ^ is tangent to {N} , we have by (4.3.6) aad (4.3.7), 

gC&,B^) - _ 0 <_> g^ = 0 (4.3.9) 

Also, since ^ is null, and 4g(^\B^) = 0 , any other linearly 

independent vectors in {N} must be space-like, since a null vector 

can never be orthogonal to a time-like vector, and is orthogonal to 

another null vector if and only if it is parallel to it. From 

the above argument and equation (4.3.9))We see that each N e {N} 

is intrinsically a null 3-manifold, as described in section 4.2, by 

virtue of the metric induced upon it. Note that now, however, we 

have a normalisation of k already determined by equation (4.3.5). 

In particular, we can show that for this normalisation 

k" = 0 , 

since 

k* 4? k = ^gY&kO % = * 4 YG k°l = 0 , 
a " a y " y o y l a / 

by (4.3.5), (4.3.2) and (4.3.1). Hence k is not only tangent to 

null geodesies, but also affinely parametrised. 

In order to fix B^ , the components of the reciprocal basis 

B^ in the general basis E° , we must (c.f. section 2.2) define a 

rigging of {N} . In the case of a space-like foliation {Z} , it 

is the requirement that the correspondence between vectors and forms 
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in {%} defined by the induced metric g be the same as that 

defined by the full metric ^g that leads to the idea of a natural 

rigging direction for {Z} . However, since the induced metric 

on {N} is degenerate, we see from the discussion in section 4.2 that 

we cannot follow an analogous procedure for {N} . Indeed, the 

natural rigging for {Z} is the direction orthogonal to {E} , but 

the direction orthogonal to {N} is, as we have seen, tangent to {N} 

and hence does not provide a rigging. For the moment, we shall assume 

that we have chosen some arbitrary direction out of {N} defined by a 

vector field n , and normalised by the requirement that 

<k,n> - 1 . (4.3.10) 

Then is determined by the requirement that 

<B^,n> - " 0 . (4.3.11) 

As for space-like foliations, are connecting quantities for one-

forms in {N} . The "contravariant metric^ *g induced on {N} by 

the requirement that for any one-forms v, w in {N} 

L ag * ij 
g VgWg - *g ^VVWj , 

has components 

*gij - ^gGggij (4.3.12) 

in the basis B^ , and hence is dependent upon n . 

Since (Bu,n^, (B^,k) are reciprocal bases of V , as seen from 

(4.3.4), (4.3.10) and (4.3.11), we can form the quantities 

Igt B?Bj = 6° - . (4.3.13) 

The quantities B? , B^ and 3° act as projection operators, 
1 ct p 
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projecting tensors of V into {N} (c.f. section 2.2). Note 

that technically, we should write for , since 

However, we shall always understand that 3° = . . Similarly, 
p p 

we define 

C* - n*kg . (4.3.14) 

Cg projects covariant quantities normally to [N} , and contravariant p 

quantities in the rigging direction (which we emphasise is not normal 

to {N} ) . 

The rigging field n induces a one-form 'n on {N} , where 

'n is the projection of n into {N} . Note that 'n can never 

be zero, since 

•• °a " "''Va C4.3.15) 

by (4.3.13). Hence 

n " 0 "> n " Xk 

for some (possibly zero) A . However, by assumption n is not 

parallel to k , and non zero. Moreover, since from (4.3.10) 

<k,n^ " <n,k> = <'n,k> = 1 , 

we can use g.. and 'n. to determine a substitute contravariant 
ij 1 

metric , as described in section 4.2, using equation (4.2.4). 

We shall demand that this substitute contravariant metric be identical 

to the induced contravariant metric given in (4.3.12). Now 

from the definition of *g^^ . Dsing (4.3.If), the above becomes 
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J e 
' n n " Bg - n^n k 1 = -

1 g ^ l o e a ^ 

Again from the definitions of g.. and *g^^ , we can show easily 

1 & 

' (4.3.16b) 

Comparison of (4.3.16) with (4.2.4) shows that 

i.i ii G 
*g - g <"> n n^ - ^g(n,n) = 0 . 

That is^the induced and substitute contravariant metricJ of {N} 

a null vector in V . We shall assume that n is null, in which 

'n " B n. 
a a 0 

that is, n lies in {N} 

leave k fixed. If we define a complex null vector m , such that 

(k,n,m), (k,n,m) form a quasi-orthonormal null basis spanning V , 

<k,n> - - <S,m> " 1 

(the bar denotes cong)lex conjugate) are the only non zero inner 

k fixed and preserving (4.3.18) are 

k k 

m e I m - B k 

n + n - Bm - Bm + BB k 



where C is a real, and B a complex function. In order to 

fix n completely, some other ad toe conditions be imposed 

on n . For example, we could demand n^^V k^=k^ , gauge 

(27) 

used by Sachs . However, we shall make no su^^ restrictions on 

n at thi^ stage, since it is by no means clear juat which particular 

n is in any sense the 'best' choice. 

4.4. Extrinsic Geometry of {N} . 

In both this section and the next we shall, for convenience, 

work in the adapted basis , as opposed to the general basis E . 

The analysis can be reworked in the latter basis quite straightforwardly 

(to obtain results in the same form as those presented in Chapter II), 

but in the first instance the analysis, which is in any case complicated 

by the fact that {N} are non Biemannian manifolds, is far clearer in 

the adapted basis. 

As with a rigged space-like foliation, any tensor in V can 

be written as the sum of its projections into {N} and in the direction 

of the rigging. In particular, the metric tensor is decomposed as 

follows: 

= Bog + 2B(%Cg) , 

Using (4.3.9) and (4.3.13), we obtain 

From (4.3.14) and (4.3.17) we get 

2B(aCg) * 2B(%kg)nV _ Zk^^ng, , 

and since n is a null vector, we have from (4.3.14) 

Collecting the above results together gives 
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" BogBij * ' (4.4.1a) 

In an entirely similar manner we obtain 

4g"G . + 2k(*nG) . (4.4.1b) 

We nezt define a number of tensor fields induced on {N} , 

namely 

•>li - N l j ) • V e (4.4.2a) 

h i • - »lj ' V B (4.4.2h) 

*L/i = - ^7 n^ . (4.4.2c) 
1 ig a 

We can show by straightforward manipulations involving the results of 

the previous section that first of all 

h.. - - &E,g.. (4.4.3a) 
1] k"ij 

and so the definition of huj given in (4.2.7) agrees with that given 

above, and in addition 

f* f 
"ij • "-(ij) • " K h i • (4-4'3b) 

*L.^ - g^^L. . (4.4.3c) 
1 ° IK 

For example, let us prove (4.4.3b). By definition 

*ij " " ^*(a*g) 

Hence 

*ij " " **ij ^n 

Substituting (4.4.1a) in the above gives 
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But from (4.3.2), (4.3.4) and (4.3.10), 

» E k = 0 
1 a n o 

CnBa^fkA " * EnSij 

(c.f. equation (2.3.17) for the above definition of E g..). We 
n ij 

shall refer to A., as the extrinsic curvature of {N} . It is 

the quantity for {N} which is analogous to the extrinsic curvature 

h a of {Z} defined in equation (2.3.8). 

{N} by projection. For any scalar X we define 

'7.x - B* A (4.4.4a) 
1 1 a 

and for a vector v tangent to {N} , '? is defined by 

'v.vi - B?j 4? yG (4.4.4b) 
1 ig a 

Similar formulae hold for one forms and tensors of higher order on 

{N} . From the definition of '7 and equation (4.4.2b), it follows 

immediately that 

*7.n. ^ " L.. . (4.4.5a) 
1 ] 1] 

It is also quite straightforward to show that 

'^i^jk " 2 ^i(i°k) ' (4.4.5b) 

since from (4.4.1a) and (4.4.2a), 

-2 B?̂ "̂  
ijk a 

2 h.,.^\ 
i(] k) 



From the definition (4.4.4), it is clear that the induced connection 

whose components in the basis we shall denote by 

torsion-free. From (4.4.5b), we see that ^^n imetric, as 

we should expect from our discussion in section 4.2. However 

comparison of (4.4.5a) with (4.2.6a) shows that the induced connection 

is different from Dautcourt's connection. Moreover, from (4.4.5a) 

we see that 'rt. has the rather odd and dissatisfactory property that 

it depends upon the extrinsic curvature of {N} . (This is in stark 

contrast to the induced connection on a space-like foliation {E} , 

which depends only upon the induced metric.) This in turn means that 

the Riemann tensor of the induced connection, defined by 

for any v tangent to {N} , is also implicitly dependent upon the 

extrinsic curvature and its derivatives within {N} . Thus clearly 

the induced connection is not suitable for the analysis of 

initial value problems, since eventually we wish to obtain expressions 

for the projections of the field equations which isolate explicitly the 

terms containing derivatives of g^j out of {N} . 

As discussed in section 4.2, Dautcourt's connection ft, is 
JK 

dependent only upon g^j and n^ , and their derivatives within {N} . 

Since rt, and are both torsion-free, they must differ by some 
j k j k 

tensor A., ̂  - A,., on {N} . That is, 
J k ( j k ) 

and 

'ijk] - t j k ] -

'ik -

From (4.4.7), we obtain 

k 
V.n. - '9.n. - A., n, . (4.4.8) 
1 J 1 J ij K 
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First of all, we note that by antisymmetrising on i and j in 

the above equation we get, using (4.2.6a) and (4.4.5a) 

1 J 

Ne#t, we symmetrise on i and j in (4.4.8) and uae (4.2.6a), 

(4.4.3b) and (4.4.5a) to obtain 

n . k 
" A.. ^ . 

IJ IJ k 

(4.4.9) 

(4.4.10) 

(4.4.7) yields 

i^jk " ^i^jk " *ij Btk * gj% 0 

™ 1 m . 
- k n, A. 

and substituting (4.4.10) in±a the above gives 

I.," = A..k . (4.4.11) 
jk ]k 

connections differing by a tensor, we first of all obtain 

^ + 27 

Next we substitute the expression for A^j given in (4.4.11) into 

the above. Then after some straightforward manipulation, and the 

use of equation (4.2.14), we obtain 



* *[A|j|hk]m . (4.4.12) 

Equation (4.4.12) expresses the Riemann tensor of tha induced 

connection explicitly in terms of the extrinsic curvature of {N} and 

quantities intrinsic to {N} . 

4.5 Projections of the Riemmnn Tensor 

We shall denote by {N}* and respectively the rigged 

foliation {N} endowed with the induced and Dautcourt's connection. 

The equations of Gauss and Codazzi for a rigged hypersurface in an affine 

(12) 
space endowed with the induced affine structure are well known. 

% 
For {N} in V , the equation of Gauss is 

This equation is derived as a set of integrability conditions for 

the imbedding of {N}^ in V . As far as we are concerned, however, 

its significant is that it gives an expression for the projection of 

into {N} . The Codazzi equations arise as further integrability 

conditions, but again their significant here is that they are expressions 

for the projections ggyi standard 

algebraic manipulations, it is quite straightforward to show that 

Thus for the special case of a rigged {N} in V , the Codazzi equations 

are algebraic consequences of the Gauss equation. 
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Now let us consider the Eiemann tensor of V its 

completely covariant form. It has only three independent projections, 

due to its symmetries. They are "Rgyg.o" 

^Rgyg^n^n^ . Again, by standard algebraic manipulation we can 

show easily that 

' 2 (4-5.3a) 

Hence two of the independent projections of can be obtained 

from the Gauss equation (4.5.1). Substituting this latter equation 

into (4.5.3) yields 

®lkji • ®in '"ikj " 

, (4.5.4.) 

4 1 • ' V b / - ' V i \ - (4.5.4b) 

In analogy to the Gauss-Codazzi equations for {E} , given in equations 

(2.3.10), we shall refer to (4.5.4a and b) respectively as the equations 

of Gauss and Codazzi for {N}* . 

It is possible to derive from first principles the equivalent 

equation to (4.5.1) for {N}^ , as integrability conditions for the 

imbedding of {N}^ in V . This is done in reference 18. However, 

it is much simpler to obtain this equation by substituting the expression 

for in terms of &&kj^ given in (4.4.12))into (4.5.1). Of 

course, equations (4.5.2) and (4.5.3) still hold, and so we can obtain 
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the equations of Gauss and Codazzi for {N} imerely by substituting 

(4.4.12) into (4.5.4). We first perform this operation for (4.5.4a), 

and obtain after some straightforward algebra the following intermediate 

expression! 

B&kji * ^^[A|j|^k]i * ^^{A|j|^k]i 

(4.5.5) 

The above equation can be put into a slightly neater form by obtaining 

a suitable expression for the last term on the right hand side. We can 

show that 

*iSjn*&km"k 
m 

2*i?[Ahk]j + 2*ih[&|j|Wk]mk* ' (^'^.G) 

since 

Using in addition to the fundamental equations in section 4.2 the 

expression (4.2.14) for , the second term of the above equation 

becomes 

- V, 

- 9 
[ A ] i - h[K|j|"k] 

m 

m 

from which (4.5.6) follows immediately. Substituting (4.5.6) into 

(4.5.5) yields 
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^Kkji ®in®£kj * j\]i |\]l 

+ ^°i'[A]j • (4.5.7a) 

Next, we substitute (4.4.12) into (4.5.4b) to obtain immediately the 

equation 

s'Zj " X e S - (4.5.7b) 

We refer to equations (4.5.7a and b) as the equations of Gauss and 

Codazzi for {N}^ . They are the true analogies to the Gauss-Codazzi 

equations (2.3.10) for {E} . Firstly, they are the projections of 

^ four times into {N} , and three times into {N} , once in the 
oypa 

rigging direction. Secondly, the resulting expressions are explicitly 

in terms of the extrinsic curvature, , and quantities that can be 

built out of g^j , n_ and their internal derivatives only. 

The only other independent projection of comes from 

considering the definition of . Eventually we obtain 

®kj " V k j - \ j * '(k®j) ' 

where 

a. E n. . (4.5.9) 
1 n 1 

Equation (4.5.8) is derived as follows. We first note that 

Hence, from the definition of . , we obtain immediately 

^n \ j " " ^kj^n ^*(Y°6) " 

But from the definition of the Lie derivative, we get 

t a _ 4? 
n Y g 5 Y 
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Using the Ricci identity, this becomes 

' V s - * ( " V l " ["'p-K'Vsj 

and again from the definition of the Lie derivative , this becomes 

'VrPe ' '"jyhc."'"" + ( ' V « ) • 

Symmetrising on Y and g , and projecting into {N} then yields 

" ^n*kj * '^\k*j) " - (4.5.10) 

But from (4.4.7), we have 

= '(k^j) - \ j ' ' \ • (4.5.U) 

Equation (4.5.8) follows immediately on substitution of (4.5.11) into 

(4.5.10). 

4.6. Conclusion. Possible Applications to the Non Space-like Initial Value 

Problem, 

From equations (4.5.7) and (4.5.8) it is a straightforward process 

to calculate the independent projections B^ ^R^gn^ and 

I "y A 

^R^n n of the Ricci tensor of V , and equating these projections to 

zero gives the covariant 3+1 break up of the field equations with 

respect to {N} . It is not hard to see that the projections into {N} 

are the six main equations (c.f. equations (3.3.3)) while the 

remaining projections are the subsidiary conditions and the trivial equation. 

The expressions obtained for the projections of the Ricci tensor are, 

however, quite long and without further analysis not particularly 

informative. We do not reproduce them here, but they can be found in 
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reference 18. In order to use them to investigate any non space-

like initial value problem, it is first necessary to choose a 

particular null vector n rigging {N} . (Remember n is only 

defined at this stage up to the subgroup of the null rotations about 

k given in equations (4.3.19%) Depending on the particular choice 

of n , the field equations take on quite different forms. Even after 

a choice of n has been made there still remains, in particular, the 

problem of extracting the dynamical equations from the main equations. 

The best way to do this is to project the field equations again into a 

family of space-like 2-surfaces foliating each member of {N} . Such 

a family is naturally provided by choosing n so that the corresponding 

one-form n is hypersurface orthogonal, that is proportional to a 

closed one form n , say. (Note that there is insufficient freedom in 

the equations (4.3.19) to demand that n be equal to a closed one-form.) 

The two families of null hypersurfaces defined by k and n then intersect 

in a (two parameter) family of space-like 2-surfaces. In fact, this 

procedure has been investigated by the author, and work in this direction 

indicates that it is possible, using this approach, to formulate covariantly 

a characteristic initial value problem. The difficulties and drawbacks 

to this approach are, however, manifold. Since {N} are non Riemannian, 

one has to deal with the problem of imbedding a family of (Riemannian) 

space-like 2-surfaces in a non Riemannian manifold - essentially the 

reverse of the problem dealt with in this chapter. One is also restricted 

with this method to considering only Sachs' double-null problem, since one 

has naturally introduced two families of null hypersurfaces. If one wishes 

to impose different conditions on n , either to investigate other gauge 

conditions for the double-null problem, or to analyse the mixed problem, 

then n will not be hypersurface orthogonal. It will instead define 

anholonomic null 3-surface elements, or anholonomic space-like 2-surface 
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elements within {N} , and this leads to still further coiq)lications. 

The fact that one is led to projecting again into space-like 

2-surfaces raises the question as to whether it would not be better to 

project straightaway into a family of (suitably defined) space-like 

2-surfaces foliating V , without first projecting into {N} . In 

fact this turns out to be a very fruitful approach, to which we devote 

the remainder of this thesis. Although the 3+1 approach does not seem 

to be the best way of analysing non space-like initial value problems, 

it is felt that the work in this chapter is of interest in its own right, 

since it leads to some deeper insight into the geometry of null 

hypersurfaces. 
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Chapter V. The '2+2' Formalism. 

5.1 Introduction. 

f 28^ 

In a recent paper, d'Invemo and Stachel ^ suggested that 

the so-called 'conformal 2-structure' - essentially the conformal 

metric of a family of space-like 2-6urfaces - might be considered as 

the dynamical variables of the gravitational field. Using coordinate 

dependent techniques they show that this prescription works, 

formally at least, in the characteristic, mixed, and space-like 

initial value problems. Their work motivates the introduction, in 

this chapter, of a covariant 2+2 formalism, in which space-time is 

considered as being foliated by space-like 2-surfaces, rigged by a 

pair of vector fields which are linearly independent and normal to the 

foliation, and which thus span time-like 2-surfaces (in general 

anholonomic) orthogonal to the foliation. By a suitable choice of 

these rigging fields, subfamilies of the space-like 2-surfaces can be 

regarded as foliating hypersurfaces in space-time which may be 

either time-like, space-like or null. This formalism allows us to 

deal conveniently with all three types of initial value problem, 

namely Cauchy, characteristic and mixed. In the last two cases, it 

is because we are working directly with the geometry of Riemannian 

2-manifolds that the problems encountered in the last chapter^which 

arise from the degeneracy of the intrinsic geometry of a null manifold, 

are essentially bypassed. In the remainder of this chapter we analyse 

the 2+2 formalism in detail, before going on to consider in the 

subsequent three chapters the application of this formalism to the 

various initial value problems. 
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(12) 

5.2 Foliations of Space-time by Rigged Space-like Z-surfaces . 

A f o l i a t i o n {S} o f V i n t o 2 - s u r f a c e 8 ({S} i s a f o l i a t i o n 

of codimension 2) is defined by a pair of closed one-forms, n*, s&y 

(a " 0,1) with components in a general space-time basis n* . Now, 

n° and n^ define respectively foliations of V, {Z^} and {Eg}, 

into hypersurfaces. Each SG{S} can be thought of as the intersection 
of some E E{Z } and Z.e{Z.} . Since n* are closed, we have 

0 0 1 1 

dn* = 0 < — > ° (5.2.1) 

hence (locally) there exist scalar functions ** such that 

n = d* < — > n* - ^ (5.2.2) 

and {E }. {E.} arise (locally) as the level surfaces of 

0 7 i 

and Each is itself foliated by a subset of 

{S} , and we denote these subsets by Cwhere parentheses 

around an index indicate that we are referring to a fixed value of 

that index). The remarks made so far in this section are illustrated 

in figure 1. 

satisfy 

An arbitrary basis of vectors B tangent to {S} must 

< n^,B. > = = 0 (5.2.3) 
A a A 

The quantities B^ are the components of B^ in the general 

space-time basis, and act as connecting quantities for vectors 

tangent to {S} (cf. section 2.2). 

We define vectors n^ by 

2* . 4gaGn*E (5.2.4) 
a p 
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Hence, from (5.2.3) 

^gXn*,:^) = < n*,B^ > . 0 . (5.2.5) 

Since n* are orthogonal to , the necessary sufficient 

condition that {S} should be space-like is that n* should span 

a time-like 2-surface element T at each point of V. We shall 

assume that this is the case, and we denote the totality of these 

elements by {T} . Note that n^ are not, in general, closed under 

the Lie bracket operation, so the elements {T} do not define a 

foliation of V ; they are rather anholonomic time-like 2-surface 

elements, or fields of non integrable time-like 2-planes. Now n^ 

and n^ are bases of vectors and one-forms in {1} , but they are 

not reciprocal bases. The reciprocal basis to is 'n and is 

defined by 

'n - n (5.2.6a) 
a ab 

< n ^ , > = 6* (5.2.6b) 
b b 

where is some 2x2 matrix of (in general non constant) 

scalers. From (5.2.6a) we have immediately that 

, b 

*a " "ab * ' 

Then (5.2.6b) and the above yield 

(5.2.7) 

hence n , is a symmetric matrix. We define its inverse by 
cb 

, and thus 
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(5.2.8) 

From (5.2.6a) and (5.2.8) we then get 

= n'̂  (5.2.9) 

Hence there is a natural isomorphism between 'n and n^ , 

and also 'n and n^ , with the raising and lowering of the 

indices a,b defined by and n , respectively. Thus 
ab 

we may write 'n - n and 'n - n , and the vectors n and 
a a a a a 

one forms n^ form a dyad basis of {T} . For any tensor X ° " ' 
# # # P 

in {T} , we define its dyad con^onents by 

x ^ " ; = n ^ " ' n f x " " ; , 
#*#b (%### b #*#p 

and then it is easy to show from the above arguments that 

(5.2.10) 
a# * * ac#»# # # # o a# # # # 

Thus we may raise and lower dyad indices of the dyad components 

of tensors in {T} with and respectively. 

Metrics g and 'g are induced in {S} and {T} 

respectively by the demand that for vectors v and w tangent to 

{S} and 'V and 'w tangent to {T} , 

g(v,w) - '*g(v,w) , 

'g('v/w) - '^gCv/w) . 

Then 

®AB • " ' " A - V - \e^ll 

are the components of g in the basis B. , and 
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'®ab " " X s V b (5.2.11b) G a b 

are the dyad components of 'g . Comparison of (5.2.7) and 

(5.2.11b) gives 

\ b = 'Sab • (5.2-12) 

and so are the dyad components of the induced metric in 

{T} . 

The natural rigging of {S} is defined by any two linearly 

independent directions orthogonal to {S} , and in particular, the 

two directions defined by n^ constitute an e&pecially convenient 

A 

pair of rigging directions. The reciprocal basis of forms B in 

{S} is required to satisfy 

< n > - B* n" = 0 , (5.2.13) 
' a a a 

and this fixes the components B^ of B^ . The vectors (B,, n ) 
a A a 

A * 

and one-forms (B ,n ) constitute reciprocal bases of V . Hence 

we can form the quantity 

The quantities B^ , B^ and B^ act as projection operators, 

projecting arbitrary tensors in V into {S} . For example, for 

any vector v the elements 

. b" V® 

are the components of a vector 'v in the general basis E , 

and 

'v^ = 1 
a 
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are Che components of 'v in the basis . Similar remarks hold 

for one-forms and higher order tensors (c.f. section 2.2). The 

quantity 

c; 4gfn% n; (5.2.16) 

projects tensors into {T} and for example, for a vector v , 

the elements 

"v" . C° V® 
P 

are the components of a vector "v tangent to {T} . The elements 

"v* . n* v° (5.2.17) 

are the dyad components of "v. 

It is perhaps worth emphasising at this stage that 'v^ 

(defined by (5.2.15)) are the components of a vector 'v tangent to 

{S} , and 'v^ transform in the usual way under arbitrary changes of 

basis in {S} , ^Bg . However, "v* , (as defined by 

(5.2.17)) are a pair of scalers, "v°, "v^; the dyad index a has 

no tensorial character. ( In the terminology of Schouten/^^ the 

dyad indices are 'dead' indices.) This arises from the fact that n 

and n^ are required to be fixed reciprocal bases of {T} , determined 

uniquely by the demand that n^ be closed one-forms, defining 

particular foliations {Z } of V. 

Any vector in V is the sum of its projections into {S} 

and {T}. Higher order tensors can also be written as sums of their 

projections. For example, an arbitrary tensor X of type (1,1) can 

be written in terms of its projections as 
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Kl < i x'e* '=1 

This can also be written as follows: 

x*;. 12*9+ ix"b*% + + **b*: 

where, for example 

i X ^ S ' B° ^ X % 

are the components in of a pair of vectors (labelled by the 

dyad index a) tangent to {S} . 

The inverse metrics induced in {S} and {T} have components 

4gOG (5.2.18a) 

in the basis and dyad components 

, ab a b L oB 
: "e s 

respectively. It is straightforward to show that 

(5.2.18b) 

=CB B 

since, from (5.2.11a), (5.2.14) and (5.2.18a) 

• 4 (5.2.19a) 

and this gives, using (5.2.3) 
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We also have 

'g*^ = <=> 'g*^'Byg = 6% 

since from (5.2.6a), (5.2.11b) and (5.2.12), 

, at a bk og ac bd a ab 
G " 8 " n n = % 

Hence the respective induced inverse metrics in {S} and {T} are 

the inverses of the metrics induced in {S} and {T} . This 

justifies the use of the same kernel letter for the induced inverse 

metrics in {S} and {T} respectively. It also means that the 

natural isomorphisms induced by ^g and g between vectors and 

one-forma tangent to {S} are identical. Similar remarks apply to 

4g , 'g and vectors and forms tangent to {T} 

Equations (5.2.2), (5.2.5) and (5.2.6) imply that 

is tangent to {Z, , and also that it is the natural orthogonal 

of n , defines the lapse function of {S}. tĥ i 

distance apart, is given by 

=|n, (not summed over a) (5.2.20) 8(*(a)*(a)) 

Then in an analogous manner to that discussed following equation 

(2.2.12) where we defined the lapse function of the foliation {%} 

1 

in the 3+1 formalism, we define (^(a)(a^ lapse function 

of {S}. .. The above remarks are illustrated in figure 2. The 

elements , n** of determine the metrical properties of 

{E}} and {E } respectively, since 



^(a)(a) . ,^aB^(a)^(a) ^ (5,2.21, 

The orthogonal connecting vectors n of {S} do 
a a 

not in general commute, and we define 

[n^,n^]° - 2^ n^ = -2 3°. (5.2.22a) 

o 

Then, since from (5.2.1) and (5.2.6) 

n*E n" - - n*E n* - 0 , 
a n 1 I n a 

o o 

we have 

n" - IP* , (5.2.22b) 

that is the commutator of n is a vector tangent to {S}. The 

vanishing of 5° is the necessary and sufficient condition for 

{T} to be holonomic. 

Any vectors e satisfying 

< n*, > - 6* (5.2.23) 

are connecting vectors of {S} . Equation (5.2.23) only defines 

^Xa) ail arbitrary shift vector tangent to {S} . That 

is, any vectors 

e " n + b ; < n^,b > " 0 (5.2.24) 
a a a a 

satisfy (5.2.23) (see figure 2). We shall restrict our attention 

to those b for which the resulting e commute. By virtue of 
a a , 

(5.2.22), such vectors always exist, but they are not unique. For 

a given choice of shift vector the resulting e^^^ is tangent 

to a congruence of curves which lies in , threads 

and fibrates V. The curves of are parametrised by 

, and we may write 
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e - , (5.2.25) 

by virtue of (5.2.2), (5.2.23) and the demand that commute. 

The curves in the congruences set up a one-to-one 

o 

correspondence between points on an initial 2-surface S , and 

any other S e {S} as follows: if we start at some point P on S, 
O 1 ^ 

then travelling parameter distances # and from P along 

curves of and ^ ^ respectively, in any order, we always 

arrive at the same point P, say, on a particular 2-surface S . 
The vectors e tangent to are thus the natural ones with 

a ' a 
which to propagate quantities through V. If, without loss of 

0 1 . . ° 
generality, we assume that # = = 0 is the equation of S , 

then the value of some geometric object W (indices suppressed) on 

a general SE{S} is given by the generalised Taylor expansion 

(*°,**) - ex , } 1^(0,0) (5.2.26) 

(c.f. equation 2.2.16). 

The foliation and fibration of V described in this section 

may be thought of as being generated in a rather different, but fully 

equivalent way. Suppose that we are given, in V, a pair of commuting 

vector fields e , and a two-dimensional^space-like cross-section 

§ of e . The fibrations of V are just the integral curves of 

e (as before), but the foliation {S} is obtained by Lie dragging 

S with e so as to fill up V. Since e commute, the order of 
a a 

dragging is immaterial. The one-forms n and the vectors n can 

then be determined from {S} . 
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5.3 Intrinsic Geometry of {8} and {T}. 

The only two non vanishing projections of are 
dp 

and 

It follows immediately from (5.2.3) that the other projections 

of 4g vanish. Similarly, the non vanishing projections of 
dp 

^8^^ are 

(5.3.2a) 

and 

C°® "g'"' - - 'g"® (5.3.2b) 

From (5.2.14), (5.2.16)^5.3.1) and (5.3.2) it follows that 

E°"'Sg^ - Bg (5.3.3a) 

- C° (5.3.3b) 

From (5.3.1 and 2) it follows that indices on quantities in {S} 

or {%} can be raised or lowered by either the induced metrics 

in {S} or {T} respectively, or by the full space-time metric. 

The results (5.2.1-24) and (5.3.1-3) will be used repeatedly and 

without reference in the remainder of this chapter. 

Covariant derivatives V and 'V in {S} and {T} 

respectively are induced by projection. For any scalar X , we 

define 
* 

V A - A (5.3.4a) 
a B E 

'7 X = 4? X (5.3.4b) 
a B E 
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and for vectors v and w tangent to {S} and {T} respectively, 

9 v^ = 4? yf 
a a8 E 

'V .yG 
o a8 E 

From the above, it is easy to show that 

'ySeo " 'Vy'Sg. ' ^ 

'?Y*b - -*I*b = r^b = r(cb) 

n/n^'V w° = E w* + r",w 
c a Y a_ 

Y 6 a ,n , ,n -
n ^ n 7 g. = V n. = t n, - r .n - r n. 
c D a Y go c ba n ba cD ea ca be 

"db ^ V "dc - 'n, \ b 

R, . V - 2Vr\9 IV ; R. o nT - 0 
Oyg b 



for any v tangent to {S} . This amounts to the usual definition 

when written in the basis . Since {1} is in general anholonomic, 

its Riemann tensor has a rather more complicated definition. It is 

given by 

for any w tangent to {T} . The quantity 

"dc* ' (5-3-12') 

d 

is the anholonomic object of {T} , which vanishes if and only if 

{T} is holonomic. 0^^° has only one independent dyad component, 

, and comparison of (5.3.12b) with (5.2.22) stKm^ that 

n = a* . (5.3.13) 
o i. 

The extra term in the definition of 'R_ , involving the 
oyp 

anholonomic object, is required to keep the expression linear 

algebraic in w^ . We now take dyad components of (5.3.11) and 

use (5.3.8) and (5.3.12) to obtain 

'R, ,*w° = 2'9r%'V iw* + 23. (5.3.14) 
acb [d cj dc e 

Now, from (5.3.8), we can show that 

2'Vr,'9 YW* - [c C -E E ]** + 
[d cJ L n^ n^ n / 

E r^L-E r* +r8\r^ -r^ 
n. cb n db de cb ce db 
u c 

b 
w 

(5.3.15) 

From (5.3.12b) and the commutation law for Lie derivatives, it follows 

immediately that 
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[ • £ £ - £ £ ]u° = -£ B" - -a 'v w® . (5.3,16) 

"d "c "c "d "dc " 

Substituting (5.3.16) into (5.3.15) and comparing the resulting 

equation with (5.3.14) yields 

'R r*, - E + rt - r* . (5.3.17) 
deb n, CD n db ae cD ce db 

d c 

5.4 Extrinsic Geometry of {S} and {T} . 

We start by considering what Schouten^^^ terms the 

'curvature tensors of valence 3' of {S} and {T} . These are 

defined respectively by 

H ° (5.4.1) 

L. ° = BOC^^V.C^ . (5.4.2) 
dy 6Y & U W G A Y 

From the above definitions, the following identity ig obtained 

immediately: 

4? = H, * + H," - G _ L.3 . (5.4.3) 
g y 6 y gy 6 y 6y o y 

Lowering the contravariant index in the above equation yields 

Ftom (5.4.1 and 2), we see that the contravariant indices in 

H. * and L. " lie in {T} and {S} respectively, and the 
Ay oy 

covariant indices in {S} and {T} . Taking the dyad components 

of (5.4.1), we get 

hence 
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" 0 (5.4.5b) 

and 

Note that the Lie derivative with respect to io of a covariant 

quantity tangent to {S} is not itself necessarily tangent to 

{S}. For example, for a one-form v in {S} , 

n^E V - -V E n^ - 25, ^v , 
a n ^ E e n ^ a b a e 

hence there will in general be a non zero projecti<m of E v 

into {T} . However, since for the corresponding vector v , 

n*E . -v^E n* - 0 , 
E n^ *b : 

the Lie derivative with respect to n of a contravariant quantity 

tangent to {S} remains tangent to {S} . Hence from (5.4.5c), we 

see that we may write 

h*Y . at , (5.4.5d) 
^ "a 

We shall refer to h, as the extrinsic curvatures of {S} . 
oya 

Ihey are the analagous quantities for {S} to the extrinsic 

curvature h^ of {%} defined in equation (2.3.8). Note 

that {S} , since it is a foliation of codimension 2 , twis 

extrinsic curvatures. Each SefS} arises as the intersection of 

some Z E{E } and ZiG{Zi} , and h ^ , h are 'velocities' 
0 0 1 1 ago apl 

of g in the direction orthogonal to {S} , but tangent to 
dp o 

and {Zi} respectively. Put another way, any SelS} cam be 

thought of as a hypersurface in some E 6(2^} and has a corresponding 

extrinsic curvature h , or as a hypersurface in some Eie{Zi} , 
CtpO 

with corresponding extrinsic curvature h , . 
ap i 
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dc w d A c 

This yields immediately, using (5.3.12), that 

It can also be shown from (5.4.6a), that 

'dca ^(dc)a *^a^dc 

which we demonstrate as follows. From (5.4.6a), hav^; 

3^n, 4? n* 
a Ac w d 

Symmetrising on d and c in the above gives 

I. = -B n. / I in,. =-&B n n,| = -&V n 
dca a A(c |w| d) a ^ ̂  Ac d/ 

u ^ - B^n^^Vn^ = B^n^^V nf = -B^nf^y . (5.4.7) 
d a a d A p a d ^ A o A ^ i d 

From the last of (5.4.7), we get 

We can decompose n^ and n? in terms of their 
Y B T b 

(5.3.7), and (5.4.1,2, and 5) yields 

49^0^ - -hyg* + 

+V n? = -h o _ L^* n" + L ."nf + r*jn"nC 
y b y b b y a c b y c b a y 



We can now decompose the covariant derivative of any tensor in V 

in a convenient way. Suppose we have a tensor with every index 

lying either in {S} or in {T} (an arbitrary tensor can always be 

expressed as a sum of such tensors). For example, suppose that 

" ^Y"e\b ' 

Most of the projections of are either zero, or follow 

immediately from (5.4.3), and do not involve derivatives of . 

For example, 

There are only two projections of g which do involve 

derivatives of X _ . The first is 
YP 

where this relation is proved as follows. From the definition 

Expanding the right hand side gives 

The definition of V , and equation (5.4.8a) then yield the desired 

result. The only other projection involving a derivative of X^^ is 

• ''d\b ' 

where , ̂  
'V.X , S* X . - Tj. X . (5.4.11a) 
d yb Y n^ db ye 
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To prove (5.4.10a) wd first note that, again from the definition 

' 

Using the definition of the Lie derivative, the right hand side 

becomes 

e 

and using (5.4.8a), this reduces to (5.4.10a), remembering the 

definition (5.4.11a). 

similar results hold for X , and we obtain 

• ' V ' " - (5.4.lab) 

where 

'V-X^b def 2 + yb ^ye (5.4.11b) 
d n, de 

a 

these two projections of x'^ being the only ones which 

vg 

involve derivatives of X' . Equations (5.4.11) extend the 

definition of 'V to quantities with both dyad indices, and 

tensor indices lying in {S} . From this definition we see that 

'V_ "ignores" these latter indices. Equations (5.4.8) 

(5.4J0) help us to calculate in a concise way the projections of 

the Riemann tensor of V into {S} and {T} . 
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5.5 The Alternating Quantity 

We introduce a pair of antisymmetric quantities 

defined by 

= -E°^ = 1 (5.5.1) 

Next, we define 

n = (5.5.2a) 

\ b - - in** • (5.5.2b) 

From these definitions we obtain immediately the following 

results: 

i " " ' V c d • (5-5-3"') 

- i 0-5. 3b) 

-ab 2 ac bd-
E = n n n e^d (5.5.4a) 

. (5.5.'.b) 

from (5.5.3 and 4), we see that we must lower and raise indices 

on and E , with n , and its inverse, respectively, 
ao ab 

A further relationship between and E*^ is 

ad be ac bd -2_ab_cd 
n n - n n = T i E E 

Now, from (5.5.2a), we have 

(5.5.5) 

'V n = n, = 0 , (5.5.6) 
a a DC ' 

that is, n behaves like a scalar density of weight +1 with 

respect to the operator '7 . Then it is clear from (5.5.3) 
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that and e must behave like densities of weight -1 and 

+1 respectively, with respect to '? . It then follows 

immediately that 

'? = 'V e. = 0 . (5.5.7) 
a a be 

From the above discussion we see that, comparing 

(5.2.22) and (5.3.12b), we may write 

n, o . ; af (5.5.8a) 
ac ac 

and we then have that 

'V _ E - pG a* (5.5.8b) 
a n ae 

a 

that is, behaves like a scalar density of weight +1 with 

respect to 'V . We can also prove some useful results about 

'E_ , . From its definition in (5.3.17), 'R, , is clearly 
dcba dcba 

antisymmetric in its first pair of indices. Thus we may write 

'*dcba ^dc^ba'^olol * '*dc(ba) (5.3.%) 

It is possible to show that 

as follows: from (5.3.17), we obtain directly that 

'Rj . = c r ^ - E r,, +r r® - r , r^. (5.5.11) 
dcba n, cba n dba ace db ade cb 

d c 

where, from (5.3.9) 

^cba \e'"=b • '('n/ba + " 'n^"cb) (5.5.12) 
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Symmetrising on a,b in (5.5.11) and using (5.5.12) yields 

E E -E E 
n, n n n, 
d c c d 

and (5.4.6c), and the commutation law for Lie derivatives. Equations 

n R 1 ,+ 2e A , n 
olol ec be 

R . 2n BL,., . (5.5.13) 

-cb '%cb - • (5-5-14) 

The quantities ^cb' '^cb dyad components of 

the Ricci tensor and scalar, and Einstein tensor of {T} respectively. 

the dyad components of any tensor T in {T} obey the following 

„ab ab_ e 
7 - n T 

ac bd ab cd 
n n -n ri . (5.5.15) 

5.6 Conformal 2-&tructure. 

found in reference 28. They in fact only consider in detail the case 

of 2-surface8 foliating a 3-dimensional manifold. However, as they 



indicate, it is straightforward to extend their invariant definition 

to the case of 2-surface8 foliating a 4-dimensional manifold. We 

make such an extension here. We start by removing a conformal factor 

Y from the induced metric of {S} , and we denote the resulting 

metric by g * . That is, we define Qp 

Sag - ' *** -

tb^a the conformal extrinsic curvatures of {S} are defined 

by 

hYG^ . 4%^ gYG . (5.6.2) 

a 

We now look for a conformal factor such that the trace of each of the 

resulting conformal extrinsic curvatures vanishes, that is, such that 

(Note that indices on quantitities with a superscript ( ) are 

raised and lowered by the conformal metric.) Now, we have 

Using (5.5.2) and (5.6.1-3), the above equation can be written as 

(/-'^g) ^ E " Y Y - h ^ + n n , (5.6.4) 

a a a 

where 

4g det(4g^g) 

From (5.6.4), we see that (5.6.3) is satisfied if and only if 

E* |nY(/C44)"*j - 0 . (5.6.5) 
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since n do not commute, the above equations have integrability 

conditions which must be satisfied, and in general, tb^ cmly solution 

of (5.6.5) (unique up to a constant scalar factor) is 

(5.6.6) 

We shall assume for the remainder of this thesis that y is given 

by the above equation, and we denote the resulting conformal metric 

g _ as the conformal 2-structure. We see that g _ has only two 

independent components, by virtue of (5.6.3) . In fact is just 

the determinant of the induced metric of {S} , dben the latter is 

written in terms of the basis B. . Note that y has the same 

tensorial character as r-^g , namely it is a scalar density of 

weight + 1 in V. 

We may now decompose the extrinsic curvatures into their 

trace and trace-free parts. We get 

. def , e -1_ 
h " h = -Y E Y . 
a e a n 

a 

We define the operator '7^ on y by 

'V y = E y (5.6.9) 
a n 

a 

and this in turn defines the operation of 7 on all quantities 

superscripted by ( ) . For example 

'7 g/G = E gYB . gh^G , 

and so on in an obvious way. 



V , it is not difficult to see that it has only five independent 

projections into {S} and {T} . Four of these are given by the 

[6|$l 

dyg a XpvTT 

for {S} , and 

_ 2C A -20 . 
gyg a AiiVTT (jSyj g o X yiVir gy eag 

" ^gygct ^ 

r R 2Vr.h-i^ + 2 L r.h 

(5.7.1) 

(5.7.2) 

V + ZLr,,. , L -I - 2n, 
dcba dcba I I b | cj ae dc bae 

(5.7.3) 

2'Vr,L 
a o 

20^ ^h ., (5.7.4) 
dc eab 

where, on the left hand sides of the above equations, we have used 

the abbreviated notation, described in section 5.2 , that 



and so on. The remaining independent projection of Riemann 

tensor is l^Rj o » and we obtain a suitable expression for this 

as follows: we start by considering the Ricci identity, applied to 

'g . This gives immediately Qp 

- + 4R cf . 
Awve n A^nE v 

Neat, we project this quantity twice into {S} , and twice into {T} 

Taking dyad components, this yields 

The atove expression for becomes, using the identity 

(5.4.4) 

- L ^ e a = . 

Finally, we use the identity (5.4.3), and equations (5.4.9 and 10) 

in the above, and after some straight forward algebraic manipulation 

w« get 

- ''d\6a * + V d a 0 * ^deB^a'y 

5.8 Projections of the Einstein Tensor. 

The Ricci tensor of V is defined by 

4RYG = (5.8.1) 
E 

and the Einstein tensor by 
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= 4RY6 _ ^^784% (5.8.2) 

where 

- 4% E 
(5.8.3) 

is the Ricci scalar. We split the projections into {S} of 

"̂ R̂ ^ and into their respective trace and trace-free 

parts, defined by 

(5.8.4a) 

l^G " (5.8.4b) 

_ *gy6j4a , (5.8.5a) 

Y-lj4%YG _ , (5.8.5b) 

Equations (5.8.2-5) imply the following relationships between the 

projections of the Ricci and Einstein tensors: 

_ ̂ 4^79 (5.8.6a) 

l^G - -4R^e (5.8.6b) 

= I^RCG (5.8.6c) 

. tgcb _ (5.8.6d) 

, (5.8.6e) 
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Using equations (5.8.1-6), we can write down the projections of 

the Einstein tensor in terms of the projections of tt# BULemMKm 

tensor. We obtain 

l^G -
fe ee 

. j4Rce 8 + <= 

^gCb , tRScb^ * i^RCc^b _ j^cb 

It is straightforward to calculate all the necessary contractions of 

(5.7.1-5) needed in order to calculate explicit expressions for the 

projections of . It must be remembered that V and the 

raising and lowering of dyad indices do not commute, neither does 

'9 and the raising and lowering of tensor indices in {S} . The 

following formulae are easily established for any v and w tangent 

to {S} and {T} respectively! 

- "'a'® -

w. = V w^ - 2w*& ^ 
a a a a a 

Using these results, together with the decomposition of ^ into 

its symmetric and antisymmetric parts, given by (5.4.6) we get 
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Ee 

l-E®® = . ,8hC - V^h® c - h %ecB H. h® t"=-h aCGB + h® 2^®= 
G G e Ee e ce 

j^geYG = ,y hY$e _ ghYee^g + ^7^6 _ ^ Y%efB ^ ^ ^^^±6 
e e Ge ef e f 

jtRGE ^ ,y ^e _ ^E8e^ + y ^G _ ^ ^efe + ^ ^efG 
Ee e e@e E e fc e f e 

I ^ e " >> . V (cbc - + 'v'^h" - h"®=h + gceegb ,c) e 
G E eE E8 es E e 

I'.R" e . .,^6 - 'V «c»8 - h® + 'V a ^ e . sjcec 
— e e E ee e Ee 

,jjecb , ,j,(cb) ^ gcec^b _ jCbe^ _ 3^60^^ b _ .^eCc ^b) E 
e eE E e E E e 

= 'R + aSfE^ _ _ g^efE^ ^ 
f e efE E efE 

To obtain the projections of in final form, we use the 

expression for ^^c" given by (5.5.8a) and that for 'R^^ given 

by (5.5.14). In addition, we decompose h using (5.6.7), and 

apply (5.5.15) to in the calculation of . Then we 

obtain, by straightforward algebraic manipulation, 

j^gYG = ,? hYGe_2hYGah6 _ hYG&h + TfpYaG.aefy^ B_ 2%"2nY5&] (5.8.7) 
e Ee e I iM J 

l^G = 'R + 'fghG-lh^hG-hGGGhgQg + V^AC-Ae&c (5.8.8) 
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-g _ 2(^9 + gGh )nG| - c ^ ^ p i 
e ee E e ' -

+ 2h® %cee , JS CjE _ jjjCjS _ ,, jCeS ̂  

'Cfb . „-25"E"'V, h,, +2n-2E*(Ct'') - {h'^h'- b + , %cbe 
'* fi e G e8 e 

+ AA^^_ + 

-^G ^ - '9 h® - h % + V _ &efe^ _ 2n"2aC^ + % 
e e e e -

where in (5.8.7), we have used the notation 

.TC^def ^j,(t6) . j-T@x E , for any in (S) 

The Bianchi identities 4^ ^gOG _ Q be decomposed 

in terms of the projections of . First of all we consider the 

projection of the identities into {S} . We get 

0 = ^ gOE 4g%P + B°C^ 4Q? 
IT e irp E TT ^ E 



Application of (5.4.3), (5.4.8-10) to the above them results in 

46601 _ |2 . 1 - 0 . 

(5.9.1) 

Similarly, we get for the projection into {T} 

0 - fl^G^U+n^JL^G^^+n^n^^cff) 

IT E IT p e e f V 

which yields, on taking the dyad components 

4GnE _ ,y 4gea _ ^ ^^ea + ^ j^gSE _ fgL * + g^A ll^G*^ + h 
T T E e e E v e s e E / E8 

(5.9.2) 

5.10 Conclusion 

In the next two chapters, we shall examine the following 

problem. Given a solution to the vacuum field equations = 0 

in V , together with a particular foliation {S} and fibrations 

then what data, on an initial 2-surface § and either or both of the 

0 . . . o 
hypersurfaces intersecting in S , are necessary and sufficient 

o 

to determine that solution, in some neighbourhood of S . In this 

section, however, we shall make some preliminary remarks about the 

nature of this problem, and introduce some notation, which will simplify 

the subsequent discussions in Chapters VI and VII. 
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The metric of V can be written, using equations (5.2.24), 

(5.3.2) and (5.6.1), as 

a ag -l~a6 , a 
g - Y g + n 

Hence to determine a solution, we must find the tern independent 

components {Y,g°^,n^^,b°} of ^g°^ . We imay choose four of 

these components arbitrarily (subject to maintaining the correct 

signature of ^g^^) , since the field equations are invariant under 

a four-dimensional coordinate gauge group. This choice 

essentially gives us freedom to specify some (though not all) of the 

metrical properties of, and relations between the foliation {S} and 

the fibrations . For example, if we demand that one of the 

foliations {Z },{Z_} say, be a family of null hypersurfaces, then 
& 1 

we must, by (5.2.21) impose the gauge condition 

(5.10.1) 

from the analysis of space-like IVP's, in which case we demand that 

be space-like and {Eg} time-like. That is, by (5.2.21) 

> 0, nil < 0 . (5.10.2) 

Having chosen either (5.10.1) or (5.10.2), the remaining 

analysis falls, roughly speaking, into three parts: firstly, the 

investigation of the role of the Bianchi identities; secondly, the 

choice of the (remaining) gauge quantities and thirdly, the 



construction of a formal integration scheme. The scheme then indicates 

how the field equations propagate the six field variables into some 

o 

region of V in the neighbourhood of an initial Se{S} . This leads 

naturally to the identification of the freely specifiable initial 

data, and hence the dynamical variables. Since, as we have said, the 

analysis is very different under the alternative choices (5.10.2) and 

(5.10.1), we shall consider them separately in Chapters VI and VII 

respectively. First, we introduce some notation which will facilitate 

the ensuing discussion. 
o 

In what follows, S denotes an initial space-like 2-surface, 

0 . . . o 
and Z denote the initial hypersurfaces emanating from S . In 

0 
addition, we denote the 'kth neighbouring hypersurface' to by 

Z , and the subsets of {S} foliating E by {S} . Finally, we 
a a a . 

denote the 2-surface defined by the intersection of and i by 

i, j _ . _ o 
S . Then for example the 'jth neighbouring 2-surface to S 

0 o,j 
within Z is S . When we refer to knowing some field variable 

° i j 
$ , say, on °S ° , what we mean is that we kaow 

e ê  y 
o 1 

0 , i = 0,1,...i^, j = 0,1,...]^ 

o 

The value of on any S in some neighbourhood of S is then 

determined by the generalised Taylor expansion given in equation 

(5.2.26). 
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Chapter VI. The 2+2 Formulation of the Cauchy Problem. 

In this chapter, we shall assume that (5.10.2) holds, 

that is, that are space-like hypersurfaces, and {Z } time-

like. We group the field equations as follows, using 

essentially the terminology of Bondi^^^^: 

r c 

i^G 

4rll 

dynamical equations 

0 

iyGl* - 0 

0 

. 0 

I constraint equations 

' subsidiary conditions. 

main equations 

First of all we analyse the Bianchi identities. If we assume that the 

main equations hold everywhere, and that on some arbitrary member of 

{E } the subsidiary conditions hold also, then on this hypersurface 

the Bianchi identities (5.9.1) and (5.9.2) imply respectively that 

and 

Ee J4G°* = 0 
o 

" g " - 0 . 

(6.1a) 

(6.1b) 

by virtue of (5.3.8) and (5.2.24). Equations (6.1) then lead immediately 

to the following lemma: the subsidiary equations are satisfied everywhere 

o 

if they are satisfied on the initial hypersurface and the main 

equations hold everywhere. 
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The one-form defining the foliation is n , a s follows 

from equation (5.2.2), and the lapse function, a , of is 

defined by (c.f. equation (2.2.8)) 

oo_ 4 ag o o _ -2 

Thus n determines the time development of the foliation {Z^} 

o 

from the initial hypersurface , since (c.f. section 2.2, equation 

(2.2.12)ff.) the orthogonal metrical separation of two members of 

parameter distance apart, is given by 

'g(N,N)j 54 = a6* , 

where N is the orthogonal connecting vector of {Zi) , defined by 

* 2^^ / 00\"1 *o 
N = a^n * (n ) n 

Now, any vector t satisfying 

. o 
<n .t> 

is a connecting vector of {Z^} , and in particular, the vector e^ 

satisfies (6.4). From (5.2,9), (5.2.24) and (6.3) we have 

e = N + b , (6.5a) 

, 00\-l 0I+ , ̂  ^ ^ o n 
) n n, + b => <n ,b> = 0 

In particular, if n =0 and & =0 , then e^ and N coincide 

the t r a j e c t o r i e s o f are orthogonal to ' However, 

^ ol 00 
arbitrary choices of b and n (for a specific value of n ) 

give rise to corresponding shifts within {S} and in the direction 

of n^ respectively. These two shifts combine to give Ae arbitrary 



shift & tangent to {E^} defined by equation (6.5b). Conversely, 

for an arbitrary choice of b , we can always find values of n 

and b^ for which (6.5b) holds. For b f 0 , the curves yg* ̂  are 

tilted relative to ; Bad a specific choice of ^ sets up a 

particular correspondence between points on different members of 

by identifying points on the same curves of * 

Ft^ the remainder of this chapter we shall regard the set 

f oo ol ,au 
(n , n , b^} 

as arbitrarily specifiable in V , that is, as representing t±e 

gauge within which we shall take as corresponding to the 

o o 
specify the development of from S and the correspondence 

o 
between points on different members of fS} . These are governed 

respectively by the lapse l^nl* » &Bd shift , of , which 

o 
we shall thus allow to take arbitrary values within . There 

o 

remains one final choice of gauge on , which corresponds to the 

o 

specification as a hypersurface in V . One possible choice is 

E , and to interpret the geometrical significance of this quantity 
R J. JL 
O 

we proceed as follows. We first construct a projection operator 

u u 

where, from (6.2) it follows that 

+ def , 00\-& +o 
u = (n ) n 

is th^ unit time-like vector orthogonal to - Thus is 

identical to the projection operator defined by equation (2.2.10). 

In particular the induced covariant derivative ^7 on is Riemannlan, 



that is 

where is the induced metric on - I&PW, from (5.4.8b) 

and (6.7 and 8) we obtain 

< ' ^ 4 = hi' ^ <^u - . 

Hence the trajectories of n^ are geodesies with respect to the inner 

geometry of if ^nd only if 

From (5.4.8b), we find 

"?'«•>? - \ l ' ^11*1 " 'u"o ' 

from which we see that the trajectories of n^ , will be geodesies 

in V if and only if, in addition to (6.9), the equation 

< 1 i "ll) ^ ° 
1 o 1 

holds. Rearranging the above equation yields 

+ 2£ . (6.10) 
O i i 

O -» 

Now, within , the shifts b^ and all the components of are 

gauge quantities. Let us suppose that some choice of these quantities 

has been made. It is then always possible to choose E so that 
+ "o 

(6.10) holds, in which case if the trajectories of n^ are geodesies 

o 
in , they are geodesies in V also. One may thus regard E 
as meaauring by how much the trajectories of n^ fail to be geodesies 

o 
in V, given that they are geodesies in . 
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Finally, since any Riemannian 2-surface is conformal^y flat, 

g on S represents two-dimensional gauge freedom, corresponding to 

o 

an initial choice of basis on S . Hence in summary, the lower two-

and three-dimensional gauge freedom is 

*^1 ' ^11 ^n ^11 ^1 ' ' (6.11) 
o 

All of the gauge variables are completely arbitrarily specifiable, 

subject only, of course, to maintaining equation (5.10.2). In this 

gauge the field variables, that is those components of ^g^^ to be 

determined by the six main equations, are the set of quantities 

. (6.12) 

We now uae (5.8.7-11) to write the field equations in the 

following form 

e ee e I ef / 

l^G-^G G - o => 'R = S^G^h _ - Ih^h - ^ - 6n"^n*n + R 
e e8e e efe e e 

n +n' = 0 => G^^'V . Ze^^lh^ +dGh 
e I ee e e 

E ^ e / 

fyChG C-Av*h=-2%G 1=*: 
E ee 

= 0 => GGGe^^'7, h . = + [(^1^1%%) QE + q2/^hChb+hG8c% b ^ ^ 
(e f) eE E8 E 

ee G e8e e e efe 

+ + n'^n^n - AR)) . 

G e / 

Remembering the defining equations (5.3.8) and (5.2.24) of 'V and e^ 

respectively, the following can be deduced immediately. 
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First of all no second derivatives with respect to e^ (that is 

derivatives out of {S}) of any of the field variables occur on the 

right hand side of any of the above equations. Secondly, we see that 

no second derivatives with respect to e^ ('time' derivatives) occur 

in the subsidiary conditions. In fact the leading terma (i.e. those 

involving second extrinsic derivatives) of the four subsidiary conditions 

^6°° - 0, = 0, l4G°G . 0 are, from (5.6.8), (5.2.22a) and (5.2.24) 

E h = Y E Y + ... , 
*1 ^ 

I O 1 y 1 o 

£ i f E i£ £ b° + . . . , 
"1 1 

respectively. Now, let us suppose that in addition to some choice of 

gauge variables, the following initial data are given^ 

, h°^ on B ; Y , h^ , h^ and 0^ on S . (6.13) 

o 
Then on S all the field variables and their first extrinsic derivatives 

o 
are known. Thus we can solve the subsidiary equations on S for 

Y, E E Y and E E b^ , which is equivalent to knowing f Y , 
1 =1 

o * 
E^ Y and E^ b^ respectively on S . This then allows ua to solve 

. l.o 
the subsidiary conditions again on 8 . Repeating the above procedure 

i,o 
on all successive S , i = 2,3 we build up a knowledge of 

a ° 
Y, E Y and E b^ on . Assuming that we have solved the sub-

o o o 
sidiary conditions on , we now know all the field variables and 

o 

their first 'time' derivatives on . By virtue of the Bianchi 

identities, the subsidiary conditions hold automatically on all other 
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members of « We now turn our attention to the main equations. 

The main equations all contain second 'time' derivatives 

of the field variables. The leading terms of - 0, l^G - = 0, 

l^G^™ = 0 and l^G^^ = 0 are, from (5.6.8) 

from (5.22a) 

^n ^o - "Y Eg Y + 
o o 

o" = -iCg b" + ..., 
o o 

from (5.3.9), (5.3.17) and (5.5.13) 

and from (5.6.2) 

'R = n E 0 , 1 + 
*o 

bTG* e in°°c2 

e o 

respectively. At this stage we have sufficient initial data to solve 

the main equations for the second 'time' derivatives of all the field 

o , . . o 
variables on . Solving the main equations on then allows us 

1 k 
to solve them again on and then on all subsequent k - 2,3 

In this way we build up a solution of the field equations in some 

o 

neighbourhood of S . It is easy to see that the initial data given 

in (6.13) is necessary and sufficient to determine the solution. Giving 

and h"^^ on is fully equivalent to giving the conformal 
o o 

2-structure and its first 'time' derivative on . On S , the 

quantities y , h^ and h then determine the complete intrinsic and 

extrinsic geometry of S . Finally giving 0 on S is equivalent 

to specifying the first 'time/ derivative of the shift vector b^ . 
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In the 2+2 approach to the Cauchy problem discussed in this 

chapter, we have been able to formulate covariantly algebraic gauge 

conditions on the space-time metric which eliminate not only the four-

dimensional gauge freedom, but also the lower dimensional gauge freedom 

o 

on the initial hypersurface . This in turn enables us to identify 

precisely and in closed form the physically meaningful initial data which 

must be specified on an initial space-like hypersurface in ordbr to 

determine a unique analytic solution to the vacuum field equations. 

Modulo functions of two variables, this data consists of four functions 
o 

of three variables at each point of . Two of these four functions, 

namely the conformal 2-8tructure, we interpret as generalised coordinates, 

and the other twopnamely the first 'time' derivatives of the conformal 

2-structure, as 'velocities'. The propagating equations of , 

namely = 0 , are, from (5.8.7) quite clearly normal hyperbolic 

in g . Comparison with the usual results for dynamical systema 

described by second order hyperbolic equations (see Appendix A) shows 

that, as has long been known, the gravitational field possesses two 

degrees of freedom per space-time point. Furthermore, however, we see 

that in the 2+2 approach to the Cauchy problem, the dynamical variables 

may be regarded as being embodied explicitly and covariantly in the 

conformal 2-structure. This contrasts strongly with the 3+1 approach 

where^as discussed in section 2*4 * no such explicit isolation of the 

dynamical variables has yet proved possible. 
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Chapter VII, The 2*2 Formulation of the Characteristic and Mixed 

Initial Value Problems. 

7.1 The Bianchi Identities and Reduction of the Field Equations to 

the Generalised Light Cone Gauge. 

In this chapter, we shall assume that (5.10.1) holds, that 

is, that is a foliation of V into null hypersurfaces. Under 

the specific gauge choice (5.10.1), several dyad components of various 

quantities vanish identically. We obtain immediately that 

" 0 -> " 0 and n ^ " (n°*l ^ " n (7.1.1a) 

Substituting the above into (5.3.9) and (5.4.6c) yields 

r° " 0 and . - 0 
la a 11a 

(7.1.1b) 

respectively. 

In order to analyse the Bianchi identities, we first 

gfoup the field equations in a particular way. As in the previous 

chapter, we use the terminology (essentially) of Bondi and write 

_ Q 

I^G - 0 

4G°* - 0 

dynamical equations 

constraint equations 

main equations 

= 0 

. 0 
subsidiary conditions 

1.46 - 0 trivial equation. 
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Next, we assume that the main equations vanish i&verywhere in V . 

Then, substituting (7.1.1) into (5.9.2) gives first of all 

= Anhil^G - 0 (7.1.2) 

Now n f 0 , otherwise is degenerate. The expansion^^^^ 

of the null rays ruling vanishes if and only if 

- 0 , (7.1.3) 

since n° is an affinely parametrised vector tangent to the null 

rays. But from (7.1.1a), we have 

Expanding the right hand side of the above, we obtain 

" V " " • 

However, from (5.6.4 and 8), we have 

" (^^^g) ^ E /-^9 " -h, + E Ann . (7.1.5) 
#2 Bp 1 #2 

substituting (7.1.5) into (7.1.4), we get 

n°™ - - n ^h. . 
a 1 

Hence 

h^ 0 (7.1.6) 

is a necessary and sufficient condition for the expansion of the 

null rays ruling to be non zero. We shall assume for th^ 

remainder of this chapter that we are working in a region where 

(7.1.6) holds. In that case, equation (7.1.2) implies immediately that 
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i-^G - 0 . (7.1.7) 

Equation (5.9.1) now becomes 

. 0 (7.1.8) E jkglG _ f2h + (h. - E &nn)5^ 
n^ I e 1 1 Oj 

and BO if vanishes on any cross-section of ttwm 

it vanishes everywhere. Under the assumption that 2^G^^ does 

indeed vanish everywhere, equation (5.9.2) gives 

E + fzE Inn - . 0 . (7.1.9) 
n^ ^ 1/ 

Hence vanishes everywhere if it vanishes on some cross-section 

of ' Collecting the results of (7.1.7-9) together, we obtain 

the usual lemma: the trivial equation is an algebraic consequence of 

the main equations; the subsidiary conditions hold everywhere if they 

hold on some hypersurface transvecting {Z^} and the main equations 

bold everywhere. In practice, we solve the subsidiary conditions on 

0 
Z . 

0 

The condition (5.10.1) imposes one specific choice of gauge 

on , and its significance, as stated in section 5.10, is that 

it ensures that is & family of null hypersurfaces. Equivalently, 

since 

= 0 = 0 

this gauge choice may be regarded as choosing the lapse of the 

foliations {S}^ of each e to be zero (see figure 2). T] 

eaact covariant analogue of the light cone gauge (c.f. section 3.2) 
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would be Co choose, in addition, the shift b of {S}^ to be 

zero, in which case the trajectories ^ of e^ would be the null 

geodesies ruling {Z^} (arbitrarily parametrised at this stage). 

In general, however, we shall regard b^ as being arbitarily 

specifiable. If is non zero, then the surfaces Se{S}2 are 

tilted relative to the curves of ^ (see figure 2). shall term 

the set of gauge quantities 

(%11 " b*} (7.1.10) 

the generalised light cone (GLC) gauge. This gauge leaves one 

further four^dimensional gauge freedom, and we shall consider various 

possible choices for this remaining gauge quantity later in the 

chapter. 

In the GLC, the main equations take on a remarkably simple 

formu Substituting (7.1.1) into equations (5.8.7-11) yields, in 

particular, for the main equations 

= E h. - l(hu)2 _ h C Ann - bfG,h .. = 0 

- + ln"^(Vgn)(9^n) + InR - o 

+ 6*(h^+*E^ lnn))n= + 

+ Inn " 0 
*1 
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Note that in the above equations, we have written out explicitly the 

dyad components of the various quantities involved. Unfortunately, 

no great simplification of the subsidiary conditions occurs in the 

GLC gauge. To proceed further, we must consider separately the 

0 

characteristic and mixed IVP's, in which case the initial surface 

is null or time-like respectively. We consider the characteristic 
0 

IVP first. In this case the subsidiary conditions, evaluated on , 

take on a much simpler form than in the case when 2 is considered 

to be a time-like hypersurface. 

7.2 The Characteristic Initial Value Problem. 

if 

0 
The initial surface E is a null hypersurface if and only 

0 <=> n " 0 on Z . (7.2.1a) 
00 0 

0 
This leads immediately to the following conditions which hold on E 

only: 

= & * 0 and = 0 . (7.2.1b) 
a ooa 00 

Substituting (7.1.1) and (7.2.1) into the expressions for the 

subsidiary conditions = 0 and = 0 , given by equations 

(5.8.9 and 10), yields the following on 8 ! 

. [ h - |(h )2 - uh - h^G h :=0 
n o o o 0 eGo 
o 

- t n°-2nGfh" +6"(h +*% lnn)l + inn-nv^h^ 
n i G O E o n J n i 
o ^ o ' o 

+ ^h^j - nV°u = 0 ̂  

where 

u " r " E &nn - in E n * (7.2.2) 
oo n n^ oo 

o i 
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There are a number of ways in which the remaining four-

dimensional gauge freedom can be used up. We shall consider just 

two possibilities here. 

Case 1: We allow n Co be freely specifiable everywhere, subject, 

of course, to n f 0 . The i^Kmw^rical interpretation of n is as 

follows. The foliation {E^} is a family of null hypersurfaces, 

defined by the one-form n° . The trajectories of n° are thus 

the congruence of null geodesies ruling an^ these trajectories 

are parametrised by an affine parameter r , say, determined up to 

an additive function, constant on each null geodesic . We may fix 

r uniquely by further demanding, without loss of generality, that 

0 

r - 0 on . Under an arbitrary reparametrisation of these 

trajectories, 
r * r'" f(r) 

the tangent vector of the reparametrised curves 'n° , say, is given 

by 

• S " . - f . 

Now, the vector n^ is also tangent to the null geodesies ruling 

and in fact from (7.1.1a) we see that 

-to 
n^ - nn 

Hence we see that a choice of n is equivalent to a choice of 

parametrisation r' of the null geodesies ruling that is, of 

the trajectories of n^. Now, each Z^^^Z^} is foliated by a family 

of 2-surfaces , and we define the initial member of {S}^ to 
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0 
be Che intersection of with Z . Since the lapse function 

1 o 

of {S}^ is zero, we see that this function does not 

determine the development of from its initial member. The 

lapse merely tells us that the orthogonal metrical separation of 

members of {S}^ is zero. However, since is a connecting 

vector of we may regard r' - constant as the equation of 

each of the members of {S}^ , considered as l&Mpersurfaces in 

and without loss of generality, we may fix the origin of r' by 

demanding that r' " 0 be the equation of the initial member of {S} . 

Hence it is the parametrisation of the trajectories of n^ which 

determines the development of {S}^ and thus from the above discussion 

we see that we may interpret n as the quantity which determines the 

development of each {S}^ from its initial member. In particular, 

, "̂ O , 

n " 1 <"> n^ " n <-> r " r 

and also, since from (5.4.8b) and (7.1.1) we can show easily that 

"l ' V l • • 

we see that any ^ satisfying E &nn " 0 implies that r' is 
^1 

an affine parameter, related to r by 

r' - Ar ; E A - 0 . 
*1 

Case 2. We allow n ^ to be freely specifiable everywhere, subject 

0 
of course to its vanishing on E . If n is chosen to be non 

0 oo 

zero, then, since i* the lapse function of the foliations 

{S} of each Z e{Z } we see that n determines the development 
0 o 0 oo 
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of each from its initial member, which we take to be the 

0 
intersection of with . Now, since 

-1 11 
%oo " * * ' 

we may equally well regard as the gauge quantity; this latter 

quantity determines the metrical properties of 

particular if we choose 

" 0 <"> Hg " 0 everywhere, 

then this implies that } is a foliation into nwll hypersurfaces. 

There remain certain lower dimensional gauge choices on 

0 
each of the initial hypersurfaces ^(a)' each case we shall take 

these choices as corresponding to the freedom to specify the 

0 o 
development of from S , and the correspondence between 

o 
points on different members of contradistinction to 

o 
to the space-like case, there is no freedom to specify Z as 

o 0 
hypersurfaces in V. Once S is chosen, E are uniquely 

determined since, as is well known, there are precisely two null 

hypersurfaces intersecting in any given space-like 2-surface.) The 

latter freedom is governed by the shift vector * Since b^ 

has already been designated a four-dimensional gauge quantity, this 

0 
does not lead to any additional gauge choice in . however, we 

shall regard the shift b of fS} as being freely specifiable on 

0 o o 

. The development of {S}^ from S is governed by n , as has 

been discussed above. Hence in case 1, there is again no extra gauge 

choice, however in case 2, we shall regard n as being freely 
0 0 o 

specifiable on E, . Since E is null, the development of tS} 
1 o o 
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o 

from S is determined by the parametrisation u' , say, of the 

trajectories of n on Z , which are of courBeptmll geodesies 

ruling E . From (5.8.4b) and (7.2.1) it follows ttw# 

n^ m UaB 
o a o o 

where U is defined by equation (7.2.2). A given choice of U 

specifies uniquely the parameter u'. For example, choosing U - 0 

implies that n is affinely parametrised, and so u' is 

determined up to the transformation 

u' + Au'; E A - 0, (7.2.3) 

o 

(we assume without loss of generality that u' " 0 is 

o 
equation of S , for any parameter u'). Under the transformation 

(7.2.3), then 

n + A n . 
o o 

o o 
The function n on S (already designated as a gauge variable on S) 

fixes A, since the former governs the normalisation of n to n^ . 

Once A is determined on S, then it is known everywhere in Z , 

0 
since E A = 0 . If D is chosen to be non zero on E , then the 

n o 
o 

parameter is determined in a rather more complicated way, but is still 

0 o . . 
uniquely determined by U on E and n on S . In case 1, giving 

U is equivalent to giving E n ^ , since n is already a known 

1 o 
function. Similarly, in case 2, once U is specified on Z , then 

0 , , o 
n is known everywhere on E , once it is known on S . 

In both cases g°^ on S is two-dimensional gauge freedom 

o 
reflecting the conformal flatness of S . Hence in addition to the 
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GLC gauge conditions given in equation (7.1.10) and tl^ condition 

(7.2.1a), we choose in case 1 Che set 

(n in V ; %% ^oo'^o 

and in case 2 the set 

0 M 0 ^ 
in V ; n on Z^; n, on Z ; g on S} . 

as freely specifiable gauge quantities. 

The alternative gauges considered here are generalisations 

of well known gauges in which, using coordinate dependent approaches 

the characteristic DMP Ibas bi&aa solved. In particular if we choose 

the actual covariant analogue of the light cone gauge, namely 

b" - 0 , 

and in addition, in case 1 

a 0 
n " 1 in V; E n = 0, b = 0 on Z 

n^ oo o 0 

and in case 2 

0 o 0 
n " 0 in V; n = 1 on n"l, b = 0 on 
00 1 O i 

(29) 

we obtain the exact covariant analogues of the Newman-Penrose 

or Robinson -Trautman gauge, and the Sachs^^^ gauge 

respectively. The characteristic IVP in the former gauge has recently 

been solved using coordinate-dependent techniques by Gambini and 

(15) 

Restuccia . The coordinate-dependent version of the latter gauge 

has been discussed briefly in section 3.3 , and a full discussion 

can be found in reference 4. In fact the generalisations of these 
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respective gauges which we consider here do not affect the resulting 

integration schemes greatly, and these schemes follow essentially 

their coordinate^dependent counterparts. In addition to some 

particular choice of gauge quantities, the following initial data 

are required, in each case, to determine a solution: 

h * on Z ; h on Z.; Y , h , h., and 5 on S . (7.2.4) 
0 0 i i O 1 

The data h ^ and h ^ are set respectively on the portions of 

0 0 o 
Z and Z^ to the future of S , and the resulting region of 

integration of the field equations is some (sufficiently small) region 

0 0 . 0 
R bounded from below by Z^ Z^ and their space-like intersection S. 

We consider first the integration scheme for case 2, the 

generalised Sachs gauge. We start with the subsidiary conditions, and 

& ll OjiO 
in particular the equation - 0 . This is solved on S for 

E h , and hence 2% y in terms of the initial data , . o 

o.i 
can then be solved on successive S , i=l,2,3,... for y, and in 

0 . ° 

this way the equation is solved for y on Z , by using the generalised 

Taylor expansion (5.2.26). We now have sufficient data to solve 

_ Q g ^ similar fashion for 5^ . We now turn our 

attention to the main equations. Solution of the subsidiary conditions 

on Z , together with the initial data specified in (7.2.4) allows the 

solution of the main equations, in the order ^6°° = 0, ^^6°° " 0, 

" 0, " 0 on successive Z^, k=0,l,2,... . The first of 

these determines y on i aad n thereafter. The remaining 

equations determine B™, h^ and h^^ respectively. 5^ determines 
A k ~a6 k , ~a6 k+1 

b^ on any Z^ ; h^ , h ^ on Z^ determine y and g on Z^ 
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respectively. The Bianchi identities then ensure that the subsidiary 

conditions hold automatically everywhere else in the region R of 

integration. 

The integration scheme for case 1, the generalised Newman-

Penrose gauge, is more complicated, but the outline is as follows: on 

Z , the subsidiary conditions * 0 and " 0 determine 

Y and respectively. We next solve « Q g for 

(using the relationship h^ = h^ - integration 

scheme for the main equations is rather involved. first solve 

^6°° m 0 on for Y , and then 1^6°^ - 0 on for 

OgO ôt6 

We now solve 17G " 0 on S for h ^ , which determines g on 
1 2 1 2 
S . We can then solve - 0 on § for E h. , which 

2*1 L Ol 
determines y on S . Next we can solve * 0 on S for 

2 , 0 
E n , which determines n on S . This allows us to solve 
n^ 00 00 

ITG " 0 again on S . Continuing in this way, we solve 

a Q on z , and ^G°° = 0 on . We can summarise 

the above process: 

j4GGB=0(xi°&^+4GOo_Q ^s^+4gOl_o °'g = o cm 's ,i-0,l,... 

We repeat the integration scheme for the main equations on each 

k k+1 

successive pair of hypersurfaces Z^ , Z^ , k = 1,2,..., starting 

by solving J^G°^=0 on Z^ . Again, once the main equations have 

been solved in some region R, the Bianchi identities ensure that the 

subsidiary conditions hold in that region. 

7.3 The Mixed Initial Value Problem. 

We start again from the GLC gauge (equation (7.1.10)). Now, 
1-

0 
however, we assume that Z is a time-like hypersurface, say a 
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time-like tube with topology S^XR , in which case S is a closed 

0 
space-like 2-surface, and is the outgoing null hypersurface 

0 , 0 0 
intersecting in S . (Strictly speaking the topology of Z 

is a non local question.) We take as lower dimensional gauge freedom 

on Z the set of quantities (n _ > 0 , b^ } . Since , 
0 00 O 00 

0 
we must have n > 0 Co ensure ChaC Z is time-like. As Che final 

0 0 0 

four-dimensional gauge freedom, we shall allow y Co be freely 

specifiable, subject of course to the condition h^ ^ 0 which is 

necessary to ensure that the Bianchi identities play their usual role. 

Again g is a gauge quantity on S . The set of quantities 

j y in V; on Z^; on S j (7.3.1) 

together with the GIC gauge, are generalisations of tl# gauge 

considered by Tamburino and Winicour^^^. The exact covariant analogue 

of the latter gauge is to choose the actual light con^ gauge, 

b° = 0 in V, and in addition 

hi - - 0 in V; b* = 0, h - 0 on Z % V h. - 0 on S . (7.3.2) 
n ^ l l o ' o o ' o l 

In an adapted coordinate basis , where = (u,r,x^) 

are chosen so that 

, e° i 6° . i » e : and Is^^l = 1 , 

then the conditions imposed on h^ and h^ in equation (7.3.2) 

imply that 

* 2 
Y " r , 
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that is, that r is a 'luminosity p a r a m e t e r ' a l o n g the null 

r^ys ruling Note that it is more convenient from a covariant 

point of view to impose conditions on h^ and , which are 

scalers, than on Y directly, since the latter is a scalar density. 

1 2 1 
In particular, we cannot put y - (* ) , since * is a 

scalar function. A specific choice of y , for which h^ ^ 0, leads 

to a particular parametrisation of the null rays ruling {Z^} , and in 

particular, uses up the remaining gauge freedom in (c.f. the 

discussion rn the previous section). The lower dimensional gauge 

0 

conditions on Z represent the freedom to specify the development 

of fs} from § , the correspondence between points on different 

meabers of {8}^, determined by the lapse shift b^ 
0 

respectively, and finally the freedom to specify E as a hypersurface 

in V. However, we regard y as being freely specifiable in V, and 

hence, in particular h on Z . h_ is the trace of the extrinsic 
' o 0 o 

0 , 0 
curvature of fS} , the latter regarded as hypersurfaces in 2^ 

Specifying both the lapse trace of the extrinsic 

0 

curvature h , of {S} is an overdetermination of the development 

0 o 
of {S} from S . For example choosing 

% o • ^ • ho - 0 

o 
implies that both geodesically parallel and maximal 

0 , o 
hypersurfaces in E . This overdetermination serves to fix as 

a hypersurface in V. To summarise: the GLC gauge, together with 

(7.3.1) use up all the available gauge freedom at our disposal. 
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Apart from some specific choice of gauge, the initial data 

required to specify a solution of the field equations in this gauge 

are 

o 

0 0̂,6 ^ "n ^ 
on ; h ^ on 0 and n on S . (7.3.3) 

^06 ^06 
As in the characteristic IVP, the data h ^ and h ^ respectively 

0 0 o 
are set on the portions of and to the future of S . The 

o 
resulting region R of intergration is bounded from below by 

0 0 0 
and and (regarding as a time-like tube) exterior to E^ . 

0 

The subsidiary conditions in this gauge even when evaluated on E 

have a very complicated explicit form, due to the non vanishing of 
11 ° 0 

n on E . Nevertheless, we may write them formally on E^ as 

,11 0 => E n " 

% 
rag rag _ -a . .. 

o ' 1' ^ * n ^00' ' variables 

n,E n,E n , gauge variables 
n^ L o 1 n^ n^ n^ 0 0 

where f^^ and f^* are some complicated functionals of their arguments, 

Explicit expressions for f^^and f^^ can be obtained from equations 

(5.8.9 and 10), but they are very long and not particularly informative, 

so we do not give them here. 

0 
The occurrence of derivatives of field variables out of E 

0 

in the subsidiary conditions means that they cannot be solved 

independently of the main equations. The formal integration scheme is 

as follows: the main equations, in the order * 0,JL^G°^ = 0 , 

= 0, = 0 are solved on E^ for n 
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o, o 
respectively. The subsidiary equations can then be solved on S , 

in the order = 0, = 0, for E n and E 5^ respectively. 
o % 

1 
This enables the main equations to be solved again on . In 

general, solving the main equations on allows the subsidiary 

o,k 
conditions to be solved on S , which then allows the main equations 

k+1 
to be solved again on , k - 0,1 

7.4 Conclusion. 

It is easy to see that the initial data given in equations 

(7.2.4) and (7.3.3) for the characteristic and imixed IVP's respectively 

are both necessary and sufficient to determine a unique analytic 

solution. The interpretation of this initial data is as follows. The 

~d6 ~a6 0 0 
conformal extrinsic curvatures h and h . on Z and Z_ 

o 1 0 1 

respectively are entirely equivalent to specifying the conformal 

2-structure on the respective initial hypersurfaces. Additionally, 

o 

lower dimensional data is required on S . In each case one must give 

. This is equivalent to specifying E b" , the one extrinsic 

derivative of b left undetermined by the gauge conditions. In the 

characteristic IVP one must also give y , h and h^ , which 
o 

determine the entire intrinsic and extrinsic geometry of S . In the 

mixed IVP the quantity n must be given. This latter quantity 

o 
determines the initial normalisation on S of the null vector n^ to 

the time-like vector n . 
o 

We see that the main physically meaningful initial data 

required to determine a solution in both the characteristic and mixed 
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IVP's, are two functions of three variables on each of the two initial 

hypersurfaces. These two functions constitute Che conformal 2-8tructure, 

and as in the space-like case, we may interpret g as generalised 

coordinates. 

Comparison with the usual results for non space-like IVP's 

of second order hyperbolic equations indicates that the dynamical 

variables describing the pure gravitational field may be regarded in 

the 2+2 approach to the characteristic and mixed IVP's as being explicitly 

embodied in the conformal 2-structure. Comparing tb^ results of this 

chapter with those of the previous one, we see that in all three types 

of rVP we have considered, the gravitational degrees of freedom can be 

cast in a covariant manner in the conformal 2-structure. It is 

interesting to note the 'doubling' of the initial dbta required in the 

Cbuchy problem, as opposed to the non space-like IVP'sl this behaviour 

is typical of normal hyperbolic partial differential equations, as is 

demonstrated in Appendix A. 
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Chapter VIII. A Covariant Lagrangian 2 + 2 Formulation 

We start by assuming that we have a bare manifold with seme 

fixed foliation {S} and fibrations defined by the closed one-

forms n and commuting vector fields e respectively, satisfying 

a + ,a 
<n , e^> . 5^ . 

We now impose a metric ^g , with congionents ^g°^^ in an arbitrary 

coordinate basis ^ . This metric can be decong)08ed with respect 

to {S} and ^ in the way described in section 5.2 , and hence written 

as 

4 ag g g"̂ ^ + ^e^ - b^j (8.1) 

which is just the same expression as given in section 5.10 . We may 

denote the set of independent components of ^g™^ by 

{$y^}={Y, g"^, b^} . (8.2) 

Note that e and n^ are defined independently of any metrical 

considerations, they merely provide a framework in the bare manifold 

upon which the metric is constructed. We shall consider variations in 

the metrical components 

4. 4^ + 5$^ = 

such that are related to ^ and n^ in the same way as the 

original components . We define 

si"® . r ® . Sb^ - . (8.3) 
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Then, from Che above discussion, we see that the following must hold: 

n* 3"* - 0 , (8.4) 

hence 6^^ is tangent to {s} ; 

(8.5) 

= 0 , (8.6) 

hence are vectors tangent to {s} . In order to calculate Gg^g*, 

we first note that 

from which we obtain 

*b *So6 - -Y'^-fob : *a *b 4Sog - 0 . (8.7) 

To calculate * we first obtain an expression for 63^ . 

First of all 

2 1 , (8.8) 

but in addition we have 

6Bg . . 2"Y + go^ , (g,9) 

Then equating (8.8) and (8.9) gives 

'gpT * 'eg - ' 

" • (8.10) 

Collecting together equations (8.7 and 10), we obtain 

*8ag = -3oB - 2% ^*(a: ̂ 6)a ' (8.11) 
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Now, 

- 0 . (8.12) 

In order Co write out the above equation explicitly, we first note that 

since variacion and partial differentiation commute, we have the operator 

equivalence 

for any vector v . Hence, from (8.12) we obtain, using (8.11 and 13), 

i „ , - o . (8.14) 
a a *a 

But 

Gog " 

and so the third term in (8.14) vanishes. Hence from (8.14) we get 

E 6^ " 0 "> " 0 . (8.15) 
n. o a 
a 

From (8.4), (8.6) and (8.15) we see that the set 

6$A - fdY, 6*^} 

are ten independent variations of , and from (8.1 and 3) we may 

write 

s-gOB - y-1 - i-e «y + + n° . 

(8.16) 

The action function I is defined by 

I - jc/Id^x , 

where 
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def , 
<dL - 4R (8.17) 

is the Lagrangian density. Replacing with any defined by 

4?^ fS , (8.18) 

where is a vector functional of ^g^^ and By^g"^ , leads to 

an action function . As defined in ( 8 . 1 8 ) , h a s the same 

tensorial character as f G , namely a scalar density. Variation with 

respect to ^g^^ of I is identical to the variation of , and 

leads to the same field equations. We obtain 

51° . j ^ g4g«e +,/Z4^ 

where are linear in and ByG^g^P , Hence 

si" = 0 => s . 0 . (8.20) 

tk would expect independent variations of I with respect to the 

different to give rise to different subsets of the field equations. 

In fact, substituting (8.16) in (8.19), and remembering the definition 

of IB (8.20), we see that 

0 " d-agi 

0 = 6 1 " 
Y 

ag 

(8.21a) 

6 jC?d\K = /_4g d^x -> _ g 

0 " 6^abl^^ " j 6^^6gC?d4% - j + i/-^g 

(8.21b) 

d^x ">4G = 0 
ab 

(8.21c) 

0 - = f - fz +'/-^9^9qZ%)d4% =>1^6**= 0 

a "" a ^ \ ' 
(8.21d) 
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The above results allow us to obtain explicit expressions for the 

various projections of the Einstein tensor. We first obtain an expres-

sion for dC ia terms of and their derivatives. Fttm (5.8.6b,e) 

we see that 

R - - l^G + 

and hence from (5.8.8 and 11) we get 

j T . + 29^42 - ^ hgh® -

' 

ceee _ efe 
*efE* 

- OefeO*^^ + '* + *l 

We can establish the result 

(8.22) 

'9 h= - h h* + 4? 
e e E M • 

since, from (5.3.5 and 8) we have 

'9 h^ = [nV] - , 

and from (5.4.8), we obtain immediately that 

In an entirely similar manner, we can show that 

7 - A + 
e e e 

(8.23) 

(8.24) 

(8.25) 

(8.26) 

Substituting (8.23) and (8.26) into the expression (8.22) for <^2 » 

we obtain an equivalent Lagrangian density » given by 

(8.27) 

,efE ^efe 
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I - f - 2Arg''v^(t= + n V ) . 

From equations (8.21), it is clear that variation of , 

as defined in (8.27), with respect to each member of , should 

lead to respective subsets of the field equations. We can perform the 

explicit term by term variation of , and this will provide an 

alternative derivation of the 2 + 2 break up of the field equations. 

In particular, conqiarison of the expressions for the field equations 

obtained by this method with those obtained in Chapter V, equations 

(5.8.7-10) provides a check on the internal consistency of the formalism 

we have developed in this thesis. In order to perform the variation of 

, we use the fact that variation and partial differentiation commute, 

which means that equation (8.13) holds. We then obtain after rather long 

but straightforward calculations, the following results: 

g /-4g . g (8.28a) 

9 h® - h h^^'^gy + ih h.g^^ - |V h" + & h 
e e l ' ' ^ e f 

G e o e 
(8.28b) 

5 & r -i 2 Y OY + T 6 + Id ^ + "̂ 9 
e e e 

(8.28c) 

6 l-jt ̂  A 
V 

ef E 

^e^ef ^efe^ "^^^e ^fde e r ef 
(8.28d) 



- 2 
- 's 

(8.28e) 

k , . . - " ] 

efp —1 wf 
. -nef;0*:=Y igy + T «efe°^'e 

r " - 2a dtg 6=£ 
e fde 

- 2 1 V , - - 2 ]fi - 2 (S-ZSf) 

g'R - 6'R _6*f + n^fg'R _ 
et er 

(8.28g) 

"1 pA 
6R - -RY 6Y + e GRee ' (8.28h) 

The variations g^^GR g and are rather more 

difficult to calculate, and the procedure is outlined in Appendix B. 

Eventually, we get 

= K " ' - ' V l « / * t'ce'-f) -

+ 2 

* V^[nJ('V°6/ - + h^Sff - h^«ef + 

(8.281) 

S ^ ' K c S • 
V _ % %E 
e G 

'^GY + T^V 
E*8 - *c*8 

5:8 

- + V^XY'^gy) + &^Y"^6Y + 

(8.283) 
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From equations (8.27) and (8.28) we then obtain the following: 

+ Zhcwehe' - h:8eh + ? 

- OefgOffgjjgGG + 49^2= (8.29a) 

- /^Sg^lVgh* - *hgh* + 7^1= - - heeeGf^^ " 20^2:0**^ + 'R}Y"^6Y 

+ ,/^fg (8.29b) 

«,e£/° . /-^g { ' \ A ) - hcee%'*f ^ ?c*, * 2&e tfdg - tgfe* 

+ '*ef - *ef &'R + &R + 'V.h + 9 — )h,h - && 

(8.29c) 

g^Ejr" . 2 /-4g - ?8h^E^ + iVeh* + '9**2 " 

+ AghO^s _ + ah*A2}fe + . (8.29d) 

Comparing (8.29a,b,c,d) with (8.21a,b,c,d) respectively gives us 

explicit expressions for the various projections of . It is a 

simple matter to check that these expressions are identical to the 

corresponding ones for the projections of given by (5.8.7-10). 

Explicit expressions can also be calculated for the from equations 

(8.28) and (8.29). 



Conclusion 

To date most work on the IVP's of general relativity has 

been focussed on the standard Cauchy problem. Here th# 3+1 approach 

first suggested by Lichnerowicz and extensively (developed by others 

has led to some significant advances. In particular, the uae of 

harmonic coordinates, starting with the fundamental work of Choquet-

Bruhat, has allowed strong theorems of existence,uniquames8 and stability 

of the evolution equations to be proved. The introduction of coordinate 

independent techniques by Stachel, and especially his use of the Lie 

derivative as the natural covariant analogue of the partial derivative, 

have done much to aid our geometrical insight into the 3+1 formulation. 

They allow, for example, a covariant interpretation of the gauge freedom 

of the theory and of the (constrained) initial data required to solve the 

evolution equations. The later development by York of these techniques, 

and his introduction of conformal 3-geometry methods has allowed an identi-

fication of the freely specifiable initial data idhich reduces the constraint 

equations to a system of four coupled, quasi-linear partial differential 

equations, for which many 'good' theorems of uniqueness, existence and 

stability have been proved. 

In recent years, Muller zum Hagen and Seifert have used harmonic 

coordinate conditions to prove that the double-null IVP is well set. 

While this is an important result from an analytical point of view, it 

does not lead to any geometrical insight, since harmonic coordinate 

conditions are inherently non covariant. In fact all work to date on 

characteristic and mixed IVP's has suffered from the disadvantage of it 

being couched in rather ad hoc coordinate-dependent form. Part of the 

purpose of the present work is to remove this limitation. 
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The main results presented in this thesis rely on the 

development in Chapter V, of a covariant 2+2 formalism, in which space-

time is foliated by a family of space-like 2-surfac#s, and all space-time 

objects are covariantly decomposed into their projections tangential and 

orthogonal to this foliation. The formalism was applied first to the 

Cbuchy problem, in Chapter VI, and then to the characteristic and mixed 

IVPs, in Chapter VII. In all three cases the gauge conditions were 

formulated covariantly, and in particular, in the case of the non space-

like IVP's considered, it was shown that certain specialisations of these 

gauge conditions are covariant analogues of coordinate conditions used 

by various authors in previous coordinate dependent analyses. Furthermore 

it was shown, in each case, that the dynamical degrees of freedom of the 

gravitational field may be explicitly and covariantly embodied in the 

conformal 2-8tructure; that is, that the two independent quantities 

constituting the conformal 2-structure may be regarded as unconstrained 

generalised coordinates, or true dynamical variables, of the gravitational 

field. Thus the gravitational degrees of freedom in the 2+2 approach 

have an immediately clear and local geometrical significance. Moreover 

it is possible to identify the two field equations = 0 as 

dynamical equations, that is as equations propagating the dynamical 

variables off the initial hypersurfacefs). In Chapter VIII we obtained 

the expected result that variation of the action function with respect to 

the dynamical variables does indeed lead to the dynamical equations. 

However, work on the 2+2 formulation is still in its early stages 

and the fundamental question as to whether the IVP's we have considered 

are properly set with our choice of initial data is still an open one, 

although as we have said Muller zum Hagen and Seifert have proved that 

the problem is well posed in the double-null case. The next task is 

clearly to determine whether the same is true for the other cases considered 
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in this thesis. Of course the presciption works in the very limited 

case of analytic solutions, and the probability is that, pathologies 

aside, it will prove to work in the more realistic caae of smooth 

(C™ ) solutions (although there may be difficulties with the mixed IVP, 

due to problems with the 'coherency' of initial data set on a time-like 

hypersurface). Once the theoretical existence of analytic 

solutions has been established, then the restriction in practice to analytic 

solutions is not so important (even finite discontinuities in the solution 

functions can be approximated by sufficiently rapidly varying analytic 

functions) and the iterative schemes which we have described in this thesis 

may then well prove of direct use in allowing one to actually compute 

solutions from given initial data. 

Our analysis so far has been purely local, and certainly another 

important area of investigation is the r81e of boundary conditions in the 

2+2 formulation, and in particular a covariant analysis of the original 

Bondi formulation of the non space-like IVP, where some data is set at 

future null infinity C^+). Another interesting question is to consider 

what happens when the solution admits a Killing vector. In the investiga-

tion of this latter problem it is likely that an anholonomic 2+2 break-up, 

in analogy with the 3+1 anholonomic break-up first considered by 

0 Murchadha^^^^ and later by Stachel^^^^, will be of more use than that 

considered here. In fact such a formalism has been developed by the 

(33) 

author in which space-time is considered as being fibrated by the 

trajectories of two commuting vector fields which span a family of time-

like 2-surfaces, and 'foliated' by the orthogonal space-like 2-surface 

elements (these latter 2-surface elements are in general anholonomic 

and so do not constitute a proper foliation). One then proceeds by 

demanding that one of the two commuting vector fields is also Killing. 

This problem is under study. 
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Perhaps the most immediately interesting question is how 

the 2+2 approach compares with the 3+1. First of all, of course, 

we see that the 3+1 formulation only allows an analysis of the standard 

Cauchy problem. As we demonstrated in Chapter IV, there are serious 

problems involved in trying to apply a 3+1 approach to non space-like 

IVP's, and even were one to succeed in such a formulation, it would 

bear little relation to the 3+1 formulation of the Cauchy problem, since 

the geometry of space-like and null hypersurfaces is so different. In 

contrast, one clear advantage of the 2+2 approach is that it provides 

a unification, at least locally, of all the various types of IVP, since 

the dynamical variables in each case are the same. Secondly, as we 

discussed in Chapter II the 3+1 approach has difficulties associated 

with it when it comes to the problem of identifying the gravitational 

degrees of freedom. By means of the conformal 3-geometry techniques of 

York the freely specifiable initial data can be identified, but this 

contains implicitly within it the gauge freedom associated with the initial 

surface. In particular the dynamical degrees of freedom are identified 

as the conformal 3-geometry of a family of space-like hypersurfaces, 

modulo a choice of basis at each point. It is possible to construct a 

quantity (specifically a transverse trace-free tensor, the so-called Bach 

tensor) invariant under conformal transformations and diffeomorphisms 

("conformeomorphisms") of the 3-geometry of each slice. Although this 

invariant characterises uniquely the gravitational degrees of freedom, 

it depends upon space-like derivatives of the conformal metric, and hence 

has a non-local interpretation. It is hard to see how the Bach tensor 

could be interpreted as explicitly embodying the dynamical variables. 

For example, it is not possible to isolate a subset of the six evolution 

equations as dynamical equations propagating the Bach tensor. The non local 

character of the dynamical degrees of freedom in the 3+1 approach is in 

direct contrast to the situation, already discussed^in the 2+2 formulation. 
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w i t h regard to the problem of the quantisation of the 

gravitational field,the 3+1 approach suggests the use of a constrained 

Hamiltonian formulation, with the five functions contained in the 

conformal 3-geometry acting as constrained configuration coordinates. 

However, a necessary condition in at least one approach to quantisation 

is to have the two unconstrained dynamical variables explicitly isolated, 

and this suggests further investigation of the 2+2 approach in relation 

to the quantum problem. Some work in this direction haa been done^in 

particular by Gambini and Bestuccia,^^^^ working in the light cone gauge. 

The formalism developed in this thesis may well prove useful in any 

future work on a canonical quantisation procedure for the gravitational 

field. 
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Appendix A. The One-diaenaional Wave Equation. 

The one-dimensional scalar wave equation/^^ is given, 

in suitable units, by 

^ ^ . 0 . (Al) 
Bt^ 3x* 

This is the simplest of all systema of normal hyperbolic equations, 

which possesses one degree of freedom corresponding ta tte generalised 

coordinate, or dynamical variable, *(x,t). By transforming to new 

(null) coordinates 

u - t - X 

V - t + X , 

it may be shown that the general (d'Alembert) solution of (Al) is given 

by 

* - f(u) + g(v) 

where f and g are arbitrary functions. The lines u = const and 

V = const are characteristic of equation (Al). Using the above 

results, we may write down the general solution of (Al) in terms of 

the initial data in a two-dimensional region R , for each of the three 

types of IVP considered in this thesis. 

1) The Cauchy Problem: we write the wave equation in terms of the 

space-like and time-like coordinates x and t respectively, which 

yields the form of the equation given in (Al), namely 

ifl - if* . 0 . 

St* 3x2 
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The necessary initial data is 

* = *(x) on t = t^ , 

- x(x) on t - tg 3^3x3%: , 

The general solution is then 

x+t-t^ 

*(x,t) = * *(x+t-tg) + *(x-t+tQ)j + & j x(y)dy . 

x-t+t 
o 

in the region (tg-x^at-xatQ-x^ , t^+x^dt+x^t +x^) , shown in figure 3. 

2) The Characteristic IVP: we write the wave equation in terms of the 

two null coordinates u and v , which yields 

1 ^ = ° • 

The necessary initial data is 

^ = #(u) on V = V , u ) u 

* = x(v) on u = u , V % V , x(v ) = ) 
o 0 0 0 

The general solution is then 

*(u,v) " *(u) + x ( v ) - #("0) 

in the region (u&u^, v^Vg) » shown in figure 3. 

3) The Mixed IVP: we write the wave equation in terms of the null 

and space-like coordinates u and x respectively, which yields 

2 . 0 . 
3u3x axZ 
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The necessary initial data is 

* - #(u) on X " Xg , u % u . 

* " X(x) on u - Ug , X & x^ , xCXg) " . 

The general solution is then 

*(u,x) - - x|xQ-&(u-UQ)j + V'(u) 

in the region shown in figure 3. 

Thus we see that apart from the fact that the scalar wave 

equation possesses only one degree of freedom, the initial data 

which may be freely specified is entirely analogous to that required 

for the Einstein vacuum field equations, as considered in the 2+2 

formulation. 
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Appendix B. Calculation of ^ and . 

dp 
In order to calculate g 6R « , it is convenient to 

ap 

introduce an arbitrary coordinate basis 

B 
A 8'=A 

into {S} . Since we have already assumed in Chapter VIII that we 

are working in a general coordinate space-time basis 

E - B 

« 3x* ' 

we see that the connecting quantities defined in equation (5.2.3) 

for arbitrary (and possibly non coordinate) bases E , B^ become 

<-—A • (Bl) 

Equation (Bl) shows that B^ is independent of any variations in 

since it depends only upon some arbitrary choice of coordinate basis 

3 9 
and — — in {S} and V respectively. Hence 

and it then follows that 

Now has its usual definition in terms of the Christoffel symbols 

4 c ' "amely 

"CB • 'E""™ - 'C''EB " - fcffEB ' 

We can calculate the variation in , and we obtain 
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" C B • - ' E ( 6 ' " S C ] • (»2) 

A 
Note in particular that is a tensor in {S} . then obtain 

- VIb - "c^EB ® 3 ) 

from which it follows, using (B2) and (B3), that 

• 'K'^ (scB«s^) - , (B4) 

But we can now write this in terms of the basis of V , and we obtain 

(BS) 

from which (8.28j) follows straightforwardly. 

cb 
In order to calculate n &'R . , we first note that 

CD 

'R . = E - E r^. + r® pf - r® , 
cb n cb n eb ef cb cf eb 

e c 

and hence it is dependent both on n , and b° . Let us calculate 
ab a 

ab * 
the variation with respect to n first. We start by calculating 

. From the definition (5.3.9), we can easily show that 

" c b • - - ' ' A ° - i ' V c " ^ • 

hence GT*. is a 'tensor' with respect to '7 . Then we may write 
CD * a 

« ' \ b - ' v 4 - ' v 4 ' 

and 

n^^S'R . " '9 (B6) 
CD C D C D 

To calculate the variation with respect to b^ , we first calculate 

, and obtain 

^ " Ve"'^'') ' " ̂ c^'be" ̂ b'' cc* "cbe ' 

- 134 - tt" 



and so again is a 'tensor' with respect to 'V . Next we 

can show that 

« ' \ b • V / c b - 's/eb + - - W i t , ' • 

In order to proceed, we need an expression for E. F* . We use the 
9 d 

following result for the commutator of 9 and E acting on a scalar, 

a 

? E - E ? - 2n*E_ . 
a n n a a 0 

a a ae 

Then 

^^/cb -^"d'/cb • * ^ / e b c - \ \ b a ) 

and hence 

% / c b = - ^ d [ ' ' b ' V ' " A . - • (39) 

Substituting (B7) and (B9) into (B8) gives 

""Vcb • < -f/b,]- (BIO) 

Then (B6) and (BIO) lead directly to (8.28i). 
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T h e C a u c h y P r o b l e m 

t = )( = : )( 

s : t Q * ) ( t = )f \̂r; ̂  )(, 

I fie C;:hici:rci(:1:eri!si[i(: l.\/[F* 
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( u ^ v j 
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M
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y
" " 

( U o T X o ) 

X 

Figure 3. The region of integration R for each of the three 

types of IVP considered in Appendix A, 
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