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A great deal of current research into the foundations of survey sampling 

has been devoted to the application of various inference criteria. A 

distinction is drawn between the randomisation based and the model based 

approaches to inference for finite populations. It is argued that the 

model based approach is effective and offers inferential benefits over the 

randomisation based approach for a realistic model. 

Methods of variance estimation under both the randomisation and model based 
approaches are considered. The randomisation based approach does provide a 
variety of methods for variance estimation. The randomisation based 
variances are unconditional and do not lead to a meaningful inference from 
an observed sample. The model based variances are conditional and provide 
a suitable framework for inference. The ratio estimator provides an important 
example of statistic for which the randomisation and the model based approaches 
lead to different variance estimators. 

Problems concerning the estimation of correlation from complex surveys are 
discussed. Implications of the complexity of the design on the behaviour of 
simple, partial and multiple correlations are studied. It is shown that the 
complexity of the design affects the behaviour of the simple, partial and 
multiple correlations. The relative biases for the multiple correlations 
are, in general, smaller than those for the simple and partial correlations 
when the design variable is strongly related to one of the x variables 
under study. It is argued that different surveys with different stratifica-
tions may produce quite different results. 

The jack-knife method finds applications in a variety of fields both as a 

means of bias reduction and variance estimation. A comprehensive review of 

the applications of the jack-knife method to ratio estimation and the linear 

regression model is given. A distinction is drawn between the unweighted 

and the weighted jack-knife procedures for regression estimation. A simple 

generalisation of the weighted jack-knife for regression estimation is 

given. It is shown that under the model with more general variance structure, 

the weighted jack-knife regression estimator is unbiased and the weighted 

jack-knifed variance estimator is biased to 0(n~^). 

Using the idea of empirical influence function, the weighted jack-knife 
technique is extended to ratio estimation. A weighted jack-knifed 
variance estimator for the ratio estimator is developed. Using the 
prediction theory approach, the properties of the weighted jack-knifed 
variance estimator are examined. The implications of the failures of 
regression model on the behaviour of the weighted jack-knifed variance 
estimator are studied. Comparison of the bias reduction properties of 
the weighted and the unweighted jack-knifed ratio estimators is made using 
Taylor Series expansion. 
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DZTÎ EAR MODEZ: 

8.^ ZmtrajwcttoM 

#.2 T%g 

8.2 to EegreaatOM Esttm2t%o% 

g.J.J VartoMCg Esttmatton 

8.J.2 Ao6%8t%g88 fyopgrttes o/ t%g 

Ja2&-&Mtyg yartaMcg Estimator V_ 

#.4 CeMgraZtgattoM o/ Jack-knt/g 

Partancg Esttmatton 

#.5 #%mmar^ a»d C0%cZ%8%0M8 

WJ 

260 

260 

262 

263 

264 

266 

26g 

272 

274 

CEdPyER 9 

P.: 

g.2 

a.g 

p.4 

2.5 

fEE WEIGHTED J4CK-%#IEED EdflO ESfIM4fI0# 

ZMtrodbcttoM 

f&g Jack-kMtyg ybr Aatto Esttmattom 

Pf'opgrttgg of t%g Jac%-&Mty^d yarta%gg 
Eattmator Unjgr t%g Moa^2 % 

#.3.ja 

9.3.J6 

g.3.2 

Eapgctgd FaZ-wge o/ V^j ^nd^r t&g ModgZ 

G Dt^ygrgnt PariaMcg Ewncttons 

2 
Error yaria%cg E (Ta-T) 

Btae o/ t%g Wg%0%tgd Jac&-%%tygj Partamcg 
Eattmator 

5.3. J 5^a6t^tt^ o^ t%g #g%0%tgd' Jack-knt/g^ yar%a%cg 

Estimator V__ 
wJ 

JmpZtcattoMS of t&g EatZwrg of t%g Pg^rggaton MojgZ 

E(y.) = gx.^ OM t%g Jack-kntygd! Partancg 

Eattmator V j and t%g ^ctwaZ Mgan gguarg Error 

CompartaoM of tAg Eiaa PgdwottoM Pyopgrttga of t&g 

W^tg&tgd a%d U^wgtg&tgj Jaok-&Mtygd Patio Eattmatora 

fa^Zor'a Sgrtga EzpanatoM 

g.5.j I%g Jao^-kM^/gd Patto Estimator 

2.5.ja Bias of t%g k^igbtgd Jaok-kniygd Patio 

Estimator 

2.5.2 f%g U^ugi^Atgd Jao&-&Miyga! Patio Estimator 

8.5.2a Bias of t%g Unwgigbtgd Jaok-kMi/ga! Patio 

Estimator 

276 

276 

272 

264 

265 

266 

222 

3 

223 

300 

307 

306 

2.6 3%mmar^ amd Diaowaaion of PgswZta 

302 

323 

325 

322 



9.7 Suggestions for Further Research 320 

Appendix 322 

References 324 



— 1 -

There has been a rapid growth In sample surveys during the past 

four decades and a considerable amount of literature regarding the 

design and analysis of survey data is now available. The essence of 

survey sampling consists of the selection of a part of a finite population 

and on the basis of this selected part making Inferences about 

the entire population. Thus the main objective in any sample survey is 

to compute the sample estimates so that inferences could be drawn about 

the finite population under Investigation. 

The theory of inference from finite populations has seen 

controversial developments during the last three decades. As a 

consequence of these developments a model based approach to inference 

has emerged as an alternative to the traditional randomisation based 

approach. In the randomisation based approach the only source of 

probabilities is the artificial randomisation induced by the sample 

design. Other sources of probabilities such as superpopulation models 

are also prevalent but only as evaluation techniques with the probability 

sampling models for special purposes. The basic criterion and definitions 

such as bias and standard errors refer to probability sampling models. 

In contrast the model based approach to survey sampling takes the form 

of assuming a superpopulation model with the characteristics of the 

units of the finite population under study being the realisations 

of the assumed super-population model. The sampling plan need not be 

a probability sampling plan and the estimators need not be randomisation 



consistent. The model based inference concerns the prediction of the 

actual outcome of the population characteristics and is made conditional 

on the outcome of the sampling. Thus from the view point of statistical 

inference the most interesting aspect of these developments in the 

field of sample survey is that by a shift to the model based approach 

a primary object of sample surveys is turned from estimation to 

prediction. The model based approach Is one avenue through which 

Important new methods are currently being added to the existing 

survey sampling literature. The model based approach Is used extensively 

in this thesis. 

Many sample surveys today are characterised by complex clustered 

and stratified samples and often depart drastically from a simple 

random sample. This raises Important questions about how far standard 

statistical procedures based Implicitly on simple random sampling 

assumptions are appropriate when a population has complex structure. 

Pioneer work for estimating analytical statistics such as correlation 

and regression coefficients from complex surveys is due to Kish and 

Frankel (1974). These authors studied the behaviour of simple, partial 

and multiple correlation from clustered stratified samples. Kish and 

Frankel concentrated mainly on the effect of clustering and ignored 

the effects of stratification. We have studied the effect of strati-

fication on the behaviour of correlations. 

During the last few years a great deal of attention has been focussed 

on the development of robust statistical methods that do not depend upon 

the assumptions of normality but may retain many desirable features of 

this assumption. A class of methods known as jack-knife techniques 

were introduced by Quenoullle (1949, 1956) as a bias reducing device 
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a 

and later developed for variance estimation and setting up confidence 

intervals. The essence of the technique is that pseudovalues of the 

estimated parameters are computed by deleting a single observation or 

set of observations and the estimate of the variance of the estimated 

parameters is obtained from the variance of the pseudovalues. 

The main subject of this thesis concentrates on the applications 

of the jack-knife method to ratio estimation. A considerable amount of 

literature on the jack-knife technique as a method of bias reduction and 

robust interval estimation is available in balanced situations 

(Chapter 5). However, much still remains to be investigated in unbalanced 

situations. Hinkley (1977b) proposed the weighted jack-knife for 

regression estimation. We extend the application of the weighted jack-

knife to ratio estimation. We also study the properties of the weighted 

jack-knifed ratio estimator and the weighted jack-knifed variance 

estimator using the prediction theory approach. 

1.1 Outline of Thesis 

An outline of the study reported in this thesis is as follows: 

In Chapter 2 we present a review of the randomisation based and 

the model based approaches to inference. We feel that such a review 

is necessary in order to gain an insight into the structure of 

inference problems concerning the characteristics of a finite 

population. It is argued that the model based approach is highly 

effective and offers inferential benefits over the randomisation based 

approach for a realistic and valid model. 



The variance of an estimator depends on the framwork for inference. 

The randomisation based and the model based approaches provide different 

frameworks for defining variances. We consider variance estimation-

under both these approaches in chapter 3. We can think of this chapter 

as divided into two parts. The first part deals with the methods of 

variance estimation under the randomisation based approach. We note 

that for a given estimator T of T there are two variances, the true 

variance V(T) and the estimator of the true variance. First, we 

discuss the methods commonly used for obtaining the expressions for 

the true variances. Then we discuss the methods for estimating the 

variances of estimates. Our main concern is with the jack-knife 

procedure. However, it seems to us that a knowledge of useful 

alternative techniques will be useful in a better understanding of 

the subject and will also facilitate a comparison of these techniques. 

Thus we discuss a number of competing techniques developed from time 

to time in an attempt to obtain accurate variance estimates necessary 

for survey sampling inference. We have, however confined our 

discussion to the main features of these techniques pointing out the 

usefulness and the limitations of each technique. We also introduce 

in this part a useful technique, known as the weighted jack-knife, 

developed recently as an alternative to the ordinary jack-knife method 

for variance estimation. It is observed that the randomisation 

approach to variance estimation offers several choices but it has been 

recognised that the randomisation based variances may not provide a 

suitable framework for inference from an observed sample. In contrast, 

under the prediction approach to finite population sampling, the 

variance of an estimated value is determined conditionally from the 



set s of samples units actually observed. The prediction approach, 

by conditioning on the sample actually observed, reveals the relation-

ships that are important for inference. Thus in the second part 

of this chapter we consider the variance estimation under the 

prediction approach. Our discussion is mainly centred round the 

ratio estimator for which the prediction approach has suggested 

useful alternatives to the randomisation based variance estimators. 

This chapter thus consolidates the material on the variance estimation 

from complex surveys under two main approaches, which lie scattered 

in the literature. 

In Chapter 4 we consider the problems concerning the estimation 

of correlation from complex surveys. Frankel (1971), and Kish and 

Frankel (1974) studied the behaviour of simple, partial and multiple 

correlation and regression from clustered stratified samples. They 

conjectured that high relative biases for the multiple correlations 

were due to the basic defects of the estimator rather than the 

complexity of the design. For the estimation of population correla-

tion coefficient from a stratified design, Koop (1970) and Wakimoto 

(1971 a, b) derived unbiased estimates for the population variances 

and covariances. Using these results we derive expressions for the 

biases in Kish and Frankel's estimates for variance and covariance. 

It is shown that for a self-weighting design, Koop and Wakimoto's 

results for the estimation of variances and covariance reduce to 

those of Kish and Frankel's estimate plus bias (Section 4.3). These 

theoretical results indicate that stratification can cause bias in 
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the estimation of correlation and that the bias may be of substantial 

magnitude. Kish and Frankel have mainly concentrated on the effects 

of clustering on variances and have ignored the effects of stratifica-

tion on the bias. They were thus lead into misinterpretation of 

results. Our conclusion is that high relative biases in Kish and 

Frankel's estimates of correlation may be due to the effects of 

stratification. This conclusion finds support from Warren's (1971) 

analysis of the effect of sampling method on the estimation of correla-

tion and regression summarised in Section 4.4. Warren concludes 

that non-simple random sampling can cause bias in the estimation of 

correlation and that this bias may be of substantial magnitude. Similar 

views have also been expressed by Smith (1974, discussion of Kish and 

Frankel). We have also investigated the effects of stratification 

on the behaviour of simple, partial and multiple correlations through 

a simulation study using data from Frankel (1971). The analysis of 

these results also supports our claim that the high relative biases 

in Kish and Frankel's estimates of correlation are due to the effect 

of stratification, rather than the basic defect in the estimator. 

The Jack-knife method introduced originally by Quenouille as 

a method of bias reduction was extended progressively to obtain 

estimation of variance. This method has been shown to have robust 

qualities in a wide variety of fields. The most significant feature 

of the jack-knife technique is that bias reduction as well as variance 

estimation can be achieved without detailed knowledge of the sample 

distribution or involved analysis of the estimation method. We only 
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need a sample and an estimation definition. Miller (1974 b) has 

given an excellent review of the theoretical developments whereas 

Bissel and Ferguson (1975) discuss some practical aspects. However, 

in those reviews the authors restrict themselves to a brief 

discussion of the most important developments in the field of survey 

sampling. In Chapter 5 we attempt a review that focusses on the main 

developments concerning the applications of the jack-knife method 

in survey sampling. One of the earliest applications of the jack-

knife method was in the case of ratio estimators which are frequently 

employed to improve the efficiency of estimation in sample surveys. 

We discussed the bias and variance estimation properties of the 

jack-knifed method for the ratio estimation under the model based 

approach in chapter 3. In this chapter we address ourselves to 

the problem of bias and variance estimation for the jack-knifed 

ratio estimator under the randomisation approach. The most important 

contribution of the jack-knife method is to produce an estimate of 

variance where alternative techniques appear to be cumbersome. 

The method has also been extended for variance component estimation 

in complex surveys (Folsom , 1971). We find that along 

with the theoretical developments, considerable empirical work has 

also been undertaken to compare the efficiencies of the jack-knifed 

and other competing variance estimators in small and moderate 

size samples from natural and artificial populations. This, however, 

lies dispersed in literature. We also attempt to summarise the 

empirical work on the jack-knifed ratio estimation under both the 

randomisation based and the model based approaches. Tukey 

proposed tlie jack-knife as a method of robust interval estimation. 



Developments along this line are also discussed in this chapter. 

From this review we gather that the jack-knife appears to behave 

well both as a means of bias reduction and variance estimation 

where the estimator is a function of all data values concerned. 

This includes situations involving variances, maximum likelihood 

or least squares, regression, correlation and ratios. However, 

it does not perform well in the case of order statistics. We also 

note that the standard jack-knife procedure is sensitive to 

deviant data points and there is a need considering alternative 

more robust methods. 

Chapter 6 presents a discussion of the jack-knife application 

to the linear regression model ~ where Y is a vector 

of n independent observations, X is a matrix of known values, 

/3 is a vector of unknown parameters and _e is a vector of 

independent and identically distributed error variables. Follow-

ing Hinkely (1977b) the properties of the jack-knifed regression 

estimator and the jack-knifed variance estimate are examined. It 

is found that the jack-knifed estimates of regression parameters 

are unbiased but less efficient and the jack-knifed variance estimator 

is biased. 

The important point to consider in any data anlaysis is the 

impact that each observation has on the estimates. For example. 
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in some data sets one or more cases may have sufficient impact on 

the analysis and if these cases are removed from the data set 

completely different results would have been obtained. Such cases 

are known as influential cases. Study of influential cases is 

important from the inference viewpoint. In Chapter 7 we discuss 

the influence function and its role in regression analysis. 

We also introduce in this chapter various sample versions of the 

influence function which provide the basis and justification 

for various techniques used for the detection of influential cases. 

This chapter also introduces different methodologies for assessing 

the influence of individual or group of cases on regression analysis. 

However, we confine our discussion to those aspects of analysis 

that can be summarised by sample influence function. 

In the unweighted jack-knife, discussed earlier in Chapter 

6, the pseudovalues are defined symmetrically with respect to the 

observations whereas in the linear model situation the observa-

tions do not affect the least squares estimates in a symmetric 

manner. In order to adjust for this imbalance, Hinkley (1977 b) 

proposed weighted pseudovalues and hence the weighted jack-knife 

for regression estimation. We discuss the application of the 

weighted jack-knife to regression estimation in Chapter 8. 

First we give a suitable definition and justification for the 

weighted jack-knife. Then following the appraoch of Hinkley we 
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examine the properties of the weighted jack-knifed regression 

estimator and the weighted jack-knifed variance estimator. Hinkley 

assumed that the error variables are uncorrelated. However, 

in practice, this may not be true in many situations. We give a 

simple generalisation of the weighted jack-knife for the general 

variance structure. I is shown that under this more general 

model the weighted jack-knifed regression estimator is unbiased 

and the weighted jack-knifed variance estimator is biased to 

In Chapter 9 we extend the weighted jack-knife technique 

to ratio estimation. Using the idea of empirical influence function, 

discussed in Chapter 7, we propose the weighted pseudovalues, the 

weighted jack-knifed ratio estimator and the weighted jack-knifed 

variance estimator. Using prediction theory approach we examine the 

properties of the weighted jack-knifed variance estimator. This 

variance estimator is shown to be approximatley unbiased under the 

model ^ for all variance functions with certain restrictions on 

n and f. Under the same conditions and assuming that the error 

distribution is normal, it is shown that the jack-knifed variance 

estimator is quite stable (Section 9.3). We also examine the 

implications of the failure of regression model on the behaviour of 

the weighted jack-knifed variance estimator. It is noted that the 

failure of the regression assumption E(Y^) = x^ has a conservative 
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effect on the weighted jack-knifed variance estimator for the 

ratio estimate. Another important consideration with the jack-

knife technique is that whether a given jack—knife procedure removes 

the first order bias. This important aspect of the weighted and 

the unweighted jack-knives is also examined in this chapter. It 

appears that the small sample performance of the weighted jack-

knifed method for ratio estimation may be better than the unweighted 

j ack-knife. 

Finally, we consider some problems for further research work. 
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CMPTSJ? 2 

M0D2I-gASED APRROdCEBS 

FOR 2%#yEY gjAPZJAG JWfEaEWCF 

g.j jMtrodbattoM 

Randomisation-based survey sampling theory, as presented in 

Cochran (1953, 1963, 1977); Hansen, Hurwitz and Madow (1953a, b) and 

several other similar text books has dominated the survey sampling 

literature until recently. The randomisation approach is based on 

the idea of repeated sampling from the same finite population. This 

approach is based upon the use of probability sampling designs and 

inferences based on the induced randomisation. The last two decades 

have brought a change in this outlook and as a consequence a model-based 

theory which refers to a superpopulation distribution and is based on a 

predictive argument as in Royall (1970), has emerged as a promising 

alternative. The model-based approach has contributed significantly 

towards a better understanding of a variety of survey sampling problems 

and has provided an avenue through which important new methods are 

currently being added to the existing survey sampling literature. 

In this chapter, we review the inference problems concerning the 

characteristics of a finite population. In Section 2.2 we describe the 

basic concepts such as finite population and descriptive and analytic 

inferences. A great deal of current research in survey sampling is 

devoted to the investigation of an appropriate criterion of inference for 

finite populations. Through these efforts a considerable insight has 

been gained into the structure of inference for survey populations. 

We discuss the randomisation based and the model based approaches 

to inference for finite populations in Sections 2.3 and 2.4 respectively. 
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Our evaluation of these approaches is based on the important issues 

such as estimation, variance, asymptotic normality and conditional 

inference. Finally in Section 2.5 we give a summary and conclusions. 

It is argued that the model based approach is highly effective and offers 

inferential benefits over the randomisation approach for a realistic 

and valid model. 

We consider a finite population consisting of N units which are 

listed in a frame and are identifiable by labels that can be represented 

by i = 1, 2,...,N . Associated with the unit i , is a vector of 

unknown values, y^ , which are to be measured in the survey. In 

addition some prior knowledge is available for each unit which can be 

utilized to design a representative sample. The prior information may 

include quantitative variables such as the measure of size and 

qualitative variables such as the membership of a cluster or a stratum. 

Let ^ represent the matrix of prior information for all the units and 

Y the matrix of values of the measurement variables. A subset s of 

n labels is to be selected and the units with labels in s form the 

sample. For each unit in the sample, the values y^ are observed 

without error and an estimator, say C(g) » is used to make a 

descriptive inference about population characteristics such as mean 

total and ratio* 

The units of a population are said to be identifiable if they can 

be uniquely labelled from 1 to N and the label of each unit is known. 

The vector Y = (Y^, Y ,...,Y ) is called a parameter of the finite 

population. 
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2.2.3 Dggortpttve fMygrgMces 

Descriptive inferences may be characterised by the property that 

the parameter of interest is a known function of the values attached 

to the N units in the population. 

The object is to estimate a given property of a given population 

at the time the sample was drawn. If al1 the units were evaluated, 

then in the absence of measurement errors, there would be no uncertainty 

in a descriptive inference. However, if the parameters of interest can 

not be expressed as a function of the values attached to the N units 

then the inference is analytic. The objective in this case is to 

estimate a parameter in another population related in some way to the 

population being sampled. This other population may often be a super-

population proposed by the statistician. For example, estimation 

of a finite population total is a descriptive inference, whereas the 

estimation of a coefficient in an economic model is usually an analytic 

inference (Smith, 1981a). 

There are currently two conflicting and well developed philosophies 

regarding the theory of descriptive inferences for samples drawn from 

finite populations. The first theory based on the distribution generated 

by random sampling, the P-distribution, is called randomisation 

inference. Smith (1976) gives an excellent review of the inferential 

problems relating to the randomisation distribution. The second theory 

employs stochastic models to represent the population structure and 

inferences based on the probability distribution specified in the 

model, the so called ^-distribution, is called model based inference. 

Royall(1976a) gives an excellent description of this approach. The 

two theories of inference are discussed hereunder: 
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2. J Bgggci to Z^ygrgMce 

Randomisation based inference following in the tradition of 

Neyman (1934) relies on the design based approach to survey sampling. 

This approach asserts that the primary source of randomness is the 

probability ascribed by the sampling design to various subsets of the 

finite population {1, 2, 3,...,N} . According to this approach, the 

randomisation distribution created by the random choice of the units 

to be observed for a given sampling plan.forms the basis of 

randomisation inference. The aim is to provide robust reliable 

estimation of simple parameters such as means, totals, ratios, etc., 

in large scale multipurpose surveys, see for instance, Cochran (1976) 

The emphasis is on procedures that are randomisation consistent and 

work well regardless of population shape (Hansen e^ aly, 1983). 

In this section we consider the implications of the randomisation 

approach on estimation, variance, asymptotic normality and inference. 

The problem of estimation in survey sampling relates to finding 

good estimates of the population parameter. By a good estimator, we 

mean an estimator with its distribution concentrated near the population 

parameter. For example. Smith (1976, p.193) says: "The best strategy 

is to choose an estimator that reflects Y as closely as possible". 

Under the randomisation approach the criteria for a good estimator 

are: 

(1) Unbiasedness, (2) Consistency, (3) Efficiency,and (4) 

Sufficiency. Two main methods of estimation are those of least 

squares and the maximum likelihood. However, these methods have not 

been explicitly used in sample surveys. For example, Cochran (1977, 

p.150) observes that very little use has been made of the traditional 
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theory of statistical inference in survey sampling in order to make 

good estimates from data, Cochran gives two main reasons for this 

attitude. "Firstly, in surveys that contain a large number of items, 

there is a great advantage, even with computers, in estimation procedures 

that require little more than simple addition, whereas the superior 

methods of estimation, such as maximum likelihood, may necessitate a 

series of successive approximations before the estimate can be 

obtained. Secondly, most of the estimation methods in theoretical 

statistics assume that we know the functional form of the frequency 

distribution followed by the data in the sample and the method of 

estimation is carefully geared to this type of distribution. The 

preference in survey sampling has been to make only limited assumptions 

about this frequency distribution." This Implies that the estimation 

techniques in sampling has been "restricted in scope", The usual 

practice has been of finding unbiased estimates and measuring their 

reliability in terms of Interval estimation. 

Before discussing the ideas such as unbiasedness, consistency, 

efficiency, sufficiency and likelihood, it appears necessary to state 

the formal framework for Inference for finite population provided by 

Godambe and others from the Indian School of Statistics during the 

1960's. Recall that a finite population consists of N labels, with 

label set U = {1, 2,...,N} . The population parameter is the vector 

^ = {Y^,Y2,...,Y }. Y is a member of the parameter space g/, which 

contains all possible populations and e . Prior information 

exists on which the survey design can be based. A sample, s, is a 

subset of U , usually of n units , so that s = (i^, ig,...,! ). 

A sampling scheme assigns a probability P to each s . S is the 

set of all possible samples and ^ P = 1 . The data comprise the 

s 
labels, s , selected by the scheme P and the associated values 
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Y., i e s . Thus data = (i, Y.; i e s) . An estimator e , is a 
1 1 s 

function of the data and any relevant prior information (Smith, 1976). 

0^^ property of a good estimator is unbiasedness. The randomisation 

approach defines the bias with respect to the sampling plan P. 

2.3 

An estimator t^ of the population parameter T is said to be 

unbiased with respect to a sampling plan P , if whatever y^,y2,...,yQ , 

we have 

E (t ) = y P t = T . (2.1) 
p s ^ s s 

S 

Such an estimator will be called P-unbiased. The bias is given by 

P-Bias = % P (t -T) = B . (2.2) 
S ^ s 

Thus for a given sample, whether or not an estimator is P-unbiased 

depends on the probabilities with which the sampler might have chosen 

to observe other sets of units and not on the sample actually selected 

and the probabilistic relationship between the observed and the 

unobserved y's. 

In the randomisation based approach P-bias is considered as an 

important performance characteristic. The reason for this is that under 

this approach the main criterion for evaluating an estimator is its 

mean square error determined by the randomness imposed by the sampling 

plan P . This quantity can be expressed as 

MSE(t ) = E (t -T)2 = V(t ) + , (2.3) 
s p s s ' 

2 
where V(t ) = E {t -E (t )} , is the variance of the estimator, 

s p s p s 
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Now supposing that Vft^) is relatively small for large samples, it 

appears quite natural with the randomisation based inference to 

2 

search for an estimator for which B is small. Thus the main 

emphasis in the randomisation approach is upon P-unbiased or 

P-consistent estimators. 

Regarding unbiasedness. Smith (1984, 8.2) argues that "In the 

randomisation approach the values ^ assumed to be unknown 

constants and the only probabilities are those introduced by the 

surveyor where a random selectimscheme is used. If P(s/z) is 

not a random selection scheme then no randomisation inference is 

possible. With random sampling the probability distribution is known 

exactly and does not depend on any unknown parameters, nor on the 

unknown constants ^ - Since the values ^ do not index the 

distribution P(s/z) they cannot be interpreted as parameters in the 

usual statistical sense of that term and so interpretation of ^ as a 

set of unknown constants which are neither random variables nor parameters 

seems justified". 

"since ^ ^nd P(s/z) are known,inferences about this distribution 

are irrelevant. The only way to employ P(s/z) is to take averages 

or expectations. If for a statistic t^ , E(t ) = T , the finite 

population function of interest, we can say that t is unbiased but 

if E(tg) ^ T , then one can say nothing for the bias and any measure 

of efficiency will depend on the unknown population values y. , i f s . 

conoentrattoM wnbtasgdbggg tnygrgMcg now appears 

naturaZ bgcowse tAere reaZZy ts no property t&at ccM dbtgrmtMed 

t&g sampZtM^ scbemg P($/z) . Any other comparisons will depend 

on the unknown constants and hence can not be determined". 
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It may, however, be pointed out that it is not necessarily an 

advantage to use unbiased estimators because they may result in much 

larger mean squared error than biased but consistent estimators. Thus 

instead of unbiasedness, the randomisation approach emphasizes the 

consistency of the estimators with the minimisation of the mean squared 

error being the main criterion for choice among the estimators, see 

for instance , Hansen and Hurwitz (1943) j Hansen, e_t al. ,(Vol. 2 (1953)) 

and Kalton (1983). 

2.3.J.2 

A method of estimation is called consistent if the estimate 

approaches the population parameter to be estimated as the sample size 

increases. For example, in case of simple random sampling, the sample 

mean y and the sample total Ny are consistent estimators of the 

population mean and total respectively. 

2.4 fCbMstatgMt gsttmatozV 

An estimate of 8 of the population parameter 8 is said to be 

consistent estimator if, 

P(8 8) ^ 1 , as n ^ N . (2.4) 

Equation (2.4) means the probability that 8 approaches 8 as n 

becomes larger and larger is 1 , see for instance (Cochran (1977 p.21). 

However, Hansen, Hurwitz and Madow (1953) and Murthy (1967, p.39) 

give a different definition of consistency. According to these authors 

an estimator is consistent if the probability of the difference 

(8^-8) being less than any specified small quantity tends to unity as 

n is indefinitely increased. Consider a sequence of estimators 

8% * then 8 ^ is said to be a consistent estimator of 8 , if 

8^ 8 as n ^ * , where the index denotes the sample size. Formally, 
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if Lim P{|9 -8|<e}_ = 1 , then 6 is a consistent estimator of 9. 

Randomisation approach have comprised of 

(i) selection procedures, such that each member of the population 

has a known non-zero probability of selection, and 

(ii) estimators that are randomisation consistent, that is, for 

reasonably large enough samples the correctness of inference 

does not depend on any assumed model. 

Thus, if unbiasedness is not required then it is possible to find 

biased but consistent estimators that will give smaller mean squared 

error, for some populations than those given by unbiased estimators, 

The familiar examples are ratio, regression and post-stratified 

estimators. To illustrate this point, we consider the usual ratio 

N 
estimator for the population total T = : ^i 

E X . 
s 1 

) X. , where x. 

are known auxiliary variable values. This estimator is biased but 

consistent. The justification to use this estimator, however, does not 

depend on any principle of statistical inference related to the raadomisatioi 

distribution but on practical intuitive reasons, see for instance 

Sarndal (1978) and Smith (1984). These reasons are: 

N 
(a) an auxiliary variable x is available and ^ x. is known, and 

i=l ^ ' 

(b) increased precision can be obtained because T takes advantage 

of the positive correlation between x and y . For example, Cochran 

(1963) on the basis of computation from an actual data (y. = acres 

in c o m for farm i , x^ = size in acres of farm i), concludes 

"that the choice between using farm size in the design (through 

stratification), or in the method of estimation (through ratio 

estimator), depends on a number of considerations, some purely practical". 

Consistency is a desirable property of estimators. For example, 

Hansen, Madow and Tepping (1983, p.779) state that, "A necessary 
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condition for a probability sampling design is that it includes 

randomisation consistent estimators. The purpose is to help ensure 

that the biases of estimation for samples of finite size are small 

relative to the standard error". However, consistency is not a 

sufficient condition for the biases to be small relative to standard 

error for a given sample size n . The reason is that consistency 

is a property of a sequence of estimators, and single estimator may 

be a member of many different sequences. Thus, for a given sample, an 

estimator can be interpreted either as consistent or inconsistent 

depending on how the estimator and the sampling plan are assumed to 

change as the sample and the population size increase. This implies 

that the consistency has only limited usefulness and one needs to go 

beyond simply achieving consistency. 

2.3.1.3 Effiaienay 

An estimator with smaller variance is preferable because the 

smaller the variance, the more concentrated the sampling distribution 

around the population parameter, assuming that we have consistent 

estimators. 

Definition 2.S (Bffiaienay) 

If we have two estimators, T^ and T^ , and V(T ) < V(T ) 

then the efficiency of T^ relative to T^ is given by 

V(f ) 

Ef . (2.5) 

VfTg) 

We have defined the efficiency in relative terms, but if we could find 

an estimator with a variance that is smaller than that of any other 

estimator, we could use it as the basis to measure efficiency;and, in 
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terms of efficiency,we could say that an estimator with the smaller 

variance is an efficient estimator. 

Neyman (1934) introduced the idea of efficiency through the concept 

of a shortest confidence interval in a class of intervals. Neyman 

considered only the estimators which were linear in the sample values. 

Invoking the Gauss Markov theorem, he derived minimum variance unbiased 

estimators. Because sample sizes would usually be large the distribution 

of these estimators would be approximately normal and hence the 

minimum variance estimators should give the narrowest confidence 

intervals. Using this method, he demonstrated that stratified random 

sampling would usually be more efficient than simple random sampling. 

A nice and detailed description of Neyman approach appears in 

Smith (1976),and O'Muircheartough and Wong (1981). 

Ratio and regression estimation were introduced during the 1930's 

in order to incorporate into the estimation procedure an auxiliary 

variable which was assumed to be linearly related to the survey variable. 

The efficiency of the ratio and regression estimation depended on the 

relationship between the auxiliary variable and the survey variable. 

Cochran (1942) gives a comprehensive account of the theory. Hansen and 

Hurwitz (1943) introduced sampling with probability proportional to 

size as a convenient and efficient method for carrying out multistage 

sampling. 

Horvitz and Thomson (1952) provided the theory for sampling with 

unequal probabilities without replacement. They also noted that the 

concept of a linear estimator as applied by Neyman was not as convenient 

as it appeared, since there were many classes of linear estimators 

being proposed in the literature. These authors identified three 

subclasses of linear estimators and concluded that, although a best 
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linear estimator may be found in each subclass this does not imply 

that any of the estimators is best for all classes. Thus the Neyman's 

concept of efficiency is limited in scope. They derived the "best" 

estimator in a particular class which is now known as Horvitz-Thompson 

estimator. This paper is of particular importance because it pointed 

towards serious problems that existed i-n defining the concepts like 

"linear" and "best" for finite populations, see,for instance, Smith 

(1976). 

Godambe (1955) demonstrated that for sampling from a finite 

population there does not exist any unique best linear estimator for 

the population total, which means that no minimum variance unbiased 

estimator can exist uniformly for all possible populations. Basu (1971) 

criticises various randomisation based ideas including the P-unbiasedness 

unequal probability estimator T and the attempts made by Horvitz 

and Thompson (1952) to single out various classes of label-dependent 

linear P-unbiased estimators. Basu also provides a proof of Godambe's 

theorem. Lanke (1973, 1975) also gives a nice review and an entirely 

satisfactory proof. Smith (1976, p.187) says: "One consequence of 

this (Godambe's) non-existence theorem is that no empirical comparison 

can ever be conclusive, for in any particular case somebody may be able 

to construct a better estimator The problem of a lack of best 

estimators arises because of the generality of Neyman's formulation of 

the solution to inference problem. Inferences are made with respect to 

the P-distribution for any population y , regardless of its structure. 

But this is too much freedom for a satisfactory theory of inference 

and no optimum properties can be found for all populations". 

Since we know that there is no UMV estimator, extensive 

research work has been carried out to compare different estimators under 

different conditions in order to identify certain types of populations 
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for which the performance of the estimators is satisfactory. Let 

tg be an estimator and a design, then the pair (t^, P ) is 

called a strategy. Considerable empirical work has been done to compare 

different strategies. Recall that a strategy is efficient if it is 

related closely to the distribution of the population values Y. 

Smith (1976, p.192) has tabulated the possible situations and sampling 

strategies which is reproduced here for illustration as Table 2.1. 

Table 2.1 The Efficiency of Survey Plans (t^, P^) Relative to Y 

t is related 
s 

to Y 

t is not related 

^ to Y 

P is related 
s 

to Y 

P is not related 
s 

to Y 

Very Efficient 

Efficient 

Inefficient 

Very Inefficient 

The best strategy is to choose an estimator that reflects Y as closely 

as possible. A good estimator can overcome a poor design but a good 

design can be ruined by the use of a poor estimator. 

Regarding efficiency, Smith (1976, p.193) says: "Neyman's 

global approach breaks down when only a single survey is considered. 

Here the user of a survey requires an efficient estimate together with 

a measure of its accuracy for the particular survey, not an estimate 

that has a property based on hypothetical repetitions of survey. When 

efficiency is considered then it has been shown that no best estimator 

can be found within Neyman's framework, primarily because that framework 

is too general and makes no assumptions about the distribution of the 

values in the population. Empirical studies show that estimators 

that reflect the population distribution but do not necessarily depend 
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on the survey deseign can be much more efficient than estimators that depend 

on the design through some criterion such as unbiasedness. Efficiency 

must be related to the population distribution and the fact that most 

surveys give satisfactory results is due to the survey design reflecting 

the population distribution rather than the fact that the framework 

for inference is satisfactory". 

Since Godambe's theorem shows that there does not exist a best 

estimator within the randomisation model, therefore choosing estimators 

Chat are reasonable on other statistical grounds seems to be attractive. 

The framework of the superpopulation or E, distribution (to be 

discussed in Section 2.4) appears to be an appropriate choice for 

generating such estimators. 

2.2,1.4 Suffiaiency 

In many estimation problems, we may be able to summarise the 

information in the sample y^, y^ . This means that we can 

find some function of the sample that tells us just as much about 8 

as the sample itself. Such a function would be sufficient for 

estimation purposes and is accordingly called a sufficient statistic. 

Let y^,y2,...,y be a random sample from the density f(y; 8) , 

where 8 may be a vector. A statistic S = s(y^y y^.-.-iy ) is 

defined to be a sufficient statistic if and only if the conditional 

distribution of T given S does not depend on 8 for any given 

statistic T = t(y^, ). 

The concept of sufficiency implies that if we know the value of 

sufficient statistic, then the sample values themselves are not needed 

and can tell us nothing more about 6. This is true since the distribution 

of the sample given the sufficient statistic does not depend on 8 . 
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In the search for best estimators within the formal framework 

(Section 2.3.1) decision theoretic ideas such as admissibility have 

been applied but these efforts have resulted only in limited theoretical 

and negligible practical success. More restrictive criteria such as 

hyperadmissibility and necessary bestness have also been developed but 

proved to be totally unapplicable and hence no real progress could be 

made along these lines, see for instance, Smith (1976) and O'Muircheartaigh 

and Wong (1980). 

Basu (1969) showed that statistic D, comprising the set of distinct 

labels in the samples together with the corresponding observations y^ , 

is not only sufficient but minimal sufficient for the population 

parameter This implies that in sampling with replacement thb 

repetition of a unit does not provide any extra information. Consequently 

the mean of the distinct sample units y^ can be shown to be superior 

to the sample mean y by the application of Rao-Blackwell theorem. 

Thus, even the Rao-Blackwellisation also does not help the construction 

of a unique best estimator. Since D is not a complete statistic, 

therefore, no "best" estimator can exist. Thus the idea of sufficiency 

leads to the conclusion that only an adequate summary of a survey is the 

complete set of data, see for instance, Smith (1976). Basu (1971) 

ascribed the incompleteness of D to the fact that for a non-informative 

design, the label part of D is an ancillary statistic, i.e., its 

distribution is independent of the parameter Y . It is, therefore, 

possible to find non-trivial functions of D whose expectations are 

identically zero. 

A design P is said to be non-informative if P does not depend, 

for any s , on the realised values y^ for i e s . (Sarndal, 1978, p.33) 
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When a quantity which is actually a random variable is treated as 

a fixed variable and the appropirate distribution for evaluating the 

standard error, etc., is the conditional distribution, then the 

conditioning variable of this kind is called an ancillary statistic 

(Bayall, 1976a). 

Since the Fisherian concept of sufficiency did not work, Godambe 

(1966) applied the concept of linear sufficiency to finite population 

sampling. Using this concept he was able to show that the sample mean 

y is a linear sufficient estimator for the population mean under any 

sampling design. Further, by applying a restrictive form of censoring, 

he obtained a linear sufficient estimator for the population mean 

in a class of all linear unbiased estimators, see for example, 

O'Muircheartaigh and Wong (1981). 

However, Smith (1983a) says: "Basically the sufficient statistic 

is the observed data together with the associated labels which we can 

write as 

dg = {(i, y^): i e s} . 

By including the labels all we can say is that the units in the sample 

take their observed values and that the unobserved units can take any 

set of values In the appropriate parameter space. This is rather 

limited inference". 

2.3.3.5 

The application of likelihood in the finite population context 

also involves difficulties in the randomisation based inference. The 

basic result is that the likelihood takes the value P for all 
s 
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populations which would have generated the sample data and zero for 

all other populations. This implies that after selecting and observing 

the sample, we know everything about the sampled units (y., i % s) 

and nothing about the non-sampled units (y., i ^ s). 
i 

Under the traditional theory the probabilities relate to hypothetical 

infinite population f(y, which depends on a vector of parameters 

snd is usually of small dimensions. In such applications of 

likelihood, this model is provided by the common probability distribution 

f(y, 2) and the sample provides the estimate ^ of ^ from which 

future values of y can be predicted. In survey sampling the population, 

Y , is real and the parameter has N dimensions, where N is usually 

very large. Since the parameter space in this case is N dimensional 

whereas the sample data is only n dimensional with n < N , the 

the conventional analysis does not work. Thus the only way to get 

information on (N-n) unobserved units is to relate them by a 

mathematical model to the n observed units, see Smith (1976) for 

further details. 

Several alternative approaches have been suggested to overcome 

these problems. One method is to ignore the labels, i.e., to base the 

inference only on unlabelled samples. Utilising this idea Hartley and 

Rao (1968) and Royall (1968) developed a likelihood function of 

the form given by the hypergeometric distribution. This new likelihood 

function permits the construction of a unique maximum likelihood 

estimator, see for instance , Smith (1976) and 0'Muircheartaigh and 

Wong (1981). 

Other main approaches to compare the estimators are: 

(i) Bayesian (Ericson, 1969) based on the i&sa of replacing the 

un-informatlvelabels by that of exchangeable prior information. 

(ii) To assume that the finite population has itself been generated 
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as a random sample from an infinite superpopulation model; and 

(iii) Linear least squares prediction approach (Royall, 1970). 

The linear least squares approach,using the linear model and the 

Gauss Markov theorem,has produced some interesting results. We shall 

discuss this approach in Section 2.4. 

2.3.2 Varianae 

The precision of an estimator is determined by the variance if 

the estimator is unbiased and by the mean square error if the estimator 

is biased. Variances are therefore required for the choice of estimators. 

However, variance depends on the framework for inference. Both the 

randomisation based and the model based approaches are well developed 

in terms of variances. The main difference between these approaches 

lies in using different probability frameworks for defining the 

variances. The randomisation approach defines the variance with respect 

to the sampling distribution. 

Definition 2.9 (P-Varianae) 

The P-variance of an estimator T with respect to the sampling 

plan P , is defined as 

V(T) = E [T-E(T)]2 = ^ Pg(T-E(T)]2 . (2.6) 

^ S ^ 

Similarly, MSE of an estimator T is defined as 

MSB (T ) = E (T-T)2 = % p (T-T)2 . (2.7) 
P P g s 

= V (T) + . 
P 

Thus under the randomisation appraoch, for a fixed size sampling 

plan, the variance and the standard error of an estimator are expressed 
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as averages over all possible samples and are therefore constants 

which do not depend on the sample actually observed. These variances 

are therefore unconditional. Consider for example the regression 

estimate. The variance of a regression estimator is constant when 

it is calculated with respect to the randomisation approach, that is, 

the same standard error applies for every sample. On the other hand, 

the regression model yields a different formula for the standard error, 

a formula which depends on the distribution of x in the sample and 

that in the population. Thus, for a given sample selected at random, 

the two approaches lead to different estimated standard errors. They 

also lead to different strategies for selecting the sample. The 

randomisation approach to the regression estimator requires that a 

random sampling plan be used with every possible sample of the desired 

size having the same probability of being chosen. The prediction 

approach, on the other hand, suggests that a sample whose mean is not 

close to that of the population mean should be rejected, especially 

if the x's in the sample are not well spread. 

Royall and Cumberland (1981a) state that "Under the randomisation 

approachthere is no general mechanism of studying or even defining the 

variance in relation to the particular sample". Smith (1976) says: 

"Should not the statement of the accuracy of an estimator depend on the 

sample that has been drawn rather than on all possible samples that 

might be drawn. Regarding the appropriateness of standard errors, 

Royall (l^i76a) sayrs: "Of two standard errors, the one whose mathematical 

model is least doubtful is not necessarily the most appropriate for 

inference and the other which is most appropriate for inference is 

not necessarily the one whose mathematical model requires fewest 

assumptions or even the most plausible assumptions The appropriately 

conditioned standard error which reflects the accuracy of the estimate 
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calculated from the sample is that derived under the regression model 

with sample units held fixed". Lahiri (1968) has also expressed similar 

views, 

We note from the above discussion that Lahiri (1968), Royall 1976a) , 

Roya11 and Cumberland (1981a, b) and Smith (1976; 1983a) have convincingly 

argued that P-dlstrlbution is often not relevant as a frame of reference 

for assessing the precision of an observed estimate after the sample is 

drawn. These authors have advocated a conditional measure of accuracy 

based on the sample actually observed. 

2.3.3 Asymptotio DistT-ihution 

We have discussed concepts such as unbiasedness and standard error under 

the randomisation approach. Inference, however, depends not only on 

bias and variance but also on the asymptotic normality, see for example, 

Smith (1984, 8.7). This implies that inference requires a relationship 

between these statistical characteristics. If the sample is large then, 

for most of statistics, such a relationship is established by an appeal 

to the central limit thereom. 

The usual practice is that having selected an estimator, its 

randomisation variance Is calculated and Inferences are made by an 

appeal to a form of a central limit theorem, see for example, Madow 

(1948) and Hajek (1960). Thus in randomisation approach, for samples 

large enough, the validity of randomisation inferences does not depend 

on the assumptions concerning the distribution of characteristics in 

the finite population from which the sample was drawn. 
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Hansen, Madow and Tapping (1983) argue that inferences should be 

based on the criteria of consistency and asymptotic normality. However, 

for finite populations such an appeal to asymptotic results is not 

possible directly but it is hoped that if the sample sizes are large 

enough then approximate normality will hold. 

For finite populations, the asymptotic justification of this result 

in the randomisation approach is provided by considering that the given 

finite population Is embedded In a sequence of finite populations 

indexed by v and of increasing size N with increasing sample size 

n . Properties such as asymptotic unbiasedness, consistency and 

asymptotic normality are determined by assuming that n^ and 

N « , often holding ^ fixed, see for instance, Scott and Wu 

V 

(1981), and Smith (1984). 

Smith (1983b) argues that although randomisation is well defined, the 

method of making Inferences Is not assumption free. He says: "Neither 

of these criteria (consistency and asymptotic normality as suggested 

by HMT, 1983) Is defined for the given finite population, both require 

the construction of a hypothetical sequence of finite populations of 

Increasing size. This sequence Is just as much a statistical model 

as a regression model relating the two variables X and Y , the main 

distinction being that the construction of the sequence is purely 

arbitrary and can never be tested against data". 

The arbitrary nature of the sequences has also been recognised 

by Hansen, Madow and Tapping and discussed in Sub-Section 2.3.1.2. 

The same argument could be applied to show that a given estimator 

will be asymptotically normally distributed or not,depends on the 
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sequence selected. Besides, it is possible to construct finite 

populations for which the central limit theorem does not hold, see for 

instance, Smith (1979). 

From this discussion we conclude that the randomisation inference 

is not free of assumptions and the usefulness of the asymptotic 

results under the randomisation approach is restricted in scope. In 

view of this situation, as suggested by Smith (1983a), there is a need 

for an approximate theory based on the given finite population rather 

than a hypothetical sequence of finite populations. 

2.3.4 Unaonditional Inferenae 

The randomisation approach to finite population sampling is 

believed to provide mathematically rigorous, objective and 

probabilistic inferences, using the concepts such as unbiasedness, 

consistency and asymptotic normality, which are claimed to be free 

from distributional assumptions. These inferences are based on the 

distribution created by the artificial randomisation which is induced 

by the investigator when he uses a random sampling plan to choose the 

units for observation. For example, Hansen, Hurwitz and Madow (1953b), 

Klsh (1965, p.23-24), and Stuart(1976, p.32) state that the use of 

probability sampling plan creates the only probability distribution on 

which reliable statistical inferences can be based. 

Fisher (1935) suggested that artificial randomisation might 

provide an "absolute guarantee of the validity of the calculations" 

used in inference. This idea developed into the doctrine called 

randomisation based inference. His approach has a strong influence on 

the finite population sampling theory. For example, Godambe (1969) 
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says "Presumably randomisation is adopted in practice, with a view to 

utilizing the sampling distribution generated by randomisation". Hansen, 

Madow and Tepping (1983, p .776) state that: Design decisions may be 

guided and evaluated by models, but inferences concerning population 

characteristics should be made on the basis of the induced randomisation, 

at least when samples are reasonably large". These authors, while 

comparing inferences from prediction theory and the randomisation theory, 

argue: "Probability sampling methods provide a confidence interval for 

the population characteristics being estimated, and for large enough 

samples, the confidence Interval Is valid and short enough to provide 

as precise statements as desired about the value being estimated". 

These and other similar arguments suggest that in the absence of 

randomisation, valid probabilistic inferences are impossible. 

However, the arguments against the randomisation inferences are 

also very strong. For example, Neyman and Pearson (1937) rejected the 

randomisation approach and used a regression model in the analysis 

of agricultural data. Their main argument was that the real world 

relationships are more complicated than those to be represented in a 

mathematically tractable model. They stated; "Mathematics deals with 

mathematical conceptions not with real things and we can expect no more 

than a certain amount of correspondence between the two". Royall (1976a) 

observes: "The probability distribution determined by artificial 

randomisation is not necessarily appropriate even when it is available. 

To claim that, in general, probabilistic inferences are not valid when 

the randomisation distribution is not available is simply wrong. To 

claim that, in general, a meaningful standard error estimate can not be 

calculated In the absence of mechanical randomisation is simply wrong. 

This is not to deny that randomisation is valuable, but only to deny 

that it represents the basis of all, valid, rigorous, probabilistic 

inference". 
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Smith (1976) argues that: "Although randomisation can be justified, 

this does not mean that inferences have to be based on the randomisation 

distribution. Fisher's position was that the randomisation was relevant 

before the data were collected but not in the analysis of data and this 

has been the position of most statisticians in the experimental sciences. 

Why should survey statisticians adopt a different standpoint?" Royall 

and Cumberland (1981a) also express a similar viewpoint. They state 

"Probability sampling distribution is not a prerequisite for rigorous 

statistical inference, valid inferences can be made without it and 

when randomisation is present, the distribution it creates is not 

necessarily appropriate for inference". 

Little (1983), states that the randomisation based theory of inference, 

being a large sample theory, is more restricted in applications than the 

model based approach. Moreover, the implied coverage properties of 

the design based estimators and standard errors are often a hope rather 

than a reality. For example, Royall and Cumberland (1981a) and Holt 

and Smith (1979) show that even when randomisation confidence intervals 

have the correct coverage probabilities over all samples, the coverage 

properties of these intervals for samples from identifiable subgroups of 

populations such as post-strata, may be quite unacceptable. Royall 

and Cumberland also show that for some populations the overall 

unconditional coverage properties are unsatisfactory. 

Smith (1983b) notes that the randomisation distribution is 

defined on a given sampling frame for a fixed set of measurements 

variable Y . Thus only descriptive inferences can be made to this 

frame and analytic inferences to some wider superpopulations require 

additional model type assumptions. Besides, in social surveys non-

response and missing values add a non—random selection to even the best 
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random sampling schemes and this destroys the strict basis for 

randomisation Inference. He concludes that the randomisation Inference 

is fraught with conceptual difficulties and is usually advocated on 

the grounds of robustness, not on those of the statistical theory. 

However, Smith (1984, 8.2) says: "Although randomisation distribution 

Is assumption free, and hence must be robust, randomisation inferences 

require assumptions which may not be satisfied and hence the Inferences 

may not be robust". 

We note that the randomisation Inferences are unconditional and 

average overall possible samples that might have been drawn. As noted 

by Smith (1984) there are no principles which could lead to conditional 

inferences in the randomisation approach and this is the major problem 

with these Inferences. 

The model based theory of Inference for sample surveys has emerged 

as an alternative to the randomisation based approach. In the model 

based approach to Inference for a finite population, the measurement 

values y^, associated with N units of the population are 

assumed to be the realised outcome of the random variables Y^, 

having N dimensional joint distribution C , where the superpopulation 

5 is modelled to reflect the available background knowledge. 

Usually S is Indexed by an unknown parameter 8, the estimation of 

which is required as a preliminary to making inferences about the 

finite population Itself. The model g provides the relationship 

between y^ and its parameter 8 and also the probability distribution 

through which the estimators may be evaluated. Thus the observed 

values y |i e s provide both estimates of 8 for analytic inferences 

and prediction of y^^i ^ s for descriptive inferences. The prediction 
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approach has been developed by Royal 1 _et aA. , in a series of papers 

during the seventies. The main references are: Royall (1970, 1971, 

1976a, b, 1982), Royall and Hereon (1973a, b), Royall and Eberhardt (1975) 

and Royall and Cumberland (1978, 1981a,b, 1982 and 1983). 

It may, however, be pointed out that the model based approach to 

inference from finite population is not restricted to any particular 

statistical philosophy. Alternative models can be constructed using 

the ideas of exchangeability or the Bayesian framework. For example, 

Kalbfleisch and Sprott (1969) approached the finite population inference 

problem from the fiducial prediction theory viewpoint whereas Ericson 

(1969) and Sugden,(1979) proposed models based on exchangeability 

assumptions. Scott and Smith (1969) make the classical normal 

distribution assumptions and they also employ the closely related linear 

models. Our discussion is concentrated on the non-Bayesian 

superpopulation approach developed by Royall (1970) using a linear model. 

We are mainly concerned with the problems such as estimation, variance, 

asymptotic distribution and conditional inference. 

2.4.1 Estimation 

The non-existence of optimal estimators (Godambe, 1955) and the non 

informativeness of the likelihood (Godambe, 1966),as discussed earlier 

in Section 2.3, stimulated a great deal of research and have brought 

more clearly the limitations of the randomisation model. The basic 

problem pointed out by this research, however, concerns the relationship 

of the observed units to the unobserved ones. The randomisation model 

discussed earlier in Sction 2.3.1 expresses no relationship between the 

observed and the unobserved units except that the unobserved ones could 

have been in the model. Royall(1976a) regarding this aspect says: "If 

we are to l e a m about some units (those not in the sample) from the 
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observations we have made on others (those in the sample), then the two 

groups must have a stronger logical connection than this. 

Just such a connection was provided by the superpopulation models 

which had been waiting in the wings of finite population sampling theory 

since the 1940's. These models characterise the actual population values, 

both those observed in the sample and the unobserved ones as realisation 

of random variables. The joint probability law of these random 

variables supplies the link between sample and non-sample units which 

is missing from the randomisation model. From the sample we learn about 

the probability law, which is then used to predict the values of the 

unobserved variables. Within this framework, finite population 

estimation problems are essentially problems in statistical prediction". 

Under the model based approach the bias and variance of an 

estimator are defined with respect to the superpopulation model S . 

Under the model g an estimator T of T will be called 

C-unbiased if for every s , 

E (T-T) = 0 . (2.8) 

Thus S-unbiasedness is defined with reference to C only and does 

not depend on the sampling plan P used to decide which units should 

be observed. 

The model based approach treats the sample units as fixed and 

averages over the different values of ŷ ^ that the model might have 

generated. This approach presents a different outlook for the 

estimation of population total than that provided by the randomisation 

approach^ Under the prediction approach, after the sample is observed, 

the population total, T , can be written as the sum of two parts 
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N 

T = I 7; = I Yi + I Y; , (2-9) 
i=l 1 s 1 1 

s 

where s denotes the set of non sample units. Since I y, is known without 
s ^ 

error, the problem is to predict 1 from the sample. If T is any 

estimator of T , then f - ^ y. is the implied estimator of ^ y, . 

Smith (1976) writes some conventional estimators in the predictive form, 

we give two of these estimators here in order to illustrate this approach. 

T = Ny , 

where 

This can be written as 

y = I Yi/n . 

T = I Yi + (N-n)y , 

which implies. 

- y , i / s (2.10) 

This appears to be a sensible estimator. 

T - Ny , y = ^ y./n including any repetitions. 
1 = 1 

Let y^ denote the mean of the distinct units, then 

— 1 V 

' ? J s 

Now 

- I y. + (N-d)|y + . T 

ie s 

This implies that 

° y * N^d ' i * s (2.11) 

This is not an intuitive estimator of and explains why y is not 

a sufficient statistic as discussed earlier in subsection 2.3.1.4. 
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2.4.1.1 Estimation Strategies Und&r the Model g 

Consider the linear regression model. 

+ e^ , (2.12) 

where e's are independent random variables with E(e^/x^) = 0 , 

E(e*/x^) - ofv(x^) and E(e^,ej/x^,x ) = 0 for i ^ j . This model 

provides a relationship between and . The appropriateness 

of T as an estimator of T is evaluated in terms of the properties 

of the difference T - I y as a predictor of the sum of the random 
S 

variables I y. . For example, T is described in the prediction 
s 

approach as being unbiased for T , if for every sample, T y^ is an 
s ^ 

unbiased predictor of the unobserved sum \ y^ , that is if E (T-Ĵ  y^) = 

s s 
Er(Z y.) . Thus, whether an estimator is unbiased or not in a 
^ s 1 

particular application depends on the form of the regression function 

ECy^) and the sample s . For example, for the model (2.12), the ratio 

estimator T̂ ^ is the best linear S^unbiased estimator with v(x^.) = x_, 
1 1 

An estimator T will be P? -unbiased predictor of T , if and 

only if, for a given P and C , E^E (T-I) = 0 . 

A sampling and estimation strategy P;f will be considered better 

than another strategy P':T' , if the former has a smaller mean square 

error than the latter, that is , if 

MSE(P:T) < MSE(p':t') 

where MSE(P:f) is defined as, 

MSE(P:T) - E^[% Pg(T-T)2] - E^ap(f-T): . 
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This implies that a strategy with smaller expected mean square error with 

respect to the distribution of is a better one. 

2.4.1.2 Choiae of Estimators Under the Regression Model. 

An estimator T for T can be uniquely expressed as, 

T = % y, + g % X , (2.14) 

s 
s 

where 6 is the implied estimator of 3 and does not depend upon the 

unobserved y's • If we have two statistics T* and T** , then the 

one whose implied estimator S is better is the better estimator for 

T . This result is expressed as Lemma 2.1. 

Lemma 2.1 (Royalt, 1970). 

For any sampling plan P , if T* and T** have implied estimators 

G* and g** for 3 which satisfy, 

. (2.15) 

for each s such that P > 0 , then 

MSE(P:T*) 2 MSE(P':T**) . (2.16) 

This lemma implies that a sampling and estimation strategy P:T* 

is better than other strategy P':T** if the expected (with respect to 

5 ) mean squa re error of the former is less than the expected sampling 

mean square error for the latter. 

It wil 1 be interesting to give an important result in linear 

regression and prediction theory. This result is expressed in the form 

of Theorem 2.1. 
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Theorem 2.1 (Royally 1970) 

For any sampling plan P , if T is the linear estimator 

satisfying either, 

(i) E^(T-T) = 0 , for every s such that > 0 , or 

(ii) for every , MSE(P:T) is a bounded function of g , then 

MSE(P:T*) 3 MSE(P:T) , (2.17) 

with strict inequality unless T = T* with probability one under 

model 5 for all s such that P > 0 . 
s 

Proof 

Define 

= I y/l 
s v(*i) s v(=i) 

(2 .18) 

the weighted least squares estimator of 3 , and 

T* = I y. + 6* % X. 
s 

s 

(2.19) 

From (2.14), it is clear that T is a linear function of the 

sample y's if and only if 6 is a linear function of these variables, 

that is, f = ^ y. + g % x. . 

Now 

Eg(T-T) = E I Yi + 6 % - % y - % y 
S " s ~ 
_ s s 

( 6 - 6 ) ^ X . (2 .20) 

E (T-T) = 0 Eg (B-B) I X. 0 , which is true only if E^(3-3) = 0 
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MSE (P:T*) = E^E^(T*- T)^ 

I Yi+B* 1 3\ - % y. - I y. 
U ^ 1 s 1 - 1 

= SpSs ($*-6)2(X x.)2 + (% e.y (2.21) 

Similarly, 

MSE(P:T) = E 
P s 

(6-8) % 
12 

(2 .22 ) 

Using Lemma 2.1, we have 

MSE(P:f*) < MSE(P:T) , if E^(6*-$) 3 Eg(6-0 . 

This theorem shows that under the model g , if g* is the weighted 

least squares estimator of g , then for any sampling plan P , a 

best linear ^-unbiased estimator of T is 1* . A result similar 

to this theorem is given by Scott and Smith (1969) in the Bayesian 

context. 

This theorem leads to three best linear ^-unbiased estimators for 

2 
T , when v(x) = 1 , x and x respectively. These are: 

Case I : v(x) = 1 , gives 

I 

I -jyi 

(2.23) 
X . 
1 s 

Case II ; v(x) = x , gives 
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Tl - I ?! 

= I y-

^ 1 
S S 

t *i 
s 

(2.24) 

which is the usual ratio estimator. 

Case III : v(x) = x , gives 

+ 

s 

x.y. 

I ' ' 2 
X 

1 

2 
X . 

z i 
S X. 

I X, 

(2.25) 

These estimators are best for any sampling plan. 

The Horvitz-Thompson estimator with probability proportional to size 

is PPS unbiased. Godambe (1955) and Godambe and Joshi (1965) have 

shown that if only fixed size sampling plans are considered, then 

under model g with v(x) = x^ , MSE(PPS:T ) $ MSE(P:T) for any P 

and any T which is P-unbiased. However, if P-unbiasedness is not 

demanded then this inequality can be reversed. Besides, PPS sampling 

2 

plans with v(x) = x , this inequality holds for any fixed size 

sampling plan and a wide class of variance functions. This can be 

expressed as Theorem 2.2. 

Theorem 2.2 (Royall, 1970) 

If (i) max(nx^) $ ^ x. for all i=1,2,...,N and (ii) v(x)/x^ is 
j = 1 ^ 
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a non-increasing function, then for any sampling plan P for which 

Pg > 0 only if n(s) = n 

MSE(P:Tg^J % MSECPzTg) . (2.26) 

In practice, the variance function v is not known exactly. It is, 

therefore, desirable not only to derive the best estimator for a 

particular v but also to compare estimators under various assumptions 

for v , This theorem facilitates such a comparison between and , 

We can also have similar comparisons between estimators which are 

optimal for simple variance functions. 

Example 2.2 (Royalty 1970) 

Let g be any non-negative real number, 0 $ g ^ h and 

Tg " ^ B ^ be the estimator which is optimal for v(x) = x® , 

then ^ 

MSE(P:T ) 3 MSE(P:T^) . (2.27) 

for every P . However, if v(x)/x^ is non-decreasing, then above 

inequality can be reversed. 

2 
From this example it follows that if v(x)/x is non-decreasing, 

then the estimators T^, and satisfy the relation 

MSE(P:T2) 3 MBE(P:f ) 3 MSE(P:f ) . 

2,4.1-S Optimal Sampting Plan: 

We note that Theorem 2.1 says that under the given model with 

variance function v , the estimator T* is optimal for P . It is 

thus obvious that for a fixed size sample an optimal sampling plan is 
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one for which minimum value of E (T-T) is achieved. This implies 

that for the given estimator T and sample size n an optimal sampling 

plan is clearly one that selects s in S (collection of all sets 

s in S which contain exactly n labels) with certainty so that 

MSE(P:T) is minimised. In order to get a clear idea about what is 

2 

achieved by the choice of such a plan we express E (I-T) in another 

form, that is 

E^(T-T)^ = y. + B I X. - ^ y. - I y. 

s ^ s 

= E. (6-G) X 

= E. (6-$)^(% x^y (2 .28) 

From expression (2.28) we observe that a sampler has two choices. 

First is to choose a sample that will provide a good estimate of the 

expected values of the total of the non-sample units. This implies 

that s should be selected such that (^ x.) E (§-$) is small. The 

s 

second being to observe those units whose y values have greatest 

variance, so that only the sum of the least variable values must be 

predicted. This means to choose s so that ^ v(xO is small. 
s 

If the optimal estimator T* is to be used, then for a wide class 

of variance functions, the best sample would be to observe those units 

whose X values are the largest. This can be shown through Theorem 2.3, 

Theorem 2.3 (Royally 1970) 

2 

If v(x) is non-decreasing, v(x)/x is non-increasing and the 

optimal estimator T* is to be used, then 
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MSE(P':T*) 3 MSE(P:T) , (2.29) 

for any sampling plan P in and any ^-unbiased linear estimator 

T , where P^ denotes the collection of all sampling plans P with 

fixed size n and P* is a sampling plan which selects s* with 

certainty, i.e., P*(s*) = 1 and s* is any set of n labels for 

which max T x. = 7 x. . 
q ^ 1 ^ 1 
Sn s g* 

This theorem shows that for v(x) = x , the ratio estimator is 

optimal under a model which is adequate for many actual populations and 

the optimal sampling plan to use with this statistic is the purposive 

sampling plan P . The sampling plan P* is also optimal for use 

with estimators and T , see for example, Royall (1970). 

The purposive sampling scheme is not rubust to departures from 

assumptions. Royall and his co-workers have concentrated their efforts 

to make model based methods more robust by increasing constraints on 

the sample. Royall and Herson (1973a, b) introduced balanced sampling. 

A balanced sample matches the properties of the known prior design 

variables z_ in the sample to those in the population as a whole. 

An (estimator can be protected against failure of linear regression 

model by balancing on the higher moments of the auxiliary varaible. 

Royall and Cumberland (1981a) proposed a best fit sample. The beat 

fit sample is a purposively selected sample which balances the sample 

c.d.f Fg(z) and the population c.d.f F(z) . The sample is selected 

such that max|F^(z) - F(z)| is minimized. 

2.4.2 Varianae 

The randomisation based variances as discussed earlier in Section 

2.3.2 are unconditional, that is, they do not depend on the sample 



48 

actually observed and therefore are not suitable for making the inferences 

from the unique sample actually observed. A fundamentally different 

approach to the problem of variance estimation which depends on the 

sanple actually observed, is the model based approach. 

Definition 2.11 (g-Varianae) 

Under the model g , the variance of an estimator T , for any 

given s , is defined as 

Vg(T) = Eg(l^E^T)2 . (2.30) 

In the model based approach the standard error of an estimated 

value is made conditional on the observed sample and thus follows the 

comditionality principle (Fisher, 1955; Cox, 1958; Cox and Hinkley, 

1974) of conditioning on an ancillary statistic s , See for instance, 

Royall (1976a), Royall and Cumberland (1981a) and Smith (1976). 

The model based approach provides reliable estimates of precision 

which do not share the poor properties of the randomisation based 

standard errors when the sample happens to contain units with extreme 

values. Both the randomisation based and the model based approaches 

have been applied to ratio and regression estimators and the model 

based approach has provided quite promising results about variances 

and variance estimators as compared to the standard results under the 

randomisation approach, see for instance, Royall and Cumberland (1981a, 

b, 1982, 1983). 

However, the model based approach has also been criticised. For 

example, Hansen, Madow and Tepping (1983) state: "If the assumed model 

does not accurately represent the state of nature, estimates of 
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population parameters may be substantially biased and the statements 

about the sangling errors of those estimates may be very misleading". 

These authors, however, recognised that if the model is acceptable or 

sufficiently so, the model based approach results in substantial 

simplification and improvement in variance estimates, see for instance, 

HMT(1983, p.780). 

However, Royall and his fellow workers recognised this problem 

and they have considered sampling plans and estimators so as to make 

the models more robust to misspecifications. For example, Royall and 

Cumberland (1981a) have recommended the use of robust model based 

variance estimators based either on regression or residual or jack-knife 

methods in order to handle such shortcomings. Regarding this issue, 

Smith (1984) says:"...If the population is stratified then models are 

fitted within strata. If there is relationship between a survey variable 

y and a prior (design) variable z then a ratio or regression estimator 

is employed. This estimator is protected against misspecification of 

the mean by using a balanced sample and against misspecification of 

the variance structure by using robust estimators of variance". 

Cumberland and Royall (1983) assert that "For the purpose of 

inference, quantities such as bias and variance should be defined in 

terms of prediction models conditioned on the ancillary statistics s, 

rather than in terms of the probability distribution of s . The 

unconditional variances, which do not depend on the sample actually 

selected, are not suitable for making inferences about T from the 

unique sample actually observed". 
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2.4.3 Asymptotia Distribution 

Statistical inference requires more than simply an unbiased 

estimator and its standard error. It necessitates a relationship 

between these characteristics. The prediction approach is based on the 

probability models for the population values. These models, not the 

random sampling distribution, provide the basic probabilities. The 

asymptotic properties are determined by making an appeal to the 

Lindeberg"Feller conditions as N + ™ , n ^ and f 0 , where 

2.4.4 CondLtional Inferenoe 

The model based approach to inference is concerned with the prediction 

of the actual outcome of the population characteristics and is made 

conditional on the outcome of the sampling. The possibility of conditioning 

may be desirable when sampling units are known to differ in relative 

importance. Royall and Cumberland (1981a, 1983) assert that inferences 

must be made conditionally on observable characteristics of the sample 

drawn, and they require assumptions regarding the population structures 

which are most naturally expressed through prediction models. 

So far as making the inferences after the data have been observed, 

there is a clear difference between the model based inference, which 

conditions on the achieved sample and the randomisation based inference , 

which averages over all samples that might have been drawn and this is 

the most important distinction between these two approaches to inference, 

see for instance. Smith (1983b). The likelihood principle also implies 

that inferences should not be based on what Basu (1971) termed as 

"artifact of randomisation". Smith (1984) says: "Even when the sampling 

scheme and estimator are similar under both approaches, inferences from 
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a model will often differ from randomisation inferences. Under a model, 

when design variables £ are known the selection rule P(s/£) 

can be ignored and inferences made conditional on the units in the 

san^le. Randomisation inferences are unconditional and average 

overall samples that might have been drawn. There are no principles 

which lead to conditional inference in the randomisation approach and 

this is the one of the major problems which must be faced". 

The model based approach to inference has the attraction that it 

embraces both descriptive and analytic inferences and can also be 

extended to accommodate missing values and non-response, see for 

instance, Little (1982). It should, however, be noted that the model 

based procedures can be highly effective when the model is correct 

but must be used with caution because small deviations from an 

assumed model may lead to serious errors in inferences, see for example, 

Hansen £l. , (1983). However, if the model is true, then conditional 

intervals will have the correct conditional coverage and also the correct 

average coverage under the repeated sampling. 

Additional discussion of model based versus randomisation based 

inference from finite populations can be found, for instance, in 

Smith (1976, 1983a,b, 1984), Royall (1976), Cassel et aly, (1977), 

Sarndal (1978, 1981), 0'Muircheartaigh and Wong (1981), Royall and 

Cumberland (1981a, b, 1982, 1983), Hansen, Madow and Tapping (1983), 

Kalton (1983) and Sundberg(1983). 
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2.5 Summary and Conalusions 

We have discussed the randomisation and the model based approaches 

to inference for finite population. Our evaluation of these approaches 

is based on the criteria for estimation, variance, asymptotic distribution 

and inferences. Both these approaches are well developed in these 

aspects. 

We observe that there is now general agreement that randomisation has 

an important role in the selection of samples, the only conflict is 

whether the randomisation is appropriate for inferences after the sample 

has been observed. The randomisation inferences are made according 

to the randomness generated by the sampling design. The randomisation 

inferences are unconditional and the validity of these inferences is 

based on the large sample approximations. These inferences are not 

free from assumptions and their usefulness is limited in scope. Besides, 

the randomisation approach does not address the question of efficiency 

and has failed to provide minimum variance unbiased estimators. 

The model based approach considers the structure of the population 

and provides a relationship between the observed and the unobserved 

units. The quantitites such as bias and variances are conditioned 

on the observed sample rather than on all possible samples that might 

have been drawn. The inferences concerning the prediction of the actual 

outcome of the population characteristics are made conditional on the 

sample actually observed. This approach has provided robust variance 

estimators which have proved to be superior to the design-based estimators. 

Our observation is that the model based approach has proved to be a 

useful and meaningful tool for the analysis of finite population. 

sampling problems. This approach is heavily relied on in this study. 
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ESTTAMflQV OF KARTAWCB fRQM COMPIEA' SMRK&yg 

2.1 In tTodua t'Lon 

The main objective in any sample survey is to draw inferences 

from the characteristics of a sample of elements about the corresponding 

population characteristics such as mean, total and ratios, etc. To this 

end it is also necessary to estimate the precision of the estimator 

used. The precision of an estimator is determined by the variance 

if the estimator is unbiased and by the mean square error if the estimator 

is biased. The estimation of variance is, therefore, an important 

aspect of the analysis of survey data. 

The variance of an estimator, however, depends on the framework 

for inference. There are currently two well developed theories of 

inference for finite populations, i.e., the randomisation based theory 

and the model based theory. The main difference between these approaches 

lies in the estimation of variance because they use different probability 

frameworks for defining variance. We have discussed both these 

approaches in greater detail in Chapter 2. 

In this chapter, we consider variance estimation procedures under 

both the randomisation based and the model based approaches. In Section 

3.2, we review the methods of variance estimation under the randomisation 

based approach. Our main concern is with the jack-knife procedures, 

however, we introduce some useful alternative competing techniques in 

order to facilitate comparison. We also introduce a useful technique, 

known as the weighted jack-knife, developed recently as an alternative 
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to the ordinary jack-knife for variance estimation. During recent 

years the prediction approach has posed a big challenge to the 

randomisation approach. In Section 3.3, we discuss methods of 

variance estimation under this approach. Finally, in Section 3.4 

we give a summary. 

In the randomisation approach to survey sampling the concept of 

sampling design is the central one. The design specifies the way in 

which a sample is drawn from the finite population. Most of the 

available literature under this approach is confined to the estimators 

of the variances of descriptive statistics such as totals, means and 

the difference between means, etc. For simple random sampling, estimates 

of the variances of more complex statistics such as correlation and 

regression are readily available. Literature also exists for complex 

analytic statistics like simple, partial and multiple correlation and 

regression coefficients, etc., dealing with relationships among the 

variables and other complicated functions of sample observations for 

complex designs, see for instance Deming (1960), Tapping (1968), 

Woodruff (1971), Kish and Frankel (1974) and Woodruff and Causey (1976). 

There are, however, some situations where no estimates of variance 

could be made from a single sample unless certain assumptions are 

made about the surveyed populations. Such situations arise with 

probability sampling where no replication is used, for example, in 

systematic sampling with a single random start or in sampling with one 

selection per stratum. 
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3.2.1 Var-ianoes of the Estimates 

Consider a finite population Y , Y ,...,Y . Let T = Ny be 

N 

the estimate of the population total. T = \ y. . Then, under simple 
i=l 1 

random sampling, the variance of T is given by: 

2 2 
a a ^ m 

V(T) = E (T-T)^ = (i_f) , (3,1) 

where 

1=1 

is the population variance and f = ^ is the finite population 

correction factor. 

The expression (3.1) for V(T) is used for three main purposes, 

(i) to assess the precision of the estimate T . 

(ii) to facilitate a comparison of T with other estimators of T , and 

(iii) to determine the size of the sample needed to yield a desired 

precision. 

2 

However, in practice, S is not known and in order to make use of 

the sampling variance (3.1) we must estimate from the sample data. 
Using a simple random sample y^,y2,...,y^ , we can obtain an unbiased 

estimate s = ^ (y-~y) /(n-1) of , which when substituted 

in (3,1) gives an unbiased estimate of the variance of T , that is 

2 
V^T) = N^Cl-f) 2- . (3,2) 

From the above formulation we note that there are two variances for 

an estimator T of T^ namely 

(a) V(T) , the true variance, and 

(b) V(T) , the estimator of the true variance. 
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In extension of this simple situation, survey samplers have 

developed various devices to exploit their background knowledge of 

the sampling situation. Some approaches incorporated this knowledge 

into the design whereas others into the estimator. Consequently, 

most of the surveys today are based on complex designs which include 

stratification, clustering and multistage selection of elements and 

the estimation procedures that involve ratio, correlation and regression 

coefficients, and discrimination functions. The usual practice has 

been to adopt the following procedures for obtaining expressions for 

true variances for a given estimate. 

(1) Text Book Variances, (2) Taylor Series Method. (3) Design Effects. 

2.2.1.1 Text Book Varianaes 

This means to take an appropriate formula derived directly from 

the randomisation distribution for Var(T) . We illustrate this point 

through examples 3.1 and 3.2. 

Examples 2.1 

Consider a stratified simple random sampling design. For the 

population mean per unit, Che estimate used in stratified simple random 

sampling is y ^ 

N J i V h ' » . 3 ) 

where 

y = I y^i^^h sample mean for the hth stratum, 

i=l 

^h 
^ is the stratum weight. 
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y, . is the value obtained for the ith unit in the hth stratum 

and n, is the number of units in the sample for stratum h . From % 
Cochran (1977), the variance of the estimate y is 

,2 

VCy.j) • I «h < ! - % ) . (3-4) 
sc h=l ^ h 

where 

I (y .-Y )^ 

sf = ^ — ; is the true variance, 
h (N -1) 

= — , is the sampling fraction in the stratum, and 

-
Y = — — ~ IS the true mean. 
h N, ' 

Example 3.8 

As another example of the text book variance we consider probability 

proportional to size sampling plan. A well known general estimate of 

the population total for unequal probability sampling without replacement 

is 

r ?! 
Y = I , (3.5) 

. , TT . 
1 = 1 1 

where 

TTj. = probability that the ith unit is in the sample, and 

= probability that the ith and jth units are both in the sample. 

If %% > 0 , (i = 1,2,.,. ,N) , then from Cochran (1977) the variance 

of Y is 
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N (l-7r.) N N (it. .-tt.tt.) 
VCV, 

where is the probability that units i and j are both in the 

s ample. 

For linear estimators the text books provide general formulae 

for variances for complex designs based on the assumptions of simple 

random sampling. However, we note that for probability proportional to 

size sampling plan (example 3.2) the variance depends solely on the 

quantities and . For complex designs, it may be very difficult 

to compute the joint inclusion probabilities and hence the variance. 

Survey designs are generally based on complex multistage design 

features that include unequal probabilities of selections from the 

population, stratification at one or more levels and clustering and 

we also desire to obtain the variances of such statistics as correlation 

and regression coefficients and other complicated functions of sample 

observations. Such situations may cause concern because text books 

do not provide formulae for the variance of complex statistics, 

involving relationships from complex surveys. Besides, for ratio and 

regression estimates the simplest design (SRS), in any event, requires 

Taylor Series approximation for securing variance formulae. Thus for 

non-linear estimators we need Taylor Series methods. In addition to 

this, measures of variability of sample results depend on the sample 

design and are subject to design effects, see for instance, Kish 

(1965, p.585). 
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3.2.1.2 The Taylor Series Method 

The Taylor expansion method for approximating the variances of 

ratio means has been in use for many years. Deming (1960), Kish (1965) 

and Woodruff (19 71) have discussed its use for approximating the 

variances of other non-linear functions of sample totals. The method 

is also known as the linearisation technique or the 6 method. 

Tapping (1968) gives a detailed description of this method for 

approximating the variances of more complex statistics from survey data. 

Tukey (1964) describes that the method gives an approximate formula for 

the variance of complex statistic and the approximate estimate of the 

variance by taking into consideration the varaince of the linear terms 

of Taylor Series expansion of the statistic. 

Suppose that Y = (Y^,1^,...,Y^) is a vector of population parameters 

for certain variables and Y = (Y^,Y2,...,Y ) be the corresponding 

vector of unbiased estimators. Let f(Y) be the function of the 

population parameters whose estimate is required and f(Y) be the 

estimate of f(Y) . We would like to obtain the variance of f(Y) . 

By first order Taylor approximation, we get 

t af(Y) 
f(Y) = f(Y) + % (Y.-Y.) 

• _i 1 1 i=l aY. 

+ 0(n 1) 
(3.7) 

1 1 

It is assumed that f(Y) and the first order partial derivatives of 

f(Y) are continuous. Now taking expectations, we have E{f(Y)} = f(Y) 

and 

v(f(y)) - e(£(y) -E{f(Y))J^ , 

= Var 
(3.8) 
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Hence 

fCY) = Var 
t . 9fcn 

9Y. 
1 

(3.9) 

With complex estimators this method may become cumbersome because, 

first the statistic has to be expressed in a tractable form and then 

partial derivatives have to be obtained. Finally numerous variances 

and covariances have to be computed which depend on the complexity of 

the design. 

A simplification of equation (3,9) in terms of the weighted values 

of the primary selection has been developed by Woodruff (1971). This 

simplification is outlined as under: 

* Y 
Let = 2 , where (the estimate of Y^) is a weighted 

average of the original observations, the X^^'s . Usually W.. = 1/p. , 

where is the probability (prior to draw) of including the unit j 

in the sample. Now, proceeding as before, we estimate f(Y) by f(Y) 

which hereafter for simplicity we denote as f and f respectively. 

9f 
Let D. 

aY. 
evaluated at Then using the first order Taylor 

series expansion of f about f , we get: 

f = f + % D.(Y.-Y.) , 
i=l 1 1 1 

(3.10) 

and 

V(f) = Var I D.Y 
i = l 

t 

1 1 

' ' 

where 

= Var 

z. 
J i=l ^i^ij^ij (3.11) 
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According to this simplified version V(f(_Y)) can be estimated 

by applying the same variance formula to the zy's from Var Y z. 
Ijii jj 

that would be applied to W..X,.'s to compute 
ij ij 

Var(Y^) for each 

variable This simplification avoids the computation of t 

variances of Y. and t(t-l)/2 covariances of Y. and Y. . The 
1 1 1 

variance estimate is obtained by estimating the zy's from the sample 

and then applying the variance estimation formula for a single variate. 

The Taylor expansion method is general and applicable to any design 

provided the variance estimation formula for estimated total is known, 

see for instance, Rao (1975) . In order to illustrate the method, 

we give below an example of variance formula for the regression 

coefficient from Tapping (1968). 

Example S.S. (Varianae for Regression Coefficient from a Complex design) 

We consider the variance of the regression coefficient from a 

self-weighting stratified multistage design. Let y^^^ be the 

values of the variables x and y associated with the ith 

elementary sampling unit selected for the sample in stratum h . We 

consider the statistic 

L "h r h 

r h-i 1-1 

L % 

1 y y 

* h=l i=l 

=i. i: 
(3.12) 

n h-l 1-1 

where n = ^ n^ denotes the number of elementary units in the sample. 

h=l 

Our main concern here is to approximate the variance of b which is 

achieved by first expressing the statistic given by (3.12) in a tractable 

form, obtaining the partial derivatives and finally applying the formula 

(3.9). 
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Let _u = . >u^) be a vector of statistics such that the 

expected value of = l,2,...,t) is . Let (Uj^,...,u^) 

be the corresponding vector of population parameters. Suppose that the 

population parameter of interest is a function f(y_) and is to be 

estimated by f(u) , then 

V(f(u)) = Var 
t 

I u 
i=l 

3f (u) 

i 3u. (3.13) 

Now in order to obtain the variance of b we express(3.12) in a 

suitable form so as to derive the partial derivatives. To achieve this 

we introduce the following variables and notations. 

Wl 
i=l 

*hi fhi ' W ^ Wu ' 
h=l 

% 
J . • 

I . 
h = l 

n. 

i=l 

L 
X = I 

h=l 

n. 
h 

I y 
i=l hi 

y = I 
h=l 

(3. 14) 

The regression coefficient b may be written as 

b = 22:2% (3.15) 

nu-x 

Thus b now represents f(_u) in expression (3.13). Denoting N, W, 

U, X, Y as the expectations of n, w, u, x, y respectively, the 
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required partial derivatives for b are 

aN 

X(UY-WX) 

(NU-X^f 

ab _ N 

A 
3U 

N(NW-XY) 

(NU-X^)^ 

3b _ -NUY+2NWX-X Y 

(NU-x2)2 

BY 

X 

NU-X 
( 3 . 1 6 ) 

Using (3.13), the variance of b is now approximated by 

ab 3b ab 
Var(b) = Varln + w + u + y 

BN aw au a x aY 

( 3 . 1 7 ) 

The main drawback of the Taylor Series method is that the evaluation 

of the partial derivatives may be difficult for certain parameters (e.g. 

multiple and partial correlation coefficients). A useful approximation 

to the required partial derivatives could be obtained by using the 

numerical method developed by Woodruff and Causey (1976). However, the 

results obtained for the partial and multiple correlation coefficients 

by using this numerical method are not very promising. 

The first order Taylor Series expansion for a multiple regression 

coefficient has been derived by Folsom (1974) and Fuller (1974). 

Programmes for Taylorised Standard errors are available from Hidiroglou 

et al. , (1975), Kish et al., (1972) Holt (1977) and Woodruff and 

Causey (1976). 



- 64 

3.2,1.3 Design E f f e c t s : 

In order to deal with the complex designs mentioned earlier in this 

Section, Kish (1865) proposed a useful device known as the design effect 

(Deff). He describes this as the ratio of the variance of the estimate 

obtained from the complex sample to the variance of the estimate 

obtained from a simple random sample of the same number of units. Thus, 

Design Effect (Deff) - Var(T) from a Complex Sample 

Var(T) from Simple Random Sample 

Stratification tends to reduce the variance and the design effect 

may be less than one. On the other hand, clustering tends to increase 

the variance and the design effect is usually greater than one. Consider, 

for instance, a simple random sample of n clusters, each containing 

M elements, drawn from N clusters in the population. Then, the 

variance of the sample mean per element is 

- s2 ' 
1 + (M-l)p (3.19) 

where M is the constant cluster size, P is the intracluster 

q2 
correlation coefficient and — is the simple random sample variance. 

n 

It is apparent from (3.19) that the variance is inflated by the 

factor (M-l)p by using clusters instead of elements as sampling units. 

The factor 1 + (M-l)p is called the design effect or Kish's Deff 

for clusters of size M. 
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The Deff attempts to summarise the complexities of the sample 

design, especially those of clustering and stratification. It may 

even include the effects of ratio and regression estimation, of 

double sampling and of varied sampling fractions (Kish, 1965). 

3.2.1.i(a) Modified D e f f : 

In order to adjust for changes in structure, a modified Deff could 

be used following Kish (1965, p.162-163). For a complex design, suppose 

that the true variance is 

Var(y) = Varg^^Cy) [l+(M-l)roh] (3.20) 

where roh measures the homogeneity and is estimated from the past 

survey 

roh 
Var(y) 
— — I (M-1) ( 3 . 2 1 ) 

Thus for a new survey with cluster size i , we can use 

Var(y) = Var^g^ ;jO[l+#-l)roh] . (3.22) 

The purpose of this modification is that "roh" has distinct values 

for diverse variables and for different populations. For a specified 

variable and population, its value depends on the nature and the size 

of clusters. It is a characteristic of the clusters and affects the 

variances when the clusters serve as sampling units. Thus by studying 

"roh", the aim is to remove the effect of average cluster size 

when comparing results across different variables and populations, 

see for instance O'Muircheartaigh et al., (1980, p.444-45). 
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3.2.2 Methods for Estimating the Varianaes of Estimates 

When variance estimates are required for statistical inference, 

the randomisation approach offers several choices. However, the usual 

practice is to use the methods discussed under: 

3.2.2.1 To Use Text Book Unbiased Estimators of the Variances i f 
Avaitdb te 

The adoption of this procedure with complex surveys gives rise to 

the following problems: 

(a) An unbiased estimator may not be available for the variance of 

certain classes of statistics such as ratio estimators,correlation 

and regression coefficients. 

(b) The use of available unbiased estimators may, in some cases, 

involve complexities. Consider for example, the Horvitz-Thompson 

(1952) estimator for the population total 

n y. 

^HT ^ (3.23) 
1=1 1 

which is an unbiased estimator of Y with variance (Cochran, 1977). 

N (1—rr.) N N it..—ir.Tr. 

v < V • .1 2 .1 .1. V j • ".24) 
1=1 1 1=1 j>i 1 J J 

where is the probability that units i and j both are in the 

sample. An unbiased sample variance estimator of V(Y ) is given by 

2 
A n (l-Tr.)y. n n (it . . —it . tt .) 

= j , ' j , j , 

provided that none of the w j in the population vanishes, where 

- probability that the ith unit is in the sample. A more elegant 

form of the variance estimator of given by Yates and Grundy 

(1953) and Sen (1953) is 
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y. n (tT. TT .-TT. .) 

' y g % T ) - . 1 . 
1=1 J>1 IJ 

l i _ l i 
n. IT. 
, 1 J 

( 3 . 2 6 ) 

with the same restriction on tt. , . 
ij 

The drawback with these variance estimators is that the terms 

(tt.tt. - ir..) often vary widely and both V and V can take 
1 J ij Hi YG 

negative values for some samples and some sets of although 

Vyg is generally less likely to do so, see,for example, Yates and 

Grundy (1953), Raj (1956), Rao and Singh (1973), Lanke (1974), 

Vijayan (1975), Cochran (1977) and Rao (1979). There are, however, many 

inclusion probability proportional to size sampling plans corresponding 

to different possible sets of joint inclusion probabilities . 

For a given sample, the expected value of and Vyg depends 

nature of the joint inclusion probabilities corresponding to units that 

happen to be included in the sample. It has been noted that these sets 

of n%j's are not uniquely determined, for instance. Brewer and Hanif 

(1969) have catalogued about 34 exact and approximate methods for 

implementing the inclusion probability proportional to size sampling plan. 

This diversity of possibilities as well as the mathematical intractibility 

of many of these methods leads to complexities. 

S,2.2.2 Substitution Method 

According to this method population parameters in the variance 

formula are replaced by their corresponding sample estimates. In the 

simplest cases the variance of the statistic,for a given design, is a 

known function of certain population parameters which are themselves 

estimated from the sample and substituted for the parameters in the 

variance function so as to obtain the estimate of the variance. This 

is illustrated through a simple example hereunder: 
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Example 3.4 (Vapianae Estimg-bion for the Sample Mean). 

For a simple random sample of n units from a population of N 

units, without replacement, the variance of the sample mean is 

2 _ N-n S 

N n 

where 

9 1 Y - 2 
; = N 6 (Xf-x) (3.27) 

1=1 1 

The population variance may be estimated by 

2 1 V / -\2 
G (3.28) 

i=l 

Thus, in the case of this example, if the variance function is linear 

in the parameters and the estimates of these parameters are unbiased, 

we get an unbiased estimator of the variance. If the function is 

rational, we get at least a consistent estimator of the variance. This 

is illustrated through example 3.5. 

gKompZg 3.5 rygrtoMcg Esttmatton for tbg Katto gstimator; 

For simple random sampling, the variance of the ratio estimator, 

N 

I > for the population total T is approximated by 

y. N 

i=i 
S 

" " R ) = (sy+sfsx - 2 RS ) , Y+K 5% - 2 RSyy) , (3.29) 

, Y -
Where, R - - , X and Y being the expected values of x and v 

X s 

respectively, and = pS^S^ is the covariance between y. and x. 

(Cochran, 1977). The usual practice is to estimate V(T^) by 
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9 
" N (l-f) 7 "7 9 ^ 

" " / Y = ( = y + ^ =x - 2 « s , y ) , ( 3 . 3 0 ) 

2 2 

where and s are the sample estimates for the population 

variances and covariance. There is an alternative sample variance 

estimator of V(T ) which is given by 

^ s f l - f l 7 "7 
= _2 ' (3-31) 

nx ^ J 
s 

The variance estimator VgfT ) appeared in the first edition of Yates 

(1949 , p.213). Since the merits of V\(T ) and V (T ) were 
I K 2 R 

not quite obvious under probability sampling theory, Yates preferred 

VL(T ) for his book. Cochran ( 1 9 6 3 , p. 1 6 3 ) chose V\(T ) for his well 

known book. However,Cochran ( 1 9 7 7 , p. 1 5 5 ) remarks that it is still not 

clear whether V^(Tg) is preferable to VgCTg) ' Kish ( 1 9 6 5 , p. 2 0 4 ) 

and Murtby ( 1 9 6 7 , p. 3 7 3 ) obtained VgCl ) in their well known books by 

noting that = Rg(Nx) and V^f^) = yging the customary 

formula for V(R ). Sukhatme and Sukhatme ( 1 9 7 0 , p. 1 4 4 ) recommended 

the analogue of %^(T ) for estimating the variance of the ratio means 

but used the analogue of for a ratio adjusted estimate of 

the population total. Rao and Rao (KHnUb) wrote that when x is known 

the commonly used varinace estimator is and when x is not known 

the variance estimator is V2(Rg). Thus to Rao and Rao, it appears 

that is the estimator of choice with V considered to be not a 

competitor but a substitute to be used only when V was not available. 

Konijn (1973, p.4 8 ) in his book considered both and and 

remarked that if X is known Vg is preferable to V . Konijn ( 1 9 7 3 , 

p.353) also remarks that Hajek (1958) showed to be a good estimator 

of the conditional variance. 
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For more complex analytic statistics like correlation and regression 

coefficients or for more complex designs the variance may not be a known 

function of the parameters that are easily estimated for substitution 

into the variance formula, see for instance, Cochran (1977, 315-318), 

Sukhatme and Sukhatme (1970, p.180-83) and Tepping (1968). In order 

to illustrate this point, we give below an example of the variance 

estimation formula for the regression coefficient (3.12). 

EzampZg fyartOMOg fbr BgareggtoM CbgfftctgMt From a 
Ccmplex 'Design), 

From (3.17) we have 

L 

Var(b) = ^ Var(& ) , (3.32) 
h=l 

where the linear combination i, is , 
h ' 

0 _ 3b ^ ab ^ ab ^ ab ^ ab 
*h - aw "h + aw Wh + au "h + ax *h + &Y 

The coefficients in the linear form & are unknown population 

parameters. The usual practice, as explained earlier in this section, 

is to substitute sample estimates in the expressions for the derivatives 

just as we substituted in example 3.5 . For large samples, this 

procedure yields satisfactory results. 

For estimating the variance of the regression coefficient b 

as given by (3.12), these substitutions will be 

ab i x(y-bx) 3b ^ 1 

3" ' aw ns; 

ab i b ab ab _ % 
au 2 ' ax 2 ay 2 

and TT- = - —rr (3.33) 
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- x - y - u 2 - 2 - 2 
where x — — , y — — , u — — , g = u — x . 

n n n X 

This method of substitution gives the variance estimate for the desired 

S t a t i s t i c but appears to be a b i t cumbersome. 

J. 7 EattmattoM for tkg JfatrLo 5'E5'; 

Consider stratified simple random sampling without replacement. 

The ratio estimate is given by, 

n. 

I I 

R 
y _ h=l i=l ^hi 

^ L % 

L .1 h=l i=l 

(3.34) 

N, N 
where y*. = — y and x*. = 

hi 'hi 'hi 

In this case the derivatives are 

aR _ 1 
, {HW 

ay*. ax*. x 
'hi 

Now (3.34) can be written as 

I I 
h=l i = l 

Letting Z, . = — 
hi It 

y 

I 

hi y 

3 r - -2 *hi 

L "h N. 

= I I 
h=l 1=1 "h 

y 

! r - -2 *hi 

and Z, 
'h y -

N, 

% 
the variant 

L N;(i-f ) 

estimator for V(Y^^) = ^ "xh-^^h^Yh^Xh) ,̂6 
h=l 

obtained as 

r 2 - 2 2 " 
- I T (Syh^K =xh-^'^h%h^h> (3.35) 
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However, with more complex designs and more complex statistics 

this procedure is laborious and hence the need for other more simple 

and convenient methods. 

3,2,2.3 The Key f i t s Method 

This method, also known as the "paired selection" method, requires 

that two primary selections be drawn from each stratum, see for instance, 

Keyfitz (1957) and Kish(1965, 4.3, 6.4B). Regarding the applicability 

of this method Kish and Frankel (19 70) pointed out that "a model of two 

independent primary selections from each stratum is probably the most 

basic design that conforms adequately, if not perfectly to actual design 

of many surveys , We outline this method for obtaining the variance 

estimate for the ratio estimate as example 3.8. 

Fzo/zpZe J. g Estimate;. 

Consider a single stage stratified cluster design, 

L L Nf 

. - itiL -
% L L N " (3.36) 

h=l 

where y^^ and y^g represent the totals for the y^ variable from 

the two primary selections in the hth stratum. Similarly % and 

^ L 
Xh2 represent the corresponding totals for the variable x.. Y = 7 N v 

1 St 6 h/h 

and - Y N^x^ are the standard estimates of the population total 

for Y and X respectively, N is the number of units in the hth 

^ % 
stratum of the population and y^ = ^ ĥi'̂ '̂ h x^ = ^ x^^/n^ 

are the sample means for the h^^ stratum 
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In order to obtain the variance estimate of R , we define 

Also. 

''h • 2 < \ l % 2 > 

'yh k Z r n . f " i 
1 — 1 

(3.37) 

where 

Now if Y = N y , then 
h h h 

• 12 

h 

where 

* "'h 

~ ~ ^^h is the finite population correction factoi 

for the hth stratum. Similarly, V(x^) = (!-(:%) *nd 

Cov(Y^,X^) - (3.38) 

Since sampling is independent in different strata, the variance 

estimate of the stratified ratio mean is given by 

V(R) 2 
X 

I Var(Y^) + R* I Var(x^) - 2R ^ 2R 6 Cov(Y , X ) (3.39) 

By substituting from (3.38) and simplifying we get 

V(R) 1 (l-fj^)dy^+R ^ (l-f^)dxj^ - 2R % (l-f^^) (dy^) (dx^) 

h=l " * * 

(3.40) 



74 

This could be further simplified as 

1 L 
V(R) = I (1-f, ) 

0 0 h=l " 

(3.41) 

This is the Keyfitz variance estimate for the V(R ) of the combined 

ratio estimator, as given in Example 3.7. The Woodruff simplification, 

as discussed in Subsection 3.2.1.2, can also be applied here as well. 

The design facilitates stratified multistage selection with PPS 

from unequal clusters. For the linear case, it has the advantage 

that for a fixed number of selections, it is possible to carry the 

stratification as far as possible and still compute the variance from 

the sample. The design also permits simple formulae of computing 

variance estimates. The application of this method to more complex 

situations has been discussed by Keyfitz (1957), Kish and Hess (1959) 

and Kish (1965). Woodruff (1971) generalised the method to handle 

non linear estimators, unequal probabilities of selection and for 

sample size n^ in the strata. Bean (1975) and Ghangur^e (1981) 

applied this method to compute the variance estimates for the Canadian 

Labour Force Survey. 

2.2.2.4 Estimation of Vavianoe Using D e f f s 

In situtations where we can not estimate the variance directly, 

it is generally assumed that simple random sample variance computed from 

the large probability sample would yield a good approximation of the true 

variance. For example, Kish and Frankel (1974) treated proportionate 

stratified sampling as simple random sampling for computation of 

complicated estimates. 

We have pointed out earlier (Subsection 3.2.1.3) chat stratification 

tends to reduce the variance and Deff may be less than.one whereas 
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clustering inflates the variance and Deff may be greater than one. 

^ A 

Under these circumstances one can use V(x) = V (x) x deff , where 

V(x) is the variance incorporating all the complexities of the design, 

see,for instance, Kish (1965). However, the problem with this expression 

is how to compute deff. The solution to this problem is to compute the 

design effect from an old survey with similar structure and for which 

the variances have been computed. 

From the above discussion, we note that for complex surveys it 

would be incorrect to assume simple random selection and to use the 

simple formulae available in the standard literature. Moreover, it is 

well recognised that in complex surveys the assumption of two independent 

selections is seldom met. Under these circumstances the alternative 

is to use one of the approximate methods, to be discussed in the next 

few subsections for obtaining the estimates of true variance from 

complex surveys. These methods recognise the lack of independence 

among sample units. 

3.2.2,5 RepHgated Sampling: 

One approach Co Che problem of variance escimacion from complex 

surveys is to interweave within a sample design a small number of 

replications. Each of these replications provides an estimate of the 

parameter. Therefore, their comparison provides an estimate of the 

variances from the sample. As an example, suppose that an overall 

sample is selected in the form of r independent subsamples from the 

same population using the same probability design. Let 9. denote 

the sample estimate calculated from the ith sample using the same 

~ -| f ^ 
estimation procedure, then 6 = — ^ 8. . From r independent estimates, 

i=l ^ 
the sample variance of 9 is 
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V ( 0 ) - J ( 6 . - e ) ^ / r ( r - l ) . 
i=l 1 

(3.42) 

The main advantage of the replicated sampling is that 8^ can 

be any statistic, it may be a linear statistic like mean and total 

or a non—linear statistic such as ratio or regression coefficient. 

This method provides a simple and convenient way of estimating the 

variance and the evaluation of bias regardless of the complexity of 

the sample design within replicates and the complicated form of the 

estimator. 

The replicated technique was first introduced by Mahalnobis (1938-41, 

1946) and was later developed more fully by Deming (1950, 1960, 1963). 

Koop (1960, 1962, 1967), Lahiri (1958), McCarthy (1966, 1969), Mokashi ' 

(1950) and Srikantan (1963) Madow and Madow (1944) and Tukey (1949), 

also used similar procedures in connection with selection of systematic 

samples with multiple random starts. Other references are Bailar 

and Dalenius (1969) and Richard and Freeman (1979). 

The replicated sampling has the limitations that fewer replicates 

means smaller numbers of degrees of freedom for the variance estimator 

which could lead to unstable estimation. On the other hand, larger 

numbers of replications will increase the cost and decrease the efficiency, 

3,2,2,6 Random Group Method 

Sometimes when the sample is large, it is convenient to use a 

slight variation of the replicated method known as random group method. 

Suppose that a simple random sample is drawn with replacement. Let 

these units be divided randomly into g groups consisting of n/g 

observations each. The variance estimate is given by 
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V(8) = [ (8.-8)2/g(g-l) , (3.43) 
j=l j 

where 

8j = sample estimate computed from the jth random group and 

8 = ^ 8./g . 
j=l J 

This method is also suitable for multistage survey samples. 

However, if there are few primary selections (PSU's), then this procedure 

may also not be very useful. Moreover, there is a loss of information. 

Murthy (196 7) shows that the random group variance estimator V, (y) 

provides an unbiased estimate of V(y) but is less efficient than 

v(;) . 

3,2.2.7 Pseudo-Rep ligation Teahniques 

In order to overcome the difficulties described above, McCarthy 

(1966) proposed the method of half-sample replication called the "pseudo-

replication" technique for estimating variances from stratified samples 

in which two primary selections are drawn from each stratum. A half-

sample is formed by selecting one of the two primary selections in each 

stratum and employing the estimates of interest from the L selected 

PSU's. There are in all 2^ such half samples. 

Consider a stratified sampling desigri with two independent selections 

per stratum. We assume that the selections are made with replacement. 

Let y^ and y^ be the observations from stratum h(h = 1,2,...,L), 

then the unbiased estimate of the population mean Y is given by 

• I, Vh 
h = l 
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5 ' h l % 2 
where W];̂  and - . The usual variance estimator is 

L 

- i J" ' 
h=l 

( 3 . 4 5 ) 

where - (y^^-y^g). The variance estimate based on independent 

replications and (y^g ) is 

( 3 . 4 6 ) 

Now suppose a half-sample replicate is obtained by choosing one of 

(^ll'^iz)' (y2i'y22)''''' and one of (yLi'yL2) ' ^et us 

define the indicator function 6 such that 

hi 

^ ^hl selected for the half-sample 

0 , otherwise 

h2 
1 - 6 

hi ( 3 . 4 7 ) 

The half sample estimate of Y is given by 

'hs 
h=l 

( 3 . 4 8 ) 

There are 2 possible half-samples for a given sample and if 
'hs.i 

denotes the estimate for the ith half-sample, i = 1,2 2^ , then 

'st • ^ J J ^hs,! ( 3 . 4 9 ) 

Let, 

> = 2 6 ^ ' -1 

+ 1 if is in the ith half sample 

~1 if y^2 in the ith half sample 
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then ~ y 6, 

2^ b.l >• 

(i) _ 
0 and 

(fhs.i-yst)' 
h=l 

I «2(6^i))2d2 . i n 

h<j 
W, W cL d. 
h j h J 

( 3 . 5 0 ) 

Now 

Since, = 1 and 

,L (3.51) 

I = 0 
2^ i=l h 

therefore 

2^ 

I (y. 

i=l 
hs,i ^st^ Z " ^ h - v(y..) 

h=l St 
( 3 . 5 2 ) 

Thus from (3.45) and ( 3 . 5 2 ) , we note that there is no loss of 

information if all 2 half sample replicates are used. However, when 

L is large 2̂ ^ will be very large. This reflects the limitation of 

the half-sample procedure because the precision of variance estimate 

depends on the number of replications and sufficient number of 

replications may be costly. The current population survey conducted 

by the U.S. Bureau of Census provides one such example. 

If the primary selections within a stratum are made by simple 

random sampling without replacement, then (3.48) can be written as 

hs 

L 
2 ' 

\ J 
(*hiyhi+*h2yh2) + ^st ' ( 3 . 5 3 ) 

and 

(ybs.i-fst'' i n 
h<J 

2^ 

N, 
g(^)a(i) W W 

h"jVj ( 3 . 5 4 ) 
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Several modification of the half-sample method such as balanced 

half-sample and partially balanced half-sample replications have been 

developed. These are described as under: 

3.2.2, 7.A Balanoed Repeated Repliaations (BRR) 

For a stratified random sample with L strata and two primary 

selections per stratum, it is shown that the variability among the half 

samples arises from the between strata contribution to these estimates. 

This variability comes from the crossproduct terms of d^dj which cance: 

erne another cner the entire set of 2^ half samples or if we use an 

infinite number k of replications. McCarthy (1966) suggested a way 

of controlling the selection of half samples so that the variability 

of the variance estimator is reduced. 

McCarthy suggested that if an orthogonally balanced set of half 

samples is selected using Placket and Burman (1946) matrices, then it 

would give the same precise estimate of variance as would have been 

obtained from a complete set. The method was later more fully developed 

by Kish and Frankel (1968, 1970), who in their repeated replication 

scheme for the varinace estimation used both the principal set of 

selected half-samples and the associated complementary set. These 

authors believe that the principal set of half-samples in the repeated 

replication scheme is best chosen to be "balanced" and the scheme is 

termed as Balanced Repeated Replication (BRR) method. 

A Placket and&urman matrix is defined as K x K matrix of +1 and 

1 s. The elements of final column are all -1 , The dimensions of 

a matrix to be used in a given problem would depend upon the number 

of strata. Let K be the number of half samples selected, then K 

has the restriction that it must be a multiple of 4 and L $ K < L + 3, 

where in all cases L > 2 and K << 2^. Let 6.. denote the element 
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in the ith row and the jth column. The first (K-1) columns of this 

matrix possess the property of balance, i.e.. 

K 

I <S. . - 0 , j T- 1,2,/. .,K-1, 
i=l ij 

(3.55) 

The last column is not balanced, since 

K 
6 . . = - K for j = K 

i=l ij 
(3.56) 

These matrices have the additional property of orthogonality, i.e., 

K 

I 6..6.; = 0 V j f j' 
i=l 1] iJ 

(3.57) 

For L = 5, 6, 7 or 8, the smallest orthogonal matrix that can be used 

is 8 X 8. In order to illustrate this point we give here a matrix M 

for L = 5 constructed such that the columns (strata) of the matrix 

are orthogonal to each other. In a 8 x 8 matrix below, the rows 

identify the half samples and the columns refer to strata. 

Matrix M Used to Form 5 Strata Desi 

Half Sample 2 Stratum 

1 2 3 4 5 6 7 8 

1 + 1 -1 -1 +1 — 1 + 1 +1 -1 

2 + 1 +1 — 1 -1 + 1 -1 +1 — 1 

3 +1 + 1 +1 -1 -1 +1 -1 — 1 

4 -1 +1 + 1 +1 — 1 -1 +1 -1 

5 + 1 -1 +1 + 1 +1 -1 — 1 -1 

6 -1 + 1 +1 +1 +1 -1 — 1 

7 — 1 -1 + 1 -1 +1 + 1 +1 — 1 

8 — 1 -1 -1 -1 -1 -1 -1 -1 
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For L = 5, 6, or 7 any set of 5, 6 or 7 columns can be selected 

whereas for L = 8 the full 8 x 8 matrix must be used. The variance 

estimator is, ^ ^ ^ ' where for the number of strata 

between 5 and 8, K = 8. 

The BRE technique is particularly useful for complicated non-linear 

stratistics such as regression coefficients and the estimation involving 

complex adjustments. Frankel (1971) and Kish and Frankel (1974) 

used this technique for estimating the variances of correlation and 

regression coefficients. Properties of the BRR technique have been 

investigated by various authors for a variety of estimates, for instance, 

Bean (1975), Campbell and Meyer (1978), Fenech (1983), Kalton (1977), 

Krewski (1978a) Krewski and Rao (1978, 1981), Lemeshow and Epp (1977), 

Lemeshow and Levy (1979), Stanek III and Lemeshow (1977), McCarthy 

(1966, 1969a, b), Maurer, Jones and Brynt (1977), Rao, J.N.K. (1975), 

Shah, Holt and Folsom (1977), Simmons and Baired (1968) and Tepping (1968). 

awW Lemeshow, (1972) and Freeman, et al., (1976) discussed 

the multivariate applications of BRR with complex sampling. Casady, R.J, 

(1975) extended the BRR technique for estimating the components of 

variance from a multistage design. Nathan, G. (1973, 1975) discussed 

tests of independence in contingency tables. Gurney and Jewett (1975) 

demonstrated a general method for generating orthogonal replications and 

illustrated for a design with three primary selection per stratum. 

The method could be generalised to multistage sampling, where 

PSU's are selected with probability proportional to size with 

replacement within strata, see for instance, Rao (1975). 



-83 -

Z,2,2.7B. Fartially Balanced Half Samples 

We have seen earlier in Subsection 3.2.2.7A that the minimum 

number K of balanced half samples required to obtain cross-product 

balance is L + 3 . Thus, when the number of strata is large,full 

orthogonal balancing may be too expensive to process the results. 

In such situations, in order to reduce the number of half samples, 

one could generate a smaller number of partially balanced half-samples, 

see,for instance, McCarthy (1966,1969a,b). 

Consider a stratified simple random sample consisting of L 

strata with two selections from each stratum and suppose that a 

balanced set of K 2 L/m balanced half samples is selected, where L/m 

is assumed to be an integer for convenience sake. Now 6 = 0 
h J 

when h and j belong to the same group or belong to different 

groups but do not correspond to the same column in the two balanced 

sets. The variance estimator is given by 

K 
(3.58) 

K H ; h s , i - y s / 4 , r J . W j » 

1-1 h=l h<j 

where Z' denotes the summation over all pairs (h, j) such that 

(i) h < j , 

(ii) h is from one set of K strata and j is from another set of 

K strata, 

(iii) h and j represent corresponding columns from the L/m orthogonal 

columns that make up a balanced set. 
The number of terms in the summation Z' are 

K(L/m)C2 = , (3.59) 
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which increases as the number of component samples increases. The 

efficiency of a partially balanced variance estimator will depend on 

the number of component samples (m) as well as the arrangement of 

strata into groups, for a given m . 

We note that there are - — different non-vanishing cross-product 

terms which contribute substantially to the total variance of V (y ). 
P B J K, s t 

Their total contribution, however, depends upon the pattern by which the 

parent sample is split into m component samples. Lee (1972-73) 

examined the possibility of several strata arrangements into groups so 

that the sum of the cross-product terms could be reduced by suitably 

splitting the parent sample into m component samples. Through the 

theoretical and empirical results it is demonstrated that in order 

to increase the precision of a partially balanced design, the parent 

sample should be divided into component samples Such that each component 

sample has a greater degree of homogeneity in the associated quantities 

. The procedures considered by Lee include: AOA (Ascending order 

arrangement), HTA (Heterogeneity arrangement) and SAOA (Semi—ascending 

order arrangement). The SAOA procedure consists in arranging the 

strata in the ascending order of the magnitudes of W^S^ first, then 

rearranging the last y (or ^ = 1 if L is odd) strata in the reverse 

order and finally taking the first L/m strata for the first group, 

second L/m strata for the second group and so on. The SAOA procedure 

gives a better pattern of arrangement and also provides a more precise 

estimator of ^pg K^^st^ compared to AOA or HTA procedures. 

Lee also considered modifications of the repeated replication and 

balanced repeated replication methods. These modifications are summarised 

in the next subsection. 
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3.2.2.8 Repeated Partial Sample (EPS) ^ Balanced Repeated FartLal 
Sdmple (BHPS) oMcZ GJFg;) 
Schemes. 

In practice, most of the complex surveys do not generally conform 

to the condition of two primary selections per stratum. In order to 

resolve such situations, a more general version of the pseudo~replication 

techniques was proposed by Lee (1973), where the restriction is that 

at least two selections are drawn from each stratum. Lee's method is 

also based on the concept of partial samples where a partial sample 

is formed by removing one selection per stratum from the parent sample. 

The variance of the statistic is estimated from the variabilities among 

the pseudo-values of the statistic. The pseudovalues, one from each 

partial sample, are computed by the same estimation procedure as is used 

to compute the statistic. 

We consider briefly the RP8, BRP6 and GRPS schemes hereunder. 

(^) RPS Scheme; This scheme consists in forming a number of partial 

samples from the parent sample by deleting one sample unit from each 

stratum. So far as the construction is concerned it is analogous to 

r ^ 
the ordinary jackknife method. Each partial sample contains T n,-L 

sample units. Let y^^ be the value of y characteristic for the 

sampled unit in stratum h , which is excluded from.the partial sample c. 

The cth pseudo value is then given by 

L % L 

^(c) - "h .1^ i-hj ' V " - • » . 6 0 ) 

L _ L 
Since, there are n n^ different partial samples with n n^ associated 

different pseudo values of y^^^ , therefore for a complete set of 

n n^ different partial samples the average of the pseudo values is 
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' c ' I " ^ ( 0 • 
n 

L W, ^n_ 

= ^ 1 / < V \ c ' • » • " > 
„ h=l h c=l 

" "h 

Thus, each of the sampled units in stratum h is drawn for omission 

L L 

from an equal number ̂  H n^/n^ ^of the total number n n^ partial 

samples. Taking the sum of squared deviations averaging 

over all,the different partial samples, the variance estimate is given by 

V s < ^ s t ' = X TO • 

For = 2 , provides an unbiased estimate of the variance of 

(b) Balanced Repeated Partial Samples: Since the computation of V (y ) 
iAjT S L 

involves a large number n partial samples which will be laborious 

P 

and expensive if the parent sample is large. To overcome this difficulty 

a smaller number K of partial samples are selected so that they are 

balanced. Then 

VsB,K<>'st> • <?ct-
0 = 1 

where 

L 

The balanced set of K partial samples can be obtained either by 

using Placket-Burman matrices or the balanced designs devised by 
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factorial experiments available in literature. 

(c) Generalised Repeated Partial Sample Scheme (GRPS); In the simplest 

form the GRPS scheme consists in splitting the L strata into L 

groups, each group consisting of one stratum only. Then,a partial 

sample of (2L-1) primary selections is formed by selecting one 

primary selection from the rth group (stratum) and adding it to all 

the primary selections of the remaining (L-1) groups. Thus a total 

of 2L different partial samples of (2L-1) primary selections each 

can be formed from the parent sample. All the 2L different partial 

samples are then used for estimating the variance. If the number of 

strata is large, the L strata can be grouped into g $ L groups 

such that the 2th group consists of r strata where the g numbers; 

g 
^ n e e d not be equal and L — V r . One primary 

&=1 * 

selection is then drawn from each of the r strata of the £th group 

r 

to form a combination of r^ primary selections. Thus 2 ^ such 

different combinations can be created from the £th group. By adding 

one such combination to all the prumry selections of the remaining 

(g~l) groups a partial sample of (2L-r ) primary selections may be 
r 

formed. Thus, a total of 2 different partial samples can be formed 

in association with the £th group and by repeating the procedure r 
for each of the g groups a total t - Y 2 different partial 

£=1 
samples can be formed from the parent sample. 

be the pseudovalues obtained from the pth partial 

sample associated with the &th group, i = l , 2 , . . . , g and estimated by, 

='<£p) • Z "h^h * I "h?bp • 

= + I "k'^kp-^' • ».64) 
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i 
where ^ denotes the summation over r strata of the Jith group, 

I denotes the summation over the remaining (L-r.) groups and i? 
^ kp 

is the y value of the sampled unit (from the kth stratum of the £th 

group)which is included in the Pth partial sample. In general, the 
r, 

average of over all the 2 different partial samples 

associated with the £th group reduces to y^^ . This implies that 

the averaging of over all the t different partial samples is 

also equal to y . The average of the squared deviations over all 

the 2 different partial samples associated with the &th group 

reduces to 

& 2 2 
2 "k (ytp-Tk) / 4 . 

The average of the squared deviations (y " y over the t 
(£p) St 

different partial samples is 

g £ 2, 

all % Wk(yki-yk2)^/4 = Wh(yhi-yh2)^/4 = v(yst) -

IJ.o 

(3.66) 

Thus , 

VcRPsfygt) = (y(&p)"yst) 

where, 3 2 is the number of different partial samples associated 

with the £th group. The expression (3.66) gives an unbiased estimator 

of the variance of y^^ .When g = 1 , it reduces to BRR variance 

estimator. Further details on these schemes could be found in 

Lee, (1972, 1973). 

The pseudo-replication techniques have the limiation that these are 

applicable only to the situations where two selections are drawn from 

each stratum, except the general methods proposed by Lee. However, Lee's 
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methods have not found wide applicability. The other difficulty with 

BRR techniques relates to the approximate degrees of freedom for the 

estimated variance. Thus, it appears worthwhile to consider other 

methods with wide applicability and more attractive features such 

as the jackknife, the bootstrap and the weighted jackknife. 

3.2.2.9 The Jadkknife Method: 

We have seen that the BRR technique has the disadvantage that the 

appropriate matrices must be derived for each problem of interest and 

the half samples must be constructed in accordance with the matrix 

specifications. The Taylor Series method, on the other hand, requires 

the evaluation of thepartial derivatives which may be difficult in certain 

cases, A technique which provides a simple variance estimator and does 

not require the evaluation of partial derivatives, as in the case 

Linearization variance estimator, or the construction of Placket and 

Burman matrices, as with the BRR variance estimator, is the jackknife 

method. 

The jackknife, introduced by Quenouille (1949, 1956) as a method 

of bias reduction, has been shown to have robust qualities in a wide 

variety of situations, Tukey (1958) extended Quenouille's procedure to 

an inference technique that could be appropriate either when distribution, 

assumptions are in question or alternatively when a complete 

distributional theory is impossible to derive analytically. The name 

"jackknife" suggested by Tukey refers to a generally applicable tool 

like the boy scout s jackknife that has great utility in many situations 

even though most of its uses could be carried out better by applying 

specialised tools if such tools are available. 

al 
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The simple idea of the jackknife technique can be described as 

follows: Consider 6 as an estimate of a parameter 6 based on a 

sample of size n . Now delete one of the observations, say the jth, 

from the sample and recompute the estimate. Call it 9 Continue 
-J 

the process until each observation has been deleted exactly once. 

Define the pseudovalues 

8j = n8 - (n-l)8_j , j = 1,2,...,n • (3.68) 

Then the jackknife estimate of 6 is the average of these pseudovalues, 

1 
n 

I G; , (3.69) 
n j:i J 

and jackknife variance estimate is 

] , • (3.70) 
J-1 

Properties of the jackknife in the case of simple random sampling 

hawe been extensively studied. Miller (1974bjgives an excellent 

review of the method and its wide range of applicability. Kish and 

Frankel (1970) have proposed four variants of the jackknife method for 

estimating the variance from a stratified sample with two PSU's 

per stratum. 

Besides, being not always advantageous, the indiscriminate use of 

the jackknife may have disasterous consequences in certain situations. 

For example, the jackknife does not perform well in the general area 

of order statistics such as estimation of median and range. Another 

area in which the jackknife has little or no success is in time series 

analysis. It may, however, be pointed out that the jackknife is a 

general procedure not necessarily intended to be the best procedure in 
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specific situations. Since our main interest lies in the jackknife method 

and its applications, further details regarding the method and related 

issues will appear in Chapter 5. 

3 , B o o t s t r a p Method; 

Efron (1979a) proposed an alternative procedure for variance 

estimation in complicated situations. This procedure is based on repeated 

samples generated randomly according to the empirical distribution 

function of the sample. He has coined the term "bootstrap" for this 

procedure. The following introduction to bootstrap method is given 

by Efron (1981a). 

"The bootstrap is a simple and straightforward method for calculating 

approximated biases, standard deviations, confidence intervals, and 

so forth, in almost any nonparameteric estimation problem. Method is 

keyword here, since little is known about the bootstrap's theoretical 

basis, except that,(a) it is closely related to the jackknife; (b) 

under reasonable conditions it gives asymptotically correct results; 

and (c) for some simple problems which can be analysed completely, 

for example, ordinary linear regression, the bootstrap automatically 

produces standard solutions". It may, however, be noted that it is 

not still known how one could bootstrap in complex surveys. 

The most interesting feature of the bootstrap is that it provides 

a connection between statistical theory and computational power. 

Regarding this aspect Efron (1979b) says, "The purpose of mathematical 

theory, and in fact all scientific theory, is to reduce complicated 

situations to simple ones. Just what a scientist means by "simple" 

is determined by experience, training, convention and the limitations 

of human reasoning faculties. A Taylor Series expansion is a classic 

example of this process, a given function Is expressed as a sum of 

multiples of powers. Since we are taught a lot about sums, multiples 
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and powers, the explanation may be a good deal easier to understand 

than the function as originally stated. 

The advent of high speed computers has redefined "simple" in 

the mathematical sciences. For example, an optimization problem which 

can be reduced to a problem in linear programming, is in most instances, 

now considered solved. Since the simplex method is so efficient in 

numerically solving linear programmes". 

The purpose of Efron's article is to show this same process 

at work in mathematical statistics . "A theory which enables a 

scientist to understand his data with the help of a high speed computer 

may now be as useful as a theory which only requires a table of exponential 

function, particularly if the latter theory does not exist. Computer 

assisted theory is no less "mathematical" than the theory of the past, 

it is just less constrained by the limitations of human brain". 

The basic principle of the bootstrap is that the variance of T 

where T is a functional defined on the distribution of F , can be 

estimated by the variance of T on F* , the empirical cumulative 

density function for the sample. Following Efron (1979a, 1979b) 

the underlying idea of bootstrap can be described as follows: 

Consider a random sample of size n observed from a completely 

unspecified probability distribution F 

*i " *i' Xi'i^d F ' i = 1,2 % - (3.71) 

where F denotes the distribution on either the real line or the plane 

but does not play any role in the theory. Let X = and 

25 ~ j^2 ' • • * d e n o t e the random sample and its observed realisation 

respectively. The problem we wish to solve is as follows: Given a 

specified random variable R(X,F) possibly depending on both X and 
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the unknown distribution F , estimate the sampling distribution of R 

on the basis of observed data x . Now the bootstrap method can be 

described as follows : 

(1) Construct the sample probability distribution F , putting mass 

i/n at each point ,. .. 

(2) With F fixed, draw a random sample of size n from F , say 

X* = X* , 3* ~ F , i = 1,2,...,n (3.72) 
1 1 1 ind 

Call this the bootstrap sample, 

X* = (X*,X* . , 22* = (x*,x*,...,x*^^ 

The values of X* are selected with replacement from the set 

{x^,...,x^}« 

(3) Approximate the sampling distribution of R(X,F) by the bootstrap 

distribution of 

R* = R(X*, F) (3.73) 

i.e., the distribution of R* induced by the random mechanism (3.72) 

with F held fixed at its observed value. The point is that the 

distribution of R* , which in theory can be calculated exactly once 

the data is observed, equals the desired distribution of R if F = F. 

3.2.2.10A. Cateulation of Bootstrap Distribution: 

The difficult part of the bootstrap procedure is the actual 

calculation of the bootstrap distribution. The possible methods of 

calculation are: 

(i) Direct theoretical calculation as illustrated in Examples 3.9 

and 3.10 be low: 
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Example 3.9: 

Consider a probability distribution F putting all its mass at 

0 or one,and let the parameter of interest be 6(F) = Probp(X=l) 

The most obvious random variable of interest is 

n 

R(X, F) = X -8(F) , where % = I x./n (3.74) 
i=l 1 

Having observed X = x , the bootstrap sample X* = (X*,X*,...,X*) 

has each component independently equal to one with probability x = 8(Fyw(6 Zf 

iMliL probability 1 - x. Now from the standard binomial result 

R* = R(X*, F ) = X* - X (3.75) 

has mean and variance E^(X*-x) = 0 , Var*(X*-x) = x(l-x)/n, where 

and Var* indicate probability calculations with respect to the bootstrap 

distribution of X*> with x and F fixed. 

Example 3.10: 

Consider the estimation of 8(F) = Var^CX) , the variance of an 

arbitrary distribution on the real line, using the estimator 

r - 2 

t(xj = % (X.-X)^/(n-l) (3.76) 

i=l "• 

We wish to know the sampling distribution of 

R(X^ F) = t(X) - 8(F) (3.77) 

Let p (F) indicate the kth central moment of F , then 

= Ep(X-EpX)^ (3.78) 

and 

Wk= Wk(F) , 
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the kth central moment of F . Standard sampling theory results 

(Cramer (1946), Section 27.4) show that 

R* = R(X*, F) = t(X*) - e(F) 

has 
"2 

E R = 0 and Var.R - — ^ 
.* _ * 

* n (3.79) 

MoMte CbrZo dpproatmattoM to Bootstrap 

According to this method repeated replications of X* are generated 

by taking random samples of size n from F , say 

and the histogram of the corresponding values R(x*^,F), R(x*^,F),..., 

R(x*^,F) is taken as an approximation to the actual bootstrap 

distribution. This approach is Illustrated by example 3.11 for the 

estimation of correlation coefficient from Efron (1979b). 

Example 3.11; (Standard Error of Correlation Coefficient) 

Table 3.1 gl the average LSAT and CPA scores for entering 

classes of 15 American Law Schools in 1973. For each school two 

numbers are given: 

= average LSAT score of entering students at School i , 

y^ = average undergraduate CPA score of entering students 

at School i . 

Table 3.1 The Average LSAT and CPA for 15 American Law Schools, 1973 

School 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

LSAT 576 635 558 578 666 580 555 661 651 605 653 575 545 572 594 
CPA 3.39 3.30 2.81 3.03 3.44 3.07 3.00 3.43 3.36 3.13 3.12 2.74 2.76 2.88 2.96 

Note: LSAT is a national test for prospective Lawyers and CPA the 
undergraduate grade point average. 
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The observed Pearson correlation coefficient between n pairs of 

numbers (x.,y^) , i=l,2,...,15 is 

. _ n _ n 
P - — , where x = % x./n, y = I y./n . 

I I (Yi-;)" ' 
1=1 1 i=i 1 

= 0.776 

Scatter plot for these 15 pairs appears as Fig. 3.1. We wish to estimate 

the standard .error for p. The bootstrap procedure for this is 

as follows: 

(A) Suppose that the data points x^pXg,...,*^ are independent 

observations from some bivariate distribution F on the plane. 

Then the true Standard error of p is a function of F , denoted by 

o(F), 

r 4 
o(F) = [VarpP(Xi,X2,...,X^)) (3.80) 

It is also a function of the sample size n , and the functional form 

of the statistic p , but both of these are known to the statistician. 

(B) We do not know F , but we can estimate it by the empirical 

probability distribution F , 

1 
F: mass - on each observed data point x i=l,2,...,n. 

(C) The bootstrap estimate of o(F) is 

Cg = o(F) (3.81) 

It may, however, be pointed out that for the correlation coefficient 

and most statistics, even very simple ones, the function a(F) is 

impossible to express in closed form. This is the reason why bootstrap 

is not in common use. However, Og can easily be approximated by 

Monte Carlo methods. The main steps for example 3.11 are:-
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Fig. 3.2 Histogram 1000 bootstrap replications of p*-p 

gives a bootstrap estimate of accuracy o^^^=.127 

for the correlation coefficient p = .776 of the 

law school data. The normal theory density of 

p*-p has a similar shape, but falls off more 

quickly at higher values of p*nP . 
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(a) Let P be the empirical distribution of the 15 observed data pointa 

i.e. the probability distribution which puts mass 1/15 at each observed 

point (x\, y^) as described above. 

(b) Use a random number generator to draw 15 new points (x* v*) 
i 

independently with replacement from F , so that each new point is an 

independent random selection of one of the 15 original data points. 

We call these new points as "bootstrap sample". They are the subset 

of original points and it is possible that some of the original points 

might have been selected zero times, once, twice,etc. 

(c) Compute p* = p(x*, y*) , the correlation coefficient for the 

bootstrap sample. 

(d) Repeat steps (b) and (c) a large number of times, say K, 

each time using an independent set of new random numbers to generate 

the new bootstrap sample. Call the resulting sequence of bootstrap 

correlation coefficients p*^, ,P 

(e) Approximate o by 

= 

K . . _ 

j=l 
(p*^ - p)^/(K-l) (3.82) 

where 

K 
p = % P*J/K 

As K » , (3.82) approaches the original definition (3.81). For this 

example K - 1000 and Fig. 3,2 shows bootstrap replications 

n*l "*2 ".1000 , . . . 
P , p ,...,p* . The abscissa is plotted in terms of (p*J-p) . 
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From (3,82) we get the estimate of standard error of p . 

Og =0.127 

The normal theory estimate of standard error of p (Johnson and Kotz, 

1970, p.229) for this case is 

l-p2 
— = 0.115 

It is apparent that and a compare favourably well. 

(ttt; dpproztmattoM Method. 

The Taylor Series approximation method can also be used to obtain 

the mean and variance of the bootstrap distribution of R*. This, 

however, turns out to be the same as the usual jackknife theory 

(see Efron, 1979a, 1979b, 1981a, 1982). 

The important point about the bootstrap is that it can be applied 

just as well to any statistic, simple or complicated,as to the correlation 

coefficient. The great power of the bootstrap like jackknife is that 

it can be used in extremely complicated situations. The bootstrap 

methods, however, have not found wide applicability and recognition 

like the jackknife methods. Efron (1979a, 1979b, 1981a, 1981b, 1981c, 

1982), Efron and Stein (1981) and Efron and Gong (1983) have 

discussed several other applications such as ratio estimation, regression 

models, cross validation, censored data and the error rates of prediction 

rule. Rocke and Down (1981) discuss the application of the bootstrap 

for estimating the variances of location estimators. Parr (1983) 

establishes the connection between the jackknife, the bootstrap and the 

delta method. Through simulation results and asymptotic expansion, 
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he shows that the three methods coincide at least to first order terms. 

The absence of skewness leads to the second order coincidence of the 

jackknife and the delta methods. 

It may, however, be pointed out that the bootstrap is a generalisation 

of the jackknife. It is also true that the bootstrap like jackknife 

does not always win the ground, see,for instance, Rockeand Down (1981). 

In certain cases»such as order statistics, it performs better than the 

ordinary jackknife but also requires more computational time. In fact, 

the two methods are very closely related. The ordinary jackknife is the 

method of choice if one does not want to do bootstrap computations due 

to cost factor. The bootstrap method has limited applications, particularly 

in connection with complex survey situations it is not known how 

bootstrap could be defined. In view of this situation, we will not 

discuss the bootstrap method any further in this study rather we will 

concentrate on the jackknife method which is simple and has wider 

utility. 

3.2.2.J] 

The standard jackknife procedure ,outlined earlier in subsection 

3.2.2.9, defines the pseudovalues symmetrically with respect to the 

observations. It may, however, be pointed out that certain observations 

are influential and may cause a wide variation in pseudovalues. 

A case may be judged influential if the important features of the 

analysis are changed substantially when it is deleted from the data, 

in particular, if the pseudo-sample contains an outlier. Thus an 

estimate that depends heavily on such data points or observations is 

prone to instability. The standard jackknife procedure is sensitive 

to aberrant values and may lead to erroneous results in the presence 

of such observations or data points. This point has been noted, 
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among others, by Efron (1979b), Efron and Gong (1983), Hlnkley (1977a, 

1978), Hobbs, et al., (1980) and Miller (1974a). It was in an attempt 

to find a suitable version of the jackknife that could be used with 

non-symmetric data that Hinkley (1977b) proposed a weighted jacknife 

procedure for robust regression analysis. In the weighted jackknife 

the pseudovalues are defined in terms of the distances "w." of the 

observations from the centre of the data whereas in the standard 

jackknife "w^" is constant. 

The concept of the weighted jackknife is based on the empirical 

influence function. In order to grasp the development of the weighted 

jackknife procedure it is essential to understand the connection 

between the jackknife and the influence function (Huber, 1972). The 

story starts from 1947 when von Mises introduced the idea of influence 

function in his study of differentiable statistical functions, but it 

remained relatively unnoticed for about two decades until investigators 

(Hampel, 1974) interested in robust estimation discovered its usefulness. 

The idea of influence functions is as follows: Let the unknown 

parameter 8 be considered to be a function 8 = T(F) of the underlying 

distribution F , and its estimator 8 to be the same function of the 

sample distribution . Then the influence function I(y, 6) is 

defined as 

T[(l-e)F+e6y1-T(F) 

e-*0 
I(y,8) - Lim — ^ (3.83) 

where 6y is the distribution function which places mass one at y . 

The influence function I(y,8) measures the amount of change in T(F) 

for an infinitesimal change in the weight assigned ty F to y . It 

is like a partial derivative of T with respect to a change in F 

at ordinate y. 
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The connection between the jackknife and the influence function 

is that the pseudo-values give finite difference sample estimates of 

the influence function. For 

c = - , 1 - G = and F = , (3.84) 

the quantity (l-E)F + edy at y = becomes 

where is the sample distribution function based on (n-1) 

observations with the ith observation deleted. Now if the finite 

difference sample estimate of I(y,9) at Y. for 8 = 8 = T(F ) 

is defined by, 

(3.85) 

then it follows that 

). - n8 - (n-l)9 . 
1 -1 

- 0 + (n—1)(8—6 .) 
-1 

- e + I (Y^,8) (3.86) 

because 

- i • 

If the influence functions is sufficiently smooth so that I(y,e) 

converges to I(y,9) for all y as n «», then each pseudovalue 

8. is approximately 8 + I(Y ,8) . This implies that the jackknife 
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will be behaving correctly asymptotically because 8 will be 

asymptotically normally distributed with mean 0 and variance 

2 . . ^ 
I (y,6)dF(y)/n , which is correct distribution of 0 for any 

underlying distribution function F. 

Ruber (1972, p. 1052) notes that "Hampel's Influence Function is the 

most important heuristic tool for constructing robust estimates with 

specific properties. One will strive for influence functions which are 

bounded (to limit the influence of any single "bad" observation), 

which are reasonably continuous in y (to achieve insensitivity 

against round-off and grouping effects), and which are reasonably 

continuous as functions of F (to stabilize asymptotic variance of 

the estimate under small changes of F)". 

Exploiting the connection between the jackknife and the influence 

function as explained in the preceding paragraph, Hinkely proposed the 

weighted pseudo-values and the weighted jackknife variance estimator 

for the general linear model Y = X|̂ +e_ with rank (X) = P and 

2 
Var(e_) = a i. The formulation is briefly outlined as follows: 

Let 6 = (X^X^ ^ X % be the least squares estimator of B based 

on full data and 3 ^ be the alternative least squares estimator 

^ T — 1 m 
obtained by deleting the ith row, that is, 6 . = (X ,X .) X .Y . . 

— 1 —1—-1 ~i —1 

where the subscript -i attached to a quantity means that the ith case 

T 
has been deleted. Thus X . means that the ith row x. has been 

- -1 —1 

deleted from X matrix. Similarly Y_^ indicates that the ith 

value is deleted from Y vector. 

Now the contribution of the ith observation to the jackknifed 

estimator is 



104 -

_ T -1 
(X X) x.R. 

2 - j L i = — ' (3.&0 
1 

T T -1 
where = 3 ^ ( X X ) 25̂  provides a measure of how far the ith case 

is from the centre of the data and R. = y. - xTg is the ith residual-
1 1 —1— 

The empirical influence function is 

I(B; x? , Y ) = n(l-w,)(B-6 .) , (3.88) 
- — 1 1 1 _ - i 

The weighted jackknifed pseudovalues are now defined as 

^ * 1(6; Y^) , (3.89) 

and the weighted jackknifed variance estimate is given by 

WJ n(n-p) ' (3.90) 

where 

. n _ 

* n 
1 = 1 

is the weighted jackknifed estimator. 

The weighted jackknife possesses nice properties and provides a 

variance estimator which is robust against the non—homogeneity of the 

error variances. The method appears to be promising as compared with 

the standard jackknife and other methods in the sense that the residuals 

are weighted by their real effect on the estimation. Thus, it is hoped 

that the estimates based on the weighted pseudovalues will be less 

sensitive to extreme data points and will give reasonably stable 

variance estimates. However, still much remains to be investigated 

regarding the applications of this method to other non-linear estimators 

such as ratio estimator and correlation coefficient as well as in the 
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area of order statistics. We discuss the weighted jackknife method, 

its properties and its further applications in greater detail in Chapters 

8 - 4 ^ 

In the previous section we have discussed the randomisation based 

approach to variance estimation from complex surveys. This approach, 

as we have seen, offers several choices but it has been recognised that 

the randomisation based variances may not provide a suitable framework 

for inference from an observed sample. In comparison to this, under 

the prediction approach to finite population sampling, the variance 

of an estimated value is determined conditionally from the set s of 

sample units actually observed. By conditioning on the sample actually 

chosen, the prediction approach often reveals relationships that are 

important for inference but that are concealed in the randomisation 

based theory. The prediction approach has proved to be a useful and 

meaningful tool for analysing finite population sampling problems. 

In this section, we examine variance estimation under the prediction 

approach. In particular, we are concerned with a non linear estimator, 

the ratio estimator, for which the prediction approach has suggested 

alternatives to the randomisation based variance estimator. The prediction 

approach has indicated serious drawbacks in the variance estimator 

(3.30) for th^ ratio estimate. example, Royall (1971) suggested 

that this estimator can be badly biased with respect to a superpopulation 

model unless the sample is balanced on size i.e. the average size of 

the sample units is approximately equal to the population average. 

Royall and Eberhardt (1975), and Royall and Cumberland (1978) have 

suggested alternative robust variance estimators. We review these 

and other variance estimators under l±e model % . The preliminaries 
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have been discussed in Chapter 2 and we will refer to these when the 

need arises. 

2:3.1 Varicmae Estirmtes for the Ratio Estimator': 

Consider a population of N units labelled 1,2,...,N . 

Associated with the unit i is a pair with known and 

fixed but unknown. The variable represents the value of some 

characteristics of interest while the auxiliary variable is 

frequently a measure of size of the ith unit. Some practical 

examples are: 

(i) may be the volume of wheat produced by the ith farm and 

the acreage under wheat, and 

(ii) y^ may be the number of patients in a hospital during a particular 

period and x^ the number of beds at that hospital. 

Let y j['̂ 2 '' ' ''^N denote the realised values of the independent 

random variables ,. . , . Then we assume that the relationship 

between x^ and y^ can be expressed by a regression model, 

?! = , (3.91) 

where, E(e./x,) = 0 , E(e?/x.) = o#. and E(e e /%. ,x ) = 0; for 
^ ^ 1 1 1 1 j 1 j I 

This model provides a simple mathematical description of a population 

in which the pair are concentrated about a straight line 

through the origin with scatter about the line increasing as x 

increases. This model reflects the structure of many populations. 

N 
The ratio estimator for the population total T = ^ y. , is 

y y i=l 
6 ?! N 

defined as T - ^ x . . Under the randomisation approach the 
A X. i=l 1 
s 1 
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ratio estimators is biased. However, the bias becomes small as 

the sample size increases and is negligible when n is large. The 

randomisation based analysis requires that the samples be selected 

via simple random sampling. It is this artificial randomisation ̂  

employed in the selection of the sample, which generates the probability 

distribution from which the properties of the ratio estimator 

are derived. Under the randomisation based approach the precision of 

is measured by 

1 — 1 

where 

N 

R = (3.92) 

I X . 

i=l " 

which does not depend on the selected sample s. 

The prediction approach suggests markedly different results for 

T^ than those discussed above under the randomisation based approach. 

Under the prediction appraoch, after the sample is observed, the 

population total, T , can be written as the sum of two parts, 

T = I y. + % y. (3.93) 

s s 

where s is a set of n units in the sample and s denotes the set 

of non-sample units. The ratio estimator for population total T 

is unbiased, infact BLUE, under the prediction approach and a measure 

. . ^ 2 
of precision attained by T^ as an estimator of T is given by E (T^-T) 

This result from Royall (1970) is presented in Theorem 3.1. 
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Theovem 3.1 

Under the model (3.91) the ratio estimator is unbiased, 

that is, E (T^-T) = 0 and its error variance is given by 

XX 

- 0% , (3,94) 

X 
s 

where x is the average of n units in the sample s , x is the 
s s 

average of (N-n) units not in the sample and x , the average of 

all N units in the population. 

2 -
From (3,94), we note that E (T^-T) decreases as x^ increases 

which implies that if the model is correct, the ratio estimator is the 

optimal and the optimal sample consists of the n units having the 

largest x values. However, when such a sample is used, the ratio 

estimator can be badly biased under the departures from the model 

(3.91). For example, if E(Y.) = a + gx. then the ratio estimator 

N(x-x )a ^ 

has a bias — ^ which is large if x is much larger (or smaller) 

X 
s _ 

than X . If X = x , that is, if the sample is balanced on x then 

this bias vanishes. If the sample is balanced on higher powers of x 

as well, say x^ for j = 1 , 2 , . . . ,J , then the ratio estimator is 

unbiased for any jth degree polynomial regression model, see,for 

instance,Royall and Herson (1973a),and Royall and Cumberland (1981a). 

From (3.94) we also note that the prediction approach provides 

a markedly different measure of precision in compared to that 

given by the randomisation approach (3.92), An unbiased estimator of 

(3.94) may be obtained by replacing by the weighted sum of squared 

A 2 
residual statistic a , (Royall, 1971). 

- zrr I 
s 
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Yg 
where R = ~ • This result is expressed as theorem 3.2. 

s 
X 
s 

l^ieorem 2.2 

2 

Under the model (3.91), a given by (3.95) is g-unbiased 

2 
estimator of a with the resulting unbiased variance estimator 

\ ^ [̂- f] ̂  
^ / X 

s 

This variance estimator can, however, be badly biased if the 

variance model fails, that is, if the variance function is not linear in 

X , see,for instance, Royall and Eberhardt (1975). We will discuss 

this issue later when we compare the variance estimators (Section 

3.3.2.1). 

These results indicate that given by (3.92), even if known, 

would not be appropriate as a measure of after sampling uncertainty 

in T_. The reason being that V is constant and hence provides the 
R c 

same measure of uncertainty in T for all samples whereas the error 

variance given by (3.94) is a decreasing function of x^ . If we 

substitute the randomisation based variance estimator V , 
c 

I (y,-RcX.)2 , (3.97) 
n-i ^ 1 s i 

s 

for V in (3.92), the situation becomes less satisfactory, see^for 

instance, Royall (1971). Under the model (3.91) , the expected value 

of V is 
c 

0^ — (l-f)x 
f s 

1- ^ (3.98) 
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where 

n 
8^ = — ^ 1 (y\-Rx^)^ and V^(s) 

s 
N ' *r n-i 6 "s"i' n-1 % /*s ' 

The relative bias in V is 
c 

RB 

E ^ ( V T ) ' 

1- i vj(s) 
- 1 = 

X X -

X 

XX. 
for large n (3.99) 

(Royall and Eberhardt,1975) 

The relative bias given by (3.99) increases as x increases and is 

positive or negative according as x is large or small. The relative 

bias vanishes only when x = x , that is, when the sample is balanced on 

Royall and Eberhardt (19 75) adjusted V to remove its bias 

under the model (3.91) and the resulting unbiased estimator IS 

H 

x-^x 
s 

(3.100) 

These authors also showed that V is asymptotically equivalent to 

the ja^kknife variance estimator Vj , for g = n . 

The jackknife estimator features both in the randomisation and 

the model based approaches. In the latter because it conditions in 

some sense on the sample data. 

N 

Ti- • ' m - i f l < i i 

i%(j) 

I 

J 

(3.101) 

where 
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ny -my. 
s J 

(j) n-m 
= y. 1 -

(g-i)y. 

nx -mx. 
x... = - J i 
(j) n-m 

= X 1 -

x.-x 
_J 1_ 

(g-l)x 

and X. and y. are the averages of x and y , over m units in 
J J * 

the jth group (gm = n). 

Let 

° ( j ) 
* ( j ) ' 

l U i - R 

Xj) 

- i I 
® j=i 

l u i - R 
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y.-R X. 
J s J 

(g-l)x 

1 + 

d. 

g-1 
- ^ j l 
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J s J 
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1 + 
g-1. 

.. 1 

*(j) *S 

1 + 
g-1. 

Now, writing A. = y. - R x - , we have 
J J s J 

x.-x 

and d. = — — -

* ( j ) 

» ( j ) = - ; 

s 

A.d. g A.d. 

+ , J .1 - i y J .1 
(g-l)2 S j=l (g-1)' 

A. 
_L 

(3.102) 

Substituting the version of from (3.102) in (3.101), the jackknife 

variance estimator can be written as 

- ^2 

(1-f) — 

8 AT g A.d. 

j-l * ' j-l " i u ' " (8-1)3 
v 

= N (1-f) 
§ (y.-R x.)^ S (y.-R x.)^d. ^ § 

j-l 

1 ? -

1 - 1 

IBRARY 
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Under the model (3.91), the expected value of is given by 

E (Vj) = 

X 
I SJ 

S (y.-R X.) g (y.-R x.)d. 

I I 
j=l j=l (g-1)' 

1 
I ' 

(g-1) j=l 

(y.-R x.)d. - — y (y.-R x.)d. 
J s J J % 1 s 1 1 

i=l 

Now 

(3.103) 

gx.+e.-gx. 
] J J 

'(g-G)x.+e. 
J J 

?_2 * - -? 
(g-6) x:-2e.(6-g)x.+e: 

J J J ] 

Er(B-6) = E, 

I y, 

I x , 
S 

(3.104) 

E ^ ( S ) - E ^ I. 
le J 

1 r 2 a -
) O X . = — X . 

E^(ejg) = E 

IGJ I 

= E. ' I . + [ I n . ̂  . 1 
le J le J 

e. 
1 

o^/n . 

Substituting these expected values in (3.104), we get 
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S j = l J s J 

JL_ _ 2 
X. 

X. + — X, 
n J n J 

-

X 
n s 

(3.105) 

Substituting (3.105) aad the expected values for the other terms in (3.103) 

after simplification,we get 

2 N 
E^XVj) = Y (1-f) 1 + I 

j=l 

x.-x 
_J s g(g-l) + I 

j=l X 

g(g-l)' 

g 

- I 
j=l 

g / • — 

X. 
g 

X . 

—̂  d, - - I —̂  d. 
- 3 g i t i 1 

X I s I S j 

g(g-l) (3.106) 

For large g , the jackknife variance estimator V ' can be approximated 

as 

Vj = N^(l-f) I (y'-R.X;) /g(g-i) . 
Xgj j=l j J 

(3.107) 

when g = n and n is large, V is closely related to and . 

that is 

V? = V 
J c 

l^s 

(3.108) 

XX-
Since from (3.100) we have V = — g ' therefore when n is 

X 

large and f is small, we get 

Vj " 
(3.109) 

Royall and Cumberland (ISMMMO proposed a variance estimator V 

fN 
2 

n 
v 

y 2 
(N-n) 6 (y^-RgX^) / 

X s / 
s 

1 -

X. 
1 

nxs 

(3.110) 
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This estimator is unbiased under model (3.91) and is very much like 

V„ , that is, asymptotically equivalent to V and approximately 
H J 

unbiased for more general variance models, see for instance, Royall 

and Cumberland (1981a). 

Royall and Eberhardt (1975) , assuming that the error distribution 

is normal, computed the variances of V , and V^. 

Var(V ) = 
N ( 1 - f ) X 

2o % X. / (g-1)' 

j=l 

(3.111) 

This implies that for a fixed s and hence fixed n , the variance 

given by (3.111) is a decreasing function of g which is in agreement 

with Rao and Beegle's (1967) Monte Carlo results ŵ io also observed 

that g = n gives better results for V . 

Var(V^^ = Var 

/ • 

N 

f 

XX 

(1-f) - 5 ^ I (y.-RgX.);&.(n-l) 
s 

and 

^ (1-f) 

X 

2o 

n-1 
(3.112) 

Var(Vy) Var I (i-o 3 

(y.-R X . ) 
1 S I 
(n-1) 

Var(V^) 
w 

1 X 
s 

_ 2 
[ 
: ^ - [ ^ ] - 2 

(i - - v^(s) y 
\ n X / 

5, 
I X. 

where x = s x 
s n 

(3.113) 
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From (3.112), (3.113) and (3.94), it is apparent that under the 

assumption of normal distribution both the estimators and 

are consistent in the sense that their relative variances approach 

zero as n increases. The ratio of their variances for large n 

is approximately given by 

Var(V_) -
J L = 1 + V (s) (3.114) 

Var(Vw) 

This imp lies that under the assumption of normal distribution 

is less efficient than , see,for instance, Royal1 and Eberhardt 

(1975). 

3.3.2 gyygcts of fatZwres of ModbZ; 

A desirable property of any variance estimator is that it should be 

robust in its ability to approximate the true mean square error when 

the correct model is different from the assumed one. A basic model 

can fail under two situations. Firstly, the variance may not be 

2 

proportional to x , that is, Var(Y^) = ^ o x^ • Secondly, the 

regression function may be E(Y^) = h(x^) 5̂  . These two forms 

of departures from the original model have independent effects on the 

variance estimators. 

Each of the variance estimators considered earlier in Section 3.3.1 

is of the form, V = C %%?(%) , where is a linear function of y 

i 
the vector of y's in the sample, and c is a constant which may 

N 
depend on s but not on y. For example, has - (^^(l-f) 

i2 ® 
x_(n-l) 

and 2.^,^(2) = (y^^-RgX^)//^ . Since E|^^(Y)^ = VarZ. (Y) + ^E(%(Y))j 

therefore, under this situation, we have 
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E(V) = C X {Var%^(Y) + [E(Z^(Y))]2 , 

i 

= C I Var%.(Y) + C . (3.115) 

From expression (3.115), we note that the expectation is the sum of 

two parts, first part depending on the variance function v and the 

second part obtained by replacing by its expected value E(Y^). 

If the regression function E(Y^) = is correct, then the second 

part in (3.115) is zero for all variance estimators under consideration 

in this section, see,for example, Royall and Eberhardt (1975). We 

discuss the effects of these departures from the original model 

separately following Royall and Eberhardt (1975). 

3.3.2.2 ygrtoMae Mot ProporttoMaZ to 

We assume that 

E(Y.) = 3x. and Var(Y.) = v. / a x. 
I X 1 1 1 

(3.116) 

Under this model the error variance of is 

(i) E^(Tg-T) = E^ 

I yj N N 

6 *i i=l 1 i=l 

= E, 

I e, i N 

I x. - A e. 
% X . i = l i = l 
^ 1 

N ^ _2 
e 

2N 

N 

i=l 
X . 
1 

+ e 
N 

N 

l i l 
2 Var(e ) - 2N 

N 

Cov(e ,6^) + N Var(eQ) 

(3.117) 



Now 

117 

Var(e ) = Varj— 7 e. 
s \n ^ 1 

1 r 1 -
_ _ ) V, = — V 
2 ^ 1 n s 

n s 

Varfe^) = Var 'x f 
T % *i 
N i=l 1 

Ccv(e^.e^) -EfCe^.e^) -E5(e^)E(;^) = ^ J , . i 
les 

Substituting these expected values in (3.117), we get 

E ^ ( V T ) ' 

N 

i=l 

N 

I X. 
N 

x_ 

1 z i=l 1 - r 
N 6 

V - 2 N 
n 8 

X" i=l 

N 

\i=l 

2 
nx 

N 
y x.-nx 

i=l 1 s 

N 
i=l 

X . V 
1 s 

E (i_f) f k ; 
t 2 s 

X 

X 

1+f — ^ X V - - X v 
^ . s s s s 

X-V 
s s 

/ / 

fx 
c 1+f 

s 

X , 
X V X - v f / X~V 
s s s s| / s s 

(3.118) 

where 

N 
x%. 

C = — (1-f) V 
f - _2 s 

X 

(ii) Variance Estimator v 
c 

Under the model (3.116) the expected value of the randomisation 

based variance estimator V is given by 
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\ ( V , ) 
N 

f I (Yi-RgXi) /(n-1) 
s 

Y (l-fiEr I (g-6)2x?-2e^(g-6)x +e? /(n-1) 

N ( 1 - f ) I X? Var(3-3)-2Cov(e^,g)^ x^+Varu e? / (n-1) . (3.119) 

Now 

Ej I (E;) - I », 
^ s ^ s 1 

E_(6-g) = E, 

1' Y; ' ^ f 

/ l! 
V . 

1 Cov(e^,S) - E^(e^B) - E (e^)E^(3) = E (e^g) = y' —-

s 
Substituting in (3.119) and simplifying we get 

_ 2 f 

E j ( V - C 
X/.X 
s 

1 + - (v2(s) - 2V (s) 
n X xv^ 

I 

(3.120) 

where 

C = Y (l~f) I Vg and V (s) 
XV 

6(v.-vg)(x.-;g) 

(n-l)x V 
s s 

From (3.118) and (3.120) we note that when f is small and n is 

large, 

Er(Tn-T)^ = C and Er(V ) = C --5-
^ K 4 C 

X X 
s 
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The relative bias in V is 
c 

- 1 (3.121) 

X - X 
s 

This means that if the sample is balanced on x , the randomisation 

based variance estimator V is approximately unbiased under the model 

( 3 . 1 1 6 ) . 

(iii) Weighted Least Squares Estimator V 

Following the same procedure, the expected value of the weighted 

least squares variance estimator could be obtained and is given 

by 

E%(Vw) = 7 Eg % (y.-RgX^)2/x^(n-l) , 

r 

I -F' \ 
1 + 

n-1 
(v/x) - 1 ( 3 . 1 2 2 ) 

For large n , (3.122) reduces to 

E^(V^) = C (v/x)^ , where (v/x)^ = ^ % (v./x.) . 
s n 1 1 

s 

The relative bias in V„ is 
W 

Eg(Tg-I)2 

( v / x ) ( 3 . 1 2 3 ) 

Thus the bias in V„ can be serious when the model fails and the form 
W 

)f this bias depends on the variance function v(x) 
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(iv) Variance Estimator V, 

The expected value of under the model (3.116) is simply the 

/ f 1 2, 
and the expected value of V 

product of 

Thus , we have 
I 

1 - i v2(s) 

N -
E^(V^) = _ (i_f) Vg 

1 2 1 
1 + - {V (s)-2V (s)} I 

n X I 

1- - T ^ X s ) 
I n X j 

1+-{v2(s)-2V (s)} 
n X XV 

1 - i vj(s) 
(3.124) 

From (3.124), we note that for large n , V is approximately unbiased 

under the models where the variance function is not proportional to 

X . Also from expressions (3.121) and (3.124),, we note that when 

X = X the estimators V and V,, are both unbiased but when x f x 
s c H s 

the variance estimator becomes biased whereas retains its 

unbiasedness. 

(v) Jackknife Variance Estimator V 

Under the model (3.116) the expected value of V^ is given by 

Ej(Vj) = C 1 + 
j=l 

(x.-x )/x 
J s s I Z "j' 

IX,, "j 
(d.x./x ) 

J J s 

g(g-l) -1)2? 

2v.. 
J 

X . 
J 

(d;x./x ) - ^ ^ 
J J s i=l 

"X 

V 

2 v \ -
s 

H . 
1 1 

d. ^ d.x./] 
j=l ^ J 

;(g-i) 

(3.125) 
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Thus when f is small, n is large and g is large as well, the variance 

estimator V is approximately unbiased, that is, 

E (Vj) = C . (3.126) 

From these results, we conclude that the variance estimators 

Vy and V are approximately unbiased for all variance functions when 

n is large, f is small and g is large as well. For g = n , the 

variance estimator approximates Vj. Since is like V 

similar behaviour is expected from this estimator. The randomisation 

based variance estimator V is biased regardless of the variance 

function. However, when the sample is balanced on x , this estimator 

is approximately unbiased for any variance function. The weighted 

least squares variance estimator V is unbiased for all samples, but 

only when the variance function is linear in x . 

3.3.2.2 Impliaations of the Failure of Regression Models: 

Earlier in Section 3.3.2, we have mentioned that the expectation 

of each of the variance estimators considered is the sum of two terms, 

the first depends on the variance function and not on the regression 

function, whereas the second depends on the regression function and 

could be obtained by substituting E(Y^) for in the estimator. 

Vb illustrate this point for the variance estimator V , Mie others 

could be handled in exactly the same w^f. Consider that E(Y^) = hx. 

and Var(Y^) = 

"c = I j , • 
1=1 

From (3.115) , we know that 
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K I Var(y.-R^x.) + K }' 

where K = §- (1-f) — ~ , 
f n-1 

K X Var(y.-RgX.) + K % 

s s 

= K X Var(y.-R x.) + K ^ 

s s 

HjCYi) - I 

I hx 

s ^ 

X . 
1 

hx. 
1 % %i 

s 

X X 
s I 

I + 2 - (1-f) % 
n ^ 

s 

h 

hx. - — X . 

^ Xg 

/(n-1) , 

c L h . i 
n 

X X 
s 

vj(s) + b (3.127) 

where 

and 

c = Y (1-f) i . 1 
s 

X 

N? h -
bg = (1-f) I (hx. - x.)^/(n-l) 

*s ' 

We note that expression (3.127) equals Expression (3.120) + b^. 

Similarly, we can calculate expressions for the other variance 

estimators. Since we are interested only in second part, therefore 

we will write only that part of the expression. Thus, 

rh 
hx. 

1 
(n-l)x^ (3.128) 
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fh 'I 
(l-f)xgx % hx. -

1 _2 
s 

I 

X 
1 

(n-l)x vj(s) ( 3 . 1 2 9 ) 

(l-f)x n(grl) I 
j=l 

g 

_ i ^ 

*(j). 
B i=l 

.*(i). 

( 3 . 1 3 0 ) 

and 

^ M8E ^ * 
__ h 

X X 
s 

y 

(3.131) 

where. 

r 1 Y , 
' ° if .1^ "Xi 

The expressions b b 5 b and b reflect the implications 
MSB' c' W' H J 

of departure from the regression model E(Y.) = gx. on the actual MSB 
1 1 

and the variance estimators. We note that the failure of the regression 

nmdel E(Y^) = appears to affect each of the estimators under 

study in approximately the same way and for well balanced samples 

this effect tends to be conservative (producing positive bias), see, 

for example, Royall and Eberhardt (1975). 

Z.4 Summary and Conatusions 

Accurate variance estimates, which are trustworthy under broad 

conditions, are necessary for survey sampling inference. Variance 

estimation has been a problem in the past while dealing with large 

scale complex surveys, particularly when the variance estimates were 

required for non-linear estimators and for analytical statistic. 
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One can identify two main approaches to variance estimation, that 

is, the randomisation based approach and the prediction theory approach. 

The randomisation based approach promotes the use of randomisation 

methods, that is, the methods justified by the randomisation distribution 

induced by the sampling design. This approach has provided a variety 

of methods for variance estimation under complex situations as 

discussed in Section 3.2. These methods can be classified under four 

main groups. Firstly, by a careful consideration of the specific 

function f it is possible that an estimable expression can be derived 

for Var f . ,Yĵ ) . Secondly, it is possible to employ the 

numerical calculations for the appropriate partial derivatives of f 

by using Taylor Series method. The third class of methods, which we 

have discussed, belongs to pseudoreplication techniques developed 

by McCarthy and others during the 1960's. The fourth class of methods 

is known as the jackknife procedures which are based on the idea of 

pseudovalues. The problem with the randomisation based variances is 

that these are unconditional, that is, they do not depend on the sample 

actually observed and hence are not suitable for a meaningful inference 

from an observed sample. 

The prediction approach,by utilizing the regression models, provides 

a suitable framework for studying the properties of the estimators 

from an observed sample. For example, the prediction approach has 

pointed out serious flaws in the randomisation based variance 

estimator V , for the ratio estimate, when the variance function is 

linear in x . These flaws continue to persist under more general 

models unless the sample is well balanced on x . The predication 

approach has also provided robust-variance estimators like V and 

which perform well under more general models. The ordinary 
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jackknife variance estimator also shares the properties of V. 

and Vp. It is hoped that the weighted jackknife procedure may 

H 

provide the long desired robust estimator that could limit the influence 

of any one observation and thus lead to stable variance estimates. 

The weighted jackknife is the main theme of our study. 
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EgrrMATTOW OF CORRSLAZTOW FROM C0MP5EZ 3AMP&SS 

4.1 IntToduot-Lon 

One of the areas of considerable research activity in sample surveys 

during the last two decades has been to explore methods of computing 

sample estimates of the variances of non-linear statistics computed 

from complex surveys. The most familiar example is the ratio estimator 

but initiative has also been taken for statistics like partial and 

multiple regression and correlation coefficients which are often used 

in the analysis of survey data. Correlation analysis not only has an 

important bearing on sociological studies based on sample surveys but 

also forms the basis of many multivariate techniques. 

Statistical inference, whether it pertains to confidence limits 

or tests of significance, is based on the assumptions that the sample 

estimate of the population parameter is approximately unbiased, an 

approximately unbiased estimate of variance of this estimate is 

computable from the sample and that the distribution of the ratio of 

the difference of the sample estimate and its expected value to its 

estimated standard error could reasonably be approximated by a standard 

normal distribution within symmetric limits. These assumptions are 

fairly true if the sample design is a simple random selection of 

elements, the estimate is a simple statistic like mean or total and 

the sample size is large. However, departures from simple random 

selection and descriptive parameter estimates may render the above 

assumptions dubious. 
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b^ny sample surveys are characterised by complex clustered and 

stratified samples and often depart drastically from a simple random 

model, see, for instance, Kish (1965, Sec. 14.2). The important 

question, therefore, arises about how far standard statistical 

procedures based implicitly on simple random sampling are appropriate 

when the population has a complex structure. The pioneer work for 

estimating analytical statistics such as correlation and regression 

coefficients from complex surveys is due to Frankel (1971) and Kish 

and Frankel (1974). 

Kish and Frankel (1974) studied descriptive P-inference. Besides, 

Kish and Frankel, the descriptive P-inference has also been studied 

by Jonrup and Rennermalm (1976) and Shah ejt al̂ , , (1977). The finite 

population parameter of interest is defined as 

B = (X'X) ^X'Y , ( 4 . 1 ) 

where 

Y = , B and X = 

%ii XiP 

*N1 

e = 

The error vector ^ has the property that ^ e. = 0. 

i=1 

Recall that there are two main approaches to making a descriptive 

inference for samples drawn from the finite populations, the random-

isation based approach and a model based approach. The model based 

approach considers the finite population of N units as a random 

sample from an infinite population. The population data can be 

characterised by the regression equation. 
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Y = XB + , (4.2) 

where, Y is an N x 1 vector, X is an N x P matrix, is 

a P X 1 vector of parameters and e has a probability distribution 

2 

S with = 0 and Var^(e_) = o V . A sample of n units is 

drawn by using the sampling scheme P . This sample is assumed to be 

independent of both Y and X and is ignored for making inference 

from the model (4.2). A descriptive parameter of interest in this case is 

the generalised least square solution of (4.2), i.e. 

B = (X'V"^X)X'V"^Y . (4.3) 

In case the population consists of clusters, the covariance matrix 

will include terms that represent the intra-cluster correlation 

coefficients. When V = !_ , the ordinary least squares solution of 

(4.2) gives the finite population parameter B . If V and X 
— -s -s 

represent the sample values of Y and X , then the ordinary least 

squares estimator of B or B is 

M . 4 ) 

which is ^-unbiased for £ or ^ or 3 . 

Smith (1981a) gives an illuminating discussion on both types of 

inference. He argues that "the interpretation that the survey design 

does not matter in the model based approach is not correct because 

design always affects the efficiency of an inference in terms of 

criteria such as mean squares error." Rubin (1976) describes the situations 

in which the design can be ignored. Further details regarding these 

issues could be found in Fuller (1973, 1975), Hartley and Sielken (1975) 

and Holt, Smith and Winter (1980). 
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Hartley and Sielken (1975) classify regression models according 

to these two criteria which is reproduced here as Table 4.1. 

Table 4.1 Sampling Theories Classified by Sampling Procedure and 
Target Parameters. 

Target 

Parameter 

Sampling Procedure 
Target 

Parameter 
Repeated sampling from 

a fixed finite population 
Repeated two step sampling 

from an infinite population 

Parameters of 
finite 
population 
B or B 

Classical finite 
population sampling 
theory. 

P-inference 

Superpopulation theory 
for finite population 
sampling. 

^-inference. 

Parameters of 

infinite 

superpopulation 

3 

Infeasible 
Inference on infinite 
population parameters from 
two step sampling procedure 
Analytic ^"inference. 

The purpose of this chapter is to consider the problems encountered 

with the estimation of correlation from sample surveys with complex 

designs. Frankel (1971) studied the behaviour of simple, partial and 

multiple correlation and regression from clustered stratified samples. 

In Section 4.2, we give a brief review of his study for the estimation 

of correlation and regression for finite populations. We discuss some 

alternative estimators for the estimation of correlation coefficient 

from stratified populations in Section 4.3. Non-simple random sampling 

leads to the biased estimation of the population correlation coefficient. 

Section 4.4 deals with the consequences of the sampling method on the 

estimation of correlation and regression as elucidated by Warren (1971). 

In Section 4.5, we investigate the effects of stratification on the 

behaviour of simple, partial and multiple correlation through a 

simulation study. Finally, in Section 4.6, we give a summary of the 

main conclusions. 
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4.2 Franket's Study 

Using data from the March 1967 Current Population Survey, 

Franke1 (1971) investigated the behaviour of complex estimators for 

three clustered stratified sample designs of 6, 12 and 30 strata with 

two primary sampling units being drawn from each stratum. The population 

of his study consisted of 3240 primary sampling units each of 14.1 

households on the average. The study included 45,737 households in all. 

This study involves a clustered stratified sampling design with proportional 

stratification and equal probability of selection which implies a 

self-weighting sample. Simple random sampling within each stratum is 

assumed. The strata were formed on the basis of geographical regions 

and population density (rural - urban). A summary of the sample design 

appears as Table 4.2. 

Table 4.2 Summary of Sample Designs Used by Frankel (1971). 

Design Primary 
units 
per 

Strata 

Number 

of 
Strata 

Number 

of 

Primary 

Units 

Selected 

Number 

of 

Samples 

Selected 

Average 

Sample 

Size 

Coefficient 
of 

Variation 
of 

Sample 
Size 

I 540 6 12 300 170.3 0.190 

II 270 12 24 300 339.5 0.130 

III 104 30 60 200 846.5 0.074 

The study comprised eight variables for each household which were 

divided into two groups to form two multiple regression equations, i.e. 

?i = Bo + BlXli + + B3X3. + c. (4.5) 

= Bo + 34*41 + B5*5i + B6%6i + =i (4.6) 



131 

The details of the variables and their identification numbers are as 

under. 

Identification Number Variable 

1 Number of persons in household under 18. 

2 Number of persons in household. 

3 Sex of household head. 

Y Total income of household head. 

Y' Total income of household. 

4 Age of household head. 

5 Number of persons in household in labour force. 

6 Years of school completed by household head. 
_j 

The estimates studied were based on the following two mutually exclusive 

groups of variables. 

Group Predictand Predictors 

I Y 1 , 2 , 3 . 

II Y' 4 , 5 , 6 . 

No estimates were formed from variable pairs not within the same group. 

Thus correlation was computed between variables 1 and 2 but not between 

1 and 4. 

Frankel considers a finite population of N elements where the 

values ^^i*' ' ' ' ^ 1 associated with the ith element 

of the population. For measuring the relationship between Y and X 

N " K " 
the population parameters B. are defined such that V (Y - Y B X ) 

' i=l " j=0 j j' 

is minimum, where X^^ = 1 , that is B^ are the ordinary least 

squares regression coefficients. The estimates B. are obtained by 
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treating the sample of n vectors from the population of N vectors 

a ^ . 9 
as if it is a simple random sample. Thus minimising ) (Y.- T B.X,.) 

i=1 1 J 

with respect to , we get 

K 

I U-iB: = V , m = 0,1,2 K (4.7) 
j=0 J J 

where. 

J . = % X X.. and V = y Y.X . . 
mj mi Ji m 1 mi 

Without assuming that the population under study conforms exactly or 

more closely to the model being used, the correlation coefficient 

population values are interpreted as the proportion of variability 

in Y explained by the particular model under consideration, see, 

for instance, Frankel (1971, p.20). 

The ordinary least squares regression theory, on the other hand, 

assumes the model 

Y. = g^X. + e . . ( 4 . 8 ) 

where = ^^li'^2i* ' ' " '^i^^ ' ~ , .. . , 6 )^ . It further 

assumes that 

(a) E(e^/X^) = 0 , for all i 

(b) Var(e^/X^) = o^ for all i 

(c) Cov(E^,Ej/X^,X ) = 0 for all i j 

(d) ~ N ( 0 , of) . 

Kish and Frankel argue that this and other well specified models 

give desirable results but the problem is how to reconcile this model 

with the real population being studied. For example, clustered 
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selection introduces positive correlation between the errors of the 

model and the assumption (c) fails. Besides, these correlations 

have serious effects on the statistics based on complex samples and 

also pose formidable theoretical difficulties. For example, as a 

broader class of analytical statistics, we may think of the coefficient 

of multiple linear regression. The derivation of their distribution 

implies independence of observations and not of the variables whereas 

clustering destroys the independence of observations. 

4.2.3 ggftmattoM of CbmpZac 

Kish and Frankel (1974) investigated the properties of the first 

order and second order estimates for three clustered stratified 

designs. The first order estimates in their study comprised 8 ratio 

means, 12 difference of ratio means, 12 simple correlations, 6 partial 

correlation coefficients, 2 multiple correlation coefficients and 

8 partial regression coefficients. For these estimates, they compared 

the relative biases (ratio of bias to parameter). The formulation is 

described as under:-

Let denote the value of the Pth variable for the ith 

element in the a^h primary unit of the hth stratum for the population 

where p = 1, 2,...,P, i - 1, , a - 1, 2,...,A and h - 1,2, 

The corresponding values for the sample are denoted by x , . where 
phai 

all subscripts have the same range except a = 1, 2. We have 

(i) Means: 
H A ah 

X = y y y x , . / H A I , . (parameter) 
P h-l a-l i=l Pbai 

L 2 ^ah 
- = y y y X ^ ./2HI . (sample estimate) (4.9) 

L L L phai an P h=l a=l 1=1 
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(ii) Correlation Coefficient: 

p , Covariance PP' 
Mpp = 

(VarPVarP')* 

PP 

( s ^ s ? y p p 

, (parameter) (4.10) 

where 

C^P= 

H A I 

1 

H A I 

h=l a=i i=l *phai*^hai 

" ^ I a h x 2 

h=l a=1 i=1 Phai 
I I I' 

' H A I , 

(4.11) 

The sample estimates are: 

c • 
PP 

(sfs^ )^ 
P P 

(4.12) 

where 

C ' = 
PP 

H 2 I 

i=1 *Phai -phai 

n 

H 2 I 
ah 

H 2 I 
ah 

I I I X , .X' 
h=1 a=1 i=1 phai phai 

and 

2 2 , 
s = s 
P P 

" ' 'ah xZ 

h't a=1 1-1 
I I Y 

H 2 I , 

I r " 
h=1 a=1 i=1 

V a i l (4.13) 

(iii) Regression Coefficients 

Let Che variables be recorded so that X., X.,...,X _ are k-1 
1 / k—1 

predictors and X, is the predictand, then 

(4.14) 

where 
A*-1 V 

kxk kxk kxk 
and A* is the k x k matrix with &qth 

element 

H A I 

I I r ' x jq X 
h=1 a=1 i=1 Ahai qhai 

^ k," 1 

k— 1 



135 

H A ^ah 
and V is k X 1 vector with £th element {V.} = V t V X .X 

— & /. .6 khai h = 1 a=1 1=1 

Z - 0, 1,...,k-l. 

The corresponding sample estimates are given by 

g = (g ,g )T . (4.16) 
Kx1 " ' K"' 

where 

: _ *-i * . 
2 " & V and a is a k * k matrix with &qth element 

kx 1 k,xk Kx1 

H A *ah 

J , J , J , h h a i \ h a i • ' - O.-

q = 0,...,k-i , 
H 2 lah 

and V is a k X 1 vector with 2th element {v,} = Y Y f x, , . x 
A h=1 a:i i=1 khai &hai 

(iv) Partial Correlation Coefficient 

The partial correlation coefficient is defined as the correlation 

between two variables when all others are fixed. For the population 

values the partial correlation between X^ and X^ is defined as: 

k-1, k+l A = — — 1 (Parameter) 

(4.17, 

where C is the 2qth element of a k x k matrix C = and R 
— - — 

is a k X k population correlation matrix with &qth element 

S Z - 1 , 2 f ... ,k 
f v •). = 

?. 2.* ' q = 1,2 k 

The sample estimates are: 
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where {̂  } is the £qth element of a k x k matrix c = r ^ 
£q — 

and X is a k x k sample correlation matrix with £qth element 

I -

1,2, .k 

(v) Multiple correlation: 

Multiple correlation coefficient may be defined as the simple 

Correlation between Y and its linear regression + BgXg 

^1^1 ®2^2'' ' ' ^ 1 ' ^2' ^3 • Thus the population 

multiple correlation coefficient is given by 

Let 

R. 

R = 

kxk 

k(A) 
[ 1 1 ] (Parameter) 

2 1 

Pl2 Pl3' 

^22 ^23' 

P&2 P&3 

Ki^kl Pk2 Pk3 

(4.19) 
kk 

Iq 

'2q' 

Hq 

kq 

. ..k 

• 'P. 1 k. 

'2k 

2k 

k k 

and C = R 

kxk kxk 

1 1 12 

'21 22 

•iq 

'2q 

'Ik 

'2k 

"Al &2 &q 
z I 

'k1 '&2 'kq kk 
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kxk 

"k1 

1 - R 
1(2, 
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1 2 .. 3 • • • • 

1 
S i ^12 S 3 

2 
S i . ^22 '' ^^3 Cgq 

3 
S i ^32 "" ^^3 

& S i ^&2 .... 
i ; 

'Ik 

'2k 

3 k 

Ak 

C., 
kk; 

11 

R 1 -
k(l, k-1) 

\ ( 1 , 2 , k-1) 

The sample estimates are: 

1 -

"'kk 

z ̂  ̂  

i _ i_ 1 
z ̂  ̂  c. 
11 kk 

. i 

k(A) 1 -
1 I 

'kW 

( 4 . 2 0 ) 

4.2.2 Results: 

In Frankel's study the relative biases for 5 in 12 simple correlations 

for 6 strata design and 3 in 12 simple correlations for 12 strata design 

are greater than 10 per cent. These relative biases, however, decrease 

as we proceed to a 30 strata design for which the relative biases for the 

individual simple correlations are less than 5 per cent. For the partial 

and multiple correlations the relative biases are much higher as compared to 

simple correlations. For example, the relative biases for the partial 

correlations r for the 6 strata design and r for 12 strata design 
yl.23 y2.13 

are greater than 25 percent and 15 percent respectively. Similarly the 

relative biases for the multiple correlations greater than 20 

percent and that for ? is greater than 12 percent for 6 strata designs 

(see Appendix I). The average absolute relative biases for the simple, 

partial and multiple correlations decrease with the increasing sample 
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size and are comparatively higher for the multiple correlations except 

for 30 strata design for which these are higher for the partial 

correlations than those for the multiple correlations. Kish and 

Frankel (1974) conjectured that the high relative biases for the multiple 

correlations were due Co tl^ basic defects of the estimator rather 

than the complexity of the selection design (Table 4.3). 

Table 4.3 Average Relative Biases in Complex Samples for Simple 

Partial, Multiple Correlations and Regression Coefficients 

Estimator 

Relative Biases 

Estimator No in 

Average 
6 Strata 

^d^sign 
300 samnles 

12 strata 

design 
300 samoles 

30 strata 

2 0 o " j S l , , 

Simple Correlation 12 0.06972 0.05399 0.01748 

Partial Correlation 6 0.12333 0.08365 0.05863 

Multiple Correlation 2 0.16002 0.11115 0.04670 

Regression 

Coefficients 
8 0.04978 0.03320 0.02776 

Source: Kish and Frankel (1974) Table 2. 

Kish and Frankel advocating the estimation of B (Finite population 

regression coefficient) argue that some researchers could benefit 

by knowing the amount of the relationship between Y and X that 

could be explained or accounted for a linear model like 

ot + i-lj with assumed i.i.d random 

variables (with zero mean and variance ) or some other model. 

They stress that it is not necessary to assume models as described 

above because the purpose is only to know how much of the variability 

in Y can be explained by the particular model we try. However, 

a different point of view is expressed by others(Konljn, H.8., and 

Smith, T.M.F. in the discussion of Kish and Frankel, 1974) who argue 

that the researcher's primary objective is to discover some (at least 

approximate) relationship between Y and X and the amount of 
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variation that can not be explained by such a relationship would as a 

natural consequence form the basis for the evaluation of the results 

obtained. This implies that the primary interest of the most of the 

users is in the estimation of the parameters of an appropriate model 

rather than the estimation of the descriptive measures like B , 

N 

i=1 

Frankel employed estimates of (4.21) which are valid for simple 

random sampling. Since the sampling designs used in his study are 

self-weighting, these estimates are consistent for large samples. 

With unequal probabilities and are estimated term by 

term using the method of substitution, and the estimates of population 

expression B are given (Brewer and Mellor, 1973) as under: 

I I I I 

B = (4.22, 

( I I .T'xJ) - ( ! 
1=1 1 1=1 1 1 1=1 1 1 

where n Is the number of sample units and is the total 

probability of inclusion of the 1th unit in the sample. 

4.3 Some Esttmators; 

For a stratified sampling design where n^ elements are drawn 

from each stratum without replacement and with equal probabilities 

at each draw, the parent population correlation coefficient p is 

given by 

1. T. T h=1 1=1 ^XY 

^ , -.2 t 9h 
*(X,Y) r L N, n L N. -i r ' (4.23) 

(T T ) • 
^ XX' YY^ 
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where 

_ L N L N 
5 . and V- = 

In this situation, Frankel's estimates for the population expressions 

^ Y ' ^xx and can be written as 

f (K.F) - % ( x - x ) ( y 
h=1 i=1 

where 

~ _ r rh , 1 ~ V rh 
' ' j , j , ° j , J , 

Thus, we have 

TxY'G-') ' J , " h ' V - ' V y * • M .24) 

Tjj^(K.F) = I f (x^^-x^)2 + J • (4.25) 
n-I 1-1 h=I 

and 

T^^(K.F) = ^ j , . (4-26) 

The estimator for p is given by 

^XY(K.F) 

[Txx(K.F).TYy(K.F)r 
(4.27) 

4.Z.1 Koop's Estimator 

Consider a finite population divided into L strata, each stratum 

having identifiable elements (h = 1,2 L) with pairs of 
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measurable values (x^^, y^^), (h=1,2,...,L; i=1,2,...,N^) so that 

I N^= N . Let elements be drawn from each stratum without 
h=1 

replacement and with equal probabilities at each draw. The total sample 

V 

size is I n^-n . In this case in order to estimate the population 

correlation p given by the expression (4.23), Koop derived unbiased 

estimates for the population values and which can be 
XY' XX YY 

written as 

XY(K) 
h=1 

°h-' N n^(n^-l) 
S^(>=,y) + 

where S^(x,y) = 
% 

j , (Xhi-XhlCfhi-rh)' \ t • J , 

(4.28) 

iN J \ ' 
N. 

° i, 
respectively 

N the unbiased estimates of x, and Y 

Similarly we have 

T x x « ' - I 
h=1 

v ° h 

"h"' " " h < V " 
Sh'X'%) * J , (4.29) 

TvYfK) = % 
h=1 

5 C I _ _ 5 i ) V " H 

v 
S^(y,y) (4.30) 

% N 
For a self weighting design we have, substituting 

n N 

in (4.28), (4.29) and (4.30), we get 

N p & N (N-n) L 

n ' J , (yhi-y^) + 

L N (N-n) 

* n(N^.n-N) Sh(x,y), 
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n + J . ^ ^ ( x , y ) . 

X\ II _ _ 
where. Gov (x,y) = Y ."y.)/(#L"1) • In a similar 

" ni n hi h n 

(4.31) 

manner, we obtain 

N ^ L N, 

:<« = ; \ 5 : , I T M.32) 
n— 1 

n, 
h _ 2 

\^^x,x) = % (Xhi"*h) 
i= 1 

" n + I (1- ^jV^(y,y) (4.33) 
h= 1 

\ 
where V^(y,y) = % 

From expressions (4.31), (4.32) and (4.33) we note that the bias 

in Kish and Frankel's estimates of covariances and variances is 

L N ^ L N ^ L N 

?r N )c°Vh(%.y). J , ' h \ f y - y > 

respectively. The estimator of the correlation coefficient p in this 

case is therefore given by 

L n. 

Tj,^(K.F)*J, 5^c°Vh(%.y) 

ti-i h=1 

4.3.2 Wak-imoto's Estimator 

In order to estimate the population correlation coefficient 

Wakimoto (1971) also derived unbiased estimates of the population 

XX' yy' xy ' where 

(4.34) 
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*xx = WhChx* + I Whf^hx-^x)' 
n=1 h=1 

and 

^yy ^h^hyy * ^y) 

L L 

°xy ^h^hxy * ^h^^hx ^x^^^hy ^y^ 

ji ^ V h y 

The unbiased estimators of these population variances are given by 

L W n L 

®xy<*' - j n (n -1) I ' • \ i - \ p * J 
n - i n n j n - 1 

^ "h"-"h' r , 

j , i^i . 

L 

I 
h=1 

W, W^(l-W^) 

" h ' v " K j 

* % *h(Xh-a)(yh-y) , 
h=1 

L 

I 
h=1 

h •°h 

" V „^n^-l) J , 

J 

J , "h^V^Xi-h-y) (4.35) 
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Similarly, we have 

L 

V " ' - I 
h=1 

n, n-iL 1 

J , ' v - V - h - h 
I nL(x_-x)^ , (4.36) 

SyyCW) = I 

h = 1 

n n-n, 
h h 

" < v ' > n2(n^-,) 
I*" (yi,ryi.'^+r I n^(y^-y) 

; 
i-1 " '• ° h-l 

( 4 . 3 7 ) 

For a selfweighting design, the above expressions can be written 

as 

Sxyfw) = % 
1 + h 
n n(N^n-N) 

^ L 

1~I n—1 * 

j , n " n J , * j , ^ < 5 ; ^ ) = h , 

L n 

+ I - T Covh(x,y) 

h=1 

1 
n XY (4.38) 

n * I ^ \ ( * , * ) 
h=1 

(4.39) 

SyY^W) - n TYY^K-F) + Vh(y,y) - (4.40) 

The estimator of the correlation coefficient p is now given by 
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L ^ 

T^yCK.?) + % Cov^(x,y) 

P = — ; j- L (4.41) 

[(fxx(K.F) + I nhV^(x,x)[TYY(K.F)+ % nhVh/y.y))]* 

4.3.3 ggtwggM Abop and Maktmoto'g Esttmates 

From expression (4.31), we have 

L 

?%?(%) = I N 
h=1 

^ (1-n/N) 

n n (N^n-N) 

L 

Sh(x,y) + I n^(x^-x)(y^-y) (4.42) 

If the finite population correction factor is ignored, then we get 

Tx^fK) = NtSxyCW)] (4.43) 

Txx(K) = N[Sxx(W)] (4.44) 

Ty^XK) = N[SYY(W)] (4.45) 

4.3.4 Disaussion of Results 

We note that for a self-weighting design, Koop and Wakimoto's 

results for the estimation of covariances and variances reduce to those 

of Kish and Frankel estimates plus bias. This shows that stratification 

causes bias in the estimation of correlation and that the bias may 

be of substantial magnitude. 

Kish and Frankel have mainly concentrated on the effects of clustering 

on the variances and have ignored the effects of stratification on the bias. 

Thus they have been lead to the misinterpretation of results. Also 
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from expressions (4.43), (4.44) and (4.45) we note that if the finite 

population correction is ignored then,for a self-weighting design, 

Koop's estimates reduce to those of Wakimoto multiplied by N. From 

these theoretical results we conclude that the high relative biases 

in Kish and Frankel's estimates of correlation may be due to the effect 

of stratification. 

Regression 

Warren (1971) draws a distinction between correlation and regression. 

Correlation studies the extent of relationshipbetween two variables 

whereas regression describes the form of relationship between the 

specified values of one variable (independent) and the means of all 

corresponding values of the second variable (dependent). In regression, 

vm will seldom be dealing with strictly random samples whereas a 

random sample is necessary for the conventional theory of the correlation 

coefficient to be applicable. In regression the general practice is 

to get a wide range of independent variables so as to have a more 

precise estimate of the regression coefficient or to point out the 

existence of the curvilinear relationship. Thus the sample correlation 

coefficient computed from regression data will usually not be a valid 

estimate of the population correlation coefficient. Therefore, designing 

studies both for correlation and regression simultaneously presents 

a contradiction because if the correlation coefficient is a valid 

estimate of the population value then it implies that the estimate of 

regression equation is inefficient. Similarly, if the estimate of 

regression is the best possible, then the estimate of correlation is 

likely to be invalid. It means that a good regression design causes 

bias in the estimates of correlations and a good correlation design 
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(simple random sampling) gives an inefficient estimate of regression. 

In Frankel's study we observe that the mean absolute relative 

biases for the multiple regression coefficients are 5, 3 and 3 per cent 

respectively for 6, 12 and 30 strata designs whereas for partial 

correlation coefficients these relative biases are 12, 8 and 6 per cemt 

and for the multiple correlations 16, 11 and 5 per cent respectively 

for 6, 12 and 30 strata designs. This is in agreement with Warren's 

argument that the estimates of correlations obtained from restricted 

sampling will over estimate the population value substantially. 

The survey design in Frankel's study used geographical region and 

the population density (urban-rural) as the design variable (Z) for 

stratification. In practice we might expect that regional or 

area type (urban-rural) differences do exist which would affect the 

relationship between the variables. For example, sex of the household 

head may have a strong relationship with the density of population due 

to social reasons. Warren designs on x variable rather than on the 

design variable Z . We discuss briefly salient features of Warren's 

results. 

4.4.1 Uarren'8 Analysis 

Let (X, Y) be a random sample having a bivariate normal 

distribution with parameters ^ ' where 

12 
O , Or 

is the correlation coefficient and 
1 2 

is the covariance. 

The frequency function with zero means (w^ = 0, Ug = 0) can be written 

as 

dF(x,y) 

2n0^02(1-p2y^' 
exp 

- 1 

2(l-p:) 

. 2 

2p 
xy 

°1*2 

\ 2 

(4.46) 
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Consider a sample of size N ̂  (X , Y^), (Xg, Y^) , . . ., . The 

correlation coefficient can be written as 

where 

i=1 
(X_-X)(Y^-Y) 

- N N -| 
% (X.-X)2 % (Y.-Y)2 

^ i=1 ^ J 

1^ 

N 
X = % X^ and Y = % Y 

i=1 i=1 

(4.47) 

Warren (1971) derived expressions for the expectation of the square 

2 

of the correlation coefficient r and precision of the estimated 

regression under simple random sampling and selective sampling. He studied 

the impact of these sampling methods on the bias of correlation and the 

precision of regression. His main thesis is that non-simple random 

sampling can cause bias in the estimation of correlation and this bias may 

be of substantial magnitude. We give a brief summary of his results as 

under. 

4.4.1.1 Simple Random Sampling 

2 

(a) Expectation of r 

Under simple random sampling, for a sample size N , the expected 

value of the multiple correlation coefficient is given by 

E(r^) = 1 - (1-p^ ) F | 1 ,1 j-J (N+1),p2 (4.48) 

where F(a,b,c;x) is the hypergeometric function (Kendall and Stuart, 

1970, Vol.2, p.353). E(r^) may be evaluated as follows 

1 

1,1,^<N+1), p: 

[{^(N+l)} 

r{^<N-i)} J 

0 

(1-c) &(N-3) 

(l-p2t) 

dt, 
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and hence 

E(r ) = 1- Y (N-2)(1-p2) (1-t) 
4(N-3) 

dt . (4.49) 

(b) Pveoision of the Estimated Regression: 

The estimator of the slope and intercept of the regression are 

Z(X^-X)(Y^-Y) 

Z(X^-Xj2 
and a = Y - 3X 

Var(B) 

Z(X^-Xj: 

, Var(a) = 

NZ(X^-X): 
0%, Cov(a,g) = -

EX. 

NZ(X^-X): 

(4.50) 

If Y„ = a + ''0 c •*" 3 XQ is the estimated value of the dependent variable at 

X = X , then 

Var(YQ/X) = 
1 . (Xp-X): 

^ Z(X.-Xj2 
(4.51) 

Now, using the fact Chat Var(Y) = E[V(Y/X)] + V[E(Y/X)] , we have 

(N-3)o 

E(var(YQ/X)) 

Now, letting = X^ , we can write (4.52) as 

E(Var(Y /X)) 

(4.52) 

(N-3) 

Thus 

Var(Y) = 

2 - 1 

(4.53) 

1.4.1,2 Selective Sampling 

(o) Expectation of 

Let the sample consist of n observations made at 

Spaced values of X so that N = ng and 

equally 

X (g-1)a, -(g-3)a (g-3)a, (g-1)a (4.54) 
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Under this situation we have 

n 
X (x.-x) = 2 _ na^ (g-1)g(g+1) 

i=1 
= na*4(g) (4.55) 

where 

M g ) 

n 

% (X.-X)(Y.-Y) = na EC , 
i=1 

(4.56) 

% (Y.-Y)* = % % (Y,-Y.)2+ n % (Y.-Y) 
i=1 j = 1 J j j = 1 

= [W +nW_+n(ZC.Y.):/EC ] 
1 ^ J J 1̂ (4.57) 

2 
where, W ~ ^ 

Now 

6<n-l),0 ®2 "•5->=g-2,0 ~ N 

naZC.Y. 
J .1 

[[na:*(g))(w +nW +n(ZC.Y.):/(ZC:)l]* 
' J J j ' 

a 
2 , - 2 

P^^(g), *(g) 

(4.58) 

and, 

= 

n(ZC.Y.)* 
.1 .1 

0(g) w+z 

where 

and 

and 

W^+nWg 0 X g(n_i) 0 + n % Xg(n-1),0 " ^ % f,o 

f = g(n-1)+(g-2>4;-2,Z = (cc.Y.)* ~ o^x, , 
4(g) J J 

(4.59) 

5 = nO(g) 

1-p' 

E(r2) = 1-e-3/2 F^l^f+I), l(f+3), 1 6 

where F(a,b;x) denotes the confluent hypergeometric function. 

can be evaluated using 

(4.60) 

E(r2) 
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F-liff+l), 7 (f+3), i Gr = 
- 2 

(f+3 )] 

1 

i 1 
t (f-1) expCj 6t)dt; 

so that 

Efrf) ( f+1) •(1-t) Y J-dt 

0 

(d) Preoision of the Estimated Regression: 

From (4.51), we have: 

(4.61) 

Var(Y /X) = 

z(x^-x)' 

Under selective sampling X = 0 and Z(X -X) = na (j) (g) , therefore 

VarfYg/X) 
na**(g)_ 

(4.62) 

Supposing that the range of interest extends from x = -X.o^ to x = Xo , 

i.e. letting Xa^ = (g-1)a and putting , in (4.62), we get 

Var(Y ) = N 
- 1 

1 + 
3(g-1) 

(g+1) A J 
a* = N-1 1 + 

3(g-1) 
g+1 

0^ . (4.63) 

From these results we note that, 

2 

(i) Under selective sampling, E(r ) is a function of N, g, X and 

, whereas under random sampling it is a function of N and 

only. 

(ii) Similarly, for a given , under selective sampling Var(Y) 

is a function of N, g, Z and X , while under simple random sampling 

it is a function of N and Z only. 

(iii) The efficiency of selective sampling relative to simple random 

sampling, for a given Z , is defined as the ratio; 
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R Ef = V&fi&nce Simple Random Sample 

Variance Selective Sample 

This relative efficiency is a function of Z and of N, g and X . 

Warren conducted an exhaustive numerical study of the behaviour 

of E(r*) with varying N, g, x and pz and also of the relative 

efficiency with varying N, g, x and Z. We present a few graphs from 

his study in order to illustrate the behaviour of the bias in case of 

correlation and the relative efficiency in case of regression. The 

details of these graphs are given as under: 

Fig. 4.1 E(r^)vs.n , selected , X = 2 

2 
Fig. 4.2 E(r )vs.n , selected X , pz = 0.5 

= 2 

2 

Fig. 4.3 E(r )vs.g , selected p* , x = 2 N = 30 

Fig. 4.4 R.E vs. Z , selected X , n = 10 

Fig. 4.5 R.E vs. g , selected n , 1 = 2 

Fig. 4.6 R.E. vs.g , selected Z , X = 2 N = 30 

From these graphs we note that selective sampling gives biased 

estimates of p and this bias can be large. Moreover, bias is an 

increasing function of the range of the independent variable but a 

decreasing function of the number of points within the range and also of, 

the sample size but does not approach the true population value in any 

case. In case of regression, the graphs indicate that the relative 

efficiency increases as the range of independent variables increases but 

decreases as the number of points within the range increase. It is usually 

greater than unity except when the range is small. The relative 

efficiency also decreases with increasing sample size. Thus, these 

results show that the bias for correlation and the precision for regression 

are contradictory. One should be cautious in determining which of the 

correlations or regressions is appropriate to the problem and select the 

sampling method accordingly. For example, for N = 30, g = 10 and x = 2, 
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if = 0.50 , then E(r2) = 0.635 , thus giving an expected overestimate. 

On the other hand, the relative efficiency for estimating the regression, 

except close to the mean, is of the order of 150 per cent. 

4.5 E f f e c t of Stratifying VaTi-ahle on the Behaviour of CoTretations 

Let 9 be the population parameter of interest and 9 be the 

estimate of 9 computed from the sth sample (s = 1,2,...,s). 

Then Bias(9) = E(9) - 9. 

Relative Bias = (4.64) 

In Frankel's study, the relative biases for the multiple correlation 

were the highest as compared to the biases for the simple and partial 

correlations for 6 and 12 strata designs (Table 4.3). However, these 

biases for the multiple correlation decreased with the increasing 

sample size at a good rate, i.e. 16, 11 and 5 percent for 6, 12 and 

30 strata designs. This suggests that the relative bias is a function 

of sample size and for large sample sizes the bias may decrease 

considerably. 

The important point to consider is whether the poor performance of 

the multiple correlation is caused mainly by the correlation between 

elements due to the complexity of the design or due to some other reason. 

Kalton (discussion of Kish and Frankel, 1974) expresses the opinion that 

the multiple correlations in Frankel's study have been derived only from 

two regression equations and there may be something atypical in these cases. 

Sampford (discussion of Kish and Frankel, 1974) says that the poor 

performance of the multiple correlation may be due to the effect of 

clustering rather than the nature of the estimate. However, Smith, T.M.F. 

(discussion of Kish and Frankel) points out that if the objective of the 

study is regression analysis, then the sample multiple correlation 

coefficient is being used in the second order sense of measuring the 
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goodness of fit of the model to the data rather than in the first order 

sense of estimating the population multiple correlation. However, if 

used to estimate the population correlation coefficient for a sample 

design involving stratification, then Warren's results show that the 

sample multiple correlation coefficient may be badly biased. 

Kish and Frankel's study is based on a stratified clustered sampling 

design. The estimates of correlation in their study are computed from 

two regression equations. It is possible that the high relative biases 

for the multiple correlations in their study may be due to the strong 

relationship of the stratification variable (geographical region and 

population density) with one or more of the variables under study. 

Kish and Frankel present seemingly anomalous results about partial and 

multiple correlations. In fact, Kish and Frankel's analysis using deffs 

confounds clustering and stratification. These authors have mainly 

concentrated on the effects of clustering and have thus ignored the 

stratification. Stratification can cause bias and earlier in Section 4.3, 

we have seen that Koop and Wakimoto's results show that stratification 

has an effect on variances and covariances. Also from Warren's 

theoretical results and graphs (sub-sections 4.4.1.1 and 4.4.1.2) 

we have observed that stratification can cause bias in the estimation 

of correlations and that the bias can be of substantial magnitude. 

It, therefore, seems worthwhile to examine the effects of stratification 

on the behaviour of simple, partial and multiple correlations. We 

attempt to reproduce Kish and Frankel's results employing correlations 

modified by taking into consideration stratification effects. 

4.S.1 Simulation Study 

Consider the regres 

(i = 1,2,...,K) be the independent variables and Z the stratification 

Consider the regression of Y on X . Let X^, Xg,...,^^ 
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(design) variable. Suppose that the variable is highly dependent 

on Z . Let be the sample correlation between the dependent 

variable Y and the independent variables X^, r^j the sample correlation 

between Y and Xj (j = 1,2,...,k-1) and r^j the sample correlation 

between X. and X. . We denote the corresponding population 

correlation by and respectively. Further, we suppose 

that is the bias in caused by stratification. These 

relationships can be expressed in general form as: 

" ' V ' " "y-l * 'i ' j - i - n2,--..K 

and 

E(r\j) = P^j for i 2 j = 1,2,...,K . (4.65) 

Using data from Frankel's table 5.1 (see Appendix I) we conducted 

an exhaustive simulation study and computed fairly extensive tables of 

relative biases under the above assumptions for different values of 

A's and different combinations of independent and dependent variables. 

A sample of two cases from these different simulation results is presented 

as Tables 4.4 and 4.5. It is hoped that these will be sufficient to 

illustrate the salient points of the effects of bias caused by the 

compexity of the design on the behaviour of the simple, partial and 

multiple correlations. 

Frankel considered 2 different three variable regression equations. 

First, the regression of Y (total income of the household head) on 

(number of persons in household under 18), Xg (number of persons 

in household) and X^ (sex of household head). The second was the 

regression of Y' (total income of household) on X^ (age of household 

head), X^ (number of persons in household in labour force) and X, 
^ 6 

(years of school completed by the household head). A study of these 

variables indicates that possibly X^ (sex of household head) for 
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regression equation 1 and (years of school completed by the household 

head) for regression equation 2 may be highly dependent on the design 

variable Z (geographical region and the population density). We have 

examined this and other possibilities in detail and report here only 

two cases which may explain the behaviour of the correlation coefficients. 

4.5.1.1 Spec-Lat Case I 

We assume that (sex of household head) for regression equation 1 

and Xg (years of school completed by the household head) for regression 

equation 2 are highly correlated with the stratification (design) 

variable Z (geographical regions and population density) such that: 

Ef'ya) = Py3 + A3 , E(r^,) = Py,, EGfy,) . - p,2 , 

= Pjj, ECtjj) = Pjj . 

G'rys) • "ye * \ • "('yA' = "74 ' = ^y5 ' ^<•'45^ " »45 ' 

^'"•46' ' "46 • ' "56 • (4.66) 

where and are the estimated correlations between y and 

Xg , and y' and X^ respectively. and are the biases in 

and r ^ respectively. 

From Table 4.4, we observe that for A = 0.01 the average absolute 

relative biases for the multiple correlations are higher as compared 

to the average absolute relative biases for the partial and simple 

correlations except for 30 strata design where the average biases 

for the partial correlations are higher than those of the multiple 

correlations. Moreover, these average absolute relative biases decrease 

with the increasing sample size. Thus, we note that for A = 0.01 

these average absolute relative biases are quite consistent with and 

very close to Kish and Frankel (1974) results (Table 4.3). 
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We also note that as A varies the average absolute relative 

biases also vary and become larger for simple and partial correlations 

as compared to the multiple correlations and are no longer consistent 

with Kish and Frankel's results. Thus, at A = 0.21 and A = 0.50, 

we observe that the average absolute relative biases for the simple and 

partial correlations are much higher as compared to multiple correlations 

which is contradictory to Kid: cuml Frankel's results. 

These results support Warren's argument discussed earlier in this 

section as pointed out by Smith (1974). Thus our results indicate that 

the stratification in the design affects the behaviour of the partial and 

multiple correlations. This also contradicts Kish and Frankel's 

assumption that the design affects only the variances. 

4.5.1.2 Special Case II 

We assume that (sex of the household head) for regression 

equation 1 and (years of school completed by the household head) 

for regression equation 2 are related to the design variable Z 

(s^cgraphical region and population density) such that: 

Effy]) = Py3 + Ag , + A,2 , Efr^j) = , E(r %) = P, 
12' ^12 ' 

yl' H,, , - Py2 ' 
= Py, , E(r_^) = p 

= Py'e " \ •=<>•46' • "46 + " "56 + ^6'°<'45':- "45 

and 

' <'yi • E(r;s) = (4.66) 

where r , r' and r.. are the correlation estimates for p 
y. y. y 

Py 3nd . The A's are the biases in the estimated correlations, 

We note (Table 4.5) that the average absolute relative biases for 

A - 0.02 for the simple, partial and multiple correaltions are quite 
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consistent with and very close to the average absolute relative biases 

reported by Kish and Frankel (1974). This indicates that Warren's 

model reproduces Kish and Frankel's results. For moderate values of 

bias (A = 0.20) the average absolute relative biases for the partial 

correlations are higher as compared to simple correlations which in 

turn are higher than those for multiple correlations. For A = 0.50, 

we observe that the average absolute relative biases for the simple 

correlations are much higher than those for the partial and multiple 

correlations. 

These results indicate that Kish and Frankel's results can hold 

under specific situations but can be varied by varying A's and the 

assumptions. Thus by suitable choices, which fit the stratification 

almost exactly, we conclude that the high relative biases in Kish and 

Frankel are due to the effect of stratification rather than the basic 

defect in the estimator which contradicts Kish and Frankel conjecture 

stated earlier in Section 4.2. Thus there is no anomaly. 

4.6 Summary and Main Conotusions 

Problems concerning the estimation of correlation from complex 

surveys for finite populations have been discussed. Kish and Frankel 

argue that the complexity of the design affects only the variances and 

that the high relative biases for the multiple correlations are due to 

the basic defects of the estimator rather than the complexity of the design. 

By concentrating mainly on the intra-cluster correlation, these authors 

ignored the effects of stratification and have been led into a misinter-

pretation of results. Koop and Wakimoto's results indicate that 

stratification does effect variances and covariances. Warren's analysis 
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indicates that stratification can cause bias in the estimation of the 

correlation and this bias may be of substantial magnitude. Our analysis 

of the effects of stratification from a simulation study on the behaviour 

of simple, partial and multiple correlations indicate that; 

(i) The complexity of the design does affect the behaviour of the 

simple, partial and multiple correlation. 

(ii) The relative biases for the multiple correlations, in general, 

are much smaller than those for the simple and partial correlations, 

when the design variable is strongly related to one of the X 

variables under study. 

(iii) Different stratifications can produce different results. 

(iv) Kish and Frankel's results can hold under specific situations 

and for specific populations but are not true in general. They 

can be varied under varying conditions. 

We conclude that the high relative biases for the multiple 

correlations in Kish and Frankel's study are due to the effect of 

stratification rather than in defects of the estimator. Thus, we 

disapprove of Kish and Frankel's conjecture regarding high relative 

biases in multiple correlations. We also remark that different surveys 

with different variables and different stratifications may produce 

quite different results, i.e., the relative biases may be higher for 

simple correlations or partial correlations than for multiple correlations 
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2%% 4 aETiay 

S.l Introduction 

Over the years the jack-knife method, introduced briefly in Chapter 3 

(Section 3.2.2.9) has found a wide applicability in a variety of fields. 

It is the subject of this chapter to discuss the ideas which motivated 

the universal application of the method. Our intention is not to trace 

the history of the method but to highlight the developments of 

significant relevance on the subject for a specialist user of the 

technique. It seems to us that a review of main developments concerning 

the jack-knife method will contribute significantly to the understanding 

of the technique as a whole and its various applications in survey 

sampling. 

Quenouille (1949) introduced the jack-knife technique for reducing 

the bias of a serial correlation estimator by dividing the total sample 

into two half samples. He noted that the bias was inversely proportional 

to the sample size and the bias to order 1/n could be removed by 

this method. Later in 1956, he generalised this idea by splitting the 

sample into g groups of size m each and examined its general 

properties. Since then the general problem of bias removal has been 

the subject of extensive study. This aspect of the jack-knife method 

is surveyed in Section 5.2. 

One of the earliest applications of the jack-knife method, both as 

a means of bias reduction and variance estimation, is in the case of 
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ratio estimators which are frequently employed to improve the efficiency 

of ratio estimation in sample surveys. These estimators are known to 

be biased and this can be of importance if a fairly small sample is 

only available or if the sample is heavily stratified. Perhaps the 

most important is the ability of the jack-knife to produce an estimate 

of variance where alternative techniques appear to be cumbersome and 

time consuming. This important feature of the jack-knife for complex 

surveys have been explored among others by Brillinger (1966), McCarthy 

(1966) and Kish and Frankel (1974) for estimating the variances of 

complex statistics from complex samples. The jack-knife technique has 

also proved to be a useful device for variance components estimation 

for complex sample statistics. The issues regarding the performance 

of the jack-knife method in ratio estimation, comparison of variances 

and applications to complex survey situations are discussed in 

Sect ion 5.3. 

The jack-knife method enjoys the position of being a widely used 

technique in aiding the researcher to obtain approximate test or 

confidence Intervals for parameters of Interest. There are, however, 

counter examples as well, see, for example. Section 3.2.2.9. The 

motivation for using the jack-knife for interval estimation is to overcome 

the problems of non-normality and hence provide robust Inference 

procedures. Developments along this line are summarised in Section 5.4. 

Finally, in Section 5.5 we give a summary and conclusions. 

5.2 Bias Reduction Propert'ies 

Suppose that we have a random sample , . .. ,Y^ and we want 

to estimate the value of an unknown parameter 0. Let 0 (YpY^,. .. ,Y^) 
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be an estimator of e such that E(e) f e and g _^(i=l ,2, . .. ,n) 

be the estimate obtained by deleting the ith observation. Then 

G-i " (5-1) 

The ith pseudovalue is given by 

0. = n0 - (n-l)e . (5.2) 
1 —1 

The jack-knife estimate of 6 is the average of these pseudovalues and 

is given by 

8 - 1 ^ 8^ (1-1,2,...,n) (5.3) 

1=1 

This estimate will generally have smaller bias than the original estimate and 

sometimes smaller variance as well. If n is large, the jack-knife can be 

modified by splitting the sample into g groups of size m each so 

that n = rag and deleting one of the groups successively, the jack-knife 

estimate of 6 is given by 

8 = 3̂  y Gy where g. = gG - (g-l)8 , (5.4) 

i=1 

The jack-knife method was introduced by Quenouille (1949, 1956) 

as a means of eliminating the bias of order n ^ from an estimator. 

Suppose that the expected value of the estimator e based on a sample 

of size n is represented as a series expansion such that 

A a a_ 
E(9) = 9 + — + —-+.... = e + 0(n ) (5.5) 

n Z 
n 

Then the jack-knifed estimator § possesses the interesting property 

that it eliminates the leading bias term, i.e., 

E(e) = 8 + - y +.... = Q + 0(n ^) (5.6) 
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A re-application of the method could remove bias of order n~^ which 

remains after the first application. Mantel (1967) also considered the 

bias reduction problem and gave an alternative formula for the re-application 

which eliminated the n ^ and n ^ terms. The drawback with the 

estimators given by Quenouille and Mantel is that if the entering 

estimator may be written exactly as 

E(e-0) = -— + — 
n 2 

n 

then their estimators are not free of bias, that is they contain an n~^ 

term. 

A generalisation of the jack-knife procedure for the elimination 

of bias was suggested by Schucany, Gray and Owen (1971). Let 

and be two estimators of 

1 

with expectations of the form 

E(8i) - 8 + fi(n)B(8) 

EKSg) = 0 + fgCnjBfe) (5.7) 

Then, the estimator 

8* = det 

f^(n) fgfn) 

det 

f^(n) fgCn) 

(5.8) 

is exactly unbiased estimator for e . The estimator e * is called 

the generalised jack-knife. The standard jack-knife is a special case 
n 

1 
of (5.8) with - e, 92 - i J , L i . fi(o) • 5 • 

The definition (5.8) can be extended to include three or more estimators 

and the second or higher order bias terms in expansion (5.5) can be 

exactly eliminated by the generalised jack-knife. Further details on 

these generalisations appear in Schucany et al., (1971), Adams et al.. 
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(1971) and the monograph by Gray and Schucany (1972). Properties of 

the generalised jack-knife have also been discussed by Sharot (1976 a,b). 

For the estimation problem where the quantity to be estimated is 

f(0) , f is a known function and 0 being the unknown parameter, 

Miller (1964) established some results for 6 = p. and 0 = x . 

Arvesen (1969) extended these results to U statistic and Gray et al., 

(1972) established the validity of these results for the generalised 

jack-knife. 

The jack-knife method could also be improved if the observations 

are grouped so as to follow some special pattern or structure in the 

data for calculating the jack-knife estimator. Such a grouping will 

eliminate the first order bias correction term, whereas in the absence of 

such grouping only reduction of these terms could be done, see for 

instance, Farewell (1978). Krewski(l978b), discusses that the jack-knife 

is also a useful method for bias reduction for small samples. 

S.Z Appliaation of Jack-knife in Sample Surveys 

S.Z.I Ratio Estimation (SBS) 

In sample surveys we frequently come across the situations where 

the use of auxiliary information may improve the precision of the 

estimates. Consider a population of N units. Let x and y be 

two variables of interest and and denote the values of 

these variables for the ith unit in the population. Suppose a simple 

random sample of n units is drawn from this population and let x^, 

y^ denote the values of the variables for the ith unit in the sample. 
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We know that the sample mean y = V y./n , provides an unbiased 
i=1 1 

estimate of the population mean Y = ^ . Now if the variable x 
i=1 

is positively correlated with the variable y and the population mean 

N I X. of the variable x is known, then the estimator 
i=1 

Y^ - _ X may also be used as an estimator of Y due to the reason 
X 

that the ratio of the variable y to the variable x may have smaller 

variance than the variable y alone. Sometimes, it is desired to 

estimate the population ratio rather than the mean and for this purpose 

we use the sample ratio R = ^ j where y and x are the sample means 
x 

of the characteristic y and x respectively and x ^ 0 for every n. 

These ratio estimators are consistent but biased for many of the 

selection procedures commonly used in samples surveys. This bias is, 

however, negligible for large samples. For moderate size samples, the 

distribution of the ratio estimate is positively skewed for most types 

of the populations for which the ratio estimate is generally used. For 

example, the bias may be considerable in surveys with many strata or 

small or moderate samples within strata if separate ratio estimates 

are used for each stratum. The bias, however, may be negligible if 

a combined ratio estimate is used. Moreover, if it is required that 

proper confidence statements be made, it is often necessary that the bias 

of an estimator may be negligibly smal1, The other problem with these 

estimators is that the variance estimators V(Y^) and V(R) are only 

large sample approximations and their derivations depend upon the validity 

of the curtailed Taylor Series expansion. 

To overcome these difficulties, considerable importance has been 

given to investigate the properties of these estimators during the last 

three decades. Consequently, several modifications both under the 
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design based and tl^ nxxlel based approaches have been suggested, see 

for example, Quenouille (1956), Robson (1957), Goodman and Hartley (1958), 

Hartley ard Bkxss (1954), Mickey (1959), Beale (1962), Murthy (1962), 

Tin (1965), Royall (1970), Royall and Eberhardt (1975) and Royall and 

Cumberland (1978b),etc. 

One of the earliest applications of the jack-knife method was in the 

case of ratio estimators which are frequently employed to improve the 

efficiency of estimation in survey samples. We have discussed the 

bias and variance estimation properties of the ratio estimator under 

the model based approach in Chapter 3. In this section we discuss 

the bias iMxlthe variance estimation for the jack-knifed ratio estimator 

under the design based approach. We will also refer to models but only 

as a method for evaluation. Before discussing the jack-knifed ratio 

estimator we would very briefly give the bias and variance of the 

classical ratio estimator so as to facilitate comparison when the need 

arises. 

—/Ipproaztmatton to t/ze of Esttymtg 

Consider a simple random sample of n units (without replacement) 

from a population of N units. For non-negative integers r and s , 

we have from David and Sukhame (1974), 

if r.s is even 

(^-Y)S = . 

0 ( n - ' i f rn-s is odd 

and 

(y-Y)S . (5,9) 
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Let a ^ , b - , then bias of R = ^ is given by 

B(R) = E(R-R) = R 

R 

Z _ I 
X X 

E(b-a) 

Now consider the approximation to B(R) given by 

(5.10) 

B^(R) = R[E(b-a)(1-a+a^-a^+. ,+(;)2k-2. 
(5.11) 

where k is some positive integer. From (5.9) we note that B^(Rj 

consists of terms in a and b up to and including 0(n"^) . Now 

from (5.10) and (5.11) we have 

" 

R E (b-a) 
X 

(5.12) 

Thus, if X is positive for every unit in the population and if 

positive lower bound, then 

X IS 
o 

|B(R)-B^(R)| 3 Ej(a)2k(b) - (a)2k+1j = o(;(k+i)) 
(5.13) 

David and Sukhatme (1974) argue that by a proper choice of n and k , 

B(R) - B^(R) can be made very small and hence B (R) provides a useful 

approximation to B(R) . Now it could be easily seen that 

B,(Rj = R.[E(b-;)(1-;)] = R.^ZE (C^o-C,,) = 0(n-1) (5.14) 

and 

B jCR) 
- - 2 - 3 

R [E(b-a)(1-a+a -a )] 

= R NZE fc _r (N-n)(N-2n) ^ , (N-n)(N +N-6Nn+6n ) 

= 0(n b 
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where 

rs 

N 
I (x.-X)f(y -Y)S 

i=1 1 1 

(X)^(Y)G 
(5.15) 

The mean square error is 

MSE(R) = E(R-R)2 = E(b-a)' 
X 

J 

(5.16) 

and 

MSE (R) = R^[E(b-a)^(1-2a+3a)....(-2k-2)(a)2k 3+(2k-1)(I)^k-Z] (5 ,7) 2k-2, 

Arguments as above lead to the conclusion that MSE (R) provides a 

useful approximation to MSE(R) . Thus, we have 

MSE^(R) = R2[E(b-a)2] = N~n 
Ihi (C^02 ^Cii+Cgg) (5.18) 

we note from this expression that MSE(R) decreases as n increases, 

The variance could be obtained as 

V(RJ = E(R)2- [E(BJ]2 = R^ (5.19) 

A second approximation to MSE(R) can be obtained by including terms 

up to 0(n . 

MSE2(R) 
2r -\2 - -2 

R [E(b-a) (1-2a+3a )] 

= R . 2(«-°)(N-2n) (2C,,-C, 
(N-1)n " 2 0 11 02' 

(N-1)(N-2), 

+ 3 (N-n)(N2+N-6Nn+6n2) _ . 

(N-1)(N-2)(N-3)nj (^40 Cgg) 
3N(N~n)(N~n~1)(n~ 1) 

(N-1)(N-2)(N-3)n3 

(3C20 GCggC^^+CgQCQg+ZC^^) . (5.20) 

For large N , the expression (5.20) reduces to 
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n (^20 2C,i+Co2) + ^2 ^,2 C30) + (C^Q-ZCg^+Cgg) 

^3 ^^*"20"^'^20*^1 l'^^2oS2'^^^11^ • (5"21) 

Thus we note that the accuracy of Bias(R) and MSE(R) depends in 

fact on the sample and the population under study. 

Several modifications have been suggested to develop unbiased ratio 

type estimators. One approach to obtain the unbiased estimators is to 

modify the sampling procedure in order to make the available estimator 

unbiased, see for instance, Lahiri (1951), Midzuno (1950) and Raj (1968). 

The second approach is to modify the usual biased ratio estimator so 

that an unbiased ratio type estimator is obtained. This approach 

has lead to estimators like (Hartley and Ross, 1954), (Mickey 

1959), Rg (Beale, 1962), R^ (Tin, 1965) and R^ (Pascual, 1961) as 

alternatives to the classical ratio estimator R . These estimators have, 

however, found little applications in large scale sample surveys due 

to the complications involved either with the ratio estimators or the 

estimators of the variances of these estimates. Besides, the conditions 

under which the unbiased ratio estimators are expected to be more 

efficient than the usual ratio estimator are sometimes restrictive. 

An alternative ratio type estimator which removes the bias to 0(n ^) 

was proposed by Quenouille (1956), This estimator, known as the jack-knifed 

ratio estimator, has been employed extensively in a wide variety of 

situations with a fair degree of success. We discuss the jack-knifed 

ratio estimator in some detail in the next section. 

5.3.1,2 The Jack -knifed Ratio Estimator 

Consider a simple random sample of size n . Let (y%,x.) be 

the values observed for the ith selected unit in the sample. Let 

the n values in the sample be divided at random into g groups, each 
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of size m , so that n = mg . We remove the ith group and use the 

remaining (g-1) groups to compute the ratio estimate ,j=1,2,...,g 

Let and denote the means obtained after omitting the jth 

y/-\ _ ny-my. _ nx-mx. 
group. Then R,.. = — w h e r e y,.. = i , x,., = 

(j) - (j) Q ) 
*(j) 

yj and Xj are the means for the jth group and y and x are the 

sample means. The pseudovalues are defined as 

Rj - gR - (g-l)R^j^ (5.22) 

and the jack-knifed ratio estimator R is the average of these 

pseudo-values 

1 

.J, \ j ) 
( 5 . 2 3 ) 

Proceeding as in Subsection 5.3.1.1 and using (5.9), the expressions for 

the bias and mean square error for R for g = n to 0(n"^) can 

be derived. Let 

"(j) N j ) 
Y 

Then 

*(j) " * 
1**(j) 

- - - _ 2 _ „3 _ 3 _ _4 

E(R(j)) = R 
1+ n(g-1) (CgQ-Cii) + ^2(g_,)2 (C21-C30) + n2(g!i)2 (^20-^20^1,) 

3g-
(CL.-C^mC,,) + (C,_-C^,) 

n ^ g - O ^ >-20 -20-, r ^ 4 0 -3, 
(5.24) 

Now 
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E(Rj) = gE(R) 
(g-1) 

j!, " ^ i ) ' 

: R 1- 2, . 
n (g-1) 

« 2 r S o ' 
g(2g-1) 

(5.25) 

(C40-C3,) " 7 ^ 3 
(g-i) n 

(5.25) 

Hence 

B(Rj) = 0(n . (5.26) 

Thus we note from (5.26) that the bias of R is at the most of 0(n ) 

whereas from (5.15) we note that B(R) is of 0(n"^) . 

The mean square error for the jack-knifed ratio estimator R 

could be worked in a similar way. 

MSE(Rj) = E(Rj-R)^ 

g 2 g 

= g^E(R-R)^ - 2g % E(R-R)(R..-R) + % E(R/..-R)^ 

^ g j=1 j=1 

(g-1)' 
1 1 E(^^..-R)(;_^._R) 

g2 (j) (k) 

= R 
n (C20+C02-2C,,) + (g!,) [ {(^,,-^20)^ * So"^20^S2"^'^n'} 

{(C2oCo2*2C^,-6C, ,C2o+3c2o) - *C^„)} 

(5.27) 

If only terms of 0(n ) are retained then (5.27) reduces tc 

MSE(R ) = R' i (C20+C02'2C,,) * 
7 { < S r S o ' + C2o'So^02-"^ll'} 

(5.28) 

From (5.28) it is apparent that the mean square error for R 
•J 

decreases as g increases so that 

for large n , the variance and MSE of R^ to order n ^ are equal 

n is the optimum choice. Also 

"J 
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and given by (5.28), This implies that the variance of R like the 

mean square error is also a decreasing function of g and has a minimum 

at g = n . 

5 . 3 . J . 3 MODBZ BAGGD EVAZWATTOM OF T&G JACK-KNTFED BATTO GSTIMATOR 

We now consider the behaviour of the jack-knifed ratio estimator 

under some specified infinite population models. Durbin (1959) was 

the first to consider the ratio estimator R = y/x and the jack-knifed 

ratio estimator R = 2R - 1 (R +R ) for g = 2 , where R_ = y /% , 
^2 I z 1 1 1 

^2 ~ ^2^*2 ' ^ and x = j (x^+x^) , under two infinite 

populations models. The models considered were, 

(1) the regression of y on x is linear and x is normally distributed. 

(2) the regression of y on x is linear and x has a gamma distribution. 

These models form the basis of most of the work done to investigate the 

bias and approximation to mean square error of the various ratio-type 

estimators during the last two decades. 

Durbin derived approximations to ttienmrnents of 0(n"^) and showed 

that the jack-knife,applied with two groups,not only reduced the bias 

of the estimator but also decreased variance under the model with x 

normally distributed. In the case of the model with gamma distribution 

the exact results indicate that with coefficient of variation less than 

0.25, the jack-knifed ratio estimator reduces the bias, although the 

variance is increased slightly, but the mean square error is reduced. 

Clearly the reduction of bias and variability is a strong recommendation 

for the technique. Tin (1965) also examined this and other related 

problems for the jack-knifed ratio estimator with g = 2 . Rao (1965) 

showed that g = n is the optimum choice for the normal auxiliary 

distribution whereas Rao and Webster (1966) through a combination of 
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theoretical and numerical study demonstrated that this also holds true 

for the gamma distribution. 

In this subsection we briefly outline the derivations for the bias and 

variance of the jack-knifed ratio estimator under Durbin's models for 

g = n a ^ a l s o under a more general model discussed by Rao and Kuzik 

(1974). We will also refer to other competing estimators when the need 

arises but will not go into the derivational details for these estimators. 

Following Rao (1965) and Rao and Webster (1966) we derive the expressions 

for the bias and variance of the jack-knifed ratio estimator. 

— B t d s and o/ Eatto Esttmafor 
(g = n) Under Model I 

Let (y^,x^),i = 1,2,...,n be a random sample of n observations 

on the characters y and x . Let x. be normally distributed and 

we choose the units of measurements such that E(x.) = 1 . Let 

Kj = l-a. and VarCj) = h of OCn"') where I is the sample mean 

of x_'s. Then for sufficiently large n, 

— j 2 

E(x) = E(l+a+a +...) = l+h+Sh^+ISh^+Q^n"^), (5.29) 

and 

— —2 — 2 
E(x) - E(1+2a+3a +...) = 1+3h+15h +105h^+0(n . (5.30) 

" ; . E(y,) 
Consider R - — as an estimarnr nf n = L 

E(x. 

sion of y on X is linear of 

_ as an estimator of p - ^ based on n observations 

in the sample. Suppose that the regress 

the form 

= a+gx^ + . (5.31) 

where E(uu/x) 0 , Var(uu/x) - n6 and 6 is a constant of 0(n ^) 

Thus Var(u/x) = 6 ,where G is the sample mean of u.'g , and p = o+6 
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Suppose that the sample is split at random into g groups of size 

m each so that n = mg . Recall that the grouped jack-knife can be 

written as 

g~1 
R j = g R I Rv; 

j = 1 (j) 

= B + a & _ 8-1 

Ix 
+ g 

* 1 G 
u _ g-1 V J 

I (5.32) 

* y. _ ny-my. 
where = ^ 7 , yj = ^ . x! 

X . 
J 

nx-mx. 

1 , J ! 
nu-mu. 

J_ and y. , x. 
J J J n-m - J n-m ' -j n-m 

and Uj are the sample means for the jth group. Now, under the model 

(5.31) we have 

E(Rj-g) = oE 

j = 1 x^ 
+ E u 

X 

, g u! 

- y - L 

: j=1 

After simplifications5 we get 

E(Rj-g) = a I - 15g (Zg-I) h3 

(g-1) 
(5.33) 

and 

Bias (Ej) = I p T , t 15 (5.34) 

It is apparent from (5.34) that h and h are decreasing functions 

of g() 2) which implies that the bias will be minimum for g = n , 

The variance of is given by 

Var(Rj) = E(R^-$)2 _ [E(Rj-6]2 

h + - ^ - 6 8(4g -14g+11) 

. G-1 (g_i)3 

3g(28g4-149g3+260g2_i73g+32) 3 

(g-1)^ 

+ 5 1 + J L h _ 2g(2g -9e+8) 

(g-1)3 

(5.35) 
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For g - 2, the expression (5.35) reduces to VfRjg) given by Durbin (1959) 

i.e., 

Var(Rj2) = a^fh+Ah^+IZh^i+dCl+Zh+Sh^+iOSh^) (5.36) 

It may be seen from (5.35) that the coefficients of h, h^ and h^ 

are decreasing functions of g(% 2) and hence the smallest value of 

Var(Rj) will occur at g = n. Also we have seen that the bias is minimum at 

g - n. This suggests that g = n is the optimum choice. Thus the estimator 

n ^ 

" ^ n ' *(j) ' R(2) R(n) denote the 

estimates obtained by deleting the first, second and the nth observation 

respectively, may be preferable. 

5.3. J. 36 B-igg czMtf T/artaMoe py tTzg e/ack-knt/gcZ Eettmatg 

^ ~ Under Model II — — 

Let us now consider the case where the regression of y on x has 

the same form as has been stipulated in Subsection 5.3.1.3a but where 

X has now gamma distribution. This model can be described as 

= a + gx^ + u^ (i = 1,2,...,n) (5.37) 

Where E(u^/x^) = 0 , E(uL/x^) = n6 , a constant of order n ^ and 

the variate x^^/n has a gamma distribution with parameter nh = m . 

Under this model, we have 

- = — a n d E 
; m-1 

1 1 
(m-1)(m-2) (5.38) 

Suppose that the sample of n observations is now split into g groups, 

each of size q so_that n = qg. Following from subsection 5.3.1.3a, 

A _ _ ny-qy . _ nx-qx 
we have R,.\ = — where in this case y' . = -J, x' = — — — J - and 

(j) x! J n-q j n-q 

Yj , Xj are defined similarly as in (5.32). 



180 

Now proceeding in the same way as in subsection 5.3.1.3a, the bias 

and variance of defined in (5.32) could be obtained. Since 
(g-1) 

X: 

has the gamme distribution with parameter (n-q)h 

in this case we have 

m(g-1) 
, therefore 

E(R -6) = aE . % --X + 

j = 1 xj 

g /(g-1)(m-1)-

m-1 \ (g-l)m-g 

u g-1 
g G' 

y J -
; 8 j=i 

( 5 . 3 9 ) 

and the bias of R is 

Bias(RT) = E(RT) - g - -
J J m m(m-1) • {m(g-1)-g} 

( 5 . 4 0 ) 

This suggests that the smallest value of the absolute bias will occur 

at g = n , since |Bias(R )| is a monotonically decreasing function 

of g . 

The variance of R is now given by 

V(Rj) = E(B^-g)2 _ [E(B^-e)]2 

= a 2g(g-1)' (g-1) (g-1)' 
(m-1)(m-2) (m-2)[m(g-1)-g] [m(g-1)-g][m(g-1)-2g] g 

1 
+ 6 + 6 

x!x! 
I 1 J J -

2g(g-1)' (g-1)' 

(m-1)(m-2) (m-2)[m(g-1)-g] [m(g-1)-g][m(g-1)-2g] 

+ (g-1)(g-2)E 

x!x! 
I 1 J 

( 5 . 4 1 ) 

where 
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1 Jj 

r(2a+b-2) 
a-2 

r % ) r ( b ) k-o 

I (-0 
k r(a-k-1)r(b+k) 

+ ( - 1 ) a+b tt' 

r(2a+b-k-2) 

, if a 2 ; 

a+b—2 

2 I (-1) 
k+1 1 

k=l 

b-1 

I 
k=1 

= 2 I — I + (H)""' Z ; , if a 
(b-k)^: 6 

(a+b-k-1) 

(5.41a) 

(5.41b) 

and a = m 

if a = 1, b = 1 , 

b = s i g z l ) 

(5.41c) 

It can be seen that the variance given by (5.41) is a function of m 

and g only. It is difficult to examine the behaviour of V(R ) as a 

function of g for fixed m analytically since the expression (5.41) 

would not be in a closed form after the substitution of (5.4la), (5.41b) 

and (5.4lc). However, numerical results by these authors, which compare 

Rj , and R , indicate that the variance of R is a decreasing 

function of g and the smallest value of V(R ) occurs at g = n 

Thus, both the bias and variance of R^ are decreasing functions of g 

(for integer m) and hence the optimum choice would be g = n . The 

discussion of numerical results is deferred until subsection 5.3.1.4, 

Rao and Webster also derived expressions for the exact bias and variance 

of Tin's estimator R under the model (5.37). 

Rao (1967) investigated the precision of Mickey's estimator R 

under the above models and compared it with , R , R and R 
HR P Xg 

(Tin, 1965). The derivation details are similar to those discussed 

earlier in this section and hence omitted,Roa's results indicate that for 

Model I, the asymptotic variance of R^ is less than the asymptotic 
. 

variance of R but slightly greater than V(R ) with g = n . 

Theoretical comparisons under Model II are not possible, however, the 

Monte Carlo results support the jack-knifed ratio estimator and 



182 

the modified ratio restimator . Since the main reason for using 

the unbiased and approximately unbiased ratio estimators as compared 

to the classical ratio estimator is to reduce or eliminate bias where 

the elimination of bias is important. Therefore, the jack-knife 

estimator with g = n and the estimator may be preferable. 

The jack-knife estimator has the additional advantage of having the 

simple variance estimator. 

5.3.3.32 Btas and PartaMce of t&g 
Model III 

Consider a bivariate sample (x^, y ), i = 1,2 n , from a 

population of size N . Suppose that the regression of y on x is 

linear of the form 

= a + (i = 1,2,...,n) (5.42) 

with E(u^/x^) = 0 , E(u?/x.) = dxf and E(u^uj/x.xj) = 0 , u is 

independent of x and x has a gamma distribution with parameter h . 

Generally £ is found to be between 0 and 2 . Under this model, 

Rao P.S.R.S. (1969) compares four ratio estimators Y , Y Y and Y 
R' R,, ' M " *RC 

(Goodman and Hartley , 1958). Rao obtains exact expressions for 

square errors of these estimators following Rao and Webster 

(1966). The derivation details are therefore omitted and the main 

results for the jack-knifed ratio estimate are summarised below: 

= (nh-lI(nh-2) (5.43) 

2 2 2 2 
nh (n h +6nh£-7nh+9£ -27A+18 (h+£-l)! 

(nh+2-1)(nh+A-2)(nh+2&-4) (h-1)! 

(5.44) 
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This study reveals that for £ - 0 , the mean square errors of these 

estimators decrease with increasing h . For fixed n and h the 

mean square errors increase as A increases. It is also observed that 

the MSB's for Y 

given by 

R' 
J2 

and are equal to 0(n ^) and are 

MSE(Y^) MSE(Y_ ) = MSE(Y. ) 
J2 RP nh 

^ (h+&-1)! 
n (h-1)! (5.45) 

The other point emerging from this study is that if 0 the MSE'; 

of the four estimators are equal and if a / 0 , the V(Y ) is 
RGH 

slightly larger than the MSE's of the other three estimators for large 

n . A comparison of the MSE (9 ) and MSE(Y_ ) indicates that 

the former is less than the later provided nh > 16 and £ $ 1/2. 

In case of finite populations, Rao and Rao (l971a) report some 

theoretical results on the expected mean square errors of R, R and 

*JJ (Jones, 1962 version of the jack-knife). Under the model 

^i " G * GXi + e. (i = 1,2 N) with E(e./x.) = 0 , E(e.e./x.,x.) 
1 J 1 J 

1 1 

for i ^ j, E(e2/x.) = 6xf and with the further assumption that x has 

a gamma distribution with parameter h. These authors show that 

E[MSE(R) - MSE(R )] = a' 
J2 

5m 

n(nh-16) 4n 

h(nh-1)(nh-2)2(nh-4) h(nh-1)(nh-2)(Nh-2) 

nh(-2A+1)-5(&-1)(&-2) 
2(mh+&-1)(mh+&-2)(nh+&-1)(nh+&-2) 

2 ( A - 1 ) 
(mh+&-1)(nh+A-1)(Nh+&-2) 

r(A+h) 

r(h) (5.46) 

This expression implies that the expected mean square error of R is 
J2 

smaller than that of R provided nh > 16 and £ = 0 . Earlier 

Durbin (1959) showed this result for an infinite population model. 
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However, Durbin's result is not valid for a finite N . This study 

concludes that, for finite populations, Jones (1963) version of the 

jack-knife ratio estimator may be preferable. However, if the population 

size is infinite, the mean square error of R will be smaller than the 

mean square error of provided that nh < 16 and ^ < & < 2 

Similar results were obtained earlier by Rao (1969<^from an empirical 

study comparing the ratio and regression estimators for 16 natural 

populations with N ranging from 7 to 270, the coefficient of variation 

of X from 0.14 to 1.19 and i from 0.535 to 0.995. The limitation 

of an empirical study is that the results are strictly applicable only 

to the particular populations studied. However, the utility of such 

studies can not be denied since they provide useful guidelines on the 

performance of various methods of estimation. 

In a semi-empirical study Rao and Kuzik (1974) compared the average 

mean square errors of seven ratio estimators of the population mean Y 

cKW the average biases and mean square errors of two classical variance 

estimators and the jack-knife variance estimator under the model (5.42)* 

Rao (1979) may also be mentioned in this context; for he derived 

expressions for the bias and MSE of the jack-knifed ratio estimator R 

for g = n and compared it with the biases and the MSB's of the classical 

ratio estimator and a regression type estimator Ygj = y + Rj(x-X). 

The efficiencies of these estimators have been compared through a small 

simulation study. We will address ourselves to these results in the 

next section. 

5.3.1.Zd Stabi.li.tij of the Jaak-knifed Varianae Estimator 

The estimate of variance associated with an estimator is often used 

in drawing statistical inferences. It is, therefore, desirable that a 

variance estimator should be as stable as possible. Kokan (1963) 
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investigated the large sample stabilities of the conventional variance 

estimator and an unbiased variance estimator 

2 
s 

V(y/X) = --Z- (5.47) 

(nX) 

where y/X is the ratio estimator of R not using the sample x -

information. Through a Monte Carlo study, Rao and Beegle (1966) 

investigated the small sample properties of V(y/X) and Vj(Rj) 

where 

g 

' (5.48) 

The discussion of these numerical results is deferred until subsection 

5.3.1.4. In this subsection, we give results on the stabilities of 

V(y/X), and Vj(R ) following Chakrabarty and Rao (1967). The 

method of derivation of these results is the same as given by Rao and 

Webster (1966) and hence we confine ourselves to main results so as to 

facilitate comparison. 

Under the model (5.37) the variance of R can be given as 

V(Rj = E(R-6)2 - [E(R -g)]2 

2 

° ' u T T T W <5.A9) 

ygrtancg of V ^ jg??; ag a% Eettmator of V(R) 

Bias(V^2) = E(V(R)) - V(R) 

(5m2-5m+2)a2 26(m2+2m-2) 

m (m -1)(m~1)(m-2) m^(m -1)(m-2) 

+ Agg (5.50) 
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The variance of under the model (5.37) is 

m 
3n + 

(n+1)(n+3) (m+2) 

(n-1)(m+1) 
2a^« 

m 

3n + 2m-n+3 

(n-1)(m+1) • 

m (m+1)' 
(5.51) 

where 

(n+1)(m+6)-12 

(n-1)(m+3)(m+2)(m+1) 

MSECV,^) = Var[Vic] + V^^]' 

m 

3^ + (n+1)(n+3) _ (m+2)2 ^ 4(m2+2m-2) 

(m+1)2 ' (m2-1)2(m-2)2 

20^6 

m 

3n + 2m-n+3 2(5m^-5m+2)(m^+2m-2) 

2 , 2 ,\2, _,2 
(n-1)(m+1) (m -1) (m-1)(m-2)' 

m 

(5m -5m+2) 

(m+1) 
2 (m^-1)^(m-1)^(m-2)^ 

(5.52) 

where the coefficients A^, A^ and A are functions of m and n 

(tiV y&rtaMcg o/ V(y/X) 

The variance of (y/Xj under the model (5.37) is 

v{;/x) = 4 + ^ (5.53) 

Now the variance of V(y/X) as an unbiased estimator of V(y/X) 

can be given as 
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V[V(y/X)] E[V(y/X)]2 - [E(V^;/X))]2 

25 + 46^6 

m^(n-l) m^(n-l) 
+ —g [n(m+l) (m+2) (m+3)-m] 

m 
(5.54) 

(i-li) Bias and Variance of Vj(Rj) 

The jack-knife variance estimator can be written as 

(g-1)' 

g(g-1) a 1 : ^ 
X! 
J 

I 
j=1 x! 

JJ 

Uj 1 g u! 
1 y -J. 

8 j=i 
jj 

+ 2a I 
j = 1 

1 1 

X . 3?, I: t 
IX' 

J" ' ] 

® ul"! 

I f 
j., xlj 

Following the same arguments as in subsection 5.3.1.3b, we get 

E[Vj(Rj)l 
(g-1) 

g[m(g~1)-g][m(g-1)-2g] 
(g-1)' 

j"kj 

+ 6 (g-1) / _ 
[m(g-1)-g][m(g-1)-2g] (8-2) 

x!x/ 
J kj 

Bias[Vj(Rj)] E[Vj(Rj)] - V(R) 

= a 

E 

(g-1) 

g [ i n ( g - t ) - g ] [ m ( g - 1 ) - 2 g ] -
(g-1) 

1 
J 

I j kj 

1 

+ 6 (g-1) 

[m(g-1)-g][m(g-1)-2g] (m-1)(m-2) (g-2) 

x!x/ 
J kj 

(5.55) 

This expression is not in a closed form and hence it is difficult to 

examine its behaviour analytically. However, the numerical results indicate 

that the absolute bias of Vj(Rj.) with g = n is less than that of 

for n :> 6 and m > 
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Now we examine the stability of the jack-knife variance estimator 

Vj(Rj) under the model (5.37) for g = 2 . 

VarfVjfRjg)] = E[V,(R^)]^ - [E(VT(R,*))] 
J" J2 J' J2 

Under the model, 

1 1 u, u. 

*2 

+ 2a 1 1 

*2 

t I 
"1 "2 

xj ^2 

(5.56) 

where x| and Xg are the means of the first and second half samples 

respectively and they are independent gamma variates with parameters 

m/2 . From Chakrabary and Rao (1967), we have 

Hence, 

1 
t 

1 
t ' 
n (m-2i) 

i=1 

t > 

^ (m-2f(m-4) " (m-2)(m-4) 

Bias as an estimator of V(R) is 

Bias(Vj(Rj2) = E[Vj(Rj2)] - V(R) 

4m-7 36 

(m-1)2(m_2)2(m_4) (m-1)(m-2)(m-4) 
(5.57) 

This expression shows that the bias of VjfRjg) decreases as m 

increases, 

Now 
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4 
a ' 1 r 

4 
+ a "2 

;; ' x-'j 

+ 6 

The variance is therefore given by 

u 

X 

2a^(in^+m-18) 26^(m^-8m+19) 

(m-1) (m-4) (m-6)(m-8) (m-2) (m-4) (m-6)(m-8) 

4a^6(m^+m-18) 

(m-2)(m-4) (m-6)(m-8) 
(5.58) 

Using (5.57) and (5.58), we can obtain MSE(V (R )) which is 
J J2 

MSE[Vj(Rj2)] = a 
2(m +m-18)(m-1) +(4m-7) (m-6) (m-8) 

(m-1)%-2)4(m-4)^(m-6) (m-8) 

2(m -8m+19)(m-1)^+9(m-6)(m-8) 2 

(m-1)^(m~2)^(m-4)^(m-6)(m-8) 

2 1 
i^S +m-18)(m-1) +6(4m-7)(m-6)(m-8) 

(m-1)^(m-2)^(m-4)^(m-6)(m-8) 

Agfi + (5.59) 

where the coefficients A^, and Ag are functions of m(> 8) 

only. The results of numerical investigation (Chakrabarty and Rao, 

1967) for selected values of m and n indicate that the jack-knife 

variance estimator Vj(Rj2) with g = 2 is not very stable. The 

bias of Vj(Rj) with j n is minimum and MSE[V (R g)] with g = 2 

is considerably larger than that of , 
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Through an empirical study, Rao(1969a) compares Che stabilities 

of these variance estimates from 16 natural populations. Assuming that 

the errors u^ are independently and normally distributed and using the 

measure 5E[V^-EMSE(Y^)]2 instead of CE[V^-MSE(Y )]2 , where 

S the expectation operator, Rao and Kuzik (1974) also compare the 

stabilities of these variance estimators under Model III. 

5,3.1.4 An Evcituation of EmpiTicat Resutts foT Jaok—knifed Rcct'Lo Estimatop 

In the previous section we have reviewed the theoretical work done 

in connection with the jack-knifed ratio estimator and other competing 

estimators. Along with these theoretical developments considerable 

attention has also been given to empirical work in order to compare the 

efficiencies of these estimators and the corresponding variance estimators 

in small and moderate size samples from natural and artificial populations. 

In this section we evaluate the empirical work on ratio estimation. 

Our discussion is based on two main approaches, as outlined earlier in 

Chapters 2 and 3, the randomisation based approach and the model based 

approach. Firstly we address ourselves to the design oriented results 

and thereafter to prediction approach results. 

5.3.1.4a Randomisation Based Results 

The randomisation based approach, as pointed out earlier in Chapter 2, 

provides a measure of error based on the probability distribution 

induced by the randomisation scheme employed in selecting the sample. 

Under this approach we discuss empirical results in two categories, 

that is, variances of the estimators and the estimators of the variances 

of these estimates. 
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(1) Effioienoies of the Estimates 

Assuming a linear regression of y on x where x is normally 

distributed, Rao and Bugle (1966) investigated the small sample 

efficiencies of eight ratio estimators R, R^^, R^^, R^, R^, ^ and 

Rp through a Monte Carlo study based on 1000 samples. These authors 

used Lauh and William (1963) and Tin (1965) models for their study. 

Lauh and William's model is ideal for the ratio estimator since it 

assumes that the regression is through the origin and the coefficient 

of variation of x is small. In Tin's model, the regression is not 

through the origin and the coefficient of variation of x is not small 

This study reveals that under Lauh and William model all the ratio 

estimators are unbiased and there is very little difference in the 

variances of these estimators even for small n. This study, therefore, 

suggestes that so far as this model is concerned it does not matter 

which of these eight ratio estimators is used. The optimum number of 

groups for the jack-knifed ratio estimator R is n. The estimator 

is less efficient than the rest of the estimators. 

Under Tin s model the differences in the efficiencies of these 

ratio estimators are quite promising. The estimator R^ is laost 

efficient at g = 2 which may be due to the reason that R is 

biased under this model and the bias increases as g increases. For 

n = 4 and 6 , the efficiency of R^ is greater than the rest of the 

estimators whereas for n>10 efficiency of Rj(g = n) , R^, and 

R^ are approximately the same. 

It could be concluded from this study that in case of approximately 

unbiased estimators, Rj (with g = n) and ^xg &PpGar to be more 

promising. Earlier, Lauh and William (1963) examined the behaviour of 

Rj and R under non-normal populations and concluded that R is 
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definitely superior to R . These results also find support from 

another study conducted by Rao (1967). The important point conveyed 

by Rao's study is that the jack-knifed ratio estimator R (with g = n) 

performs considerably better than the competing estimators R ^ , R^, R , 

Rp R for n > 2 . With g = 2 , the estimator R^^ is as 

efficient as R^^ which is in agreement with the results reported 

earlier by Rao and Webster (1966) regarding the efficiencies of these 

two estimators. 

In short, based on the empirical studies by Rao (1969b), Rao and 

Kuzik (1974), Rao (1979) and others,under the more general model (5.42), 

the following conclusions may be drawn. 

(i) When a = 0 and H = 0 , the jack-knifed ratio estimator R^ is 

more efficient than the classical ratio estimator R and the regression 

type estimator Y . Among other estimators, for n = 2 and the 

coefficient of variation of x less than 32 per cent, MSE(Y ) < MSE(Y ) 

^ J2 
For n > 2 and the coefficient of variation of x less than 32 per cent 

NSE(Ya ) < MSE(Yo). 

J2 ^ 

(ii) When a ^ 0 and £ = 0 , the jack-knifed ratio estimator Y'" 

is more efficient than Y and the regression type estimator Y 

If the coefficient of variation is less than 25 per cent then 

MSE(Y ) < MSE(Y ) , see for instance, Durbin (1959) and Rao (1969b). 
J2 * 

(iii) When a ^ 0 and 2 % j ' t]iaaMSE(Yg^ < MSE(Y ) provided the 

coefficient of variation of x is less than 25 per cent. 

(iv) When a ^ 0 and £ = 1 , the jack-knife ratio estimator Y~ 

is more efficient than Y . 
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(v) When a = 0 and £ = 1 or £ = 2 , the classical ratio 

estimator Y is more efficient than Ygr , and In case 
iv K J Kir KCjH 

n $ 4 and Z = 2 , Y has substantial gain in efficiency over Y~ 
Rj 

provided the coefficient of variation of x is greater than 0.75, 

see for instance,Rao and Kuzik (1974). 

It could be seen from these empirical results that it is difficult 

to draw any definite general conclusions about the superiority of any 

of these estimators over the others. However, the jack-knifed ratio 

estimator R^ (with g = n) and the modified ratio estimator 

are slightly preferable. The jack-knifed estimator has the additional 

advantage of having a simple variance estimator. 

(2) Variance Estimators 

The properties of the jack-knife and other competing variance 

estimators, for small and moderate size samples, under models I, II 

and III have been studied among others by Tin (1965), Rao and Beegle 

(1966), Chakrabarty and Rao (1967), Rao and Rao (1971b), Rao and Kuzik 

(1974), Krewski and Chakrabarty (1981), Rao (1981) and Wu (1982). 

We have explored these studies in a greater detail. The details appear 

to be messy and hence we summarise the main conclusions below. 

(i) When a = 0 , (i.e. the regression line is through the origin) and 

the coefficient of variation of x is small, g = n is the optimal 

choice. 

(ii) The variance estimators V^(R ) and are quite stable for 

any n as compared to V(y/X) , provided the regression is approximately 

through the origin and the coefficient of variation of x is small. 

The stabilities of ^^(R ) and are approximately the same. 
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However, in case of exponential distribution the jack-knife variance 

estimator Vj(Rj) is much better than . 

(iii) Under Tin's model (a = 0 and the coefficient of variation of 

X is not small), the coefficients of variation of V^(R^) and 

are essentially equal as under Lauh and William's model in (ii) above. 

These coefficients of variation are, however, greater than that for 

V(y/X). 

(iv) Under model (5.42), the variance estimators V and V„_ 
1C 2C 

underestimate MSE(Y^) whereas Vj over estimates MSE(Y ) for all 

values of i . However, when a = 0 and £ = 0 as well, 

overestimates MSE(Y^). Rao and Kuzlk (1974) through a semi-empirical 

study investigated the performance of and V under model 

(5.42) and reported that and are more stable than Vj. 

Earlier, Rao and Rao(1971b) showed that V ^ has a smaller absolute 

bias as compared to Their results indicate that is more 

stable than for A = 0 and 1 whereas for & = 2 , the variance 

estimator Vgg is more stable than V . This conclusion is also 

supported by Krewski and Chakrabarty (1981) who investigated the 

properties of and a slightly modified version of the 

jack-knifed variance estimator .1 (Rj-R)^ „nder the 

model (5.42) when u^'s are normally distributed. Considering 

model (5.42)and different distributions for x , Wu (1982) also supports 

above conclusions. 

(v) Rao (1981) compared the biases and the mean square errors of V , 

Vj and a modified jack-knifed variance estimator 

^ (1-f) E " 2 

Vjg = — - — — I (y^-Rx^) /(g-1) = Y V for g = n . He considered 
X j=1 X 

model (5.42) and showed that underestimates V(Y^) when £ = 0 , 

1 or 2 . This supports the results earlier given by Rao and Kuzik (1974) 
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V is unbiased for i = 1 but overestimates V(Y„) for £ = 0 and 
^ R 

underestimates for & = 2 . The variance estimator V overestimates 

V(Y ) when & = 0 and underestimates when Si = 1 and 2. The 

important features of this study is that V is less stable than 

and 

(vi) When a = 0 , that is the regression line is through the origin 

V. 

is moderately large or C is relatively small. However, for A = 2 , 

the results concerning the mean square error of V , V and are 
iL zC JKC 

not clear. 

It could be observed from the above results that no clear picture 

emerges about the relative merits of the ratio estimates and the 

estimators of the variances of these estimates under the randomisations 

approach. The reason is that these authors have followed the rules of 

the conventional theory in studying the average performance of these 

estimators and by averaging over all possible samples they have been 

led to ambiguous results. 

5.3.2.46 Based! AeswZts 

The model based measure of uncertainty, as discussed earlier in 

Chapter 3, is a property of the units in the sample actually observed 

and does not depend on the manner in which the units are selected. 

In this section we give some empirical results regarding the properties 

of Che jack-knifed variance estimator V , and other competing 

estimators, V^, and under the model g . Royall and 

Cumberland,through a series of investigations (1978, 1981a, 1982, 

1983) have compared the properties of these variance estimators using 

simple random samples, restricted random samples and best fit samples 

fromsj^ real populations under model (3.91). These studies show that 

— 2 
^ x^/n are the key sample characteristics. The ratio estimator 
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for the population total. T can be badly biased in samples where the 

«. 2 
averages x and Z x^/n are not close to the population averages 

X and 2 x./N respectively. Moreover, the behaviour of the 
i=1 ^ 

variances and variance estimators is strongly dependent on X 
s 

The results for simple random samples and error curves of Royall 

and Cumberland (1978a, 1981a) and Cumberland and Royall (1983) indicate 

that the variance estimator V tends to be too small when x is smaller 
IL g 

than X and too large when x^ is larger. The performance of V ,V and 

V in tracking the actual mean square error, as x varies, is much 
n g ' 

superior to and V^. The performance of V , obtained directley from 

the prediction approach, is very poor as compared to V_, V_ and V when 
J D H 

the model (3.91) does not hold. This implies that the variance estimators 

Bore robust to model deviations in the variance function 

as compared to and V . We also note from these studies that the 

performance of the bias robust variance estimator is quite similar 

to that of V . The important feature of these studies is that they 

illustrate that even in well balanced samples the least squares variance 

estimator V is biased if Var(Y.) is not proportional to x. . 

Their error curves also lead to an important conclusion that on the 

whole the best samples for these statistics are those that are well 

balanced on x . 

In case of restricted random sampling, the variance estimates , 

and V give similar results. The error curves for the jack-knife 

variance estimate are very close to , V and V whereas those 

for are considerably below The general pattern of these 

curves is Vj > > V . 
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The results for the best samples give no general pattern for the 

superiority of any of the variance estimators Vj, and . 

However these results indicate that in spite of the absence of random-

isation, the best fit samples provide estimates of precision of the 

variance estimates and which appear to be reasonable. 

Royall and Cumberland (1982), and Cumberland and Royall (1983) 

through an empirical study investigated the coverage properties of 

confidence intervals for ratio estimator , using the standard 

normal approximation with variance estimates V V ,V and V , for the 
IC L D J * 

samples drawn at random from the same six populations used in their 1981 

study. In essence, these investigations reveal thattt^ standard regression 

theory variance estimator produced excess of standardised errors 

(SEZ's) in every group and for all populations and hence this estimator 

is useless in practice. The variance estimators and V showed 

comparatively more stable and consistent performance over all groups for 

some populations. However, these two bias robust variance estimators 

also performed badly at the extremes in some populations (Hospitals 

and Counties) and gave an excess of large negative SZE's in every group, 

even those where was near to x , in certain populations (Counties 

70). The conventional variance estimator performed better than 

in almost all the populations but was in no case better than V. J 

and V . 

These empirical results indicate that although the performance of 

the robust variance estimators V and TL is better than V, in 
J u 1C 

almost all the populations it is not quite satisfactory because both 

these estimators produced a large excess of extreme SZE's in 

samples showing the worst imbalance (e . g . Hospitals and Counties 70) as 

well as in samples that are well balanced (e.g. Counties 70). The 
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problem, however, diminishes to some extent when the sample size 

increases but persists. 

5.3.1.5 Appliaation to Complex Surveys 

The jack-knife method, as discussed earlier in Chapter 3, derives 

the estimates of variance from the variability among a number of 

replication estimates of 0 computed from overlapping subsamples of 

the total sample. Miller (1974a) reviews the properties of the jack-knife 

method for simple random sampling with replacement. Let 8 . denote 
-1 

the estimator of 9 computed from the sample after omitting the ith 

observation, then jack-knife variance estimator for simple random 

sampling with replacement is given by 

, (5.60) 

where 8^ - n8 - (n-1)8 ^ are the pseudo values (see Section 3.2.2.9). 

Jones (1962, 63) suggested a modification of the jack-knife method 

for use in sampling without replacement from a finite population. Jones 

suggested that for m = 1, tt^ pseudovalues could be defined as 

8* -w. 9 - (w -1) 9 . , 
J -J 

where w = 
N-n 

n-1 
N-n N-n+1 

The jack-knife estimator is 

8* = 1 % 8* = WQ _ ; (5 62) 
j=1 J * j=1 J 

where (w-1) = (n-1)(N-n)/N 
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The estimator of the variance based on pseudovalues 84 is given by 

n 
- . ( N - n H n - O J . 
J Sn J 

= Vj(8) . (5.63) 

Some large sample results for simple random sampling without replacement, 

using U statistic have been derived by Krewski (1978a) and Majumdar 

and Sen (1978). 

The extension of the jack-knife to complex surveys is not immediate 

and no general definition is available for jack-knifing in a stratified 

multistage sample. However, several different versions of the jack-knife 

procedures have been suggested for complex surveys. In this section, 

we briefly discuss the applicability of the jack-knife for estimation of 

variance from complex surveys. 

B.2.1.5a Stratified Sampling 

McCarthy (1966) extended the application of the jack-knife method 

to stratified sampling without replacement. However, most of the 

developments for the application of the jack-knife assume that the 

PSU's are selected with replacement. In an attempt to extend the 

application of the jack-knife to complex surveys different definitions 

of pseudovalues have emerged which have resulted in different jack-knife 

estimates. We attempt to summarise various approaches for obtaining 

jack-knifed variance estimates from stratified samples. 
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(i) n^ = 2 

Consider a stratified random sample based on L strata and sample 

observations (y^^, 7^2)* stratum. An unbiased estimate 

of the population mean Y is given by 

'st • J , V h 

% 
where y - ^ y, ./n denotes the sample mean in Che hth stratum 

j = 1 j L 
and W, are the relative stmtiKn sizes with Y W = 1 . 

^ h=1 h 

The usual sample estimate of the V(y is 

' j , "h ? • i j / ^ h (5 .64) 
h=1 h h=1 

w h e r e 

Case I Now, if we delete one observation per stratum and denote bv 8 
-hj 

the estimator based on the entire sample but with the jth observation 

in the hth stratum deleted and 8 as the estimator based on the entire 

sample then the pseudovalues can be defined as 

% = " - " 2 V h » . 6 5 ) 

The jack-knifed estimator is 

, L 2 _ 

^ " 2L ^ ^ (5.66) 
h=1 j=1 J 

The jack-knifed variance estimator in this case is 



2 0 1 

= ".67) 

n-1 

which is the ordinary estimate of the variance of y 
St 

Case II Kish and Frankel (1970) proposed a variant of the jack-knife 

method known as the jack-knife repeated replications technique (JRR) 

where each replication gives a measure of the variance contributed 

by a single stratum. This technique measures the stratum variance 

contribution for variance estimates by leaving out replicates. The 

method consists in forming a set of replicates by deleting one primary 

selection from each stratum'and adding twice the stratum's other 

primary selection. This method yields four variance estimators. Let 

9| denote the jack-knifed replication and 8** be its compliment, 

then variance estimators based on the half-sample, complementary sample 

and those based on the difference and the sum of the half-sample and 

complementary sample are: 

'jRE-HS<« - <'-« j ' " H ' " (5.68) 
1=1 

Vj%B_c(8) = (1-f) I (8**-8)2 (5.69) 
i = 1 

VjRR-D(G) = (1-f) I (8*-8**)2 (5.70) 
i=1 

VjRg_g(8) = (1-f) % [(8*-8)2+(8**-8)2] (5.71) 

where f = — 

The variance estimates (5.68) and (5.69) are cheaper to compute but 

less precise than (5.71). Lee (1973) also proposed a variance estimator 

which is equivalent to V _(8) . Lee's variance estimator is 
JKX—b 
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' J L < « (5.72) 

(ii) > 2 

Case II Suppose that n units are selected from the N, units in the 
n h 

stratum h(h = 1,2,...,L) by simple random sampling without replacement 

in each stratum. Then Jones (1974) derived jack-knife estimators by 

employing Taylor Series expansion. Let 9 , . denote the estimator of 
—rij 

9 obtained by omitting the jth observation from the hth stratum and 

let 
(h) 

denote the mean of n^ observations, then Jones estimators 

are: 

1+ % 
h=1 

L 

- I 
h=1 

J l 
N (h) 

(5.73) 

where 
(h) 

j = 1 

The variance estimator is given by 

V j ^ ( e j ) . I I 

L 

I 
h=1 

n, \ 
h-1 

y % j = 1 
(5.74) 

The estimators (5.73) and (5.74) have also been suggested by Brillinger 

(1977). If n, = 2 , then [l - ] = 1 and (5.73) reduces to 
L 

McCarthy's estimator (5.65) and the variance estimator (5.74) reduces to 

V^(9)=y ^ 1 ( 8 ,--8) which is the same as considered by Lee (1973) 

and Kish and Frankel (1974). Now if we replace 9. . in (5.74) by 

L 

I I L ^ 0(h) 

(h) 

respectively, we get two variants of 

It is interesting to note that if the pseudo values (5.65) are 

defined as 
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'hj = V - ' " • " > 

then the jack-knife estimator is given by 

1 L n _ ^ n -1 L n, ^ 

The corresponding jack-knifed variance estimator could be obtained as 

Vy (8? ) = I (8 .-e, )2/n (n-1) . (5.77) 
3 1 h=1 j=1 j 1 

An alternative jack-knife estimator may be obtained by averaging over 

L strata, that is 

The variance estimator in this case is 

(Gj ) = % (6.-8 )2/(n -1) (5.79) 
4 2 h=1 h j=1 j ^2 

These estimators are the extensions of the jack-knife estimator proposed 

by McCarthy for the special case n^=2 . Folsom, Bayless and 

Shah (1971) have also considered the jack-knifed estimator for stratified 

sampling. Their jack-knife variance estimator can be obtained by 

'̂ h ~ 
replacing 9 in (5.77) by ^ 0 ./n, and is equivalent to Jones 

J1 j _ ̂  nj n 

variance estimator (5.74). 

We illustrate the above discussion through an example of ratio 

estimation from Rao (1975). 
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Example 5.1 

Consider a stratified simple random sample design. Let n^ units 

be selected from the units in stratum h(h=1,2,...,L). The 

combined ratio estimator of the population ratio R is 

I W, y. 

R = 
h=1 h-'h 

I 

(5.80) 

h=1 

where - N^/N and and are stratum sample means. Let 

R/, .\ denote the estimator of R obtained by deleting the jth 
Xhj) 

init : 

(5.73) for R is given by 

unit in the stratum h and R^^^ = Then Jones estimator 

j ~1 

= 1+ % (n.-1) 
h=1 

R 
L r n 

1- zAlR I (n^-1) 
h=1 "h ( h ) 

(5.81) 

The estimate of the MSE(R) is 

V j d O = I 
h=1 

1 2 

" h ' ' 

( 5 . 8 2 ) 

where 

G(h) = (*(hj)-*(h)) /(*h-1) ' (5.83) 

n. 
h . 

For n - 2 , 1 - — - 1 and (5.81) reduces to R = 2R - V R. . 
h J (h) 

which was proposed by McCarthy (1966). The variance estimator (5.82) 

reduces to 

luJ 2 LI 

V,(R) . I [j I - I [j (5.84) 
b-l ^ j M h=1 
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Similarly, by making appropriate substitutions we can obtain other 

variance estimators. 

Case II 

Brillinger (1966) proposed n mutually exclusive and exhaustive 

groups each containing one observation per stratum and computed the 

jack-knife estimates by excluding an entire group. He considered 

n^ = rm^ where r _ the number of groups remains fixed. Assuming 

n 

= — does not change too much with r , he suggests that the 

h 

sample elements in the stratum should be randomly split into r 

groups of size m^ and then randomly join together a group from each 

stratum to form r global groups. Brillinger also discusses the 

jack-knifing of two stage sampling and cluster sampling with unequal 

cluster sizes. He demonstrates how complicated samples should be 

divided into groups in order to obtain an unbiased estimate of variance. 

However, the method adopted by Brillinger is like a part sample technique 

and does not have the characteristics of randomisation or balancing. 

Moreover, we have seen earlier in subsection 5.3.1.3 that r = n is 

the optimum choice whereas Brillinger assumes fixed r. 

Case III 

Recall that McCarthy applied the jack-knife to stratified sampling 

by leaving one observation per stratum whereas Kish and Frankel's 

jack-knifing consists in deleting one PSU per stratum and adding twice 

the stratum's other primary selection. Lemeshow and Epp (1977) 

discuss the jack-knifing of individuals or groups by collapsing the 

strata. Suppose we wish to estimate the variance of the population 

mean from a stratified simple random sample with n^ observations per 

stratum. Then the estimates of the population mean may be formed by 
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omitting a single and adding back the average of those observations 

remaining in the same stratum. In this way we compute n .L values, 

I y 

6, . = 0 - + w (5.85) 
hj f \ 

The pseudovalues are now given by 

'hj = \ 0 -

The average of these values is the jack-knife estimator. 

(5.86) 

and the variance estimate is 

(Ghj-8L)^/nh(nh-1) (5.88) 

These authors discuss 4 variant cases. Suppose we have L strata, 

then the four cases considered are: 

Case 1 

^ ^™h observations in each stratum which are collapsed into k 

equal sized groups of m^ = n^/k . Instead of omitting a single 

observation, an entire group is omitted to obtain the jack-knife 

variance estimate. 

Let 

' K ' -

Then 
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J , j l • (5.90) 

and 

'hj "h ^ ^ "h R s i o ^ 
(5.91) 

The pseudovalues and the jack-knifed variance estimate are obtained as 

in (5.86-5.88). Denoting Z^j = expressions (5.90), 

the variance estimate is given by 

L k 

= k I I {Z^,-ZjVk(k-I) 
hii j.i '•j 

1 
L 

k(k-1) 
A ; 

.%,(yhj-yh)^ ' 
j=i 

(5.92) 

where 

X, Z.! and y* = 1 % 
h k 'hi 

Case 2 

If k = n^ and m^= 1 , then from (5.92), we get 

Vj(6„) - I j l (y. 1) 
h=i j = 1 

(5.93) 

Case 3 

If we take k = 2 , i.e., n^ = 2m^ , then from (5.92) we have 

- - L fW^-,2 2 

h=1 
^ I (yhj-yh)^/2 

% j 
(5.94) 

j = 1 
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Case 4 

When k = 2 and = 1 , then from (5.92) 

• J , «H J , 
h=1 j = 1 

' V .,2 , ,2 
• 4 J , "h <yh,-yh2) 

V(yg^) , given by (5.64) (5.95) 

The jack-knife has also been extended for variance components in 

complex surveys. The details on this aspect could be seen in Folsom, 

^ £i'' (1971). These authors have also developed a multistage 

extension of the jack-knife for non-linear statistics from complex 

surveys. 

Consider a stratified three stage design with PPS selection at 

the first two stages and equal probability sampling at the last stage. 

It is assumed that first stage units are sampled with replacement and 

are subsampled independently each time they are selected. Second and 

third stage units are selected without replacement. 

Let 8 be the non-linear statistics, then in the notation of 

Folsom, ^ , 

G = y+...(&)] (5.96) 

where the (plus) in the y's (sample totals) indicates the summation 

over h(h = 1,...,H) strata. The estimates for 9 are formed from 

pseudo-replicates obtained by successively deleting the data from 

sampling units at a particular level of the design. These estimates are 
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•'"hijk = V h A i j ® - ' V ' ^ - h i " " h ' \ r ' * ® - h i j - V h i S i j " " ® - h i j k 

( 5 . 9 7 ) 

When a first stage unit is deleted, the replicate estimator is 

9 - h i ' 

with 

Y .(r) = y ...(r) - [y . (r)-y (r)]/(n -1) (5.99) 
—til + nl. . n. . . n 

The jack-knife estimate is the average of the pseudo-values and is 

given by 

H "h "Vij 

' j K ' j , j , j):, j , 

The variance estimate for the first stage component in (5.100) is 

2 
J Y = (JMS -JMS ' , ) ( 5 . 1 0 1 ) 

^ p s/p 

where 

P 

H , 

JMSp = I .1 -je^ ^ ) /(n^-l) 
^ h=1 1=1 

H 

- " " ^ ' s / p - J , J , J-, ' V h i < ^ h i - " 
f h=1 1=1 j=1 

5.4 iMtervaZ SstimattOM 

Tukey (1958) suggested that the pseudo values 9^ could be treated 

as n independent 5 identically distributed random variables with mean 

6 and hence standard error of 6 can be estimated and could be used 

to set up approximate confidence intervals. Thus the statistic 
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n(6-9) 

/ I n <5.102) 

^ I , 

has an approximate t distribution with (n-1) degrees of freedom. 

_a/2 

'n-1 
The approximate confidence intervals of the form 9 ± S.E.(6) t^^^ 

C(p / 2 
could be constructed, where is 100 (1-a/2) per cent point of 

Student's t-distribution. 

However, with exception of Brillinger (1964), most of the literature 

on the distribution theory of the jack-knife is concerned with establishing 

the asymptotic normality. The reason for this is that,in practice,the 

jack-knife t-intervals are conservative (i.e. wider than necessary 

for the nominally listed coverage) so it may be better to use the normal 

critical constant. Miller (1964, 68) has discussed under what circumstances 

Tukey's assertion regarding the use of the functions of the pseudovalues 

to estimate the variance and set confidence intervals are valid. Let 

8 = f()j) where m = E(X.) . Then Miller (1964) showed that if {X.} 

1 1 

is a sequence of independent and identically distributed random variables 

2 

with mean jj = 0 and variance 0 < g < « , and if f is a function 

on the real line which in the neighbourhood of the origin has a bounded 

second derivative, then as n -> °o ^ /rr"(8-8) is asymptotically 
2 2 

normally distributed with mean zero, and variance a (f'(0)) and 
—•1^ O 

that (n-1) y (8.-8) o (f'(0)) . In a subsequent paper, Miller 

i=1 ^ 

(1968) extended his results to potentially more useful case, where 

8 is the sample variance or the log of the sample variance. 
The conditions under which the original statistic '8 and the 

^ n 

jack-knifed statistic 8 have the same asymptotic properties have 

been described by Thorhirn(1976). In his subsequent paper,Thorburn (1977) 
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discusses that if the pseudo-value s 8 converge in mean square to a 

sequence of random variables , as n , then random variables ^. 

are independently and identically distributed. He shows that the 

variance estimate based on the pseudovalues is consistent and that the 

jack-knife estimator is asymptotically normal. 

Miller (1964) also pointed out the situations where the jack-knife 

procedure fails. His three counter examples are based on the simplest 

non-linear estimate, that is, the maximum of . He demonstrated 

that for the largest order statistic, the asymptotic behaviour of (5.102) 

can be non-normal, degenerate and may even drift to infinity. 

py Maztmwm Estimate 

Brillinger (1964) presents a different limiting approach by 

holding g fixed and letting m » for the grouped jack-knife 

(5.4). Let y^,y2»'"',y be a random sample from a distribution with 

density function f(y,8) then the likelihood function is given by 

•n 

8) = n f(y%;8) (5.103) 
i=1 

Log(y,8) = % logf(y.i8) (5.104) 

1= 1 

^ 31ogf(y ;8)/38 (5.105) 
dO 1=1 1 

Under the regularity conditions, the maximum likelihood estimate 6 of 

0 based on n observations satisfies the condition, 

y 31ogf(yi,8) 
(5.106) 
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Now expanding (5.106) in Taylor series and making appeal to strong 

law of large number and central limit theorem, after some algebraic 

manipulations,it could be shown that 

/n (8-8) ^ N(0,1/I) , (5.107) 

where 

I = -E 3^1ogf(y,8) 

98^ 
is the Fisher's information. 

Let ®(j) denote the maximum likelihood estimate derived from (g-1)m 

observations obtained by deleting the jth group, then the grouped 

jack-knife can be defined as 

8pj = gG - (g-l)G(j) , j = 1,2,...,g (5.108) 

Now, holding g fixed and letting n -> o° , it could be shown by an 

appeal to central limit theorem that 

/nX8 j-8) + N(0,1/I) 

Also using results from Mann and Wald (1943), after some simplifications 

it follows that 

/g(8 -8) d 

^ ~ C(g-1) (5.109) 

2 (8 .-8)^/(g-1) 
j = 1 Pj 

This implies that the t-test can be applied to 8 j as if they were 

independently distributed. 

We note the main difference between Brillinger approach and that 

of Miller is that the former regards the number of groups to be held 

finite as n » and letting the size of group become larger whereas the 
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latter assumes g = n . However, one would prefer to have g >> m, 

so the asymptotics do not establish the t-approximation in many problems. 

Also it has been shown (Section 5.3) that g= n is optimal. Fryer 

(1970), in an abstract, reports to have overcome the difficulty that 

g remains finite as n + * . He also claims to hawe extended Brillinger's 

results to the multiparameter case but these results have not yet been 

published. The question thus arises regarding the relative size of g 

and m , if n is large. However, at present the only solution appears 

to be that g should be large enough so that adequate degrees of 

freedom are available for t - statistics. 

Reeds (1978) has proved the asymptotic normality for 9 when 

g » , with m = 1 . He shows that the jack-knife gives the correct 

asymptotic variance for 6^ and 8 even if the model is incorrect. 

Fisher's information does not do this because it is computed 

theoretically on the basis of assumed density f(y,0) . Brillinger 

(1977) considers the version of jack-knife, as considered by Miller 

and Reeds, etc and obtains the results which are very close to Reed's 

results. To obtain these results, Brillinger uses Chibisov's (1973) 

expansion in order to prove convergence. The appeal to Chibisov's 

requires much stronger moment and smoothness conditions than the 

Cramer's conditions used by Reeds. Reeds uses a reversion of series 

specially fitted to the jack-knife application instead of a general 

purposer&sult like Chibisov's. Thus, on the basis of the above discussion 

and the earlier results that g = n is the optimum choice (Section 5.3) 

Reed's results appear to be preferable. 
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5.4.2 DSStattgttc andfwncttbMs of D-gtattstic 

The results of Miller (1964) were extended to U-statistic and 

functions of several U-statistic byArvesen, (1969). Any statistic of 

the form 

^-1 

U(Xi,X2 X^) = 

n 

{_£j 
I f*(X.,,X^2 Xj^) , (5.110) 

where the kernel function f*(x^,...,x^) is symmetric in its I 

arguments and the summation is over all combinations of & variables 

^i 1'^12' ' • •'^iJi ^ variables X^,...,X^ , is termed as 

U-statistic. 

Let the parameter of interest be denoted by f(w) and the estimator 

to be jack-knifed by 8 = f(U) , where p = E[f*(X^,...,X )]. Then 

considering (X^,•••,X^) as independent and identically distributed 

random varaibles and f*(X^,...,X^) as any real valued symmetric statistic 

such that E[f*(X^,...,X^)] < <» , where I is the smallest number 

of observations needed to estimate 8 , Arvesen shows that the limiting 

distribution of ( 5 . { i s unit normal as n -> » , provided f has a 

bounded second derivative near p . These results have also been 

extended to functions of several U-statistics f*(U^,U2,...,U ) , where 

each U-statistic has U. different kernel functions f*(j) for the same 

set of independent, identically distributed random varialbles (X^,...,X ). 

Arvesen also discusses the case of non-identically distributed random 

variables and applications to ratio-estimators and product moment 

correlation. 

Considering the X's as independent and identically distributed 

random variables and expressu^the unjack-knifed statistic as a function 

of several U-statistic, Arvesen and Layard (1975) established the 

asymptotic normality and the consistency of the jack-knife estimator for 
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sampling with replacement. In case of sampling without replacement the 

X's are no longer independent. Utilizing the concept of a sequence 

of finite populations (Madow, 1948; Hajek, 1960), Nandi and Sen (1963) 

established the consistency and asymptotic normality of U-statistic 

in sampling without replacement from finite populations. Recently, 

Krewski (1978a) shows that many non-linear statistics can be expressed 

as functions of several U-statisCics. He also establishes Che asymptotic 

normality of non-linear statistic and the consistency of the corresponding 

linearization variance estimator. 

5.4. J 

We have noted from the previous sections that the applications of the 

jack-knife technique are mainly confined to handle the balanced 

situations with independent and identically distributed random variables. 

Miller (1964, 1968,1974a);Thorburn (1976, 1977) and others have established 

the conditions under which the jack-knife estimator is asymptotically 

normally distributed with a consistent estimate of its variance. 

Miller (1974a)extended the applicability of the jack-knife 

technique to the linear model, 

I = + 1 (5.111) 

where Y = (Y ) is a vector of n independent observations 
— I n 

— " (3j,32,...3p) is a vector of unknown parameters, ^ 

is a vector of indepen&sntand identically distributed error variables 

Xv'ith E(e.) = 0 , Var(e.) = a^, E(et) < » . The X is a matrix of 
1 1 1 — 

known values. 

The parameter of interest are of the form 9 - f(3) , where f is 

a smooth function of the model parameters. The estimator considered is 
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0 - f(3) , where 3 = (X'X) X'Y is the least squares estimator. The 

jack-knife is applied in the usual way be deleting successively each 

row of X matrix and each column of Y . Let g be the least 

squres estimator for g obtained by deleting the ith row of X matrix 

and the ith element of Y . The pseudovalues are defined as 

8. = nf(6) - (n-l)f(g ) (5.112) 
^ -i 

and the jack-knifed estimator for 6 is 

^ n _ 

8 = - I 8 ; (5.113) 
i=1 1 

x'x 
Miller (1974a) shows that under the conditions that ^ Z , 

n — 

a positive definite matrix, as n ^ the jack-knife estimator of 

9 is asymptotically normally distributed, that is, 

d -1 

(8-Q) + N(0,o f'(g) % f'(g) 

for any function f(.) with bounded second derivatives in an open sphere 

'af(B) 3f(g)' 
about 6 , where f'(6) = 

ag, 36 
^ P j 

The pseudovalues 

(5.111) are defined symmetrically with respect to the observations 

(x. Y.) but in general linear model situations the observations do 

not affect the least squares estimates in the same way. 

Hinkley (1977b) suggested a weighted jack-knifed estimator 9^ 

with the assocaited variance estimator V (see Chapter 3). Under 

the similar conditions as given by Miller (1974a), the weighted jack-knifed 

estimator 9^ of 9 is also asymptotically normally distributed, that 

2 
is, if o < and there is some positive definite matrix Z such 

— 1 ~ 
that n ^ % 5 as n ^ , then /n(9^~6) converges in 

distribution to N(0, a f'(6) Z ^f'(B)) • Also if f has a continuous 
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first derivative in a neighbourhood of 3 , then V a n d V,,_ 
_ - J WJ 

2 T 

converge in probability to a f' (^) f'(^) as n . These results 

extend the use of jack-knife to the estimation of linear or nonlinear 

f(B) in unbalanced situations. 

6.4.4 Correlation Coefficient 

Another area where the normal theory procedure is not robust is 

the interval estimation for the correlation coefficient. The test that 

p = 0 is robust to non-normality but for p 0 , the asymptotic 

" -1 1 1 +r . 1 
variance of 9 = tanh r = l n ( - — ) is not — - unless the underlying 

/ 1-r n-3 

distribution is normal. Duncan and Layard (1973) studied jack-knifing 

6 and found that it works well with most of the distributions considered, 

namely, normal, lognormal, linear regression uniform, linear regression 

double exponential, gamma and contaminated normal. The normal theory 

test showed poor results for certain non-normal distributions whereas 

the jack-knife method provided better confidence intervals for most of 

the sampled distributions. 

Recent work on improving the jack-knife in connection with the 

correlation is due to Hinkley (1977a, 1978)•Hinkley (1977a) assumes 

n = gm and on the basis of a simulation study based on 500 replicates 

for normal, contaminated normal and double exponential, he shows that 

- 1 

T = tanh r has not only stable variance for elliptically symmetric 

distributions but,to second order, it is symmetrically distributed. 

Hinkley concludes that the approximate normal jack-knife confidence 

limits are often inaccurate even for moderately large n and the student 

t approximation with (g-1) degrees of freedom is better for large m. 

The grouping of data usually improves the probability accuracy of 

confidence limits with only a slight loss of efficiency. However, 
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random grouping of data is objectionable due to the reason that 

the resulting inference is not unique. Moreover the pseudovalues are 

not capable of indicating deviant points. 

Hinkley (1978) uses z transformation of the sample correlation 

estimate r and argues that this transformation is preferable in 

practice because it is more nearly normal than r and because 

inadmissible values are possible for the jack-knifed untransformed 

correlation. His results based on the artificial data show that the 

jack-knifed estimator is inore seriously affected by a deviant point 

than the unjack-knifed estimator. Similar behaviour of the jack-knife 

have earlier been observed by Miller (1974b) and Wainer and Thissen 

(1975). Using well knomi expansions for differentiable statistical 

functions (von Mises, 1947), Hinkley suggests robust alternatives based 

on the analysis of pseudovalues. He concludes that the routine 

deletion of smallest and largest pseudovalues before averaging produces 

a very definite improvement over T* in case of correlation, where 

; J , "n.i' "n.i = 2. 

^ c(Yi,Y2'''''^n) estimate of the parameter of interest 8 . 

Knott and Frangos (1983) pointed out that the results of Hinkley (1978), 

on variances associated with jack-knife estimation are incomplete due 

to the non-inclusion of third order terms in a von Mises expansion. Thus 

the estimators for the variances in Hinkley (1978) are not adequate for 

moderate sample sizes and can be improved. These authors give Monte 

Carlo simulation results in support of their conclusions. 

5.5 

This brief review has had to be selective, with some issues 

excluded, but some final points should be made. We have attempted to 

discuss the important aspects (particularly relevant to survey sampling) 
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that has been significant in bringing the jack-knife method to its 

present status. Presumably one could identify two types of inference 

problems, namely, bias reduction and interval estimation where the 

jack-knife has proved itself to be a useful device. We observe that 

the jack-knife method introduced originally to reduce bias in estimation 

was progressively extended as a means of obtaining robust confidence 

intervals. 

Considering the theoretical properties and numerical studies, 

discussed in this chapter, we reach the following conclusions. 

(1) The jack-knife appears to behave reliably both as a means of 

bias reduction and of providing a realistic assessment of error in 

cases where the estimator is a function of all data values concerned. 

This includes situations involving variances, maximum likelihood or 

least squares estimator, regression, correlation and ratios. However, 

the order statstistic does not come under this category. 

(2) We also note that the jack-knife method can be extended to more 

complicated samples, provided adequate care is taken to ensure that a 

properly representeative method is used for subdividing the sample. 

(3) Based on the mean square error considerations in ratio and other 

problems, the choice g = n appears to be the best. 

(4) The theoretical and numerical results on ratio estimation provide 

no clear picture about the superiority of the jack-knifed ratio estimator 

and the estimator of its variance as compared to other competing 

estimators under the randomisation based approach. 

(5) The model based approach does point out flaws in the conventional 

variance estimator and recommends that balance is a necessary 
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condition for robust inference. However, even under this approach, 

the empirical results of Royall and Cumberland (1982, 1983) regarding 

the performance of robust variance estimators for restricted random 

sampling, even in case of balanced samples, for robust interval 

estimation using standard normal approximation are quite confusing and 

do not differ from those for 

Before closing the discussion we would like to make a final point 

that it has been noted that the standard jack-knife procedure is 

sensitive to deviant data points (see Chapter 3, Section 3.2.2.11). 

Thus an outlying pseudovalue indicates that an estimate is being excessively 

influenced by the corresponding observation (or groups of observations). 

This suggests that there is need for considering alternative more robust 

methods, as discussed in subsequent chapters. 
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Tag &WWETGATED fGR #EGAESSIO# &SfrM4fZ0# 

During the last three decades considerable attention has been 

devoted to studying the properties of the jack-knife method. We find 

that the technique has since been extended to handle more general forms 

of applications such as estimation of variances, ratios and correlation, 

etc. The conditions under which the jack-knife estimator is asymptotically 

normally distributed together with a consistent estimate of its variance 

have also been established. As could be seen from Chapter 5, a 

considerable amount of literature also exists on the performance of 

the jack-knife in problems of ratio estimation and comparison of 

variances under the randomisation based and the model based approaches. 

The jack-knife has also been generalised to tackle more general forms 

of bias and to estimation in specialised stochastic processes. The 

bulk of this literature deals with balanced cases which assume equal 

sample sizes and equal variances. We have reviewed the relevant 

literature on the jack-knife in Chapter 5. 

Linear regression models are of considerable importance in a 

variety of applications. Miller (1974a) extended the jack-knife 

technique to the estimation of the parameters associated with the 

linear regression model Y = Xg + e , where Y is a vector of n 

indepedent observations, X is a matrix of known values, g is a 

vector of unknown parameters and e is a vector of independent and 

identically distributed error variables. 
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In this chapter, we discuss the application of the unweighted 

jack-knife procedure to regression estimation. In Section 6.2 we 

give basic concepts necessary for later developments in this and the 

subsequent chapters. In multiple regression an important set of 

T T ""1 

quantities is w£ = which measures the distance of a single 

design point from the centre of the data. In Section 6.3, we discuss 

the interpretation of as a distance measure. Section 6.4 is 

devoted to the properties of the jack-knifed regression estimator g 

under the linear model described above. The important feature of the 

jack-knife is that it provides a simple variance estimator for the 

variance of a parameter estimator. In Section 6.5, we examine the 

properties of the jack-knife variance estimator. Finally, in Section 

6.6 we give the main conclusions. 

In this section we give some basic concepts which will be utilized 

for derivations in the subsequent developments. 

Lemma 6.1 

Let A be a non-singular n x n matrix and U and V be two 

n X 1 column vectors, then 

T - 1 - 1 ( A " 1 u ) ( v T A " 1 ) 

(A + UV ) = A - - ; (6.1) 

1+V A U 

This is a standard result in matrix algebra, see for example, Rao 

(1965), and Draper and Smith (1981). 

If X is a P X P non-singular matrix, Y is a P x 1 vector 

and C is a scalar, then 
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-1 T -1 
T.-l -1 CX Y Y X 

Lemma 6.2 (Milled 19 74a) 

For fixed 2£ the sequence ^ (X^X^) is non-increasing as 

n increases. 

Proof 

We can write x.x. = X^X^ + x^+iXn+i. By Lemma 6.1, 

we have 

- (x'-x )-' 

Thus 

T *n+l(%n%n) ^n+l 

Since the numerator and the denominator of the last term are non-negative 

and greater than or equal to one, respectively, the conclusion follows. 

Lemma 6.3 

X 
If X X/n ^ Z positive definite, then 

max x.(X^X ) ^xT ^ 0 
ISiSn -1 -1 

Proof 

Consider a sequence & for which max + c > 0 

Let S = max (6.4) 

Since 2,(X ^X^) ^ ̂  Z ^ , the sequence i must tend to infinity. 
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Now by Lemma 6.2, x. (xT X. )xT % xT (%I%o) . But we have. 

Trfx? X )-1(%T _ % _ ) + % (X? X )-1sT 

A & A A A f f A 
(6.5) 

Now since, ^ » and (X X^)/n + Z , as n + * it implies that 

TrfX? X )-1(xT _ X _ ) ^ P (6.6) 

A A A ^A 

T —1 T 
Thus from (6.5) we get x. (X. X. ) x. -> 0 which is a contradiction. 

^A ^A ^A ^A 
Hence, 

, T ,-1 T (%^%n) 
max x. ( X X ) x. -> 0 as 
IfiZn 1 

I(p.d.) . (6.7) 

Consider the linear regression model. 

Y = Xg + e ( 6 . 8 ) 

where Y - (Y ̂  ,Y^, . . . ,Y^) , g - ( 3^, . . ., 3^) , e^ = ( ê  , e2, . . . , e^) 

and 

X = 

5 ^ "] 2' * ^1 

^21 '*22''' ''=2p 
T 

52 

*n1 '*n2''' •''np J 
"T 

X 
r^j 

The error variables e^, i = 1,2,...,n are assumed to be independently 

2 

and identically distributed with zero mean and constant variance a 

Let _g be the least squares estimator of g with the complete data set 
and 

-1 li - 1,2,...,n be the least squres estimator of g when 
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t ii "T* 
the i row (x ,Y.) is deleted. Further let X be the matrix X 

X 1 — — 

with the ith row deleted and Y represent the vector Y with ith 

row deleted. Then, 

_ — — —1 1 —1 — 
(6.9) 

Proof 

We can write X^X 

By Lemma 6.1, we get 

T T T 
(X X-x.x.) where x. is the ith row of X. 
— — —1—1 —1 — 

~ T ~ _ 1 

(X^X) 
T T . 

(X X-x 

t , (xTx)"1x.xT(X^^j 1 
(xTx)-i + - -i-i - -

l-xTCX^X) ^x^ 
(6.10) 

and 

(X^Y) = (X^Y-XiYi) 

By definition 

8 .= (X X) X Y = (X X-x.x.) '(X Y-x.Y.) 

_ , (xTx)"1x.xT(xTx)-1 

. . f t r ' A • 

T -1 
= g+(X X) 

^ , T -1 
B+(X X) 

1-x.(X X) X. 
- 1 - - - 1 

T , T . -1 T T T - 1 ^ 
x.x.(X X) X Y x.x:(X X) x.Y. 
-1-1 - ~ ^ -1-1 - - -1 1 

T,_T_,-1 " -i^i ' T,, T ,-1 

1-x^(X Xp x^ 

1-x^(X X) x^ 1-x.(X X) X. 
- 1 - - - 1 V 

T T _1 T T T _1 T T _1 
x.x.(X X) X Y-x.Y.(1-x.(X X) x.-x.x7(X X) x.Y. 

1 - xT(X^X)"^x. 
-1 - - -1 

= B+ 

T -1 T T -1 T T -1 
(X X) x.x.(X X) X Y-(X X) x.Y. 

_ — —-

1-x.(X X) X. 

(xTx)-lx.(Y.-lT;) 
- - - 1 1 -1-

T T -1 
1-x^(X X) X 

(6 .11 ) 
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Hence 

T -1 T 
(X X) x.(3\-x7 ) 

l - x T c x^Xi ' ^ x . 
- 1 - - - 1 

, T -1 
( X ] 0 x J L 

(6.12) 
1 -Wj^ 

where R. = Y. - xTg is the ith residual. The expression 
1 1 - 1 -

X , T V -1 
w. = x.(X X) x. can be interpreted as the distance of the single 
1 —1 — — —1 ° 

design point from the centre of the design, see for instance, Hinkley 

(1977b). This interpretation of w is explained in the next section. 

6.Z InterpTetation of the Distance w. 

In this section, we attempt to explain in what sense the quantiy 

X T -1 
w. = x.(X X) X . can be interpreted to measure the distance. 
1 -1 - - -1 

Definition 6.1 (Distances) 

Let P and Q be two points where these may represent measurements 

X and Y two objects. A real valued function d(P,Q) is a distance 

function if it has the following properties: 

(i) Symmetry, d(P,Q) = d(Q,P); 

(ii) non-negativity, d(P,Q) > 0 ; 

(iii) identification mark, d(P,P) = 0 . 

In addition, many distance functions hold the following properties: 

(iv) definiteness, d(P,Q) = 0 if and only if P = Q; 

(v) triangle inequality, d(P,Q) $ d(P,R) + d(R,Q). 

T T T 
Let X be an (n x P) data matrix with rows x,,x„,...,x 

- -1 -z -n 

Then the Euclidean distance between the points x. and x. is d.., 
-1 -J iJ 

where 
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d2. 
ij 

k=1 ik -jk 
) = x.-x. 

-1 -j' (6.13) 

This distance function satisfies properties (i) - (v) 

The squared Mahalnobis distance between points and the sample 

mean vector x is defined as 

2 - T -1 
D. =(x-x) S (x.-x) (6.14) 

where S is the estimate for the variance-covariance matrix Z. 

The distance measure defined in Lemma 6.4 gives a measure of how 

far the ith point is from the centre of the data. For example, in 

multiple regression, w. , measures the distance from the point x. 
1 -1 

to the centre of the data and the cases with unusual values for the 

independent variables will tend to have large values of . This 

point could be illustrated through a simple example. Consider the 

simple linear regression model, 

= a+ gx. + e. i = 1,2 n 

where E(e%) = 0 , Var(e^) = o and Cov(e^,ej) = 0 for i / j 

For this model 

(X^X): 

n Ex. 
x 

Ex. Ex. 
1 1 

T - 1 1 
, and (X X) - — 

SXX 

) 

2 "2 " 
where SxX = Ex. - nx and x = ^ x./n 

^ i=1 ^ 

T T -1 
Now, w. = x.(X X) X, and hence 

1 -1 - - —1 

Zx? 
1 

n 

Zx, 
1 

Zx. 
1 
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w. 
1 

= ( 1 x.) 

Zx? 
1 

nSXX 

Ex. 

nSxx 

Zx. 
1 

nSXX 

Sxx 
x . 

Zx? 2x.Zx. X? 
1 1 1 1 

nSXX nSXX 

/ - ^ 
^ ( x ^ ^ ) 

n SXX 

SXX 

(6.15) 

It could be seen from this expression that will be minimised when 

x^ = X whereas will increase for the unusual cases, that is, the 

cases for which x. is far from x . If x. is sufficiently far from 
(x.-x)2 1 1 

X, then — w i l l become larger and may be closer to one. 

The distance notion described above can be formalised in several 

ways. The one that works (at least for models with intercept) is 

best defined in terms of the deviations from means form of the model (6.8) 

Suppose that is the corrected cross product matrix, x is a 

P' X 1 vector of sample means of the P' independent variables and 

T 
we redefine x. to be the ith row of X without the one for _ 

intercept. Then Weisberg (1980) has shown that 

w. = ~ + (x.-x)^(^^%0 ^(x.-x) (6.16) 

If — term is dropped from the right hand side of (6.16) and the 

remaining term is multiplied by (n-1), then we get the quantity called 

the Mahalnobis distance from x^ to the cetnre of data x . Geometrically 

the second term on the right hand side of (6.16) gives the equation of 

an ellipsoid centred at x . The definition of distance, in fact, 

depends on the data. The points near the long or major axis of the 

ellipsoid need to be much further away from x , in the usual Euclidean 
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distance sense, than the points closer to the minor axis, so as to have 

the same values for w. . 
1 

g.4 Propgrttgg oy t&g Estimator 

for the Linear Model 

Consider the linear regression model (6.8) X ~ 2 § "'" £ > where 

Y is an nx1 vector of observations, X is n x P matrix of known 

constants, 3 is a P x 1 vector of unknown parameters and e is 

an n X 1 vector of randomly distributed errors. The error variables 

are assumed to be independently and identically distributed such that 

2 
E(e) = 0 and Var(e) = a I . For this model, we consider the least 

T -1 T 

squares estimator g = (X X) X Y based on the complete data set 

as an estimator of 6. 

In the unweighted jack-knife procedure the parameter estimates are 

obtained by successively deleting the rows of X matrix and Y vector. 

Let §_£» i = 1,2,...,n denote the corresponding estimator of 6 

T 
obtained by deleting the ith row x. from X and the ith observation 

— 1 -

Y^ from Y. Then under the unweighted jack-knife procedure the 

psuedovalues are defined as usual. 

L = ng - (n-1)g . (6.17) 
1 — — 1 

Now from Lemma 6.4, we know that 

T - 1 T " 
(X X) x.(Y.-x.g) 

6 = g 1 1 1 
~ T T — 1 

1-X^(X X) X^ 

and substituting in (6.17) we get 
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B. = ng - (n-1) 
1 — 3 -

, T -1 T" 
(X X) x.(Y.-x:g) 

T T - 1 
1-X.(X X) 

(n-1)D ^x.R. 
, o - 1 1 . , _ _ 

1 ^ 1,2,3,...,n , 
i 

(6.18) 

where D - X X is called the design matrix, R. = Y. - x.3 denotes 
o - - ° 1 1 - 1 -

T -1 
the ith residual w, = x.D x. measures the distances of single 

1 - 1 0 - 1 

i ^ 
design points from the centre of the design and = Y. - Y . is 

1-w. 1 - 1 
1 

the difference between Y^ and its least squares predictor from all 

other observations. 

The jack-knifed estimator B is the average of the pseudovalues 

;ive by (6.18),i.e., 

B =n-1 I g = n-1 I 

i=1 i=1 
nS + 

(n-1)D ^x.R. 
0 - 1 1 

1 -w , 

6 + 2:1 D-' y (l-w.)"'x.R. 
n o / 1 - 1 1 

1 = 1 

(6.19) 

FartaMcg o/ t&e Estimator 6 

The expected value of the jack-knifed estimator 3 is given by 

E(B) = E(g) + 2-1 D 1 Y (1-w^) 1x.E(R.) 
n o 1 - 1 1 

1 = 1 

A E(R^) = 0, E(g) = $ ( 6 . 2 0 ) 

Thus 3 is an unbiased estimator of 3 . Since 3 f 3 in general, 

we know by Gauss-Markov theorem that if the model is true, 

Var(g) % Var(g) . ( 6 . 2 1 ) 
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However, when = constant then Var(g) = Var(g) . Also under the 

conditions of Lemina 6.3, we note that 3 is consistent. 

Variance of g 

The variance of the jack-knifed estimator 3 is given by 

Var(3) = Var 

i = 1 1 - 1 1 

Since 8 and R are uncorrelated, therefore 

Var(3) = Var(3) + n-1 
D Var 
o 

I (1-*.) ^x.R. D 1 
iii 1 -1 ij o 

(6.22) 

Let C. then % = (c,,c_,... ,c ) 1 - / and expression (6.22) 
1 -W ^ " 

can be written as 

Var(g) (n-1) n-1 T_\*-1 
Var(g) + 2 D Var(C R>D 

o^D-l + 
o 

n-1 
Var(R)CDQl , : Var(g) = 

+ i2_ll D^lc^fl-XD 1x^)00 ^ . var(R) = 1xT)^2 

= o^D ^ + ("2^^ D"1(C^C-C^XD 1x^C)D (6.23) 

Now, let 

% 

, (m = 0,1,2) (6.24) 

Then,we have 

T # x.x. 
c^c - f -1-1 

I 
i=1 (1-w^) 

2 = ^2 
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Si %2 %3 

1-W^ ' l-Wg ' ' 

x 

' 1 -w 

T 

- 1 

"T 
x 
"n 

T 
n X. X. 

= y — -

T T 
Substituting C C = D and C X = D in expression (6,23) we get 

Var(g) = 1 D ^(D -D D ^ 0 ) 0 IgZ 
o I U z 1 o 1 o 

= 'K' * (6.25) 

Now supposing that is of order n ^ and expanding (1-w%) ™ 

we find the order of Var(B) - Var(g) . 

(1-w.)-* = 1 + mw. + w2 m(m+1)+...+(m+n-1) ^n 
1 1 /! 1 n! i 

= 1 + mw^ + 0(n ) (6.26) 

and substituting (6.26) in (6.24), we get 

-m T ^ 
D - (1-w.) ™x.x. = ^ w.(l+mw.+0(n )x.x. , 
m 1 -1-1 1 1 -1-1 

^ T ^ T ? 
1 x^x + m X w.x.x + )(n- ) 

i=1 1 i=1 1 1 1 

(6.27) 

^ T ^ T 
Let ) x.x. = L and ) w.x.x. - M , then (6.27) reduces to 

i=1 ^ i=1 ^ 

D = L + mM + 0(n ) 
m 

( 6 . 2 8 ) 

From (6.28), we have 
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% = ^ , D-1 = L - 1 
o 

and 

Hence 

D = L + M + 0(n ) , 

-4. 
D = L + 2M + 0(n ) , 

(L+M+0(n *)) ( L* ) (L+M+0(n"^)) , 

= LL + ML + LL + 0(n , 

_i 
L + 2M + 0(n ) . 

D. - D.D = L + 2M + 0(n - L - 2M + 0(n 1) = 0(n 4) (6.29) 
L 1 o I 

Substituting (6.29) in (6.25), we get 

Var(B) - Var(3) = a' 
n-1 

[L ij'] 

0(n-5) (6.30) 

Thus the difference between the variances of the jack-knifed estimator 

. -3 
3 and the ordinary least squares estimator 6 is of order n 

g.5 Propgrtt88 oy FariaMcg Estimator 

Another important aspect of the jack-knife technique is that it 

provides a distribution free estimation of the variance of the parameter 

estimator. The jack-knife variance estimate is given by 

n 
T 

(6.30) 

Now 

%.-6 
-1 -

3 + (n-1)D (1-w.) x.R. - 6 - (n-1)n D V (1-w.)x.R. ^ 
o 1 -L 1 - o 1 - 1 1 

1 = 1 
n X.g: 

(n-1)Djl!^-^- R, - ^ % -
o 1-w. 1 n . i-w. 

1 J = 1 J 
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Substituting the expression for g. - g in (6.30), we get 
X _ 1 _ 

V = Q-i y 
J n(n-1) o X 

1 = 1 

1 
_ R. - 1 Y -J 

1~w. i n ^ 1-w. J 
R. 

J J 

x . 
- 1 

1 - w 
- R. - - y 

1 n 

1 r 

k '-"k ''k 

n—1 

n o I 
i = 1 

C.R. - - % C.R. 
-1 1 n ji, -J J W - i}. Sk% 

k=1 

f D-1 
o 

n-1 

n o 
y 

i=1 

2_T 1 
c R . c : 

1 . - 1 j = 1 k = 1 

n n 

' 7 1 k 

- 1 
(6.31) 

E(V\) = D 1 y 
J n o .6, 

1 = 1 

.2x^1 1 
i I - 1 j; C,E(E.R^)C^ 

2:1 D-1 
n o 

.T 1 

' 7 ^ C.E(R.R^)CJ 

n n 

j; C.VarCR )C - ^ y I C, Cov(E.E,)C 
i = l ' -1 ° ii, jt| 1 J J 

i l l 
j k J 

r 
2:1 D-1 
n o 

I C, Var(R,)c]; - 1 J J C.Cov(E EJC^jo 
1-1 1 = 1 j = 1 -J 

(6.32) 

Now, R = (R^,R2,...,R ) and 

Var(R) = o^fi-xD'Tx^) = I -

x'^D-' 
l'" ° J 

(Xl'-

Tn-1 
Sl^o %1 

Tn-1 

T -1 T -1 
x.D X ,x.D X 
-1 o -1 -1 o -n 

T -1 T -1 
X D X,, ,x D X 
-n o -1 ~n o -n 

(6.33) 
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Thus Var(R.) = a^Cl-xTo ^x.) and Cov(R.R.) = - o^xTd ^x.. 
1 - 1 0 - 1 1 ] -1 o -J 

the first term in (6.32), we have 

Taking 

y C. Var(R.)C. = o 
i=1 ^ 1 ^ 

T _ 2 % 

1=1 

X . 

(i-xTo-ix.) 
1-W. - 1 0 - 1 . 

1 1-w. 
1 

T 
. n x.x. 
/ V -1-1 

and 

(6.34) 

n n 
y y C. Cov(R.R.)C. = 

i=i jil ^ 1 J 

« n x.x. 

i-1 (l-w\)' 
I I vE 

-i 

h h 1-w. -i 0 1-Wj i 
1 J 1 J 

a'(D2-D,D-'D,) (6.35) 

Substituting (6.34) and (6.35) in (6.32), we get 

^ n~ 1 

2 ^ D ; ' [ D , ->2-D,D;'D,)lD;'a^ (6.36) 

We note that E(Vj) ^ Var(6) = and also E(Vj) ^ Var(6) . 

Thus the jackknifed variance estimator V which may be used to 

estimate both Var(g) and Var(6) is biased in the balanced case. 

However, under the conditions of Lemma 3.4 (Miller, 1974a) it could 

be shown that nV^ n Var(B) which implies that is an accurate 

large sample variance estimate. 

Supposing that w. are of order n'^ and defining D* as in 
1 m 

(6.37) we obtain an approximation of E(V ) to 0(n '') . Let 

r T 
D* = ) w.x.x. 
m .^, 1-1-1 

1 = 1 

(i - 1,2) (6.37) 



- 236 

Then we have 

r T 
D* = ) x.x. = D 
O .^. -1-1 o 

1— I 

n 
* r T 

w x x 

D* = % W? x.xT (6.38) 
2 i -i-i 

1— I 

From (6.28) and (6.38), we get 

= D o + D * + D * 

Dg = + 2D* + 3D* 

Now, 

Dj - = (D +D*+0*) - - {D +2D*+3D*-(D +D*+D*)D (D +D*+D*)} 
I i i z i u i o i z n o I z o l Z o o i z 

= D + D* + D* - - [D +2D*t3D*-D -2D*-2D*-D*D"lD* 
o 1 2 n o 1 2 o 1 2 1 o 1 

_ D+D'^D* - D D'^D*] 
2 o 1 1 o 2 

= + D* + D* + 0(n"3) . 

Hence 

= o'T + + OfnT*) 
o o 1 o o 2 o 

(6.39) 

Substituting (6.39) in (G.36), we get to 0(n"^^ 

(6.40) 
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These results indicate that in case of an unweighted jack-knife 

procedure, the jack-knifed regression estimator g is unbiased but 

less efficient than the least squares estimator 0 . The jack-knifed 

variance estimate Vj. also gives biased estimate of the variance. 

6.6 Conclusions 

In this chapter we have considered the application of the unweighted 

jack-knife to multiple linear regression model. We observe that the 

jack-knifed estimates of regression parameters are unbiased but less 

efficient (VAR(g) > Var(6)) and the jack-knifed variance estimator 

V is biased. These failures (with respect to design matrix) are due 

to the fact that model is unbalanced whereas the jack-knife procedure 

applied is of the standard balanced form which assumes the regression 

errors to be independently and identically distributed. The lack of 

balance comes from D . The reason is that certain observations may 
o 

be influential and may cause a severe non-uniform dispersion in the 

observed design, that is, may differ widely. However, if 

are constant then Var(g) = Var(g) . This shows that when the linear 

regression weights are fairly unequal, the unweighted jack-knife gives 

inaccurate results. Thus we note that the traditional estimation 

techniques generally applied to the balanced form of data are not 

suitable for the unbalanced data. We therefore require a procedure 

that may take into account the unbalanced structure of the data. 

This suggests the need for more robust jack-knife procedures which 

we discuss in subsequent chapters. 
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7. j JMtrodwcttOM 

Consider the model 

Y = X g + e 

Where Y is an n x 1 vector of observations, X is an n x p 

full rank matrix of known constants, g is a p x 1 vector of unknown 

parameters and e is an n x 1 vector of randomly distributed errors 

such that E(e) = 0 and Var(e) = . 

In fitting the model (7.1) we estimate g by g = (X^X)"^X^Y 

and the fitted values corresponding to the observed values are then 

given by 

Y = Xg 

= X(X*X)'^XY (7.2) 

The vector of residuals is given by 

R = Y - Y 

= [I - X(xTx)-1xT]Y (7.3) 

The ith residual is denoted by R. = y. - xT g, where xT is the ith 
1 1 -1 - -1 

row of X matrix. The covariance matrices of Y and R are respectively 

V(Y) = X(xTx)-1xTo2 . (7.4) 

and 
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V ( R ) = [ I - X ( x T x j - 1 x T ] a 2 . ( 7 . 5 ) 

2 
The full sample estimate of cr is 

8% = YT[I-X(xTx)-1x]Y/(n-p) . (7.6) 

The matrix defined by X^X Xj X is very important and we shall call 

T "~1 

it W = X(X X) X . Another important set of quantities is the diagonal 

elements of W , given by 

*i = (7.7) 

which gives a measure of how far the ith case is from the centre of 

the data. 

2 

Recall that Var(R^) = (1-w^)a will be small when w^ is large 

with the result that cases with near x will fit poorly whereas 

the cases with far from x will fit well. This is undesirable 

because the violations of the model are most likely to occur under 

unusual conditions and it may not be possible to find these violations 

by simply examining the residuals. For use in diagnostic procedures, 

several transformations of the ordinary residuals have been suggested 

to overcome some of their shortcomings. For example, an improved set 

of residuals could be obtained by scaling so that cases with large w^ 

get larger scaled residuals while cases with smaller get smaller 

scaled residulas. Then all the residuals in an analysis can be compared 

directly. One method to do this scaling is to divide each of the 

residuals by an estimate of its standard deviation. These are then 

called dtudentised residuals and are defined by 

R. 

t, - r , i = 1,2 n . (7.8) 
s(1-w.)* 
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The Studentised residuals are slightly correlated with Y\'s but in 

practice this correlation is negligible. The residuals and the Studentised 

residuals represent one attempt to measure the success or failure of the 

model. However, the important point to consider in any data analysis 

is the impact that each observation has on the estimates. For example, 

in some data sets one or more cases may have sufficient impact on the 

analysis such that if these cases are removed, the results based on the 

reduced data set may be quite different from those based on the complete 

data. Thus the outcome of an analysis would change dramatically. 

We shall term such cases influential and the study of the dependence 

of conclusions and inferences on various aspects of a problem formation 

as the study of influence. 

The basic idea of influence analysis is quite simple. In this 

chapter we discuss the influence function and its role in regression 

analysis. In Section 7.2, we discuss some results concerning the 

influence function and the various sample versions of the influence 

function which provide the basis and the justification for the various 

techniques used for the detection of influential cases. It is well 

recognised that not all the cases in a set of data play an equal role 

in determining estimates, tests and other statistics. The idea of 

measuring the influence of each case on the regression leads us to 

look at the data in a slightly different way. Based on the empirical 

influence function we discuss the different methodologies for assessing 

the influence of individual or group of cases on regression analysis 

in Section 7.3. We, however, limit our discussion to aspects of 

analysis that can be summarised by the sample influence function. 

Finally, in Section 7.4 we give the concluding remarks. 
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7.2 The Inftuenae Function 

The influence function is a useful mathematical construction for 

studying the behaviour of estimates. Defined in terms of population 

parameters, it monitors the change in estimates when the data are 

slightly modified. The original use of the influence function and 

related notions, exploited by Von Mises (1947, 1964) and expanded by 

Reeds (1976), lies in determining asymptotic properties of an estimator. 

Andrew et al^, (1972), Hampel (1974), Hinkley (1977b) and Cook and 

Weisberg (1980, 1982) use influence functions to compare estimators and 

suggest robust modifications of the existing estimation techniques. 

Let R be the real line and T be a real valued functional 

defined on some subset of the set of all probability measures on R . 

Further, let F denote a probability measure on R for which T 

is defined and 6^ dnote the probability measure determined by the 

point mass 1 in any given point z e R . Then the influence function 

p(z) of the estimator T at the underlying distribution F is 

defined pointwise by 

T r . ) . L im M l z i l l l E i E l z i m 
I.F 

provided the limit exists for every point z e R . Thus, influence 

function is just the ordinary right hand derivative, evaluated at 

G = 0 of T[(l -G)F+G5z] . This point is illustrated through simple 

examples from Hampel (1974). 

Example 7.1 (Mean) 

The statistical functional is 
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T(F) = zdF(z) = w . (7.10) 

and 

1 T[(1~e)F+e6z] = jzd|(1-e)F+e6zj 

= (1-E)p + ez (7.11) 

Now, using (7.9), (7.10) and (7.11), the influence function is given 

by 

I (z) . Li. iilzSlalEE-Hi . (7.,2) 
E 

Example 7.2 (Variance) 

The statistical functional in this case is 

T(F) = 

and 

T[(1 - E)F+ G 6 z ] 

2 2 
(z-p) dF(z) = 0 . (7.13) 

(z-w)^d{(1-E)F+e6z} 

2 2 
(1 - E ) a +E(z-p) (7.14) 

Now, using (7.9), (7.13) and (7.14), the influence function is given by 

I (z) . Urn . 

= (z-w)^ - (7.15) 

The study of influence function not only serves to deepen our 

understanding of the estimators but also helps to derive new estimators 

with specific robustness properties. The influence function can be 

used in a number of ways to see how individual cases affect the sample 

average. One possibility is to study how does the mean change if an 

additional observation z were added, giving a sample of size n + 1. 
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The other possibility is to study the change in the mean when an 

observation is deleted. Both these possibilities are illustrated 

through a simple example from Cook and Weisberg (1982), which helps 

to understand the use of the influential function and suggests specific 

procedures for special purposes. 

Example 7.3 (Sample Average) 

Case I (Addition of an Observation) 

Suppose that a single additional observation z is added, giving 

a sample of size n + 1 . The new sample distribution function is given 

by 

: "F + -JL 6z 

Now 

n+1 n+1 

T(F+) = T 
n 

n+1 
F + 

n+1 

= T(F) + (z-T(F)) 

^ * n+1 
(z-z) (7.16) 

T(F) = zdF(z) = z 

T(F^) = z^ + + 

It is clear from expression (7.16) that for a fixed sample size n , 

z + - z increases linearly as z deviates from z . This gives the 

influence of a single future case on the current sample average and only 

in an indirect way indicates the influence of z^, i = 1,2 n on 

Case II (Deletion of an Observation) 

The influence of the ith observation on z^ may be determined 

by removing z^ from the sample. The new sample distribution function 

in this case is given by 
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F . - — r F - r 6z. 
-1 n-1 n-i 1 

The influence of on z can be obtained by evaluating the ith 

function at z = . Thus proceeding as before we have 

T(F .) = T 
-1 

T(F)-
n-1 i 

[z.-T(F)] 

z . = z 
-1 n-1 1 

(z.-z) 

z-z . = — r (z.-z) -1 n-1 1 
(7.17) 

where z_^ denotes the sample mean with the ith case deleted. The 

expression (7.17) has been expressed in terms of the full sample average. 

This shows that the influence of a single observation depends on the 

sample size and the full sample residual. Thus any case with sufficiently 

large residual will be influential for the sample mean. 

Consider the linear model described in (7.1). Let the design 

point X and the response variable Y have a joint distribution 

function F such that 

/ T . 
( x , y) 

yj 

J 

Z ( F ) Y ( F ) 

Y (F) r ( F ) 
(7.18] 

J 

Then assuming that Z is non-singular and the functional corresponding 

- 1 

to the least squares estimator of g is given by T(F) = Z (F)Y(F) , 

Hinkley (1977b) defines the influence function of at (x , y) as 
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• 1 

Ig p(x,y) = % (F)x(y-xTT(F)) (7.19) 

-1 T 
2 x ( y-x g) (7.20) 

The derivational details could be found in Cook and Weisberg (1982). 

7.2,2 Sample Vevsi-ons of the Influence Funot-ton 

The influence function, discussed earlier in this chpater, describes 

an estimation technique with respect to a theoretical sampling 

population F. In case of finite sample situations, more information 

appropriate for the specific problem can be obtained by using the 

finite sample versions of the influence function that correspond 

directly to the observed data. Several finite sample versions of 

the influence function that depend on an observed sample have been 

suggested. However, the empirical influence function (EIF) and the 

sample influence function (SIF) have received the greatest attention 

and will be briefly discussed in this Subsection. 

In general, the EIF is obtained by substituting the sample 

distribution function F for F in the influence function. For 

linear models, using (7.19) and putting g = T(F) will yield 

EIF(x,y) = n(X^X)"1x(y-xTg) , (7.21) 

and 

EIF. = EIF(x., y.) = n(xTx)"1x.R. (7.22) 
1 —1 1 — - —1 1 

where R. = y. - xTg . The empirical influence function (7.22) 
1 1 —1— 

appears to be an exact analogy of the influence function. It was 

used by Hinkley (1977b) for the weighted jack-knifed regression 

estimation, which we will discuss in the next chapter. The empirical 

influence function is appealing in the sense that it measures the 

effect of an infinitesimal perturbation of F at x^ . The EIF 
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assumes that an infinitely large sample has been used to obtain F , 

and it measures the instantaneous rate of change in the estimator as 

a single case is added to the data. 

A second sample version of the influence function which is more 

suitable for the jack-knife can be constructed to show the influence 

of the ith case on the computed estimate of g . The underlying idea 

is to substitute the sample distribution function with the ith case 

deleted for F in the influence function and then evaluate the resulting 

EIF at the ith case. Let F_^ denote the sample distribution function 

with the ith case deleted. For the least squares estimators of ^ , 

substituting F_^ for F in (7.19) yields an empirical influence 

function with the ith case deleted. 

EIF_.(x,y) = (n-1)(xT .) , (7.23) 

where g . = T(F .) and (X^.X .)/(n-1) = xx^dF .. This gives n 

empirical influence functions, one for each 1 = 1,2,...,n . The 

influence of the ith case is determined by evaluating (7.23) at 

(Xi* Yi). 

EIF_.(x.,y.) =(n-l)(aLiX_i) 6_.) (7.24) 

The expression (7.24) can be written in a more revealing form in terms 

of the full sample as 

, T -1 
(X X) x.R. 

EIF_.(x.,y ) = (n-1) (7.25) 

" ^ (1-w.)^ 

The interpretation of EIF . is similar to that for EIF discussed 
"1 

above. 
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As pointed out earlier, in this Subsection, both EIF and EIF 
-i 

have been developed under the assumption that infinitely large samples 

have been used to obtain F and F_^, i = 1,2 n. The sample size 

n in expressions (7.22) and (7.25) appears as a result of the covariance 

structure and does not necessarily reflect the effects of a finite 

sample. Therefore, when investigating the influence of individual 

cases on the computed statistics, a more explicit dependence on n is 

desirable, otherwise important finite sample characteristics can be 

obscured. A more desirable sample version of the influence function 

^ 1 
can be obtained by setting F = F and taking e in the 

n-1 

definition of the influence function (7.9), see for instance, Chapter 3, 

expression (3.85). The sample influence function is given by 

SIF 1 = -(n-1)(T(F ^) - T(F)) , (7.26) 

= (n-l)(6-g ^) . 

, T -1 
(X X) 'x.R. 

• " ( W j ' ' <'•"> 

which is proportional to the change in the estimate of g when a case 

is deleted. 

It could be seen from the above formulations that the essential 

difference between these three versions of the Influence function lies 

in the power of (1-w%) term in the denominator, while the numerators 

are essentially the same when evaluated at the sample points. Recall 

that remote rows of X will tend to have (1-w.) small. The EIF . 
1 -1 

will be most sensitive to cases with large w\ whereas EIF will be 

least sensitive. The SIF lies between these versions in terms of the 

relative weight given to w. . 
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The sample influence function (SIF) defined as (7.26) has 

desirable properties. It is computed from the observed data and apart 

from constants it is interpreted as a change in a statistic when a case 

is deleted. It has the additional advantage that for many problems 

including the linear least squares regression it can be easily computed. 

In the remainder of this chapter, we discuss the methods for 

finding influential cases based on the sample influence function. In 

order to be most useful such methods should allow the cases to be 

ordered on the basis of influence. For the linear least squares, 

the SIF for 0 is a p-dimensional vector and there is no natural 

way of ordering the multi-dimensional vectors. Even in the case 

p = 2 , where a scatter plot of SIF can be constructed and interpreted 

there is no natural way to construct complete ordering of the points on 

the basis of influence. To overcome these problems Cook (1977, 1979) 

and Cook and Weisberg (1980), among others, have developed distance 

measures for detecting influential cases in regression. We discuss 

these distance measures in the next section. 

7.3 XppZtbattoKg of JMf&keMce fkmotton for dgeesgmgat of 

It is generally recognised that the overall summary statistic 

2 

such as R or B , etc., computed from data based on full regression 

model can lead to distorted and misleading results. These considerations 

have lead to the use of a number of procedures such as plots of 

residuals so as to isolate peculiarities in the data. 

The impact that an observation or a case can have on the analysis of 

data has received considerable attention during the recent years. 

A case here means a response y^ along with the associated design 

points or row of X matrix. Recall that an observation or a case 
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is called influential if the important features of analysis are changed 

when they are deleted from the data. Cases can be influential 

because they correspond to outlying responses, remote points in a 

factor space or perhaps a combination of the two. If a case is 

influential because it is remote in the factor space, then it should 

be the most important case in the data since it may provide the only 

information in a region where the ability to take observation is limited. 

Alternatively, such a case might be deleted if it is believed that 

the model fit to most of the data is not appropriate in the presence 

of such a case. 

An important class of measures of influence can be based on sample 

^ T —1 T 

influence function. Let 6 - (X X) X Y be the usual least squares 

estimator of 3 based on the full data and let 3 .= (X^.X .) .Y . 

be the corresponding estimate with the ith case deleted. Then the 

sample influence function for 3 is given by 

( n - 1 ) " ' s i F . = (3-6 .) (7.28) 
1 " — 1 

The sample influence function (SIF\) is one of the several influence 

functions described by Mallows (1975). Recall that the values of SIF\ 

are comparable only within the given data set and model. Also since 

SIF^ is p-vector, its routine use as a diagnostic for isolating 

influential cases may be laborious. Alternatively, for a given 

positive (semi) definite matrix M and a non-zero scale factor c , 

SIF\ can be characterised by the distance, D^(M,C) between § and 

defined by 

, (SIF.)*M(SIF.) 

D^(M.C) = (n-1) — (7.29) 
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Clearly, the character of D^(M,C) is determined by M and C which 

may be chosen to reflect specific interests, see for instance. Cook 

and Weisberg (1980). 

7.2.1 D-istanse Measures 

For the linear model,described earlier in this chapter, Cook 

(1977, 1979) and Cook and Weisberg (1980) have discussed the use of 

B in pointing out the large residuals with the main purpose of 

isolating data points that might be ignored or deleted in a refit of 

the model. Cook's measure is based on the confidence ellipsoids for 

judging the contribution of each data point to the determination of the 

least squares estimate of g . Thus in order to determine the influence 

which the ith data point has on the estimate 3, a general distance 

measure using (7.29) is given, for some M and C , by 

Di(M,C) L__ (7 30) 

This general distance measure was proposed by Cook and Weisberg 

(1980). A large value of D^(M, C) would correspond to cases which 

when deleted would result in a large movement in the estimate of 3 . 

We shall call a case with a large value of D^(M, C) influential for 

estimating $ relative to D^(M, C). The natural choice for M and C 

T 2 

are (X X) and ps respectively. The resulting statistic suggested 

by Cook (1977) is 

T 2 X)(§_i-G) 
DL(X^X, ]&8 ) = i ;; , i = 1,2,...,n . (7.31) 

ps 
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The magnitude of the distance between § and may be assessed 

T 2 

by comparing D^(X X,.pg ) to the probability points of the central 

F-distribution with p and n-p degrees of freedom. This is equivalent 

to studying the least squares confidence ellipsoids for g based on the 

full data and finding the ellipsoid that passes through g ^ , the 

F-distribution is only used to transform D^(X X, ps ) to a more 

familiar scale. The distance measure (7.31) may also be written in an 

alternative form proposed by Bingham (1977). 

_ , (Y .-Y)(Y .-Y) 
D , ( A . ps') - -

P8 

(7.32) 

2 2 
suggesting that D^(X X, pg ) , aside form the scale factor ps , 

is the ordinary squared Euclidean distance that the fitted vector moves 

when the ith case is deleted from the data. 

The distance measure (7.31) can be written In computationally 

convenient form as under: 

Di(X X,PS ) 

, T -1 
(X X) x.R. 

1 -w. 
1 

T 
X X 

- - -1 1 

1 -w. 
1 

/ps 

xT(X*X)"1x. R? 
-1 - - -1 1 

w. t . 
1 1 

(1-W\) p 

S-6. = (X^Xj'^x.R. 
* -1 - - -1 1 

T , T . -1 
w. = x.(X X) X . 
1 —1 — — -1 

(7.33) 

w. 
1 

Var(Y.) t: 
-1 1 

Var(R^) ' p (7.34) 
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Var(R.) = a^(1-w.) , Var(Y.) = a^w., t. = p is the ith 

studentised residual and = Y^(I-X(X^X) ^X^)Y/n-p. 

We note from expression (7.34) that the quantities controlling 

T 2 
D^(X X,fs ) are the number of parameters p , the ith Studentised 

residual t^ and the ratio of the variances of the ith predicted 

value to the variance of the ith residual. It may be pointed 

2 
out that t^ is a measure of the degree to which the ith observation 

can be regarded as an outlier whereas the ratio Var(Y.)/Var(R.) 
1 1 

measures the relative sensitivity of the estimate g to potential 

T 2 
outlying values at each data point. Thus D^(g X, fs ) can be large 

2 
if either t. or w. is large. 

1 1 

w. 

The ratio — — can be given several interesting interpretations* 

i w. Var(Y.) 

Cook (1977) noted that = VarlR^) ' Weisberg (1980) noticed that 
w. i " i ^ 

*i ̂  — i — i ' —i 1—w. 

^ T 
ellipsoid defined by (X ^X ^). Huber (1981) noted the relationship 
a T- W. 
Y. = (1-W')x.6_.+W.Y. so that the ratio — can be interpreted 
j- -l x x. jl i « 

1 ^ 
as a function of the relative weight of Y. in determining Y. . 

w. ^ 1 
Finally, Is proportional to the total change in the variance of 

i 

the prediction at x., when x is deleted. 

1 = [Z Var(xTg .)- Z Var(xT$)]/o2 

— , implying that it is a distance relative to the 

1-w. . -1 — i . -1 
1 J J 

The ith case will be called large if is large; the exact 

defnition of large, however, depends on the problem, but 

greater than 1, corresponding to distances between 3 and g . 
-1 

beyond 50% confidence region, usually provides a basis for comparison, 

see,for Instance Cook and Welsberg (1982). 
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We have discussed above one choice of M and C but several 

other choices could be made. Though no detailed comparison regarding 

these alternative choices exist but it is hoped that any choice of M 

and C with D^(M,C) location/scale invariant would give approximately 

the same information, see for example. Cook and Weisberg (1980). 

Some of these choices are detailed as Table 7.1 for illustration. 

Table 7.1 D. (M,C) -(3-3 .) M(3-3 .)|C for different M and C . 

M Reduced form Source Source 

T 
X X 

T 
X X 

T 
X .X . 
- 1 — 1 

XT.X . 
— 1 — 1 

pa 

ps 

[Diag(X^X)"1]"1 

ps 

2 
P8-i 

2 
ps-i 

' "i 
p i 1-w. 

w. 

I.. _ _ _ 
p 1 1-w. 

'where 

F. = 
1 

t_(n-p-1) 

/ ^ \ 
(n-p-t^) 

1 .2 
— t. w. 
p 1 1 

— F. w. 
p 1 1 

Cook (1977) 

Welsch and Kuh 

(1977) 

F. xT(xTx)1 M(xTx)-l3i]/l-Wi Welsch and Kuh 

(1977) 

ps^ /1-w. 
1-1 -1 1 

Source: Cook and Weisberg (1980) 
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2 

The importance and usefulness of and w\'s in the analysis of 

data have been studied by many researchers, for example, Srikantan (1961), 

Welsch and Kuh (1977), Hoaglin and Welsch (1978), Belsley, Kuh and 

Welsch (1980) and Weisberg (1980). Huber (1975) notes that the large 

values of correspond to "outlying" design points and suggests that 

it will be difficult to spot outlying observations if max is not 

considerably small. Davies and Hutton (1975) note that if w. > 0.2 
1 

it is possible for a moderate error in the corresponding observation to 

affect the estimates significantly and yet go undetected when die 

residuals are checked. Box and Draper (1975) suggest that for a design 

to be insenstive to outliers, the should be constant. 

7.2.1.1 Reasons for Lavge w^ and -its Impliaati-ons 

T 

The characteristic of x ^ which cause to be large were studied 

by Cook and Weisberg (1980). Assuming the model with the intercept, let 

3 pg S denote the eigenvalues of the corrected cross 

products matrix for the data and p denote thecorresponding 

eigenvectors. Then by the spectral decomposition of the corrected 

cross product matrix, 

2 

1 ^ 
w. = — + ) 
1 

EA(xa-x) 
(7.35) 

where x is the vector of sample averages. Further let 8^. denote 

the angle between and (x.-x) , then 

Po(x.-x) 

and 
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2 
1 _ T _ k-1 cos 8 . 

"i = n + I (7-37) 
A=1 A 

Thus,we note that ds large if is far from x , that is, 

it is sufficiently away from most of the cases and also if x. is 
-1 

substantially in a direction of an eigenvector corresponding to a small 

eigenvalue of the corrected cross product. On the other hand,if x_ - x 

is small, w^ will be small regardless of its direction. Contours 

of are ellipsoid centered at x with axis given by the eigen 

structure of (X^X) ^. 

7 . 3 . 2 M e a s w r g g B a s e j o n 

We have so far discussed the distance measures that correspond to 

using confidence contours to order the values of the sample influence 

function. These distance measures are based on fixed metrics that do 

not depend on the observed behaviour of sample versions of the influence 

function. Of course these measures do depend on the expected behaviour 

T ~1 

of the data so far as (X X) or other related inner product matrices 

accurately represent the variance of g . In contrast,distance measures 

that are based on a matrix derived from the observed values of the 

appropriate sample version of the influence function may also be 

constructed. These distance measures are robust with respect to 

variations in the model or methods of analysis that would necessitate 

different distance measures. For example, if the model were altered 
2 - 1 

to have Var(e) = a V , where V is known, then to be consistent with 
T 

previous rationale the inner product matrix X X for the distance 

T 
measures discussed earlier should be changed to X VX. 

In this section we discuss the distance measures that use the 

multivariate outlier technique to order the values and the jack-knife 

method to choose M and C. 
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7.2.2.1 Ovdeving Using a Mutti-oaTiate Outliev Statist-La 

The method particularly useful for study of the n values of 

SIP is Wilk's (1963) criterion for detecting a single outlier in a 

multivariate sample. Let h., be p-vectors and define 
n -1 -2 -n 
y b. and A ==S (b .-b) (b .-b; 
^ —1 —1 — —1 -

as possible outlier if i minimises 

r -1 y b. and A ==S (b.-b) (b.-b) . Wilk s criterion selects b. 
b = n .^, -1 -1 - -1 - -] 

1=1 

A . 
— 1 

(7.38) 

where A . denotes that the ith case has been deleted. Since A 
-1 

is proportional to the square of the volume of a p-dimensional ellipsoid, 

minimising this ratio is equivalent to choosing b^ to minimise the 

volume remaining after b^ is deleted. This implies that in some 

sense b^ must be far from the other vecotrs. Using the results on 

determinants from Henderson and Searle (1981), it could be shown that 

minimising (7.38) is equivalent to maximising the distance 

6. = (b.-b )^A ^(b.-b) , i = 1,2,...,n (7.39) 
1 -1 — ~i — 

In case of linear least squares regression, explicit formulae for 6^ 

can be obtained for any of the empirical versions of the influence 

function discussed earlier in this chapter. 

Consider, for example, the empirical influence function (7.22) 

it is sufficient to take b. = (X^X) ^x.R. and thus b = 0. The 
—1 — — —1 1 — 

inner product matrix, say A^ , is given by 

A = % b.bT = (X^X)"1[I R?x.xT](xTx)"T (7.40) 
o j -J-J j J-J-J 

Now — A is the robust variance estimator V of Var($) 
n-p o w -

obtained by Hinkley (1977b) using the weighted jack-knife (see Chapter 

8 for details). Substituting (7.40) in (7.39), the corresponding 

distance measure is 
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6? = (b.-b)^6 ^(b.-b) 
1 -1 - o -1 -

= pfxTc! R2x.x?]-1 
i-i 4 J J-J 

i = 1,2, (7.41) 

For the sample influence function defined in (7.27), we can take 

b. = (X^X) ^x.R./(1-w,) . Since in this case b is not zero, the 
-1 -1 1 1 - * 

form (7.39) does not simplify. The cross product matrix, say , 

is 

A, = (b.-b)(b.-b) 
1 -J - -J -

(x^x)"i 
R: 

j (1-Wj) 

T 
X.X. 

2 -J-J 
nzz (7.42) 

where nz = Zx.R./(1-w.). Recall that matrix (n-1) — is the estimate 
-J J J n 

of Var(g) obtained from the usual unweighted jack-knife (see Chapter 6. 

Section 6.4). The corresponding distance measure 5^ can be obtained 

exactly, but some algebraic simplification is achieved if usually 

small correction for the centre z is Ignored. Hence putting z = 0 

and substituting (7.42) in (7.39) 

4 " 

R? 
1 

(1-w^) 

X. 
/ -1 

r2 
•1 

(1-Wj) 

T 
TT x.x. 
2 -J-J 

(7.43) 

This measure can be computed as the diagonal elements of the projection 

1 
on the columns of V X , where the n x n diagonal matrix V has 

" R? 
diagonal elements j 

(1-w.)^ 

7.3.2.2 

As pointed out earlier in this section, the jack-knife method can 

also be used to provide an alternative distance measure. Recall that in 

the usual unweighted jack-knife method, estimates are obtained by 



- 258 

averaging n pseudo-estlm&kseach obtained by deleting one case at 

a time. In most cases, the jack-knifed estiamtes of parameters and 

variances are known to have desirable properties. For example, Hinkley 

(1977b) suggests that the weighted jack-knifed variance estimate 

" n ^ 
^WJ n-p Var(3) is robust against the non-homogeneity of 

error variances. This suggests the use of J. s D. (A~^ 
1 1 o ' n-p 

as an alternative to D.(X X , ps ) . The interpretation of J. 
1 

is the same as that of except that this adjustment provides 

a metric that should be more robust. 

(1-Wi)^ 

5? 
_ n-p 1 

The distance measure provides a compromise between 6? and 6* 

Besides, the interpretation of as a robust version of has some 

appeal. 

7.4 Conaluding Remarks 

In this chapter, we have discussed the influence function and its 

role in the assessment of influential observations in regression analysis. 

We note that the influence function serves as a useful tool in exhibiting 

the sensitivity of an estimator to the observed values. It allows us 

to modify estimation procedures so that Murr iwt depend on influential 

observations or any other specific features of the observations. The 

different distance measures help to provide information concerning the 

reliability of the conclusions and their dependence on the model. The 

ability to find influential cases is helpful for the analysis in making 

decisions regarding their usefulness in a particular problem under study. 
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It is also Interesting to note that the jack-knife method provides a 

robust version of the distance measure D_ . Further investigation in 
i 

this direction may be interesting. 
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Cg/LPZE";? 8 

TEC KEIG8TED JdCK-KMIFSD ESTJMAflCW FOR 2%E ZJABAR MODE% 

8.1 Introduction 

Miller (1974a) used the standard jack-knifed technique for his 

results on regression models which we have discussed under the title of 

"Unweighted Jack-knife for Regression Estimation" in Chapter 6. The 

pseudovalues in the unweighted jack-knife are defined symmetrically 

with respect to the observations whereas in the linear model situations 

the observations do not affect the least squares estimates in a symmetric 

manner. For example, heterogeneity of error variances renders the 

standard jack-knife technique inadequate in such stiuations. More 

importantly, as we have seen in Chapter 7, a non—homogeneous 

spacings of the observations cause a wide variation in the variances 

of the residuals. This draws attention to the imbalance in the design 

T 

matrix = X X . This situation demands a more general definition of 

the jack-knife and it was in order to adjust for such imbalances that 

Hlnkley (1977b) proposed weighted pseudovalues and hence the weighted 
jack-knife. 

In this chapter, we discuss the application of the weighted 

jack-knife to regression estimation. First,in Section 8.2, we give 

a suitable definition and justification for die weighted jack-knife. 

Earlier, in Chapter 6 we have seen that the unweighted jack-knife 

regression estimator g Is unbiased but less efficient than the least 

squares estimator 3. In Section 8.3, we examine the properties of 

the weighted jack-knifed regression estimator g and the weighted 

jack-knifed variance estimator . An important aspect 
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of a statistical procedure is its insensitivity to departures from 

the usual assumptions. This important aspect of the weighted jack-knife 

is also discussed in this section. Miller (1974a) and Hinkley (1977b) 

assume constant variances for the random variables. This, however, 

may not be true in many situations. In Section 8.4 we consider a simple 

generalisation of the weighted jack-knife for a more general variance 

2 

structure o V . A theorem is presented on the bias of the weighted 

jack-knife variance estimator V*^ under this more general model. 

Finally, we give a summary and conclusions in Section 8.5. 

The unweighted jack-knife, as discussed in Chapter 6, assumes 

equal sample sizes and equal variances and deals with symmetric 

statistics. The pseudo-values are defined symmetrically with respect 

to the observations (x., Y.) whereas the model considered may be 
—1 1 

unbalanced. The lack of balance is reflected in the distances w. . 
1 

see for example. Chapter 6 (expression 6.18). 

In situations where x^ are samples from a multivariate normal 

population, the estimated likelihood of the value x^ is a decreasing 

function of w. . Moreover, the Tr{Var(g-g .)} is an increasing 
1 - - - 1 ° 

function of w^ , see for example, Hinkley (1977b). This last result 

is expressed as Lemma 8.1. 

Consider the model Y = Xg + e described in (6.8). Let 

T X -1 T 
g = (X X) X Y be the estimator of g based on the complete data 

set and g , be the corresponding estimator of g obtained by 

T 
successively deleting the ith row x. from the matrix X and Y. 

-1 - 1 

from the vecotr Y . Then Tr{Var(g-g ^)} is an increasing function 

of w. . 
1 
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Proof 

From expression (6.12) we have 

. T -1 
( X X ) x.R. 

— — —1 1 

--i 1-w. 
1 

. * (X Xj Var(R )X.(X X) 
Var (g.g .) = 1 -1 - -

- --1 (1-w ) 

(X^'X) Ix.xT(xTx) 1 

" •••VarCR.) -

T _1 T T -1 
. . [(X X) x.x.(XX) ] _ 

TrfVar(_8-S_J) • Tr ' " , (8.1) 

which is an increasing function of w. 
1 

Thus we observe that the contribution of the ith observation 

to the jack-knifed estimator has a weight decreasing in w^. 

Hinkley (1977b) suggests that a specific choice of wieght is indicated 

by the fact that 

n(1-w.)(6-6 .) = nO'^x.R. = EIF(6:xT, Y.) (8.2) 
1 - --1 0 —1 1 — -1 1 

is the empirical influence function of 6 at (x., Y.) , see for 
- -1 1 

example. Lemma 1 (Hinkley, 1977b) which says that the influence 

function at (x, y) is approximately proportional to the incremental 

change in 6 when a very small fraction of the measurement population 

is moved to (x, y). Further details on this subject could be seen 

in Chapter 7, Section 7.2. 

Thus, it follows from the above formulation that the contribution of 

the ith observation can be very important in estimating parameters. 
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Recall that in multiple regression measures the distance from the 

point to the centre of the data and the cases with the unusual 

values of will tend to have large w^ . Since Var(R^) = (1-wJ cr , 

therefore, a wide variation will exist in the variance of the residuals. 

This wide variation in the variance of residuals indicates a peculiarity 

of the X matrix, that is, a non-homogeneous spacing of the observations 

and thus directs attention to data deficiencies. The standard 

jack-knife technique is inadequate in such situations because it does 

nat take into consideration the unbalanced structure of the data and 

the heterogeneity of the variances. 

In order to tackle such situations, Hinkley (1977b) proposed a 

weighted jack-knife procedure for the regression estimation. The 

basic idea of Che weighted jack-knife is essentially due to Quenouille. 

The essence of the weighted jack-knife lies in the weighted pseudovalues 

which are defined in terms of the weights w\ . These weighted 

pseudovalues take into consideration the non-homogeneous spacings 

between the design points. The weighted jack-knife may, therefore, 

be defined as that dealing with the unbalanced or non-symmetric 

statistics. 

In Chapter 6 (Section 6.4), we discussed the application of the 

unweighted jack-knife technique to regression estimation. In this 

section, we study the consequences of the weighted jack-knifed 

procedure on regression estimation. Following Hinkley (1977b) we 

define the weighted pseudovalues 

Q. - g + n(l-w.XB-B .) 
1 — 1 - — 1 

+ nD x.R. (8.3) 
o - 1 1 
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where, as before, D = (X^X), R. = (Y.-xTg) and w. = xT(X^X) 
o - - 1 1 -1- 1 -1 - - -1 

The weighted jack-knifed regression estimator S is the average 

of the weighted pseudovalues and is given by 

^ -1 r „-1 

'w. = i?-, - ' i ' 

+ D-' % x.R. 
o -1 1 i=1 

' I x.R. = 0 (8.4) 
i=1 -1 1 

E(gwj) = E(8) = g (8.5) 

Var(g^_) = Var(6) = (X^X) = o^D ^ 
WJ — - - o (8 .6 ) 

Thus we note that the weighted jack-knifed estimator 6^ possesses 

the reproducing property as given by (8.4) and (8.6). In comparison 

to this it could be seen from expressions (6.21) and (6.24) that the 

unweighted jack-knifed estimator g does not possess these properties. 

The reproduction properties of may result in a better performance 

of g in the non-linear cases. 
WJ 

The weighted jack-knifed variance estimate is given by 

V, 
WJ n(n-p) .^ 

,i,{s R.-Bw 
1=1 V 1 

1 
n(n-p) 

n D 
n-p 

T (nD x.R.)(nD x.R.) 
.6, o -1 1 o -1 1 

1—1 

^ * \T 

(8,7) 
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where n-p indicates the degrees of freedom in the residual vector. 

We now work out the expected value of V to examine its unbiasedness. 

This result by Hinkley is expressed as Theorem 8.1. 

For the linear model (6.8) the weighted jack-knifed variance 

estimator V is biased. The magnitude of this bias is of 0(n ) 

that is, E(V^^) - Var(gyj) = 0(n"^. 

Proof 

Using expression (8.7), we have 

Y R.x.xT 
1-1-1 

1-1 

d , 
o 

n-p o 

n 
r , T -1 T 
) (1-x.U x.)x.x. 

•„1 -1 o -1 -1-1 
1=1 

0 ^ D t D~'-D"'D*D~b 
n-p o o o o 1 o 

— (d 1-d ^0*0 b 0^ 
n-p o o 1 o 

( 8 . 8 ) 

where % x x = X X = D and D* is defined in (6.40). Thus, 
1=1 M 

we observe that V is biased in unbalanced cases. The magnitude 

of the bias of V is as given under: 

c2(d;'-d-'did-S - „ V ' 

, for large n , 

-1 -1 

'8.91 
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This shows that the bias decreases at a faster rate than 1/i 

However, when w. = pn , that is, in the balanced case V„^ 
1 WJ 

is exactly unbiased. We illustrate this property as Corollary 8.1. 

If "i = n ' then E(V^^) = Varfg^j) = Var(g) 

Proof 

From(8.8),we have 

" 0^D"VD -D»)D ' , 
n-p o o 1 o 

° a^D-' 
n-p o 

n-p o 

y T r T 
) x.x. - ) w.x.x. 

- 1 - 1 V 1 - 1 - 1 
1— I 1 

Y T Y p T 
2 x.x. - ) ^ x.x. 

i=1 1 1 i=i n 1 1 o , 

^ r ? j , 

o 

Var(e„j) 

D 

Var(6) 

(8.10) 

(8.11) 

(8.12) 

Thus we note that, for regression estimation, the weighted jack-knife 

approach gives better performance than the unweighted jack-knife approach 

discussed earlier in Chapter 6, Section 6.4. 

g.3.2 #o6%8tMe88 Properttgg of yartamcg 
Estimator V___ 

WJ 

In a general sense, a statistical procedure is described as robust 

if it is not very sensitive to departures from assumptions on which 
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it depends. Robustness is thus concerned with the general applicability 

of statistical procedures. The underlying idea being to see how large 

is the domain of applicability of a given statistical procedure. 

Recall that the basic assumptions of the model (6.8) are that the 

error variables e^ are independently and identically distributed 

2 

with mean zero and constant variance a . This assumption of common 

variances is known as homoscedasticity. In practice, however, 

departures from this assumption may occur and the error variances 

may not be homogeneous. The consequences of the heterogeneity of the 

variances are: 

(i) that the ordinary least squares estimates of regression parameters 

are still unbiased but inefficient. 

(ii) the ordinary least squares estimates of variance are biased. 

We illustrate these points through Lemma 8.2 and then following Hlnkley 

(1977b) we demonstrate the robustness of the weighted jack-knifed 

variance estimator V^j through Lemma 8.3. 

Under the model Y = Xg + e , E(e) = 0 and Var(e) = diag 

2 2 2 

(o^, ) = A , the variance of the least squares estimator 

g is given by 

Var(G) = , (8.13) 
o - - o 

where D = (X^X). 
o — — 

Proof 

T _1 T 

6 = (X X) X Y 

E(e) = g + (X^X)"1x^E(e) 
(8.14) 
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Var(B) = E(e-g)(e-$)T ^ 

= E[(X^X)"1x^e][(xTxj-1xTe]T, 

= (X^X)"^X^E(e j^X(X*X)"1 , 

= (X^x)"1x^ A XfX^Xj'l , 

= D^^X? A XD-1 . (8.15) 

If we ignore the heteroscedasticity, then the usual estimate is 

given by 

1 r 2 - 1 
V - (8.16) 

r j=1 J 

2 . 2 '• 
Since E(Rj) = Oj , the expected value of V is given by 

E(V) = — E % R? , 
n-p J o 

- ' I oiD:' ' n-p J o 

= (Tr A)D; , V Tr A = % a 

J = 1 

= ^ (Tr A)D^1 . (8.17) 

Thus we would be estimating the variance of g by an expression whose 

1 —1 

expected value is A)D whereas the true variance is given by 

(8.15). This implies that in the case of heteroscedasticity even the 

estaimted variances are biased-

The weighted jack-knifed variance estimate is superior to 
wJ 

the usual estimate V in the sense that it is robust against the 

non-homogeneity of the error variances. This property is described 

as Lemma 8.3. 
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Under the conditions of model in Lemma 8.2, the expected value 

of the weighted jack-knifed variance estimate is given bv 
wJ •' 

Proof 

E(V ) = — A X D 1 
WJ n-p o - - o (8.18) 

j = 1 

J, , 
= D^^X? A XD^^ , (8.19) 

= Var(6) (8.20) 

It is apparent from expression (8.19) that V approximates the 

true variance of $ given by (8.15) when the error variances are 

unequal whereas the usual estimate V lacks this property. This 

reflects the superior performance of the iwe^^ited jack-knifed variance 

estimate V,,_ . 
WJ 

We have so far considered the model Y = Xg + e , where X is an 

n X p matrix with rank p . For this model we assumed that the error 

variables are uncorrelated. We used the ordinary least squares 

method as the estimation procedure which under the conditions of this 

model is considered to be the appropriate one. However, in practice, 

the above conditions may not always hold. For example, it may happen 

chat the variances of the observations are not all equal, that is, 

Var(e) is not of the form a I but may have the form Var(e) = A = 

2 2 2 
diag(o^, 02,...,o^) . We have seen, earlier in Lemma 8.2, that the 
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least squares estimator g still gives an unbiased estimate of g 

but Var(g) is biased. We also come across situations where the 

off-diagonal elements of Var(e) are not zero, that is, the observations 

may be correlated. When either of these situations occur, the 

ordinary least squares method of estimation may not be appropriate 

and hence it becomes necessary to modify the procedure for obtaining 

estimates. Under such situations the generalised least squares may be 

the appropriate procedure. In this section, we study the behaviour 

of the weighted jackknife under the generalised least squares estimation 

procedure. Consider the model, 

I = + e , (8.21) 

with E(Y) = Xg and Cov(Y) = a V where V is a known n x n 

positive definite matrix. 

The pseudovalues are now given by 

B* = 6* + n(1-K_)(g*-g*^) . (8.22) 

where K. = , g, = (xTv'^X) , g* = (xTv-1x)-1xTv-lY 

, (XTV-1X)-1 = (X^V-IX - XiV:1g.)-1 and 

, T ~1 -1 
(X V Y) = (X V Y - x.V. Y.) 

We can write 

* T -1 -1 T T -1 -1 
g . = ( X V X-x.V, X )(X V Y-x.V. Y.) , 
——1 — — — —1 1 —1 — — — —1 1 1 

T -1 -1 - I T T -1 -1 T "1 
T _1 _1 T -1 (X Y X) =1^1 Y X) % Y Y 

= (x'v ^X) ^x'v ^Y + T 1 1 i 
- - - - - - l-xT(xTv-lx)-lx.V:l 

—i — — — —1 1 
T -1 -1 -1 T T -1 -1 -1 

T . 1 1 ( X V ^X) ^x V.^x.(X V ^X) ^x V ^Y. 
- (xTv-lx)-lx.v:lY, - - - -1 1 -1 - - - 1 1 

-1 i i T T -1 -1 -1 
l-x.(X V X) x.V. 

— X — — — — 1 1 

* 

T - 1 — 1 — 1 
(X*V ^X) ^x.V.^(Y -xTB*) 

-1 1 1 -1-

l-K. 
1 

cTlxVY^R* 
-o - 1 1 i 

- " l-K 
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Hence 

J)Sc _ QsV _ = 

-—1 -—1 

C x.y. 'R* 
-o -1 1 1 

1-K. 
1 

where R* = Y . 
1 1 

T 
(8.23) 

The weighted jack-knifed estimator g*j is the average of the 

pseudovalues and is given by 

3* 
WJ 

1 
n 

n 

I ef 
i-I = 1 

C X.V7IR* 
G*+n(1-K.) 1 1 

1-K. 
1 

n 
g* + nC ' % x.V.^R* 

—n " — 1 1 1 -o -1 1 1 

E(G&J) = 2 ( 9 * ) 

(X^V 'E(Y) = XB 

(8.24) 

Var(g* ) = Var(g*) 
-wJ -

= (X^V ^X) ^0^ 

(8.25) 

( 8 . 2 6 ) 

It follows from the above results that the weighted jack-knifed estimate 

of g under the conditions of the model (8.21) is identical to the 

generalised least squares estimator g* . It also possesses the 

reproducing properties which may result in the better performance of 

-
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8,4.1 Vavianoe Estimation 

The weighted jack-knifed variance estimate is now given by 

'WJ n(n-p) 
1— I 

V* = 

" c~' 
n-p o i=1 

- 1 2 - 1 T - 1 
x.V. R* V. X. C 
- 1 1 1 i - i o 

" c"' 
n-p o 

n x.R*x.j , 
V ~ 1 1-11 p-1 
A 9 I i=i v: ) 

(8.27) 

where n-p Indicate the degrees of freedom in the residual vector. 

We now examine the bias of V*^ . This result is presented as Theorem 

8 . 2 . 

Theorem 8.2 

Under the model (8.21) the bias of the weighted jack-knifed 

variance estimator V* is of 0(n ^) , that is. 

E(V*^) - Var(6*^) = 0(n ') ( 8 . 2 8 ) 

Proof 

n g-l 
n-p -o 

n 

I 
i-1 

x.E(R?*)xTl 
- 1 1 - 1 

V? 
1 

(8.29) 

Now 

Var(R*) = Var[Y-X6*] = Var[Y-X(X^V ^X) ^X^v'^Yl 

T - 1 - 1 - 1 ? 
(I-X(X V X) XV )o V 
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Therefore, 

Var(R*) = (1-x.(X^V Tx)"1xTv7^)o2v. 
1 -X - - - -1 1 1 

= (1-K^)a (8.30) 

Now substitution of (8.30) in (8.29) gives 

» c'^ 
n-p "o 

n x.fl-K.io^V.xT 
^ ~i 1 1-1 

i=1 V ? 

n-p -o 

n (l-K.)x.x. 
^ 1 -1-1 

i=1 V. 
j 

n-p -o 
•1 T V -1 T V 

-i - i , 
(8.31) 

Let 

n 

- I. C-Kl)""-'-
i=1 

m ..-1 T 
X . 

1 - 1 1 - 1 
(8.32) 

Now supposing that K.'s are of 0(n" ) and expanding (1-K.)' 

-2 
we get to 0(n ) , 

-m 

£„ - J , . £, = ,1, <l-Ki)''siV:'xJ and > f (1-K.)"^ 
i=1 i=1 1 -1 1 

Further, defining 

C* = % K?x.v7^xT 
-m 1-1 1 -1 

1 = 1 
(8.33; 

we have 

* V -1 T 5 2 -1 T 
C, - I K.x.V. X. and C* - % Kf:,.V. 

i=1 1-1 1 -1 
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Substituting these values from (8.32) and (8.33) in (8.31), it follows 

that 

= 5 % '-o' 

" (c:'-c:'c*c:').2 (8.34) 
n—p —o —o -1-0 

Thus,we observe that V*^ is biased in general and the bias is given 

by 

E(V* ) - Var(6*_) = -S_ (c 
WJ -Wj n"p —o "O —1—o —0 

= 0(n ) (8.35) 

This expression shows that the bias decreases at a faster rate than 1/n. 

In this chapter we have mainly concentrated on the application of the 

weighted jack-knife procedure to regression estimation. We observe that: 

(i) The weighted jack-knifed estimator based on the weighted 

pseudovalues takes into consideration the unequal spacings between the 

observations. We also note that is unbiased and Var($^^) = Var(6) 
-WJ -WJ 

The weighted jack-knifed variance estimator gives a biased 

estimate for the Var(&-_) but the bias decreases at a faster rate than 
-WJ 

1/n. When w^ = ^ , that is, in the balanced case V^j is exactly 

unbiased. 

(ii) The weighted jack-knifed variance estimator V is robust, 

that is, it approximates the true variance of g when the error 

variances are heterogeneous. Thus the weighted jack-knifed procedure 

leads to improved variance estimation. 
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(iii) Under the more general model with variance structure a^V , 

where V is known, the weighted jack-knifed estimator g* is 
"WJ 

unbiased, that is, it is identical to the generalised least squares 

estimator g*. Also Var(g*^) = Var(g*) . Under these conditions the 

weighted jack-knifed variance estimator V* gives a biased estimate 

of the variance of jg* but this bias decreases at a faster rate than 

1 /n. 

In a nutshell we conclude that, in general, the weighted jack-knife 

procedure gives a more robust performance than the unweighted 

jack-knife procedure. This conclusion is supported by a small 

simulation study by Hinkley (1977b). However, further numerical 

investigations are required to study the behaviour of the weighted 

jack knifed variance estimator using real data. In subsequent 

chapters we extend the weighted jack-knife method to ratio estimation. 
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fHE MET&8TED JdCK-KMIfgD A4rZ0 gSfrMATrOV 

9.1 IntToduction 

Ratio estimation occupies an important place in sample surveys. 

Since the simple ratio estimator R is biased, it has become 

X 
s 

an area of application of the jack-knife method. In sample surveys, the 

auxiliary population mean x may be assumed known or at least estimated 

y N 
from a much larger sample in which case the ratio estimate — ^ x. 

X i=1 ^ 

based on i = 1,2 n is often a more precise estimator 

of the population total T than the less sophisticated expansion 

estimator Ny^ . The ratio method is considered to be most effective 

where the relationship between the response y and the auxiliary 

variate x is linear through the origin. 

Durbin (1959) pioneered the application of the jack-knife technique 

to ratio estimation by studying the behaviour of the jack-knifed 

1 ® ^ 
ratio estimator Rj = - % , under the model y^ = a+gx\+e. , 

where e^ are independently and identically distributed with either 

a normal or gamma distribution and R^ = gR_(g_i)R i = 1 , 2 , . . . , g 

are the pseudovalues. He considered the case with g = 2 and established 

that neglecting terms of 0(n , the jack-knifed ratio estimator 

Rj has both smaller bias and smaller variance than the simple ratio 

" ^s 
estimate R = - - . Durbin also showed that for a gamma distribution, 

X 
s 

with coefficient of variation less than 1/4 , the jack-knife method 

reduces the bias, increases the variance but reduces the mean square 



277 

error. Rao (1965) showed that the optimum choice of g with 

the jack-knife method for the normal distribution of the auxiliary variable 

is g s n . Rao and Webster (1966),through a combination of theoretical 

and numerical work,demonstrated that the optimum choice g = n also 

holds when the auxiliary variable has the gamma distribution. 

Chakarbarty and Rao (1968) also obtained similar results on the estimates 

of variance^etc, 

A considerable amount of research has been devoted to investigate the 

properties of the jack-knifed and other competing ratio estimators 

under superpopulation models with different variance structures. 

However, we note that all of these studies have used superpopulation 

models as an evaluation technique whereas the basic criteria regarding 

bias, variances and standard errors, etc., are referred to the probability 

sampling models. For example, Rao and Kuzik (1974) through a semi-

empirical study compared the average performanc of V^c and V c 

under the model = 6%_+e^ with x^ having a gamma distribution. 

These authors followed the rules of conventional theory in studying 

the performance of these estimators and by averaging over all possible 

samples could not detect flaws in V^c as a variance estimator. 

The jack-knife is a distribution free method for bias reduction 

and variance estimation . In a wide class of problems it is known that 

the jack-knife produces consistent results. It may, however, be pointed 

out that the standard jack-knife procedure is not insensitive to 

extreme data points. Thus, when there are certain deviant points in the 

data, the standard jack-knife estimator may give misleading results. 

This has also been noted by Hinkley (1977b) and Wainer and Thissen (1975) 

in connection with the estimation of correlation. 



- 278 -

We note that the jack-knife technqiue so far applied in sample 

surveys for ratio estimation deals with the balanced cases, that is, 

the pseudovalues are defined symmetrically with respect to the 

observations. However, there may be situations when the data points may 

not be well balanced. Such deviant points may have serious implications 

on the behaviour of the ratio estimate and the estimator of its variance. 

Under such circumstances it is necessary to modify the existing 

jack-knife procedure so as to obtain estimators which are less sensitive 

to extreme data points or the unbalanced structure of the data. 

In this Chapter we propose weighted jack-knife procedures as 

an alternative to the unweighted jack-knife for ratio estimation. In 

Section 9.2, using the idea of empirical influence function, we propose 

the weighted pseudovalues, the weighted jack-knifed ratio estimator 

and the weighed jack-knifed variance estimator as modifications to 

their standard jack-knifed counterparts. We observe that the weighted 

jack-knifed ratio estimator and the weighted jack-knifed variance 

estimator reproduce the original estimator R and respectively. 

We discuss the properties of the weighted jack-knifed variance estimator 

in Section 9.3. This section contains theorems on the bias and the 

stability of the weighted jack-knifed variance estimator . 

It is shown that this estimator is approximately unbiased under the 

model 5 for all variance functions with certain restrictions on n 

and f . Theorem 9.3 shows that the weighted jack-knifed variance 

estimator is quite stable. A violation of the model assumptions 

may affect the behaviour of an estimator. In Section 9.4, we discuss 

the effect of changing the regression function in our model on the 

behaviour of the variance estimator V . Another important point in 
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connection with the jack-knife technique is to ascertain whether a 

given jack-knife procedure removes the first order bias. Using 

Taylor's Series expansion, we examine this important aspect of the 

weighted and the unweighted jack-knife procedures in Section 9.5. 

Theorems are presented on the bias of the weighted and the unweighted 

jack-knife procedures. fy}. we discuss these results 

and summarise our conclusions . y « 7 

9.2 The. Weighted Jaak-knife for Rat-Lo Estimation 

The unweighted jack-knife lacks in one important aspect that it 

does not take into consideration the influence which the ith data point 

may have on the behaviour of the ratio estimate and the estimator of 

its variance. Under the unweighted jack-knife method the pseudovalues 

are defined symmetrically with respect to the observations whereas the 

data may be unbalanced. The unbalance is apparent in the distances 

w^ . The dinstances w^ provide a mesure of how far the ith point 

is from the centre of the data. The contribution of the ith 

observation to the jack-knifed estimate, R - R . have a weight decreasing 

in w^ . We express this last statement as Lemma 9.1. 

Lemma 9.1 

Consider a sample of n observations (x^,y^), i = 1,2,...,n 

Let R denote the ratio estimate based on the full sample and R . 
- 1 

be the corresponding ratio estimate obtained from the sample when the 

ith case has been deleted. Then 

y.-Rx. X. 
R - R . = — — , where w. = — . (9.1) 

^ nx (1-w.) ^ r 
S I ) X. 

i = 1 ' 
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Proof 

We have R = V 1 . ' 
) X. and R . = 

jil jj -1 ^ X . -X 
i=1 J i 

Thus 

R - R . = 
- i n n 

I X . ^ X . -X. 

•> I 
j-i 

x.-x. 
J Ij I ? , ' F ' V 

n 
x.-x. 

y.-Rx X. 
1 1 , 1 

— 2 — — — — J where w. = 
nx (1^*^ ^ Ex . 

S I 1 

(9.2) 

This indicates that the contribution of the ith observation to the 

jack-knifed estimate R - R_^ have a weight decreasing in w. . 

We note from Lemma 9.1 that a specific choice of weight could be 

given by the fact that 

. . n ( y . - R x . ) ne. 

n(1-w.)(R-R .) = — = — 
1 - 1 n n 

I % Xi 
i=1 i=1 

I (R:x.,y^) (9.3) 

is the empirical influence function (defined at 7.22) of R at (xx,y.) 

where e^ = (y^-Rx, ) 

The proof of this result appears in Lemma 9.2, 
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Consider a smaple of n observations (x^,y^), (xg.yg) (Xn'^n^ 

Let R denote the ratio estimate based on the full sample and R . 
-i 

be the ratio estimate obtained from the sample when the ith observation 

has been deleted. Then the empirical influence function of R at 

(x^,y^) is given by 

. . ne. 
n(1-w.)(R-R ) = ^ — = I(R:x.,y.) 

1 -1 n 1 1 

J , -

Prop/ 

From Lemma 9.1, we have 

yj-Rx X. 
R R_^ L___i , where w^ = 

(1-w.) y X. ^ X. 

1 

' i=i ' 

Let R? denote the ith weighted pseudovalue and R* the weighted 

jack-knifed ratio estimate, then 

I(R:x^,y^) = R* - R* (9.4) 

Now, the ith weighted pseudovalue R* is given bv 

R* = R + n(l-w.)(R-R .) 
1 1 - 1 

n(y.-Rx.) 

= R + ___! (9,5) 

I X. 

i = 1 ^ 

The weighted jack-knifed estimate R* is the average of the weighted 

pseudovalues R* given by (9.5), that is, 
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R* = - 2 R* = - I [R+n(1-w.)(R-R_.)] 
i=1 i=1 ^ ^ 

% X. 
i=1 ^ 

n 
= R V I (y.-Rx.) = 0 (9.6) 

i=1 1 1 

Using (9.4), (9.5) and (9.6), the empirical influence function can 

now be given by 

I(R:x^,y^) = R* - R* 

n(y -Rx.) 
R + ^ - R 

n 

-

n(y^-Rx ) 

n 

J, -
ne, 

1 

n 
X . 

(9.7) 

I 
1=1 ^ 

We therefore propose the weighted pseudovalues, the weighted 

jack-knife ratio estimator and the weighted jack-knife variance estimator 

for ratio estimation in lieu of their unweighted jack-knife counterparts. 

(i) the weighted pseudovalues 

R^ = R + n(l-w\)(R-R_ ) (9.8) 

(ii) the weighted jack-knifed ratio estimator is 
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1 ^ 
\ j • n J , 

1 = 1 

1 " - y [R+n(1-w.)(R-R .)] 

n (y.-Rx.) 
= R + y _ i L. 

I X. 
i=1 ^ 

= R . 
^ I (y^-Rx )= 0 (9.9) 

1 = 1 1 

(iii) the weighted jack-knifed variance estimator is 

V -
WJ 

i=1 
n(n-1) J \jj) . 

1— I 

^ Mhrj l [R+n(1-w.)(R-R_.)-^^]2 ^ 

1 r , 2 2 
n(n-1) (Xi-Rx.) /Xg (9.10) 

= V 
2c ' (9.11) 

2 

= i - v 
g2 1c (9.12) 

Where and are the two commonly used conventional variance 

imators tor^ Var(R) , gee for example, Cochran (l977, p.155). Thus 

\'J \ j possess reproducing properties indicated 

by the expressions (9.9) and (9.11). This implies that the weighted 

jack-knifed ratio estimator R^^ i; exactly 3,^,1 ^^e conventional 

ratio estimator R and the weighted jack-knifed variance estimator 

Vwj is exactly equal to the conventional variance estimator . 

The variance^estimator is a good estimator of the conditional 

variance V(K) , see ^3^ example,Hijek (1958) and Konijn (1973, p.353). 
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Royali am- Eberhardt (1975) noted the bias of V ^ when the finite 

population is a random sample from a superpopulation in which 

^i ~ ^^i * ®i ' ^bere e^ are independent with zero mean and variance 

2 t 
a . They suggested a simple modification, 

where V 
x(s) n-1 ^ 

X X 

= Vic 
X 
s 

2 

n 

X. -X 
1 s 

X is the mean of the sample units and 
s 

,2 1_ 
• 1 

s 

Xf is the mean of the (N-n) non-sampled units. The estimator V = s c 

for large n and N >>> n which justifies the use of V from p 
2 c 

superpopulation point of view. The estimator is model unbiased 

when t = 1 and remains approximately g-unbiased when the variance 

function in the model described above is not proportional to x. . 

In the next section, we examine the behaviour of the weighted jack-knife 

variance estimator V^j, and see how does it compare with the 

randomisation based estimator , the prediction theory estimator 

Vy and the unweighted jack-knife variance estimator , etc. 

9.3 ppopeT'ties of the We-ight&d Jaok—knifed VaTianoe Est-imatoT Undev 
the Model g — 

In this section we derive Che expected values and the bias of the 

weighted jack-knifed variance estimator under the general linear 

regression model considered to be most suitable for evaluating the 

ratio estimators. Consider the model, 

y* = 6x. + e. (9.13) 

where E(y ) = gx_, Var(y,) = y. and Cov(y., y.) = 0 for i ^ j . 

We consider the ratio estimator T = \ x.| for the finite 
N E x, i = 1 

population total T = ^ y. . The expressions for the bias are 
i=1 1 

derived with respect to the actual mean square error E (T^-T)^ . 
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Three other variants of the model (9.13) considered as special u^ses 

are those with v. = = o^x. and v- = . The weighted 

jack-knifed variance estimator for the finite population total can 

be written as 

V _ n 
WJ (T-f) 12 (yi-Rx.) /(n-1) (9.14) 

1=1 ^ 

g.J.Jg acDgftgd FaZwgg of rndgr t&g ModeZ f Dtffgrgnt 

Vai-ian^e Functions 

We consider the general case as Theorem 9.1 and then give special 

cases. 

Theorem 9.1 

Consider the general linear regression model, 

y. = Sx. + e., E(e.) = 0 , Var(e.)=v., Cov(e.,eO = 0 for (9.15) 

Under this model the expected value of the weighted jack-knifed variance 

estimator is given by 

• f 

2 

Proof 

The weighted jack-knife variance estimator for the finite population 

total can be written as 

n, 
= IT (1- w) 12 (yi-R=i) /(n-1) WJ 

X i=1 
s 

Under the model (9.15),the expected value of is given by 
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Gs(Vwj) = IT (1-f) 

(1-f) 

X 

sj 

12 

I (y.-Rx.) /(n-1)j, where 

X 
sj 

i = 1 

% j(g-B)2x?-2e.(B-e)x.+e?l/(n-1) 
i=ll ^ 1 1 

1 1 

2l 
(9.17) 

Now, we have 

E_(6-6)^^ E, 
z 
s 

z 
s 

= E. 
E e. 
s 1 

Z X 
Is ij 

i \ 

(g *i)' 
<9.18) 

Ej<e.6) - e. 
1 

E (B X. +e .) 
S 1 1 

Z X. 
s 1 

e . Z e , 
I S 1 

Z X. 
s I j 

T, X. 
s 1 

(9.19) 

Since the x's are known constants, after the sample is taken,and 

hence does not have expectation under the model. Substitutu^(9.18) 

and (9.19) in (9.17) we get 

GgfVwj) Y (1-f)^* 

(Z x.)(Z V.) 
s 1 S 1 

2 Z x.v. 
s 1 1 

Z X . 
s 1 

/(n-1) / 

N 
(1-f) 

Zx. 2 Z x.v. 

__i_ +n_ 

''s'i ''i' 

/(n-1) , where v =- E v. 
s n s 1 

(1-f) (9.20) 

sj 

s s 

(9.21) 
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s 

where 

® s (n-1)x V 
s s 

CoTollax'y 9.1 

If we consider the model with constant variance function and put 

2 2 X(x.-x (v.-v ) 
V. = a , then v = a and C (s) = — - — i — E — = n 

1 S X V _ _ ^ • 
(n-1) X V 

s s 
Substituting these values in (9.20), we get 

XX — 

X X ^ X 

A* [1+ 1 , (9 23) 
X - X 
s 

where A* = — (l-f) 
f _2 ' 

X 
s 

For large n , expression (9.23) reduces to 

• (9.24) 
x-
s 

Covollary 9.2 

If we consider the model with v. = a^x. , then v = a^v 
1 1 s s 

, _ _ % 
2 Z(x.-x )(v.-v ) n (x.-x ) . 

' % \ ! - ^ ° - J - ^ - 0 ^ ( 3 ) • 
(n-l)XgV 1=1(n-1) %s * 

Under this situation, we have 
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XX. 

f ('-« rj 

S s 

*s* 1 2 

X-• X 

= A* 
X X 
s 

, when n is large. 

(9.25) 

Corollary 9.2 

2 2 22 
If we consider the model with v. = a x. , then v = a x 

1 1 s s 

2 1 2 2 
Where = - Z ; C^(g)= _ ^ --:2 

,2 _2 

and 
(n-l)x X 

XV 
(s) 

^ k I k 
5 = ^ i "i 

(n-l)x X 
s s =s=s 

Substituting these in (9.21), gives 

\ < V = f ( ' - " r r " — 
X 
s 

1 + 
n-1 n-1 

3 _ 2 
X -X X 
S S B 

1 ' 

= A* 

2 _ 
X X 
s 

X ~ 
s 

2 _ 
X X 

1 J 

3 
2x 

s 

2 
X 

s 

n - 1 - 2 - 2 
X X X 
s s 

- 2 
X X 

t s S ; 

A* , for large n 

(9.26) 

(9.27) 

9.S.lb Error Varianoe E^(T^-T) 

In order to find the bias of weighted jack-knifed variance 

estimator V^j , we require to find expressions for E (T^-^)^ under 

the model (9.15) for different variance functions. This result is 

presented as Theorem 9.2. The derivation procedure is the same 

as in Royall and Eberhardt (1975). 
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TAgorgm 9.2 

Under the model (9.15) the error variance is given by 

XX 
1+f 

X (x V — X ~ v 
s s s s s 

X X~ V 
s s 

(9.28) 

Proof 

Under the model (9.15) the error variance is 

E (T^-T)' 
y. ' N 

s 1 
I X. 

Z X. .i=1 \ 
1 

.i=1 \ 

N 

.1 
i = 1 

y. 
1 

= E, 
E (3x^+6^) N 

I -

i "i J 

I (Gx-^r) 
i = 1 

Z e. 
s 1 

Z X. 
S 1 

N 1 N 

- .1. 
i=1 j i=1 

= E. 

N 

j , -

Bg - 2N X . 

li=1 X 
s 

(9.29) 

Now under the model (9.15), we have 

- 2 1 , 1 1 -
E (e ) = Var(— Ee.) = - ^ E v- = — v 
r s ^ n s i 2 i n s 
^ n s 

_2 N N 

^ C < V = - " I I j , y - / j , -i H 
1 V 1 

V. = 17 V 

cov(eg,eH) =Eg(;2 

«•> - i s .1 -i 
s les les 

1 V 
N s 
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Substituting these expressions in (9.29), we get 

N 

N 

.1 

N 

V - 2 i i i J : ; + 
_z s - s . . 

nx X 1=1 

'i= 

N 

I "d 

nx 

N 
X. -nx 

i=1 ^ ® 

N 

I "i 
i=1 

i=1 
(9.30) 

Since Nx = nx^ + (N-n)x~ and Nv = nv^ + (N-n)v~ , therefore (9.30) 

reduces to 

o NxV (nx +(N-n)x^)v 
Er(Ta-T)^ (N-n)x_ + (n^ +(N-n);_) 5 :L_Jl 
G K _/ s s s 

nx. X 

Nxv x_v 
s s 

nx 
-y- (N-n)x~ + (N-n)v~ - (N-n) — — , 

Nxv 

nx 

-y- (N-n)x~ 
. z s 

1 + 

_2 
X , 

s n _1_ 

s s 

X V ~-X^V 1 
s s s si 

N , -

s 

1+f 
*sVs-*sVs 

*sVs 

(9.31) 

1+f 
^ (*sVs-*s*P'' 

(9.32) 

2 - - 2 
If V. = o , then v = v„ = o and 

1 s s 

E^(T^-T) = 7 (1-f) 
X 
s 

X 
n _s 
N -

X 

(x -x^) 
s s; 

A* 1 + ^ ' v ' ' 
1-f _2 

(9.33) 
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CovolZdyij g..G 

If • = a^x. , then v = = a^x- and x v~ - x~v = 0 . 
1 1 s s s s s s s s 

Thus substituting in (9.31), we get 

E^(T^-T)^ 
I _/ s 

= A* X (9.34) 

Corollary 9.6 

Tf 2 2 ^ , - 22 - 22 
Ir V. = a X. , then V = a x , v~ = a x_ and 

1 1 s s s s 

.2 N 
XX 

s 2 2 ! 
E ( V T ) - - (,-f) 3 2 „ 

X 
s 

1+f 

' 2 - 2 1 
X X x^ -x»x 
s s s s s 

— 2 
X X 

s S 

2 
A* X 1+f — 

_2 
XX _ 
^ s 

- 1 

— 2 
X _x 
s s 

= I" (1-f) X 
f s 

_2 2 

(1-f) - | + f — 
2 

S X s 

(9.35) 

(9.36) 

9.3.2 Bias of the Weighted Jack-knifed Variance Estimator 

We now work out the expressions for the bias of the weighted 

|i ^ 

jack-knifed variance estimator V^j under the model (9.15) for 

different variance functions. 

(i) Bias Under the Model with General Variance Function: Var(e^) = v^ 
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Bias(V„j) - - E ^ ( V T ) , 

= A X 
1+ ^^C^xs)-2C2y(g) n 

-A 

J 

1+f 
c (x v~-x-v ) 
s s s s s 

X V 
s s 

= A 
1 ^ 0 \ X ^ X V ~ ' > 

S S 
J 

(9.37) 

However, if we assume that n is large and f is small, then it could 

be easily seen from (9.37)that the weighted jack-knifed variance 

estimator V^j is approximately unbiased. 

(ii) Bias Under the Model (9.15) with Constant Variance Function 

2 
When = a , then from expressions (9.23) and (9.33), we have 

Bias (V^^) = A* 
WJ 

1 0 % 
n ^(s) 1-f 

f 
(9.38) 

From expression (9.38), we note that tk bias reduces to zero if we assume 

that n is large and f is small. 

(iii) Bias Under Model (9.15) with Variance Function Proportion to x 

2 
When v£ = cr , then from expression (9.25) and (9.34),we get 

BiasfV^,) = A* 
WJ 

X X 
s 

X 

A*x 

= A* _ i 
n X 

(s) 
(9.39) 
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It could be easily seen from expression (9.39) that for large n and 

small f , the weighted jack-knifed variance estimator V is 
WJ 

approximately unbiased under Model (9.15) when the variance function 

is proportional to x . 

(iv) Bias Under Model (9.15) with Variance Function Quadratic in x . 

2 2 2 2 
When = o x^ , then from expressions (9.26) and (9.35), we 

have 

Bias (V ) = A*x 
WJ s 

L _ 1 

Xf 
s 

1 L _ 1 

Xf 
s 

n-1 

I 

2# 

- 2 
X X 

2 — (•- 2 . 
X X X x ^ 
s 

1 

. 

r S s s 
1 _2 

X 
s 

1 

. 
X X 2 

1 (9.40) 

It is quite evident from expression (9.40)iHi!U^for large n and small 

f , the weighted jack-knifed variance estimator V is approximately 

unbiased when the variance function is quadratic in x . 

Thus, we note from these results that under the conditions that, 

n is large and f is small, the weighted jack-knifed variance 

estimator is robust. This implies that this estimator does not 

depend on the variance function v^ . This is a desirable property of 

an estimator. 

2.3.3 o/ t&g ygtg&tej TartcMcg Estimator V^j 

In the previous subsection we have examined the bias of the weighted 

jack-knifed variance estimator V and found that it is approximately 

unbiased under the model (9.15), for the variance functions considered . 

subject to the condition that f is small and n is large. Now 

under the same conditions and also assuming that the error distribution 

is normal, we examine the stability of the weighted jack-knifed variance 

estimator under the model (9.15) with different variance functions. 

This result is presented as Theorem 9 . 3 . 
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Theorem 2.3 

Consider the model = gx^ + e^ , E(e^) = 0 , E(e7) 

ECe^jGj) 0 for i j and e^ NID(0,v^) . Then the variance 

^WJ 
of the weighted jack-knifed variance estimator V_, is approximately 

given by 

Var(Vwj) " 
2A 

2 _2 
V X 
• s 
2 2 
V x~ 
s s 

where A = ~ (1 -f) — , 

X 

(9.41) 

- 1 Y 1 
V = — ) V. , V = — 
s n 1 ' S n 

s 

y V? and 
^ 1 

N 

^ j , -

Proof 

We have from (9.14) 

V - f <'-« 

"I 

% (y\-Rx^) /n-1 
s 

This expression can be written as 

Vwj = f (1-f) 

xx~ V 
s s X 

—2 
X X~V 
s s Sj 

I (y.-Rx.)2/n_i , 

s 

( 1 - f ) 
X X - V 

s s 
^ ^ 1 

s J 

6x.+e. 
1 1 

I ^i 
s 

/ (n-1), 

= A 

x-v s 
s s 

^i 
e. 
1 

1 

/ (n-1) . (9.42) 

Now, 
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""t'wjl 
= A 

_ ^2 

X 

x-v 
S SJ 

Var I e. 
1 

x^} / n-1 

(n-1)' 

X 

x*,v 
S s ; 

Var 

S I X . 

"i 

(n-1)' 

X 
2 

Var 
r 2 ' X 

Var L e. 
1 

* S ^ S j 
.s ) 

+4 Var 

f 21*1 % *il 

I ^ 

' I X̂ . 

+ Var 

{I e. 2 x 2 
11 1 

T T 

A 

(n-1) • x~v 
I S s j 

Var 

IS 

: s % 

X . 
1 

+ Covariance terms 

+ 4 Var 

^=1% 1 

I 

+ Var 

fv ^ 2 2 
I G . X . 
^ 1 1 
, S J 
f r 2 
; X. 

1 
s J 

(9.43) 

The covariance terms are of 0(n ) or greater, hence we ignore these 

terms. Now taking the first term in (9.43). we get 

Var(I e. j = % Varfejl + % % cov(e2,e2) 
s S If] 1 J 

Var(e?) = E! (et) - {Ere?)^ = ^ 
1 5 1 C 1 4i 1 

/ 2 2 \ 
Cov(eu,ej) E^Ce^eZ) - Eg(e2)Er(ej);o .' and 

E 1 J' 
are independent 
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Therefore,we have 

4 ) = i (9.44) 

Taking the second term in (9.43), we get 

Var 
e.(% e.) 
I S 1 

% X. *i 
S 1 

Var 

e.(2 e.)x,, 
1 s 1 1 

E =i 

I I GOV 

Kj)*! 

: =i ' : =j 

Now E e? [y e ' ̂  

s 'Is J M s ' 

to zero. Hence we have 

r |2 2 
E_e. ) e. = - V. -and covariance term reduces 
S 1 ^ 11 4i 1 

s 

Var 

e. Z e.x^ 
(p .-y?)x? 

s (Z x j 
S 1 

(9.45) 

Taking the third term in (9.43),we get 

Var 

(Z ej^x? 
S I 1 

(| x,)2 
= 1 Var 

(Z e.)2x? 
s 1 1 

s (Ex.)' 
I s 1 

+ I I Gov 

(Z e.)2x? 
S I 1 

a e.)^x^ 
s .1 ] 

( E X . ) 

Now 

Var 

(Z e.)2x? 
S I 1 

(Z X.) 
= C. Var(Z e.) , where C. 

1 S I 1 

2 
X . 
1 

(Z x^)' 

= cJlE^CE e.)6 E^(| e . ) M . (9.46) 
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Er(Z e.)2 = e? + ? % e.e.] = Z v. , 
^ s i S s i i f j l j s i ' 

and 

e.)^]= E^[E eje.^a I^E eje^6 " " V J ' 

E)J + 3 E E v . V. . 
s 4i ifj 1 : 

Substituting these in (9.46) and simplifying we get 

Var 

(Z 

s ^ ^ 
= z 

(Z x.)2 
^ 1 s 

Z W,.+3 Z Zv.v. 
s 41 ifj 1 j 

1 
/Y \2 4 
(E V.) X. 
S I 1 

(I X.) 

s 
(Z X.) 
s 1 

(j V j ' 4 'i \ > < 

(Z X.) 
s 1 

(Z X.) 
s 1 

<1 x.) 
4 

(Z X.) 
s 1 

" 4 i ' s 4 . ^ ' y " I ' l ' i 4 h i " ! 
4 _4 

n X 
s 

4 -4 
n X 

s 

3-4 
n X 

s 

(9.47) 

Substituting (9.44), (9.45) and (9.47) in (9.43), we get 

Var(V„j) 
(n-1)• x~v 

, s Sj 
„^x-2 

s 

<i 
""''s " i , 2 i M Z i V i z I 
2_4 

n X 
s 

_4 
nx 

s 

V E x . 
S S 1 

3-4 
n X 

s 

A 

(n-1)' x~v 
s sj 

1 (p^^-v^) , ignoring terms of 0(n 

^ and higher. 

Under the assumption of normality = 3v and hence 
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Var(V„j) 
2A f ^ 1 
n — — 

x~v 
s sj 

£ vf 
S 1 

. 2A 
Z 

~ \ 2. V 

v2 
s 

(9.48) 

Now, if we assume that both n and 1/f are large, then express! 

(9.48) reduces to zero. 

on 

We now consider some special cases of the above general result 

with different variance functions. 

Corollary 9. 7 

When V. = , we have Z v^ = Z ^ ^ - 2 
S I S a and Z v. = E c , so that 

S I s 

expression (9.48) reduces to 

Var(V^_j) 
2A 
*2r-

4 * 
o : where A f <•-» ? 

n 

* 2 ^ ^2 
X 

(9.49) 

Corollary 9.8 

2 2 2 
When V. = a x. , then we have I v 

1 1 s i 
r 4 2 4 
E a X. = na X , and 
s i s 

Z V. = Z a X. 
s i s 1 

2 — 
n ax 

Substituting these values in (9.48), we get 

Var(Vwj) 
. 2A *2r- ^2 ^2 

n-1 
a X (9.50) 
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P.2 

2 2 
When V. = a x. , then we have 

1 1 

. 2 . 4 4 4 
L V. = T, a X. = n a x 
s i 1 s 

s 

Under this situation the variance of the jack-knifed variance 

estimator is given by 

Var(Vwj) 
2A 
*2 2 4 

(9.51) 

We are now well equipped to find the relative mean square error 

which is approximately given by, 

, . » Var(V )+(Bias(V__) 
Relative Mean Square Error(V ) = — WJ 

WJ r_ .2,2 
[E^(Tg-T)"] 

Now using (9.4%), (9.37) and (9.32), the relative mean square error 

"̂ WJ for V„, in case of general variance function is given by 

f 2 
2A X 

n _ 

L 

2 2 
v 
s 

_2 

2L 

IX-

+ -n — f 

X X v~ 
s s s , 

- 1 

X X~V 
s s 

2 2 

2 
n 

V 
s X 

V 
s X 

~ + - 1 
—2 n 

X V X 
I sj s 

Cx(s) - 2Cxv(s) 

X X v~ 
s s 

f — 

X :i ~v s s 

(9.52) 

= 0 , for large n and small f . 
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Similarly,for other variance functions, the relative mean square error 

reduces to zero provided n and 1/f are large. Thus, we note that 

the weighted jack-knifed variance estimator is almost stable 

under the model (9.15) subject to the above conditions and under the 

assumption that e_'s are normally distributed. 

9.4 of t&e FatZwrg of t&g ModeZ E(y.) = gx. 
• ^ 1 i — 

- wj 
Aatual Mean Square Error 

In Section (9.3) we considered the effects of the variants of the 

variance functions on the bias and variance of the weighted jack-knifed 

variance estimator V . In this section, we study the implications 

of changing the regression function in our model (9.15) on the actual 

mean square error and V, 
WJ • 

We consider the general case when 

E(Y^) = h ( x j and then illustrate the consequences through examples. 

The weighted jack-knifed variance estimator V„^ can be convenient] 

n , "i, 
be expressed in the form C I £.(y) , where C 

i=1 J 

is a constant and &.(y) = y - R x. . Since, we have 
J J s J 

E[A(Y)2] = Var&(Y) + [E(&(Y))]2 

N (1-f) X 
f n-1 — 

therefore, we can write 

:[C E &?(Y)]= C jjvar&j(Y)+[EAj(Y)]2j 

C % Var&j(Y) + C % [AjE(Y)]' (9.53) 

Thus, we note that the expectation is the sum of two parts, the first 

part depends on the variance function but not on the regression function 

whereas the second is obtained by substituting E(y^) for in the 

estimator. Since the variance function appears only in the first part 
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ariu the regression function appears only in the second part, we can 

examine separately the effects of changing -these two elements in our 

model. As pointed out above we have already studied the behaviour of 

weighted jack-knifed variance estimator under different variance 

functions and now examine the effects of changing the regression 

function in our model on the behaviour of V. 

consider the second part only. 

WJ We will therefore 

Consider the model y. = h(x ) + e 
1 1 i ' 

E(y^) - h(x^), Var(y^) = and Cov(y^,y^) = 0 for i f j . (9.54) 

(a) Implications on the Variance Estimator V, 
W«J— 

We have = j (1-f) V / * 2 
I. /(n-l) . Now,we can write 

~ ^ \ |varA.(y)j + C E E(y)|^ . 

^ ^ n 
= C I Var(y -Rx.) + C ^ [E(y.-Rx.)]^ . 

i ^ i ^ i 
(9.55) 

Now if the model (9.15) is correct then second term is zero and E (V ) 
C WJ 

in this case is given by (9.22). However, when the model (9.15) 

is not correct, i.e. E(y^) = h(x^) , then the second term in (9.55) 

IS not zero and it is this term with which we are mainly concerned 

in this part. Thus under the model (9.54) we have 

I 
i=l 

E^(y,) - E i 

s * 1 J - - IB IJ 

~ ^ 1 h(x^) -
i=l ^ 

? h(x,) 
s • i 

n 
= c I 

i=l 
h(x ) - — X. 

1 - 1 
X 
8 

1 
' Where h = - ^ h(x.) . 

1=1 

= b 
WJ • (9.56) 
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where 

''wj = ! < ' - « 

2 n 

I 
i=1 

h(x.)-

X 

/(n-1) 

The quantity measures the difference between the fitted 

values (Sx) and the true regression function for the sample points. 

It thus represents the implications of departure from the simple 

h 
regression model E(y.) = gx. on the estimate V, 

WJ " 
The ratio 

implies that if a straight line, through the origin, is fitted to 

the true regression function h(x) at the sample points by minimising 

2 ^ ^ b 
E(h(x.)-3x.) /x. , we get the fitted line 3x , where 3 = — . 
s X 

(b) Implications on the Actual MSE 

Now we examine the implications of the failure uf regression model 

E(y^) = 3x^ on the actual mean square error in order to facilitate 

comparison. Under the model (9.54) and following the same procedure 

as above, we have. 

[E^(T^-T)J = 
N 

j , -

N 

I y-

1 X. 
S 1 

.1 "i 
i = 1 

2 -
= N X 

N 

J , 

Z X. 
S 1 

N 

.1 \ 

(9.57) 

! 
X 
s 

where h 
N 

1 = 1 

MSE (9.58) 

where 

"mse • 
= N2(h-gx)^ 

X X 
s 

where (9.59) 
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2 - ^ - 2 

We note that the quantity = N (h-gx) measures the closeness 

of the average of the values on the fitted line gx at the points 

and the average values of the true regression function at 

these points. It may be noted that a poor fit point by point may 

result in a small value for b„__ and not b„_ . Also we observe 
MSE WJ 

that in the situation when the regression function in our model changes 

b^j does not appear to have any clear advantage in approximating b^^^ . 

This latter statement is illustrated through examples 9.1 and 9.2 below. 

Example 9.1 

Consider the model y^ = g^+g^x^+e^ , E(y,) = g +g x. , 

Var(y^) = v^ , Cov(y^,y ) := 0 for i / j . Under this model we 

work out the bias for the weighted jack-knifed variance estimator V 
WJ 

and the actual mean square error E^(T^-T) . First we consider the 

actual mean square error. 

(a) E^(Ta_T) = 
H r j . 

y. 
1=1 

Z (g^+g^x.+e^) r N 

X. 

i=l 

= E. 
E g N 
s o 

E =1 i=i I ""i 

E e. N N 

I 8. - I 
i=l 1=1 J 

g Z e. N 
— Nx - Ng + — - y X, 

o E x I J 
s ^i 1=1 ^ 1=1 
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= E. 
(x-x ) E e. N 

X. -

N 

I e. 
^ 1=1 ^ 

= E. ,2 .2 

X 
s <i =i' 

f N 1 f N 1 

[ i x ''y 
+ 

L i ' 4 
(x-X ) 

+ 2NB 
o 

X 

i ^ 

i ^ 

N 

(x-x ) N 
2Ng 

X 1=1 "i - ^ 
i n 

i ''i 1=1 

N 

I 
1=1 

Xc 

1 + f 
X v~-x~v 
s s s s 

x~v 
s s 

(9.60) 

We note from (9.32) and (9.60) that when the model is not correct, 

that is when the regression function is changed, the bias of the actual 

— 2 
(x-x ) 

2„2 
mean square error is N Pq, . it Is clear that this bias depends 

X 
s 

on x^ , that is, if x^ is much larger or smaller than x then the 

bias will be large. This will, however, vanish if the sample is well 

2 ^ 
balanced on x and x (i.e 

are obtained for other variance functions. 

— — 2 2 
X = x^ ; x^ = x) . Similar expressions 

Now we examine the behaviour of the weighted jack-knifed variance 

estimator . Under the above model, we have 

2 n 

Vwj = 7 (1-f) y . (yi-R-X,) /n-l , 
i=l 1 s 1 

(1-f) 

(1-f) 

(1-f) 

2 n 

I 
1 = 1 

2 n 

I 
i=l 

2 n 

I 
i=l 

6 +3 x.+e. 
o 1 1 1 

i \ 
/n-1 

*l)*i 

o - * ^1 E x . 

12 

X S 1 

/n-1 

(x -X.) (Z e.)x 
- S 1 + g _ 8 1 1 

o - i E x 

- 2 

X s 1 

/n-1 
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(1-f) 

X 

g2(x _x.)2 (E 26 (x -x.) 
o s i , 2 , s 1 i , o s i 

i _ \2 - *i 
®s *i'' X 

i (x -X.) (E e.)x. 
O S I s 1 1 

2e.(E e.)x. 
1 s 1 1 

X (Z X . ) 
S S I 

Z X . 
S 1 

/n-1 , 

N (1-f) 
c- 2 g^(x -x_. ) ̂  

f n-1 
X 

° 1 
(9.61) 

we observe from expressions (9.22) and (9.61) chac the bias in V 

due to departure from the regression assumption E(y.) = Bx, is 

Go 
% which is a positive quantity. Also, we note from (9.61) 

and (9.60) that b^j. does not approximate b This failure of 

the simple regression model has a conservative effect on . This 

also holds true for other variance functions under the example of this 

model. 

Example 9.2 

2 2 
Consider the model y. = 3 +3>x.+g„x.+e. ,E(y.)=6 +3,x.+$„x. , 

1 O l l / L l 1 O I I 2 1 

Var(y^) = v^, Cov(y^,yj) = 0 for i/j . Since the other expressions 

both for and E (T^-T)^, are the same as in Section 9.3, we 

only derive expressions for and b^^ which is our main concern 

here. Under the above model and from (9.57), we have 

<i) 
MSE 

N 12 
i " " i ' 1=1 

N , 2 

% h(Xi) 

i ^ 
N 

i l " 

N 2 

Z (eo+GlXi+BgXi) I (Go+BiXi+B2*l) 
1=1 

E X. 
s 1 

N 
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Go G, 

X X 
s 

Z X 

N 
2 ): 
i 6 1=1 

Gg N 
y i 

Gg N 
y 

i=l 

= NS;: 

— — 2 — 2 
(x-x ) (xx -X x) 

XX XX 

N 

. - - . -2 - 2 
(x-x ) (xx -X x) 

X X 

2 1 
, where x = — 

, where x = — Y x^ (9.62) 
= * ill 1 ' 

Thus we note that when E(y^) = B^+g^x^+g^x^ , the bias in the actual 

mean square error is N 

— — — 2 — 2 
(x-x ) (xx -X X) 

X X 

which becomes 

zero if the sample is balanced both on x and x 

(ii) Under the same model we have 

WJ 

n h 

C % (h(x.) - X.) 
i=1 1 X 1 

s 

. ! I",...,.,..,.;-1 t w M 
i = 1 Z X. 

s 1 

n 

C I 
i = 1 

$_x. « Z X. 

X s 1 

n 
= C I 

i=1 

6 (x -X.) (x?x -X ) 

L - (9.63) 



- 307 -

Thus we note that does not reduce to zero even if the sample 

2 

is well balanced on x and x . This implies that when the regression 

function changes in our model the weighted jack-knifed variance 

estimator has a positive bias. Thus we conclude from these 

results that the failure of the simple regression model E(y^) = gx 

has a conservative effect on the weighted jack-knifed variance estimator 

V -

9.5 Comparison of the Bias Reduction Properties of the Weighted and 

Unweighted Jack-knifed Ratio Estimators Using Taylor's Series Expansion 

In this section we compare the weighted and the unweighted jack-knifed 

ratio estimators in terms of their bias reduction properties under the 

model 5 . 

Lemma 9.3 

Let 0 = f(R) where f(.) is a smooth function of the ratio 

Y 

parameter R = — and f has a continuous first and second derivative 

X 

f and f" respectively. Further, let the estimator of R be 

" S ? ! 
R = ^ ^ and 8 = f(R) . Then 

Z X. 
s 1 
8-8 . = (R-R .)f'(R) - ^<R-R .ff"(R)+ j<R-R .)f"'(R)+... (9.64) 

— 1 - 1 Z - 1 6 — 1 

. . yj-Rxi Xi 
where R-R . = and w. = -= (see Lemma 9.1). 

(1-w.)Z X. 1 % Xi 
s 

Proof 

Using Taylor's Series expansion, we have 

f(R .) = f(R)+(R .-R)f'(R)+ j<R .-R))2f"(R)+ 1<R .-R)3f"'(R)+. 
-1 -1 Z -1 D -1 

Since f(R .) = 6 • , we can write 
- 1 - 1 

8 . = 8 + (R .-R)f'(R)+ ̂ <R .-Rff"(R)+ ̂ <R .-R)3f"'(R) + ... 
— 1 —1 Z —1 D -1 
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= (R-R_.)f'(R)- ^<R-R .)^f"(R)+ 1<R-R .)3f"'(R)+. (9.65) 

9.5.1 The Weighted Jack—knifed Ratio EstimatOT 

We now apply (9.65) to derive an expression for the weighted 

jack-knifed ratio estimator. This result is expressed as Lemma 9.4. 

Lemma 9.4 

Under the conditions of Lemma 9.3, the weighted jack-knifed ratio 

estimator 8 can be expressed as 

f(R)+(R-R)f'(R) + ^<R-R)2f"(R)_ ^ 
WJ 

1 a (1-w.) 

2 9 
i=1 (Z x.)^ 

-2 3 S I 
n (1-w.) e* 

+ z I ^ 5- f"'(R) , 
' i.| (E x.)2 

S 1 
where e'̂  = y.-Rx, 

I 1 1 

(9.66) 

Prop/ 

For the weighted jack-knife the pseudovalues are defined as 

Q. = 8 + n(1-w.)(8-8 .) 
1 1 - 1 

(9.67) 

Substituting from (9.65) for 8 -8_^ in (9.67), we have 

Q. = e + n(1-w.)[ (R-R_.)f'(R)- •i(R-R_/f"(R)+ i (R-R_.)^f"'(R) + . . .] , 

+ n(l-w^) 
- e* 

(i-^\)zx. - i 

s 

e* 
1 

(l-w.)2(E x.)2 
1 S I 

e? 
1 

® (l-w.)^(Z x.)^ 
1 S I 

f"(R) 

f"'(R) + .. 

ef 
+ n f'(R) 

S 1 

(1-w.) ^e*^ 

Y ^—2"^" ^ (1-w.) 
Xi) ' ' 

e.^ 
1 

' (E <W • 

(9.68) 
S 1 
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The weighted jack-knifed ratio estimator is the average of the pseudo 

values and is given by 

WJ 

1 " , n ne* . „ . 

• f<R)- J g — f ( R ) + I 
®i f"(R) 

(E*i) 

I I f''(R) + 1 I 

/1 . - 1 * 2 n (1-w.) e. 

w i-i 2 i=l (Zx.)2 
s 1 

(1-w.) 
-2 

G 1=1 i' (Zx.)3 
S 1 

f" (R) 

Now 

n n ^ y _ 
I e* = % (y.-Rx.) = n(y - ~ x ) = 0 • 

i=1 1=1 s X s 
s 

Thus 

WJ 

1 n ^ n _ e*3 

^ j , 6 j , ^ r - (K) . 

S I S I 

= f(iu 
e*3 , n (1-w.) e* ^ .. o 

I "^6 ^ (l-w.)" — — : r f ' " ( R ) '.'8=f(R) 
1=1 (Z X 6 i=1 1 (Ex.)3 

S I S I 

( 9 . 6 9 ) 

Now expanding f(R) , we have f(R) = f(R) + (R-R)f'(R)+ ^<R-R)2f"(R) 

and substituting this in (9.69),we get 

1 . , 1 n (1-w.) ^6*2 f"(^j 
3wj=f(R)+(R-R)f'(R)+ 2<R-R)^f"(R)- 1 % ^ ^ 

^ i=1 ( E X . ) ^ 
s 1 

. -? 1 
n (1-w.) e* 

6 6 ^ IT- f"'(R) 
i=1 (Z x.)^ 

S 1 

(9.70) 

9.5.1a Bias of the Weighted Jack-knifed Ratio Estimator 

Now we find the bias of the weighted jack-knifed ratio estimator 

under the model ^ with different variance functions. These results 

are expressed as Theorem 9.4. 
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If the conditions of Lemma 9.3 hold then,under the model y. = Sx. + e, 
1 1 1 

with E(e^) = 0 , Var(e^) = and Cov(e^,ej) = 0 for i ^ j, 

the bias of the weighted jack-knife estimator 8^^ is of 0(n~^). 

Proof 

From (9.70), we have 

\ - 1 2 
1 - 9 1 n (1-w.) e* 

3 = f(R)+(R-R)f'(R)+ j<R-R)^f"(R)- 1 % 1 -1- f"(R) 
^ i=1 (Z x.)^ 

s 1 

-9 T 
n (1-w.) e* 

I ^ f " ' (R) 
i=1 (Z X . ) 

s 1 

Under the above model, the expected value of 6 is 
WJ 

1 . ? 1 n (1-w.) 
E^(8^j) = f(R)+Eg(R-R)f'(R)+ 1 E (R-R)^f"(R)- j % ^ ^ ^ f"(R) 

i=1 (Z X . ) 
s 1 

^ i=1 (Z x.)3 
S 1 

Now, E^(e*2) = E^(y.-Rx^)2 = E^[(6-6)2x2 _ 2e.(6-6)x.+e?]. Using 

(9.18) and (9.19), we get 

2 
» X. V. X. E V, 

' • ' i - ^ * 7 7 ^ • » • " ) 
s 1 (Z X.) 

S 1 

and 
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/V n ^ V . 

E (R-R) - (9.73, 

Substituting (9.72) and (9.73) in (9.71),we get 

• • < « • { ^ ™ - 1 J , - . ' - ' I , . # . 

, n (1-w.) ^E^(e*^)f"'(R) 

6 .6, ^,3^ 
i=1 (Ex.) 

s 1 

1 g V; 1 P 9 v.-2v.w.+w?Iv. 
-8+2" ^ i)f"(R) 

I V xr I ' _ 4 •^-i- / r-\ \ ̂  
S 1 S 1 

n (1+2w.)Er(e*?) 

(9.74) 

Hence 

Bias(0j^j) - -

V - f i l l f"(R)- 1 I J i Z i f " ( R ) . i I - « ^ f " . ( R ) 
i=1 (Zx.) i=i (Ex.) G 

s 1 

-2 
0(n ) ' (9.75) 

Corollary 

If in the model of Theorem 9.4, v. = then 

2 
9 if X' nX' ^ . 2 

E^(e<.p . , 1,-2 ^ . 

S 1 Is 1/ (^x.) 
S 1 
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and 

2 2 
n w.a2 n w.a 

= 3 + 2 — 2 !<"-'> I — f"(« 
1-1 (Ex.) 1=1 

1 P 
+ ̂  I — Y -

i=1 (ZxJ^ 
s 1 

In this case. 

~ 1 n w.a2 n w?a^ 

" 2 ^ 2 I — — 9 f"(R) 
1=1(Zx.) 1=1(%Xi) 

1 ? G (e,3) 

* 6 I 3 f"<R) • 
(Zx.)^ 

_2 s 1 
= 0(n ) . 

Corollary 9.11 

If Che variance function in the model of Theorem 9.4 is proportional 

2 
to , that is, v£ = o , then 

2 

E^(e*2) = a2(x. - ^1-) = a2x.(1-w.), E (^-R)? = _of_ , 

(9.76) 

s 1 

and 

1 n E (e*3) 

C((Gwj) •« + 6 .1, 
1=1 (Ex.) 

s 1 

Thus 

1 n E (e*3) , 

- b J - (W - «("' ) (9.77) 
1=1 (I X.) 

s 1 

This implies that in this case the weighted jack—knifed ratio estimator 

is unbiased to 0(n ^). 
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If the variance function in the model of Theorem 9.4 is quadrat ic 

in X , that is, v. = a 

3^ 

E (e*2) = gZ 
^ X. 
/ 1 

then E (R-R)' 

^4 • 

*i " Z X. 
(Z X.) 

1 7 7 
o E xf/ (Z x.)^ , 

s s ^ 

and 

O I X 
i=1 

(| x.)3 

2 n 
f"(R) 

% x7 
S 1 

f"(R) 

i=1 (Ex.) 
s 1 

1 Y 
G i=1 (Zx.)3 

s 1 

f"'(R) 

Hence 

BiasCe^^) 

o' I Xi 
i = 1 

2 n Ex^ 

f"(R) - I --^-^4 f"(R)+ i 
^ i=1 (Zx.)4 b 

S 1 

Er(c*3) 

i=i (z x.y 
S 1 

(R) 

0(n"2) (9.78) 

Thus we note from Theorem 9.4 and the Corollaries 9.10, 9.11 and 

9.12 that,in general,the bias of the weighted jack-knife is of 0(n ^). 

the next section we give the bias of the unweighted jack-knife under 

the above situations. 

In 

9.5.2 The Unweighted Jack-knifed Rati-o Estimator 

The corresponding developments for the ordinary jack-knifed ratio 

estimator under the model g with different variance functions are 

given as under: 
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If the conditions of Lemma 9.3 hold, then 

. ̂  -2 *2 
^ _ 1 n (1-w.) e. ^ 

^uwj = f(R)^(R-R)f'(R)+ 1 (R-R)f"(R) - I " ^ f"<R) 
1=1 (| x^) 

Jlzl V ""'l' °l" 

i=l (I x.)^ 
S 1 

f" (R) 

where 6 ^ ^ is the unweighted jack-knifed ratio estimator. 

Proof: 

The pseudovalues for the unweighted ratio estimator are 

. = n8-(n-l)8 . = 8+(n-l)(8-8 .) 
-1 

(9.79) 

Substituting for 8-8_ from (9.65) in (9.79), we get 

)+(n-l)[(R-R ^)f'(R)_ ^<R-R ^)2f"(R)+ (R)+...] , 

= 8+(n-l) 
^ e*f'(R) ^ 

" - i ' ? ! " ( l - . . ) - ( I x . ) 
1 S I 1 S I 

f " (R) (9.80) 

+ terms of higher order 
J 

The unweighted jack-kifed ratio estimator is the average of the 

unweighted pseudo-values 9^ and is given by 

UWJ n i 
1=1 

I 8< = 8+ 
n-1 

i = i » - V i V ^ lii (i-..,^.x,)^ 
1 S I 

I f"(R) 

! 
*3 

i=l (l-w.)^(Zx.)^ 
1 s i 

f''(R) 

n-1 

i i J l (l_..,Lx.,^ '' 
(R) 

1 S I 

+ I 3^ 3 f"' (S) , 
i=l (1-w.) (Zx.) 

1 S I 

= f"(R) +2^1 % f".(R) . (9.81) 
i=l (Z Xi)2 i=l (I x.)^ 

S 1 
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Now expanding f(R) and substituting in (9.8l), get 

1 - „_i ri (1-w.) 
8^ = f(R)+(R-R)f'(R)+ ]<R_R)f"(R)_ 2 1 % ^--3-1- f"(R) 

i=1 (%x.)2 

s 1 

9.5.2a Bias of the Unweighted Jaok-knifed Ratio Estimator 

Now we give the bias of the unweighted jack-knifed ratio estimator 

under the model g with general variance function. This result is 

expressed as Theorem 9.5. The results for other variance functions 

are given as the corollaries of Theorem 9.5. 

Theorem 9. 5 

If the conditions of Lemma 9.3 hold, then under the model 

" ^^i ®i ^ith E(eJ = 0 , Var(eJ = and Cov(e^, e J = 0 

for i / j , the bias of the unweighted jack-knifed ratio estimator is 

of O(nr^). 

Proof 

From (9.82), we have 

1 0 „_1 n (1-w.) ^e*^ 
= f(R)+(R-R)f'(R)+Y(R-R) f"(R)- % l - g — f " ( R ) 

i=1 (Ex.) 
s L 

*3 
n (1-w.) e. 

n-1 % f"'(R) 
6„ (£x.) 

Under the above model and using (9.72) and (9.73), the expected value 

of the unweighted jack-knifed estimator is 
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" s ' O = '<"'^1 " 7 ^ I -
(Ex.) 1=1 
S 1 

n "-»i> 

2 y \ 

"i s\ 
V . - 2 

' a"! 'S "i)^ J 
f"(R) 

<S*i) 

G* 1=1 (Z 
S 1 

f" (R) , 

+ ^ A r f " ( R ) - ^ I — ^ 
n-1 

n v.x. 

1=1 (Zx.)^ 
S 1 

f " ( R ) + = ^ I ^ ^ f " ( R ) 
1=1 (Ex.) 

s 1 

n<l 5 =1 E Vj 

2" 1=1 (E x^) 
4 f"(R) 

- 1 V 

G* 1=1 (E xi)3 
f" (R) 

Now bias is given by 

1 ^ "i 
j ^ ., f"(R) 

(E X.)" s 1 S 1 

1 n v.x. , n x?E v. 
+ 2zl J _ 3 _ i J.'(R) - 2li J 

" i=1 (Sx.)^ 
S 1 

i=1 (E x.)4 
S 1 

f"(R) 

= 0(n 

^ 1 n E_(e*3) 

s 1 

Special Case I 

(9.83) 

(9.84) 

If n is large, then (9.83) reduces to 

= I 
v.x. 

1 1 

i=1 (Ex.) 
s 1 

= 0(n . 

, n X? E V. n E (e*^) 

f"(R)- y I 2 f"(R)+ i I ^ \ f"'(R) , 
i=1 (E X.) i=1(Ex.) 

8 1 S I 

(9.85) 

Thus from expressions (9.75) and (9.85) we gather that when n is large 

the bias of the unweighted jack-knife estimator is equivalent to that 

of the weighted jack-knifed estimator. 
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Corollary 9.13 

If the variance function in the model of Theorem 9.5 

that is, =o^ then 

IS constant, 

2 _ . n 2 , . ? n rr̂  

. *3 

* 6n ^ ~ '3 f''' (R) • (9 86) 
1=1 (Ex.) 

_ A/ -4\ s 1 
) (9.87) 

Special Case II 

If n IS large,then ( 9 . 8 6 ) reduces to 

Bias(8,_,_) = n 

) (9.88) 

If the variance function in the model of Theorem 9.5 is proportional 

to X , that is, V. = o x. then 
1 1 

I ^ I ^ (9.89, 
1=1 (% x^) i=1 (Z x,)^ 

-2 S I 

0(n ^). 
(9.90) 

Special Case III 

If n is large, then (9.89) reduces to 

1 2 X- 9 1 n Erfet^S 

" " ' W • '2 J : — S » f"<w + i I •. 
1=1 (Ex.) i=1 ( % x.)^ 

1 S I 

- 2 
= 0(n ). (9.91) 
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CoTotlary 9.15 

If the variance function in the model of Theorem 9.5 is quadratic 

2 2 
in X , that is = a then 

S I S I 

= 0(n ) . (9.93) 

Special Case IV 

For large n , the expression (9.92) reduces to 

g x? 2 n Z n E (e*^) 

S I s i s i 
(9.94) 

- 2 
= 0(n ) . (9.95) 

Hinkley (1977b), while discussing the need for an appropriate 

jack-knife procedure for unbalanced statistics, remarks that the principle 

question with a given jack-knife procedure is that whether it removes 

a first order bias. We note from Theorem 9.4 and 9.5 that, in general, 

under the model g the bias of weighted jack-knife is 0(n ^) and 

that of the unweighted jack-knife is a£to . However, when the variance 

function is proportional to x the bias of weighted jack-knife is of 

0(n ^) and that of the unweighted jack-knife of 0(n ^) . If we assume 

that n is large, then the unweighted jack-knife also removes the first 

order bias term. These results indicate that the performance of the 

weighted jack-knife, for ratio estimation, is better than the unweighted 

jack-knife method. We also note that the unweighted jack-knife is sample 
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Size dependent whereas the weighted jack-knife does not depend on 

the sample size. Thus we gather from these results that small sample 

performance of the weighted jack-knife method for ratio estimation 

may be better than the unweighted jack-knife. This,however, requires 

numerical comparison. 

9.6 Summary and disoussion of Results 

In this chapter we have extended the application of the weighted 

jack-knife technique using the empirical influence function of R at 

the point • This procedure, which is based on the weighted 

pseudovalues, produces the weighted jack-knifed ratio estimator R 
WJ 

and the weighted jack-knifed variance estimator . Both these 

estimators possess nice properties and reproduce the original ratio 

estimator R and the variance estimator (Cochran, 1977, p.155). 

Under the model 5 the weighted jack-knifed variance estimator is 

approximately unbiased for any variance function provided n is large 

and f is small. This estimator is robust against the non-homogneity 

of the error variances. However, when the regression function E(y.) = 3x. 

in the model S changes the weighted jack-knifed variance estimator 

has a positive bias. This implies that the failure of simple regression 

model have a conservative effect on the weighted jack-knifed variance 

estimator. The comparison of the weighted and the unweighted jack-knife 

procedures for ratio estimation, in terms of their bias reduction 

properties, indicates that in general under the model ^ the performance 

of the weighted jack-knife is better than the unweighted jack-knife. 

It is also observed from Theorems 9.4 and 9.5 that the weighted jack-knife 

does not depend on the sample size whereas the unweighted jack-knife 

does. This may result in a better performance for the weighted jack-knife 
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in the case of small samples. This, however, needs further investigation. 

On the basis of the results in this chapter and the available relevant 

literature, we conclude that the weighted jack-knifed variance estimator 

may be a good competitor with the estimators currently in practice. 

9.7 SugRestions for f^dUKatResearch 

In the course of this investigation, not only have we settled many 

questions about the jack-knife technique, but as is the usual case in all 

research we have opened the door to different areas for future exploration. 

(i) The asymptotic normality of the ratio estimator for the finite 

population total for simple random sampling is widely used. Scott and 

Wu (1981) discuss the asymptotic normality of the ratio estimator under 

simple random sampling. The model based approach has produced results 

most comparable to the randomisation based approach. It may be worthwhile 

to examine the asymptotic distribution of the weighted jack-knifed ratio 

estimator for the population total under the model based approach. 

(ii) Royall and Cumberland (1978a, 1981a) have produced a series of 

empirical results on the performance of the randomisation based variance 

A ^ 
estimator ,the unweighted jack-knifed variance estimator V and tl^ 

model based variance estimators and V^. The performance of the weighted 

/V 

jack-knifed estimator V and other competing variance estimators such 

Vj, and should be investigated. 

(iii) Another interesting area for further research is to compare the 

performance of the weighted jack-knifed variance estimaterV^^, the 

unweighted jack-knifed variance estimator , the randomisation based 
A 

variance estimator and the model based variance estimator Ivt. 

the approximate confidence intervals . 
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(iv) Simple random sampling provides balance in expectation, with the 

probability of extreme imbalance decreasing as the sample size increases. 

This has lead to the common belief that with simple random sampling one 

needs to worry about imbalance only in very small samples and that reasonably 

large samples can provide protection against bias and give robust inference, 

jSee, for example, Brewer (1979), Sarndal (1980), Godambe (1982), Hansen et 

a_l. (1983) and Kalton (1983). However, Royall and Herson (1973a) and Royall 

and Cumberland (1978b) have reported some theoretical results which negate 

this belief and stress the need of balance for robust inference. Further 

investigations to study the implications of increasing sample size on the 

bias, on the performance of the variance estimates V , V , V and and 
WJ J i L n 

on the behaviour of the corresponding standardised errors may be useful. 
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APPENDIX I 

Relative Biases for Simple, Partial and Multiple Correlations 

and Regression Coefficients 

. Relative Biases 

Estimate Actual Value 6 Strata 12 Strata 30 Strata 

Corr. 1,2 0.9152 -0.0040 0.0024 -0.0004 

Corr. 1,3 0.1724 -4.0524 0.0102 ^0.0011 

Corr. Y,1 0.1423 0.1543 0.1214 0.0256 

Corr. 2,3 0.3251 -4.0236 -0.0076 0.0053 

Corr. Y,2 0.1941 0.1401 0.1159 0.0350 

Corr. Y,3 0.2655 0.1159 0.0922 0.0439 

Corr. 4,5 -0.3165 -0.0110 -0.0086 0.0068 

Corr. 4,6 0.1398 0.0282 0.0249 -0.0050 

Corr. Y',4 0.3834 0.1080 0.0983 0.0312 

Corr. 5,6 -4.3557 0.0016 0.0076 -0.0132 

Corr. Y',5 -0.1468 0.1171 0.1140 0.0180 

Corr. Y',6 0.3304 0.0804 0.0448 0.0293 

All Correlations - 0.06972 0.05399 0.01748 

Part. RY1.23 -0.0193 -0.2541 0.0955 0.0937 

Part. RY2.13 0.0637 0.0998 0.1549 0.0517 

Part. RY3.12 0.2007 0.1329 0.0945 0.0446 

Part. RY'4.56 0.3667 0.1161 0.1051 0.0396 

Part. RY'5.46 0.0793 0.0418 0.0018 0.0789 

Part. RY'6.45 0.3107 0.0953 0.0501 0.0433 

All Partial R 8 - 0.12333 0.08365 0.05863 

Multi Corr. Y(12 3) 0.2895 0.2028 0.1372 0.0559 

Multi Corr. Y'(456) 0.4796 

1 

0.1212 0.0851 0.0375 



Relative Biases 
Estimate Actual Value 

6 Strata 12 Strata 30 Strata 

All Multiple R.S - 0.16200 0.11115 0.04670 

Beta 0,Const. 2168.140 0.0207 0.0082 0.0111 

Beta Y1.23 -187.956 -0.2463 0.0215 0.0984 

Beta Y2.13 548.160 -0.0314 0.0066 0.0251 

Beta Y3.12 3361.730 -0.0337 0.0275 0.0024 

Beta 0 Const. -4068.830 0.0232 0.0914 0.0278 

Beta Y'4.56 3163.600 0.0227 0.0000 -0.0041 

Beta Y'5.46 34.478 0.0092 0.0645 0.0443 

Beta Y'6.45 610.484 0.0110 0.0459 0.0089 

All Betas 0.04978 i 0.03320 0.02776 

Source: Kish and Frankel (1974) Table 5.1 
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