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ABSTRACT
Numerical simulation of nonlinear random noise

J.N.Punekar
Department of Aeronautics & Astronautics, 

University of Southampton, Southampton S017 IBJ, U.K .
Doctor of Philosophy

Nonlinear acoustics is an important subject area in the aeronautical sciences. Two 
such areas are (i) the generation of the sonic boom from aircraft travelling at supersonic 
speeds and (ii) in the generation and propagation of noise from jet propulsion engines. The 
present work focusses on the problem of the propagation of plane finite amplitude sound 
waves which evolve from an initial random noise signal. The work is concerned with the 
numerical solution of Burgers equation, the standard equation of nonlinear acoustics, for 
the case of high Reynolds number using a new accurate numerical algorithm which we 
refer to as the Convolution method. The direct numerical method uses the exact solution of 
Burgers equation based on its reduction to standard linear diffusion equation using Cole-Hopf 
transformation and where the attenuation is by thermoviscous diffusion only. Comparison 
of the numerical solutions with known exact inviscid solutions for simple waveforms shows 
convergence towards the inviscid waveform in each case as the Reynolds number is increased.

The present work is also concerned with waveforms containing a fundamental wave and 
a superimposed second harmonic. It is shown that for such waveforms, nonlinear interaction 
give rise to zero crossings in the plots of change in the wavenumber spectrum with time. 
These zero crossings do not occur after the shock formation time.

Comparisons are also made with Lighthill's analytical model for the one-dimensional 
propagation of randomly spaced sawtooth shock waves in the inviscid limit. In Lighthill(1994) 
it was shown that the number of shocks in a long period taken from a given noise sample 
decreases owing to the phenomenon of 'bunching' whereby the weaker are engulfed in time 
by the stronger shock waves. From a numerical example Lighthill showed that the aver­
age shock strength in the assemblage of sawtoothed waves decreases as l/t/t and the same 
result was found in the present work for large but finite Reynolds number. The result dif­
fers from the decay of a regular constant amplitude sawtooth waves which decreases as 1/t. 
The changes in time in the energy spectrum from its initial spectrum are studied, and it is 
shown that the high frequencies are rapidly populated due to nonlinear steepening of the 
wave distribution and only depopulated by viscous broadening at much later times. Due to 
nonlinear effects the initial Gaussian statistics are rapidly changed in time to non-Gaussian 
as the shocks develop from the negative velocity gradients, which increase to near infinite 
magnitudes compared with the small finite decrease in positive velocity gradients. The re­
sultant changes in the spectrum between a Gaussian signal and a non-Gaussian signal are 
found to be large.
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Chapter 1

1.1 Introduction

Weak disturbances in compressible fluids generate pressure fluctuations which propagate 

away from the source at the speed of sound. When the disturbance is of finite amplitude 

the propagation speed exceeds that of sound waves. This latter field of study is referred to 

as 'Nonlinear acoustics'. A major feature of the propagation of finite amplitude waves is 

tlieir steepening and consequent distortion, and the formation of shock waves. Applications 

of nonlinear acoustics are present in many areas as diverse as oceanography, hydraulics, 

astrophysics and tlie atmospheric sciences. An important problem is the distortion of 

nonlinear sound waves in the atmosphere. Such waves are generated by explosions in 

the atmosphere and from supersonic aircraft. Finite amplitude sound waves are also 

generated in the vicinity of large jet and rocket propulsion engines. Other problems include 

applications in underwater acoustics and two phase fluids, but such applications are not 

considered in the present work. The study of nonlinear wave propagation in fluids is not 

a new subject. It was first treated by Euler(1755), Lagrange(1759) and Poisson(1808) but 

the first major advances were made by Earnshaw(1859). This was closely followed by the 

fundamental work of Riemann (1858). The theory of Riemann shows how non-stationary 

waves in one dimensional unsteady flow propagate in the i direction as two simple waves, 

one backwards and one forwards such that along

C+ = constant, u 4- P = constant

C- = constant, u - P = constant

where C+ and C' each represent one set of characteristic curves, u is the sound particle 

velocity, c is the local speed of sound and P = f tfo/pc [see Lighthill(1978)]. The work of 

Riemann is fundamental to the work described below.
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The work of Riemann and Earnshaw was shown to apply for all smooth variations in 

pressure and particle velocity. However Whitham(1956) has shown that beyond a given 

time compression waves converge and tlie solution becomes multivalued. The practical re­

alisation is that a shock wave is formed with the presssure, density and velocity changing 

discontinuously across it. Rankine(1870) and Hugoniot(1889) derived the discontinuous 

changes in pressure, density and velocity across plane shock waves as well as the finite 

increase in entropy. Thus althougli continuous, and therefore smooth, variations of pres­

sure, density, temperature and velocity generated by finite amplitude waves are isentropic 

it was found by Rankine and Hugoniot that discontinuous changes resulted in increases 

in entropy and it remained unclear as to where the energy associated with this rise in 

entropy was dissipated. The problem was resolved by Taylor(1909) and Rayleigh(1910) 

wlio showed tliat in real gases no discontinuity was possible and a continuous variation 

in pressure, density and velocity occured between their upstream and downstream val­

ues. However the thickness of the isolated shock wave in air at normal pressures and 

temperatures is so small, being a few molecular mean free paths in thickness, that the 

assumption of a discontinuity is a good assumption in many practical cases. For a strong 

shock wave tlie thickness is inversely proportional to the sliock strength and for a shock 

of Ap = lOOPa the thickness is ~ 10-7 meters. Nevertheless an entropy rise confined to 

the shock does exist equivalent to the thermoviscous dissipation present within the shock 

wave. It is noted liere that for plane waves the rise in entropy across weak shock waves is 

0(/33) where /3 = (pi - po)/po is the strength of the shock.

The theory of nonlinear wave propagation was reformulated by Lighthill(1956), and 

included the Lighthill-Whitham theory for the derivation of the farfield nonlinear cor­

rections to linear theory associated with nonlinear wave distortion. It was shown that 

if thermo-viscous effects were neglected the exact flow equations reduce to the Riemann 

equations and thus reduce to the Lighthill-Whitham theory of non-linear wave propaga­

tion. Whitham found that linear tlieory provides a 'good' approximation to the pressure 

in the far field of a disturbance but showed that the shape of the rays (characteristics) are 

strongly distorted by the finite amplitude of the waves. The result is the pressure is correct 

but is assigned to the wrong characteristic. Some aspects of the Lighthill-Whitham theory 

were developed independently by Landau(1945).

The fundamental equation of nonlinear wave propagation is Burgers equation, which 

for the nonlinear propagation of waves in the a; direction in the one dimensional unsteady 
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flow case is
du du d'u
— + u— =

It is known as Burgers equation but was first introduced by Bateman(1915) and later de­

rived independently by Burgers(1951) in connection with Burgers turbulence. The inviscid 

form was first proposed by Landau(1945) and later independently by Lighthill(1956) and 

Whitham(1956). It was this tlieory winch was first used to derive the asymptotic shock 

wave structure for any shape of body travelling througli the atmosphere at supersonic 

speeds. It was also sliown that to a good approximation the effects of dissipation and 

diffusion processes governed by viscosity and thermal conduction can be neglected in de­

riving the pressure signature from a supersonic aircraft and that the finite thickness of the 

sliock wave could be ignored in many practical cases.

The name Burgers equation was given following the suggestion made by Burgers (1951) 

to use this equation as a simplification of the Navier-Stokes equations describing the 

structure of turbulence exhibiting a non-linear transfer of energy across wavenumbers. 

Tlie Burgers equation is a one-dimensional unsteady quasi-parabolic partial differential 

equation with z/ being the viscosity. In the application to finite amplitude waves, where 

the amplitude |u| << co, it provides the exact balance between wave steepening due to 

nonlinear effects and wave broadening due to thermo-viscous diffusion as well as vibrational 

relaxation or lag effects. In this model equation in a thermo-viscous medium, the diffusion 

term guarantees there are no . Its applications to the theory of non-linear acoustics 

was recognised by Lagerstrom et al(1949). Cole(1951) published an exact solution of 

the Burgers equation by using what is now known as tlie Cole-Hopf transformation in 

which he sliowed that any waveform in a periodic domain which can be expressed in the 

form of a sine series will eventually reduce to a sine wave of vanishingly small amplitude. 

Hopf(1951) independently, discovered this transformation, which is unique in the solutions 

to nonlinear partial differential equations in that it is the only nonlinear partial differential 

equation whose solution can be obtained from known solutions to a corresponding linear 

partial differential equation. Hence the problem of finite amplitude sound waves can be 

approached through the solution of the nonlinear Burgers equation.

The application of the Burgers equation to multiple dimensional problems in nonlinear 

acoustics has been covered by Lighthill, Whitham and Guiraud in the 1950's and 1960's. 

A summary of its application to the sonic boom problem was given by Lilley (1970) in the 

OECD sonic boom conference. The approximation is made that the particle sound velocity 
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is propagated along a ray at tlie local sound speed. Tliis local sound speed is augmented by 

tlie amplitude of tlie sound wave whicli represents the fundamental change between linear 

and nonlinear acoustics. Tlius tlie local wave speed c = u + co, that is it is equal to the 

ambient speed of sound plus a contribution from the finite amplitude of the wave. Thus 

wlien this approximation is introduced into the exact one dimensional flow equations and 

liiglier order terms are omitted and the equaations are transformed to coordinates moving 

witli the local speed of sound, they reduce to Burgers equation. The equation in this form 

may be generalised for 3D waves of small curvature to the equations of geometric acoustics 

for nonlinear waves. In other words tlie geometric acoustics approximation is introduced 

for 3D nonplanar waves whicli have a similar solution to that of planar waves by accounting 

for the changes in the ray tube area along the ray. The theory of geometrical acoustics 

follows the same approximation as used in the theory of geometrical optics. In the case 

of waves of large radius of curvature locally it may be assumed the wave is pseudo-plane 

and the wavelength is vanishingly small. In this case sound is propagated along a ray in 

a medium at rest normal to the wavefront witli the normal tracing out the path of the 

curvilinear ray. Tlie theory is easily modified when the background medium is in motion 

provided the medium is frozen(stationary) during the passage of the wave.

In an atmosphere without winds the acoustic energy (p - Po)2/Pot {per unit volume 

is conserved along a ray. In other atmospheres with wind, the ray tube area is curved 

and the curvature of the wavefront is no longer equal to the distance travelled along the 

ray. Refraction bends the rays into the direction of decreasing temperature and therefore 

the rays are bent upwards. In sucli cases in estimating the magnitude and extent of the 

disturbances it is usual to assume an atmosphere in which the wind follows some prescribed 

variation with altitude and the pressure, density and temperature are all functions of 

altitude. In order to conserve the acoustic energy along rays the above formula is replaced 

by the Blokhintzev(1946) invariant

Arav(p - Po)2 |v2ay|

Poco 

where Aray is the ray tube area, v is tlie wind velocity and co is the local speed of sound. 

Thus the energy is conserved along the ray tube and flows with the group velocity equal 

to the ray velocity, Vray, where Vray = con + v.

Guiraud(1964) used the exact equations of motion to derive the general equation of 

non-linear geometrical acoustics for waves propagating along curvilinear rays in an in­

4



homogeneous medium. These included complex problems of the propagation of shock 

waves of arbitrary waveform including plane, cylindrical and spherical waves travelling 

along curvilinear ray paths in an inhomogenuous atmosphere witli arbitrary wind. Finally 

Guiraud showed by a simple transformation that this equation can be reduced to the Burg- 

ers equation. His results are shown to be consistent with the work of Blokhintzev(1945), 

Hayes(1965) and are exactly equivalent to the work of Whitham and Lighthill discussed 

above. Guiraud's work would be central to an extension of the present work when ex­

tended from the properties of the planar finite amplitude waves in a uniform medium 

without wind, to the general case of curvilinear plane, cylindrical, and spherical waves 

in an inhomogenuous atmospliere with wind. More general application of solutions to 

Bogers equation to many nonlinear acoustic problem are given by Crighton(1979), Black- 

stock(1969), Rudenko and Soluyan(1977), Scott(1982) and by Gurbatov(1991). Gurbatov 

investigated tlie propagation of nonlinear random waves, whicli is a subject Lighthill(1993) 

has also recently studied in which was introduced the concept of 'bunching'. Lighthill de­

fined 'bunching' as the phenomenon involving the overtaking of weak shocks by stronger 

shocks and resulting in the reduction of the number of shocks with time. 'Bunching' is a 

plienomenon when two waves adjacent waves coalesce or unite to form a single wave. The 

method of matched asymptotic expansions has been used by Crighton and Scott(1979) 

to derive asymptotically correct solutions to problems of nonlinear propagation in three 

dimensions wliicli reduce to solutions of a generalised form of Burgers equation.

Progress in the understanding of nonlinear acoustics has been very rapid since the 

work of Lighthill and Whitham in the 1950's. Reviews of recent progress are given by 

Blackstock(1969) and Bayer(1960), Rudenko and Soluyan(1977). An extensive theoretical 

treatment of the problem of the nonlinear plane progressive sound waves is given by Black- 

stock(1962). Approximate Fourier series solutions have been derived by Blackstock(1966) 

for the propagation of sinusoidal piston motion. Blackstock(1964)[b] expanded the exact 

solution of Burgers equation into a Fourier series and obtained its coefficients numerically. 

Blackstock(1965) also reviewed the well known solutions of Fay(1931) and Fubini(1935) 

and compared these results and discussed certain properties of these solutions where he 

showed, in particular, how the boundary value problem, which had previously been stud­

ied, could be transformed, by interchanging time and space variables and assuming slow 

changes of profile into an initial value problem, which is of more immediate interest to 
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acousticians. In one of his papers, Blackstock(1965) showed that solutions to Burgers 

equation reduce to the Fubini solution in the limit as the viscosity vanishes. A Fourier 

series method of solving the Burgers equation to investigate the nonlinear interactions has 

been given by Fenlon(1971). Mendousse(1953) found pressure fluctuation solutions to the 

Burgers equation using Cole-Hopf transformation, while Benton(1967) and Benton and 

Platzmann(1972) discuss for the cases of simple initial waveforms exact analytic solutions.

The importance of using the solutions to the full Burgers equation with viscous terms 

retained is tliat for any value of the viscosity a continuous solution is obtained with 

a finite shock tliickness. For very low v, and in the limit v - > 0, tlie solution merge 

exactly witli those obtained from the lossless equation („ = 0) as shown by Whitham and 

Lighthill(1956) where the multivalued solutions have been replaced by shocks using the 

'equal area rule' described below. Thus the solution of the Burgers quasi-parabolic partial 

differential equation for finite i , reduces exactly to the solution of the nonlinear hyperbolic 

wave equation as z, —>0. Hence the nonlinear distortion of a wave can be obtained from the 

nonlinear inviscid equations either by analysis or directly using geometrical methods. In all 

tliese several works relating to Burgers equation it is important to note that the dissipation 

mechanism, provided by thermo-viscous diffusion, creates the relevant increase in entropy 

across finite amplitude waves as required by the exact equations of fluid mechanics and 

given by the Rankine Hugoniot relations. The inviscid solution of Burgers equation has 

applications to many problems of interest in matliematical physics but when shocks appear 

the finite increase in entropy can never be ignored. Roman et al(1986) discuss analytic 

solutions to Burgers equation in a form of Volterra's series in a continuous medium. The 

kernels of this series enable the probabilistic characteristics of the output signal to be 

determined under the condition that the input signal is known.

When an initial waveform is described as a Fourier series with known coefficients it 

is not a straight forward procedure to find how tliese coefficients change with time and 

distance from solutions to Burgers equation, even though this has been attempted by 

a number of workers. An early attempt in this direction was reported by Pernet and 

Payne (1971). Several theoretical contributions have since been made by Rudenko and 

Soluyan(1977) and co-workers, although Webster and Blackstock(1977) have commented 

on difficulties arising in applications of their work to practical problems. Some work on 

spectral distortion, which accompanies finite amplitude sound propagation, has been re- 

ported by Morfey and Howell(1981).
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The early history of the analytical treatment of finite amplitude waves and solutions to 

Burgers equation are discussed by many authors. The history is long and will only briefly 

be discussed liere. Comprehensive reviews in this area have been described in particular 

by Rayleigli (1910), Lighthill(1956), Blackstock(1969) and Pierce(1981).

Tlie weak shock method represents a direct extension of tlie lossless theory of the 

classical era described above. In this theory the shocks which are a result of the wave 

distortion are treated as discontinuities separating continuous sections of the waveform. 

Tlie sliock propagation velocity ^ moves with a speed in the a ; direction which is equal 

to tlie average of the speed of the wavelets ahead of and behind it. Tlie wave velocity 

C],2 = Co + 2^ui2, on either side of tlie shock. The shock velocity is thus

U8= co + Z^(U++U_)

where U± are the values of the particle velocity, u(T,t), on either side of the shock.

Lighthill showed that the formal procedures used in the weak shock method can be 

deduced as an approximation of the solution of the Burgers equation. He discussed Burg­

ers equation as an approximation to the exact equation for plane waves in a non-relaxing 

thermo-viscous fluid. An important feature of the work in nonlinear acoustics is associated 

witli wave trains comprising multiple shocks including their interactions and the effects 

of dissipation. Lighthill(1993), using inviscid theory, has considered how the number of 

shocks formed at any particular time can be calculated knowing the number of shocks 

at an earlier time. A certain 'bunching ' tends to arise, because a union of two adjacent 

shocks is found to increase the likelihood of further union with other neighbouring shocks. 

The models studied so far include spatial waveforms formed from a spatial assembly of 

periodic random 'sawtooth' waves of random amplitudes separated by expansion waves. 

Existing published work on this area is sparse. Further work is required and the present 

work, based on a numerical solution of the full Burgers equation, which was commenced 

in 1992, is devoted towards this end.

It is known that the finite amplitude effects continue to be present at large distances 

and moreover at great distances the amplitude of the wave becomes independent of the 

source amplitude. Crighton(1979) in his 'model' equations refers to this as amplitude sat­

uration. The initial amplitude determines the small initial widths of the shocks according 
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to the Taylor tliickness but at large distances viscous broadening occurs and the near dis­

continuities in the waveform disappear. In Cole's(1951) solution of the Burgers equation 

with periodic boundary conditions an asymptotic equation is given for large times and 

predicts that the wave amplitude becomes indepedent of the initial amplitude. At large 

times the fall in amplitude as a result of nonlinear effects results in the amplitude being 

less tlian would be found in tlie linear diffusion theory. Thus Cole(1951) finds that for 

any periodic wave it will eventually reduce to a sine wave at a large distance. However 

an arbitrary pulse of finite lengtli eventually becomes an N wave and continues to remain 

an N wave of reduced amplitude indefinitely. Figure 1.1 shows the nonlinear distortion 

for periodic and nonperiodic wave when v - >0. An approximate wave equation for sound 

propagation in an inhomogeneous fluid witli arbitrary properties is given by Pierce(1990).

A study on the criteria indicating when it is possible to form a discontinuity in a 

plane wave in gases is given by Goldberg(1957). Formulas are derived for the absorption 

coefficient in tlie case when a discontinuity is impossible, and in the case when a dis­

continuity is possible. A recent paper by Cox(1994) shows how artificial neural networks 

can be used to model the nonlinear nature of the propagation of higli level nonlinear sound.

Figure 1.1: Nonlinear distortion with time for periodic and nonperiodic waves

In addition to the numerical solution to Burgers equation, which forms the bulk of 

the work described in this thesis, a few recent papers have covered particular aspects of 

the propagation process. For instance Mitome(1989) has discussed a numerical solution of 
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Burgers equation for the propagation of an initial sine wave which is periodic. Trivett and 

Van Buren(1981) have numerically treated the generalised form of Burgers equation to 

calculate the harmonic content in tlie frequency domain for plane, cylindrical and spheri­

cal waves. Tlie non-linear energy exchange and redistribution among the harmonic modes 

have been investigated by Wu et al(1990) wliicli offer a better means for detecting nonlinear 

propagation in a medium. From this work Wu has found an optimum periodic signal that 

will propagate the greatest distance without forming a shock. A finite difference method 

to solve the general equations of finite amplitude acoustics is used by Sparrow(1991) for 

simulating the propagation of spark pulses and their interactions. However the finite dif­

ference method were less accurate than the spectral methods for waveforms witli sharp 

variations and is discussed by Basevdant et al(1986).

Many theoretical and experimental studies of nonlinear propagation of deterministic 

signals, such as periodic waves, N waves and sawtooth waves have been performed. Al­

though several studies on finite amplitude noise have been made, there have been very few 

attempts at the prediction of the finite amplitude changes in a random initial signal with 

distance from the source. The waveform distortion and the generation of harmonics from 

finite amplitude sound propagation has been a subject of much interest to acousticians. 

Solutions to the Burgers equation for nonlinear random waves have recently attracted the 

attention of a number of authors and is tlie main subject of the present work.

In many practical problems, the waveform from an acoustic source is a random signal 

and the requirement is to find not only the changes in waveform arising from any one 

realization but also the statistical properties averaged over an ensemble of realizations. 

The properties required include the averaged pressure, its dispersion, the one and two point 

probability distributions, correlation functions and the power spectrum. Early work on this 

subject has been reviewed by Rudenko(1977). The spectral and statistical characteristics 

of sawtootli waves are investigated by Khokhlova et, al(1990). Gurbatov(1991) gives details 

of certain analytical methods used in the statistical theory of nonlinear acoustics!. He also 

investigated the evolution of the high wavenumber spectrum from nonlinear propagation

iGurbatov(1991) showed how solutions to a modified form of Burgers equation with the gravitational 

constants included could be applied to problems dealing with the distribution of stars and galaxies and a 

prediction of the distribution of stellar material in the universe.
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of random waves. Some statistical properties of solutions to Burgers equation have been 

given by Jeng et al(1966). Sinai(1992) has discussed the statistics of shocks in solutions 

of inviscid Burgers equation using She's(1992) numerical work on the inviscid Burgers 

Equation witli initial data of Brownian Type.

Mucli of the work concerned with the solutions of Burgers equation has been de­

voted to Burgers 'turbulence'. Although Burgers 'turbulence' is irrotational, since no 

one-dimensional motion can support vorticity, closeness exists between it and the turbu­

lence derived from the Navier-Stokes equations. In fluid mechanics it is a well known 

fact that the Burgers equation serves as tlie simplest model equation of hydrodynamic 

turbulence. It describes the joint action of the two mechanisms, nonlinear steepening and 

viscous broadening and hence establishes some of the properties of real hydrodynamic 

turbulence. Solutions of the Burgers equations exhibit the nonlinear transfer of energy 

across the wavenumber spectrum witli dissipation occuring in the high frequency end of 

the spectrum. Similarities therefore arise between the physical processes existing in the 

Burgers turbulence and in the nonlinear propagation of finite amplitude acoustic waves. 

The literature on Burgers 'turbulence' is too extensive to even single out a few definite 

references. A reference relevant to the present work on statistics is by Kraichnan(1990), 

who has given a heuristic model for the evolution of the probability distribution function 

obtained from Burgers turbulence. He has shown that the changes in the non-Gaussian 

statistics with time are obtained mainly due to the nonlinear distortion of the negative 

velocity gradients. This work of Kraichnan is compared with the present results obtained 

for nonlinear acoustics in chapter 7.

1.2 A further application of nonlinear acoustics to sonic 

boom

The problem of sonic boom is an important example of aeronautical nonlinear acoustics 

and cannot be described by linear geometric acoustics. The complete analysis can only 

be performed by the introduction of the theory of nonlinear acoustics. It is known that 

an aircraft moving througli the atmosphere at supersonic speed emits disturbances in the 

form of compression and expansion waves which propagate away from the aircraft at the 

speed of sound. Nonlinear distortion of the compression waves results in a steepening of 

wavefronts and is referred to as convective or inertial steepening. The propagation of the
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Figure 1.2: Illustration of the sonic boom problem

wave system can be described approximately by linear theory but the cumulative nonlin­

ear effects result in a distortion of the wave signature. The wave distortion results m the 

generation of shock waves and the general tendency is for the signature to approach an 

N wave at large distances independent of tlie aircraft sliape. Tlie pressure disturbance it 

creates by this boom pressure signature near ground level results in a 'bang' or a 'boom 

as heard by an observer. The figure below shows the sonic boom pressure signatures where 

near the aircraft the pressure signature is complex. At large distances the complex pres- 

sure signature simplifies into the characteristic far field N wave.

The pressure disturbances created by an aircraft along its flight path are propagated 

along ray tubes formed by the bundle of neighbouring rays. The variation in the magni­

tude of the pressure disturbance created can be calculated once the geometry of the rays 

and wave fronts have been determined. In a steady state atmosphere the ray tube area 

is proportional to the distance along the ray. The change in the path of a ray and its 

cross-sectional area, depending on the variation in the atmospheric temperature, sound 

speed and wind velocity with altitude, is described by Hayes(1965). He showed that for
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the cylindrical waves generated by a supersonic aircraft the pressure perturbation varies 

inversely as the square root of the ray tube area. Figure 1.2 shows the flight path, and the 

rays approaching the ground eventually forming an N wave. It is shown below that the 

underlying theory of the sonic boom commences with the theory of nonlinear plane wave 

distortion, whicli is the central subject of the work presented below.

1.3 Research Objectives

A gap in the present status of nonlinear acoustics is the non-existence of a general numer­

ical solution to describe the nonlinear propagation of a complex waveform. The present 

work was undertaken witli the main objective to investigate the complete process of the 

propagation of complex wave propagating in a nondispersive medium at the ambient local 

speed of sound co.

The evolution of the structure of a simple wave was first undertaken in order to develop 

the numerical method. The simple waves investigated included the sine wave, sawtooth 

wave and a sine wave with superimposed harmonics. The method was then extended to 

the case of an assemblage of shock waves that form during nonlinear propagation from an 

initial complex waveform. Sucli a waveform soon develops a sawtooth like structure. The 

case was considered where at t = 0 the amplitude and phase of the complex waveform 

was random. It was then necessary to investigate the fundamental processes governing the 

formation of shock waves and the resulting populating of higher wavenumbers due to early 

application of nonlinear effects followed later by depopulating of higher wavenumbers due 

to viscous dissipation. Nonlinear effects result in tlie generation of sum and difference 

frequencies and give rise to higher wavenumber components whereas the effects due to 

dissipation result in the slow transfer of energy back into the lower wavenumbers. The 

information obtained from results for simple waveform then led naturally to a deeper un­

derstanding of these same processes occurring in more complex waveforms.

The change in the wavenumber spectrum for large propagation times were studied, and 

in particular the wavenumber interaction processes taking place in the spectral domain 

corresponding to the wave distortion process in the physical domain. It was therefore 

possible to investigate the process leading to shock formation and to the prediction of the 
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shock thickness in the physical domain. Tlie dissipative mechanism present in a damped 

acoustic wave arising from the viscous forces and their physical interpretation was also 

investigated botli in the spectral and space domains.

To achieve these results it was first necessary to develop an initial waveform at time 

t = 0, whicli had an energy spectrum, having a prescribed energy E(k) in each wavenumber 

k, and a dissipation function, e, so as to investigate the changes in spectrum with time. 

Tlius it was possible to describe the energy transfer mechanism botli in the low and high 

wavenumbers resulting in the sum and difference mechanisms. The waveform distortion 

resulting in the formation of steep gradients in tlie waveforms, its corresponding changes 

in the wavenumber part of the spectrum were some of the important physical processes 

investigated.

All these objectives were realised by the introduction of a new numerical method which 

here is referred to as, the Convolution Method. This method enables us to study the evo­

lution of an initial complex wave signal at all times over a significant range of Reynolds 

numbers and especially at high Reynolds numbers.

One of the important objectives was to compare the results obtained for the complex 

waveform distortion at high Reynolds numbers with Lighthill's(1993) inviscid 'bunching' 

theory on the propagation of an assemblages of initial plane periodic sawtooth waves. 

Comparison with Lighthill's inviscid theory enabled a check to be made of the accuracy of 

the numerical method and to demonstrate as Reynolds number R - > oo, that the numer­

ical method tended to Lighthill's inviscid solution. Tlie work undertaken here on random 

waves was completed before the work of Lighthill became available.

As a separate study the statistical evolution in time of a complex waveform which is 

initially Gaussian was investigated. The statistics of the evolving waveform including its 

probability distribution, the higher moments, the cumulants, and the energy spectrum 

have been investigated. It is shown how an initial Gaussian signal is transformed into a 

non-Gausssian signal as a result of nonlinear distortion. The changes resulting from the 

dissipation rate with time as a function of Reynolds number has been investigated. These 

results were compared with the results of Kraichnan's(1990) analytical work for Burgers 

turbulence.
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A study was also undertaken to explore the differences in propagating Gaussian and 

non-Gaussian initial signals. This was undertaken in an attempt to explain some of the 

anomalies in the comparison between the experiments of Blackstock(1978) and related 

numerical predictions.

1.4 Structural layout of the thesis

Tlie thesis consists of 8 cliapters. A detailed description of the derivation of the Burgers 

equation from the exact equations of motion in a lossless medium is given in chapter 2. The 

chapter also describes tlie effects due to absorption and the transformation to spherical 

and cylindrical coordinates.

Chapter 3 gives description of the various numerical metliods used in solving the Burg­

ers equation and tlieir limitations. Tliese include the spectral method and the Fast Fourier 

Transform method. Simple examples using these methods are presented, showing the 

waveform propagation for large times.

Chapter 4 gives a detail description of the numerical procedure used in solving the 

Burgers equation using the Gaussian Convolution Method. Full details of the limits of 

integration, the intergration method and the comparison witli exact solution for the sine 

wave are given for various Renolds numbers. Convergence to the exact inviscid solution 

for liigh Reynolds numbers is discussed. This cliapter describes liow the metliod developed 

for simple waves can be generalised to deal with arbitrary initial signals.

A characteristic feature of nonlinear acoustic noise propagation is the growth in the 

energy of its wavenumber components and their interaction leading to the formation of 

discontinuities, i.e. the creation of shocks. Chapter 5 gives a step by step study of the 

problem by first considering the nonlinear distortion of an initial sine wave and then pro- 

ceeding to cases where the initial waveform was a sine wave modified by the superposition 

of a number of harmonics of the fundamental. This is compared with Wu's results for 

the superimposed liarmonic. The wave distortion by nonlinear effects at moderately high 

Reynolds numbers leading to the formation of near shock waves is discussed. The develop­

ment of 'cusps' in the wavenumber spectral components with time arising from the zeros 

in the Fourier coefficients of the developing wave are discussed for varying amplitude of 

the harmonic superimposed on the fundamental. All these results are compared with the 
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exact solution for tlie sine wave due to Cole for finite Reynolds number.

Cliapter 6 is given the full description of tlie process of the propagation of the random 

initial signal for large times botli in the physical and spectral domains and their physical 

interpretations. The method of defining the initial spectrum is described in detail. The 

dissipative mechanism due to tlie viscous forces and its physical interpretation both in the 

spectral and space domain are discussed. Investigation of the statistical evolution of a wave 

signal witli time from the initial waveform for two test cases is described. The study of the 

probability distribution of the field, tlie higher moments, the cumulants, and the energy 

spectrum is given. Tlie bispectrum is presented to sliow how tlie initial Gaussian signal 

becomes non-Gaussian due to the nonlinear effects. The rate of dissipation, Reynolds 

number effects on the initial Gaussian signal with time has also been studied for several 

test cases. The changes in the PDF of u and du/dz of an initial Gaussian signal are 

compared witli Kraichnan’s analytic work.

Chapter 7 gives the effects of re-randomising the signal so as to understand the phase 

statistics of the signal witli time. This method is used to explain the discrepency in 

Blackstock's(1978) comparison between experiments results using a computational model.

Chapter 8 gives the energy variation with time for plane waves and is compared with the 

energy decay law found in Lighthill's inviscid calculations for a series of periodic randomly 

placed sawtooths at high Reynolds number. Hence the chapter shows that the Convolution 

Method can give results over a wide range of Reynolds numbers, and in particular at very 

high Reynolds numbers where the solution approaclies the inviscid limit.

Chapter 9 discusses the various aspects of the nonlinear propagation of random noise 

and the conclusion which can be drawn from this work. In addition some recommendations 

for further work and application are described.
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Chapter 2

Finite Amplitude Waves and

Burgers Equation

It is well-known that the equations of motion describing nonlinear sound propagation in an 

absorbing medium reduce to the Burgers equation. In this chapter Burgers equation is de- 

rived from the exact equations of one-dimensional fluid flow including the effects of thermo- 

viscous dissipation, and absorption. It is also sliown tliat tlie same equation, following 

a transformation can represent both tlie propagation of plane waves (one-dimensional), 

cylindrical waves(two-dimensional) and splierical waves(three-dimensional) in an absorb- 

ing medium. The derivation of Burgers equation for one dimensional finite amplitude 

waves, starting from tlie exact equations of fluid motion, including tlie effects of viscous 

dissipation and heat conduction(absorption), is presented here.

All real fluids are viscous and heat conducting and when in motion the dissipative 

effects of friction and heat transfer are always present. In the case of fluids such as air 

the viscous stress and heat conduction are linear in gradients of velocity and temperature 

respectively. The effects of bulk viscosity are normally neglected. However the effects 

of absorption and relaxation are important. All these dissipative effects are discussed 

by Lighthill(1956) and Plerce(1981). In the work presented below it is assumed, for the 

purpose of simplicity, that all diffusion properties can be lumped together in a single con­

stant diffusion coefficient. Tlie extension of this work to deal with the exact properties of 

tlie fluid would involve a modified numerical treatment from that used below. For many 

problems of fluid flow in which large gradients of velocity and temperature are absent the 

effects of viscosity and thermal conduction can be ignored and the flow is regarded as 
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inviscid. However, a^ will be discussed below, in problems of nonlinear acoustics, which 

includes the generation of shock waves, the loss of energy and the corresponding increase 

in entropy can never be neglected, even though for many purposes the presence of the 

waves may be calculated to good accuracy using the inviscid approximation. (The reason 

underlying this anomaly is that wave properties are found from solutions to the equations 

of conservation of mass and momentum where tlie effects of diffusion are in general small 

and negligible. On the other hand conservation of energy demands the existence of a 

dissipation of mechanical energy into heat and in nonlinear acoustics this may be small 

but is never negligible).

When fluid flow is subjected to small variations of fluid velocity, temperature, pres- 

siu:e, and density, and squares and products of small disturbances are neglected. To this 

approximation the changes in entropy are small and may be neglected with

— = constant.

The flow equations may be linearised about the state of the ambient fluid. The equations 

for these small amplitude disturbances reduce to the acoustic wave equation with the small 

amplitude disturbance propagating as sound waves at the local speed of sound. However 

Lighthill(1956) showed that thermo-viscous effects in the propagation of sound waves are 

never negligible and strictly the flow always remains slightly anisentropic.

Lighthill(1956) reformulated the equations for the propagation of small disturbances in 

ambient medium at rest when thermo-viscous diffusion and nonlinear effects are included 

and thus derived the basic equation for the nonlinear propagation of acoustic waves. The 

resulting equation when viscous terms are absent is known as the Lighthill-Whitham equa­

tion but the complete equation including viscous terms is Burgers equation.

In the following section the nonlinear unsteady partial differential equations for finite 

amplitude sound waves are derived from the exact equations of fluid motion including the 

effects of viscous dissipation and absorption. Finally Burgers equation is derived for the 

propagation of nonlinear random waves in a non-dispersive medium.
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2.1 The exact equations of fluid flow for one-dimensional 

unsteady flow

The equations of continuity, momentum and energy in one-dimensional unsteady flow are

Continuity (Conservation of mass):

Motion (Conservation of Momentum):

dt dz
(2.1)

Energy (Conservation of heat energy equation):

du du ^ dTzz
= ar + dr; (2.2)

where the specify enthalpy h = e + p/p, e is the specific internal energy.

Dt dz \jPr dz/+ "de (2.3)

Total energy equation:

Adding to the heat energy equation, the equation for the kinetic energy found by 

multiplying equation 2.2 by u,

Dhs ^ d,pdh\ (2.4)

where the specific stagnation enthalpy is

hs=h4--U2

Here p, p and u are respectively the density, pressure and velocity. The Prandtl number 

is

where p, Cp and k are the dynamic viscosity, specific heat at constant pressure and thermal 

conductivity respectively. The kinematic viscosity v = p/p. Tit is the component of the 

viscous stress tensor for one-dimensional flow, and in a Newtonian fluid

4 du (2.5)
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To the above equations must be added the equation of state which for a perfect gas is

0/1(1/ - 1) (2.6)

and
^=(^), = 22 =(7 - l)h 

dp p

is the square of the speed of sound.

Entropy (Conservation of entropy equation): The conservation of entropy equation

is found from equation 2.3 for

/ Dh

(2.7)

d/pdh) du
dr \Prdr, dr

The right hand side represents the entropy production per unit volume and s is the specific 

entropy. In isentropic flow the right hand side is zero and p/p-Y = constant.

ph D(s/Cp) (2.8)

2.2 The linearised flow equations for sound waves of small

amplitudes

The linearised inviscid flow equations for sound waves of small amplitudes in a compressible 

inviscid ambient medium at rest are found neglecting squares and products of the small 

fluctuating quantities p', p', and u' and are :

^+£0^=0 
dt dr 

^+1^=0 
dt po dr 

(2.9)

(2.10)

where po is the ambient density. On subtracting from the time derivative of equation 2.9 
the r derivative of equation 2.10 and noting (^) = Co, where co is the constant speed 

of sound, the equation becomes

d"]/ c^d'p' 
dt? dr? (2.11)

This is the acoustic wave equation for the pressure disturbance in a medium at rest. 

Similar equations exist for u' and p'.

A sound wave of small amplitude is a longitudinal wave and generates alternatively 

small compressions and rarefactions in the medium through which it travels at the speed 

of sound. The small amplitude disturbances p/ and p/ relative to the constant values po 
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and po of the ambient medium are such that / << po and pi << po. However, viscous 

and other dissipative effects are not negligible and the propagation of sound waves over 

large distances results in a loss of energy. The total energy in a sound wave comprises the 

sum of its kinetic and potential energies. It follows that the acoustic energy W, per unit 

volume is
(2.12)

where p' = p'/co and u' = p'/poCo giving W = Pou' since the potential and the kinetic 

energy contributions to W are equal. This is true for plane waves but differs for waves in 

general. So far the increase in entropy associated with absorption of sound energy by the 

diffusive medium is ignored. Lighthill(1956) showed that the absorption of sound energy 

or attenuation arises from

(a) viscous dissipation,

(b) lieat conduction and

(c) molecular relaxation. That is, 6 is effective diffusivity given by

6 = du+ dc+8i (2.13)

where d vis the viscous diffusivity, de is the diffusivity due to heat conduction and % is the 

contribution from lag due to relaxation effects. Wlien lag effects are neglected

a+2^) (2.14)
P0 3 Pr

is the effective thermo-viscous diffusivity, as introduced by Lighthill(1956). Hence in the 

absence of lag effects, the energy equation for sound waves of small amplitudes is

dW dl r (2.15)

where W is the acoustic energy per unit volume, I is the energy flux per unit volume. 

Liglithill argued that the linear equations for sound waves must include the viscous stress 

tensor T and that the relation between pressure p and density p must include the non- 

isentropic effects in tlie flow. Lighthill assumed tliat the component of the stress tensor 

in the i direction is

Pzz - Po = (p - Po) - Trz

But p -po ~ (^(p - Po) and
du -dp

Hence
2/ \Pzz - po = Co(p - Po) + (2.16)
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2.3 Finite amplitude sound waves

The exact flow equations including the effects of sound attenuation are, following Lighthill

(1956) : 
dp dp du (2.17)

du du dpri
- dz (2.18)

and using equation 2.16 for pzi it is found

du du cd /dp dTrz 
dt dz dzj pc pdz

(2.19)

wliere
c du (2.20)

For locally isentropic flow
P=/c 

J pc J p
(2.21)

it is found
du du dP -d2u 
dt dz dz dz'

(2.22)

Witli P defined by equation 2.21 from equation 2.17 it is found

dP dP duA+ u— ----Hc— - 0 
dt dz------dz

(2.23)

For the case of isentropic flow equation 2.22 can be written as

du du dP—+ u— — I-- 0 
dt dz dz

(2.24)

and combining equations 2.23 and 2.24 the equations in characteristic form can be derived 

with the + and - signs representing C+ and C- waves respectively giving

+ (u±c) =0 (2.25)
dt

Equation 2.25 is the exact non-linear inviscid equation for plane waves and has a simple 

physical interpretation in the usual z -t diagram as presented by Lighthill(1978).
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Figure 2.1: Characteristic curves in the z - t plane [after Lighthill(1978)].

Figure 2.2: Converging characteristics with cd to be the bisector
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2.4 One-dimensional Wave theory

(2.26)

(2.27)

In the one-dimensional theory of simple waves the characteristics C+ and C are defined 

respectively by :

= (u+c) along C+

dz , \-c) along C 

where C+ is the forward propagating wave and C- is tlie backward propagating wave and 

c is the local speed of sound. Equations 2.26 and 2.27 may be called the fundamental 

relations concerning propagation of simple waves. Along these characteristics

u + P = j+ constant along C+

u-P =J constant along C

Figure 2.1 sliows tlie characteristic curves in the z - t plane. Along eacli characteristic 

n is constant. Hence from tlie distribution of the characteristics at any time the corre­

sponding change in velocity can be found from its value at t = 0. If at t = 0 the initial 

distribution lias regions of u increasing and then decreasing as sliown in figure 2.1, then the 

characteristics diverge and converge. In the regions of convergence adjacent characteristics 

intersect and form one characteristic.

When cliaracteristics intersect and differences in slopes are small, the new characteristic 

is at an angle bisecting the original converging characteristics. If u changes continuously 

from a to b then ac (see figure 2.2)will not be a straight cliaracteristic but curved. However 

in finite difference approximations the curved cliaracteristics are replaced by straight line 

segments between adjacent intersections.

After integrating equation 2.21 yields

p = 2(c - co) (2.28)
- 1

In a frame of reference moving at the speed co, the undisturbed sound speed, the excess 

signal speed for the C+ wave is v = u + c - co, with the space coordinate X = z - cot.

Thus
/d\ /d\ /dX\

\dt/x \dt/T

/d\

(2.29)

(2.30)
giving
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and

dX/t\dc/tdt/x \dz

or

- \dX/t

Hence in a frame of reference moving with speed co it is found

Dv dv 1 dX dv

(2.31)

(2.32)

(2.33)

since # =But = v. Thus the distortion of a simple wave with time can 

be found from the graph of v against X. u(t, t) is a constant along characteristic line C+ 

satisfying ^ = v. Tlius the hyperbolic equation

dv dv (2.34)

Along any characteristic in (t, X) plane

^=^+W° (2.35)

Differentiating the above equation witli respect to X on a characteristic yields

d2v / dvY d2u
dtdx +(dx) ° ()

Dividing through out by (dv/dX)2, and writing vx = ^

d!!¥^+l+J^-a (2.37)
"x vfcdX

and therefore

(dt +%x)((dD/dX)) -l (2.38)

or

(2.39)
Dt \ux.

Thus on integration
) =At (2.40)

\vx/ \VX/0
showing that after some finite time an infinite slope ux will result. This first happens for 

a given waveform after a time
—1

(dv/dX)o
(2.41)to = Min

Thus in the case of a compressible sine wave where v = sin(7rX) the maximum value of 

^ is -T at time t = 0. Thus a shock wave appears after a time to = l/ir.
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2.5 Transformation to the Burgers equation

For a finite amplitude disturbance tlie propagation speed is

7-1 
c = Co 4 — -—u

when |u/c| << 1. Hence from equation 2.34 

du 
dt

(2.42)

(2.43)du 
dX

This is the fundamental equation for the particle speed in nonlinear acoustics. When the 

flow is viscous, it is found a similar equation with the viscous term on the right hand side 

of equation 2.34. Tliis gives

du /(T+l) 
dt ( 2

du _d d2u (2.44)

wliere 5 is the effective viscosity (see equation 2.14 ). Equation 2.44, following Lighthill 

(1956), shows the competition between the effects of nonlinear steepening and the diffusive 

broadening. Tlius on introducing u = h±i)uequation 2.44 reduces to the Burgers equation

du du d d2u (2.45)

In many problems of nonlinear acoustics, such as boundary value problems it is convenient 

to transform Burgers equation defined in equation 2.45 into (z,T) coordinates where X = 

t - Cot, Z = Cot and T = -X/co. Hence -coT =z -z or T = (z - £)/co where T is the 

retarded time.

Substituting u(z,T) = u(X,t) in equation 2.44

du u + 1) du d d2u AR}
(2.46) 

where coT is a length (m), and d has units m2/sec.

But p' = pocou' and since u = u' then

(247) 

which is the corresponding equation for the pressure analogous to equation 2.45 which 

is the equation for the perturbation velocity. The propagation of intense acoustic waves 

has been described by Gurbatov et al using equation 2.47, where /3 = (q + l)/2poCo and
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= S/2c^ are coefficients describing the nonlinear and dispersive properties of the medium 

respectively.

If finally by putting z = coT.

substitution into equation 2.47

du* *du* *d2u*

coT = -(, c^/i = V* and u* = c^/Op'/co, then on

(2.48)

which is our Burgers equation. Equation 2.48 can be nondimensionalized by putting

U— 71 /Ure/, ^ ^/l

R — Uref//", t — tUref/l

where Z is the characteristic length. Then

du du 1 d'u (2.49)

whicli is the nondimensional Burgers equation in terms of a non-dimensional particle ve­

locity and is equivalent to tlie nondimensional form of equation 2.45.

2.6 Burgers Equation as an initial value problem

The quasilinear parabolic nonlinear partial differential equation known as Burgers equation 

in its dimensional form is normally written as

du du d2u (2.50)

The first term describes the time rate of change of the sound particle velocity in a frame 

moving at the wave speed, while the second term describes its nonlinear distortion 1. The 

third term represents linear diffusion mechanisms which include attenuation, dispersion 

and relaxation by replacing z, by its more general form 5/2, described in equation 2.45. In 

one dimensional unsteady flow Burgers equation is also an equation for unsteady irrota- 

tional flow where u = d4)ldx is finite. Since it is an equation in u only there is no need 

for an additional equation of continuity. The pressure is absent from this equation.

iln applications to acoustics solutions to Burgers equation, given in the form of equation 2.50, it should 

be noted that the sound particle velocity is 211/(1, + 1) and the effective viscosity, p is 5/2
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2.6.1 Cole-Hopf Transformation

The Cole-Hopf transformation(1951) reduces the nonlinear Burgers equation to the linear 

diffusion equation. The transformation is valid only for one-dimensional propagation. 

If u(T, t) is tlie solution to Burgers equation for given initial conditions then it may be 

obtained from the corresponding solution to tlie linear diffusion equation by using the 

Cole-Hopf transformation(1951) in one-dimension as follows:

-2z,de/dz 
u(T,t) = —-— (2.51)

where 0(1,t) is the solution of the linear diffusion equation,

d0 d2e 
dt dc2

(2.52)

Tlms u(=,t) is the solution of tlie Burgers equation for given initial conditions. 

If u(T,0) = uo(r) is its initial value, then the initial value

1 
00 = 0(z,O) = exp(-— / uo(^)d() 

£Z, Jo 
(2.53)

which gives the value of 0o(O) = 1. It should be noted that uo may be positive or negative 

but 00 is a positive function only and similarly 0(1,t) is a positive function.

2.6.2 Exact Solution of the Burgers equation

For an initial wave in the domain 0 < t < Z, u(z, 0) = uo(c) = sin(a:/Z), at t = 0.

An exact solution for this "0(1) was found by Cole (1951) for periodic boundary conditions 

witti u(0,t) = u(Z, t) = 0 for all t. The exact solution due to Cole is

(2.54),4z,7r E^i n exp(-z,n27r2t/Z2)nln(uoZ/27rz/)sin(n,rz/Z) 
u(z,t) - io (uoZ/27rz/)+2Z3^i exp(-vn272t/Z2)In(uoZ/27rz,jcos(n7ra;/Z)

where 1^5 are the Bessel functions. Equation 2.54 reduces to the velocity distribution 

Uo at time t = 0. Tlius for small times u(x,t) is dependent on the initial distribution, 

uo. However at larger times 0(2,t) becomes independent of uo. The solution reduces to a 

simpler form for such times which are also large compared with the shock formation time.

2z,7r (—)n sin(n7rz/Z)
Z sinhz,(n7r2t/Z2)

(2.55)

The equation 2.55 can be used to obtain the spectra at all large times. It is independent 

of the initial amplitude and the spectrum damps exponentially with the first power of 
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the wavenumber for large n. For small n, sucli that i/n2t/Z2 << 1 Cole shows that the 

coefficients depend on 1/n. For large times the solution, becomes independent of the 

Bessel functions wliicli involve the initial value uo. Hence at large times the solution 

depends universally on its local time. Thus the solution for large time predicts the wave 

amplitude becomes independent of its initial amplitude. There are a number of other exact 

solutions to Burgers equation each being a solution for a given uo(c) (see footnote 2). All 

solutions demonstrate the balance between tire competing effects of nonlinear steepening 

and viscous broadening for all time t > 0 and for all Re > 0.

2.6.3 Exact Solution of the diffusion equation

The solution of the diffusion equation 2.52 for a given distribution in 00(2), corresponding 

to Uo(z), is given by Carslaw(1941) in the form

/ (exp(ikc — k2i,t) / exp(-ik^)0o(^)d^)dk (2.56)
27r J—co \ oc/

The details of this solution is given in Appendix B.

2.6.4 Shock formation time

From the method of characteristics as discussed above in section 2.4 the shock formation 

time for the inviscid Burgers equation is given by tlie minimum value of the derivative of 

u at time t = 0 as obtained in equation 2.41 above.

1
(du/dl)min

(2.57)

where 7s is the shock formation time.

2.7 Burgers equation as a boundary value problem

In other applications in nonlinear acoustics, where the the boundary value problem is 

used, u is prescribed as a function of t at some location and with the waveform evolving as 

a function (X,t). For these problems with distance X and retarded time T = t -z/co as 

independent variables, the following equation, first used by Mendousse (1953) for nonlinear 

acoustics is obtained
du du So d2u
dX - (2.58)

"See Benton's solution in reference (1967)
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2.8 The 3-dimensional Burgers equation

The one-dimensional Burgers equation described above (equation 2.48) can be generalised 

to three dimensions by clianging tlie velocity u(X,t) to the vector velocity q(X,t). The 

3D Burgers equation is then
^+ qV.q = pV'q (2.59) 

whicli is an approximation to the Navier-Stokes equation in whicli the pressure is omitted. 

The Cole- Hopf transformation is

q =-2z,V(loge) (2.60) 

where 0 is the solution of the diffusion equation

01 = z,V20 (2.61)

Equation 2.60 is thus a solution to equation 2.59. The Cole's solution for the above 

equation is only valid when q is irrotational. However for acoustic waves the vorticity is 

zero and this condition is satisfied.

2.9 Generalised Burgers equation

It is possible to extend the derivation of Burgers equation to cover other one-dimensional 

progressive waves. For progressive waves with cylindrical or spherical symmetry a gener­

alised Burgers equation has been derived by Blackstock(1964) (a). This is

du ju du d2u (2.62)

In equation 2.62 the integer ; is determined by the number of dimensions in which the 

wave can spread, j = 0,1,2 refers to plane, cylindrical and spherical spreading. The 

assumption introduced by Blackstock is similar to the farfield approximation made by 

Lighthill(1956) and requires that changes related to linear geometrical spreading effects 

should be slow on a wavelength scale.

2.10 Transformation to non-planar waves

In case of atmospheric propagation, the finite amplitude wave undergoes spherical and 

cylindrical spreading with time in a ray tube which results in the change in the wave 
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intensity. The wave shape is amplitude dependent and hence non-linear effects will be 

reduced earlier along the ray path. To solve this numerically the integration along a ray is 

no more difficult than integrating along a plane wave ray tube. The absorption is defined 

as a known function of the propagation distance along the ray and again would not add 

greatly to the time of computation. Over short distances the absorbtion coefficient can 

be assumed constant. Over long distances however the appropriate absorption correction 

as a function of distance sliould be applied. Tlie sound ray velocity in linear acoustics is 

w + eiCo, where w is wind velocity, co is the ambient speed of sound and ei is the unit 

vector normal to the wavefront. Figure 2.3 shows a curvilinear ray. An elemental distance 

along its patli s is ds, and the wavefront of the wave distribution is at a position at t = A, 

say. The distortion of the wave distribution relative to the wavefront from from t = 0 to 

t = A can be studied.

Figure 2.3: Sound ray with a wavefront

To a good approximation the position of the wavefront can be found by linear acoustics, 

where Vray = w + eico, Vray is the velocity along tlie curvilinear ray.

In many problems the ray is a straight line as in a homogeneous atmosphere without 

wind. In plane wave propagation our coordinates are such that vi(7;i,t) can be plotted 

and assume the wave structure is periodic and is the same for all 'periods' of length L. 

Here zi has its origin a distance L behind the wavefront.
The properties of this complex waveform at t = 0 as shown in figure 2.4 and the 

subsequent times are dependent on the amplitude and phase distribution and the number 

of zero crossings. With increase in time beyond the shock formation time the number of 

zero crossings decrease as a result of nonlinear distortion.
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Vattime t

Figure 2.4: Initial signal with period Z.

It can be sliown, following Guiraud(1964), that the exact nonlinear acoustic wave 

equations for the sound particle velocity along a ray at time t = A in a coordinate frame 

at the local speed of sound reduce to the Burgers equation(and where t = A corresponds 

to the position of the wavefront as shown in figure 2.3 ). The fundamental nonlinear ray 

acoustic equation for the particle sound velocity as a function of time along the ray t = A 

and moving coordinate ci ( at the ray velocity along the ray ) is

(KC0 + +rV.w + ei.Vw.ei } +V2vi (2.63)
dA 2 dii 21 dA J 2

wliere following Guiraud (1964),

A = exp(^ / -- -£-^ -|-rV.w -|-ei.Vw.ei) dA') (2.64)

I 2 Jo \ J

For the plane wave case equation 2.63 reduces to Burgers equation as given in equation 

2.50. There is a factor 1/2 in the definition of A, the effective ray tube area and it is

K(r)

Plane 0

Cylindrical r

Spherical ,2

Table 2.1: The curvature as a function of r for planar and nonplanar waves 

defined without the 1/2 as used by many authors (see Pierce (1981). In an inhomogeneous 

atmosphere without wind where s ~ r all quantities in equation 2.64 for the effective ray 

tube area, A, are functions of time along the ray. K is twice tlie average curvature of the 

wavefront at time A = t. c is the curvilinear coordinate through the centre of the ray 

tube. In the case of spherical wave propagation and zero wind velocity the direction normal
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Figure 2.5: Spherical wave propagation

to the wave front coincides with the ray direction as shown in figure 2.5. In Guiraud's

notation equation 2.63 reduces to

dvi 7-1-1 dvi dinA d 2 (2.65)

is true for multidimensional problems in nonlinear ray acoustics. A and d are assumed 

functions of time (distance) along the ray only and are independent of zi. Thus the 

equivalent plane wave problem is with W = U1A, wliicli is the effective particle velocity,

dW
dA

dW 
dXi

= VeV'W (2.66)

where
2dA
7+1

is the effective kinematic viscosity, and

7 + 1 
2A dA'

is an age variable and A is the ray tube area function which is a function of the age variable 

A. A depends on the properties of the atmosphere and not on the amplitude of the sound 

waves. The equivalent distance for plane waves is then

.Ti = a - (co + w.ei)t (2.67)

Equation 2.66 presents an equivalent plane wave problem with A the ' age variable', the 

distance along the ray, and needs to be calculated from the given distribution of A along 

the ray tube. In other words K is found to be a function of r (or A ) for the given wave 
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(ray) geometry from geometrical linear acoustics, and „ & varies witli A. In most cases this 

effect can be ignored and usually can be replaced by some average value. Thus equations 

2.66 and therefore 2.65 can be solved for given initial conditions of W(zi, A = 0), at t = 0 

or from some reference time t = ti, where vi(z,ti) and A(ti) are known. Normally the law 

A(t)/A(ti) will be known from linear acoustics. Thus when W(ii,A) is found by solving 

Burgers equation it can be found vi (.'ri,t) from W(zi,A)/A(A) where

(2.68)

Thus the one dimensional solution for W(ci,A) can give tlie three dimensional solution 

vi (zi,t) as a function of zi and is unchanged provided the wave distortion is located at 

the correct (transformed) time t corresponding to A.

Equation 2.66 was first derived by Guiraud (1964), and is a generalised form of the 

Burgers equation. It is a generalised form of the theory of Lighthill and Whitham. For 

practical problems the solution of equation 2.66 must be performed numerically. The 

solution is simplified when following Llghthill(1956) it is assumed a 'good' approximation 

is found by considering the shocks to be discontinuous and that dissipation only occurs 

at the shocks. Another approacli is to assume the shock to approximately steady over a 

short distance and hence replace the discontinuity by the continuous function described 

by Nalaugol'nykh, Soluyan and Khokhlov (1963). However, these methods fail at great 

distances, when considering the asymptotic solutions to the equation 2.66.

2.11 Conclusion

This Chapter has shown the importance of Burgers equation in modelling nonlinear acous­

tics. It has been derived from the exact flow equation for a thermo-viscous medium. 

One-dimensional simple wave theory has been described as the basis for the derivation 

of Burgers equation. The equation is derived for both as an initial value problem and 

a boundary value (pressure equation) problem. A key aspect is the time for shock for- 

mation and this has been derived for the one-dimensional case. The exact solution of 

Burgers equation using the Cole-Hopf transformation for an initial sine wave is described. 

Guiraud's generalised equation for plane, cylindrical and spherical waves is derived to­

gether with the inclusion of the effects on sound propagation due to the presence of wind. 

Even in these complex cases it is shown that the generalised equation for the effective 

sound particle velocity along a ray reduces to Burgers equation by a simple transforma-
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tion. Thus in all these various cases the Cole-Hopf transformation can be used to find 

tlie solution in pliysical space by solving tlie corresponding linear diffusion problem. In a 

later section it will be shown that this approach leads to solutions of the physical problem 

of high accuracy and is superior to the standard numerical approaches of solving Burgers 

equation directly.
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Chapter 3

Numerical Methods

It was shown in chapter 2 that the fundamental equation of nonlinear acoustics, the 

Burgers equation, has few analytic solutions. The need is therefore to develop a robust 

numerical method to find solutions to Burgers equation for an arbitrary specified complex 

waveform at some initial time. In this chapter numerical solutions to Burgers equation 

are presented to study the distortion processes of simple waveforms. This was necessary 

since it would give an idea of a complex wave consisting of all such wave geometries.

The problem to be investigated involves a periodic waveform in which the amplitude 

and phase(velocity) distribution are specified at t = 0 where the wavelength equals L. For 

validation purposes the numerical solutions are compared with known solutions obtained 

by other workers. The first approach considers the case when the function u = 0 at t = 0 

is expanded in terms of an infinite sequence, or a truncated series from -N <k<N 

where N is large. 
00 

u= 5™ (/)(k) exp(ikz)
co

The method discussed use periodic functions expanded as Fourier series. Corresponding 

methods for nonperiodic functions are not discussed. The convergence of a truncated 

Fourier series limits the accuracy of any method which uses the Fast Fourier transform.

Two methods are presented here and are based on the Fourier series expansion. They 

are the Spectral Method and the Fast Fourier transform method (FFT). The Spectral 

Method solves the nonlinear Burgers equation by time marching in the spectral domain. 

Thus the nonlinear term and the linear diffusion term are solved in the spectral domain. 

The FFT method uses the Cole-Hopf transformation and solves the linear diffusion equa­
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tion in the spectral domain. Thus the spectral method solves for u(z,t) in the spectral 

domain which is the solution of the BE and the FFT method solves for 0(1,t) in the 

spectral domain whicli is the solution of the diffusion equation. The advantages and dis- 

advantages of these methods, when compared with each other, are described. Examples of 

numerical solutions using these methods are presented and the limitations of each method 

and their accuracy are discussed. The computations was performed on a Sun Sparc Work­

station and the algorithm were written in Fortran. In all the cases presented, periodic 

boundary conditions are employed.

Spectral methods use tlie truncated Fourier series expansion which is known to con­

verge rapidly for smooth variations in the dependent variable. Although this method has 

already been used extensively, it was considered necessary to investigate its advantages 

and disadvantages when compared with the FFT method. First of all the Spectral Method 

to solve Burgers equation is described for an initial sine wave since other numeiical and 

analytical results are available, and a detailed comparison was therefore possible.

3.1 Spectral Method

In the present numerical work the spectral method is used to obtain the solution of the 

nonlinear Burgers equation in the spectral domain. Thus the spectral method will have to 

deal with discontinuities since it has to compute the nonlinear term as well as the viscous 

term of tlie Burgers equation in the spectral domain.

It is well known that spectral methods applied to problems with smooth solutions offer 

an excellent rate of convergence upto the shock formation time as shown by Canuto et 

al(1987). The accuracy depends on the Fourier coefficients, which involve Bessel functions 

Jn- These have asymptotic properties which converge. Hence any truncated Fourier series 

such as N/2
u(r,t) = afc(t)e'k=

k=-N/2 
converges faster than any finite power of 1/N. In other words the convergence of the 

spectral method for smooth solutions is more rapid than any finite power of 1/N. In 

most practical applications the benefit of the spectral method is not the great accuracy 

for large values of N but rather the small size of TV necessary for a moderately accurate 
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solution. However it is known tliat the Spectral Method loses accuracy near discontinuities 

and tlierefore it was necessary to investigate how the Spectral Method compared with 

other schemes sucli as the Finite Difference Method. Tlie Finite Difference method was 

introduced by Basevdant et al(1986) and was adopted to solve Burgers equation.

Basevdant et al(1986) also developed a Fourier spectral method for solving Burgers 

equation in tlie spectral domain. Tlie results obtained below using the spectral method 

were compared witl i the results obtained by Basevdant et al(1986) using both the Finite 

Difference metliods and tlie Fourier Spectral method. Tlie nonlinear terms are solved 

using third order Adams-Baslifortli metliod and tlie implicit second order Crank-Nicholson 

method is used to solve the linear diffusion term. A pseudo-spectral scheme is used to 

evaluate the nonlinear term in whicli tlie differential, du/dt, is derived in wavenumber 

space whereas the multiplication of u and du/dz is carried out in the physical domain 

as proposed by Canuto et al(1987). The Fourier coefficients are obtained using the Fast 

Fourier Transform . The Fast Fourier transform is a recursive algorithm for evaluating 

the discrete transform and its inverse. It is defined in Appendix A. Thus the method is 

spectral in u, whicli is the solution of the Burgers equation.

3.1.1 Numerical scheme

In this section the discretization of the Burgers equation is discussed. The nondimensional 

Burgers equation is

du du d2u (3.1)

To avoid confusion, introduce

u = u/U, a; = z/Z, t = t[//L, R=UL/z/

where U is the maximum amplitude of the wave and L is the domain length, so that 

equation 3.1 becomes

du _du 1 d'u (3:2)

where u(^,t) is the velocity and R^ is the Reynolds number based on the sample length 

Z and the maximum amplitude U of the wave, u is periodic in z, with period 0 < z< 1. 

The initial wave distribution u(0,^) = sin(27rf) was specified. The solution of equation 

3.2 is found using a truncated Fourier series. TV is the number of spatial points which 
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describes the ^ domain. The number of spatial points is 2" as is required by the FFT 

Metliod. The time step At, is selected according to the stability conditions, which will 

be discussed below. The first forward time step uses the Euler method. Tlie second and 

all otlier time steps use the second order Adam-Bashforth scheme for the convective term 

and the second order Crank-Nicholson scheme for the linear diffusion term. Details of the 

Spectral Metliod are given in Appendix A. In this method differentiation is performed in 

tlie spectral domain, and consists of multiplying eacli Fourier coefficient by (-i) times the 

corresponding wavenumber. Tlius the first derivative du/dz is carried out in tlie spectral 

space as

=-ikuk (3.3) 

and the second derivative whicli is required later for the evaluation of the diffusion term 

is

=k2u. (3.4)

when an inverse transform is performed the derivative in equation 3.3 becomes du/dz. 

Multiplication of the nonlinear term, udu/dz is carried out in the physical domain.

3.1.2 Stability Criteria

The stability of the numerical method concerns the growth of errors at every time step. 

In other words any difference scheme must not allow errors to grow indefinitely, that 

is amplified without bound when progressed from one time step to another. Thus it 

is important to chose the time step and the space step such that the error Eh involved 

between the computed solution, vh and its exact solution, uh, is bounded. This is expressed 

mathematically as

Ei = uh -vh

with

lim Eh<K at fixed At

where the suffixes i and n are points of time and space respectively.

It is known that the scheme of discretisation of a differential equation is based on the 

CFL number and is described below. The stability requirement for the discretized time 
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and space steps for the explicit method depend on the CFL number

aAt 1
-2

(3.5)

where C is called the Courant- Friedrichs- Levy (CFL), stability criterion and is fully 

described by Hirsh(1986) where At is the time step and Az is the space step. The CFL 

criterion is based on the linearised Burgers equation with the nonlinear term being replaced 

by adu/dz, where a is a constant characteristic velocity. In the present case a is given by 

its maximum value equal to unity and so

At 1
^-2

This condition has to be satisfied for all time and space coordinates for the explicit third 

order Adams-Bashforth method. Tlie time step for the implicit second order Crank- 

Nicliolson scheme is adjusted according to the explicit scheme. The explicit method is 

conditionally stable when C < 1/2. Hence there is a restriction on At to be small. The 

implicit method does not impose restrictions on the time step At as it is unconditionally 

stable as shown by Sod (1985). This does not mean that At can be chosen arbitrarily 

large since the CFL condition must be maintained. Hence in Burgers equation, absolute 

stability can be obtained depending on the stability limit of the convective term only.

Figure 3.1: Nonlinear distortion for the periodic sine wave using Spectral method for 

t = 0,.375,.75,1.12,1.5. Number of points is N = 256 and R^ = 100.
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Figure 3.2: Nonlinear distortion of initial periodic sine wave using the Spectral method, 

t= 0,.375,.75,1.12,1.5 Ri = 200.

Figure 3.3: Nonlinear distortion of initial periodic sine wave using the Spectral method 

Curves are for t = 0,0.2,0.4,0.6,0.8,1.0. Number of spatial points is N= 512. RL = 220.
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3.2 Results

Results were obtained for 3 different Reynolds numbers of 100, 200 and 220 shown in 

figures 3.1, 3.2 and 3.3 respectively. It is seen in figures 3.2 and 3.3 that the method 

gives spurious oscillations at the time when the distortion in U approaches a disconti­

nuity. It is seen there are spurious oscillations in the solution which are the result of 

Gibbs phenomenon. These oscillations arise due to the nonlinear term of the Burgers 

equation when solved in the spectral domain. This produces a characteristic oscillatory 

behaviour of a truncated Fourier series in the neighbourhood of a discontinuity as shown 

by Canuto(1987). The distortion of the velocity profile at the time when the discontinuity 

occurs cannot be resolved by the spectral method. Tlie Spectral method does not possess 

an exponential convergence which is due to errors created by replacing u with a truncated 

Fourier series. Tlie rate of convergence depends upon how fast the Fourier coefficients 

of 17 decay to zero shown by Canuto(1987). The exponential convergence is lost when u 

is not smootli and when its derivatives are not correctly evaluated in any region where 

new discontinuities in u exist. The difficulties experienced in the case of RA = 200 and 

RL = 220 are removed for a low Reynolds number of RL = 100.

Hence for a low value of the Reynolds number of R^ = 100, the spectral method is 

shown to give smooth results. It is seen that the sine wave steepens and forms a near saw- 

tooth wave. The finite thickness of the shock wave observed around the shock formation 

time is due to viscous broadening. At large times than shown in figure 3.1 viscous effects 

take over asymptotically reducing the near sawtooth to a sine wave of small amplitude.

The energy wavenumber spectrum at different times for the sine wave with R/, = 100 

are shown in figure 3.4. k is the integer wavenumber and ho is the fundamental integer 

wavenumber equal to unity. It is seen that after the shock formation time the decay at 

sufficiently high wavenumbers is l/P. This is the result obtained from Cole's solution 

at moderately high Reynolds number. It is seen that the spectrum which initially was 

discrete rapidly extends to higher wavenumbers. It is difficult to study the processes of 

viscous dissipation and the energy transfer between modes, because the number of Fourier 

modes is limited. Analytically, as shown by Cole (1951), the amplitude of the Fourier 

coefficients are shown to decay exponentially as t increases.
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Figure 3.4: Change in spectral energy coefficients (k) with time for initial periodic sine 

wave, k = 1,2,3.... and RL = 100. Ere/ is the energy in the fundamental at t = 0. 

Dashed line's are Cole's(1951) asymptotic solutions for various k's for t > 7$, 7% is the

shock formation time.
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3.3 Conclusions

The spectral method solves the nonlinear Burgers equation in the spectral domain in which 

a discontinuity arises. The method cannot deal with the discontinuity and results in the 

Gibbs phenomena in the spectral domain which is a characteristic oscillatory behaviour 

in the neighbourhood of a discontinuity. From this numerical study it is shown that 

spectral methods are unable to compute near discontinuities in the field as required for 

large Reynolds numbers. Such difficulties are not present for low Reynolds numbers where 

the wave approaches a near sawtooth, which is rounded off due to the low value of RL. It 

was found that the spectral method gives an acceptable accuracy upto the discontinuity 

for both inviscid and viscous solutions. When the velocity profile contains sharp variations 

the spectral method fails due to the spurious oscillations resulting from Gibbs phenomena. 

It was concluded that the spectral method is unsatisfactory for calculating the nonlinear 

distortion of a simple wave for large Reynolds numbers and hence could not be used for a 

more complex wave containing a broad band spectrum. Even though satisfactory results 

were obtained in the viscous case when the Reynolds number was moderate (R^ = 100) 

further exploratory tests showed the spectral method could not be used for large R^ 

beyond the shock formation time.
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3.4 Fast Fourier Transform Method

It was shown above that the Spectral method could not resolve discontinuities for the 

periodic sine waveforms since the metliod solves for u which is the solution of the nonlinear 

Burgers equation in wliicli a discontinuity arises. This discontinuity cannot be dealt with 

by the spectral method in the spectral domain. Tlic method fails when a singularity occurs, 

ie when |du/di| -> oo which is a condition when RL ->oo. Once it had been established 

that the 'Spectral Method even when R is moderately higli, could not give satisfactory 

results for tlie wave distortion beyond the 'shock' formation time, attention was turned to 

tlie solution of Burgers equation using the Cole-Hopf transformation and solving for the 

linear diffusion equation in tlie spectral domain. Hence there is no discontunuity arising 

in the spectral domain since the solution of the diffusion equation is smoothly varying 

and decays with time. In this case the initial conditions for u(i) = U0 at t = 0 were 

transformed to 0(1) = % where 0 satisfied the parabolic diffusion equation

d0 d20 
dt dz2

(3.6)

The accuracy of this method depended on finding an accurate numerical solution for the 

linear diffusion equation. The method is thus spectral in 0(z, t) for all times. This method 

was also used by Mellen(1986) to solve initial wave distributions of simple geometry. How­

ever in the results presented below it is shown that they were restricted to low Reynolds 

numbers and for higher Reynolds numbers the use of the Fast Fourier transform caused 

spurious oscillations.

The method was shown to give improved results for the initial sine wave as compared 

with those obtained using spectral methods. The method was developed for periodic initial 

distributions only.

3.4.1 Numerical method

The discretised equations for the FFT method are given in Appendix C. Following the 

evaluation of 0(1,t) at a particular time step, d0(z, t)/dr can be evaluated in the spectral 

domain described in section 3.4.3. The Cole-Hopf transformation is then used to find 

u(z,t), the solution to Burgers equation, for the given initial distribution uo(T). The FFT 

method is spectral in 0, which is the solution of the diffusion equation.
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3.4.2 Initial conditions

In the work on the spectral method as described above Burgers equation was used in its 

non-dimensional form given in equation 3.2. Again U is the maximum amplitude of the 

wave, Z is the domain length and RL is the Reynolds number.

Tlie initial conditions were cliosen as follows: Tlie domain is 0 < z< 1, (periodic). 

Tlie initial wave distribution u(0,i) = sin(27ri), was specified. The initial distribution of 

0 was given by [see equation 2.53 in chapter 2],

0(^,O) = 0o(^) = exp (-^/ uo(^)d() (3.7) 
\2 Jo /

Tlie evaluation of dO/dz is described below.

3.4.3 Evaluation of dO/dz and d20/dz2

In the FFT method botli the initial values % and d0o/dz are necessary to compute the 

solution of the diffusion equation at any time t. The problem then arises in evaluating 

d0o(=)/dT. The two ways of calculating d0o(=)/dz are

(i) In the spectral domain as

ikOo(k) (3.8)

f^) =-fc2(9o(k) (3.9) 

where ^(fc) is tlie Fourier transform of Oo. It is this value of ^(k) that is used in time 

marching Crank Nicholson metliod to solve the diffusion equation. The method used is 

described in Appendix C.

(ii) The second way is to calculate it analytically by differentiating equation 3.7 so that

= —exp ruo(Cd^) fuo(^')d^') (3.10)
dz \ 2 Jo 7\27 dz \Jo 7

Once d0o(z)/dz is known a forward transform is made and (^g^^*'))*; is found as given 

in equation 3.9 to solve the diffusion equation.

The first method, where d0o(^)/df is evaluated in the spectral domain causes aliasing 

errors. It is similar to evaluating the value of du/dz in the spectral domain used in spectral 

methods and fails for the same reason given above.

The second method is an improvement over the the first and has been used by Mellen. It
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Figure 3.5: Algorithm for the FFT method
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does not involve an FFT, but involves calculating the exponentials for large values of the 

argument and so imposing restrictions on the computer. Thus when the Reynolds number 

is increased, the exponential terms get very large and the computer cannot resolve the 

large exponentials involved.

However this problem was easily overcome by expressing d0o(=)/dz as follows

deo (=)
d.i (3.11)=-^Uo(%)0o(z)

This does not involve any exponential terms since it is a straight forward multiplication

of uo(t) and Oo (z).

Figure 3.6: Evolution of the periodic sine wave using FFT method. RL = 100.

t = 0,0.25,0.5,0.75, 1.0,1.25, ....

The numerical procedure for the Fast Fourier Transform method to obtain the solution 

of Burgers equation is described in Appendix C. Solutions for this equation can be obtained 

numerically by the second order Crank Nicholson's semi implicit scheme for the diffusion 

equation. The solution for the diffusion equation Oo at time t = 0 is

0(T, 0) = %(=) = exp(—^/ uo(()d^)

The Fourier coefficients for e(=,t) are obtained by the Fast Fourier Transform and then 

calculated for a time step At using the implicit Crank-Nicholson method in the wavenum­

ber space. TV is chosen, such that the number of spatial points is 2^'. The method is
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Figure 3.7: Evolution of the periodic sine wave using FFT method. RL = 200. 

t= 0,0.2,0.4,0.6,0.8,1.0,1.2,1.4,1.6....

Number of spatial points

Figure 3.8: Evolution of 0 for the periodic sine wave using FFT method. RL = 200. 

t= 0,0.2,0.4,0.6,0.8,1.0,1.2,1.4,1.6....
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unconditionally stable and does not impose any restriction on the time step. Typical val­

ues of the non-dimensional time step used in this method was At = 0.005. The function 

&(=, t) and its derivative with respect to is found for any time t and the waveform u(=, t), 

is then obtained from the Cole-Hopf transformation. A few examples with different wave 

geometries sucli as the sine wave, sawtooth waves, using FFT method are discussed below. 

These examples were computed using the FFT method to study the behaviour of these 

cases for their intrinsic interest.

3.4.4 Sine Wave:

The results presented are those computed by the FFT method for 3 different Reynolds 

numbers. Figures 3.6 shows the evolution of the sine wave for RL = 100 and figure 3.7 

shows the evolution for RL = 200 and the corresponding &(±, t) when R^ = 200 is shown in 

figure 3.8 at times t = 0, 0.2,0.4,0.6,0.8,1.0,1.2,1.4,1.6 .... The number of spatial points 

is 2N. where N=8. The shock formation time is t = 1.0 for tlie inviscid case and is also 

approximately the shock formation time for the case RL = 200. Also shown in figures 3.9 

and 3.10 are the derivatives for 0(z,t) and u(z,^ respectively. % for the sine wave is

/R rz \ /R\
%(=) = 0(z,O) = exp (--/ sin^d^ ) = exp (-(1 - cosz)) (3.12)

Differentiating equation 3.12
^sin(z)0o(i) (3.13)

00 is always positive as is 6(x^t), in 0 < z < 1. Equation 3.13 shows that -^ is antisym- 

metric in z as seen in figure 3.9.

Figure 3.10 shows the evolution of du/dz with time also showing when du/dT becomes 

minimum, that is the time of maximum distortion when the shock is formed. After this 

du/dz slowly increases. The periodic boundary conditions with u = 0 at z = 0 and z - 1 

restrict the wave to remain within the boundary and the distortion is inwards. The initial 

waveform will finally reduces to a sine wave of small amplitude.

As the Reynolds number was increased the FFT method resulted in the same problem 

as the spectral method. Figure 3.11 shows the Gibbs phenomena caused by the FFT at 

a higher value of the Reynolds number equal to 220 when a near discontinuity is being 

formed. However, it was an improvement over the spectral method since it allowed a larger
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Figure 3.9: Evolution of dO/dz for the periodic sine wave using FFT method. Rz = 200. 

t = 0,0.2,0.4,0.6,0.8,1.0,1.2,1.4,I.6....

Figure 3.10: Evolution of du/dz for the periodic sine wave using FFT method. Rz = 200. 

t = 0,0.2,0.4,0.6,0.8,1.0,1.2,1.4,I.6....
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Figure 3.11: Evolution of the periodic sine wave using the FFT method. Rz, = 220. 

t = 0,0.2,0.4,0.6,0.8, 1.0,1.2, I.4....

Reynolds number, and as a result of the Cole-Hopf transform it gave a smooth solutions 

beyond the shock formation time. But the FFT method is restricted to low Reynolds 

number only and cannot be used at higher Reynolds (> 220) number.

3.4.5 Sawtooth waves

Tlie next step to consider the distortion of an already formed sawtooth wave as the initial 

condition and study its distortion with time. Much research is already been done on 

this wave since it is the ultimate waveform attained by many transient disturbances. 

Periodicity conditions imply that the sawtooth waves can be produced initially by the 

generating series
00

u(r,0) = uo(z) = y2 exp(-an2) sin(Tn=)/n. (3.14) 
n=l

where a is the Gaussian factor. The Cole-Hopf transformation gives 

e(z,0) = 00(1) = exp = exp - E^ ^ (cos(l - 2xn=)) (3.15)
\2Jo / £n=in 

where n = 1,2,3,4... Since it is impossible to evaluate an infinite series, the Fourier 

series is truncated to a finite value N. Thus equation 3.14 as given by Mellen(1986) after 

truncation is a trivial extension of equation 3.14

u(T,0) = Uo(t) = ^ exp(-an2) sin(7rnz)/n.
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Figure 3.12: Nonlinear distortion of sawtooth wave. R^ = 100. 

t= 0,0.6,1.2,1.8,2.4,3.0,3.6,4.2,4.8.

Figure 3.13: e(z,t) for the periodic sawtooth wave. RL = 100 

t= 0,0.6,1.2,1.8,2.4,3.0,3.6,4.2,4.8.
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Figure 3.14: d0/dz for periodic sawtooth wave. RL = 100.

t= 0,0.6,1.2,1.8,2.4,3.0,3.6,4.2,4.8.

Figure 3.13 shows e(T,t) for a sawtooth wave and the corresponding waveform for u 

is shown in figure 3.12 for times t = 0,0.6,1.2,1.8,2.4,3.0,3.6,4.2,4.8. Similar to the sine 

wave it is seen that 0(z, t) is always positive. The Reynolds number was 100. Comparing 

0 for the sine wave and for the sawtooth wave in figures 3.8 and 3.13 it is observed that 

although they are similar in shape, 0 for the sawtooth wave at t = 0 goes to zero much 

slowly than that for the sine wave. This arises from the Gaussian factor in the exponential 
term for the sawtooth wave. In figure 3.14 is shown the derivative of 0. It is seen that^ 

is symmetric which is obvious from equation 3.15 after differentiation. Again comparing 

d0/di for the sine wave and the sawtooth wave, d0/di for the sawtooth wave meets the z 

axis at only one point when compared to d0/dz for the sine wave where dO/dx meets the 

x domain at many points. It is seen that the sawtooth wave decays towards a sine wave 

monotonically for large times and viscous effects dominate over nonlinear effects. Thus 

all the high frequency components in the initial sawtooth wave are gradually lost and the 

wave attains a sine wave of small amplitude. If the nonperiodic boundaries were to be 

imposed on the sawtooth, the wave would spread in either direction and would attain the 

sine wave even faster than the periodic sawtooth. This is because as the wave diffuses it 

prevents it from steepening, unless the Reynolds number is very high.
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Figure 3.15: Nonlinear distortion of inverted sawtooth. RL = 100 

t= 0,0.6,1.2,1.8,2.4,3.0,3.6,4.2,4.8.

Figure 3.16: e(T,t) for an inverted sawtooth wave. RL = 100. 

t= 0,0.6,1.2,1.8,2.4,3.0,3.6,4.2,4.8.
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3.4.6 Inverted Sawtooth

Figure 3.15 shows the inverted sawtooth which is generated by changing the sign of the 

sawtooth series. The corresponding 0 distribution are shown in figure 3.16 for times 

t = 0,0.6,1.2,1.8,2.4,3.0,3.6,4.2,4.8. The Reynolds number was 100. Polarity reversal 

causes 0 to increase instead of decreasing as in the 0 for the sawtooth wave. This initial 

sawtooth can also be visualised as inverting the curves around the endpoints of figure 

3.13. Polarity reversal causes the waveform to first become sinusoidal and then proceed to 

steepen again before the final decay is reached. In other words the wave distorts on either 

sides just like a sine wave once all the energy is transferred towards the fundamental. 

This means the initial effect of the polarity reversal is clearly to feed energy back into 

the fundamental increasing the amplitude before the trend reverses. After this effect, the 

energy is again lost to higher liarmonics and a shock begins to develop similar to the sine 

wave propagation. Eventually the wave reduces to the small amplitude sine wave at large 

times.

3.4.7 N wave

Figure 3.17 shows evolution of a periodic N wave. The time intervals are the same as for 

the inverted sawtooth. The N wave can also be considered as either starting from the N 

wave or rescaling the calculation after it has developed under different conditions of the 

sine wave propagating outwards. The case is similar to the sawtooth wave of figure 3.12, in 

which the viscous effects for a fully developed initial N wave will only feed energy towards 

low frequency region reducing it monotonically to a sine wave.

3.4.8 Isolated single cycle sine wave

It is known that a nonperiodic wave will form an N wave and will remain an N wave with 

reduced amplitude indefinitely when Rl + oo. Although it is convenient to think of uo as 

a periodic function, it was necessary to investigate the propagation of uo as a pulse. That 

is, one period of a sound wave train and uo is described in 0 < z < Z, and is zero outside 

this domain. But since the method uses periodic conditions only, it was not possible to 

compute this isolated pulse where uo is zero outside 0 < z < 1. To overcome this difficulty, 

uo was defined as occupying one third of the whole period 0 < z < U, the rest being equal 

to zero.
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Figure 3.17: Evolution of tlie N-wave. Rz, = 100.t = 0,0.6,1.2,1.8,2.4,3.0,3.6,4.2,4.8.

Figure 3.18: Evolution of the truncated sine wave. R/, = 50 

t= 0,0.6,1.2,1.8,2.4,3.0,3.6,4.2,4.8.
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Number of spatial points

Figure 3.19: 0(z,t) for the truncated sine wave. RL = 50. 

t = 0,0.6,1.2,1.8,2.4,3.0,3.6,4.2,4.8.

In this section the nonlinear distortion of an isolated single cycle sine wave at moderate 

Reynolds number is considered. Although this initial wave can be considered as a nonpe­

riodic wave allowed to diffuse out, a time comes when the wave hits the boundaries and 

the periodicity becomes important. An example of such a situation is described below. 

Figure 3.17 shows the evolution for an initial isolated single cycle sine wave contained in 

a domain 0 < z < / for Reynolds number of 50. The initial sine wave occupies one third 

of the whole period the rest being equal to zero. With increase in time the waveforms 

show the development towards sawtooth wave which continues to expand as the fronts 

diffuse outward with increased pulse length. The wave diffuses along either sides and 

once the wave touches the boundaries the periodicity conditions become important. Due 

to the periodicity conditions all the properties of Cole's(1951) solution for wave become 

applicable. The wave no more behaves like a nonperiodic wave but can now be considered 

as an initial condition with periodic conditions obeying Cole's solution and reducing to a 

sine wave of small amplitude. Whatever happens in the domain 0 < ^ < Z is repeated in 

the neighbouring domains with u(0, t) = u(Z,t) = 0. Figure 3.19 shows the corresponding 

0(1,t) with increasing time being always positive. Time values are t = 0,0.6,1.2,1.8.... 

Comparing the initial 0(1, t) to the initial 0(z,t) for the sine wave (see figures 3.19 and 

3.8) it is observed that there is a sudden jump in the 0(z, t) for truncated sine wave due to 

the boundary conditions imposed. Thus 0(z,O) is generated by filling the FFT array with 
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the appropriate constant value at each end [see figure 3.19]. A fully developed sawtooth 

is formed at a slightly later time than that for the periodic sine wave (t = 1) described 

in figure 3.7. This is because the wave is allowed to diffuse outside its boundaries upto 

z = 0 and z = 1. It was seen that 0 was always positive and within the domain of u. As t 

increases the viscous broadening takes over and the wave will reduce to the sine wave of 

small amplitude. The period of the sine wave will now be between z = 0 and f = Z and 

will decay linearly with time as described by Cole.

Figure 3.20: Nonlinear distortion of an truncated sawtooth wave. RL = 50 

t = 0, 1.2,1.8,2.4,3.0,3.6,4.2,4.8.

Number of spatial points

Figure 3.21: 0(z,t) for truncated sawtooth wave. RL = 50. 

t = 0,1.2,1.8,2.4,3.0,3.6,4.2,4.8.
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3.4.9 Isolated single cycle Sawtooth

The purpose of computing the nonlinear distortion of an isolated single cycle sawtooth 

is that it describes tlie nonperiodic beliaviour of a sawtooth wave upto a certain time as 

described above when the periodicity conditions become important. Figure 3.20 shows 

the evolution of an initial sawtootli wave at R^ = 50. The wave occupies one third of the 

periodic domain, the rest being equal to zero. Time values are the same as that of the 

isolated single cycle sine wave as shown in figure 3.18. Its corresponding 0(z, t) are shown 

in figure 3.21. Comparing it witli 0 for the sawtooth wave in figure 3.13, it is observed that 

the initial isolated single cycle sawtooth wave touches the z domain at only one spatial 

point. This is because the sawtooth is a small section occupying one third of the whole 

domain. The Gaussian factor in the exponential for the 0 equation produces a rapid fall in 

the 0. The wave expands as the leading and the trailing edge diffuse outward. Nonlinear 

distortion does not give rise to steep fronts because the leading edges allow the wave to 

diffuse outwards and also due to moderate Reynolds number. Whereas in the case of a 

periodic inverted sawtooth [see figure 3.15] the nonlinear distortion gave rise to steep fronts. 

In other words waveform steepening is greatly reduced because there is no boundary to stop 

the expansion. Thus shocks are not formed and the wave progresses downstream finally will 

reduce into a sine wave of small amplitude. The periodicity conditions become important 

when the wave meets the boundaries and the wave no more behaves like an isolated wave 

but obeys Cole's(1951) solution reducing it to a sine wave of reduced amplitude. The extra 

harmonic content is rapidly dissipated and it is expected to decay towards a sinusoidal form 

of vanishingly small amplitude at large time. At large time due to periodicity condition 

the ultimate sine wave would lie in this period. But for a true nonperiodic sawtooth 

if the outer boundaries were not to imposed the wave would progress outside the outer 

boundaries having the same initial wave form but of greatly reduced amplitude. But if 

the Reynolds number is very high then the wave will continue to remain an N wave as 

described earlier.

3.5 Conclusions

Two different numerical methods have been evaluated to compute the propagation of 

finite amplitude waves. These are the spectral method and the FFT method. Simple 

examples have been solved like the initial sine wave using spectral method which shows 
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good accuracy upto the discontinuity for low and high Reynolds numbers solutions. For 

low Reynolds number of RL = 100 both methods give smooth profile even after the 

near discontinuity. The spectral method fails to resolve the near discontinuity for large 

Reynolds numbers sucli as RL = 200 and above due to the aliasing errors caused by 

tlie Fast Fourier transform. It is sliown tliat the FFT method is also restricted to low 

Reynolds number due to tlie aliasing errors caused by the FFT. For R^ = 200 the spectral 

method fails near the discontinuity whereas the FFT method gives a smooth profile even 

after the discontinuity but for Rl = 220 botl i methods failed. It is seen clearly that tlie 

FFT metliod is an improvement over tlie earlier spectral method since it allowed a slightly 

larger Reynolds number (220) and more signals witli various geometries to be computed. 

Tlie method enables to evaluate the waveforms beyond the shock formation time which 

was not possible by the spectral method. However much the method uses Cole-Hopf 

transformation giving exact numerical solution to tlie Burgers equation, the method still 

uses the Fast Fourier Transform. The time marching in the spectral domain can give rise to 

numerical errors. The Fast Fourier transform causes aliasing errors and Gibbs phenomena, 

also occurring in the spectral methods, thus restricting the method to simple waveforms 

and low Reynolds numbers. This suggests that tlie spectral method or the FFT method 

would not be able to deal with a high intensity random noise signal. In the FFT method 

the solution 0 of the diffusion equation is obtained in the spectral domain, whereas in 

the Spectral method the solution u of the nonlinear Burgers equation which gives rise 

to a discontinuity is obtained in the spectral domain. Thus no discontinuity can occur 

in the FFT method in the spectral domain since it solves the linear diffusion equation. 

In the Spectral method, the computation of the nonlinear term in the spectral domain 

will result in a near discontinuity, but the method cannot handle a discontinuity due to 

the Gibbs phenomenon. Thus the FFT method allows a higher Reynolds number than 

the spectral method since is is used to solve the linear diffusion equation in the spectral 

where no discontinuity arises. In fact as seen from above these methods cannot deal with 

initial conditions having simple geometries at moderately high Reynolds number. The 

Finite difference method could have been used, but the time marching technique could 

again cause accumulation of numerical errors and is hence not suitable [see Basevdant 

etal(1986)].

A variety of waveforms having periodic distributions have been studied using the FFT 

method. The temporary nonperiodic behaviour is shown for the isolated single cycle sine 
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wave and the isolated single cycle sawtootli when after some time tlie wave diffuses into 

the boundaries. This is when the periodicity conditions become important and the wave 

would behave as an initial condition for Cole's solution. Tlie wave is no more isolated but 

with fixed boundaries and the wave at large times decays towards sine wave of reduced 

amplitude as given by Cole.

From the results for tlie sawtootli wave, isolated sine wave or the isolated sawtooth 

wave it is seen that if the nonperiodic boundaries were to be imposed, the wave would 

spread in either direction and would attain the sine wave even faster than the periodic 

sawtootli since the Reynolds number used in the computation is moderate. But if the 

Reynolds number is liigli the wave continues to remain an N wave indefinitely. It is also 

seen that at large times the decay towards the sine wave is monotonic. The study of these 

waveforms wliich are simple give an idea of complex wave consisting of all such simple 

waves randomly located. Tlie random noise signal is more complex since it consists of 

many more varieties and combinations of sucli simple waves which have been studied.
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Chapter 4

The Convolution Method (CM)

In chapter 3 it is shown that both the Spectral and the Fast Fourier Transform Methods are 

not suitable to compute the non-linear distortion of an initial high intensity sound wave 

distribution and its ultimate decay due to thermo-viscous dissipation at high Reynolds 

numbers. It was shown that both the Spectral and the FFT methods could not be used 

for large Reynolds number due to the aliasing errors caused by the Fast Fourier transform. 

Thus a numerical method was required whicli avoided the use of Fourier transforms. A 

requirement was to find a method which solved Burgers equation in the physical domain 

at any time for any given initial wave distribution. The Fast Fourier transform could 

be used only to obtain the power spectrum of the signal evolved and had nothing to do 

with the numerical computation. Once the numerical method had been developed, it was 

necessary to calibrate it by comparing solutions obtained at high Reynolds number with 

exact inviscid solutions for simple waveforms of different geometries in order to assess the 

accuracy of the numerical algorithm when used for any arbitrary initial waveform. It was 

clear that at sufficiently high Reynolds number the differences in the solution from the 

inviscid solution were small and confined to the neighbourhood of any discontinuity. It was 

assumed that once this had been established the method could then be confidently used 

for any arbitrary initial waveform. The method so developed enabled an investigation of 

the physical process of propagation at any time. Once the signal at any desired time is 

obtained, a forward transform of the signal using an FFT should then be able to describe 

the complete spectra of the evolved signal. Thus the method should be able to analyse the 

various processes involved in the propagation of this random signal at all times in both the 

physical and spectral domains as well as to compute the statistical evolution of the signal 

properties with time. In other words the goal of the present research was to develop a 
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numerical metliod whicli can give a complete description of the wave characteristics, and 

their statistics at any time.

After considering a number of standard numerical procedures for solving the Burgers 

equation the only available methods which do not use of Fourier transforms, are the Finite 

Difference and Convolution Methods. All other methods involved the use of Fourier trans­

form (FFT) involved errors at higli Reynolds number due to Gibbs phenomenon. The 

Finite Difference method used by Basevdant(1986) have proved to be less accurate when 

compared to the FFT method and is discussed by Basevdant et al(1986). The Convolution 

Method for solving the nonlinear Burgers equation as used in the present research, involves 

transforming Burgers equation using the Cole-Hopf transformation and finding the solu­

tion to the resulting standard diffusion equation for the prescribed initial and boundary 

conditions. At the commencement of this research it was not known whetlier this method 

would give accurate solutions to an initial random noise signal, and there was no existing 

literature supporting it. It was accordingly decided to use the Convolution Method (CM) 

for this problem and the method and results are described in detail later in this chapter. 

A necessary condition was to show that the metliod was space and time accurate and to 

be able to describe fully non-linear acoustic propagation including nonlinear distortion, 

the shock formation, the viscous dissipation and finally its degeneration into a damped 

acoustic wave.

As stated above the Convolution Metliod involved in obtaining the solution of the 

Burgers equation, which is a quasilinear parabolic partial differential equation, by trans­

forming it to the linear diffusion equation using the Cole-Hopf transformation. Thus the 

complex solution to Burgers equation is reduced to the simple problem of solving the dif­

fusion equation. The initial value problem in Burgers equation is then transformed to a 

corresponding initial value problem of the diffusion equation and finally the solution to 

Burgers equation is found by invoking ttie Cole-Hopf transformation in reverse.

The advantage in using the CM is that it does not make use of the Fast Fourier 

transform as described in chapter 3 and can be used for very large Reynolds number. 

The method uses the initial distribution of 0 = % is used to compute the propagation at 

any time. This procedure is quite different from other methods which use the standard 

marching techniques, such as the Finite Difference method or the Finite Element method 
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resulting in accumulated errors. Tlie CM avoids accumulation of any numerical errors 

and it will be sliown that it gives accurate results at any time and particularly at large 

times mudi larger than would be available from other methods. The accuracy of the 

method can be validated by comparing it for high Reynolds number with exact inviscid 

solution for the sine wave. In addition tlie CM is not limited to initial waveforms which are 

quasi sinusoidal but can be applied to arbitrary initial complex waveforms if other factors 

sucli as the limits of integration are properly chosen. It was found that the Convolution 

method allowed us to liandle large Reynolds number and obtain the wave characteristics 

witli sufficient resolution.

4.1 Numerical procedure for the Convolution Method

The quasi-linear parabolic equation known as the one-dimensional Burgers equation is

du du (4.1)
d2u

dt dz dz'

where u is the velocity and v the kinematic viscosity wliicli is assumed constant over all 

distance z and time t. As described in tlie earlier chapter nondimensionalise these quan­

tities the equation reduces to a form of equation 3.2:

Choosing U, / and R as the characteristic length, velocity and Reynolds number respec­

tively. then

R=—,z=- t=

the characteristic time is Ti = i/U, and the viscous characteristic time is T? = Z'/", where 

Th >> Ti, at higli values of Reynolds number R. Thus in general in Burgers equation 

viscous effects lag behind the major inertial changes in the distribution of u(f,t) which 

act on the faster time scale of Ti.

Since
Ti 1
Th UZ2 R 

it is seen how important it is at high Reynolds number to be able to adequately resolve 

events forming in the fast time Ti. One sucli event is the shock formation time.

Due to the effects of non-linear steepening, the initial smooth waveform soon approaches 

a discontinuity or shock like structure. The resulting shock formation time has been given 

by Lighthill (1978) and described in chapter 2. It is

1
Ts = min(^)t=o
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gives the time when the first shock is formed. It can be calculated for any initial distribu­

tion if the minimum value of du/dz is known

If Tg = TsU/Z is the non-dimensional sliock formation time then

Hence 7% = T;Ti and Th = TiR

Tlius Ti is a characteristic of the sliort time effects sucli as the shock formation time, 

while T2 is the characteristic of the long time effects sucli as viscous broadening. 

Following section 2.6.1 in chapter 2, tlic Cole-Hopf transformation (1951) in its non- 

dimensional form is given as

(4.2)

and relates u(c, ^ to 0(z, t) where 0 is tlie solution of the linear diffusion equation.

tlie initial conditions for 0(z,O) relate to the given initial distribution u(z,0).

Putting

u(z,0) = uo(=) = uo,

its initial distribution at time t = 0, then the initial value for 0 is

0(z,O) = eo(z) = exp (-:^/ uo(()d() (44)
\2 Jo /

It should be noted that uo (^) may be positive or negative but 0o(z) is a positive function 

only and similarly 0(f, t) is a positive function. The solution found by Cole(1951) is 

suitable for a domain - oc < c < 00 and satisfies uniqueness conditions for the given 

initial conditions. In the examples given here, it is assumed an arbitrary infinitely periodic 

initial disturbance uo(^) have period Z and with periodic boundary conditions at z = 0 

and 1 = Z for t>0.

Thus defining an initial wave having a distribution of particle velocity such that in the 

domain 0 < f < Z

u(^,0) = uo(z)

with periodic boundary conditions.

u(0,t) =u(r, t)
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4.1.1 The Convolution method (CM) for the determination of 0(=,^ and 

dr

The Gaussian Convolution, which gives tlie solution of the diffusion equation has been 

derived by Cole(1951). Tlie Convolution method wliicl i involves in obtaining the solution 

of Burgers equation via the solution of the diffusion equation by the Cole-Hopf trans­

formation, is derived by Cole(1951) has been used by Mitome (1989) for the sine wave 

only. It gives values of &(=, t) for the given %(=) distribution. The general solution to the 

diffusion equation is [Carslaw (1941)]

e(='^ = / eo(^)e=p(-(z -()2R/4t)(K (4.5)

with

(4.6)

Equation 4.6 gives d0(z,t)/dz and hence u(=, t) can be recovered using the Cole-Hopf 

transformation as described in equation 4.2. When the present work was commenced 

there was little evidence from the existing literature that this method had received much 

attention. At first sight its advantages were not obvious, but only later, when difficulties 

with arbitrary initial conditions were found witli other methods, the CM was considered 

superior to the others. A few papers (Mitome 1989) have used this method for simple 

waveforms, such as tlie sine wave, but none published so far have developed the method to 

handle complex wave propagation as presented in this work. The importance of this solu­

tion is that the solution to the nonlinear Burgers equation is obtained from the solution to 

the linear diffusion equation. The solution to the diffusion equation is similar to the initial 

temperature distribution in a solid. With time the distribution changes so that finally it 

is uniform everywhere. The nonlinear behaviour is recovered from the Cole-Hopf trans­

formation. Thus accurate solutions to the Burgers equation can be found by numerically 

computing the diffusion equation which involves an exponential term to be integrated. 

This solution of Burgers equation is exact for any arbitrary initial distribution of uo (^) 

and Reynolds number based on p. The procedure, details of the limits of numerical inte­

gration to integrate 0(1, t) and the advantages in using this method are all described below.
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Figure 4.1: Algorithm of the numerical procedure
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4.1.2 Algorithm for the CM

A simplified form of the computer algorithm for the Convolution Method is shown in 

figure 4.1. The initial values for simple waves sucli as a sine wave or a sawtooth wave is 

generated by defining the initial uo and finding analytically Oo(z) by integration. Having 

obtained 0o(=), deo/dz can be evaluated by using equation 3.11 described in chapter 3. 

For any arbitrary waveform its corresponding spectrum is generated using the Fast Fourier 

Transform.

For a random signal with a large number of zero crossings, a different procedure is 

followed to evaluate the initial values, uo and % and is described in detail in chapter 6. 

Tlie wave distortion due to finite amplitude effects is then computed at any required time 

when 0(c,t) and dO(T,t)/dz are obtained, and finally u(z,t) is recovered using the Cole- 

Hopf transformation. The Fast Fourier transform, used here, is only required to compute 

the power spectrum at the required observation time.

The integration of equation 4.5 gives the solution to the diffusion equation. Equation 

4.5 involves the initial value do wliicli has to be accurately evaluated as given in equation 

4.4. For simple wave geometries sucli as the sine wave and sine wave with superimposed 

harmonics % is evaluated from equation 4.4, but for the initial random signal % is evalu­

ated in the spectral domain and the method is described in chapter 6. The main problems 

in the integration of equation 4.5 were in setting the limits of integration and evaluating 

the exponential terms in equation 4.5. The infinite limits of integration were replaced 

by finite integration limits. The integration was carried out by trapezoidal rule and the 

method is described in Appendix E. The large values of the exponential terms required 

to be handled by the computer needed special treatment.

4.1.3 Numerical integration and its limits

Tlie initial waveform is required to have a period Z in the pliysical domain. Thus the 

problem is reduced to finding the solution u(i,^ in 0 < ^ < Z for the given initial periodic 

distribution uo(i). From the latter can be obtained the value of 0o(^) by the use of Cole- 

Hopf transformation. Finally the corresponding periodic solution 0(T,t), of the diffusion 

equation which is also of period Z, in the domain -oo < f< oo is obtained using the CM.

The procedure to integrate equations 4.5 and 4.6 consists of multiplying the exponential 
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term by the given initial periodic distribution in 00(1) corresponding to uo(c). The product 

is then integrated over the domain described below using the standard Trapezoidal rule 

described in Appendix E. The main difficulty is with the infinite integration range, which is 

not convenient for numerical computation and truncation at large values of ( is necessary. 

Figure 4.2 shows the 'Gaussian bell' whicli when multiplied by %(() has to be integrated 

over the whole domain. It is noted that 0o(() is periodic in ( and the finite range of 

integration lias to be extended until tlie 'Gaussian bell' is indefinitely small to a prescribed 

limit. The expression for tlie 'Gaussian bell' is

where s = =-( has the property that the area under the curve is equal to unity, or

/(^(s)ds = 1.
J-00

Using this definition of the 'Gaussian bell' equation 4.5 can be written as

0(z,t) = / 0o(=-s)(/>(s)ds (4.7)

The characteristic width of the Gaussian function (^(s) is very narrow for small t, resem­

bling a delta function for t = 0. As t increases the range of s over which the function (^(s) 

is significant widens and the required practical range of integration covers a larger part 

of the s axis and includes many periods of 00 (z - s). For the numerical integration, the 

limits of integration were selected using statistical tables (see Murdoch and Barnes 1970 

) so that the discarded tails of ^(s) contained 0.001% of the total, ie.

= 0.99999 (4.8)

where

Slim = 4.4172(7

and

Numerical tests were then performed to establish the minimum number of spatial points 

per er required to integrate equation 4.8 to an accuracy of 0.001% using the Trapezoidal 

rule. This number was found to be approximately 43 per (7. In most cases the number of 

spatial points used in the integration was far greater than 43. Newland(1984) discusses 

about the accuracy of the integrand when replaced by a discrete points and summed over 
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all points. He shows that the convergence to an accurate solution is possible when more 

number of points are used while summing.

Tlie numerical integration needed for the solution of equation 4.7 was found to be 

increasingly complex as approaclied zero. Tlie exponential became vanishingly 

small and was tlien multiplied by l/cr. The result for small c rwas needed for small t for 

any R. It is sliown in Appendix F by tlie use of the method of stationary phase that 

equation 4.7 approaches 00(1) uniformly as t - >0. For the other limit of small t when R 

is large for any t it was necessary to carefully evaluate tlie exponential function for large 

negative arguments.

Equation 4.7 is examined and for convenience is written here as

1 /■Sum -A2\
(4.9)

As seen in equation 4.9 the argument of the exponential is

2
- = X (4.10)

For particular values of z, ^, t and R the values of X was very large and exceeded 256. A 

special method was used to evaluate exponentials of sucli large values, since the Sun-Sparc 

workstation could not calculate tlie exponential of such large argument accurately. This 

problem was overcome by setting up a counter in the numerical algorithm sucli that when 

the argument of the exponential exceeded 256 was then numerically obtained using the 

method described by Abramowitz and Stegun(1965) as follows: Let e* be written as
eX = exp (1^ Inlo),and put

Ii^=n+d

where n is the integer and d is tlie decimal part.

Therefore e^ = lOn exp(dln lO)

Since the exponential terms in both integrals for 0 and d0/d2 are same it is seen that 

the multiplier 10n is common to both numerator and denominator and hence may be 

cancelled. The numerical method is easy to use and provides values of both integrals to 

tlie necessary accuracy.

4.1.4 The determination of u(a;,t)

In section 4.1.1 the value of 0(=,^ and ^^^^ are determined using the Convolution 

method. In this subsection the corresponding value of u(z, t) is obtained.
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0 _ 'lim 

Periodic 9o(x-s)

Figure 4.2: Diagram showing how the product of (^(s) and %(= - s) was obtained for the 

solution of equation 4.7.

The relation between u(=, t) and 0(z,t) is found from the Cole-Hopf transformation 

as given in equation 4.2. Tlius with the use of the Convolution method the Burgers 

equation can be solved for any initial distribution and any Reynolds number and for very 

small propagation times. This is unlike the finite difference method where time marching 

schemes involve accumulated numerical errors.

4.2 Comparison of the CM for a high Reynolds number with 

the exact inviscid solution

The CM was generalised to include any arbitrary periodic initial distribution for u.. These 

were the sine, sine wave with superimposed harmonic, and the most important one being 

the random noise signal. All these are discussed in detail below.

For the evolution of the sine wave with time for a finite Reynolds number, it was found 

that the solution to the Burgers equation at small times was dominated by nonlinear 

steepening (Cole 1951), especially when the diffusion coefficient p - >0 or R - >oo. Thus 

a comparison can be made for the results obtained from the Convolution Method with 

those obtained from the exact inviscid solution for the same simple wave geometry for 

small times. Strictly the solution of the inviscid hyperbolic equation cannot be compared 

with the parabolic viscous Burgers equation, but in the limit of z/ -> 0 when the equation 

switches from hyperbolic at p = 0 to parabolic at v % 0 it is found their solutions converge.
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4.3 The numerical solution of the inviscid Burgers equation

In chapter 1 the inviscid form of Burgers equation is discussed which is the limiting form 

of the equation as the Reynolds number tends to infinity. The numerical solution using 

the Convolution method for the Burgers equation presented in this chapter is concerned 

with solutions at higli Reynolds numbers. Hence to validate these higli Reynolds number 

solution it was felt essential to compare them witli numerical solutions to the inviscid BE.

Tlie exact inviscid solution is computed numerically for an initial sine wave and an 

inverted sine wave using tlie Newton Raphson iterative method. Appendix D gives the 

derivation of tlie Newton Raplison method. In tlie periodic case the position of the shocks 

are easily determined for they form by symmetry at the centre of the period. The exact 

inviscid solution is of the triple valued type for times beyond the shock formation time. The 

physically correct solution is easily obtained by using the equal area method of Lighthill 

and Wliitham (1956). Thus tlie triple valued solution is replaced by a shock discontinuity 

wliose position is also determined by symmetry. The equation is a transcendental equation 

and the solution at any time is obtained iteratively.

4.4 Results of comparison of CM with exact solution for the 

sine wave

The results using the CM are compared with the exact solution of the Burgers equation 

for R = 100 - 2000 for times t = 0.1,0.2,0.3 .... in figures 4.3- 4.6 respectively. It is seen 

the shock formation time is ~ 0.3, as derived in Appendix I). The Reynolds number for 

this comparison is based on the domain length and the maximum amplitude of the sine 

wave U is equal to 1 for convenience. It is seen from the plots that as Reynolds number 

increases the solution from the CM gradually converges with the exact inviscid solution. 

The solution for R = 2000 can almost be regarded as inviscid where the two solutions are 

almost indistinguishable.

The inviscid solution develops triple valued solutions which are not physically possible. 

The physically realisable solutions contain shock waves which are shown in figures 4.5 or 

4.6. From these results it can be seen that the shock formation time is slightly beyond 

t = 0.3 as expected from the characteristic equation as shown in Appendix D.

Tables 4.2 and 4.1 give the comparisons of the Convolution method with the exact 

inviscid solution for u(t, t) at times less than the shock formation time. After the shock 
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formation time the solution from the CM gradually departs from the exact inviscid solu­

tion. Tills is when the viscous broadening takes over due to the finite viscosity and the 

solution begins to converge to a sine wave at very large time. In the inviscid solution the 

amplitude of tlie sliock decreases witli increase in time. In the numerical solution at finite 

Reynolds number, the shock is of finite thickness and its structure is continuous. The 

exact Inviscid solution for time t = 0.1,0.2,0.3 is compared with the solution of the CM 

for a Reynolds number of 2000 in tlie tables 4.2 and 4.1 at n = 250,254, where N = 512 

is tlie number of spatial points over tlie wliole domain and n is tlie spatial point. Tlie 

results are in good agreement. Tlie spatial point n = 250,254 were cliosen since they 

clearly demonstrate the region of the shock wave. Comparing the results of CM and exact 

inviscid solution it is seen that u(T, t) for CM is slightly less than u(T, t) for exact solution. 

This is expected since the diffusive broadening in the CM takes place at the steep front 

preventing tlie wave becoming discontinuous. It is seen in figure 4.4 tliat tlie effects due to 

diffusion are to round the discontinuity at the edges where the inviscid solution displays 

no rounding off. It is seen that the two results are almost indistinguishable at all other 

spatial points except at tlie edges at the time of discontinuity. It can be deduced therefore 

that the solution of tlie viscous Burgers equation for high Reynolds can be regarded as a 

satisfactory solution to the Inviscid problem. The CM, at high Reynolds number, with the 

computational limits chosen for the numerical integration described earlier in this chapter 

can therefore be used as a standard solution for any arbitrary initial waveform.

Table 4.1: Comparison of the exact inviscid solution with the solution of the CM for u(i,^ 

and R = 2000 for a inverted sine wave, n = 250.

Convolution Mtd Exact

0.1 2.02349899E-01 2.024599855951E-01

0.2 7.27589431E-01 7.2788917830E-01

0.3 9.9743597241E-01 9.9994569761E-01

Comparison of the Convolution method with other methods described earlier for an 

initial sine are given in table 4.3. Comparison is made for |(du/d%)maz| at the non- 

dimensional time t = 0.3 and v = 0.006 [taken from Basevdant et al(1986)].

From figures 4.3- 4.6 it can be seen that once the solution approaches the exact solution, 

increasing the Reynolds number has no effect on the solution. Figures display first half
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Table 4.2: Comparison of the exact inviscid solution witli the solution of the CM for u(a;, t) 

and R = 2000 for a sine wave, n = 254.

t Convolution Mtd Exact

0.1 1.02613272857E-01 1.026947073E-01

0.2 5.1363528682E-01 5.13810066E-01

0.3 9.97175171278E-01 9.98345373392E-01

Table 4.3: Comparison of tlie Spectral, Finite difference, FFT, Convolution and exact

solution for |(du/dz)maz| [taken from Basevdant et al(1986)]

Method |(du/dl)mat|

Spectral 151.82

Finite difference 150.08

FFT Method 152.00150

Convolution method 152.00154

Analytic Solution 152.00156

cycle of the sine wave. In otlier words increasing the Reynolds number after a certain 

value of 1000 as shown in figure 4.5 there is hardly any change in the waveform and the 

solution almost equals the inviscid solution. Hence the solution at R = 1000 can almost 

be regarded as equal to the inviscid solution. It is assumed that for practical purposes the 

solution remains invariant for any R > 1000.

4.5 Conclusion

A program has been written for the Convolution Method which uses the Cole-Hopf trans­

formation to give solution to the Burgers equation by transforming it to the linear diffusion 

equation. A program has also been written for the exact solution of the inviscid Burgers 

equation using Newton Raphson's iterative method. The numerical integration in comput- 

ing the exponential curve for the solution of the diffusion equation lias all been described in 

detail. A comparison has been made between the Convolution method for high Reynolds 

number and the exact inviscid solution both before and after the shock formation time 
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for the sine wave. It is shown that the agreement is almost exact between tlie two results, 

sliowing the solution at liigli R converge to the inviscid solution. Thus the changes in the 

waveform profile at liigh Reynolds number beyond R = 1000 are infinitesimal and that 

tlie high Reynolds number solution of the Convolution Metliod asymptotes to the inviscid 

solution. From the figures 4.5 it is seen that the shock formation time is approximately 

7$ = 0.3, and is in agreement witli the exact solution. It is shown that further increasing 

tlie Reynolds number after it has converged witli the exact inviscid solution in the CM 

has no effect on tlie solution and the solution remains invariant. Thus it is possible to 

use a large Reynolds number to compute the propagation of any arbitrary distribution, 

accurately, whicli any otlier methods would not have allowed.

The advantages in using tlie CM over other numerical methods has been discussed. 

The main is tliat there is no time marching as in other methods and hence the CM avoids 

accumulation of any numerical errors. It also avoids the use of the Fast Fourier transform 

and lience is not subjected to any aliasing errors or the Gibbs phenomena as observed 

in tlie earlier methods. The Fast Fourier transform is used only to compute the Power 

spectrum using the solution of u(r, ^ and has notliing to do with the actual computation 

of the waveform at any time. The metliod also gives the solution at any desired time with 

one single time step, whereas other methods use a time marching scheme either in the 

space domain or in the spectral domain. Hence the CM method has least accumulated 

errors and maximum accuracy.
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Figure 4.3: Comparison of the exact inviscid solution shown by the dotted line with

tlie solution of the CM for u(a;,t) and R = 100 for a sine wave with N= 512. t =

0,0.1,0.2,0.3,0.4....

Figure 4.4: Comparison of the exact inviscid solution shown by the dotted line with

the solution of the CM for u(a:,t) and R = 500 for a sine wave with N— 512. t -

0,0.1,0.2,0.3,0.4....
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Figure 4.5: Comparison of the exact inviscid solution shown by the dotted line with

the solution of the CM for u(z,t) and R = 1000 for a sine wave with N= 512. t =

0,0.1,0.2,0.3,O.4....

Figure 4.6: Comparison of the exact inviscid solution shown by the dotted line with 

the solution of the CM for u(=,t) and R = 2000 for a sine wave with N= 512. t =

0,0.1,0.2,0.3,O.4....
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Chapter 5

Evolution of the sine wave with

harmonics

As stated earlier the goal of this research was to investigate the non-linear distortion 

during propagation of an initial distribution of complex random waves. The study of the 

nonlinear propagation of acoustic waves is primarily concerned with their distortion due to 

nonlinear steepening and thermo-viscous broadening. This includes the formation of shock 

waves and in the case of complex waves, the interaction of shocks of different strengths in a 

lossless medium and their ultimate 'bunching' introduced by Lighthill(1992). Although the 

structure of isolated shock waves of finite thickness has been known since the work of Tay- 

lor(1910) and Lighthill(1956), in terms of the competing processes of non-linear steepening 

and thermo-viscous broadening, there were many gaps to be explored of the formation of 

shock waves arising from the non-linear distortion of complex waveform or distributions. 

Fundamental work in this field was pioneered by Lighthill(1956) and Whitham(1956) with 

one of its major applications to the theory of the sonic boom generated by aircraft trav­

elling at supersonic speeds. The study would not be complete without investigating the 

changes that occur in the energy spectrum of the wave during its propagation. In linear 

acoustics a sound wave propagating into a nondispersive medium retains its frequency 

throughout. In nonlinear acoustic propagation the distortion of the wave due to nonlinear 
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steepening results in the production of a broadband spectrum with the higher and lower 

frequencies being populated by the sum and difference mechanism. The harmonics add up 

to form the higli wavenumbers and subtract to form the low wavenumbers. This is readily 

seen in the exact solution to the Burgers equation by Cole(1951) for the initial sine wave 

profile where it is shown at time t > 0 the initial single discretized frequency is broadened 

to include all frequencies.
In this chapter corresponding changes in the energy spectrum due the non-linear distor­

tion and ultimately to its sliock formation that arise in the propagation of initial waveforms 

of simple geometries sucli as the sine wave with superimposed liarmonics is studied. A 

similar problem is considered here relating to a simpler wave distribution whicli comprises 

an initial large amplitude sine wave on which is superimposed a harmonic of various am­

plitudes and phases. The distortion of such a simple wave was examined over a range of 

Reynolds numbers and the temporal clianges in its energy spectrum arising due to the two 

main wave modifying meclianisms namely, the nonlinear distortion and viscous dissipa­

tion. Comparisons are made witli the results in cliapter 3 above for the sine wave alone. 

The present research covers the case of an initial sine wave superimposed witli a harmonic 

of various amplitudes whicli eventually degenerates into a sawtooth-like shock wave, as 

well as the interaction and merging of a sine wave of large amplitude with one of smaller 

amplitude and different phase, and the consequent temporal changes in the energy spec­

trum. Tlie study extends to the case of the initial superposition of a harmonic of different 

amplitudes onto a periodic sine wave distribution and its subsequent development includ­

ing the non-linear distortion, shock formation and viscous broadening over a range of 

Reynolds numbers. The main aim was to elucidate the effects of non-linear distortion and 

viscous broadening at moderate to high Reynolds numbers. It studies the non-linear pro­

cesses arising from wave interactions and changes in the energy spectrum resulting from 

sum and difference frequencies and the progressive changes in the wave structure where its 

distortion ultimately leads to shock formation. The research also investigates the effects 

of different initial wave distributions on the shock formation time. In this initial phase 

of the distortion it shows how the changes in wave signature are dominated by mainly 

inviscid flow effects leading to the development of ramp-function or sawtooth-like waves, 

and the evolution of a very wide broad-band spectrum having a high frequency character 

largely independent of the Initial waveform. After shock formation it was examined that 

the thermo-viscous dissipation and its potential for the destruction of the higher frequen- 
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ciea and investigate how diffusive and dissipative effects are confined predominantly to the 

vicinity of the shocks preventing them from being discontinuous. An important aspect of 

this numerical study was also to determine how the thermo-viscous broadening processes 

continue with time.

Wu et al(1990) has investigated the dependence on finite-amplitude loss suffered by 

a signal with a view to the determination of the waveform for minimum loss. For the 

case of parametric arrays Wu studied periodic signals of given amplitude whicli travelled 

long distances without forming shock waves. Wu showed that superimposing harmonics 

produced significant changes in the structure of tire propagating wave from that of the 

fundamental alone. Wu considered the analytic solution in a case when the 3rd and higher 

liarmonics were neglected and sliowed in particular when tlie harmonic is in phase with 

tlie fundamental, a zero crossing occurs in the second harmonic B2, but when there is a 

180° shift in the phase of B2 no zero crossing occurs. These are a result of the nonlinear 

effects whicli give rise to a redistribution in the energy of the wavenumber components.

Wu considers the Fourier series representation of a wave expressed as

00

u(r,t) = Z:[An(t) cos n(kt) + Bn(t)sinn(kt)] (5.1) 
n=l

Wu shows that substituting u(z, t) in the Burgers equation witli An(t) = 0 and neglecting 

third and higher harmonics, the rate of change of amplitude for any wavenumber can be 

written determined. Wu considers the boundary value problem of tlie Burgers equation 

and hence is signs for the Fourier coefficients Bn are different from the Bn in the present 

work. Thus Wu shows that when B2 > 0, a zero crossing occurs at a certain t which 

causes a sharp change in log B?, which in this work is referred to as a "cusp". Thus the 

formation of the cusp or the phase reversal Bn was explained by Wu et al who showed 

how the An's and Bn's changed at a particular time according to the nonlinear equations 

for An's and Bn's summing the effect of the product terms of An and Bn for all other 

harmonics other than An.

The work to be presented in this chapter on periodic waves with superimposed har­

monics was performed independently of the work of Wu(1990) and completed before the 

work became available. Although the work presented here is based on numerical solu­

tions to the Burgers equation(BE) for a range of Reynolds numbers, it was possible to 

compare the present results with Wu's analytic model for the superimposed harmonics. 

In this work numerical solutions were obtained to Burgers equation using the so called 
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Convolution Metliod, based on the Cole-Hopf transformation and solutions to the linear 

diffusion equation. The wavenumber energy spectra were computed using Fast Fourier 

Transforms discretised in wavenumber space, (definition of the Fast Fourier transform is 

given in chapter 6), of the space-time velocity function found from solutions to the BE 

equation. The cases presented below emphasise the time history of the energy spectrum.

The study of the wavenumber spectrum witli time was commenced by first consider­

ing the sine wave alone, and later comparing it with that obtained by superimposing a 

liarmonic of small, equal and large amplitudes. It was found the wave number spectrum 

changed from its initial spectrum in two distinct phases. The first occurred up to the 

effective shock formation time and the second following the shock formation time. The 

effect of the harmonics on the effective 'shock formation time' was investigated, and espe­

cially the changes in the geometry of the wave which can change the shock formation time.

An extensive study of the various spectra for various superimposed harmonics obtained 

at different times is given below. The waveform plots and the energy spectrum for various 

wavenumber components have been plotted against time. The cases studied below are 

simple, emphasising mainly the energy spectrum time histories.

Figure 5.1: Evolution in time of the initial periodic sine wave. R = 200.

T = 0,0.5,0.75, 1.0,1.25,1.75 ....
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Figure 5.2: Change in spectral energy coefficients (k) with time for initial periodic sine 

wave at A: = 1,2,3 ...........and R = 200. Ere/ is the energy in the fundamental at T = 0. 

Dashed line's are Cole's asymptotic solution for large times as functions of k.

5.1 The initial periodic sine wave

Fig. 5.1 shows the numerical results for the distortion of an initial periodic sine wave 

propagating witli time and undergoing non-linear interactions. It is seen the wave tends 

progressively to a triangular or sawtooth waveform. Tlie idealised sawtooth waveform is 

only obtained when the flow is inviscid. The results are presented for an initial Reynolds 

number R = 200, based on a wavelength of unity and an initial amplitude of unity. In 

Figure 5.1 the wave signature is given for T = 0,0.5,0.75,1.0,1.25,1.75 ..... In the inviscid 

case the shock formation time is 7^ = 1. When viscous effects are included the effective 

'shock formation time' is the same but the shock wave has finite thickness. The corre­

sponding development of the spectral coefficients, E(k), with time is shown in figure 5.2. 

The energy in the fundamental wavenumber (k = 1) at time T = 0 is transferred, through 

nonlinear distortion for T > 0, to the liiglier wavenumbers thus generating a broad spec­

trum while the waveform in the physical plane rapidly changes from a sine wave to a ramp 

function. The rapid growth in the population of energy in the high wavenumbers, while 

the k = 1 mode slowly loses energy at T > 0, arises from nonlinear interactions, which is 

the distinguishing feature between linear and nonlinear acoustics.

In this simple case of the initial periodic sine wave the present numerical results are 

compared with the complete analytic solution of Cole (1951), where the wavelength is Z 

and the amplitude, u = 1 at T = 0. The periodic solution for u(T,t) given by Cole is

_ 4z/7r £^1 n exp(—z,n27r2t/z2)nIn(uoZ/27rz,)sin(n7rz/Z) ,5 2)
- 7o(uoZ/27rv) + 2 £^i exp(-i/n2T2t/Z2)In(uoZ/27r:/)cos(n7r=/Z)

The solution simplifies for high Reynolds number, R = uoZ/i/, since tlie Bessel function, 

of imaginary argument, in, become very large and asymptotically has similar values In ~ 

expz/\/2^ for all n. Thus corresponding terms cancel in numerator and denominator. 

The infinite series solution due to Cole in equation 5.2 in terms of the integer n is equivalent 

in the present numerical work to the spectrum in wavenumber k. Cole's solution shows 
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that there is a rapid growth in the spectrum at all wavenumbers n > 1 when t > 0. As 

the energy in the fundamental n = 1 decreases so the values of E(n) rapidly increase and 

the spectral energy for n > 2 approaches that in tlie fundamental n = 1, before decaying 

as l/n't as discussed below.

The phase of the Fourier coefficients for all wave numbers alternate according to Cole's 

solution and the spectral energy increases smoothly up to a time when the gradient of u 

becomes a maximum, corresponding to the shock formation time.

Fig. 5.2 shows that the spectral energy as a function of time. Now Cole found the 

approximate solution for t > ti at high Reynolds number, where ti ~ 0(1) is of the order 

of the shock formation time given by

, \ 2z,7r ^ (-)nsin(n7rz/Z) (5.3)

n=l ''

Beyond t = ti, ti ~ 0(1), the energy spectrum decays like l/n2, and the numerical results 

agree with Cole's solution. Writing

27r(-l)nz, 
n sinh(z/n7r2t/Z2)

then equation 5.3 can be written as

u(z,t) = y] Bn Sin(n7rT) (5.4) 
n=l

Thus since z/ is very small Cole showed for t > ti that approximately

Thus the coefficients Bn ~ 1/n. From figure 5.2 it is seen that the decay for k > 1, where 

k is the integer wavenumber in this numerical work is oc 1/k2 and hence in agreement with 

Cole. For large times

Bn = -1)1 exp—(nir't/R) (5.6)

and Bn falls exponentially with increase in n. Thus Cole's solution shows that there is 

a growth in energy in all wavenumbers n > 1 at t > 0 but witli increase in time the 

high wavenumbers fall in amplitude as 1/nt, although ultimately they fall as exp(n7r2t/R) 

as shown in equation 5.6. At any time and when the Reynolds number is high, the 

spectral energy in the high wavenumbers becomes increasingly small and effectively there 
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is a higli wavenumber cutoff, which can be related to viscous dissipation. Clearly the 

amplitude decay of 1/n cannot continue to very large wavenumbers for it produces spectral 

energy~ l/n? whicli in turn generates an infinite dissipation unless v = 0.

For the sine wave, the first term in equation 5.1 is zero and only B1 exists. At t > 0 

it can be seen by reference to Cole's solution tlie amplitudes of all the harmonics can be 

determined and the wavenumbers beyond k = 1 are all populated. Thus at all times the 

Fourier coefficients of tlie sine series are generated.

The reason for the population of the liigher harmonics can also be explained in the phys- 

ical domain arising from nonlinear distortion governed by the nonlinear term (u'du!dx) 

in tlie Burgers equation. The fundaniental decreases in amplitude tliereby increasing the 

amplitude of the second and higlier harmonics it produces due to 'sum and difference' 

meclianism. Tlie phases of tliese liarmonics alternate and obey Cole's solution. Thus 

when u = sin nr, then du/dz = n cos m then the nonlinear term in the Burgers equation

is

n
2

du 
u— sin(2nz) (5.7)

so there is now a fundamental and its second liarmonic whicli gives a sine component as 

seen in equation 5.7 whicli then generate higher wavenumbers, ie the interaction between 

an nth harmonic of u with an m'h liarmonic of du/dz generates contribution to wavenum­

bers such as (n + m) and (n - m) respectively. This is normally known as the population 

of higli wavenumbers by the 'sum and difference' mechanism. Accordingly it is seen from 

figure 5.2 the fundamental decreases in amplitude, the second harmonic, the 3rd harmonic 

and so on increase and smoothly decay at large times.

5.2 Harmonic (k = 2) of small amplitude added to the fun­

damental (k = 1) of unit amplitude

Figure 5.3 shows the results for the interaction between a harmonic of small amplitude 

(0.1) superimposed in phase on the fundamental of unit amplitude for Reynolds number 

of R = 200. The corresponding development of spectral coefficients, E(k), with time is 

shown in figure 5.4. It is seen that the fundamental loses energy slowly and transfers 

energy to its higher harmonics rapidly for T > 0. A remarkable feature of the plots of
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Figure 5.3: Velocity distribution. Initial condition: Sine wave of amplitude 1 4- 

2nd. liarmonic of amplitude 0.1 in phase witli the fundamental and R = 200. T = 

0,0.5,0.75, 1.0,1.25,1.75 ......

Figure 5.4: Change in spectral energy with time. Initial condition: Sine wave of amplitude 

1 + 2nd harmonic of amplitude 0.1 in phase with the fundamental at k = 1,2,3... and

R = 200

E(k) against time for each value of k shown in figure 5.4 for R = 200, is the rapid growth 

of each spectral component followed by a rapid fall represented by a succession of cusps. 

These are confined to the initial wave distortion before the time when the wave approaches 

its ramp-like waveform near the shock formation time. After the shock formation time 

the spectral energy coefficients all decay smoothly in amplitude as was found for the case 
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of the sine wave alone.

The sine harmonic superimposed on the sine wave can be written in Fourier series rep­

resented in equation 5.1 where all An = 0. Bi denotes the fundamental sine wave and B2 

is the added liarmonic. Wu's(1990) analytic work describes the superimposed harmonic 

in phase witli the fundamental which lie refers to as 'pre-biased'. Such a superimposition 

which is investigated here, delays the shock formation time since the initial wave is dis­

torted away from the mid position[see figure 5.3]. In Wu et al's analytic model for the 

superimposed harmonic, a cusp was obtained in the wavenumber spectrum arising from 

the energy redistribution phenomenon where there is interaction between the fundamental 

and the second liarmonic. It is seen from the figure 5.4 that as the energy in the fundamen­

tal decreases, the energy in tlie second harmonic increases. The results are in agreement 

with Wu's results when cusp was formed when the harmonic was superimposed on the 

fundamental sine wave. In addition more cusps were formed for higher wavenumbers. The 

present numerical work goes even further and investigates the case of superimposed cosine 

liarmonics with the fundamental. Wu's work does not predict the cusping phenomena at 

tlie shock formation time.

The present work shows that cusps are not formed in the wavenumber spectrum after 

the 'shock formation time' and hence the cusping phenomena is only due to the nonlin­

ear interactions giving rise to redistribution of energy in the wavenumber spectra. It is 

known that the Cole's solution for the sine wave is an exact solution in which the Fourier 

coefficients alternate in phase. This is shown schematically in figure 5.5:(a) is the sine 

wave at T = 0 and (b) at T >> 0. At T > 0, the solution evolves dominated by the 

nonlinear effects undergoing sum and difference mechanism and the pattern 5.5b) in the 

Fourier coefficients is obtained when the sawtooth wave is formed.

As soon as a harmonic is superimposed on the initial sine wave the evolution of the 

Fourier coefficients becomes more complex. The fundamental on its own produces higher 

harmonics, the superimposed harmonic produces higher harmonics and the interaction 

between the fundamental and the superimposed harmonic also produces harmonics. The 

resulting spectrum does not initially display the alternating phase pattern characteristic 

of Cole's solution. The signal evolves so that, by the shock formation time, a series of 

sawtooth waves is formed with a spectrum similar to that of Cole's solution, ie. with 

wavenumber components of alternating phase. During the transition period, between 

T = 0 and the shock formation time, the structure shifts towards the stable alternating 
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pattern by means of a series of phase reversals in the various wavenumber components, 

which correspond to the cusping events. Tliis process becomes very complicated, with the 

number of phase reversals increasing in the higher harmonics. This process continues until 

the appearance of the sawtooth wave, wlien the Fourier coefficients cease to undergo phase 

reversal. Thus once the sawtooth is formed the Fourier coefficients alternate in phase and 

converge to a pattern shown in figure 5.5(b) which is tlie Cole's solution. Thus Cole's 

solution is a stable solution and any superimposed harmonic will eventually obey when 

tlie sawtootli wave evolves.

For wave numbers other than the fundamental the energy falls rapidly towards zero as 

sliown in figure 5.4 at certain times, and appears in the plots of logE(k) as a cusp followed 

by an increase as the coefficients again become populated in tlie spectral energy.

Figure 5.5: (a) Discrete Fourier coefficient bk for the sine wave at T = 0, 

(b) Fourier coefficients b^'s for sine wave at T >> 0.

Thus cusps arise when the Fourier coefficients are zero due to the 'sum and difference 

' mechanism of the nonlinear term. Cole's solution for the sine wave is. a steady solu­

tion where the phases of the harmonics alternate. When the superimposed harmonic is 

introduced, the nonlinear effects disrupt this alternating phase behaviour, which is Cole's 

steady state solution. They eventually after the shock formation time converge themselves 

to the steady state solution of Cole's with phases alternating. The results presented here 

are similar to Wu's analytic work where cusps are formed when the added harmonic is in 

phase with the fundamental. The present investigation is more complex than Wu's since 
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in this investigation cases are considered where there is a phase difference from 0 - 180° 

and also third and higher higher liarmonics are present. Hence Wu's analytic solution 

cannot be used in such cases. Wu used the boundary value form of the Burgers equation, 

witli time replaced by distance, where as the present work is based on the initial value 

problem of the Burgers equation. In tlie spectral evolution the fundamental in isolation, 

would obey Cole's solution with the Fourier coefficients Bn's alternating in phase. Thus 

for the sine wave, at T > 0 the 2nd liarmonic would be in opposite phase with the fun­

damental, the 3rd harmonic in phase witli tlic fundamental and so on as described above. 

But once tlie fundamental encounters a superimposed harmonic at T > 0 which is in phase 

witli tlie fundamental, tlie fundamental on its own produces a 2nd harmonic of opposite 

phase wliicli adds up witli the already existing 2nd harmonic and the result is that ampli­

tude is reduced, forming a cusp. Tlie fundamental produces harmonics, the superimposed 

liarmonics produce higher liarmonics, there is interaction between the fundamental, the 

superimposed harmonic and the higher harmonics all governed by the 'sum and difference' 

meclianism. This process of addition and subtraction continues and clearly with increase 

in harmonics the process gets even more complicated and more cusps are formed, which is 

in agreement witli the results shown in figure 5.4. Thus cusps are formed due to the sum 

and difference mechanism which arise from the nonlinear term in the Burgers equation.

It is seen from figure 5.4 that the cusps form envelopes which asymptote to a particular 

time. Tlius the m = lth corresponds to tlie envelope formed by the last cusp of each 

wavenumber. Thus the asymptotic time (Ta = 14) for sine wave superimposed with small 

amplitude as seen in figure 5.4 corresponds to the time of maximum gradient for the 

distorted sine wave. The time when the peak occurs is tlie shock formation time.

5.2.1 The variation of cusp formation with wavenumber

The variation of the cusp formation with time for a given wavenumber associated with a 

superimposed harmonic of equal amplitude is given in figure 5.4 and shows that the number 

of cusps formed increases with increase in wave number. It is seen there is almost a linear 

increase in the number of cusps with wavenumber. To detect a cusp, the wavenumber 

spectrum with time for eacli wavenumber was scanned. Whenever the energy between 

the wavenumbers suddenly fell, this implied a cusp was present. This is the three point 

approach. The three points are the 3 time coordinate interpolations. This was considered 

not very accurate since cusps can occur between any 2 time step and a cusp can be lost. 

88



So the 7 point approach was made use when 7 time interpolation were performed to detect 

a cusp. Thus all the cusps were detected. Since more cusps are formed for large wave 

numbers it becomes more difficult to detect cusps as the wavenumber is increased.

Figure 5.6: Tliree, five and seven point time interpolation to detect a cusp

It was observed that the amplitude of the harmonic is further decreased, cusps did 

occur and tlie asymptotic sliock formation time approaches that of the sine wave.

Figure 5.7 shows tlie results for low Reynolds numbers (R = 20). Here the viscous 

broadening greatly exceeds tlie nonlinear steepening. Sliock wave is formed but tlie shock 

thickness is large in this case. The wave quickly reduces to a sine wave of small amplitude.

newpage

5.2.2 Harmonic (k = 2) of equal amplitude added to the fundamental 

(k = 1) of unit amplitude

Figure 5.8 shows the results when a harmonic of equal amplitude is added to the initial 

periodic fundamental sine wave of unit amplitude, when the Reynolds number is 200. 

The temporal changes in the energy spectrum are shown in Fig 5.9 and the change in 

the amplitude with time are shown in figure 5.11. It is seen clearly in figure 5.11 that 

tlie Fourier coefficients undergo phase reversal and this trend increases witli wavenumber. 

The energy in the fundamental initially increases but then decays at greater times. The 

formation of the cusps for all other wavenumbers for k > 1 increased with increase in the 

wavenumbers. A similar pattern of the formation of cusps observed in the earlier case 

is seen here. It is seen from Fig 5.9 tliat the cusps form envelopes which asymptote to 

a particular time. Thus the m = lt h which corresponds to the envelope formed by the 

last cusp of each wavenumber similar to the case described earlier for the superimposed
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Figure 5.7: Effects of low Reynolds number R = 20. Initial condition: Sine wave 

of amplitude 1 + 1 liarmonic of amplitude 0.1 in phase with the fundamental. T = 

0,0.5,0.75,1.0,1.25,1.75  ....

Figure 5.8: Velocity distribution. Initial condition: Sine wave of amplitude 1 + second 

harmonic of amplitude 1 in phase with the fundamental. R = 200.

T = 0,0.25,0.5,0.75,1,1.25,1.5,1.75...

harmonic of small amplitude. This m = l^h envelope of cusps as shown in figure 5.9 occurs 

at a later time than for the case of small harmonic superimposed on the fundamental shown 

in figure 5.4. Comparing the present case with that of small amplitude, it is seen that the 

number of cusps formed increases with the initial amplitude of the harmonic.

A regular pattern of cusps with increased wave number is observed in figure 5.9. The 

first cusp for wavenumber n = 2, the second harmonic, is always at a greater time than the
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Non-dim time =1*0.005

Figure 5.9: Change in spectral energy with time. Initial condition: Sine wave of amplitude 

1 + second harmonic of amplitude 1 in phase with the fundamental at k = 1,2,3... and

R = 200

Figure 5.10: The time of cusp formation for m = ft henvelope ~ 1.75 . Initial condition: 

Sine wave of amplitude 1 + second harmonic of amplitude 1 in phase with fundamental.

R = 200

cusp for n = 3 and so on. For high wavenumbers, it is observed that cusps are embedded 

so closely that it is difficult to distinguish them. The number of cusps increases linearly 

with the wave number. The local peaks of all the spectral energy curves around the cusps 

form envelopes. These envelopes do not occur after a certain time and have an asymptotic 

behaviour with time for all wavenumbers. Various envelopes of cusps shown in figure 5.9 

for Reynolds numbers 200 are plotted against time in figure 5.10. Each envelope of cusps
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Figure 5.11: Change in amplitude verses time. Initial condition sine + second harmonic 

of amplitude 1 in phase witli the fundamental at k = 1,2,3,4,5. R = 200.

asymptotes to a certain time called tlie asymptotic time. In the figure 5.9, the asymptotic 

time for the m = l^ h envelope of cusps ( which is also the envelope formed by last cusps 

of each wavenumber) corresponds to the 'shock formation time ' defined in equation 2.57 

in chapter 4. This asymptotic 'shock formation time is shown in figure 5.4 and 5.9 for the 

two cases respectively.

Figure 5.12: Velocity distribution. Initial condition: Sine wave of amplitude 1 + second 

harmonic of amplitude 1 in phase with the fundamental. R = 500.

T = 0, 0.5,1,1.5,2,2.5,3,3.5
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Figure 5.10 clearly shows the asymptotic time for the superimposed harmonic of equal 

amplitude. This would accordingly corresponds with the shock formation time. This is 

the time when the middle N wave is formed and is seen more distinctly in figure 5.12.

Comparison of the asymptotic time with the shock formation time for harmonics with 

varying amplitude is given in table 5.1. Comparing them it is clear that the asymptotic 

time approaches the shock formation time. After this time no envelopes were observed but 

the nonlinear effects are dominant, wliicli is indicated by the rise in the spectral energy.

The change in the velocity distribution with time shows the change in wave pattern 

has the form of two ramp functions separated by the middle N-wave as seen in figure 5.12. 

From then onwards the wave looks similar to that of the distorted sine wave. At large 

time, increased viscous dissipation causes the wave to progress downstream with reduced 

energy obeying Cole's solution until it finally reduces to a sine wave of vanishingly small 

amplitude.

The change in phase observed at the formation of the cusps is of particular interest. 

There is a change in phase of 180° of tlie Fourier coefficients at the formation of each 

cusp. From the above results it is concluded that energy transfers both in the low and 

high wavenumbers and is mainly dependent upon the initial conditions.

Figure 5.13: Velocity distribution at various times for sine wave of amplitude 1 + second 

harmonic of amplitude 2 in phase with the fundamental. R = 200.

T = 0,0.5,0.75, 1.0,1.25,1.75....

93



Figure 5.14: Change in spectral energy with time. Initial condition; sine wave 4- second 

liarmonic of amplitude 2 in phase with the fundamental. R = 200.

= 1,2,3...

5.2.3 Harmonic (k = 2) of large amplitude superimposed on the funda­

mental (k = 1) of unit amplitude

Figure 5.13 shows the waveform and figure 5.14 the wavenumber spectrum of a superim­

posed harmonic of large amplitude than the fundamental for Reynolds number of 150. A 

harmonic of larger amplitude on the fundamental behaves similarly to that of equal ampli­

tudes except that the asymptotic time of the first envelope in this case is at a larger time 

then the superimposed harmonic of small and equal amplitude. Thus the shock formation 

time gets delayed by increasing the amphtude of the harmonic.

5.3 The distortion of the waveform in the i - t space

The changes in the geometry of the wave with time are more complex when the initial 

periodic wave has superimposed harmonics as shown by comparison between figures 5.3, 

5.8 and 5.13. It is shown the wave distortion due to nonlinear effects is produced according 

to the signs of the velocity in the adjacent domains. Thus domains in which u is negative 

move towards the left of a zero, and where u is positive the distortion is to the right. This 

results in a ' steepening ' of the wave in both the domains. After a while the steepening 

develops into two ramp functions but as time increases the nonlinear process becomes 

overshadowed by viscous dissipation and the wave finally reduces to the form of a sine 
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wave of small amplitude. The formation of shocks is more clearly seen when the Reynolds 

number is high as seen in figure 5.12. The steep wavefronts eventually form a ramp function 

which can be regarded as almost inviscid. The shock thickness is negligible compared with 

that found in the low Reynolds number case of figure 5.8. The asymptotic time when the 

wave develops into a near sawtooth is given in table 5.1 and described earlier for all the 

three cases discussed above. It is compared with the time of the last maximum gradient, 

which is the gradient for the sine wave, (du/dz) is maximum at the beginning of a shock 

wave in all cases studied in the present work. At large times the wave gradually decreases 

in amplitude and the wave approaches that of the sine wave of reduced amplitude. In 

this range of large times the high wavenumber components are destroyed due to viscous 

dissipation.

Figure 5.15: Number of cusps verses wavenumber. Initial condition: Sine + superimposed 

second harmonic of amplitude 1 in phase with the fundamental. R = 200
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Table 5.1: Harmonics of different amplitudes superimposed on the initial sine wave of 
amplitude 1. R = 150. The asymptotic time and the time at which the last (^)maz

occurs are also sliown.

Amplitude 

of 2nd Harmonic

Asymptotic time 

Ta

time at which last 

Tg = (^)maa: OCCUrS

0.0 1

0.01 1.4 1.6

0.1 1.6 1.85

1.0 2.3 2.45

2.0 2.3 2.5

4.0 2.5 2.58

Figure 5.16: Velocity distribution for sine wave of amplitude 1 + second harmonic of 

amplitude 1 with opposite phase to the fundamental. R = 200.

T =0, 0.5,0.75, 1.0,1.25,1.75....
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Figure 5.17: Change in spectral energy with time. Initial condition: Sine + second har- 

monie of amplitude 1 witli opposite phase, k = 1,2, 3... and R = 200

5.4 Harmonic(k = 2) of equal amplitude but opposite phase 

added to the initial periodic fundamental(k = 1) sine

wave

A change occurs in the wave pattern when a harmonic of equal amplitude but opposite 

phase is added to the fundamental is shown in figure 5.16 along with the corresponding 

changes in the spectra shown in figure 5.17. In such a case of the superimposed harmonic 

in opposite phase with the fundamental, the wave at T = 0 is distorted towards the mid- 

position as seen in figure 5.16. The Reynolds number was equal to 200. The sine wave 

superimposed with harmonic of opposite phase can be written in the form of the Fourier 

series expressed in equation 5.1. An = 0 at T = 0. But Bi is the fundamental and and 

^2 < 0. Hence the shock is formed earlier than the pure sine wave. The fundamental 

decays in amplitude and transfers energy to the higher harmonics. It is shown that a 

rapid growth in energy of other harmonics is found to occur at small times. No cusps were 

observed in these results implying that there were no zeroes in the Fourier coefficients 

at any time. Hence although sums and differences in the interactions occur, they did 

not result in switching of phases from +180° to -180° in the Fourier coefficients. These 

results are in agreement with Wu's results where no cusp was formed when B? < 0. The 

harmonics appear to grow in pairs with time and their spectrum at any time differs from 
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that of the evolving spectrum due to the pure sine wave. For the sine wave the phase for 

all wavenumbers was alternating according to Cole's approximate solution (see equation 

5.3 ) at all times. The shock formation time in this case is 7; = 0.8 which is earlier to the 

shock formation time for the pure sine wave where (7$ = 1). Thus superimposing the sine 

wave with a harmonic of opposite phase causes the shock formation time to appear earlier 

than that of the pure sine wave. In the present numerical results for the superimposed 

liarmonic of opposite phase with the fundamental, the spectral energy falls as a smooth 

function of time at large times and the phases of the Fourier coefficients alternate. In 

the space time domain tliere is a wave distortion due to the nonlinear effects but at large 

times this is overtaken by increased viscous dissipation causing the wave to propagate 

downstream witli reduced energy until it finally dies away.

5.5 An initial periodic sine wave with a superimposed cosine 

harmonic

When a cosine harmonic is superimposed on an initially periodic sine wave it was found 

tlie distortion with time differed greatly from the results obtained in section 5.2. A notable 

feature was that cusps occurred in this case too.

The cosine harmonic superimposed on an initially periodic sine wave is expressed in 

the Fourier series described in equation 5.1. Wu has not dealt with this situation of the 

cosine harmonic. But tlie change in the amplitudes of the An's and Bn's was found to be 

different from tlie previous case of the added sine harmonic in phase with the fundamental. 

It was observed that cusps were formed in the wavenumber spectrum with time, though 

these were different from those observed for the superimposed sine harmonic described 

earlier.

Table 5.2: 'Shock formation times' for the superimposed cosine harmonics. R = 200.

Initial Wave 

with amplitude

Amplitude of the 

2nd cosine Harmonic

Shock formation 

time (Ts)

Sine (1) 0.1 2.1

Sine (1) 1.0 2.6

Sine (1) 2.0 3.1
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Figure 5.18: Velocity distribution. Initial condition: Sine (amplitude 1) + Cosine harmonic 

of amplitude 0.1. R = 200. T = 0, 0.5,0.75,1.0,1.25,1.75...

Figure 5.19: Change in spectral energy with time. Initial condition: Sine (amplitude 1) 

+ Cosine harmonic of amplitude 0.1. k = 1,2,3... and R = 200

Harmonic(k = 2) of various amplitudes added to the fundamental(k = 1)

A cosine harmonic of k = 2 of small(O.l), equal (10) and large (2.0) amplitudes were 

superimposed on the fundamental sine wave of amplitude (1.0) as shown in figures 5.18, 

5.20 and 5.22 respectively for an initial Reynolds number of 200. The corresponding 

spectra are given in figures 5.19, 5.21 and 5.23 respectively. A study of the wavenumber 

spectrum with time for all these cases was made. The shock formation time in each case is 

greater than the sine wave superimposed with sine harmonic having the same amplitude. 

Thus 7s = 2.6 for the case of superimposed cosine harmonic of equal amplitude, whereas
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the corresponding case of sine harmonic with equal amplitude has 7^ = 2.45. Cusps are 

not formed for the added cosine harmonic of small amplitude but as the amplitude of the 

harmonic is increased beyond 0.1, cusps are formed, but is different from the spectrum of 

the superimposed sine liarmonic. The spectrum looks undulated upto the shock formation 

time after which it becomes smooth, when the spectrum would obey Cole's solution for 

the sine wave. At very large times it is expected the wave to asymptote into a sine wave 

of small amplitude.
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Figure 5.20: Velocity distribution. Initial condition: Sine (amplitude 1) + Cosine harmonic 

of amplitude !. R= 200. T = 0,0.5,0.75,1.0,1.25,1.75...

Power 
spectrum

(dB)

Figure 5.21: Cliange in spectral energy with time. Initial condition: Sine (amplitude 1) 

+ 1 Cosine harmonic of amplitude 1. R = 200. k = 1,2,3...

It is seen in figure 5.18 that the superimposed cosine harmonic of small amphtude(O.l) 

is very different from the superimposed sine harmonic of small amplitude in phase with 

the fundamental described earlier. Adding cosine harmonic increases the amplitude of the 

wave at i = 0, where for the pure sine wave, u = 0 at t > 0. But the overall amplitude for 

the cosine harmonic in the positive half domain decreases. Though the energy spectrum 

resembles the sine wave spectrum, shock occurs much later than the sine wave. Table 5.2 

gives the 'shock formation time' for the pure sine wave superimposed with cosine harmonic 

with varying amplitudes. Comparing figures 5.19 and figure 5.4, for the initial condition 

of small amplitude cosine and sine harmonic respectively, it is seen that the sine wave with 
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a cosine harmonic does not produce cusps and behaves similar to the sine wave spectrum, 

whereas the superimposed sine harmonic produces cusps. From the figures 5.18, 5.20 and 

5.22 it is seen that as the amplitude of the harmonic is increased the shock formation time 

also increases.

Figure 5.22: Velocity distribution. Initial condition: Sine (amplitude 1) + Cosine harmonic 

of amplitude 2. R = 200. T = 0,0.5,0.75,1.0,1.25,1.75... and

Figure 5.23: Change in spectral energy with time. Initial condition: Sine (amplitude 1) 

+ second cosine harmonic of amplitude 2. k = 1,2,3... and R = 200.
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5.6 Conclusion

The change in the wave distribution structure with distance has been considered for the 

initial waveforms with simple geometries having periodic boundary conditions. It has been 

shown that at moderately high Reynolds numbers the wave distortion is dominated by 

nonlinear effects. The thermo-viscous effects are confined predominantly to the vicinity of 

the shock waves thus preventing the discontinuity and have a negligible effect on the shock 

formation time. The changes in the wavenumber spectrum obtained at various times of 

the propagation are studied in detail for harmonics of various amplitude superimposed on 

the sine wave. The development of cusps in the Fourier coefficients has been found in the 

spectrum of the developing wave for various amplitudes of tlie superimposed harmonics. 

They arise from the nonlinear term due to the 'sum and difference' mechanism of the 

liarmonics, and occur only up until the shock formation time.

Once a harmonic is superimposed on the fundamental, the harmonics no more alternate 

because the liarmonic add and subtract with the fundamental and the harmonics of the 

fundamental which at a particular time reduces the amplitude of the harmonic to zero, thus 

a zero crossing occurs in the Fourier coefficients which is a cusp. The cusping phenomena 

and hence the shifting of the phases of the Fourier coefficients rearrange themselves to 

obtain the Cole's solution at the shock formation time in which the phases of the Fourier 

coefficients alternate. Thus for any superimposed harmonic the nonlinear effects result in a 

complex sum and difference mechanism, in which phase reversal of the Fourier coefficients 

take place. But once the shock is formed for any superimposed harmonic, the Fourier 

coefficients obey Cole's solution which is a stable solution.

It is shown that the number of cusps increases with harmonics. The interaction between 

the fundamental and higher harmonics, the 2nd harmonic and higher harmonics is even 

more complicated.
The present results agree with Wu's results for the case of the superimposed sine 

harmonic on the fundamental. Wu shows that the cusp occurs for the second harmonic only 

when the phase of the superimposed harmonic(prebias) is in phase with the fundamental. 

The present work goes further to show the formation of cusps for higher harmonics arising 

due to the nonlinear effects. It also shows the formation of cusps for the superimposed 

cosine harmonic.
No cusps are formed when the phase of the harmonic is 180° to the fundamental. The 
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formation of cusps is due to the sum and difference of the energy in each wavenumber 

resulting in a transfer of the energy from the fundamental to higher wavenumbers. The 

formation of cusps determines the shock formation time and hence by adjusting the har­

monic it is possible to distort a wave wliicli could then travel a greater distance without 

forming shocks. Thus cusps are formed only upto the shock formation time and hence it 

is possible to predict the shock formation time by observing the spectra is an important 

investigation uncovered in the present work. This is an important conclusion arising from 

the nonlinear propagation of waves of special waveforms.

The numerical results confirmed Cole's conclusions that witli increase in time the sine 

wave becomes distorted and approaclies a near sawtootl i profile, with tlie discontinuity 

being replaced by a shock wave of finite thickness. Its thickness is a function of Reynolds 

number. For very large Reynolds number the numerical results confirmed that the wave- 

form with an almost discontinuous profile was almost identical with that predicted for 

inviscid flow in agreement witli Cole's solution. Following the shock formation time the 

amplitude of the shock decreases and the thickness broadens due to viscous effects. Ulti­

mately the wave becomes weak when it approaches a sine wave profile of small amplitude. 

This asymptotic state of the initial sine wave was an important conclusion of Cole's work 

and is confirmed in this numerical solution.

Numerical results obtained from CM for tlie initial periodic distorted sine wave with 

superposition of harmonics with various phases have shown that although the initial dis­

tortion with time can be very different from that of the simple sine wave, nevertheless 

when the sliock wave lias reached tlie mid position, the subsequent decay asymptotes to 

that of the initial sine wave. Thus in all cases considered here the wave distortion at large 

time resembles that of the simple sine wave.

Thus superposition of harmonics in and out of phase with the initial periodic funda­

mental changes the wavenumber spectrum with time and the energy transfer mechanism. 

A sine harmonic of equal amplitude in phase with the fundamental delays the shock for­

mation time by almost one and half times that of the pure sine wave whereas a harmonic 

of equal amplitude but opposite in phase causes the shock to appear earlier than that for 

the pure sine wave. The case of a cosine harmonic superimposed on the fundamental sine 
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wave is different from the case of sine harmonic for small and large amplitudes. Once 

the amplitude of tlie added harmonic is increased, the spectrum for the cosine harmonic, 

produces cusps, which looks undulated upto tlie shock formation time. After this time 

the spectrum becomes smooth, when the spectrum is expected to obey Cole's solution for 

the sine wave. The shock formation time in each of the cases for the superimposed cosine 

liarmonic is greater than the shock formation time for the corresponding superimposed 

sine harmonic. Tlie trends observed in all cases sliow that interactions take place, resulting 

in the generation of sums and differences of the wavenumber components.

Numerical results for all these cases indicate that energy is transferred from the funda­

mental to the higli wavenumbers and is very dependent upon the initial conditions (ie the 

liarmonic superimposed on the sine wave and its phase witli respect to the fundamental 

sine wave). At large tunes all these solutions obey Cole's asymptotic solution described 

earlier, where tlie phases in the Fourier coefficients of the developing wave alternate and 

the spectral energy fall as a smooth function of time. On increasing the amplitude of the 

liarmonic it is shown how the shock formation time can be delayed for a periodic signal. 

The reason underlying tlie formation of cusps in plots of spectral energy verses time at 

small times and before the shock formation time for Cole's asymptotic solution for the 

sine wave to be valid, are the result of wavenumber interactions. Howevei tlie prediction 

of the shock formation time for the sine wave with harmonics is dependent on the initial 

waveform and tlius on the presence or absence of cusps in the energy spectrum.

The investigation has shown that dependent on the initial waveform cusps occur at 

a particular wavenumber at a particular time. It is thus possible from this work to find 

such a waveform having the necessary conditions of a cusp at a particular wavenumbei 

and propagating it to a desired distance to form a shock.
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Chapter 6

Nonlinear Propagation of Random

Noise

6.1 Introduction

In chapter 5 the changes in plane wave structure with time have been considered for a sim- 

ple wave geometry when the initial waveform is a periodic sine wave with a superimposed 

harmonic. The progressive wave structure at moderate Reynolds number is dominated by 

nonlinear effects and the thermoviscous effects are confined to the vicinity of the shock 

waves, preventing them from being discontinuous, which is the case when viscosity is zero. 

The evolution of the wavenumber spectrum for the superimposed harmonic with time has 

been studied and it has been shown that as the amplitude of the superimposed harmonic 

is increased there is a change in the shock formation time. It was also shown that for any 

simple periodic waveform the wave progresses with time to form a sawtooth like profile 

provided the Reynolds number is large enough. The subsequent changes in the waveform 

are then independent of the initial waveform.

In this chapter the aim is to extend the investigation to periodic wave distributions 

which comprise waves of arbitrary shape and which include sawtooth like structures and 

ramp functions as well as random noise signals in amplitude and phase at time t = 0. 

In any one period the general waveform chosen is typical of an acoustic random noise 

signal with a large number of zero crossings as measured in experiment. It was assumed 

that the initial waveform satisfies Gaussian statistics. This gave the opportunity to study 

the importance of the development of the waveform under statistics changing from Gaus­
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sian initially to non-Gaussian during the propagation in a thermoviscous medium. It was 

known from previous studies on Burgers equation that the waveform statistics would be- 

come non-Gaussian but these latter studies gave little evidence of the extent the change 

in statistics would have on the changes to the waveform as displayed by the velocity and 

its derivative at small and large times. Recent work on this subject has been presented 

by Gurbatov(1991) .

One of the aims of this investigation was to understand the complete physical process 

of the propagation of an initial Gaussian noise signal comprising a large complex wavetrain 

for all times botli in the physical and spectral domains using the Convolution Method(CM) 

at large Reynolds number. In particular it was shown tliat the numerical computation 

using the (CM) for a random noise signal of finite amplitude propagating in air at high 

Reynolds numbers showed little difference from inviscid results. This is consistent with the 

work of Cole and others who showed that the solution to Burgers equation for vanishing 

viscosity reduced to the limiting inviscid solution. Accurate simulations dealing with such 

finite amplitude random noise propagating in a thermoviscous medium do not appear to 

have been published in the open literature.

In this chapter numerical computations of the evolution of tlie statistical characteris­

tics for a random noise signal are described using CM. It is shown that a high amplitude 

random noise signal as input develops nonlinearly with time, suffers gross distortion and its 

spectrum changes. The effects of nonlinearity at first are associated with the formation of 

shocks and later are accompanied by an increase in absorption due to dissipation resulting 

in a broadening of the wave. A detailed description of these flow processes together with 

the energy spectra, signal moments, and probability distributions for an initial Gaussian 

signal are given for various times. From the clianges in the energy spectra the wavenumber 

interaction processes taking place in the spectral domain corresponding to the wave dis­

tortion process in the physical domain were studied. From this it was possible to predict 

the shock formation time as well as the shock thickness in the physical domain. It was 

also shown that when the statistics become non-Gaussian they remain non-Gaussian for 

all time. In the present work two test cases covering different type of initial spectra have 

been investigated. It is shown that the initial wave distribution of given sample length 

can be described in terms of its mean kinetic energy, < u2/2 > and the Taylor microscale,
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A, which together form the Taylor microscale Reynolds number,
< >1/2 A

Rr=

A is a lengtl iparameter for the initial spectrum and critically depends on the choice of the 

upper truncation wavenumber and/or the Nyquist wavenumber. Since A is a parameter 

determined by the higli frequency content in the spectrum, it is convenient to define two 

further Reynolds numbers but based on the low frequency content of the spectrum. The 

first is
2

z/e

where L is the wavelength corresponding to the integer wavenumber, fy, at the peak in 

tlie spectrum. Tlie second is

where I is the sample or the periodic length and represents the overall initial Reynolds 

number of the wave. It is clear that for a given kp, Rz is proportional to Rp. However 

Rr oc \/7^ as described in Appendix 0.

Following the presentation of results obtained from CM at moderate Reynolds numbers 

tlie method is extended to provide results for arbitrary wave distributions, at high Reynolds 

numbers whicli are then compared with Liglithill's(1994) inviscid results. Lighthill(1994) 

has previously shown that for an initial overall periodic waveform of similar type to that 

used in this work, but comprising a series of sawtooth waves of random amplitude and 

phase, the time development of the shock waves can be predicted by inviscid theory.

As stated earlier in chapter 1, tlie nonlinear distortion of an isolated wave leads to 

the development of a multiple shock wave distribution whicli can be determined from the 

Lighthill-Witham theory similar to the solution of the inviscid Burgers equation. The pro- 

gressive development of the shock wave pattern is also derived by a geometrical description 

based on the 'equal area rule'. The change in shock wave strength with time is found, 

which for the plane wave case shows a variation ~ 1/\/t. As time t - > oc the multiple 

shock wave pattern approaches a single N-wave, thus retaining its nonlinear properties 

for all time, although its strength is ultimately reduced to zero. The wavenumber power 

spectrum for the N-wave both with or without a finite rise time, or shock thickness, can 

easily be obtained. The major properties of the spectrum are that the increase at low 

wavenumbers follows k? and at wavenumbers beyond the peak it falls first as l/k2 and at 
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high wavenumbers, when the rise time is finite, it falls as 1/^4. As discussed earlier the 

numerical solution using the Convolution Method was adapted to determine the progres­

sive distortion of an arbitrary periodic complex waveform at time t = 0. The initial wave 

is assumed to be everywhere continuous and to possess no discontinuities. It was assumed 

that within the periodic lengtli Z, whicli is equal to the sampling length, a complex wave 

distribution exists liaving in particular a very large number of zero crossings. The assump­

tion is made that the periodic wave is one sample of an ensemble of such waves, and that 

initially it possesses Gaussian statistics. Thus for any given member of the ensemble at 

t = 0, the progressive properties of this wave at all subsequent times could in principle be 

determined exactly from the solution of Burgers equation using tlie Convolution Method. 

However this process is simplified on the assumption of the ergodic hypothesis in which 

the statistics of the ensemble are approximated by the statistics of any single realization. 

This approximation was adopted in this investigation.

In chapter 5 it was shown for a wide range of initial waveforms that the energy 

wavenumber spectra at times greater than the shock formation time decayed as l/k2 over 

a large range of wavenumbers and the extent of the 1/k' decay increased as the Reynolds 

number increased. The total energy which can be derived from the integral of the energy 

spectrum with respect to k, is hence finite for all values of 7 / including the inviscid case 

of y = 0. This was also consistent witli Cole's results for the sine wave. The description 

of the formation for isolated shock wave applies equally to the case of an initial random 

wave forming multiple shocks, beyond some average shock formation time. The multiple 

shocks eventually 'bunch' together or 'bunching' as described by Lighthill. However the 

rate of dissipation, c = „ J^ k2E(k)dfc, corresponding to an increase in entropy, is finite 

for all values of v different from zero, since the 1/^2 energy spectrum does not persist to 

k -> oo. As z, -> 0 a limiting value for c can be found corresponding to the formation of 

shock waves of small but finite thickness. (The rate of dissipation, c, is only large when 

(du/dz)2 is large and hence most of the viscous dissipation beyond tlie shock formation 

time is confined to the shock waves).

In solving Burgers equation the viscosity, z/, must remain finite even when it is van­

ishingly small. The so called inviscid limit, or z, = 0, cannot produce a real solution 

beyond the shock formation time. However wlien z, is vanishingly small the finite solution 

to Burgers equation differ only slightly, as discussed above, from the inviscid solution with 
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sliock waves of almost zero thickness replacing the triple valued solutions to the Riemann 

equations wliicli replace Burgers equation in this limit. Thus the so called inviscid so- 

lution is one in whicli a finite rate of dissipation exists and the shock waves are almost 

discontinuous. Tlieir structure is discussed below. The asymptotic state as t 9 oo of 

the periodic assemblage of shock waves of random amplitude and phase is of particular 

interest. Numerical results presented below show agreement with Lighthill's conclusions 

that the average shock strength decreases as l/\/t, as the number of shocks in the period 

decreases due to 'bunching', even though the sawtooth waveform is maintained ultimately 

approaching that of an N-wave. At large times viscous broadening engulfs the complete 

wave and the wave loses its non-linear characteristics reducing it to a damped acoustic 

wave in agreement with Cole's(1951) solution. The case of the propagation of a single 

plane shock or an assemblage of sawtooth waves in a lossless medium is different. As 

stated previously in inviscid flow the N-wave retains its sliape for all time.

The conservation equations of mass and momentum for the shocks lead to the Rankine- 

Hugoniot(1870, 1889) relations which predict finite pressure and density differences across 

tliem. It is found there is a rise in entropy across the shock wave which is proportional 

to the cube of shock strength and hence for weak shocks is very small. To a 'good' ap­

proximation it can be assumed that the flow is isentropic except at the shock waves itself. 

Since this increase in entropy can only exist through a dissipation of mechanical energy 

into heat, it is found that shock waves cannot exist in a lossless medium even though it 

is a useful approximation to assume at sufficiently high Reynolds numbers that a shock 

wave exists of near zero thickness. Thus in the interior of the shock wave there exists ther- 

moviscous dissipation processes which provide the necessary entropy increase across the 

sliock as required by the Rankine-Hugoniot relations. Tlie thermoviscous effects prevent 

a discontinuity from occurring at the shock wave and all fluid processes are continuous 

across it including the changes from the upstream to the downstream faces. Thus for 

a given shock strength and viscosity there is an effective finite thickness for the shock 

wave. For strong shocks this is in general extremely small being a few mean free paths 

in thickness and for many practical purposes shock thickness can therefore be neglected. 

However for weak shock waves the thickness is inversely proportional to shock strength 

and a finite thickness or rise time exists which in some practical circumstances may be 

greatly amplified when shocks propagate through relaxing media and turbulence.
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An important aspect of this rise in entropy and the resultant rate of dissipation of en­

ergy is its effect on the progressive changes in the energy spectrum in the high wavenumber 

domain coupled with changes in shock tliickness. The derivation of the energy equation 

showing the rate of fall of kinetic energy balanced by the rate of energy dissipation is 

given in Appendix J. At times exceeding the shock formation time it is found a wave of 

sawtooth form is generated having shock waves at its extremities separated by a region 

of uniform expansion. The resulting energy wavenumber spectrum increases as k2 in the 

low wavenumber and falls as l/k2 in the higli wavenumbers with its peak wavenumber 

near the lower wavenumbers. Thus the total kinetic energy, wliich is the integral of E(k) 

over all wavenumbers, is finite. However, the rate of dissipation of mechanical energy into 

heat, c -+ oo unless „& =(). As soon as a finite value of viscosity is introduced and bearing 

in mind that sliock wave development involve nonlinear processes, the viscous action is to 

cause a change in the high wavenumber part of the spectrum and automatically there is 

a cutoff at some liigli wavenumber. This can be expressed in terms of the inverse of the 

Taylor microscale, and results in a finite e. All these mechanisms are built into the Burg­

ers equation and its corresponding energy equation. The dissipative mechanism becomes 

active following tlie shock formation time. Thus for any medium the right hand side of 

Burgers equation is finite.

6.2 The Taylor microscale(A)

An analysis of the meclianisms controlling the nonlinear development of the wave distri- 

bution is crucial in understanding the characteristics of the wave structure at any time. It 

is essential therefore to determine the scaling laws appropriate in each time domain which 

describe the detailed physical processes which dominate at a particular length scale. In 

isotropic turbulence it is well known fact that the large and small scale structures are 

represented respectively by their integral and Taylor microscales. In isotropic turbulence, 

as discussed by Batchelor(1956), the Taylor microscale is defined as

rE(k)dk 
J^ k2E(fc)dfc

where k is the radian wavenumber and the kinetic energy is

1 ~ ~
KE = -uZui = / E(k)dk, 2 Jo
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involving the sum of the squares of the velocity components in three mutually orthogonal 

directions. In the present work, the constant 5 is reduced to unity in defining the Taylor 

microscale since tlie present numerical work deals with one dimensional wave propagation 

only. Tlius in this work
j;j'° E(fc)dk (6.1)

Equation 6.1 shows that the Taylor microscale in finite amplitude wave propagation is the 

result of the ratio of the total energy to the rate of dissipation. It therefore describes the 

relative effects of tliermoviscous diffusivity to nonlinearity in the propagation of an initial 

complex wave in a dispersive medium and sliould be compared with the typical wavelength 

corresponding to tlie wavenumber containing maximum energy. Thus A defines the lower 

wavenumber in tlie higli frequency end of the spectrum responsible for viscous dissipation. 

In tlie corresponding velocity correlation function it describes the radius of curvature of 

the correlation function at the origin. When a wavenumber spectrum is truncated it is 

found tliat A is related to this truncation wavenumber. When tlie wavenumber spectrum 

is truncated at k = kr, the Taylor microscale, A, is then equal to the ratio of the total 

energy to kf. Tlius when the energy spectrum is truncated at t = 0 but no such truncation 

is present at t > 0, the Taylor microscale decreases from its value at t = 0. Appendix N 

describes the two moments, To, I2 of the energy spectrum function from which the Taylor 

microscale is defined.

Tlie propagation of one dimensional nonlinear acoustic plane waves and Burgers tur­

bulence, which is also one dimensional, have mucli in common. There are also some 

similarities witli the theory of isotropic turbulence. From the energy equation it is found 

that when < u2 >~ 1/t so the Taylor microscale A oc \/t [see Appendix N]. In this case 

the Taylor microscale Reynolds number,

\/< u2 
= ------------------  

Ve

is a constant independent of time. A similar result is obtained in both isotropic turbulence 

and Burgers turbulence. The wave integer k^ corresponding to A relates to the end of the 

inertial subrange in E(k) and the commencement of the dissipation range. Normally the 

peak of the dissipation occurs at wavenumbers well beyond k^ with the peak contribution 

to the dissipation occurring in the Kolmogoroff range of wavenumbers!. However when

Tn isotropic turbulence [Hinze (1959)], the Taylor microscale, A, is a measure of the average dimension 

of the eddies that are mainly responsible for dissipation.
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E(k) is truncated at a wavenumber, kr, it is seen that k^ is closely related to kT implying 

that all dissipation tlien occurs at k? and lienee close to k^.

6.3 Statistical Characteristics of a random signal

In signal analysis, the goal is to extract information about a random process by estimating 

the moments and characteristics of its probability description. However, it is much more 

difficult to develop a large ensemble of sample functions. It is hence desirable to describe 

properties and parameters of a random process from a single sample function by using 

discrete averages as estimators for ensemble averages. For example to estimate the mean 

of the signal, tlie average

A random process is said to satisfy an ergodic theorem if the ensemble averages may be 

found from a single realisation.

An important aspect of tliis investigation is the evolution of the statistical charac­

teristics of the random signal witli time starting from a given initial signal. In the past 

10 years a great deal of research [Gurbatov(1986)] has been done on the change in the 

statistical properties with time of an initial random signal. The aim has been to derive 

the probability of the waveform u and its derivatives at any particular time. This requires 

a complete knowledge of the signal moments and the changes to its probability density 

function at various times. Hence starting from an initial signal having Gaussian statistics 

it is necessary to explore liow the statistics change with time as a result of nonlinear effects 

and at still larger times those due to viscous effects.

The definitions of the probability distribution function and the signal moments are 

given in Appendix H. A complete survey of the statistical properties and higher order 

moments for Burgers equation is given by Gurbatov (1991). The changes in the statistical 

properties of the signal with time depend critically on the energy transfer mechanism asso­

ciated with the nonlinear wave distribution. In Gurbatov(1986) an analytic treatment has 

shown that this energy transfer process is dominated by nonlinear effects resulting in the 

growth of higher wavenumbers following a sum and difference mechanism. Naugol'nykh 

et al(1963) have described the bispectrum as one of the important tools in understanding 
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wave interaction especially wlien tones are present. Gurbatov et al(1991) have also dis­

cussed the statistical properties of discontinuous waves such as sawtoothed waves and in 

particular shows that solutions to the linear diffusion equation having Gaussian statistics 

give rise, on application of the Cole-Hopf transform, to tlie solution of the Burgers equa­

tion in which tlie statistics become non-Gaussian.

Although the present research is devoted to nonlinear sound propagation it has similar­

ities to the spatial-temporal changes in tlie properties of Burgers turbulence as discussed 

by Kraichnan (1990). The changes witli time in the PDF's of u and du/dz for the acoustic 

case are described in detail below and are compared with Kraichnan's results. It is shown 

that an initial Gaussian field u becomes highly non-Gaussian in its derivative du/dz.

Tlie signal moments, mainly tlie third moment and fourtli moments are important 

since they provide information on the extent the probability distribution has deviated 

witli time from its initial Gaussian distribution. From the zeroth and second moments at 

t = 0, the Taylor microscale, A can be derived and from it the shock formation time as 

well as the rate of dissipation.

6.3.1 Properties for Gaussian statistics

For a process to be Gaussian the following statistical properties need to be satisfied.

(i) The average amplitude of tlie spatial waveform over the wliole domain is zero.

(ii) The skewness or tlie third order moment is zero.

(iii) The flatness or the fourth order moment is 3.

These moments above may not be sufficient to prove that a signal is Gaussian ?. It can 

be shown that if the bispectrum, described later in this report, for a signal is zero then 

the signal is Gaussian. It should be noted that even when the initial distribution U(X,0), 

is Gaussian, it does not mean that the corresponding 0O, dOo/dX, where Oo is the Cole- 

Hopf transformed function satisfying the standard linear diffusion equation, should also 

be Gaussian. However, the initial dUo/dX has to be Gaussian if U(X,0) is Gaussian. It 

has been shown by Gurbatov(1991) when an initial signal satisfying the diffusion equation 

is Gaussian, it continues to remain Gaussian for all times. In the present case it was 

observed that the initial distribution of % was almost Gaussian.

"Definitions of these moments are given in Appendix H
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The Convolution Method provides a numerical programme for the evaluation of the 

propagation characteristics of any arbitrary initial signal provided the initial signal is of 

a sufficiently long sample length to realise the given statistical properties. Many pro­

cesses occurring in nature are Gaussian and the Central Limit Theorem, as described by 

Mayer (1965) lielps to explain why tlie probability distributions of many naturally occur­

ring processes sliould be Gaussian. Tims a random process resulting from the summation 

of infinitely many random elementary events will tend to have a Gaussian distributions. 

Most noise signals are represented as Gaussian processes and as such are easy to describe. 

However the assumed Gaussian probability distributions may give a poor approximation 

to the tails of the distribution function and hence such an assumed distribution must 

be treated with caution. In the present work an initial distribution satisfying Gaussian 

statistics is cliosen by describing its moments. For tliis initial signal, whicli is Gaussian, 

all odd moments are zero (see Lin (1967)).

6.4 Non-dimensional Burgers equation

The non-dimensional form of the Burgers equation is given in equation 2.49 in chapter 2. 

In this chapter U, X, T and R are the nondimensional parameters and the non-dimensional 

Burgers equation is

(62) 
dr ax Rdx?

R is the computational Reynolds number, significant viscous effects are generally lim­

ited to R < 1000. No restrictions are placed on the numerical value of the non-dimensional 

velocity U(X,T) which is obtained directly from the inverse transform of the initial am- 

plitude spectrum [see section 6.5.2 ]. Hence in the non-dimensional form of the Burgers 

equation, the Reynolds number R is large, X varies between 0 to 1, T is small and U fluc­

tuates about large positive and negative values with the average of zero. These conditions 

were chosen for convenience in performing the computation and do not affect the accuracy 

of the solution. The Cole-Hopf transformation

0(X,T) = exp (U((,T)d^)
\ 2)
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reduces equation 6.2 to the standard diffusion equation

do 1 d'O
-RdX2

and the initial distribution

0(X,O) = Oo(X) = exp (-^^ U6(^)d^|. (63)

Tlie corresponding value for Oo(X) was obtained by an inverse transform of the loga- 

rithmic derivative of Oo(X) whicli can also be written in tlie transformed domain as 

Oo(Xj) = exp -^^^(e'27rkj/N _i)

From the initial values of Oo, Uo, dOo/dX = (-^^OoU) can be obtained as given above.

6.4.1 Boundary conditions

The Convolution Method uses periodic boundary conditions for U(X,T) and similarly for 

0(X,T). Thus for the Burgers equation

U(0,T) =a(l,T),

and for the diffusion equation

0(O,T) = 0(1,T),

6.5 Scaling of digitally generated initial random signals

A detailed description of the scaling laws used to generate the initial power spectrum 

starting from the Fourier transform of the random noise signal is given here.

6.5.1 Discrete Fourier transform

It is known that the initial waveform of a random signal can be generated by randomising 

the phases of the Fourier coefficients. A suitable expression for U at time t = 0 is
00

U(X,0) = y? bn sin nX + Cn cos nX (6.4)
n=l

where bn and Cn are suitably chosen. From equation 6.4 a corresponding expression can 

be found for U(fc, 0) in the spectral domain. This corresponds to the method used in this 
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investigation. The factors bn and Cn are Fourier coefficients in the range 0 to 1. Hence it is 

possible to develop an initial signal by randomising tlie phases of the Fourier coefficients 

in the spectral domain.

In order to generate the random signal in the spectral domain a discretised Time' series 

in the non-dimensional coordinate X [see Morfey(1994)] is considered. The spacing in X is 

given by AX and noting 0 < X < 1, since the sample nondimensional length is unity, then 

for N samples, NAX = 1. Tlius any value of X, is given by Xj = jAX, and the integer j 

is such that (0 <j< N). The discrete Fourier transform has been used in this numerical 

work. The non-dimensional DFT pairs of the random signal used in the computation with 

Uj, (j = 1,N) and wk with (k = 1,M), noting both j and k are integers, are given by

Uj= y^Wkexp (i27rkj/N), Wk=—£ Uj exp(-i27rkj/N). (6.5)

The wavenumbers ^ in the Discrete Fourier transforms are integers and Wk is complex. 

Tlie corresponding integral Fourier transforms are defined as

Z7(X)= / U(k) exp (ikX) dk, U(k) =—/ Uexp (—ikX)dX (66) 
J co TT J co

Where fcis the radian wavenumber and is given by

2irk
NAX

(6.7)

k on the right hand side of equation 6.7 is an integer sucl i that 0 < k< M. The factors 

27 7arises from specifying a periodic length of unity. The relation between U(k) and Wk 

appearing in the integral Fourier transforms and in the DFT is

Wk
27r

= 27rk

U(k) =

Similarly the discrete power spectrum E(k)

M 0 ME E(fc) = 2UU* = ^ £ (6.8)

wliere U* is the complex conjugate of U and like wise for W^. E(k) is a real quantity 

and all phase information is lost. The Nyquist or the folding integer wavenumber is 

fc = M = N/2. The Wk's are therefore completely specified by 2 real numbers and ( N/2 

-1 ) complex numbers, ie. a total of [2 -|- 2(N/2 - 1)] = N real numbers as expected.
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6.5.2 Discrete Power spectrum for the initial random signal

In defining the initial signal two approaclies were considered. Tlie first involved an en­

semble average of a large number of randomly different initial waveforms such that they 

satisfied the above statistical properties for a Gaussian probability distribution. The 

drawback was that tlie computational time for this approacli was felt to be prohibitive. 

Tlie second, and favoured method, consisted of choosing for the test cases a single initial 

waveform covering a large number of waves with the amplitudes for each wavenumber 

(k) having a prescribed energy law and a random phase. Thus random phase at each 

wavenumber was alloted using the random number generator described by Press(1986). 

Tliese are drawn from uniform deviate whicli lie within the specified range (0 to 1) with 

any one number in the range just as likely as any other. These numbers were multiplied 

by 2^ in order to obtain a Gaussian distribution of the initial random signal of specified 

mean and standard deviation. A sufficiently long sample length was chosen so as to refiect 

the above statistical properties for the noise. This approach was considered satisfactory 

and time saving. Thus it was assumed that the initial signal was spatially homogeneous 

and U was a stationary function of X.

For a discretely sampled random signal U j which is periodic satisfies the condition as 

discussed earlier

U(Xj=i) = U(Xj=N)

for all times. Tlie power spectrum is given by equation 6.8 above. The total energy is 

proportional to
^^ U;- Z72 =^^U2=<u2> (6.9)

since 17 = 0. Thus from equation 6.8 and 6.9 it is found

<U2 >=/E(fc)dk = 27r £E(k) = - £WkW|:. (6.10)

The validity of the Fourier transform was satisfied from equation 6.10. It is to be 

noted that the number of sample points N is even, and the Nyquist integer wavenumber 

M = IV/2. Appendix N shows the derivations for the nondimensional quantities derived 

from the energy equation.

The initial signal sliown in figure 6.1 is synthesised from a set of fV^ values where 

integer wavenumbers from k = 1 to kT, witli kT ~ M/2 are energised. kT is the truncation 

wavenumber and this truncation is only applied at t = 0. For all other times the range of
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Figure 6.1: Discrete power spectrum representing random noise at t = 0.

A: is from 1 < A; < M. The wavenumbers for which for < k< M have zero energy at t = 0. 

It is known from experience that only data below M will remain unaliased, and tlius it is 

a good rule to keep the spectrum well below M at time t = 0. But for the progression of 

the wave witli time it is allowed to populate the spectrum upto the Nyquist wavenumber, 

M. Fourier components Wk(k = 1 to M) are synthesized numerically, by following the 

rules described for tlie Discrete Fourier transforms above witli random phases assigned to 

eacli T%t. The square of the amplitudes of tlie Fourier coefficients determine the power 

spectrum. The result is a signal liaving Gaussian statistics.

As stated above an initial random wave distribution was defined which in the physical 

domain had a large number of zero crossings. In the non-dimensionalised space the periodic 

length was taken as unity. A high value of R was chosen but as defined R is just a 

convenient parameter in the numerical solution of Burgers equation and is not a Reynolds 

number for a physical problem. Three Reynolds numbers have accordingly been defined 

in section 6.1 for the physical problem and here it is discussed how they are evaluated 

from the choice of the initial profile, Uo(X), and the solution U(X,T). From a series 

of preliminary numerical tests it was found that when R exceeded about 500 only small 

changes in U(X,T) occurred and even for R = 500 the waveform for all times had the 

appearance of an inviscid profile, with shock waves being of small thickness compared 

with the sample length. Thus a value of R = 500 was chosen as a suitable initial value 

for the present numerical calculations. The truncation integer wavenumber, hr, in the 

initial distribution for test case 1 and 2(i) described later was taken as k? = 1000 and 

kT = 1400 respectively. Now when 17(k,0) at times T = 0 is described the corresponding 
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Uo = U(X,0) is defined also.
Tlie root mean square velocity and lengtli scale (Ub,A) are defined via the zeroth and 

second moments of the wavenumber spectrum of the initial waveform and are defined in 

Appendix N.
For a given shape of initial spectrum different realizations are possible arising from

(a) Different clioices of random phases;

(b) Different values of Nyquist wavenumber M (note M > kr);

(c) Different values of peak wavenumber kp.

Figure 6.2: Initial spectra to be propagated

6.6 Test cases to be propagated

The aim was to investigate tlie effects of non-Gaussian statistics on the evolution of the 

energy spectrum. Since the major effect of nonlinear distortion is to generate shock waves 

from a random signal at t = 0 and since a random array of sawtoothed waves has a 

spectrum l/k2 at high wavenumbers, which eventually change to 1/^4 as a result of finite 

shock thickness due to viscous dissipation [see N-wave structure by Robinson and John- 

son(1967)] it was decided to investigate 2 cases. These are test case 1 and test case 2 and 

tlie power spectrum are described in figure 6.2. Test case 2 (ii) is an extension of test case 

2(i).

6.6.1 Defining the Power spectrum

Test case 1 involves the input signal shown in figure 6.2(a). It is also called the reference 

signal since all the comparisons in this numerical calculations are based on this signal.
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Figure 6.3 shows the actual initial spectrum for test case 1 and figure 6.4 shows the 

waveform as a function of X. The abscissa in figure 6.4 gives the sample number which is 

the number of points the signal is sampled between X = 0 and 1 at a constant distance 

AX. The ordinate gives the non-dimensional signal velocity U. The Fourier coefficients at 
T = 0 are complex with random phase but the power spectrum is real increasing like ^2 in 

the low wave numbers and falling like k-2 in the high wavenumbers. The inverse transform 

gives the signal shown in figure 6.4. The number of harmonics energised at T = 0 was 

1000 and the characteristic wavenumber corresponding to the peak in the spectrum was 

chosen at fy = 32. The truncation integer wavenumber kT = 1000 and was approximately 

equal to M/2 where M = N/2 = 2048 is the Nyquist integer wavenumber.

Figure 6.3: Initial spectrum for test case 1. E(k) = ^2, i < k < kp, E(k) - l/k2,

kp <k <kr

Figure 6.4: Initial waveform for test case 1.

In both the test cases 1 and 2 the input signals have a Gaussian probability distribution 
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and the moments, namely the variance, skewness and the flatness, were computed. The 

average velocity at time t = 0 satisfied the condition < U >= 0, where U is the particle 

velocity of the waveform. Over the whole domain at t = 0 for test case 2 the wavenumber 

followed an energy law exp(—2a2k2). The highest wave-number k^, is well below the 

Nyquist value so as to avoid aliasing. Plots are presented using a decibel scale given 

by lOlog (y^^^) verses logarithm of the wavenumber. Eref(kp) is the energy in the 

characteristic (peak) wavenumber fy, having the maximum energy. The ^2 increasing and 

1/^2 decreasing spectrum of test case 1 and exp(-2a2k2) decay spectrum of test case 2 

for the initial spectra were chosen to cover the extremes of possible acoustic spectra.

6.7 Computational parameters for test case 1

Table 6.1 gives the computational values at an initial Reynolds number of 500 at time 

T = 0 for test case 1. Io is proportional to the non-dimensional total energy and I, is 

proportional to the non-dimensional rate of dissipation. As shown in Appendix N the 

Taylor microscale can be determined from the ratio of I0 and I2. Tlie values of Io and I2 

are independent of R and were obtained from the initial setting of the spectrum and are 

derived in Appendix N. Table 6.2 are the parameters obtained for test case 1.

Table 6.1: Parameters for test case 1 obtained computationally.

Io VTo I2 T= 1_____
s(27r)3/2\/7^

4.16E+04 202.87 9.75E+08 2.03E-06

T gin the table gives the average value of the nondimensional shock formation time 

and is derived in Appendix N. In tlie case of tlie initial random signal which is Gaussian 

dU/dX (positive) is equal to dU/dX (negative) on average. These numerical values of Io 

and I2 have been checked at t = 0 against analytic evaluation of the integral.

The nondimensional velocity I7o = 27r\/lo = 508.51. Following section 6.1, the Reynolds 

number R? based on the Taylor microscale can be obtained as

Rr=R < Uo >1/2 —\/7o/I2 = 261.88

1=2,7 Ej^ik2E(k)
A LN E^iE(k)
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From the mathematical analysis of random noise, Rice(1945) finds that the average number 

of zero crossings in the period for positive (or negative) slopes, n z is given by

Z^ifc2E(k)
(6.11)N E^iE(k)

liere the non-dimensional periodic length is unity.

Equation 6.11 is valid for an initial Gaussian signal. Beyond shock formation time 

t > ts, Rice's formula needs to be modified to allow for the PDF being non-Gaussian. The 

correction to Rice's formula has been given by Kac(1944). Tlie numerical calculations 

showed also that nz or l/\/t after the shock formation time by counting the number of 

zero crossings in figure 6.11 at each time. Thus at t = - from Rice's formula, nz = 154, is 

the number of zero crossings in the initial signal described in figure 6.4 is 149 and hence 

is in approximate agreement witli tliat predicted by Rice. Tlius it can be inferred that in 

the spatial distribution the inverse of the number of crossings per unit length is A.

Table 6.2: Parameters for test case 1 at T = 0

Uo Rr nz

508.51 0.00103 261.8 154

The thickness of a sliock wave evolving from the nonlinear distortion of a random wave 

is different from that of a steady shock wave. The tliickness for a single isolated wave is

_ 6SP0C0
' Ap(7 + l)/2

but this formula only applies in the steady state. The shock thickness is inversely propor­

tional to shock strength but for strong shocks it is of the order of a few mean free paths 

and hence for weak shocks the thickness is much greater. The shock thickness is controlled 

by the entropy rise across the shock and the corresponding rate of energy dissipation. It 

is determined by the energy in the small scale motion. In the steady state shock this 

small scale motion is molecular and accounts for the thickness of the shock being related 

to the molecular mean free path. The isolated shock wave is formed in the case of steady 

motion when a supersonic flow changes discontinuously to a subsonic flow as a result of the 

changes in the downstream pressure. Since the fluid is viscous no discontinuities can occur 

and the gradients are very steep and the resulting shock thickness is small being a few 

mean free paths as given in the formula above. The isolated steady shock wave possesses 
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different properties from that of an initial random signal which form shock waves under 

nonlinear distortion even in the case when at large times the periodic signal reduces to a 

single wave. This single wave is an N wave having a bow and stern wave and its structure 

is therefore different from that of an isolated wave in the steady case. In the case of 

random periodic waves the energetic wavenumbers are considerably lower than that of the 

molecular motion and consequently when shocks occur the shock thickness is greater than 

for the isolated shodc wave discussed above. In the random periodic case the mean square 

value of du/dz is dominated by its values at the shock waves and the shock thickness is 

of order But tliis ratio is also given by definition, the Taylor microscale, A. Thus 

beyond the near sliock formation time the shock thickness is of order A. This thickness 

is many orders of magnitude greater than the isolated sliock thickness. A shock wave 

crossing turbulence is a related problem and the small scale turbulence can provide the 

necessary unsteady motion in the interior of tlie shocks to increase their thickness above 

that of the Taylor thickness. Relaxation effects can also add to the thickness of the wave 

and may well be a dominant factor in tlie determination of its thickness.

The non-dimensional time T as used in the computations and the value of A/L for 

various times is given below in table 6.3 for test case 1.

Thus the Reynolds number RT is determined from the initial waveform and its spec- 

trum. However beyond the shock formation time for test case 1 it was found that A/Z 

increases as \/t while the shock strength falls as l/t/t. Hence Rr at any time remains 

Constant and approximately equal to that at t = 0. Thus Ry is a suitable parameter on 

which to base the effect of Reynolds number on tlie nonlinear characteristics of the wave 

distribution and including its viscous broadening. Now from equation 6.11, A ex l/n^, 

where nz is the number of zero crossings in the initial sample and A/Z decreases with 

increase in kT and/or M. Hence it is possible to optimise the initial conditions in order 

to obtain large value of Rr using the present Convolution Method. The present work 

suggests it is unnecessary to perform numerical calculations at values of R > 500 for test 

case 1 which becomes increasingly computationally expensive, since the present results 

sliow little change with increase in R beyond 500.
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Non-dim T A/Z

0 0.289

8E-07 0.272

8E-06 0.255

8E-05 0.765

8E-04 2.24

8E-03

8E-O2

8E-01

Table 6.3: Nondimensional times for which test case 1 was propagated and A/Z for Test

case 1.

6.8 Effects of aliasing in the spectral domain for test case 1

In order to fully validate the reference signal of test case 1 it was necessary to investigate 

any spurious effects such as aliasing. However mucli the sample length was sufficiently 

long to describe Gaussian statistics nevertheless it was important to understand whether 

this signal with 4096 sample points was sufficient to discard any other spurious effects 

evolving at later times.

This test was carried out in order to show that the test case 1 defined in figure 6.2(a), 

(also shown in figure 6.3 ) is unaffected by aliasing at any advanced time. To validate 

the signal was constructed whose power spectrum is shown in figure 6.2(b). The power 

spectrum was the same as the initial test case 1 (or case (a) in figure 6.2) but more zeros 

were added in the wavenumber space. Thus the truncation wavenumber kr = 1000 was 

the same. Tlie peak wavenumber was kp = 32 but the Nyquist wavenumber M was chosen 

as 4096 instead of 2048. The sample length is hence double that of the reference signal. 

The spectrum had the same energy law as the reference signal with E(k) = k", 1 < k < kp, 

E(k) =l/k^, kp <k< kr.

Table 6.4 gives the values of Io and I2 for test case 6.2(b). This signal was then 

propagated for various times for the same initial Reynolds number of 500. Figure 6.5 

shows comparison of this signal with the reference signal at time T = 8.E - 03. It is seen
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Table 6.4: Parameters obtained computational for the case (b)

To \/Io 72

case b 4.16E+04 202.87 9.75E+08

logk

Figure 6.5: Test case 1 at T = 8.E - 03 with superimposed case b

clearly that the solutions are indistinguishable. It is hence concluded that test case 1 has 

adequate spatial resolution for the numerical investigation.

6.9 Spectral Smoothing

When the spectra at various times were first obtained they appeared to show some scatter 

about the expected levels as shown in figure 6.6. The type of scatter was similar to that 

frequently found in time series analysis, which require a smoothing routine which retains 

the real information while only removing the random scatter. This routine is equivalent to 

averaging over a large number of samples. The smoothing routine was accordingly applied 

proposed by Newland(1984). Nevertheless the reason for the scatter remained unexplained. 

The Convolution Method used for solving Burgers equation was carefully checked both 

for a single sine wave and multiple waves and in each case no scatter of the kind shown 

in figure 6.6 was found. An analysis of a single sawtooth wave both with and without a 

shock wave of finite thickness is given by Robinson and Johnson(1967). The spectrum for 

this N wave is shown in figure 6.7 and is described in detail by Lilley(1970) for an isolated 

N wave with finite rise time. The spectrum involves sine and cosine components which 

rapidly change with wavenumber even though the envelope is smooth falling as l/k2 in the 
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case of a discontinuous shock followed by 1/^4 for a shock of finite thickness as shown in 

figure 6.7. The breakpoint occurs at a wavenumber related to the shock thickness. Thus 

E(k) already varies in the high wavenumber region for a single sawtooth wave and hence 

a variation of E(k) is also expected for an assemblage of random sawtooth waves. Hence 

the application of the smoothing routine of Newland(1984) was found not to be necessary 

since the results shown in figure 6.6 were finally judged to be accurate and not the result 

of numerical errors in tlie Convolution method. However the smoothing routine assisted 

in the determining the average results.

Figure 6.6: Unsmoothed Power spectrum at time T = 8E - 07 and R = 500.

First the arithmetic average over every three adjacent wavenumbers of the raw spec­

trum was taken and the smoothed spectrum plotted. This gave very poor results without 

removing much of the scatter and the spectrum looked very mucli the same as the original 

unsmoothed one. Next an average over five adjacent wavenumbers showed improvement 

without any loss of the real effects as described by Newland. Figures[ 6.8 b,c,i4 show the 

results due to spectral smoothing for advanced times. Smoothing the spectra did not alter 

the total energy of the signal.

6.10 Description of the propagation of Gaussian noise

This section gives a complete description of the changes in the waveform with time, for 

the given initial noise of Test case 1, from time T = 0 upto shock formation time, and 

then at much larger times when viscous effects are dominant. As time advanced the high 

wavenumbers population increased due to non-linear interactions. Figures 6.8 (a, b,c,d)
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Figure 6.7: Spectrum for an isolated N wave with a finite rise time. See Lilley(1970)

show the spectra at various times. Figures 6.9 (a,b,c,d) shows the power spectrum at 

various times.

6.10.1 Description in the space domain coupled with the description in 

the spectral domain

The time advanced solutions of the waveform for R = 500 are shown sequentially in figures 

6.11 (a,b,c,d) . It is shown that the propagation of an initial random waveform takes on 

different types of spectra with increase in time. As a result of nonlinear processes waves 

of near symmetrical form become distorted with upstream and downstream faces having 

a small positive du/dz, and a large negative du/dz respectively. As time progresses the 

slope of the upstream face decreases as 1/t, while the downstream face retains its large 

negative du/dz even though the shock thickness, increasing with time, produces a slight 

reduction in negative du/dz. The distribution having positive u moves to the right and 

that having negative u moves to the left thus forming a series of sawtooth like structures. 

These sawtooths eventually 'bunch' and ultimately form a single N wave. With further 

increase in time the N-wave gradually decreases in amplitude and asymptotically viscous
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Figure 6.8: Smoothed power spectrum in decibels at T = 0, 8E - 07, 8E - 06, 8E - 05, 

8E - 04 for Test case 1 R = 500 shown in a, b, c, d, e respectively.

effects broaden the wave reducing it to a sine wave as in Coles(1951) solution.

At relatively small times in 0 < T < 7$ nonlinear steepening of the compression phases 

of the wave distribution occurs and the wave rapidly becomes distorted from its pattern 

at T = 0. Unless the smoothing due to the viscous effects is stronger than the steepening 

effects, shocks eventually form in the waveform. Shodks can occur only from zero cross-
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Figure 6.9: Power spectrum at T = 0,8E - 07, 8E - 06, 8E - 05 for Test case 1 R - 500

shown in a, b, c, d respectively.

Figure 6.10: Propagation of waveform distortion at small times before the average shock 

formation time 7s = 2.03E - 06 for Test case 1 shown at the extreme regions of the signal 

in (a, b) for R = 500.

ings and it has been shown by Lighthill (1994) that the minimum number of zero crossings 

required for a shock to occur are 2. Thus the wave steepening starting from one of these
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zero crossings and eventually forms a sliock wave whose slope is proportional to 1/t.

sample point

Figure 6.11: Propagation of the complex wave for Test case 1. Distortion at

T= 0, T = 8E - 07,8E -06, 8E - 04 shown in a, b, c, d for R = 500.

In the first stage of the distortion process, many shocks form as a result of the over­

taking of troughs by peaks. In this process of the distortion, the most noticeable effects 
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due to the nonlinear interaction terms is the formation of shock waves [see figure(6.11b)]. 

A series of randomly located shocks witli random strengths are observed, noting a shock 

wave with larger amplitude moves faster than a sliock wave of smaller amplitude. It is seen 

that a certain 'bunching' in space occurs as described by Liglitliill for inviscid calculations 

tend to arise because a union of two adjacent shocks is found to increase the likelihood of 

further union with other neighbouring shocks.

Figure 6.10 a, b shows propagation for small times before the shock formation time 

7; = 2.03E - 06, at two extreme regions of the signal where the gradual bunching of the 

waves is seen. Because each shock has its own particular propagation speed, the shock po- 

sitions in the waveform slowly cliange as tlie wave propagates. Tims the speed of a shock is 

equal to the smaller and greater values of the velocity u whicl i appear ahead of and behind 

it. In other words the shock absorbs characteristics ahead of it by running into them, while 

absorbing characteristics from behind as they run into it. The wave with larger amplitude 

merges with the wave having smaller amplitude whicli further merges with the neighbour­

ing one and the process continues. Tlie amount of distortion, whicli is the distance travelled 

by the wave during propagation, varies as 1/1 for plane periodic waves. It can be seen from 

figures 6.11(5, c,d ) that the slope of the sawtootli waves at any time are constant and is 

in agreement witli Lighthill's theory for periodic sawtooth waves with slope of each shock 

wave proportional to 1/t.

From the figures 6.8a,b,c it is seen clearly that there is a sudden cutoff of the high 

wavenumbers at the Nyquist wavenumber (M = 2048). However, the contribution to the 

total energy from wavenumbers beyond tlie Nyquist wavenumber (E(k) ~ Ilk?) is so small 

that this contribution is neglected.

In the spectral domain starting from time T = 0 the appearance of shock waves in the 

waveform heralds a shifting of energy towards the high wavenumber end of the spectrum 

as shown in fig 6.8 (a,b). Distortion in the early stage of shock formation is manifested 

primarily by high wavenumber development with hardly any dissipation. The spectrum 

falls as l/k2 in the wavenumber beyond k = 100 and would continue to have Ilk' 'decay 

if an infinite range of wavenumbers were considered.

The merging of shocks causes the high wavenumber part of the noise spectrum to 

become more intense than would otherwise be the case by the 'bunching' tendency and 

most of the changes are found to occur in the high wavenumber region as seen in figure 
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6.8 (b), at wavenumbers greater than the peak wavenumber.

Once shock waves are formed, a new effect becomes apparent. The wave shape becomes 

drastically changed and simplifies as the propagation time increases as shown in figure 

6.11(b,c,d ). The simplification derives from tlie action of the shock waves, which do not 

maintain a constant position in the wave form but move, sweeping the minor irregularities 

in the signal and merging with other shocks in the process. This results in a marked 

decrease in the number of zero crossings as seen in figures 6.11(b,c,d ).

A conflict between the nonlinear steepening effect whicli tries to distort the wave and 

the viscous broadening effects which try to broaden the wave is observed. The sum and 

difference of tlie wavenumber components results in additional population of the high 

wavenumber.

From the figures 6.11(b,c) it is seen that the gradients are sharp and viscous effects 

only provide the necessary broadening of the wave preventing shock discontinuities. The 

latter appear similar to that in the inviscid case since the viscous effects of broadening 

still results in a shock wave of small thickness. The reduction in the number of zero 

crossing continues to large times until only two zero crossing exists in the entire space 

time domain. In figure 6.11(e ) there is strong distortion with a reduced number of zero 

crossings, but the amplitude of the liigli intensity noise is reduced. From here onwards, 

after the initial period of wave steepening and intensification, the wave subsides under 

linear laws where the dominant effect is a broadening due to viscous effects. This phase 

of the decay referred to as 'old age' is discussed by Sparrow (1991). For lower Reynolds 

number the 'steepening ' type of distortion develops relatively slowly. Absorption then 

has ample time to exercise its smoothing effects on the waveform. When this happens 

the distortion process slowly disappears and eventually stops at relatively small times. In 

all cases the critical parameter is A(t)/Z since it represents the balance between viscous 

broadening and inertial steepening.

The waveform at large times reduces to a near sawtooth wave. This would then be the 

initial condition for the sine wave and obey Cole's solution when at very large times it is 

expected that the spectrum would become independent of its initial spectrum and would 

decay to a sine wave of reduced amplitude.
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6.1 0.2 Propagation of the initial Gaussian signal with different phases

Different initial phase (different realisations) were used to propagate the initial Gaussian 

signal described in test case 1 and compare the spectra at various times. Wlien the 

phase structure of the initial signal is changed, but retaining Gaussian statistics, it was 

observed that the resulting energy spectra remain almost the same at any time. Hence for 

a Gaussian signal, phase is not an important parameter. Figures 6.12 shows the spectra for 

3 arbitrary different initial phase values satisfying Gaussian statistics without smoothing 

at T = 8E—07. Similarly 6.13, 6.14 show the spectra for 3 arbitrary different initial phase 

values without smoothing for times T = 8E—05 and T = 8E—02 respectively. Figure 6.15 

(a,b,c) give tlie spectra at times T = 8E - 07, T = 8E - 05 and T = 8E - 02 respectively 

liaving been smoothed witli 5 arbitrary initial phase values satisfying Gaussian statistics. 

It is seen from the figures that at any time the decay of the spectrum is almost the same 

irrespective of the initial phase structure and therefore is independent of the initial signal. 

For small times of T = 8E - 07 as seen in figure 6.15(a) the spectra for any different 

arbitrary realization was the same in both the low and higli wavenumber components.

With increase in time, the spectra differed slightly in the high wavenumber compo­

nents. This was probably mainly due to the method used in choosing the initial phase 

value satisfying Gaussian statistics. Since in any numerical method it is not possible to 

obtain an exact Gaussian signal with skewness equal to zero and flatness equal to 3, an 

approximation of these values of skewness and flatness was accepted in this numerical 

work. The tolerence for the skewness was 10-' and skewness whicli was larger than this 

value was unacceptable. The tolerence for the flatness was within the range 2.89and3.19. 

Any value below 2.89 and above 3.19 was unacceptable. This results to a small difference 

in the high wavenumber components for moderate and large times which is seen in the 

figure 6.15(b) and (c) respectively. It is seen that figure 6.14(c) is less smooth than (a) 

or (b) which is again due to tlie choice of tlie initial phase. Figure 6.16 gives the solution 

at large time T = 8E - 02 with 2 different initial phases whicli gave an approximation 

of skewness and flatness almost exact Gaussian statistics showing that at large times the 

high wavenumber spectrum decays smoothly and therefore is independent of the initial 

signal, though dependent on the initial spectrum. The exactness of this result was also 

conflrmed witli more initial phase values by increasing the number of sample values TV in 

a period for the same test case.
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It can be concluded that if the initial signal is Gaussian, witli a prescribed spectrum, 

the spectra at any time would decay similarly for any initial pliase value.

In the case of a sawtooth wave the energy spectrum E(kp) has a peak wavenumber kp 

and it is shown by Johnson and and Robinson(1967) that the spectrum for a sawtooth is 

given by
E(k) ~k' 0< k < kp

E(k) ~p kp <k < oo.

Ideally the energy spectrum for tlie sawtootl i falls like 1/k in the inviscid Burgers 

equation. Thus when E(k) ~ 1/^2 at high wavenumbers it is found the rate of dissipation 

€ 9 00 for finite i/ and hence A = 0 and the shock thickness is therefore zero. In case 

of finite Reynolds number the shock has finite thickness and hence a finite rise time. For 

a shock thickness of 0(A) there is a change in the spectrum from l/k2 to 1/^4 and is 

described in detail by Johnson and Robinson(1967). Tlie cutoff between l/k2 and 1/^4 

occurs wlien A = l/kr. Tlius the truncation at k = kr is nearly equivalent to a change in 

the spectrum from 1/^2 to 1/^4 at k = kr. A/Z is a measure of the scale of the dissipation 

range, with all dissipation occurring at the shock and its slope at any time gives the rise 

time (which is similar to the shock thickness) as described by Johnson and Robinson(1967) 

for the case when time spectra are used. The spectrum in their case falls as l/k^ between 

the peak wavenumber kp upto a wavenumber of k?, after which the spectrum falls as l/k4 

and the spectrum rings at the harmonics of ky. It is seen from figures 6.8b,c,d that the 

energy falls as l/k" and later for high wavenumbers the fall is almost exponential. The 

total kinetic energy and the rate of dissipation (c) are both finite. Nonlinear effects are 

still present though viscous effects are taken over and due to dissipation tlie amplitude is 

reduced considerably.
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Figure 6.12: Spectra at T = 8E — 08 for 3 different initial realizations.

Figure 6.13: Spectra at T = 8E - 05 for 3 different initial realizations.

Figure 6.14: Spectra at T = 8E - 02 for 3 different initial realizations.
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Figure 6.15: Smoothed Spectra at 5 different realizations.

a corresponds to T = 8E - 08, b corresponds to T = 8E - 05, 

c corresponds to T = 8E - 03 respectively.

Figure 6.16: Spectrum for two different initial realizations at large times T = 8E - 03.
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Figure 6.17: Initial spectrum for test case 2 (i). E(k) = e 2a2k2 1 < fc < hr, a = 0.001.

Figure 6.18: Initial waveform for test case 2 (i)

6.11 Computational parameters for test case 2(i)

The second test case is an initial waveform which is random but has a power spectrum, 

found by taking an ensemble average of waves, having amplitudes for each wavenumber 

decreasing like exp(—a2k2), where a is a weighting factor equal to 0.001, and random 

phases. This gave an exponentially decaying spectrum, which is shown in figure 6.17 when 

plotted on a linear wavenumber scale. The number of harmonics energised initially were 

1400. The corresponding signal waveform is shown in figure 6.18. The introduction of 

such a spectrum at time T = 0 with its peak energy at wavenumber k = 1, was only 

introduced to provide as a large difference from the spectrum used initially in Test case 

1. With such a large number of waves in the space domain (N = 4096) it was possible to 
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obtain a Gaussian distribution initially.

Table 6.5 gives the computational values at an initial Reynolds number of 1000 for test 

case 2(i). The values of Io and I? are independent of R and were obtained from the initial 

setting of tlie spectrum.

Table 6.5: Parameters for Test case 2(i) obtained computationally.

To 72 T- 1 ....
— (2T)3/2vq2

623 24.9 1.48E +08 5.3E-06

7; in the table gives the average value of the shock formation time. These numerical 

values of 7o and 72 have been checked at t = 0 against analytic evaluation of the integral.

The exponential spectrum with E(k) = exp(-2a2k2) was propagated for an initial 

Reynolds number R = 1000. The number of zero crossings in the initial signal at T = 0 

from equation 6.11 is nz = 487, compared with the number of zero crossings in the initial 

signal of 480 as measured from figure 6.4. Hence there is fair agreement between the 

calculated value and that predicted by Rice's(1945) formula. Table 6.6 are the parameters 

for test case 2 at T = 0.

Table 6.6: Parameters for test case 2 at T = 0

f7o A/Z = ^\/Io/72 Rr Tlz

62.41 0.000332 20.5 474

Figures 6.19 b,c,d show the spectral evolution with time for R = 1000 when the nu­

merical results have not been smootlied. In figure 6.20 similar results are presented when 

plotted in decibels. From the figures it is seen that the high wavenumber spectral com­

ponents become random in amplitude and phase as a result of nonlinear effects. Since 

the energy spectrum at t = 0 is falling like exp(—2a2k2), the dissipation spectrum for 

this would increase like fc2 exp(-2a2k2) and peak beyond the Nyquist wavenumber. It is 

therefore not surprising that at t > 0, as shocks develop and bunching occurs, the typical 

1/^2 spectrum for the sawtoothed waves develops for a small range of wavenumbers as 

seen in figure 6.20 and soon the fall becomes exponential. Thus as seen in figure 6.20, that 

at T > 0 the energy spectrum falls at high wavenumbers and the kinetic energy quickly
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falls. Tlie result is that witli increase in time, c falls as t 15 as shown in figure 6.25 

and the energy varies as t-3/4 shown in figure 6.26. These differ considerably from test 

case 1 where the kinetic energy decays as 1/t and € decays as l/t2 . At later times the 

spectral components show a rapid decay in tlie liigli wavenumbers. This is because the 

peak wavenumber, whicli contains the maximum energy, is chosen in the low wavenumber 

region. Thus although the nonlinear effects populate the high wavenumbers, due to the 

dissipation mechanism the spectrum at high wavenumbers falls faster than 1/^4. This 

result is entirely due to the extreme low value of the peak wavenumber. The rates of 

dissipation for the two test cases is described below. The reason for the differences in the 

results for botli the Test cases 1 and 2 are also given below.

The interdependence of A, kp and k? is given in Appendix M. Thus as far is increased so 

A decreases. For a given ratio of kp/kr, A is inversely proportional to the peak wavenumber 

kp. For the same shape of the initial spectrum, the dissipation rate, c, increases with 

increase in far, and is reflected in a decrease in A.

In case 2 the initial spectrum decays smoothly since there is no sudden cutoff wavenum­

ber as in case 1. In the high wavenumbers it therefore represents a more physical spectrum 

than in case 1. However choosing the peak, at kp = 1, is aphysical since it is unlikely, in 

a practical situation that the peak wavenumber occurs in such a low wavenumber region. 

The exponential type of spectrum represents a case where viscous broadening is seen to 

dominate and the effects of nonlinear distortion in populating the higher wavenumbers is 

much reduced as compared with test case 1. Figure 6.21(/) shows the waveform after a 

long propagation time and which will asymptotically approach a sinusoidal waveform as 

predicted in Cole's(1951) analysis.

140



Figure 6.19: Power spectrum. T = 0.0, 8.0E — 05, 8.0E — 04, T = 8.0E - 03, shown in a,

b, c, d respectively for test case 2. R = 1000. E(k) = e 2a fc 1 < k < kr, a = 0.001.

6.11.1 Propagation of Test case 2 (ii)

Test case 2(ii) was set up to demonstrate the effect on the nonlinear distortion and viscous 

broadening of a small change in the low frequency compared with a very large change 

(amounting to 60dB) in the high frequency end of the initial spectrum. Figure 6.22 (li)

141



lo^ integer wavenumber k

Figure 6.20: Power spectrum in decibels at various times for test case 2(i/ R = 1000. 

E(fc) = e-2a2k2, where a is 0.001. T = 0.0, 8.0E - 05, 8.0E - 04, 8.0E - 03 shown in a, 

b, c, d respectively.

shows the initial spectra in comparison with that of the earlier case 2(i). Test case 2 ( ii), 

with a = 0.002 was propagated for the same R = 1000 and time T defined in table ?? as 

that of test case 2 (i).
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Figure 6.21: Propagation of the complex wave for Test case 2(1). Distortion at T = 0, 

T = 8.0E - 06, 8.0E - 05, 8.0E - 04, 8.0E - 03, 8.0E - 02shown in a, b, c, d, e, f 

respectively. R = 1000.

Figure 6.23 show the power spectral density at various times for the same initial 

Reynolds number of 1000, when the exponential factors a is given the values 0.001 and 

0.002 in (i) and (ii) respectively. These spectra have not been smoothed. Prom the figure
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Figure 6.22: Initial spectrum for test case 2 (i), (ii). E(fc) = e 2'1 < k < kr, where 

a = 0.001 for (i) and a = 0.002 for (ii) respectively.

it is seen that the two spectra diverge with increase in time. But at large times the di­

vergence increases to more than 100 dB as compared with their 60dB difference initially. 

This represents a case where the rate of dissipation is more in test case 2(i) than in case 

2 (ii).

6.12 Rates of dissipation for test cases 1 and 2(i)

As shown in Appendix J, dK/drt, = - e wliere K is the kinetic energy and e is the rate of 

dissipation where € = 2ve J^ k2E(k)dh It is therefore seen that spectrum function, E(k), 

which falls as l/k' in the higli wavenumber at t = 0, as described in test case 1, generates 

an infinite rate of dissipation at t = 0, and represents the case of the entropy catastrophe. 

However for finite viscosity and a truncation in E(k) at k = kT the result is a finite rate 

of dissipation and hence at small times though the total kinetic energy K remains almost 

constant. Beyond a certain time and greater than the shock formation time the effects of 

viscous dissipation spread into the lower wavenumbers and the high wavenumber spectrum 

no longer falls as l/k2, but more exponentially. For all times the total kinetic energy K 

and € can be calculated 3. At small times the truncation for the initial spectrum (for 

test case 1) causes the high wavenumber growth to be sharply truncated at the Nyquist 

wavenumber (see figure 6.8 at time T = 8.E - 07), though ideally the spectrum would 

develop at wavenumbers greater than the Nyquist wavenumber. Hence at small times as 

'Test case 1 has been checked and validated both against aliasing and by doubling the sample length.

The result was that there were no aliasing errors.
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discussed above this sudden cutoff at the high wavenumber does not affect the total kinetic 

energy, but affects the rate of dissipation. When at large times the spectrum becomes 

sufficiently depopulated below the Nyquist wavenumber and recovers the properties of an 

infinite range spectrum provided the peak wavenumber of the dissipation is also below the 

Nyquist wavenumber. Figure 6.24 and 6.25 gives c for test case 1 and 2 respectively.

The influence of the value of the truncation wavenumber, kr, on tlie rate of dissipation 

and total energy is a function of E(k). In general it is expected that an increase in far for 

the same spectrum shape and for tlie same total kinetic energy, increases e and A decreases. 

In test case 1 tlie truncation of the spectrum at k? = 1000, sliown in figure 6.3 results in c at 

T = 0 being dominated by the spectrum at this cutoff wavenumber. It is seen that viscous 

dissipation at all higher wavenumbers is thereby excluded. Thus in any theoretical analysis 

the choice of truncation wavenumber can prove critical in comparison witli an experiment 

where no cutoff in wavenumber exists. This is particularly important in experiments at 

liigli Reynolds number, where A is likely to be very small, noting c = As stated 

previously when E(k) ~ l/k^ at liigli wavenumbers upto a cutoff at k = far, A is inversely 

proportional to kT.

Clearly the choice of the initial spectrum has a major effect on tlie rate of dissipation. 

In test case 1 kp = 32 corresponding to the maximum spectral energy in the initial spec­

trum. In tlie exponential decay spectrum kp = 1. In test case 1, tlie rate of dissipation 

increases a little initially and then falls rapidly as seen in figure 6.24. Figure 6.25 shows 

that for test case 2 (i) the dissipation rate starts decreasing from t = 0 as 1/ti-5 instead 

of 1/^2

6.13 Comparison of spectra with equal kinetic energy

The initial kinetic energy of Test case 1 was changed so that it was approximately equal 

to the initial kinetic energy of test case 2. However the statistics remained Gaussian at 

T = 0. The statistical properties of Test case 1 were then computed from T = 0 for 

various evolution times as shown in table 6.7 for R = 1000. It is observed that the kinetic 

energy of test case 1 falls off less rapidly for small times than test case 2. But at large 

times there is only a very small difference in the kinetic energy for the two cases. The 

numerical calculation was not proceeded further, but it is possible that still larger times
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Table 6.7: Kinetic energy of test case 1 with initial kinetic energy decreased to that of the

initial energy of tlie Test case 2. R = 1000.

T K.E RMS Velocity

0.0 1.0 1.0

8.0E - 07 1.00000 1.0

8.0E - 06 0.986098 0.993

8.0E - 05 0.885123 0.94

8.0E - 04 0.27543 0.52

8.0E - 03 0.019890 0.14

8.0E - 02 0.0017643 0.0417

the energy in tlie two cases would not be the same. More numerical experiment need to be 

performed using a greater variety of initial spectra having equal initial energy to conclude 

on this result.

Table 6.8: The statistical evolution for Test case 1 at R = 500.

T K.E RMS Velocity Skewness Flatness Skewness Flatness

for u for u for du/dz for du/dz

0.0 1.0 1.0 -7.1E-02 2.973 -1.05B15 3.14

8.0E - 07 0.9972 0.9986 -7.08E-01 2.99 -4.12 4.19

8.0E - 06 0.942 0.9707 -6.03E-01 2.97 -7.01 5.150

8.0E - 05 0.328 0.5763 -5.07E-01 2.84 -9.67 5.96

8.0E - 04 0.0225 0.15

8.0E - 03 0.0032 0.057

8.0E - 02 0.00028 0.017

6.14 Statistical evolution of the PDF's

The variation of the statistical parameters skewness and flatness with time for test cases 

1 and 2 (i) are shown in table 6.8 and 6.9 respectively. Up to the shock formation time 

(7; = 2.0E—06 for test case 1 and Tg = 3.E-06 for test case 2) it is seen that the skewness
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Table 6.9: Tlie statistical evolution for Test case 2(i) at R = 1000.

T K.E RMS Velocity Skewness u Flatness u

0.0 1.0 1.0 -4.13E-03 2.9443

8.0E - 06 1.0000 1.0 -4.65E-02 2.943

8.0E - 05 0.866456 0.9308 -3.63E-02 2.942

8.0E - 04 0.360987 0.603 -1.19E-01 2.92

8.0E - 03 0.088903 0.29

8.0E - 02 0.001709 0.133

8.0E - 01 0.000186 0.042

and flatness of tlie velocity cliange only slightly from their initial Gaussian values of 0 and 

3 respectively. It is seen that for T > 0 nonlinear distortion of the wave distribution occurs 

and results in tlie asymmetry between positive and negative counterpart. This is reflected 

by the change in skewness of u from 0 to about (-0.5) as seen in table 6.8. Hence the 

deduction is that the statistics of the initial random wave distribution are slowly changing 

from Gaussian to non-Gaussian. The changes in skewness and flatness for the velocity are 

small but in the same time domain, 0 < T < 7$, it is expected that the skewness and 

flatness of the velocity derivatives to change more dramatically and this is confirmed as 

shown in table 6.8. There is therefore no doubt that the statistics change from Gaussian 

for all T > 0. In Appendix I is shown the differential equations giving the changes in 

skewness and flatness witli time. These equations show that skewness and flatness change 

from their Gaussian values for T > 0 and that the critical parameter is the value of the 

Taylor microscale, A, and its variation with time. The variation of A/Z in the time domain, 

0 < T < R, is complex since it suffers a decrease owing to the increasing population of 

the higher wavenumbers due to nonlinear distortion and is shown in table 6.3 for test 

case 1. Beyond T^, A/L increases approximately as \/t. These changes in A/L reflect in 

the solution of the equations for skewness and flatness and the consequent changes in the 

changes in kinetic energy and the rate of dissipation with time.

The key role played by the Taylor microscale, A, at all times in the propagation of the 

complex finite amplitude acoustic wave can be deduced from these results. Its role in the 

wave distribution process is far more important than the relatively small changes in the 
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peak wavenumber with time. A is related in particular to the shock wave thickness and is 

proportional to the average spacing between shocks at any time. It relates directly to the 

number of shocks present at any time within the periodic length, Z.

6.15 Comparison of the PDF's with Kraichnan's analytic 

work

In Kraichnan's (1990) model for tlie evolution of the probability distribution function ob­

tained from Burgers turbulence, it is shown that the non-Gaussian statistics develop from 

nonlinearity of the negative velocity gradients (du/dr)- into viscosity limited shocks. The 

model consists in finding the joint probability distribution of u and ^ wliicli are statisti­

cally independent. Kraichnan's(1990) model is based on an equation of the PDF of du/dz 

whicli is similar to the Fokker-Planck equation. Tlie analysis shows an asymmetry in the 

PDF of ^. Thus from an initial Gaussian field u becomes highly non-Gaussian in its 

derivative ^. Tlie departure from the Gaussian shape can be predicted from the analytic 

form of the closure PDF. Figure 6.28 shows the departure of du/dz from its initial Gaus­

sian statistics and remains non-Gaussian for all times, which confirms with Gurbatov's 

work for a random signal (1991). In the case of u, the statistics remain Gaussian until 

the sliock formation time and then gradually tends towards non-Gaussian behaviour for 

all times. Kraichnan's treatment for Burgers equation is directly applicable to the present 

study of the propagation of finite amplitude acoustic waves.

Kraichnan(1990), in the work described above, shows that the PDF for du/dz after 

nonlinear distortion rises steeply near the origin in the positive half domain, reaches a 

maximum close to the origin and then falls nearly exponentially. The numerical results 

are in agreement witl i Kraichnan's solution and show that the flatness for du/dz increases 

from its value 3.14 at t = 0. Tlie corresponding skewness changes from zero at t = 0 

to -4 in the same time range. The corresponding values of flatness for velocity remain 

approximately constant, vary around 3.0. As a simple approximation to the PDF, near 

the shock formation time it is assumed that the PDF is one sided and occupies only the 

negative half of plane for du/dz and that it is exponential in the half domain. The values 

of flatness and skewness are 4.20 and -4.12 respectively. This result indicates that the PDF 

is changing from the 2 sided symmetric Gaussian distribution at t = 0 when the positive 
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and negative slopes are equally probable to the asymmetric PDF near and beyond the 

shock formation time. Here the most probable value of du/d2 is dominated by its large 

negative values. Thus it is clearly seen there is a progressive change of the flatness of 

du/dt from 3 to 5.19 and the skewness changing from 0 to -4.12.

In the present work for test case 1 the values of tlie PDF of u for various times is 

shown in figure 6.27 and for du/dz in figure 6.28 wlien R = 500. These results show that 

for u the changes from an initial Gaussian distribution towards a quasi-sawtooth wave 

generate only small changes from Gaussian and the result is the flatness and skewness do 

not change mudi. However, for du/dz it was found the corresponding changes were more 

dramatic and the flatness and skewness respectively change from (3.14, 0) to (5.98, -4.12). 

The PDF's were obtained using the above numerical results for the propagating signal, 

and a statistical package, 'S-Plus' provided by Kuha(1995).

The above results refer to tlie changes in the PDF's upto tlie shock formation time. 

Beyond the shock formation time the results for the skewness and flatness of both u and 

du/dz suggest the non-Gaussian statistics continue to evolve with time. However, for the 

positive gradient du/dz becomes very small ie (~ 1/t) whereas the negative gradients 

become very large and PDF is dominated by the negative values of du/dz.

Hence in finding any cliange in the statistics from an ensemble of random processes 

from the initial statistics sucli as Gaussian, this cliange from the inviscid equations ne­

glecting c cannot be derived. The terms in c become more and more important the higher 

the order of tlie moments. If c were neglected , it will wrongly be concluded that the aver­

age moments were independent of time and hence an initial Gaussian distribution would 

remain Gaussian. When the dissipation sucli as the complete Burgers equation is included 

it is seen that the nonlinear terms cause a redistribution of energy along with change in 

the dissipation and hence all moments are time dependent and an initial Gaussian distri­

bution becomes non-Gaussian.

6.16 Bispectrum

In a recent paper Gurbatov(1986) has shown the importance of the bispectrum for an 

initial signal which is Gaussian. In his paper, Gurbatov has shown that the transfer of 

spectral energy due to non-linear interactions for a particular wavenumber occurs due 
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to the sum arid difference in the wavenumbers. It is shown in chapter 5 that the sum 

and difference mechanism is governed by the nonlinear term where the harmonics add 

up to form the sum components and subtract to form the difference components. In 

particular, Gurbatov has shown tliat the spectral energy at a particular wavenumber can 

be transferred to the sum and difference wavenumbers. Since Gurbatov explains this 

via the use of the bispectriim in Ids analytic work, the present worl <on the numerical 

evaluation of the bispectrum was undertaken for more general waveforms. A recent paper 

by Novikov(1994) describes the use of bispectrum especially in investigating the tones 

observed in a spectrum. The bispectrum, wliicli is an ensemble average of the product 

of tliree spectral components, is a very useful diagnostic tool in experimental studies of 

nonlinear wave random interactions and is given by Kim (1978). If the bispectrum for a 

signal is zero then the signal is Gaussian. It is defined as

B(k,Z) = E[XkXzX:+d

wliere Xk, X/ and X^+z are the signal Fourier transforms for 3 different wavenumbers, 

E[] is the expectation operator and * denotes the complex conjugate. E[] is complex, and 

has two wavenumber indices ^ and /. The bispectral measurement in this report deals only 

with the magnitude of the bispectrum. It is plotted in 3-dimensions, witli two orthogonal 

wavenumber axes defining tlie k,l plane, and the bispectral content is normal to that plane. 

Tlie power spectrum treats each wavenumber component as independent from all others, 

and measures tlie signal's energy distribution at each wavenumber. The bispectrum, on the 

other hand, measures the amount of coupling between the three wavenumber components 

at wavenumbers A;, Z and A; + Z.

The first order moment of a signal is tlie mean, the second order moment is the 

variance, and higher order moments can be found by Taylor expansion of the Moment 

Generating Function[see Newland(1984)]. The useful property of these moments is that 

all odd moments of orders three and higher for a Gaussian process are zero because of the 

symmetry of the signal PDF. The even moments of order four and higher are all linear 

combinations of the lower moments. In a similar way for all Gaussian processes, all tlie 

cumulants of order three and higher are zero (see Piersol 1966). From these statements it 

is deduced that for such normal process the bispectrum of such a signal is zero. The zero 

lag component of the second cumulant is the signal variance which is found by integrating 

the power spectrum. In a similar way, the zero lag component of the third cumulant 

is the skewness which can be found by integrating the bispectrum over all wavenumber 
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pairs. Thus the average height of the bispectrum can be used as an indication of the signal 

skewness. Following on from the fact that tlie cumulants of order three and higher are 

zero for a Gaussian process, tlie bispectrum of sucli a signal is zero. The computational 

procedures for the bispectrum are given by Nikias et al(1993) and are given below. The 

cumulants are related to the higlier order spectra via the Fourier transform: the power 

spectrum is tlie Fourier transform of the second order cumulant, the bispectrum is the 

double Fourier transform of the third order cumulant. The procedure is as follows:

(i) Tlius M sets of data recorded over a lengtli N liaving an average zero were formed, and 

an appropriate window was applied to it to reduce leakage.

(ii) Compute the Fast Fourier Transform so that its complex spectrum can be obtained.

(iii) Estimate the bispectrum by

1 M
MZ) =^ExPxPx;^) (6.12)

wliere 'denotes an estimator.

From tlie results obtained from tlie bispectrum the following deductions are made:

(i) Figure 6.29a, b,c,d,e show the evolution of the bispectra for Test case 2 at various times 

respectively.

(ii) It is seen that with advance in time an initial Gaussian distribution becomes non­

Gaussian. This is demonstrated from figures 6.29a,b,c,d,c where the initial bispectrum 

wliich is flat (Gaussian) (a) increases in lieight( nonGaussian)(b,c,d,e) and remains non- 

Gaussian for all later times.

(iii) The area under the bispectrum gives the skewness, showing the distribution becomes 

more and more skew with time.

(iv) It was found difficult to compute the bispectrum at large times since the waveform 

gets simplified with lesser numbers of zero crossings. To do so, a large number of waves are 

required to obtain the necessary numerical accuracy and this is not possible at large times. 

In the present study the bispectrum was used to display the non-Gaussian development 

of the statistics from the initial random Gaussian wave distribution.
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6.17 Conclusion and summary

The following conclusions can be drawn from the present chapter

From the numerical solution to the Burgers equation using the Cole-Hopf transfor­

mation, lias been developed the necessary computer programme to enable the developing 

diaracteristics witl itime of an arbitrary random initial higli amplitude noise signal, hav­

ing a Gaussian probability distribution function, to be computed. Tlie development of 

tlie initial wave into an assemblage of sawtooth like structures has been investigated. The 

wave distribution is assumed to be periodic liaving a periodic length L containing a very 

large number of zero crossings and hence eventually a large number of shock waves. All 

tlie statistics are performed on this single realization of an ensemble of sucli waves.

The initial spectrum for test case 1 whicli had a X:2 increasing in the low wavenumbers 

and l/k2 decreasing in the liigli wavenumbers was chosen similar to the spectrum for an 

N-wave. Thus as the initial random wave distorts to form sawtooth like structures the 

liigli wavenumber spectrum extends upto the Nyquist wavenumber as 1/^2 spectrum witli 

a random spread. Test case 2 is different from test case 1 since however much nonlinear 

distortion tries to produce a 1/^2 spectrum, < U >2 falls immediately beyond t = 0 and 

hence the the spectrum falls more exponentially than 1/^2 in the liigli wavenumbers. The 

kinetic energy for test case 2(i) tlius falls as t-3/4 compared witli 1/t for test case 1. The 

rate of dissipation falls as 1/^-1° compared with 1/^2 for test case 1.

The nonlinear distortion at T > 0 resulting in the sudden population of energy into 

liigher wavenumber tlius giving a l/k2 spectrum is clearly shown. This is when the wave- 

form distortion is a maximum when it is shown that sawtooth like structures are formed. 

These sawtooths merge according to Lighthill's 'bunching' phenomenon when the waves 

with large amplitude overtake the waves with smaller amplitude in time and this process 

reduces the number of shocks in a given sample length. The number of sawtootli waves 

reduce to a small number. It follows that the waves at large time have a structure inde­

pendent of the initial random wave. At still larger times far greater than was possible in 

the present numerical work, it is expected that the wave will reduce to a single periodic 

sawtooth wave. This then becomes the initial condition for Cole's analytic solution where 

it is shown that ultimately all initial waves reduce to a single sine wave of vanishingly 

small amplitude.

It is shown that at small times the periodic boundary conditions imposed on the signal 
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possesses different temporal features from that of the isolated signal. Nevertlieless the pe­

riodic case was simpler to compute and presented results similar to the nonperiodic case 

provided a large number of shocks (zero crossings) were retained over the given overall 

time of propagation. Witli a large number of shocks tlie statistics of the random process 

involved in the nonlinear distortion could be examined. The present study comprises two 

interconnecting features covering tlic nonlinear distortion of a complex random wave and 

its progressive development in time. Tlie first feature considers its spatial development of 

the particle velocity distribution witli distance over the periodic length, L. The second 

considers its cliange in spectrum witli time. Tlie first feature relates to tlie distortion of 

tlie complex random wave into an assemblage of sawtoothed waves and their reduction 

in number witli time due to 'bunching'. Tlie second feature concerns the nonlinear de­

velopment of the spectrum whereby the main interaction process involves the population 

of tlie high wavenumber end of tlie spectrum by tlie 'sums and difference meclianism 

wliicli populates the higli wavenumber components arising from the nonlinear term. This 

is followed at later times by depopulation of the liiglier wavenumbers owing to viscous 

broadening.

At very large times than possible in the present calculation the random signal is ex­

pected to asymptote to a waveform independent of its initial waveform. Tlius when viscous 

broadening dominates at large times and engulfs the complete wave it loses its non-linear 

characteristics and it is reduced it to a damped acoustic wave. However in the inviscid 

case it reduces to the universal waveform of an N-wave, indeed an infinite periodic array 

of N-waves. In the viscous periodic case any initial waveform distribution comprising a 

large number of individual waves will ultimately reduce to a single symmetric wave. From 

Cole(1951) it is expected that this wave to be a damped sine wave.

It is shown that the non-dimensional value of the Taylor microscale, A/L, at all times in 

the propagation of the complex finite amplitude acoustic wave is an important parameter. 

It is shown that A and n^ are dependent on tlie skewness and flatness of U and U and that 

a knowledge of the skewness and flatness alone cannot determine the joint pdf and the 

values of A and nz. < U > 2, < U > and A can be determined from the 2-polnt velocity 

correlation function. It is shown that for an initial distribution u at T = 0, corresponding 

to a given spectrum, X^L can be determined. Its role in tlie wave distribution process 

is far more important than the relatively small changes in the peak wavenumber with 

time. It is shown that A is related to the shock wave thickness and is proportional to 
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the average spacing between shocks at any time. It also relates directly to the number of 

shocks present at any time within the periodic length, L.

Tlie non-dimensional value of the Taylor microscale A/Z for botli test cases 1 and 2 has 

been computed from the predictions of /o and I2. , wliere X/L for test case 2 is smaller than 

A/Z for test case 1. For test case 1 it is shown the value of A/Z first decreases upto the 

shock formation time and then increases approximately as v^. The rate of dissipation for 

both test cases is described and shown that the rate of dissipation depends on the initial 

spectrum. It is shown that however much the rate of dissipation is expected to depend on 

tlie truncation wavenumber, it also depends on tlie initial sliape of tlie spectrum and is 

different for tlie two test cases.

Another version of test case 2(i) with a very large change in the liigli frequency end 

of tlie initial spectrum was compared with test case 2(i) for all times. It is shown that 

at large times the divergence increases to more tlian its initial spectrum because rate of 

dissipation takes over and is more in tlie case of test case 2 (ii).

The effects of Reynolds number is discussed. It is shown from this numerical calculation 

tliat beyond an initial R = 500 the results for test case 1, do not change much and compare 

favourable with Lighthill's inviscid results for random sawtoothed waves.

In the Investigation of the propagation of two initial waveforms having completely 

different initial spectrums but same initial kinetic energy is yet to be investigated for 

more realisations. But for a single realisation, it was found that tlie total energy at large 

times was found to be equal. It was also found that the initial rate of dissipation for test 

case 1 was larger than test case 2 thougli the truncation wavenumber hr for test case 2 

was larger tlian test case 1. Thus the rate of dissipation depends on tlie sliape of tlie 

spectrum.
Tlie effects of the initial phase is discussed in detail. It is shown tliat tlie initial pliase 

is not important as long as tlie signal is Gaussian. This is an important result uncovered 

in tlie present investigation. It is sliown tliat for any initial pliase value liaving Gaussian 

statistics, the spectra at any time has the same decay. The choice of the initial phase 

is important in determining how much the initial signal is Gaussian. If the initial phase 

is selected to have an approximate Gaussian statistics, the spectra at large times will 

approximately converge with other spectra in the high wavenumber region whose initial 

signal was Gaussian.
The statistical characteristics, such as the average, variance, skewness and flatness for 
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test cases 1 and 2. With values of average or Uo, the skewness (~ 0) and the flatness 

(~ 3) at t = 0 confirmed the signals were Gaussian. It is shown that with a single sample 

function wliicli is sufficiently long it is possible to describe properties and parameters 

of a random process. This represents an ensemble having a Gaussian statistics. The 

average, skewness and flatness for thus ensemble were computed giving an initial Gaussian 

PDF. These parameters have been computed for all times for both the test cases, each 

representing an ensemble. In other words for any given member of the ensemble the 

progressive properties at all subsequent times liave been computed. It is seen that that 

botl i these initial Gaussian signals became non-Gaussian witli advance in time. In terms of 

the probability distribution function tlie probability follows tlie sub Gaussian (eg flatness 

increases) statistics (see Bayesian inference in statistical analysis 1973) for Test case 1. 

The bispectrum of the signal is numerically computed with time. Thus an initial Gaussian 

distribution, wliicli is seen in the bispectrum plot to be flat, becomes non-Gaussian (tlie 

height of the bispectrum) and remains non-Gaussian for all later times.

Tlie changes in the PDF with time for nonlinear propagating waves are similar to the 

distortions in Burgers turbulence as described by Kraichnan(1990), where the the PDF for 

negative du/dz liecomes approximately exponential instead of the initial Gaussian form. 

The numerical results as discussed above are in broad agreement witli Kraichnan's results 

and conclusions.
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Figure 6.23: Comparisons for test case 2 (ij/ii). E(k) = e 2a2k2 i < fc < kr, where

a = 0.001 for (i) a = 0.002 for (") respectively. T = 0, T = 8.0E—06, 8.0E—05, 8.0E—04.

R = 1000
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Figure 6.24: Rate of dissipation (e) with time for Test case 1. R = 500.

Figure 6.25: Rate of dissipation for test case 2(i). R - 1000.

Figure 6.26: Kinetic energy with time for test case 2(i). R = 1000.
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Figure 6.27: PDF of U with times for R = 500. Key; —T* - 0, .... — 8.0E 07, 

- = 8.0E - 06, - - - = 8.0E - 05 respectively.

du/dx

Figure 6.28: PDF of dU/dX with time for R = 500. Key; —T = 0, = 8.0E - 07,

= 8.0E - 06 respectively.
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(d)

(e)

Figure 6.29: Evolution of bispectrum for test case 1. R = 500.

T = 0,8.0E - 07,8.0E - 06,8.0E - 05,8.0E - 04 shown in a, b, c, d, e respectively.
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Chapter 7

Difference between the 

propagation of Gaussian and

Non-Gaussian initial signals

7.1 Introduction

Chapter 6 describes the changes in the statistical properties of an initial random noise 

signal during nonlinear propagation. It is shown that a high amplitude initial random 

noise signal suffers gross distortion with time through nonlinear steepening and viscous 

broadening. As a result there are gross changes in its energy spectrum. These numerical 

results were concerned with an initial random signal obeying Gaussian statistics. In this 

chapter the difference in the nonlinear propagation between an initial signal having either 

Gaussian or non-Gaussian statistics is considered. In other words the case is investigated 

where at different times during the propagation the signal is re-randomised to restore 

Gaussian statistics before its propagation is recommenced. This result is compared with 

the propagation of the same initial random noise signal which suffers no such interruption.

This problem relating to the differences in the propagation of Gaussian or non-Gaussian 

initial waveforms has arisen in the work of Webster and Blackstock(1978) when comparing 

their experimental results with computed results using the numerical method of Pestori- 

ous(1973). Although the experiments were concerned with the nonlinear spreading of 

partially spherical waves the corresponding case of plane wave propagation has been stud­

ied and the results are presented below. It is found that they explain qualitatively many
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of the features reported by Webster and Blackstock.

Figure 7.1: Blackstock and Webster's experiment on outdoor noise propagation

Figure 7.2: Comparison of the Blackstock and Webster's experimental(i) and computed 

(ii) spectra.

7.2 The Webster-Blackstock's experiment on nonlinear noise 

propagation

Outdoor measurements were performed by Blackstock and Webster (1978) on the near 

spherical spreading of broadband noise of high intensity. The experimental setup is de­
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scribed in figure 7.1. For comparison with a theoretical model of nonlinear sound propaga- 

tion to obtain their initial signal, Blackstock and Webster reconstructed the waveform at 

the start of the propagation patli by assuming this initial signal to have Gaussian statistics. 

Tlie start of tlie propagation patli could not be taken at the source itself because of the 

finite source dimensions (see figure 7.1), so Blackstock and Webster cliose a distance of lm 

from their source for their initial station in their computational model. They then assumed 

the initial signal at lm was part of a spherical wave. They matched the initial signal in 

tlie computation witli that measured experimentally at lm. In their computational model 

random phases were assigned to the Fourier components of the ieconstructed waveform 

sample, while the amplitudes were cliosen to fit the experimentally measured power spec- 

trum obtained using a microphone. Their computational model was based on weak sliock 

theory. The numerical algorithm is due to Pestorious(1973) whicli consists in propagating 

the signal step by step witli a step length Az. A Fourier transform at each step length is 

made when corrections due to absorption for tlie appropriate distance Az are applied. The 

signal is then propagated for a further step distance Az until the desired total distance 

is reached. At each step the results are corrected for absorption. The numerical code 

includes the effects of spherical spreading and diffraction. They found the actual spectral 

decay with distance was much less rapid at high wavenumbers than tlie model predicted. 

Figure 7.2 shows the comparison between Webster and Blackstock's(1978) measured and 

tlieir computed spectra.

7.2.1 Description of Webster and Blackstock's numerical experiment

The main aim of the present numerical study was to show the changes in nonlinear dis- 

tortion and viscous broadening arising in an 'equivalent' plane wave propagation case as a 

means to explain the major differences that arose between the experimental data obtained 

in the Webster and Blackstock(1978) experiment and their computational results based 

on the use of the Pestorious algorithm(1973). The present results are based on the Convo­

lution Method described in chapter 4. It is therefore necessary to first explain the major 

differences between their experiment method and those incorporated in their numerical 

method using Pestorious algorithm.

The Pestorious algorithm is based on nonlinear geometrical acoustics and, for com­

parison with the Webster and Blackstock experiment, includes the effects of spherical 

spreading. It also includes diffraction effects and the changes in the effective diffusion 
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coefficient allowing for both thermoviscous and lag effects arising from molecular absorp­

tion along a ray. As discussed above Webster and Blackstock(1978) were concerned with 

the definition of the properties of the wave at the initial station. They decided, follow­

ing earlier work by Pestorious et al(1974) that the initial model signal should have the 

same spectrum as in the experiment but that the phases would be random and subject 

to Gaussian statistics. In their experiment Webster and Blackstock used a Gaussian ran­

dom signal generator to drive the horn array. Their initial signal generated by 20 horns 

in a close array, is a, random high intensity signal and is probably initially planar with 

diffraction at the edges. Clearly in the experiment nonlinear distortion sets in close to the 

horn faces and at distances less than lm from the source. Tlius at lm the signal is already 

non-Gaussian and shocks soon dominate the waveform and the amplitude decays, for plane 

waves, as l//t. Due to nonlinear distortion the energy spectrum at high wavenumbers 

will be populated way beyond tire upper frequency of the sound generated by the horn 

array. In tlieir computational model Webster and Blackstock re-randomised the signal 

at lm having random pliases following Gaussian statistics with tlie same spectrum and 

variance. The assumption of a Gaussian signal however had the effect of cancelling the 

nonlinear distortion and particularly the asymmetry in the (du/di)+ and (du/dc)- which 

liad taken place between the source and lm distance and is clearly the reason why the 

signal at lm is non-Gaussian. They therefore assumed the statistics of the noise at the 

face of tlie horns was Gaussian and remained Gaussian to an 'initial' station lm from 

the horns. The assumption was that over a short distance of lm the initial Gaussian 

signal would not suffer sufficient distortion to change the statistics to non-Gaussian. This 

assumption may be found to be adequate for the statistics of u but clearly it is likely to 

prove a poor assumption for du/dz and liiglier derivatives.

In their numerical calculations they investigated many different initial waveforms eacli 

having the same energy spectrum but different random phase distributions. Although 

they noted resultant changes in the spectra with time they concluded that the 'initial 

phase distribution was not of major significance in nonlinear propagation provided it was 

random'.
In the present work the changes in the wave statistics were similarly studied and 

in particular the difference in the energy spectrum at various times arising from waves 

having initially Gaussian statistics to those having initially non-Gaussian statistics. A 

further comparison was made by re-randomising the phase of the signal to restore Gaussian 
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statistics after a later time interval tlian tliat re-randomised at an earlier time.

A major difference between tlie Pestorious algorithm and tlie Convolution method is 

that the latter is concerned with complex yet overall periodic wave trains at all times, 

whereas the former deals with a time marching procedure for the wave described as a 

spatially nonperiodic distribution. In the Convolution Method calculations are made at 

selected values of time and do not involve tlic usual finite difference techniques involving 

spatial grids and time marching procedures as used in tlie method of Pestorious(1973).

At first siglit it appeared that the results using tlie Convolution Metliod for the prop­

agation of nonlinear periodic plane waves could not be compared with the results of tlie 

Webster and Blackstock experiments and the corresponding numerical results based on 

the Pestorious algorithm. This was because they propagated spherical waves with differ­

ent boundary conditions and included the effects due to diffraction, whereas the CM dealt 

witli plane wave propagation liaving periodic boundary conditions and did not include 

any effects due to diffraction. Nevertlieless once it was realised that the major differences 

between tlie Webster and Blackstock experiments and their numerical results was in the 

assumptions connected witli the statistics of the initial wave at Im. it seemed appropriate 

to perform an independent calculation based on plane waves and to note the changes in 

waveform and spectra at various distances using different statistical assumptions for the 

initial waveform. Thus a qualitative comparison was possible between the present work 

and those of Blackstock's experimental and computational work. The results based on 

the Convolution method over the propagation distance of 80 m, are expected to be dif­

ferent in overall amplitude from those found in the Webster and Blackstock experiment 

but it is expected this is not to be of major importance since it only involves a correction 

to allow for spherical spreading and diffraction just as used in the Pestorious algorithm. 

Their initial signals (both experimental and computational) was almost of similar shape 

to the spectrum of test case 1 described in detail in chapter 6 which was propagated in the 

present work. Hence it was more easier to compare their results with the present calcula­

tion. It is conjectured that of greater importance is the difference between the results at 

various times obtained with different statistical assumptions for the initial spectrum and 

this difference is not affected by spherical spreading as opposed to linear propagation.

The long time behaviour of periodic and nonperiodic wave trains are very different 

and arise from the different boundary conditions Involved. An isolated wave packet prop­

agating in undisturbed air is referred to as non-periodic. A periodic sawtooth wave is 
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more influenced by the periodicity boundary condition than randomly placed sawtooths 

within a periodic domain. When a random periodic wavetrain propagates over a small 

time, its random shocks distort and 'bunch' witli neighbouring shocks within the periodic 

length. When a nonperiodic distribution of random sawtooth waves propagates the overall 

wavelength increases witli time. But since at least 3 zero crossings are required to form a 

shock, a maximum of 2 sliocks could be lost at botli ends for a wave consisting initially 

of more than 100 zero crossings. Tlie difference in waveform between the periodic and 

non-periodic case is small for small propagation times and can be neglected although at 

sufficiently large times the two cases are different. For the propagation over short dis­

tances it is possible to compare tlie present results for the periodic case witli Webster and 

Blackstock's experimental results, provided at least 40 zero crossings remain in the signal. 

It should be noted that in Blackstock's experiment the maximum propagation distance in 

the atmospliere was 80m. Tliis distance is such that only a small increase in tlie length of 

the distribution occurred. This is confirmed in Webster and Blackstock's(1978) numerical 

results, and from tlieir measured waveform distribution witli distance it is seen that not a 

single zero crossing lias propagated outside the initial sample lengtli in tlie distance of 80m. 

The number of zero crossings is however reduced due to the 'bunching' phenomenon, and 

this nonlinear process as well as the effects of spherical spreading reduces the amplitude 

of tlie wave train witli time.

If then a suitable method can be found to allow for tlie amplitude changes due to 

spherical spreading and diffraction there appears to be some justification in making a 

comparison between the experimental results of Webster and Blackstock and tlie numerical 

results using the present Convolution Method for the propagation of nonlinear periodic 

plane waves. The effective absorption is tliermoviscous. In Webster and Blackstock's 

experiment the effects of molecular absorption and lag effects were in fact small over 80m. 

As shown in figure 7.2 the differences between the results obtained for the sound pressure 

level at 80 m of the numerical model and in the experiment are large and of order 20dB 

in the high frequencies. It is argued here that this difference must arise from statistics of 

the initial waveforms being changed from non-Gaussian to Gaussian.
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7.3 Signals to be propagated using CM

In the Convolution method a similar initial broadband noise signal was used where the 

initial plane wave statistics were Gaussian. A number of different cases were evaluated as 

detailed below. Tliese include the case where an initial signal is Gaussian T = 0 and is then 

allowed to propagate a small distance. Tibs signal is then re-randomised to have Gaussian 

statistics and then recommences propagation to times equivalent to a distance of 80m and 

more. Tlie waveform and spectra are tlicn compared with that of the uninterrupted signal. 

The third case was investigated wlien the signal was interrupted at a later time and then 

re-randomised to have Gaussian statistics before recommencing propagation to 80m. The 

results for the 3 different cases are shown in figure 7.5 where:

(i) The signal is non-Gaussian at T = 8E - 07 and is propagated over a time T = 8E - 03 

(ii) Tlie signal is re-randomised and made Gaussian at T = 8E-07 and is then propagated 

over a time T = 8E - 03.

(iii) Tlie signal is re-randomised and made Gaussian at T = 8E - 06 and is then propa­

gated over a time T = 8E - 03.

7.4 Comparison of Gaussian and non-Gaussian initial sig­

nals

Tables 6.1 and 6.2 in cliapter 6 gives the values of the various parameters used for the 

reference signal. Webster and Blackstock's propagation distance was 80 meters which lies 

between the propagation times 8E - 07 and 8E - 06. The initial waveform containing a 

large number of Fourier components was numerically generated with random phase and 

with the amplitudes for each wavenumber (k) increasing like k' in the low wavenumbers 

and l/k? in the high wavenumbers. It also had a certain variance and a cutoff wavenumber, 

kr = 1000, and obeying Gaussian statistics as described earlier in chapter 6. The spectrum 

for this reference signal is shown in figure 6.3. Tlie procedure for solving BE using the 

Convolution method with periodic boundary conditions is the same as described in cliapter 

4. The initial Reynolds number was chosen as R = 500 which was found to be large enough 

and the results using this Reynolds number compare favourable with Lighthill's inviscid 

results for random sawtoothed waves. This waveform was allowed to propagate and the 

subsequent evolution of the spectra and waveforms were calculated for various times.
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Under nonlinear propagation resulting in nonlinear distortion an increase in the spec­

trum at higli wavenumbers occurs than were present at T = 0. The spectrum is therefore 

allowed to extend beyond the original cutoff wavenumber k? = 1000 upto the Nyquist 

wavenumber kM = 2096. The numerical results show that the spectrum falls as l/k2 as 

at time T = 0 and also in the range between k? and the Nyquist wavenumber. How­

ever due to nonlinear distortion the signal is now non-Gaussian since the signal becomes 

skew[see 6.8 in cliapter 6]. From the energy spectrum at T = 0 the number of positive (or 

negative) slope zero crossings can be obtained from Rice's formula described in chapter 6 

wlien the signal is Gaussian. In addition A(T = 0) can be determined. Tlius as the signal 

propagates from time T = 0 to T = Ti = 8E - 07, say, the spectrum falls as l/k' in the 

liigh wavenumber region. As time increases, the spectrum in the high wavenumbers be- 

come progressively more depopulated due to dissipation. In addition due to the bunching 

phenomenon the number of zero crossings is reduced, but Rice's formula can no longer 

be used since the signal is non-Gaussian. It is found however that the correction for the 

number of zero crossings for a non-Gaussian signal depends on the joint pdf between u and 

u which differ considerable from those for a Gaussian signal and is described in Appendix 

H. Kac(1964) has presented the correction to Rice's formula but this correction depends 

on knowing the joint pdf.

If the case is now considered where the signal has been re-randomised [case (ii) de- 

scribed in section 7.3] at T = Ty - 8E — 07, wliere the re-randomised signal lias the same 

spectrum and variance, it is immediately noted that changing the statistics from non- 

Gaussian to Gaussian imposes important changes to the waveform. The re-randomised 

signal (ii) at T = 8E - 07 and the uninterrupted signal (i) are shown in figure 7.4 (a,b) 

respectively, from whicli it is clear that re-randomising the signal results in more zero 

crossings. Tlie uninterrupted signal 7.4a at T = 8E - 07 shows that the number of zero 

crossings are reduced from that at T = 0[the signal at T = 0 is shown in figure 6.4 in chap­

ter 6], implying that at T > 0 tlie strong shocks overtake the weaker ones even before the 

average shock formation time, and ' bunching' has taken place. Thus the shock formation 

time for each wave is different. Thus the signal at T = 0 truncated at kr, produces high 

wavenumbers due to nonlinear distortion and the number of zero crossings at T = 8E -07 

are reduced. This signal [whicli is now case (ii) of section 7.3] at T = 8E - 07 has more 

zero crossings when re-randomised and made Gaussian. The reason for this is that kr has 

now been changed from kT at T = 0 to Km at T = 8E - 07, the Nyquist wavenumber. 
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When ^ = 2, the number of zero crossings is increased by 40% for a spectrum falling as 

1/^2 at liigli wavenumbers. Wlien this re-randomised signal is allowed to propagate, the 

larger number of zero crossings produces more sliock waves, resulting in more 'bunching' 

wliicli leads to a greater population in the liigli wavenumber spectrum as discussed by 

Liglithill(1993). However this leads to greater dissipation and as time progresses the com­

bined result is a depopulation of tlie liigli wavenumber components in the spectrum than 

in the uninterrupted signal. This is clearly shown in figure 7.3 by comparing the upper 

and middle rows at values of T = 8E - 04 and T = 8E - 03.

If next the initial signal (i) is interrupted at time T2 = 8E - 06 where T2 > Ti and 

re-randomised [case (iii)] with Gaussian statistics, then it is found that the number of zero 

crossings will of course be greater tlian the number of zero crossings in the uninterrupted 

signal at the same time. Thus it is found that the liigli wavenumber part of the spectrum 

decays faster than that of the uninterrupted signal and also the signal interrupted at 

T = 71. Tliese changes in tlie liigli wavenumber part of tlie spectrum do not greatly 

change the total energy, which according to the 'bundling ' theory is found to decay as 

1/t for the plane wave propagation.

From figure 7.5 the energy spectrum for (ii) falls faster over all wavelengths than (i). 

The energy spectrum for (iii) falls faster than botli (i) and (ii). This is consistent with 

tlie energy decay falling faster for a Gaussian signal than for a non-Gaussian signal. The 

spectra in eacli of the cases (i), (ii) and (iii) have been averaged over 3 realization involving 

different random phases. In order to obtain a smooth spectrum it would be necessary to 

average over many more realizations. Though the numerical metliod is accurate since the 

method has been validated (see chapter 4] it is clear that at any time the energy spectrum 

cannot not be smootli because of the sines and cosines arising due to nonlinear distortion 

described in chapter 6.

Thus it is conjectured that the differences in the high wavenumber spectrum in the 

Webster Blackstock(1978) experiment, is a result of re-randomisation from the source to 

the artificial origin at Im. These differences are very large and were shown in the high 

frequency region around 20kHz to be of the order of 18dB as seen in figure 7.2.

It is concluded that in any numerical simulation of an experiment concerning nonlinear 

propagation, the statistics of the initial signal must be known with great accuracy. The 

present work explaining the discrepancy of the results of Webster and Blackstock(1978) 

experiment and their numerical method show that it is a very poor assumption to assume 
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the initial signal is Gaussian at Im. from the source in the nonlinear propagation.

In an earlier paper by Pestorious et al(1974) it was argued that the statistics of the 

phase of the initial signal was unimportant but this was later to be found inconsistant 

with tlie numerical results of Webster and Blackstock(1978). It is also inconsistant with 

the present numerical results.
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Figure 7.3: Schematic processes of re-randomisation the reference signal at 2 different 

times.
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sample point

Figure 7.4: Signal at T = 8E - 07 (a) before and (b) after re-randomisation

7.5 Conclusion and summary

The present numerical algorithm has been applied to the propagation of initial random 

plane waveforms having a broadband spectrum, showing that the statistics of the signal 

change rapidly as a result of nonhnear distortion. It is shown that the phases in the 

initial random signal are important in the propagation of the signal at T > 0. Due to 

nonlinear distortion, the statistics of the signal rapidly changes from Gaussian at T = 0 to 

strongly non-Gaussian at T > 0. The reference signal was propagated and the spectrum 

due to nonlinear distortion at time T > 0 retained its l/k^ decay but is extended up to the 

Nyquist wavenumber, (^M). The 'bunching' phenomenon, whereby strong shocks overtake 

weaker shocks ones takes place at T > 0, even before the average shock formation time. 

The result is the number of zero crossings is reduced.

The difference of propagating a Gaussian and a non-Gaussian signal found in the 

present numerical calculations amounts to a significant change at the higher wavenumbers. 

When the propagating signal is interrupted at a given time and the signal is re-randomising 

with Gaussian statistics, it is found that with increase in time the spectrum at high 

wavenumber become rapidly depopulated. It is established that the reason for these 

change in the spectrum due to re-randomising arises from an increase in the number of zero 

crossings than present for the uninterrupted signal at the same time. Finally it is shown 

that the numerical calculation display clearly the effect of re-randomising the signal after 

interruption and the results are qualitatively consistent with Blackstock and Webster's 

experiment and their calculations based on an interrupted re-randomised Gaussian signal. 

Thus re-randomising the signal at T > 0 does not greatly effect the total energy, but does 

affect the dissipation and hence shortly afterwards the high wavenumber components are
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Figure 7.5: Comparison of the evolution of the spectra. Cases (i), (ii), (iii) correspond 

respectively to the reference signal, interrupted at Ti = 8.0E - 07 and 7% = 8.0E - 06. 

Propagation times are T = 0, T = 8E - 07,8E - 06, 8E - 05, 8E - 04 and 8E - 03.
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rapidly depopulated. Tlie differences in level in the higl i wavenumbers found here were 

similar in magnitude to tliose obtained in the Blackstock and Webstei s computation and 

experiment at a given distance from tlie liorn array. The difference in < u >2 over the 

distance of 80 m results mainly from spherical spreading. In the present case of plane 

wave calculations, the decay in < u >2 is smaller. However in the corresponding spectra 

the changes are large between the uninterrupted signal and re-randomised signal.

In conclusion, it was found that at a liigh Reynolds number, the power spectrum of 

the evolving waveform depends critically on tlie pliase statistics of the initial waveform, 

once the time exceeds tliat of the sliock formation time.
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Chapter 8

Comparison of the propagation of 

random noise with Lighthill's

inviscid theory

8.1 Introduction

In cliapter 7 the difference between the propagation of an initial Gaussian signal and an 

initial non-Gaussian signals has been considered. It is shown tliat nonlinearity affects the 

phase and hence phase is an important quantity in a random signal. This results in a 

gross change in the energy spectrum showing that a Gaussian signal decays faster than a 

non-Gaussian signal.

This chapter studies the formation of shocks during the propagation of different initial 

random signals at high values of the Reynolds number. Tlie results are compared with 

tlie 'bundling' tlieory introduced by Lighthill(1994) for the propagation of an assemblage 

of periodic sawtootlied plane sliock waves in tlie limit of inviscid flow. Liglithill s theory, 

which became available after this work on random waves was completed, also served as a 

validation on the numerical accuracy of the Convolution method.

In Lighthill(1978) there is a detailed discussion of the Witham-Lighthill theory of 

nonlinear wave distortion. The geometric construction of the distorted wave at any time is 

shown using the 'equal area rule' where multivalued solutions are replaced by shocks. The 

results show the position of shock waves at any time, and these results are in agreement 

with the solution to the inviscid Burgers equation. Lighthill discusses results for the 
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propagation of an arbitrary simple wave and shows that beyond a time 7%, which is 

the shock formation time, shock waves develop witli the expansion wave having a slope 

proportional to 1/t and tlie shock wave strengtli falls like l/\/t for the plane wave case. 

This result differs from the propagation of linear small amplitude plane waves whose 

amplitude remains independent of time. Results for cylindrical and spherical waves follow 

different laws and tliese are discussed by Lighthill and Witham.

In 1994 Lightliill returned to this problem and argued that the distortion of the ar­

bitrary simple wave whicli asymptotically degenerates into an N wave differs from the 

nonlinear distortion of a periodic assemblage of random sawtootli waves. Sucli a set of 

random sawtooth waves could liave evolved from a train of random waves of large am­

plitude after a time In tlie latter case tlie periodic length of tlie waves is fixed at 

all times where as in the isolated wave case the distance between the bow and the stern 

wave increases witli time. In botli tlie isolated and periodic cases, Liglitliill sliows tliat tlie 

variation of u(T,t) in a frame moving at the local speed of sound is found from solutions 

to the inviscid Burgers equation with different boundary conditions in eacli case. Liglitliill 

furtlier discusses tlie kinematics of tlie propagation and distortion of tlie assemblage of 

random sawtootli waves. Tlie periodic case treated fry Liglitliill is a pai ticulai case of tlie 

present numerical work in tlie limit of R — > 00. Tlie conclusions reaclied by Liglitliill are 

described here and are of importance in comparison with the numerical results discussed 

below.

Lighthill considers the case when the initial complex random wave train is overall 

periodic and comprises a series of sawtootli waves of random amplitude with a large 

number of wavelets in a period. As time progresses sucli a shock system is shown to 

distort and the stronger shocks overtake weaker shocks and engulf tliem. However tlie 

sawtooth profiles of the individual waves are retained; the main changes are that the 

amplitudes decrease and the number of individual sawtoothed waves is reduced. Lighthill 

shows that the expansion waves of ramp like form have a slope of 1/t in the z - t plane 

and all waves irrespective of their amplitude maintain this ‘slope’ at any given time. Thus 

Lighthill shows that the mean square of the amplitude of the shocks decreases as 1/t. This 

is compared with the attenuation of plane shocks, which follow the amplitude decay law 

1/\/t in the non-periodic case. A further observation of Lighthill for the random periodic 

waves is that the mean energy does not follow a l/t" law. Due to the bunching of shocks 
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with time each shock addition provides an increase in energy in the high wavenumber 

range and thus the mean energy instead of falling like l/t2, decreases approximately as 

1/t was found by Lighthill from a numerical example.

Tlie total shock strength, wliicli is the pressure difference in either side of the shock, in 

a period, Zn, where Zn is the strength of tlie n' h shock, is found by summing the strengths 

given by y]f z,, = L/t, where L is the overall periodic length. This suggests that on an 

average the amplitude of eacli shock wave decays as 1/t due to the effects of nonlinear 

distortion. But for the isolated wave case Lighthill and Witham showed as discussed above 

that shock waves decay as l/\/t. Tlms it appears that a difference exists between the decay 

rate of an isolated sawtooth wave and the corresponding decay of the sawtooth wave in 

a periodic assemblage of such waves. Lighthill refers to this difference in decay rates and 

argues that the paradox arises from neglect of the 'bunching' phenomenon. He shows 

that when account is taken of the weaker shock waves being absorbed into shock waves of 

greater amplitude the result is that shocks decay at a rate less than 1/t. This is confirmed 

from a simple numerical analysis based on an initial assemblage of 25 shock waves where 

it is shown that tlie decay in shock strength is approximately proportional to 1/\/t which 

is exactly that in the isolated sawtootli wave case. In tact it follows from the result given 

above that altliough at any one time the sum of the shock strength is proportional to L/t, 

account must be taken of tlie decrease witli time of the total number of shocks in the 

period arising from 'buncliing'. It is easily shown that tlie number of shocks at any time 

decreases as l/^/t and hence Lighthill's formula is in complete agreement with his simple 

numerical result and, as shown later, the results of this work based on the Convolution 

method.
Hence on average the shocks decay like l/\/t exactly as for the isolated case. The 

existence of a high frequency content of the noise spectrum is essential to satisfy the 

increase in dissipation that must occur due to 'bunching'. It is not surprising that the 

decay of the assemblage of sawtooths in the periodic case liad a different rate of decay 

from that in the isolated case.
The reason for the apparent paradox between the 1/t and the l/i/t amplitude decay 

laws for shock strength is easily explained. As stated above Lighthill finds ISi' Zn = L/t 

for the sum of the shock strengths covering a periodic length L at any time t. But it is 
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argued here that the average shock strength is

where L/N is the average distance between shocks. However the number of shocks in the 

assemblage decreases on average as l/\/t so tlie average shock strength decreases not as 1/t 

but as l/\/t in agreement with Lighthill's findings from his numerical example. The results 

from this study, reported below are shown to be in good agreement with those of Lighthill.

Tlie Fourier transform of the N wave was considered. This was because the Fourier 

transform of the N wave is similar to each individual wave present in an assemblage of 

sawtooths was first considered. The energy spectrum for the N wave has been discussed 

earlier by Johnson and Robinson(1967) and by many authors such as Pierce(1981) and 

Blackstock(1970). Tlie above authors have considered the energy spectrum for both pure 

N-wave and an N-wave liaving a specified shock thickness or rise time. It is found that 

the low wavenumber spectrum Increases as k^ and tlie higli wavenumbers decrease as 

1/^2. The expansion wave is of length L - 2A where A is the shock thickness which is 

proportional to A, where A is the Taylor microscale. The k? spectrum reaches its peak 

at a wavenumber, kp, corresponding to the half width of the N-wave and beyond k p the 

spectrum oscillates between l/k2 and 1/^4 and is discussed in chapter 6 [see figure 6.7]. 

This continues until a wavenumber corresponding to the shock thickness is reached where 

the envelope of the spectrum falls as l/k4 even though the spectrum continues to oscillate. 

The complete spectrum Involves the incomplete gamma function which provides all the 

details of the rapidly changing energy levels from one wavenumber to the next. In the case 

of the pure N-wave tlie envelope of the energy levels follows the law l/k' to k > oc. As 

expected, such a wave suffers the entropy catastrophe in which there is a sudden increase 

in entropy and an infinite rate of dissipation. Thus all practical N-waves must have shocks 

of finite thidmess and the above results show the break in the spectrum from l/k2 to 1/^4 

occurs at a wavenumber equivalent to the shock thickness of A.

The results obtained from the present work using the Convolution method at high 

Reynolds number, where the shock wave are of small thickness, can then be compared with 

Lighthill's results for an assemblage of sawtoothed waves in the special case of inviscid 

flow.
The present numerical results for the propagation of an initial random noise signal for 
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large value of R were found to resemble an assemblage of sawtoothed waves having small 

tliickness beyond tlie shock formation time.

It, is important to mention tlie decay rate of series of sawtooths of equal amplitude in a 

period. In this situation, the number of waves in the period remains independent of time 

as can be proved by equal area rule of Lighthill and Witham. However nonlinear effects 

still remain and tlie amplitude of the shock waves decreases as 1/t instead of 1/\/t.

8.2 Amplitude decay laws

The present work concerns the nonlinear propagation of an assemblage of periodic plane 

waves. Unlike the propagation of acoustic (linear) waves, which in the non diffusive limit 

travel without loss in amplitude, periodic nonlinear acoustic waves decay in amplitude as 

tlie wave propagates witli time. The amplitude decay laws for isolated N-waves, whicli 

are plane, cylindrical or spherical, are shown in the table 8.1 below. These results have 

been obtained by Lighthill(1978), Crigliton et al(1992), and others. The results shown 

in table 8.1 liowever require some explanation since all of them have been derived using 

inviscid theory. Tlie amplitude decay of shock waves in these cases arises from nonlinear 

interactions where tlie sliock waves, in the inviscid limit, are pure discontinuities. However 

even in this limit a finite increase in entropy is generated as determined by the Ranklne- 

Hugoniot relationship. There is tlius a finite dissipation of energy and the result is an 

amplitude decay in time of tlie shock. It is the finite increase in entropy that results in 

the amplitude decay laws in the inviscid limit for each of the three different types of shock 

waves examined in table 8.1. The variable 't' refers to the distance propagated by the 

wave. (The discussion here has concentrated on the entropy rise for a single N wave.) 

The physical explanation holds also for the assemblage of sawtoothed waves. Results 

for the periodic case are restricted to the case of plane waves and have been derived by 

Lighthill(1994).

8.2.1 Description of the random sawtooth waves

In investigating the nonlinear propagation of random noise of high amplitude an initial 

signal as a function of c was cliosen having a zero mean and whicli had a periodic length 

= L. It contained a large number of zero crossings. The wave distribution was part of a
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Table 8.1: Amplitude decay laws for the isolated N wave

Plane 1/7F

Cylindrical l/r3/4

Spherical l/rVlnr

large ensemble of sucli random waves but since each member of the ensemble contained a 

large number of random waves it was possible to use the ergodic hypothesis and consider 

the time development and the statistics of just one realisation over one period of length L. 

The initial wave had a prescribed power spectrum and the phase of its velocity components 

in X was randomised. Tlie initial signal was comprised of individual waves of different 

amplitudes and different distances between adjacent zero crossings. The only difference 

between the present work and LighthiU's is that in the present work an initial signal is 

Gaussian, whicli due to nonlinear distortion at T > 0 becomes non-Gaussian. In Lighthill s 

case the initial distribution is an assemblage of randomly placed sawtooths which is non- 

Gaussian. The maximum positive and negative slopes du/dt throughout the distribution 

at t = 0 althougli not equal were unlikely to be subjected to large variations and it was 

assumed their root mean square values was representative of their peak values. Thus the 

initial signal could be characterised by its kinetic energy < ¥ >, and < ^ > The 

<... > denotes an ensemble average but in this study < u' >= ^fc u2(z)dc, its mean 

square value. The energy equation in this work based on Burgers equation is

d<u2 > 
dt 2

where the rate of dissipation of energy, €, in its dimensional form is given by 

€ = Ue < >2. Defining (/>(fc,t), is a complex scalar quantity, as the wave energy 

density such that
< u? >= / (/)(k)dk

it is found from the Burgers equation that the flow energy in the wavenumber space is 

governed by the equation
+ ikr(k) = -2i,efc2(#,(fc) (8.1) 

dt
where r(k) is the transfer term correspondmg to the nonUnear term (udu/dz) in Burgers 

equation. These values were sufficient to determine the number of zero crossings in the 
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initial signal over a period.
E^Lv k2E(k)
Z]^! E(fc)

Now the shock formation time
1

du) 
dr/min 

is governed by the maximum slope in the initial profile and as discussed above it is con- 

venient to approximate this in the case of a random noise signal by

\dz /t=0

(\/< >)t=0

a result having a simple physical explanation. It is just the time for the average speed 

\/< U2 > to travel the distance A in the moving frame at the speed of sound resulting from 

nonlinear distortion.

For times t > t sthe distorted wave pattern resembles an assemblage of sawtoothed 

waves of random amplitude all having the same slope of their expansions ~ 1/t and near 

discontinuous shock waves. In the present study at finite but large Reynolds numbers 

the shock thickness was finite and was of order A, sliowing that all dissipation processes 

were confined to the shock itself. As time advanced the number of shocks were shown to 

decrease [refer to chapter 6 in figure 6.11 (a,b,c,d) ] as shocks of greater strength engulfed 

weaker shocks by the 'bunching' process described by Lighthill(1994). It is shown that the 

energy decayed as 1/t. It is to be noted that Rr [see Appendix N] becomes independent 

of time for t > t sand although its value differs at t = 0 the differences are not great. Thus 

Rr is an important parameter for this study and represents the relative importance of 

nonlinear steepening to viscous broadening. All the results obtained in this study showed 

that when the computational Reynolds number R was of the order of 500 the results 

were approaching those of a very high Reynolds number with shocks of small but finite 

thickness.

8.2.2 Comparison with Lighthill's inviscid theory for test case 1

The results for test case 1 described in chapter 6 were obtained using the Convolution 

Method for finite, but* large, R = 500 and showed a similar wave distortion with time 

to that obtained analytically by Lighthill(1994) for the case of infinite Reynolds number. 

180



An important conclusion from Lighthill's theory, which is in agreement with the present 

numerical results, is that althougli the amplitude of individual shocks is attenuated as 

1/t, the mean energy does not vary as l/t2 and is indeed close to 1/t. As Lighthill(1994) 

explains ' ....the 'bunching' process, in short, significantly enhances the high wavenumber 

part of the noise spectrum'. Results from the numerical calculations are shown in figure 

8.1 where the average kinetic energy falls approximately as 0(l/t), in agreement with 

Lighthill's results. Figure 8.2 shows results for a lower Reynolds numbers of R = 100 

and R = 200 where tlie decay is ~ 1/t after tlie shock formation time and continues 

approximately as 1/t. At smaller times the kinetic energy remains almost constant and it 

is in this time interval t < t^ that strong nonlinear distortion of the initial signal takes place 

resulting in the formation of an assemblage of sawtooth waves. The results shown here are 

accurate since a number of realizations with different initial pliase have been propagated 

retaining Gaussian statistics. These results have been averaged over 2 realizations and 

plotted.

Figure 8.1: Evolution of average kinetic energy for Test case 1 at R - 500. Dashed line 

corresponds to 1/t decay.

8.3 Effects due to Reynolds number for test case 1

The effect of varying the Reynolds number on the shock formation time was investigated 

for test case 1. It was shown that with increase in Reynolds number the shock formation 

time was unchanged. The shock thickness was reduced witli increase in Reynolds number 

but at all times the thickness of shock waves remained small compared with the distance
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Figure 8.2: Evolution of average kinetic energy for Test case 1 at R = 100 shown by the 

dotted line and R = 200 shown by the solid line. Dashed line corresponds to 1/t decay.

between adjacent shocks. Reynolds number changes were observed especially in the high 

wavenumbers, being associated with viscous dissipation setting in and depopulating the 

tlie high wavenumbers.
Figure 8.3 shows the spectra of test case 1 for two different Reynolds numbers of 100 

and 600 respectively. It is seen clearly that the Reynolds number effects are seen only 

in the high wavenumber part of the spectrum. The low wavenumber region is almost 

unaffected by Reynolds numbers and thus independent of it.

8.4 Conclusion and summary

The numerical results from Burgers equation using the Convolution Method for the non- 

linear propagation of an initial periodic random waveform showed how under nonlinear 

distortion the waveform soon reduced to a series of sawtootl i waves of random amplitudes 

have shown the development of pseudo-sawtoothed waves beyond the effective shock for- 

mation time. For test case 1 it is seen that beyond the shock formation time, the amplitude 

falls as 1/t. Upto this time the energy remains almost constant and the wave distorts to 

form sawtooths. Results agree for test case 1 at high Reynolds number of 500 with the 

recent work of Lighthill for the propagation of inviscid random sawtooth waves and the 

consequent 'bunching ' with energy decaying as 1/t. The slopes are proportional to 1/t. 

It has been shown that these slopes are constant at any particular time. It is seen that for 

the low Reynolds number case the energy is ~ 1/t in some time range after the average
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Figure 8.3: Effects of Reynolds number on test case 1 with time (i) R = 600, (ii) 

T = 0,8.0E - 07,8.0E - 06,8.0E - 05,8.0E - 04,8.0E - 03 respectively

1 = 100.
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shock formation time after which it falls more like l/t3/4 it is shown that the Convolution 

Method can give results over a wide range of Reynolds numbers, and in particular at very 

higli Reynolds numbers where tlie solution approaches the inviscid limit. The viscous ef­

fects for this large Reynolds number are confined at the vicinity of the shocks and provide 

the necessary dissipation mechanism and thereby prevent discontinuities for the shocks.

Numerical results from the present work have sliown that propagating a sawtootli 

wave in an isolated medium is similar to propagation of periodic sawtooths. This is an 

important result wliicli had been raised by Lighthill in his work on random sawtoothed 

waves. Thus tlie 1/t decay of Lighthill for both tlie isolated wave and the random periodic 

waves lias been confirmed.

The effects of Reynolds number is discussed and it is shown that Reynolds numbers 

effects are observed only after a certain wavenumber in the spectrum. It is shown that 

the low and high Reynolds number spectrum gradually diverge. Tlie low wavenumber 

region is almost unaffected by Reynolds numbers and thus independent of it. Results at 

low wavenumber would produce different effects but only in those cases where the shock 

thickness becomes of the same order as the distance between adjacent sliocks.
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Chapter 9

Discussion and Conclusions

Introduction

Although there have been many studies on finite amplitude noise, there have been very few 

attempts at the prediction of the finite amplitude changes in a random initial signal with 

distance from the source. The present work has been undertaken with the main objective 

to investigate the complete physical processes whicli take place during the propagation of 

a complex wave.

This study has investigated tlie various aspects of the propagation of a finite ampli­

tude noise signal with time for a class of waves which have initially a Gaussian probability 

distribution. The early history of nonlinear acoustics has been examined and a full deriva­

tion of the finite amplitude acoustic wave equation is described starting from the exact 

equations of motion. The ray or geometric acoustic approximation for nonplanar waves is 

discussed and it is shown that the propagation of nonplanar waves along a ray reduces by 

a simple transformation to the Burgers equation.

Use of different numerical methods

The fundamental processes governing the formation of shock waves, such as the populat- 

ing higher wavenumbers in the spectrum due to nonlinear effects followed by depopulating 

the higher wavenumbers due to viscous dissipation have been investigated using differ­

ent numerical methods. Initially Spectral methods and the FFT method were used to 

compute the propagation of simple waves but failed to resolve the wave structure near 

discontinuities. The spectral method is suitable for low Reynolds numbers only and par­

ticularly for single waves. However the method breaks down near discontinuities. Even 

the low Reynolds number cases dealt with did not give accurate resolution for the case of 

sawtooth waves. The FFT method could be used for simple initial conditions beyond the 
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shock formation time and hence it was an improvement over the spectral method. The 

method however could not be used for higher Reynolds numbers. The main difference 

between the 2 metliods is that the spectral method solves the nonlinear Burgers equation 

in the spectral domain whereas tlie FFT method solves the linear diffusion equation in 

the spectral domain. Thus the spectral method breaks down very quickly when a discon­

tinuity approaches, whereas tlie FFT method solves the linear diffusion equation where 

no discontinuity arise but fails when the Cole-Hopf transform is made at the shock for­

mation time to get the nonlinear solution of the Burgers equation. Thus botli methods 

are unsuitable to predict wave structure evolution as R - > oo. Tlius the attack on the 

liigli Reynolds number problem for all waveforms necessitated the development of a new 

numerical metliod whicli has been called tlie Convolution method(CM).

Calibration against Cole's exact solution

Preliminary studies on simple waves were first performed to isolate the effects of distortion 

due to nonlinear steepening and thermoviscous broadening. The simple waves used in these 

studies included the single cycle sine wave, and the single cycle sawtooth wave.

In all these studies periodic boundary conditions were used and hence the numerical 

methods for botli these simple waves and the more complex wave which was studied 

later on could be calibrated against the exact Cole's solution. It is shown that nonlinear 

steepening, formation of the shock wave and the viscous broadening is different in each 

case. In these periodic waves it was shown in agreement with Cole's(1951) solution that 

the waveform reduced asymptotically to a sine wave of vanishingly small amplitude.

Nonlinear dependence on the initial waveform for simple waves

The investigation on different waveforms showed that the structure of the wave during 

its early evolution depended critically on the initial waveform. Thus whereas the single 

simple sine wave steepened into a mid position shock wave, a sine wave of opposite polarity 

formed shock waves at the boundaries. However in all cases at large times all waves reduced 

to a sine wave of vanishing small amplitude. It was found that for all the initial waves 

examined energy was transferred between the fundamental and the higher wavenumbers 

by the nonlinear mechanism. But it was seen that in the case of an initial sawtooth 

whose polarity is reversed, there is a feedback of energy into the fundamental after which 

the energy is transferred to the higher harmonics and a shock begins to develop. As time 

increased viscous effects depopulated the high wavenumber spectrum and the wave at very 
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large times reduces to a sine wave of small amplitude in agreement witli those predicted 

analytically by Cole.

A class of more complex periodic waves have been studied whicli represents waves 

initially of finite amplitude only for a fraction of the overall period. These are referred to 

loosely as single cycle isolated waves. Initially sucli waves propagate outwards and only 

wlien their fronts reacli the boundaries do tliey liave the structure of periodic waves.

The Convolution method

Tlie Convolution method is a numerical solution to tire Burgers equation which involves 

tlie Cole-Hopf nonlinear transformation. It reduces Burgers equation to tlie linear diffusion 

equation in whicli the boundary conditions are related to those of Burgers equation in the 

physical domain. Hence the numerical procedure involves an infinite integration in which 

the integrand includes an infinite 'Gaussian bell'. Higli Reynolds number solutions using 

the CM have been compared witli exact solution obtained numerically from the inviscid 

Burgers equation including the shock formation characteristics and the 'shock formation 

time'. From the comparisons it was found that tliere was little difference between the 

results from the Convolution method at R> 1000 and the exact inviscid solution. The 

conclusion from the preliminary studies is that Convolution method is a robust numerical 

tool to describe nonlinear finite amplitude complex wave propagation at high Reynolds 

number.

Evolution of superimposed harmonic

A number of previous studies have been concerned with waveforms containing a fundamen­

tal and its second harmonic. Thus before investigating the evolution of general complex 

waves the Convolution method was used to study the distortion of a sine wave with super- 

imposed harmonics of varying amplitudes and pliases. For the periodic case it was found, 

in the initial times before the shock formation time, that the nonlinear distortion resulted 

in the development of cusps in the wavenumber spectrum arising from the zero crossings 

in the Fourier coefficients of tlie developing wave. It is sliown how they arise from the 

nonlinear term due to the 'sum and difference' mechanism of the harmonics and occur 

only up until the shock formation time.
It is shown that the interaction between an nth harmonic of u with an mt h harmonic of 

du/dz generates contribution to wavenumbers such as (n + m) and (n - m) respectively. 

Once a harmonic is superimposed on the fundamental the harmonics no more alternate 

because the harmonic add and subtract with the fundamental and the harmonics of the 
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fundamental whicli at a particular time reduces the amplitude of the liarmonic to zero, 

tlms forming a tups'. It is shown that for the superimposed harmonic more cusps were 

formed witli increase in tlie wavenumbers. The interaction between the fundamental and 

liiglier harmonics, the 2nd harmonic and liiglier harmonics is even more complicated. After 

the 'shock formation time ' when tlie viscous effects dominate the nonlinear effects, no 

cusps are formed and the spectrum behaves smoothly similar to that of tlie sine wave. 

Thus for any superimposed liarmonic the nonlinear effects result in a complex sum and 

difference meclianism, in wliicli phase reversal of the Fourier coefficients take place. But 

once the shock is formed for any superimposed harmonic, the Fourier coefficients obey 

Cole's solution witli phases alternating.

The cosine wave of various amplitudes was superimposed on the initial sine wave and 

the spectral evolution was studied. It was found tliat once the amplitude of the harmonic 

increased a critical value, 'cusps' occurred, but the spectral characteristics was different 

from that of the superimposed sine harmonic.

Comparison of superimposed harmonic with analytic results

These results were compared witli the results of Wu(1991) for a sine wave having har­

monic in phase with the fundamental. It is shown that the 'cusps' only occur when the 

superimposed harmonic is in phase witli the fundamental in agreement with Wu's analytic 

results. The present work includes the third and liiglier harmonics and shows that cusps 

occur for all higher harmonics, whereas Wu work is restricted to the cusping phenomena 

for the 2nd harmonic only. Wu also shows that no cusp arise wlien the harmonic is in 

opposite phase witli the fundamental and these results are similar to that found in this 

investigation. Tlie cusping phenomena has been explained in terms of the Fourier series 

and the Fourier coefficients which results in the 'sum and difference' mechanism arising 

due to the nonlinear effects. This results in a redistribution of energy in the wavenumbers 

due to the nonlinear distortion. Furtlier results showed that when the phase difference 

varied between 0° - 180°, the cusps progressively reduced and were absent completely when 

the phase was 180°. It was also sliown that no cusps occured after the shock formation 

time in any superimposed waveforms considered in this work whicli is an important result 

uncovered in this investigation. Hence it is possible to predict the shock formation time 

by observing the wavenumber spectra with time. These results regarding nonlinear inter- 

actions led naturally to a deeper understanding of the nonlinear effects for more complex 

waveforms.
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It was now clear tliat tlie numerical Convolution metliod could t)e used with confidence 

to the nonlinear evolution of an assemblage of shock waves. In all cases the spectrum of the 

initial random single was chosen and its corresponding waveform in the physical domain 

was obtained from its FFT. The cliosen spectrum liad random phase and the wavenumber 

amplitude followed a given arbitrary law. Two main cases were studied wliich are referred 

to as test case 1 and 2 respectively.

Scaling of the Reynolds number

In tlie case of single periodic complex wave studies tlie Reynolds number was based on 

the initial peak amplitude and wavelength. In the case of tlie multiple periodic random 

wave problems, no unique definition of the initial Reynolds number existed. A Reynolds 

number based on the mean amplitude and period was clearly unrepresentative for these 

test cases. It was therefore decided to include two different Reynolds number, the first one 

based on the mean amplitude and the wavelength corresponding to the peak wavenumber. 

The second one based on the mean amplitude and the Taylor microscale, A/Z, which was 

calculated from the initial prescribed spectrum. It is shown that the two are related for 

the given initial spectrum.

Validation of the random noise signal of test case 1

Test case 1 which is the ^2 increasing in the low wavenumber and l/k2 in the liigli 

wavenumber has been validated. Errors arising due to aliasing effects were eliminated 

by propagating the signal witli more zeros added and increasing the Nyquist wavenumber.

Description of the random noise signal

In the case of a set of random waves a sample length giving tlie digitised velocity con­

taining a large number of samples at equal spacings of distance is first selected. The 

amplitude and phase of the initial signal are described at each point. The correspond­

ing energy wavenumber spectrum is obtained at initial time. By means of the Cole-Hopf 

transformation the solution of the velocity distribution at t = 0 in the physical domain is 

transformed to the 0 distribution, where 0 satisfies the linear diffusion equation with the 

same Reynolds number, R, as in the nonlinear Burgers equation. The solution of 0 is then 

obtained by evaluating the standard integral solution of the diffusion equation. By use of 

this procedure all the normal errors associated with finite difference schemes are avoided. 

Once 0(1,t) is known the values of the velocity u(z, t) in the physical domain are obtained 

by using the inverse of the Cole-Hopf transformation. The effects of increase in Reynolds 

number simply add to the computation time required since the range of the quadrature 
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in finding 0(z, t) to the accuracy required is increased. The higher the Reynolds number 

the greater is tlie argument of the exponentials in tlic integrand of the integral for 0(z,t).

A detailed description of the spectral cliaracteristics with time for an initial random 

signal having a Gaussian probability distribution has been made for two completely dif­

ferent initial spectra along witl i the detailed description of this wave characteristics in the 

physical domain. Numerical calculations for the random signal have been based corre­

sponding to conditions in air at STP. The conflict between the nonlinear steepening effect 

and the viscous broadening effects is displayed and the results are found to be in agree­

ment witli tliose obtained by Cole(1951). At time / > 0 the nonlinear distortion resulting 

in the sudden population of energy into tlie liigli wavenumbers with a fall-off of 1/^2. It is 

shown that tlie number of zero crossings fall as l/i/t in agreement with Lighthill's theory 

for periodic random waves. At large times the waveform distorts and sawtootli like struc­

tures are formed. Beyond the 'shock formation time' these sawtooths merge according 

to Lighthill's ' bunching' phenomenon when the waves witli large amplitude overtake the 

waves with smaller amplitude and tlie number of zero crossings is thereby reduced. At 

still larger times the viscous dissipation takes over witli the wavenumber spectrum falling 

exponentially and the number of sawtooths being smaller in number. It follows that the 

waves at large time have a structure independent of the initial random wave. At still 

larger times, far greater than was possible in the present numerical work, it is expected 

that the wave will reduce to a single periodic sawtooth wave. This then becomes the initial 

condition for Cole's analytic solution where it is shown that ultimately all initial waves 

reduce to a single sine wave of vanishingly small amplitude.

The effects of nonlinear distortion witli time found for the simple waves was also 

present in the case of the multiple sawtooth waves. As time increased the sum and differ­

ence mechanisms resulted in the changes in both lower and higher wavenumber spectra. 

There are changes in the wavenumber spectrum with increase in Reynolds number in the 

high wavenumber spectrum and the shock wave tliickness decreases towards a near discon­

tinuity. The effects of Reynolds number on shock thickness is found by noting the change 

in the Taylor microscale with increase in R. It is found that throughout the propagation 

the Taylor microscale Reynolds number remains approximately constant with Rr ~ R. 

For all complex wave distribution examined the Taylor microscale is evaluated at the com­

mencement of propagation. For any complex wave it has been found that shocks quickly 

develop due to nonlinear steepening and that beyond the shock formation time the wave 
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evolves into an assemblage of sawtootlis waves similar to tliose analysed by Gurbatov(1991) 

and Liglithill(1994) in cases where viscous effects are neglected. Thus the energy transfer 

into the liigli wavenumber region shows the wavenumber interactions arising from sum and 

difference mechanism. Tlie sum wavenumber components form high wavenumbers and the 

difference wavenumber components form the low wavenumber region.

Althougli overall these changes liave resulted in nonlinear steepening and viscous 

broadening of the initial profile, nevertheless it is shown that the energy transfer mech­

anism from tlie initial discrete spectrum to a near continuous and finally back towards 

a discrete spectrum is highly complex. The growth of higlier harmonics of the spectrum 

due to the nonlinear effects resulting in the signal distortion and the gradual fall in the 

spectrum due to viscous dissipation at large times has been investigated.

Random noise signal of test case 2(i) and 2(ii)

In order to account for a substantial difference in the spectrum of the test case 1, test case 

2(i), which is the exponential spectrum, was propagated. Test case 2 is different from test 

case 1 since liowever much nonlinear distortion tries to produce a l/k2 spectrum in the 

liigli wavenumbers, < U >' falls immediately beyond t = 0 and lience the the spectrum 

falls more exponentially than l/k2 in the liigli wavenumbers. Though the truncation 

wavenumber is more than the truncation in the test case 1, the rate of dissipation is lower 

than in test case 1. Thus tlie rate of dissipation is found to depend on the shape of 

the initial spectrum. Another version of the exponential decay [test case 2 (ii)] spectrum 

was computed in order to account for a substantial difference from test case 2(i) and 

to demonstrate the effect of the nonlinear distortion and viscous broadening of a small 

change in the low wavenumber region compared with a very large change (amounting to 

60dB) in the high wavenumber end of the initial spectrum. Comparisons between these 

two exponential spectra showed that the case (ii) decayed faster than case 2 (i) and for 

large times the divergence increased in the high wave number region to more than their 

difference in the high wavenumber at time t = 0.

Effect of propagating a Gaussian signal with different phase values

When different initial phase were used to propagate the signal of test case 1 having Gaus­

sian statistics it was found that for any time the spectral decay in the low and high 

wavenumber components was the same irrespective of the initial phase value. This phe- 

nomena was exemplified by propagating the initial signal of test case 1 for atleast 6 different 

initial phase values.
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Spectra having same initial energy

When different initial waveforms having equal kinetic energy propagate to very large times 

it was found that ultimately at sufficiently large time they liad almost the same kinetic 

energy. This phenomena was exemplified in the comparisons between test cases 1 and 2(i). 

More numerical experiment need to be performed for different initial spectra having equal 

initial energy to conclude on this result.

The effects of Taylor microscale

Tlie effects of the nondimensional of the Taylor microscale, A/L witli time in the Propagas 

tion of the complex finite amplitude acoustic wave have been studied. It is shown that the 

clianges in A/L reflect the statistical properties of the signal for the higher moments espe­

cially in the skewness and flatness. The Taylor microscale A(0)/Z at time t = 0 for both 

test cases 1 and 2 has been computed where A/L for test case 2 is smaller than A/Z for 

test case 1. For t > 0, tlie Taylor microscale has been computed for test case 1 only. Tlie 

changes in A/L also result in the change in the kinetic energy and the rate of dissipation 

with time. It is shown that A is related to the shock wave thickness and is proportional 

to the average spacing between shocks. It is shown that the Taylor microscale, A/L and 

the number of zero crossings, nz are dependent on the skewness and flatness of the wave- 

form and its derivatives and that a knowledge of the skewness and flatness alone cannot 

determine the joint pdf and the values of A and ng. The waveform, its derivative and A 

can be determined from the 2-point velocity correlation function. It is shown that for an 

initial distribution corresponding to a given spectrum, A/! can be determined. Its role in 

the wave distribution process is far more important than the relatively small changes in 

the peak wavenumber with time.

For test case 1 it is shown the value of A/L first decreases up to the shock formation 

time and then increases approximately as \/t.

Rate of dissipation The rate of dissipation for both test cases is described and shown 

that the rate of dissipation depends on the initial spectrum. The choice of the truncation 

wavenumber kr affected the initial rate of dissipation and A/L. Comparing the rate of 

dissipation c for test case 1 and 2, it is shown that the rate of dissipation also depends on 

the initial shape of the spectrum.

The dependence of the rate of change of dissipation with time on the initial spectrum 

was studied. In test case 1, where the peak wavenumber fy = 32, the rate of dissipation 

first Increased by a small amount and then fell approximately as l/t2. On the other hand 
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in test case 2(i), where kp = 1, the rate of dissipation falls like 1/ti-5 from time t = 0. This 

results in the fall in kinetic energy for test case 2(i) immediately at t > 0 as t-3/4 instead 

of 1/t observed in test case 1. In the case of test case 1, nonlinear distortion extends the 

l/k' spectrum upto the Nyquist wavenumber immediately at t > 0, tliereby liolding the 

kinetic energy almost constant upto the average sliock formation time and then falls as 1/t. 

Tlius althougli during the early stages of propagation the total energy remains constant, 

the choice of the peak wavenumber and tlie truncation wavenumber and the initial shape 

of the spectrum controls the dissipation function, c.

All studies on Burgers equation have shown that the dissipation mechanism, relate to 

tlicrmo-viscous diffusion, creates the relevant increase in entropy in finite amplitude waves 

as required by the Rankine-Hugoniot relations. The sites of rises in entropy are restricted 

to tlie regions of large negative velocity gradients. Elsewhere the changes in entropy are 

small and negligible. As Reynolds number increases so the shock waves become closer to 

near discontinuities.

Statistical aspects of the random signal

Soon after this work was commenced, Gurbatov(1991) described an analytic method used 

to Investigate tlie statistical theory of random waves in nonlinear acoustics. The numerical 

computations of the statistical evolution with time of a complex random waveform, which 

is initially Gaussian, have been performed and provide an alternative approach to that of 

Gurbatov. The present numerical studies consider the evolution of the high wavenumber 

spectrum resulting from the nonlinear propagation of random waves. It is found the initial 

Gaussian signal rapidly becomes skew(non-Gausslan) for botli the test cases 1 and 2. The 

detailed processes by wliich the initial Gaussian signal is transformed into a non-Gaussian 

signal, as a result of nonlinear distortion and the changes in the dissipation rate with time 

as a function of Reynolds number, have been described. The evolution of the signal mo- 

ments shows the increase in the skewness arises from nonlinear effects. The evolution of the 

bispectrum with time, which is Important for investigating the sum and difference mech­

anism of the harmonic wave number components, has numerically been computed. The 

area under the blspectrum, which defines the skewness, shows the distribution becomes 

more and more skew with time. At large times the blspectrum is of lesser importance 

since the waveform gets simplified and has a lesser number of zero crossings. Clearly when 

this number is small it is no longer possible to continue a statistical analysis.
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Comparison of the PDF's with Kraichnan's analytic work

The analogy between the distortion of finite amplitude acoustic waves and Burgers tur­

bulence suggested a comparison be made between Kraichnan's analytic studies relating 

to Burgers turbulence and the current numerical work. In the latter work the skewed 

distribution of du/dr is in agreement with the work of Kraichnan, showing that an initial 

Gaussian noise signal becomes liiglily non-Gaussian in its first and higher derivative. The 

signal waveform also becomes non-Gaussian. It is found tliat when the initial random 

signal propagates to very large time tlie number of zero crossings becomes greatly reduced 

and the waveform evolves into a random sawtootli witli a waveform far simpler in appear­

ance to that of the initial complex signal.

Comparison of Gaussian and non-Gaussian initial signals

Special attention is given to the state of the initial signal and in particular when ttie initial 

probability distribution of the signal is Gaussian as opposed to non-Gaussian. This case 

had evoked comment in tlie literature of nonlinear acoustic waves. One application in­

vestigated here is Blackstock and Webster's discrepancy that arose between their analytic 

model and experiments. It was shown that when a distorted signal is re-randomised it 

causes the spectra to decay faster than the original signal. This is because re-randomising 

amounts to a significant change at the liigher wavenumbers at later times . It is shown 

that re-randomising increases the number of zero crossings. It is shown that the phase 

distribution in the initial signal is important in the evolution of a random noise signal of 

finite amplitude. Re-randomising the signal with Gaussian statistics resulted in adding 

more dissipation due to increased 'bunching' which resulted from more zero crossings as 

given by Lightliill. Thus re-randomising the signal at t > 0 does not effect the total energy, 

but affects the dissipation and hence the high wavenumber are rapidly depopulated with 

time. In Webster and Blackstock's(1978) work it was suggested in a comparison between 

experiments and a computational model, based on plane wave propagation, that 'phase is 

not important in nonlinear propagation provided the noise is truly random'. In contrast it 

has been shown in this numerical work that the power spectrum of the evolving waveform 

depends critically on the phase statistics of the initial signal. The comparison with Black­

stock's experimental results involves making an allowance for spherical wave propagation 

since the present numerical algorithm is for one dimensional plane waves only. It is found 

that the equivalent plane wave propagation deduced from Blackstock's experimental work 
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involving spherical waves is in good agreement with the present numerical results for plane 

waves and hence is a qualitatively comparison. This confirms tlie importance of phase dis­

tribution in the initial signal. It is shown that tlie decay is faster for a signal which is 

initially non-Gaussian and made Gaussian after a small time when the signal has suffered 

nonlinear distortion.

Comparison of the propagation of random noise with Lighthill's inviscid 

theory

An important objective of tills investigation was to compare the numerical results obtained 

for a complex random waveform distortion at high Reynolds numbers with Lighthill's(1994) 

inviscid 'bunching' theory on the propagation of an assemblage of initially plane periodic 

sawtooth waves. An important first step was to summarise the energy decay laws for pe­

riodic and nonperiodic finite amplitude sawtooth waves as discussed by Lighthill's(1978).

Tlie reason for the apparent paradox between the 1/t and the l/\/t amplitude decay 

laws for shock strength for the periodic sawtooth wave has been explained from this inves­

tigation where the average shock strength decreases not as 1/t but as l/\/t in agreement 

witli Lighthills findings from his numerical example. This confirms that the shock strength 

decay as l/y/t holds in botli cases of the periodic boundary and isolated boundary con­

ditions. Thus from the numerical results for the propagation of an initial random noise 

signal for large value of R at t > t^ were found to resemble an assemblage of sawtoothed 

waves described by Lighthill's(1994). The propagation of these sawtoothed waves follow a 

1/t decay in energy in agreement witli Lighthill's results for sawtoothed waves in inviscid 

medium.

Comparisons were then made for the propagation of an initial arbitrary random signal, 

which developed into a set of random sawtooth waves, with the results of Lighthill's inviscid 

calculations. It was found that the energy for test case 1 for a high Reynolds number 

decayed as 1/t as given by Lighthill. But for lower Reynolds the energy follows the 1/t 

law upto a sufficiently long time after whicli it diverged from it by a small amount. From 

these results it was shown that the positive velocity gradients slopes at any time were 

constant and the 'bunching' of waves was clearly observed in agreement with Lighthill 

theory. The number of zero crossings is greatly reduced with time and asymptotically the 

complex waveform reduces to a single sawtooth wave of reduced amplitude.

Effects due to Reynolds number for test case 1

It has been found that nonlinear steepening of the random wave distribution in the phys­
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ical domain results in energising higher wavenumbers by the sum and difference mech­

anism. The process of thermoviscous broadening and resulting dissipation destroy the 

higher wavenumbers although sucli effects are confined predominantly to the vicinity of 

the shocks preventing them from being discontinuous. As Reynolds number is decreased 

the effects of thermoviscous dissipation increase and ultimately results in a decrease in the 

wave steepening. When the Reynolds number is increased the result is a change in the high 

wavenumber spectrum and in the physical domain such effects are confined to the shocks 

only, which become thinner. The low wavenumber spectrum almost remains invariant and 

tlie structure of tlie expansion waves remains almost independent of Reynolds number. 

For low Reynolds number tlie higli wavenumber spectrum falls almost exponentially with 

time. Tlie clianges in tlie high wavenumber end of the spectrum at large times for differ­

ent Reynolds number was shown by comparing results for R = 600 with R = 100. It was 

found that the spectra for botli the liigli and low Reynolds number remained invariant in 

tlie low wavenumber region as discussed above. At very low Reynolds numbers viscous 

broadening greatly exceeded nonlinear steepening and the signal decayed linearly reducing 

it to a damped acoustic wave of small amplitude.

9.1 Further Research

The current investigation into the characteristics of the nonlinear propagation of complex 

plane waves of high Reynolds number in a uniform and homogeneous medium can be 

extended in two main directions.

(i) To develop the present numerical method to include spherical and cylindrical prop- 

agation. This will involve certain changes in the Convolution method algorithm required 

to handle the case of isolated wave propagation. It would be necessary to show that in 

the case of spherical spreading the amplitude of random wave will on average decay as 

l/ri/n{ry as given by Blackstock (1964a). Although the weak shock theory described 

by Pestorious(1974) goes to some extent in describing spherical spreading, it would be 

important to extend the Convolution method for studies on these waves and to make 

comparisons witli tlie Pestorious algorithm. For sucli studies it would be more practical 

to treat radiation from a source rather than to investigate the initial value problem as 

investigated in the present work. This would involve a straight forward modification to 
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the present numerical programme and would not involve extra computation.

One of the cases tliat could be tackled would be the passage of a complex wave train 

passing througli turbulence. In this case tlie turbulence would be frozen during the pas­

sage of the wave trains and it would be necessary to derive the frozen turbulence velocity 

distribution along a ray from known atmospheric statistical data. Once the frozen turbu­

lent velocity distribution along a ray is specified the geometric acoustic equation can be 

solved by a step by step integration along the ray to find the evolved form of the acoustic 

wave train.

(ii) The general treatment of nonlinear nonplanar waves would be by the method of 

nonlinear geometric acoustics. This would involve the evaluation of the equivalent ray 

tube area first using the method of linear geometrical acoustics. A step by step method 

integrating along a ray could be developed to include atmospheric inhomogeneities such 

as absorption and variation in wind velocity.
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Appendix A

Spectral method

The spectral method used to solve Burgers equation [see Chapter 3] is based on the method 

described by Canuto(1987). Time marching at every time step is carried out in the spectral 

domain using the Adams-Bashforth method for the convective term and Crank-Nicholson 

metliod for the diffusive term. The truncated Fourier series pair for periodicity in =, as 

defined in Canuto(1987), are as follows,

u(zj) =

k=0

(A.1)0< j<N-1

0<k<N-l (A.2)
j=0

Differentiation for the first derivative du/dz is carried out in the spectral space, giving

du) 
dz/k

(A.3)= - ikuk

The second derivative is

fc2uk (A.4)\dT2 ) 
\ /k

Aliasing: When products of the form uduldx are transformed into the spectral domain, 

they generate high frequency components which, through a combination of the Fourier 

modes for a truncated Fourier transform will reappear as low frequency components. These 

spurious low frequency components alias the actual modes and destroy the solution. The 

nonlinear term can be written as

du 
"^ =

n=0m=0
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TV

3=0 

where 
N TV 

^^ — y°; UmUn + >UmUn 

n+7n=5 n+m=s+]V

The second term on the right hand side is the aliasing term.

Let fn and ff be (u^). and respectively. 

The first time step is the backward Euler method.

un+1 = ui - At[fn + ff]

The second time step is the second order Adams-Bashfortli for the convective and Crank- 

Nicholson for the viscous term.

un+2 = un+l _ At[^fn+1 _ 1yn) _ ^(ff+2 + ff+l)]

For all other time steps the third order AB for the convective and CN for the diffusive 

term is used.

un+3 = un+2 - At[^fn+2 _ ^(fn+2 + ^+1)]

0 0 0 2

At every time step an inverse transform of u(k,t) gives the solution to the Burgers equation.
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Appendix B

Spectral solution for the diffusion

equation

In cliapter 2 tlie solution to Burgers equation lias been obtained using tlie Cole-Hopf 

transformation. This involves the solution to the linear one-dimensional unsteady diffusion 

equation satisfying initial and periodic boundary conditions.

It is shown by reference to standard textbooks [Carslaw and Jaeger(1941)] on the 

diffusion equation that the solution to

° (Bl) 

with initial conditions 0(2,0) = 00 (z) and periodic boundary conditions is found using a 

combination of Laplace and Fourier transform methods. Using first the Laplace transform 

method with the Laplace operator, p, equation B.1 reduces to the subsidiary equation

pO = + 00(1) (B.2) 

where 0(2 : p) is the Laplace transform of 0(2,t). This may be solved by the method of 

variation of parameters or by using Fourier transforms on 2 and t and writing p = iw. 

Then
e(w,fc) =r;:^d^ (B.3) 

and its inverse Fourier transform leads to

0(T,t) = p 0o(() e*(=-Ue-„fc2tdfcd^ (B.4) 
27r J—00 J—00

But
fOC
/ cosk(2—^)e-" 'dk =V4^e (B.5)
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SO finally
=;^L%(€)exP -^t;rd^

with
d0(t, t) 

dz

as given in chapter 2.

(B.6)

(B.7)
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Appendix C

Fast Fourier Transform (FFT)

Method

Exact solutions to Burgers equation are obtained from the FFT method for moderate 

Reynolds number. Tliis method uses the Cole Hopf transformation and solves the diffusion 

equation in the spectral domain. Time marcliing for tlie diffusion equation is carried out 

in tlie spectral domain using the Crank Nicholson semi implicit scheme. Witli variables 

c,t the Burgers equation is

du du d'u (C.l)

Tlie non-dimensional form of the Burgers equation is 

u=u/U,z=r/Z,t = tU/l and R = UZ/z, 

the Burgers equation becomes

du _du 1 d2u 

The Cole-Hopf transformation is 

Rdo/dt 
“- 2 0 

wliere 0 satisfies the diffusion equation 

d0 _j^ 
dt Rdz2

with 0 <c< 1

The fully discretized equations in the spectral space are given as follows. 

The first time step uses the Euler method.

0n+l = on +

209



At is the non-dimensional time step.

01 = d2onydz2 = - k2en, k being the wavenumber

steps are

The second and subsequent time

2

0^1+2
R2 R 2

R r-+ R 2

+2 = 9':+i[2R - AEfc2]
[2R + Atk2] 

the scheme is unconditionally stable. For every time step an inverse transform of 0(k, t) 

and its corresponding 01 gives the solution to the diffusion equation. Knowing 0(1,t) 

and d0(a;,t)/dt and using the Cole-Hopf transform, the solution to the Burgers equation

u(i, t) for any time can be obtained.
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Appendix D

Newton's Raphson's Iterative

Method for the Exact Solution

This section gives the numerical method used to solve the exact inviscid equation using 

an iterative technique. The solution is computed from the solution of the transcendental 

equation using the Newton Raphson's method and is described below.

Tlie quasilinear parabolic equation wliich is the Burgers equation

du du d'u (D.l)

reduces to the hyperbolic equation

du du
+% (D.2)= 0

when v = 0.

If u(T,0) = f(t) then the solution to equation D.2 at any time t is

u(z,t) = f(2 - u(T,t)t)

Thus if

y = z - u(a:,t)t

then

u(z,t) = f(y)

and

y=z-tf(y)
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Hence for any (^,t), y can be found with

u(z.t) = (z - y)/t

Consider a special test case when

u($,0) = -sin(7rz).

For t > 0

y(z,t) = z + tsin(7ry)

wliicli is a transcendental equation in y for a given (c,t) 

This can be solved using the Newton Raphson iterative method. 

Let tlie test function be

F = y- z - tsin(7ry)

with

= 1 - t7rcos(7ry) 
dy

tlien

this iteration continues until

|F(y(n))| < Err

where Err is a specified error.

Once y(z, t) is known for a given (z,t) one can find

where the solution is only found in 0 < z < 1 where tlie periodic wavelength is unity.

Then for any time t, u(z, y) can be calculated.

It is noted that where u(z, t) is zero so y(z,t) = z for any time t.

The length 0 to Z which is the period of the waveform is divided into TV equispaced parts 

of length h so that

N

The solution is tripled valued for

z < 0 and z > 27r.
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The true solution discards the triple values and replaces them by a shock wave as found 

by Lighthill and Witham using the equal area rule. The shock formation time for the 

inviscid Burgers equation is given by

s/dU(T,0)

[see equation 2.41 in chapter 2] and in this case for u(z,0) = -sin(z) the shock formation 

time

ts = l/7r = 0.31

Tlius the velocity distribution steepens between t = 0 and t g and then quickly tends 

towards a ramp function or N wave witli reduced amplitude.
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Appendix E

Trapezoidal rule

This section contains the integration scheme used in the Convolution method. The eval- 

nation of an integral

Jb

defining the function /(%) at known values Ci, and with

f(zi) =

can be regarded as tlie integral in equation 4.5 in chapter 4. There is a sequence of Ci's 

denoted by to, =1,  ZN which are spaced apart by a constant step h, with

a:, = a +jh

where j = 0, 1,2,3 ...... n, b=a + nh then

/ f(i)dc=/'f(z)dz +/ f(z)d£+ ........../ f(T)dz

/ f(z)dz = -(fo + A) + ..............^(fn-l + A)
Jb 2 £

= 2 (fo + fn) + h(fi -I- fz +..fn-l)

is the trapezoidal rule. Hence the solution of the diffusion equation 4.5 and its derivative

4.6, was found using the Trapezoidal rule given above.
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Appendix F

Method of Stationary Phase

The effects of Reynolds number on the solution of Burgers equation for test case 1 are 

described in cliapter 8. It is sliown that for high Reynolds numbers, the solution of Burgers 

(equation requires the solution to the diffusion equation [see equation 2.52], 0(x,t) —> Oq 

for very small times. This can be proved using the method of stationary phases due to 

Stokes and Kelvin as described by Crighton(1979). The solution of the diffusion equation 

is [see equation 4.5 in chapter 4]

/ 0o(()ezp(—(=—^)2/4vt)d^ (F.1) 
\/47r7/t J-oc

Let

Here G is a large parameter, since t and / , are small quantities. Witli

h® = (2^2 — ^2)

equation F.l can be written as

Consider
7= / eo®exp (Gh®)d(. (F.2)

OC

If 00 is a smooth function of ( and provided h(^) is twice differentiable, it is seen that 

the maximum contribution to the integrand comes from the region surrounding h'(() = 0, 

where ^ = a. But since
h(^) = 2c^ -^2 (F.3)
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/J(^)=2z-2^ (F.4)

h"(() = -2 (F.5)

Hence h'(() = 0 when (= =, and so when a = z, ^'(a) = 0. Near ^ = a, a Taylor series 

expansiongives

/?'(0 = /i(a!) + (^ - n!)/i'(ck) 4—:   —h"(a) + (F.6)

Therefore A = (( - a), since h"(a) = 2 and d(/dA = 1, and

and since h'(o!) = 0

h(() h(a) = 2! /1 (a).

Let

with

Hence equation F.7 becomes

7 = 2eo(=)eGW) /°° e(-G^2)d;\. (F.7)

But
/ exp(-GA )dA = 2^

and substituting into equation F.l, the result is

/- -00(z)

e(z,t->0) = 00(1:)
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Appendix G

Derivation of the Energy Equation 

from the Burgers equation

The derivation of the energy equation from the Burgers equation is given below. It is 

required for the determination of the spectral behaviour of the energy in the wavenumber 

space. Burgers equation

du d2u du (G.l)

can be transformed into the corresponding energy equation as given by Canuto et al (1987).

Let us introduce the Fourier transform pairs u and u defined by

1 ,00 -
u(fc,t) = — / e-'fc=u(i,t)dz (G.2)

27r oc

and

u(T,t) = / u(fc, t)ezkzdk (G.3)

where the Fourier coefficient u(k,t) is complex. If equation G.l is multiplied by e-'^'/ZTr 

and integrate with respect to r from - oc to foe

(G.4)
dz

hence or

+ z,fc2ii(k t) = +1/ (k - k')u(k')u(k - k')dk' (G.5) 
00

From equation G.5 it is seen that the last term in the LHS contributes to the linear damping 

with time, whereas the nonlinear term contributes to the distortion in both space. The 
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energy equation is found by multiplying equation G.5 by its conjugate,

U*—— h z//b2uu* = iu*(k) / (k—k/)u(^/)u(k — k/)dk/.

/"OOU——hpk'uu* = iu(A:) / (A: - k/)u*(k/)u*(fc - k/)dk/.

But

E = uu*

is the spectral energy density and F is the nonlinear term. Tlie energy equation is

(d/dt + 2z,k2)E(k,t) = F(fc,t) (G.6)
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Appendix H

Statistical moments

The probability density function for a single random variable u with Gaussian statistics

is written as
(H.1)

The average, variance, skewness and kurtosis of u are related to the moments ofp. However 

for both Gaussian and non-Gaussian statistics these quantities are defined below in the 

pliysical and spectral domain.

Average :

(H.2)
7=1

Wlien the velocity u(z,t) is a zero-mean random process, the second moment is given by

Variance :
<u2 >=^£(Uj)2 =(,2 (H.3)

Standard deviation (cr) :

< (U,)2 (H.4)

Skewness :

J=1
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Flatness or Kurtosis :
(H.6) 

j=l

Non-dimensional form of the moments and the PDF:

The zeroth moment of the power spectrum is E(k), where ^ is tlie wavenumber. Since the 

non-dimensional form of is ^Z = 2irk where k is an integer then the zeroth moment of

Tlius the variance < U2 >, when u and z are non-dimensionalised with respect to Uref

E(k) is given by

Io =£E(k) (H.7)
1

and the second moment is

l2 =£k2E(k) (H.8)
1

and Zref respectively is 

and

< 1/2 >= 27rlo (H.9)

< >= (271)3/2 (H.10)

The statistics of tlie derivatives of U are similarly defined. Thus for a variance of 

<> the skewness is the found to be

S2 = . (H.11)
<>3/2

and the flatness

B. (H.12)

The statistics of higher order derivatives are similarly defined. The joint probability den­

sity function of tlie two random variables U and is P(17,^) where

//p(u, ^) dl/d (^) = 1. (H.13)

If the variables of U and ^ are statistically independent then

(H.14)
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If U = dU/dX then
<U2 > _ ff:oU2p(u)dU

< U2 > U2p(U)dU A2

where A is the Taylor microscale. Tims A is a function of the ratio of the pdf's of U and 

U. Tlie definition of A arises from
U2

A2
2— 1,

The number of zero crossings in a sample is related to the joint pdf. The number of 

zero crossings in a sample lengtli of unity, wlien the statistics are Gaussian is given by

Rice's(1945) formula
Zl'k2E(fc)

N EfE(k)

and 
E^E(k)

L N (2^)2ri' k2E(k)"

Thus it is seen that n^ is inversely proportional to A is clearly seen. The non-Gaussian 

form of the statistics of U and U is seen by the values of their skewness and flatness 

factors. These are Si, S? and A, F? where in the case wlien the statistics are Gaussian 

S1 = $2 = 0 and A = Fb = 3. Hence the number of zero crossings and the Taylor 

microscale are dependent on Si, S2 and Fi, F?. However a knowledge of the skewness 

and flatness alone cannot determine the joint PDF and the values of nz or A. As in the 

theory of turbulence, < U >', < U >2 and A can be determined from the 2- point velocity 

correlation function.

When the distribution of U is given for t = 0 corresponding to a given spectrum and 

statistics, A can be determined. For t > 0, A initially decreases to a minimum near the 

average shock formation time whicli itself is related to A at t = 0. Beyond the average 

shock formation time, where the wave degenerates into a series of random sawtooths ^2 
is found to increase proportional to t. Now (^) is much greater than (^) and near 

the shock formation time is nearly infinite. However as a result of the finite viscosity, the 

shocks are always of finite thickness and (OT) is also finite. Since

the average thickness of the shocks is
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But the number of shocks, ng is also a function of A as shown above and hence the distance, 

Z, between shocks is also proportional to A, although Z > A.

Tlie average value of a function F (U, is

(H.16)

where the integration is over all values of U and ^. If the random process is Gaussian 

both p(Z7) and p(^) are defined by equation H.l and the integration of H.16 is simplified.
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Appendix I

Estimating the Statistical

properties of the Burgers Equation

Burgers Equation which is a one-dimensional quasi-linear parabolic equation is given by

du d'udu (11)

1.1 Estimation of the spatial average

Tlie average witli respect to z over the spatial domain 0 to L is

(1.2)

from whicli for periodic boundary conditions, the nonlinear term cancels and

^="[^(L) - ^(0)]

where u is the average or the mean value and is given by

u=- / udz 
L Jo

But if u is periodic then
^(0) 

(1.3)

(1.4)

and u = constent, independent of time. In the numerical experiments reported above 

u = 0 at time t = 0 and is therefore zero for all time.
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1.2 Estimation of the statistical properties for the inviscid 

BE

Equation 1.1 reduces to the hyperbolic equation

when z, = 0. Multiplying equation 1.5 by u and integrating witli respect to z over the 

spatial domain 0 to L.

Under the periodic conditions u(0,t) = u(/,t) the nonlinear term is zero. The remaining 

term is then

Integrating it

u? = constant (1.8)

Integrating in a similar way for liigher moments, which is obtained by multiplying the 

equation by u2, u3 .... and integrating the equation with respect to z gives

u", u3 ..... = constant.

Hence for the inviscid BE all moments, 0 to n do not cliange with time. When disconti­

nuities sucli as shocks develop these relations no longer hold. Tlie correct values can be 

obtained by including the viscous terms and finding tlie limiting values as p - >0.

1.3 Estimation of the statistical properties for BE

Variance :

On multiplying equation 1.1 by u and integrating with respect to z over tlie spatial domain 

0 to Z gives

d 
dt Jo

dz (1.9)

224



Since the nonlinear term is zero for periodic boundary conditions equation 1.9 becomes

d< u2/2> 2
---- -------------- — —7/< -— (110)

iTlie Taylor microscale, A defined in chapter 6 can be written as

Equation 1.10 can be written as

din < u2 > 2i/
(Ill)

Skewness :
On multiplying the Burgers equation by 7:2 and integrating witli respect to z over the

spatial domain 0 to Z gives the 3rd moment equation

3 
dz 

3
du4/4 

0 dz
d 
dt Jo

Under periodic boundary conditions u(0,L) = u(Ltt) the nonlinear term is zero. Hence

2 
dz

(1.12)

which reduces to

or

1 

dt Jo

2
d 4z,

2

dz

(1.13)

(1.14)

du3/2 
dz (1.15)

2^1£ 

dz]o

If the skewness of u is

Si(t) = < u2 >3/2

then it follows that

3S1 din < _—4//< ( dz )>
2 dt < U? >3/2

dSi 
dt

(1.16)

iThe corresponding relation in isotropic turbulence is different since turbulence is 3-dimensional and 

d3 < U2/2 > 
dt

= -15v< dr/
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—4^ri (1.17)

where
< ( dr / >

In Gaussian statistics St = 0 and it is deduced from equation 1.17 that S(t) will change 

with time and the statistics will become non-Gaussian. The change in < u? > with time 

determined from equation 1.11 depends on the finite value of v and similarly Si(t) in 

equation 1.17 depends on the terms involving z,. Tlie numerical work has determined the 

changes of < u? > and Si with time. It is found Si changes rapidly from zero and quickly 

attains a value near -0.5. At later times its value only changes slightly. The changes 

in Si(t) are consistant with equation 1.17. The general solution of equation 1.17 can be 

written but its evaluation depends on the value of the correlation coefficients ri which has 

to be determined. It can be determined from tlie numerical data but the post processing 

has yet to be completed.

Flatness :

On multiplying the Burgers equation by u3 and integrating with respect to c over the 

spatial domain 0 to A gives the 4th moment

du4
dt

= — 121/712 < (1.18)

Let Fi (t) be the flatness of the random variable, u, where

then it follows that

dpi 
dt + 2F1

din < u2 > _ 3z,r2 
dt A? (1.19)

where

For a Gaussian process at t = 0, Fi (O) = 3. From equation 1.19 as well as 1.17 it is seen 

that at time t > 0 the process becomes non-Gaussian witli skewness and flatness different 

from the value of 0 and 3 respectively at t = 0. The numerical work has determined the 

changes of A with time, and its values are consistant with solutions to the differential 

equations for Fi(t) given by equation 1.19.
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The values of S2 and F2, which are respectively the skewness and flatness for the 

derivatives of u witli respect to z, sliow far greater deviations from their Gaussian values 

than Si and Fi. Tlie values of S2 and F2 liave been obtained in the present numerical 

solutions of Burgers equation.
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Appendix J

Derivation of the rate of 

dissipation

The rate of dissipation can be derived from the energy equation. Now Burgers equation is

du du d'u
dt dz dz'

(J.l)

, where z/e is the effective kinematic viscosity, and the energy equation is found by multi­

plying each term of J.l by u and integrating with respect to z over the spatial domain 0 

to L. It is found

du3/3 (J.2)

With the periodic boundary conditions at z = 0 and z = L the nonlinear and viscous

diffusion terms vanish, and the remaining terms are

(J.3)

so if the kinetic energy,

Jo dz

2

dK __ 
dt (J.4)

where e is the rate of dissipation

Since the energy spectrum function is E(k), where k is the wavenumber, it is found that

E(fc)drc
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and

- / E(k)dfc = —2% / k2E(fc)dfc 
dtJo Jo

where the total kinetic energy

1 too ~ ~ K(t) = - / E(k)dk.
2 Jo

Tlie rate of dissipation, c, is

- = Ve /L(^)2d2 = 2% /°° fc2E(k)dk 
dt Jo dz Jo

(J.5)

(J.6)

In the solution of Burgers equation the initial energy is defined in terms of < u2(0) > and

tlie initial rate of dissipation, c = "e < (^(0)) > An initial Taylor microscale is also

defined as
< u2(0) >1/2

A(O) = <(^'>^/2

/ \2All initial values < u2(0) >, A(O), and < (^^(0)) > change rapidly with time t > 0

due to nonlinear distortion and correspond to the clianges as the process becomes more

non-Gaussian.

Tn the theory of turbulence it is usual to define E(k) so that K(t) - Jo E(k,)dk.
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Appendix K

Derivation of the decay law for the 

shock strength

Figure K.l: A series of randomly spaced sawtooths.

It is illustrated in figure K.l a series of randomly located sawtooth waves at a given time 

as obtained from one of the present numerical experiments. Following Lighthill(1994) the 

shock strength Zn at Xn is defined as the difference in the particle velocities ahead of and 

behind it. z^ is a positive quantity. Let Xn and Xn+i be the coordinates of the nth and 

the (n + l)th shock respectively. Thus if Vn is the particle velocity at Xn and downstream 

of the shock,

+ Zn (K.l)

and
%+f"^^^—— ) = T'n+l + Zn+1 (K.2)

It is assumed a large number of shocks exist over a length L and the distribution is periodic 

with L the periodic length. Then with periodic boundary conditions at t = 0 and c = Z
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, the sums of % over n = 1 to TV vanish, and since

£ (Xn - Xn-1) = L (K.3)
n=l

itisfound
N(t) 7

E7 (KA) 

as obtained by Lighthill, and where N(t) the number of shocks in the period is a function 

of time. Tlius

(K.5) 

where < z > is tlie average strengtli of tlie shock waves in the assemblage at time t. It 

appears that on average eacli shock decreases in strength as 1/t, but this result can only 

hold when N(t) is a constant. However due to the phenomenon of 'bunching' the number 

of sliocks in tlie period a = 0 to z = L decreases with time. It is found that TV ~ l/\/t 

for times large compared with tlie sliock formation time so tliat on average

< z(K.6)

and not proportional to 1/t. Lighthill(1994) obtained a similar shock strength de­

pendence on time using a different argument. Lighthill also found this law in a simple 

numerical experiment and this was further confirmed in the more detailed present numer- 

ical studies.

The l/\/t law obtained in equation K.6 only exists when a large number of shocks 

of random strength exist in a period. In the special case of an assemblage of equispaced 

sawtooths all of the same strength their number is invariant with time and their strength 

decays as 1/t since N(t) is now a constant. The l/i/t law for plane waves also exists for the 

nonperiodic or isolated wavetrain, where the dominant example is that of the sonic boom 

plane wave propagation. In this case the phenomenon of 'bunching' also exists but is not 

so marked since the number of shocks of different strengths in the initial sample is small. 

Nevertheless the number of shocks decrease in time as the stronger engulf the weaker 

sliocks although in this case the distance between the ends of the distribution increases 

with time. The l/i/t rule in this example of the propagation of an isolated shock wave 

train is easily established using the Lighthill-Whitham 'equal area rule'.
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Appendix L

Shock formation time for the sine 

wave

Let the initial velocity distribution at t = 0 equal

u(T,0) = Al sin(kot)

where A1 is the maximum amplitude of the sine wave and ko is the discrete wavenumber.

Then noting

= koAo cos(ko=)

koAo,
max

in the profile at t = 0. But the shock formation time is given by

for the sine wave

- koAo
In the random wave distribution < (^^^^) > is dominated by its peak values of^ 

positive or negative. In such cases an average shock formation time is defined as

1 A(O) 
(8^)2 >1/2 < Uo >1/2

(L.2)

where A(O) is the Taylor microscale at t = 0. Ofcourse t^ > tg and for a sine wave 

(L.3)

Thus the shock formation time based on the Taylor microscale is \/2 times the shock 

formation time based on the maximum amplitude of ^ in the profile at t = 0.
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Appendix M

Energy dependence on the peak

wavenumber

Let fy be the integer wavenumber corresponding to the peak and k:T be the truncation 

integer wavenumber for the energy spectrum of test case 1 defined in chapter 7, figure 6.3. 

a and b are constants used to define the non-dimensional energy spectrum as used in the 

numerical method. Thus the zerotli moment 7o, whicli is proportional to the total energy, 

is
,00 ,kp ,kT b

Io = / E(fc)dk = / ah'dk +/ (M.l) 
Jo Jo Jfcp fc' 

where b/a = kp. After integration it is found therefore for test case 1 described in chapter 

6

Io =a(M.2) 
\3 /

Thus when a = 1, 
roo 4^3/ \

Io =/ E(k)dk = ) (M.3) 
Jo 3 \ / 

Thus from equation M.3, 7o is equal to 4kp/3 when kp << kr, and a = 1.

The second moment I2 is

72 = / k2E(k)dk = / ak4dk +/ bdk (M.4) 
Jo Jo Jkp 

and after integration
I? = akpkr (1-(M.5) 

giving ^2 = akpkr when kp << kr and a = 1. It is also noted that as kr -> oo so J2 ->0° 

also. The rate of dissipation, c, is proportional to VeT? and hence as kr -> 00 for finite Ve 

so 6 - >00. This is usually referred to as entropy catastrophe.
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The result for 70 and I? have been obtained from integral transforms. In the numerical 

method /0 and I 2 have been evaluated using discrete transforms. The differences between 

these results have been cliecked and found to be small.

In chapter 6 it is found that the Taylor microscale, A, can be obtained from

2/-2 = 1 rE(k)dk = _Zo_ 
/ (27r)2 j;^ k2E(k)dk (27r)2l2 (M.6)

Thus on substitution of 7o and ^2 from equation M.3 and M.5

(M.7)

It is seen from this relation between tlie Taylor microscale and the peak wavenumber given 

in equation M.7, that as the truncation wavenumber is increased so the Taylor microscale 

is decreased. For a given ratio of kp/kr, the Taylor microscale is inversely proportional 

to tlie peak wavenumber. Tlie rate of dissipation, €, is proportional to z/el2 and hence 

increases witli increase in kf.
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Appendix N

Derivation of the non-dimensional 

parameters derived from the 

energy equation

The energy equation derived from the non-dimensional form of Burgers equation is [ see 

equation 1.10 ]
d<U2 >= -1 < 2

dr R
where U = u/ure/ is the non-dimensional velocity, X = t/Zref, T = tUref/Zref, and 

R = UrefZre//"e is the reference Reynolds number. The definition of the Taylor microscale, 

A, as given in equation 6.1 in chapter 6 is

A _ Jn°E(fc)dk < U2 >i/2 
L-N j;r^2E(k)dk -<(^)2 >i/2'

where the nondimensional wavenumber k = 27rk where k is an integer, and hence

A (N.2)

where To and I2 are the zeroth and the second moment of the power spectral density E(k) 

respectively defined in Appendix H. The value of A at T = 0,

The Taylor microscale Reynolds number Rr at t = 0, with < u2(0) >=< u© >,

RT(O) = <A>12(g). (N.4)
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Ata^tinret
RT(t) = <]!1>—(N5)

It is then possible to define other Reynolds numbers. These include

= < Uo >2 Zp (N6)

based on < u2(0) >i/2 and Zp, the wavelength corresponding to kp, and

Rz = < no > A (N7)

based on the periodic lengtli Z, and both Rp and RL are evaluated at t = 0 only. At any

time T the energy equation reduces to

dln < U2 >_ 1 1
dr - Rz, A2/L2'

sliowing wlien < U' >~ i/T then

Tlie value of RT(T) can now be found from equation N.5 giving
< 2 >1/2\

RT(T) = —- --------- = constant.

(N.8)

(N.9)

(N.IO)

Thus Rr remains constant during the decay for times T >> 7s. The constant value of Rr 

in the decay is not equal to R? at T = 0 althougli it will be of similar magnitude. Thus 

Rr is an important characteristic parameter in the present study defining the relative 

importance of nonlinear steepening to viscous broadening.

For T = 0 
< U2 >= (N.ll)

S0

< u2 >1/2= wef < U^ >1/2— Uref\/l^ (N.12) 

where Uref = Rvellref. Also

< 172 >1/2— 27r y] E(k) = 27r!o (N.13) 
k= 1

and similarly

with
6=^< (^) (N.15)
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Hence,

and

(N.16)

a,s given above. The non-dimensional sliock formation time is given by

1 

dX
T$ = min

But for the random distribution at T = 0 typical of a high Reynolds number, the maximum 

value of dU/dX are of same order as their average value and as discussed previously it 

can be assumed that for a random signal

wliere T, is the average sliock formation time. But
2

S0

- (2,r)3/2\/l2-

Now at T = 0
1:KnurT = /°° k2E(k)dk = (2,r)3 /°°k2E(fc)drc 

Jo Jo
so

27lo(O) = (2^)3^^I2(O)

or

\/lo(O) = (27r) \/l2(0)

(N.17)

(N.18)

(N.19)

and from equations N.17 and N.19 the average shock formation time is given by

A(0)/Z

showing the relation between A/Z and the non-dimensional shock formation time. The 

average dimensional shock formation time is

Href
(N.20)
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where

(N.21)A(0)/L 
< U^ >1/2

The theoretical sliock formation time is obtained strictly from inviscid calculations and is

tlierefore independent of the Reynolds number. Equation N.17 gives a statistical or average 

value of tlie shock formation time, and is used for the present numerical calculations 

involving finite but large values of R, and including the cases where tlie shocks are of 

finite tliickness.
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Appendix O

Relation between R, Rp, Rt

In chapter 6 the Taylor microscale, A, has been defined by

= / j;rE(k)dk 1 \/7o
/ 27r V J;j'%2E(rc)dk 27r\/72

noting that tlie wavenumber ^ = 27r/u/Z. In tlie initial distribution E(k) is specified 

and hence the value of A/L at T = 0 can be determined. It is not a function of the 

Reynolds number. However it defines tlie initial rate of dissipation. Hence the Reynolds 

number based on the Taylor microscale at T = 0 is important in defining the relative 

importance of nonlinear distortion to viscous broadening as discussed previously.

The relation between the Reynolds numbers, Rp based on the wavelength, Zp, cor­

responding to the peak integer wavenumber, kp, and the Taylor microscale Reynolds 

numbers, R^, based on the Taylor microscale A is determined as follows. The rate of 

dissipation, c, as defined in chapter 6, is given by

e v= 2v /°° k2E(fc)dk.
dt Jo dr Jo

Dimensionally it is also proportional to Uo/Zpwhere the constant of proportionality is order 

unity. If this constant is equal to unity then
9 3

"0 = Uo 
A2

then
Uolp 

7A

(0.1)

(0.2)

Alternatively it can be written

UpA
Z/e

Up (0.3)
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Thus the Taylor microscale Reynolds number, jRT(O) = \/-Rp(0), where RT(O) = !^. 

Tlie relation between RT(t) and R, tlie Reynolds number used in the computations is as 

follows. From the definitions above

< u2 >1/2 A _ Ure/Zref _ < U2 >l/2 

since /ref = L. Tlius
Rr=R <U? >1/2

= R x constant

for T > 7;, and hence tlie reference Reynolds number, R, used in tlie computations is 

directly proportional to RT, wliicli for T > 7% is a constant.
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