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This thesis is concerned with the problem of variance components estimation
and 1its applications in sample surveys.

The MINQUE (minimum norm invariant quadratic unbiased estimator) was
proposed for a general variance components model, but its optimality requires
normality assumption and correct prior values. A sufficient condition for optimal-
ity is given in the thesis as an alternative condition to the normality assumption.
A necessary and sufficient condition is proved for MINQUE to be independent
of prior values and a simplified condition is given for the balanced analysis of
variance models.

There are several modified versions of MINQUE that yield nonnegative esti-
mates for the variance components. In this thesis the nonexistence of a nonneg-
ative minimum biased quadratic estimator across the parameter space is proved.
A nonnegative estimator, which has minimum variance among all the estimators
minimizing an upper bound of the bias function, is proposed. Numerical and
empirical studies are carried out and suggestions are made on the use of these
nonnegative estimators.

MINQUE is applied to estimate the interviewer’s variance in a complex sample
survey and its efficiency is compared with some existing estimators. An optimal
design with a specified cost constraint is given and an unbiased estimator for the

variance of the estimator of the mean is derived.
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Chapter 1

INTRODUCTION

1.1 The problem of estimation of variance com-

ponents

Since Fisher (1925) introduced the terms ’variance’ and ’analysis of variance’
into the literature and implicitly employed variance components models several
variance components models and methods of estimating variance components
have been developed and used in many fields of statistics.

In a sample survey different operations are associated with different stages of
the survey process and it is impossible to avoid the occurrence of error in at least
some of the operations. For example, in the process of data collection there are
many potential sources of error: the interviewers, respondents, nonrespondents,
and so forth. These errors affect the total variance of the survey estimators. In
large-scale surveys it is not uncommon that the contribution of interviewer’s error
to total variance is larger than the contribution of sampling error (U. S. Bureau of
Census, 1979). In a survey using interviews the conventional method of estimating
the variance of the survey estimators which only takes sampling error into account
overestimates the accuracy of the survey. A variance components model should
be applied in this situation and estimation of important components such as the
interviewer’s variance is needed.

In experimental design because of the complexity of experimental conditions
estimation of variance components is also needed. Many factors in the experi-
ment are random factors. They do not affect the biases of the treatment effects
but they affect the estimates of variance of the treatment effects and hence the

efficiency of the treatment effects. Since many optimality criteria in experimental
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design depend upon the variance of the treatment effects, estimation of variance
components may change the design. Searle (1971) gives examples of random
factors in the design of experiments.

The purpose of estimation of variance components is twofold. First, the esti-
mates of variance components give individual variance values for different error
sources which will help to identify the poorly performing stages in the operation.
Second, using the estimates of variance components we can obtain more accurate
estimates of the variances of desired estimators such as population means and
treatment effects.

The problems relating to the estimation of variance components are:

1. The construction of a proper variance components model.

This problem is closely related to the experience of previous operations and
the understanding of data. It is very important to use a proper model to start
the estimation. The emphasis of this thesis, however, is not on this problem.
In the next section we shall introduce some commonly used variance components
models. Throughout the thesis we assume that the model is predetermined before
we start the estimation.

2. The choice of an optimal estimator.

The choice of an optimal estimator is usually determined by the objectives of
the estimation, the optimality criteria and the structure of the data. We shall
introduce several estimators in the following sections and will investigate the

properties of some of these estimators.

1.2 Variance components models

In the early stage of the development of methods of estimating variance compo-
nents specific models such as the one-way random model and the two-way nested
random model were often used. For the convenience of theoretical work there is
a need for a general variance components model which will include these specific
models as special cases. Rao and Kleffe (1980) give a list of papers on the early
use of variance components models. We shall follow the notation of Rao and

Kleffe and call the following model the general variance components model:
y=XB8+Ui& +---+ U, (1.1)

where y is an n x 1 vector containing the observed values, 3 is a p x 1 fixed effect

parameter vector, X is an n X p design matrix for the fixed effect, U; is an n X p;
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design matrix for the variance component, and &; is a p; X 1 random effect vector,
1 =1,...,k.

The following assumptions are imposed on model (1.1):

E(Et):()a 221,,k, (12)
V(&) =01, i=1,...,k, (1.3)
cov(€:,€;) =0, 1,7 =1,...,k,1#J. (1.4)

We also assume that finite third and fourth moments exist for all random
variables and that the third and fourth moments are equal for all variables in a
given vector &;, 1 =1,..., k.

Assumption (1.4) assumes no correlation between different variance compo-
nent vectors. Throughout the thesis whenever model (1.1) is used the above
assumptions are imposed. The associated statistical problems with model (1.1)
are:

1. Estimation of 3.
2. Estimation of 02,7 =1,..., k.
3. Prediction of &,1=1,...,k.

This thesis concentrates on dealing with the second problem: estimation of
o} i=1,...,k.

In model (1.1) the vector y is determined by the observations from a survey
or an experiment, and X, Uy,..., U, are the design matrices for the fixed and
random effects. Different forms of design matrices will yield different models.

The earliest proposed and the most commonly used models are the analysis
of variance models (ANOVA models) which assume an overall mean for all the
observations and the numbering of the cells are in lexicographical order. Suppose
there are n random factors each at s; levels. We use p = (p1p2...p,) to label a
cell, ¢, is the number of observations in each cell. There are two special classes
of ANOVA models, nested ANOVA models and crossed ANOVA models, which
are of particular interest.

An n-way nested ANOVA model can be written as:

Ypipa.pnh = P+ Qpy F Qpipy + Gpypops + 70 ° + Qpipypn T Epipaepnhs (1.5)

pi=1,...,8;,7=1,...,n, h = 1,...,t,, where u is the overall mean and

@p,..p, 15 a random term with mean zero and variance of, k = 1,...,n, €y, p.4 IS
2

e

the random error with mean zero and variance o



Chapter 1 4

A crossed n-way ANOVA model can be written as:

Ypipapah = p+al) +a@ 440l +a(D 4o g gt

P1pP2 Pn-1Pn

+eet agﬁ;ﬂ)o,, + €p1pa..pahs (1.6)
pi=1,...,8,7=1,...,n, h=1,...,1,.
where p is the overall mean and the other terms are random factors.

Example 1.1:
A two-way nested ANOVA model:

Yijk = p+ ai + bij + €ijk,

where g is the overall mean, a;, b;; and e;j; are random terms with variance
components o2, o and o2 respectively.
Example 1.2:

A two-way crossed model without interaction
Yijk = 4+ ai + bj + ey,

where a;, b; and e;;; are random terms with variance components o2 of and o?
respectively.
Example 1.3:

Two-way crossed model with interaction:

Yijk = i+ a; + b; + cij + e,

2

where a;, b;, ¢;; and e;;;, are random terms with variance components o2, o, o7

and o? respectively. O

In practice we often need to know about more general fixed effects than an
overall mean. For instance, in a survey we may be interested in knowing the
subclass means. Hence the above ANOVA models are not adequate and another
class of models is needed. For the convenience of presenting the work we shall
call these models extended ANOVA models (E-ANOVA models) which are formed
by changing the overall mean in the ANOVA models into a subclass mean and
retaining all the corresponding random terms. The E-ANOVA models will include
the ANOVA models as special cases.

Example 1.4:



Chapter 1 5

An E-ANOVA model used in Chapter 6:

Yntis = Tyt + byj + eejs,

y=1,...,,t,j=1,...,k, s =1,..., f, where 1, is a fixed effect, b,; and e s

are random terms with variance components of and o2 respectively. O

The E-ANOVA models are special cases of the general variance components
model (1.1) because the design matrices X and U; for the E-ANOVA models
only have 0 and 1 as its elements and the element 1 appears only once in a row
of the design matrices. Many of the results obtained in this thesis are obtained
for the general variance components model (1.1), but the E-ANOVA models are
used extensively either to simplify the conditions or as examples of how to apply
the results.

A balanced data set is one in which there are equal numbers of observations
in all the subclasses which are formed by the various combinations of the factor’s
levels. If there are unequal numbers of observations the data set is referred to as
unbalanced. A linear model fitted to a balanced data set will be called for short
a balanced model. A linear model fitted to an unbalanced data set will therefore

be called an unbalanced model.

1.3 Estimators of variance components

The choice of good estimators in statistics is sometimes subjective. Generally
speaking, there are two ways to obtain an estimator. One is by maximizing
or minimizing a function of the parameters. Examples of estimators obtained
this way are the maximum likelihood estimator (Section 1.3.2) and the restricted
maximum likelihood estimator (Section 1.3.3). Another way of obtaining an
estimator is by setting up some desired properties of the estimator as constraints
and solving the equation system to obtain the estimator. Examples are the BLUE
(Best Linear Unbiased Estimator) and the MIVQUE (Section 1.3.4).

Considering that we are estimating variance components which bear the prop-
erties of variance we may want our estimators to be:

1. invariant with respect to the fixed effect, i.e. the estimates of the variance
components will not change when the mean vector changes;

2. nonnegative;

3. unbiased;
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4. have minimum variance amorng all the unbiased estimators;

5. have minimum mean squared error among all estimators.

In the process of looking for good estimators we often need to limit the class of
the estimators in order to secure a solution to the problem. For example, we often
look for the best unbiased linear estimator for the mean factor. When estimating
variance components we can restrict ourselves to quadratic estimators.

Sometimes we cannot find an estimator which will satisfy all the requirements
we impose. Mathematically this is the situation when we have more equations
than unknowns and some of the equations are contradictory of others, hence there
will be no solutions to the equations. LaMotte (1973b) and Pukelsheim (1981)
show that there does not always exist an unbiased nonnegative estimator with
minimum variance, so the constraints 2 and 3 are not compatible. We have to
decide what objective is the most important one in the estimation and then adopt
suitable steps.

There are several types of estimators proposed in the literature. A brief
introduction to the major estimators is given below and an investigation of the

properties of some of the estimators is carried out in the following chapters.

1.3.1 The ANOVA estimator

The ANOVA estimator is the earliest estimator developed to estimate variance
components for the ANOVA models. The idea of ANOVA is to put various
sample sums of squares equal to their corresponding expected values and to solve
the resulting equations for the variance components.

Following the notation we used in section 1.2 on ANOVA models, let y_. denote
the overall mean of the observations. We may partition the total sum of squares

S (Yny..m, — ¥...)? into ¢t nonnegative quadratic forms: Q1, @2, ..., Q; such that:

Z(ynl...nk — ym)2 = Z Qj-

Let f; represent the degree of freedom associated with the sums of squares Q);
and let L; represent the expected value of Q;/f;. Then L; is a linear function of
the variance components ¢?, i.e. L; = ¥"_ p,(j)ol. ANOVA is often put into
a table:
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Table 1.1: the analysis of variance table

source of sum of degree of expected
variation squares freedom  mean squares
total > (Ynyomi — 9.0 fo

due to AN Q, fi Ly

due to A®  Q, fa Lo

due to error Q) fi L.

We then solve the following equations for the variance components provided

they have a solution:
Q]/f]:L], j:-l,...’t

Notice only when ¢ = k do the above equations yield unique solutions for
the o?. We use the solutions of the equations as the estimates of the variance

components.

Example 1.5:

Consider a one-way random model:
vii=p+ate; t=1,....m, j=1,...,n,

where p is the mean, a; is a random term with variance o2, ¢;; is the random

error with variance o2. The ANOVA estimators for o2 and o? are:

1 i Y
52 7 — 5 )2 R4
o — ;(yt y.) - mn(n — 1 ) S J_Z—; Vi = )

a-z ZZ Yi; — Y i.

n~1 11]1

Now for m = 2, n = 3, the observed data values are:

i\j| 1| 2| 3]total { mean
111911715 51 17
2125 5115 45 15

96 16

The standard one-way analysis of variance table gives:
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Expected
Source d.f. S.S. M.S. mean squares
1 1536 1536
classes 1 6 6 30402
residual error 4 208 52 o
total 6 1750

mean

The two estimating equations are:
302 + o2 =6, o? = 52;

which give estimates:
1
52 = —15—, &3 =52. O
3
Example 1.5 not only demonstrated how to use the ANOVA estimator but

also shows that the ANOVA estimator can take negative values.

The ANOVA estimators are usually derived using the analysis of variance
table. It is known that for balanced data the ANOVA estimator is unbiased.
There are various methods to extend the ANOVA estimator to unbalanced data,
see Searle (1971), but the unbiasedness property is not usually preserved. For
balanced data there have been studies on the optimality of the ANOVA estimator.
Graybill and Wortham (1956) used the concept of sufficient statistics to prove the

following theorem:

Theorem 1.1 (Graybill and Wortham, 1956)  If the subscript nq,...,n;

in the analysis of variance model are such that the quantity

> Ynyong — ¥...)°

can be partitioned into nonnegative quadratic forms Q;,...,Q; as indicated in
Table 1.1 such that '
(a). Q;/L; (t=1,...,t) are distributed independently as Chi-squares with f;
degrees of freedom respectively,
(b). The L; are linearly independent linear function of the o2, so that the
equations Q;/ f; = L; (i = 1,...,t) have unique solutions for the 63 (j = 1,...,t),
then the uniformly best (minimum variance) unbiased estimator of any linear

function of the L; is given by the same linear function of the Q;/ f;.
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When conditions (a) and (b) are met then the ANOVA estimator is uniformly
the best unbiased estimator of the variance components.

For the balanced ANOVA models it is possible to partition the sum of squares
into nonnegative quadratic forms. If in addition normality is assumed for the
distribution of the data, then from Theorem 1.1 the ANOVA estimator is the
best unbiased estimator. Therefore the following three conditions are sufficient
for the optimality of the ANOVA estimator:

1. the model is an ANOVA model,

2. the data are normally distributed,

3. the data are balanced.

Graybill (1954) considered the optimality of ANOVA estimators without the
normal distribution assumption. He calculated the variance of a quadratic unbi-
ased estimator for a balanced two-way nested model and showed that the ANOVA
estimator has the minimum variance among all the quadratic unbiased estimators.
He extended his result to multi-way balanced nested ANOVA models.

Theorem 1.2 (Graybill, 1954) For balanced nested multi-way ANOVA model
(1.5) the ANOVA estimator is the best quadratic unbiased estimator of the vari-

ance components.

A closely related problem is the design problem for the ANOVA estimator.
Since there are various extensions for the ANOVA estimator to the unbalanced
data situations, there should be various design concerns associated with each
extension. Mukerjee and Huda (1988) considered the design problem for the

unweighted analysis of variance estimator following Searle (1971).

Theorem 1.3 (Mukerjee and Huda, 1988) If (1) a crossed ANOVA
model is considered, (2) an unweighted analysis of variance estimator is used, (3)
the total number of observations is fired, then a balanced design (equal observation

in each cell) is optimal.

The advantage of the ANOVA estimator is its simplicity for balanced ANOVA
models and its optimality under certain conditions. The disadvantage of the
ANOVA estimator is that it is only available for the ANOVA models and even
for ANOVA models the ANOVA estimator lacks optimality when dealing with

unbalanced data.
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1.3.2 The maximum likelihood estimator

The maximum likelihood estimation approach was proposed as early as the ANO-
VA estimator, but was neglected because of the difficulty in solving the likelihood
equations. Maximum likelihood (ML) estimators have become more popular re-
cently with the increasing power of computers.

In the literature when the ML approach is mentioned it means maximum
likelihood estimation for data coming from a normal distribution. No other forms
of distribution has been used by this approach. We shall therefore use the term
ML estimator meaning ML estimators for normally distributed data. Harville
(1977) gives a thorough review of the maximum likelihood (ML) and the restricted
maximum likelihood (REML) approach. The REML approach will be discussed
in the next subsection.

Consider the general variance components model (1.1). Since E(y) = X33, let
V; = U,;U,, then V(y) = V = 75, 07V, is the variance components matrix of

the data vector y. Let © = (o%,...,0%). When the observed data is normally
distributed the log-likelihood function of model (1.1) is proportional to:

1 1 e
L(B,©;y) = —5log [V| = o(y = XB)'V7}(y — XB). (1.7)
The ML estimators of 3 and @ are the values 3¢ and @, such that:

L(Bo,Bq;y) = Sﬁug L(B,0;y).

Usually in the ML approach we obtain the likelihood equations:

oL _, 9L _
o3 7 00

If By and @q are the solutions to (1.8) and also

0. (1.8)

L(Bo,Bo;y) = sup L(B,6;y)

then By and ©q are the maximum likelihood estimates of 3 and ©.
Maximum likelihood estimators do not exist in some cases. The following
example is given by Rao and Kleffe (1980). It is a bit artificial because it has less

observations than the number of parameters.

Example 1.6:
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There are two random variables: y; = p+€1, y2 = p + €2, E(e1) = E(e2) =0,
E(e3) = 0%, E(e2) = 02, E(e1£2) = 0. The log-likelihood function of y; and y; is:

Loz Ly 2 (ni—p)? (42—4)
L= —Elog oy — —2—log o5 — 57 T 503

The function L is unbounded because by choosing ¢ = y; and ¢ — 0 we can

make [ arbitrarily large. But the likelihood equations give:

sty Y1 — Y2
In fact these values do not maximize the likelihood function L because L
has its maximum at a boundary point. Thus the ML equations fail to provide

acceptable estimates. O

Example 1.6 shows that the solutions to the likelihood equations are not
necessarily the ML estimates. After solving the likelihood equations careful study
of the likelihood function is needed before accepting the solutions as the ML
estimates.

Considering the log-likelihood function (1.7) and the corresponding likelihood
equations (1.8), Hartley and Rao (1967) showed that the likelihood equations for

model (1.1) when y has a normal distribution are:
X'VIX8 = X'V-ly, (1.9)
(Trv-Ivivv,) 0 = ((y - XB) VIVivi(y - X8)), (1.10)

where Tr A stands for the trace of matrix A, (Tr V-1V, V~1V,) is a matrix with
the (7, j)th element equals to Tt V-1V, V-1V, and ((y — X8) VIV, V-l(y — X8))
is a vector with the ith element equal to (y — XB)' V1V, V-}y — X3).

Let Py = X (X'V-1X)™' X'V-1. Py is a projection matrix into M(X) which
is the subspace generated by the column vectors of X and the inner product of
the space is defined as (x,y) = x’Vy where x and y are vectors in the space. We

can then rewrite (1.9) as:
X3 = Pvy. (1.11)
Substituting (1.11) into the right hand side of (1.10) we have:

(BVVY V) 0 = (Y- PV Bey) . ()
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Equations (1.11) and (1.12) do not solve 8 and @ explicitly. Explicit solution
to the likelihood equations (1.11) and (1.12) means that the solution B¢ and @, do
not depend on the unknown parameters 3 and ©. As shown by Herbach (1959)
explicit solutions for @ does not exist for the balanced two-way crossed model
with interaction. Szatrowski and Miller (1980) give a procedure for determining
whether or not the explicit ML estimator exists for balanced mixed models.

When there is no explicit ML estimator or when the data are unbalanced
iterative computing must be used to solve the maximum likelihood equations. So
far the properties of convergence and the speed of convergence of such iteration
have not been studied analytically.

Hartley and J. N. K. Rao (1967) considered the asymptotic property of &
assuming @ is the global maximum of the likelihood. Miller (1977) considered
the asymptotic property of the solutions to the likelihood equations. These au-
thors have assumed some conditions for the level of factors and the number of
observations so that situations as in Example 1.6 could not happen. Since the
large-sample properties of the estimators are not the emphasis of this thesis, we

shall not go into the details of asymptotic theory.
Example 1.7:

Consider a one-way balanced random model:
yij=p+aite;, t=1,....m, 3=1,...,n,

where p is the mean, a; and ¢;; are random terms with variances o? and o?
respectively.
The solutions to the likelihood equations are:

m

- Z i (vij — 9:.)

mn(n — 1) =7 =1

‘QH

TL

&Z —1) ZZ Yiz — —i-
_1j=1

With the data set given in Example 1.5 we have:

1
6% = 163, 62 =52
Since the variance component cannot be negative, &2 = ~16% is not the ML

estimate of 2. Herbach (1959) studied the likelihood function of the one-way
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balanced model and concluded that-if a negative value appears the ML estimate
should be zero and adjustment should also be made to 62, giving:

A2 22 1 K¢ — N2 2

62=0,62=—> > (yj—7.) = 35—?;. O

mn .5 1=1

As we notice in Example 1.7, the ML estimate of o2 is different from the
ANOVA estimate given in Example 1.5. The cfg in Example 1.7 is biased. In the
following section we shall introduce the restricted maximum likelihood estimators

which is proposed to overcome the biasedness of the ML estimators.

1.3.3 The restricted maximum likelihood estimator

The restricted maximum likelihood estimator (REML) estimator was proposed
by Patterson and Thompson (1971, 1974). It is observed from the likelihood
equations (1.11) and (1.12) that the maximum likelihood estimate of @ is a func-
tion of (I — Pv)y and the ML estimate of 3 is a function of Pyy. Patterson and
Thompson suggested maximizing the likelihood function of Sy for the estimation
of @ and the likelihood function of Qy for the estimation of 3 where Sy and
Qy are statistically independent and satisfy the conditions imposed by Patterson
and Thompson (1971):

(1). The matrix S is of rank n — ¢ and Q is a matrix of rank t.

(2). The two parts are statistically independent, i.e. cov(Sy,Qy) = 0. This
condition is met if SVQ' = 0.

(3). The matrix S is chosen so that E(Sy) =0, i.e. SX = 0.

(4). The matrix QX is of rank ¢.

Since Sy and Qy are statistically independent and Sy has expectation zero,
thus the likelihood function L' of Sy depends on @ only, hence the likelihood
function of y can be decomposed into the sum of the likelihood functions of Sy
and Qy, t.e.

L(B,0;y) = L'(®;Sy)+ L"(3,0;Qy) (1.13)

In Patterson and Thompson (1971) they specified S = I — X(X'X)~!X’ and
Q = X'V-1. The REML approach is thus specified to be the estimators derived
using the specific choices of S and Q. In deriving the likelihood functions of
Sy and Qy since SVS' and QV Q' are singular, the conventional form of log-
likelihood function is not applicable here. Patterson and Thompson (1971) have
developed a way of writing the log-likelihood functions of Sy and Qy.
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Since S = S, there exists an n x (n — t) matrix A such that AA’ =S and
A’A = 1. Now let B be an orthogonal matrix which diagonalizes A’VA, and let
P = AB, then

PP = I, PP’ = S, P'VP = diag(Tl, ey Tn—k),
hence

L'(®;Sy) = constant — —;—log |P'VP| — %y'(SVS)_ly, (1.14)
L"(B,©;Qy) = -constant — %log IX'V-1X]

—;i;(y — XB)VIX(X'VIX)IX'V- (y — XB).(1.15)

aL” oL’

i 22— 0 give:

53 0 and 35 give
X'V-1X8 = X'V-ly, (1.16)
(TrRV,;RV;) © = (y'RV,Ry), (1.17)

where R = V-1 (I - X(X'V-I1X)-1X'V-1), (Tr RV,;RV;) is the matrix with the
(z,7)th element equals to Tr RV;RV; and (y'RV;Ry) is the vector with the :th
element equal to YRV, Ry.

It should be noticed that equation (1.16) for the REML estimate is the same
as equation (1.9), ¢.e. REML gives the same estimate as ML estimate for 3. But
equation (1.17) is different from equation (1.10). When the ML estimate does
not exist, 7.e. the likelihood function L(8,@;y) is unbounded, then from (1.13),
either L' or L” or both are unbounded. Thus either the REML of @ or the REML
of B or the REML of both 3 and ® do not exist. In other words, the REML
approach does not improve the chances for the existence of the REML estimate
over that of the ML estimate.

If equations (1.16) and (1.17) give explicit solutions for B and @ then the
REML estimates of 3 and @ are unbiased. For nested balanced ANOVA models
REML of @ is identical to the ANOVA estimator. For unbalanced data REML
also requires iterative computing as in the case of ML. REML also has unknown
convergence properties.

It is not known if REML is robust to non-normal distributions. Since REML
is identical to the ANOVA estimator for balanced nested ANOVA models and
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the ANOVA estimator has optimality in this case regardless of the distribution
of data as shown in theorem 1.2, we suspect that REML is more robust than the
ML estimator.

It is a very inspiring idea of Patterson and Thompson to split the original
data into two independent data sets and maximize their corresponding likelihood
functions. Geometrically, the REML approach projects the maximum likelihood
function L(83,®;y) into two orthogonal subspaces to obtain L/(3,®;Sy) and
L"(B,0;Qy) each of which has a lower dimension. The REML approach results
in unbiasedness of the estimating equations. It would be interesting to see if we
can extend the REML approach to estimate moments higher than the second and

if the property of unbiasedness of the estimating equations is still preserved.

1.3.4 MIVQUE and MINQUE

MIVQUE stands for minimum variance invariant quadratic unbiased estimator
and MINQUE stands for minimum norm invariant quadratic unbiased estimator.
On the analogy of unbiased linear estimators for the means, Rao (1970, 1971a,
1971b, 1972) and LaMotte (1973) suggested using unbiased quadratic estimators
for the variance components. To find a quadratic estimator is to determine a
symmetric matrix A and use y’Ay as the estimator.

Consider the general variance components model (1.1).
Let U = [Uy, Uy,..., Uy, € = [€}, &5, ..., &L], then the model can be written
as:
y'=X8+Ug,
where E(y) = X8, V(y) =V = 28, 0?U,U! = UA, U, where
ofL,
A] =

2
UkIPk

We now define what we mean by invariance.

Definition 1.1  Assume E(y) = X3 and y'Ay is a quadratic estimator of the

variance component Y5 | g;0?. If

(y - XB)A(y — XB) = y'Ay,

then y'Ay is invariant to the value of 3.
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Throughout this thesis we shall say y’Ay is invariant for short if y'Ay is
invariant to the mean vector of y. We use the following lemmas and theorems to

state the main properties of a quadratic estimator and the properties of MIVQUE
and MINQUE.

Lemma 1.1 Consider the general variance components model (1.1). If and

only if AX = 0, then y'Ay is an invariant quadratic estimator.
Proof: = If AX =0, then
(y -XB)A(y —XB) = y'Ay-y'AXp - pB'X'Ay + B’X'AXp
= Y'Ay,

hence y’Ay is invariant.

< If y’Ay is invariant, then from Definition 1.1,
(v - XB)'A(y — XB) = y'Ay,
for any random vector y, i.e.
yAXB + X Ay = B’ XAXS.

From the randomness of y, the above equality holds only if AX =0. 0O

Now we prove some lemmas for a more general model than model (1.1)
y = X3 + Up, ' (1.18)
where E(y) = X8, E(n) =0,
V(TI) = e « Ag,
0%

where N = -5, p;, then model (1.1) becomes a special case of model (1.18) when

Ag = Al.

Lemma 1.2  If model (1.18) is considered and AX = 0, then the expectation
of the quadratic estimator y'Ay is:

E(y'Ay) = Z bi;02 (1.19)



Chapter 1 17

where B = U'AU = (bij)NxN-
Proof: Since AX = 0, then
YAy = (y—-XB)YA(y —XB)=n"UAUn

N N
= 9'By=>_> bjnmn;.

=1 j=1
Thus
N N N
E(y'Ay)=>_> b E(mn;) = buibi. 0O
=1 j5=1 i=1

The diagonal elements of B play an important role in expressing the expec-
tation and the variance of y’Ay and will be used later, so we give it a notation.

Let B denote the diagonal matrix with the diagonal elements equal to those of
B, i.e. if B = (b;;)nxn, then B = diag(biy, ..., byn).

Corollary 1.1 If the general variance components model (1.1) is considered

and AX = 0, then the expectation of the quadratic estimator y'Ay is:

k
E(y'Ay) = Z o} Tr AV,.

i=1
Proof: Notice that model (1.1) is a special case of model (1.18) with Ag = Ay,

from Lemma 1.2,

N k pi
E(y'Ay) =) bibf =) ( X b ) ol
i=1

i=1 \y=pi_a+1

where 3L . . bj; is the partial summation of the diagonal elements of B. But
Ui
B=UAU=| ! |A[Uy,..., U],
U
therefore

Pi
Z bjj = TI“U:AU, = TI' AV,',
J=pi-1+1

which proves the corollary. O

Corollary 1.2 If the general variance components model (1.1) is considered
and AX =0, then y'Ay is unbiased for YF_, ¢:0? if and only if

TI‘AV,‘:Q,‘, ’1:21,...,]6.
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Proof: = I{TrAV;=g¢, i=1,...,k, then from Corollary 1.1,

(y'Ay) = Za TrAV; = Zq, 75

thus y’Ay is unbiased for 35, ¢io
<« If y’Ay is unbiased for Y%, ¢;02, then from Corollary 1.1 we should have:

k k
Z o?TrAV; = Z qo?.
=1 i=1
The above equality holds for ¢? > 0,¢ =1,...,k, hence

TrAV;=¢, 1=1,...,k. O

Now let
fim
A’Y = . )
On N
where v; = E(n#)/60} — 3. The following lemma considers the covariance between

two quadratic estimators.

Lemma 1.3  Consider model (1.18). Let A and N be symmetric matrices with
AX =0and NX =0, B=U'AU, M = U'NU, then

cov(y'Ay,y'Ny) = 2Tr BAJMA; + Tr BA, M. (1.20)
Proof: Since AX =0 and NX =0,
y'Ay = n'UAUn = o'Bny,
y'Ny = 7n'UNUn = n'Mn.
Let B = (bij)nxn, M = (mi;)nxn, 7' = (m1,...,7n). Then

cov(y'Ay,y'Ny) = cov(n'Bn,n'Mn)

cov (Z biinim;, Z mumm)

1]
= D> bymucov (77;771, )

1,7 ki

= > D bymuV(mm;) + 2. 2 bimu cov (ning, i)

(.3)= (k) (3,3)# (k)
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= Y bama [E(n}) — 0F) + 3 bijme; 070}
; i#i

+ Z Z bijmkl cov (771'77]" 771'77:’)
(19)% (kD)

1:, J:

+ Y > bijmp cov (ninj, i)

()% (kD)
(.9)# (LK)

= Z biimii [E(U?) - 9:‘1] + z b,-jmij()?()f- -+ Z bijm,-jez?@?
i i#] i#]
= 2 Z Z b,']‘m,'jQ?Q? + Z biim,-ﬂ?'y;
i g i
= 2TrBAMA; + TrBA,M,

because v; = E(n#)/0f —3. O
Now let )
017IIP1
Ay = 0';’7’21192 . ;
UI%'YkIPk
it is noticed that A, is a special case of A.. The following corollary gives the

variance of the quadratic estimator y’Ay.

Corollary 1.3 Consider the general variance components model (1.1). If
AX =0, then the variance of the quadratic estimator y'Ay is:

V(y'Ay) = 2Tr BA,BA; + TrBA,B (1.21)

Proof:  Since model (1.1) is a special case of model (1.18) with Ay = Aq,
A, = Ay, let A = N, the conclusion follows from (1.20). O

It can be seen from Corollary 1.3 that the variance of a quadratic estimator
y'Ay needs information up to the fourth moment of the distribution of y. How-
ever, if y comes from a normal distribution, then the kurtosis v; = 0,2 =1,...,k,
hence A; = 0, and then (1.21) reduces to:

V(y'Ay) = 2Tr BA;BA,.

Now we have established the equivalent mathematical conditions for the sta-
tistical constraints of a quadratic estimator y’Ay:

1. invariant «+ AX = 0;
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2. unbiased &« TrAV; =¢q,1=1,...,k
3. minimum variance «> A minimizes 2 Tr BA;BA; + Tr BA,B.
We can then define MIVQUE and MINQUE in terms of mathematical equa-

tions.

Definition 1.2 Consider the general variance components model (1.1). If A

ts a symmetric matriz satisfying the following conditions:

AX =0,
{TI‘AV,‘ZQ,‘, i=1,...,k, (1.22)
A minimizes 2Tr BA;BA; + TrBA,B,

then y'Ay is the MIVQUE of Y%, qi0?.

C. R. Rao (1973, p303) pointed out that a natural estimator of Y%, ¢;0? is
&'AE, where

g1
] Ipl
g2

A= "

IP2

4k
Nk Pk
Now let W; = o;U;, W = [Wy]...|W]. It can be verified that if there exists
a symmetric matrix A such that W/ AW = A, then A is the solution to the last
two constraints of (1.22). In practice, such an A does not always exist. Since the

proposed quadratic estimator is
y'Ay = {WAWE,

Rao (1973, p303) argued that by minimizing the norm || W/AW — A ||,
we make the difference between the proposed estimator y’Ay and the natural
estimator small according to a suitable chosen norm.

Rao (1973) proposed MINQUE for general forms of norm. In practice, the
solution of A is only found for the MINQUE using a Euclidean norm. In this
thesis we shall restrict ourselves to the MINQUE using the Euclidean norm,
therefore the term MINQUE used in the following context means MINQUE using

the Euclidean norm.

Definition 1.3  If A = (a;j)nxn, then the Euclidean norm of A is defined as:

N N
A lE=2_2 e

=1 j=1
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We can therefore define MINQUE in terms of Euclidean norm.
When A is symmetric then || A ||[3= Tr AA, hence

| WAW — A 2= Tt WAWWAW — 2Tt WAWA + Tr AA.

Now since Tr AW, W! = ¢;, ¢ = 1,..., k, from the unbiasedness requirement

we have
TTWAWA = TrAWAW’
ko
= TrA (Z 2W,-W§)

izlpi
kg2
= Y E_maa
t:lpi

Therefore

| WAW — A% = TTWAWWAW — TrAA
= TrAWW/AWW' — Tr AA
AV [E - 1Al

I

Since || A ||% is a constant, minimizing || W/AW — A || is equivalent to

minimizing || AV ||%.
Definition 1.4  Consider the general variance components model (1.1). If a
symmelric matric A satisfies:
AX =0,
{TI’AV{:q,', i‘-‘l,...,k, (1.23)
A minimizes || AV ||%,

then y'Ay is the MINQUE of % q;0?.

Theorem 1.4 (Rao, 1971b) Consider the general variance components model
(1.1), then the MINQUE of Y°%_, qi0? is y'Ay, where

k
A => AMRV.R, (1.24)
i=1
R=V"-VIX(XVIX) XV, (1.25)

and X;’s satisfy the following equations:
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k
STAMNTIRVIRV; =g¢;, j=1,...,k (1.26)

i=1

A proof can be found in Rao (1973, p65).

Equations (1.24)—(1.26) will be referred in later chapters as the MINQUE
formulas or the MINQUE equations.

The existence of the MINQUE depends on that of the solutions to equation
(1.26). If the matrix (Tr RV;RV;) is nonsingular, then there will be solutions for
the X;’s. Otherwise, there will be no MINQUE for the variance components.

MINQUE has its appeal in dealing with normally distributed data because it
is also the MIVQUE. The fact is proved in the following corollary.

Corollary 1.4  Consider model (1.1). If the data vector y is normally dis-
tributed with B(y) = X8, V(y) = ©5, 0?V,, then the MINQUE of Y% | qio? is
also the MIVQUE of Y| qio?.

=1

Proof: Ify is normally distributed, then the kurtosis of the distribution y; = 0,
and then A, = 0. Hence

hence the MINQUE y’Ay of S5, gi0? is also the MIVQUE of Y%, qio?.
|

The following lemma states the additivity of MINQUE.

Lemma 1.4 (Rao, 1970)  If S, is the MINQUE of Y%  cioc? and S, of
¥ dio?, then Sy + S, is the MINQUE of Y5 (c; + d)o?.

The additivity property of MINQUE eases the task of estimating linear com-
binations of the variance components. It is sufficient to estimate each single

variance component and use these estimates to estimate the linear combinations.

Although MINQUE is not MIVQUE for distributions other than normal,
MINQUE has been used as an algorithm for any distribution, in the same way
as the ML estimator derived for the normal distribution has been used for other
distributions.

Looking at the MINQUE formulas (1.24)-(1.26), we notice that the computa-

tion of the matrix R uses V1, which is the inverse of the variance covariance of y,
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and hence requires the ?’s. Since the true values of the variance components are
never known, the computation of MINQUE requires prior values of the variance
components. As we shall show in Example 1.8 sometimes the o?’s cancel out and
therefore the MINQUE is a function of the data only. In Chapter 3 there will be
further investigations on the conditions for the o’s to cancel out. In the situa-
tions where o2’s do not cancel out we are left with an infinite number of choices
for the prior values of the o? provided ¢? > 0. MINQUE is not only a function
of the data but also a function of the predetermined prior values. Different prior
values then lead to different estimators. This is a very big disadvantage of the
MINQUE.

Two approaches have been used to ’overcome’ this disadvantage of MINQUE.
Hartley, LaMotte and J. N. K. Rao (1978) have suggested a synthesis-based
MINQUE which assumes the prior value for the variance of the random error
to be 1, z.e. 2 = 1, and all the other prior values are chosen to be zero. The
MINQUE obtained using this specific set of prior values is called the synthesis-
based MINQUE. By using this specific set of prior values the variance covari-
ance matrix used in the MINQUE formulas (1.24)-(1.26) is the identity matrix,
hence the computation involved in deriving the MINQUE is greatly reduced.
The synthesis-based MINQUE has its appeal in computational simplicity. But
by gaining this simplicity we must trade off the optimality of MINQUE. Swallow
and Monahan (1984) carried out Monte Carlo comparisons of the existing estima-
tors for the one-way random model. Their results show that when ¢2/c? > 1, the
synthesis-based MINQUE performs poorly even in mildly unbalanced cases. We
suggest in Chapter 3 that only when we can decide that MINQUE is independent
of the prior values, which can be examined using the necessary and sufficient
conditions given in Chapter 3, should the synthesis-based MINQUE be used. In
that case we are enjoying the computational simplicity without losing optimality
of the estimator.

When the ¢2’s do not cancel out in the computation of MINQUE the only
way that may lead to an unique estimate is by iterative computing, provided that
the process converges to a unique point from any starting point. The estimate
obtained from iterative computing will no longer be a quadratic function of the
data vector y although the estimating equation is a quadratic function of y, and
it also loses the properties of unbiasedness and minimum variance. As in the
discussions on ML and REML estimators there have been no systematic results

on the properties of the convergence. We virtually have no control over the speed
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of the convergence of the process and those who do iterative computing have to
rely on their ’good fortune’ for the process to converge quickly to a stationary
point and also hope that this is the unique converging point.

The MINQUE formulas (1.24)—(1.26) result in the same estimating equations
as the REML equation for the estimation of variance components (1.17). To show

this, suppose we want to estimate © = (o2,...,0%) using MINQUE. We will have:

6 =(5%...,6) = (yAry,....Y'Ary),
where A; = Z?:l /\gi)RVjR, and )\g-i) satisfy:
1, ifi=y,
0, ifz# 7.
Let S = (Sz'j)kxk, where Si; = Tr RV,'RV]', andlett = (y’RVlRy, ey y'RVkRy)/,
then the MINQUE of ® can be written as

k .
M) TrRV,RV; = {

1=1

SO =t, (1.27)
or equivalently,
(TI‘ RViRV])@ = (y'RViRy). (1.28)

Equation (1.28) gives the same estimating equation as (1.17) of REML. The
difference between MINQUE and REML is that MINQUE assumes that the equa-
tion (1.28) does not contain any unknown values of the variance components,
apart from @, because prior values are used in place of the variance compo-
nents. In other words MINQUE regards (1.28) as a conventional expression for a

estimator:

® = (TrRV,RV,)"' (y'RV.Ry).

and every term in the right hand side of the above equation does not contain
unknowns. The REML approach gives simultaneous estimates for 3 and the
variance components. Since the estimation of variance components in REML is
independent of the estimation of 3, equation (1.17) itself can be a estimating
equation. REML regards (1.17) as an estimating equation with all the variance
components involved in both sides of the equation being treated as unknowns.
Therefore iterative computing is a way of solving the equations and obtaining
estimates. Iterative computing gives both approaches the same result. But REML

will take it as its estimate while MINQUE regard it as a way of solving the
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problem of prior values. Hence iterative computation is more justified for the

REML approach than the MINQUE approach.

Example 1.8:
Swallow and Searle (1978) give explicit expressions for the MINQUE of o?

and o2 for the one-way unbalanced random model:

yij=p+a+e; t=1,...,m, 3=1,.

where p is the mean, a; and e;; are random terms with variance components o2

and o2, Let

o i _ 1 7 E] 1 Yij
T 0’3 +n,-a§’ - Z:ll k," i ’
m m m 2
511=Zk3_2k2k§+k2 (Zk?) ,
m k? :1 m LZ
512_2——2LZ +A2Zk22n
i=1 U =1 ""*

522— +E—%—2kz—+k2<z ) ;

1 1 T

=;k¢2 (?i.—k;k,-g,-') ,
(Emiiym gnizﬁ_) i’”2<-—kzky,)2.

=1 j=1

Then the MINQUE of ¢2 and o? are:

&2 = I—E,T(Szzul — Siauz), | (1.29)
. 1
2 |S|( 512"(11 + 511U2) (130)
where |S| = 511522 — S%,.
When we use balanced data, i.e. n; = n, the o2 and o2 will cancel out in

(1.29) and (1.30) and 62 and 62 are identical to the ANOVA estimators given in

Example 1.5. When we use unbalanced data, 62 and &2 are functions of o2 and

o2, we need to assign prior values to o2 and o2 to obtain MINQUE estimates.

For the data set in Example 1.5 the MINQUE estimates are the same as the

ANOVA estimates: .
62 = —155, 62=52. O
Another disadvantage of MINQUE is that MINQUE can give negative esti-

mates for variance components.
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1.3.5 Goldstein’s method

Goldstein (1986) observed that by writting the matrix (y — X8)(y — X8)' in
vector form we can transform the problem of quadratic estimation into that of
linear estimation.

First we state the well known result on least squares estimation. Suppose we

have a linear model:

where E(y) = X8, V(y) = V, then if V does not contain unknown parameters
and if (X'V~1X)~! exists, the best linear unbiased estimator (BLUE) of 3 is:

. -1
B=(XVIX) X'Vly. (1.32)
Variance is used as the optimality criterion. 3 has the minimum variance
among all linear unbiased estimators of 3.
To transform quadratic forms into linear forms we need the following definition

to allow matrices to be transformed into vectors.

Definition 1.5  Let A = (aij)nxn be a symmetric matriz and let vec(A) be a
vector formed by connecting each column of A, similarly let vech(A) be a vector

formed by connecting each column of the upper triangle of A, i.e.

vec(A) = (an, a21y+ -5 An1, Q125 -+, ann),7

vech(A) = (air, ar2, a2, @13, @23, 33, - - -, Ann)' -

Now we assume that V(y) = V = f(©), where V(y) is the variance covariance
matrix of y, @ is a vector containing the unknown parameters and f is a linear

function in ©.

For model (1.31) E((y — XB8)(y — X8)') =V, let
y* = vee((y — XB)(y - XB)), V* = vee(V) = X"0,

where X* is the design matrix which relates y* to @. From model (1.31) we can

generate another ’linear’ model:
y' =X"0 + ¢, (1.33)

where E(y*) = X*©, and V(y*) = V. If 8 is known, then y* is a known vector,
then for model (1.33), the 'BLUE’ of @ is:
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& = (X VX)XV, (1.34)

© is linear in the form of y*, but since y* is a quadratic form of the original
data y, (1.34) in fact gives a quadratic estimator for the unknown parameter ©.

Goldstein’s method can not only be used for the estimation of variance com-
ponents, which is the case when @ contains the variance components, but can
also be used to estimate a wider range of parameters involving higher moments
of the distributions provided the variance covariance matrix can be written as
linear function of such parameters. We shall discuss how Goldstein’s method can
be used to estimate variance components later in this section.

We have assumed V is known in (1.32) and 3 is known in (1.34). In practice
both V and 3 will contain unknowns. Goldstein suggested combining (1.32) and
(1.34) to form a system of equations. Hence iterative computing can be used to
find simultaneous estimates for 8 and ©.

Goldstein proved that in the situation where @ contains variance components
his method is equivalent to maximum likelihood estimation.

Goldstein (1989) proposed another restricted version of his method which
is equivalent to the restricted maximum likelihcod estimation approach in the
normal distribution case. Since the restricted version is parallel to the REML
method we discussed above, we shall restrict ourselves to discuss the method in
Goldstein (1986).

To show how Goldstein’s method can be used to estimate variance components
from the general variance components model, we have to define the Kronecker

product of matrices which we shall also use in later chapters.

Definition 1.6  Let A be an my x ny matriz and B be an my X ny matriz, then
the Kronecker product of A and B which we write as A @ B is an mymy X nyn,

matriz defined by:

a11B a12B e alnlB

anB  apxB ... ay,,B
AQB= 2% 2..’2 2 .

amllB amlgB e amlnlB

This definition is sometimes called the right Kronecker product of matrices.
Now we consider applying Goldstein’s method to estimate variance compo-
nents. Recall the notations we used for the general variance components model
(1.1)
y=XB+Ui& + -+ Uk
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Let V; = U;U,, V = 35 0?V; and © = (0,...,0%)". Following the no-
tations we introduced in this section, y* = vec((y — X3)(y — X3)'), and using
the concept of Kronecker product we can see that y* = (y — X8) ® (y — X8).
X* = (vecVy,...,vecVy), t.e. X* is a matrix with the ¢th column equal to

vecV;. Then
k
V* =ved(V) =Y olve(V;) = X*O.
=1
In (1.32) and (1.34) the only structure we need now is the variance covariance
matrix of y*, all the other terms are either design matrices or are known function

of design matrices.

VT o= V) =v(y-X8)®(y - X8))
= V(UERUg=(UaU)v(Ee{) (Ul

where U = (Uy,...,Uy), which depends on the design matrices U; only, and
E=(&,...,&.). Weneed to give an expression for V(£ ® &).
To simplify the derivation of V(€ ® £) we start to work with V(7 ® 1) where
62,
711 comes from model (1.18) with E(n) =0, V() = . . The general
0%
variance components model will then be a special case of model (1.18) with
otly,

2
UkIPk

i.e. the variance components matrix of £ is a patterned diagonal matrix.
On the diagonal of V(7 ® 1),

9?71"*'29?7 t=7,
V(7:n;) ={ o
0207, i £ 7,

where v; = E(7)/of — 3.
Off the diagonal of V(17 ® i)

6262, ifi=17=k,
cov(mms, mem) = § ' !
0, otherwise.

Thus,

V(n®n)
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[ 01y + 207
0103 HZS

030%
HE 0307
03v2 + 205

NN + 20% |
(1.35)

V(7 ® 1) is a matrix the elements of which are functions of the variance
components and the kurtosis of the distribution of y. Imposing the patterns of
V(&) into V(n ® i) we obtain V(& ® £), Hence V**.

From (1.32) and (1.34) substituting the matrices we obtained so far gives the
estimating equations. Notice that if y has a normal distribution then v; = 0 in the
expression for V(n ® 1), ¢ = 1,..., k. Then the estimating equations contain 3
and o? only. Hence iterative computing can be used to solve the equation system.
When y does not have a normal distribution, then v; # 0, and the estimating
equations in this case contain not only 8 and ¢, but also the kurtosis of the
distribution. It may be helpful to study the distribution of the data carefully
and specify the 9; in V** so that the estimating equations only contain B and
o?, hence iterative computing can be used. If no information on 7; is available,

we can use v; = 0,71 = 1,...,k, i.e. assume a normal distribution for the data
2

Comparing (1.32) and (1.34) where V=~ is given by (1.35) with the ML es-
timating equations (1.9)~(1.10), the REML estimating equations (1.16)—(1.17),
and the MINQUE formulas (1.24)-(1.26), we notice that Goldstein’s method is

the only estimating procedure which takes the kurtosis of the distribution into

vector y and carry out the iterative computing on o

consideration. In other words, Goldstein’s method has an adjustment which al-
lows the distribution of y to vary while the other methods are all designed for the
normal distribution only. If the 4;’s we choose are not far from the true values of
the kurtosis, we expect the estimates given by Goldstein’s method to be better
than all the estimators we have discussed so far.

Bradley (1973) proved the equivalence of maximum likelihood and weighted
least square estimates for a member of the exponential family with one parameter.
It will be interesting to investigate whether for a certain class of distributions

(exponential family or otherwise?) Goldstein’s method is equivalent to maximum



Chapter 1 30

likelihood estimation. In that case, Goldstein’s method will be an extension of

the maximum likelihood estimation to the non-normal case.

1.3.6 Nonnegative estimators

All the estimators we have introduced so far have the problem of giving negative
estimates.

Theoretically, ML. and REML estimators should always be nonnegative be-
cause we can restrict the parameter space to be nonnegative. In practice what we
obtain is the solution to the likelihood equations which can be negative. When
a negative solution appears, we know that it is not the ML/REML estimate and
we need to look for another nonnegative estimate. Herbach (1959) showed that
for the balanced one-way random model if a negative value appears then zero
is the ML/REML estimate and modification is needed for the other estimates.
Such results need analytical investigation of the likelihood function. For other
models we do not have this result. Though it is a common practice to use zero as
the value of a variance component if the corresponding solution to the likelihood
equation is negative, this approach has not been justified except in the case of
the balanced one-way random model.

It 1s also a common practice to put the negative ANOVA or MINQUE es-
timates to zero. By doing so we change the original estimator into a new one
which will lose some of the optimality of the original estimator. For example, the
ANOVA and MINQUE estimators will be biased, so that minimum variance may
not be appropriate as an optimality criterion.

Several estimators have considered the constraint of nonnegativity.

J.N.K. Rao and Chaubey (1978) considered the problem of MINQUE having
negative estimates and modified the MINQUE formulas to construct a nonneg-
ative estimator. Since this estimator is biased and has a form very similar to
MINQUE, Rao and Chaubey called the estimator MINQE (MINQUE without
unbiasedness). MINQE was constructed by minimizing variance as MINQUE
did. It is nonnegative and has additivity. But since it is biased we can argue
that variance alone is not an appropriate optimality criterion. Another defi-
ciency of MINQE is that whenever a nonnegative unbiased estimator is possible,
for example, in the balanced ANOVA model case the ANOVA estimator for the
random error is nonnegative and unbiased, then MINQE may not coincide with

it. In other words, MINQE does not always give the ’best’ possible nonnegative
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estimates.

Chaubey (1983) used the spectral decomposition approach and derived a new
nonnegative estimator, CMINQUE (the estimator closest to MINQUE). Instead
of using y’Ay as in MINQUE theory, Chaubey proposed to use the positive
eigenvalues and the corresponding eigenvectors of A to form a new nonnegative
matrix B. He then uses y'By as the CMINQUE estimator. This method is
very natural but is intuitive. CMINQUE coincides with MINQUE whenever
MINQUE is both nonnegative and unbiased. The deficiency of CMINQUE is that
its existence depends on MINQUE. When MINQUE does not exist, CMINQUE
does not exist.

Hartung (1981) proposed another nonnegative estimator which he called min-
imum biased MINQ. This estimator is constructed by first minimizing a function
of the bias and then minimizing the variance of a quadratic estimator. It is proved
in Chapter 4 that there does not exist a globally minimum biased estimator in
the whole parameter space. In this thesis Hartung’s 'minimum biased MINQ’
will be referred to as 'Hartung’s estimator’. Theoretically, Hartung’s estimator
always exists. It will coincide with the nonnegative unbiased MINQUE if such
an estimator exists. Practically, we only managed to obtain explicit formulas for
the balanced nested ANOVA models.

In Chapter 4 another nonnegative estimator is proposed. It is derived by
minimizing an upper bound of the bias function of the estimator. It is therefore
called minimum range MINQ. In some sense it makes the bias small. This esti-
mator always exists. It is shown that this new estimator is Hartung’s estimator
if the parameter v = 1. The explicit formulas to obtain minimum range MINQ
estimator for the balanced nested ANOVA models are given.

These estimators are constructed using different optimality criteria. It would
be desirable to assess their performance by statistical measures such as bias and
mean squared error. A numerical comparison for these nonnegative estimators is
carried out in Chapter 5. As expected none of the estimators has an overall better
performance than the others over the whole parameter space. The efficiencies of
these estimators vary greatly for different positions in the parameter space. Some

suggestions on the use of the estimators are given.
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1.3.7 Some other estimators

There are other estimators existing in the literature. There are many papers
on Bayesian estimators, see Tiao and Tan (1965, 1966), Tiao and Box (1967),
etc. Rather than considering any specific model this thesis is concerned with
estimating problems for a general class of models. There will be no discussion on
Bayesian estimators in this thesis.

Browne (1974) derived a generalized least squares estimator for the variance
components by minimizing a specially defined distance between the sample vari-
ance covariance matrix and the true variance covariance matrix in terms of vari-
ance components. This estimator has not received much attention in the literature

and will not be discussed in this thesis.

In this section we have introduced several estimators. This thesis is mainly
concerned with quadratic estimation of variance components, hence ML, REML
and Goldstein’s method will not be further discussed. It is hoped that this section
gives a general review of the major methods available in the subject of estimation

of variance components.

1.4 OQutline of thesis

This thesis can be divided into three parts.

1. Chapters 2 and 3 concern the quadratic unbiased estimator, MINQUE.

As mentioned in section 1.3.4 MINQUE has minimum variance only when the
following conditions are met:

(1). the data have a normal distribution;

(2). the prior values are correct values of the variance components.

Chapter 2 aims to weaken condition 1. We assume condition 2 holds and give
a sufficient condition for the model under which condition 1 is no more required
for MINQUE to have minimum variance. We also examine some models and
conclude that for some ANOVA and E-ANOVA models, MINQUE is MIVQUE
without the normality assumption.

Chapter 3 deals with the problem of prior values in the computation of
MINQUE. We give necessary and sufficient conditions for MINQUE to be in-
dependent of any prior values. Therefore any starting point will give the same

results after one round of iteration.
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2. Chapters 4 and 5 consider nonnegative estimators.

In Chapter 4 it is proved that there is no globally minimum biased nonnega-
tive estimator for variance components. We investigate the properties of several
existing estimators and propose another nonnegative estimator.

Since there is no one single estimator globally better than the others in the
whole parameter space, we report on numerical and empirical comparisons in

Chapter 5 and give recommendations on the use of these estimators.

3. Chapter 6 considers an application of variance components models in sample
surveys. In particular, we consider the problem of estimating the interviewer’s
variance in a complex survey. After constructing a variance components model,
we choose MINQUE as the estimator and argue that this is a better estimator
than the previously used estimators. A design problem for the optimal number
of interpenetrated interviewers is also considered. An unbiased estimator is given

for the variance of the estimator of the population mean.
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OPTIMALITY CONDITIONS

FOR MINQUE

In section 1.3.4, it is shown that the optimality of MINQUE needs the following
two assumptions:
1. the data are normally distributed;
2. the prior values are the true variance components values.

In practice both assumptions are very restrictive. In this chapter we shall
assume that assumption 2 holds and try to find other conditions to substitute
the condition of normality.

The notation used in this chapter follows that in Chapter 1.

2.1 Optimality conditions for MINQUE

To find the optimality conditions for MINQUE we need a theorem by C.R. Rao.

Theorem 2.1 (Rao, 1973, p317) A necessary and sufficient condition for an
unbiased estimator T of g(6) to have minimum variance at the value 8 = 84 is
that cov(T,f|8o) = 0 for every f such that E(f|8) = 0 provided that V(f|6y) < oo
and V(T|0y) < co. All the other forms of unbiased minimum variance estimator

of g(8) differ from T only on a set of samples with probability measure zero.

To prove the major theorem in this chapter some results given by Rao in
matrix theory are needed. These results are presented in the form of lemmas.
Some of the proofs were outlined in Rao (1971a, 1971b). For completeness a proof

1s given after each lemma.

34
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Recall model (1.1) as defined in Chapter 1,

y=XB8+Ui& + U + - - - + Uréy, (2.1)

where y is the nx1 vector of observed values, 3 is the px1 vector of fixed effect
parameter, X is the nxp design matrix for the fixed effect, Uy, Uy, -+, Uy are
the nXp;, nXpq, -+ -, nXpy design matrices for the variance components, &1, &,
o+, &k are pyx1, pax1, .-+, ppx1 vectors of variance components.

The following assumptions are imposed on model (2.1):

E(él)zo 221, aka (2 2)
V() =0 i=1,...k (2.3)
COV(&i,fj) =0 Za] =1,.. "k7 Z#] (24)

The class of estimators we are considering is that of quadratic estimators.
Applying Theorem 2.1 to find the optimality conditions for MINQUE requires the
knowledge of the covariance between two quadratic estimators. The covariance of
two quadratic estimators for model (1.18) which includes model (2.1) as a special
case is given in Lemma 1.3. The following lemma gives the covariance of two

quadratic estimators for model (2.1).

Let U = [Uy]...[Uy).

Lemma 2.1 (Rao, 1971a)  If model (2.1) is considered, X and U are the
design matrices defined in model (2.1) A, N are symmetric matrices with AX =0,
NX=0, then: '

cov(y'Ay,y'Ny) = 2TrBA;MA, + TrBA,M (2.5)
where B = U'AU, M = U'NU. B is the diagonal matriz with the diagonal
elements equal to those on the diagonal of B. M is similarly defined as B.
O%Im 0?711171
031y, o3%21p,

Alz: . Az:

2 4
akIPk O'kaIPk

where v; = E(&})/o} — 3 is the kurtosis of the distribution.
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Lemma 2.1 is a special case of Lemma 1.3 with Ay = A; and A, = A,. The

conclusion follows from Lemma 1.3.

Lemma, 2.2 will be used in proving Lemma 2.3 and will not be directly used

in the proof of the main result.

Lemma 2.2 (Rao, 1971a) Let A; be an nxm; matriz of rankr;, 1 =1,...,s,
A be a symmetric positive definite matriz and (AIAA;)~ be a generalized inverse

of AlAA;. If S5  ri =n, and A'AA; = 0 for i#j, then
AT =300 A(AIAA)TAL

Proof: Let B; = [A;|0] be an n x n matrix and let C; = A'/?B;.
We have rank(B;) = rank(A;) = r; and rank(C;) = r; because A is positive
definite, thus nonsingular.
AAA; O o
Now CiC; = BIAB; = [A;|0]A[A;|0] = [ v 0] =0,if 7 # j.
Let C = $1,C;, since C.C; = 0, then rank(C) = Y7 rank(C;) = n,
therefore C is a square nonsingular matrix.

Let D = ZleA,(A:AA,)_Ai

C'AVDAYC = Z;l{(EEZIB;)AA;(AQAAJ"Az-A(ijlBj)}
S {IAIAAL 0 (AJAAL)T[AIAA 0]}

i

_ oy AAA; O
It I
= .. CiC:=CC. (2.6)

Note that both C and A are nonsingular, thus from both sides of (2.6) we
have: D = A-1. O

The results in Lemma 2.3 and 2.4 will be used in the proof of Theorem 2.2.

Lemma 2.3 (Rao, 1971a)  Given an nxm matriz X of rank r and a symmet-
ric positive definite matriz 'V of order n, then there ezists an nXx(n — r) matric
G of rank (n — r) such that: G'X = 0, G'VG = I, and GG’ = R, where
R=V-1_-V-IX(X'V-1X)-1X'v-1,

Proof: From Rao (1973, p25) we know that rank(XX') = rank(X) = r.
Since V is nonsingular, rank(XX'V-1/2) = rank(XX'’) = r, thus XX'V-1/2

has zero as its eigenvalues with order n — r.
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Let B1, ..., Bn_r be the normalized orthogonal eigenvectors of XX/V—1/2
corresponding to the eigenvalue zero, i.e. B!8; =1, B!3; =0, i#j.
Let a; = V=123, then:

Vo = BiVIIAVV2E = BB = 1, (2.7)
aVa,; = BIV-1VV128. = 83, =0, fori#j. (2.8)

Further, XX'a; = XX'V-1/283; = 0, i.e. a!XX' =0, and so a;XX'a; = 0,
thus

X'ai = 0. (2.9)

Let G = (aq,. .., 0,4, ), then from (2.7) and (2.8) we have G'VG =L
Also from (2.9) we have X'G =0, i.e. G'X =0.
In Lemma 2.2 let A =1, A; = VY/2G and A, = V-/2X we have:
I = VYIG(G'VG) G'VY? 4 VX(X'VIX) X'V
= V2GGVY? + VIAX(X'VIX) XV

therefore,
GG =V I _VIXXVIX)X'VI=R. O

Lemma 2.4 (Rao, 1971b) Let A and N be nxn symmetric matrices with
AX = 0, NX = 0, then there exist matrices C and D of order (n — r)x(n —r)
such that: A = GCG', N = GDG/, where G is the matriz in Lemma 2.3.

Proof: Let C= G'VAVG,D = G'VNVG.

GCG' = GG'VAVGGE
= RVAVR
= [I-VIXXVIX)'XAL- X(X'VIX) X'V
= I-VIXXVIX)'X]A
= A, (because AX = 0).

Similarly, GDG’' =N. O

Lemma 2.5  Consider model (2.1). Let u;; be the jth column in the design

matriz U;. If A is a symmetric matriz, then:
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u Au; =¢, fori=1,...0k j=1,...,p (2.10)
is equivalent to:

UAU;=¢l, i=1,...,k (2.11)
where ¢; is a constant which s fized for all the columns in U;.

Proof: Note unguij is the jth element on the diagonal of matrix U.AU;, so
(2.10) is equivalent to (2.11). O

It is known from section 1.3.4 that MINQUE has optimality when the data
arise from a normal distribution. It is not known how well MINQUE performs if

the normality assumption is not valid. Theorem 2.2 is proved using theorem 2.1

of Rao and gives an alternative condition (2.14) for MINQUE’s optimality.

Theorem 2.2 Consider model (2.1). If a symmetric matriz A satisfies:

k
A=) X\ RVR, (2.12)

i=1

where A;’s satisfy:

k
Z/\i Tr RV,'RVJ' = {j, j =1,... , k, (2.13)
=1
and
UAU;=¢I, i=1,...,k (2.14)

where ¢; is a constant related to the design matriz U;, then

1. y'Ay is the MIVQUE of 2%, qio?.

2. All the other forms of minimum variance estimator among the class of
invariant quadratic unbiased estimators differ from y'Ay only on a set of samples

with probability measure zero.

Proof: Since RX = GG'X = 0 from Lemma 2.3, then AX = Y%, ,RV,RX =
0, so that y’Ay is invariant.

Also AV; = Yk MRV,RV; = ¢j, so TrAV; = ¢;, for j = 1,...,k, thus
y'Ay is unbiased.

What we need to proveis that for any symmetric matrix N such that NX = 0,
and E(y'Ny) = 0, we have: cov(y’Ay, y'Ny) = 0, then from Theorem 2.1, we
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know that y’Ay is the minimum variance estimator among all quadratic invariant

unbiased estimators.

From Lemma 2.4, we can write: A = GCG’ and N = GDG".
Denote the ith column of G'U by «;. Now

E(y'Ny) = E(y'GDGY)
—~ Tr{(GDG')V}
= TrDG'VG
= TrDG'UA UG

2
01 Ipl al

2
o3l o)

= TrDloy, |...,] an]

2
oilp, 1893
k

- {3 C e},

i=1
But E(y'Ny) = 0 for all ¢2 implies
N
Tr D) via;a})=0, (2.15)
=1

where N = Y&, p;, v; are scalars with the following pattern:

Vi 5111)1

72 = ezl (2.16)

VN 6]:ka
where €1,¢€,...,€; are arbitrary scalars.

From Lemma 2.1:
cov(y'Ay,y'Ny) = 2 Tr UAUA,U'NUA, + Tr U'AUA, UNU. (2.17)

Note V=UAU’', A = GCG', G'VG = 1. Thus

Tr AUAUNUA,; U’ = Tr AVNV
= Tr GCG'VGDG'V
= Tr CD.
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Now, Tr U'AUA,U'NU = Tr (IJ'GCG'U)A(U'GDG'U), and
oy
!

vcegu= | |c
GCG'U = . [ay, @z, .., aN].

ay
The diagonal form of U'GCG'U is

a’1Ca1
— abCoy
UGCG'U =
a'yCan
Similarly,
o/ Day
— asDa,
UGDG'U =
ayDay
0?71:[131
oi~,I
Since A, = 2 A , then
oI,
TrU’AUA,U'NU
ai"yla’lCala’lDal
oima,Cara,Da,
=Tr
J;f'ykag,CaNaﬁvDaN

N
=) §ico;Coa;Dey;

=1

N
= 26 Tra;a.Ca;alD

i=1

N
:Z&TrDaaCaa)

D(Z bia;o[Coyaxl),

=1
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61 Ug’lePl
62 0‘21’)’21,,2
where . =
O 02716113):

Therefore,

N
cov(y'Ay,y'Ny) = Tr D(2C 4 ) §;a;x;Coxicxy). (2.18)

i=1

Let N; = Y% _; pw. Since A = Y5 X RV.R = ¥F, A\ GG'V,GG, there-

fore,

k k N; N
C= Z )\1’ G,V,'G = 2)\, ( Z aja;) = Z Tiaiai-, (2.19)
=1 =1 j=Ni_1+1 =1
where 7; has the pattern:
1 /\11231
T2 . /\21192
T]V )\kIp);

Suppose 1 = Zf;lzl Pm + 1, then o; = G'uy,.

Since condition (2.14) is equivalent to condition (2.10), thus:
a;Ca; = uj GCG'y;, = uj, Auy, = ¢;.

Therefore (2.18) becomes:

N
cov(y'Ay,yNy) = Tr D(}_ thicx;x}),
=1

where 'l/)i = 2Ti -+ &ici_
1; also has the pattern:

1/)1 W1 Im
¢2 W2 Ipz

¢N Wk IPk

because 7, 6; and ¢; have the pattern.
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Recalling that the assumption of N makes (2.15) hold for any choice of v;
which satisfies (2.16), we have:

cov(y’'Ay,y'Ny) = 0.

Thus y’Ay has the minimum variance among all the invariant quadratic unbiased
estimators.

The second part of the theorem follows from theorem 2.1. O

From the proof of theorem 2.2, we should notice that condition (2.14) is a
sufficient condition.

Note that without condition (2.14), the quadratic estimator y’Ay given in
theorem 2.2 is the MINQUE of %, ¢;0?. In the proof of theorem 2.2 we did
not use the fact that y’Ay minimizes the norm of a matrix. In Corollary 1.4
we have used the concept of Euclidean norm to prove that MINQUE achieves
minimum variance when data comes from a normal distribution . Now we give

an alternative proof using theorem 2.2.

Corollary 2.1 Consider model (2.1). If the data vector y is normally dis-
tributed with E(y) = X8, V(y) = S5, 0?V,, then the MINQUE y'Ay of
¥ qo? is also a MIVQUE.

Proof: If y is normally distributed, then the kurtosis of the distribution ; = 0,
thus A, = 0.
From (2.17),

cov(y’'Ay,y'Ny) = 2Tr UAUA,U'NUA,
— TrD(2C).

From (2.19) and the assumption on matrix N, we have:
cov(y’Ay,y'Ny) = 0.

From theorem 2.1 we know that y’Ay is the MIVQUE of 35, 0?2, O

It is well known that MINQUE achieves optimality when the underlying dis-
tribution is normal. In theorem 2.2 we have proved that without the normality
assumption but with condition (2.14), MINQUE still has optimality.

The result of Theorem 2.2 gives us a new perspective of the MINQUE esti-

mator. Instead of making assumptions on the distribution of the data, we can
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examine the design matrices to see if they satisfy condition (2.14). If condition
(2.14) is satisfied, then MINQUE is MIVQUE.

In the following section we shall look at some classes of models and examine
if condition (2.14) is satisfied.

2.2 Models satisfying condition (2.14)

Theorem 2.2 gives a sufficient condition (2.14) for the MINQUE estimator to be
optimal. The question which follows is what kinds of model satisfy this condition,
if any.

Condition (2.14) can be examined for any specified model. We use a simple

model to demonstrate how to apply theorem 2.2 in practice.

Example 2.1
We consider if the MINQUE for a balanced one-way random model satisfies
condition (2.14). The model is

yij =pt+ate;, =12 7=12. (2.20)
The model can be written in matrix form:
y = Xg + Uja+ Uee,

where the design matrices are:

1 1 0 1 0 0 O

1 {1 0 01 0 0
X = ,U1: 7Ue:

1 0 1 0 01 0

1 0 1 0 0 0 1

Now using the MINQUE formulas (1.24)—(1.26) to estimate o2, we can obtain
the MINQUE matrix A:

1 3
A=_—ZI,+=
1473

OO = =
O O e
[ aad o S e S e
Co |
= b
e i e
— e
e e

Now

el
1Y)
|

U/AU; =

[SeRE=
e
—_ =
| ———— |

| uem— |

‘ B |t
-
N[ |

o=
———
-
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Hence UjAU, = 1L,
Similarly, we can show that U/ AU, = 0. Therefore condition (2.14) is satis-
fied for the MINQUE &2, where

2 2
ZZ Yi; — i.

1=1 i=1j5=1

Q»

e N
i
9
@
Qdu
»b-l et

62 is the best quadratic unbiased estimator of o2. O

The calculation involved in Example 2.1 can be shortened if we use Kronecker
products of matrices I, and 1, where I, is the identity matrix of order n and 1,
is the n x 1 vector with all elements equal to 1, to express the design matrices of
the model.

Example 2.2
Using Kronecker products the design matrices in Example 2.1 can be written

as:
X=1, Ui=L®l, U.=5LI. (2.21)
Let J,, be the matrix of order n with all elements equal to 1, thus
Vi=U,0;=L&J,;,, V.=U. U, =L, L.
The variance covariance matrix is
V =01, T, + 0’1y,

and the inverse of the variance covariance matrix can be written as:

1 02

Ve -— %
o2 6202 + 202)

I, ® J,.

The MINQUE matrix A for estimating o2 can then be calculated using the
MINQUE formulas (1.24) —(1.26) in terms of Kronecker products of matrices as:

1 3 1
A= —ZL + gIz ®@J2 — g-]z ® J,.
Hence UjAU; =1, — 333, thus
— 1
UjAU,; = =1,.
2
Also

1.3 1
U/AU, = it gl ®J: = 2@y,
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U’AU, = 0.

Therefore condition (2.14) is satisfied for 62 which is y'Ay. y’Ay is the best

quadratic unbiased estimator of o2. O

Graybill (1954) calculated the variance of the ANOVA estimator for a two-
way balanced nested analysis of variance model and proved that the ANOVA
estimator is the best quadratic unbiased estimator of the variance components and
he concluded that the result can be generalized to all balanced nested ANOVA
models. In Example 1.8 we have shown that for the one-way balanced model
the MINQUE of ¢2 and o2 are identical to the ANOVA estimators. Hence our
conclusions in Example 2.1 and 2.2 coincide with Graybill’s result.

Rather than examining condition (2.14) for the specific models, as we did in
Example 2.1 and 2.2, we want to draw conclusions on all balanced E-ANOVA
models. Our conclusions in this section will extend Graybill’s result to more

models as well as confirm his conclusions for the models he considered.

Condition (2.14) in theorem 2.2 is a condition to be examined for the MINQUE
estimator. The design matrices Uy, Uy, ..., Uy are known from the structure of
model, but the matrix A which is calculated from the MINQUE equations (1.24)-
(1.26) is a complicated function of the design matrices. To examine condition
(2.14) for balanced ANOVA and E-ANOVA models it is desirable to obtain the
matrix A or at least know the structure of A.

Looking at Example 2.2 we notice that the design matrices are Kronecker
products of I and 1’s, and U/AU; is a linear combination of Kronecker products
of T and J’s, 2 = 1, 2. Since condition (2.14) does not require exact values of ¢;’s,
condition (2.14) is satisfied as long as UAU; is a linear combination of Kronecker
products of T and J’s.

Kurkjian and Zelen (1962), Zelen and Federer (1964) have developed a calculus
for the design matrices of balanced designs. We adopt their way of expressing
design matrices.

In the following we shall use ® to denote the Kronecker product of two ma-

trices and @, to denote the Kronecker products of m matrices, i.e.
m
®Vi :Vl ®V2®®Vm
=1

Lemma 2.6 and 2.7 are established to investigate the structure of the MINQUE

matrix A.
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Before proceeding to the lemmas we state the following properties which we
shall use in later context. Property 1 can be found in Chapter 8 of Graybill (1983)

and the other properties can be easily verified.
Property 1: IfB=Q=,B;, C=Q",C,, then BC = ®~,(B:C,).
Property 2: I1.,.1,=1,, J.J, =mJ,, L.J, =J,1, =J,.

Property 3: 1! I,1,, =m, 1, J, 1, =m?

Property 4: 1,1/, =J,,.
Property 5:  If A = (aij)nxn, then VA1 =30, 37 @y,
Property 6: Let V, = (®Z, Vi) ® J;, where

{Is‘, iffE,‘Il,

Vi =
‘ Js;, if:c,-:O,

then V,J =JV, = f]7, s3],

=15

In the simple example considered in Example 2.1 there are only two variance
components o2 and o2, If we consider a model with m random factors, we need
an index set to label the variance components and their corresponding design
matrices and express the variance covariance matrix of the model.

Suppose a model is chosen within the class of E-ANOVA models, so the design
matrices for the fixed effect and random effects are known. For the time being
we consider the design matrices for the random effects only.

Suppose there are m random factors, each factor has s; observations, 1 =
1,...,m. We consider a balanced design and assume that the observation in each

cell has been replicated f times.

Definition 2.1  For a balanced ANOVA or E-ANOVA model with m factors,
let T' be an 0, 1 m-digit set. Fach element of T is a m-digit number corresponding
to a random term in the model where the digit relates to the corresponding factor.
A digit equals 1 if that subscript is present in the model and 0 if the subscript is

absent.

Example 2.3

Consider model:

Yijk = pi + 6 + vij + eiji, (2.22)
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e=1,...,1, y=1,...,J, k=1,..., K.

where y; is the fixed effect parameter, §é;, 7;; and e;j, are the random terms.
This model has two random factor at level I and J, respectively. Each observation
is replicated K times. According to Definition 2.1, T' = {10,11}. O

In Section 1.2 we have described the ANOVA models and the E-ANOVA
models. Using the index set T we can write the balanced E-ANOVA models and
the balanced ANOVA models in matrix forms.

A balanced E-ANOVA model can be written as:

y=X8+) U, (2.23)
zeT

where

X= (@Xf) ® 1y,

=1

where
Xmi IS'., lf Ty = 1, (2 24)
P 13i7 if Ir; = 0, .
and .
U, = (@ Uf') ® 1y,
=1
where
Us IS;” if Ty = 17 (2 25)
P 13'-, if Tr; = 0. '

In other words, the design nlla‘trices of a balanced E-ANOVA model can be
expressed as the Kronecker products of I and 1.

Particularly, if in the balanced E-ANOVA model, X = 1, then the model is a
balanced ANOVA model.

After defining the index set 7" we can obtain the Kronecker products expression

for the design matrices and the variance covariance matrix using 7.

Since
V.= 00 = (®Ve) e,
i=1
where
IS-, lf r, = 1,
Ve — i 2.26
! {an if.’l),‘zo, ( )

hence the variance covariance matrix is:
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V=302V, +0% (2.27)
zeT
Example 2.4:

For the model considered in Example 2.3, since T' = {10,11}, then the design

matrices for the random terms are:
Um = I[®1J ®1K, U11 = II®IJ® 1}\’7 Ue = IIJKa
and the variance covariance matrix of y is

V=013, Ik +oi 1@, @Ix + 0llyx. O

To obtain the structure of the MINQUE matrix A, it is necessary to obtain
the inverse of the variance covariance matrix V first. Corresponding to matrix

multiplication we define a multiplication for the elements of set T'.

Definition 2.2 Define a multiplication * among the elements of set T'. If
T =2129...2m €T, Yy = Y1y2.. .Ym € T, then Tz xy = 2124.. .2, where z; = z;y;,

t=1,...,m.

Definition 2.2 defines a unit by unit multiplication in the set T'.
From Example 2.2 we suspect that for V.= 5 102V, + 021, where V; is a
Kronecker products of I's and J's, V=1 = 3",V + %1 In other words V! has

the same structure as V. But since for

V=041 +sIx1Ic],

1
V= ;I-FOQOI@J@J+0’01J®I®J+6¥00J®J®J,

[
where ai9, 01 and ago are suitably determined, we realized that V—! is not
necessarily indexed by the same index set T' . Hence we introduce another index
set 1™ which is derived from T'..

Definition 2.3  Let T be the set containing all the products of elements in T

under the multiplication *.

Example 2.5:

Consider a two-way crossed random model:

Yijk = p+ a; + b; + e, (2.28)
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i=1,...,I, 7=1,...,J, k=1,..., K, where y is also the overall mean, a; and
b; are the random terms, e;;; is the random error. Then T' = {10,01}, according
to Definition 2.3, T* = {00,10,01}. O

Note that the element 00 is not included in T and it is the product of 10 and

01, hence it is in T™.

In Lemma 2.6 we need to solve equations by successive substitution, hence we

need to define an order in the set 7.

Definition 2.4 Define an order in set T*. If z = z125... 2, € T, y =
YiYa- . Ym € T*, wesayz <y, ifz; <y, fori=1,...,m. z<y, ife <y, but

z#uy.

The order in T* is defined by comparing each digit of an element. For example,
we should have 00 < 10 < 11. We can also have 00 < 01 < 11, but there is no
order relation between 10 and 01.

Since each digit of the element of T has only two choices: 0 and 1, we can
see that if z xy = 2, then z > z, y > 2. For example, 10 %01 = 00, then 10 > 00,
01 > 00.

Lemma 2.6 establishes the structure of the inverse of the variance covariance
matrix of y for a balanced E-ANOVA model.

Lemma 2.6 If V =Y 702V, + 01, where V. is defined in (2.26), then

there exist a set of scalars o, z € T*, such that

Vi= Y o, V. +1/0ll
zeT*
Proof: Let
W = Z a;V, +1/a’L

r€T*

From the commutative properties of matrices I and J stated in Property 2,
we know that VW = WV, We need to find o, such that VW =1, thus W is
v-L

To make the index expression of the matrices easier in the following develop-
ment we make some definition to write matrix V using index set T™.

For z € T*, but ¢ ¢ T, define ¢% = 0, thus we can write V = ¥, c7. 02V, +

o2I. Now
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VW =1+02 3 oV, +(1/02) > 02V + > 3 ola, V.V, (2.29)

veT* €T+ r€T* yeT*

From the definition of V, and V, in (2.26) and property 1, we know that:

{® Vr.vy. }®Jfa

where
Is.'a if.’l?,':l, yizla
. Js., ifz; =1, y; =0,
vevE = o
s, ifz; =0, y; =1,
S,‘Js!., if T; = 0, Y = 0,
_ Sgl—x;)(l—yi)vi(xiye)_
Let
m m m m
s=1Tsi @) = I st lw) = [T s¥, rlay) = I s,
i=1 =1 =1 1=1
then "
[] sf-=0t-w) _ sT(zy)
=1 m(z)7(y)
therefore,
D> a2,V Vy=> f| > o ____sr(xy) Vv
Yy - z
ceT* yeT* 2€T* Txy=z 7'(37)7—( )
z,yET*
where

V., = (@Vf') ®Jf
1=1

Therefore (2.29) can be written as:

s7(zy)
VW =1+ Ja2+—+f aa———e—— V.. (2.30)
ZEZT‘ e I%Z ! (‘T)T(y)

Putting the left side of (2.30) equal to I makes each coeflicient of V, equal to
Z€eTo. t.€.

o, + %2 020, STY)
+ e” 2, )

z yGT‘

=0 =zeT~ (2.31)
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(2.31) is the fundamental equation for solving a,.
Note that T is an ordered set. We can solve (2.31) by solving a,, first where
w is the largest element in 7. For example, w =1...1, from (2.31) we have:

2
011

2 —
olay,.1+ + fo? jaq.1 =0,

6

thus

2
J1..1

02(‘72 + foi. 1)

Generally, let w be the largest element of T*. Now w = w * w and this is the

ai..1 =

only choice of the elements of T whose product equal w. Since if there exist z
and y, ¢ # w, or y # w, but z * y = w, then we should have z > w, y > w, this
contradicts the assumption that w is the largest element of 7.

From (2.31):
sr(ww) —0

2 w
veo + JF Hfouau sy = O
thus

2
y = — Tu . (2.32)

Suppose we have obtained ¢, such that y > z. Notice that if z * y = z, then

there are two situations for y: y = z and y > 2. Split these two cases in (2.31)

we have:

aaz+-—+fz

5

) ola, + f Z )a coy, = 0. (2.33)

TxY=2z
y>z

T(:z:

Solve for a, from (2.33) we have:

o? 1
o, =—|=+4f Z ola,
o} x'y>zz (y) R s7( ) 52
(" H o) )
zeT" (2.34)

Note that all ¢%’s are known, and by our assumption «, for y > z are known
too, therefore a, can be solved from (2.34).
Suppose that the variance components for the random error is always positive,

2

i.e. 02 > 0, then even if by our definition some of the o2, x € T* may be zero,

the denominator of (2.34) will always be greater than zero.
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With (2.32) and (2.34) we can solve for a, by successive substitution.
Therefore W is V-1 i.e.

1
V3= a, V. + I O
z€T* Ue

Lemma 2.6 showed that the inverse matrix of the variance covariance matrix
of balanced design has a similar structure to the variance covariance matrix in the
sense that both V and V! can be expressed as linear combinations of Kronecker

products of matrices I and J.

We give an example on how to solve for V=1
Example 2.6:

Consider a two-way crossed random model:
Yisk =+ a; + bj + eijr,

e=1,...,I, y=1,...,J, k=1,... K.
Suppose a; is a random term with variance o2, b; with of and e;;; with o2.

The variance covariance matrix of the model is:
V=0 IJ®J+sI®I®J+ 1.

Now T' = {10,01} and T~ = {00,10,01}. In our notation: iy = o2, 0, = o,
and ¢2, = 0.

Notice that in this example both 10 and 01 are the largest elements according
to Definition 2.4.

First let w = 10, from (2.32) we have:

0.2

o= — 2 . 2.35
0= T2 (02 1 JKo?) (2.35)

Next let w=01, also from (2.32) we have:

o

oo + IKo}d)

Qo1 = (236)

Now using (2.34):
2
Qg = — {% + Kojyao + Koglam} / {of + IJKody+ JKoiy + IKUSI} ,

€

but o3, = 0, a0 and ag; are known from (2.35) and (2.36), thus
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- — Ko?o? 1 + 1 (2.37)
7 5202 + JKo? + IKo?) |02+ JKo? ' o2+ [Ka? '

Hence we obtained:

1
V= anl @I QT +anl@I 9T +and @18 T + ()L

€
where g, ajo and ag; are given in the above formulas. It can be verified that

Vv-l=1 O

The MINQUE equations involve the multiplication of X and V~!. We have
worked out the structure of V-1 in Lemma 2.6 and need to see if the MINQUE
matrix A for the balanced E-ANOVA model satisfies condition (2.14) of Theorem
2.2. Since X is a Kronecker product of I and 1’s, and V7! = ¥ cr.a,V, +
=1, thus X'VIX = ¥ 7. 0. X'V, X + LX'X, where V, is given by (2.26).
Ferom Property 3 we know that wherever X has 1, X'V,.X is a constant number,
and hence the corresponding index digit of the elements in 7™ will disappear.
Following the idea of using 7' to index V, we define T, to index X'V~1X.

Definition 2.5 Suppose T = Ty...2, 15 a 0,1 m-digit number. T 1is the
set defined in Definition 2.1. Ify € T, let (z * y)|, be the product of x and
y under * with all those digits where x; is zero crossed out. Then define T, =

{(z *y)|z ly € T} to be the projection of set T on x.

Example 2.7:
Consider a two-way balanced E-ANOVA model:

Yijk = fi + ai + b5 + iy, (2.38)

t=1,...,I, j=1,...,J, k=1,...,K, where g; is a subclass mean, a; and
b; are the random terms, e;;; is the random error. Then z = 10, T = {10,01},
T, = {1 ﬂ,O /0} = {170}‘

Now for the model considered here, we have: X = I; ® 157 ® 1k, and from

Example 2.6, we know that

1
V_l:0100J®J®-]+0'101®J®J+0’01J®I®J+;517

where ago, ar10 and agy were given in (2.35)—(2.37). Hence from Property 3,
JK

2
O

) I[ + (J2[{2a00 + J[(Q’ol) J].

X'VIX = JK?000d; + J* K200l + JKagJ; + I;
JK

2
g

= (JQI{ZCYH) +
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Now we can also determine the structure of X'V-1X using 7. For y € T, if
y =1, then V, =1, if y = 0, then V = J. Thus T, = {1,0} indicates that

X'VIX = nl+nd,

where 7y and 7, are determined by s;, f, 02,, 02, and o?. The result is confirmed
by the above calculation of X'V-1X. O

Since T is a 0,1 set, we can have (T;)* according to Definition 2.3. We can
also have (T™*), according to Definition 2.5.

From Property 1 and 2 we know that the multiplication of two Kronecker
products of I and J’s will result in a Kronecker product of I and J. This fact will
be used in the proof of Lemma 2.7.

Looking back at Example 2.2 we noticed that the coefficients in the expression
of the MINQUE matrix A and U!AU;, : = 1,2, are not important in examining
condition (2.14). It is the fact that A and U}AU; are linear combinations of
the Kronecker products of I and J that ensures that condition (2.14) is satisfied.
In Lemma 2.7 we shall prove that the MINQUE matrix A for any balanced E-

ANOVA model is a linear combination of the Kronecker products of I and J.

Lemma 2.7  Consider the balanced E-ANOVA model. Let T be the set corre-
sponding to the random terms in the model, then if the MINQUE matriz A ezists
for the model, then it has the following structure:

A= Z S‘vayv

yeT*u{z}

where , are functions of s;, f, o2 and o2, and V is given in (2.26).
Proof: The variance covariance matrix of a balanced E-ANOVA model is:

V = Z aiVy + 0'62:[.
yeT
From Lemma 2.6 there exists a set of scalars ey, y € T, such that
V! = Z a,V, + LI
vy o2 :
yeT* e
Then from Definition 2.5, X’V~1X can be indexed by (7).,

X'VIiX= ¥ 7V, + =
ve(T*)x Te
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where 7, are functions of s;, f, 02 and o produced by the multiplications of X/,
V-1 and X, cis produced by X'X = cI.

Again from Lemma 2.6 there exists a set of scalars 7, y € [(T™),], such that

2
XVIX)l= Y,V 4+ 5‘6—61.
ye[(T*)]"
Now from Property 4,

2
X(XVIX)IX = 3 6,V, + ZEXX
yeT ¢

LN

o
= Z 6y Vy, (6 = _c—)

yeT*u{z}

Using Properties 1 and 2,
R = V1!V IX(XV1IX)'xX'v-t

= Z wy V.

yeT*u{z}

From the MINQUE formulas (1.24)-(1.26), if the MINQUE of 3} ,er qyaz

exists, then solutions of A,’s exist for the equations
Z AMNTTRV RV, =4¢,, z€T.
veT
Again from Property 1 and 2,
A=) MRV, R= > ¢V,
yeT yeT*u{z}

where vy, 8,, w, and @, are functions of s;, f, 02 and o2. Hence we proved the

lemma. O

Theorem 2.3  Consider a balanced E-ANOVA model. If the MINQUE matriz
A of Yyerqy0? exists, then y'Ay is the MIVQUE of ¥ er¢,0%.

Proof: We need to prove that condition (2.14) holds.

From Lemma 2.7, we know that
A= Z @y Vy.
yeT u{z}

For a balanced E-ANOVA model the design matrix Uy, is given by (2.25) which

is a Kronecker products of I and 1. From Properties 1 and 3 the multiplication
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of T does not change the MINQUE matrix A and the multiplication of 1 only
results in the change of coefficients in U; AU,, so U; AU, is still a Kronecker
product of T and J’s, hence
U/AU, = ],
where 7, is function of s;, f, o2 and o2.
Therefore condition (2.14) is satisfied. From Theorem 2.2, y’Ay is the

MIVQUE of Y g0 O
yeT

In this section we have examined the balanced E-ANOVA models. If the
MINQUE matrix A exists, then condition (2.14) is satisfied for these models, and
then y’Ay is the best quadratic unbiased estimator of the variance component.

In Chapter 6 we derive an estimator for the interviewer’s variance. If an
interpenetrated interview scheme is adopted for the survey, then the design is
balanced. Hence from Theorem 2.3 the estimator we derive is the minimum
variance invariant quadratic unbiased estimator of the interviewer’s variance.

There are many situations in practice where the normality assumption is not
appropriate to make, e.g. data collected from a social survey and data collected
from an experiment with a small number of replications. If we can manage to

have a balanced design, then without the normality assumption Theorem 2.3

secures that the MINQUE y’Ay will still be MIVQUE.

Discussion 2.1  In Chapter 1 it is known that when data come from a nor-
mal distribution MINQUE is the best quadratic unbiased estimator of variance
components. Theorem 2.2 ensures for any model with design matrices satisfying
condition (2.14) MINQUE will be the best quadratic unbiased estimator. Partic-
ularly, for balanced E-ANOVA models it is proved in this section that balance is
an alternative condition to normality for the optimality of MINQUE. Our result
in this chapter extends the situations where MINQUE can be used as an optimal

estimator.

After the investigation on balanced E-ANOVA models, we now use a simple
unbalanced model to examine if condition (2.14) is satisfied. We shall only ex-
amine condition (2.14) at parameter values 02 = 1 and ¢2 = 1 because of the

algebraic complexity involved in deriving an algebraic solution.

Example 2.8:

Consider a one-way unbalanced model:

Yij=pt+ait+e; 1=1,2,71=1,2,7, =1,2,3.
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The design matrices are:

U, =1Is.

P4

I
N

=

Il
o O O
— k= = OO

Now at parameter values 02 = 1 and ¢? = 1, then from the MINQUE formulas
(1.24)—(1.26), we can obtain the MINQUE matrix A for the estimation of o2:

-

0.062  0.062 —-0.042 -0.042 -0.042
0.062  0.062 -0.042 -0.042 —-0.042
A = X | —0.042 -0.042 0.028 0.028  0.028
—-0.042 -0.042 0.028 0.028  0.028
| —0.042 -0.042 0.028 0.028  0.028

0.526 -0.474 -0.017 —-0.017 —0.017
—-0.474 0.526 -0.017 -0.017 -0.017
+X; | —=0.017 -0.017 0.678 —0.322 -0.322 |,
-0.017 -0.017 —0.322  0.678 —0.322
| —0.017 -0.017 -0.322 -0.322  0.678

where A\; = 2.065, Ay = —0.139.
Since Uy = I, hence U,AU,; = A, it can be seen that:

—_— . 0.055I, 0
U,2A.U2 = A = 3
0 —0.03615

therefore condition (2.14) is not satisfied. But we can not conclude that y’Ay
is not the best quadratic unbiased estimator of 0%, because condition (2.14) is a

a

sufficient condition. O

Discussion 2.2 The investigation in this section seems to suggest that condi-
tion (2.14) is a condition on the balance of the design. We shall not carry out
further study on unbalanced designs because:

(1) When dealing with unbalanced designs we would lose the powerful expres-
ston of the Kronecker products of matrices. It is therefore impossible to examine
condition (2.14) generally;

(2) Condition (2.14) is a sufficient condition, hence not satisfying condition
(2.14) does not necessarily mean that the MINQUE is not MIVQUE.
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Nelder (1965a, 1965b), Speed (1987), Speed and Bailey (1987) and Bailey
(1991) have worked on the analysis of randomized experiments. Although they
also considered the estimation of random effect parameters, their work differed
from the study in this chapter mainly in the following ways. First, they did not use
variance components models. Their emphasis was on the extension of the ANOVA
estimator (i.e. the splitting of the total sum of squares into sums of squares due to
different variances) to designs of experiments with different blocking structures.
C. R. Rao’s MINQUE is derived for the general variance components model (1.1)
so that MINQUE is dependent on the assumption that model (1.1) holds. It is
not known if there exist some designs for which an appropriate model cannot be
expressed in the form of variance components models. In such cases MINQUE is
not available and the extension of ANOVA estimator is necessary.

Second, Nelder et al's research focus is on the analysis of the randomized
designs, i.e. on developing methods to estimate the variance and covariance pa-
rameter, not on the optimality of the estimator they used. Speed (1987) wrote at
the end of his article:”We have not discussed any of the many questions, which
are both mathematically and statistically interesting, which arise when the ar-
ray of random variables has an anova.” While in this chapter we considered the
optimality of MINQUE which can be regarded as an extension to the ANOVA
estimator through the framework of the general variance components model (1.1).

Speed and Bailey’s work is an extension of Nelder (1965a, 1965b) to discuss
more blocking structures using algebraic notation. Here we give a brief compari-
son between Nelder’s work and the study in this chapter.

Nelder (1965a) gave three forms for expressing the variance covariance matrix
V (see Nelder, 1965a, Appendix). In his analysis he only used the spectral

decompositional form for the variance covariance matrix V = Y%, £C;, where

/
79

& is the eigenvalues of V and C; = p;p!, where p; is the normalized orthogonal
eigenvector of V. Nelder (1965a) showed that when C; is a complete binary
set, i.e. Y%, C; = I, then we can have y'y = Y5, (y'Ciy). In other words
the splitting of the total sum of squares to different sums of squares is possible.
By writing the variance covariance matrix in the spectral decomposition form
it is easy to see that V-1 = 52k  £71C;, though Nelder only used V! in the
likelihood interpretation of the ANOVA estimator. But it is difficult to see the
relationship between the variance components, o2, and the eigenvalues &; of V.
Since MINQUE depends on the assumption of variance components models, I used

V = Y°F | 02V, in terms of the variance components o2 and the design matrices
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U; for the random effects (V; = U;U!). Adopting different ways of writing the
variance covariance matrix Nelder and I achieved different goals. Nelder (1965a)
showed when the splitting of the total sum of squares is possible, while I showed
that the optimality condition (2.14) is satisfied. The result proved in Lemma 2.6
does not directly follow from V-1 = % . ¢71C;, because deriving the eigenvalues
and eigenvectors of V and converting them back into the form of V-1 in Lemma
2.6 requires far more work than the proof of Lemma 2.6.

Nelder (1965a) considered null analysis of variance, i.e. he assumed an overall
mean for the data. The simple block structure he mentioned can be expressed as
balanced ANOVA models, although it is not known if the inverse is true.

Nelder (1965b) considered estimating treatment effect in the presence of ran-
dom effects. He assumed E(y) = X3 without restriction on the design matrix X.
The class of designs he considered can be put into the form of model (1.1) and
therefore is larger than the class of balanced E-ANOVA models considered in Sec-
tion 2.2. But Nelder mainly considered the generalized least squares estimation
of B and he did not consider how to estimate the random effect parameters in
the presence of fixed effects. I restrict model (1.1) to balanced E-ANOVA models
because I want to show that within this class of models MINQUE is the optimal
estimator of variance components.

To summarize, Nelder, Speed and Bailey are extending the class of designs for
which the ANOVA estimator is available. While in this chapter I use balanced
E-ANOVA models to show that MINQUE is optimal to this class of models and

design.

2.3 Conclusions

The key result in this chapter is the proof of Theorem 2.2 which gives condition
(2.14) as an alternative sufficient condition for MINQUE to be MIVQUE without
a normality assumption. We examined balanced ANOVA and E-ANOVA models
and found that if the MINQUE y’Ay exists it satisfies condition (2.14), hence
the MINQUE y’Ay is MIVQUE without a normality assumption.

In the next chapter we shall look at the problem of prior values and find out

what kind of models can have estimators without using prior values.
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CONDITIONS FOR MINQUE
TO BE INDEPENDENT OF
PRIOR VALUES

3.1 The problem of prior values in the computa-
tion of MINQUE

In section 1.3.4 it is shown that the MINQUE formulas (1.24)—(1.26) require the
inversion of the variance covariance matrix V = %, 02V, where the 6?’s are the
unknown parameters. When using numeric computation to obtain the MINQUE
it is necessary to put numerical values for the o?’s which are called prior values.
One of the requirements for the optimality of MINQUE is that the prior values
are the true variance components values which are never known in practice. If we
calculate the MINQUE equation algebraically, as we did in Example 1.8, where
for the one way random model the MINQUE formulas for ¢2 and o2 are given, it
can be seen that when the data are balanced the prior values of 2 and o2 will
cancel out. In this case any prior values in the parameter space will lead us to
the same estimate. Due to the complication of the MINQUE formulas (1.24)-
(1.26) it is impossible and unrealistic to calculate the MINQUE of the variance
components algebraically for all the models. Therefore before commencing the
computation of MINQUE by the computer it is not known if the prior values will
cancel out. If we put arbitrary prior values into the MINQUE formulas and if the
prior values do not cancel out we will have different estimates by using different

prior values while estimating the same parameter from the same formula.

60
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In the literature there are two approaches proposed to solve the problem
of prior values. Hartley, Rao and LaMotte (1978) suggested a synthesis-based
MINQUE approach. They used a special set of prior values for all the models,
which is to let 2 = 1 and all the other variance components ¢? = 0. By using
these prior values in the MINQUE formulas they obtain estimates which they
called synthesis-based MINQUE. This approach uses the variance covariance ma-
trix V = I instead of V = Y% 6?V; in the computation, hence it reduced the
computation needed to derive the inverse of the variance covariance matrix. The
synthesis-based MINQUE is simple and easy to use, but usually the optimality
of MINQUE will not be preserved. In Chapter 6 we shall show that by using the
synthesis-based MINQUE approach the estimator derived only depends on one
part of the data set, and hence ignores the information contained in the other
part of the data set. The reason for using the specific set of prior values chosen
for the synthesis-based MINQUE has not yet been justified.

Another approach is to use iterative computing. The idea is to use an arbitrary
set of prior values to obtain the estimates from the MINQUE formulas and use
the estimates as a new set of prior values to obtain further estimates, then repeat
the procedure until the estimates obtained converge. If we regard the o? on both
sides of the MINQUE equations as unknowns, the iterative computing approach
is actually seeking a numerical solution to the MINQUE equations. The problems
are: first, we do not know what optimality the estimates obtained from iterative
computing have; second, we do not know if MINQUE will always converge; Third,
the estimator is no longer quadratic.

Neither approach is completely satisfactory.

In Example 1.8 the variance components ¢?2 and o? were involved in the calcu-
lation of MINQUE and cancelled out at the end of the calculation,so in this case
MINQUE is independent of prior values and an analytic solution of MINQUE is
secured, therefore, in the computation different prior values will lead to the same
estimator.

In this chapter we investigate the conditions under which the prior values will
cancel out for the MINQUE of ¢?, hence MINQUE will be independent of prior

values. If MINQUE is independent of prior values then we can use synthesis-
based MINQUE in the computation of MINQUE and ensure that the optimality
of MINQUE remains. If MINQUE is dependent on prior values it seems that

iterative computing is the only way of solving the problem.
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3.2 Two useful theorems

There are two theorems in Szatrowski (1980) which will be used to derive the

necessary and sufficient conditions for MINQUE to be independent of prior values.

Theorem 3.1 (Szatrowski, 1980) Let A and B be p X p symmetric pos-
itive definite matrices and let X be a p x r matriz of full rank, r < p. Then
(X'AIX)IX'AT = (X'BIX)"'X'B! if and only if the columns of X are

linear combinations of r eigenvectors of AB™L.

A proof can be found in Szatrowski (1980).

We need some definitions before stating the second theorem.

Definition 3.1  Let A be a symmetric p X p matriz. < A > is defined to be
a column vector consisting of the upper triangle of elements of A written in the

following order:
7
< A >= ((111, A225++ -3 Appy 12, 13y« + -, A1ps A235 -« ,app) .

< A > is different from vec(A) and vech(A.) defined in section 1.3.5 because
< A > puts the diagonal elements of A into the vector first and then inserts the
rows of the remainder of the upper triangle of A.

A characteristic of < A > is that < > transforms a diagonal matrix into a spe-

cial vector form. If A = diag(ay1, azz, ..., app), then < A >= (a11,a92,...,app,0,...

vec(A) and vech(A) do not possess this property. < A > is useful in transform-
ing the variance of a quadratic estimator so that Theorem 3.1 can be used to find
the necessary and sufficient conditions for MINQUE to be independent of prior

values.

Definition 3.2 Let A be a pxp symmetric matriz and let P(A) =< A >
* < A>'bea {ﬂ(”2—+ll} X {3(-?;*—11} symmetric matriz, where the multiplication of
the elements of < A > is defined as:

Qij * Qg = Qa5 + Aa5k.

Both < A > and ®(A) were first used by T. W. Anderson (1969) to study
the properties of variance covariance matrices.
According to Definition 3.2, ayxa;; = ariai; + agjan = aixaj + aia;x, because

A is symmetric, so ®(A) is symmetric.
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We use an example to demonstrate how ®(A) is constructed from A.
Example 3.1:

a1z 42
< A >= (a1, a9,4a2)". From Definition 3.2,

Let A = [au an} be a 2 X 2 symmetric matrix, from Definition 3.1,

11

o(A) = Q2 | * [(111 a2 (112]

L 212

[ajyx a1 ain*axp  dap *dp
= Qg2 * djy Q2% Az A3 % djg
| Q12 % Q11 G2 % G2y  dA12 % dy2
20%1 2(1%2 2&11&12

— 2 2
= 2(112 2(122 2&12&22

. 2
| 2a11a12  2a12a22  apagg + af,

We can see that ®(A) is symmetric from this example. Particularly, if aj; = 0,

t.e. A is a diagonal matrix, then

2¢3, 0 0
O(A) = 0 2a§2 0 . O
0 0 ay11d22

Generally, if A = diag(a1,a22,...,a,), then
[2a2, 1
" 24, 0

B(A) =

where X} is a {ﬂ%_—ll} X {3(1’2”—11} matrix and its elements are determined by A.
Particularly,

i

2, O i1, 0
o) =|"" , NI ="
w= o] e =T ]
wherem:ﬁi’;;ll.
Theorem 3.2 uses the notation of ®(A).

Theorem 3.2 (Szatrowski, 1980) If X is a positive definite matriz, E and

F are p x p symmetric matrices, then
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TrE'EX'F=2<E> 0Y(X)<F >. (3.1)

A proof can be found in Anderson (1969).

3.3 Conditions for MINQUE to be independent

of prior values

In this section we consider the general variance components model (1.1).

Since MINQUE has additivity, it is sufficient to derive MINQUE estimators
for the o? only and all the estimators for linear combinations of the variance
components in the form of Y%, ¢;0? can be derived correspondingly.

In section 1.3.4 we have derived equation (1.27) for the MINQUE of ©:

SO =t, (3.2)
where @ = (02,...,0%), S = (si;)kxk, Where s;; = TTRV.RV;, t = (t)ix1,
where ¢t; = y'RV,Ry = TrRV,RC, C =yy'.

Now we want to use Theorem 3.2 to transform equation (3.2) into an equiva-
lent form which will enable us to use Theorem 3.1.

Let Py = X(X'V-1X)-1X'V~! then R = V-1(I-Py). Then using Theorem
3.2

Sy = Tr RV,RV]
= TI‘V_l(I — Pv)ViV_l(I — Pv)Vj

= 2<(I=Py)V:> o (V)< (I-Py)V;>. (3.3)
Similarly,
t; = Try'RV,Ry
= TrRV,RC
= TtV {I-Py)V,;VI(I-Py)C
= 2 (I — Pv)V,’ >/ (I)_I(V) < (I — Pv)c > . (3.4)

Let X* = (< (I— Pv)Vl >0, < I- Pv)vk >), e let < (I—- PV)V,- > be
the 7th column of X*, then (3.2) can be written as:

(X7"e~(V)X*) @ = X'07}(V) < (I- Py)C >, (3.5)

or equivalently,
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@ = (X"o-(V)X*) X' (V) < (I-Py)C >. (3.6)

With the equivalent MINQUE equation (3.6), we can use Theorem 3.1 to
derive the necessary and sufficient conditions for the MINQUE of ® to be inde-

pendent of prior values.

Theorem 3.3  The necessary and sufficient conditions for the MINQUE of @
to be independent of prior values of unknown parameters are:

L X(X'VIX)IX'V-L = X(X'X)1 XY,

2. each < (I-Py)V; > can be expressed as linear combinations of k eigen-

vectors of ®(V)O-Y(I),:=1,...,k.

Proof: = If the MINQUE of © is independent of prior values, any prior
values of the variance covariance matrix will lead to the MINQUE estimate of ©.
Particularly, V = I will yield the same estimate.

Thus Py = X(X'X)X’ = Py, i.e. the first condition is satisfied and from
(3.6):

@ = (X"o-(DX")” X2 1(I) < I-P;)C > . (3.7)

Since (3.6) and (3.7) give the same estimate and C = yy’ where y is any data

vector, we should have:
(X*IQ—I(V)X:\() -1 an@—](v) — (X*IQ—I(I)X*>_1 Xxl@——l(:[)' (38)

Let A = ®(V) and B = '@(I) in Theorem 3.1, then if (3.8) holds, the
columns of X* are linear combinations of % eigenvectors of ®(V)®~!(I). Note
that < (I—Py)V; > is the ith column of X~ so the second condition is satisfied,
hence the two conditions are necessary.

< Now assume the two conditions in the theorem are satisfied, then from
the first condition, we know that Py = P; = X(X'X)X' which is independent of
prior values.

From the second condition we know that < (I—Py)V; > is the linear combi-

nations of k eigenvectors of ®(V)®~1(I), then using theorem 3.1 (3.6) becomes:

@ = (X" /(X") " X"8"(I) < (I- P;)C > . (3.9)

&-1(1) = [%I 0],

Since

0 I
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C =yy’, and P; = X(X'X)~1X’, (3.9) does not contain any prior values of
the unknown parameters, so MINQUE of @ is independent of prior values. Hence
we have proved that the conditions are sufficient.

Therefore the two conditions are necessary and sufficient. O

Note if the MINQUE of @ is independent of prior values, it has the following

expression:
@ = (X" '(DX7)” X2~ (I) < (1- P/)C >,

where P; = X(X'X)X'.

The necessary and sufficient conditions given in theorem 3.3 are very com-
plicated because the set of models we are considering is large. For balanced
E-ANOVA models the conditions can be simplified.

3.4 Simplified conditions for balanced E-ANOVA

models

In addition to the six properties of Kronecker products of I,’s and J;,’s in Chapter
2 there are four more properties needed in this section. Properties 8, 9 and 10
can be found in Chapter 8 of Graybill (1983). Property 7 can be derived using
Property 1 in Chapter 2.

Property 7:  If & is an eigenvector of A; corresponding to the eigenvalue A;,
t = 1,...,m, then @7, & is an eigenvector of @7, A; corresponding to the
eigenvalue []2, A;.

Property 8: If A and B are nonsingular matrices, then A ® B is nonsingular.

Generally, if A; is nonsingular matrix, ¢ = 1,...,m, then @™, A; is nonsingular.

Property 9: If A and B are matrices, a and b are scalars, then

ab(A @ B) = (aA) ® (bB).

Property 10: Let A be an m; X n; matrix of rank r; and B be an mq X ng

matrix of rank r9, then A ® B has rank rirs.

In a balanced E-ANOVA model defined in Section 1.2 the design matrices for
both fixed and random effects can be expressed as Kronecker products of I’s and
1’s.
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For the one-way balanced random model:
Yyij=v+aite; t=1,...,m, 3=1,...,n,
the design matrices are:
X=1,®1, U,;=1,®1,, Uc=1,81,.
Thus V; =1, ®J,, V. =1, ® 1,, and the variance covariance matrix is:
V=01,0J,4 01, ®L.

Generally, assume a balanced E-ANOVA model is chosen and there are m — 1
factors each at s; levels and each observation is replicated s, times, then the

design matrix for the fixed effect can be expressed by:

X = @ Xi,
=1
where

_ I, ifz;=1,
X% = . (3.10)
1,, ifz;=0.

The design matrix corresponding to 62 (z = z1...2,) is:

U, = QU¥,
. 1=1
where
s IS'., iz, = 1, (3 11)
P sy ifz;=0. '
Hence .
VI = ®V?i7
i=1
where
v I, ifz; =1, (3.12)
© T3, iz =0. '

The variance covariance matrix is thus V = 3" 02V,.
Since the design matrices of balanced E-ANOVA models have this special

structure, we can use an orthogonal matrix to diagonalise the matrices required
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in the conditions of Theorem 3.3 and derive simpler conditions than those of
Theorem 3.3.

Now we choose the orthogonal matrix to be: I, = (7ij)nxn, where
yi; = n"/? {cos [27rn‘l(i - 1) - 1)] + sin [27rn“1(i —-1)(7 - 1)]}

The columns of I',, are the n roots of unity. Example of I', for n = 2 is:

o L[t
T -1

For n =3,
. 1 1 1
F3=7§ 1 -3+ -2
1 ~1_¥8 1+3@
27 T2 2 7 72

It can be verified that the columns of I}, are orthogonal eigenvectors of J,

which is the matrix of order n with all elements equal to one. I, is symmetric
and nonsingular.

Since I, is the identity matrix of order n, it follows that the columns of I,
are also the eigenvectors of L.
Note that the first column of I';, contains only 1’s and this column corresponds

to the only nonzero eigenvalue of J,,, namely, n. The rest of the columns of J,
correspond to the zero eigenvalues of J,,, hence
n

FanFn: 3 FnInFn:In

0

I’, diagonalizes I and J given their eigenvalues on the diagonal.
Now let P = @7, I;,. Since the columns of I, are eigenvectors of I, and
J,,, from Property 7 we know that the columns of P are eigenvectors of V; and

V. P is useful because it diagonalizes X, V; and V.

Now we prove that for balanced E-ANOVA models the first condition of The-
orem 3.3 is satisfied.

Theorem 3.4 For balanced E-ANOVA models,

X(X'VIX)IX'V! = X(X'X)'X
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Proof: Now for balanced E-ANOVA models the design matrix X is given by
(3.10): X = ®*.; X{*, where

XI‘ Is,-, ifCL’;:l,
C T, ifzi=0.

Let B = ®7., Bi*, where

) {Fs‘», if ; = 1,
BF —

13‘-, if Ty = 0.

and let C = @, C;*, where

Fs-, if T, = 1,
Cri=3 "
1, if z; = 0.

From Property 8 we know that C is nonsingular.

Since I, is orthogonal and symmetric,

Be = (é Bf‘) (é C?‘) - R (BFCH).

i=1 i=1 i=1
But
B :{Fsirs;:Is” if z; =1,
v 1, ifz; =0,
thus B;*C{* = X?*, hence
BC = X. (3.13)

Since the columns of I, are'eigenvectors of J;,, 1;; is the first column of I,
and is therefore an eigenvector of J,, hence from Property 7 the columns of B
are eigenvectors of V. The number of columns of B is the same as the number of
columns of X, hence (3.13) means that the columns of X are linear combinations
of r eigenvectors of V, where r = rank(B) = rank(X).

From theorem 3.1, we have:
(X'VIX)IX'v = (X'X)"IX,

therefore

X(X'V-IX)IX'V-! = X(X'X)"IX. O

Theorem 3.4 showed that all balanced E-ANOVA models satisfy the first con-
dition for MINQUE to be independent of prior values. The remaining task is to
simplify the second condition of Theorem 3.3 for the balanced E-ANOVA models.
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Since the symmetric orthogonal matrix P can transform V; and the variance
covariance matrix V into diagonal forms containing the eigenvalues on the diag-
onal, we then use A° = PAP to denote the diagonalised matrix of A by P. So
VO =PVP, (I-Py)°=P(I-Py)P, etc.

Using the diagonalised matrices and PP = I, we can transform the MINQUE

equation (3.2) into another form. Now

si;j; = TrRV;RV;
= TtV II-Py)V,;VI(I-Py)V;
= TrPV-'PP(I - Py)PPV,PPV~'PP(I - Py)PPV,P
= Tr(V°)'{(I-Py)°VI(V®) "' (I-Py)°Vy5.

Similarly,

t; = TrRV;RC
= TrV-}I-Py)V,;V}(I-Py)C
= TrPV-'PP(I- Py)PPV,PPV-'PP(I- Py )PPCP
= Tr(VO)~YI - Py)°VO(V®) (I - Py)°PCP.

Let X0 = (<« I-Py)°V{ >, ..., < (I-Py)VI>).
Using Theorem 3.2 the MINQUE equation (3.2) can be written as:

@ = (X' 1(VO)X™°) " X*8-1(V°) < (I- Py)°PCP >. (3.14)

Theorem 3.5  For the balanéed E-ANOVA model, a necessary and sufficient
condition for the MINQUE of @ = (o%,...,0%) to be independent of prior values
is that < (I-Py)°V? > i=1,...,k, can be expressed as linear combinations of
k eigenvectors of (VO)d7!.

Proof:
From Theorem 3.4 we know that for balanced E-ANOVA models,

Py = X(X'X)"'X’ = P,.

Hence condition 1 of Theorem 3.3 is satisfied.

Now substituting the MINQUE equation (3.6) used in the proof of Theorem
3.3 with the MINQUE equation (3.14) and following the same reasoning as in the
proof of Theorem 3.3, we can prove that condition 2 of Theorem 3.3 is satisfied.

Therefore this theorem is proved. O
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Now we use an example to demonstrate how Theorem 3.5 works.
Example 3.2

Consider a one way balanced model:
yi; =p+ate; 1=12 j=12.

Now we have X = 1,4, V = 021, + 0?1, @ J,.

L®l, XVIX=—0——-

o2 o%(02 + 202)

Hence

P, = X (X'V-lx)”1 X'V~

o2+ 202 1 c?
= i 2 J, | =1, — 2 1 J
1 [a o207+ 307 207
1
- -1,
4 4

Now P; = X (X'X)™' X’ = 1J4, therefore Py = Py, as proved in Theorem
3.4 for all balanced E-ANOVA models.
Now

1
(I-— PV)V} = I2 ®J2 — —9--]4,

1
(I — PV)V2 = I4 - ZJ4

Therefore the diagonalised forms are:

10 2 0] 1[2 o0 2 0
I-Pv)Vy = 0 1]®[0 0]_5[0 o}®[o 0]
0 |
0
= , |
i 0
and
10 1 0] 1[2 0 2 0
I=Pv)’Ve = 0 1}®[0 1]_2[0 0]®{ 0]
0
1
- 1
! 1
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Hence
< (I-Py)°V?>=(0,0,2,0,...,0),

< (I-Py)°V)>=(0,1,1,1,0,...,0)".

Now the diagonalised form of the variance covariance matrix is:

1 2
1 0
Ve = o? ) + o2 5
1 0
202 4 o2
o¢
- 202 + 03
og
Therefore,
(207 +07)? ]
ol 0
(V) i(I) = (207 + 02)?
o¢
i 0 3

Let n, = (0,0,1,0,...,0)" and 1, = (0,1,0,1,0,...,0)".
It can be verified that 7; and 7, are eigenvectors of ®(V®)®-1(I). Now

< (I — PV)OV(l) >= 27]1,

< (I — PV)OVS >=11 + 12.
From Theorem 3.5 for this model the MINQUEs of 02 and o2 are independent

of prior values. O

From Example 3.2 we can see that examining the condition in Theorem 3.5
requires a lot of algebraic calculations. The following lemmas are aimed to sim-
plify the condition in Theorem 3.5. Lemma 3.1 and Lemma 3.2 will be used in
the proof of Lemma 3.3.

M Al
Lemma 3.1 Let A = , and X = , where A;’s

AN A%,
are distinct nonzero real numbers, 1 =1,..., N, if 7 is an eigenvector of A, then

1. 1 is an eigenvector of X;
2. (1',0) is an eigenvector of ®(A)P~1(I).
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Proof:
1. Since \;’s are the distinct eigenvalues of A, suppose 17 = (7:)nx1 is the

eigenvector corresponding to A;, then

[ A ] Aimt
An=| Ay | = n=| A
LANTIN L Airv ]
gives n; = 0, for j #¢. Hencep=(0 ... 0 1 0 ... 0). Therefore

Xn=(0,...,0,)%,0,...,0) = An.

Hence 7 is an eigenvector of 3.

2. Since
2A2
0 -l-IN 0
®(A) = O MI) = | 2
(A) N
0 PN
thus )
M
-1 0
(A (T) = A2
N
0 N

As proved in part 1 77 is an eigenvector of X, hence (n',0) is an eigenvector

of B(A)®-1(I). O

Using Lemma 3.1 we can focus our attention on the eigenvectors of A in order
to determine the eigenvectors of ®(A)®~1(I) which is more complicated than A,

if A is a diagonal matrix.

Lemma 3.2 Let
0 TlIPl

T2 IPz T2 IP2

Tkka TkIPk
where 7; # 7, for v # j. then

éi:(07"'a0’1;."0,"'v0),a i=2)""k’

are eigenvectors of both A and B.
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The lemma can be verified by showing A¢&; = 7;€;, and B& = 1:§;, where
1=2,...,k.
Now we need to define another way of transforming a diagonal matrix into a

vector. The definition is very helpful in the proof of Lemma 3.3.

Definition 3.3 IfA is a pxp diagonal matriz, let d(A) be the vector containing
all the diagonal elements of A, i.e.

d(A) = ((111, (25 T ,app)'.
Remember that < A > also transforms a matrix into a vector, the relationship
d(A)

0
To make the proof of Lemma 3.3 easier we now investigate the properties of

(I-Py)° and VY.

From Theorem 3.4 we know that for balanced E-ANOVA models Py =
X(X'X) X', where X is given by (3.10). For a chosen design matrix X the
combination z = z; ...z, is determined. Recall the notation we used in Chapter
20 T(z) =[R2, s, s _Hy;ls,-.

For example, 1f X=1I,®1, ®1,,, then z = 100, 7(z) = 515753 = s1.

between < A > and d(A) for a diagonal matrix A is: < A >=

The notation 7(z) enables us to write: X'X = =Z5I. In the above example,

X'X = 8283151 = I = —=_T,
i=1

7(100)
Hence (X'X)~! = ﬂsﬂI. Therefore

o I,, ifz;=1,

f T, ifai=0.

Py = X(X'X)IX' = .

where

Since P = %, I,

PY = PP,P =

1 fpinsen)]

Since I, is the orthogonal matrix diagonalising J,,,
I, if z; =1,
Si

K= — 0
L X s = , ifz; =0,
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Taking the coeflicient ZZ into account and using Property 9, we have:
g s g

P} = ®DF,
=1

where )
I, ifz; =1,

5 _ 0
Dy = ifzi=0.

0
In the example we should have Py = 321—53151 ®Js, ®Js;, and

82 53
1 0 0
PQ, = —I,® } ®
S983 .
0 0

1 1

0 0

= Isl® .. &
0 0

Since (I-Py)’ =PI ~Py)P =1-PPyP =1-PY, and PY only has 1’s
and 0’s on its diagonal, (I — Py)? only has 0’s and 1’s on its diagonal.
Similarly, for the V; given by (3.12) we can see that V? only has &y s and

0’s on its diagonal, where 7 1s the index of V;.

Lemma 3.3  For balanced E-ANOVA models, the following two conditions are
equivalent:

1. each< (I-Pv)°V? > i =1,...,k, can be expressed as linear combinations
of k eigenvectors of ®(V°)d~1(I).

2. (I-Py)°V?O contains ezactly k distinct linear independent nonzero combi-

nations of o?’s.

Proof: 2=1

Assume that 7y,...,7; are the k distinct nonzero linear combination of 0%’s
contained on the diagonal of (I — Py )°VP°.

Let & be the vector having 1 wherever (I — Py )°V? has 7; and 0 otherwise,
t=1,...,k.
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From Lemma 3.2 we know that &; is the eigenvector of (I — Py )°V? corre-
sponding to 7;,7 = 1,...,k. Since (I—-Py)° only have 1’s and 0’s on its diagonal,
(I — Py)°V? has the same nonzero elements as V?. From Lemma 3.2 &’s are
eigenvectors of VO, ¢ =1,... k.

Since V = Y% | 07V, then VO = Y7, 0?V?,

(I—-Py)°V° = Za (I—Py)°V7. (3.15)
i=1

From the investigation on (I — Py)® and V? before the lemma we know that
(I — Py)°V? can only have g7 and 0 on its diagonal. The equality in (3.15)
indicates that the elements of (I — Py)®V? are the coefficients of ¢2’s which form
the combinations on the diagonal of (I—Py)°V?. In other words when a variance
component, say o7, is present in a combination 7;, (I— Py )°V? must have -3~ g in
the same position as 7; on the diagonal of (I — Py )°V®. Otherwise, (I — Py)°V?

must have zero.

We then have:
k
d((I—Py)°VY) = S bl¢;, (3.16)
Jj=1

where
B _ o i o? is present in 7;,
! 0, otherwise.

Let n; = (&!,0), then by Lemma 3.1 we know that 7; is the eigenvector of
d(V9)d-(I). Since

<(I-Py)°V0> = (d (X -Pv)°V?Y,0)

= Zb’51,0>

=

* ()

= ij (&,0)

=1

k

= Zb'n], =1,...,k, (3.17)

=1

fary

L.

s,

then < (I — Py)°V? > can be expressed as linear combinations of n;’s, 7,7 =
...,k
Now Vi =1, so o2 is present in all the nonzero linear combinations of ¢? in
(I - Py)°VO therefore,
W =1, j=1,...,k
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In other words, all the k 7;’s are needed for expressing < (I-Pv)°VY > there-
fore, < (I—-Py)°V? > can be expressed as linear combinations of k eigenvectors
of B(VO)B-1(I).

1=2

Assume that (I — Py)°V? contains m distinct combinations of o?’s, m # k.

Then by the same reasoning as in part 1 of the proof, we can define §; and n;
so that 7; is the eigenvectors of ®(V°)®-1(I) and

m .
< (I — Pv)OV? >= Zbg-t)‘r]j.
i=1
Therefore < (I — Py)°V? > can be expressed as a linear combinations of
m eigenvectors of ®(VO)®d-1(I), m # k. This contradicts condition 1, hence
(I—Pv)°VP consists of exactly k linear independent nonzero combinations of the

o¥s. 0O

Example 3.3:
The construction of &; and 7; in the proof of Lemma 3.3 can be demonstrated
by using the model in Example 3.2.

From Example 3.2 we know that
(I ~ PV)O = ’

hence
0

I-Py)VO = ‘
( v) 202 4 o2

2

O

So there are two distinct nonzero combinations of ¢? and ¢, namely, 1, = o2,

2

T, = 202 + 02, thus we define

& =(0,1,0,1), & =(0,0,1,0)".

It can be seen that & and &; are eigenvectors of (I — Py)°V?, they are also
eigenvectors of VO,
With (I — Py)°VY and (I — Py)°V?2 given in Example 3.2, we can write:

d|(T-Py)°V]] = (0,0,2,0) =26, (4" =0, = 2),
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d[T-Py)°VY] = (0,1,1,1) =&+ &, () =107 =1).
Now let 71 = (&4,0), m2 = (&5,0)", 71 and 7, are eigenvectors of ®(V)&~1(I).
As shown in Example 3.2 we have:

< (I - PV)ng >= 27723

<(I=Py)°VI>=n +1n,.
So the MINQUEsS of 62 and o2 are independent of prior values. O

The next lemma establishes another equivalent condition for the second con-
dition in lemma 3.3, but we need some definitions before the lemma.

Let vq,..., Vi be row vectors corresponding to the random terms in a balanced
E-ANOVA model. The elements of v; contain 0 and 1 only. v; has 1 in the jth

element if the jth factor is present in the ith random term in the model and 0

otherwise. vi,...,v; will determine the random effect part of the model. Let
X = (21,...,2,) be the row vector corresponding to the fixed effect term in the
E-ANOVA model and x is similarly defined as the v,’s.

Example 3.4:

Two way crossed model with interaction:
Yijit = ft+ a; + by + ¢ij + eiji,
t=1,...,1,5=1,...,J, l=1,..., L.

Thus k = 4, vi = (1,0,0), v2 = (0,1,0), v3 = (1,1,0) and v4 = (1,1,1).
x =(0,0,0). O
Vi
Denote the k£ x n matrix V:Q by W. The rows of W correspond to the
Vi
random effects in the model and the columns are indexed by the factors. We
notice that only balanced E-ANOVA models allow us to use the notation of W.
Define the vector multiplication as: x * v; = (zyv;,,...,Tav;,), which is a

Hadamard product of matrices, see Rao (1973, p30). Hence x * v;’s are vectors.
Let

X * Vy

X * Vo

WX: . 3

X * Vi
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W and Wy are k£ x n matrices. The column vectors of W and Wx can
multiply each other using the rule of the Hadamard product. A column vector is
said to be generated by the column vectors of W if it is a Hadamard product of
two or more column vectors of W. Let Z be the matrix containing all columns of

W and the columns generated by the columns of W. If W = [, ..., o], then
Z = [0, ., 0y Q1 % Qg ey Qg % Oy QU1 % Qg % Oty .oy O % 0ok Q)
Z x is similarly defined.

Definition 3.4 The number of distinct nonzero columns generated by the

columns of Z — Zyx 1is defined as N(Z — Zy).

Example 3.5:

Continued from Example 3.4,

0

7\VX:

— = O
-0 O O
o o O O
o O O O
o O O O

1
1
1

L S e B
— = = O
—_o O O
e OO
—_ o O o
= O O O
= o O O

then N(Z —Zx)=4. O

Example 3.5 demonstrated that N(Z — Zx) can be larger than the number of
columns of W and Wy.

For balanced E-ANOVA models matrices W and Wy are determined when a
model is chosen, hence N(Z — Zx) is known from a model without using design
matrices. The next lemma establishes another equivalence which will eventually
allow us to use N(Z—Zy) as an indicator of examining the necessary and sufficient
condition of Theorem 3.5.

The result of Lemma 3.4 will be used in proving Lemma 3.5.

bi1
Lemma 3.4  Let A; = be an N x N diagonal matriz, 1 =
6in
L...,k, if A =YF% 0?A;, then A can be written as

A = diag {(af, N ai)A} ,
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where

611 012 N

81 6 )

A - ?1 ?2 2N ,

5k1 51;2 5kN
i.e. the ith row of A is d(A;).
Proof: Since A = Y5, 0?A,,

611 6k1
A = 0’% e + [P + 0}2:
Sin Skn
Zf:l 0—1261.1
L ofin
Let @ = (02,...,0%), 6; = (614,...,6x), 1 =1,..., N, it can be seen that §;
is the 7th column of A. Then
@'6;
A =
@6y
= diag{O®'(81,...,6n)}
= diag{@'A}

= diag{(af,...,az)A'}. i

Lemma 3.5  For balanced E-ANOVA models, the following two conditions are
equivalent:
1. (I—Pvy)°VP° contains ezactly k distinct linear combinations of o?’s;

2. N(Z —Zx) = k.

We want to show that the number of distinct linear combinations of o2

Proof:
is the same as N(Z — Zyx), hence the equivalence.

The diagonal form of V; is:

1 1
VO =
1 [ di1]® ®[ din:|’

where d;; is a diagonal matrix of which the diagonal elements are either of

all 1 or all 0. Since the order of the matrix is known, a scalar d;; whichis 1 or 0
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according to d;. can represent d;.. For simplicity’s reason we assume that d;. is
g iy p 7 J

a scalar of 1 or 0. Hence,

VY = 1 R---® 1 .
' d;, d;,

0 _ I; . . . d-
Vi =diag(1, diny dig,_yys dindi_yys Digsys - - H d;;).

[ feel ]
PV: QKR ,
X1 Xn

where x; is a diagonal matrix of which the diagonal elements are either all 1 or

Therefore,

Also

all 0. For the same reason as V? we use

1 1
PO N [ ] ®...® !: ].
I Ip
Then

1 1
PoVe —
v [ xldil] @ ®[ fndin]
Tnd;, Tp_1d;

l(n—-—l) 9

= diag(1, z.d;,, Tn_1d;

Yn-1)?

n
i(no2)? """ H a“.]d'])

Since (I-Py)°V? = 3% o (V0 PYV?), in Lemma 3.4, let A; = V?-PJ VY,
then

$n_2d

(I—Py)°V® = diag {(02,...,00)(Z - Zx)}, (3.18)
where
1 dy, dl(n—l) dlndl(n_l) dl(n_2) - H? 1 d1
Z = 1ody, dyyy dogdyyy da, j=1 4
1 dg, dk(n_l) dkndk(n_l) dk(n_Q) ;‘:1 dk].
1 xndln mn—ldl(n_l) xndlnxn—ldl(n_l) .. H?=1 l'jdlj
1 IL‘ndgn x”—1d2(n—l) CL‘ndgniEn_ldQ(n_l) e H?:l CCJ‘dQJ-

1 .”L‘ndkn xn—-ldk(n_l) :Endknl'n—ldk(n_l) H?=1-'Bjdkj
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From (3.18) the number of distinct combinations of o? is the same as the
number of the distinct columns of Z — Z .

Hence we proved the theorem. O

Using the equivalent conditions in Lemma 3.3 and 3.5 we are able to derive

the following theorem using Theorem 3.5.

Theorem 3.6 For balanced E-ANOVA models, the necessary and sufficient
condition for MINQUE of 8 = (02,...,0}) to be independent of prior values is
that N(Z — Zx) = k.

Now we demonstrate how to apply Theorem 3.6 in practice.
Example 3.6

Consider a one way random model:

yij=ptait+e; t=1,...,1, g=1,...,J.

1 0 0 0 1 0 0
Now k = 2, x = (0,0). \V:[ ],VVX::[ ],Z:[ ],
1 1 0 0 1 11

and Zx = 0, then N(Z — Zx) = 2 = k, thus the MINQUE of o2 and ¢? are

independent of prior values. O

This result confirms the result in Example 1.8 where Swallow and Searle calcu-
lated the MINQUES of ¢2 and o2 explicitly and showed that they are independent

of prior values.

Corollary 3.1  For balanced nested ANOVA models, the MINQUE of o?’s are

independent of prior values.

Proof: In this case

Vi 1 0
w= "= !
Vi L1 1 ... 14,
... 0
0 0 ... 0

It is obvious that the generating of the columns of W will not creat new

columns, thus N(W — Wy) = k. From theorem 3.6 we prove the corollary. 0O



Chapter 3 83

Example 3.7

Consider two way crossed random model without interaction:

Yit = p+ a; + bj + e

v=1,...,1,5=1,...,J, I=1,...,L
Now k =3

1 0 0 0 0
W=1{0 1 0|, Wx=1{0 0 0
11 0 0 0

1 0 0 0 0 0 O

Z=1{0 1 0 0 0 0 O

111 1 1 11

N(Z—-Zx)=3=*F
From theorem 3.6 the MINQUE of ¢2%) o} and o? are independent of prior

values. 0O

Corollary 3.2  For balanced crossed ANOVA models without interaction, the
MINQUE of 6?’s are independent of prior values.

Proof:
0 ... 0

1 ... 0
W=, : 1, Wx =

11 ... 1 00 ... 0

Therefore, N(Z — Zx) = k, from theorem 3.6, we proved the corollary. O
Example 3.8

Two way crossed random model with interaction:

Yijt = g+ a; + b + cij + eiji

e=1,...,1, j=1,...,J,l=1,..., L.

From Example 3.5 we know that N(Z — Zx) = 4 = k, then from theorem 3.6

the MINQUE of ¢2, 02, 6% and o2 are independent of prior values. DO

The result in this section shows that MINQUE for balanced ANOVA mod-
els are independent of prior values. From Theorem 2.4 we know MINQUE for
balanced ANOVA models is MIVQUE. Therefore for general balanced ANOVA
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models we know that the MINQUE is identical to the ANOVA estimators. In
this sense MINQUE is an extension of the ANOVA estimator to the unbalanced

data cases.

Example 3.9
Interviewer’s variance model (Biemer and Stokes, 1985). This model is used

in Chapter 6 for interpenetrated interview data:

Yntis = Tyt + byj + €yijs
y=1,...,0, t,y=1,...,J, s=1,...,f.
Now k=2, x = (1,1,0,0).
1 010 1 0 0 O
W= Wy =
1 1 1 1 11 0 0
It can be verified that N(Z — Zx) = 2 = k, so the MINQUE of ¢ and o7 are

independent of prior values. O

In Chapter 6 the MINQUE formulas for o? and o2 will be given and it can

then be confirmed that the formulas are independent of the prior values of 67 and

2

ag;.

Example 3.10
Consider a balanced E-ANOVA model:
Yiji = fi + b; + ¢ + ety
i=1,...,1, j=1,...,J, 1=1,...,L,

where f; is the fixed effect parameter, b;, ¢;; and e;;; are random terms with
variances o2, o2 and o2 respectively.
Now k =3, x = (1,0,0)

010 0 0 0
W:llO,WX:100]
1 11 1 00
01 00 0 OO 0 6 00 00O
Z=71 10100 0j,Zx=|1 0 0 0 0 0 O
1 111111 1 00 00 0O
Thus N(Z —Zx) =3 = k.

Therefore from Theorem 3.6 we know that the MINQUE of (02,02,0?) are

cre
independent of the prior values. O
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Discussion 3.1 In Chapter 2 we have proved that all balanced E-ANOVA
models satisfy condition (2.14). In this section we derived that for balanced E-
ANOVA models N(Z — Zx) = k is the necessary and sufficient condition for the
MINQUE to be independent of prior values. Therefore combining the conclusions
in Chapter 2 and Chapter 3 we have the following conclusion: for any balanced
E-ANOVA model if N(Z — Zx) = k, then the MINQUE is the globally best
quadratic unbiased estimator of the variance components; If N(Z — Zx) # k,
then the MINQUE is the locally best quadratic unbiased estimator.

3.5 Conclusions

This chapter considered the problem of prior values in the computation of MIN-
QUE. For the general variance components models Theorem 3.3 gives necessary
and sufficient conditions for MINQUE to be independent of prior values .

For balanced E-ANOVA models the conditions can be greatly simplified. Us-
ing the simplified condition in theorem 3.6 it is proved that the MINQUE for all
balanced ANOVA models are independent of prior values.

When MINQUE is independent of prior values synthesis-based MINQUE can
be used to reduce the amount of computation and we are sure that the optimality
of MINQUE is preserved by the estimate.

When MINQUE does need prior values the only sensible thing to do seems
to be iterative computing. Further research is therefore needed to investigate the
convergence property of MINQUE. As we pointed out in Section 1.3.4 the iterative
MINQUE yields the same estimate as REML. Hence REML is an alternative
approach if iterative MINQUE is to be used.
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NONNEGATIVE BIASED
QUADRATIC ESTIM ATORS

4.1 The problem of negative estimates

In section 1.3.1 we have given Example 1.1 to show that the ANOVA estimator
sometimes gives negative estimates of variance components. By definition an es-
timate of a variance component should be always nonnegative. The maximum
likelihood and restricted maximum likelihood approach do not produce negative
estimates because the parameter space over which the maximum is sought is
restricted to the positive part of each axis. In practice it is common that the
solutions of the likelihood equations over the whole parameter space are taken to
be the ML or REML estimates without restricting the parameter space. Herbach
(1959) and Thompson (1962) investigated the properties of the maximum likeli-
hood function and the restricted maximum likelihood function for the balanced
one-way model and concluded that when a negative solution to the likelihood
equations appears, zero should be used as the estimate for that variance compo-
nent. There has been no such results for the general variance components model
in the literature.

Chapter 2 and Chapter 3 have been devoted to MINQUE which is derived
without the nonnegativity constraint. Ideally, we would like to use a quadratic
estimator y’Ay which has the following properties:

1. y’Ay is invariant,
2. y'Ay is unbiased,
3. y'Ay is nonnegative,

86
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4. The estimator has minimum variance,
4’. AV has minimum norm.

The MINQUE estimator satisfies 1, 2 and 4. When the data come from a
normal distribution, 4 and 4’ are equivalent.

A question arises: Can we impose constraint 2 on the MINQUE matrix A so
that we can obtain a nonnegative MINQUE which will satisfy 1-47 The answer
is: we can not except in some special cases.

LaMotte (1973) used a balanced ANOVA model to demonstrate that the only
2

variance component which can have an unbiased and nonnegative estimator is o,

the variance of the random error term. Generally, Pukelsheim (1981) showed that
with a commutative quadratic subspace condition the concept of unbiasedness
and nonnegativity are incompatible. In general we should not expect that a
quadratic estimator y’Ay will satisfy constraints 1-4. In other words, if we want
nonnegative estimators of variance components, we have to drop the unbiasedness
constraint.

When a biased estimator is considered, the optimality criterion often used
in statistics is the mean squared error of the estimator. Suppose § is a biased

estimator of 4, then the mean squared error of 4 is:
MSE(§) = E(0 - 6)* = [E(6) — 6] + E[§ — E(9)]” (4.1)

where the term {E(é) - 9}2 is the bias of § and E [é - E(é)]2 is the variance of
g.

Sometimes it is impossible to obtain an estimator satisfying certain constraints
and also minimizing the mean squared error. It is not known if there are any such
estimators for variance components. In the literature there are different non-
negative quadratic estimators of variance components using different optimality

criteria. I shall describe several existing approaches in the following sections.

4.2 Rao-Chaubey’s MINQE

Rao and Chaubey (1978) proposed a modified MINQUE which is nonnegative and
biased, hence the estimator is called MINQE —MINQUE without unbiasedness.
Recall all the notation and assumptions for model (1.1). In section 1.3.4

we have shown that when y’Ay is an unbiased estimator of "%, ¢;0?, then to
minimize || W/AW — A ||* is equivalent to minimize Tr AVAV, where W =
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(01U, | ..., ok U], V; = U; UL V = 5 02V, and
%U%Im
A —0'21
f,':'Ul%ka

When a normal distribution can be assumed for the data vector y, Tr AVAV is
the variance of y’Ay, so with the unbiasedness constraint to minimize || W/AW —
A || is equivalent to minimize V(y’Ay). Rao and Chaubey’s modification is that
without the unbiasedness constraint the matrix A minimizing || W/ AW — A ||?
is still used as the matrix to form the quadratic estimator. We now follow Rao

and Chaubey to derive such a matrix and then comment on their approach.

Lemma 4.1 Let X and C be n x n symmetric matrices, then Tr XX —2Tr XC
is minimized if X=C.
Proof: Let X = (zi)nxn, C = (¢ij)nxn, then

n

Tr XX = ZZ@'U in + 2 ZCEU,

=1 j=1 <]
Tr XC = Z Z TijCii = Zx“c“ + 2 Za:,]cU
i=1 j=1 1<J

Let L = Tr XX — 2Tr XC, then

dL
% =2z — 2¢; = 0,
11
gives T; = ¢, t = 1,...,n.
oL
Dz = 41‘1']' - 4C,'j = 0,
ij
gives Ti; =¢j, 1 < j,t1=1,...,n.
0L
8:5 =2, 1=1,...,n,
0L L i<
= 1< .
2 M

So L is minimized when X = C. 0O



Chapter 4 89

To derive the matrix which minimizes || W/AW — A ||?, we need to express
|| W/AW — A ||? in another form so that Lemma 4.1 can be used. Now

| WAW — A |2 = Tr(WAW — A)(W/AW — A)
TrWAWWAW — 2Tr WAWA + TrAA  (4.2)

Note . .
WW' =3 c?U U =) olV,=V.
i=1

=1
Let B = VI/2AV1/2 thus A = V-1/2BV-1/2
Let Q =1 V- 12X(X'V-1X)"1X'V-1/2,
Since AX =0,

QBQ = QV'/2AV/2Q
{VI/Z _ V—l/2x(x/v—1x)——lx/} A {V1/2 . X(xlv—lx)—lxlv—l/2}
VIZAVZ = B,

Therefore,

Tr WAWW/AW — 2Tr WAWA
= TrBB -2TrBQV /?WAW'V-1/2Q. (4.3)

Also

Qv—l/Z — V—l/2__V—l/2x(le—lx)—lxlv—-l
= VI/?R,

where R = V-1 - V-IX(X'V-1X)-1X'V-1,
Similarly, V-1/2Q = RV1/2, and

n 52 1
P alel UlUl

WAW' = [0,Uy,]...,|0: U4

9k 52 ‘
. Ukka UkUk

k
qi
= Y Lauu;

k a:
= Zgia’:iv,
t=1 pl
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From (4.2) and (4.3)

| WAW — A || = TrBB-2TrBV'/’R (Zp )RV1/2+TrAA
=1 1

i

TrBB - 2TrBV'/? (Z ﬁaf‘RV,R) V2 4 Tr AA.
1=1 bi

(4.4)

Theorem 4.1 (Rao and Chaubey, 1978) The invariant nonnegative qua-
dratic estimator y'Ay of S¥,qo? ¢ > 0,1 = 1,...,k, which minimizes
| WAW — A ||? s given by

L
=Y “o!RV.R. (4.5)
g=1 p’l
Note: Rao and Chaubey did not give a detailed proof for the above theorem.
Proof: Since RX = 0, from the form of (4.5) we know AX =0, hence y'Ay is
invariant.

Since g%af>0, i=1,...,k,
y'Ay = Z g 4y’RV Ry

= Zq’ o4(URy)(U/Ry)

20.

Hence y'Ay 1s nonnegative.

We then need to prove that A minimizes || W/ AW — A ||2.

From (4.4) and using Lemma 4.1 we know that || W/AW — A ||? is minimized
when

B =V <i 20?RV£R> Vi,
i=1 Pi

e

when

k
Z L5IRV,R.

Hence we prove the theorem. O

2
1)

In practice we do not know o
n (4.5).

so we have to choose prior values for the o?
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It is easy to see from (4.5) that Rao and Chaubey’s MINQE has additivity.
If y'Ayy is the MINQE of %, ¢io?, and y’A,y is the MINQE of sk tio?,
then y'(A; + A,)y is the MINQE of Y% (g + t:)o?.

Example 4.1:

Consider a balanced one way model:
yij=p+a+e; t=1,...,m, j=1,...,n

where p is the overall mean, a; and e;; are random effects with variance o? and
o2, respectively.
Let a, and a, be the prior values of ¢% and o2, and 4 = a,/a., then the

MINQE of ¢2 and o2 are:

A

2( M g i 4.6
Ja(l )= m(l + ny)? = —7.) (46)
2(M) :_‘EIE, 1 7 4.7
mnlu_lyj yi.) m n7+121:1 ~7.) (4.7)

If we choose 4 = 1, then for the data set in Example 1.1, m = 2, n = 3,
62(M) = 0.5625, 62(M) = 34.75.

Notice that both 6% and 62 are different from the ANOVA estimates given in
Example 1.1. O

MINQE is built with || W/AW — A ||* as its optimality criterion. Without
the unbiasedness constraint it is not known how || W/AW — A ||? relates to the
usual statistical measures of optimality, namely, bias, variance and mean squared
error. The following example demonstrates that MINQE does not always possess

statistical optimality.

Example 4.2:

Consider the one way balanced model:
yij=p+tai+e;, t=1....m j=1,....n

It is proved in section 2.2 that the ANOVA estimator &2 is the best quadratic
unbiased estimator for the above model:
m

&3 ZZ Yi; — ¥i.) (4.8)

n_l z=1]=1
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&2 is nonnegative and unbiased. For normally distributed data
V(o2) = _2 (4.9)
€ m(n—1) ¢

From (4.7) the MINQE of &2 is:

1 m n m
&2 (M _ i i) _— 4.10
(A mn ;; yJ . m(ae_{_naa 2; ( )
2
(a2 _ [(m—1)ad(nof +0l) ol
bias (52(M)) = { A (4.11)

With normality assumption,

v (&3(]\1)) _ 2 { (n—1)o? N (m — 1)at(no? + 03)2} ' (4.12)

mn n mn(na, + ae)?

Now assume m = 10, n = 8, at 02 = ¢? = 1, then
MSE(6?) = 0.02857.
For MINQE, it is usual to choose the prior values to be: «, = a. = 1. then:
bias (52()) = 0.01266, V (52(M)) = 0.02191.

Therefore, MSE (52(A)) = 0.03457 > MSE(62).
We conclude that when mean squared error is used as the measure of opti-
mality for the estimators, MINQE does not give the best possible nonnegative

quadratic estimator. O

There are two unsatisfactory facts about MINQE. First, its optimality crite-
rion is not a well recognized statistical measure of optimality. There is a need to
compare MINQE with the other nonnegative estimators on a common statistical
measure, e.g. mean squared error. Second, if a nonnegative unbiased estimator

with minimum variance exists MINQE may not coincide with it.

4.3 Chaubey’s CMINQUE

Chaubey (1983) proposed a nonnegative quadratic estimator of variance compo-

nents which is called CMINQUE (the estimator closest to MINQUE).
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Theorem 4.2 (Chaubey, 1983) Let \y,..., AN be the eigenvalues of the
MINQUE matriz A and py,...,pn be the corresponding normalised orthogonal
eigenvectors, then D = Yoa>0 AiPiP: 1S the nonnegative matriz minimizing

| D — A ||%, where || ||% is the Euclidean norm of a matriz.

Proof of this theorem can be found in Rao (1973), p63.

Chaubey called the nonnegative estimator y’'Dy CMINQUE which can be
regarded as the truncated MINQUE using the spectral decomposition. It is easy
to see from theorem 4.2 that CMINQUE has additivity.

One explanation of CMINQUE’s optimality criterion is the following:

bias(y'Dy) = [Tr(DV —AV)]® = [Tr(D — A)V}?

> (dij — az‘j)vij}

1,7

IN

(Z(d,-j - az‘j)2> (Z v?j) : (4.13)

1,j

Therefore the approach of minimizing || D — A || has the effect of minimizing
the bias range in (4.13), hence in some sense makes the bias of the estimator
small.

Now we discuss a situation where the MINQUE matrix A and the variance
covariance matrix V have a common set of normalised orthogonal eigenvectors,
say, Pi1,---,Pn- From lemma 2.7, we know that balanced ANOVA models satisfy
this assumption.

Let A1,...,An be the eigenv'alues of MINQUE matrix A, 71,...,7n be those
of V.

N
Since A = z)\;p;pﬁ,

=1
I\Y
E(y'Ay) = TrAV => X\ Trp;piV
=1
N N
i=1 i=1
Now D = Z AipiPl,
Ai>0
E(yDy) = TtDV = > X\ Trp:piV
A >0

= Z /\1p:Vp1 = Z /\iT,'. (415)

Ai>0 A>0
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Since V is a nonnegative matrix, thus ; > 0,1 =1,..., N.
From (4.14) and (4.15), we can see that:

E(y'Dy) > E(y'Ay).

This means that the CMINQUE gives estimates not less than the true values
of the variance components. In other words, CMINQUE always has nonnegative

bias. If a normal distribution is assumed for the data vector y, then:

V(y'Ay) = 2TrAVAV

N N
= 2T: (Z Aipfpi-V) (E AJPjP}V>
i=1

i=1

N N
= 233 NPV (P V)

i=1 j=1
N
= 2> Ari (4.16)
=1
Similarly,
V(y'Dy) =2TrDVDV =2 > A77. (4.17)

Ai>0

From (4.16) and (4.17) it is obvious that:

V(y'Dy) < V(y'Ay).

This means that CMINQUE has less variance than MINQUE. But since
CMINQUE is biased, its mean squared error may be greater than that of
MINQUE.

CMINQUE uses || D—A ||? as its optimality criterion which is not a commonly
used statistical measure. When there exists a nonnegative unbiased MINQUE
estimator CMINQUE will coincide with it. Apart from the unclear role of the
optimality criterion it used, CMINQUE does not always exist. The existence of
CMINQUE depends on the existence of MINQUE.

Example 4.3:

Consider the one way balanced model:
yij=p+ate; t=1,...,m, 3=1,...,n.

CMINQUE of o2 is identical to the ANOVA estimator, and the CMINQUE

N
of o is:
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64(C) = —= > (5. = 7.)" (4.18)

For the data set given in Example 1.1,
62(C)=2,6%C)=52. O.

4.4 The nonexistence of a globally minimum bi-

ased nonnegative estimator

In section 4.1 it is shown that nonnegativity and unbiasedness are incompatible.
In section 4.2 and 4.3 two nonnegative estimators are introduced. They are mod-
ified forms of MINQUE. When comparing estimators, we ought to use a common
optimality measure to assess the performance of the estimators. For biased esti-
mators the most commonly used optimality criterion is the mean squared error.
An estimator with minimum mean squared error will be the best choice. How-
ever, in the problem of quadratic estimation of variance components, so far the
attempt to obtain an estimator with minimum mean squared error has failed and
we are left with two choices: (1) use some other measures for optimality, like the
CMINQUE in section 4.3, and hope by doing so the mean squared error is small;
(2) use bias and variance as separate optimality criteria.

The first choice leaves us with arbitrary numbers of possible optimality mea-
sures and no control on the mean squared error. It seems more sensible to use
the second choice and by controlling bias and variance of the estimator we gain
control over the mean squared error.

In the search for nonnegative quadratic estimators of variance components,
neither bias nor variance should be used alone as the optimality criterion, because
bias or variance alone cannot form enough constraints for an unique estimator and
there is also the risk of leaving one term in the mean squared error uncontrolled
while minimizing the other term.

To obtain a quadratic estimator of Y 5, ¢;02, some possible constraints are:

1. invariance, AX = 0,

2. nonnegativity, x’Ax > 0, x # 0,

3. unbiasedness, "%, 0? TrAV = Y5, qi0?,
4

. minimum bias,

r 2
{Z o} (TrAV — q;)} is minimized, (4.19)

=1
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5. minimum variance, V(y’Ay) is minimized.

Different estimators are derived by using different combination of constraints
in different orders. For example, MINQUE is derived using (1,3,5) with normality
assumption. It is known that (1,2,3,5) are too many contraints to obtain a matrix
solution in general, but (1,2,4) and (1,2,5) are too few constraints to obtain an
unique matrix solution. By giving up unbiasedness we can try to use (1,2,4,5) as
the set of constraints to derive a nonnegative estimator with some optimality.

Before we start the search for an estimator with constraints (1,2,4,5), we prove
a theorem which says that if an estimator satisfying constraints 2 and 4 exists, it

can only be a locally minimum biased estimator.

Theorem 4.3 Consider the general variance components model (1.1). If there
does not exist a nonnegative unbiased quadratic estimator for Y% | q;0?, where
g; > 0,17 =1,...,k, then there does not exist a nonnegative biased quadratic

estimator which achieves global minimum bias across the parameter space.

Proof: Let A be a symmetric matrix, and let PSD denote the set of all non-
negative symmetric matrices.
We know that:

2

k k
bias(y'Ay) = |E(y'Ay) - quf?] = [Z o (Tr AV; — q)
i=1

i=1

2

Assume that there exists a nonnegative matrix A such that

bias(y'Ay) = Arélzirle bias(y'Ay), at all parameter values. (4.20)

(4.20) is equivalent to:

k
Z U?(TI‘AV,’ — q,')

i=1

o (Tr AV, — gi){ (4.21)

|
2
]
p——
‘M?r
=

We shall find a particular set of values for the 02,7 = 1,..., k, such that (4.21)
does not hold, thus proving the theorem.
Since there does not exist a nonnegative unbiased quadratic estimator of

Zf:l ¢;0%, the equations

TI‘AV,':(],', izl,...,k,
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do not have a solution in PSD. In other words there exists at least one g;, such

that Tr AV; # g;.
Since V; = U; U}, then TrV; > 0,:=1,...,k.

Let A° = %A + 2—Tq;’§;71, hence A° # A.

For any x # 0,
x'A%% = 5x’Ax + 2Tqerj x'x > 0,
So A% € PSD.
1 - q;
Tr AOVJ' = 5 TrAVj + 2T1‘]Vj Tr VJ'
1 A 1
= —Z_TrAVJ + '2"Qj’
then )
TI'AOVJ' —q; = E(TrAV]' — q]').

Now at 0;‘-’0 =1and 0? =0, for i # j,
. 2
bias(y'A%y) = [Z o (Tr A%V, — Qi)}
=1
1 A 2
= 7(TrAV; —¢))
< (TrAV; —g;)?
. 2
= [E 01-20 (TI‘ AV,‘ — q;):i
i=1
= bias(y’Ay).

This is contradictory to the assumption in (4.20). Therefore we proved the

theorem. O

To summarize, when deriving a quadratic estimator of the variance compo-
nents, we either have a nonnegative unbiased estimator or a locally nonnegative

minimum biased estimator.

4.5 Hartung’s estimator

4.5.1 The estimator

Hartung (1981) attempted to look for minimum biased and minimum variance

estimators of variance components and he called the estimator "nonnegative min-
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imum biased invariant estimator”. From theorem 4.3, we know that no nonneg-
ative estimator can achieve minimum bias globally across the parameter space,
therefore, in this thesis the estimator proposed by Hartung is referred as "Har-
tung’s estimator”.

Hartung’s approach is first to look for the class of symmetric matrices which
satisfy constraints 1,2 and also minimize Y25, (Tr AV;—¢;)?, and among this class
of matrices choose the unique matrix A which minimizes || A ||%.

To impose invariance on the estimator, Hartung used
W; = (I - XXH)V{(I-XX"),

where X* is the Moore-Penrose generalized inverse of X. So instead of working
with y ~ (X8, 35, 0?V;), we are working with y ~ (0,5, o?W,).

After the transformation of matrix V; into W;, Hartung’s constraints on the
estimator are:

1. A is nonnegative,

2. A minimizes [  (Tr AW, — q,-)r,

3. A minimizes || A ||%.

Any matrix A satisfying the above constraints with the order 1,2 and 3 is
the matrix defined as Hartung’s estimator. In other words, Hartung’s estimator
minimizes the measure in 2 with regards to all matrices satisfying 1 and then
minimizes the measure in 3 for all matrices satisfying 1 and 2. The order itself is
an important constraint because other orders of the same constraints may lead
to different estimators. For instance, if we use constraint 3 to follow constraint
1, we shall have a null matrix which is not of interest. We use A to denote a
matrix satisfying the constraints in the order 1, 2, 3 and y’Ay is then Hartung’s

estimator.
Theorem 4.4 (Hartung, 1981) A always ezists and is uniquely determined.

The proof can be found in Hartung (1981). The proof used the properties
of a closed convex cone in functional analysis, and Hartung went on to give his
estimator an analytical expression.

We need some notations to follow Hartung’s development. Let A = (aij)nxn,

then Ay = (af)nxn, where

+ aij if agy 2 0
N 0 if ai; < 0.
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Theorem 4.5 (Hartung, 1981) Let {r,} be a positive nullsequence, i.e.

Tn — 00, when n — 0. If A, is the solution to the following equation:

k k
A, — (A4 + 2> (Tr A W)W, +r3A, =2 > g W, (4.22)
=1 i=1
then Hartung’s estimation matriz is A = lim A,, and Hartung’s estimator is

N—r00

y’Ay.

The proof is in Hartung (1981).

There are two difficulties in deriving Hartung’s estimator for the general vari-
ance components model (1.1). The first is that the estimator depends on the
solution to (4.22) and (4.22) is not such a ’regular’ function of A, that explicit
analytical solution of A, can be found. The second difficulty is that the ma-
trix used in Hartung’s estimator is a limit of a sequence of matrices and may be
unobtainable in practice.

For a special class of models these two difficulties do not exist, because Har-
tung gives an explicit expression for his estimator in this case.

Some definitions and lemmas are needed before presenting Hartung’s theorem.

Definition 4.1 Let Wy, ..., W, be symmetric mairices, and let ¥ be the sub-

space containing all the linear combinations of W, ..., Wy, denoted as:
Y = span [Wy,...,Wy].

If for W, W; € X, implies W? € & and W,W,; = W;W,, 1 £ 3, 4,7 =1,...,k,

then ¥ is a commutative quadratic subspace.

Lemma 4.2 (Seely, 1971) A necessary and sufficient condition for ¥ to be
a k-dimensional commutative quadratic subspace is that there ezxist k pairwise

orthogonal projection matrices P;, ..., Py to form a basis of ¥.

If the basis of the subspace is given, then we can express the matrices Wy,
k

..wWg in terms of Py, ..., Pi. Let W; = Zd)iij, t = 1,...,k, then there
i=1

exists a nonsingular matrix ® = (¢;;), ¢,7 = 1,...,k, such that Wy,... , Wy can
be determined by ® and P,,...,Py.
When ¥ is a commutative quadratic subspace, Hartung derived an explicit

estimator and the result is given in the following theorem.
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Theorem 4.6 (Hartung, 1981) IfW,,..., W, forms a commutative quadra-

tic subspace and Py, ..., Py is the basis for the subspace, then Hartung’s estimator

of Yiiiqio} is given by:

-

= di || Py |* / Tr Py,

where || ||? denotes Euclidean norm of a matriz, and

A= }E d;(Tr P;) (4.23)
=
where d = (cil, e ,czk)’ is the unique solution to the following system:
minimize (®d — q)'(®d — q), subject to : (4.24)
d € R, (4.25)
®'(dd — q) € RE, (4.26)
d'®'(dd — q) = 0, (4.27)

where q = (q1,.--,qx)’.

The proof can be found in Hartung (1981).

Although Theorem 4.6 gives explicit expressions for Hartung’s estimator for
some models, the estimator depends on the solution d from (4.24)—(4.27). In the
following section we shall derive Hartung’s estimator for balanced nested ANOVA

models.

4.5.2 Explicit formulae for Hartung’s estimator for bal-
anced nested ANOVA models

In this section we shall prove that Wy, ..., W from balanced nested ANOVA
models form a commutative quadratic subspace and we shall derive the solution
to the system (4.24)—(4.27). Hence using Theorem 4.6 we can obtain explicit

formulae for Hartung’s estimator.
A balanced nested ANOVA model can be written as:

Yivigoiy = P+ & +&iyip + -+ &y (4.28)
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where g is the overall mean and &, &4,y - -y &iyip...i, are the random terms
with variances 02, o2, ..., o}, respectively. We assume that each random factor
is at s; levels, s; > 1,1 =1,...,k.

We introduce some notations needed in the following derivation of estimators.

Let s = ﬁs,—, 7(t) = $1...5;, thus ;%5 = Si41...8k. s is the product of all
numbers of lgzlel and 7(¢) is the partial product of the numbers of level up to level
7.

The corresponding design matrices for model (4.28) are X = 1,, U; =1, ®
I, ®1,,, ® - ®1,,. For simplicity, we use subscript ¢ instead of s;
to denote a matrix of order s;, e.g. I; is the identity matrix of order s;, hence

Vi=ho - -L®Ju®- - J;
It can be seen that Xt = %13, I-XXt+ =1, - %Js, therefore,

W, = (I-XX*)Vi(I-XX")
— V- 23V,
S
1
7(2)

Now we look for a basis for the subspace spanned by Wiy,..., Wy in (4.29).

Vi——=J,, i=1,...,k (4.29)

Let j,’ = SL‘J,', K, =1, - ji, and let

P,:Il®®11_1®K1®j1+1®®jk, Z:l,,k (430)

Since

Kiji = (Ii — i—Ji)iJi =0,

Si Si

it follows that Py, ..., Py are pairwise orthogonal matrices. Also note that P? =

P;,:=1,...,k, so that Py,..., Py are projection matrices.
Now we prove that Py,..., Py form the basis of the subspace spanned from
Wi,..., W,

Lemma 4.3 Let Py,..., Py be defined as in (4.30), the following equality holds
fork > 2:

1 S

Le  -L®J; e @J = —=J, = (P, +.--+ P;
1 QLRI - ®J = T(Z){1+ + P}

i=1,...,k. (4.31)
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Proof:  We use P¥) for the ith matrix defined in (4.30) with value k and
S(k) = S81...8%.
We use mathematical induction to prove the lemma.

First, assume k = 2.
PP =K,0J, PP=I0K,.
For: =1,
the left hand side of (4.31) = L, ®J, — 81—1.]1 @7,

1
= (I —=J;)®J,
S1

= 5K ®J;

S

7(1)

For ¢ = 2,

1

8182

the left hand side of (4.31) = L @ I, — Ji®J,

= 1
= L1 Ko, +1 Ry ——J1®J;

$152
= LoK:;+K;®J,
= P+ P,
s

We have shown that (4.31) holds for k = 2.
Assume that when &k = n, (4.31) holds.
Now let k =n 4+ 1.
From (4.30) we have

P =P @T.,, i=1,...,n,

PV =L@ - L @Ky

For:=1,...,n,
the left hand side of (4.31)
1
=L QL®Jin® QI — —=J;
7(7)

1 _
= Sp41 {Il®"'®1i®']i+l®"'®']n_;@-_)'Jl®"'®*]n}®‘]n+l
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(n) -
= 3n+1—8‘65 {Pﬁ") +-+ P,(-")} ® J.41 (using assumption on k = n)

_ s(n+ ) {P(n+l) Tt P(n+1)}.
So (4.31) holds for ¢ = 1,...,n
Fori=n+1,
Since Iy = Kng1 +Jpp1, 7(n+ 1) = 7(n)sn41,
the left hand side of (4.31)
1

- e ) ®--21,07,
L® QL ®@I,41 T E 1) 1® RJn@Jdnp1
= 1
=Le QLK m+Lhe - 0Loty-——=519  ®J.®Jun
7(n + 1)

_Pfl'ﬁ”Jr{Il@.--@In— J1®~~®Jn}®3n+l

1
7(n)
Y U (UL P
— P 4 ... 4 P 4 plr)),

Therefore, for k = n + 1, (4.31) holds.

Hence we proved the theorem. 0O

Lemma 4.4  For balanced nested ANOVA models, the subspace spanned by

Wi,..., W, is a commutative quadratic subspace.

Proof: From lemma 4.2 we need to show that Py,...,P; forms a basis for
the subspace spanned by W;. In other words, there exists a nonsingular matrix
= (¢i;) such that W, = ZJ -1 ¢i;P;

From (4.29) we know that W; = V,- — -1.J, and from lemma 4.3 we know

(@)

that:
s
W, =——[P; 4+ -+ Py,
T(z)[ 1+ + Py
therefore,
&5 0 ... 0
R
o=|"® . (4.32)
1 1 o1

It can be seen from (4.32) that ¢ is nonsingular. O
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Lemma 4.5 Let © be defined in (4.32), and let q; be the ith column of the
identity matriz, then d = (0,...,0,d;,0,...,0) is the solution to system (4.24)—

(4.27), where

S

d: (1)

ool

Proof: It is obvious that d € RE, so d satisfies (4.25).
Let A= 9'® = ()\hj)- Thus,

R 0 N ) S N % Y
A= 71?:2 [T(Sr)] Zf=2 [‘r(sr)] Zf:k—l [T(ST)} ! (4.33)
Generally, 2
k s
/\hJ = T=m§x:(h,j) [T(T‘):l ’
thusfor h < g, Apj = Ay = i [T(Sr)]z'
r=;

We want to show that d given in the lemma is the solution for (4.24)-(4.27).
Let d = (d1,...,dx) be any vector satisfying (4.24)-(4.27),
®'(dd — q;) = Ad — ¥'q;

PREPWLIEE S

£ d; — =
= v O (4.34)
J=1

AG+1)74;

L (di -+ dy)
Since (4.25) and (4.26) require d € R%, ®(®d — q;) € R, so (4.27) makes:

d, {Z Anid; — :;—)} =0, h<i, (4.35)

k
dy, [Z )\hjdj} =0, h>:. (4.36)
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From (4.34) we know that if d = 0, then

!
s 3 g
d(dd—q;) = |———,...,——,0,...,0] & RE,
((Dd qi) T(i)’ Y T(i)’ 9 3 ¢ +
hence d # 0.
Since Ap; > 0, from (4.36) dr, = 0, h > <.
Assume d,, is the first nonzero value among dy,...,d;. Since dy = -+ =
dy_1 =0,and diy; = --- = di = 0, from (4.35) we should have:
gy — = —ix-d J =0 (4.37)
=1 I T(Z) _j:w “ T(Z) o .

J

From (4.33) we have:
/\ww > /\w(w+1) > > )\wia
therefore,

Yo Awidi = Auwdu + A et + - F Ao dicy + Awidi
Jj=w

= ()‘ww - /\wi)dw + (/\w(w+1) - /\wi)dw+1 + .-
+(Aui-1) — Awi)di1 + Awi(dw + - -+ + di).

Substitute the above equality into (4.37):

dw + cre d! .
_ S Aww Aw(i-1) ,
= T {( " Ddy 4+ -+ ( S l)dz_l} : (4.38)
Now since (4.27) holds for d,
(2d - qi)'(¢d ~ q;) = —q(Pd — ;)
=1 —=(dy +-+d)
7(2)
s
=1 - — .. .
=1 — {:%}2+ S (/\ww_.l)d + +(/\w(i_l) _1)d
Awi () 1 Awi v Awi o

(4.39)
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and d,, = --+ = d;_; = 0 will make the equality hold in (4.39),so0d; =0, 5 # i
will minimize (4.24).
From (4.35) we have:

But d; # 0, hence

g il el
Thi 7]
We have proved that d is the solution to system (4.24)-(4.27). O

Now that we have obtained the solution d, we need to work out the other
terms in Theorem 4.6 to derive the explicit formulae for Hartung’s estimator.
From the definition of P; in (4.30) we know that

TeP; = r(i)(1 - —),

Si

Si—1 St

| Piy ||I°= Z C 2 2 i = iy )

Jl—l Ji—1=1 3i=1

where §j, . ;... denotes the mean of yj,. ;, over the dotted factors.

Theorem 4.7  For balanced nested ANOVA models, Hartung’s estimator for

the ith variance component o? is:

o= Tivdi ) (4.40)

‘T B C

¢ .71 ]l—]

where A; = [T—fi—]z, Bi=7(i—1)(s: = 1), and C; = Zf:i [r(sr)}z'

Proof: From Theorem 4.6 we know that

=

=2 di | Py | /TcP

We have derived the solution of d in Lemma 4.5 which gives

where
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Now TrP; = 7(5)(1 — L) = 7(¢ -- 1)(si — 1), and
s 81 Si—1 S _ _
“ Piy “2: ?(Z_) Z T Z Z(yjlmji—ljiu- - yjl...j;__l...)z'
n=1 Ji—1=17;=1
Hence
‘9' 1 S1 Si—1 S¢ _
5’? = () S. ; Z Z(g widicgios = Uy g ...)2’
I:zi [7'(87")]2 T(Z) T(Z - 1)(Si B 1) jlz=1 Jie1=1 ji=1 B e
which is (4.40). O
Example 4.4:
Consider the one way balanced model:
yij=p+a+ej t=1,...,m, g=1,...,n.
Here s; = m and s; = n.
From (4.40), A; = s =n?%, B; = (m — 1), C; = 1 4+ n?, therefore,
) P — T ) (.41)
: (m-1)1+n?) 7" )
Az =1, B, =m(n—1) and C; = 1, thus,
1 m n
52(H) = Ik 4.42
Go(H) m(n_l);;(&u gi.) (4.42)

Notice that 62(H) is identical to the ANOVA estimator of o2.
For the data set in Example 1.1,

After deriving Hartung’s estimator for the balanced nested ANOVA mod-

els, we use the following example to demonstrate that for the balanced crossed
ANOVA models the set of matrices P; defined in (4.30) is not the basis of the

subspace spanned by Wy,..., W,.
Example 4.5

Consider the two way balanced crossed model without interaction:
Yijk = b+ a; +bj + eijk

t=1,....om,g=1,...,n, k=1,..., f.
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Now for this model,

1
\Vl :II®J2®J3_—Jsa

m

1
W, =1J; ®I2®J3—EJS,

Wi =1, — —i—J s
It can be seen that there does not exist ¢;, c; and c3 such that: W; =
c1Pi1+c;Py+c3P3. But it can be verified that Wy, W, and Wj satisfy Definition
4.1, hence they form a commutative quadratic subspace. Therefore, we have to
look for a new basis of the subspace for this model so that Theorem 4.6 can be

used to derive Hartung’s estimator. O

4.5.3 Discussion of Hartung’s estimator

By using the constraint on the bias to minimize Y%, (Tr AV; — ¢;)?, Hartung’s
estimator can be uniquely determined. Theoretically Hartung’s estimator is non-
negative and always exists which is an advantage over MINQUE. Whenever an
unbiased nonnegative estimator is possible Hartung’s estimator is identical to the
estimator.

Practically we have only managed to give explicit formulae for Hartung’s es-
timator for balanced nested ANOVA models. It remains a problem to make
Hartung’s estimator computationally available for the general variance compo-
nents model (1.1) and this problem is the biggest obstacle to the use of Hartung’s
estimator. '

There are two other deficiencies for Hartung’s estimator. First, Hartung’s es-
timator does not possess additivity. Second, Hartung’s estimator can be severely
biased when the true variance components values are considerably different.

Now I use an example to demonstrate the first point: Hartung’s estimator
does not have additivity.

Consider a two way balanced nested ANOVA model:

Yijk = p+ a; + bij + eijk
i=1,..,r i=1,...,8 k=1,...,1.

For this model the matrices A and & are:
ST 4+2+1 241 1
A= 2 +1 t?2+1 1],
1 1 1
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st 0 O
=4t t O
1 1 1

The vector d in (4.23) for o2 and of are:
N st !
= (=2 0,0),
d(@) <32t2+t2+1’ ’ )

A t !
d(b) = (o, T o) .
If Hartung’s estimator has additivity, then we expect Hartung’s estimator for
ol 4 o} to be:
Py |I*

di(a +d(b}”TrP :

r-"*-'\

o=

and d;(a) + d;(b) should satisfy (4.24)-(4.27), for q = (1, 1,0)".
d(b

Now we know that d(a) + ,, therefore,

) st t 0)
$212 412410 {241

) . st(#? +1) st t
' ~¥'q= {0, ~ ’
{d(@) +d(®)} - @' (’32t2+t2+1'32t2+t2+1+t2+1>

and

{d(@) +dm)} @ {2 [d(a) +d(b)] —a} = W_—_‘it:“r—l £ 0

So obviously d(a)+d(b) does not satisfy (4.27), and hence it is not the solution
o (4.24)-(4.27).

Since Hartung’s estimator is uniquely determined, therefore the estimator has
to be the one solved from system (4.24)-(4.27), hence 62 + 67 is not Hartung’s
estimator for o2 + 2. This fact leads to the conclusion that Hartung’s estimator
does not have additivity.

The second deficiency we have pointed out is that Hartung’s estimator gives
severe bias when the true variance components are considerably different, e.g.

02> 02, or 02 <« 0?. We demonstrate this point with a numerical example.

Consider the one way balanced ANOVA model:

vij=p+a+e; 1=1,...,m, g=1,...,n.
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From (4.41) we know that Hartung’s estimator of o2 is:

n2

cQII

~9 __
5a(H) = (m-—-1)(n2+1) Z

1:1
The relative bias of Hartung’s estimator is:
Rbias (62(H)) = ———,
ias (aa( )) 1)y
where v = 02/02.
Rao and Chaubey’s MINQE of 42 is:
52(M) = — e e o

(naa + o) o

Kll

The relative bias of MINQE &2(MM) is

(m—Dn(ny +1)
ym(na, + a.)?

Rbias (62(M)) =

where v = 02/02, a, and a. are the prior values of o2 and o?, respectively.
Now assume that v = 0.2, 62 = 1, m = 10, and choose o, = 1 and a. =1 to
be the prior values in 62(M). For n = 2,3,5,10, we calculate the relative biases

of the two estimators:

n [ 2 3 5 10
52(H) [1.80 1.40 0.92 0.49
52(M) | 0.40 035 025 0.12

Comparing with MINQE at the above parameter values Hartung’s estimator
has a relatively large bias which will contribute to the mean squared error of the
estimator. This numerical result is an indication that Hartung’s estimator has
severe bias when the true variance components are considerably different. The
numerical and Empirical studies in Chapter 5 support this view. The aim of the
next section is to find an estimator which overcomes this deficiency of Hartung’s

estimator.

4.6 The minimum bias range MINQ estimator

4.6.1 The estimator

In the last section we have discussed Hartung’s estimator and discovered that

Hartung’s estimator does not have satisfactory performance when bias and mean
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squared error are used as the optimality criteria. The reason for the poor bias
performance is that one of the optimality criteria Hartung has used is that of

minimizing 3%, (Tr AV; — ¢;)?, while the bias of the estimator y'Ay is:

" 2
{Z of(Tr AV; — qz')} :
i=1

thus Hartung’s optimality criterion does not allow for the extremely unequal
variance components.

The estimator proposed in this section has only one difference from Hartung’s
estimator: instead of using S°F  (Tr AV, — ¢;)? as the second constraint we use
% Lo} (Tr AV; — ¢;)? as the second constraint in solving for a nonnegative min-
imum norm estimator.

We can interpret the optimality criterion we have used as follows:

k 2 k k
bias(y'Ay) = {Z o?(Tr AV, — C]i)} < {Z of (TrAV,; — qi)z} (2—: 0,-2) ,

=1 =1

thus bias(y’Ay) lies in the range

k k
[O, {Z o (Tr AV, — q,~)2} (Z a?) ] .
=1 i=1

The approach of minimizing -5 ; ¢?(Tr AV; — ¢;)? is in fact minimizing the
range of the bias, hence putting a control on the bias and in some sense making

the bias small.

Theorem 4.8  There ezists an unique symmetric and nonnegative matriz A

such that AX =0, A minimizes 5, 02(Tr AV; — ¢;)% and || A ||Z.

By changing the Euclidean norm used in Hartung’s proof of Theorem 4.4 into
a weighted Euclidean norm we can obtain the proof of the above theorem.
Now let W; = (I - XX*)V;(I — XX*), similar to Theorem 4.6, we have the

following theorem:

Theorem 4.9 IfW,,..., W, form a commutative quadratic subspace, then the

minimum bias range MINQ estimator y'Ay for K qo?

? is given by:

A =3"d(TrP)'P;, (4.43)

i=1
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A

where d = (czl, ..., di) is the solution to the following system:

minimize (®d —~ q)'A(®d — q) subject to: (4.44)

d e R, (4.45)

®’'A(®d — q) € R, (4.46)

d'®'A(®d — q) = 0, (4.47)
where A = diag(o?, ... o}).

The estimator is:
k
YAy = d; || Piy ||? (TrPy)~ (4.48)
=1
Proof: Let ¥ = A/2d, g = Al/%q.
Let M; = o;W;, thus

k k
M; =0i) 6;;Pj =) ¢iP;.

So Py,..., Py are the basis of ¥* spanned by My, ..., M.
If d is the solution to (4.44)-(4.47), then it is the solution to the following

system:

minimize (¥d —g)(¥d —g) subject to: (4.49)
d € R%, (4.50)
V'(¥d - g) € R, (4.51)
d''(Td — g) = 0. (4.52)

From Theorem 4.6 we know that y’Ay given in (4.48) is Hartung’s estimator
of Y% ,¢:0?, where ¥* is spanned by My, ..., Mj.

Recall the constraints for Hartung’s estimator are:

1. Ais nonnegative;

2. A minimizes 35, (Tr AM; — ¢;)%;

3. A minimizes || A ||2.
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Since . \
Z(Tr AM; — g,')2 = Z a?(Tr AW,‘ —_ q,-)2,
=1 i=1
So we have:
2’. A minimizes -5, 0?(Tr AW; — ¢;)2.
Notice that 1, 2’ and 3 are the constraints for the minimum bias range MINQ
estimator, so y’Ay is the minimum bias range MINQ estimator of 3%, ¢;o? with

¥ being spanned by Wy, ..., Wy, hence we proved the theorem. O

Since we introduced the unknown variance components in the constraints
of the estimator, before we make further investigation to the properties of the
minimum bias range MINQ estimator for balanced nested ANOVA models, we
would like to answer a question: Are we able to find an estimator with the global

minimum bias range in the parameter space? The answer is negative.

4.6.2 The nonexistence of a globally minimum bias range
MINQ estimator

Theorem 4.10 For a balanced ANOVA model, if there is no nonnegative un-
biased estimator for Y5, qo? ¢ > 0,1 =1,...,k, then there does not exist

a nonnegative matriz which minimizes YF_, o} (TrAV ~ )% for all 6} > 0,
t=1,...,k.

Proof: Since there is no nonnegative unbiased estimator of Sk | qio?, i.e. there

is no nonnegative matrix A which is the solution of the equation:
TrAV; =¢q;, t=1,...,k.

Then there exists at least one j such that Tr AV; # g;.
When balanced ANOVA models are considered, Tr V; = TrV,, 4,7 =1,...,k.

Assume that A is the nonnegative matrix minimizing % 0 (Tr AV, — q,) .

Let A° = %A + Z—Tiiv;l, A” is nonnegative.

k k .
Ea?(Tr A%V, — ¢)? Z o T1 AV, + % —q)?
=1 =1

d 1

=y ot {%(Tr AV—q)+ '2'(%' - qi)}2

1=1
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1 & . 1 & .
=720l (TrAVi—g)* + 53 ol — a)(TrAV: - )
1=1 =1
1s 2
7203 — a0 (4.59)
=1
Now we want to find specific values for o, ..., o} such that:
k k )
SToHTTAV; — )2 <Y o (TrAV: — ¢)%. (4.54)
1=1 i=1
From (4.53) we want:
1 & 1 &
52 )(Tr AV, ~q1)+420?(q~—q1 Za (TrAV; — ¢)%.
1=1 1=1 1=1

Equivalently we want:
i”‘z {3(Tr AV — ¢)* — 2(g; — ¢:)(Tr AV, — g) — (g; — )’} > 0. (4.55)
Let 02’ =1, i # j, then (4.55) becomes:
; {(3(Tr AV, — ¢:)? — 2(g; — ¢)(Tr AV — ¢;) — (¢ — )} +
] 3(TrAV; — g;)%a? > 0. (4.56)

Thus we should have:

2it {(Qj — i) +2(g; — ¢:)(Tr AV,- —¢i) = 3(Tr AVi - %)2} def
0? > = C

! 3(Tr AV; — ¢;)?

Now let a?o = max(c + 1,1), then 0120

> c and 0¥ > 0, such a choice of o7
will make (4.54) hold. That means the nonnegative estimator y’A%y has smaller
bias range than y’Ay and this is contradictory to the assumption of A. Hence

we proved the theorem. 0O

Theorem 4.10 shows that by adopting the bias range approach we can only

have local minimization not a global minimization in the parameter space.
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4.6.3 The formulae of the estimator for balanced nested
ANOVA models

Before the derivation of the formulae we need a lemma.

Lemma 4.6  Let ® be defined in (4.32), q; is the ith column of the identity

~

matriz, d = (0,...,0,d;,0,...,0) is the unique solution to (4.44)-(4.47) where

s 2
J = ZOM

ok [vfr)"’]T

The proof follows from that of Lemma 4.5.

Theorem 4.11  For balanced nested ANOVA models, let A(z) = [-T%)-r, B(t) =
7(t —1)(s; — 1), a; be the prior values of 6}, 1 = 1,...,k, then the minimum bias
range MINQ estimator of a? is given by:

+2 A

g; = ; ] Z Z <y11---J.--- ?jjl...j;_l...)z . (4'57)
71

B() | T,A(),

The derivation of the estimator is similar to that of Theorem 4.7.

Since the minimum bias range MINQ estimator needs prior values of ¢, dif-
ferent prior values produce different estimators. Particularly, oy = 1,7 =1,...,k
gives Hartung’s estimator. Iterative computing can be used to obtain an unique
solution from (4.57), hence eliminating the uncertainty of the prior values. But

the properties of the iterative estimates are unknown.

Example 4.6:

For the one way balanced model,
vi=ptaite; t=1...,m, 3=1,...,n.

The minimum bias range MINQ estimator of o2 and ¢? are:

2

.o nfa, = -

= 4.58
OR) = T Z -7) (458)
6%(R) = (yi; — 7). (4.59)

n_l 1=1] 1
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62(R) is independent of prior values. By assuming o, = 6% and . = &7 in

(4.58) and (4.59) we can solve 62(R) from (4.58) which is the iterative estimate

of o

52(R) = A=5T0@—7.) — m%;:ﬁ Yy X (i — 7)), %f A>0,
0, it A<o0.

Now we use the data set in Example 1.1 to derive estimates by choosing
different prior values for «, and ce.

Choose a, = a, = 1, we have Hartung’s estimator:
62 =18, 62 =52.

a e

Choose a, = 0.5, a. = 1, we have:

Choose a, = 1/2n =1/6, a. = 1, we have:
&2 =1.20, 62 = 52.

a €

Iterative computing starting with a, =1 and a. = 1 gives:

The iterative computing starting from nonzero values of ¢, and a. can yield

nonzero solutions. For example, for the balanced one-way model:
v =p+ate;, 1=1,2,7=12,3,

with data given:

t\7| 1] 2] 3 |mean
1 1911718 18
2 241 4 |14 14
16

The ANOVA estimate of o2 is: 62(A) = —8.83. But the iterative minimum
bias range MINQ estimate is 62(R) = 1.83.
The fact that the iterative minimum bias range MINQ estimator yields nonzero

solutions depends on the ratio:

22'11(371’- — 37)2
T i1 (yi5 — i)?
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If mzi’y(,y' (_yy )Z 7 > mn’?(jll_l), then the estimate is positive. Otherwise, the
t=1 J=1\ I

estimate is zero.

The following theorem gives the bias formula for the minimum bias range

MINQ estimator.

Theorem 4.12 For balanced nested ANOVA models, let «, be the prior value
of o}, r = 1,...,k, the bias of the nonnegative minimum bias range MINQ

estimator &7 is:

. s 2
bias(yIAiy) = { [ma]:} [ ];=i T(r)zaz] - 0'.2} . (4.60)
Lieior [385)

Proof: From theorem 4.9, we know that:
A; = d;(TrP)'P;.
The variance covariance matrix for the balanced nested ANOVA model is:

V=081,0 @+ [1LRI:® - QJ
+"'+UkIl®I2®"'®Ik—1 ® Ij.

Using the equality in Lemma 4.3:

ool )l
+

+---+ok{ P

- {err)“z}“*{?: rfr)"’?}Pz

r=1

LI
+---+aZPk+{Z ( )o—f}JS.

r=1

Since Py,..., Py are pairwise orthogonal projection matrices and P;J, = 0,

1 =1,...,k, we have:

Pv= {Z S)”fz}P"*{ir(m"z}P”‘

i
—
\ghe
pny
\:}/ 7]
Q
4w
——
-0
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and

E(y'Ay) = TrA,V
= d(TrP) ' TrP;V

=4 {Zm"}

Recall that

therefore,

So the bias of y'Ay is given in (4.60). O

We use the following numerical result to show that the minimum bias range
MINQ estimator can have less bias than Hartung’s estimator.

Consider the one way balanced model:
vij=p+aite;, t=1,...,m, g=1,...,n
From Theorem 4.11, we can derive the relative bias of the estimator:
(a2 ny—
Rbias (62(%)) = ———
(363) = -

("5 +1)

Now if we choose ¥ = -21;, the bias of the two estimators are:

n | 2 3 5 10
62(H) | 1.80 1.40 0.92 0.49
62(L) 1075 0.60 043 0.25

n

It can be seen that the bias has been reduced.

The next theorem gives a formula for the variance of the minimum bias range
MINQ estimator.

Theorem 4.13  For balanced nested ANOVA models, if a normal distribution

is assumed for the data vectory, a, is the prior value of 02, i =1,...,k, then,
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20 [stg] {Shaistgri}
T(l—l)( : 1){ r=i &r [rfr)]2}

Proof: From Theorem 4.9,

V(y'Ay) = (4.61)

P

d (TI‘ ) P,'.

From the proof of Theorem 4.12,

k
AV =d(TrP)! {Z > az} P..

Thus
. 2
A VA 'V = d2 TrP { }
koo 2
A VA 32 2
TrA; VA,V = (¢ {Z T(r)ar} (Tr Py)

Since with normality assumption,
V(y'A;y) =2Tr A;,VA,V,
substituting the values of d; from Lemma 4.6 we obtain (4.61). O

After showing that the bias of the minimum bias range MINQ estimator is
smaller than that of Hartung’s estimator for the one-way balanced model at y =
0%/c? = 0.2, we now compare the mean squared errors of these two estimators.

From Theorem 4.12,

. A2/ A 4 71’3’—")’
bias (00(7)> =0, {n”y n 1} .

From Theorem 4.13 with normality assumption,

~202y) _ 4 2n*4% (ny 4+ 1)*
v (63(9) = o {(m —1)(n?% + 1)’} ’

MSE (62(4)) = bias (62(3)) + v (62(%)) -

We use 62(H) to denote Hartung’s estimator which uses 4 = 1 and 62(5-) to

denote the range MINQ estimator using 4 = 5-, then the mean squared errors of

the two estimators are:
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n | 2 3 5 10
G2(H) |1.25 1.74 1.78 1.44
52(L) | 031 050 0.68 0.81

We can see that the mean squared error of 62(=

2n) is smaller than that of
G3(H).

4.6.4 An investigation of the bias function

In section 4.6.1 we derived the minimum bias range MINQ estimator by mini-
mizing the range of the bias of the estimator. We showed that such an estimator
depends on prior values of the variance components. Now we use the one way
balanced random model to investigate the behaviour of the bias function of the
estimator.

The model we used is:
yii=pt+ate;, t=1,...,m 3=1,...,n

The minimum bias range MINQ estimator of o2 is:

2

52(%) = i Z

7+1 =1

(4.62)

QQII

where 4 is the prior value of ¥ = ¢%/02.
We know that when 4 = « the upper bound of the bias range in section 4.6.1
is minimized.

Now the relative bias of & (’S') i

. A2/ a ny -
Rbias (O'a(’)’)) =T (4.63)

It can be seen that when 4 = v/n, Rbias(62(%)) = 0. In other words, when
4 = «/n, the bias function is minimized to zero.

We used the one way model to demonstrate that when the true values of
variance components are used, the minimum bias range MINQ estimator does
not have minimum bias. In this specific example, 4 = v/n leads to minimum
bias.
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4.6.5 Discussion of the estimator

The minimum bias range MINQ estimator preserved all the good properties of
Hartung’s estimator. It always exists and is uniquely determined. One of the
optimality measures used to derive this estimator can be interpreted as an upper
bound of the bias function of the estimator, hence minimizing this upper bound
will prevent the bias from becoming unacceptably large. Unfortunately, it is
proved in section 4.6.2 that such an estimator can only have local optimality, not
global optimality. By choosing realistic prior values this estimator has smaller

bias than Hartung’s estimator.

4.7 Conclusions

In this chapter nonnegative quadratic estimation of variance components is con-
sidered.

It is proved that in most cases unbiasedness and nonnegativity are incompati-
ble, so the estimators discussed in this chapter are usually biased. The optimality
criterion commonly used for biased estimators is the mean squared error. Due
to the difficulty of obtaining the estimator with minimum mean squared error,
there are attempts to use other optimality measures.

Rao and Chaubey’s MINQE and Chaubey’s CMINQUE built their optimality
criteria on the concept of ’closeness’ to a matrix and it is not clear how these
criteria relate to the commonly used statistical measures, i.e. bias, variance and
mean squared error. '

The constraints of invariance, nonnegativity and minimum variance are not
enough to determine a quadratic estimator and using these constraints also has
the risk of producing unacceptably large bias. It seems necessary to bring a
control on the bias term of the estimator. The first attempt is minimizing the bias
of the estimator while keeping the other constraints. This failed because of the
difficulty of obtaining a minimum biased estimator satisfying all the constraints.
It is also proved in this chapter that a nonnegative minimum biased estimator, if
obtained, can be only locally obtained, not globally.

The minimum bias range MINQ estimator is proposed in this chapter and it
includes Hartung’s estimator as a special case. This estimator also attempts to
control the bias of the estimator and it actually minimizes an upper bound of

the bias function. We are able to obtain such an estimator. Formulae are given
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for the balanced nested ANOVA models. Unfortunately, it is proved that this
estimator also has local optimality and it does not achieve global optimality.

So far we have been unable to compare the estimators because they are built
with different optimality criteria and some of them only have local optimality.
In Chapter 5 numerical and empirical studies are carried out to compare these

estimators.
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COMPARISONS OF THE
NONNEGATIVE
ESTIM ATORS

In Chapter 4 several nonnegative estimators of variance components have been
derived. None of the estimators has been derived with the mean squared error
as the optimality criterion and some of them only have local optimality. In this
Chapter we intend to compare the estimators in terms of their bias and mean
squared error. We first compare the relative bias and efficiency of the estimators
numerically and then carry out an empirical study to compare the nonnegative
estimators with some commonly used approaches such as putting the negative

ANOVA estimates to zero and using the maximum likelihood estimator.

5.1 Numerical comparison

5.1.1 Model and estimators used in the comparison

We use the one way balanced model in the comparison:
yi; =p+aite; t=1,....m, 3=1,...,n, (5.1)

where y;; is the observed data, y is the overall mean, q; is the random term with
2

variance o2 2,

a?

We assume that y is normally distributed with mean y and variance covariance
matrix V =021, ® I, + 62 Lun.

ei; is the random term with variance o

123
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We shall only compare the estimators for o2 because in most situations of vari-
ance components estimation the variance component in which we are interested
is 02. Besides, the ANOVA estimator for ¢? is the best unbiased nonnegative
estimator and almost all the estimators in Chapter 4 are identical to the ANOVA
estimator of o2 except MINQE.

In Chapter 4 we have introduced MINQE and CMINQUE and derived the
minimum bias range MINQ estimator. MINQE and the minimum bias range
MINQ estimator need prior values. In practice we cannot know the true values
of the variance components so the first four estimators included in the tables are
either using fixed prior values (62(H), 62(5), 62(M)) or without prior values
(62(C)). The first estimator is Hartung’s estimator 62( H) which is the minimum
bias range MINQ estimator with prior value 4 = 1, where v = o02%/02. The

1

second estimator is the minimum bias range MINQ estimator §2(5-) with prior

value ¥ = ,_)L The third estimator is MINQE with prior values 4 = 1. The fourth

-
estimator is CMINQUE. These four estimators are usable in practice and are
therefore compared numerically. Since the nonnegative ML and REML estimators
depend on the data, they will be included in the empirical studies in the next
section.

We include another three estimators which need the true variance components
values for the purpose of comparing the effect of different prior values on the per-
formance of the estimators. The fifth and the sixth estimators are the minimum
bias range MINQ estimator with 4 = 4 and 4 = Z, respectively. From Chapter
4 we know that 4 = 1 will make the estimator have zero bias, so we exclude

~2

63(2) from Table 5.1 where the relative bias of the estimators are listed. The last

a

estimator included is 62(Ay) which is MINQE with prior value 4 = .

Taking the formulae we derived in Chapter 4 we have:

(5. - 7.)% (5.2)

. 2
bias (&Z(&)) =o! { Bt } . (5.3)
The relative bias of §2(%) is:

. (a2/a ny —
Rbias (02(7)) = 7—2;% (5.4)

With normality assumption,
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A2 2 o 2024 (ny 4 1)
Vv (62(%)) = o {(m DT T } , (5.5)

where v = 02/0? and 4 is the prior value of v. 62(H), 62(5), 62(7) and 62(2)

L, ~ and 2, respectively.

are derived from (5.2) by using prior values ¥ =1, 5-,

From section 4.2 we derive the MINQE of o2

2.2 m

FAM) = —— 223 (g -

m(nas + @) &

D (5.6)

i

2

N [m-Dnadmelod) -
bias (UG(]\I)) = { o Y oL, (5.7)

. (. — Dna?(ny +1) .
Rbias (52(M)) = | @ ~1 8
ias (aa( )) (ne, + al)? ; (5.8)

with normality assumption,
W — 1n2at(ne? 4 o2)2

v (&Z(A/[)) _ 2(m — 1)n%ad(no? + o?) ’ (5.9)

m?(na, + a.)?

where a, and a, are the prior values for o2 and o2 respectively.

In the comparison we use 62(M) to denote the MINQE with ag = a. =1,
62(M~y) with @y = v and a. = 1.

From section 4.3 the CMINQUE of o2 is:

1 m
62(C) = —=> (7. - 7.)% (5.10)
m—1 ; -
) .o ol
bias (aa(C)) == (5.11)
Rbias (&Z(C’)) = %, (5.12)
with normality assumption,
. 2(ny+1)32
2 _ 4
V (Ua(c)) - Ue (771 _ 1)712 9 (513)

where v = 02 /o2,

We use 02 = 1 and compare the estimators for different v, the ratio of the

two variance components.
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Table 5.1 lists the relative biases of the estimators (62(2) is absent because
it has zero bias). We use m = 10 for v = 0.2 and m = 100 for other 7. The left
two columns are the parameter values for v and n.

Table 5.2 shows the relative efficiencies of the estimators. We use the mean
squared error of each estimator over the variance of the ANOVA estimator of o2

as the measure of relative efficiency. The ANOVA estimator of o2 is:
i e DP N
= (y, 117 yz (5’14)
Z n(n - 1) =1 5=1 T

with normality assumption,

V(62) = o? { 2y At 1)2} . (5.15)

mn?(n—1) n?(m-—1)

The parameter values of v, m and n are chosen in the same way as in Table
5.1.

From Table 5.1 we can see that none of the first four estimators which are
independent of prior values have a reasonably small bias across the parameter
space, which confirms the conclusion of Theorem 4.3. When « is small Hartung’s
estimator and CMINQUE have very large bias; when v is large 62(=) and 62(M)
have large bias.

&2(), which minimizes the upper bound of the bias function in section 4.6.1,
has a relatively larger bias than 62(3-) when v < 1, and 62(H) when v > 1.

From Table 5.2 we can see that Hartung’s estimator and CMINQUE are not
efficient when v < 1. §2(3=) and &2(M) are not efficient when vy > 1. §2(3;) and
&2(M) are much more efficient than the ANOVA estimator when v < 1. The
CMINQUE only does well when ~ is large.

62(2), which has zero bias, is more efficient than the ANOVA estimator.
MINQE with the true variance components values as its prior values has a very
poor performance when v < 1 comparing with the MINQE using prior value 1.

Since no single estimator in the comparison dominates the others, it is there-
fore necessary to study the prior information on the variance components before
choosing an estimator.

In practice it is common to use the ANOVA estimator and put the negative
estimate into zero if such estimate appears. How does this approach compare to
the first four estimators in Table 5.27 To answer this question we need a Monte

Carlo study.



Chapter 5 127

5.2 Empirical comparison

5.2.1 The estimators included in the comparison

We include the first four estimators in Table 5.2 because they are independent of
prior values. In addition we include five more estimators: 652(A4), 62(0), 62(A5x),
G3(ML) and 6%(R).

62%(A) is the ANOVA estimator. ¢2(0) is a modified ANOVA estimator which

puts the negative values to zero, i.e.

62(0) is identical to the REML estimator for model (5.1).
62(AZ) is another modified ANOVA estimator which puts the negative

a 2n
ANOVA estimates into the minimum bias range MINQ estimator with prior value
L 1 .
v = Ey) 1.€.

2y, Ly [64(A4), if&2(A) 20,
_)"{&Z(L), if 62(A) < 0.

a\2n
62(ML) is the maximum likelihood estimator:

If (5.16) gives negative value then 0 is the taken as the maximum likelihood

s3(ML) = (yi; — 7:.)° (5.16)

1 m n

‘Qll
—~

 mn n—1)7%

1
’ITL =1 7=1

estimator of 2.

A2

62(R) is the iterative solution for the minimum bias range MINQ estimator

which is:

52(R) — A= '77{1_1' :nl(y - ?)2 - 7,{,72%1?1')' Z?;l Z?:l(yij - gi-)z’ if A> 03
* 0, if A<O0.

62%(R) is independent of prior values.

For each set of the parameter values listed on the left hand side of Table 5.3
and 5.4 we generate 1000 samples which are normally distributed with mean 1 and
variance covariance matrix V = ¢2I,, ® J,, + 02L,,,. We calculate the estimates
using different estimators and list the relative biases and the relative efficiencies
calculated from the sample in Table 5.3 and Table 5.4. Again we use the mean
squared error of each estimate over the variance of the ANOVA estimator as the
measure of efficiency. We also include the numbers of negative ANOVA estimates

among the 1000 samples in the far right column of Table 5.4.
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5.2.2 Conclusions

From Table 5.3 we can see that Hartung’s estimator and CMINQUE gave very
large bias when v is small. It can be noticed that in the table the minimum
bias range MINQ type estimators, 62(51—5) and 62(H), have their minimum bias
at v = 0.5 when m and n are fixed. From (5.4) we know that &2(:%) achieves
2(H) achieves the minimum bias range at 7 =
1. Therefore the column of §2(H) in Table 5.3 demonstrated that 62(H) does
not necessarily minimize the bias while minimizing the upper bound of the bias
function. We calculated the standard errors for Table 5.3 and found that they

generally decrease when v increases, although they vary for different m and n.

the minimum bias at v = 0.5. &

For example at v = 0.5 the standard errors of the estimators are about 0.03. At
v = 1.0 the standard errors are about 0.02. We shall not include a complete list
of standard errors for Table 5.3.

From Table 5.4 we concluded that Hartung’s estimator and CMINQUE should
not be used when ~ is small. It is interesting to note that 62(5-) and 62(M) almost
dominate the ANOVA estimator across the parameter space and they should be
used when v < 1. The approach putting the negative ANOVA estimates to zero,
which is also the REML approach, produces smaller mean squared error than
the ANOVA estimator. Even smaller is the approach of putting the negative
ANOVA estimates into the minimum bias range MINQ estimate with 4 = =-. The
maximum likelihood is quite good in this case. However, for the multi-way models
there is no theoretical result on the negative solutions to the likelihood equation,
it 1s not yet known what approach should be adopted when having negative
solutions from the maximum likelihood equation. The iterative minimum bias
range MINQ estimator is quite good and can be used when there is no prior
information available on ¢? and o2.

To conclude when there is prior information available on both 62 and o2, we
can use Hartung’s estimator, 62(z=) or 62(M) in different situations. If 62 > o2,

a\2p
then Hartung’s estimator should be used; If 02 < ¢2, then 62(5-) or 52(M) should
be used. When there is no information available on ¢? and o2, we can use the
iterative minimum bias range MINQ estimator which does not need any prior
values. Alternatively, we can start with the ANOVA estimator and if a negative
value appears we can then change to use the minimum bias range MINQ estimator
with 4 = 5 which is nonnegative and better than putting the negative ANOVA

estimates into zero.
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Table 5.1: Numerical Comparison

The relative bias of the nonnegative estimators

22 2
Relative bias of 62 = 'E(U;)—”"" v =o02/c?
vy n |6iH) 6i(sr) 63(M) 63(C)  5i(y) &X(My)
2 1.80 0.75 0.40 2.50 0.56 0.74
0.2 3 1.40 0.60 0.35 1.67 0.71 0.66
5 0.92 0.43 0.25 1.00 0.67 0.55
10 1 0.49 0.25 0.12 0.50 0.43 0.40
2 0.80 0.13 0.01 1.25 0.38 0.56
04 3 0.65 0.10 0.02 0.83 0.43 0.46
5 0.44 0.07 0.03 0.50 0.36 0.34
10 | 0.24 0.04 0.02 0.25 0.22 0.21
2 0.47 0.08 0.19 0.83 0.29 0.46
0.6 3 0.40 0.07 0.13 0.56 0.31 0.36
5 0.28 0.05 0.08 0.33 0.25 0.26
10 { 0.16 0.03 0.05 0.17 0.15 0.15
2 0.30 0.19 0.29 0.63 0.24 0.39
0.8 3 0.27 0.15 0.21 0.42 0.24 0.30
5 0.20 0.11 0.14 0.25 0.19 0.21
10 | 0.11 0.06 0.08 0.13 0.11 0.12
2 0.20 0.25 0.34 0.50 0.20 0.34
1.0 3 0.20 0.20 0.26 0.33 0.20 0.26
5 0.15 0.14 0.18 0.20 0.15 0.18
10 | 0.09 0.08 0.10 0.10 0.09 0.10
2 0.00 0.38 0.45 0.25 0.11 0.21
20 3 0.05 0.30 0.35 0.17 0.11 0.15
5 0.06 0.21 0.24 0.10 0.08 0.10
10 | 0.04 0.13 0.14 0.065 0.04 0.06
2 0.12 0.45 0.52 0.10 0.05 0.10
50 3 0.04 0.36 0.41 0.07 0.04 0.07
5 0.00 0.26 0.29 0.04 0.03 0.05
10 § 0.01 0.15 0.17 0.02 0.02 0.03
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Table 5.2: Numerical Comparison

The relative efficiency of the estimators

Relative efficiency e(&2) = W?N;(Sfl%—%ﬁﬁ' v = 0%/a?

y n |6i(H) 63(sp) GI(M) 53(C)  si(y) 6i(F) 6i(My)
2 1.25 0.31 0.15 2.26 0.21 0.06 0.14
02 3 1.74 0.50 0.28 2.35 0.63 0.12 0.25
5 1.78 0.68 0.44 2.01 1.13 0.24 0.37
10 | 1.44 0.81 0.57 1.48 1.26 0.44 0.47
2 | 5.28 0.31 0.15 2.47 1.40 0.15 2.38
04 3 | 6.38 0.46 0.29 10.19 3.08 0.27 2.91
5 |5.09 0.61 0.48 6.33 3.64 0.43 2.66
10 | 2.76 0.75 0.68 2.97 2.47 0.64 1.76
2 1319 0.29 0.62 9.32 1.47 0.25 2.66
0.6 3 |3.84 0.42 0.64 6.88 2.55 0.39 2.70
5 | 3.09 0.56 0.66 4.03 2.58 0.55 2.12
10 | 1.85 0.72 0.74 2.01 1.76 0.73 1.36
2 |2.03 0.79 1.50 7.26 1.43 0.33 2.62
0.8 3 | 2.57 0.88 1.35 5.07 2.15 0.48 2.38
5 | 219 0.87 1.09 2.95 2.04 0.63 1.75
10 | 1.49 0.85 0.92 1.61 1.46 0.79 1.17
2 1.37 1.46 . 247 5.86 1.37 0.40 2.47
1.0 3 1.87 1.43 2.09 3.97 1.87 0.55 2.09
5 1.73 1.20 1.51 2.36 1.73 0.69 1.51
10 | 1.30 0.98 1.08 1.41 1.30 0.83 1.08
2 }0.62 4.53 6.36 2.87 1.14 0.62 1.70
20 3 ]0.89 3.60 4.73 1.99 1.29 0.73 1.35
5 1.06 2.38 2.90 1.41 1.21 0.82 1.08
10 | 1.05 1.40 1.56 1.11 1.08 0.91 0.95
2 1.22 8.46 11.00 1.40 0.99 0.82 1.07
50 3 |0.88 5.99 7.47 1.19 1.04 0.88 0.98
5 |0.92 3.54 4.19 1.07 1.03 0.92 0.94
10 | 0.98 1.76 1.97 1.02 1.01 0.96 0.95
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Table 5.3: Empirical Comparison
The relative bias of the estimators
. . n 523\ _g?
Relative bias of 62 = IE(”;Z el 4 =62/02
v m o |6A) #30) SHAL) HML) 6AL) 6AH) GAR) GAM) #(C)
2 0.51 0.55 1.38 0.19 1.70 3.32 2.07 1.16 4.39
0.1 10 3 0.37 0.17 0.83 0.10 1.38 2.56 1.86 1.00 2.96
5 0.18 0.02 0.36 0.21 1.02 1.72 1.43 0.77 1.83
10 { 0.09 0.04 0.06 0.22 0.60 0.91 0.82 0.43 0.92
2 0.62 0.41 0.01 0.45 0.46 1.34 0.65 0.27 1.92
0.2 50 3 0.41 0.36 0.15 0.40 0.37 1.05 0.71 0.26 1.28
5 0.25 0.24 0.19 0.27 0.26 0.69 0.56 0.20 0.76
25 10| 0.22 0.22 0.21 0.27 0.08 0.29 0.25 0.03 0.30
2 0.62 0.56 0.43 0.58 0.30 0.12 0.11 0.39 0.40
0.5 50 3 0.44 0.43 0.38 0.45 0.25 0.12 0.02 0.31 0.24
5 0.26 0.26 0.26 0.28 0.18 0.10 0.06 0.22 0.14
25 101 0.22 0.22 0.22 0.26 0.18 0.02 0.03 0.22 0.01
2 0.64 0.62 0.57 0.63 0.56 0.30 0.38 0.62 0.13
1.0 50 3 0.47 0.46 0.45 0.48 0.47 0.21 0.23 0.51 0.12
5 0.28 0.28 0.28 0.30 0.34 0.11 0.12 0.37 0.08
25 10| 0.23 0.23 0.23 0.27 0.27 0.13 0.13 0.30 0.12
2 0.66 0.65 0.64 0.67 0.70 0.52 0.53 0.74 0.40
20 50 3 0.49 0.49 0.49 0.50 0.59 0.38 0.37 0.62 0.31
5 0.29 0.29 0.29 0.31 0.42 0.22 0.21 0.45 0.19
25 10| 0.24 0.24 0.24 0.27 0.31 0.19 0.18 0.35 0.18
2 | 0.69 0.69 0.68 0.69 0.79 0.67 0.64 0.82 0.58
50 50 3 0.51 0.51 0.51 0.53 0.66 0.49 0.46 0.69 0.44
5 0.31 0.31 0.31 0.32 0.48 0.29 0.27 0.50 0.27
25 10| 0.24 0.24 0.24 0.27 0.34 0.22 0.21 0.37 0.21
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Table 5.4: Empirical Comparison
The relative efficiency of the estimators
Relative efficiency e(62) = V%' y=02/a?

v m m | 620) SMAL) SAML) A(E) GH) GAR) &AM) 5C) -mo
2 0.45 0.46 0.31 0.41 1.37 0.99 0.22 2.33 448

0.1 10 3 0.53 0.50 0.37 0.67 1.99 1.49 0.41 2.59 426
5 0.70 0.58 0.54 0.95 2.22 1.86 0.63 2.47 306

10 | 0.87 0.72 0.73 1.11 1.93 1.78 0.76 1.99 152

2 0.58 0.35 0.57 0.28 1.59 0.88 0.15 3.12 347

0.2 50 3 0.82 0.53 0.82 0.44 2.08 1.41 0.31 2.94 215
5 0.96 0.82 0.96 0.57 1.80 1.51 0.47 2.07 70

25 10| 1.00 0.97 1.02 0.60 1.11 1.05 0.52 1.15 9

2 0.83 0.60 0.84 0.23 0.34 0.53 0.27 0.69 277

0.5 50 3 0.96 0.83 0.97 0.35 0.56 0.66 0.38 0.77 117
5 0.99 0.97 0.99 0.50 0.78 0.83 0.51 0.87 20

25 10} 1.00 1.00 1.03 0.69 0.76 0.78 0.71 0.78 0

2 0.93 0.81 0.94 0.54 0.40 0.63 0.60 0.46 207

1.0 50 3 0.99 0.94 0.99 0.64 0.57 0.70 0.69 0.63 68
5 1.00 0.99 1,00 0.71 0.76 0.83 0.73 0.80 6

25 10} 1.00 1.00 1.03 0.87 0.82 0.83 0.92 0.82 0

2 | 097 0.92 0.98 0.80 0.63 0.77 0.86 0.60 164

20 50 3 1.00 0.98 1.00 0.87 0.72 0.81 0.92 0.74 47
5 1.00 1.00 1.060 0.88 0.84 0.89 0.91 0.86 1

25 101 1.00 1.00 1.03 1.01 0.89 0.90 1.07 0.89 0

2 0.99 0.98 1.00 1.00 0.84 0.90 1.04 0.80 119

50 50 3 1.00 1.00 1.00 1.03 0.88 0.91 1.08 0.87 25
5 1.00 1.00 1.00 0.99 0.92 0.95 1.02 0.93 0

25 10| 1.00 1.00 1.03 1.10 0.95 0.95 1.17 0.94 0
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THE USE OF MINQUE IN
ESTIMATION OF
INTERVIEWER'’S VARIANCE
IN COMPLEX SURVEY

In previous chapters quadratic estimators of variance components, especially
MINQUE, have been considered. Properties of MINQUE have been discovered
and discussed. In this chapter we consider an example of the use of MINQUE in
practice. Particularly we consider using MINQUE to estimate the component of
variance due to interviewers in a complex survey.

A model-based approach is adopted in this chapter.

6.1 The need for variance components estimation

In this section we use a simple model to demonstrate the effect of failing to es-
timate variance components which may be present when estimating the mean
parameter. Assume that there are m observers and that each records n; observa-
tions on a random variable, y. y;; is the jth record by the ¢th observer. We may

use the following model:
vii=p+eg, t=1,....m, jg=1,...,n; (6.1)
where E(yi;) = p, V(yi;) = 02, and cov(e;j,enp) = 0, 1,5 # ¢/, 7. We wish to

estimate x4 and V().
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If in the process of observing y;; there are random effects due to the observers,
then instead of having y;;, the true value, we have y; recorded. We assume that

the measurement error structure is:
y?j:yij+ai+6:j’ i:]"""’m’jzl,---’ni, (62)

where a; is the independent random effect of the ith observer with E(a;) = 0 and

V(a;) = o2 We call 02 the component of variance due to observers. €; is the

independent random error at each recording with E(ej;) = 0 and V(e};) = a;2.
The relationship between yj; and p can be set up by combining (6.1) and

(6.2):
Yy =ptaite; e, 1=1...,m, j=1,...,n; (6.3)

It is usually impossible to estimate ¢? and o:? separately from (6.3). Letting
eij = €ij +€J;, then E(e;;) = 0, and V(ey;) = V(eij +€5;) 4T 52 (6.3) can then be

rewritten as:
yy=ptaite; t=1...,m j=1,...,n. (6.4)

We shall employ model (6.4) for taking measurement errors into account. It
can be seen that it is possible to estimate ¢? from model (6.4), but not o2 and
o2 separately.

Failing to include the measurement errors when they are present implies that

we are using the improper model,
yszu—}—e;j, 1=1,....,m, g =1,...,n,. (6.5)

where E(gi;) = 0, V(gi;) = o2 and cov(eyj,e0j0) =0, 2,5 £ ', 5.

If there are measurement errors in observing the random samples, model (6.4)
is the correct model to use. Now we investigate the effect of using the improper
model (6.5) in this situation. Suppose that a generalized least squares estimator

is used to estimate g, then under model (6.4):

m _
A i=1 Wiy
= &=l 6.6
where w; = #:7, Ui = ;1- 271 y; and the variance of the estimator f is:
2
. o
- (6.7)
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If we ignore the measurement errors and use the generalized least squares

estimator to estimate g from model (6.5), we have:
. 1 m "y . 6
=N Z Z Yij» (6.8)
=1 j5=1

and the variance of i under model (6.5) is
2
~ o,
V(,u) = N (6'9)
where N = Y7 n;.
Comparing (6.6) and (6.8) it can be seen that because 02 > 0, 0 < w; < 1,

m
- = wny, Zniﬂi
Yomwing i N o

=0, when n; =n,
# 0, otherwise,
i.e. when there are equal observations the estimators of x under the two models

are identical. Otherwise, they yield different estimates. Comparing (6.7) and
(6.9) it can be seen that

N o (1 —wini o 1 2 _ 42
> 0,
because 02 = V(e +€};) > o2.
In the balanced data case where n; =n, forz=1,...,m,
A . o — g2 o?
V@) - V(@) = % 1 %
mn m

It can be noted that when o2 is large V(j2) can be very different from V().
If we ignore the presence of measurement errors and adopt the standard text-
book formulas, then % is used to estimate V(i), where $? = £ 37, 307, (v —
7)2. If model (6.5) is the correct model, then under model (6.5) E(3- 52) = % =
V(ﬂ), i.e. §Ni is an unbiased estimator of V(jz). The problem is whether Wz is an
unbiased estimator of V(2) under model (6.4).

With the assumption that model (6.4) is the correct model we see that:

N? - ” 2

2y _ .2
E(S)_Uc+ N(N—].) aa’
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hence

N -y
X =~tw-p
which is not equal to V(i) of (6.7). The difference is
2
08

2 2 m 2

9]

»
Q

o

i

N ¥, win; ¢ N N?(N -1) ik
(1 —wini N? — Y n} 2
= Oq — Tq
NYZ (1 —w) N3N -1)

_ N (1 —w)(ni —2) + NYZ (1 —wi)(N —ni) + (27, nf) V(1 —w) ,
a NN - 1), (1 ~wi) ’

> 0,

because for the estimation of 2 and o2, we assume n; > 2.

In the balanced data case of n; =n,fori=1,...,m,
S? n—1 ,
1) — E(—) = 0.
V(R ~ (%) = ot

SWQ will underestimate V(i) and the underestimation will be serious if o2 is

large. It can be seen that the bias of %2 is due to the presence of o2.

We have demonstrated that by ignoring the measurement errors we will un-
derestimate the variance of the estimator of the mean, and hence overstate the
accuracy of estimation. Thus it is necessary to take measurement errors into ac-
count and to estimate the variance components due to the measurement errors.
By doing so it is hoped that we can then derive an unbiased estimator for the
variance of the estimator of the mean and we can also assess the performance
of the observers involved. In the next section we shall consider the estimation
of interviewer’s variance in surveys as an example of this type of measurement

€ITor.

6.2 Estimation of interviewer’s variance in sur-

veys

In a complex survey there are usually many operators involved at different stages
of the survey, e.g. interviewers at the interview stage, coders at the data pro-
cessing stage, etc. These operators can bring measurement errors into the survey

and the contribution of these nonsampling errors to the total variance sometimes
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turns out to be larger than the contribution of sampling error. Hansen, Hurwitz
and Bershad (1959) developed a general survey error model to identify differ-
ent error sources and to measure their impact. Ignoring the measurement errors
and applying ”standard textbook formulas” for the estimation of the variances
of survey estimates may lead to serious underestimation of the real variability,
as we showed in Section 6.1. Therefore it is necessary to estimate the variance
components due to different error sources. In this section we consider the estima-
tion of the effect of one error source only: namely the interviewer’s component of
variance.

Consider a stratified multistage survey. It is only at the last stage that we use
interviewers and need to design an interview scheme. If there are I interviewers
available, select I groups of units from the last stage of the original survey such
that the :th group contains M; units.

Let II={ units contained in the I groups }.

In this chapter we shall treat Il as our population and design an interview
scheme for II and estimate parameters relating to II. All conclusions will therefore
be conditional on the selection of II. When we condition on II the groups can be
considered as strata. But since Il is the last stage in the original survey design,
we can draw inference about the total population by estimation over the other
stages of the survey.

The survey design at the interview stage is: use simple random sampling to
choose m; units from the M; units of each stratum. By conditioning on II and
treating the I groups as strata the above design can be considered as a design
using stratified simple random se;mpling. A natural way to assign the interviewers
is to send the ith interviewer to the ith stratum to do the m; interviews. We
wish to draw inference on each stratum and II. Let y;; be the result of the sth
interview carried out by the ¢th interviewer in the tth stratum. Assume that the
interviewers have a systematic random effect on the interview and also a random
error is present at each interview. If we denote the true result of the interview

by 7is, then with an additive error structure we have:
yis:nis+bi+5:s’ i:l,...,],s:l,...,mi, (610)

where b; is the random effect of the ith interviewer, with E(b;) = 0, V(b;) = of,
and ¢}, is the random error with E(e},) = 0 and V(e},) = o2
Now assume that the true results of the interviews are random samples from a

distribution with E(7:s) = 7, V(7is) = 02(2), i.e. we assume that the true results

£
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of each stratum have a common mean and variance, then
Nis=1Ni+€isy, t=1,...,1,3=1,...,my (6.11)

The model relating y;s to 7; is:

yiszni'{"bi"l'eisa 7::1,...,],3:1,...,777,,', (612)
where e;, = ¢;, + ¢}, with E(eis) = E(eis) + E(el,) = 0, and V(e;,) = V(eis +€5,) =
V(nis — mi) + 022 def 02(¢). Hence o%(1) is the sum of sampling errors from the

simple random sampling selection of the m; units out of M; units in each stratum
and the random errors in the recording of each interview.

We wish to estimate 7; and of. However, in model (6.12) the stratum effect
n; and the random effect b; are confounded. It is impossible to estimate 7; and
of from model (6.12). To break the confounding an interpenetration interview

scheme must be used.

6.3 Interpenetration interview scheme

Instead of assigning one interviewer to one stratum as in the interview scheme
considered in Section 6.2, we could assign k interviewers to one stratum, k > 2.
The most commonly used scheme is the pair interpenetration scheme where k = 2.

Let II be selected as in Section 6.2, group the strata into ! nonoverlapping
blocks each containing k strata (assume that [ = I/k is an integer). Assign k
interviewers to each block to share the interview workload in each of the strata
of the block. In this chapter we shall only consider equal workload among the
interviewers, i.e. each interviewer does ¢ of the interviews in each stratum. Un-
equal workload can be modeled, but the estimator of o will be more difficult to
derive.

The combination (7,1) is used to locate the ¢th stratum in the yth block and
(7,7) locates the [(y — 1)k + j]th interviewer among the I interviewers available.
We assume each interviewer brings a systematic random effect b,; to the interview
result. ., s is the sth recorded interview result by the jth interviewer in the
(7,t)th stratum.

The model for the interviewer’s random effect is:

Yatis = Mytjs + byj + €456 (6.13)
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y=1,...., t,3=1,...,k, s=1,...,—,

where 1.4, is the true value which should be recorded, b,; is the random effect
of the [(y — 1)k + j]th interviewer and we assume that b,; is a random sample
from a distribution with E(b;) = 0, V(by;) = 0, €%,;, is the random error in the
recording of the interview.

The model for the true mean of the stratum is:

Nytjs = Myt + Extjs- (6.14)
Hence the model relating ;s to ny is:
Yntis = Tyt T byj + €qtjs, (6.15)
y=1,...,, t,5=1,...,k, s=1,...,—,

ytjs®
It can be seen that by employing the interpenetration interview scheme the

and where €5 = €445 + €

confounding of 7; and b; in model (6.12) is broken in model (6.15). It is therefore
possible to estimate 7.; and ¢ separately from model (6.15).

The disadvantage of adopting the interpenetration interview scheme in prac-
tice is that it is usually expensive. For instance, if the strata are selected with
geographical convenience, the interpenetration interview scheme sends each in-
terviewer into k different areas while the non-interpenetration interview scheme
sends one interviewer to one area only. Interpenetration interview scheme will
usually increase the cost of the survey.

In the next section we shall design our survey to use a partial interpenetration
interview scheme which can break the confounding of the stratum and the inter-

viewer’s effects and is cheaper than a total interpenetration interview scheme.

6.4 Design of the survey and the model used

Let II be selected as in Section 6.2 and partitioned arbitrarily into L nonover-
lapping blocks, each containing k strata (assume L = I/k is an integer and
k > 2). Suppose the (v, t)th stratum contains M., units. We have two important
assumptions to make in the design of survey:

1. Use simple random sampling to choose m units from the (v,t)th stratum;

2. Select a random sample of I blocks from the L blocks.
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Apply two different interview allocation schemes to the selected ! blocks and
the remaining L — I blocks, respectively.
Pattern 1 (applied to the selected [ blocks):

Adopt an interpenetration interview scheme in these blocks. The k interview-
ers split the workload equally in each stratum of a block.

Assume that each interviewer carries out f interviews, f = .
Pattern 2 (applied to the remaining L — I blocks):

Adopt non-interpenetration interview scheme. Allocate each interviewer to

each stratum in the block.

From Section 6.3 for the strata applied pattern 1 scheme we have:

y'(72'5 = Mt + b‘yj + €qtisy (616)

y=1,...,0, tj=1,...k s=1,...,f.

From Section (6.2) for the strata applied pattern 2 scheme we have

yﬁl = 77’yt+b'yt+e'ytsa (617)
y=I1l+1,...,L, t=1,...,k, s=1,...,m.

We shall assume that
def 2
V(e'ytjs) = \/(e'yts) =0, (7’ t)

Therefore o2(,t) is the sum of sampling errors from the selection of the m
units in the survey and random errors caused by the recording of each interview.
We shall show that if we estimate 7., with the generalized least squares estimator
and estimate o2 with MINQUE it is sufficient to estimate o2(v,t¢) and derive
an unbiased estimator for V(7,:). Therefore there is no need to estimate the
sampling errors and the random errors consisted in ¢2(7,1) separately.

Models (6.16) and (6.17) can be written in matrix forms as:

L & :
Y= X'n + Ubb + E ZUweﬂ, (618)
v=1t=1
where X is the design matrix for the fixed effect, U, for the interviewer’s effect,
U,; for the errors, also:

E(b) =0, V(b)=0;Tp,

E(ey) =0, V(ey)= 0:(7, O km.
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Now we arrange the data vector y in such an order that the interpenetrated
data come first and the non-interpenetration data follow. Within each data set

the data are written in lexicographical order, then (6.18) can be rewritten as:
(1) X1 o (1) uv 0 b1 L &
Yy n 1
Uyieq,
[ym] [ 0 X“)] [n“’] * [ 0 U?’} [b“’] 2, 2 Unien

y=1t=1

(6.19)
where (U, (1), b(1) and e()) are the parameters for the data set of design pattern
1, y@, @ b® and e are those of design pattern 2. X(!) and Ugl) are design
matrices for pattern 1, X and UgQ) are design matrices for pattern 2. U,
is design matrix for the error term, vy = 1,...,L, t = 1,...,k. Throughout this
chapter we shall use superscripts 1 and 2 to denote parameters for interpenetrated
data set and non-interpenetrated data set, respectively, and use subscripts to
denote the order of the design matrices in the model.

The design matrices are:
XD =LeL®l,, XP=1,0L® 1,

UV =1,01L,0L® 1y, UP =1, 0L ® 1,
—0 A

L 0]

where I, is the [(y — 1)k + t]th submatrix of order m.

The variance covariance matrix of y is:

L k
V=0Vi+ DY o¥(1,t)V,. (6.20)
~=1t=1
where
S
1= )
v
and

VO =1L,00 Lo, VI=1,_,0 L, ® J...
VﬁytZU,YgU, ’Y=1,...,L,t:1,...,k.

i)
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The task here is to estimate ¢} efficiently and find the optimal design for the
estimator used. In the following section we shall introduce the existing estimators
in the literature and then use MINQUE in section 6.6.

6.5 Fellegi’s estimator and Biemer and Stokes’ es-

timators

Fellegi (1974) considered an interpenetration interview scheme for the case of
k = 2 in the design of survey in section 6.4 and proposed an unbiased estimator
of interviewer’s variance. The estimator is a linear combination of two estimators
where the first estimator used the interpenetrated data set only and the second
estimator is derived using the whole data set. Fellegi speculated that the two
estimators are independent of each other hence the composite estimator will be
more efficient than either of the two estimators used alone.

Biemer and Stokes (1985) extended Fellegi’s estimators from a pairwise in-
terpenetration scheme into I groups of k interviewer assignments for multistage
survey designs. The survey design in section 6.4 follows from Biemer and Stokes’
set up. Biemer and Stokes proved that with a normality assumption the two
estimators of Fellegi are independent and they proposed to use the variances of
the estimators as the weights in the linear combination of the two estimators to
form a composite estimator so that the composite estimator will be more efficient
than either of the two estimators used alone.

Biemer and Stokes considered model (6.18) which is equivalent to model
(6.19). Since the variance covariance matrix of y shown in (6.20) is complicated,
Biemer and Stokes used the synthesis-based MINQUE, i.e. in the calculation of
R =V -V-1IXXV-1X)'X'V-! they used V = I instead of the true vari-
ance covariance matrix. By using V = I the derivation of a quadratic estimator
from MINQUE equations is greatly simplified. Biemer and Stokes found that the

estimator depends only on the interpenetrated data set. The estimator is:

63(BS1) =

E ok f
——= I Wi — B (6.21)

where a dot in place of a subscript denotes summing over that subscript and

where ) =y /km, g8 = W) 1m0 = 48 1
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The variance of o?(BS1) is:
R 2 2

L k 2k

[(km — 2k + D)ml}?

t=1 t=1
(6.22)
If 62(y,t) =02, y=1,...,1,t=1,...,k, then
~2 2 4, 2 2, k(m — 1) ot
_ 2 . 6.23
v (62(BSD) Ik —1) [Ub Rt ok — 2k 1) (6.23)

Since this estimator only depends on the interpenetrated data set, Biemer and

Stokes give a second estimator which depends on the whole data set:

) 1 Lk 1Ak
Erp—— {—7 > -y - Ly e - .
y=Ii4+1t=1 ~y=1t=1
(6.24)
The composite estimator proposed by Biemer and Stokes is:
62(BS) = a6}(BS1) + (1 — a)6}(BS2), (6.25)

where
V(64(BS2))
V (62(BS1)) + v (63(BS2))’

With a normality assumption Biemer and Stokes proved that §%(BS1) and

6¢(BS2) are independent, and hence 62(BS) has smaller variance than either of
62(BS1) or 6(BS2).
62(BS1), 63(BS2) and 62(BS) are unbiased estimators of o? and that is
the only optimality claimed for these estimators. A problem remains for the
improvement of efficiency of 6Z(BS) over 62(BS1) and 62(BS2), because the
weight a in (6.25) uses the variances of 52(BS1) and 62(BS2) which involve
the unknown variance components of and o2(y,t). So in practice 6¢(BS) is
unreachable. Putting an arbitrary weight in (6.25) would not necessarily lead to
an improvement of efficiency.
Suppose we use an arbitrary value w, w # 0,1, in (6.25) to form the composite

estimator of Biemer and Stokes,

62(BS) = wéi(BS1) + (1 — w)6Z(BS2).
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Also assuming normality for y, then since 62(BS1) and 6Z(BS2) are indepen-

dent of each other,
V (63(BS)) = w* v (63(BS1)) + (1 —w)* v (6}(BS2)) .

When ,
\Y% (&Z(BSl)) < (1—_—3)—V (63(352)) :

1 — w?
V (63(BS)) > V (6(BS1)), i.e. the composite estimator is less efficient than
the first estimator used alone.
When

v (53(BS1)) > 1—‘-%;—“’2\/ (62(BS2)),

V (63(BS)) > V(62(BS2)), i.e. the composite estimator is less efficient than

the second estimator used alone.

6.6 The use of MINQUE

Ideally if we obtain the MINQUE for model (6.18) it will be the best quadratic
unbiased estimator for o} under the normality assumption, hence it will be at
least as efficient as the composite estimator of Biemer and Stokes. With the
complexity of the variance covariance matrix V of (6.20) it is very difficult to
derive the MINQUE of ¢ algebraically. It is also very difficult to assign prior
values for the ¢ and ¢2(,t) apart from of = 0, 02(v,t) = 1 chosen by Biemer
and Stokes, because the number of variance components (which is Lk +1) is very
large.

Instead of using the simplified estimator of o as Biemer and Stokes did we use
a simplified model of (6.18) by assuming ¢2(v,t) = o2,y =1,..., L, t =1,...,k.
This assumption is true when the strata are homogeneous. We use the following

model:
y=Xn+Ub +e (6.26)

where E(b) = 0, V(b) = 011k, E(e) = 0, V(e) = 021 11n.
The design matrices for the variance components are:

uM
o= ol
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where UV = 1,0 1, @ 1 © 1, UD =1, 9 I ® 1,5,

U
Ue = l U(Z)] Y

€

where UM = Tjp, U = L1_pim.
We use MINQUE to estimate ¢f and o?.

Theorem 6.1  If model (6.26) is used, the MINQUE of of is:

22 1 Lk(m—1) D ()

T Tkm—1)—1(k—1) { k= 1) > Z(yﬁ.}. -7)

L k m

> W - ?Jﬁ?)z} (6.27)

Proof:  The variance covariance matrix of y in model (6.26) is

v
V- [ Vm} ,

where

VO =103 @1 @ I; + 02 Lym,
VO =6, 1 @4 ® I + 021 _pim-
Let A = mo? + o2, then from MINQUE formulas:
R = V' — VIX(X'VIX) X'V

R
el

where

RO = vO7 _yvOTxOxOynTxa)-1x0)yn=

- 2Ikm, EQ I@ k@ k® k
ezl k m L‘ 3, li kmy

R® = vO7 _yvEAIXAXCvETXE)-1x @y

1 1
= ;I(L—I)km - ZI?IL—I QL ®JIm.

e
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Now ROVR® 0
0 ROVIRE
R(‘)V,(,I)R(l) = A2Il RIL®J;—~ mlz & Jkm,
RAOVIIR® = o.
Since
R(I)VQ)R(U 0
RV.R = [ 0 ROVOR® |’
1
ROVORY = — i - 1048 T,
moy + 20f0? moi + 20202
————U—g—A—z———I ®Jk®IL®Jf+'—ka—gZ—2—_II®ka
1 1
ROVOR® = —I jjm — =111 ® L @ I
Ue €

So we should have:

I
p m
@1 = yRVbRY-‘:"A—;Z

k k. f
2 Z Z(yfﬂgs — 7

1
g2 = YRV.Ry= py

m?(moi + 2020?)

k
1) =
- otA? Z(y,(”) yg”)"’

Z ZZ yvts - y'vt

e'y 141 t=1 s=1

Let 711 = TrRV,RVy, 112 = TrRV,RV,, 12 = Tt RV . RV,. Then we can

have:

K272k — 1)

™Moo= Ay o

lkf(k—1)
Ti2 = T Az

Lk(m —1) lkf(k —1)(mo} + 20%02)
™= ol B odA? '

From the MINQUE equations we must solve:

{ /\17'11 + /\2T12 =1
ATz + AgTop = 0
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for )\1 and /\2.

Solving the above equations:

A\ _ T22 _ ®A2 + l(k — 1)0’:
' T11T22 — Ti2 Im?(k-1)® °’
T12 1 4
/\ = — = —
2 T117T22 — T122 m@ae’

where ® = Lk(m — 1) — I(k —1). From the MINQUE formula,
62 = MYy'RV,Ry + My'RV.Ry
= g1 + A,
which is (6.27). O

From (6.27) it is obvious that 67 depends on both interpenetrated and non-
interpenetrated data. From section 1.3.4 we know that when normality is assumed

then &7 is the best quadratic unbiased estimator of o for model (6.26).

Theorem 6.2  If model (6.26) is used, then with the normality assumption the

variance of 6% given in (6.27) is

A2\ _ 2 1, 2 22 Lk(m —1) 4
V(Ub)_m{0b+gabae+nz?[Lk(m——l)——l(k—l)]ae}' (6.28)

Proof: From the proof of Theorem 6.1 we know that

6Z = yl [AlRVbR + AQRVeR] Y
el yiAy.

With the normality assumpti;)n we know from section 1.3.4 V(62) = 2Tr AVAV,
where V is the variance covariance matrix of y for model (6.26).

A = MRV,R+ AHRV.R

R(l)v(l)R(l) 0 ROVORO) 0
=h [ 0 R@)V,S?)R(?)] 2{ 0 ROVEIR®
i [AD 0
=l
1
A = T,
md <1>
Lk(m — ) L(m —1)
—=I®J QT — —— Jim,
tm2(k —1)3 14 @ L ®Jy lm2(k—1)11® k
1 1
2y _— —_ —
AY = —mq)I(L-I)km + mzq)IL—l RL®JIn,
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hence |
Lk(m — 1)® — lk(k — 1)(m — 1)(L — 1)
(1) A (D)) )
TrAWVWHAWY lm2(k——1)@2 (o
2 1
—_— 5252 4
+lm(k — 1)01,0’5 + = l)ae,
Tr AAOV@ AGVE) (L= Dk(m-1) ,
m2d2 e
Therefore,

V(6) = 2TrAVAV
= 2Tr AOVOAOVE L o ADVE@ ARV
= (6.28). O

Theorem 6.3  If model (6.26) is used and no distribution assumption is made,

then the variance of 6% given by (6.27) is:

N 2Lk(m — 1) 4 4 2 2
M 2 (k= D) [Lh(m—1) =1k =1 T Im(k 1)+
2 P S LE(L —1)(m —1)? 4
S R . 6.29
D T T e e = 1) — = (6:29)

where v, and 7. are the kurtoses of the random terms.
Proof: From section 1.3.4 we know that without the normality assumption,
V(62) =2 Tr AVAV + Tr BA,B,

where B = U’AU, and
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Now
1 1 L(m —1)
uhaogmw - |ty Mmooy
o AT TR R CE R
— 1
uMaouh = TEIIk,

UPAOUY = o

Therefore,

. -1, LE(L - D(m—-1)* ,
Tr BA2B = Eab’)/b + 32 TcYes
and adding this term to (6.28) we obtain (6.29). O

So far we have given the MINQUE of of and the variance of the estimator for
model (6.26). Since the model we should use in general is model (6.18), we ought
to know how efficient o is compared to Biemer and Stokes’ estimators if model
(6.18) is the correct model to use.

Model (6.26) is a special case of model (6.18) when all the strata are homoge-
neous, for then ¢2(y,t) =02,y =1,...,L, t =1,...,k. If in addition, normality
is assumed for the distribution of y, then &7 of (6.27) is the best quadratic unbi-
ased estimator of of. Since 62(BS1), 62(BS2) and 62(BS) are all in quadratic

forms, hence &7 is at least as efficient as any of the three estimators.

2
e

When the assumption o2(v,t) = o2 is not appropriate, we need to compare
&¢ with Biemer and Stokes’ estimators. In the following we shall argue that the
first estimator of Biemer and Stokes, 62(BS1), is less preferred than &7 of (6.27).

Comparing 62(BS1) and &2 .yields an interesting question: for a model with
complicated random error structure is it better to use a simplified estimator
(synthesis-based MINQUE 62(BS1)) than using a simplified random error struc-
ture for the model and the optimal estimator (62)? I suspect the answer is neg-
ative.

One disadvantage of 62(BS1), which is the synthesis-based MINQUE, is that
when ¢%(v,t) = o2 model (6.18) then reduces to model (6.26), and 62(BS1) is
not identical to the MINQUE &2 for model (6.26). If normality is assumed for
y then 67 is the best quadratic unbiased estimator of ¢ which means that &7 is
more efficient than 67(BS1). So 67 dominates 62(BS1) when o2(v,t) = o2.

It is necessary to compare the two estimators when o?(«y,t) # o?. Since model
(6.18) is a complicated model we use a simple model to demonstrate that in this
simple case 67 is better than 62(BS1)

Suppose we have a one way random model:
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yij=pt+aite; 1=1,2 7=12

where V(a) = ¢2I, ® J;,

and of # ol

The variance covariance matrix of y is:
g1

V=C’§I2®J2+

The first estimator 52 = y'A,y is the synthesis-based MINQUE for
(6.21), i.e. use V = I in the derivation of R.

R=1-XXX)'X =1, - i,u.

Now for model (6.30) we know:

1
J, O

V, =
' [0 71,

}7 V2:

Therefore,

1
RVIR=L,®J, - 534,

Vs

I, —3J, 0
RVQR:[Z 82
0 J,
RV:R = 392
T lo -2y,

Let A = (7i)3x3, where 7;; = Tr RV,;RV}, then

4
A=

B O e

FT I TS

2

g3

il

150

(6.30)

model
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So we have A\; = 2, Ay = A3 = —1. From the MINQUE formula:

A, = MRV;R+ LRV,R + RV:R
-3, =1L+ 13,

The second estimator, 52 = y’A,y, is the MINQUE for a simplified model of
(6.30):

Yi; = pu+ a; + e, 1= 1,2, ] =1,2, (6.32)

where V(a) = 021, ® J, V(e) = o21,.
Model (6.32) is equivalent to assuming o? = o2 in model (6.30).

~

1 3 1
= —=1 —I Jo - =J,. 6.33
A, i + 32 ® Jo 8-]4 ( )

Now assume that y in model (6.30) has a normal distribution with variance

covariance matrix V, then
V(62) =2TrA,VA,V=2| A, V|}.

Using A, in (6.31) we have:

a2 a3tal __3(202403) _ 3(202403)
4 ' 4 16 16
03+¢72] a2 _ 3(202403) _3(203-{-0@
A,V = ta g2 42 16 218
a _3(203+07) _ 3(202+07) a2 gito3 3
18 . 18 2 21 4
__3(203+07) _ 3{20%+07) oi+o2 a2
16 16 4 4

and V(62) =2TrA, VA,V =2 A,V ||, using A, in (6.33):

ﬁ o2+a? _ 2034—0% _ 203+022
2 4 4 8 8
. aa+02] ‘_7_3_ _ 2a§+a% _ 2a§+022
—_ 4 4 8 8
Aav -1 _ 202402 _ 202402 A 022 +az2
8 8 4 4
_ 202442 _ 203-}—0} 02402 ﬁ
8 8 4 4

Since the Euclidean norm || ||% is the sum of squares of all elements in a matrix

and:
3(202 + o) S 202402  3(20%+ a2) S 20k + o3
16 - 8 T 16 - 8 ’
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I A,V 12> AaV |%. Hence
V(62) > v(6d).

Straight inequality holds in the above formula when all the variance compo-
nents are positive.

So in this simple model we have demonstrated that the synthesis-based MINQUE
&2 for the correct model is less preferred than the MINQUE 62 for the simpli-
fied model by using an equal random error assumption. We suspect that the
conclusion holds for more complicated models such as (6.18).

With normality assumption the comparisons between 62(BS), 62(BS1), 63(BS2)

and &7 are presented in the following table:

oe(n,t) = ol oe(r,t) # o2
&% > 6¢(BS) For model (6.30) | For other models
&% > 6¢(BS1)
&2 > 6(BS2) &% > 6}(BS1) ?

62 > 6%(BS) means that &7 is at least as efficient as 6(BS), and 62 >
&2(BS1) means that 67 is more efficient than 62(BS1). The comparisons of the
estimators without normality assumption are not available.

To summarize when the strata are roughly homogeneous and the data havea
normal distribution &2 is preferred to Biemer and Stokes’ estimators. When the
strata are not homogeneous we suspect that 2 is more efficient than 67(BS1)

used alone.

6.7 Optimal design for o2

In this section we consider the optimal design using 6 as the estimator of ¢} for
model (6.26) with a cost constraint and we assume that the data vector y has
a normal distribution. We use the same cost constraint as that considered by
Biemer and Stokes.

Assume that the total number of strata, I = Lk, is fixed. Also assume that
interpenetration of a block containing & strata will increase the usual cost of
interviewing by a factor of v/k. Further assume that in each stratum the increase
in cost is fixed, i.e. Ag = 7’;(\/[— 1) is fixed. We want to find the values of k,
the number of interpenetrated interviewers, and I, the number of blocks using

the interpenetration scheme, such that V(6}) is a minimum.
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Substitute L = £, 1 = VLFAZQI = ﬁl—) into (6.28), then

2k(VE — 1) I(m—1)
TAo(k—1) |, [I(m 1) — RV%__I)AO(k —1)

2
4 2.2 4
ol + —ofol + o}

V(6?) =

(6.34)

V(62) is in the order of vk and is monotonically increasing from k = 2. Hence
V(&%) achieves a minimum when k = 2. Correspondingly, | = 71,_29:%, which may
not be an integer. Now let £ = 2 in (6.28), then

. I I{m—1) 2
oy _ I 1,2 22, 4l 6.35
V(Ub) I{mz[l(m_l)_l]ae+mabae+0b} ( )

V(%) in (6.35) is monotonically decreasing when [ increases, hence we should

choose [ = [75L:—1-A0] + 1 where [ ] denotes the integer part of a real number.

Hence for model (6.26) with normality assumption the pair interpenetration
scheme is optimal for 67 with the specific cost constraint used in this section, and
the corresponding optimal choice of the number of blocks being interpenetrated
1s: [ = [ﬁ_—lAO] + 1.

For the parameter values used by Biemer and Stokes in their empirical study,
L =700, Ag = 0.05, then | = [84.5] + 1 = 85, i.e. 85 out of 700 blocks should
be selected to carry pairwise interpenetrated interviews with this specific cost
constraint.

In Biemer and Stokes (1985) they concluded that if 62(BS1) is used alone
then £ = 2 is the optimal choice. If §2(BS2) is used alone, then k should be
chosen as large as possible. They suggested for the composite estimator 62(BS)
the design problem should be addressed empirically.

6.8 Estimator of the variance of the estimator of

the mean

In this section we shall derive an unbiased estimator for the variance of the
estimator of the mean using 62 and 42 while 6} is given by (6.27) and 62 is given

in the following theorem.

Theorem 6.4  If model (6.26) is used, the MINQUE of o2 is:
l

52 = L e M) g0y
Te = Lk(m-—l)_l(k_l) {ZZZZ y’yt]s_yqt

v=1t=1 j=1s=1
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L k m
2) _ (2) =
+ Z ZZ ygtl - ySA —m Z Z( (_7) ygl)f} . (6-36)
y=I+1 t=1 s=1 y=1j=1
The derivation of 62 is similar to that of &7 in theorem 6.1 and hence is
omitted.
For model (6.26) we use the least squares estimator to estimate 7 which

contains the population mean for each stratum, then
h=(X'VIX)IX'V-ily =g, (6.37)

where ¥ = (7.¢) and

. g, i (v,t) is in the selected ! blocks,
_(2,) if (v, ) is the remaining L — [ blocks.

77 is the vector containing the estimated mean of each stratum.
We are interested to draw inference about II, the population considered in
Section 6.2. Suppose p'n is the parameter in II which we want to estimate. If

p = 1, then p’n is the total of I1. If p = ﬁ;——l then p'n is the mean of

IT.
We use p/'n = p'#) to estimate p'n.
From the discussion on o?(v,t) in Section 6.4 we know that sampling errors

are included in 62%(y,t). The variance of p'n can then be expressed in terms of

of and o2

v@Im) = (X'VIX)~

o2
%%Ilk + 2L ®J 0
= m02 (72 )
0 LCIALES (P

then

I

V(p'nlll) = p'V(a)p
2 I k
= XS+l > g+ Z > pubr
= i=1 "/"I‘I‘lt 1 ‘y/——ll t" 11

Since &% of (6.27) and &% of (6.36) are unbiased estimators of o and o2,

respectively, thus

L k ~2 k L k
A, g N
TS S0 SN 30 SPMIRETS S oY (T
=1 t=1 -y=11 tt:ll y=I41 t=1

y'=1t'=

3|
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is unbiased for V(p'n|II). From (6.38) we can see that V(p'n|l) has used the
estimates of the interviewer’s variance and the random error. In the above for-
mulas we used |II to denote that the derivation is conditional on the selection of
II.

As we pointed out in Section 6.2 estimation in this chapter is conditional on
the selection of II. Inference can be made by standard survey estimation to the
total population from which I is selected because there are no more measurement

errors involved. As Hartley and Rao (1978) have shown we can use:

V(p'n) = EV(p'nlll) + V E(p'n|TD),
where Epp and Vp are the expectation and variance over the selection of II in
the original survey design. Hence classical sample survey theory can be used to

estimate V(p'n) for the total population.

6.9 Conclusions

In this chapter we applied variance components estimation to estimate inter-
viewer’s variance in surveys.

We build a model by assuming homogeneity of the variances within strata
and derived the MINQUE estimator for the interviewer’s variance. If normality
is the distribution of the data this MINQUE estimator is the best quadratic unbi-
ased estimator for the interviewer’s variance and therefore is at least as efficient
as Biemer and Stokes’ estimators. We also showed that with a specified cost
constraint the pair interpenetration scheme is optimal for the MINQUE estima-
tor and derived the optimal number of blocks taking interpenetrated interviews.
Using the MINQUE estimate of interviewer’s variance we derived an unbiased
estimator for the variance of the estimator of the mean.

When the strata are not homogeneous we suspect that the estimator we de-
rived in section 6.6 is still more efficient than Biemer and Stokes’ first estimator.
Our suspicion is supported by the investigation on a simple model in Section 6.6.

More research is needed to compare the estimators in this case.
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CONCLUSIONS AND
RECOMMENDATIONS FOR
FUTURE RESEARCH

7.1 Summary of conclusions

In this thesis we considered quadratic estimators of linear combinations of vari-

ance components and the properties of the estimators.

Chapters 2 and 3 investigated the properties of MINQUE, which was proposed
for the general variance components model (1.1). MINQUE is unbiased, but it is
known that its optimality requires the following two assumptions:

(1) The data have a normal distribution;

(2) The prior values are correct values of the variance components.

MINQUE under these two assumptions gives the best locally quadratic unbi-
ased estimators of variance components. In practice these two assumptions are
very restrictive. We often cannot assume that the data collected from a survey
or an experiment have a normal distribution. Furthermore, the correct values of
the variance components are never known to us. Chapters 2 and 3 are aimed
at weakening the two assumptions and hence widening the optimality area of
MINQUE.

In Chapter 2 we proved a sufficient condition for the design matrices of the
variance components model (1.1) so that the MINQUE will be the best quadratic
unbiased estimator without assuming a normal distribution for the data. A

class of models fitted to balanced data is shown to satisfy the condition, hence

156
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MINQUE for these models is optimal without assumption (1).

In Chapter 3 we proved a necessary and sufficient condition for MINQUE to be
independent of prior values. The condition is simplified for the balanced extended
analysis of variance models. If MINQUE achieves optimality and satisfies the
condition in Chapter 3, it will be the globally best quadratic unbiased estimator.

We have shown that there are models and designs satisfying the conditions
in both Chapters 2 and 3, therefore the MINQUE used for these models is the
globally best quadratic unbiased estimator without satisfying assumptions (1)
and (2).

Instead of the two well-known assumptions, we can have two alternative as-
sumptions:

(1)’ The design matrices of the model satisfy condition (2.14);

(2)’ The design matrices of the model satisfy the conditions in Theorem 3.3.

We use the following table to summarize how by using (1)’ and/or (2)’ as

alternative assumptions, the optimality area of MINQUE is widened.

Assumptions Optimality of MINQUE result comes from

(quadratic unbiased)

(1) (2) locally best Rao (1971a,b)
(1) (2) locally best Chapter 2

(1) (2 globally best Chapter 3

(1) (2y globally best Chapters 2 and 3

Chapters 4 and 5 concentrate on obtaining nonnegative quadratic estima-
tors. After investigating the properties of some existing nonnegative estimators:
MINQE, CMINQUE and Hartung’s estimator, we proved the nonexistence of a
globally minimum biased nonnegative estimator across the parameter space. A
modified version of Hartung’s estimator, the minimum bias range MINQ esti-
mator, is proposed which has the minimum variance among all the estimators
minimizing an upper bound of the bias function. Such an estimator needs prior
values. Iterative computing can be used to obtain an estimate independent of
prior values.

Numerical and empirical comparisons are presented in Chapter 5. It can be
seen that none of the estimators dominates any other throughout the parameter

space. Suggestions are made on the use of these estimators.
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Chapter 6 applied MINQUE in a complex survey to estimate the interviewer’s
variance. After setting up the model we applied MINQUE to a simplified model
and obtained an estimator for the interviewer’s variance. We suspect that our
estimator is more efficient than Biemer-Stokes’ synthesis-based MINQUE applied
to the full model. In the case of homogeneous strata our suspicion is true.

A design problem with a specified cost constraint is solved and an unbiased

estimator is given for the variance of the estimator of the population mean.

This thesis has proved that MINQUE can be applied with optimality to more
situations than those known before. MINQUE can be modified in various ways to
form nonnegative estimators. When used in practice MINQUE is quite eflicient

compared to some existing estimators.

In the next section we shall give recommendations for some areas where future

research is needed.

7.2 Recommendations for future research

There are several problems directly related to the ones considered in this thesis.

(1) In Theorem 3.3 we gave the necessary and sufficient conditions for the
MINQUE to be independent of prior values. We have simplified the conditions for
balanced E-ANOVA models. When considering the general variance components
model (1.1) more work is needed to make the conditions in Theorem 3.3 checkable
by computer, so that assumptions (1)’ and (2)’ can be easily verified.

(2) In Chapters 4 and 5 we have shown that none of the nonnegative estimators
considered dominates the others throughout the parameter space. There is a need
to set up a reasonable global measure of efficiency, rather than the mean squared
error at individual parameter values that we used in Chapters 4 and 5, to compare
the estimators. Some estimators may be more favourable than the others under
a new measure.

(3) It will be interesting to apply MINQUE to complex surveys with more
error sources than the two error sources considered in Chapter 6 and see if the
MINQUE is still efficient. The MINQUE algorithm is straightforward to extend
to more error sources. The problem with many error sources is that the variance
covariance matrix is very complicated if computed algebraically, and has a very
large order if computed numerically.

(4) In Section 1.3.5 we have introduced Goldstein’s method for the estimation
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of variance components. Goldstein has proved that his method is equivalent to
the maximum likelihood estimator with a normal distribution assumption. Since
the equivalence of maximum likelihood and weighted least squares estimates for
a member of the exponential family with one parameter is established, it will
be interesting to see if Goldstein’s method is equivalent to maximum likelihood
estimation for a certain class of distributions. In that case Goldstein’s method
will be an extension of the maximum likelihood estimation to more distributions.

(5) Herbach (1959) derived the maximum likelihood estimators for the one-
way balanced model. More research is necessary to study the likelihood (restricted
likelihood) functions for more models and see how to deal with the negative

solutions to the likelihood equations.

There are some problem areas where estimation of variance components is

concerned.

(1) Optimal designs for the estimation of variance components.
Apart from the result of Mukerjee and Huda (1988) stated in Theorem 1.3 for
the unweighted analysis of variance estimator, there have been no results on the

optimal designs for the various estimators of variance components, e.g. MINQUE,

ML and REML.

(2) Prediction of random variables and small area estimation.

In Section 1.2 we discussed some problems associated with the general variance
components models such as:

(i) The estimation of 8;

(i1) The estimation of 02, ¢ =1,...,k;

(iii) Prediction of &;,7 = 1,..., k.

Problem (i) has been widely addressed and problem (ii) is the concern of this
thesis. Problem (iii) is closely related to problems (i) and (ii).

Now consider a simpler variance components model than model (1.1):
Y =X3+a+d, (7.1)

where Y is the observed data vector, 3 is the fixed effect parameter, a and d are
random variables with E(a) = E(d) =0, V(a) = A and V(d) = D.

If the task is to predict y = X3 + a, Harville (1976) proved that when A and
D are known and mean squared error is used as the optimality criterion the best

linear unbiased estimator of y is:

y=XB+A(A+D) (Y -X3), (7.2)
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where
B=(X'(A+D)"'X)” X'(A+D)"Y. (7.3)

In the simplest case of matrices A and D, A = ¢2I, D = ¢3I, then S is the

least square estimator,

B = (X'X)"'X'Y, (7.4)
and

v = XJ %y _ X} 75

y= ﬂ+02+03( - XB). (7.5)

The problem is that in practice both ¢? and o2 are not known. It seems
reasonable to estimate o2 and o2 first and use 2 and &3 in (7.5).

(*). The problem is what kind of estimators 2 and &3 in (7.5) will make
prediction of y optimal?

We can use the MINQUE 62 and 63 in (7.5), but they cannot make the
predictor y in (7.5) optimal, as demonstrated by Peixoto and Harville (1986).
One explanation for the failure of MINQUE in this situation is that MINQUE
is required to be optimal when estimating linear combinations of the variance
components while the variance components appearing in (7.5) are the ratio of the
variance components.

So far there has been no answer to the problem (*).

The demand for small area estimation has increased recently. Sample surveys
usually provide efficient estimators for the totals of large domain. Small area
estimation is desired when estimation is required for subdivision of the population
and when the standard errors for the sample survey estimator are unacceptably
large for the subdivision. Harville (1985) pointed out that all the existing methods
for small area estimation, namely, Bayes approach, empirical Bayes approach and
regression model approach, can be derived from the variance components model
approach.

Suppose y is the desired n x 1 vector to be estimated, and X is the n x p

matrix containing the auxiliary information. We can write the model:
y=XB+a (7.6)

where 3 is the p x 1 regression coefficient vector to be estimated, a is the random
error term with E(a) = 0 and V(a) = A, A is an n X n matrix.

Suppose the observed data vector Y has a measurement error in y, that is:
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Y =y+d, | (7.7)

where E(d) = 0, V(d) = D and D is an n X n matrix.

Now combining (7.6) and (7.7) we obtain a variance components model:
Y=XB+a+d,

which is identical to model (7.1). The small area estimation of y is then identical
to the problem of prediction of random variables, hence an optimal estimator for

small area estimator depends on the answer to (x).
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