
SOME RESULTS m LOCAL RINGf 

by 

Mohammed Reza Adranghi 

A thesis submitted for the degree of 

Master of Philosophy 

FACULTY OF MATHEMATICAL STUDIES 

The University of Southampton 

January 1978 



UNIVERSITY OF SOUTHAMPTON 

ABSTRACT 

M K H E M M I C ^ S T m M E S 

Master of Philosophy 

SOMBESmj'S ON TUB W X A L l M a C S 

by Mohammed Reza Adranghi 

The main aim of this thesis is to present a certain lattice associated 

with a local ring and to determine this lattice when the local ring 

is one—dimensional and has multiplicity two. 

For, a one-dimensional local ring Northcott produces a tree of 

neighbourhood rings by localizing the first neighbourhood ring* at its 

ahe maximal ideals and resolving again and again. We prefer to 

generalize the first neighbourhood ring and so produce a lattice of 

finite extension rings ofalocal ring. 

For the application to multiplicity two, we rely on the basic result 

due to Matfis. In 1973 he showed that when the one-dimensional local 

ring Q has multiplicity two, then every ideal of the local ring can 

generated by two elements and that the local ring has a superficial 

element of degree one which belongs to the maximal ideal of the local 

ring. With this as starting point we determine the lattice of the 

local ring Q. The idea of using the lattice to characterize local 

rings was suggested by D.Kirby in the geometric case, but we are 

concerned with the abstract case. It is show* that the lattice of 

finite extension rings of Q i» totally ordered either finite if the 

integral closure of Q is a finite Q-module or infinite in the 

opposite case. 
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Introduction 

The main purpose of this thesis is in the first place to 

study the lattice wG (Q) of extension rings of a local ring Q 

which are finite Q-modules, and in the second place to determine 

jG (Q) when Q is one-dimensional of multiplicity e(Q) " 2 . 

In the first chapter we introduce the notion of a 

superficial element of an ideal of Q , a notion which is due to 

Samuel [iS] and [16]. We give various known results on superficial 

elements in particular establishing their existence and including 

five equivalent defining properties. 

In the second chapter we consider the characteristic or 

Hilbert function of a local ring, the basic work is due to P.Samuel 

]jL6], and Northcott [ 7 ] generalized such a function. Here we 

establish its existence in a new way by using superficial elements. 

. ^ 

In the dimension one case the characteristic function is^the form 

en-p , and we give some known relationships between e and p . 

In the third chapter we consider the first neighbourhood 

ring of a local ring Q which is due to Northcott. He produces a 

tree of the neighbourhood ring by localizing the first neighbourhood 

ring at its maximal ideals and resolving again, instead we 

prefer to generalize the first neighbourhood ring Q by producing 

the lattice of finite extension rings of Q. 

In chapter four we study the lattice J^(Q) where Q is 

one-dimensional local ring of multiplicity two in this case (Q) 

is totally ordered, so the lattice (Q) of finite extension rings 

(Q) will either be finite 

R ^ c : R. Rx::... (ziR 
0 i / n 



where R is integral closure Q of the local ring Q 

or Rq ^ CZZ • • • • 

where each is a local ring with multiplicity two. 

Our system of reference throughout the thesis is as 

follows: 

When a reference is made to (4.5.1) it means the first 

result or definition of section 5 in chapter 4. A reference such 

as [6] refers to the list of references at the end of the thesis. 
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Chapter I 

Superficial element* 

(1.1) Introduction. 

Throughout this chapter, Q will be a local ring, m will 

denote its maximal ideal, q will denote an ideal of Q which is not 

the whole ring i.e. m 2) Q* 

In [15] and [I6] Samuel introduces the idea of a superficial 

00 

element of an ideal q of a Noetherian ring Q, where q°"0 , 
n-0 

in fact Samuel gave two equivalent defining properties for superficial 

elementB, one of which shows their existence. And Northcott [is] ^nd 

|in| MHcU Huch rlaments in fhe dilatations of a local ring, when Q is 

H locm] rin# and q " m. In addition, Northcott [lo] 8*ve a third 

UrrlninK properly which applies when Q is one-dimensional local ring. 

Then Kirby [l] hy usinR the ring of q-forms in the general local ring 

gave a set of five equivalent defining properties of superficial element. 

In this chapter we repeat some of Samuel's and Kirby's work 

and give five equivalent defining properties for such elements. Then we 

establish the existence of superficial elements. Also we consider the 

one-dimensional case when we apply the results of the five equivalent 

defining properties. 

(1.2) The ring of q-forms. 

Let Q be a local ring, m be the maximal ideal of Q and 

let q be an m-primary ideal, so that q " (0)# in particular Q/q 
n"0 
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is a Noetheriaa ring. It is clear that F^(q) = is 

(Q/q) -module where, n " 0,1,2 From this, it follows, for 

every non-null element x of Q , there is a unique integer and such 

that X e q^ and x / q*** which has a unique image in F (q) , 

that is X - (x+q**^)/q**^ which is called @s the q-form of x and 

s is called the degree of x . If x e P (q) and y e F^(q) we 

— — 8 t 
define xy as follows: Let x and y be elements of q and q 

respectively such that x e x and y E y and, then we define 

xy - (e F +^(q)) . It is easy to verify that xy 

is independent of the choice of x e x and y e y . This multiplication 

defines a ring structure in the direct sum F(q) of all the 

F(q) becomes a commutative graded ring. Since F (q) - q°Vq^*^ it 

follows that F^(q) " (F^(q)^), which implies that F(q) is a homogeneous 

ring. This homogeneous ring F(q) is called the ring of q-forms 

F(q) " I q*/q"* 
n"0 

(1.2.1) Proposition: The ring of q-forma F(q) is Noetherian. 

Proof. Suppose that the ideal q admits a finite fixed base 

q - ) where, however, this base of q need not be minimal. 

Let *(u) " *(u^,....u ) be a form of degree s % 0 in the u^ with 

coefficients in Q and such that not all the coefficients of $ are 

in q , further let $(X) - be obtained from $ by 

replacing each u^ by indeterminate* and each coefficient by its 

residue modulo q , thus making *(X) a form in the polynomial ring 

(Q/q) Xyl . Since Q/^ is Noetherian so (Q/q)[x^,Xg,....X^] 
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is Noetherian. We map a form * of degree s in (Q/q)[x^,X2»''''Xp] 

onto an element of F (q) by replacing the coefficients by elements of 

Q and 3% by and so obtain a representative in of the 

unique image of * in F (q). We thus obtain a (Q/q) -homomorphism 

(Q/q) ,''' ] on to F(q). The kernel of the homomorphism 

is a homogeneous ideal of (Q/q) %/]. Hence the rings 

(Q/q) X ^ /N^ and F(q) are isomorphic and since the former is 

Noetherian so F(q) is Noetherian. 

Let us now introduce the ideal I of the ring F(q) 

generated by the q-forms of strictly positive degree i.e. 

I " I q^/q^* " F(q) - F_(q) 
n-1 

(1.2.2) Proposition, q is nilpotent if and only if I is nilpotent. 

Proof. T,ef T be sn ideal ef She q-frnKms, IhrnuJUk have 

-k 
I " F(q) - I F. (q) 

j-O J 

e IC t 
If q is nilpotent so q * 0 for some k then q - 0 for t ) k 

-k k-l 
and I - F(q) - % F.(q) * 0 

j-0 J 

Conversely, if I * 0 it is clear that q * q for 

t % k so q^ ([22 r i q^ " 0 
n"l 

Hence q * 0 i.e. q is nilpotent. 

It will now be convenient to introduce some more notation*. 

(1.2.3) We denote by b the isolated component of the zero ideal of 

Q determined by the prime ideals which belong to the zero-ideal and do 

not contain q, more precisely b is the set of elements x such that 

Ic 
xq " 0 for some k . 
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Also we denote by N the homogeneous ideal in F(q) whose 

elements x satisfy x " 0 for some k. We suppose neither q 

nor I is nilpotent, so neither b nor N is the whole ring and from 

the definition of b and N we can deduce that for some k large 

enough, 

b - 0 , N - 0, b:q - b, N:I - N . 

In fact, if n N - 0, it can be shown that q^fl b - 0. 

(1.2.4) Theorem. Let x e q* and x d q**^ and let x be the 

q-form of x. The following three conditions are equivalent 

(i) " N 

(ii) q*** n Qx " xq* for all #% large enough, and b:(x) = b 

(iii) (q^**;qx) D q^ " q^ for some integer c and all n % c. 

Proof. It will be shown first that (i) and (iii) are 

equivalent and then that (iii) and (i#? are equivalent. 

Assume that (i) is true then we consider y e (q^**:Qx) H 9* 

* 

where N 1 i I " 0. 

Now let us choose an integer r such that y c q and 

y d q**l; then r % t and y the unique image of y in 

would belong to I , Thus %y ha# degree r+# and al#o %y e q 

If r < n , then we have %y e #o that %y " 0 therefore it 

is clear that y e 0:(x)g N:(%) " N . 

But y E I* and so y c N II I* " 0, this however, is 

r̂ 'l 
contradiction because y ^ q . 

Consequently r % n and (q^ *:Qx) q $2 % ' Since 

the opposite inclusion is obvious for n ) t, then (iii) is proved. 
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Assume that (iii) is true and choose y e N:(x) with 

degree n. Then xy - 0. 

Let y be the q-form of y with y e and y d q^** . Let 

now a be any element of q^, where k - max(t,c); then axy - 0 

and oxy e q^+s+k+l 

Therefore aye Qx) fl q^ * ^n+k+l 

Ic ™"™liC 
and consequently y q q or yl * 0. 

Thus y belong to N and N:(x)*- N. Again the 

opposition inclusion is obvious. So (i) is proved. 

Next we prove that (ii) and (iii) are equivalent. 

Suppose that (iii) is true, then let z * xyeq^**d Qx . 

Then by Rees lemma [l4] we have yeq^**: Qx g 0:Qx+q^^* ^ for some 

k(% s) and all n % k-s. Suppose n % k-s+c and call k-s+c - n 

n+s-k n+c-n _ 
then, for some y' e q " q ° q we have x(y-y') * 0 . 

_ f , n+s and 
Therefore z « xy * xy e q 

y' e (q°^*: Qx) A q^ - q^ . 

Hence z e x q^ and q^** D 0% Q %q^ for n % n . 

Since x e q^ , we have (q"^* H Qx) 3 x q^, and therefore 

n + s . _ n 
q n Qx " X q . 

In order to prove (ii) we must also show that b:(x) " b. 

For this let us suppose y belongs to b:(x), so that xy belongs to 

b. Then xy q^ - 0 g q^** . Now we put k " mmx(t,c); from this it 

follows immediately that 

yq^(Cm (q°^*: Qx) H q^ " q^ for all n % c. 

If * 

Hence yq (% Q 9^ " 0 and y e b. Therefore 
"" n-1 

b:(x) - b, so the second part of (ii) is established. 
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Finally assume that (ii) is true then we consider 

y E q*** : Qx . If (ii) holds for n % n^ we have 

xy G A 0% " xq^ for n % n^ 

Hence y c q" + 0 : Qx q" + b : Qx " q* + b 

i.e. q*** : 0% q" + b . 

Let us put c " max(t,n ). Then 

(q***: Qx) n q^CZ (q*+b) A q^ - q*+b D q^ - q^ for n % c. 

Also for n % c we have 

(,"«= qx) n ,•= 3 q" 

since x e q* * Therefore 

(q^**: Qx) q^ - q^ for n % c. 

The proof of the theorem is thus complete. 

(1.2.5) Definition. An element x is said to be a superficial element 

of degree s with respect to q when x G q* and there is an integer 

c such that 

(q°^*: Qx) A q° " q^ for n % c . 

Not##**U If X E q"+l; then (q**":Qx) D q* ^ q*"^ 3 q* for * > 

so for X to be superficial element of degree s it is necessary that 

X i .i'*\ 
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(1.2.6) Example. Suppose Q * k[ be^power series ring 

and q = , then a superficial element of degree 1 is x - t^. 

However t^ E q-q^ is not superficial element of degree 1 

*E (q^**: Qt^) - q^ for n > 1) . 

This shows that the above necessary condition is not 

sufficient in the general case. It is nevertheless sufficient 

whenever F(q) is an integral domain. 

Another instance in which the existence of such an element 

is guaranteed is given by the following theorem. 

(1.2.7) Theorem. Let Q be local ring and q be an ideal of Q 

there exist an integer s and an element x of Q such that x is 

superficial element of degree #. 

Proof. We consider in the ring of q-forma P(q), the 

associated prime ideals Pj of the zero-ideal (0) , and we assume that 

Pj does not contain the ideal I for 1 $ j ( & of the F(q) 

Otherwise Pj ^ I for A+1 ( j ( k . It is easily seen that there 

exists a homogeneous element x of positive degree say # such that 

X / Pj for 1 ( j 3 & . To prove this, we replace the set {pj} for 

1 ( j $ & by {p^} of maximal element* in the set. Since I ^ 

there exists a homogeneous element 6 of I of degree one such that 

^ . On the otherhand, for w' f w there exists a homogeneous 

element X , in p , where X , d p . We set 
WW W WW w 

n X , 
V W'fw V " 

the exponents n(w) % 1* are chosen in such a 

way that the elements X have the same degree. So X^d p^ and 

X G p^, for w f w' . 

Hence the homogeneous element x - % X satisfies the 

conditions x d for 1 ( w f A . Let qj be a primary component 



of (0) corresponding to p.. For &+1 ( j $ k, q. contains 
J J 

-c / -
some power of I . Let c be an integer such that I #1 9;' 

j-&+i J 

Suppose now that a e N : (x) , then a x e N and a x I - (0) by 

definition of N . As x d p for 1 ( w g & this implies that 

A 
Oi C n q . 

j-1 J 

_c k 

Also I CZ fl 9: 
" j"4+l J 

&+C 

so .1 fi q, 
j-1 J 

(0) 

Therefore o belongs to N and N:(x) " N which by (1.2.4) means 

X is the form in F(q) of a superficial element of q. 

(1.2.8) Remark. There does not always exist a superficial element of 

given degree. 

(1.2.9) Example. Suppose Q " Fg[[x,?]] /(XY(X + Y)) . In fact if 

X and y denote the classes of X,Y in Q then take q " (x,y)' It 

is clear that the ring of the q-forms is 

FgCXpfl /XY(X+Y) 

Meanwhile the only elements of degree one of Q namely x,y and x + y 

(Fg is field of two elements) are not superficial elements. 

However the freedom of choice of the exponent n(w) ia the 

proof of (1.2.7) can be used to show that q' has superficial elements 

of every sufficiently large degree. 
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(1.2.10) Now we consider some more notation. 

It is clear that the Q/b = Q' is a local ring with maximal ideal 

image m' » m/b. Also put q' * (q + b)/b the image of q in Q'. 

Thus we can construct the commutative graded ring F(q') of q'-forms, 

and the homogeneous ideal I' and N' of F(q') can be defined as 

before. 

We denote the ideal 

00 

; (b n q " + 
n-0 

of F ( q ) by b and establish the following relationship between F ( q ) 

and F(q'). 

(1.2.11) Theorem. N g b; and there is a canonical homomorphism of 

F(q) onto F(q') which has b as kernel in which I' and N' are 

the images of I and N 

Proof: As page 23 [#J 

The next theorem which is proved on page 25 explores the 

relation between superficial elements of q and superficial elements of 

the image q' of q in Q'. 

(1.2.12) Theorem, (i) Let x e Q and let x' be its image in Q'. If 

X is a superficial element of q of degree #, then x' is a 

superficial element of q' of degree #. 

(ii) Let x' G Q' and let x be a representative of x' in Q. 

Let x' be a superficial element of q' of degree s. x is a 

superficial^of q if and only if the degree of x is s. 
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(1.2.13) With these two theorem&and theorem (1.2.4) Kirby gave 

other equivalent conditions for superficial elements. 

(i) X is superficial element of q. 

(ii) (q"*^ + b) n (Qx + b) - xq° + b for n large and 

b:(x) - b 

(iii) (q*** + b):qx - q^ + b for large n. 

In fact we have five equivalent conditions for the 

superficial element of q. 

(1.2.14) In addition we must note that the following facts. 

(a) The superficial elements of degree zero are the units of Q 

(b) If X and x^ are superficial elements of degree s and t 

respectively, then x is a superficial element of degree t + s. 

Proof, (a) is trivial 

Proof, (b) If X and be the q-forms of x^ and x^ 

- - 1+8+t, &+8+t . J 

respectively then we have x^.y^ - x^y^ + q /q 8o by condition 

(i) of theorem (1.2.4) we have 

N : (xg.x^) " (N : (x^)) : (x^) " N . 

(1.3) One-dimensional case. 

Throughout this section, Q is a one-dimensional local 

ring and m is^^maximal ideal of Q and q is an m-primary ideal. 

In fact if Q is one-dimensional local ring then it follows 

that dim b " 1. 
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(1.3.1) Theorem. Let x e and x d , Chen x is 

superficial element of degree r with respect q if and only if 

q°*^ = X q^ for n large enough. 

Proof. Suppose x is superficial element of degree 

r then by theorem (1.2.13) we have 

(q°*^ + b) n (Qx + b) - xq° + b 

for n sufficiently large and b : Qx - b. 

Since dim b - 1 and b:Qx - b we deduce Qx + b is 

m-primary ideal of Q. Therefore for n sufficiently large b + Qx 

contains q^*^ + b, consequently 

q^ ^ + b - xq^ + b (1.1) 

for n sufficiently large. Now we intersect both sides of the 

equation (1.1) with q^ then we have 

(q**r + b) n q* " (xq* + b) n q^ (1.2) 

It is clear that if n+r % t where q^ H b " 0 then the 

equation (1.2) is just 

q^*^ - xq^ for n % n^ 

Conversely, suppose q"*^ " xq^ for n % n^ it is 

obvious that q"*^ H Qx " xq" for n % . 

Further if y belongs to b:Q%, then b contains yQx 

which also contains yq"***. Hence yq^ig q^ H b " 0 where 

k " max(n + r,t) and y e b , therefore b:Qx - b and 

q"*^n Qx = xq* for n sufficiently large. Consequently by 

condition (ii) of theorem (1.2.4) x is superficial element of degree 

r with respect(#q. 
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(1.3.2) Now we consider the ring of q-forms F(q) and the 

+1 
homogeneous ideal I - ^ mq /q 

n"0 
_ _k 

We denote by M the set of elements x such that x I g l for 

some k. It follows that M is a homogeneous ideal of the ring of 

q-forms, none of the primes belonging to M contains I and M ) N. 

00 _ 

Again in F(q') we consider I' - % m'q'*/q'** and construct M' . 
n"0 

By theorem 7 of [$] (x is superficial element of q if and only if 

%B(x) - M where x is the q-form of x), the theorem provides an easy 

way of finding the superficial element of q where dim b - 1. For 

this: instead of considering the ring of q-forma F(q) we construct the 
CO 

ring % q^/mq". Of course this is a homomorphic image of 

n-0 

K[x XpJ where K " Q/m . In fact this homomorphism is constructed 

in the manner of (1.2.1). If a is the kernel of the homomorphism, it 

is obvious that a is a one-dimensional homogeneous ideal and 

00 

n , __ n 
K[X^ X j / a « I q* / mq 

n"0 

Suppose y e Q which satisfies y e q^ and y d q* gives rise to 
00 

a form y of degree r in the ring ^ q / mq . Let y^ be a 
n"0 

representative of y in K . . . . s u c h that y^ is a form of 

degree r, then it is obvious that y is a superficial element of q 

if and only if y is contained in none of the one-dimensional prime 

ideals belonging to a . 
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Chapter II 

(2.1) Hilbert functionsand multiplicity. 

Introduction. Throughout this chapter Q ig^local ring, 

m its maximal ideal o#—Q, and q is an m-primary ideal of Q. 

Our aim in this chapter is to introduce the characteristic 

or Hilbert function of a local ring, a notion which is due to P.Samuel 

In [7] Northcott introduced the generalized Hilbert 

function, here we repeat some of his work, then we prove the existence 

of such function by using superficial elements. 

In section five we introduce the coefficients e^(q) of 

the abstract Hilbert function in the local ring of dimension d % 0 [6]. 

If d = 1, then characteristic or Hilbert function takes 

the form en - p , where e is called the multiplicity of Q and p 

the reduction number of Q. 

Subsequently, we quote some relationships between e and p 

from [3] and [4]. 

(2.2) Elementary properties. 

(2.2.1) The length of a primary ideal. 

Suppose q is an m-primary ideal in the local ring 

Q , where m is the maximal ideal of Q and suppose also that 

q^.qg, qp are m-primary ideals such that m*q^ 3 qgC) " 9 

where all the inclusion;are strict. We shall describe this situation 
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by saying that * primary chain from m to q. 

If now [g^.qg ,qj and [q|, q^ q^] are two primary 

chains from m to q, then we shall say that 

a refinement of [q^.q^, q j * (f every q^ occurs among the 

q!. Moreover, if, in addition, the two chains are not identical 

then we shall say that [qj^,q^ .q^] is a proper refinement of 

[q^'^z ' 

A primary chain from m to q will be called a composition 

series for q if it has no proper refinement. If q - m then there 

is only one-primary chain from m to q , namely [m] , and this is also 

a composition series for m. 

(2.2.2) Definition. A Noetherian ring, which has only one proper 

prime ideal, will be called a primary ring. 

We can now make a further simplification. 

Since every proper prime ideal which contains q must contain m and 

since m is maximal ideal of it follows that m is the only 

proper prime ideal which contains q. This shows that Q/q - A is a 

Noetherian ring which has only one proper prime ideal, namely p - m/q. 

Also there is 1-1 correspondence between chains of ideals from m to q 

and chains of ideals from p to the zero ideal of A. 

(2.2.3) The number of terms in a composition series of a primary 

ring A does not depend on the composition series. 

Suppose A is a primary ring then we can find a decreasing 

chain P = 3 C 3 .... 3 - (0) of h ideals, stretching from 

the only proper prime ideal P to (0), such that for each i there is 

no ideal strictly between C\ and C Suppose now that M is some 
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finitely generated A-module, say 

M " + AAg + .... + 

If X .Xg independent, i.e. if 

* °2^2 * 0 

where e A, only when all the are zero, then a composition 

series composed of submodules of M will contain exactly &h terms, 

if X pXg, are not independent, a composition series of 

submodules of M will contain fewer than Ah terms. 

Let us denote the number of terms in a composition series for M by 

dim.N; then, for example, if q - m,A will be a field and dim.M will 
A ^ 

have its usual meaning. Also note that, if and Eg are submodules 

of M, with respect to A then. 

dim (E^ + Eg) + dim^(E^ (1 Eg) - dim^^ + dim^Eg 

because, using a familiar theorem on isomorphisms. 

dim (E^ + Eg) - dim^E^ - dim^(E^ + E2)/E^ 

- dim^Eg/(E^ H Eg) ^ 

(2.2.4) Definition. If q is a primary ideal in a Noetherian 

ring, then the number of terms in a composition series for q will be 

called the length of q. 
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(2.3) Hilbert's function in a localxring. 

Suppose that K is a field and I is a homogeneous 

ideal in the polynomial ring - K[x] . If f(s,I) 

is the vector space over K consisting of all the forms of degree 

s contained in I and if f($) is the vector space of all forms 

of degree s then 

x(s,I) = dim^f(s) - dimyf(s,I) 

is called the Hilbert function of I. Let us now pass to the ring of 

quotients of K[x| with respect to the prime ideal 

which we shall denote by QXpis a local ring with maximal ideal 

m = Q(X) . Since I is a homogeneous ideal if we write I' - QI, 

then I' n K [ x | = I . It is easily verified that 

dimgf(s,I) - dim^(I' H m^ / I ' ^ m^ 

and (as a special case) 

,/ s , . S , S+1 
dim^f(s) = dim^m /m 

Accordingly, if we write x(s,I') " x(s,I) then 

s, s+1. ,. r\ _s /T r-% 
X (s,l') - dim^(m /m ) - dim^(I'f^ m /I H m ) 

This formula together with K = Q/m provides a mean of extending the 

definition of the characteristic or Hilbert function x(s,I). 

(2.4) The generalized Hilbert function. 

Let I be an arbitrary ideal of Q. Then for any s % 0 

we have q(I H q^) C I H q**^ and so (I n q^)/(I fl q^**) is an 

A-module which is, moreover finitely generated accordingly by the 

previous notations* 
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dim^d n q*) / (I n q**l) 

is defined and is finite, consequently put 

X (s,!) = dim^(q^/q^^^) - dim^(Iin q^)/(I n q^ 

and call Xq(s,I) the Hilbert function or characteristic function 

of I with respect to q. 

In fact, from the isomorphism theorem as in (2.2.3), it 

is easily verified that 

X (8,1) - dim (I + q*)/(I + q^ ^) 
q A 

and therefore Xq(s,I) is the length of a composition series of 

ideals from I + q^ to I + q 

Suppose now that I is a proper ideal then we put 

Q - Q/I , q - (I + q)/l . 

Of course, Q is a local ring with maximal ideal m = m/I and 

q is an m -primary ideal. Moreover I + q*, q are corresponding 

ideals. If (6) be the zero ideal of Q then it is clear that: 

(2.4.1) Theorem. Let I be a proper ideal of Q. Let 

q - (I + q)/l and let (6) denote the zero ideal of Q - Q/I , 

then X (G,I) = X (s,0). 

(2.4.1.1) Corollary 1. X (s,I) = Xq+^Cs.I) . 

This follows from theorem immediately. 
A 
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nrl 
(2.4.1.2) Corollary 2. % = P_(n) where P_(n) 

s=0 ^ 9 9 

denotes the length of the primary ideal q**. 

Proof: As we described that % (s,I) is equal to the 

^ _8 _s+l 

length of a composition series of ideals from q to q . The 

corollary follows by summation. 

(2.4.2) It is one of Samuel's basic results that P (n) is a 
q 

polynomial in n for sufficiently large values of n and that the 

degree of this polynomial is the dimension, dimQ of Q. 

The polynomial to which P_(n) is equal for large values 

of n is called the characteristic polynomial of the ideal q. We 

shall denote it by P (n), and sometimes by P (n) when we are dealing 
q q 

with large values of n. As ([l?] page 233) we find also here that, 

if P (n) is a polynomial of degree d, its coefficients are integral 
q 

multiples of 1/dI . 

Now we prove some simple results about characteristic 

function&i 

(2.4.2.1) Lemma 1. Let q be an m-primary ideal of the local 

ring Q, then Pgg(n) = P_(n) where Q is the completion of the 

local ring Q 

- n - ,^_n 
Proof. It is clear that Q/q and Q /Qq are 

isomorphic ([l7] chapter VIII, §2, theorem 6). 

(2.4.2.2) Lemma 2. If q and q' are m-primary ideals of the local 

ring Q and if q C q' Chen Pq(n) % P^fCn) for all n. 

Proof: Obvious. 
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(2.4.2.3) Lemma 3. Let q be an m-primary ideal of the local 

ring Q and let % be an element of q , then 

P (n) - P (n) - X(q : Qx) . 

Proof. In fact (Q/Qx)/(q/Qx)" = Q/(q + Qx). 

whence 

P (n) - P (n) 

q q/Qx 

length (q + Qxfq ) 

n n 
length (Q/q ) - length (Q/(q + Qx)) 

n 
length (Qx/(q A Qx)) 

then P_(n) - P_ (n) 
9 q/Qx 

length (Qx/(Qx.(q":Qx))) 

length (Q^q^iQx) 

In fact Samuel proves ([l6] chapter 2, theorem'l, 2) that there exists 

a non-negative integer n such that for all n % n 

n n n 
" a 

o d 
+ ^1 d-1 + ... + *d_i 1. 

+ a. 

where the a^ are integers, where a^ > 0 , and where d - dim Q. 

The denotes, of course, the familiar binomial coefficient. Since 

by (2.4.1.2) 

P_(n+1) - P (n) - X (n,I) 

49 

we have for all n % n_ 

Xq(n,I) * So 
n 

d-1 
+ a. n 

d-2 
+ .... + a 

d*l 

where a > 0 and where d " dim I 
o 

Thus, for sufficiently large n, x (n,I) is a polynomial in n of 
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degree dim I-l. Call a Che order of I with respect to q 

and denote it by ord^I. 

The proposition below gives an alternative proof making 

use of superficial elements 

(2.4.3) Proposition: Let Q be a (Krull) d-dimensional local 

ring, m be the maximal ideal of Q and q be an m-primary 

ideal of Q. Then the length (Q/q^^ , the length of Q-module Q/q^, 

is equal^a polynomial in n of degree d for n sufficiently large. 

Proof. The proof is by induction on d. Wken d = 0, the 

zero ideal (0) is m-primary, so q is nilpotent and 

lengthgCQ/q") - lengthq(Q) is constant, for all n large enough. 

Hence length(Q/q^) is a polynomial PgCn.q) of degree 0 for all n 

large. 

Now suppose that d % 1, and the proposition holds for all 

local rings of dimension d-1. 

If X is a superficial element, with respect to q , the condition 

b:(x) = b of (1.2.4. (ii)) shows that x is in none of the minimal 

prime ideals of Q. Therefore Q/(x) is a (d-l)-dimensional local 

ring. 

In accordance with the remark following the proof of (1.2.7) 

choose an integer s such that, there exist^ superficial elements x 

of degree s and x of degree s+l with respect to Q. 

The isomorphisms 

= QXg/^g n q**^ = Qx^/q^x^ = Q^q* + OzxJ 

for n sufficiently large, give 

Length(Q/q"*^) = length(Q(q"*^ + Qx^) + length(Q^q" + Ozx^). 

Also 

Length(Q^q" + 0:x ) = length(Q/q^) - length(q" + 0:x^/q"). 
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and + 0:xj/q^ = (1 0:xj . 

However by the Lemma of Artin-Rees ([s] page 9) 

n (0:Xg) n (b:Xg) = q" n b = q" ^(q*f\ b) C q " ^&e*() 

for n large. So 

length(Q/q**^)-length(Q/q*) - length(Q/q"*^+QXg)-length(0:Xg) 

for n large enough, and we denote this equation by (A) 

Similarly for x we have, 

length(Q/q***)-length(Q/q*"l)=length(Q/q***+QXg+i)-length(0:Xg+^) 

for n large enough, and we denote this equation by (B) 

consequently we have, if we sub*tract (A) from (B); 

length(q/q*)-length(Q/q""l)-length(Q/q**G+Qx^^^)_iength(Q/q"**+QXg) + 

+length(0:x )-length(0:Xg^^) 

Put Q' = Q/QXg , Q" - q/QXg+i , q' - q/QXg and q" - q/Qx^+i, then 

lengthq(Q/q"*^+ Qx^^^) - lengthqM(Q"/q"***) 

and length (Q/q"*^+ Qx^) - lengthq,(Q'/q'***) . 

By the inductive hypothesis, for n large enough, these are polynomials 

of degree d-1 in n. Hence 

length(Q/q^)-length(Q/q ) = length(q /q ), 

for n large, is a polynomial Pj_^(n) in n of degree (d-1) or 

less for n large. 

When d - 1, the degree must be (d-1); otherwise q^ ^ - q" for n 
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large. This would imply q is nilpotent contrary to dimQ = 1. When 

d > 1 the degree again must be (d-1); otherwise returning to A we 

would have 

Pj_l(n+s,q') - length(Q'/q'"*^) 

of degree less then d-1 , contrary to the inductive hypothesis. 

Now write 

n n h ^ 

length(q/q")- % length(q^ /qf)- % P. ,(r)+ % (length(q^ /q^)-P .(r)). 
r=l r=l r"l * ^ 

The first term on the right-hand side is a polynomial of degree d in 

n, and for n large enough the second term is constant. Hence for 

n large enough 

length(Q/q") = PgCn) 

is a polynomial of degree d in n. 

Example. Let K be a field and Q be the power-series 

rings K{[u^,jv4,uv3,v\]J with maximal ideal m=(u^,jv*,uv3,v^) . For 

n ^ 2 a composition series from m^ to m" ^ can be obtained by adding 

to m*̂  

the principal ideals with generators, 

4n-4 4n-5 4n-6 ? 4n-4 
u , u V , u v^ , V ; 

its length is thus 4n-3. Similarly a composition series from m to m^ 

is obtained by adjoining u^,JV9\uv3,v^ to m^ , its length is 

4 = (4.2-3)-l. Therefore, for n % 2. 
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n 
length(Q/a") = J] length(m^ ^/m^) = J] (W^3) 

r=l r=l 

n 
- 1 

4 . n(n+l) _ 3n _ i . 4 f n + 
r ) 
n _ 

r n 
2j ,1 0 

As a second example take q " (u^.v^) . A composition series from 

to q" can be constructed by adjoining 

^4n+2 ^2_ ^in-2 ^6 _ ^4„-6^lO ^2^4n+2_ 

, uv''""\ , v*'-* to q" in turn giving 

for all n % 1 

length (q^ ^/q"^ - (n+1) + 2n + n - 4n + 1 

So for all n % 0 

n 
P (n) = % (4r + 1) = 4 

r=l 

n n n 
+ 5 

2 ij 

(2.5) Normalized Hilbert Coefficients. 

Let Q be d-dimensional (d % 0) local ring, m be 

its maximal ideal and q be an m-primary ideal of Q. Then 

length (Q/q°), the length of Q-module Q/q^, is equal to the characteristic 

polynomial Pq(n) in n for a sufficiently large value of n. 

n+d-1 n+d-2 
= e 

0 d -*1 L d-i 
+(-l*)e. 

where e^ = e^(q) , i = 0,1, d are uniquely determined by q 

called normalized Hilbert Coefficients of q . The coefficients e% 

easily shown to be integer by taking successive differences af are 
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P (n), A^(n) = ( n + 1 ) ( n w h i c h produces sequences of 

integers. 

(2.6) "One-dimensional case". 

Let Q be one-dimensional local ring and let m be 

maximal ideal of Q and residue field K - Q/m , it will be assumed 

that not every element of m is a zero-divisor, but no other restricting 

hypothesis will be made. In particular Q and K may have unequal 

characteristics and K may be finite. If M is Q-module, then we shall 

use lengthq(M) to denote its length, in many circumstances this number 

will be infinite. 

The theory of generalized Hilbert function shows that for 

sufficiently large value of n. 

Lengthq(Q/m") = en - p, 

where, as we mentioned e and p are non-negative integer*which are 

independent of n. e is called the multiplicity of Q and p is 

called the reduction number of Q \ ([l7] chapter VIII,§10, and [l2^). It 

follows that length (rn^/m^*^) - e is constant for large n, and from 

this we see that e is a positive integer. 

It will now be convenient to introduce some relationships 

between the multiplicity e and reduction number p of the local ring 

Q. 

(2.6.1) Definition: The first neighbourhood ring R of Q is the 

set of all elements (in the full ring of quotient* Q of Q) of the 

form y/x, wherej\x E m^ and x is superficial element of degree s. 

Since the set of superficial elements of Q is obviously multiplicatively 
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closed, it is clear that R is indeed a subring of Q containing 

Q -

The idea receives more attention in the next chapter. 

(2.6.2) Now, let us note that the ideal Rm of is principal 

and is generated by a non-zero-divisor (propl 141)-Northcott has proved 

that length(R/Q) = p , thus showing that p > 0 ([l2] theorem 1). 

In fact by proposition 3 of [4] > 

length(R/Rm) = e and length(R/Q) = p 

Furthermore length (R/Rm") - en for all n > 0. 

* * * 
X E m and let I be a finitely generated Q-submodule of 

Q such that I contains a non-zero-divisor then length (I/xI) % se 

and length(l/xl) = se if and only if x is superficial element for 

m of degree s (proposition 4, [4]). 

(2.6.3) Proposition. Every m-primary ideal of Q can be generated 

by e elements. 

Proof. We need to prove length(l/ml) $ e . 

We give the proof only in the case when m has a superficial element 

X of degree 1. The general case then follows by a device due to 

Rees(see Mathis [4] , p 277); namely adjoining An indeterminate to Q 

and localizing. This has the effect of making sure the new local ring 

has infinite residue field (so the maximal ideal has superficial elements 

of degree 1), whilst (saving lengths of corresponding modules unaffected. 
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As X E m we have 

length(l/ml) 3 length (I/xI) - e 

and the proposition is proved in the special case. 

(2.6.4) Proposition. There exists an integer v % 0 such that 

length(mP/m^*^) = e for all n % v and l e n g t h * ) < e if 

n < V . 

Proof. Again we give the proof for the case in which m 

has a superficial element x of degree 1. The general case follows as 

in the proof of (2.6.3) . 

Let V be the smallest integer such that length(m°Ym^*^) = e 

for all n % v . Let r % 0 be any integer, then we have 

length(m^/m^*^) - length(m^/m^x)-length(m^ ^/m^x) 

IT 
= e -length(m /m x). 

Therefore length(af/m^**) 3 e and length(mf/mf*^) - e if and only 

if nf** = m^x. But if m^** - m^x , then m^*^ - m^x for all n % r 

and hence by proposition 4 of [4] , length(m^/m^*^) - e for all n % r . 

In this case r % v and this proves the proposition. 

(2.6.5) Proposition. p % e-1 

Proof. We can write 

length(R/m) = length(R/Q) + length(Q/m) = p + 1 

since m C R m and length(RyRm) = e we have 

p + 1 ) e . 
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In addition. Machis [4] gives five necessary and 

suTficirnt conditions for p to equal e-1 . 

(2.6.6). Proposition. The following statements are equivalent. 

(1). Kvery ideal oT Q is principal(i.e. Q is a discrete valuation ring) 

(2). p (n) = n where P^(n) is Hilbert polynomial of m 

(3). p = 0 

(4). e = 1 

Proof. The implications (1) — » (2) » (3) are trivial 

and (3) — » (4) follows from (2.6.5). Hence assume (4); that is e - 1. 

Then leneth(Q/m) = 1 = e and v = 0 by (2.6.4). In particular length 

(m/mf) = 1, m is a principal ideal. Therefore Q is a discrete 

valuation ring. 

(2.6.7). Theorem. The following statements are equivalent: 

(i) Every ideal of Q can be generated by two elements, but 

Q is not a discrete valuation ring. 

(ii) P (n) = 2n - 1 , where P^^n) is the Hilbert polynomial 

of m 

(iii) P = 1 

(iv) e = 2 

If any of these conditions hold, then Q has a superficial element 

of degree one. 

Proof of this theorem as page 281 [4] . 
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Now let Xg, (d % 0) be indeterminates over (2 .6 .8 ) 

the field K - Q/m, and let R (d) be the K-space of forma of 

degree n in the polynomial ring K[xQ,x^, x^] - R(d). 

Let 1 = % I be a graded ideal of the graded ring R(d) = ^ R^(d) 

n%0 n%0 

(2.6.9) Proposition. If length(m^/m"*^) 3 n , then 

length(m*/m**^) % length(m*/m^*^) , where n $ r g s . 

Proof. It needs to be proved that length(m"/m"^^) g n 

implies length(m^/m"^^) % length(m^^^/m^^^). We can prove this by 

induction, so, let m have a generating set of d + 1 elements 

without loss of generality it may be assumed d % 1 so the ring 

S = % rn^/m^*^ is a homomorphic image of the polynomial ring R(d), 

n%0 

so the kernel of the homomorphism I is a graded ideal of R(d). 

Suppose length(m"/m"*^) 2 n, then in the notation of (theorem 1 of [3]) 

dim (I ) 
K n 

n+d 
d 

. d-2 

-length(m^/m^ ) = % 
1=0 

n+d-i-1 
d-i 

where a = n - length(m"/m^*^) + 1 so by theorem 1 of [3] 

n+d+1 
d 

-length(m^*^/m"*^) - dim^(I^^^) % % 
d-2 

n+d-i a+l" 
d-i 1 

n+d+1 
d 

-length(nP/m°*^) 

I.e. length(m^/m^*^) % length(m°^^/m°^^). 
n+1, n+2. 
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(2.6.10) Theorem. v g e -1 $ ̂  < le(e-l) 

Proof. The existence of v ensures that the sequence 

length(m^/m**^) where s = 0,1,2,.... is decreasing only from 

the point s = v . However if e $ v then 

length(m^ ^/m^) 2 3 v "1 

and by (2.6.9 ) the sequence decreases from the point s = v - 1 

This contradiction establishes that 

v 2 e - 1 

Again as length(m"/m"*^) 3 n implies that the sequence is decreasing 

from the point s - n it must also imply that n % v . Consequently 

we have 

length(Q/m) = 1 

e > length(m"/m"*^) % n + 1 for n = 1,2 v - 1 

e = length(m^/m^ > n + 1 for n - v,v+l,....e-2 

e = length(m^/m°^^) for n > e-1 . 

Hence for n % e we can write 

n-1 ^ 
(n-l)e + 1 % ^ length(m /m ) % (n-e+l)e + le(e-l) 

s=0 

therefore by proposition 9 of [4] we have 

^ length(m^/m^**) = length(Q/m^) - en - p 

s=0 

consequently en - (e-1) % en-p % en - & e(e-l) 

or e-1 6 p $ & e(e-l) 

which completes the proof. 
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(2.6.10.1) Corollary 1. p = e-1 if and only if v 3 1. 

Proof. p = e-1 if and only if, none of the inequalities 

on the left in the proof of the (2.6.10) is strict. So 

e > length (m^/rn"^^) (n-1,2 v-1), 

never holds ie. if and only if v -1 < 1 or v $ 1 . 

(2.6.10.2) Corollary 2. The maximal ideal of Q can be generated 

by two elements if and only if p " &e(e-l). When this occurs 

V =e-l . 

Proof. Suppose, the maximal ideal m of Q generated by 

two elements then by corollary 20 of [4] p - ie(e-l) . Suppose now 

that p = &e(e-l) then none of the right hand inequalities (2.6.10) 

length(m^/m* ^) % n+1 n " 1, ... v - 1 

length(m^/m^ ^) > n+1 n = v, ... e - 2 

can be strict. So e-2 < v , which together with v f e-1 gives 

V = e-1. Also length(m^/m^^^) = n+1 for n * 1 v-1. Therefore 

2 
either v -1 < 1 and length(m/m ) = e - v + 1 $ 2 or v -1 % 1 and 

2 2 
length(m/m ) = 2 , thus, in either case, length(m/m ) $ 2 and the 

maximal ideal m can be generated by two elements. 

2 
(2.6.10.3) Corollary 3. If p = e , then length(m/m ) = e-1 and v = 2. 

Proof. The difference p-(e-l) is the sum of the positive 

difference e-length(m^/m^ *) with n = 1,.... v - 1. Therefore, if 

p = e, there is one positive difference and it is equal to 1. So v = 2 

2 
and e-length(m/m ) = 1. 
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2 

(2.6.10.4) Corollary 4. If p - l(e-2)le+l), then length(m/m ) = 3 

and length = n+1 for n * 2,... e-2; furthermore v - e - 1 

when e % 4 , and v = 1 when e = 3 . 

Proof. The difference ^e(e-l) - p is the sum of positive 

differences length(m*/m**l) - (n+1) for n - 1 e-2 now suppose 
that, p = i(e-2)(e+l) = ie(e-l)-l therefore there is one positive 

2 
difference and it is equal to 1. However length(m/m ) % 3 for, 

2 
otherwise p = & e(e-l) by corollary 2. Consequently length(m/m ) - 3 

and length(m^/m^^^) = n+1 for n = 2, ... e-2. 

0—"2 . 
Further, for e % 4 length(m /m ) " e~l 

but lengch(m^ ^/m^) " e therefore v = e-1 , and, for e - 3 length(Q/m)=l 

2 
but length(m/m ) - 3 = e consequently v - 1. 

(2.6.10.5) Corollary 5. p - 0 if and only if e = 1. 

Proof. If e - 1 then 0 $ p 6 0 or p = 0. Now if p - 0 

then e - 1 $ 0 and e(e-1) ^ 0 . But e > 0 , so e = 1. 

(2.6.10.6) Corollary 6. p - 1 if and only if e = 2. 

Proof. If e = 2, then 1 $ p 3 1 or p « 1. Now if 

e-1 $ 1 and (e+l)(e-2) = e(e-l)-2 % 0 . But e + 1 > 0 , so e = 2 . 
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Chapter III 

"A lattice of extension rings for a local ring" 

(3.1) Introduction. Throughout this chapter, Q is local 

ring and m is its maximal ideal. The work of this chapter was 

motivated in the first place by Northcott's theory of dilations for 

one-dimensional local rings (see, for example, [lO] and [isj). This 

produces a tree of local rings as in [l3] which corresponds in the 

abstract case to the branching sequence of infinitely-near multiple 

points on an algebroid curve. From the algebraic point of view it 

seems more natural to characterize such one-dimensional local rings 

Q by means of the set of rings which arise by blowing up all ideals 

Q which are primary for the maximal ideal m of Q. This set of 

rings forms a lattice jE (Q), ordered by inclusion, each ring* S of 

which is a finite Q-module Moreover the length of the Q-module S/Q 

is just the reduction number of the corresponding ideal Q (c.f. Theorem 1 

of Northcott [12]). Thus the lattice jE (Q) provides a finer 

classification of the rings Q th&n does the set of reduction numbers 

(c.f. Kirby [2] ) . 

In section (3.2) we include some of Northcotts work [lO] 

on the first neighbourhood ring. 

In section (3.3) we introduce the lattice (Q) of 

extension rings which are also fractionary ideals of Q, and show how 

j2(Q) provides an equivalence relation on a certain set I of ideals 

of Q. The ideals in I are those which when blown up produce the rings 

of ^ (Q) . 
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(3.2) The first neighbourhood ring. 

Throughout this section, Q will denote a one-dimensional 

local ring with maximal ideal m, and residue field K - Q/m. It will 

be assumed that not every element of m is a zero-divisor or (equivalently) 

that all the prime ideals belonging to the zero-ideal are of dimension 

unity. One consequence of this assumption is that an ideal I f (1) is 

m-primary if and only if it* contains at least one element which is not a 

zero-divisor. 

We recall some of the notations of chapter (I) section two, 

when q = m. 

Let us suppose that (u , u^ u^) be a fixed but 

otherwise arbitrary set of generators for the maximal ideal m, so that 

in particular there may be elements which are superfluous among the u^. 

Let N denote the form ideal of the zero-ideal of Q constructed with 

respect to this base; then N is the homogeneous ideal in 

K[x ,x^ Xj] generated by the leading forms of the zero element and 

its affine dimension is unity. 

Further, when # is a form then ^ will be used to denote 

the same form read modulo m. Thus to give one example of the use of 

these conventions, a form ^ of degree s, will satisfy # E N if and 

only if 

s+1 

#(u) 5 0 (mod m ) 

It will be convenient to denote by the isolated component of N 

determined by its one-dimensional prime ideals. 

(3.2.1) Proposition. Let w belong to mf. Then w is 

superficial element of degree s if and only if' where 

R is the first neighbourhood ring of Q. 
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Proof. First suppose that w is a superficial element 

of degree s, then m* C by (2.6.1) and w E . Therefore 

R w = R^m . 

Now assume that R^w - R^m^, for this let us suppose that 

p(x) is a power-product of the x ,Xj, of degree s, and also 

write w as where * is a form of degree s. Since 

p(u) E R^m^ , 

*o(u) 

where are forms of the same degree and by (Theorem 1 of [lo]) 

= N g . Let * be an arbitrary form such that ^ E N Q : ( V ) , 

then ^ ^ E N and , 

p(x)^Q - e N C 

consequently p(x)^Q* E and therefore p(x)4 E , it follows that, 

and for this reason # E N^. This shows that 

V W - « o • 

and, thus w is a superficial element of degree s. 

(3.2.2) Proposition. The first neighbourhood ring R^ is a 

finite Q-module. 

Proof. Let us suppose that z be an element of the first 

neighbourhood ring R^ of Q, it is clear that the form of z is ^ 

where, for a suitable integer s, v E m^ and w is superficial 
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element of degree s by ((ii) of Theorem 1 of [lo]) we can choose 

r r+s J .f 
an integer r such that wm - m « Hence it 

then V A. E m 
r+8 

m — (A ^2' • * • • > ) > 

wmf, for this it follows immediately that 

vX = y w q..X. where q.. E Q. It is obvious that if 6^. 
i ij J iJ J 

is the usual Kronecker symbol and A is the determinant 

then AX. = 0 for 1 6 i 2 t . In this circumstance Am^ = 0 and 
1 

since nf is not composed exclusively of zero-divisors, so A " 0 

and from this point z is integral with respect to Q. 

Let X 6* a fixed superficial element of degree o , so 

xm̂ ' = ifî  say. Choose x ^ g so 

OT o(T+l) 
xm = m 

We prove - /x^ 
OT 

m from which the proposition follows as m 
OT 

is a finitely generated ideal of Q. 2 
GT . 1 

m IS clear. 

Let z = E R , where v, w E m^ and w is superficial 
w 1 , 

of degree s, so wm^ = ^ say. Let t % max then 

t s+ot ot OT _(t-T) 
V X E m = w m — w m x 

of 
T OT 

V X E w m 

as X is not a zero-divisor. Hence 

Z = V E 
0) X 

OT , 
m and 

or 
m 

as required. 
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(3.2.3) Proposition. The first neighbourhood ring coincides 

with Q if and only if Q is regular. 

Proof. By (2.6.10.5) we have 

length(R^/Q) = p(m) 

So = Q if and only if p(m) = 0. 

By (2.6.6) we have, p(m) = 0 if and only if Q is a discrete 

valuation ring. i.e. a one—dimensional regular local ring. 

Now suppose that Q is regular local ring, in particular, 

it is clear that, Q is an integrally closed integral domain, for 

this reason by (3.2.2) Q and must coincide. 

Again assume that Q = by (Theorem 2 of [ l o ] ) we can 

find a superficial element w of positive degree s (say) and 

therefore we can write 

Qm^ - " R^w = Qw 

* 

so nf is a principal ideal and consequently Q is regular local ring. 

(3.2.4) Remarks. Let us suppose that Q is a one-dimensional local 

ring and m is the maximal ideal of Q, and then suppose R^ is the 

first neighbourhood ring of Q the notion of which is due to Northcott, 

in fact he produces the tree of the neighbourhood rings by localizing 

R at its maximal ideals and resolving again. We prefer to generalize 

Q and so produce a lattice of finite extension rings of Q. 

(3.3) The lattice ^ (Q). 

Let Q be a local ring, and let T(Q) be its total 

quotient ring. Let (Q) denote the set of rings which are finite 
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Q-modules containing Q so its obvious all these rings are also 

onA 
fractionary ideals. Conversely if Q C S C T(Q),gthe ring S is 

a fractionary ideal i.e. S C , then A - dS is an ideal of 

Q and S = (]y )A is finitely generated as Q is Noetherian. For 

this reason/ for each element S belong*to A e (Q), we can write 

Q C S C T(Q) 

and there exists an element d E Q, such that d S C Q and d is 

not a zero-divisor. Clearly (Q) is partially ordered by 

inclusion. Now suppose that be an element of (Q) and that 

d.S. f- Q, where d. is not a zero-divisor for i - 1,2 then 
1 1 1 

d (S^ D Sg) C Q, and d^dgS^Sg C Q - Therefore jT (Q) is a 

lattice with intersection and product, the lattice operations A and 

V . Every non-empty set of elements of (Q) has an infinum, the 

intersection, but not necessarily a supremum. Thus JG (Q) may not 

be complete. Since each ring S e Z (Q) is a finitely generated 

Q-module. S is an integral extension of Q ([l7[ p254). 

Conversely, if x E T(Q) is integral over Q , then 

Q[xj belongs to the lattice, thus, in particular, the integral 

closure Q of Q in its total quotient ring T ( q ) is the union of 

all the rings of the lattice 3?(Q). 

The rings of (Q) can be constructed by blowing up 

certain ideals of Q. 

(3.3.1) Let I denote the set of ideals A of Q such that, 

(i) 0:A = 0 

(ii) There exists integer! m,n(% 1) and a E A" such that 

a"-" . .A- . 

37 -



For each A E I we denote Che set of a as in (ii) 

by I (A) . 

(3.3.1.1) Remark. Condition (i) ensures that no element of % (A) 
n 

is a zero-divisor. 

(3.3.2) Proposition. 

(a) I contains all principal ideals, whose generators are 

not zero-divisor*. 

(b) I is multiplicatively closed. 

Proof, (a), is immediate. 

(b). follows from the observation that 

a E % (A) , 6 E % (B) 
n p 

then E ^ (AB) 
np 

(3.3.3) Definition. 

For each ideal A E I we denote by S(A) the subset of 

the total quotient ring T(Q) such that, S(A) is the set of all 

elements g/ where, there exists n % 1 with g e A^ and 

a E ^(A). 

n 

(3.3.4) Remark. If Q has dimension one, and its maximal ideal 

m does not consist entirely of zero-diviors, then % (m) is the set 
n 

of superficial elements of degree n for m. Consequently S(m) is 

none other than the first neighbourhood ring R^ of Q. Thus the 

rings S(A) are generalizations of the first neighbourhood ring in 

the case dimQ = 1. We show next that the ring* S(A) are just the 

rings of (Q). 
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(3.3.5) Proposition. S(A) e Jif (Q) for all A e I . 

Proof. Let a e % (A) , a' E % (A), therefore 
n n' 

.m+n .m .m+n' , .m 
A - a A , A = a A 

for some m, 

.m+n+n' , .m , , r 
Hence A - aa A and aa e ^ (A) 

n+n' 

Therefore the denominators occuring in the definition of S(A) 

form a multiplicatively closed set and it follows that S(A) is 

a ring containing Q. 

Choose an integer r % 1 such that rn % m, put s = rn 

j r .s 
and a = a . Then A = a^A 

Consider, now 6'/a e S(A) with 6' e A* , a' E % (A), 
, , , n' 

so A™ say. Then 

0^(6'/a') = a™ B'/a™ a' 

and 6' e - c'af A» 

consequently a^($'/a') 6 A C2 Q 

and a^S(A)C Q * 

So S(A) is a fractionary ideal, and is in 

(3.3.5.1) Corollary. If A E I , n % 1 and a E % (A), then 
n 

there exists r % 1 such that A^^^ = A ^ , and this implies 

S(A) - (l/.r) A°^ 
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(3.3.6) Proposition. If S e (Q) and d E Q, satisfies 

d S ^ Q and is not a zero-divisor, then d S e I and S - S(dS). 

Proof. Suppose d E Q is not a zero-divisor. We have 

0:d = 0 which implies 0:dS - 0 as 1 E S. Also (dS)^- d(dS^)= d(dS) 

which implies dS E I , and d E ^ (dS). It also implies 

1 

S(dS) - (l/d)dS - S by corollary (3.3.5.1) 

(3.3.7) Definition. For each ideal A E I we denote by cA(A) 

the set of B E I such that S(A) " S(B), and by ejS'(Q) the set 

of c&(A). 

The relation S(A) = S(B) is clearly an equivalence 

relation on I, and proposition (3.3.5) and (3.3.6) shows that there 

_ ; 

is a bijection between «&(Q) and (Q) this bijection is used to 

turn ^ (Q) into a lattice and we use the symbol g to denote 

its order relation. For each principal ideal A as in propostion 

(3.3.2), (ajfy S(A) - S(Q) - Q, thus c%(Q) is the least element of 

(Q) . Indeed it is not difficult to show that c2(Q) consists 

of ideals of I some power of which is principal. 
I 

Next we interpret the structure of (Q) in ideal 

theoretic terms. 

(3.3.8) Proposition. Let A,B E I , c&(A) g c&(B) if, and only if 

there exists a E ^ (A) such that A™B^ = aB^ for some n. 

m 

Proof. Suppose a e ^ (A) and A™B^ - aB^, choose an 
m 

integer r in accordance with (3.3.3%1) so 

S(A) - (*^r) 

Let 6 E ^ (B) with s 3 n then 
s 
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^mr g ^mrgS . ^^3* 

and S(A) = (l/of) C (1/6)B C S(B) 

or cA(A) $ cA(B) 

Conversely, suppose c&(A) 3 c&(B) 

choose a e ^ (A) and G & !(&) such Chat 

m 

2m .m 
A - oA , B 

2n ._n 

_n 

By (3.3.5.1) we can 

Then 

C A™ B^* i b d B 

(l/a)A* = S(A) C S(B) - (1/6)B 

and A* B^* C: A* GB* (Z 

An immediate consequence of the above proposition is that c&(A)3 c^pB) 

when A.AB e I . When both A, B c I we have a stronger result, 

(3.3.9) Proposition. If A,B e I , then c&(A)vc&(B) c&(AB). 

Proof. In terms of the resolved rings we must prove 

S(AB) - S(A) S(B) 

by (3.3.5.1) we can choose a E % (A), $ E ^ (B) 

m n 

such that A^* - OA* . B^* = BB* 

then 

and 

- a" G-CAB)™ 

a" b" e I (AB) 
mn 

Again by (3.3.5.1) 

S(AB) = (1/g^ngm) ( ^ ) 
mn 

(l/o)A' 
m 

n 
(1/6)B 

n 
m 

S(A)S(BX. 

The infimum of two elements of (Q) is less easily described in 

terms of ideals. 
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(3.3.10) Proposition. If A,B E I , a E % (A) and 6 e %(B) 
n* n 

then gS 6?* p gSn ^ % ^nd 

c&(A) A c&(B) = c&(g^A™ n B^") 

for both r,s sufficiently large. 

Proof. Let A™*^ - oA^ for t % t^ and ^ = 6B 

for t % t^ . Consider r % t^/m and s % t^/n so 

A ™ and B^^* - 6^ B*^ , it is clear that 

E A ™ n B*^ is not zero-divisor. 

,s.rm n r^sntZ ^ _2s.2rm Zr^Zsn 
So arg:(B*Ar* A ofBS*) CI (gSA^* ri ofB**)"^ C: g'Sj/rm n o'ls 

and $ n a'B™ . I with E I (B=A™ n B ™ ) . 

Hence by (3.3.5.1) 

S(e* A"* n a? B*") . (l/arps)(6*A"* H a^B*") 

(l/or)*^* n (l/gsiB** 

S(A) n S(B) 
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Chapter IV 

One-dimensional local rings of multiplicity two. 

(4.1) Introduction. Throughout this chapter Q is a one-

dimensional local ring of multiplicity two and m is its maximal 

ideal. 

Our aim in this chapter is to find the lattice ^ (Q) . 

Our work^%#*on that of Mat<is [4], Matfis shows that if the local 

ring Q has multiplicity two, then every ideal of Q can be 

generated by two elements, and Q has a superficial element of 

2 2 

degree one belonging to m. We introduce the equation y - axy - 0 

for suitable a,6 E Q , (x,y in generators of m). 

If + 4g d m, then the first neighbourhood ring of 

Q is Q the integral closure of Q. 

If a + 4g E m , then the first neighbourhood ring 

of Q is again a local ring, as a consequence the lattice of finite 

extension rings (Q) will either be finite. 

•'oC , 

where R is Q , 
n 

or R c: R^c: (ziRit:: 

where each R. is a local ring with multiplicity two. 

(4.2) Local ring of multiplicity two. 

Now, let Q be a one-dimensional local ring and let m , 

the maximal ideal of Q , not consist entirely of zero-divisors, and 

let the multiplicity of the local ring Q be e(Q) - 2 . By (2.6.7), 
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every m-primary ideal of Q can be generated by two elements, in 

particular m = (x,y) (say), also Q has a superficial element x 

(say) of degree one belonging to m. 

We may assume the superficial element x of Q by 

proposition 13 of [4] (which is not a zero-divisor) satisfies 

2 
m = mx , and in particular 

2 o 2 _ 
y - ctxy - gx = 0 

for suitable e Q . 

(4.2.1) Remark. 4^ (3.3$ji) implies that S(m) which is the first 

neighbourhood ring is (l/x)m " Q + Q. ^ - Q 

(4.2.2) Proposition. Every element (f 0) of Q is either of the 

form unit % x^ (some r % 0) or of the form unit % x^(y - Xx) (some 

X E Q, and r % 0 ) 

Proof. Suppose z f 0 ## an element of Q which satisfies 

r I" 1 
z E m and z ^ m (r % 0). 

2 

In fact with previous notations m - xm, where x is 

superficial element of degree one. Thus, either r - 0 or r > 0 

and z e x^ ^m , z ^ x^m, that is 

z - X (ax - gy) for some a,g not both 

in m. In this case either a ^ m and 6 E m which implies z - Xx 

where X is unit and r % 0 , or g f m, in this circumstance 

IT"" X 
z = unit X X (y - Xx) 

where X E Q and r-1 % 0 . 
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(4.2.3) Proposition. Every element of the quotient ring R 

of Q is of the form for some r % 0 , and q e Q . 

X 

Proof. Letp^wuypuau Lhat z = ^ be an element of the 

quotient ring R of Q , where q and p belong to Q, and p is not 

a zero-divisor. By (4.2.2) every element of Q is of the form, 

either unit % or unit % x^(y-Ax) where X e Q and some r % 0. 

(i) Suppose z = ^ where p - unit % x^. In this circumstance 

and the proposition is clear. 

unit X 

(ii) Suppose that z = ^ , where p - unit % x (y-Xx) in 

this case z 
unit X x^(y-Xx) 

Now put y-Xx = Y . From this it follows immediately that 

y = Y + Xx , and Y is not zero-divisor, so from the equation 

2 2 
y - axy - gx = 0, we deduce 

Y^ - (a -2X)xY - (6 + aX - X^)x^ = 0 

2 
For simplification we denote (a - 2X) by A and ($ + aX - X ) 

by B , so 

Y^ - AxY - Bx^ - 0 (4.1) 

Now we have two different possibilities: 

la) Suppose that B E QY, then it will imply that B - B'Y. So 

the equation (4.1) will give 

Y - Ax + B'x^ 

i.e. Y E Qx or m = Qx this is a contradiction to e(Q) = 2 . 
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(b) Assume that B ^ QY, then we can choose an integer t 

such that 

' B E QY + Qx^ 

t+1 
B ^ QY + Qx 

therefore the form of B is CY + rix where n is a unit. 

It is clear that the equation (4.1) will be 

- (a - 2X + ^x)xY - nx^ ^ - 0 (4.2) 

We multiply numerator and denominator of z by 

(Y - (a - 2A + gx)x) - (y - A'x) (say) 

It is clear that y - X'x is not zero-divisor, because x is 

not zero-divisor, consequently 

; q(y - A'x) 

unit X x^.Y(Y - (a - 2X + gx)x) 

and from equation (4.2) we deduce 

q(y - X'x) z = 
s t+2 

unit X X .n X 

For simplification we denote q = q(y - X'x) and (s + t + 2) by r. 

then z = 3 , this completes the proof. 

unit X X 

(4.2.4) Proposition. Every ideal is either principal or has two 

generators of the form (x^(y - Xx),x^) with r < s . 

Proof, -at I be an ideal, it has two generators say 

z Zg . It is obvious by (4.2.2) we will have three cases. 
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(a) The ideal I has two generators such that 

I - (x^, X*) 

From this it follows immediately that the ideal I is principal 

(b) The ideal I has two generators such that 

I = (x^(y - Xx), x^) 

If s > r then it has the required form 

If s 3 r then the ideal I has one-generator x^ and it 

is obvious the ideal I is principal. 

(c) The ideal I generated by 

(x^(y - Xx) , x^(y - X'x)) 

Suppose that t % r then 

I = (x^(y - Ax), x^(y - X'x)) 

= (x^(y - Xx), x^*^(X - X')) 

and Qx^(y - Xx) c I c: Qx^(y - Xx) + Qx^*^ 

In fact by Krull's intersection theorem either 

Qx^(y - Xx)= I 

and the ideal I is principal or there exists an integer s > r 

such that 

Qx^(y - Xx) g I c: Qx^(y - Xx) + Qx^ 

s+1 
I ^ Qx^(y - Xx) + Qx" 
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In this case, as - x^(y - Xx,x) c: Qxf(y-Xx) + Qx^*^' 

we have I ^ Qx^(y - Xx) +W|x^. 

So I contains an element of the form 

a x^(y - Xx) + b x^ , 

where b is a unit, and therefore I contains x^. 

Hence Qx^(y - Xx) + Qx^^g I fg Qx^(y-Xx) + Qx^ , 

and (x^(y - Xx) , x^) with r < s, are generators of I. 

(4.3) Proposition. If z e R and z ^ Q, where R is 

the quotient ring of Q, then ^ E Q[z] 

(Note that ^ we prove belongs to module Q.1 + Q.z) 

Proof. Let z be an element of the quotient ring R of 

Q and suppose z = ^ where q and p belong^ to Q and p is 

not zero-divisor, by (4.2.3) we will have z - ^ for some r % 0 

and q E Q and also by (4.2.2) we have two different cases. 

(a) Assume that q = unit % (s % 0). With assumption 

z ^ Q, then z = unit x ^ and r > s, therefore we can write 

^r-s-1 - y , Z X unit consequently ^ belongs to q[z] 

(b) Now suppose that q = unit % x^(y - Xx) for some X e Q 

and s % 0, therefore z - unit % x^ ^(y-Xx) where r > s, as z 

does not belong to Q, then it is obvious that xf ^ ^.z - unit Z -X 

therefore ^ - X E Q[z] , consequently ^ e Q[z] which completes 

the proof. 
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(4.3.1) Proposition. Every proper extension S of Q in^total 

quotient ring R of Q contains = R where R^ is the first 

neighbourhood ring of Q. 

Proof. Suppose that z is an element of the proper 

extension S of Q, and that it does not belong to Q, then 

S 3 Q[z] , but by (4.3), ^ belongs to Q[z], consequently by 

(4.2.1) S 2 Q[ ^ " R^ which completes the proof. 

2 

(4.4) Proposition. If a + 4g is a unit, then the first 

neighbourhood ring R^ of Q is Q , the integral closure of Q. 

Proof. By assumption we must prove R^ 3 Q as the 

opposition inclusion is obvious. 

Let z be an element of Q , it is clear that there is 

an ideal I of Q which contains a non-zero-divisor such that 

zl C= I , see the condition (c") of (§1, chapter V of vol(I) [l7%). 

As we saw in the previous propositions, every ideal 

I of Q is either principal or has two generators of the form 

S/ . . r+s 
X (y - Xx), X 

2 2 
and also y - axy - gx = 0. 

that I = x^ 

First suppose that the ideal I has two generators such 

where r % 1 , with assumption (y - Xx), xf 

2 
a + 46 ^ m , so we can write 

r r 
zx = a X + b(y - Xx) 

z(y - Xx) = c x^ + d(y - Xx) , 

where x is not a zero-divisor and a,b,c,d e Q. 
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For simplification we denote 

y - Ax - t 

z = z - d 

and 

a = a - d 

t = y + (X - a)x 

Therefore, from this it follows immediately that 

zx^ = ax^ + bt (4.3) 

,zt = cx (4.4) 

9 2 2 
t + (2X - a)xt + (X -aX - 6)x = 0 

3 2 ^ _,2 g. ^3 i.e. t mf - . Consequently t is 

(i) If (X - aX - B) d m, then x E mt, therefore 

2 

m = x m S t m ^ 

superficial element of degree one and 

r z ~ z ~ d 
cx 
t ^ ^ 

So, z belongs to the first neighbourhood ring of Q. 

(ii) If (X^ - aX - G) E m , in this circumstance 

multiply (4.3) by (t + ux^) where w E Q is yet to be determined 

multiply (4.4) by x^ where r % 0 

then 

- r 
z X (t + wx ) + t a x^(t + ux^) + cx^^ + bt (t + px ) 

It is obvious that 

2 
t(t + wx ) = y" - axy 

2. 2 _ 2^2 _ (^2 _ _ p)^2 ^ (4.5) 
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Now we have two different cases. 

(a) Let us suppose that 

(X^ - aX - 6) E Qt + Qx^ 

2 ^ V where (0 $ s 3 r"2) (X - aX - g) ^ Qt + Qx" 

So, (X - aX P) = bt + c'x^ where c' = unit, now choose 

2 ™ 
U= 0 in (4.5) then c'x + bt x = -tt 

I.e. X 
s+2 

= d't where d' e Q. 

cx cd X 
Consequently z - d - z - ^ g+2 E Q 

X 

So z e and z = z + d e , as required. 

(b) Now suppose that 

(X^ - aX - B) E Qt + Qx^ ^ in this case 

X - aX - B - St + nx^ ^ where g.n E Q. Considering 

— — 9 2 2 
zx^((t + px ) + t) , as y - axy - gx = 0 , #e have 

- r 
zx (t + px ) + t = ax^(t + wx^) + cx^ + bt(t + nx ) 

2r 

9 2 2 2 
But t(t + nx ) = - (X - oX - g)x + wx t 

- X (g - w)t + n X 
r-l 

Now choose g = u , then 

t(t + wx ) nx 
r+1 

consequently 
- r 
ZX (t + ux ) + t E m 

r+1 
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In fact 

(t + yx )+t 
2 2 2 2 4 2 3 

4y - 4axy + a x + w x + 4wx y - 2a#x 

(4B+a^)x^ + #^x* + 4pjy* - 2awx^ = unit x 

Therefore x e Q (t + px ) + t and 

3 2 
m = mx ^ m 

I.e. 
3 

m = m 

(t + wx )+ t 

2 

^ 3 
g m 

(t + px )+ t which means 

(t + px )+ t 

(t + wx ) + t 

is a superficial element of degree two and 

is a superficial element of degree r + 2 

From this it follows immediately that 

- r 
z X (t + px ) + t 

2 r+2 
E m 

and z e R , thus z - z + d E as required. 

Now let the ideal I of Q have only one-generator 

where I contains a non-zero-divisor. 

From this it follows immediately that the relation z I c Q I 

implies that z e Q c R, . 
i 

(4.5) So f&r we know the first neighbourhood ring R^ of Q 

is the set of all the form ^ where x is a superficial element of 

degree one, and z E m, so z - rx + sy, where r,s E Q . 

(4.5.1) Proposition. — is a unit of R^ if and only if a is 

superficial element of degree one. 
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. 4 . 
Proof. Let us suppose that a is^superficial element 

of degree one, then — , the inverse of — is in R, . 
a X 1 

Hence ^ is a unit of 

X X 

Now let us suppose that — is a unit in , then 

1 for some 6 E m, or x^ E m a , thus 

m^x = mx^ig a = mxa 

So = ma as x is not a zero-divisor. Hence a is a superficial 

element of degree one. 

(4.6) Proposition, a E m is a superficial element of degree one, 

if and only if either a = unitxx or a = unit % (y-Xx) where 

- aX - g ^ m . 

Proof. Consider a E m . When a E Qx, it is clear that 

a is superficial of degree one if, and only if, a E Qx\mx, Otherwise 

a = ax + by with b ^ m, i.e. a = unit % (y-Xx). So we must show 

that Y = y - Xx is superficial of degree one if and only if 

X^ - aX - $ ^ m. 

As y2 - axy - gx^ » 0 we have 

-(a - 2X)xY + (X^ - aX - g)x2 - 0 

If X^ - aX - 6 ^ m, then x^ e mY and 

gp m^ Y g mx^ = m^ , 

Thus m^ = m^Y and Y is a superficial element of degree one for m. 

Conversely if Y is superficial of degree one, then 

= m^Y for some r % 1. But mf = mx and x is not a zero-

divisor, so x^ E m^ " mY or x^ = pY for some yuE m. Y 

is not a zero-divisor, so 
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gives 

(X^ - aX - 6)pY = (X2 - dX - = ((a-2X)x-Y)Y 

Y = y-Ax E Qx + m (X^ - otX - $). 

x2 - aX - g e m would imply y e Qx + = Qx , contrary to 

e(Q) = 2 . So X^ - dX - 6 ^ m as required. 

(4.7) Theorem. If + 4g belong*to m, then the first 

. 4. 
neighbourhood ring is^^ocal ring. 

Proof. All elements of are of the form — , and so 

the first neighbourhood ring R^ is just. 

Ri = Q u |u 

where X ranges through Q and u through the units of Q. But 

the local ring Q itself is the union of Q-m and m *»which Q-m 

ghJl units in Q and m non-unit* in Q. 

Again \ u 
y-Xx 

is the union of the u x ̂  — where 

x2 - aX - g / m which is a unit in R^ by (4.6) and (4.5.1) and 

/-A* where X^ - aX - g e m which is a non-unit in R^ . u X 

Therefore, R^ units 
J u L 

non-units 
V J 

Q-m, unit % 
y-Xx 

X 

where y-Xx is superficial 

element of degree one 

m, unit X 
y-Xx 

where y-Xx is not superficial 

element of degree one 

Now we must show that, the set of non-units of R^ form 

an ideal* for this 
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(4.7.1)(a). The non-units of is closed for product by elements 

of 

Proof. For this, multiply the non-unit t of by 

r E R . If tr is a unit of R^, then there is another element 

s E R^ such that trs = 1, which implies t is a unit, a contradiction. 

(4.7.2)(b) The non-units of is closed for sums. 

Proof. For the proof of this part we have three different 

possibilities 

(4.7.2)(i) Suppose that the two components are in m. 

Proof. It is obvious that if the two components are in m , 

then the sum of them is a non-unit. 

(4.7.2.2)(ii) Suppos* that, one of components is in m and the other 

is in the form u 
y-Xx 

where y-Xx is not a superficial element of 

is a unit of Q. 

For this. we can write 

m - u 
y-Xx 

- u 
y-(X+u m)x 

m - u 
L 5C J 

- u 
X 

"1 0 "1 
and (X+u m) - a(X+u m) X^ - aX - P+m(2Xu + u m - au )Em. 

Consequently this is again a non-unit of R^ by (4.6) 

(4.7.2.3)(iii). Suppose that the two components are both of the form 

unit X where, each y-Xx is not a superficial element of 

degree one. 
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Proof. For this, we show 

y-X X" y-XgX' 
is a non-unit of . 

As we mentioned y - Xx is not a superficial element of 

degree one if and only if - aX - 6 E m , 

So ^1 " " 8 E m and - aX^ - 6 E m 

This implies that (X^ - X^^CX^ + X^ - o) em. 

Therefore X - X^ em or X^ + X^ - a E m 

Em Now X + Xg - a Em and X^ - aX^ -

imply that X Xg + 6 = X^CX^+Xg"") " em 

With the assumption that +46 Em , we have 

(X^-Xg)* = (X^+Xg)^ " 4X^X2 a2+4$ = 0 mod m 

From this it follows immediately that X^-Xg Em 

Thus u. 

y-X X 

X 
- u^ 

y-X X 
y-Xx 

- u^ 
y-Xx 

+ m 

(Uj-Uj) 
y-Xx 

+ m 

which is again a non-unit of by (i) if u^-Ug cm and by 

(ii) if (u^-ug) d m. 

In fact the maximal ideal of R^ will be generated by 

y-Xx where y-Xx is not superficial element, which is true if 

and only if X^ - aX - E m. 

Note that if 2 / m, X^ - oX - g = (% - y) - + 4B). 

So y-Xx is superficial of degree one if and only if X = y mod m. 

In this case the maximal ideal of R^ will be generated by 
2y-ax 
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(4.8.1) Proposition. Let + 46 em and let - aX - g em 

have no solution for X, then the first neighbourhood ring of 

Q is a one-dimensional regular local ring. 

Proof. If x2 - aX - 6 belongs to m and has no 

solution for X , then the maximal ideal of is generated 

by a single element x. So is a one-dimensional regular local 

ring. 

Note that this case can only occur when 2 e m . 

(4.8.2) Proposition. Let + 46 em and let X^ - aX - $ E m 

be a superficial element of degree one, then R^ is a one—dimensional 

regular local ring. 

Proof. With previous notation and assumption the maximal 

ideal of R is generated by 
y-&x 

because, we can write 

- (x2-ax-6)x2 - - (x2-aX)x2 + (y^-axy) 

y-Xx y+(X-a)x _ 
So X = - . — E R^ 

(X^-aX-g) 

(y-Xx)(y + Xx - ax) 

y-Xx 

consequently R^ is a one-dimensional regular local ring. 

(4.8.3) Proposition. Let + 46 e m and let X^-aX-g em not 

be a superficial element^of degree one, then the first neighbourhood 

ring R^ of Q is local ring of multiplicity two and x is a 

superficial element of degree one belonging to N^. 

Proof. By (4.7) the first neighbourhood ring R^ of 

Q is a local ring and by^^4.8.2) we can write 

-(X2 - oX - g)x2 = (y-Xx)(y + Xx - ax) 
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From this it follows immediately that% 

y-Ax 
X 

+ (2A-a) 
y-Ax 

+ (A^ - aX - 3) = 0 

But (2X-a)2 = 4)2 _ 4xa + = 46 + (mod m) 

I.e. 

= O(mod m) 

2A - a e m 

So 
y-Ax 2 

= - X 
r2X-a' y-Xx A^~aA-3 

X 
= - X 

X X X 
e X 

^1 

therefore 
y-Xx 
X 

E xM^ which implies that = xM^ 

so X is superficial element of degree one for . 

Turning our attention to the other assertion 

"f-af B O 
by C&dLJZ^ lengthy (R^/xR^) = e(R^) 

It is clear that the multiplicity of the first neighbourhood ring 

is lengthy (R^/M^) + lengthy (M^/xR^), know 

Lengthy (R^/M^) = 1 

therefore 

or 

e(R^) = 1 + lengthy 

e(R^) = 1 + lengthy 

y-Xx 
X, /(x) 

2 ^ / (X) n ( ^ ) 

But (X) n 3 
X — 1 X 

-XXv 

and 
y-Ax 

E R^x would imply y-Xx E mx. i.e. ysQx contrary to 

e(Q) = 2. Therefore (x) D . Consequently 

e(R^) = 1+ lengthy (R^/M^) = 1 + 1 = 2 which completes the proof. 
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(4.9) It will now be convenient to introduce some more 

notations 

Let Q be a one-dimensional local ring, with maximal 

ideal m, and let the multiplicity of Q be e(Q) = 2, then the 

first neighbourhood ring is whith is either/ an integrally 

closed ring,in this circumstance the tree of neighbourhood rings 

is only Q = R R = Ri . Or a local ring, with multiplicity 
o m i 

two. 

Again if the first neighbourhood ring R^ of R is 

local ring with multiplicity two, with previous propositions, the 

Second neighbourhood ring is eitherg^integrally closed ring, in this 

case the tree of neighbourhood rings is only R^C. R^ ci R^ or a 

local ring with multiplicity two, so that if we repeat this procedure 

we will have 

*o c : * i c : * 2 C : *n 

or Rq C R ^ C Rg C C R . C 

From this it follows that, the tree of neighbourhood^ ringtis 

linearly ordered. 

(4.9.1) Definition. Let R^ - Q,R^ - R^ and let R^^^- (R;) 
u ' i m ifi 

w h e r e ) 0 , if R^ is defined and not integrally closed. 

Otherwise R. , is not defined. 
1+1 

The theorem follows at once that, 

(4.10) Theorem. If S belongs to the lattice (Q) of finite 

extension rings of Q, then S - R^ for some i % 0 . 
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Proof. Let S belong* to the lattice, we know S 

is ̂ finite R^-module, ( 3 Q), gRcl that 

length(R^/Q) = p 

(see theorem 1 of [l2j) 

Now, suppose that t be the largest integer such that 

S 2 R , the existence of such an integer is guaranteed by the 

following statement. 

If S R for all t and R defined for all t 
— t t 

then we have 

length(S/Q) % length(R^yQ) > t (for all t) 

this, however, is a contradiction, because the 

length(S/Q) is finite 

Now either S = R as required 

or S 3 R 

and in this last circumstance R is not integrally closed, so 

by (4.3.1) this is R is defined and S R.^, 
L+i t+i 

contrary to definition of t. 

E x a m p l e 1. 

Let Q = K[[t^, ] (where m % 1) be a local ring. 

then the finite lattice of finite extension rings is 

which is integrally closed. 
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Example 2. 

Let Q = K[[x,y]]/(y2) be a local ring, then 

R = K[[x,y/x]%/((y/x)2) which is isomorphic with Q. 

So K[[x,y]]/(y2)(2 K[jx,y/x]] / (y/x)2)(C = Q 

therefore the lattice of finite extension rings is infinite. 
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