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ABSTRACT 

FACULTY OF ENGINEERING AND APPLIED SCIENCE 

INSTITUTE OF SOUND AND VIBRATION RESEARCH 

Doctor of Philosophy 

DYNAMICS OF PERIODICALLY STIFFENED STRUCTURES 

USING A WAVE APPROACH 

by Gautam Sen Gupta 

The vibrations of beams and plates, periodically stiffened in 

one or two directions, have been analysed in terms of free flexural 

wave groups. The normal modes of finite periodic beams, skin-

stringer structures-and "doubly periodic structures" (i.e. structures 

consisting of the repetition of-a basic unit which is a periodic 

structure in itself) have been studied in these terms, utilising 

the concept of an equivalent internal restraint. Natural frequencies 

of finite structures of this type are readily determined from the wave 

propagation constant curves. The free propagation zones of doubly 

periodic structures exhibit a somewhat doubly periodic pattern. 

Theorems relating to the free flexural waves and their propagation 

constants have been developed and relationships with the transfer matrix 

theory established. 

Two orthogonal free wave groups have been identified for simple 

rib-skin structures. The knowledge of these waves is useful in under-

standing the mechanism of coincidence excitation of these structures due 

to convected random pressure fields. 

Two dimensional structures such as orthogonally stiffened plates 

have been found to possess an infinite number of discrete propagation 

constants at a given frequency. Both free and forced plane wave propa-

gation across the structure have been studied, the direction of propaga-

tion being varied. A preferred direction is shown to exist, along 



which the free propagation zone is widest and the vibration response 

is greatest. This study has also led to the development of an approxi-

mate method of determining the natural frequencies of skin stringer 

structures, allowing for the frarretorsional stiffnesses. 
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CHAPTER 1 

Introduction 

1.1 The problem in general 

Periodically-stiffened structures are the constituent 

components of many practical structures (e.g. aircrafts, missiles, 

ships and even the recently proposed floating aerodromes etc.) 

subjected to various kinds of dynamic disturbance. The results 

obtained by analysing the simple configurations like beams and plates 

are not directly applicable to these structures because of their 

inherent inhomogeneity. In the case of aircraft structures, subjected 

to jet noise and boundary layer pressure fluctuations it is observed 

that the "local" modes of vibrations involving coupled distortions of 

skins, stringers and frames in the fuselage and of the ribs and skins 

in the tailplane and the control surface are often significant in 

deciding the fa,tigue life of the complete complex structure. 

The necessity of predicting the response of these structures 

to various forms of excitation has given rise to several methods of 

analysis. The limitations of these methods are discussed in later 

sections. The purpose of this study is to present a general anaJ.ytical 

method of predicting the natural frequencies, response, natural structural 

wave-velocities and the conditions of coincidence excitation using the 

notion of a complex, frequency-dependent propagation constant associated 

with the natural flexural waves that can exist in these structures. 

1.2 The nature of the excitation 

1.2.1 Jet noise 

The main characteristics of this type of excitation are the 

absence of marked peaks in the noise spectrum and the wide range of 

frequencies involved (50 to 5000 cps). The response of the structure 

to these pressure fluctuation depends upon, besides the pressure spectrum, 



the spatial correlation of the pressure over the surface. In the near field 

of a jet5 the pressures at two points with a large separation distance 

are in no way correlated. In the far field, there is no decay in the 

spatial correlation of the pressure field. The following mathematical 

model is an adequate representation of the latter type of excitation and 

this has been used in this study. 

i§ (Si-Sz) 
8 (xi, X2t w) = 5 (ui e 
P P 

where S^(xj, X2» w) is the cross power spectrum of the pressure field; 

between two points X2 , is the power spectral density and U 

is the convection velocity. 

For simplicity, it has been assumed in this work that the 

power spectral density of the pressure field S (co) is given by 
P 

S (u) = 1.0 for 0 < w < w 
P ^ 

~ 0 elsewhere 

and this can be regarded as band limited white noise ( i s the cut-off 

frequency). 

1.2.2 Boundar?/- layer pressure fluctuation 

In early studies of structural response to turbulent boundary 

layers (l, 2, 3) simple attempts were made to represent the boundary 

layer pressure field. Dyer {h) and Eringen (5) presented the pressure 

fluctuations in more realistic terms and simplified the analysis by 

adopting a delta function to represent the boundary layer cross 

correlation function; however, this did not agree with the subsequent 

experimental results (6). In a more recent work (?)» Wilby produced 

empirical expressions for boundary layer cross-correlation functions 

and other boundary layer parameters by working on Bull's (S) extensive 

experimental results. 

These studies have given rise to the following mathematical 

representation of a convected boundary layer pressure field: 



_ -by <X1-X2) (X1-X2) 
•S^{xi, X2, w) = 8p(w) e e 

where 8^(xi, X2, w) is the cross power spectrum of the pressure field, 

between the two points xi , xg , S (w) is the power spectral density, 

b is the boundary layer decay parameter, U is the velocity of convection. 

Thus this random pressure field may be regarded to have a decay-

ing wave pattern, as opposed to the frozen wave pattern which applies 

to the acoustic plane wave type excitations. 

1.3 'riie nature of the structural response 

From experimental observations by Clarkson and Ford (8) it can 

be concluded that response of finite skin-stringer type of structures to 

random acoustic excitation consists primarily of the responses of several 

closely spaced (in the frequency spectrum) natural modes. These modes 

are determined primarily by the stringer stiffness, the number of spans 

etc. VJhen the number of spans is large the number of natural frequencies 

within each group being equal to the number of spans, is also large and 

the usual normal mode approach becomes too complicated to use. In the . 

limit; when the structure is infinitely long, the natural frequencies 

become so close that the bunches are replaced by 'zones'. If the 

frequency of the disturbance lies within one of these zones and the 

structure is undamped, the structural waves will propagate freely, 

without decay. On the other hand, if the frequency of the disturbance 

lies outside these zones, the structural waves get attenuated as they 

travel away from the source, even in an undamped structure. An under-

standing of this wave propagation mechanism is of great help in 

analysing the response of stiffened structures to convected pressure 

fields and in predicting the conditions under which "coincidence" 

excitation can take place. 

Chapters 8 and 9 describe in detail the method of predicting 

the response of such structures to a frozen convected pressure field. 

Briefly the method consists of finding a response admittance function 



Y(cj, U) which relates the amplitude of the harmonic response to the 

amplitude of a convectGd harmonic pressizre field. Then the power 

spectral density of the random response is related to 8 (w) 

by • 

' S^(cj) = |Y(w, U)|2 S (w) 

When the random pressure field is not frozen, as in the case of a 

boundary layer pressure field or a diffuse sound field, it has a 

spectrum of wave-number components at each frequency, and may be 

represented by the vrave-number/frequency spectrum, S^(w, k). The 

response spectrum at any frequency can be obtained by first integrating 

the corresponding wave-number/frequency spectrum over all wave-numbers. 

Thus (3k): 

S (w) — 
V 

|Y(w, k, U)|2 5 (w, k) dk 

For a detailed discussion on this, see (35) • 

However J the r.m.s. response of the structure, due to a frozen convected 

pressure field gives a good estimate of the response due to a boundary 

layer pressure field with a snail decay parameter and therefore this 

type of excitation has not been considered any further in this work. 

1 .i-i The role of deaping 

The vibratory response of any system is controlled by 

three parameters i.e, mass, stiffness and damping. Increasing the 

mass is not always a viable solution, specially for aircraft structures. 

Increase in stiffness is usually accompanied by increase in stress 

concentration in the structure. With development of damping treatments 

during the recent years, addition of lightweight damping materials has 

become a useful method of reducing the overall stress level. 

In a periodically-stiffened finite structure, as damping is 

increased, very little energy is reflected back from the extreme ends 

and as a result, beyond a certain level of damping, an infinitely 

long structure becomes a very good approximation to a finite structure, 

- % _ 



as far as the response spectra and the r.m.s. stress level are 

concerned. The advantage of this assumption is twofold: 

(i) An infinite periodic structure under convected pressure fields 

can be studied, as it will be shown later, by analysing only the basic 

section, the repetition of which constitutes the infinite structure & 

Thus the analysis is enormously simplified. The response o,t a certain 

point on the structure is then equal to that at any other point, except 

for a phase difference. 

(ii) Increase in damping treatment in a finite structure has the 

effect of coupling all the "noimal modes" which exist in the undamped 

structure and this problem can be tackled only in some special , 

circumstances (9, 10). In general therefore, normal mode method can 

no longer be used when the structure is not lightly•damped. The "wave 

approach" used in this study overcomes this problem, and this is 

applicable to any type of stiffened structure, whether it is finite 

or infinite, undamped or heavily damped, as long as the structure can 

be regarded as a periodic one. 

In connection with structural damping, the following point 

should be noted. Throughout this work hysteretic damping has been used 

and this has been introduced in the equation of motion of the structure, 

by using a complex flexural stiffness. Now this flexural loss factor 

has been a.ssumed to be independent of frequency. In practice this 

parameter remains constant over a wide frequency range and it drops 

off rapidly at the low and the high frequency ranges. The latter 

characteristic does not affect the final results in this work, since 

the power spectrum of the excitation has been assumed to be band-limited. 

It may be mentioned that the low frequency response of these structures 

differs very little from that due to static loading and therefore 

damping plays an insignificant role in this frequency range. Thus 

the effect of the former can be ignored and the above assumption can 

be justified. 

1.5 Previous work on periodically stiffened structures and the 

scope of the present work 

The vibration of beams on supports at regular intervals was 

- 5 ~ 



first studied by Ayre and Jacobs en (ll) who obtained the natural 

frequencies of two, three, four and six span beams and noting a certain 

symmetry of the results, proposed to build a nomograph of natural 

frequencies vs. number of spans. This method, though extremely useful, 

cannot be easily extended to the more complicated case of periodically 

stiffened structures. 

An alternate approach using the difference equation technique 

was considered by Miles (12) and this method was extended to deal with 

skin-stringer structures by Lin et al (13). Recently transfer matrix 

methods have also been used to analyse this type of period structures 

(ik, 15). Lindberg and Olson (16) have used finite element method to 

study the skin-stringer tjrpe of structures. 

The usual difficulty of the normal mode method, as mentioned 

earlier, ai'ises because of the large number of modes to be considered 

when the structure is too long, and also due to the damping coupling 

of the modes in presence of heavy damping. These do not present any 

serious problem in the transfer-matrix method and the finite element 

method of analysing these structures. However, the scope of improving 

the accuracy of the results obtained by using either of these two methods 

is limited by the computer storage available. It will be seen that 

flexural wave analysis of periodic structures successfully overcomes 

these problems. 

Wave propagation in periodic infinite structures was studied 

by several authors. A very good account of the early work and the 

work on wave propagation in periodic crystal lattices can be found in (17) 

Propagation of flexural waves in periodically stiffened 

structures 5 governed by a fourth order differential equation was first, 

studied by Cremer and Leilich (I8) in 1953, who found the existence of 

two roots for the propagation constant and gave dispersion curves for 

a beam with mass loading. Subsequently this was extended to beam 

plate systems (19) and also to grillages and other beam structures (20) 

by Heckl. Steady-state dynamic behaviour of infinitely long beams 

with uniformly spaced impedances was studied by Ungar (2l) and also by 

Bobrovnitskii and Maslov (22) who introduced the use of the Floquet 



theorem in the study of flexural wave propagation in beams with 

periodic point loading. Bobrovnitskii used the concept of propagation 

constant also in the analysis of the vibrations of an infinite beam 

grid (23/ extending the previous work by Heckl (20). 

These techniques were introduced in the study of the skin-

stringer structures first by Mead and Wilby (2^, 25) and again by 

Mead (26). In (2^), the relation between the pseudo-wavelength and 

the propagation constant was established and also the response of a 

multi-supported bean to a point loading was studied. In (25) the 

response of these structures to random acoustic plane wave and boundary 

layer pressure fluctuation was studied, using the impulse response 

function. This involves laborious integrations and besides, the use 

of hysteretic damping gives a complex impulse response function which 

cannot exist in a physical system (27). This problem has been by-passed 

in the present work, since the response to a random pressure field has 

been obtained by first analysing the response to a convected harmonic 

pressure field. 

In (26), the concept of the pseudo-wavelength was analysed _ 

and the existence of the wave-groups5 having components of different 

wavelengths and phase velocity at any given frequency, was explained. 

It is thus clear that the work on one dimensional periodically-

stiffened structures so far has proceeded along two different lines. In 

one, the difference equation method and the transfer matrix techniques 

are used without much regard to the physical aspect of the problem. In 

the other, the flexura]. waves that can exist in this type of structure 

when it is infinite in extent, are studied; but the exact relation 

between the propagation constants and the free flexural waves on the 

one hand and the natural frequencies and the normal modes on the other, 

when the periodic structure is finite, remained unknown. This has 

therefore been studied in chapter 2 and also in (23), Then the method 

was extended to two different types of skin-stringer structures in 

chapters 3 and k. 

Doubly-periodic structures are also commonly used in practice 

and flexuraJ- wave propagation in such structures was never studied before. 

- T -



Chapter 5 reveals many interesting aspects of this problem and once 

again the method of predicting the natural frequencies of finite 

structures, developed in chapter 2 is applied to these structures. , 

When the stiffeners are allowed to have several degrees of 

freedom, it is relatively easier to analyse the periodic structures 

by the transfer-matrix method. Although this method has been in use 

for several years the relation between the transfer matrix and the 

propagation constant so far remained unknown, This has been discussed', 

in (29) . This subject is pursued further in chapter 6 rand several 

funda;iientall. properties of the flexural waves have been discovered in 

this chapter. 

Rib-skin structures are normally used in tailplanes and 

control surfaces of the aircrafts. These have been analysed in the 

past by Clarkson (30) and bySeavey (31) who used the normal mode method. 

The exact nature of the flexural waves that can be propagated along 

these structures remained unknown and therefore free flexural wave 

propagation in infinite rib-skin structures is studied in chapter J, 

A report on this work can be seen in (32). 

Chapter 8 deals with the response of these structures to 

a point load and to convected random pressure fields. The effect of 

application of damping treatment to various parts of the structure has 

been studied and finally the response spectra of an infinite and a 

finite rib-skin structure have been compared. A part of this work 

has also been reported in (33). 

Orthogonally-stiffened plates were analysed by many 

authors in the past. Huffington (36) analysed the bending of 

orthogonally stiffened plates by replacing the plate-stiffener 

combination by an equivalent homogeneous orthotropic plate of constant 

thickness. (This paper also includes many useful references on this 

subject.) In (37) Hoppnann and Magness studied the nodal patterns in a 

plate with orthogonally spaced stiffeners. Huffington and Hoppnann (38) 

determined the frequency equations and the modal eigenfunctions of 

rectangular plates of orthotropic material. 

Dill and Pister (39) analysed the vibrations of rectangular 
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orthogonally stiffened plates by developing seven-moment equations, 

in a manner analogous to the "three-moment equations" used in the 

theory of structures, Ifhen there is a large number of spans, the 

analysis of this two-dimensional structure by any of the above methods 

becomes very complicated^ 

When such a structure is excited by a convected rajidom 

pressure field, however, the response can be readily analysed by the 

present wave solution. This theory is developed in chapter 9 and 

several interesting conclusions have been drawn. 

Chapter 10 summarises the various conclusions drawn from 

this study. Solutions of a few other problems of interest are also 

indicated in the appendices. 
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CHAPTER 2 

On the natural flexiiral waves and the normal 

modes of periodically supported bosms and plates 

2.1 Introduction 

In this chapter the free vibration of beams and plates 

continuous over a finite number of supports (point supports in case 

of beams and line supports in case of plates) at regular intervals 

will be analysed. In the case of plates, the two opposite edges 

along the length are assumed to be simply supported so that the 

method of separation of variables can be used. Throughout this 

chapter only beams over point supports will be mentioned but the 

final equations developed in this work apply equally to the above 

type of plates with sli^t modification of certain functions, as 

it is explained in the appendix A. 

2.2 The concept of propagation constant 

In the structure shown in fig. 2,1 , the concept of 

propagation constant is used to relate the amplitudes and phases 

at the two consecutive supports 1 and 2, of the flexural waves 

associated with bending moments or slopes etc. In other words, 

referring to fig. 2.1, 

= Ml e ^ 

(2.1) 

02 = 9i e~^ 

where y is the propagation constant for the wave propagating in 

the direction 1 2 , which will henceforth be considered as the 

positive direction. For propagation in the opposite (-ve) 
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direction* the above quantities are related as: 

(2.2) 
Mg = Ml 

82 = 8% e'̂  

In general p is complex. The real part cf u 

(say 5) defines the rate of decay of the amplitude from one support 

to the other and the imaginary part (say y) denotes the phase 

difference between the quantities at two successive supports. If 

the wave number of a propagating, non-decaying ( 5 = 0 ) wave is k 

and the distance between two successive supports is £ , then 

k = ^ (2.3) 

and the wavelength T is 

= (2.1 . ) 
k Y 

and the phase velocity of the wave will be given by 

w (!)£ 

- k Y 

where w is the circular frequency. 

( 2 . 5 ) 

2«3 Evaluation of the propagation constant 

The equations for propagation constants can be obtained 

either by considering the reflection and transmission of flexural 

waves at each support representing a discontinuity (19, 20, 21) 

or by considering the continuity of slopes and equilibrium of 

moments at each support or by direct substitution of equation (2.1) 

into the expression for slopes in terms of e^gemoments and receptances 

(26, 32, 33) 

The latter method will be -used in this work* 
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Referring to fig. 2.1, the relations between slopes and 

end-moments at 1 and 2 can be expressed as 

^ 6 (2.6) 

02 — — •" (2.T) 

where a^i , ai2 etc. are the direct and cross receptances relating 

the slopes and edge moments as defined in the appendix. 

Substituting for M2 and 69 from equation (2.1) in 

equations (2.6) and (2.T) ve finally obtain 

cosh )j = - -—- (2.8) 
°12 

The variation of the complex propagation constant with 

frequency csji therefore be found from equation (2.8) through equation 

(A.7) for a21 t "̂ 12 • It is to be noted that y is completely 

determined by the characteristics of the single basic unit which 

repeats itself within the infinite structure and not by any other 

function representing external loading etc. Therefore^ y is a 

fundamental parameter associated with the "natural" flexural waves 

that can propagate along the structure. This equation predicts two 

values (* y) of the propagation constant for any particular 

frequency. This means that in the infinite structure propagation 

can take place either in the positive direction with a propagation 

constant of ~ y 5 or in the negative direction with a propagation 

constant of + y , a fact which should be physically obvious (see 

equations (2.1) and (2,2)), for a structure whose basic unit is 

symmetrica] with respect to its centre. 

2.4 Nature of the flexural waves 

Tile values of u over a range of non-dimensional frequency 
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h : f 2 

parameter ( — ) w(^) ) as obtained by solving equation (2.8) are 

shown in fig. 2,2. 

It is .seen that p has a non-zero real value o^er a 
IT 2 

frequency range given by 0 = 0 to 0 = (•") and from 

Q sj to 0 = (•~) and so on. These are, therefore, the 

zones of attenuation and not of any interest in the present analysis• 
-T 2 

ji is purely imaginary (i.e. 6 is zero) between 0 = (•—) and 
0 = and between n = (•^) and 0 = (-~^) and so on 

and, therefore,^these are the zones where free propagation of flexural 

waves can take place. The two bounding frequencies of any free 

propagation zone can be identified as the natural frequency of a beam 

of length I J simply supported at both ends, and that of the same beam 

clamped at both ends ( Uo ) . From cur previous knowledge of 

natural frequencies of finite periodic structures, which lie within 

these two limiting frequencies for each group, we shorxld, therefore, 

expect that the normal modes of the finite structures should consist 

of suitable combinations of freely propagating natural flexural waves 

characterised by an imaginary propagation constant. The nature of 

these waves needs to be examined in greater detail. 

In the zones of free propagation, since ]x is purely 

imaginary (i.e. iy), equation (2.8) can be re-written as 

cos Y = - (2.9) 

Since cos y = cos(2n% + y) where n = ± (l, 2, 3 ....) 

equation (2.9) predicts an infinite number of possible values of y 

at any frequency within the free propagation zones. The "primary" 

value of y (corresponding to n = O) varies from - TT to 0 in 

the first propagation zone, 0 to TT in the second propagation zone 
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and so on, for the positive going wave. However, in fig. 2.2 

Y has been plotted between 0 and - ? , even in the second propa-

gation zone* in order to save space. Also this offers certain 

advantages which will be seen later. The primary value of y for 

the negative going wave, varies from + it to 0 in the first zone, 

0 to - IT in the second zone, etc. The corresponding wavelength of 

the "primaiy" free flexural wave varies from (through equation (2.U)) 

2£ to infinity. 

As pointed out by Mead ( 26) the flexural waves are of 

(spatially) non-sinusoidal nature repeating within a basic length called 

the "pseudo-wavelength" given by equation (2.4) and at any frequency 

these non-sinusoidal waves can be expressed as a combination of an 

infinite number of component sinusoidal waves of wavenumber 

= (2nn + y)/jj_ obtained by replacing y equation (2.3) by 

(2nn + Y). (For a detailed discussion on the physical significance 

of thisg see (26).) 

A positive going "natural" wave at any frequency can. there-

fore* be expressed as 

(x) = Z H (2.10) 

n=-™ 

where M_^(x) is,say, the total amplitude of the bending moment at a 

section x , arising due to a positive going bending wave and M 

is the amplitude of its nth constituent Fourier component „ In the 

present work our interest is in the total moment at any of the 

supports of the N-bay beam, and for the rth support, 

X = r& (r = 0, 1; ,0. N) (see fig. 2,5) Substituting ^ = r in 

equation (2,10), and replacing M^(x) by to denote the bending 

moment at the rth support, due to a positive going flexural wave, 

. 1.1 - yrl (z.u) 
r+ + 

00 

where M = 2 M , 
-}• n=-"» n4-
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and denotes the total amplitude of the positive going bending 

wave at the support r = 0 , arising out of all component waves. 

Similarly, the negative going wave can be expressed as 

M = M (2.12) 
r— — 

where and M represent the total amplitudes at the rth 

support and at the 0th support, respectively* due to the negative 

going natural flexural wave. 

Equations (2,11) and (2.12) point out the very important 

fact that though the natural flexural' waves are spatially non-

sinusoidal in nature, the bending moment at any support can be 

described in terms of a total amplitude consisting of amplitudes 

of aJ-l the components and a wave number equal to that of the primary 

component (i.e. y/l) alone. 

2.5 Analysis of the finite structure consisting of N bâ ŝ 

In a finite N bay structure, any dynamic disturbance will 

give rise to flexural waves in both positive and negative directions 

which will be reflected back and forth between the boundaries. At 

any instant we should, therefore, expect both positive and negative 

going waves to be present simultaneously and the total bending moment 

at the rth support should be given by (from equations (2.11) and 

(2.12)) 

M = M + M 
r r+ r-

. •• (2.13) 

(M . + M e+i'?) 
+ — . 

From now one, we shall omit the term e"" , since it 

denotes only the time dependence, but its actual existence in appro-

priate places should be kept in mind. Thus, 
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M = M + M (2.14) 
r + -

2.5.1 Natural frequencies of an H-bay beam simply 

supported at both ends 

Referring to fig. 2.3, the boundary conditions are 

M = 0 
o 

Mg = 0 
(2.15) 

Evaluating M and from equation (2.lU) and 

substituting in equation (2.15), ve have 

and 

= - M (2.16) 

sin yN = 0 

since ^ 0 , therefore 

Sin yN = 0 (2.IT) 

a n d 

Y - ~ m = 0 5 1 s, 2 .,, 

It can^ therefore, be concluded that for the K-bay beam 

simply supported at both ends, y can have -only certain discrete values 

given by equation (2.17) and the natural frequencies of the N-bay beam 

will be the frequencies at which y satisfies the above equation. 

Before proceeding any further, we need to take a closer-look at 

equation (2.IT). This equation is satisfied by any integer value of 

m and) therefore, there seems to be no reason why in each propagation 

zone the total number of natural frequencies should be equal to the 

number of spans, as observed in previous work (II-I6). However, this 

paradox is entirely removed once we remember that in each propagation 

zone Y is a solution of equation (2.9) and, therefore, it has the 
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maximum and minimum numerical values of TT and 0 respectively. 

Re-writing the second part of equation (2.IT) 

vN 
m = 

^ 7f 

and maximum integer value of m will be governed by the maximum 

value of Y which is it . (As pointed out earlier* y can be 

either positive or negative, and, therefore, we shall from now on 

consider only the absolut.e values of y ) • 

Therefore 

(n) = L J H S L I = „ 

max ir 

and, thus, the permissible solutions of equation (2.IT) are given by 

Y = — . m = 0, 1, 2 .... N (2.18) 

Equation (2,18) still permits 11 + 1 solutions. However, 

m - 0 corresponds to y - 0 which is associated with the clajnped-

clamped frequency of the individual bays in the first propagation zones. 

Since the extreme ends are simply supported this can not be a possible 

natural frequency of the N-bay beem. Thus5 in the first propagation 

zone, m should have values from 1 to N giving N discrete values 

of Y and correspondingly H discrete natural frequencies in the first 

group. m = E corresponds to y ~ ir which predicts that the simply 

supported frequency of the individual bays should be a valid solution 

for the N-bay beam. This is acceptable since the extreme ends are 

simply supported. 

In the second propagation zoae-a slightly different situation 

exists. The condition m = 0 now gives a valid solution, since 

y = 0 now corresponds to simply supported node of the indi\ddual bays, 

ra = N gives y = ir which is now associated with the clamped-clamped 

mode of individual bays, and this being contradictory to the boundary 

conditions is not an acceptable solution. Thus, in the second zone. 
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m varies from 0 to N - 1, again predicting that the total 

nmber of discrete values of y and corresponding natural frequencies 

in this zone must be equal to the total number of bays. Similarly, 

it can be shown that in each odd-numbered propagation zones m varies 

from 1 to N, and in each even-numbered propagation zone (second, 

foui'th, etc.) m varies from 0 to N - 1 . 

Equation (2.l6) shows that at the natural frequencies the 

positive and negative going waves have exactly equal and opposite 

amplitudes and the normal modes are, therefore, the standing waves 

formed by two opposite going wave-groups of equal total amplitudes. 

Equation (2.IT) in conjunction with equation (2.9) can now 

be used to develop an extremely simple graphical method of finding the 

natural frequencies of N-bay beam simply-supported at each end. As 

m is increased from 1 to N, (or 0 to N ~ l) in unit steps, 

the permissible value of y increases by equal steps of (^) . 

Therefore, to find the natural frequencies of the N-bay beam, one 

needs only to divide the ordinate of y vs. Q graph into N equal 

parts and projections on the abscissa of the points of intersection 

of horizontal lines drawn through these points and the curve showing 

the variation of y with 0 in each zone should immediately give 

the natural frequencies. 

Table 2.1 compares the natural frequencies of a five bay 

beam obtained by.this method (fig. 2.4) with the results obtained from (ll). 

The agreement seems to be excellent. This is to be expected, 

since in both the methods the only possible source of error lies in the 

accuracy of reading frequencies from the graph, which, if necessary, can 

be improved by plotting the graph in a larger scale. 

The natural frequencies of a beam with, say fifty spans, can 

similarly be obtained from the same plot of y vs. 0, by dividing the 

ordinate into fifty equal parts and reading the corresponding projections 

on the abscissa. 

It is interesting to examine the values the primary pseudo-

wavelength takes at the natural frequencies. From equations(2,4) and (2.13) 
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Table 2.1: Natural frequencies (fi) of a five-bay beam* 

simply-supported at the extreme ends, in the 

first zone of free propagation. 

Mode m Y = 
fflTT 

(from fig.2.^) 
a 

(Ayre & Jacobsen) 

3 

k 

5 

5 

k 
4? 

5 

5 

2tt 

5 

Tr_ 

5 

2.^68 

2.T2 

3.k25 

k.305 

5.19 

2.468 

2.T2 

3.43 

4.305 

5.19 
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Y miT m m 

•, or m(^) = L (2.19) 

Therefore* the natural frequencies are the freq^uencies at 

which half of the primary pseudo-wavelength or its integral multiple 

fits exactly into the total length of the beam. This is analogous 

to familiar "half wavelength resonance" in acoustics and other 

vibrating systems, and it clearly shows that the analysis of the 

vibrations of periodically supported or stiffened beams csji be con-

siderably simplified using the concept of natural flexural waves. 

In general, the nth component of the pseudo-wavelength is 

given by 

T = ^ £ 

n 2mr + y 

Substituting for Y from (2.18) and rearranging 

T 
(m + 2n N) (-S.) = L 

Here m, n, R are all integers and therefore an integral multiple of 

half of each and every component of the pseudo-wavelength fits into 

the total length of the structure at each of the natural frequencies. 

This method also allows one to examine the way in which the 

natural frequencies distribute themselves as the number of spans is 

increased. Since variation of y with ^ is not linear,this class 

of flexural waves being dispersive in nature,equal division of the 

ordinate does not correspond to equal spacing of natural frequencies 

and; therefore, as N is increased, more and more modes tend to 

congregate towards the upper and lower bounding frequencies of each 

zone. One csn, thus, determine the rate of change of modal density 

within a certain frequency inbervalj as the number of spans is increased. 
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Since this method enables one to analyse the distribution in frequency 

of the normal modes in a finite structure, the statistical methods• 

used to analyse systems (viz* in room acoustics ( îl )) with high 

modal density,^can* therefore, be extended to deal with this type 

of structure when the number of spans is large. 

2.5.2 Natural frequencies of an H-bay beam clamped 

at both ends 

The boundary conditions (fig. 2.5) in this case are: 

8 = 0 

(2.20) 

" "-I. 

Assuming a solution representing two opposite going 

flexural waves, we have, once again 

M = M + M (2.22) 
r -

From conditions (2.21) and (2.22) we finally obtain 

"'r = % 

From equations (2,6) and (2.7) 

8_ = M.a + M a 
0 0 11 1 12 

- \ - i "12 -

From conditions (2.20) and equation (2.9 ) we, therefore, 

have 
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ail 
= MQ Cos Y 

(2r2k) 

M = - M = M. Cos Y 
1 0 ai2 0 

"a-i " " COB Y 

Evaluating and in terms of and from 

equation (2.23) and substituting into equation (2.2U), we finally get 

the following equation to be satisfied at the natural frequencies. 

i.e. COSY N = * 1 
(2.25) 

N 
Y = , m = 0, 1, ... N 

The highest possible value of m again was determined in 

the same way as in the previous case. Using similar arguments, it 

can be shown that in the odd-numbered propagation zones* m will 

have values between 0 and K - 1 and in the even-numbered propa-

gation zones, m varies frcsn 1 to N . 

The natural frequencies of the N-bay beam clamped at both 

ends will, therefore, be obtained by dividing the ordinate of y vs Q 

into K equal parts, and then finding the projections on the abscissa 

of the points of intersection of horizontal lines drawn through these 

points and the y vs XI curve. It is evident that (N - l) inter-

mediate values of y in any group are the sane whether the two 

extreme ends are simply supported or clamped and, therefore, the inter-

mediate natural frequencies are also identical in both cases. This 

was also observed by Ay re and Jacobsen. 

As pointed out in their work, the intermediate mode shapes 

in these two cases are geometrically similar when the number of spans 

is even, but this ceases to be the case when the number is odd. 

These mode shapes have already been discussed in detail by Jacobsen and 

Ayre ( H ) . It should be pointed out that in order to obtain mode 

shapes using the present technique* one needs to evaluate the moments 
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at iutennediate points in terms of an arbitrary magnitude of, say, 

and then substitute these into equation (A.U), to evaluate, the 

deflected shape of individual bays. 

Fig. 2.6 shows the discrete values of y and corresponding 

natural frequencies in the firs^ two groupsj, for a five-bay beam. 

2.2.3 Natural frequencies cf K-bay beam with one end 

clamped and other end simply supported. 

The boundary conditions (fig. 2,7) are: 

8 = 0 
(2.26) 

and = 0 

Proceeding in the same way, it can be shown that the natural 

frequencies can be obtained from 

cosy IT = 0 

i.e. y N = Di~ m = 1, 3, 5 ... 2N-1 (2.27) 

mTf 
Y = 2R 

The two limits of m were again set from physical consider-

ation o In this case the ordinate of y vs XI curve has to be 

di"vided into 2N equal parts and the projections on the abscissa of 

the intersection of horizontal lines corresponding to m = 1, 3, 5, 

2W-1 and the curve of y will give the natural frequencies in any 

propagation zone. Thus, it is evident that the natural frequencies 

of, say, a five-bay beam with the above boundaiy conditions are 

identical with the natural frequencies of alternate intermediate 

modes of a ten-bay beam simply-supported or clamped at both ends. 

Fig. 2.8 shows the graphical solution of natural frequencies 

of a five-bay beam. 
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From equations (2. 4) and (2.27) 

, . ^ . 2.,, & 
Y m-rr m m 

or m C-̂ ) = L where m = 1, 3, 5 2N-1 

Therefore, at the natural frequencies quarter of the 

primai-y pseudo-wavelength or its integral odd multiple fits exactly 

into the total length of the N-bay beam. This is again analogous to 

"quarter-wavelength resonance" in acoustics. 

2.6 Prediction of the conditions of coincidence excitation 

of finite periodic structures; 

The results derived in the previous section are useful in 

predicting the conditions under which coincidence excitation of finite 

periodic structures can take place, when these are excited by conve:sted 

random pressui^e fields . 

From the knowledge of the variation of y with 0 in the 

propagation zones, it is possible to construct graphs showing the 

variation of the structural wavelengths and wave-velocities with the 

frequency parameter, through the equations (2.k) and (2.5) replacing y 

by (2nm + y). (See also section 7«5) Such graphs are shown in 

figs« 2.9 and 2.10. These diagrams correspond to the wave-lengths and 

wave velocities that exist in the infinite structure at a given 

frequency. The values • these quantities assume in a finite structure 

can be obtained by marking off the natural frequencies obtained by 

using the methods described in the previous section, along the abscissa. 

Vertical lines can now be drawn through these points. The projections 

on the ordinate, of the points of intersection of these lines wi^h 

the wavelength/wave velocity curves denote the wavelengths and the 

wave velocities in the finite structures vibrating at any of the natural 

frequencies. These are therefore the wave components which will be 

strongly excited if the freauencv and the wave velocity or the 



length of a convected pressure field coincide with any of these 

natural wave lengths or wave velocities. Thus the present method 

gives rise to a^very simple method of predicting the conditions of 

coincidence excitation of finite periodic structures. As opposed 

to this, the conventional method of determining the mode-shapes of 

a multi-span beam and an approximate Fourier analysis of these curves 

into sinusoidal giomponents could be quite laborious and time consuming. 

2«7 Conclusions; 

This chapter dealt with finite beans and plates on periodic 

supports in teims of the natural flexural waves. It has been shown 

that, as in all other continuous systems, the normal modes of periodic 

structures can also be regarded as standing waves formed by a special 

class of flexural wave groups that can exist in these structures. 

Equations predicting certain discrete values of propagation constant 

for a finite structure have been derived and from these an extremely 

simple graphical method of finding the natural frequencies of continuous 

structures with any number of spans ha.s been developed. It has also 

been shown that within each free propagation zone, the natural frequencies 

of these structures are the frequencies at which half or quarter of the 

corresponding primary pseudo-wavelength or its integral multiple fits 

exactly within the total length of the structure, depending upon the 

boundary conditions . 
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CHAPTER 3 

IJatural frequencies of periodically stiffened 

structures, usinp; wave approach - Part I 
"J 

3.1. Introduction 

In the previous chapter the natural flexural vibrations 

of periodically supported finite beams and plates were studied, 

using the concept of natural flexural waves, characterised by a 

complex, frequency-dependent propagation constant. In this 

chapter, the theory will be extended to the case of periodically 

stiffened beams and plates, such as skin stringer structure used 

in aeronautical practice. 

3.2. Theory 

3.2.1. Following the work of Lin (13), a distinction 

will be made between two classes of skin-stringer structures, 

namely, 

(i) Stringers with finite torsional rigidity and 

infinite bending rigidity 

(ii) Stringers with finite bending rigidity and 

infinite torsional rigidity. 

Wlien such stringers are used to stiffen up a plate 

whose opposite parallel edges are simply supported along the 

length, the equivalent torsional stiffness and the equivalent 

bending stiffness in the above two cases are given by (13 ) 

and = 1^1 

STT 4 
+ G C 

s s b 
(3.1) 

S2 
b 

P (3.2) 

In the above expressions, the usually small effect of 

the lack of symmetry in the stringer cross section has been ignored. 

26 



In the following section, the vibrations of the structures of the 

first kind will be investigated. The second type of structures 

will be analysed in the next chapter. 

3.2.2. The equation for the propagation constant 

To sfart with a basic unit is to be chosen such that it 

is symmetrical about the centre of the : . i ? b a y . There-

fore the basic section consisting of a plate with rotational 

restraints of at each end shora in fig.3.1 has been chosen. 

The whole skin-stringer structure can be regarded as an assemblage 

of several of these units. 

Using the usual definitions of the propagation constant 

and introducing the receptance notations of and the 

propagation constant for this structure is given by (26) 

cosh y = — (3.3) 
"AB 

where and • of the composite system can be expressed in 

terir.s of the plate receptances a_, ̂  and and the rotational 

restraint (cpygj exerted by the stiffeners, as 

a 
» u * % - i i ) 

M K iC 

{1 + — (a^g - {1 2 ^"l2 "ll^^ 

(3.4) 

and 

»AB = ^ '5-5' 

{1 + 2 (a^2 - a^^)} {1 - g (o^g + a^^)} 

and substituting for and a in equation (3.3) 

= - !ii _ !R (3.6) 
°12 *12 2 
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which is the final equation for the propagation constant for the 

flexural waves in these structures. 

3.2.3 The natural frequencies of the basic section 

AB : the concept of equivalent internal restraint; 

Before examining the variation of y with the frequency 

parameter, it will be useful and illustrative to study the natural 

frequencies of the basic section AB , on its own. 

The expressions for the natural frequencies can be obtained 

in the usual way. However a very simple method will be described 

and this uses the concept of an equivalent internal restraint. 

The plate 1.?. can vibrate only in two possible configurations 

in any of its normal modes, i.e. symmetric and anti-symmetric. 

Also because of the inherent symmetry of the section, it can be said 

that 

= Mg (3.7) 

when the structure is vibrating in one of its symmetric mode, and 

= - Mg (3.8) 

when it xs vibrating in one of its anti-symmetric mode. In the 

first case an equivalent internal rotational restraint at the end 

1 can be defined as 

K 
eq 8^ + Oig) °11 * °12 

(3.9) 

and in the second case 

_ 1 
eq 8^ - o^g) 

How it can be said intuitively at this stage, that the 

natural frequencies of this structure will be given by the frequencies, 
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at which the external rotational restraint •— matches with the 

equivalent internal rotational restraint K 

eg,. 

Thus for the symmetric modes, the natural frequencies 

will he given by 

and for the anti-symmetric modes, the natural frequencies will be 

given by 

That this is indeed so, can be proved by developing the 

frequency equations in the usual manner. 

3.2.U The dependence of y upon frequency 

Substituting for — from the above equations in the expression 

for cosh y it can be seen that at these natural frequencies 

Cosh y = - 1 (3.13) 

for the symmetric modes and 

Cosh y = -}• 1 (3.1^) 

for the anti symmetric modes of the basic section AB. 

On the other hand, 

Cosh y = ± 1 (3.15) 

at the frequencies given by 

- "ll' ° ° 

i.e. either (a g + = 0 (3.16) 

and (o^2 " = 0 (3.IT) 

The first equation is satisfied by the natural frequency 

of the basic section 1:2 when the two edges 1 and 2 are 



fully clamped and the section is vibrating in a symmetric mode. 

The second equation gives the d^araped-clamped natural frequency 

of the section 1-2, vibrating in one of its anti-symmetric modes. 

Thus it is seen that within certain frequency zones -1< coshy <1 

and therefore w is purely imaginary. These zones are therefore 

the free propagation zones for the stiffened structure. 

A plot of y vs frequency parameter is shown in fig.3.2 

in which the various zones of attenuation and free propagation of 

the flexural waves can be identified. (The basic structural data 

used in the computation is given in the Appendix B.) The lower 

bounding frequency of the first propagation zone is the same as 

that given by equation (3.11) and the upper bounding frequency 

satisfies equation (3.16). The lower and upper bounding 

frequencies of the second propagation zone are given by equations 

(3.12) and (3.17) respectively. And this pattern repeats itself 

throughout the whole frequency range. 

Vihen Kg is increased from zero to a higher value, the 

uncoupled natural frequencies of the basic section A3 increase-

and the width of each zone of free propagation is effectively 

reduced, since one of the bounding frequencies of any zone is 

always determined by equation (3.16) or (3.17) which is independent 

of Kg. 

3.3 The natural frequencies of finite skin stringer structures: 

3.3.1 The skin-stringer structure terminated by two 

stringers of stiffness at the extreme ends: 

Mathematically this problem is identical to the problem 

considered in section 2.5.1 and it can therefore be immediately 

said that the natural frequencies of this structure is given by 

sin yM = 0 (3.18) 

or ^ nuT 
' N 

where 
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m = l,2j...N for the odd-numbered propagation zone 

and m = 0,1,2...N-1 for the eren-numbered propagation zones. 

Therefore exactly similar graphical method can be used to determine 

these natural frequencies. 

And OHce again it can be also shown that the nth compo-

nent of the pseudo'wavelength of this structure or its integral 

multiple fits into the total length of the strcture at various 

natural frequencies. 

3.3.2 The skin-stringer structure with exterior ends 

fully-fixed. 

This problem is analogous to the one discussed in 

section 2.5.2 and indeed identical set of equations is obtained, 

with the exception that and .̂re now to be replaced 

by and 

Therefore the final equations determining the natural 

frequencies are given by 

CosyM = ±1 

i.e. Y - ^ (3.19) 

•where m = 0>1,...N-1 in the odd-numbered propagation zone 

and m = 1,2,...N in the even-numbered propagation zones. 

Thus the graphical method'employed in section 2.5.2 can also be 

used to find the distribution of natural frequencies of this 

structure vithin each propagation zone. 

3.3.3 Skin stringer structure vrith one end clamped 

and the other end terminated by a "half-stringer": 

In this case, a.s in section 2.5.3, the natural frequencies 

are given by 

Y = , a _ 1 , 3 , 5 . . . 2 H - 1 (1 .20) 

and these frequencies can be obtained in a similar maimer. Also, 
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at the natural frequencies of this structure a quarter of the 

nth component of the pseudowavelength or its integral mrJLtiple 

fits exactly into the total length of the structure. 

3.3.^ A numerical example: 

To illustrate the method the above calculations vere 

done for a skin-stringer structure which was also considered by 

Lin (13) and Mercer & Seavey(l5)• The natural frequencies for 

the three cases discussed above are tabulated belcv for a six-

span skin-stringer panel (columns I, II, III): 

Table 3:1 : The natural frequencies (o) of a six-span 
skin-stringer panel, for different boundary 
conditions. 

For the structural data: see Appendix B 

Ilalf-
stiffeners a,t 

each end 

Clamped-
clamped 

Clsmped-
Half-

Stiffener 

Full-
Stiffeners at 

each end 
(Average of 

columns 
I & II) 

Full-
Stiffeners at 

each end 
(Transfer- ^ 
matrix-method) 

I II III IV V 

L.28 k.38 4^325 k.33 k.35 

k.38 k .60 4.L8 ^^49 k.50 

4.60 4.95 k.775 4.775 k.77 

4.95 5.335 5.15 5.1^25 5.065 

5.335 5.67 5.53 5.5025 5.^2 

5.67 5.82 5.77 5.7^5 5.72 

! 

* For the details of the program used, see (^9) 

Therefore the versatile nature of the Y vs Q graphs can now 

be fully appreciated. Once the graph is drawn for a particular 
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value of K^, the natural frequencies for three different 

boundary conditions and for any number of spans can be obtained 

without any extra computation. Compared to this, both the 

difference equation teclmique used by Lin (13) and the transfer 

matrix method used by Mercer & Seavey(15) need separate time-

consuming computation (in double precision mode) for each of 

these modes. 

This method can therefore be used to produce a design 

chalet to estimate the natural frequencies and this will be 

extremely useful from the point of view of the practising 

engineers. 

3.3.5 Skin-stringer structures with external stringers 

identical to the internal stringers. 

This class of structures has been studied in detail in 

Chapter 5 but in this section an approximate method of determining 

the natural frequencies of this structure will be discussed. It 

is evident that the natural frequencies of this structure at any 

particular mode will lie in between the frequencies of the 

corresponding modes of the structures discussed in section 3.3.1 

and 3.3.2 . It is therefore proposed that at the design stage, 

an approximate idea of these frequencies can be obtained by 

assuming them to be equal to the aritlimatic average of the frequency 

of the structures.with "half-stringers" at each end and that of 

the structure whose ends are fully-fixed. The accuracy will, of 

course, improve when the number of spans is increased. This is shown 

in Table 3.1 for a six-span structure and the results are 

compared with the exact results obtained by using a transfer matrix 

programme, developed by Mercer & Seavey(l5). It is evident that 

the agreement is extremely good for the first three modes, and even 

for the remaining three modes, the error is less than ?-% . Con-

sidering the simplicity of this method this can therefore be 

recommended for use at the design stage. 

3.4 Conclusions: 

In this chapter it has been shown that the natural frequencies 

of an N-bay skin-stringer panel .can be predicted accurately by 

* Compare the results in columns IV and V. 
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by analysing the; structure in terms of the natural flexural waves. 

The concept of an equivalent internal restraint has teen intro-

duced and this has been found to be useful to predict the lower 

bounding frequencies of the free propagation zones. The results 

of this study "'can be used to construct design charts for predicting 

the natural frequencies of skin-stringer structures. The exact 

solutions for three different boundary conditions have been 

obtained and an approximate method for certain other boundary 

conditions has been indicated. It is found that this approximate 

method yields results of very good accuracy especially when the 

number of spans is large. Compared to all other methods, wave 

method seems to have the least computational problems (i.e. no 

iterations are involved to determine the eigen-values and thus it 

is less time-consuming and also there is no numerical difficulty 

such as storage problem mentioned earlier). 
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CHAPTER k 

Natural frequencies of periodically stiffened 

structures using vave approach - Part II 

k.1 Introduction 

Propagation of flexural waves in skin-stringer structures with 

stringers of finite transverse flexibility and infinite rotational 

stiffness has not been studied before. The expressions for the natural 

frequencies of these structures were derived by Lin et al (13) using 

the difference equation method. It will be seen that only a special 

type of flexural waves, henceforth to be called "pure stringer banding 

waves" can exist in these structures and the natural frequencies are once 

again deteimined by certain discrete values of the propagation constant 

associated with these waves. 

k.2 The ory 

Consider the basic section CD shown in fig. b.l, consisting 

of the plate (or beam) 1.2 and two stringers of transverse stiffness of 

Ky/2 at each end. Two receptances eji and can be defined for 

the section 1 - 2 , so that 

Gil = deflection at 1 due to a unit shear force at 1 

ei2 - deflection at 1 due to a unit shear force at 2 . 

From the usual plate equations, the following expressions are 

obtained for e n and ei2 • (The boundary conditions at 1 and 2 

appropriate for this structure are 

6 = 0 at the edges 1 and 2 , since the stringers prevent any 

rotation at these two ends and S = 8% at the edge 1 

= Sg at the edge 2 . 

The remaining edges are simply supported). -

. (™ coth ,\ 1 ~ cot X2 %) (^.1) 
2X2D ^2 



Gi2 = — ' — ("T cosech Xi £ + Y cosec X2 (^.2) 
2A&D A1 A2 

aad the deflections and W2 at the two ends are given by 

\ wi = Si eii + S2 £12 

(4.3) 

V1 - - Si ^12 - S2 e n 

For the complete section CD, similarily two end receptances E ^ and 

can be defined where 

= Deflection at C due to a unit force at C 

= Deflection at C due to a unit force at B . 

It can be shown that and are related to e n f £12 and 

K^/2 in the following manner: 

Ell + ™ (E^ - e2 ) 
12 LI (4.4) 

CC K < 

(1 + ^ (£12 - El])} {1 ~ g— (ei2 + Gil)} 

and 

E12 
E CD K K 

{1 + g-" (ei2 - Ell)} {1 ~ 2 ~ (^12 + Ell)} 

The similarity between these equations and equations (3*4 , 3c5) should 

be noted. Finally the expression for cosh y for this structure is 

given by 

=cc =11 , , 
cosh w = .— L C . — ~ (Jt.6) 

CcD ' =12 =12 2 

4.3 Variation of u with frequency 

Once again one can define an equivalent translatioual stiffness 
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K for the plate 1 - 2 in fig. H,1 and the natural frequencies of 
eg. 

the plate CD will be given "by 

# = ' " ' e g " 

for the symmetric modes, and 

for the anti-sjamnetric modes. 

At these frequencies cosh y = ± 1 ^ end also at the frequencies 

given by 

= 0 (^e9) 
11 12 

which correspond to the clamped-clamped natural frequencies of the 

section 1.2. These frequencies therefore define the bounding frequencies 

of the free propagation zones in this type of stiffened structure. 

Fig. h.2 shows a plot of y vs n for various values of . 

The case of = 0 is mainly of academic interest. However* the 

complementary nature of the propagation and attenuation zones in this 

structure with the zones in a periodically supported beam is worth 

noticing. 

As is increased from zero, the first propagation zone disappears 

completely. One of the bounding frequencies of each propagation zone 

remains unchanged since these frequencies (see equation (k.9)) are 

independent of the translational stiffness of the stiffeners. The 

other bounding frequency of each propagation zone decreases as is 

increased thus reducing the width of the free propagation zones. 

H ^ The natural frequencies of a periodically stiffened finite 

structure. 

The equation for the natural frequencies can be developed in 

exactly the same manner as it was done in chapters 2 and 3 and only the 

final equations are given below; 

- 37 -



(i) Structure with half-stiffeners ( /2) at the extreme ends; 

The frequency equation is 

sin y K = 0 

_ iriTT m = I5N in even numbered zones 
^ N ' m = 0,K-1 in odd numbered zones, 

Thus similar graphical construction is applicable in this 

case and also it is obvious that half of the nth component 

of pseudo wave length or its integral multiple fits exactly 

into the total length of the structure at the natural 

frequencies. 

(ii) Structure with exterior ends clamped: 

The frequency equation is given by 

cos Y N = ± 1 

_ DiTT m = 0,!\'~1 in even numbered zones 
^ ~ N m = 1,M in odd numbered zones 

(iii) Structure with one end clamped, other end terminated by a 

half-stiffener; 

The frequencies are given by 

cos Y H = 0 

Y = m = 1, 3, 5 ... 2N-1 

Again similar graphical constructions can be used to determine 

these frequencies. Also it can be shown that a quarter of 

the nth component of the pseudo wavelength or its integral 

multiple fits exactly into the total length of the structure 

at these frequencies. 

^.5 Conclusions 

The equation for the propagation constant has been derived and 

the zones of attenuation and free propagation have been identified» The 

concept of the equivalent internal restraint has been utilised to obtain 
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the equations for the natural frequencies of the basic section and 

these frequencies define the upper bounding frequencies of the various 

free propagation zones. It has been found that the complementary 

nature of the support stiffnesses, considered in chapters 3 and h, is 

also reflected by the zones of propagation and attenuation of the 

flexural waves in the two types of structures. 

The theory relating the propagation constant and the natural 

frequenciess developed in the previous chapters, has been extended to 

the present case and similar graphical method has also been indicated. 
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CHAPTER 5 

Wave propagation in the doubly periodic 

stiffened structures 
^ ' 1. II 'in 

5.1 Introduction 

In the chapters 3 and U, propagation of waves in a periodic 

structure consisting of the repetition of a single basic unit was 

discussed. However wave propagation in an infinite structure consisting 

of the repetition of a unit which consists of II identical sections 

is of special interest. To differentiate this structure from the ones 

discussed earlier this will be termed as a doubly periodic structure. 

This type of structure is used in the control surfaces of aircrafts. 

5.2 Theory 

In general such a. structure consists of a beam or a plate 

(with opposite edges simply supported) stiffened by a finite number (N~l) 

of stiffners (K ) and an additional number of stiffners of stiffness 

(= dj say), interposed in between, as shown in fig. 5.1a For 

the purpose of analysis, this structure is split up into three sub-

structures, consisting of an H~bay stiffened beam considered in the section 

(3.3.1) terminated by two stiffeners of stiffness —(d-1) at the 

extreme ends. 

Now the bending moment at the rth stiffener of the 

subsection XY can be expressed in terms of the end moments M and 

as follows; 

where y is the solution of the equation (3.6). 

Physically this shows that, the moments at the rth inter-

mediate sections are the resultant of the bending moments associated 
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with the positive end the negative going bending waves, within the 

section XY , (see equation (2.23)). 

For a flexural wave propagating in the doubly periodic 

structure, the slopes and moments will be related as 

M* = M* = K' M' (5.2) 
T* 0 0 

8* = 8 - K' 8 (5.3) 
N o 0 

Expressing 8 and 8_ in terms of M , M and 
0 5 0 1 

- ®AB 

G, = + W, .AB (5.'0 

& " ~ & - 1 ®AB " °A/i (5'5) 

Now substituting for M and from equation (5*1) 

8 = M a + a _ (5.6) 
0 0 00 " 0̂^ 

®11 = "s "oo (5.7) 

where 

° "AA + °AB = - "AB C°SH U N F G L — F (5-8) 

, _ sinh ]i fr n\ 
"oQ - p^g ^ ^ (5.9) 

For the equilibrium of moments 

M' = M - 8 (5.10) 
0 0 0 

aad + ̂ ^Kd-l) 8% (5.11) 

Equations (5.2) - (5.11)^ when simplified, yield the 

following equation for y': 
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a a _ a 2 ^ 

COSH P' = - — M . „ - _ Q — . N N . . •_— (D-I) (5.12) 

> °0H ^ 

The similarity of this equation with the equation (3.6) should be 

noted. 

Substituting for ago and a 

cosh u' = cosh p N + sinh \i sinh u N (d-l) (5.13) 

In the propagation zones of the flexm-al waves considered in section 

(3.2.4); u is purely imaginary, and therefore replacing u by iY 

cosh u' = cos Y N - sin f. sin V N ^ (d-l) (5 ,1.4) 

Nov at the frequencies given by 

cos Y I = ± 1 (5.15) 

it can be seen frora the above equation, that 

cosh w' - ± 1 ( 5 . 1 6 ) 

since sin Y N = 0 at these frequencies. 

Thus the natural frequencies of an K-bay skin-stringer 

panel clamped at both ends define some of the bom:ding frequencies 

of the free propagation zones of flexural waves in the doubly 

periodic structures. It should be noted that the lowest frequency 

of each group of natural frequencies of the N-bay skin stringer panel 

simply supported at both ends also satisfies the equation (vide 

equation (3.18)) 

sin Y' H = 0 

However3 at these frequencies, it can be shown that 

(vide equations (3.5), (3.11) (3.12)) 

-1- 0 
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and therefore the second terra at the right hand side of equation (5.1^) 

takes the form of (~) and consequently cosh y' is not equal to 1 . 

On the other hand the natural frequencies,of an K-bay skin-

stringer structure terminated by a stiffness of at both ends are 

given by (utilising the concept of equivalent internal restraint) 

'5.17) 

where the +ve sign applies for the symmetric modes and the -ve 

sign applies for the antisymmetric modes. Substituting for 

— (d-l) in equation (5.12) it is found that 

cosh li' = ± 1 (5.18) 

at these frequencies. 

Therefore these frequencies define the remaining bounding frequencies 

of each free propagation zone. 

5 «3 The dependence of y ̂  upon frequency 

Figure 5.2 shows the variation of y® for a doubly 

periodic structure of internal periodicity equal to six. It is clear 

from the figure 5.2 and the discussion in the previous section that 

the double periodicity of the structure is also reflected in the 

distribution of the free propagation zones. It can be seen that 

there are primary free propagation zones the widths of which are only 

slightly different' from the widths of the corresponding zones of 

figure 3.2. However in the present case the primary propagation zone 

is split up into a number of intermediate propagation zones, the number 

of such zones within one primary zone being exactly equal to the number 

of intermediate spans within the basic unit. Consequently the number 

of intermediate attenuation zones is (N-l) . 
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For a given value of , as is increased, the width 

of any of the intermediate propagation zones is reduced and in the 

limit when approaches infinity each of the N-bay sections is 

virtually clamped at the ends and free wave propagation is possible 

only at certain discrete frequencies given by the natural frequencies 

of the N-bay skin stringer structure clamped at both ends. At these 

frequencies therefore the mode shapes ere spatially periodic (Lin (13))« 

It should be noted that this doubly periodic feature of the 

propagation zones of such structures can have serious implications from 

the design point of view. For example, for a given value of , 

an optimum value of may be found for which the response of such 

structures to a given random convecied pressure field will be minimum. 

On the other hand, in a singly-periodic structure application of 

small amount of damping haa very little effect away from the bounding 

frequencies of each free propagation zones. However, in this case 

the overall decay constant is considerably modified since even without 

dampings there is some amount of attenuation within the primary 

propagation zones and a smaJ.l increase in damping thus increases the 

overall attenuation of response considerably. 

5o^ The naturgJL frequencies of a finite structure» 

If we consider a finite structure consisting of a number 

of basic units5 the total number of spans in this structure will be 

K X t' and therefore the total number of natural, frequencies within 

any particular group will also be equal to Kt' . Calculation of so 

many frequencies using the conventional methods is likely to be 

extremely time-consuming. However in this case, as in the previous 

chapter, these frequencies can be evaluated by using a similar approach. 

The details of this will be omitted here in order to avoid repetition. 

However5 as an example, we can consider a t' x N bay structure 
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clamped at the extreme ends. It can be shown that in this case, 

the following equation will be satisfied at the natural frequencies • 

cos Y ' t̂  = ' 1 
f (5.19) 

, iriTF m = 0,1, ... t-1 
I.e. ' F" 

or m = 1,2, .,. t' 

arid the N x t' frequencies can thus be found out using exactly 

similar graphical constructions. For example, the natural frequencies 

of a 6 x 3 bay structure will be obtained by dividing the ordinate 

of Y' vs 0 curve into three equal parts and similar construction will 

give 18 natural frequencies in each group. 

5 «5 The natural frequencies of an IT-bay skin stringer panel 

with full stiffeners at the extreme ends 

An approximate method for calculation of these frequencies 

was given in chapter 3 , section 3.3=5 . However, now an exact 

theory can be presented. 

It can be seen that this is a special case of the general 

structure under consideration in this chapter, and here' d = 2 . Thus 

the natural frequencies of this structure will be given by, from 

equation (5.17) 

The equation given by Lin et al in (13) can be shown to be identical 

to the above equation. However the physical significance is now 

different. For example, from the equations (5.17) and (5.I8), at 

these frequencies, (with d = 2), 

cosh ij' = 1 

i.e. w' s i* ^ 0 etc 

and the corresponding pseudo-wavelengths of this type of doubly-

periodic structures are therefore 
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T * y 

-g— = L 5 " and so on. 

Thus at these frequencies» half of the primary component of the 

pseudo-wavelength of the doubly-periodic structure (•with = 2%^) 

fits exactly into the total length of the structure. 

Secondly, equation (5.20) reveals, the significance of the 

concept of equivalent internal restraint. It is seen that even for 

the K-bay structure, the equation for the natural frequencies can be 

obtained by simply finding the equivalent internal stiffness of the 

inner periodic structure and equating (i.e. matching) it to the 

remaining extra stiffness at the boundaries. 

5.6 Conclusion 

It has been shown in this chapter that the bounding frequencies 

of the free propagation zones of a doubly periodic structure can be 

identified in terms of the natural frequencies of the basic N-bay 

structure and this explains the doubly-periodic nature of the free 

propagation zones. The number of spans of the basic unit determines 

the number of inbenaediate zones within the primary propagation Lones. 

The equation of the propagation constant is similar to that derived in 

chapter 3 and therefore very little extra computation is involved in 

determining the variation of the propagation constant with frequency. 

From this diagram, the natural frequencies of a multi-span doubly 

periodic structure can be readily determined. Also conditions under 

which coincidence excitation of these structures can take place, can be 

predicted accurately and simply by following a method similar to the one 

described in section 2.6. Finally this chapter has clearly shown that 

the concept of an equivalent internal restraint is extremely useful in 

determining the natural frequencies of finite periodic structures. It 

is obvious that similar results would also hold for a doubly-periodic 

structure consisting of stiffeners with infinite rotational restraint 

and finite translational stiffness. 
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CHAPTER 6 

. Certa-in fundaxaental properties of the 

natural flexural waves in periodically 

stiffened structures 
\ - - • - " " " ' ' 

6.1 Introduction 

In the previous chapters, four different types of periodically 

stiffened structures were considered. It can be noticed, however, that 

in each of these cases, only a single degree of freedom was allowed to 

each stiffener. This had the advantage that in a given structure, there 

could exist only one class of flexural waves at any given frequency and 

the equation for the propagation constant was easily derived using the 

theory of receptances. However, if the stiffeners are allowed to have 

more than one degree of freedom, i.e. if additional flexibilities are 

introduced, more than one type of flexural wave can exist at a given 

frequency (26). For example, in a skin-stringer structure with stringers 

having finite rotational and translational stiffnesses, the two 

complementary waves discussed separately in chapters 3 and give rise 

to two coupled waves that can exist in this structure, at any given 

frequency. Similarly, in a periodically-stiffened multi-layered beam 

or in a curved periodic skin-stringer panel, additional degrees of freedom 

exist at the supports and thus several (thenumber being exactly equal to 

the number of degrees of freedoms at the supports) types of flexural 

wave can be propagated at any given frequency. (In other words, an 

arbitrary wave motion can be split up into these various component waves). 

Under these circumstances the use of ond-rreceptances gives rise to 

laborious algebraic manipulaticms and as it will be seen, the matrix theory 

offers certain distinct advantages. 

Now periodically stiffened structures have been analysed by 

using the wave approach and also by the "transfer-matrix" method (lU,15) 

Since these two techniques were developed independently, no attempt has 

GO far been made to discover the underlying relationship between them. 

In this chapter, it wiU be shown that a further understanding of the 
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problem can be obtained once the Tiiathem&tical isomorphism of these 

two methods is recognized. Thereafter the relation between the 

propagation constant and the transfer matrix will be utilised to 

reveal several interesting properties of the natural flexural waves 

in periodic structures. 

6.2 The basic relation between the propagation constant and the 

transfer matrix 

The transfer matrix method of vibration analysis is used for 

the calculation of the natural frequencies of stiffened skin-stringer 

panels (flat as well as curved), turbo-generator rotors, propeller 

blades, axial compressor blades, turbine blades, helicopter rotors etc. 

This method is described in detail in (^2), The basis of the method is 

to define a state vector, which gives all the generalised displacements 

and forces at a given section of the system. The transfer matrix is 

developed from the equation of motion of the system and is used to relate 

the state-vectors of two neighbouring sections. Thus in the case of a 

beam, stiffened at regular intervals by stiffensrs of finite rotational 

and flexural rigidity, the state vectors at the (r+l)th and rth 

sections are related as 

w 
r+1 

r+1 

M 
r-i-1' 

r+1 

til 

tyi 

ti2 

'42 

t-J < 23 

•Si 

'43 

^24 

tyi* 

^2 

e 
r 
7 

Mz 

S 
rJ 

(6.1) 

1 .e, rm'l (6.2) 

In this equation the effect of half-stiffeners at each end of the 

basic element has already been incorporated into [T] , 

On the other hand., for a free flexural wave travelling from the rth 

to the (r+l)th section, the displacements, slopes, bending moments 
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and the shear forces are related as 

*r+l 
= w e-^ 

V l 
= C 

r 
e-^ 

^rt-1 
~ M 

r 
e-l" 

^r+1 
= S 

r 

(6.3) 

where y is, as usual, the propagation constant. The above 

equations can be expressed in a matrix form as follows: 

*r+l 
K 0 0 0 w 

r 

^r+1 
0 K 0 0 9 

r 

^r+1 
0 0 K 0 M 

r 

.^r+1 
C 0 0 S 

< r,J 

(6.4) 

where K = e ^ 

Subtracting equation (6.4) from equation (6.1) 

tj.i - K 

tzi 

_ 

112 

t22 -

132 

^42 

3 

^23 

133 - K 

^43 

tl4 

^24 

tyk 

'44 K 

» 

w 
r 

'o 

6 
r 

0 

M 
r 

0 

S 
r. 

0 

(6.5) 

and this can be re-written as 

[T] {z } = K{z } 
^ r r 

(6 .6) 

which is a standard.•eigenvalue problem. 

Equation (6.6) relates the propagation constant y(= - logg K) and 

the transfer matrix [T] explicitly. It shows that at any particular 

frequency, the propagation constant of the free flexural waves is equal 

to the negative natural logarithm of the eigenvalue of the transfer 

matrix, relating the state vectors at the two ends of the basic element 

of the periodic structure. A great deal of information about the 

general properties of transfer matrix and its eigenvalues is already 
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available and these can "be immediately used to ascertain the nature 

of free waves in periodic structures. 

The cross symmetric property of the transfer matrices has 

been discussed in (U3 ) and the conditions under which the property is 

valid have teen examined. Hence in the following discussions this 

property will be used to demonstrate the orthogonality of the free 

flexural waves» 

6.3 Orthogonality of the natural waves 

In order to bring in an analogy between the problem of free 

wave propagation in infinite periodic systems with stiffeners having 

finite degrees of freedom and the free natural vibration of systems 

with finite degrees of freedom; the elements of the state-vector {s} 

will be arranged in a reversed order (i.e. 8, M, 9. w instead of the 

usual Wj 8, M, S and so on) so that the modified transfer matrix is 

symmetric about its principal diagonal. Also, from now on, the 

symbols S, M, 6, w etc will be assumed to represent non-dimensionalised 

shear force, bending moment, slope and deflection, respectively. 

In general* this matrix is of the order of n x n (for examplej 

in the case of turbine blades, n = 6). The equation (6.5) is now 

re-written as 

[?]* (2 = K{z (6.7) 

L J J , r 

where the superscript m is used to denote the modified transfer matrix. 

Denoting this matrix by [A] , equation (5.7) becomes 

[A] {z = IC{a (6.8) 
r r 

Since the matrix [Aj is of the order n x n , it should in general 

possess, n eigen-values at any given frequency. For each eigen-

value (K^) of [A] g there will be an associate eigen-state vector 

which we shall call wave-vector {z . (Since these equations apply 

to any of the sections, the suffix r will be di-opped from now on). 

The problem is thus similar to the vibration of a coupled n-degree-of-

freedom system where the n eigen-values would correspond to the 'n' 



natural frequencies and. the ei gen.-vectors would correspond to various 

"noKual modes". In the present case we have similarly, n natural 

propagation constants and associated n "natural waves". It is now 

quite easy to show that these natural wave-vectors are orthogonal with 

respect to the matrix [AJ in the n-dimensional vector space. 

For the ith natural wave the equation (6.8) reduces to 

([A] - K. [l]) {z = 0 (6.9) 

Premultiplying (6,9) by (i.e. the transposed wave-vector for the 

jth natural wave) 

[ZJ® ([A] - K. [l]){z}® = 0 (6.10) 
J I X 

On the other hand for the jth natural wave, 

( [A] - K. [l] ){z}™ = 0 (6.11) 
J J 

Transposing equation (6.11) and post multiplying it by {z}? * 

one obtains 

[zj® ([A] - K. [L]) {z}? = 0 (6.12) 
J ' J ^ 

since [A] is symmetric. 

Subtracting (6.10) from (6.12) 

(K^ - Kj) iz]j {z}? = 0 (6.13) 

and since K. 4 K.. this implies that 
1 ' <3 

[zjj {z}? = 0 (i r j) (6.1b) 

This equation when combined with (6.12) gives 

[ZJ? [A] {z}? = 0 (i f j) (6.15) 
J 1 

Thus {z}? and {z}? are orthogonal with respect to [A]. 

It should be mentioned that although in the above discussion the matrices 

are assumed to be real and therefore the system is considered to be 

undamped, the presence of hysteretic damping introduces no essential 

complications- The matrices [T] end [AJ are now complex and 

symmetric and therefore the wave-vectors {z}^ (j = 1, n) now describe 
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a set of damped normal wave-vectors. (Alternatively, the complex 

matrix [T] etc. can be split up into the real and imaginary parts 

(each being a symmetric matrix) and these can again be written as a 

new matrix equation.) Thus, introduction of hysteretic damping in 

the system does not give rise to damping coupling between the various 

damped normal waves. 

Returning now to equation (6.6), further information about 

the flexural waves can be obtained. It has been shown in (lA) 

that for a beam on flexible supports the complete set of eigen-values 

of [T] are pairwise reciprocal, and therefore it follows that (when 

n = U , say) 

f "iHi r "1 m 
Ml = - W3 {z} = - {z} 

1 3 
a n d _ 

r c 
Uz = - {z} = - {z} 

2 4 

In other words, the first two (or ^/2 , where n is even in 

all structural applications) eigen-values of the transfer matrix define the 

propagation of two principal waves {z}™ and {z}^ in one direction 

and the other two are associated with the propagation in the opposite 

directions. Only two distinct tjrpes of normal waves can'therefore be 

identified in this structure. Thus the original analogous four degree 

of freedom system now reduces to a two degree of freedom system. 

Physically this arises from the two degrees of freedom (i.e. rotation 

and translation) associated with each stiffener. The two waves can 

also be viewed as arising from the oscillations of the stiffeners 

causing flexural wave motion in the beam attached to it. 

6.it A theorem snaloeious to Rayleip:h *s theorem 

Let us form a square matrix [z] , such that 
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Si S2 

M2 

61 82 

Wi W2 

M 
.n 

n 

w 
n-* 

(6 .16) 

Consider now the matrix product [Z] [A] [Z] . From the 

orthogonality of the wave-vectors it follows that 

pg [A] By =[^ (6.17) 

where [L] is a diagonal matrix whose elements are given by 

2. = w ; [A] {z}] 

Similarly 

[z] [z] =[Q] 

where [Q] is a diagonal matrix, with 

i i™ f 
q, = UJ. {.}. 

We may choose the matrix {z} such that 

m 

I im m 
= i.j. = 1 (j = 1, 2 ... n) 

J J 

which implies that 

[Q]= [gj [Z] =[l] 

where [l] is the unit matrix of order n x n , 

Therefore from the equation 

[A] {z}; = K {z}; 
J J U 

and from the equations (6,18) and (6.21), it follows that 

, ,m p _ m 
2. = IZJ. [A] {2}. = K. 
J -"j J J 

and 

(6.18) 

(6.19) 

(6.20) 

(6.21) 

(6.22) 
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[d= [g} [A] [Z] = 

Ki 0 

0 Kg 

How the equation 

[A] {%}. = K. (z} 
*- -• J J J 

0 

0 

0 

m 

0 

0 

K 
n-' 

(6.23) 

(6.2k) 

implies that if [z}^ is a modal wave-vector, the quotient 

K. = — " • ' ^ 

J Lzj* {,}? 
(6 .25) 

is the function of the propagation constant associated with that modal 

wave-vector. The quotient formed with an arbitrary vector {u} can 

be called the Rayleigh's quotient of {u} . 

(6 .26) 

with the assumption that the wave equation (6.24) has distinct roots, 

the arbirary vector {u} in the n-space can be expressed in terras of a 

linear combination of the modal vectors, so that 

{u} = a^iz}^ + agfz}^ + ... a {z}^ 
1 2 n n 

or {u} = [z] {a} 
(6.27) 

Then 

K = 
[aj [Zj [A] [Z] {a} 

L&J [z] [z] {&} 

L&J [L] {a} 

{&} 

(6 .28) 
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o r . K = 
K a* + K af + K a? + ... K af 

1 1 ? ?. , a " P. 

+ .,. 
1 2 3 " 

(6.29) 

S u p p o s e t h a t t h e V e c t o r u n e a r l y c o i n c i d e s w i t h one o f t h e m o d a l 

w a v e - v e c t o r s { z } ? , s o t h a t 

*i | ~ = « 1 ( i f j ) 
j 

(6.30) 

Then 
K 0* + K o2 + ... K. + ... K 

K = 1 , 3 2 ? -J 
a ^ + a ^ + . 0 . + 1 + ...a^ 

1 2 % 

(6.31) 

s o t h a t 

K - K. = 
J 

(K - K.) o2 + (K - K.) a- + ... (K 
__J_ 1 2 J 2 _ ___S_ I I L L 

a ^ + a ^ + , . . + 1 + 
1 2 n 

( 6 . 3 2 ) 

This eqiiation shows that the difference between K and 'K. depends 

on the squares of the small quantities a . 

Expanding the above equation 

K 2 

(-K -K . I 
gZ + 

fK -K . I 
gZ + 

K. 
N. -1 •! 

1 2 K. 
^ 1 ' 

. ,K - K . 
f ,.. + — f-S. 1 

2 2 I Kj n 
(6.33) 

Thus the error in K is of the order of c? with a. << 1 , Thus, 
1 1 

a first approximation of a modal vector will yield, through the quotient 

defined in (6.26) a better approximation of the corresponding natural 

propagation constant. 

Secondly, that K is stationary in the principal modes follows from. 

(6.31). For 

3c. 

2 o.{K; (0^ + + .. „ + 0^) - (K + K cr̂  + ... + K o^)} 
1 1 n n ( 6 . 3 k ) 

2\2 (0^ + + ... + 1 + ... 0^) 
1 2 n 
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an.d each is zero in the jth principal mode. 

By putting j = 1 and then j = n in equation (6.32), it 

is found that 

Ki << K « K 
n 

(6.15) 

Thus if an attempt is made to estimate by guessing the shape of the 

first principal wave then the result -Jill he high, (unless it happens to 

he exactly right). Equally, an estimate of obtained by this 

method will be Icnf« 

6.5 Applications 

6.5.1 Equation for n from [ll 

In this simple example, the relation between u and the 

eigen-value of [TJ will be used to illustrate a rapid method of 

evaluating the propagation constant. Consider the multi-mass^ periodic 

torsional system shown in fig. 6,1. The basic section and its con-

stituent elements are also shown in the same figure. Then if [Tĵ ] 

denotes; the point transfer-matrix for the element 1, ['̂ z] denotes 

the field transfer matrix for the element 2, and [To] is the point 

transfer matrix for the element 3, then the transfer matrix [T] relating 

the state-vectors 
IM 

and 
4), 
'+1 

is the twist and H 
M 
L rJ 

M 
r+lj 

is the torque at the rth section), is obtained as 

[T] = [T,] [Tz] [Ti] 

From the catalogue of transfer matrices available in (Us) 

[Tal = [Ti] 
1 

ah 2 
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and 

IT2] = 
cos B 

GJ 
S sin 3 

I sin 
GJ 6 

cos E 

where 

6 = a non-dimensional frequency parameter = %.w 

GJ = torsional rigidity of the shaft, 

p = density of the shaft material 

I , = mass moment of inertia of the discs 
sn 

TT 

Thus 

[T] = [T3][T2][TlJ = 

0)21 

(cos 3 -
sh ^ sin 

GJ 

(- C03 B 
GJ 

6 

3 sin 3 

GJ 6 

0)21 

(cos3 -
sh & sin8\ 

2 GJ 3 ^ 

% sin 

The eigen-values of [TJ , when re-arranged in terms of_ Y , are obtained 

from 

t1] + toe . 1 
cosh u = — = cos 3 - ^ (HS___) (^^) w2 

Thus the equation for the propagation constant associated with the free 

torsional waves is obtained within a few steps, when the matrices 

Ti, T2, T3 etc are available and it is not necessary to start from the 

basic equation of motion and developing the equation for cosh y in 

terms of receptances. This equation has been discussed in detail in(b4). 

6,5.2 Use of the quotient for the propagation constant 

In this section a simple example will be given to illustrate the 

usefulness, of the theorem given in section 6.5. 

Consider a beam on rigid supports at regular intervals. Then 
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at the lower bounding frequency of the first propagation zone, the mode 

shape of the individual bays is purely sinusoidal and thus 

TTX 
W = WQ sin 

From this the transfer matrix jTj can be developed as 

®r+l 
< 

~ -1 0 

> 1 
0 -1 s 

L rj 

the displacements and the bending moments at the two ends being zero. 

The propagation constant is then obtained as 

] + ^22 
cosh p = 1 

from which M = ( 0 ± i TT) 

In this case the value of p is exact since the assumed mode shape is 

the same as the actual mode shape at this frequency. 

On the other hand, at the upper boundijig frequency of the first propa-

gation zone, the mode shape corresponds to the clamped-clamped mode of 

the beam. Assuming an approximate shape 

Wf 

T 
° , 2nX\ 

w = (1 - cos —r-j 

the transfer matrix reduces to 

[T] = 
1 0 

0 1 

and 
til ^2 2 

cosh y = - 1 

and M = (O.O + i 0.0) 

Thus an approximate mode shape has given an exact value for v , 

6.6 Conclusions 

This chapter has established an implicit relationship between 
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two methods of analysing periodically stiffened structures. The wave-

vectors have been found to be orthogonal and a theorem analogous to 

Rayleigh's theorem has been established. Also this study has given 

rise to a very quick method of evaluating the propagation constant from 

the transfer-matrices available in existing literature. 

The theory developed in this chapter shows a remarkable 

mathematical similarity between the wave propagation in stiffened 

structures and the free vibrations of multi-degree-of-freedom systems. 

It may be mentioned that similar equivalence of matrices and waves has 

also been observed in solid state physics (IT) and in quantum mechanics(^5) 
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CHAPTER 7 

Propagation of flexural waves in infinite, 

5d rib-skin structures 

7.1 Introduction 

The wave-theory developed in the previous chapters will 

now be extended to yet another type of periodic structure of 

practical importance. 

These rib-skin structures consist of a pair of parallel 

thin plates ('skins') separated by parallel thin plates ('ribs') 

which are rigidly attached to the skins along their edges as shown 

in fig. 7'la* The tailplanes and control surfaces of aeroplanes 

are structures of this type, and are often subjected to intense 

acoustic loading. This generates flexural vibration in the skins 

and ribs and frequently causes fatigue failure» The majority of 

fatigue failures are confined to the skins, or to the rib-skin 

attachments, "but when skins are thick and ribs are thin, the ribs 

may fail before the skins. A clear understanding of the stresses 

and vibration modes of the coupled ribs and skins is therefore 

necessary to achieve the optimum design configuration of these 

structures. 

An understanding of the free flexural waves is of great 

help in analysing the response of rib-skin structures to connected 

pressure fields* especially when the structure is very long and the 

damping is high. This chapter therefore deals with the free wave 

motion in such structures. 

The attenuation of flexural waves in an infinite, undamped 

structure has first been studied. From this, the frequencies of 

the structure which bound the free-propagation zones have "been 

obtained. The effects of introducing damping into the ribs and 
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skins have been investigated, and it has been observed that an 

optimum combination of rib and skin damping can be found for a 

given structure. The wave-length and wave-speeds of the motion 

have also been considered, and explanations given for the ways in 

which coincidence excitation can take place in these structures 

when subjected to a convected pressure field. 

7.2 Propagation constants of rib-skin structures 

7.2.1 Analysis of the coupled structure 

This analysis uses the simplified three-dimensional 

mathematical model shown in fig. 7.1a. In this model, the top and 

bottom skins are parallel and simply-supported at the leading and 

trailing edges. They are separated by an infinite number of regu-

larly spaced ribs, which are also simply-supported at the leading 

and trailing edges. These conditions lead to a simple representation 

of the structure as an assembly of three plates (fig. 7.1b) repeated 

along its length. 

Consideration of continuity of slope and equilibrium of 

moments at the rib-skin joints gives rise to a set of equations 

relating the edge-moments at the consecutive rib-skin joints. The 

solution is assumed to be in the form 

Mg = Mi e"^ 

M' = M' 
3 1 (T.l! 

62 = 01 e 

8' = G' e-W 
2 1 

where y is the usual propagation constant and the quantities 

, 9 etc are as shown, in fig. 7.1b. The slopes and moments 

are now to be related by the usual receptances , ai2 etc. 
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(in this chapter, the receptances are used once again to derive 

the equations for cosh p , since as it will be seen later, this 

enables one to compare the final equations with those derived in 

chapters 2 and-. 3) • In order to differentiate between the top-skin 

and the other two elements, the bottom skin receptances have been 

denoted by y , y and the rib-receptances are denoted by 
11 12 

gll and gi2 respectively. 

Thus 

81 = (Ml Gil + M2 012) 

02 — - (Ml ^12 + M2 ail) 

8' = 
1 

(M* Y + 
1 11 

M; y, ) 
2 12 

8 = 
2 

- (M' Y 
1 12 

+ M' Y ) 
2 11 

9 = 
5 

(M B + 
5 11 

M' B ) 
5 12 

0' = 
5 

- (M 6 
5 12 

+ M' 6 ) 
5 11 

(7.2) 

Ihe rib is assumed to be rigidly attached to the skin such that 

02 = 85 

i ' = 8 ' 

(7.3) 

2 5 

and for the equilibrium of moments at the rib-skin joints we must 

have 

Mc = M - 14 
2 3 

(7.4) 
M« = M* - M' 
5 3 2 

Since the rib is assumed to be rigid in its own plane, we do not 

have to use a similar set of equations relating the shear forces and 

transverse (vertical) displacements at points 1, 2, 5. 

The equations (7.1) - (7-^0 can be rearranged to eliminate 

all but the three variables , M* and then the following 

filial equation is obtained: 
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ai2 + K a n otli + KaiZ 

«12 - KGll «il + Si) 

K gi2 - 0 1 2 

(K+ c) gi2 

{(Y^2 - K 611) - + Bii)} 

Ml 

sM2/ = {0} 

M' 
1 

where 

"ll + K ^12 

(7.5) 

and K = e"''̂  

7.2.2 The natural flexural wave-groups and the 

associated propagation constants; 

The above equation describes the free flexural wave-motion 

in the structure, in the absence of any external pressure fields. 

Hon-trivial solutions to the M's can exist provided 

<̂ 12 a n + K ai2 0 

= 12 - K 3ii a n + 3ii 

K 812 Bi2 

(K + c) 612 

- K 611) ~ c(Y^^ + 611) 

= 0 

(T.6) 
in which K = e~^ . This equation has two roots, Kj and K2 

corresponding to two values of y , yi and U2 for any given 

frequency. These two roots ere complex end the real and the 

imaginary parts are, as usual, related to the decay of amplitude 

and phase difference between the wave quantities in. two adjacent 

sections. Each of the two roots in turn can have positive and 

negative values. 
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The positive value corresponds to wave propagation in the negative 

direction, and the negative value to propagation in the positive 

direction. A general wave-motion in the structure can therefore be 

resolved into four groups: 

(a) a positive-going vave with characteristic propagation 

constant - yi 

(b) a negative~going wave with characteristic propagation, 

constant + yi 

(c) a positive-going wave with characteristic propagation 

constant - P2 

(d) a negative-going wave with characteristic propagation 

constant + ng 

These waves are, once again, not of spatially sinusoidal form. 

For brevity, only the positive values of y will be referred to in the 

following discussions. 

The wave corresponding to either or ^2 is quite unique 

and may be called a "natural mode of wave motion". These two natural 

waves can be shown to be orthogonal an.d one of them corresponds to a 

wave-motion with top and bottom skins vibrating in phase sjid the other 

corresponds to a wave-motion with top and bottom skins vibrating out of 

phase. 

From now on, we shsJ-l confine our discussions to the rib-skin 

structures with identical top and bottom skins, though similar results 

can also be obtained for the other case. We therefore, replace YII 

and by aii and in equation (T.6 ) which then simplify to 

give the following equation for yj and Wg 

a n ( - of ) 
^ ^ (7.7) 

/ 9 9 \ 
a tor - J 

cosh y? — T (7.8) ai2 ' 2 + Biz J 

These two equations may be compared with the equation (2.8) for the 

propagation constsat of a periodic multi-supported beam (or plate). 
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It is seen that the first terra in the right-hand side of equation (7.7) 

or equation (J.B) is the expression for cosh y for any one of the 

skins in the absence of the rotational restraints from the rib and 

simply-supported a,t the rib locations. The second tenn, therefore, 

represents the effect of the coupling between the top and bottom skins 

through the rib. Once uj and V2 are known the ratio of the moments 

on the top and bottom skins (i.e. /M%) may be found for a freely 

propagating nave from equation (7.5). It can be shown that corresponding 

to Pi is "wave l" for which 

Ml 
= + 1 (7.9) 

whereas corresponding to \i2 is "wave 2" for which 

Ml 
5JJ. = - 1 (7.10) 

Therefore J when the top and bottom skins have the same thickness* they 

vibrate identically and in phase in one wave mode and they undergo 

identical vibration in counter-phase in the other. This is analogous 

to the coupled vibrations of a two-degree-of freedom spring-mass system. 

7.2.3 Propagation constants of rib-skin structures, using the 

concept of equivalent internal restraint 

The e q u a t i o i B (7.7) and (7.8) were derived from the equation 

(7.6) which is valid for rib-skin structures with different skin-

thickness ratios. In this section, it will be shown, that these two 

equations can be derived much more quickly by taking into account the 

symmetry of the structure when top and bottom skins have the same 

thickness, and conceptually replacing the ribs by their equivalent 

internal restraints. 

Because of the above-mentioned symmetry, only two types of 

waves can possibly be recognised ia the rib-skia structure. One, 

corresponding to the in-pbase oscillations of top and bottom skins 

is such that the corresponding edge moments of the top and bottom 
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skins are equal (see equation (7.9)). And therefore the edge-

moments of the ribs -will be related as 

iMsl = |MS| 

in this wave mode, giving rise to an anti-symmetric vibration of 

the ribs. Thus from equation (7.2) 

65 = M5 (&11 - 812) 

the minus arising from the fact that the moment M' introduces the 
5 

curvature of opposit sign to that due to M5 , in this particular rib-

mode . Thus the equivalent internal rib-restraint experienced by the 

top-skin is 

= % -'Un - G.z) 

Now the top-skin may be regarded as a multi-supported plate with a 

support rotational restraint of < (which is frequency dependent) 
sq 

and the equation for the propagation constant can be obtained from 

equation (3.6) by substituting from the above equation in the 

place of . Thus 

0 0 9 0 (X a - a a a - a" 
]l 12 11 Keg 11 12 11 

cosh W = - — — ( — I 2»12 (8 , 1 - 6 1 2 ) 

which is identical to equation (7.7) . 

Similarly for the out-of~phase wave mode of the top and 

bottom skins, the ribs vibrate in a symmetric mode and the equivalent 

internal rib-restraint experienced by the top-skin will be (through 

equation (7.2)) 

Ms 1 

*eq = 8% -"iGii + G12; 

and the corresponding equation for cosh y is (from equations (3.6) 

and (7.13)) 
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Oil (o^ - 0% ) K aIX (of - ) 

cosh ; = "• ^ 2 ^ ' = - JTT " 

and this is identical to equation (7.8). 

T•3 The propagation constants in a special case 

7.3.1 Basic structural data 

To illustrate the theory, and P2 have been evaluated for 

a rib-skin structure having the following characteristics, which are 

representative of an aeroplane tailplane structure: 

Rib pitch: rib depth;; 2«2 : 1 

Rib pitch: rib length:; 13.2 : 36 

Rib thickness: skin thickness:: 0.10: 1 

The values of the propagation constants are plotted in Figs. T»2-7.^ 

against a non-dimensional frequency parameter, .Q , defined by 

« 2 . & 
0 = w(g-) (T.l^,) 

where p, h, D and Z refer to the identical top and bottom skins and not 

to the rib. Two sets of curves are shown for ui and uz , one covering 

the frequency parameter range 0 to 6.5 and the other giving greater detail 

over the frequency parameter range 2,620 to 2.886= In the following 

discussions, rir, and denote the flexural loss factors in the skin and 

rib respectively. 

The frequency range 0 to 6,5 covers only the first main zone 

of free propagation, but is the zone in which most of the fatigue-damaging 

response occurs in aeroplane rib-skin structures. The wave phenomena to 

be explained in this zone have their coujiterp'irts in the higher free-

propagation zones, and no fresh understanding would be obtained by 

presenting results for these other zones. 
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T.3.2 The dependence of yj upon frequency with zero 

damping ' "" 

With no damping in the structure (Fig. 7.2a and 7.3a) Sj 

is positive between the frequency parameter values of 0 and 2.8015 , 

%ero between 2.8015 and 5.79 and positive again from 5.79. There-

after there axe alternate regions over which 6^ is zero and then 

positive. Thus the edge moments and therefore slope, deflection, etc. 

decay from one bay to another in certain frequency ranges but in the 

other ranges, there is no such decay. 

The variation of with frequency is also shown in Fig. 7.2a 

and Fig. 7.3a. With no damping in the structure y varies from. - tr 

to 0 in the frequency range in which free propagation can occur. In 

the frequency range in which y is equal to - w , the adjacent skins 

vibrate in counterphase and in the frequency range in which y is 

zero adj acent skijis vibrate in phase. 

The two frequencies bounding the free propagation zone correspond 

to the natural frequencies of the rib-skin structure, obtained by 

Seavey (3l) , The lower frequency corresponds to the coupled natural 

frequency of the skin, almost simply supported at the rib skin joints, 

but with the rib applying a small rotational restraint, The top and 

bottom skins vi.brate in phase. The upper frequency corresponds to the 

natural frequency of the skin clamped at the rib-skin joints. This 

frequency is the same as the natural frequency of the uncoupled clamped-

clamped skin, since at this frequency there is no rotation of the rib-

skin joint and the rib is motionless. The top and bottom skins 

therefore become completely "decoupled" in the absence of in-plane 

motion of the rib. 

The lower bounding frequency can be readily obtained by setting 

= 0 and y ~ ir in equation (7.7) and thus solving the equation 
1 

011 (0^12 - o^ii) 

012 " 61" 2T ^ (7.15) 
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similarly, the equation for the upper bounding frequency 

is obtained by setting 5] = 0 and y = 0 in equation (7.7), and 

by ignoring the whole term involving and 2 since the rib 

plays no part in t,he motion. Hence, we find 

« i i + 012 - 0 (7 .16) 

7.3,3 Dependence of tipon frequency with zero damping 

Figs. 7.2b an,d 7.3b again show alternate frequency ranges in 

which 62 is positive and then zero. Such alternate ranges continue 

into the higher frequencies beyond those shown. In the particular 

frequency range shown, in which wave 1 (corresponding to yi) had one 

zone of free propagation, wave 2 is seen to have two such zones. This 

is really a subdivision of a single zone into two parts which will be 

referred to as the first and second zones of free propagation of wave 2, 

In both of these zones it is to be noted that y varies between 
2 

- IT and 0 « 

The subdivision is caused, basically, by the fact that the 

natural frequency of the rib in a fully-fixed condition lies within 

this range. At this frequency, the rib-skin joints cannot be rotated 

at all since the end receptances of the undamped ribs are, zero. Propa-

gation of wave 2 across the joint from one section to the next is 

impossible, so the value of 62 is + « (see Fig. 7.3b at 0 = 2.7256), 

The lower bounding frequency of the first zone of free propa-

gation of wave 2 is the natural frequency of the rib, supported at the 

rib-skin joints with the skin applying a rotational elastic restraint 

which is large as far as the rib is concerned. The skins are vibrating 

in counterphase, so the rib is vibrating in a mode which is symmetric 

about its centre. The frequency equation can be obtained by setting 

62 = 0 and y = - TT in equation (7.8), to yield 

Oil (0^12 - 0^11) 
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This equation yields two solutions in the frequency range 0 - 6 . 5 • 

The lower value gives the lower bounding frequency of the first zone, 

and the higher value -̂iveu the lower bounding frequency of the second 

zone. The latter value can be considered as the natural frequency of 

the skins with ribs applying rotational stiffness. 

The upper bounding frequency of the second zone is the 

natural frequency of the skin, fully fixed at the rib-skin joint, as 

for wave 1. The two skins vibrate in coimterphase, and there is no 

rib motion. This frequency is therefore identical to the upper boundary 

frequency of wave 1 in this region, and the two corresponding roots, |ij 

and are equal. The frequency is given by equation (T.l6) . 

The upper bounding frequency of the first zone cars best be 

described as the natural frequency of the rib with a negative rotational 

restraint from the skins at the rib-skin joints. This upper bounding 

frequency is only a little less than the natural frequency of a fully-

fixed rib, so the end receptances of the ribs are very small 

(f>ii + 3i2 0 as 0 + 2,7256) •» small enough, in fact, to bring the 

value of cosh up to + 1 and greater. 

The equation for this frequency is obtained by setting 

52 " 0 t and y = 0 in equation (7.8) ^ which leads to 
2 

a n (of 12 - 0*11) 

2ai2(&ii + B12) " " ^ 

7.3.^ Comparison of pj and Ug 

The values of vi and v̂ z are very similar over the range 

considered, apart from the region of 0 = 2.620 - 2,886 . This 

similarity stems from the relative thinness of the ribs compared with 

the skins. Away from their fully-fixed natural frequencies the ribs 

can exert only very small rotational restraint upon the skins whether 

the ribs vibrate in their symmetrical or anti-syimetrical modes 

(corresponding to wave 2 and wave 1 respectively). 

Approximate equations for 1.4 and can therefore be 
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obtained by ignoring the parts of equations (7.7) and (7.8) which 

contain the rib receptances. Hence, for structures with thin ribs, 

and at -frequencies well separated from the fully-fixed rib natural 

frequencies, we hq,ve 

cosh pj - cosh #9 = - (7.19) 

Even at the fm^mental fully-fixed rib frequency, we can 

still say cosh , since Uj corresponds to the in-phase 

skin wave motion which does not excite the symmetric fundamental mode 

of the fully-fixed rib. However, equation (7.19) is not true for yo 

at this frequency. 

It must be emphasized that if the ribs are much thicker (or 

less deep) than those considered in section 7.3.1 , then their rota-

tional restraints upon the skin would be much greater. The above 

approximation would not be valid, and a greater difference would exi?t 

between yj and yg . 

7.U The effect of structural dam-ping on the propagation constants 

7.^.1 Damping in the rib only 

When a moderate amount of damping is introduced into the ribs 

alone (n^ up to 0.10) the propagation constants for wave 1 are only 

slightly altered (see Figs. 7.^a and 7.5a). However 6% does not now 

drop to 2ero at any frequency except at the discrete value of the 

resonant frequency of the clamped-clamped skin. At that frequency, 

as we have already observed, no rib motion occurs in the undamped state, 

and therefore no amount of damping in the rib alone can effectively damp 

the corresponding skin wave motion. For the particular structure being 

considered, and in the free propagation zone of wave 1 , the value of y% 

is given approximately by equation (7.19) . The effect of damping in 

the rib on 6i and y is therefore found to be extremely small in 

this frequency range. 
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The values of ^2 are, however, considerably affected by 

rib damping in and near zone 1 of wave 2 (Figs. 7.^b and 7.5b). This 

is to be expected as in this range U2 is influenced heavily by the 

rib characteristics. In zone 1 , 62 increases from zero as the rib 

loss factor increases, but in the region of = 2.7256 , 62 50 longer 

attains the very high and even infinite values. The value of 62 at 

0 = 2.7256 steadily decreases as the rib damping increases, while its 

values in zone 1 steadily increase. Ultimately the "trough" in the 62 

curve in zone 1 and the peak at 2 = 2.7256 are Si.ioothed out and become 

imperceptible (see Fig. 7.5b» curve 2). 

In zone 2, the effect of rib damping on Wg is seen to be 

very small, for the reeaons which led to the approxination of equation 

( 7 . 1 9 ) which suggests that is independent of the rib characteristics. 

At the upper bounding frequency of zone 2, both 62 and y are seen 

to be zero for the same reason as 5^ is zero. 

7.4.2 Damping in the skins only 

If damping is incorporated only in the skins, both yi and M2 

are considerably affected (see Figs. 7.6a and 7.7a). 5% is increased 

in the free propagation zone and has positive, non-zero values at all 

frequencies. The value of y is seen to have changed also. 

($2 increases with skin damping in both zone 1 and zone 2 

(Figs. 7 . 6b and 7.7b). However, (g once more approaches infinity 

at the natural frequency of the fully-fixed rib, and this feature is 

never affected by any amount of damping in the skins alone. In the 

free propagation range of wave 1 and in zone 2 of wave 2, yj and P2 

are still closely similar for the reasons stated in section 7.3.4. 

Since 5% and 62 are now both greater than zero, free 

waves can no longer propagate at any frequency without decaying. This 

feature J, of course, has strong repercussions on the forced response 

of such a structure to external pressure fluctuations, 

7.4.3 Damning in both skins and ribs 

The effect of putting equal amounts of damping in the ribs 
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and skins is seen in Figs. 7.8a, b, 7.9a* b. Both 6^ and 62 

increase with increasing damping in their free propagation ranges and 

62 has a finite value at the natural frequency of the fully-fixed rib. 

In the free propagation zone of wave 1 and in zone 2 of wave 2, it is 

the skin damping, , that has the major effect on ui and yig . 

Hp has a negligible effect when the rib is as thin as in this case. 

With ~ 0.01, 5J and 62 can be distinguished near 

zone 1 of wave 2, but as Hg and increase, the two values of 

6 (and of y) approach each other in•accordance with equation (7•19). 

7.^.4 Comparison of the effects of damping in the 

different parts 

To summarize, it is observed that with no damping in the ribs, 

the value of Sg in zone 1 is only slightly influenced by damping in 

the skins. A slight amount of damping in the rib considerably increases 

the value of 62 in zone 1, and reduces the value of 6% at the 

natural frequency of the fully-fixed rib. Damping on the ribs alone 

affects 62 in zone 1 , but not (significantly) in zone 2. Thus, 

to reduce the overall forced response of the structure, it is envisaged 

that a small amount of rib damping and a moderate amount of skin damping 

should be used. For any particular value of rig , there must be an 

optimum value of beyond which there will be no significant increase 

of the values, or reduction of the forced response. To determine this 

optimum value, it will be necessary to consider in detail the whole 

problem of the forced response of the structure to various forms of 

excitation. This is done in the next chapter. 

7,5 The r)seudo~wavelennths sad wave speeds in an -undamped structure 

Figs. 7.10a, b show how the pseudo-wavelengths of waves 1 and 

2 vary with frequency. The top branches of these (m&rked "primary") 

correspond to n = 0 , and vary from pseudo-wavelengths of two rib-pitches 

to infinity. The secondary branch corresponds to n = - 1 , which, 

strictly, gives a negative wavelength and negative wavespeed. However, 
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the modulus of such negative values has been plotted, and so yields 

the continuous zig-zag curves of these figures. 

The corresponding pseudo-waves pee ds are shown in Figs, T.lla, b 

the modulus of the negarive wavespeeds having been plotted.* The 

significance of the negative wavespeeds is discussed in (26). These 

wavespeeds are the speeds of components in free wave groups, there 

being one complete group for any frequency in each of the free propagation 

,rangesu There are three distinct families of groups in the frequency 

range Q = 0 to 6.5 . One exists in the range of free propagation of 

wave 1 (6] = 0) and the other two in the two zones of wave 2 (62 = O) 

Suppose now that a field of random plane sound waves is 

convected along the structure in the x-direction, at a convection velocity 

which is equal to a pseudowavespeed cf, say, $<0 « The sound field 

contains frequency components of all values. From Figs. 7.11" and b 

we see that there are three different pseudo-waves which have wavespeeds 

of 5 «0 (i.e. at Q. = lj.07 (wave 1), 2."2 end i|.0 (wave 2)). Since 

the sound field contains components of these frequencies and is convected 

at a speed equal to these "natural" pseudo-wavespeeds, then these three 

structural waves will be strongly excited through the "acoustic coincidence" 

mechanism. The spectrum of the forced response of the structure can 

therefore be expected to have three distinct peeks at these three 

frequencies. 

If the sound field convection velocity is equal to one of 

the secondary wavespeeds, a "secondary" (and less violent) form of 

coincidence excitation takes place. It is interesting (though rather 

academic) to note that if the convection velocity is equal to a 

pseudo-wave-speed of 0.7 , say, then there are seven frequencies at 

which different free waves have secondary wavespeeds of this magnitude» 

* The ordinate on Figs. 7.11a and b is a non-dimensional wave 
velocity equivalent to 

Pseudo-wavelength x Frequency Parameter _ 20 
2TT& v*2mT 
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These are at Q = 3.0 , 3.61, 'uT (wave l), 2.7? (in zone 1 of wave 2), 

3.05, 3,76 and 14-.78 (in zone 2 of wave 2). Small peaks in the response 

spectrum should occur at these frequencies under this forcing condition, 

although some of the peaks are so close together that they would appear 

to merge in to eaph other. 

7.6 Conclusions 

Rib-skin structures can have two types of natural wave which 

can propagate freely along the structure in certain frequency ranges. 

In one of the types, the top and bottom skins vibrate in phase whereas" 

in the other type they vibrate in couiiterpha.se. The free propagation 

ranges of the two types overlap, but the range for the counterphase 

waves is wider than for the other, and is divided into two parts if the 

fundamental resonant frequency of the fully-fixed rib lies within the 

range. The bounding frequencies of these ranges correspond to certain 

conventional natural frequencies, the equations for which have been 

developed from the analysis of this paper. 

Wlicn the ribs are thin compared with the skins, the addition 

of damping to the ribs does not significantly modify the-propagation 

constants for the waves except in certain restricted frequency ranges. 

Damping added to the skins has a much greater effect over the whole 

frequency range. The propagation constants for the two types of wave 

are affected in different ways by damping applied to the skin and/or 

ribs. There should be an optimum value of rib damping for a given 

amount of skin damping, beyond which any increase of rib damping is 

relatively ineffective in further reducing forced structural response» 

Ifnen the ribs are thin and the general level of damping is 

not too small, the propagation constants for the two waves are nearly 

equal and almost independent of the rib characteristics. This suggests 

that calculations of the forced response of the skins could then be 

simplified by carrying out calculations on single skins, simply 

supported at the rib locations. 

Under the action of random convected pressure fields, the 

natural waves can be readily excited when the convection velocity is 
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equal to any one of a family of "pseudo-wave velocities" of the 

natural waves. This can occur in any one of the bands of free 

propagation, vhich may be much lower than the conventional acoustic 

coincidence frequency. It has been shown that such a mechanism can 

produce three large peaks in the response spectrum, over the first 

frequency range of free wave propagation but with a much slower 

convected pressure field as nany as seven smaller peaks could be 

obtained.-
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CUAPfBR 8 

Wave group theory 

of forced respons 

applied to the analysis 

of rib-skin structures 

8.1 Introduction 

In the previous chapter the nature of the free flexural wave 

groups that can-exist in an infinite ril—ckin structure has been 

examined. In this chapter, the theory for predicting the forced 

response of these structures to various forms of excitations will be 

presented and it -will be seen that the knowledge of the free waves 

leads to a very clear understanding of the response spectra. 

Before analysing the response of the rib-skin structures to 

convected pressure fields, it is useful to consider the response of 

such structures to a loading applied along a line across the width of 

the top-skin, for the following reasons: 

(1) In preliininary structural testing simple beam models are 

often used to represent the actual structures consisting of plates 

with opposite edges simply-supported. These are tested experimentally 

using harmonic point loadings, in order to determine the natural 

frequencies,mode-shapes etc. The effect of a point load is felt most 

strongly by the immediate adjacent section and this effect will be 

felt less and less at the more distant sections due to the spatial 

decay. Therefore the results obtained by using a theory of the 

response of infinite structures due to such loading will serve as a 

useful background against which the experimental' response spectra can 

be compared. 

(2) The response spectrum due to a random loading applied across 

the width at a particular section can be used to indicate the nature of 

the response to a random pressure field correlated over a length smaller 

thau the length (%) of the basic periodic section. Secondly, if 

several such loadings with suitable phase difference among them are 

applied to simulate a distributed pressure field, the response at a 

point can be obtained by summing up the response of that point in the 
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structure due to each of these loadings. 

In the following sections, the theory for predicting the 

forced response of rib-skin structures to such a loading applied on the 

top-skin will therefore be presented. For brevity this loading will be 

referred to as a single-point loading from now on. 

8.2 Response to a single point loading, 

8*2,1. The spectrum of excitation 

Since in this work, we are primarily interested in t h e " 

response in the fundamental band, it has been assumed that the power 

spectral density of the random loading used is of t h e form: 

8 (w) = S (n) = 1,0 for 0 ^ 0 $ 6o5 
P P (8.1) 

= 0 elsewhere 

and this represents band-limited white noise. 

If the amplitude of the response at a point due to a unit 

harmonic load e^^^ is denoted by Y(CD) , the power spectral density of 

the response will be given by 

S (n) = S (w) = 8p(w) I Y(w) 1̂  
* (8.2) 

= I Y(w) |2 

and the non-dimensional mean square response is given by 
0=6.5 

< w^(t) > = s (n) an ( 8 . 3 ) 
0 

It is assumed (for simplicity in this presentation) that the loading 

and the associated response quantities vary across the plate in 

proportion to sin (-^) . The analysis is then carried out in terms 

of "chordwise" amplitudes of the loading and the responses. 

8.2.2 The a n a l y s i s of the structure 

From fig, 8,1 it is seen that the loaded section divides .the 

structure into two semi-infinite sub"structures 1 and 2 with end 

moments as shown in the figure. The first task will be to express the 
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moments M. and M.. as a linear combination of the moments corresponding 
A B 

to the two "natural" wave systems . For each of the two values of p 

at a given fi 

ratios, i.e. 

at a given frequency, the moment and Mg will have particular 

(8.4) 

~ = ai for yi 
A 

KT = % for Mz 
A 

Expressing and as a combination of moments corresponding to 

the two natural waves» we have 

"A = '\I * "'AI 

»'E = % * = % <®-5' 

= a M + a M 
1 A.1 2 -fi-2 

Solving for M, and M from equation (8.5) we obtain 
Ai A2 

•̂2 1 
M. = M. — ^ — M, 

(8 .6) 

A b.2 — B 

Now the ratios a% and ag can be obtained from the equation (7.5) 

dealing with the free wave propagation. In particular it has been 

observed that when the top and bottom skins have identical thickness, 

a% = + 1 

(8.7) 

8% = - 1 

and under these conditions 
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"A, = -ff-'A + "B' 

% = - V 

'"bi = <̂2 - Mj) 

Thus any two arbitrary moments and can i n general be split 

up into the components and given b y ennation 

(8.8) for the tvo natural wave systems and the ensuing wave motion is 

composed of the two waves at any given frequency. 

The rotations at A and B in the semi-infinite sub-structure 1 

can also be expressed as a superposition of the components due to the 

propagation of wave 1 and wave 2, Therefore let 

+ 8A2 

h '• \ * ®B2 

(S .9 ) 

where 6̂ , _ and 8^ are the slopes at A and B when wave 1 only 
Ai ^ • Bi 
.gating along 

corresponding slopes associated with wave 2. Mow the slopes 9 

is propagating along the structure and 9^ and 8g are the 

e„ and the moment M. can be related as 
Aj 

Ai 

"a. = »A. \ ' % ' % \ <8.10) 

where g , and g_ can be defined as the direct and c r o s s -
Ai Bi 

receptarices for the wave 1 relating the slopes and moments at the 

points A and B . Similarly for the wave 2 

8, = 6, M, , = 6*, M, (8.11) 

where B., and are the receptjuices associated with wave 2 , 

Ag A2 'A2 82 B2 Ag 

"Ag 852 
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Substituting for and from equations (8.6) 

and (8.10) in equation (8,9) 
A2 

»A1 - ®A2 

ao - 2-1 
+ M 

B 
A2 ^A1 

82 - %1 
(8.12) 

GaA + Gag 

where = Rotation at A due to a unit moment at A 

^Al ** - GA2 

a.2 - ai 
(8.13) 

A8 
= Rotation at B due to a unit moment at A 

'̂ A2 " ^A1 

8-2 " 

(8.1%) 

similarly 

SB = "A 
^B1 ~ ^B2 

8-2 — & ! 
+ M_ 

" ^B1 

ci-j — 

+ Mg Bgg (S.15) 

where 6^^ - Rotation at A due to unit moment at B 

G^l " ^82 

a2 - 3-1 
(o,is€) 

^BB ~ Rotation at B due to unit moment at B 

*B2 " ^Bl 

a2 - ai 
(8.17) 

Similarly for the substructure 2 ve can write 
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~ ^CC * ^CD 

= Mc *DC + Ko *DD 

(C.18) 

(8.19) 

Since substructures 1 and 2 are identical, 

^CC " ^AA 

^CD ~ ^AB 

®DC ~ ®BA 

®DD ~ ^BB 

The next step will be to set up equations to satisfy the 

continuity of the slopes at A, B, C, D due to the point loading and 

the resulting moments. 

Considering the top skin alone, the slopes at C and A are 

• ®C ° ''c "a "12 °Cx 

and (8,20) 

8^ = - Mc ai2 - M* ail + Oax 

where a„ and a. are the slopes at C and A due to a unit load at 
Ox Ax ^ 

a point X . (See Appendix A, equation (A.8)), 

For the bottom skin, the slopes at D and B are 

= %D ^12 
(8.21) 

"B " - *D - "B 

Substituting for 8 * 8^. 8^, 8^ from equations (8.12) to 

(8,l8) we finally obtain 



(GaA+ail) 

0 

BA 

-a 
12 

AB 

12 

'Vi'ii' 

0-12 

EA 

(& -a ) 
22 11 

(GBB-Yii) 

12 

AB 

M 
B 

> ^ 

Ax 

M, 

M, 
D, CxJ 

(8.22) 

Solving the above equation for ... one can then 

substitute these moments in equations (8.8) for the components 

M._, M._, , M^- at sections A and B of substructures 1 » The 
Al* A2' Bl* B2 

noments at the edges of the rth section will be given by 

<^'r = «B1 

(8.23) 

where (M^)^ , (M^)^ are the moments at the edges of the bop and bottom 

skins of the rth section. 

8.2.3 Expressions for (3.) 
1&2_ 

Referring to fig. 7.1b and from the equations (7.2) and 

(3.10) the following expressions are obtained for (0.) and (B„) 
A 1*2 B 1»2 

where the subscripts 1 and 2 refer to the two natural waves, 

respectively 

2 1 , 2 

Ml 
«il 

From equations (7.1 - 7.2) it can be shown that 
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< v . . ^ 

Mj (»]2 * Gil c 

1,2 (ail + »12 eT^l'Z) 

(ai2 + ail 

012 
(an + (112 

ail 

(8.2k) 

(0.24) 

Now 

' V i . 2 
= F - 1 = ( 4 L 

lM2jl,2 M j 

fO'\ 
_% -2. 
.M'l IM 
^ 2 1 »2 

_2. 
^Z. 

1 * 2 1 * 2 

(8.25) 

(&g) = (6*) 

1 * 2 1 , 2 
1 >2 

8.2.b Mature of the response spectr-um 

At the bounding frequencies of each free propagation zone, 

free flexural waves in an infinite structure co-nbine to form standing 

waves (24) , Therefore a unit load acting at the centre of the top-

skin excites the structure in resonance at these frequencies and 

correspondingly an infinite peak is obtained at each of these frequencies, 

in an undsznpcd structure. Within the free propagation zones, there is 

a net transfer of energy from one section to another due to the travelling 

waves existing at that frequency and there is no resonant peak. A 

slightly different explanation has also been given by Mead and Wilby ( 2h ) 

This stems from the fact that there is always a change of phase of TT 

in the response, as a vibrating system passes through its resonance 

frequencies. Therefore the sub-resonant response of the higher frequency 

modes and the super-resonant response of the lower frequency modes tend 

to cancel each other and only a finite response is obtained vithin each 

zone of free propagation,. 
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Fig. 8,2 shovs the response of the top-skin centre with 

different values of rib and skin damping within the frequency range 

of n = 2.62 to 2.886 , and fig. 8.5 shovs the response in the range 

n = 0 - 6.5 . T^e three peaks at H = 2.6825, 2.8015 and 2.896 are 

clearly recognised. However, there is no peali at 0 = 2.7235 » this 

frequency being one of the coupled natural frequencies of the rib and 

at this frequency the top and bottom skirs vibrate in an anti-synsastric 

mode (31) . There is a peak in the response speccnm of the rib at 

this frequency (fig. 8.3). Increase in rib and skin damping reduces 

the various peaks by differing degrees. Also it should be noted that 

the peak at 0 = 5.79 (fig. 8.5) is affected mainly by the skin damping 

and it remains virtually unaffected by rib-damping. This follows from 

the mode of vibration of the skins, at this particular frequency. 

Fig. 8.3 shows the response spectrum of the rib-centre. 

There are two resonant peaks at the two coupled natural frequencies of 

the rib and one more peak at Q = 2.8^6. The absence of a peak at 

0 = 2,8015 can be explained in the following manner. At this frequency 

the rib vibration is predominantly in an anti-symmetric mode, the top 

and bottom skins being almost in phase, and therefore the curvature at 

the centre of the rib does not pass through a maximum. 

Even a small increase in causes substantial reduction of 

the three peaks and increase in skin damping reduces the first and 

third peak. 

Fig. 8.4 shows the response spectrum of the bottom skin centre. 

Increase in reduces the peaks at G = 2,6825 ^nd at Ti = 2.8U6 

but other pesk is only slightly affected* Slight increase in 

affects mainly the peaks at 0 = 2.8015 and at Q = 2.8^6 . Increase 

in Hp and Hg has the effect of reducing all the peaks in this 

frequency range. 

Comparing fig, 8.2 and 8,4 , it is seen that the top-skin 

response is much higher than the bottom-skin response except near 

resonance. This is due to the application of the loading on the 

top-skin only. 



8 .3 Response to a connected random -pressure field. 

8.3.1 Outline of the random response analysis 

We shall consider the response of this structure to random 

acoustic plane waves which are convected along the top surface at a 

uniform velocity U , in the z-direction. The spectral density of 

the acoustic pressure at any point on the structure is denoted by 

S (w) , The cross-spectral density of the pressures at two points on 

the structure J separated in the y-vise direction by % , is 

. w 

S^(E,w) = S (w) e (8.26) 

The method of analysis is to determine, in the first place, 

the haraonic response of the structure to a convected harmonic pressure 

field of frequency w and convection velocity U (the wave numbers 

of the pressure field being k = •~)» If the amplitude of harmonic 

response, jwj is related to the amplitude of the convected harmonic 

pressure, Po(w) by 

jwj = {Y(w, U) i Po(oi) (8.27) 

then the power spectral density of the random response, is 

related to S (u) by 
•D 

S^Xw) = |Y(w, U)|2 Bp(w) (8.28) 

The next section describes how (Y (w, U ) P is determined. It is 

assumed once again that the pressure and the associated responses vary 

across the plate in proportion to sin ( ^ ) « 

8.3.2 Equations for the response to convected hsraonic 

pressures. 

A hamionic pressure field of frequency w- and wave-ntcaber k 

convected along the structure, exerts pressures of equal magnitude at 

all points, but at points separated by i (the periodic length) io the 
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x-direction, the pressures have the phase difference k£(= - ip). 

The responses of the structure at these two points are also equal in 

magnitude and also have the same phase difference if the structure is 

infinitely long. It follows, therefore* that the moment responses 

and rotational responses at the points 1 and 2 (see fig. 7«l) 

must be related by 

M3 = Ml = Ml e"^ 

M' = M' e = M' e ^ 
3 1 1 

(8.29) 

and 

62 — 61 6 
-y 

6 ' = 8 ' 

(8 .30) 

The rest of the analysis is very similar to that described in chapter 7 

(see also (33 )). This takes into account the slope compatibility at 

the rigid rib-skin joints and the equilibrium of moments at those points. 

Thus the final equation for the response is written in the 

form: 

ai2+K ai1 

ai2-K gi1 

_ K 3i2 

where 

aii+K ai2 

«11+ 3ii 

- 612 

(K+c) BI2 

{(y -K 3ii) - c(Y^^+Bii)}_ 

Y + K Y 
= _±2 Li. 

"ll + " ^12 

and K - e 

Mil 

— p o 

M' 
1 

(3.31) 

82—KGij 

82 

0 

and Gi * Og are the slopes at the edges of the simply-supported top 

plate due to the harmonic convected pressure po e*^^^ «, 

When Ml J M2 * and M* are known in terms of pQ , the response 

at any point in any one of the three plate elements 'uay be found in terms 
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of Po . 

The above equation when compared with t h e equation ( T - 5 j 

explains the coincidence mechanism very clearly. When the wave-

number" (k) of the external pressure field matches with either of the 

natural wave-nmbisrs (related to end po) of the structure* che 

determinant of the matrix on the left-hand side of the above equation 

vanishes identically, (if the structure is undamped), and the edge 

moments , M2 , etc and hence the responses attain infinite values. 

An infinite peak, is obtained in the response spectrum, at that particular 

frequency. When damping is applied to the structure, the determinant 

goes to a minimum value at the coincidence condition, and so a 

maximum value appears in the response spectrum. 

8.3.3 The response spectra 

To illustrate this point, a convection velocity of U ~ 2,0 

has been chosen. Figs.7.11a and 7-libshow that this is the primary 

pseudo-wavespeed of wave 1 at Q = 2,855, and of wave 2 at H = 2.697 

and 2.885 . It is the secondary pseudo-wavespeed of wave 2 at 

n = 5.65 . At each of these four frequencies there should be peaks 

in the response spectra. Three of the peaks appear in Fig. 8.6 

within the zone 2.5 < 0 < 3.0 . The fourth peak is seen in Fig. 8.9 

which covers a wide frequency range. It will be observed that the 

response peaks associated with coincidence with the primary waves are 

mudi larger than that associated with the secondary wave. 

Fig. 8.7 and 8.8 show the power spectrum of the response of 

the rib and of the bottom skin, and Fig. 8,8 compares the response 

spectra of the top and bottom skins. The three coincidence peaks are 

clearly recognisable in the spectra for the lightly damped structures. 

At frequencies close to the coincidence peaks the responses of the top 

and bottom skins are of the same order of magnitude, whereas at other 

frequencies the bottom skin response is raich smaller. This follows from 

the fact that the pressure field acts only on the top skin, and only 

around the coincidence frequencies is much energy transferred through 

to the bottom skin. 
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8.3.4 The effect of adding; dam-ping in the skins BJid in 

the ribs 

Figs. 8.6, 8.7 and 3.8 show that for a given rib damping, the 

responses decrease steadily with increase of skin damping. It is 

therefore obvious that the most effective way to reduce the overall 

response of the structure to broad-band random excitation is to increase 

the damping in the skins until the r.JU.So stresses are reduced to 

acceptable values. 

When the rib damping is increased while the skin damping is 

held constant, the same simple effect is not observed. Increasing the 

rib damping reduces significantly only the first of the coincidence 

peaks in Figs. 8.6, 8.7 and 8.8, i.e. at H = 2.697. The other peaks 

are virtually unaffected. The first peak is associated with the 

coincidence excitation of wave 2 in zone 1 „ and this wave is influenced 

primarily by the rib characteristics. 'The other two peaks are 

associated with coincidence with waves which are hardly influenced by 

the rib at all. Consequently, increasing the rib damping affects the 

total response only in the vicinity of the frequency of the first peak, 

but has virtually no effect away from this frequency. For a given value 

of skin damping, the mean square stress (whidi is proportional to the 

area under the pewer spectrum curves) is therefore reduced less and less 

as the rib damping is increased. 

8,3.5 The existence of an optinum combination of rib and 

skin damping 

Fig, 8.10 shows the variation of the computed r.m.s. response 

of the bottom-skin for different values of » with a particular value 

of Hg and. U. It is clearly seen that the effect of increase in 

on the r.ia.s. response, is much less for a higher values of . 

Fig 8,11 shows a slightly different effect. It is seen that 

the r.ia.s. response of the top-skin is only slightly affected by increase 

in Hp, • However, it is seen that up to a certain value of , the 

r.m.s. response decreases with and beyond this value, the r.m.s. 
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response is increased as is increased further. Thus there is an 

optimum value of for a given and a given convection velocity. 

This can he explained as follows: 

It has been seen in chapter T (and fig. 7.|pb) that as is 

increased from zero, 62 drops from the infinite value at 0 = 2.7256 

to a finite value. Wave energy is therefore more easily propagated 

along the structure around this frequency vhen rib damping is present 

than when it is not. When is very small, there is a deep trough in 

the response spectrum near 0 = 2.7256 , but as is increased, this 

trough fills up whereas the response at other frequencies is reduced 

(see curves 3 and U, fig. 8.6). The combination of these two effects 

gives rise to the optimum rib damping for the given skin damping and 

the given pressure field. 

8.L Analysis of the response of a finite rib-skin structure 

to a convected pressure field 

8.4.1 The basic equation 

The response of the finite structure differs from that of 

the infinite structure only by virtue of the free flexural wave groups 

that are reflected from the extreme ends. These are taken into account 

in the following manneri 

Fig. 8.12 shows an H-bay rib-skin structure with the extreme 

ends closed by the ribs and these ends are assumed to be simply-supported. 

The response of this structure is therefore obtained by subtracting the 

response of the structure due to the moments M , (as^own in 

the lower half of fig, 8,12), from the response of the infinite structure. 

The latter part can be readily calculated by solving equation (8c31). 

Regarding the former, it is noted that the quantities can be 

related to , M' etc. evaluated for the central span in the 

following manner: 

V(N+l)/2 _ _ ^-w(N+l)/2 
(8 .32) 

3 2 

WAen li is odd. 

ML = M' c ' M = M' e 
D ] 
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In the above criuations y = ik£ , k is the imposed 

wave number find M' = - -oM' 
2 1 

Similarly, when K is even, the edge moments of the span 

on the left side of the central rib may be chosen to relate the end 

moments, and we gbtain: 

itp -y(-p + 1) 
H, = M e = M e 

A 2 C 1 

(8.33) 

u-r -y(— + 1) 
M„ = M' e = M* e 
B 2 TJ 1 

The next step is to express M ... into the component corresponding 

to the two free wave-groups, as outlined in section 8.2.2, Thus, for 

a rib-skin structure with identical top and bottom skins. 

- I * A + «B> "S'l = <«A'I 

(8.34) 

O'V'a ' i - «B' f'B'2 = -

V " < ' V i ' < V i 

'Mc'a = I "'A - '«D>J = - ''-'c's 

where the subscripts 1 and 2 refer to the two natural waves . 

The moment at any intermediate section (fig. 8.13) can 

also be written as 

(8.35) 

and these can be expressed in terms of (M̂ ,̂ )̂  , (H^)^ , ^^^0^2 ' 

(See equation (2.23)). 

sin h 14 (H ~ r) sinh ui r 

(^TR^l " ^^TO'l sinh N * sin h d 

10.jo/ 

sinh ii2 (H - r) sinh pg r 

G** ^ (^TO'2 ~ sinh %2 # sinh ^2 N 
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In these equations, and. are the unknowns 

and these are obtained by satisfying the conditions of slope compatibility 

and the moment equilibrium at the rib-skin joints at the left-hand end. 

The final expressions are (for a structure with identical top and 

bottom skins) 

-(M )-, (gii - #12) sinh ui H - (M ) X12 sinh ui 
\ A -L U X 

TO 1 ~ Xĵ i sinh pi N + Xj2 sinh (M-i) 4 (g 11 - 312) sinh Pi N 

(8.37) 

-(M ) (Bii + 612) sinh u? % - (M ) Y12 sinh W2 
/ w \ ^ He- V 

2 " Yii sinb P2 ^ + ^12 sinh ng + &\z) sinh ^2 W 

(8.38) 

where 

(#11-812) ̂  a n (611+&12) a^. 

(Pll - S12 + ail) IBi 1 + 612 +• ail) 

(8.39) 

ai2 (#11 ~ B12) «12 (611 + B12) 
X 12 (011 - 812 •+'o'ii) ' TFiT^ BTT"-̂  &11) 

The remaining edge-moments are (14^^) and for the rth 

section* and these are obtained from 

(Mmp). a%2 t- P4.])| (Gil - 612) 
(W, ) = —iiLi 
TbR 1 (611 - 612 + ail) 

(8.kO) 
11 + 612) 

.oa (M,,,), = 

From equation (8.36) - (8.^0) the response at any point on 

the top-skin J due to M ... can be readily calculated. 

8.k,2 The response spectrum 

Fig. 8 . 1 4 shows the spectrum of the response at the centre of 
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an eleven-bay rib-skin structure. The dotted curve showing the 

response at the same point obtained by considering the structure to 

be infinite is also given for comparison. The two curves can hardly 

be distinguished ""except for the resonance peaks which appear in the 

response spectrum of the finite structure. The reason for this close 

agreement, even when the damping considered is light, is due to the 

fact that the effect of the reflection of flexurai energy at the 

boundaries is confined mainly within the outer sections. Thus 

response spectra of these sections are expected to be considerably 

different from the response spectrum of an infinite structure. It is 

however, more useful, to compare r.m.s. values at various points along 

the structure than the response spectra. 

Table 8.1 shows the variation of the r.m.s. response with 

different values of skin damping for given values of convection velocity 

U and r)g . The r.m.s. response has been evaluated at the upstream 

end (centre of the top-skin of bay 1)5 centre (centre of the top skin of 

bay 6) and at the downstream end (centre of the top-skin of bay 11). 

Table 8.1: Comparison of the r.m.s. response of an eleven-bay 

rib-skin structure with that of an infinite structure 

(n^ = .01, u = 2.0) 

Skin 
Damping 
% 

R .M.S. Response 
Skin 
Damping 
% 

F i n i t e S t r u c t u r e Infinite 

Structure 

Skin 
Damping 
% 

Upstream end Centre Downstream, end 

Infinite 

Structure 

.01 31.9 16.65 28.5 15.0k 

.200 5.73 4.83 k.98 4.82 

.koo 3.T3 3.15 3.48 3.15 
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For a given value of riq , the r.m.s. response is highest at the upstream 

end, minimum at the centre and it again increases at the downstreata 

end. Even for = .01 , the r.m.s. response at the centre of a finite 

structure is only about 1.1 times the r.m.s. response obtained by 

considering the structure to be infinite. The r.m.s. response at the 

upstresa and the downstream ends are about twice the r.m.s. response at 

the centre. However, as is increased all these values are brought 
b 

down to within a factor of 1.2 of the r.m.s. response of the infinite 

structure. This therefore clearly indicates that the analysis of 

damped periodic structures with large number of spans becomes much more 

simplified by assuming them to be infinitely long. 

8.5 Conclusions 

In this chapter, the theory for predicting the response of 

periodic rib-skin type structures has been developed. Two different 

types of loading are considered. The response spectrum due to a random 

point load show? several peaks at the various bounding frequencies. 

These peaks are influenced mainly by skin damping and only slightly by the 

rib-damping. 

The theory for predicting the response to a convected pressure 

field explains very clearly the way in which coincidence excitation of 

these structures can take place. Once again it is observed that for the 

structures with thin ribs, the skin damping is more important in reducing 

the response. Nevertheless, the existence of an optimum rib damping for 

a given skin damping and convection velocity, anticipated in chapter %, 

has been proved. The effect of this is likely to be more important in 

rib-skin structures with relatively thick ribs. 

Finally the response of finite structures to convected pressure 

fields has been analysed. Exact, closed form solutions are obtained, and 

these can be very easily used to develop computer programs for predicting 

the response. However, it is felt that structures with large number of 

spans and with moderate amount of damping may as well be assumed to be 

infinitely long. The degree by which the actual response is under-

estimated in this way is negligible compared to the simplification achieved. 
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CHAPTER 9 

Free and forced wave propagation 
in orthogonally stiffened plates 

9.1 Introduction 

The one dimensional model of periodically stiffened plates 

with two of the parallel edges considered to be simply-supported is 

a very convenient mathematical representation of the fuselage type 

structures. However, in practice these two edges are rigidly attached 

to a parallel set of frames and thus the above condition is hardly 

ever realised. 

Depending upon the nature of the loading and the frequency 

of excitation, the dynanic behaviour of the frames, the stringers and 

the interaction of the adjacent panel considerably affect the oscillation 

of the attached skin in a fuselage structure. In this chapter this 

problem will be investigated in detail for an infinite flat plate 

stiffened by two orthogonal sets of stiffeners at regular- intervals . 

The flexursl wave analysis of the orthogonally stiffened 

plates is much more complicated compared to any of the other problems 

studied so far. It has been mentioned in the appendix A, in connection 

with tne earlier chapters, that corresponding to the various sinusoidal 

mode shapes in the Y-direction, a family of curves of propagation 

constant can be found. Similarly in the orthogonally stiffened plates, 

there can be an infinite number of branches in the propagation constant vs 

frequency parameter diagram, for any given direction of propagation, 

corresponding to the various mode shapes in the Y and X directions and 

these mode shapes can be far from sinusoidal. The response of these 

structures to a convected pressure field having different spatial 

correlations in the two perpendicular directions is therefore determined 

by all these flexural waves. The vhole analysis is quite involved since 

no oxact mathematical solution can be found. In this work, the problem 

has been solved by superposing the solutions of plotep with three 

different sets of boundary conditions, A similar approach can be seen 

in the work of Dill and Pister (39). However, it will be seen that as 

in the earlier oases, the response of such structures to a convected 
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random pressure field can be found much raore readily, using the wave 

approach, since it takes into account the periodicity of the structure 

in the two perpendicular directions. In the following analysis the 

flexural rigidity of the stiffeners is assumed to be infinite. The 

extension of the"' theory to deal with the finite flexural stiffness 

of the frames and stiffeners is indicated in Appendix E. 

9.2 Theory 

9.2.1 The outline of the random response analysis 

Throughout this chapter, convected random acousito plane waves 

onJ.y will be considered and the extension of this method to deal with 

the boundary layer excitation can be done in the usual manner. The 

cross power spectral density of the pressure field at two points 

(xi, Yi) » (xz, Yz) on the structure, is given by 

-i(k : + k y) 
yi) , (rz, yz) , u] = 8p(w) e ' ^ (9.1) 

where, x = xg - , Y = Yz - Yl » 

k = cos A 
X (P 

k = k , fein (}) 
y * 

<l> being the direction of propagation of the pressure field and 

k, = •̂  with U as the convection velocity. 
9 u 

The analysis determines the response of the structure to a 

convected harmonic pressure field of frequency w and component wave-

numbers k s k . Nov? if the asixiiitude of harmonic response jwl is 
X y - ' ' 

related to the amplitude of convected harmonic pressure p (w) by 

|w| = |Y(*, U, w)! Pgfw) 

then the power spectral density of the rsndam response, S (w) is related 

to 8 (w) by 
.9 

G^(w) = |Y(*, U, w)|2 ' (9.2) 
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9.2.2 Analysis of the structural response 

The system under consideration is shown in fig. 9.1. 

Fig. 9.2 shows the basic structural unit chosen for analysis. It 

con be" seen that the complete structure can be regarded as an 

assemblage of an-infinite number of such units. Since all the units 

are identical and the exciting pressure field is homogeneous there is 

no necessity of numbering any of the individual panels. The edge 

moments Mi(y), M2(y) etc are also shewn in fig. 9.2. Due to the 

pressure field convected along the direction ^ the moments, slopes etc 

along the various edges will be related as 

~iK H —)i 
Mgfy) = Mi(y) e ^ = Hijy) e * = M^Cy) 

(9.3) 

—ik ID — (J 
Mi^ix) = Mgfx) e y = Mgfz) e ^ Mg(x) 

—ik & —y 
62(y) = 61(y) e ^ = 0i(y) e * = 6i(y) 

-ik b -u __ 
• Gi+(x) = Gsfx) e ^ = Qgfx) e ^ Ggfx) 

The response of the plate in fig. 9.2, due to all the applied 

forces and moments is expressed in terms of the known displacements of 

the three plates with different boundary conditions shown in figs. 9«2 

a, bj c. These are combined in such a way as to satisfy the boundary 

conditions imposed by the stiffeners. In fig. 9.2a the edges y = 0, b 

ere simply supported. In fig. 9.2b the edges x = 0, & are simply 

supported whereas the plate in fig. 9.2c has four simply-supported edges. 

The edge moments Mi(y) , M2(y) etc. can therefore be expressed in terms 

of the Fourier sine-series in the following manner: 

00 OG 

Mi(y) = I M sin Mgtx) = E M sin 
».=1 " r.=l 3= ^ 

Z M sin S2& W^fx) = E M sin (9,L) 
^ ' m=l 2*1 b n=l 4* t 

CO CO 

M'(y) = Z M' sin W'(x) = % sin 
2 m=l 2 a * * 
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The final expression for deflection at a point (x, y) , governed by 

the u&ual plate equation, is then obtained as 

w = Z{M A (x) + M' A (x)} sin 
jji m im 2^ zm 

+ Z{M A (y) + M' A (y) } sin 
„ an an i+n 

„ „ . n-jrx . HTry 
- p E E w sin —r- sin ~r^ 

o mn & b 
m n 

(9.5) 

(The summations are understood to be from 1 to * . The expressions 

for A (x), A (x), A (y), A (y) and w are given in the 
im 2™̂  gn ^ ' ^n ^ mn 

appendix A). 

From equation (9.5) the following expressions for the slopes along 

the edges 1, 2, 3 and are obtained: 

B.iy) = (||) = I 'I' + G'zl 
x=0 ' m ^ ^ 

J O'sn V ' " (9.6) 

_ _ ,nn\ . :riTTy 
~ p E E V (—r; sin -r*-

o lan X, D 
m n 

Gzty) - ^ ^ c'iZ Oil} sin 4 ^ 
%=f m " 

+ E (-1)" {M A. (y) + M' A ' (9'?) 
yn y.n ^n uo. 1 

- 9* : : ( 7 ) 0 
m n 
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+ E {% ay* + M' Oj^} sin S?* (p.8) 
^ ^n nn X, 

- Po ^ • • ''mo <-t' ?. 
m n 

0,(x) = (|f) - E (M A (x) - IV A (x) 1(21) (-!)'« 
•• y=b m •• ' ^ ^ 

- Z O M + 0 3 3 } sir. ̂  (9.9) 

- P„ >: E V sin 
m n 

Now from the equation 

62(7) = 9i(y) 

and from equations (9.6) and (9.7) one obtains 

Z («!% + aij) + (ail + o^z) sin SZ& 

m ^ 2 " 

" ^ «3n 

= Po ^ ^ - = ? 

n m 

Multiplying both sides by sin and integrating from 0 to b 

one finally obtains 
(Oiz + %% Oil) 

- (§2.) ZnB _(K_ _ (-1)*)(M ̂  - (-1)* M' ) (9.10) 
)vD ^ lliit X yR LjZl 

' Po ' "rm (^'("^x -
11 
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where 

b 
A (y) sin — ^ dy = ~ B 
gn " b ' rm 

and 

with 

A (y) sin dy = (-1)^ E 
^ ^n b nm 

B 
** D(l+in)|{(22j + ^EI) } _ /,{ 

mrx 

Similarly from the equation 

e^(x) = K 6y(%) 

and from equation (9.8) and (9»9) one obtains 

Z {(034 + Ky 035) + (033 + Ky 034) sin 

Multiplying both sides by sin and integrating from C to £ 

one finally obtains 

(03I) + 033) M + (»33 + Ky "3t' '''̂n 

- <f' A •» 'inn ^9.11) 

= Po I - 1-^)") 

where ^ 

[ A (x) sin dx = ~ A 
X, am 

A (x) sin -4^: dx = (~l)" 
mil 

I A (x) sin dx = (~l)" A 
2W & : 

' o 
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with 

"" D(H-in)i{(-£) + ( ^ ) } 

Before discussing the effect of torsional stiffness of the stringers 

and frames it should be pointed out that the response of an orthogonally 

supported infinite plate due to a oonvectsd pressure field is governed 

by equations (Q.IO) , (9.11). In addition, the following conditions 

apply to this particular problem: 

M' = M = K M 
2m 2® X im 

(9.12) 
and M' = M = K M 

nn y gn 

These can be substituted in (9.10) and (9.11) and these can be re-written 

as a matrix equation which can be solved by using a standard sub-routine 

in a digital computer. 

Also the free flexural wave propagation in such plates can 

be studied by equating the right hand side of equations {9.10) and (9.11) 

to zero. These points will be obvious from the discussions in the 

next sections. 

9.2.3 The effect of the torsional stiffness of the 

stringers and frames 

In the analysis of the deformation of the stringers and 

frames it is assumed that the bending stiffness of these numbers is 

infinity. The effect of the eccentricity of the cross section is 

neglected and the stringer-frame joints are assumed to be rigid. 

Under these conditions the torsional deformation of the stringers 

parallel to the Y-axis (see fig. 9.2d) is governed by ( 13 ): 
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d^Ggty) d-'Qa^y) 
Mgfy) - M'(y) = {E C G C — - p I w? Gzfy)} (9.13) 

2 S WS ay4 S 8 ayZ s S 

where the subscript s is used to denote the material and the 

elastic properties, of the stringers. Substituting for M2(y) , M^(y) 

and 82(y) from the equations (g.b) and (9-7) and using the orthogonal 

properties of the trigonometric functions once again, one finally 

obtains 

'"12 V - 'K -
S s 

* # I ° V ( 9 - " ' 

= - Po g 

vaere 

' % '.S =S ( p ' - ' s 

and K may be called "the stringer torsional stiffness, parameter" 

(see equation 3.1)). 

Similarly the corresponding equation for the torsional deformation of 

the frames parallel to the X-axis is obtained as 

K ^ 
(aqa + —^) M — ( — — agg) M' 

an i+n 

+ < f ' i " <-1'" V (M,m - (9-«' 

= - P. i "m. 

w h e r e 

- "-f - Pf 

K_̂  may be called the frame torsional stiffness parameter, 
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The suffix f has been used to denote the quantities 

related to the elastic and material properties of the frames. 

The equations (9.10)* (9.11), (9.IL), (9.15) can new be 

re-written as "• 

A' M + A' M' + Z B' M + E B " M' = r, Z U' w 
im im 2® 2 ® D nm 3n n nm i+n -o n n mn 

(9.16) 

Z R' M +.E R " M' •+ A* M + A' M' = p Z V w 
m mn m mn 2̂ ^ gn gn în în -̂ o m m mn 

C* M + C* M' + Z S ' M + Z S " M' = p Z U " w 
im iin 2^ 2^ n im ^n n nm t̂n o a n ma 

Z F' M + Z ?*' M« + C' M + C M' = p Z V " w 
m mn m mn 2® gn gn i.n (,n o m m mn 

where the various coefficients of M , M' etc are defined in the 
im' 2m 

Appendix A . 

These equations can now be written in a matrix foiia and then 

the moments M , M' etc can be obtained by solving the matrix 
im* 2® 

equation in a computer, using a standard sub-routine. Equation (9.1b) 

as it stands gives rise to a matrix equation of the order " x . 

This is due to the series form of solution, used and the higher order 

terms are found to be less important, especially in the low-frequency 

range. Therefore a truncation of the series, and hence of the matrix 

equation is necessary to save the computation time. The choice of 

the number of terms to be retained has been discussed in the following 

section. 

Once the edge moments M „ M' etc. are known the curvature 

or any other response, quantity at a point within the plate can be 

readily calculated. However, before discussing the response spectrum, 

it is useful to look into the nature of the free flexural waves in the 

orthogonally stiffened plates. 

9.3 Free flexural waves and the zones of propagation in orthogonally 

stiffened plates 

9.3.1 Computing procedure 

In the absence of any external pressure field the free 
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propagation of flexural plane waves along an arbitrary direction (f> 

is governed by the equation (9.16) with the right hand side equated 

to zero and with k = k tan 6 which can be re-written as 
y X 

= "x tan ^ (9-17) 

One is now faced with an eigen-value problem. A numerical 

Newton-Raphson method was iised to solve this problem. Initially the 

following procedure was adopted. At any given frequency an approximate 

value of or was guessed and then the computer solved a more 

accurate value of p or n • This method worked well within certain 
X y 

frequency ranges. However, for some other values of frequency there 

was a jump from one branch of y curve to another. 

A second method was then chosen. In this the vaJ.ues of y 
X 

(or y^) were changed at regular steps and the computer was used to 

find out the corresponding frequencies. 

This problem can therefore be called a "continuous eigenvalue problem". 

Though this method worked better especially within the free propagation 

zones (where the real point of y or y is zero) a similar problem. 
X y 

of an occasional jump from one propagation zone to another remained. 
The determination of the variation of u or y with 

X y 

frequency was thus quite time-consuming^ and therefore only the first 

branch was explored within the range 0 = 0 to T.O , for the various 

values of # . 

9.3.2 The bounding frequencies of the free propagation zones 

Before discussing the general solution, it will be useful to 

discuss certain specific cases. For example, from our previous knowledge 

of the zones of propagation and attenuation in one-dimensional structures, 

the bounding frequencies of the free-propagation zones, for t^e cases of 

tp ~ 0^ and 4' - 90^ can be immediately identified. With ^ = 0 , it is 

clear that tan -•) is zero, axid therefore adjacent panels 

along the Y-axis vibrate in-phase end thus the two-dimensional plate 
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problem reduces to that shown in fig. 9.3 . It should be noted that 

although this is essentially a one-dimensional wave propagation problem, 

the analysis is nevertheless much more involved, since the edges 

parallel to the X-axis are now effectively clamped. The lower bounding 

frequency of the first propagation zone should be equal to the natural 

frequency of the plate shown in fig. 9.3a i.e. a rectangular plate of 

dimensions I and b , with two edges fixed and the other two edges 

partially restrained by the elastic torsion members. . If the equivalent 

torsional stiffness of the stringers or frames is zero* i.e. they are 

replaced by line supports, this frequency corresponds to the natural 

frequency of the plate with two opposite edges fixed* the, other two edges 

being simply-supported. An approximate expression for this frequency 

is available in (kg). 

The upper bounding frequency of the first free-propagation zone 

is simply the natural frequency of the plate fully-fixed along all the 

edges (fig. 9.3b). and an approximate solution for this problem is also 

available (k6). 

Similarly, free wave propagation is a direction parallel to the 

Y-axis in the orthogonally stiffened plate corresponds to the wave 

propagation in the structure shown in fig. 9.4 . The mode shapes at 

the lower and upper bounding frequencies of the first free propagation 

zone are also shown in figs. 9.ka and 9.4b. Approximate solutions for the 

bounding frequencies of orthogonally-supported plate are again readily 

available (46). 

Therefore to test the validity of the proposed theory, these 

frequencies were computed at first. These are shown in Table 9.1 and 

these are also compared with the results using Warburton's theory, shown 

within the parentheses. The convergence of the solution was also 

verified by increasing the number of terms (m = n = s) in the 

summations in equation (9.l6). These numbers denote the number of 

half-waves in the X and Y directions. The order of the matrix 

obtained by equating the right-hand side of equation (9.16) to zero, is. 

in general, 4s x l;s . It is seen that even with, s - 1 (i.e. with 

just one half-wave in each direction) the approximate roots are within 

2% and of the more exact roots obtained by taking s = 10 (fig. 9.5), 
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Table 9.1: The upper and lower bounding frequencies of the 

first free propagation zone. 

Direction 
of 

propagation 

Lower bounding frequency 
(0) 

— • - . . . . . . 

Upper bounding frequency 
(n) 

Direction 
of 

propagation 
Orthogonally 
stiffened 
plate 

Orthogonally 
supported 
plate 

Orthogonally 
stiffened 
plate 

Orthogonally 
supported 
plate 

0° . 3.067(3.10)* 5.93 (5.93) 5.93 (5.93) 

90° 5.928 5.83 (5.8k) 5.93 (5.93) 5.93 (5.93) 

The figures in the parentheses are obtained by using 

Warburton's {h6) equations. 

Fig. 9«5 shows the rapid convergence of the roots as s is increased. 

Therefore to reduce the computation time a value of s = 5 was chosen 

and in all subsequent analysis this value was used. 

Regarding the results in table 9.1 it should be noted that 

Warburton's results are slightly higher than the exact roots, since a 

Rayleigh-Ritz method was used in his work. Nevertheless, the agreement 

is excellent. Secondly, it should be mentioned that the lower bounding 

frequency for the orthogonally stiffened plate could net be compared 

with the results froa any other work. However the dimensions used are 

taken from the work of Lin et al (l3) and this paper gives the natural 

frequency of the same plate with the opposite edges simply-supported. 

In the present nroblem. at this particular mode with 0 these two 

edges are claaped and thus this frequency is expected to be slightly 

higher than the frequency obtained by Lin et al (13) (because of the 

largq aspect ratio used). This has been confirmed. (See also Table 3.1, 

Column V). .• 

Thus tne same theory (and the same conmuter program) can be 
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used to predict the natural frequencies of the following problems: 

(1) Rectangular plate with four edges rigidly clgmped. For 

this, one needs to substitute = (O.O + i 0.0) or 

= (0.0 + i 0.0) . The value of <|) used is immaterial. 

The reason for this is explained in the next section. 

(2) Rectangular plate with two opposite edges fixed, while the 

other two are elastically restrained against rotation. 

This is obtained by substituting 

W = 0.0 - i n , ^ = 0 
X ' 

or = 0.0 - i n , # = 90 

(3) Rectangular plate with four edges elastically restrained 

against rotation. For this, substitute 

= 0.0 - i Ti J (j) = tan (~-) .1 
= u.u - 1 Ti . $ = tan 

X y 

A similar problem was considered by Carmichael (47 ) . 

However this work did not take the torsion of the 

attached beams into account, 

(4) An N~bay skin-stringer structure with parallel edges fixed 

or supported on parallel frames along the length and various 

other boundary conditions at the extreme ends. 

These problems have been discussed in detail.in section 9.^. 

9.3*3 The variation of the bounding frequencies of the 

first propagation zone with the direction of propagation 

At the upper founding frequency of the first propagation zone, 

all the individual panels vibrate in phase, since this frequency 

corresponds to the natural frequency of the basic plate section, with all 

its edges fully fixed. Therefore it is meaningless to talk about any 

direction of propagation of the flexural waves, at this frequency. In 

other words, the upper bounding frequency of the first propagation zone 

remains unaltered, as the direction of propagation is changed. This can 

also be proved mathematically, since at this frequency n ~ - (0.0 + iO.O) 
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and (j> (= tan ^ 
u £ 

) is indeterminate. 

The lower bounding frequency however is profoundly altered 

with the changes in the direction of propagation. With ^ = 0 , at the 

lower bounding frequency of the free propagation zone = 0 - i TT , 

and Uy = 0 . Therefore the primary wavelength along X-direetion 

is 2& whereas the wavelength along Y-dieection is infinity. As 

is increased, the smallest primary wavelength that can fit in the 

X'-direction is still 21 , whereas the wavelength along the Y-direction 

gradually reduces from the infinite to a finite value. This process 

continues till 4̂  < tan ^ (:—) and thus within this range of the 

direction of propagation, the lover bounding frequencies of the first 

propagation zone is obtained by putting = 0 - i IT and 

U = M tan 4i (^) and solving the frequency determinant. At 

y X X. 

ij> " tan ^ (-g) , the minimum primary wavelength along X-dir«ction is 

still 2£ whereas the prinary wavelength along the Y-direction is 

now reduced to 2b . This frequency is thus obtained by putting 

= My = 0 - i% . As 4i is increased, the miniaum primary wavelength 

along the Y-direction remains equal to 2b and now the minimum primary 

wavelength along the X-direction increases from 22 and as (j) approaches 

90° this wavelength approaches infinity. Thus in the range 

(j) > tan ^ {—) , the lower bounding frequency of the first propagation zone 
£ 

is obtained by putting y = 0 - i^ and u = y cot e(—) , 
y X y b 

Thus the angle tan (̂•̂ ) $ determined by the aspect ratio is 

significant. The lower bounding frequency of the first propagation 

zone is minimum along this direction and therefore the convection 

velocity necessary to cause a primary peak in the response spectrum will 

be minimum along this direction. On the other hand, for a given 

convection velocity the frequency of coincidence excitation will be 

minimum for this particular direction. Therefore this direction 

will be called the "preferred" direction of propagation ($ ) of the 

free flexural waves. (it should be noted that various other preferred 
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directions of propagation can be found and along these directions the 

X and Y components of the structural wavelength will be equal to 

some integral multiples of the; periodic lengths (£ and b) in the 

two directions). 

Fig. 9.6 ^hows the variation of the upper and lower bounding 

frequencies of the first propagation zone with the direction of 

propagation. (The dimensions of the structure are given in appendix B). 

It is seen that as ^ is increased from 0 to ^ the free propagation 

zone widens up gradually till ^ and as <j) is increased further, 

the free propagation zone narrows down and this is narrowest for ;}) = 90^ 

for the particular aspect ratio used. 

9*3.4 The variation of the propagation constant with 

frequency and the direction of propagation 

For an aribtrary direction ^ , the effective structural 

wave-number is given by 

k2 = - {(-5j + (_%j } (9.18) 

and as and are complex, is also complex, in general. 

In the free propagation zones k is entirely real. The coincidence 

excitation of the orthogonally stiffened plate takes place, when the 

wave-number of the external pressure field convected along one parti-

cular direction coincides with this structural wave number k, along 
<P 

the same direction, the imposed frequency being the same as the 

forcing frequency. 
This wave number can be used to define an effective 

* 

periodicity of the structure for a given direction of propagation. 

From the above equation and from the condition that at the lower bounding 

frequencies u = 0.0 - iii for 6 < 6 and y = 0.0 - in for 6 > (̂  
X p y p 

it follows that the effective periodicity (d ) of the structure along 

an arbitrary direction 4 is given by 
* < Op 

(9.19) 

d = & cos (j) for !j) < <() 
V P 

= b sin (6 for 6 > 6 
P 
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From this* and from equation (9^l8) it follows that the effective 

propagation constant along the direction 4̂  is given "by 

'W* = w* f"'- * < *p 

= V for ^ > 4' 
y p 

Figs. 9oT and 9.8 show the variation of the real and imaginary parts 

of within a range Q = 0 to T.O for different values of 4> . 

The zones of attenuation and free propagation can "be clearly recognised. 

As (j) is increased, the real part of decreases till # = & , 

beyond which it increases and thus there is a larger decay of the 

amplitudes of free flexural waves. As (}> approaches 90^ the decay 

ro-te assumes very large values and the curve becoaes very steep near the 

bounding frequencies. 

It should be mentioned that all the values of n corresponding 

to the various other branches mentioned earlier affect the response at 

any given frequency. However, the lowest branch* to be called the 

fundamental branch, is the mcst important in determining the response 

in the low frequency range. (This fundamental branch is quite 

different from the primary branch discussed in the earlier chapteis and 

the two should not be confused). This is because of the fact that the 

first free propagation zone of the fundamental branch covers the low 

frequency range, and in general, wherever the frequency of excitation 

falls within the free propagation zones of sorae of the branches, these 

branches become more important in determining the response at that 

frequency. Thus higher-order branches influence the response spectrua 

at higher frequencies. Therefore, no attempt was made to look into the 

other branches, as the time and the cost of computation involved were 

already rather prohibitive. 

Now a few special cases where the knowledge of the variation of 

the imaginary part of with frequency is extremely useful will be 

discussed. 
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9 Natural frequencies of an N-bey skin-r.trinf^er structure with 

all edges fully fixed. 

The structure under consideration is shown in fig. 9•9. 

The bending stiffness of the stringer is assumed to be infinity as 

usual. No analytical solution to this.problem has been proposed so 

far. The transfer-matrix method used by Lin and McDaniel (l4) or 

the difference equation method is not applicable since a separation of 

variable cannot be effected in this case. 

From fig. 9.9a., it is clear that the last mode in each group 

of natural frequencies of such structures corresponds to the fully-fixed 

mode of the individual plate and this frequency can. be easily calculated 

by using Warburton's (Uo) equations. A finite-element method used by 

Lindberg et al {l6) however gave an error of about 10^ for this 

frequency. In this section therefore an approximate analytical solution 

will be indicated. 

The natural frequencies of this structure can be found by 

combining all the reflected waws from the boundaries of the sturctures. 

The propagation constants to be used will be obtained by solving 

equation (9.16) with the right-hand side equated to zero and with 

$ = 0^ . ilow, in the infinite structure, as it has been noted earlier, 

there will be an infinite number of waves, corresponding to the various 

values of propagation constant, at any given frequency. However, 

in the first propagation zone of the fundamental branch, within which 

the lowest group of natural frequencies is expected to lie, the 

propagation constants of all the other branches have non-zero real 

parts and these waves will therefore decay in the near field of the 

boundaries, once they are reflected. Therefore, the distribution of the 

natural frequencies of the lowest group, will be determined primarily by 

the values of iî  of the fundamental branch in its first propagation 

zone. Thus the problem is similar to the one discussed in chapter 3, 

section 3.3*2 and the same method can be applied. This is shown in 

fig. 9.9(b); for a skin-stringer structure with six bays. 

That this method gives very good approximate values of the 
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Table 9.2: The natural frequencies of a six-span skin-

stringer structure, fully-fixed along all the 

edges (fig.9.9), 

For the structural data: See Appendix B 

Mode Ko. 1 2 3 5 6 

Frequency (o) 4.51 4.75 5.16 5.455 5.82 5.93 

Frequency (n) 
Table 3.1 
ColiJEin II 

k.38 4.60 4.55 5.335 5.67 5.82 

( The results in row 2 of this table were obtained from 

fig.9.9h which shows the variation of vs Q obtained by 

solving the frequency determinant resulting frcm equation (9.16), 

with <j) = 0°. 

Comparing these frequencies with those of Table 3.1 

column II, it is seen that the assumption that the stringers are 

simply-supported on the frames leads to an under-estimation of the 

natural frequencies. This effect will be more pronounced for 

structures with a smaller aspect ratio and/or with stringers having 

smaller torsional stiffness. 

If the frames are allowed to rotate, the natural frequencies 

will lie within those in the rows 2 and 3. These can be determined 

by the method of section 9 .4.1.) 
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natural frequencies follows from two considerations. It has already 

been shown that the last mode of this group corresponds to the fully-

fixed mode of the individual plate. In other words, this frequency 

corresponds to the-i upper bounding frequency of the first propagation 

zone, and this frequency obtained by solving equation (9.16) has 

already been found to be almost exactly coincident with Warburton's 

result. Thus this method has given a much better result than that 

obtained by using the finite element method (I6) , 

Secondly, the lower bounding frequency has also been quite 

accurately evaluated by this method (Table 9.1)= 

Therefore it is expected that the remaining frequencies 

which lie within these two bounding frequencies, will also be found 

as accurately, by using this approximate method. (Table 9.2). 

It is obvious that this diagram of u, vs 0 for (f) = 0 
<P 

can also be used to detemine (approximately) the natural frequencies 

of such skin-stringer structures with various other conditions at the 

extreme ends using the methods of chapter 3. 

9.^.1 Natural frequencies of skin-stringer structures 

supported on frames of finite torsional stiffness 

along the length 

The structure under consideration is shown in fig. 9.10. An 

approximate method (for reasons similar to those discussed in the 

previous section) of solution will be indicated in this section. 

The lowest group of natural frequencies of this structure 

will correspond to a mode shape in the Y-direction, such that the frames 

will vibrate in counter-phase (fig. 9.10). These frequencies will 

thus be obtained by solving for from equation (9,1c), with 

y = (0.0 - iir). These values of u, actually correspond to the 
y X 

values of the propagation constant in the orthogonally-stiffened plate 

shown in fig. 9.10a. In this piste adjacent panels vibr-te in 

counter-phase and thus half of the frame torsional stiffness (c /2) 

is effective for each panel. Therefore in equation (9.I6) a value of 
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, twice the actual vaJ-ue, has to be used. 

Once the values of within the propagation zone are 

known,.the methods of chapter 3 can once again be applied to determine 

the natural frequencies, corresponding to various boundary conditions. 

9'5 The distribution of the natural frequencies of a finite 

orthogonally-stiffened plate 

When the plate consists of large numbers of panels in the two 

perpendicular directions, and the damping is not too light, the response 

of this structure can be fairly accurately estimated by considering it 

to be infinite and using the theory developed in this chapter. 

However, for lightly damped structures with relatively small numbers 

of spans it is sometimes necessary to know the distribution of the 

natural frequencies. If such a plate (fig. 9.11) is excited by a 

pressure field convected along a particular direction,coincidence 

excitation will take place only at certain frequencies. If the 

direction of convection is changed froa 0^ to 90^ , these frequencies 

at which the structure will be strongly excited will be distributed 

within the free propagation zone shown in fig. 9.6. In this section, 

an approximate method of determining this frequency distribution will 

be indicated. 

Let us consider a structure with rJ x it laanels. If 
X y -

the pressure field is convected along the X-axis the frequencies at 

which the structure is most likely to be excited will be obtained by 

dividing the ordinate of the y vs 0 diagram (for $ = O) into 

equal parts and finding the corresponding projections on the frequency 

axis, in a manner described in chapter 2 or 3. 

Similarly if the pressure field is convected along the 

Y-axis these frequencies will be obtained by dividing the ordinate of 

Y vs Q, (with ifj = 90®) into N equal parts and completing the rest 

of the procedure in a similar way. 

If the pressure field is convected along the direction (J) , 

these frequencies can be similarly obtained from the vs 0 diagram, 

by dividing the ordinate into N garts where H is the 
eff - eff 
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effective number of spans in that direction. This number is the 

nearest integer of the ratio of the effective length of the structure 

along that direction and the effective periodicity d (as defined 

in equation (9.19)). 

At the^e frequencies obtained by this approximate method 

the X- and Y components of the pseudo-wavelength of the free flexm-al 

waves along the direction (p will approximately match with the 

dimensions of the structure in the X and Y directions. 

9.6 The nature of the response spectrum 

Now the response of an infinite plate, as obtained by 

solving equation (9.16), will be discussed. The amplitude of pressure 

p^ was taken as unity. Since the X-coraponent of the bending stress 

in the plate is proportional to (-2-^ + i.) ̂  this 
Sy2 

equivalent curvature was used in the response calculations. The 

power spectral density of the response at the centre of the plate was 

computed. The excitation was assumed to have a band-limited white-

noise spectrum, with a cut-off frequency at 0 = 7.0 . 

Fig. 9.12 shows the variation of the wave-velocity with the 

frequency parameter, for the directions <}» = 0 , and ^ = 90 . These 

were obtained from the knowledge of the variation of the imaginary 

parts of with Q by a method similar to that described in' the 

earlier chapters. From the diagram, it follows that with = 0 , 

a primary coincidence peak should be expected at Q = , for a 

non-dimensional convection velocity of 3.0 . Therefore initially 

a velocity of U = 3.0 with 41 = 0 was used for the response 

calculation. 

Fig 9.13 shows the corresponding response spectrum and. the 

peak at SI - HJ45 can be clearly identified. 

Similarly, for - 90®, a convection velocity of U = ^.0 

was used and a primary peak is obtained at the expected frequency of about 

n - 5 .928(rigs . 9.12 and g.lk) . 

The response spectra for a few other values of the convection 

velocity parameter and for different directions of convection were 
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computed. The velocity U = 3.0 is far too small to cause a 

significant peak in the spectrum for the direction ({) = 90^, and 

therefore the spectra for different values of U , starting 

from a higher value of U = 6.0 , are presented in figs, 9.1$ -

9.18. 

A clear pattern emerges from these diagrams. For a given 

convection velocity, as ^ is increased, the frequency at which the 

coincidence peak occurs changes in & regular manner. As <p increases 

to , it is expected that this frequency will be decreased slightly» 

However; this effect was so small for this aspect ratio and the value 

of plate damping used that this could hardly be seen in these diagrams. 

This effect should however be more important for plates with a smaller 

aspect ratio. As is increased further, this coincidence peak 

shifts to the right in the frequency axis and also the height of this 

peak decreases. Both these phenomena can be explaixied on the basis 

of the diagrams of vs Q fig. 9.7 and 9.8. It was seen that as 

(|) is increased beyond i|)̂  , the lower bounding frequency of the 

propagation zone increased, thus reducing the width of the free 

propagation zone. Since the coincidence peaks are expected to occur 

within this zone, the coincidence peaks therefore shift 'to the right 

for increasing <$> for a given value of U . The reduction in peak, 

on the other hand, is due to the combined effect of increase in y, 

and the coincidence frequency as (J) is increased. Comparing figs. 9.15 -

9«18 it is seen that as U is increased* the band of frequencies in 

which coincidence peaks occur (for various values of (j)) is reduced. 

This again follows from the diagram showing the variation of the 

propagation constant with the frequency parameter. 

Fig. 9.19 shows the variation of the r.m.s. response with 

the direction of propagation, for various values of D . For U = 6.0, 

there is a small dip around 4> = 6o°, Similarly there are dips 

around. ^ for U - 8.0 and around 6 - 2 0 for U = 10.0 . There 

is no such dip for U = 12.0. These dips can be explained from the 

response spcctra. It is seen that for U = 6.0 (fig. 9,15) the response 

at the end of the spectrum decreases with increasing <p till ^ = 60® 
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and then it increases once more, thus giving the whole spectra a. 

twisted look near the tail end. This "tail-twisting" thus causes 

the dips in fig. 9.19. This effect can be seen in figs. 9.15-9•l? 

but this is absent^ in fig. 9.l8 and thus there is no dip in the r.m.s. 

response curve in fig. 9.19, for U = 12.0 and as $ is increased 

there is a gradual increase in the r.m.s. stress level. Another 

point which emerges from this diagram is that for low convection 

velocities the r.m.s. stress is highest when the propagation is, along 

the x-axis, whereas for high convection velocities the r.m.s. stress 

level is maximum for <j) = 90^, although the highest peak (i.e. the 

peak of peaks) in the response spectra is likely to occur when the 

pressure field is convected along a preferred direction of propagation. 

9«T Conclusions 

The solution used in this chapter obtained by superposing 

the solutions for three different problems, has been found to be quite 

suitable for the study of the two-dimensiona] free wave-propagation in 

orthogonally stiffened plates and also for studying the response of 

such structures to convected random pressure fields. The final results 

converge very rapidly and it has been found that only five-terns of the 

two infinite series are adequate for the estimation of the response and 

the evaluation of the propagation constants. This gives rise to a 

matrix equation of order 20 x 20 and thus the storage requirement in 

a computer is not very large. 

Initially the program developed was used to compute the 

various bounding frequencies of the propagation zone and these compared 

very well with the frequencies outeaned by various other methods. Thus 

the same program can be used to determine the natural frequencies of 

plates of many different boundar;̂ '- conditions. 

It is clear that although in such structures, the propagation 

constant can take an infinite number of values at any given frequency, 

the lowest branch termed as the fundamental branch is the most important 

in determining the shape of the response spectrum in the low frequency 
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range. This fundamenteJ. branch has been computed fairly accurately 

by using the determinant of the above-mentioned 20 x 20 matrix. 

For higher branches, the accuracy will improve as more terms 

are included. Computation of these higher branches is rather time-

consming and is aertainly not worth the effort, if the interest is 

mainly in the fundamental frequency band. It can be seen that this 

aspect of the problem is analogous to the problem of determining the 

response of a multi {infinite)-degree-of-freedom system where the 

response up to a certain frequency range is governed primarily by the 

response of the system in its fundamental mode , the higher order modes 

being more important in the higher frequency range. 

The existence of a preferred direction of propagation has been 

discovered and it is found that the free propagation zone widens up 

as the direction of propagation (4) is increased and beyond the 

preferred direction of propagation this zone narrows down quite rapidly. 

The effect of this preferred direction of propagation is likely to 

be more prominent for plates with an aspect ratio of unity. It can 

be seen that this preferred direction is perpendicular to one of the 

diagonals of the basic rectangular plate section. 

The upper bounding frequency of the free propagation zone 

is independent of the direction of propagation, since this frequency 

corresponds to the natural frequency of a rectangular plate with 

all edges fully fixed, and at this frequency all the panels vibrate in 

phase. 

This study has also given rise to a very good approximate 

method of determining the natural frequencies of a multi-span skin-

stringer structure with all edges fully-fixed. This method can also 

analyse the finite skin-stringer structures in which the edges parallel 

to the length are fixed to frames of finite torsional stiffness. 

This study can be used to determine the distribution of the 

natural frequencies of a finite orthogonally-stiffened plate. 

The response spectrum is already discussed, in detail in the 

previous section. It has been observed that although the largest peak 

is likely to occur when $ = # , the r.m.s. response is likely to be 
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maximum at a low value of (j> , for smaller values of the convection 

velocity, and at a higher value of » for larger values of the 

convection velocity. 

119 



CHAPTER 10 

General Conclusions 

Detailed conclusions from the various stages of this 

study have been included at the end of each chapter. In this chapter 

the main conclusions will be summarised. 

Free vibrations of finite beams and plates on supports at 

regular intervals have been analysed in terms of the natural flexural 

waves and the associated propagation constant. The special class of 

wave-group into which the normal modes can be decomposed have been 

identified. From this the prediction of the distribution of natural 

frequencies, conditions of coincidence excitation, etc. has been done 

easily and accurately, by using some simple graphical constructions. 

The concept of an equivalent internal stiffness has been 

introduced in this work and this is useful in determining the natural 

frequencies of structures with end restraints and the width of the 

free propagation zones in periodic structures. The method of 

determination of the natural frequencies of skin-stringer structure, 

as presented in this work is easily adaptable for structures with 

any number of spans and with different stringer stiffnesses and also 

with different end-conditions and it does not face any eospu.tationa.1 

difficulty such as numerical instability. It has also been observed 

that the complementary nature of two types of support stiffness is 

reflected by the distribution of the zones of attenuation and free 

propagation of f.exural waves in periodically stiffened beams and plates. 

The zones of propagation of flexural waves in the doubly-

periodic structures exhibit a doubly-periodic pattern in which there 

can be a number of intermediate propagation zones within a primary 

propagation zone. The number of these intermediate zones is equal 

to the number of spans in the basic unit. This property can be 

utilised to minimise the response of such structures to the most 

serious types of convected pressure field. The concept of equivalent 

internal restraint has also been used to determine the frequency 

- 120 -



equation of finite periodic structures. 

An explicit relation "between the propagation constant and 

the transfer matrix has been established and this has given rise to 

a quick method of evaluating the propagation constants of structures 

having stiffeners"" with several degrees of freedom. In such structures 

the distinct number of the propagation constants is equal to the 

number of degrees of freedom of the stiffeners. Tiie free flexural 

waves in these structures are found to be orthogonal and this property 

can be used to determine a very good approximate value of y by guessing 

an approximate mode-shape within the stiffeners. 

TITO types of free flexural waves have been identified for the 

rib-skin structures. It has been shown that the equations for the 

propagation constant can be derived by the usual method and also by 

utilising the concept of equivalent internal stiffness. Tiie effect 

of applying damping to the skins and the ribs has been considered and 

it has been found that the rib damping has very little effect on the 

propagation constants, except near one of the rib natural frequencies. 

Responses of rib-skin structures to different excitations 

have been studied. The spectrum due to a randomly varying point load 

shows several peaks at the various natural frequencies and these 

peaks are reduced mainly by the skin damping and only slightly by the 

rib-damping. The existence of an optimum rib damping has been 

discovered and this is likely to be more important for rib-skin struc-

tures with relatively thick ribs. 

Exact, closed form solutions are obtained for computing the 

responses of finite and infinite rib-skin structures and it is found 

that periodic rib-skin structures can be quite safely regarded to be 

infinitely long for the purpose of computing the r.m.s. response. 

The propagation constant in an orthogonally-stiffened plate 

can take infinite numbers of values at a given frequency. The lowest 

branch called the fundamental branch is the most important one in 

deciding the response over the low frequency range and the higher 

order branches become more important at the higher frequencies. 

The width of the free propagation zone of the fundamental 
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branch varies with the direction of propagation and it is widest 

along the preferred direction of propagation, this direction being 

perpendicular to one of the diagonals of the basic rectangular plate. 

The upper bounding frequency of free propagation zone is independent 

of the direction of propagation. The program developed can, be used 

to predict the natural frequencies of several different plate problems. 

This study has also given rise to analytical methods of determining 

the natural frequencies of skin-stringer structures with realistic 

boundary conditions. 

Tlie peak response of orthogonally stiffened plates is likely 

to be maximum when the pressure field is convected along the preferred 

direction. The r.m.s. response is large at a low value of 6 for 

smaller values of convection velocity and at a higher value of for 

higher convection velocities. 

Tlie flexural waves in integrally stiffened structures have 

two distinct values of y at a given frequency. c) . 

Ttie width of the propagation zones of flexural waves in an 

infinite plate on supports in one direction reduces as ij-, is increased 

and beyond a critical angle of ^8.5° no free propagation is possible. ^ 

In an orthogonally stiffened plate on flexible supports there 

can be 2 x number of distinct values of the propagation constant 

at a given frequency. This wave approach can be easily extended to 

analyse orthogonally stiffened cylindrical structures such as a 

fuselage and it can also be modified to predict sound radiation from 

finite and infinite periodic structures. 

The wave approach used in this study has the following 

advantages: 

(i) The determination of the natural frequency distribution in 

one-dimensional periodic structure is considerably 

simplified. 

(ii) The conditions of coincidence excitations of finite and 

infinite structures -are very easily predicted. 

(iii) Calculation of the response to convectcd pressure fields 

is simplified by considering the structure to be infinitely 
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long and then using the knowledge of free flexural wave-

groups . 

(iv) This method can analyse the heavily-damped structures. 

(v) " The analysis of two-dimensional structures is enormously 

simplified by using the wave approach. The transfer-

matrix method cannot be used for these structures. It 

is extremely tedious to apply the "seven-moment equations'" 

to analyse an orthogonally-stiffened plate with large 

numbers of spans whereas storage requirement in the computer 

may restrict the analysis of such structures by the finite 

element method. 

The main limitation of this method is that it is applicable 

only to the periodic structures. However, it is felt that the 

response of a slightly non-periodic structure can be estimated 

fairly accurately by analysing an equivalent periodic structure and 

future work should investigate this problem theoretically as well as 

experimentally. 
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Appendix A 

Functions used in the various chapters 

The forced vibration of a rectangular plate of dimensions 

a and b is governed by 

+ _e2L 
D(l+in) 

V - (A.l) 
* - D(l+in) 

in vhich p,h,D,n are the density, thickness, flexural rigidity 

and loss factor respectively of the plate. The equation of free 

vibrations of such plates is obtained by equating the right-hand 

side of equation (A.l) to zero, When the plate is simply supported 

along the edges y = 0 and y = b , the general solution a s 

V = 2 "w (x) sin ^ (P cosh + Q sin h X^x 
S=1 S D 

where 

+ R cos AgX + S sin A^x) sin{^^) (A.2) 

A* = + ( 2 1 ) 2 

= Dofey 

that 

and 

AS = - (2=0% 
D 

If the conditions along the remaining two edges are such 

w = 0 at X = 0 and x = & 

M(y) = M (y) == I M sin along x = 0 
i s=l -s G 

00 

M(y) = Mo(y) - I M sin (•^^) along x = £ 
^ 5=1 D 

then the final solution for free vibration is given by 

V = I |Ai. (x) Mng + AgqCx) Wggl sin (SgZ) (A.4) 

- 12k 



and 

^^(y) = I + a, ̂  Mo„) sin (~^) 

(y) = I (»12 ̂ Is ^11 Mpq) sin ( ^ ) 
s=l 

11 2s' 

(A.5) 

where, 

2A^D(l+ir,) 

SA^DCl+in) 

sinh (£-x)X^ sin (&-x)A, 

sinh I 

sinh X 

sinh £ 

sin Xg £ 

sin Xg X 

sin Xp £ 

(A.6) 

11 

12 

2X^0(1+in) 

2 x 2 D ( i + i n ) 

X coth X^£ -!• X cot X^l 

(A.T) 

X^ cosech X^£ - X^ cosec 

Throughout this work these basic relations have been used. 

For the beams considered in chapter 2, the corresponding functions 

are obtained by putting X^ = X^ = X^ in the above equations 
^ 4 / 3 ^ 

and omitting the summation signs and the terms sin(~^), which 

•describe the variation of mode shape in the y-direction for the 

plate, and using the beam flexural rigidity in the appropriate 

places. 

For the plates considered in chapters 2-8, it should be 

noted that there would be an infinite number of curves for y 

(or y) for each value of s i.e. for various sinusoidal mode 

shapes in the y-direetion. For the plates with a high aspect 

ratio under a pressure field with fairly good correlation 

along the wid.th, the values of p corresponding to s=l would be 

the most important ones in deciding the response and the natural 

frequencies. Therefore the results presented were obtained by 

using s-1 and the suffix s was dropped in these chapters. 
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The values of and Xg used in chapter h are also 

given by the equation (A.3). 

In chapters 7 and 8, the notations h&ve been 

used for.the top-skin receptances, 3^^, 6^^ for the rib-receptances, 

and and. .for the bottom skin receptances. These are 

obtained by substituting the appropriate component dimensions in the 

equation (A.7). 

V/hen forced response of such plates is considered, 

additional terms are to be included in equation (A.2) to determine 

the total response. These terms denote the response of the same 

plate, simply-supported along all the edges, due to the applied 

forcing function. .From these the slope/point force receptances 

"Cx' '̂ Ax ^sed in Chapter 8, equation (8.20) are obtained as 

T x 
A , ^ ( x ) 

and (A. 8) 

'Ax 

Similarly the slope/pressure receptances 0^, 0^ due to the har-

monic plane wave p^e used in equation (8.31) are given by: 

0, = 
2 p D ( l + i n ) 

—tIC ^ 
X ^ c o t h A ^ a Xg cotXp £ X^e 

Tk̂ -i-X̂ )̂ ' (k^-X^^T" ^ sinh X^&fk^ + X^^) 

= 

ik 2X2 

2 " 2XZD(l+inJ 

A^cothX^ I e 
7T. 

-ikA 
XgCOtXgg, e 

-ikl 

( K Z + (k^ V ) 

;in hX^Avk^ + X_ 
:k2X 2 

sxn~xpr(k2~^^~x^°^) Tk^^X^^ ) ( " X 

(A.9) 
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In chapter 8 the following equation was used to evaluate 

the curvature at a point x , due to a point load at and 

edge moments , M. , 
Is 2s 

_ "̂̂Is , 2 sinh(i~x)Xi , . o sin(£-x)>,9 V 
AP- - 2xMn-i„) ' 

. "g= ( , 2 , 2 , 
2X^D(l+in) 1 sinhX^5, ^ sinX^^. 

H(x^, x) (A.10) 

where H(x^, x) is the curvature at x j due to a unit load at 

X 
P 

For 0 < X < X 
P 

sinhX X sinh(£-x )X 
\ _ I r , 1 p 1 

"p' ̂  2X^D(l+irs) 1 sinhX^K 

sinA^x sinh(£-x )A_ 
+ X -2—£ } 

2 sinhX„£ 

and for x < x < 2 
P 

^ sinhX^ sinh(&-x)X^ 

E (x^,x) 2X^D(l+i%) "̂ 1 sinhX,£ 

sinX^x sin(£-x)X-
* I 2_g 2 } 

2 sin Xgjv 

* ""XiOC 
The curvature at x due to a harmonic load p e 

is similarly obtained by replacing E(x ,x) in equation (A.IO) 

by H(x) and multiplying it by the pressure amplitude p , 
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where 

" 2l%D(l+in) ^ 

, (coshA-X - cothX^AsinhA^x) 
i r \ 2 i 1 

(k2+A^2 

+ X 
^ (coshXgX - cotXpilsinAgx) 

) 2 " J " ^ 

. , , -ik& . - -ik& 
sinhX^x e sinA^x e 

^ sinhX^&(k^+A^% ) ̂  ^2' sinX^l (k^-A'-^) 

ZA^kZ ^ (A.11) 

(kZ+A^ZjfkZ-AgZ) 

The same general equations (A.l-A.?) are applicable to 

chapter 9 . Instead of the function sin(--:^), two functions 

sin(®^) and sin(^^~) are used to describe the variation of the 

displacements in the Y and X directions. Therefore the 

functions A_ (x), A„ (x) are identical to those described by 
im toa 

equation (A.6), except for the variable m used in place of s. 

Similarly the receptances are described by equation (A.?) 

A^^(y) describe the displacement functions for 

a plate simply-supported along x = 0 and x = Jt , due to the 

moments x), M'j^(x). These are obtained from equation (A.6) 

by replacing A^^ A^, by A^, A^ where 

= A^ + f S l ) 

- ( F ) ' 

(A.12) 

and replacing £ and. x by b and y. 

Similarly the receptances are obtained from 

equation (A.j) for by making the same substitutions 

once again. 
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The deflection/pressure receptance is obtained 

in the following manner. First of ail, the pressure field 
-i(k x + k y ) . . . 

Pg e X y IS expressed xn terms of a Fourier series: 

P(x,y) = Py e 
-i(k X + k y) 

y - J - PMN 
nm 

mnc . mry 
(A.13) 

from vhich 
& b 

mn &b 
p(x,y) sin sin dx dy 

0 0 

(1-e (-l)°)(i - e'lkybf-i)*) 

Tr'hm 
V 

k b 
((l--(——) } { (l Z—) } 

nir miT 

(A.Ik) 

Now V which represents the displacement of a 
mn 

simply-supported plate due to a harmonic pressure field of unit 

amplitude is related to p̂ ^̂ , through equation (A.l) as 

P, 
w 

mn 
mn 

(A.15) 

D(l+in) ( ( = • ) - ) 

where p is given by the equation (A.l4) with p = 1 . 
mn - o 

The remaining functions used in chapter 9 are listed 

below; 

' " l 2 * V l l ' " ( " 1 2 " ? ' 
s 

' ° 1 1 ^ V 1 2 ' = - < r -"11' 
s 

B' 
Dm 

& ( - l f ) n E ^ , S ^ = # - 1 ) " n 

B" 
nm 

- ( -1) '^ B. 
nm 

o = - (-1)* SJ 5" 
nm nm 
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R" = - (-1)" R' F" = - (-1)* F' 
lan m n mn • mn 

= (a^i, + ^ ) 
^3n ° ( ' 3 4 * \ " 3 3 ' ' ' " 3 4 ' 

' • in ' (*33 + *y '3%) ^ " ° 3 3 ' 

V = SI (K - (-if) V" = - SJ (-if 
m 0 y m D 

The deflection at any point (x,y) within the basic 

plate of the orthogonally-stiffened plate is given by equation 

(9.5 ) and the curvature at that point can be obtained by direct 

differentiations of this equation and including appropriate number 

of terms in the various summations involved. 
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Appendix B 

Structiural data used in the analysis 

In chapters 2 and 4 beam models have been used in 

the calculations and the results have been presented in a non-

dimensional form. 

The following dimensions etc. have been used in 

chapters 3,5 and 9 and these were originally used by Lin et al 

(13) as data typical of skin-stringer structures used in the 

fuselage of modern jet transports. It will be noted that the same 

values have been used to denote the stringer and frame character-

istics in this work. 

b = 8.2 in. 

Z = 20 in. 

,6 E = E = = 10.5 X 10 psi 
s f ^ 

.101 Ab—sec^ 
* = Ps = Pf = 38674 

h = .04 i in. Cg= C = 2.263 X 10 ^ in^ 

Ig = = .25k in'+ C = C _ = .016^9 in 
ws wf 

.3 

The stringer and frame bending stiffnesses are assumed to be 

infinite. 

The curvature response per unit load has been non-dimensionalised 

by multiplying it by (^/&) 
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APPENDIX C 

Free Flexural Waves in Integrally-Stiffened Structures 

Integrally stiffened skin- stringer structures are being 

increasingly used in aeronautical practices. 

In these, the stiffeners are machined out of a single block 

and these structures have different vibration characteristics to the 

conventional built-up structures. Different frequency and wavelength 

matching with the exciting field may be possible and therefore a 

knowledge of the propagation constant of free flexural waves in such 

structures is useful. In this section, the equation for the propa-

gation constant will be derived by a method similar to that used in 

chapter 6, section 6.5.2. 

A simple representation of such structures using a beam 

model of unit width is shown in figure C.l, and the basic section 

chosen is shown in figure C.la, Tne effect of the bending stiffness 

of the stiffeners is usually negligible at low frequencies (48) and 

therefore, only the effect of the inertia of the stiffeners will be 

taken into account. 

For a flexural wave travelling from left to right we have, 

as usual, 

"B = "A "A 

"s = "A ^ ®A 

= K M ^ 

S = e-W = K S ^ 

(C.l) 

and K can therefore be determined from the equation (6^6) 

= K{Zj^ (C.2) 

where [TJ is the transfer matrix relating the state vectors at the 

stations B and A, and {z,} is the state vector at A . Now 
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[r] = [?_![?,] [SL (C.3) 

where [T^] is the point transfer-matrix for the element 3 (the half 

width of the stiffener is assumed to be negligible compared to the 

periodic length),\ [Tg] is the field transfer-matrix for the element 

2, is the point transfer-matrix for the element 1. 

From the existing literature (42), 

w = 

( AS,)^C2 _ _ _ _ _ 

(X&) D Cr 

(XA) D c 

He 
1 

(X%)"D 

D 

~ F " 

(cross symjaetri o) 

(C.k) 

where 

(cosh XI + cos X2r) 

' 2 

2(A2) 

1 

2(AA)' 

(sinh XL + sin A£) 

^ (cosh X& - cos XZ) 

(sinh Xi - sin Xi) 
3 2(X&)3 

How for the continuity of slope and displacement across the point A 

8l = 

w 
1 A 

And for the equilibrium of the moments and forces acting on the 

element 1 
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and 

8l = S* + ^^2-- w "A 

wnere is the moment of inertia of the stiffener about an 

axifi througli the point A and perpendicular to the plane of the 

diagram. is the area of the stiffener. These equations 

when written in a matrix form, yield the following equation for 

[ T j 

K ] 

1 

0 

0 

& 
0) 

0 

1 

8 

2 

0 

0 

1 

0 

0 

0 

0 

1 

(C.5) 

since the elements 1 and 3 are identical, it follows that 

[TO] = [TI] (C.6) 

The equations for [T^], [Tg] * [t^] obtained from (C.4), 

(C.5)J (C.6) can be substituted in equation (C.3) to find [T] . 

The propagation constants can then be found by solving equation (C.2). 

From the symmetry of the structure it is obvious that out of the four 

values of y, two will be equal and opposite to the remaining two, 

implying that the flexural waves can be propagated in either direction. 
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APPENDIX D 

Flexural wave propagation in an infinite 

plate on periodic supports in one direction 

In chapters 2 and 3 propagation of free flexural waves 

in infinitely long plates of finite width, supported or stiffened at 

regular intervals was considered. Since the edges parallel to the 

length were considered to be simply-supported» a sinusoidal standing 

wave-shape sin could be used to describe the variation of the 

displacement across the width. However if the plate width is 

increased to infinity, such standing wave form can no-longer exist 

and a travelling wave solution has to be sought. In this section the 

solution of this problem will be indicated. 

The structure considered is an infinite plate stiffened by 

a parallel set of stringers of infinite length separated by a distance of t 

(fig.M.). The Y-axis is chosen to be coincident with one of the 

stringers. The stringers are assumed to have finite torsional 

stiffness aiid infinite bending stiffness although finite bending 

stiffness can be considered, if necessary. The x and y 

components of the wave-number of a plane flexural wave propa-

gating along the direction . (j) are given by 

k = cos (J) 
X (j) 

k = k, sin (f> (3.1) 
y 9 

and k = k tan 6 
y X 

This flexural wave can be represented by 

-ik y . 
w = w (x) e y (D.2) 

where w is the deflection of the plate at a point (x,y) and w(x) 

is the function defining the displacement pattern within the periodic 

length, along the x-axis. Substituting this into the equation of 

free vibration of the plate, the following final expression for w(x) 



is obtained: 

• A.x -A.x iX^x -iA_x 
f \ > 1 f 1 , ( 2 » 2 

wix) = e + Rg e + e + e 

2 
where X. = >. + k 

,1 y 

x / = X ^ - K / 

(D.3) 

The boundary conditions are 

-ik y 
M = M(y) ~ H^e , w(y) = 0 along x = 0 

-ik y 
M = Mg'(y) = ' e ^ , w(y) = 0 along x = £ 

(D.k) 

At this stage it may be noted that the equation (D.3) and 

the conditions (D.U) are similar to those used in chapter 3 and 

therefore we can immediately write (fig. D.l) 

-ik^y -ik^y 

6 ^ ( y ) = ' V 

-ik,y 
63(3') = = V 

(D.5) 

Here a^^Ck^), (k^) are the slope-moment receptances similar to 

"11' °'l2 used in the earlier chapters. However in this problem, 

these are functions of k and therefore these can be obtained from 
y 

the equation (A.7)> using the values of as given by equation 

(D.3). 
Now for the wave component propagating along the x-

direction 

M (y) = K(y) e ^ 
2 1 (D.6) 

- n . 
8g(y) = 0 - , (y ) e 

X 

where u = ik £ 
X X 

If the stringers are replaced by line-supports, we have 
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Mgfy) = Ng'fy) (D.7) 

From equations (D.5 - D.7) the following expression for 

cosh can "be immediately obtained: 

"llfky) 
cosh y r r ^ (D.8) 

X 

which is similar to equation (2.8) in chapter 2. 

The presence of stringers on the other hand can be considered 

in the following manner: As in chapter 9, we use the following 

equation to take the torsional deformation of the stringers into 

account: 

d^8p(y) d^8.(y) ^ 
Mgfy) - Mg'fy) = _ Dsi,wr62(y) 

dy dy 

Substituting for 0^(y) from equation (D.$). we obtain 

Mg - Mg' = KRfkylGg (0.9) 

when <_(k ) = E C K ^ + G C k ^ - p l w ^ (D.IO) 
R y s w s y s s y '^ss 

Kp(k ) is the torsional stiffness parameter of the stringers and 

it is seen that in this problem is dependent on the wave-number 

k . 
y _ 

Using equation (D,5)s (D.6), (D.9), the following final 

equation for cosh y is obtained: 

Tlie similarity between equations (D.ll) and (3.6) should 

be noted. 

Equations (D.8) or (D.ll) can be used to solve for or 

k .. provided k is known. k is related to k through equation 
X' y y X 

(D.l). Therefore this problem can be solved only by using an 

iterative technique. The following procedure was therefore adopted. 

For a given value of and frequency, an initial value of coph u 

- 137 -



was guessed. From this the value of k was obtained and this was 
y 

used to determine the value of cosh from equation (D.8) or (D.ll). 

From this value of cosh y the value of k was obtained and this 
X y 

was once again used to determine a new value of cosh u . This 
process was continued till the difference between two successive 

-5 

values of cosh was less than 10 

The computed values of for an infinite plate on parallel 

line supports in one direction are presented in fig. D.2. It is seen 

that as <}> is increased the lower bounding frequency of the free 

propagation zone increases. On the other hand the upper bounding 

frequency remains unchanged as in the problem considered in chapter 9. 

This frequency corresponds to the clamped-clamped mode of the plate 

of length £ and width infinity and at this frequency all the panels 

vibrate in phase. At this frequency both k and k are zero, end 
X y 

therefore the value of (j> is indeterminate. (see equation D.l). 

Therefore it is seen that as <J) is increased the width of 

the free propagation zone is reduced and beyond a critical angle 

no free propagation can take place. This angle can be determined in 

the following way. For any angle $ < the lower bounding 

frequency can be regarded as the lowest natural frequency of a simply 

supported rectangular plate of dimensions H and £ cot ^ (fig. D.3). 

Alternatively this is the natural frequency of a simply-supported beam 

of unit width, and length £ cos ^ • Therefore at this frequency 
A(£ cos (fi) = TT 

The upper bounding frequency on the other hand can be regarded as the 

natural frequency of a clamped-clamped beam of unit width, length 

& • Therefore at this frequency 

At = k.73 

These two frequencies coincide when # = and therefore 

TT 

' c 
cos 

i.e. * = 48.5° (D.12) 

c - 138 -



As the direction of propagation was increased beyond this 

critical angle, no free propagation zone was found within the 

frequency range investigated. 

However, the problem corresponding to (p = 90° is of special 

interest. Under this condition the equation (D.8) or (D.ll) cannot 

be used since equation (D.l) predicts k = for ^ = 90° in the 

first place. However it is noticed that this problem is identical 

to the problem of fle-xural wave propagation in a plate of width £ 

and length infinity (fig. with the edges x = 0 and x = £ 

fully fixed. 

The solution of the form given by equation (D.2) can still 

be used. The boundary conditions are 

w(y) = 0, 0(y) = 0 along x = 0 

w(y) = 0, 0(y) = 0 along x = & 

From these conditions, the plate equation of motion and the assumed 

form of s( 

obtained: 

form of solution (equation D.2), the following equation for is 

k ^ 
(cosh X.,Z cos - l.O) - sin h Z sin = 0 (D.13) 

1 c 1 2 

This can again be solved by a numerical Kewton-Raphson 

method. It is noted that with k = 0 the above equation reduces 
y 

to 

cosh XZ cos = 1.0 (D.lU) 

and this is the equation for the natural frequency of a beam of length 

Z and width unity, fully-fixed at both ends (^0). In other words, 

at these natural freauencies k - 0 . There are in fact several 
y 

branches of k vs. 0 curve. The lowest branch starts with a non-
y 

zero imaginary part of k for small values of and this 

gradually drops down to zero at the lowest of the frequencies given 

by equation (D.14). TIius there is a decay of free flexural waves 

below this cut-off frequency. The real part of k (the wave 

number in this case) is zero below the cut-off frequency and it is 
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non-zero above this frequency. Therefore free wave propagation is 

possible above this frequency. Preliminary computed results have 

confirmed this. The various other branches behave in a similar 

fashion, having their various cut-off frequencies at the various other 

natural frequencies of a fully-fixed beam. 

The width of the free propagation zone in an infinite plate 

on equispaced supports in one direction, is therefore found to vary 

with the direction of propagation of the flexursl waves. No wave 

propagation is possible above a critical angle of , For 

<j> = 90°, or in an infinite plate with clamped edges along the length, 

free propagation of flexural waves is possible only above certain 

cut-off frequencies. 
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APPENDIX E 

Analysis of orthogonally-stiffened plates with 

stringers and frames having finite torsional 

and fleyural stiffnesses 

In chapter 9 the free and forced waves in an orthogonally-

stiffened plate due to a convected acoustic plane wave was studied. 

In this the stringers and frames were assumed to have an infinite 

flexural rigidity. This assumption is quite justified for most cf 

the conventional aircraft fuselage structures since these stiffnesses 

are very high in practice. Although the response of these structures 

with very high transverse stiffness can "be fairly accurately predicted 

by using the theory developed in chapter 9» the method of analysis 

taking the transverse stiffness into account will be indicated in this 

section, for the sake of completeness. 

Once again the solution will be obtained by superposing the 

solutions of three different plate problems with proper matching of 

the boundary conditions and satisfying the equations of motion. Thus 

the basic plate-stiffener combination shown in fig. E.l is replaced by 

the structures shown in figs. E.la, b, c, d. The edges y = 0 , b 

are simply-supported in fig. E.la, the edges x = 0 , £ are simply-

supported in fig Z.lb, and all the edges are simply-supported in 

fig. ".Ic. Therefore the method is limited to structures where the 

corners do not deflect. .. , . 
-Ilk* x+k y) 

Due to a convected harmonic pressure field r e 
o 

the deflections J, slopes, edge moments and shear forces at the various 

edges are related as 

W2(y) = K Wl(y) W4(x) = Ky vgtx) 

82(7) = 8i(y) = K Ggtx) 
and ^ (E.l) 

M2(y) = K Mi(y) = K MgCx) 
z y 

Szfy) = 8i(y) G^fx) = K Sgfx) 
jc y 
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In these equations the shear forces include the effects 

of twisting moments. The deflections, slopes etc. can now be 

expressed in terms of the following Fourier series: 

wi(y) 

W2(y) 

Gi(y) 

82(7) 

L W 
31 im 

Z w 
m 2® 

z e 
m im 

E e 
m 2® 

iDTry 
sin -r^ 

D 

Try-
sin 

b 

sin 

sin 

Mj(y) = E M sin 

M'(y) 
2 

Hp.Cy) 

8 i ( y ) 

S'(yj 
2 

m im 

S M' sin 
m 2® 

Z M 
m 2® 

Z S 
n m 

sin 

BIZ 
b 

WTry 

nnry 

mTTV 

vivy 
sin 

Z S' sin 
m 231 

;(y) = Z sin 
2̂ 1 

miry 

a 

wo(x) = I V sin . 
^ n gn I 

niTX 

\r (x) = Z w sin 
m an 

Oqfx) = Z 8 sin 
n sn 

6i(x) = E 8 sin ^ n i^n 

Mgtx) = Z M sin 

M'(x) 
4 

n gn 

i I"! • Sin 
n un 

'ih (x) = F. M sin 
^ n ^n 

Sq(x) = Z S sin 
n gn 

n nn 

Sa(x) = E S sin 
^ n i+n 

nrrx 
i 

niTX 
& 

nirx 
£ 

niTX 
£ 

mrx 
£ 

mrx 
i 

nrrx 
Z 

n-iTX 
£ 

mrx 

(E.2) 

The summations are understood to be from one to infinity. 

The final equation-for the deflection of the plate section is then 

obtained as 

w = Z {M A* (x) + M' A* (x) + S B* (x) + S' B* (x)} sin {M 
m iia im 2m 2̂'̂  im xm 2H1 2^ 

ra-ny 
b 

+ Z {M A* (y) + M' A* (y) + S B* (y) + S' B* (y)} sin 
n 3n gn ^n an an 4" 

mrx 
£ 

(E.3) 

„ „ . QFv . n-nv 
n .L 2. w sin sin —r"-
"o m n .ran b £ 

where w is as defined in AuTjendix A for charter- 9 and 
mn 
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1 Slkl 
A*^(x) = { - Y];— (cosh Ai X - COS X2& cosh Ai(il-x)) 

t?-

+ sinh Ai (£-x) sin A2 & 

(E.k) 

+ t% (cos A2 X - cosh A1 % cos A2(&-x)) 

q.iri 
+ -sin Ao (2-x) sinh Ai % } 

Pi 

1 Slti 

' Dd-c'in) A 

tl 
+ ces A2& coshA^x + Piti sinA2& sinhA^ x) 

+ t1 cos A2(&-x) 

fPlti cosh Ai& cos Agx - gjri sinh AiJl sin A^x)} 

2 QJ^l 
B*^(x) = ^ ^ p — (sinh A^x + cos AgA sinh Ai(&-x)) 

+ — sin \j% cosh Ai(£-x) 
Pi 

Plti 
- — ™ — cos A?(&-x) sinh Ai£ 

ri 

= Dnr ^ S r s ' — 

+ qx (sin A2% + coshAiA sin X2(&-x))} 

q.iti 

91 
- g— (q].ri sin A2& cosh A^x - pit^ cos A2&sinn Aix) 

- qi sin A2(&-x) 

+ -- (piti sinh Ai& cos A2X ~ qp'i cosh A 1,0, sin %^x^ 

— 1^3 -



2 2 2 2 

Plti - qiri 
A = 2qit] (l-cosh Xi cos X2&) " — — " sinh X sin X2& 

PI = I = X2 + V (SZ.)' 
1 2 D 

rj = - X (2-v)(^~) 
1 1 b 

t% = + X2(2-v)(—) 
2 

xZ = ^2 + (mz.)' 
1 ° 

X2 = ^2 _ (glj' 
2 b 

The expressions for A* (y) , A* (y) ^ B* (y) , B* (y) can be obtained 

în ifH 

by substituting x, n, Xg, X^ in place of y, b, m, X^, Xg in the 

above equations with X^ = X^ + (^) , X" = X^ - ( ~ ) 

From the equation (E.3) the following expressions for th( 

deflections along the various edges are obtained: 

I]l?[ V 
•-fily) - = s r-ii + ^12 + + s'^ C12) 3in 

w:(y) = = I C2l + (22 + =2! + E22) sin ^ 
mwy 

(E.5) 

niTx 
V3(x) = "y=o = Z (W,n ^33 + C,, + <̂ 33 + £3^ sin * 

(E.6) 

»4(x) - V > ' n '"sn '=" + ®3„ ^ 

where 

1 SI 
Gil = S22 " D(l+in)A (d-cos cosh Xi&)(l- * Pl"J siBhXi&sinXzt * 

0.1 • 

G12 = G21 D(l+in)6 
(cos X2& - cosh Xi&)(l + -—) 11 

Pi 

— 1^^ "• 



1 ti qi 
Ell = - E22 = - D(l+in)A sinhXif. - qi(l+^)RinA2&coshAi(} 

1 ti qi 
Cl2 = - C21 = ^7^Ui+Pl)sinh Xi& - qi(l + — ) sin Agk} 

The expressions for C33 , 3̂1+ , £33 , £31+ can be obtained by 

substituting & , n , A3 , A4 in place of b , m , Xi , ^2 

From equations (E2), (E5) and the condition 

W2(y) = vi(y) 

one finally obtains 

- %% Sll) + M^Q^;22 - %% Giz) + S^Q^;21 - =11) 

+ S' (^22 "• ̂  £12) ~ 0 2m X 1 

From equations (E7) , (E2) and the condition 

,7) 

Wit(x) = K V3(x) 

one obtains 

- Ky G33) + (G44 - Ky C34) + - Ky £33) 

+ - Ky E34) = 0 (E.8) 

From equation (E.3) one obtains 

ei(y> = - I 5 n + 5,.2 + ^11 + (-12) sir. 

" A ''Sn " =3. 

- Po « S ? I-)) 
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Oih-I - 'If' " ,1 »2! * '•'2;, =22 * k t ^ '-'j!, '̂22' =i" 'V" 

+ g "3,, 'In'y) + '\n A;.(y) * ^ ( y ) " K n 

- Po A g '.n <4"-:)" 

9;'%) = <17'^^ = S ^ + S', B.^(x)K5f) 

+ E «3a »33 + »3t + l-aa + *34) s k ^ 

- Pc I I V <^' ¥ (S-il) 

0,(x) = (||)^^ » I {M,a A«„(x) + M'^ A y x ) + B.^(x) + BJ^U)} (21) {-1)" 

+ J {M_n 5.3 + % ^ 3 * s;^ »,4) sin ̂  

^ - Po & g "mn (?(-:)" ^ 

where 

- - 1 
Gil = - 822 = - D(l+in)A t(tiXi + ri&2)^^ cosXz&sinhXi*. 

^ 11 
+ (t^Xj + riX2)'^ coshXi& sin Xz^) 

1 . q.1 ti 
ai2 = - ^21 = + D(i+i%)A + nXg) sinh Xi& + (tiAi + riA2)^Ysi° ^2&; 

1 (11 
*J1 = *22 = - D(l+In)A "(tiAi - riAg)]^ (l-cosAg* cosh Ai*) 

gZ Ai piti 
+ ("—~— + — — ~ A2) sin >2° sinh Xi&l 

Pi ri 

1 (11 
*12 = *21 = D(i+in)A (^iXl + ri ^2^ %2& - cosh XiA) 

The expressions for agg , , 1̂/33 , Y34 etc can "be obtained by substituting 

"" 1.̂4 5 



& , n , X3 , X4 in place of "b , m , Xi , A2 . 

From the equations (E.9) » (E.IO) and the condition 

62(7) = %% 8i(y) 

one finally obtains 

* (If) E 

+ ^11) ^ ~ ^ 5,b n ' x *12) + S ntnm (K* - (-1)^) Sgn 

( ig) & " t'nm (%% -

E w__ (iT.) (a: - (-1)*) 
n mn 'A X 

(E.13) 

where 

a = -
nm 

A* (y) sin 221 dy 
3n 0 

0 
b 

a 
nm 

A* (y) sin dy 
t̂n u 

0 
b 

nra 

b' = 
nm 

., / N - miry , 
(y) sin -r»- ay 

sn D 
0 
b 

B* (y) sin Sp- dy 
i+n D 

Similarly from equations (E.ll), (E.12) and the conditions 

»(x) = Ky Qsfx) 

one obtains 

- ihT 



(#2.) E m c (K - E % c'_(K. - (-l)*)M 
2-n. \m\u# 

• Jib ra mn y Im S,b m mn "y dm 

" hJ*h3 - S *33> + H A h - ^ *3h> 

-' - Po S V ( ? ) '"y - (E.Ik) 

where 

nn 

fZ 
A* (x) sin dx 

o Im 

nm 

ma 

" L ^ 

®!ra " " ? '''= 

d' 
mi 

f l 

®2m ('') " " ? 

Tiles remaining task, is to take the torsional and flexural deformations 

of the stringers and frames into account. For the stringers we 

note that (13): 

d^8 (y) d^e (y) 
M,(y) - M4(y) = :% GgC^ 5 p^I^w 9^(y) 

""s ws „ 4 
ay dy 

S B 2' 

(E.15) 

d^Wp(y) p 
Xy) - S^(y) = - PgAgW^Wgfy)} (E.l6) 

s ns 
dy 

Substituting for 8g(y) from equation (E.IO) and from the equation 

(E.2) one finally obtains 
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g "nm «3„ 
Rs Es 

+ ( f ' 5 '- 'L 

- ®ln »21 - *22 " # ' £ V S n " ' B g 

- - P. : "an ( f »-^>" 

where 
niTTxU . ̂  „ ,imrv2 ^ 2 

«R3 = 

Substituting for v^Cy) from equation (E.5) and from the equations 

(E.2) one obtains from the equation (E.16) 

"im ^21 ̂  =22 " =1M<^21 + " ^^'^22 " ° 
Ts Ts 

, (E.18) 
where 

S , = ®s\s'—' - "A" 

Considering the deformation of the frames, the following equations5 

corresponding to the equations (E.17) and (E.I8), are obtained: 

# ) I «lm + <t' & C «2. 

" "3n<-%3 ' - "lJ%k - 4 ' 

+ ( # & V ^im + ( f fi -'-1) ' L «2m 

830 *k3 - S&n 

(2.19) 

where + GfCfC^J " Pf^fW 
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ana c,,3 + + - ^ ) = D 

(E.20) 

vhere K^, = Sflnf'T'"* " "s^"^ 

The equations (E.7),(E.8), (E.13), (E.lk), (E.17), (E.I8), (E.19), (E.20) 

determine the response of orthogonally-stiffened plates having stringers 

and frames of.finite flexural and torsional stiffnesses, to eonvected 

pressure fields. These can be written in a matrix form for solution 

in the computer. If s is the number of terms taken in each of the 

series in (E.2), the order of the matrix equation to be solved will be 

8s X 8s as opposed to the ^s x Us matrix equation solved in chapter 

9. 

The propagation constants of such plates will be obtained 

by solving these sets of equations after setting p^ = 0. Once 

again an infinite number of bracchAS will be obtained in the u vs. 0 

diagram. To be precise, the number of such branches in this problem 

is 2 X since the introduction of finite flexural stiffnesses 

at the stiffeners gives rise to yet another mechanism of flexural wave 

propagation. 
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Ap-pendix F 

Notes on computational procedure 

The problems discussed in chapters 2 - 8 were solved 

directly using the computer and no iterations were involved. 

Therefore these programs do not need any detailed discussion. In 

chapter 9 and also in the appendix D* iteration techniques had to be used 

to determine the frequency dependence of the propagation constant. 

To illustrate the procedure, the program, used in chapter 9» for 

evaluating the values of Q from the values of and w within the 

free propagation zone, for * < $ will be discussed. 

The program consists of two parts. The main program is for 

evaluating the Q for various vadues of and it is sho>m in the 

form of a flow diagram in page 153. This program calls a sub-

routine SUBDET which determines the frequency-determinant for a given 

value of the frequency. This subroutine consists of four parts; 

j . The first nart evaluates the various coefficients of M. , M' 
Im- 2iu 

etc. on the left-hand side of equation (9.16)» for a given 

value of asd v, . 

2. The second park sets up the frequency-determinant i^e« the 

determinant obtained by equating the ri^t-hand side of 

equation (9.I6) to zero. 

3. The third part uses a standard sub-routine for determining the 

value of the frequency-determinant. 

k. Then it returns to the main program. 

The program for computing the response of orthogonally-

stiffened plates has several parts and these can be described in the 

following manner: 

1. Read the structural data 

2. Read the convection velocity, <b and determine k , k 
' X ' y 

3. Choose an initial frequency. 
U. Evaluate the coefficients of M . M' etc. in equation (9.I6), 

Im ' 2m 
Set up equation (9.16) in the form 

[AJ {X} = {B} 
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6. Solve this matrix equation by using a standard sub-routine, 

7. Use the values of , K' etc. to determine the curvature at 
Im' 2m 

a point. 

8. Find the area under the curve showing the power spectrum of 

the response snd determine the r.m.s. response. 

9. Increase the frequency in suitable steps. If the frequency 

is greater than the cut-off frequency, go to 11 . 

10. Go to U 

lie Stop. 
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Flow di.arxsxn for the main program 

Re ad the st nictural data 
i 

Read the value of (ji 

0.0 + 1 0.0 

0.0 + i 0.0 

Get n = n * 
cc 

Q - n or SX, 
5 Hew 

•fal Call SUBDET 

Q - Q + 10"7 
5 s 

Call SUBDE'T and determine the rate 
of chaiige of the frequency c.oterminant with Q 

Use this to give a new value of HI 
using the Newton-Ranhson method j 

Write n, W 

~ (O'O - i.2) 

"y ' \ * 'j> 

< 0 I ) 

STOP 

* n Natural frequency of the basic plate section (£ x b) 

fully fixed along all the edges. 

1^3 
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Fig.E.I. The basic plate-stiffener. 
combination. 

sXx), 

L L ( J 
/"(snL. T'T? 

y & s . 

s^[y), ss. A F̂ 

M]fy) 

# ! | W . 

s.s. 

S;)(X) , Mgix) 

Fic.S.Tb. Fi c. E i 1G. 

S.S. 

Fig.E.la. 

Sz,(x),M^(x) 

^ t 

M Sl(y) 

M^ty) 

-r r Q 

IcFft 

Fir.E.Id, 

235 


	71004512_1
	71004512_2

