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The main aim of this thesis is to present a certain lattice associated
with a local ring and to determine this lattice when the local ring
is one-dimensional and has multiplicity two.

For, a one-dimensional local ring Northcott produces a tree of
neighbourhood rings by localizing the first neighboufﬁood ringg at its
siwe maximal ideals and resolving again and again. We prefer to
generalize the first neighbourhood ring and so produce a lattice of
finite extension rings ofalocal ring.

For the application to multiplicity two, we rely on the basic result
due to Matfis. In 1973 he showed that when the one~dimensional local
ring Q has multiplicity two, then every ideal of the local ring can
generated by two elements and that the local ring has a superficial
element of degree one which belongs to the maximal ideal of the local
ring. With this as starting point we determine the lattice of the
local ring Q. The idea of using the lattice to characterize local
rings was suggested by D.Kirby in the geometric case, but we are
concerned with the abstract case. It is showm that the lattice of
finite extension rings of Q is totally ordered either finite if the
integral closure of Q 1is a finite Q-module or infinite in the

opposite case.
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Introduction

The main purpose of this thesis is in the first place to
study the lattice £(Q) of extension rings of a local ring Q
which are finite Q-modules, and in the second place to determine
JS (Q) when Q 1is one-dimensional of multiplicity e(Q) = 2 .

In the first chapter we introduce the notion of a
superficial element of an ideal of Q , a notion which is due to
Samuel [15} and [1@]. We give various known results on superficial
elements in particular establishing their existence and including
five equivalent defining properties.

In the second chapter we consider the characteristic or
Hilbert function of a local ring, the basic work is due to P.Samuel
[}6], and No;thcott [ﬁ?] generalized such a function. Here we
establish its existence in a new way by using superficial elements.
In the dimension one case the characteristic function is‘the form
en-p , and we give some known relationships between e and op .

In the third chapter we consider the first neighbourhood
ring of a local ring Q which is due to Northcott. He produces a
tree of the neighbourhood ring by localizing the first neighbourhood
ring R, at its maximal ideals and resolving again, instead we
prefer to generalize the first neighbourhood ring Q by producing
the lattice of finite extenmsion rings of Q.

In chapter four we study the lattice Jf(Q) where Q is
one~dimensional local ring of multiplicity two in this case Z Q@
is totally ordered, so the lattice L (Q) of finite extension rings

L (Q will either be finite

ROC:: Ry c RZC:... C:Rn



where Rn is integral closure § of the local ring Q
or R, Cr C.,.. Cr, C ....
0 1 i

where each R, is a local ring with multiplicity two.

Our system of reference throughout the thesis is as
follows:

When a reference is made to (4.5.1) it means the first
result or definition of section 5 in chapter 4. A reference such |

as [6] refers to the list of references at the end of the thesis.



Acknowledgements

T would like to express my grateful thanks to
Dr. D. Kirby for his unfailing help during the period of

my research in the University of Southampton.



Chapter 1
Superficial element$

(1.1) Introduction.

Throughout this chapter, Q will be a local ring, m will
denote its maximal ideal, q will denote an ideal of Q which is not
the whole ring i.e. m ) q.

In [15] and [16] Samuel introduces the idea of a superficial

<]

element of an ideal ¢ of a Noetherian ring Q, where (m] qnwD s
; n=0

in fact Samuel gave two equivalent defining properties for superficial
elements, one of which shows their existence. And Northcott L13} and
[10] uned uﬁch olements in the dilatations of a local ring, when Q is
a local ring and ¢ = m. TIn addition, Northcott [10] gave a third
defining property which applies when Q is one~dimensional local ring.
Then Kirby [l] by using the ring of qvfurmu’in the general local ring
gave a set of five equivalent defining properties of superficial element.
in this éhapter we repeat some of Samuel's and Kirby's work
and give five equivalent defining properties for such elements. Then we
establish the existence of superficial elements. Also we consider the
one~dimensional case when we apply the results of the five equivalent

defining properties.
(1.2) The ring of q-forms.
Let Q be a local ring, m be the maximal ideal of Q and

o
let gq be an m-primary ideal, so that (”1 q" = (0), in particular Q/q
n=0



is a Noetherian ring. It is clear that Fn(q) = qn/qn+1 is

(Q/q) ~module where, n = 0,1,2,.... From this, it follows, for

every non-null element x of Q , there is a unique integer and such

that x ¢ qS and x ¢ qs+1 which has a unique image in Fs(q) s

that is x = (x:+q‘m'1)/qs+1 which is called ‘&8 the g~form of x and

s is called the degree of x . If x ¢ Fs(q) and ¥ e Ft(q) we

define §§‘ as follows: Let x and y be elements of q8 and qt
respectively such that x ¢ x and Yy € ; and, then we defiﬁe ‘

Xy = &y+q5+t+l)/qs+t+l (e Fs+t(q)) . It is easy to verify that xy

is independent of the choice of x ¢ X and y ey . This multiplication
defines a ripg structure in the direct sum F(q) of all the Fn(q) , and
F(q) becomes a commutative graded ring. Since Fn(q) = qn/qn+1 it

follows that Fn(q) = (Fl(q)n), which implies that F(q) 1is a homogeneous

ring. This homogeneous ring F(q) is called the ring of g~forms @wd

]
+1
F(g) = ] q"/q"
n=0
(1.2.1) Proposition: The ring of q-forms F(q) is Noetherian.

Proof. Suppose that the ideal ¢q admits a finite fixed base
q = (ul,uz,....,ur) where, however, this base of ¢ mneed not be minimal.
Let ¢(u) = ¢(ul,....ur) be a form of degree s % 0 in the wu, with
coefficients in Q and such that not all the coefficients of ¢ are
in q , further let E(X) = $(XI’X2"”"Xr) be obtained from ¢ by
replacing each ug by indéterminates Xi and each coefficient by its
residue modulo q , thus making ¢(X) a form in the polynomial ring

(Q/q)[xl, 2,,...X£1 . Since . Q/i' is Noetherian so (Q/q)[xl,xz,,...xr]



is Noetherian. We map a form ¢ of degree s in (Q/q)[XI,Xz,....Xgl
onto an element of Fs(q) by replacing the coefficients by elements of
Q and Xi by u, and so obtain a representative in qS of the |
unique image of ¢  in Fs(q). We thus obtain a (Q/q) ~homomorphism
of (Q/q)[xl,xz,....xr] on to F(q). The kernel of the homomorphism
is a homogeneous ideal NO of (Q/q)[xl,xz,....X¥]. Hence the rings
(Q/q)[xl,.....X];]/No and F(q) are isomorphic and since the former is
Noetherian so F(q) is Noetherian.
Let us now introduce the ideal' I of the ring F(q)

generated by the q~forms of strictly positive degree i.e.

= ] %" = F@) - F (@
n=1

(1.2.2) Proposition. ¢ is nilpotent if and only if I is nilpotent.

Proof. lax__f._ba—aa~%de&%—e£~%he—q-£e#mﬁ7—ehan\Jé have

k-1
= F(q) - ) F;(q)
j=0

'ik

If q is nilpotent so qk = 0 for some k then qt =0 for tzk

x k-1
and I = F(q) - z F.(q) =0
j=0
Conversely, if fk = () it is clear that qt = qt*l for
]
t 2k so qt C _(ﬂw " =0
- =]

Hence qt = (0 i.e. q is nilpotent.

It will now be convenient to introduce some more notationg.

(1.2.3) We denote by b the isolated component of the zero ideal of
Q determined by the prime ideals which belong to the zero-ideal and do
not contain ¢, more precisely b is the set of elements x such that

qu = (0 for some k .



Also we denote by N the homogeneous ideal in F(q) whose
elements x satisfy X Tk = 0 for some k. We suppose neither gq
nor I is nilpotent, so neither b nor N is the whole ring and from
the definition of b and N we can deduce that for some k large

enough,

qkﬁ b=0,T°M §=0, biq=b, R:I=N.

In fact, if fklﬁ N = 0, it can be shown that qk{\ b = 0.

1

(1.2.4) Theorem. Let x € qa and x ¢ q8+ and let x be the

q-form of x. The following three conditions are equivalent

(i) N:(x) =N
(ii) qn+s (\ Qx = an for all # large enough, and b:i(x) = b
(iii) (qn+s:Qx) f‘ qc = qn for some integer ¢ and all =n 2 c.

Proof. It will be shown first that (i) amd (iii) are
equivalent and then that (iii) and (i) are equivalent.

Assume that (i) is true then we consider y ¢ (qn+B:Qx) M qt
where N it = 0,

) r
Now let us choose an integer ¥ such that y € g and

y ¢ qr+1; then ¥ 2 t and y the unique image of y in Fr{q)
would belong to ft . Thus §§ has degree r+s and also xy € qn+s‘
If r < n , then we have Xy &£ qr*s*l, so that §§ = 0 therefore it

is clear that ¥ ¢ o:(%)g; N:(x) = N .

ton

But ¥ € I° and so y e ¥ N It = 0, this however, is

e v+l
contradiction because v ¢ @ .

Consequently r 2 n and (qn+s:Qx) N qt c o . Since

.

the opposite inclusion is obvious for n 2 t, then (iii) is proved.



Assume that (iii) is true and choose ; € ﬁ:(;) with
degree n. Then ;§ it = 0.
Let y be the q-form of y with y ¢ qn and y ¢ qn+1 . Let

now « be any element of qk, where k = max{(t,c); then g§§ =

n+sik+l
and oxy € ¢ .
Therefore aye (qn+s*k+1: qx) N qc - qn+k+1
and consequently 'y qk c qn+k+1 or ;ik = 0,

Thus y belong to N and N:(x) & N. Again the
opposition inclusion is obvious. So (i) is proved.

Next we prove that (ii) and (iii) are equivalent.

Suppose that (iii) is true, then let 2z = xyeqn+8f1 Qx .
Then by Rees lemma [14] we have yaqn+8: & ():Qx+qn+$”k for some
k(2 s) and all n > k~s. Suppose n 2 k-s+c ‘and call k-s+c = n

0
n+s-k nteomn c
= q

then, for some vy' € g - q we have x(y-v') = 0 .

Therefore 2z = xy = xy' ¢ qn+a and

s
v e (@@ g0 N g% =q" .

Hence 2z ¢ X qn and qn+s N xg an for n 3 ny

Since x € qs , we have (qn+s N Qx) 2x qn, and therefore
N ox = x ¢

In order to prove (ii) we must also show that b:(x) = b.
For this let us suppose y belongs to b:(x), so that xy belongs to
b. Then =xy qt =0 ¢ qn+S . ’Now we put k = max(t,c); from this it

follows immediately that

qu < (qn+s: Qx) N qc = qn for all n 2z c.

o
Hence qu et f\ qn = () and y € b. Therefore
™ p=l
b:(x) = b, so the second part of (ii) is established.



Finally assume that (ii) is true then we consider

n+s

v eg : Qx . If (ii) holds for n 2 n = we have

Xy € qn+s (\ Qx = an for n 3 n
Hence yeqn+0:QxC_;qn+b:waqn+b
i.e. e x C q" + b .

Let us put ¢ = max(t,nc). Then
(qn+s: Qx) rw qCQ;; (q"+b) (‘ q% = q"+b N q% = q" for n 2 c.
Also for n 2 c¢ we have
@ o ) I
since x € qS é Therefore
(qn+s: Qx) ﬂ qc - qn for n 2z c.

The proof of the theorem is thus complete.

(1.2.5) Definition. An element x 1is said to be a superficial element
of degree 8 with respect to q when x ¢ qs and there is an integer
¢ such that

(qn+s: Qx) n q¢ = qn for n2 ¢ .

Noteglbew. If x ¢ qMI’ then (qn*squ) n qc ) qnml ) qn for n » c,

so for x to be superficial element of degree s it is necessary that

x ¢ qs+1.



(1.2.6) Example. Suppose Q = k[ [t% t?]] be  power series ring

L
and q = (t2,t3) , then a superficial element of degree 1 is x = t2,
However t3 ¢ q-q? is not superficial element of degree 1,
(t2n~1€ (qn+1: 0t3) ~ ¢ for n> 1) .

This shows that the above necessary condition is not
sufficient in the general case. It is nevertheless sufficient
whenever F(q) is an integral domain.

Another instance in which the existence of such an element

is guaranteed is given by the following theorem.

(1.2.7) Theorem. Let Q be local ring and q be an ideal of Q
there exist an integer s and an element x of Q such that x 1is

superficial element of degree s.

Proof. We consgider in the ring of quorms F(q), the
associated prime ideals pj of the zero-ideal (0) , and we assume that
pj does not contain the ideal T for 1 s 3j s & of the F(g) .
Otherwise pj oo T for %+l € j €k . It is easily seen that there
exists a homogeneous element X of positive degree say 8 such that
x¢é¢p., for 1sjs4 . To prove this, we replace the set {pj} for
1£js4 by {p“} of maximal elements in the set. Since I g‘ P,
there exists a homogeneous element 6u of T of degree one such that
Bu ¢ P$ . On the otherhand, for u' # u there exists a homogeneous

element X in where X . We set
1T Py T ¢ Py

X Bn(u) 1 Xp )
M ERTLE Y

way that the elements Xu have the same degree. So Xué pu and

,) , the exponents n(u) 2 1. are chosen in such a

X ¢ for ',
u put u’#u

Hence the homogeneous element X = Z Xu satisfies the

- U
conditions x ¢ P, for 1 gu <2 . Let qj be a primary componant



of (0) For

corresponding to pj.

some power of I . Let ¢ be an int

Suppose now that o ¢ N : (x) , then

definition of N . As x ¢ P, for
2 g
ol r\
Also I C f\
j=041
80

Therefore o Dbelongs to N and N:(

% is the form in F(q) of a superfi

(1.2.8) Remark. There does not alwa

given degree.

(1.2.9) Example. Suppose Q = Fz[[:
x and y denote the classes of X,Y

is clear that the ring of the q-forms
F, [%,¥] /%8 (

Meanwhile the only elements of degree

(F ig field of two elements) are no

2
However the freedom of ch
proof of (1.2.7) can be used to show

of every sufficiently large degree.

- B e

241 € 3 € k, qj contains
_c k
eger such that I g; Q.-
j=gal 3
- - _ur
axeN and o x 1T = (0) by
1 £ u < 2 this implies that
%
%
L+e
oI

k
g n Qj = (0)
j=1

x) = N which by (1.2.4) means

cial element of q.

yvs exist a superficial element of
X,Y] ] /(X¥(X +Y)) . In fact if
in Q then take q = (x,y). It
is
X+Y)

one of Q mnamely x,y and x + ¥
t superficial elements.

oice of the exponent n(u) in the

that q' has superficial elements



(1.2.10) Now we consider some more notation.

It is clear that the Q/b = Q' is a local ring with maximal ideal
image m' = m/b. Also put q' = (¢ + b)/b the image of q in Q'.
Thus we can construct the commutative graded ring F(gq') of q'*fofms,
and the homogeneous ideal I' and N' of F(q') can be defined as
before.

We denote the ideal

o

J b nq® +gq

n=0

n+l n+l

)/q

of F(q) by b and establish the following relationship between F(q)

and F(q').

(1.2.11) Theorem. N = b; and there is a canonical homomorphism of
F(q) onto F(q') which has b as kernel in which I' and N' are
the images of I and N

Proof: As page 23 [l]

The next theorem which is proved on page 25 [‘] explores the

relation between superficial elements of ¢ and superficial elements of

the image q'of q in Q'.

(1.2.12) Theorem. (i) Let =x € Q and let x' be its image in Q'. If
x is a superficial element of q of degree s, then x' is a
superficial element of q' of degree s.

(ii) 1Let =x' ¢ Q' and let x be a representative of x' in Q.
Let x' be a superficial element of ¢q' of degree s, x is a

element ”
superficialkaf q if and only if the degree of x is s.



(1.2.13) With these two theoremgand theorem (1.2.4) Kirby LQI gave

other equivalent conditions for superficial elements.

(1) x is superficial element of q.

(ii) (qn+s + b)Y} (Qx + b) = an +b for n large and
b:(x) = b

(iii) (qn+S +b):Qx = q° + b for large n.

In fact we have five equivalent conditions for the

superficial element of q.

(1.2.14) 1In addition we must note that the following facts.

(a) The superficial elements of degree zero are the units of Q
(b) if X and x, are superficial elements of degree s and t

respectively, then LIS is a superficial element of degree t + s.
Proof. (a) 1is trivial

Proof. (b) 1If §s and % be the g-forms of X and %

g+ +g+
d+s t/qi g+t

t t

respectively then we have %S.;t = XY, + q so by condition

(i) of theorem (1.2.4) we have

N : (?cs.%t) = (N : (Z&s)) : ci‘;t) = N .

(1.3) One~dimensional case.
Throughout this section, Q 18 a one-dimensional local
ring and ﬁ igt;aximal ideal of Q and q is an m-primary ideal.
In fact if Q 1is one-dimensional local ring then it follows

that dim b = 1.

- 10 -



+ .
(1.3.1) Theorem, Let X € qr and x ¢ qr 1 , then x 1is
superficial element of degree r with respect ¢ if and only if
qn+r = X qn for un large enough.

Proof. Suppose x 1is superficial element of degree

r then by theorem (1.2.13) we have

n

(@ +b) N (Qx +b) =xq" + b

for n sufficiently large and b : Qx = b.

Since dimb =1 and b:Qx =b we deduce Qx + b is
m-pyimary idealvcf Q. Therefore for n sufficiently large b + Qx
contains ‘qn+r + b, consequently

@ 4 b = 2™ + b (1.1)

for n sufficiently large. Now we intersect both sides of the

equation (1.1) with qt then we have

+ ' t
(q“ Fam)yn qt = (an +Db) NN q (1.2)
It is clear that if =n+r 3 t where qtlw b = 0 then the
equation (1.2) is just

n+y n
q = xq for =n

1\ 4
o

n+r .
Conversely, suppose ¢ = an for n 3 n, it is

\ n+r
obvious that ¢ M Qx = an for n 2 nQ .

Further if y belongs to b:Qx, then b contains yQx
r

which also contains qu» Hence qug qt M b = 0 where

ko= max(n0 + r,t) and y e b , therefore b:Qx =b and
q“*rrw Qx = xq" for n sufficiently large. Consequently by

condition (ii) of theorem (1.2.4) x is superficial element of degree

r with respect(sq.

- 1] -



(1.3.2) Now we consider the ring of g~forms F(q) and the

homogeneous ideal I = E m.qn/qn+l .
n=0
B - ‘tk’ e
We denote by M the set of elements x such that x I @I for

some k. It follows that M 1is a homogeneous ideal of the ring of

gq-forms, none of the primes belonging to M contains I and i&“ﬁ; N.

. o0
Again in F(q') we consider I' = ) m'q'n/q‘n+1 and construct . M'.
n=0

By theorem 7 of [’} (x is superficial element of q if and omly if
M(x) = M where x is the q~form of x), the theorem provides an easy
way of finding the superficial element of q where dim b = 1. TFor

this: instead of considering the ring of q-forms F(q) we construct the

[+]
ring Z qn/mqn. 0f course this is a homomorphic image of
n=0

er where K = Q/m . 1In fact this homomorphism is constructed
in the manner of (1.2.1). If a 1is the kernel of the homomorphism, it

e

is obvious that a is a one-dimensional homogeneous ideal and

R[x....x]/a= ] ¢/ mq” .
o
n=0

. s g + . .
Suppose y ¢ Q which satisfies y € qr and vy ¢ qr 1 gives rise to

a form y of degree r in the ring Z q® / mqn. Let §1 be a
“ n=0

representative of y in K[Xl....xr] such that §1 is a form of
degree 1, then it is obvious that y is a superficial element of ¢
if and only if ;1 is contained in none of the one~dimensional prime

ideals belonging to a .

mlz-—;



Chapter II

(2.1) Hilbert functionsand multiplicity. N

Introduction. Throughout this chapter Q is"local ring,
m its maximal ideal of~@, and q 1is an m-primary ideal of Q.

Our aim in this chapter is to introduce the characteristic
or Hilbert function of a local ring, a notion which is due to P.Samuel
[16].

In [7] Northcott introduced the generalized Hilbert
function, here we repeat some of his work, then we prove the existence
of such function by using superficial elements.

In section five we introduce the coefficients ei(q) of
the abstract Hilbert function in the local ring of dimension d 3 O [6].

If d = 1, then characteristic or Hilbert function takes
the form en - p , where e is called the multiplicity of Q and o
the reduction number of Q.

Subsequently, we quote some relationships between e and o

from [3] and [4].

(2.2) Elementary properties.

(2.2.1) The length of a primary ideal.

Suppose q is an m-primary ideal in the local ring
'Q , where m is the maximal ideal of Q and suppose also that
95995 -».q, are m-primary ideals such that m=q; D 4> --D9y =4

where all the inclusionsare strict. We shall describe this situation

~.13.,.



by saying that [ql,qz,....,qll is a primary chain from m to q.
If now [ﬁl,qz,....,qé] and [qi, qé,....,qéj are two primary
chains from m to q, then we shall say that [qi,qé,....,qﬂ] is
a refinement of [ql,qz,....,ql x 4f every qi occurs among the
qj, Moreover, if, in addition, the two chains are not identical
then we shall say that [ﬁi,qé,....,qi] is a proper refinement of
[a,00y0- - »a,] -

A primary chain from m to g will be called a composition
series for q if it has no proper refinement. If ¢ =m then there
is only one-primary chain from m to q , namely Bﬂ , and this is also

a composition series for m.

(2.2.2) Definition. A Noetherian ring, which has only one proper
prime ideal, will be called a primary ring.

We can now make a further simplification.
Since every proper prime ideal which contains q must contain m and
since m is maximal ideal of Q, it follows that m 1is the only
proper prime ideal which contains q. This shows that Q/q = A is a
Noetherian ring which has only one proper prime ideal, namely p = m/q.
Also there is 1-1 correspondence between chains of ideals from m to ¢

and chains of ideals from p to the zero ideal of A.

(2.2,3) The number of terms in a composition series of a primary
ring A does not depend on the composition series.

Suppose A is a primary ring then we can find a decreasing
chain P = C; O (32 D ....DC = (0) of h ideals, stretching from
the only proper prime ideal P to (0), such that for each i there is

no ideal strictly between Ci and Ci+1' Suppose now that M 1is some

...1&...



finitely generated A-module, say

= + cenn
M Akl AXZ + + Akz

If Al,kz,...., AQ are independent, i.e. if

alkl + azkz .. * a2k2= 0

where @, € A, only when all the a, are zero, then a composition
series composed of submodules of M will contain exactly #h terms,

if XI,AZ,....,A are not independent, a composition series of

2
submodules of M will contain fewer than 2%h terms.

Let us denote the number of terms in a comp&sition series for M by
dimAM; then, for example, if q = m,A will be a field and dimAM will
have its usual meaning. Also note that, if E, and E, are submodules
of M, with respect to A then.

dlmA(E1 + E2) + dlmA(E1(1 EZ) = dlmAEl + dlmAEz

because, using a familiar theorem on isomorphisms,

]

dlmA(E1 + EZ) - dlmAE1 dlm.A(E1 + EZ)/El

[

dimAEz/(E1 N EZ) -

2 domy B, — b (B (NEB2) -
(2.2.4) Definition. If q 1is a primary ideal in a Noetherian

ring, then the number of terms in a composition series for q will be

called the length of 4.

...15_.



(2.3) Hilbert's function in a local-ring.

Suppose that K is a field and I is a homogeneous
ideal in the polynomial ring K[XO’Xl""Xr] = K[i] . If Vf(s,I)
is the vector space over K consisting of all the forms of degree
s contained in I and if f£(g) 1is the vector space of all forms

of degree s. . then
y(s,I) = dime(s) - dime(s,I)

is called the Hilbert function of 1I. Let us now pass to the ring of
quotients of K[X] with respect to the prime ideal (XO,Xl,....Xr)=(X)
which we shall denote by Q.Qis a local ring with maximal ideal

m=Q(X) . Since I is a homogeneous ideal if we write I' = QI,

then 1' 1) K[XJ =1 , It is easily verified that
dim f(s,T) = dim (L' 0w / 1'0 o**h

and (as a special case)
. . s, s+l
dlme(S) = dlme /m
Accordingly, if we write x(s,I') = x(s,I) then

x(s,I') = dimK(mS/mS+1) - dim (1' O w®/1 N 2

This formula together with K = Q/m provides a mean of extending the

definition of the characteristic or Hilbert function x(s,I).

(2.4) The generalized Hilbert function.

Let T be an arbitrary ideal of Q. Then for any s 2 O
we have q(I M qs) 1M qS+1 and so (I M qs)/(I . qs*l) is an
A-module which is, moreover finitely generated accordingly by the

previous notationsy
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dim, (I O 7 an &Y

is defined and is finite, consequently put

. s+l . +1
X (85D = dim, (¢°/q°" ) - dim, (I N SH/an
and call xq(s;I) the Hilbert function or characteristic function
of 1 with respect to (.
In fact, from the isomorphism theorem as in (2.2.3), it

is easily verified that

xg(s>D) = dim (1 + ¢/ + ¢*h)

and therefore Xq(s,l) is the length of a composition series of
4
ideals from T + qs to I + qS 1

Suppose now that I 1is a proper ideal then we put

Q=Q/T , q=(I+q/T.

O0f course, Q is a local ring with maximal ideal m=m/I and

. - . . s =5 .
q is an m -primary ideal. Moreover I + q, ¢ are corresponding

ideals. If (0) be the zero ideal of @ then it is clear that:

(2.4.1) Theorem. Let I be a proper ideal of Q. Let
q= (I +q)/T and let (0) denote the zero ideal of Q =Qq/T,
then X (s,I) = x (s,0).

1 g

(2.4.1.1) Corollary 1. Xq(s,I) = xq+1(s,1) .

the
This follows from theorem immediately.
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n-1
(2.4.1.2)  Corollary 2. )

x_(s,I) = P_(n) where P_(n)
s q q q

0
denotes the length of the primary ideal an,

Proof: As we described that xq(s,I) is equal to the
s _s+1

length of a composition series of ideals from §d to 49 . The

corollary follows by summation.

(2.4.2) I+ is one of Samuel's basic results that P”(n) is a
polynomial in n for sufficiently large values of n znd that the
degree of this polynomial is the dimension, dimQ of Q.

The polynomial to which P _(n) 1is equal for large values
of n is called the characteristic polynomial of the ideal q. We
shall denote it by ?n(n), and sometimes by Pq(n) when we are dealing
with large values of qﬁ. As ([17] page 233) we find also here that,
if P (n) is a polynomial of degree d, its coefficients are integral
multiples of 1/d! .

Now we prove some simple results about characteristic

function$,

(2.4.2.1) Lemma 1. Let a be an arprimary ideal of the local

ring Q, then Paq(n) = P_(n) where Q is the completion of the
q

local ring Q

- 2 a.n
Proof. It is clear that Q/ﬁn and Q/Qq are

isomorphic ([17] chapter VIII, §2, theorem 6).

(2.4.2.2) Lemma 2. If q and a' are a—primary ideals of the local
ring Q and if qcC a' then Pq(n) > Pq,(n) for all n.

Proof: Obvious.
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(2.4.2.3) Lemma 3. Let ¢ be an 5~primary ideal of the local

ring Q and let x be an element of § , then

P (o) =P (n) - X(dn : 6x)
q/0x q
Proof. In fact (3/Qx)/(3/@0™ = 3/(T + Qx).

whence
P o n Ll
P (n) -P _ (n) = length (3/§) - length (@/(3 + x))
q q/Qx
n - 1 - n -
= length (§ + Qx¥g ) = length (Qx/(§ M Qx))
then P (n) -P_ _ (n) = length (Gx/ (Ox. (7 :0%)))
q 9/Qx

= length (alqn:ax)

_n =
= AT :Qx)

In fact Samuel proves ([16] chapter 2, theorem 1, 2) that there exists

a non-negative integer n such that for all n 2 n,

_ n n n
Pa(n) = ao{d} + al[d~1}+ ves * adml[l] *ay

where the a, are integers, where a, > 0 , and where d = dim Q.
The [E} denotes, of course, the familiar binomial coefficient. Since
by (2.4.1.2)
P_(n+l) - P () = x_(n,I)
q ‘a !

we have for all n = no

- n n
xq(n,l) ao{dml} +a; [d”2]+ eee b8y

where a, > 0 and where d = dim I

Thus, for sufficiently large mn, xq(n,I) is a polynomial in n of
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degree dim I-1. €a11 a the order of I with respect to ¢
and denote it by orqu.
The proposition below gives an alternative proof making

use of superficial elements

(2.4.3) Proposition: Let Q be a (Krull) d-dimensional local
ring, m be the maximal ideal of Q and q be an m-primary
ideal of Q. Then the length (Q/q™) , the length of Q-module Q/q",
is equalf; polynomial in n of degree d for n sufficiently 1arée.

Proof. The proof is by induction on d. When d = 0, the
zero ideal (0) 1is m-primary, so q 1is nilpotent and
1engthQ(Q/qn) = lengthQ(Q) is constant, for all n large enough.
Hence 1ength(Q/qn) is a polynomial PO(n,q) of degree 0 for all n
large.

Now suppose that d 2z 1, and the proposition holds for all
local rings of dimension d-1l.
If x is a superficial element, with respect to ¢ , the condition
b:(x) = b of (1.2.4. (ii)) shows that =x 1s in none of the minimal
prime ideals of Q. Therefore Q/(x) is a (d-1)-dimensional local
ring.

In accordance with the remark following the proof of (1.2.7)
choose an integer s such that, there exist§ superficial elements X
of degree s and X 41 of degree s+l with respect to Q.

The isomorphisms

(@5 @e)/ad™™® = axgfex, N aMF = ox /a"x = Qfg” + 0:x)

for n sufficiently large, give

Length(Q/qn+S) = 1ength(Q49n+s + st) + length(Q/(qn + O:xs).
Also ‘

Length(Qfq" + 0:ix ) = length(Q/q") - length(q™ + 0:x)/q™).
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and {q + 03xy qn = O:xs,(qn 0 o0:x ) .

s!7

However by the Lemma of Artin-Rees ([5] page 9

@n o0x) cd’n bix) =q"N b= (¥ b) gq" k=0
for n large. So
1ength(Q/qn+s)"length(Q/qn) = length(Q/qn+S+QxS)~1ength(O:xs)

for n large enough, and we denote this equation by (A)

Similarly for x we have,

s+1

n+s

1ength(Q/qn+S)~length(Q/q ) length(Q/q ~+Q +1)*length(O:x );

s+l

for n large enough, and we denote this equation by (B)

consequently we have, if we subgtract (A) from (B);

1ength(Q/qn)”1ength(Q/qnul)2length(qun+S+st*1)*1ength(Q/qn+3+st) +

+1ength(0:xs)~1ength(0:xs+1)

Put Q' = Q/st , Q" = Q/st+1 s q' o= q/QxS and q" = q/QxS+1, then

n+s
)

length n(Q"/q"

n+s _
(Q/qg "+ st+1) = length

Q Q

it

,n+s)

.

and 1engthQ(Q/qn+s+ Qx ) 1engthq.(Q'/q

By the inductive hypothesis, for n large enough, these are polynomials

of degree d-1 in n. Hence
n n-1 n~1, n
length(Q/q )~length(Q/q ) = length(qg ~/q),

for n large, is a polynomial Pdml(n) in n of degree (d-1) or
less for n large.

When d = 1, the degree must be (d-1); otherwise qnﬂ1 = qn for =n
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large. This would imply gq 1is nilpotent contrary to dimQ = 1. When

d > 1 the degree again must be (d-1); otherwise returning to A we

would have

\nts

Pd*l(n+s’q') = length(Q'/q )

of degree less them d-1 , contrary to the inductive hypothesis.

Now write

n _ n n _ '
Iength(Q/qn)= Z length(qr 1/qr)z Z Pd»l(r)+ X (1ength(qr 1/qr)dem1(r)),
r=1 r=1 r=1

The first term on the right—~hand side is a polynomial of degree d in
n, and for n large enocugh the second term is comnstant. Hence for
n  large enough

Iength(Q/qn) = Pq(n)

is a polynomial of degree d .in =n,
Example. Let K be a field and Q be the power-series

rings K{[u“,&bq,uv3,vqj} with maximal ideal m=(u“,&ﬁ3,uv3,v“) . For

. \ n-1 s ,
n # 2 a composition series from m" to m can be obtained by adding

3
to m

the principal ideals with generators,

4n-4 4n~5 bn-6 4n-4
u u u v :

9 e rese e g S

2 2

its length is thus 4n-3. Similarly a composition series from m to m

4

is obtained by adjoining u“,&%i,uv3,v to m? , its length is
y g

4 = (4.2-3)-1. Therefore, for n > 2.
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n n
Pm(n) = 1ength(Q/mn) = Z 1ength(mr 1/m.r) = 2 (4a*+3) - 1
r=1 r=1
n(n+l) _ _ 1 = 4in nl _ [n
= 4, 5 3n - 1 4(2} + {1) [O}
As a second example take q = (u*,v*) . A composition series from
c,{nu1 to qn can be constructed by adjoining
4n+2 2 4n-2 6 4n—-6 10 2 4n+2  4n-l 4n-3 3
u v, u v o, u V' geces 3 UV » U s U V ogenes
bn-1  4n-4  4n-8 4 4n—4 n . .y
ssoasse s uv s U s U V gee0e 3 V to q in turn giving

for all n2 1
n~1l,n
length (¢ “/q ) = (n+l) + 2n + n = 4n + 1 .

So for all n > 0

n

P () = Jo(4r + 1) = 4[‘;] + 5[‘;}

r=1

(2.5) Normalized Hilbert Coefficients.
Let Q be d-dimensional (d = 0) local ring, m be
its maximal ideal and q be an w-primary ideal of Q. Then

length (Q/qn), the length of Q-module Q/qn, is equal to the characteristic

Q

polynomial Pq(n) in n for a sufficiently large value of n.

_ n+d~-1| _  [n+d-2 _d

where e, = ei(q) ,i=0,1,....,d are uniquely determined by ¢

called normalized Hilbert Coefficients of q . The coefficients e,

are easily shown to be integer by taking successive differences of
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Pq(n), A;Rl(n) = Pq(n+1)~Pq(n),-,~n, which produces sequences of

integers.

(2.6) "One-dimensional case'".

Let Q be one-dimensional local ring and let m be
maximal ideal of Q and residue field K = Q/m , it will be assumed
that not every element of m 1is a zero-divisor, but no other restricting
hypothesis will be made. In particular Q and K may have unequal
characteristics and K may be finite. If M is Q-module, then we shall
use lengthQ(M) to denote its length, in many circumstances this number
will be infinite.

The theory of generalized Hilbert function shows that for

sufficiently large value of n.

Length (Q/m") = en - Py

Q

where, as we mentioned e and p are non-negative integerswhich are
independent of n. e is called the multiplicity of Q and p is
called the reduction number of Qﬁ\([17] chapter VIII,§10, and Ll?l). It
follows that length (mn/mp+l) = e 1is constant for large n, and from
this we see that e is a positive integer.

It will now be convenient to introduce some relationships

between the multiplicity e and reduction number p of the local ring

Q.

(2.6.1) Definition: The first neighbourhood ring R of Q is the
set of all elements (in the full ring of quotients Q of Q) of the
form y/x, whereyyx € m° and x is superficial element of degree s.

Since the set of superficial elements of Q is obviously multiplicatively
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closed, it is clear that R is indeed a subring of {§ containing

Q.

The idea receives more attention in the next chapter.

(2.6.2) Now, let us note that the ideal Rm of R 1is principal

and is generated by a non-zero-divisor (propl l& )« Northcott has proved
that length(R/Q) = p , thus showing that p > O ([12] theorem 1).

In fact by proposition 3 of [4];

length(R/Rm) = e and length(R/Q) = p

it

Furthermore length (R/Rmn) en for alln > O,

Svpposd s Y

sging X e m and let I be a finitely generated Q-submodule of

Q such that I contains a non-zero~divisor then length (I/xI) > se
and length(I/xI) = se if and only if x 1is superficial element for

m of degree s (proposition 4, [4]).

(2.6.3) Proposition. Every m-primary ideal of Q can be generated
by e elements.

Proof. We need to prove length(I/mI) s e .
We give the proof only in the case when m has a superficial element
x of degree 1. The general case then follows by a device due to
Rees(see Mathis [AJ , P 277); namely adjoining @n indeterminate to Q
and localizing. This has the effect of making sure the new local ring
has infinite residue field (so the maximal ideal has superficial elements

of degree 1), whilst Keaving lengths of corresponding modules unaffected.

.._25_..



As x € m we have

length(I/mI) < length (I/xI) = e

and the proposition is proved in the special case.

(2.6.4) . Proposition. There exists an integer v > O such that
1ength(mn/mn+l) = g for all n > v and 1ength(mn/mn+1) < e 1if
n<v.

Proof. Again we give the proof for the case in which m
has a superficial element x of degree 1. The general case follows as
in the proof of (2.6.3) .

n+l

Let v be the smallest integer such that 1ength(mn/m ) =e

for all n>v . Let r > O be any integer, then we have

1ength(mr/mr+1) 1ength(m?/mrx)“length(mr+1/mrx)

]

e —1ength(mr+1/mrx).

]

Therefore 1ength(m¥/mr+l) < e and length(mr/mr*l) ='e 1f and only

. r+l T . T+l T n+l n
1f m = m x. But 1f m = mx , then m =mx for all n > 7r

and hence by proposition 4 of [4] . length(mn/mn+l) = e for all n=x>r

In this case r > v and this proves the proposition.
(2.6.5) Proposition. p > e-1

Proof. We can write

length(R/m) = length(R/Q) + length(Q/m) = p + 1
since m G Rm and length(R/Rm) = e  we have

p+12e.
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In addition. Mathis [4] gives five necessary and

sufficient conditions for p to equal e-1 .

(2.6.6). Proposition. The following statements are equivalent.

). very ideal of Q 1is principal(i.e. Q is a discrete valuation ring)
(2). Pm(n) = n where Pm(n) is Hilbert polynomial of m

(3). p o= 0

4y, e = 1

Proof. The implications (1) —> (2) — (3) are trivial
and (3) — (4) follows from (2.6.5). Hence assume (4); that is e = 1.
Then length(Q/m) = 1 =e and v =0 by (2.6.4). In particular length
(m/mz) =1, m 1is a principal ideal. Therefore Q is a discrete

valuation ring.

(2.6.7). Theorem. The following statements are equivalent:
(1) Every ideal of Q can be generated by two elements, but
Q is not a discrete valuation ring.

(ii) Pm(n) = 2n - 1 , where Pm‘n) is the Hilbert polynomial

of m
(iii) o =1
(iv) e = 2

If any of these conditions hold, then Q has a superficial element

of degree one.

Proof of this theorem as page 281 [ﬁ] .
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(d > 0) be indeterminates over

(2.6.8) Now let x., X os X

0> "1°°° d

the field K = Q/m, and let Rn(d) be the  K~space of forms of

degree n in the polynomial ring K{ﬁo,xl,....,xd] = R{d).

Let I = 2 I be a graded ideal of the graded ring R(d) = z R (d).
nz0 n n20 n

(2.6.9) Proposition. If 1ength(mn/mn+l) < n , then

1ength(mﬂ7m‘41) > length(mS/mS+1) , where n < r €5 .

+
Proof. 1t needs to be proved that 1ength(mn/mn 1) £n

. + + + .
implies length(mn/mn 1) > 1ength(mn 1/mn 2). We can prove this by
induction, so, let m have a generating set of d + 1 elements
without loss of generality it may be assumed d > 1 so the ring

n, ntl .. . .
S = X m /m is a homomorphic image of the polynomial ring R(d),

nx0

so the kernel of the homomorphism I 1is a graded ideal of R(d).

A

Suppose length(mn/mn+l) £ n; then in the notation of (theorem 1 of [:3])
4-2 .
. _ |n+d} _ n, n+l, _ n+d~i-1 a
dlmK(In) = ( d ] length(m /m~ 7) = iZo [ d-i } + (1}

where a =n - 1ength(m3/mn+l) + 1 so by theorem 1 of [3]

d-2 .
n+d+1 n+l , n+2, _ . n+d-i at+l
( d ] length(m  “/m ~) = dlmK(In+1) 2’2 [ a-i J + [ 1 }
1=0
= (n+g+1J —length(mn/mn+l)
i.e. 1ength(mn/mn+l) > 1ength(mp+1/mn+zx
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(2.6.10) Theorem. v<e-l1 s-f g 3e(e-1)
Proof. The existence of v ensures that the sequence
s , s+l . . X
length(m /m ) where s = 0,1,2,.... is decreasing only from

the point g = v , However if e < v then

1ength(mv~1/mv) < el v -1

and by (2.6.9 ) the sequence decreases from the point s = v ~ 1 .

This contradiction establishes that

. n+l . . . .
Again as length(mp/m ) ¢ n implies that the sequence is decreasing
from the point s = n it must also imply that n 2 v . Consequently

we have

length(Q/m) = 1

e > length@®/m™™5) 3 n + 1 for n o= 1,2, ... v -1
+

e = 1ength(mn/mn 1) >n o+ 1 for n = v,vtl,....e-2

e = 1ength(mn/mn$l) for n > e~1.

Hence for n > e Wwe can write

n~-1
(n-1)e + 1 = Z length(ms/m5+1) > (n-e+l)e + le(e~1)
s=0

therefore by proposition 9 of [41 we have

ol s, s+l n
) length(m”/m ) = length(Q/m ) = en = p
=0
consequently en - (e~1) > en—p > en - } e(e~1)
or e-l < p g4 e(e~1)

which completes the proof.
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(2.6.10.1) Corollary 1. o = e~1 1if and only if v g 1.
Proof. p = e~1 if and only if, none of the inequalities

on the left in the proof of the (2.6.10) is strict. So

e > length (mp/mp+1) (n=1,2,.... v-1},

never holds ie. if and only if v -1 <l or v g1 .

(2.6.10.2)  Corollary 2. The maximal ideal of Q can be generated

by two elements if and only if p = le(e-1). When this occurs

Proof. Suppose, the maximal ideal m of Q generated by
two elements then by corollary 20 of [4] p = te(e-1) . Suppose now

that p = le(e-1) then none of the right hand inequalities (2.6.10)

i

length(@®/m™*1) 3 n+1 n=1, co.ov-1

il

+1
length(m.n/mn } > n+l n Vy ceo € = 2

can be strict. So e-2 < v , which together with v £ e~1 gives
v = e-l., Also 1ength(mn/mp+l) =n+l for n = l1,:¢.. v-1. Therefore
either v ~1 <1 and 1ength(m/m2) =e=v+1g2 or v=12321 and

length(m/mz) =2 , thus, in either case, length(m/mz) < 2 and the

maximal ideal m can be generated by two elements.

i

(2.6.10.3) Corollary 3. If op = e , then 1ength(m/m2) e~1 and v = 2.
Proof. The difference p=~(e~1) 1is the sum of the positive
. n, n+l . .
difference e~length(m /m ) with n =1,.... v - 1. Therefore, if

p = e, there is one positive difference and it is equal to 1. So v = 2

and e—length(m/mz) = 1,
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(2.6.10.4) Corollary 4. If p = b (e-2){e+1), then 1ength(m/m2) = 3

and length (mp/mp+1)

n+l for n = 2,... e-2; $urthermore v =-e -1

1 when e = 3 .

#

when e > 4 , and v
Proof. The difference Jle(e-1) - p 1is the sum of positive
differences 1eﬁgth(mn/mn+1) - (n+1l) for n =1, ..., e~2 mnow suppose
that, p = j(e-2)(e+l) = le(e~1)~1 therefore there is one positive
difference and it is equal to 1. However 1ength(m/m2) >3 for,
otherwise o = § e(e-1) by corollary 2. Consequently 1ength(m/m2) = 3
and 1ength(mn/mp+l) = n+l for n =2, ... e~2.
Further, for e > 4 1ength(me~2/me“l) = g~1

but length(meullme) = e therefore v = e-1 , and, for e = 3 length(Q/m)=1

but 1ength(m/m2) = 3 = ¢ consequently v = 1.

it
|

(2.6.10.5) Corollary 5. p =0 if and only if e

]
o

Proof. If e =1 then 0 <p <0 or o 0. Now if o

then e -1 <0 and e(e-1) 20 . But e> 0, soe = 1.

it
N

(2.6.10.6) Corollary 6. p =1 4if and only if e
Proof. If e =2, then 1 gp g1l or p=1. Now if ~f=i

e-1 <1 and (e+l)(e-2) = e(e~1)-2 >0 . But e+1>0, s0 e= 2.
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Chapter IIT

"A lattice of extension rings for a local ring"
(3.1 Introduction. Throughout this chapter, Q 1is local
ring and m is its maximal ideal. The work of this chapter was
motivated in the first place by Northcott's theory of dilations for
one~dimensional local rings (see, for example, [10] and [13]). This
produces a tree of local rings as in [13] which corresponds in the
abstract case to the branching sequence of infinitely-nmear multiple
points on an algebroid curve. From the algebraic point of view it
seems more natural to characterize such one-dimensional local rings
Q by means of the set of rings which arise by blowing up all ideals
Q which are primary for the maximal ideal m of Q. This set of
rings forms a lattice £ (Q), ordered by inclusion, each ringg S of
which is a finite Q-module Moreover the length of the Q-module S/Q
is just the reduction number of the corresponding ideal Q (c.f. Theorem 1
of Northcott [12]). Thus the lattice & (Q) provides a finer
classification of the rings Q tha8n does the set of reduction numbers
(c.£. Kirby [2]).

In section (3.2) we include some of Northcotts work [ld]
on the first neighbourhood ring.

In section (3.3) we introduce the lattice oe (Q) of
extension rings which are also fractionary ideals of Q, and show how
.‘ﬁ (Q) provides an equivalence relation on a certain set 1 of ideals
of Q. The ideals in T are those which when blown up produce the rings

of £ ).

...32...



(3.2) The first meighbourhood ring.

Throughout this section, Q will denote a one-dimensional
local ring with maximal ideal m, and residue field K = Q/m. It will
be assumed that not every element of m is a zero-divisor or (equivalently)
that all the prime ideals belonging to the zero-ideal are of dimension
unity. One consequence of this assumption is that an ideal I # (1) is
m-primary if and only if itg contains at least one element which is not a
zero—~divisor.

We recall some of the notations of chapter (I) section two,
when q = m.

Let us suppose that (uo, ul,....,ud) be a fixed but
otherwise arbitrary set of generators for the maximal ideal m, so that
in particular there may be elements which are superfluous among the u, .
Let N denote the form ideal of the zero-ideal of Q constructed with
respect to this base; then N is the homogeneous ideal in
K[xo,xl,....,xd] generated Dy the leading forms of the zero element and
its affine dimension is umity.

Further, when ¢ 1is a form then 6 will be used to denote
the same form read modulo m. Thus to give one example of the use of
these conventions, a form ¢ of degree s, will satisfy $ e N if and
only 1if

0 (mod mS+1)

He

¢ (u)

Tt will be convenient to denote by ﬁo the isolated component of N

determined by its one~dimensional prime ideals.

(3.2.1) Proposition. Let w belong to m®. Then w is

superficial element of degree s if and only if " le = lei where

R1 is the first neighbourhood ring of Q.
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Proof. First suppose that w 1is a superficial element

of degree s, then m° c le by (2.6.1) and w ¢ les . Therefore

s .
Now assume that le = R.m , for this let us suppose that

1

p(x) 1is a power—product of the x PeesXgs of degree s, and also

0°%1°"

write w as y(#), where ¢ 1is a form of degree s. Since
p(u) € les s

¢O(u)
p(u) = W P (u)

where ¢O,w0 are forms of the same degree and by (Theorem 1 of [10])

ﬁoz(ﬁo) = ﬁo . Let ¢ be an arbitrary form such that 5 e N () ,

0

then 5 ﬁ € NO and ,

P(X)IPO - ¢O¢ eN ¢ NO
consequently p(x)@oa € ﬁo and therefore p(x)g € ﬁO , it follows that,

s -
(x ,....,xd) R o NO »

0°*1

. This shows that

and for this reason 5 € ﬁo

NO:(W) = NO 3

and, thus w 1is a superficial element of degree s.

(3.2.2) Proposition. The first neighbourhood ring R1 is a

finite Q-module.

Proof. Let us suppose that 2z be an element of the first

v

neighbourhood ring R1 of Q, it is clear that the form of z 1is =

. . s . .o
where, for a suitable integer s, vem and w 1is superficial
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element of degree s by ((ii) of Theorem 1 of [10]) we can choose

: T r+s .
an integer r such that wm =m Hence if

T
m = (kl, Az, N At) .
r+s T . , .
then v Ai € m = wm , for this it follows immediately that
t
A, = ) W QA where q.. € Q. It is obvious that if ..
1 i=1 133 1] 1]

is the usual Kronecker symbol and A 1is the determinant |z61,~q..{,
then AAi =0 for 1 g<ig<t . In this circumstance pe’ = 0 and
since m' is not composed exclusively of zero-divisors, so A= 0
and from this point =z is integral with respect to Q.

Let x be a fixed superficial element of degree 0 , SO

+0 i
wm’ = m° say. Choose Tt 3 P/ so

+
o1 _ mO(T 1)

We prove R1 = {1/XT] m° "  from which the proposition follows as m

is a finitely generated ideal of Q. R, 2 PYXT) m’ " is clear.

1—-
v s . ..
Let z = au £ Rl’ where v, w e m and w 1is superficial

T r+s

of degree s, SO wm = m say. Let t > max[r, r/G) then
t s+ot ot ot (t-T1)
v X e€m =pm =wm X
T ot

ot VX € wm

as ¥ 1is not a zero~divisor. Hence

W

1
f s [Ue] o

z =" e (1/}( T]mm and

as required.
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(3.2.3) Proposition. The first neighbourhood ring R1 coincides
with Q if and only if Q 1is regular.

Proof. By (2.6.10.5) we have
1ength(R1/Q) = p(m)

So R1 = (Q if and only if p(m) = 0.
By (2.6.6) we have, o(m) = 0 if and only if Q is a discrete
valuation ring. i.e. a one-dimensional regular local ring.

Now suppose that Q is regular local ring, in particular,
it is clear that, Q 1is an integrally closed integral domain, for
this reason by (3.2.2) Q and R1 must coincide.

Again assume that Q = R, by (Theorem 2 of [}O]) we can

find a superficial element w of positive degree s (say) and

therefore we can write
Qm~ = R.m” = R.w = Qu

[ §
so m> is a principal ideal and consequently Q iskregular local ring.

(3.2.4) Remarks. Let us suppose that Q 1s a one-dimensional local
ring and m 1is the maximal ideal of Q, and then suppose R1 is the
first neighbourhood ring of Q the notion of which is due to Northeott,
in fact he produces the tree of the neighbourhood rings by localizing
R.  at its maximal ideals and resolving again. We prefer to generalize

1

Q and so produce a lattice of finite extension rings of Q.
(3.3) The lattice £ Q).

Let Q be a local ring, and let T(Q) be its total

quotient ring. Let £ (Q) denote the set of rings which are finite
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Q-modules containing Q so its obvious all these rings are also
fractionary ideals. Conversely if Q€ SC T(Q)::ghe ring S 1is
a fractionary ideal i.e. S C Q'l/d , then A = dS 1is an ideal of
Q and S = (1/d)A. is finitely generated as Q 1is Noetherian. For

this reaso%/ for each element S belongz%o I A (Q), we can write
QC s C T

and there exists an element d € Q, such that d SC Q and d is
not a zero~divisor. Clearly L (Q) is partially ordered by
inclusion. Now suppose that Si be an element of £ (Q) and that
disi - Q, where di is not a zero~divisor for i = 1,2 then
dl(Sl N SZ) C Q, and dldzslszg Q . Therefore L (Q is a
lattice with intersection and product, the lattice operations A  and
v . Every non-empty set of elements of g (Q) has an infinum, the
intersection, but not necessarily a supremum. Thus L Q) may not
be complete. Since each ring S ¢ L (@ 1is a finitely generated
Q-module. S is an integral extemsion of Q ([171 p254).

Conversely, if x ¢ T(Q) 1is integral over Q , then
Q[x] belongs to the lattice, thus, in particular, the integral
closure Q of Q in its total quotient ring T(Q) is the union of
all the rings of the lattice Je(Q).

The rings of X (Q) can be constructed by blowing up

certain ideals of Q.

(3.3.1) Let T denote the set of ideals A of Q@ such that,
(1) 0:A =0
(1i) There exists integerg m,n(> 1) and o € A" such that
m+n m

A = oA .
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For each A ¢ I we denote the set of o as in (ii)

by ) (A) .

n

(3.3.1.1) Remark. Condition (i) ensures that no element of z (A)

n
is a zero-divisor.
(3.3.2) Proposition.

(a) I contains all principal ideals, whose generators are

not zero~divisors.
(b) I is multiplicatively closed.
Proof. (a). 1is immediate.

(b). follows from the observation that

ae ) (), B e ) (B)
n p

then oPg" € 2 (AB)
np

(3.3.3) Definition.

For each ideal A e I we denote by S(A) the subset of
the total quotient ring T(Q) such that, S(A) 1is the set of all
elements smel—tdess B/ where, there exists n 2 1 with B8 ¢ A" and

a e )(A).
4]

(3.3.4) Remark. If @ has dimension one, and its maximai ideal
m does not consist entirely of zero—diviors, then z (m) 1s the set
of superficial elements of degree n for m. Conseguently S(m) is
none other than the first neighbourhood ring R1 of Q. Thus the
rings S(A) are generalizations of the first neighbourhood ring in

the case dimQ = 1. We show next that the rings S(A) are just the

rings of L (Q).



(3.3.5) Proposition. S(A) ¢ jf (Q) for all A e I .

Proof. Llet o ¢ Z 4 , a' e 2 (A), therefore
n n'

m¥n m m+n
AT = o A", A =q' A"
for some m,
m4n+n’ m
Hence A = oo A and oaa' € 2 (A)
n+n’

Therefore the denominators occuring in the definition of S(A)
form a multiplicatively closed set and it follows that S(A) is
a ring containing Q.

Choose an integer 1t %2 1 such that rn 2 m, put § = 1IN

and o, = of . Then A%S =a A% .

1 1

L
Consider, now B'/a € S(A) with B' e A, o e ) (),

1 v ¥ n'

so AR oo™ say. Then
o, (B"/a') = o2 B'/am'oz'
1 1 1
1] ¥ ¥ | 1

and SR s+l N
consequently GI(B'/G') € A° C Q
and als(A)g; qQ .

So S(A) is a fractionary ideal, and is in J?(Q) .

(3.3.5.1) Corollary. 1If Ae I, m31 and oe ) (A), then
n

b 2nr T nr . .
there exists r 3> 1 such that A =q A , and this implies

*

S(A) = (1/4r) A°F
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(3.3.6) Proposition. If S e &£ (Q and d ¢ Q, satisfies
d S¢ Q and is not a zero-divisor, then d S e I and S = $(dS).
Proof. Suppose d ¢ Q 1is not a zero-divisor. We have

0 as 1¢5. Also (dS)2= d(ds?)= d(ds)

i

0:d = 0 which implies 0:dS§

which implies dS e I , and d ¢ Z (ds). It also implies
1

(1/d)dS = 8§ by corollary (3.3.5.1)

H

S(ds)

(3.3.7) Definition. For each ideal A e I we denote by cf(A)
the set of B e I such that S(A) = S(B), and by of '(Q) the s
of el (A).

The relation S(A) = S(B) 1is clearly an equivalence
relation on I, and proposition (3.3.5) and (3.3.6) shows that there
is a bijection between & (Q) and J&'(Q) this bijection is used to
turn Ja'(Q) into a lattice and we use the symbol < to denote
its order relation. For each principal ideal A as in propostion
(3.3.2), (a)f’ S(A) = 8(Q) = Q, thus ¢2(Q) 1is the least element of

11 '(Q) . Indeed it is not difficult to show that c2(Q) consists
of ideals of 1 some power of which is principal.

1
Next we interpret the structure of g (Q) in ideal

theoretic terms.
(3.3.8) Proposition. Let A,B e I, cf(A) £ ¢2(B) 1if, and only if
there exists o e ) (A) such that A"B" = aB” for some n.

m

Proof. Suppose a ¢ X (A) and A"E" - aBn, choose an
m

integer r 1in accordance with (3.3.%.1) so

1 mr
s(a) = ( QF) A

Let B € 2 (B) with s 2 n then
s
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and sa) = (1/a") A" ¢ (1/8)8° C S

or ct(A) £ cl(B).

Conversely, suppose c(A) < ct(B). By (3.3.5.1) we can

choose o ¢ z (A) and B ¢ Z(B) such that
n

m
AZm - aAm, BZn - gB"
Then (1/)A™ = 5(a) © s = (1/$)B"
and PG ) Sl oB°" c A" B0 g < B AT,

An immediate consequence of the above proposition is that ct(A)g ci@B)

when A,AB ¢ I . When both A, B ¢ I we have a stronger result.
(3.3.9) Proposition. If A,B e I, then c2(A)v c2(B) = cl(AB).
Proof. 1In terms of the resolved rings we must prove
S(aB) = S(A) S(B).

by (3.3.5.1) we can choose o € 7 (A), B¢ 7 (B

m n
such that P
then (AB)Zmn - AZmn Ban - an 8m(AB)mn
and o7 g™ e ) (AB)

mm

Again by (3.3.5.1)
m

2
S(aB) = (1/ ngm) (aB)™ = {(I/Q)Am) {(1/8)3"’] = S(A)S(B),

f
The infimum of two elements of £ (Q) 1is less easily described in

terms of ideals.
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(3.3.10) Proposition. If A,Be I , ae 2 (4) and B ¢ E(B) .
m n

then BS AT N of B5" ¢ 1 and

c2(A) A cb(B) = ca(BAT™ N o BT

for both r,s sufficiently large.

+
Proof. Let AmFt o aAt for t = to and XBn t . BBt

for t > t, . Consider r >z t./m and s 2 t./n so
¢ 0 1

AZrm = of A"™ and stn = BS p*" , 1t is clear that
g% e g% AT N of 85 is not zero-divisor.
r,.5,,8, rm .50 $,Im r_sn,2 ZSZrmn 2r_2sn
So a B7(B°AT N o B”) C (BA o B) & gTTA o' B
2
=g sarArm N quesBsn - arBS(BSAm N 0LrBsn) ,
and BSAT™ N T ¢ 1 with o'B% e J B%AT" N oF B

1

Hence by (3.3.5.1)

S(BS AT T Bsn) - (1/urBs)(BSArm n arBsn) -

]

1/ DA™ N (/)"

]

sy Nos®) .
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Chapter IV
One—dimensional local rings of multiplicity two.

(4.1) Introduction. Throughout this chapter Q 1s a one-
dimensional local ring of multiplicity two and m is its maximal
ideal.

Our aim in this chapter is to find the lattice £ (Q) .
Our worékigmgg that of MatRis [4], Mat®is shows that if the local
ring Q has multiplicity two, then every ideal of Q can be
generated by two elements, and Q has a superficial element of
degree onme belonging to m. We introduce the equation yz - QXY ~§ﬂ? = 0
for suitable a,B € Q , (x,y 1in generators of m).

if az + 48 ¢ m, then the first neighbourhood ring Rl’ of
Q is Q the integral closure of Q.

2

If o + 48 ¢ m , then the first neighbourhood ring R1

of Q 1is again a local ring, as a consequence the lattice of finite

extension rings £ (Q) will either be finite.

R,C RC ..eiills Cr
where Rn is 6 .
or RO(: Rlc C:Ric ceeses g

where each R, is a local ring with multiplicity two.

(4.2) Local ring of multiplicity two.
Now, let Q be a one-dimensional local ring and let m ,
the maximal ideal of Q , not consist entirely of zero-divisors, and

let the multiplicity of the local ring Q be e(Q) =2 . By (2.6.7),



every m-primary ideal of Q can be generated by two elements, in
particular m = (x,y) (say), alsoc Q has a superficiél element x
(say) of degree one belonging to m.

We may assume the superficial element x of Q@ by
proposition 13 of [4} (which is not a zero-divisor) satisfies

2 . .
m = mx , and in particular
y2 ~ Oy - sz =0

for suitable «,B & Q .

(4.2.1) Remark. ﬁh (3.35!) implies that S(m) which is the first

neighbourhood ring Rl is (1/x)m = Q + Q.A§ = Q [%} .

(4.2.2) Proposition. Every element (# 0) of Q is either of the
form unit x x" (some r 2 0) or of the form unit X xr(y ~ Ax) (some
AeQ,and T 3 0)

Proof. Suppose z # O B8 an element of Q which satisfies
z em and z ¢ mr+1 (r 2 0).

In fact with previous notations m2 = xm, where x is
superficial element of degree one. Thus, either r =0 or r >0

r-1 T .
and z € x m, 2 ¢ xm, that is

z = erl(&x - éy) for some &,E not both

. . . - - . . . r
in m. In this case either o ¢ m and B € m which implies 2z = Ax

where A is unit and r 2 0, or B ¢ m, in this circumstance
. r-1
z = unit x x {y - Ax)

where Ae Q and r-1 >0 .
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(4.2.3) Proposition. Every element of the quotient ring R

of Q 1is of the form J% for some r >0 , and q € Q .
x

Proof. Let ,-seproset—thes z =

be an element of the

o hot

quotient ring R of Q , where 5 and p belong to Q, and p is not
a zero—~divisor. By (4.2.2) every element of Q 1is of the form,

. . r . T
either 'unit x x or unit x x (y-\x) where X ¢ Q and some r 3 O.

. - g . T . .
(1) Suppose z = %- where p = unit X x . In this circumstance
z = ~**»ﬂ~m~; and the proposition is clear.
unit x x
(ii) Suppose that z = %r’ where p = unit x xr(ywkx) in

9

unit % xr(ymkx)

this case z =

Now put y=ix = Y . From this it follows immediately that
y =Y + Ax , and Y is not zero-divisor, so from the equation

Y2 - Xy - sz = 0, we deduce
v2 = (@ -20)xY - (B + oh = AD)x = 0

For simplification we denote (o - 2X) by A and (B + aX - Az)
by B, so

Yz - AxY - sz = 0 (4.1)

Now we have two different possibilities:
{a) Suppose that B ¢ QY, then it will imply that B = B'Y. So
the equation (4.1) will give

Y = Ax + B'x2

i.e. Y e Qx or m=Qx this is a contradiction to e(Q) = 2 .
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(b) Assume that B ¢ QY, then we can choose an integer ¢t

such that

B e QY + Qx"
b g or + ettt

. t . .
therefore the formof B 1s EY + nx where n 1s a unit.

Tt is clear that the equation (4.1) will be

Y2 - (o= 21 + Ex)xY - nxt+2 = Q (4.2)

We multiply numerator and denominator of z by

(Y - (o - 21 + gx)x) = (y -~ A'x) (say)

It is clear that y - A'x is not zero-divisor, because x 1is

not zero~divisor, consequently

aly = A'x)
unlt X XS.Y(Y ~ {a = 2) + EX)x)

Zz =

and from equation (4.2) we deduce

a(y - A'x)

Nt

. s t+2
unit x X .n %

For simplification we denote ¢q = a(y - A'x) and (s +t + 2) by r,

then 7z = ——— , this completes the proof.

unit x x
(4.2.4) Proposition. Every ideal is either principal or has two
generators of the form (xr(y - kx),xs) with 1 < s .
Proof. et I be an ideal, it has two generators say

z, . It is obvious by (4.2.2) we will have three cases,
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(a) The ideal 1 has two generators such that
I = (xr, xs)
From this it follows immediately that the ideal I is principal

(b) The ideal I has two gemerators such that

I=(x(y - ), x°)

If s > r then it has the required form
If s <1 then the ideal 1 has one-generator x° and it

is obvious the ideal I 1is principal.
(c) The ideal I generated by
r t .
(x (v - %) , x (y - 1'%x))

Suppose that t > r then

I= xSy = Ax), x (v - A'%))
- Sy - ), TR - )
and Gy - € I e iy - +ax

In fact by Krull's intersection theorem either
Qx (y - Ax)= I

and the ideal I is principal or there exists an integer s > r
such that

er(y -Aax) e I = er(y - Ax) + st

1 ié er(y - AX) + QxS+1 .
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8 1,

+
In this case, as mx = xs(y - AX,%) & er(y—kx) + st
we have I ¢ Q' (y = Ax) +mxs.

So ‘I contains an element of the form
a xr(y - AX) + b x° )

where b is a unit, and therefore 1 contains xs.
Hence Wy - x) + x°g Ig Ox(y-rx) + Qx°

and (xr(y - AX) , xs)J with 1 < s, are generators of 1I.

(4.3) Proposition. If ZeR and z ¢ Q, where R is
the quotient ring of Q, then %-e Q[E]
(Note that %v we prove belongs to module Q.1 + Q.z)

L

Proof. Let 2z be an element of the quotient ring R of

Q and suppose z = %— where q and p belongg to Q and p is

not zero—divisor, by (4.2.3) we will have z = ﬂ;- for some r 2 O

X

and q € Q and also by (4.2.2) we have two different cases.

(a) Assume that ¢q = unit x x> (s 2 0). With assumption

. s-r .
unit X x and 1t > s, therefore we can write

il

z ¢ Q, then z

J

xr—s_l. z X unit consequently ;— belongs to Q[E}

zZ.y =

Ml

(b) Now suppose that ¢ = unit X xs(y - Ax) for some A £ Q
and s > 0, therefore z = unit x xsnr(y—kx) where 1 > s, as z
o, s . r~s~1 = oY
does not belong to Q, then it is obvious that x .z = unit by -\
v hA z pA z ;
therefore - A e Q[z] , consequently - 3 Q[z which completes

the proof.
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. ke
(4.3.1) Proposition. Every proper extension S of Q in‘total

quotient ring R of Q contains Rm = R1 where R1 is the first
neighbourhood ring of Q.

Proof. Suppose that z 1is an element of the proper
extension S of Q, and that it does not belong to Q, then

S 2 Q[E] , but by (4.3), %- belongs to Q[E], consequently by

(4.2.1) s 2 Q[: -Z—{-l = R, which completes the proof.

(4.4) Proposition. If a2 + 48 is a unit, then the first

neighbourhood ring Ry of Q is Q , the integral closure of Q.
Proof. By assumption we must prove Rl 2 (3 as the
opposition inclusion is obvious.
Let z be an element of Q , it 1s clear that there is
an ideal I of Q which contains a non-zero—divisor such that
zI @ I, see the condition (c") of (§1, chapter V of vol(I)[17]).
As we saw in the previous propositions, every ideal
I of Q is either principal or has two generators of the form

(xs(y - Ax), xr+sJ and also y2 - axy - sz = 0.

First suppose that the ideal I has two generators such
that I = x° ((y - Ax), xr) where r > 1 , with assumption

2 .
a” + 4B f m , so we can write

zxr = ax + b(y - Ax)

z{y - Ax) = ¢ x5+ d(y - Ax) ,

where x 1is not a zero—divisor and a,b,c,d ¢ Q.
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For simplification we denote

y -~ AX = t a=a-d

and

N
i
N
i
ja
[a g
[}

y + (A - o)x
Therefore, from this it follows immediately that
zx = ax + bt (4.3)

2t = X (4.4)
tz + (2% = a)xt + (Azwak - B)X2 = 0

(1) if (Xz - oA = BY ¢ m, then xz £ mt, therefore

m3 = XZ me t mz ot m3 ., i.e. t m2 = m3 . Consequently t is

e

superficial element of degree one and

- cx”
z=2z-d=—— ¢ Rl

So, z belongs to the first neighbourhood ring R1 of Q.
- 2 . . .
(i1) If (A - ax - B) e m , in this circumstance
. - 2 . .
multiply (4.3) by (t + ux') where u € Q is yet to be determined
- multiply (4.4) by %" where r 2 O

then

A xr (E + uxz) + t} = a xr(z + uxz) + cx2r + bt (E + uxz)
It is obvious that

t(t + uxz) = y2 - OXy -~ sz - (kz - oA - B)x2 + uxzy—kux3 (4.5)
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Now we have two different cases.
(a) Let us suppose that
(F - ar - B) € Qt + Qx°

(kz ~ak -~ B) ¢ Qt + Qx8+1 where (0 < s € r=2)

So, (AZ - ar = B) = bt + c'x>  where c' = unit, mnow choose
v= 0 in (4.5) then c'x5+2 + bt x2 = —tt
. +
ie. x° . d't where d' e Q.
-~ ext  cd'x”
Consequently z -~d =2z = ~E~'= = € Q
x
So z € R1 and z =2z +d ¢ Ry » as required.
(b) Now suppose that
2 - . .

("~ ak ~ B) € Qt + er 1 in this case

A -1 . .

AT = gl - B =EL + X where &,n € Q. Considering

-1, - 2 2
zxr((t + ux ) +t) , as y -~ OQXy - sz =0, ®e have
zx" (E + pxz) + t} = Exr(E + uxz) + c%r + bt(E + uxz)

- (XZ - g\ - B)x2 + uxzt

[

But t(E + uxz)

i

- XZ[(E - Wt +n xr—I]

Now choose E = u , then

t(E + uxz) = - nxr+1

consequently Exr{(g + uxz) +4| € mr+1
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In fact
2

((E + ux2)+t) 4y2 - 4axy + azxz + uzx4 + Auxzy - 2aux3

i

(48+a2)x2 + p2X4 + 4u£§‘ - 2aux3 = ynit x x?

]

2 - 2 2
Therefore x € Qi(t + uyx") + ¢ and

g
]

- 2
mxzc__: m ((t + ux2)+ tJ < m3

. 3
1.e. m

]

- 2
m[(t + ux2)+ t] which means
- 2 2 .
[(t + ux )+ t is a superficial element of degree two and
- 2
xr((t + uxz) + t] is a superficial element of degree r + 2

From this it follows immediately that
- - 2
P xr{(t + uxz) + t] € mr+2

and z ¢ R1 , thus z =2z +d ¢ R1 as required.

Now let the ideal I of Q have only one-generator
where I contains a non~zero-divisor.
From this it follows immediately that the relation z I ¢ QI
implies that z e Q ¢ R1 .
(4.5) So far we know the first neighbourhood ring Ry of @

is the set of all the form

Ml

where x 1s a superficial element of

degree one, and z & m, s0 z = rx + sy, where 1,5 € Q .

(4.5.1) Proposition. %- is a unit of R1 if and only if o is

superficial element of degree one.
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a
Proof. Let us suppose that « isLsuperficial element

X . o ..
of degree one, then P the inverse of 5 is in Rl.

o ‘ .
Hence p 15 a unit of R1 .

a . . .

= 1s a unit in R, , then
X 1

m

o , thus

Now let us suppose that

2

a g
el — = 1 for some B € m, Or X €
X

2

mx=mx2g_ m2

o = MmO

So m? = ma as x is not a zero~divisor. Hence o 1is a superficial

element of degree one.

(4.6) Proposition. a € m is a superficial element of degree one,
if and only if either « = unitxx or o = unit x (y-Ax) where
A - ar - B dm.
Proof. Consider o em . When o € Qx, it is clear that
a is superficial of degree one if, and only if, o e Qx¥mx. Otherwise
¢ = ax + by with b ¢ m, i.e. o = unit x (y=ix). So we must show
that Y = vy - Ax 1is superficial of degree one if and only if

A2 = gx - B ¢ m.

i

As y2 - axy - Bx? 0 we have

¥2 —(a =~ 20)xY + (A2 = a)x - B)x2 = 0O

If A2 - oA -8 ¢ m, then %% ¢ mY and

m3gm2Y:3 mx? = md ,

Thus m° = m?Y and Y 1is a superficial element of degree one for m.

Conversely if Y is superficial of degree one, then

T+l T .
m =mY for some r > 1. But m?2 = mx and x 1is not a zero-

2 2

divisor, so x“ £ m” = m¥Y or x? = uY for some e m. Tha® Y
|

is not a zero~divisor, so
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B)x? = ((a=2\)x-Y)Y

i

(A2 - ax - BuY = (A% - aA
gives Y =y-ax € Qx +m (A2 = ar - B).

A2 — aX - B € m would imply v e Qx + m? = Qx , contrary to

e(Q) =2 . So A - ol - B ¢m as required.

(4.7) Theorem. If o + 4B belongsto m, then the first

q
neighbourhood ring R isklocal ring.

1
Proof. All elements of R1 are of the form g-, and so

the first neighbourhood ring R, 1is just,

1

T ey {“[X:iﬁ)}\

where A ranges through Q and u through the units of Q. But
the local ring Q itself is the union of Q-m and m mwhich Q-m

@8 units in Q and m 3f@ non-unitsin Q.

Yy - A%
X

Again {\1 (y:?x]} is the union of the wu x where

A2 ~ gx -~ B ¢ m which is a unit in R, by (4.6) and (4.5.1) and

1

~AX . \ i
ux where A% - al - B € m which is a non-unit in Rl .
Therefore, R =  units non-units
1 U J
. -AX . ~AX
Q~m, unit X z;;- m, unit X Z:;_
where y-ix is superficial where y-\x is not superficial
| element of degree one element of degree one

Now we must show that, the set of non~units of R1 form

an ideal, For this
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(4.7.1)(a). The non—-units of R, 1is closed for product by elements

1
of R1
Proof. For this, multiply the non~unit t of R1 by
r € Rl. If tr is a unit of Rl’ then there is another element

s € Rl such that trs = 1, which implies t 1is a unit, a contradiction.

(4.7.2)(b) The non-units of R1 is closed for sums.

Proof. For the proof of this part we have three different

possibilities

(4.7.2) (1) Suppose that the two components are in m.
Proof. It is obvious that if the two components are in m ,

then the sum of them is a non-unit.

(4.7.2.2)(ii) Suppos® that, one of componentsis in m and the other

. =\ . . .
is in the form u{XMEEJ where y=-\x 1s not a superficial element of

degree one and x 1is a unit of Q.

Proof. For this, we can write

o - u(y*xx} - . u[y~(k+u‘lm)x }
X X

1

and ()\+u_1m)2 - a(A+um1m) - B8 =A% ~ g\ - B+m(2ku" + umzm - auql)em.

Consequently this is again a non-unit of R1 by (4.6)

(4.7.2.3)(iii). Suppose that the two components are both of the form

. ~AX . .o
unit x b - where, each y-Ax 1is not a superficial element of

degree one.
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Proof. For this, we show

e

y~xlx (y~x2x
ul[ } -y, ) is a non-unit of R

X X 1

As we mentioned y - Ax 1is not a superficial element of

degree one if and only if AZ - oh -~ B em,

2 . - 2 . -
So Al ukl B € m and Az akz B em

This implies that (i, - %2)(X1 + A, ~. o) em.

1 2

Therefore Al - %2 Em OY Xl + Xz - 0 £ M .
— 2 . -
Now Al + Az o em and Al aAl g em
: = #) ~a) = (A2-gh -
imply that Xlkz + B Xl(kl kz o) (Xl aky B) em

With the assumption that a? +48 em , we have

— 2 = 2 - = w2 =
(Al kz) (A1+A2) 4A1X2 0<+4B 0 mod m

From this it follows immediately that A1~A em

2
ywklx y*kzx
Thus u -.u
1 p's 1 b4

i

u{m],.u{m),,m
1 % 21 x

]

(ulmuz){Z%%EJ + m

which is again a non-unit of Ry by (i) if u;"u, €m and by
(i1) 1f‘(u1“u2) ¢ m.

In fact the maximal ideal My of R1 will be generated by

[x, yz?x] where y-Ax 1is not superficial element, which is true if
and only if A2 - ak - B e m.
. 2 C{,z
Note that if 2 ¢ m, 2 wax~g=(a-——2—) - 1(a? + 4B).

S0 y-Ax 1is superficial of degree one if and only if A = 7 mod m.

N R

In this case the maximal ideal M of Rl will be generated by [x, 2Zi2§q_
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(4.8.1) Proposition. Let o? + 4B em and let A% - ok ~ B em
have no solution for A, then the first neighbourhood ring Rl of
Q is a one-dimensional regular local ring.

Proof. If A2 - o)X — B belongs to m and has no
solution for A , then the maximal ideal M, of R1 is generated
by a single element x. So Ry is a one~dimensional regular local
ring.

Note that this case can only occur when 2 e m .

(4.8.2) Proposition. Let 02 + 48 em and let A2 - ak - B em
o )

be a superficial element of degree one, then Rl is a one-dimensional

regular local ring.

Proof. With previous notation and assumption the maximal

ideal Ml of R1 is generated by (X%%EJ because, we can write

~ (A2=ar-B)x2 = = (AZ-an)x? + (yZ-oxy)
= (y=Ax)(y + Ax — ax)
So % = - y=AX ] y+(A~a)x . Rl(X—Ax)
o (A2%-ar-8) %

consequently R1 is a one-dimensional regular local ring.

(4.8.3) Proposition. ~Let a? + 4B e m and let A2-gA=8 em not

“
be a superficial elementkof degree one, then the first neighbourhood

ring R1 of Q is local ring of multiplicity two and X is a
superficial element of degree one belonging to Ml'
Proof. By (4.7) the first neighbourhood ring Ry of
Eha proof of

Q is a local ring and byk(4.8.2) we can write

~(A2 - gX = B)x? = (y-2x)(y + Ax = ax)
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From this it follows immediately thaty

[22351 + (22~ a)(y AX) + (A2 - ax - B) =

But (20=a)2 = 432 = Lo + o2 = 48 + a? (mod m)
= O(mod m)
i.e 2 - a e m
So {y—kx) {2A~a) {y*kx] ~aA—f % M
X b4 X X 1
y—)\x 2 . . . 2
therefore - ¢ le which implies that M1 = le

so x 1s superficial element of degree one for M1 .

Turning our attention to the other assertion

Prop Fof [41
by (== length_ (R, /xR,) = e(R,)
R1 1 1 1

It is clear that the multiplicity of the first neighbourhood ring

R, is 1engthR (Rl/Ml) + 1engthR (Ml/XRl)‘ We know

1 1
Lengtth(Rl/Ml) = 1
therefore e(Rl) =1 + lengthR (x, yoAX /(x)]
1
or e(R,) = 1 + length Z—~" /[ (x) N (y Ax
1 Rl
V-AK, . Y=AX
But (x) N =) D M (=5
X = "1 x
y—=AX

€ Rlx would imply vy-2x ¢ mx. i.e. yeQx contrary to

e(Q) = 2. Therefore (x) M (X§A§D==Ml Z%?E . Consequently

and

e(Rl) = 1+ lengthR (Rl/Ml) =1 + 1 =2 which completes the proof.
1
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(4.9) It will now be convenient to introduce some more
notations

Let Q be a one-dimensional local ring, with maximal
ideal m, and let the multiplicity of Q be e(Q) = 2, then the
first neighbourhood ring is R1 widielr is either, an integrally
closed ring,in this circumstance the tree of neighbourhood rings
is only Q = R0 o Rm = R1 . Or a local ring, with multiplicity
two.

Again if the first neighbourhood ring R1 of RO is
local ring with multiplicity two, with previous propositions, the
second neighbourhood ring is eithergpintegrally closed ring, in this

case the tree of neighbourhood rings is only R_ T R1 Lt R.2 or a

0
local ring with multiplicity two, so that if we repeat this procedure

we will have

RO C: R1 = RZC: veea C:Rn

or R CrR Cr.C..... CrR.C ovveennnn
0 1 2 i

From this it follows that, the tree of neighbourhoodg ringsis

linearly ordered.

(4.9.1) Definition. Let R = Q,R1 = Rm and let Ri+1= (Ri)m.

0
m; o the maxmal doal o€ K; 2nd 1
where(:t 2 0, if Ri is defined and not integrally closed.

Otherwise R. is not defined.
1+l

The theorem follows at once that,
(4.10) Theorem. If S belongs to the lattice 29’(Q) of finite

extension rings of Q, themn § = Ri for some 1 3'0 .
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A Proof. Let S belongg to the lattice, we know §

istinite Rl—module, (2 Q, and that

length(R,/Q) = p
(see theorem 1 of [12})
Now, suppose that t be the largest integer such that
S o Rt’ the existe@nce of such an integer is guaranteed by the
following statement.
If s 2 Rt for all t and Rt defined for all ¢t

then we have

length(S/Q) = 1ength(Rt/Q) >t (for all t)
this, however, is a contradiction, because the
length(S/Q) is finite

Now either § = Rt as required

or S D Rt
and in this last circumstance Rt is not integrally closed, so
Rt+1 is defined and S D Rt+l[= (thnt ] by (4.3.1) this is
contrary to definition of t.
Example 1.
+ .
Let Q = K[ [t2, t2m ?]] (where m > 1) be a local ring,

then the finite lattice of finite extension rings is

k[[t2,e°™ ] k[[e2,e™ e k[[t2,:"Fe. .. = &[[t2,]]=«[[t]]

which is integrally closed.
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Example 2.

Let Q = K[[x,y}]/(yz) be a local ring, then
R, = K[[x,y/x]l/((y/x)z) which is isomorphic with Q.

so k[[x,y]1/Dc k[[xy/x]] / G/xHHC oennn. = Q

therefore the lattice of finite extension rings is infinite.
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