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JACK-KNIFE PROCEDURES FOR SAMPLE SURVEYS
by Nazir Ahmed Chaudhry

A great deal of current research into the foundations of survey sampling
has been devoted to the application of various inference criteria. A
distinction is drawn between the randomisation based and the model based
approaches to inference for finite populations. It is argued that the
model based approach is effective and offers inferential benefits over the
randomisation based approach for a realistic model.

Methods of variance estimation under both the randomisation and model based
approaches are considered. The randomisation based approach does provide a
variety of methods for variance estimation. The randomisation based
variances are unconditional and do not lead to a meaningful inference from
an observed sample. The model based variances are conditional and provide
a suitable framework for inference. The ratio estimator provides an important
example of statistic for which the randomisation and the model based approaches
lead to different variance estimators.

Problems concerning the estimation of correlation from complex surveys are
discussed. Implications of the complexity of the design on the behaviour of
simple, partial and multiple correlations are studied. It is shown that the
complexity of the design affects the behaviour of the simple, partial and
multiple correlations. The relative biases for the multiple correlations
are, in general, smaller than those for the simple and partial correlations
when the design variable is strongly related to one of the x variables
under study. It is argued that different surveys with different stratifica-
tions may produce quite different results.

The jack-knife method finds applications in a variety of fields both as a
means of bias reduction and variance estimation. A comprehensive review of
the applications of the jack-knife method to ratio estimation and the linear
regression model is given. A distinction is drawn between the unweighted
and the weighted jack-knife procedures for regression estimation. A simple
generalisation of the weighted jack-knife for regression estimation is
given. It is shown that under the model with more gemeral variance structure,
the weighted jack-knife regression estimator is unbiased and the weighted
jack-knifed variance estimator is biased to O(n_l).

Using the idea of empirical influence function, the weighted jack-knife
technique is extended to ratio estimation. A weighted jack-knifed
variance estimator for the ratio estimator is developed. Using the
prediction theory approach, the properties of the weighted jack-knifed
variance estimator are examined. The implications of the failures of
regression model on the behaviour of the weighted jack-knifed variance
estimator are studied. Comparison of the bias reduction properties of
the weighted and the unweighted jack-knifed ratio estimators is made using
Taylor Series expansion.
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CHAPTER 1

INTRODUCTION

There has been a rapid growth in sample surveys during the past
four decades and a considerable amount of literature regarding the
design and analysis of survey data is now available. The essence of
survey sampling consists of the selection of a part of a finite population
and on the basis of this selected part making inferences about
the entire population. Thus the main objective in any sample survey is
to compute the sample estimates so that inferences could be drawn about

the finite population under investigation.

The theory of inference from finite populations has seen
controversial developments during the last three decades. As a
consequence of these developments a model based approach to inference
has emerged as an alternative to the traditional randomisation based
approach. 1In the randomisation based approach the only source of
probabilities is the artificial randomisation induced by the sample
design. Other sources of probabilities such as superpopulation models
are also prevalent but only as evaluation techniques with the probability
sampling models for special purposes. The basic criterion and definitions
such as bias and standard errors refer to probability sampling models.

In contrast the model based approach to survey sampling takes the form
of assuming a superpopulation model with the characteristics of the
units of the finite population under study being the realisations
of the assumed super~-population model. The sampling plan need not be

a probability sampling plan and the estimators need not be randomisation
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consistent. The model based inference concerns the prediction of the
actual outcome of the population characteristics and is made conditional
on the outcome of the sampling. Thus from the view point of statistical
inference the most interesting aspect of these developments in the
field of sample survey is that by a shift to the model based approach

a primary object of sample surveys is turned from estimation to
prediction. The model based approach is one avenue through which
important new methods are currently being added to the existing

survey sampling literature. The model based approach is used extensively

in this thesis.

Many sample surveys today are characterised by complex clustered
and stratified samples and often depart drastically from a simple
random sample. This raises important questions about how far standard
statistical procedures based implicitly on simple random sampling
assumptions are appropriate when a population has complex structure.
Pioneer work for estimating analytical statistics such as correlation
and regression coefficients from complex surveys is due to Kish and
Frankel (1974). These authors studied the behaviocur of simple, partial
and multiple correlation from clustered stratified samples. Kish and
Frankel concentrated mainly on the effect of clustering and ignored
the effects of stratification. We have studied the effect of strati-

fication on the behaviour of correlations.

During the last few years a great deal of attention has been focussed
on the development of robust statistical methods that do not depend upon
the assumptions of normality but may retain many desirable features of
this assumption. A class of methods known as jack-knife techniques

were introduced by Quencuille (1949, 1956) as a bilas reducing device



and later developed for variance estimation and setting up confidence
intervals. The essence of the technique is that pseudovalues of the
estimated parameters are computed by deleting a single observation or
a set of observations and the estimate of the variance of the estimated

parameters is obtained from the variance of the pseudovalues.

The main subject of this thesis concentrates on the applications
of the jack-knife method to ratio estimation. A considerable amount of
literature on the jack-knife technique as a method of bias reduction and
robust interval estimation is available in balanced situations
(Chapter 5). However, much still remains to be investigated in unbalanced
situations. Hinkley (1977b) proposed the weighted jack-knife for
regression estimation. We extend the application of the weighted jack-
knife to ratio estimation. We also study the properties of the weighted
jack-knifed ratio estimator and the weighted jack-knifed variance

estimator using the prediction theory approach.

1.1 Outline of Thesis

An outline of the study reported in this thesis is as follows:

In Chapter 2 we present a review of the randomisation based and
the model based approaches to inference. We feel that such a review
is necessary in order to gain an insight into the structure of
inference problems concerning the characteristics of a finite
population. It is argued that the model based approach is highly
effective and offers inferential benefits over the randomisation based

approach for a realistic and valid model.



The variance of an estimator depends on the framwork for inference.
The randomisation based and the model based approaches provide different
frameworks for defining variances. We consider variance estimation
under both these approaches in chapter 3. We can think of this chapter
as divided into two parts. The first part deals with the methods of
variance estimation under the randomisation based approach. We note

o~

that for a given estimator T of T there are two variances, the true
variance V(%) and the estimator of the true variance. First, we
discuss the methods commonly used for obtaining the expressions for
the true variances. Then we discuss the methods for estimating the
variances of estimates. Our main concern is with the jack-knife
procedure. However, it seems to us that a knowledge of useful
alternative techniques will be useful in a better understanding of
the subject and will also facilitate a comparison of these techniques.
Thus we discuss a number of competing techniques developed from time
to time in an attempt to obtain accurate variance estimates necessary
for survey sampling inference. We have, however confined our
discussion to the main features of these techniques pointing out the
usefulness and the limitations of each technique. We also introduce
in this part a useful technique, known as the weighted jack-knife,
developed recently as an alternative to the ordinary jack-knife method
for variance estimation. It is observed that the randomisation
approach to variance estimation offers several choices but it has been
recognised that the randomisation based variances may not provide a
suitable framework for inference from an observed sample. In contrast,
under the prediction approach to finite population sampling, the

variance of an estimated value is determined conditionally from the



set s of samples units actually observed. The prediction approach,
by conditioning on the sample actually observed, reveals the relation-
ships that are important for inference. Thus in the second part

of this chapter we consider the variance estimation under the
prediction approach. Our discussion is mainly centred round the

ratio estimator for which the prediction approach has suggested

useful alternatives to the randomisation based variance estimators.
This chapter thus consolidates the material on the variance estimation
fromncomplex surveys under two main approaches, which lie scattered

in the literature.

In Chapter 4 we consider the problems concerning the estimation
of correlation from complex surveys. Frankel (1971), and Kish and
Frankel (1974) studied the behaviour of simple, partial and multiple
correlation and regression from clustered stratified samples. They
conjectured that high relative biases for the multiple correlations
were due to the basic defects of the estimator rather than the
complexity of the design. For the estimation of population correla-
tion coefficient from a stratified design, Koop (1970) and Wakimoto
(1971 a, b) derived unbiased estimates for the population variances
and covariances. Using these results we derive expressions for the
biases in Kish and Frankel's estimates for variance and covariance.
It is shown that for a self-weighting design, Koop and Wakimoto's
results for the estimation of variances and covariance reduce to
those of Kish and Frankel's estimate plus bias (Section 4.3). These

theoretical results indicate that stratification can cause bias in



the estimation of correlation and that the bias may be of substantial
magnitude. Kish and Frankel have mainly concentrated on the effects

of clustering on variances and have ignored the effects of stratifica-
tion on the bias. They were thus lead into misinterpretation of
results. Our conclusion is that high relative biases in Kish and
Frankel's estimates of correlation may be due to the effects of
stratification. This conclusion finds support from Warren's (1971)
analysis of the effect of sampling method on the estimation of correla-
tion and regression summarised in Section 4.4. Warren concludes

that non-simple random sampling can cause bias in the estimation of
correlation and that this bias may be of substantial magnitude. Similar
views have also been expressed by Smith (1974, discussion of Kish and
Frankel). We have also investigated the effects of stratification

on the behaviour of simple, partial and multiple correlations through

a simulation study using data from Frankel (1971). The analysis of
these results also supports our claim that the high relative biases

in Kish and Frankel's estimates of correlation are due to the effect

of stratification, rather than the basic defect in the estimator.

The Jack-knife method introduced originally by Quenouille as
a method of bias reduction was extended progressively to obtain
estimation of variance. This method has been shown to have robust
qualities in a wide variety of fields. The most significant feature
of the jack-knife technique is that bias reduction as well as variance
estimation can be achieved without detailed knowledge of the sample

distribution or involved analysis of the estimation method. We only



need a sample and an estimation definition. Miller (1974 b) has
given an excellent review of the theoretical developments whereas
Bissel and Ferguson (1975) discuss some practical aspects. However,
in those reviews the authors restrict themselves to a brief
discussion of the most important developments in the field of survey
sampling. In Chapter 5 we attempt a review that focusses on the main
developments concerning the applications of the jack-knife method

in survey sampling. One of the earliest applications of the jack-
knife method was in the case of ratio estimators which are frequently
employed to improve the efficiency of estimation in sample surveys.
We discussed the bias and variance estimation properties of the
jack-knifed method for the ratio estimation under the model based
approach in chapter 3. In this chapter we address ourselves to

the problem of bias and variance estimation for the jack-knifed

ratio estimator under the randomisation approach. The most important
contribution of the jack-knife method is to produce an estimate of
variance where alternative techniques appear to be cumbersome.

The method has also been extended for variance component estimation
in complex surveys (Folsom et al., 1971). We find that along

with the theoretical developments, considerable empirical work has
also been undertaken to compare the efficiencies of the jack-knifed
and other competing variance estimators in small and moderate

size samples from natural and artificial populations. This, however,
lies dispersed in literature. We also attempt to summarisethe
empirical work on the jack~knifed ratio estimation under both the
randomisation based and the model based approaches. Tukey

proposed the jack-knife as a method of robust interval estimation.



Developments along this line are also discussed in this chapter.
From this review we gather that the jack-knife appears to behave
well both as a means of bias reduction and variance estimation
where the estimator is a function of all data values concerned.
This includes situations involving variances, maximum likelihood
or least squares, regression, correlation and ratios. However,

it does not perform well in the case of order statistics. We also
note that the standard jack-knife procedure is sensitive to
deviant data points and there is a needg%b considering alternative

more robust methods.

Chapter 6 presents a discussion of the jack-knife application
to the linear regression model Y = §]§ + e, where Y is a vector
of n independent observations, X 1is a matrix of known values,
Ai is a vector of unknown parameters and e is a vector of
independent and identically distributed error variables. Follow-
ing Hinkely (1977b) the properties of the jack-knifed regression
estimator and the jack-knifed variance estimate are examined. It
is found that the jack-knifed estimates of regression parameters

are unbiased but less efficient and the jack-knifed variance estimateor

is biased.

The important point to consider in any data anlaysis is the

impact that each observation has on the estimates. For example,



in some data sets one or more cases may have sufficient impact on
the analysis and if these cases are removed from the data set
completely different results would have been obtained. Such cases
are known as influential cases. Study of influential <cases is
important from the inference viewpoint. 1In Chapter 7 we discuss
the influence function and its role in regression analysis.

We also introduce in this chapter various sample versions of the
influence function which provide the basis and justification

for various techniques used for the detection of influential cases.
This chapter also introduces different methodologies for assessing
the influence of individual or group of cases on regression analysis.
However, we confine our discussion to those aspects of analysis

that can be summarised by sample influence function.

In the unweighted jack-knife, discussed earlier in Chapter
6, the pseudovalues are defined symmetrically with respect to the
observations whereas in the linear model situation the observa-
tions do not affect the least squares estimates in a symmetric
manner. In order to adjust for this imbalance, Hinkley (1977 b)
proposed weighted pseudovalues and hence the weighted jack-knife
for regression estimation. We discuss the application of the
weighted jack-knife to regression estimation in Chapter 8.
First we give a suitable definition and justification for the

weighted jack-knife. Then following the appraoch of Hinkley we
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examine the properties of the weighted jack-knifed regression
estimator and the weighted jack-knifed variance estimator. Hinkley
assumed that the error variables e, are uncorrelated. However,
in practice, this may not be true in many situations. We give a
simple generalisation of the weighted jack-knife for the general
variance structure. I is shown that under this more general
model the weighted jack-~knifed regression estimator is unbiased

and the weighted jack-knifed variance estimator is biased to

O(nnl).

In Chapter 9 we extend the weighted jack-knife technique
to ratio estimation. Using the idea of empirical influence function,
discussed in Chapter 7, we propose the weighted pseudovalues, the
weighted jack-knifed ratio estimator and the weighted jack-knifed
variance estimator. Using prediction theory approach we examine the
properties of the weighted jack-knifed variance estimator. This
variance estimator is shown to be approximatley unbiased under the
model f for all variance functions with certain restrictions on
n and f. Under the same conditions and assuming that the error
distribution is mormal, it is shown that the jack-knifed variance
estimator is quite stable (Section 9.3). We also examine the
implications of the failure of regression model on the behaviour of
the weighted jack-knifed variance estimator. It is noted that the

failure of the regression assumption E(Yi) = A%xi has a conservative
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effect on the weighted jack~knifed variance estimator for the

ratio estimate. Another important consideration with the jack-
knife technique is that whether a given jack-knife procedure removes
the first order bias. This important aspect of the weighted and

the unweighted jack-knives is also examined in this chapter. It
appears that the small sample performance of the weighted jack-
knifed method for ratio estimation may be better than the unweighted

jack-knife.

Finally, we consider some problems for further research work.



- 12 -

CHAPTER 2

RANDOMISATION-BASED AND MODEL-BASED APPROACHES
FOR SURVEY SAMPLING INFERENCE

2.1 Introduction

Randomisation-based survey sampling theory, as presented in
Cochran (1953, 1963, 1977); Hansen, Hurwitz and Madow (1953a, b) and
several other similar text books has dominated the survey sampling
literature until recently. The randomisation approach is based on
the idea of repeated sampling from the same finite population. This
approach is based upon the use of probability sampling designs and
inferences based on the induced randomisation. The last two decades
have brought a change in this outlook and as a consequence a model-based
theory which refers to a superpopulation distribution and is based on a
predictive argument as in Royall (1970), has emerged as a promising
alternative. The model~based approach has contributed significantly
towards a better understanding of a variety of survey sampling problems
and has provided an avenue through which important new methods are

currently being added to the existing survey sampling literature.

In this chapter, we review the inference problems concerning the
characteristics of a finite population. 1In Section 2.2 we describe the
basic concepts such as finite population and descriptive and analytic
inferences. A great deal of current research in survey sampling is
devoted to the investigation of an appropriate criterion of inference for
finite populations. Through these efforts a considerable insight has
been gained into the structure of inference for survey populationms.

We discuss the randomisation based and the model based approaches

to inference for finite populations in Sections 2.3 and 2.4 respectively.



Our evaluation of these approaches is based on the important issues

such as estimation, variance, asymptotic normality and conditional
inference. Finally in Section 2.5 we give a summary and conclusions.

It is argued that the model based approach is highly effective and offers
inferential benefits over the randomisation approach for a realistic

and valid model.

2.2 Preliminaries

We consider a finite population consisting of N units which are
listed in g frame and are identifiable by labels that can be represented
by 1 =1, 2,...,N . Associated with the unit i , is a vector of
unknown values, y; s which are to be measured in the survey. In
addition some prior knowledge is available for each unit which can be
utilized to design a representative sample. The prior information may
include quantitative variables such as the measure of size and
qualitative variables such as the membership of a cluster or a stratum.
Let Z represent the matrix of prior information for all the units and
Y the matrix of values of the measurement variables. A subset s of
n labels is to be selected and the .units with labels in s form the
sample. Tor each unit in the sample, the values y, are observed
without error and an estimator, say t(s} s 15 used to make a
descriptive inference about population characteristics such as mean

total and ratio-

Definition 2.1

The units of a population are said to be identifiable if they can

be uniquely labelled from 1 to N and the label of each unit is known.

Definition 2.2

The vector Y = (Yl’ Y2""’YN) is called a parameter of the finite

population,
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2.2.1 Descriptive and Analytic Inferences

Descriptive inferences may be characterised by the property that
the parameter of interest is a known function of the values attached

to the N wunits in the population.

The object is to estimate a given property of a given population
at the time the sample was drawn. If alllthe units were evaluated,
then in the absence of measurement errors, there would be no uncertainty
in a descriptive inference. However, if the parameters of interest can
not be expressed as a function of the values attached to the N units
then the inference is analytic. The objective in this case is to
estimate a parameter in another population related in some way to the
population being sampled. This other population may often be a super-
population proposed by the statistician. For example, estimation
of a finite population total is a descriptive inference, whereas the
estimation of a coefficient in an economic model is usually an analytic

inference (Smith, 1981a).

There are currently two conflicting and well developed philosophies
regarding the theory of descriptive inferences for samples drawn from
finite populations. The first theory based on the distribution generated
by random sampling, the P-distribution, is called randomisation
inference. Smith (1976) gives an excellent review of the inferential
problems relating to the randomisation distribution. The second theory
employs stochastic models to represent the population structure and
inferences based on the probability distribution specified in the
model, the so called E&-distribution, is called model based inference.
Royall (1976a) gives an excellent description of this approach. The

two theories of inference are discussed hereunder.
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2.3 Randomisation Based Approach to Inference

Randomisation based inference following in the tradition of
Neyman (1934) relies on the design based approach to survey sampling.
This approach asserts that the primary source of randomness is the
probability ascribed by the sampling design to various subsets of the
finite population {1, 2, 3,...,N} . According to this approach, the
randomisation distribution created by the random choice of the units
to be observed for a given sampling plan, forms the basis of
randomisation inference. The aim is to provide robust reliable
estimatioﬁ of simple parameters such as means, totals, ratios, etc.,
in large scale multipurpose surveys, see for instance, Cochran (1976)
The emphasis is on procedures that are randomisation consistent and
work well regardless of population shape (Hanmsen et al., 1983).

In this section we consider the implications of the randomisation

approach on estimation, variance, asymptotic normality and inference.

2.3.1 Estimation

The problem of estimation in survey sampling relates to finding
good estimates of the population parameter. By a good estimator, we
mean an estimator with its distribution concentrated near the population
parameter. For example, Smith (1976, p.193) says: "The best strategy

is to choose an estimator that reflects Y as closely as possible".

Under the randomisation approach the criteria for a good estimator
are:
(1) Unbiasedness, (2) Consistency, (3) Efficiency,and (&)
Sufficiency. Two main methods of estimation are those of least
squares and the maximum likelihood. However, these methods have not
been explicitly used in sample surveys. For example, Cochran (1977,

p.150) observes that very little use has been made of the traditional
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theory of statistical inference in survey sampling in order to make
good estimates from data, Cochran gives two main reasons for this
attitude. 'Firstly, in surveys that contain a large number of items,
there is a great advantage, even with computers, in estimation procedures
that require little more than simple addition, whereas the superior
methods of estimation, such as maximum likelihood, may necessitate a
series of successive approximations before the estimate can be
obtained. Secondly, most of the estimation methods in theoretical
statistics assume that we know the functional form of the frequency
distribution followed by the data in the sample and the method of
estimation is carefully geared to this type of distribution. The
preference in survey sampling has been to make only limited assumptions

" This implies that the estimation

about this frequency distribution.'
techniques in sampling has been "restricted in scope'. The usual

practice has been of finding unbiased estimates and measuring their

reliability in terms of interval estimation.

Before discussing the ideas such as unbiasedness, consistency,
efficiency, sufficiency and likelihood, it appears necessary to state
the formal framework for inference for finite population provided by
Godambe and others from the Indian School of Statistics during the
1960's. Recall that a finite population consists of N labels, with
label set U = {1, 2,...,N} . The population parameter is the vector

¥ o= {Yy,Y

,...,YN}. Y 1is a member of the parameter space % , which

2

contains all possible populations and % ¢ RN . Prior information
exists on which the survey design can be based. A sample, s, is a
subset of U , usually of n units , so that s = (il’ iz,...,in).
A sampling scheme assigns a probability PS to each s . S 1is the
set of all possible samples and E PS = 1 . The data comprise the

3

labels, s selected by the scheme P_ and the associated values

]
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Yi’ i €s ., Thus data = (i, Yi; i € s8) . An estimator ey is a

function of the data and any relevant prior information (Smith, 1976).

2.3.1.1 Unbiasedness

One property of a good estimator is unbiasedness. The randomisation

approachdefines the bias with respect to the sampling plan P.

Definition 2.3 (P-Unbilasedness)

An estimator ts of the population parameter T 1is said to be
unbiased with respect to a sampling plan P , if whatever YysTgseeesVy »

we have
E =) =T . .
p(ts) ) P, =T (2.1)
S
Such an estimator will be called P-unbiased. The bias is given by

P-Bias = ) P.(t-1) =B . (2.2)
S

Thus for a given sample, whether or not an estimator is P-unbiased
depends on the probabilities with which the sampler mipht have chosen
to observe other sets of units and not on the sample actually selected

and the probabilistic relationship between the observed and the

unobserved vy's.

In the randomisation based approach P-bias is considered as an
important performance characteristic. The reason for this is that under
this approach the main criterion for evaluating an estimator is its
mean square error determined by the randomness imposed by the sampling

plan P . This quantity can be expressed as

_ s 2 - 2
MSE(tS) = Ep(tS T) V(ts) + BT, (2.3

where V(ts) = Ep{tS*Ep(tS)}2 , 18 the variance of the estimator.



Now supposing that V(ts) is relatively small for large samples, it
appears quite natural with the randomisation based inference to
search for an estimator for .which B2 is small., Thus the main
emphasis in the randomisation approach is upon P-unbiased or

P-consistent estimators.

Regarding unbiasedness, Smith (1984, 8.2) argues that "In the
randomisation approach the values y are assumed to be unknown
constants and the only probabilities are those introduced by the
surveyor where a random selection scheme is used., If P(s/g) is
not a random selection scheme then no randomisation inference is
possible. With random sampling the probability distribution is known
exactly and does not depend on any unknown parameters, nor on the
unknown constants y . Since the values y do not index the
distribution P(s/z) they cannot be interpreted as parameters in the
usual statistical sense of that term and so interpretation of y as a
set of unknown constants which are neither random variables nor parameters

seems justified",

"Since z and P(s/z) are known,inferences about this distribution

are irrelevant. The only way to employ P(s/z) is to take averages

it

or expectations. If for a statistic ts s E(ts) T , the finite
population function of interest, we can say that £y is unbiased but
if E(ts) # T , then one can say nothing for the bias and any measure
of efficiency will depend on the unknown population values v o ig¢ s .
The concentration on unbiasedness in randomisation inference now appears
natural because there really is no other property that can be determined

given the sampling scheme P(8/z) . Any other comparisons will depend

on the unknown constants and hence can not be determined".
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It may, however, be pointed out that it is not necessarily an
advantage to use unbiased estimators because they may result in much
larger mean squared error than biased but consistent estimators. Thus
instead of unbiasedness, the randomisation approach emphasizes the
consistency of the estimators with the minimisation of the mean squared
error being the main criterion for choice among the estimators, see
for instance, Hansen and Hurwitz (1943); Hansen, et al.,(Vol. 2 (1953))

and Kalton (1983).

2,.3.1.2 Consistengg

A method of estimation is called consistent if the estimate
approaches the population parameter to be estimated as the sample size
increases. For example, in case of simple random sampling, the sample

mean y and the sample total Ny are consistent estimators of the

population mean and total respectively.

Definition 2.4 (Consistent Estimator)

An estimate of 8 of the population parameter 6 1is said to be

consistent estimator if,

P(B + 8) - 1 s, as n - N . (2.4)

~

Equation (2.4) meams the probability that ¢ approaches 6 as n
becomes larger and larger is 1 , see for instance (Cochran (1977 p.21).
However, Hansen, Hurwitz and Madow (1953) and Murthy (1967, p.39)

give a different definition of consistency. According to these authors
an estimator is consistent if the probability of the difference

(én~e) being less than any specified small quantity tends to unity as

n is indefinitely increased. Consider a sequence of estimators

~

1,...,9n , then 9 N is said to be a consistent estimator of 6 , if

D>

D >

n > 6 8 n -, where the index denotes the sample size. Formally,
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if Lim P{len'6|<€}e =1, then 8 is a consistent estimator of 0.
N>

Randomisation approach have comprised of

(1) selection procedures, such that each member of the population
has a known non-zero probability of selection, and

(ii) estimators that are randomisation consistent, that is, for
reasonably large enough samples the correctness of inference

does not depend on any assumed model.

Thus, if unbiasedness is not required then it is possible to find
biased but consistent estimators that will give smaller mean squared
error, for some populations than those given by unbiased estimators.
The familiar examples are ratio, regression and post-stratified

estimators. To illustrate this point, we consider the usual ratio

Zy.] N
5 71 o
- Z X, , where x.
LL X, | 2q L 1
S 1) 1=

are known auxiliary variable values. This estimator is biased but

estimator for the population total TR =

consistent. The justification to use this estimator, however, does not
depend on any principle of statistical inference related to the randomisatio
distribution but on practical intuitive reasons, see for instance

Sarndal (1978) and Smith (1984). These reasons are:

N

(a) an auxiliary variable x 1is available and Z xi is known, and
i=1 L

(b) 1increased precision can be obtained because T takes advantage

R

of the positive correlation between x and y . For example, Cochran
(1963) on the basis of computation from an actual data (y:.L = acres

in corn for farm 1i , x, = size in acres of farm 1), concludes

"that the choice between using farm size in the design (through
stratification), or in the method of estimation (through ratio

estimator), depends on a number of considerations, some purely practical".

Consistency is a desirable property of estimators. For example,

Hansen, Madow and Tepping (1983, p.779) state that, "A necessary



- 21 -

coﬁdition for a probability sampling design is that it includes
randomisation consistent estimators. The purpose is to help ensure
that the biases of estimation for samples of finite size are small
relative to the standard error'. However, consistency is not a
sufficient condition for the biases to be small relative to standard
errar for a given sample size n . The reason is that consistency
is a property of a sequence of estimators, and single estimator may
be a member of many different sequences. Thus, for a given sample, an
estimator can be interpreted either as consistent or inconsistent
depending on how the estimator and the sampling plan are assumed to
change as the sample and the population size increase. This implies
that the consistency has only limited usefulness and one needs to go

beyond simply achieving consistency.

2.3.1.3 Eﬂiicienca

An estimator with smaller variance is preferable because the
smaller the variance, the more concentrated the sampling distribution
around the population parameter, assuming that we have consistent

estimators.

Definition 2.5 (Efficiency)

~

If we have two estimators, T and T, , and V(Tl) < V(Tz)

1 2
then the efficiency of Tl relative to T2 is given by
v(t)
Ep = — . (2.5)
V(T2)

We have defined the efficiency in relative terms, but if we could find
an estimator with a variance that is smaller than that of any other

estimator, we could use it as the basis to measure efficiency;and, in
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terms of efficiency we could say that an estimator with the smaller

variance 1s an efficient estimator.

Neyman (1934) introduced the idea of efficiency through the concept
of a shortest confidence interval in a class of intervals. Neyman
considered only the estimators which were linear in the sample values.
Invoking the Gauss Markov theorem, he derived minimum variance unbiased
estimators. Because sample sizes would usually be large the distribution
of these estimators would be approximately normal and hence the
minimum variance estimators should give the narrowest confidence
intervals. Using this method, he demonstrated that stratified random
sampling would usually be more efficient than simple random sampling.

A nice and detailed description of Neyman approach appears in

Smith (1976),and O'Muircheartough and Wong (1981).

Ratio and regression estimation were introduced during the 1930's
in order to incorporate into the estimation procedure an auxiliary
variable which was assumed to be linearly related to the survey variable.
The efficiency of the ratio and regression estimation depended on the
relationship between the auxiliary variable and the survey variable.
Cochran (1942) gives a comprehensive account of the theory. Hansen and
Hurwitz (1943) introduced sampling with probability proportional to
size as a convenient and efficient method for carrying out multistage

sampling.

Horvitz and Thomson (1952) provided the theory for sampling with
unequal probabilities without replacement. They also noted that the
concept of a linear estimator as applied by Neyman was not as convenient
as it appeared, since there were many classes of linear estimators
being proposed in the literature. These authors identified three

subclasses of linear estimators and concluded that, although a best
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linear estimator may be found in each subclass this does not imply
that any of the estimators is best for all classes. Thus the Neyman's
concept of efficiency is limited in scope. They derived the "best'
estimator in a particular class which is now known as Horvitz~Thompson
estimator. This paper is of particular importance because it pointed
towards serious problems that existed in defining the concepts like
"linear" and "best" for finite populations, see,for instance, Smith

(1976).

Godambe (1955) demonstrated that for sampling from a finite
population there does not exist any unique best linear estimator for
the population total, which means that no minimum variance unbiased
estimator can exist uniformly for all possible populations. Basu (1971)
criticises various randomisation based ideas including the P-unbiasedness,

~

unequal probability estimator THT .and the attempts made by Horvitz
and Thompson (1952) to single out various classes of label-dependent
linear P-unbiased estimators. Basu also provides a proof of Godambe's
theorem. Lanke (1973, 1975) also gives a nice review and an entirely
satisfactory proof. Smith (1976, p.187) says: "One consequence of

this (Godambe's) non-existence theorem is that no empirical comparison
can ever be conclusive, for in any particular case somebody may be able
to construct a better estimator......... The problem of a lack of best
estimators arises because of the generality of Neyman's formulation of
the solution to inference problem. Inferences are made with respect to
the P-distribution for any population Y , regardless of its structure.

But this is too much freedom for a satisfactory theory of inference

and no optimum properties can be found for all populations".

Since we know that there is no UMV estimator, extensive
research work has been carried out to compare different estimators under

different conditions in order to identify certain types of populations
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for which the performance of the estimators is satisfactory. Let

tg be an estimator and PS a design, then the pair (ts, PS) is
called a strategy. Considerable empirical work has been done to compare
different strategies. Recall that a strategy is efficient if it is
related closely to the distribution of the population values Y.

Smith (1976, p.192) has tabulated the possible situations and sampling
strategies which is reproduced here for illustration as Table 2.1.

Table 2.1 The Efficienéy of Survey Plans (ts, PS) Relative to Y

t is related t is not related
s s to Y
to Y -
PS is related
to Y Very Efficient Inefficient
PS is not related
to ¥ Efficient Very Inefficient

The best strategy is to choose an estimator that reflects Y as closely
as possible. A good estimator can overcome a poor design but a good

design can be ruined by the use of a poor estimator.

Regarding efficiency, Smith (1976, p.193) says: ...."Neyman's
global approach breaks down when only a single survey is considered.
Here the user of a survey requires an efficient estimate together with
a measure of its accuracy for the particular survey, not an estimate
that has a property based on hypothetical repetitions of survey. When
efficiency is considered then it has been shown that no best estimator
can be found within Neyman's framework, primarily because that framework
is too general and makes no assumptions about the distribution of the
values in the population. Empirical studies show that estimators

that reflect the population distribution but do not necessarily depend
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on the survey deseign can be much more efficient than estimators that depend
on the design through some criterion such as unbiasedness. Efficiency

must be related to the population distribution and the fact that most
surveys give satisfactory results is due to the survey design reflecting
the population distribution rather than the fact that the framework

for inference is satisfactory",

Since Godambe's theorem shows that there does not exist a best
estimator within the randomisation model, therefore choosing estimators
that are reasonable on other statistical grounds seems to be attractive.
The framework of the superpopulation or £ distribution (to be
discussed in Section 2.4) appears to be an appropriate choice for

generating such estimators.

2.3.1.4 Sufﬁiciengg

In many estimation problems, we may be able to summarise the
information in the sample Vs Yosreoes¥, - This means that we can
find some function of the sample that tells us just as much about 6
as the sample itself, Such a function would be sufficient for

estimation purposes and is accordingly called a sufficient statistic.

Definition 2.6 (Sufficient Statistic)

Let yl,yz,...,yn be a random sample from the density £(v; g) .
where 0 may be a vector. A statistic § = s(yl, yz,,.,,yn) is
defined to be a sufficient statistic if and only if the conditional
distribution of T given S does not depend on 6 for any given

statistic T = t(yl, yz,...,yn).

The concept of sufficiency implies that if we know the value of
sufficient statistic, then the sample values themselves are not needed
and can tell us nothing more about 0. This is true since the distribution

of the sample given the sufficient statistic does not depend on 6 .
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In the search for best estimators within the formal framework
(Section 2.3.1) decision theoretic ideas such as admissibility have
been applied but these efforts have resulted only in limited theoretical
and negligible practical success. More restrictive criteria such as
hyperadmissibility and necessary bestness have also been developed but
proved to be totally unapplicable and hence no real progress could be
made along these lines, see for instance, Smith (1976) and O'Muircheartaigh

and Wong (1980).

Basu (1969) showed that statistic D, comprising the set of distinct
labels in the sample g together with the corresponding observations Vi o»
is not only sufficient but minimal sufficient for the population
parameter Y. This implies that in sampling with replacement the
repetition of a unit does not provide any extra information. Consequently
the mean of the distinct sample units §d can be shown to be superior
to the sample mean §s by the application of Rao-Blackwell theorem.
Thus, even the Rao-Blackwellisation also does not help the construction
of a unique best estimator. Since D is not a complete statistic,
therefore, no 'best" estimator can exist. Thus the idea of sufficiency
leads to the conclusion that only an adequate summary of a survey 1s the
complete set of data, see for instance, Smith (1976). Basu (1971)
ascribed the incompleteness of D to the fact that for a non-informative
design, the label part of D 1is an ancillary statistic, i.e., its
distribution is independent of the parameter Y . It is, therefore,
possible to find non-trivial functions of D whose expectations are

identically zero.

Definition 2.7 (Non-informative Design)

A design P 1is said to be non-informative if PS does not depend,

for any s , on the realised values Vs for 1 ¢ s . (Sarndal, 1978, p.33)
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Definition 2.8 (Ancillary Statistic)

When a quantity which is actually a random variable is treated as
a fixed variable and the appropirate distribution for evaluating the
standard error, etc., is the conditional distribution, then the
conditioning variable of this kind is called an ancillary statistic

(Royall, 1976a).

Since the Fisherian concept of sufficiency did not work, Godambe
(1966) applied the concept of linear sufficiency to finite population
sampling. Using this concept he was able to show that the sample mean
§s is a linear sufficient estimator for the population mean under any
sampling design. Further, by applying a restrictive form of censoring,
he obtained a unique linear sufficient estimator for the population mean

in a class of all linear unbiased estimators, see for example,

O0'Muircheartaigh and Wong (1981).

However, Smith (1983a) says: '"Basically the sufficient statistic
is the observed data together with the associated labels which we can

write as
d, = {(i, yi): ie s}

By including the labels all we can say is that the units in the sample
take their observed values and that the uncobserved units can take any
set of values in the appropriate parameter space. This is rather

limited inference'.

2.3.1.5 [Likelihood
The application of likelihood in the finite population context
also involves difficulties in the randomisation based inference. The

basic result is that the likelihood takes the value PS for all
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populations which would have generated the sample data and zero for
all other populations. This implies that after selecting and observing
the sample, we know everything about the sampled units (yi, ie s)

and nothing about the non-sampled units (yi, ig¢ s).

Under the traditional theory the probabilities relate to hypothetical
infinite population f(y, 8) which depends on a vector of parameters
8 and is usually of small dimensions. In such applications of
likelihood, this model is provided by the common probability distribution
£(y, 6) and the sample provides the estimate é' of 6 from which
future values of y can be predicted. 1In survey sampling the population,
Y , is real and the parameter has N dimensions, where N ig usually
very large. Since the parameter space in this case is N dimensional
whereas the sample data is only n dimensional with n < N , the
the conventional analysis does not work. Thus the only way to get
information on (N-n) unobserved units is to relate them by a

mathematical model to the n observed units, see Smith (1976) for

further details.

Several alternative approaches have been suggested to overcome
these problems. One method is to ignore the labels, 1i.e., to base the
inference only on unlabelled samples. Utilising this idea Hartley and
Rao (1968) and Rovall (1968) developed a likelihood function of
fhe form given by the hypergeometric distribution. This new likelihood
function permits the construction of a unique maximum likelihood
estimator, see for instance, Smith (1976) and O0'Muircheartaigh and

Wong (1981).

Other main approaches to compare the estimators are:
(i) Bayesian (Ericson, 1969) based on the idea of replacing the
un-informative labels by that of exchangeable prior information,

(ii) To assume that the finite population has itself been generated
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as a random sample from an infinite superpopulation model; and

(iii) Linear least squares prediction approach (Royall, 1970).

The linear least squares approach,using the linear model and the
Gauss Markov theorem,has produced some interesting results. We shall

discuss this approach in Section 2.4,

2.3.2 Variance

The precision of an estimator is determined by the variance if
the estimator is unbiased and by the mean square error if the estimator
is biased. Variances are therefore required for the choice of estimators.
However, wvariance depends on the framework for inference. Both the
randomisation based and the model based approaches are well developed
in terms of variances. The main difference between these approaches
lies in using different probability frameworks for defining the
variances. The randomisation approach defines the variance with respect

to the sampling distribution.

Definition 2.9 (P-Variance)

The P-variance of an estimator T with respect to the sampling

plan P , is defined as

v(T) = E (T-Em)* = ] 2 (T-ED)? . (2.6)
S

~

Similarly, MSE of an estimator T is defined as

it

~ R, N2
MSEP(T) Ep(T-—T) = gPS(T T . (2.7)

2

i

V(§)+B
P

Thus under the randomisation appraoch, for a fixed size sampling

plan, the variance and the standard error of an estimator are expressed
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as averages over all possible samples and are therefore constants
which do not depend on the sample actually observed. These variances
are therefore unconditional. Consider for example the regression
estimate. The variance of a regression estimator is constant when

it is calculated with respect to the randomisation approach, that is,
the same standard error applies for every sample. On the other hand,
the regression model yields a different formula for the standard error,
a formula which depends on the distribution of x in the sample and
that in the population. Thus, for a given sample selected at random,
the two approaches lead to different estimated standard errors. They
also lead to different strategies for selecting the sample. The
randomisation approach to the regression estimator requires that a
random sampling plan be used with every possible sample of the desired
size having the same probability of being chosen. The prediction
approach, on the other hand, suggests that a sample whose mean is not
close to that of the populatioﬁ mean should be rejected, especially

if the x's in the sample are not well spread.

Royall and Cumberland (198la) state that "Under the randomisation
approachthere is no general mechanism of studying or even defining the
variance in relation to the particular sample". Smith (1976) says:
"Should not the statement of thé accuracy of an estimator depend on the
sample that has been drawn rather than on all possible samples that
might be drawn. Regarding the appropriateness of standard errors,
Royall (1976a) says: "Of two standard errors, the one whose mathematical
model is least doubtful is not necessarily the most appropriate for
inference and the other which is most appropriate for inference is
not necessarily the one whose mathematical model requires fewest
assumptions or even the most plausible assumptions......The appropriately

conditioned standard error which reflects the accuracy of the estimate



- 31 -

calculated from the sample is that derived under the regression model
with sample units held fixed". Lahiri (1968) has also expressed similar

views.

We note from the above discussion that Lahiri (1968), Royall 1976a),
Royall and Cumberland (198la, b) and Smith (1976; 1983a) have convincingly
argued that P-distribution is often not relevant as a frame of reference
for assessing the precision of an observed estimate after the sample is
drawn. These authors have advocated a conditional measure of accuracy

based on the sample actually observed.

2.3.83 Asymptotic Distribution

We have discussed concepts such as unbiasedness and standard error under
the randomisation approach. Inference, however, depends not only on
bias and variance but also on the asymptotic normality, see for example,
Smith (1984, 8.7). This implies that inference requires a relationship
between these statistical characteristics. If the sample is large then,
for most of statistics, such a relationship is established by an appeal

to the central limit thereom.

The usual practice is that having selected an estimator, its
randomisation variance is calculated and inferences are made by an
appeal to a form of a central limit theorem, see for example, Madow
(1948) and Hajek (1960). Thus in randomisation approach, for samples
large enough, the validity of randomisation inferences does not depend
on the assumptions concerning the distribution of characteristics in

the finite population from which the sample was drawn.
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Hansen, Madow and Tepping (1983) argue that inferences should be
based on the criteria of consistency and asymptotic normality. However,
for finite populations such an appeal to asymptotic results is not
possible directly but it is hoped that 1f the sample sizes are large

enough then approximate normality will hold.

For finite populations, the asymptotic justification of this result
in the randomisation approach 1is provided by considering that the given
finite population is embedded in a sequence of finite populations
indexed by v and of increasing size Nv with increasing sample size
n, - Properties such as asymptotic unbiasedness, consistency and
asymptotic normality are determined by assuming that n > * and

n

Nv + o o often holding ﬁ& fixed, see for instance, Scott and Wu
v

(1981), and Smith (1984).

Smith (1983b) argues that although randomisation is well defined, the
method of making inferences is not assumption free. He says: "Neither
of these criteria (consistency and asymptotic normality as suggested
by HMT, 1983) is defined for the given finite population, both require
the construction of a hypothetical sequence of finite populations of
increasing size. This sequence 1is just as much a statistical model
as a regression model relating the two variables X and Y , the main
distinction being that the construction of the sequence is purely

arbitrary and can never be tested against data".

The arbitrary nature of the sequences has alsoc been recognised
by Hansen, Madow and Tepping and discussed in Sub-Section 2.3.1.2.
The same argument could be applied to show that a given estimator

will be asymptotically normally distributed or not,depends on the
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sequence selected. Besides, it is possible to construct finite
populations for which the central limit theorem does not hold, see for

instance, Smith (1979).

From this discussion we conclude that the randomisation inference
is not free of assumptions and the usefulness of the asymptotic
results under the randomisation approach is restricted in scope. 1In
view of this situation, as suggested by Smith (1983a), there is a need
for an approximate theory based on the given finite population rather

than a hypothetical sequence of finite populations.

2.3.4 Uneconditional Inference

The randomisation approach to finite population sampling is
believed to provide mathematically rigorous, objective and
probabilistic inferences, using the concepts such as unbiasedness,
consistency and asymptotic normality, which are claimed to be free
from distributional assumptions. These inferences are based on the
distribution created by the artificial randomisation which is induced
by the investigator when he uses a random sampling plan to choose the
units for observation. For example, Hansen, Hurwitz and Madow (1953b),
Kish (1965, p.23-24), and Stuart (1976, p.32) state that the use of
probability sampling plan creates the only probability distribution on

which reliable statistical inferences can be based.

Fisher (1935) suggested that artificial randomisation might
provide an "absolute guarantee of the validity of the calculations"
used in inference. This idea developed into the doctrine called
randomisation based inference. His approach has a strong influence on

the finite poﬁulation sampling theory. For example, Godambe (1969)
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says '"Presumably randomisation is adopted in practice, with a view to
utilizing the sampling distribution generated by randomisation'. Hansen,
Madow and Tepping (1983, p5776) state that: Design decisions may be
guided and evaluated by models, but inferences concerning population
characteristics should be made on the basis of the induced randomisation,
at least when samples are reasomably large". These authors,while
comparing inferences from prediction theory and the randomisation thecry,
argue: "Probability sampling methods provide a confidence interval for
the population characteristics being estimated, and for large enough
samples, the confidence interval is valid and short enough to provide

as precise statements as desired about the value being estimated™.
These and other similar arguments suggest that in the absence of

randomisation, valid probabilistic inferences are impossible.

However, the arguments against the randomisation inferences are
also very strong. For example, Neyman and Pearson (1937) rejected the
randomisation approach and used a regression model in the analysis
of agricultural data. Their main argument was that the real world
relationships are more complicated than those to be represented in a
mathematically tractable model. They stated: "Mathematics deals with
mathematical conceptions not with real things and we can expect no more
than a certain amount of correspondence between the two'. Royall (1976a)
observes: "The probability distribution determined by artificial
randomisation is not necessarily appropriate even when it 1s available.
To claim that, in general, probabilistic inferences are not valid when
the randomisation distribution is not available is simply wrong. To
claim that, in general, a meaningful standard error estimate can not be
calculated in the absence of mechanical randomisation is simply wrong.
This is not to deny that randomisation is wvaluable, but only to deny
that it represents the basis of all, wvalid, rigorous, probabilistic

inference".
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Smith (1976) argues that: "Although randomisation can be justified,
this does not mean that inferences have to be based on the randomisation
distribution. Fisher's position was that the randomisation was relevant
before the data were collected but not in the analysis of data and this
has been the position of most statisticians in the experimental sciences.
Why should survey statisticians adopt a different standpoint?"” Royall
and Cumberland (198la) also express a similar viewpoint. They state
"Probability sampling distribution is not a prerequisite for rigorous
statistical inference , valid inferences can be made without it and
when randomisation is present, the distribution it creates is not

necessarily appropriate for inference".

Little (1983), states that the randomisation based theory of inference,
being a large sample theory, is more restricted in applications than the
model based approach. Moreover, the implied coverage properties of
the design based estimators and standard errors are often a hope rather
than a reality. For example, Royall and Cumberland (198la) and Holt
and Smith (1979) show that even when randomisation confidence intervals
have the correct coverage probabilities over all samples, the coverage
properties of these intervals for samples from identifiable subgroups of
populations such as post-strata, may be quite unacceptable. Royall

and Cumberland also show that for some populations the overall

unconditional coverage properties are unsatisfactory.

Smith (1983b) notes that the randomisation distribution is
defined on a given sampling frame for a fixed set of measurements
variable Y . Thus only descriptive inferences can be made to this
frame and analytic inferences to some wider superpopulations require
additional model type assumptions. Besides, in social surveys non -

response and missing values add a non-random selection to even the best
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random sampling schemes and this destroys the strict basis for
randomisation inference. He concludes that the randomisation inference
is fraught with conceptual difficulties and is usually advocated on
the grounds of robustness not on those of the statistical theory.
However, Smith (1984, 8.2) Says: "Although randomisation distribution
is assumption free, and hence must be robust, randomisation inferences
require assumptions which may not be satisfied and hence the inferences

may not be robust".

We note that the randomisation inferences are unconditional and
average overall possible samples that might have been drawn. As noted
by Smith (1984) there are no principles which could lead to conditional
inferences in the randomisation approach and this is the major problem

with these inferences.

2.4 Model Based Inference

The model based theory of inference for sample surveys has emerged
as an alternative to the randomisation based approach. In the model
based approach to inference for a finite population, the measurement
values Yis YopueeesVy associated with N wunits of the population axe
assumed to be the realised outcome of the random variables Y, Yz,,w.}Yg
having N dimensional joint distribution & , where the superpopulation
€ is modelled to reflect the available background knowledge.
Usually & 1is indexed by an unknown parameter 6, the estimation of
which is required as a preliminary to making inferences about the
finite population itself. The model & provides the relationship
between g and its parameter © and also the probability distribution
through which the estimators may be evaluated. Thus the observed

values yi,i ¢ s provide both estimates of € for analytic inferences

and prediction of yiii ¢ s for descriptive inferences. The prediction
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approach has been developed by Royall et al., in a series of papers
during the seventies. The main references are: Royall (1970, 1971,
1976a, b, 1982), Royall and Herson (1973a, b), Royall and Eberhardt (1975}

and Royall and Cumberland (1978, 1981a,b, 1982 and 1983).

It may, however, be pointed out that the model based approach to
inference from finite population is not restricted to any particular
statistical philosophy. Alternative models can be constructed using
the ideas of exchangeability or the Bayesian framework. For example,
Kalbfleisch and Sprott (1969) approached the finite population inference
problem from the fiducial prediction theory viewpoint whereas Ericson
(1969) and Sugden, (1979) proposed models based on exchangeability
assumptions. Scott and Smith (1969) make the classical normal
distribution assumptions and they also employ the closely related linear
models. Our discussion is concentrated on the non-Bayesian
superpopulation approach developed by Royall (1970) using a linear model.
We are mainly concerned with the problems such as estimation, variance,

asymptotic distribution and conditional inference,

2.4.1 Estimation

The non-existence of optimal estimators (Godambe, 1955) and the non-
informativeness of the likelihood (Godambe, 1966), as discussed earlier
in Section 2.3, stimulated a great deal of research and have brought
more clearly the limitations of the randomisation model. The basic
problem pointed out by this research, however, concerns the relationshiyp
of the observed units to the unobserved ones. The randomisation model
discussed earlier in Sction 2.3.1 expresses no relationship between the
observed and the unobserved units except that the unobservedones could
have been in the model. Royall (1976a) regarding this aspect says: "If

we are to learn about some units (those not in the sample) from the
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observations we have made on others (those in the sample), then the two

groups must have a stronger logical connection than this.

Just such a connection was provided by the superpopulation models
which had been waiting in the wings of finite population sampling theory
since the 1940's. These models characterise the actual population values,
both those observed in the sample and the unobserved ones as realisation
of random variables. The joint probability law of these random
variables supplies the link between sample and non-sample units which
is missing from the randomisation model. From the sample we learn about
the probability law, which is then used to predict the values of the
unobserved variables. Within this framework, finite population

estimation problems are essentially problems in statistical prediction”.

Under the model based approach the bias and variance of an

estimator are defined with respect to the superpopulation model & .

Definition 2.10  (g-unbiasedness)

Under the model ¢ an estimator i of T will be called
E~unbiased 1f for every s ,
EE("_E*T) =0 . (2.8)
Thus E~-unbiasedness is defined with reference to & only and does
not depend on the sampling plan P used to decide which units should

be observed.

The model based approach treats the sample units as fixed and
averages over the different values of vy that the model might have
generated, This approach presents a different outlook for the
estimation of population total than that provided by the randomisation
approach. Under the prediction approach, after the sample is observed,

the population total, T , can be written as the sum of two parts



N
T = E y. = E y. + X V. o, (2.9)
= S -~
s

where s denotes the set of non sample units. Since E Y is known without
S

error, the problem is to predict Z Y from the sample. If T is any
A 5
estimator of T , then T - z Yy is the implied estimator of Z Yy o
s 2
S
Smith (1976) writes some conventional estimators in the predictive form,

we give two of these estimators here in order to illustrate this approach.

Example 2.1 (Simple Random Sampling Without Replacement)

T

[
=
o

where

This can be written as

T = z yi + (N”n)§ $
s
which implies,
Y, =y, ifs (2.10)

This appears to be a sensible estimator.

Example 2.2 (Simple Random Sampling With Replacement)

T = Ny , vy = ? yi/n including any repetitions.
i=1

Let §d denote the mean of the distinct units, then

Now

This implies that

Y, =5 + < G-y, Qe s (2.11)

This is not an intuitive estimator of Yi and explains why y is not

a sufficient statistic as discussed earlier in subsection 2.3.1.4,
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2.4.1.1 Estimation Strategiles Under the Model § .

Consider the linear regression model,

Y. = Bx. + e, , (2.12)
1 1 1
where e's are independent random variables with E(ei/xi) =0 ,
2 - - , , ,
E(ei/xi) = ozv(xi) and E(ei,ej/xi,xj) 0 for i # j . This model

provides a relationship between Yy and X, - The appropriateness

of T as an estimator of T 1is evaluated in terms of the properties

of the difference % - Z y; asa predictor of the sum of the random

s
variables Z vy For example, f is described in the prediction
8 .
approach as being unbiased for T , if for every sample, % -Z vy is an
s
unbiased predictor of the unobserved sum Z Vi s that is if EE(%—Z yi) -

s s
Eg(g yi) X Thus, whether an estimator is unbiased or not in a
s

particular application depends on the form of the regression function
E(yi) and the sample s . For example, for the model (2.12), the ratio

A

estimator TR is the best linear E~unbiased estimator with v(xi) = X,

Definition 2.11 (P&-umbiasedness)

~

An estimator T will be P& -unbiased predictor of T , if and

only if, for a given P and ¢ , EpEg(f—T) =0 .,

Definttion 2.12 (Estimation Strategy)

A sampling and estimation strategy P:T will be considered better
than another strategy P':T' , 1if the former has a smaller mean square

error than the latter, that is , if

MSE(P:T) < MSE(p':%")

where MSE(P:T) is defined as,

MSE(P:T) = Eg[g PS(T~T)2] = Eng(T~T)2 .
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This implies that a strategy with smaller expected mean square error with

respect to the distribution of Yl’YZ""YN is a better one.

2.4.1.2 Choice of Estimators Under the Regression Model.

An estimator T for T can be uniquely expressed as,

T = Yoy, o+ é T ox. o, (2.14)
s <
s

~

where B is the implied estimator of B and does not depend upon the
unobserved y's . If we have two statistics T% and T** , then the
one whose implied estimator £ is better is the better estimator for

T . This result is expressed as Lemma 2.1.

Lemma 2.1 (Royall, 1970).

For any sampling plan P , if T* and T** have implied estimators

B* and B** for B which satisfy,

- 2 k)2
Eg(B* 8)? < Eg(s* B (2.15)

for each s such that PS > 0 , then

MSE(P:T*) < MSE(P':T%%) . (2.16)

This lemma implies that a sampling and estimation strategy P:T*
is better than other strategy P':T** if the expected (with respect to
€ ) mean square error of the former is less than the expected sampling

mean square error for the latter.

It will be interesting to give an important result in linear
regression and prediction theory. This result is expressed in the form

of Theorem 2.1.
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Theorem 2.1 (Royall, 1970)

For any sampling plan P , if T 1is the linear estimator

satisfying either,

(1) EE(T—T) =0 , for every s such that Ps >0, or

(ii) for every o2 , MSE(P:T) is a bounded function of 8 , then

MSE(P:T*) ¢ MSE(P:T) , (2.17)

A

with strict inequality unless T =T* with probability one under

model & for all s such that PS >0 .

Proof

Define

K i’i
g* = g e g Ty (2.18)

the weighted least squares estimator of 8 , and

™ =Ty +p* ] x (2.19)
. -
S

From (2.14), it is clear that T 1is a linear function of the

sample y's if and only if 6§ is a linear function of these variables,

that is, T = g v, ¥ B g X,

S

Now
Eg(%—T)=EFyA+éZX-—Zy--ZY
- s -
S s

=E_| (B-B) Z X,

(2.20)

s

Eg(%—T) = 0 => Eg(kB—B) Z XiJ= O , which is true only if Eg(é~6) =0 .
s
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PRy Tk oy 2
MSE (P : T*) Eng(T T)
" 2
= Eng[Z Yi+B Z X7 Z i - Z YJ s
s S s S
_ ka2 2 2
= EpEg[(e 8) (% x )"+ <§ ei)] (2.21)
s s
Similarly,
~ r . 2
: = - . . .22
MSE (P:T) EL(B 8) E X, % el] (2.22)
S S

Using Lemma 2.1, we have
MSE(P:"P") < MSE(P:T) , if E (8 -8) < E (e R .

This theorem shows that under the model & , if g% 1is the weighted
least squares estimator of B , then for any sampling plan P , a
best linear &-unbiased estimator of T is T . A result similar

to this theorem is given by Scott and Smith (1969) in the Bayesian

context.

This theorem leads to three best linear £-unbiased estimators for

T , when v(x) 1, x and x2 respectively. These are:

Case I : wv(x) =1, gives

yox, . (2.23)
s

Case IT : v(x) = x , gives



Tl =) Yy * z X Z X, Z X5

s Ls i s 1] o

_ 1

- E 75 L+ E %, Z % ’

s s

Ly

= X, . (2.24)
g *ioi=1 t

which is the usual ratic estimator.

Case III : v(x) = x2 , gives

Y.

pe )L

Z X. . (2.25)
n(s) s i ;

These estimators are best for any sampling plan.

The Horvitz~Thompson estimator with probability proportional to size
is PPS wunbiased. Godambe (1955) and Godambe and Joshi (1965) have
shown that if only fixed size sampling plans are considered, then

2

under model & with wv(x) = x~ , MSE(PPS:T_,) < MSE(P:T) for any P

HT

A

and any T which is P-unbiased. However, if P-unbiasedness is not
demanded then this inequality can be reversed. Besides, PPS sampling
plans witb v(x) = x2 , this inequality holds for any fixed size
sampling plan and a wide class of variance functions. This can be

expressed as Theorem 2.2,

Theorem 2.2 (Royall, 1970)

If (1) max(nx;) < xj for all i=1,2,...,N and (ii) v(x)/x2 is

I 12
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a non-increasing function, then for any sampling plan P for which

P, >0 only if n(s) =n

MSE(P:T 2 MSE(P:TZ) . (2.26)

HT)

In practice, the variance function v 1is not known exactly. It is,
therefore, desirable not only to derive the best estimator for a
particular v but also to compare estimators under various :assumptions

~

for v . This theorem facilitates such a comparison between THT and T2 .
We can also have similar comparisons between estimators which are

optimal for simple variance functions.

Fxample 2.3 (Royall, 1970)

Let g be any non-negative real number, O < g < h and

Tg = Z vt Bg Z X, be the estimator which is optimal for v(x) = x° s
. L . :
then S
MSE(P:Tg) < MSE(P:Th) . 2.27)
. h .
for every P . However, if v(x)/x is non-decreasing, then above

inequality can be reversed.

From this example it follows that if v(x)/x2 is non-decreasing,

~ ~

then the estimators TO’ T1 and T2 satisfy the felation

MSE(P:Tz) g MSE(P:Tl) S MSE(P:TO) .

2.4.1.3 Optimal Sampling Plan:

We note that Theorem 2.1 says that under the given model with
variance function v , the estimator T* is optimal for P . It is

thus obvious that for a fixed size sample an optimal sampling plan is
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one for which minimum value of Eg('£‘~T)2 is achieved. This implies
that for the given estimator % and sample size n an optimal sampling
plan is clearly one that selects s in Sn (collection of all sets

s in S which contain exactly n 1labels) with certainty so that
MSE(P:%) is minimised. In order to get a clear idea about what is

achieved by the choice of such a plan we express EE(T_T)Z in another

form, that is

B @n? =5 Vy +8T % Ty -7 }2
f‘.:, ‘El Y. . X, S Y- L yi ’
S s

- , 2
= E, (8-B) z X, - 2 e:,J ,
L ; o
= Eg__(é—e)z(g Xi)2] + o2 Zv(xi) . (2.28)
s S

From expression (2.28) we observe that a sampler has two choices.
First is to choose a sample that will provide a good estimate of the
expected values of the total of the non-sample units. This implies
that s should be selected such that (Z xi) Eg(é—s) is small. The
second being to observe those units whosg y values have greatest
variance, so that only the sum of the least variable values must be

predicted., This means to choose s so that Z v(xi) is small,

8

If the optimal estimator T* is to be used, then for a wide class
of variance functions, the best sample would be to observe those units

whose x wvalues are the largest. This can be shown through Theorem 2.3,

Theorem 2.3 (Royall, 1970)

. . 2 . . .
If wv(x) 1is non~decreasing, v(x)/x is non-increasing and the

optimal estimator T* 1is to be used, then



- 47 -

MSE (P*:T*) ¢ MSE(P:T) , (2.29)

for any sampling plan P in Pn and any £&~unbiased linear estimator

T , where Pn denotes the collection of all sampling plans P with

fixed size n and P* is a sampling plar which selects s* with

certainty, i.e., P*(s*) =1 and s* is any set of n labels for

which IMXZXi=Z X,

1
Sn s ‘s*

This theorem shows that for v(x) = x , the ratio estimator is
optimal under a model which is adequate for many actual populations and
the optimal sampling plan to use with this statistic is the purposive

sampling plan P* . The sampling plan P* is also optimal for use

~

with estimators THT and T2 » see for example, Royall (1970).

The purposive sampling scheme is not rubust to departures from
assumptions. Royall and his co-workers have concentrated their efforts
to make model based methods more robust by increasing constraints on
the sample. Royall and Herson (1973a, b) introduced balanced sampling.
A balanced sample matches the properties of the known prior design
variables 2z in the sample to those in the population as a whole.

An estimator can be protected against failure of linear regression

model by balancing on the higher moments of the auxiliary varaible.
Royall and Cumberland (198la) proposed a best fit sample. The best

fit sample is a purposively selected sample which balances the sample
c.d.f Fs(z) and the population c¢.d.f F(z) . The sample is selected

such that max!Fs(z) - F(z)! 1s minimized.

2.4.2 Variance

The randomisation based variances as discussed earlier in Section

2.3.2 are unconditional, that is, they do not depend on the sample
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actually observed and therefore are not suitable for making the inferences
from the unique sample actually observed. A fundamentally different
approach to the problem of variance estimation which depends on the

sample actually observed, is the model based approach.

Definition 2.11 (&-Variance)

A

Under the model & , the variance of an estimator T , for any

given s , 1is defined as
V_(T) = E_(T-E,T)2 . (2.30)
g€ € £

In the model based approach the standard error of an estimated
value is made conditional on the observed sample and thus follows the
conditionality principle (Fisher, 1955; Cox, 1958; Cox and Hinkley,
1974) of conditioning on an ancillary statistic s , see for instance,

Royall (1976a), Royall and Cumberland (198la) and Smith (1976).

The model based approach provides reliable estimates of precision
which do not share the poor properties of the randomisation based
standard errors when the sample happens to contain units with extreme
values. Both the randomisation based and the model based approaches
have been applied to ratio and regression estimators and the model
based approach has provided quite promising results about variances
and variance estimators as compared to the standard results under the
randomisation approach, see for instance, Royall and Cumberland (1981la,

b, 1982, 1983).

However, the model based approach has alsobeen criticised. For
example, Hansen, Madow and Tepping (1983) state: "If the assumed model

does not accurately represent the state of nature, estimates of
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population parameters may be substantially biased and the statements
about the sampling errors of those estimates may be very misleading".
These authors, however, recognised that if the model is acceptable or
sufficiently so, the model based approach results in substantial
simplification and improvement in variance estimates, see for instance,

HMT (1983, p.780).

However, Royall and his fellow workers recognised this problem
and they have considered sampling plans and estimators so as to make
the models more robust to misspecifications. For example, Royall and
Cumberland (1981a) have recommended the use of robust model based
variance estimators based either on regression or residual or jack-knife
methods in order to handle such shortcomings. Regarding this issue,
Smith (1984) says:"...If the population is stratified then models are
fitted within strata. If there is relationship between a survey variable
y and a prior (design) variable z then a ratio or regression estimator
is employed. This estimator is protected against misspecification of
the mean by using a balanced sample and against misspecification of

the variance structure by using robust estimators of variance".

Cumberland and Royall (1983) assert that "For the purpose of
inference, quantities such as bias and variance should be defined in
terms of prediction models conditioned on the ancillary statistics s,
rather than in terms of the probability distribution of s . The
unconditional variances, which do not depend on the sample actually
selected, are not suitable for making inferences about T from the

unique sample actually observed".
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2.4.3 Asymptotic Distribution

Statistical inference requires more than simply an unbiased
estimator and its standard error. It necessitates a relationship
between these characteristics. The prediction approach is based on the
probability models for the population values. These models, not the
random sampling distribution, provide the basic probabilities. The
asymptotic properties are determined by making an appeal to the
Lindeberg-Feller conditions as N +® , n > o and f - 0 , where

n

f=ﬁ' N

2.4.4 Conditional Inference

The model based approach to inference is concerned with the prediction
of the actual outcome of the population characteristics and is made
conditional on the outcome of the sampling. The possibility of conditioning
may be desirable when sampling units are known to differ in relative
importance. Royall and Cumberland (1981la, 1983) assert that inferences
must be made conditionally on observable characteristics of the sample
drawn, and they require assumptions regarding the population structures

which are most naturally expressed through prediction models.

So far as making the inferences after the data have been observed,
there is a clear difference between the model based inference, which
conditions on  the achieved sample and the randomisation based inference ,
which averages over all samples that might have been drawn and this g4
the most important distinction between these two approaches to inference,
see for instance, Smith (1983b). The likelihood principle also implies
that inferences should not be based on what Basu (1971) termed ag

"artifact of randomisation'. Smith (1984) says: "Even when the sampling

scheme and estimator are similar under both approachies, inferences from



- 51 -

a model will often differ from randomisation inferences. Under a model,
when design variables z are known the selection rule P(s/g)

can be ignored and inferences made conditional on the units in the
sample. Randomisation inferences are unconditional and average

overall samples that might have been drawn. There are no principles
~which lead to conditional inference in the randomisation approach and

this is the one of the major problems which must be faced".

The model based approach to inference has the attraction that it
embraces both descriptive and analytic inferences and can also be
extended to accommodate missing values and non-response, see for
instance, Little (1982). It should, however, be noted that the model
based procedures can be highly effective when the model is correct
but must be used with caution because small deviations from an
assumed model may lead to serious errors in inferences, see for example,
Hansen et al., (1983). However, if the model is true, then conditional
intervals will have the correct conditional coverage and also the correct

average coverage under the repeated sampling.

Additional discussion of model based versus randomisation based
inference from finite populations can be found, for instance, in
Smith (1976, 1983a,b, 1984), Royall (1976), Cassel et al., (1977),
Sarndal (1978, 1981), O'Muircheartaigh and Wong (1981), Royall and
Cumberland (198la, b, 1982, 1983), Hansen, Madow and Tepping (1983),

Kalton (1983) and Sundberg (1983).
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2.5 Summary and Conclusions

We have discussed the randomisation and the model based approaches
to inference for finite population. Our evaluation of these approaches
is based on the criteria for estimation, variance, asymptotic distribution
and inferences. Both these approaches are well developed in these

aspects.

We observe that there 1S pgy general agreement that randomisation has
an important role in the selection of samples, the only conflict is
whether the randomisation is appropriate for inferences after the sample
has been observed. The randomisation inferences are made according
to the randomness generated by the sampling design. The randomisation
inferences are unconditional and the validity of these inferences is
based on the large sample approximations. These inferences are not
free from assumptions and their usefulness is limited in scope. Besides,
the randomisation approach does not address the question of efficiency

and has failed to provide minimum variance unbiased estimators.

The model based approach considers the structure of the population
and provides a relationship between the observed and the unobserved
units. The quantitites such as bias and variances are conditioned
on the observed sample rather than on all possible samples that might
have been drawn. The inferences concerning the prediction of the actual
outcome of the population characteristics are made conditional on the
sample actually observed. This approach has provided robust variance
estimators which have proved to be superior to the design-based estimators.
Our observation is that the model based approach has proved to be a
useful and meaningful tool for the analysis of finite population.

sampling problems. This approach is heavily relied on in this study.
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CHAPTER &

ESTIMATION OF VARIANCE FROM COMPLEX SURVEYS

3.1 Introduction

The main objective in any sample survey is to draw inferences
from the characteristics of a sample of elements about the corresponding
population characteristiecs such as mean, total and ratios, etc. To this
end it is also necessary to estimate the precision of the estimator
used. The precision of an estimator is determined by the variance
if the estimator is unbiased and by the mean square error if the estimator
is biased. The estimation of variance is, therefore, an important

aspect of the analysis of survey data.

The variance of an estimator, however, depends on the framework
for inference. There are currently two well developed theories of
inference for finite populations, i.e., the randomisation based theory
and the model based theory. The main difference between these approaches
lies in the estimation of variance because they use different probability
frameworks for defining variance. We have discussed both these

approaches in greater detail in Chapter 2.

In this chapter, we consider variance estimation procedures under
both the randomisation based and the model based approaches. In Section
3.2, we review the methods of variance estimation under the randomisation
based approach. Our main concern is with the jack-knife procedures,
however, we introduce some useful alternative competing techniques in
order to facilitate comparison. We also introduce a useful technique,

known as the weighted jack-knife, developed recently as an alternative
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to the ordinary jack-knife for variance estimation. During recent
years the prediction approach has posed a big challenge to the
randomisation approach. In Section 3.3, we discuss methods of
variance estimation under this approach. Finally, in Section 3.4

we give a summary.

3.2 Randomisation Based Methods of Variance Estimation

In the randomisation approach to survey sampling the concept of
sampling design is the central one. The design specifies the way in
which a sample is drawn from the finite population. Most of the
available literature under this approach is confined to the estimators
of the variances of descriptive statistics such as totals, means and
the difference between means, etc. For simple random sampling, estimates
of the variances of more complex statistics such as correlation and
regression are readily available. Literature also exists for complex
analytic statistics like simple, partial and multiple correlation and
regression coefficients, etc., dealing with relationships among the
variables and other complicated functions of sample observations for
complex designs, see for instance Deming (1960), Tepping (1968),

Woodruff (1971), Kish and Frankel (1974) and Woodruff and Causey (1976).

There are, however, some situations where no estimates of variance
could be made from a single sample unless certain assumptions are
made about the surveyed populations. Such situations arise with
probability sampling where no replication is used, for example, in
systematic sampling with a single random start or in sampling with one

selection per stratum.
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3.2.1 Variances of the Estimates

~

Consider a finite population Yl’ Y2,... Y . Let T =Ny be

>N
v - Then, under simple
1

random sampling, the variance of T 1is given by:

the estimate of the population total. T =
i

i~

2.2
W 2 _ N°S8 _
V(T) = EP(T T) - (1-£) , (3.1)

where

2
=)

N
. 2 (Y.~Y)2
-1 .4 i
1=]
is the population variance and f = %’ is the finite population

correction factor.

The expression (3.1) for V(f) is used for three main purposes,
(i) to assess the precision of the estimate %
(ii) to facilitate a comparison of f with other estimators of T , and
(iii) to determine the size of the sample needed to yield a desired
precision.

. . 2 ., .
However, in practice, § i1s not known and in order to make use of

the sampling variance (3.1) we must estimate 52 from the sample data.

Using a simple random sample Yis¥gsee+s¥, » we can obtain an unbiased
2 _ ¢ -2 2
estimate g~ = 2 (yi—y) /(n~1) of S° , which when substituted
i=1

in (3.1) gives an unbiased estimate of the variance of T2 , that is
e 2 s2
V(T) = N“(1-f) - - (3.2)

From the above formulation we note that there are two variances for

A

an estimator T of T’ namely

(a) V(T) , the true variance, and

(b) V(T) , the estimator of the true variance.
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In extension of this simple situation, survey samplers have
developed various devices to exploit their background knowledge of
the sampling situation. Some approaches incorporated this knowledge
into the design whereas others into the estimator. Consequently,
most of the surveys today are based on complex designs which include
stratification, clustering and multistage selection of elements and
the estimation procedures that involve ratio, correlation and regression
coefficients, and discrimination functions. The usual practice has
been to adopt the following procedures for obtaining expressions for
true variances for a given estimate.

(1) Text Book Variances, (2) Taylor Series Method. (3) Design Effects.

3.2.1.1 Text Book Variances

This means to take an appropriate formula derived directly from
the randomisation distribution for Var(T) . We illustrate this point

through examples 3.1 and 3.2.

Examples 3.1

Consider a stratified simple random sampling design. For the

population mean per unit, the estimate used in stratified simple random

sampling is §st y

L ——
Z "Wh oL
Voo i E—= T w5 (3
b
st N h=1 h”h
where
- ?h V. ./ is the sample mean for the hth stratum
yh= hlnh ’
i=1
Nh
Wh =5 is the stratum weight,

(8]

N
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Vi is the value obtained for the ith wunit in the hth stratum

and ny is the number of units in the sample for stratum h . From

-

Cochran (1977), the variance of the estimate Yor is
L,
vy ) = L W= (-f) (3.4)
h=1 h
where
N
h
T N\2
(v, .=Y)
2 _oi=1 hi h . . .
Sh = <Nh“1) ; 1s the true variance,
"h
fh =5 s is the sampling fraction in the stratum, and
h
N
zh
- 1=1 “hi
Y = , 1s the true mean.
h N
h
Example 3.2

As another example of the text book variance we consider probability
proportional to size sampling plan. A well known general estimate of

the population total for unequal probability sampling without replacement

is
n n vy.
y =) 2+ (3.5)
. .
1=1 1
where

probability that the ith wunit is in the sample, and

=
i}

probability that the ith and jth wunits are both in the sample.

5
i

If . >0, (i =1,2,...,N), then from Cochran (1977) the variance
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N g (1-7.) 2 § g (ﬂ..—ﬂiﬂ.)
v@) = v o+ 2 —l_ZJd sy, (3.6)
i=1 Tyt i=1 j>i  "i"; tI

where wij is the probability that units i and j are both in the

sample.

For linear estimators the text books provide general formulae
for variances for complex designs based on the assumptions of simple
random sampling. However, we note that for probability proportional to
size sampling plan (example 3.2) the variance depends solely on the
quantities . and Wij . For complexdesigns, it may be very difficult

to compute the joint inclusion probabilities and hence the variance.

Survey designs are generally based on complex multistage design
features that include unequal probabilities of selections from the
population, stratification at one or more levels and clustering and
we also desire to obtain the variances of such statistics as correlation
and regression coefficients and other complicated functions of sample
observations. Such situations may cause concern because text books
do not provide formulae for the variance of complex statistics,
involving relationships from complex surveys. Besides, for ratio and
regression estimates the simplest design (SRS), in any event, requires
Taylor Series approximation for securing variance formulae. Thus for
non-linear estimators we need Taylor Series methods. 1In addition to
this, measures of variability of sample results depend on the sample
design and are subject to design effects, see for instance, Kish

(1965, p.585).
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3.2,.1.2 The Taylor Series Method

The Taylor expansion method for approximating the variances of
ratio means has been in use for many years. Deming (1960), Kish (1965)
and Woodruff (1971) have discussed its use for approximating the
variances of other non-linear functions of sample totals. The method
is also known as the linearisation technique or the & method.

Tepping (1968) gives a detailed description of this method for
approximating the variances of more complex statistics from survey data.
Tukey (1964) describes that the method gives an approximate formula for
the variance of complex statistic and the approximate estimate of the
variance by taking into consideration the varaince of the linear terms

of Taylor Series expansion of the statistic.

Suppose that Y = (Yl’Y Y ) 1is a vector of population parameters

g9ty

A

for certain variables and Y = (Yl’Y

~

2,...,Yt) be the corresponding
vector of unbiased estimators. Let £(Y) be the function of the
population parameters whose estimate is required and £(Y) be the

estimate of £(Y) . We would like to obtain the variance of £(Y) .

By first order Taylor approximation, we get

. t af(§)
£ = £+ ] A-v) —— |,  +oah 3.7
i=1 Yt v, ly.=v,
1 { i1

It is assumed that £(Y) and the first order partial derivatives of

[

£(Y) are continuous. Now taking expectations, we have E{f(1)} = £(¥V)

and

veE®) =E(t@ - eie@y)?
. t . af(}{). 2
LT
A s£ (1) (3.8)

Ii=

Var

o1t

1 (¥;-Y,) Y. .
1
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Hence

(3.9)

13
<
o)
[
i,
I D1t
=< >

V[f(i)]

With complex estimators this method may become cumbersome because,
first the statistic has to be expressed in a tractable form and then
partial derivatives have to be obtained. Finally numerous variances
and covariances have to be computed which depend on the complexity of

the design.

A simplification of equation (3.9) in terms of the weighted values
of the primary selection has been developed by Woodruff (1971). This
simplification is outlined as under:

P

A
Let Y, = Z W..X.. , where Y. (the estimate of Y,) 1is a weighted
: 1371] i i
3
average of the original observations, the Xij's . Usually Wij = l/pj R
where pj is the probability (prior to draw) of including the unit j

in the sample. Now, proceeding as before, we estimate £(Y) by £(YV)

which hereafter for simplicity we denote as f and f respectively,

i}

Let D. of

il evaluated at Y. Then using the first order Taylor
i

series expansion of f about f , we get:

~ t ~
f=f+ ) D.(Y.-Y.) , (3.10)
421 1id
and
7
. | t .
V(f) = Vart.z D.Y.|
i=1
R
= Var D. W..X.. ,
i=p U % j=1 3 1]
n
= Var Z Z
i=1 J p)
where z, = f D.W..X , 3.11
J 121 1 1371] ( )
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According to this simplified version V(f(i)) can be estimated

n
from Var( Z z.l by applying the same variance formula to the =z.('s
P j
that would be applied to Winij's to compute Var(Yi) for each
variable i . This simplification avoids the computation of t
variances of fi and t(t-1)/2 covariances of §i and Yi . The

variance estimate is obtained by estimating the zj's from the sample

and then applying the variance estimation formula for a single variate.
The Taylor expansion method is general and applicable to any design
provided the variance estimation formula for estimated total is known,

see for instance, Rao (1975) . In order to illustrate the method,
we give below an example of variance formula for the regression

coefficient from Tepping (1968).

Example 3.3. (Variance for Regression Coefficient from a Complex Design)

We consider the variance of the regression coefficient from a
self-weighting stratified multistage design. Let X 10 Yhe be the
values of the variables x and y associated with the ith
elementary sampling unit selected for the sample in stratum h . We

consider the statistic

, L ™ (1 L " ][1 "h yhi}
n hél iZ__l *ni'hi ~ |n hzl Ly Thif{n g i_i__l
b = = = s (3.12)
1§ Zh AR pogt |2
h=1 i-=1 Xhll {“ h=1 i=1 XhlJ
where n = z n denotes the number of elementary units in the sample.

h=1
Our main concern here is to approximate the variance of b which is

achieved by first expressing the statistic given by (3.12) in a tractable

form, obtaining the partial derivatives and finally applying the formula

(3.9).
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Let u = (ul,uz,...,ut) be a4 vector of statistics such that the
expected value of uk(k = 1,2,...,t) is Uk . Let (Ul""’Ut)
be the corresponding vector of population parameters. Suppose that the

population parameter of interest is a function fQL) and 1is to be

estimated by f£(u) , then

t
V(£(W) = Var| ] u, (3.13)
Now in order to obtain the variance of b we express(3.12) in a
suitable form so as to derive the partial derivatives. To achieve this

we introduce the following variables and notations.

r ;
wy D S w - w ’
ho 2 hi i o1 Vh
;h . L
= , u = z u )
uh 121 xhl he1 h
; )
£ . X = .
T Lo Thi LT
! L
y, = o y=1 vy . (3. 14)
h i21 hi he1 h
The regression coefficient b may be writtem as
bh = 91*’.1&2 (3_15)
nu-x

Thus b now represents f(u) in expression (3.13). Denoting N, W,

U, X, Y as the expectations of n, w, u, X, y respectively, the
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required partial derivatives for b are

3b _ X(UY-WX) 5% _ N

N ) Eyri ’

3 U7 T
b _ _ N(NW-XY) 3b _ “NUY+2NWX-X2Y

)i} 2.2 ° -

(NU-x2) X u-x%)?

b _ _ _X (3.16)
T yu-x? '

. 5b 3b 3b 3b 3b
Var(b) Var(n 5N-+ w Sﬁ-+ u o + X 3§.+ A
L
. 3b ab ab ab ob
= V ——— — — —_— ol
h£1 ar{aN "W Yh T % X % T ey Yn| - G1D

The main drawback of the Taylor Series method is that the evaluation
of the partial derivatives may be difficult for certain parameters {(e.g.
multiple and partial correlation coefficients). A useful approximation
to the required partial derivatives could be obtained by using the
numerical method developed by Woodruff and Causey (1976). However, the
results obtained for the partial and multiple correlation coefficients

by using this numerical method are not very promising.

The first order Taylor Series expansion for a multiple regression
coefficient has been derived by Folsom (1974) and Fuller (1974).
Programmes for Taylorised Standard errors are available from Hidiroglou
et al., (1975), Kish et al., (1972)  Holt (1977) and Woodruff and

Causey (1976).
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3.2.1.3 Design Effects:

In order to deal with the complex designs mentioned earlier in this
Section, Kish (1865) proposed a useful device known ag the design effect
(Deff). He describes this as the ratio of the variance of the estimate
obtained from the complex sample to the variance of the estimate

obtained from a simple random sample of the same number of units. Thus,

Design Effect (Deff) = Var(T) from a Complex Sample (3.18)

Var(T) from Simple Random Sample

Stratification tends to reduce the variance and the design effect
may be less than one. On the other hand, clustering tends to increase
the variance and the design effect is usually greater than one. Consider,
for instance, a simple random sample of n clusters, each containing
M elements, drawn from N clusters in the population. Then, the

variance of the sample mean per element is

- 82
V(y) = vl R (M*l)DJ (3.19)

=1

where M is the constant cluster size, ¢ is the intracluster

2
correlation coefficient and 5 is the simple random sample variance.
n

It is apparent from (3.19) that the variance is inflated by the
factor (M-1)p by using clusters instead of elements as sampling units.
The factor 1 + (M-1)p 1is called the design effect or Kish's Deff

for clusters of size M.
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The Deff attempts to summarise the complexities of the sample
design, especially those of clustering and stratification. It may
even include the effectsof ratio and regression estimation, of

double sampling and of varied sampling fractions (Kish, 1965).

3.2.1.3(a) Modified Deff:

In order to adjust for changes in structure, a modified Deff could
be used following Kish (1965, p.162-163). For a complex design, suppose

that the true variance is

Var(y) = V. (¥) [1+(M=1)roh] (3.20)

ar
SRS
where roh measures the homogeneity and is estimated from the past

survey

roh = |Yar&y) ) _1 (3.21)
Var,.(y) (M-1)
SRS
Thus for a new survey with cluster size § , we can use
\Y v = &3 -
ar(y) Var oo {§) [1+@-Dyron] . (3.22)

The purpose of this modification is that "roh" has distinct values
for diverse variables and for different populations. For a specified
variable and population, its value depends on the nature and the size
of clusters. It is a characteristic of the clusters and affects the
variances when the clusters serve as sampling units. Thus by studying
"roh", the aim is to remove the effect of average cluster size
when comparing results across different variables and populations,

see for instance O'Muircheartaigh et al., (1980, p.444-45).
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3.2.2 Methods for Estimating the Variances of Estimates

When variance estimates are required for statistical inference,
the randomisation approach offers several choices. However, the usual

practice is to use the methods discussed under:

3.2.2.1 To Use Text Book Unbiased Estimators of the Variances if
‘Avatlable

The adoption of this procedure with complex surveys gives rise to

the following problems:

(a) An unbiased estimator may not be available for the variance of
certain classes of statistics such as ratio estimators, correlation
and regression coefficients,

(b) The use of available unbiased estimators may, in some cases,
involve complexities. Consider for example, the Horvitz-~Thompson

(1952) estimator for the population total

~ ny.
Ve = ) (3.23)
i=1'1
which is an unbiased estimator of Y with variance (Cochran, 1977).
N N (1~ﬂ ) 9 N L=,
V(¥ Z y; +2 ] Z ~—4——~~- yiY5 (3.24)
i=1 "3 i=1 j>i mr j

whe re ﬂij is the probability that units i and j both are in the

sample. An unbiased sample variance estimator of V(Y

HT) is given by
o n {l-w. )y n mT.)
V(¥ Z —=+2 ) Z —-L-E—J-—_y.y. , (3.25)
LT i3
i=1 ﬁi i=1 j»i i3 1]
provided that none of the i in the population vanishes, where

T, probability that the ith unit is in the sample. A more elegant
form of the variance estimator of V(?HT) given by Yates and Grundy

(1953) and Sen (1953) is
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R R n (Wiﬂ.~ﬂij) y; zi 2
= ST NN R U
VYG(YHT) .2 .2. T, T, T, ’ (3.26)
i=1 j>1i 1] 1 N

with the same restriction on ﬂij .

The drawback with these variance estimators is that the terms
(ﬂinj - nij) often vary widely and both GHT and GYG can take
negative values for some samples and some sets of nij's a;though
QYG is generally less likely to do so, see,for example, Yates and
Grundy (1953), Raj (1956), Rao and Singh (1973), Lanke (1974),
Vijayan (1975), Cochran (1977) and Rao (1979). There are, however, many
inclusion probability proportional to size sampling plans corresponding
to different possible sets of joint inclusion probabilities {wij} .
For a given sample, the expected value of GHT and GYG depends on the
nature of the joint inclusion probabilities corresponding to units that
happen to be included in the sample. It has been noted that these sets
of nij's are not uniquely determined, for instance, Brewer and Hanif
(1969) have catalogued about 34 exact and approximate methods for
implementing the inclusion probability proportional to size sampling plan.

This diversity of possibilities as well as the mathematical intractibility

of many of these methods leads to complexities.

3.2.2,2 Substitution Method

According to this method population parameters in the variance
formula are replaced by their corresponding sample estimates. In the
simplest cases the variance of the statistic, for a given design, is a
known function of certain population parameters which are themselves

estimated from the sample and substituted for the parameters in the

variance function so as to obtain the estimate of the variance. This

is illustrated through a simple example hereunder:
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Example 3.4 (Variance Estimation for the Sample Mean).

For a simple random sample of n units from a population of N

units, without replacement, the variance of the sample mean is

o =

2
v-n &
N n °?

1N

where

21
S TN
1

(x.-X) 2 (3.27)
l 1

I D~

2
The population variance §° may be estimated by

n

=2

" =7 1 (5 (3.28)
i=1

Thus, in the case of this example, if the variance function is linear

in the parameters and the estimates Of these parameters are unbiased,
we get an unbiased estimator of the variance. If the function is
rational, we get at least a consistent estimator of the variance. This

is illustrated through example 3.5,

Zxample 3,5 (Variance Estimation for the Ratio Estimator)

For simple random sampling, the variance of the ratio estimator,

~ Yy N
TR = :i Z b3 » for the population total T is approximated by
X i=1
s
vy = NomD (s2+r%s2 - 2 Rs.) (3.29)
R n Y X XY ’ ’
where, R = % , X and Y being the expected values of ;s and ;S
X

respectively, and § = p8_8§ is the covariance between Y5 and X,

XY XY
(Cochran, 1977). The usual practice is to estimate V(TR) by
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~ . _ No(1-£) 2 22 -
Vl(TR) = = (sy + R s, 2Rsxy) , (3.30)

where Si , si and sxy are the sample estimates for the population
variances and covariance. There is an alternative sample variance
estimator of V(TR) which is given by
2=2
~oa .y NS a-f) , 2020 -
VZ(TR> = M:‘Z-‘m*‘ (Sy+R SX 2Rs ) . (3.31)

nx Xy
s

The variance estimator V2(T appeared in the first edition of Yates

R) .
(1949, p.213). Since the merits of Vl(%R) and %2(%R) were

not quite obvious under probability sampling theory, Yates preferred
%2(%R) for his book. Cochran (1963, p.163) chose ﬁl(fR) for his well
known book. However,Cochran (1977, p.155) remarks that it is still not
clear whether Gl(fR) is preferable to 62(%R) . Kish (1965, p.204)

and Murthy (1967, p.373) obtained 62(%R) in their well known books by
noting that %s = ﬁS(NE) and G(fs) = NEZG(ﬁS) using the customary
formula for §(ﬁs)' Sukhatme and Sukhatme (1970, p.144) recommended

the analogue of ﬁz(fR) for estimating the variance of the ratio means
but used the analogue of %1(%R) for a ratio adjusted estimate of

the population total. Rao and Rao (1971b) wrote that when X 1is known

the commonly used varinace estimator is %1(§S) and when X 1is not known
the variance estimator is Gz(ﬁs). Thus to Rao and Rao, it appears

is the estimator of choice with %2 considered to be not a
competitor but a substitute to be used only when V. was not available.

1

Konijn (1973, p.48) in his book considered both %1 and %2 and

that V1

~ ~

remarked that if X is known V2 is preferable to V1 . Konijn (1973,

p.353) also remarks that Hajek (1958) showed %2 to be a good estimator

of the conditional variance.
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For more complex analytic statistics like correlation and regression
coefficients or for more complex designs the variance may not be a known
function of the parameters that are easily estimated for substitution
into the variance formula, see for instance, Cochran (1977, 315-318),
Sukhatme and Sukhatme (1970, p.180-83) and Tepping (1968). 1In order
to illustrate this point, we give below an example of the variance

estimation formula for the regression coefficient. (3,12).

Example 3.6 (Variance Estimation for Regression Coefficient From a
Complex Design).

From (3.17) we have

Var(L,) , (3.32)

Var(b) =
1 h

h

i o~3

where the linear combination zh is ,

_ 3 3b ab 5 _ . b
T WS T W R T % TR % Y R Y

The coefficients in the linear form £, are unknown population

h
parameters. The usual practice, as explained earlier in this section,
is to substitute sample estimates in the expressions for the derivatives

just as we substituted in example 3.5 . TFor large samples, this

procedure yields satisfactory results.

For estimating the variance of the regression coefficient b

as given by (3.12), these substitutions will be

3b . x(y=bXx) 3 . 1
9 2
5N nsi oW ns%
3% . b 5 ~F-2b%) b x 3.33
ns ns ns
X X
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= _x =_y - _u 2 _ =2 =2
where X = - y=4~,u=-,g =4 - x,
n n n X

This method of substitution gives the variance estimate for the desired

statistic but appears to be a bit cumbersome.

Example 3.7 (Variance Estimation for the Ratio Estimator im Stratified SE5)

Consider stratified simple random sampling without replacement,

The ratio estimate is given by,

L Py
Yol vE
~ 21 a0 h1i
R:%’{.:b—.:—l-}..n-];._.___ (3»34)
L h
D
h=1 i=1
N N
where y§ —»—B-yh and xﬁ =~-—11Xh .
™ h

3R =_§ ana PRy

n
h - - L h N ly
) ( R . L _OR = ] ] Jh|Thi oy
hZ1 i=1 |ayk, PL g, Rl pZ o mTx 0 2 i
L hi Xhl
v, . y N
; = b |7hi _y_ 7 =|h_yz | _h b e
Letting Zhi = - T % and Zh " 2% ,» the variance
h "h
2
~ L N7(1-f)
estimator for V(Y_.) = Z h h (S2 +RZS2 -2Rp,S8...5..) can be
RC T LT o vh"" °xh”“h°vh xn
obtained as
. L Ni(l*fh) s ep g e
= - 15)
V(¥p) h£1 o (0 *R 783 2R0y8 18 ) (3.35)
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However, with more complex designs and more complex statistics

this procedure is laborious and hence the need for other more simple

and convenient methods.

3.2.2.3 The Keyfitz Method

This method, also known as the "paired selection" method, requires
that two primary selections be drawn from each stratum, see for instance,
Keyfitz (1957) and Kish (1965, 4.3, 6.4B). Regarding the applicability
of this method Kish and Frankel (1970) pointed out that "a model of two
independent primary selections from each stratum is probably the most
basic design that conforms adequately, if not perfectly to actual design
of many surveys", We outline this method for obtaining the variance

estimate for the ratio estimate as example 3.8,

Ezxample 8.8 (Variance Estimation for Ratio Estimate).

Consider a single stage stratified cluster design,

—
o]

(3.36)

I 10 gy o
=

ey

h
2 @%1+ﬁﬂ>

=
-

where and Yy, represent the totals for the s variable from

“h1
the two primary selections in the hth stratum. Similarly X and

L
X o Trepresent the corresponding totals for the variable X YSt = % Nhyh

L
and XSt = é thh are the standard estimates of the population total

for Y and X respectively, Nh isnthe number of units ig the hth
h h

stratum of the population and vy, = izl Vi /my, and X = i£1 x . /oy

hth

are the sample means for the stratum,
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A

In order to obtain the variance estimate of R , we define

= 1
Y = 3001 )

Also,
n
e 532 .1 2
*yh = (o, -1) .Z Gpy V)" =3 ()™, (3.37)
h i=1
where
dyp = Oy vyy)
Now 1f Yh = Nhyh s then
a A N Y2
= [h - 2 _ *x (2
V(Yh) = (2 J (1 fh)(dy_h) (1 fh)(dyh) ,
where
* Ny
dy, = 35— dy,, and (1*fh) is the finite population correction factor

for the ht®™ stratum. Similarly, V(xh) = (1--fh)(d;h)2 and

= - 7o
Cov(Yh,Xh) (1 fh)(dyh)(dxh) . (3.38}
Since sampling is independent in different strata, the variance
estimate of the stratified ratio mean is given by
~ A ~ ~y Z ~ - Z A A 1 .
V(R) = 5|] Var(y) + R Var(x) - 2R & Cov(¥, X )| . (3.39)
2 h
X |h h h
By substituting from (3.38) and simplifying we get
A A L L
A »~ * *
VR =y |) (eg)af 2 T (- )k - 2R T (1o ) (ah) (ak) |,
7 h’) Y h’ “¥ h’ R’
¥ |h h h '
L - (3,407
_ 1 * ook 2 e
Y3 e f) (dy, ~Rdx,)
x~ h=1
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This could be further simplified as

L

V(R) = —==5 oa fh) [(yh1 yhz) R(xhl xhz)} . (3.41)
(X)7 h=1

This is the Keyfitz variance estimate for the V(RC) of the combined

ratio estimator, as given in Example 3.7. The Woodruff simplification,

as discussed in Subsection 3.2.1.2, can also be applied here as well.

The design facilitates stratified multistage selection with PPS
from unequal clusters. For the linear case, it has the advantage
that for a fixed number of selections, it is possible to carry the
stratification as far as possible and still compute the variance from
the sample. The design also permits simple formulae of computing
variance estimates. The application of this method to more complex
situations has been discussed by Keyfitz (1957), Kish and Hess (1959)
and Kish (1965). Woodruff (1971) generalised the method to handle
non linear estimators, unequal probabilities of selection and for
sample size n in the strata. Bean (1975) and Ghangurde (1981)
applied this method to compute the variance estimates for the Canadian

Labour Force Survey,

3.2.2.4 Estimation of Variance Using Deffs

In situtations where we can not estimate the variance directly,
it is generally assumed that simple random sample variance computed from
the large probability sample would yield a good approximation of the true
variance. For example, Kish and Frankel (1974) treated proportionate
stratified sampling as simple random sampling for computation of

complicated estimates.

We have pointed out earlier (Subsection 3.2,1.3) that stratification

tends to reduce the variance and Deff may be less than one whereas
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clustering inflates the variance and Deff may be greater than one.

A
Under these circumstances one can use V(X) = (x) x deff , where

VSRS
V(x) is the variance incorporating all the complexities of the design,
see,for instance, Kish (1965). However, the problem with this expression
is how to compute deff. The solution to this problem is to compute the

design effect from an old survey with similar structure and for which

the variances have been computed,

From the above discussion, we note that for complex surveys it
would be incorrect to assume simple random selection and to use the
simple formulae available in the standard literature. Moreover, it is
well recognised that in complex surveys the assumption of two independent
selections is seldom met. Under these circumstances the alternative
i1s to use one of the approximate methods, to be discussed in the next
few subsections for obtaining the estimates of true variance from
complex surveys. These methods recognise the lack of independence

among sample units,

3.2.2.5 _Replicated Sampling:

One approach to the problem of variance estimation from complex
surveys is to interweave within a sample design a small number of
replications. Each of these replications provides an estimate of the
parameter. Therefore, their comparison provides an estimate of the
variances from the sample. As an example, suppose that an overall
sample is selected in the form of r independent subsamples from the
same population using the same probability design. Let éi denote
the sample estimate calculated from the ith sample using the same

- T
. . A 1 ~ .
estimation procedure, then 8 = T Z 9. . From r independent estimates,

the sample variance of 6 is
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V(8) =

(éi~8)2/r(r-1) X (3.42)
i

o1

1

The main advantage of the replicated sampling is that éi can
be any statistic, it may be a linear statistic like mean and total
or a non-linear statistic such as ratio or regression coefficient.
This method provides a simple and convenient way of estimating the
variance and the evaluation of bias regardless of the complexity of

the sample design within replicates and the complicated form of the

estimator.,

The replicated technique was first introduced by Mahalnobis (1938-41,
1946) and was later developed more fully by Deming (1950, 1960, 1963).
Koop (1960, 1962, 1967), Lahiri (1958), McCarthy (1966, 1969), Mokashi
(1950) and Srikantan (1963) Madow and Madow (1944) and Tukey (1949),
also used similar procedures in connection with selection of systematic
samples with multiple random starts, Other references are Bailar

and Dalenius (1969) and Richard and Freeman (1979).

The replicated sampling has the limitations that fewer replicates
means smaller numbers of degrees of freedom for the variance estimator

which could lead to unstable estimation. On the other hand, larger

numbers of replications will increase the cost and decrease the efficiency,

3.2.2.6 _Random Group Method

Sometimes when the sample is large, it is convenient to use a
slight variation of the replicated method known as random group method.
Suppose that a simple random sample is drawn with replacement. Let
these units be divided randomly into g groups consisting of n/g

observations each. The variance estimate is given by
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v(8) = f (6.-6)"/g(g-1) , (3.43)
2y d
]
where
ej = sample estimate computed from the jth random group and
5 = ? 5,/g .
j=1

This method is also suitable for multistage survey samples.
However, if there are few primary selections (PSU's), then this procedure
may also not be very useful. Moreover, there is a loss of information.
Murthy (1967) shows that the random group variance estimator Gg(§)

provides an unbiased estimate of V(y) but is less efficient than

) .

3.2.2.7 Pseudo-Replication Techniques

In order to overcome the difficulties described above, McCarthy
(1966) proposed the method of half-sample replication called the "pseudo-
replication” technique for estimating variances from stratified samples
in which two primary selections are drawn from each stratum. A half-
sample is formed by selecting one of the two primary selections in each
stratum and employing the estimates of interest from the L selected

PSU's. There are in all 2L such half samples.

Consider a stratified sampling design with two independent selections
per stratum. We assume that the selections are made with replacement.
Let Y4 and Yy be the observations from stratum h(h = 1,2,...,L),

1 2
then the unbiased estimate of the population mean Y is given by

L
y .= ) Wy (3.44)
st hel h”’h
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= _Tn1"n2 ,
where Wy = Nh/N and y, = — 5 . The usual variance estimator is
L
o= 1 2.2 .
V) = Z'hzl Wd o, (3.45)

where dh = (yhl—yhz). The variance estimate based on independent
replications (yll""’yLl) and (y12""’yL2) is

~- 1,- -
VR(y ) = Z(y )2 . (3.46)

st st1 Vst2

Now suppose a half-sample replicate is obtained by choosing one of

(yll’y12)’ one of (y21,y22),..., and one of (yLl,Y ) . Let us

L2

define the indicator function & such that

1, if Y1 is selected for the half-sample

O
L]

hl 0 , otherwise

Sy = L= 6, (3.47)

The half sample estimate of Y is given by

8 (3.48)

I o~ b

Wh(6

Vi o)
1 h2”h2

Yhs - h1 h1"

There are 2L possible half-samples for a given sample and if §hs ;
H

denotes the estimate for the 1ith half-sample, i = 1,2,...,2L y then

— 1 2 —
5T e—— LG
Ist L .z yhs,i ‘ (3.49)

Let,

+1 if Yh1 is in the ith half sample
s L () )
h hl

i}

-1 if Yho is inthe ith half sample
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Lo,
then lf Z Sél) = 0 and
2" h=1
G, .-y )21 E Weliy2e2 s Ly sy g g (3.50)
hs,i “st 4 h=1 h 'h h 2 h<j h j h'3 h7j
Now
oL ,L
. 2 11 2 (i).2.2 1 (1) (&)
T G v o = T e W22 1y KA 2 5
oL if Ths,i7se EoL Lt e h Ty { L.t
L (3.51)

‘ I
Since, (5él>)2 =1 and lf 7 oeDs) Lo therefore

L\/.II\J
b

li’ =V(y_) . (3.52)

i=1
Thus from (3.45) and (3.52), we note that there is no loss of
information if all 2L half sample replicates are used. However, when
L is large 2L will be very large. This reflects the limitation of
the half-sample procedure because the precision of variance estimate
depends on the number of replications and sufficient number of
replications may be costly. The current population survey conducted

by the U.S, Bureau of Census provides one such example,

If the primary selections within a stratum are made by simple

random sampling without replacement, then (3.48) can be written as

3

2 __ -
Wh[l ) E“} {(6h1yh1+6h2yh2) yh} T Vst (3.53)

and

V. v 0% =G 1 Y BN CONEY
Ohs,i Vs = V0 ) + 7 g<§ {1 Nh] 6,778 Wi, (3.54)
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Several modification of the half-sample method such as balanced
half-sample and partially balanced half-sample replications have been

developed. These are described as under:

3.2.2.7.A Balanced Repeated Replications (BRR)

For a stratified random sample with L strata and two primary
selections per stratum, it is shown that the variability among the half
samples arises from the between strata contribution to these estimates.
This variability comes from the crossproduct terms of dhdj which cancel
one another over the entire set of 20 half samples or if we use an
infinite number k of replications. McCarthy (1966) suggested a . way

of controlling the selection of half samples so that the variability

of the variance estimator is reduced.

McCarthy suggested that if an orthogonally balanced set of half
samples is selected using Placket and Burman (1946) matrices, then it
would give the same precise estimate of variance as would have been
obtained from a complete set. The method was later more fully developed
by Kish and Frankel (1968, 1970), who in their repeated replication
scheme for the varinace estimation used both the principal set of
selected half-samples and the associated complementary set., These
authors believe that the principal set of half-samples in the repeated
replication scheme is best chosen to be "balanced" and the scheme is

termed as Balanced Repeated Replication (BRR) method.

A Placket and Burman matrix is defined as K x K matrix of +1 and
-1's. The elements of final column are all -1 . The dimensions of
a matrix to be used in a given problem would depend upon the number
of strata. Let K be the number of half samples selected, then K
has the restriction that it must be a multiple of 4 and L ¢ K < L + 3,

‘where in all cases L > 2 and K << ZL. Let 6ij denote the element
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in the ith row and the jth column. The first (K-1) columnsof this

matrix possess the property of balance, i.e.,

0, 3j=1,2,...,k-1. (3.55)

I} O~1R
(e
i}

i=p

The last column is not balanced, since
K
) 8..=-K for j =K. (3.56)

These matrices have the additional property of orthogonality, i.e.,

=0 ¥ 3 #3' (3.57)

[ R gl

5. .68,
ji=1 1

[

For L 5, 6, 7 or 8, the smallest orthogonal matrix that can be used
is 8 x 8. In order to illustrate this point we give here a matrix M

for L

5 constructed such that the columms (strata) of the matrix
are orthogonal to each other. In a 8 x 8 matrix below, the rows

identify the half samples and the columms refer to strata.

Matrix M Used to Form 5 Strata Design:-

Half Sample Stratum

1 2 3 4 5 6 7 8

+1 -1 -1 +1 -1 +1 +1 -1

0~ (o)) (9] S~ W N e
i
o
4
—
+
ot
+
et
!
ek
i
—
+
i
i
fnt
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For L =5, 6, or 7 any set of 5, 6 or 7 colums can be selected

[

whereas for L 8 the full 8 x 8 matrix must be used. The variance

estimator is, %((i§1(§hs,i_§st)2J » Wwhere for the number of strata
between 5 and 8, K = 8,

The BRR technique is particularly useful for complicated non-linear
stratistics such as regression coefficients and the estimation involving
complex adjustments, Frankel (1971) and Kish and Frankel (1974)
used this technique for estimating the variances of correlation and
regression coefficients. Properties of the BRR technique have been
investigated by various authors for a variety of estimates, for instance,
Bean (1975), Campbell and Meyer (1978), Fenech (1983), Kalton (1977),
Krewski (1978a) Krewski and Rao (1978, 1981), Lemeshow and Epp (1977),
Lemeshow and Levy (1979), Stanek III and Lemeshow (1977), McCarthy
(1966, 1969a, b), Maurer, Jones and Brynt (1977), Rao, J.N.K. (1975),

Shah, Holt and Folsom (1977), Simmons and Baired (1968) and Tepping (1968).
Koch and Lemeshow, (1972) and Freeman, et al., (1976) discussed

the multivariate applications of BRR with complex sampling. Casady, R.J.
(1975) extended the BRR technique for estimating the components of
variance from a multistage design. Nathan, G. (1973, 1975) discussed

tests of independence in contingency tables. Gurney and Jewett (1975)
demonstrated a general method for generating orthogonal replications and

illustrated for a design with three primary selection per stratum.

The method could be generalised to multistage sampling, where
PSU's are selected with probability proportional to size with

replacement within strata, see for instance, Rao (1975).
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which increases as the number of component samples increases. The
efficiency of a partially balanced variance estimator will depend on
the number of component samples (m) as well as the arrangement of

strata into groups, for a given m .

different non-vanishing cross-product

We note that there are Eﬁ%:ll

terms which contribute substantially to the total variance of GPB,K(§st)'
Their total contribution, however, depends upon the pattern by which the
parent sample is split into m component samples. Lee (1972-73)
examined the possibility of several strata arrangements into groups so
that the sum of the cross-product terms could be reduced by suitably
splitting the parent sample into m component samples., Through the’
theoretical and empirical results it is demonstrated that in order

to increase the precision of a partially balanced design, the parent
sample should be divided into component samples such that each component
sample has a greater degree of homogeneity in the associated quantities
wﬁsi . The procedures considered by Lee include: AOA (Ascending order
arrangement), HTA (Heterogeneity arrangement) and SAOA (Semi~ascending
order arrangement). The SAOA procedure consists in arranging the

strata in the ascending order of the magnitudes of wﬁsﬁ first, then
rearranging the last %- (or E%l if L 1is odd) strata in the reverse
order and finally taking the first L/m strata for the first group,
second L/m strata for the second group and so on. The SAOA procedure
gives a hetter pattern of arrangement and also provides a more precise

A

estimator of V

PR K(}_rst) as compared to AOA or HTA procedures.
2

Lee also considered modifications of the repeated replication and
balanced repeated replication methods. These modifications are summarised

in the next subsection.
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3.2.2.8 Repeated Partial Sample (RPS), Balanced Repeated Partial
Sample (BEPS) and the Generaliéed Repeated Partial Samp le(GRPS)
Schemes,

In practice, most of the complex surveys do not generally conform
to the condition of two primary selections per stratum. In order to
resolve such situations, a more general version of the pseudo-replication
techniques was proposed by Lee (1973), where the restriction is that
at least two selections are drawn from each stratum. Lee's method is
also based on the concept of partial samples where a partial sample
is formed by removing one selection per stratum from the parent sample,
The variance of the statistic is estimated from the variabilities among
the pseudo-values of the statistic. The pseudovalues, one from each
partial sample, are computed by the same estimation procedure as is used

to compute the statistic.
We consider briefly the RP8, BRPS and GRPS schemes hereunder.

(a) RPS Scheme: This scheme consists in forming a number of partial
samples from the parent sample by deleting one sample unit from each
stratum. So far as the construction is concerned it is analogous to

L
the ordinary jackknife method, Each partial sample contains ( Z nh*LJ
h=1

sample units., Let Yhe be the value of y characteristic for the
sampled unit in stratum h, “which is excluded from.the partial sample c.

The cth pseudo value is then given by

L " _ L _
z W ; Vi [ Oy =yt LW Gty O/n -l (3.60)

h Iel h=1

y =
(c) 1 ;

h

L L
Since, there are I o different partial samples with I n associated

different pseudo values of y(c> s therefore for a complete set of

L
I o, different partial samples the average of the pseudo values is
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i
— 1 n
Z e - h -
Ve ST 1 V(o
I c=1
i
L W n
-z 1 h P - _ .
- ySt * L Z n -1 Z (yh th) . (3»6}»1
h=1 "h c=1
il nh

Thus, each of the sampled units in stratum h is drawn for omission
L L
from an equal number I np/nh ,of the total number T n, partial

samples. Taking the sum of squared deviations (y(c)—§st) and averaging

over all,the different partial samples, the variance estimate is given by

- % 2 Si
V. _(y ) = W g
RPS st b2 b nh(nh—l)

~

(3.62)

For n = 2, VRPS provides an unbiased estimate of the variance of

It

(b) Balanced Repeated Partial Samples: Since the computation of V

RPS(yst}
involves a large number I, partial samples which will be laboriocus

p
and expensive 1f the parent sample is large. To overcome this difficulty

a smaller number K of partial samples are selected so that they are

balanced. Then
K - . .
P G- vy )X, (3.63)

where

<4
]
<

I o1

st T ) W (v 7y ) /eyl

ct H

The balanced set of K partial samples can be obtained either by

using Placket—Burman matrices or the balanced designs devised by
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factorial experiments available in literature.

(c)__Generalised Repeated Partial Sample Scheme (GRPS): In the simplest

form the GRPS scheme consists in splitting the 1L strata into L
groups, each group consisting of one stratum only. Then,a partial
sample of (2L-1) primary selections is formed by selecting omne
primary selection from the rth group (stratum) and adding it to all
the primary selections of the remaining (L-1) groups. Thus a total
of 2L different partial samples of (2L-1) primary selections each
can be formed from the parent sample. All the 2L different partial
samples are then used for estimating the variance. If the number of
strata is large, the L strata can be grouped into g g L groups

such that the &th group consists of r, strata where the g numbers ;

L
g
rz(z =1,2,...,8) need not be equal and L = Z rz . One primary
2=1
selection is then drawn from each of the r, strata of the gth group

r
to form a combination of r, primary selections. Thus 2 2 such

different combinations can be created from the &th group. By adding
one such combination to all the primary selections of the remaining

(g-1) groups a partial sample of (2L—r2) primary selections may be
r

2 . .
formed. Thus, a total of 2 different partial samples can be formed
in association with the gth group and by repeating the procedure
r
for each of the g groups a total ¢t = f 2 * different partial
=1

samples can be formed from the parent sample.

Let be. the pseudovalues obtained from the pth partial

¥ (4p)
sample associated with the #th group, £ = 1,2,...,8 and estimated by,

Ly _ %
Y T 4 T L WYk

- % -
- 4
Yep ¥ Z wk(ykp yk) . (3.64)

1]
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L
where Z denotes the summation over r, strata of the f2th group,
L)
Z denotes the summation over the remaining (L-rz) groups and Hk
Y
is the y wvalue of the sampled unit (from the kth stratum of the 2th

group) which is included in the Pth partial sample. In general, the
T .
average of y(zp) over all the 2 . different partial samples

associated with the #th group reduces to Yo * This implies that
the averaging of Yegpy ©Ver all the t different partial samples is

also equal to §st . The average of the squared deviations over all

Ty

the 2 different partial samples associated with the &th group

reduces to

3
2 -2 ,
’ W (ykp y ) /4 (

3.653
The average of the squared deviations (y(z ; - §st)2 over the t
P
different partial samples is
2 2 2 - -
— = — - (2 Ah
Thus,
) } g X _
Vorps o) = zzl pél (y(zp) Vo) /% (3.67)

r
L. . . . .
where, k2 g2 1s the number of different partial samples associated

with the gth group. The expression (3.66) gives an unbiased estimaror
of the variance of §st .When g =1, it reduces to BRR variance

estimator. Further details on these schemes could be found in

Lee, (1972, 1973).

The pseudo-replication techniques have the limiation that these are
applicable only to the situations where two selections are drawn from

each stratum, except the general methods proposed by Lee. However, lLee's
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methods have not found wide applicability. The other difficulty with
BRR techniques relates to the approximate degrees of freedom for the
estimated variance. Thus, it appears worthwhile to consider other
methods with wide applicability and more attractive features such

as the jackknife, the bootstrap and the weighted jackknife.

3.2,2.9 The Jackknife Method:

We have seen that the BRR technique has the disadvantage that the
appropriate matrices must be derived for each problem of interest and
the half samples must be constructed in accordance with the matrix

specifications. The Taylor Series method, on the other hand, requires

the evaluation of thepartial derivatives which may be difficult in certain

cases. A technique which provides a simple variance estimator and does
not require the evaluation of partial derivatives, as in the case
Linearization variance estimator, or the construction of Placket and
Burman matrices, as with the BRR variance estimator,is the jackknife

method,

The jackknife, introduced by Quenouille (1949, 1956) as a method
of bias reduction, has been shown to have robust qualities in a wide

variety of situations. Tukey (1958) extended Quenouille's procedure to

an inference technique that could be appropriate either when distributio

assumptions are in question or alternatively when a complete
distributional theory is impossible to derive analytically. The name
"jackknife" suggested by Tukey refers to a generally applicable tool
like the boy scout's jackknife that has great utility in many situations
even though most of its uses could be carried out better by applying

specialised tools if such tools are available.

4l
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The simple idea of the jackknife technique can be described as
follows: Consider g as an estimate of a parameter 6 based on a
sample of size n . Now delete one of the observations, say the jth,
from the sample and recompute the estimate, Call it é—j' Continue

the process until each observation has been deleted exactly once.

Define the pseudovalues
8, =mo - (n—l)é_j s i =1,2,...,n - (3.68)

Then the jackknife estimate of 6 1s the average of these pseudovalues,

~ 11'1..
o == ) 6. (3.69)
n oA T
j=1
and jackknife variance estimate is
n
cas 1 - o2
VO =ty (L (45O (3.70)

Properties of the jackknife in the case of simple random sampling
have been extensively studied. Miller (1974b)gives an excellent
review of the method and its wide range of applicability. Kish and
Frankel (1970) have proposed four variants of the jackknife method for
estimating the variance from a stratified sample with two PSU's

per stratum.

Besides, being not always advantageous, the indiscriminate use of
the jackknife may have disasterous consequences in certain situations.
For example, the jackknife does not perform well in the general area
of order statistics such as estimation of median and range. Another
area in which the jackknife has little or no success is in time series
analysis. It may, however, be pointed out that the jackknife is a

general procedure not necessarily intended to be the best procedure in
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specific situations. Since our main interest lies in the Jackknife method

and its applications, further details regarding the method and related

issueg will appear in Chapter 5.

3.2.2.10 The Bootstrap Method:

Efron (1979a) proposed an alternative procedure for variance
estimation in complicated situations. This procedure is based on Yepeated
samples generated randomly according to the empirical distribution
function of the sample. He has coined the term "bootstrap" for this
procedure. The following introduction to bootstrap method is given

by Efron (1981a).

"The bootstrap is a simple and straightforward method for calculating
approximated biases, standard deviations, confidence intervals, and
so forth, in almost any nonparameteric estimation problem. Method is
keyword here, since little is known about the bootstrap's théoretical
basis, except that,(a) it is closely related to the jackknife; (b)
under reasonable conditions it gives asymptotically correct results;
and (c) for some simple problems which can be analysed completely,
for example, ordinary linear regression, the bootstrap automatically
produces standard solutions"., It may, however, be noted that it is

not still known how one could bootstrap in complex surveys,

The most interesting feature of the bootstrap is that it provides
a connection between statistical theory and computational power.
Regarding this aspect Efron (1979b) says, '"The purpose of mathematical
theory, and in fact all scientific theory, is to reduce complicated
situations to simple ones. Just what a scientist means by "simple"
is determined by experience, training, convention and the limitations
of human reasoning faculties. A Taylor Series expansion is a classic
example of this process, a given function is expressed as a sum of

multiples of powers. Since we are taught a lot about sums, multiples
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and powers, the explanation may be a good deal easier to understand

than the function as originally stated.

The advent of high speed computers has redefined "simple" in
the mathematical sciences. For example, an optimization problem which
can be reduced to a problem in linear programming, is in most instances,
now considered solved. Since the simplex method is so efficient in

numerically solving linear programmes'.

The purpose of Efron's article is to show this same process
at work in mathematical statistics . A theory which enables a
scientist to understend his data with the help of a high speed computer
may now be as useful as a theory which only requires a table of exponential
function, particularly if the latter theory does not exist. Computer
assisted theory is no less "mathematical than the theory of the past,

it is just less constrained by the limitations of human brain".

The basic principle of the bootstrap is that the variance of T ,
where T 1is a functional defined on the distribution of F , can be
estimated by the variance of T on F* , the empirical cumulative
density function for the sample. Following Efron (1979a, 1979b)

the underlying idea of bootstrap can be described as follows:

Consider a random sample of size n observed from a completely

unspecified probability distribution F

X,o=x, X, TP, i=1,2,...,0. (3.71)

where F denotes the distribution on either the real line or the plane
but does not play any role in the theory. Let X = (XI’XZ””’Xn) and
X = (xl,xz,...,xn) denote the random sample and its observed realisation

respectively. The problem we wish to solve is as follows: Given a

specified random variable R(X,F) possibly depending on both X and
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the unknown distribution F , estimate the sampling distributionof R
on the basis of observed data x . Now the bootstrap method can be

described as follows:

(1) Construct the sample probability distribution F , putting mass

1/n at each point Xl’XZ""’Xn'

(2) with F fixed, draw a random sample of size n from F , say

>

Xi = x? s X% F , 1=1,2,...,n . (3.72)

Call this the bootstrap sample,

it

Xk o= (RE,XE ... XK), xx

% ok
5 (xl,xz,...,x* )

n

The values of X* are selected with replacement from the set

{xl,...,xn}.

(3) Approximate the sampling distribution of R(X,F) by the bootstrap

distribution of
R* = R(X*, F) (3.73)

i.e., the distribution of R* induced by the random mechanism (3.72)
with F held fixed at its observed value. The point is that the
distribution of R* , which in theory can be calculated exactly once

-~

the data is observed, equals the desired distribution of R if F = F.

3.2.2.104. Caleculation of Bootstrap Distribution:

The difficult part of the bootstrap procedure is the actual
calculation of the bootstrap distribution. The possible methods of

calculation are:

(1) Direct theoretical calculation as illustrated in Examples 3.9

and 3.10 below:
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Example 3.9:
Consider a probability distribution F putting all its mass at
O or one,and let the parameter of interest be 0(F) = ProbF(X=1)

The most obvious random variable of interest is

[

n
R(X, F) X -8(F) , where " = Z xi/n (3.74)
i=1

Having observed X = x , the bootstrap sample X* = (XT,XE,...,Xg)
has each component independently equal to one with probability x = 6(FVMﬂ$Z@

Wilhy probability 1 - x. Now from the standard binomial result

R* = R(X*, F ) = X* - x (3.75)

has mean and variance E*(i*—§) =0 , Var*(i*—§) = §(1*§)/n, where E
and Var, indicate probability calculations with respect to the bootstrap

distribution of X%, with x and F fixed.

Example 3.10:

Consider the estimation of g (F) = VarF(X) , the variance of an

arbitrary distribution on the real line, using the estimator

t(x) = (xi~i>2/(n-1) (3.76)

i

o1

1

We wish to know the sampling distribution of
R(X, F) = t(X) - 8(F) (3.77)
Let uk(F) indicate the kth central moment of F , then
k
pk(F) = EF(X-EFX) (3.78)

and

~

Uk= Uk(F) s
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the kth central moment of F . Standard sampling theory results

(Cramer (1946), Section 27.4) show that

RE = R(X%, F) = t(X*) - 0(F)

has

~ A2
R o « Mg [@-3)/@-n]
= and Var*R = o (3.79)

(ii) Monte Carlo Approximation to the Bootstrap Distribution:

According to this method repeated replications of X*¥ are generated

2 N
soee  XF

by taking random samples of size n from F , say x*l,x*
and the histogram of the corresponding values R(x*l,f), R(x*z,ﬁ),...,
R(X*N,f) is taken as an approximation to the actual bootstrap

distribution. This approach is illustrated by example 3.11 for the

estimation of correlation coefficient from Efron (1979b).

Example 3.11: (Standard Error of Correlation Coefficient)

Table 3.1 gi  the average LSAT and GPA scores for entering
classes of 15 American Law Schools in 1973, TFor each school two

numbers are given:

I

Xx.

: average LSAT score of entering students at School i ,

average undergraduate GPA score of entering students

Yy

at School 1 .

Table 3.1 The Average LSAT and GPA for 15 American Law Schools, 1973

School 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15~

LSAT 576 635 558 578 666 580 555 661 651 605 653 575 545 572 594
GPA 3.39 3.30 2.81 3.03 3,44 3.07 3.00 3.43 3,36 3.13 3.12 2.74 2.76 2,88 2.,9¢

Note: LSAT is a national test for prospective Lawyers and GPA the
undergraduate grade point average.



- 96, -

The observed Pearson correlation coefficient between n pairs of

numbers (xi,yi) , 1=1,2,...,15 is

n

R e L o _ . m
p =2 ,where x = ) X, /0,y = 7 yi/n
n n i=1 i=1
-2 -2
L x| (579)
i=1 i=1
= 0.776

Scatter plot for these 15 pairs appears as Fig. 3.1. We wish to estimate
the standard .error for p. The bootstrap procedure for this is

as follows:

(A) Suppose that the data points X15%yseee,Xyg  are independent
observations from some bivariate distribution F on the plane.

Then the true standard error of p 1is a function of F , denoted by

o(¥),

1
~ 2
G(F) = (Vaer(Xl,Xz,...,Xn)) (3.80)
It is also a function of the sample size n , and the functional form

of the statistic p , but both of these are known to the statistician.

(B) We do not know F , but we can estimate it by the empirical

probability distribution F ,

~
1
F: mass a on each observed data point X i=1,2,...,n.

) The bootstrap estimate of o(F) is

~

Op = o (F) (3.81)

It may, however, be pointed out that for the correlation coefficient
and most statistics, even very simple ones, the function o(F) is

impossible to express in closed form. This is the reason why bootstrap

A

is not in common use. However, Oy can easily be approximated by

Monte Carlo methods. The main steps for example 3.11 are:~
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Fig. 3.1

GPA
3.50 f

o} .9 *8
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3304 2
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°14

Fig. 3.1 A plot of the law school data given in Table 3.1,

Fig. 3.2

normal ihcory dcnsity\ /histogram

histrogram

- percentiles

g Iy b

16% S0% 84%
. : , ', b N
-4 -3 -2 -3 o, 1 2
fer gives ¢ w127 ot ‘
Fig. 3.2 Histogram 1000 bootstrap replications of p*-p
gives a bootstrap estimate of accuracy G(B)=.127

for the correlation coefficient 8 = ,776 of the
law school data. The normal theory density of

A A

p*=p has a similar shape, but falls off more

quickly at higher values of p*-p ,
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(a) Let % be the empirical distribution of the 15 observed data points
i.e. the probability distribution which puts mass 1/15 at each observed
point (Xi’ yi) as described above.

(b) Use a random number generator to draw 15 new points (xf, y?)
independently with replacement from % » 80 that each new point is an
independent random selection of one of the 15 original data pointsf

We call these new points as "bootstrap sample'. They are the subset

of original points and it is possible that some of the original points

might have been selected zero times, once, twice,etc,

A

(c) Compute p* = p(xﬁ, y?) » the correlation coefficient for the

bootstrap sample,

(d) Repeat steps (b) and (c) a large number of times, say K,
each time using an independent set of new random numbers to generate
the new bootstrap sample. Call the resulting sequence of bootstrap

. . L1 2 ~LK
correlation coefficients pET, p*T L., 0%

~

(e) Approximate o_ by

B
A K A M ~ 2 %
op = L % - 5)7/(x-1) (3.82)
j=1
where
N K.
o = ] pxlx
i=1

As K-> = , (3.82) approaches the original definition (3.81). For this

example K =1000and Fig. 3.2 shows bootstrap replications

A ~,2 ~. 10 . . ~
p*l, okl ,...,o*¥ 00 . The abscissa is plotted in terms of (p*J—p)

A
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~

From (3.82) we get the estimate of standard error of o

~

OB = 0,127

The normal theory estimate of standard error of p (Johnson and Kotz,

1970, p.229) for this case is

A ~

It is apparent that 9p and oy compare favourably well.

(2i1) Taylor Series Approximation Method.

The Taylor Series approximation method can also be used to obtain
the mean and variance of the bootstrap distribution of R*. This,

however, turns out to be the same as the usual jackknife theory

(see Efron, 1979a, 1979b, 1981a, 1982).

The important point about the bootstrap is that it can be applied
just as well to any statistic, simple or complicated,as to the correlation
coefficient. The great power of the bootstrap like jackknife is that
it can be used in extremely complicated situations. The bootstrap
methods, however, have not found wide applicability and recognition
like the jackknife methods. Efron (1979a, 1979b, 1981a, 1981b, 198ic,
1982), Efron and Stein (1981) and Efron and Gong (1983) have
discussed several other applications such as ratio estimation, regression
models, cross validation, censored data and the error rates of prediction
rule. Rocke and Down (1981) discuss the application of the bootstrap
for estimating the variances of location estimators. Parr (1983)
establishes the connection between the jackknife, the bootstrap and the

delta method. Through simulation results and asymptotic expansion,
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he shows that the three methods coincide at least to first order terms.
The absence of skewness leads to the second order coincidence of the

jackknife and the delta methods.

It may, however, be pointed out that the bootstrap is a generalisation
of the jackknife. It is also true that the bootstrap like jackknife
does not always win the ground, see, for instance, Rockeand Down (1981).
In certain cases,such as order statistics, it performs better than the
ordinary jackknife but also requires more computational time. In fact,
the two methods are very closely related. The ordinary jackknife is the
method of choice if one does not want to do bootstrap computations due
to cost factor. The bootstrap method has limited applications, particularly
in connection with complex survey situations it is not known how
bootstrap could be defined. In view of this situation, we will not
discuss the bootstrap method any furtﬁer in this study rather we will
concentrate on the jackknife method which is simple and has wider

utility.

3.2.2.11 The Weighted Jackknife:

The standard jackknife procedure joutlined earlier in subsection
3.2.2.9, defines the pseudovalues symmetrically with respect to the
observations. It may, however, be pointed out that certain observations
are influential and may cause a wide variation in pseudovalues.

A case may be judged influential if the important features of the
analysis are changed substantially when it is deleted from the data,
in particular, if the pseudo-sample contains an outlier. Thus an
estimate that depends heavily on such data points or observations is
prone to instability. The standard jackknife procedure is sensitive
to aberrant values and may lead to erroneous results in the presence

of such observations or data points. This point has been noted,
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among others, by Efron (1979b), Efron and Gong (1983), Hinkley (1977a,
1978), Hobbs, et al., (1980) and Miller (1974a). It was in an attempt
to find a suitable version of the jackknife that could be used with
non-symmetric data that Hinkley (1977b) proposed a weighted jacknife
procedure for robust regression analysis. In the weighted jackknife
the pseudovalues are defined in terms of the distances ”wi" of the
observations from the centre of the data whereas in the standard

jackknife "wi" is constant.

The concept of the weighted jackknife is based on the empirical
influence function. 1In order to grasp the development of the weighted
jackknife procedure it is essential to understand the connection
between the jackknife and the influence function (Huber, 1972). The
story starts from 1947 when von Mises introduced the idea of influence
function in his study of differentiable statistical functions, but it
remained relatively unnoticed for about two decades until investigators
(Hampel, 1974) interested in robust estimation discovered its usefulness.
The idea of influence functions is as follows: Let the unknown
parameter 6 be considered to be a function 6 = T(F) of the underlying
distribution F , and its estimator é to be the same function of the

sample distribution Fn - Then the influence function I(y, 8) is

defined as

1(¥,8) = Lim -T—-L(I”E)FZEG”)‘T(F) (3.83)
€0

where dy 1is the distribution function which places mass one at y -
The influence function I(y,8) measures the amount of change in T(F)
for an infinitesimal change in the weight assigned by F to y . It
is like a partial derivative of T with respect to a change in F

at ordinate y.
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The connection between the jackknife and the influence function
is that the pseudo-values give finite difference sample estimates of

the influence function. ¥For

g:—-——l--—, 1 - g = —— and F =F 2 (3-84)
n-1

the quantity (1-€)F + edy at y = Yi becomes

n 1
- B I = F
(1-e)F + eY, = o1 Fn " na Yy n-1 -i
where F o1 i is the sample distribution function based on (n~1)
-

observations with the ith observation deleted. Now if the finite
difference sample estimate of I(y,8) at Yi for 6 =8 = T(Fn)

is defined by,

N T((l*E)F+€5Yi]»?ua

i(Yi,e) = 7 (3.85)
€ F=F, + & s*;gl}
then it follows that
éi = né -~»(n—1)5__i
= 8+ (a-1) (60 _,)
=6+ 1 (¥, ,0) (3.86)

because

g , = T(l-—e)Fn + e8..)

Yi

If the influence functions is sufficiently smooth so that f(y,é)

converges to I(y,8) for all y as n - o, then each pseudovalue

ei is approximately 6 + I(Yi,e) . This implies that the jackknife
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will be behaving correctly asymptotically because 6 will be
asymptotically normally distributed with mean 6 and variance
f Iz(y,e)dF(y)/n ,-which is correct distribution of 6 for any

underlying distribution function F.

Huber (1972, p.1052) notes that '"Hampel's Influence Function is the
most important heuristic tool for constructing robust estimates with
specific properties. One will strive for influence functions which are
bounded (to limit the influence of any single 'bad" observation),
which are reasonably continuous in y (to achieve insensitivity
against round-off and grouping effects), and which are reasonably
continuous as functions of F (to stabilize asymptotic variance of

the estimate under small changes of F)'".

Exploiting the connection between the jackknife and the influence
function as explained in the preceding paragraph, Hinkely proposed the
weighted pseudo-values and the weighted jackknife variance estimator
for the general linear model Y = XB+e with rank (X) =P and

Var(e) = 021. The formulation is briefly outlined as follows:

- 5 P § .
Let B = (E?g) K?X be the least squares estimator of B8 based
on full data and Qwi be the alternative least squares estimator
. . . A | ~1,T
obtained by deleting the ith row, that is, B__i = (X_iz_i) X—iY~i'
where the subscript -i attached to a quantity means that the ith case
has been deleted. Thus X _. means that the ith row E? has been

deleted from X matrix. Similarly X_i indicates that the ith

value is deleted from Y wvector.

Now the contribution of the ith observation to the jackknifed

estimator is
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. (3.87)

where w, = 5:(&?&)-1§i provides a measure of how far the ith case
is from the centre of the data and Ri =y, - Eig is the ith residual-

The empirical influence function is

A T _ "—’\
I(B; x7;, ¥.) = n(1~wi)(§ @__i) ) (3.88)
The weighted jackknifed pseudovalues are now defined as
B, =B + 1(8; x, ¥.) (3.89)
by, T BB XL Y '
i
and the weighted jackknifed variance estimate is given by
n -
- 1 - - - T
R .- . 3.90
AT cemy izl (B =By (B 8.0 (3.90)
where
n
-1 .
Bw T n .Z BWi
1=1

1s the weighted jackknifed estimator.

The weighted jackknife possesses nice properties and provides a
variance estimator which is robust against the non-homogeneity of the
error variances. The method appears to be promising as compared with
the standard jackknife and other methods in the sense that the residuals
are weighted by their real effect on the estimation. Thus, it is hoped
that the estimates based on the weighted pseudovalues will be less
sensitive to extreme data points and will give reasonably stable
variance estimates. However, still much remains to be investigated
regarding the applications of this method to other non-linear estimators

such as ratio estimator and correlation coefficient as well as in the
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area of order statistics. We discuss the weighted jackknife method,
its properties and its further applicatiomsin greater detail in Chapters

8 - @,

3.8 Model Based Approach to Variance Estimation:

In the previous section we have discussed the randomisation based
approach to variance estimation from complex surveys. This approach,
as we have seen, offers several choices but it has been recognised that
the randomisation based variances may not provide a suitable framework
for inference from an observed sample. In comparison to this, under
the prediction approach to finite population sampling, the variance
of an estimated value is determined conditionally from the set s of
sample units actually observed. By conditioning on the sample actually
chosen, the prediction approach often reveals relationships that are
important for inference but that are concealed in the randomisation
based theory. The prediction approach has proved to be a useful and

meaningful tool for analysing finite population sampling problems.

In this section, we examine variance estimation under the prediction
approach. In particular, we are concerned with a non linear estimator,
the ratio estimator, for which the prediction approach has suggested
alternatives to the randomisation based variance estimator. The prediction
approach has indicated serious drawbacks in the variance estimator
(3.30) for the ratio estimate. For example, Royall (1971) suggested
that this estimator can be badly biased with respect to a superpopulation
model unless the sample is balanced on size 1i.e. the average size of
the sample units is approximately equal to the population average.

Royall and Eberhardt (1975), and Royall and Cumberland (1978) have
suggested alternative robust variance estimators. We review these

and other variance estimators under the model £ . The preliminaries
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have been discussed in Chapter 2 and we will refer to these when the

need arises.

3:3.1 Variance Estimates for the Ratio Estimator:

Consider a population of N units labelled 1,2,...,N .
Associated with the unit i is a pair (Xi’yi) with X, known and
Vs fixed but unknown. The variable v represents the value of some
characteristics of interest while the auxiliary variable X, is
frequently a measure of size of the ith wunit. Some practical

examples are:

(1) yi may be the volume of wheat produced by the ith farm and

X, the acreage under wheat, and

(i1) y, may be the number of patients in a hospital during a particular

period and X the number of beds at that hospital.

Let Yya¥gseessYy denote the realised values of the independent

random variables Yl’YZ""’Y Then we assume that the relationship

N *

between X, and y; can be expressed by a regression model,
Y., = Bx, + e. , (3.91)

2 2
where E(e./%x.) =0 E(e./x.) = . = 0; i 5
ere, E(e/x,) » Ee//x;) ok, and E(eiej/xl,xj) 05 for idj.
This model provides a simple mathematical description of a population
in which the pair (xi,yi) are concentrated about a straight line
through the origin with scatter about the line increasing as x

increases. This model reflects the structure of many populations.

N
The ratio estimator for the population total T = X i o is
i=1

LY.
. - s
defined as TR B e

¥, 1
i

X Under the randomisation approach the
1

nr~-3
|| e~



- 107 -~

A~

ratio estimators TR is biased. However, the bias becomes small as

the sample size increases and is negligible when n is large. The
randomisation based analysis requires that the samples be selected

via simple random sampling. It is this artificial randomisation,
employed in the selection of the sample, which generates the probability
distribution from which the properties of the ratio estimator %R

are derived. Under the randomisation based approach the precision of

~

T, 1is measured by

R
2 N
N ooy 1 - 2
Vo 7 O § .2 (y;Rx)™ s
i=]1
where
)
v,
S (3.92)
¥ X
Yook,
i=1 *

which does not depend on the selected sample s.

The prediction approach suggests markedly different results for

TR than those discussed above under the randomisation based approach.

Under the prediction appraoch, after the sample is observed, the

population total, T , can be written as the sum of two parts,

T =)y, +} . (3.93)
] S

where s 1is a set of n wunits in the sample and s denotes the set

A

of non—sample units. The ratio estimator for population total TR

is unbiased, infact BLUE, under the prediction approach and a measure

of precision attained by %R as an estimator of T 1is given by Eg(TR—"T)2

This result from Royall (1970) is presented in Theorem 3.1.
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Theorem &.1
Under the model (3.91) the ratio estimator TR is unbiased,

that is, Eg(TR*T) = 0 and its error variance is given by

~ 2 B N
EE(TR T) = " (1 :*-'—-O » (3.94)
where ;s is the average of n units in the sample s , §§ is the
average of (N-n) units not in the sample and x , the average of

all N units in the population.

From (3.94), we note that Eg(’}R—T)2 decreases as X increases
which implies that if the model is correct, the ratio estimator is the
optimal and the optimal sample consists of the n units having the
largest x wvalues. However, when such a sample is used, the ratio
estimator can be badly biased under the departures from the model

(3.91). For example, if E(Y ) = qa + Bxi then the ratio estimator

N(x-x_)a _
has a bias -—————— which is large if X is much larger (or smaller)
B} s
than x . If x = X that is, if the sample is balanced on x then

this bias vanishes. If the sample is balanced on higher powers of x

as well, say x3  for j=1,2,...,7 , then the ratio estimator is

unbiased for any jth degree polynomial regression model, see, for

instance, Royall and Herson (1973a), and Royall and Cumberland (1981a).

From (3.94) we also note that the prediction approach provides

~

a markedly different measure of precision in TR compared to that

given by the randomisation approach (3.92). An unbiased estimator of

2

(3.94) may be obtained by replacing 0% by the weighted sum of squared

residual statistic 32 , (Royall, 1971).

_ 1 _ 2
= = g RO x (3.95)
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where RS = This result is expressed as theorem 3.2.

N!fm 1

Theorem 3.2
Under the model (3.91), 32 given by (3.95) is E£-unbiased

. 2 . . . . .
estimator of ¢~ with the resulting unbiased variance estimator

— g7, (3.96)

& _ ﬁi—{l- n} FES )
W n | N

This variance estimator can, however, be badly biased if the
variance model fails, that is, if the variance function is not linear in
x , see, for instance, Royall and Eberhardt (1975). We will discuss
this issue later when we compare the variance estimators (Section

3.3.2.1).

Thesé results indicate that VC given by (3.92), even if known,

would not be appropriate as a measure of after sampling uncertainty

in TR. The reason being that VC is constant and hence provides the
same measure of uncertainty in TR for all samples whereas the error
variance given by (3.94) is a decreasing function of §S . If we

I3 - 3 3 » ~
substitute the randomisation based variance estimator VC ,

2
- _ N7 n
Vc T n (1 N

1 2
ETIZ (y,-R.x)" , (3.97)

for VC in (3.92), the situation becomes less satisfactory, see,for

instance, Royall (1971). Under the model (3.91), the expected value

A

of V is
c

1§

N 2
EE{?(l"f) Sr} N

g2 %-(1—f)§8[1~ %-Vi(s)) , (3.98)

i
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where

2
1 - 2 ,~
n-1 g (Xi xs) /Xs :

]

n _ 1 _ 2 2
f= N ST o3 g (yi Rsxi) and VX(S)

A

The relative bias in Vc is

B, (V) B, (T,-1)” {1— L vi<s)J X
RB = . 5 = — -1 £ |~ -1 , for large n . (3.99)
Eg(TR—T) xx; xxg
_2
X
s

(Royall and Eberhardt,1975)

The relative bias given by (3.99) increases as X, increases and 1is
positive or negative according as X, is large or small. The relative
bias vanishes only when x = X, that is, when the sample is balanced on

X .

Royall and Eberhardt (1975) adjusted $C to remove its bias

under the model (3.91) and the resulting unbiased estimator 1is

. . S?;SE )
" = VC :'—2—- (l - EVX(S)] (3.100)
X
8
These authors also showed that QH is asymptotically equivalent to
the jackknife variance estimator Vj , for g =n .
The jackknife estimator features both in the randomisation and
the model based approaches. In the latter because it conditions in
some sense on the sample data.
& |- - 2
N ( N 2 _ v, . gy,
v.o= ) x| [1- 2 g1 y 4 1 y (1) , (3.101)
Iooqist Moeosix,.. 8 AR,
(3) (3)

where






Under the model (3.

Now

Substituting these
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91), the expected value of V. 1is given by

J
2 g (y.-R x. 8 (y.-R x.)d,
A U S I i
flym 7Y i1 (e’
- 2
~R %.)d. - = .-R x.)d
1@J x)d, = 2 izlwl x,)
()2 & )2
E, Bx.+e.-BXjJ = Egjzl -(B—s)xj+e._
/ ~
£ (é»—g)%@—zé.(é—s);.é?J
£ i i
\f
Xyi 12 9
= Eg S P Bl = o)
% %
s J s
! ]
2
_ 1 2 o -
=E | L ei/n] == 1 otk = ok,
1€ ] n 1ej
J
7/
1 ) 7i
= Eg a-( z ei} S
i€ ] é X

= 02/n .

expected values in (3.104), we get

(3.103)

(3.104)



2_2
07X, 2 2
- =2 g -2 %%, + L%
Eg z (y.vRSx.) = Z s n j n o j
j=1 43 J j=lis
2 (8
= - x L Y (x.-x ) /x (3.105)

R s

Substituting (3.105) and the e

after simplification,we get

xpected values for the other terms in (3.103)

n )N g (%.-% )° g (x )
B (V) =0 7 (- 1E T o glg-1) + ) =L d%| /gle-D)
X j=1| x j=lix J
S ] S
ie - 2
g (= g =

*5 1 £ 3L

ST A i Pl i M e g(g-1) (3.106)

j=1 g J € i=1 xS J

For large

g , the jackknife variance estimator V.

can be approximated

J
as
- 2 &
" 2 X
vp = NS0 =) D (yRX) ?/g(g-1) (3.107)
(X j=1
s
when g =n and n 1is large, VJ is closely related to VC and VH’
that 1s N2
v.o=v |2 3.108
J cl= (3. )
Xs
Since from (3.100) we have VH = VC -%-, therefore when n 1is
52
large and f is small, we get S
5o (3.109)
VJ VH
Royall and Cumberland (1978b) proposed a variance estimator VD’
~ N XX~ z
XS 5 nXs
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This estimator is unbiased under model (3.91) and is very much like

S ~

Vy s that is, asymptotically equivalent to VJ and approximately

unbiased for more general variance models, gee for instance, Royall

and Cumberland (1981a).

Royall and Eberhardt (1975), assuming that the error distribution

~ A

is normal, computed the variances of VJ, VH and VW'

2
R 2 (=2
Var(v,) = §-(1—f)t§w 2o4
J g -~

L x

s
This implies that for a fixed s and hence fixed n , the variance

_2 )
X [ (g=1)7 . (3.111)

I o~ 69

j=1

given by (3.111) is a decreasing function of g which is in agreement

with Rao and Beegle's (1967) Monte Carlo results who also observed

A

that g = n gives better results for V

I
N
A N xx; 2
Var(Vw) = Var §-(1—f) :5—-2 (yi—RinL/%i(n—l) R
R, s
Y
XK~ 4
N S 20
: (1-£) §-~ - - (3.112)
s

and

. N xx <yi'Rin)2 ) 1
Var(VH) = Var 7 (1-£) iz Z oD [1 - ;~Vx(s% .
s

gs 1.2 [ 2 1( gs ]
;‘E 1 + —— VX(S) - [ 1 {sw 5 -
~ X X
= Var(v, ) —> SS .2 (3.113)
W ) z
(1 - ﬂ-VX(s)>
_ ) &
where x = S 1
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From (3.112), (3.113) and (3.94), it is apparent that under the

assumption of normal distribution both the estimators VH and Vw

are consistent in the sense that their relative variances approach
zero as n increases. The ratio of their variances for large n
is approximately given by

Var(V_)

H 29 4 v (3.114)
var (V) *

This implies that under the assumption of normal distribution VH

A

is less efficient than Vw , see, for instance, Royall and Eberhardt

(1975) .

3.3.2 Effects of Failures of the Simple Model:

A desirable property of any variance estimator is that it should be
robust in its ability to approximate the true mean square error when
the correct model is different from the assumed one. A basic model
can fail under two situations. Firstly, the variance may not be
proportional to x , that is, Var(Yi) =v; # ozxi . Secondly, the
regression function may be E(Yi) = h(xi) # Bx, . These two forms
of departures from the original model have independent effects on the

variance estimators.

Each of the variance estimators considered earlier in Section 3.3.1

is of the form, V =C Zli(Z) , where Zi is a linear functionof vy
i

the vector of y's 1in the sample, and ¢ 1is a constant which may__

XX~
depend on s but not on y. For example, V. has C. = (%0(1~f) :ﬁ§-~

W W x (n-1)
S

»~

2
/

and 1, (p) = (7;-R,x)//x, . Since E(z(yzj = Varl(Y) + (E(Z(y)']z

therefore, under this situation, we have
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BV = ¢ ) tvarz, (@ + (B @)%,
1

i

C ) Varl (D) +¢C Z[zi(Eg)]Z : (3.115)
1 1

From expression (3.115), we note that the expectation is the sum of

two parts, first part depending on the variance function Vv and the
second part obtained by replacing Yi by its expected value E(Yi)'

If the regression function E(Yi) = Bxi is correct, then the second
part in (3.115) is zero for all variance estimators under consideration
in this section, see, for example, Royall and Eberhardt (1975). We
discuss the effects of these departures from the original model
separately following Royall and Eberhardt (1975).

3.3.2.1 Variance not Proportional to Size:

We assume that

- . 2
E(Yi) = BXi and Var(Yi) = # 0 X, (3.116)

A~

Under this model the error variance of T is

R
- Z i g N 2
(i) E(T-T)" =E X, = ) ¥ ,
&R & g *ii=1 * i=1 '
“
7 ~,
L ey § 2
= E 2 X. - e, s
2 ¥ X; i=1 * i=1 *?
s
\
)
X, e -
\i=1 Y8 i efy 2 2
= Eg 5 - 2N .Z X — + N ey .
£ i=1 X

N

- — 2 —
Cov(es,eN) + N Var(eN) .

(3.117)
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Now
c) = Ly =L .
Var(es) Var( ) e ] 5 ) v, =V
s n s
- 11§ 1 N
Var(e,) = Var|= e = Z v,
N Nz o wtgn

Cov(e ,e
(s,e

= e & —". - —-},._. ——-1—
N) Eg(es’eN) EE(es)E(eN) T AN iésvi N Vst

Substituting these expected values in (3.117), we get

A N
2 1 = 1 1 -
Eg(TR " = — ~ V- N 5 Vs ’Z v,
Xy X 1=1
s
N 3 N _
lzl xi VS N - N 'Z"]_ les
= 5 E X, -0nx | + z v, = 1z -
ﬂgs o 1= XS
. i~ X,
& o (L=f) 1+f —— R —— T~
£ ) P v " *sVs s's *Vs|
Xs
= C|1+f|— o~ -y
£ ; {XSVS XSVS}/ XSVS 5 (3.118)
where
) Ry
¢ = E’(I"f) iﬁ”‘vs
b4
8

(ii) Variance Estimator V.

Under the model (3.116) the expected value of the randomisation

A

based variance estimator VC is given by
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A_N_{_wzﬁ
E.(V) = 7 (I-DE, Z (y,~R.x)"/(n 1>J ,
N ~ 2.2 . 2
= § (-DE, g (B-B) xi“Zei(B*B)xi+eiJ/(n~l) ,
= g-(l—f) ) X2 Var(é—B)—ZCov(e é); x. +Var|) o2 / (n-1)
f “ $L% L% "
Now

2. v
Eg Z (ei) =) v

i
txd

- i ()
E,(8-8) : - B ={Z viJ/ [z x,

V.

Cov(e,8) = E_(e.8) - E (e.)E, (8) = E.(e,p) = i
i £ 71 177 ¢ £ 1 § Xi

it

Substituting in (3.119) and simplifying we get

2

- *s 1,2
EE(VC) =C——41 + = (VX(S) - ZVXV(S)

K X
S
where

XX z(v.'; Y(x, =% )
=N e S_ - _ 5 1 s i s

C T (l f) :2* VS and VXV(S) = N

X (n-)x v

s$'s

From (3.118) and(3.120) we note that when f 1is small and n is

large,

A 0N =
Eg(TR—T) 2 C and EE(VC) = C ~

(3.119)

(3.120)
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-~

The relative bias in VC is

n . 5 2

E (V) - E _(T,-T) X

= - - 5 =21 (3.121)
Eg(TR_T) X: X

This means that if the sample is balanced on x , the randomisation

A~

based variance estimator VC is approximately unbiased under the model

(3.116).

~

(iii) Weighted Least Squares Estimator V.

Following the same procedure, the expected value of the weighted

~

least squares variance estimator Vi could be obtained and is given

by

7y =N (1-f) — S E T (y.- 2 -
Eg(vw) - £ (]— f) — Eg Z (Yi RSXi> /Xi(n 1) N
4 s
S
N EQ; . n ;s ——
= 'I—.:.' (1"f) 7‘ VS 1+ ‘r‘l‘:’i‘ S (V/X)S -1 N (3.122)
XS VS

For large n , (3.122) reduces to

N X
. . s T — 1
B (V) = C = (V¥ , where (V/x) == z v, /%) .

~

The relative bias in Vw is

° - 2
Eg(Vw) Eg(TR~T)

<!!m>¢l

——— /¥, =1 (3.123)
B, (Tp-T)

Thus the bias in Vw can be serious when the model fails and the form

of this bias depends on the variance function v (x)
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(iv) Variance Estimator YH

The expected value of V, under the model (3.116) is simply the

e 1.2, ) .
product of |—5 // (1 - E’VX(S)J and the expected value of VC.
P
8

Thus, we have

- - )

N N ~X 1+ l'{Vz(s)—ZV (s)} i

E (V) =N (1-f) 58 3 n X XV |
£ H £ (;{ )2 S (1__1_.‘]2(5,)} |

s L L n x J /]

1.2
1+ = {Vo(s)-2V  (s)}
=C n_x 3 XV i (3.124)
1 - =V (s)
iy} X

~

From (3.124), we note that for large n , VH is approximately unbiased

under the models where the variance function is not proportional to

X . Also from expressions (3.121) and (3.124),, we note that when

A~

X, = %X the estimators VC and VH are both unbiased but when Es %

~ A

the variance estimator VC becomes biased whereas VH retains its

unbiasedness.

~

(v) Jackknife Variance Estimator VJ

Under the model (3.116) the expected value of VJ is given by

g g g _ |V
) DGk /x % TR.a®2 T Y5 TR s sm)
. : 21 3 87 Ts o A z X )] j
B, (V) = C :fl 1+ 3 =1 :
X~ -1 -1)%vy
3 g(g-1) 8(g~1) v,
N
: v 2 1 : v :
booavem S x @ik /x) - = Y |ov- | Ea. T 4.k /% )
j=1 X J 3 s 8 ;21 1 ;S 1 521 J 3 s i
3,.., i
g(g-1) v J

(3.125)
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Thus when f is small, n 1is large and g 1is large as well, the variance

estimator VJ is approximately unbiased, that is,
. = . 3.126
Eg(VJ) C ( )

From these results, we conclude that the variance estimators

~

Vy and VJ are approximately unbiased for all variance functions when

n is large, f is small and g is large as well. For g =n , the

~

variance estimator VH approximates VJ. Since VD is like VH

~ ~

similar behaviour is expected from this estimator. The randomisation

A

based variance estimator VC is biased regardless of the variance
function. However, when the sample is balanced on x , this estimator

is approximately unbiased for any variance function. The weighted

~

least squares variance estimator Vw is unbiased: for all samples, but

only when the variance function is linear in x .

3.3.2.2 Implications of the Failure of Regression Models:

Earlier in Section 3.3.2, we have mentioned that the expectation
of each of the variance estimators considered is the sum of two terms,
the first depends on the variance function and not on the regression
function, whereas the second depends on the regression function and
could be obtained by substituting E(Yi) for Yi in the estimator.
We illustrate this point for the variance estimator Gc’ the others
could be handled in exactly the same way. Consider that E(Yi) = hxi
and Var(Yi) = v

v =
C

rhi=Z

1 = 2
(1=6) o= iél (y;=Rgxy)™ -

From (3.115), we know that



Eg(VC)

where

and

We note that expression (3.127) equals Expression (3.120) + be -

[}

[}

i
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Ky Var(yi~Rsxi) + K z%é(yi-Rin)}z
s s

N 1
where K = = (1-f) -
| gEg(’i)
K 2 Var(yi—Rsxi) + K Z Eg(yl> - 'Z'“"-;{-“—" Xi
s 8 i
s »
Z hx.
- S l
) Var(y,-R x,) + K ] |hx, - N B
s s i
s
X 2 h
] 1(,2 _ N _ _ s
C—=41 + n(Vx(s) ZVXV(S)} + - (1-£) Z hxi = X
X~X S XS
s
2
X
s 11,2 B
C—— 141 + = {Vx(s) ZVXv(s)] + bCK .
X~X
s
XX
N 8 = _ 1
¢ =7 (1-0) , B =] bx,
- s
X
s
2 h
_ N - RN
by = o (1-£) g (hx, - x,)"/(n-1)

Similarly, we can calculate expressions for the other variance

estimators.,

Since we are interested only in second part, therefore

we will write only that part of the expression. Thus,

w -
X s bis
s 8

. §§§ f 12
b, = 7 (1-£) :”“z 'hxi - {Mﬂ XiJ /(n-—l)xi

/(n-1) |

(3.127)

(3.128)



N =z ANk ‘2(1 {1]v2( (3.129)
bH =5 (1*f)x;x g hxi- (_ZJXi // (n-l)xSL —1V 5) .
XS
- - 2
2 & 1(h . & fh .
bo=X (1-Hxae-n J =D -L 7 | D /g (3.130)
ot i=1 ||x,. & i=1 |% .
(i (i)
s
and
= o2
_ 22| hs ;1
Puse = N T‘_—] g : (3.131)
X X
S
where. !

The expressions bH and bJ reflect the implications

Pyse? o Py
of departure from the regression model E<Yi) = Bxi on the actual MSE
and the variance estimators. We note that the failure of the regression
mode 1 E(Yi) = Bxi appears to affect each of the estimators under

study in approximately the same way and for well balanced samples

this effect tends to be conservative (producing positive bias), see,

for example, Royall and Eberhardt (1975).

3.4  Summary and Conclusions

Accurate variance estimates, which are trustworthy under broad
conditions, are necessary for survey sampling inference. Variance
estimation has been a problem in the past while dealing with large
scale complex surveys, particularly when the variance estimates were

required for non-linear estimators and for analytical statistic.
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One can identify two main approaches to variance estimation, that
is, the randomisation based approach and the prediction theory approach.
The randomisation based approach promotes the use of randomisation
methods, that is, the methods justified by the randomisation distribution
induced by the sampling design. This approach has provided a variety
of methods for variance estimation under complex situations as
discussed in Section 3.2. These methods can be classified under four
main groups. Firstly, by a careful consideration of the specific
function f it is possible that an estimable expression can be derived
for Var f(Yl’Yz""’YN) . Secondly, it is possible to employ the
numerical calculations for the appropriate partial derivatives of f
by using Taylor Series method. The third class of methods, which we
have discussed, belongs to pseudoreplication techniques developed
by McCarthy and others during the 1960's. The fourth class of methods
is known as the jackknife procedures which are based on the idea of
pseudovalues., The problém with the randomisation based variances is
that these are unconditional, that is, they do not depend on the sample
actually observed and hence are not suitable for a meaningful inference

from an observed sample.

The prediction approach,by utilizing the regression models, provides
a suitable framework for studying the properties of the estimators
from an observed sample. For example, the prediction approach has

pointed out serious flaws in the randomisation based variance

~

estimator VC , for the ratio estimate,when the variance function is
linear in x . These flaws continue to persist under more general

models unless the sample is well balanced on x . The predication

approach has also provided robust-variance estimators like VH and

A

VD which perform well under more general models., The ordinary
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~ ~

jackknife variance estimator VJ also shares the properties of VH

and VD. It is hoped that the weighted jackknife procedure may
provide the long desired robust estimator that could limit the influence

of any one observation and thus lead to stable variance estimates.

The weighted jackknife is the main theme of our study.
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CHAPTER 4

ESTIMATION OF CORRELATION FROM COMPLEX SAMPLES

4.1 Introduction

One of the areas of considerable research activity in sample surveys
during the last two decades has been to explore methods of computing
sample estimates of the variances of non-linear statistics computed
from complex surveys. The most familiar example is the ratio estimator
but initiative has also been taken for statistics like partial and
multiple regression and correlation coefficients which are often used
in the analysis of survey data. Correlation analysis not only has an
important bearing on sociological studies based on sample surveys but

also forms the basis of many multivariate techniques.

Statistical inference, whether it pertains to confidence limits
or tests of significance, is based on the assumptions that the sample
estimate of the population parameter is approximately unbiased, an
approximately unbiased estimate of variance of this estimate is
computable from the sample and that the distribution of the ratio of
the difference of the sample estimate and its expected value to its
estimated standard error could reasonably be approximated by a standard
normal distribution within symmetric limits. These assumptions are
fairly true if the sample design is a simple random selection of
elements, the estimate is a simple statistic like mean or total and
the sample size is large. However, departures from simple random
selection and descriptive parameter estimates may render the above

assumptions dubious.
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Many sample surveys are characterised by complex clustered and
stratified samples and often depart drastically from a simple random
model, see, for instance, Kish (1965, Sec. 14.2). The important
question, therefore, arises about how far standard statistical
procedures based implicitly on simple random sampling are appropriate
when the population has a complex structure. The pioneer work for
estimating analytical statistics such as correlation and regression
coefficients from complex surveys is due to Frankel (1971) and Kish

and Frankel (1974).

Kish and Frankel (1974) studied descriptive P-inference. Besides,
Kish and Frankel, the descriptive P-inference has also been studied
by Jgnrup and Rennermalm (1976) and Shah et al., (1977). The finite

population parameter of interest is defined as

T

B= (X'0) X'Y, 4.1
where
e B XpgorZip e
Y = |! , B = | and X = || . s €% E
Ty Bp BreeXyp °x
N
The error vector e has the property that z e, = 0.

Recall that there are two main approaches to making a descriptive
inference for samples drawn from the finite populations, the random-—
isation based approach and a model based approach. The model based
approach considers the finite population of N wunits as a random
sample from an infinite population. The population data can be

characterised by the regression equation,
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Y=XB+e |, (4.2)

where, Y is an N x 1 vector, X is an N x P matrix, B is

a P x1 vector of parameters and ¢ has a probability distribution
£ with EE(E) =0 and Varg(g) = ozy'. A sample of n units is
drawn by using the éampling scheme PS. This sample is assumed to be
independent of both Y and X and is ignored for making inference

from the model (4.2). A descriptive parameter of interest in this case is

the generalised least square solution of (4.2), i.e.

oxvly . (4.3)

= X'V

fodge

In case the population consists of clusters, the covariance matrix
will include terms that represent the intra-cluster correlation
coefficients. When V =1 , the ordinary least squares solution of
(4.2) gives the finite population parameter B . If Ys and Z%
represent the sample values of Y and X , then the ordinary least

squares estimator of B or B 1is

n ' -1,
B = (XX) XY . (4.4)

which is E-unbiased for B or é or B .

Smith (1981a) gives an illuminating discussion on both types of
inference. He argues that "the interpretation that the survey design
does not matter in the model based approach is not correct because
design always affects the efficiency of an inference in terms of
criteria such as mean squares error.” Rubin (1976) describes the situations
in which the design can be ignored. Further details regarding these

issues could be found in Fuller (1973, 1975), Hartley and Sielken (1975)

and Holt, Smith and Winter (1980).
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Hartley and Sielken (1975) classify regression models according

to these two criteria which is reproduced here as Table 4,1.

Table 4.1 Sampling Theories Classified by Sampling Procedure and
Target Parameters.

Sampling Procedure
Target
Repeated sampling from Repeated two step sampling
Parameter . .. . e e . .
a fixed finite population | from an infinite population
Parameters of Classical finite Superpopulation theory
finite population sampling for finite population
population theory. sampling.
B or B P-inference E~inference.
Parameters of Inference on infinite
infinite Infeasible population parameters from
superpopulation two step sampling procedure
Analytic E-inference.

The purpose of this chapter is to comsider the problems encountered
with the estimation of correlation from sample surveys with complex
designs. Frankel (1971) studied the behaviour of simple, partial and
multiple correlation and regression from clustered stratified samples.
In Section 4.2, we give a brief review of his study for the estimation
of correlation and regression for finite populations. We discuss some
alternative estimators for the estimation of correlation coefficient
from stratified populations in Section 4.3. Non-simple random sampling
leads to the biased estimation of the population correlation coefficient.
Section 4.4 deals with the comsequences of the sampling method on the
estimation of correlation and regression as elucidated by Warren (1971).
In Section 4.5, we investigate the effects of stratification on the
behaviour of simple, partial and multiple correlation through a
simulation study. Finally, in Section 4.6, we give a summary of the

main conclusions.
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4.2 Frankel's Study

Using data from the March 1967 Current Population Survey,
Frankel (1971) investigated the behaviour of complex estimators for
three clustered stratified sample designs of 6, 12 and 30 strata with
two primary sampling units being drawn from each stratum. The population
of his study consisted of 3240 primary sampling units each of 14.1
households on the average. The study included 45,737 households in all.
This study involves a clustered stratified sampling design with proportional
stratification and equal probability of selection which implies a
self-weighting sample. Simple random sampling within each stratum is
assumed. The strata were formed on the basis of geographical regions
and population density (rural - urban). A summary of the sample design

appears as Table 4.2.

Table 4.2 Summary of Sample Designs Used by Frankel (1971).
Design | Primary | Number | Number Number Average | Coefficient
units of of of Sample of
per Strata | Primary Samples Size Variation
Strata Units Selected of
' Selected Sample
Size
I 540 6 12 300 170.3 0.190
11 270 12 24 300 339.5 0.130
111 104 30 60 200 846 .5 0.074

The study comprised eight variables for each household which were

divided into two groups to form two multiple regression equations, i.e.,

(4.5)

(4.6)
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The details of the variables and their identification numbers are as

under.
Identification Number Variable
1 Number of persons in household under 18.
2 Number of persons in household.
3 Sex of household head.
Y Total income of household head.
Y' Total income of household.
4 Age of household head.
5 Number of persons in household in labour force.
6 Years of school completed by household head.

The estimates studied were based on the following two mutually exclusive

groups of variables.

Group Predictand Predictors
I Y 1, 2, 3.
II e 4, 5, 6,

No estimates were formed from variable pairs not within the same group.

Thus correlation was computed between variables 1 and 2 but not between

1 and 4.

Frankel considers a finite population of N elements where the
values Y. . . RN i i i
i Xll’ le, X31" ,Xkl are associated with the ith element

of the population. For measuring the relationship between Y and X

N K
. . 2
the population parameters B. are defined such that E (Y. - Z B.X..)
] LB i P b ]
i=1 3=0
is minimum, where Xoi =1, that is Bj are the ordinary least

~

squares regression coefficients. The estimates Bj are obtained by
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treating the sample of n vectors from the population of N vectors

K
as 1f it 1s a simple random sample. Thus minimising ? (.- 2 ﬁ.X..)2
) i=t =01 It
with respect to Bj , we get
% ~
U.B. =V ,m=0,1,2,...,K (4.7)
320 mj j m
where,
N n
U.= ) X X.. and V_= ) Y.,X,
m]j 2y miji m c i“mi

Without assuming that the population under study conforms exactly or
more closely to the model being used, the correlation coefficient
population values are interpreted as the proportion of variability
in Y explained by the particular model under consideration, see,

for instance, Frankel (1971, p.20).

The ordinary least squares regression theory, on the other hand,

assumes the model

Y, =B8X, + ¢, . (4.8)

T

k) . It further

- T -
where X, = (Xli’XZi"”’xki) , and B8 = (Bl,...,B
assumes that
(a) E(gi/xi) =0 , for all i
(b) Var(ei/Xi) = 02 for all i
(c) Cov(ei,ej/xi,xj) =0 for all 1i# j

@ e vNO, &) .

Kish and Frankel argue that this and other well specified models
give desirable results but the problem is how to reconcile this model

with the real population being studied. For example, clustered
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selection introduces positive correlation between the errors of the
model and the assumption (c¢) fails. Besides, these correlations
have serious effects on the statistics based on complex samples and
also pose formidable theoretical difficulties. For example, as a
broader class of anmalytical statistics, we may think of the coefficient
of multiple linear regression. The derivation of their distribution
implies independence of observations and not of the variables whereas

clustering destroys the independence of observations.

4.2.1 Estimation of Complex Statistics

Kish and Frankel (1974) investigated the properties of the first
order and second order estimates for three clustered stratified
designs. The first order estimates in theirhstudy comprised 8 ratio
means, 12 difference of ratio means, 12 simple correlations, 6 partial
correlation coefficients, 2 multiple correlation coefficients and
8 partial regression coefficients. For these estimates, they compared
the relative biases (ratio of bias to parameter). The formulation is

described as under:-

Let denote the value of the Pth wvariable for the ith

Xphai
element in the atR® primary unit of the hth stratum for the population
where p=1,2,...,, i=1,2,...,1 ,a=1, 2,...,A and h=1,2,...,H.

The corresponding values for the sample are denoted by xphai where

all subscripts have the same range except a = 1, 2. We have

(1) Means:

- ? ? zah
Xy = X, . /HAL (parameter)
Pp21 a2t i=1 phai ah
i § Iah imate) (4.9)
x e .
xp = 2 E _2 Xphai/ZHIah (sample estima
h=1 a=1 i=1
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(ii) Correlation Coefficient:

¥

Covariance PP' ¢
Ppp' = - PP , (parameter) (4.10)
]
(VarPVarP ) (SZS% )%
PP
where _
H A I H A I
ah ah
H A I DS N 11 X Shai
c ' z z zah X X, . - h=1 a=1 i=1 h=1 a=1 i=1
PP" pay a=p 4=q  Phal phai N
H A Iah 12
H A I z Z .Z Xphai)
2 ah 2 h=1 a=1 1i=1 i
s= | LoD I - X 4.17)
h=1 a=1 i=1
The gample estimates are:
22 .4
(S St )
PP
where
H 2 Iah H 2 Iah '
Z 2 .z Xphai 2 2 E Xphai
g § %ah ~_ h=1 a=1 i=1 h=1 a=1 i=1
c'= X 5 < n
PP L?=1 a=1 i1 phai” phai
and
H 2 I H 2 I 2
2 2, { ah 2 ' ah
s = g '= z Z z X . .- ( 2 Z 2 X .) /n (4.13)
PP L?=1 a=t i=1 PRl Ny .oy g2y Tphal
(iii) Regression Coefficients
Let the variables be recorded so that Xl’ XZ""’Xk-l are k-1
predictors and Xk is the predictand, then
)T (4.14)

B A _ * h I matrix with gqth
where Wk - TxE Exk and A" is the kx k q

element

H A I
: b 2:1’2’...,1’;__1

fay 1= 7 V7 yahy oo
A . i 1
q h=1 a=1 j=1 fhai“qhai ? q=1,2,..., k1
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Hoa lan
and V is k x 1 vector with 2th element {Vz} = Z Z .Z thaixﬁhai
h=1 a=1 1=1
2 =0, 1,...,k-1.
The corresponding sample estimates are given by
~ _ ~ A ~ T
§ - (80’81,---,61{_1) » (4.16)
Kx1 :
where
A S * _
B = a v and a is a ik X k¢ matrix with 2qth element
kx1 kxk kx1
H A ;ah
* = b ,Q,: |
ﬁzq } Lob L xzhaithai s O,...,k~1
q=0,...,k~1 I
H 2 “ah
i i L = . .
and y 1is a k x 1 vector with £th element {VQ} hZ1 321 L thalxzhal

(iv) Partial Correlation Coefficient

The partial correlation coefficient is defined as the correlation
between two variables when all others are fixed. For the population

values the partial correlation between Xk and X2 is defined as:

{Ckz}
Reg 1, k-1, kel g j (Parameter)
' ’ ‘ (fc, e, hF
(4.17)
where Czq is the g2qth element of a k x k matrix c = E1 and R
is a kX k population correlation matrix with gqth element
S L= 1,2, sk
,Qq 2 .2 % ’ q = 1,23 ok
(s s7)
Yo q
The sample estimates are:
{e, }
kL
reg s ] . (4.18)
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where &32 } is the gqth element of a kxk matrix ¢ = r‘1

ey

and py is a kx k sample correlation matrix with gqth element

_. /(SZSZ>% , L= 1,2,...,k
2q" "TLTq

{rzq}

£
It
—
-
W]
-
-
-
I3

(v) Multiple correlation:

Multiple correlation coefficient may be defined as the simple

Correlation between Y and its linear regression B1X1 + B2X2

on X X

TRy X3 ¢ Thus the population

B X, + B2X2,...,+B

1% 1Kk K

multiple correlation coefficient is given by

1
2

Rpegy = [1 - g— 17 (Parameter) (4.19)
kk
Let
( )
1M1 2 3 ....q ....k
211 ey P13 P g Rk
21P21 Pa2 PaztotPagrttPoy
R =:|. e e
<k £1%21 Pr2 Pz Paq Pk
Pt 0 P3P Pk
)
1 2 .. q .... k
(20 Zi2 vt Fag ot P
. 1 120 12 %] 2]
and = R
K<k kxk 2?3.‘.?223%9.?23‘.
SE %] 2]
3 L A TR
1217 2] 2]
G R
=l ] 2] 2]
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i 2 iees 3 cees @ oo k
1811 C2 €43 C1q Cix
2(Cyy Cpp weer Cgg weee Cp woee Gy
3|Cyy gy wnne Gyy veee O eevn Gy
c = . e
S Pt
221 Cp2 Ce3 Coq Cox
Gt %2 % kg C )

) - R - Lzl

2 2 2
- R = (1- - (-
1€2,....,k-1) 2, (1=p7) (=033 ) (=pip.2) -

k1,2, .

Cxx

N PR L1 AR PR IR

.. k=1)

211

Crex

The sample estimates are:

(4.20)

4.2.2 Results:

In Frankel's study the relative biases for 5 in 12 simple correlations
for 6 strata design and 3 in 12 simple correlations for 12 strata design

are greater than 10 per cent. These relative biases, however, decrease

as we proceed to a 30 strata design for which the relative biases for the

individual simple correlations are less than 5 per cent. For the partial

and multiple correlations the relative biases are much higher as compared to

simple correlations. For example, the relative biases for the partial

correlations r for the 6 strata designad r o for 12 strata design

y1.23 v

are greater than 25 percent and 15 percent respectively. Similarly the

relative biases for the multiple correlations ry(123) is greeter than 20

percent and that for r is greater than 12 percent for 6 strata designs

vy’ (456)

(see Appendix I). The average absolute relative biases for the simple,

partial and. multiple correlations decrease with the increasing sample
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size and are comparatively higher for the multiple correlations except

for 30 strata design for which these are higher for the partial

correlations than those for the multiple correlations.

Kish and

Frankel (1974) conjectured that the high relative biases for the multiple

correlations were due to the basic defects of the estimator rather

than the complexity of the selection design (Table 4.3).

Table 4.3 Average Relative Biases in Complex Samples for Simple

Partial, Multiple Correlations and Regression Coeff1c1ents

Estimator

No in

Relative Biases

Coefficients

6 Strata 12 strata 30 strata
Average design design design
300 samples 300 samples 200 samples
Simple Correlation 12 0.06972 0.05399 0.01748
Partial Correlation 6 0.12333 0.08365 0.05863
Multiple Correlation 2 0.16002 0.11115 0.04670
Regression 8 0.04978 0.03320 0.02776

Source:

Kish and Frankel advocating the estimation of B
regression coefficient) argue that some researchers could benefit

by knowing the amount of the relationship between Y

Kish and Frankel (1974) Table 2.

and X

could be explained or accounted for by a linear model like

Y. To t Bxs+g., i=1, 2,.
] J J
variables (with zero mean and variance

They stress that it is not necessary to assume models as described

.y N with gj

assumed 1.1i.d

5°) or some other model.

that

random

(Finite population

above because the purpose is only to know how much of the variability

in Y

a different point of view is expressed by others(Konijn, H.S.,

Smith, T.M.F.

can be explained by the particular model we try.

in the discussion of Kish and Frankel,

However,

and

1974) who argue

that the researcher's primary objective is to discover some (at least

approximate) relationship between

and X

and the amount of
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variation that can not be explained by such a relationship would as a

natural consequence form the basis for the evaluation of the results

obtained. This implies that the primary interest of the most of the
users is in the estimation of the parameters of an appropriate model

rather than the estimation of the descriptive measures like B ,

)
Sxy _ i1 Fg R OG0
B = -3 - (4.21)
8 e
x )
i=1

Frankel employed estimates of (4.21) which are valid for simple
random sampling. Since the sampling designs used in his study are
' self~weighting, these estimates are consistent for large samples.
With unequal probabilities TS SXY and S% are estimated term by

term using the method of substitution, and the estimates of population

expression B are given (Brewer and Mellor, 1973) as under:

T -1, 2 - T -1
. Z Ty ( Z T3 yixi)‘(.z1 T3 yi)<.z1”i %)
B = = = . (4.22)

. )
X T, X.)
=1 1 1

where n is the number of sample units and m is the total

n n -1 2
(Lo Z1 o) TG

probability of inclusion of the ith wunit in the sample.

4.3 Some Alternative Estimators:

For a stratified sampling design where n, elements are drawn

from each stratum without replacement and with equal probabilities

at each draw, the parent population correlation coefficient p is

given by
L Nh
R C AP SR CAPES T
_ h=1 i=1 _ XY (4.23)
"o T TE N 2k Y _ 2t ot '
DS CE" R D R CA 1 XX"TYY
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where

N Loy
= y x,;/N and Y = ) Y /N
h=1 i=1 h=1 i=1 **

>t
i
o1

In this situation, Frankel's estimates for the population expressions

T i .
xy? TXX and TYY can be written as
L nh _
Toy &P = ) T G (v 9
h=1 i=1
where
L n L n
x= ) zh X /n and y = ) Zh Yy /n
h=1 1i=1 h=1 1=1
Thus, we have
. L o _ : L -
T (K.F) = hz1 121 ey =5 (559, ) + hzs n, G =%) (7, )
L n L
2 h =2 = =2
T, (R.F) = ) ) (2, ,-x )" + § n (%, -x)
XX he=1 i=1 hi ~h he1 h*"h
and
- L n L
_ h =2 = -2
Tyy(KF) = Z .Z N I N L
h=1 i=1 h=1

The estimator for p 1is given by

~

~ TXY(K.F)

, - 2
[Ty (K-F) . T, (K.F) ]

4.3.1 Koop's Estimator

(4.24)

(4.25)

(4.26)

(4.27)

Consider a finite population divided into L strata, each stratum

having N identifiable elements (h = 1,2,...,L) with pairs of

h



- 141 -

~ measurable values (xhi’ Y o (h=1,2,...,L; i=1,2,...,Nh) so that

3 Nh= N . Let n, elements be drawn from each stratum without
zgglacement and with equal probabilities at each draw. The total sample
size 1is % n =n . In this case in order to estimate the population
correlatiog—jp given by the expression (4.23), Koop derived unbiased

estimates for the population values TXY’TXX and TYY which can be

written as

: % N, -1 N, N_-n_ Z _
T = —— = (1= =) ————— |5 (x,y) + N (x x )(y -y )
XY (K) ney o, N nh(nh 1{1 t,h h 7st
(4.28)
’h _ _ Lo
where Sh(X,Y) = 'Z (Xhi”xh) (yhi_yh)) XSt = Z N‘“‘ Xh b
1=1 h=1
_ Lo(v) _ _ _
Ver = h£1 Y% o % and v, ~are the unbiased estimates of X, and ?h
respectively.
Similarly we have
L N —1 N N, -n L
" h h h "h - - 2
T,,(K) = ; — = (1~ — -~—--l S, (x,x) + z N, (x,-x ) (4.29)
XX hey o N nh(n D] “h poqy hTh Tst
L [N -1 N N-n_ | L
- h h h 'h - - 2
T, (K) = ) - U -5 === 5 + ] N (5 -y ) (4.30)
Y N N oo (-1 “h T RN
"n_Th
For a self weighting design we have, Pl and substituting
in (4.28), (4.29) and (4.30), we get
A le %Nh(N—xﬂ NIi R
T, (K) == ) S (x,y) + et S (X,y) + — n, (x, -x) (v, ~y)
XY ER sy AN h n ot h
N Sh - - % - == -
== D) Gpi720) (psyy) 4 ) n, (%) (v, -y) ]
h=1 1i=1 h=1

L N (N-n)
Z n(N oy oY)
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L n
= g~T, (K.F) + ) —EQ _Nen Sh(x,y))
XY h=1 n" (n -1)
L N
_N by g2
= = T, (K.F) + hz1 — (1 ) Covy (x,y)
(4.31)
h v ( _ 7 X v )/ imi
where.  Cov, X,y) = i21 (xhi xh)(yhi-yh) (nh 1) . 1In a similar
manner, we obtain
L N
R N Ny A
T () = 2 T (K.F) + hz1 = (- PV, (x,%) (4.32)
) "h _
~ where Vh(x,x) = 121 (xhi—xh) /(n%;1)
N N L Nh _
Ty (R) = = T (K.F) + h& — (- PV, (7,9 (4.33)
n

. h _
where U, (ry) = [ (v =92/ (0 =1)

From expressions (4.31), (4.32) and (4.33) we note that the bias

in Kish and Frankel's estimates of covariances and variances is
L N L N L N
h ., n. " b _ony g h,. n,  »
h; = (1= ) Covy (x,), h; = (1= 9V, (x,%, hzl =1 Vv, (7, »

respectively. The estimator of the correlation coefficient ¢ in this

case is therefore given by

v "h n ~
A TXY(K'F)+hZ1 E—(1* ﬁ)Covh(x,y)
o = (4.34)
~ L nh n > ~ L nh . o %
[(TXX(K.F)+hZ1 *5(1—ﬁ)Vh(X,X)(TYY(K.F)+hZ1 = PV,

4.3.2 Wakimoto's Estimator

In order to estimate the population correlation coefficient
Wakimoto (1971) also derived unbiased estimates of the population

expressions ¢ , 0 , ¢ , where
XX yy Xy
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] I 2
o= W o + W, (o =u)
XX het h hxx hei h "hx "x
TV S
o__ = W, o + ) W (u —u )
YY u2¢ bhyy 2, ThiThy Ty
L L
Oy = h; MO hxy * h; wh(uhx-ux)(uhy-uy)

and

p,o= ) Wopooop oW .
X2 h" hx Yo s h"hy

The unbiased estimators of these population variances are given by

L w L
A - h _ "'-“‘ ”'_“'
8y Z “h<“h”‘) IEJ hi %n5) Opi¥hy) h§1 W, (x, =x) (3, ~y)
L W (1-W)
h h
-l 51 (Xhi”xhj>(yhi“yhj) ’

2 LE.
h=1 nh(nh 1) i<j

L W W, (1-W)
_ h ~n ' _ _
i hZ1 ny, (=1 0 (o, =1) | i<] nin3) Thi g
L — — oo
+ hz1 Wh(xh~§)(yh~y) ,
L n n- n
= h _ "h h - -
! n(oy =D~ 7 121 iy ™) O 79y)
h=1 h

o~

n, (k%) (v, =¥)

(4.35)



Similarly, we have

¢
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L n n-n n L
" h h h -2 1 - =2
Se, (W) = ) e o(x, ek )T = Yoo (x,-x)° . (4.36)
XX he n(nh 1) nz(nh*l) i1 hi “h Doy h "h
'
L n n-n L
" h h h -2 1 - 2
S, (W) = Z —~ 7 (y_ .=y, )" + — 2 n, (v, -y)
YY he1 n(nh 1) nz(nh~1) o hi “h no oy h*’h
; (4.37)
For a selfweighting design, the above expressions can be written
as
. Lo, N % - _ L o
Sy (W) = _E_ PR EE) Z O 7% Oy ) ”‘12 o, (5,700 (7,79
h=1 h 1=1 h=1 2
%’ : 1 Ii - == - If Mo
= = 8 (x,y) + = n, (%, ~x) (y, -y) + — oS (x,y)
hot D h n, o h "h h hei B (Nhn N)“h s
- L n R
= = T (KUE) + ) — Covh(x,y) (4.38)
h=1
- P2 oy
Sex (W) = = Ty (KF) + hZ} — V, (x,%) (4.39)
N 1 A L n
Syy (W) = = Ty (K.E) + h; — v, (y,9) . (4.40)

The estimator of the correlation coefficient

p 1s now given by
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L
~ N
) TXY(K.F) + ) ny, Cov, (x,y)
h=1
p = T I % : (4.41)
[(Tyy (K.F) + hz1 nth(x,X)(TYY(K-F)w‘hz1 nth(Y,y))]

4.3.3 Relationship Between Koop and Wakimoto's Estimates

From expression (4.31), we have

Nh (1-n/N)

L
i 1 G5
1N Y + hr—l‘ W Sh(X,Y) + ;h>_:1 nh(Xh"X) (yh'y) (4.42)
| =

IF o~

T, (K) =
XY N

If the finite population correction factor is ignored, then we get

TXY(K) = N[SXY(W)] (4.43)
TXX(K) = N[SXX(W)] (4.44)
TYY(K) = N[SYY(W)] (4.45)

4.3.4 Discussion of Results

We note that for a self-weighting design, Koop and Wakimoto's
results for the estimation of covariances and variances reduce to those
of Kish and Frankel estimates plus bias. This shows that stratification
causes bias in the estimation of correlation and that the bias may

be of substantial magnitude.

Kish and Frankel have mainly concentrated on the effects of clustering

on the variances and have ignored the effects of stratification on the bias.

Thus they have been lead to the misinterpretation of results. Also
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from expressions (4.43), (4.44) and (4.45) we note that if the finite
population correction 1is ignored then, for a self-weighting design,
Koop's estimates reduce to those of Wakimoto multiplied by N. From
these theoretical results we conclude that the high relative biases

in Kish and Frankel's estimates of correlation may be due to the effect

of stratification.

4.4 Effect of Sampling Method on the Estimation of Correlation and
Regression

Warren (1971) draws a distinction between correlation and regression.
Correlation studies the extent of relationshipbetween two variables
whereas regression describes the form of relationship between the
specified values of one variable (independent) and the means of all
corresponding values of the second variable (dependent). 1In regression,
we will seldom be dealing with strictly random samples whereas a
random sample is necessary for the conventional theory of the correlation
coefficient to be applicable. In regression the general practice is
to get a wide range of independent variables so as to have a more
precise estimate of the regression coefficient or to point out the
existence of the curvilinear relationship. Thus the sample correlation
coefficient computed from regression data will usually not be a valid
estimate of the population correlation coefficient. Therefore, designing
studies both for correlation and regression simultaneously presents
a contradiction because if the correlation coefficient is a valid
estimate of the population value then it implies that the estimate of
regression equation is inefficient. Similarly, if the estimate of
regression is the best possible, then the estimate of correlation is
likely to be invalid. It means that a good regression design causes

bias in the estimates of correlations and a good correlation design
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(simple random sampling) gives an inefficient estimate of regression.

In Frankel's study we observe that the mean absolute relative
biases for the multiple regression coefficients are 5, 3 and 3 per cent
respectively for 6, 12 and 30 strata designs whereas for partial
correlation coefficients these relative biases are 12, 8 and 6 per cent
and for the multiple correlations 16, 11 and 5 per cent respectively
for 6, 12 and 30 strata designs. This is in agreement with Warren's
argument that the estimates of correlations obtained from restricted

sampling will over estimate the population value substantially.

The survey design in Frankel's study used geographical region and
the population density (urban-rural) as the design variable (Z) for
stratification. 1In practice we might expect that regional or
area type (urban-rural) differences do exist which would affect the
relationship between the variables. For example, sex of the household
head may have a strong relationship with the density of population due
to social reasons. Warren designs on x variable rather than on the

design variable Z . We discuss briefly salient features of Warren's

results.

4.4.1 Warren's Analysis

Let (X, Y) be a random sample having a bivariate normal

distribution with parameters Hys Hys d%, o% and p , where

T
p = 1 is the correlation coefficient and is the covariance.
0102 12
The frequency function with zero means (u1 =0, My = 0) can be written
as
{ 2 2
dF(x,y) = 1 - exp =1 (—};——— - 2p cxg + ~g—~ o(;xa(y ,
2ﬂd102(1“02)}% 2(1-p2) 1 1 172 2
(4.46)
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Consider a sample of size N (X1, Y1), (XZ’ YZ),...,(XN,YN) . The

correlation coefficient can be written as

(X.-X) (Y.-Y)
1 L

Il ~112

Il ~12 | —

R (4.47)
(x,-X)2 (Y.—?);lé
(I = 100

where

b
[
It ~1=
It e~1t2
=]

X. and Y =
; i

Warren (1971) derived expressions for the expectation of the square
of the correlation coefficient rz and precision of the estimated
regression under simple random sampling and selective sampling. He studied
the impact of these sampling methods on the bias of correlation and the
precision of regression. His main thesis is that non~simple random
sampling can cause bias in the estimation of correlation and this bias may
be of substantial magnitude. We give a brief summary of his results as

under.

4.4.1.1 Simple Random Sampling

(a) Expectation of 2

Under simple random sampling, for a sample size N , the expected

value of the multiple correlation coefficient 02? 1is given by

E(rz) =1 - %}% (1~QZ)F{1,1,% (N+1),DZ} . (4.48)

where F(a,b,c;x) 1is the hypergeometric function (Kendall and Stuart,

1970, Vol.2, p.353). E(rz) may be evaluated as follows

1
1
Pt} } (N-3)
F(1,1,—;~(N+1),02 L (1-t) dt,
1 rIaeny o Gepre)
0
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and hence. 1

EG?) = 1= 4 (8-2) (1-p2) j
0

5 (N=3)
Q=0 " 7 4 . (4.49)
(1-p2¢)

(b) Precision of the Estimated Regression:

The estimator of the slope and intercept of the regression are

L(X.-X) (Y.-Y)
1 1

é = — and & =y - Bi .
L(X.-X)?2
i
A 2 ~ Z Xf A ~ ZX.
Var(B) = —2—— » Var(a) = ———— g2 Cov(a,B) = - Lo 52
-%Y2? ~%)2 —%) 2
z(xi X) Nz(xi X) Nz(xi X)

(4.50)
1f ?O =qa + B XO is the estimated value of the dependent variable at
X = XO , then

- ¢ ok
var(Yy/X) = |z + ———o? (4.51)
I(X.-X)2
i
Now, using the fact that Var(Y) = E[V(Y/X)] + VIE(Y/X)] , we have
. -1 Xé+o§/N
E(Var(¥y/x)) = |87 + =152 (4.52)
(N—3)o§j
Now, letting Zoo1 = XO s we can write (4.52) as
F.1 Z(Z)+N'"1
5 - I 2
E(Var (¥,/x)) Eq * Nyl
Thus
o N
Var(Y) = |N +~ﬁ:3——~ o . (4.53)
i

#.4.1.2 Selective Sampling

(¢) Expectation of 2

Let the sample consist of mn observations made at g equally

spaced values of X so that N = ng and

X = —(g_1)aa ‘(g‘3)39'°--’(g"3)3; (g—T)a (4.54)
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Under this situation we have

n

- 2 -
)kt - nalleDeler) | (g
e i 3
1=1
where
“Dglg+1)
o) - 81088
n — — aia
)1 &R ED) = na ey,
1=1
n - n - g _ _
) (Y.-7)? = § } (Y.~ )%+ 0 7 (F.-D)?
1=1 . =1 33 i=1 J
= [W,+nW,+n(zC.¥,)2/zc?
17772 '] b
here, W, v o2 W A and ZC.Y. n N
v ’ 1 Xg(n ~1),0 2 n Xg—Z,o 3]
Now _
nazC.Y.
, = N
[(na ¢(g))[w +nW +n(ZCJY )2/ (zc? ))]
J
and,
2
o n(ZC Y ) 2
¢(g)[y+ (zc Y ) ] W+z
where
W +nW, = g2y? +n Q_ixz = g2y?
T2 g(n-1),0 n “g(n~1),9 £,0
and
= — )V - = I v 2 2,2
f = g(n-1)+(g~2)=N-2, 2 ey (zchj) oo X1,5
and

EG2) = 1-e 872 {?éT} F{%(f+1) $(£43), %~ } .

where F(a,b;x) denotes the confluent hypergeometric function.

can be evaluated using

(4.55)

(4.56)

(4.57)

o——¢<g> o2 ¢<g>J

(4.58)

(4.59)

(4.60)

E(2)
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. 1 1 r é% (f+3)] % 1
F {E(fﬂ), 5 (£+3), 0l 6} S E— J t° (£-1) exp(7 St)dt;
T 5 (f+1)} 0
so that
1
EG:D) = 1 -5 (£+1) [ (BED exp{~(1—t) %—6}dt . (4.61)

0

(d) Precision of the Estimated Regression:-

From (4.51), we have:

> T
<XO—X)2

A .
Var (Y /X) = |N 1+‘“““~*’:~'2 0'2
© I(X,~X)

Under selective sampling X =0 and Z(Xi-}z)2 = na?¢(g) , therefore

Var(YO/X) = [N +-MEL~MJ o* (4.62)
2
na ¢(g)

Supposing that the range of interest extends from x =-x01 to x = X01 ,

i.e. letting Xc1 = (g=1)a and putting Xy = 2004 in (4.62), we get

2
A - 3(g-1) (%0 W ~ ] 3(g-1) [2)?
Var(YO) =N 1+ —(g—+—1)— {T} -}02 = N ]1 + —‘—E’:T— K 02 . (4.63)

From these results we note that,
(i) Under selective sampling, E(rz) is a function of N, g, )\ and
p? , whereas under random sampling it is a function of N and p?2
only.
(ii) Similarly, for a given o? , under selective sampling Var(%)
is a function of N, g, Z and X , while under simple random sampling
it is a function of N and Z only.
(iii) The efficiency of selective sampling relative to simple random

sampling, for a given Z , is defined as the ratio:
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Variance Simple Random Sample

R.Ef = Variance Selective Sample

This relative efficiency is a function of Z and of N, g and A

Warren conducted an exhaustive numerical study of the behaviour
of E(r?) with varying N, g, » and p? and also of the relative
efficiency with varying N, g, A and Z. We present a few graphs from
his study in order to illustrate the behaviour of the bias in case of
correlation and the relative efficiency in case of regression. The

details of these graphs are given as under:

Fig. 4.1 E(rz)vs.n , selected p?, X =2

2 }g=2
Fig. 4.2 E(r")vs.n , selected X , p2 = 0.5
Fig. 4.3 E(rz)vs.g , selected p2 , X =2 N = 30
Fig. 4.4 R.E vs. Z , selected X, n = 10 }

g =2

Fig. 4.5 R.E vs. g , selected n, A = 2
Fig. 4.6 R.E. vs.g , selected Z , X = 2 N = 30

From these graphs we note that selective sampling gives biased
estimates of p° and this bias can be large. Moreover, bias is an
increasing function of the range of the independent variable but a
decreasing function of the number of points within the range and also of
the sample size but does not approach the true population value in any
case. In case of regression, the graphs indicate that the relative
efficiency increases as the range of independent variables increases but
decreases as the number of points within the range increase. It is usually
greater than unity except when the range is small. The relative
efficiency also decreases with increasing sample size. Thus, these
results show that the bias for correlation and the precision for regression
are contradictory. One should be cautious in determining which of the
correlations or regressions is appropriate to the problem and select the

sampling method accordingly. For example, for N = 30, g = 10 and X = 2,
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if p® = 0.50 , then E(r2) = 0.635 , thus giving an expected overestimate.

On the other hand, the relative efficiency for estimating the regression,

except close to the mean, is of the order of 150 per cent.

4.5 Effect of Stratifying Variable on the Behaviour of Correlations

A~

Let 6 Dbe the population parameter of interest and 8 be the
estimate of 6 computed from the sth sample (s = 1,2,...,8).
Then Bias(8) = E(8) - o.

E(§) - o
8

Relative Biasg = (4.64)

In Frankel's study, the relative biases for the multiple correlation
were the highest as compared to the biases for the simple and partial
correlations for 6 and 12 strata designs (Table 4.3). However, these
biases for the multiple correlation decreased with the increasing
sample size at a good rate, i.e. 16, 11 and 5 percent for 6, 12 and

30 strata designs. This suggests that the relative bias is a function
of sample size and for large sample sizes the bias may decrease

considerably.

The important point to consider is whether the poor performance of
the multiple correlation is caused mainly by the correlation between
elements due to the complexity of the design or due to some other reason.
Kalton (discussion of Kish and Frankel, 1974) expresses the opinion that
the multiple correlations in Frankel's study have been derived only from
two regression equations and there may be something atypical in these cases.
Sampford (discussion of Kish and Frankel, 1974) says that the poor
performance of the multiple correlation may be due to the effect of
clustering rather than the nature of the estimate. However, Smith, T.M.F.
(discussion of Kish and Frankel) points out that if the objective of the
study is regression analysis, then the sample multiple correlation

coefficient is being used in the second order sense of measuring the
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goodness of fit of the model to the data rather than in the first order
sense of estimating the population multiple correlation. However, if
used to estimate the population correlation coefficient for a sample
design involving stratification, then Warren's results show that the

sample multiple correlation coefficient may be badly biased.

Kish and Frankel's study is based on a stratified clustered sampling
design. The estimates of correlation in their study are computed from
two regression equations. It is possible that the high relative biases
for the multiple correlations in their study may be due to the strong
relationship of the stratification variable (geographical region and
population density) with one or more of the variables under study.

Kish and Frankel present seemingly anomalous results about partial and
multiple correlations. 1In fact, Kish and Frankel's analysis using deffs
confounds clustering and stratification. These authors have mainly
concentrated on the effects of clustering and have thus ignored the
stratification. Stratification can cause bias and earlier in Section 4.3,
we have seen that Koop and Wakimoto's results show that stratification
has an effect on variances and covariances. Also from Warren's
theoretical results and graphs (sub-sections 4.4.1.1 and 4.4.1.2)

we have observed that stratification can cause bias in the estimation

of correlations and that the bias can be of substantial magnitude.

It, therefore, seems worthwhile to examine the effects of stratification
on the behaviour of simple, partial and multiple correlations. We
attempt to reproduce Kish and Frankel's results employing correlations

modified by taking into comsideration stratification effects.

4.56.1 Simulation Study

Consider the regression of Y on X . Let XT’ X2""’XK

(i = 1,2,...,K) be the independent variables and 2 the stratification
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(design) variable. Suppose that the variable Xi is highly dependent

on Z . Let ryi be the sample correlation between the dependent

variable Y and the independent variables Xi’ ryj the sample correlation
between Y and Xj (3 =1,2,...,k=1) and rij the sample correlation
between Xi and Xj . We denote the corresponding population

correlation by pyi’ pyj and pij respectively. Further, we suppose

that Ai is the bias in roi caused by stratification. These

relationships can be expressed in general form as:

E(r ) = + A, ; E = for 21 =1,2,...
(yl D‘yi i (ryj) oyj J »2, »K

and

E(r,.) =p.. for 1= 3 =1,2,...,K. (4.65)

Using data from Frankel's table 5.1 (see Appendix I) we conducted
an exhaustive simulation study and computed fairly extensive tables of
relative biases under the above assumptions for different values of
A's and different combinations of independent and dependent variables,
A sample of two cases from these different simulation results is presented
as Tables 4.4 and 4.5. It is hoped that these will be sufficient to
illustrate the salient points of the effects of bias caused by the

compexity of the design on the behaviour of the simple, partial and

multiple correlations.

Frankel considered 2 different three variable regression equations.
First, the regression of Y (total income of the household head) on

X1 (number of persons in household under 18), X2 (number of persons

in household) and X3 (sex of household head). The second was the

regression of Y' (total income of household) on X4 (age of household
head), X5 (number of persons in household in labour force) and X,
(years of school completed by the household head). A study of these

variables indicates that possibly X3 (sex of household head) for
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regression equation 1 and X6 (years of school completed by the household
head) for regression equation 2 may be highly dependent on the design
variable Z (geographical region and the population density). We have
examined this and other possibilities in detail and report here only

two cases which may explain the behaviour of the correlation coefficients.

4.5.1.1 Special Case I

We assume that X, (sex of household head) for regression equation 1

3

and X, (years of school completed by the household head) for regression

6
equation 2 are highly correlated with the stratification (design)
variable Z (geographical regions and population density) such that:

Blrog) =opq + 855 B ) =0y, Elry) =00, E(r)) =0,

-

E(riy) = 043, E(z,5) =0y,

! = ! + = . = =
E(ryé Pyg * By » E(r ) Py E(rys) Pys > E(r,s) Pus
E(r,g) = 046 » Elrgg) = 0gp - (4.66)
where T3 and ryé are the estimated correlations between y and
X3 , and y' and X6 respectively. A3 and A6 are the biases in
i .
ry3 and ry6 respectively.

From Table 4.4, we observe that for A = 0.01 the average absolute
relative biases for the multiple correlations are higher as compared
to the average absolute relative biases for the partial and simple
correlations except for 30 strata design where the average biases
for the partial correlations are higher than those of the multiple
correlations. Moreover, these average absolute relative biases decrease
with the increasing sample size. Thus, we note that for A = 0.01
these average absolute relative biases are quite consistent with and

very close to Kish and Frankel (1974) results (Table 4.3).
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We also note that as A varies the average absolute relative
biases also vary and become larger for simple and partial correlations
as compared to the multiple correlations and are no longer consistent
with Kish and Frankel's results. Thus, at A = 0.21 and 4 = 0.50,
we observe that the average absolute relative biases for the simple and
partial correlations are much higher as compared to multiple correlations

which is contradictory to Kish and Frankel's results.

These results support Warren's argument discussed earlier in this
section as pointed out by Smith (1974). Thus our results indicate that
the stratification in the design affects the behaviour of the partial and
multiple correlations. This also contradicts Kish and Frankel's

assumption that the design affects only the variances.

4.56.1.2 Special Case IT

We assume that X, (sex of the household head) for regression
equation 1 and X6 (years of school completed by the household head)
for regression equation 2 are related to the design variable Z

(geographical region and population density) such that:

) = Pyg v by BE@) =0g + A, Elry,) = Pog * By 5 Ey)) =0,

t=i
—~

L2}
~

it

oYy E(ryz) = Pyg

' - v = - + o Vo=
E(ry 6) = Dy 6 g A6 'E(r46) 046 + A46’ E<r56) ?56 A563D(P45): 045

E(r§4) = p§4 , E(r;s) = p§5 (4.66)

where ry , r§ and r.. are the correlation estimates for Dy R

py and p° . The A's are the biases in the estimated correlations.
. y.

We note (Table 4.5) that the average absolute relative biases for

A = 0.02 for the simple, partial and multiple correaltions are quite
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consistent with and very close to the average absolute relative biases
reported by Kish and Frankel (1974). This indicates that Warren's
model reproduces Kish and Frankel's results. For moderate values of
bias (A = 0.20) the average absolute relative biases for the partial
correlations are higher as compared to simple correlations which in
turn are higher than those for multiple correlations. For A = 0.50,
we observe that the average absolute relative biases for the simple
correlations are much higher than those for the partial and multiple

correlations.

These results indicate that Kish and Frankel's results can hold
under specific situations but can be varied by varying A's and the
assumptions. Thus by suitable choices, which fit the stratification
almost exactly, we conclude that the high relative biases in Kish and
Frankel are due to the effect of stratification rather than the basic
defect in the estimator which contradicts Kish and Frankel conjecture

stated earlier in Section 4.2. Thus there is no anomaly.

4.6 Summary and Main Conclusions

Problems concerning the estimation of correlation from complex
surveys for finite populations have been discussed. Kish and Frankel
argue that the complexity of the design affects only the variances and
that the high relative biases for the multiple correlations are due to
the basic defects of the estimator rather than the complexity of the design.
By concentrating mainly on the intra-cluster correlation, these authors
ignored the effects of stratification and have been led into a misinter-
pretation of results. Koop and Wakimoto's results indicate that

stratification does effect variances and covariances. Warren's analysis
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indicates that stratification can cause bias in the estimation of the
correlation and this bias may be of substantial magnitude. Our analysis
of the effects of stratification from a simulation study on the behaviour

of simple, partial and multiple correlations indicate that;

(i)  The complexity of the design does affect the behaviour of the
simple, partial and multiple correlation.

(ii) The relative biases for the multiple correlations, in general,
are much smaller than those for the simple and partial correlations,
when the design variable is strongly related to one of the X
variables under study.

(1ii) Different stratifications can produce different results.

(iv) Kish and Frankel's results can hold under specific situations
and for specific populations but are not true in general. They

can be varied under varying conditions.

We conclude that the high relative biases for the multiple
correlations in Kish and Frankel's study are due to the effect of
stratification rather than in defects of the estimator. Thus, we
disapprove of Kish and Frankel's conjecture regarding high relative
biases in multiple correlations. We also remark that different surveys
with different variables and different stratifications may produce
quite different results, i.e., the relative biases may be higher for

simple correlations or partial correlations than for multiple correlations.



~ 164 -~

CHAPTER &

THE JACK-KNIFE METHOD: A REVIEW

5.1 Inmtroduction

Over the years the jack-knife method, introduced briefly in Chapter 3
(Section 3.2.2.9) has found a wide applicability in a variety of fields.
It is the subject of this chapter to discuss the ideas which motivated
the universal application of the method. Our intention is not to trace
the history of the method but to highlight the developments of
significant relevance on the subject for a specialist user of the
technique. It seems to us that a review of main developménts concerning
the jack-knife method will contribute significantly to the understanding
of the technique as a whole and its various applications in survey

sampling.

Quenouille (1949) introduced the jack-knife technique for reducing
the bias of a serial correlation estimator by dividing the total sample
into two half samples. He noted that the bias was inversely proportional
to the sample size and the bias to order 1/n could be removed by
this method. Later in 1956, he generalised this idea by splitting the
sample into g groups of size m each and examined 1its general
properties. Since then the general problem of bias removal has been
the subject of extensive study. This aspect of the jack-~knife method

is surveyed in Section 5.2.

One of the earliest applications of the jack-knife method, both as

a means of bias reduction and variance estimation, is in the case of
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ratio estimators which are frequently employed to improve the efficiency
of ratio estimation in sample surveys. These estimators are known to
be biased and this can be of importance if a fairly small sample is
only available or if the sample is heavily stratified. Perhaps the
most important is the ability of the jack-knife to produce an estimate
of variance where alternative techniques appear to be cumbersome and
time consuming. This important feature of the jack-knife for complex
surveys have been explored among others by Brillinger (1966), McCarthy
(1966) and Kish and Frankel (1974) for estimating the variances of
complex statistics from complex samples. The jack-knife technique has
also proved to be a useful device for variance components estimation
for complex sample statistics. The issues regarding the performance
of the jack-knife method in ratio estimation, comparison of variances
and applications to complex survey situations are discussed in

Section 5.3.

The jack-knife method enjoys the position of being a widely used
technique in aiding the researcher to obtain approximate test or
confidence intervals for parameters of interest. There are, however,
counter examples as well, see, for example, Section 3.2.2.9. The
motivation for using the jack~knife for interval estimation is to overcome
the problems of non-normality and hence provide robust inference

procedures. Developments along this line are summarised in Section 5.4.

Finally, in Section 5.5 we give a summary and conclusions.

5.2 Bias Reduction Properties

Suppose that we have a random sample Yl’YZ""’Yn and we want

to estimate the value of an unknown parameter ¢ . Let e(Yl’Yz""’Yn)
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be an estimator of ¢ such that E(é) # o and é*i(i=l,2,...,n)

be the estimate obtained by deleting the ith observation. Then

~

I I¢ 2% STUUIS SIS SRR & (5.1)

The ith pseudovalue is given by

6. =106 - (n-1)o_; (5.2)

The jack-knife estimate of 6 1s the average of these pseudovalues and

is given by

6; (1=1,2,...,n) (5.3)

D
L}
[—
I~

This estimate will generally have smaller bias than the original estimate and
sometimes smaller variance as well. If n 1is large, the jack-knife can be
modified by splitting the sample into g groups of size m each so

that n = mg and deleting one of the groups successively, the jack-knife

estimate of 9 is given by

= x 5 oA o izA
g = z 1 8 where 6; = 89 (g l)e__i (5.4)

I o153

i
The jack-knife method was introduced by Quenouille (1949, 1956)
as a means of eliminating the bias of order n“1 from an estimator.

Suppose that the expected value of the estimator g based on a sample

of size n 1s represented as a series expansion such that
E(e) = 5 + 7;-+ _2.+.... = g+ 0(n“1) (5.5)

Then the jack-knifed estimator § possesses the interesting property

that it eliminates the leading bias term, i.e.,

) -2
E(8) = g+ ~5+.... =8 +0(m") (5.6)
n
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A re-application of the method could remove bias of order n~2 which
remains after the first application. Mantel (1967) also considered the
bias reduction problem and gave an alternative formula for the re-application
which eliminated the n ' and n > terms. The drawback with the

estimators given by Quenouille and Mantel is that if the entering

estimator may be written exactly as

~ a a
E(g-g) = — + _2
(p-0) - 5 s
n
then their estimators are not free of bias, that is they contain an n~3

term.

A generalisation of the jack-knife procedure for the elimination

A

of bias was suggested by Schucany, Gray and Owen (1971). Let 8

1
and éz be two estimators of ¢ with expectations of the form
E(s)) =8 + £,(n)B(6)
E(ez) = 0 + fz(n)B(e) (5.7)
Then, the estimator
N 61 e2 1 1
8% = det det (5.8)
f1(n) £,(n) f1(n) fz(n)J
is exactly unbiased estimator for ¢ . The estimator 6% is called

the generalised jack-knife. The standard jack-knife is a special case
n

1
(n-1) °

The definition (5.8) can be extended to include three or more estimators

-6 6. =11 4 -1 -
of (5.8) with 8, 0, 8, = = 5 0_4 » fl(n) = and fz(n)
‘and the second or higher order bias temms in expansion (5.5) can be

exactly eliminated by the generalised jack-knife. Further details on

these generalisations appear in Schucany et al., (1971), Adams et al.,
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(1971) and the monograph by Gray and Schucany (1972). Properties of

the generalised jack-knife have also been discussed by Sharot (1976 a,b).

For the estimation problem where the quantity to be estimated is
f(é) , f 1is a known function and 6 being the unknown parameter,
Miller (1964) established some results for 6 = p  and é =x .
Arvesen (1969) extended these results to U statistic and Gray et al.,
(1972) established the validity of these results for the generalised

jack-knife.

The jack-knife method could also be improved if the observations
are grouped so as to follow some special pattern or structure in the
data for calculating the jack-knife estimator. Such a grouping will
eliminate the first order bias correction term, whereas in the absence of
such grouping only reduction of these terms could be done, see for
instance, Farewell (1978). Krewski@978b), discusses that the jack-knife

is also a useful method for bias reduction for small samples.

5.3 Application of Jack-knife in Sample Surveys

5.3.1 Ratio Estimation (SRS)

In sample surveys we frequently come across the situations where
the use of auxiliary information may improve the precision of the
estimates. Consider a population of N wunits. Let x and y be

two variables of interest and X and Y denote the values of

i i
these variables for the ith wunit in the population. Suppose a simple

random sample of n  units is drawn from this population and let X5

yi denote the values of the variables for the ith wunit in the sample.
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It

We know that the sample mean § yi/n » provides an unbiased

1

Yi . Now if the variable x

i
1

N .
1=1
is positively correlated with the variable y and the population mean

12 1

estimate of the population mean Y =

N
X = z X; of the variable x is known, then the estimator

R=

that the ratio of the variable y to the variable x may have smaller

<>

X may also be used as an estimator of Y due to the reason

variance than the variable y alone. Sometimes, it is desired to
estimate the population ratio rather than the mean and for this purpose

we use the sample ratio R = %—5where ; and X are the sample means
X

of the characteristic y and x respectively and x # 0 for every 1.
These ratio estimators are consistent but biased for many of the
selection procedures commonly used in samples surveys. This bias is,

however, negligible for large samples. For moderate size samples, the

distribution of the ratio estimate is positively skewed for most types

of the populations for which the ratio estimate is generally used. For
example, the bias may be considerable in surveys with many strata or
small or moderate samples within strata if separate ratio estimates

are used for each stratum. The bias, however, may be negligible if

a combined ratio estimate is used. Moreover, if it is required that
proper confidence statements be made, it is often necessary that the bias
of an estimator may be negligibly small. The other problem with these
estimators is that the variance estimators %(§R) and %(ﬁ) are only
large sample approximations and their derivations depend upon the validity

of the curtailed Taylor Series expansion.

To overcome these difficulties, considerable importance has been
given to investigate the properties of these estimators during the last

three decades. Consequently, several modifications both under the
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design based and the model based approaches have been suggested, see
for example, Quenouille (1956), Robson (1957), Goodman and Hartley (1958),
Hartley and Ross (1954), Mickey (1959), Beale (1962), Murthy (1962),
Tin (1965), Royall (1970), Royall and Eberhardt (1975) and Royall and

Cumberland (1978b),etc.

One of the earliest applications of the jack~knife method was in the
case of ratio estimators which are frequently employed to improve the
efficiency of estimation in survey samples. We have discussed the
bias and variance estimation properties of the ratio estimator under
the model based approach in Chapter 3. In this section we discuss
the bias and the variance estimation for the jack-knifed ratio estimator
under the design based approach. We will also refer to models but only
as a method for evaluation. Before discussing the jack-knifed ratio
estimator we would very briefly give the bias and variance of the
classical ratio estimator so as to facilitate comparison when the need

arises.

5.8.1.1 Approximation to the Bias and the Variance of Ratio Estimate

Consider a simple random sample of n units (without replacement)
from a population of N units. For non-negative integers r and s ,

we have from David and Sukhame (1974),

O(n*%(r+s)) if r+s is even
BE(x-X) " (5-7)° =
O(n_ﬁ(r+8+1)) if r+s is odd

and

G-5)T (5-D)° = op<n”‘4(“s>) (5.9)
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Let a = 555 , b = XEX , then bias of R = % is given by
X Y X
B(R) = E(R-R) = R|E|Y - L
X X
= o
- - %
= R E(b-a) [: (5.10)
X

Now consider the approximation to B(R) given by
~ - - 2 _3 - - - -
B (R) = RIE(b-a) (1-a+a -a +....+(2) K72, (% (5.11)

where k 1is some positive integer. From (5.9) we note that Bk(ﬁ)
consists of terms in a and b up to and including O(n*k) . Now

from (5.10) and (5.11) we have

B(R) - Bk(ﬁ) = R{?(S—E) LR R[%(B*E)(1—5+....+(5)2k“2....(§)2k~i] (5.12)

»

Thus, if x is positive for every unit in the population and if X is

positive lower bound, then

B®)-B,(®)| < igl E{<5>2k<6) - <a>2k*‘}] = o) (5.13)
e}

David and Sukhatme (1974) argue that by a proper choice of n and k ,
B(R) ~ Bk(R) can be made very small and hence Bk(R) provides a useful

approximation to B(R) . Now it could be easily seen that

N-n

B1<§> = Re[E(b-3) (1-2)] = R (C,=C, ) = on™ " (5.14)
andA o 2.3
BZ(R) = R [E(b-a)(1-a+a -a )]

2 2
N-n (N-n) (N-2n) (N-n) (N“+N-6Nn+6n°)
= R{;~— (C..~C. )+ (C.,~C..) +
R e aee? 2 0 oy i) (ne3y e
3N(N-n) (N-n-1) (n~1)
(Co7Cyp) * 3~ C0(CypCy )

(N-1) (N-2) (N~3)n

-1

= 0(n )
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where
N
P (xi~x)r(yi-Y>s
C, = =1 — (5.15)
X))
The mean square error is
. SNCII I b
MSE(R) = E(R-R)° =R L%(b—a) Fﬂ J (5.16)
X
and
~ - . 2 _ _ _ _
MSE, (R) = RZ[E(5-2) 2 (1-23+33). . ... (~2k-2) (2) 273 (2k-1) (5) 242 (5.17)

Arguments as above lead to the conclusion that MSEk(R) provides a

useful approximation to MSE(R) . Thus, we have

)1 (5.18)

2y = plre(r_Iy27 - 2 |N-n
MSE1(R) = R°[E(b~-a)“] = R [Nn (c02 2c“+c20 |

A
we note from this expression that MSE(R) decreases as n increases.

The variance could be obtained as

2 N-n

V(R) = E(R)2- [E(R)]2 -

[Cy2%Cyp -2¢,.1 (5.19)

A second approximation to MSE(R) can be obtained by including terms

up to O(n—3)
- 20 = =2, - =2
MSEZ(R) = R7[E(b-a) " (1-2a+3a )]
2 N-n 2({N-n) (N-2n)
= R ( ZC )+ (2¢.,-C..~C. )
(N-1)n *Co2 (N-1) (N-2m2 2177127730
2
(N—n)(N +N-6Nn+6n“) 3N(N-n) (N-n-1) (a~1)
+ 3 (Cc, ,~2C,,+C, ) +
(N-1) (N-2) (N=-3)n3 40 “731 722 (N=1) (N-2) (N-3) 0>
(3¢ 6c C,, +C..C +2€ ) . (5.20)

20711 720702

For large N , the expression (5.20) reduces to
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K

~ 2 2 _ 3 _
MSE,(R) = R [; (Cpp=2C1+Coy) * 2 (2C,,-C,,=C3q) + 3 (C,p2C34%Cy )

3(n~-1) 2 _
+ ——;3** (3020 6C

2
2001 1+CZOC02+2C11)J . (5.21)

Thus we note that the accuracy of Bias(R) and MSE(R) depends in

fact on the sample and the population under study.

Several modifications have been suggested to develop unbiased ratio
type estimators. One approach to obtain the unbiased estimators is to
modify the sampling procedure in order to make the available estimator
unbiased, see for instance, Lahiri (1951), Midzuno (1950) and Raj (1968).
The second approach is to modify the usual biased ratio estimator so
that an unbiased ratio type estimator is obtained. This approach
has lead to estimators like éHR (Hartley and Ross, 1954), éM (Mickey
1959), R, (Beale, 1962), R, (Tin, 1965) and R, (Pascual, 1961) as
alternatives to the classical ratio estimator ﬁ . These estimators have,
however, found little applications in large scale sample surveys due
to the complications involved either with the ratio estimators or the
estimators of the variances of these estimates. Besides, the conditions
under which the unbiased ratio estimators are expected to be more
efficient than the usual ratio estimator are sometimes restrictive.

An alternative ratio type estimator which removes the bias to O(n"1)

was proposed by Quenouille (1956). This estimator, known as the jack-knifed
ratio estimator, has been employed extensively in a wide variety of
situations with a fair degree of success. We discuss the jack-knifed

ratio estimator in some detail in the next section.

5.8.1.2 The Jack -knifed Ratio Estimator

Consider a simple random sample of size n . Let (yi,xi) be
the values observed for the ith selected unit in the sample. Let

the n values in the sample be divided at random into g groups, each
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of size m , so that n = mg . We remove the ith group and use the
- - - ~ .
remaining (g-1) groups to compute the ratio estimate R(j),3=1,2,...,g .

Let y,. and x,. denote the means obtained after omitting the jth
(i) (i

- () - oy o
group. Then R(j) = - where y(j) =, X(j) =
(i)

yj and Ej are the means for the jth group and § and x are the

sample means. The pseudovalues are defined as

Rj = gR - (g-1)R(j) (5.22)

~

and the jack~knifed ratio estimator RJ is the average of these

pseudo-values

N e
Y R, = gR - =& YR, (5.23)

Proceeding as in Subsection 5.3.1.1 and using (5.9), the expressions for

the bias and mean square error for RJ for g =n to O(n~3) can

be derived. Let

_ X, "X _ Yo Y
a<.) = —£%2-- and b(.) <£)
J X J Y
Then
. 1+B(J) . - - . 2 2 _ 3 3 _ 4
Ry = Rma(.) TR GO G O GO TG ) G D 3 )]
j
R . o2 342 )
E(R .y) = R+ —2—= (C,=C. ) + —E—0 (C -C,.) + ——=E—_ (cZ —C_c. )
(i) n(g=-1) "720 711 nl(g-12 21 730 n2(g-1)2 20 720711
-3 ) o3
53 (C207C0% ) oy (C07Cy) |- (5.24)
n” (g-1) (g=1)"n

Now
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E(R) = gE(R) - &=V § ER,..)
S NG
i=
I -1
=R |1- 55— (6,=Cyp) - ‘~"§§”§ (c 20 “C0Cyy) - "%ﬁg&‘%% (5.25)
n (g-1) (g=1)n n” (g-1)
- g(2g-1) _ 1
(€0 031) + RV (c20 c20c11%J . (5.25)
Hence
B(R) = 0(n™?) . (5.26)
Thus we note from (5.26) that the bias of RJ is at the most of O(n-z)
A —
whereas from (5.15) we note that B(R) is of O(n 1)
The mean square error for the jack-knifed ratio estimator RJ
could be workedin a similar way.
MSE(R,) = E(R.-R)2
J J
A g A A - 2 g ~
- E®R-R7 - 28 ] BRRKR,, R + EDT T g py?
S (i) 2 24 (3
J g J
s Sg:llf.z J ER,.\-R) (R, .-R)
2 . (1 (k)
g
- ®2 g _ 1 Y ]
{1 (€20%C0272%1 ) * o1y 2 {(011 €200 * C20(Cy0%C027204,)
2g 1 2 2
" 3 {(Czocoz +2€1176C1C0*3Co0) - <C22‘2C31+Cao>} :
(5.27)
If only terms of O(ntz) are retained then (5.27) reduces to
[ 7
MSE(R ) = R2|+ (C -2¢,,) + £ Ll ~c. y2c (c —2¢. b
J Ln 20%C0272C4 g-1 2 1177207+ C0C07Co272C 14 |
(5.28)

~

From (5.28) it is apparent that the mean square error for RJ

decreases as g increases so that g =n 1s the optimum choice. Also

for large n , the variance and MSE of RJ to order n»1 are equal
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and given by (5.28). This implies that the variance of RJ like the

mean square error is also a decreasing function of g and has a minimum

9.8.1.3 Model Based Evaluation of the Jack-knifed Ratio Estimator

We now consider the behaviour of the jack-knifed ratio estimator
under some specified infinite population models. Durbin (1959) was

the first to consider the ratio estimator R = y/x and the jack-knifed

A
~

. . ‘ 1,5 .2 ‘
= - + s -
ratio estimator RJ2 2R 3 (R1 RZ) for g = 2 , where R1 yl/x1 ,

- _ 1 C e
R, = yZ/XZ sy ¥ = (Y1+Y2)/2 and x = 5 (x1+x2) , under two infinite

populations models. The models considered were,

(1) the regression of y on x 1is linear and x is normally distributed.

(2) the regression of y on x 1is linear and x has a gamma distribution.

These models form the basis of most of the work done to investigate the
bias and approximation to mean square error of the various ratio-type

estimators during the last two decades.

Durbin derived approximations to the moments of 0(n‘3) and showed
that the jack-knife,applied with two groups, not only reduced the bias
of the estimator but also decreased variance under the model with x
normally distributed. 1In the case of the model with gamma distribution
the exact results indicate that with coefficient of variation less than
0.25, the jack-knifed ratio estimator reduces the bias, although the
variance is increased slightly, but the mean square error is reduced.
Clearly the reduction of bias and variability is a strong recommendation
for the technique. Tin (1965) also examined this and other related
problems for the jack-knifed ratio estimator with g =2 . Rao (1965)
showed that g = n 1is the optimum choice for the normal auxiliary

distribution whereas Rao and Webster (1966) through a combination of
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theoretical and numerical study demonstrated that this also holds true

for the gamma distribution.

In this subsection we briefly outline the derivations for the bias and
variance of the jack-knifed ratio estimator under Durbin's models for
g = n and also under a more general model discussed by Rao and Kuzik
(1974) . We will also refer to other competing estimators when the need
arises but will not go into the derivational details for these estimators.
Following Rao (1965) and Rao and Webster (1966) we derive the expressions

for the bias and variance of the jack-knifed ratio estimator.

$.8.1.3a Bias and Variance of the Jack-knifed Ratio Estimator
(g = n) Under Model I

Let (yi,xi),i = 1,2,...,n be a random sample of n observations

on the characters y and x . Let X be normally distributed and
we choose the units of measurements such that E(Xi) =1 ., Let
X, = 1--ai and Var(x) = h of O(nui) where x 1is the sample mean
of xi's. Then for sufficiently large n,
= -1 - =2 2, .03, =4
E(x) = E(1+a+a +...) = 1+h+3h"+15h +0(n ), (5.29)
and
—- =D - -2 2 . .3 -4
£ (%) = E(1+2a+3a +...) = 1+3h+15h“+105h +0(n ) - (5.30)
A E(y.)
Consider R = = as an estimator of p = ACW] based on n observations
X i

in the sample. Suppose that the regression of y on x 1is linear of

the form

= .. 5.31
v, oc+8xi *oug ( )

1)‘

where E(ui/x) =0 , Var(ui/x) =nd and § 1is a constant of 0(n

[1}

Thus Var(u/x) § ,where U 1is the sample mean of ui's » and p = a+B
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Suppose that the sample is split at random into g groups of size
m each so that n = mg . Recall that the grouped jack-knife can be

written as

g
~ ~ g 1 ~
= gR ~ .
R g Z R(J)

J 55
;2 a ;8 u}
-5t %5?}+gg-%24 (5.32)
X 3= X. X ] = X.
=1 % 3=1 %
N y! _ ny-my, _ nNX-mx , _ nu-mu, B _
where R,,, = — , y! = —J1 ' =____ 1 s ul = ——L and 7, , X.
(3 i n-m ] n-m j n-m j j
j

and Gj are the sample means for the jth group. Now, under the model

(5.31) we have

. [ 8 s . & ul
E(R-g) =B/ B - &2 7 L),y gl 7 ]
X 24 - ol - g . =
i=1 x!| | x 3=1 x.
J J
After simplifications, we get
E(RJ-B) = uil- 3%— n? - 15g (2g=1) h3} ) (5.33)
g-1 2
] (g-" |
and
3gh2 g(2g-1)
B = e . ]
ias (R.) (g=T) + 15 CEYA h (5.34)

It is apparent from (5.34) that h2 and h3 are decreasing functions

of g(3 2) which implies that the bias will be minimum for g =mn .

~

The variance of RJ is given by

S s a2 =2
Var(RJ) = E(RJ 8) £E(R B8]
2
- GZ{% + 28 12 _ o sl4g ~14g+11)J h - 28(2g"-9g+8)
= 1 3
(g-1) (g-1)
3g(28g4—149g3+260g -173g+32) %} (5.35)

(g~1)
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For g = 2, the expression (5.35) reduces to V(R;,) given by Durbin (1959)
i.e.,

Var(éjz) = 02 (h+4hZ+1203) +6 (1+2n+8h2+1080°) (5.36)

It may be seen from (5.35) that the coefficients of h, h2 and h3

are decreasing functions of g(z 2) and hence the smallest value of

Var(RJ) will occur at g = n. Also we have seen that the bias is minimum at

g = n. This suggests that g = n is the optimum choice. Thus the estimator

() ° where R(1), R(Z)""’R(n) denote the
estimates obtained by deleting the first, second and the nth observation

respectively, may be preferable.

5.3.1.3b Bias and Variance of the Jack-knifed Ratio Estimate
(for g = n) Under Model IT

Let us now consider the case where the regression of y on x has
the same form as has been stipulated in Subsection 5.3.1.3a but where

X has now gamma distribution. This model can be described as

vy, = o f Bxi *ug (i =1,2,...,n) (5.37)

Where E(ui/xi) =0 , E(ui/xi) = nd , a constant of order n*~1 and

the variate xi/n has a gamma distribution with parameter nh =m .

Under this model, we have

1 1) 1
EH = a7 and EH CTRICT)) (5.38)

Suppose that the sample of n observations is now split into g groups,

each of size ¢ $0_that n = qg. Following from subsection 5.3.1.3a,
¥ - - ~
A : - ny-qy . . nx-qx.
we have R,,, = —L where in this case y'. = , X! = ——L and
(3) = i n=g J n-q
J

§j s ;j are defined similarly as in (5.32).
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Now proceeding in the same way as in subsection 5.3.1.3a, the bias

and variance of RJ defined in (5.32) could be obtained. Since (g;1) §5
has the gamme distribution with parameter (n~q)h = Eﬁg:ll , therefore
in this case we have
]’ o i g1 o i ]
E(RJ’B) = oF {: - Eg* Z :~} { :-Eg*- 2 ZJ}J
j=1 x! j=1 x!
L_x j xJ X ] xJ
oo J(g=1)(m-1)-g

m-1 { (g-m-g ’ (5.39

and the bias of RJ is
ias(R.) = EQR.) - g - % = - 0 g

Blas(Ry) = B(Rp) =B - 0= - 0oy - Tate=Da) (5.40)
This suggests that the smallest value of the absolute bias will occur
at g =n , since [Bias(RJ)[ is a monotonically decreasing function
of g .

The variance of RJ is now given by
VR) = ER -8)? - [ER,-&) 12
J J J "
2
- 42 g 2g(g- 1) . (g—?)4 N (g~1)3
(m=-1) (m~2) ~ (0=2) [m(g-1)-g] [m(g-1)-g][m(g-1)-2¢] g
2 2
ol ~*I + & g - 2g(g‘1) . (g—1)3
S (m=-1) (m~2)  (m-2)[m(g-1-g] = [m(g-1)-gl[m(g-1)-2¢g]

(5.41)

where
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_ b-2
1) _ rQa+h-2) %%k I(a=k=1)T (b+k) a-1), 5072 el 1
Bloo) © L D" Sy -t (0T 21 -1 (arDoro1y
1.1 2 - kK= a+b-~-k-
*i%3 Fa)rp) X0
v (-1)2*P %;' , if a3z 2, (5.41a)
b-1 2
=2 § (=pkt 4 5+ (=P T, if a=i, (5.41b)
k=1 (b-k)
2
= :%'_ ] if a = 1: b =1 ] (5.41C)
and a = _IE b = .nl_(.g;l) .
g’ g

It can be seen that the variance given by (5.41) is a function of m
and g only. It is difficult to examine the behaviour of V(ﬁJ) as a
function of g for fixed m analytically since the expression (5.41)
would not be in a closed form after the substitution of (5.41a), (5.41b)

and (5.41c). However, numerical results by these authors, which compare

~ ~ ~

Ry, Rp and R, indicate that the variance of Ry is a decreasing

function of g and the smallest value of V(RJ) occurs at g = n

Thus, both the bias and variance of R. are decreasing functions of g

J

(for integer m) and hence the optimum choice would be g =n . The
discussion of numerical results is deferred until subsection 5.3.1.4.

Rao and Webster also derived expressions for the exact bias and variance

~

of Tin's estimator RT under the model (5.37).

Rao (1967) investigated the precision of Mickey's estimator RM

~ ~

under the above models and compared it with RHR s RP’ RJ and RTg

(Tin, 1965). The derivation details are similar to those discussed
earlier in this section and hence omitted.-Roa's results indicate that for
Model I, the asymptotic variance of §M is less than the asymptotic
variance of ﬁ but slightly greater than V(iJ) with g=n .
Theoretical comparisons under Model II are not possible, however, the

~

Monte Carlo results support the jack-knifed ratio estimator RJ and
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~

the modified ratio restimator RTg . Since the main reason for using

the unbiased and approximately unbiased ratio estimators as compared
to the classical ratio estimator is to reduce or eliminate bias where

the elimination of bias is important. Therefore, the jack-knife

~ ~

estimator RJ with g =n and the estimator RTg may be preferable.
The jack-knife estimator has the additional advantage of having the

simple variance estimator.

6.3.1.3¢c Bias and Variance of the Jack-knifed Ratio Estimate Under

Model IIT
Consider a bivariate sample (Xi’ yi), i=1,2,...,n, from a
population of size N . Suppose that the regression of y on x 1is

linear of the form

vy, =+ Bxi *u, (1 =1,2,...,0) (5.42)

. . 2 o . .
with E(ui/xi) =0, E(ui/xi) = 6x; and E(uiuj/Xin) =0, u is

independent of x and x has a gamma distribution with parameter h

Generally £ 1is found to be between 0 and 2 . Under this model,
R P.S.R.S. i i v ¢ ¥ ¢
ao (1969) compares four ratio estimators YR’ YRJz R YRP and YRGH
(Goodman and Hartley , 1958). Rao obtains exact expressions for
the mean square errors of these estimators following Rao and Webster
(1966) . The derivation details are therefore omitted and the main
results for the jack-knifed ratio estimate are summarised below:
Bias(Y, ) = ——2% (5.43)
R (nh-1) (nh~2) ’
J2
MSE(g ) = az n3h3~5n2h2+12nh+16 . 6(;hz(n2h2+6nh2—7nh+922—27£+18A(h+£~1)!
Ry (nh~1) (nh~2) Z(nh-~4) L (nh+2-1) (nh+2-2) (nh+22-4) (h-1)!

(5.44)
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This study reveals that for & = 0 » the mean square errors of these
estimators decrease with increasing h . For fixed n and h the

mean square errors increase as §{ increases. It is also observed that

A A

the MSE's for §R’ ?R and §RP are equal to O(n—1) and are
J2

given by

2

- Sy 2o 8 (hig-1)1
) = MSE(Y&P) = TR + By

*TE:TTT* (5.45)

MSE(Y,) = MSE(Y
R Rra

The other point emerging from this study is that if o = 0 the MSE's

of the four estimators are equal and if o # 0 , the V(§RGH) is
slightly larger than the MSE's of the other three estimators for large

~

n . A comparison of the MSE (§R) and MSE(S?R ) indicates that
T2

the former is less than the later provided nh > 16 and £ g 1/2.

In case of finite populations, Rao and Rao (1971a) report some

theoretical results on the expected mean square errors of R, RJZ and

S

(Jones, 1962 wversion of the jack-knife). Under the model

yi o+ Bx. o+ e (L =1,2,...,N) with E(e./x.) =0, E(e.e./x.,xj)
for i # j, E(ei/xl) = 6x§ and with the further assumption that x has

a gamma distribution with parameter h. These authors show that

~ - 2 n(nh-16) 4n
E[MSE(R) - MSE(R__)] = q ~ — — —| +
J2 h(nh—1)(nh—2)2(nh-4) h(nh~-1) (nh-2) (Nh=2)
Sm ( nh(=22+1)=-5(2~1) (2-2)
2(mh+2-1) (mh+2-2) (nh+2-1) (nh+4— -2)
L
2(2-1) } I'(2+h) (5.46)
* Tmh+2-1) (ah+i=1) (NAFL= Z)J r(h) :
This expression implies that the expected mean square error of ﬁ is

J2
smaller than that of R provided nh > 16 and £ = 0 . Earlier

Durbin (1959) showed this result for an infinite population model.
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However, Durbin's result is not valid for a finite N . This study
concludes that, for finite populations, Jones (1963) version of the
jack~knife ratio estimator may be preferable. However, if the population
size is infinite, the mean square error of ﬁ will be smaller than the
mean square error of §JJ provided that nh < 16 and % <2< 2,
Similar results were obtained earlier by Rao (19694)from an empirical
study comparing the ratio and regression estimators for 16 natural
populations with N ranging from 7 to 270, the coefficient of variation
of x from 0.14 to 1.19 and & from 0.535 to 0.995. The limitation

of an empirical study is that the results are strictly applicable only
to the particular populations studied. However, the utility of such

studies can not be denied since they provide useful guidelines on the

performance of various methods of estimation.

In a semi-empirical study Rao and Kuzik (1974) compared the average
mean square errors of seven vratio estimators of the population mean Y
and the average biases and mean square errors of two classical variance
estimators and the jack-knife variance estimator under the model (5.42):
Rao (1979) may also be mentioned in this context; for he derived

expressions for the bias and MSE of the jack-knifed ratio estimator R

J
for g = n and compared it with the biases and the MSE's of the classical
ratio estimator §R and a regression type estimator §RJg =y + RJ(E-i).

The efficiencies of these estimators have been compared through a small
simulation study. We will address ourselves to these results in the

next section.

5.3.1.3d Stability of the Jack-knifed Variance Estimator

The estimate of variance associated with an estimator is often used
in drawing statistical inferences. It is, therefore, desirable that a

variance estimator should be as stable as possible. Kokan (1963)
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investigated the large sample stabilities of the conventional variance

~

estimator V1C and an unbiased variance estimator
2
~ - — s
V(y/X) = Y (5.47)
(nX)

where §/§ is the ratio estimator of R not using the sample x -
information. Through a Monte Carlo study, Rao and Beegle (1966)
investigated the small sample properties of 61C’ 6(;/%) and GJ(ij)
where

PO 1 & ~ o~ 5

V(R = §7§:77“jz1 (R R . (5:48)
The discussion of these numerical results is deferred until subsection
5.3.1.4. 1In this subsection, we give results on the stabilities of
%(;/i), §1C and §J(§J) following Chakrabarty and Rao (1967). The
method of derivation of these results is the same as given by Rao and

Webster (1966) and hence we confine ourselves to main results so as to

facilitate comparison.

Under the model (5.37) the variance of R can be given as

VR) = EG-8) - [ER -8)]
0(2 8
) y (5.49)
(m-1) 2 (mepy (D) (@2

~

(2) Bias and Variance of V (Cochran, 1977) as an Estimator of V(R)

1C

E(V(R)) - V(R)

]

Blas(V1C)

(5m2—5m+2)a2 _ 26(m2+2m~2)
n? (1) (m=1) (m=2)  m2(m?=1) (m=2)

i}

= A a2 + A8 (5.50)
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The variance of §1C under the model (5.37) is
-~ _ - 2 ~ 2
V(V1C) = E[V1C] [E(V1C)]
- 62 ( (n+1) (p+3) (m+2)21 2a26 2m-n+3
R U Sy y vy i 71 By e —
m I_ (m+1) 7] m (n=1) (m+1)
a4 ( 1 1
+ 22 |n- | - (5.51)
m | (mt1)

where

- (n+1) (m+6)-12
T @D @) (@) (@)

o o . - 2
MSE(V1C) = Var[VTC] + {Bias V?C]

gg 3y s @)@ @) 4@eam-) }

(n~1) (m+1) (m+1)2 (m2—1)2(m"2)2

=

| I

2025 13n . _2mwn3 2(5m2*5m+2)(m2+2m~2)1
4 L (=D @D (@=1) % (@-1) (m-2)2 |

+

m

N gﬁ [;_ 1 . (5m2—5m+2) J
4 L 2 2 2 2
m (m+1)2 (m™=1) " (m-1) " (m~2)
2 4 2
= A36 + Aaa + Asa s . (5.52)

A and A are functions of m and n .

where the coefficients A3, 4 s

(ii) Variance of V(y/X)

The variance of (;/i) under the model (5.37) is

. B (5.53)
m

Now the variance of V(y/X) as an unbiased estimator of V(y/X)

can be given as
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E[V(/R)1% - [EOVG/D)) 12
2 2 4
= 2 B8 B @) (m42) (we3) -n] (5.54)

~m4(n—1) m3(n~1) m

VIV(3/%) ]

(i17) Bias and Variance of ViR

The jack-knife variance estimator can be written as

- 2 g 2 |a! g u!l2
R =gy e - T L e DT
g8 x' B j=1 x! x! B =1 %!
i j i i
B 1 oy oq 8wy
+ 20 ) {:“ ) :‘J[—i*‘ z L ZJ)J
i=1 (x| =1 x!/|x! =1 x!
] i R LA T

Following the same arguments as in subsection 5.3.1.3b, we get

4 2
oo o2 (g=1) - {g-1) 1
R e N T c ey B {;.;.}
Uik
[ 3
(g-1) e 1
"D slme 257 ~ D BIo
%Kk
Bias[VJ(RJ)] = E[YJ(RJ)] - V(R)
. (g~1)4 _ 1 _ (g—1)2
g[m(g”1)‘g][m(g*1)*2g] (m*T)Z(m-‘Z) g
(1) I (g-1)> 1
E -, * 5[}m(g~1)~g]{m(g~1)—2g]_(m-1)(m-Z) - (g72)
37k

El |
Civ -

=

g 1 (5.55)
] |

This expression is not in a closed form and hence it is difficult to
examine its behaviour analytically. However, the numerical results indicate

that the absolute bias of VJ(RJ) with g = n 1is less than that of

~

VTC for n>6 and m> 8 .
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Now we examine the stability of the jack-knife variance estimator
VJ(RJ) under the model (5.37) for g =2 .

VarlV (R )] = BV, (R )17 - [E(V,R )12

Under the model,

T 2 far an? u; o,
S B e [ g i [P Y SRR T k| B TS
J U2 4 X% R x'  xMix! %!

LUt 2 1 2 2) (71 2

where x; and ;é are the means of the first and second half samples

respectively and they are independent gamma variates with parameters

m/2 . From Chakrabary and Rao (1967), we have

1) (1) 1
E e = F e T , t > 1
%y X T (m-21i)
i=1
Hence,
Lo az 8
E(V.(R_.)) = +
JJ2 (m—2f%m—4) (m=2) (m-4)
Bias VJ(RJz) as an estimator of V(R) is

A

E[VJ(RJZ)] - V(R)

N ~
Blas(VJ(RJZ)

4m~7 38
(m-1)2(m—2)2(m-4) ¥ (m=1) (m-2) (m-4) (5.57)

This expression shows that the bias of VJ(RJz) decreases as m

increases.

Now
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The variance is therefore given by

R 2
V[VJ(RJZ)]

]

B[V, (R )17 = [E(V,(R,))]

Zaa(m2+m—18) N 262(m2~8m+19)
(m=1) 2 (m-6)% (m-6) (m-8)  (m=2) 2 (m=4) 2 (m6) (m—8)

4&26(m2+m—18)
(m=-2) (m~4) % (m=6) (m-8)

+

(5.58)

Using (5.57) and (5.58), we can obtain MSE(VJ(RJZ)) which is

N 2 4 2
MSE[VJ(RJZ)] = a4 2(m +m—18)§m—1)4+(4m~g) (m=6) (m-8)
(m=1) (@=2)*(m-4) " (m-6) (m-8) |

2(m2—8m+19)(m—1)2+9(m—6)(m~8) 62 N
(m=1) % (m-2) % (m=4) % (m-6) (m-8)

2 4 (m°+m=18) (m=1) >+6 (4m=7) (m=6) (m-8)
(m*1)3(m~2)3(m—4)2(m—6)(m—8)

L2 4 2
= A66 + A7a + Asoc 5 . (5.59)

where the coefficients A6’ A7 and A8 are functions of m(> 8)

only. The results of numerical investigation (Chakrabarty and Rao,
1967) for selected values of m and n indicate that the jack-knife
variance estimator VJ(RJZ) with g = 2 1is not very stable. The

A g * . » . ~ iy * —
bias of VJ(RJ) with g = n is minimum and MSE[VJ(RJZ)] with g = 2

is considerably larger than that of V1C'
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Through an empirical study, Rao (1969a) compares the stabilities
of these variance estimates from 16 natural populations. Assuming that
the errors u, are independently and normally distributed and using the
measure gE{&i—aMSE(§R)]2 instead of EE[§i~MSE(%R)]2 , where
£ is the expectation operator, Rao and Kuzik (1974) also compare the

stabilities of these variance estimators under Model IIT.

9.8.1.4 An Evaluation of Empirical Results for Jack~knifed Ratio Estimator

In the previous section we have reviewed the theoretical work done
in connection with the jack-knifed ratio estimator and other competing
estimators. Along with these theoretical developments considerable
attention has also been given to empirical work in order to compare the
efficiencies of these estimators and the corresponding variance estimators
in small and moderate size samples from natural and artificial populations.
In this section we evaluate the empirical work on ratio estimation.
Our discussion is based on two main approaches, as outlined earlier in
Chapters 2 and 3, the randomisation based approach and the model based
approach. Firstly we address ourselves to the design oriented results

and thereafter to prediction approach results.

5.3.1.4a Randomisation Based Results

The randomisation based approach, as pointed out earlier in Chapter 2,
provides a measure of error based on the probability distribution
induced by the randomisation scheme employed in selecting the sample.
Under this approach we discuss empirical results in two categories,
that is, variances of the estimators and the estimators of the variances

of these estimates.
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(1) Efficiencies of the Estimates

Assuming a linear regression of y on x where x is normally

distributed, Rao and Bugle (1966) investigated the small sample

efficiencies of eight ratio estimators R, RHR’ RJZ’ RB’ RT’ RM and

~

R through a Monte Carlo study based on 1000 samples. These authors
used Lauh and William (1963) and Tin (1965) models for their study.
Lauh and William's model is ideal for the ratio estimator since it
assumes that the regression is through the origin and the coefficient
of variation of x is small. 1In Tin's model, the regression is not

through the origin and the coefficient of variation of x is not small-

This study reveals that under Lauh and William model all the ratio
estimators are unbiased and there is very little difference in the
variances of these estimators even for small n. This study, therefore,
suggestes that so far as this model is concerned it does not matter

which of these eight ratio estimators is used. The optimum number of

groups for the jack-knifed ratio estimator RJ is n. The estimator

~

RHR is less efficient than the rest of the estimators.

Under Tin's model the differences in the efficiencies of these

ratio estimators are quite promising. The estimator RTg is most

~

efficient at g = 2 which may be due to the reason that RTg is

biased under this model and the bias increases as g ‘increases. For

n =4 and 6 , the efficiency of R_ is greater than the rest of the

B

estimators whereas for n>10 efficiency of ﬁJ(g =n) , ﬁM’ ﬁB and

A

RT are approximately the same.

It could be concluded from this study that in case of approximately

A

unbiased estimators, R (with g =n) and R

3 appear to be more

Tg

promising. Earlier, Lauh and William (1963) examined the behaviour of

RJ and R under non-normal populations and concluded that RJ is
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~

definitely superior to R . These results also find support from

another study conducted by Rao (1967). The important point conveyed

by Rao's study is that the jack-knifed ratio estimator RJ (with g = n)

performs considerably better than the competing estimators RHR’ RM, RTg’

~ ~

Rp and R for n > 2 . With g = 2 , the estimator RJZ is as

~

efficient as RTg which is in agreement with the results reported

earlier by Rao and Webster (1966) regarding the efficiencies of these

two estimators.

In short, based on the empirical studies by Rao (1969b), Rao and
Kuzik (1974), Rao (1979) and others,under the more general model (5.42),
the following conclusions may be drawn.

~

(i) When o = 0 and & = 0 , the jack-knifed ratio estimator RJ is

more efficient than the classical ratio estimator R and the regression

A

type estimator ?R . Among other estimators, for n = 2 and the
Jg ~
coefficient of variation of x less than 32 per cent, MSE(?R ) < MSE(Y
J2
For n > 2 and the coefficient of variation of x less than 32 per cent,

RP)'

MSE(YR ) < MSE(YR).

J2
(ii) When o # 0 and % = 0 , the jack-knifed ratio estimator ?E
A ~ V.T
is more efficient than YR and the regression type estimator YR
Jg

If the coefficient of variation is less than 25 per cent then

MSE(?R ) < MSE(?R) » see for instance, Durbin (1959) and Rao (1969b).
J2

, thenMSE(Y_) < MSE(Y. ) provided the
R RJ?
coefficient of variation of x 1is less than 25 per cent.

No|

(iii1) When o # 0 and & >

(iv) When a # 0 and & =1 , the jack-knife ratio estimator ?é
J

is more efficient than QR .
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(v) When o =0 and & =1 or & =2 , the classical ratio
estimator Y_ is more efficient t Ve v Y
R icien han YRJ . YRP and YRGH' In case
nx4 and & =2, §RT has substantial gain in efficiency over ?é
J

provided the coefficient of variation of x is greater than 0.75,

see for instance, Rao and Kuzik (1974).

It could be seen from these empirical results that it is difficult
to draw any definite general conclusions about the superiority of any
of these estimators over the others. However, the jack-knifed ratio

~ A

estimator RJ& (with g = n) and the modified ratio estimator RTg
are slightly preferable. The jack-knifed estimator has the additional

advantage of having a simple variance estimator.

(2) Variance Estimators

The properties of the jack-knife and other competing variance
estimators, for small and moderate size samples, under models I, II
and IIT have been studied among others by Tin (1965), Rao and Begle
(1966), Chakrabarty and Rao (1967), Rao and Rao (1971b), Rao and Kuzik
(1974), Krewski and Chakrabarty (1981), Rao (1981) and Wu (1982).
We have explored these studies in a greater detail. The details appear

to be messy and hence we summarise the main conclusions below.

(i) When o =0, (i.e. the regression line is through the origin) and
the coefficient of variation of x is small, g = n 1is the optimal

choice.

(ii) The variance estimators VJ(RJ) and V1 are quite stable for

c

any n as compared to V(;/i) , provided the regression is approximately
through the origin and the coefficient of variation of x is small.

The stabilities of VJ(RJ) and V are approximately the same.

iC
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However, in case of exponential distribution the jack~knife variance

estimator VJ(RJ) is much better than VTC'

(iii) Under Tin's model (a = 0 and the coefficient of variation of

x 1is not small), the coefficients of variation of VJ(RJ) and Vie
are essentially equal as under Lauh and William's model in (ii) above.

These coefficients of variation are, however, greater than that for
V(y/X).

(iv) Under model (5.42), the variance estimators V1C and Vae

~

underestimate MSE(?R) whereas VJ over estimates MSE(?R) for all

~

values of & . However, when o =0 and £ =0 as well, V2C

overestimates MSE(?R). Rao and Kuzik (1974) through a semi-empirical

study investigated the performance of V1C’ VZC and VJ under model

A

(5.42) and reported that V1C and V2C are more stable than VJ.

~

Earlier, Rao and Rao(1971b) showed that VZC has a smaller absolute

~ A

bias as compared to V?C' Their results indicate that V?C

stable than V2C for 2 =0 and 1 whereas for £ = 2 , the variance

estimator V2C 1s more stable than V1C'

supported by Krewski and Chakrabarty (1981) who investigated the

is more

This conclusion is also

A ~

properties of V1C’ V2C and a slightly modified version of the
A g
. . . . o2
jack-knifed variance estimator Vike = é?é:TT .21 (Rj-R) under the
J:

model (5.42) when ui's are normally distributed. Considering

model (5.42)and different distributions for x , Wu (1982) also supports

above conclusions.

(v) Rao (1981) compared the biases and the mean square errors of V1C’

A

\Y VJ and a modified jack-knifed variance estimator

L’

8 N 9 32
y (yi—in) /(g=1) ==V for g =n . He considered
j=1 X

model (5.42) and showed that

- (1-£)
VJR g

xliﬁb

V1C underestimates V(§R) when £ =0 ,

1 or 2 . This supports the results earlier given by Rao and Kuzik (1974).
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A

VL is unbiased for & = 1 but overestimates V(?R) for 2 =0 and
underestimates for £ = 2 . The variance estimator VJR overestimates

V(§R) when ¢ = 0 and underestimates when £ = 1 and 2. The

important features of this study is that VJR is less stable than

~

V1C and VJ.

(vi) When o =0, that is the regression line is through the origin

~

VJKC and V2C are somewhat equally stable for £ = 0 provided n

is moderately large or CX is relatively small. However, for £ = 2 ,

the results concerning the mean square error of V1C’ V2c and VJKC are

not clear.

It could be observed from the above results that no clear picture
emerges about the relative merits of the ratio estimates and the
estimators of the variances of these estimates under the randomisations
approach. The reason is that these authors have followed the rules of
the conventional theory in studying the average performance of these
estimators and by averaging over all possible samples they have been

led to ambiguous results.

5.3.1.4b Mod~l Based Results

The model based measure of uncertainty, as discussed earlier in
Chapter 3, is a property of the units in the sample actually observed
and does not depend on the manner in which the units are selected.

In this section we give some empirical results regarding the properties

A~

of the jack-knifed variance estimator VJ, and other competing

VTC’ VL, VH and VD under the model £ . Royall and

Cumberland, through a series of investigations (1978, 1981a, 1982,

estimators,

1983) have compared the properties of these variance estimators using
simple random samples, restricted random samples and best fit samples
fromsix real populations under model (3.91). These studies show that

- 2 . . .
X, and % xi/n are the key sample characteristics. The ratio estimator
s
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~

for the population total T can be badly biased in samples where the

R
- 2 .
averages X and I xi/n are not close to the population averages
N s
- 2 . .
x and 2 Xi/N respectively. Moreover, the behaviour of the
i=1

variances and variance estimators is strongly dependent on x
s

The results for simple random samples and error curves of Royall

and Cumberland (1978a, 1981a) and Cumberland and Royall (1983) indicate

A~

that the variance estimator V1C tends to be too small when ;s is smaller

~ ~

than x and too large when ;s is larger. The performance of VJ'VD and

A~

VH in tracking the actual mean square error, as x varies, is much
s

~ A

superior to V and V_. The performance of V

1c L obtained directley from

L)
~ ~ ~

the prediction approach, is very poor as compared to VJ, VD and VH when

the model (3.91) does not hold. This implies that the variance estimators

VH’ VD and VJ are more robust to model deviations in the variance function
as compared to V1C and VL . We also note from these studies that the

performance of the bias robust variance estimator VH is quite similar

~

to that of VD . The important feature of these studies is that they

illustrate that even in well balanced samples the least squares variance

A

estimator VL is biased if Var(Yi) is not proportional to s

Their error curves also lead to an important conclusion that on the
whole the best samples for these statistics are those that are well

balanced on x

In case of restricted random sampling, the variance estimates V1C’

VD and VH give similar results. The error curves for the jack-knife
variance estimate VJ are very close to kV1C’ VD and VH whereas those

for VL are considerably below V1C' The general pattern of these

~ ~

~ ~

> VD >V, >V

curves 1is V H 1c

J
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The results for the best samples give no general pattern for the

~ A A~

superiority of any of the variance estimators VJ, V1C’ VH and VD.
However these results indicate that in spite of the absence of random~

isation, the best fit samples provide estimates of precision of the

variance estimates V1C’ VD’ VH and VJ which appear to be reasonable.

Royall and Cumberland (1982), and Cumberland and Royall (1983)

through an empirical study investigated the coverage properties of

confidence intervals for the ratio estimator TR y using the standard

~ ~ ~

V., and V for the

normal approximation with variance esti te A
PP mates Yie'Vn'Vp J’

samples drawn at random from the same six populations used in their 1981

study. 1In essence, these investigations reveal thatthe standard regression

theory variance estimator VL produced excess of standardised errors

(SEZ's) in every group and for all populations and hence this estimator

~
is useless in practice. The variance estimators VJ and VD showed

comparatively more stable and consistent performance over all groups for
some populations. However, these two bias robust variance estimators
also performed badly at the extremes in some populations (Hospitals

and Counties) and gave an excess of large negative SZE's in every group,

even those where X, Wwas near to x , in certain populations (Counties

70) . The conventional variance estimator V1C performed better than

A ~

VL in almost all the populations but was in no case better than VJ

and VD.

These empirical results indicate that although the performance of

the robust variance estimators VJ and VD is better than V1C in
almost all the populations yet it is not quite satisfactory because both
these estimators produced a large excess of extreme SZE's in

samples showing the worst imbalance (e.g. Hospitals and Counties 70) as

well as in samples that are well balanced (e.g. Counties 70). The
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problem, however, diminishes to some extent when the sample size

increases but persists.

5.8.1.5 Application to Complex Surveys

The jack-knife method, as discussed earlier in Chapter 3, derives
the estimates of variance from the variability among a number of
replication estimates of 6 computed from overlapping subsamples of
the total sample. Miller (1974a) reviews the properties of the jack-knife
method for simple random sampling with replacement. Let é-i denote
the estimator of 6 computed from the sample after omitting the 1ith
observation, thenjack-knife variance estimator for simple random

sampling with replacement is given by

~ 1 T T 2
VJ(O) = m iz1 (ei~6) s (5.60)

~

where ei = np - (n-—1)e_i are the pseudo values (see Section 3.2.2.9).

Jones (1962, 63) suggested a modification of the jack-knife method
for use in sampling without replacement from a finite population. Jones

suggested that for m = 1, the pseudovalues could be defined as

0% = wo - (w=1)6 .
3 W (W -] ’

_ | n . n-l
wvhere W = [N~nJ/{N—n N~n+1J'

The jack-knife estimator is
8% =w@ -~ — ) 9, (5.62)
1 n -

where (w=1) = (n~1)(N-n)/N .
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~

The estimator of the variance based on pseudovalues 6? is given by

. n ~ ~
G = Do) T (g0 )/ rm1)

J Nn =1
n
_ N-n 1 A2
- N n(n-1) .Z (ej 0)
j=1
_ N-n > %
= ~E—~VJ(6) . (5.63)

Some large sample results for simple random sampling without replacement,
using U statistic have been derived by Krewski (1978a) and Majumdar

and Sen (1978).

The extension of the jack-knife to complex surveys is not immediate
and no general definition is available for jack-knifing in a stratified
multistage sample. However, several different versions of the jack-~knife
procedures have been suggested for complex surveys. 1In this section,
we briefly discuss the applicability of the jack~knife for estimation of

variance from complex surveys.

5.3.1.5a Stratified Sampling

McCarthy (1966) extended the application of the jack-knife method
to stratified sampling without replacement. However, most of the
developments for the application of the jack~knife assume that the
PSU's are selected with replacement. In an attempt to extend the
application of the jack-~knife to complex surveys different definitions
of pseudovalues have emerged which have resulted in different jack-knife
estimates., We attempt to summarise various approaches for obtaining

jack~knifed variance estimates from stratified samples.
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Consider a stratified random sample based on L strata and sample
observations (y11, y12),....,ZyL1,yL2) per stratum. An unbiased estimate

of the population mean Y 1is given by

— L —
Vst he whyh
— nh
where Yy T '21 yhj/nh denotes the sample mein in the hth stratum
and Wh areJthe relative stratum sizes with h§1 Wh = 1

The usual sample estimate of the V(§St) is

Lo,
VG = L ow el (5.64)

where dh = yh1 - th'

Case I Now, if we delete one observation per stratum and denote by 0 b
Dbt =]

the estimator based on the entire sample but with the jth observation

in the hth stratum deleted and 6 as the estimator based on the entire

sample then the pseudovalues can be defined as

R A ~
- - = = 5.65
B,; = 29 N ( )
The jack-knifed estimator is
. | L § ~
e e E 2 9 . (5.66)
1 2L h=1 j=1 hj

The jack-knifed variance estimator in this case is
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. L ’ I )
v, (8) = ) = ) (8_.-6,)
3,00 W2y 2 P Y 1
L
_ 1 2.2 5=
= Z W dp = v(yst) . (5.67)

which is the ordinary estimate of the variance of §st

Case II Kish and Frankel (1970) proposed a variant of the jack-knife
method known as the jack-knife repeated replications technique (JRR)
where each replication gives a measure of the variance contributed

by a single stratum. This technique measures the stratum variance
contribution for variance estimates by leaving out replicates. The
method consists in forming a set of replicates by deleting one primary
selection from each stratum 'and adding twice the stratum's other
primary selection. This method yields four variance estimators. Let
6? denote the jack-knifed replication and 6?* be its compliment,
then variance estimators based on the half-sample, complementary sample
and those based on the difference and the sum of the half-sample and
complementary sample are:

N ~ L

ol 2

Vippops (&) = (1-) 121 (6%-0) (5.68)
. . L -

Vigpec(®) = (1-£) iz1 (0%%-6) (5.69)
~ - L 9

Vigrop(®) = (1-£) iz} (6%-0%%) (5.70)
v () = (1-f) % (8%-8) 2+ (p5%-0) 2] (5.71)
JRR-S 77 L [Cey 1 :

(=1
—

where f = é— :
h

The variance estimates (5.68) and (5.69) are cheaper to compute but

less precise than (5.71). Lee (1973) also proposed a variance estimator

N

v 8) . Lee's variance estimator 1is
JRR-5 (&) S

which is equivalent to
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(5.72)

I o~—1t
=
o

(ii) 0, > 2

Case 1! Suppose that n, units are selected from the Nh units in the

stratum h(h = 1,2,...,L) by simple random sampling without replacement

in each stratum. Then Jones (1974) derived jack-knife estimators by

~

employing Taylor Series expansion. Let e_hj denote the estimator of

© obtained by omitting the jth observation from the hth stratum and

~

let © denote the mean of n observations, then Jones estimators

(h) h

are:

- [V L nh . L nh " j
8, = LH h; (nh—1)I1— —ﬁ—}e - hé (nh-—1)[1-— “ﬁ‘}e(mJ (5.73)
R Yho
where e(h) = jZ1 emhj/nh'
The variance estimator is given by
A - L nyn h . ~
vy (6 = h; [1~ Nﬂ :;’ 121 (enhj—e(h))2 (5.74)

The estimators (5.73) and (5.74) have also been suggested by Brillinger

n
(1977). If n_ =2, then (1 - —E} =1 and (5.73) reduces to

h C Ny
McCarthy's estimator (5.65) and the variance estimator (5.74) reduces to

~ .~ L, 2 .

v (8)=) 1 ) (8 .—9)2 which is the same as considered by Lee (1973)
T % s TR

and Kish and Frankel (1974). Now if we replace e(h> in (5.74) by

N L.
YV 6 . ./n and l'z 6 respectively, we get two variants of
> =hj L (h)
hj. h
v (8.
J2 J

It is interesting to note that if the pseudo values (5.65) are

defined as
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T L LI (5.75)

then the jack-knife estimator is given by

-1 1L
1 Zh 5. -seh§ Fhg (5.76)
EARNEIS =1 Bopay j=q 7B

o~

The corresponding jack-knifed variance estimator could be obtained as

~ ~

L
vo(e,) = 3 Zh ) ?/n, (0 -1 . (5.77)
I3 90 R2t e h

~

An alternative jack~knife estimator may be obtained by averaging over

L strata, that is

L
Z Zh (5.78)

L 1 h N
v, (6. ) = Z — X (eh.-eJ ) /(nh—1) (5.79)
=1 " j=1 )

These estimators are the extensions of the jack-knife estimator proposed
by McCarthy for the special case nh=2 . Folsou, Bayless and

Shah (1971) have also considered the jack—-knifed estimator for stratified
sampling. Their jack-knife variance estimator can be obtained by

~

. . h . ,
replacing 6;; in (5.77) by .Z ehj/nh and is equivalent to Jones

variance estimator (5.74).

We illustrate the above discussion through an example of ratio

estimation from Rao (1975).
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Consider a stratified simple random sample design.

be selected from the Nh
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units in stratum h(h=1,2,...,L).

combined ratio estimator of the population ratio

where Wh = Nh/N and Yy and x

g o>

[

s

h

=
g

<
=g

=

jnny
[ B Jul BN Bas Fund
=

—

Fo]
j=n

are stratum sample means.

n units
h

The

(5.80)

Let

R(hj) denote the estimator of R obtained by deleting the jth

R n .
unit in the stratum h and R(h) = jZ? R(hj)/n

h=1

1k

oy

N

(5.73) for R 1is given by
. [ L o 1. %
R, = |1+ ) (a -1)|1=-=||R - (n,-1)
The estimate of the MSE(R) is
~ A L
vV.(R) = )
J .
where
n
2 _ h .
=1
n
h
For n_ =2, 1 ~— =
h Nh

which was proposed by

reduces to

McCarthy (1966).

R

3

3

he

—|R
N ()

12
n S °*

A 2
(hj)"R(h)) /(g =1)

= 1 and (5.81) reduces to RJ = 2R ~-
h

Then Jones estimator

(5.81)

(5.82)

(5.83)

L ~
L R

The variance estimator (5.82)

L
21 = §

h=1 b

~ 2
Rent) Renzy) !

(5.84)
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Similarly, by making appropriate substitutions we can obtain other

variance estimators.

Case 11
Brillinger (1966) proposed n mutually exclusive and exhaustive
groups each containing one observation per stratum and computed the

jack-knife estimates by excluding an entire group. He considered

n, = rm where r the number of groups remains fixed. Assuming
n

fh = §h~ does not change too much with r , he suggests that the
h

sample elements in the hth stratum should be randomly split into r

groups of size m and then randomly join together a group from each
stratum to form r global groups. Brillinger also discusses the
jack-knifing of two stage sampling and cluster sampling with unequal
cluster sizes. He demonstrates how complicated samples should be

divided into groups in order to obtain an unbiased estimate of variance.
However, the method adopted by Brillinger is like a part sample technique
and does not have the characteristics of randomisation or balancing.
Moreover, we have seen earlier in subsection 5.3.1.3 that r =n is

the optimum choice whereas Brillinger assumes fixed r.

Case II1

Recall that McCarthy applied the jack-knife to stratified sampling
by leaving one observation per stratum whereas Kish and Frankel's
jack-knifing consists in deleting one PSU per stratum and adding twice
the stratum's other primary selection. Lemeshow and Epp (1977)
discuss the jack-knifing of individuals or groups by collapsing the
strata. Suppose we wish to estimate the variance of the population

mean from a stratified simple random sample with n, observations per

h

stratum. Then the estimates of the population mean may be formed by
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omitting a single and adding back the average of those observations

yhj

remaining in the same stratum. In this way we compule nh.L values,

DR
o _wunj i'Ay B (5.85)
% T T T
J h B ]

The pseudovalues are now given by

~

ehj =n6 - (nh-1)ehj

(5.86)
The average of these values is the jack-knife estimator,
L n
- 1 1 h ~
0. == ) — g, (5.87)
bR psy 55y B
and the variance estimate is
"~ L oo ~
vi(e) = L 321 (ehj—eL) /n, (a, -1) (5.88)

These authors discuss 4 variant cases. Suppose we have L strata,

then the four cases considered are:

Case 1

n, = kmh observations in each stratum which are collapsed into k
equal sized groups of m o= nh/k - Instead of omitting a single
observation, an entire group is omitted to obtain the jack-knife
variance estimate.

Let
2
i .y YE thyh. REREN Y Ay (5.89)
h=1 h=(k=1m, +1 J

Then
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o= T ow, I
6= ) W y*. /km (5.90)
h=1 D321 Bl Tn
and
" YRS
A T - i (5.91)
hj h km_ h k(k~1)mh

The pseudovalues and the jack-knifed variance estimate are obtained as
in (5.86-5.88). Denoting Zhj = whyﬁj/kmh in expressions (5.90),

the variance estimate is given by

Lk

T .2 532 B
vie ) =k Z '2 (zhj 23" e (k=1)
h=1 j=1
2
L (w k
1 ; h} Z -\ 2
= - =2 (y¥.-y%)° (5.92)
k(k=1) -y ith = hi “h
where
= — — ' 7'::-—— 7'
RN ‘E. Znp and v o= g Z vES
i'#] i=1
Case 2
If k = n and m, = 1, then from (5.92), we get
L n
ST - 2 h Ty 2 _
v e, ) hz} W 321 (ygj y#) “/ny (a =1) (5.93)

Case 3

If we take k = 2 , i.e., n = th , then from (5.92) we have

W2 2 )
v~] jZT(yﬁj—yﬁ) /2 (5.94)
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Case 4

When k = 2 and m = 1 , then from (5.92)

L
-2
vile ) = Z Wy 2 S

i}

2 2
1 Wy (O yp)

I o~

1
Y

v<§st) , given by (5.64) (5.95)

[

5.3.1.5b Jack-knifing for Variance Components in Complex Surveys

The jack-knife has also been extended for variance components in
complex surveys. The details on this aspect could be seen in Folsom,
et al., (1971). These authors have also developed a multistage
extension of the jack-knife for non-linear statistics from complex

surveys.

Consider a stratified three stage design with PPS selection at
the first two stages and equal probability sampling at the last stage.
It is assumed that first stage units are sampled with replacement and
are subsampled independently each time they are selected. Second and

third stage units are selected without replacement.

~

Let © be the non-linear statistics, then in the notation of

Folsom, et al.,

0= fly, (D,....y, (@) (5.96)

+..

where the (plus) in the y's (sample totals) indicates the summation
over h(h = 1,...,H) strata. The estimates for 6 are formed from
pseudo-replicates obtained by successively deleting the data from

sampling units at a particular level of the design. These estimates are
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~

= - - .- .= L . =1 ..
Jehijk nhshimhije (nh 1)e—hl nh(shl 1)e—hlj nhshl(mhlj )e—hljk

(5.97)
When a first stage unit is deleted, the replicate estimator is
o_y; = flY_ . (D,..... Y i} (5.98)
with
Y_hi(r) =y,...(x) - [yhi..(r)~yh..'(r)]/(nh—1) (5.99)
The jack-knife estimate is the average of the pseudo-values and is
given by
% gh Ehi ;hij
6, = Jo, .. /Hn g .m .. (5.100)
JK h=1 i=1 j=1 k=1 hijk’ h hlmhlj
The variance estimate for the first stage component in (5.100) is
2
J Y = (IMs -aMs' ) (5.101)
P s/p
P
where
3 o
JMS_ = (Jo -Jo )/ (o, -1)
s . NN h
S =
H ™ Shi 5
A\ o — -
Mg, = z D) (364798 ) fops, (sy =1

5.4 Robust Interval Estimation

Tukey (1958) suggested that the pseudo values éi could be treated
as n independent,identically distributed random variables with mean

8 and hence standard error of 6 can be estimated and could be used

to set up approximate confidence intervals. Thus the statistic
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4 (5.102)

has an approximate t distribution with (n-1) degrees of freedom.

al/2

The approximate confidence intervals of the form 6 % S.E.(8) o1

could be constructed, where tgf% is 100 (1-a/2) per cent point of

Student's t-~distribution.

However, with exception of Brillinger (1964), most of the literature
on the distribution theory of the jack-knife is concerned with establishing
the asymptotic normality. The reason for this is that,in practice,the
jack-knife t=intervals are conservative (i.e. wider than necessary
for the nominally listed coverage) so it may be better to use the normal
critical constant. Miller (1964, 68) has discussed under what circumstances
Tukey's assertion regarding the use of the functions of the pseudovalues
to estimate the variance and set confidence intervals are valid. Let
8 = £f(u) where u = E(Xi) . Then Miller (1964) showed that if {Xi}
is a sequence of independent and identically distributed random variables
with mean p = 0 and variance 0 < g2 <w , and if f 1is a function
on the real line which in the neighbourhood of the origin has a bounded
second derivative, then as n =+ « , /E“(é—e) is asymptotically
normally distributed with mean zero, and variance oz(f'(O))2 and
1 ? (éi‘é)z £ Oz(f'(O))z. In a subsequent paper, Miller

i=1
(1968) extended his results to potentially more useful case, where

that (n-1)

A

6n is the sample variance or the log of the sample variance.

o . N r~
The conditions under which the original statistic 6n and the

~

jack-knifed statistic en have the same asymptotic properties have

been described by Thorlurn(1976). In his subsequent paper,Thorburn (1977)
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discusses that if the pseudo-value s éiconverge in mean square to a

sequence of random variables Xi s, as n = o . then random variables Xi
are independently and identically distributed. He shows that the
variance estimate based on the pseudovalues is consistent and that the

jack-knife estimator is asymptotically normal.

Miller (1964) also pointed out the situations where the jack-knife
procedure fails. His three counter examples are based on the simplest

non-linear estimate, that is, the maximum of X .,Xn . He demonstrated

oo
that for the largestorder statistic, the asymptotic behaviour of (5.102)

can be non-normal, degenerate and may even drift to infinity.

5.4.1 PFunctions of Maximum Likelihood Estimate

Brillinger (1964) presents a different limiting approach by
holding g fixed and letting m » ® for the grouped jack-knife
(5.4). Let YisYgserra¥y be a random sample from a distribution with

density function f(y,8) then the likelihood function is given by

n
L(y1,y2,--.,6) = iE1 f(yi;e) (5.103)
n
Log(y,8) = | Logf (y,38) (5.104)
i=1
51logL(y,0) 2
-«5§§XL—~ = 7 dlogf(y,;0) /38 (5.105)

i=1

~

Under the regularity conditions, the maximum likelihood estimate 6 of

8 based on n observations satisfies the condition,

n
) 3logf(y;,9) -0 (5.106)
= °°

‘ ~
lo =
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Now expanding (5.106) in Taylor series and making appeal to strong
law of large number and central limit theorem, after some algebraic

manipulations, it could be shown that

Yn (6-6) ¢ N(O,1/1) , (5.107)
where
gzlogf(y 6)’ .
I = -E -w—*——i—i~—- is the Fisher's information.
36

Let G(j) denote the maximum likelihood estimate derived from (g-1)m
observations obtained by deleting the jth group, then the grouped

jack-knife can be defined as

~ ~

6,+ = g6 - (g=1)6

pj J=1,2,...,8 (5.108)

()’
Now, holding g fixed and letting n > « , it could be shown by an

appeal to central limit theorem that

~ d
..-‘ ._>
Vn(epJ 8) N(0,1/T1)

Also using results from Mann and Wald (1943), after some simplifications

it follows that

/E(ep~e) d

vot(g-1) (5.109)
Py 2
V//j§1 (@pj 6)7/(g~1)

This implies that the t-test can be applied to epj as if they were

independently distributed.

We note the main difference between Brillinger approach and that
of Miller 1is that the former regards the number of groups to be held

finite as n » = and letting the size of group become larger whereas the
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latter assumes g = n . However, one would prefer to have g >> m,

so the asymptotics do not establish the t-approximation in many problems.
Also it has been shown (Section 5.3) that g=n 1is optimal. Fryer

(1970), in an abstract, reports to have overcome the difficulty that

g remains finite as n > < . He also claims to have extended Brillinger's
results to the multiparameter case but these results have not yet been
published. The question thus arises regarding the relative size of g

and m , if n 1is large. However, at present the only solution appears
to be that g should be large enough so that adequate degrees of

freedom are available for t - statistics.

~

Reeds (1978) has proved the asymptotic normality for eg when
g >®, with m =1 . He shows that the jack-knife gives the correct
asymptotic variance for ég and 5 even if the model is incorrect.
Fisher's information does not do this because it is computed
theoretically on the basis of assumed density £(y,8) . Brillinger
(1977) considers the version of jack-knife, as considered by Miller
and Reeds, etc and obtains the results which are very close to Reed's
results. To obtain these results, Brillinger uses Chibisov's (1973)
expansion in order to prove convergence. The appeal to Chibisov's
requires much stronger moment and smoothness conditions than the
Cramer's conditions used by Reeds. Reeds uses a reversion of series
specially fitted to the jack-knife application instead of a general
purposeresult like Chibisov's. Thus, on the basis of the above discussion

and the earlier results that g = n 1is the optimum choice (Section 5.3)

Reed's results appear to be preferable.
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5.4.2 U-Statistic and Functions of U-Statistic

The results of Miller (1964) were extended to U~statistic and

functions of several U-statistic by Arvesen, (1969). Any statistic of

the form
-1
n
= * .
LG SUPIINS & N (Xi1’X12""’xiQ) , (5.110)
% C
where the kernel function f*(x1,...,x ) is symmetric in its &

2

arguments and the summation is over all combinations of & wvariables

X out of n wvariables X

Kipo&yge-eaXyy gre

.,Xn , 1s termed as

U-statistic.

Let the parameter of interest be denoted by £(u) and the estimator

to be jack-knifed by 6 = f(U) , where u = E[f*(Xj,...,X )]. Then

L

considering (X ,Xn) as independent and identically distributed

1,-..

random varaibles and f*(X1,~'-,X ) as any real valued symmetric statistic

L
2 .
such that E[f*(X1,...,X2)] < ® , where £ 1is the smallest number
of observations needed to estimate 6 , Arvesen shows that the limiting

distribution of (5.{02) is unit normal as n - , provided f has a
bounded second derivative near M . These results have also been

extended to functions of several U-statistics f*(U1,U2,...,Ur) , where
each U-statistic has Uj different kernel functions £%(j) for the same

set of independent, identically distributed random varialbles (X "Xn)°

o
Arvesen also discusses the case of non-identically distributed random

variables and applications to ratio-estimators and product moment

correlation.

Considering the X's as independent and identically distributed
random variables and expressing the unjack-knifed statistic as a function
of several U-statistic, Arvesen and Layard (1975) established the

asymptotic normality and the consistency of the jack-knife estimator for
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sampling with replacement. In case of sampling without replacement the
X's are no longer independent. Utilizing the concept of a sequence

of finite populations (Madow, 1948; Hajek, 1960), Nandi and Sen (1963)
established the consistency and asymptotic normality of U-statistic

in sampling without replacement from finite populations. Recently,
Krewski (1978a) shows that many non-linear statistics can be expressed

as functions of several U-statistics. He also establishes the asymptotic
normality of non-linear statistic and the consistency of the corresponding

linearization variance estimator.

&.4.3 Functions of Regression Estimates

We have noted from the previous sections that the applications of the

jack-knife technique are mainly confined to handle the balanced
situations with independent and identically distributed random variables.
Miller (1964, 1968,1974a),Thorburn (1976, 1977) and others have established
the conditions under which the jack-knife estimator is asymptotically

normally distributed with a consistent estimate of its variance.

Miller (1974a) extended the applicability of the jack-knife

technique to the linear model,
Y =XB +e (5.111)

where Y = (Y ..,Yn) is a vector of n independent observations

17
3 = <31’32""3p) is a vector of unknown parameters, e = (e1,e2,...,en)

is a vector of independent and identically distributed error variables

. 4 . .
with E(ei) =0, Var(ei) = 02, E(ei) < @ . The X 1is a matrix of
known values.
The parameter of interest are of the form & = £(2) , where f is

a smooth function of the model parameters. The estimator considered is
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~

A ___1 i
= f(B) , where B8 = (X'X) X'Y 1is the least squares estimator. The

D>

jack-knife is applied in the usual way be deleting successively each

~
row of X matrix and each column of Y . Let B8 be the least

-1

squres estimator for B obtained by deleting the ith row of X matrix

and the ith element of Y . The pseudovalues are defined as

<
fi

nf(B) - (n-1£(g ) (5.112)
-1
and the jack-knifed estimator for 6 is

n
) 8. (5.113)

X'X
Miller (1974a) shows that under the conditions that :;: > L,

a positive definite matrix, as n - « the jack-knife estimator of
8 is asymptotically normally distributed, that is,

- d ) T -
/n(0-9) > N(0,07E£'(8)" | £'(p)

for any function f£(.) with bounded second derivatives in an open sphere
3f (B) If (BT

38 seetes TR
1 P j

The pseudovalues

about B8 , where f'(8) = i

(5.111) are defined symmetrically with respect to the observations

(x., Yi) but in general linear model situations the observations do
>

not affect the least squares estimates in the same way.

Hinkley (1977b) suggested a weighted jack-knifed estimator 6y

~

with the assocaited variance estimator VWJ (see Chapter 3). Under

the similar conditions as given by Miller (1974a), the weighted jack-knifed

~

estimator ew of 8 1is also asymptotically normally distributed, that

. . 2 . _ . .
is, if o < » and there is some positive definite matrix I such

that n (X'X) > I , as n > o , then /E(ewre> converges in

distribution to N(O, ozf'(ﬁ)T gﬁif'(ﬁ)) . Also if f has a continuous
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first derivative in a neighbourhood of § , then VJ and VwJ
~1

converge in probability to ozf'(ﬁ)T L f£'(B) as n ~» « . These results
extend the use of jack-knife to the estimation of linear or nonlinear

f(ﬁ) in unbalanced situations.

5.4.4 Correlation Coefficient

Another area where the normal theory procedure is not robust is
the interval estimation for the correlation coefficient. The test that
o = 0 1is robust to non-normality but for p # 0 , the asymptotic

1 1 1+r

. - - . 1 .
variance of 6 = tanh r = Elln(T:;) 1s not Y unless the underlying

-3
distribution is normal. Duncan and Layard (1973) studied jack-knifing
é and found that it works well with most of the distributions considered,
namely, normal, lognormal, linear regression uniform, linear regression
double exponential, gamma and contaminated normal. The normal theory
test showed poor results for certain non-normal distributions whereas

the jack-knife method provided better confidence intervals for most of

the sampled distributions.,

Recent work on improving the jack-knife in connection with the
correlation is due to Hinkley (1977a, 1978)+Hinkley (1977a) assumes
n = gm and onthe basis of a simulation study based on 500 replicates
for normal, contaminated mormal and double exponential, he shows that
Tn = tanh_1r has not only stable variance for elliptically symmetric
distributions but,to second order, it is symmetrically distributed.
Hinkley concludes that the approximate normal jack-knife confidence
limits are often inaccurate even for moderately large n and the student
t approximation with (g-1) degrees of freedom is better for large m.
The grouping of data usually improves the probability accuracy of

confidence limits with only a slight loss of efficiency. However,
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random grouping of data is objectionable due to the reason that
the resulting inference is not unique. Moreover the pseudovalues are

not capable of indicating deviant points.

Hinkley (1978) uses =z transformation of the sample correlation
estimate r and argues that this transformation is preferable in
practice because it is more nearly normal than r and because
inadmissible values are possible for the jack-knifed untransformed
correlation. His results based on the artificial data show that the
jack-knifed estimator is more seriously affected by a deviant point
than the unjack-knifed estimator. Similar behaviour of the jack~knife
have earlier been observed by Miller (1974b) and Wainer and Thissen
(1975). Using well known expansions for differentiable statistical
functions (von Mises, 1947), Hinkley suggests robust alternatives based
on the analysis of pseudovalues. He concludes that the routine
deletion of smallest and largest pseudovalues before averaging produces

a very definite improvement over Tg in case of correlation, where

n
1 -
x = L ‘ - o )
T* iz Piv Payi =0T, T (DT (=1, 2,...,m) and
T = t(YI’YZ""’Yn) is an estimate of the parameter of interest 6 .

Knott and Frangos (1983) pointed out that the results of Hinkley (1978),
on variances associated with jack-knife estimation are incomplete due

to the non-inclusion of third order terms in a von Mises expansion. Thus
the estimators for the variances in Hinkley (1978) are not adequate for
moderate sample sizes and can be improved. These authors give Monte

Carlo simulation results in support of their conclusions.

5.6 Concluding Remarks

This brief review has had to be selective, with some issues
excluded, but some final points should be made. We have attempted to

discuss the important aspects (particularly relevant to survey sampling)
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that has been significant in bringing the jack-knife method to its
present status. Presumably one could identify two types of inference
problems, namely, bias reduction and interval estimation where the
jack-knife has proved itself to be a useful device. We observe that

the jack-knife method introduced originally to reduce bias in estimation
was progressively extended as a means of obtaining robust confidence

intervals.

Considering the theoretical properties and numerical studies,

discussed in this chapter, we reach the following conclusions.

(1) The jack-knife appears to behave reliably both as a means of
bias reduction and of providing a realistic assessment of error in
cases where the estimator is a function of all data values concerned.
This includes situations involving variances, maximum likelihood or
least squares estimator, regression, correlation and ratios. However,

the order statstistic does not come under this category.

(2) We also note that the jack-knife method can be extended to more
complicated samples, provided adequate care is taken to ensure that a

properly representeative method is used for subdividing the sample.

(3) Based on the mean square error considerations in ratio and other

problems, the choice g = n appears to be the best,

(4) The theoretical and numerical results on ratio estimation provide

no clear picture about the superiority of the jack-knifed ratio estimator
and the estimator of its variance as compared to other competing
estimators under the randomisation based approach.

(5) The model based approach does point out flaws in the conventional

~

variance estimator V1C and recommends that balance is a necessary
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condition for robust inference. However, even under this approach,
the empirical results of Royall and Cumberland (1982, 1983) regarding
the performance of robust variance estimators for restricted random
sampling, even in case of balanced samples, for robust interval
estimation using standard normal approximation are quite confusing and

~

do not differ from those for V!C'

Before closing the discussion we would like to make a final point
that it has been noted that the standard jack-knife procedure is
sensitive to deviant data points (see Chapter 3, Section 3.2.2.11).
Thus an outlying pseudovalue indicates that an estimate is being excessively
influenced by the corresponding observation (or groups of observations).
This suggests that there is need for considering alternative more robust

methods, as discussed in subsequent chapters.



- 221 -

CHAPTER 6

THE UNWEIGHTED JACK-KNIFE FOR REGRESSION ESTIMATION

6.1 Introduction

During the last three decades considerable attention has been
devoted to studying the properties of the jack-knife method. We find
that the technique has since been extended to handle more general forms
of applications such as estimation of variances, ratios and correlation,
etc. The conditions under which the jack-knife estimator is asymptotically
normally distributed together with a consistent estimate of its variance
have also been established. As could be seen from Chapter 5, a
considerable amount of literature also exists on the performance of
the jack-knife in problems of ratio estimation and comparison of
variances under the randomisation based and the model based approaches.
The jack-knife has also been generalised to tackle more general forms
of bias and to estimation in specialised stochastic processes. The
bulk of this literature deals with balanced cases which assume equal
sample sizes and equal variances. We have reviewed the relevant

literature on the jack-knife in Chapter 5.

Linear regression models are of considerable importance in a
variety of applications., Miller (1974a) extended the jack-knife
technique to the estimation of the parameters associated with the
linear regression model Y =Xg +e, where Y 1is a vector of n
indepedent observations, X 1s a matrix of known values, B is a
vector of unknown parameters and e is a vector of independent and

identically distributed error variables.



- 222 -

In this chapter, we discuss the application of the unweighted
jack-knife procedure to regression estimation. In Section 6.2 we
give basic concepts necessary for later developments in this and the
subsequent chapters. In multiple regression an important set of
quantities is wy = gf(XTX)~1§i which measures the distance of a single
design point from the centre of the data. In Section 6.3, we discuss
the interpretation of W, as a distance measure. Section 6.4 is
devoted to the properties of the jack-knifed regression estimator é
under the linear model described above. The important feature of the
jack-knife is that it provides a simple variance estimator for the
variance of a parameter estimator. In Section 6.5, we examine the

properties of the jack-knife variance estimator. Finally, in Section

6.6 we give the main conclusions.

6.2 Preliminary Concepts

In this section we give some basic concepts which will be utilized

for derivations in the subsequent developments.

Lemma 6.1
Let A be a non-singular n x n matrix and U and V be two

n x 1 column vectors, then

a+uh ™= - 6.1)

This is a standard result in matrix algebra, see for example, Rao

(1965), and Draper and Smith (1981).

Corollary 6.1

If X is a P x P non-singular matrix, Y is a P x 1 vector

and C is a scalar, then
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1 _ -1 == 2

CO® ¢ 4 B (6.2)

Lemma 6.2 (MZiller 1974a)

For fixed x the sequence E?(XEXH)_1§_ is non-increasing as
n increases.
Proo
T TooT
We can write Zn+1xn+1 = iZ1 XX, = ann + §n+1§n+1' By Lemma 6.1,
we have
T -1, T, T -1
(Xn+1Xn+1> - (ann+§n+1gn+1)
GO @)
_ T 1 n-n n+1=n+1 "“n
= &x) - T o171
Tz B X)) X1
Thus
T,,T -17 T -1
- ) GrEx) e DG &)
x (X X ) x = §T(§2Xn)§ B n-n ;+1 _1n;1 n-n (6.3)
n+l n+1
1+}‘{n+1()'(nxn) §n+1

Since the numerator and the denominator of the last term are non-negative

and greater than or equal to one, respectively, the conclusion follows.

If X'X/n > I positive definite, then

max x.(XTX )_1x? - 0
-1 =i

. n-n
1<ign
Proof

Consider a sequence £ for which max + e > 0

T
Let X (X2X2> X = max X (XQZQ) N (6.4)
‘e Ty 1gige
. T -1 =1 . e e s
Since (X ng) > 3 , the sequence 1, must tend to infinity.
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Now by Lemma 6.2, x. (X. X. )g? > g? (XEXQ)_1X? . But we have,
e P P i i,
P=Tr(x; XD X, g ox )
oot 3 2 2 e
= Tr(zf X, )'1(&f % L) v Eg (xf X, )] f (6.5)
) 2 2 2 7 ¢ 2

Now since, iQ + © and (Xi £)/n >3, as n > o it implies that

T —
Tr(X; X, ) 1(&? & )P (6.6)
278 2 %
T -1 T . . .
Thus from (6.5) we get x. (X, X. ) x. =0 which is a contradiction.
i, =i i
2 2R L
Hence,
T
T -1 T ®%)
max x. (X X)) 'x. >0 . as > $(p.d.). (6.7)
TSl‘.SH nn 1 -
Lemma 6.4
Consider the linear regression model,
Y=x8+e (6.8)
T T T
where Y = (Y1,Y2,...,Yn), g = (31,32,...,ep), e = (e1,e2,...,en)
and
{ T\
Xiqa x12,...,x1p X
Ky, 5% %l
21°%227 0 %p %2
Z{_ = =
XX x| ]x
nt’ n2’" "’ Tnp -1
The error variables &e.,, i = 1,2,...,n are assumed to be independently
i

. . . . . . 2
and identically distributed with zero mean and constant variance ¢
Let B be the least squares estimator of § with the complete data set

and B_ji =1,2,...,n be the least squres estimator of @ when
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the ith row (gT,Yi) is deleted. Further let X be the matrix X

i
with the ith row deleted and Y represent the vector Y with ith

row deleted. Then,

"Dz, (15 §)

= — (6.9)
1-§§(§T§> 'x

™ >
|
1™ >

Proof

We can write XX = (XTg—gigf) where §§ is the 1ith row of X.

By Lemma 6.1, we get

o T, - T, -1 (§T§)~1§i§I(ZTX)~1
X = Exxx) =@+ — , (6.10)
* -2, (X"X)
and
(XTY) = (X ¥-x,Y,)
= - = =11
By definition
B = 07X = xx ) T YY)
~1 -
T =1 (XTg) §i§E(XJX)—1
= (X'X) + G T (X°Y-x Y))
1-x, (X X) T T Tid
nonr, | P rm@oTy g &0y 0y
= @8 XL+ T =1 - G0 kY, - T, T =1
1-x, (X"X) 1—§i(§ X)
\
A g xEETK) 1ng x.§§(x 0 .y
= X -1 - XlYl— T, T 1
1-x. (X7X) 1-x. (X7X)
A q|® x?(gTX)_1XTY x.Y.(1-x (XTg)_1§ -x. X, (X"X) 1~.Y.
= B+ (XTY) i1 —— 171
. - x:(X°X) J
1 —
@ e @ T -6 Ty
= B+ =
T (X0
X0 Tk, (750 8)

(6.11)
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Hence
B-g . =" i1 =i-
-t 1—X?(XTX)_1X
224 %
(XTg)“iﬁiRi
= —_ (6.12)
1~w.
i
where Ri =Y, - §f§ is the ith residual. The expression

;= §§(§T§)—1§i can be interpreted as the distance of the single

design point from the centre of the design, see for instance, Hinkley

(1977b). This interpretation of W is explained in the next section.

6.3 Interpretation of the Distance w,

In this section, we attempt to explain in what sense the quantiy

T, T -1 . .
w, = §i(§ X) X can be interpreted to measure the distance.

Definition 6.1 (Digstances)

Let P and Q be two points where these may represent measurements
x and y on two objects. A real valued function d(P,Q) 1is a distance

function if it has the following properties:

(1) Symmetry, d(P,Q) = d(Q,P);
(i1) non-negativity, d(P,Q) = 0 ;

(iii1) identification mark, d(P,P) =0

In addition, many distance functions hold the following properties:

(iv) definiteness, d(P,Q) = 0 1if and only if P = Q;

(v) triangle inequality, d(P,Q) < d(P,R) + d(R,Q).

Definition 6.2 (Euelidean Distance)

. . T T
Let X be an (n x P) data matrix with rows O SRS
Then the Euclidean distance between the points X and §j is d..,

where
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2 B 2 2
dij = kzj (Xik Xjk) = '|§i §jH (6.13)
This distance function satisfies properties (i) = (v).

Definition 6.3 (Mahalanobis Distance)

The squared Mahalnobis distance between points X and the sample

mean vector X 1is defined as

0?2 = (x -0 87 (x, %) (6.14)
1 -i = -1 =
where S 1s the estimate for the variance—covariance matrix ©I.

The distance measure defined in Lemma 6.4 gives a measure of how
far the ith point is from the centre of the data. For example, in
multiple regression, w. , measures the distance from the point s
to the centre of the data and the cases with unusual values for the
independent variables will tend to have large values of LI This
point could be illustrated through a simple example. Consider the

simple linear regression model,

y, = ot BXi + e, i=1,2,...,n

where E(ei) =0, Var(ei) = o and Cov(ei,ej) =0 for 1 # ]

For this model

3 in X,
noIxg - T
Ty ! To\-1 _ 1 |

(X70= o »oand (X =gy g |

Ix. X i
i i - * 1

l j :

2 =2 - 2
where SY¥X = in ~ nx~ and x = ; xi/n

Now, w, = x?(XTX)m1x. and hence
i =it= =0 =



Zx? Ix.
- 1
nSxx nSXX (
i © (1 Xi) X,
1 1 X
nSxx SXx i
Zx? 2%.IX. x?
N i i7i, i
nSXX nSXX SXX
- R
' (xi~x )
= '1:1’ + -——-'—S—)-{r (6-15)

It could be seen from this expression that W will be minimised when

X, = X whereas L will increase for the unusual cases, that is, the
cases for which x, is far from x . If X is sufficiently far from
_ (xi~x)2

x, then —oxx will become larger and w, may be closer to one.

The distance notion described above can be formalised in several
ways. The one that works (at least for models with intercept) is
best defined in terms of the deviations from means form of the model (6.8).
Suppose that 3?%2’ is the corrected cross product matrix, g is a
P' x 1 vector of sample means of the P' independent variables and

we redefine §f to be the 1ith row of X without the one for

intercept. Then Weisberg (1980) has shown that

w, o= L4 (gi—§>T@z¥g3_1<§i—§) (6.16)

1

=}

1f %~ term is dropped from the right hand side of (6.16) and the

remaining term is multiplied by (n-1), then we get the quantity called

the Mahalnobis distance from X, to the cetnre of data g . Geometrically
the second term on the right hand side of (6.16) gives the equation of

an ellipsoid centred at g . The definition of distance, in fact,

depends on the data. The points near the long or major axis of the

ellipsoid need to be much further away from g , in the usual Euclidean
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distance sense, than the points closer to the minor axis, so as to have

the same values for W,

6.4 Properties of the Unweighted Jack-knifed Regression Estimator
for the Linear Model

Consider the linear regression model (6.8) Y =X8 + e, where
Y is an nx1 vector of observations, X 1is n x P matrix of known
constants, B 1is a P x 1 vector of unknown parameters and e 1is
an n x 1 vector of randomly distributed errors. The error variables
are assumed to be independently and identically distributed such that

OZI . For this model, we consider the least

1

It

E(e) = 0 and Var(g)

squares estimator 8

i}

(ng)- §T¥ based on the complete data set

as an estimator of 8.

In the unweighted jack-knife procedure the parameter estimates are

obtained by successively deleting the rows of X matrix and Y vector.

A

Let E—i’ i=1,2,...,n denote the corresponding estimator of B
. . . T . .
obtained by deleting the ith row x: from X and the ith observation

Yi from Y. Then under the unweighted jack-knife procedure the

psuedovalues are defined as usual.
B, = nB - (n-1)B . (6.17)
5 2 2oy

Now from Lemma 6.4, we know that
(XTX)_xx.(Y.~i?B)
44 XA 5;740P

- 1o (00 s

and substituting in (6.17) we get



=g + =L = 1,2,3,...,n, (6.18)

~

where Do = ng is called the design matrix, Ri = Yi - §§§ denotes

. . T —1 . .
the ith residual w. = EiDo X, measures the distances of single
: R. ~
design points from the centre of the design and 1_; = Yi - Y__i is
i

the difference between Yi and its least squares predictor from all

other observations.

~

The jack-knifed estimator B 1is the average of the pseudovalues

give by (6.18),i.e.,

g=n ? . =n ! ? ng + |
L i L - 1-w, |
1=1 1=1 i !
> . n-1 -1 ¢ -1
=8 +—0D ) (1-w,) 'x.R, (6.19)
- n (e} i__;,l 1 -1 1

6.4.1 Bias and Variance of the Jack-knifed Regression Estimator B

The expected value of the jack-knifed estimator B 1is given by

n

PO, n-1 _—1 o -1
E(8) = E(B) + D, L (=) xER,)
1=1
=8 E(Ri) = 0, E(B) =8 (6.20)
Thus 2 1is an unbiased estimator of f . Since B8 # B 1in general,

we know by Gauss-Markov theorem that if the model is true,

Var(8) : Var(g) . (6.21)



However, when L

conditions of Lemma 6.3, we note that

~

Variance of B8
The variance
Var(
Since 8 and R
Var(g) =
o
Let C, = -— t
Yoqew,
can be writtefi as
Var(B) = Var(g) +
_ o2,
o
= GZD
o
= 02D~1
o
Now, let

Then,we have

-1
[ SO
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constant then Var(B) = Var(R)

8

~

Also under the

is consistent.

of the jack-knifed estimator B 1is given by
n
oy ~ o n=1 _~1 -1 }
g) = Var(é t =D ‘Z (1 wi) xR
1=1 |
are uncorrelated, therefore
- n=1)% -1 v -1 -1
Var(g) + L;rJ DO Var{iz1 (T—Wi) §iRiJDo

hen E = (C1,Cz,... ,Cn)
2
(n=-1) -1 T -1
5 DO Var(g g)DO
T
)2 g7 -1 -
[9;~J D G Var(R)CD ' , s Var(g)
n o = ~"="0 -
(n—1)2 -1 T 1. Ty =12
D C(I-XD 'X°)CD o
2 o = "= =g 2 /2,
n
<“;1) p- ' cTe-cTxp "% Toyp o2
o &= = ="0= "0
n
n - T
D= '2 (1-w.) Txixo o, (mo=0,1,2)
1=1
T " §§T
cc= ] —5=0,

=0

and expression (6.22)

2.1

D
o

(6.22)

, =~ Var(R) = (§-§D;1&T)02

(6.23)

(6.24)



T
( X X X X 51
CTX - =1 =2 =3 “n |
= o - » _ » ) » » _
1 W, 1 W, 1 s 1 v
T
X
n
T
DX,
= ) Toeo <D
1=1 i
. . T T . .
Substituting C'C = D2 and C'X = D1 in expression (6.23),we get
Var(g) = 02D + (n-1)° p-'(p,-p,0""p yp~ 12
= 0 n2 0 2 7170 "1 70
2/ -1 n~1}2 -1 -1 -1
=g {DO + ﬁ7;3 D (D2~D1DO D1)DO } (6.25)

Now supposing that W is of order n 1 and expanding (l—wi)~m

we find the order of Var(B) - Var(g)

(-w,) ™ = 1 + mw, + m(m+t) w? ot mm+ 1)+, . . +(mtn-1) W ,
i i 21! 1 n! 1
=1+ mu, 4 0(n ) (6.26)

and substituting (6.26) in (6.24), we get

]
N

= -m_ T _ -2 T
o= 1 (v Txxy - 1wy (1+mu +0(n YEEL
1=1 1=1
N n .
- - (6.27)
= L oxxy orm ] owxx v @
1=1 i=1
v T n T
Let Z x.X. = L and Z w.x.X, =M , then (6.27) reduces to
. Sisi . i=i=i
i=1 1=1
D =L +mM+ 0(n™?) (6.28)

From (6.28), we have
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Dy = L , D =1L ,
-4
D1 =L +M+ 0(n ) ,
-4
D2 =L+ 2M + 0(n ) ,
and
-1 -1 =1, -1
DD D= (L+M+0(n 1)) (b ) (L+M+0(n 1)) ,
-1 -1 -1 -1
=LL L+M. L+LL M+ 0@ ),
-4
=L + 2M + 0(n )
Hence
D, - D1D;1D1 =L + 2M + o(n"lt) ~L-2m+0(hH =0 (6.29)

Substituting (6.29) in (6.25), we get

~ - 2112 -1, ~f ¢ ”1}
Var(@) - Var(B) = o {ﬂﬁ_] (L "j1om L]

(6.30)

1t
(@]
~~
]
~—

Thus the difference between the variances of the jack-knifed estimator

~ A

B and the ordinary least squares estimator B 1is of order n

6.5 Properties of the Unweighted Jack-knifed Variance Estimator

Another important aspect of the jack-knife technique is that it
provides a distribution free estimation of the variance of the parameter

estimator. The jack-knife variance estimate is given by

~ 1 n - . - N T
Vi T amen izj(ﬁi“ﬁ)(§i‘§> - (6.30)
Now
B o= g -1 -1 ; ST
E;78 =8+ (n—1)DO (1~wi) xR, -8 - (n-1)n D, L (1—wi)>_§iRi P
} - % 0 §jéﬂ
= (n"1)DO L1‘W. Ri H .Z rp—
i i=1 JJ



Substituting the expression for Ei - B in (6.30), we get

. 2 . n ( X. X. \'15. X WT _
Vi T ngﬁ-lg Do1 LoTaT Ry - &'Z = R; M %‘Z 1—5 Ry Do1
=1 t ] J 1 k k
nmi -1 B 1 2 Ry It -1
B ~E—'Do 2 QiRi " E C;R —1Ri "o X QkRk Do
i=1 j=1 "3 k=1 J
\
n ( n n
-t T ferfel -1 T ocrrel-1 ) ormd
n i=1 j=1 3 J k=1
~ ~,
nn |
+ LYV crR DT (6.31)
2 -7 37 k"kl 0o
n jk
e
n n n
c oy _ =1 -1 2, T 1 T 1 T
E(VJ) = =D iZ1igiE(Ri)§i ) QjE(RiRj)Qi - z QiE(RiRk)Qk
. 3
1 T| ~1
for L) GERRIGD,
n” j
[n n n
=== 1| y c.Var(R,)C - + J T ¢, Cov(R.R)CT
n o |.L, -i 1’-1r n ,&, b =i 1] 7]
|i=1 i=1 j=1
AN
)
nn
nn T 1 T -1
1 ; Z ngov(RiRk)gk + H—X ; 9j Cov(Rij)ggJ DO

e : o )

n-1 & 1o T -1
=——1D ) C, Var(R)C. - = J ¥ C.Cov(R,R,)C.|D (6.32)
n o L2 n L. oL Zi 17372310
1=1 1=1 3=1
T
Now, R = (R1,R2,.. ’Rn) and
(LT _—1
%P
2 ~-1.T 2 T .~1
Var(R) =g (l*gDo X)) =g 11 - gZDO (Xys- ’En)
. EED;1
J J
T -1 T -1
§1D §1, ..... ’§1Do 5;
= 02 I - X?D~1X s e v ,X?D~1X
- -1 -1 -1 0 -n
T -1 T -1
KDL Xy ,gnDo En (6.33)
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2, T -1 _ - :
Thus Var(Ri) =g (1-§iDO gi) and Cov(RiRj) == 0 %D X5 Taking

the first term in (6.32), we have

T
n X. X,
n ~1 T .~1 -1
T _ 2 ) |—— (1=x,D_'x.)
Oy var(Rey = 0" oy TRy H TR e S T
1=1 L 1
n X XT
_ 2 i
. 1-w.
1=1 1
- 02D1 , (6.34)
and
n X XT X X
n n X ) X,
2 2;2 2 2 T -1 =3
YooY . Cov(R,R.)Q? =" 3 ~—£~£~§ ) 1~; XD Tows %
i=1 j=1 % t1Td i=1 (1-w,) ij i j
= *(.-0.0"'p) (6.35)
2 7175 7
Substituting (6.34) and (6.35) in (6.32), we get
V) = E:lD“1 (o -1 2p.-p.p"'p y]p. !
E(VJ ST Yo 9Py TR o W, PP,
_n-1 -1 1,0 o o1 -12
= ~5~'Do [D1 n(D2 D1DO D1)]DO o (6.36)

~

We note that E(VJ) # Var(B) = GZD;1 and also E(VJ) # Var(8)

~

Thus the jackknifed variance estimator VJ which may be used to
estimate both Var(@) and Var () is biased in the balanced case.

However, under the conditions of Lemma 3.4 (Miller, 1974a) it could

A

be shown that nVJ + n Var(g) which implies that VJ is an accurate

large sample variance estimate.

Supposing that wi are of order n~1 and defining D§ as in
. - -4
(6.37) we obtain an approximation of E(VJ) to O(n ) . Let
n m T
DX = ) w.X.X, (i=1,2) (6.37)
m O Ek
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Then we have

2 T
D* = Z Xx.X. =D
R T § o
1=1
n
DT = z w.X X
i=g i
n
D* = }" W? X.X’? (6-38)
2 L i -i-1

2 o] 2
Now,
1 - -1 Y c+D%) - L * fm % 4% % +D %
Py = 2Py DD Dy) = (D #DyDE) = o (D +2D1+3D4- (D #DY+DHID (D +D+D%) ]
. 1 -1.%
= X K - o XD ~2D% =~ kD%
DO + D? + D2 = [Do+2DT 3D§ DO ZDf 2D§ D1DO D1
-1 -1
- * - Dx*
D$D_"D¥ - D.D_ %]
D+ D%+ Dk 4 0(n )
0 1 2
Hence
-1 1 -1 -1 . =1 -1 -3
-4 - N = k4+D*
Do {D1 n(DZ D1Do D1’]Do Do [D0+D?+D§]DO +0(n )

p o+ o ¢ 0™
Ie) e} e} o 270

1
(6.39)

I+

Substituting (6.39) in (6.36), we get to O(n‘q)

n-1 -1 ek I ] 2
D, [D *D¥+D%1D "o (6.40)

BV S
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These results indicate that in case of an unweighted jack-knife

procedure, the jack-knifed regression estimator 8 is unbiased but

~

less efficient than the least squares estimator B . The jack-knifed

—

~

variance estimate VJ also gives biased estimate of the variance.

6.6 Conclusions

In this chapter we have considered the application of the unweighted
jack-knife to multiple linear regression model. We observe that the
jack-knifed estimates of regression parameters are unbiased but less
efficient (VAR(é) > Var(é)) and the jack-knifed variance estimator

~

VJ is biased. These failures (with respect to design matrix) are due
to the fact that model is unbalanced whereas the jack-knife procedure
applied is of the standard balanced form which assumes the regression
errors to be independently and identically distributed. The lack of
balance comes from Do . The reason is that certain observations may
be influential and may cause a severe non-uniform dispersion in the
observed design, that is, w, may differ widely. However, if W
are constant then Var(é) = Var(é) . This shows that when the linear
regression weights are fairly unequal, the unweighted jack-knife gives
inaccurate results. Thus we note that the traditional estimation
techniques generally applied to the balanced form of data are not
suitable for the unbalanced data. We therefore require a procedure
that may take into account the unbalanced structure of the data.

This suggests the need for more robust jack-knife procedures which

we discuss in subsequent chapters.
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CHAPTER 7

INFLUENCE FUNCTION AND REGRESSION

7.1 Introduction

Consider the model

Where Y 1is an n x 1 vector of observations, X is an n x p
full rank matrix of known constants, B8 is a p x 1 vector of unknown
parameters and e is an n x 1 vector of randomly distributed errors

0 and Var(e) = GZE

i}

such that E(e)

In fitting the model (7.1) we estimate £ by B = ()_{Tﬁ_g)w1 T

[

hd
and the fitted values corresponding to the observed values are then

given by

0 'xy (7.2)

The vector of residuals is given by

i
'
t
P
jal
>

X)X Y (7.3)

The ith residual is denoted by R, =y, - gf 8, where gz is the ith

row of X matrix. The covariance matrices of Y and R are respectively,

-1,T 2
o

v = x@o 'y (7.4)

and
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VR) = (I - x&x'0 %5167 . (7.5
The full sample estimate of 02 is
2 -
% = Y I1-xx™® 'x1¥/ (a-p) . (7.6)

The matrix defined by §(§T§)—1§ is very important and we shall call

TX)~1§ . Another important set of quantities is the diagonal

it W= X(X

elements of W , given by
X) x. (7.7)

which gives a measure of how far the ith case is from the centre of

the data.

Recall that Var(Ri) = (1—wi)02 will be small when W, is large
with the result that cases with X, near g will fit poorly whereas
the cases with X far from g will fit well. This is undesirable
because the violations of the model are most likely to occur under
unusual conditions and it may not be possible to find these violations
by simply examining the residuals. For use in diagnostic procedures,
several transformations of the ordinary residuals have been suggested
to overcome some of their shortcomings. For example, an improved set
of residuals could be obtained by scaling so that cases with large W,
get larger scaled residuals while cases with smaller w, get smaller
scaled residulas. Then all the residuals in an analysis can be compared
directly. One method to do this scaling is to divide each of the
residuals by an estimate of its standard deviation. These are then

called Studentised residuals and are defined by

R,
£, = —t i=1,2,...,0 . (7.8)

i i
s(1~wi)
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The Studentised residuals are slightly correlated with Yi's but in
practice this correlation is negligible. The residuals and the Studentised
residuals represent one attempt to measure the success or failure of the
model. However, the important point to consider in any data andysis

is the impact that each observation has on the estimates. For example,
in some data sets one or more cases may have sufficient impact on the
analysis such that if these cases are removed, the results based on the
reduced data set may be quite different from those based on the complete
data. Thus the outcome of an analysis would change dramatically.

We shall term such cases influential and the study of the dependence

of conclusions and inferences on various aspects of a problem formation

as the study of influence.

The basic idea of influence analysis is quite simple. In this
chapter we discuss the influence function and its role in regression
analysis. In Section 7.2, we discuss some results concerning the
influence function and the various sample versions of the influence
function which provide the basis and the justification for the various
techniques used for the detection of influential cases. It is well
recognised that not all the cases in a set of data play an equal role
in determining estimates, tests and other statistics. The idea of
measuring the influence of each case on the regression leads us to
look at the data in a slightly different way. Based on the empirical
influence function we discuss the different methodologies for assessing
the influence of individual or group of cases on regression analysis
in Section 7.3. We, however, limit our discussion to aspects of
analysis that can be summarised by the sample influence function.

Finally, in Section 7.4 we give the concluding remarks.
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7.2 The Influence Function

The influence function is a useful mathematical construction for
studying the behaviour of estimates. Defined in terms of population
parameters, it monitors the change in eétimates when the data are
slightly modified. The original use of the influence function and
related notions, exploited by Von Mises (1947, 1964) and expanded by
Reeds (1976), lies in determining asymptotic properties of an estimator.
Andrew et al., (1972), Hampel (1974), Hinkley (1977b) and Cook and
Weisberg (1980, 1982) use influence functions to compare estimators and

suggest robust modifications of the existing estimation techniques.

Let R be the real line and T be a real valued functional
defined on some subset of the set of all probability measures on R .
Further, let F denote a probability measure on R for which T
is defined and SZ dnote the probability measure determined by the
point mass 1 in any given point z ¢ R . Then the influence function
IT’F(Z) of the estimator T at the underlying distribution F 1is

defined pointwise by

T[ (1-e)F+e8z]-T(F)

. (7.9)

1 (z) = Lim
T,F 0
provided the limit exists for every point z ¢ R . Thus, influence
function is just the ordinary right hand derivative, evaluated at
e =0 of T[(1-e)F+e6z] . This point is illustrated through simple

examples from Hampel (1974).

Example 7.1 (Mean)

The statistical functional is
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T(F) = szF(z) =4 . (7.10)

and

]

T{ (1-e)F+e8z]

jzd{(1—e)F+e&z}

(1-e)p + ez (7.11)

H

Now, using (7.9), (7.10) and (7.11), the influence function is given
by

[(1-e)u+ez-p] _

- Z =4 (7.12)

F(z) = Lim

1
T >0

Example 7.2 (Variance)

The statistical functional in this case is

T(F) = j(z~u)2dF(z) = g2 (7.13)
and
T[(1=)F+ebz] = J(Z*u)zd{(1~s)F+s6z},
= (1~e)cz+e(z—u)2 (7.14)

Now, using (7.9), (7.13) and (7.14), the influence function is given by

[(1=e)o+ (z-w)®-0%] |
£

I (z) = Lim
T.F -0

2

(z-—u)2 -0 (7.15)

i

The study of influence function not only serves to deepen our
understanding of the estimators but also helps to derive new estimators
with specific robustness properties. The influence function can be
used in a number of ways to see how individual cases affect the sample
average. One possibility is to study how does the mean change if an

additional observation 2z were added, giving a sample of size n + 1.
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The other possibility is to study the change in the mean when an
observation is deleted. Both these possibilities are illustrated
through a simple example from Cook and Weisberg (1982), which helps

to understand the use of the influential function and suggests specific

procedures for special purposes.

Example 7.3 (Sample Average)

Case I (Addition of an Observation)

Suppose that a single additional observation =z 1is added, giving

a sample of size n + 1 . The new sample distribution function is given
by ~
., _ nF 1
Fe = o oy 82
Now
TR | RS-
+ |n+ n+1 J
- T ! _r(p
= T(F) + = (2-1(F))
z =7+ = (z-7) (7.16)
+ n+1 ’
T(F) =

szg(z) =z
z

T(£‘+) +

It is clear from expression (7.16) that for a fixed sample size n ,

z , — 2z increases linearly as 2z deviates from z . This gives the

influence of a single future case on the current sample average and only
in an indirect way indicates the influence of Z:s i=1,2,...,0n on

4

Case II (Deletion of an Observation)

The influence of the ith observation z, on =z, may be determined
by removing z, from the sample. The new sample distribution function

in this case is given by
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F,=- 5 -1 g,
-1 n—1 n-1 1

The influence of z, on z can be obtained by evaluating the ith

function at z = z, - Thus proceeding as before we have

T(F_,)

I

3
——

lg

ref >

i

(3]

N
-

[H
3
FanS
[E51
N
i
N
i
=3
~~
rj
p—9
e

(7.17)

N
i
N
It
S~
N
i
N
~—

-1 n-1

where ;—i denotes the sample mean with the ith case deleted. The
expression (7.17) has been expressed in terms of the full sample average.
This shows that the influence of a single observation depends on the
sample size and the full sample residual. Thus any case with sufficiently

large residual will be influential for the sample mean.

7.2.1 The Influence Function for the Linear Model

Consider the linear model described in (7.1). Let the design
point x and the response variable Y have a joint distribution

function F such that

P

2E) v (P

E (gT, y)p = T (7.18)
y y () T(F)

Then assuming that I 1is non-singular and the functional corresponding
-1
to the least squares estimator of B is given by T(F) =% (F)y(F) ,

Hinkley (1977b) defines the influence function of B at (§T, y) as
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-1

L ¢ Gy =1 (®xG-x"1(R) (7.19)

._.1 T
) x(y-x"8) (7.20)

i}

The derivational details could be found in Cook and Weisberg (1982).

7.2.2 Sample Versions of the Influence Function

The influence function, discussed earlier in this chpater, describes
an estimation technique with respect to a theoretical sampling
population F. 1In case of finite sample situations, more information
appropriate for the specific problem can be obtained by using the
finite sample versions of the influence function that correspond
directly to the observed data. Several finite sample versions of
the influence function that depend on an observed sample have been
suggested. However, the empirical influence function (EIF) and the
sample influence function (SIF) have received the greatest attention

and will be briefly discussed in this Subsection.
In general, the EIF 1is obtained by substituting the sample

distribution function F for F in the influence function. For

linear models, using (7.19) and putting 8 = T(F) will yield

Ty = T
EIF(x,y) = n(X'X) x(y-x'8) , (7.21)
and
T,y —1 P
EIF. = EIF(x., v.) = n(X"%X) 'x.R. (7.22)
1 -1 1 - -1 1
where R, = vy " §§§ . The empirical influence function (7.22)

appears to be an exact analogy of the influence function. It was
used by Hinkley (1977b) for the weighted jack-knifed regression
estimation, which we will discuss in the next chapter. The empirical
influence function is appealing in the sense that it measures the

effect of an infinitesimal perturbation of F at X; . The EIF
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~

assumes that an infinitely large sample has been used to obtain F ,
and it measures the instantaneous rate of change in the estimator as

a single case is added to the data.

A second sample version of the influence function which is more
suitable for the jack-knife can be constructed to show the influence
of the ith case on the computed estimate of B . The underlying idea
is to substitute the sample distribution function with the ith case
deleted for F in the influence function and then evaluate the resulting
EIF at the ith case. Let §~i denote the sample distribution function
with the ith case deleted. For the least squares estimators of B

substituting F~i for F in(7.19) yields an empirical influence

function with the 1ith case deleted.

T -1, .T%
EIF_ (%,y) = (=D& _X_ ) xGy-x8_0 , (7.23)

~

A A~
where B . = T(F .) and (XT.X )/ (n=1) = JxdeF .. This gives n
-1 -1 =1 -— i
empirical influence functions, ome for each i = 1,2,...,n . The

influence of the ith case is determined by evaluating (7.23) at

(zi, yi).

_ T -1 T .
EIF_; (x55y.) =(a-1)(x ;X)) %, (y,=%, B_) (7.24)

The expression (7.24) can be written in a more revealing form in terms

of the full sample as

(§T§)“1§iRi
EIF-i(§i’yi) = (n~1) G (7.25)

The interpretation of EIF»i is similar to that for EIF discussed

above.
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As pointed out earlier, in this Subsection, both EIF and EIF .
have been developed under the assumption that infinitely large samples
have been used to obtain % and ﬁ—i’ i=1,2,...,n. The sample size
n in expressions (7.22) and (7.25) appears as a result of the covariance
structure and does not necessarily reflect the effects of a finite
sample. Therefore, when investigating the influence of individual
cases on the compﬁted statistics, a more explicit dependence on n is
desirable, otherwise important finite sample characteristics can be
obscured. A more desirable sample version of the influence function
can be obtained by setting F = % and taking ¢ = - E%T in the

definition of the influence function (7.9), see for instance, Chapter 3,

expression (3.85). The sample influence function is given by

1}

STF, = ~(a=1D) (T(F_) - T(D)) , (7.26)

(n=1) (8-B_,)

!

(1~wi

R,
1

1§

}_S'
(n-1) )l (7.27)

which is proportional to the change in the estimate of 8 when a case

is deleted.

It could be seen from the above formulations that the essential
difference between these three versions of the influence function lies
in the power of (T—Wi) term in the denominator, while the numerators
are essentially the same when evaluated at the sample points. Recall
that remote rows of X will tend to have (1~wi) small. The EIF“i
will be most sensitive to cases with large W, whereas EIF will be

least sensitive. The SIF 1lies between these versions in terms of the

relative weight given to w.
i
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The sample influence function (SIF) defined as (7.26) has
desirable properties. It is computed from the observed data and apart
from constants it is interpreted as a change in a statistic when a case
is deleted. It has the additional advantage that for many problems

including the linear least squares regression it can be easily computed.

In the remainder of this chapter, we discuss the methods for
finding influential cases based on the sample influence function. In
order to be most useful such methods should allow the cases to be
ordered on the basis of influence. For the linear least squares,
the SIF for é is a p-dimensional vector and there is no natural
way of ordering the multi-dimensional vectors. Even in the case
p = 2 , where a scatter plot of SIF can be constructed and interpreted
there is no natural way to construct complete ordering of the points on
the basis of influence. To overcome these problems Cook (1977, 1979)
and Cook and Weisberg (1980), among others, have developed distance

measures for detecting influential cases in regression. We discuss

these distance measures in the next section.

7.5 Applications of the Influence Function for Assessment of
Influential Observations in Regression

It is generally recognised that the overall summary statistic
2 - .
such as R™ or B , etc., computed from data based on full regression
model can lead to distorted and misleading results. These considerations

have lead to the use of a number of procedures such as plots of

residuals so as to isolate peculiarities in the data.

The impact that an observation or a case can have on the analysis of
data has received considerable attention during the recent years.
A case here means a response s along with the associated design

points or row X of X matrix. Recall that an observation or a case
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is called influential if the important features of analysis are changed
when they are deleted from the data. Cases ean be influential

because they correspond to outlying responses, remote points in a

factor space or perhaps a combination of the two. If a case is
influential because it is remote in the factor space, then it should

be the most important case in the aata since it may provide the only
information in a region where the ability to take observation is limited.
Alternatively, such a case might be deleted if it is believed that

the model fit to most of thedata is not appropriate in the presence

of such a case.

An important class of measures of influence can be based on sample

influence function. Let B = (ng)—1§TX be the usual least squares

estimator of B based on the full data and let 8 i (XT.X .)

be the corresponding estimate with the ith case deleted. Then the

~

sample influence function for 8§ 1is given by

(n~1)'1su«*i = (g-8_.) (7.28)

-1

The sample influence function (SIFi) is one of the several influence
functions described by Mallows (1975). Recall that the values of SIFi
are comparable only within the given data set and model. Also since
SIFi is p-vector, its routine use as a diagnostic for isolating
influential cases may be laborious. Alternatively, for a given
positive (semi) definite matrix M and a non-zero scale factor c¢ ,
SIF:.L can be characterised by the distance, Di(M,C) between é and

B_; defined by

: (SIF.)TM(SIF.)
1 1

2
Di(M.C) = (n-1) s (7.29)
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Clearly, the character of Di(M,C) is determined by M and C which
may be chosen to reflect specific interests, see for instance, Cook-

and Weisberg (1980).

7.3.1 Distance Measures

For the linear model, described earlier in this chapter, Cook

(1977, 1979) and Cook and Weisberg (1980) have discussed the use of

1 >

- é—i in pointing out the largeresiduals with the main purpose of
isolating data points that might be ignored or deleted in a refit of

the model. Cook's measure is based on the confidence ellipsoids for
judging the contribution of each data point to the determination of the
least squares estimate of B . Thus in order to determine the influence
which the ith data point has on the estimate é, a general distance
measure using (7.29) is given, for some M and C , by

)
(7.30)

o >

A A~ T ~
(@—@_i)g(@—
D,(M,C) =
1 C

This general distance measure was proposed by Cook and Weisberg
(1980). A large value of Di(g, C) would correspond to cases which
when deleted would result in a large movement in the estimate of B .

We shall call a case with a large value of Di(g, C) influential for
estimating B relative to Di(g, C). The natural choice for M and C
are (ng) and ps2 respectively. The resulting statistic suggested

by Cook (1977) 1is

~ A~ T ~ A
6,8 G DE_-8
= = 1,2,v..,0 . (7.31)

w
e
]

2
ps
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The magnitude of the distance between é and é—i may bé assessed
by comparing Di(ng,psz) to the probability points of the central
F-distribution with p and n-p degrees of freedom. This is equivalent
to studying the least squares confidence ellipsoids for B based on the
full data and finding the ellipsoid that passes through é»i , the
F-distribution is only used to transform Di(ng, psz) to a more
familiar scale. The distance measure (7.31) may also be written in an
alternative form proposed by Bingham (1977).

T

(X_i‘¥)<1_i*¥)

;37X ) = 5 , (7.32)
ps

T
suggesting that Di(Z X, psz) , aside form the scale factor ps2 ,

is the ordinary squared Euclidean distance that the fitted vector moves

when the ith case is deleted from the data.

The distance measure (7.31) can be written in computationally

convenient form as under:

Ty ~1 T -1 }
T 2 0 mR g (ED xR
D.(X X,ps) = XX | /ps
1= = 1w, |
L 1 l 1-w
J
@0y R : .
= - o @-@ = (X X) E'R
(1 wi)p 32(1"Wi) i il
L
o2 vi =5 &R0 kg
= i1
(1—wi) p
(7.33)
W, R.
- 1 1
" ¢ ’
(=w )P " (g ?
Var(i ) t?

1
VE?Tﬁzy C 3 (7.34)
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Var(R.) = 02(1—w.) , Var(Y.) = sz.. t,
i i i i

studentised residual and s” = Y (I-X(X'X) X )Y/n-p.

We note from expression (7.34) that the quantities controlling
Di(ng,?sz) are the number of parameters p , the ith  Studentised

residual t, and the ratio of the variances of the ith predicted

A

value Yi to the variance of the ith residual. It may be pointed
2 . . . .
out that ti 1s a measure of the degree to which the ith observation

can be regarded as an outlier whereas the ratio Var(Yi)/Var(Ri)
measures the relative sensitivity of the estimate B to potential
T

outlying values at each data point. Thus Di(z X, Fsz) can be large

. . 2 .
if either ti or w. 1is large.

W,
1

1w

Cook (1977) noted that

can be given several interesting interpretationss
W, Var(Yi)

l -
1~w, Var(R,)
i i

The ratio

Weisberg (1980) noticed that

W,
x?(XT.X ) "%, = » implying that it is a distance relative to the
e b -1 1--wi
ellipsoid defined by (X?ix-i)' Huber (1981) noted the relationship
a T4 .Y :

Y, = (1~w,)x.8 .+w.Y., so that the ratio can be interpreted
1 1" =i~-1 "i71 1-w
as a function of the relative weight of Yi in determining §i
W,
Finally, 1_; is proportional to the total change in the variance of
i
the prediction at Xs BypevesX when x  is deleted,
i
W, - A
L =[5 Var(x 8 .)- 3 Var(x.8)]/o
1~wi i -]=1 ; -3=

The ith case will be called large if Di is large; the exact
defnition of large, however, depends on the problem, but Di
greater than 1, corresponding to distances between B and B—i

beyond 507 confidence region, usually provides a basis for comparison,

see, for instance Cook and Weisberg (1982).
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We have discussed above one choice of M and C but several

other choices could be made.

Though no detailed comparison regarding

these alternative choices exist but it is hoped that any choice of M

and C with Di(M,C) location/scale invariant would give approximately

the same information, see for example, Cook and Weisberg (1980).

Some of these choices are detailed as Table 7.1 for illustration.

Table 7.1 D, (M,C) =(§"§~1)T¥(§_§~1¥C for different M and C .

M C Reduced form Source Source
w
XTX p52 iAt? Cook (1977)
RS p 1 1-w,
i
§T§ psz e F, _l swhere Welsch and Kuh
-1 Pt dmwy (1977)
t?(n—p~1)
F, = —*
L (aep-£)
Py
T 2 L2y
X_i§_l ps p 1 i
2 1
T —-
X pS~i p Fivs
O S G 2 n-p TexTxy" Mx"x) x.1/1-w, | Welsch and Kuh
Diag (X X) ps —1 [—= F. x, (XX} MEXX) "z, w elsch and Ku
[Diag(x %) 'l po1m (1977)
I ps> t§§?(§ X)~2§ /1=w

Source: Cook and Weisberg (1980).
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The importance and usefulness of ti and wi's in the analysis of
data have been studied by many researchers, for example, Srikantan (1961),
Welsch and Ruh (1977), Hoaglin and Welsch (1978), Belsley, Kuh and
Welsch (1980) and Weisberg (1980). Huber (1975) notes that the large
values of w, correspond to "outlying" design points and suggests that
it will be difficult to spot outlying observations if max W, is not
considerably small. Davies and Hutton (1975) note that if W, > 0.2
it is possible for a moderate error in the corresponding observation to
affect the estimates significantly and yet go undetected when the
residuals are checked. Box and Draper (1975) suggest that for a design

to be insenstive to outliers, the W should be constant.

7.3.1.1 Reasons for Large w. and its Implications

The characteristic of gTi which cause w, to be large were studied
by Cook and Weisberg (1980). Assuming the model with the intercept, let
Uy S ou, S,...,Sppm1 denote the eigenvalues of the corrected cross

products matrix for the data and Ry denote thecorresponding

B

eigenvectors. Then by the spectral decomposition of the corrected

cross product matrix,

2
;P 2£(§£~§)
wW., = — + }‘ (7.35)
im0
( Vay,
where g is the vector of sample averages. Further let ezi denote
the angle between P,  and (gi*g) , then
PE(§i'§)
cos(6 _.) = = (7.36)

e a0

and
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k-1 cosze .
51

Z TV (7.37)

£ (D) (D)
1 L

=1
i n .
Thus,we note that w, ids large if Xs is far from g , that is,

it is sufficiently away from most of the cases and also if X is
substantially in a direction of an eigenvector corresponding to a small
eigenvalue of the corrected cross product. On the other hand,if X %
is small, W will be small regardless of its direction. Contours

of x, are ellipsoid centered at g with axis given by the eigen

structure of (§T§)~?.

7.8.2 Distance Measures Based on Internal Scaling

We have so far discussed the distance measures that correspond to
using confidence contours to order the values of the sample influence
function. These distance measures are based on fixed metrics that do
not depend on the observed behaviour of sample versions of the influence
function. Of course these measures do depend on the expected behaviour

1

Ty . .
of the data so far as (§ X) or other related inner product matrices

accurately represent the variance of é . In contrast,distance measures
that are based on a matrix derived from the observed values of the
appropriate sample version of the influence function may also be
constructed. These distance measures are robust with respect to
variations in the model or methods of analysis that would necessitate
different distance measures. For example, if the model were altered

to have Var(e) = 62y~1, where V is known, then to be consistent with

. . . . T .
previous rationale the inner product matrix X X for the distance

measures discussed earlier should be changed to gTyg.

In this section we discuss the distance measures that use the
multivariate outlier technique to order the values and the jack-knife

method to choose M and C,
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7.3.2.1 Ordering Using a Multivariate Outlier Statistic

The method particularly useful for study of the n values of
SIF 1is Wilk's (1963) criterion for detecting a single outlier in a
multivari%te sample. Let §1, éz,...,gn be p-vectors and define
= =1 Z b, and A =3(b.-b)(b.-b)T. Wilk's criterion selects b.
b =n =1 -1 -1 =" "=-1 - -1

as possible outlier if i minimises

_Tif" (7.38)

where A__:.L denotes that the ith case has been deleted. Since ‘Al

is proportional to the square of the volume of a p-dimensional ellipsoid,
minimising this ratio is equivalent to choosing Ei to minimise the
volume remaining after Ei is deleted. This implies that in some

sense Ei must be far from the other vecotrs. Using the results on
determinants from Henderson and Searle (1981), it could be shown that

minimising (7.38) is equivalent to maximising the distance

= T -1, = :
6, = (b;b ) A (b-B) ,  i=1,2,...,n (7.39)

In case of linear least squares regression, explicit formulae for 6i

can be obtained for any of the empirical versions of the influence

function discussed earlier in this chapter.

Consider, for example, the empirical influence function (7.22)

it is sufficient to take Ei = (ng)“1§iRi and thus E = 0. The

inner product matrix, say By s is given by

‘ T T =1 2 T,, T -1
A = b.b. = (XX Rox.x.1(X"X)
o7 Lok - D) (L mxpes1 (2

(7.40)

Now —— A is the robust variance estimator V_ of Var(g)

n~p © W =
obtained by Hinkley (1977b) using the weighted jack-knife (see Chapter
8 for details). Substituting (7.40) in (7.39), the corresponding

distance measure 1s
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o _ T -1 o
S R%) R%xi 1Y, i=1,2,..0m (7.41)
%302 5

For the sample influence function defined in (7.27), we can take

b, = (§T§)"1§iRi/(T—wi) . Since in this case b is not zero, the

form (7.39) does not simplify. The cross product matrix, say A1 ,

is

By = DB
R
- @] L -0z @07 (7.42)
kj (T—Wj) 173 j

A
where nz = Z§jRj/(1~wj). Recall that matrix (n-1) ;%- is the estimate

of Var(é) obtained from the usual unweighted jack-knife (see Chapter 6,
Section 6.4). The corresponding distance measure 6? can be obtained
exactly, but some algebraic simplification is achieved if usually

small correction for the centre 2 is ignored. Hence putting g =0

and substituting (7.42) in (7.39)

~1
1 Ri T(. R T ]
5= — 5 5L —Isxx |x (7.43)
(1~w.) (1-w.) 373 | '
i ~ ] Y,

This measure can be computed as the diagonal elements of the projection

4 . .
on the columns of ngz, where the =n x n diagonal matrix V has

R<
1

diagonal elements —5
(1~wi)

7.3.2.2 The Jack-~knife Method

As pointed out earlier in this section, the jack-knife method can
also be used to provide an alternative distance measure. Recall that in

the usual unweighted jack-knife method, estimates are obtained by
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averaging n pseudo~estimates each obtained by deleting one case at

a time. In most cases, the jack-knifed estiamtes of parameters and

variances are known to have desirable properties.

(1977b) suggests that the weighted jack-knifed variance estimate

~

VWJ n-p

error variances. This suggests the use of Ji = Di
. T, 2 . .
as an alternative to Di(g X, ps’) . The interpretation of Ji

is the same as that of Di except that this adjustment provides

a metric that should be more robust.

= -0 AO of Var(B) 1is robust against the non-homogeneity of
-1

-1 pn n-p 1"1[X.R'§J“J =i
J, = D,(a,, =) =2R ]
1 1 0’ n-p np 2
(1~wy)
89
=12P 1
np Y
(1-w,)

The distance measure Ji

Besides, the interpretation of Ji as a robust version of Di

appeal.

7.4 Concluding Remarks

. . o
provides a compromise between Si

For example, Hinkley

(7.44)

has some

In this chapter, we have discussed the influence function and its

role in the assessment of influential observations in regression analysis.

We note that the influence function serves as a useful tool in exhibiting

the sensitivity of an estimator to the observed values.

It allows us

to modify estimation procedures so that they do not depend on influential

observations or any other specific features of the observations.

The

different distance measures help to provide information concerning the

reliability of the conclusions and their dependence on the model.

The

ability to find influential cases is helpful for the analysis in making

decisions regarding their usefulness in a particular problem under study.
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It is also interesting to note that the jack-knife method provides a

robust version of the distance measure D, . Further investigation in
1

this direction may be interesting.
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CHAPTER 8

THE WEIGHTED JACK-KNIFED ESTIMATION FOR THE LINEAR MODEL

8.1 Introduction

Miller (1974a) used the standard jack-knifed technique for his
results on regression models which we have discussed under the title of
"Unweighted Jack-knife for Regression Estimation" in Chapter 6. The
pseudovalues in the unweighted jack-knife are defined symmetrically
with respect to the observations whereas in the linear model situations
the observations do not affect the least squares estimates in a symmetric
manner. For example, heterogeneity of error variances renders the
standard jack-knife technique inadequate in such stiuations. More
importantly, as we have seen in Chapter 7, a non-homogeneous
spacings of the observations cause a wide variation in the variances
of the residuals. This draws attention to the imbalance in the design
matrix Do = ng . This situation demands a more general definition of
the jack-knife and it was in order to adjust for such imbalances that
Hinkley (1977b) proposed weighted pseudovalues and hence the weighted

jack-knife,

In this chapter, we discuss the application of the weilghted
jack-knife to regression estimation. First,in Section 8.2, we give
a suitable definition and justification for the weighted jack-knife.
Earlier, in Chapter 6 we have seen that the unweighted jack-knife

regression estimator B i1s unbiased but less efficient than the least

~

squares estimator B. In Section 8.3, we examine the properties of

the weighted jack-knifed regression estimator 8 and the weighted

wJ

jack~knifed variance estimator VwJ . An important aspect
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of a statistical procedure is its insensitivity to departures from

the usual assumptions. This}important aspect of the weighted jack-knife
is also discussed in this section. Miller (1974a) and Hinkley (1977b)
assume constant variances for the random variables. This, however,

may not be true in many situations. In Section 8.4 we consider a simple
generalisation of the weighted jack-knife for a more general variance
structure czy . A theorem is presented on the bias of the weighted

jack-knife variance estimator under this more general model.

%
VWJ

Finally, we give a summary and conclusions in Section 8.5.

8.2 The Weighted Jack-knife

The unweighted jack-knife, as discussed in Chapter 6, assumes
equal sample sizes and equal variances and deals with symmetric
statistics. The pseudo-values are defined symmetrically with respect
to the observations (§i, Yi) whereas the model considered may be
unbalanced. The lack of balance is reflected in the distances W. o

see for example, Chapter 6 (expression 6.18).

In situations where ¥, are samples from a multivariate normal
population, the estimated likelihood of the value xs is a decreasing
function of w, . Moreover, the Tr{Var(é—é_i)} is an increasing
function of W, 5 see for example, Hinklev (1977b). This last result

is expressed as Lemma 8.1,

Lemma 8.1

Consider the model Y = X8 + e described in (6.8). Let

-1,T

g = (ng) X'Y be the estimator of B based on the complete data

~

set and B . be the corresponding estimator of § obtained by
2 B

. . . T .
successively deleting the ith row X from the matrix X and Yi

from the vecotr Y . Then Tr{Var(§~§ni)} is an increasing function

of w.
i
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Proof

From expression (6.12) we have

A &%) xR,
B-B_. =—— "
= ==1i 1w,
1
T .~ -
. X0 x, Varr x) (" 7!
var (8-B_;) = (Tw) :
I
= (1"Wi) o, aVar(Ri) = (1”wi)0‘
R [(§T§)*1§i§§(§TX)_1] 9
Terar(§~§~i)} = Ty - o” (8.1)

(1—wi)

which is an increasing function of W,

Thus we observe that the contribution of the 1ith obgervation

10>

to the jack-knifed estimator -@_i has a weight decreasing in W
Hinkley (1977b) suggests that a specific choice of wieght is indicated

by the fact that

n(1-w.) (8= .) = nD 'x.R, = EIF(B:x.
1 - L o -1 1 - -1

. . . . T
is the empirical influence function of B .at (gi, Yi) , see for

example, Lemma 1 (Hinkley, 1977b) which says that the influence
function at (x, y) is approximately proportional to the incremental
change in B when a very small fractionof the measurement population

is moved to (x, ¥). Further details on this subject could be seen

in Chapter 7, Section 7.2.

Thus, it follows from the above formulation that the contribution of

the 1ith observation can be very important in estimating parameters.
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Recall that in multiple regression w, measures the distance from the
point X to the centre of the data and the cases with the unusual
values of X, will tend to have large W Since Var(Ri) = (1—w3£§ R
therefore, a wide variation will exist in the variance of the residuals.
This wide variation in the variance of residuals indicates a peculiarity
of the X matrix, that is, a non-homogeneous spacing of the observations
and thus directs attention to data deficiencies. The standard

jack~knife technique is inadequate in such situations because it does

not take into consideration the unbalanced structure of the data and

the heterogeneity of the variances.

In order to tackle such situations, Hinkley (1977b) proposed a
weighted jack-knife procedure for the regression estimation. The
basic idea of the weighted jack-knife is essentially due to Quenouille.
The essence of the weighted jack-knife lies in the weighted pseudovalues
which are defined in terms of the weights W These weighted
pseudovalues take into consideration the non-homogeneous spacings
between the design points. The weighted jack~knife may, therefore,
be defined as that dealing with the unbalanced or non~symmetric

statistics.

8.3 Applications to Regression Estimation

In Chapter 6 (Section 6.4), we discussed the application of the
unweighted jack-knife technique to regression estimation. In this
section, we study the consequences of the weighted jack-knifed
procedure on regression estimation. Following Hinkley (1977b) we

define the weighted pseudovalues

o
i
™ >

B+ n(1-w,)6-6_,)
17 =-i

+ nDnix.R. (8.3)
o =ii

il
oo
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where, as before, D = (XTX), R, = (Y.—X?B) and w, = x?(XTX)‘Tx..
) == i i =i= i === =]

~

The weighted jack~knifed regression estimator BWJ is the average

of the weighted pseudovalues 6i and is given by

? - -1 § T
- -~ Q, = n . (B+nD _ x.R.)
BWJ n j2q - o ~i i
~ B
=8+ Do .z giRl
1=1
~ n
=8 * L xR =0 (8.4)
1=1
E(B,;) =E@®) =8 (8.5)
N _ 2y = eIy 2 2. -1 .
Var(BwJ) Var(B) X% o" =0 D, (8.6)
Thus we note that the weighted jack-knifed estimator B possesses

wJ

the reproducing property as given by (8.4) and (8.6). In comparison
to this it could be seen from expressions (6.21) and (6.24) that the
unweighted jack-knifed estimator é does not possess these properties.
The reproduction properties of éWJ may result in a better performance

~

of BWJ in the non-linear cases.

8.3.1 Variance Estimation

The weighted jack-knifed variance estimate is given by

- I NS
Yus T wa-p) i21 (Q =By ) (Qg =8y )

n
- 1 A ~1 _ N -
~ n(op) L {Q Dy iRy BWJ}{§+HDO 2Ry BWJ}
i=1 i
(o _ ;
= L1 Y R (b xR )T
nln-p) .2, " o =i o =ii
[ o
= Dy |} g2 T s
aop O |i%1 Rixixp)Dy (5.7
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where n-~p indicates the degrees of freedom in the residual vector.

~

We now work out the expected value of VWJ to examine its unbiasedness.

This result by Hinkley is expressed as Theorem 8.1.

Theorem 8.1

For the linear model (6.8) the weighted jack-knifed variance

estimator VWJ is biased. The magnitude of this bias is of O(n—g),
. o N N -2
that is, E(VWJ) Var(BwJ) = 0(n 7).
Proof
Using expression (8.7), we have
[
- . n -1 2 T —1
E(Vyy) = 555 D, F 121 Rix.x.|D "
b 7
(
| n -
= pT GZL Y (1-x.D %% 7! ﬁ
n~p o L =i7=i=i|7o0
1=]
n 2~ o e
IR e - *
n-p ° (D;boDo Do DfDo ) ’
oon =1 =l =1 2
= 505 (0 1=D_ D0 ) o (8.8)
v T T
where z x.x, =XX =D and D*¥ is defined in (6.40). Thus,
joq Ci-i - o] m
we observe that ﬁjw is biased in unbalanced cases. The magnitude
of the bias of V@J is as given under:
- _ - - s 2 "1_ -1 * -1 _ 2 -1
E(ij) Var(swj) ap © (Do D, DIPy) — oD,
. 2 -1, -1
= -0, D;DO , for large n ’

-4 -4
i, (0t43) e

1\

B
aLnm .

B

o~
o]
e
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This shows that the bias decreases at a faster rate than 1/n.

~

However, when v, o= pnm1 , that is, in the balanced case VwJ

is exactly unbiased. We illustrate this property as Corollary 8.1.

Corollary 8.1

=P V) = Var(s.) = Var(s
If W, o then E(ij) Var(BwJ) Var(B) .

Proof

From(8.8),we have

> n 2 -1 -1
= D%
E(VWJ) P o DO (DO D1)DO s
(o o
= L 02D 1 Z x.x? - z W Y 1
n-p o .2 =1-1 1-1-1{70
1=1 1 J
[ n
= -~E—-02Dm1 X x.x? - Z E‘x.x? D—1
n-p © j2q TT1 L2y nimiTo

= Var(BwJ)

= Var(é)

(8.11)

(8.12)

Thus we note that, for regression estimation, the weighted jack-knife

approach gives better performance than the unweighted jack-knife approach

discussed earlier in Chapter 6, Section 6.4.

8.3.2 Robustness Properties of the Weighted Jack-knife Variance
Estimator Vi

In a general sense, a statistical procedure is described as robust

if it is not very sensitive to departures from assumptions on which
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it depends. Robustness is thus concerned with the general applicability
of statistical procedures. The underlying idea being to see how large
is the domain of applicability of a given statistical procedure.

Recall that the basic assumptions of the model (6.8) are that the

error variables e, are independently and identically distributed

with mean zero and conmstant variance 02 . This assumption of common
variances is known as homoscedasticity. In practice, however,
departures from this assumption may occur and the error variances

may not be homogeneous. The consequences of the heterogeneity of the

variances are:

(i) that the ordinary least squares estimates of regression parameters
are still unbiased but inefficient.

(11) the ordinary least squares estimates of variance are biased.

We illustrate these points through Lemma 8.2 and then following Hinkley

(1977b) we demonstrate the robustness of the weighted jack-knifed

~

variance estimator VwJ through Lemma 8.3.

Lemma 8.2

Under the model Y = X + e , E(e) = 0 and Var(e) = diag

2 2 2 . .
(67y 0,5...,0_) = A , the variance of the least squares estimator
1 2 n

A

8 is given by

Var(g) = 1)0155_""‘1/\3(.1);1 , (8.13)
where Do = (§T§),
Proo
g - xo7'xy
E(R) =g + &% X E(e)

-5 (8.14)



Var(g) = E(g-p) (5-8)" ,
- Bl el @0 K e,
= @' KR X,

=D X AXD ‘ (8.15)

If we ignore the heteroscedasticity, then the usual estimate is

given by
R n
Vo=l ¥ R (8.16)
n-p 521 do

Since E(R?) = 0? » the expected value of V 1is given by

A n -
E(V) = — E ;orZp7t
n-p j=1 j o
n
= a.l.. z GgDn1 3
n-p 521 i‘o
n
= —— (Tr A)D 1 , Tr A = Z o?
2y ]
J
. 1 -1 i
= E‘(Tr A)D (8.17)

ES

Thus we would be estimating the variance of § by an expression whose
expected value is -%(Tr A)D;I whereas the true variance is given by
(8.15). This implies that in the case of heteroscedasticity even the

estaimted variances are biased .

~

The weighted jack~knifed variance estimate VWJ is superior to

“~

the usual estimate V in the sense that it is robust against the
non~homogeneity of the error variances. This property is described

as Lemma 8.3.
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Lemma 8.3

Under the conditions of model in Lemma 8.2, the expected value

of the weighted jack-knifed variance estimate VwJ is given by

coy _.n _-1.T -1
B(Vy)) =55 D, X AXD - (8.18)

Prooi

L

n
- I 2. T -1
E (V) . (E jz1 Rj§j§j)Do ,

n
SO N o2x. Fpt , -:E(R%) =g’
n-p o .4 Ti=i=i "o 3
1=1
= D"gT pxp’! (8.19)
= Var(g) (8.20)
It is apparent from expression (8.19) that V approximates the

WJ

true variance of R given by (8.15) when the error variances are

unequal whereas the usual estimate V lacks this property. This

reflects the superior performance of the weighted jack~knifed variance

~

1 Y .
estimate W

8.4 Generalization of Weighted Jack-knife

We have so far considered the model Y =X8 + e, where X 1is an
n X p matrix with rank p . For this model we assumed that the error
variables e, are uncorrelated. We used the ordinary least squares
method as the estimation procedure which under the conditions of this
model is considered to be the appropriate one. However, in practice,
the above conditions may not always hold. For example, it may happen
that the variances of the observations are not all equal, that is,
Var(e) 1is not of the form 621 but may have the form Var(e) = A =

diag(o%, og,...,oi) . We have seen, earlier in Lemma 8.2, that the
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A~

least squares estimator B8 stillrgives an unbiased estimate of g

but Var(é) is biased. We also come across situations where the
off-diagonal elements of Var(e) are not zero, that is, the observations
may be correlated. When either of these situations occur, the

ordinary least squares method of estimation may not be appropriate

and hence it becomes necessary to modify the procedure for obtaining
estimates. Under such situations the generalised least squares may be
the appropriate procedure. In this section, we study the behaviour

of the weighted jackknife under the generalised least squares estimation

procedure. Consider the model,

Y =% +e, (8.21)

with E(Y) = X8 and Cov(y) = ozy where V is a known n x n

positive definite matrix.

The pseudovalues are now given by

* = Q% - % e 3 ¥ )
B¥ = g* + n(1 Ki)(§> B*.) . (8.22)
T -1
x,C 'x,
where Ki = *l§9~:£ . 90 = (§Tz 1§) s ﬁ* = <§?K‘1§)—1§TYT1X
‘1
B, = vl Ny, vl - v 'x - givgjg;)"1 and

(XTV_1Y) = (x v 1Y - X, v Y )

We can write

* T. ~1 -1 T T -1 -1
x'v §~§1Vi §i)(§ v X'fivi Yi) '

w
it

T -1,.-1 =1 7T T -1  -1/7 -1
vV TRV Y
-1, -1 1 -1, BT B x Y, E ) 2 ¢

= XV IROTRVY + -
T 1x) (XY 1x> AN
T -1 -1
v e v Ty T T vy
T -1..-1 -1 - - - -i 4 -i 4 i
SEV D RV - -1, -1 ’
1—§i(§ Y §) Eivi
. vl e v ey, TB%
=g - ,
1-K,
1
C 1x V*lR*
= B* -0 =14 "4
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Hence

The weighted jack-knifed estimator gﬁj is the average of the

pseudovalues and is given by

1

B ;B Co%i"; BY)
* = K o= * - ——
8%y = m L BF =g Z e (1K) — =
i=1 1=1 1
= B?’C + nc—1 If b v-1R7'€
=0 . =171 1
1=1
= B%
E(g%) = E(g%)
-y TRV e B -
= B

(8.23)

(8.24)

(8.25)

(8.26)

It follows from the above results that the weighted jack-knifed estimate

of B wunder the conditions of the model (8.21) is identical to the
generalised least squares estimator B* . It also possesses the

reproducing properties which may result in the better performance of

~WJ
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8.4.1 Variance Estimation

The weighted jack-knifed variance estimate is now given by

where n-p

We now examine the bias of V*

8.2,

Theorem 8.2

Under the model (8.21) the bias of the weighted jack-knifed

1 n

T - - T
Yar T ntap) 121 (e1-8hy) (B8

2 n
n -1 1 1 1 T
n(n=p) iZ1 <§o X, V., Ri)(C X Ri) i
( n
- ot T oxvi RV x|
n-p o |.k,~171 -1] 0
1=1
o o[ oERE]
- n-p Co .Z 2 Co
1=1 Vi )i

indicate the degrees of freedom in the residual vector.

Wy °

variance estimator Vﬁj is of O(nni) , that is,

Proof

Now

E(VE,) - Var(gx ) = 0(a™

hn -q D g.E(R?*)g? 1
E(vx ) = -2 ¢ i

WJ n-p ~o .t 2 -0
1_1L V.
i

_ T =1 =1.T ~1
Var(R%) = Var(y-xg*] = Var[y-xx'v "0 Xy 'y),

- axa o v ey

(8.27)

This result is presented as Theorem

(8.28)

(8.29)
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Var (R¥%)
i

Now substitution of (8.30)

|

E(VEL) =

Let

¥

Now supposing that Ki

we get to O(n»z),
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Tty =1 T =1y 2
(=2, XV ') 'x.v, )o A

(1~K.)02V.
i i
in (8.29) gives

n x.(1—K.)02V.xT
-1 1 1~1

i=1 v

n n n
_ =17 _ IR I _
Co = L oxVix s G = 1 GDTevixy and gy = ]
i=1 1=1 1=
Further, defining
n -
C* = %, .1 ? R
=m i=1 i =i

we have

(8.30)

(8.31)

(8.32)

~~
o0
B

[#%2
(At
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Substituting these values from (8.32) and (8.33) in (8.31), it follows

that
-1 =12
% ) = — -
E(VWJ) n-p % (go 9?) o ©
_.n P DR N
= a5 (&, G, €48, 0 (8.34)

Thus, we observe that V§J is biased in general and the bias is given

by

1 -1 2

% ) -~ ) =2 (oo el
E(VWJ) Var(@WJ) n-p (go 9o Q?QO Jo go ¢

-2
O0(n ) (8.35)

I

This expression shows that the bias decreases at a faster rate than 1/n.

8.5 Summary and Conclusions

In this chapter we have mainly concentrated on the application of the

weighted jack-knife procedure to regression estimation. We observe that:

~

(i) The weighted jack-knifed estimator 8

Wi based on the weighted
W

pseudovalues takes into consideration the unequal spacings between the

observations. We also note that B8

» . - - = N &Y
By 1Is unbiased and Var(@wj) Var(B)

The weighted jack-knifed variance estimator VWJ gives a biased

estimate for the Var(gWJ) but the bias decreases at a faster rate than

1/n. When w, = §~, that is, in the balanced case VWJ igs exactly
unbiased.
(ii) The weighted jack-knifed variance estimator VWJ is robust,

~

that is, it approximates the true variance of B when the error
variances are heterogeneous. Thus the weighted jack-knifed procedure

leads to improved variance estimation.
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(iii) Under the more general model with variance structure Gzy ,
where V 1is known, the weighted jack~knifed estimator §§J is
unbiased, that is, it is identical to the generalised least squares
estimator B*. Also Var(@ﬁJ) = Var(B*) . Under these conditions the
weighted jack-knifed variance estimator Vﬁj gives a biased estimate
of the variance of g* but this bias decreases at a faster rate than

1/n.

In a nutshell we conclude that, in general, the weighted jack-knife
procedure gives a more robust performance than the unweighted
jack-knife procedure. This conclusion is supported by a small
simulation study by Hinkley (1977b). However, further numerical
investigations are required to study the behaviour of the weighted

jack-knifed variance estimator VWJ using real data. In subsequent

chapters we extend the weighted jack-knife method to ratio estimation.
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CHAPTER 9

THE WEIGHTED JACK-KNIFED RATIO ESTIMATION

9.1 Introduction

Ratio estimation occupies an important place in sample surveys.

R

A

. . . . ] . . .
Since the simple ratio estimator R = —— 1is biased, it has become

X
s

an area of application of the jack-knife method. In sample surveys, the
auxiliary population mean x may be assumed known or at least estimated

from a much larger sample in which case the ratio estimate X.

1

I~z

Nilm {

i=1
s
based on (yi,xi), i=1,2,...,n 1is often a more precise estimator
of the population total T than the less sophisticated expansion
estimator Nys - The ratio method is considered to be most effective
where the relationship between the response y and the auxiliary

variate x 1is linear through the origin.

Durbin (1959) pioneered the application of the jack-knife technique

to ratio estimation by studying the behaviour of the jack~knifed
~ g

. . 1 =
ratio estimator R_ = — z R. , under the model V. = o+Bx,+e, ,
J g i=1 1 1 11

where e, are independently and identically distributed with either

a normal or gamma distribution and ﬁi = gﬁ-(g*1)éni, i=1,2,...,g

are the pseudovalues. He considered the case with g = 2 and established
that neglecting terms of O(nna) » the jack~knifed ratio estimator

~

R; has both smaller bias and smaller variance than the simple ratio

~ y
estimate R = :§ . Durbin also showed that for a gamma distribution,
X
$

with coefficient of variation less than 1/4 , the jack-knife method

reduces the bias, increases the variance buf reduces the mean square
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error. Rao (1965) showed that the optimum choice of g with

the jack-knife method for the normal distribution of the auxiliary variable
is g'=.n . Rao and Webster (1966) ,through a combination of theoretical
and numerical work, demonstrated that the optimum choice g = n also
holds when the auxiliary variable has the gamma distribution.

Chakarbarty and Rao (1968) also obtained similar results on the estimates

of variance)etc.

A considerable amount of research has been devoted to investigate the
properties of the jack-knifed and other competing ratio estimators
under superpopulation models with different variance structures.
However, we note that all of these studies have used superpopulation
models as an evaluation technique whereas the basic criteria regarding
bias, variances and standard errors, etc., are referred to the probability
sampling models. For example, Rao and Kuzik (1974) through a semi-
empirical study compared the average performanc of §1c and Gzc
under the model v, = Bxi+ei with Xy having a gamma distribution.
These authors followed the rules of conventional theory in studying
the performance of these estimators and by averaging over all possible

~

samples could not detect flaws in V1c as a variance estimator.

The jack-knife is a distribution free method for bias reduction
and variance estimation. In a wide class of problems it is known that
the jack-knife produces consistent results. It may, however, be pointed
out that the standard jack-knife procedure is not insensitive to
extreme data points. Thus, when there are certain deviant points in the
data, the standard jack-knife estimator may give misleading results.
This has also been noted by Hinkley (1977b) and Wainer and Thissen (1975)

in connection with the estimation of correlation.



- 278 -

We note that the jack~knife technqiue so far applied in sample
surveys for ratio estimation deals with the balanced cases, that is,
the pseudovalues are defined symmetrically with respect to the
observations. However, there may be situations when the data points may
not be well balanced. Such deviant points may have serious implications
on the behaviour of the ratio estimate and the estimator of its variance.
Under such circumstances it is necessary to modify the existing
jack-knife procedure so as to obtain estimators which are less sensitive

to extreme data points or the unbalanced structure of the data.

In this Chapter we propose weighted jack-knife procedures as
an alternative to the unweighted jack-knife for ratio estimation. In
Section 9.2, using the idea of empirical influence function, we propose
the weighted pseudovalues, the weighted jack-knifed ratio estimator
and the weighed jack-knifed variance estimator as modifications to
their standard jack-knifed counterparts. We observe that the weighted

jack-knifed ratio estimator and the weighted jack-knifed variance

A

estimator reproduce the original estimator R and V respectively.

2¢c

We discuss the properties of the weighted jack-knifed variance estimator

in Section 9.3. This section contains theorems on the bias and the

~

stability of the weighted jack-knifed variance estimator VwJ .

It is shown that this estimator is approximately unbiased under the
model £ for all variance functions with certain restrictions on n

and f . Theorem 9.3 shows that the weighted jack-knifed variance

~

estimator VWJ i1s quite stable. A violation of the model assumptions

may affect the behaviour of an estimator. In Section 9.4, we discuss

the effect of changing the regression function in our model on the

~

behaviour of the variance estimator VwJ . Another important point in
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Proof ri _
A~ o o : : yj 7i
- 52 3=
We have R = [ X yj]/{ 2 Xj} and R_. = -
=t ast b ox.-x
i= 31
Thus
n n
R R JZ1 yj JZ1 yj—yi
R~-R. = ,
-1 n %
Y ox. X.=X
j=1 J j=1 3t

_ Y= j=t 1 7
n 1]
[y x|
Lj:‘] J
yi*Rx_ h:
= ~:f-¥L~—-, where W, = = (9.2)
nx_ (1-w,) X,
s i i

This 1indicates that the contribution of the 1ith observation to the

jack-knifed estimate R ~- R~i have a weight decreasing in W,
We note from Lemma 9.1 that a specific choice of weight could be

given by the fact that

. a n(y.-Rx_) ne .
n(1~-w.)(R-R ,) = = = T (R:x.,y.) (9.3)
i -1i i’7i

is the empirical influence function (defined at 7.22) of R at (Xi’yi)

A~

where e, = (yi~in).

The proof of this result appears in Lemma 9.2.
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Lemma 8.2

Consider a smaple of n observations (x1,y1), (xz,yz),...,(xn,yn)
Let K denote the ratio estimate based on the full sample and R—i
be the ratio estimate obtained from the sample when the ith observation

has been deleted. Then the empirical influence function of R at

<Xi’yi) ts given by

~ n ne, .
n(1-w.) (R-R ,) = L = I(R:x.,y.)
i -1 n 1’71
) x,
1=1
Proof
From Lemma 9.1, we have
. y.-Rx, X,
R~-R . = = : , where w, = &
-1 n 1 - <
(T’Wi) 5 X - 1

Let Ri denote the ith weighted pseudovalue and R* the weighted

jack-knifed ratio estimate, then
I(R:x,,y.) = R¥ - R* (9.4)
1 1 1

Now, the ith weighted pseudovalue R? is given by

e’
X%
1l

R + n(1-w.) (R-R .)
1 -1

R n(yi*in)

1l
=3
+

(9.5)

The weighted jack-knifed estimate R* 1is the average of the weighted

pseudovalues R? given by (9.5), that is,
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1 ¢ 1% - oA
,' = et * = g — ——
R* = — _z R¥ = — .E [R+n (1 wi)(R R_i)}
1=1 1=1
R n (yi~R x,)
= + z
. 11
1=1 z X
i=1 *
~ n ~
=R ; 121 (y;-Rx) = 0 (9.6)

Using (9.4), (9.5) and (9.6), the empirical influence function can

now be given by

I(R:x;,y,) = R¥ = R¥

i
el
+

= — (9.7)

We therefore propose the weighted pseudovalues, the weighted
jack-knife ratio estimator and the weighted jack-knife variance estimator

for ratio estimation in lieu of their unweighted jack-knife counterparts.

(i) the weighted pseudovalues

R, = R + n(1-w.)(R-R .) (9.8)
1 1 -1

(ii) the weighted jack-knifed ratio estimator is






- 284 -

~

Royall an:! Eberhardt (1975) noted the bias of V1C when the finite

population is a random sample from a superpopulation in which

y. = Bx., + e, , where e, are independent with zero mean and variance
i i i

2t
i

07X, They suggested a simple modification,

X, X c?
7 3 g [1 _ z(s)},

where C2 = 1
x(s) n-

b L
s
- 72
X, =X _
3 2 t S » X 1s the mean of the sample units and
- s
s L% . :

~

§§ is the mean of the (N-n) non-sampled units. The estimator VH = V2C
for large n and N >>> n which justifies the use of V7c from »

~

superpopulation point of view. The estimator VH is model unbiased

when t =1 and remains approximately E£-unbiased when the variance

function in the model described above is not proportional to X,

In the next section, we examine the behaviour of the weighted jack-knife

~

variance estimator VwJ and see how does it compare with the

A

randomisation based estimator V1C » the prediction theory estimator

~ ~

VH and the unweighted jack-knife variance estimator VJ , etc.

9.3 Properties of the Weighted Jack-knifed Variance Estimator Under
the Model ¢

In this section we derive the expected values and the bias of the
weighted jack-knifed variance estimator under the general linear
regression model considered to be most suitable for evaluating the

ratio estimators. Consider the model,
y, = Bx, + e, . (9.13)

where E(y ) = Bx_, Var(y,) = v. and Cov(y,, y.) =0 for i # j
i i i i 5y LR
We consider the ratio estimator TR =S 1I Z Xi} for the finite

N L ox, *i=1
population total T = Z v, oo The eipréssions for the bias are
i=1

P
derived with respect to the actual mean square error EE(TR_T)Z
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- N ;02 I -2 | n
Eg(VWJ) = 7;»(1~f){:~j E(C> 'Z (yi‘RXi) /{n=1)1, where f = T
X 1=1
s .
- y2 n ~ A 1
=N -0 2 5 | T {-0) 520, (B-p)x. v}/ (n-1) | (9.17)
£ = 1.2 i 77 i 1]
X L1—1
L 8
Now, we have
T2
- 2 é Yy é €5 ? é Vi
EE(B~6) = Eg 5 - B, = Eg T % = 5 (9.18)
Ls i s i (g Xl)
-
" t(Bx.+e.) e. L e, v
B (e;8) = E L. LA E, =y (9.19)
t &1 L X L x L X
L s i ( s i s i
Since the x's are known constants, after the sample is taken,and
hence does not have expectation under the model. Substituting(9.18)
and (9.19) in (9.17) we get
R =212 x5 v.) 2 % x.v,
E,(V, ) =% (1-p) B |25 B ey TSy,
£ WJ f - 2 s i
X (¢ x.) s L X,
L S S S 1 _l
i |
N X 12— Ex 2k xv - 9
=‘f‘(1~f) T Ve T /(n=1) , where VT v
XSJ Léxs vs(é Xi)
N )% - 1,.2
= E‘(1‘f) - vs[1+ H(Cx(s)*zcxv(s)] > (9.20)
*s
XX~ -
N s - x 1 2
= = (1-f) = [1+ = (C 2¢C )1 (9.21)
f 22 Vs I n o (8) xv ()



- 287 -

X 1,.2 (9.22)
- A_}_.-E__ [1+ = Zcxv(s))] 5

where

sz -
(-£) —=v, , C (g =

i
Fhi e

A

Corollary 9.1

If we consider the model with constant variance function and put
Z(x,=x (v, -v )
1 s s

v. = 0>, then ¥ =0° and C (s) = . =0 .
i s XV - -
(n-1) x v
s's
Substituting these values in (9.20), we get
XX~ -
- N s 2 x 1.2
E, (V) = (=) == o = [1+ ~ cy(s)] ,
X X ~ S
s s
_ o X 1.2
A1 2 C gy (9.23)
K
L 3
N g
where A% = = (1-£) —5
X
s
For large n , expression (9.23) reduces to
BV ) = ax X (9.24)
£ WJ -

Corollary 9.2

If we consider the model with Vi = Ozxi , then Vs = ozis
- _®
2(x,=x Y (v.~¢ ) n (x.-x )
_ S i'g” _ i Ts" C2
and va(s) = S = i —"“—"'*"-‘**‘ = X(S)
(n-—1)xSVS i=1{n~1) %4

Under this situation, we have
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XX .. -
- N s 2- x 1.2
E_(V = = (1-f) —2 T~ (1= =~ ¢~
g( wy) = F (1-6) =y 0 xg - (= —¢ (&) >
X Xos :
== s 8
E* 1.2
= A* — ——
= (-t (9.25)
X
-‘S—
X X
= A* —— | ywhen =n is large.
>“(~
8
Corollary 9.3
. 2.2 - 22
If we consider the model with v, = o} x5 then v, = o} X
- 2 2 _2
2 1 2 FOx %) n X%
where x =~—1x, ; C (s)= 3 = 5 and
s ns i x - n~-1 -
(n-1)x X
s s
2 3 -2
Z(x -x )(X2_§ ) (x ~x X)) -
i s n s s s s k 1 k
C (s) = 5 =177 = , where X, = H'g xi
xv (n-1)% X x %
s s s's
Substituting these in (9.21), gives
- E 3 3 )
s X X X =X x
o N * 1 |7s 2 s s
EE(VWJ) : (1-£) — o2 - |1+ — ‘ i e - iy
X X ~ l -
s s L s X X
7 )
2 {j i
X X 1 2% Xs
= A% 1 — — . (9.26)
}‘(-«. n-1 - 2 }.{.2
s (*s*s s )}
2 _
x X
= A% — , for large n (9.27)
Ko
s
9.3.1b Error Variance Eg(TR-T)2
In order to find the bias of weighted jack-knifed variance
estimator EE(%R—T)2 under

the model (9.15) for different variance functions.

presented as Theorem 9.2.

as in Royall and Eberhardt (1975).

VWJ » we require to find expressions for

This result is

The derivation procedure is the same
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Theorem 9.2

Under the model (9.15) the error variance is given by

Proof

Under the model (9.15) the error variance is

- 2 s 71 X N
EE(TR—T) = E Z x.| - z y

- E S 11 § _ !2
=B S ] x i (Bx, +e, )f
B J

-2 1 1 1 -
Bplee) VarGrge) T3l Tavg
~2 ( N 1 N -
E (e ) = Var - y el = — Z v, = — v
= I =

Cov(es,eN) =Eg e eN)4%\eS)%¥eN)

N

1

s ies ies

v
s

Zf—

1 b 2y 1
FEL(E e ej) = 5 B y e)) = Y ov.

(9.28)

(9.29)
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Substituting these expressions in (9.29), we get

R

N
o R 1=
Eg(TRhT) ST Vs 2 - vs ¥ .Z Vi ’
nX X 1=1
s s
N )_ N
}“ xi vS z X
i=1 J N - ¥ i=1
= 5 ) x.-nx | + ) v, T T (9.30)
nx i=1 i=1 X
s s
Since Nx = nis + (N—n)Q; and NV = n;S + (N—n);; , therefore (9.30)
reduces to
- NHS _ _ _ (n;<8+(N-n);ESV)\-;S
- = —3 (N-n)x. qen)v.) -
Eg(TR T) = ( n)xs + (nvs+(1 n)vs) —
nx X
s s
NxV XV
= —5— (N-m)x . + (N-n)v. - (N-n) — ;
nx X
s s
Nxv . ii n 1 [;s;§—;§54
= — (N~n)x;|1 tooog T — 1
nX XV X~ | X j
L s s\ s
%%, (2575
= 3;— (1-£) == |12 {-S——i =S5, (9.31)
s x >2§;s J
- o - __‘I
Xy (X VXV
= A|1+f — —— (9.32)
R
Corollary 9.4
If v, = 02 , then \7 = \7,_, = 02 and
i g
s | (G
S 2 N _ s 2 n s g
Eg(TRT) =z @ f)_—"ch1+N_ —
X X X~
s - s
- . G0l
=ax 5 1 s 5 (9.33)
Xy L X
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oA ~ A 2
BlaS(VwJ) = EE(VWJ) EE(TR 5
- 1{ , %GR
= A |1+ ﬂc L(8)72C (s) A THE = ‘““‘:““:**—J ’
Ko~ X X~ v
s L s s

_ - - - "l
a2 -]+ L% e g s [Ze% 1\! (9.37)
C = n{ (s) xv(s)} :‘"[— - |

X X X~V j

S S Jl

However, if we assume that n 1is large and f is small, then it could

be easily seen from (9.37)that the weighted jack-knifed variance

~

estimator ij is approximately unbiased.

(ii) Bias Under the Model (9.15) with Constant Variance Function

When v, = 02 , then from expressions (9.23) and (9.33), we have
. - (x ~%)]
. s X [i 2 _ £ s
Bias (V) = A% = J“ <oy " TF (9.38)
x; |ox Z

From expression (9.38), we note that the bias reduces to zero if we assume

that n 1is large and f is small.

(iii) Bias Under Model (9.15) with Variance Function Proportion to x

When vi = Ozxi » then from expression (9.25) and (9.34),we get
- ;s§ ] 1.2 |
: = A% S A -
Blas(VwJ) A - 1 = C (s) A X
g L
X GED 2
B (9.39)
- n




- 293 -~

It could be easily seen from expression (9.39) that for large n and

A

small £ , the weighted jack-knifed variance estimator VwJ is

approximately unbiased under Model (9.15) when the variance function

is proportional to x

(iv) Bias Under Model (9.15) with Variance Function Quadratic in x
When v, = ozxi , then from expressions (9.26) and (9.35), we

have

It is quite evident from expression (9.40) that,for large n and small

~

f , the weighted jack-knifed variance estimator ij is approximately

unbiased when the variance function is quadratic in x

Thus, we note from these results that under the conditions that, .

n is large and f 1is small, the weighted jack-knifed variance

~

estimator VwJ is robust. This implies that this estimator does not

depend on the variance function V. - This is a desirable property of

an estimator.

9.3.3 Stability of the Weighted Jack-knifed Varicnce Estimator VWJ

In the previous subsection we have examined the bias of the weighted

A

jack~knifed variance estimator VwJ and found that it is approximately

unbiased under the model (9.15), for the varisnce functions considered .
subject to the condition that f is small and n 1is large. Now
under the same conditions and also assuming that the error distribution

is normal, we examine the stability of the weighted jack-knifed variance

~

estimator VWJ under the model (9.15) with different variance functions.

This result is presented as Theorem 9.3.
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Theorem 9.3

Consider the model yi

E(ei,ej) =0 for 1 # j and e, N NID(O,Vi)

of the weighted jack-knifed variance

given by
2
. p2 5 E
= == 8 =
Var(VwJ) "z 3 where A
Vv X~
s s
2
oo 1ty 2 =
ve T o Z Ve, Vo= o z v, and x =
s s
Proof

We have from (9.14)

2

N

;

N
XI‘NI

S

This expression can be written as

n N r.}z}—;;“‘;s ( ;{ ~ 2
VWJ = E-(1—f) T = Z (yi_in) /n-1,
X X~v S
s J s S)
§§~V (= z
_N s s|i x - |8
=7 (1-9) — — ) ) |Bx. +e, N
% XV s L
S J g S) 8
T ey) 7
X s
= Ajl— Z ei - Z X Xi / (n=1)
X~V S 1
S SJ L (S J

Now,

estimator

I

Z|—

.

~

v

wJ

) (yi—ﬁxi)z/n—1

_ 2y _
Bxi te, E(ei) =0 ,E(ei) =V,

Then the variance

is approximately

(9.41)

(9.42)



The covariance terms are of O(n*3)

terms.

Now taking the first term in (9.43). we get

E Var(e ) + z E

var() ei)

Cov(e ,e )

i}

4 , 2
Var(e%) Eg(ei) - tEgei) = My

I3

2 2
Cov(ei,ej)

22 2 2. .
E (eiej) - Ea(ei)Eg(ej)“c

Y {X e.) 2
Y {& 1 = A2 Var Z e, - —§-i-x / n-1
artVyg - - i ) i
XV, s [ xi}
o S s
p— 2 7
2
= Var 2 e, - 2 z v + X —
(n—1)2 Xy s s 5 X E x 2
l gV - 7] s i
s s
. ey Lo
A X
= 5 |T Var z e )+4 Var z s
(n-1) XV s s ) X,
s
Z JZ 2
e.|" x
i i
+ Var Z S 5 + Covariance terms |,
s [1x,
. 1
O J
A2 2 ( elxig i
_X_ Var(z e J + 4 Var Z e
(n-1) LX§VSJ (s s g X
[Z ei}2 XZ
+ Var|) -2 > (9.43)
T
. 1

or greater, hence we ignore these

2
-y
i

and e.
€y j

are independent
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Therefore, we have

var(f ef) =1 @, -v) (9.44)
S

Taking the second term in (9.43), we get

(Z } (2 )

Var Z el(s ei) < - E Var el(s ei)xi
] L x. J T x
s i s 5 %y

+ z Z Cov S SZ ; ,
i#] s i

1

12
¥:) t

, 2{ - 2 _
Now Ege. X ei Egei z ei “41

to zero. Hence we have

e, L e.x
i i%y (g .~-v)x.
Var Z .__Zf._w - .._.fy:_“_,l“.,_z__l“ X (9.45)
8 s Xi j S (g Xi)

{(g ei)z {(g e.)? x (3 e’ e )22]
Var 5 z Var + 2 Z Cov 5 , - 23
Cat] s et )M gt T gy

Now
'(Z e.)zx? 2 x?
Var |——2 L= ¢% var(3 e.), where C, = —> R
2 i
(L x.) (£ x.)
s Ti7

= Ci{E (é ei)4 - {Eg(i e.)}z] . (9.46)



- 297 -

and

4 4 3 2 2
E[(x e.) ]=E_[L e, 47 L ele.+3 L I e.e. L 3
& \s t g b i#3 T i#3 T ifisk
=3y, +3Z v v
s H iyt

Substituting these in (9.46) and simplifying we get

1] k

: 22
(2 ei> % x? (§ v.)zx.
Var —§~——-§~ = 3|12 b, +3 3 Zviv.! -
(z x.) s| (s it Y1 @k (¢ x.)
$ * L s 1 s 1

4 2 .4
3(z I vivj)xi (Z VxS

+6 £ L ¥ e?e.e +r L L L eie.e e

ififkdm L+ KD

-
LT |
G735 170"

4
_ 3 (3w, % . i _
= Z , 7 4
s (L x.) {2 x.) (z x.)
L S 1 S 1 S 1
Cp )ixt 2@ svwdlxt 2 o3y
- .S 4i's 1 . i#j i j’s 1 _ s s
A A 7
n x 1 X n X
S S S

Substituting (9.44), (9.45) and (9.47) iu (9.43), we get

N 2 - 42 (g, .~v.)x
. A X 4i
Var(VwJ) - 2 o Z (U4 -V ) + 4 ) +
(n-1) X~V 8 n ¥
L8 s L
2 4
(L M4.)Z X CLvv)s x v I X,
*l g 1 + 9 A7) 1 3°s _ .88 1
2_4 4 34
nx nx n ¥
8 s
2 - 12
S 5 {w f Z (M4i‘v§) , lgnoring terms of
(n=1) 1X§VS s and higher.

Under the assumption of normality Hyi

= BV? and hence
i

(% x.)4
s i

(9.47)

-3

0(n 7)

1,
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Corollary 9.0

When v, = szi , then we have
4
L v, =1 caxé = ncax
S i s

Under this situation the variance of the jack-knifed variance

~

estimator V is given by

wJ

~ L A
Y [

We are now well equipped to find the relative mean square error

A

in VwJ which is approximately given by,

. Var(v_ )+(Bias(V )2
. WJ WJ
Relative Mean Square Error(V. ) = .

WJ 2.2
[Eg(TR—T) ]

Now using (9.48), (9.37) and (9.32), the relative mean square error

A

for VWJ in case of general variance function is given by
- - = - 2
22(5) Y 2| (% 1 [ 2 1 %s|%sVs ]
TH i [“—“j ] 1] RO RO R Py ”1J
b *s) ¥ s G .
- 2
‘ A
2 - = - 2
.2 v - 1 5 xs st§ )
- ;3. .;?.".._ —-—;« + -:}5—-—- - 1 + 'r;' [C (S) - 2C (S)J - f '“:‘ _ 1J y
X v X X XV x (v
S y S

=0, for large n and small f

(9.51)

(9.52)
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Similarly,for other variance functions, the relative mean square error

reduces to zero provided n and 1/f are large. Thus, we note that

~

the weighted jack~knifed variance estimator V is almost stable

wJ

under the model (9.15) subject to the above conditions and under the

assumption that e 's are normally distributed.

1

9.4 Implications of the Failure of the Regression Model E(yi) = Bx.

on the Weighted Jack-knifed Variance Estimator Vg and the

J

Actual Mean Square Error

In Section (9.3) we considered the effects of the variants of the

variance functions on the bias and variance of the weighted jack-knifed

A

variance estimator V . In this section, we study the implications

WJ

of changing the regression function in our model (9.15) on the actual

mean square error and VwJ

We consider the general case when

E(Yi) = h(Xi) and then illustrate the consequences through examples.

~

The weighted jack-knifed variance estimator VwJ can be conveniently
n
be expressed in the form € ) 2?(2) , where = %»(;:f){~—
i=1
is a constant and Qj(z) = yj - Rsxj . Since, we have

E[2(D)] = Vare(y) + [E(2(1))]>

therefore, we can write

Bfc T ¢2(y)]= ?{ 2}
L ; zj<z>] c . Varzj(g)+[Ezj(z)]

=C L varf.(Y) + C % [2.E(Y)
j j= 7T

Thus, we note that the expectation is the sum of two parts,

}2

(9.53)

the first

part depends on the variance function but not on the regression function

whereas the second is obtained by substituting E(yi) for v,

in the

estimator. Since the variance function appears only in the first part






N x)%0® 1 by 12
by = E(}—f){:—) ‘z h(xi)~ — /(n-1)
xS 1=1 XS

where

The quantity wa measures the difference between the fitted

values (Bx) and the true regression function for the sample points.

It thus represents the implications of departure from the simple

Ll ImD‘I

regression model E(yi) = Bxi on the estimate §WJ . The ratio

implies that if a straight line, through the origin, is fitted to

the true regression function h(x) at the sample points by minimising
Z(h(xi)—-Bxi)z/xi , we get the fitted line Bx , where B =
s

Nl[m:}“

(b) Implications on the Actual MSE

Now we examine the implications of the failure of regression model
E(yi) = Bxi on the actual mean square error in order to facilitate
comparison. Under the model (9.54) and following the same procedure

as above, we have,

l” L v
b y.
- N ; y . 11
¢ - ‘2= 2 S l_ 1=1
| Eg (Tg~T) (Z ST N (9.57)
1=1 I X.
L E % 7 X.J
b i
1=1
N 12
) 201 hix,) Lonlxp]
N = i=1
=N x - s
N
L %
BN T
i=1
2 Z(E glz 1 N
= N xl:i —~:| , where h =& Y h(x.)
X X 1=1
s )
= bysg (9.58)
where
2(h ~12 . . h
bysp = %% :§-— g} = NZ(E-B§)2 , where B = :i (9.59)
X xJ X
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2 - A= 2
We note that the quantity bMSE = N (h-Bx) measures the closeness

of the average of the values on the fitted line éx at the points
xl,xz,...xN and the average values of the true regression function at
these points. It may be noted that a poor fit point by point may
result in a small value for bMSE and not wa . Also we observe

that in the situation when the regression function in our model changes
wa does not appear to have any clear advantage in approximating bMSE

This latter statement is illustrated through examples 9.1 and 9.2 below.

Example 9.1
Consider the model = + =
e m Yy = BotByx e, s E()) B +B.X.
Var(yi) = vi s Cov(yi,yj) =0 for i # j . Under this model we

work out the bias for the weighted jack-knifed variance estimator Q

wJ
and the actual mean square error EE(E'R—T)2 . First we consider the
actual mean square error.
P | N2
(2) EE(TR-T) = E& L x 2 xi - Z le ’
s i i=1 i=1 ]
s (8 +8.x +e.) N N 72
S ) kRt S R S B A N T S T
£ I x . i . o 171 i '
L s i i=1 i=1
PR Ie N N N7
- EE I ox 2 5 YT x Z 57 z Bo - 2 €3 ’
(s i i=1 s 1 i=1 i=1 i=1
E I e N N |2
- s i
= Eg — Nx - N8B+ T % z X, - E ell ,
X § 71 i=1 i=1 ]




TGy e, gr : 12
= E_INB + X, - e, ’
2 ° Xs g xi i=1 * i=1 *
N G-x)2  (3e)) N 2 N 2 (x-x ) [z e ) N
2.2 s s i s
= Eg N 80 5 + o z X | o+ Z e + 2NBo — T x 2
X (Z %) i=1 i=1 x s "iji=1
- 5 5 s
(x-x ) N Ie N N
- 2NB, > Z ®i 7 2 Lz x1 2 *y Z 3 ’
xs i=1 s i i=1 i=1
- 9 B - - - -y
9 2 (x-x ) ’ X X VyXov
=N —— + AL+t 2SS (9.60)
Xg i x X v J

We note from (9.32) and (9.60) that when the model is not correct,

that is when the regression function is changed, the bias of the actual
- - 2
(x-x )
mean square error is N Bo 5 . It is clear that this bias depends
on xS , that is, if xs is much larger or smaller than X then the

bias will be large. This will, however, vanish if the sample is well

2
= X

2 - -
balanced on x and x (i.e. x =x

s s ) . Similar expressions

are obtained for other variance functions.

Now we examine the behaviour of the weighted jack-knifed variance

estimator QWJ . Under the above model, we have
- ()2 n
N X ~ 2
Vuy =7 (I-D) |2 .j (y,-R_x)"/n-1 ,
X i=1
]
- -2
N ;-‘2 n g (Bo+81xi+ei) f
= —~ - 2 ; - . _ B
=7 D |8 8 x ve, T x, 5 /mt
X i=1 5 i
. s - h
N 12 o[ Bo¥s (¢ ei)x£12
=T (1-£) | — z BO - e, - "*——Z':T‘—' /n-1
X i=1 X s i
s — ]
~ -2
=Y 1-py x)* g ré sy + e, - & el)xi{ /n-1 7
T f - ) o - i I x
X i=1{ X s i J




- 305 -

R = l_—62(*& ~x.)2 (z e.)zx? 28 (x ~x.)
A N X [Fo i 2 s i’ Ti 0"s i
EE(VWJ) = f (1‘f) — Eg' 5 + e, + 5 - e,
X {, % t € x.) x L
s s s i s
2By (e 2e(fepxy)
X (Z x.) I X,
s s i § i )
2 -
2 B (x_-x,) =
_NU-f)ix 17 To'7s x 1
- f n__1 - ~-2 + A - n (C (S) ZC (s)) (9.61
X b X~ % XV
{ S S S | "
we observe from expressions (9.22) and (9.61) that the bias in §WJ

due to departure from the regression assumption

_X.)Z

(x

S
2
*s

and (9.60) that

the

bWJ

which is a positive quantity.

does not approximate

bMSE ’

E(y.
mkyl)

simple regression model has a conservative effect on

Bx. 1is

1

Also, we note from (9.61)

This failure of

~

\ .

W This

also holds true for other variance functions under the example of this

model.

Example 9.2

Consider the model

Y.
1

_ 2
= B PB X FByx ey

2
\ =
JE(Y;)=B +B % +B,x.

Since the other expressions

2

which is our main concern

.. — +/
. h(Xi) 80+81Xi B

Var(yi) =V, Cov(yi,yj) =0 for i#j
both for VWJ and EE(TR—T)Z, are the same as in Section 9.3, we
only derive expressions for bMSE and wa
here. Under the above model and from (9.57), we have
|
|
(8 )2 1§ hexp .Z B
(1) b - Z % | 8 _i=1 ’
MSE 151 iJ t L x, N |
Y
N
IZ (B +B.x_+B xz) Z (B +B x +B X, )1
§ "o "17i t2%i7 |
2. 2 i=]1
= N X - '
N i
é xi 5 X ‘
21 1 i

)

2
X,

2 i



Thus

mean square error is N

2.2 0

i
Z
>
¥
|
+
w
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n
L

e

t

we note that when E(y.,) = B +B,.x. +8 x? , the bias in the actual
i o 171 "27i

-

(%-% )

%8

o]
X
8

+

Ba

zero if the sample is balanced both on

(ii)

Under the same model we have

WJ

H

n
)
i=

(h(x.) -
1 i

-

N!'wTI

s

2

%X -x X
( s ¥g )

X
S

x and x2

X.)
1

1

BotByx *Bx- o

2

’»

2

which becomes

2,12
L(B *B %, +B X))

Y x.
s "1

/

y

(9.63)
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Thus we note that wa does not reduce to zero even Lf the sample

is well balanced on x and x2 . This implies that when the regression

function changes in our model the weighted jack-knifed variance

estimator VwJ has a positive bias. Thus we conclude from these
results that the failure of the simple regression model E(yi) = Bxi

has a conservative effect on the weighted jack-knifed variance estimator

VWJ'

9.5 Comparison of the Bias Reduction Properties of the Weighted and
Unweighted Jack-knifed Ratio Estimators Using Taylor's Series Expansion

In this section we compare the weighted and the unweighted jack-knifed
ratio estimators in terms of their bias reduction properties under the

model &

Lemma 9.8

Let 8 = f(R) where f(.) 1s a smooth function of the ratio

parameter R = E' and f has a continuous first and second derivative
X
f' and f'" respectively. UFurther, let the estimator of R be
z
~ o yi ~ -
R = and 6 = £f(R) . Then
L X,
s 1
non n o~ N {oaa 2 . g2 B A
-6 . = (R-R ,)f'(R) - 5(R-R .)Ef"(R)+ =(R-R ) f"" (R)+... (9.64)
-1 -1 2 -1 6 -1
N y. Rxy xi
where R-R . = ——— " and w, = (see Lemma 9.1).
O (ew)E x e
i i s
s
Proof

Using Taylor's Series expansion, we have

“ V4 (R —RYFT(RY4 (R —RYY2EM(R)+ (R -R)SEM™ (R
F(R_;) = £RI+(R_,-RIE"(R)+ 5(R_,~R)TE"(R)+ (R_-R)TL™ (R)+...

Since f(R_i) = e-i , We can write

- - ° - 1 - Az ° 1 : - 3 "y -
- - ' . - n 2 — +...
6_, =6+ R_,-RE'(R)+ 5(R_,-RIE"(R)+ 2 (R_,-R)“£™ (R)
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Hence

D >
i
< >
I

(R-R_,)£' (R)- S(R-R .)2E"(R)+ L(R-R ) £™ (R)+...
i 2 -1 6 -1

9.5.1 The Weighted Jack—knifed Ratio Estimator

We now apply (9.65) to derive an expression for the weighted

jack-knifed ratio estimator. This result is expressed as Lemma 9.4.

Lemma 8.4

(9.65)

Under the conditions of Lemma 9.3, the weighted jack-knifed ratio

estimator ewJ can be expressed as
N N { ~ o ; n (1~w.)—1e*2f”(R)
87 = ERI+(R-R)E'(R) + (R-R) “£"(R) - ) L =

- i=1 (Z x.)

9 3 S 1
, D (1-w.) e? -
+ - }‘ flll (R) ,
© i (g xo?
) 1= s i

where e¥% = y.-Rx
Proof

For the weighted jack-knife the pseudovalues are defined as
Q; =8+ n(1-w)(6-0_,)

Substituting from (9.65) for 9 —G_i in (9.67), we have

f”'

(9.66)

(9.67)

~

(R)

~ = - - A__A ] - — _1_ A__A 2 11" - _1__ A_A 3 "y -
Q =0 +n(1-w)[ ®R-R_)E'(R) s(R-R_J£"(R)+ = (R R_DTEM®RI+.LLT
- T e% A : e*z .
= - —_._._1_.__.___ t - 1 "
6 +n(1 w.) oy £ (R 5 5 5 £'"(R)
i i (1-w.) (T x.)
S 1 S 1
e¥ R
+.% ; 5y £ (R)+. ..
(1=-w.) (% x.)
1 S 1 R
, -1 .2 3
. ek . (1-w.) e* . e%
=8 +n——f'(R) -2 L T cupy, D (ew) ™2 L
T ox. 2 2 6 1 3
s 1 (z x.) (r x.)
S 1 S 1

(9.68)
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The weighted jack-knifed ratio estimator is the average of the pseudo

values Qi and is given by

1 %2 -2 %3
n n ne* - (1-w.) e (1-w.) “e A
P 1 ~ _ 1 A , n i i o, n i i £'"'(R)
By = ) q, == Y |6 + T D= ) £1R) + g 3
i=1 i=1 s i (L x,) (Z x.)
s i s i
. n e* . 1 B (l—wi)“le:2 R ; B _2 ezs -
=0+ ] ot -3 ] — 5wy [ o) ey
i=l s i i=1 (Ix.)) i=1 (Ix.))
s7i s7i
Now
n n A _ ~s _
Z ex = 5 (y:=Rx.) = n(y - —=x) =0
L L i i - s
i=1 1=1 Xs
Thus
- R , D (1~w.)_1e?2 N , o 9 e§3 .
w3 L "R+ ¢ [ (1-w)) 5 £ (R)
i=1  (Ix.) i=1 (¢ x.)
s71 s i
oo BTl e
= f(R) - 5 2 5 £'"(R) + 3 Z (1—wi) —3 £ (R) T8=f(R) .
i=1 (I x.) i=1 (£x.)
s 71 s7i
(9.69)

Now expanding f(R) , we have f(R) = f(R) + (R-R)f'(R)+ %(é—R)zf"(R)

and substituting this in (9.69),we get

N ) Ve , o (1-w.) " ex? £ (R)
Oy ERI+R-RIE' (R)+ (R-R)TE"(R)~ 5 ) - 21
i=1 (£ x.)
s
, B (1—wi)~2e*3 R
s y 3 £" (R) . (9.70)
i=1 (g xi)

9.5.1a Bias of the Weighted Jack-knifed Ratio Estimator

Now we find the bias of the weighted jack-knifed ratio estimator
under the model £ with different variance functions. These results

are expressed as Theorem 9.4.
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Theorem 9.4
If the conditions of Lemma 9.3 hold then,under the model yi = Bxi + ei
with E(ei) =0 , Var(ei) = v and Cov(ei,ej) =0 for 1i#j,

~

the bias of the weighted jack-knife estimator ewJ is of O(n_z).

Proof

From (9.70), we have

N . | oA 9 , D (1—wi) e% N
0., = E(R)+(R-R)£' (R)+ 5(R-R) “f"(R) - = )} ————2 £"(R)
WJ 2 2 . 2
i=t (€ x.)
S 1
Con (1w er? )
+ 4 }‘ 1 1 g (R) .
621 (zx)]
s 1
Under the above model. the expected value of éWJ is
. . {9 , D (1~wi)“1%5e*2) .
” = — \ _ — 1" - (13
E (8, = £(R+E, (R-BDE'(R)+ 5 B, (R-R)TE"(R)- 5 2 5 £"(R)
i=1 (z x.)
S 1
-2 3
— * ”~
L1 g () "B (D) pn gy (9.71)
L 3
i=1 (g Xi)
Now, E, (e*¥?) = E_(y,-Rx.)? = E_[(8-8)2x% - 2e.(B-8)x.+e2]. Usin
> B 7Ty £ i i P78 &
(9.18) and (9.19), we get
2 i3 Xi Yy
E (e*") = v, -2 + . (9.72)
£ 4 1 (g x.) (é Xi)

and
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- 2 § Vi
E_(R-R)“ = (9.73)
& (Z x )2
s Ti
Substituting (9.72) and (9.73) in (9.71). we get
- Y 1 § -1 xi v Xi gvi]f"(a)
E_(6..) = f(R) + = f"(R)~ = (1-w.) v, =2 +
£ wg (1x.)2 2420 1 (gx Gx.) % (1x,) 2
sTi 8§71 8 i
n (1—w:)—2Er(e*3)f"'(R)
1 i 98 1
)
6 .t 3 '
1=1 (£x.)
s°i
2
: é v, , 1 9 v.—2v.wi+win.
=g+ = ER) - ) (1w, +w) (e =5 E"(R)
2 2 2 11 2
(Zx.) i=1 (x.)
s71 s
,on <1+zw.>Eg<e*?>
t g Z L 3 Lo £ (R) ,
i=1 (% x.)
s 1 2 3
n X.V, M L v, , o Eg(e* )
) 3 s 'R 5 ) L oenpys LY = " (R)
=6+ (%) 2321 (¢ x)® 6 521z x)3
i=1 ‘s 71 s i s 1
(9.74)
Hence
Blas(ewj) = Eg(ewJ> -6
L3
n X.v. ; 0 xié v, , D Eg(eﬂi)
= y ‘—"L%f“(R)"*z- 5 7 £'(R) + _é_ Z “—‘T £ (R)
i=1 (Ix.) i=1 (Ix.) i=1 (Ix.)
s i §7i §71
= 0(n"%) (9.75)
Corollary 9.10
If in the model of Theorem 9.4, v, = 02 then
2 2 X nx? R 9 5
Eg(e*.) =0 (1-2 B S —— ) , EE(R—R) =21 5
' N EF Y (Zx)
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and
22
- g 0 ove Yo,
B (6,) = ¢+ iZ1 m £"(R) - -(n 1)171 : SR
sT1 (Ix )
n (e* )
+ 1y i-éTf"'(R).
1=1 (éxi)
In this case,
2 2
0 ’rfw'az <)<)IZ”M (R)
Bias(8,..) = — £f"(R)- —(n~1 f"(R
wJ i=1(5x )2 : i=1(Zx.)2
s §71
n Eg(e#?’)
+_6_ ;’ 1 3 f"'(R)
i=1 (I x.)
_y s 71
= 0(n %) . (9.76)

Corollary 9.11

If the variance function in the model of Theorem 9.4 is proportional

. 2
) at , =0 X, then
to x1 , th is, v i

2
X 2
2 2 i 2 " 2 o
* - - = e - = y
Eg(e i) o (xi Zx.) o Xi(1 wi), Eg(R R) T
i s 1
and
N 1 E E (e§3)
E_(6.,.) =6 + = £ (R).
£ s (g )3
s 71
Thus
- 1 n E (6*3) _2
Bias(6,) =¢ ) ———— " ([R) = 0(a” ). (9.77)
i=1 (Z X, )

This implies that in this case the weighted jack-knifed ratio estimator

) . ~1
is unbiased to 0(n ).
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Corollary 9.12

If the variance function in the model of Theorem 9.4 is quadratic

in x , that is, v, = ozxi then Eg(lg—R)2 = 02 b x?/ (% x.)2 R
3 4 S . [ t
E (e*z) = ol |x ! + ! d
A = .- , an
£ 1 i X X, G X')4
s s 71
n
2 3
- ’ iz1 i 02 o g X? 1 2 EE(E*3)
Be(oy) =8+ 5 £'(R) - = ] ARSI ) 13 £ (R)
(z x.) i=1 <§X') i=1 (gx.)
Hence
n
2 3
. ? iz1 Xy 02 n gx? 1 n Er(e*3)
Bias(8, ) = 5 £'(R) - 5 ] SR ] T W)
(£x.) i=1 (£x.) i=1 (L x.)
s i s i S
-2
= 0(n 7) (9.78)

Thus we note from Theorem 9.4 and the Corollaries 9.10, 9.11 and
9.12 that,in general, the bias of the weighted jack-knife is of O(naz). In
the next section we give the bias of the unweighted jack-knife under

the above situations.

9.6.2 The Unweighted Jack-knifed Ratio Estimator

The corresponding developments for the ordinary jack-knifed ratio
estimator under the model £ with different variance functions are

given as under:
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Lemma 9.5

If the conditions of Lemma 9.3 hold, then

-2
. . L - P T R
— - 1 = - AL - "
eUWJ = f(R)+(R-R)f'(R)+ > (R-R) f"(R) on Z > £"(R)
i=1 (Z x.)
s i
poy Bmw) 3*3 -
fen b T @
i=1 (L x.)
S
where éUWJ is the unweighted jack-knifed ratio estimator.
Proof:

The pseudovalues for the unweighted ratio estimator are

~

6, = nB-(n-1)8 , = 8+(n-1)(6-6 ) (9.79)
X -1 -1
Substituting for é—é_i from (9.65) in (9.79), we get
5. = 8+(n-1)[(R-R )£'(R)~ E(R-R y2£"(Ry+ L(R-R y3em (Ry+...]
i -i 2 ~i 6 -1 -
. ( Xt (R) e*? A ezs .
= 6+(n-1) - £f"(R) + = "' (R) (9.80)
(1-w,)Ix, 2 2 2 3
i"s’i (1 Wi) (éxi) (1 wi) (gxi)
+ terms of higher orderJ.
The unweighted jack-kifed ratio estimator is the average of the
unweighted pseudo-values éi and is given by
5 1 ? a A, D r ? e: - § 6:2 2
8 = = 8, = 8+ —=| £'(R)- = £"(R)
W - 2 2
oyt n Li=1 (1-w)Ex,) i=1 (1-w)“(Ix.)
1 S 1
. n e*3 X
e e R T
i=1 (1-w.) (Ix.)
i s i _
* *2
~ n-1 ¢ i s n-1 T ! ~
=6+ ] oo, T ® -5 ] 2 z TR
i=1 i“si i=1 (1-w.) (Ix.)
i si
. n e*>
+ _1:1__:__ }‘ 1 £ (R) ,
i1 (1-w,) (Ix)°
1= (L-wy) (g%,
“ n-1 B (l—wi)_ze’;2 . n-1 B (l—wi)—se’f3 R
= o —— e e D " "y
f(R) on 2 £f"(R) + on 3 £'"' (R) (9.81)

i=1 (g X.) i=1 (é xi)
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Now expanding f£(R) and substituting in (9.81), we get

2 .2
~ T e s S
By = ERHR-RIE'(R)+ 5(R-R)E"(R)~ o ] > £"(R)
i=1 (éxi)
noq B (1-w.)_3e*3 R
e L 5—— £"(R) - (9.82)
l:

9.5.2a Bias of the Unweighted Jack-knifed Ratio Estimator

Now we give the bias of the unweighted jack-knifed ratio estimator
under the model £ with general variance function. This result is
expressed as Theorem 9.5. The results for other variance functions

are given as the corollaries of Theorem 9.5.

Theorem 9.5
If the conditions of Lemma 9.3 hold, then under the model
y, = 8x. + e, with E(e,) =0, Var(e,) = v. and Cov(e., e.) = 0
i 1 i i i i i’ 73

for i # j , the bias of the unweighted jack-knifed ratio estimator is

of 0(n %).

Proof

From (9.82), we have

o - 5 tipy 4 e 2.4 _ n-1 1 ned
by = ERFR-BIE'(R) + 5(R-R) “£"(R) - 5— ] 5 £ (R)
i=1 (Zxz.)
51
-3 %
n (1—wi) 3ei3 R
" .
, ool y 3 £"" (R)
én ,_ (zx.)
i=1 s 1

Under the above model and using (9.72) and (9.73). the expected value

of the unweighted jack-knifed estimator is
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vi¥s X Ev,
- 1
L g v. . (1-w.) |v, -2 X +(z .y
(B, = £(R) +5 ———— £"(R) - o= g ik LA S
E uwJ (Cx )2 2n i1 s x )2
s i s i
-3 «3
n (l-w.) E_(e})
cmt ] O ERCD
i=1 ( x.)
s i
1 Yy n-1 ¢ Vi -1 ¢ Vi%y
=6+ 3 5 £"R) -5 ] 5 IR+ ] 3 £ (R)
(% Xl) i=1 (gxl) i=1 (Lx,)
3
n x, I n E_(e¥)
n- i n-1 £ 1 "
" L § T® sl S
i=1 (2 xi) i=1 (I x.)
Now bias is given by
- 1 é vl n-1 ? v_
BiaS(9 ) = E (9 )-8 = = f"(R) = —— ) 5 £"(R)
& W 2 (5 2" 22y (5 x,)”
1 S 1
2
3 n v.X, _ n x9L v
. nn1 z 11 £1(R) nzg E 18 14 £7(R)
i=1 (Ix.) i=1 ( x.)
sTi s i
3
_, n E_(e*7)
. “6‘ A1 gmr) . (9.83)
n . 3
i=1(2 x.)
-2 S 1
=0 ) (9.84)
Special Case 1
If n 1is large, then (9.83) reduces to
2
. n v.X. , 0 X T v ! Eg(e’< )
Bias(erJ) = 2 -—i~%»f”(R)— 5 Z —£~———~ £Y"(R)+ z 2 3 £f"(R) ,
i=1 (2x.) i=1 (2 x.) i= 1(ZX )
s1 s i
=0 Y . (9.85)

Thus from expressions (9.75) and (9.85) we gather that when n is large

the bias of the unweighted jack-knife estimator is equivalent to that

of the weighted jack-knifed estimator.
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Corollary 9.13

If the variance function in the model of Theorem 9.5 is constant,

that is, ] =02 then

2 n 2 2 n w2 02
Bias(6.. . ) = l.*_ﬂg__.f”(R)_ n-t y Jno £1(R) - (o-1)" ) i £"(R)
UwJ 2 2 2n % 2 2n . 2
(Zx.) i=1 (Ix.) i=1(Zx.)
571 s sTi
*
n-1 @ Ei(eiB)
L £ (R) . (9.86)
n 3
i=1 (Ex.)
-2 S 1
= 0(n ) (9.87)
Special Case II
If n is large. then (9.86) reduces to
. L D wfcz , o E (e*3)
Bias(eUWJ) = —-2— y w————z.f"(R) +€ Z ____E-»___l__ f"'(R)
i=1 (3 x.) i=1 (3 x.)3
i s "1
-2
=0(n ") (9.88)

Corollary 9.14

If the variance function in the model of Theorem 9.5 is proportional

. 2
to x , that is, vi = Xi then

~ (n-1) 0 WX, 9 -1 D Eg(e*3)
Bias(erJ) v ¥ L 5 o £"(R) + —~n ) ~———3—§~f"'(R). (9.89)
i=1 (¢ x.) i=1 (¢ x.)
S 1 s 1
= 0(n"%) (9.90)
Special Case III
If n is large, then (9.89) reduces to
- ponow X, , D (e* )
: = - 4 n i 1"y .
BlaS(eUWJ) =-3 ‘y o o £"(R) + 3 E 3f (R) =
1=1 (}:Xi) = ( 5 Xi)

0(n"%). (9.91)

If
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Corollary 9.15

If the variance function in the model of Theorem 9.5 is quadratic

2
in x , that is vi = g x? then

2 2 3
2 L X, 2 n X, L ox,
Bias(eUWJ) - 9_2_. _.__.E_..J;z_ £"(R) - (nzr];)O Z 1 5 £"(R) +1’1-1 02 s i 5 £ (R)
(Z x.) i=1 (Ix.) (L %))
s i s i s i
4 3
2 I x n E e*
~1)0 j ~1 \ i
- {n-1) S 1 ey +2L Y 5 E fnmy) L (9.02)
2 8 6n T f x)d
s i = A
= 0(n ) . (9.93)
Special Case IV
For large n , the expression (9.92) reduces to
L xi 2 n z X , o Eg(e?s)
Bias(f. ) = o2 R -5 ] SR g ] = m
UwJd (Z x.) i=1 (% x.) i=1 (Z x.)
s i s i s
(9.94)
-2
=0(n ) . (9.95)

Hinkley (1977b), whilekdiscussing the need for an appropriate
jack-knife procedure for unbalanced statistics, remarks that the principle
question with a given jack-knife procedure is that whether it removes
a first order bias. We note from Theorem 9.4 and 9.5 that, in general,
under the model £ the bias of weighted jack-knife is O(nhz) and
that of the unweighted jack-knife is alio OL%Q). However, when the variance
function is proportional to x the bias of weighted jack-knife is of
O(ntz) and that of the unweighted jack-knife of O(n_z) . If we assume
that n is large, then the unweighted jack-knife also removes the first
order bias term. These results indicate that the performance of the

weighted jack-knife, for ratio estimation, is better than the unweighted

jack-knife method. We also note that the unweighted jack-knife is sample
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size dependent whereas the weighted jack-knife does not depend on
the sample size. Thus we gather from these results that small sample
performance of the weighted jack-knife method for ratio estimation
may be better than the unweighted jack-knife. This,however, requires

numerical comparison,

9.6 Swmmary and Discussion of Results

In this chapter we have extended the application of the weighted

jack-knife technique using the empirical influence function of R at

the point (xi,yi) . This procedure, which is based on the weighted
pseudovalues, produces the weighted jack-knifed ratio estimator ﬁWJ
and the weighted jack-knifed variance estimator VwJ . Both these

estimators possess nice properties and reproduce the original ratio

~ ~

estimator R and the variance estimator V2c (Cochran, 1977, p.155).
Under the model ¢ the weighted jack-knifed variance estimator is
approximately unbiased for any variance function provided n is large
and f is small. This estimator is robust against the non-homogneity
of the error variances. However, when the regression function E(yi) = Bxi
in the model £ changes the weighted jack-knifed variance estimator

has a positive bias. This implies that the failure of simple regression
model have a conservative effect on the weighted jack-knifed variance
estimator. The comparison of the weighted and the unweighted jack-knife
procedures for ratio estimation, in terms of their bias reduction
properties, indicates that in general under the model ¢ the performance
of the weighted jack-knife is better than the unweighted jack-knife.

It is also observed from Theorems 9.4 and 9.5 that the weighted jack-knife

does not depend on the sample size whereas the unweighted jack-knife

does. This may result in a better performance for the weighted jack-knife
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in the case of small samples. This, however, needs further investigation.
On the basis of the results in this chapter and the available relevant
literature, we conclude that the weighted jack-knifed variance estimator

may be a good competitor with the estimators currently in practice.

9.7 Suggestions for FurtiesResearch

In the course of this investigation, not only have we settled many
questions about the jack-knife technique, but as is the usual case in all

research we have opened the door to different areas for future exploration.

(i) The asymptofic normality of the ratio estimator for the finite
population total for simple random sampling is widely used. Scott and

Wu (1981) discuss the asymptotic normality of the ratio estimator under
simple random sampling. The model based approach has produced results
most comparable to the randomisation based approach. It may be worthwhile
to examine the asymptotic distribution of the weighted jack-knifed ratio
estimator for the population total under the model based approach.

(ii) Royall and Lumberland (1978a, 198la) have produced a series of
empirical results on the performance of the randomisation based variance
estimator Glc » the unweighted jack-knifed variance estimator §J and the

A A
model based variance estimators VD and VH' The performance of the weighted

Fa)
jack-knifed estimator VwJ and other competing variance estimators such

~

~ ~
as VJ, V1C and VH should be investigated.

(iii) Another interesting area for further research is to compare the

~

performance of the weighted jack-knifed variance estimaterV the

Wi’

A
unweighted jack~knifed variance estimator V the randomisation based

J,
"~ N . of
variance estimator VIC and the model based variance estimator \7 un,guuwaﬁ

the approximate confidence intervals.
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(iv) Simple random sampling provides balance in expectation, with the
probability of extreme imbalance decreasing as the sample size increases.
This has lead to the common belief that with simple random sampling one

needs to worry about imbalance only in very small samples and that reasonably
large samples can provide protection against bias and give robust inference,
Bee, for example, Brewer (1979), Sarndal (1980), Godambe (1982), Hansen et
al. (1983) and Kalton (1983). However, Royall and Herson (1973a) and Royall
and Cumberland (1978b) have reported some theoretical results which negate
this belief and stress the need of balance for robust inference. TFurther
investigations to study the implications of increasing sample size on the

G 6 and % and

~
bias, on the performance of the variance estimates V
’ P Wi’ Y3 Vic H

on the behaviour of the corresponding standardised errors may be useful.
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APPENDIX I

Relative Biases for Simple, Partial and Multiple Correlations

and Regression Coefficients

Estimate

Actual Value

. Relative Biases

6 Strata 12 Strata | 30 Strata
Corr. 1,2 0.9152 ~0.0040 0.0024 ~0.0004
Corr. 1,3 0.1724 ~0.,0524 0.0102 =0.0011
Corr. Y,1 0.1423 0.1543 0.1214 0.0256
Corr. 2,3 0.3251 -0.0236 ~-0.0076 0.0053
Corr. Y,2 0.1941 0.1401 0.1159 0.0350
Corr. Y,3 0.2655 0.1159 0.0922 0.0439
Corr. 4,5 -0.3165 -0.0110 ~0.0086 0.0068
Corr. 4,6 0.1398 0.0282 0.0249 -0.0050
Corr. Y',4 0.3834 0.1080 0.0983 0.0312
Corr. 5,6 ~0.3557 0.0016 0.0076 ~0.0132
Corr. Y',5 ~0.1468 0.1171 0.1140 0.0180
Corr. Y',6 0.3304 0.0804 0.0448 0.0293
All Correlations - 0.06972 0.05399 0.01748
Part. RY1.23 ~0.0193 -0.2541 0.0955 0.0937
Part. RY2.13 0.0637 0.0998 0.1549 0.0517
Part. RY3.12 0.2007 0.1329 0.0945 0.0446
Part. RY'4.56 0.3667 0.1161 0.1051 0.0396
Part. RY'5.46 0.0793 0.0418 0.0018 0.0789
Part., RY'6.45 0.3107 0.0953 0.0501 0.0433
All Partial R.S - 0.12333 0.08365 0.05863
Multi Corr. Y(123) 0.2895 0.2028 0.1372 0.0559
Multi Corr. Y'(456) 0.4796 0.1212 0.0851 0.0375

i




(@]

o

Estimate

Actual Value

Relative Biases

6 Strata 12 Strata | 30 Strata
All Multiple R.S - 0.16200 0.11115 0.04670
Beta 0,Const. 2168.140 0.0207 0.0082 0.0111
Beta Y1.23 -187.956 ~0.2463 0.0215 0.0984
Beta Y2.13 548.160 ~0.0314 0.0066 0.0251
Beta Y3.12 3361.730 -0.0337 0.0275 0.0024
Beta 0 Const. -4068.830 0.0232 0.0914 0.0278
Beta Y'4.56 3163.600 0.0227 0.0000 -0.0041
Beta Y'5.46 34.478 0.0092 0.0645 0.0443
Beta Y'6.45 610.484 0.0110 0.0459 0.0089
All Betas 0.04978 6.03320 0.02776

Source:; Kish and Frankel (1974) Table 5.1
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