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UNIVERSITY OF SOUTHAMPTON
ABSTRACT
FACULTY OF SCIENCE
PHYSICS

Doctor of Philosophy

DISCRETE ABELIAN SYMMETRIES IN LATTICE GAUGE THEORY

by Paul Purdon Martin

Wilson's proposed lattice approximation to Quantum Chromodynamics is
reviewed, including a discussion of the approximate non-perturbative
Monte Carlo method of calculation. The Transfer Matrix formulation
of lattice models is discussed. This approach is used to confirm
the exponential decay of the plaquette-plaquette correlation function
at large distances in the Z(2) gauge model in three dimensions.
Perturbative expressions are obtained for the inverse correlation

length in both strong and weak coupling.

By raising the transfer matrix to a finite power the partition
function for a finite lattice Z(2) gauge model is obtained as an
exact polynomial in functions of the coupling constant. The zeros of
this polynomial are found and some plaquette-plaquette expectation
values are extracted to test the applicability of an exponential fit

for the inverse correlation length at short distances.

Similar calculations for the three dimensional Ising model are

discussed in an appendix.



ACKNOWLEDGEMENTS

I would like to thank Bob Edgar, David Storey and David Wallace for
encouragement in the early stages, and Jenny Potton and Geoff Daniell
for many invaluable conversations on the vital but unsung computing
aspect of this work. Warmest thanks go to Tony Hey, Ian Ketley and
Ted Barnes for advice on the thesis itself. Thanks are due to

Ken Barnes and all the members of the Theory Group who help make
Southampton a friendly and stimulating place for research. I thank

Maria Hayter for very rapid and efficient typing.

Financial support from the Science Research Council is gratefully

acknowledged.



1. Introduction to Lattice Gauge Theory

We review aspects of Wilson's Lattice Gauge Theory [ 1 -7 1. In
particular we discuss how physical observables might be extracted from
a lattice model of Quantum Chromodynamics. We discuss some of the
problems arising in practical lattice calculations with particular

reference to some simpler problems.

1.1 Quantum Chromodynamics

The motivation behind Wilson's proposed lattice gauge theory has been
the need for a non-perturbative method of calculation in Quantum
Chromodynamics. Here we will restrict consideration to pure Yang-Mills

fields in Euclidean space. The Lagrangian is

(L=...Z; v 5 F? r? (1)

with
a a a abec b ¢
=93 A -3 A - T f AS AT, 2
po -y T TRV 2
b, ¢
The £2°° are structure constants of SU(3)
8
(2%, AP ] =21 ¢ ¢, 3)
c =1

where the A's are Gell~Mann matrices [ 8 I. The gauge fields Ai(x) are
vector fields carrying an index of the adjoint representation of SU(3).

We construct an element of the Lie algebra

Ao = 1 Mari 4)
u 2 "y
a=1, 8

The Lagrangian is invariant under the following local gauge transforma-

tion

A > Ba 6o =2 (2860 ] 6700 + g0 A GO g () (5)

where g(x) is an element of SU(3).



With the gauge invariant addition of fermion fields carrying an index
of the fundamental representation of SU(3) [ 9 ] this Lagrangian is
hoped to give the (Euclidean) quantum field theory of strong
interactions L 10 - 12 ].

The Feynman path integral formulation [ 13, 14 ] of this theory
becomes amenable to perturbative calculations upon addition to the
Lagrangian of gauge fixing and ghost terms [ 15, 16 ]. In order to
make predictions of physical quantities, however, the theory must be
renormalised. This is because Euclidean integrals of the form

d4K

I=17/
[K2+A21n

(6)

appear in coefficients of the perturbation expansion [ 9 ]. These
integrals are divergent for n ¢ 2. The divergences which occur in the
perturbation series may be systematically cancelled by renormalisations
of the field and coupling constant appearing in.IL(eqn (1)) to leave
finite coefficients [ 9 - 11 ]. Systematic treatment of the divergences
is usually implemented by modifying the integrals, for example with

n =2

D
lim /2 D -1
I = I where IE' ZWD fooo K2 ZdKz and D=4 - ¢
€+ 0 T (/) [ K5+ A% ]
or
1lim A 3
I = 1, with I, P 7t (7)
A > o c [ K% + A" ]

These latter integrals are finite. Divergent parts of the limiting
integrals manifest themselves as terms in l/eandﬁn (AC) respectively.
These terms may be manipulated and cancelled, at least formally, in

the perturbation series.

This is not to say that the perturbation series will converge, but we
will see later that there are conditions under which the renormalised

coupling becomes small. Then we might hope that the leading terms in



the series are significant*. However strong interactions have properties
which are not manifest in the theory in this perturbative region [ 17 ].
With the above remarks about renormalisation in mind we proceed to

consider Wilson's lattice approach [ 1 ].

1.2 Lattice Gauge Theory

Wilson proposed a lattice action which, for 'smooth' fields (see later)
reduces to the action of QCD as the lattice spacing is set to zero. We
will consider the pure gauge part (for proposals concerning the
inclusion of fermionic fields see for instance [ 2, 3, 5, 18 ]). The
gauge fields are thought of as being on the links of a hypercubical
Euclidean lattice. Links are specified by a lattice site and an

assigned 'forward' lattice direction out of the site.

S(g, a)=-2—1E L 5 T gpeyy [ 0,®) U\)(n+a(u))Uu1(n+a(\)))
& sites u=1, 2, 3, 4 matrices
n v=1, 2, 3, 4
# U

~1
v, @ ] (8)

where a(i) steps one lattice spacing in the U direction and

b

8
p A b
Uu(n) =exp [iag = 5 A, @) ] (9)

b 1

!

The Greek indices labelling lattice directions are a notational
convention; they are not to be regarded as Lorentz-type indices; there
is no Euclidean invariance and we will not attempt to make these

indices match in equations.

We assume that we may Taylor expand the fields (see later), firstly

A, + aG)) = A () + a(A (n + aG)) - A ()

a

(10)

* Some phenomenological support is available on this basis. We will
not discuss the point here (see [ 10 - 12 ]).



Anticipating the continuum limit we write

2

Ay(n + a(w)) = A () + a BU A, () + 0(a") (11)

and rewrite the product of U's in the action:
U @) U+ a@) U @+ a() U ) =
u v u v
exp [ iag A (n) ] exp [ iag (A (M) + a3 A () + 0(a®)]
& A, Xp Y oAy
. 2 .
exp [’—1ag (AU(H) + a BV Au(n) + 0(a™)) ] exp [ ~iag Av(x) ] (12)
where we have used
b
U S
Au(n) =7 7?-Au(n) (13)
b
The Baker-Campbell-Hausdorff formula [ 19 ] gives
Q3% L3y _ O
with
32 a3
0 = ax + ay + 5 [ X, ¥y ] + 17 ([ X, [ Xy ¥ I - [ Y [ X, ¥ J ])
a4 5
- 57 [ X, [ v, [ X, ¥ } ] ] + 0(a”) (14)

Repeated applications of eqn (14) will get (12) into the form of a

single exponential

exp { iazg (SUAV(U) - Bv Au(n) + ig [ AU(H)’ Av(n) ]) + O(a3) }
d
. d d a X 3
= exp { ia’g T (3, AJ@) = 3 A M) - o £°PC AB(n)AS(n)) 2+ 0@}
d
(15)

Altogether we have



a
S(z, a)=—-1-2-Z I Tr exp (1agZF (n)L+0(a>) (16)

l)
“€ 5 M, v a
Equation (14) shows that the order a3 terms in the exponential are

traceless and we may write

S(g,2) =—5I £ [3-a"g" (Zp1r &—14 FEL@) ED () + 0(a”) ]
28 ny, Vv ab
(17)

Before taking a - O it is instructive to consider the infinite volume
lattice Fourier transform, which should reduce to an ordinary Fourier
transform as a > 0. It will be sufficient to consider the one

dimensional case (although see later). Since the sites of the lattice

may be labelled by integers the momentum space is manifestly periodic

6@) = ¢ [1 2 &' (o) (18)
since
o (p) =%:— T e IR gy (19)
n = —w

with ¢ an arbitrary constant. We introduce physical distances and

momenta by specifying a lattice spacing a, whereupon

Xn = na
and
k=P | (20)
so that
T
a dk 1kx ~
009 = ca S B g e 800 1)
a

Notice that introducing the lattice has had the effect of cutting off
. T . . .

the momentum integral at AC = /a . Notice, however, that in higher

dimensions this is not the same cut-off as shown in eqn (7). In four

dimensions, for example, the lattice cut-off generalises to



m T v
; /a ; /a ; /a ; /a dk, dk, dk , dk,

(ZTr)4

whereas 1n eqn (7) the cut-off is not introduced until after the

angular integrations have been performed.

Returning to eqn (21) and putting ¢ = a 1, as a >+ 0 we obtain

6G) > 17, s o F G (22)

which is the usual definition. Also

$@ =a 3z e o o+ 7 e 4y ax (23)
.}_{. = w00 a -~ O
a
provided
lin a I~/ dx (24)

a0 x

Generalising (24) to four dimensions and dropping the constant term in

(17) we obtain

_ 4 G_l. a _a
S(g, 0) = S d'x(Cy T T E Fw) (25)
M, Voa

Finally, notice that the lattice action (8) is invariant under the

following local gauge transformation
U @) > BU ) = g) U@ g @+ atu) (26)

where g(n) is an element of SU(3) on the site n. TFollowing the line of
argument above we write
. . -1 -1 2
exp (iag Au(n)) -~ g(n) exp (iag Au(n)) [ g (n) + aBUg (n) + 0(a™) J
27

then equating coefficients of order a we reproduce the continuum

transformation of equation (5).
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Unfortunately equation (11) is only valid for smoothly varying fields
[ 2,7 J. Consider a fluctuation in AS of magnitude A confined to a

region of size a. For arbitrarily small a we can see the contribution

to the action due to such a fluctuation [ 2 ]. FS is locally

. . . . 2 X \
dominated by its derivative part so (FSV) Y (A/a) .  However this
fluctuation only extends over a volume aa. The contribution to the

action 1s of order Ezaz at most. In Euclidean quantum field theory
fluctuations will only be damped when the action becomes large (and
negative). Presumably then, we should take into account fluctuations

-n .. .
Ax g where n € 1. Under these conditions it does not seem

justified to make the expansion in equation (11).

We see that the formal limit a - 0 is insufficient to define a

continuum quantum theory.

One way to proceed [ 17 ] would be to measure physical observables in
the lattice system and find conditions under which they remain fixed

as the lattice spacing is made arbitrarily small (for a given lattice
size this means that observables with dimensions of length -
correlation lengths - become very large compared with the spacing so
that the granular effect is lost). Under these conditions Creutz [ 20 }
has tried to identify the lattice model with a regularised version of
QCD. Before reviewing this approach we will try and see the

attractive feature of Wilson's model which makes a connection with QCD

desirable.

1.3 Strong coupling behaviour

We may write expectation values for lattice observables in

Euclidean Space:

< 0> =7t S DU G exp [ S(g, a) J (28)
where
Z=1/DUexp [ S(g, a) J (29)

is the partition function for the lattice model and DU means integration
over all field configurations (that is DU = II  dU where dU is the

links
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. . 2. o
invariant group measure [ 16, 21 ]). When g 1s large it is
advantageous to expand the exponentiated action over characters

(traces) of the irreducible representations of SU(3);

exp [—}-2- I Tr (UUUD) ]
28 0, v
_ 1 1 T
= il (fo (———2-) + I fr (-—-§-) ¥ (UUUU)) (30)
n, Y, v 28 r#0 28
where
1 r,~1 1
£, (5) =/ dU x (U ") exp ((—) Tr(0)), r >0 (31)
r 2
2g 2g
We put
SJ4dUu =1 (32)
then
Fav ah ¥ =6 (33)

Thus fo is independent of gz and the next dominant coefficient at large

g2 is f16~l5) = 0025) where r = 1 gives the defining representation.

2g g

Consider for instance the observable

=Tr ( 0T U (34)

T xR
planar
loop

applying (33) to (30), the lowest non vanishing term in the expansion

in-j§ of eqn (28) gives

g

o 1. TR .
<0 >e« (=) + higher orders (35)
g

We have not attempted to write down a lattice version of the fermionic
part of the action, therefore we shall not obtain expectation values
for observables involving quarks. However Wilson [ 1 ] has interpreted

the expectation value in eqn (35) as
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2[a]

z( 0]

where z[ J ] is the partition function modified by the introduction of

< G > (36)

an external current loop around the planar loop T x R (see also
Kogut [ 4 ], Itzykson and Zuber [ 9 ]). Putting T >> R and taking
slices through the loop in the long direction (we have a Euclidean
lattice but we could think of this as the time direction) we see
"static' charges at a fixed separation R. We will see in the next

chapter that

z[ J
_u__;1 ¥ exp { (EQJ) - E(O))T } (37)
z[ o] T > o

where E[ J J is the lowest lying energy level for the system with
static charges*. The energy difference is attributed to a potential

between the charges and using (35) we obtain
V(R) « R (38)

If this picture could be extended to include quarks then it would imply
confinement (see [ 7 ] and references therein). This is perhaps the
major reason for trying to establish a connection between the strong

coupling lattice model and asymptotically free perturbative QCD.

1.4 The Renormalisation Group

The applications of the renormalisation group to perturbative QCD and
to statistical mechanics have been extensively reviewed [ 10, 11, 14, 23,

24 ]. We will highlight some specific points.

The approach pioneered by Creutz and others [ 20, 25 J has been to try
and identify the known asymptotic behaviour of QCD in the intermediate/
weak coupling region of the lattice model. The lattice is treated as a
means of regularisation. It is instructive to start by comparing
different methods of regularising divergences which appear in the

continuum perturbation expansions.

* Strictly speaking we will consider an equivalent case for arbitrarily
large finite lattices and arbitrarily large finite groups - see Camp
and Fisher [ 22 ]. See also Refs [ 4 ] and [ 23_] for the
relationship between transfer matrix and Hamiltonian formalisms.
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Consider, for example, the following integrals

) fAc 13 dic N -

IA—O[k2+A2]2’€~O[k2+A2]2

D=4 -c (39)
2

I =1[zn(1+(-/\ii))+ 1---—1] (40)
A X Ai
L+ (=)
A2
_ 1 _€ £

I =} [-—;—/—2- r@-%/,) 1/, ] (41)

A%

for large Ac and small € we may expand the logarithm and gamma functions

to obtain

A 1
I, = ! [ —5 *+ constants + 0(=) j (42)
c A A
C
L2 2
I_=4% [Z- 24" + constants + 0(e) ] (43)

Notice that coefficients of Qn.Ai and 2/g are equal and that coefficients
of in A2 are equal in the li?its. If Ac’ k and A are dimensionful
quantities then IA and (ﬁz) /2 I8 are dimensionless provided ﬁ has the

c
same dimensions as AC, k and A.

U is an arbitrary dimensionful parameter, we will also use it to

separate off the divergence in IA
c

g 2
-2 "/
(uz) 2 I€ =1 [-é - fn %7 + constants + 0(g) ] (44)
u
KA 1
IAC = 1 [ Qn-ﬁf - fn 57 + constants + OCmf) ] (45)

[

We may now consider the appearance of such integrals in the perturbative

calculation of truncated vertex functions by Feynman graphs [ 10 J. We
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will write the unrenormalised truncated n-point vertex function

obtained from the Feynman rules for QCD (see for instance Itzykson and
Zuber [ 9 ]) as
(n) b (n) (n) ¢
I e 8 =85 R, ) (L £V, €, 8) (46)

where 1 = 1, ..., n and I Pi = 0., The Pi are the momenta on the external
1

legs. Fu contains loop integrals which are only finite by virtue of

finite € or AC (the integrals are well represented by those discussed

above, see [ 9, 10, 26 ]), however we may construct

(n) RPIRCY
where FR is finite as AC + o (g =+ 0) by rewriting the Lagrangian (1) in
terms of renormalised fields and coupling constant. To see this

consider the following procedure.

Neglecting gauge fixing and ghost terms (see Itiykson and Zuber [ 9 }

for details) we write (with repeated index summation)

I a _ a a _ a
L =--72z, N N SO TCHV S
PR aaf-a®) gdC, b
2 71 v AVART! u v
. 2
- R, gabc, bA ¢ gabe A bA c (48)
4 4 SN TRV
i.e. the unrenormalised quantities are rewritten (symbolically)
A =17, A g=12 2, gg etc (49)

We can see that we may rewrite the Feynman rules (and hence vertex
functions) in terms of the renormalised quantities by introducing

some multiplicative factors. The Z's are chosen so that these factors
formally cancel the divergences in the vertex functions order by order
[ 27 ], Within this general requirement there is considerable freedom
in the choice of renormalisation. Consider the two point function,

which is well represented by
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A

Péz) @, g v sP @+

1, &% =Y v o) (50)
Cc

€

where C is some (gauge dependent) quantity. Introducing

2 72

-1 _ Cg _c 3
Z, =1 - =2~ 4n ﬁz + 0(g”) (51)

removes the divergence at this order (we could equally well have chosen

2

Z,=1-¢cg" 1, & =) + o) (52)

A
c
€

where U is any arbitrary momentum value - see later).

Z1 may be similarly calculated from the divergent parts of the three

gluon vertex T(B) whereupon equation (49) may be written in the form

2
B, o A

- 2 <
g = gy (1 + 7 8y in — * ee) (53)
H
where Bo is a constant.

The Ac dependence resides in g, while the 1 dependence is in Eg* Now

putting AC = ﬁ we find

() = g (W) (54)
so that
= Bo 3= Ai
g(h) = g() + > g~ () o =5 + .. (55)
U

Also U is arbitrary so we may choose it very close to AC. We write

g(h) = g + sn SEL (56)
du
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with 60 = A_ - fi. Since g (1 + & ~ & ye have
TR
~ de(y -
n e - g P .. (57)

In fact BO is negative [ 28 ] so g gets smaller as the cut-off gets
bigger (for small g). We may obtain an approximate expression for

the Ac dependence of g(AC):

g(A ) A =
;e de g ped (58)
g (1) g3 °o'u 7
SO
2 ' 1
g (AC> v Ac 59
*280 fn (T)
where
1
A=y exp R (60)
2B, & )

This result is modified by the inclusion of O(gS) terms in equation (53)
but still g(AC) + 0 as AC + o, A few points are worth making. Firstly
a different prescription for obtaining ZA (such as equation (52))
changes equation (53) at O(g3). Equation (54) is then altered at

O(g3) so that (at this order) equation (55) is unchanged.

Secondly, imagine that it were possible to measure a 'physical’
observable (such as the string tension of section 1.3) as a function of
the bare coupling in lattice gauge theory. If the claim that the
lattice model is just QCD regulated by the lattice spacing is correct,
then we now know what this coupling dependence must be. The

. . . , . . 2
dimensionless string tension measured on the lattice is 0 a~ . We
require that all the cut-off dependence comes from that implicit in g,

and none from the physical quantity itself. This implies
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o a’ = [‘\’2 exp (i) (61)

(from equation (60)). Under these conditions the physical quantity
remains fixed while a and o a2 go to zero in accordance with the BO of

QCD.

If ¢ a2 varied in some other way from equation (61) at small g then the
requirement that the physical quantity stayed fixed would imply a
different BO or a different form for equation (57) altogether. The

lattice model would not be cut-off QCD.

From this point of view the interest in lattice gauge theory lies in
trying to calculate the g dependence of observables. There is no more
expectation of solving lattice gauge theory than solving QCD, however
the lattice model is amenable to a powerful form of non-perturbative
approximation. Before completing our review of Creutz's approach we

will briefly outline this method of calculating with the lattice model.

1.5 Monte Carlo calculations [729 1

We want to obtain an approximation for expectation values, which we will

write symbolically as

<0 >== /DU O) exp [ S ] (62)

N

Here we may think of { U } as a set of numbers describing a possible
configuration of the system. If we make the set finite then we can
write down a description of a configuration. There are still an
infinite number of configurations, however, and it is only practical
to approximate the full integral as a sum over a finite sequence of
states., To obtain a reasonable approximation we will see later tha
the density of states in the sequence should approach

exp [ S(U) ]
p(W) = ——p (63)

Since the set of numbers is finite we can generate successive
configurations from preceding ones with a specific algorithm. That is

the probability of obtaining configuration U' from U may be specified -
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P(U', U). Consider the following algorithm: A random generator is

used to suggest a new configuration Ué = Q(U), the U' is then used or
discarded by the following criteria
QW) if p(U") > p(U)
Ul = Q) p(U") > xp(U)
U otherwise (64)

where x is a number generated randomly between O and 1. The probability

that Q(U) suggests U' is written Q(U', U) whereupon

QU', U) ... if (1) p(U") 3 p(U), U' # U

PUT, U) =4 QU', U) "p((%'j oo (1) p@U') < p(U)

The rest .o. (111) U" = U (65)
(call it R)

Now provided Q(U', U) = Q(U, U') we have

IP(U,U") p(U') = z Q(U, U')p(U'") + z Q(U,U") p(U) +Rp(V)
U’ U'in (1) U'in (ii)
= I P(U', U) p(U) = p(U) (66)
U'

Writing the n-step probability as Pn(U', U) we have

z P, u" Pm(U", 0) =P
UH

PG (67)

so that as m » Pm(U', U) » p(U') or with
Pm(U', U) = p(U") + Dm(U" v

Dm(U', U) - 0 : (68)

Under these conditions we will see that the expectation value of the

sequence average of O(U) over a sequence of configurations Uo, N UN

approaches < 0 > as 1/N -+ 0.
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The expectation of the sequence average is

= 1
< 0> = z P(Uys Uy _ () oen B(UL, U &

all possible n
sequences

U, ~ee» Ug

G(Un)

]
[

1
=5 (2 0 P, U)+ I 0@, PU

Uy Uys Uy

1o U B, UD + .en)

2 -

(Z O() p(U, Uo) + I O(U) PZ(U, UO) + o)
U U

N
)

¥
2]
oo™
ot
[

G ) Pn(U, UO)

1
N
= I 0) (o) +3 I

u n

D (U, U)) (69)
1

1t

There is a positive constant X such that

[ Dn | < e»kn (70)

SO

| £ b |<3 (71)

n =1
and < O > approaches < 0 > as N - o,

A similar calculation shows that the standard deviation from < 0 > also

tends to zero as N tends to infinity [ 29 ].

In principle this method could demomstrate that the same model which
confines quarks at large distances exhibits QCD asymptotic freedom at
short distances. In practice the evidence it provides is weakened by

technical difficulties. Many of these difficulties stem from the
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requirement that configurations may be described by a finite set of
numbers. This means that there must be a finite lattice, and vet we
have seen that the region of interest (small g) should be a region of

diverging (dimensionless) correlation lengths.

Fortunately this property of diverging correlation lengths at critical
coupling values is not unique to the lattice SU(3) gauge model. We will

be able to examine some simpler models with this behaviour.

Within the calculational scheme we have described above there is a
freedom (in the choice of Q(U) for instance) in the precise
implementation of equation (64). In fact there are other algorithms
which reproduce equation (68). It is not known, except by trial and
error, how these choices affect X\ E 7, 20 ]. Other things which have
an effect on the rate of convergence of this approximation are the
action § and (implicitly) the coupling g. Again the details are not
known, but convergence is generally poor close to the critical
coupling values we have discussed. As a rule of thumb convergence is
best when a relatively small number of configurations have a
relatively large p(U). These considerations would not be important but

for the fact that there are practical limitations on N.

Fortunately again we will be able to examine models with finite lattice

size exactly. This corresponds to the N = ® limit (see later).

Further severe practical problems due to finite lattice size arise when
the observable O itself is required to be non-local. In the case of the
loop expectation value of section 1.3, the interpretation we made
strictly required that the loop be very long. We will see in chapter 2
that similar requirements pertain to the extraction of correlation
lengths from lattice observables. Nonetheless Creutz persisted with a
calculation of this kind on a finite lattice and obtained a rough fit
to equation (61) in the small g region [ 20 ]. The observable quantity
used was the string tension. His results suggest that the continuum
limit of Wilson's model has a non-vanishing string tension with the
asymptotic behaviour required for QCD. His results also yield an

approximate value for the A parameter.
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The search for further evidence in this connection has taken two
paths. Although the string tension has been the easiest quantity to
extract from calculations with Wilson's model [ 30 ] the problems
indicated above place severe restrictions on the accuracy of its
measurement., It has become favourable to measure other quantities
(now that the A parameter is found, comparisons with data are
possible). Introducing quarks into the model introduces further
parameters into the acticn [_2, 3 ]. Once these are fixed from the
data the remaining lowest lying masses of the model may be approximately
calculated [ 31 J. Agreement with data lends support to the
interpretation which we have discussed, however the calculational
problems we have described remain. The philosophy is to increase the
weight of evidence available. Increasing the quality of the

approximation is a task of considerable proportions [.32 ].

As we have said, a continuum limit may be taken at any 'critical' point
of the model where correlation lengths measured in terms of the lattice
spacing diverge. Consider the two conjectures in figure 1 for a
"non~-perturbative' version of equation (57), called the R-function [.11 ].
The renormalisation scheme (equation (51) or (52), or holding

observables fixed) will affect this picture only quantitatively. The
B-function is no easier to extract from the theory than any other

quantity, however the conjectures are instructive:

If the solid curve is qualitatively correct then, for asymptotically
free QCD, at larger and larger distances the coupling tends to 8 (which
we have drawn outside the 'convergent' region of the strong coupling
expansion). Then the lattice confinement argument is inapplicable.

The strong coupling string tension could vanish as the spontaneous
magnetisation vanishes above TC in an Ising Ferromagnet (see later).
The continuum theory associated with the lattice strong coupling region
is not asymptotically free - we have drawn it everywhere outside the

'convergent' region of QCD perturbation theory.

If the dashed curve is correct then Creutz's approximate calculations
are not misleading (although we have still to check if the lack of

Euclidean invariance in our regularisation is a problem).
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perturbation strong coupling
theory expansion
Figure 1

Conjectured forms for the R~function.

- The arrows show the effect on the bare coupling of reducing the
lattice spacing a (or the effect on the renormalised coupling of

increasing the momentum scale).
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We will briefly mention an alternative approach to that of Creutz.
Consider the partition function for the lattice model in equation (8).

Schematically we have
Z=[DUexp { S(g, U) } (72)

We could try and rewrite this multiple integral as an integral over
fewer variables (fewer sites). If we could rewrite the argument as a
new action then this would describe a model with a bigger lattice
spacing. For instance with

.
exXp 1 Snew (gnew’ U )}

=/ DUR(, U ) exp { S(g, U) ! (73)

and
Jou K@U, U ) =1 (74)

then
2=/ DUnew exp { snew (gnew’ Unew)b}' (75)

The procedure could then be repeated to change the spacing again. In
fact Snew and subsequent effective actions could contain any
interaction provided the symmetries of the original action were

preserved [ 3 ]. The nth action could be written

()
S, (gi , U)

~ we have associated a coupling g; with each interaction so that Sn

and Sn differ only in coupling values. In principle we could

-1
extract figure 1 as a slice of the many dimensional plot of

n n -1
MBI

; ) against g; [ 33 ].

A practical approximation to this process has been suggested by
wilson [ 34 ] (in the context of spin-models there are earlier
suggestions - see [ 24 ]). A finite lattice and finite set of

interactions are considered. The couplings are adjusted to hold
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observables fixed on different lattices. Implementing this procedure
requires a careful choice of retained interactions and observables to
minimise finite size effects and statistical problems (from the Monte
Carlo calculations). We will not discuss this approach further. See

the paper of Wilson [ 34 ] and references therein.

1.6 Simpler Models

We have seen that (neglecting problems with Euclidean invariance and

the inclusion of fermions [ 7 ]) the usefulness of lattice gauge theory
depends crucially on the positions of the zeros of figure 1 ({in
statistical mechanics terms, the phase structurel Hopes for finding this
structure depend in turn on the validity and correct interpretation of
the approximations we have discussed. Even using these approximations
the problem is hard and it is worthwhile to test them on some simpler
models., A whole range of gauge and spin mocdels have been examined in
various dimensions to test the limitations of the Monte Carlo

technique [ 7 ]. In the present work we will make exact calculations

and concentrate on the effect of finite size.

Perhaps the simplest non~trivial lattice gauge model is that with Z(2)
symmetry in three dimensions. The a = 0 limit discussed in section 1.2
has no equivalent here. The continuum limit associated with the

second order phase transition in this model will not concern us.

We will start by briefly reviewing the Transfer Matrix formulation
which, for lattice models, parallels the Hamiltonian formulation of
quantum field theory [ 4 J. In this framework, and specifically for
the Z(2) case, we will show how to extract inverse correlation lengths
or masses from the Euclidean lattice model by considering plaquette=-

plaquette expectation values.

Next we will obtain an exact expression for the partition function on
a finite lattice. The zeros of the partition function in complex
coupling constant space are found. The finite lattice image of a
phase transition is identified with zeros close to the real axis, In
fact on the infinite lattice a line of zeros is expected to cross the
real axis. Since the partition function always appears in the

denominator in expectation values this prevents using any series
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expansion beyond such a line. In particular the strong coupling
expansion for the 'string tension' could not be used to imply a non-

vanishing value below the g The phase transition is precisely

critical’
associated with vanishing string tension in the Z(2) model [ 4 1.
Unfortunately our lattice is too small to measure a string tension.
Other observables vanish (or diverge, depending on dimensions) at

the critical point and then reappear. For the mass gap in particular

we will identify a finite lattice image of this behaviour.

In an appendix we discuss the Ising model (the action is
. = ol
SISLng 8 z ¢1'3
links 1]
with ¢, taking values from { 1 } on the sites i of the lattice).
This has a spontaneous magnetisation with behaviour analogous to the
string tension at a phase transition. A finite lattice vestige of this

behaviour 1s observed.

A number of avenues for further research are suggested by this work.

We will mention them briefly in a discussion section.

We try to use conventional notations (in so far as they have been

established). 1In particular we will use the coupling constant B « L

2
so that small B corresponds to 'strong coupling' (or to high &
temperature in the statistical mechanical equivalent: B « T;;p)'

However we will define and use some new notations for labelling lattice

variables with an eye towards uncluttered equations.
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2. Transfer Matrix Approach I. The infinite lattice

We confirm the exponential behaviour of plaquette correlation functions
for a Z(2) gauge model at large distances and on an infinite lattice
using the Transfer Matrix technique. We identify the inverse correlation

length with the so called strong coupling glueball mass.

2.1 1Introduction

The usefulness of the transfer matrix approach to infinite lattice
problems rests on two key points. Firstly that the contribution to
the Action of the lattice model due to a d-1 dimensional slice of the
lattice may be written entirely in terms of the configuration of
variables within that slice and the configuration of variables within
an adjacent slice (as is the case for the spin and gauge models we
have described). Secondly that the matrix formed by exponentiating
these contributions, with rows and colummns labelled by the relevant
configurations, should have a unique largest positive eigenvalue

(as is the case for all positive matrices).

Under these conditions, as we shall see, lattice problems effectively
reduce to modified d~1 dimensional problems which are often much easier
to solve. In particular thermodynamic quantities depend only on the
largest eigenvalue of the matrix we have described, and all observables
may be expressed in terms of the spectrum of this matrix. The crucial
feature of such a problem, then, becomes the diagonalisability of this
Transfer Matrix. In fact for the two dimensional Ising model the
matrix turns out to be exactly diagonalisable (Schultz, Mattis and

Lieb [ 1 ]), forming the basis of an exact solution to this problem.
Both spin and gauge Z(2) models in arbitrary dimensions with intra
layer interactions set to zero are exactly diagonalisable, whereupon
the full models may be obtained perturbatively for small intra layer
interactions. This approach has been discussed by Camp and Fisher [ 2 ]
for the Z(2) spin model. Camp [ 3 1 goes on to demonstrate the
exponential behaviour of the spin-spin correlation function, showing
that the decay is governed by the model's mass gap (or inverse

correlation length) at large distances.

Here we will use the transfer matrix approach to obtain the large
distance behaviour of the plaquette correlation function in a 3d Z(2)

gauge theory. We will first review the idea (as described in Camp and
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Fisher, and Schultz, Mattis and Lieb) outlining a proof of the relevant
property of positive matrices (the theorem of Perron). We will then
proceed to give calculational details for the Z(2) gauge theory,
obtaining the relevant mass to second non-trivial order and in

agreement with the strong coupling results of Munster [ 4 ].

2.2 The Transfer Matrix

The configurations of a d-1 dimensional layer of a lattice of side L
may be labelled by a number C. 1If the lattice variables only take on. a
finite range of values C is finite and in particular for a Z(M) gauge

theory

C=1, ..., M (1)

In this case contributions to the Action due to the addition of a new

old and CneW' If

old’ Cnew) gives these contributions we define the transfer matrix

layer to an old one are completely determined by C
A(C
by

(K) ¢, c' = exp [.~B Ale, ¢") ] (2)

Then for a system periodic in the layering direction (for example) we

find the partition function for N layers in terms of K:

R T (3)

Cc

2y

Furthermore if B(n) is an observable in the nth layer and

(B), v =8, . B )

c c, ¢
where ﬁ(c) is the value of B in configuration ¢ then

< B(n) B(n + R) > = zN'1 e )R E KRB (5)

Provided L and N are fairly small we may construct K and its higher
powers explicitly, manipulating their entries algebraicaly as polynomials
in exp [ B ]. This 1s the idea behind the small lattice calculations we
will discuss in the next chapter. Here, however, we will make use of a
theorem of Perron to obtain as: ymptotic forms for such expectation

values as N and R tend to infinity.
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2.3 The theorem of Perron (non—degeneracy of largest eigenvalue of K)

First note that (from (2)) K has all positive entries for finite R. We
shall say that K is a 'positive matrix'. Adopting the notation of
Bellman [ 5 ] we write K > 0. For matrices with all non-negative
entries we write M 2 O, and we adopt an equivalent notation for

vectors. It will be convenient in this proof to normalise vectors by
c
I x. =1 (6)

Let S(A) be the set of non-negative numbers for which there exist

vectors x > O such that

Kx > Ax (7)
Then
TLIK. x. 2\
11 ]
ij
and
X K..>Z I K.. x. (8)
1] 11 ]
i] ij

In general we would want to be able to extend consideration to infinite
L and M, and the modifications to the present discussion strictly
necessary for this are discussed in Camp and Fisher (and references
therein). Here, however, we will use only finite (although arbitrarily

large) K, and assume that there are no problems.

1f XO is the largest A € S()) then for some x(o)

K X(O) > A ¥ . (9)

We have
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Mo
=
~
o]
~
>
~~
o]
~—

[ng BN ]

Kkj X. - Ao X, >0 k=2, ..., ¢ (10)
1

Gy
[

without loss of generality if ko is not in fact an eigenvalue of K.

However for

- -
/ZAO
y = x(o) + 0 (11)

we have Ky > KO y which contradicts the maximum property of ko. Thus

(o)

d = 0 and in fact XO is an eigenvalue with x a positive eigenvector

(from (10) since K is positive).

XO is in fact the eigenvalue with greatest absolute value. If there is

an eigenvalue \ for which | A | > Xo and
KZ = \Z (12)

then with | Z | the vector whose components are the absolute values of

1

the components of Z we have
klz |2 2] ]z] (13)

(the absolute value of the sum of two complex numbers is maximised if

they are colinear) but (7) applies to | Z | so that | A | = XO and

klzf=[xllzl=1x]=]xz

. (14)

Since K is positive all components of Z must be colinear in the complex

plane and
K7 = X7 is equivalent to Kw = Aw (15)

where w > O so that A is real and positive and hence equal to XO.
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Finally if there is a vector linearly independent of x(o) and not
necessarily positive for which
KZ = X Z (16)
we may construct x(o) + £Z where £ 1s the smallest scalar for which
one or more components of x(o) + ¢Z are zero, but we have
K () +ez) = A ) + ez (17)
and we have seen that for (x(c) + ¢£7Z) » 0 this implies (x(o) +e2) > 0,

Thus there can be no such Z and ko is non—degenerate. This proof
appeals only to the positive quality of K, and is Perron's Theorem. The

Jordan Form of K may thus be written:

K'=T KT= Aol (18)

0 A

Breaking this up into the (b + 1) blocks corresponding to degenerate

eigenvalues we label the vectors



1 4w ith of dm entries in mth block

0
0
0
0
then with
I
we have
K'

Now

mth block

(19)

(20)

@n
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dm ~ 1 dm -0
[ b} !m, n><m n+ 1[ ]p = j z ; mn><mn+op {
n =1 n =1
| for p < dm
L
0 otherwise
(22)
so that
b 0 dm - £
0 _ o: o= 2L
(K')— z z m 7 |m,n><m,n+2!>\m (23)
m=04£ =20 n =1
using the binomial expansion. Tr K = Tr K' so that
1? dm b N
N N Xm
Zg= I I <myn| ®)" [myn>=2] 1+ T d X; ) (24)
m=0n=1 m=1
for instance. Notice that as N » « ZN - KS. With B' = T"l BT and
<0] =<0, 1| we obtain
<B> = <0|B |o0o> . (25)
N =+ oo
We define
< §B(n)8B(n + R) > = < B(n) B(n + R) > - < B(n) > < B(n + R) >
L\ R dl— 1 di’ o ) _
i 5 R! : <o |B' | i, a3 i, s +p|B [0>
= e L PN .
>\O (R"'Q).O. >\O
N>> R>o p=C Q=1 1
(26)

where the Xi is the largest eigenvalue for which

<o |3 | i, 8540, @7
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2.4 Perturbative calculation for the asymptotic form of the plaquette

correlation function

The transfer matrix for the Z(2) gauge model in three dimensions is
most easily written down in a gauge in which all the link variables in
the lavering direction are fixed equal to + 1 [ 6 }. In lattice gauge
theory one chooses a gauge by fixing any set of link variables which do
not form a closed loop [ 7 ]. Strictly speaking our choice of gauge
forms closed loops if we take periodic boundary conditions and we are
thus no longer at liberty to do so. However it may be shown (Camp and
Fisher) that in the infinite N limit equation (26) is the same for open

or periodic boundaries.

For the three dimensional Z(2) gauge model in this gauge

A(c, ") =8, b ug uj u Uy + 8 I uy ui (28)
plaquettes links
in layer, i
i3k

where us is a link variable taking values from { 1, -1 } and u; is the
corresponding variable in the adjacent layer specified by c¢ and c'
respectively. Note that for convenience in this section we depart from

the usual notation of labelling sites, and label links of the lattice.

We will obtain the plaquette correlation function by perturbation
expansion about B, = 0. The first step is to obtain K | B, = 0 in
diagonal form. We will order the configurations of the 2L2 link variables
in a layer as follows. Arbitrarily assign each link with a number

1, .., 2L2, write down a configuration by writing 1 for a link at +1

and 0 for a link at -1 for each of the links in order of their

numbering. The binary number thus formed gives a Configuration C.

A
Notice that in this scheme if we write all 2 ZLbinary labelling numbers

in ascending order,

000 .. 00, 000 .. Ol, 000 .. 10, ..., O11 .. 11,
100 .. 00, 100 .. O1, 100 .. 10, ..., 111 .. 11

. at-l . . . .
the first2. = correspond to all the configurations with link 1 set to -1

i

. X . . . .
while the secondl correspond to configurations with link 1 set to +1.
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2
AN
Subdividing each of these blocks, the first 2 / labels give configurations

with link 2 set to -1 and the second 2?74 give +1. And so it goes on.

We use this ordering for the rows and colums of K. It allows for K
to be constructed in matrix notation by multiple direct products. We
introduce a notation for direct products of matrices and vectors:
ax ay bx by
a b Xy az at bz bt
c d z t cx ¢y dx dy

cz ¢t dz dt

where %, y, z and t are square matrices, and

eg

e g eh
x = (29)

f h fg

fh

where g and h are column vectors.

With this formalism K may be constructed as follows:

We define
o(n) =exp (B 1L +exp (-8) 0° x® x ... 0 x0” x vuu O (30)
2L2 2
where 1 is the 2 x 2 unit matrix and
o 1 0 0o 1
¢ = , 0 = , (31)
0 1 1 0

n runs over the links in a layer and the ¢* is in the nth position in
the multiple direct product. Then labelling the rows and columns of
og(n) by the old and new configurations c and c¢' we may interpret o(n)

as having non-zero entries exp (B) when all variables are unchanged and
exp (-f) when all variables except n are unchanged. o(n) o(m) then

has entries giving the exponentiated action due to variables n and m
where all other variables are unchanged and multiplication by successive

o's introduces the effect of all other variables. We write
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K B, =0 = T om@) . (32)
links
n
a
With as the vector formed by taking a multiple direct product of
b n
1 a
's with in the nth position we obtain
1 b
1 /1
o(n) = (eB + e B) (
1 1
n n
(33)
1 1
o(n) = (e8 - e 8)
-1 -1
n n
. 1 1
Note that with ¢y = 1 we have
n
-1 -1
n
1 1 1
T
1 = Y =0
AN -1 "\
n n n
(34)
1 1 1
T
w = (1_) =
-1 -1 1
n n n
so that
1
T -
vy ¥y =0
1
n
(35)
1 1
T
vov =
L S -1
n n

T
and we may write o(n) = cosh B exp (- &n (tanh B) wnwn) (36) whereupon

2 . T ,
K|, _o= (cosh " exp [ - fn (tanh 85 T U_ U ](37). The maximun
L=
links
217 i 212 -1
eigenvalue is (cosh 8)°7 , the next largest is (cosh B) sinh B
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1

and corresponds to eigenvectors for any one of the 2L2 possible
._1 0
1
values of n, lower eigenvalues correspond to eigenvectors with
-1

introduced at m # n in the multiple direct product, and so on.

To introduce the contribution of plaquettes within the layer we note
that these are independent of the configuration of the adjacent layer.

We may introduce the contribution of a single plaquette

KK exp [ B 0" (1) 0”(3) 0" (&) o° () ] (38)

where 1, j, k, % are the links round the plaquette and

o® @) = ° x Gorx e 0@ x 0% x .. 0 (39)
” 1 0
with ¢7 = in the nth position in the multiple direct product.
0o -1
Note that Oz(n) gives a factor of +1 when Un = +1 and -1 when Un = -1,

thus a combination of four of these round a plaquette will give the

matrix B (of equation (4)) for the plaquette correlation function.

Introducing the effect of all plaquettes in the layer we obtain

K=( T o@)( T expg [0°) d®(G) o®) o) ]) (40)
links plaquettes
n in
layer,
ijke

Since Oz(n) = wn + wg (41) the eigenvalue spectrum of K is no longer

clear. We expand in powers of B,

K=( I o@)+ (0 o@) x

links links
“n n
a
1 z Z z z n
. . 42
[ a0 B9 o) T o) (“2)
n=1 plaquettes

1iks
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From equation (26) we see that in order to calculate the plaquette
correlation function we need to know the eigenvalues and eigenstates of
the maximum eigenvalue state and the largest eigenvalue state which

couples to this via the plaquette operator.

From the Perron theorem we know that the maximum state remains non-—
degenerate. We will therefore calculate the eigenvalue and
eigenstate to lowest non—trivial order using Rayleigh-Schrodinger
perturbation theory (see for instance Schiff [ 8 ], the only
modification is that our operators are non-Hermitian so that the bra

and ket states must be calculated separately*).

The zeroth order eigenstate is the unperturbed maximum eigenstate with

. 2 . . .
eigenvalue (cosh B)2L" which will be written f O(O> >, The unperturbed
eigenstates are orthonormal, although in general degenerate. Adopting

the notation of the previous section we obtain:

b
2L7 - m, . m
B$.[ O(l) > =8, 5 (coi? 8) (Sﬁ;h R) X
blocks | (cosh 8)°F - (cosh 8)°F ~ ™(sinh 8)"
m= 1
d
m
(o) (o) z z z z (o)
L | mn >< m, n I z Ty 96y T ) | o > (43)
n =1 plaquettes

13k8

From equations (41) and (34) and the orthonormality condition we obtain

4
g | o) s Lamh B |4, Gk ©) s (44)
1 - (tanh §) plaquettes
| )
ana g <o [ =g — L <4, 13129 | where
1 - tanh 8 plaquettes

{4, (ijkﬁ)(o) > } are the subset of degenerate eigenstates with m = 4

: 1
for which the links form a plaquette.
-1

* e could have chosen a Hermitian Transfer Matrix by sharing out the
intra layer interactions symmetrically. In any event we will obtain
real eigenvalues.
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There is no lowest order correction to the eigenvalue. At order QE

we obtain

2. (2 2L
B, K( )‘B (cosh ) K <o(® | pX o%o%s%e” T %o c%0” | O(o)>
plaquettes plaquettes
4 .. (o)
>
-+ _._(.EMT.( O(o) ! Z GZO'ZGZO'Z Z ' 4’ (le'Q'> 1
1- (tanh 8) plaquettes plaquettes
15%8
2 2 4
2L L tanh 2
= 87 (cosn )Pt [Lo 4 (LR B) 2] (45)
1 - (tanh BR)
again using equation (41) and (34) and noting that L2 is the total
number of plaquettes in a layer.
In fact the largest eigenvalue states coupled to the vacuum by
B = O‘ % of of (46)
] 2
(where i, j, k, % label the links of a plaquette) are just the subset
of m = 4 states appearing in [ 0(1) > (equation (44)).
This is at first sight a problem. The m = 4 states are initially
degenerate and at whatever level the degeneracy turns out to be broken
one might expect the subset to get mixed up with all the other m = &
states. In fact we shall see that the states in the subset turn out
to mix only among themselves, and that their degeneracy is broken in
second order.
From degenerate perturbation theory (see for example Schiff 'Quantum
Mechanics') we know that
< b, xyze® | I o? o% of o | &, abcd® > =0 (47)
i 73 kR
plaquettes
ijke

if xyzt are the links of a plaquette and then the degeneracy is not

broken in lowest order (note in particular that the plaquette operator

(o) |

-
does not couple < 4, xyzt to any other m = 4 state). At order R|

we find
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2
2 B
coshZL 4Bsinh48<4, xyzt<o)j [—ff( z 0000)2+-83ﬂ z goco).

plaquettes plaquettes

2
b [ m, n ><m, nL coshzl' R exp (—Rntanhszwxwz)( z GOGO)]] 4, abed

m, n (Ké = Am) X plaquettes

(o),

#0 (48)

provided that the links a, b, ¢ and d form a plaquette. The linear
combinations of unperturbed eigenstates which are the eigenstates of the
full transfer matrix will be those which diagonalise the matrix implied

above.

If we choose periodic boundary conditions the matrix elements above will
depend only on the relative position of plaquette ijkf and plaquette
abcd. We may uniquely associate each plaquette in the two dimensional

layer with a position on the lattice, the combinations required are

thus
ipr
| p> = Lop e Twet | 4, xyzt(o> > (49)
/Lz r
where p is a position on the dual momentum lattice and_gxyzt is the

position of plaquette xXyzt on the original layer lattice.

We obtain (replacing< 4, xyzt(O)I and ]4, abcd(o)>>with'<p [and {p' >in (48))

A, = I z —ior . B2
L E—ijk% elE Labed [_;t
2

2
Zijks Zabea © L1780 510 Zaped?

* 2 28 (Zigugr Tapea * ¥ )
non-zero lattice

vectors v

Ko 4X6 . (N - 5) A

2
T - E i ——
(ka Ao) (Ké A6) )

4
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Ao X6

( — + — )
A, =) Gy = Ay

+

Lo 0Gm Tapea * B

unit
lattice
vectors
a

—

A A
0 1
((X4 - XO) ¥ (X4 - A Zijkﬁ’ Eabed T ) ]

+

) Z S (

non—unit

lattice

vectors
¥

it

2 L2 ipa ipw
¥ ——— - — —
>\4 B.L S (ps P ) [ 5 + X e + 7 e

a W

A 4 M = 5y

¢ f) + *6 + - )
(Ka XO) (Xa A (?\4 XS)

+

6)

>\o )\6 ipa

( - + — YL e
Gy =) Gy = A

+

&) A8

( - + — )
A R AT Y

™

uy (50)

now

2 2

cosh2L R cosh2L 88 sinhSB

7 5t 7 )
cosh2L _48 sinh4B - cosh2L R cosh2L -4 sinhAB ~cosh2L

_8BSMh%

- (tanh—AB - 1)+(tanh48 - 1)
(tanhAB - 1)(tanh‘48 - 1)

= -1 (51)

so we have



43

2 2
Bi?\(z)(P) = )\4 Bi [..I'_'.Z__. + ( 41 + _g + L-; 5 )
tanh g =1 tanh g -1 tanh g -1
+ (1 + 2‘ + _% ) ¥ etR2 ] (52)
tanh 8 = 1 tanh g - 1 a )
with
., 1 LRI ji, 1 ()
QL [ P > =B — I e [ I { 0 >
/12 . tanh 8 - 1
+ ——-»—_%-—m-wz | 6, ijkbcd(o) >
tanh B - 1
b 5 | 8, djke abed(® > ] (53)
tanh B - 1
Al
(relative position of plaquette abed)
and
-ipr. .
B < p(l) ‘ -8 1 S e ;Jk% [ 1 < O(o) I
. e ~4
N2 1 - tanh B8
eI 5 <4, iikbed® |

1 - tanh™R a

L 7<8, ik0 abed® | ] (54)

1 - tanh!%w

From equation (52) we see that the degeneracy is broken. Equation (26)

now gives (for plaquettes at r and r + R)

A

6B(r) 6B(r + R) > =L (-}1-)%2—)-)R <0 | Sisielell | p><p ocoo,. | O >

e}

i

Z exp [ R(n A(p) - n XOX] Cji + O(@E))
L
p

- 2
T exp | R(fn (tanhAB) N [ ¢ 2> + _g - -i )
> tanh B - 1 tanh "8 - 1 tanh £ - 1
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NYCIP N S S P & S PG D S S DI L
L

tanh*8 -1 tanh 2g-1

. . 2
Contributions at order B come from

<0 1 ocoo_ | p(@se (D) [ oocdr I ol 5 <O(1)[ oooo_ | p

+<0® | oooo_ | p(0) 5 5 (@ | oooo_ | 0@ 5 4 o@ | oooo_ | p(0) 5 5 (@ |
0000 _ | 0(2) 5 (56)
where
2 < 0@ | = a2 [ 5 5 | 6, xyzbed ©) >
plaquettes mnearest
neighbours
{ tanhAB + % }

(1 - tanhg) (1 - tanh®8) (1 - tanh®B)

4
+ z z | 8, xyzt abcd(o) > Zanh 8 :
plaquettes non- (1 - tanh 'B)(1 - tanh'B)
nearest
neighbours
1
* — } ] (57)
(1 - tanh B)
and
82 ! 0(2) > = 82 [ 5 5 <6, xyzbcd(o) !
plaquettes nearest
neighbours
{ tanthB N 5 tanh68 }

(1 - tanh®R) (1 - tanh®B) (1 - tanh®B)
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12
+ v z < 8, Xyztabcd(o) | q ifnh B -
plaquettes ~non (1 - tanh B)(1 - tanh B)
nearest
neighbours
8

1

+ 2 tanh 88 } (58)
(1 = tanh B)

combining these with equatiomns (34), (43), (44), (53), and (54) we
obtain

B2 1
= - )2 - by’
L 1 -~ tanh B 1 - tanh B
+ z eiEé [ —(--~l—-1§“)2 (“‘*—*j;*T:Z“>
nearest 1 - tanh B 1 - tanh B
neighbours
a
PP Y SRS SU S S Y yS— S
4 2 4 2
1 - tanh 8 tanh "B - 1 tanh B -1 1 - tanh™B
4 10 6
, 2(tanh B + tanh  R) . (1 + tanh B)] } (59)

(1 - tanh®8) (1 - tanh®8) (1 - tanh®8)

Notice that potentially awkward terms involving sums over non— nearest

neighbours have all cancelled. After some algebra we obtain

8Z (- (1 + tanhSB)

ip.a
5 + z e
L (1 - tanh 'B)

nearest
neighbours
a

[ 2 tanth(l + 2 tanh26 + 2 tanhaﬁ ~ 2 tanh68 - 2 tanh88 - tanhloﬁ)w
(1 - tanh®8)2(1 - tanh®B) -

(60)
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27 2mn
1
T s _77_) where n,
L tends to infimity pi(i = 1, 2) tends to a continuous variable with

Since p is given by ( n, range from 1 to L, as

range (0, 2m). The sum over p is

21Tn 21T
1 _1 1 1 2
z§~2 f(p) = T ) - T £( = —T ) (61)
P nl = 1 n, = 1
and
dp dp
. 1 _ 1 Zw 2
lim = I £(p) —4} I 5 £(pys py) (62)
L

L » P

Therefore in the infinite volume limit
dp, dp
<6 BM) 6 B +R) >/ TerLlo2
(2“)
4
exp [ R { %n (tanh™B) + Qi [ 2’ + ~§ - _Z ]
tanh 8 - 1 tanh "B - 1 tanh B - 1
3
+0) }]

exp [R{ 28ﬁ[1+ i + 1 ] (cos pl+COS p2) }]

tanh®8 -1 tanh 28 -1

8
.(1+—Qi [ (~(14-tan2 83)4‘2(COS p, * cos pz) [ ...j J + O(BE)) (63)

(1~ tanh B)

The leading term, then, is proportional to Ii(x) where

dp A
I (x) = fzTT ——l-cos (Vpl) exp (x cos pl) (64)

while the leading correction is proportional to IoIl' For large RV x

these have the same asymptotic behaviour (Camp [ 3 ]), in particular

1) @mo X[ 1Sy o=y ] (65)

so that for small B, we may neglect non—-leading terms and obtain

..
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<<SB(n)6B(n+R)>:exp[-—Rm]

= (66)

which is the usual form provided m is the so called z(2) glueball mass.
Reading m from (63) we obtain agreement with the strong coupling
expansion of Munster [ 4 ] up to 0(82) (we cannot check beyond this

order since there will be contributions at O(Sj} to 0(83))

m==4 4n (tanh B) ~- Bi_+ 0(83) (67).

It should be straightforward to pursue this calculation both to

higher orders and to include off-axis correlations. We could, for
instance, obtain the asymptotic angular dependence of correlations (see
Camp [ 3 ] and conclusions). For the purposes of this work, however,

we are primarily interested in confirming equation (66) as the
asymptotic form for plaquette correlations. In the next chapter we will
observe the behaviour of plaquette correlations at much shorter

distances.

Although we have achieved the expected result for this calculation, a
result which is qualitatively very similar to that achieved by Camp

and Fisher for the Ising model, it is interesting to note that the
calculation has really followed a quite different quantitative path.
Specifically, in the Ising model calculation the spin operator couples
to the largest eigenvalue degenerate states, whose degeneracy is

broken in lowest order. Thus the nearest neighbour interaction
naturally leads to the degeneracy being brcken by cos p terms in
momentum space and the problem reduces to Bessel functions in the
infinite limit. In contrast the largest eigenvalue degenerate states
which couple in the gauge model have their degeneracy broken at second
order, effectively introducing plaquette-plaquette couplings throughout
the lattice. This gives rise to potentially divergent contributions

as the infinite limit as approached. In this case, then, it is a
notable sequence of exact cancellations of terms from different parts of

the calculation which removes these problems!

In fact we have not shown that such cancellations continue to occur at

higher orders. However the calculation is so far consistent with the
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strong coupling expansion of Munster, which cannot break down at
higher orders, and we assume that no terms occur at higher orders here

to destroy the form of equation (66),

2.5 Large B behaviour

Finally in this section we briefly examine the behaviour of the mass
gap at large RB. Note from appendix I that the large B region of a
2(2) gauge model is transformed into the small B region of an Ising
model in three dimensions. ©Note also that the quantity dual to a

plaquette-plaquette expectation value is given by (Savit [ 9 J,

appendix)
Z.(®
< Dan > = ZI(B) (68)

B* = -1 9n tanh R

where ZI(B) is the Ising model p.f. and 2I(€) is a modified Ising model
p.f. obtained by changing the sign of the coupling associated with
links dual to plaquettes a and b. ] signifies a plaquette.

In the transfer matrix formalism, for example with periodic boundaries,

we write
2@ =1c [ NRKR]) (69)

where K gives the contribution of a layer modified as above. We may
proceed as before (equation (26)) with B = K. We will not carry out a
detailed calculation for the asymptotic form as N >> R - o but rather

assume that the mass gap will as before be given by

m = n KO ~ n kn (70)

where Xn is the eigenvalue of the lowest eigenstate coupled to < O [ by
K. The modified coupling in K is on a link between layers and thus
alters the K [B -0 part. We see from equation (33) that this
involves only éLsign change when the relevant layer site occurs in an
eigenstate. The unperturbed eigenstates remain as eigenstates. As for

K we expand K in terms of R (K =K l etc)
N B, =0
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~

EziHKL=KH+IEH(KJ.-1) (71)

The first term has only diagonal matrix elements and from (41) and the
Ising version of (42) all subsequent terms have diagonal elements and
elements corresponding to changes from even to even eigenstates. A
similar calculation to that indicated in equation (43) (for the Ising
model in this case, see Camp [ 3 |) shows that eigenstates with
unperturbed eigenvalue kl have only odd unperturbed states in them.

Xz is the lowest eigenvalue required. Camp gives this as

A, (0) = cosh'8 tann’s { 1 + 88, + 0(8)) } (72)
and
fn A - fm A, = =2 fn tamh 8 + 88, + O(BL) (73)

After duality transformation (with B now the dual gauge model coupling)

we obtain for large B,

Mopuge = 48 ° 8e 2P+ (e 4ty (74)

This note has provided a large R limit check on calculations to be

discussed in the next chapter.
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3. Transfer Matrix Approach II. The small lattice

We examine the results of a small lattice calculation in which the
transfer matrix is raised to a high power algebraically and expectation

values appear as ratios of exact polynomials.

3.1 Introduction

In the previous chapter we discussed the behaviour of correlation
functions on the lattice in the perturbative region of small B. The
discussion concerned a discrete gauge group, although similar results
from direct expansions apply to continuous groups (Minster [ 1 ]).
Away from the perturbative regime these methods are unhelpful in
either discrete or continuous models and one must turn to approximate

non-perturbative techniques.

We saw in the first chapter (section 1.5) how a sequence of possible
gauge configurations may be generated in such a way that their
distribution approaches the Boltzmanian weighting of a path integral.
In order to achieve this in practice it is necessary to parametrise
the configurations. Each link gauge variable may be described by a
finite number of parameters for any gauge group of physical interest,
but we must also require that there be a finite number of variables.
In other words, importance sampling Monte Carlo calculations imply

finite lattices.

This means that results are at best only indicative of infinite lattice
phenomena. One expects a very good approximation in regions where the
correlation lengths of the model are small, and a poorer one as

correlations grow to permeate the lattice.

In particular, phase transitions do not occur. Their presence on the
infinite lattice has been successfully inferred from Monte Carlo
results (Creutz [ 2 J), but the finite lattice image appears dramatic
only because of finite sample size. What does this mean? Monte Carlo
calculations sample only a finite number of gauge configurations (out
of an infinite number of possibilities in general), and although the
ultimate Boltzmanian distribution of these configurations is of the
essence of the importance sampling Monte Carlo algorithm, the rate at

which this distribution is approached may be slow. The rate of
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convergence of a Monte Carlo approximation is governed by the
quantity A (equation (70),section 1.5). This depends on the state of

the model and the method of generating configurations.

We will evaluate directly the kind of path integral approximated by

a sequence of Monte Carlo configurations on a finite lattice. We
assume that finite lattice vestigial phase structures will look
qualitatively similar in models with similar infinite lattice phase
structures, regardless of the gauge group. Since we do not propose to
examine the naive continuum limit (section 1.2) in this work, we may

as well take advantage of the form of Wilson's Lattice Action [ 3 I
(gauge fields taking values from the group rather than the algebra) and

consider a finite gauge group [ 4 ].

Although exact calculations on finite lattices are not a new idea

([ 5 J, [‘6 J) they have yet'to be applied to Lattice Gauge theories.
We will see later that gauge models are more realistically modelled
than conventional Z(2) spin models on a finite lattice. The idea is
simply that, for fields taking values from a finite set, the relevant
path integral becomes a finite sum and thus in principle trivial. The
sum may be large, but practical limits on its size come from the

solution of computing problems which need not concern us here.

The relevance to physics of a finite lattice model with a discrete
gauge group is not immediate! However, exact solutions for non-trivial
lattice models are not abundant, particularly in greater than two
dimensions. We present exact results, applicable in all regions of
coupling constant space, on (as far as we know) the largest lattice

presently amenable to such treatment.

Firstly, this will allow us to examine the zeros of the finite lattice
partition function, which should provide an indication of the global
analytic structure of a lattice model [ 7 J. It will also be

possible to obtain subtracted plaquette~plaquette correlations exactly.
Now in the case of a discrete global symmetry on an infinite lattice
the symmetry is broken spontaneously at the critical temperature.

This allows the use of a local order parameter. On a finite lattice no
symmetry is spontaneously broken and the order parameter remains zero

unless the symmetry is broken by hand. This is essential for the
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measurement of subtracted spin-spin correlations (otherwise the
subtraction is always zero and correlations do not decay exponentially)
thus we are forced to use an artificial symmetry breaking (see

Appendix II). Contrastingly a gauge symmetry is not spontaneously
broken on any lattice (this is Elitzur's Theorem, see (s 1) and a

gauge invariant non—-local order parameter is chosen from the start [ 9 ].

The need for artificial symmetry breaking never arises.

There has been considerable interest recently in the hadronic correlation
functions in Monte Carlo lattice SU(3) gauge theory. The lattices

have been of approximate size 6 x 6 x 6 x 12 [ 10 ]. The idea is to

fit masses to the exponential decay of these correlation functions. At

large distances

< A(0) A(R) > = <A(0) ><A(R) > s.zagd_(_j_n.}lfo 1)

P 2

where m is the lowest lying mass associated with A. Corrections to this
form have higher powers of R in the denominator or larger masses in the
exponential (see the previous chapter, for example). We see that
fitting to this form is only absolutely safe as R > ®. With a periodic
lattice of the size mentioned above we cannot have R greater than

six lattice spacings:

We will use the exact expressions generated for this work to fit
separated plaquette expectation values (for separations up to 4 lattice

spacings) to the asymptotic form given in equation (1).

We have established in the previous section that this is the correct
asymptotic form for the Z(2) gauge model in d = 3 dimensions. We will
be able to compare with the small B expansion for the lowest lying mass
[ Munster [ 1 ]] and with leading terms in the small e-.28 expansion
(previous chapter). We will also see that the mass gap becomes small

close to B .
c

Finally we will compare mass fits using different plaquette separations
at fixed B and find that discrepancies are small, i.e. that separation
dependent corrections to the exponential form remain small even close to
the critical point in this small lattice model (in contrast with the

Ising model, appendix I).
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3.2 The Model

We discuss the requirements for a suitable model. It has been
suggested [ 7 I, [ 11 1, [ 12 ] that vestiges of infinite lattice
behaviour persist on extremely small (e.g. 23, 33) lattices.
Specifically we find that although finite lattice models do not have
phase transitions, measurable quantities such as specific heat will
peak close to infinite lattice critical coupling values. However,
while these small lattice sizes make partition functions (and their
derivatives) relatively easy to obtain, they physically preclude the

measurement of correlations between separated spins or plaquettes.

At the same time exact calculations on large lattices present
computational difficulties. The compromise is to consider lattices
of relatively large extent in one direction, and to measure
correlations in this direction (cf [ 10 ], ['13 J). We find that a
7Z(2) gauge model on a 3 x 3 x 9 lattice is accessible. This will be
sufficient for measurement of correlations. It implies a sum over

roughly 1050 configurations after gauge fixing.

The partition function is

Z = z exp [ B z Us U U ] (2)
configurations plaquettes
iike

where the link variable Uij takes values from { 1, — 1 } on the link
between sites i and j (cf. the direct labeling of links in the previous
chapter). Z cannot be evaluated directly. The calculation is simple
but too long winded. We proceed as follows: the dual Ising model
partition function is evaluated using the finite transfer matrix
approach suggested following equation (5) of the previous chapter; Z

is then obtained by the duality transformation described in

Appendix I. Checks on this method are outlined in appendix III, where
Z is also listed. Periodic boundaries are used in the short directions
while free (B = 0) boundaries are used in the long direction. We

avoid periodic boundaries in the long direction so that separated
plaquettes have a definite separation. We will discuss boundary effects

in a subsequent section.
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The following features of the infinite lattice model should be noted:

The Ising model in three dimensions has a unique second order phase
transition at BC ~ ,22 (Fisher and Burford [ 14 ]). Duality
(appendix I) then implies a unique second order phase transition for
the Z(2) gauge model at BC = .76 (see also Balian, Drouffe and
Itzykson [ 4 ]). Interest in Z(2) gauge models was initially
stimulated by the qualitative change in the behaviour of Wilson loop

expectation values from

< I Uij > o exp [-—f(B) (loop area) 1 (3)
loop

at small B, to

< I Uij > ¢ exp [‘*g(B) (loop perimeter) ] 3]
loop

at large B (Wegner [ 9 ], Kogut [ 8 ]). Unfortunately exact
calculations for the expectation values of different sizes of, say,
square Wilson loops would require a lattice of large extent in at
least two dimensions. The lattice described here could be used for

N x 1 Wilson loops, but these are not sensitive to the crossover from
area to perimeter dependence. Instead we will examine the plaquette
correlation function. The correlation length associated with this
function should become large close to the critical coupling, although
as we have seen in the previous chapter we expect a finite mass gap in

both the large and small coupling limits.

The Ising model partition function has a zero at BC; in fact there must
be an infinite number of zeros in the neighbourhood of B, in the

complex coupling constant plane (Abe [ 15 ], also see later). Since
duality implies that the gauge model partition function is proportional
to that for the Ising model (with transformed coupling; appendix I) we

expect a similar distribution of zeros in this case.

It is found in the case of the 2 dimensional Ising model that (for some
boundary conditions) the zeros of a finite lattice model all lie on the
line of the infinite lattice distribution [ 7 ]. We proceed under the

assumption of a similar correspondence in the next section.
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3.3 Zeros of the partition function and behaviour of the specific heat

Before generating correlation functions we examine the partition
function for the 3 x 3 x 9 Z(2) gauge model. Since the partition
function is obtained as a polynomial (in this case a polynomial in
tanh B, see appendices I and III) we may obtain the internal energy

and specific heat directly:

Average plaquette = 'ﬁL 3 Qnagz (B) s
action p ,
' 1 2% @)
Specific heat = — S22 P/ ()
N 2
p 3R

where Np is the number of plaquettes.,

The specific heat is shown as a function of B in figure 1. Similar
results for the Ising model are given in appendix II. The peak in the
specific heat close to BC is more pronounced for the Ising model - we
will be able to interpret this in terms of the distribution of zeros of

the partition function.
First notice that we may write the partition function as

Z(@B) o« I (e_46

Zeros
]

- (aj + ibj)) (7

where(aj + ibj) is the position of the jth zero of Z(R) in the complex

e—48 plane. Putting this into equation (6) we obtain

-16 -4 (23 *1P5)
T =78

: (®)

Specific heat =

P . (e

. 2
~ (a.+ 1b.)
3 ( J J)

Since the polynomial Z(B) has real coefficents the zeros must occur in
complex conjugate pairs. The contribution to the specific heat on the

real axis due to such a pair (now jointly labelled j) is given by
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/o s

Figure 1

Specific heat vs. coupling constant for the 3 x 3 x 9 lattice Z(2)

gauge model.
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2 2 2
-a. X - a. + b. + 2b.
{ ] (« J) N ) ] * ]

S. (x) = — (9)
N 2 242
J p [(x-a)+1b.7]
] ]
~4R .
where x = e . Sj(x) has maxima at
2 2
X = * a.” +b. 10
; ;o (10)

0 < x < 1 correspond to positive B and

V) 7 1 1
S. S+ b)) == , 11
( aJ ; ) 5 (11)

a
J p2 1- J

The distribution of zeros in the complex x plane is shown in figure 2.
This may be compared with the distribution for the Ising model given in
appendix II. Figures 3 and 4 show the distribution of zeros in tanh B
and tanh26 for the gauge model. There are a few zeros which are not
found (we use a modified Newton-Raphson technique [ 16 ]), and a few

which lie well outside the unit circle in these plots.

Since the gauge model is obtained from a modified Ising model by the

transformation
B+ -} n tanh B (12)

comparison with the conventional Ising model plot (appendix) shows the

effect of the modified boundary conditions.

Equation (11) shows that the largest contribution to the specific heat

from the nearest pair of zeros (j) pinching the positive x-axis is at

¥x =V a "~ +b,” = 07, B*.66

This compares with e—ABC

z .05, B, = .76, and corresponds closely to the
peak in figure 1. In fact we may associate this peak with a 'coherent'
distribution of zeros (i.e. a line with a2 + b2 % constant). This
parallels the anticipated infinite lattice behaviour [ 15 ]. Notice

from appendix II that the corresponding zeros in the finite lattice Ising

model give, in this sense, more coherent contributions at 8., and

produce a more pronounced peak.
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From these results it seems likely that the Z(2) gauge model has a
line distribution of zeros passing through the real axis at B [ 7 ].
There is clearly some further structure away from this line although

the present lattice is too small (and too anisotropic) to find it.

3.4 Short distance behaviour of the plaquette correlation function

We label the layers of the lattice as indicated in fig 5. The layers
are periodically bounded. We arbitrarily introduce a labelling scheme
for the plaquettes within a layer (figure 6). We will only deal with
layer plaquettes in this work, so the layer number followed by the

layer vector identifies a unique plaquette. We then have a shorthand

for plaquette expectation values:

< [_“_](a’ b, oy> = T UpUa U U exp [ 8 5 uuuy ]
configs : plaquettes (13)
I exp[ B z uuuy ]
configs plaquettes

where U.., U.,, U , and U,., are the link variables around plaquette
ij ik’ k2 21
(b, ¢) in the ath lattice layer. We obtain expressions for the

following quantities:

<Oz, 0,08 @, 5, 0> <He, 0,0 (14)

for all b and ¢. Note that the lattice is symmetrical under (a, b, ¢)

+ (-a, b, ¢). We write the subtracted correlation function as

D( | a, - a, I, b, o) = <[] (al’ 0, 0) [:] <32’ b, o) >

UHano 0 Ha, s o (1)

We may construct linear combinations within a layer:
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Figure 5

Figure 6

NAVANA

Figure 5: Labelling scheme for lattice layers.

Figure 6: Labelling scheme for plaquettes in layer a.
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y (lag=ay[) = 2 ex"[‘z%i(?lb*'l’zc)]

>

b, o U, 0, 0

(16)
where py» P, take values from {1,0,-17}.

The squared plaquette expectation value < [:] (a, b, ¢ 52 is plotted
against B in figure 7 for a = 0. Discrepancies with a # O are small.
The worst case is a = 2 at BC with a discrepancy of about 1 %. The
D(n) are also small, however, and we avoid using plaquettes with a > 3

to try and minimise boundary effects.

The subtracted plaquette-plaquette expectation values are plotted
against B in figure 8. 1In the small B region the lattice separation
(2, 0, 0) gives a similar correlation to (1, 1, 0), and has a greater
correlation than (1, 1, 1). In this sense the effective separation at

(a, b, ¢) is given by a + b + ¢c. Close to Bc, however, the true

. 2 2 2 .
separation J/a + b7 + ¢” pertains.

Separations (2, 1, 0) and (1, 1, 1) (and (4, 0, 0) with (2, 1, 1)) do
not give identical small B behaviour on this small lattice because of
the periodic boundaries. On an infiﬁite lattice the lowest order
strong coupling (small B) diagrams for these expectations are tubes
connecting the relevant plaquettes (see appendix I, and for example

figure 9).

/ O(tanh16 B)

Fig 9
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Figure 7

Plaquette expectation value squared vs. coupling for plaquette (0, 0, 0).
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<[] D‘>—<D><D>

Figure 8

Subtracted plaquette-plaquette expectation values against coupling

for the following plaquette-plaquette separations:

a) (1, 0, 0 b) (1, 1, 0) c) (1, 1, D)
d) (2, 0, 0) c) (2, 1, 0) £) (2, 1, 1)
g) (4, 0, O) h) (l‘s 1’ O) i) (4, 1’ 1)
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However with periodic boundaries it is possible to form diagrams at

lower order (figure 10).

Y
% 15

/ O(tanh R)
/)

//

Fig 10

Nonetheless we observe that true separation becomes more important as
BC is approached; specifically that D(4, 0, 0), D(4, 1, 0) and D(4, 1, 1)

become more closely grouped than the other combinations (since

//az + b2 + c2 = a when a >> b, c¢) and so on.

The simplest way to try and extract an approximate mass or inverse

correlation length m from these figures is to fit the (a, 0, 0)
approx

separations to the form obtained in the previous chapter. The results

from fitting D(4, 0, 0)/D(2, 0, 0) and D(2, 0, 0)/D(1, O, O) are shown

in figure 11.

To leading order (at small B) we have

D(a, 0, 0) = (tanh B)4a (17)

and applying equation (66) of chapter 2 we find

1 [ a, D(a,, 0, 0)
m = n ==+ fn <--—~—----)
approx 1 a, a, D(al, 0, 0)
a
-—21— (-3‘-) +m o+ 0(8%) (18)
) 21

where m is the mass calculated in chapter 2 (equation(67)). The first

term appfoaches zero as a,, a, > «, but for ajs a, € 4 and small B it

dominates the error in mapprox' This is not a very interesting short

distance effect. We eliminate it by taking the linear combination



Figure 11

Approximations to the lowest lying mass (in units of the inverse lattice

spacing) against coupling as follows:

A) Strong coupling expansion (Munster [ 1 ])
B) Exponential fit to D(4, 0, 0)/D(2, 0, 0)
C) Exponential fit to D(2, 0, 0)/D(1, 0, 0)

D) Exponential fit to D (4)/D (2)

(0, 0) (0, 0)
E) Weak coupling expansion (Chapter 2).
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D(O 0) in equation 12. Then, in chapter 2, the implied modification
b
of equation (55) will contain § (p, 0) (see also equation (49)). This

makes the sum over momentum states trivial and we obtain

D(O, 0) ( [ a; ~ a, f ) ® exp (-m [ a; - a, [ ) (19)
The strong coupling (small B) expansion for m, including terms up to
tanhSB (Minster [ 1 ]), together with the large B expansion obtained in

the previous chapter and m the fit from D (W) /n (2), are
(0, O (0, 0)

s
all shown in figure 11. Ii/ls interesting to try and see roughly where
and how L becomes unrealistic. First note that Minster's Expansion
does not fall to zero particulary close to fc. For m greater than about
two inverse lattice spacings (see fig 11) the expansion may be no
better an approximation than L Extending the series is an
unnecessary labour however, since we can clearly see that mA/Z has
failed by the time the correlation length reaches about .7 lattice
spacings. This is smaller than might have been expected, nonetheless

it must be attributed directed to the finite lattice size and not to a
breakdown in the fitting procedure., Figure 12 shows the fit m /.,
compared with that obtained from D(O, 0) (2)/D(O, 0) (1). If short
distance effects of the kind anticipated in the previous chapter were
already spoiling the exponential form at m = 1.5 inverse lattice
spacings one would expect an inconsistent prediction here, however the

inconsistency is small.

This suggests that larger masses remain relatively large (in transfer
matrix terms smaller eigenvalues remain reélatively small) for this

finite model as the = lattice critical temperature is approached.

As we have noted before, thé transfer matrix associated with

a 3 x 3 layer in this model is a finite matrix. Thus it is
possible in principle, to check the smallest masses by

diagonalising the transfer matrix numerically, thus obtaining masses for
a 3 x 3 x infinite system at any B (see section 2.3). In this approach,
however, one must work with the gauge model transfer matrix from the
start, and we have seen that the first, fifth and smaller eigenvalues
would be required. This makes the calculation awkward in practice [ 17 ].
The corresponding calculation for the Ising model is relatively

straightforward. We discuss this briefly in appendix II.
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Figure 12

Approximations to the lowest lying mass (in units of the inverse lattice

spacing) against coupling as follows:

i) exponential fit to D )(4)/D )(2)

¢D)

(0, 0 (0, 0

ii) exponential fit to D (2)/p

(0, 0) (0, 0)
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In this section we have confirmed that the path sums associated with
a finite lattice 7(2) gauge model form closed expressions
approximating the thermodynamic limit for both strong and weak
coupling. The finite lattice allows consistent measurement of a
correlation length, and the approximation breaks down only as this

length approaches the lattice size.
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4, Discussion

We have checked the exponential fit method for extracting correlation
lengths from finite lattice calculations. It is not sensible to use
this method when the length approaches the lattice size (close to Bc)'
We have not yet been able to make a precise statement in this respect.
Unfortunately a lattice with a 2 x 2 section is too small to extract
masses in this way. A calculation with a 4 x 4 x n lattice is in
progress, but will take considerable time. A line distribution of
zeros of the partition function (through Sc) is suggested in agreement
with the form expected from Ising model calculations [ 1 ]. It may be

possible to extend consideration in this respect to Z(3) models.

The computing side of this work was aided greatly by the existence of
a duality transformation (appendix I) between the Z(2) gauge and spin
models. In four dimensions the Z(2) gauge model is self dual [ 2 ].
The duality transformation may be extended to Z(N) symmetries for

N » [ 3 ] although non-abelian groups have so far proved inaccesible.
Recently Bhanot and Rebbi [ 4 ] and Petcher and Weingarten [ 5 ] have
shown that the discrete subgroups of SU(2) reproduce SU(2) results
over a wide range of coupling constant (although they have a phase
transition at large B8). Monte Carlo calculations are more efficiently
implemented with discrete groups, but these results are ultimately
prone to the same statistical problems with numerically small
observables as for SU(2). It may be possible to obtain duality
relations for discrete non—-abelian groups. Calculations for appropriate
quantities in small B could give accurate large B results by duality
{(c.f. section 2.5 and [ 6 1).

In chapter 3 we saw how effective 'separations' on the lattice (as felt
by correlation functions) changed towards true separations close to

BC. So far we have not considered the problem of absence of Euclidean
invariance in the lattice scheme. We have used a cubic lattice because
it makes duality transformations easy. Beyond this however, a program
on a conventional computer (not a parallel processor) favours no
particular lattice structure. A worrying feature of the cubic lattice
is that it has preferred directions, however far away you look. A

random lattice looks more isotropic at large distances. It would be

worth trying to confirm universality (of critical behaviour among models
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with the same dimensionality and interaction type) for lattice gauge
theories. This should be relatively easy, even for SU(2). Since the
usual hypercubical lattice is not expected to have physical relevance

this would provide an important check on the lattice approach.

Finally it would be interesting to try and find BC for the Z(2) gauge
model using the finite lattice renormalisation transformations
mentioned briefly in Chapter 1. Calculations of this kind have been
performed for the Ising model [ 7 ], but it could be instructive to
deal with the different problems posed by a gauge interaction while

maintaining a simple and fairly well understood model.
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Appendix 1: The Ising model and Z(2) gauge model in three dimensions

A comprehensive survey of the relationship between spin and gauge
models on flat three dimensional lattices is given by Savit [ 1 ] (see
also the pioneering work of Wegner [ 3 } and Balian, Drouffe and
Itzykson [ 4 ]). We introduce modifications required for a periodic
lattice [_2 ].

The Z(2) gauge model partition function (eqn (2) of chapter 3 for

example) may be written

K +1
P
_ 2
Z(B) = )} I cosh B z (UijUijkQUli tanh B)
configurations plaquettes K =+%1
of U's iike P
KP
= 3 » i (cosh 8 tanh 2 8) T uijp R
configs configs plaquettes links
U's K's ij
(D

~ we have introduced Kp = + 1 on the plaquettes p and I , a sum over
p:ij

the four plaquettes common to link ij. The advantage of this form is

that terms in which any Uij is raised to an odd power are cancelled in

the sum over Uij configurations. The remaining terms get a factor of

2 for each link and we may write

Z(B) « 3 exp [ z -erj
configs plaquettes
K 's (2)
P
{ T K =+11}
* . p
P13
where B = -4 2n (tanh B). The expression in curly brackets means that

A

we only consider configurations in which the product of four Kp s

incident on every link gives + 1.
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Our task is to show that this constrained sum may be written as an
unconstrained sum over Ising spins with an Ising interaction. The
situation we have at the moment is a sum over the small~f expansion
terms for the gauge model partition function. We are summing over
configurations of Kp's taking values on plaquettes under the constraint
that the product of four incident on any link must be + 1. This means
that the set of plaquettes with Kp taking value -= 1 can be

decomposed into closed surfaces in any allowed configuration. These
configurations with closed surfaces are in one to one correspondence

with strong coupling (small B) diagrams.

If the lattice is on a flat space then each of these closed surfaces may
be considered as the boundary of a volume made of elementary cubes. We
define a set of variables SC on the cubes as follows. For an arbitrary
first cube we put § = + 1 then the others are either put = + 1, if they
are an even number of surface walls away, or otherwise put = - 1. The
product of two cube variables with a common plaquette 1s now equal to

Kp for that plaquette. 1In three dimensions there is a one to one
correspondence between links and plaquettes and between sites and

cubes (think of a lattice shifted so that sites lie at the centre of

cubes of the original lattice).

We have seen that all the configurations in the constrained sum may be
generated from configurations of Sc's taking values on cubes (or sites).
The Kp's are obtained from the product of the two adjacent cubes. We
have yet to show that all such cube configurations generate Kp

configurations which satisfy the comstraint., Consider a Kp constructed

1

from adjacent SC 5
Kp = 5.8, (3)
We require
I K =+1 (4)
P
plaquettes

common to a link

of course each SC occurs twice in the product so the constraint is always

satisfied. We write from (2) and (3):
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z@) = L exp[-B 1 5] (5)
configs links
S 13

(we have chosen to put the S's on sites). This is the Ising model.

If the lattice is periodically bounded then the closed surfaces formed
from plaquettes with Kp = ~ 1 cannot always be considered as the
boundaries of volumes. Consider a surface which is closed by virtue of
the periodicity (a 'membrane' diagram in the strong coupling series).
We cannot make a consistent assignment of cube variables. In other

words there is no cube configuration which generates a "membrane'.

Notice, however, that if we were to put an additiomal factor into the

interaction so that

K =8. .. S. (6)

- 1 for all links through a membrane

where ¢£;2) =

+ 1 otherwise,

then this form generates all possible membrane configurations due to

periodicity in a pair of directions. Further introducing ¢§}3) or
(23) 1]
directions. The complete partition function is thus obtained by

generates possible membranes due to periodicity in other pairs of

summing over configurations of Si's and over possible combinations of

¢ insertionms.

Notice that a lattice periodic in two directions (as in chapter three)

only requires one insertion.

It is possible to generalise this discussion to include Z(N) models.
The non trivial ¢'s take values from the relevant representations of

Z(N).

Expectation values of gauge invariant products of U's (closed loops,
products of closed loops) are obtained as follows: Choose a surface of
plaquettes bounded by the closed loop; change the sign of coupling on
the corresponding links of the shifted "dual' lattice Ising model; sum

over configurations as above. This procedure has the effect of
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generating configurations with 11 Kp =~ 1 on the links of the
p:ij
closed loop so that a factor Uij occurs in the expansion (1) to cancel

that appearing from the expectation value.
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Appendix II: Small lattice results for the three dimensional Ising Model

We give the results of exact calculations for the specific heat,
zeros of the partition function and spin-spin expectation values of the
Ising model on a 3 x 3 x 8 lattice. These were preliminary

calculations for the work discussed in Chapter 3.

Duality enmsures that the locally and globally Z(2) symmetric lattice
models have identical phase structure in three dimensions

(reference [ 3 1 of appendix I). Nonetheless there are interesting
differences between the two models. The Ising model has a
spontaneous magnetisation or single spin expectation value as a local
order parameter. Below the critical coupling value this quantity is

zero as one might expect from the Z(2) symmetry of the Action:

A=8 2 ¢, 9. (1

(¢i takes values from { £ 1 }). Above Bc this symmetry is spontaneously
broken and the single spin expectation value becomes non-zero. This
effect does not occur on a finite lattice so we break the symmetry by
hand. In the model we discuss the symmetry is broken by fixing a layer
of spins at each end of the lattice in the long direction to + 1.

There are eight free layers. We may think of a periodic lattice with

a single frozen layer or an infinite frozen lattice containing an
unfrozen bubble. Either way one anticipates that at small 8, where the
correlation length is small, the effect of the frozen layers will not
permeate into the lattice (and that the single spin expectation value
remains very small), while at larger B the single spin expectation
approaches unity as in the full model. We will see how these ideas

are approximately realised.

The sbecific heat for the 3 x 3 x 8 model is given in figure 1.
Intermediate results for a 3 x 3 x 4 model are also shown. There has
been some use of finite size scaling arguments [ 1, 2, 3 ] in the
literature to extract information about phase transitions from
sequences of small lattices [ 4, 5, 6 ]. We have been dissuaded from
attempting such calculations firstly because 2 x 2 x n lattices are too

small and 4 x 4 x n lattices very awkward to calculate. Secondly
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« SPECIFIC HEAT

Figure 1

Specific heat vs. coupling constant for (solid line) 3 x 3 x 8 lattice

and (dashed line) 3 x 3 x 4 lattice Ising models.



83

3 and 43 [ 7 ] lattices

because a preliminary calculation using 23, 3
shows that the normal finite size scaling behaviour has not set in

at these very small sizes. The specific heat curves are given in
figure 2. Using the results of section 3.3 and the plots of zeros of
the partition function for the 23 and 33 models in figure 3 it is easy
to see why this is the case, In fact one may readily calculate the

23 partition function and obtain the zeros by hand:

7 ate B+ 4™ 4 )2 (@4 - )2 (748

(e - i) - ¢c)
(8 - e (B - Ly 8 - L
where
c=(1--)( + i) 2)

V2

Equation (11) of section 3.3 shows then that the peak in the specific

heat will occur at approximately B = .21. Although the real component
of the closest zero is closer and the imaginary component smaller for

the 33 model, the magnitude is actually further away from BC. In fact
it is the size of the imaginary component of the nearest zero for the

23 model which pushes the magnitude close to BCI In the light of

these results the finite size scaling approach is not pursued.

The zeros of the partition function for the 3 x 3 x 8 model are given
in figure 4. The situation is similar to that discussed in section 3.3

and reference [ 7 ].

In discussing spin-spin expectation values we adopt an equivalent
notation to that of section 3.4, but label sites of the lattice rather

than plaquettes. The unsubtracted spin-spin expectation values

<%0, 0,0 %1,0,0 7 %1, 0,0%-1, 0,0 " %c-1, 0, %2, 0,0

and

2
<%0, 0, 00
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Figure 2

Specific heat vs. coupling constant for periodically bounded 23, 33 and

43 lattice Ising models.
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g
S ——

,? +

Figure 3

Zeros of the partition function in e”46 for periodically bounded
23 and 33 lattice Ising models (+'s and dots respectively). Lines of
constant magnitude are drawn for the zeros nearest the real axis in

each case (see section 3.3).
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—

Figure 4

Zeros of the partition function in e_48 for the 3 x 3 x 8 lattice

Ising model (zeros occur in complex conjugate pairs).
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are shown as functions of B in figure 5. Notice that < ¢(o 0, 0) >2
b b

is extremely small at small B. 1In fact it has negligible effect up to
B = ,18 (on the infinite lattice it would be zero up to BC = ,22),
Above Bc it rises very sharply to + 1, which is at least qualitatively

the behaviour we require.

Approximate fits to the lowest lying mass (inverse correlation length)
are obtained by comparing the subtracted values at separatioms 4/3,

3/2 and 2/1. We have not taken the linear combinations necessary for
momentum eigenstates. We anticipate a poor approximation for
intermediate and large B in any case because of the severe boundary

and m,, are shown in figure 6. The

437 ™32 21
small B expansion for the mass gap has been obtained to high order by

conditions. The mass fits m

Fisher and Burford [ 8 ]. This result is also shown in figure 6. The
discrepancies at small B are exactly those described in section 3.4, so
a momentum eigenstate fit would give good agreement with the series
expansion result at small B, However at large 8 there are problems.

We may write the subtracted expectation value for separated spins as

2
27 (<%0, 0,0 %, b,e) 7 %%, 0,0 " %a, b, o)

= 7 z exp[A]- z exp[AJ
configurations configurations
with ¢(O, 0, O)'¢(a, b, <) = +1 with ¢.¢ = -1

- z exp [ A ] - z exp [ A {) .
= +1 } {¢=-11}

. z exp [ A j - z exp [ A.é) (3)
{ ¢

{ ¢(a, b, o) = +1 } =-11}

The dominant term at large B has all spins aligned, this cancels in (3).
Next leading terms have one spin flipped, these also cancel. In general
on an infinite lattice the cancellations proceed up to an order
proportional to the separation of the spins. This makes a large B
expansion for the subtracted quantity difficult to obtain. Consider
the case of separation one lattice spacing. Here the leading non-—

vanishing term comes from two adjacent spins flipped. The configuration
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< b >

Figure 5

Unsubtracted spin-spin expectation values vs. coupling for the

3 x 3 x 8 lattice Ising model.

3 <%0, 0, 0 %, 0,0
B) <810, 0 %1, 0,0 7
—e) <%y, 0,0 %2, 0, 0

2
D <%0, 0,0
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Figure 6

Approximations to the lowest lying mass (in units of the inverse lattice

spacing) as follows:

A) Strong coupling expansion (Fisher and Burford [ 8 ])
B) Lowest lying mass for 3 x 3 x = lattice

C) Exponential fit from D(4, 0, 0)/D(3, 0, 0)

D) Exponential fit from D(3, 0, 0)/D(2, 0, 0)

E) Exponential fit from D(2, 0, 0)/D(1, 0, 0)

- we have adopted the notation of section 3.4.
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in which the two spins being measured are flipped contributes +1 to

< ¢¢ > and -1 to < ¢ >. Since the flipped spins are adjacent, ten links
make a negative contribution to the action. 1In the case of

separation two lattice spacings the important configuration is that
with three adjacent spins flipped in a row, including the two being
measured, Here fourteen links make a negative contribution to the
action, and so it goes on. Unfortunately at separation three the
important configuration has eighteen negative links and this is
precisely the number required to introduce an arbitrarily thick wall
of flipped spins into the small lattice (by virtue of the periodicity).
Configurations of this kind also contribute to the subtracted
expectation value thus spoiling the large B behaviour at separation

three and above.

With this in mind it is impossible to check the consistency of the
pure exponential fit close to BC by comparing results from different
pairs of separations. However, this fit clearly breaks down for the
separation one case. The mass gap estimate actually takes small
negative values close to Bc! Presumably we should include the effect

of further masses (see chapter 2).

We have obtained the transfer matrix for the 3 x 3 layer in this model.
The largest eigenvalue and corresponding eigenvector were found by
repeated application to a random vector at fixed B. The next largest
eigenvalue was found by repeated application to a vector orthogonal to
the first eigenvector. The gap obtained from this calculation gives

the lowest lying mass for the 3 x 3 x «» lattice*. Results were obtained
numerically for several values of 8 and are included in figure 6. The
correlation length for this model is about 2{ lattice spacings at Bc.

If the large B behaviour discussed above has not set in at BC then

1 . . . . L.
Er-also gives an estimate of about 2} lattice spacings. This is

43
roughly the effective size of the system (see [ 2, 3 ], in contrast with

the gauge model case in chapter 3).

* without symmetry breaking.
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Appendix III. The partition functionms

The Z(2) gauge model partition function is given in tables 1 and 2 in

the following format:

Table 1 : N - 42 C

Table 2 : N - 41 C

where

Z(8) = £ Cy (cosh B)Y (simh )°>°7" 1
N

The Ising model partition function is then obtained from

z.(8) = 1 ¢, o(HN22)B 2)

I N

N odd
72 . . .
Now z CN = 3 CN = 2'7. The leading diagrams in the strong
N even N odd

coupling series (appendix 1) are:

1+ (3x3x8) @ +9 + (3x3x7x3
+ 9><2

((6x9x(72—7)+2x9x72— @ @

+Bx6) + (7x18 + 2x9) 4] +efc.

and N . 1is obtained from
min

(2x3)
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alternating + 1 ¥ - 1 between each layer except where interlayer

interactions are modified.
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Table 1: N Table 2: N
even odd
1
- -4 C
N-42 CN ‘ N-41 ‘ .Sy

12 6.00302000060000300C0000B605000CC 16 11022 .0000000000000C0O00G0CEILLET
14 1305,000200000C00000030000CICC0G 18 967122 .60006000620000000C0GLE0CCT
16 127935 .00000 J000002C0G0006GD6LCL 20 35847522kOODOOODODODOuCOOCFCOCCC
18 6294480.03050000.000000000C0CL0C 22 803417196.,00G0000000000000C00CHE
20 178936560.0002030C0C0CLOCOC00CLE 24 .12459583179,00000000605060C0OGCCE
22 3296144790,00000000000006C060CCC 26 144589216563.00000000CCG0LC00CCC
26 43830342258,00007000000000C500CC 28 1327273175916.0000000660G5000CCC
26 449839669126 .,000004 6000000000000 30 10018239598908.00000000CCCL00C0
28 3729561635376.00300C000000G0CCCC 32 63954934786816,00000000000C00CCT
30 25809635329638 .00C0GAGL000LO0CES 34 352798696037130.,3000000600000CCC
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