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A B S T R A C T 

F A C U L T Y OF S C I E N C E 

C H E M I S T R Y 

D o c t o r of P h i l o s o p h y 

THE C O M P U T E R S I M U L A T I O N OF A N I S O T R O P I C S Y S T E M S 

by P a u l S i m p s o n 

T h i s t h e s i s is c o n c e r n e d with the study of the 
p r o p e r t i e s of a n i s o t r o p i c s y s t e m s using the M o n t e - C a r l o 
c o m p u t e r s i m u l a t i o n t e c h n i q u e . 

F o l l o w i n g a b r i e f i n t r o d u c t i o n to l i q u i d c r y s t a l s , 
C h a p t e r 1 d i s c u s s e s the e f f e c t of e x t e r n a l f o r c e s on l i q u i d 
c r y s t a l s , i n t e r m o l e c u l a r pair p o t e n t i a l s , d i s t r i b u t i o n 
f u n c t i o n s and m o l e c u l a r field t h e o r y , l e a d i n g to a c h a p t e r 
d e s c r i b i n g t e c h n i q u e s and p r o b l e m s a s s o c i a t e d with the 
c o m p u t e r s i m u l a t i o n of a n i s o t r o p i c s y s t e m s . In C h a p t e r 3, 
p r o p e r t i e s of the n e m a t i c - i s o t r o p i c p h a s e t r a n s i t i o n u s i n g 
the L e b w o h l - L a s h e r m o d e l , t o g e t h e r with v a r i o u s 
m o d i f i c a t i o n s are i n v e s t i g a t e d . C h a p t e r 4 then d i s c u s s e s the 
s i m u l a t i o n with a n i s o t r o p i c p a r t i c l e s i n t e r a c t i n g via 
n e a r e s t n e i g h b o u r d i s p e r s i o n f o r c e s t o g e t h e r with full 
r a n g e d d i p o l a r f o r c e s . The next two c h a p t e r s give d e t a i l s of 
s i m u l a t i o n s of the e f f e c t of e x t e r n a l f o r c e s on a n i s o t r o p i c 
s y s t e m s . In p a r t i c u l a r , in C h a p t e r 5 w h e r e an e x t e r n a l 
m a g n e t i c field i n t e r a c t i o n is a p p l i e d to i n v e s t i g a t e the 
p i n n i n g of the d i r e c t o r and to study the t r a n s i t i o n 
p r o p e r t i e s in a high m a g n e t i c field and in C h a p t e r 6 w h e r e 
s u r f a c e f o r c e s are a p p l i e d , w h i c h t o g e t h e r with o r t h o g o n a l 
e x t e r n a l f i e l d s are used to s i m u l a t e the F r e e d e r i c k s z 
t r a n s i t i o n . F i n a l l y in C h a p t e r 7, the o r i e n t a t i o n a l 
p r o p e r t i e s a s s o c i a t e d with the s m e c t i c - E to s m e c t i c - B p h a s e 
t r a n s i t i o n are s t u d i e d . 

T h r o u g h o u t this t h e s i s , w h e r e v e r p o s s i b l e , r e s u l t s are 
c o m p a r e d with the p r e d i c t i o n s of m o l e c u l a r field t h e o r y . 



To my w i f e , H e a t h e r . 



C h a p t e r 1 

I n t r o d u c t i o n 

1.1 L i q u i d C r y s t a l s 

The p h r a s e 'Liquid C r y s t a l ' was first used by L e h m a n n 

( 1 9 0 0 ) to d e s c r i b e a s t a t e of m a t t e r which had been o b s e r v e d 

b e t w e e n the c r y s t a l l i n e and liquid p h a s e s of v a r i o u s 

c h o l e s t e r y l e s t e r s and 4 - 4 ' - d i m e t h o x y a z o x y b e n z e n e . Much 

u n c e r t a i n t y e x i s t e d up u n t i l this date as to the n a t u r e of 

this p h a s e , first r e p o r t e d by P l a n a r ( 1 8 6 1 ) and l a t e r by 

L o b i s c h ( 1 8 7 2 ) , w h e r e on c o o l i n g m e l t s of some c h o l e s t e r y l 

e s t e r s a s t r i k i n g c o l o u r p h e n o m e n o n was o b s e r v e d . In 1888 

h o w e v e r , R e i n i t z e r made a d e t a i l e d study of this b e h a v i o u r 

and o b s e r v e d that the s t a t e was a c t u a l l y l i q u i d - l i k e , yet it 

p o s s e s s e d o p t i c a l p r o p e r t i e s u s u a l l y a s s o c i a t e d with 

c r y s t a l l i n e s o l i d s . From this early period until a b o u t 20 

y e a r s ago a r e l a t i v e l y c o n s i s t a n t e f f o r t was d e v o t e d to the 

c l a s s i f i c a t i o n , and u n d e r s t a n d i n g of liquid c r y s t a l s with 

t h r e e n o t a b l e s y m p o s i a t a k i n g p l a c e in 1931, 1933 and 1952. 

H o w e v e r , in the last 20 y e a r s with the r e a l i s a t i o n of the 

i m p o r t a n c e of liquid c r y s t a l s in e l e c t r o n i c d i s p l a y d e v i c e s , 

(see for e x a m p l e G o o d m a n , 1973; S h a n k s , 1982), an e n o r m o u s 

e f f o r t has been made to fully c o m p r e h e n d their c h e m i c a l , 

o p t i c a l , p h y s i c a l and m e c h a n i c a l p r o p e r t i e s . A c o m p r e h e n s i v e 

and i n t e r e s t i n g a c c o u n t of the h i s t o r y of liquid c r y s t a l s 

has been w r i t t e n by K e l k e r ( 1 9 7 3 ) . 

The liquid c r y s t a l l i n e p h a s e is a very loose 

d e s c r i p t i o n of what in r e a l i t y is n o r m a l l y a c o m p l e x s e r i e s 

of p h a s e s or m e s o p h a s e s (from m i d d l e p h a s e s ) w h i c h occur 

b e t w e e n the c r y s t a l l i n e s t a t e at low t e m p e r a t u r e s and the 

l i q u i d state at high t e m p e r a t u r e s . The c r y s t a l l i n e p h a s e is 

c h a r a c t e r i s e d by the m o l e c u l e s h a v i n g p e r f e c t long range 

t r a n s l a t i o n a l and o r i e n t a t i o n a l o r d e r , and t h e r e f o r e 

e x h i b i t i n g a n i s o t r o p i c p r o p e r t i e s w h e r e a s in the liquid 



s t a t e at high t e m p e r a t u r e s no long range c o r r e l a t i o n s e x i s t . 

G e n e r a l l y the m e s o p h a s e s can be c l a s s i f i e d into two 

t y p e s , those f o r m i n g p l a s t i c c r y s t a l s and those forming 

liquid c r y s t a l s . (Gray and W i n s o r , 1 9 7 4 ) . In the case of 

p l a s t i c c r y s t a l s the c o n s t i t u e n t m o l e c u l e s e x h i b i t long 

r a n g e t r a n s l a t i o n a l order a l t h o u g h they are r o t a t i o n a l l y 

d i s o r d e r e d . W h e r e a s liquid c r y s t a l s have a high d e g r e e of 

o r i e n t a t i o n a l order and o f t e n some s p a t i a l o r d e r . H o w e v e r , 

s i n c e this t h e s i s is only c o n c e r n e d with the a n i s o t r o p i c 

p r o p e r t i e s of liquid c r y s t a l s , n o t h i n g m o r e w i l l be said of 

p l a s t i c c r y s t a l s . 

In order for a m o l e c u l a r system to form a liquid 

c r y s t a l l i n e m e s o p h a s e the m o l e c u l e s must i n t e r a c t via some 

a n i s o t r o p i c i n t e r m o l e c u l a r p o t e n t i a l . The p r i n c i p l e 

r e q u i s i t e for this is that the m o l e c u l e s t h e m s e l v e s are 

a n i s o t r o p i c . Thus the m o l e c u l e s f o r m i n g such s y s t e m s are 

g e n e r a l l y quite c o m p l e x and are e i t h e r d i s c - l i k e in s h a p e , 

or more usually r o d - l i k e with a r e l a t i v e l y high l e n g t h to 

b r e a d t h r a t i o . A c t u a l l y about 2% of all known o r g a n i c 

c o m p o u n d s have the n e c e s s a r y a n i s o t r o p y to form liquid 

c r y s t a l l i n e p h a s e s . 

It is the long r a n g e o r d e r , a l w a y s p r e s e n t in liquid 

c r y s t a l m e s o p h a s e s , that g i v e s rise to their c h a r a c t e r i s t i c 

o r i e n t a t i o n a l p h y s i c a l p r o p e r t i e s , (de G e n n e s 1 9 7 4 , de J e u , 

1 9 8 0 ) . This long range order e x t e n d s over s e v e r a l t h o u s a n d 

A n g s t r o m s , w h e r e the m o l e c u l e s tend to align on a v e r a g e 

p a r a l l e l with some p r e f e r r e d d i r e c t i o n in s p a c e , c a l l e d the 

d i r e c t o r . T h e r m a l f l u c t u a t i o n s d i c t a t e that the m o l e c u l e s 

a c t u a l l y r e o r i e n t about this d i r e c t o r a x i s . H o w e v e r , w i t h i n 

d i f f e r e n t r e g i o n s of the bulk s a m p l e , the d i r e c t o r is 

a l i g n e d in d i f f e r e n t d i r e c t i o n s , and on a m a c r o s c o p i c s c a l e 

t h e s e r e g i o n s of high o r d e r vary c o n t i n u o u s l y t h r o u g h o u t 

the s a m p l e and a p p e a r i s o t r o p i c a l l y d i s t r i b u t e d . 

The liquid c r y s t a l p h a s e s can be broadly s u b d i v i d e d 

into two t y p e s , those w h i c h are formed as a f u n c t i o n of 

t e m p e r a t u r e from c r y s t a l l i n e p h a s e s called t h e r m o t r o p i c s and 



those that are i n d u c e d by the p r e s e n c e of v a r i o u s 

c o n c e n t r a t i o n s of s o l v e n t s , called l y o t r o p i c s . The latter 

are very i m p o r t a n t in b i o l o g i c a l m e m b r a n e s y s t e m s and in 

lipid s o l u t i o n s but w i l l not be d i s c u s s e d f u r t h e r . 

1.2 D e s c r i p t i o n and c l a s s i f i c a t i o n of the l i q u i d c r y s t a l 

m e s o p h a s e s 

The m e s o p h a s e s f o r m i n g the liquid c r y s t a l l i n e s t a t e can 

be c l a s s i f i e d into three broad c l a s s e s : n e m a t i c s (from the 

G r e e k word vnyot m e a n i n g t h r e a d - l i k e ) * c h o l e s t e r i c s , and 

s m e c t i c s (from the G r e e k word o w n w a , m e a n i n g s o a p - l i k e ) . The 

s m e c t i c m e s o p h a s e has further s u b d i v i s i o n s a c c o r d i n g to the 

v a r i o u s d e g r e e s of order and s y m m e t r y p r e s e n t , ( s m e c t i c A, 

s m e c t i c B e t c ) and t o g e t h e r with the n e m a t i c and c h o l e s t e r i c 

m e s o p h a s e w i l l now be d e s c r i b e d in d e t a i l . 

The N e m a t i c m e s o p h a s e 

This is by far the most c o m m o n l y o c c u r i n g liquid 

c r y s t a l l i n e m e s o p h a s e and has the lowest d e g r e e of o r d e r of 

all the p r e s e n t l y known m e s o p h a s e s . It has a low v i s c o s i t y 

and its a p p e a r a n c e is g e n e r a l l y c l o u d y , b e c o m i n g clear when 

h e a t e d to the i s o t r o p i c p h a s e . The n e m a t i c p h a s e is s t r o n g l y 

a f f e c t e d by e x t e r n a l fields b e c a u s e each m o l e c u l e n o r m a l l y 

has a large a n i s o t r o p i c m a g n e t i c s u s c e p t i b i l i t y , and fields 

in e x c e s s of about O.IT ( L u c k h u r s t , 1 9 7 2 ) w i l l align the 

d i r e c t o r to give m o n o d o m a i n s a m p l e s w h i c h are o p t i c a l l y 

u n i a x i a l about the d i r e c t o r a x i s . The n e m a t i c p h a s e has a 

high d e g r e e of o r i e n t a t i o n a l order and short r a n g e 

t r a n s l a t i o n a l o r d e r . A s c h e m a t i c r e p r e s e n t a t i o n of this 

p h a s e is shown in F i g u r e 1.1 w h e r e the e l i p s e s r e p r e s e n t the 

e l o n g a t e d m o l e c u l e s . 



The C h o l e s t e r i c m e s o p h a s e 

The name c h o l e s t e r i c stems from the fact that all the 

early c h o l e s t e r i c m a t e r i a l s were d e r i v a t i v e s of c h o l e s t e r o l . 

Like the n e m a t i c m e s o p h a s e , the c h o l e s t e r i c m e s o p h a s e has 

little t r a n s l a t i o n a l o r d e r . The c o n s t i t u e n t m o l e c u l e s are 

c h i r a l g i v i n g r i s e to a n o n - u n i f o r m d i r e c t o r b e i n g p r e s e n t . 

G o i n g t h r o u g h the s a m p l e the d i r e c t o r a c t u a l l y t w i s t s in a 

h e l i c a l f a s h i o n , f o r m i n g a type of t w i s t e d n e m a t i c . This can 

be seen in F i g u r e 1.2. The p e r i o d i c i t y of the t w i s t , called 

the p i t c h , is c o m p a r i b l e with the w a v e l e n g t h of lights and 

in thin films of c h o l e s t e r i c m e s o p h a s e s the p i t c h s a t i s f i e s 

the b a s i c s c a t t e r i n g r e q u i r e m e n t for Bragg r e f l e c t i o n to 

o c c u r , r e s u l t i n g in the p h a s e a p p e a r i n g highly c o l o u r e d . The 

p i t c h is often s t r o n g l y a f f e c t e d by e x t e r n a l i n f l u e n c e s , for 

e x a m p l e , t e m p e r a t u r e , p r e s s u r e and e x t e r n a l m a g n e t i c or 

e l e c t r i c f i e l d s , thus thin films of c h o l e s t e r i c s are 

e x t r e m e l y u s e f u l in d e t e c t i n g c h a n g e s in t h e s e e x t e r n a l 

s t i m u l i . 

N e m a t i c s can be made to form c h o l e s t e r i c s by the 

a d d i t i o n of a s u i t a b l e o p t i c a l l y a c t i v e m a t e r i a l . In a c t u a l 

f a c t , the n e m a t i c p h a s e s can be thought as being a 

c h o l e s t e r i c , but with an i n f i n i t e l y large p i t c h . This 

o b s e r v a t i o n is c o n f i r m e d e x p e r i m e n t a l l y as no known c o m p o u n d 

has a c h o l e s t e r i c and a n e m a t i c m e s o p h a s e , it is always a 

case of e i t h e r or n o n e . 

The S m e c t l c - A m e s o p h a s e 

As w e l l as h a v i n g o r i e n t a t i o n a l o r d e r , all the s m e c t i c 

m e s o p h a s e s (with the e x c e p t i o n of the s m e c t i c D m e s o p h a s e ) 

have an a d d i t i o n a l d e g r e e of order b e c a u s e the m o l e c u l e s are 

s p a t i a l l y o r d e r e d into layers. [ G r a y , 1 9 7 9 ) . 

In the s m e c t i c - A (5^) m e s o p h a s e , the m o l e c u l e s tend to 

align p a r a l l e l with r e s p e c t to a d i r e c t o r , but in a d d i t i o n 

they form into l a y e r s with the d i r e c t o r p a r a l l e l to the 



layer normal? a d i a g r a m a t i c r e p r e s e n t a t i o n is shown in 

F i g u r e 1 . 3 a . W i t h i n each layer the m o l e c u l e s are a l m o s t 

totally t r a n s l a t i o n a l l y d i s o r d e a d . Thus they p o s s e s s 

o r i e n t a t i o n a l and one d e g r e e of s p a t i a l o r d e r o n l y . 

E x p e r i m e n t a l l y it has been o b s e r v e d that the m o l e c u l e s can 

rotate about their long axis and can m o v e from one layer to 

a n o t h e r . F u r t h e r m o r e the layers are free to s l i d e over one 

a n o t h e r , and like the n e m a t i c p h a s e , a m o n o d o m a i n 5^ p h a s e 

is o p t i c a l l y u n i a x i a l . 

The S m e c t i c - B m e s o p h a s e 

In a d d i t i o n to the f e a t u r e s d e s c r i b e d for the 

m e s o p h a s e this p h a s e d i s p l a y s long r a n g e s p a t i a l order 

within each l a y e r . The c e n t r e s of m a s s of the m o l e c u l e s are 

o r d e r e d to form a h e x a g o n a l c l o s e p a c k e d n e t w o r k . Again the 

d i r e c t o r is o r t h o g o n a l to the layer p l a n e s and the m o l e c u l e s 

are free to r o t a t e about t h e i r long a x e s . A r e p r e s e n t a t i o n 

of this p h a s e is d e p i c t e d in F i g u r e 1 . 3 b . The e x t r a o r d e r in 

this p h a s e m a k e s it a l m o s t c r y s t a l l i n e and there has been 

much d i s c u s s i o n about and its d i f f e r e n c e with c r y s t a l l i n e 

and p l a s t i c c r y s t a l l i n e p h a s e s (de V r i e s ^ aJ^, 1 9 7 9 ] . 

The S m e c t i c - C m e s o p h a s e 

This m e s o p h a s e is very s i m i l a r to the p h a s e e x c e p t 

that the m o l e c u l e s are tilted with r e s p e c t to the layer 

n o r m a l . [See F i g u r e 1 . 3 c ) . The a d d i t i o n a l d e g r e e of order 

m e a n s that the S p h a s e is o p t i c a l l y b i a x i a l . 

Two types of S m e s o p h a s e s have been o b s e r v e d , one in 

w h i c h the tilt angle v a r i e s with t e m p e r a t u r e (Taylor £t aJ^ 

1 9 7 0 ) (for e x a m p l e TBBA (see Table 1 . 1 ) ) and the other in 

w h i c h it r e m a i n s c o n s t a n t (for e x a m p l e H O A S ) (Diele e ^ al, 

1 9 7 2 ) . 

The S m e c t i c - D, E, F, G, H, m e s o p h a s e s 

R e l a t i v e l y few c o m p o u n d s form the r e m a i n i n g s m e c t i c 

m e s o p h a s e s and c o n s e q u e n t l y m u c h u n c e r t a i n t y e x i s t s as to 

their exact s t r u c t u r e s . F i r s t l y the Sp p h a s e : X-ray and 
d 

n e u t r o n s c a t t e r i n g work ( L e a b e t t e r ^ aJ^, 1 9 7 6 ; L e a d b e t t e r 

at al, 1979; L e a d b e t t e r ai> 1980; R i c h a r d s o n aJ^, 1978, 



Fig 1.1 A s c h e m a t i c r e p r e s e n t a t i o n of the neniatic niesophase 

•W/W/'// 

H a . 1 - 2 The m o l e c u l a r o r g a n i s a t i o n of the c h o l e s t e r i c p h a s e . 



Ant' '' 

m i r 

f i a i'3 S c h e m a t i c r e p r e s e n t a t i o n of a) the S , b) S , c) the S 

m e s o p h a s e s . ^ 

^'4 A s c h e m a t i c r e p r e s e n t a t i o n or one layer 

m e s o p h a s e . 
in the S, 
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P i n d a k £_t a_l 1981* D o u c e t £t a_l 1975J has shown that the 

m o l e c u l e s f o r m i n g the m e s o p h a s e lie p a r a l l e l w i t h the 

layer n o r m a l and are h e x a g o n a l l y c l o s e p a c k e d . This p h a s e is 

also o p t i c a l l y b i r e f r i n g e n t and b i a x i a l , a l t h o u g h , the 

b i a x i a l i t y does not arise from t i l t i n g w i t h i n l a y e r s . 

I n s t e a d the a d d i t i o n a l d e g r e e of long range order o c c u r s 

w i t h r e s p e c t to the s h o r t m o l e c u l a r a x i s , in this c a s e the 

s h o r t axis in the plane of the a r o m a t i c r i n g s . L o o k i n g down 

on the layer the short m o l e c u l a r axis forms a long range 

'herring b o n e ' s t r u c t u r e . A r e p r e s e n t a t i o n of one layer is 

s h o w n in F i g u r e 1.4. 

The Sp p h a s e is very s i m i l a r to the p h a s e , e x c e p t 
b u 

that the m o l e c u l e s are tilted with r e s p e c t to the l a y e r s , 

and the has been r e p o r t e d to be the tilted a n a l o g u e of 

the Sg m e s o p h a s e . [Hervet £t_ aj^, 1 9 7 5 j . 

F i n a l l y the and Sp m e s o p h a s e s . To date the exact 

n a t u r e of the s t r u c t u r e of these p h a s e s has not been 

d e t e r m i n e d a l t h o u g h the Sp is p r o b a b l y very s i m i l a r to the 

p h a s e and the p h a s e has cubic s y m m e t r y , and s h o u l d 

p r o b a b l y not be c l a s s i f i e d in the s m e c t i c s c h e m e . 

A list of t y p i c a l m o l e c u l e s f o r m i n g these v a r i o u s 

m e s o p h a s e s , t o g e t h e r with their t r a n s i t i o n t e m p e r a t u r e s is 

g i v e n in Table 1.1. 

1.3 The E f f e c t of E x t e r n a l f o r c e s 

When a liquid crystalline m a t e r i a l is cooled from an 

i s o t r o p i c l i q u i d , r e g i o n s form in the s a m p l e in w h i c h the 

m o l e c u l e s tend to a l i g n , on a v e r a g e p a r a l l e l w i t h a 

d i r e c t o r . T h r o u g h o u t the e n t i r e s a m p l e the o r i e n t a t i o n of 

the d i r e c t o r c h a n g e s c o n t i n u o u s l y , and on a v e r a g e a p p e a r s 

i s o t r o p i c a l l y d i s t r i b u t e d . Thus the o v e r a l l o r d e r of the 

e n t i r e s y s t e m is z e r o , a l t h o u g h at a m o l e c u l a r l e v e l , a high 

d e g r e e of o r i e n t a t i o n a l o r d e r e x i s t s . It is t h e r e f o r e 

a d v a n t a g e o u s in order to study the m a c r o s c o p i c p r o p e r t i e s of 

liquid c r y s t a l s , to p r o d u c e a m o n o d o m a i n s a m p l e with a 



u n i q u e d i r e c t o r a x i s . F o r t u n a t e l y there are a n u m b e r of ways 

in w h i c h this can be a c h i e v e d , a l t h o u g h a l w a y s by e x p o s i n g 

the m e s o p h a s e to an e x t e r n a l f o r c e , e i t h e r by m e a n s of an 

e x t e r n a l field or by some p h y s i c a l c o n s t r a i n t . 

The s i m p l e s t m e t h o d for p r o d u c i n g m o n o d o m a i n s a m p l e s is 

to apply a m a g n e t i c field to the m e s o p h a s e . When a s t a t i c 

field i n t e r a c t s with a m o l e c u l e , a s s u m i n g it to be 

c y l i n d r i c a l l y s y m m e t r i c , then the free energy d e n s i t y of the 

s y s t e m i n c r e a s e s by an a m o u n t d e f i n e d by (Emsley and L i n d o n , 

1 9 7 5 ) : -

^mag = - 1 / 3 c o s p j 1.1 

H e r e A X is the total a n i s o t r o p y in the bulk d i a m a g n e t i c 

s u s c e p t i b i l i t y B is the m a g n e t i c field s t r e n g t h 

and P ^ C c o s p j is the s e c o n d L e g e n d r e p o l y m o n i a l with B b e i n g 

the angle b e t w e e n the d i r e c t o r and the f i e l d . For n e m a t i c s a 

m a g n e t i c flux d e n s i t y of about 0.1 Tesla is all that is 

r e q u i r e d to align the d i r e c t o r , e i t h e r p a r a l l e l or 

p e r p e n d i c u l a r to the f i e l d , d e p e n d i n g on the sign of A X . 

In c h o l e s t e r i c s h o w e v e r , for the case where AX is 

p o s i t i v e , the m o l e c u l e s e x p e r i e n c e two c o m p e t i n g f o r c e s , 

f i r s t l y that c a u s e d by the e x t e r n a l f i e l d , and s e c o n d l y that 

from the i n t e r m o l e c u lar p o t e n t i a l c a u s i n g the d i r e c t o r to 

twist ( P i n c u s , 1 9 7 0 ) . At low fields the h e l i c a l twist 

r e m a i n s u n t i l at some c r i t i c a l field this is d e s t r o y e d and a 

n e m a t i c is formed (Planar and P h i l l i p s , 1 9 6 8 ) . This c r i t i c a l 

field is n o r m a l l y of the order of 10 Tesla a l t h o u g h it can 

be s i g n i f i c a n t l y less for c h o l e s t e r i c s with large p i t c h s . 

In p r i n c i p l e , m a g n e t i c f i e l d s s h o u l d also align the 

d i r e c t o r in s m e c t i c p h a s e s . H o w e v e r , the m a g n e t i c free 

energy is not large e n o u g h to o v e r c o m e the b a r r i e r c a u s e d by 

r e o r i e n t a t i n g the l a y e r s w i t h i n a s a m p l e . N o n e - t h e - l e s s , 

u n i f o r m s m e c t i c s can be p r o d u c e d by a l l o w i n g them to form 

w h i l s t c o o l i n g from their i s o t r o p i c (or n e m a t i c ) p h a s e s in 

an e x t e r n a l f i e l d , or in the p r e s e n c e of s u i t a b l y t r e a t e d 



s u r f a c e s . In the case of t i l t e d s m e c t i c s w h e r e the 

m o n o d o m a i n m e s o p h a s e is b i a x i a l , an e x t e r n a l field is only 

s u f f i c i e n t to align one of the s y m m e t r y a x e s , and a s e c o n d 

o r t h o g o n a l force has to be a p p l i e d , n o r m a l l y by m e a n s of 

t r e a t m e n t of the c o n t a i n e r w a l l s . This s u r f a c e e f f e c t w i l l 

be d i s c u s s e d l a t e r . 

In a d d i t i o n to m a g n e t i c f i e l d s , e l e c t r i c f i e l d s will 

also p r o d u c e a l i g n m e n t . In this case it is p r o d u c e d by the 

a n i s o t r o p y in the d i e l e c t r i c c o n s t a n t . H o w e v e r , 

c o m p l i c a t i o n s a r i s e , s i n c e the a n i s o t r o p y in the d i e l e c t r i c 

c o n s t a n t is a f u n c t i o n of the f r e q u e n c y of the f i e l d . 

The most c o m m o n m e t h o d for p r o d u c i n g u n i f o r m i t y of the 

d i r e c t o r axis is w i t h the aid of s u r f a c e f o r c e s , a n d , the 

d i r e c t o r in a n e m a t i c can be a l i g n e d by s a n d w i c h i n g the 

m a t e r i a l b e t w e e n two s u i t a b l y p r e p a r e d g l a s s p l a t e s . 

D e p e n d i n g on the s u r f a c e p r e p a r a t i o n d i f f e r e n t e f f e c t s can 

o c c u r . For e x a m p l e , r u b b i n g a g l a s s s u r f a c e r e p e a t e d l y in 

one d i r e c t i o n with a m a t e r i a l like paper or c o t t o n w o o l w i l l 

i n d u c e m i c r o s c o p i c s c r a t c h s w h i c h cause the n e m a t i c 

m o l e c u l e s in c o n t a c t with it to align p a r a l l e l with the 

d i r e c t i o n of r u b b i n g . T h u s , a m o n o d o m a i n n e m a t i c w i l l be 

formed when it is s a n d w i c h e d b e t w e e n two g l a s s p l a t e s , 

p r o v i d i n g the s u r f a c e ' s c r a t c h i n g ' is in the same d i r e c t i o n . 

This p h e n o m e n a can lead to some very i n t e r e s t i n g e f f e c t s , 

e . g . if one p l a t e is r o t a t e d t h r o u g h 90" a t w i s t e d n e m a t i c 

r e s u l t s with a p i t c h e q u a l to four times the s e p a r a t i o n of 

the glass p l a t e s . It is this p r i n c i p l e that is r e s p o n s i b l e 

for the r o t a t i o n of p l a n e s of p o l a r i s e d light in e l e c t r o n i c 

d i s p l a y d e v i c e s . 

A l i g n m e n t p e r p e n d i c u l a r to the g l a s s s u r f a c e s can also 

be a c h i e v e d , in this case by c o a t i n g the s u r f a c e s w i t h , for 

e x a m p l e , the c o m p o u n d D M O A P ( P r i e s t l y , W o j t o w i c z and S h e n g , 

1 9 7 4 ) . 

It should be noted that a l t h o u g h these e x t e r n a l f i e l d s 

or f o r c e s p r o d u c e m o n o d o m a i n m e s o p h a s e s , they are n o r m a l l y 

not large e n o u g h to q u e n c h t h e r m a l f l u c t u a t i o n s of the 
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d i r e c t o r . Thus in a m a c r o s c o p i c s a m p l e the mean d i r e c t o r can 

be a l i g n e d with m a g n e t i c flux d e n s i t i e s of about O.IT, 

m i c r o s c o p i c a l l y it will f l u c t u a t e about this mean d i r e c t i o n . 

In order to q u e n c h these f l u c t u a t i o n s e x t r e m e l y large 

e x t e r n a l f o r c e s would have to be a p p l i e d (Poggi and 

F i l l i p p i n i , 1 9 7 7 ) . 

1.4 The F r e e d e r i c k s z T r a n s i t i o n and E l a s t i c C o n s t a n t s 

I n t e r e s t i n g e f f e c t s occur when the m e s o p h a s e s are 

s u b j e c t e d to m o r e than one e x t e r n a l f o r c e . For e x a m p l e , if 

we take a n e m a t i c s a n d w i c h e d b e t w e e n two g l a s s p l a t e s with 

the s u r f a c e t r e a t e d such that the d i r e c t o r is u n i f o r m 

t h r o u g h o u t the s a m p l e , what h a p p e n s when a field is a p p l i e d 

o r t h o g o n a l to the d i r e c t o r ? [ a s s u m i n g the d i a m a g n e t i c 

s u s c e p t i b i l i t y to be p o s i t i v e ] . For low fields the d i r e c t o r 

r e m a i n s fixed by the s u r f a c e a l i g n m e n t , but on i n c r e a s i n g 

the field a p o i n t is r e a c h e d when the d i r e c t o r b e g i n s to 

o r i e n t a t e p a r a l l e l with the f i e l d . This e f f e c t was first 

o b s e r v e d by F r e e d e r i c k s z and T s v e t k o v ( 1 9 3 3 , 1 9 3 4 ) and from 

the value of the field at which the d e f o r m a t i o n s t a r t s to 

o c c u r , and from the way the d i r e c t o r o r i e n t a t e s as a 

f u n c t i o n of the f i e l d , i n f o r m a t i o n about the e l a s t i c i t y in 

the s a m p l e can be e v a l u a t e d . 

An o r i e n t a t e d n e m a t i c liquid c r y s t a l can u n d e r g o an 

i n f i n i t e n u m b e r of d i f f e r e n t d e f o r m a t i o n s . H o w e v e r , these 

can be r e s o l v e d into three f u n d a m e n t a l d e f o r m a t i o n s each 

c h a r a c t e r i s e d by t h r e e e l a s t i c c o n s t a n t s , u s u a l l y d e n o t e d 

'^ll' ^ 2 2 K ( F r a n k , 1 9 5 8 ) to d e s c r i b e the s p l a y , twist 

and bend m o d e s r e s p e c t i v e l y . These d e f o r m a t i o n s , are 

d e p i c t e d in F i g u r e 1.5a and their e x i s t e n c e is a c o n s e q u e n c e 

of the long r a n g e o r i e n t a t i o n a l order that e x i s t s in such a 

p h a s e . As in s o l i d s , the ease with which these d e f o r m a t i o n s 

o c c u r will be f u n c t i o n s of the i n t e r m o l e c u l a r i n t e r a c t i o n s 

p r e s e n t . A p p l y i n g c o n t i n u u m theory (Oseen 1 9 3 3 ) Z o c h e r 

1 9 3 3 ; Frank 1 9 5 8 ; E r i c k s e n 1960, 1961", L e s l i e 1 9 6 6 , 
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1 9 6 8 ) to such a s y s t e m , where it is assumed that in a 

d e f o r m e d s a m p l e the d i r e c t o r v a r i e s c o n t i n u o u s l y from one 

point to a n o t h e r , the free energy d e n s i t y , f, can be w r i t t e n 

in terms of the e l a s t i c c o n s t a n t s as ( Z o c h e r , 1933j F r a n k , 

1 9 5 8 ) : -

f = ( d i v n ) ^ + K g g t n y C u r l ^ ) ^ + (£xcurln_)^ 1.2 

H e r e n is the o r i e n t a t i o n of the d i r e c t o r in an x, y, z 

c o o r d i n a t e s y s t e m . This e q u a t i o n can be used to d e s c r i b e the 

F r e e d e r i c k s z t r a n s i t i o n , and Figure 1.5b d e p i c t s the t h r e e 

e x p e r i m e n t a l a r r a n g e m e n t s r e q u i r e d to e v a l u a t e d i r e c t l y the 

t h r e e Frank e l a s t i c c o n s t a n t s by this t e c h n i q u e . F i g u r e 

1 . 5 b ( l ) s h o w s the g e o m e t r y of s u r f a c e a l i g n m e n t and field 

d i r e c t i o n r e q u i r e d to o b t a i n the splay elastic c o n s t a n t 

d i r e c t l y . In this c a s e , we d e f i n e the s u r f a c e s to be in the 

yz p l a n e with the s u r f a c e a l i g n m e n t parallel with the z 

d i r e c t i o n , and the o r t h o g o n a l field to be in the x 

d i r e c t i o n . Thus the d e f o r m a t i o n at a point, induced by the 

field in the s a m p l e can be d e f i n e d by the v e c t o r (sinQ, 0, 

c o s Q ) , w h e r e 9 is as d e f i n e d in Figure 1.5b(l) and the 

field by the v e c t o r (B ,0,0). The free energy d e n s i t y 

c o n t r i b u t i o n from the e x t e r n a l field can t h e r e f o r e be 

w r i t t e n as [de G e n n e s , 1 9 7 4 ) : -

f =-_l A X d ^ s i n " 8 1. 3 
2 

The e q u i l i b r i u m s t a t e can be found by m i n i m i s i n g the total 

free e n e r g y , F, with r e s p e c t to v a r i a t i o n s in the d i r e c t o r 

p a t t e r n , h e n c e , the total free energy i s : -

d/2 

F. 
tot 

o 
] jcK^^cos^e + K ^ ^ s i n ^ e j - A X B ^ s i n ^ e J dz. 1.4 

H e r e d is the d i s t a n c e b e t w e e n the p l a t e s and B is the 

m a g n e t i c flux d e n s i t y . In this s i t u a t i o n t h e r e is no 

d e f o r m a t i o n in the y d i r e c t i o n and so the twist e l a s t i c 
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c o n s t a n t does not c o n t r i b u t e to the free energy. This 

e q u a t i o n can be m i n i m i s e d using the Euler-Lagrange 

r e l a t i o n s h i p with the k n o w l e d g e that F is a m i n i m u m for 0 = 

0 with z = 0 or d, and has a m a x i m u m , 9^, in the c e n t r e 

of the cell at z = d / 2 . In this case we a s s u m e t h e r e is s t r o n g 

a n c h o r i n g at the s u r f a c e s . Thus we find ( Z o c h e r , 1933', 

S a u p e 1960', P i n c u s , 1970', D e u l i n g , 1972', G r u l e r £t 

1972; P r i e s t 1972J G r u l e r 197A', B e n - A b r a h a m , 1 9 7 6 ) : -

•^11 (K33 - K i i ^ s i n ^ G 

s i n ^ Q ^ _ s i n ^ Q 

de 1.5 

I n t e g r a t i n g and m a k i n g the s u b s t i t u t i o n s i n X = s i n 9 / s i n O 

g i v e s ; -
m 

( A X ] ̂  Bd = Tf/2 
2 / 

0 

+ (K22 - K ^ ^ ) s i n ^ y ^ s i n ^ A 
-tV, 

1 - s i n ^ Q ^ s i n ^ X 

dX 1 . 6 

C l e a r l y at the c r i t i c a l field B^, 0^ 

K = A X [ d B ^ ] 
n 

= 0 and we find:-

1.7 

The same p r o c e d u r e can now be used for the two other 

s t a r t i n g g e o m e t r i e s , shown in F i g u r e 1 . 5 b ( 2 ) and 1 . 5 b ( 3 ) . 

For p e r p e n d i c u l a r s u r f a c e a l i g n m e n t with an o r t h o g o n a l field 

( F i g u r e 1 . 5 b ( 3 ) ) e x a c t l y the same e q u a t i o n s o c c u r except 

that must be r e p l a c e d by K and v i c e - v e r & \ , thus at the 

c r i t i c a l field we now h a v e : -

2 K 33 = A X [d B e ] 1 . 8 

H o w e v e r for the g e o m e t r y in F i g u r e 1 . 5 b ( 2 ) , the free energy 

d e n s i t y d e p e n d s only on the twist e l a s t i c c o n s t a n t , and 

the field as a f u n c t i o n of the d e f o r m a t i o n in the c e n t r e of 

the s a m p l e is g i v e n in this case by ( G r u l e r £t al_, 1 9 7 2 ) ; -
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( A x f ^ e d x K 
22 

s i n ^ Q - sin^X 
dO 1.9 

or as b e f o r e : -

i/i 
( A X ) Bd 

2 T K 
22 

-,1/a. 

1 - s i n ^ O ^ s i n ^ X 

dX 1.10 

so again at the c r i t i c a l field 

12 
K 22 = 

j j 
1 . 1 1 

From this d i s c u s s i o n the three e l a s t i c c o n s t a n t s of a 

p a r t i c u l a r n e m a t i c can be o b t a i n e d d i r e c t l y by m e a s u r i n g the 

c r i t i c a l f i e l d s for the t h r e e a p p r o p r i a t e g e o m e t r i e s or 

i n d i r e c t l y by m e a s u r i n g the d i r e c t o r d e f o r m a t i o n as a 

f u n c t i o n of e x t e r n a l f i e l d . In p r i n c i p l e any a n i s o t r o p i c 

p r o p e r t y such as the d i e l e c t r i c p e r m i t t i v i t i t y or the 

e l e c t r i c or t h e r m a l c o n d u c t i v i t y can be used to p r o b e the 

a v e r a g e s t a t e of a l i g n m e n t a l t h o u g h the most c o m m o n and most 

a c c u r a t e m e t h o d is to u t i l i s e the a n i s o t r o p y in the 

r e f r a c t i v e i n d e x , and to m e a s u r e the d i f f e r e n c e in o p t i c a l 

path length (de Jeu, 1980). Also the F r e e d e r i c k s z t r a n s i t i o n 

can be i n d u c e d by e l e c t r i c fields ( G r u l e r £t aj_, 1972', 

D e u l i n g , 1972; Roa aJ^, 1976', B e n - A b r a h a m , 1 9 7 6 ) 

D e u l i n g , 1 9 7 4 a , b j D e u l i n g e ^ a]_ 1915', D e u l i n g ^ a_l 

1976', Aneva £t £ l , 1 9 8 0 ) and m e a s u r e d in the same way as 

p r e v i o u s l y d e s c r i b e d or by m e a s u r i n g the c a p a c i t a n c e . [Maze, 

1978', Schad e_t a_l, 1978', 1979', Tough and R a y n e s , 1 9 7 9 ) . 

In a d d i t i o n the theory for the t r a n s i t i o n has been 

g e n e r a l i s e d for f i e l d s in any d i r e c t i o n ( D a f e r m o s , 1968', 

D e u l i n g ^ al_, 1975', M o t o o k a and F u k u h a r a , 1979', M o t o o k a 

et al, 1 9 7 9 ) and for g e o m e t r i e s in w h i c h the s u r f a c e s are 

not p a r a l l e l ( F r a s e r , 1 9 7 8 ) . 
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splay twist 

/ 

bend 

b). 

t B 

e 

X 

" a 1 - 5 a ) D i a g r a m s h o w i n g the t h r e e f u n d a m e n t a l d e f o r m a t i o n s 

p o s s i b l e , ie s p l a y , twist and bend in a n e m a t i c . 

b ) G i v e s the g e o m e t r i c a r r a n g e m e n t s r e q u i r e d in the 

F r e e d e r i c k s z t r a n s i t i o n e x p e r i m e n t for s u r f a c e 

a l i g n m e n t and field d i r e c t i o n to o b t a i n the three 

e l a s t i c c o n s t a n t s K 11 K 2 2 and K j j . 
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To date n u m e r o u s p a p e r s have been published g i v i n g 

e x p e r i m e n t a l v a l u e s of the three elastic constants (See for 

e x a m p l e S a u p e , 1 9 6 0 | D u r a n d ^ 1 9 6 9 ) P r i e s t , 1 9 7 2 ) 

H a l l e r , 1972', G r u l e r , 1973', G r u l e r and M e i e r , 1973", 

L e g e r , 1973", de G e n n e s , 1974', G r u l e r , 1975", de Jeu £t 

a l , 1976', Maze and J o h n s o n , 1975, 1976', Karat and 

M a d h u s u d a n a , 1976, 1 9 7 7 a , 197 7b, 1979', de Jeu and 

C l a a s s e n , 1977', G u n n i n g e ^ aJ^, 1981', F l a p p e r £t al, 

1981', U c h i d a and T a k a h a s h i , 1 9 8 1 ) and d e p e n d i n g on the 

p r e c i s e m e t h o d , r e s u l t s for the same c o n s t a n t and c o m p o u n d 

o f t e n d i f f e r by up to 100%. T y p i c a l v a l u e s for K and 

for PAA at 120°C are 5 . 0 x 1 0 " ^ , 3 . 8 x 1 0 " ^ and 1 0 . 0 x 1 0 " ^ 

d y n e s r e s p e c t i v e l y (de G e n n e s 1 9 7 4 ] . N o r m a l l y the bend 

c o n s t a n t ( K ^ ^ ) is found to be l a r g e r than the o t h e r two, and 

in g e n e r a l '^22'^'^ll'^^33 a l t h o u g h s u b s t i t u e n t h y d r o c a r b o n 

c h a i n s or other g r o u p s can r e v e r s e the order of and 

F u r t h e r m o r e , to a good a p p r o x i m a t i o n the r a t i o of 

^ 1 1 " ^ 2 2 " ^ 3 3 ^ s p e c i f i c c o m p o u n d is almost c o n s t a n t over 

a m e s o p h a s e t e m p e r a t u r e range (de Jeu, 1 9 8 0 ) . 

To d a t e v a r i o u s a t t e m p t s have been made to p r e d i c t the 

r a t i o of j_''^22* ̂ ^33' c r u d e s t a p p r o a c h g i v e s all t h r e e 

e l a s t i c c o n s t a n t s e q u a l , a l t h o u g h o t h e r t h e o r i e s have been 

p o s t u l a t e d and, d e p e n d i n g on what a p p r o x i m a t i o n s are m a d e , a 

wide r a n g e of r a t i o s are found. For e x a m p l e , S a u p e ( 1 9 6 0 ) 

p r e d i c t e d it to be - 7 : 1 1 : 1 7 , whereas N e h r i n g and S a u p e 

( 1 9 7 1 ) found it to be 5 : 1 1 : 5 . F u r t h e r work in this area has 

been p u b l i s h e d by G r u l e r ( 1 9 7 3 ) 1 9 7 5 ) , P r i e s t ( 1 9 7 2 ) , 

P o n i e w i e r s k i , and S t e c k i ( 1 9 7 9 ) , Faber ( 1 9 7 7 ) 1 9 8 0 ) , and 

D u n m u r and M i l l e r ( 1 9 8 2 ) . 

1.5 O r d e r P a r a m e t e r s 

One of the most s i g n i f i c a n t c h a r a c t e r i s t i c s of l i q u i d 

c r y s t a l s is the p r e s e n c e of long r a n g e o r i e n t a t i o n a l o r d e r . 

To d e f i n e the d e g r e e of o r d e r in a system it is u s u a l to 

i n t r o d u c e an order p a r a m e t e r that c h a n g e s value when 

t r a n s f o r m i n g from one p h a s e to a n o t h e r . 
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s t a r t i n g from first p r i n c i p l e s we d e f i n e a q u a n t i t y 

w h i c h g i v e s the p r o b a b i l i t y of f inding a s i n g l e m o l e c u l e at 

a s p e c i f i c p o s i t i o n and o r i e n t a t i o n in a p h a s e . This 

p r o b a b i l i t y is ( Z a n n o n i , 1 9 7 9 ) : -

= N / d r ^ dfl^ exp ( - 1U( )) 1.12 
- 1 ' 1 — - 2 ^ kT 

N 

H e r e as in the rest of this s e c t i o n , i n t e g r a t i o n v a r i a b l e s 

with sub and s u p e r - s c r i p t s will i m p l y i n t e g r a t i o n over the 

r a n g e of v a r i a b l e s , so in this c a s e , over r^^* I.3 and 

^ 2' ^3 ' 

The i n t e g r a t i o n s over dfl, a c t u a l l y refer to the t h r e e 

Euler a n g l e s in this c a s e dQ= d a s i n g d g d y over the l i m i t s 

0<A<2TR, 0<G<IT a n d 0<Y<2IT. U [ r ^ , 0 ^ ) is t h e p o t e n t i a l e n e r g y 

of the w h o l e s y s t e m . k is the B o l t z m a n n c o n s t a n t and T is 

t e m p e r a t u r e . is the p a r t i t i o n f u n c t i o n 

Z = J d r ^ d^i^ exp [ - l U C r ^ 1.13 
N - I I F f " ' 

For a h o m o g e n e o u s s y s t e m , the p h y s i c a l p r o p e r t i e s are 

u n c h a n g e d with t r a n s l a t i o n and the i n t e r a c t i o n e n e r g y will 

d e p e n d only on the r e l a t i v e s e p a r a t i o n , thus for an 

i s o t r o p i c fluid or a n e m a t i c we can w r i t e : -

= p f C O ^ ) 1.14 

W h e r e the s i n g l e t o r i e n t a t i o n a l d i s t r i b u t i o n f u n c t i o n , f(fl^) 

is 

= V fdr^doN e x p ( - l U(r,'^ft^j3 1.15 
Z , ^ 2 -

and p is the n u m b e r d e n s i t y . 

For an i s o t r o p i c fluid we have s i m p l y 

. 1 = 0 / 8 TT̂  1 . 1 6 P = P/8TT 
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The a v e r a g e of any s i n g l e p a r t i c l e o r i e n t a t i o n a l 

f u n c t i o n , A ( 0 ) , can be w r i t t e n in terms of f[0) a s : -

A = j d O f ( a ) A C O j . 1 . 1 7 

w h e r e the u p p e r bar d e n o t e s a p u r e l y o r i e n t a t i o n a l a v e r a g e . 

S i n c e f(fl) is a f u n c t i o n of the Euler a n g l e s it can be 

e x p a n d e d in a W i g n e r s e r i e s (Rose, 1 9 5 7 ) w h i c h form a 

c o m p l e t e set of o r t h o g o n a l f u n c t i o n s 

o r i e n t a t i o n a l s p a c e , t h e r e f o r e ; -

f a ) ' I fumn ( = ) 

Spanning all 

1 . 1 8 

Lmn 
m n 

H e r e f^^^ is an e x p a n s i o n c o e f f i c i e n t and is a 
mn 

W i g n e r r o t a t i o n m a t r i x (see A p p e n d i x 1). M u l t i p l y i n g both 

s i d e s of this e q u a t i o n by D ^ ^ ( O ) and i n t e g r a t i n g over 

all 0 g i v e s 

/ d o f ( o ] c r ^ ( n ) 

Lmn Lm n 
1.19 

The first term is s i m p l y the d e f i n i t i o n of the a v e r a g e of 

D ^ ^ ( O ) , w h i l e the s e c o n d term s i m p l i f i e s b e c a u s e of the 

o r t h o g o n a l i t y r e l a t i o n s h i p of Wigner r o t a t i o n m a t r i c e s , 

g i v i n g : -

mn Lmn 2 L + 1 
1 . 2 0 

Thus the s i n g l e t o r i e n t a t i o n a l d i s t r i b u t i o n f u n c t i o n i s : -

f ( 0 ) 
- T ^ 
STT Lmn 

L* 
The a v e r a g e s D are the i n f i n i t e n u m b e r of 

^ mn 

o r i e n t a t i o n a l order p a r a m e t e r s which c o m p l e t e l y d e f i n e f(ft). 

A s s u m i n g we know the exact form of the s i n g l e t d i s t r i b u t i o n 
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f u n c t i o n , then we are able to c a l c u l a t e all the o r d e r 

p a r a m e t e r s , and c o n v e r s e l y , k n o w i n g m o r e and m o r e o r d e r 

p a r a m e t e r s g i v e s e x t r a i n f o r m a t i o n a b o u t f ( n ) . 

For a p a r t i c u l a r rank L, s i n c e the s u b s c r i p t s m and n 
2 

can have v a l u e s , L , L - 1 -L, t h e r e can be up to ( 2 L + 1 ) 

o r d e r p a r a m e t e r s , a l t h o u g h t h i s n u m b e r can be r e d u c e d if the 

s y m m e t r i e s of the m e s o p h a s e and its m o l e c u l e s a r e t a k e n i n t o 

a c c o u n t . For e x a m p l e , in an u n i a x i a l n e m a t i c m e s o p h a s e , the 

d i s t r i b u t i o n f u n c t i o n must be i n v a r i a n t to any r o t a t i o n 

a b o u t the a x i s of s y m m e t r y or d i r e c t o r . If we d e f i n e t h i s to 

be a l o n g the z a x i s d i r e c t i o n then the s u b s c r i p t m has to be 

z e r o , s i n c e the s i n g l e t d i s t r i b u t i o n f u n c t i o n m u s t be 

i n d e p e n d e n t of the E u l e r a n g l e a. F u r t h e r m o r e , if we a s s u m e 

that the m o l e c u l e s are c y l i n d r i c a l l y s y m m e t r i c and the 

s y s t e m has a m i r r o r p l a n e p e r p e n d i c u l a r to the d i r e c t o r t h e n 

n=o and L a d o p t s even v a l u e s o n l y . T h u s , m a k i n g t h e s e 

a p p r o x i m a t i o n s r e d u c e s t h e s i n g l e t o r i e n t a t i o n a 1 

d i s t r i b u t i o n f u n c t i o n t o : -

f ( B ) = ) f, oL ( 6 ) 1 . 2 2 
L ' L 
L even 

00 

As f ( g ) = f ( 0 ) / 4 n ^ , it f o l l o w s that the e x p a n s i o n c o e f f i c i e n t s 

f^ a r e : -

= [ 2 L + 1 ) P ^ 1 . 2 3 

and now the o r d e r p a r a m e t e r s are just the a v e r a g e s of the 

L e g e n d r e p o l y n o m i a l s , of w h i c h the first six e v e n r a n k e d a r e 

g i v e n in A p p e n d i x 7. The s i n g l e t o r i e n t a t i o n a l d i s t r i b u t i o n 

f u n c t i o n for c y l i n d - r i c a l l y s y m m e t r i c p a r t i c l e s is 

t h e r e f o r e : -

f ( B ) = Y ( 2 L + 1 ) P ^ P|^(COS6) 1 - 2 4 

L ^ 

At this p o i n t it is w o r t h c o n s i d e r i n g w h e t h e r the 

e x p a n s i o n is c o n v e r g e n t . C l e a r l y for a t o t a l l y o r d e r e d 
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s y s t e m all the P ^ ' s will be unity and t h e r e f o r e the 

e x p a n s i o n will d i v e r g e . H o w e v e r , for lower o r i e n t a t i o n a l 

o r d e r , f ( 3 ) could c o n v e r g e s i n c e > Pg > 

"p^ a l t h o u g h the f a c t o r ((2L + l ) / 2 ) would have to be 

taken into a c c o u n t . 

For s y s t e m s of l o w e r s y m m e t r y , f u r t h e r o r d e r p a r a m e t e r s 

are r e q u i r e d to d e f i n e the s i n g l e t o r i e n t a t i o n a l 

d i s t r i b u t i o n f u n c t i o n , a full a c c o u n t of w h i c h has been 

given by Z a n n o n i {1919). 

1.6 P a i r d i s t r i b u t i o n f u n c t i o n s 

In the p r e v i o u s s e c t i o n we have seen how the s i n g l e 

p a r t i c l e d i s t r i b u t i o n f u n c t i o n could be used to c a l c u l a t e 

the o r i e n t a t i o n a l order p a r a m e t e r s . H o w e v e r , the pair 

d i s t r i b u t i o n f u n c t i o n can yield more i n f o r m a t i o n , a l t h o u g h 

it is more d i f f i c u l t to c a l c u l a t e . The p r o b a b i l i t y of 

s i m u l t a n e o u s l y f i n d i n g a p a r t i c l e at r̂ ^ with o r i e n t a t i o n , 

and a s e c o n d m o l e c u l e at r_ and can be w r i t t e n as (Hansen 

and M c D o n a l d , 1976', Z a n n o n i , 1979', T i l d e s l e y , 1 9 8 2 ) : -

^ 2 ) 
,1! -r a , ) = exp ( - l u ( r " ) 

L Z" i ^ 1, 25 

W h e r e the i n t e g r a t i o n is now over v a r i a b l e s dr^, d £ ^ d£^ 

and d O j , dfl^ d G ^ . As the s e p a r a t i o n of the two 

m o l e c u l e s b e c o m e s i n f i n i t e l y l a r g e , then a s s u m i n g t h e r e are 

no i n f i n t e l y long r a n g e t r a n s l a t i o n a l or o r i e n t a t i o n a l 

c o r r e l a t i o n s (c.f c r y s t a l l i n e s o l i d s ] , the pair d i s t r i b u t i o n 

p r o b a b i l i t y will just b e c o m e the p r o d u c t of two single 

p a r t i c l e p r o b a b i l i t i e s . S o : -

p ' ^ ( r ^ ^ 1 . 2 6 

This p r o p e r t y can be used to d e f i n e a r e d u c e d two p a r t i c l e 

d i s t r i b u t i o n or c o r r e l a t i o n f u n c t i o n such that it t e n d s to 

one as r^-r^-*-1* , i e : -
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p C i ^ C r i . n ^ j p C i ^ C r g . a g ] 

In very d i l u t e s y s t e m s where s i m u l t a n e o u s i n t e r a c t i o n s 

i n v o l v i n g t h r e e or more p a r t i c l e s can be n e g l e c t e d we f i n d : -

Lim ,n ,r. ) = e x p ( - J _ U(ft, ,r r , „ ) ) 1.28 
/'•̂ O kT i 1 ^ ^ 

From e q u a t i o n 1.14 we have seen for an h o m o g e n e o u s fluid or 

n e m a t i c t h a t ; -

= p f ( 0 ) 1.29 

thus s u b s t i t u t i o n into e q u a t i o n 1.27 g i v e s 

For s p h e r i c a l m o l e c u l e s this b e c o m e s t o t a l l y i n d e p e n d e n t of 

r e l a t i v e o r i e n t a t i o n and r e d u c e s to the r a d i a l d i s t r i b u t i o n 

f u n c t i o n , g C r ) , m e a s u r e d in a t o m i c l i q u i d s . 

For c o n v e n i e n c e we shall i n t r o d u c e a scaled pair 

c o r r e l a t i o n f u n c t i o n d e f i n e d a s : -

This a l s o has l i m i t i n g p r o p e r t i e s as r ^ - r ^ 

Lim = f C O ^ J f C O ^ ) 1.32 

-12"*" ̂  

and as /o-»-0 
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Lim - f ( ^ ) f (^2 ̂  " 1 — ^ ^ 
f + 0 kT 

1. 33 

When G ( r ^ 2 » ^ x ' ^ 2 ^ d e f i n e d in a l a b o r a t o r y axis 

s y s t e m , it will not only d e p e n d on the s e p a r a t i o n of 

m o l e c u l e s 1 and 2, but also on the o r i e n t a t i o n of the 

i n t e r m o l e c u l a r v e c t o r , so it can be e x p a n d e d as (Rose 

1957):-

R ^ ] ^ 2 ^ 1 '^9 L 
G ( r ^ 2 ' " l ' " 2 ^ = Z ^ L L ^ L ^ ( r i 2 ) D m | n ^ C G l ) 

If we now e x p l o i t the s y m m e t r y of an i d e a l i s e d s y s t e m , 

in this case if we a s s u m e that the d i s t r i b u t i o n of the 

i n t e r m o l e c u l a r v e c t o r is s p h e r i c a l l y s y m m e t r i c , the system 

is r o t a t i o n a l l y i n v a r i a n t and the m o l e c u l e s are 

c y l i n d r i c a l l y s y m m e t r i c it can be shown that this e x p r e s s i o n 

r e d u c e ^ to ( Z a n n o n i , 1 9 7 9 ) ; -

G (_r ̂  2 »^ > ̂ 2 ̂  1 2 ' ^ 1 2 ^ 1«35 

So the r e d u c e d pair d i s t r i b u t i o n f u n c t i o n d e p e n d s only on 

the r e l a t i v e o r i e n t a t i o n s of the two m o l e c u l e s . M u l t i p l y i n g 

both s i d e s of e q u a t i o n 1.35 by and i n t e g r a t i n g 
00 

g i v e s : -

G°°(rj2) = 1.36 

= = ( ^ 2 ) 
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Here is the p r o b a b i l i t y of finding two m o l e c u l e s 

s e p a r a t e d by a d i s t a n c e r^g. We can now define a n o r m a l i s e d 

r e d u c e d pair c o r r e l a t i o n f u n c t i o n a s : -

G^_(r^2^ - G|_ (^12^ ^ 0 0 ^ ^ 1 2 ^ ^ ^12^ 

= P^(cos3j^2^^ ^12^ 1-38 

This pair c o r r e l a t i o n f u n c t i o n is e x t r e m e l y i m p o r t a n t in 

s y s t e m s c o m p o s e d of c y l i n d r i c a l l y s y m m e t r i c m o l e c u l e s and 

has some i n t e r e s t i n g p r o p e r t i e s . For e x a m p l e , if r i s 

taken to equal the a v e r a g e n e a r e s t n e i g h b o u r s e p a r a t i o n then 

^I'^^nearest n e i g h b o u r ' - ( L / 0 ) w i l l d e f i n e a short range 

order p a r a m e t e r . It also p r o v i d e s a r i g o r o u s test to 

m o l e c u l a r field theory (see l a t e r ) as this p r e d i c t s G ^ ( r ) to 

be i n d e p e n d e n t of r. F u r t h e r m o r e , with c e r t a i n i n t e r a c t i o n 

p o t e n t i a l s , it also p r o v i d e s a r o u t e to the total i n t e r n a l 

energy (see C h a p t e r 3). A l s o , using the c l o s u r e r e l a t i o n s h i p 

for W i g n e r r o t a t i o n m a t r i c e s (see A p p e n d i x 1) e q u a t i o n 1.37 

can be r e - w r i t t e n a s : -

n n 

or, in t e r m s of m o d i f i e d s p h e r i c a l h a r m o n i c s a s : -

'^L^^12^ l^Ln^^l'°'l^^Ln'-^2°'2^ 

n 

T h e r e f o r e a s s u m i n g local u n a x i a l s y m m e t r y , in the limit 

that ^12'*''^ the a v e r a g e of the a b o v e e x p r e s s i o n can be 

w r i t t e n a s ; -

Lim 1.40 
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Thus t h e s e pair c o r r e l a t i o n s f u n c t i o n s also p r o v i d e a 

route to the set of o r i e n t a t i o n a l order p a r a m e t e r s for our 

i d e a l i s e d n e m a t i c c o m p o s e d of c y l i n d r i c a l l y s y m m e t r i c 

m o l e c u l e s . 

1.7 I n t e r m o l e c u l a r pair p o t e n t i a l s 

To i n v e s t i g a t e the m o l e c u l a r p r o p e r t i e s of l i q u i d 

c r y s t a l l i n e s y s t e m s a p r e c i s e k n o w l e d g e of the form of the 

i n t e r m o l e c u l a r pair p o t e n t i a l should be k n o w n . G e n e r a l l y 

m o l e c u l e s w h i c h form l i q u i d c r y s t a l p h a s e s are e x t r e m e l y 

c o m p l e x , o f t e n b e i n g c o m p o s e d of two or m o r e a r o m a t i c r i n g s 

and o f t e n h a v i n g long f l e x i b l e a l k y l c h a i n s . C l e a r l y it 

would be i m p o s s i b l e to take into a c c o u n t the m y r i a d of 

i n t e r a c t i o n s i n v o l v e d , and, t h e r e f o r e to study such s y s t e m s 

t h e o r e t i c a l l y s e v e r e a p p r o x i m a t i o n s h a v e to be i m p o s e d . 

H o w e v e r , b e f o r e c o n s i d e r i n g t h e s e a p p r o x i m a t i o n s it is 

i n s t r u c t i v e to c o n s i d e r the e v a l u a t i o n of the i n t e r a c t i o n s 

which exist in t h e s e m o l e c u l a r s y s t e m s . One way would be to 

s i m p l y c a l c u l a t e the n u m b e r of a t o m - a t o m i n t e r a c t i o n s that 

exist in l a r g e m o l e c u l e s , or a n o t h e r to i d e n t i f y and 

e v a l u a t e the major c o n t r i b u t i o n s a r i s i n g from e l e c t r o n i c 

e f f e c t s . For e x a m p l e , any f l u c t u a t i o n in the c h a r g e 

d i s t r i b u t i o n will p r o d u c e an i n s t a n t a n e o u s e l e c t r o p o l e 

m o m e n t , w h i c h in turn will i n d u c e an effect in n e i g h b o u r i n g 

s p e c i e s . These f o r c e s are known as L o n d o n d i s p e r s i o n f o r c e s 

( L o n d o n , 1930 M a r g e n a u and K e s t n e r , 1969 H i r s c h f e l d e r £t 

al, 1 9 6 4 ) and can be e x t r e m e l y i m p o r t a n t . Also some 

m o l e c u l e s p o s s e s s d i p o l e m o m e n t s , for e x a m p l e , in the 

c y a n o b i p h e n y I s w h e r e the CN group is l a r g e l y r e s p o n s i b l e for 

the d i p o l e m o m e n t ( D u n m u r and M i l l e r , 1 9 8 0 ) , w h e r e 

d i p o l e - d i p o l e , d i p o l e - i n d u c e d d i p o l e and h i g h e r r a n k e d 

i n t e r a c t i o n s will o c c u r . Of c o u r s e these i n t e r a c t i o n s will 

have d i f f e r e n t m a g n i t u d e s d e p e n d i n g on the i n t e r m o l e c u l a r 

s e p a r a t i o n and o r i e n t a t i o n of the m o l e c u l a r a x e s , and they 

will be e i t h e r a t t r a c t i v e or r e p u l s i v e . D i p o l e - d i p o l e 
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i n t e r a c t i o n s , for e x a m p l e , are a t t r a c t i v e and d i m i n i s h as 

r~^ (here r is the i n t e r m o l e c u l a r s e p a r a t i o n ) , w h i l e 

d i s p e r s i o n f o r c e s vary as r~^. 

An a l t e r n a t i v e a p p r o a c h to o b t a i n i n g the form of the 

i n t e r m o l e c u l a r p o t e n t i a l is by i n t r o d u c i n g a m a t h e m a t i c a l 

f o r m a l i s m based on some a s s u m e d m o l e c u l a r i n t e r a c t i o n . At 

the most c r u d e s t l e v e l , the m o l e c u l e s can be r e g a r d e d as 

hard s p h e r e s , so that the p o t e n t i a l energy is i n f i n i t e when 

the s p h e r e s o v e r l a p but o t h e r w i s e z e r o . A softer i n t e r a c t i o n 

can be u s e d , for e x a m p l e the L e o n a r d - J o n e s p o t e n t i a l . In 

this c a s e the s p h e r i c a l m o l e c u l e s e x p e r i e n c e a s t r o n g 

r e p u l s i v e force when the m o l e c u l a r s e p a r a t i o n is less some 

p r e - d e f i n e d e q u i l i b r i u m d i s t a n c e , and r e l a t i v e l y s t r o n g long 

r a n g e a t t r a c t i v e f o r c e s . H o w e v e r , in g e n e r a l m o l e c u l e s are 

not s p h e r i c a l , and even a s s u m i n g them rigid the 

i n t e r m o l e c u l a r p o t e n t i a l will d e p e n d on as many as 5 

i n d e p e n d e n t c o o r d i n a t e s . In this c a s e a true r e p r e s e n t a t i o n 

of the pair p o t e n t i a l , p r o v i d e d the m o l e c u l e s do not 

o v e r l a p , can be w r i t t e n as the i n f i n i t e s e r i e s ( S t o n e 1 9 7 8 , 

1979):-

V k k k k 

^12 " L 

H e r e the s u m m a t i o n is over all sub and super scripts, the 

c o e f f i c i e n t u d e p e n d s only on the i n t e r m o l e c u l a r s e p a r a t i o n , 

'"2 
X ° m 2 k 2 ( a 2 ) C j m ( 8 0 ) . 1 - 4 2 

The term in p a r e n t h e s i s is the W i g n e r 3 - j s y m b o l ( R o s e , 

1 9 5 7 ) , the D ^ ^ ( O ) are the W i g n e r r o t a t i o n m a t r i c e s ( R o s e , 

1 9 5 7 ) , a few p r o p e r t i e s of which are listed in A p p e n d i x 1, 

and Cj^( 8 0 ) is a m o d i f i e d s p h e r i c a l h a r m o n i c with 

a r g u m e n t s 8 and 0, the s p h e r i c a l polar a n g l e s of the 
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i n t e r m o l e c u l a r v e c t o r in some space fixed c o o r d i n a t e s y s t e m 

as d e f i n e d in F i g u r e 1.6. T h r o u g h o u t this t h e s i s the s y m b o l , 

a, will refer to the t h r e e Euler a n g l e s , a , B , Y as d e f i n e d by 

R o s e ( 1 9 5 7 ) . 

This e x p r e s s i o n has the d i s t i n c t a d v a n t a g e that it 

f a c t o r s out the d i s t a n c e d e p e n d e n c e of the p o t e n t i a l , the 

o r i e n t a t i o n s of m o l e c u l e s 1 and 2, and the o r i e n t a t i o n of 

the i n t e r m o l e c u l a r v e c t o r into i n d i v i d u a l t e r m s , which 

a l l o w s r e l a t i v e l y easy m a t h e m a t i c a l m a n i p u l a t i o n . A few of 

the S - f u n c t i o n s with kj=k2 = 0 are listed in A p p e n d i x 2 in 

t e r m s of the unit v e c t o r s d e s c r i b i n g the o r i e n t a t i o n s of 

each m o l e c u l e , , and and the i n t e r m o l e c u l a r v e c t o r 

( S t o n e , 1978). F u r t h e r m o r e , v a r i o u s terms from e q u a t i o n 1.41 

can be i d e n t i f i e d with m o r e c l a s s i c a l i n t e r a c t i o n s . For 

e x a m p l e , d i p o l e - d i p o l e interactions occur as the 

t e r m . T h u s : -

00 00 

^ d i p - d i p 

0 0 

U l i 2 C r ) [ z i ' Z 2 - 3(z^r)(z2'lil 

w h e r e 

1.44 

and s i m i l a r l y a n i s o t r o p i c ^ ^ o n d o r ^ ^ d i s p % % s i o n f o r c e s are 

c g g t a i n e d ^ the t e r m s , S Q g g , S g o g , and 

^ 2 2 4 ' This r e s u l t s in the d i s p e r s i o n p o t e n t i a l b e t w e e n a 

pair of l i n e a r m o l e c u l e s 
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^ d i s p 
1- 3(z .r)2 _ 3 ( z _ . r ) 2 

2 - 1 - 2 ~ 

- 9 ( z ^ . r } 2 ( z 2 . r ) 2 + 6 ( . r 3 ( . r ) ( ) - ( z ^ . z ^ ) ^ ] 

1.45 

w h e r e '^202 ~ ^^022 ~ 1.46 

U22O = - Y ^ E ^ / / 5 1.47 

U 2 2 2 " "Y E ^ / l O / 7 1.48 

U 2 2 4 = - Y ^ e Q 5 4 / 2 / 3 5 1.49 

This is in a c c o r d with the e x p r e s s i o n quoted by Kohin ( 1 9 6 0 ) 

and the e a r l i e r d e r i v a t i o n g i v e n by de Boer ( 1 9 4 2 ) . 

In g e n e r a l any type of i n t e r a c t i o n can be i d e n t i f i e d 

with terms from e q u a t i o n 1.41 to r e p r e s e n t any type of 

m o l e c u l a r i n t e r a c t i o n , for e x a m p l e d i p o l e - i n d u c e d d i p o l e , 

q u a d r u p o l e - q u a d r u p o l e etc, and so it has e x t r e m e i m p o r t a n c e 

in the i n v e s t i g a t i o n of the m o l e c u l a r p r o p e r t i e s of l i q u i d s . 

1.8 The m o l e c u l a r field a p p r o x i m a t i o n and M a i e r - S a u p e theory 

The aim of this s e c t i o n is to give a d e r i v a t i o n of the 

h i g h l y s u c c e s s f u l M a i e r - S a u p e theory with the aid of the 

s t a t i s t i c a l m e c h a n i c s d e v e l o p e d in s e c t i o n 1.5. S i m p l y it 

i n v o l v e s using the m o l e c u l a r field a p p r o x i m a t i o n to o b t a i n a 

s u i t a b l e p o t e n t i a l of mean t o r q u e from which v a r i o u s 

t h e r m o d y n a m i c r e l a t i o n s can be o b t a i n e d . 

The total p o t e n t i a l energy of a liquid or g a s e o u s 

s y s t e m to a good a p p r o x i m a t i o n can be w r i t t e n as the sum of 

all the e f f e c t i v e pair i n t e r a c t i o n s (Hansen and M c D o n a l d , 
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1 9 7 6 ) i . e . : -

N 

u ( x " ) = ] ) 1.50 

•" <i 

H e r e X is an a b b r e v i a t i o n for the s p a t i a l and 

o r i e n t a t i o n a l c o o r d i n a t e s £ and A. If we d i f f e r e n t i a t e 

e q u a t i o n 1.12 with r e s p e c t to all the c o o r d i n a t e s of 

m o l e c u l e 1 we f i n d : -

kT 
= - 1 / d X 2 V j U ( X ^ , X j ) p ' 2 ) ( x ^ , X 2 ) 1.51 

This e q u a t i o n is the first is a s e r i e s of the 

Y v o n - B o r n - G r e e n h i e r a r c h y ( H a n s e n and M c D o n a l d , 1976; 

L u c k h u r s t , 1 9 7 9 ) and e x p r e s s e s the g r a d i e n t of one 

d i s t r i b u t i o n f u n c t i o n as the i n t e g r a l of the next. 

S u b s t i t u t i n g e q u a t i o n s 1.14 and 1.30 and d i v i d i n g by f ( a ^ ] 

g i v e s : -

V^lnfCfi^) = - £ dr^dfl^ 1 - 5 2 

At this stage we i n v o k e the m o l e c u l a r field a p p r o x i m a t i o n 

and a s s u m e that the r e d u c e d pair c o r r e l a t i o n f u n c t i o n is 

i n d e p e n d e n t of the o r i e n t a t i o n of the two m o l e c u l e s , and so 

g [ £ ^ 2 r e p l a c e d by 

This a l l o w s e q u a t i o n 1.52 to be i n t e g r a t e d , g i v i n g : -

f ( O i ) = l e x p C - 1 U(0 )} 1.53 
^ Z kT ^ 

H e r e Z can be o b t a i n e d from the n o r m a l i s i n g c o n d i t i o n 

i . e . : -

J d O f ( O ) = 1 1.54 

is the p o t e n t i a l of mean torque or the p s e u d o 

p o t e n t i a l for m o l e c u l e 1 p l a c e d in a field c r e a t e d by the 

i n t e r a c t i o n with all o t h e r m o l e c u l e s in the s y s t e m . It is 
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r e l a t e d to the pair p o t e n t i a l by 

= p j d r ^ 2 d 0 2 1.55 

In o t h e r w o r d s , the p o t e n t i a l of mean t o r q u e can be o b t a i n e d 

by a v e r a g i n g a pair p o t e n t i a l over all o r i e n t a t i o n s of the 

second m o l e c u l e and i n t e r m o l e c u l a r v e c t o r , and over all 

i n t e r m o l e c u l a r s e p a r a t i o n s . 

C e r t a i n t h e r m o d y n a m i c r e s u l t s can now be w r i t t e n d o w n . 

For e x a m p l e the total c o n f i g u r a t i o n a l i n t e r n a l e n e r g y i s : -

U = p ^ v f d r ^ 2 d 0 i d 0 2 U ( r ^ 2 , 0 i , 0 2 ) f ( 0 i ) f ( 0 2 ) 9 ( ^ 1 2 ) 1 - 5 6 

2 

The e n t r o p y in t e r m s of the N - b o d y d i s t r i b u t i o n 

f u n c t i o n is ( L u c k h u r s t , 1 9 7 9 ) : -

5 =Lk 1.57 fe) 
thus in the limit of the m o l e c u l a r field a p p r o x i m a t i o n , this 

can be w r i t t e n a s : -

S = -Nk JdJ2^f (fij^Jln [f - N k l n p + k l n N ! 

- ( k p ^ / N ! ) j d r ^ g ^ C r ^ ) l n ( g ( ^ ) c r ^ J ) . 

and the H e l m h o l t z free energy can be e v a l u a t e d s i n c e 

AA = AU - TA5 1. 59 

In o r d e r to o b t a i n a p s e u d o p o t e n t i a l , we m u s t start 

from a s u i t a b l e pair p o t e n t i a l , a s u i t a b l e s t a r t i n g point 

b e i n g the e q u a t i o n given e a r l i e r . ( E q u a t i o n 1 . 4 1 ) 

A v e r a g i n g this e q u a t i o n over all i n t e r m o l e c u l a r 

s e p a r a t i o n s , all o r i e n t a t i o n s of m o l e c u l e 2 and all 

o r i e n t a t i o n s of the i n t e r m o l e c u l a r v e c t o r , a s s u m i n g 

c y l i n d r i c a l l y s y m m e t r i c m o l e c u l e s forming a u n i a x i a l 
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m e s o p h a s e with the d i r e c t o r a l o n g the z - l a b o r a t o r y axis 

g i v e s the p o t e n t i a l of mean torque as ( H u m p h r i e s £t al^, 1972 

L u c k h u r s t , 1 9 7 9 ) : -

U [ 6 ) = 2 u ^ P ^ P ^ ( c o s 3 ) 1.60 

L 

w h e r e u^ is the a v e r a g e of the ranked i n t e r a c t i o n 

p a r a m e t e r , P|̂  are the a v e r a g e s of the L e g e n d r e 

p o l y n o m i a l s w h i c h , as we have seen are the the o r i e n t a t i o n a l 

order p a r a m e t e r s , and 6 is the angle b e t w e e n the m o l e c u l a r 

s y m m e t r y axis and the d i r e c t o r . 

Maier and Saupe ( 1 9 5 8 , 1959, 1 9 6 0 ) o b t a i n e d just the 

s e c o n d rank term in this s u m m a t i o n s i n c e they used as a 

s t a r t i n g point an e x p r e s s i o n for second rank i n t e r m o l e c u l a r 

d i s p e r s i o n f o r c e s . P r i o r to this, K r e i g e r and J a m e s ( 1 9 5 4 ) 

used a s i m i l a r p s e u d o p o t e n t i a l to d e s c r i b e m o l e c u l a r 

o r i e n t a t i o n a l o r d e r in c r y s t a l l i n e s y s t e m s . 

The o r i e n t a t i o n a l c o n t r i b u t i o n to the i n t e r n a l energy 

can now be e v a l u a t e d s i n c e : -

f ( B ) = 1 e x p ( J _ yn P P (cosB)) 1.61 
Z kT ^ L L L 

w h e r e the o r i e n t a t i o n a l p a r t i t i o n f u n c t i o n i s : -

Z = / d 6 s i n 6 e x p ( 2 _ )u, P _ P _ ( c o s 6 ^ ) 1.62 
kT ^ L / / 

Using e q u a t i o n 1.56 the total i n t e r n a l energy can be w r i t t e n 

as; -

U = N ^ u, p2 1.63 
3 , ^ L U 

and the e n t r o p y from e q u a t i o n 1.58 a s : -

Y -S N 2 P̂ _ -f N k l ^ Z 1 - 6 4 
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C o m b i n i n g these two e x p r e s s i o n s g i v e s the H e l m h o l t z free 

e n e r g y , A, 

A =-N ^ U|_P^ - N k T l n Z 

or A = 1 y - InZ 1.65 
N k T 2 k T L 

The o r i e n t a t i o n a l order p a r a m e t e r s can now be c a l c u l a t e d 

s i n c e 

P, = 1 / d 3 s i n 3 P ( c o s B ) f ( 6 ) 
^ z •-

1 / d g s i n g P ( c o s g ) e x p C l ) u F P ( c o s g ) ) 
Z ^ kT ^ L L L 

1. 66 

which is c o n s i s t a n t with the c o n s t r a i n t that for e q u i l i b r i u m 

the free energy is a m i n i m u m with r e s p e c t to v a r i a t i o n s in 

the o r d e r p a r a m e t e r s . R e s t r i c t i n g the p s e u d o p o t e n t i a l to 

s e c o n d rank t e r m s as in Maier and S a u p e ' s d e r i v a t i o n gives 

the self c o n s i s t a n t e q u a t i o n s for the o r d e r p a r a m e t e r s : -

P = / d g s i n g P C c o s g ) e x p ( e P P ( c o s B ) 1.67 
^ Z ^ kT 

and 

P/ = i / d B s i n B P . ( c o s g ) e x p ( £ P P ( c o s g ) 1.68 
^ Z ^ kT ^ ^ 

w h e r e e = u^. F i g u r e 1.7 shows the t e m p e r a t u r e d e p e n d a n c e 

of Pg c a l c u l a t e d using e q u a t i o n 1.67. A s o l u t i o n e x i s t s 

for all v a l u e s of kT/e with P^ equal to zero, 

c o r r e s p o n d i n g to the i s o t r o p i c p h a s e . In a d d i t i o n in the 

r a n g e of kT/e b e t w e e n 0 and 0 . 2 2 2 8 two o t h e r s o l u t i o n s for 

Pg e x i s t . To d e t e r m i n e which of these v a r i o u s s o l u t i o n s 

c o n s t i t u t e a s t a b l e p h a s e , the o r i e n t a t i o n a l free energy 

must be c a l c u l a t e d . It turns out that b e t w e e n k T / e = 0 and 
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Fig 1.6 A x i s c o o r d i n a t e s y s t e m for a pair of m o l e c u l e s of 

a r b i t r a r y s h a p e . 

0.Q 

P2-

0.4 

O.0 kT/E 

0.05 dl5 Q25 

-0.4 

F i g 1.7 The M a i e r - S a u p e m o l e c u l a r field p r e d i c t i o n for the 

t e m p e r a t u r e d e p e n d e n c e of the o r i e n t a t i o n a l order 

p a r a m e t e r 
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k T / e = 0 . 2 2 0 2 the p h a s e of h i g h e s t order is s t a b l e , w h i l e at 

h i g h e r t e m p e r a t u r e s the i s o t r o p i c state is more s t a b l e . At 

k T / e = 0 . 2 2 0 2 the g r a d i e n t of the free energy ( 3 A / 3 T ) ^ is 

d i s c o n t i n u o u s with an e n t r o p y c h a n g e of AS/Nk ^ 0 . 4 1 7 . 

T h e r e f o r e , at this t e m p e r a t u r e , a first order t r a n s i t i o n 

o c c u r s b e t w e e n the n e m a t i c and i s o t r o p i c p h a s e s . at the 

t r a n s i t i o n is 0 . 4 2 9 while is p r e d i c t e d to be 0 . 1 2 0 . 

A l t h o u g h this theory is u n a b l e to p r e d i c t the 

t r a n s i t i o n t e m p e r a t u r e s of real n e m a t i c p h a s e s , b e c a u s e the 

i n t e r a c t i o n p a r a m e t e r , G, will d e p e n d on v a r i o u s p a r a m e t e r s 

a r i s i n g from v a r i o u s i n t e r a c t i o n s p r e s e n t , (eg d i p o l a r , 

d i s p e r s i o n , e t c ) it does give r e l a t i v e l y good a g r e e m e n t with 

the o r o e r p a r a m e t e r when p l o t t e d on a r e d u c e d t e m p e r a t u r e 

s c a l e (eg T / T ^ ^ , w h e r e T^^ is the n e m a t i c - i s o t r o p i c p h a s e 

t r a n s i t i o n t e m p e r a t u r e ) (See for e x a m p l e H u m p h r i e s e ^ al, 

1972, H u m p h r i e s and L u c k h u r s t , 1 9 7 2 ) . 

F u r t h e r m o d i f i c a t i o n s have been made to the s i m p l e 

t h e o r y , for e x a m p l e , by r e t a i n i n g fourth rank t e r m s in the 

p s e u d o p o t e n t i a l ( H u m p h r i e s 1 9 7 2 ) , it is 

p o s s i b l e to fit a l m o s t e x a c t l y any e x p e r i m e n t a l data (with 

the e x c e p t i o n of the c h a n g e in e n t r o p y at the t r a n s i t i o n , 

pair c o r r e l a t i o n s and related q u a n t i t i e s ) s i m p l y by v a r y i n g 

the ratio of to e^. H o w e v e r , n o t h i n g more will be said of 

this t h e o r y . Other m o d i f i c a t i o n have been made by Horn and 

F a b e r , ( 1 9 7 9 ) who i n v e s t i g a t e d the i n c l u s i o n of other h i g h e r 

ranked terms in the p s e u d o p o t e n t i a l , for e x a m p l e t e r m s 

d e p e n d a n t on (P^iP^), terms which d e p e n d on 

t h e s e o r d e r p a r a m e t e r s which t h e m s e l v e s are f u n c t i o n s of the 

r e d u c e d t e m p e r a t u r e . T h e s e m o d i f i c a t i o n s are, h o w e v e r , 

d i f f i c u l t to j u s t i f y s i n c e they do not occur in the r i g o r o u s 

d e r i v a t i o n of the p o t e n t i a l of the mean t o r q u e . H o w e v e r , 

like the H u m p h r i e s - J a m e s - L u c k h u r s t theory they do p r o v i d e 

b e t t e r a g r e e m e n t with e x p e r i m e n t a l t r e n d s than the s i m p l e 

t h e o r y . A s i m i l a r a l t h o u g h m o r e c o m p l e t e d i s c u s s i o n has been 

g i v e n by K v e n t z e l and K a t r i e l ( 1 9 8 2 ) . 

The s i m p l e M a i e r - S a u p e d e r i v a t i o n a s s u m e s n o t h i n g of 
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the v o l u m e d e p e n d e n c e on the p s e u d o p o t e n t i a l , and v a r i o u s 

p e o p l e have i n v e s t i g a t e d ways of i n c l u d i n g this, for e x a m p l e 

H u m p h r i e s and L u c k h u r s t , (1972)', H u m p h r i e s e_t ^ ( 1 9 7 2 ) . 

H o w e v e r , the o v e r a l l e f f e c t of i n c l u d i n g volume c h a n g e s only 

p r o d u c e s slight i m p r o v e m e n t s to the p r e d i c t e d r e s u l t s , 

( C o t t e r , 1 9 7 7 ) . 

F u r t h e r m o r e , the m o l e c u l a r field theory has been 

a p p l i e d to n o n - c y l i n d r i c a l l y s y m m e t r i c m o l e c u l e s 

( L u c k h u r s t ^ 1975', S t r a l e y , 1 9 7 4 ) to y i e l d * r e a s o n a b l e 

a c c o u n t of the t e m p e r a t u r e d e p e n d a n c e of the o r d e r p a r a m t e r 

at c o n s t a n t v o l u m e for the m o l e c u l e P A A . 

H o w e v e r , the l a r g e s t and p e r h a p s most s e v e r e 

a p p r o x i m a t i o n in all the t h e o r e t i c a l w o r k s i s the use of 

the m o l e c u l a r field a p p r o x i m a t i o n and one of the a i m s , 

t h e r e f o r e , of this t h e s i s is to test its v a l i d i t y . 

A theory of the next h i g h e s t order has been d e v e l o p e d 

by S h e n g and W o j t o w i c z ( 1 9 7 6 ) , w h i c h i n s t e a d of l o o k i n g at 

one m o l e c u l e in a field of o t h e r s , i n v e s t i g a t e s the 

p r o p e r t i e s of two in the m o l e c u l a r field c r e a t e d by t h e i r 

n e i g h b o u r s . This is known as the c o n s t a n t c o u p l i n g or two 

site c l u s t e r theory and has also been used with v a r y i n g 

d e g r e e s of s u c c e s s to d e s c r i b e some of the p r o p e r t i e s in 

ferro and a n t i f e r r o m a g n e t i s m , in p a r t i c u l a r the 

d e t e r m i n a t i o n of c r i t i c a l p o i n t s , the t e m p e r a t u r e d e p e n d a n c e 

of m a g n e t i s m and s u s c e p t i b i l i t y , and the short r a n g e o r d e r . 

In the mean field a p p r o x i m a t i o n , o r i e n t a t i o n is i n d e p e n d e n t 

of s e p a r a t i o n , so with short r a n g e e f f e c t s taken into 

a c c o u n t an i m p r o v e m e n t oven mean field theory would be 

e n v i s a g e d . Indeed when c o m p a r e d with e x p e r i m e n t a l d a t a this 

is the c a s e . 

The theory is very s i m i l a r to that in the M a i e r - S a u p e 

d e r i v a t i o n , e x c e p t the p s e u d o p o t e n t i a l is n o w : -

12 

1.69 
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In o t h e r w o r d s the a v e r a g e c o n s t a n t c o u p l i n g p o t e n t i a l , 

is c o m p o s e d of two t y p e s of t e r m , V^p w h i c h is the 

m o l e c u l a r field p s e u d o p o t e n t i a l e x p e r i e n c e d by m o l e c u l e s 1 

and 2, and a term a r i s i n g from the d i r e c t i n t e r a c t i o n of 

m o l e c u l e s 1 and 2, The c o e f f i c i e n t z is s i m p l y the 

c o o r d i n a t i o n n u m b e r . The term will c l e a r l y d e p e n d on the 

d i f f e r e n c e in o r i e n t a t i o n b e t w e e n m o l e c u l e s 1 and 2, as 

c o s 6 ^ 2 = cosg cosg + s i n g ^ s i n B c o s [ 0 ^ - 0 2 ) 1.70 

w h e r e 3^, 6^ ^^d 0^ and 0 are d e f i n e d in F i g u r e 1.6. 

Thus can be e x p a n d e d g e n e r a l l y a s : -

*'cc = I "L [ U - 1 ) P L [ P L ( C O S 6 ^ ) + p j c o s e . ^ ) } P ^ C c o s B j ^ ) ] 

L 
even 1.71 

H e r e are the long r a n g e order p a r a m e t e r s d e f i n e d a s : -

TT TT 2ir 
P. = 1 / / / P. [cosg ) e x p ( - l / k T V )sinB sing dg dg d 0 
^ Z 0 0 0 ^ ^ ^ / i / 

1.72 

and short range order p a r a m e t e r s can also be e v a l u a t e d 

as: -

IT IT 
= 1 / J P ^ C c o s B ^ 2 ) e x p ( l / k T V ^ ^ ) s i n g ^ s i n g 2 d B i d g 2 d 0 

1.73 

We know that the p o t e n t i a l of mean t o r q u e felt by m o l e c u l e 1 

can be e x p a n d e d a s ; -

w ) Y| P| (cosg ) 1.74 
mF , 

L , e v e n 

w h e r e Y|_ is a f u n c t i o n of t e m p e r a t u r e and the order 
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p a r a m e t e r s . This r e d u c e s to in the c a s e y % u^P . 

We now h a v e two r o u t e s to the c a l c u l a t i o n of a and two 

u n k n o w n v a r i a b l e s , Y|_ and the p a r a m e t e r s c a l i n g the 

p o t e n t i a l , u^, t h u s a s s u m i n g both r o u t e s g i v e the same 

t h e n : -

TT 
_1 IP. (cosB ) e x p ( l _ V P-) 1 - 7 5 
Z 0 kT ^ 

iriTir 
= 1 / / ; P L ( c o s 6 i ) e x p ( l _ y ^ ^ ) s i n B ^ s i n 6 2 s i n 6 ^ 2 d 6 i d 6 2 

w h e r e =-J (Z-1)Y^_ P ^ ( c o s g ^ ) P ^ f c o s g ^ ) + U ^ P ^ ( c o s g ^ ) 

1. 76 

In s o l v i n g t h e s e e q u a t i o n s , S h e n g and W o j t o w i c z h a v e a l l o w e d 

t e r m s in u^ for L > 2 to be z e r o , and terms in y w i t h L > 4 

a l s o to be z e r o , t h u s a l l o w i n g the e q u a t i o n s to be s o l v e d 

i t e r a t i v e l y for . S u b s t i t u t i o n of t hese v a l u e s i n t o 

e q u a t i o n s 1.72 and 1 . 7 3 w i l l t h e n yield the long and short 

r a n g e o r d e r p a r a m e t e r s . 

In a s i m i l a r m a n n e r , as d e s c r i b e d e a r l i e r , v a r i o u s 

t h e r m o d y n a m i c p r o p e r t i e s can be e v a l u a t e d , for e x a m p l e , the 

f r e e e n e r g y , from w h i c h the t r a n s i t i o n t e m p e r a t u r e can be 

f o u n d , and the a v e r a g e i n t e r n a l e n e r g y per p a r t i c l e . 

The r e s u l t s from this t h e o r y will be c o m p a r e d w i t h the 

p r e d i c t i o n s of the M a i e r - S a u p e t h e o r y in C h a p t e r 3. 

As an e x t e n s i o n to this t h e o r y , a t h r e e s i t e e x p a n s i o n 

( L e k k e r k e r k e r a_l, 1 9 7 8 ) and the four site e x p a n s i o n (Van 

der H a e g e n , 1 9 8 0 ) h a v e r e c e n t l y been p r o p o s e d w h i c h w i l l 

a l s o be d i s c u s s e d b r i e f l y in C h a p t e r 3. 
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C h a p t e r 2 

C o m p u t e r S i m u l a t i o n s 

2.1 I n t r o d u c t i o n 

Over the last two d e c a d e s , m o d e r n s i l i c o n t e c h n o l o g y 

has r e s u l t e d in the p r o d u c t i o n of f a s t e r , l a r g e r and more 

p o w e r f u l c o m p u t e r s . Every y e a r , newer and faster m a c h i n e s 

a p p e a r , with the p r e s e n t trend going from c o n v e n t i o n a l 

s e r i a l Von N e u m a n n p r o c e s s o r s to much f a s t e r p a r a l l e l 

c o m p u t e r s . C o m p u t a t i o n s which may have taken s e v e r a l hours 

in the early s i x t i e s now take only a few s e c o n d s . This 

r e c e n t d r a m a t i c u p s u r g e in c o m p u t e r power has t h e r e f o r e 

a l l o w e d p h y s i c a l s c i e n t i s t s to apply the t e c h n i q u e of 

c o m p u t e r s i m u l a t i o n to the study of p h y s i c a l s y s t e m s . 

B e f o r e d i s c u s s i n g c o m p u t e r s u m u l a t i o n s in d e t a i l 

h o w e v e r , we must first of all ask, why is the t e c h n i q u e of 

c o m p u t e r s i m u l a t i o n so i m p o r t a n t ? From a t h e o r e t i c i o n ' s 

p o i n t of v i e w , this t e c h n i q u e has extreme v a l u e in that it 

p r o v i d e s a tool to p e r f o r m 'exact experiments' on well 

d e f i n e d m o d e l s y s t e m s thus e n a b l i n g these c o m p u t e r 

e x p e r i m e n t s to be c o m p a r e d d i r e c t l y with both real 

e x p e r i m e n t a l data and p r e d i c t i o n s from t h e o r i e s . With the 

aid of m a t h e m a t i c a l t e c h n i q u e s and a n a l y t i c r e l a t i o n s h i p s 

the p r o p e r t i e s of d i l u t e atomic gas es can be c a l c u l a t e d 

d i r e c t l y since the s y s t e m can be regarded as consisting of 

t o t a l l y i n d e p e n o e n t entities, for example, particles or 

o s c i l l a t o r s . H o w e v e r , for more condensed systems this 

a n a l y t i c m a t h e m a t i c a l a p p r o a c h is not p o s s i b l e , s i n c e for 

c o m p r e s s e d g a s - e s or l i q u i d s the a t o m s or m o l e c u l e s i n t e r a c t 

with each other g i v i n g a many b o d i e d , m u l t i - i n t e r a c t i o n 

p r o b l e m . To a c e r t a i n e x t e n t this p r o b l e m can be o v e r c o m e by 

r e s o r t i n g to c o m p u t e r s i m u l a t i o n t e c h n i q u e s , at least for 

r e l a t i v e l y s i m p l e s y s t e m s , w h e r e the i n t e r a c t i o n p o t e n t i a l 

can be r e g a r d e d as a d o p t i n g a s i m p l e form, and c o n s i s t i n g of 

p a i r w i s e i n t e r a c t i o n s o n l y . In the case of the s i m u l a t i o n of 

a t o m i c l i q u i d s , for e x a m p l e liquid a r g o n , a high d e g r e e of 
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a g r e e m e n t can be o b t a i n e d b e t w e e n data m e a s u r e d 

e x p e r i m e n t a l l y and that c a l c u l a t e d from c o m p u t e r 

s i m u l a t i o n s , thus p r o v i d i n g a fairly r i g o r o u s test to the 

d e r i v e d pair p o t e n t i a l s . The same is t r u e , a l t h o u g h to a 

l e s s e r e x t e n t , in the s i m u l a t i o n of the p r o p e r t i e s of 

m o l e c u l a r l i q u i d s , for e x a m p l e , liquid n i t r o g e n , h y d r o g e n 

c h l o r i d e and even for s i m p l e t r i a t o m i c m o l e c u l e s , for 

e x a m p l e c a r b o n d i s u l p h i d e and w a t e r . H o w e v e r , for more 

c o n d e n s e d s y s t e m s , or d i l u t e s y s t e m s or large c o m p l e x 

m o l e c u l e s , a p p r o x i m a t i o n s have to be made to f o r m u l a t e the 

pair p o t e n t i a l b e f o r e the s i m u l a t i o n can be a t t e m p t e d . For 

systems c o n s i s t i n g of l a r g e m o l e c u l e s , it would be a 

c o m p u t a t i o n a l i m p o s s i b i l i t y to a c c o u n t for all i n t e r a c t i o n s 

and so a s s u m p t i o n s r e l a t e d to the s y m m e t r y of the m o l e c u l e s 

and to the form of the i n t e r a c t i o n p o t e n t i a l h a v e to be 

e n f o r c e d . Even so, the s i m u l a t i o n of such s y s t e m s does 

p r o v i d e a very i m p o r t a n t p r o b e into the u n d e r s t a n d i n g of the 

p r o p e r t i e s of such m o l e c u l a r s y s t e m s . 

C o m p u t e r s i m u l a t i o n s p r o v i d e a r i g o r o u s test, not only 

pair p o t e n t i a l s but also p r o v i d e s a test of p r o p e r t i e s 

c a l c u l a t e d via other r o u t e s . In a o o i t i o n , and o f t e n more 

i m p o r t a n t , c o m p u t e r s i m u l a t i o n s allow the a s s u m p t i o n s used 

in v a r i o u s a p p r o x i m a t e t h e o r i e s , for e x a m p l e , the m o l e c u l a r 

field a p p r o x i m a t i o n , to be fully t e s t e d . 

C l e a r l y c o m p u t e r s i m u l a t i o n s allow not only l a b o r a t o r y 

o b t a i n a b l e data to be c a l c u l a t e d , but also other very 

i m p o r t a n t p r o p e r t i e s , for e x a m p l e , an i n f i n i t e n u m b e r of 

d i s t r i b u t i o n and c o r r e l a t i o n f u n c t i o n s t o g e t h e r with 

p r o p e r t i e s at e x t r e m e t e m p e r a t u r e s or p r e s s u r e s can be 

e x t r a c t e d from s i m u l a t i o n s which would o t h e r w i s e be totally 

i n a c c e s s a b l e . 

2 . 2 T e c h n i q u e s i n v o l v e d 

There are two p r i n c i p l e t e c h n i q u e s used in c o m p u t e r 

s i m u l a t i o n s t u d i e s , the M o n t e - C a r l o t e c h n i q u e , and the 

method of m o l e c u l a r d y n a m i c s . H o w e v e r , b e f o r e d i s c u s s i n g 

38 



both m e t h o d s in any d e t a i l , we shall look at some p r o b l e m s 

which are a l w a y s e n c o u n t e r e d and are c o m m o n to both 

t e c h n i q u e s . 

F i r s t l y and p e r h a p s the b i g g e s t p r o b l e m is a s s o c i a t e d 

with the size of s y s t e m s s t u d i e d . In a real e x p e r i m e n t one 
2 3 

d e a l s n o r m a l l y with the order of 10 a t o m s or m o l e c u l e s , 

but u n f o r t u n a t e l y c o m p u t e r s are l i m i t e d in s i z e , and so only 

a small f r a c t i o n of this n u m b e r can be s t u d i e d . Indeed early 

c o m p u t e r s i m u l a t i o n s t u d i e s used as few as 32 m o l e c u l e s 

( R o s e n b l u t h and R o s e n b l u t h , 1 9 5 4 ] , and even t o d a y , few 

s i m u l a t i o n s are p e r f o r m e d on s y s t e m s with m o r e than 1000 

i n t e r a c t i n g a t o m s or m o l e c u l e s ( p a r t i c l e s ) . This t h e r e f o r e 

m e a n s that in o r d e r to p r e d i c t the p r o p e r t i e s of e s s e n t i a l l y 

i n f i n i t e s y s t e m s from our small f i n i t e s y s t e m , a c a r e f u l 

e x t r a p o l a t i o n has to be p e r f o r m e d . H o w e v e r , b r o a d l y s p e a k i n g 

bulk p r o p e r t i e s are only weakly d e p e n d e n t on N, w h e r e N is 

the n u m b e r of p a r t i c l e s , for N g r e a t e r than 100 ( H a n s e n and 

M c D o n a l d , 1 9 7 6 ) e x c e p t for p r o p e r t i e s c a l c u l a t e d c l o s e to a 

p h a s e t r a n s i t i o n , w h e r e , s t a t i s t i c a l l y a true phase 

t r a n s i t i o n c a n n o t occur e x c e p t in i n f i n i t e s y s t e m s . 

The fact that small s y s t e m s have to be u s e d , g i v e s rise 

a f u r t h e r p r o b l e m , that of s u r f a c e e f f e c t s . C l e a r l y for a 

s y s t e m of say 1000 p a r t i c l e s a r e l a t i v e l y high p r o p o r t i o n 

will exist at or c l o s e to a s u r f a c e , w h i c h , will p r o d u c e 

a d v e r s e p r o p e r t i e s . To remove these s u r f a c e a b n o r m a l i t i e s , 

p e r i o d i c b o u n d a r y c o n d i t i o n s are i m p o s e d . This d e v i c e 

i n v o l v e s s u r r o u n d i n g the i s o l a t e d system of N p a r t i c l e s by 

an i n f i n i t e n u m b e r of exact r e p l i c a s of i t s e l f . Thus a 

p a r t i c l e at a p o s i t i o n (x, y, z ) in the cell will see exact 

r e p l i c a s of i t s e l f at p o s i t i o n s (x^n a , y + n ^ b , z + n c), where 

n ^ , n^, n^ each a d o p t all i n t e g e r v a l u e s b e t w e e n 0 and 

i n f i n i t y , and in this case the cell is d e f i n e d to be 

r e c t a n g u l a r with d i m e n s i o n s ( a , b , c ) . A l s o , when a p a r t i c l e 

is moved out t h r o u g h one face of the cell it a u t o m a t i c a l l y 

r e e n t e r s at the o p p o s i t e face in order to p r e s e r v e N. This 

e f f e c t is d e p i c t e d in F i g u r e 2.1 for a two d i m e n s i o n a l 
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Fig 2.1 Two d i m e n s i o n a l p e r i o d i c b o u n d a r y c o n d i t i o n s , 
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s q u a r e s y s t e m . In g e n e r a l any shaped cell can be used 

p r o v i d e d that on r e p l i c a t i o n it fills all s p a c e . Thus in two 

d i m e n s i o n s the cell could e i t h e r be t r i a n g u l a r , s q u a r e , 

r e c t a n g u l a r or h e x a g o n a l . In t h r e e d i m e n s i o n s it is usual to 

use a c u b i c cell g i v i n g cubic p e r i o d i c b o u n d a r y c o n d i t i o n s , 

a l t h o u g h o t h e r more c o m p l e x cells have been u s e d , for 

e x a m p l e , t r u n c a t e d o c t a h e d r a ( O . J . A d a m s 1 9 8 2 ] . A c t u a l l y any 

s p a c e f i l l i n g p o l y h e d r a can be used a l t h o u g h it is u s u a l to 

c h o s e a cell r e p r e s e n t a t i v e of the c h e m i c a l s t r u c t u r e of the 

s y s t e m . The m a j o r d i s a d v a n t a g e with p e r i o d i c b o u n d a r y 

c o n d i t i o n s is that it i n t r o d u c e s s p u r i o u s p e r i o d i c 

c o r r e l a t i o n s with a r e g u l a r i t y e q u a l to the cell d i m e n s i o n s , 

and so, in c a l c u l a t i n g d i s t a n c e d e p e n d e n t c o r r e l a t i o n and 

d i s t r i b u t i o n f u n c t i o n s one must a l w a y s be a w a r e of this 

e f f e c t . 

A n o t h e r p r o b l e m e n c o u n t e r e d in c o m p u t e r s i m u l a t i o n s , 

a l t h o u g h not as s e v e r e as the d i f f i c u l t y e n c o u n t e r e d using a 

f i n i t e n u m b e r of p a r t i c l e s , is the c h o i c e of a s t a r t i n g 

c o n f i g u r a t i o n . By this we refer to the p o s i t i o n s and 

o r i e n t a t i o n s of the N p a r t i c l e s in our cell at the start of 

the c a l c u l a t i o n . G e n e r a l l y at a s p e c i f i c set of e x t e r n a l 

c o n d i t i o n s [for e x a m p l e , t e m p e r a t u r e , p r e s s u r e ] the system 

will exist in e q u i l i b r i u m , t h e r e f o r e u n l e s s the s t a r t i n g 

c o n f i g u r a t i o n for a s p e c i f i c s i m u l a t i o n is an e q u i l i b r a t e d 

one, then a stage d u r i n g which time the p a r t i c l e s 

e q u i l i b r a t e will have to be u n d e r t a k e n . This e q u i l i b r i u m 

p r o c e s s can be m i n i m i s e d with a j u o i c i o u s c h o i c e of s t a r t i n g 

c o n f i g u r a t i o n , s i n c e it is u n l i k e l y that a fully 

e q u i l i b r a t e d s t a t e will a l w a y s e x i s t . For e x a m p l e , at low 

t e m p e r a t u r e s it is s e n s i b l e to take a c o n f i g u r a t i o n 

r e p r e s e n t a t i v e of the d e g r e e of o r d e r which would exist at 

low t e m p e r a t u r e s , in o t h e r w o r d s an o r d e r e d s t a t e , and 

s i m i l a r l y at high t e m p e r a t u r e s w h e r e a t o t a l l y r a n d o m s t a t e 

would r e p r e s e n t the high d e g r e e of d i s o r d e r p r e s e n t . 

41 



2 . 2 . 1 The M o n t e - C a r l o t e c h n i q u e 

The M o n t e - C a r l o m e t h o d is a t e c h n i q u e w h i c h i n v o l v e s 

r a n d o m or p r o b a b i l i s t i c e v e n t s . B a s i c a l l y it i n v o l v e s the 

g e n e r a t i o n of a s e q u e n c e of c o n f i g u r a t i o n s in p h a s e s p a c e by 

r a n d o m d i s p l a c e m e n t s . Not all of the c o n f i g u r a t i o n s are 

c o u n t e d , and the d e c i s i o n as to a c c e p t or r e j e c t the random 

m o v e is made in a way as to e n s u r e that c o n f i g u r a t i o n a l 

s p a c e is s a m p l e d with a p r o b a b i l i t y p r o p o r t i o n a l to the 

B o l t z m a n n d i s t r i b u t i o n , d u r i n g which s t a g e , v a r i o u s 

t h e r m o d y n a m i c e n s e m b l e a v e r a g e s and other p r o p e r t i e s of 

i n t e r e s t are e v a l u a t e d . 

At this p o i n t it is worth d e f i n i n g what is meant by 

' e n s e m b l e ' . S t a t i s t i c a l l y t h e r e are many t y p e s of e n s e m b l e , 

the most c o m m o n l y used of w h i c h is the c a n o n i c a l e n s e m b l e . 

In this case the n u m b e r of p a r t i c l e s , the v o l u m e and the 

t e m p e r a t u r e are held c o n s t a n t a l l o w i n g the i n t e r n a l energy 

to f l u c t u a t e . E x a m p l e s of o t h e r less c o m m o n e n s e m b l e s are 

the grand c a n o n i c a l e n s e m b l e in which e n e r g y , v o l u m e and 

t e m p e r a t u r e are c o n s t a n t (N f l u c t u a t e s ) and the 

i s o t h e r m a l - i s o b a r i c e n s e m b l e w h e r e , as its name p a r t i a l l y 

s u g g e s t s , the p r e s s u r e , t e m p e r a t u r e and N are held c o n s t a n t . 

H o w e v e r , t h r o u g h o u t this t h e s i s , a l t h o u g h the word e n s e m b l e 

will be used l o o s e l y , it will a c t u a l l y a l w a y s refer to the 

c a n o n i c a l e n s e m b l e , as in all the s i m u l a t i o n s , t e m p e r a t u r e , 

v o l u m e and t e m p e r a t u r e are held c o n s t a n t . 

Any e n s e m b l e a v e r a g e can be d e f i n e d by the r e l a t i o n : -

<M> = / M ( x N ) p [ x N ) d X / ; p ( x N ) d x N 2.1 

H e r e the a n g u l a r b r a c k e t s d e n o t e an e n s e m b l e a v e r a g e of some 

f u n c t i o n , M, w h i c h is d e p e n d e n t on the p h a s e s p a c e v a r i a b l e s 

X^ w h e r e , as in C h a p t e r 1 v a r i a b l e s with sub and 

s u p e r s c r i p t s d e n o t e the set b e t w e e n 1 and N, and p ( X ^ ) is 

the p r o b a b i l i t y d e n s i t y f u n c t i o n . For e x a m p l e , the a v e r a g e 

c o n f i g u r a t i o n a l i n t e r n a l energy of an e n s e m b l e of N 
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p a r t i c l e s can be w r i t t e n as 

<U> = /U(q^)p(q^3c(<jJ^p(q^)ciq 2. 2 

w h e r e a g a i n q̂ ^ d e n o t e s the N c o n f i g u r a t i o n a l v a r i a b l e s q^, 

^N' 
w h e r e the q^ r e p r e s e n t the v a r i a b l e s s p a n n i n g 

For s p a c e and o r i e n t a t i o n (x . , y . , z . ,a. , B. , y,-) • 
^ 1 1 1 1 1 

or a t o m i c s y s t e m p ( q ^ ) is s i m p l y the 

d i s t r i b u t i o n : -

a m o l e c u l a r 

B o l t z m a n n 

p [ q ^ ) = e x p ( - U ( q'^)/kT)/Q 2. 3 

w h e r e Q is the p a r t i t i o n f u n c t i o n 

Q = / e x p ( - U [ q ^ ) / k T ) d q ^ 2.4 

N H e r e U ( q ^ ) will u s u a l l y be the sum of all pair 

i n t e r a c t i o n s a l t h o u g h s t r i c t l y s p e a k i n g many b o d i e d 

i n t e r a c t i o n s should be i n c l u d e d . 

A very crude a p p r o a c h to a M o n t e C a r l o s i m u l a t i o n would 

be to s i m p l y g e n e r a t e random c o n f i g u r a t i o n s . For each 

c o n f i g u r a t i o n the i n t e r n a l e n e r g y , U ( q ^ ) ano the B o l t z m a n n 

factor would be c a l c u l a t e d and u s i n g e q u a t i o n 2.2, r e p l a c i n g 

the i n t e g r a l s by s u m m a t i o n s , <U> c o u l d , in p r i n c i p l e be 

c a l c u l a t e d . H o w e v e r , this m e t h o d would be i m p r a c t i c a l for 

two r e a s o n s . F i r s t l y , the p r o b a b i l i t y d e n s i t y f u n c t i o n is 

p r o p o r t i o n a l to the B o l t z m a n n f a c t o r , which v a r i e s very 

r a p i d l y with c h a n g e s in U(q' ). T h e r e f o r e only c o n f i g u r a t i o n s 

with r e l a t i v e l y low i n t e r n a l energy will c o n t r i b u t e 

s i g n i f i c a n t l y to the p r o b a b i l i t y d e n s i t y , and so 

p r o h i b i t i v e l y large n u m b e r s of c o n f i g u r a t i o n s woulo have to 

be s a m p l e d in order to o b t a i n any form of a v e r a g e . The 

s o l u t i o n to this p r o b l e m is to s a m p l e the r e g i o n of p h a s e 
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s p a c e of low i n t e r n a l energy and t h e r e f o r e of high 

p r o b a b i l i t y d e n s i t y . This t e c h n i q u e is known as i m p o r t a n c e 

s a m p l i n g and i n v o l v e s the s e l e c t i o n of c o n f i g u r a t i o n s 

a c c o r d i n g to a d e f i n e d p r o b a b i l i t y d e n s i t y f u n c t i o n , and in 

this case a c c o r d i n g to the B o l t z m a n n d i s t r i b u t i o n . 

The s e c o n d f a i l u r e , of this s i m p l e Monte C a r l o s c h e m e 

and p e r h a p s m o r e s e r i o u s is that the p a r t i t i o n f u n c t i o n , Q, 

in e q u a t i o n 2.3 is very d i f f i c u l t to e v a l u a t e . H o w e v e r , this 

p r o b l e m can be solved by not c h o o s i n g a s e r i e s of 

u n c o n n e c t e d r a n d o m c o n f i g u r a t i o n s , but to c h o o s e it such 

that the s e q u e n c e forms a M a r k o v c h a i n , in w h i c h the memory 

of a p a r t i c u l a r step ( c o n f i g u r a t i o n ] e x t e n d s back to the 

p r e v i o u s step o n l y , and not b e y o n d . This l e a d s to the 

i m p o r t a n t c o n s e q u e n c e in that it is now only the r a t i o s of 

the p r o b a b i l i t y d e n s i t y f u n c t i o n s that are i m p o r t a n t , and 

the p a r t i t i o n f u n c t i o n s c a n c e l . A d e t a i l e d a c c o u n t and p r o o f 

of this has been w r i t t e n by H a n s e n and M c D o n a l d ( 1 9 7 6 ) and 

V a l l e a u and W h i t t i n g t o n ( 1 9 8 0 ) . 

The m e t h o d n o r m a l l y used to c i r c u m s c r i b e t h e s e two 

f u n d a m e n t a l p r o b l e m s in the M o n t e C a r l o s i m u l a t i o n of a t o m i c 

and m o l e c u l a r s y s t e m s is that o r i g i n a l l y p r o p o s e d by 

M e t r o p o l i s e_t al_ ( 1 9 5 3 ) . A flow chart of the s c h e m e is given 

in F i g u r e 2.2. As a s t a r t i n g p o i n t , some i n i t i a l 

c o n f i g u r a t i o n is t a k e n , w h i c h in g e n e r a l will c o n t a i n N 

p a r t i c l e s , each with some p o s i t i o n and o r i e n t a t i o n . The 

t o t a l energy is then e v a l u a t e d as a t y p i c a l g u i d e to the 

r a t e of c o n v e r g e n c e to e q u i l i b r i u m . The s y s t e m then a d v a n c e s 

t h r o u g h one m o v e by i n i t i a l l y s e l e c t i n g a p a r t i c l e . This 

s e l e c t i o n can e i t h e r be r a n d o m (see A p p e n d i x 3), or can be 

p e r f o r m e d s e q u e n t i a l l y by t a k i n g the i^^ p a r t i c l e for this 

m o v e and the ( i + 1 ) ^ ^ for the n e x t , and so on. The s e l e c t e d 

p a r t i c l e is then given a r a n d o m d i s p l a c e m e n t a f t e r w h i c h the 

c h a n g e in i n t e r n a l e n e r g y , is e v a l u a t e d from w h i c h a 

d e c i s i o n is made w h e t h e r to a c c e p t the move or r e j e c t it. If 

the new c o n f i g u r a t i o n has a lower p o t e n t i a l e n e r g y , in 
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o t h e r w o r d s if the move t a k e s the s y s t e m to a m o r e stable 

s t a t e , then the move is a c c e p t e d , o t h e r w i s e it is r e j e c t e d 

with a p r o b a b i l i t y p r o p o r t i o n a l to the B o l t z m a n n 

d i s t r i b u t i o n . This p r o b a b i l i t y is o b t a i n e d by c o m p a r i n g the 

q u a n t i t y e x p ( — ^ U / k T ) , (it is at this s t a g e that t e m p e r a t u r e 

e n t e r s the c a l c u l a t i o n ) with a n u m b e r c h o s e n at r a n d o m in 

the r a n g e 0 to +1 (See A p p e n d i x 3). If the B o l t z m a n n factor 

is g r e a t e r than the r a n d o m n u m b e r then the m o v e is a c c e p t e d , 

else the move is r e j e c t e d and the old c o n f i g u r a t i o n 

r e c o u n t e d in the a v e r a g i n g p r o c e s s . U s u a l l y the way in which 

the new move is g e n e r a t e d is c o n t r o l l e d such that 

a p p r o x i m a t e l y h a l f of the total n u m b e r of c o n f i g u r a t i o n s 

g e n e r a t e d are r e j e c t e d . This is a c h i e v e d by r e s t r i c t i n g the 

way in which the move is e v a l u a t e d , u s u a l l y by c o n s t r a i n i n g 

it some way, such that it has to occur w i t h i n c e r t a i n 

l i m i t s . The factor of a h a l f is r a t h e r arbitrnry, and c h o s e n 

as a c o m p r o m i s e b e t w e e n on one h a n d , a total r e j e c t i o n of 

all c o n f i g u r a t i o n s , and on the o t h e r , a s i t u a t i o n in which 

all c o n f i g u r a t i o n s are a c c e p t e d b e c a u s e the c h a n g e in 

i n t e r n a l energy is very s m a l l . This p r o c e d u r e is then 

r e p e a t e d until the i n t e r n a l energy of the s y s t e m r e a c h e s an 

e q u i l i b r i u m value at which point a s t a g e known as the 

p r o d u c t i o n p h a s e is e n t e r e d w h e r e all the r e q u i s i t e a v e r a g e s 

and p r o p e r t i e s are c a l c u l a t e d . T y p i c a l l y , the e q u i l i b r i u m 

and p r o d u c t i o n s t a g e s can c o n s i s t of a n y t h i n g up to, and 

o f t e n in e x c e s s of 1000 c y c l e s , w h e r e a cycle is d e f i n e d as 

N a t t e m p t e d m o v e s . 

G e n e r a l l y t h r o u g h o u t both e q u i l i b r a t i o n and p r o d u c t i o n 

s t a g e s the a v e r a g e i n t e r n a l energy of a p a r t i c u l a r 

c o n f i g u r a t i o n , is c a l c u l a t e d d i r e c t l y . A n o t h e r , e q u a l l y 

i m p o r t a n t q u a n t i t y , the heat c a p a c i t y can be e v a l u a t e d , from 

w h i c h the exact l o c a t i o n ana order of p h a s e t r a n s i t i o n s can 

be o b t a i n e d . In the c a n o n i c a l e n s e m b l e , this is the heat 

c a p a c i t y at c o n s t a n t v o l u m e d e f i n e d a s : -

C = ( 3 < U > / 3 T ) y . 2 . 5 
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H o w e v e r , we h a v e seen that the e n s e m b l e a v e r a g e of the 

i n t e r n a l energy can be w r i t t e n in the form given by e q u a t i o n 

2 . 2 which on d i f f e r e n t i a t i o n with r e s p e c t to 1/kT and 

r e a r r a n g e m e n t g i v e s 

2 2 
a<U> = - < U > + <U> 2.6 
9 1 / k T 

Thus the heat c a p a c i t y is s i m p l y 

= i f <i|2 <u > - < u > 2 ; 

or C^/k - ( < U > - < U > ^ ) / k ^ T ^ 2.8 

T h e r e f o r e g i v e n the mean s q u a r e f l u c t u a t i o n s and the s q u a r e 

of the a v e r a g e i n t e r n a l energy, C can be c o m p u t e d . H o w e v e r , 

s i n c e c a l c u l a t e d in t h i s m a n n e r is a c t u a l l y o b t a i n e d as a 

f l u c t u a t i o n q u a n t i t y it is o f t e n p r o n e to large e r r o r s and 

u n c e r t a i n t y . 

H o w e v e r , C can be c a l c u l a t e d , a l t h o u g h now 

i n d i r e c t l y , but to a m u c h h i g h e r a c c u r a c y , s i m p l y by the 

n u m e r i c a l d i f f e r e n t i a t i o n of the c u r v e o b t a i n e d for the 

i n t e r n a l energy as a f u n c t i o n of t e m p e r a t u r e . The usual 

p r o c e d u r e in this case is to fit the s i m u l a t e d data to a 

k n o w n a l g e b r a i c f u n c t i o n and to d i f f e r e n t i a t e it. Usually 

the f u n c t i o n is a c o n t i n u o u s set of cubic p o l y n o m i a l s , 

c a l l e d a c u b i c s p l i n e . T h e r e f o r e this p r o c e s s can only be 

a p p l i e d at the end of a s e r i e s of s i m u l a t i o n s when 

s e v e r a l v a l u e s of the a v e r a g e i n t e r n a l energy have been 

e v a l u a t e d at many t e m p e r a t u r e s ( u s u a l l y at least 10). 

Other t h e r m o d y n a m i c p r o p e r t i e s of e x t r e m e v a l u e in 

a t o m i c and m o l e c u l a r s y s t e m s are the free energy and 

e n t r o p y . In the c a n o n i c a l e n s e m b l e the free e n e r g y is 

a c t u a l l y the H e l m h o l t z free e n e r g y . H o w e v e r , their 

c a l c u l a t i o n u s i n g M o n t e - C a r l o t e c h n i q u e s p r e s e n t s a s e v e r e 
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p r o b l e m , s i n c e n e i t h e r can be w r i t t e n as e n s e m b l e a v e r a g e s 

in the form of e q u a t i o n 2.1. Instead they have to be 

c a l c u l a t e d using i n t e g r a t i o n and e x t r a p o l a t i o n t e c h n i q u e s 

from the s t a t e of i n t e r e s t , to a s t a t e in w h i c h the free 

energy is k n o w n . This p r o c e s s h o w e v e r is very l a b o r i o u s and 

p r o n e to large e r r o r s , and t o g e t h e r with o t h e r m e t h o d s based 

on i n t e r p o l a t i o n p r o c e d u r e s and v i r i a l e x p a n s i o n s are 

d i s c u s s e d f u r t h e r by Z a n n o n i ( 1 9 7 9 ) . 

2 . 2 . 2 The m e t h o d of m o l e c u l a r d y n a m i c s 

As the c o n t e n t of this t h e s i s is based on s i m u l a t i o n s 

u s i n g the M o n t e - C a r l o t e c h n i q u e , r e l a t i v e l y l i t t l e will be 

said of the m e t h o d of m o l e c u l a r d y n a m i c s . Like the 

M o n t o - C a r l o m e t h o d , m o l e c u l a r d y n a m i c s a l s o s u f f e r s from the 

p r o b l e m s a s s o c i a t e d with f i n i t e size and b o u n d a r y e f f e c t s . 

In fact, with m o l e c u l a r d y n a m i c s one is o f t e n r e s t r i c t e d to 

e m p l o y even s m a l l e r e n s e m b l e s than used in M o n t e - C a r l o 

m e t h o d s s i n c e l a r g e r , m o r e c o m p l e x c o m p u t a t i o n a l 

c a l c u l a t i o n s are r e q u i r e d . 

The m e t h o d of m o l e c u l a r d y n a m i c s is based on a very 

s i m p l e c o n c e p t and i n v o l v e s s e t t i n g up and s o l v i n g the 

e q u a t i o n s of m o t i o n of a c o l l e c t i o n of i n t e r a c t i n g 

p a r t i c l e s . It has the d i s t i n c t a d v a n t a g e over the 

M o n t e - C a r l o t e c h n i q u e in the a b i l i t y to c a l c u l a t e not only 

e q u i l i b r i u m a v e r a g e s but also i m p o r t a n t time d e p e n d e n t 

p r o p e r t i e s . 

Very good r e v i e w s and d e t a i l e d d e s c r i p t i o n s of this 

t e c h n i q u e have been w r i t t e n by A l d e r and W a i n w r i t e (1959, 

1 9 6 0 ) , R a h m a n ( 1 9 6 4 ) , B e r n e and Harp ( 1 9 7 0 ) and Z a n n o n i 

( 1 9 7 9 ) . 

2 . 3 C o m p u t e r S i m u l a t i o n s and A n i s o t r o p i c s y s t e m s 

To d a t e very l i t t l e work has been p u b l i s h e d on the 

c o m p u t e r s i m u l a t i o n s of a n i s o t r o p i c s y s t e m s , as c o m p a r e d 

with the e n o r m o u s a m o u n t of e f f o r t that has b e e n a p p l i e d to 

the study of a t o m i c and s i m p l e m o l e c u l a r s y s t e m s . The 
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p r i n c i p l e r e a s o n for this is p r o b a b l y due to the fact that 

c o m p u t e r s i m u l a t o r s know l i t t l e or n o t h i n g of the p h y s i c s 

a s s o c i a t e d with liquid c r y s t a l s , and c o n v e r s e l y many liquid 

c r y s t a l r e s e a r c h e r s are u n f a m i l i a r with c o n c e p t s in c o m p u t e r 

s i m u l a t i o n . F u r t h e r m o r e , some of the a p p r o x i m a t i o n s which 

have to be made in the study of a n i s o t r o p i c s y s t e m s , would 

at first c o n c e a l the e x t r e m e i m p o r t a n c e of this field of 

w o r k . 

In the study of a n i s o t r o p i c s y s t e m s , one is usually 

i n t e r e s t e d in the p h y s i c a l p r o p e r t i e s c l o s e to a phase 

t r a n s i t i o n ( e . g . n e m a t i c - i s o t r o p i c ) . This n e c e s s i t a t e s the 

use of l a r g e s y s t e m s and t h e r e f o r e u s u a l l y the M o n t e - C a r l o 

m e t h o d . In a d d i t i o n real n e m a t o g e n i c m o l e c u l e s are e x t r e m e l y 

c o m p l e x and so a p p r o x i m a t i o n s have to be i m p o s e d to m a k e the 

c a l c u l a t i o n s c o m p u t a t i o n a l l y p o s s i b l e . The e a r l i e s t 

s i m u l a t i o n on such an a n i s o t r o p i c system c a l c u l a t e d 

p r o p e r t i e s of two d i m e n s i o n a l e l i p s e s ( V i e i 1 l a r d - B a r o n , 

1 9 7 2 ) . At first s i g h t , two d i m e n s i o n a l s i m u l a t i o n s would 

a p p e a r p o i n t l e s s , but even s i m u l a t i o n s of l i n e a r s y s t e m s 

p r o v i d e s v a l u a b l e i n f o r m a t i o n , s i n c e one d i m e n s i o n a l s y s t e m s 

can be s o l v e d e x a c t l y using a n a l y t i c t e c h n i q u e s , thus 

p r o v i d i n g an a c c u r a t e test to c o m p u t e r s i m u l a t i o n s . For two 

ana t h r e e d i m e n s i o n a l s y s t e m s h o w e v e r , a n a l y t i c m e t h o d s 

n o r m a l l y e m p l o y the m o l e c u l a r field a p p r o x i m a t i o n , thus 

s i m u l a t i o n of these s y s t e m s p r o v i d e s a good test to this 

a p p r o x i m a t i o n . (Denham ^ a_l, 1977", 1 9 8 0 ) 

The e a r l i e s t three d i m e n s i o n a l s i m u l a t i o n of an 

a n i s o t r o p i c s y s t e m , i m p o s e d the a p p r o x i m a t i o n that the 

m o l e c u l e s c o n s i s t e d of c y l i n d r i c a l l y s y m m e t r i c rods and 

c o u l d only o r i e n t a t e in t w e l v e d i s c r e t e o r i e n t a t i o n s . 

( L a s h e r , 1 9 7 2 ) . F u r t h e r m o r e , the m o l e c u l e s were r e s t r i c t e d 

to lie at the sites of a cubic l a t t i c e , thus r e m o v i n g all 

t r a n s l a t i o n a l d e g r e e s of f r e e d o m . This later a p p r o x i m a t i o n 

s e e m s s e v e r e , a l t h o u g h it has s i n c e been shown that the 

e f f e c t of t r a n s l a t i o n has very l i t t l e e f f e c t on the 

i m p o r t a n t a n i s o t r o p i c p r o p e r t i e s c a l c u l a t e d ( L u c k h u r s t and 
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R o m a n o , 1 9 8 0 ] . F a t h e r work by L e b w o h l and L a s h e r ( 1 9 7 2 ) 

r e m o v e d the q u a n t i s a t i o n of the o r i e n t a t i o n of the m o l e c u l e s 

and this m o d e l s y s t e m , in which the a n i s o t r o p i c p a r t i c l e s 

w e r e fixed to the p o i n t s of a c u b i c l a t t i c e and i n t e r a c t i n g 

via the p o t e n t i a l 

Uj^j = - E i j C r j P g C c o s g ^ j ) 2.9 

has p r o v i d e d the f o u n d a t i o n s for v i r t u a l l y all s u b s e q u e n t 

c a l c u l a t i o n s on a n i s o t r o p i c s y s t e m s . This p a i r p o t e n t i a l has 

the i m p o r t a n t f e a t u r e that it can be c o m p a r e d d i r e c t l y with 

that used in the M a i e r - S a u p e theory (see C h a p t e r 1), thus 

a l l o w i n g a test of the m o l e c u l a r field a p p r o x i m a t i o n . In the 

L e b w o h l - L a s h e r m o d e l is a c o n s t a n t c o n t r o l l i n g the 

i n t e r a c t i o n s t r e n g t h , and e q u a l s e for n e a r e s t n e i g h b o u r 

i n t e r a c t i o n s but zero o t h e r w i s e , thus r e d u c i n g the a m o u n t of 

c o m p u t a t i o n r e q u i r e d . L a t e r work on this m o d e l has 

i n v e s t i g a t e d the e f f e c t of N (the n u m b e r of p a r t i c l e s ) on 

the v a r i o u s t r a n s i t i o n p r o p e r t i e s ( J a n s e n e_t ad, 1 9 7 7 ) and 

v a r i o u s m o d i f i c a t i o n s to the m o d e l have also been s t u d i e d , 

for e x a m p l e , the e f f e c t of d i f f e r e n t pair p o t e n t i a l s . In 

p a r t i c u l a r p o t e n t i a l s r e p r e s e n t a t i v e of d i s p e r s i o n f o r c e s 

and t h e r e f o r e d e p e n d e n t on the o r i e n t a t i o n of the 

i n t e r m o l e c u l a r v e c t o r , and those p r e s e n t b e t w e e n b i a x i a l 

p a r t i c l e s . ( L u c k h u r s t and R o m a n o , 1980', H u m p h - r i e s ^ al, 

1 9 8 1 ) . O t h e r work in this area can be s u m m e d in a few 

r e f e r e n c e s ; V i e i l l a r d - B a r o n ( 1 9 7 4 ) , M e i r o v i t c h ( 1 9 7 7 ) , 

M i l l e r ( 1 9 7 9 ) , Z a n n o n i ( 1 9 7 9 ) , L u c k h u r s t ^ al ( 1 9 8 1 , 1 9 8 2 ) , 

L u c k h u r s t and S i m p s o n ( 1 9 8 2 a , 1 9 8 3 ) , T s y l a l o and B a g m e t 

( 1 9 7 6 , 1 9 7 8 ) , Z a n n o n i and G u e r r a ( 1 9 8 1 ) , B a g m e t ( 1 9 8 2 ) , the 

l a t e r three b e i n g m o l e c u l a r d y n a m i c s s i m u l a t i o n s . 

The work in C h a p t e r s 3 to 6 of this t h e s i s is based on 

the L e b w o h l - L a s h e r m o d e l with the a p p r o x i m a t i o n s that the 

m o l e c u l e s are c y l i n d r i c a l l y s y m m e t r i c and that they are 

fixed at the l a t t i c e p o i n t s of some p r e d e f i n e d l a t t i c e 

( e i t h e r s i m p l e cubic or face centred c u b i c - see A p p e n d i x 4). 
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As m e n t i o n e d e a r l i e r , this later a p p r o x i m a t i o n r e m o v e s the 

t r a n s l a t i o n a l d e g r e e s of freedom w i t h o u t a f f e c t i n g the 

o r i e n t a t i o n a l p r o p e r t i e s s i g n i f i c a n t l y , w h i l s t the first 

a l l o w s a great deal of s i m p l i f i c a t i o n to m a d e in the 

a p p r o x i m a t i o n for the pair p o t e n t i a l , ana as we h a v e seen in 

C h a p t e r 1 m e a n s that the a v e r a g e s of the even valued 

L e g e n d r e p o l y n o m i a l s a l o n e are s u f f i c i e n t to fully d e s c r i b e 

the long r a n g e o r i e n t a t i o n a l order p r e s e n t . 

One of the most i m p o r t a n t s t e p s in the M o n t e Carlo 

p r o c e s s is the g e n e r a t i o n of a new c o n f i g u r a t i o n in the 

c h a i n of e v e n t s . This new c o n f i g u r a t i o n must i n i t i a l l y be 

c h o s e n such that it o c c u r s with e q u a l p r o b a b i l i t y t h r o u g h o u t 

all p h a s e s p a c e . F i r s t l y a p a r t i c l e is s e l e c t e d e i t h e r at 

r a n d o m or taken s e q u e n t i a l l y and given a random 

d i s p l a c e m e n t . For c y l i n d - r i c a l l y s y m m e t r i c m o l e c u l e s this 

can be a c h i e v e d in two w a y s : To d e f i n e the o r i e n t a t i o n of a 

c y l i n d - r i c a l l y s y m m e t r i c p a r t i c l e , two v a r i a b l e s are 

r e q u i r e d , the a z i m u t h a l a n g l e , a, and the p o l a r a n g l e , 3. 

H o w e v e r , it is m o r e c o n v e n i e n t to s t o r e cosB s i n c e a new 

c o n f i g u r a t i o n with the r e q u i r e d p r o b a b i l i t y d e n s i t y can now 

e a s i l y be g e n e r a t e d u s i n g ; -

"new = "old + 2 . 1 0 

and 

( c o s e ) n e * = * 

H e r e K and \ are r a n d o m n u m b e r s (See A p p e n d i x 3 ) u n i f o r m l y 

d i s t r i b u t e d in the r a n g e +1 to -1 and A is the m a x i m u m 

d i s p l a c e m e n t p r o v i d i n g c o n t r o l of the a c c e p t a n c e - r e j e c t i o n 

r a t i o . 

A v a r i a t i o n to this m e t h o d is to i n c r e m e n t cos3 in a 

s i m i l a r way to a, with a p p r o p r i a t e a c t i o n b e i n g taken to 

e n s u r e it d o e s not e x c e e d its p e r m i t t e d b o u n d s of +1 and - 1 . 

This t e c h n i q u e is d i s c u s s e d in f u r t h e r d e t a i l in C h a p t e r 5. 
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An a l t e r n a t i v e m e t h o d was o r i g i n a l l y proposed by Barker and 

Watts ( 1 9 6 9 ) in their s i m u l a t i o n of w a t e r . It i n v o l v e s 

s e l e c t i n g a m o l e c u l e , a g a i n e i t h e r taken s e q u e n t i a l l y or at 

r a n d o m , and r o t a t i n g it by a c o n t r o l l e d random a m o u n t about 

a l a b o r a t o r y axis s e l e c t e d at r a n d o m . In this case it is 

more c o n v e n i e n t to r e p r e s e n t the m o l e c u l e s by unit v e c t o r s , 

so the o r i e n t a t i o n of the i^*^ m o l e c u l e can be r e p r e s e n t e d 

by: -

1^ = ( n^, n^, n ^ ) 2 . 1 2 

w h e r e n = c o s a s i n g 2 . 1 3 
x 

n^ = s i n a s i n B 2 . 1 4 

n^ - cosg 2 . 1 5 

A new c o n f i g u r a t i o n is then generated using the f o l l o w i n g 

r e l a t i o n s h i p s : -

( " y J n e . = " " 0 f " z ' o l d 2 - 1 7 

' " z ^ n e w = c o s O C n z ' o l d " " " ® t " y ' o l d 

W h e r e the e q u a t i o n s c o r r e s p o n d to a r o t a t i o n of 9 about 

the l a b o r a t o r y x axis. E q u a t i o n s of a s i m i l a r form occur for 

r o t a t i o n s s e l e c t e d about the y and z axes. The r o t a t i o n 

a n g l e , 9 is g e n e r a t e d using 

9 = AC 2. 19 

Where again A is the m a x i m u m d i s p l a c e m e n t , c h o s e n to a c h i e v e 

an o p t i m u m a c c e p t a n c e - r e j e c t i o n r a t i o and ^ is a random 

n u m b e r g e n e r a t e d in the r a n g e +1 to - 1 . C l e a r l y this m e t h o d 

i n v o k e s a s l i g h t c o m p u t a t i o n a l o v e r h e a d , s i n c e extra 

m u l t i p l i c a t i o n s are i n v o l v e d , h o w e v e r a s w a s h a l l see in 

C h a p t e r 5 it d o e s have c e r t a i n a d v a n t a g e s . 

One of the most u s e f u l p r o p e r t i e s a v a i l a b l e from 
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s i m u l a t i o n s of a n i s o t r o p i c s y s t e m s are the o r i e n t a t i o n a l 

o r d e r p a r a m e t e r s . For u n i a x i a l s y s t e m s these are just the 

a v e r a g e s of the even ranked L e g e n d r e p o l y n o m i a l s (see 

A p p e n d i x 7), and f u r t h e r m o r e are n o r m a l l y m e a s u r e d in real 

e x p e r i m e n t s . In c o m p u t e r s i m u l a t i o n s these can be c a l c u l a t e d 

d i r e c t l y p r o v i d e d the d i r e c t o r o r i e n t a t i o n is k n o w n . Indeed 

in c e r t a i n c a s e s , as we shall see later in this t h e s i s , the 

d i r e c t o r can be p i n n e d e i t h e r by some e x t e r n a l f o r c e , by 

u s i n g a s u i t a b l e pair p o t e n t i a l or by u s i n g a large enough 

s y s t e m , thus a l l o w i n g the d i r e c t c a l c u l a t i o n of , P, 
t h 

etc. G i v e n that the o r d e r p a r a m e t e r of the j c o n f i g u r a t i o n 

IS 
Cj) the ^ , uMt; a v e r a g e 

c o n f i g u r a t i o n s is s i m p l y 

o r d e r p a r a m e t e r over M 

M 
(j) 

2 . 2 0 
j = l 

H o w e v e r , in the s i t u a t i o n w h e r e the d i r e c t o r does f l u c t u a t e , 

c o m p l i c a t i o n s a r i s e and only can be c a l c u l a t e d with 

r e l a t i v e e a s e . Now the d i r e c t o r o r i e n t a t i o n is u n k n o w n and 

will in g e n e r a l vary from c o n f i g u r a t i o n to c o n f i g u r a t i o n . 

W o r k i n g in a c a r t e s i a n c o o r d i n a t e s y s t e m , a t e n s o r can be 

d e f i n e d ( B u c k i n g h a m , 1 9 6 7 ,' d e G e n n e s , 1 9 6 9 ' , 

V i e i l l a r d - B a r o n , 1 9 7 4 ) known as 'the Q - t e n s o r ' a s : -

N 

^ab iL."'-a^b 2 . 2 1 

w h e r e a and b d e n o t e the x, y and z l a b o r a t o r y a x e s , N is 

the n u m b e r of p a r t i c l e s in the s y s t e m , and is the 

k r o n & k e r d e l t a which is zero u n l e s s a and b are e q u a l , when 

it e q u a l s one. Thus the Q - t e n s o r of a p a r t i c u l a r 

c o n f i g u r a t i o n i s : -

2N I 
i = l 

2 2 
sin gcos a-1 

2 
sin B c o s a s i n a 

s i n B c o s B c o s a 

s i n ^ c o s a s i n a s i n B c o s B c o s a 

2 2 
sin Bsin "a-1 s i n g c o s B s i n g 

s i n B c o s B s i n a cos B-l_ 
3 

2 . 2 2 
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In the s p e c i a l case that the d i r e c t o r a x i s is p a r a l l e l with 

a l a b o r a t o r y a x i s , the off d i a g o n a l e l e m e n t s v a n i s h . 

H o w e v e r , g e n e r a l l y this will not be the c a s e , a l t h o u g h it 

can be a c h i e v e d by d i a g o n a l i s i n g the m a t r i x , w h i c h for a 

r e a l , s y m m e t r i c m a t r i x of this o r d e r is r e l a t i v e l y s i m p l e . 

This p r o c e s s c o r r e s p o n d s to r o t a t i n g the l a b o r a t o r y frame of 

r e f e r e n c e to c o i n c i d e with the d i r e c t o r f r a m e . With this 

d e f i n i t i o n of Q, the l a r g e s t r e s u l t i n g e i g e n v a l u e is s i m p l y 

the s e c o n d rank order p a r a m e t e r of the c o n f i g u r a t i o n , 

and its c o r r e s p o n d i n g e i g e n v e c t o r is the o r i e n t a t i o n 

of the d i r e c t o r in the l a b o r a t o r y frame of r e f e r e n c e . The 

other two e i g e n v a l u e s p r o v i d e a c h e c k for the uniaxiality of 

the s y s t e m , as in this case they s h o u l d both e q u a l - 1/2 the 

v a l u e of In p r i n c i p l e the Q - t e n s o r should be set up 

and d l a g o n a l i s e d for each new c o n f i g u r a t i o n g e n e r a t e d . 

H o w e v e r , this is r a t h e r w a s t e f u l of c o m p u t e r time as the 

d i r e c t o r will not c h a n g e o r i e n t a t i o n s i g n i f i c a n t l y from one 

c o n f i g u r a t i o n to the n e x t , and so two s t r a t e g i e s can be 

a d o p t e d . F i r s t l y the Q - t e n s o r can be set up at l o n g e r 

i n t e r v a l s , now a f t e r a n u m b e r of c o n f i g u r a t i o n s , a 

r e a s o n a b l e n u m b e r being after each c y c l e , w h e r e a cycle is 

d e f i n e d as b e i n g N a t t e m p t e d m o v e s in the M o n t e C a r l o c h a i n . 

The t e n s o r is then d i a g o n a l i s e d and the o v e r a l l a v e r a g e 

order p a r a m e t e r is just the a v e r a g e of the o r d e r p a r a m e t e r s 

e v a l u a t e d at the end of each c y c l e . A s e c o n d , a l t e r n a t i v e 

m e t h o d is to a v e r a g e the Q - t e n s o r over a n u m b e r of 

c o n f i g u r a t i o n s d u r i n g w h i c h time the d i r e c t o r is a s s u m e d not 

f l u c t u a t e . This later t e c h n i q u e , a l t h o u g h g i v i n g 

s t a t i s t i c a l l y b e t t e r r e s u l t s has to be used with c a u t i o n , as 

even a s l i g h t d i r e c t o r f l u c t u a t i o n d u r i n g the a v e r a g i n g 

p r o c e s s will give a m i s l e a d i n g s m a l l o r d e r p a r a m e t e r . The 

final order p a r a m e t e r is then the a v e r a g e of the o r d e r 

p a r a m e t e r s o b t a i n e d from the a v e r a g e d Q - t e n s o r . T h r o u g h o u t 

p a r t s of this t h e s i s both t e c h n i q u e s are u s e d , and in m o s t 
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c a s e s give i d e n t i c a l r e s u l t s (see C h a p t e r 4). 

In p r i n c i p l e h i g h e r ranked order p a r a m e t e r s can be 

e v a l u a t e d using a s i m i l a r p r o c e s s and t e n s o r s of h i g h e r 

o r d e r . H o w e v e r , the d i a g o n a l i s a t i o n of these l a r g e t e n s o r s 

is c o m p u t a t i o n a l l y e x p e n s i v e , and h i g h e r r a n k e d order 

p a r a m e t e r s are e a s i l y c a l c u l a t e d by other m e t h o d s . One 

o b v i o u s m e t h o d is a f t e r d i q g o n a l i s a t i o n of the Q - t e n s o r to 

t r a n s f o r m all the the o r i e n t a t i o n s of the m o l e c u l e s to the 

d i r e c t o r f r a m e , h o w e v e r , for large s y s t e m s this b e c o m e s time 

c o n s u m i n g . An e a s i e r r o u t e is via the pair d i s t r i b u t i o n 

f u n c t i o n s . 

As we saw in C h a p t e r 1, the pair d i s t r i b u t i o n f u n c t i o n 

is p e r h a p s the most i m p o r t a n t o r i e n t a t i o n a l p r o p e r t y 

a v a i l a b l e , b e i n g d e f i n e d a s ; -

= P ^ ( c o s B ^ 2 ) f i 2 2 . 2 3 

s i n c e they p r o v i d e a route not only to the short r a n g e order 

p a r a m e t e r s but in their long r a n g e l i m i t , they tend to 

the s q u a r e of the c o r r e s p o n d i n g long r a n g e o r d e r p a r a m e t e r . 

For e x a m p l e : -

Lim 2.24 

The short r a n g e order p a r a m e t e r , a l l o w s an 

a l t e r n a t i v e m e a n s of the c a l c u l a t i o n of the i n t e r n a l energy 

for the L e b w o l d - L a s h e r m o d e l ( Z a n n o n i , 1 9 7 9 ) s i n c e : -

D/e = - z o * 2 . 2 5 
2 

w h e r e z is the l a t t i c e c o o r d i n a t i o n n u m b e r . F u r t h e r m o r e , the 

pair c o r r e l a t i o n functions p r o v i d e a d i r e c t test of the 

m o l e c u l a r field a p p r o x i m a t i o n as will be d i s c u s s e d in d e t a i l 

in C h a p t e r 3. 

On a l a t t i c e the c a l c u l a t i o n of G ^ ( r ) is r e l a t i v e l y 
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s i m p l e , s i n c e all the i n t e r m o l e c u l a r s e p a r a t i o n s are k n o w n . 

T h e r e f o r e in o r d e r to c a l c u l a t e a p a r t i c u l a r pair 

c o r r e l a t i o n f u n c t i o n , the c o s i n e s of a n g l e s b e t w e e n all 

p a i r s of m o l e c u l e s only have to e v a l u a t e d , n o r m a l l y at the 

end of each c y c l e . In d o i n g so h o w e v e r , only p a i r s of 

m o l e c u l e s with i n t e r m o l e c u l a r s e p a r a t i o n s less than h a l f the 

cell d i m e n s i o n m u s t be c o n s i d e r e d , as p e r i o d i c b o u n d a r y 

c o n d i t i o n s will c a u s e c o r r e l a t i o n s to be c o u n t e d t w i c e at 

d i s t a n c e s g r e a t e r than this cut off. The e x t r a p o l a t i o n to 

long r a n g e must t h e r e f o r e be taken with c a u t i o n , s i n c e only 

c o r r e l a t i o n s up to the cut off are c a l c u l a t e d . H o w e v e r , 

t h r o u g h o u t this t h e s i s it will be seen that the l i m i t i n g 

v a l u e is r e a c h e d long b e f o r e the cut off, thus p e r m i t t i n g 

the valid c a l c u l a t i o n of long r a n g e p a r a m e t e r s from the long 

r a n g e l i m i t s . 

In c o m p u t e r s i m u l a t i o n s the e s t i m a t i o n of e r r o r s is of 

e x t r e m e i m p o r t a n c e . C l e a r l y , p r o p e r t i e s can be r e c a l c u l a t e d 

at each new c o n f i g u r a t i o n g e n e r a t e d by the M o n t e - C a r l o chain 

thus p r o v i d i n g very a c c u r a t e a v e r a g e s . H o w e v e r , in g e n e r a l , 

the i n d i v i d u a l v a l u e s forming the a v e r a g e s will be 

c o r r e l a t e d with each o t h e r , thus any a t t e m p t to e s t i m a t e the 

s t a n d a r d d e v i a t i o n will p r o v e i n a c c u r a t e . To o v e r c o m e this 

p r o b l e m , the simulations are n o r m a l l y b r o k e n up into steps 

( s o m e t i m e s c a l l e d ' m a c r o s t e p s ' ) over which time a v e r a g e s are 

c a l c u l a t e d . The t o t a l a v e r a g e of the p r o p e r t y is then the 

a v e r a g e of all the s t e p s , and now a s s u m i n g the sub a v e r a g e s 

to be u n c o r r e l a t e d , s t a n d a r d d e v i a t i o n s can be e v a l u a t e d . 

The l e n g t h of each step o e t e r m i n e s w h e t h e r they are 

u n c o r r e l a t e d or not. C l e a r l y they s h o u l d be as long as 

p o s s i b l e , yet t h r o u g h o u t the e n t i r e s i m u l a t i o n t h e r e should 

be s u f f i c i e n t to p r o v i d e a r e a s o n a b l e e s t i m a t e of the 

s t a n d a r d d e v i a t i o n . G e n e r a l l y , the n u m b e r c a l c u l a t e d 

r e p r e s e n t s a c o m p r o m i s e b e t w e e n t h e s e two f a c t o r s . 

T h r o u g h o u t this w o r k , the a v e r a g e s p r e s e n t e d (when they 

g i v e n error e s t i m a t e s ) r e p r e s e n t a b r e a k down of the total 

run into a n y t h i n g b e t w e e n 20 and 100 s u b a v e r a g e s , each of 

a n y t h i n g up to 500 c y c l e s . 
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C h a p t e r 3 

The L e b w o h l - L a s h e r m o d e l and the m o l e c u l a r field 

a p p r o x i m a t i o n 

3.1 I n t r o d u c t i o n 

One of the e a r l i e s t and most s i g n i f i c a n t s i m u l a t i o n s of 

a n i s o t r o p i c s y s t e m s was that p e r f o r m e d by L e b w o h l and Lasher 

( 1 9 7 2 ) . This i m p o r t a n t set of c a l c u l a t i o n s i n v o l v e d the 

i s o l a t i o n of a first order t r a n s i t i o n b e t w e e n an 

o r i e n t a t i o n a l l y o r d e r e d and d i s o r d e r e d p h a s e , as o b s e r v e d in 

the n e m a t i c - i s o t r o p i c p h a s e t r a n s i t i o n , u s i n g a r e l a t i v e l y 

s i m p l e m o d e l . The m o d e l c o n s i s t e d of c y l i n d - r i c a l l y 

s y m m e t r i c p a r t i c l e s , r e p r e s e n t i n g m o l e c u l e s r e s t r i c t e d to 

the s i t e s of a s i m p l e cubic l a t t i c e and i n t e r a c t i n g via the 

s i m p l e a n i s o t r o p i c p o t e n t i a l : -

= - E _ j P 2 ( c o s 6 ^ j ] . 3.1 

H e r e e. . is a p o s i t i v e c o n s t a n t w h i c h e q u a l s e if m o l e c u l e s 
1 J 

i and j are n e a r e s t n e i g h b o u r s but is zero o t h e r w i s e , and 

g j is the angle b e t w e e n the s y m m e t r y axes of m o l e c u l e s i 

and j. The t r a n s i t i o n was later s t u d i e d in s l i g h t l y more 

d e t a i l by J a n s e n , V e r t o g e n and Ypma [ 1 9 7 7 ] and Z a n n o n i 

( 1 9 7 9 ) again by the M o n t e - C a r l o t e c h n i q u e (see C h a p t e r 2) 

and also by the m e t h o d of m o l e c u l a r d y n a m i c s ( Z a n n o n i and 

G u e r r a , 1 9 8 1 ) . H o w e v e r , all of these s i m u l a t i o n s were 

r e s t r i c t i v e , e i t h e r by using a r e l a t i v e l y s m a l l n u m b e r of 

m o l e c u l e s (eg 1 0 ^ ) w h i c h has tended to show c o n t i n u o u s 

p r o p e r t i e s t h r o u g h o u t the t r a n s i t i o n , or by s t u d y i n g a range 

of t e m p e r a t u r e s very u n c h a r a c t e r i s t i c of n e m a t o g e n s . For 

e x a m p l e , Z a n n o n i ( 1 9 7 9 ) s t u d i e d the m o d e l using 10^ 

p a r t i c l e s at t e m p e r a t u r e s as low as T / T ^ ^ = 0 . 4 6 . T h e r e f o r e 

one of the aims of this C h a p t e r is to i n v e s t i g a t e the 

n e m a t i c - i s o t r o p i c p h a s e t r a n s i t i o n in the t e m p e r a t u r e 

r e g i o n , c l o s e to the t r a n s i t i o n , c h a r a c t e r i s t i c of real 
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n e m a t o g e n s , I.e. from = 0.9 to T / T ^ ^ - 1.1 and to 

study a larger s y s t e m of 20^ p a r t i c l e s with the aim of 

i m p r o v i n g the s h a r p n e s s of the t r a n s i t i o n . 

The L e b w o h l - L a s h e r m o d e l has also been s t u d i e d for a 

s y s t e m of 3 0 ^ p a r t i c l e s using the s t o c h a s t i c m o d e l s 

t e c h n i q u e ( M e i r o v i t c h , 1 9 7 7 ) , a m e t h o d of u n p r o v e n 

r e l i a b i l i t y , at least in the s i m u l a t i o n of a n i s o t r o p i c 

s y s t e m s . A c o m p a r i s o n of this m o d e l with o t h e r work w i l l be 

m a d e l a t e r . 

In a d d i t i o n , a d e t a i l e d k n o w l e d g e of the t e m p e r a t u r e 

d e p e n d e n c e of the s e c o n d rank o r d e r p a r a m e t e r and other 

p r o p e r t i e s in the L e b w o h l - L a s h e r m o d e l c l o s e to the 

n e m a t i c - i s o t r o p i c p h a s e t r a n s i t i o n p r o v i d e s a c o m p r e h e n s i v e 

test of a n a l y t i c t h e o r i e s . 

One of the most s u c c e s s f u l a n a l y t i c t h e o r i e s d e s c r i b i n g 

the p r o p e r t i e s of the n e m a t i c - i s o t r o p i c p h a s e t r a n s i t i o n was 

p r o p o s e d by M a i e r and S a u p e (1958, 1959, 1 9 6 0 ) , the d e t a i l s 

of w h i c h are d i s c u s s e d in C h a p t e r 1. The major 

a p p r o x i m a t i o n s used in this theory are the m o l e c u l a r field 

a p p r o x i m a t i o n w h i c h is e m p l o y e d to s i m p l i f y g r e a t l y the 

o r i e n t a t i o n a l d i s t r i b u t i o n f u n c t i o n , and the d e s c r i p t i o n of 

the a n i s o t r o p i c pair p o t e n t i a l , w h i c h for true n e m a t o g e n s 

would be e x t r e m e l y c o m p l e x . The latter a p p r o x i m a t i o n 

i n v a l i d a t e s any u n a m b i g u o u s c o m p a r i s o n with real 

e x p e r i m e n t a l d a t a , so to test the a p p r o x i m a t i o n s in the 

theory we have to resort to c o m p u t e r s i m u l a t i o n s t u d i e s . The 

L e b w o h l - L a s h e r m o d e l has the i m m e d i a t e a d v a n t a g e in that the 

s i m p l e p o t e n t i a l used ( e q u a t i o n 3 . 1 ) is c o n s i s t e n t with that 

e m p l o y e d in the M a i e r - S a u p e t h e o r y , a l t h o u g h it has been 

s h o w n that other pair p o t e n t i a l s , for e x a m p l e a pair 

p o t e n t i a l w h i c h d e p e n d s on the o r i e n t a t i o n of the 

i n t e r m o l e c u l a r v e c t o r , also y i e l d s the same s i n g l e p a r t i c l e 

p s e u d o p o t e n t i a l as that used in the M a i e r - S a u p e t h e o r y . 

( H u m p h r i e s et a l . , 1 9 8 1 ) . I n d e e d , it is for this type of 

p o t e n t i a l that Maier and S a u p e based their o r i g i n a l 

d e r i v a t i o n . 
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T h e r e are h o w e v e r , two i m p o r t a n t f e a t u r e s of the 

L e b w o h l - L a s h e r m o d e l that have not been s t u d i e d to test the 

v a l i d i t y of the m o l e c u l a r field a p p r o x i m a t i o n , that of 

l a t t i c e c o o r d i n a t i o n n u m b e r , and the e f f e c t of i n c r e a s i n g 

the r a n g e of the i n t e r a c t i o n p o t e n t i a l , each of w h i c h is 

very i m p o r t a n t in their own r i g h t , s i n c e in the limit that 

all p a r t i c l e s i n t e r a c t e q u a l l y with all o t h e r s the m o l e c u l a r 

field a p p r o x i m a t i o n b e c o m e s e x a c t . The s e c o n d aim t h e r e f o r e 

of this C h a p t e r is to i n v e s t i g a t e the e f f e c t of i n c r e a s i n g 

the l a t t i c e c o o r d i n a t i o n n u m b e r , the e f f e c t of i n c r e a s i n g 

the r a n g e of the pair p o t e n t i a l and finally to c o m b i n e these 

two f e a t u r e s and c o m p a r e all the r e s u l t s for t h e s e s y s t e m s 

with the p r e d i c t i o n s of the M a i e r - S a u p e t h e o r y . 

3.2 The m o d e l s 

The four m o d e l s , l a b e l l e d I to IV, used in the 

s i m u l a t i o n s are now d e s c r i b e d in d e t a i l . 

M o d e l I 

This m o d e l is e x a c t l y i d e n t i c a l to the 

L e b w o h l - L a s h e r m o d e l but using a larger system of 20^ 

p a r t i c l e s on the s i t e s of a s i m p l e c u b i c l a t t i c e and 

i n t e r a c t i n g via the n e a r e s t n e i g h b o u r pair p o t e n t i a l 

d e f i n e d in e q u a t i o n 3.1. 

Model II 

This d i f f e r s from M o d e l I in that the p a r t i c l e s 

now lie at the sites of a face c e n t r e d c u b i c l a t t i c e 

(see A p p e n d i x 4), thus d o u b l i n g the c o o r d i n a t i o n 

n u m b e r , z, from 6 to 12. 

M o d e l III 

This m o d e l i n v e s t i g a t e s the s e c o n d e f f e c t , that of 

i n c r e a s i n g the range of the p o t e n t i a l . The c o o r d i n a t i o n 

n u m b e r in the first s h e l l was kept at 6 (i.e. a s i m p l e 

c u bi c l a t t i c e ) , but each m o l e c u l a r i n t e r a c t i o n e x t e n d e d 
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to the next two s h e l l s of m o l e c u l e s . Thus there were 6 

pair i n t e r a c t i o n s a r i s i n g from s h e l l 1, 12 from s h e l l 2 

and 8 from s h e l l 3. (See A p p e n d i x 4}. As with 

a n i s o t r o p i c d i s p e r s i o n f o r c e s , it is a s s u m e d that the 

s t r e n g t h of i n t e r a c t i o n d i m i n i s h e s as r7Y, the 

a n i s o t r o p i c pair p o t e n t i a l is t h e n : -
^1' 

^ij ^ P g C c o s g ^ j ) 3. 2 

w h e r e r^j is the s c a l e d s e p a r a t i o n , r ^ ^ / a , w h e r e a is 

the n e a r e s t n e i g h b o u r s e p a r a t i o n . 

M o d e l IV 

M o d e l IV c o m b i n e s the two i m p o r t a n t f e a t u r e s of 

M o d e l s II and III. The p a r t i c l e s are c o n f i n e d to the 

s i t e s of a face c e n t r e d cubic l a t t i c e and the range of 

the p o t e n t i a l e x t e n d e d to the next 12 i n t e r a c t i o n 

s h e l l s (see A p p e n d i x 4). This c o r r e s p o n d s to all pair 

i n t e r a c t i o n s at s e p a r a t i o n s less than half the cell 

edge l e n g t h . The a n i s o t r o p i c p o t e n t i a l used was as 

d e f i n e d in e q u a t i o n 3.2 a l t h o u g h in this c a s e , the 

n e a r e s t n e i g h b o u r s e p a r a t i o n , a, is a c t u a l l y the 
1/9 

l a t t i c e s p a c i n g d i v i d e d by 2 . 

The o u t l i n e of the r e m a i n d e r of this C h a p t e r is as 

f o l l o w s . In the next s e c t i o n e x p l i c i t c o m p u t a t i o n a l d e t a i l s 

are g i v e n for all four m o d e l s f o l l o w e d by s e c t i o n 3.4 w h i c h 

d i s c u s s e s the r e s u l t s . Next the r e s u l t s from M o d e l I are 

c o m p a r e d with o t h e r s i m u l a t i o n s using the L e b w o h l - L a s h e r 

m o d e l ( s e c t i o n 3 . 5 ] and the r e s u l t s of all four m o d & l s are 

used to test the p r e d i c t i o n s of the M a i e r - S a u p e theory in 

s e c t i o n 3.6. S e c t i o n 3.7 c o m p a r e s the r e s u l t s w i t h a theory 

based on a two site c l u s t e r e x p a n s i o n and in 3.8 the r e s u l t s 

from M o d e l 1 are c o m p a r e d t e n t a t i v e l y with e x p e r i m e n t a l 

r e s u l t s . F i n a l l y in s e c t i o n 3.9 an i m p o r t a n t f e a t u r e 

o b s e r v e d in M o d e l I is d i s c u s s e d , that of d i r e c t o r p i n n i n g . 
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3.3 C o m p u t a t i o n a l d e t a i l s 

For each of the four m o d e l s the M o n t e - C a r l o m e t h o d 

p r o p o s e d by M e t r o p o l i s et a]^. (1953j was used (see C h a p t e r 

2). M o d e l I c o n s i s t e d of a s y s t e m of 20^ p a r t i c l e s a l t h o u g h 

for M o d e l s II, III and IV, fewer were e m p l o y e d b e c a u s e of 

r e s t r i c t e d c o m p u t a t i o n a l r e s o u r c e s . For M o d e l s II and IV 

i n v o l v i n g face c e n t r e d cubic l a t t i c e s , 864 (=4x6^J and 500 

( =Ax5^j p a r t i c l e s r e s p e c t i v e l y were used and for the s i m p l e 
3 

c u b i c l a t t i c e in M o d e l III, the s y s t e m c o n s i s t e d of 10 

p a r t i c l e s . 

The o r i e n t a t i o n s of p a r t i c l e s in M o d e l s I, II and III 

w e r e s t o r e d u s i n g the a z i m u t h a l a n g l e , a, and the p o l a r 

angle 6, via c o s g . A new c o n f i g u r a t i o n was c r e a t e d by 

g e n e r a t i n g a random n u m b e r u n i f o r m l y in the range of 0 to +1 

for M o d e l I and -1 to +1 for M o d e l II and III, and 

i d e n t i f y i n g this with c o s g , t h u s : -

( c o s 6 ) ^ g ^ - 5 3.3 

and for the a z i m u t h a l a n g l e : -

*new = *old + AC. 3.4 

Here S is a random n u m b e r g e n e r a t e d in the range 0 to +I 

and A is the a l l o w e d m a x i m u m d i s p l a c e m e n t . In g e n e r a l cosg 

s h o u l d a l w a y s be c h o s e n in the full range of -1 to +1, but 

in this c a s e , the p o t e n t i a l is i n d e p e n d e n t of the sign of 

cosB and so in this i n s t a n c e is u n i m p o r t a n t . In M o d e l I, it 

was o b s e r v e d that the a c c e p t a n c e - r e j e c t i o n ratio was a l m o s t 

t o t a l l y i n s e n s i t i v e to the m a g n i t u d e of A, b e c a u s e of the 

e f f e c t of p i n n i n g of the d i r e c t o r (see s e c t i o n 3.9 and 

C h a p t e r 5). H o w e v e r , w i t h i n the t e m p e r a t u r e range s t u d i e d , 

the r a t i o was s t i l l a c c e p t a b l e , v a r y i n g from about 0.5 at * * * 

T = 1 . 0 to a p p r o x i m a t e l y 2.3 at T = 1 . 3 . (Here T is the 

r e d u c e d t e m p e r a t u r e d e f i n e d a s : -
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T* = kT/e 3.5 

w h e r e k is the B o l t z m a n n c o n s t a n t , and e the s t r e n g t h 

p a r a m e t e r used in e q u a t i o n 3 . 1 3 . In M o d e l IV the m o l e c u l a r 

o r i e n t a t i o n s were s t o r e d as unit v e c t o r s w h o s e c o m p o n e n t s in 

the l a b o r a t o r y frame were c h a n g e d using the m e t h o d o u t l i n e d 

by B a r k e r and W a t t s ( 1 9 6 9 ) (see C h a p t e r 2). 

The i n i t i a l c o n f i g u r a t i o n in the s i m u l a t i o n with M o d e l 

I was c r e a t e d by s e l e c t i n g the a z i m u t h a l a n g l e , 3, r a n d o m l y 

in the range 0 to 2tt , and the polar a n g l e , 3, in the r a n g e 0 

to n / 2 . As a c o n s e q u e n c e this gives a p a r t i a l l y o r d e r e d 

s y s t e m with a p p r o x i m a t e l y 0 . 2 5 and the d i r e c t o r 

p a r a l l e l with the l a b o r a t o r y z a x i s . The m o d e l was s t u d i e d 
% 

over a t o t a l of 14 t e m p e r a t u r e s r a n g i n g from T = 1 . 0 0 0 to 

T * = 1 . 2 8 2 . For the first t e m p e r a t u r e , at T * = 1 . 0 0 0 , 

e q u i l i b r a t i o n and p r o d u c t i o n s t a g e s of 12 and 8 m i l l i o n 

m o v e s r e s p e c t i v e l y were p e r f o r m e d , with s u b s e q u e n t 

c a l c u l a t i o n s at h i g h e r t e m p e r a t u r e s using the final 

c o n f i g u r a t i o n of the p r e c e e d i n g lower t e m p e r a t u r e s i m u l a t i o n 

as a s t a r t i n g p o i n t . For these c a l c u l a t i o n s t y p i c a l 

e q u i l i b r a t i o n and p r o d u c t i o n s t a g e s of 5 and 10 m i l l i o n 

m o v e s r e s p e c t i v e l y were u s e d . 

For m o d e l s II, III and IV, the s t a r t i n g c o n f i g u r a t i o n 

was taken to be a p e r f e c t l y o r d e r e d s y s t e m with the 

m o l e c u l a r axes p a r a l l e l with the l a b o r a t o r y z d i r e c t i o n with 

c a l c u l a t i o n s at h i g h e r t e m p e r a t u r e s s t a r t e d from the last 

c o n f i g u r a t i o n of the p r o d u c t i o n run at the p r o c e e d i n g 

t e m p e r a t u r e . The e q u i l i b r a t i o n and p r o d u c t i o n runs for M o d e l 

II w e r e t y p i c a l l y 3 and 6 m i l l i o n c o n f i g u r a t i o n s 

r e s p e c t i v e l y , a l t h o u g h s l i g h t l y less for M o d e l s III and IV, 

w i t h b e t w e e n 1 and 2 m i l l i o n m o v e s for e q u i l i b r a t i o n and 

a b o u t 3 m i l l i o n for p r o d u c t i o n in M o d e l III and about 1 

m i l l i o n for p r o d u c t i o n in M o d e l IV. 

For all m o d e l s the a v e r a g e p o t e n t i a l energy per 

p a r t i c l e , 0 (= 0 / N e ) was e v a l u a t e d as a f u n c t i o n of the 
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r e d u c e d t e m p e r a t u r e taking into a c c o u n t all the i n t e r a c t i o n s 

as d e s c r i b e d in the m o d e l d e f i n i t i o n s in s e c t i o n 3.2. The 
* 

heat c a p a c i t y at c o n s t a n t v o l u m e with r e s p e c t to T was also 

c a l c u l a t e d , by n u m e r i c a l d i f f e r e n t i a t i o n of the t e m p e r a t u r e 

d e p e n d e n c e of 0 , s i n c e 

c j = ( a O * / 3 T * ) v 3 . 6 

F u r t h e r m o r e , C * was also c a l c u l a t e d from the f l u c t u a t i o n s 

in the i n t e r n a l energy for M o d e l I V , : -

c ; = ( 7 ^ - o * ' ) / r * ' 3 . 7 

S i n c e in M o d e l I, it was o b s e r v e d that the d i r e c t o r 

o r i e n t a t i o n r e m a i n e d fixed p a r a l l e l to the l a b o r a t o r y z axis 

t h r o u g h o u t the d u r a t i o n of the s i m u l a t i o n , the s e c o n d rank 

o r i e n t a t i o n a l o r d e r p a r a m e t e r , of the 

c o n f i g u r a t i o n was c a l c u l a t e d d i r e c t l y a s : -

N 

P j = ^ ) 3/2 c o s ^ g _ 1 / 2 3.8 

N i l l 

H e r e 6^ is the angle d e s c r i b i n g the o r i e n a t a t i o n of the i^^ 

m o l e c u l e in the l a b o r a t o r y f r a m e . In p r a c t i c e 9^^ was 

e v a l u a t e d at the end of each cycle and then a v e r a g e d over M 

c y c l e s to give , i.e. 

' 2 ' i . I / V 
1 = 1 

3 . 9 

H o w e v e r for M o d e l s II to IV, the d i r e c t o r o r i e n t a t i o n was 

o b s e r v e d to f l u c t u a t e , and so a d i f f e r e n t p r o c e d u r e had to 

be a d o p t e d . The Q - t e n s o r was set up and d i a g o n a l i s e d at the 

end of each c y c l e , and the l a r g e s t e i g e n v a l u e , 

a v e r a g e d over all c y c l e s , w h e r e the t e n s o r is d e f i n e d a s : -

"ab = - 6 a b ' / 2 ' - ' 0 
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In M o d e l IV, the pair c o r r e l a t i o n f u n c t i o n s G ^ ( r . T ) * J 

and w e r e also c a l c u l a t e d , a l t h o u g h not at every 

t e m p e r a t u r e , over s t a g e s d u r i n g the p r o d u c t i o n r u n s . They 

were e v a l u a t e d again at the end of each cycle and a v e r a g e d 

over a t o t a l of 500 c y c l e s , was also c a l c u l a t e d at the 

same s t a g e to e n a b l e a m o r e m e a n i n g f u l c o m p a r i s o n with 

m o l e c u l a r field t h e o r y . 

The e r r o r s in the q u a n t i t i e s 0* and C* (for 

M o d e l IV) w e r e e s t i m a t e d by d i v i d i n g the p r o d u c t i o n s t a g e 

into t y p i c a l l y 10 m a c r o s t e p s from w h i c h the t o t a l a v e r a g e 

and s t a n d a r d d e v i a t i o n s w e r e c a l c u l a t e d . 

3.4 R e s u l t s 

The r e s u l t s for the i n t e r n a l e n e r g y , 0*, heat 
* 

c a p a c i t y at c o n s t a n t v o l u m e , and the s e c o n d rank order 

p a r a m e t e r , P are shown as f u n c t i o n s of the r e d u c e d ^ * 

t e m p e r a t u r e , T in F i g u r e s 3.1, 3.2 and 3.3 r e s p e c t i v e l y for 

all four m o d e l s , as the solid s q u a r e s . 

The i n t e r n a l e n e r g y , in F i g u r e 3.1, is e s s e n t i a l l y a 

c o n t i n u o u s f u n c t i o n of t e m p e r a t u r e s u g g e s t i n g that e i t h e r 

the e n t r o p y of t r a n s i t i o n is s m a l l , or m o r e p r o b a b l y , 

e s p e c i a l l y for M o d e l s II, III, IV f i n i t e size e f f e c t s are 

o c c u r i n g w h i c h tend to s m o o t h out the t r a n s i t i o n . H o w e v e r , 

b e f o r e the e n t r o p y c h a n g e can be m e a s u r e d , the exact 

l o c a t i o n of the t r a n s i t i o n t e m p e r a t u r e s must be d e t e r m i n e d . 

This is r e a d i l y o b t a i n e d from the heat c a p a c i t y in F i g u r e 

3 . 2 w h e r e in all c a s e s a d i v e r g e n c e in C * is o b s e r v e d . This 

can be a s s o c i a t e d with a t r a n s i t i o n from an o r i e n t a t i o n l y 

o r d e r e d p h a s e to one of d i s o r d e r (see F i g u r e 3 . 3 ] , i.e. the 

n e m a t i c - i s o t r o p i c p h a s e t r a n s i t i o n . The exact l o c a t i o n of 

the t r a n s i t i o n can be r e g a r d e d as being m i d w a y b e t w e e n 

t e m p e r a t u r e on either side of the d i v e r g e n c e . T h i s g i v e s 

t r a n s i t i o n t e m p e r a t u r e s , T^* as listed in Table 3.1 for the 

four m o d e l s . The a s s i g n m e n t of the order of the t r a n s i t i o n s 

is not easy to e v a l u a t e , s i n c e the p l o t s of the heat 

c a p a c i t y are all consistftnt with first or h i g h e r order 
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Fig 3.1 The scaled t e m p e r a t u r e d e p e n d e n c e of the i n t e r n a l energy per p a r t i c l e for m o d e l s I 
Ca), II (b], III (c) and IV (d). The solid c u r v e s in b), c ) and d ) are the p r e d i c -
t i o n s of the M a i e r - S a u p e theory scaled to the same t r a n s i t i o n t e m p e r a t u r e s , w h i l e 
in a ) the solid curve is the p r e d i c t i o n of the two site c l u s t e r e x p a n s i o n . 



o O o> 

Fig 3 . 2 The t e m p e r a t u r e d e p e n d e n c e of the heat c a p a c i t y 
at c o n s t a n t v o l u m e per p a r t i c l e for M o d e l s I, 
II, III and IV. ( D i a g r a m s a, b, c and d 
r e s p e c t i v e l y ) . The solid s q u a r e s are r e s u l t s 
o b t a i n e d from the g r a d i e n t of the i n t e r n a l 
energy w h i l e the open s q u a r e s are r e s u l t s 
d e r i v e d from energy f l u c t u a t i o n s (d). The 
m o l e c u l a r field theory p r e d i c t i o n s are shown by 
the solid c u r v e s scaled to the same t r a n s i t i o n 
t e m p e r a t u r e s in p l o t s b), c ) and d), w h i l e in a ) 
the solid c u r v e is the p r e d i c t i o n of the two 
site c l u s t e r e x p a n s i o n . In a) the d a s h e d c u r v e 
is C m e a s u r e d for PAA and the open c i r c l e s are 
r e s u l t s o b t a i n e d by J a n s e n et al ( 1 9 7 7 ) . 
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Fig 3 . 3 The t e m p e r a t u r e d e p e n d e n c e of the second rank order p a r a m e t e r for M o d e l s I to IV (a 
to d r e s p e c t i v e l y ) . The solid curves in b), c) and d ) are the m o l e c u l a r field p r e -
d i c t i o n s s c a l e d to the same t r a n s i t i o n t e m p e r a t u r e s . The o p e n s q u a r e s in a ) are 
r e s u l t s o b t a i n e d by Zannoni (1979) and the open t r i a n g l e s are data c a l c u l a t e d by 
M e i r o v i t c h ( 1 9 7 7 ) . 



t r a n s i t i o n s . H o w e v e r , e x t r a p o l a t i o n of 0* at from 

both the n e m a t i c and i s o t r o p i c p h a s e s i n d i c a t e s a s m a l l but 

n o n e t h e l e s s n o n - z e r o c h a n g e in 0*, s u g g e s t i n g the 

o c c u r a n c e of first order p h a s e t r a n s i t i o n s . From this finite 

c h a n g e in 0* at the t r a n s i t i o n , the e n t r o p y of t r a n s i t i o n 

AS/R can be c a l c u l a t e d and is also listed in T a b l e 3.1 for 

all four M o d e l s . The r e l a t i v e l y large e r r o r s in AS/R arise 

from the d i f f i c u l t e x t r a p o l a t i o n of the i n t e r n a l energy from 

the o r d e r e d and d i s o r d e r e d p h a s e s and i n d e e d could be 

l a r g e r , s i n c e the u n c e r t a i n t i e s in the t r a n s i t i o n 

t e m p e r a t u r e s h a v e not been taken into a c c o u n t . In M o d e l IV 

the heat c a p a c i t y was also c a l c u l a t e d from the f l u c t u a t i o n s 

in the i n t e r n a l e n e r g y , as d e f i n e d by e q u a t i o n 3.7, and 

these r e s u l t s are shown as the open s q u a r e s on the fourth 

d i a g r a m in F i g u r e 3.2. To w i t h i n e x p e r i m e n t a l e r r o r , both 

sets of r e s u l t s a g r e e and d i v e r g e at the same t r a n s i t i o n 

t e m p e r a t u r e . This o b s e r v a t i o n is c o m f o r t i n g s i n c e it does 

p r o v i d e a check to the two m e t h o d s of c a l c u l a t i o n of * 

a l t h o u g h C c a l c u l a t e d by s p l i n e f i t t i n g the i n t e r n a l 

energy is p r o b a b l y more r e l i a b l e than that e v a l u a t e d from 

the e n e r g y f l u c t u a t i o n s , since the latter m e t h o d r e q u i r e s 

e f f i c i e n t s a m p l i n g of s t a t e s of both high and low e n e r g y . 

The order p a r a m e t e r , p l o t t e d in F i g u r e 3 . 3 as a 

f u n c t i o n of T* is again e s s e n t i a l l y c o n t i n u o u s t h r o u g h o u t 

the t e m p e r a t u r e r a n g e s s t u d i e d , a l t h o u g h it c h a n g e s most 

r a p i d l y in the t e m p e r a t u r e r e g i o n w h e r e the heat c a p a c i t y 

d i v e r g e s . H o w e v e r , in the i s o t r o p i c p h a s e it does not e q u a l 

zero e s p e c i a l l y in M o d e l s II, III and IV, p r e s u m a b l y b e c a u s e 

of the r e l a t i v e l y s m a l l n u m b e r s of p a r t i c l e s e m p l o y e d . A 

knowledgeq^Tj^* a l l o w s to be found at the t r a n s i t i o n by 

a c a r e f u l e x t r a p o l a t i o n and again is listed in T a b l e 3.1. 

F i n a l l y , we look b r i e f l y at the o r i e n t a t i o n a l 

c o r r e l a t i o n f u n c t i o n s , and p l o t t e d in 

F i g u r e 3.4 for M o d e l IV. The r e l e v a n c e of the form of the 

p l o t s w i l l be d i s c u s s e d in m o r e d e t a i l later when a 

c o m p a r i s o n w i t h m o l e c u l a r field theory w i l l be m a d e . 
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I 3Z2 

Fig 3.4 The a i s t a n c e d e p e n d e n c e of the s e c o n d (a) and 
fourth rank (b) o r i e n t a t i o n pair c o r r e l a t i o n 
f u n c t i o n s c a l c u l a t e d in M o d e l IV. The solid 
l i n e s in a) are the l a r g e s e p a r a t i o n l i m i t s 
w h i l e the M a i e r - S a u p e p r e d i c t i o n s at the same 
r e d u c e d t e m p e r a t u r e are g i v e n by the d a s h e d 
l i n e s . 
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H o w e v e r , the c o n s i s t e n c y of G ^ C r ^ * ) with the i n t e r n a l 

e n e r g y can be d e m o n s t r a t e d at this stage s i n c e ( Z a n n o n i , 

1979): -

0 = - 1/2 ] * GgCr*], 3.11 
n 

w h e r e z is the n u m b e r of m o l e c u l e s in the n^^ c o o r d i n a t i o n 
^ * 

s h e l l (see A p p e n d i x 4) at a s c a l e d d i s t a n c e of r^ from a 

c e n t r a l p a r t i c l e . The v a l u e s of 0* e v a l u a t e d from the 

o b s e r v e d G ^ C r ) with the s u m m a t i o n t r u n c a t e d at the same 

point as the pair p o t e n t i a l in the s i m u l a t i o n are c o m p a r e d 

with 0* c a l c u l a t e d d i r e c t l y d u r i n g the s i m u l a t i o n in Table 

3 . 2 , and there is e x c e l l e n t a g r e e m e n t . A f u r t h e r check on 

the c a l c u l a t i o n of G g C r ^ j ) and G ^ ( r ^ p can be made by 

c o m p a r i n g the long r a n g e l i m i t i n g v a l u e s with the 

c o r r e s p o n d i n g r a n k e d order p a r a m e t e r , s i n c e in the limit of 

large s e p a r a t i o n s the o r i e n t a t i o n a l c o r r e l a t i o n s b e t w e e n 

m o l e c u l e s are lost and G|^(r) t e n d s to Thus the limit 

of G ^ C r ^ j * ) can be c h e c k e d a g a i n s t e v a l u a t e d d u r i n g the 

s i m u l a t i o n , in p a r t i c u l a r a g a i n s t c a l c u l a t e d over the 

same 500 c y c l e s in the p r o d u c t i o n run. This value of 

is p l o t t e d as the solid line in F i g u r e 3.4a and indeed does 

show e x c e l l e n t a g r e e m e n t with the long range l i m i t i n g v a l u e s 

of G _ ( r * ]. T h e r e f o r e we can e x p e c t to be able to adopt 
J _ * 

this m e t h o d to c a l c u l a t e from G ^ C r ^ ^ ) , the values of 

w h i c h are listed in Table 3.2. 

3.5 C o m p a r i s o n w i t h o t h e r s i m u l a t i o n s 

The c o m p a r i s o n of the r e s u l t s is only made with M o d e l 

I, s i n c e v i r t u a l l y all s i m i l a r work has e m p l o y e d this m o d e l . 

F i r s t l y the c o m p a r i s o n of the t r a n s i t i o n a l p r o p e r t i e s of 
* p 

N I ' ^ 2 
T . * , and A S / R . These are given in Table 3.1 w h e r e 

it can be seen that the t r a n s i t i o n for M o d e l I of T*^ = 

1 . 1 2 7 + 0 . 0 0 3 is c o m p a r i b l e with that of 1 . 1 2 4 + 0 . 0 0 6 found by 

L e b w o h l and Lasher (1972, 1 9 7 3 ] a l t h o u g h g r e a t e r than T*j 

= 1 . 1 1 9 + 0 . 0 0 1 o b t a i n e d by J a n s e n , V e r t o g e n and Ypma ( 1 9 7 7 ) 
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and T*^ = 1 . 1 1 1 + 0 . 0 0 4 found by M e i r o v i t c h ( 1 9 7 7 ) . The 

r e a s o n for this d i s c r e p e n c y is not c l e a r , a l t h o u g h in the 

l a t t e r case it could stem from the use of the s t o c h a s t i c 

m o d e l s t e c h n i q u e of s i m u l a t i o n . H o w e v e r , for the order 

p a r a m e t e r at the t r a n s i t i o n the a g r e e m e n t is r e v e r s e d with 

poor a c c o r d a n c e b e t w e e n the r e s u l t s of L e b w o h l and Lasher 

and the r e s u l t s of M o d e l I. To w i t h i n the e x p e r i m e n t a l 

e r r o r , the v a l u e s of AS/R a g r e e , all being very s m a l l . 

The t e m p e r a t u r e d e p e n d e n c e of the heat c a p c i t y o b s e r v e d 

by J a n s e n £t aj^. is shown in F i g u r e 3.2 as the o p e n c i r c l e s 

and c l e a r l y their r e s u l t s show a s m a l l d i s c o n t i n u i t y at the 

t r a n s i t i o n t y p i c a l of a s e c o n d o r d e r t r a n s i t i o n r a t h e r than 

a d i v e r g e n c e as shown by the solid s q u a r e s . The d i f f e r e n c e 

is again u n a c c o u n t a b l e , e s p e c i a l l y in view of the a p p a r e n t 

c o n s i s t e n c y with the m e t h o d s of c a l c u l a t i o n of C * both by 

n u m e r i c a l d i f f e r e n t i a t i o n and from the f l u c t u a t i o n s , 

o b s e r v e d in M o d e l IV. 

F i n a l l y the c o m p a r i s o n with is m a d e . U n f o r t u n a t e l y 

the t e m p e r a t u r e d e p e n d e n c e of is not a c c u r a t e l y 

a v a i l a b l e from the work by L e b w o h l and Lasher a l t h o u g h it is 

k n o w n from the w o r k of Z a n n o n i ( 1 9 7 9 ) for a s y s t e m of 1 0 ^ 

p a r t i c l e s . T h e s e r e s u l t s , t o g e t h e r with the f i n d i n g s by 

M e i r o v i t c h are shown in F i g u r e 3.3a as the open s q u a r e s and 

o p e n t r i a n g l e s r e s p e c t i v e l y . In the n e m a t i c p h a s e very good 

a g r e e m e n t with the r e s u l t s o b t a i n e d by Z a n n o n i is o b s e r v e d 

a l t h o u g h in the i s o t r o p i c p h a s e better a g r e e m e n t is found 

w i t h the r e s u l t s of M e i r o v i t c h . This d i f f e r e n c e can be 

a t t r i b u t e d to the r e l a t i v e l y s m a l l s y s t e m s t u d i e d by Z a n n o n i 

of 1 0 ^ p a r t i c l e s c o m p a r e d with 20^ used in M o d e l I. 

F u r t h e r m o r e , the d i s c r e p e n c y with M e i r o v i t c h ' s r e s u l t s in 

the n e m a t i c p h a s e can be a c c o u n t e d for by the d i f f e r e n c e in 

the o b s e r v e d t r a n s i t i o n t e m p e r a t u r e , s i n c e if the 

t e m p e r a t u r e s were r e d u c e d to give the same t r a n s i t i o n , then 

v i r t u a l l y p e r f e c t a g r e e m e n t w o u l d be o b t a i n e d . 
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3.6 C o m p a r i s o n with m o l e c u l a r field t h e o r y 

One of the most s u c c e s s f u l t h e o r i e s d e s c r i b i n g the 

o r i e n t a t i o n a l p r o p e r t i e s of n e m a t o g e n s was d e v e l o p e d by 

Maier and S a u p e ( 1 9 5 8 , 1 9 5 9 , 1 9 6 0 3 . The a n i s o t r o p i c pair 

p o t e n t i a l used in their theory is c o n s i s t e n t with t h o s e used 

in this C h a p t e r , thus a l l o w i n g v a r i o u s e l e m e n t s of the 

theory to be t e s t e d by c o m p u t e r s i m u l a t i o n , in p a r t i c u l a r 

the m o l e c u l a r field or s i n g l e site c l u s t e r a p p r o x i m a t i o n . 

The p r e d i c t i o n s of this theory have been d i s c u s s e d in 

r e l a t i v e d e t a i l in C h a p t e r 1, a l t h o u g h the t r a n s i t i o n a l 

p r o p e r t i e s are given again in T a b l e 3.1. To c o m p a r e the 

theory with M o d e l s I to IV, the i n t e r a c t i o n s t r e n g t h 

p a r a m e t e r u^ in the p s e u d o p o t e n t i a l must be m o d i f i e d 

s l i g h t l y to a c c o u n t for the v a r i a t i o n s in the r a n g e and 

n u m b e r of i n t e r a c t i o n s used in the s i m u l a t i o n . T h u s , as we 

h a v e seen in C h a p t e r 1, the p s e u d o - p o t e n t i a l in the 

M a i e r - S a u p e theory can be w r i t t e n a s : -

U ( 3 3 = - Ug P g P ^ C c o s B ) , 3 . 1 2 

w h e r e B is the angle b e t w e e n the m o l e c u l a r s y m m e t r y axis and 

the d i r e c t o r . The m o l e c u l a r field s t r e n g t h p a r a m e t e r , u^ 

is d e f i n e d b y : -

^ U 2 ( F 2 j ) 9 ( ^ i j ) 4 n r ^ j d r ^ j . 3 . 1 3 u 2 — P 

Here p is the n u m b e r d e n s i t y , g ( r ^ j ) is the r a d i a l 

d i s t r i b u t i o n f u n c t i o n and u _ ( r . . ) g i v e s the d i s t a n c e 
/. 1J 

d e p e n d e n c e of the a n i s o t r o p i c pair p o t e n t i a l . For a l a t t i c e 

s y s t e m , this e q u a t i o n r e d u c e s t o : -

n _ 4= 
So for the m o d e l s used in this C h a p t e r u^ is 6, 12, 7 . 7 9 6 

and 14.31 for M o d e l s I, II, III and IV r e s p e c t i v e l y , w h e r e 
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* 

tr 2 is U g / E . This r e s u l t s in p r e d i c t e d t r a n s i t i o n 

t e m p e r a t u r e s of T = 1 . 3 2 1 , T = 2 . 6 4 2 , T = 1 . 7 1 7 and T = 3 . 1 5 1 

for M o d e l s I, II, III and IV thus o v e r e s t i m a t i o n s of 17%, 

5%, 10% and 3% o c c u r . This m e a n s that theory p r o g r e s s i v e l y 

i m p r o v e s w h e n e i t h e r the n u m b e r of i n t e r a c t i o n s or the 

p o t e n t i a l r a n g e i n c r e a s e s , and c o m b i n i n g b o t h e f f e c t s g i v e s 

a l m o s t p e r f e c t a g r e e m e n t as seen for M o d e l IV. T h i s is in 

c o m p l e t e a c c o r d w i t h our e x p e c t a t i o n s , s i n c e in the limit 

that the r a n g e of the p o t e n t i a l and the c o o r d i n a t i o n n u m b e r 

b e c o m e i n f i n i t e the m o l e c u l a r field a p p r o x i m a t i o n b e c o m e s 

e x a c t . This t r e n d t o w a r d s the t h e o r e t i c a l p r e d i c t i o n s of the 

t r a n s i t i o n t e m p e r a t u r e for a p a r t i c u l a r m o d e l can be seen in 

the r a t i o T ^ * / u * , w h i c h for M o d e l s I, II, III and IV is 

0.1878+0.0005, 0.203+0.003, 0 . 1 9 8 + 0 . 0 0 3 , 0 . 2 1 4 + 0 . 0 0 3 and for 

m o l e c u l a r field theory is p r e d i c t e d to be 0 . 2 2 0 2 . Thus an 

a l m o s t l i n e a r i m p r o v e m e n t in with u* is 

o b s e r v e d , t h e s e f i g u r e s are also listed in T a b l e 3 . 1 . 

A l t h o u g h a g r a d u a l i m p r o v e m e n t in the p r e d i c t i o n s of 

the t r a n s i t i o n t e m p e r a t u r e is o b s e r v e d on i n c r e a s i n g the 

p o t e n t i a l range and c o o r d i n a t i o n , the value of the s e c o n d 

r a n k order p a r a m e t e r at the t r a n s i t i o n and the e n t r o p y of 

t r a n s i t i o n are v i r t u a l l y c o n s t a n t for all four M o d e l s (see 

Table 3 . 1 ) . C l e a r l y the m o l e c u l a r field a p p r o x i m a t i o n 

g r o s s l y o v e r e s t i m a t e s the entropy by almost an o r d e r of 

m a g n i t u d e , and a l t h o u g h the e r r o r s in the s i m u l a t e d v a l u e s 

of AS/R are r e l a t i v e l y l a r g e , they c a n n o t a b s o r b the 

t h e o r e t i c a l o v e r e s t i m a t i o n . For all four m o d e l s the o r d e r 

p a r a m e t e r at the t r a n s i t i o n is less than the p r e d i c t e d value 

of P 2 = 0 . 4 1 7 . S u r p r i s i n g l y w o r s e a g r e e m e n t w i t h the 

m o l e c u l a r field value is s e e n in M o d e l IV, a l t h o u g h this is 

p r o b a b l y r e l a t e d to the r e l a t i v e l y s m a l l s y s t e m size of only 

5 0 0 p a r t i c l e s used in this c a s e . 

It w o u l d appear therefore that the Maier-Saupe 

p r e d i c t i o n s o f the n e m a t i c - i s o t r o p i c t r a n s i t i o n t e m p e r a t u r e 

i m p r o v e with both i n c r e a s e d c o o r d i n a t i o n n u m b e r and 

p o t e n t i a l r a n g e a l t h o u g h the i m p r o v e m e n t in the p r e d i c t i o n s 
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of both Pg and AS/R is p o o r . To u n d e r s t a n d why t h e s e 

p r o p e r t i e s are p o o r l y e s t i m a t e d by theory we must turn our 

a t t e n t i o n to the a n g u l a r c o r r e l a t i o n f u n c t i o n s . 

The m o l e c u l a r field a p p r o x i m a t i o n p r e d i c t s the a n g u l a r 

pair c o r r e l a t i o n f u n c t i o n s to be i n d e p e n d e n t of s e p a r a t i o n 

and e q u a l to the o r d e r p a r a m e t e r s of c o r r e s p o n d i n g rank 

s q u a r e d . The r e s u l t s o b s e r v e d for M o d e l IV for G _ ( r ? . ) 
^ ^ J 

Cc.f. figure 3 . 4 ) do i n d e e d show that these two p r e d i c t i o n s 
are t r u e , but only for s e p a r a t i o n s g r e a t e r than scaled 

* 

d i s t a n c e s of about r . . = 3 . For s h o r t e r s e p a r a t i o n s the 
J * 

a n g u l a r c o r r e l a t i o n s i n c r e a s e w i t h d e c r e a s i n g r^j Thus 

P g t a k e n from the s i m u l a t i o n as shown by the solid lines 

in F i g u r e 3.4 d o e s c o i n c i d e w i t h the l i m i t i n g v a l u e s as we 

h a v e a l r e a d y d i s c u s s e d . We know that the M a i e r - S a u p e theory 

o v e r e s t i m a t e s both at the t r a n s i t i o n t e m p e r a t u r e and at 

lower reduced t e m p e r a t u r e s , thus it must also o v e r p r e d i c t 

G 2 C t h i s is shown by the dashed lines in F i g u r e 3.4a 

w h i c h are c a l c u l a t e d at the same r e d u c e d t e m p e r a t u r e . Indeed 

m u c h b e t t e r a g r e e m e n t b e t w e e n the theory and the s i m u l a t i o n 

is found at s h o r t s e p a r a t i o n s , e s p e c i a l l y at low 

t e m p e r a t u r e s w h e r e the v a l u e s of and the t h e o r e t i c a l 

value a g r e e a l m o s t e x a c t l y . This is caused by a f o r t u i t i o u s 

c a n c e l l a t i o n of e r r o r s , that of the m o l e c u l a r field theory 

u n d e r e s t i m a t i n g the short r a n g e c o r r e l a t i o n s , being 

c o m p e n s a t e d for by the over est i m a t i o n of the long r a n g e 

o r d e r p a r a m e t e r . This c a n c e l l a t i o n of e r r o r , has some 

i m p o r t a n t c o n s e q u e n c e s , as we s h a l l see later when we 

c o m p a r e the p r e d i c t i o n s of the i n t e r n a l e n e r g y with the 

s i m u l a t i o n . F u r t h e r m o r e , in the i s o t r o p i c p h a s e , m o l e c u l a r 

field t h e o r y says that all short range c o r r e l a t i o n s s h o u l d 

v a n i s h , w h i c h as we can see for the plot of T* = 3 . 7 5 in 

F i g u r e 3.4a is u n t r u e . T h u s , the f a i l u r e of the theory to 

p r e d i c t the s h o r t r a n g e order p r e s e n t in the i s o t r o p i c p h a s e 

m e a n s that the e n t r o p y of t r a n s i t i o n w i l l be o v e r e s t i m a t e d , 

w h i c h is indeed the c a s e . 
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The s e c o n d rank a n g u l a r pair c o r r e l a t i o n s h a v e also 

been e v a l u a t e d by Z a n n o n i ( 1 9 7 9 ) for a system of 10^ 

p a r t i c l e s on a cubic l a t t i c e . In this case a m u c h g r e a t e r 

d i f f e r e n c e b e t w e e n the long and short r a n g e c o r r e l a t i o n s was 

o b s e r v e d . To q u a n t i f y this d i f f e r e n c e we d e f i n e a e x c e s s 

s e c o n d rank c o r r e l a t i o n : -

_2 

~ 2 ~ ^ 2 3 . 1 5 

w h e r e a 2 is the short r a n g e a n g u l a r c o r r e l a t i o n G g C l ) , or 

the short r a n g e order p a r a m e t e r , and P is that c a l c u l a t e d 

from the s q u a r e of the l i m i t i n g v a l u e . In the m o l e c u l a r 

field limit w i l l e q u a l zero s i n c e h e r e , c o r r e l a t i o n s are 

i n d e p e n d e n t of s e p a r a t i o n . F i g u r e 3.5 shows how A c 2 varies 

with the r e d u c e d t e m p e r a t u r e for M o d e l IV as i n d i c a t e d by 

the solid s q u a r e s , and for the system s t u d i e d by Z a n n o n i 

(solid d i a m o n d s ) . It is also p o s s i b l e to c a l c u l a t e A a ^ for 

M o d e l s I and II, s i n c e in t h e s e s y s t e m s only n e a r e s t 

n e i g h b o u r i n t e r a c t i o n s are i n v o l v e d and t h e r e f o r e the short 

r a n g e order p a r a m e t e r is p r o p o r t i o n a l to the i n t e r n a l 

energy , s i n c e : -

U* = - Z O 2 / 2 , 3.16 

w h e r e z is the c o o r d i n a t i o n n u m b e r . The r e s u l t s for M o d e l s I 

and II are shown as the open s q u a r e s and open c i r c l e s 

r e s p e c t i v e l y on F i g u r e 3.5. C l e a r l y the e x c e s s c o r r e l a t i o n s 

are l a r g e s t at the t r a n s i t i o n in both i s o t r o p i c and n e m a t i c 

p h a s e s and d e c r e a s e r a p i d l y on going away from the 

t r a n s i t i o n . For M o d e l I, A c 2 is d i s c o n t i n u o u s at the 

t r a n s i t i o n , a l t h o u g h e s s e n t i a l l y c o n t i n u o u s for the system 

of 10^ p a r t i c l e s and M o d e l s II and IV. Also the e x c e s s 

c o r r e l a t i o n s are g r e a t e s t for M o d e l I and d e c r e a s e with 

s y s t e m s of i n c r e a s i n g i n t e r a c t i o n s and t h e r e f o r e a p p r o a c h 

the m o l e c u l a r field limit of zero for all t e m p e r a t u r e s . 
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Fig 3.5 The v a r i a t i o n of the e x c e s s s e c o n d rank pair 
c o r r e l a t i o n f u n c t i o n with t e m p e r a t u r e for Model 
I (the open s q u a r e s ) , M o d e l II (the open 
c i r c l e s ) and M o d e l IV (solid s q u a r e s ) . The 
r e s u l t s o b t a i n e d by Z a n n o n i ( 1 9 7 9 ) are g i v e n by 
the solid d i a m o n d s . 
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F i n a l l y we c o m p a r e the t h e o r y ' s p r e d i c t i o n s of the 

t e m p e r a t u r e d e p e n d e n c e of the i n t e r n a l e n e r g y , h e a t c a p a c i t y 

and s e c o n d rank o r d e r p a r a m e t e r as s h o w n by the solid c u r v e s 

in F i g u r e s 3 . 1 , 3 . 2 and 3.3. (The c u r v e s on the d i a g r a m 

r e p r e s e n t i n g M o d e l I c o r r e s p o n d to p r e d i c t i o n s of the 2 - s i t e 

c l u s t e r a p p r o x i m a t i o n , and w i l l be d i s c u s s e d in the next 

s e c t i o n ) . To e n a b l e a m e a n i n g f u l c o m p a r i s o n , 0 ^ has been 

m o d i f i e d such that in all cases the p r e d i c t i o n s of the 

m o l e c u l a r field theory t r a n s i t i o n t e m p e r a t u r e e q u a l s the 

s i m u l a t e d t r a n s i t i o n t e m p e r a t u r e . M o r e w i l l be said of this 

s c a l i n g later. T h i s c o m p e n s a t e s t h e r e f o r e , for the 

o v e r e s t i m a t i o n of the t r a n s i t i o n t e m p e r a t u r e by the t h e o r y . 

F i r s t l y c o m p a r i n g the i n t e r n a l energy in F i g u r e 3.1. The 

best a g r e e m e n t is o b s e r v e d with M o d e l IV, a d i r e c t 

c o n s e q u e n c e of the f o r t u i t i o u s c a n c e l l a t i o n of e r r o r s 

d i s c u s s e d e a r l i e r , i.e. that of an u n d e r e s t i m a t i o n of the 

short r a n g e c o r r e l a t i o n s and an o v e r e s t i m a t i o n of the long 

r a n g e o r d e r . H o w e v e r , the a g r e e m e n t is not as i m p r e s s i v e for 

M o d e l s II and III, w h e r e the i n t e r n a l e n e r g y by the 

M a i e r - S a u p e theory is lower than that found in the 

s i m u l a t i o n . T u r n i n g to the heat c a p a c i t y in F i g u r e 3.2 

i n d i c a t e s good a g r e e m e n t for M o d e l s II, III and IV in the 

n e m a t i c p h a s e , a l t h o u g h in the i s o t r o p i c p h a s e it fails 

c o m p l e t e l y w h e r e the short r a n g e order and its t e m p e r a t u r e 

d e p e n d e n c e is m u c h larger than the t h e o r e t i c a l value of 

z e r o . F i n a l l y we look at the d e p e n d e n c e of the long range 

order p a r a m e t e r s with t e m p e r a t u r e , firstly with "p^ as 

p l o t t e d in F i g u r e 3.3. In all t h r e e M o d e l s (II, III and IV) 

the t h e o r e t i c a l a g r e e m e n t with in the n e m a t i c p h a s e is 

very good now that the o v e r e s t i m a t i o n of T*^ has been 

a c c o u n t e d for. H o w e v e r , the o b s e r v e d values in the i s o t r o p i c 

p h a s e are g r e a t e r than the zero p r e d i c t i o n s of t h e o r y , 

a l t h o u g h this d i f f e r e n c e can be a t t r i b u t e d to the finite 

s i z e s of the s y s t e m s u s e d . The f o u r t h rank long r a n g e order 

p a r a m e t e r can also be c a l c u l a t e d from theory (see C h a p t e r IJ 

and t h e r e f o r e can be c o m p a r e d with o b t a i n e d from the 
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l i m i t i n g v a l u e s of A c c o r d i n g to the M a i e r - S a u p e 

t h e o r y , the a n g u l a r d e p e n d e n c e of the p s e u d o p o t e n t i a l is 

c o n t a i n e d in just P g C c o s g ) . This can t h e r e f o r e be tested 

s i n c e two order p a r a m e t e r s are k n o w n , for e x a m p l e , given a 

value of P^f the c o e f f i c i e n t of P ^ C c o s g ) can be e v a l u a t e d 

in the p s e u d o - p o t e n t i a l and then used to c a l c u l a t e P^. 

This c o m p a r i s o n is shown in Table 3 . 2 w h e r e the p r e d i c t e d 

v a l u e s of are in e x c e l l e n t a c c o r d with the v a l u e s 

o b t a i n e d from the s i m u l a t i o n , thus i n d i c a t i n g that the 

a n g u l a r d e p e n d e n c e of the p o t e n t i a l of m e a n t o r q u e or p s e u d o 

p o t e n t i a l is indeed given c o r r e c t l y by the M a i e r - S a u p e 

t h e o r y . 

To c o m p l e t e the c o m p a r i s o n with the m o l e c u l a r field 

theory we s h a l l now r e t u r n to M o d e l I, w h i c h was s t u d i e d 

over a t e m p e r a t u r e r a n g e m u c h c l o s e r to the t r a n s i t i o n . 

T h u s , in F i g u r e 3.6 is p l o t t e d the v a r i a t i o n of P_ in the 
* Tt 

n e m a t i c p h a s e with the r e d u c e d t e m p e r a t u r e , T /T . The 

s o l i d c u r v e r e p r e s e n t s the M a i e r - S a u p e p r e d i c t i o n s c a l e d to 

the same t r a n s i t i o n t e m p e r a t u r e , and over this m u c h r e d u c e d 

t e m p e r a t u r e r a n g e , the a g r e e m e n t is not as good as we have 

seen p r e v i o u s l y in the c o m p a r i s o n with M o d e l s II, III and 

IV. Here P^ is c o n s t a n t l y o v e r e s t i m a t e d e s p e c i a l l y as the 

t r a n s i t i o n is a p p r o a c h e d . The s o u r c e of this d i s c r e p e n c y has 

a l r e a d y been d i s c u s s e d , i.e. the t h e o r y ' s o v e r e s t i m a t i o n of 

long r a n g e c o r r e l a t i o n s . H o w e v e r , a n o t h e r s o u r c e of error 

can now be i n v e s t i g a t e d , that c o n c e r n i n g the s i n g l e t 

o r i e n t a t i o n a l d i s t r i b u t i o n f u n c t i o n . In the M a i e r - S a u p e 

theory this is given b y : -

f ( 3 ) = e x p C a P g l c o s B ^ j / j d g s i n G e x p C a P g C c o s g ] ) 3 . 1 7 

w h e r e a is the c o e f f i c i e n t of mean t o r q u e , w h i c h for M o d e l I 

is : -

a = 6 P g / T * . 3.18 

78 



0.8 

0.2 

0.0 
0.88 

H q 3 . 6 

0.92 0.96 1.00 

The t e m p e r a t u r e d e p e n d e n c e of s e c o n d rank order 
p a r a m e t e r for M o d e l 1 (solid s q u a r e s ) in the 
n e m a t i c p h a s e . The e x p e r i m e n t a l r e s u l t s for PAA 
o b t a i n e d at c o n s t a n t v o l u m e are g i v e n by the 
open t r i a n g l e s . The d e p e n d e n c e p r e d i c t e d by the 
M a i e r - S a u p e theory is g i v e n as the solid c u r v e , 
by the two side c l u s t e r e x p a n s i o n as the d a s h e d 
c u r v e and by the M a i e r - S a u p e theory after 
a d m i t t i n g the free energy to be in e r r o r by the 
d o t t e d c u r v e . 
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The o r i e n t a t i o n a l form of f(B3 c a l c u l a t e d by both 

M o n t e - C a r l o (see C h a p t e r 5) and m o l e c u l a r d y n a m i c s ( Z a n n o n i 

and G u e r r a , 1 9 8 1 ) m e t h o d s has been shown to be of an 

i d e n t i c a l form to that given by this e q u a t i o n , thus we can 

p r o c e e d to check the linear d e p e n d e n c e of a on ^2-

T h e r e f o r e , k n o w i n g c a l c u l a t e d from the s i m u l a t i o n 

a l l o w s us to use this to find the t h e o r e t i c a l value of a, 

and h e n c e the r a t i o T / P g , w h i c h a c c o r d i n g to theory w i l l 

be c o n s t a n t . Table 3 . 3 g i v e s a T * / P 2 at the d i f f e r e n t 

t e m p e r a t u r e s s t u d i e d and i n d e e d to w i t h i n e x p e r i m e n t a l e r r o r 

it is c o n s t a n t . T h e r e f o r e the l i n e a r d e p e n d e n c e of a on 

p r o v i d e s no, j u s t i f i c a t i o n for the e m p l o y m e n t of q u a d r a t i c as 

w e l l as linear terms in as was s u g g e s t e d by Horn and 

Faber ( 1 9 7 9 ) , and K v e n z e l and K a t r i e l ( 1 9 8 2 ) . H o w e v e r , the 

c o n s t a n t value of a T * / P „ of 5.03+0.02 is not in a c c o r d 
2 — 

with the M a i e r - S a u p e value of 6, b e i n g just the c o o r d i n a t i o n 

n u m b e r . S t r i c t l y s p e a k i n g this d i f f e r e n c e should be 

a s s o c i a t e d w i t h the p r o d u c t , ze, but since e is used to 

s c a l e the t e m p e r a t u r e we s h a l l a s s u m e the e r r o r to be 

e n t i r e l y in z an refer to it as an e f f e c t i v e c o o r d i n a t i o n 

n u m b e r . T h e r e f o r e this e f f e c t i v e c o o r d i n a t i o n can be used to 

r e s c a l e the t h e o r e t i c a l l y p r e d i c t e d t r a n s i t i o n t e m p e r a t u r e 

s i n c e ; -

T*j= 0.2203Z 3.19 

* 

to give a value of T = 1 . 1 1 3 , a value m u c h c l o s e r to the 
* 

s i m u l a t e d value of T = 1 . 1 2 7 . 

A l t h o u g h using the e f f e c t i v e c o o r d i n a t i o n f o r c e s 

a g r e e m e n t to the n e m a t i c - i s o t r o p i c t r a n s i t i o n t e m p e r a t u r e , 

it does n o t h i n g to the value of the order p a r a m e t e r at the 

t r a n s i t i o n . To o b t a i n b e t t e r a g r e e m e n t , we w o u l d have to 

a d m i t that the M a i e r - S a u p e free energy from w h i c h the 

l o c a t i o n of the t r a n s i t i o n is e v a l u a t e d is i n c o r r e c t . To 

test this we s h a l l r e g a r d the n u m e r i c a l factor in the a b o v e 

e q u a t i o n to be in e r r o r , thus t r e a t i n g T^^yt as an 
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a d j u s t a b l e p a r a m e t e r . H o w e v e r t h e r e is an upper limit of 

T*j / z = 0 . 2 2 2 8 , a b o v e w h i c h an o r d e r e d p h a s e c e a s e s to 

e x i s t , at w h i c h point is e q u a l to 0 . 3 2 4 . T h e r e f o r e we 

w i l l not be fit our r e s u l t s e x a c t l y s i n c e we have found that 

9 ^ ^ = 0 . 2 7 . H o w e v e r , we can s t i l l a t t e m p t to m a k e a 

c o m p a r i s o n as shown by the d o t t e d line in F i g u r e 3 . 6 , w h e r e 

the m a x i m u m value of T |^j/z=0.2228 has been u s e d . The 

a g r e e m e n t is now very g o o d , e s p e c i a l l y at low t e m p e r a t u r e s , 

a l t h o u g h at the t r a n s i t i o n t h e r e is s t i l l a slight d e v i a t i o n 

from the s i m u l a t e d v a l u e s . 

To s u m m a r i s e this c o m p a r i s o n with the m o l e c u l a r field 

t h e o r y , we have seen that on i n c r e a s i n g the c o o r d i n a t i o n 

n u m b e r and the r a n g e of the i n t e r a c t i o n p o t e n t i a l the 

m o l e c u l a r field limit is a p p r o a c h e d , as we would e x p e c t . In 

a d d i t i o n the theory u n d e r e s t i m a t e s the short range a n g u l a r 

c o r r e l a t i o n s , w h i c h c o m b i n e d with the o v e r e s t i m a t i o n of the 

long r a n g e c o r r e l a t i o n s g i v e s f o r t u i t i o u s a g r e e m e n t w i t h the 

i n t e r n a l e n e r g y . S e c o n d l y the o v e r e s t i m a t i o n of the 

n e m a t i c - i s o t r o p i c t r a n s i t i o n t e m p e r a t u r e can be e x p r e s s e d in 

terms of an e f f e c t i v e c o o r d i n a t i o n n u m b e r s i n c e it is 

o b s e r v e d that the c o e f f i c i e n t a i-zP ̂ / J * ) is d i r e c t l y 

p r o p o r t i o n a l to , thus c o n f i r m i n g part of the form of 

the s i n g l e t d i s t r i b u t i o n f u n c t i o n , and finally we have seen 

that part of the error in the order p a r a m e t e r at the 

t r a n s i t i o n can be a c c o u n t e d for by a s s u m i n g the M a i e r - S a u p e 

free e n e r g y to be in e r r o r . 

3.7 C o m p a r i s o n with c l u s t e r e x p a n s i o n t h e o r y 

In C h a p t e r 1 a d e s c r i p t i o n of the two site c l u s t e r 

e x p a n s i o n theory was g i v e n . H e r e we s h a l l b r i e f l y o u t l i n e 

the t h e o r y ' s p r e d i c t i o n s and make c o m p a r i s o n s with both 

m o l e c u l a r field theory and the s i m u l a t i o n s . F i r s t l y l o o k i n g 

at the t r a n s i t i o n a l p r o p e r t i e s g i v e n in Table 3.1. T h e s e 

have been c a l c u l a t e d by S h e n g and W o j t o w i c z ( 1 9 7 6 ) for 

v a r i o u s c o o r d i n a t i o n n u m b e r s , and a l t h o u g h they did not 

e v a l u a t e the p r o p e r t i e s of a 12 c o o r d i n a t e s y s t e m , v a l u e s 

81 



h a v e been o b t a i n e d by e x t r a p o l a t i o n and are p r e s e n t e d h e r e . 

Thus on g o i n g from z = 6 to z = 12, and T ^ ^ / U g both 

i n c r e a s e by about 7% t o w a r d s the m o l e c u l a r field limit 

c o r r e s p o n d i n g to i n f i n i t e c o o r d i n a t i o n . This is in a c c o r d 

w i t h our s i m u l a t e d v a l u e s , a l t h o u g h this t h e o r y s t i l l 

g r e a t l y o v e r e s t i m a t e s the e n t r o p y of t r a n s i t i o n but not to 

the same e x t e n t as the m o l e c u l a r field t h e o r y . 

F i n a l l y , p r e d i c t i o n s of the two site c l u s t e r e x p a n s i o n 

can be c o m p a r e d with the t e m p e r a t u r e d e p e n d e n c e of the 

s i m u l a t e d v a l u e s of 0 , and P^. This d e p e n d e n c e is 

s h o w n by the solid c u r v e s in the p l o t s for M o d e l I in F i g u r e 

3.1 and 3 . 2 for 0 and r e s p e c t i v e l y , and c l e a r l y 

i m p r o v e s g r e a t l y on the m o l e c u l a r field p r e d i c t i o n s in the 

i s o t r o p i c p h a s e by p e r m i t t i n g a c e r t a i n d e g r e e of short 

r a n g e o r d e r . I n d e e d , if a l l o w a n c e for the o v e r e s t i m a t i o n of 

the t r a n s i t i o n t e m p e r a t u r e is m a d e , then e x c e l l e n t a g r e e m e n t 

w o u l d be o b s e r v e d also in the n e m a t i c p h a s e . The two site 

c l u s t e r p r e d i c t i o n of the t e m p e r a t u r e d e p e n d e n c e of is 

s h o w n in F i g u r e 3.6 by the d a s h e d curve s c a l e d to the same 

r e d u c e d t r a n s i t i o n t e m p e r a t u r e and a c t u a l l y falls m i d w a y 

b e t w e e n the m o l e c u l a r field p r e d i c t i o n and the d e p e n d e n c e 

w h e n a l l o w a n c e for the e r r o r in the free energy is m a d e . 

3.8 C o m p a r i s o n w i t h r e a l n e m a t i c s 

S i n c e the L e b w o h l - L a s h e r m o d e l does not c o r r e s p o n d to 

any r e a l m o l e c u l a r s y s t e m , s i n c e no n e m a t i c has p e r f e c t long 

r a n g e s p a t i a l o r d e r , any c o m p a r i s o n with r e a l s y s t e m s must 

be m a d e with c a u t i o n . F u r t h e r m o r e , no r e a l n e m a t i c m o l e c u l e 

is c y l i n d r i c a l l y s y m m e t r i c and it is i m p r o b a b l y that its 

a n i s o t r o p i c pair p o t e n t i a l can be w r i t t e n as the s i m p l e form 

g i v e n by E q u a t i o n 3.1. H o w e v e r , c o m p u t e r s i m u l a t i o n s of 

s p a t i a l l y d i s o r d e r e d s y s t e m s have failed to d i s c e r n a 

d r a m a t i c d i f f e r e n c e with o r i e n t a t i o n a l p r o p e r t i e s c a l c u l a t e d 

in l a t t i c e m o d e l s ( L u c k h u r s t and R o m a n o , 1 9 8 0 ) . It has also 

been s u g g e s t e d that n e m a t o g e n s can be r e g a r d e d as being 

f o r m e d of s y s t e m s of g r o u p s of m o l e c u l e s , each group being 
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a p p r o x i m a t e l y c y l i n d - r i c a l l y s y m m e t r i c , t h e r e f o r e j u s t i f y i n g 

the use of such a s i m p l e p o t e n t i a l ( L u c k h u r s t and Z a n n o n i , 

1 9 7 7 ) . T h e r e f o r e , w i t h t h e s e f a c t o r s in mind we shall 

a t t e m p t to c o m p a r e the s i m u l a t e d p r o p e r t i e s of M o d e l I with 

t h o s e of a real n e m a t o g e n , in this case with 4, 

4 - d i m e t h o x y a z o x y b e n z e n e ( P A A ) . This m o l e c u l e is r e l a t i v e l y 

rigid and f u r t h e r m o r e has been very c o m p r e h e n s i v e l y s t u d i e d 

at v a r i o u s t e m p e r a t u r e s and p r e s s u r e s , thus p r o v i d i n g us 

with d a t a at c o n s t a n t v o l u m n e ( M c C o l l and S h i h , 1 9 7 2 ) . 

The e x p e r i m e n t a l o b s e r v a t i o n s for as a f u n c t i o n of 

the r e d u c e d t e m p e r a t u r e , T/T^^ are shown as the open 

t r i a n g l e s in F i g u r e 3. 6 and r e a s o n a b l e a g r e e m e n t with 

s i m u l a t i o n is o b s e r v e d at the t r a n s i t i o n , a l t h o u g h it 

b e c o m e s p r o g r e s s i v e l y w o r s e with d e c r e a s i n g t e m p e r a t u r e . 

S e c o n d l y , the heat c a p a c i t y at c o n s t a n t p r e s s u r e has 

been m e a s u r e d as a f u n c t i o n of t e m p e r a t u r e ( C h a n d r a s e k h a r et 

al, 1 9 7 0 ) , from w h i c h can be c a l c u l a t e d , s i n c e : -

Cy = Cp + a ^ T V / k ^ 3 . 2 0 

Here ky is the i s o t h e r m a l c o m p r e s s i b i l i t y and a is the c u b i c 

e x p a n s i t i v i t y w h i c h are both known for P A A . H o w e v e r , Cp 

m e a s u r e d e x p e r i m e n t a l l y c o n t a i n s a r e l a t i v e l y large s c a l a r 

c o n t r i b u t i o n w h i c h has to be r e m o v e d b e f o r e a c o m p a r i s o n 

w i t h the s i m u l a t e d r e s u l t s c o n t a i n i n g only a n i s o t r o p i c 

c o n t r i b u t i o n s can be m a d e . The r e m o v e d c o n t r i b u t i o n was 

taken to be an a m o u n t d e r i v e d from the e x t r a p o l a t i o n of Cp 

in the i s o t r o p i c p h a s e back to the n e m a t i c t h u s , leaving 

just the a n i s o t r o p i c c o n t r i b u t i o n to Cp. C^ c a l c u l a t e d using 

this t e c h n i q u e and e q u a t i o n 3.20 is shown in F i g u r e 3.1 for 

M o d e l I as the d a s h e d c u r v e as a f u n c t i o n of t e m p e r a t u r e . 

The a g r e e m e n t is very p o o r , with the d i v e r g e n c e b e i n g m u c h 

less than that o b s e r v e d in the s i m u l a t i o n . It could h o w e v e r , 

be i m p r o v e d s l i g h t l y if a s m a l l e r s c a l a r c o n t r i b u t i o n was 

r e m o v e d , a l t h o u g h the o v e r a l l i m p r o v e m e n t w o u l d be 

i n s i g n i f i c a n t . The t o t a l f a i l u r e of this data is s u r p r i s i n g 
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s i n c e S h e n g and W o j t o w i c z claim good a g r e e m e n t for with 

t h e i r two site c l u s t e r t h e o r y , a l t h o u g h their r e s u l t s 

s u g g e s t that they have c o m p a r e d and not w i t h their 

c o n s t a n t volume t h e o r y . 

F i n a l l y , the e n t r o p y of t r a n s i t i o n can be c o m p a r e d 

s i n c e there have been n u m e r o u s e x p e r i m e n t s to m e a s u r e the 

e n t h a l p y c h a n g e at the n e m a t i c - i s o t r o p i c t r a n s i t i o n for P A A , 

( M a r t i r e , 1 9 7 9 ) an a v e r a g e value for A S ^ / R b e i n g 0 . 1 9 + 0 . 0 1 . 

To c o n v e r t this to a value at c o n s t a n t v o l u m e we u s e : -

AS^ = ASp - o A V / k y 3.21 

For PAA the r e q u i s i t e v a l u e s of a and are 12 + 2 x 1 0 " ^ K~^ 
' - 1 1 9 - 1 

( C h a n d r a s e k h a r et a l , 1 9 7 0 ) and 7 5 + 5 x 1 0 m N 

( C h a n d r a s e k h e r and M a d h u s u d a n a , 1 9 7 1 ) r e s p e c t i v e l y , and the 

c h a n g e in m o l a r volume at the t r a n s i t i o n is 0 . 8 1 j + 0 . 0 8 x l 0 " ^ m ^ 

m o l ~ ^ ( M a r t i r e , 1 9 7 9 ) . This g i v e s A S ^ / R = 0 . 0 5 + 0 . 0 3 , w h i c h 

is e s s e n t i a l l y i d e n t i c a l to the s i m u l a t e d v a l u e of 

0 . 0 6 + 0 . 0 1 . 

3.9 D i r e c t o r P i n n i n g 

T h r o u g h o u t the e n t i r e s i m u l a t i o n for M o d e l I c o n s i s t i n g 

of 20^ p a r t i c l e s , it was o b s e r v e d that the d i r e c t o r r e m a i n e d 

e x a c t l y fixed a l o n g the d i r e c t i o n in w h i c h it was i n i t i a l l y 

d e f i n e d that is, a l o n g the l a b o r a t o r y z a x i s . Each 

s i m u l a t i o n at a new t e m p e r a t u r e used the c o n f i g u r a t i o n from 

the p r e c e e d i n g lower t e m p e r a t u r e s i m u l a t i o n as a s t a r t i n g 

p o i n t , thus in a l l , the d i r e c t o r r e m a i n e d fixed for a t o t a l 

of about 14 x l O ^ c y c l e s , s i n c e each run in the n e m a t i c p h a s e 

c o n s i s t e d of a p p r o x i m a t e l y 2 x 1 0 ^ c y c l e s . 

The r e a s o n for this p i n n i n g is not o b v i o u s , at first it 

was t h o u g h t that it could be due to the way in w h i c h new 

c o n f i g u r a t i o n s w e r e g e n e r a t e d , s i n c e c o s g was g e n e r a t e d in 

the r e s t r i c t e d range of 0 to +1, thus r e m o v i n g the full 

r o t a t i o n a l s y m m e t r y . H o w e v e r , a s u b s e q u e n t s i m u l a t i o n on a 
3 * 

s y s t e m of 10 m o l e c u l e s at T = 1 . 0 p r o v e d this not to be the 

8 4 



- 1 0 

C y c l e s ( x 1 0 ) 

Or 3.7 The d i r e c t i o n c o s i n e s n and n^ of the d i r e c t o r 
in the l a b o r a t o r y frame as a f l e c t i o n of the 
n u m b e r of c y c l e s in M o d e l I at T = 1 . 0 0 0 , for 
8 0 0 0 p a r t i c l e s (solid c u r v e s ) and 1000 p a r t i c l e s 
( d o t t e d c u r v e s ) . 
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c a s e . In this c a l c u l a t i o n , the Q - t e n s o r was e v a l u a t e d and 

d i a g o n a l i s e d at the end of each c y c l e , from w h i c h the 

d i r e c t o r o r i e n t a t i o n was f o u n d . The d i r e c t i o n c o s i n e s made 

by the d i r e c t o r w i t h the x and z l a b o r a t o r y axes for this 

system are p l o t t e d in F i g u r e 3.7 as the d o t t e d c u r v e s as a 

f u n c t i o n of cycle n u m b e r and c l e a r l y s h o w s the d i r e c t o r 

r e o r i e n t a t i n g c o n s i d e r a b l y over this run of 2 0 x 1 0 ^ c y c l e s . A 

s i m i l a r c a l c u l a t i o n w i t h 20^ p a r t i c l e s s h o w s the d i r e c t o r 

r e m a i n i n g p i n n e d very a c c u r a t e l y over this l e n g t h of run as 

s h o w n by the solid c u r v e in F i g u r e 3.7, thus p r o v i n g it is 

not the m e t h o d of g e n e r a t i n g cosB that is r e s p o n s i b l e for 

the d i r e c t o r p i n n i n g . I n s t e a d , the r e l u c t a n c e for the 

d i r e c t o r to r e o r i e n t a t e must be due to the fact that this 

s y s t e m is m u c h l a r g e r , a c o n c l u s i o n w h i c h is very 

r e a s o n a b l e , s i n c e if one c o n s i d e r s that in o r d e r for the 

d i r e c t o r to r e o r i e n t a t e over a g i v e n p e r i o d , the m a j o r i t y of 

m o l e c u l e s m u s t r e o r i e n t a t e in that d i r e c t i o n , an e v e n t w h i c h 

b e c o m e s m o r e and m o r e s t a t i s t i c a l l y i m p r o b a b l e with 

i n c r e a s i n g n u m b e r s of p a r t i c l e s . 

This t h e r e f o r e p r o v i d e s an easy m e t h o d of p e r f o r m i n g 

s i m u l a t i o n s in w h i c h it is i m p o r t a n t that the d i r e c t o r 

r e m a i n s fixed d u r i n g the c o u r s e of a c a l c u l a t i o n . As we 

s h a l l see later in this t h e s i s , this can also be a c h i e v e d in 

other w a y s , e i t h e r by a j u d i c i o u s c h o i c e of pair p o t e n t i a l 

(see C h a p t e r 4) or by s u b j e c t i n g the n e m a t i c to e x t e r n a l 

f o r c e s ( C h a p t e r s 5 and 6), t h e r e f o r e a l l o w i n g the r e l a t i v e 

e a s e of c a l c u l a t i o n of v a r i o u s i m p o r t a n t f u n c t i o n s and 

p r o p e r t i e s . 
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C h a p t e r 4 

The E f f e c t of d i p o l a r i n t e r a c t i o n s 

A.l I n t r o d u c t i o n 

The n a t u r e of liquid c r y s t a l l i n e m o l e c u l e s is such that 

s e v e r e a p p r o x i m a t i o n s h a v e to be used in s i m u l a t i n g their 

p h y s i c a l p r o p e r t i e s . The first s i m u l a t i o n s of these 

a n i s o t r o p i c s y s t e m s e m p l o y e d a pair p o t e n t i a l of a s i m p l e Pg 

i n t e r a c t i o n [ L e b w o h l and L a s h e r , 1972, 1973',Lasher, 1972 

a , b ; J a n s e n ^ al. , 1 9 7 7 ) b e t w e e n n e i g h b o u r i n g m o l e c u l e s , 

thus a s s u m i n g the m o l e c u l e s to be rigid and c y l i n d r i c a l l y 

s y m m e t r i c . L a t e r m o d i f i c a t i o n s to the pair p o t e n t i a l s have 

i n c l u d e d the a s s u m p t i o n that the m o l e c u l e s are s y m m e t r i c 

tops ( Z a n n o n i and G u e r r a , 1 9 8 1 ] b i a x i a l [ L u c k h u r s t and 

R o m a n o , 1 9 8 0 ) and to e x t e n d the s i m p l e p o t e n t i a l to be 

r e p r e s e n t a t i v e of the a n i s o t r o p i c d i s p e r s i o n f o r c e s 

p o t e n t i a l ( H u m p h r i e s et a l . , 1 9 8 1 ) . H o w e v e r , one f e a t u r e of 

real liquid c r y s t a l m o l e c u l e s is that they o f t e n p o s s e s s 

d i p o l e m o m e n t s . The o b j e c t of this c h a p t e r t h e r e f o r e , is to 

i n v e s t i g a t e the e f f e c t of d i p o l a r f o r c e s on the 

o r i e n t a t i o n a l p r o p e r t i e s of a s y s t e m which has been 

p r e v i o u s l y w e l l s t u d i e d . In this c a s e , the s y s t e m with 

p a r t i c l e s i n t e r a c t i n g via the full d i s p e r s i o n forces 

p o t e n t i a l ( H u m p h r i e s £t ^ 1 , 1 9 8 1 ) . 

The o u t l i n e of the c h a p t e r is as f o l l o w s : in the next 

s e c t i o n the e x a c t n a t u r e of the pair p o t e n t i a l will be 

d i s c u s s e d , t o g e t h e r with a p p o x i m a t i o n s m a d e , c o m p u t a t i o n a l 

d i f f i c u l t i e s and p r o b l e m s i n i t i a l l y e n c o u n t e r e d . The 

f o l l o w i n g two s e c t i o n s d e s c r i b e the c o m p u t a t i o n a l d e t a i l s 

and r e s u l t s . F i n a l l y , t h e s e r e s u l t s are c o m p a r e d with those 

o b t a i n e d from s i m i l a r s y s t e m s but by d i f f e r e n t t e c h n i q u e s , 

for e x a m p l e with m o l e c u l a r field and other h i g h e r o r d e r 

a n a l y t i c m e t h o d s . 
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A . 2 The pair p o t e n t i a l 

As we have seen in C h a p t e r 1, the d i p o l a r p o t e n t i a l 

b e t w e e n two s i m i l a r l i n e a r m o l e c u l e s can be w r i t t e n as 

( H a n s e n and M c D o n a l d , 1 9 7 6 ) : -

U ^ g C d i p ) = (zi-Z2)-3(ZJ^.R)[ z ^ . R ) 3 4.1 

4iie„r^ 
0 

w h e r e and are unit v e c t o r s d e s c r i b i n g the o r i e n t a t i o n s 

of the d i p o l e m o m e n t s , y, p a r a l l e l with the m o l e c u l a r 

s y m m e t r y axes s e p a r a t e d by a d i s t a n c e r and is the 

p e r m i t t i v i t y of free s p a c e . The form of this p o t e n t i a l is 

m o r e easy to v i s u a l i s e and m o r e r e c o g n i s a b l e in terms of 

s p h e r i c a l p o l a r c o o r d i n a t e s in a m o l e c u l a r a x i s system 

( H i r s c h f e l d e r al. 1 9 6 4 ) : -

U ^ g C d i p ) = - u ^ ( 2 c o s 8 ^ c o s 8 2 - s i n 8 ^ s i n 8 2 c o s 0 ) 

4 . 2 

H e r e 8j^, 8^ d e f i n e the o r i e n t a t i o n s of d i p o l e s 1 

and 2 in the m o l e c u l a r frame with r e s p e c t to the 

i n t e r m o l e c u l a r v e c t o r and 0 is as d e f i n e d in F i g u r e 4 . 1 . 

C o m p u t a t i o n a l l y the vector n o t a t i o n is more a t t r a c t i v e s i n c e 

fewer time c o n s u m i n g t r i g o n o m e t r i c f u n c t i o n e v a l u a t i o n s are 

r e q u i r e d . 

The n a t u r e of the d i p o l a r i n t e r a c t i o n s are s u c h , that 

even at large r, the p o t e n t i a l s t i l l has a s i g n i f i c a n t 

e f f e c t on the t o t a l p o t e n t i a l e n e r g y , t h e r e f o r e long r a n g e 

i n t e r a c t i o n s have to be i n c l u d e d . This l e a d s to v a r i o u s 

c o m p u t a t i o n p r o b l e m s . One o b v i o u s m e t h o d of c a l c u l a t i o n 

would be to s i m p l y sum over all p a i r s of m o l e c u l e s in the 

s y s t e m , i m p o s i n g a s p h e r i c a l c u t - o f f when some c o n v e r g e n c e 

c r i t e r i a is s a t i s f i e d . H o w e v e r , the c u t - o f f would have to be 

very l a r g e r e s u l t i n g in a p r o h i b i t i v e n u m b e r of i n t e r a c t i o n s 

b e i n g c a l c u l a t e d . A m u c h more r a p i d l y c o n v e r g e n t m e t h o d , and 
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* x 

0 _ (j)̂  — <|), 

Fig 4.1 D e f i n i t i o n of the a n g u l a r v a r i a b l e s , Q^, 

and 0 in E q u a t i o n 4 . 2 for two l i n e a r 

m o l e c u l e s . 

89 



i n d e e d what was used in t h i s s i m u l a t i o n , is an e x t e n s i o n of 

the m e t h o d o r i g i n a l l y p r o p o s e d by Ewald ( 1 9 2 1 ) for 

e l e c t r i c a l l y n e u t r a l s y s t e m s . He e n c o u n t e r e d s i m i l a r 

p r o b l e m s c a l c u l a t i n g M a d e l u n g c o n s t a n t s in i o n i c c r y s t a l s 

w h e r e r e g u l a r a r r a y s of long r a n g e i n t e r a c t i n g point c h a r g e s 

e x i s t . L a t e r the m e t h o d was a d a p t e d by K o r n f e l d ( 1 9 2 4 ) to 

i n c l u d e l a t t i c e s of d i p o l e s and q u a d r u p o l e s . S i m p l y , it 

i n v o l v e s c o n v e r t i n g what would be a slowly c o n v e r g e n t s e r i e s 

in real s p a c e to a m o r e c o m p l i c a t e d but r a p i d l y c o n v e r g e n t 

s u m m a t i o n in real and r e c i p r o c a l s p a c e . Thus s t a r t i n g with 

the e x p r e s s i o n g i v e n by E w a l d , we s h a l l e x p r e s s it in a form 

s u i t a b l e for the c o m p u t e r s i m u l a t i o n of d i p o l e s on a 

l a t t i c e . 

The p o t e n t i a l at _r due to N - p o i n t c h a r g e s on an 

i n f i n i t e r e p e a t i n g r e g u l a r c u b i c l a t t i c e of side L is g i v e n 

by the Ewald e x p r e s s i o n as ( A d a m s and M c D o n a l d , 1 9 7 6 ) : -

V (r) = ) ) q .A(n;n)exp(-2irin.R ./L)+ ^ q . erfc( nR . )/R . ^ ^ ^ J j ^ j J J 
n/O j j 

4 . 3 

w h e r e n_ is a r e c i p r o c a l l a t t i c e v e c t o r of a cubic array of 

p a r t i c l e s , n is some a d j u s t a b l e p a r a m e t e r h a v i n g d i m e n s i o n s 

L ~ ^ , c a r e f u l l y c h o s e n for o p t i m u m c o n v e r g e n c e . R. is the 
th ^ 

v e c t o r b e t w e e n the j p o i n t c h a r g e and the c h a r g e at £ , 
t h u s ; -

R . = r , - r 4.4 
-J -J -

and A(n',n) is d e f i n e d by 

A ( n ; n ) = 1 exp (-irn/nL)^ 4 . 5 
2 

TTln^ 

The final term is the c o m p l e m e n t a r y e r r o r f u n c t i o n . 
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r e l a t e d to the error f u n c t i o n , e r f , by 

e r f c ( z ) = 1 - e r f ( z ) 

1 - 2_ r 
TT̂  jo 

e~ dt 4 . 6 

The p o t e n t i a l due to a s i n g l e c h a r g e is Qj/R and for a 

s i n g l e d i p o l e is - U j . X7 . ( 1 / R j ) . So we can o b t a i n an 

e x p r e s s i o n for an i n f i n i t e l a t t i c e of r e g u l a r r e p e a t i n g 

d i p o l e s by r e p l a c i n g q ̂  by - y j and d i f f e r e n t i a t i n g . To 

d i f f e r e n t i a t e the e r r o r f u n c t i o n , we make use of the 

r e l a t i o n s h i p ( A b r a m o w i t z and S t e g u n , 1 9 6 5 ) : -

_ , 2 

3_ e r f c Cz) = - 2 e 4 . 7 

3z ir̂  

So n o w ; -

V ^ C r ) = 2iri ^ ^ ( y ^ . n ) A( n ; n) exp (-2irin^. R j / L ) 

L n/o j 

+ ) ( y . . R . ) 1 f e r f c C n R J + 2n 1 e x p ( - n ^ R . ^ ) 

J J 

4.8 

The t o t a l i n t e r a c t i o n energy of a d i p o l e p l a c e d at £ is 

t h u s ; -

U ( r ) = y v . V ( r ) 4 . 9 

So d i f f e r e n t i a t i o n a g a i n y i e l d s 

U ( r ) = 4ir^ y y ( y . . n ) (£.£)_) A( n; n) exp [ - 2 n i n R . / L ) 
2 J 

L 
n/o J 
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+ 

J 

w h e r e 

I ( W j W ) B ( R j ) - ] (m.Rj3 ( M j - R j ) C ( R j ) 4 . 1 0 

B ( r ) = e r f c ( n r ) ( n r ) / r ^ + 2\\. exp(-ri^r^)/r^ A . 1 1 

TT^ 

and 

C ( r ) = 3 e r f c ( n r ) / r ^ + ( 2 n / n ^ ] ( 2 n ^ + 3 / r ^ ) e x p ( - T i ^ r ^ ) / r 

4 . 1 2 

E q u a t i o n 4 . 1 0 is the g e n e r a l e x p r e s s i o n for the 

i n t e r a c t i o n energy of a s i n g l e d i p o l e i n s e r t e d in the 

l a t t i c e . In our case the test m o l e c u l e is i t s e l f part of the 

r e p e a t i n g l a t t i c e . If a d i p o l e , ^ is p l a c e d at £ and the 

r e f e r e n c e d i p o l e , at , then their energy of 

i n t e r a c t i o n , if they are both p a r a l l e l i s : -

(y/M - 3 ( M . R ) 2 / R ? ) R ? 4. 13 

w h i c h must e q u a l z e r o , e v e n when £ . H o w e v e r C ( r ) and 

B ( r ) both tend to i n f i n i t y as r r. . To avoid this 

d i f f i c u l t y we can r e m o v e the term for i = j in e q u a t i o n 4 . 1 0 . 

t h u s : -

U C r ) = 4tr^ y } (ji. .n ) (£• .n ) A( n ; M J exp(-2Tiiri_.£. ./L ) 
,2 n2b 3 ^ J 

^ ^Hi'iLj r^J ) - ^ 

+ lim - (pj^Rj^)(yj^R^)C(r^)j 4 . 1 4 

r-kO 
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So if we take this limit a l o n g the path d e f i n e d by 

4 . 1 5 

The final l i m i t i n g term in e q u a t i o n 4 . 1 4 b e c o m e s 

lim 3B[ r C( r ) 

r-»-0 

3 2 
- 4 n ; M 
3/it 

4.16 

S u m m i n g over all i m o l e c u l e s and d i v i d i n g by N to o b t a i n the 

t o t a l l a t t i c e e n e r g y per d i p o l e g i v e s 

iiriin = itlo ) 5 5 (ji:i.n)(£. .n)A(n;n)exp(-2Trln.r. ./L) 

+ 1 1 2 C E i E j ) B ( r . . ) _ ( % . r i . ) ( y j . r . . ) C C r . . ) 

^ i < J 

- 2 n ^ y ^ / 3 A 4 . 1 7 

This e x p r e s s i o n can be more c o n v e n i e n t l y e x p r e s s e d 

u s i n g s t a n d a r d t r i g o n o m e t r i c r e l a t i o n s h i p s and e m p l o y i n g the 

fact that the s u m m a t i o n over i and j in the first term 

r e d u c e s to a s i n g l e s u m m a t i o n s q u a r e d over one of the 

s u b s c r i p t s , we finally o b t a i n 

Ujip = 2Tr J A(n;Ti) . n ) c o s ( 2 T r n ^ / L ) ^ ) 

N L ^ n/o L j 

+ (^CMJ .£)sin(2iTn.rj^j/L)^) j 
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N j>i 

- 2Ti^y^/3Tr 4 . 1 8 

In the c a l c u l a t i o n s the s u m m a t i o n s m u s t be t r u n c a t e d . 

The first by s u m m i n g over a f i n i t e n u m b e r of v e c t o r s only, 

and the s e c o n d d o u b l e s u m m a t i o n only s u m m e d for r^j < L. For 

a g i v e n n u m b e r of v e c t o r s the p a r a m e t e r was a d j u s t e d using 

the f o l l o w i n g t r i a l and error p r o c e d u r e to r e d u c e the error 

in the total d i p o l a r p o t e n t i a l e n e r g y . A very l a r g e l a t t i c e 

was set up and the d i p o l a r p o t e n t i a l energy was c a l c u l a t e d 

by s i m p l y s u m m i n g up all pair d i p o l a r i n t e r a c t i o n s for an 

a n t i f e r r o e l e c t r i c s y s t e m (see F i g u r e 4 . 5 ) and c o m p a r i n g it 

with that o b t a i n e d using the a b o v e e q u a t i o n for the s i m i l a r 

c o n f i g u r a t i o n . The r e s u l t s for the Ewald s u m m u t i o n on an 

8 x 8 x 8 c u b i c l a t t i c e and t h o s e from d i r e c t s u m m a t i o n s for ^ = 

4 . 0 and 5.0 on 2 0 x 2 0 x 2 0 and 3 0 x 3 0 x 3 0 c u b i c l a t t i c e s with a 

r e d u c e d d i p o l e m o m e n t of 1.0 in all c a s e s y i e l d e d a result 

of: -

U j i p / N = - 4 . 1 7 8 2 4 Y^E 4.19 

2 
W h e r e y G are s c a l i n g u n i t s which w i l l be d i s c u s s e d 

l a t e r . 

We now turn to the d i s p e r s i o n part of the p o t e n t i a l . As 

we h a v e seen in C h a p t e r 1, if a s s u m i n g c y l i n d - r i c a l l y 

s y m m e t r i c m o l e c u l e s , the a n i s o t r o p i c d i s p e r s i o n pair 

p o t e n t i a l can be w r i t t e n as ( K o h i n , 1 9 6 0 ) : -

94 



"" • 4 
^ f r~^b '•-2'-12 ) - 9 ( 2 i ' 2 i 2 ^ ^ £ 2 ' — 1 2 ^ 

12 

+ 6(^2^ • r_2) (2^2• r.ĵ 2 ̂  ̂ • ^ 2 ^ ~ ^•—1'—2^ J 4 . 2 0 

W h e r e r^^ the s e p a r a t i o n of m o l e c u l e s 1 and 2, Z ^ , 

and 2 ^ 2 unit v e c t o r s d e s c r i b i n g the o r i e n t a t i o n of 

m o l e c u l e s 1 and 2 and the i n t e r m o l e c u l a r s e p a r a t i o n 

r e s p e c t i v e l y . y is the r e l a t i v e a n i s o t r o p y in the 

p o l a r i s a b i l i t y 

Y = 11°'I I - aj^)/(oi j I+2aj^)J 4.21 

and e is the s c a l a r c o m p o n e n t of the d i s p e r s i o n i n t e r a c t i o n , 
2 

w h i c h t o g e t h e r with y will be used to s c a l e the p o t e n t i a l 

with t e m p e r a t u r e and the d i p o l a r i n t e r a c t i o n . Thus we shall 

d e f i n e a r e d u c e d t e m p e r a t u r e , T a s ; -

T* = j a 4 . 2 2 

In g e n e r a l the t e m p e r a t u r e could have been s c a l e d with ye, 
2 

but m o l e c u l a r field theory s u g g e s t s Y e to be a m o r e 

s u i t a b l e f a c t o r ( H u m p h r i e s e ^ al, 1 9 8 1 ) . In o r d e r to make 

a m e a n i n g f u l c o m p a r i s i o n with p r e v i o u s w o r k , we s h a l l set 

Y ^ e = 0.8 ( H u m p h r i e s e;t al, 1 9 8 1 ) . 
As m e n t i o n e d e a r l i e r , the d i p o l a r pair p o t e n t i a l was 

2 
also scaled with y e, t h u s d e f i n i n g a d i m e n s i o n l e s s r e d u c e d 

2 
s q u a r e d d i p o l e m o m e n t , M a s ; -
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4 . 2 3 
3 2 

Aire a Y E 
0 ' 

H e r e a is the n e a r e s t n e i g h b o u r i n t e r m o l e c u l a r s e p a r a t i o n . 
2 

A s s u m i n g , that for a pure d i s p e r s i o n p o t e n t i a l o n l y , k T / y e 

= 2 . 2 2 [ H u m p h r i e s £t al, 1 9 8 1 ) , and for a t y p i c a l m o l e c u l e , 

Vi~4.8 D e b y e s (See for e x a m p l e D u n m u r and M i l l e r , 1 9 8 0 ) , 

= 4 0 0 K , a = lOA, we get a value of = 1.0. This 

t h e r e f o r e g i v e s a t o t a l pair p o t e n t i a l of 

0*= ^12 = ^ a y 0 ' + 4 . 2 4 

> » > 

W h e r e 0 and 0 are the a n i s o t r o p i c a n g u l a r p a r t s 

of the d i s p e r s i o n and d i p o l a r pair p o t e n t i a l s r e s p e c t i v e l y , 

as d e f i n e d e a r l i e r . 

At this p o i n t we s h a l l e x a m i n e the form of the two 

p o t e n t i a l s . F i r s t l y , the d i p o l a r i n t e r a c t i o n g i v e n by 

e q u a t i o n 4 . 2 . In F i g u r e 4 . 2 the d i p o l a r p o t e n t i a l energy 

s u r f a c e t o g e t h e r with a c o n t o u r plot of the same s u r f a c e is 

p l o t t e d . The x and y c o o r d i n a t e s c o r r e s p o n d to and Qg 

r e s p e c t i v e l y , the a n g l e s each m o l e c u l e make with the 

i n t e r m o l e c u l a r v e c t o r . 0 is c o n s t a n t at 0" (see f i g u r e 
2 

4 . 1 ) . M i n i m a of -2\i are o b s e r v e d when the m o l e c u l e s are 

p a r a l l e l to each o t h e r and to the i n t e r m o l e c u l a r vector (at 

the four c o r n e r s of the s u r f a c e and the c e n t r e (ie 0^ = 

0°, Qg = 0 \ 9^ = 3 6 0 ° e t c , and 9^ = 180* 8 = 1 8 0 ° ) ) . 

W h e n the m o l e c u l e s are a n t i p a r a l l e l to each o t h e r and 
p e r p e n d i c u l a r to the i n t e r m o l e c u l a r v e c t o r the m i n i m a are 

2 

-)i and a c t u a l l y o c c u r as s a d d l e p o i n t s on the s u r f a c e . 

The s u r f a c e o b t a i n e d for the d i s p e r s i o n p o t e n t i a l is 

p l o t t e d in F i g u r e 4 . 3 . Here a g a i n the s u r f a c e r e p r e s e n t s 

m o l e c u l e s in the same p l a n e (ie with 0^ - 0^ = 0)- The 

m i n i m a are a g a i n with the m o l e c u l e s p a r a l l e l to each o t h e r 

and to the i n t e r m o l e c u l a r v e c t o r and as b e f o r e , the m i n i m u m 
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Ujj (dip) 

360 0 

F i £ 4 . 2 D i p o l a r p o t e n t i a l energy s u r f a c e as a f u n c t i o n 

of Qĵ  and 8j for two l i n e a r m o l e c u l e s , as 

d e f i n e d by E q u a t i o n 4 . 2 . The a n g l e 0 e q u a l s 

0 ° . The lower d i a g r a m is a c o n t o u r plot of the 

s u r f a c e . 

97 



t 0.0 

Uj|(clisp) 

180 

180 0 

F i g 4 . 3 D i s p e r s i o n p o t e n t i a l energy s u r f a c e as a 

f u n c t i o n of and Gj for two l i n e a r 

m o l e c u l e s . The a n g l e 0 e q u a l s 0". The lower 

d i a g r a m is a c o n t o u r plot of the s u r f a c e . 
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r e p r e s e n t i n g the c o n f i g u r a t i o n with p a r a l l e l m o l e c u l e s 

p e r p e n d i c u l a r to the i n t e r m o l e c u l a r vector is at a s a d d l e 

p o i n t on the s u r f a c e . 

I n i t i a l l y the s i m u l a t i o n was run with a full r a n g e 

d i s p e r s i o n p o t e n t i a l and z e r o d i p o l a r i n t e r a c t i o n . H o w e v e r , 

the n a t u r e of the p o t e n t i a l was s u c h , that with the 

i n c l u s i o n of the i n t e r a c t i o n s from the s e c o n d and s u b s e q u e n t 

s h e l l s of m o l e c u l e s , a c o n f i g u r a t i o n with a p o t e n t i a l energy 

l o w e r than the o r d e r e d a n t i f e r r o e l e c t r i c s t a t e was o b s e r v e d 

at very low t e m p e r a t u r e s . This s t a g g e r e d c o n f i g u r a t i o n is 

s h o w n in F i g u r e 4.4, w h e r e the m o l e c u l e s tend to lie a l o n g 

the ( 1 , 1 , 1 ) ( 1 , 1 , - 1 ) , ( 1 , - 1 , 1 ) etc. l a t t i c e v e c t o r s . This 

s y s t e m is s p h e r i c a l l y s y m m e t r i c and has an order p a r a m e t e r 

of z e r o , and is t h e r e f o r e t o t a l l y u n s u i t a b l e for the 

s i m u l a t i o n of n e m a t i c s . The d i s p e r s i o n i n t e r a c t i o n was 

t h e r e f o r e t r u n c a t e d to i n c l u d e n e a r e s t n e i g h b o u r 

i n t e r a c t i o n s only w h i l e r e t a i n i n g a full r a n g e d i p o l a r 

i n t e r a c t i o n . This has a t o t a l l y o r d e r e d g r o u n d s t a t e 

c o n f i g u r a t i o n and is a n t i f e r r o e l e c t r i c as shown in F i g u r e 

4 . 5 , w h e r e the d o t s at the end of each line r e p r e s e n t a pole 

of the d i p o l e m o m e n t . 

4 . 3 C o m p u t a t i o n a l D e t a i l s 

The study was p e r f o r m e d u s i n g the s t a n d a r d M o n t e - C a r l o 

t e c h n i q u e d e v e l o p e d for the s i m u l a t i o n of s i m p l e l i q u i d s 

( M e t r o p o l i s ^ al, 1 9 5 3 ) . The c e n t r e s of mass of the 

m o l e c u l e s were r e s t r i c t e d to lie on the l a t t i c e p o i n t s of an 

8 x 8 x 8 s i m p l e cubic l a t t i c e ( N = 5 1 2 ) , with usual c u b i c 

p e r i o d i c b o u n d a r y c o n d i t i o n s , as d e f i n e d in C h a p t e r 2. 

I d e a l l y we would have liked to study a 1 0 x 1 0 x 1 0 s y s t e m , in 

o r d e r to make a m o r e m e a n i n g f u l c o m p a r i s o n with p r e v i o u s 

w o r k ( H u m p h r i e s ^ al, 1 9 8 1 ) . U n f o r t u n a t e l y , the lack of 

c o m p u t a t i o n a l r e s o u r c e s p r e v e n t e d t h i s . 
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Fig 4.4 The ' s t a g g e r e d ' low t e m p e r a t u r e c o n f i g u r a t i o n 

o b s e r v e d in the case of a full ranged 

d i s p e r s i o n p o t e n t i a l o n l y . 

ii 

Flfl 4 . 5 T h e g r o u n d s t a t e a n t i f e r r o e l e c t r i c 

c o n f i g u r a t i o n for the m o l e c u l e s i n t e r a c t i n g 

via a full ranged d i p o l a r , n e a r e s t n e i g h b o u r 

d i s p e r s i o n p o t e n t i a l . 
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The m o l e c u l e s i n t e r a c t e d via the n e a r e s t n e i g h b o u r 

d i s p e r s i o n p o t e n t i a l ( E q u a t i o n 4 . 2 0 ) and the full ranged 

d i p o l e - d i p o l e i n t e r a c t i o n , c a l c u l a t e d using the Ewald 

sum m a t i o n ( E q u a t i o n 4 . 1 8 ) , with a s p h e r i c a l c u t - o f f at h a l f 

the box l e n g t h for the real s p a c e term and the s u m m a t i o n 

over the r e c i p r o c a l s p a c e term (the first t e r m ) p e r f o r m e d 

over 2 9 7 l a t t i c e v e c t o r s (ie up to a m a x i m u m d i s t a n c e of 

5a). n was c h o s e n to be 4 . 0 . The o r i e n t a t i o n s of m o l e c u l e s 

w e r e s t o r e d in unit v e c t o r n o t a t i o n (ie as d i r e c t i o n 

c o s i n e s ) with the l a b o r a t o r y z a x i s p a r a l l e l with one of the 

n e a r e s t n e i g h b o u r i n t e r m o l e c u l a r v e c t o r s . To g e n e r a t e a new 

c o n f i g u r a t i o n in the M o n t e - C a r l o c h a i n , m o l e c u l e s were 

s a m p l e d s e q u e n t i a l l y , and r e - o r i e n t a t e d u s i n g the m e t h o d 

d e v e l o p e d b y B a r k e r a n d W a t t s ( 1 9 6 9 ) . T h e 

a c c e p t a n c e - r e j e c t i o n r a t i o was c o n t r o l l e d to be 

a p p r o x i m a t e l y one by a d j u s t i n g the p e r m i t t e d m a x i m u m 

r o t a t i o n . 

The s i m u l a t i o n s c o n s i s t e d of two s t a g e s , an 

e q u i l i b r a t i o n s t a g e , w h e r e the a v e r a g e s c a l c u l a t e d in the 

p r o g r a m were m o n i t o r e d but d i s c a r d e d and a l o n g e r p r o d u c t i o n 

p h a s e w h e r e v a r i o u s t h e r m o d y n a m i c and o r i e n t a t i o n a l 

p r o p e r t i e s were c a l c u l a t e d . 

The first run was at a r e d u c e d t e m p e r a t u r e of T* = 2 . 5 

w h e r e the s t a r t i n g c o n f i g u r a t i o n was c h o s e n to an all 

a l i g n e d , a n t i f e r r o e l e c t r i c s t a t e with the m o l e c u l a r axes 

p a r a l l e l with the l a b o r a t o r y z - a x i s . This c o n f i g u r a t i o n is 

d e p i c t e d in F i g u r e 4 . 5 . An a n t i f e r r o e l e c t r i c s t a t e was 

c h o s e n to speed up the c o n v e r g e n c e of the o r i e n t a t i o n s of 

the d i p o l e s . If for e x a m p l e a f e r r o e l e c t r i c s t a t e was c h o s e n 

then at low t e m p e r a t u r e s , w h e r e , to a c h i e v e good a c c e p t a n c e 

r e j e c t i o n r a t i o s s m a l l m a x i m u m d i s p l a c e m e n t s are r e q u i r e d , 

it would be very u n l i k e l y and p r o b a b l y i m p o s s i b l e for a 

d i p o l e to c o m p l e t e l y r o t a t e t h r o u g h an a n g l e c l o s e to 1 8 0 ° . 

T h u s a m o r e s t a b l e a n t i f e r r o e l e c t r i c s t a t e would n e v e r 

a c t u a l l y be r e a c h e d . The s t a r t i n g c o n f i g u r a t i o n at a new 

t e m p e r a t u r e was c h o s e n to be one from e i t h e r a run in the 
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o r d e r e d p h a s e , or in the c a s e of high t e m p e r a t u r e i s o t r o p i c 

c a l c u l a t i o n s from e i t h e r the n e m a t i c or the i s o t r o p i c p h a s e . 

In e i t h e r c a s e , the s t a r t i n g c o n f i g u r a t i o n for a n e m a t i c 

p h a s e c a l c u l a t i o n was n e v e r c h o s e n to be i s o t r o p i c . This is 

due e n t i r e l y to the n a t u r e of the p o t e n t i a l , s i n c e the 

d i s p e r s i o n part has t h r e e d e g e n e r a t e g r o u n d s t a t e s , each 

with the m o l e c u l a r s y m m e t r y axes p a r a l l e l with the three 

c r y s t a l a x e s . F u r t h e r m o r e each of t h e s e d e g e n e r a c i e s has a 

d o u b l e d e g e n e r a c y from the d i p o l a r c o n t r i b u t i o n , s i n c e 

a n t i f e r r o e l e c t r i c s t a t e s can be formed with d i p o l e s p o i n t i n g 

in two d i r e c t i o n s . This m e a n s our s y s t e m has six d e g e n e r a t e 

g r o u n d s t a t e s . If t h e r e f o r e an i s o t r o p i c s t a t e was c o o l e d to 

the n e m a t i c p h a s e , i n v a r i a b l y w i t h i n the s a m p l e , d o m a i n s of 

l o c a l order would form. From s t a t i s t i c a l a r g u m e n t s t h e r e 

would be an e q u a l p r o b a b i l i t y for any of the six d e g e n e r a t e 

s t a t e s f o r m i n g into a d o m a i n . This m u l t i - d o m a i n s t r u c t u r e 

w o u l d take a very long time to e q u i l i b r a t e fully to a 

m o n o d o m a i n s y s t e m which is r e q u i r e d to c a l c u l a t e bulk 

p r o p e r i t e s . This e f f e c t has been d i s c u s s e d for p - fold 

d e g e n e r a t e s y s t e m s in d - d i m e n s i o n a l s p a c e w h e r e it is 

s u g g e s t e d that the d o m a i n s i z e s would e q u i l i b r a t e as a power 

f u n c t i o n of t i m e , t h e r e f o r e a m o n o d o m a i n s y s t e m would n e v e r 

o c c u r ( S a f r a n , 1 9 8 1 ) . A t y p i c a l c o n f i g u r a t i o n s h o w i n g a 

m o n o d o m a i n s a m p l e is shown in F i g u r e 4 . 6 t a k e n at a r e d u c e d 

t e m p e r a t u r e of T* = 2 . 5 . A g a i n the d o t s at the e n d s of each 

m o l e c u l e r e p r e s e n t one end of the d i p o l e m o m e n t . 

D u r i n g the p r o d u c t i o n s t a g e the a v e r a g e d i s p e r s i o n 

( ^ ^ d i s p ^ and d i p o l a r c o n t r i b u t i o n s to the t o t a l 

a v e r a g e i n t e r n a l energy t'^*tot^ were c a l c u l a t e d , from 

w h i c h the heat c a p a c i t y at c o n s t a n t v o l u m e was e v a l u a t e d 

u s i n g 

The o r i e n t a t i o n a l s e c o n d rank o r d e r p a r a m e t e r , d e f i n e d as 

the a v e r a g e of the s e c o n d L e g e n d r e p o l y n o m i a l was also 
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c a l c u l a t e d a s ; -

P„ = 3 c o s ^ e - 1 4 . 2 6 
2 2 2 

w h e r e the bar i n d i c a t e s an e n s e m b l e a v e r a g e , and JS is the 

a n g l e b e t w e e n the m o l e c u l a r s y m m e t r y a x i s and the d i r e c t o r 

a x i s for the o r i e n t a t i o n a l l y o r d e r e d p h a s e . In this i n s t a n c e 

it was c a l c u l a t e d by e v a l u a t i n g the Q - t e n s o r . 

«ab = (3 " . 2 7 

H e r e a and b d e n o t e l a b o r a t o r y a x e s , and the d i r e c t i o n 

c o s i n e s and the K r o n e k e r d e l t a . A v e r a g e s of the Q - t e n s o r 

w e r e t a k e n over a n u m b e r of c y c l e s ( d e f i n e d as 1 m a c r o s t e p ) 

d u r i n g w h i c h time the d i r e c t o r does not m o v e . Each m a c r o s t e p 

was a c t u a l l y 50 c y c l e s after w h i c h time the Q - t e n s o r was 

d i a g o n a l i s e d and the l a r g e s t e i g e n v a l u e i d e n t i f i e d with the 

o r d e r p a r a m e t e r , P ^ , d e f i n e d a b o v e in e q u a t i o n 4 . 2 6 

( B u c k i n g h a m 1 9 6 7 ) . Each t y p i c a l p r o d u c t i o n s t a g e c o n s i s t e d 

of 50 m a c r o - s t e p s , a l t h o u g h 125 w e r e used c l o s e to the 

t r a n s i t i o n b e c a u s e of l a r g e f l u c t u a t i o n s in the i n t e r n a l 

energy and o r d e r p a r a m e t e r in this r e g i o n . E x p l i c i t d e t a i l s 

of s t a r t i n g c o n f i g u r a t i o n s , l e n g t h s of e q u i l i b r a t i o n and 

p r o d u c t i o n runs are g i v e n in Table 4 . 1 . F u t h e r m o r e d u r i n g 

s o m e of the p r o d u c t i o n s t a g e s (see Table 4 . 1 ] , the 

o r i e n t a t i o n s of all the m o l e c u l e s at the end of each cycle 

w e r e w r i t t e n o n t o m a g n e t i c tape for the f o l l o w i n g f u r t h e r 

a n a l y s i s . 

S i n c e , as we s h a l l s h o w , the d i r e c t o r is p i n n e d a l o n g 

s o m e arbitrary l a b o r a t o r y a x i s , (in our case the z - a x i s ) , the 

s i n g l e t d i s t r i b u t i o n f u n c t i o n can be r e a d i l y c a l c u l a t e d ; 

this is d e f i n e d as the p r o b a b i l i t y of f i n d i n g a m o l e c u l e 

w i t h i n a v o l u m e e l e m e n t b e t w e e n cosg and c o s g + d c o s g w h e r e B 

is the a n g l e the p a r t i c l e m a k e s with the d i r e c t o r . This was 

c a l c u l a t e d by d i v i d i n g the cosg s p a c e (to g i v e e q u a l volume 
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e l e m e n t s ) into 100 e q u a l d i v i s i o n s and i n c r e m e n t i n g a 

c o u n t e r array (of 100 b u c k e t s ) for the o r i e n t a t i o n s of all 

m o l e c u l e s for all c y c l e s . 

V a r i o u s pair c o r r e l a t i o n f u n c t i o n s w e r e also 

c a l c u l a t e d . In p a r t i c u l a r ; -

G , [ r . . ) = < P , ( c o s 9 ) > r . . 4 . 2 8 
J- 1J "L 1J 

G g C r ^ j ) = < P 2 ( c o s 8 ) > r ^ j 4 . 2 9 

G ^ ( r ^ j ) = < P ^ C c o s O ) > r ^ j 4 . 3 0 

H e r e P^, Pg and P^ are L e g e n d r e p o l y n o m i a l s and Q is the 

a n g l e b e t w e e n m o l e c u l e s at a d i s t a n c e i%j. C o m p u t a t i o n a l l y 

t h e s e were c a l c u l a t e d by f i r s t l y l a b e l l i n g the x, y, z 

c o o r d i n a t e s of all the m o l e c u l e s with i n t e g e r l a b e l s . The 

s q u a r e of the d i s t a n c e b e t w e e n p a r t i c l e s i and j i s : -

= ( x . - X j ) 2 + ( y . _ y j ) 2 + (z. - Z j ) 2 4.31 

T a k i n g into a c c o u n t the p e r i o d i c i t y of the s y s t e m u s i n g the 
2 

m i n i m u m i m a g e c o n v e n t i o n , r.. was used as an array 
9 

p o i n t e r , to s t o r e the n e c e s s a r y v a l u e s of c o s O , cos 0 

and c o s ^ g . The c o r r e l a t i o n b e t w e e n m o l e c u l e s at d i s t a n c e s 

g r e a t e r than h a l f the s a m p l e size were not c o u n t e d . 

A s u b s e t of pair c o r r e l a t i o n f u n c t i o n s were a l s o 

c a l c u l a t e d . We will show that the d i r e c t o r is p i n n e d a l o n g 

the z - a x i s , thus pair c o r r e l a t i o n s for p a i r s of m o l e c u l e s 

p a r a l l e l and p e r p e n d i c u l a r to the d i r e c t o r were e v a l u a t e d , 

d e f i n e d b y : -

''-L(r^j) = < P g C c o s 0) >'I'-Lr^^ 4 . 3 2 

W h e r e L = 1,2 and 4. T h e s e were c a l c u l a t e d in e x a c t l y the 

s a m e way as for the t o t a l pair c o r r e l a t i o n f u n c t i o n s , e x c e p t 

that m o l e c u l e s with i n t e r m o l e c u l a r v e c t o r s p a r a l l e l and 
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p e r p e n d i c u l a r to the d i r e c t o r w e r e c o n s i d e r e d . 

As a c h e c k to the p i n n i n g of the d i r e c t o r along the 

l a b o r a t o r y z - a x i s , v a r i o u s order p a r a m e t e r s were c a l c u l a t e d 

d i r e c t l y with r e s p e c t to this a x i s , d e f i n e d b y ; -

= < cos 3 > 4 . 3 3 

= 3 < c o s ^ g > - 1 4 . 3 4 
2 ^ ^ 

P., = 35< C 0 S ^ 3 > - 15< c o s ^ 3 > + 3 4 . 3 5 
^ 8- T 8 

H e r e 3 is the a n g l e b e t w e e n the d i p o l a r a x i s and the 

l a b o r a t o r y z - a x i s . The s e c o n d rank o r d e r p a r a m e t e r was then 

c o m p a r e d with that e v a l u a t e d by s e t t i n g up and d i a g o n a l i s i n g 

the Q - t e n s o r ( E q u a t i o n 4 . 2 7 ) at the end of each c y c l e , and 

with that c a l c u l a t e d by a v e r a g i n g the Q - t e n s o r over the 

p r e v i o u s l y d e f i n e d m a c r o s t e p s . 

4 . 4 D i s c u s s i o n of R e s u l t s 

T h e r m o d y n a m i c P r o p e r t i e s 

The t h e r m o d y n a m i c p r o p e r t i e s o b t a i n a b l e d i r e c t l y from 

the s i m u l a t i o n w e r e the i n t e r n a l e n e r g i e s , 0 0 * ^ ^ ^ 

and 0 and the heat c a p a c i t y at c o n s t a n t v o l u m e 

c a l c u l a t e d from the energy f l u c t u a t i o n s by e q u a t i o n 4 . 2 5 . 

F i g u r e 4 . 7 s h o w s t h e s e i n t e r n a l e n e r g i e s p l o t t e d as a 

f u n c t i o n of the r e d u c e d t e m p e r a t u r e T*, the a c t u a l v a l u e s 

a r e l i s t e d in T a b l e 4 . 2 with their a s s o c i a t e d e r r o r . The 

b e h a v i o u r of 0 c l e a r l y i n d i c a t e s a p h a s e t r a n s i t i o n 

o c c u r i n g in the r e g i o n of T * = 2 . 7 to T * = 2 . 8 . The t r a n s i t i o n 

b e t w e e n an o r d e r e d and d i s o r d e r e d p h a s e is a l s o e m p h a s i z e d 

in the plot of the d i s p e r s i o n c o n t r i b u t i o n to the i n t e r n a l 

e n e r g y U*(jisp» a l t h o u g h very m u c h less so by the d i p o l a r 

e n e r g y , w h i c h is e s s e n t i a l l y a c o n t i n u o u s f u n c t i o n of 

t e m p e r a t u r e . The exact l o c a t i o n of the t r a n s i t i o n is most 

a c c u r a t e l y d e t e r m i n e d from the d i v e r g e n c e of the heat 
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A \ i i w w \ w i i m m v ^ i 

Fig 4 . 6 A t y p i c a l c o n f i g u r a t i o n taken at the end of 

the p r o d u c t i o n s t a g e at T* = 2 . 5 

* 

Fin 4 . 7 The r e d u c e d t e m p e r a t u r e d e p e n d e n c e or the 

t o t a l i n t e r n a l e n e r g y (•) and the c o n t r i b u t i o n 

from the d i s p e r s i o n (O) and d i p o l a r (0) t e r m s . 

The c r o s s e s are the u n s e a l e d v a l u e s q u o t e d by 

H u m p h r i e s e_t ^ ( 1 9 8 1 ) and the c u r v e is the 

M a i e r - S a u p e p r e d i c t i o n based on a p s e u d o 

p o t e n t i a l d e r i v e d from d i s p e r s i o n f o r c e s . 
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c a p a c i t y . In this s i m u l a t i o n it was c a l c u l a t e d both from 

e n e r g y f l u c t u a t i o n s and by f i t t i n g the i n t e r n a l e n e r g y , 
* 

v e r s u s T with a c u b i c s p l i n e i n t e r p o l a t i o n 

p r o c e d u r e (CERN r o u t i n e E 2 0 9 ) and o b t a i n i n g the first 

d e r i v a t i v e n u m e r i c a l l y s i n c e : -

4 . 3 6 ' 
• • ( # ) . 

The r e s u l t s g i v e n by both m e t h o d s are p l o t t e d in F i g u r e 4 . 8 

with the f l u c t u a t i o n and s p l i n e r e s u l t s g i v e n by the open 

c i r c l e s and solid s q u a r e s r e s p e c t i v e l y . The r e s u l t s are a l s o 

t a b u l a t e d in T a b l e 4 . 2 . As we w o u l d e x p e c t the v a l u e s 

o b t a i n e d from the energy f l u c t u a t i o n s are not in e x a c t 

a g r e e m e n t with t h o s e e v a l u a t e d from the s p l i n e i n t e r p o l a t i n g 

r o u t i n e . This is due l a r g e l y to the fact that in c a l c u l a t i n g 

the d e r i v a t i v e at a p a r t i c u l a r p o i n t the s p l i n e f i t t i n g 

r o u t i n e uses data p o i n t s b e f o r e and a f t e r that p o i n t , and in 

d o i n g so c a l c u l a t e s a m o r e a c c u r a t e v a l u e , w h e r e a s , the 

v a l u e from the f l u c t u a t i o n s r e l i e s on s a m p l i n g 

c o n f i g u r a t i o n s of both high and low energy s t a t e s from the 

B o l t z m a n n d i s t r i b u t i o n , w h i c h would only be a c h i e v e d a f t e r 

p r o h i b i t i v e l y long p r o d u c t i o n r u n s . H o w e v e r , both sets of 

r e s u l t s do i n d e e d show a d i v e r g e n c e at the t r a n s i t i o n . This 

can be a c c u r a t e l y l o c a t e d at T = 2 . 7 5 + 0 . 0 3 . From the 

d i v e r g e n c e of the heat c a p a c i t y the t r a n s i t i o n can be 

p r e d i c t e d to be of f i r s t , or w e a k l y first o r d e r . 

S i n c e we know the e x a c t l o c a t i o n of the t r a n s i t i o n we 

can now turn back to the plot of the i n t e r n a l energy and 

a t t e m p t to e v a l u a t e the e n t r o p y of t r a n s i t i o n . The 

d e t e r m i n a t i o n of this q u a n t i t y r e q u i r e s very c a r e f u l 

e x t r a p o l a t i o n of the i n t e r n a l e n e r g y e s p e c i a l l y in the 

n e m a t i c p h a s e . H o w e v e r , if in t h i s p h a s e , we i g n o r e the 

p o i n t s c l o s e to the t r a n s i t i o n w h e r e the i n t e r n a l energy 

c h a n g e s most r a p i d l y a r e a s o n a b l e e s t i m a t e can be m a d e . The 
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r e s u l t i n g v a l u e for A S / N k w h i c h is i n d e p e n d e n t of any 

s c a l i n g f a c t o r s in the t e m p e r a t u r e or i n t e r n a l energy is 

0 . 7 0 + 0 . 1 0 , ( w h e r e the error s t e m s e n t i r e l y from the 

u n c e r t a i n t y in m e a s u r i n g the c h a n g e in the i n t e r n a l e n e r g y , 

not from the u n c e r t a i n t y in the t r a n s i t i o n t e m p e r a t u r e ) . 

This value is l a r g e r than that o b t a i n e d in the s i m u l a t i o n 

u s i n g the n e a r e s t n e i g h b o u r d i s p e r s i o n p o t e n t i a l of A S / N k = 

0 . 2 9 + 0 . 0 1 ( H u m p h r i e s £t al, 1 9 8 1 ) and very m u c h h i g h e r than 

that e v a l u a t e d from s i m u l a t i o n s u s i n g the s i m p l e Pg 

p o t e n t i a l ( L u c k h u r s t and S i m p s o n , 1 9 8 2 ) . 

For the sake of c o m p l e t e n e s s the n e a r e s t n e i g h b o u r 

d i s p e r s i o n p o t e n t i a l r e s u l t s for the i n t e r n a l e n e r g y s c a l e d 

to the same t r a n s i t i o n t e m p e r a t u r e are p l o t t e d on F i g u r e 4 . 7 

as the c r o s s e s and are v i r t u a l l y s u p e r i m p o s a b l e . Thus the 

d i f f e r e n c e in e n t r o p y at the t r a n s i t i o n s t e m s from the 

i n c l u s i o n of our d i p o l a r i n t e r a c t i o n s . 

A n a l y t i c t h e o r i e s , for e x a m p l e M a i e r - S a u p e m o l e c u l a r 

field theory p r e d i c t s a v a l u e for the e n t r o p y of t r a n s i t i o n 

of A S / N k = 0 . 4 1 7 . This v a l u e w i l l be c o m p a r e d and d i s c u s s e d 

f u r t h e r l a t e r . 

O r i e n t a t i o n a l P r o p e r t i e s 

The only o r i e n t a t i o n a l p r o p e r t y c a l c u l a t e d d i r e c t l y in 

the s i m u l a t i o n was the s e c o n d rank o r d e r p a r a m e t e r , 

w h i c h was e v a l u a t e d from the Q - t e n s o r a v e r a g e d over 

m a c r o s t e p s of 50 c y c l e s . Its t e m p e r a t u r e d e p e n d e n c e is 

s h o w n in F i g u r e 4. 9 as the solid s q u a r e s , and c l e a r l y 

r e i n f o r c e s our p r e v i o u s o b s e r v a t i o n of a t r a n s i t i o n at T* = 

2 . 7 5 . The o r d e r p a r a m e t e r t h r o u g h the t r a n s i t i o n is 

e s s e n t i a l l y c o n t i n u o u s , and has a n o n - z e r o v a l u e in the 

i s o t r o p i c p h a s e . This c o n t i n u i t y and low o r d e r in the 

i s o t r o p i c p h a s e s t e m s from the r e l a t i v e l y s m a l l size of the 

s y s t e m . The order p a r a m e t e r at the t r a n s i t i o n is 0 . 3 6 + 0 . 1 5 , 

w h e r e a g a i n the u n c e r t a i n t y a r i s e s from the error in the 

o r d e r p a r a m e t e r o n l y . The r e l a t i v e l y large e r r o r at the 

t r a n s i t i o n can be a t t r i b u t e d to the s y s t e m e x i s t i n g in two 
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CJspl) 

I " 

Fig A.8 

Cj(fluc) 

The r e d u c e d t e m p e r a t u r e d e p e n d e n c e of the heat 

c a p a c i t y , c a l c u l a t e d from the energy 

f l u c t u a t i o n s (0) and n u m e r i c a l d i f f e r e n t i a t i o n 

of the i n t e r n a l e n e r g y (•). 

Fig 4 . 9 The r e d u c e d t e m p e r a t u r e a e p e n d e n c e of the 

s e c o n d and fourth rank o r d e r p a r a m e t e r s . The 

c u r v e s are the M a i e r - S a u p e p r e d i c t i o n s . 
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s t a t e s for the d u r a t i o n of the p r o d u c t i o n run, i . e . in 

s t a t e s with o r d e r of a p p r o x i m a t e l y = 0 . 1 5 and = 

0 . 4 5 , as can be seen in the h i s t o g r a m p l o t t e d in F i g u r e 4 . 1 0 

w h e r e the f r e q u e n c y of Pg c a l c u l a t e d over each m a c r o s t e p 

is p l o t t e d . The d i s t r i b u t i o n is e s s e n t i a l l y b i - m o d e l and 

s i m i l a r to that o b s e r v e d by J a n s e n e ^ al ( 1 9 7 7 ) . The o r d e r 

p a r a m e t e r e v a l u a t e d d u r i n g m a c r o s t e p s was c a l c u l a t e d 

a s s u m i n g the d i r e c t o r did not f l u c t u a t e w i t h i n each 

m a c r o s t e p . I n d e e d , a n a l y s i s of the d a t a s t o r e d on m a g n e t i c 

t a p e d o e s show this to be t r u e . F u r t h e r m o r e , the d i r e c t o r is 

a c c u r a t e l y p i n n e d a l o n g the z - l a b o r a t o r y a x i s for the 

d u r a t i o n of the e n t i r e s i m u l a t i o n in the n e m a t i c p h a s e . This 

can be seen from the v i r t u a l l y i n d e n t i c a l v a l u e s of Pg 

c a l c u l a t e d from the e v a l u a t i o n of the Q - t e n s o r at the end of 

each c y c l e , and from P ^ c a l c u l a t e d with r e s p e c t to the 

z - a x i s d i r e c t l y using e q u a t i o n 4 . 3 4 . T h e s e are l i s t e d in 

T a b l e 4 . 3 . The g r e a t e s t d e v i a t i o n s o c c u r c l o s e to the 

t r a n s i t i o n t e m p e r a t u r e , a l t h o u g h w i t h i n e x p e r i m e n t a l e r r o r 

they are e q u a l . If d i r e c t o r f l u c t u a t i o n s a b o u t the z - a x i s 

o c c u r , it w o u l d be e x p e c t e d that the a v e r a g e o r d e r p a r a m e t e r 

c a l c u l a t e d with r e s p e c t to the z - a x i s would be l e s s than 

that c a l c u l a t e d by a v e r a g i n g the Q - t e n s o r over m a c r o s t e p s , 

w h i c h w o u l d be less than the a v e r a g e v a l u e c a l c u l a t e d from 

the Q - t e n s o r at each c y c l e . U n f o r t u n a t e l y , c l o s e to the 

t r a n s i t i o n w h e r e this t r e n d s h o u l d be m o r e e v i d e n t , it was 

not p o s s i b l e to w r i t e the e n t i r e p r o d u c t i o n h i s t o r y onto 

m a g n e t i c tape (see T a b l e 4 . 1 ) , so two of the t h r e e a v e r a g e s 

are over d i f f e r e n t s t a g e s in the p r o d u c t i o n p h a s e . H o w e v e r , 

at T = 2 . 7 Pg c a l c u l a t e d d i r e c t l y with r e s p e c t to the 

z - a x i s is very s l i g h t l y l e s s than that e v a l u a t e d from the 

u n - a v e r a g e d Q - t e n s o r . In the i s o t r o p i c p h a s e the o r d e r 

p a r a m e t e r c a l c u l a t e d with r e s p e c t to the l a b o r a t o r y z - a x i s 

h a s no p h y s i c a l s i g n i f i c a n c e s i n c e a p r e f e r r e d d i r e c t o r a x i s 

no l o n g e r e x i s t s . 

S i n c e the d i r e c t o r is p i n n e d a c c u r a t e l y a l o n g the z 

l a b o r a t o r y a x i s the c a l c u l a t i o n of the fourth rank o r d e r 

110 



p a r a m e t e r , d e f i n e d by e q u a t i o n 4 . 3 5 becomes v a l i d . The 

r e s u l t s f o r a r e p l o t t e d on f i g u r e 4 . 9 and l i s t e d i n T a b l e 

4 . 4 and a g a i n r e i n f o r c e t h e o b s e r v a t i o n o f a t r a n s i t i o n f r o m 

an o r i e n t a t i o n a l l y o r d e r e d t o d i s o r d e r e d p h a s e . 

The f i r s t r a n k o r d e r p a r a m e t e r , P ^ , was a l s o 

c a l c u l a t e d f r o m t h e d a t a s t o r e d on m a g n e t i c t a p e u s i n g 

e q u a t i o n 4 . 3 3 , t h e v a l u e s o f w h i c h a r e l i s t e d i n T a b l e 4 . 4 . 

W i t h i n e x p e r i m e n t a l e r r o r , a l l t h e v a l u e s a r e e q u a l t o z e r o , 

i n d i c a t i n g t h e o r i e n t a t i o n s o f t h e d i p o l e s a r e t o t a l l y 

r a n d o m . T h i s i s e x a c t l y w h a t we w o u l d hope f o r , s i n c e i n 

r e a l d i p o l a r n e m a t i c s , t h e s y s t e m s as a b u l k h a v e no n e t 

p o l a r i t y . 

We now t u r n t o t h e r e s u l t s c a l c u l a t e d f o r t h e s i n g l e t 

o r i e n t a t i o n a l d i s t r i b u t i o n f u n c t i o n s . F i g u r e s 4 . 1 1 t o 4 . 1 7 

show t h e s e f u n c t i o n s as c r o s s e s f o r t e m p e r a t u r e s i n t h e 

n e m a t i c p h a s e , n o r m a l i s e d s u c h t h a t t h e area u n d e r e a c h 

g r a p h i s u n i t y . E x p e r i m e n t a l l y i t has been shown t h a t t h e 

f o r m o f t h e d i s t r i b u t i o n f u n c t i o n i s i n a c c o r d w i t h t h e 

M a i e r - S a u p e p r e d i c t i o n , so i t can be w r i t t e n a s : -

f ( b ) = a exp ( b P g C c o s B ) ) 4 . 3 7 

w h e r e a i s r e l a t e d t o t h e o r i e n t a t i o n a l p a r t i t i o n f u n c t i o n , 

a n d a c c o r d i n g t o t h i s t h e o r y , b i s p r o p o r t i o n a l t o P ^ . As 

a t e s t o f t h e M a i e r - S a u p e p r e d i c t i o n f o r t h e s i n g l e t 

d i s t r i b u t i o n f u n c t i o n , t h e e x p e r i m e n t a l d a t a was f i t t e d t o 

E q u a t i o n 4 . 3 7 u s i n g a n o n - l i n e a r o p t i m i s a t i o n p r o c e d u r e 

(CERN l i b r a r y r o u t i n e D 5 0 6 - M I N U I T S ) . The o p t i m u m v a l u e s f o r 

a and b a r e g i v e n i n T a b l e 4 . 5 . The s o l i d c u r v e s on F i g u r e s 

4 . 1 1 t o 4 . 1 7 a r e t h e b e s t f i t s t o t h e s i m u l a t e d d a t a . I n 

e a c h c a s e an e x c e l l e n t f i t i s o b t a i n e d i n d i c a t i n g t h e 

s u c c e s s o f t h e M a i e r Saupe t h e o r y i n p r e d i c t i n g t h e f o r m o f 

t h e s i n g l e t d i s t r i b u t i o n f u n c t i o n . T h i s a g r e e m e n t i s i n 

c o n t r a s t w i t h t h a t f o u n d f o r m o l e c u l e s i n t e r a c t i n g v i a a 

s i m p l e P^ p o t e n t i a l ( L u c k h u r s t ^ a l . 1 9 8 1 ) w h e r e f o u r t h 

r a n k t e r m s had t o be i n c l u d e d i n e q u a t i o n 4 . 3 7 t o f i t t h e 

s i n g l e t d i s t r i b u t i o n f u n c t i o n . We know f r o m t h e t h e o r y t h a t 
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0.7 

Fig A . 1 0 

F i g 4 . 1 1 

A h i s t o g r a m s h o w i n g t h e o r d e r p a r a m e t e r 

f r e q u e n c y o v e r 100 m a c r o s t e p s a t t h e 

t r a n s i t i o n t e m p e r a t u r e o f T* = 2 . 7 5 . 

O/deg 

T h e s i n g l e t o r i e n t a t i o n a l d i s t r i b u t i o n 

f u n c t i o n s c a l c u l a t e d d u r i n g t h e s i m u l a t i o n 

( + ) a t t h e r e d u c e d t e m p e r a t u r e i n d i c a t e d . The 

c u r v e is t h e b e s t f i t t o t h e e q u a t i o n 

f[B3 = a e x p C b P ^ C c o s B ) ] . 
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Fig 4.14 
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B/deg 

T h e s i n g l e t o r i e n t a t i o n a l d i s t r i b u t i o n 

f u n c t i o n s c a l c u l a t e o d u r i n g t h e s i m u l a t i o n s 

( + ) a t t h e r e d u c e d t e m p e r a t u r e s i n d i c a t e d . The 

c u r v e s a r e t h e b e s t f i t s t o t h e e q u a t i o n 

= a e x p ( b P ^ C c o s g ) ) . 
113 



F i £ 4 . 1 5 

Fig 4 . 1 6 

KB) 

T = 2.6 

B/deg 

f(0) 

T = 2.65 

B/deg 

Fig 4 . 1 7 

KB) 

B/deg 

T h e s i n g l e t o r i e n t a t i o n a l d i s t r i b u t i o n 

f u n c t i o n s c a l c u l a t e d d u r i n g t h e s i m u l a t i o n s 

( + ) a t t h e r e d u c e d t e m p e r a t u r e s i n d i c a t e d . The 

c u r v e s a r e t h e b e s t f i t s t o t h e e g u a t i o n : -

f ( B ) = a e x p ( b P ^ f c o s g ) ] . 
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the c o e f f i c i e n t b is p r e d i c t e d to be l i n e a r l y p r o p o r t i o n a l 

to the o r d e r p a r a m e t e r , P and i n v e r s e l y p r o p o r t i o n a l to * ^ 

t e m p e r a t u r e , T ,so:-

b = m 4 . 3 8 

T* 

H e r e m is a c o n s t a n t r e l a t e d to the s t r e n g t h of the 
2 

p o t e n t i a l of mean t o r q u e , or in t h i s case e q u a l to zy e, 

w h e r e z is the c o o r d i n a t i o n n u m b e r , 6 ( H u m p h r i e s ^ al_ 1 9 8 1 ) 

F i g u r e 4 . 1 8 s h o w s a plot of b v e r s u s P ^ / T * , with P g / T * , 

with Pg and T t a k e n from the Q - t e n s o r d i a g o n a l i s e d at the 

end of each c y c l e . The p o i n t s form a very good s t r a i g h t 

l i n e , a g a i n r e i n f o r c i n g the s u c c e s s of the M a i e r - S a u p e form 

of the s i n g l e t d i s t r i b u t i o n f u n c t i o n . L i n e a r l e a s t s q u a r e s 

a n a l y s i s of the data p o i n t s g i v e s a s l o p e of 1 2 . 0 8 + 0 . 1 2 and 

an i n t e r c e p t of 0 . 0 9 + 0 . 0 4 , with the i n c l u s i o n of a p o i n t at 

the o r i g i n c o r r e s p o n d i n g to the i s o t r o p i c p h a s e . The value 

of the s l o p e will be d i s c u s s e d f u r t h e r in the f i n a l s e c t i o n . 

We can now turn our a t t e n t i o n to the pair c o r r e l a t i o n 

f u n c t i o n of rank 1, 2 and 4 d e f i n e d by e q u a t i o n s 4 . 2 8 , 4 . 2 9 

and 4 . 3 0 the r e s u l t s of which are p l o t t e d in F i g u r e s 4 . 1 9 , 

4 . 2 0 and 4 . 2 1 and listed in T a b l e s 4 . 6 , 4 . 7 and 4.8 

r e s p e c t i v e l y . The first rank c o r r e l a t i o n f u n c t i o n has been 

n o r m a l i s e d by d i v i d i n g the c o r r e l a t i o n s by t h e s e for the 

g r o u n d s t a t e , a n t i f e r r o e l e c t r i c c o n f i g u r a t i o n . This is 

b e c a u s e , f o r G ^ [ r ) f o r a c o m p l e t e l y o r d e r e d 

a n t i f e r r o e l e c t r i c s y s t e m , two t y p e s of c o r r e l a t i o n s o c c u r 

d e p e n d i n g on the c o o r d i n a t i o n s h e l l . One in w h i c h 2n d i p o l e s 

are p a r a l l e l , and 4n a n t i p a r a l l e l , g i v i n g an a v e r a g e pair 

c o r r e l a t i o n of - 1 / 3 , and the o t h e r in w h i c h all d i p o l e s are 

p a r a l l e l r e s u l t i n g in an a v e r a g e c o r r e l a t i o n of 1. T h u s , 

n o r m a l i s a t i o n g i v e s the same c o r r e l a t i o n s for all 

c o o r d i n a t i o n s h e l l s . At first sight the c o r r e l a t i o n s a p p e a r 

to tend to p o s i t i v e l i m i t i n g v a l u e s , which is u n e x p e c t e d , 

s i n c e their long r a n g e l i m i t s s h o u l d s i m p l y be the s q u a r e 
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Fig 4 . 1 8 The d e p e n d e n c e o f t h e c o e f f i c i e n t b v e r s u s t h e 

q u a n t i t y P^/T*. A l i n e a r l e a s t s q u a r e s 

a n a l y s i s g i v e s t h e s l o p e e q u a l t o 1 2 . 0 8 + 0 . 0 1 2 

w i t h an i n t e r c e p t o f 0 . 0 9 + 0 . O A . 
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root of P which we know is zero. H o w e v e r , c l o s e 
* 

o b s e r v a t i o n near the t r a n s i t i o n [eg at T = 2 . 7 ) d o e s show a 

s l i g h t t e n d e n c y for the c o r r e l a t i o n s to v a n i s h . The r e a s o n 

for the n o n - c o n v e r g a n c e of the d i p o l a r c o r r e l a t i o n s at l o w e r 

t e m p e r a t u r e s is not i m m e d i a t e l y c l e a r , a l t h o u g h one 

e x p l a i n a t i o n is r e l a t e d to the r e l a t i v e l y small size of the 

s y s t e m in c o m p a r i s o n with the long r a n g e n a t u r e of the 

d i p o l a r p o t e n t i a l . Thus for our system with i n f i n i t e 

r e p e a t i n g i m a g e s of i t s e l f t h e r e will a l w a y s be a p e r i o d i c 

long r a n g e c o r r e l a t i o n p r e s e n t with a p e r i o d i c i t y e q u a l to 

the cell d i m e n s i o n . F u r t h e r m o r e , the d i s p e r s i o n f o r c e s 

c o n t r i b u t i o n to the p o t e n t i a l is m a i n l y r e s p o n s i b l e for the 

t e n d e n c y to align m o l e c u l e s p a r a l l e l with each o t h e r , 

r e g a r d l e s s of the o r i e n t a t i o n of the d i p o l e . All the d i p o l a r 

term has to do t h e r e f o r e , is to r e m o v e the d e g e n e r a c y of 

o r i e n t a t i o n , with the d i p o l e up or down to give an 

a n t i f e r r o e l e c t r i c s t a t e . Thus for i n c r e a s i n g t e m p e r a t u r e , 

the s e c o n d rank c o r r e l a t i o n s will d e c r e a s e b e c a u s e of the 

d e c r e a s e in long r a n g e o r d e r , thus d e c r e a s i n g the first rank 

a n g u l a r c o r r e l a t i o n s w h i l e the a n t i f e r r o e l e c t r i c i t y in the 

s y s t e m r e m a i n s . So a l t h o u g h , o v e r a l l , the o r d e r in the 

s y s t e m is d e c r e a s i n g for i n c r e a s e s in t e m p e r a t u r e , the 

d i p o l a r a n t i f e r r o e l e c t r i c c o r r e l a t i o n s r e m a i n . 

The s e c o n d and fourth rank o r d e r p a r a m e t e r , and 

can be c a l c u l a t e d from the s q u a r e of the long r a n g e 

l i m i t i n g v a l u e s of G ^ C r ) and G ^ ( r ) p l o t t e d in F i g u r e s A . 2 0 

and 4 . 2 1 . These are a l s o g i v e n in T a b l e 4.3 and T a b l e 4.4 

and show e x c e l l e n t a g r e e m e n t with v a l u e s o b t a i n e d u s i n g 

d i r e c t c a l c u l a t i o n . One i n t e r e s t i n g f e a t u r e of the p l o t s is 

the i n c r e a s e d c o r r e l a t i o n s p r e s e n t at r=2a w h e r e a is the 

n e a r e s t n e i g h b o u r s e p a r a t i o n , b e i n g e s p e c i a l l y o b v i o u s for 

the f o u r t h rank c o r r e l a t i o n f u n c t i o n . F u r t h e r m o r e , the short 

r a n g e c o r r e l a t i o n at r = a is less than the value at r=2a and 

even l e s s than the long r a n g e l i m i t . This f e a t u r e is of 

p a r t i c u l a r i n t e r e s t in the c o m p a r i s o n with the p r e d i c t i o n s 

of the M a i e r - S a u p e theory and will be d i s c u s s e d in the next 
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s e c t i o n . 

The r e s u l t s for the six pair c o r r e l a t i o n s f u n c t i o n s , 

g | ''-l-(r^j), and are p l o t t e d in 

F i g u r e s 4 . 2 2 and A . 2 3 and 4 . 2 4 and listed in Table 4 . 6 , 4 . 7 

and 4 . 8 . The solid and open s y m b o l s r e p r e s e n t p a i r 

c o r r e l a t i o n s p a r a l l e l and p e r p e n d i c u l a r to the d i r e c t o r a x i s 

r e s p e c t i v e l y . In the s e c o n d and fourth rank c a s e s , both sets 

of c o r r e l a t i o n s are v i r t u a l l y i d e n t i c a l , with the e x c e p t i o n 

of the n e a r e s t n e i g h b o u r c o n t r i b u t i o n s , which for all 

t e m p e r a t u r e s are s m a l l e r for c o r r e l a t i o n s p e r p e n d i c u l a r 

r a t h e r than p a r a l l e l to the d i r e c t o r a x i s . A l s o , as we saw 

e a r l i e r , the c o r r e l a t i o n s a r e a m a x i m u m at r = 2 a . 

The first rank f u n c t i o n s c l e a r l y i n d i c a t e how the 

d i p o l e s w i t h i n the s y s t e m are c o r r e l a t e d . The m o l e c u l e s 

p a r a l l e l to the d i r e c t o r e x h i b i t p o s i t i v e c o r r e l a t i o n s for 

all v a l u e s of r, thus c o n f i r m i n g the m o l e c u l a r t e n d e n c y to 

a l i g n head to t a i l , w h i l e m o l e c u l e s p e r p e n d i c u l a r to the 

d i r e c t o r show both p o s i t i v e and n e g a t i v e c o r r e l a t i o n s with 

n e a r e s t and next n e a r e s t n e i g h b o u r s a n t i p a r a l l e l . H o w e v e r , 

in the third s h e l l , at r = 2 a , all the d i p o l e s are p a r a l l e l , 

a g a i n a r e s u l t c o n s i s t e n t with the a n t i f e r r o e l e c t r i c n a t u r e 

of our s y s t e m . 

We now turn to the o b s e r v a t i o n of i n c r e a s e d 

o r i e n t a t i o n a l c o r r e l a t i o n s at r=2a and a r e d u c t i o n for 

n e a r e s t n e i g h b o u r s c o r r e l a t i o n s at r=a. L o o k i n g at the p l o t s 
I I I I I I 

of G2 Cr) and in F i g u r e s 4 . 2 4 and 4 . 2 5 , the 

s h o r t ranged n e a r e s t n e i g h b o u r p a r a l l e l c o r r e l a t i o n s are 

a l w a y s less than the p e r p e n d i c u l a r v a l u e s , i n d i c a t i n g that 

m o l e c u l e s with i n t e r m o l e c u l a r v e c t o r s p e r p e n d i c u l a r to the 

d i r e c t o r tend to be m o r e c o r r e l a t e d than p a i r s of m o l e c u l e s 

with i n t e r m o l e c u l a r v e c t o r s p a r a l l e l to the d i r e c t o r . Pair 

p o t e n t i a l a r g u m e n t s would s u g g e s t the r e v e r s e of t h i s is to 

be e x p e c t e d , s i n c e both the n e a r e s t n e i g h b o u r d i s p e r s i o n and 

the d i p o l a r t e r m s in the pair p o t e n t i a l favour n e a r e s t 

n e i g h b o u r m o l e c u l e s p a r a l l e l to each o t h e r and to the 

i n t e r m o l e c u l a r v e c t o r , r a t h e r than p a r a l l e l m o l e c u l e s 
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F i g 4 . 2 3 The s e c o n d r a n k p a i r 

c a l c u l a t e d u s i n g p a i r s 

r/a 
c o r r e l a t i o n f u n c t i o n , 

o f m o l e c u l e s p a r a l l e l 

( G ' ' ( r ) , t h e o p e n s y m b o l s ) ano p e r p e n d i c u l a r 

( G ^ ( r ) , t h e s o l i d s y m b o l s ) t o t h e d i r e c t o r . 
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G"-^(r) 

F i g 4 . 2 4 The f o u r t h r a n k p a i r c o r r e l a t i o n f u n c t i o n , 

c a l c u l a t e d u s i n g p a i r s o f m o l e c u l e s p a r a l l e l 

( G ^ ^ C r ) , t h e o p e n s y m b o l s ) a n d p e r p e n d i c u l a r 

( G ^ ( r ) , t h e s o l i d s y m b o l s ) t o t h e d i r e c t o r . 
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p e r p e n d i c u l a r to the i n t e r m o l e c u l a r v e c t o r . This would 

t h e r e f o r e r e v e r s e the o r d e r of the short r a n g e p a r a l l e l and 

p e r p e n d i c u l a r c o r r e l a t i o n s . 

H o w e v e r , the e f f e c t of a d d i t i o n a l c o r r e l a t i o n s of r=2a 

at the e x p e n s e of a r e d u c t i o n in n e a r e s t n e i g h b o u r 

c o r r e l a t i o n s has also been o b s e r v e d in the s i m u l a t i o n of 

p a r t i c l e s on a c u b i c l a t t i c e i n t e r a c t i n g via d i p o l a r f o r c e s 

only ( R o m a n o , 1 9 8 2 ) , and it has r e c e n t l y been s u g g e s t e d that 

for such a s y s t e m , a g r o u n d s t a t e e x i s t s in w h i c h the 

p o t e n t i a l energy is e x a c t l y the same as that in the t o t a l l y 

o r d e r e d a n t i f e r r o e l e c t r i c s t a t e , a l t h o u g h the o r d e r 

p a r a m e t e r is l e s s than one. ( A d a m s , 1 9 8 2 ) . Thus it is a l m o s t 

c e r t a i n l y the p r e s e n c e of the full ranged d i p o l a r f o r c e s 

that give this u n e x p e c t e d b e h a v i o u r in the pair c o r r e l a t i o n 

f u n c t i o n s . The d o m i n a t i n g c o n t r i b u t i o n to the d i p o l a r 

p o t e n t i a l c o m e s from n e a r e s t n e i g h b o u r i n t e r a c t i o n s which 

favour p a r a l l e l or a n t i p a r a l l e l o r i e n t a t i o n s d e p e n d i n g on 

w h e t h e r they are p a r a l l e l or p e r p e n d i c u l a r to the 

i n t e r m o l e c u l a r v e c t o r . H o w e v e r , a c o n s i d e r a b l e i n t e r a c t i o n 

a l s o a r i s e s from the t w e l v e m o l e c u l e s in the second 

c o o r d i n a t i o n s h e l l at r= / 2 a , and from the e i g h t m o l e c u l e s 

in the third s h e l l at r= / 3 a . The t w e l v e m o l e c u l e s in the 

s e c o n d s h e l l c o n s i s t s of four with i n t e r m o l e c u l a r v e c t o r s 

p e r p e n d i c u l a r to the d i r e c t o r a x i s , w h i l e the o t h e r eight 

m o l e c u l e s ( a s s u m i n g them all p a r a l l e l ) m a k e an a n g l e of 45" 

with the i n t e r m o l e c u l a r v e c t o r . A s i m i l a r s i t u a t i o n is 

o b s e r v e d in the third shell w h e r e all eight m o l e c u l a r 

d i p o l e s m a k e an a n g l e of 55" or 35" with the i n t e r m o l e c u l a r 

v e c t o r . T u r n i n g back to the d i p o l a r i n t e r a c t i o n e q u a t i o n 

( E q u a t i o n 4 . 2 ) the most s t a b l e s t a t e with the m o l e c u l e s 

p a r a l l e l o c c u r s when the d i p o l e s are p a r a l l e l to each o t h e r 

and to the i n t e r m o l e c u l a r v e c t o r , or a n t i p a r a l l e l when 

p e r p e n d i c u l a r to the i n t e r m o l e c u l a r v e c t o r . H o w e v e r , 

a s s u m i n g a r e f e r e n c e d i p o l e p a r a l l e l with the l a b o r a t o r y 

z - a x i s , then for an i n t e r m o l e c u l a r v e c t o r of 4 5 ° , 55" or 35" 

the most s t a b l e c o n f i g u r a t i o n for the s e c o n d m o l e c u l e is at 
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3 6 0 " - 4 5 " , 55° or 35° to the i n t e r m o l e c u l a r v e c t o r . Indeed, 

this is a g e n e r a l r e s u l t for p a i r s of d i p o l e s in the same 

p l a n e . Thus for a d i p o l e m a k i n g an a n g l e 0 with some 

arbitrary i n t e r m o l e c u l a r v e c t o r , the most s t a b l e o r i e n t a t i o n 

of the s e c o n d d i p o l e is at 3 6 O ° - 0 to the i n t e r m o l e c u l a r 

v e c t o r . So c o n s i d e r i n g a s y s t e m with the d i r e c t o r pinned 

a l o n g the z - a x i s say, by d o m i n a n t n e a r e s t n e i g h b o u r 

d i s p e r s i o n f o r c e s , then d i p o l a r f o r c e s will a s s i s t the 

s t a b i l i t y of p a i r s of m o l e c u l e s that are p a r a l l e l or 

a n t i p a r a l l e l and p a r a l l e l or p e r p e n d i c u l a r to the d i r e c t o r . 

H o w e v e r , p a i r s of m o l e c u l e s w h o s e i n t e r m o l e c u l a r v e c t o r is 

not p a r a l l e l or p e r p e n d i c u l a r to the d i r e c t o r w i l l tend to 

r o t a t e with r e s p e c t to it, thus d e s t a b i l i s i n g the w h o l e 

s y s t e m s l i g h t l y . W h i c h will r e d u c e c o r r e l a t i o n s in the 

s e c o n d and third c o o r d i n a t i o n s h e l l s . This is i n d e e d the 

c a s e as when G g C r ) and G ^ ( r ) are c a l c u l a t e d for the 

L e b w o h l - L a s h e r ( 1 9 7 2 ) m o d a l s h o r t r a n g e c o r r e l a t i o n s are 

s e e n to be m u c h l a r g e r than their long r a n g e l i m i t i n g 

v a l u e s . ( Z a n n o n i , 1 9 7 9 ) T h e r e f o r e , it is the i n c l u s i o n of 

long r a n g e d i p o l a r f o r c e s that tend to r e d u c e c o r r e l a t i o n s 

up to a s e p e r a t i o n of about r = 2 a . B a s e d on t h e s e a r g u m e n t s 

a l o n e h o w e v e r , n e a r e s t n e i g h b o u r c o r r e l a t i o n s s h o u l d not be 

r e d u c e d , b e c a u s e here the i n t e r m o l e c u l a r v e c t o r s are 

p a r a l l e l or p e r p e n d i c u l a r to the d i r e c t o r a x i s . Thus, the 

d e s t a b i l i s a t i o n b e t w e e n a r e f e r e n c e m o l e c u l e and one in its 

s e c o n d s h e l l m u s t also d e s t a b i l i s e n e a r e s t n e i g h b o u r s via 

i n d i r e c t c o r r e l a t i o n s . The same s i t u a t i o n a r i s e s at r = 2 a , 

but as the m o l e c u l e s are m o r e d i s t a n t from the r e f e r e n c e 

m o l e c u l e , the net d e s t a b i l i s a t i o n is l e s s , t h e r e f o r e the 

c o r r e l a t i o n s a p p e a r g r e a t e r . Thus a m a x i m u m is o b s e r v e d in 

the pair c o r r e l a t i o n s at r = 2 a , w h i l e s h o r t e r ranged 

c o r r e l a t i o n s are r e d u c e d . F u r t h e r m o r e as was p r e v i o u s l y 

m e n t i o n e d in s e c t i o n 4 . 2 , the m i n i m u m for a n t i p a r a l l e l 

d i p o l e s , p e r p e n d i c u l a r to the i n t e r m o l e c u l a r v e c t o r , is 

a c t u a l l y a s a d d l e p o i n t . Thus it is e n e r g e t i c a l l y m o r e 

f a v o u r a b l e for n e a r e s t n e i g h b o u r i n g m o l e c u l e s with this 
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c o n f i g u r a t i o n to try and r o t a t e to a c o n f i g u r a t i o n of lower 

p o t e n t i a l e n e r g y , so again r e d u c i n g short r a n g e 

c o r r e l a t i o n s . This s i t u a t i o n can be r e a s o n a b l y seen in 

F i g u r e 4 . 2 . 

4 . 5 C o m p a r i s o n of r e s u l t s with t h e o r y and o t h e r w o r k 

In the p r e v i o u s C h a p t e r , we saw how the M a i e r - S a u p e 

theory fails to p r e d i c t v a r i o u s p r o p e r t i e s at the 

n e m a t i c - i s o t r o p i c t r a n s i t i o n when c o m p a r e d with t h o s e 

o b t a i n e d from s i m u l a t i o n s with p a r t i c l e s i n t e r a c t i n g via a 

U L j = - E P 2 C c o s 8 ^ j ) type p o t e n t i a l . In p a r t i c u l a r for a six 

c o o r d i n a t e s y s t e m , the t r a n s i t i o n t e m p e r a t u r e is 

o v e r e s t i m a t e d by 11%, the o r d e r p a r a m e t e r at the t r a n s i t i o n 

by 4 6 % and the e n t r o p y of t r a n s i t i o n by over 5 0 0 % . T h e s e 

f a i l u r e s can p a r t i a l l y be a t t r i b u t e d to the a s s u m p t i o n s in 

the t h e o r y that both long and s h o r t r a n g e c o r r e l a t i o n s are 

e q u a l , w h i c h the plot of G ^ C r ) in C h a p t e r 3, has c l e a r l y 

shown to be f a l s e . We know that in M a i e r - S a u p e theory the 

i n t e r n a l energy is r e l a t e d to the short r a n g e o r d e r 

p a r a m e t e r b y : -

- * 2 

U = - za, 4 . 3 9 
2 ^ 

w h e r e z is the c o o r d i n a t i o n n u m b e r . H o w e v e r , it was o b s e r v e d 

that 0 was in r e l a t i v e l y good a g r e e m e n t with s i m u l a t i o n , 

a l t h o u g h p r o b a b l y due only to the c a n c e l l a t i o n of e r r o r s 

c a u s e d by the o v e r e s t i m a t i o n of the t e m p e r a t u r e and e n t r o p y 

of t r a n s i t i o n . The long r a n g e o r d e r p a r a m e t e r at the 

t r a n s i t i o n is t h e r e f o r e poor due to the short r a n g e order 

f a i l u r e . F u r t h e r m o r e , Maier S a u p e theory p r e d i c t s the 

s i n g l e t o r i e n t a t i o n a l d i s t r i b u t i o n s to d e p e n d on s e c o n d rank 

t e r m s o n l y , but as we s h a l l see in the next c h a p t e r w h e r e 

the s i n g l e t d i s t r i b u t i o n is c a l c u l a t e d for p a r t i c l e s 

i n t e r a c t i n g via a s e c o n d rank p o t e n t i a l , f o u r t h rank t e r m s 

h a v e to be i n c l u d e d to fit the exact f u n c t i o n a l form of the 
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s i n g l e t d i s t r i b u t i o n f u n c t i o n . 

At this p o i n t it is w o r t h w h i l e c o m p a r i n g the r e s u l t s 

with t h o s e o b t a i n e d from p r e v i o u s w o r k . The only s i m i l a r 

s i m u l a t i o n ( H u m p h r i e s ^ al, 1 9 8 1 ) was for m o l e c u l e s 

i n t e r a c t i n g via a n e a r e s t n e i g h b o u r d i s p e r s i o n p o t e n t i a l 

o n l y . H e r e the n e m a t i c - i s o t r o p i c p h a s e t r a n s i t i o n was 

r e p o r t e d to be equal to = 2 . 2 2 , thus the d i p o l e 

i n t e r a c t i o n has s h i f t e d the t r a n s i t i o n by 2 1 % . As we have 

a l r e a d y s e e n , the r e s u l t s for the i n t e r n a l energy for t h i s 

d i s p e r s i o n s i m u l a t i o n s c a l e d to the same t r a n s i t i o n 

t e m p e r a t u r e are p l o t t e d in f i g u r e A . 7 as the c r o s s e s and 

s h o w e x c e l l e n t a g r e e m e n t with the d i s p e r s i o n energy 

c o n t r i b u t i o n s o b t a i n e d in t h i s s i m u l a t i o n . 

The p r e d i c t e d m o l e c u l a r field t r a n s i t i o n t e m p e r a t u r e 

o c c u r s at T* = 2 . 6 4 2 ( H u m p h r i e s aJ^, 1 9 8 1 ) , t h u s , w i t h o u t 

any d i p o l a r t e r m s in the p o t e n t i a l the t r a n s i t i o n is 

o v e r e s t i m a t e d by 18%. H o w e v e r , with t h e s e i n t e r a c t i o n s we 

h a v e seen that the t r a n s i t i o n is s h i f t e d to T = 2 . 7 5 , now an 

o v e r e s t i m a t i o n of only 4%. This r e m a r k a b l e good a g r e e m e n t 

can be e x p l a i n e d as f o l l o w s . The t r a n s i t i o n t e m p e r a t u r e in 

the m o l e c u l a r field theory is o b t a i n e d using the 

r e l a t i o n s h i p for the c h a n g e in free e n e r g y , AA, b e t w e e n the 

s t a b l e and i s o t r o p i c p h a s e s , ie 

AA = AU - TAS 4 . 4 0 

w h e r e AU is the c h a n g e in i n t e r n a l e n e r g y , and AS the c h a n g e 

in e n t r o p y at the t r a n s i t i o n . We know from e q u a t i o n 4 . 3 9 

that the short range order p a r a m e t e r is r e l a t e d to the 

i n t e r n a l e n e r g y . M o l e c u l a r field theory p r e d i c t s that pair 

c o r r e l a t i o n s are i n d e p e n d e n t of s e p a r a t i o n , thus G 2 ( r ) is 

the same for all r. H e n c e , the s h o r t r a n g e o r d e r p a r a m e t e r 

is just the s q u a r e of the long r a n g e o r d e r p a r a m e t e r 

( Z a n n o n i , 1 9 7 9 ) . As we h a v e seen in the p r e v i o u s s e c t i o n , 

the e f f e c t of d i p o l a r i n t e r a c t i o n s is to r e d u c e short r a n g e 

c o r r e l a t i o n s , and i n d e e d , t h i s s i m u l a t i o n d o e s show that the 
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s e c o n d (and f o u r t h ) rank c o r r e l a t i o n s are v i r t u a l l y 

i n d e p e n d e n t of s e p a r a t i o n . As we have seen in C h a p t e r 3, in 

the s i m p l e L e b w o h l - L a s h e r m o d e l , s h o r t range c o r r e l a t i o n s 

are e v a l u a t e d to be g r e a t e r than long r a n g e c o r r e l a t i o n s , 

thus the t r a n s i t i o n t e m p e r a t u r e in the m o l e c u l a r field 

t h e o r y is o v e r e s t i m a t e d as it t a k e s no a c c o u n t of t h e s e 

e x c e s s short r a n g e c o r r e l a t i o n s . T h e r e f o r e in a s i m u l a t i o n 

in w h i c h c o r r e l a t i o n s are in a c c o r d with t h o s e p r e d i c t e d by 

t h e o r y , we would e x p e c t m u c h b e t t e r a g r e e m e n t with the 

t r a n s i t i o n t e m p e r a t u r e . F u r t h e r m o r e , the t r a n s i t i o n 

t e m p e r a t u r e d e p e n d s on the e n t r o p y (see e q u a t i o n 4 . 4 0 ) . 

H o w e v e r , the e n t r o p y is r e l a t e d to the n - b o d y d i s t r i b u t i o n 

f u n c t i o n ( L u c k h u r s t , 1 9 7 9 ) w h i c h , in the m o l e c u l a r field 

l i m i t is a f u n c t i o n of the s i n g l e t o r i e n t a t i o n a l 

d i s t r i b u t i o n f u n c t i o n . We h a v e seen that the s i n g l e t 

d i s t r i b u t i o n f u n c t i o n s fit very a c c u r a t e l y the M a i e r - S a u p e 

f u n c t i o n a l f o r m , thus the e n t r o p y at the t r a n s i t i o n w i l l be 

in m u c h b e t t e r a g r e e m e n t . With good a g r e e m e n t for the two 

t e r m s in e q u a t i o n 4 . 4 0 we would e x p e c t r e a s o n a b l e a g r e e m e n t 

with the t r a n s i t i o n t e m p e r a t u r e , w h i c h is indeed the c a s e . 

The M a i e r - S a u p e p r e d i c - t i o n s of and are s h o w n 

on f i g u r e 4.9 as the solid c u r v e s and also show e x c e l l e n t 

a g r e e m e n t with the s i m u l a t e d v a l u e s . Table 4 . 4 l i s t s the 

s i m u l a t e d v a l u e s of t o g e t h e r with the t h e o r e t i c a l 

p r e d i c t i o n c a l c u l a t e d u s i n g a v a l u e of e in the t h e o r y 

s c a l e d such that the s e c o n d rank order p a r a m e t e r s are 

i n d e n t i c a l . W i t h i n e x p e r i m e n t a l e r r o r , the f o u r t h rank o r d e r 

p a r a m e t e r o b t a i n e d in this way is e q u a l to that c a l c u l a t e d 

in the s i m u l a t i o n , thus i n d i c a t i n g the s u c c e s s of the 

M a i e r - S a u p e theory in p r e d i c t i n g the r a t i o of P^ to P^. 

H o w e v e r , the a b o v e a r g u m e n t s a s s u m e that the d i p o l a r 

t e r m s in the pair p o t e n t i a l in the s i m u l a t i o n s h a v e no 

d i r e c t effect on the i n t e r n a l energy and e n t r o p y in 

e q u a t i o n s 4 . 4 0 . In o t h e r w o r d s , the d i p o l a r t e r m s s i m p l y 

r e d u c e short r a n g e c o r r e l a t i o n s . T h e r e f o r e , t a k i n g no 

a c c o u n t of the d i p o l a r c o n t r i b u t i o n to the i n t e r n a l energy 
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and c o m p a r i n g only the d i s p e r s i o n energy we see that 

M a i e r - S a u p e theory p r e d i c t s r e a s o n a b l y well the d i s p e r s i o n 

e n e r g y at the t r a n s i t i o n as shown by the solid c u r v e in 

F i g u r e A . 2 3 . In a d d i t i o n , the e n t r o p y of t r a n s i t i o n 

c a l c u l a t e d from the c h a n g e in the d i s p e r s i o n c o n t r i b u t i o n to 

the t o t a l energy only is A S / N k = 0 . 4 5 + 0 . 0 5 which a g a i n is in 

e x c e l l e n t a c c o r d with the m o l e c u l a r field p r e d i c t i o n of 

A S / N k = 0 . A 1 7 . 

We now r e t u r n to the c o m p a r i s o n of the s i n g l e t 

o r i e n t a t i o n a l d i s t r i b u t i o n f u n c t i o n s with m o l e c u l a r field 

t h e o r y . F i g u r e 4 . 1 8 s h o w s the l i n e a r d e p e n d e n c e of the 

c o e f f i c i e n t b v e r s u s P ^ / T * , the s l o p e of w h i c h is 

1 2 . 0 8 + 0 . 1 2 and has an i n t e r c e p t of 0 . 0 9 + 0 . 0 4 . The 

M a i e r - S a u p e p r e d i c t i o n is 12, b e i n g the p r o d u c t of the 

c o o r d i n a t i o n n u m b e r and a factor of 2, a r i s i n g b e c a u s e of 

the p s e u d o p o t e n t i a l d e r i v e d for a n i s o t r o p i c d i s p e r s i o n 

f o r c e s . ( H u m p h r i e s e ^ al, 1 9 8 1 ) . T h e r e f o r e again the d i p o l a r 

term in the pair p o t e n t i a l has f o r t u i t i o u s l y g i v e n very good 

a g r e e m e n t with m o l e c u l a r field p r e d i c t i o n . 

We can now make a b r i e f c o m p a r i s o n with o t h e r t h e o r i e s 

p r o p o s e d to a t t e m p t to e x p l a i n the e f f e c t of d i p o l a r 

i n t e r a c t i o n s on n e m a t i c o r d e r . The e a r l i e s t w o r k , a l t h o u g h 

not d e s i g n e d s p e c i f i c a l l y for the e x p l a i n a t i o n of n e m a t i c 

o r d e r was d e v e l o p e d by K r i e g e r and J a m e s ( 1 9 5 4 ) . This work 

c o n t a i n s all the i m p o r t a n t e l e m e n t s of the M a i e r - S a u p e 

t h e o r y , t o g e t h e r with the e f f e c t of i n t e r a c t i o n s . They 

a s s u m e an i n t e r a c t i o n p o t e n t i a l of the f o r m : -

U ( B ^ j ) = A P ^ ( c o s B ^ j ) + B P 2 ( c o s g ^ j ) 4 . 4 1 

for v a r i o u s r a t i o s of the c o e f f i c i e n t s A and B. O b v i o u s l y 

for A=0 the M a i e r - S a u p e form is r e a c h e d . A l t h o u g h this 

p s e u d o - p o t e n t i a l is not s t r i c t l y r e p r e s e n t a t i v e of a true 

d i p o l a r i n t e r a c t i o n , s i n c e the P^ i n t e r a c t i o n , l i k e the Pg 

term is t o t a l l y i n d e p e n d e n t of the o r i e n t a t i o n of the 

i n t e r m o l e c u l a r v e c t o r , it does i n d i c a t e that for c e r t a i n 
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r a t i o s of A/B v a r i o u s t r a n s i t i o n a l e f f e c t s do o c c u r . For 

e x a m p l e for s m a l l v a l u e s of A, at t e m p e r a t u r e s b e l o w the 

n e m a t i c - i s o t r o p i c p h a s e t r a n s i t i o n , a s e c o n d order 

t r a n s i t i o n o c c u r s in which the d i p o l e s in the s y s t e m b e c o m e 

d i s o r d e r e d . For l a r g e r v a l u e s of A, h o w e v e r , this s e c o n d 

o r d e r t r a n s i t i o n c o l l a p s e s and now the t e m p e r a t u r e of the 

n e m a t i c - i s o t r o p i c t r a n s i t i o n i n c r e a s e s and a p p r o a c h e s 

i n f i n i t y as A t e n d s to i n f i n i t y . This is o b v i o u s l y the 

r e g i o n in w h i c h this s i m u l a t i o n was c a r r i e d o u t , and is 

c l e a r l y in a c c o r d with our o b s e r v a t i o n s of the i n c r e a s e in 

t r a n s i t i o n t e m p e r a t u r e with the i n c l u s i o n of d i p o l a r 

i n t e r a c t i o n s . H o w e v e r , b e c a u s e of the e x t r e m e s i m p l i c i t y of 

t h i s t h e o r e t i c a l m o d e l it is not very i n f o r m a t i v e to m a k e a 

m o r e q u a n t i t a t i v e c o m p a r i s o n . This t h e o r e t i c a l w o r k a l s o 

i n c l u d e s a r e f i n e m e n t , in that C h a n g ' s c o n s t a n t c o u p l i n g 

m e t h o d ( C h a n g , 1 9 3 7 ) is a p p l i e d , ie the e f f e c t of an 

i n f i n i t e field of m o l e c u l e s on the o r i e n t a t i o n s of two 

m o l e c u l e s r a t h e r than one, as in the s i m p l e m o l e c u l a r field 

t r e a t m e n t . The p r e d i c t i o n s h o w e v e r are s t i l l in a g r e e m e n t 

with a shift in the t r a n s i t i o n t e m p e r a t u r e . This later 

t r e a t m e n t has a l s o , been a p p l i e d ( M a d u s u d a n a and 

C h a n d r a s e k h a r , 1 9 7 5 ) to the r e l a t i v e l y s u c c e s s f u l p r e d i c t i o n 

of the t e m p e r a t u r e d e p e n d e n c e of d i e l e c t r i c c o n s t a n t s . To 

d a t e , h o w e v e r , a more r e a l i s t i c a n a l y t i c theory d e s c r i b i n g 

the e f f e c t s of true d i p o l a r i n t e r a c t i o n s has yet to be 

d e v e l o p e d . 

F i n a l l y in this c h a p t e r we m a k e a t e n t a t i v e p r e d i c t i o n 

of v a l u e s for the k i r k w o o d c o r r e l a t i o n f a c t o r , g^^, for our 

s y s t e m , and in p a r t i c u l a r g| | and gj^. This can be d e f i n e d as 

[ K i r k w o o d , 1939j B e n - R e u v e n and G e r s h o n , 1969):-

= 1+ J G ^ C r ^ j j d r . j 4 . 4 2 

E a r l i e r we h a v e seen how the c o n v e r g e n c e to zero of the 

first rank pair c o r r e l a t i o n was h a m p e r e d by the long r a n g e 

a n t i f e r r o e l e c t r i c i t y in our system caused by the r e g u l a r 
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r e p e a t i n g p e r i o d i c i t y of the b o u n d a r y c o n d i t i o n s . T h e r e f o r e 

the i n t e g r a l in the a b o v e e q u a t i o n , at least for our s y s t e m , 

w i l l n e v e r c o n v e r g e , thus m a k i n g it i m p o s s i b l e to e s t i m a t e 

. H o w e v e r , we can m a k e g u e s s e s at the v a l u e s of g | | and gj^ 

from the c o r r e l a t i o n f u n c t i o n s G ^ ' c r ) and G-|-(r) 

r e s p e c t i v e l y . The u n n o r m a l i s e d plot in f i g u r e A . 2 2 s h o w s 

t h a t p e r p e n d i c u l a r to the d i r e c t o r the m o l e c u l e s tend to 

a l i g n a n t i p a r a l l e l , t h u s , the i n t e g r a l in e q u a t i o n 4 . 4 2 will 

v a n i s h , giving an a v e r a g e gj^ c o r r e l a t i o n of about 1, w h i l s t 

m o l e c u l e s p a r a l l e l to the d i r e c t o r are all p a r a l l e l , g i v i n g 

in our case g|| less than or equal to 8. For l a r g e r s y s t e m s 

t h i s value will very s l o w l y c o n v e r g e to some very l a r g e 

v a l u e . 

F i n a l l y , a few c o n c l u d i n g r e m a r k s r e l a t e d to the 

i n c l u s i o n of d i p o l a r i n t e r a c t i o n s into the t o t a l pair 

p o t e n t i a l . We h a v e seen that with d i p o l a r i n t e r a c t i o n s 

p r e s e n t all the e s s e n t i a l p r o p e r t i e s p r e v i o u s l y s i m u l a t e d in 

a n i s o t r o p i c s y s t e m s r e m a i n . F u r t h e r m o r e , we h a v e seen that 

they tend to d e s t a b i l i s e short r a n g e i n t e r a c t i o n s g i v i n g , 

f o r t u i t i o u s l y m a y b e , e x c e l l e n t a g r e e m e n t with the 

p r e d i c t i o n s of M a i e r - S a u p e t h e o r y . T h e r e f o r e this s i m u l a t i o n 

h a s a l l o w e d us to u n d e r s t a n d m o r e fully the e f f e c t of 

v a r i o u s a s s u m p t i o n s m a d e in such a s i m p l e t h e o r y , and 

h o p e f u l l y this u n d e r s t a n d i n g can be a p p l i e d to future 

t h e o r i e s . 
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C h a p t e r 5 

The E f f e c t o f E x t e r n a l f i e l d s 

5 . 1 I n t r o d u c t i o n 

As we h a v e s e e n i n C h a p t e r 3 t h e c a l c u l a t i o n o f 

i m p o r t a n t d i s t r i b u t i o n f u n c t i o n s i n c o m p u t e r s i m u l a t i o n s o f 

n e m a t i c l i q u i d c r y s t a l s can be d i f f i c u l t b e c a u s e o f 

f l u c t u a t i o n s i n t h e o r i e n t a t i o n o f t h e a i r e c t o r . I n a r e a l 

n e m a t i c , i n t h e a b s e n c e o f any e x t e r n a l f o r c e t h e d i r e c t o r 

o r i e n t a t i o n a p p e a r s i s o t r o p i c a l l y d i s t r i b u t e e , s o 

e x p e r i m e n t s a r e u s u a l l y c o n d u c t e d i n t h e p r e s e n c e o f 

e x t e r n a l f i e l d s , w h e r e a c o m b i n a t i o n o f t w o e f f e c t s o c c u r . 

I n m a g n e t i c f i e l d s g r e a t e r t h a n a b o u t 0 . 1 1 t h e d i r e c t o r 

b e c o m e s a l i g n e d , e i t h e r p a r a l l e l o r p e r p e n d i c u l a r t o t h e 

f i e l d . A t t h i s s t a g e t h e d i r e c t o r s t i l l f l u c t u a t e s , a l t h o u g h 

on a v e r a g e i t i s f i x e d . H o w e v e r , on i n c r e a s i n g t h e f i e l d t h e 

d i r e c t o r f l u c t u a t i o n s e v e n t u a l l y become q u e n c h e d and f i n a l l y 

a t f i e l d s much h i g h e r t h a n p r e s e n t t e c h n o l o g y w i l l p e r m i t , 

t h e m o l e c u l a r f l u c t u a t i o n s a r e p r e d i c t e d t o become q u e n c h e d . 

The q u e n c h i n g o f t h e d i r e c t o r modes has b e e n o b s e r v e d 

e x p e r i m e n t a l l y by P o g g i and F i l i p p i n i ( 1 9 7 7 ) i n 7CB 

( M a l r a i s o n e_t a ^ 1 9 8 0 ) . They u s e d m a g n e t i c f i e l d s up t o 

12GK0e and o b s e r v e o t h a t t h e o p t i c a l b i r e f r i n g e n c e ( w h i c h i s 

a p p r o x i m a t e l y p r o p o r t i o n a l t o t h e o r d e r p a r a m e t e r ) i n c r e a s e d 

l i n e a r l y w i t h t h e f i e l d . I n d e e d , t h i s i n c r e a s e i n o r a e r as a 

r e s u l t o f t h e q u e n c h i n g o f t h e d i r e c t o r f l u c t u a t i o n s has 

b e e n p r e o i c t e d t h e o r e t i c a l l y by de Gennes ( 1 9 7 4 ) . More 

r e c e n t w o r k by K e y e s and Shane ( 1 9 7 9 ) h a s l e a d t o t h e b e l i e f 

t h a t a t v e r y l a r g e f i e l d s a c r i t i c a l p o i n t w o u l d o c c u r , 

s i n c e t h e y o b s e r v e d t h a t t h e l a t e n t h e a t o f t h e 

n e m a t i c - i s o t r o p i c p h a s e t r a n s i t i o n r e d u c e s w i t h i n c r e a s i n g 

f i e l d . H o w e v e r w o r k by R o s e n b l a t t ( 1 9 8 2 ) on 8CB i n f i e l d s up 

t o 187KGe s u g g e s t s t h a t t h e c r i t i c a l p o i n t i s n o t as c l o s e 

as i t was o r i g i n a l l y b e l i e v e d . 
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M o l e c u l a r f i e l d t h e o r y , f o r e x a m p l e ( W o j t o w i c z and 

S h e n g , 1 9 7 4 ) p r e d i c t s t h a t on i n c r e a s i n g t h e e x t e r n a l f i e l d 

i n a n e m a t i c s y s t e m , t h e l a t e n t h e a t o f t r a n s i t i o n s h o u l d 

i n d e e d d e c r e a s e u n t i l a c r i t i c a l p o i n t i s r e a c h e d when t h e 

n e m a t i c and ' i s o t r o p i c ' p h a s e s become i d e n t i c a l . T h i s p o i n t , 

h o w e v e r w i l l be d i s c u s s e d i n d e t a i l l a t e r i n t h i s c h a p t e r . 

To d a t e o n l y one s i m u l a t i o n h a s b e e n r e p o r t e d f o r an 

a n i s o t r o p i c s y s t e m i n an e x t e r n a l f i e l d ( V i e i l l a r d - B a r o n , 

1 9 7 4 ) , a l t h o u g h i n t h i s c a s e t h e f i e l d was e x c e s s i v e l y l a r g e 

r e s u l t i n g i n t h e d i r e c t o r p i n n i n g a t t h e e x p e n s e o f an 

a l m o s t t o t a l q u e n c h i n g o f t h e m o l e c u l a r f l u c t u a t i o n s . 

The o b j e c t i v e s o f t h i s c h a p t e r a r e t h e r e f o r e as 

f o l l o w s : t o i n v e s t i g a t e t h e m a g n i t u d e o f t h e e x t e r n a l f i e l d 

r e q u i r e d t o q u e n c h t h e d i r e c t o r f l u c t u a t i o n s , w i t h o u t , 

h o p e f u l l y , a f f e c t i n g t h e m o l e c u l a r modes and t o l o o k a t t h e 

b e h a v i o u r o f t h e s y s t e m i n a l a r g e m a g n e t i c f i e l d . The f i r s t 

p o i n t w o u l d t h e r e f o r e a l l o w t h e c a l c u l a t i o n o f v a r i o u s 

d i s t r i b u t i o n f u n c t i o n s , f o r e x a m p l e , t h e s i n g l e t 

o r i e n t a t i o n a l d i s t r i b u t i o n f u n c t i o n and i n a d d i t i o n , t h e 

p i n n i n g o f t h e d i r e c t o r w o u l d i n p r i n c i p l e p r o v i d e a r o u t e 

t o t h e c a l c u l a t i o n o f t h e F r a n k e l a s t i c c o n s t a n t s , e i t h e r 

d i r e c t l y u s i n g a F r e e d e r i c k s z t r a n s i t i o n t e c h n q i u e 

( F r e e d e r i c k s z a n d T s v e t k o v , 1 9 3 3 ) o r i n d i r e c t l y f r o m t h e 

s i n g l e t d i s t r i b u t i o n f u n c t i o n and d i r e c t c o r r e l a t i o n 

f u n c t i o n s ( P o n i e w i e r s k i and S t e c k i , 1979 ) . 

5 . 2 The M o d e l 

As i n C h a p t e r 3 , t h e r e l a t i v e l y s u c e s s f u l 

L e b w o h l - L a s h e r ( 1 9 7 2 ) h a s been u s e e w i t h t h e s y s t e m s u b j e c t 

t o an e x t e r n a l f i e l d . The m o l e c u l e s , t h e r e f o r e , a r e t a k e n t o 

be c y l i n d - r i c a l l y s y m m e t r i c w i t h t h e i r c e n t r e s l o c a t e d on 

t h e s i t e s o f a s i m p l e c u b i c l a t t i c e and i n t e r a c t i n g v i a t h e 

p a i r p o t e n t i a l : -

= G i j P z f c o s B i j ) 5.1 
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w h e r e P ^ C c o s g ^ ^ ) i s t h e s e c o n d L e g e n a r e p o l y n o m i a l , i s 

t h e a n g l e b e t w e e n t h e s y m m e t r y a x e s o f m o l e c u l e s i ana j , 

a n d j i s t h e p o s i t i v e c o n s t a n t , e , i f m o l e c u l e s i and j 

a r e n e a r e s t n e i g h b o u r s , b u t i s z e r o o t h e r w i s e . I n o r d e r t o 

i n c o r p o r a t e a m a g n e t i c l i k e e x t e r n a l f i e l d a t e r m i s a d o e d 

t o t h e p a i r p o t e n t i a l s u c h t h a t e a c h m o l e c u l e e x p e r i e n c e s a 

s e c o n d r a n k i n t e r a c t i o n o f t h e f o r m : -

f i e l d 
U ^ / e = - X P g l c o s g ^ ) 5 . 2 

w h e r e i s t h e a n g l e b e t w e e n t h e s y m m e t r y a x i s o f t h e i ^ ^ 

m o l e c u l e and t h e d i r e c t i o n o f t h e a p p l i e d f i e l d . X i s a 

c o n s t a n t g o v e r n i n g t h e s t r e n g t h o f t h e e x t e r n a l f i e l d , w h i c h 

f o r a m a g n e t i c f i e l d w i l l be a f u n c t i o n o f t h e f l u x d e n s i t y , 

B , and d e p e n d e n t on t h e a n i s o t r o p y o f t h e d i a m a g n e t i c 

s u s c e p t i b i l i t y A X . I n t h e s e c a l c u l a t i o n s we t a k e x t o be 

p o s i t i v e so t h a t t h e m o l e c u l e s w i l l t e n d t o l i e p a r a l l e l 

w i t h t h e f i e l o . The t o t a l p o t e n t i a l e n e r g y o f a s y s t e m o f N 

m o l e c u l e s i s : -

ij 
" t o t / E = - 5 Z / P , ( c o s e . ] - J P j t c o s B ^ ) 5 . 3 

1 J 

w h e r e t h e f a c t o r o f 1 / 2 a r i s e s b e c a u s e a l l i and j 

i n t e r a c t i o n s a r e c o u n t e d t w i c e i n t h e d o u b l e s u m m a t i o n . We 

c a n a l s o d e f i n e t h e a v e r a g e i n t e r n a l e n e r g y p e r p a r t i c l e 

D* a s : -

0* = U / N e 5 . 4 

T h r o u g h o u t t h e s i m u l a t i o n s a r e d u c e d t e m p e r a t u r e i s 

u s e d , d e f i n e d a s : -

T* = k T / e 5.5 
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In o r d e r to i n v e s t i g a t e the p i n n i n g of the d i r e c t o r by 

the e x t e r n a l field two m e t h o d s can be a d o p t e d . The Q - t e n s o r 

could e i t h e r be a v e r a g e d over the e n t i r e p r o d u c t i o n s t a g e , 

from which the a v e r a g e d i r e c t o r could be e x t r a c t e d from the 

e i g e n v e c t o r s , or two order p a r a m e t e r s could be c a l c u l a t e d , 

one with r e s p e c t to the field d e f i n e d a s : -

= P j t M s s j ) 5.6 

w h e r e 3^^' is as d e f i n e d p r e v i o u s l y and the o t h e r o r d e r 

p a r a m e t e r with r e s p e c t to the d i r e c t o r . 

In this s i m u l a t i o n the second m e t h o d was u s e d , s i n c e 

a v e r a g i n g the Q - t e n s o r over the e n t i r e p r o d u c t i o n run 

p r e s e n t s some c o m p u t a t i o n a l p r o b l e m s . The order p a r a m e t e r 

with r e s p e c t to the d i r e c t o r axis was c a l c u l a t e d by s e t t i n g 

up the Q - t e n s o r ( B u c k i n g h a m , 1 9 6 7 ) at the end of each c y c l e 

(1 c y c l e = N a t t e m p t e d m o v e s ) , w h e r e : -

i = l 

and a and b d e n o t e the l a b o r a t o r y x,y and z axes, are 

the d i r e c t i o n c o s i n e s d e s c r i b i n g the o r i e n t a t i o n of the i^*^ 

m o l e c u l e with that l a b o r a t o r y a x i s . The l a r g e s t e i g e n v a l u e 

of the d i a g o n a l i s e d t e n s o r , the o r d e r p a r a m e t e r , d e f i n e d 

as : -

Pg = p j r c o s I ~ T 5.8 

was a v e r a g e d at the eno of each c y c l e over all c y l c e s d u r i n g 

the p r o d u c t i o n s t a g e of the s i m u l a t i o n . Here is the angle 
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b e t w e e n the m o l e c u l e and the d i r e c t o r a x i s . C l e a r l y for 

a s y s t e m in w h i c h the e x t e r n a l p i n n i n g field is z e r o , t h e r e 

will be no p r e f e r e d d i r e c t o r o r i e n t a t i o n , thus (field) 

w i l l be z e r o if s u f f i c i e n t c o n f i g u r a t i o n s are g e n e r a t e d , and 

c o n v e r s e l y in a s y s t e m in w h i c h the d i r e c t o r is t o t a l l y 

p i n n e d both o r d e r p a r a m e t e r s will be i d e n t i c a l . 

5 . 3 C o m p u t a t i o n a l d e t a i l s 

U s i n g the L e b w o h l - L a s h e r m o d e l d e s c r i b e d e a r l i e r t h r e e 

d i f f e r e n t s y s t e m s w e r e s t u d i e d . 

S y s t e m A 

H e r e the p r o p e r t i e s of 1000 p a r t i c l e s were 

e v a l u a t e d as a f u n c t i o n of the a p p l i e d e x t e r n a l 

field at an a n g l e of 10" to the l a b o r a t o r y 

z - a x i s and with an a z i m u t h a l a n g l e of 0°. The 
* 

t e m p e r a t u r e was kept c o n s t a n t at T = 1.0. 

S y s t e m B 

This was i d e n t i c a l with s y s t e m A e x c e p t that in 

o r d e r to a c h i e v e a s m a l l e r p e r t u r b a t i o n to the 

o r d e r with the p i n n i n g of the d i r e c t o r , a l a r g e r 

s y s t e m of 8 0 0 0 p a r t i c l e s was s t u d i e d . The field 

was a p p l i e d a l o n g the l a b o r a t o r y x - a x i s . 

S y s t e m C 

In this c a s e , the p r o p e r t i e s of 1000 m o l e c u l e s 

w e r e i n v e s t i g a t e d as a f u n c t i o n of the r e o u c e d * 

t e m p e r a t u r e T , but with the e x t e r n a l field 

c o n s t a n t at a v a l u e of X = 0 . 2 p a r a l l e l to the 

l a b o r a t o r y z - a x i s . 

For s y s t e m s A and C, the a n g u l a r v a r i a b l e s w e r e stored 

as cosO and 0, w h e r e 9 and 0 are the s p h e r i c a l 

p o l a r a n g l e s d e f i n i n g the o r i e n t a t i o n s of the m o l e c u l a r 

s y m m e t r y axes in the l a b o r a t o r y f r a m e . A new c o n f i g u r a t i o n 
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was g e n e r a t e d i n i t i a l l y in the f o l l o w i n g way. The new value 

of cosO was c h o s e n from a d i s t r i b u t i o n of r a n d o m n u m b e r s 

in the r a n g e of +1 to - 1 , w h i l e the a z i m u t h a l a n g l e 0 was 

i n c r e m e n t e d a c c o r d i n g t o : -

^new ~ ^ o l o 5,9 

w h e r e a g a i n C is a r a n d o m n u m b e r u n i f o r m l y d i s t r i b u t e d in 

the r a n g e of +1 to -1 and A is the m a x i m u m p e r m i t t e d 

d i s p l a c e m e n t . H o w e v e r for t h e s e two s y s t e m s (A and C), in 

w h i c h the e x t e r n a l field is at 10" and p a r a l l e l with the 

z - a x i s , it was found i m p o s s i b l e to a c h i e v e a good 

a c c e p t a n c e - r e j e c t i o n r a t i o . This f a i l u r e s t e m s from the 

a l i g n m e n t of the d i r e c t o r c l o s e to the z - a x i s , s i n c e the 

e nergy of such a l a r g e s y s t e m is a l m o s t totally i n d e p e n d e n t 

of the a z i m u t h a l a n g l e of the m o l e c u l e s , the a n g l e w h i c h we 

use to c o n t r o l the a c c e p t a n c e - r e j e c t i o n r a t i o . This 

d i f f i c u l t y was o v e r c o m e by i n c r e m e n t i n g cosQ in a s i m i l a r 

way to 0, but e n s u r i n g that its v a l u e was m a i n t a i n e d 

w i t h i n the p e r m i t t e d l i m i t s of +1 and - 1 , such that if it 

e x c e e d e d +1 by an a m o u n t X then a v a l u e of -1 + X was t a k e n , 

and l e s s than -1 a v a l u e of 1-X was u s e d . This can be 

e x p r e s s e d m a t h e m a t i c a l l y a s : -

c o s i n e . = + AgC 5.10 

w h e r e AO is the m a x i m u m a l l o w e d d i s p l a c e m e n t for cosO, 

If c o s O „ was g r e a t e r tl new ^ 
f o l l o w i n g a c t i o n was t a k e n . 

If c o s G ^ g ^ was g r e a t e r than +1 or less than -1, the 

c o s S n e * = 5.11 

w h e r e sgn ( ) is a f u n c t i o n r e t u r n i n g the v a l u e of +1 and 
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-1 if c o s Q ^ ^ ^ is p o s i t i v e or n e g a t i v e r e s p e c t i v e l y . An 

a l t e r n a t e s o l u t i o n would have been to apply a field at a 

m u c h l a r g e r a n g l e to the z - a x i s . I n d e e d , this was the c a s e 

in S y s t e m B w h e r e the field was a p p l i e d p a r a l l e l with the 

x - a x i s , a l t h o u g h in t h i s s i m u l a t i o n the m o l e c u l a r 

o r i e n t a t i o n s were stored as their r e s p e c t i v e d i r e c t i o n 

c o s i n e s . Thus new o r i e n t a t i o n s were g e n e r a t e d u s i n g the 

a l g o r i t h m of B a r k e r and W a t t s [1969), in which a l a b o r a t o r y 

a x i s is s e l e c t e d at r a n d o m , and a random r o t a t i o n of a 

c o n t r o l l e d m a x i m u m a m o u n t p e r f o r m e d about this a x i s . (see 

C h a p t e r 2 ) 

In all t h r e e s y s t e m s the s t a r t i n g c o n f i g u r a t i o n was 

t a k e n to be a c o m p l e t e l y o r d e r e d s t a t e with the p a r t i c l e s 

p a r a l l e l with the l a b o r a t o r y z - a x i s . In s y s t e m s A and B the 

first s i m u l a t i o n s were with an e x t e r n a l field s t r e n g t h of * 

X=0.1 with T =1.0. In both c a s e s the first run c o n s i s t e d of 

an i n i t i a l e q u i l i b r a t i o n s t a g e of a p p r o x i m a t e l y 10 m i l l i o n 

c o n f i g u r a t i o n s , d u r i n g w h i c h time the e i g e n v e c t o r s from the 

Q - t e n s o r did indeed show that the d i r e c t o r had r e o r i e n t a t e d 

p a r a l l e l with the e x t e r n a l f i e l d , and a p r o d u c t i o n run of 10 

and 48 m i l l i o n c o n f i g u r a t i o n s for s y s t e m s A and 8 

r e s p e c t i v e l y . S u b s e q u e n t r u n s at new field s t r e n g t h s were 

g e n e r a l l y s t a r t e d from the c o n f i g u r a t i o n taken at the end of 

the p r o d u c t i o n stage from the s i m u l a t i o n with the c l o s e s t 

v a l u e of X, with e q u i l i b r a t i o n s t a g e s of t y p i c a l l y 2 and 16 

m i l l i o n c o n f i g u r a t i o n s , and p r o d u c t i o n s t a g e s of 10 and 48 

m i l l i o n c o n f i g u r a t i o n s r e s p e c t i v e l y for s y s t e m s A and B. In 

a d d i t i o n , for system B, some of the runs at lower e x t e r n a l 

field s t r e n g t h s were s t a r t e d from t o t a l l y random s t a t e s to 

e n s u r e that the d i r e c t o r p i n n i n g was c a u s e d by the field and 

not as a c o n s e q u e n c e of the size of the system c a u s i n g the 

d i r e c t o r to r e m a i n f i x e d . For s y s t e m C, the first run was at * 

T = 1 . 0 with t y p i c a l e q u i l i b r a t i o n and p r o d u c t i o n s t a g e s of 2 

and 8 m i l l i o n m o v e s r e s p e c t i v e l y . The s t a r t i n g c o n f i g u r a t i o n 

for a d d i t i o n a l h i g h e r t e m p e r a t u r e s was taken as the final 

p r o d u c t i o n stage c o n f i g u r a t i o n at the c l o s e s t , l o w e s t 

t e m p e r a t u r e . 
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F u r t h e r m o r e , in s y s t e m s A and B, a run was p e r f o r m e d in 

w h i c h the s i n g l e t d i s t r i b u t i o n f u n c t i o n was c a l c u l a t e d . This 

as a c h i e v e d by d i v i d i n g the r a n g e for |cos3'| into 100 

e q u a l i n t e r v a l s . At the end of each c y c l e , the n u m b e r of 

p a r t i c l e s with o r i e n t a t i o n s within these i n t e r v a l s was 

e v a l u a t e d and a v e r a g e d over 1000 c y c l e s for both s y s t e m s . 

For model A the s i n g l e t d i s t r i b u t i o n f u n c t i o n was c a l c u l a t e d 

at a reduced t e m p e r a t u r e of T = 1 . 1 1 4 6 (T*/T = 0 . 9 9 7 , 

w h e r e k T ^ ^ / e = 1 . 1 1 8 ( Z a n n o n i , 1 9 7 9 ) and the d i r e c t o r p i n n e d 

in an e x t e r n a l field of X =0.1. This t e m p e r a t u r e 

c o r r e s p o n d s to a reduced t e m p e r a t u r e s i m i l a r to that used in 

the x-ray s c a t t e r i n g d e t e r m i n a t i o n s of f ( B ) for 

4 - 4 ' - d i - n - o c t y l - o x y a z o x y b e n z e n e ( L e a d b e t t e r and N o r r i s , 

1 9 7 9 ) . In s y s t e m B h o w e v e r , a t e m p e r a t u r e of T * = 1 . 0 and an 

e x t e r n a l field of X=0.05 was u s e d . 

3.4 D i s c u s s i o n of R e s u l t s 

For s y s t e m s A and B, the o b s e r v e d d e p e n d e n c e of the two 

o r d e r p a r a m e t e r s are p l o t t e d in F i g u r e s 5.1 and 5.2, with 

the solid and open s q u a r e s r e p r e s e n t i n g and 

r e s p e c t i v e l y . (Both sets of r e s u l t s are also listed in 

T a b l e s 5.1 and 5 . 2 ) . The i n t e r n a l e n e r g y , D* is p l o t t e d in 

F i g u r e s 5.3 and 5.4 r e s p e c t i v e l y for the two s y s t e m s . In 

F i g u r e 5.1 for system A which c o n t a i n s 1000 p a r t i c l e s , it 

can be seen that the d i r e c t o r is not pinned until X - 0 . 2 , 

with the order p a r a m e t e r s equal to about 0. 6 9 in c o n t r a s t 

with the zero field value of about 0 . 6 3 . H e n c e the d i r e c t o r 

b e c o m e s p i n n e d , a l t h o u g h at the e x p e n s e of a 7% i n c r e a s e in 

the o r i e n t a t i o n a l order p a r a m e t e r . H o w e v e r for s y s t e m 

B, w h e r e the two order p a r a m e t e r s are p l o t t e d in F i g u r e 5.2 

as a f u n c t i o n of X , a much lower e x t e r n a l field is r e q u i r e d 

to pin the d i r e c t o r , with % = 0 . 0 1 and a p e r t u r b a t i o n to the 

o r d e r p a r a m e t e r from 0.61 at zero field to that of 0 . 6 2 at 

X = 0 . 0 1 , an i n c r e a s e of only 2%. This result is in accord 

with our e x p e c t a t i o n s in that as the n u m b e r of p a r t i c l e s in 

the system i n c r e a s e s , the p i n n i n g field will d e c r e a s e by a 
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Lis. 5.1 

<c 0.7 

I lie second rank order p a r a m e t e r , P , as a 
f u n c t i o n of the e x t e r n a l fiel(j^,X , f o r system A 
at a r e d u c e d t e m p e r a t u r e oj T = 1.0. The open 
and solid s y m b o l s are P„ c a l c u l a t e d with 
r e s p e c t to the d i r e c t o r a n f field r e s p e c t i v e l y . 
The solid and d a s h e d c u r v e s are the M a i e r - S a u p e 
p r e d i c t i o n s c a l c u l a t e d at the same r e d u c e d 
t e m p e r a t u r e and scaled to the same zero field 
t r a n s i t i o n t e m p e r a t u r e r e s p e c t i v e l y . 

DC 0.7 

4 6 8 
X X 10^ 

Fig 5.2 The second rank order p a r a m e t e r , P , as a 
f u n c t i o n of the e x t e r n a l f i e l 4 , X , for system B 
at a r e d u c e d t e m p e r a t u r e of T = 1.0. The open 
and solid s y m b o l s are P c a l c u l a t e d with 
r e s p e c t to the d i r e c t o r and" field r e s p e c t i v e l y . 
The solid and d a s h e o c u r v e s are the M a i e r - S a u p e 
p r e d i c t i o n s c a l c u l a t e d at the same reduced 
t e m p e r a t u r e and scaled to the same zero field 
t r a n s i t i o n t e m p e r a t u r e r e s p e c t i v e l y . 



F i a 5.3 The scaled i n t e r n a l e n e r g y , 0 for s y s t e m A as 
a f u n c t i o n of the e x t e r n a l f i e l d , X , at a 
r e a u c e d t e m p e r a t u r e , T of 1.0. The solid and 
d a s h e d c u r v e s are the M a i e r - S a u p e p r e d i c t i o n s 
c a l c u l a t e d at the same reduced t e m p e r a t u r e and 
s c a l e d to the same zero field t r a n s i t i o n 
t e m p e r a t u r e . 

X x i o ' 

Fig 5.4 The scaled i n t e r n a l e n e r g y , U for s y s t e m B as 
a f u n c t i o n of the e x t e r n a l field, X, at a 
r e d u c e d t e m p e r a t u r e , T of 1.0. The solid and 
d a s h e d c u r v e s are the M a i e r - S a u p e p r e d i c t i o n s 
c a l c u l a t e d at the same r e d u c e d t e m p e r a t u r e ana 
scaled to the same zero t r a n s i t i o n t e m p e r a t u r e . 



p r o p o r t i o n a l a m o u n t , since the p i n n i n g force a r i s e s d i r e c t l y 

from the field i n t e r a c t i o n s which are d e p e n d e n t on the 

n u m b e r of p a r t i c l e s in the s y s t e m . F u r t h e r m o r e , as the size 

of the system i n c r e a s e s we would e x p e c t the p e r t u r b a t i o n to 

the order p a r a m e t e r to be less at the p o i n t at w h i c h the 

d i r e c t o r b e c o m e s p i n n e d . E x p e r i m e n t a l l y this e f f e c t has been 

o b s e r v e d , w h e r e , for f i e l d s of up to 1 8 7 k 0 e in 8CB 

( R o s e n b l a t t , 1 9 8 2 ) the order p a r a m e t e r d o e s i n c r e a s e 

s l i g h t l y a l t h o u g h as a c o n s e q u e n c e of the q u e n c h i n g of 

d i r e c t o r and not in our case as a r e s u l t of m o l e c u l e r 

f l u c t u a t i o n s . 

In t h e s e s i m u l a t i o n s , if we a s s u m e the a n i s o t r o p y in 
— 7 — 2 — 3 

the d i a m a g n e t i c s u s c e p t i b i l i t y to be 1 . 2 5 x 1 0 " erg G~ c m " 

( S t i n s o n and L i s t e r , 1 9 7 0 ) and k T / e = 1 . 3 2 1 1 6 for the 

m o l e c u l a r field t r a n s i t i o n t e m p e r a t u r e , then a s i m u l a t i o n 

field of X = 0 . 1 a c t u a l l y c o r r e s p o n d s to a real m a g n e t i c field 

of about 100 M e g a o e r s t e d , thus the f i e l d s in t h e s e 

s i m u l a t i o n s a c t u a l l y c o r r e s p o n d to very high u n r e a l i s t i c 

v a l u e s . ( W o j t o w i c z and S h e n g , 1 9 7 4 ) . 

The r e s u l t s for the s i n g l e t d i s t r i b u t i o n f u n c t i o n s 

c a l c u l a t e d for s y s t e m s A and B are shown in F i g u r e s 5.5 and 

5 . 6 as the c r o s s e s . These a g r e e q u a l i t a t i v e l y with the 

f u n c t i o n s m e a s u r e d e x p e r i m e n t a l l y ( L e a d b e t t e r and N o r r i s , 

1 9 7 9 ) and a q u a n t i t a t i v e c o m p a r i s o n will be made l a t e r . 

F i n a l l y , we turn to the p r o p e r t i e s c a l c u l a t e d for 

s y s t e m C. F i g u r e 5.7 shows the t e m p e r a t u r e d e p e n d e n c e of the 

o r d e r p a r a m e t e r as the solid s q u a r e s at a c o n s t a n t 

field s t r e n g t h of X = 0 . 2 , and F i g u r e 5.8 s h o w s the total 
* 

i n t e r n a l energy as a f u n c t i o n of T as the solid s q u a r e s . In 

a d d i t i o n t h e s e r e s u l t s are listed in Table 5.3. The open 

s y m b o l s m a r k e d on both p l o t s i n d i c a t e the r e s u l t s o b s e r v e d 

for the same s y s t e m in the a b s e n c e of an e x t e r n a l field 

( Z a n n o n i , 1 9 7 9 ) . Two f e a t u r e s i m m e d i a t e l y o b v i o u s are that 

at a s p e c i f i c t e m p e r a t u r e the i n t e r n a l e n e r g y and o r d e r 

p a r a m e t e r are i n c r e a s e d by about 15%, and the order 

p a r a m e t e r and i n t e r n a l energy are much m o r e c o n t i n u o u s 
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0.06 

B/deg 

0.06 

f(B) 

0.03 

B/deg 

Fig 5.5 The singlet o r i e n t a t i o n a l d i s t r i b u t i o n function 
c a l c u l a t e d from system A with T c 1 . 1 1 4 6 and 
X = 0 . 1 . The lines in 5.5a and 5.5b show the fits 
o b t a i n e d using e q u a t i o n s 5.25 and 5.27 
r e s p e c t i v e l y . 
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0.08 

30 60 
B/deg 

0.08 

f((3) -

0.04 

3/deg 

Fig 5.6 The singlet o r i e n t a t i o n a l d i s t r i b u t i o n function 
c a l c u l a t e d from system B with T = 1.0 and X = 
0 . 0 5 , The lines in 3.6a and 5.6b show the fits 
o b t a i n e d using e q u a t i o n s 5.25 and 5.27 
r e s p e c t i v e l y . 
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1.2 1.4 1.6 

T * 
The t e m p e r a t u r e d e p e n o e n c e of the order 
p a r a m e t e r c a l c u l a t e o for system C, shown as the 
solid s q u a r e s , at an e x t e r n a l field of % = 0.2. 
The open s q u a r e s are r e s u l t s o b t a i n e d by Z a n n o n i 
( 1 9 7 9 ) w i t h = 0 . 0 . The dashed and solid c u r v e s 
are the M a i e r - S a u p e p r e o i c t i o n s at the same 
reduced t e m p e r a t u r e and scaled to the same zero 
field t r a n s i t i o n t e m p e r a t u r e , r e s p e c t i v e l y . 

% 

The t e m p e r a t u r e d e p e n d e n c e of the total i n t e r n a l 
e n e r g y , c a l c u l a t e d for system C, shown as the 
solid s q u a r e s . The_^'X' and '+' r e p r e s e n t the 
c o n t r i b u t i o n s to U a r i s i n g from n e a r e s t 
n e i g h b o u r and field i n t e r a c t i o n s r e s p e c t i v e l y , 
and the open s q u a r e s are r e s u l t s o b t a i n e d by 
Z a n n o n i ( 1 9 7 9 ) on a s i m i l a r , system w i t h ' X = 0. 
The d a s h e d and solid c u r v e s are the M a i e r - S a u p e 
p r e d i c t i o n s at the same reduced t e m p e r a t u r e and 
scaled to the same zero field t r a n s i t i o n 
t e m p e r a t u r e r e s p e c t i v e l y . 



t h r o u g h the t r a n s i t i o n as c o m p a r e d with the zero field 

s i m u l a t i o n d a t a . 

At this point we can d e t e r m i n e the heat c a p a c i t y at 

c o n s t a n t v o l u m e using a n u m e r i c a l s p l i n e fitting p r o c e d u r e 

and o b t a i n i n g the d e r i v a t i v e of the i n t e r n a l energy with 

r e s p e c t to t e m p e r a t u r e , s i n c e : -

C* = [ 3 U * / 3 T * ) y 5.12 

* 

The solid s q u a r e s on F i g u r e 5.9 i n d i c a t e C c a l c u l a t e d in 
* V 

this m a n n e r , and show a m a x i m u m at T = 1 . 3 0 + 0 . 0 5 . These 

v a l u e s are also listed in Table 5.3. At the m a x i m u m v a l u e of 

C t h e r e is no d i v e r g e n c e and this f e a t u r e will also be 

d i s c u s s e d in the next s e c t i o n , w h e r e a c o m p a r i s o n with 

m o l e c u l a r field theory will be m a d e . The open s q u a r e s 

c o r r e s p o n d to C in the a b s e n c e of an e x t e r n a l f i e l d . 

( H u m p h r i e s , 1 9 8 2 ) . 

5.5 C o m p a r i s o n with M a i e r - S a u p e m o l e c u l a r field t h e o r y 

As we have seen in e a r l i e r c h a p t e r s , the a n i s o t r o p i c 

s i n g l e p a r t i c l e p o t e n t i a l of mean t o r q u e , in the a b s e n c e of 

any f i e l d s or h i g h e r rank terms is p r e d i c t e d to b e : -

U C 6 ) = - E Z P ^ P g C c n s g ) 5.13 

H o w e v e r , in the p r e s e n c e of an e x t e r n a l field of the form 

used in these s i m u l a t i o n s this b e c o m e s 

U C g ] = - E f z P g + X j ^ ^ c o s B ) 5.14 

w h e r e z is the c o o r d i n a t i o n n u m b e r , w h i c h is 6 for a s i m p l e 

c u bic l a t t i c e . The M a i e r - S a u p e form of the s i n g l e t 

d i s t r i b u t i o n f u n c t i o n is t h e r e f o r e : -

144 



= e x p ( - u ( & ) / k r j 

= e x p [ e / k T ( z P 2 + X 3 P 2 ( c o s 6 | / 2 5.15 

w h e r e , Z, the o r i e n t a t i o n a l p a r t i t i o n f u n c t i o n i s : -

Z = exp e / k T C z P g ^ W P g C c o s g ) d c o s B 5.16 

H e n c e the s e c o n d rank o r d e r p a r a m e t e r in an e x t e r n a l field 

is: -

Pg P g t c o s G ) e x p ( E / k T ( z P 2 + % ) % [ c o s B ) ) d c o s B 5 . 1 7 

and the i n t e r n a l energy per p a r t i c l e is: 

0* = - ( z p ' + 2 X P _ ) / 2 5.18 

The p r e d i c t i o n s using this theory for the long range 

o r i e n t a t i o n a l o r d e r p a r a m e t e r as a f u n c t i o n of e x t e r n a l 

field at a r e d u c e d t e m p e r a t u r e of kT/e = 1.0 is shown as the 

solid c u r v e s in F i g u r e s 5.1 and 5.2. As we have seen in 

C h a p t e r 3, the m o l e c u l a r field theory o v e r e s t i m a t e s the 

n e m a t i c - i s o t r o p i c p h a s e t r a n s i t i o n when c o m p a r e d d i r e c t l y 

with c o m p u t e r s i m u l a t i o n s , thus, at s i m i l a r r e d u c e d 

t e m p e r a t u r e s the t h e o r e t i c a l l y p r e d i c t e d o r d e r p a r a m e t e r is 

e x p e c t e d to be o v e r e s t i m a t e d . This p r e d i c t i o n is c o n f i r m e d 

by the d i s a g r e e m e n t b e t w e e n the solid c u r v e s and data p o i n t s 

in F i g u r e s 5.1 and 5.2. H o w e v e r , if the error a r i s i n g from 

the t r a n s i t i o n t e m p e r a t u r e o v e r e s t i m a t i o n is r e m o v e d , by 

s c a l i n g to the same zero field t r a n s i t i o n t e m p e r a t u r e 

r e a s o n a b l y good a g r e e m e n t is found, as i n d i c a t e d by the 

d a s h e d l i n e s in these two p l o t s . In this c a s e , the n e m a t i c 
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* 
i s o t r o p i c t r a n s i t i o n t e m p e r a t u r e s were taken to be T = 

NI 
1 . 1 1 8 and 1 . 1 2 5 for s y s t e m s A and B r e s p e c t i v e l y . 

A s i m i l a r c o m p a r i s o n can be made for the i n t e r n a l 

e n e r g y with the aid of e q u a t i o n s 5.17 and 5.18. The r e s u l t s 

of the t h e o r e t i c a l p r e d i c t i o n s at the same r e d u c e d 

t e m p e r a t u r e are shown as the solid c u r v e s in F i g u r e s 5.3 and 
* 

5.4. S u r p r i s i n g l y at the same r e d u c e d t e m p e r a t u r e s of T = 

1.0, much b e t t e r a g r e e m e n t is o b t a l n e o than when the 

t e m p e r a t u r e in the theory is s c a l e d to the same zero field 

t r a n s i t i o n t e m p e r a t u r e , as shown by the d a s h e d c u r v e in 

F i g u r e s 5.3 and 5.4. This u n u s u a l r e v e r s a l a r i s e s from the 

fact that for our m o d e l s y s t e m the i n t e r n a l energy is 

r e l a t e d to the short r a n g e o r d e r p a r a m e t e r and the long 

r a n g e order p a r a m e t e r b y : -

0* = - ( z o g ^ 2 X P 2 ) / 2 5.15 

w h e r e 

Gg = P ^ C c o s B . j ] 

and i and j are n e a r e s t n e i g h b o u r s . We know from C h a p t e r 3 

that m o l e c u l e r field theory u n d e r e s t i m a t e s and 

o v e r e s t i m a t e s the n e m a t i c - i s o t r o p i c t r a n s i t i o n t e m p e r a t u r e 

and the order p a r a m e t e r at the t r a n s i t i o n . This r e s u l t s in a 

f o r t u i t i o u s c a n c e l l a t i o n of e r r o r s , s i n c e at the same 

r e d u c e d t e m p e r a t u r e the o r d e r p a r a m e t e r w i l l be 

o v e r e s t i m a t e d w h i l e the short r a n g e o r d e r p a r a m e t e r is 

u n d e r e s t i m a t e d , t h e r e f o r e g i v i n g good a g r e e m e n t in the 

s i m u l a t e d and p r e d i c t e d v a l u e of 0 . C o n s e q u e n t l y , w h e n we 

r e m o v e the o v e r e s t i m a t i o n in by s c a l i n g to the same 

z e r o field t r a n s i t i o n t e m p e r a t u r e , the f a i l u r e in the short 

r a n g e d order p a r m e t e r b e c o m e s a p p a r e n t by s i g n i f i c a n t l y 

u n d e r e s t i m a t i n g the i n t e r n a l e n e r g y . 

B e f o r e c o m p a r i n g s y s t e m C with the m o l e c u l a r field 
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theory it is w o r t h e x a m i n i n g the t h e o r e t i c a l p r e d i c t i o n s 

f u r t h e r . F i g u r e 5.10 s h o w s the t e m p e r a t u r e d e p e n d e n c e of the 

order p a r a m e t e r , c a l c u l a t e d using e q u a t i o n 5 . 1 7 , at 

d i f f e r e n t e x t e r n a l field s t r e n g t h s . At zero field, the curve 

d e s c r i b i n g b e n d s back on i t s e l f and as we have seen in 

C h a p t e r 1 a c t u a l l y goes t h r o u g h a me t e s t a b l e s t a t e , w h i l e 

with l a r g e f i e l d s the c u r v e is c o n t i n u o u s and only 

a p p r o a c h e s zero at i n f i n i t e t e m p e r a t u r e s . F u r t h e r m o r e , at 

X=0 a s o l u t i o n e x i s t s at all t e m p e r a t u r e s with 

a l t h o u g h this s o l u t i o n v a n i s h e s in the p r e s e n c e of an 

e x t e r n a l f i e l d . In o r d e r to l o c a t e and i n v e s t i g a t e the 

s t a b i l i t y of the o r d e r e d p h a s e s , the H e l m h o l t z free energy 

m u s t be e v a l u a t e d . We start with the e n t r o p y , S, w h i c h , 

a c c o r d i n g to m o l e c u l a r field theory i s : -

S = - N k ^ l n ( f ( g ) ] > 5.21 
Z 

w h e r e , as b e f o r e 

f ( 6 ) = e x p C e / k T C z P g + X ) P 2 ( c o s g ) ) / Z 5 . 2 2 

H e n c e 

5 = - N k _ E ^ z P ? + X ) P ? + N k l n Z 5.23 
kT 

Thus 

A _ Iz e Pg 5.24 
N k T 2 kT 

which is i d e n t i c a l to the e x p r e s s i o n for the free energy in 

the a b s e n c e of an e x t e r n a l field. 

The d i f f e r e n c e in free e n e r g y , A A / N k T , b e t w e e n the 

p h a s e of o r d e r , and a p h a s e of zero order is p l o t t e d in 
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Fig 5.9 The t e m p e r a t u r e d e p e n d a n c e of the heat c a p a c t i t y 
at c o n s t a n t v o l u m e for s y s t e m C, shown as the 
solid s q u a r e s . The open s q u a r e s are r e s u l t s 
o b t a i n e d in the a b s e n c e of an e x t e r n a l field 
( H u m p h r i e s , 1982). The G a s h e d and solid c u r v e s 
are the M a i e r - S a u p e p r e d i c t i o n s c a l c u l a t e d at 
the same r e d u c e d t e m p e r a t u r e , and scaled to the 
zero field t r a n s i t i o n t e m p e r a t u r e , r e s p e c t i v e l y . 

kT/£ 

as Fig 5.10 The o r i e n t a t i o n a l order p a r a m e t e r , P 
f u n c t i o n for kT/e for field s t r e n g t h s r a n g i n g 
from 0.0 to 0.5 as p r e d i c t e d by the m o d i f i e d 
M a i e r - S a u p e theory via e q u a t i o n 5 . 1 7 , with a 
c o o r d i n a t i o n n u m b e r of 6. 
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F i g u r e 5.11 as a f u n c t i o n of r e d u c e d t e m p e r a t u r e , k T / e , for 

v a r i o u s e x t e r n a l field s t r e n g t h s . As we have seen in C h a p t e r 

1 for the n o r m a l M a i e r - S a u p e t h e o r y , the self c o n s i s t a n c y 

r e l a t i o n s h i p g i v e n by e q u a t i o n 5 . 1 7 for has a s o l u t i o n 

of Pg = 0 for all t e m p e r a t u r e s p r o v i d e d X = 0 , and in the 

r a n g e of kT/e = 1.2 to kJ/e = 1 . 3 3 7 a third n o n - n e g a t i v e 

s o l u t i o n of Pg e x i s t s . This can be seen in F i g u r e 5.10 for 

the c u r v e with X = 0 . To d e t e r m i n e which of t h e s e o r d e r e d 

p h a s e s are s t a b l e we have to e x a m i n e the free e n e r g y . Thus, 

l o o k i n g at the free e n e r g y , s t a r t i n g at the e x t r e m e left 

hand side of the X = 0 c u r v e in F i g u r e 5 . 1 1 the c u r v e 

g r a d u a l l y i n c r e a s e s to a m a x i m u m at k T / £ = 1 . 3 3 7 and then 

s u d d e n l y d r o p s back and r e m a i n s p o s i t i v e u n t i l k T / e = l . 3 2 1 1 6 . 

This is the r e g i o n in which a third n o n - n e g a t i v e lower 

s o l u t i o n of e x i s t s , and b e c a u s e the free e n e r g y of this 

p o r t i o n of the c u r v e is the l a r g e r v a l u e of the two p o s s i b l e 

s o l u t i o n s it is a c t u a l l y m e t a s t a b l e . The free e n e r g y then 

b e c o m e s n e g a t i v e and the s t a b l e n e m a t i c p h a s e is r e a c h e d . In 

a d d i t i o n , a s o l u t i o n in which A A / N k T = 0 e x i s t s c o r r e s p o n d i n g 

to a s t a b l e i s o t r o p i c p h a s e at t e m p e r a t u r e s g r e a t e r than 

k T / e = l . 3 2 1 1 6 . Thus a first order t r a n s i t i o n b e t w e e n an 

o r d e r e d and an i s o t r o p i c p h a s e o c c u r s at k T / e = l . 3 2 1 1 6 . 

When e x t e r n a l f i e l d s of up to X = 0 . 0 6 3 are a p p l i e d a 

s i m i l a r s i t u a t i o n a r i s e s . H e r e , as with the z e r o field c a s e , 

a first order t r a n s i t i o n o c c u r s , a l t h o u g h now from the 

n e m a t i c p h a s e , to, a phase of lower o r d e r , a p a r a n e m a t i c 

p h a s e . In a d d i t i o n , a m e t a s t a b l e s t a t e a l s o e x i s t s as 

i n d i c a t e d by the ' l o o p s ' in the free e n e r g y . On i n c r e a s i n g 

t k e f i e l d s t r e n g t h the c h a n g e in the o r d e r p a r a m e t e r at the 

t r a n s i t i o n g r a d u a l l y d e c r e a s e s s i n c e the o r d e r in the 

p a r a n e m a t i c p h a s e i n c r e a s e s and P^ in the n e m a t i c p h a s e 

d e c r e a s e s . Thus the l a t e n t heat of t r a n s i t i o n d e c r e a s e s 

u n t i l at a v a l u e of X = 0 . 0 6 3 a c r i t i c a l p o i n t o c c u r s in which 

the t r a n s i t i o n no l o n g e r o c c u r s as first o r d e r . T h u s at this 
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c r i t i c a l point the t r a n s i t i o n b e c o m e s s e c o n d order 

( W o j t o w i c z and S h e n g , 1 9 7 4 ) a l t h o u g h For h i g h e r f i e l d s no 

t r a n s i t i o n o c c u r s at all s i n c e both p h a s e s now b e c o m e 

i d e n t i c a l . This c r i t i c a l point can be m o r e r e a d i l y seen in 

F i g u r e 5 . 1 2 , w h e r e the first o r d e r p h a s e t r a n s i t i o n 

t e m p e r a t u r e , b e t w e e n the n e m a t i c and p a r a n e m a t i c (or 

i s o t r o p i c at X = 0 ) is p l o t t e d as a f u n c t i o n of the a p p l i e d 

e x t e r n a l f i e l d . On the lower r i g h t hand side of the c u r v e 

the s t a b l e n e m a t i c p h a s e e x i s t s w h i l e on the o t h e r side the 

field i n d u c e d p a r a n e m a t i c p h a s e is s t a b l e . T h e r e f o r e at 

f i e l d s g r e a t e r than X= 0 . 0 6 3 , no t r a n s i t i o n o c c u r s b e t w e e n 

t h e s e two p h a s e s . 

R e t u r n i n g to the s i m u l a t i o n of s y s t e m C, it is clear 

that for a field of X = 0 . 2 we are well b e y o n d the c r i t i c a l 

p o i n t . On the b a s i s of m o l e c u l a r field theory a l o n e we would 

not e x p e c t a t r a n s i t i o n to o c c u r . Indeed the p l o t s of the 

o r d e r p a r a m e t e r and i n t e r n a l e n e r g y as a f u n c t i o n of 

t e m p e r a t u r e in F i g u r e 5.7 and 5.8 s u p p o r t this c o n c l u s i o n , 

s i n c e they are m o r e c o n t i n u o u s t h r o u g h the t r a n s i t i o n r e g i o n 

than we w o u l d e x p e c t for s i m i l a r sized s y s t e m s i n t e r a c t i n g 

via a s i m p l e p o t e n t i a l . 

The d a s h e d c u r v e in F i g u r e 5.7 s h o w s the m o l e c u l a r 

field p r e d i c t i o n and as e x p e c t e d o v e r e s t i m a t e s the order 

p a r a m e t e r at the same scaled t e m p e r a t u r e . As b e f o r e , to 

r e m o v e the f a i l u r e of the o v e r e s t i m a t i o n of the t r a n s i t i o n 

t e m p e r a t u r e the solid c u r v e s h o w s the d e p e n d e n c e of the 

order p a r a m e t e r with the t e m p e r a t u r e s c a l e d such that the 

t r a n s i t i o n t e m p e r a t u r e s at zero field are i d e n t i c a l . In the 

r e g i o n of high o r d e r , very good a g r e e m e n t is now f o u n d , 

a l t h o u g h in the high t e m p e r a t u r e r e g i o n the m o l e c u l a r field 

p r e d i c t i o n u n d e r e s t i m a t e s the o r d e r . This f a i l u r e p r o b a b l y 

a r i s e s from the known f a i l u r e of the s i m u l a t i o n using the 

n o r m a l L e b w o h l - L a s h e r m o d e l to o b t a i n a zero o r d e r p a r a m e t e r 
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A/NkT 

{xio-^)H 

X = 0.0 

-CX4 

Fig 5.11 The H e l m h o l t z free e n e r g y , A / N k T as a f u n c t i o n 
of kT/e for field s t r e n g t h s r a n g i n g from 0.0 to 
0.1 as p r e d i c t e d by M a i e r - S a u p e theory using 
e q u a t i o n 5.24 with a c o o r d i n a t i o n n u m b e r of 6. 

KTLi/G 

Fig 5 . 1 2 The t r a n s i t i o n t e m p e r a t u r e of the M a i e r - S a u p e 
theory in an e x t e r n a l field as a f u n c t i o n of the 
e x t e r n a l field for a c o o r d i n a t i o n n u m b e r of 6. 
B e t w e e n fields of St = 0 ana X = 0 - 0 6 3 a first 
o r d e r p h a s e t r a n s i t i o n o c c u r s , a l t h o u g h this 
c e a s e s to exist for h i g h e r field s t r e n g t h s . 
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in the i s o t r o p i c p h a s e due to finite size e f f e c t s . 

The i n t e r n a l energy c a l c u l a t e d using e q u a t i o n 5 . 1 8 is 

c o m p a r e d with the s i m u l a t e d v a l u e s in F i g u r e 5.8. As b e f o r e , 

the d a s h e d c u r v e r e p r e s e n t s the m o l e c u l a r field p r e d i c t i o n 

e v a l u a t e d at the same scaled t e m p e r a t u r e . In the low 

t e m p e r a t u r e r e g i o n , of high o r d e r , the a g r e e m e n t is very 

g o o d , again due to the f o r t u n a t e c a n c e l l a t i o n of e r r o r s 

e x p l a i n e d p r e v i o u s l y in the d i s c u s s i o n of system A and B. 

H o w e v e r , the a g r e e m e n t with the t h e o r e t i c a l v a l u e s at high 

t e m p e r a t u r e s is very p o o r . This is a c o n s e q u e n c e of the 

t heory p r e d i c t i n g the short r a n g e order p a r a m e t e r , , to be 

zero in the i s o t r o p i c p h a s e in the zero field c a s e , w h e r e in 

fact it is not. From e q u a t i o n 5 . 1 9 , w h i c h is 

0* = - C z o g + 2 X p 2 ) / 2 5.19 

the i n t e r n a l energy d e p e n d s p r e d o m i n a n t l y on the value of 

s i n c e in this case X = 0 . 2 and is less than 1, w h i l e 

z = 6 . U s i n g this e q u a t i o n the energy c o n t r i b u t i o n s from the 

s h o r t range order and the e x t e r n a l field on the long r a n g e 

o r d e r h a v e been e v a l u a t e d and are p l o t t e d as the 'X' and '+' 

r e s p e c t i v e l y on F i g u r e 5.8. As e x p e c t e d the c o n t r i b u t i o n 

from the e x t e r n a l field is very s m a l l . An i n t e r e s t i n g 

o b s e r v a t i o n is that in the high t e m p e r a t u r e r e g i o n , w h e r e 

the short r a n g e order is p o o r l y e s t i m a t e d , the long r a n g e 

o r d e r is r e a s o n a b l e well p r e d i c t e d by the theory so it is 

not s u r p r i s i n g that the a g r e e m e n t b e t w e e n the field 

c o n t r i b u t i o n (which d e p e n d s on is good in this 

t e m p e r a t u r e r e g i o n . 

In c o m p a r i n g the t h e r m o d y n a m i c p r o p e r t i e s of the theory 

and s i m u l a t i o n we now turn to the heat c a p a c i t y c a l c u l a t e d 

at c o n s t a n t v o l u m e . F i g u r e 5.9 shows the M a i e r - S a u p e 

p r e d i c t i o n c a l c u l a t e d using a f i n i t e d i f f e r e n c e p r o c e d u r e to 

e v a l u a t e (9LI/9T)^. The c u r v e is c o n t i n u o u s t h r o u g h o u t the 

e n t i r e t e m p e r a t u r e range and is in a c c o r d with the 
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o b s e r v a t i o n that at X = 0 . 2 the s y s t e m is a b o v e the c r i t i c a l 

p o i n t b e y o n d which a t r a n s i t i o n o c c u r s b e t w e e n a p h a s e of 

high and l o w e r o r d e r . F u r t h e r m o r e , the s h a p e of the c u r v e is 

a l m o s t i d e n t i c a l to that c a l c u l a t e d by s p l i n e f i t t i n g the 

i n t e r n a l energy from the s i m u l a t i o n , given by the solid 

s q u a r e s , thus c o n f i r m i n g the n o n - e x i s t a n c e of a t r a n s i t i o n 

in the s i m u l a t i o n . 

F i n a l l y , we turn out a t t e n t i o n to the s i n g l e t 

d i s t r i b u t i o n f u n c t i o n s o b t a i n e d from the s i m u l a t i o n s of A 

and B. T h e s e r e s u l t s are p l o t t e d as the c r o s s e s in F i g u r e s 

5 . 5 and 5 . 6 for s y s t e m s A and B r e s p e c t i v e l y . In 

4 ' A - d i - n - o c t y l o x y a z o x y b e n z e n e , the form of the s i n g l e t 

o r i e n t a t i o n a l d i s t r i b u t i o n f u n c t i o n is found to be s i m i l a r 

to that p r e d i c t e d by m o l e c u l a r field t h e o r y . ( L e a d b e t t e r and 

N o r r i s , 1 9 7 9 ) . H e n c e 

f ( 6 ) = e x p ( a P 2 ( c o s 6 ) ) / Z 5 . 2 5 

In o r d e r to fit the s i m u l a t e d s i n g l e t d i s t r i b u t i o n f u n c t i o n , 

s e v e r a l m e t h o d s could be a d o p t e d , for e x a m p l e , t a k i n g logs 

of both s i d e s would a l l o w a l i n e a r least s q u a r e s a n a l y s i s . 

H o w e v e r , this m e t h o d p r o v e d u n s a t i s f a c t o r y as it r e s u l t e d in 

a m u c h b e t t e r fit to the 'tail' of the d i s t r i b u t i o n 

f u n c t i o n , which has less p h y s i c a l i m p o r t a n c e . A l t e r n a t i v e l y 

a non l i n e a r least s q u a r e s fit c o u l d have been u s e d , 

a l t h o u g h in this c a s e , p r o b l e m s a r o s e b e c a u s e the f i t t i n g 

p r o c e d u r e e n t e r e d d i f f e r e n t m i n i m a on the e r r o r s u r f a c e for 

the 1000 and 8 0 0 0 p a r t i c l e s y s t e m s , c a u s i n g i n c o n s i s t e n c i e s 

to a r i s e in the d i r e c t c o m p a r i s o n of the p a r a m e t e r s a and Z. 

In a d d i t i o n , two p o i n t s could have been e x t r a c t e d from the 

s i m u l a t e d f u n c t i o n and used s i m u l t a n e o u s l y in e q u a t i o n 5 . 2 5 . 

This is the m e t h o d w h i c h was f i n a l l y a d o p t e d , and s i n c e the 

l o n g tail is both s t a t i s t i c a l l y and r e l a t i v e l y p h y s i c a l l y 

u n i m p o r t a n t , the two p o i n t s c h o s e n w e r e the first p o i n t at 

3 = 0 , and the point at h a l f h e i g h t , i.e. the p o i n t at f ( 8 ) = 
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f ( B ) /2. This m e t h o d has the a d v a n t a g e of g i v i n g a 

c o n s i s t e n t fit to both sets of s i m u l a t e d d a t a . The fits 

o b t a i n e d in this m a n n e r are p l o t t e d in F i g u r e s 5 . 5 a ) and 

5 . 6 a ) as the solid c u r v e s for s y s t e m s A and B r e s p e c t i v e l y 

and are seen to be g o o d , a l t h o u g h not p e r f e c t . The v a l u e s 

for a and Z for s y s t e m s A and B are g i v e n in Table 5.4. The 

v a l u e of a = 2 . 2 1 for s y s t e m A a g r e e s r e a s o n a b l y w e l l with 

that o b t a i n e d e x p e r i m e n t a l l y of a = 2 . 0 at the same r e d u c e d 

t e m p e r a t u r e ( L e a d b e t t e r and N o r r i s , 1 9 7 9 ) . H o w e v e r , in view 

of the c o m p l e x i t y of the pair p o t e n t i a l for a real n e m a t a g e n 

as c o m p a r e d with our i d e a l i s e d m o d e l s y s t e m this c o m p a r i s o n 

will not be t a k e n f u r t h e r . 

We can h o w e v e r , c o m p a r e the r e s u l t s with the 

p r e d i c t i o n s o b t a i n e d from the m o l e c u l a r field t h e o r y , s i n c e , 

in this c a s e : -

a = e / k T C z P g + % ) 5 . 2 6 

F i r s t l y for s y s t e m A, if we set k J / e = 1 . 1 1 4 6 (as used in 

the s i m u l a t i o n ) the m o l e c u l a r field theory y i e l d s an o r a e r 

p a r a m e t e r , of 0 . 6 9 8 at X = 0 . 1 , which g i v e s a = 3 . 8 7 . 

A g a i n , this o v e r e s t i m a t i o n of 55% is e x a c t l y w h a t is 

e x p e c t e d s i n c e the theory o v e r e s t i m a t e s the t r a n s i t i o n 

t e m p e r a t u r e , and h e n c e at the same scaled t e m p e r a t u r e will 

over p r e d i c t . A s i m i l a r b e h a v i o u r is seen in s y s t e m B, 

w h e r e the s i m u l a t e d v a l u e of a is 2 . 6 9 w h e r e a s , m o l e c u l a r 

field theory g i v e s it as 4 . 5 6 an o v e r e s t i m a t i o n of 52%. This 

o v e r e s t i m a t i o n can be in part a c c o u n t e d for by s c a l i n g the 

s y s t e m s to the same t r a n s i t i o n t e m p e r a t u r e , in p a r t i c u l a r , 

the t r a n s i t i o n t e m p e r a t u r e at zero f i e l d . Thus for s y s t e m A, 

the t r a n s i t i o n t e m p e r a t u r e in the zero field m o d e l o c c u r s at 

kT|^j/e = l. 118 ( Z a n n o n i , 1 9 7 9 ) . U s i n g the m o l e c u l a r field 

p r e d i c t i o n of k T ^ ^ / e = 1 . 3 2 1 1 6 a l l o w s us to s c a l e with these 

t e m p e r a t u r e s g i v i n g a v a l u e of a = 2 . 4 5 , which d i f f e r s from 

the s i m u l a t e d value by only 10%. H o w e v e r , d o i n g the same 

s c a l i n g for the l a r g e r s y s t e m B, u s i n g , the v a l u e of 
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kT|^j/e = l. 127 (see C h a p t e r 3] for the s i m u l a t e d t r a n s i t i o n 

t e m p e r a t u r e , g i v e s an u n e x p e c t e d proportionally h i g h e r value 

of a = 3 . A l , a d i f f e r e n c e of 2 4 % . The o r i g i n of the w o r s e 

p r e d i c t i o n for a in s y s t e m B is not i m m e d i a t e l y o b v i o u s . One 

p o s s i b l e r e a s o n is as f o l l o w s : w i t h o u t any s c a l i n g we would 

e x p e c t the c o e f f i c i e n t , a, to be o v e r e s t i m a t e d by m o l e c u l a r 

field t h e o r y , s i n c e at the same r e d u c e d t e m p e r a t u r e theory 

g i v e s a h i g h e r v a l u e of w h i c h is r e l a t e d d i r e c t l y to a 

( c . f . E q u a t i o n 5 . 2 6 ) . F u r t h e r m o r e , the o r d e r p a r a m e t e r at 

the t h e o r e t i c a l l y p r e d i c t e d t r a n s i t i o n t e m p e r a t u r e is 

o v e r e s t i m a t e d , and also at the two t e m p e r a t u r e s used in the 

s i m u l a t i o n , in s y s t e m s A and B, w h e r e m o l e c u l a r field t h e o r y 

p r e d i c t s to be 0 . 6 9 8 and 0 . 7 3 2 , a d i f f e r e n c e of 3 0 % and 

1 9 % r e s p e c t i v e l y from the s i m u l a t e d v a l u e s of = 0 . 5 2 

and 0 . 6 1 1 . Thus when s c a l i n g to the same zero field 

t r a n s i t i o n t e m p e r a t u r e s two e f f e c t s have to be c o n s i d e r e d . 

A l t h o u g h the e r r o r c a u s e d by the o v e r e s t i m a t i o n of the 

t r a n s i t i o n is r e m o v e d , an e r r o r c a u s e d by the o v e r e s t i m a t i o n 

of the order p a r a m e t e r has to be a p p r e c i a t e d . The v a l u e s of 

Pg w h e n scaled to the same t r a n s i t i o n t e m p e r a t u r e at z e r o 

f i e l d , h o w e v e r , are 0 . 5 2 4 and 0 . 6 5 6 for s y s t e m s A and B 

r e s p e c t i v e l y , so a c t u a l l y s c a l i n g to the same t r a n s i t i o n 

t e m p e r a t u r e , f o r t u i t i o u s l y r e m o v e s the error in the o r d e r 

p a r a m e t e r m o r e in s y s t e m A than in system B w h i c h is at a 

l o w e r t e m p e r a t u r e . H e n c e the a g r e e m e n t s i m p l y by s c a l i n g to 

the same t r a n s i t i o n t e m p e r a t u r e is b e t t e r in s y s t e m A than 

in s y s t e m B. 

This effect can a l s o be seen if a third c o m p a r i s o n is 

m a d e , this time by r e m o v i n g the e r r o r a s s o c i a t e d with P^. 

So c o m p a r i n g at the same P^ v a l u e s g i v e s the c o e f f i c i e n t a 

in the theory as 2 . 4 5 and 3 . 0 5 r e s p e c t i v e l y for s y s t e m s A 

and B. In this c a s e a s i m i l a r p r o p o r t i o n e d o v e r e s t i m a t i o n of 

10% and 12% r e s p e c t i v e l y is o b s e r v e d for both s y s t e m s . 

The fact that good a g r e e m e n t c a n n o t be m a d e w h a t e v e r 

s c a l i n g is p e r f o r m e d to r e m o v e v a r i o u s s o u r c e s of e r r o r , is 

p r o b a b l y as a c o n s e q u e n c e of the s i n g l e t o r i e n t a t i o n a l 
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d i s t r i b u t i o n f u n c t i o n not o b e y i n g the M a i e r - S a u p e m o l e c u l a r 

field form e x a c t l y , w h i c h c o n s i s t s of second rank terms 

o n l y . H o w e v e r , in g e n e r a l we may expand the p o t e n t i a l of 

m e a n t o r q u e , U ( 6 ) as the i n f i n i t e s e r i e s 

L)(33/kT = J a ^ P ^ ( c o s B ) 

L ( e v e n ) / 0 5 . 2 7 

If we t r u n c a t e t h i s s e r i e s to i n c l u d e second and f o u r t h rank 

t e r m s o n l y , an a p p r o x i m a t i o n w h i c h has been p r o v e d 

s u c c e s s f u l by H u m p h r i e s ^ al^ ( 1 9 7 2 ) , then we are able to 

o b t a i n p e r f e c t a g r e e m e n t for both s i n g l e t d i s t r i b u t i o n 

f u n c t i o n s as shown by the solid c u r v e s in F i g u r e s 5 . 5 b ) and 

5 . 6 b ) . The fits w e r e o b t a i n e d using a non l i n e a r least 

s q u a r e s p r o c e d u r e . In t h i s case the v a l u e s of Z, a^ and a^ 

are 220 + 5, 2 . 7 0 + 0 . 0 6 and -0.16;^0.02 for s y s t e m A, and 

2 0 5 + 5 0 , 3 . 4 3 + 0 . 0 6 and - 0 . 2 7 + 0 . 0 2 for system B r e s p e c t i v e l y . 

For both s i t u a t i o n s , a l t h o u g h the s i m u l a t i o n c o n s i s t s of 

s e c o n d rank i n t e r a c t i o n s o n l y , h i g h e r rank t e r m s in the 

p o t e n t i a l of mean t o r q u e have to be i n c l u d e d in order to 

p r e d i c t the exact form of the s i n g l e t d i s t r i b u t i o n f u n c t i o n . 

F u r t h e r m o r e , it has been shown that fourth rank t e r m s are 

r e q u i r e d to fully a c c o u n t for the t e m p e r a t u r e d e p e n d a n c e of 

m e a s u r e d e x p e r i m e n t a l l y , ( H u m p h r i e s ^ 1 9 7 2 ) thus 

j u s t i f y i n g the a d d i t i o n of fourth rank i n t e r a c t i o n s in the 

p s e u d o p o t e n t i a l of mean t o r q u e . H o w e v e r , this could be as a 

c o n s e q u e n c e of e f f e c t s from the a l k y l chain p r e s e n t in the 

m o l e c u l e s u s e d f o r c o m p a r i s o n , s i n c e i n 

4 - 4 ' d i m e t h o x y a z o x y b e n z e n e , the r a t i o of a ^ / a g was - 0 . 1 8 7 , 

a l t h o u g h for the d i e t h y l a n a l o g u e the best r a t i o was found 

to be + 0 . 1 1 6 . 

F i n a l l y a few c o n c l u d i n g r e m a r k s . In this C h a p t e r we 

h a v e seen that we are a b l e to pin the d i r e c t o r in our m o d e l 

l i q u i d c r y s t a l and for the 2 0 x 2 0 x 2 0 p a r t i c l e s y s t e m , the 

p e r t u r b a t i o n to the o r d e r p a r a m e t e r is m i n i m a l . This a l l o w s 

very easy c a l c u l a t i o n of the s i n g l e t o r i e n t a t i o n a l 
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d i s t r i b u t i o n f u n c t i o n and the d i r e c t o r p i n n i n g will be 

e x p l o i t e d f u r t h e r in the next c h a p t e r . F u r t h e r m o r e , the 

p r o p e r t i e s of the s y s t e m b e y o n d the m a g n e t i c c r i t i c a l point 

h a v e been i n v e s t i g a t e d and they a g r e e w i t h i n our 

e x p e c t a t i o n s of the p r e d i c t i o n s of the m o l e c u l a r field 

t h e o r y . 
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C h a p t e r 6 

C o m p u t e r s i m u l a t i o n s t u d i e s of s u r f a c e a l i g n m e n t in n e m a t i c s 

and t h e i r e l a s t i c c o n s t a n t s 

6.1 I n t r o d u c t i o n 

One of the most c o m m o n m e t h o d s used to m e a s u r e the 

F r a n k [ 1 9 5 8 ) e l a s t i c c o n s t a n t s of a n e m a t i c liquid c y s t a l is 

to o b s e r v e the F r e e d e r i c k s z e f f e c t . This t e c h n i q u e i n v o l v e s 

s u b j e c t i n g the n e m a t i c to two o p p o s i n g t o r q u e s ( f i e l d s ) , one 

of which is i n h o m o g e n e o u s . N o r m a l l y this is a c h i e v e d by 

s a n d w i c h i n g the n e m a t i c b e t w e e n two g l a s s p l a t e s , t r e a t e d in 

such a way that the d i r e c t o r a l i g n s e i t h e r p a r a l l e l or 

p e r p e n d i c u l a r to the s u r f a c e s , and a p p l y i n g a m a g n e t i c or 

e l e c t r i c field o r t h o g o n a l to the d i r e c t o r a x i s . At low 

e x t e r n a l f i e l d s no c h a n g e is o b s e r v e d and the d i r e c t o r 

r e m a i n s p i n n e d by the s u r f a c e s . H o w e v e r , at a c r i t i c a l field 

the d i r e c t o r at the c e n t r e of the cell s t a r t s to r e a l i g n and 

c o n t i n u e s to do so here and t h r o u g h o u t the rest of the 

n e m a t i c as the field is i n c r e a s e d , this e f f e c t is shown in 

F i g u r e 1.5. From a k n o w l e d g e of the g e o m e t r y of the s u r f a c e 

p i n n i n g f o r c e s , the d i r e c t i o n of the e x t e r n a l field and the 

value of the c r i t i c a l field one of the t h r e e e l a s t i c 

c o n s t a n t s can be c a l c u l a t e d . F u r t h e r i n f o r m a t i o n about one 

of the other two e l a s t i c c o n s t a n t s can also be o b t a i n e d from 

the way in w h i c h the d i r e c t o r c h a n g e s b e y o n d the c r i t i c a l 

p o i n t with v a r y i n g e x t e r n a l f i e l d . 

The aim of this c h a p t e r is t h e r e f o r e t w o f o l d : Firstly 

to s i m u l a t e the e f f e c t of s u r f a c e a l i g n i n g f o r c e s on the 

d i r e c t o r , order p a r a m e t e r and t h e r m o d y n a m i c p r o p e r t i e s for a 

n e m a t i c and s e c o n d l y to a t t e m p t to o b s e r v e the F r e e d e r i c k s z 

t r a n s i t i o n and h e n c e e v a l u a t e the e l a s t i c c o n s t a n t s . 

The m o d e l n e m a t o g e n used for the M o n t e C a r l o s i m u l a t i o n 

is the r e l a t i v e l y s u c c e s s f u l L e b w o h l - L a s h e r ( 1 9 7 2 ) m o d e l . 

This m o d e l has the a d v a n t a g e of being r e l a t i v e l y s i m p l e 
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w h i l e r e t a i n i n g all the e s s e n t i a l p h y s i c s r e q u i r e d to 

d e s c r i b e the major p h y s i c a l p r o p e r t i e s (with the e x c e p t i o n 

of s p a t i a l d i s o r d e r ) of a n e m a t i c liquid c r y s t a l . 

F u r t h e r m o r e , it can be c o m p a r e d e a s i l y with the p r e d i c t i o n s 

of the M a i e r - S a u p e m o l e c u l a r field t h e o r y . The model 

c o n s i s t s of c y l i n d - r i c a l l y s y m m e t r i c m o l e c u l e s with their 

c e n t r e s of m a s s r e s t r i c t e d to lie on the s i t e s of a s i m p l e 

c u b i c l a t t i c e . The m o l e c u l e s i n t e r a c t via the pair 

p o t e n t i a l ; -

^ij - E . j P g C c o s g ^ j ) , 6.1 

w h e r e is the angle b e t w e e n the s y m m e t r y axes of 

m o l e c u l e s i and j, P ^ C c o s B ) is the s e c o n d L e g e n d r e 

p o l y n o m i a l and is a p o s i t i v e c o n s t a n t , e, if m o l e c u l e s i 

and j are n e a r e s t n e i g h b o u r s , but is o t h e r w i s e z e r o . In order 

to i n c o r p o r a t e s u r f a c e f o r c e s , the m o d e l was m o d i f i e d 

s l i g h t l y . The s y s t e m was d i v i d e d up into l a y e r s d e f i n e d to 

lie p a r a l l e l to the x-y p l a n e . S u r f a c e s were i n t r o d u c e d 

s i m p l y by r e m o v i n g the p e r i o d i c i t y in the z d i r e c t i o n , 

a l t h o u g h r e t a i n i n g n o r m a l p e r i o d i c b o u n d a r y c o n d i t i o n s in 

the r e m a i n i n g two d i m e n s i o n s . S u r f a c e p i n n i n g was a c h i e v e d 

by f i x i n g the m o l e c u l e s in the top and b o t t o m l a y e r s in some 

p r e d e f i n e d d i r e c t i o n . In r e a l i t y this s i t u a t i o n can be 

e n v i s a g e d in two w a y s , e i t h e r as the s u r f a c e m o l e c u l e s 

e x e r t i n g an i n f i n i t e field p r o a u c i n g total o r d e r in the 

first layer of m o l e c u l e s or a l t e r n a t i v e l y , the p e r f e c t l y 

o r d e r e d l a y e r s can be r e g a r d e d as b e i n g the s u r f a c e which 

a p p l i e d a w e a k e r c o n s t r a i n t to the s y s t e m b u l k . 

In o r d e r to s i m u l a t e the F r e e d e r i c k s z t r a n s i t i o n an 

e x t e r n a l m a g n e t i c field i n t e r a c t i o n was a p p l i e d i d e n t i c a l to 

that used in the p r e v i o u s c h a p t e r , ie 

U _ f i e l d y ^ = - X P g C c o s g l ) , 6.2 
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w h e r e / ( i s a p o s i t i v e c o n s t a n t c o n t r o l l i n g the field s t r e n g t h 

and 3^ is the a n g l e b e t w e e n the m o l e c u l a r s y m m e t r y a x i s and 

the e x t e r n a l f i e l d . Thus for m o l e c u l e s with a p o s i t i v e 

a n i s o t r o p i c d i a m a g n e t i c s u s c e p t i b i l i t y the m o l c u l a r s y m m e t r y 

a x i s a l i g n s p a r a l l e l with the f i e l d . 

6.2 M o l e c u l a r field t h e o r y 

One of the a s s u m p t i o n s used in the d e r i v a t i o n of the 

M a i e r - S a u p e m o l e c u l a r field t h e o r y , is that the s y s t e m has 

u n i a x i a l s y m m e t r y about the d e f i n e d z - a x i s . C l e a r l y , the 

F r e e d e r i c k s z t r a n s i t i o n r e m o v e s the u n i a x i a l s y m m e t r y and as 

a c o n s e q u e n c e this theory c a n n o t be used in this c a s e . 

H o w e v e r , it can be e m p l o y e d to d e s c r i b e the e f f e c t of s u r f a c e 

f o r c e s on a n e m a t i c w h e r e u n i a x i a l s y m m e t r y does p r e v a i l . We 

begin with the g e n e r a l i s e d e x p r e s s i o n for the p o t e n t i a l of 

mean t o r q u e ( H u m p h r i e s e ^ al_, 1 9 7 2 ) : -

U ( B ) = J u^_P^P|_(cosB). 6.3 

L ( e v e n ) 

To r e d u c e the i n f i n i t e n u m b e r of t e r m s in this e x p r e s s i o n we 

s h a l l r e s t r i c t our a t t e n t i o n to s e c o n d rank i n t e r a c t i o n s 

only and so u^ can be r e p l a c e d by ze w h e r e z is the l a t t i c e 

c o o r d i n a t i o n n u m b e r g i v i n g : -

U ( B ) = - Z G P 2 P 2 C C O S 6 ) 6.4 

In a u n i a x i a l s y s t e m , s a n d w i c h e d b e t w e e n two p l a t e s , the 

o r d e r p a r a m e t e r will c l e a r l y vary t h r o u g h o u t the cell 

( a l t h o u g h the v a r i a t i o n could be very s m a l l ) , will have a 

m i n i m u m v a l u e at the c e n t r e and w i l l be s y m m e t r i c about 

this p o i n t . T h e r e f o r e , a m o l e c u l e in the s a m p l e will 

e x p e r i e n c e a m o l e c u l a r field g e n e r a t e d by m o l e c u l e s at the 

s a m e v e r t i c a l d i s t a n c e from the s u r f a c e , and an 

i n h o m o g e n e o u s field c r e a t e d by a r e g i o n of m o l e c u l e s of 

h i g h e r and l o w e r o r d e r . 
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In m a k i n g a c o m p a r i s o n with our s i m p l e c u b i c l a t t i c e 

s y s t e m , the c o o r d i n a t i o n n u m b e r z, will be 6. If we d e f i n e 

the s y s t e m to c o n s i s t of l a y e r s , p a r a l l e l to the s u r f a c e s , 

t h e n a m o l e c u l e will e x p e r i e n c e the field c r e a t e d by four 

m o l e c u l e s in the same l a y e r with an o r d e r p a r a m e t e r 

s a y , and one a b o v e and b e l o w with o r d e r p a r a m e t e r s 
1 — 1 

and Pg ~ r e s p e c t i v e l y . T h u s the p o t e n t i a l of mean t o r q u e 

b e c o m e s : -

U ( 3 ) = - e ( 4 p 2 ^ + + P 2 ^ " ^ ) P 2 ( c o s 3 ) , 6 . 5 

w h e r e 3 is the o r i e n t a t i o n of the m o l e c u l e in the i ^ ^ l a y e r . 

The s i n g l e t o r i e n t a t i o n a l d i s t r i b u t i o n f u n c t i o n is 

t h e r e f o r e : -

f C B ) = I e x p ( - E ( 4 P ^ ^ + P ? + P _ i 1) P , ( c o s 3 ) ) 6.6 
Z 1<T ^ ^ ^ ^ 

and the s e c o n d rank o r d e r p a r a m e t e r is the i^^ l a y e r is:-

d s l n g d g P [ c o s B ) e x p [ - E (4P_i+ + l + 
^ Z ^ kT ^ ^ 

F 2 i " l ) P 2 ( c o s B ) ) 6.7 

The o r d e r p a r a m e t e r of the top and b o t t o m l a y e r s will be 1.0 

s i n c e t h e s e r e p r e s e n t the s u r f a c e - n e m a t i c i n t e r a c t i o n for 

our m o d e l s y s t e m , so a s s u m i n g the s y s t e m to be s y m m e t r i c 

a b o u t the c e n t r e , then for a s y s t e m of N l a y e r s , the o r d e r 

p a r a m e t e r in the i^^ l a y e r , w i l l e q u a l 

T h e r e f o r e for N l a y e r s we h a v e a set of N/2 s e l f c o n s i s t e n t 

s i m u l - t a n e o u s e q u a t i o n s , ( ( N + 1 3 / 2 if N is o d d ) w h i c h can be 

s o l v e d e i t h e r i t e r a t i v e l y for by m i n i m i s i n g the sum 

of t h e s q u a r e s of r e s i d u a l s b e t w e e n the o r d e r p a r a m e t e r ( s ) 

on the l e f t and right hand s i d e s of e q u a t i o n 6 . 7 . 

The r e s u l t s for a 10 l a y e r s y s t e m ( e x c l u d i n g the 

s u r f a c e s ) a r e s h o w n in F i g u r e 6 . 1 . For a s y s t e m of 10 or 

l e s s l a y e r s t h e r e e x i s t s only one p o s s i b l e s o l u t i o n for ^ 2 ^ 
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1.25 135 1.45 

kT/e 

Fig 6.1 The molecular field p r e d i c t i o n s for the temperature 

d e p e n d e n c e of the o r i e n t a t i o n a l oraer p a r a m e t e r , P 

calculated using equation 6.7 for a system of 10 

layers. The coordination n u m b e r , z, is 6. 

162 



at all t e m p e r a t u r e s . This is rather like the molecular field 

c a l c u l a t i o n s in Chapter 5, where beyond the magnetic 

critical point a similar situation arose. Thus in this case 

we have a surface as opposed to a field induced critical 

point. The Helmholtz free energy is c o n t i n u o u s over all 

t e m p e r a t u r e s indicating the n o n - e x i s t a n c e of a transition 

between a phase of high or ientational order and a para-

nematic or isotropic phase. However, for systems of 11 

layers or more, there are c o m p l i c a t i o n s in the temperature 

range where the order parameter changes most rapidly. In 

this region the order parameter curve in the middle layer(s) 

actually bends back on itself, thus over a particular 

t e m p e r a t u r e range there exists three possible s o l u t i o n s for 

the order parameter. Since the order parameter in a given 

layer is a function of the order in n e i g h b o u r i n g layers then 

it follows that three possible solutions will now exist in 

these neighbouring layers and subsequent layers back to the 

surfaces. This effect adds a degree of numerical instability 

to the c a l c u l a t i o n s , and the method of m i n i m i s i n g the 

squares of residuals failed to provide satisfactory 

solutions to this example. 

However, this study is for a system of 10 layers and so 

the problem does not arise. One t h e r m o d y n a m i c property which 

can be obtained without any difficulty is the average 

internal energy for the internal layers. In the absence of 

surfaces the internal energy per particle is simply 

U/Ne = -zP^/2. 6.8 

For a system of L layers each of n p a r t i c l e s , the internal 

energy per molecule is given by:-

L L 

u 
nLe 

APi ^ -1 6.9 u 
nLe 

1 = 1 i = 1 

where for i=0 and i=L+l c o r r e s p o n d s to the order 

parameter of the surfaces and in this case equals 1.0. This 
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result is obtained from the expression for the singlet 

orientational energy given by equation 6.5, where the energy 

of a molecule in the i^^ layer depends not only on the order 

parameter of the four molecules in the same layer, but also 

on the order of the neighbouring molecule in the (i + 1) and 

(i-1) layers. 

A very similar although slightly more complex theory 

has also been developed by Schroder (1977) where an 

expansion based on anisotropic dispersion forces is used. In 

this case the properties depend also on the direction of 

surface alignment since the potential energy is a function 

of the o r i e n t a t i o n of the i n t e r m o l e c u l a r vector. However, 

since the simulation in this Chapter used only a simple 

P ^ C c o s g ) type i n t e r a c t i o n , this theory will not be discussed 

further. 

6.3 Continuum theory and the F r e e d e r i c k s z t r a n s i t i o n 

In Chapter 1, the basic theoretical p r e d i c t i o n s of 

continuum theory were given for the F r e e d e r i c k z transition. 

In general, the d e f o r m a t i on of the director in the centre of 

the cell, Om, from the direction of surface alignment as a 

function of the magnetic flux density, B, assuming the 

geometry in Figure 1.5 a) is:-

B d / ^ s l / 2 + Ksin^g sin^x 6.10 

= 0 - s l n ^ a j l n ^ x ^ 

here d is the distance between the surfaces, A X is the 

anisotropic diamagnetic s u s c e p t i b i l i t y , is the splay 

elastic constant (Frank, 1958) and K is defined as:-

K = ^33 - 1' 6.11 

where is the bend elastic constant. The quantity 

sinX is the value of sinO/sinQ^. As 0^ 0, the 
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critical field, B , is reached and equation 6.10 reduces 

to: -

=/B_df A X 6.12 

However, from the nature of the pair potential used in the 

Lebwohl Lasher model, the properties in our model system are 

independent of the orientation of the i n t e r m o l e c u l a r vector 

with respect to surface alignment and so the critical field 

is also independent of the direction of the surface 

molecules. This means that all three elastic constants are 

equal, i.e. K E q u a t i o n 6.10 now s i m p l i f i e s to 

the complete elliptic integral of the first kind:-

1 / 2 1 
Bd/AXN^ = / o-T/o dX 6.13 

2 * - " ) o(l - s i n \ 

Thus substitution of equation 6.12 gives 

it/2 , 
^ = ^ / ^ ^ 1 dX 6. 14 
B^ TT 0 (l - I s i n ^ g ^ sin^x) / 

Knowing several values of 0m for various e x p e r i m e n t a l 

fields will therefore yield the critical field from which 

can be calculated the elastic constant. 

6.4 C o m p u t a t i o n a l Details 

For ease of reference, the simulation to observe the 

effect of surface forces shall be called system A, while the 

F r e e d e r i c k s z transition simulation shall be called system B. 

The two systems were identical in every respect except that 

in system B a magnetic field interaction was applied 

orthogonal to the direction of surface alignment, (equation 

6.2). In each case the systems consisted of a lOxlOxL 

particle lattice, with L equal to 10 in system A, but only 

equal to 8 in the slightly more complex system B. Here, L is 

the number of layers parallel to the xy plane, not including 

the fixed surface layers. In the majority of the 
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c a l c u l a t i o n s the molecules in the surface were fixed to lie 

parallel with the z - d i r e c t i o n , although as we shall verify, 

the direction of surface alignment is unimportant for the 

simple P g C c o s g ) p o t e n t i a l . 

The particles between the fixed surfaces (in the bulk) 

were selected randomly using a random number generated 

uniformly in the range 1 to N, where N is the number of 

movable particles. The molecular o r i e n t a t i o n s were stored 

using their r e s p e c t i v e direction cosines and so a new 

orientation was generated using the algorithm proposed by 

Barker and Watts (1969). This involves performing a rotation 

of a controlled maximum random amount about a laboratory 

axis selected at random. Thus the r o t a t i o n , w a s generated 

u s i n g : -

Y = CA 6.15 

Here C is a uniform number generated in the range of +1 to 

-1 and A is an input parameter used to control the maximum 

rotation in order to obtain an a c c e p t a n c e - r e j e c t i o n ratio of 

a p p r o x i m a t e l y 1.0. This algorithm has the advantage that 

excellent control of the a c c e p t a n c e - r e j e c t i o n ratio can be 

obtained regardless of the director o r i e n t a t i o n (c.f Chapter 

5). 

As the i n h o m o g e n e o u s p r o p e r t i e s of the system were 

required the orientational p r o p e r t i e s were not only 

calculated with respect to the bulk of the system, but also 

within each layer. The average order parameter for each 

layer was evaluated by setting up and d i a g o n a l i s i n g a 

Q-tensor (see Chapter 2) at the end of every cycle in the 

p r o d u c t i o n stage of the s i m u l a t i o n , although the director 

orientation was calculated by a slightly different route. 

The Q-tensor itself was averaged over the entire production 

stage and then d i a g o n a l s e d , from which the eigenvector 

c o r r e s p o n d i n g to the largest eigenvalue gives the average 

director o r i e n t a t i o n . This slightly different method of 
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averaging was employed to remove the difficulty of averaging 

the polar angle, 0, the angle the director makes with the 

laboratory z - a x i s , which is positive for all o r i e n t a t i o n s of 

the director. In principle it would be correct to average 

0, provided it was close or equal to n/2, but when the 

director fluctuates about the z d i r e c t i o n , 0 is always 

positive resulting in its o v e r e s t i m a t i o n . Averaging the 

Q-tensor over the entire production run, simply gives the 

average director over all c o n f i g u r a t i o n s and therefore in 

this constained system correctly gives the average director 

o r i e n t a t i o n . In an unconstrained system h o w e v e r , this 

technique would fail since the director would be able to 

fluctuate freely, and the tensor would therefore vanish. 

This averaged Q-tensor also provides a measure of the 

director fluctuations since in a system in which the 

director does not fluctuate, the order parameter calculated 

from the averaged Q-tensor ^ will be identical to that 

calculated from the Q-tensor diagonalised at the end of each 

cycle and a v e r a g e d . Conversly, will be less than 

in systems in which the director does fluctuate. In 

addition, for some of the s i m u l a t i o n s of system B, a further 

method of averaging was e m p l o y e d . In this case to evaluate 

the director orientation in the i^^ layer, the Q-tensor was 

averaged over the i-1, i and i + 1 layers. This therefore 

gives statistically better results, and as we shall see, it 

gives almost identical results to those obtained from 

averaging the i^^ layer Q-tensor only. 

The starting configuration for the initial 

e q u i l i b r a t i o n stage for both systems was taken to be a 

c o m p l e t e l y ordered state with the m o l e c u l e s parallel to the 

z-axis and the starting c o n f i g u r a t i o n for subsequent runs 

was taken from the configuration at the end of a production 

run at a similar temperature in system A and a similar 

t e m p e r a t u r e or external field in system B. Typical 

e q u i l i b r a t i o n and production stages each consisted of 10 

thousand cycles although in some cases [e.g. for weak 
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external fields) this figure was substantially higher. 

Explicit details of all the starting c o n f i g u r a t i o n s , lengths 

of e q u i l i b r a t i o n and production stages are given in Tables 

6.1 and 6.2 for systems A and B r e s p e c t i v e l y . 

The only thermodynamic quantity calculated throughout 

the s i m u l a t i o n s was the average of the total internal 

energy, and includes the c o n t r i b u t i o n from all pairs of 

p a r t i c l e s within the bulk of the system (not the surface 

l a y e r s ) . Since transition properties were not required, the 

heat capacity was not e v aluated. 

6.5 Results and Discussion 

The two systems will be discussed i n d i v i d u a l l y . 

6.6 System A 

The most important o r i e n t a t i o n a l quantities evaluated 

were the second rank order p a r a m e t e r , calculated within 

each layer and the director o r i e n t a t i o n . The variation of 

as a function of layer number, at different 

t e m p e r a t u r e s is plotted as the points in Figure 6.2. To 

within statistical uncertainty the values of P^ are 

s y m m e t r i c a l about the central two layers, so in each case 

the average values of the pair of results have been plotted. 

The fixed surface layers are labelled with numbers 0 and 11. 

The profile of the order parameter is exactly as we would 

expect, with the order parameter decaying from unity at the 

surfaces to a limiting value towards the centre of the 

sample. One interesting feature is the shape of the 

p r o f i l e s , since at relatively low temperatures (eg T* = 1.0) 

and at high t e m p e r a t u r e s (T* = 1.6) the order parameter is 

a p p r o x i m a t e l y constant throughout the central 8 layers, 

whereas for moderate t e m p e r a t u r e s (eg T* = 1.4) the order 

parameter varies through the whole sample. 

The same results are plotted as the solid squares and 

circles in Figure 6.3 but now as a function of the reduced 

t e m p e r a t u r e , T . For clarity only P for the central and 
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2 2 

7 8 9 10 
Fig 6.2 The variation of the o r i e n t a t i o n a l order p a r a m e t e r , 

P-, as a function of position in the system for the 9 

t e m p e r a t u r e s studied in system A. The surface layers 

are numbered 0 and 11. The molecular field p r e d i c t i o n s 

are shown as the lines scaled to the same transition 

t e m p e r a t u r e in the absence of any surfaces. 
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Fig 6.3 The t e m p e r a t u r e d e p e n d e n c e o f t h e o r i e n t a t i o n . j 1 order 

p a r a m e t e r , P , c a l c u l a t e d i n Uie l a y e r s a d j u c u n t t o 
the s u r f a c e s ( s o l i d s q u a r e s ) a n u i n t h e c e n t r a l t w o 
l a y e r s (solid _ c i r c l e s ) . Tht ; open s q u a r e s una open 

c i r c l e s are P „ ( Q 3 , i . e . the order p a r a m e t e r 

c a l c u l a t e d from T h e a v e r a g e d Q - t e n s o r . The dashed and 

solid c u r v e s are the m o l e c u l a r field p r e d i c t i o n s 

c a l c u l a t e d at the same reduced t e m p e r a t u r e , and scaled 

to the same t r a n s i t i o n t e m p e r a t u r e in the a b s e n c e of 

s u r f a c e s , r e s p e c t i v e l y . The open t r i a n g l e s are r e s u l t s 

for the L e b w o h l - L a s h e r model in the a b s - e n c e of s u r f a c e 

forces ( Z a n n o n i , 1979). 
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layers adjacent to the surfaces have been plotted. At high 

temperatures the order parameter in the central layers 

appears to be tending to a limiting value of about 0.1, as 

opposed to an isotropic value of zero. This effect is 

expected when we realise that the order parameter measured 

in each layer is an average order of only 100 m o l e c u l e s , and 

as we have seen in Chapter 3, in order to achieve a 

completely disordered isotropic phase extremely large 

systems have to be used. The results for these c a l c u l a t i o n s 

are listed in Table 6.3. 

The oraer p a r a m e t e r s calculated from the 

Q-tensor averaged over the production stage of the 

calculation are also plotted in Figure 6.3, in this case as 

the open squares and circles for layers 1 and 10, and 5 and 

6 r e s p e c t i v e l y . Here we see that P CG) is always slightly 

less than the c orresponding value calculated from the 

unaveraged Q-tensor, although significantly less in the 

central layers at high t e m p e r a t u r e s , where instead of 

tending to a limiting value of about 0.1, P g C Q ) tenos to 

zero. This is in accord with our e x p e c t a t i o n s , since 

director fluctuations will always make less than 

Pg, and at high t e m p e r a t u r e s , away from the surfaces, 

these fluctuations will be at a maximum. An increase in 

director fluctuations, infers a weakening of the ability of 

the surfaces to pin the director. Indeed, as observed in 

Table 6.4 this is what we find, where the cosines of the 

average director o r i e n t a tion with respect to the surface 

alignment are listed. At low t e m p e r a t u r e s and close to the 

s u r f a c e s , the director pinning is at a m a x i m u m , while the 

effect decreases with increasing temperature and away from 

the surfaces. In order to observe the q u a n t i t a t i v e effect of 

surfaces on the order parameter throughout the system, 

results obtained for the L e b w o h l - L a s h e r model without 

surfaces have been plotted on Figure 6.3 as the open 

triangles [Zannoni, 1979). These results are for a system of 

1000 particles and are again in accord with our 
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e x p e c t a t i o n s . At low temperatures in the unconstrained 

system the order parameter is slightly less than the central 

value in this s i m u l a t i o n , thus indicating the apparently 

very small effect caused by the surfaces in those central 

layers. At higher t e m p e r a t u r e s the u n c o n s t r a i n e d system 

undergoes a phase transition as can be seen by the fairly 

rapid change in the orientational order, whereas in the 

layered system the rate of change in is very much 

smaller and a higher degree of long range order exists at 

higher t e m p e r a t u r e s . 

To i n v e s t i g a t e the effect of the direction of surface 
* * 

pinning, c a l c u l a t i o n s at T = 1.2 and T = l.A were also 

carried out with the molecules in the surface aligned 

parallel with the x d i r e c t i o n . Clearly from Table 6.3 at T* 

= 1.2 where a similar calculation was performed with normal 

molecular a l i g n m e n t , both sets of results agree perfectly 
_ * 

and the values of P at T = 1.4 are clearly consistant 
• • 

with values calculated at T = 1.6 at T = 1.35, thus 

confirming that the direction of surface alignment has no 

effect on this system in which the molecules interact via 

this simple p o t e n t i a l . 

Finally, in Figure 6.4 we plot the internal energy as a 

function of t e m p e r a t u r e , as the solid squares. The energy is 

the average energy per particle within the bulk of the 

system. Therefore contributions arising from pair 

i n t e r a c t i o n s between fixed particles within the surface 

layers have been ignored, although average interactions 

between the surface molecules and the molecules in the first 

layer are i n c l u d e d . To within experimental error the curve 

is continuous throughout the t e m p e r a t u r e range studied, thus 

indicating that the system remains in an ordered state. 

With a knowlege of our findings in the previous 

chapter, this is exactly as we would expect, since the 

surfaces could in principle be replaced by an i n h o m o g e n e o u s 

magnetic field varying thoughout the sample. With perfect 

order in the surface layers, the effective field in the 
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Fig 6.4 The t e m p e r a t u r e dependence of the average internal 

energy, (The errors are given in Table 6.3) together 

with the molecular field p r e d i c t i o n s calculated at the 

same reduced temperature (cashed curve] and scaled to 

the same transition t e m p e r a t u r e s (solid c u r v e ) in the 

absence of surfaces. 
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first layer will be of unit s t r e n g t h , a v a l u e w e l l in e x c e s s 

of the p r e d i c t e d c r i t i c a l field. 

The i d e n t i c a l system has also been studied by B a g m e t 

( 1 9 8 2 ] using the m e t h o d of m o l e c u l a r d y n a m i c s , and in all 

c a s e s to w i t h i n e x p e r i m e n t a l error i d e n t i c a l r e s u l t s are 

o b t a i n e d for the p r o p e r t i e s c a l c u l a t e d . For s i m p l i c i t y these 

r e s u l t s have not been p l o t t e d . 

6.7 C o m p a r i s o n with m o l e c u l a r field theory 

The p r e d i c t i o n s of the m o l e c u l a r field theory are shown 

in F i g u r e s 6.2 and 6.3 as solid l i n e s . In F i g u r e 6.2 the 

l i n e s serve only as a guide to the eye, s i n c e s o l u t i o n s are 

only o b t a i n e d at i n t e g e r layer n u m b e r s . F i r s t l y c o m p a r i n g 

the order p a r a m e t e r p r o f i l e s in F i g u r e 6.2, in m a k i n g the 

c o m p a r i s o n , to a l l o w for the known f a i l u r e in m o l e c u l a r 

field theory to o v e r e s t i m a t e the n e m a t i c - i s o t r o p i c phase 

t r a n s i t i o n t e m p e r a t u r e , the t h e o r e t i c a l p r e d i c t i o n s have 

been e v a l u a t e d scaled to the same t r a n s i t i o n t e m p e r a t u r e in 

the a b s e n c e of s u r f a c e f o r c e s . So a m o l e c u l a r field theory 

t r a n s i t i o n t e m p e r a t u r e of k T / e = 1 . 3 2 i and a s i m u l a t i o n 

t r a n s i t i o n t e m p e r a t u r e of T * = 1 . 1 4 5 [ H u m p h r i e s , 1 9 7 9 ) have 

been used. As we would expect the a g r e e m e n t at low 

t e m p e r a t u r e s is e x c e l l e n t (e.g. at T * = 1 . 0 ) a l t h o u g h much 
+ 

worse at t e m p e r a t u r e s h i g h e r than T 1.1, where a 

c o m b i n a t i o n of two e f f e c t s c o n t r i b u t e to give such poor 

a g r e e m e n t . F i r s t l y and p r o b a b l y the major c o n t r i b u t i o n to 

the d e v i a t i o n is the finite size effect a r i s i n g in the 

s i m u l a t i o n and m e n t i o n e d e a r l i e r , since each layer has only 

100 m o l e c u l e s . S e c o n d l y , and only a small e f f e c t , is the 

failure of the m o l e c u l a r field theory to p r e d i c t a c c u r a t e l y 

the order p a r a m e t e r at the t r a n s i t i o n in the a b s e n c e of any 

s u r f a c e f o r c e s . This error would u n d o u b t a b l y arise in a 

s y s t e m with s u r f a c e s , a l t h o u g h its e f f e c t will be very small 

s i n c e it will a c t u a l l y e n h a n c e the order p a r a m e t e r p r o f i l e s , 

c a n c e l l i n g with the f i n i t e size e f f e c t . 
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The same effect is observed in Figure 6.3 where the 

order p a r a m e t e r s for the central and layers adjacent to the 

surfaces are p l o t t e d . The dashed curve is the molecular 

field p r e d i c t i o n without any scaling and is clearly in 

c o m p l e t e disagreement with the simulated data. However, the 

solid curves are the molecular field p r e d i c t i o n s scaled to 

the transition t e m p e r a t u r e in the absence of surface forces 

and again the agreement at low t e m p e r a t u r e s is good although 

finite size effects are probably responsible for the very 

poor agreement in the high t e m p e r a t u r e region. 

Another of the failings in molecular field theory is 

the u n d e r e s t i m a t i o n of the short range order p a r a m e t e r . In 

the previous chapter we observed that without any scaling, 

the internal energy, which is related to the short range 

order p a r a m e t e r , was in quite good agreement with 

s i m u l a t i o n . This was attributed to the c a n c e l l a t i o n of two 

errors, the over estimation of the transition temperature 

and the u n d e r e s t i m a t i o n of the short range order. This 

effect is also seen in Figure 6.4 where the dashed curve is 

the m o l e c u l a r field prediction of the internal energy, 

calculated using equation 6.9. The agreement is reasonably 

good, although much better than the curve scaled to the same 

transition t e m p e r a t u r e in the absence of s u r f a c e s , as shown 

by the solid curve. In this case the curve is more positive 

(n.b. negative oroinate scale) by almost a constant amount, 

e m p h a s i s i n g the theory's u n d e r e s t i m a t i o n of the short range 

order parameter by an almost constant amount. 

To conclude this section, we have seen the effect of 

surfaces on the L e b w o h l - L a s h e r model and observe very 

similar p r o p e r t i e s to those seen in Chapter 5 for system C. 

When compared with the p r e d i c t i o n s of the m o l e c u l a r field 

theory, very similar failures to those seen previously (c.f 

C h a p t e r s 3,5) occur, in particular the theory's 

u n d e r e s t i m a t i o n of the short range order resulting in 

incorrect p r e d i c t i o n s to the internal energy, and an 

o v e r e s t i m a t i o n of the long range order. 
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6.8 System B 

The most important orientational property calculated 

for this system was the oirector orientation, 9, with 

respect to the direction of surface alignment as a function 

of the external field, X . From the dependence of 9 on % 

information related to the elastic constants can be 

evaluated. This dependence is shown in Figure 6.5 as the 
* 

symbols at the four reduced temperatures studied, T = 0.9, 

1.0, 1.08 and 1.2. For clarity the errors associated with 

each point have not been plotted since they are difficult to 

quantify when calculated from the Q-tensor. However, a 

reasonable estimate would be at the layers adjacent to 

the surface, rising to +10° in the central region. The 

behaviour is characteristic of what we would expect, with 

very weak distortions occuring at low fields of less than 

about 'X. =0.10, which increase to a saturation limit of 

9=90° at large fields of about ^<=0.30. One feature is the 

observation that extremely high fields (i.e. beyond the 

range used in this study) are required to rotate the 

director in layers adjacent to the surfaces to give a 

completely saturated sample. For certain simulations of this 

system [ i . e . T*=0.9,)(=0.17, T* = 1.0,:<=0.12, T* = 1 . 0 8 ; X = 0 . 1 6 , 

T =1. 2 0 , X =0.08 ) the deformation throughout the sample was 

obtained from the averaged Q-tensor combined with the 

tensors from adjacent layers to give the director 

orientation averaged over three layers. This therefore 

should give statistically better results since now 300 

particles are involved in the director evaluation. The 

results for this calculation are shown as the open triangles 

on the plots in Figure 6.5 and to within the experimental 

error they are identical to those obtained from the Q-tensor 

of each layer alone. 

Figure 6.6 shows a cross section of the graphs in 

Figure 6.5 with the deformation in the centre of the sample, 

9^, plotted as a function of the applied external field 
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Fig 6.5 The v a r i a t i o n of the o r i e n t a t i o n of the d i r e c t o r with 

r e s p e c t to the s u r f a c e a l i g n m e n t for system B for the 

four t e m p e r a t u r e s studied at s e l e c t e d e x t e r n a l field 

s t r e n g t h s . The open t r i a n g l e s c o r r e s p o n d to r e s u l t s 

o b t a i n e d from a v e r a g i n g the Q - t e n s o r with the t e n s o r s 

of n e i g h b o u r i n g l a y e r s . The c u r v e s are the p r e d i c t i o n s 

of c o n t i n u u m theory based on the c r i t i c a l fields 

e v a l u a t e d and listed in F i g u r e 6.6. 
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o o 

T * Xc 

• 0.9 0.130 

o 1.0 0.117 

• 1.08 0.106 

o 1.2 0.075 

0.3 

6.6 The variation of the maximum d i r e c t o r orientation with 
respect to the direction of surface alignment, 9 , as 
a function of the applied external field, X . The^curves 
are the best fits obtained using equation 6.14 with the 
optimum values of the critical field listed. 
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for the four t e m p e r a t u r e s s t u d i e d . A g a i n , for c l a r i t y the 

e r r o r s have not been shown a l t h o u g h the e r r o r s a s s o c i a t e d 

with 0 , for 0 less than 30" are p r o b a b l y + 1 0 ^ , 
m' m ' 

d e c a y i n g to +5" for 9^ g r e a t e r than about 75". These 

r e s u l t s are also listed in Table 6.5. The b e h a v i o u r o b s e r v e d 

is very e n c o u r a g i n g , being almost i d e n t i c a l to the form 

p r e d i c t e d from m e a s u r e m e n t s of bulk a n i s o t r o p i c p r o p e r t i e s 

in c l a s s i c a l e x p e r i m e n t s of the F r e e d e r i c z s t r a n s i t i o n . In 

other w o r d s below a c r i t i c a l field, no d e f o r m a t i o n 

t h r o u g h o u t the s a m p l e o c c u r s , a l t h o u g h a b o v e it the 

d e f o r m a t i o n a p p r o a c h e s its l i m i t i n g value with i n c r e a s i n g 

e x t e r n a l f i e l d . 

F i n a l l y the order p a r a m e t e r s c a l c u l a t e d t h r o u g h o u t the 

s a m p l e at the four t e m p e r a t u r e s s t u d i e d and at s e l e c t e d 

e x t e r n a l field s t r e n g t h s are plotted in F i g u r e 6.7. The 

lines j o i n i n g the p o i n t s serve only as a guide to the eye. 

E r r o r s in this case are e s t i m a t e d to be about +^0.01 for 

g r e a t e r than about 0.50 and less than 0.23 and about + 0 . 0 2 

for i n t e r m e d i a t e v a l u e s . At low e x t e r n a l field s t r e n g t h s the 

b e h a v i o u r is e x a c t l y as we would p r e d i c t , with the order 

p a r a m e t e r d r o p p i n g from 1.0 at the s u r f a c e s to a t e m p e r a t u r e 

c o n t r o l l e d l i m i t i n g value in the c e n t r e . H o w e v e r at higher 

field s t r e n g t h s in the region where the d i r e c t o r 

r e o r i e n t a t e s through a l a r g e a n g l e , the e x t e r n a l field 

b e g i n s to e n h a n c e the order a s shown by the m a x i m a in the 

c u r v e s in the c e n t r a l l a y e r s . T h u s on i n c r e a s i n g the field 

o r t h o g o n a l to the d i r e c t o r , the o v e r a l l order in the system 

g r a d u a l l y d e c l i n e s , until at a c r i t i c a l p o i n t , the d i r e c t o r 

r e o r i e n t a t e s and the long range o r i e n t a t i o n a l order 

i n c r e a s e s . This effect is only o b s e r v e d in the c e n t r a l 

l a y e r s , as close to the s u r f a c e , the m o l e c u l e s e x p e r i e n c e a 

large field c r e a t e d by the s u r f a c e s , and a c a n c e l l i n g 

o r t h o g o n a l force caused by the a p p l i e d e x t e r n a l f i e l d , thus 

c l o s e to the s u r f a c e s (i.e. in the second and s e v e n t h 

l a y e r s ) the p a r t i c l e s e x p e r i e n c e weak d e s t a b a l i s i n g forces 
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6.7 The variation of the long range or ienta tional order 
throughout the samples at the four t e m p e r a t u r e s studied 
and at selected field strengths. The lines serve only 
as a guide to the eye. 
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as reflected in the minima in the order p a r a m e t e r s in this 

region. 

This effect is in contrast with that observed 

e x p e r i m e n t a l l y , where it is impossible to detect any 

significant variation of the order parameter throughout the 

sample. However this is only due to technical reasons, since 

there will probably be a few layers of molecules adjacent to, 

the surfaces experiencing this effect. Also the fact that 

does vary throughout the sample means that 

strictly speaking the elastic constant will also vary 

throughout the sample, so any attempt to obtain the constant 

from a bulk property will yield an average value. 

6.9 C o m p a r i s o n with theory 

We have seen from section 6.3 how the elasticity of 

this simple system relates to the deformation under the 

influence of an applied external field. In principle the 

value of the elastic constant, K, can be determined directly 

from the values of the estimated critical fields in Figure 

6.6. However a more accurate method is to use more of the 

available i n f o r m a t i o n , in this case the shape of the 

d e f o r m a t i o n above the critical field. This d e f o r m a t i o n is 

given by equation 6.14. Using a m i n i m i s a t i o n procedure (NAG 

routine E04JBF), the best fit to this equation was obtained 

by minimising the sum of the squares of residuals of 9̂ ^ -

where is the theoretical 
m m 

prediction based on the known value of the applied field, as 

a function of the ratio of B/B which in this case is 
1 / 9 C 

identical with ("X/X ) . The values of the critical field 

^ obtained in this way are given in Figure 6.6 together with 

curves representing the best fits to the e x p e r i m e n t a l data. 

At the three lower t e m p e r a t u r e s , the best fits obtained 

agree reasonably well with the simulated data, although at 

the high temperature of T =1.2 it is poor. This failing at 

higher t e m p e r a t u r e s can easily be explained in view of the 

a p p r o x i m a t i o n s used in the derivation of equation 6.14. One 
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of the m o s t severe of which is the a ssumption that the long 

range o r i e n t a t i o n a l order is constant throughout the sample. 

Clearly, as we have seen in in Figure 6.7 this is untrue, 

with the biggest variations occuring at T*=1.2. F u r t h e r m o r e , 

in an unconstrained system, this t e m p e r a t u r e actually 

corresponds to the isotropic phase. 

In principle the values for the critical field can be 

evaluated from the way in which the director varies 

throughout the whole sample, since:-

1 / 9 ^ 
X = ^ I d l | j 6.16 

where x/d is the relative distance through the cell and ijjis 

the orientation of the director at a distance x 

(Chandrasekhar, 1977). However, attempts to obtain an 

optimised fit to this equation failed, although its 

p redictions based on the critical fields evaluated from the 

maximum d e f o r m a t i o n , 9^, were e v a l u a t e d . The curves in 

Figure 6.5 show the theoretical p r e d i c t i o n s based on the 

previously determined critical fields, calculated at the 

same experimental field and in most cases very good 

agreement is obtained, thus again confirming the application 

of continuum theory to our simple system. As we saw 

previously the poorest agreement is found at the higher 

•temperatures where the order parameter varies most 

throughout the sample and where in the absence of 

constraints the system would be isotropic. 

Theory can also predict the variation of the elastic 

constants with the order parameter or t e m p e r a t u r e . However, 

before a t t e m p t i n g any comparison the elastic constants must 

be evaluated from the values obtained for the critical 

fields. 

In a real e x p e r i m e n t , an elastic constant is evaluated 

using the r e l a t i o n s h i p : -

K = CB d / n ) 2 6 . 1 7 
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Where /U^ is the magnetic constant or permeability of free 

space and A X is the anisotropy in the diamagnetic 

s u s c e p t i b i l i t y , which can also be written as:-

A X = Ax'p^ 6.18 

where now A "5̂ ' is the anistropy in the diamagnetic 

s u s c e p t i b i l i t y for a perfectly ordered system or a single 

crystal. The parameter A x ' can be linked to X used in the 

s i m u l a t i o n , since experimentally the total magnetic energy 

of a single crystal is:-

mag , , _ 
U /V = -1/2 p" A X 6. 19 

and in the simulation for a perfectly ordered s y s t e m : -

mag 

U = -NXe. 6.2U 

Therefore 

NXe = l/2yU~^AX^B^V, 6.21 

SO defining a number density, N / v = a and a scaled distance 

unit, d*=d/a allows us to write equation 6.17 as:-

K* = 2n-2 6.22 

* 

thus providing us with a reduced elastic constant f< [ = 

K / e a ~ ^ ) equal to:-

K* = 6.23 

Using a reduced distance between surface layers equal 

to 8, the values for K were c a l c u l a t e d , and are:- 1.20, 
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0.94, 0.71 and 0.19 at the four temperature studied of 

T*=0.90, 1.00, 1.08 and 1.20 respectively. The values for 

Pg in equation 6.23 were estimated from Figure 6.7 to be 

the limiting values in the central layers at the critical 

field and are 0.71, 0.62, 0.52 and 0.20 respectively. 

Alternatively, can also be taken from an unconstrained 

system, however, to within experimental error, the values 

for are identical to those given above (Zannoni, 1979), 

(with the exception of T*=1.20, where a value of P„=0.08 
* 

is reported), and were therefore not be used to evaluate K . 
* 

The values of K can now be compared with theory. 

Firstly with the predictions of continuum theory. This 
* 

states (de Jeu, 1980) that K is proportional to the square 

of the second rank order parameter, which for the three 

lower temperatures is approximately observed, since the 

ratio of K*/P^ is 2.37, 2.45, 2.64 and 4.86 for T*=0.90, 

1.00, 1.08 and 1.20 respectively. The failure at T*=1.20 is 

expected in view of the previous observation that at this 

high temperature the order parameter varies most throughout 

the sample, in contrast with the assumption in continuum 

theory that is constant. 

A theory has also been proposed by Priest (1972) based 

on a molecular field treatment of a lattice model. According 

to this, the elastic constants are predicted to be:-

S 3 
= (3/2v^)p2 5 A(r^j)z2. 6.25 

Here Afr^^) is an interaction strength parameter, with r^^ 

being the intermolecular vector between the reference and 

the i^*^ molecule. is the projection of the vector r ^ 

onto the director axis, x is the projection onto an axis 

orthogonal to the director and v is the molecular volume. 

The fact that i s a consequence of the anisotropy 
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in the spatial pair distribution function. H o w e v e r , for a 

simple cubic lattice this anisotropy does not occur, since;-

1 6.26 
i 

and 

1 = 4=3^, 6.27 
i 

where a is the lattice spacing. This results in equal 

elastic constants with 

K = ( S / v ^ y P g ^ e a ^ 

For a simple cubic lattice, the total volume is Na^, giving 

a molecular volume, v^ equal to a^. Hence:-

K = jPg ar^G, 6.28 

or 

K* = 6.29 

Thus like continuum theory, K is also predicted to be 

p r o p o r t i o n a l to but now we can test the constant of 

p r o p o r t i o n a l i t y . The ratio of K*/3p2 is found to be 

0.79, 0.82, 0.88 and 1.62 for T* equal to 0.90, 1.00, 1.08 

and 1.20 respectively in contrast with the theoretical 

prediction of unity. So again, reasonable agreement is found 

at low t e m p e r a t u r e s although it progressively gets worse 

with increasing t e m p e r a t u r e s . 

Finally these elastic constants can be compared with a 

continuum theory based on disorder rather than order 

proposed by Faber ( 1977). In this case it is assumed that 

the nematic is a continuum with a fully disordered ground 

state, and it is shown that:-
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l n [ l / P ) = /3k 6.30 /3k T\>6JL_N\' 
12.2 K A V ) i2n' 

where K is 'the mean stiffness constant', which in the limit 

that K . . = K _ _ = K T ? reduces to the K defined earlier in this 
11 ZZ 

section. In terms of a reduced elastic constant equation 

6.30 becomes 

I n C l / P g J K * / ! * = 0.592 6.31 

Thus we now have a relationship between the reduced elastic 

c o n s t a n t , order p a r a m e t e r , and t e m p e r a t u r e . Using the values 

for these as given p r e v i o u s l y , the left hand side of 

equation 6.31 is 0.46, 0.45, 0.43 and 0.25 for the 

t e m p e r a t u r e s studied of T* = 0.90, 1.00, 1.08 and 1.20 

r e s p e c t i v e l y . Although these values do not agree exactly 

with the theoretical prediction of 0.592, they are none the 

less fairly constant (with the exception of T - 1.20). 

A summary of the previous three theoretical c o m p a r i s o n s 

are given in Table 6.6. 

To conclude the c o m p a r i s o n of the elastic constants 

with the long range order and t e m p e r a t u r e , in all three 

cases, reasonable agreement with the p r e d i c t i o n s of theory 

has been observed, especially at the 'well behaved' 
* 

t e m p e r a t u r e s studied at T 0.90, 1.00 and 1.08. However at 

the high t e m p e r a t u r e study of T = 1.20, which in the 

absence of surfaces is actually isotropic, the long range 

order parameter is seen to vary widely throughout the 

sample, thus invalidating a serious comparison with theory. 

It should also be noted that any form of accurate comparison 

with the p r e d i c t i o n s of a theory is very difficult with only 

four e x p e r i m e n t a l points. Therefore, in order to test more 

fully these p r e d i c t i o n s , a much more c o m p r e h e n s i v e set of 

s i m u l a t i o n s should be undertaken over a much wider 

t e m p e r a t u r e range. Indeed it is for this reason that the 

n u m e r i c a l values quoted in this final section have not been 
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specified with error limits, since there are numerous 

factors which could seriously effect their values, for 

e x a m p l e , the errors in the values of a n d X ^ which could 

be quite large, have been ignored, and therefore it should 

be appreciated that the comparison should be treated 

qualitatively rather than q u a n t i t a t i v e l y . H o w e v e r , these 

preliminary c a l c u l a t i o n s have clearly demonstrated the 

ability of the simple modified L e b w o h l - L a s h e r model to 

simulate the F r e e d e r i c k z s t r a n s i t i o n , and f u r t h e r m o r e , has 

shown that to a certain extent the p r e d i c t i o n s of continuum 

theory can also be applied to this lattice system. 
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Chapter 7 

Simulation of the to phase transition 

7.1 Introduction 

Many organic compounds exhibit liquid crystalline 

phases in addition to the normal liquid and crystal phases. 

We have seen in Chapter 1 how these liquid crystalline 

phases could be further classified into various states, in 

particular the nematic phase, the cholesteric phase and a 

host of smectic phases. A few compounds on going from the 

crystalline phase exhibit a smectic E followed by a smectic 

B phase with increasing temperature. For example the ester, 

o 

and various compounds of the form:-

r-> /—V ^ 
^ 0 ^ 0 ^ C = N — CH = 

y __ P 
CH - c -

To date only a few of these latter cinna.,nate esters have 

been found to produce Smectic E and Smectic B phases, for 

example those given in Table 7.1, whose transitional 

properties are tabulated in Table 7.2. 

Detailed structual analysis of ordered systems is 

normally carried out by X-ray or neutron diffraction and 

indeed recent work has given us much o etailed information 

concerning the molecular structures of the smectic E and B 

phases. The earliest work was performed by Doucet e^ al, 

(1975) on PPBAC using X-ray diffraction on single and 

polydomain samples. Their conclusions were that the 

molecules in both phases tendea to lie with their long axes 

perpendicular to the layers and within each layer the 

molecules were sited on a triangular network. In the lower 

temperature smectic E phase they observed that within layers 

the short molecular axis of molecules formed herring bone 
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packing extending over long distances, while in the smectic 

B phase they found rotational disorder about the long 

molecular axes. (See Figures 1.3b and 1.4). This result for 

the smectic B phases has been verified by Richards, 

Leadbetter and Frost (1978) using i n c o h e r e n t , quasi-elastic 

neutron s c a t t e r i n g , where they find rotation about the long 

molecular axis on a time scale of lO'^^s. In addition their 

X-ray work suggested that the molecules were tilted with 

respect to the layer normal by about 6". Incoherent neutron 

scattering from the 5^ phase has provided information 

(Leadbetter, Richards and Carlile, 1976) related to the 

rotational motion of the m o l e c u l e s , which are found to 

rotate ( r e o r i e n t ) though an angle TT about the long molecular 

axis. The precise nature of this rotation is u n c e r t a i n , it 

could be due to parts of the molecule r e o r i e n t a t i n g , e.g. 

some of the phenyl rings, or the whole m o l e c u l e . Further 

detailed X-ray diffraction work (Leadbetter al^, 1979) on 

the Sg. phase of IBPBAC has revealed that the m o l e c u l e s lie 

on a distorted triangular lattice and that the structure is 

probably a bi-layer with the alkyl chains of the molecules 

present in the inter layer region. In the phase the layer 

structure is truly hexagonal (i.e. the m o l e c u l e s occur on a 

regular triangular lattice), although the molecules are 

tilted by about 6". This work has also disclosed that 

c o r r e l a t i o n s of the hexagonal network between layers greater 

than two layer separations are negligible. 

A few chemical compounds exhibit smectic 8 phases as 

their lowest t e m p e r a t u r e mesophase. In particular TBBA 

( t e r e p h t h a l y l i d e n e - b i s - A - n - b u f y l a n i l i n e ) has a smectic B 

phase between 113°C and 144^C, and its structure has been 

examined in some detail using X-ray d i f f r a c t i o n . (Doucet al 

al, 1974) The an^^ysis shows that the m o l e c u l e s do lie on a 

triangular lattice within each layer, although they are 

tilteo by up to 30" with respect to the layer normal, and 

within each layer molecules tend to form moderately ordered 

domains of 'herring bone' structure. The relatively large 
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tilt angle is rather disturbing so perhaps this phase is not 

actually a Sg phase anyway, and it has recently been 

suggested that this tilted Sg phase should be classified as 

a smectic H phase. This work does none the less r e - e m p h a s i s e 

the fact that within each layer, the molecular centres form 

a regular triangular network and there is long range 

rotational disorder about the long molecular axes. 

The precise stucture of the smectic E and B phases is 

still to be established although we can draw some 

c o n c l u s i o n s . In the smectic 8 phase, the m o l e c u l e s within 

each layer lie on a triangular network with the long 

molecular axes almost parallel to the layer normal. There is 

a high degree of long range rotational disorder about the 

molecular axes although there is some evidence to suggest 

this disorder can be attributed to short range 'herring 

bone' order within disordered domains. In the phase 

however, the m o l e c u l a r centres lie on a slightly distorted 

triangular network where they are parallel to the layer 

normal. The m o l e c u l e s also exhibit a high degree of long 

range orientational order, reflected in the additional 

'herring bone' structure which extends over large distances. 

We shall therefore, justifiably assume that in both the 

smectic B and E p h a s e s , the molecules lie on a triangular 

network, with their long molecular axis p e r p e n d i c u l a r to the 

layer. 

In the next section we develop a pair potential based 

on this type of molecular structure using a 

m u l t i p o l e - m u l t i p o l e expansion. The c o m p u t a t i o n a l details for 

the simulation of the model system and results are then 

discussed in the following two sections. A comparison of 

experimental scattering patterns of the smectic E and B 

phases is then made with patterns produced by the optical 

masking t e c h n i q u e , and finally various results are compared 

with p r e d i c t i o n s baseo on a mean field theory. 
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7.2 The pair Potential 

In section 7.1 a few examples of molecules exhibiting 

Sg+Sg phase transitions were given. Generally these 

molecules consist of a large rigid core comprised of two or 

three bulky aromatic rings, with a smaller flexible alkyl 

region. As a first approximation in describing the pair 

p o t e n t i a l , we assume the molecules to be rigid. This allows 

us to use the equation given in Chapter 1 for the exact pair 

interaction between non flexible molecules of arbitrary 

shape. We shall use the laboratory coordinate system for a 

pair of m o l e c u l e s as shown in Figure 7.1 Our starting point 

is then (Stone, 1978):-

U _ \ kk kk 

Ij - ^ ' " L L j ( r ) S L L j ( a ) 7.1 
LLJkk 

where the scalar function is 

9 7 
kk LLJ L L 

The term in parenthesis is the Wigner 3-j symbol, 

is the usual Wigner rotation matrix, and , Q,̂  d escribe the 

o r i e n t a t i o n s of m o l e c u l e s r e s p e c t i v e l y , (see Fig 7.1] in a 

laboratory frame. C j ^ ( Q , 0 ) is a modified spherical 

harmonic where 9 and 0 define the orientation of the 

i n t e r m o l e c u l a r vector again in some laboratory frame. This 

equation is invariant to any change in the laboratory frame 

of r eference. 

From X-ray evidence of the phase we shall assume 

that the centres of mass for the molecules lie on a 2 

dimensional hexagonal network, and the principle molecular 

axes lie p e r p e n d i c u l a r to the layers, parallel to our 

laboratory z-axis. Since X-ray scattering has shown that 

interlayer c o r r e l a t i o n s are small, we shall also assume that 

191 



i n t e r a c t i o n s between layers are negligible. Hence we need 

only consider interactions between m o l e c u l e s within each 

layer. We know that the Wigner rotation matrices in equation 

7.2 can be written as:-

7.3 

In the laboratory coordinate system (Figure 7.1} a=3=0, and 

so equation 7.3 simplifies to (Zannoni, 1979):-

" m k ' O ' O . Y ) = 7.4 

Here is the kroneker delta and equals zero unless m=k. 

Equation 7.2 now becomes:-

f 

®LLJ = " "^'^^3^(90) 7.5 

At this point we shall assume that the m o l e c u l e s have a 

mirror plane p e r p e n d i c u l a r to their principle molecular 

axis, hence k, k' ,m,m' , L and L' must all be even since the 

ends of the molecules are now inoi s t i n g u i s h a b l e . L can 

therefore take any even value between zero ana infinity. The 

zero term h o w e v e r , gives rise to an or ientational 

independent term only. In order to reduce the infinite 

number of p a r a m e t e r s which would occur, a restriction of L=2 

is i mposed. Indeed if we assume that the molecular 

separation is relatively large, then higher rank terms can 

be ignored, since they are extremely short ranged. So we 

shall only deal with second rank c o n t r i b u t i o n s . J can 

therefore adopt any even value between +4 and -4. 

Looking firstly at the angular terms, 0 in the 

spherical harmonic is ^/2 from our choice of axis system, 

hence only three types of angular terms remain, the first 
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being dependent only on , and and the other two, 

functions of Y]^>Y2 and 0^ the angle of the interniolecular 

vector. Our potential is now of the form:-

= acos2(0j_-0^ 3 + b ( c o s 2 ( 9 ^ - 0 ^ ) + cos2(8 - 0 ^ ) ) 

+ ccos2(Q^ + - 20^) 7.6 

Where 0^ can be identified with 0 in equation 7.5. The 

c o n s t a n t s a, b and c are related to the expansion 

c o e f f i c i e n t s and will be discussed later. 

In our model we are going to restrict the m o l e c u l e s to 

lie on a triangular network. The c o n s e q u e n c e of this is that 

the middle term vanishes when the total interaction energy is 

evaluated (see Appendix 5) leaving only the first ana third 

terms in the pair potential to be considered further. 

Our only unknowns now are the expansion c o e f f i c i e n t s a 

and c. We know that the smectic E phase has a very long 

range herring bone structure and it is also well known that 

q u a d r u p o l a r i n t e r a c t i o n s give this kind of structure (for 

example O'Shea and Klein, 1979} so we shall justifiably use 

a m u l t i p o l a r expansion to evaluate the values of the 

c o e f f i c i e n t s a and c. For m u l t i p o l a r forces J becomes 

restricted to equal L+L' only, and the relevant expansion 

c o e f f i c i e n t s can be written as (Gubbins et al, 1981):-

u""^ (r) = 1 

LLJ Aure^ 

"(2L + 2L' + 1) ! 

(2L)! (2L'J! 

7.7 

where e is the permittivity of free space and the tensors 
A 

describe the c o m p o n e n t s of the multipolar moments in our 

laboratory frame. 

The first term in the pair potential (Equation 7.6) 

a r i s e s from the expansion with J=4, 2 or 0 (although since 

we are dealing with multipole interactions J=L+L, so J=4) 

and with M=0. Hence m+m'-O giving k = 2 and k'=-2 and vice 

versa. Thus the components of the m u l t i p o l e moments take the 
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A A A 
form Q Q and ^. Adopting a similar route for the 

A A A A 

third term, the components are and ^2-2 ^2 2" Since 

our molecules have a mirror plane orthogonal to the 
A ^ 

molecular symmetry axis has to equal the component Q g g * 

and so the multipolar c o m p o n e n t s for the first and third 

terms in our expansion are identical and can be factored 

out. Therefore the only terms that contribute to the ratio 

of a and c in equation 7.6 are these from the 3-j symbol and 

the coefficient of the modified spherical harmonic. The 3-j 

symbols are related to the C l e b s h - G o r d a n coefficients (which 

are tabulated in Appendix 6) by:-

LLJ , ' 

( , 3 = C-1) " " 1 .. C( LLJ-.mirO 7.8 
mmM ( 2 J + 1 ) ' 

We are now in a position to calculate the ratio of a to c. 

The first term arises with J=4, M=0 and with m= +2 m=+2, and 

the third with J=4, M=+A and with m= + 2, m'=+2. The ratio of 

a to c is therefore:-

C ( 2 2 4 ; . 2 1 2 ) „ 7.9 

C ( 2 2 4 ; + 2 - 2 ) = 3 

where X,,, and X,^ are the c o e f f i c i e n t s of their respective 
4 ^ 4 40 

modified spherical harmonics. Substituting this ratio in 

equation 7.6 gives an effective pair potential of:-

U. . = C (cos2(9.- 9 ) + 3 5 c o s 2 ( 9 . - 8 . - 2 0 _ ) ) 7.10 
J c - L J J . 

r 

^ contains the components of the quadrupole moments for the 

m o l ecules. The distance d e p e n d e n c e of this potential (r~^) 

is sufficiently short ranged allowing us to restrict our 

interest to nearest neighbour interactions only. Thus we can 

replace C/r with some arbitro^ry interaction parameter, e. 

Our effective pair potential for nearest neighbour m o l e c u l e s 

194 



i n t e r a c t i n g on a triangular lattice via m u l t i p o l a r (in this 

case q u a d r u p o l a r ) forces now becomes 

U ij - e (cos2(0^-Q ) + 35cos2(0 +9 - 2 0 )) 7.11 
^ J r 

At this point is worth looking at the functional form of 

this potential. On a triangular lattice there are six 

i n t e r m o l e c u l a r vectors, 0^,, 0^,. We shall 
TT °9TT Sir 

give these explicit values of 0, /3, /3 /3. , 

r e s p e c t i v e l y . The quantity U^j/e can now be calculated as a 

function of 0^ and 9^ for specific values of 0^^^. 

Before doing this, h o w e v e r , the symmetry of the second rank 

p o t e n t i a l is such that we need only consider three values of 

0^^j, 0, ^/3 and ^^/3. In Figure 7.3a LLj/e is plotted as 

a function of 9^ and 9j for 0^^^ = 0. For simplicity 

Figure 7.3b shows the contour plot for the same energy 

surface and clearly indicates where the minima occur in the 

p o t e n t i a l . The equal minima are at 9^ = O", 9j = 90" 

ano at 9^ = 90", 9^ - 0". For the i n t e r m o l e c u l a r vector 

at Tr/3 and 2ir/3 exactly the same surface is observed, but 

with the coordinates of the x and y axes rotated through an 

angle 0^. So in all three cases the most stable 

c o n f i g u r a t i o n between a pair of molecules is with one of the 

molecules perpendicular and the other exactly parallel with 

the intermolecular vector. However, for a collection of 

molecules interacting with their centres of mass restricted 

to lie on a triangular lattice, it is impossible to arrange 

the system with all pairs of molecules adopting this 

c o n f i g u r a t i o n , since a molecule cannot be parallel or 

p e r p e n d i c u l a r to all i n t e r m o l e c u l a r vectors at any one time. 

As a c o n s e q u e n c e the minimum energy, zero t e m p e r a t u r e 

c o n f i g u r a t i o n is a c o m p r o m i s e between c o m p e t i n g 

c o n f i g u r a t i o n s . Using a c o m p u t a t i o n a l m i n i m i s a t i o n p r o c e d u r e 

(NAG routine E02CCF), this ground state c o n f i g u r a t i o n can be 

e v a l u a t e d . 
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The c o o r d i n a t e system used Lo define the 

o r i e n t a t i o n s of two m o l e c u l e , ut afbitory shape. 

E l s 7.2 Diagram representing part of the ground state 
h e r r i n g b o n e c o n f i g u r a t i o n , used as the starting 
configuration in the simulation. 9 is the 
angle between the short molecular uy mine try axis 
and the laboratory x direction. The two dashed 
lines represent the two glide planes present in 
this structure. Throughout the text of this 
chapter, the glide plane refers to that parallel 
with the x-axis. The labels A and B represent 
the two sub lattices present (see section 7.6). 
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Uij(eff) 

W ' 

180 

1 8 0 ^ ^ 0 
F'iP 7.3 Plot of the effective potential energy surface 

as defined by equation 7.11 as a function of the 
two angular variables Q. and 9. with 0 =0. 
Fig 7.3a shows the ^ surfac^, whilst 7.3b 
r e p r e s e n t s a contour plot of 7.3a. 
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Obviously one is restricted to the number of variables in a 

c o m p u t a t i o n a l m i n i m i s a t i o n , so a small system of 16 

molecules was set up and the ground state c o n f i g u r a t i o n 

c a l c u l a t e d . The resulting stable c o n f i g u r a t i o n is shown in 

Figure 7.2. This organisation is exactly what we would 

expect, since the derivation of the pair potential was based 

on quadrupolar i n t e r a c t i o n s which has a 'herring bone' 

ground state structure (O'Shea and Klein, 1979, Fuselier ^ 

al, 1978). The short range structure consists of two pairs 

of molecules parallel with each other, and at 45" to the 

i n t e r m o l e c u l a r vector, and four pairs at right angles to 

each other and at the same time at 15" and 135" to the 

i n t e r m o l e c u l a r vector. This results in the internal energy 

per particle, 0/Ne = - 24.33 in the ground state. 

7.3 C o m p u t a t i o n a l Details 

This study consisted of a triangular lattice of 24 x 24 

molecules (i.e. N = 576). The simulation was performed using 

the standard Monte Carlo procedure [Rosenbluth e_t a_l, 1953) 

developed for studying liquids. The system was given normal 

two dimensional periodic boundary c o n d i t i o n s as defined in 

Chapter 2. 

The particles interacted with each other via the 

potential developed in the previous section (Eq 7.11), Where 

e is a positive constant for molecules i and j when they are 

nearest n e i g h b o u r s , but zero otherwise. Thus each molecule 

interacted with its six nearest neighbours only. Throughout 

the simulation the particles were selected randomly by 

generating a random number uniformly between 1 and N where 

in this case N=24. The particle selected was given a new 

orientation as defined by:-

Gne. = 7.12 

where C is a random number generated uniformly in the range 
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0 to 1.0 and A is the permitted maximum d i s p l a c e m e n t , 

controlled to govern the acceptance rejection ratio. The 

value of the angle 9 was forced to lie in the range 0<9 

<2%, by subtracting or adding 2tt to prevent 9 from going 

to very excessive values. The o r i e n t a tion of each molecule 

was stored as 9 as defined in Fig 7.2. 

For each t e m p e r a t u r e studied the total run was divided 

into two parts, firstly, an e q u i l i b r a t i o n stage of typically 

1000 cycles, where one cycle is N attempted moves, in which 

only the internal energy was output. Secondly a much longer 

production run of typically 4000 - 8000 cycles during which 

time averages of the required properties were c a l c u l a t e d . 

The starting configuration for the first temperature 

studied, T* = 1.0 where:-

T* = kT/e 7. 13 

was taken to be a perfect 'herring bone' with its glide 

plane, as defined in Figure 7.2 along the x laboratory axis. 

In principle any starting c o n f i g u r a t i o n could have been 

used, but since the zero temperature c o n f i g u r a t i o n has three 

d e g e n e r a t e states, each with the 'herring bone' axis along 

each of the three respective i n t e r m o l e c u l a r vectors, 

problems would have arisen in reaching an e q u i l i b r i u m 

c o n f i g u r a t i o n . In the case of the starting configuration 

being totally random, i.e. a state at infinite temperature 

then as the system was allowed to cool, local 'herring bone' 

domains would form along arbitrary i n t e r m o l e c u l a r vectors. It 

would then take a very long e q u i l i b r a t i o n run to get all the 

d omains to align along some unique i n t e r m o l e c u l a r vector. An 

example of such a 'locked' state is given in Figure 7.4. 

This behaviour has been studied (Safran (1981)) for p-fold 

d e g e n e r a t e states in d dimensional systems. It was 

postulated that the domain sizes e q u i l i b r a t e as a 

logarithmic function of time for our 2 d i m e n s i o n a l , 3 fold 

d e g e n e r a t e system, implying that the domains in our system 
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will never in fact reach the stable state with all the 

domains along one degenerate i n t e r m o l e c u l a r vector. Because 

of this effect each run was started from the final 

production run of a lower t e m p e r a t u r e calculation which was 

an evolution from the initial starting c o n f i g u r a t i o n of a 

perfect herringbone ground state. The explicit details of 

the lengths of equilibration and production runs and 

starting c o n f i g u r a t i o n s are summarised in Table 7.3. Also 

given in Table 7.3 are the optimum values for the maximum 

d i s p l a c e m e n t . The final c o n f i g u r a t i o n s of the production 

runs have been drawn for several t e m p e r a t u r e s and are shown 

in Figure 7.5. 

Throughout the production run, several p r o p e r t i e s were 

c a l c u l a t e d , of these the most significant t h e r m o d y n a m i c 

property being the average of the internal energy, defined 

as : -

0* = D/Ne ^ 

Where 0/Ne is the average interaction between a pair of 

molecules in the system given by equation 7.11. One other 

t h e r m o d y n a m i c result obtainable from the fluctuations in the 

internal energy is the heat capacity at constant volume 

given by:-

C ; = [ u " ^ - U ' ' ] / T * ' 7.15 

* 

The results for 0 are plotted in Figure 7.6 as a function * 

of T as solid squares, and in addition are listed in Table 

7.4. The heat capacity at constant volume can also be 

expressed as:-

Cy = caJ*/aT*)v "'i* 
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Using a cubic spline interpotating routine [CERN library 

routine E209) the heat capacity was evaluated by evaluating 

the d e r i v a t i v e of the internal energy with respect to * 

t e m p e r a t u r e , T . These results are also plotted on Figure 

7.6 and tabulated in Table 7.4, together with those 

calculated using equation 7.15, 

During the production stage several o r i e n t a t i o n a l 

p r o p e r t i e s were c a l c u l a t e d , in particular various pair 

c o r r e l a t i o n functions and order p a r a m e t e r s . The total pair 

c orrelatio n functions of rank 2 and 4 were c a l c u l a t e d , 

defined by:-

F^Cr) = <cos2C8^ - 8j)> r^j 7.17 

F ^ C r ) = <cos4(9. - Qj)> 7.18 

These are analagous to the pair correlation functions G ^ C r ) 

and G ^ C r ] for three dimensional systems encountered in 

Chapters 3 and 4. Here (GL- 0^3 is the d i f f e r e n c e in 

orientation between m o l e c u l e s i and j at a separation of 

i%j. For most t e m p e r a t u r e s these correlation functions were 

obtained by averaging at the end of every cycle the final 

4000 cycles of the production run, over all pairs of 

m o l e c u l e s in the system, up to a maximum separation distance 

of 10a, where a is the nearest neighbour separation. This 

cut-off was imposed because of the periodic boundary 

c o n d i t i o n s , as c o n t r i b u t i o n s to the functions would have 

been counted twice for r > 3xL/4 where, as before L is the 

cell dimension. The results for these correlation functions 

are plotted in Figure 7.7 and listed in Table 7.5a and 7.5b. 

They will be discussed in detail in the next section. 

Another pair correlation calculated was the function:-
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\ \ 

/ / / / / / / / / / / Z — / — / 
\ \ \ \ \ \ \ \ \ \ \ \ 
/ / / / / / / / / / / ^ Z — • / — • / • — / 

//////y////y/-^l~~~\~-~ / — 

/ — / — / ~ ^ / ~ - Z 

I \ — 
/ / / / / / / / / / / / / / / — / — / — / / — 

f i £ 7.4 A 'locked' state which was started originally 

from a totally disordered state and allowed to 

cool at T =1.0. 

f t 
c- <;> 9 

temperature dependence internal 

energy as shown by the solid symbols and heat 

capacity at constant volume, C* as calculated 

by spline fitting and differentiating 

internal energy data (open squares). 

the 
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-ŝ XX's. —--/X— \ 1x1—/---/—\/ 
\xx^^\x|—/|/\\^\\^/\/——/ 

\ / / — \ \ — / \ \ \ \ \ — / / — \ — \ \ 

'X \ "̂ x"v\'̂ x' \ / /--—'/\ \ I-—/ 
/^\— \X I ̂  ̂ "^X\\S\\\^//.-"/—/ 
'v/X--'\\\ I — f — I X / \ 
\^^|^^^\\x\ —/^\^//\^///^ 

\ — \ \ /"— / / \ / / \ I / ^ 
/ — 

xxz-̂ -̂ -l̂ -l / X \ \ ̂ f^ / x\—/ 
\ - - X \ X — — j \ ~̂  / X ̂  / / X 

\/^^^^%X/\XX//;\X/X/X/^\ 
— / \\ — / •• / \ N|X\ 

/ — / / — I \ —^/~ I \ —'"̂ X — -^XV"-/ 
— \ I "-- / ̂  / — / \ \ I — I ̂  \ ̂  \ \ \ 

\ — I y / X / / / I \ y \ X /— /--XX 

-̂ //-— —\\\\X\ / / "^X—'\\\ 
/ \ \ V. \ --- \ \ —— \ — / X / —• \ X — \ j Q \ I —•— X / N-^X \ \ — \ \ - \ x / 

25 

|///^\|f\ — I — 
|^\\\x/xx^^/^\///^\/^^l— 
/ / / ' ^ / / l \ \ / \ \ — / // -' / \ I \ — — xx\// 
X \ / — / vx\ \ — x'NN-— /-"-N*-- / —\ I—" 

\xll\\~—j^/\— 

— / \ -̂  X — \\"N,->/ x/\—'X—'X — N"^// 

/—I— 
•>.y--'̂ >s.x\̂ — I I — \ — / X/ — 
\ -̂  \ / — X } x\\—-X-' X / — \ / / ̂  \ 
— \ \ \ \ 1 / 1^ / — / \ — X ̂  I \ — / x/\\ 

//^^xx-/—\\/|x\\\ 
I \ — \\x\ \ — I — / \ X — / —/ — 

^\//\//\^//^\\x^ 
— / i — /x/x/—\ \ \"s. \ — \ y ̂  I \ ̂  
\X\--X I \ — I — I / \N. —— / \ "S.\-̂ \S,— 
/\^^//l|^\/x/X\— 

\ f — i " — / / \'^/X//^\/ — 
— \ / \ / ' - ' / - ^ / / - ^ / / ' " — \ — \ \ 

/^^\ —tl\/\/^\^xf/^/^/ 
\—\//xx/\\* 

Fig 7.5 Eight typical configurations taken at the end of 

their respective production stages at the 

temperatures indicated The dotted lines at 

T =9.0 indicate two highly ordered domains, with 

their herring bone 

lattice vectors. 
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L i a 7.7 The angular discribution functions F (r) and 

F^(r) as a function of intermolecular 

separation, r, at various temperatures studied. 
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= <=" = 2(01- B j ] ) 'ij 7.19 

where again r j is the intermolecular separation, but r j 

was restricted such that it was parallel to the six unique 

intermolecular vectors defined by 0%^^. This property was 

calculated at the end of every cycle and averagea over the 

entire production stage of the calculation. This results in 

three separate pair correlation functions, with r ^ parallel 

to the 0, 11/3 and 2TI/3 intermolecular vectors, i.e. E^CO), 

and £2(211/3) respectively, since the pair 

correlation functions for the 0, ir; m/3, 4tt/3; and 2ir/3, 

5Tr/3 intermolecular vectors will be obviously equal. In 

addition, with the herring bone glide plane parallel to the 

0 intermolecular vector, £2(11/3) and E^[2tt/J) will be also 

similar. The results for [^(O) and the average of 62(^/3) 

and 22(2^/3) are plotted in Figure 7.8 and listed in Tables 

7.5a and 7.6b respectively. 

We can now discuss what order parameters could be 

calcualted for this particular system. What we require is an 

order parameter which will distinguish between the long 

range 'herring bone'order in the phase and the rotational 

disorder in the Sg phase. In a perfect phase with one 

domain, i.e. with a 'herring bone' structure with the glide 

planes along some unique vector, the structure can be 

described as arising from two sub-lattice structures, for 

example in Figure 7.2 the two sub-lattices are labelled A 

and B. Unfortunately there is no easy way of distinguishing 

between these two sub lattices in the simulation, otherwise 

order parameters of the form <cos2 9|> or <cos2( 8 ^ - 0 ^ ) 

could readily be calculated. In the case of the first order 

parameter, it will equal +1 or -1 depending on the choice of 

sublattice and similarly for more general case <cos2( 

9jj^-!2f^)>. The easiest way round this problem is to 

calculate a higher rank order parameter, for example <cos4 
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E,(0) 

E2(n/3) 

1 3 . 0 0 

9 . 0 • 

Fig 7.8 The angular distribution functions 

evaluated at 0^=0 and 0 =n/3 as a function 

of I n t e r m o l e c u l a r separation r, at various 

t e m p e r a t u r e s . The lines serve only as a guide to 

the eye. 
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8^> or more explicitly < c o s 4 ( 8 ^ - 0 )> giving order 

p a r a m e t e r s with respect to the lattice vectors. In this case 

for 0^ parallel to the herring bone glide plane, all order 

parameters, r e g a r d l e s s of sub lattices will be similar, and 

likewise for 0^ equal to n or 2ir/3. This set of order 

p a r a m e t e r s will be denoted C^(0), C[u/3) and C 

It can be seen from observation of Figure 7.2 of a perfect 

herring bone c o n f i g u r a t i o n that C (0) will equal +1 and 

C^C'ir/3) and C^(2 I T/3) will both equal -1/2. These order 

p a r a m e t e r s were calculated by averaging over the entire 

system at the end of every cycle in the production run. As a 

check against the h e r r i n g b o n e rotating (remember the initial 

simulation was started from a perfect herring bone with the 

glide planes parallel to the 0 ^ = 0 d i r e c t i o n ) or domains 

setting in near the transition, which undoubtably does 

happen, a fourth order parameter was evaluated denoted as 

C ^ ( m a x ) and defined as the maximum of C (0), C^( IT/3) 

and C^(2TI/3). This maximum value was taken at the end of 

each cycle for the value of C^(0), C^(tt/3) or C ( 2 n / 3 ) 

averaged over that cycle only, and averaged over the total 

production phase. These results are plotted in Figures 7.9 

and listed in Table 7.7 

7.A D i s c u s s i o n of Results 

The most useful thermodynamic property calculated in 

this simulation was the internal energy as defined in 

equation 7.11. The results obtained for 0 are plotted as 
* 

a function of the reduced temperature T in Figure 7.6. The 

variation of the internal energy clearly shows a slight 
* + 

change of slope in the region of T z: 9.0 to T = 11.0 which 

is confirmed by the heat capacity calculated from spline 

fitting the internal energy, which shows a d i v e r g e n c e in 

this region. This behaviour suggests a second order phase 
* 

transition occuring at T = 9.3+0.4, the location of the 

maximum in the heat capacity. 

The presence of a transition is further confirmed from 

207 



o b s e r v a t i o n of the low and high t e m p e r a t u r e c o n f i g u r a t i o n a l 

plots in Figure 7.5. Also plotted on Figure 7.6 is the 

specific heat calculated from the energy fluctuations as 

given by equation 7.15. However, the agreement between the 

heat capacity calculated this way is poor compared with that 

obtained from spline fitting the internal energy. This is 

probably due to taking sub averages over too smaller 

i n t e r v a l s during which time the energy fluctuations are 

relatively small. Indeed in Chapter 3 we saw excellent 

agreement in the values for C calculated by both 

m e t h o d s . 

It has recently been suggested [Mouritsen and 

B e r l i n s k y , 1982) in a study of nitrogen adsorbed on 

g r a p h i t e , using a very similar pair potential (without the 

cos2( 0.- 0.) t e r m ) that a first order transition at T 
^ J 

= 9.04 does in fact occur. However, in order to observe a 

sharp d i s c o n t i n o u s transition in the internal energy they 

had to employ very large sample sizes (up to 10000 

m o l e c u l e s ) , although obviously the term omitteo in their 

pair potential would give the system different transition 

p r o p e r t i e s . In fact their value for the entropy of 

transition ( A S / R ~ O . O l ) is so small that it could be 

interpretated as not being of first order, but possibly 

second also. This problem of determining the order of 

t r a n s i t i o n , especially in systems which would appear to be 

very dependent on size, and in which d e g e n e r a t e states can 

occur, has always been worrying (Landau and Swendsen, 1981) 

p a r t i c u l a r l y in simulations using the Ising model in which 

p a r t i c l e s can occur in two states only (e.g. up or down) or 

more generally in the q-state Potts model (a g e n e r a l i s a t i o n 

of the Ising m o d e l ) . Indeed, computer simulation of a three 

d i m e n s i o n a l , three state Potts model with r e n o r m a l i s a t i o n 

group theory c a l c u l a t i o n s yields a continuous transition, 

although it is arguably first order when simulated using the 

M o n t e - C a r l o technique (Knak-Jensen and M o u r i t s e n , 1979). 
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What can be concluded, however, is that we do observe a 

t r a n s i t i o n between a rotationally ordered and disordered 

phase, which is second order or higher. 

This o r d e r - d i s o r d e r transition is further emphasised in 

the plots of the order p a r a m e t e r s C^(0), C^(2Tr/3), 

C^(2ir/^] and C^(Max3 as a function of T* as shown in 

Figures 7.9 and Table 7.7. At low t e m p e r a t u r e s , as we would 

expect the system is highly ordered, with this order 

d e c r e a s i n g with increasing t e m p e r a t u r e , until it is 

n e g l i g i b l e at high t e m p e r a t u r e s . The existence of a 

t r a n s i t i o n is clearly shown, and from the plot we can say 
* 

that it occurs within the range of T = 9.0 to 10.0, 

c o n f i r m i n g our result obtained previously from t h e r m o d y n a m i c 

c o n s i d e r a t i o n s . 

It is worth noting that the ordering is essentially 

c o n t i n u o u s through the t r a n s i t i o n , which again could be due 

to the finite size of the system, or more probably due to 

the high order of the t r a n s i t i o n . The behavior of the 

C ^ ( I T/3, 2IT/33 order parameter (plotted as the open 

c i r c l e s ) is exactly as expected, and within the e x p e r i m e n t a l 

error on the points this order parameter is exactly - ( 1 / 2 ) 

times the value of C^(0). At low t e m p e r a t u r e s the value of 

C ^ ( m a x ) is identical with C^(0), although close to the 

transition its value does become slightly greater, 

indicating locally ordered domains forming with the herring 

bone glide plane aligned along some other i n t e r - m o l e c u l a r 

vector. This is apparent in the configuration plots, (Fig. 
* 

7 . 5 ) where for example, at T - 9.0 the dotted line 

i n d i c a t e s two of these relatively highly ordered domains. 

We now turn our attention to the total pair c o r r e l a t i o n 

functions F^(r) as defined in equations 7.17 and 7.18. 

H o w e v e r , before discussing the results it is worth 

c o n s i d e r i n g what we should expect for a perfect herring bone 

structure on a triangular lattice. Examination of such a 

system gives different values of F (r) depending on the 

value of r. In some of the c o o r d i n a t i o n shells all the 
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p a r t i c l e s are parallel with the reference, so F (r) = i, 

whilst in other shells, two molecules are parallel, and four 

orthogonal to the reference m o l e c u l e , giving Fgfrj^ -1/3. In 

contrast the value of F^(r) is always one regardless of the 

c o o r d i n a t i o n shell. This behaviour is confirmed by what we 

observe. Figure 7.7 shows the results for F (r) as a 

function of r, obtained by averaging over all pairs of 

m o l e c u l e s up to a maximum distance of r < 10 lattice vector 

units. Each set of data points represent averages over 

typically 4000 cycles and even 8000 cycles for T*=9.5 (1000 

cylces for T =1.0). Above the transition at T*=9.3 +0.04, we 

would expect all long range c o r r e l a t i o n s to vanish, whilst 
* 

remain finite in the phase. However, even at T =11.0, 

these c o r r e l a t i o n s decrease slowly with increasing r, and 

only disappear totally at the extremities of the cut off. 

This relatively high long range order is probably related to 

the fact that the transition is of high order and will be 

discussed further later. The fourth rank correlation again 

indicates exactly what we would expect, with c o r r e l a t i o n s 

existing over long distances in the phase, and decreasing 

with t e m p e r a t u r e , until all long range order is destroyed 

c o m p l e t e l y above the transition temperature. This behaviour 

is in contrast with the second rank function, but could be a 

c o n s e q u e n c e of the fact that F^(r)<F [r) for any given 

t e m p e r a t u r e . One other very interesting feature is a slight 

maximum in the correlation function at about r=2, being more 

pronounced near the transition. This again will be discussed 

later. As we have seen in other pair correlation functions 

(in Chapters 3 and 4), the long range limiting value is 

simply the square of the c o rresponding order parameter 

(Zannoni, 1979]. Therefore, for example, taking the p o s i t i v e 

limits in the pair correlation function F-(r..), will yield 
^ ^ J 

an order parameter for the average of cos29 which 

otherwise would not be calculable, since it would average to 

zero with the inclusion of the negative c o r r e l a t i o n s . 

Similarly taking this negative limit, m u l t i p l y i n g it by 
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the limiting values of F . ( r . . ) are plotted as a 
* ^ ^ J 

T in Figure 7.10 and tabulated in Table 7.8. 

- ( 1 / 2 ) and taking the square root will give the same order 

p a r a m e t e r . The results for this order p a r a m e t e r , together 

with co'sT^ where the bar denotes an average, obtained from 

function of 

As expected 

the plots clearly show a transition from an o r i e n t a t i o n a l l y 
* 

ordered to a disordered phase in the region of T = 9.0 to 

T* = 10.0. 

However, these two total pair c o r r e l a t i o n s functions 

tell us nothing of the ordering in the system with respect 

to the lattice axes, so we now turn to the pair c o r r e l a t i o n 

functions defined by equation 7.19 i.e. 

E g C O ) <cos2(9.- 9.)(r..)> , 0 = 0 
J r.j 7.20 

£2(11/3) = <cos2(9^ - Gj)(rij)> > = 11/3 7.21 

E^C2H/3) <cos2(8^ = 2n/3 
ij 

7.22 

In this case the c o r r e l a t i o n s are for pairs of m o l e c u l e s 

along given lattice vectors, where r ^ is again the distance 

in lattice vector units between m o l e c u l e s i and j, hence r^^ 

can adopt integer values only. Thus for a perfect herring 

bone structure, all the m o l e c u l e s along the vector parallel 

to the glide plane will be parallel to each other and so the 

pair c o r r e l a t i o n s will all equal 1.0 for all 1%^. H o w e v e r , 

for the i n t e r m o l e c u l a r vectors at ii/3 and 2ti/3 to the glide 

plane the m o l e c u l e s will alternate between being parallel 

and o r t h o g o n a l , so for odd values of r, it will equal -1 

while for even values +1. At low t e m p e r a t u r e s this is 

exactly what is o b s e r v e d . The results for EgfO) and the 
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Fig 7.9 The reduced temperature dependence of the order 

parameter Here the solid squares represent 

C^(0), the open circles the average of 

C^(Tr/3) and C^(2ir/3), and the open squares 

(max). 

cos(ne) 

Fig 7.10 The reduced temperature dependence for the order 

parameters c o s ( n Q ) for 0=2 and n=A calculated 

from the limiting values of the d i s t r i b u t i o n 

function F^Cr) and F^(r] r e s p e c t i v e l y . 
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average of £2(11/3) and E^(2ii/3) obtained from the simulation 

are plotted in Figure 7.8 as a function of r^j at different 

t e m p e r a t u r e s . (The lines serve only as a guide to the eye). 

At low t e m p e r a t u r e s the functions are well behaved, in that 

the angular c o r r e l a t i o n s are long range, and they decrease 

with increasing t e m p e r a t u r e . However, close to the 

transition an alternating effect is observed, with even r 

values being larger than odd values. This is due entirely to 

the fact that close to the transition local domains start to 

occur, and so the c o r r e l a t i o n s E^CO) ,^2(^/3} and £2(211/3) no 

longer become unique. What we see therefore, is an average 

of these three functions. For even r^^ the c o r r e l a t i o n s are 

always positive and equal, but for odd r.., £^(11/3) and 
X J z 

£2(271/33 adopt negative values, resulting in a reduction in 

the value of £2(0). This effect is especially n o t i c a b l e for 

i%j=l, when the c o r r e l a t ion goes negative through the 

transition. This alternating effect therefore, is a measure 

of domain growth in the system. One other interesting 

feature is the slight maximum again at i%j=2 and in 

n e i g h b o u r i n g shells, similar to the effect seen in ^^(r^j). 

Again in the Sg phase quite large c o r r e l a t i o n s at short r^^ 

are present which decrease only slowly on going to higher 

t e m p e r a t u r e s . 

In addition order parameters can be obtained from the 

limiting values of £^(0) and E^Cir/j), which should be 

similar to those evaluated from the limits of the complete 

pair correlation functions. Indeed within limits of 

e x p e r i m e n t a l error this is what is observed, and the results 

for the average of the positive limiting values for EgfO) 

are also given in Table 7.8. 

We can now consider the o b s e r v a tion of increased 

c o r r e l a t i o n s at a lattice distance of about r%j=2. This 

behaviour is seen in the plots of the fourth rank total pair 

c o r r e l a t i o n function F ^ ( r ^ j ) in Figure 7.7 and in the plots 

of £2(0) in Figure 7.8. Indeed, if £2(11/3) (Figure 7 . 8 ) were 

plotted such that the c o r r e l a t i o n s were all p o s i t i v e , then 
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this effect would also be observed. Another phenomena linked 

to this, is that the c o r r e l a t i o n s in the first shell are 

slighly smaller than the limiting values. One e x p l a n a t i o n 

for this effect, is due to the nature of the pair potential. 

If we turn back to equation 7.11 the potential consists of 

two terms, the more dominant being the latter. At extremely 

low t e m p e r a t u r e s we know that the ground state c o n f i g u r a t i o n 

for the potential in equation 7,11 is a herring bone 

structure. However, at the end of section 7.2 we saw where 

this ground state configuration occured on the potential 

energy surface, with two of the pair c o n f i g u r a t i o n s on the 

sides of a relatively steep ridge (see Figure 7.3). What may 

occur at t e m p e r a t u r e s close to the t r a n s i t i o n , is that these 

pairs of m o l e c u l e s tend to fall further into the potential 

well, so going to more p e r p e n d i c u l a r type nearest n e i g h b o u r s 

s t r u c t u r e s , resulting in a decrease in the nearest neighbour 

pair c o r r e l a t i o n s . This in turn means that pairs of 

molecules at a distance of two inter m o l e c u l a r units will 

have increased parallel c o r r e l a t i o n s , showing up in the pair 

correlation functions. This effect will be small compared 

with, at low t e m p e r a t u r e s , the dominant herring bone 

s t r u c t u r e , and at high t e m p e r a t u r e s the c o m p l e t e rotational 

disorder, hence, it is only just apparent close to the 

transition. 

In the Introduction to this Chapter it was mentioned 

that X-ray analysis work on TSBA (Doucet, Levelut and 

Lambert, 1974] revealed that the Sg phase could consist of 

small domains of ordered herring bone structure. If indeed 

this were the case then our calculated correlation functions 

verify it, since in all the second rank functions, short 

range order does extend well into the smectic B phase. 

7.5 Optical Masking 

The greatest difficulty in X-ray d i f f r a c t i o n is the 

d e t e r m i n a t i o n of structural information from very complex 

scattering patterns. The most common method for this 
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analysis is to calculate scattering patterns from proposed 

crystal structures. The calculated patterns are then 

compared with experimental patterns, necessary refinements 

made to the proposed structure and the whole process 

repeated until satisfactory agreement of patterns is 

o b s e r v e d . 

An a l t e r n a t i v e , much simpler technique, although not as 

a c c u r a t e , is that of optical masking. The interatomic 

distances in crystal structures are such that they will 

diffract X-ray radiation by fulfilling the Bragg scattering 

law. However, if the interatomic distances are increased 

then eventually optical radiation can be used for 

scattering. This is the basic principle behind optical 

masking. Normally a photographic negative is made with 

transparent holes suitably produced such that the locations 

and diameter of the holes represent the positions and sizes 

of the atoms in a proposed structure. Obviously the negative 

represents a projection of the three dimensional structure 

onto a two dimensional plane, corresponding to diffraction 

of X-rays from a particular crystalline face. Using 

m o n o c h r o m a t i c light directed through the mask, a diffraction 

pattern is produced and normally recorded on photographic 

plates. This methoo therefore removes the problem of having 

to numerically calculate scattering patterns. 

Using three c o n f i g u r a t i o n s taken from the simulation at 

reduced t e m p e r a t u r e s , of 1.0, 8.0, and 17.0 corresponding to 

highly ordered, weakly ordered and highly disordered 

systems, scattering patterns were obtained using these 

c o n f i g u r a t i o n s as optical masks. The configurations and 

respective scattering patterns are shown in Figure 7.11. 

This corresponds to scattering produced with the incident 

radiation perpendicular to the layers. 

Before comparing the patterns with experiment it is 

worth while calculating what kind of pattern we would expect 

from such a system. First of all, the rotationally 

disordered Sg phase. The only symmetry element present in 
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such a phase is the six fold translational symmetry. The 

unit cell for such a system is shown in Figure 7.12a. This 

is the smallest repeating unit possible in order to build up 

a triangular network. The next problem is to calculate the 

reciprocal lattice structure. If our real lattice is defined 

as having non-orthogonal axes a and b, then in reciprocal 
* * 

space these will be a and b . Using the notation of Muller, 

indices labelling various planes in the real lattice can be 

defined. The set of planes in the real lattice whose indices 

are h and k, intercept the a and b axes at a/h and b/k 

r e s p e c t i v e l y . Various planes are shown in Figure 7.12a. The 

p e r p e n d i c u l a r distances of these planes from the origin are 

denoted d^^. The reciprocal lattice is then formed with 

vectors along d^j^ whose length is inversely proportional to 

the length of d^^ in real space. This gives an infinite 

array of points labled (h,k) in reciprocal space. Figure 

7.12b shows part of the reciprocal lattice of the unit cell 

structure in Figure 7.12a which can be compared directly 

with e x p e r i m e n t , since scattering patterns are simply 

r e p r e s e n t a t i o n s of the reciprocal lattice. Thus for our S„ 
D 

configuration we would expect a scattering pattern identical 

with the reciprocal lattice structure in Figure 7.12b. This 

is indeed exactly what we do observe in the bottom 

scattering pattern in Figure 7.11. In addition to the 

regular array of spots, close to the central six spots, are 

diffuse scattering regions, the presence of which will be 

discussed later. 

Adopting a similar procedure we can calculate the 

reciprocal lattice structure for the unit cell defining the 

low temperature phase. Now the unit cell is twice as 

large (Figure 7.13a) giving a closer packed reciprocal 

lattice (Figure 7.13b). Thus, at this point we would expect 

the reciprocal lattice to consist of an array of points with 
* 

half the separation along the a direction to that in the Sg 

phase. However, additional symmetry in the phase dictates 

that c e r t a i n • s p o t s on the reciprocal lattice are absent. In 

p a r t i c u l a r , it has two glide planes (equivalent to a mirror 
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plane after translation along that p l a n e ) marked as the 

dashed lines in Figure 7.13a parallel to the (10) and (11) 

planes. This results in alternate absences in d i f f r a c tion 

spots along these two directions on the reciprocal lattice. 

This pattern, together with these systematic absences are 

seen in the optical diffraction pattern at the top of Figure 
* 

7.11 for the configuration at T =1.0. The total diffraction 

pattern expected for the and phases is shown in Figure 

7.14. The solid squares represent the pattern that the Sg 

phase only would give and the solid circles the additional 

spots arising from the reduced symmetry of the phase. The 

alternate absences along the (10) and (11) d i r e c t i o n s are 

shown as the open circles. It should be noted that the 

labelling of spots is consistent with the unit cell for the 

Sg. phase only. (For the Sg unit cell, the a labels would be 

divided by two). 

We can now comment on the cause of the diffuse regions 

around the central six spots in the Sg phase. This is due to 

the high short ranged order which we also saw in the 

previous section in the pair correlation functions. This 

local herring bone order will exist along all three lattice 

vectors. The most significant difference between the 

scattering patterns in the Sg and S^. phases close to the 

origin are the presence of the eight spots labelled (32), 

(31), (1-1), ( - 1 2 ) , ( - 3 -2), ( - 3 - 1 ) ( - 1 1 ) and (12). 

Therefore with very local herring bone order present in the 

Sg phase, along all three lattice vectors, a weak average 

scattering will be formed, observable as the blurred regions 

in the bottom scattering pattern in Figure 7.11. 

So far no mention has been made of the striking cross 

pattern in the two scattering patterns of the phase. In 

deriving our scattering pattern in Figure 7.14 all that was 

assumed was the shape of the unit cell, being twice the size 

of that in the Sg phase. This is because in the S^ phase the 

additional order allows us to distinguish between the two 

o r i e n t a t i o n s of the m o lecules. Thus superimposed on the 

219 



6 3 5 2 41 3 0 2 - 1 1 - 2 0 - 3 
• • s o * • • 

5 3 4 2 3 1 2 0 1 -1 0 - 2 - 1 - 3 

4 3 3 2 2 1 10 0 -1 - 1 - 2 - 2 - 3 
• • • o • • • 

3 3 2 2 1 1 00 -1 - 1 - 2 - 2 - 3 - 3 
o • O ^ O • o 

2 3 1 2 01 -1^0 - 2 - 1 - 3 - 2 - 4 - 3 
• 

1 3 0 2 - 1 1 - 2 0 - 3 -1 - 4 - 2 - 5 - 3 
• • • • • • • 

0 3 -1 2 - 2 1 - 3 0 - 4 - 1 - 5 - 2 - 6 - 3 
• • • o • • • 

-1 3 - 2 2 - 3 1 - 4 0 - 5 - 1 - 6 - 2 - 7 - 3 

Fig 7.14 The diffraction pattern expected for the and 

Sg phases. The solid squares are those from the 

Sg structure, and the additional spots (solid 

c i r c l e s ) are those arising from the additional 

symmetry in the phase. The open circles are 

the systematic absences occurring because of the 

two glide planes in the structure. 
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scattering described earlier will be a pattern attributed to 

the order with respect to the two o r i e n t a t i o n s in which the 

molecules lie. This results in the dominant 'cross' pattern 

being present at both t e m p e r a t u r e s in the phase. For 

example, if the optical diffraction pattern had been 

obtained from a mask in which all the lines were parallel 

and randomly d i s t r i b u t e d , then the resulting diffraction 

pattern would consist of a series of lines orthogonal to the 

direction of the lines in the mask, which would decrease in 

intensity on going from the centre of the pattern. Hence, 

for two sets of lines at right angles to each other on a 

mask, the pattern would consist of a series of orthogonal 

lines decreasing in intensity from the origin giving a 

'cross' like diffraction pattern. Thus the pattern for the 

low temperature phases actually consist of two 

s u p e r i m p o s a b l e patterns, a series of spots resulting from 

the structural unit cell, together with a 'cross' caused by 

the actual shape ana orientation of the lines representing 

the molecules. 

A comparison with real X-ray scattering patterns can 

now be made. The resolution of such patterns is normally 

only sufficient to resolve the first few spots only. X-ray 

s c a t t e r i n g f r o m T B B A ( t e r e p h t h a l y l i d e n e - b i s - 4 - n -

b u t y l a n i l i n e ) (Doucet et al, 1975; Doucet, 1979 J in its Sg 

phase reveals the six central spots and in addition the 

diffuse regions mentioned above. In the phase of PBAPC 

(Leadbeater et al, 1979, Doucet et al, 1973) the six central 

spots are observed, together with the next closest four. So 

although X-ray diffraction does not allow the complete 

resolution one would wish for, the patterns obtaineo are 

very consistent with our optical masking patterns produced 

from c o n f i g u r a t i o n s taken from the s i m u l a t i o n . Actually 

slightly better resolution is obtained in scattering from 

nitrogen m o l e c u l e s physisorbed on graphite (Diehl, Toney and 

Fain, 1982) using low energy electron d i f f r a c t i o n . In this 

case the long molecular axes of the nitrogen molecules form 
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a herring bone structure at t e m p e r a t u r e s less than about 

30K, similar to the phase. 

7.6 C o m p a r i s o n with molecular field theory 

In many of the preceding Chapters, wherever possible, 

the results obtained from the computer s i m u l a t i o n s have been 

c o m p a r e d , often quite s u c c e s s f u l l y , with the p r e d i c t i o n s of 

molecular field theories. Therefore, for c o m p l e t e n e s s a 

similar comparison will be made here. To date, the only 

theories available for the description of order in the 

smectic E and B phases are those developed by Meger and Jay, 

1975, 1976. Basically they have performed both a molecular 

field treatment and a theory based on the Landau expansion 

of the free energy at the transition. In both cases they 

assume an i n t e r m o l e c u l a r pair potential exactly identical to 

that used in this Chapter. 

The molecular field treatment simply derives the 

average potential of a molecule in the system, resulting 

from the interactions between pairs of molecules in both sub 

lattices. Thus for example, a molecule in sub-lattice, a 

(see Figure 7.2), experiences an average interaction from 

two other molecules in the same s u b l a t t i c e , together with 

four in sublattice b. A full description of this treatment 

can be found in the above references. The most significant 

prediction is that of the and Sg transition temperature. 

It is evaluated to be;-

kT/e = 24.33 

Thus when compared with the result of the simulation it 

is actually overestimated by 160%. This o v e r e s t i m a t i o n by 

theory is c o m m o n , as we have seen in previous chapters. 

F u r t h e r m o r e , a 50% over prediction by molecular field theory 

was observed in the simulation of a two dimensional nematic. 

(Denham et al, 1980). 
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To conclude this chapter t h e r e f o r e , the use of a very 

simple model with a relatively simple pair potential based 

on quadrupolar interactions, has allowed a fairly detailed 

i n v e s t i g a t i o n of some of the o r i e n t a t i o n a l properties 

associated with the smectic-B to s m e c t i c - E phase transition, 

properties which are u n a v a i l a b l e by other means. 

F u r t h e r m o r e , the application of the technique of optical 

masking has to a certain extent, demonstrated the validity 

of such of simple tool to give d i ffraction patterns which 

would otherwise only be o b t a i n a b l e by X-ray or neutron 

s c a t t e r i n g . 
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Table 1.1 

A table of a few liquid crystal molecules and their mesophases. The transitions are in degrees centigrade 

Cholesteryl benzoate 

4,4-dimethoxyazoxyben zene 
(PAA) 

4, 4-di-n-heptyloxyazoxybenzene 
(HOAB) 

N) 
wterephthalylidene-bis-(4-n-butylaniline ' 

2-(4-n-pentylphenybeuzylidene-p-amino n-pentyl cinnamate! 
(PBAPC) 

2-(4-n-pentylphenyl)-5-(4-n-pentyloxyphengl) pyrimidine 
(PPP) 

I l l % 

C 103, ̂  114. 14 4, 210, ̂  
L ̂  tlpfH 3^^ i 

Abbreviations 

C - crystalline 
N - nematic 
I - Isotropic 
S - smectic 



Table 3.1 Transition properties 

K) 
ro 

"^NI 
-p NI 
2 

Z\S/R 
* 

"2 

I 1. 127+0. 003 0.27+0. 02 0.06+0.01 6 0. 1878+0. 0005 

II 2. 43 +0. 03 0.31+0. 03 0.04+0.02 12 0. 203 +0 • 003 

III 1. 54 +0. 02 0.35+0. 03 0.06+0.03 7.796 0. 198 +0. 003 

IV 3. 06 +0. 05 0.24+0. 56 0.10+0.07 14.31 0. 214 + 0. 003 

Lebwohl & 
Lasher (1972) 

1. 124+0. 006 0.38+0. 01 0.10 6 0. 187 +0. 001 

Jansen et al. 
(1977) 

1. 119+0. 001 0.33+0. 04 0.09+0.01 6 0. 186 + 0 • 001 

Meirovitch 
(1977) 

1. 111+0. 004 0.27+0. 02 0.11+0.04 6 1. 852 +0. 001 

Maier Saupe — 0.429 0.417 - 0. 2202 

Two site 
cluster z=6 

1. 160 0. 382 0.282 - 0. 193 

z=12 (Sheng & 
Wojtowicz 1976) 

— 0.408 0.361 — 0. 207 



Table 3.2 

K) 
CA 

Properties evaluated from the pair correlation functions G_(r..) 
and G.(r. .) for Model IV 

T* -5* 
^4 

direct via predicted^ 

1.250 5.79+0.01 5.77 0.671 0.673+0.005 

1.750 5.09+0.01 5.11 0.527 0. 536 + 0.004 

2.250 4.26+0.03 4.22 0.387 0.399+0.006 

2.500 3.66+0.02 3.56 0.303 0.320+0.005 

2.875 2.36+0.05 2.22 0.145 0.154+0.013 

3.000 1.48+0.09 1.40 0.063 0.062+0.006 

3.125 0.87+0.05 0.90 0. 024 0.018+0.006 

3.750 0.572+0.008 0.528 0. 000 0.004+0.001 

Maier-Saupe prediction of P^. The errors arise from the uncertainty in P^ leading to an 

uncertainty in u^. 



Table 3.3 

The coefficient a in the singlet orientational distribution 

function and its dependence on for Model I. 

T* 
^2 

a aT*/¥^ 

1. 000 0. 625 3.154 5.047 

1.020 0.604 3.054 5.056 

1.042 0. 577 2.917 5.055 

1. 064 0.54 4 2.777 5. 068 

1. 087 0.485 2.435 5.021 

1. Ill 0. 398 1. 996 5.015 

1.124 0.311 1.573 5.051 

hO 
K) 



Table 4.1 Computational details 

T* Starting T* 

Number of Cycles:-

T* Starting T* Equilibration Production Written to 

magnetic tape 

1.5 2.0 1000 2500 1500 

1.75 1.5 500 2000 -

2.0 2.5 1000 1500 1250 

2. 25 2.0 1000 1500 1500 

2.4 2.25 1000 1500 — 

2.5 0.0^ 2000 2500 2500 

2.6 2.5 2500 2500 2500 

2.65 2.25 1500 2500 1500 

2.7 2.5 1000 6250 4000 

2.75 2.0 2500 5000 -

2.8 2.7 1750 2000 -

3.0 2.5 1000 2000 -

3.25 1.5 500 2000 -

3.5 2.5 1000 2000 -

4.0 2.5 1000 1000 1000 

Total averages obtained by averaging sub averages each of 50 cycles 

All aligned antiferroelectric configuration. 
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Table 4.3 Second Rank Orientational Order Parameters 

T* 
p (4) 
2 

p (b) 
2 

p (c) 
2 

p (d)2 
2 

1.5 0.852+0.004 0.851+0.007 0.851 0.851+0.001 

1.75^ 0.817+0.007 

2.0 0.785+0.009 0.785+0.014 0.785 0.784+0.001 

2.25 0.740+0.011 0.739+0.016 0.739 0.738+0.001 

2.4I 0.696+0.015 

2.5 0.669+0.016 0.669+0.022 0.669 0.668+0.001 

2.6 0.637+0.019 0.638+0.026 0.637 0.636+0.002 

2.65 0.595+0.031 0.582+0.037 0.582 0.581+0.004 

2.7 0.481+0.108 0.451+0.121 0,449 0.463+0.004 

2.75I 0.358+0.178 

2.8^ 0.077+0.053 

3.0^ 0.056+0.032 

3.25^ 0.040+0.023 

3.5I 0.034+0.018 

4.0 0.023+0.013 0.044+0.017 0.000+0.032 

a) Calculated by averaging the Q-tensor over 50 cycle macrosteps. 
b) Calculated by averaging P from diagonalised Q-tensor at 

end of each cycle. 
c) Calculated with respect to the laboratory z-axis. 
d) Calculated from limiting the value of the pair correlation 

function, G„(r. .). 
z 13 

1 Configurational history not written to magnetic tape during 
these production runs. 

2 These errors are only associated with locating the long range 
limiting value, not from the uncertainty in the values themselves 
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Table 4.4 Other Order Parameters 

ro 

T* p (a) 
4 

p (b,d) 
4 

p (c) 
4 

1.5 0.000 0.587 0.587+0.001 0.588 

2.0 -0.001 0.455 0.455+0.001 0.467 

2.25 -0.008 0.383 0.382+0.001 0. 397 

2.5 0.012 0.296 0.293+0.004 0.311 

2.6 0.000 0.264 0.263+0.003 0.278 

2.65 0.001 0.222 0.221+0.005 0. 234 

2.7 -0.008 0.154 0.161+0.003 0.132 

4.0 - - 0.000+0.032 -

a) Calculated with respect to the laboratory z-axis. 
b) Calculated from the limit of the pair correlation function (G.(r..). 
c) Mean Field prediction at same value of G. 
d) Errors are associated in the uncertainty in locating the limiting value of G.(r. .) only, 

4 13 



Table 4.5 Singlet Distribution results 

T* a b 

1.5 5.746x10"* 6.898 0.5673 

2.0 0.925x10"* 4.812 0.3925 

2.25 2.322x10"* 4.080 0.3284 

2.5 5.608x10"* 3. 344 0.2676 

2-6 7.398x10"* 3.101 0.2454 

2.65 10.657x10"* 2.765 0.2196 

2.7 19.111x10"* 2.175 0.1670 
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Table 4.6 First rank pair correlation functions 

a) Total normalised G^(r) 

r*/T* 1.5 2.0 2.25 2.5 2.6 2.65 2.7 4. 0 

1 0. 906 0.858 0.774 0.645 0.561 0.396 0.021 0. 030 
2 0. 909 0.864 0.801 0.705 0.657 0.546 0.333 0. 063 
3 0. 901 0.850 0.786 0.666 0.606 0.474 0,171 0. 000 
4 0.903 0.853 0.793 0.690 0.634 0.511 0.236 0. 032 
5 0.900 0.849 0.786 0.678 0.612 0.480 0.207 0. 009 
6 0.897 0.846 0.783 0.663 0.597 0.453 0.084 0. 000 
8 0.898 0.846 0.782 0.667 0.603 0.465 0.126 0. 000 
9 0.897 0.846 0.780 0.660 0.588 0.464 0.078 0. 006 

10 0.900 0.846 0.783 0.672 0.612 0.483 0.210 0. 003 
11 0.898 0.845 0.781 0.667 0.597 0.457 0.117 0. 002 
12 0.898 0.845 0.781 0.667 0.597 0.459 0.104 0. 001 
13 0.897 0.846 0.780 0.663 0.588 0.438 0.054 0. 001 
14 0.897 0.846 0.780 0.666 0.600 0.459 0.117 0. 005 

b) Unnormalised G"ĵ (r) 

2 
r /T* 1.5 2.0 2.25 2.5 2.6 2.65 2.7 4 .0 
1 -0.891 -0.836 -0.768 -0.660 -0.600 -0.474 -0.212 — 

2 0.891 0.837 0.769 0.654 0.583 0.446 0.143 — 

4 0.903 0.853 0.790 0.678 0.615 0.482 0.158 -

5 -0.899 -0.846 -0.781 -0.667 -0.600 -0.458 -0.124 -

8 0.898 0.846 0.782 0.668 0.604 0.461 0.106 -

9 -0.896 -0.843 -0.777 -0.660 -0.590 -0.447 -0.089 -

10 0.897 0.846 0.778 0.664 0.593 0.446 0.092 -

13 -0.897 -0.845 -0.779 -0.664 -0.597 -0.449 -0.091 -

c Unnormalised G^(r) 

r /T* 1.5 2.0 2.25 2.6 2.65 2.7 4.0 
1 0.876 0.813 0.761 0.673 0.637 0.554 0.403 
4 0.903 0.854 0.798 0.713 0.673 0.568 0.392 
9 0.897 0.843 0.783 0.688 0.643 0.523 0.334 
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Table 4.7 Second rank pair correlation functions 

a) Total Ggtr) 

r^/T* 1.5 2.0 2. 25 2.5 2.6 2.65 2.7 4.0 

1 0. 700 0.582 0.510 0.415 0.378 0.320 0.224 0.020 
2 0.723 0.616 0.547 0.449 0.409 0.347 0.235 0.012 
3 0.732 0.626 0.558 0.464 0.422 0.359 0.239 0.007 
4 0.737 0.632 0.566 0.473 0.433 0.369 0.252 0.015 
5 0.722 0.613 0.543 0.444 0.403 0.338 0.220 0.002 
6 0.722 0.613 0.544 0.444 0.403 0.337 0.217 0.001 
8 0.726 0.618 0.550 0.452 0.411 0.346 0.222 0.002 
9 0.724 0.616 0.545 0.445 0.404 0.338 0.216 0.001 

10 0.724 0.617 0.546 0.447 0.407 0.340 0.218 0.001 
11 0.725 0.616 0.549 0.450 0.408 0.343 0.218 0.001 
12 0.725 0.614 0.548 0.448 0.407 0.342 0.216 0.000 
13 0.723 0.615 0.545 0.445 0.404 0. 337 0.215 0.001 
14 0.724 0.616 0.545 0.447 0.406 0.338 0.214 0.000 

b) (r) 

r^/T* 1.5 2.0 2.25 2.5 2.6 2.65 2.7 4.0 

1 0.709 0. 597 0. 526 0.431 0. 393 0.334 0.235 
2 0.709 0.597 0.525 0.423 0.383 0.319 0.211 -

4 0.737 0.632 0. 567 0.473 0.432 0.367 0. 245 -

5 0.726 0.618 0.548 0.450 0.409 0.344 0. 221 -

8 0.726 0.617 0.550 0.452 0.410 0.345 0.218 — 

9 0.721 0.611 0. 541 0.440 0.399 0.334 0.213 — 

10 0.722 0.616 0.543 0.444 0.403 0.335 0.213 — 

13 0.724 0.615 0. 545 0.445 0.404 0.337 0.213 -

C ) G / (r) 

r V * 1.5 2.0 2.25 2.5 2.6 2.65 2.7 4.0 

1 0.674 0.551 0.479 0.381 0.345 0.291 0.214 
4 0.736 0.634 0.564 0.473 0.434 0.374 0. 238 -

9 0.723 0.611 0.543 0.442 0.401 0.337 0.221 -
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Table 4.8 Fourth rank pair correlation functions 

a) Total G^(r) 

r^/T* 1.5 2.0 2.25 2.5 2.6 2.65 2.7 4.0 

1 0. 310 0.179 0.125 0.077 0.062 0.047 0.028 0.000 
2 0.345 0.209 0.149 0.091 0.073 0.054 0.031 0.001 
3 0.358 0.219 0.157 0.097 0.078 0.057 0.032 0.000 
4 0. 365 0.226 0.165 0.104 0.085 0.063 0.036 0.000 
5 0.342 0.205 0.144 0.086 0.069 0.049 0.027 0.000 
6 0.342 0.204 0.145 0.086 0.068 0.049 0.026 0.000 
8 0.348 0.209 0.150 0.091 0.073 0.052 0.028 0.001 
9 0.344 0.207 0.145 0.087 0.069 0.049 0.026 0.000 

10 0.345 0.208 0.147 0.089 0.071 0.050 0.027 0.001 
11 0.347 0.207 0.149 0.089 0.070 0.051 0.027 0.000 
12 0. 346 0.207 0.148 0.088 0.070 0.051 0.027 0.000 
13 0.344 0.206 0.146 0.086 0.069 0.048 0.026 0.000 
14 0.345 0.207 0.146 0.087 0.069 0.049 0.026 0.000 

r^/T* 1.5 2.0 2. 25 2.5 2.6 2.65 2.7 4.0 

1 0.327 0.194 0.137 0.086 0.070 0.053 0.032 
2 0.321 0.189 0.130 0.075 0.059 0.043 0.025 -

4 0. 365 0.225 0.165 0.103 0.085 0.062 0.034 -

5 0. 348 0.209 0.148 0.090 0.072 0.051 0.028 -

8 0.347 0. 208 0. 149 0.090 0.072 0.051 0.027 -

9 0. 339 0.203 0.143 0. 084 0.067 0.048 0. 025 -

10 0. 342 0.207 0.144 0.085 0.068 0.048 0.026 -

13 0. 344 0. 206 0.147 0.087 0.068 0.047 0.026 -

r^/T* 1.5 2.0 2.25 2.5 2.6 2.65 2.7 4.0 

1 0.276 0.151 0.102 0.061 0.048 0.035 0.022 _ 

4 0.365 0.228 0.164 0.107 0.085 0.066 0.040 -

9 0.343 0.212 0.143 0. 086 0.066 0.049 0.027 -
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Table 5.1 

System A 

N = 1000 

T = 1 . 0 

X ^2 
Pgfield 

_* -U 

0 .03 0. 637+0. 004 0. 616+0. 012 1. 631+0. 009 

0 .04 0. 640+0. 006 0. 618+0. 008 1. 643+0. 009 

0 .05 0. 643+0. Oil 0. 633+0. 012 1. 668+0. 013 

0 .06 0. 652+0. 007 0. 635+0. 013 1. 684+0. 013 

0 .07 0. 656+0. 006 0. 639+0. Oil 1. 698+0. 014 

0 .08 0. 658+0. 005 0. 64 7+0. 008 1. 714+0. 012 

0 .09 0. 660+0. 007 0. 651+0. 006 1. 723+0. 006 

0 .10 0. 666+0. 012 0. 658+0. 009 1. 734+0. 019 

0 .20 0. 686+0. 010 0. 686+0. 014 1. 884+0. 010 

0 . 30 0. 708+0. 003 0. 707+0. 003 1. 991+0. 014 

0 .40 0. 727+0. 002 0. 726+0. 003 2. 121+0. 012 

0 .80 0. 773+0. 005 0. 772+0. 006 2. 604+0. 008 
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Table 5.2 

System B 

N = 8000 

T = 1 , 0 

X 
^2 

P ^ C f i e l d ) 
_ * 
U 

0 0. 606+0. 008 - 1. 582+0. 012 

0.001 0. 609+0. 004 0. 482+0. 080 1. 589+0. 004 

0.0025 0. 610+0. 003 0. 453+0. 075 1. 591+0. 003 

0.005 0. 611+0. 004 0. 569+0. Oil 1. 596+0. 005 

0.006 0. 614+0. 005 0. 612+0. 010 1. 598+0. 005 

0.010 0. 617+0. 008 0. 613+0. 009 1. 606+0. 005 

0.025 0. 622+0. 004 0. 616+0. 004 1. 627+0. 002 

0.050 0. 635+0. 008 0. 632+0. 008 1. 663+0. 005 

0.100 0. 657+0. 005 0. 657+0. 005 1. 741+0. 010 
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Table 5.3 

System C 

* 
T PztO) 

_ * 
-U c*-

V( spline) 

1.0 0. 686+0. 010 1. 884+0. 010 2.73 

1.05 0. 653+0. 010 1. 747+0. 014 2.77 

1.1 0. 607+0. 005 1. 604+0. Oil 3.00 

1.2 0. 499+0. Oil 1. 283+0. Oil 3.25 

1.25 0. 435+0. 022 1. 111+0. 020 3.88 

1.3 0. 332+0. 033 0. 911+0. 024 3.54 

1. 35 0. 256+0. 040 0. 773+0. 016 2.22 

1.4 0. 210+0, 023 0. 676+0. 016 1.66 

1.6 0. 108+0. 009 0. 493+0. 008 0. 50 

1.8 0. 078+0. 002 0. 409+0. 005 0. 39 

2.5 0. 044+0. 001 0. 270+0. 004 0.05 
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Table 5.4 

Singlet distribution function results 

System A System B 

* 
T 1.1146 1.0 

X 0.1 0.05 

N 1000 8000 

0. 52 0.611 

Number of cycles 

averaged over:- 1000 1000 

Fit to equation 

5.25:-

a 2.21+0.05 2.69+0.05 

Z 484 +75 794 +100 

Fit to equation 

5.27:-

^2 
2.70+0.06 3.43+0.06 

^4 
-0.16+0.02 -0.27+0.02 

Z 220 +5 205 +50 
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Table 6.1 

Computational Details for System A 

Number of cycles 

* 
T starting config. Length of Length of direction 

temperature equilibration production of surface 

molecules 

1.0 1.1 10,000 10,000 z 

1.1 1.6 10,000 10,000 z 

1.15 1.0 5,000 5,000 z 

1.2 1.6 10 ,000 10 ,000 z 

1.2 1.4 5,000 5,000 X 

1. 25 1.15 5,000 5,000 z 

1.3 1.15 5,000 5,000 z 

1. 35 1.15 5,000 5,000 z 

1.4 0.0* 11,000 5,000 X 

1.6 0.0* 10,000 10,000 z 

all aligned configuration parallel to z laboratory axis, 
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Table 6.2 

Computational details for System B. 

* 
T 0.90 1.00 1. 08 1.20 

X 
A B c A B c A B C A B c 

0.05 _ _ — — — - — — — 0.0 20 10 
0.06 - - - - - - - - - 0.05 20 10 
0.07 - - - - - - — - - 0.05 20 10 
0.08 - - - - - - - - - 0.05 20 10 
0.09 - - - - - - 0.0 10 10 0.14 20 10 
0.10 - - - 0.0 12 10 0.15 20 20 0. 09 20 10 
0.11 - - - 0. 25 20 10 0.10 10 20 - - -

0.12 - - - 0.11 20 10 0.15 20 20 0.16 20 10 
0.13 0.14 10 10 — - - 0.12 10 20 - - -

0.14 0.15 10 10 0.11 10 10 0.12 20 20 0.18 10 20 
0.15 0.0 20 20 0. 14 10 10 0.12 30 20 - - -

0.16 - - - 0.11 10 10 0.15 20 20 0.14 10 20 
0.17 * 10 20 0.16 10 10 0. 16 20 20 0. 16 10 20 
0.18 - - - 0.11 8 10 0.17 20 20 0.16 10 20 
0.19 0.2 10 20 0.18 14 10 0.18 10 20 0.18 10 20 
0.20 * 10 20 0.10 5 20 - - - - - -

0.21 - - — 0.20 14 10 - - - - - -

0.22 - - - 0.18 10 10 - - - - - -

0.25 - - - 0. 20 12 10 - - - - - -

0.30 - - - 0. 25 8 20 - - - - - -

A starting configuration .'-field value is given 
B length of equilibration (thousand cycles) 
C length of production (thousand cycles) 

* from T =1.0, X =0.20 configuration. 
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Table 6.3 

Simulated properties of system A 

calculated from Q-tensor diagonalised at end of each 

cycle in production stage. 

K) 

K) 

* 
T 1 . 0 1.1 1 .15 1.2 1 .2'̂  1.25 1.3 1. 35 1 .4^ 1 .6 

layer 

1 0. 715 0.657 0. 618 0.575 0. 570 0.530 0.471 0.446 0. 387 0. 308 

2 0. 653 0.563 0. 500 0. 387 0. 384 0.311 0.257 0.219 0. 171 0. 138 

3 0. 641 0. 526 0. 428 0.271 0. 284 0.228 0.174 0.146 0. 132 0. 120 

4 0. 643 0.518 0. 386 0. 219 0. 232 0.198 0.154 0.140 0. 127 0. 116 

5 0. 644 0.514 0. 373 0.196 0. 198 0.172 0.153 0.140 0. 133 0. 116 

6 0. 645 0.506 0. 362 0.198 0. 201 0.164 0.157 0.143 0. 129 0. 117 

7 0. 642 0. 508 0. 370 0.223 0. 219 0.181 0.167 0.148 0. 125 0. 115 

8 0. 643 0.522 0. 408 0.281 0. 276 0.208 0.196 0.155 0. 141 0. 121 

9 0. 663 0.564 0. 478 0.386 0. 372 0. 309 0.283 0.226 0. 191 0. 137 

10 0. 718 0.656 0. 614 0. 569 0. 568 0.523 0.491 0.441 0. 405 0. 305 



P2(Q) calculated from averaged Q-tensor, 

fO 

LAYER T * 1.0 1 1 1. IS- 1 .1 1 i-ir 1 3 1-35- 1 I' 6 

1 0. 706 0. 645 0.607 0. 564 0. 560 0.517 0. 459 0. 432 0. 374 0. 290 

2 0. 634 0. 539 0. 482 0. 365 0. 363 0. 280 0. 225 0. 180 0. 133 0. 076 

3 0. 612 0. 490 0.400 0. 236 0. 241 0.162 0. 113 0. 078 0. 045 0. 019 

4 0. 612 0. 472 0. 352 0. 166 0. 164 0.117 0. 056 0. 054 0. 023 0. 006 

5 0. 613 0. 465 0.330 0. 129 0. 115 0.092 0. 044 0. 037 0. 017 0. 009 

6 0. 615 0. 459 0.310 0. 123 0. 127 0. 082 0. 054 0. 017 0. 019 0. 009 

7 0. 613 0. 473 0.326 0. 160 0. 166 0.102 0. 076 0. 039 0. 021 0. 012 

8 0. 617 0. 494 0. 376 0. 234 0. 231 0.150 0. 142 0. 081 0. 066 0. 027 

9 0. 643 0. 542 0.457 0. 357 0. 346 0. 278 0. 251 0. 192 0. 153 0. 080 

10 0. 708 0. 645 0.604 0. 555 0. 546 0.509 0. 480 0. 428 0. 391 0. 289 

overall 

average 0. 637 0. 522 0.424 0. 288 0. 285 0.227 0. 189 0. 153 0. 101 0. 078 

* 
-U 1. 651 1. 235 1.136 0. 918 0. 913 0.814 0. 738 0. 668 0. 491 0. 490 

error 0. 040 0. 041 0.057 0. 053 0. 051 0.052 0. 047 0. 038 0. 037 0. 032 

b Surface alignment along x direction. 



Table 6.4 

Director orientation for system A 

The direction cosines between the director and the surface alignment, 

K) 

* 
T 

L a y e r \ ^ 

1. 0 1. 1 1. 15 1. 2 1. 2^ 1. 25 1. 3 1. 35 1. 4^ 1. 6 

0^ 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 

1 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 

2 0. 999 1. 000 1. 000 0. 999 1. 000 0. 999 0. 999 1. 000 1. 000 0. 996 

3 0. 997 0. 998 0. 999 0. 998 0. 999 0. 993 0. 999 0. 997 0. 983 0. 968 

4 0. 996 0. 997 0. 999 0. 994 0. 999 0. 987 0. 998 0. 985 0. 956 0. 890 

5 0. 996 0. 996 0. 999 0. 989 0. 999 0. 980 0. 990 0. 966 0. 880 0. 862 

6 0. 997 0. 996 0. 999 0. 988 0. 991 0. 979 0. 965 0. 989 0. 760 0. 758 

7 0. 997 0. 995 0. 999 0. 992 0. 992 0. 985 0. 988 0. 994 0. 922 0. 733 

8 0. 999 0. 996 1. 000 0. 996 0. 995 0. 999 0. 999 0. 986 0. 999 0. 982 

9 1. 000 0. 998 1. 000 0. 999 0. 999 1. 000 1. 000 0. 998 1. 000 0. 999 

10 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 

11^ 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 1. 000 

Layers 0 and 11 correspond to the surfaces. 

Surface alignment is along x direction. 



Table 6.5 

A table of the maximum director deformations 

(degrees) obtained at the temperatures studied 

and at various external fields. 

* 

x ' ' 
0.90 1.00 1. 08 1. 20 

0.05 - - - 1 

0. 06 - - - 5 

0.07 - - - 6 

0.08 - - - 20 

0.09 - - 1 30 

0.10 - 3 18 87 

0.11 - 2 29 -

0.12 - 25 37 86 

0.13 7 — 45 -

0.14 30 44 51 84 

0.15 43 53 60 -

0.16 - 56 63 89 

0.17 54 60 67 89 

0.18 - 63 74 88 

0.19 62 67 77 87 

0.20 64 68 - -

0.21 - 71 - -

0.22 - 74 - -

0.25 - 77 - — 

0.30 - 87 - -
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Table 6.6 

Elastic properties system B 

* 
T 

^2 

* 
K K*/3P2^ ln(l/P )K* 

2 T-
0.90 0.71 1.20 2.37 0.79 0.46 

1.00 0.62 0. 94 2. 45 0.82 0.45 

1.08 0.52 0.71 2.64 0.88 0.43 

1.20 0.20 0.19 4.86 1. 62 0.25 

2 4 6 



Table 7.1 

Some cinnimate esters giving rise to Smectic E and B mesophases, 

(o}- c=iSl—^O^CH=CH-C-OR 

R name initials 

CH CH CH CH n-butyl 4(4' phenyl-

benzylidineamino)cinnamate 

BPS AC 

CHgCHfCH >2 iso-butyl 4(4' phenyl-

benzylidineamino) cinnamate 

IBPBAC 

CH2CH2CH2CH2CH2 n-pentyl 4(4' phenyl-

benzylidineamino) cinnamate 

PPBAC 

ro 



N) 

CD 

T a b l e 7 . 2 

Transition properties of a few 4(4' phenyl benzylidineamino) cinnamates 

BPBAC (Richardson et al., 1978) 

77°C 108°C 172°C 208°C 
Crystal ; ^ = ± Sg ^ = ± Isotropic 

IBPBAC (Richards et al., 1978) 

86°C 114°C 162°C 206°C 214°C 
crystal ^ 1 v Sg ; ^ = ± N Isotropic 

PPBAC (Doucet, 1979) 

92°C 101.5°C 168°C 204°C 
Crystal ^ Sg ^ Sg ^ ^ Isotropic, 



Table 7.3 

Computation details 

hO 

* 

T Starting config. 
temperatures 

Equilibration 
cycles (xlO ) 

Production^ 
cycles(xlO ) 

/\ (radians) 

1.0 0^ 1.0 6.0 1.0 
3.0 1.0 1.0 4.0 1.0 
5.0 3.0 1.0 4.0 1.0 
6.0 5.0 1.0 1.0 1.1 
7.0 5.0 1.25 8.0 1.25 
8.0 3.0 1.0 8.0 1.25 
8.5 7.0 1.0 3.0 1.4 
9.0 3.0 1.25 8.0 1.5 
9.5 3.0 2.0 8.0 1.5 
10.0 3.0 1.0 11.0 1.6 
11.0 7.0 1.0 9.0 1.75 
12.0 7.0 1.0 4.0 1. 90 
13.0 9.0 1.0 4.0 2.1 
15.0 11.0 1.25 3.5 2.5 
17.0 13.0 1.25 4.0 2.8 
20.0 17.0 1. 50 4.0 3.5 
25.0 15.0 1.0 3.0 3.5 
30.0 25.0 1.0 3.0 4.0 

Perfect "herring bone" 



Table 7.4 

Thermodynamic Properties 

NO 

o 

* 
T -u* 

* 
Cv (fluctuations) C * (spline) 

V 

0.0 24.33 - -

1.0 23.82+0.01 0.65+0.03 0.51+0.04 
3.0 22.77+0.01 0.71+0.05 0.54+0.04 
5.0 21.59+0.04 0.70+0.04 0.67+0.05 
6.0 20.90+0.04 0.75+0.03 0.68+0.05 
7.0 20.21+0.05 0.79+0.04 0.75+0.09 
8.0 19.27+0.11 0.73+0.07 1.21+0.12 
8.5 18.64+0.12 0.76+0.06 1.19+0.20 
9.0 17.98+0.37 0.80+0.04 1.78+0.35 
9.5 16.98+0.25 0.71+0.02 1.63+0.35 
10.0 16.43+0.24 0.76+0.03 1.01+0.35 
11.0 15.12+0.16 0.72+0.09 1.26+0.20 
12.0 14.12+0.16 0.76+0.05 0.90+0.13 
13.0 13.22+0.14 0.76+0.04 0.84+0.10 
15.0 11.85+0.07 0.76+0.04 0.59+0.08 
17.0 10.76+0.04 0.75+0.03 0.51+0.05 
20.0 9.41+0.05 0.63+0.08 0.40+0.04 
25. 0 7.77+0.04 0.52+0.09 0.26+0.04 
30.0 6.64+0.04 0.47+0.087 0.19+0.03 
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Table 7.5b F.(r) 
4 

1. 0 3. 0 5.0 8. 0 9. 0 9. 5 10. 0 11. 0 7. 0 Z(r; 

1.0 -0. 328 -0. 308 -0.292 -0. 259 -0. 232 -0. 222 -0. 215 -0. 195 -0. 277 6 
1.732 -0. 326 -0. 309 -0.285 -0. 253 -0. 228 -0. 192 -0. 172 -0. 163 -0. 262 6 
2 0. 974 0. 923 0.860 0. 730 0. 634 0. 527 0. 466 0. 395 0. 783 6 
2,646 -0. 325 -0. 303 -0.286 -0. 228 -0. 199 -0. 154 -0. 123 -0. 104 -0. 258 12 
3 -0. 324 -0. 305 -0.292 -0. 212 -0. 201 -0. 140 -0. 134 -0. 081 -0. 267 6 
3.464 0. 974 0. 923 0.858 0. 707 0. 581 0. 419 0. 318 0. 237 0. 764 6 
3.606 -0. 323 -0. 311 -0.280 -0. 239 -0. 198 -0. 133 -0. 096 -0. 097 -0. 257 12 
4 0. 975 0. 921 0.861 0. 708 0. 569 0. 390 0. 273 0. 230 0. 772 6 
4.359 -0. 325 -0. 309 -0.284 -0. 233 -0. 172 -0. 129 -0. 088 -0. 054 -0. 258 12 
4.583 -0. 325 -0. 304 -0.289 -0. 237 -0. 190 -0. 116 -0. 069 -0. 067 -0. 256 12 
5 -0. 325 -0. 304 -0.277 -0. 236 -0. 182 -0. 132 -0. 063 -0. 047 -0. 247 6 
5.196 -0. 325 -0. 315 -0.287 -0. 236 -0. 202 -0. 113 -0. 062 -0. 064 -0. 259 6 
5.291 0. 974 0. 917 0.860 0. 703 0. 550 0. 352 0. 174 0. 155 0. 774 12 
5.568 -0. 325 -0. 304 -0.291 -0. 230 -0. 193 -0. 115 -0. 058 -0. 066 -0. 254 12 
6 0. 976 0. 919 0.866 0. 715 0. 559 0. 355 0. 140 0. 145 0. 771 6 
6.083 -0. 324 -0. 310 -0.286 -0. 235 -0. 182 -0. 117 -0. 054 -0. 040 -0. 256 12 
6.245 -0. 325 -0. 309 -0.287 -0. 237 -0. 172 -0. 109 -0. 045 -0. 019 -0. 259 12 
6.557 -0. 325 -0. 305 -0.284 -0. 239 -0. 181 -0. 115 -0. 034 -0. 046 -0. 260 12 
6.928 0. 973 0. 919 0.850 0. 697 0. 569 0. 313 0. 107 0. 086 0. 776 6 
7 -0. 325 -0. 307 -0.281 -0. 240 -0. 188 -0. 107 -0. 031 -0. 039 -0. 257 18 
7.211 0. 974 0. 923 0.855 0. 709 0. 553 0. 319 0. 086 0. 116 0. 769 12 
7.550 -0. 325 -0. 304 -0.285 -0. 239 -0. 196 -0. 103 -0. 035 -0. 034 -0. 252 12 
7.810 -0. 325 -0. 309 -0.279 -0. 232 -0. 193 -0. 101 -0. 021 -0. 017 -0. 257 12 
7.937 0. 323 -0. 305 -0.285 -0. 235 -0. 190 -0. 107 -0. 020 -0. 045 -0. 257 12 
8( 0. 974 0. 916 0.857 0. 701 0. 558 0. 313 0. 060 0. 091 0. 773 6 
8.185 -0. 325 -0. 305 -0.282 -0. 232 -0. 177 -0. 105 -0. 023 -0. 034 -0. 261 12 
8.544 -0. 324 -0. 307 -0.287 -0. 231 -0. 190 -0. 101 -0. 014 -0. 030 -0. 256 12 
8.660 -0. 325 -0. 306 -0.282 -0. 250 -0. 182 -0. 101 -0. 035 -0. 023 -0. 253 6 
8.718 0. 974 0. 922 0.857 0. 710 0. 547 0. 291 0. 060 0. 058 0. 772 12 
8.888 -0. 325 -0. 308 -0.284 -0. 248 -0. 185 -0. 096 -0. 017 -0. 015 -0. 259 12 
9 -0. 324 -0. 303 -0.285 -0. 241 -0. 161 -0. 096 -0. 008 -0. 032 -0. 263 6 
9.165 0. 974 0. 922 0.854 0. 707 0. 546 0. 295 0. 027 0. 059 0. 770 12 
9.539 -0. 325 -0. 307 -0.286 -0. 235 -0. 186 -0. 096 -0. 010 -0. 018 -0. 257 24 
9.644 -0. 325 -0. 304 -0.287 -0. 224 -0. 182 -0. 098 -0. 008 0. 000 -0. 257 12 
9.849 -0. 325 -0. 310 -0.289 -0. 225 -0. 175 -0. 102 -0. 003 -0. 014 -0. 253 12 
10 0. 974 0. 918 0.855 0. 705 0. 545 0. 296 -0. 008 0. 068 0. 771 6 

Ncycles 1000 1000 1000 4000 4000 8000 4000 4000 4000 

z(r) is the coordination number 
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Table 7.8 

<cos2(0.-6.)> and <cos4 (P . - P.) > 
1 ] 1 ] 

+lim Fgfr) lim F . (r ) 
4 

< cos 2 d > < cos 4 9 > 

* 

lim F . (r ) 
4 

T 

1,0 0. 974 0.900 0.987 0. 949 
3.0 0.920 0.715 0.959 0.846 
5.0 0.855 0.551 0. 925 0.742 
7.0 0.771 0.381 0.878 0.617 
8.0 0. 706 0.274 0.840 0.523 
9.0 0. 546 0.151 0.739 0.389 
9.5 0. 294 0.040 0.542 0. 200 

10.0 0.005 0.000 0.071 0.000 
11.0 0.006 0.000 0.077 0.000 

lim E (0) 

1.0 0.975 
3.0 0. 921 
5.0 0.858 
7.0 0. 768 
8.0 0.698 
9.0 0. 504 

10.0 0. 200 
11.0 0.160 
12. 0 0.013 
13.0 0.005 
15.0 0.003 
17.0 0.003 
20.0 0.002 
25.0 0.001 
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Appendix 1 

Properties of Wiqner Rotation matrices and relateo functions 

A complete account of the properties and definition of 

Wigner rotation matrices is given by Rose (1957). The 

following relations are those that have been used in this 

thesis. 

1) Orthogonality. 

* » 

;dasingdBdYDLn(aBY)DL,^,[agYj = V ( 2 L + 1 ) ] 6^^, 6^^, 6^^, 

2) Closure. 

L L L 

Dnm''°'2®2^2 ̂  

n 

where (agy) is the resultant of rotation 

3) Symmetry 

D^n^aBY) = D_^_^(a6Y) 

L 

4) Special cases 

L p -,«/i * 

and 

D^^CaBO) = [4TT/(2L+1)] Y^^(Ba) 

where is a spherical harmonic 

D Q Q ( O B O ) = P^(cosB) 
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where P ^ C c o s g ) is a Legendre polynomial 

5) Spherical Harmonic addition theorem. 

P j c o s e ) = I V p ( 9 2 ^ 2 ^ 

P 

where cosQ = cosG^cosGg + s i n G ^ s i n G g C o s C ^ ^ - ^ g ) 

6) Modified spherical harmonics 

1/1 

= 1 4 ^ , I V m ( e « ) 
[(2L+1)J 
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Appendix 2 

Scalar Functions 

The scalar functions 5^^,^ for small values of L L' 

and J in terms of unit vectors z^, , R, the vectors 

describing the orientation of the long m o l e c u l a r axes 

and the inter molecular vector. [Stone, 1979). 

^000 

^110 "^l'^2 

/3 Sin, = -z,.R 
' 1 0 1 " 1 

/S 
^011 ~ ^ ^ ^ 

/30 = z^.Zg - 3( Zj^. R)( z^. R) 

/30 S^2i = z^.R - S C z ^ . Z g j f Z g . R ) 

/30 S211 = -Z2.R + 3Cz"^. z ^ K z^. R) 

2/5 S220 = 3C z^.ZgjZ _ 1 

/70 $222 = 2 - 3(z^.R)^ - SCz^.z^): 

4/70 $224 = 1 - 5(z^.R)^ + 2 ( z ^ . 3 2 ) ^ - 5 ( z 2 . R ) ^ 

_ 2 0 ( Z 1 . Z 2 ) C Z 1 . R ) ( Z 2 . R ) 

+ 35(?^R)^(Z2.R)'^ 

Also given S.j^ ^ j, S^ may be obtained by replacing 

$2 by R and vic^e^ersa.^ 

A A 

^JL L be obtained by replacing z^ by -R and vice 

veriaI 

5 L J may be obtained by replacing z^ by -z^ and vice 

' " 2 ^ 

versa 
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Appendix 3 

Random number g e n e r a t i o n 

In any M o n t e - C a r l o s i m u l a t i o n , the generation of random 

numbers is always required. Although called random, they are 

actually pseudo random in that they follow a predefined 

periodic sequence. The usual method of generating such a 

sequence of numbers uniformly distributed in the range 0>C>1 

is via the recursive equation. 

N. = a X N. ,mod(b) A3.1 
1 1 — 1 

where mod is a function returning the remainder of N/b. The 

i^^ pseudo random number, is then defined as 

= N^/b A3.2 

Here a and b are constants suitably chosen to give 

statistically random and uncorrelated n u m b e r s . Usually b is 

taken to be 2*̂  where n is the computer word length, thus 

avoiding the necessity for the mod function as ignored 

overflow will perform the same task. The constant a is 

normally chosen to be sufficiently large, and using Fourier 

Analysis on such problems, it has been shown (Coveyou and 

M a c P h e r s o n , 1967) that the binary r e p r e s e n t a t i o n of a should 

contain a significant number of ones, and at the same time, 

not a close multiple of b or /b . For example, the 

Numerical A l g o r i t h m s Group (NAG) routine sets a equal to 

13^^ (Routine G G 5 C A F ) , although other values could safely be 

used. 
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Appendix A 

Simple and Face centre, cubic lattices 

Some p r o p e r t i e s of simple cubic and face centre cubic 

l a t t i c e s . 

Unit cell 

simple cubic face centre cubic 

number of molecules 

per unit cell 

unit cell repeating 

distance 

intermolecular 

seperation and 

coordination number 

for coordination 

shell n u m b e r ; 

1 a 6 a / / 2 12 

2 /2 a 12 /a 6 

3 /3 a 8 /372a 24 

A /2 a 6 /2 a 12 

5 /5a 24 /5/2a 2A 

6 /6 a 24 /3 a 8 

7 /8a 12 / 7 7 2 a A8 

8 /3 a 30 / A a 6 

9 / 1 0 a 24 / 9 / 2 a 36 

10 /11a 24 /5 a 24 
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A p p e n d i x 5 

P r o o f that the m i d d l e term v a n i s h e s in the p a i r p o t e n t i a l 

used in C h a p t e r 7 

To prove that the J=A, M=+2 term in the 

q u a d r u p o l e - q u a d r u p o l e pair p o t e n t i a l for nearest n e i g h b o u r s 

summed over all molecules is zero on a triangular lattice. 

We can express the term as;-

Ej^j = c o s 2 [ 8 ^ - 0 ^ ^ j ) + c o s 2 ( 8 j - 0 ^ ^ j ) 

The total energy contribution is then 

^tot - I I Z ^ij 
^ i j 

= 1 2 I ( c o s 2 [ 8 i - 0 p i j ) + c o s 2 ( 8 j - 0 ^ . j ) ) 

^ i = l j = l 

The factor of (1/2) arises because the double summation 

counts all pairs of molecules twice. This can be broken down 

to; -

E f t - i l l oos2(9,-,i^ ) 

" i l l oos2t9j-C(^,j) 

^ i = l j = l 

Here both terms are zero unless i and j are n e i g h b o u r i n g 

m o l e c u l e s . 
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The summation:- ^ c o s 2 ( O - 0 ^ 3 

j = l 

c o s 2 0 c o s 0 - s i n 2 0 s i n 0 

+ cos20cosTr/3 - s i n 2 9 s i m i / 3 

+ c o s 2 9 c o s 2 n / 3 - sin20sin2ir/3 

+ COS20COSTI - s i n 2 0 s i m r 

+ COS29COS2IT/3 - s i n 2 G s l n 4 % / 3 

+ cos29cos5ir/3 - s i n 2 9 s i n 5 n / 3 

0 

s i n c e the six i n t e r m o l e c u l a r v e c t o r s are at 0, n / 3 , 2ir/3, ir, 

4ir/3, 5Tr/3 r e s p e c t i v e l y . This term also v a n i s h e s r e g a r d l e s s 

of the c h o i c e of the l a b o r a t o r y frame of r e f e r e n c e . 
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A p p e n d i x 6 A few non-zero Clebsch Gordan C o e f f i c e n t s 

^2 
J C( 

u U U 0 0 + 1 

0 1 1 0 0 + 1 

0 1 1 0 1 + 1 

0 2 2 0 0 + 1 

0 2 2 0 1 + 1 

0 2 2 0 2 + 1 

1 1 0 1 -1 + 1//3 

1 1 0 0 0 -1//3 

1 1 1 0 1 - 1 / / 2 

1 1 1 0 -1 + 1//2 

1 1 1 1 0 + 1//2 

1 1 2 0 0 +2//6 

1 1 2 0 1 + 1//2 

1 1 2 1 -1 + 1//6 

1 1 2 1 0 + 1//2 

1 1 2 1 1 + 1 

1 2 1 0 0 -2//10 

1 2 1 0 1 - / 3 / / 1 0 

1 2 1 1 -2 +/3//5 

1 2 1 1 -1 +/3//10 

1 2 1 1 0 + 1//10 

1 2 2 0 1 - 1 / •/6 

1 2 2 0 2 - 2 / / 6 
1 2 2 1 -2 + 1//3 

1 2 2 1 -1 + 1 / / 2 
1 2 2 1 0 + 1 / / 2 
1 2 2 1 1 + 1//3 

2 2 0 0 0 + 1//5 

2 2 0 1 -1 -1//5 

2 2 0 2 -2 + 1//5 

2 2 1 0 1 +/3//10 

272 



jl J 
"̂ 1 

2 2 1 1 -2 + 1//5 

2 2 1 1 -2 - 1 / / 1 0 

2 2 1 1 -1 - / 3 / / 1 0 

2 2 1 1 0 +2//10 

2 2 1 2 -2 +2//10 

2 2 1 2 -1 + 1//3 

2 2 2 0 0 - 2 / / 7 

2 2 2 0 1 -1//14 

2 2 2 0 2 +2//7 

2 2 2 1 -2 +/3//7 

2 2 2 1 -1 +1//14 

2 2 2 1 0 - 1 / / 1 4 

2 2 2 1 1 - / 3 / / 7 

2 2 2 2 -2 +/2//7 

2 2 2 2 -1 +/3//7 

2 2 2 2 0 +/2//7 

2 2 4 0 0 +6//70 

2 2 4 0 1 +/3//7 

2 2 4 0 2 +3//42 

2 2 4 1 -2 + 1//14 

2 2 4 1 -1 +4//70 

2 2 4 1 0 +/3//7 

2 2 4 1 1 + 2 / / 7 

2 2 4 1 2 + 1//2 

2 2 4 2 -2 + 1//70 

2 2 4 2 -1 + 1//14 

2 2 4 2 0 +3//42 

2 2 4 2 1 + 1//2 

2 2 4 2 2 + 1 

Recursive Relations:-

CCjiJgJImimg) = (-1) 

= (-1) 
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A p p e n d i x 7 

The first six even L e g e n d r e P o l y n o m i a l s 

P^Cx) = 1 

P o ( x ) = (3x^-l)/2 

P ^ ( x ) = ( 3 5 x ^ - 3 0 x ^ + 3 ) 7 8 

P g C x ) = ( 2 3 1 x ^ - 3 1 5 x ^ + 1 0 5 x ^ - 5 ) / 1 6 

P Q ( X ) = ( 6 4 3 5 x G _ 1 2 0 1 2 x * + 6 9 3 0 x * 
o o 

- 1 2 6 0X ^ + 3 5 ) / 1 2 8 

P J ^ Q ( X ) = ( A 6 1 8 9 x ^ ° - 1 0 9 3 9 5 x ® + 9 0 0 9 0 x ^ 

- 3 0 0 3 0X ^ + 3 A 6 5X ^ - 6 3 ) / 2 5 6 
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