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A great deal of current research into the foundations of survey sampling 

has been devoted to the application of various inference criteria. A 

distinction is drawn between the randomisation based and the model based 

approaches to inference for finite populations. It is argued that the 

model based approach is effective and offers inferential benefits over the 

randomisation based approach for a realistic model. 

Methods of variance estimation under both the randomisation and model based 
approaches are considered. The randomisation based approach does provide a 
variety of methods for variance estimation. The randomisation based 
variances are unconditional and do not lead to a meaningful inference from 
an observed sample. The model based variances are conditional and provide 
a suitable framework for inference. The ratio estimator provides an important 
example of statistic for which the randomisation and the model based approaches 
lead to different variance estimators. 

Problems concerning the estimation of correlation from complex surveys are 
discussed. Implications of the complexity of the design on the behaviour of 
simple, partial and multiple correlations are studied. It is shown that the 
complexity of the design affects the behaviour of the simple, partial and 
multiple correlations. The relative biases for the multiple correlations 
are, in general, smaller than those for the simple and partial correlations 
when the design variable is strongly related to one of the x variables 
under study. It is argued that different surveys with different stratifica-
tions may produce quite different results. 

The jack-knife method finds applications in a variety of fields both as a 

means of bias reduction and variance estimation. A comprehensive review of 

the applications of the jack-knife method to ratio estimation and the linear 

regression model is given. A distinction is drawn between the unweighted 

and the weighted jack-knife procedures for regression estimation. A simple 

generalisation of the weighted jack-knife for regression estimation is 

given. It is shown that under the model with more general variance structure, 

the weighted jack-knife regression estimator is unbiased and the weighted 

jack-knifed variance estimator is biased to 0(n~^). 

Using the idea of empirical influence function, the weighted jack-knife 
technique is extended to ratio estimation. A weighted jack-knifed 
variance estimator for the ratio estimator is developed. Using the 
prediction theory approach, the properties of the weighted jack-knifed 
variance estimator are examined. The implications of the failures of 
regression model on the behaviour of the weighted jack-knifed variance 
estimator are studied. Comparison of the bias reduction properties of 
the weighted and the unweighted jack-knifed ratio estimators is made using 
Taylor Series expansion. 
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There has been a rapid growth In sample surveys during the past 

four decades and a considerable amount of literature regarding the 

design and analysis of survey data is now available. The essence of 

survey sampling consists of the selection of a part of a finite population 

and on the basis of this selected part making Inferences about 

the entire population. Thus the main objective in any sample survey is 

to compute the sample estimates so that inferences could be drawn about 

the finite population under Investigation. 

The theory of inference from finite populations has seen 

controversial developments during the last three decades. As a 

consequence of these developments a model based approach to inference 

has emerged as an alternative to the traditional randomisation based 

approach. In the randomisation based approach the only source of 

probabilities is the artificial randomisation induced by the sample 

design. Other sources of probabilities such as superpopulation models 

are also prevalent but only as evaluation techniques with the probability 

sampling models for special purposes. The basic criterion and definitions 

such as bias and standard errors refer to probability sampling models. 

In contrast the model based approach to survey sampling takes the form 

of assuming a superpopulation model with the characteristics of the 

units of the finite population under study being the realisations 

of the assumed super-population model. The sampling plan need not be 

a probability sampling plan and the estimators need not be randomisation 



consistent. The model based inference concerns the prediction of the 

actual outcome of the population characteristics and is made conditional 

on the outcome of the sampling. Thus from the view point of statistical 

inference the most interesting aspect of these developments in the 

field of sample survey is that by a shift to the model based approach 

a primary object of sample surveys is turned from estimation to 

prediction. The model based approach Is one avenue through which 

Important new methods are currently being added to the existing 

survey sampling literature. The model based approach Is used extensively 

in this thesis. 

Many sample surveys today are characterised by complex clustered 

and stratified samples and often depart drastically from a simple 

random sample. This raises Important questions about how far standard 

statistical procedures based Implicitly on simple random sampling 

assumptions are appropriate when a population has complex structure. 

Pioneer work for estimating analytical statistics such as correlation 

and regression coefficients from complex surveys is due to Kish and 

Frankel (1974). These authors studied the behaviour of simple, partial 

and multiple correlation from clustered stratified samples. Kish and 

Frankel concentrated mainly on the effect of clustering and ignored 

the effects of stratification. We have studied the effect of strati-

fication on the behaviour of correlations. 

During the last few years a great deal of attention has been focussed 

on the development of robust statistical methods that do not depend upon 

the assumptions of normality but may retain many desirable features of 

this assumption. A class of methods known as jack-knife techniques 

were introduced by Quenoullle (1949, 1956) as a bias reducing device 
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a 

and later developed for variance estimation and setting up confidence 

intervals. The essence of the technique is that pseudovalues of the 

estimated parameters are computed by deleting a single observation or 

set of observations and the estimate of the variance of the estimated 

parameters is obtained from the variance of the pseudovalues. 

The main subject of this thesis concentrates on the applications 

of the jack-knife method to ratio estimation. A considerable amount of 

literature on the jack-knife technique as a method of bias reduction and 

robust interval estimation is available in balanced situations 

(Chapter 5). However, much still remains to be investigated in unbalanced 

situations. Hinkley (1977b) proposed the weighted jack-knife for 

regression estimation. We extend the application of the weighted jack-

knife to ratio estimation. We also study the properties of the weighted 

jack-knifed ratio estimator and the weighted jack-knifed variance 

estimator using the prediction theory approach. 

1.1 Outline of Thesis 

An outline of the study reported in this thesis is as follows: 

In Chapter 2 we present a review of the randomisation based and 

the model based approaches to inference. We feel that such a review 

is necessary in order to gain an insight into the structure of 

inference problems concerning the characteristics of a finite 

population. It is argued that the model based approach is highly 

effective and offers inferential benefits over the randomisation based 

approach for a realistic and valid model. 



The variance of an estimator depends on the framwork for inference. 

The randomisation based and the model based approaches provide different 

frameworks for defining variances. We consider variance estimation-

under both these approaches in chapter 3. We can think of this chapter 

as divided into two parts. The first part deals with the methods of 

variance estimation under the randomisation based approach. We note 

that for a given estimator T of T there are two variances, the true 

variance V(T) and the estimator of the true variance. First, we 

discuss the methods commonly used for obtaining the expressions for 

the true variances. Then we discuss the methods for estimating the 

variances of estimates. Our main concern is with the jack-knife 

procedure. However, it seems to us that a knowledge of useful 

alternative techniques will be useful in a better understanding of 

the subject and will also facilitate a comparison of these techniques. 

Thus we discuss a number of competing techniques developed from time 

to time in an attempt to obtain accurate variance estimates necessary 

for survey sampling inference. We have, however confined our 

discussion to the main features of these techniques pointing out the 

usefulness and the limitations of each technique. We also introduce 

in this part a useful technique, known as the weighted jack-knife, 

developed recently as an alternative to the ordinary jack-knife method 

for variance estimation. It is observed that the randomisation 

approach to variance estimation offers several choices but it has been 

recognised that the randomisation based variances may not provide a 

suitable framework for inference from an observed sample. In contrast, 

under the prediction approach to finite population sampling, the 

variance of an estimated value is determined conditionally from the 



set s of samples units actually observed. The prediction approach, 

by conditioning on the sample actually observed, reveals the relation-

ships that are important for inference. Thus in the second part 

of this chapter we consider the variance estimation under the 

prediction approach. Our discussion is mainly centred round the 

ratio estimator for which the prediction approach has suggested 

useful alternatives to the randomisation based variance estimators. 

This chapter thus consolidates the material on the variance estimation 

from complex surveys under two main approaches, which lie scattered 

in the literature. 

In Chapter 4 we consider the problems concerning the estimation 

of correlation from complex surveys. Frankel (1971), and Kish and 

Frankel (1974) studied the behaviour of simple, partial and multiple 

correlation and regression from clustered stratified samples. They 

conjectured that high relative biases for the multiple correlations 

were due to the basic defects of the estimator rather than the 

complexity of the design. For the estimation of population correla-

tion coefficient from a stratified design, Koop (1970) and Wakimoto 

(1971 a, b) derived unbiased estimates for the population variances 

and covariances. Using these results we derive expressions for the 

biases in Kish and Frankel's estimates for variance and covariance. 

It is shown that for a self-weighting design, Koop and Wakimoto's 

results for the estimation of variances and covariance reduce to 

those of Kish and Frankel's estimate plus bias (Section 4.3). These 

theoretical results indicate that stratification can cause bias in 
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the estimation of correlation and that the bias may be of substantial 

magnitude. Kish and Frankel have mainly concentrated on the effects 

of clustering on variances and have ignored the effects of stratifica-

tion on the bias. They were thus lead into misinterpretation of 

results. Our conclusion is that high relative biases in Kish and 

Frankel's estimates of correlation may be due to the effects of 

stratification. This conclusion finds support from Warren's (1971) 

analysis of the effect of sampling method on the estimation of correla-

tion and regression summarised in Section 4.4. Warren concludes 

that non-simple random sampling can cause bias in the estimation of 

correlation and that this bias may be of substantial magnitude. Similar 

views have also been expressed by Smith (1974, discussion of Kish and 

Frankel). We have also investigated the effects of stratification 

on the behaviour of simple, partial and multiple correlations through 

a simulation study using data from Frankel (1971). The analysis of 

these results also supports our claim that the high relative biases 

in Kish and Frankel's estimates of correlation are due to the effect 

of stratification, rather than the basic defect in the estimator. 

The Jack-knife method introduced originally by Quenouille as 

a method of bias reduction was extended progressively to obtain 

estimation of variance. This method has been shown to have robust 

qualities in a wide variety of fields. The most significant feature 

of the jack-knife technique is that bias reduction as well as variance 

estimation can be achieved without detailed knowledge of the sample 

distribution or involved analysis of the estimation method. We only 
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need a sample and an estimation definition. Miller (1974 b) has 

given an excellent review of the theoretical developments whereas 

Bissel and Ferguson (1975) discuss some practical aspects. However, 

in those reviews the authors restrict themselves to a brief 

discussion of the most important developments in the field of survey 

sampling. In Chapter 5 we attempt a review that focusses on the main 

developments concerning the applications of the jack-knife method 

in survey sampling. One of the earliest applications of the jack-

knife method was in the case of ratio estimators which are frequently 

employed to improve the efficiency of estimation in sample surveys. 

We discussed the bias and variance estimation properties of the 

jack-knifed method for the ratio estimation under the model based 

approach in chapter 3. In this chapter we address ourselves to 

the problem of bias and variance estimation for the jack-knifed 

ratio estimator under the randomisation approach. The most important 

contribution of the jack-knife method is to produce an estimate of 

variance where alternative techniques appear to be cumbersome. 

The method has also been extended for variance component estimation 

in complex surveys (Folsom , 1971). We find that along 

with the theoretical developments, considerable empirical work has 

also been undertaken to compare the efficiencies of the jack-knifed 

and other competing variance estimators in small and moderate 

size samples from natural and artificial populations. This, however, 

lies dispersed in literature. We also attempt to summarise the 

empirical work on the jack-knifed ratio estimation under both the 

randomisation based and the model based approaches. Tukey 

proposed tlie jack-knife as a method of robust interval estimation. 



Developments along this line are also discussed in this chapter. 

From this review we gather that the jack-knife appears to behave 

well both as a means of bias reduction and variance estimation 

where the estimator is a function of all data values concerned. 

This includes situations involving variances, maximum likelihood 

or least squares, regression, correlation and ratios. However, 

it does not perform well in the case of order statistics. We also 

note that the standard jack-knife procedure is sensitive to 

deviant data points and there is a need considering alternative 

more robust methods. 

Chapter 6 presents a discussion of the jack-knife application 

to the linear regression model ~ where Y is a vector 

of n independent observations, X is a matrix of known values, 

/3 is a vector of unknown parameters and _e is a vector of 

independent and identically distributed error variables. Follow-

ing Hinkely (1977b) the properties of the jack-knifed regression 

estimator and the jack-knifed variance estimate are examined. It 

is found that the jack-knifed estimates of regression parameters 

are unbiased but less efficient and the jack-knifed variance estimator 

is biased. 

The important point to consider in any data anlaysis is the 

impact that each observation has on the estimates. For example. 
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in some data sets one or more cases may have sufficient impact on 

the analysis and if these cases are removed from the data set 

completely different results would have been obtained. Such cases 

are known as influential cases. Study of influential cases is 

important from the inference viewpoint. In Chapter 7 we discuss 

the influence function and its role in regression analysis. 

We also introduce in this chapter various sample versions of the 

influence function which provide the basis and justification 

for various techniques used for the detection of influential cases. 

This chapter also introduces different methodologies for assessing 

the influence of individual or group of cases on regression analysis. 

However, we confine our discussion to those aspects of analysis 

that can be summarised by sample influence function. 

In the unweighted jack-knife, discussed earlier in Chapter 

6, the pseudovalues are defined symmetrically with respect to the 

observations whereas in the linear model situation the observa-

tions do not affect the least squares estimates in a symmetric 

manner. In order to adjust for this imbalance, Hinkley (1977 b) 

proposed weighted pseudovalues and hence the weighted jack-knife 

for regression estimation. We discuss the application of the 

weighted jack-knife to regression estimation in Chapter 8. 

First we give a suitable definition and justification for the 

weighted jack-knife. Then following the appraoch of Hinkley we 
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examine the properties of the weighted jack-knifed regression 

estimator and the weighted jack-knifed variance estimator. Hinkley 

assumed that the error variables are uncorrelated. However, 

in practice, this may not be true in many situations. We give a 

simple generalisation of the weighted jack-knife for the general 

variance structure. I is shown that under this more general 

model the weighted jack-knifed regression estimator is unbiased 

and the weighted jack-knifed variance estimator is biased to 

In Chapter 9 we extend the weighted jack-knife technique 

to ratio estimation. Using the idea of empirical influence function, 

discussed in Chapter 7, we propose the weighted pseudovalues, the 

weighted jack-knifed ratio estimator and the weighted jack-knifed 

variance estimator. Using prediction theory approach we examine the 

properties of the weighted jack-knifed variance estimator. This 

variance estimator is shown to be approximatley unbiased under the 

model ^ for all variance functions with certain restrictions on 

n and f. Under the same conditions and assuming that the error 

distribution is normal, it is shown that the jack-knifed variance 

estimator is quite stable (Section 9.3). We also examine the 

implications of the failure of regression model on the behaviour of 

the weighted jack-knifed variance estimator. It is noted that the 

failure of the regression assumption E(Y^) = x^ has a conservative 
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effect on the weighted jack-knifed variance estimator for the 

ratio estimate. Another important consideration with the jack-

knife technique is that whether a given jack—knife procedure removes 

the first order bias. This important aspect of the weighted and 

the unweighted jack-knives is also examined in this chapter. It 

appears that the small sample performance of the weighted jack-

knifed method for ratio estimation may be better than the unweighted 

j ack-knife. 

Finally, we consider some problems for further research work. 
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CMPTSJ? 2 

M0D2I-gASED APRROdCEBS 

FOR 2%#yEY gjAPZJAG JWfEaEWCF 

g.j jMtrodbattoM 

Randomisation-based survey sampling theory, as presented in 

Cochran (1953, 1963, 1977); Hansen, Hurwitz and Madow (1953a, b) and 

several other similar text books has dominated the survey sampling 

literature until recently. The randomisation approach is based on 

the idea of repeated sampling from the same finite population. This 

approach is based upon the use of probability sampling designs and 

inferences based on the induced randomisation. The last two decades 

have brought a change in this outlook and as a consequence a model-based 

theory which refers to a superpopulation distribution and is based on a 

predictive argument as in Royall (1970), has emerged as a promising 

alternative. The model-based approach has contributed significantly 

towards a better understanding of a variety of survey sampling problems 

and has provided an avenue through which important new methods are 

currently being added to the existing survey sampling literature. 

In this chapter, we review the inference problems concerning the 

characteristics of a finite population. In Section 2.2 we describe the 

basic concepts such as finite population and descriptive and analytic 

inferences. A great deal of current research in survey sampling is 

devoted to the investigation of an appropriate criterion of inference for 

finite populations. Through these efforts a considerable insight has 

been gained into the structure of inference for survey populations. 

We discuss the randomisation based and the model based approaches 

to inference for finite populations in Sections 2.3 and 2.4 respectively. 
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Our evaluation of these approaches is based on the important issues 

such as estimation, variance, asymptotic normality and conditional 

inference. Finally in Section 2.5 we give a summary and conclusions. 

It is argued that the model based approach is highly effective and offers 

inferential benefits over the randomisation approach for a realistic 

and valid model. 

We consider a finite population consisting of N units which are 

listed in a frame and are identifiable by labels that can be represented 

by i = 1, 2,...,N . Associated with the unit i , is a vector of 

unknown values, y^ , which are to be measured in the survey. In 

addition some prior knowledge is available for each unit which can be 

utilized to design a representative sample. The prior information may 

include quantitative variables such as the measure of size and 

qualitative variables such as the membership of a cluster or a stratum. 

Let ^ represent the matrix of prior information for all the units and 

Y the matrix of values of the measurement variables. A subset s of 

n labels is to be selected and the units with labels in s form the 

sample. For each unit in the sample, the values y^ are observed 

without error and an estimator, say C(g) » is used to make a 

descriptive inference about population characteristics such as mean 

total and ratio* 

The units of a population are said to be identifiable if they can 

be uniquely labelled from 1 to N and the label of each unit is known. 

The vector Y = (Y^, Y ,...,Y ) is called a parameter of the finite 

population. 
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2.2.3 Dggortpttve fMygrgMces 

Descriptive inferences may be characterised by the property that 

the parameter of interest is a known function of the values attached 

to the N units in the population. 

The object is to estimate a given property of a given population 

at the time the sample was drawn. If al1 the units were evaluated, 

then in the absence of measurement errors, there would be no uncertainty 

in a descriptive inference. However, if the parameters of interest can 

not be expressed as a function of the values attached to the N units 

then the inference is analytic. The objective in this case is to 

estimate a parameter in another population related in some way to the 

population being sampled. This other population may often be a super-

population proposed by the statistician. For example, estimation 

of a finite population total is a descriptive inference, whereas the 

estimation of a coefficient in an economic model is usually an analytic 

inference (Smith, 1981a). 

There are currently two conflicting and well developed philosophies 

regarding the theory of descriptive inferences for samples drawn from 

finite populations. The first theory based on the distribution generated 

by random sampling, the P-distribution, is called randomisation 

inference. Smith (1976) gives an excellent review of the inferential 

problems relating to the randomisation distribution. The second theory 

employs stochastic models to represent the population structure and 

inferences based on the probability distribution specified in the 

model, the so called ^-distribution, is called model based inference. 

Royall(1976a) gives an excellent description of this approach. The 

two theories of inference are discussed hereunder: 
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2. J Bgggci to Z^ygrgMce 

Randomisation based inference following in the tradition of 

Neyman (1934) relies on the design based approach to survey sampling. 

This approach asserts that the primary source of randomness is the 

probability ascribed by the sampling design to various subsets of the 

finite population {1, 2, 3,...,N} . According to this approach, the 

randomisation distribution created by the random choice of the units 

to be observed for a given sampling plan.forms the basis of 

randomisation inference. The aim is to provide robust reliable 

estimation of simple parameters such as means, totals, ratios, etc., 

in large scale multipurpose surveys, see for instance, Cochran (1976) 

The emphasis is on procedures that are randomisation consistent and 

work well regardless of population shape (Hansen e^ aly, 1983). 

In this section we consider the implications of the randomisation 

approach on estimation, variance, asymptotic normality and inference. 

The problem of estimation in survey sampling relates to finding 

good estimates of the population parameter. By a good estimator, we 

mean an estimator with its distribution concentrated near the population 

parameter. For example. Smith (1976, p.193) says: "The best strategy 

is to choose an estimator that reflects Y as closely as possible". 

Under the randomisation approach the criteria for a good estimator 

are: 

(1) Unbiasedness, (2) Consistency, (3) Efficiency,and (4) 

Sufficiency. Two main methods of estimation are those of least 

squares and the maximum likelihood. However, these methods have not 

been explicitly used in sample surveys. For example, Cochran (1977, 

p.150) observes that very little use has been made of the traditional 
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theory of statistical inference in survey sampling in order to make 

good estimates from data, Cochran gives two main reasons for this 

attitude. "Firstly, in surveys that contain a large number of items, 

there is a great advantage, even with computers, in estimation procedures 

that require little more than simple addition, whereas the superior 

methods of estimation, such as maximum likelihood, may necessitate a 

series of successive approximations before the estimate can be 

obtained. Secondly, most of the estimation methods in theoretical 

statistics assume that we know the functional form of the frequency 

distribution followed by the data in the sample and the method of 

estimation is carefully geared to this type of distribution. The 

preference in survey sampling has been to make only limited assumptions 

about this frequency distribution." This Implies that the estimation 

techniques in sampling has been "restricted in scope", The usual 

practice has been of finding unbiased estimates and measuring their 

reliability in terms of Interval estimation. 

Before discussing the ideas such as unbiasedness, consistency, 

efficiency, sufficiency and likelihood, it appears necessary to state 

the formal framework for Inference for finite population provided by 

Godambe and others from the Indian School of Statistics during the 

1960's. Recall that a finite population consists of N labels, with 

label set U = {1, 2,...,N} . The population parameter is the vector 

^ = {Y^,Y2,...,Y }. Y is a member of the parameter space g/, which 

contains all possible populations and e . Prior information 

exists on which the survey design can be based. A sample, s, is a 

subset of U , usually of n units , so that s = (i^, ig,...,! ). 

A sampling scheme assigns a probability P to each s . S is the 

set of all possible samples and ^ P = 1 . The data comprise the 

s 
labels, s , selected by the scheme P and the associated values 
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Y., i e s . Thus data = (i, Y.; i e s) . An estimator e , is a 
1 1 s 

function of the data and any relevant prior information (Smith, 1976). 

0^^ property of a good estimator is unbiasedness. The randomisation 

approach defines the bias with respect to the sampling plan P. 

2.3 

An estimator t^ of the population parameter T is said to be 

unbiased with respect to a sampling plan P , if whatever y^,y2,...,yQ , 

we have 

E (t ) = y P t = T . (2.1) 
p s ^ s s 

S 

Such an estimator will be called P-unbiased. The bias is given by 

P-Bias = % P (t -T) = B . (2.2) 
S ^ s 

Thus for a given sample, whether or not an estimator is P-unbiased 

depends on the probabilities with which the sampler might have chosen 

to observe other sets of units and not on the sample actually selected 

and the probabilistic relationship between the observed and the 

unobserved y's. 

In the randomisation based approach P-bias is considered as an 

important performance characteristic. The reason for this is that under 

this approach the main criterion for evaluating an estimator is its 

mean square error determined by the randomness imposed by the sampling 

plan P . This quantity can be expressed as 

MSE(t ) = E (t -T)2 = V(t ) + , (2.3) 
s p s s ' 

2 
where V(t ) = E {t -E (t )} , is the variance of the estimator, 

s p s p s 
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Now supposing that Vft^) is relatively small for large samples, it 

appears quite natural with the randomisation based inference to 

2 

search for an estimator for which B is small. Thus the main 

emphasis in the randomisation approach is upon P-unbiased or 

P-consistent estimators. 

Regarding unbiasedness. Smith (1984, 8.2) argues that "In the 

randomisation approach the values ^ assumed to be unknown 

constants and the only probabilities are those introduced by the 

surveyor where a random selectimscheme is used. If P(s/z) is 

not a random selection scheme then no randomisation inference is 

possible. With random sampling the probability distribution is known 

exactly and does not depend on any unknown parameters, nor on the 

unknown constants ^ - Since the values ^ do not index the 

distribution P(s/z) they cannot be interpreted as parameters in the 

usual statistical sense of that term and so interpretation of ^ as a 

set of unknown constants which are neither random variables nor parameters 

seems justified". 

"since ^ ^nd P(s/z) are known,inferences about this distribution 

are irrelevant. The only way to employ P(s/z) is to take averages 

or expectations. If for a statistic t^ , E(t ) = T , the finite 

population function of interest, we can say that t is unbiased but 

if E(tg) ^ T , then one can say nothing for the bias and any measure 

of efficiency will depend on the unknown population values y. , i f s . 

conoentrattoM wnbtasgdbggg tnygrgMcg now appears 

naturaZ bgcowse tAere reaZZy ts no property t&at ccM dbtgrmtMed 

t&g sampZtM^ scbemg P($/z) . Any other comparisons will depend 

on the unknown constants and hence can not be determined". 
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It may, however, be pointed out that it is not necessarily an 

advantage to use unbiased estimators because they may result in much 

larger mean squared error than biased but consistent estimators. Thus 

instead of unbiasedness, the randomisation approach emphasizes the 

consistency of the estimators with the minimisation of the mean squared 

error being the main criterion for choice among the estimators, see 

for instance , Hansen and Hurwitz (1943) j Hansen, e_t al. ,(Vol. 2 (1953)) 

and Kalton (1983). 

2.3.J.2 

A method of estimation is called consistent if the estimate 

approaches the population parameter to be estimated as the sample size 

increases. For example, in case of simple random sampling, the sample 

mean y and the sample total Ny are consistent estimators of the 

population mean and total respectively. 

2.4 fCbMstatgMt gsttmatozV 

An estimate of 8 of the population parameter 8 is said to be 

consistent estimator if, 

P(8 8) ^ 1 , as n ^ N . (2.4) 

Equation (2.4) means the probability that 8 approaches 8 as n 

becomes larger and larger is 1 , see for instance (Cochran (1977 p.21). 

However, Hansen, Hurwitz and Madow (1953) and Murthy (1967, p.39) 

give a different definition of consistency. According to these authors 

an estimator is consistent if the probability of the difference 

(8^-8) being less than any specified small quantity tends to unity as 

n is indefinitely increased. Consider a sequence of estimators 

8% * then 8 ^ is said to be a consistent estimator of 8 , if 

8^ 8 as n ^ * , where the index denotes the sample size. Formally, 
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if Lim P{|9 -8|<e}_ = 1 , then 6 is a consistent estimator of 9. 

Randomisation approach have comprised of 

(i) selection procedures, such that each member of the population 

has a known non-zero probability of selection, and 

(ii) estimators that are randomisation consistent, that is, for 

reasonably large enough samples the correctness of inference 

does not depend on any assumed model. 

Thus, if unbiasedness is not required then it is possible to find 

biased but consistent estimators that will give smaller mean squared 

error, for some populations than those given by unbiased estimators, 

The familiar examples are ratio, regression and post-stratified 

estimators. To illustrate this point, we consider the usual ratio 

N 
estimator for the population total T = : ^i 

E X . 
s 1 

) X. , where x. 

are known auxiliary variable values. This estimator is biased but 

consistent. The justification to use this estimator, however, does not 

depend on any principle of statistical inference related to the raadomisatioi 

distribution but on practical intuitive reasons, see for instance 

Sarndal (1978) and Smith (1984). These reasons are: 

N 
(a) an auxiliary variable x is available and ^ x. is known, and 

i=l ^ ' 

(b) increased precision can be obtained because T takes advantage 

of the positive correlation between x and y . For example, Cochran 

(1963) on the basis of computation from an actual data (y. = acres 

in c o m for farm i , x^ = size in acres of farm i), concludes 

"that the choice between using farm size in the design (through 

stratification), or in the method of estimation (through ratio 

estimator), depends on a number of considerations, some purely practical". 

Consistency is a desirable property of estimators. For example, 

Hansen, Madow and Tepping (1983, p.779) state that, "A necessary 
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condition for a probability sampling design is that it includes 

randomisation consistent estimators. The purpose is to help ensure 

that the biases of estimation for samples of finite size are small 

relative to the standard error". However, consistency is not a 

sufficient condition for the biases to be small relative to standard 

error for a given sample size n . The reason is that consistency 

is a property of a sequence of estimators, and single estimator may 

be a member of many different sequences. Thus, for a given sample, an 

estimator can be interpreted either as consistent or inconsistent 

depending on how the estimator and the sampling plan are assumed to 

change as the sample and the population size increase. This implies 

that the consistency has only limited usefulness and one needs to go 

beyond simply achieving consistency. 

2.3.1.3 Effiaienay 

An estimator with smaller variance is preferable because the 

smaller the variance, the more concentrated the sampling distribution 

around the population parameter, assuming that we have consistent 

estimators. 

Definition 2.S (Bffiaienay) 

If we have two estimators, T^ and T^ , and V(T ) < V(T ) 

then the efficiency of T^ relative to T^ is given by 

V(f ) 

Ef . (2.5) 

VfTg) 

We have defined the efficiency in relative terms, but if we could find 

an estimator with a variance that is smaller than that of any other 

estimator, we could use it as the basis to measure efficiency;and, in 
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terms of efficiency,we could say that an estimator with the smaller 

variance is an efficient estimator. 

Neyman (1934) introduced the idea of efficiency through the concept 

of a shortest confidence interval in a class of intervals. Neyman 

considered only the estimators which were linear in the sample values. 

Invoking the Gauss Markov theorem, he derived minimum variance unbiased 

estimators. Because sample sizes would usually be large the distribution 

of these estimators would be approximately normal and hence the 

minimum variance estimators should give the narrowest confidence 

intervals. Using this method, he demonstrated that stratified random 

sampling would usually be more efficient than simple random sampling. 

A nice and detailed description of Neyman approach appears in 

Smith (1976),and O'Muircheartough and Wong (1981). 

Ratio and regression estimation were introduced during the 1930's 

in order to incorporate into the estimation procedure an auxiliary 

variable which was assumed to be linearly related to the survey variable. 

The efficiency of the ratio and regression estimation depended on the 

relationship between the auxiliary variable and the survey variable. 

Cochran (1942) gives a comprehensive account of the theory. Hansen and 

Hurwitz (1943) introduced sampling with probability proportional to 

size as a convenient and efficient method for carrying out multistage 

sampling. 

Horvitz and Thomson (1952) provided the theory for sampling with 

unequal probabilities without replacement. They also noted that the 

concept of a linear estimator as applied by Neyman was not as convenient 

as it appeared, since there were many classes of linear estimators 

being proposed in the literature. These authors identified three 

subclasses of linear estimators and concluded that, although a best 
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linear estimator may be found in each subclass this does not imply 

that any of the estimators is best for all classes. Thus the Neyman's 

concept of efficiency is limited in scope. They derived the "best" 

estimator in a particular class which is now known as Horvitz-Thompson 

estimator. This paper is of particular importance because it pointed 

towards serious problems that existed i-n defining the concepts like 

"linear" and "best" for finite populations, see,for instance, Smith 

(1976). 

Godambe (1955) demonstrated that for sampling from a finite 

population there does not exist any unique best linear estimator for 

the population total, which means that no minimum variance unbiased 

estimator can exist uniformly for all possible populations. Basu (1971) 

criticises various randomisation based ideas including the P-unbiasedness 

unequal probability estimator T and the attempts made by Horvitz 

and Thompson (1952) to single out various classes of label-dependent 

linear P-unbiased estimators. Basu also provides a proof of Godambe's 

theorem. Lanke (1973, 1975) also gives a nice review and an entirely 

satisfactory proof. Smith (1976, p.187) says: "One consequence of 

this (Godambe's) non-existence theorem is that no empirical comparison 

can ever be conclusive, for in any particular case somebody may be able 

to construct a better estimator The problem of a lack of best 

estimators arises because of the generality of Neyman's formulation of 

the solution to inference problem. Inferences are made with respect to 

the P-distribution for any population y , regardless of its structure. 

But this is too much freedom for a satisfactory theory of inference 

and no optimum properties can be found for all populations". 

Since we know that there is no UMV estimator, extensive 

research work has been carried out to compare different estimators under 

different conditions in order to identify certain types of populations 
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for which the performance of the estimators is satisfactory. Let 

tg be an estimator and a design, then the pair (t^, P ) is 

called a strategy. Considerable empirical work has been done to compare 

different strategies. Recall that a strategy is efficient if it is 

related closely to the distribution of the population values Y. 

Smith (1976, p.192) has tabulated the possible situations and sampling 

strategies which is reproduced here for illustration as Table 2.1. 

Table 2.1 The Efficiency of Survey Plans (t^, P^) Relative to Y 

t is related 
s 

to Y 

t is not related 

^ to Y 

P is related 
s 

to Y 

P is not related 
s 

to Y 

Very Efficient 

Efficient 

Inefficient 

Very Inefficient 

The best strategy is to choose an estimator that reflects Y as closely 

as possible. A good estimator can overcome a poor design but a good 

design can be ruined by the use of a poor estimator. 

Regarding efficiency, Smith (1976, p.193) says: "Neyman's 

global approach breaks down when only a single survey is considered. 

Here the user of a survey requires an efficient estimate together with 

a measure of its accuracy for the particular survey, not an estimate 

that has a property based on hypothetical repetitions of survey. When 

efficiency is considered then it has been shown that no best estimator 

can be found within Neyman's framework, primarily because that framework 

is too general and makes no assumptions about the distribution of the 

values in the population. Empirical studies show that estimators 

that reflect the population distribution but do not necessarily depend 
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on the survey deseign can be much more efficient than estimators that depend 

on the design through some criterion such as unbiasedness. Efficiency 

must be related to the population distribution and the fact that most 

surveys give satisfactory results is due to the survey design reflecting 

the population distribution rather than the fact that the framework 

for inference is satisfactory". 

Since Godambe's theorem shows that there does not exist a best 

estimator within the randomisation model, therefore choosing estimators 

Chat are reasonable on other statistical grounds seems to be attractive. 

The framework of the superpopulation or E, distribution (to be 

discussed in Section 2.4) appears to be an appropriate choice for 

generating such estimators. 

2.2,1.4 Suffiaiency 

In many estimation problems, we may be able to summarise the 

information in the sample y^, y^ . This means that we can 

find some function of the sample that tells us just as much about 8 

as the sample itself. Such a function would be sufficient for 

estimation purposes and is accordingly called a sufficient statistic. 

Let y^,y2,...,y be a random sample from the density f(y; 8) , 

where 8 may be a vector. A statistic S = s(y^y y^.-.-iy ) is 

defined to be a sufficient statistic if and only if the conditional 

distribution of T given S does not depend on 8 for any given 

statistic T = t(y^, ). 

The concept of sufficiency implies that if we know the value of 

sufficient statistic, then the sample values themselves are not needed 

and can tell us nothing more about 6. This is true since the distribution 

of the sample given the sufficient statistic does not depend on 8 . 
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In the search for best estimators within the formal framework 

(Section 2.3.1) decision theoretic ideas such as admissibility have 

been applied but these efforts have resulted only in limited theoretical 

and negligible practical success. More restrictive criteria such as 

hyperadmissibility and necessary bestness have also been developed but 

proved to be totally unapplicable and hence no real progress could be 

made along these lines, see for instance, Smith (1976) and O'Muircheartaigh 

and Wong (1980). 

Basu (1969) showed that statistic D, comprising the set of distinct 

labels in the samples together with the corresponding observations y^ , 

is not only sufficient but minimal sufficient for the population 

parameter This implies that in sampling with replacement thb 

repetition of a unit does not provide any extra information. Consequently 

the mean of the distinct sample units y^ can be shown to be superior 

to the sample mean y by the application of Rao-Blackwell theorem. 

Thus, even the Rao-Blackwellisation also does not help the construction 

of a unique best estimator. Since D is not a complete statistic, 

therefore, no "best" estimator can exist. Thus the idea of sufficiency 

leads to the conclusion that only an adequate summary of a survey is the 

complete set of data, see for instance, Smith (1976). Basu (1971) 

ascribed the incompleteness of D to the fact that for a non-informative 

design, the label part of D is an ancillary statistic, i.e., its 

distribution is independent of the parameter Y . It is, therefore, 

possible to find non-trivial functions of D whose expectations are 

identically zero. 

A design P is said to be non-informative if P does not depend, 

for any s , on the realised values y^ for i e s . (Sarndal, 1978, p.33) 
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When a quantity which is actually a random variable is treated as 

a fixed variable and the appropirate distribution for evaluating the 

standard error, etc., is the conditional distribution, then the 

conditioning variable of this kind is called an ancillary statistic 

(Bayall, 1976a). 

Since the Fisherian concept of sufficiency did not work, Godambe 

(1966) applied the concept of linear sufficiency to finite population 

sampling. Using this concept he was able to show that the sample mean 

y is a linear sufficient estimator for the population mean under any 

sampling design. Further, by applying a restrictive form of censoring, 

he obtained a linear sufficient estimator for the population mean 

in a class of all linear unbiased estimators, see for example, 

O'Muircheartaigh and Wong (1981). 

However, Smith (1983a) says: "Basically the sufficient statistic 

is the observed data together with the associated labels which we can 

write as 

dg = {(i, y^): i e s} . 

By including the labels all we can say is that the units in the sample 

take their observed values and that the unobserved units can take any 

set of values In the appropriate parameter space. This is rather 

limited inference". 

2.3.3.5 

The application of likelihood in the finite population context 

also involves difficulties in the randomisation based inference. The 

basic result is that the likelihood takes the value P for all 
s 
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populations which would have generated the sample data and zero for 

all other populations. This implies that after selecting and observing 

the sample, we know everything about the sampled units (y., i % s) 

and nothing about the non-sampled units (y., i ^ s). 
i 

Under the traditional theory the probabilities relate to hypothetical 

infinite population f(y, which depends on a vector of parameters 

snd is usually of small dimensions. In such applications of 

likelihood, this model is provided by the common probability distribution 

f(y, 2) and the sample provides the estimate ^ of ^ from which 

future values of y can be predicted. In survey sampling the population, 

Y , is real and the parameter has N dimensions, where N is usually 

very large. Since the parameter space in this case is N dimensional 

whereas the sample data is only n dimensional with n < N , the 

the conventional analysis does not work. Thus the only way to get 

information on (N-n) unobserved units is to relate them by a 

mathematical model to the n observed units, see Smith (1976) for 

further details. 

Several alternative approaches have been suggested to overcome 

these problems. One method is to ignore the labels, i.e., to base the 

inference only on unlabelled samples. Utilising this idea Hartley and 

Rao (1968) and Royall (1968) developed a likelihood function of 

the form given by the hypergeometric distribution. This new likelihood 

function permits the construction of a unique maximum likelihood 

estimator, see for instance , Smith (1976) and 0'Muircheartaigh and 

Wong (1981). 

Other main approaches to compare the estimators are: 

(i) Bayesian (Ericson, 1969) based on the i&sa of replacing the 

un-informatlvelabels by that of exchangeable prior information. 

(ii) To assume that the finite population has itself been generated 
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as a random sample from an infinite superpopulation model; and 

(iii) Linear least squares prediction approach (Royall, 1970). 

The linear least squares approach,using the linear model and the 

Gauss Markov theorem,has produced some interesting results. We shall 

discuss this approach in Section 2.4. 

2.3.2 Varianae 

The precision of an estimator is determined by the variance if 

the estimator is unbiased and by the mean square error if the estimator 

is biased. Variances are therefore required for the choice of estimators. 

However, variance depends on the framework for inference. Both the 

randomisation based and the model based approaches are well developed 

in terms of variances. The main difference between these approaches 

lies in using different probability frameworks for defining the 

variances. The randomisation approach defines the variance with respect 

to the sampling distribution. 

Definition 2.9 (P-Varianae) 

The P-variance of an estimator T with respect to the sampling 

plan P , is defined as 

V(T) = E [T-E(T)]2 = ^ Pg(T-E(T)]2 . (2.6) 

^ S ^ 

Similarly, MSE of an estimator T is defined as 

MSB (T ) = E (T-T)2 = % p (T-T)2 . (2.7) 
P P g s 

= V (T) + . 
P 

Thus under the randomisation appraoch, for a fixed size sampling 

plan, the variance and the standard error of an estimator are expressed 
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as averages over all possible samples and are therefore constants 

which do not depend on the sample actually observed. These variances 

are therefore unconditional. Consider for example the regression 

estimate. The variance of a regression estimator is constant when 

it is calculated with respect to the randomisation approach, that is, 

the same standard error applies for every sample. On the other hand, 

the regression model yields a different formula for the standard error, 

a formula which depends on the distribution of x in the sample and 

that in the population. Thus, for a given sample selected at random, 

the two approaches lead to different estimated standard errors. They 

also lead to different strategies for selecting the sample. The 

randomisation approach to the regression estimator requires that a 

random sampling plan be used with every possible sample of the desired 

size having the same probability of being chosen. The prediction 

approach, on the other hand, suggests that a sample whose mean is not 

close to that of the population mean should be rejected, especially 

if the x's in the sample are not well spread. 

Royall and Cumberland (1981a) state that "Under the randomisation 

approachthere is no general mechanism of studying or even defining the 

variance in relation to the particular sample". Smith (1976) says: 

"Should not the statement of the accuracy of an estimator depend on the 

sample that has been drawn rather than on all possible samples that 

might be drawn. Regarding the appropriateness of standard errors, 

Royall (l^i76a) sayrs: "Of two standard errors, the one whose mathematical 

model is least doubtful is not necessarily the most appropriate for 

inference and the other which is most appropriate for inference is 

not necessarily the one whose mathematical model requires fewest 

assumptions or even the most plausible assumptions The appropriately 

conditioned standard error which reflects the accuracy of the estimate 
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calculated from the sample is that derived under the regression model 

with sample units held fixed". Lahiri (1968) has also expressed similar 

views, 

We note from the above discussion that Lahiri (1968), Royall 1976a) , 

Roya11 and Cumberland (1981a, b) and Smith (1976; 1983a) have convincingly 

argued that P-dlstrlbution is often not relevant as a frame of reference 

for assessing the precision of an observed estimate after the sample is 

drawn. These authors have advocated a conditional measure of accuracy 

based on the sample actually observed. 

2.3.3 Asymptotio DistT-ihution 

We have discussed concepts such as unbiasedness and standard error under 

the randomisation approach. Inference, however, depends not only on 

bias and variance but also on the asymptotic normality, see for example, 

Smith (1984, 8.7). This implies that inference requires a relationship 

between these statistical characteristics. If the sample is large then, 

for most of statistics, such a relationship is established by an appeal 

to the central limit thereom. 

The usual practice is that having selected an estimator, its 

randomisation variance Is calculated and Inferences are made by an 

appeal to a form of a central limit theorem, see for example, Madow 

(1948) and Hajek (1960). Thus in randomisation approach, for samples 

large enough, the validity of randomisation inferences does not depend 

on the assumptions concerning the distribution of characteristics in 

the finite population from which the sample was drawn. 
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Hansen, Madow and Tapping (1983) argue that inferences should be 

based on the criteria of consistency and asymptotic normality. However, 

for finite populations such an appeal to asymptotic results is not 

possible directly but it is hoped that if the sample sizes are large 

enough then approximate normality will hold. 

For finite populations, the asymptotic justification of this result 

in the randomisation approach is provided by considering that the given 

finite population Is embedded In a sequence of finite populations 

indexed by v and of increasing size N with increasing sample size 

n . Properties such as asymptotic unbiasedness, consistency and 

asymptotic normality are determined by assuming that n^ and 

N « , often holding ^ fixed, see for instance, Scott and Wu 

V 

(1981), and Smith (1984). 

Smith (1983b) argues that although randomisation is well defined, the 

method of making Inferences Is not assumption free. He says: "Neither 

of these criteria (consistency and asymptotic normality as suggested 

by HMT, 1983) Is defined for the given finite population, both require 

the construction of a hypothetical sequence of finite populations of 

Increasing size. This sequence Is just as much a statistical model 

as a regression model relating the two variables X and Y , the main 

distinction being that the construction of the sequence is purely 

arbitrary and can never be tested against data". 

The arbitrary nature of the sequences has also been recognised 

by Hansen, Madow and Tapping and discussed in Sub-Section 2.3.1.2. 

The same argument could be applied to show that a given estimator 

will be asymptotically normally distributed or not,depends on the 
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sequence selected. Besides, it is possible to construct finite 

populations for which the central limit theorem does not hold, see for 

instance, Smith (1979). 

From this discussion we conclude that the randomisation inference 

is not free of assumptions and the usefulness of the asymptotic 

results under the randomisation approach is restricted in scope. In 

view of this situation, as suggested by Smith (1983a), there is a need 

for an approximate theory based on the given finite population rather 

than a hypothetical sequence of finite populations. 

2.3.4 Unaonditional Inferenae 

The randomisation approach to finite population sampling is 

believed to provide mathematically rigorous, objective and 

probabilistic inferences, using the concepts such as unbiasedness, 

consistency and asymptotic normality, which are claimed to be free 

from distributional assumptions. These inferences are based on the 

distribution created by the artificial randomisation which is induced 

by the investigator when he uses a random sampling plan to choose the 

units for observation. For example, Hansen, Hurwitz and Madow (1953b), 

Klsh (1965, p.23-24), and Stuart(1976, p.32) state that the use of 

probability sampling plan creates the only probability distribution on 

which reliable statistical inferences can be based. 

Fisher (1935) suggested that artificial randomisation might 

provide an "absolute guarantee of the validity of the calculations" 

used in inference. This idea developed into the doctrine called 

randomisation based inference. His approach has a strong influence on 

the finite population sampling theory. For example, Godambe (1969) 
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says "Presumably randomisation is adopted in practice, with a view to 

utilizing the sampling distribution generated by randomisation". Hansen, 

Madow and Tepping (1983, p .776) state that: Design decisions may be 

guided and evaluated by models, but inferences concerning population 

characteristics should be made on the basis of the induced randomisation, 

at least when samples are reasonably large". These authors, while 

comparing inferences from prediction theory and the randomisation theory, 

argue: "Probability sampling methods provide a confidence interval for 

the population characteristics being estimated, and for large enough 

samples, the confidence Interval Is valid and short enough to provide 

as precise statements as desired about the value being estimated". 

These and other similar arguments suggest that in the absence of 

randomisation, valid probabilistic inferences are impossible. 

However, the arguments against the randomisation inferences are 

also very strong. For example, Neyman and Pearson (1937) rejected the 

randomisation approach and used a regression model in the analysis 

of agricultural data. Their main argument was that the real world 

relationships are more complicated than those to be represented in a 

mathematically tractable model. They stated; "Mathematics deals with 

mathematical conceptions not with real things and we can expect no more 

than a certain amount of correspondence between the two". Royall (1976a) 

observes: "The probability distribution determined by artificial 

randomisation is not necessarily appropriate even when it is available. 

To claim that, in general, probabilistic inferences are not valid when 

the randomisation distribution is not available is simply wrong. To 

claim that, in general, a meaningful standard error estimate can not be 

calculated In the absence of mechanical randomisation is simply wrong. 

This is not to deny that randomisation is valuable, but only to deny 

that it represents the basis of all, valid, rigorous, probabilistic 

inference". 
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Smith (1976) argues that: "Although randomisation can be justified, 

this does not mean that inferences have to be based on the randomisation 

distribution. Fisher's position was that the randomisation was relevant 

before the data were collected but not in the analysis of data and this 

has been the position of most statisticians in the experimental sciences. 

Why should survey statisticians adopt a different standpoint?" Royall 

and Cumberland (1981a) also express a similar viewpoint. They state 

"Probability sampling distribution is not a prerequisite for rigorous 

statistical inference, valid inferences can be made without it and 

when randomisation is present, the distribution it creates is not 

necessarily appropriate for inference". 

Little (1983), states that the randomisation based theory of inference, 

being a large sample theory, is more restricted in applications than the 

model based approach. Moreover, the implied coverage properties of 

the design based estimators and standard errors are often a hope rather 

than a reality. For example, Royall and Cumberland (1981a) and Holt 

and Smith (1979) show that even when randomisation confidence intervals 

have the correct coverage probabilities over all samples, the coverage 

properties of these intervals for samples from identifiable subgroups of 

populations such as post-strata, may be quite unacceptable. Royall 

and Cumberland also show that for some populations the overall 

unconditional coverage properties are unsatisfactory. 

Smith (1983b) notes that the randomisation distribution is 

defined on a given sampling frame for a fixed set of measurements 

variable Y . Thus only descriptive inferences can be made to this 

frame and analytic inferences to some wider superpopulations require 

additional model type assumptions. Besides, in social surveys non-

response and missing values add a non—random selection to even the best 
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random sampling schemes and this destroys the strict basis for 

randomisation Inference. He concludes that the randomisation Inference 

is fraught with conceptual difficulties and is usually advocated on 

the grounds of robustness, not on those of the statistical theory. 

However, Smith (1984, 8.2) says: "Although randomisation distribution 

Is assumption free, and hence must be robust, randomisation inferences 

require assumptions which may not be satisfied and hence the Inferences 

may not be robust". 

We note that the randomisation Inferences are unconditional and 

average overall possible samples that might have been drawn. As noted 

by Smith (1984) there are no principles which could lead to conditional 

inferences in the randomisation approach and this is the major problem 

with these Inferences. 

The model based theory of Inference for sample surveys has emerged 

as an alternative to the randomisation based approach. In the model 

based approach to Inference for a finite population, the measurement 

values y^, associated with N units of the population are 

assumed to be the realised outcome of the random variables Y^, 

having N dimensional joint distribution C , where the superpopulation 

5 is modelled to reflect the available background knowledge. 

Usually S is Indexed by an unknown parameter 8, the estimation of 

which is required as a preliminary to making inferences about the 

finite population Itself. The model g provides the relationship 

between y^ and its parameter 8 and also the probability distribution 

through which the estimators may be evaluated. Thus the observed 

values y |i e s provide both estimates of 8 for analytic inferences 

and prediction of y^^i ^ s for descriptive inferences. The prediction 
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approach has been developed by Royal 1 _et aA. , in a series of papers 

during the seventies. The main references are: Royall (1970, 1971, 

1976a, b, 1982), Royall and Hereon (1973a, b), Royall and Eberhardt (1975) 

and Royall and Cumberland (1978, 1981a,b, 1982 and 1983). 

It may, however, be pointed out that the model based approach to 

inference from finite population is not restricted to any particular 

statistical philosophy. Alternative models can be constructed using 

the ideas of exchangeability or the Bayesian framework. For example, 

Kalbfleisch and Sprott (1969) approached the finite population inference 

problem from the fiducial prediction theory viewpoint whereas Ericson 

(1969) and Sugden,(1979) proposed models based on exchangeability 

assumptions. Scott and Smith (1969) make the classical normal 

distribution assumptions and they also employ the closely related linear 

models. Our discussion is concentrated on the non-Bayesian 

superpopulation approach developed by Royall (1970) using a linear model. 

We are mainly concerned with the problems such as estimation, variance, 

asymptotic distribution and conditional inference. 

2.4.1 Estimation 

The non-existence of optimal estimators (Godambe, 1955) and the non 

informativeness of the likelihood (Godambe, 1966),as discussed earlier 

in Section 2.3, stimulated a great deal of research and have brought 

more clearly the limitations of the randomisation model. The basic 

problem pointed out by this research, however, concerns the relationship 

of the observed units to the unobserved ones. The randomisation model 

discussed earlier in Sction 2.3.1 expresses no relationship between the 

observed and the unobserved units except that the unobserved ones could 

have been in the model. Royall(1976a) regarding this aspect says: "If 

we are to l e a m about some units (those not in the sample) from the 
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observations we have made on others (those in the sample), then the two 

groups must have a stronger logical connection than this. 

Just such a connection was provided by the superpopulation models 

which had been waiting in the wings of finite population sampling theory 

since the 1940's. These models characterise the actual population values, 

both those observed in the sample and the unobserved ones as realisation 

of random variables. The joint probability law of these random 

variables supplies the link between sample and non-sample units which 

is missing from the randomisation model. From the sample we learn about 

the probability law, which is then used to predict the values of the 

unobserved variables. Within this framework, finite population 

estimation problems are essentially problems in statistical prediction". 

Under the model based approach the bias and variance of an 

estimator are defined with respect to the superpopulation model S . 

Under the model g an estimator T of T will be called 

C-unbiased if for every s , 

E (T-T) = 0 . (2.8) 

Thus S-unbiasedness is defined with reference to C only and does 

not depend on the sampling plan P used to decide which units should 

be observed. 

The model based approach treats the sample units as fixed and 

averages over the different values of ŷ ^ that the model might have 

generated. This approach presents a different outlook for the 

estimation of population total than that provided by the randomisation 

approach^ Under the prediction approach, after the sample is observed, 

the population total, T , can be written as the sum of two parts 
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N 

T = I 7; = I Yi + I Y; , (2-9) 
i=l 1 s 1 1 

s 

where s denotes the set of non sample units. Since I y, is known without 
s ^ 

error, the problem is to predict 1 from the sample. If T is any 

estimator of T , then f - ^ y. is the implied estimator of ^ y, . 

Smith (1976) writes some conventional estimators in the predictive form, 

we give two of these estimators here in order to illustrate this approach. 

T = Ny , 

where 

This can be written as 

y = I Yi/n . 

T = I Yi + (N-n)y , 

which implies. 

- y , i / s (2.10) 

This appears to be a sensible estimator. 

T - Ny , y = ^ y./n including any repetitions. 
1 = 1 

Let y^ denote the mean of the distinct units, then 

— 1 V 

' ? J s 

Now 

- I y. + (N-d)|y + . T 

ie s 

This implies that 

° y * N^d ' i * s (2.11) 

This is not an intuitive estimator of and explains why y is not 

a sufficient statistic as discussed earlier in subsection 2.3.1.4. 
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2.4.1.1 Estimation Strategies Und&r the Model g 

Consider the linear regression model. 

+ e^ , (2.12) 

where e's are independent random variables with E(e^/x^) = 0 , 

E(e*/x^) - ofv(x^) and E(e^,ej/x^,x ) = 0 for i ^ j . This model 

provides a relationship between and . The appropriateness 

of T as an estimator of T is evaluated in terms of the properties 

of the difference T - I y as a predictor of the sum of the random 
S 

variables I y. . For example, T is described in the prediction 
s 

approach as being unbiased for T , if for every sample, T y^ is an 
s ^ 

unbiased predictor of the unobserved sum \ y^ , that is if E (T-Ĵ  y^) = 

s s 
Er(Z y.) . Thus, whether an estimator is unbiased or not in a 
^ s 1 

particular application depends on the form of the regression function 

ECy^) and the sample s . For example, for the model (2.12), the ratio 

estimator T̂ ^ is the best linear S^unbiased estimator with v(x^.) = x_, 
1 1 

An estimator T will be P? -unbiased predictor of T , if and 

only if, for a given P and C , E^E (T-I) = 0 . 

A sampling and estimation strategy P;f will be considered better 

than another strategy P':T' , if the former has a smaller mean square 

error than the latter, that is , if 

MSE(P:T) < MSE(p':t') 

where MSE(P:f) is defined as, 

MSE(P:T) - E^[% Pg(T-T)2] - E^ap(f-T): . 
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This implies that a strategy with smaller expected mean square error with 

respect to the distribution of is a better one. 

2.4.1.2 Choiae of Estimators Under the Regression Model. 

An estimator T for T can be uniquely expressed as, 

T = % y, + g % X , (2.14) 

s 
s 

where 6 is the implied estimator of 3 and does not depend upon the 

unobserved y's • If we have two statistics T* and T** , then the 

one whose implied estimator S is better is the better estimator for 

T . This result is expressed as Lemma 2.1. 

Lemma 2.1 (Royalt, 1970). 

For any sampling plan P , if T* and T** have implied estimators 

G* and g** for 3 which satisfy, 

. (2.15) 

for each s such that P > 0 , then 

MSE(P:T*) 2 MSE(P':T**) . (2.16) 

This lemma implies that a sampling and estimation strategy P:T* 

is better than other strategy P':T** if the expected (with respect to 

5 ) mean squa re error of the former is less than the expected sampling 

mean square error for the latter. 

It wil 1 be interesting to give an important result in linear 

regression and prediction theory. This result is expressed in the form 

of Theorem 2.1. 
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Theorem 2.1 (Royally 1970) 

For any sampling plan P , if T is the linear estimator 

satisfying either, 

(i) E^(T-T) = 0 , for every s such that > 0 , or 

(ii) for every , MSE(P:T) is a bounded function of g , then 

MSE(P:T*) 3 MSE(P:T) , (2.17) 

with strict inequality unless T = T* with probability one under 

model 5 for all s such that P > 0 . 
s 

Proof 

Define 

= I y/l 
s v(*i) s v(=i) 

(2 .18) 

the weighted least squares estimator of 3 , and 

T* = I y. + 6* % X. 
s 

s 

(2.19) 

From (2.14), it is clear that T is a linear function of the 

sample y's if and only if 6 is a linear function of these variables, 

that is, f = ^ y. + g % x. . 

Now 

Eg(T-T) = E I Yi + 6 % - % y - % y 
S " s ~ 
_ s s 

( 6 - 6 ) ^ X . (2 .20) 

E (T-T) = 0 Eg (B-B) I X. 0 , which is true only if E^(3-3) = 0 
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MSE (P:T*) = E^E^(T*- T)^ 

I Yi+B* 1 3\ - % y. - I y. 
U ^ 1 s 1 - 1 

= SpSs ($*-6)2(X x.)2 + (% e.y (2.21) 

Similarly, 

MSE(P:T) = E 
P s 

(6-8) % 
12 

(2 .22 ) 

Using Lemma 2.1, we have 

MSE(P:f*) < MSE(P:T) , if E^(6*-$) 3 Eg(6-0 . 

This theorem shows that under the model g , if g* is the weighted 

least squares estimator of g , then for any sampling plan P , a 

best linear ^-unbiased estimator of T is 1* . A result similar 

to this theorem is given by Scott and Smith (1969) in the Bayesian 

context. 

This theorem leads to three best linear ^-unbiased estimators for 

2 
T , when v(x) = 1 , x and x respectively. These are: 

Case I : v(x) = 1 , gives 

I 

I -jyi 

(2.23) 
X . 
1 s 

Case II ; v(x) = x , gives 
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Tl - I ?! 

= I y-

^ 1 
S S 

t *i 
s 

(2.24) 

which is the usual ratio estimator. 

Case III : v(x) = x , gives 

+ 

s 

x.y. 

I ' ' 2 
X 

1 

2 
X . 

z i 
S X. 

I X, 

(2.25) 

These estimators are best for any sampling plan. 

The Horvitz-Thompson estimator with probability proportional to size 

is PPS unbiased. Godambe (1955) and Godambe and Joshi (1965) have 

shown that if only fixed size sampling plans are considered, then 

under model g with v(x) = x^ , MSE(PPS:T ) $ MSE(P:T) for any P 

and any T which is P-unbiased. However, if P-unbiasedness is not 

demanded then this inequality can be reversed. Besides, PPS sampling 

2 

plans with v(x) = x , this inequality holds for any fixed size 

sampling plan and a wide class of variance functions. This can be 

expressed as Theorem 2.2. 

Theorem 2.2 (Royall, 1970) 

If (i) max(nx^) $ ^ x. for all i=1,2,...,N and (ii) v(x)/x^ is 
j = 1 ^ 
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a non-increasing function, then for any sampling plan P for which 

Pg > 0 only if n(s) = n 

MSE(P:Tg^J % MSECPzTg) . (2.26) 

In practice, the variance function v is not known exactly. It is, 

therefore, desirable not only to derive the best estimator for a 

particular v but also to compare estimators under various assumptions 

for v , This theorem facilitates such a comparison between and , 

We can also have similar comparisons between estimators which are 

optimal for simple variance functions. 

Example 2.2 (Royalty 1970) 

Let g be any non-negative real number, 0 $ g ^ h and 

Tg " ^ B ^ be the estimator which is optimal for v(x) = x® , 

then ^ 

MSE(P:T ) 3 MSE(P:T^) . (2.27) 

for every P . However, if v(x)/x^ is non-decreasing, then above 

inequality can be reversed. 

2 
From this example it follows that if v(x)/x is non-decreasing, 

then the estimators T^, and satisfy the relation 

MSE(P:T2) 3 MBE(P:f ) 3 MSE(P:f ) . 

2,4.1-S Optimal Sampting Plan: 

We note that Theorem 2.1 says that under the given model with 

variance function v , the estimator T* is optimal for P . It is 

thus obvious that for a fixed size sample an optimal sampling plan is 
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one for which minimum value of E (T-T) is achieved. This implies 

that for the given estimator T and sample size n an optimal sampling 

plan is clearly one that selects s in S (collection of all sets 

s in S which contain exactly n labels) with certainty so that 

MSE(P:T) is minimised. In order to get a clear idea about what is 

2 

achieved by the choice of such a plan we express E (I-T) in another 

form, that is 

E^(T-T)^ = y. + B I X. - ^ y. - I y. 

s ^ s 

= E. (6-G) X 

= E. (6-$)^(% x^y (2 .28) 

From expression (2.28) we observe that a sampler has two choices. 

First is to choose a sample that will provide a good estimate of the 

expected values of the total of the non-sample units. This implies 

that s should be selected such that (^ x.) E (§-$) is small. The 

s 

second being to observe those units whose y values have greatest 

variance, so that only the sum of the least variable values must be 

predicted. This means to choose s so that ^ v(xO is small. 
s 

If the optimal estimator T* is to be used, then for a wide class 

of variance functions, the best sample would be to observe those units 

whose X values are the largest. This can be shown through Theorem 2.3, 

Theorem 2.3 (Royally 1970) 

2 

If v(x) is non-decreasing, v(x)/x is non-increasing and the 

optimal estimator T* is to be used, then 
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MSE(P':T*) 3 MSE(P:T) , (2.29) 

for any sampling plan P in and any ^-unbiased linear estimator 

T , where P^ denotes the collection of all sampling plans P with 

fixed size n and P* is a sampling plan which selects s* with 

certainty, i.e., P*(s*) = 1 and s* is any set of n labels for 

which max T x. = 7 x. . 
q ^ 1 ^ 1 
Sn s g* 

This theorem shows that for v(x) = x , the ratio estimator is 

optimal under a model which is adequate for many actual populations and 

the optimal sampling plan to use with this statistic is the purposive 

sampling plan P . The sampling plan P* is also optimal for use 

with estimators and T , see for example, Royall (1970). 

The purposive sampling scheme is not rubust to departures from 

assumptions. Royall and his co-workers have concentrated their efforts 

to make model based methods more robust by increasing constraints on 

the sample. Royall and Herson (1973a, b) introduced balanced sampling. 

A balanced sample matches the properties of the known prior design 

variables z_ in the sample to those in the population as a whole. 

An (estimator can be protected against failure of linear regression 

model by balancing on the higher moments of the auxiliary varaible. 

Royall and Cumberland (1981a) proposed a best fit sample. The beat 

fit sample is a purposively selected sample which balances the sample 

c.d.f Fg(z) and the population c.d.f F(z) . The sample is selected 

such that max|F^(z) - F(z)| is minimized. 

2.4.2 Varianae 

The randomisation based variances as discussed earlier in Section 

2.3.2 are unconditional, that is, they do not depend on the sample 
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actually observed and therefore are not suitable for making the inferences 

from the unique sample actually observed. A fundamentally different 

approach to the problem of variance estimation which depends on the 

sanple actually observed, is the model based approach. 

Definition 2.11 (g-Varianae) 

Under the model g , the variance of an estimator T , for any 

given s , is defined as 

Vg(T) = Eg(l^E^T)2 . (2.30) 

In the model based approach the standard error of an estimated 

value is made conditional on the observed sample and thus follows the 

comditionality principle (Fisher, 1955; Cox, 1958; Cox and Hinkley, 

1974) of conditioning on an ancillary statistic s , See for instance, 

Royall (1976a), Royall and Cumberland (1981a) and Smith (1976). 

The model based approach provides reliable estimates of precision 

which do not share the poor properties of the randomisation based 

standard errors when the sample happens to contain units with extreme 

values. Both the randomisation based and the model based approaches 

have been applied to ratio and regression estimators and the model 

based approach has provided quite promising results about variances 

and variance estimators as compared to the standard results under the 

randomisation approach, see for instance, Royall and Cumberland (1981a, 

b, 1982, 1983). 

However, the model based approach has also been criticised. For 

example, Hansen, Madow and Tepping (1983) state: "If the assumed model 

does not accurately represent the state of nature, estimates of 
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population parameters may be substantially biased and the statements 

about the sangling errors of those estimates may be very misleading". 

These authors, however, recognised that if the model is acceptable or 

sufficiently so, the model based approach results in substantial 

simplification and improvement in variance estimates, see for instance, 

HMT(1983, p.780). 

However, Royall and his fellow workers recognised this problem 

and they have considered sampling plans and estimators so as to make 

the models more robust to misspecifications. For example, Royall and 

Cumberland (1981a) have recommended the use of robust model based 

variance estimators based either on regression or residual or jack-knife 

methods in order to handle such shortcomings. Regarding this issue, 

Smith (1984) says:"...If the population is stratified then models are 

fitted within strata. If there is relationship between a survey variable 

y and a prior (design) variable z then a ratio or regression estimator 

is employed. This estimator is protected against misspecification of 

the mean by using a balanced sample and against misspecification of 

the variance structure by using robust estimators of variance". 

Cumberland and Royall (1983) assert that "For the purpose of 

inference, quantities such as bias and variance should be defined in 

terms of prediction models conditioned on the ancillary statistics s, 

rather than in terms of the probability distribution of s . The 

unconditional variances, which do not depend on the sample actually 

selected, are not suitable for making inferences about T from the 

unique sample actually observed". 
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2.4.3 Asymptotia Distribution 

Statistical inference requires more than simply an unbiased 

estimator and its standard error. It necessitates a relationship 

between these characteristics. The prediction approach is based on the 

probability models for the population values. These models, not the 

random sampling distribution, provide the basic probabilities. The 

asymptotic properties are determined by making an appeal to the 

Lindeberg"Feller conditions as N + ™ , n ^ and f 0 , where 

2.4.4 CondLtional Inferenoe 

The model based approach to inference is concerned with the prediction 

of the actual outcome of the population characteristics and is made 

conditional on the outcome of the sampling. The possibility of conditioning 

may be desirable when sampling units are known to differ in relative 

importance. Royall and Cumberland (1981a, 1983) assert that inferences 

must be made conditionally on observable characteristics of the sample 

drawn, and they require assumptions regarding the population structures 

which are most naturally expressed through prediction models. 

So far as making the inferences after the data have been observed, 

there is a clear difference between the model based inference, which 

conditions on the achieved sample and the randomisation based inference , 

which averages over all samples that might have been drawn and this is 

the most important distinction between these two approaches to inference, 

see for instance. Smith (1983b). The likelihood principle also implies 

that inferences should not be based on what Basu (1971) termed as 

"artifact of randomisation". Smith (1984) says: "Even when the sampling 

scheme and estimator are similar under both approaches, inferences from 
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a model will often differ from randomisation inferences. Under a model, 

when design variables £ are known the selection rule P(s/£) 

can be ignored and inferences made conditional on the units in the 

san^le. Randomisation inferences are unconditional and average 

overall samples that might have been drawn. There are no principles 

which lead to conditional inference in the randomisation approach and 

this is the one of the major problems which must be faced". 

The model based approach to inference has the attraction that it 

embraces both descriptive and analytic inferences and can also be 

extended to accommodate missing values and non-response, see for 

instance, Little (1982). It should, however, be noted that the model 

based procedures can be highly effective when the model is correct 

but must be used with caution because small deviations from an 

assumed model may lead to serious errors in inferences, see for example, 

Hansen £l. , (1983). However, if the model is true, then conditional 

intervals will have the correct conditional coverage and also the correct 

average coverage under the repeated sampling. 

Additional discussion of model based versus randomisation based 

inference from finite populations can be found, for instance, in 

Smith (1976, 1983a,b, 1984), Royall (1976), Cassel et aly, (1977), 

Sarndal (1978, 1981), 0'Muircheartaigh and Wong (1981), Royall and 

Cumberland (1981a, b, 1982, 1983), Hansen, Madow and Tapping (1983), 

Kalton (1983) and Sundberg(1983). 
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2.5 Summary and Conalusions 

We have discussed the randomisation and the model based approaches 

to inference for finite population. Our evaluation of these approaches 

is based on the criteria for estimation, variance, asymptotic distribution 

and inferences. Both these approaches are well developed in these 

aspects. 

We observe that there is now general agreement that randomisation has 

an important role in the selection of samples, the only conflict is 

whether the randomisation is appropriate for inferences after the sample 

has been observed. The randomisation inferences are made according 

to the randomness generated by the sampling design. The randomisation 

inferences are unconditional and the validity of these inferences is 

based on the large sample approximations. These inferences are not 

free from assumptions and their usefulness is limited in scope. Besides, 

the randomisation approach does not address the question of efficiency 

and has failed to provide minimum variance unbiased estimators. 

The model based approach considers the structure of the population 

and provides a relationship between the observed and the unobserved 

units. The quantitites such as bias and variances are conditioned 

on the observed sample rather than on all possible samples that might 

have been drawn. The inferences concerning the prediction of the actual 

outcome of the population characteristics are made conditional on the 

sample actually observed. This approach has provided robust variance 

estimators which have proved to be superior to the design-based estimators. 

Our observation is that the model based approach has proved to be a 

useful and meaningful tool for the analysis of finite population. 

sampling problems. This approach is heavily relied on in this study. 
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ESTTAMflQV OF KARTAWCB fRQM COMPIEA' SMRK&yg 

2.1 In tTodua t'Lon 

The main objective in any sample survey is to draw inferences 

from the characteristics of a sample of elements about the corresponding 

population characteristics such as mean, total and ratios, etc. To this 

end it is also necessary to estimate the precision of the estimator 

used. The precision of an estimator is determined by the variance 

if the estimator is unbiased and by the mean square error if the estimator 

is biased. The estimation of variance is, therefore, an important 

aspect of the analysis of survey data. 

The variance of an estimator, however, depends on the framework 

for inference. There are currently two well developed theories of 

inference for finite populations, i.e., the randomisation based theory 

and the model based theory. The main difference between these approaches 

lies in the estimation of variance because they use different probability 

frameworks for defining variance. We have discussed both these 

approaches in greater detail in Chapter 2. 

In this chapter, we consider variance estimation procedures under 

both the randomisation based and the model based approaches. In Section 

3.2, we review the methods of variance estimation under the randomisation 

based approach. Our main concern is with the jack-knife procedures, 

however, we introduce some useful alternative competing techniques in 

order to facilitate comparison. We also introduce a useful technique, 

known as the weighted jack-knife, developed recently as an alternative 
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to the ordinary jack-knife for variance estimation. During recent 

years the prediction approach has posed a big challenge to the 

randomisation approach. In Section 3.3, we discuss methods of 

variance estimation under this approach. Finally, in Section 3.4 

we give a summary. 

In the randomisation approach to survey sampling the concept of 

sampling design is the central one. The design specifies the way in 

which a sample is drawn from the finite population. Most of the 

available literature under this approach is confined to the estimators 

of the variances of descriptive statistics such as totals, means and 

the difference between means, etc. For simple random sampling, estimates 

of the variances of more complex statistics such as correlation and 

regression are readily available. Literature also exists for complex 

analytic statistics like simple, partial and multiple correlation and 

regression coefficients, etc., dealing with relationships among the 

variables and other complicated functions of sample observations for 

complex designs, see for instance Deming (1960), Tapping (1968), 

Woodruff (1971), Kish and Frankel (1974) and Woodruff and Causey (1976). 

There are, however, some situations where no estimates of variance 

could be made from a single sample unless certain assumptions are 

made about the surveyed populations. Such situations arise with 

probability sampling where no replication is used, for example, in 

systematic sampling with a single random start or in sampling with one 

selection per stratum. 
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3.2.1 Var-ianoes of the Estimates 

Consider a finite population Y , Y ,...,Y . Let T = Ny be 

N 

the estimate of the population total. T = \ y. . Then, under simple 
i=l 1 

random sampling, the variance of T is given by: 

2 2 
a a ^ m 

V(T) = E (T-T)^ = (i_f) , (3,1) 

where 

1=1 

is the population variance and f = ^ is the finite population 

correction factor. 

The expression (3.1) for V(T) is used for three main purposes, 

(i) to assess the precision of the estimate T . 

(ii) to facilitate a comparison of T with other estimators of T , and 

(iii) to determine the size of the sample needed to yield a desired 

precision. 

2 

However, in practice, S is not known and in order to make use of 

the sampling variance (3.1) we must estimate from the sample data. 
Using a simple random sample y^,y2,...,y^ , we can obtain an unbiased 

estimate s = ^ (y-~y) /(n-1) of , which when substituted 

in (3,1) gives an unbiased estimate of the variance of T , that is 

2 
V^T) = N^Cl-f) 2- . (3,2) 

From the above formulation we note that there are two variances for 

an estimator T of T^ namely 

(a) V(T) , the true variance, and 

(b) V(T) , the estimator of the true variance. 



56 

In extension of this simple situation, survey samplers have 

developed various devices to exploit their background knowledge of 

the sampling situation. Some approaches incorporated this knowledge 

into the design whereas others into the estimator. Consequently, 

most of the surveys today are based on complex designs which include 

stratification, clustering and multistage selection of elements and 

the estimation procedures that involve ratio, correlation and regression 

coefficients, and discrimination functions. The usual practice has 

been to adopt the following procedures for obtaining expressions for 

true variances for a given estimate. 

(1) Text Book Variances, (2) Taylor Series Method. (3) Design Effects. 

2.2.1.1 Text Book Varianaes 

This means to take an appropriate formula derived directly from 

the randomisation distribution for Var(T) . We illustrate this point 

through examples 3.1 and 3.2. 

Examples 2.1 

Consider a stratified simple random sampling design. For the 

population mean per unit, Che estimate used in stratified simple random 

sampling is y ^ 

N J i V h ' » . 3 ) 

where 

y = I y^i^^h sample mean for the hth stratum, 

i=l 

^h 
^ is the stratum weight. 
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y, . is the value obtained for the ith unit in the hth stratum 

and n, is the number of units in the sample for stratum h . From % 
Cochran (1977), the variance of the estimate y is 

,2 

VCy.j) • I «h < ! - % ) . (3-4) 
sc h=l ^ h 

where 

I (y .-Y )^ 

sf = ^ — ; is the true variance, 
h (N -1) 

= — , is the sampling fraction in the stratum, and 

-
Y = — — ~ IS the true mean. 
h N, ' 

Example 3.8 

As another example of the text book variance we consider probability 

proportional to size sampling plan. A well known general estimate of 

the population total for unequal probability sampling without replacement 

is 

r ?! 
Y = I , (3.5) 

. , TT . 
1 = 1 1 

where 

TTj. = probability that the ith unit is in the sample, and 

= probability that the ith and jth units are both in the sample. 

If %% > 0 , (i = 1,2,.,. ,N) , then from Cochran (1977) the variance 

of Y is 
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N (l-7r.) N N (it. .-tt.tt.) 
VCV, 

where is the probability that units i and j are both in the 

s ample. 

For linear estimators the text books provide general formulae 

for variances for complex designs based on the assumptions of simple 

random sampling. However, we note that for probability proportional to 

size sampling plan (example 3.2) the variance depends solely on the 

quantities and . For complex designs, it may be very difficult 

to compute the joint inclusion probabilities and hence the variance. 

Survey designs are generally based on complex multistage design 

features that include unequal probabilities of selections from the 

population, stratification at one or more levels and clustering and 

we also desire to obtain the variances of such statistics as correlation 

and regression coefficients and other complicated functions of sample 

observations. Such situations may cause concern because text books 

do not provide formulae for the variance of complex statistics, 

involving relationships from complex surveys. Besides, for ratio and 

regression estimates the simplest design (SRS), in any event, requires 

Taylor Series approximation for securing variance formulae. Thus for 

non-linear estimators we need Taylor Series methods. In addition to 

this, measures of variability of sample results depend on the sample 

design and are subject to design effects, see for instance, Kish 

(1965, p.585). 
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3.2.1.2 The Taylor Series Method 

The Taylor expansion method for approximating the variances of 

ratio means has been in use for many years. Deming (1960), Kish (1965) 

and Woodruff (19 71) have discussed its use for approximating the 

variances of other non-linear functions of sample totals. The method 

is also known as the linearisation technique or the 6 method. 

Tapping (1968) gives a detailed description of this method for 

approximating the variances of more complex statistics from survey data. 

Tukey (1964) describes that the method gives an approximate formula for 

the variance of complex statistic and the approximate estimate of the 

variance by taking into consideration the varaince of the linear terms 

of Taylor Series expansion of the statistic. 

Suppose that Y = (Y^,1^,...,Y^) is a vector of population parameters 

for certain variables and Y = (Y^,Y2,...,Y ) be the corresponding 

vector of unbiased estimators. Let f(Y) be the function of the 

population parameters whose estimate is required and f(Y) be the 

estimate of f(Y) . We would like to obtain the variance of f(Y) . 

By first order Taylor approximation, we get 

t af(Y) 
f(Y) = f(Y) + % (Y.-Y.) 

• _i 1 1 i=l aY. 

+ 0(n 1) 
(3.7) 

1 1 

It is assumed that f(Y) and the first order partial derivatives of 

f(Y) are continuous. Now taking expectations, we have E{f(Y)} = f(Y) 

and 

v(f(y)) - e(£(y) -E{f(Y))J^ , 

= Var 
(3.8) 



60 

Hence 

fCY) = Var 
t . 9fcn 

9Y. 
1 

(3.9) 

With complex estimators this method may become cumbersome because, 

first the statistic has to be expressed in a tractable form and then 

partial derivatives have to be obtained. Finally numerous variances 

and covariances have to be computed which depend on the complexity of 

the design. 

A simplification of equation (3,9) in terms of the weighted values 

of the primary selection has been developed by Woodruff (1971). This 

simplification is outlined as under: 

* Y 
Let = 2 , where (the estimate of Y^) is a weighted 

average of the original observations, the X^^'s . Usually W.. = 1/p. , 

where is the probability (prior to draw) of including the unit j 

in the sample. Now, proceeding as before, we estimate f(Y) by f(Y) 

which hereafter for simplicity we denote as f and f respectively. 

9f 
Let D. 

aY. 
evaluated at Then using the first order Taylor 

series expansion of f about f , we get: 

f = f + % D.(Y.-Y.) , 
i=l 1 1 1 

(3.10) 

and 

V(f) = Var I D.Y 
i = l 

t 

1 1 

' ' 

where 

= Var 

z. 
J i=l ^i^ij^ij (3.11) 
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According to this simplified version V(f(_Y)) can be estimated 

by applying the same variance formula to the zy's from Var Y z. 
Ijii jj 

that would be applied to W..X,.'s to compute 
ij ij 

Var(Y^) for each 

variable This simplification avoids the computation of t 

variances of Y. and t(t-l)/2 covariances of Y. and Y. . The 
1 1 1 

variance estimate is obtained by estimating the zy's from the sample 

and then applying the variance estimation formula for a single variate. 

The Taylor expansion method is general and applicable to any design 

provided the variance estimation formula for estimated total is known, 

see for instance, Rao (1975) . In order to illustrate the method, 

we give below an example of variance formula for the regression 

coefficient from Tapping (1968). 

Example S.S. (Varianae for Regression Coefficient from a Complex design) 

We consider the variance of the regression coefficient from a 

self-weighting stratified multistage design. Let y^^^ be the 

values of the variables x and y associated with the ith 

elementary sampling unit selected for the sample in stratum h . We 

consider the statistic 

L "h r h 

r h-i 1-1 

L % 

1 y y 

* h=l i=l 

=i. i: 
(3.12) 

n h-l 1-1 

where n = ^ n^ denotes the number of elementary units in the sample. 

h=l 

Our main concern here is to approximate the variance of b which is 

achieved by first expressing the statistic given by (3.12) in a tractable 

form, obtaining the partial derivatives and finally applying the formula 

(3.9). 
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Let _u = . >u^) be a vector of statistics such that the 

expected value of = l,2,...,t) is . Let (Uj^,...,u^) 

be the corresponding vector of population parameters. Suppose that the 

population parameter of interest is a function f(y_) and is to be 

estimated by f(u) , then 

V(f(u)) = Var 
t 

I u 
i=l 

3f (u) 

i 3u. (3.13) 

Now in order to obtain the variance of b we express(3.12) in a 

suitable form so as to derive the partial derivatives. To achieve this 

we introduce the following variables and notations. 

Wl 
i=l 

*hi fhi ' W ^ Wu ' 
h=l 

% 
J . • 

I . 
h = l 

n. 

i=l 

L 
X = I 

h=l 

n. 
h 

I y 
i=l hi 

y = I 
h=l 

(3. 14) 

The regression coefficient b may be written as 

b = 22:2% (3.15) 

nu-x 

Thus b now represents f(_u) in expression (3.13). Denoting N, W, 

U, X, Y as the expectations of n, w, u, x, y respectively, the 
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required partial derivatives for b are 

aN 

X(UY-WX) 

(NU-X^f 

ab _ N 

A 
3U 

N(NW-XY) 

(NU-X^)^ 

3b _ -NUY+2NWX-X Y 

(NU-x2)2 

BY 

X 

NU-X 
( 3 . 1 6 ) 

Using (3.13), the variance of b is now approximated by 

ab 3b ab 
Var(b) = Varln + w + u + y 

BN aw au a x aY 

( 3 . 1 7 ) 

The main drawback of the Taylor Series method is that the evaluation 

of the partial derivatives may be difficult for certain parameters (e.g. 

multiple and partial correlation coefficients). A useful approximation 

to the required partial derivatives could be obtained by using the 

numerical method developed by Woodruff and Causey (1976). However, the 

results obtained for the partial and multiple correlation coefficients 

by using this numerical method are not very promising. 

The first order Taylor Series expansion for a multiple regression 

coefficient has been derived by Folsom (1974) and Fuller (1974). 

Programmes for Taylorised Standard errors are available from Hidiroglou 

et al. , (1975), Kish et al., (1972) Holt (1977) and Woodruff and 

Causey (1976). 
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3.2,1.3 Design E f f e c t s : 

In order to deal with the complex designs mentioned earlier in this 

Section, Kish (1865) proposed a useful device known as the design effect 

(Deff). He describes this as the ratio of the variance of the estimate 

obtained from the complex sample to the variance of the estimate 

obtained from a simple random sample of the same number of units. Thus, 

Design Effect (Deff) - Var(T) from a Complex Sample 

Var(T) from Simple Random Sample 

Stratification tends to reduce the variance and the design effect 

may be less than one. On the other hand, clustering tends to increase 

the variance and the design effect is usually greater than one. Consider, 

for instance, a simple random sample of n clusters, each containing 

M elements, drawn from N clusters in the population. Then, the 

variance of the sample mean per element is 

- s2 ' 
1 + (M-l)p (3.19) 

where M is the constant cluster size, P is the intracluster 

q2 
correlation coefficient and — is the simple random sample variance. 

n 

It is apparent from (3.19) that the variance is inflated by the 

factor (M-l)p by using clusters instead of elements as sampling units. 

The factor 1 + (M-l)p is called the design effect or Kish's Deff 

for clusters of size M. 
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The Deff attempts to summarise the complexities of the sample 

design, especially those of clustering and stratification. It may 

even include the effects of ratio and regression estimation, of 

double sampling and of varied sampling fractions (Kish, 1965). 

3.2.1.i(a) Modified D e f f : 

In order to adjust for changes in structure, a modified Deff could 

be used following Kish (1965, p.162-163). For a complex design, suppose 

that the true variance is 

Var(y) = Varg^^Cy) [l+(M-l)roh] (3.20) 

where roh measures the homogeneity and is estimated from the past 

survey 

roh 
Var(y) 
— — I (M-1) ( 3 . 2 1 ) 

Thus for a new survey with cluster size i , we can use 

Var(y) = Var^g^ ;jO[l+#-l)roh] . (3.22) 

The purpose of this modification is that "roh" has distinct values 

for diverse variables and for different populations. For a specified 

variable and population, its value depends on the nature and the size 

of clusters. It is a characteristic of the clusters and affects the 

variances when the clusters serve as sampling units. Thus by studying 

"roh", the aim is to remove the effect of average cluster size 

when comparing results across different variables and populations, 

see for instance O'Muircheartaigh et al., (1980, p.444-45). 
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3.2.2 Methods for Estimating the Varianaes of Estimates 

When variance estimates are required for statistical inference, 

the randomisation approach offers several choices. However, the usual 

practice is to use the methods discussed under: 

3.2.2.1 To Use Text Book Unbiased Estimators of the Variances i f 
Avaitdb te 

The adoption of this procedure with complex surveys gives rise to 

the following problems: 

(a) An unbiased estimator may not be available for the variance of 

certain classes of statistics such as ratio estimators,correlation 

and regression coefficients. 

(b) The use of available unbiased estimators may, in some cases, 

involve complexities. Consider for example, the Horvitz-Thompson 

(1952) estimator for the population total 

n y. 

^HT ^ (3.23) 
1=1 1 

which is an unbiased estimator of Y with variance (Cochran, 1977). 

N (1—rr.) N N it..—ir.Tr. 

v < V • .1 2 .1 .1. V j • ".24) 
1=1 1 1=1 j>i 1 J J 

where is the probability that units i and j both are in the 

sample. An unbiased sample variance estimator of V(Y ) is given by 

2 
A n (l-Tr.)y. n n (it . . —it . tt .) 

= j , ' j , j , 

provided that none of the w j in the population vanishes, where 

- probability that the ith unit is in the sample. A more elegant 

form of the variance estimator of given by Yates and Grundy 

(1953) and Sen (1953) is 
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y. n (tT. TT .-TT. .) 

' y g % T ) - . 1 . 
1=1 J>1 IJ 

l i _ l i 
n. IT. 
, 1 J 

( 3 . 2 6 ) 

with the same restriction on tt. , . 
ij 

The drawback with these variance estimators is that the terms 

(tt.tt. - ir..) often vary widely and both V and V can take 
1 J ij Hi YG 

negative values for some samples and some sets of although 

Vyg is generally less likely to do so, see,for example, Yates and 

Grundy (1953), Raj (1956), Rao and Singh (1973), Lanke (1974), 

Vijayan (1975), Cochran (1977) and Rao (1979). There are, however, many 

inclusion probability proportional to size sampling plans corresponding 

to different possible sets of joint inclusion probabilities . 

For a given sample, the expected value of and Vyg depends 

nature of the joint inclusion probabilities corresponding to units that 

happen to be included in the sample. It has been noted that these sets 

of n%j's are not uniquely determined, for instance. Brewer and Hanif 

(1969) have catalogued about 34 exact and approximate methods for 

implementing the inclusion probability proportional to size sampling plan. 

This diversity of possibilities as well as the mathematical intractibility 

of many of these methods leads to complexities. 

S,2.2.2 Substitution Method 

According to this method population parameters in the variance 

formula are replaced by their corresponding sample estimates. In the 

simplest cases the variance of the statistic,for a given design, is a 

known function of certain population parameters which are themselves 

estimated from the sample and substituted for the parameters in the 

variance function so as to obtain the estimate of the variance. This 

is illustrated through a simple example hereunder: 
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Example 3.4 (Vapianae Estimg-bion for the Sample Mean). 

For a simple random sample of n units from a population of N 

units, without replacement, the variance of the sample mean is 

2 _ N-n S 

N n 

where 

9 1 Y - 2 
; = N 6 (Xf-x) (3.27) 

1=1 1 

The population variance may be estimated by 

2 1 V / -\2 
G (3.28) 

i=l 

Thus, in the case of this example, if the variance function is linear 

in the parameters and the estimates of these parameters are unbiased, 

we get an unbiased estimator of the variance. If the function is 

rational, we get at least a consistent estimator of the variance. This 

is illustrated through example 3.5. 

gKompZg 3.5 rygrtoMcg Esttmatton for tbg Katto gstimator; 

For simple random sampling, the variance of the ratio estimator, 

N 

I > for the population total T is approximated by 

y. N 

i=i 
S 

" " R ) = (sy+sfsx - 2 RS ) , Y+K 5% - 2 RSyy) , (3.29) 

, Y -
Where, R - - , X and Y being the expected values of x and v 

X s 

respectively, and = pS^S^ is the covariance between y. and x. 

(Cochran, 1977). The usual practice is to estimate V(T^) by 
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9 
" N (l-f) 7 "7 9 ^ 

" " / Y = ( = y + ^ =x - 2 « s , y ) , ( 3 . 3 0 ) 

2 2 

where and s are the sample estimates for the population 

variances and covariance. There is an alternative sample variance 

estimator of V(T ) which is given by 

^ s f l - f l 7 "7 
= _2 ' (3-31) 

nx ^ J 
s 

The variance estimator VgfT ) appeared in the first edition of Yates 

(1949 , p.213). Since the merits of V\(T ) and V (T ) were 
I K 2 R 

not quite obvious under probability sampling theory, Yates preferred 

VL(T ) for his book. Cochran ( 1 9 6 3 , p. 1 6 3 ) chose V\(T ) for his well 

known book. However,Cochran ( 1 9 7 7 , p. 1 5 5 ) remarks that it is still not 

clear whether V^(Tg) is preferable to VgCTg) ' Kish ( 1 9 6 5 , p. 2 0 4 ) 

and Murtby ( 1 9 6 7 , p. 3 7 3 ) obtained VgCl ) in their well known books by 

noting that = Rg(Nx) and V^f^) = yging the customary 

formula for V(R ). Sukhatme and Sukhatme ( 1 9 7 0 , p. 1 4 4 ) recommended 

the analogue of %^(T ) for estimating the variance of the ratio means 

but used the analogue of for a ratio adjusted estimate of 

the population total. Rao and Rao (KHnUb) wrote that when x is known 

the commonly used varinace estimator is and when x is not known 

the variance estimator is V2(Rg). Thus to Rao and Rao, it appears 

that is the estimator of choice with V considered to be not a 

competitor but a substitute to be used only when V was not available. 

Konijn (1973, p.4 8 ) in his book considered both and and 

remarked that if X is known Vg is preferable to V . Konijn ( 1 9 7 3 , 

p.353) also remarks that Hajek (1958) showed to be a good estimator 

of the conditional variance. 
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For more complex analytic statistics like correlation and regression 

coefficients or for more complex designs the variance may not be a known 

function of the parameters that are easily estimated for substitution 

into the variance formula, see for instance, Cochran (1977, 315-318), 

Sukhatme and Sukhatme (1970, p.180-83) and Tepping (1968). In order 

to illustrate this point, we give below an example of the variance 

estimation formula for the regression coefficient (3.12). 

EzampZg fyartOMOg fbr BgareggtoM CbgfftctgMt From a 
Ccmplex 'Design), 

From (3.17) we have 

L 

Var(b) = ^ Var(& ) , (3.32) 
h=l 

where the linear combination i, is , 
h ' 

0 _ 3b ^ ab ^ ab ^ ab ^ ab 
*h - aw "h + aw Wh + au "h + ax *h + &Y 

The coefficients in the linear form & are unknown population 

parameters. The usual practice, as explained earlier in this section, 

is to substitute sample estimates in the expressions for the derivatives 

just as we substituted in example 3.5 . For large samples, this 

procedure yields satisfactory results. 

For estimating the variance of the regression coefficient b 

as given by (3.12), these substitutions will be 

ab i x(y-bx) 3b ^ 1 

3" ' aw ns; 

ab i b ab ab _ % 
au 2 ' ax 2 ay 2 

and TT- = - —rr (3.33) 
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- x - y - u 2 - 2 - 2 
where x — — , y — — , u — — , g = u — x . 

n n n X 

This method of substitution gives the variance estimate for the desired 

S t a t i s t i c but appears to be a b i t cumbersome. 

J. 7 EattmattoM for tkg JfatrLo 5'E5'; 

Consider stratified simple random sampling without replacement. 

The ratio estimate is given by, 

n. 

I I 

R 
y _ h=l i=l ^hi 

^ L % 

L .1 h=l i=l 

(3.34) 

N, N 
where y*. = — y and x*. = 

hi 'hi 'hi 

In this case the derivatives are 

aR _ 1 
, {HW 

ay*. ax*. x 
'hi 

Now (3.34) can be written as 

I I 
h=l i = l 

Letting Z, . = — 
hi It 

y 

I 

hi y 

3 r - -2 *hi 

L "h N. 

= I I 
h=l 1=1 "h 

y 

! r - -2 *hi 

and Z, 
'h y -

N, 

% 
the variant 

L N;(i-f ) 

estimator for V(Y^^) = ^ "xh-^^h^Yh^Xh) ,̂6 
h=l 

obtained as 

r 2 - 2 2 " 
- I T (Syh^K =xh-^'^h%h^h> (3.35) 
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However, with more complex designs and more complex statistics 

this procedure is laborious and hence the need for other more simple 

and convenient methods. 

3,2,2.3 The Key f i t s Method 

This method, also known as the "paired selection" method, requires 

that two primary selections be drawn from each stratum, see for instance, 

Keyfitz (1957) and Kish(1965, 4.3, 6.4B). Regarding the applicability 

of this method Kish and Frankel (19 70) pointed out that "a model of two 

independent primary selections from each stratum is probably the most 

basic design that conforms adequately, if not perfectly to actual design 

of many surveys , We outline this method for obtaining the variance 

estimate for the ratio estimate as example 3.8. 

Fzo/zpZe J. g Estimate;. 

Consider a single stage stratified cluster design, 

L L Nf 

. - itiL -
% L L N " (3.36) 

h=l 

where y^^ and y^g represent the totals for the y^ variable from 

the two primary selections in the hth stratum. Similarly % and 

^ L 
Xh2 represent the corresponding totals for the variable x.. Y = 7 N v 

1 St 6 h/h 

and - Y N^x^ are the standard estimates of the population total 

for Y and X respectively, N is the number of units in the hth 

^ % 
stratum of the population and y^ = ^ ĥi'̂ '̂ h x^ = ^ x^^/n^ 

are the sample means for the h^^ stratum 
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In order to obtain the variance estimate of R , we define 

Also. 

''h • 2 < \ l % 2 > 

'yh k Z r n . f " i 
1 — 1 

(3.37) 

where 

Now if Y = N y , then 
h h h 

• 12 

h 

where 

* "'h 

~ ~ ^^h is the finite population correction factoi 

for the hth stratum. Similarly, V(x^) = (!-(:%) *nd 

Cov(Y^,X^) - (3.38) 

Since sampling is independent in different strata, the variance 

estimate of the stratified ratio mean is given by 

V(R) 2 
X 

I Var(Y^) + R* I Var(x^) - 2R ^ 2R 6 Cov(Y , X ) (3.39) 

By substituting from (3.38) and simplifying we get 

V(R) 1 (l-fj^)dy^+R ^ (l-f^)dxj^ - 2R % (l-f^^) (dy^) (dx^) 

h=l " * * 

(3.40) 
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This could be further simplified as 

1 L 
V(R) = I (1-f, ) 

0 0 h=l " 

(3.41) 

This is the Keyfitz variance estimate for the V(R ) of the combined 

ratio estimator, as given in Example 3.7. The Woodruff simplification, 

as discussed in Subsection 3.2.1.2, can also be applied here as well. 

The design facilitates stratified multistage selection with PPS 

from unequal clusters. For the linear case, it has the advantage 

that for a fixed number of selections, it is possible to carry the 

stratification as far as possible and still compute the variance from 

the sample. The design also permits simple formulae of computing 

variance estimates. The application of this method to more complex 

situations has been discussed by Keyfitz (1957), Kish and Hess (1959) 

and Kish (1965). Woodruff (1971) generalised the method to handle 

non linear estimators, unequal probabilities of selection and for 

sample size n^ in the strata. Bean (1975) and Ghangur^e (1981) 

applied this method to compute the variance estimates for the Canadian 

Labour Force Survey. 

2.2.2.4 Estimation of Vavianoe Using D e f f s 

In situtations where we can not estimate the variance directly, 

it is generally assumed that simple random sample variance computed from 

the large probability sample would yield a good approximation of the true 

variance. For example, Kish and Frankel (1974) treated proportionate 

stratified sampling as simple random sampling for computation of 

complicated estimates. 

We have pointed out earlier (Subsection 3.2.1.3) chat stratification 

tends to reduce the variance and Deff may be less than.one whereas 
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clustering inflates the variance and Deff may be greater than one. 

^ A 

Under these circumstances one can use V(x) = V (x) x deff , where 

V(x) is the variance incorporating all the complexities of the design, 

see,for instance, Kish (1965). However, the problem with this expression 

is how to compute deff. The solution to this problem is to compute the 

design effect from an old survey with similar structure and for which 

the variances have been computed. 

From the above discussion, we note that for complex surveys it 

would be incorrect to assume simple random selection and to use the 

simple formulae available in the standard literature. Moreover, it is 

well recognised that in complex surveys the assumption of two independent 

selections is seldom met. Under these circumstances the alternative 

is to use one of the approximate methods, to be discussed in the next 

few subsections for obtaining the estimates of true variance from 

complex surveys. These methods recognise the lack of independence 

among sample units. 

3.2.2,5 RepHgated Sampling: 

One approach Co Che problem of variance escimacion from complex 

surveys is to interweave within a sample design a small number of 

replications. Each of these replications provides an estimate of the 

parameter. Therefore, their comparison provides an estimate of the 

variances from the sample. As an example, suppose that an overall 

sample is selected in the form of r independent subsamples from the 

same population using the same probability design. Let 9. denote 

the sample estimate calculated from the ith sample using the same 

~ -| f ^ 
estimation procedure, then 6 = — ^ 8. . From r independent estimates, 

i=l ^ 
the sample variance of 9 is 
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V ( 0 ) - J ( 6 . - e ) ^ / r ( r - l ) . 
i=l 1 

(3.42) 

The main advantage of the replicated sampling is that 8^ can 

be any statistic, it may be a linear statistic like mean and total 

or a non—linear statistic such as ratio or regression coefficient. 

This method provides a simple and convenient way of estimating the 

variance and the evaluation of bias regardless of the complexity of 

the sample design within replicates and the complicated form of the 

estimator. 

The replicated technique was first introduced by Mahalnobis (1938-41, 

1946) and was later developed more fully by Deming (1950, 1960, 1963). 

Koop (1960, 1962, 1967), Lahiri (1958), McCarthy (1966, 1969), Mokashi ' 

(1950) and Srikantan (1963) Madow and Madow (1944) and Tukey (1949), 

also used similar procedures in connection with selection of systematic 

samples with multiple random starts. Other references are Bailar 

and Dalenius (1969) and Richard and Freeman (1979). 

The replicated sampling has the limitations that fewer replicates 

means smaller numbers of degrees of freedom for the variance estimator 

which could lead to unstable estimation. On the other hand, larger 

numbers of replications will increase the cost and decrease the efficiency, 

3,2,2,6 Random Group Method 

Sometimes when the sample is large, it is convenient to use a 

slight variation of the replicated method known as random group method. 

Suppose that a simple random sample is drawn with replacement. Let 

these units be divided randomly into g groups consisting of n/g 

observations each. The variance estimate is given by 



77 -

V(8) = [ (8.-8)2/g(g-l) , (3.43) 
j=l j 

where 

8j = sample estimate computed from the jth random group and 

8 = ^ 8./g . 
j=l J 

This method is also suitable for multistage survey samples. 

However, if there are few primary selections (PSU's), then this procedure 

may also not be very useful. Moreover, there is a loss of information. 

Murthy (196 7) shows that the random group variance estimator V, (y) 

provides an unbiased estimate of V(y) but is less efficient than 

v(;) . 

3,2.2.7 Pseudo-Rep ligation Teahniques 

In order to overcome the difficulties described above, McCarthy 

(1966) proposed the method of half-sample replication called the "pseudo-

replication" technique for estimating variances from stratified samples 

in which two primary selections are drawn from each stratum. A half-

sample is formed by selecting one of the two primary selections in each 

stratum and employing the estimates of interest from the L selected 

PSU's. There are in all 2^ such half samples. 

Consider a stratified sampling desigri with two independent selections 

per stratum. We assume that the selections are made with replacement. 

Let y^ and y^ be the observations from stratum h(h = 1,2,...,L), 

then the unbiased estimate of the population mean Y is given by 

• I, Vh 
h = l 
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5 ' h l % 2 
where W];̂  and - . The usual variance estimator is 

L 

- i J" ' 
h=l 

( 3 . 4 5 ) 

where - (y^^-y^g). The variance estimate based on independent 

replications and (y^g ) is 

( 3 . 4 6 ) 

Now suppose a half-sample replicate is obtained by choosing one of 

(^ll'^iz)' (y2i'y22)''''' and one of (yLi'yL2) ' ^et us 

define the indicator function 6 such that 

hi 

^ ^hl selected for the half-sample 

0 , otherwise 

h2 
1 - 6 

hi ( 3 . 4 7 ) 

The half sample estimate of Y is given by 

'hs 
h=l 

( 3 . 4 8 ) 

There are 2 possible half-samples for a given sample and if 
'hs.i 

denotes the estimate for the ith half-sample, i = 1,2 2^ , then 

'st • ^ J J ^hs,! ( 3 . 4 9 ) 

Let, 

> = 2 6 ^ ' -1 

+ 1 if is in the ith half sample 

~1 if y^2 in the ith half sample 
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then ~ y 6, 

2^ b.l >• 

(i) _ 
0 and 

(fhs.i-yst)' 
h=l 

I «2(6^i))2d2 . i n 

h<j 
W, W cL d. 
h j h J 

( 3 . 5 0 ) 

Now 

Since, = 1 and 

,L (3.51) 

I = 0 
2^ i=l h 

therefore 

2^ 

I (y. 

i=l 
hs,i ^st^ Z " ^ h - v(y..) 

h=l St 
( 3 . 5 2 ) 

Thus from (3.45) and ( 3 . 5 2 ) , we note that there is no loss of 

information if all 2 half sample replicates are used. However, when 

L is large 2̂ ^ will be very large. This reflects the limitation of 

the half-sample procedure because the precision of variance estimate 

depends on the number of replications and sufficient number of 

replications may be costly. The current population survey conducted 

by the U.S. Bureau of Census provides one such example. 

If the primary selections within a stratum are made by simple 

random sampling without replacement, then (3.48) can be written as 

hs 

L 
2 ' 

\ J 
(*hiyhi+*h2yh2) + ^st ' ( 3 . 5 3 ) 

and 

(ybs.i-fst'' i n 
h<J 

2^ 

N, 
g(^)a(i) W W 

h"jVj ( 3 . 5 4 ) 
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Several modification of the half-sample method such as balanced 

half-sample and partially balanced half-sample replications have been 

developed. These are described as under: 

3.2.2, 7.A Balanoed Repeated Repliaations (BRR) 

For a stratified random sample with L strata and two primary 

selections per stratum, it is shown that the variability among the half 

samples arises from the between strata contribution to these estimates. 

This variability comes from the crossproduct terms of d^dj which cance: 

erne another cner the entire set of 2^ half samples or if we use an 

infinite number k of replications. McCarthy (1966) suggested a way 

of controlling the selection of half samples so that the variability 

of the variance estimator is reduced. 

McCarthy suggested that if an orthogonally balanced set of half 

samples is selected using Placket and Burman (1946) matrices, then it 

would give the same precise estimate of variance as would have been 

obtained from a complete set. The method was later more fully developed 

by Kish and Frankel (1968, 1970), who in their repeated replication 

scheme for the varinace estimation used both the principal set of 

selected half-samples and the associated complementary set. These 

authors believe that the principal set of half-samples in the repeated 

replication scheme is best chosen to be "balanced" and the scheme is 

termed as Balanced Repeated Replication (BRR) method. 

A Placket and&urman matrix is defined as K x K matrix of +1 and 

1 s. The elements of final column are all -1 , The dimensions of 

a matrix to be used in a given problem would depend upon the number 

of strata. Let K be the number of half samples selected, then K 

has the restriction that it must be a multiple of 4 and L $ K < L + 3, 

where in all cases L > 2 and K << 2^. Let 6.. denote the element 
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in the ith row and the jth column. The first (K-1) columns of this 

matrix possess the property of balance, i.e.. 

K 

I <S. . - 0 , j T- 1,2,/. .,K-1, 
i=l ij 

(3.55) 

The last column is not balanced, since 

K 
6 . . = - K for j = K 

i=l ij 
(3.56) 

These matrices have the additional property of orthogonality, i.e., 

K 

I 6..6.; = 0 V j f j' 
i=l 1] iJ 

(3.57) 

For L = 5, 6, 7 or 8, the smallest orthogonal matrix that can be used 

is 8 X 8. In order to illustrate this point we give here a matrix M 

for L = 5 constructed such that the columns (strata) of the matrix 

are orthogonal to each other. In a 8 x 8 matrix below, the rows 

identify the half samples and the columns refer to strata. 

Matrix M Used to Form 5 Strata Desi 

Half Sample 2 Stratum 

1 2 3 4 5 6 7 8 

1 + 1 -1 -1 +1 — 1 + 1 +1 -1 

2 + 1 +1 — 1 -1 + 1 -1 +1 — 1 

3 +1 + 1 +1 -1 -1 +1 -1 — 1 

4 -1 +1 + 1 +1 — 1 -1 +1 -1 

5 + 1 -1 +1 + 1 +1 -1 — 1 -1 

6 -1 + 1 +1 +1 +1 -1 — 1 

7 — 1 -1 + 1 -1 +1 + 1 +1 — 1 

8 — 1 -1 -1 -1 -1 -1 -1 -1 
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For L = 5, 6, or 7 any set of 5, 6 or 7 columns can be selected 

whereas for L = 8 the full 8 x 8 matrix must be used. The variance 

estimator is, ^ ^ ^ ' where for the number of strata 

between 5 and 8, K = 8. 

The BRE technique is particularly useful for complicated non-linear 

stratistics such as regression coefficients and the estimation involving 

complex adjustments. Frankel (1971) and Kish and Frankel (1974) 

used this technique for estimating the variances of correlation and 

regression coefficients. Properties of the BRR technique have been 

investigated by various authors for a variety of estimates, for instance, 

Bean (1975), Campbell and Meyer (1978), Fenech (1983), Kalton (1977), 

Krewski (1978a) Krewski and Rao (1978, 1981), Lemeshow and Epp (1977), 

Lemeshow and Levy (1979), Stanek III and Lemeshow (1977), McCarthy 

(1966, 1969a, b), Maurer, Jones and Brynt (1977), Rao, J.N.K. (1975), 

Shah, Holt and Folsom (1977), Simmons and Baired (1968) and Tepping (1968). 

awW Lemeshow, (1972) and Freeman, et al., (1976) discussed 

the multivariate applications of BRR with complex sampling. Casady, R.J, 

(1975) extended the BRR technique for estimating the components of 

variance from a multistage design. Nathan, G. (1973, 1975) discussed 

tests of independence in contingency tables. Gurney and Jewett (1975) 

demonstrated a general method for generating orthogonal replications and 

illustrated for a design with three primary selection per stratum. 

The method could be generalised to multistage sampling, where 

PSU's are selected with probability proportional to size with 

replacement within strata, see for instance, Rao (1975). 
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Z,2,2.7B. Fartially Balanced Half Samples 

We have seen earlier in Subsection 3.2.2.7A that the minimum 

number K of balanced half samples required to obtain cross-product 

balance is L + 3 . Thus, when the number of strata is large,full 

orthogonal balancing may be too expensive to process the results. 

In such situations, in order to reduce the number of half samples, 

one could generate a smaller number of partially balanced half-samples, 

see,for instance, McCarthy (1966,1969a,b). 

Consider a stratified simple random sample consisting of L 

strata with two selections from each stratum and suppose that a 

balanced set of K 2 L/m balanced half samples is selected, where L/m 

is assumed to be an integer for convenience sake. Now 6 = 0 
h J 

when h and j belong to the same group or belong to different 

groups but do not correspond to the same column in the two balanced 

sets. The variance estimator is given by 

K 
(3.58) 

K H ; h s , i - y s / 4 , r J . W j » 

1-1 h=l h<j 

where Z' denotes the summation over all pairs (h, j) such that 

(i) h < j , 

(ii) h is from one set of K strata and j is from another set of 

K strata, 

(iii) h and j represent corresponding columns from the L/m orthogonal 

columns that make up a balanced set. 
The number of terms in the summation Z' are 

K(L/m)C2 = , (3.59) 
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which increases as the number of component samples increases. The 

efficiency of a partially balanced variance estimator will depend on 

the number of component samples (m) as well as the arrangement of 

strata into groups, for a given m . 

We note that there are - — different non-vanishing cross-product 

terms which contribute substantially to the total variance of V (y ). 
P B J K, s t 

Their total contribution, however, depends upon the pattern by which the 

parent sample is split into m component samples. Lee (1972-73) 

examined the possibility of several strata arrangements into groups so 

that the sum of the cross-product terms could be reduced by suitably 

splitting the parent sample into m component samples. Through the 

theoretical and empirical results it is demonstrated that in order 

to increase the precision of a partially balanced design, the parent 

sample should be divided into component samples Such that each component 

sample has a greater degree of homogeneity in the associated quantities 

. The procedures considered by Lee include: AOA (Ascending order 

arrangement), HTA (Heterogeneity arrangement) and SAOA (Semi—ascending 

order arrangement). The SAOA procedure consists in arranging the 

strata in the ascending order of the magnitudes of W^S^ first, then 

rearranging the last y (or ^ = 1 if L is odd) strata in the reverse 

order and finally taking the first L/m strata for the first group, 

second L/m strata for the second group and so on. The SAOA procedure 

gives a better pattern of arrangement and also provides a more precise 

estimator of ^pg K^^st^ compared to AOA or HTA procedures. 

Lee also considered modifications of the repeated replication and 

balanced repeated replication methods. These modifications are summarised 

in the next subsection. 
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3.2.2.8 Repeated Partial Sample (EPS) ^ Balanced Repeated FartLal 
Sdmple (BHPS) oMcZ GJFg;) 
Schemes. 

In practice, most of the complex surveys do not generally conform 

to the condition of two primary selections per stratum. In order to 

resolve such situations, a more general version of the pseudo~replication 

techniques was proposed by Lee (1973), where the restriction is that 

at least two selections are drawn from each stratum. Lee's method is 

also based on the concept of partial samples where a partial sample 

is formed by removing one selection per stratum from the parent sample. 

The variance of the statistic is estimated from the variabilities among 

the pseudo-values of the statistic. The pseudovalues, one from each 

partial sample, are computed by the same estimation procedure as is used 

to compute the statistic. 

We consider briefly the RP8, BRP6 and GRPS schemes hereunder. 

(^) RPS Scheme; This scheme consists in forming a number of partial 

samples from the parent sample by deleting one sample unit from each 

stratum. So far as the construction is concerned it is analogous to 

r ^ 
the ordinary jackknife method. Each partial sample contains T n,-L 

sample units. Let y^^ be the value of y characteristic for the 

sampled unit in stratum h , which is excluded from.the partial sample c. 

The cth pseudo value is then given by 

L % L 

^(c) - "h .1^ i-hj ' V " - • » . 6 0 ) 

L _ L 
Since, there are n n^ different partial samples with n n^ associated 

different pseudo values of y^^^ , therefore for a complete set of 

n n^ different partial samples the average of the pseudo values is 
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' c ' I " ^ ( 0 • 
n 

L W, ^n_ 

= ^ 1 / < V \ c ' • » • " > 
„ h=l h c=l 

" "h 

Thus, each of the sampled units in stratum h is drawn for omission 

L L 

from an equal number ̂  H n^/n^ ^of the total number n n^ partial 

samples. Taking the sum of squared deviations averaging 

over all,the different partial samples, the variance estimate is given by 

V s < ^ s t ' = X TO • 

For = 2 , provides an unbiased estimate of the variance of 

(b) Balanced Repeated Partial Samples: Since the computation of V (y ) 
iAjT S L 

involves a large number n partial samples which will be laborious 

P 

and expensive if the parent sample is large. To overcome this difficulty 

a smaller number K of partial samples are selected so that they are 

balanced. Then 

VsB,K<>'st> • <?ct-
0 = 1 

where 

L 

The balanced set of K partial samples can be obtained either by 

using Placket-Burman matrices or the balanced designs devised by 
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factorial experiments available in literature. 

(c) Generalised Repeated Partial Sample Scheme (GRPS); In the simplest 

form the GRPS scheme consists in splitting the L strata into L 

groups, each group consisting of one stratum only. Then,a partial 

sample of (2L-1) primary selections is formed by selecting one 

primary selection from the rth group (stratum) and adding it to all 

the primary selections of the remaining (L-1) groups. Thus a total 

of 2L different partial samples of (2L-1) primary selections each 

can be formed from the parent sample. All the 2L different partial 

samples are then used for estimating the variance. If the number of 

strata is large, the L strata can be grouped into g $ L groups 

such that the 2th group consists of r strata where the g numbers; 

g 
^ n e e d not be equal and L — V r . One primary 

&=1 * 

selection is then drawn from each of the r strata of the £th group 

r 

to form a combination of r^ primary selections. Thus 2 ^ such 

different combinations can be created from the £th group. By adding 

one such combination to all the prumry selections of the remaining 

(g~l) groups a partial sample of (2L-r ) primary selections may be 
r 

formed. Thus, a total of 2 different partial samples can be formed 

in association with the £th group and by repeating the procedure r 
for each of the g groups a total t - Y 2 different partial 

£=1 
samples can be formed from the parent sample. 

be the pseudovalues obtained from the pth partial 

sample associated with the &th group, i = l , 2 , . . . , g and estimated by, 

='<£p) • Z "h^h * I "h?bp • 

= + I "k'^kp-^' • ».64) 
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i 
where ^ denotes the summation over r strata of the Jith group, 

I denotes the summation over the remaining (L-r.) groups and i? 
^ kp 

is the y value of the sampled unit (from the kth stratum of the £th 

group)which is included in the Pth partial sample. In general, the 
r, 

average of over all the 2 different partial samples 

associated with the £th group reduces to y^^ . This implies that 

the averaging of over all the t different partial samples is 

also equal to y . The average of the squared deviations over all 

the 2 different partial samples associated with the &th group 

reduces to 

& 2 2 
2 "k (ytp-Tk) / 4 . 

The average of the squared deviations (y " y over the t 
(£p) St 

different partial samples is 

g £ 2, 

all % Wk(yki-yk2)^/4 = Wh(yhi-yh2)^/4 = v(yst) -

IJ.o 

(3.66) 

Thus , 

VcRPsfygt) = (y(&p)"yst) 

where, 3 2 is the number of different partial samples associated 

with the £th group. The expression (3.66) gives an unbiased estimator 

of the variance of y^^ .When g = 1 , it reduces to BRR variance 

estimator. Further details on these schemes could be found in 

Lee, (1972, 1973). 

The pseudo-replication techniques have the limiation that these are 

applicable only to the situations where two selections are drawn from 

each stratum, except the general methods proposed by Lee. However, Lee's 
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methods have not found wide applicability. The other difficulty with 

BRR techniques relates to the approximate degrees of freedom for the 

estimated variance. Thus, it appears worthwhile to consider other 

methods with wide applicability and more attractive features such 

as the jackknife, the bootstrap and the weighted jackknife. 

3.2.2.9 The Jadkknife Method: 

We have seen that the BRR technique has the disadvantage that the 

appropriate matrices must be derived for each problem of interest and 

the half samples must be constructed in accordance with the matrix 

specifications. The Taylor Series method, on the other hand, requires 

the evaluation of thepartial derivatives which may be difficult in certain 

cases, A technique which provides a simple variance estimator and does 

not require the evaluation of partial derivatives, as in the case 

Linearization variance estimator, or the construction of Placket and 

Burman matrices, as with the BRR variance estimator, is the jackknife 

method. 

The jackknife, introduced by Quenouille (1949, 1956) as a method 

of bias reduction, has been shown to have robust qualities in a wide 

variety of situations, Tukey (1958) extended Quenouille's procedure to 

an inference technique that could be appropriate either when distribution, 

assumptions are in question or alternatively when a complete 

distributional theory is impossible to derive analytically. The name 

"jackknife" suggested by Tukey refers to a generally applicable tool 

like the boy scout s jackknife that has great utility in many situations 

even though most of its uses could be carried out better by applying 

specialised tools if such tools are available. 

al 
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The simple idea of the jackknife technique can be described as 

follows: Consider 6 as an estimate of a parameter 6 based on a 

sample of size n . Now delete one of the observations, say the jth, 

from the sample and recompute the estimate. Call it 9 Continue 
-J 

the process until each observation has been deleted exactly once. 

Define the pseudovalues 

8j = n8 - (n-l)8_j , j = 1,2,...,n • (3.68) 

Then the jackknife estimate of 6 is the average of these pseudovalues, 

1 
n 

I G; , (3.69) 
n j:i J 

and jackknife variance estimate is 

] , • (3.70) 
J-1 

Properties of the jackknife in the case of simple random sampling 

hawe been extensively studied. Miller (1974bjgives an excellent 

review of the method and its wide range of applicability. Kish and 

Frankel (1970) have proposed four variants of the jackknife method for 

estimating the variance from a stratified sample with two PSU's 

per stratum. 

Besides, being not always advantageous, the indiscriminate use of 

the jackknife may have disasterous consequences in certain situations. 

For example, the jackknife does not perform well in the general area 

of order statistics such as estimation of median and range. Another 

area in which the jackknife has little or no success is in time series 

analysis. It may, however, be pointed out that the jackknife is a 

general procedure not necessarily intended to be the best procedure in 
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specific situations. Since our main interest lies in the jackknife method 

and its applications, further details regarding the method and related 

issues will appear in Chapter 5. 

3 , B o o t s t r a p Method; 

Efron (1979a) proposed an alternative procedure for variance 

estimation in complicated situations. This procedure is based on repeated 

samples generated randomly according to the empirical distribution 

function of the sample. He has coined the term "bootstrap" for this 

procedure. The following introduction to bootstrap method is given 

by Efron (1981a). 

"The bootstrap is a simple and straightforward method for calculating 

approximated biases, standard deviations, confidence intervals, and 

so forth, in almost any nonparameteric estimation problem. Method is 

keyword here, since little is known about the bootstrap's theoretical 

basis, except that,(a) it is closely related to the jackknife; (b) 

under reasonable conditions it gives asymptotically correct results; 

and (c) for some simple problems which can be analysed completely, 

for example, ordinary linear regression, the bootstrap automatically 

produces standard solutions". It may, however, be noted that it is 

not still known how one could bootstrap in complex surveys. 

The most interesting feature of the bootstrap is that it provides 

a connection between statistical theory and computational power. 

Regarding this aspect Efron (1979b) says, "The purpose of mathematical 

theory, and in fact all scientific theory, is to reduce complicated 

situations to simple ones. Just what a scientist means by "simple" 

is determined by experience, training, convention and the limitations 

of human reasoning faculties. A Taylor Series expansion is a classic 

example of this process, a given function Is expressed as a sum of 

multiples of powers. Since we are taught a lot about sums, multiples 
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and powers, the explanation may be a good deal easier to understand 

than the function as originally stated. 

The advent of high speed computers has redefined "simple" in 

the mathematical sciences. For example, an optimization problem which 

can be reduced to a problem in linear programming, is in most instances, 

now considered solved. Since the simplex method is so efficient in 

numerically solving linear programmes". 

The purpose of Efron's article is to show this same process 

at work in mathematical statistics . "A theory which enables a 

scientist to understand his data with the help of a high speed computer 

may now be as useful as a theory which only requires a table of exponential 

function, particularly if the latter theory does not exist. Computer 

assisted theory is no less "mathematical" than the theory of the past, 

it is just less constrained by the limitations of human brain". 

The basic principle of the bootstrap is that the variance of T 

where T is a functional defined on the distribution of F , can be 

estimated by the variance of T on F* , the empirical cumulative 

density function for the sample. Following Efron (1979a, 1979b) 

the underlying idea of bootstrap can be described as follows: 

Consider a random sample of size n observed from a completely 

unspecified probability distribution F 

*i " *i' Xi'i^d F ' i = 1,2 % - (3.71) 

where F denotes the distribution on either the real line or the plane 

but does not play any role in the theory. Let X = and 

25 ~ j^2 ' • • * d e n o t e the random sample and its observed realisation 

respectively. The problem we wish to solve is as follows: Given a 

specified random variable R(X,F) possibly depending on both X and 
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the unknown distribution F , estimate the sampling distribution of R 

on the basis of observed data x . Now the bootstrap method can be 

described as follows : 

(1) Construct the sample probability distribution F , putting mass 

i/n at each point ,. .. 

(2) With F fixed, draw a random sample of size n from F , say 

X* = X* , 3* ~ F , i = 1,2,...,n (3.72) 
1 1 1 ind 

Call this the bootstrap sample, 

X* = (X*,X* . , 22* = (x*,x*,...,x*^^ 

The values of X* are selected with replacement from the set 

{x^,...,x^}« 

(3) Approximate the sampling distribution of R(X,F) by the bootstrap 

distribution of 

R* = R(X*, F) (3.73) 

i.e., the distribution of R* induced by the random mechanism (3.72) 

with F held fixed at its observed value. The point is that the 

distribution of R* , which in theory can be calculated exactly once 

the data is observed, equals the desired distribution of R if F = F. 

3.2.2.10A. Cateulation of Bootstrap Distribution: 

The difficult part of the bootstrap procedure is the actual 

calculation of the bootstrap distribution. The possible methods of 

calculation are: 

(i) Direct theoretical calculation as illustrated in Examples 3.9 

and 3.10 be low: 
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Example 3.9: 

Consider a probability distribution F putting all its mass at 

0 or one,and let the parameter of interest be 6(F) = Probp(X=l) 

The most obvious random variable of interest is 

n 

R(X, F) = X -8(F) , where % = I x./n (3.74) 
i=l 1 

Having observed X = x , the bootstrap sample X* = (X*,X*,...,X*) 

has each component independently equal to one with probability x = 8(Fyw(6 Zf 

iMliL probability 1 - x. Now from the standard binomial result 

R* = R(X*, F ) = X* - X (3.75) 

has mean and variance E^(X*-x) = 0 , Var*(X*-x) = x(l-x)/n, where 

and Var* indicate probability calculations with respect to the bootstrap 

distribution of X*> with x and F fixed. 

Example 3.10: 

Consider the estimation of 8(F) = Var^CX) , the variance of an 

arbitrary distribution on the real line, using the estimator 

r - 2 

t(xj = % (X.-X)^/(n-l) (3.76) 

i=l "• 

We wish to know the sampling distribution of 

R(X^ F) = t(X) - 8(F) (3.77) 

Let p (F) indicate the kth central moment of F , then 

= Ep(X-EpX)^ (3.78) 

and 

Wk= Wk(F) , 
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the kth central moment of F . Standard sampling theory results 

(Cramer (1946), Section 27.4) show that 

R* = R(X*, F) = t(X*) - e(F) 

has 
"2 

E R = 0 and Var.R - — ^ 
.* _ * 

* n (3.79) 

MoMte CbrZo dpproatmattoM to Bootstrap 

According to this method repeated replications of X* are generated 

by taking random samples of size n from F , say 

and the histogram of the corresponding values R(x*^,F), R(x*^,F),..., 

R(x*^,F) is taken as an approximation to the actual bootstrap 

distribution. This approach is Illustrated by example 3.11 for the 

estimation of correlation coefficient from Efron (1979b). 

Example 3.11; (Standard Error of Correlation Coefficient) 

Table 3.1 gl the average LSAT and CPA scores for entering 

classes of 15 American Law Schools in 1973. For each school two 

numbers are given: 

= average LSAT score of entering students at School i , 

y^ = average undergraduate CPA score of entering students 

at School i . 

Table 3.1 The Average LSAT and CPA for 15 American Law Schools, 1973 

School 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

LSAT 576 635 558 578 666 580 555 661 651 605 653 575 545 572 594 
CPA 3.39 3.30 2.81 3.03 3.44 3.07 3.00 3.43 3.36 3.13 3.12 2.74 2.76 2.88 2.96 

Note: LSAT is a national test for prospective Lawyers and CPA the 
undergraduate grade point average. 
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The observed Pearson correlation coefficient between n pairs of 

numbers (x.,y^) , i=l,2,...,15 is 

. _ n _ n 
P - — , where x = % x./n, y = I y./n . 

I I (Yi-;)" ' 
1=1 1 i=i 1 

= 0.776 

Scatter plot for these 15 pairs appears as Fig. 3.1. We wish to estimate 

the standard .error for p. The bootstrap procedure for this is 

as follows: 

(A) Suppose that the data points x^pXg,...,*^ are independent 

observations from some bivariate distribution F on the plane. 

Then the true Standard error of p is a function of F , denoted by 

o(F), 

r 4 
o(F) = [VarpP(Xi,X2,...,X^)) (3.80) 

It is also a function of the sample size n , and the functional form 

of the statistic p , but both of these are known to the statistician. 

(B) We do not know F , but we can estimate it by the empirical 

probability distribution F , 

1 
F: mass - on each observed data point x i=l,2,...,n. 

(C) The bootstrap estimate of o(F) is 

Cg = o(F) (3.81) 

It may, however, be pointed out that for the correlation coefficient 

and most statistics, even very simple ones, the function a(F) is 

impossible to express in closed form. This is the reason why bootstrap 

is not in common use. However, Og can easily be approximated by 

Monte Carlo methods. The main steps for example 3.11 are:-
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Fig. 3.2 Histogram 1000 bootstrap replications of p*-p 

gives a bootstrap estimate of accuracy o^^^=.127 

for the correlation coefficient p = .776 of the 

law school data. The normal theory density of 

p*-p has a similar shape, but falls off more 

quickly at higher values of p*nP . 
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(a) Let P be the empirical distribution of the 15 observed data pointa 

i.e. the probability distribution which puts mass 1/15 at each observed 

point (x\, y^) as described above. 

(b) Use a random number generator to draw 15 new points (x* v*) 
i 

independently with replacement from F , so that each new point is an 

independent random selection of one of the 15 original data points. 

We call these new points as "bootstrap sample". They are the subset 

of original points and it is possible that some of the original points 

might have been selected zero times, once, twice,etc. 

(c) Compute p* = p(x*, y*) , the correlation coefficient for the 

bootstrap sample. 

(d) Repeat steps (b) and (c) a large number of times, say K, 

each time using an independent set of new random numbers to generate 

the new bootstrap sample. Call the resulting sequence of bootstrap 

correlation coefficients p*^, ,P 

(e) Approximate o by 

= 

K . . _ 

j=l 
(p*^ - p)^/(K-l) (3.82) 

where 

K 
p = % P*J/K 

As K » , (3.82) approaches the original definition (3.81). For this 

example K - 1000 and Fig. 3,2 shows bootstrap replications 

n*l "*2 ".1000 , . . . 
P , p ,...,p* . The abscissa is plotted in terms of (p*J-p) . 
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From (3,82) we get the estimate of standard error of p . 

Og =0.127 

The normal theory estimate of standard error of p (Johnson and Kotz, 

1970, p.229) for this case is 

l-p2 
— = 0.115 

It is apparent that and a compare favourably well. 

(ttt; dpproztmattoM Method. 

The Taylor Series approximation method can also be used to obtain 

the mean and variance of the bootstrap distribution of R*. This, 

however, turns out to be the same as the usual jackknife theory 

(see Efron, 1979a, 1979b, 1981a, 1982). 

The important point about the bootstrap is that it can be applied 

just as well to any statistic, simple or complicated,as to the correlation 

coefficient. The great power of the bootstrap like jackknife is that 

it can be used in extremely complicated situations. The bootstrap 

methods, however, have not found wide applicability and recognition 

like the jackknife methods. Efron (1979a, 1979b, 1981a, 1981b, 1981c, 

1982), Efron and Stein (1981) and Efron and Gong (1983) have 

discussed several other applications such as ratio estimation, regression 

models, cross validation, censored data and the error rates of prediction 

rule. Rocke and Down (1981) discuss the application of the bootstrap 

for estimating the variances of location estimators. Parr (1983) 

establishes the connection between the jackknife, the bootstrap and the 

delta method. Through simulation results and asymptotic expansion, 
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he shows that the three methods coincide at least to first order terms. 

The absence of skewness leads to the second order coincidence of the 

jackknife and the delta methods. 

It may, however, be pointed out that the bootstrap is a generalisation 

of the jackknife. It is also true that the bootstrap like jackknife 

does not always win the ground, see,for instance, Rockeand Down (1981). 

In certain cases»such as order statistics, it performs better than the 

ordinary jackknife but also requires more computational time. In fact, 

the two methods are very closely related. The ordinary jackknife is the 

method of choice if one does not want to do bootstrap computations due 

to cost factor. The bootstrap method has limited applications, particularly 

in connection with complex survey situations it is not known how 

bootstrap could be defined. In view of this situation, we will not 

discuss the bootstrap method any further in this study rather we will 

concentrate on the jackknife method which is simple and has wider 

utility. 

3.2.2.J] 

The standard jackknife procedure ,outlined earlier in subsection 

3.2.2.9, defines the pseudovalues symmetrically with respect to the 

observations. It may, however, be pointed out that certain observations 

are influential and may cause a wide variation in pseudovalues. 

A case may be judged influential if the important features of the 

analysis are changed substantially when it is deleted from the data, 

in particular, if the pseudo-sample contains an outlier. Thus an 

estimate that depends heavily on such data points or observations is 

prone to instability. The standard jackknife procedure is sensitive 

to aberrant values and may lead to erroneous results in the presence 

of such observations or data points. This point has been noted, 
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among others, by Efron (1979b), Efron and Gong (1983), Hlnkley (1977a, 

1978), Hobbs, et al., (1980) and Miller (1974a). It was in an attempt 

to find a suitable version of the jackknife that could be used with 

non-symmetric data that Hinkley (1977b) proposed a weighted jacknife 

procedure for robust regression analysis. In the weighted jackknife 

the pseudovalues are defined in terms of the distances "w." of the 

observations from the centre of the data whereas in the standard 

jackknife "w^" is constant. 

The concept of the weighted jackknife is based on the empirical 

influence function. In order to grasp the development of the weighted 

jackknife procedure it is essential to understand the connection 

between the jackknife and the influence function (Huber, 1972). The 

story starts from 1947 when von Mises introduced the idea of influence 

function in his study of differentiable statistical functions, but it 

remained relatively unnoticed for about two decades until investigators 

(Hampel, 1974) interested in robust estimation discovered its usefulness. 

The idea of influence functions is as follows: Let the unknown 

parameter 8 be considered to be a function 8 = T(F) of the underlying 

distribution F , and its estimator 8 to be the same function of the 

sample distribution . Then the influence function I(y, 6) is 

defined as 

T[(l-e)F+e6y1-T(F) 

e-*0 
I(y,8) - Lim — ^ (3.83) 

where 6y is the distribution function which places mass one at y . 

The influence function I(y,8) measures the amount of change in T(F) 

for an infinitesimal change in the weight assigned ty F to y . It 

is like a partial derivative of T with respect to a change in F 

at ordinate y. 
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The connection between the jackknife and the influence function 

is that the pseudo-values give finite difference sample estimates of 

the influence function. For 

c = - , 1 - G = and F = , (3.84) 

the quantity (l-E)F + edy at y = becomes 

where is the sample distribution function based on (n-1) 

observations with the ith observation deleted. Now if the finite 

difference sample estimate of I(y,9) at Y. for 8 = 8 = T(F ) 

is defined by, 

(3.85) 

then it follows that 

). - n8 - (n-l)9 . 
1 -1 

- 0 + (n—1)(8—6 .) 
-1 

- e + I (Y^,8) (3.86) 

because 

- i • 

If the influence functions is sufficiently smooth so that I(y,e) 

converges to I(y,9) for all y as n «», then each pseudovalue 

8. is approximately 8 + I(Y ,8) . This implies that the jackknife 
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will be behaving correctly asymptotically because 8 will be 

asymptotically normally distributed with mean 0 and variance 

2 . . ^ 
I (y,6)dF(y)/n , which is correct distribution of 0 for any 

underlying distribution function F. 

Ruber (1972, p. 1052) notes that "Hampel's Influence Function is the 

most important heuristic tool for constructing robust estimates with 

specific properties. One will strive for influence functions which are 

bounded (to limit the influence of any single "bad" observation), 

which are reasonably continuous in y (to achieve insensitivity 

against round-off and grouping effects), and which are reasonably 

continuous as functions of F (to stabilize asymptotic variance of 

the estimate under small changes of F)". 

Exploiting the connection between the jackknife and the influence 

function as explained in the preceding paragraph, Hinkely proposed the 

weighted pseudo-values and the weighted jackknife variance estimator 

for the general linear model Y = X|̂ +e_ with rank (X) = P and 

2 
Var(e_) = a i. The formulation is briefly outlined as follows: 

Let 6 = (X^X^ ^ X % be the least squares estimator of B based 

on full data and 3 ^ be the alternative least squares estimator 

^ T — 1 m 
obtained by deleting the ith row, that is, 6 . = (X ,X .) X .Y . . 

— 1 —1—-1 ~i —1 

where the subscript -i attached to a quantity means that the ith case 

T 
has been deleted. Thus X . means that the ith row x. has been 

- -1 —1 

deleted from X matrix. Similarly Y_^ indicates that the ith 

value is deleted from Y vector. 

Now the contribution of the ith observation to the jackknifed 

estimator is 
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_ T -1 
(X X) x.R. 

2 - j L i = — ' (3.&0 
1 

T T -1 
where = 3 ^ ( X X ) 25̂  provides a measure of how far the ith case 

is from the centre of the data and R. = y. - xTg is the ith residual-
1 1 —1— 

The empirical influence function is 

I(B; x? , Y ) = n(l-w,)(B-6 .) , (3.88) 
- — 1 1 1 _ - i 

The weighted jackknifed pseudovalues are now defined as 

^ * 1(6; Y^) , (3.89) 

and the weighted jackknifed variance estimate is given by 

WJ n(n-p) ' (3.90) 

where 

. n _ 

* n 
1 = 1 

is the weighted jackknifed estimator. 

The weighted jackknife possesses nice properties and provides a 

variance estimator which is robust against the non—homogeneity of the 

error variances. The method appears to be promising as compared with 

the standard jackknife and other methods in the sense that the residuals 

are weighted by their real effect on the estimation. Thus, it is hoped 

that the estimates based on the weighted pseudovalues will be less 

sensitive to extreme data points and will give reasonably stable 

variance estimates. However, still much remains to be investigated 

regarding the applications of this method to other non-linear estimators 

such as ratio estimator and correlation coefficient as well as in the 



105 

area of order statistics. We discuss the weighted jackknife method, 

its properties and its further applications in greater detail in Chapters 

8 - 4 ^ 

In the previous section we have discussed the randomisation based 

approach to variance estimation from complex surveys. This approach, 

as we have seen, offers several choices but it has been recognised that 

the randomisation based variances may not provide a suitable framework 

for inference from an observed sample. In comparison to this, under 

the prediction approach to finite population sampling, the variance 

of an estimated value is determined conditionally from the set s of 

sample units actually observed. By conditioning on the sample actually 

chosen, the prediction approach often reveals relationships that are 

important for inference but that are concealed in the randomisation 

based theory. The prediction approach has proved to be a useful and 

meaningful tool for analysing finite population sampling problems. 

In this section, we examine variance estimation under the prediction 

approach. In particular, we are concerned with a non linear estimator, 

the ratio estimator, for which the prediction approach has suggested 

alternatives to the randomisation based variance estimator. The prediction 

approach has indicated serious drawbacks in the variance estimator 

(3.30) for th^ ratio estimate. example, Royall (1971) suggested 

that this estimator can be badly biased with respect to a superpopulation 

model unless the sample is balanced on size i.e. the average size of 

the sample units is approximately equal to the population average. 

Royall and Eberhardt (1975), and Royall and Cumberland (1978) have 

suggested alternative robust variance estimators. We review these 

and other variance estimators under l±e model % . The preliminaries 
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have been discussed in Chapter 2 and we will refer to these when the 

need arises. 

2:3.1 Varicmae Estirmtes for the Ratio Estimator': 

Consider a population of N units labelled 1,2,...,N . 

Associated with the unit i is a pair with known and 

fixed but unknown. The variable represents the value of some 

characteristics of interest while the auxiliary variable is 

frequently a measure of size of the ith unit. Some practical 

examples are: 

(i) may be the volume of wheat produced by the ith farm and 

the acreage under wheat, and 

(ii) y^ may be the number of patients in a hospital during a particular 

period and x^ the number of beds at that hospital. 

Let y j['̂ 2 '' ' ''^N denote the realised values of the independent 

random variables ,. . , . Then we assume that the relationship 

between x^ and y^ can be expressed by a regression model, 

?! = , (3.91) 

where, E(e./x,) = 0 , E(e?/x.) = o#. and E(e e /%. ,x ) = 0; for 
^ ^ 1 1 1 1 j 1 j I 

This model provides a simple mathematical description of a population 

in which the pair are concentrated about a straight line 

through the origin with scatter about the line increasing as x 

increases. This model reflects the structure of many populations. 

N 
The ratio estimator for the population total T = ^ y. , is 

y y i=l 
6 ?! N 

defined as T - ^ x . . Under the randomisation approach the 
A X. i=l 1 
s 1 
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ratio estimators is biased. However, the bias becomes small as 

the sample size increases and is negligible when n is large. The 

randomisation based analysis requires that the samples be selected 

via simple random sampling. It is this artificial randomisation ̂  

employed in the selection of the sample, which generates the probability 

distribution from which the properties of the ratio estimator 

are derived. Under the randomisation based approach the precision of 

is measured by 

1 — 1 

where 

N 

R = (3.92) 

I X . 

i=l " 

which does not depend on the selected sample s. 

The prediction approach suggests markedly different results for 

T^ than those discussed above under the randomisation based approach. 

Under the prediction appraoch, after the sample is observed, the 

population total, T , can be written as the sum of two parts, 

T = I y. + % y. (3.93) 

s s 

where s is a set of n units in the sample and s denotes the set 

of non-sample units. The ratio estimator for population total T 

is unbiased, infact BLUE, under the prediction approach and a measure 

. . ^ 2 
of precision attained by T^ as an estimator of T is given by E (T^-T) 

This result from Royall (1970) is presented in Theorem 3.1. 
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Theovem 3.1 

Under the model (3.91) the ratio estimator is unbiased, 

that is, E (T^-T) = 0 and its error variance is given by 

XX 

- 0% , (3,94) 

X 
s 

where x is the average of n units in the sample s , x is the 
s s 

average of (N-n) units not in the sample and x , the average of 

all N units in the population. 

2 -
From (3,94), we note that E (T^-T) decreases as x^ increases 

which implies that if the model is correct, the ratio estimator is the 

optimal and the optimal sample consists of the n units having the 

largest x values. However, when such a sample is used, the ratio 

estimator can be badly biased under the departures from the model 

(3.91). For example, if E(Y.) = a + gx. then the ratio estimator 

N(x-x )a ^ 

has a bias — ^ which is large if x is much larger (or smaller) 

X 
s _ 

than X . If X = x , that is, if the sample is balanced on x then 

this bias vanishes. If the sample is balanced on higher powers of x 

as well, say x^ for j = 1 , 2 , . . . ,J , then the ratio estimator is 

unbiased for any jth degree polynomial regression model, see,for 

instance,Royall and Herson (1973a),and Royall and Cumberland (1981a). 

From (3.94) we also note that the prediction approach provides 

a markedly different measure of precision in compared to that 

given by the randomisation approach (3.92), An unbiased estimator of 

(3.94) may be obtained by replacing by the weighted sum of squared 

A 2 
residual statistic a , (Royall, 1971). 

- zrr I 
s 
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Yg 
where R = ~ • This result is expressed as theorem 3.2. 

s 
X 
s 

l^ieorem 2.2 

2 

Under the model (3.91), a given by (3.95) is g-unbiased 

2 
estimator of a with the resulting unbiased variance estimator 

\ ^ [̂- f] ̂  
^ / X 

s 

This variance estimator can, however, be badly biased if the 

variance model fails, that is, if the variance function is not linear in 

X , see,for instance, Royall and Eberhardt (1975). We will discuss 

this issue later when we compare the variance estimators (Section 

3.3.2.1). 

These results indicate that given by (3.92), even if known, 

would not be appropriate as a measure of after sampling uncertainty 

in T_. The reason being that V is constant and hence provides the 
R c 

same measure of uncertainty in T for all samples whereas the error 

variance given by (3.94) is a decreasing function of x^ . If we 

substitute the randomisation based variance estimator V , 
c 

I (y,-RcX.)2 , (3.97) 
n-i ^ 1 s i 

s 

for V in (3.92), the situation becomes less satisfactory, see^for 

instance, Royall (1971). Under the model (3.91) , the expected value 

of V is 
c 

0^ — (l-f)x 
f s 

1- ^ (3.98) 
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where 

n 
8^ = — ^ 1 (y\-Rx^)^ and V^(s) 

s 
N ' *r n-i 6 "s"i' n-1 % /*s ' 

The relative bias in V is 
c 

RB 

E ^ ( V T ) ' 

1- i vj(s) 
- 1 = 

X X -

X 

XX. 
for large n (3.99) 

(Royall and Eberhardt,1975) 

The relative bias given by (3.99) increases as x increases and is 

positive or negative according as x is large or small. The relative 

bias vanishes only when x = x , that is, when the sample is balanced on 

Royall and Eberhardt (19 75) adjusted V to remove its bias 

under the model (3.91) and the resulting unbiased estimator IS 

H 

x-^x 
s 

(3.100) 

These authors also showed that V is asymptotically equivalent to 

the ja^kknife variance estimator Vj , for g = n . 

The jackknife estimator features both in the randomisation and 

the model based approaches. In the latter because it conditions in 

some sense on the sample data. 

N 

Ti- • ' m - i f l < i i 

i%(j) 

I 

J 

(3.101) 

where 
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ny -my. 
s J 

(j) n-m 
= y. 1 -

(g-i)y. 

nx -mx. 
x... = - J i 
(j) n-m 

= X 1 -

x.-x 
_J 1_ 

(g-l)x 

and X. and y. are the averages of x and y , over m units in 
J J * 

the jth group (gm = n). 

Let 

° ( j ) 
* ( j ) ' 

l U i - R 

Xj) 

- i I 
® j=i 

l u i - R 
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y.-R X. 
J s J 

(g-l)x 

1 + 

d. 

g-1 
- ^ j l 
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J s J 
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1 + 
g-1. 
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Substituting the version of from (3.102) in (3.101), the jackknife 

variance estimator can be written as 
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