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ABSTRACT 

FACULTY OF ENGINEERING AND APPLIED SCIENCE 

INSTITUTE OF SOUND AND VIBRATION RESEARCH 

DOCTOR OF PHILOSOPHY 

A STUDY OF UNCERTAINTY IN APPLICATIONS OF STATISTICAL 

ENERGY ANALYSIS 

BY 

Adnan Dawood Mohammed 

Statistical Energy Analysis (SEA) is an approach to vibration analysis which 

provides estimates of the response of large and complex structures to broadband forces 

in terms of gross system parameters and simple explicit formulae. The penalty for the 

apparent simplicity of this approach is that the accuracy of response prediction for any 

individual practical system is subject to uncertainty. One source of uncertainty is purely 

physical and associated with variations in dimensions, damping, materials, force 

distributions, boundary conditions, etc., from the nominal values assumed in the 

models. The other source of uncertainty relates to the suitability of the coupled 

subsystems model employed, the validity of the SEA hypothesis as applied to the 

model, the choice of coupling loss factors, the centre frequency and the analysis 

bandwidth (i.e., the number of modes involved). 

Since fine details of systems under analysis are not represented in the theoretical 

models, SEA may be considered to produce the ensemble average behaviour of a set of 

similar systems which have the same gross parameters but which differ from each other 

in detail. The practical justification for such an approach is that no physically realisable 

system corresponds exactly to any theoretical model, however detailed, and hence it is 

uneconomic and unrealistic to expend time and money on modelling of fine detail which 

only cause small variations about the ensemble mean. This is particularly true when 

many vibrational modes contribute to the total response of the system. 

This thesis sets out to investigate the influence of perturbations of geometric 

subsystem parameters on power flow, energy levels and coupling loss factor as 

functions of subsystems modal densities, dissipation loss factors and analysis 
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bandwidth. Various cases of coupled, simple, multi-mode systems are investigated. 

The investigations are carried out by predicting the response of the coupled system, 

using exact analysis, and studying the sensitivity of the prediction to random 

perturbations of principal geometric parameters. The latter procedure is carried out by 

using the Monte Carlo method. The cases analyzed cover different spatially extended, 

coupled systems such as one-dimensional coupled systems (beams), two-dimensional 

coupled systems (plates) and a three-dimensional system (panel-box). 

Results for the mean, the variance, and the confidence intervals for the 

frequency average values of the quantities of interest (power flow and coupling loss 

factor) are obtained across ensembles of similar systems as assumed in SEA. In 

addition, cumulative probability distributions for these quantities are presented. An 

empirical relationship which relates the variance of the coupling loss factor of coupled 

plates system to the modal overlap factor and the number of modes is also derived. 

It is shown that the coupling loss factor derived from the analysis of energy 

flow between semi-infinite systems can grossly overestimate the actual coupling loss 

factor of the finite coupled systems when the average modal overlap factor of the 

coupled system is much less than unity. The discrepancy decreases as the modal 

overlap factor approaches unity. The estimates of coupling loss factor agree well with 

those obtained from the corresponding semi-infinite systems at high modal overlap. It 

is also shown that the variances of the coupling loss factor and of the power flow 

between subsystems associated with specific ranges of system perturbations decrease 

as the modal overlap factor increases. This is supported by the study of the cumulative 

distribution functions of the quantities above; the distributions approach normality with 

modal overlap. It is demonstrated on cases of coupling between a small subsystem and 

a large subsystem that only one subsystem needs to have a high modal overlap factor in 

order to obtain acceptable estimates for the coupling loss factor and the power flow. 

The numerical results are supported qualitatively by experimental investigations on 

coupled beams and coupled plates systems. 

The most significant practical implications of the results of this investigation are 

that the application of conventional SEA to coupled systems of low modal overlap 

factor can greatly overestimate the transmission of energy from a directly driven 

subsystem to an undriven coupled system and that small variations in system 

parameters can produce large effects on system response. 
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CHAPTER 1 

INTRODUCTION 

Conventional analyses of structural and mechanical vibrations have been 

directed towards the lower few natural modes because these modes tend to have the 

greatest displacements, the highest stress levels, and are generally responsible for most 

gross structural failures. These analyses most commonly consist of determining the 

natural modes, and calculating the response of these modes to a specified excitation of 

interest, and of superposing these responses to determine the total structural response. 

Continuous elastic structures have an infinite number of natural modes, but 

generally only a few of the lowest order modes can be reliably predicted by 

conventional theoretical and numerical analyses. At higher frequencies, and with 

broadband excitation, the use of conventional analysis becomes impractical and 

uneconomic, particularly for randomly excited, large, complex structures, and when the 

task is to predict structural fatigue, equipment failure or noise radiation. The reasons 

for this are: first, that the modes crowd together in broad frequency bands so that very 

large numbers of degrees of freedom need to be considered and therefore a great 

amount of expensive computation is required; second, the reliability of the modal 

response predictions decreases as the frequency increases (or as the vibration wave 

lengths become rather small and comparable with the size of structural details); and 

third, numerical accuracy decreases with mode order, even for rather idealized systems. 

In the face of these difficulties it is frequently more appropriate to use statistical 

models and techniques to average out in a suitable way (over frequency bands, modes 

or populations of systems) the detailed modal behaviour. As the number of resonant 

modes in the frequency band of interest increases, the fluctuations in prediction of 

response due to small variations of system detail tend to diminish, making the average 

of the mean-squared response a quite reliable estimate. From the application point of 

view there is a need for statistical techniques. For example, mechanical and structural 

designers often need to make a response estimate at a certain stage of the design in 

order to qualify equipment and to design isolation, damping, or structural 

configurations to protect the equipment and to ensure the integrity of the structure. The 



great detail of the structure is usually not known to the designer at this stage. Therefore 

a simple statistical estimate of the response that reveals parametric dependence is more 

appropriate. 

Statistical Energy Analysis (SEA) is one of these statistical approaches to 

vibration analysis which has been developed over the past 30 years to deal with the 

broadband vibration problems of complex mechanical and acoustical systems. The 

word 'Statistical' expresses the fact that the ensemble of systems under analysis is 

presumed to be drawn from a population with random parameters. The word 'Energy' 

refers to the independent dynamical response variable which is common to the 

acoustical and mechanical systems; in principle, all other mean-squared quantities can 

be derived from it. Using the energy as the independent variable has an advantage that 

the total energy of an uncoupled subsystem equals the sum of the energies of the 

individual modes in that subsystem. Finally, the word 'Analysis' emphasizes that SEA 

is an approach to problems rather than an established engineering method, and allows 

the influences of the system parameters to be clearly revealed. 

The general procedure of modelling in SEA regards complex mechanical 

systems to be composed of interconnected simpler elements (subsystems). Typically, 

these elements are idealized as beams, plates, acoustic cavities,etc. Each subsystem 

represents a group of similar oscillators (resonant modes) which form the energy 

storage elements of that subsystem (see appendix I). A subsystem is most simply 

characterized by its geometric boundaries and its material properties. There are no well-

established criteria for the choice of subsystem boundaries. It is reasonable to suggest 

that an appropriate choice of boundaries would be at points or on surfaces, where freely 

propagating incident waves are substantially reflected. For any selected section of the 

system, there may be different classes of modes (e.g., flexural, torsional,etc.) that one 

may wish to identify and consider. Depending on the degree of coupling involved, 

these modes may be grouped together as one subsystem or they may be treated as 

separate subsystems. The next step is the evaluation of the following main quantities. 

(a) Powers input to the energy storage elements by the external forces which 

operate on the different subsystems. These power inputs may be expressed in terms of 

certain input impedances for each subsystem. 

(b) Powers dissipated in each subsystem which represent the vibrational energy lost 

by various mechanisms such as internal dissipation, friction at the boundaries and 



acoustic radiation. This requires estimates of the dissipation loss factors of the 

subsystems. 

(c) Powers transmitted from one subsystem to another which represent the rate of 

energy exchange between the different components. These may be expressed in terms 

of the impedances of the different subsystems at the interconnections or, alternatively, 

in terms of coupling loss factors which relate energy flow to stored energy. It is this 

latter form of relationship which forms the essential hypothesis on which SEA is based. 

The quantities above represent the elements of the energy balance equations 

required for an SEA model. Energy levels of the different components of the coupled 

system can then be obtained by solving the set of linear, energy balance equations. A 

demonstration of the general procedure of SEA modelling and an explanation of the 

assumptions leading to the definition of modal average coupling loss factor are 

presented in appendix I. 

Three different assumptions are made in the hypothesis of SEA. First, the 

average of power flow between two coupled multi-mode subsystems, excited by wide 

frequency band forces, is proportional to the difference in their average modal energies: 

this is an ad hoc extension of an exact relationship for two coupled oscillators. The 

proportionality constant is found to be dependent on the details of the geometry and the 

material properties of the coupled subsystems, but it is,in principle, independent of the 

type of excitation. Second, the rate of energy dissipation by a subsystem is 

proportional to the stored energy of that subsystem Third, the energy stored in a 

subsystem is distributed uniformly among the modes (equipartition of subsystem modal 

energy). 

1.1 The Problem 

Statistical Energy Analysis is an attractive approach because of the apparent 

simplicity of its general fundamental assumptions, described in the previous section, 

and its relatively simple manner of application to engineering problems. It provides 

estimates of the response of complex structures in terms of simple relationships, based 

upon a relatively simple description of system parameters, without going into the great 

detail as other (deterministic) approaches require. SEA leads to the concept of 

'equipartition' of modal energy which serves as a first approximation for the prediction 

of component vibrational energies. For example it can be shown that, in a two 



component system with only one of them directly driven, one obtains the maximum 

expected energy for the undriven component and the minimum for the driven one. 

SEA estimates have been found to be (in general) more reliable and acceptable 

than those obtained from other approaches, especially at high frequencies, when the 

deterministic analysis of individual modes become less useful. But the crucial 

questions are: 'what are the criteria to quantify this reliability?', or, 'what uncertainty 

is associated with the prediction of the response when using this approach?'. These 

questions arise because of the fact that SEA is based on the concept of subsystems with 

random parameters in which the time-average response spectrum is calculated as an 

average across ensemble of similar systems. Such a spectrum, having been produced, 

is then integrated to give the total energy flow (or level), combining information from 

all frequencies. The answer is therefore probabilistic in nature and does not reveal the 

fine structure of frequency dependence of the response (i.e. no detail). Therefore, this 

answer is surely subject to some uncertainty. The degree of uncertainty will depend on 

many factors such as the range of variation of the dimensions of the coupled 

subsystems, the fabrication tolerances, the variations in the properties of the materials, 

the number of modes that are employed in the averaging process, uncertainties in the 

loss factors, and the modal densities (or the degree of modal overlap). 

During the past 30 years most of the work carried out on SEA has been directed 

toward the prediction of the mean response of coupled systems. Very little attention 

has been given by the researchers to the problems of uncertainty of response estimates; 

namely, the variance, the associated probability distributions, and confidence limits. 

The present study was initiated in order to investigate this problem. 

1 .2 Literature Review 

The development of Statistical Energy Analysis can be traced back to 1962 

when Lyon and Maidanik [1] published one of the first papers that appeared on this 

subject. The paper described the result which forms the basis of SEA that the time-

average power flow between two conservatively coupled, linear oscillators, excited by 

independent stationary white noise sources, is proportional to the difference in the 

average, uncoupled, energy levels of the oscillators. Their proof depended upon the 

linearisation of the power flow equations, on the basis of the smallness of the coupling 

force coefficients compared with the modal damping force coefficients. 



Scharton and Lyon [2] first demonstrated that the power flow between 

randomly excited coupled oscillators is proportional to the difference between their 

actual time-average coupled energies. This proportionality is independent of the 

strength of the coupling if the oscillator energies are correctly defined. It was also 

found that the calculations needed to demonstrate the proportionality for two-oscillator 

systems become very tedious for an arbitrary system of even three oscillators. This 

was confirmed by Kakar [3] and Woodhouse [4]. 

The work on two coupled oscillators has been extended to cover the interactions 

of many modes in groups. Newland [5, 6] investigated the power flow between many 

oscillators for a special case of 'weak coupling'. The investigations have shown that 

there is a power flow-energy difference relationship between two sets of oscillators, 

which is analogous to the two-oscillator exact result, with the restriction that the 

external (modal) forces applied to the individual oscillators (modes) of each set are 

statistically independent. This result for mode group interactions has formed the basis 

of SEA hypothesis for the applications to the vibration analysis of coupled multi-mode 

structures. However, many exponents of the approach have assumed, without proof, 

that the power flow-energy difference relationship holds for any two subsystem, 

irrespective of the strength of coupling. The concept and the definition of weak 

coupling have been argued by many authors. One definition relates the strength of 

coupling between oscillators to the relative magnitude of coupling forces and the 

oscillator internal forces, or impedances [47, 48]. The other definition which appears 

to be more relevant is based upon the relative magnitude of the coupling loss factors 

and the internal loss factors of the coupled system [7, 4]. Coupling is weak if the ratio 

of the coupling loss factor to the internal loss factor of each oscillator is substantially 

less than unity. 

The first attempt to apply the concepts of SEA to realistic structural systems was 

made by Lyon and Eichler [8]. They formulated and solved the problem of a simple 

oscillator attached to a plate, and then extended the basic ideas to beam-plate and plate-

plate systems. For the second problem they applied the travelling wave method to the 

calculation of the coupling loss factor between the plates. They compared the measured 

coupling loss factor of the two plates with that obtained from the theoretical predictions. 

It was found that the agreement was good above a certain frequency where a 

reverberant wave field is well established. They explained the fall in the mean value in 

the lower frequency range as being due to a lack in the interacting mode pairs which are 

responsible for the power flow between the coupled subsystems. This result was also 

found by Gibbs and Gilford [36], when they compared the experimental observations 



and the theoretical values of bending wave energies of coupled plates. They attributed 

this behaviour to the gradual breakdown of simple power flow concepts at low 

frequencies. 

Lyon and Scharton [9] studied the vibration of three-element plate/beam/plate 

structures and the contribution of the different kinds of motions to the power flow. 

They found that the energy transfer is determined by beam flexure in the lower 

frequency bands, but that torsional motion contributed significantly at higher 

frequencies. In another paper [2] they studied the concept of the energy sharing 

process between the interacting modes in random vibration. They applied the coupled 

oscillator result to a simple coupled-beam example, in which two almost identical Euler-

Bemoulli beams are lightly coupled together by a stiffness element. They calculated the 

coupling loss factor in three different modal cases and found that this factor was 

inversely proportional to the modal bandwidth or internal damping in the case of 

coinciding modal frequencies; proportional to internal damping in the case of modal 

frequency mismatch, but independent of damping when averaging over relative 

positions of the modes in frequency is carried out. They compared the different results 

of coupling loss factor with that obtained from the wave transmission calculation. They 

found that the results obtained by the statistical mode-location model were equivalent to 

those obtained from the travelling wave method, in that a finite structure behaves like an 

infinite structure when one performs an average over all possible locations of the modal 

resonance frequencies. 

A large number of publications have followed, applying the concept of SEA 

hypothesis to engineering problems. The presentation of all the publications will not be 

given here, but instead only an outline of the work that is relevant to the present work. 

The reader may consult references [10, 11, 12,13] where virtually all significant works 

until 1986 are summarized. 

Davis [14, 15] gave the exact solution for the response of two coupled beams, 

utilizing two different coupling configurations, namely, translational and rotational 

springs. He discussed extensively the effects of the coupling element on the modal 

properties and the modal density of the coupled system. Cases of weak and strong 

couplings were also examined. In another paper [16], he discussed the random 

vibration of two beams strongly coupled at discrete points. He found that the weak 

coupling case is an asymptotic case of the general problem. 



Davis and Wahab [17] developed an exact mathematical model for a beam with 

three simple supports subjected to randomly distributed, random loads (Rain-On-The-

Roof). The loads on the two beam sections are independent. For this case it was 

proved that the power exchange was proportional to the uncoupled modal energies. 

The model enabled the investigation of the effects of various parameters such as 

damping level and modal overlap. They demonstrated that the results for the averaged, 

normalized power flow in an ensemble of 'similar systems' approached that obtained 

from the travelling wave method (SEA estimate) at high modal overlap. They also 

found that this average is much lower than the SEA estimate when low damping levels 

were introduced. This latter conclusion is confirmed by the present study. 

Davis and Khandoker [18] extended the previous work of coupled beams to a 

case when one of the beams is driven by a point random force while the other one is 

driven indirectly. Similar conclusions to that of the previous work were obtained. In 

addition the dependence of the power flow on the position of the excitation is clearly 

exhibited in this paper. 

Remington and Manning [19] obtained an SEA type solution for the 

longitudinal power flow between two rods. The results were compared with the broad 

band frequency averaged exact calculation. It was found that the agreement was fairly 

good for both strong and weak couplings. Note that the weak coupling assumption had 

been almost universally employed in the first few years of SEA history. 

Using coupled plates as their model, Bies and Hamid [20] determined 

experimentally the coupling loss factor by the power injection method. They compared 

the results to an approximate solution by the travelling wave method [8] and found that 

large discrepancies are occuring at low frequencies. They also demonstrated the effect 

of the number of the observation positions on the above comparison. 

Boisson, Guyader and Lesueur [21] presented a theoretical analysis of power 

flow based upon coupled system modes (energy influence coefficients) for different 

configurations of coupled plates. General expressions were obtained for the 

vibrational energies of the coupled structures. In a more recent paper [22], they 

compared their numerical results (energy ratio of L-shaped coupled plate systems) with 

those obtained by applying SEA. They found that SEA overestimates the prediction of 

energy ratio (a difference of 5 dB) at low frequencies (when the modal overlap factor is 

very small). Larger discrepancies between the two estimates were reported under the 

conditions of point excitations. 



Keane and Price [23] investigated the underlying assumption of SEA theory and 

showed how it may be developed to cope with a problem involving strongly coupled 

subsystems with low modal densities. The discussion given in this paper is restricted 

to the problems that may be modelled by two, point spring coupled multi-mode 

subsystems and for these the effects of coupling strength and modal density were 

examined in detail. The paper also shows how the fundamental results of SEA may be 

recovered in the case of weak coupling and high modal density. 

Dimitriadis and Pierce [24] presented analytical expressions for the power flow 

and the vibrational energies of a two strongly coupled, simply supported plates system. 

Numerical results for coupling loss factor, energy ratio, and modal density ratio were 

compared with those obtained by using SEA. The results suggest that SEA becomes 

progressively better with increasing frequency and internal damping. 

Sun, Lalor, and Richards in two companion papers [25, 26] presented the 

theoretical and experimental analysis of non-conservatively coupled plates, excited by 

broad band random forces. They extended the work which had been done by Fahy and 

Yao [27] on of the power flow between non-conservatively coupled oscillators. The 

investigations have shown that the forms of the modified energy balance equations are 

the same as those used for the conservatively coupled systems, but the terms involving 

both internal loss factors and coupling loss factors are altered because of the 

introduction of coupling damping. They also found that the effect of the coupling 

damping on the power flow between the coupled plates is negligible. More recently. 

Sun and Ming [28] found that the coupling damping has an effect upon the power flow 

between coupled subsystems; the greater the coupling damping, the less the power 

flow. Note that this conclusion conflicts with their first finding mentioned above. 

Work on the interaction between mechanical structures and acoustic fields has 

been widely studied. Lyon and Maidanik [1] applied the coupled oscillator, energy 

flow theory to a structure-reverberant acoustic field problem. Using this model, the 

steady-state partition of energy between the two systems and the parameters (namely 

the radiation and internal resistances) which govern this partition are computed. 

Experiments on a beam in a reverberant room were also conducted. A satisfactory 

agreement between the measurements and the theoretical predictions was found. 

Maidanik [29] applied the above approach to the problem of a ribbed panel in a 

reverberant acoustic field. The analysis showed that the acceleration spectrum of the 

vibrational field was related to the pressure spectrum by a coupling factor which is a 



simple function of the radiation and mechanical resistances of the structure. The 

radiation resistance of the ribbed panel was studied as a function of frequency. The 

results of experiments which were conducted to test the theory were reported. The 

agreement between theory and experiments was shown to be satisfactory. 

Fahy, in two comprehensive papers [30, 31], studied the vibration of 

containing structures by sound in the contained fluid. He analyzed a system which 

consists of a rigid rectangular box with one simply supported flexible wall. He 

obtained numerical and statistical type results for the internal Acousto-Structural mode 

coupling factors and the corresponding modal average radiation efficiency. A lower 

limiting frequency was found, above which the radiation efficiency of the panel is equal 

to that of a baffled panel radiating into free-field conditions, but below which the 

radiation efficiency falls below the free field value. Measurements have confirmed the 

existence of the lower limiting frequency. This was also observed in the case of the 

cylindrical shell. The modelling procedure described in the first paper [30] is followed 

in the work presented in Chapter 6 of this thesis. 

There is very little literature concerning the uncertainty of SEA predictions. The 

earliest was a treatment by Lyon [11], who discussed the dependence of the variance of 

the response on the uncertainties in the modal energy of subsystems, the coupling 

strength, the actual number of resonant modes and the response observation positions. 

1 .3 The Aims of the Work and the Approach Used 

Vibration analysis of continuous systems is subject to uncertainties arising from 

two main sources. These are [32, 33] 

(a) Uncertainties which are associated with variations in geometry, material 

properties, force distributions and boundary conditions from the nominal values 

assumed in the theoretical models. 

(b) Uncertainties which relate to the accuracy of the modelling, the validity of the 

hypotheses and the type of analysis employed. 

In addition to the effects of the above sources of uncertainties. Statistical Energy 

Analysis response estimates may also be affected by the uncertainty which originates 



from the width of the analysis frequency band and the centre frequency of the band 

(i.e., the number of modes involved). 

Since SEA models represent only the gross properties of the class of systems 

modelled, individual realizations of systems will differ in their behaviour from SEA 

prediction. Therefore, it is vital for users of SEA to be able to estimate the probability 

distribution and the confidence limits for such variations. 

The degree of sensitivity of the dynamic behaviour of structures to parameter 

variations is of great importance to the structural designers. In particular, it is essential 

to determine if the small perturbations can result in significant changes in the responses 

of the structures under investigations (e.g, resonance tuning/detuning). 

The principal objective of this work is to study the uncertainty of the predictions 

made by the application of Statistical Energy Analysis in terms of perturbation of 

subsystem geometry. This is achieved by analyzing various cases of multi-mode 

coupled systems using exact calculations and establishing the influence of the 

perturbations of the structural parameters on the sensitivity of the predictions of the 

quantities of interest in SEA. Such quantities are the time-average power flow and the 

coupling loss factor. 

The sensitivity analysis of the predictions is carried out by employing the Monte 

Carlo technique [34]. An ensemble of similar systems is generated by random 

perturbations of one of the (input) structural variables of the coupled system under 

study. The input variable is assumed to have a normal distribution with a known mean 

and standard deviation. The normally distributed sample of the input variable is used in 

computing the frequency-average quantities of interest for each element in the system 

sample. Due to computation limitations, the size of the samples of the frequency-

average quantities investigated is limited to 32 elements. This number is justified as 

being adequate according to the argument of Hodges and Woodhouse [58, 59], that the 

frequency averaging has a somewhat similar effect to including many more 

configurations (i.e., large sample) of the system under investigation. 

The analysis will involve the calculations of the mean and the variance across 

the generated ensembles of the frequency averaged quantities of interest. The variance 

gives an idea of how the behaviour of our individual systems may deviate from the 

average system. If the deviation is a small fraction of the mean, we know that most 

realizations of the system will have a response that is close to the mean, which is 

10 



therefore of practical utility, while if the deviation is equal to the mean or greater, the 

probability that any realization is close to the mean will be small and the mean will lose 

its worth as an estimate. Confidence intervals for the means, which define the 

probabilities that one estimate lies in a given range or is less than a certain value, will 

also be presented. 

The deviation or the scattering of the response data is demonstrated and judged 

by establishing the cumulative probability distribution curves. These curves are 

compared with each other for different values of a selected structural parameter such as 

damping or modal density (or modal overlap). 

Some experiments are made on physical coupled systems, but the labour and 

time involved in realizing many perturbations precluded a more comprehensive 

experimental study. 

1.4 Thesis Arrangement 

The chapters of this thesis are arranged as follows. Two models of coupled 

beams are analysed in Chapter 2. The first model treated a case of coupling between 

two long beams, while the second one describes the analysis of interaction between a 

beam of high modal density (long) and another of low modal density (short). The latter 

model is analysed because Statistical Energy Analysis is quite frequently applied to 

systems with such characteristics. 

Chapter 3 presents experimental work on two coupled multi-mode beams and 

also experimental work on two short beams. The latter case represents a coupling of 

only two resonant modes. 

Chapter 4 describes the analysis of two coupled plates. A similar approach to 

that for the two coupled beams is used. 

Chapter 5 deals with the analysis of two coupled rods. This simple system is 

studied to explain some of the conclusions which are drawn from the previous chapters 

and have importance in the analysis of all coupled structures. 
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Chapter 6 presents the analysis of coupling between a structure and an acoustic 

cavity. Statistical results for the panel radiation efficiency, which is proportional to the 

coupling loss factor, are presented. 

Chapter 7 presents the experimental work on two coupled plates. The tests 

contain the measurements of energy ratio of the coupled plates and the sensitivity of the 

measurements to perturbations of the coupled system. 

Conclusions are drawn and recommendations for future work made in 

Chapter 8. It is hoped that the present work will be helpful for future studies of 

Statistical Energy Analysis. 
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CHAPTER 2 

POWER FLOW BETWEEN COUPLED BEAMS 

2.1 Introduction 

This chapter deals with the theoretical predictions of the time averaged response 

(namely, input power, power flow, and total energies) of two coupled beams to a 

random point force applied to one of them. An exact solution for the mathematical 

model of the problem is presented using the progressive wave approach. The beams 

under investigation are long cantilevers coupled at their free ends via a non-

conservative, linear coupling. The predicted time averaged quantities are used to derive 

SEA parameters using the SEA relationship. The derived parameters are used to 

establish a statistical model with the aid of the coupled system perturbations and the use 

of the Monte Carlo technique. 

A modified case of a long-short beam system is also analyzed which represents 

modal interactions between only one resonant mode of the short beam with the many 

resonant modes of the long beam in the frequency band of interest. 

A comparison between the predicted results from the above cases and those 

obtained from the corresponding infinite model are made. In addition, results for the 

variance, confidence intervals for the means and the probability distributions of the 

predictions are also reported. 

2.2 Two Coupled Beams; Mathematical Model and Assumptions 

The differential equation for a bending wave in an undamped beam is of the 

form 
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+ (2.1) 

where w is the lateral displacement of the beam, B = YI is the bending stiffness of the 

beam, Y is the Young's modulus of elasticity, I is the second moment of area of cross 

section, m' is the mass per unit length and x represents the distance along the beam 

spmL 

Equation (2.1) is known as the Euler-BemouUi equation which does not include 

the rotational inertia effects. It is shown [35] that when the bending wave length is 

large compared to the thickness of the beam, then these effects may be neglected. Since 

the present analysis is restricted to frequencies where the wave length is much larger 

than the thickness of the beams, this approximation may be considered as reasonable. 

A possible solution to equation (2.1) may take the form 

w(x,t) = , (2J;) 

which is a harmonic variation with time, (j denotes V^) . The substitution of this 

solution in equation (2.1) gives 

- 111' 0)2 WF== 0 , (:2.3) 

where co is the frequency of vibration in radians per second. A solution of equation 

C13)is 

wr(x) = y\ne(lnX , (2L/1) 

where 

(IS - III' 00%) /In = () . (/t S) 
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Let Pn = k, where k is the bending wave number which is given by 

Equation (2.5) provides four possible solutions, i.e., 

Pn = k, -k, jk, -jk , (2.6) 

which means that we will obtain terms of the form e-J^^ which describe travelling 

waves along the beam which may transport energy. The speed of propagation of these 

type of waves is given by 

Cb = ( ^ ) ^ , 

which is clearly a function of frequency. Therefore the bending wave is described as a 

'dispersive wave'. Also, we will obtain terms of the form e-^x which represent 

distortion fields (evanescent fields) that decrease exponentially with the distance x from 

a discontinuity or the boundary. The evanescent fields decrease 2K Nepers per wave 

length; therefore they are of considerable importance only in the immediate vicinity of 

the discontinuity. 

The total solution to the bending wave equation may now be written as 

w(x,t) = (Ai e-jkx + Az e+jkx + A3 e-k* + A4 e+kx) ei"*: , (2.7) 

where A1-A4 are the wave amplitudes of the different waves present. This solution is 

known as 'the progressive wave solution' which satisfies the boundary conditions of 
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the beam. A standing wave, or normal mode, may be regarded as a set of travelling 

waves which constructively interfere to form the nodes (points of zero deflection) or the 

antinodes of the vibrating beam. 

Figure (2.1.a) shows two Euler-BemouUi cantilever beams coupled at one point 

by a non-conservative, linear coupling element (damped translational spring). The 

coupling element has a stiffness and dissipation loss factor T|c. It is represented by 

Kc = Kc( l+jnc) . 

Transverse vibration of beam 1 is generated by a point harmonic force. The 

force is located at a given position along the span of the beam. Vibrational energy is 

transmitted from beam 1 to beam 2 by a shear force and velocity at the coupling point. 

The coupled beam system may be divided at the discontinuities into three simple 

beams (see figure (2.1.b)). The flexural motion of the free vibration of each beam is 

governed by the bending wave differential equation (2.1). It has been shown [36] that 

the consideration of wave types other than bending waves does not significantly affect 

the prediction of bending wave energy. The progressive wave solution (equation (2.7)) 

can now be used to obtain the exact, bending, displacement response of the different 

parts of the coupled beam system. This solution can be written as 

wi(xi,t) = (Ai + A2 + A3 e + A4 e^^^^i) eJ®'̂  , 

wn(x2,t) = ( A s + A g + A ? + Ag e '̂̂ i'̂ ) ei^t , (2.8) 

wni(x3,t) = (Ag + Aio + An e'^"^ + A n e""̂ "̂ ) eî t̂ 

where wi , wn, and wni are the displacement responses of beams I, II, and III 

respectively. Ai to A12 are the wave amplitudes, ki and k2 are the flexural wave 

numbers of the coupled beams, and CO is the frequency of vibration. Equations (2.8) 
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satisfy the geometric and the natural boundary conditions at the excitation position, the 

coupling point, and the clamped ends of the coupled beams. 

Beam damping is taken into account by assuming a complex Young's moduli 

i.e., Yi= Yi (1 + jTii), for ei®' time dependence, where r\ is the dissipation loss factor 

of the beam material and i = 1,2, represents the beam number. The friction losses 

modify the factor to in the differential equations of the coupled beams. 

The introduction of the damping leads to a complex representation of the bending wave 

numbers and the bending wave speeds. The latter two parameters can now be written 

respectively as 

mi' \i/4 

Bi(l+jiii)^ 

or 

ki = k i ( l - ^ ) , (2.9) 

and similarly, 

Cbi = C b i ( l + ^ ) . (2.10) 

The complex wave nimiber representation leads to the so-called complex evanescent 

(nearfield) waves. This result appears to have no physical meaning (as near waves do 

not transport energy). However, Tamm and Weis [60] have shown that such complex 

nearGelds occur very often at high frequencies. Therefore, we do not feel that this is a 

problem in the present work. 

The magnitude of each wave which is present in each simple beam is given by 

the complex coefficients Ai - A12 and these are found by substituting the general 
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solution (equations (2.8)) into the boundary conditions which apply to the 

discontinuities of the coupled beams. These boundary conditions are 

wi(Li) = 0, w'i(Li) = 0, 8iw"i(0) = 6iw "n(L2) 

giw'" i(0) = 8iw"' ii(L2) + P, wi(0) = wn(L2), w'i(0) = w'ii(L2), 

8iw"n(0) =0, 82w"ni(L3) = 0 , wni(O) = 0, w'ni(O) = 0, 

Kc(wn(0) - ^ ( L g ) ) = -6iw"'H(0), Kc(wn(0) - win(L3)) = -82w"'m(L3) , 

where (') denotes a spatial derivative. Note that the bending moments at the coupled 

ends of the beams are assumed to be zero (i.e., no rotation) because the calculations are 

carried out in a low frequency range. 

After employing the above twelve boundary conditions, the unknown complex 

coefficients are related through a set of twelve simultaneous linear equations which 

have the matrix form 

ail ai2 ai3 ai4 aiN 

a2i a22 a23 a24 a2N 

-aNl aN2 aN3 aN4 â lN 

Ai C 
A2 • 

< 
A3 

A4 
= < 

F ^ 

L > 

-AN' 

where N is the number of equations. Each row in the matrix equation corresponds to a 

given boundary condition. 
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Equation (2.11) is solved using a routine from the NAG-library with an IBM 

3090 computer [37]. The routine gives an approximate solution for the equations using 

Grout's factorisation method. The time taken to perform the analysis is proportional to 

N3. 

Once the complex coefficients are obtained, the displacement of the coupled 

beams can be computed at any point along the coupled system and hence the time 

averaged quantities of interest can be predicted. These quantities are the injected 

power, the power flow, and the total energies of the beams. The frequency response 

curves of these quantities which are evaluated at individual frequencies are integrated 

(over the frequency band of interest) to give the band (equivalent white noise) quantities 

[11]. The justification for adding frequency components came from the fact that power 

quantities do not involve phase. 

2.2.1 Calculation of input power 

The input power is one of the quantities that is presumed known in SEA 

calculation. If the sinusoidal force F = IFoleJ®' acting at the point x^ = 0 (x2 = L2), 

(see figure (2.1.b)), of the driven beam (1) which has the point mobility H = IHqI eî ), 

causes a velocity of Vd = IVqI ej(®t+<t>) at that point. Where (j) is the relative phase of the 

velocity Vdwith respect to the force F which is the phase of the mobility function H. 

The time averaged (averaged over a long time) input power is given by 

Pui== 1/2 IFir\fdl(:os * , C2.i:z) 

= l/:)|f%2Re{Ii} , 

= l/2lviil^Re(Z} , 

where Vd is given by 
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Vd= j(0 Wi(0) . 

Z is the point impedance, * denotes a complex conjugate, and Re{ } denotes a real part. 

2.2.2 Calculation of power flow 

The vibrational energy is transmitted from the driven beam (1) to the receiver 

beam (2) by means of the shear force and velocity at the coupling point. By using a 

similar formula to that for the injected power, the time averaged power flow is given by 

* 

Fil2 = l/:2 } , (2.1:3) 

where S and Vm are the shear force and the velocity at the coupled end of the receiver 

beam, respectively. The shear force can be written as 

5̂ 11== tie . (2.14) 

The time averaged power flow can now be written as 

Pi2= 1/2 Re{j coKc |wni(L3)P-j mKg wn(0).wni(L3)} (2.15). 

2.2.3 Calculation of total energy 

It is useful to introduce the vibrational energy content of the simple resonator 

before discussing the calculation of energies of the coupled beams model. The equation 

of motion of free damped vibration of a simple, linear oscillator of mass m^ and 

stiffness Kr is 
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if t oOoTiry d%)y = () , (̂ 2.1(5) 

where y represents the displacement, (O^WKr/mr is the natural frequency and Tjr is the 

dissipation loss factor. If we assume a form of solution y(t)=CePt we find that 

P = - (DoTlrdbj 0)̂  , 

where 

(Oci = (1 - Tlr /̂'l) 

The solution for the displacement y(t) is then 

y(t) = A sin(o)^t + 8) , (2.17) 

where A is the initial amplitude of vibration. In this case the oscillation occurs at radian 

frequency cOd and the amplitude of the oscillations decreases exponentially in time due 

to the extraction of energy by damping. If the loss factor T]r is small, then cOd is very 

nearly equal to cOq and the period of the damped oscillations is essentially the same as 

that for undamped oscillations. 

The potential energy of vibration in this case is 

(PE)r = ^ Kr y2 = 1/2 Kr A^ e-(«onrt sin2(o)^t + 8 ) , (2.18) 

and the kinetic energy is 

(KE)r = ^ m r y \ 

= 4mr A2 C0o2 e-fOoilrt (—) cos(codt + 6)+1/2 Tir sin(codt + 8) 
L 

(2.19) 
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The time averaged quantities of potential energy and kinetic energy can be 

obtained by averaging equations (2.18) and (2.19) over one complete period of 

vibration. They can be written approximately as 

(PE)r = ^KrA2e-%# = (KE)r = ^(E)r . (2.20) 

Thus, the time averaged kinetic and potential energies of a simple resonator are both 

equal to one half of the energy of vibration ((E)r). 

The time averaged energy of a beam may be calculated as follows. For a simple 

beam element having a length 6x and a mean squared velocity V^(x), the time averaged 

kinetic energy 5T may be written 

as 

8T = ^(m'6x)V2(x) , 

where m' is the mass per unit length of the beam. V^(x) may be written as 

Vtx) = ^Re{V(x).V*(x)} , 

therefore 

5T =4 0)2 m' Re{w(x) . w*(x)} 
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For a beam of length 1, the total kinetic energy is 

T = ^m'm2jRe^yy(x ) .w*(x ) }dx . (2.21) 

By using the approximation that only the resonant modes are contributing to the 

energy content in the frequency band of interest, and by employing the result of the 

simple oscillator energy (equation (2.20)), the time averaged total time averaged energy 

of the beam may be predicted to be twice the time averaged kinetic energy, i.e.. 

E=2T 

The coupled total energies of the beams under investigation can easily be 

evaluated after the substitution for the displacement functions in equation (2.21). The 

integration over the beam length is carried out numerically by employing a routine 

which uses the Gauss 30-point and Kronrod 61-point rules [38]. 

2.3 Modal Density and Modal Overlap 

The modal density of an elastic system can be defined as the expectation of the 

number of resonance frequencies per unit frequency interval. Modal density can either 

be measured or predicted using theoretical formulae (see references [10], [39], and [40] 

for these formulae). The measurement may in principle be done by exciting the 

structure with a pure tone and gradually varying the frequency. From the resultant 

frequency response curve the number of modes can be simply counted [41]. Although 

this method is simple to use, it has serious disadvantages. First, the magnitudes of the 

various peaks depend upon the positions of the driving point and the response 

measurement transducer. Second, at higher modal densities the mode count becomes 

difficult and one may miss some modes because of their closeness in frequency. 

Finally, there are no available criteria for the identification of the resonant peaks and 

hence measurement of the modal density with an acceptable degree of accuracy. An 

alternative experimental technique for measuring the modal density of a spatially 

uniform system is based upon the measurement of the frequency-average value of the 
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real part of the input mobility of the structure and the relationship between the latter 

parameter and the modal density [35]. 

Theoretical prediction of the modal density is considered to be a more accurate 

and reliable technique than the experimental one because of the experimental difficulties 

which are involved in the measurements. Reference [39] illustrates the formulae for the 

modal densities of some uniform elastic systems which are based on the calculations in 

reference [40]. Some of these formulae can be found in Appendix II. Note that these 

formulae apply strictly to frequencies which are considerably greater than the system 

fundamental natural frequency. 

The expression for the modal density of a beam can be obtained by considering 

the values of bending wave number ky which correspond to the natural modes of that 

beam. The number of modes below any value k is given by 

N(k) =k/(7cA) = ld/7[ , (:Z.22:) 

and the modal density in k is given by 

n(k) = cUSMT[)Alk ==!/% . 

The modal density in frequency is found by the simple transformation 

n((o) = n(k) (dk/dco) = l/(7cCg) , (2.24) 

where Cg is the group velocity and is given by 

Cg = dco/dk = 2 Cb , 

where Cb is the bending wave speed; therefore, 
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2ti 

where T is the radius of gyration of the cross section of the beam and Ci is the 

longitudinal wave speed. The modal density equation may also be written as 

nCf) = , C2.26) 

where B is the bending stiffness for a homogeneous beam and / is the frequency of 

vibration in Hz. 

Equation (2.26) is used to calculate the modal density of the individual beams in 

the coupled beam system under consideration. In the high frequency range where the 

finite thickness effect becomes important, the beam will have an increasing modal 

density. However, in the low frequency range the modal density is relatively low and 

decreases with increasing frequency. 

The modal overlap factor is a measure of the average separation between 

resonance frequencies in relation to the average modal bandwidth. Modal bandwidth 

(rico) can be defined as the frequency difference between the points at which the input 

power to a single resonator reaches half (3 dB down) its maximum value. The modal 

overlap factor (M) can be written as 

5co 

or 

%/[== nfco)!! (0 . (2Ljr7) 
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where 5co is the average frequency separation between adjacent resonance modes of the 

vibrating system. The modal overlap factor has been found to have a significant 

influence on the reliability of SEA calculations [41], a conclusion which is confirmed 

by the work presented in this thesis. 

2.4 Perturbation Analysis 

In order to create a statistical model for the quantities of interest in SEA, the 

mathematical model of the problem (described in section 2.2) is adopted. Long beams, 

having relatively high modal densities are used. The dimensions and properties of the 

beams and the coupling element are described in the table below. 

Length (mean) Beam 1 

Beam 2 

3.68 m 

3.58 m 

Width Beam 1, 2 0.025 m 

Thickness Beam 1 

Beam 2 

0.003 m 

0.002 m 

Material Beam 1,2 Steel 

Young's modulus Beam 1,2 1.95E+11 N/m2 

Density Beam 1,2 7700 Kg/m3 

Modal density n(/) Beam 1 

Beam 2 

0.142 Mode/Hz 

0.169 Mode/Hz 

Coupling stiffness (Kg) 1.3E+4 N/m 

Coupling dissipation loss 

factor (Tig) 

0.15 

Figures (2.2)-(2.5) display typical frequency distributions for the input power, 

power flow, and total energies of the coupled beams which are due to a point harmonic 

force located on the first beam. The figures show about 14 modes having natural 

frequencies in a frequency band of 50 Hz centered at 25 Hz (the calculations are carried 

out at each 0.1 Hz to ensure good frequency resolution). This number of resonant 
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modes is quite suSicient 6om the statistical point of view to obtain reliable averages for 

the predicted quantities. The main reasons for choosing the above mentioned frequency 

band are as follows; first, it is suitable for producing a relatively high modal density for 

the coupled beam system and hence provide the above mentioned number of resonant 

modes; second, higher frequency bands, with the selected beams lengths, above, will 

cause computing problem (namely, arithmetic overflow) when solving the system 

matrix equation. 

In order to investigate the sensitivity of the computation of the quantities of 

interest to small alterations in one of the structural parameters, the Monte Carlo 

statistical method [43] is considered in the present work. This method can be defined 

in a wide sense as any technique that can be used for the generation of statistical 

distribution of a model using random parameters. One of the widely used applications 

of the Monte-Carlo method is known as 'the distribution sampling'. The purpose is to 

find the distribution, or some of the parameters of the distribution, of a certain random 

variable. This variable, that we call 'the output variable', is a known function of one or 

more other random 'input variables' which have a known statistical distribution. To 

estimate the distribution of the output variable we draw a value for each of the input 

variables and calculate the resulting output variable. Such sampling is then repeated 

many times and this yields an estimate of the distribution. 

The distribution sampling application is adopted in the present analysis as 

follows: the length ratio (I1/I2) of the coupled beams is chosen as the input random 

variable for the purpose of perturbation analysis of the coupled beams system under 

study. A sample of 32 elements of (I1/I2) is drawn randomly from a normally 

distributed random population [44]. The generated sample has known values of mean 

and standard deviation which provide a coefficient of variation of 10% of the mean 

length ratio of the coupled beams. For each given value of (I1/I2), the time averaged 

quantities of input power, power flow, and total beams energies of the coupled system 

are calculated, as described in the previous sections, and the results are then integrated 

over the frequency range of interest (1-50 Hz) to simulate the response to a band of 

white noise. The computations are carried out for ten, randomly selected, points of 

excitation and the results are then averaged over the selected points. The reason for 

exciting the system at different points is to approximate the requirement of 'uncorrelated 

excitations' for the purpose of SEA. The effects of force position on the prediction is 

discussed in a subsequent chapter. 
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The computed quantities above form ensembles having the size of 32 elements. 

Each element in these ensembles represents an observation (output random variable) 

from one realization of the coupled beams system. Note that the produced ensembles 

of Pin, Pi2> El, and E2 are for a given value of internal loss factors of the coupled 

beams, i.e., for a given value of average modal overlap factor (M^v). The latter 

parameter is calculated as 

Mav = VMi Ml , (2 :̂28) 

where Mi and M2 are the average modal overlap factors of beam 1 and beam 2 

respectively. This is an ad hoc relationship which is justified by the fact that Mj and 

M2 are almost similar. The process of calculations described above is then repeated for 

different M^v values to study the effect of the latter parameter on the sensitivity of the 

predictions. The different values of the average modal overlap factor of the coupled 

beams are obtained by assuming different values of dissipation loss factors T]i and T|2. 

An attempt to obtain the different values of M^v by assuming different modal densities 

for the coupled beams (by assuming different length or different cross section areas) 

was not practicable because of computation difficulties at high modal overlap. 

The effects of small variations (perturbations) in the geometry of the coupled 

system on the sensitivity of the prediction are investigated by calculating the mean and 

the normalized variance of the computed ensembles of the quantities of interest. The 

quantities selected for these investigations are the power flow, from the driven beam to 

the receiver beam, and the coupling loss factor (described in the next section) of the 

coupled system because they represent the most important quantities in SEA 

formulation. 

The sensitivity of the predictions is also investigated by studying the statistical 

distributions of the computed ensembles of the coupling loss factor and the power flow 

at different modal overlap conditions. Cumulative probability distributions for the 

above quantities are constructed using the following formula [45] 

1 - 0 
]E[I){r(i)}] = (2.29) 

n + 4 
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where E[P{r(i)}] is the average cumulative distribution function of the random 

variable r. The variable r is represented by ordered sample as 

r(i) < r(i+l) < r(i+2) < < r(n) , 

where i is the element order and n is the sample size. The scale of cumulative 

distribution function can then be transformed to a scale of 'number of standard 

deviations' using the statistical tables of the standard normal distribution. The true 

values of the variable r(i) are then plotted against the new axis of P(r(i)) as shown in 

figures (2.10) and (2.11) for the coupling loss factor and the normalized power flow 

(power flow/input power) respectively. The results are discussed in a subsequent 

section. 

2.5 Coupling Loss Factor 

Vibrational energy in a system may be lost by either being dissipated or being 

transmitted to another system. Power in a two-coupled-components system apparently 

flows in both directions. The power that flows from component 1 to component 2 is 

independent of the energy content of component 2, but it is proportional to the energy 

content of component 1 (see Appendix I). This proportionality is known as the basic 

assumption in SEA hypothesis and can be written as 

P 1 2 - E 1 , (2.30) 

and similarly 

P 2 1 - E 2 , (2.31) 

where Ei and E2 are the total time-average energies of components 1 and 2 

respectively. The proportionalities (2.30) and (2.31) can be written as 
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]Pl2= ^12 (D El , (2.32) 

and 

P21 = TI21 ® E2 , (2.33) 

where r| 12® and T|2i(0 are the constants of proportionalities. riĵ 2 and 1121 are termed 

coupling loss factors and they are of central importance in SEA. The coupling loss 

factor of two coupled subsystems may be estimated on the basis of SEA hypothesis that 

the power Gow between the subsystems is proportional to the difference of subsystems 

energies. Coupling loss factor may be written as [2], 

{ P 1 2 } 

0) N, { ( i i /Ni ) - (E2/N2)} 
T112= r r . (2.34) 

where Ni and N2 are the expected number of modes in subsystems 1 and 2 

respectively, (Ei/Ni)-(E2/N2) is the average m o d a l energy difference and CO is the 

centre frequency of the band of the analysis. { P12 } net = P12 - P21 , is the net power 

flow between the coupled beams. Equation (2.34) hides two basic assumptions which 

achieve an indirect isolation of modal pair interactions. First, the coupling is weak 

which means only a very small fraction of power will be transferred per radian of 

oscillation. Second, it is assumed that the natural frequencies of the oscillator sets are 

distributed in a random manner [53] which means that the calculated quantities are only 

statistical averages over an ensemble of similar, but not identical systems. 

On the basis of the above assumptions a number of techniques have been 

proposed, to calculate the coupling loss factor. One of these techniques is the natural 

frequency shift method [6] which is based on the changes in natural frequencies of the 

two uncoupled modes which occur when coupling elements are introduced. In practice 

this method was considered to be unsuccessful. The major difficulty in using this 

method is the achievement of a coupled motionless point between two coupled 

structures while other points are vibrating as normal. 
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The other technique is the travelling wave method [2] which considers the 

waves that propagate, reflect, and transmit through a lossless model of two coupled 

semi-infinite subsystems. 

Scharton and Lyon [2] introduced an alternative technique for the estimation of 

coupling loss factor of two coupled beams which is the statistical distribution method. 

This method assumes that for a typical mode of beam 1 with resonant frequency cOj 

there are, on average, (n2/ni) interacting modes of beam 2 (n denotes modal density), 

and that the natural frequencies 0)g of these modes are uniformly and independently 

distributed in a frequency bandwidth ( l /nj) centred on cOj.. It is assumed that the 

damping is light and the excitation bandwidth is small compared with the centre 

frequency co. 

The applications of the first two techniques mentioned above to a problem of 

beam-beam coupling [46] have shown that the estimates of the coupling loss factors 

obtained from those methods differed by a factor of five. Crandall and Lotz [47] have 

improved on these estimates by treating the problem as one of 'strong coupling'. They 

compared the travelling wave method and the frequency shift method estimates of the 

coupling loss factor. They found that the factor of difference between the two estimates 

was (7[^/4). 

In the present work the coupling loss factor (TI12) of the beam-beam model is 

calculated on the basis of SEA hypothesis (equation (2.34)) for each realization in the 

set of similar (not identical) systems after the proper substitution for the time averaged 

quantities of P12, Ei and E2. Using the new ensemble of rii2, results for the mean and 

the normalized variance are calculated for different M^v values and displayed in figures 

(2.6) and (2.8) respectively. Another estimate for iii2 is found by applying the 

travelling method. This method is chosen because it seems to have some advantages 

over the other available methods. It is more general and can easily be applied to any 

coupled structural elements without any mathematical complications compared with the 

other methods. Previous results, computed by this method, have shown more accurate 

estimates compared with their experimental measurements. In the present work, the 

travelling wave method is applied to the system shown in figure (2.12). This system 

consists of two semi-infinite beams coupled at their ends by a translational spring of 

stiffness K^. 
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A sinusoidal incident wave propagates to the left in the lossless beam 1. At the 

coupling, reflected, transmitted, and nearfield waves are generated. The displacement 

of beam 1 can be written as 

w i(x,t) = (Aieikx + A 2 e - # + A3e-kx)ejo)t , (2.35) 

which consists of two propagating waves and a non-propagating (nearfield) wave. Ai-

Ag are the waves amplitudes, and ki is the bending wave number. The displacement of 

beam 2 is 

W2(x,t) = (A4 eJkx + A5 e ^ ) e)®' , (2.36) 

which consists of one propagating wave and one nearfield wave of amplitudes A4 and 

A5 respectively, is the wave number of beam 2. Equations (2.35) and (2.36) 

satisfy the boundary conditions at the coupling point. The boundary conditions are 

Brwi" = 0 , 

B2W2"=0 , 

Kc(wi-w2) = -Biwi"' , 

Kc(wi-w2) = -B2W2'" , 

where Bi and B2 are the bending stiffnesses of the beams. 

As the time averaged power flow from beam 1 to beam 2 is proportional to the 

stored energy of beam 1, then the coupling loss factor may be written as [2] 

. (2^)7) 

0^1 

32 



The time averaged power flow associated with the transmitted wave is given by 

Pi2== LAuiPt - (2/38) 

If we assume that the nearfield waves (generated at the junction) contribute 

negligibly to the flexural energy and, further, that the energy transmitted across the 

coupling is small so that the reflected wave has nearly the same energy as the incident 

wave, then the total time averaged flexural energy of beam 1 of length 1% is given by 

lii== nil' li 0)2 L&iP , (:L39) 

where mi' is the mass density of the beam 1. Substituting equations (2.38) and (2.39) 

into equation (2.37) yields the following expression for the beam-beam coupling loss 

factor: 

1112-== Ocill)-! . (2./10) 

The coupling loss factor 1̂2™ may also be written in terms of the transmission 

coefficient as 

Tll2-== Ckll-l)'! To. , (2/11) 

where 
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The substitution of equations (2.35) and (2.36) into the boundary conditions yields the 

following expressions for the ratio as 
lAiK 

IA4I2 a 

lAjP - p ' 

where 

a=4I^ [8I$;(fi+16I^GiG2 +8I& Ji-SKc JiG2-8KcGid2+4di(^2] 

and 

2 
P=[4I^di+8I^GiG2+4I^(f2-4KcdiG2-4KcGid2+2Jid2] , 

where 

Gi = Biki , 

and 

G2 = B2k2 . 

Equation (2.40) is evaluated for the value of r|i2°o using the properties and the 

dimensions of the finite coupled beams system under investigation . The result of T] 1200 

is plotted in figure (2.13) for the frequency range of interest. The frequency averaged 

value is obtained and plotted in figures (2.6) and (2.14) for the comparison with those 

obtained from the finite coupled beams models. 

2.6 Long-short Beams Model 

The mathematical model of the long coupled beams system of section (2.2) is 

modified to suit the case of coupling between a long and a short beam. The 

modification is made by making the modal density of one of the coupled beams to be 

about 10 times the other beam. This is simply done by choosing an average length ratio 
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of the same order. The resulting model represents modal interactions of a single 

resonant mode of the short beam with about seven resonant modes of the long beam in 

a frequency band of 50 Hz centred at 25 Hz. This type of analysis has great importance 

in engineering applications when an element (substructure) of low modal density is 

coupled to another of much higher modal density. Examples of such applications are a 

plate coupled acoustically to a large volume of fluid and a beam coupled to a large plate. 

The same method of analysis for the previous model is used for this case. The 

coupling loss factor and the normalized power flow are obtained as a set of data which 

results from the geometric (length ratio) perturbation of the coupled system. The 

results are treated statistically and the mean values and the normalized variance of the 

sets of data are calculated for different values of modal overlap factor. 

Figures (2.14) and (2.15) display the mean values of coupling loss factor and 

normalized power flow respectively. Figures (2.16) and (2.17) display the results of 

the normalized variances for the above quantities. Figures (2.18) and (2.19) present 

the cumulative probability distributions of the coupling loss factor and the normalized 

power flow respectively. 

2.7 Results and Discussion 

Figure(2.6) displays the mean values of the coupling loss factor (rii2) of the 

coupled, multi-mode, beams system against the average modal overlap factor (May) of 

the system. It also displays the estimate of coupling loss factor of the corresponding 

infinite system Figure (2.7) displays the mean values of the normalized power 

flow 12 

Pin 

Figure (2.7.a) shows the modal energy ratio (U2/U1) of the coupled 

beams at different M^y values. This ratio is calculated for only one realization in the 

coupled beams systems set. This realization is chosen to be the one with mean length 

P12 ratio. The computed means of iii2 &nd , which are obtained from the ensembles 

.Pl . 

calculated previously, are considered to be representing the true estimates for the means 

of the populations of these quantities. But how accurate are these estimates? To 

answer this question we consider what would happen if we were to take repeated 

samples of the same sizes, from the same populations. The sample means would vary 

somewhat from sample to sample and form what is called the sampling distribution of 
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the mean. Of course, in the practical case under consideration, we took just one 

sample. The accuracy of the computed means are assessed by the construction of 

confidence intervals for these means. The intervals define the degree of confidence that 

the calculated means lie between two certain limits. The probability associated with the 

confidence intervals is called the confidence coefficient. 

To establish confidence intervals for the calculated means, it is required to have 

a knowledge about the distributions of these means. In the present work it is assumed 

that the distributions of the means of coupling loss factor and the normalized power 

flow are approximately normal. This assumption is justified by the consideration of the 

Central Limit Theorem. This theorem states that, if random samples size n, are taken 

from a distribution with mean p. and standard deviation o, the sampling distribution 

of the mean will be approximately normal with mean p. and standard deviation ( -^) . 
"Vn 

The approximation improves as n increases. 

Suppose a random sample, size n is taken from a distribution with an 

unknown mean |i and an unknown standard deviation a. If the distribution is normal 

then the confidence interval for fi can be written as 

C.I = f dbtc , (2Jk2) 
in 

where r and s are the estimated sample mean and standard deviation. The quantity 

(-7=-) which is the standard deviation of the sampling distribution of the mean is often 
Vn 

called the standard error of r , tc is a factor and has a value which depends on the 

required confidence coefficient and can be obtained from statistical tables [49]. Note 

that the value of t̂  increases as n decreases. 95 per cent confidence interval is 

considered to be reasonable in the present work according to the size of the sample 

(n = 32) used. A useful approximation for n > 25, is that the 95 per cent confidence 

interval can be written as [49], 

C.I = f ± 2 . -^ (2.43) 
Vn 
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Confidence intervals for the means of r[i2 and 12 

iPi 

are obtained at different 

Mav values using equation (2.43) irrespective to the apparent distribution of the sample. 

Figure (2.6) shows that rii2 has the tendency to increase as Mav increases. r\i2 

approaches asymptotically the estimate of coupling loss factor of the corresponding 

infinite system as the average modal overlap takes high values (Mav ^1). This result is 

a confirmation of those of Davis and Wahab [17] and Davis and Khandoker [18] for 

cases of coupling of two simply supported beams. 

Figure (2.7) shows that the mean value of the normalized power flow is 

proportionally lower at high modal overlap than at low modal overlap. This result may 

be attributed to the high dissipation in the energy of the driven beam which is associated 

with the increase in the internal loss factors of the coupled beams over the range used to 

increase the modal overlap factors of the beams. 

Figures (2.6) and (2.7) also display the 95 per cent confidence intervals for the 

Pl2 calculated means of rii2 and The widths of the intervals demonstrate the effect 

of Mav on the sensitivity of the predictions. The intervals are wider at low modal 

overlap than at high modal overlap. This suggests that at high modal overlap the 

probability of of obtaining estimates for the above quantities which are close to the 

means is high. This result is confirmed by calculating the normalized variance 

Pl2 (variance/(mean)2) values for T|i2 and 

iPi 

at different modal overlap conditions. 

The results are plotted in figures (2.8) and (2.9) respectively. These figures show 

clearly that the normalized variance decreases as Mav increases. The normalized 

variance takes relatively small values at high modal overlap. A possible reason for this 

is that the frequency response of the coupled beams is dominated by the well separated 

resonant peaks at low modal overlap which are highly sensitive to small changes in 

structural details. The changes have no considerable effect on the smoothed frequency 

response at high modal overlap. The comparison between figure(2.8) and figure (2.9) 

shows that the normalized variance of coupling loss factor is always higher than that of 

the normalized power flow. This is because the coupling loss factor as computed from 

equation (2.32) is affected by the sensitivities of both power flow and the energy 

difference of the coupled beams to system parameter variations. 
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Figures(2.10) and (2.11) display the cumulative probability distributions for a 

given sample of coupling loss factor and the normalized power flow at different average 

modal overlap factor values respectively. From these figures it can be emphasized that 

Pl2 as Mav increases, the probability that any realization of T] 12 or 

Plr 

which is close to 

the mean value increases. This means that we are certain that the calculated means of 

the above quantities are more reliable and acceptable at high modal overlap than those at 

low modal overlap. The way of presentation of the cumulative probability distribution 

provides a simple, and quick method of testing for normality. It is clearly displayed 

that as Mav increases and takes values equal to unity and greater, the cumulative 

distribution curves will have the shape of a straight line. This result suggests that the 

observations came from a normal distribution [49], which is similar to the assumed 

distribution of the input perturbed parameter liA2-

Similar results to the above are obtained from the analysis of the Long-short 

P12 model. Figures (2.14) and (2.15) displays the results for the means of TI12 and 

against the modal overlap factor of the long beam (Mi). Figure (2.14) shows that as 

Ml increases and approaches the value of unity, the average coupling loss factor of the 

finite system approaches the value of the corresponding infinite beams system. Figure 

(2.15) shows that the normalized power flow decreases as Mi increases. The results 

for the normalized variances of TI12 and P12 are shown in figures (2.16) and (2.17) 

respectively. From these results we can conclude that only one beam needs to have 

high modal overlap when using SEA to analyse a case of two coupled beams. 

Cumulative probability distributions for this case of coupling are shown in figures 

P12 (2.18) and (2.19) for given samples of ^12 and 

IPi 

respectively. Similar 

conclusions may be drawn to that of the long-long beams model. 
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2.7.1 The perturbations of the coupling element 

In the previous sections of this chapter, we studied the sensitivity of the 

Pl2 predicted means of ili2 and to small, random variations in the geometry of the 

LPi..' 

coupled beams systems. This section deals with the investigation of the effects of 

possible random perturbations in the properties of the coupling element which 

represents the path of the power flow between the coupled beams. Normalized power 

flow is selected as the output quantity. A similar approach to that used previously is 

followed. The coupling stiffness Kg is perturbed according to a sample which is drawn 

from a normal distribution. The perturbed sample of Kc is fed to the mathematical 

model of the coupled beams and results for the normalized power flow are computed in 

ensembles for different average modal overlap factor values. The cumulative 

probability distributions are constructed and displayed in figure (2.20). This figure 

shows that the distribution of 12 is normal at all Mav values. This concludes that 

^Pl. ' 

the computed value of power flow is slightly sensitive to the perturbations of the 

stiffness of the coupling element. 

2.8 Conclusions 

The conclusions which can be drawn from the analysis of two coupled beams 

are 

(a) The travelling wave method overestimates the coupling loss factor of the 

coupled beams system when the average modal overlap factor is small 

(Mav<l). 

(b) The variances of coupling loss factor and the power flow across 

ensembles of coupled beams decreases as the Mav increases. In addition 

the 95% confidence interval, for the means of the above quantities, 

decreases as increases. 

(c) The probability of obtaining estimates for the coupling loss factor and 

the power flow which are close to the means increases when the average 

modal overlap factor is large. This conclusion can be noted from the 
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shapes of the cumulative probability distributions of the above 

quantities. The distributions approach normality as Mgv increases. 

(d) When a large multi-mode system is coupled to a small system, the 

modal overlap factor of the large system was found to be more dominant 

than that of the small system. 

(e) At a given value of average modal overlap factor of the coupled system, 

random perturbations of the coupling stiffness have slight effects on the 

sensitivity of prediction of the power flow between the coupled beams. 
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CHAPTER 3 

MEASUREMENTS OF POWER FLOW BETWEEN 
COUPLED BEAMS 

3.1 Introduction 

This chapter describes experimental investigations on coupled beams systems. 

It includes the following two main parts: 

(a) Experimental work on two long, coupled beams, which represents a case of 

coupling between many resonant modes contributing to the energy sharing process in 

the frequency band of interest. 

(b) Experimental work on a coupled system of short beams which represents a system 

of two coupled oscillators (resonant modes). 

The same physical configuration has been used for both cases. It consists of 

two cantilever beams coupled at their free ends by a rubber vibration isolation pad. For 

both cases the power was input to the coupled system by applying a force to one of the 

coupled beams by a coil and magnet arrangement. The main objectives of these 

experiments were: 

(i) To measure the time averaged quantities of the input power to the system, the power 

flow from the driven beam to the receiver beam, and the total energies of the coupled 

beams. 

(ii) To study the sensitivity of the measured quantities to small variations in structural 

details of a long-long beams system by using the same approach which has been 

described in the theoretical presentation of the problem (Chapter 2). The sensitivity is 

judged by the interpretation of the results of the mean and the variance of the quantities 

of interest. 
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Both parts of this chapter may be divided into the following sections. A 

description of the properties of the individual components of the experimental model, 

the measured quantities and the method of the measurement, and a discussion of the 

results. 

3.2 Measurements of Power Flow between Two Coupled Long Beams 

3.2.1 Model description 

The experimentally investigated coupled system consisted of two aluminium 

cantilever beams forming the configuration shown in figure (3.1.a). The dimensions of 

the beams are given in the table below. The beams are coupled at their free ends via a 

flexible, non-conservative coupling element. The clamped boundaries of the beams 

were achieved by using massive steel jaws which were fixed on heavy concrete blocks. 

Each concrete block had the dimensions of (0.5 x 0.5 x 0.5) m^, which ensured good 

isolation of the experimental rig from the ground. The coupled beams system was 

suspended, at six positions along the span, from an overhead frame using thin steel 

wires. The distances between the suspension points were selected to be equal to ensure 

a uniform distribution of the beams weights. The complete lay-out of the rig can be 

seen in figure (S.l.b). 

Length (mean) Beam 1 (L^) 

Beam 2 (L2) 

3.42 m 

3.40 m 

\\^dth Beam 1, and 2 0.05 m 

Thickness Beam 1 

Beam 2 

0.005 m 

0.005 m 

Material Beam 1, and 2 Aluminium 

Modulus of elasticity 

(assumed) 

Beam 1, and 2 7.1E+10N/m2 

Density (assumed) Beam 1, and 2 2700Kg/m3 

Modal density Beam 1 

Beam 2 

0.032 Mode/Hz 

0.032 Mode/Hz 
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The dimensions of the beams were selected such that there were seven modes 

having natural frequencies in the frequency band of interest (100-300 Hz) contributing 

to the frequency response function of each uncoupled beam as shown in figure (3.2). 

The transfer function between the force and the velocity at the driving point can be seen 

in figure (3.3). This figure shows a typical example of the coupled mode frequencies 

of the coupled system. 

The coupling element which was used to couple the free ends of the beams was 

manufactured from natural rubber. It had a translational stiffness of 1.3E+4 N/m and a 

dissipation loss factor of 0.15 (established in earlier investigations [50]). It had a 

thickness of 1 cm and cross section dimensions of 1.2 x 1.2 cm. The square faces of 

the natural rubber were glued to 2 mm thick aluminium plates. These plates had the 

same area as that of the coupling material. The coupling element was glued to the free 

ends of the beams (see figure 3.1.c). 

3.2.2 Instrumentation 

The instrumentation used in the measurements consisted of a vibration exciter, 

vibration accelerometers, and FFT signal analyzer which also produced the pseudo 

random binary sequence (PRBS) input signal. 

The electro-dynamic vibration exciter consisted of a small, light electrical coil 

placed in the annular gap of a small magnet. This simple mechanism was held 

horizontally on an elevator system. The latter was mounted on a heavy steel support 

and permitted fine, vertical and horizontal adjustments for the coil-magnet mechanism, 

minimizing any pre-deflection of the coupled beam system. The generated input signal 

was fed to a power amplifier before it was received by the vibration exciter. A force 

transducer was screwed to the tip of the electrical coil from one side and tightly fixed to 

the face of the driven beam from the other side. 

The signal from the force transducer was fed through a coaxial cable to a charge 

amplifier and then into the measuring equipment. The piezoelectric element in the 

transducer produces a small charge which is proportional to the acceleration or the 

force. This charge is transformed into a voltage signal in the charge amplifier. The 

charge amplifiers used for these experiments had three-digits charge sensitivity 
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calibrators and two integrators in series; these provide the options of measuring directly 

velocity or displacement. 

The measuring equipment consisted primarily of the vibration pick-up 

transducers and the signal analyzer. The vibration transducers had a weight of 2.6 

grams which was expected to have negligible mass loading effects on the vibrating 

system, and hence mass loading corrections of the measured quantities were 

unnecessary. 

The vibration signal was fed to the signal analyzer via a charge amplifier. A 

two-channel digital signal analyzer was used for the signal processing part of the 

experiments. The analyzer is equipped with software which can perform the time and 

frequency domain analysis of the acquired signals. A digital plotter was connected to 

the analyzer for the screen dumping of the results. 

A spectrometer and level recorder were also used in the experiments for the 

purpose of the measurement of the internal loss factor using the decay rate method. 

The complete set-up of the instruments and the rig is shown in figure (3.4). 

3.2.3 Measurements 

The accelerometers are accompanied by the manufacturer's calibration charts, 

which stated their sensitivity in volts/g. Since this sensitivity may change with time and 

usage, all the accelerometers were calibrated when connected to a charge amplifier and 

the digital signal analyzer. The calibrator consisted of an electromagnetic vibration 

exciter, which generates a known amplitude at a fixed frequency. The measured values 

for all accelerometers confirmed the values provided by the manufacturers. The 

experiments were conducted to measure the following quantities: 

(a) The dissipation loss factors of the uncoupled beams. This kind of measurement 

was carried out on bare beams, and also while the beams had damping material 

attached. 

(b) The measurement of time averaged injected power to the system by the vibration 

exciter. This was carried out using the acquired acceleration signals at the excitation 

point. 
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(c) The measurement of time averaged power flow between the coupled beams 

using the acceleration signals at the coupled ends of the beams. 

(d) The measurements of the time averaged kinetic energies of the coupled beams 

which were then doubled to obtain the total energies. These measurements were done 

using the signals acquired at a number of positions along the beam spans. 

3.2.3.1 Internal loss factor measurement 

The measurements of the dissipation loss factors of the uncoupled beams were 

conducted for different damping levels. The reason for this was to provide different 

values for the modal overlap factors of the beams. The damping was applied to the 

beams by attaching layers of thin, self-adhesive damping tape on both sides of the 

beams. 

Two basic experimental techniques were involved in these measurements. 

These techniques are (i) the decay rate method and (ii) the steady-state (half-power 

bandwidth) method. The reason for employing different methods rather than relying on 

only one is that, for very low damping levels, one generally obtains more accurate 

results by using the decay rate method than using the half-power bandwidth method 

and vice-versa. 

For the decay rate method, the band limited PRBS excitation was suddenly 

turned off, and the decay of the vibration was observed. If Tgo is the reverberation 

time with which the energy of the vibration is reduced by 60 dB from its initial value 

and fc is the centre frequency of the band, then the loss factor may be written 

approximately as [33] 

The measurements were conducted over a frequency band from 100 Hz centred 

at 300 Hz. The uncoupled beam was driven at a number of randomly selected points 

while an accelerometer was attached at another randomly selected point on the beam. 

The acceleration signal was fed to a charge amplifier. The signal was next fed to a 
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spectrometer that drives a level recorder. The decay time was measured on the smooth 

decay curve which was plotted on the level recorder. 

The resulting value of the loss factor was then arithmetically averaged over 

various input points and the observation points. The measurements were repeated 

several times and the loss factor measured by this method gave values up to 0.05. 

The half-power bandwidth method makes use of the frequency response 

function of the uncoupled beam to measure the dissipation loss factor. The beam was 

excited by a PRBS signal in the frequency band 100 Hz to 300 Hz. The signal from 

the force transducer and the accelerometer were input to the analyser which was set-up 

to display the frequency response function. By performing the measurement over 

narrow enough bands, to ensure an adequate frequency resolution, the half power 

modal bandwidths were easily measured on a linear-log plot of the frequency response 

function as demonstrated in figure (3.5) for a typical resonant mode. Seven resonant 

modes were included for the measurements in the frequency band selected above for 

each uncoupled beam under investigation. The dissipation loss factor may be written as 

Af 

where Af is the half power modal bandwidth and fn is the resonance frequency of the 

mode n. The values of loss factor obtained from each single resonance response were 

averaged over the available number of resonant modes to obtain the averaged modal 

dissipation loss factor. Note that this method was used on beams having many damping 

layers attached to both sides of the beams. The range of loss factor measured by this 

method was 0.05-0.15. 

3.2.3.2 Vibrational input power measurement 

The power was input to the coupled beams by the vibration exciter. The later 

was driven by the PRBS signal in the frequency band of 100 Hz to 300 Hz. The time 

averaged input power at any frequency may be written as 
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1)%!= 1/2 Re{]p.\f*} C3.1.a) 

or in spectral terms as 

Pin(ro) = RefGpvCco)} (3.Lb) 

where F and V are the complex amplitudes of the force and the velocity respectively, 

Gpv denotes the one-sided cross spectral density function between the force and the 

velocity. A force transducer and a light piezoelectric accelerometer was placed on axis 

on the driven beam. The driving point was at a distance of 1.2 m from the coupled end 

of beam 1. 

Both the signals from the force transducer and the accelerometer were fed after 

charge amplification to the two channels of the analyzer. Using the built-in software of 

the analyzer, the real part of the cross power spectrum of the force and the integrated 

acceleration (velocity) signals were obtained. The resulting function was then 

integrated between the two specified frequency limits (100-300 Hz) to give the injected 

power in the band. A typical input power spectrum is shown in figure (3.6). 

3.2.3.3 Power flow measurement 

The vibrational power flow from the driven beam to the receiver beam was 

measured at the coupling point. This measurement was conducted by placing 

accelerometers on both sides of the coupling element as shown in the figure (3.1.c). 

The accelerometers picked up the acceleration levels of the coupled beams at the 

coupling point. 

Using the same principles as for the previous section, the power flow can be 

measured by performing the dot product between the force of the coupling Fc and the 

velocity at the coupled end of the receiver beam V2, i.e.. 

]Pl2 = 1/2 Re{]5c. , (3.2) 
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= l/2Re(K(wi-W2).^} , (3.2.a) 

where K=K(l+jT]j.) is the complex stiffness of the coupling element and ri^ is the 

coupling dissipation loss factor. Equation (3.2.a) can be written approximately as 

=l/2Re{K(wi.\)^} f o n i c « l . (3.3) 

or in spectral terms 

P12 W = Re (Gwi V2(o))} (3.3. a) 

where wi and W2 are the displacements of the driven beam and the receiver beam at the 

coupling point respectively. The results of equation (3.3.a) were then integrated over 

the frequency limit of interest (100-300 Hz) to produce the power flow in that band. A 

typical picture of the cross spectrum can be seen in figure (3.7). 

3.2.3.4 Vibrational energy measurement 

The time averaged kinetic energies of the coupled beams were estimated from 

vibration measurements and then doubled to obtain the total energies. An 

accelerometer was successively attached on eight randomly selected points on each 

beam. The vibration energy was supplied by the vibration exciter which was driven by 

the signal described in the previous sections. The accelerometers were chosen for both 

their light weight and the flat response over the frequency range of the experiments. 

The signals from the accelerometers, already amplified via the charge amplifiers, were 

fed into the signal analyzer. These signals were integrated and the mean squared 

velocities were obtained by setting the analyzer to calculate the auto-spectrum of the 

acquired signals. The measurements were repeated for the number of selected points 

on the beams, and then integrated over the frequency band of the experiment. The 

results were then averaged over the selected points of observation. 

The time-averaged kinetic energies were then calculated by multiplying the 

results by the total mass of the beams. Typical examples of the velocity auto-spectrum 

can be seen in figures (3.8) and (3.9). 
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3.3 Perturbation Analysis 

In order to study the sensitivity of the measurements of the present work to the 

small variations in the details of the coupled structure under investigation a statistical 

population model was created from the measured quantities of interest. A similar 

approach to that described in the previous chapter was followed. It may be summarized 

by the following steps: 

(a) The internal loss factors (rii, TI2) of the uncoupled beams were measured using the 

methods described previously and the average modal overlap factor (M^v) was 

calculated as 

Mav = VM1M2 , 

where Mi and M2 are the modal overlap factors of beam 1 and beam 2 respectively. M 

is given by 

M = T| n(0)) (Oc , 

where cOc is the centre frequency of the band and n(co) is the modal density of the beam 

which given by 

n(o)) = (l/2jr) (1/Vm) (m'/YI)°^ , 

where m' is the mass density of the beam, Y is the Young's modulus of the material 

and I is the second moment of area of the cross section. 

(b) The length of the receiver beam (L2) was perturbed according to a randomly 

selected length sample. The sample of L2 had 16 elements and was drawn from a 

normally distributed population. The coefficient of variation applied was about 10% of 

the mean value of the length of the beam. The required length for each realization of 

coupled beams was obtained by releasing the screws of the steel block (the fixed 

boundary) and moving the boundary with the heavy concrete block the required 

distance along the span of the beam.Tight fixing of the steel block was then remade. 
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(c) For each different value of L2 in the normally distributed sample, the time averaged 

input power, time averaged power flow, and time averaged total energies were 

measured as described in the previous sections in the frequency band of 100-300 Hz. 

The results formed ensembles of 16 elements. 

(d) The coupling loss factor was then calculated from the measured ensembles as 

TI12 = 
111(00) 0) {(Iii/ni)-(I%%Ai2)} 

(e) An estimate for the coupling loss factor of the corresponding infinite, coupled 

beams system was obtained by employing the travelling wave method, as described in 

the previous chapter. This estimate was used as a reference to be compared with the 

results obtained from the finite system under investigation. 

(f) The modal overlap factors of the coupled beams were then progressively increased 

by attaching a layer(s) of damping material to the coupled beams. 

(g). Steps (a)-(f) were then repeated for the new values of modal overlap factor. 

Results for the mean and the 95% confidence interval of the mean of the 

Pl9 
coupling loss factor (rii2) and the normahzed power flow—^ were calculated from the 

Pin 

measured ensembles and plotted against Mav in figures (3.10) and (3.11) respectively. 

The confidence interval for the mean which has been defined previously (chapter 2) 

was calculated as 

C.I = mean + 2 (s/Vn) , 

where s denotes the standard deviation and n is the sample size. Figures (3.12) and 

(3.13) display the normalized variance (variance/mean̂ ) of T|i2 a n d ^ ^ respectively. 

Pin 
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3.4 Results and Discussion 

Figure (3.10) displays the mean values, together with their 95% confidence 

intervals of the coupling loss factor, as a function of the average modal overlap factor 

of the experimentally investigated coupled beams system. The figure shows that the 

mean value increases rapidly as the average modal overlap factor (May) of the coupled 

system approaches the value of unity. It approaches the estimate of that for the 

corresponding infinite system as Mav takes (approximately) the value of 1 or greater. 

This result supports that obtained from the theoretically investigated coupled beams 

model (Chapter 2). 

As described in the previous chapter, it is important to present the confidence 

interval of the mean of the quantity of interest. This interval defines the probability that 

any one realization in the acquired random sample of the specified quantity will occur 

within the limits of that interval. Figure (3.10) shows that the 95% confidence interval 

of 1112 is relatively wider at low modal overlap cases than that at higher modal overlap. 

Again, this result supports that obtained in the previous chapter. 

Figure (3.11) displays the results of another quantity of interest which is the 

normalized power f l o w ^ ^ . It shows that the power flow decreases as Mav increases. 

Pin 

This is because the amount of energy absorbed by the directly excited beam increases 

with its damping. The power flow reaches a relatively low value at higher modal 

Pio 
overlap. The 95% confidence interval of the mean of—^ shows a similar trend to that 

Pin 

of the coupling loss factor. This result also supports those of the previous chapter. 

Figures (3.12) and (3.13) show the results for the normalized variance of the 

coupling loss factor and the power flow respectively. The normalized variance in both 

figures has the tendency to decrease rapidly as the modal overlap factor increases. The 

comparison between these two figures shows that the normalized variance of is 

Pin 

less than that of Tin- The reason for this may be attributed to the fact that the coupling 

loss factor is a more sensitive quantity than the power flow, because 7112 is a ratio 
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t>etvye(%i die pMower flo\v awid thee%ie%%ry diffem%ice()fliie C()u]ikxi sytKean. TThe latter 

may be very sensitive to perturbations when it is small. 

It should be noted here that the reason for not reporting Mav values greater than 

1.16 was because of the experimental difficulties in obtaining damping levels that 

satisfy the higher modal overlap conditions for the selected lengths of beams. 

Figure (3.14) shows the cumulative probability distributions of the coupling 

loss factor for different modal overlap factor values. Again this figure supports the 

results obtained from the theoretical investigations that the distribution approaches the 

normality as M^v takes values near unity and greater. 

3.5 Measurements of Power Flow between Two Coupled Modes 

3.5.1 Model description 

A physical configuration of the beam-beam system similar to that used in the 

previous section (3.1) was used for the experimental set-up in this case. This case 

represents modal interactions of only two resonant modes of the coupled beams in the 

frequency band of interest. 

The system investigated consisted of two, short, steel beams having the 

dimensions and the properties described in the table below. 

Length Beam 1 (L^) 0.164 m 

Beam 2 (L2) 0.220 m 

Width 1,and 0.025 m 

Thickness Beam 1 0.003 m 

Beam 2 0.002 m 

Material Beam 1, and 2 Steel 

Modulus of elasticity ]3(%ini 1,imciiZ 1.95E+11 N/m2 

Density Beam 1, and 2 7700 
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Light damping was applied to both beams by attaching thin layers of damping 

material to the faces of the beams. The coupling element had the same properties and 

dimensions as that of the previously described long beams tests. 

The object of this experimental work was to measure the time averaged input 

power, time averaged power flow, and time averaged energies of the two coupled 

beams and compare the spectra of these quantities with those obtained from the 

theoretical model in chapter 2. 

3.5.2 Instrumentation 

Similar instrumentation to that of the previous experimental work has been 

used. However, there were some differences that should be mentioned here. These 

differences were: 

(a) Beam 1 was driven by a point harmonic force in the frequency range 20-200 Hz. 

The excitation was supplied by an electrodynamic exciter (coil and magnet). 

(b) The input signal to the exciter was generated by an oscillator via a power amplifier. 

(c) A digital phase meter was used to measure the phase angles of the quantities of 

interest. 

(d) The received analogue signals (force and response) were monitored on B & K 

analogue voltmeters. The voltage readings were then calibrated to give the required 

engineering units of interest. 

3.5.3 Measurements 

The internal loss factors of the uncoupled beams were measured using the decay 

rate method which has been described previously. Loss factors values of 0.0013 for 

beam 1 and 0.0023 for beam 2 were found. 

The acceleration level and the phase angle were measured at the required 

positions on the coupled beams from which the input power, power flow and the total 

energies were calculated in a number of frequencies in the frequency range of 20-
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200 Hz, using principles similar to those described for the previous experimental 

work. 

Using the mathematical model of the coupled beam system described in 

Chapter 2, the above quantities were predicted after the modification of the model to 

suit the case under investigation. 

The computed and the measured results were compared and displayed in figures 

(3.15), (3.16), (3.17), and(3.18) for the input power, power flow, total energy of 

beam 1, and total energy of beam 2 respectively. 

3.5.4 Results and discussion 

Figure (3.15)-(3.18) display the theoretical and experimental results for the 

input power, power flow, and the total energies in two coupled modes as function of 

frequency in the range of 20-200 Hz. The figures show good agreement between the 

measured and the predicted natural frequencies of the system under investigation. 

These natural frequencies were found to be 53 Hz for the first mode and 125 Hz for the 

second mode of the coupled system. 

The comparison between the measured and predicted results indicates fairly 

good agreement at the natural frequencies of the coupled system. This good agreement 

is a more significant result than the disagreement shown in the off-resonance regions, 

because only the resonance regions contribute significantly to the power flow and 

energy contents of the coupled beams. The disagreement in the off-resonance regions 

may be attributed to the relatively low amplitudes which lead to poor experimental 

estimates. Care had to be taken to ensure that the vibrational behaviour was properly 

linear, which it was found not to be at moderately high amplitudes. Figure (3.17) and 

(3.18) show relatively better agreement between the measured and the computed total 

energies of the beams than those of input power and power flow shown in figures 

(3.15) and (3.16). The reason for this may be related to the fact that energy 

measurements do not involve phase information (i.e., it is easy to measure) as input 

power and power flow measurements do. The comparison between total energy of 

beam 1 (Ei) and that of beam 2 (E2) show that at off-resonance Ei is smaller than E2. 

This is an interesting observation because the excitation is applied on beam 1. A 

conclusion can be drawn from this observation that SEA is an inapplicable method for 

harmonic excitation. In other words, we cannot use the power flow energy difference 

54 



relationship for such a case because it clearly violates the assumption that energy can 

only flow from a component of high energy level to another of lower energy level. 

3.6 Conclusions 

Mean, variance and 95 per cent confidence interval for the mean for the 

coupling loss factor and the normalized power flow across an ensemble of coupled 

beams are obtained from experimental measurements. The following conclusions can 

be drawn from these results. 

(a) The mean value of the coupling loss factor agreed with that obtained from the 

travelling wave method when the average modal overlap is high (M^v > 1), but 

at smaller values of modal overlap the coupling loss factor fell well below the 

travelling wave value. This result supports the theoretical analysis previously 

obtained. 

(b) The normalized power flow decreases as May increases. This is because of the 

increase in the energy absorbed by the directly excited beam as the damping 

increases. 

(c) Normalized variance results for coupling loss factor and the normalized power 

flow decreases as May increases. At any given modal overlap factor, 

normalized variance value for the normalized power flow is very much less than 

that for the coupling loss factor. 

(d) The width of the 95 per cent confidence interval for the means of coupling loss 

factor and normalized power flow decreases as May increases. This will 

increase the probability of obtaining estimates for the above quantities which are 

close to the means. This result is confirmed by the construction of the 

cumulative probability distributions. The distributions for these quantities 

approach the normality as May increases (May >1). 

(e) The agreement between the theoretical and experimental values of input power, 

power flow, and total energies of two coupled modes is found to be good near 

the resonance frequencies of the coupled modes, but not so good near the anti-

resonance frequencies. 
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(f) It is demonstrated that the power flow energy difference relationship cannot be 

applied for coupled systems under harmonic excitation because it violates the 

assumption that energy can only flow from high energy subsystems to low 

energy coupled subsystems. 
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Figure (3.1.a): Coupled beams system. 
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Figure (3.2): The real part of the driving point transfer function, between a force and a velocity, of uncoupled 
beam, L=3A m, ti = 0 .015. 
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Figure (3.3). The real part of the driving point transfer function and the coherence function, between a force and 

velocity, of coupled beams system, Li=3.42 m, L2=3.22 m, T|i=il2=0 03. 
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Figure (3.5): A typical resonant mode of an uncoupled beam having natural frequency of 280 Hz. 
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Figure (3.6): A typical real part of a cross power spectrum, between a force and a velocity at the driving point of 

the coupled beams system. 
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Figure (3.7): The real part and the imaginary part of the cross spectrum between the displacement of the directly 

driven beam and the velocity of the receiver beam at the coupling point. 2=0.09, 1.2=3.3. 
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Figure (3.8): Auto power spectra of the velocities of the coupled beams. T|i=Ti 2=0.055, L2=3.05 m. Top: driven 
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Figure (3.9); Auto power spectra of the velocities of the coupled beams. Tii=ri2=0.09, 1.2=3.3 m. Top: driven 

beam, bottom: receiver beam. 
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Figure (3.10): The experimentally determined coupling loss 

factor of coupled beams. + Mean value, ^ 9 5 % confidence interval. 
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Figure (3.11): The experimentally determined normalized power flow between 

two coupled beams. + Mean value, 95% confidence interval 
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Figure (3.12) : Normalized variance of the experimentally determined coupling loss factor of 
coupled beams system. 
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Figure (3.15): A comparison between the measured and the calculated spectra of 
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Figure (3.17): A comparison between the measured and the calculated spectra of total 
energy of the directly driven beam of a two coupled beams system. 
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Figure (3.18): A comparison between the measured and the calculated spectra of total 
energy of the receiver beam of a two coupled beams system. 



CHAPTER 4 

POWER FLOW BETWEEN COUPLED PLATES 

4.1 Introduction 

This chapter describes a study of the energy transmission between coupled 

plates due to the excitation of one of the plates by a (simulated) white noise source. 

Use is made of the general plate equation of motion. A closed form, separable type 

solution is used to predict the displacement response of the coupled structures under 

investigation. The solution is used to predict the quantities of interest, namely, the time 

averaged input power to the system, the time averaged power flow between the 

subsystems, the time averaged total energies of the coupled subsystems, and the 

coupling loss factor. 

Ensembles of the predicted quantities are performed as results of the 

perturbations of the geometry of the coupled plates system using the distribution 

sampling application of the Monte Carlo method. The system analyzed is considered to 

be one realization taken from a set of similar, but not identical, systems having a known 

statistical distribution. 

The objective of this work is to investigate the sensitivity of predictions of the 

model to the proposed perturbations. Results for the mean and variance of the 

ensembles are obtained and studied with respect to other structural parameters. 

Two main cases are investigated in this chapter, namely, two coupled plates, 

and three coupled plates. 
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4.2 Two Plates System; Mathematical Model and Assumptions 

The coupled system under invesdgation is shown in Ggure (4.1). It consists of 

two rectangular steel plates; each has two opposite sides simply-supported at the 

positions y = 0 and y = b. The plates are coupled together along one edge via an 

elastic, non-conservative coupling element which allows for translational as well as 

rotational motions of the coupled edges. The coupling element has a translational 

stiffness of K^and a rotational stiffness of Kr where 

Kt=Kt( l+jT |c ) 

and 

K r = K r ( l + j l l c ) 

T|c is the dissipation loss factor of the coupling element. Damping is allowed for by 

means of hysteretic damping (in and 112 for plate 1 and plate 2 respectively). The edges 

of the plates along which the coupling occurs have the same length (bi = bg = b). It is 

assumed that the plates are homogeneous, isotropic, and thin. The assumption 'thin' 

plates leads us to ignore the shear deformation and rotational effects. With the above-

mentioned assumptions, classical thin plate vibradon theory is valid. 

The first plate (driven) is exited by a point harmonic force of a unit amplitude. 

For the purpose of analysis, the coupled system under investigadon is divided into 

three simple plates (1, 2, and 3) as shown in figure (4.1). The division lines are 

considered to be the locations of the discontinuities (force position at xi = 0, and 

coupling position at X2 = 0). Each simple plate will have its own geometric and natural 

boundary conditions. The free vibration of each plate is governed by the fourth order 

differential equation 

Bi 
82 32 2 

,3xi 
1 + 5 ? 

Wi + = 0 , (4.1) 
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- %3 
where w, is the displacement, B= is the flexural rigidity of the plate, Y = 

12(1-%|2) 

Y(l+jri) is the complex Young's modulus, 1] is the loss factor, v is the poisson's ratio, 

p is the density, h is the thickness, and i denotes the plate number (i = 1,2,3). The 

solution of the equation of motion will be sought in the form 

w(x i,y,t) $n(xi) s i n ( ^ ) ei«* , (4.2) 

where (Pn(xi) is a function of Xi for plate i, n is an integer and j denotes This 

solution satisfies automatically the boundary conditions imposed by the simple supports 

at the positions y=0, and y=b. It remains to find the function 9n(xi) for each value of 

"n" in the series. 

The externally applied force distribution on the coupled structure at the position 

xi = 0, (or X2 = L2), and y = yo is represented by 

F(y,t)=Fo6(y-yo) eî ^̂  , (4.3) 

where Fq is the force amplitude and co is the frequency of vibration. 5 is the Dirac delta 

function. This force may be expanded in a Fourier series of sine-terms, i.e 

F(y 

By the usual method, we find 

,t) = Fn s i n ( ^ ^ ) ej")(. (4.4) 
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F(y,t) s i n ( ' ^ ) dy 

Fn = h , (4.5) 

b s i n 2 ( ^ ^ ) dy 

or 

F „ = f - s i n 2 S . . (4.6) 

The expression in equation (4.6) will appear in one of the boundary conditions at the 

excitation point. Therefore, 

F(y,t) = % (2/b)Fo s i n ( ' ^ ) s i n ( ^ ) ei^:. (4.7) 

In order to find the function CpnĈ i) we consider equation (4.2). Each term of 

this equation must satisfy the differential equation (4.1) on its own. When such a term 

is substituted into the differential equation, the term s in ( -^ ) eJ®' may be cancelled out 

leaving an ordinary equation in terms of cpn(xi). This is of fourth order and so has the 

solution which can be written for the individual simple plate as 

(Pn(xi)- Anm e ™ ^ , 
m=l 

(Pn(x2) = Z , Anm , (4.8) 
m=5 

12 

(Pn(^3) — Anm e ™ ^ . 
m=9 
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The four k^'s in the above equations occur in two +/- pairs and are the wave numbers 

of the different wave forms for two positive going and two negative going waves of the 

different simple plates (1,2, and 3). They are the routes of the bi-quadratic equation 

(obtained from the differential equation), i.e., 

- 2 odk̂  p =:() (jl.g) 
m m 

where 

- b2 -

kp = "n/© the flexural, free wave number. Therefore, equation (4.9) may 

be written as 

k* -Zk^k^ + (k^-k*) = 0 . tLlO) 
m y m y p 

Therefore, for each simple plate there four wave numbers such that equations (4.8) 

may be written 

9n(xi) = Am + Anz + Ans + An4 , (4.11) 

^(X2) = Ana + An6 + An? + Ans e'̂ ŝ 'z , 12) 

(PnCxg)- An9e ^ 3 + AnioG 1° 3+ AniiC (4.13) 
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for plates 1, 2, and 3, respectively, where k2= -ki, £4= -kg, kg = -kg, kg = -k?, 

kio = -kg, and ki2=-kii. Note that, because the original coupled plates are assumed to 

have the same width, thickness, and material properties, then. 

Ikil = Ikgl = Ikpl = Ikxil 

and (4.14) 

Ikgl = IkyI = Ikjil = Ikx2l 

where 

kxi + kp 

and 

kx2=Vl^ -

Note also that, below the cut-off frequency (the frequency at which the propagation 
starts and when ky = k^) in an undamped plate, kxi and kx2 are real quantities while 

above this frequency kxi is real and kx2 is imaginary. Equations (4.11)-(4.13) can 

now be written as 

%(xi) = Ani + An2 + An3 + An4 , (4.15) 

(pnC ẑ) - An5e "12+ Anee xi 2 + An?© ^ + Ang e ^ , (4.16) 

(PnCxg) — Anp e ^ + Anio e ^ + A^ii e "2 3 + Ani2 6 ^ .(4.17) 

The magnitude of each wave which is present is given by the coefGcients Ani-

Aniz. These coefficients may be found by substituting equations (4.15)-(4.17) into the 
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boundary conditions of each separate simple plate along the edges xi=0, xi=Li. X2=0 

X2=L2, X3=0, and X3=L3, for a given value of "n". These boundary conditions are 

Wi(Li) = 0 , 

wi(Li) = 0 , 

wi(0) = W2(L2) , 

(0) = W2(L2) , 

%l(0) = %2(L2) , 

Qxl(O) =Qx2(L2) + F , 

Kt. (WO) .W3(L3)) =-0x2(0) , 

Kt.(W0)-W3(L3))=-Qx3(L3) , 

Kr.(w2(0)-WL3)) = Mx2(0) , 

Kr.(w2(0)-W3(L3))= %^(L3) , 

W3(0) = 0 , 
and 

W3(0) = 0 , 

where Qx is the shear force per unit width and is the bending moment per unit 

width. They are written as 

9^w 9^w 
Vx = t!l 

and 
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The substitution will produce a set of twelve simultaneous linear equations. The set of 

equations have to be solved for as many as "n" values as required to make the series 

converge. They are solved by employing a routine from the Nag-library in an IBM 

3090-150 machine [37]. A straightforward solution for this equation is made difficult 

by the fact that one of the (real) kx values gets large enough to cause an arithmetic 

overflow problem. This problem can be circumvented by choosing suitable scaling 

factors for the linear equations. 

4.2.1 Calculation of input power 

Once the coefficients of equations (4.15)-(4.17) are evaluated, the time 

averaged energy flowing into the coupled system due to the external driving can be 

simply calculated as. 

* 

iP̂ n== 1/21. Re , (4.11%) 

where F represents the complex force amplitude, V j is the complex velocity amplitude 

at the driving point, and (*) denotes a complex conjugate. The velocity at the driving 

point can be written as 

Vd(xi,y,t) = ^ j 0) w 1(0)^. s i n ( ^ ) (4.19) 

By substituting equation (4.7) and equation (4.19) into (4.18), the time averaged input 

power may now be written as 

Pin — ̂  % - . s i n ( ' ^ ^ ) R e { - j m w T ( 0 ) n . } (4.20) 
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Equation (4.20) is evaluated numerically in the frequency range 1-50 Hz. The results 

are then integrated over the above frequency range to simulate an input power due to a 

band of white noise excitation. A typical input power spectrum is shown in figure 

(4.2). 

4.2.2 Calculation of power flow 

The power flow from the first plate (driven) to the second plate (receiver) 

through the coupling element, is obtained by considering the rate of work done by 

internal forces at the coupling position, which are the shear force (Qx), the bending 

moment (My) and the twisting moment (M^y). The latter is written as 

Mxy = B (l-D) dydx 

The two bending moments act at right angles to each other. The complete set of internal 

forces on a plate element are shown in figure (4.3). 

Since only plates of uniform thickness are considered here, the shear force and 

the two bending moments may be expressed as force or moment per unit length. There 

are thus three main components of power flow at any point across the coupling line, 

each given by the time average of force (or moment) with velocity (or angular velocity). 

The total time averaged power flow at any point along the coupling line can be written 

as 

Pi 2 ~ Pi2s + Pi 2m + Pl2t , (4.21) 

where the first term on the right hand side represents the component of the shear force, 

the second term is related to the bending moment, and the last term represents the 
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twisting moment component. ( -) indicates a time average. These power flow 

components can be written as 

Pi2s- 1/2 . Re { Qx wg }xg=Lg 

P i 2 m = l / 2 . R e { M x ( ^ ) * } 9x3 ̂  ^ 

p,2.= 1/2 . Re { 

where wg is the complex displacement amplitude of the second plate at the coupling 

line (x3 = L3), and (.) indicates a time derivative. The total power flow across the 

coupling line can be found by integrating equation (4.21) with respect to the length of 

the coupling, i.e., 

]Pi2T= JP]2()0 dhy , 04.2:2) 
0 

Equation (4.21) is used to compute the power flow in the frequency range 1-50 Hz. 

The band quantity is obtained by integrating the results over the frequency range of 

interest. A typical power flow spectrum is displayed in figure (4.4). 
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4.2.3 Plates vibrational energies 

Following a similar procedure to that for the coupled beams model (Chapter 2), 

the total energy of a plate is calculated as twice the time averaged kinetic energy. The 

kinetic energy of a plate having an area S and mass per unit area ph , can be calculated 

as 

T = ^ ph 
s 

.2 
w ( x , y ) d s ^L23) 

where w^represents the mean squared velocity of the plate which is given by 

w = i Re ( w . w* } , 

The kinetic energy of the plate can now be written as 

T = ^ ph 0)2 j'lw(x)l^ds , (4.24) 

Band quantities of the total time averaged energies of the coupled plates Ej and E2 

(E = 2T) are calculated in the frequency range 1-50 Hz. Typical energy spectra are 

shown in Ggures (4.5.a).and (4.5.b). 

4.3 Modal Density and Modal Overlap. 

Consider a simply supported plate of dimensions a and b along the axes x and y 

respectively. The modal density may be found by considering the area included by the 

quarter circle of radius kp shown in figure (4.6). Note that 
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]̂  = , 

' a2 ^ ^ b2 ^ 

.7[̂  
The area which may be assigned to each mode in figure (4.6) is }. The 

Tumibff cdfrncxies incliKiedu])tC)awa:/e ntmd]er kp = kis 

N(K) 
4% 

The modal density in k is 

k a b 

2K 

Using n((o) = n(k).— = the modal density in frequency can be written as 

n(m) 

do* 

knab 32 
4%Cb 

(^^-) . , (4.25) 
4K ° 
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where S = ab, k = ^ , and Cy is the phase speed. Equation (4.25) shows that the 

modal density of the simply supported plate is independent of frequency. This result, 

however, was found to be a good approximation for any other boundary conditions 

where the modes will not occur regularly as in the considered case [39]. Equation 

(4.25) was used to calculate the modal densities of the uncoupled plates of the system 

under study. 

Modal overlap factors of the plates are calculated as 

M = n(ci)) 11 0)c 

and the average modal overlap factor of the coupled plates system under study is 

calculated as 

Mav = VMi M2 

4.4 Coupling Loss Factor 

The coupling loss factor (rj 12) of the coupled plates under investigation is 

evaluated on the basis of SEA hypothesis, i.e.. 

ti.2= ^ : — 

0)ni(03){ } 
ni(o)) n2(co) 

where P12T, Ei and E2 are the time averaged band quantities of power flow, total 

energy of the driven plate, and total energy of the receiver plate respectively which are 

obtained from sections (4.2)-(4.4). 
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An estimate for the coupling loss factor of an infinite system is obtained using 

the travelling wave method [8]. Consider the system shown in figure (4.7). It consists 

of two coupled semi-infinite, lossless plates, lying in the plane x-y, joined along the 

line X = 0. The thickness and the properties of the plates and the coupling element are 

similar to those for the finite system under study (described in table 4.1 below). 

Assume that the coupled plates system is excited by a diffuse vibrational field, 

which means that many bending waves, statistically independent of each other, will 

travel about the structure in all directions. Consider a fiexural wave of a unit amplitude 

on plate I, incident on the junction at angle 6. Reflected and transmitted waves will be 

generated. In addition nearfield (non-propagating) waves will be generated at both 

sides of the junction. 

A solution for the total displacement of plate I will be sought to have the form 

w,(x,y,t) = { e'"' (4.26) 

where Ai is the incident wave amplitude, A2 is the reflected wave amplitude, and A3 is 

the nearfield amplitude. Similarly, the displacement of plate 11 can be written as 

wn(x,y..) = { (4.27) 

where A4 is the transmitted wave amplitude, and A5 represents the nearfield wave 

amplitude. Equations (4.26) and (4.27) must satisfy the boundary conditions at the 

junction (x = 0) in order to evaluate the amplitudes A1-A5. The boundary conditions at 

the junction are: 

Kt. (wi -wn) = -Qx^ , 

Kt. (wi -Wn) = -Qxg , 
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Kr. (wi - wn) = Mx̂  , 

Kr. (wi - wn) = Mxg , 

where Qx represents the shear force, Mx represents the bending moment. Kt and Kr are 

the translational and rotational stiffness of the coupling respectively. (') denotes a 

spatial derivative with respect to x coordinate. 

The transmission coefficient te is the ratio of transmitted power to the incident 

power. It is defined as 

Te . (4 :̂28) 
lAil 

The assumption of the diffuse field leads to an averaging of the total incident and total 

transmitted powers over all the possible angles of incident 6. The diffuse field 

transmission coefficient may now be written as 

+71/2 

J IA4P cos(6) d0 
rc/2 

r%l2 

J lAil^ cos (6) d0 

^1-29) 

-31/2 

Equation (4.29) is evaluated numerically after the substitutions for A4 and Aj. 

Heckl [51] has interpreted the diffuse field transmission coefficient in terms of 

the coupling loss factor of a line junction, and found that 

T112.. = ^ , (4.:30) 
TC (0 2)1 
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where Cg is the group velocity, Si is the area of the driven plate and L is the length of 

the junction. Equation (4.30) is used to calculate T] 1200 in the frequency range 1-50 Hz. 

The result is displayed in figure (4.8). 

4.5 Perturbation Analysis 

The dimensions of the plate-plate system under consideration are selected such 

that the frequency response function will have about 15 resonant modes in the 

frequency band 1-50 Hz (centred at 25 Hz). These modes may be seen in the typical 

input power result of figure (4.2). This number of modes is considered to be adequate 

for the purpose of SEA calculations [52]. The dimensions and properties of the plates 

are given in table (4.1) below. 

Length (mean) Plate 1 (driven) 

Plate 2 (receiver) 

2.75 m 

2.65 m 

Width Plate 1, 2 1.5 m 

Thickness Plate 1, 2 3.0 E-3 m 

Material Plate 1, 2 Steel 

Elasticity modulus Plate 1, 2 1.95E+11 N/m2 

Density Plate 1,2 7700 Kg/m3 

Poisson's ratio Plate 1, 2 0.28 

Modal density Plate 1 

Plate 2 

0.69 Mode/EIz 

0.66 Mode/Hz 

Coupling element stiffness Translational (K[) 

Rotational (Kj.) 

1.3E+4 N/m 

1.3E-I-3 N.m/unit slope 

Coupling dissipation loss 
factor (Tip) 

0.15 

Table (4.1) 
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A similar approach to that used for the coupled beams model (Chapter 2) is 

considered here: an SEA population model was constructed by perturbing the ratio of 

the length of the driven plate to the length of the receiver plate (I1/I2). The perturbations 

were introduced by employing the 'distribution sampling' application of the Monte-

Carlo method. A sample of 32 elements of (I1/I2) was drawn from a normally 

distributed population of a known mean and standard deviation [44]. This sample was 

then fed to the mathematical model of the coupled plates. Injected power, transmitted 

power, total energies, and coupling loss factor were then predicted as described above 

(sections (4.2)-(4.5)). The predicted quantities formed ensembles of size of 32 

elements. 

To approximate the method of excitation that is required by SEA, the first plate 

(driven) is excited at 10 different positions. For each given force position the process of 

computation (of the quantities above) is carried out and the results are then averaged 

spatially over the selected force locations. The computations above were performed for 

given values of dissipation loss factors and modal densities, i.e., for given average 

modal overlap factor (M^v) values of the coupled plates. The process above was then 

repeated for different values. Note that, was increased by increasing the 

dissipation loss factors of the coupled plates. An attempt to increase M^v by increasing 

the modal densities was made difficult because of computation difficulties (arithmetic 

over-flow problems). 

4.6 Results and Discussion 

Mean and variance results for the coupling loss factor (T| 12) and normalized 

power flow Pl2T are obtained from the ensembles generated above. As mentioned 

Pin.' 

earlier, the ensembles have the size of 32 observations at each given value of average 

modal overlap factor (May). 

Figure (4.9) displays the mean of the coupling loss factor for different values of 

Mav It shows that as May increases, the estimate of the mean coupling loss factor 

increases and approaches, asymptotically, the diffuse field estimate (the estimate from 

the coupled semi-infinite plates system). The mean of the normalized power flow, 

between the coupled plates, decreases as Mgy increases as shown in figure (4.10). This 

is because of the high losses associated with the increased internal loss factors of the 

coupled plates. Modal energy ratio of a nominal coupled plates system is displayed 
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against in Rgure (4.10.a). Figures (4.9) and (4.10) also show the 95 per cent 

confidence intervals for the estimated means for different M^v values. The interval 

decreases as M^v increases. The width of the interval demonstrates the effect of Mav on 

the sensitivity of predictions of the quantities above. 

Figures (4.11) and (4.12) demonstrate the effect of Mgv on the results of 

normalized variance of rii2 and Pl2T respectively. They show that as Mav increases. 

the normalized variance decreases and exhibits very small values for Mav greater than 

unity. Note that the normalized variance of the coupling loss factor is much greater than 

that of the normalized power flow because both the power flow and the plates energy 

difference enter the equation of the coupling loss factor. 

Figures (4.13) and (4.14) show the cumulative probability distributions of a 

given samples of Ti 12 and Pl2T respectively. As noted before from the results of 

coupled beams model (Chapter 2), the distribution approaches that of the normal 

distribution as Mav increases and take the value of unity and greater. 

4.6.1 The effect of force position on the predictions 

As mentioned above, results for the mean and normalized variance of the 

coupling loss factor 1̂ 12 and normalized power flow Pl2T were obtained as averages 

over an ensemble of similar (not identical) coupled plates systems and also over the 

randomly selected points of excitation. Although single point excitation has a special 

practical significance in the study of mechanical vibration of coupled structures, it is 

considered to be inadequate for the purpose of SEA as pointed out by Fahy [54]. For 

SEA analysis, all modes must be excited independently, whereas point excitation 

ensures that they are all coupled and not independent. The chosen number of ten points 

of excitation (in this work) was considered to be adequate [20] to simulate the statistical 

independence necessaiy for SEA. 
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The location of the point of excitation on the driven plate is found to have a 

considerable effect on the predictions of the values of the mean and the variance of the 

coupling loss factor and power flow of the coupled system. Relatively large values for 

the mean and variance of the above quantities are obtained when the excitation points 

are located near the coupling line. This may be attributed to the existence of the 

nearfield waves near the junction which contribute (locally) to the amount of energy 

transmitted across the junction and consequently to the value of the coupling loss 

factor. For this reason, points of excitations which produce biased results have not 

been considered. The selected points of excitation are located where there is no 

significant effect for the nearfield wave. The considered driving points are shown in 

figure (4.15). A typical distribution of nearfield amplitude along a line parallel to the x-

axis of the driven plate can be seen in figure (4.16). 

Computed results for the mean and the normalized variance of coupling loss 

factor of the coupled system which are obtained from a single point of excitation are 

displayed in figures (4.17) and (4.18) respectively. The point selected for the 

excitation is located near to the coupling line at a distance of 0.3 m (yo = 0.6 m). 

Figure(4.17) shows, quite clearly, relatively large mean values for T] 12 at all different 

modal overlap conditions, in comparison with those obtained from the spatial averaging 

over many points of excitation. In addition the figure shows that the computed mean 

exceeds the diffuse field (SEA) estimate when the average modal overlap factor takes 

the value of one and greater. Figure (4.18) shows large values for the normalized 

variance of the coupling loss factor in comparison with the spatially averaged values. 

Another demonstration for the effect of force position on the prediction of the 

mean of coupling loss factor can be seen in Ggures (4.19) and (4.20). The data shown 

in these figures were obtained as a result of exciting the first plate at adjacent points 

which are located along two perpendicular lines, (the lines intercept each other at the 

point X = 0.4 m, yo = 0.45 m). The selected lines are parallel to the x and y axes. The 

data in figure (4.19) has an exponential like shape which results from the effect of the 

decaying nearfield near the coupling line, while the data in figure (4.20) has a 

sinusoidal like shape which results from the effect of the simple supports at y = 0 and 

y = b. Note that the data shown in figures (4.19) and (4.20) were computed for M^v 

value of 1.6. 
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For conclusion, by reference to the above discussions, we feel justified in 

assuming that the spatial averaging of the results over ten positions adequately satisfies 

the requirements for SEA. 

4.6.2 The effect of modal count on the predictions 

The modal count (N) of a vibrating subsystem is the number of modes of that 

subsystem that resonate in the frequency band Af under consideration. It has a special 

importance in response prediction, when using SEA, as one of the energy storage 

parameters. It is often expressed in terms of the modal density n(f) so that 

N = n(f). Af 

Lyon [11], has explicitly indicated that the modal count represents one of the 

major parameters which produce the variance in response between the mean and any 

member of the population. 

Whereas the modal overlap factor is independent of the choice of the analysis 

bandwidth, the number of resonant modes is approximately linearly proportional to the 

choice of the bandwidth. In the previous sections, we discussed the effect of modal 

overlap on the sensitivity of predictions of the coupling loss factor of a coupled plates 

system. This study is an attempt to isolate the influence of the number of resonant 

modes from the influence of the modal overlap factor. The investigation is carried out 

by computing the mean and normalized variance of the coupling loss factor of the 

coupled plates in different frequency bands. The bands were selected so that they 

contain different numbers of coupled resonant modes as shown in the modal pictures of 

input power spectra in figures (4.21)-(4.25). The computations were carried out for 

different modal overlap conditions and followed the approach described in section 

(4.5). Results for the mean and normalized variance of the coupling loss factor are 

plotted in figures (4.26) and (4.27) respectively. By noting the changes in the shapes 

of the curves a general conclusion may be drawn: that the number of modes, N, has a 

considerable effect on the sensitivity of prediction of the mean coupling loss factor. 

These figures also show that as the number of modes increases at a given value of 

modal overlap factor (Mgy >1), the estimate of coupling loss factor approaches that of 

the diffuse field. 
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Since it was not found possible to obtain an analytical estimate of the effect of N 

and Mav on the variance of the coupling loss factor, because of the extremely complex 

parametric dependance of the power flow expression, an empirical relationship was 

derived by combining the results for the normalized variance as a function of modal 

overlap factor in the different frequency bands. It was assumed that the relationship 

between the above three parameters has the form 

s2 

, 0 ^ 

Loĝ Q c' + a' Loĝ Q (Mav) + b' Log^Q (N) (4.31) 

where is the normalized variance of coupling loss factor ; a', b', and c' are 

I W j 
constants which were determined by plotting the different sets of data and performing 

best straight line fits. Note that s^ is the variance and r is the mean value. This 

relationship is plotted in figure (4.28) and can be used to assess the uncertainty of the 

prediction of the coupling loss factor of the coupled plates model. It is not known how 

generally this form of relationship holds for other types of coupled systems, but this 

type of relationship may be constructed for other coupled system by following the 

approach above. 

4.7 Pure Tone Analysis 

Previous sections were concerned with the investigations of the sensitivity of 

the predictions of the coupling loss factor and power flow of the coupled plates system 

when the excitation was a simulated band of white noise and the averages were taken 

over a set of similar systems. In this section we considered the situation when the 

excitation is a pure tone (sinusoidal). Pure tone analysis has been carried out by Lyon 

[11] when he described the effect of this type of excitation on the coherence between 

modes in multi-modal response. It was found that it is possible to obtain what is called 

"Statistical response concentration" (the ratio of coherent rms response to the incoherent 

rms response) of significant value when many modes are coherently excited. Of course 

such a situation can arise when structures are excited by a pure tone. When the system 

excitation is broad band the stadstical response concentration is not significant. 
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In this work a statistical calculation was carried out on pure tone results for the 

time averaged power flow between two coupled plates. Results for the normalized 

variance were obtained for the computed data in the frequency range 1-50 Hz. The 

coupled plates system had unperturbed (fixed) geometry and represented one realization 

from the set generated for the previous analysis (white noise excitation). Plate one 

(driven) had a length of 3 m, a width of 1.5 m, and a thickness of 3 mm. Plate two had 

a length of 2.65 m, a width of 1.5 m, and a thickness of 3 mm. Figure (4.29) shows a 

comparison between the computed (pure tone) normalized variance and that obtained 

from the previous analysis using white noise excitation. It is clear that the variance for 

the piu-e tone analysis is much higher than for band excitation for all modal overlap 

conditions. These results indicate that an unacceptably high uncertainty should be 

expected if broad band predictions are applied to systems under pure tone excitation. 

4.8 Three Plates System 

The mathematical model for two coupled plates is modiAed for the case of a 

three coupled plates system: the plates are coupled with each other by a similar line 

coupling and formed the configuration shown in figure (4.30). The properties and 

dimensions of the plates are given in table (4.2) below. 
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Length (mean) Plate 1 (driven) 

Plate 2 

Plate 3 

2.75 m 

2.75 m 

2.65 m 

Width Plate 1 ,2 ,3 1.5 m 

Thickness Plate 1, 2, 3 3.0 E-3 m 

Material Plate 1, 2, 3 Steel 

Elasticity modulus Plate 1, 2, 3 1.95E+11 N/mZ 

Density Plate 1, 2, 3 7700 Kg/m3 

Modal density Plate 1, plate 2 

Plate 3 

0.69 Mode/Hz 

0.66 Mode/Hz 

Poisson's ratio Plate 1, 2, 3 0.28 

Coupling element stiffness Translational (K )̂ 

Rotational (K )̂ 

1.3E+4 N/m 

1.3E+3 N.m/unit slope 

Coupling dissipation loss 

factor (T|g) 
0.15 

Table (4.2) 

This analysis was performed in order to investigate the statistical properties of power 

flow between indirectly excited subsystems. 

The coupled plates system is excited by a band limited random force similar to 

that of the previous model, applied to plate 1. A similar analysis to that of the two-

plates system is carried out for the prediction of mean coupling loss factors r\i2 and 

1123, the predictions of normalized power flow through the coupling lines. 

Figures (4.31) and (4.32) display the mean values of the coupling loss factors 

as well as the 95 per cent confidence intervals for the means at different values of 

average modal overlap factor (M^v) at junctions 1 and 2 respectively. Note that because 
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the modal overlap factors of the plates are almost similar, it was found convenient to 

calculate the average modal overlap factor of the coupled system (Mav) as 

Mav = (Ml M2 , 

where M1-M3 represent the modal overlap factor for plates 1, 2, and 3 respectively. 

The figures above show that the coupling loss factors of the coupled system increase as 

Mav increases. Coupling loss factors of both junctions approach (asymptotically) the 

diffuse field estimate at Mav ̂  1- The figures also show that the confidence intervals of 

the means decrease as Mav increases. These results are similar to that for the two-plates 

system. Figure (4.33) shows a good agreement between the results obtained for both 

coupling loss factors r\i2 and r|23, although plate 1 is driven directly while plate 2 

received an indirect excitation. 

Figure (4.34) displays the results for the normalized variances of the coupling 

loss factors as functions of Mav. It shows that the normalized variance values 

decreases sharply as (Mav) increases and take relatively smaller values for Mav ^1. 

Figures (4.35) displays the mean values for the normalized power flow through 

junctions 1 and 2. The power flow decreases as Mav increases. Figure (4.36) shows 

the results for the normalized variances which also decrease as Mav increases. 

Cumulative probability distributions for samples of coupling loss factor and 

normalized power flow at the first junction are displayed in figures (4.37) and (4.38) 

for different Mav values. The distribution approaches normality as Mav increases and 

takes the values of unity and greater 

4.9 Conclusions 

From the analysis of coupled plates systems, the following general conclusions may be 

drawn: 

(a) The travelling wave method overestimates the coupling loss factor of the 

coupled plates systems when the average modal overlap factor (Mav) is small 

(less than 1.0). This conclusion is similar to that drawn from the one 

dimensional model (coupled beams system). 

(b) The sensitivities of the predictions of the coupling loss factor and the 

normalized power flow between the coupled plates are highly affected by the 
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degree of the modal overlap of the coupled system. High variances are reported 

for the above quantities at low values of Mav and vice-versa. 

(c) The normalized variance calculations showed that the coupling loss factor is a 

highly sensitive quantity to the perturbations of the geometry of the coupled 

system than the normalized power flow. 

(d) The excitation location has a great effect on the mean and the variance of the 

computed coupling loss factor. Points of excitations which are located near the 

coupling line produce high values for the mean and the variance. This is 

because of the existence of nearfield waves close to the coupling line. 

(e) The number of resonant modes of the coupled system in the analysis frequency 

band has a considerable effect on the values of the mean and the normalized 

variance of the coupling loss factor. For a given Mav value (Mav > 1), the 

estimate of the coupling loss factor approaches that of the travelling wave 

method as the number of modes increases. 

(f) Pure tone analysis of the power flow between two coupled plates showed an 

extremly high, frequency-dependent variance in comparison with those obtained 

&om the frequency band averaged quantities. 

(g) A good agreement was found between the values of the means and the variances 

of the coupling loss factors at both junctions of a three coupled plates system, 

irrespective of the way of excitation which applied across both junctions. 

81 



Xi 

L3 L2 Li 

12 h 

R e c e j v e r p l « k 

Kr Kt 

D r i v e n plmle 1 

Figure : (4.1) Two Coupled plates system 



Input power (Watts) 

3 cr3' 

4). 
is) 

a •a 

o 

o p 

o 
"H. 
o" 
"S 

t 

g 

I I I mill I I I 



Figure (4.3) : shear forces and moments acting on a plate element. 
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Figure (4.4): The power flow between two coupled plates 
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Figure (4.5.1)): Total energy of the receiver plate of a coupled plates system 
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Figure (4.30) Three Coupled Plates System 
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CHAPTER 5 

POWER FLOW BETWEEN COUPLED RODS 

5.1 Introduction 

In the previous chapters , various cases of coupled multi-mode systems were 

analysed. The main objective was to investigate the uncertainty of predictions which 

are associated with the employment of Statistical Energy Analysis. One of the 

conclusions which resulted from those investigations was that the widely used wave 

transmission analysis overestimates the mean of the coupling loss factor (r) ̂ 2) when the 

modal overlap is low. No physical explanation was given for this observation because 

the expression for the coupling loss factor contains three elements (variables) which 

depend on a very complicated fashion of subsystem and coupling parameters. These 

variables are the power flow and the modal energies of the coupled subsystems. 

Previous chapters have also shown that the coupling loss factor, as defined by 

the ratio of power flow to modal energy difference, is much more sensitive to small 

perturbations of subsystem geometry under conditions of low modal overlap than the 

power flow between the subsystems. It might be argued that, in practice, this 

sensitivity of coupling loss factor is irrelevant, because what really matters is the 

vibrational energy of the individual subsystems which are determined by actual power 

flows. This may be true for theoretical predictions of system response, but it has 

serious implications for the reliability of experimental determinations of coupling loss 

factors by inversion of the matrix relating injected powers to subsystem energies. Such 

tests are constrained by the considerations of cost and time to be carried out on only one 

or two physical systems, which do not necessarily possess the nominal physical 

parameters attributed to the class of system investigated (e.g. one car body structure 

selected arbitrarily from a very large set of nominally identical replicas). 

In this chapter it is intended to examine, in detail, the power flow equation of 

two coupled subsystems and to study the influences of the various subsystems 

parameters on the energy sharing process. In order not to obscure the physics by 

structural complexity, we treat the coupling between two rods in longitudinal vibration. 
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Two different systems of coupled rods are investigated in this chapter. These are: 

(a) A case of coupling between two rods in which the lengths of both rods are allowed 

to increase in order to vary the modal overlap. 

(b) A case of coupling between two rods in which the length of the receiver rod is 

allowed to increase while keeping a fixed, relatively small, value for the modal overlap 

factor of the directly driven rod. 

For both cases, results for the power flow and the coupling loss factor are 

presented. 

5.2 Coupled Rods System: Theoretical Model and Assumptions 

The mechanical system considered in this chapter is shown in figure (5.1). It 

consists of two steel rods vibrating longitudinally and coupled together at the ends 

xi = L j and X2 = 0. The other ends of the rods are assumed to be free. Rod 1 has a 

cross-sectional area of 0.01 m^ while rod 2 has a cross sectional area of 0.06 m^. The 

length of rod 2 is assumed to be 0.65 times the length of rod 1. Rod 1 is forced with a 

point harmonic force (F = FoeJ^t) as shown. This particular coupled system was 

chosen because a solution exists for a rod in longitudinal vibration, and as a result, an 

exact closed-form solution for the quantities of interest may be found. An internal 

dissipation loss factor of 0.001 is assumed for both rods. 

The equation of longitudinal free vibration of a rod is given by 

^a2u(x,t) a % , t ) 

where u is the longitudinal displacement of the rod, Y = Y(1 + jT|) is the complex 

Young's modulus, rj is the loss factor and p is the density. The solution for this 

equation can be written, for rod 1 and rod 2 respectively, as 

ui(xi,t) = (Aie^^i + eî ot , (5.2) 
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U2(^2,0 = , (5.3) 

where A2 and Ai are the incident and the reflected (at the junction) wave amplitudes 

respectively which travel in rod 1. A4 and A3 represent the transmitted and the 

reflected (at the far end of rod 2) wave amplitudes respectively, k =ki=(^ is the 

complex wave number of the motion which is given by 

k = k{l.j(Tl/2)} 

In order to find the amplitudes of the different waves which are present, 

equations (5.2) and (5.3) must satisfy the boundary conditions at the junction and at the 

free ends of the coupled rods system. These boundary conditions are 

(a) At the junction (xi = Li, X2 = 0), 

ui — U2 , 
and 

where Fgl and Fs2 are the normal stress forces on the cross section areas Si and S2 

respectively, which are given by 

F s , = S , Y | j - , 

and 

Fs2 = S 2 Y | i . 

84 



(b) At the free end of rod 1 (xi = 0), 

F H - S . Y | i = 0 

(c) At the free end of rod 2 (x2 = L2), 

S 2 Y | | = 0 . 

Substitution of equations (5.2) and (5.3) into the boundary conditions gives the 

following expressions for the complex wave amplitudes Ai - A4: 

, (5.4.a) 
j Si Y k (|Lll-^l2) 

^2 = _ , (5.4.b) 
j Si Y k (^11-^2) 

• (5.4.0 

and 

j Si Y k ( | i i - | i2) 

%4 = , (5.4.d) 
j Si Y k (|ii-^i2) 

where p.i and |i2 are given by 

Si|i2 ej^^ - S2e"^j^2 +S9 

(Si+S2)e-2jl'L2-(S7-Si) 
ZSieikL, 
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5.3 Calculation of Input Power 

The time averaged input power to the coupled rods system is given by 

Pin=l/2IH^Re(Ho} , (5.5) 

where is the driving point mobility of the coupled system (at xi = 0), which is given 

by, 

Ho -jco(Ai + A2) . 

Substitudon for the amplitudes Ai and A2 from equations (5.4.a) and (5.4.b) produces 

the following expressions for the time averaged injected power, i.e., 

Pin= 1/2 IFol̂  Rej 1 (5 6) 

[Si Y k(m-H2)j 

where |a.i and [L2 are given above. 

The dme averaged input power may also be written as. 

Pin=l/2IVol^Re(^) , 

where is the driving point impedance of the coupled system (at = 0), and is 

the velocity at the same point. If we write Zq in terms of its resistive and reactive parts 

as 
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then 

Pin — 2 '̂ o' 
1 ( ^ + 6 . 

(5.7) 

5.4 Calculation of Power Flow 

The time-average power flow from rod 1 to rod 2 across the junction is given by 

P l 2 = l / 2 R e { F c . V J , (5^) 

where and V^are the force and the velocity at the junction (x2 = L2) respectively 

They are given by 

Fc(X2) = F;2(X2,t)=S2Y||- , 

and 

= j k S 2 % - % 4 ) , 

Vc(x2)=j(j)(^3 + ^ ) -

The substitution for the amplitudes A3 and A4 from (5.4.c) and (5.4.d) produces the 

following expression for the time averaged power flow between the rods, i.e., 

P l 2 = i l F o l ^ A l R e 'CO 
/g-2jkL2_l\ / e-2jkL24-l Y 

(5.9) 

The time averaged power flow between the coupled rods may also be written in the 

alternative form 
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Pl2=l /2IV(!2Re(^) , (5.10) 

where Z2 is the impedance of the receiver rod at the coupling point which is given by 

Z2= (j/co) Y S2 k tan(kL2). 

Vg can be written in terms of the velocity of the driven uncoupled rod at x j = L j as 

V c = V i - ^ , (5.11) 
Zi 

where Zjis the impedance of the directly driven rod at the attachment point which is 

given by 

Zi= (-j/o)) Y Si k tan(kLi). 

Fgcan be written as 

Fc = Z2Vc . (5.12) 

By combining equations (5.10) and (5.11) one finds [57] that the attachment point 

vibrates with the velocity 

V c = — . (5.13) 
H-(Z^Zi) 

In view of equation (5.10), the time averaged energy that the receiver rod extracts from 

the driven rod is found to obey 
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liXZa'Zi)! 
(5.14) 

If we write Zi and Z2 as 

Zi = R i + j i i , 

and 

R2 +3^2 , 

where R and I represent the resistive part and the reactive part of the impedance 

respectively, then equation (5.14) can now be written as 

12=2 
R2 IVil^(lfi+I^) 

(R1+R2) + (I1+I2) 
(5.15) 

Vi can be written in terms of the impedance of rod 1 as 

Vi 
Zicos(k Li) 

~ 2 

Under the assumption of low damping, we can write IVjl in the following 

approximate form 

IV 1' - ""2 % 
(]^1+I^) [cos2(kLi)+;^ ̂ ^sin2(kLi)] 

where "q/Z, is the damping coefficient. Equation (5.15) can now be written as 
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1^2=5 
R2 

(R1+R2) + (I1+I2) 

IFol̂  

[cos2(kL sin2(kLi)] 

(5.16) 

Equation (5.16) is a general expression for the calculation of power flow between any 

two subsystems coupled at a point. 

The other form of interest, for the power flow expression, is that of the ratio 

between the time-average power flow and the time-average input power. Using 

equations (5.7) and (5.16), the normalized power flow can be written as 

' n R2lFol^(F^+6 

Pin 
1+1^2)̂  + (Il+l2)^][cos2(kLi)+4^^L'^jsin2(kL2)] 

(5.17) 

Equation (5.17) is considered in the parametric study of the effects of the individual 

P - i 
components of the impedances on the behaviour of the quantity —^ in different modal 

Pin 

overlap conditions. An analysis for expressing the time averaged quantities of input 

power and power flow in terms of the direct and the transfer impedances of the 

uncoupled rods is shown in Appendix IV. This form has not been considered in the 

investigations because it is rather complicated compared with the form of equation 

(5.17). 

5.5 Calculation of Total Energies 

The time-averaged total energy of each coupled rod is calculated as twice the 

time averaged kinetic energy. It is written for the individual rods as 
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Ei= ^co2 J miluil2 dxi , (5.18) 
Ll 

E2= 1̂ 0)2 J m2lu2l2 dx2 , 05 19) 
LZ 

where mi and m2 are the mass per unit length of rod 1 and rod 2 respectively. The 

substitution for the different wave amplitudes from equations (5.4) will produce the 

following expressions for the total time-averaged energies, i.e.. 

E i = 1/2 0)2 m i 

Ll 

1 +Fo[i le^kx i 

jSiYk(|ii-^i2) 
dxi , (5.20) 

E2= 1/2 0)2 m2 

L2 

F^e-2jkL2_^kx2+p^e_jkx2 

jSiYk(|ii-|i2) 
dx2 . (5J:l) 

5.6 Semi-infinite Undamped Coupled Rods 

The system analyzed in this section consists of two semi-infinite, lossless rods 

coupled at their ends as shown in figure (5.2). The cross section areas and the material 

properties are similar to those of the previously described finite system. The object of 

the present analysis is to obtain estimates for the power flow and the coupling loss 

factor, using the travelling wave method [2], and compare them with those obtained for 

the finite system. 

Consider an incident longitudinal wave travelling in rod 1 from the left. At the 

junction (x = 0), transmitted and reflected waves are generated. The displacement 

responses of rod 1 and rod 2 can be written as 
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ui(x,t) = (Aic-j^ + , (5.22) 

U2(x,t) = Aie-jkx ej(ot , (5.23) 

where Af is the amplitude of the incident wave, Aj is the reflected wave amplitude, and 

Ai represents the transmitted wave amplitude. Equation (5.22) and (5.23) satisfy the 

boundary conditions at the coupling point, (xi=0). These boundary conditions are 

(a). ui=u2 , 

(5.24) 

(b). Fsi = Fs2 , 

The substitution of equations (5.22) and (5.23) into the boundary conditions gives the 

following expressions for the transmitted and reflected wave amplitudes in terms of the 

incident wave amplitude, i.e.. 

2A • 
1+(S2/Si) ' 

and 
A At(l.(S2/Si)) 

1+(S2/Sl) ' 

The time-averaged incident power in rod 1 and the time-averaged transmitted power 

from rod 1 to rod 2 can be written respectively as, 

Pinoo = ^ p Si ccP Ci^j) , (5.27) 

and 
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Pi2,c == If (P S2(a2 (Zl/fo , (S SWS) 2 

where Q is the longitudinal wave speed. An expression for the normalized power flow 

can now be obtained, after the substitution for the wave amplitudes, as 

Plloo ^ 

IB, ' 
rinoo 

The ratio above represents the transmission coefficient too of the coupled rods. Using 

the assumption that the energy transmitted across the junction is small so that the 

reflected wave has nearly the same energy as the incident wave, then the total time 

averaged vibrational energy of rod 1 of length Li is given by 

E i = p S i ( o 2 / ^ i L i . (5.30) 

By definition, coupling loss factor rii2oo is written as 

= (5.31) 

EiO) 

Substitution of equations (5.28) and (5.30) into (5.31) gives the following expression 

for the travelling wave estimate of coupling loss factor 

T112oo = i ^ ^ (5.32) 
0)Li 
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5.7 Results and discussions 

From the analysis of the finite coupled rods system described in the previous 

sections, the time averaged quantities of input power, power flow, and total energies, 

were computed at intervals of 1 Hz in the 1/3 octave frequency band centred at 5000 

Hz. The results were obtained for a range of values of average modal overlap factor 

(Mav =VMi M2) of the coupled rods system. Typical spectra for the input power and 

the power flow are shown in figures (5.3)-(5.7) and (5.8)-(5.12) respectively. It 

should be noted that the different Mav values were obtained by varying the lengths of 

the coupled rods, (i.e., by assuming different modal density values, n(f) = 2L/Cg), but 

keeping a fixed length ratio (L2/L1) value of 0.65. The internal loss factors of the 

rods(iii and 112) had a fixed value of 0.001. 

Band quantities for P12, Ei and were obtained by integrating their 

spectra over the above mentioned frequency range. Figure (5.13) displays the 

frequency averaged values of input power to the coupled system, against average 

modal overlap factor. The figure shows that the input power has an almost constant 

value, independent of the average modal overlap. This result is consistent with that of 

Scharton [61]. 

Figure (5.14) displays the computed band values of normalized power flow 

between the finite coupled rods against average modal overlap factor. This figure 

shows that the power flow decreases with the length of the coupled rods. The reason 

for this is the increase in the energy absorbed by the directly driven rod as the length of 

the latter increases. 

The coupling loss factor (1112) is evaluated on the basis of SEA hypothesis (see 

equation (2.34) ) using the calculated band values of P12, E^ and E2 above, at 

different values. The results are plotted in figure (5.15) together with the 

frequency averaged estimates of TI1200 obtained from the travelling wave method 

(equation (5.32)). The value of T|22 for the finite coupled system falls well below the 

travelling wave estimate when is small (less than 1.0). i i i2 approaches the 

estimate of the infinite system when M^y takes the value of unity and greater. This 

result supports those previously obtained for coupled beams and coupled plates 

systems. An explanation for the coupling loss factor behaviour, presented in the figure 

above, is given in the subsequent section. 
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— ~ 2 

Concerning the power flow between the coupled rods, the quantity P12/IV1I 

(see equation 5.15) is considered first for the purpose of presenting the effects of the 

individual components of the impedances of the uncoupled rods on the spectrum of the 

power flow. The reasons for the consideration of this particular quantity are first, that 

its peaks have almost the same order of magnitude as the resistive parts and the reactive 

parts of the impedances; and second, the spectrum of this quantity exhibits these peaks 

at the same frequencies as the absolute power flow (P12). The spectrum of (P12/IV1I ) 

is plotted in figures (5.16) and (5.17) for value of 0.008 and a length ratio (L2/L1) 

of 0.65. The figures also display the real parts and the moduli of the imaginary parts of 

the impedances of the uncoupled rods respectively. These figures show that the 

maximum power flow occurs at the natural frequencies of the coupled system as proved 

by figure (5.18) which shows that the reactive part of the driving point impedance of 

the coupled system (Ig) vanishes at these frequencies. 

From the results presented in figures (5.16) and (5.17), a general conclusion 

can be drawn that maximum power flow between the coupled rods can be obtained 

when the sum of the reactive parts of the impedances of the uncoupled rods (I1+I2) is 

zero. This can be seen clearly, in figure (5.17), at the frequencies which correspond to 
- ~ 2 

the first, second and the fourth peaks of (P12/IV1I ). But there are special, rare cases 
— ~ 2 

which do not correspond to this condition. The third peak of (P12/IV1I ) corresponds 

to the case when both uncoupled rods are close to anti-resonance. The sensitivity of 

this behaviour is indicated in figure (5.19). This figure is produced after the 

perturbation of the length ratio (L2/L1) to be 0.64 instead of 0.65. It shows that all 

peaks of power flow correspond to the condition of zero sum of (I1+I2). The 

observation above is consistent with condition given in reference [57] that maximum 

power flow can be achieved when the impedances of the uncoupled rods are complex 

conjugates. 

Note that the peaks in the resistive parts of the impedances correspond to the 

anti-resonances of the uncoupled rods, while the dips of the moduli of the reactive parts 

correspond to the resonance frequencies of the uncoupled rods. 
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5.8 Short-long Rods System 

As noted previously, the power flow between two coupled rods of equal loss 

factors decreases as the lengths of the rods increase. The reason for this is the increase 

in the dissipated energy of the directly driven rod which consequently reduces the 

amount of energy transfered to the other rod. In this section, an attempt is made to 

eliminate the influence of the length of the driven rod on the power flow as follows. 

The length of the driven rod is kept fixed such that a constant value of 0.01 is assumed 

for the modal overlap factor (M^) of this rod, while different values of modal overlap 

factor (M2) of the receiver rod are assumed (by assuming different length values). For 

Pl9 
each value of M2, the band value of normalized power flow —^ is computed and can 

Pin 

be seen in figure (5.20). This figure shows the behaviour that as the modal overlap 

Pl7 
factor of the long rod (M2) increases, increases, which is unlike the results 

Pin 

previously obtained from the long-long rods system. This figure shows that as M2 

increases and takes the value of 1.0 and greater the normalized power flow exhibits a 

fixed value which is independent of any further increase in M2. 

Figure (5.21) displays the results for the coupling loss factor (1112) of the short-

long rods system at the different M2 values. The curve of this figure shows a similar 

trend to that of the coupled long-short beams system (described in Chapter 2): as M2 

increases T|i2 increases and approaches asymptotically the travelling wave estimate 

(equation (5.32)). To explain this behaviour of coupling loss factor and that shown in 

figure (5.15) of the previous model, the results of normalized power flow shown in 

figures (5.14) and (5.20) are used as follows. The ratio may written as 

^ = y = ^2 0) E2 

Pin T|lO)Ei+Tl2COE2 

As it was assumed that T|i = T|2 = T], then 
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^ = i - l = — . (5.34) 

E. ^ ^ 

The substitution of equation (5.34) in SEA relationship (equation (2.34)) gives the 

following expression for the coupling loss factor in terms of normalized power flow (y) 

112=, , . (5.35) 
l-Y-(ni/n2)Y 

For the two cases of coupled rods (long-long and short-long), equation (5.35) can be 

studied as follows. 

(a) Short -long rods system. 

(i) In the region where the modal overlap factor of the long rod (M2) is small; 

i.e., ni(co) = n2(co), equation (5.35) may written as 

, (5.35.a) 
l-Zy 

which shows that T\ 12 is only a function of normalized power flow (for a constant value 

of dissipation loss factors). This produces the small values of 1112 compared with the 

estimate of the travelling wave method shown in figure (5.21). 

(ii) When M2 is large enough compared with the constant value of Mi; i.e., 

ni(a))«n2((o), equation (5.35) may written as 

= ^ . (5.35.b) 
1-Y 

As y increases in this region and takes approximately a constant value at high modal 

overlap (see Hgure (5.20), T]i2 increases and behaves in a similar fashion. 
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(b) Long-long rods system. 

As it was assumed for this case that the length ratio (L2/L1) equals 0.65, then 

equation (2.35) can be written as 

= . (5.35.C) 
1-2.5Y 

Equation (5.35.c) can be studied in a similar way as described above to explain the fall 

of the value of coupling loss factor from the estimate of the travelling wave method at 

low modal overlap and the agreement between the two estimates at high modal overlap. 

In order to investigate the influences of the individual parts of the impedances of 

the rods on the specific behaviour of the power flow shown in figure (5.20), The 

Pl9 
spectra of the normalized power flow —^ are evaluated in the frequency band of 

Pin 

interest and displayed in figures (5.22) through (5.26) for M2 values of 0.02, 0.1, 0.5, 

1.0 and 1.5 respectively and for a fixed Mi value of 0.01. The figures show that the 

normalized power flow has its maximum values at the resonance frequencies of the 

receiver rod and the peaks have the same level throughout the frequency range of 

interest. As M2 increases (i.e., the length of the receiver rod increases), the maximum 

P12 

values of are hardly change, but the minimum values increase considerably, and 

Pin 

the spectrum exhibits many peaks because of the increase in the modal density of the 

receiver rod: consequently, the frequency integral increases. A further increase in the 

modal overlap of the receiver rod (M2) smooths out the spectrum of the normalized 

power flow and the latter become independent of frequency at higher M2 values as can 

be seen in figures (5.25) and (5.26) for M2 values of 1.0 and 1.5 respectively. The 

Pi? 
smooth spectrum of gives an indication that the system is behaving like an infinite 

Pin 
system. 

Figures (5.27) - (5.29) display a comparison between the spectra of the real 

parts (R^ R2, and Rq) of the impedances of the uncoupled rods and those of the 
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coupled system for the different M2 values above. These figures show that as M2 

increases, the maxima of the spectra of R2 decrease while the minima increase. When 

M2 takes a value which is greater than 1.0 (see figure (5.29)), R2 exhibits a fixed value 

which is independent of frequency. Rq behaves in a similar way to R2 but its spectrum 

is not flat at higher M2 values. The smooth spectrum of Rq (at high M2) exhibits peaks 

at the resonance frequencies of the directly driven rod. 

Figures (5.30)-(5.32) display a comparison between the imaginary parts ( I 2 

and Iq) of the impedances for the same values of and M2 mentioned above. They 

show that as M2 increases and takes large values, I2 decreases and takes negligible 

values at all frequencies in the frequency range of interest. 

From the results above, we can say that the resistive part of the impedance of 

the receiver rod (R2) is a dominant parameter in controlling the behaviour of the 

Pi? 
frequency averaged value o f ( s h o w n in figure (5.20)) at different M2 values. This 

Pin 

is supported by the following investigation of the effect of modal overlap factor of the 

receiver rod on the behaviour of R2. The latter can be written as, 

R2 = R e ( ^ = Re { (j/m) Y S 2 k tan(kL2)} . (5.36) 

If we write k and Y as 

k = k2(l-jO , 

and 

Y2 = Y2(l+j20 . 

As the damping is assumed to be very low (^«1), then R2 can be expressed 

approximately as 

Rz 
SoY 
Ci 

(1+^^) sinh(^kL2) cosh(^kL2) 

( cos(kL2)cosh(^kL2) } { sin(kL2)sinh(^kL2) }' 

or, in terms of the modal overlap factor of the receiver rod (M2) as: 
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SiY 
Q 

( l+^^)s inh^^jcosh |^^ 

^cos(kL2)cosh0^^jj + jsin(kL2)sinh^^^^^j| 
(5.37) 

Equation (5.37) can be studied as follows. 

(i) When ± e modal overlap factor of the receiver rod is large enough (M2 > 1), then 

s i n h f ^ ^ l = coshf"^^ 

and therefore R2 written approximately as 

R2̂  Ci ' 
(5.38) 

which is simply represents the characteristic impedance of an infinite rod. This takes a 

constant value for given properties and dimensions of the rod. This result explain the 

asymptotic behaviour of the integral of normalized power (figure(5.20)), at high modal 

overlap. 

(ii) When M2 takes small values (M2 « 1), then sinb|^^^l will be very small quantity 

and very close to and c o s h ^ ^ ^ j will approach the value of unity. Therefore 

R2 can be written in the following approximate form as 

Ro = S2Y 
M27C 

cos^(kL2)+(^^l sin^(kL2) 
(5.39) 

which produces a relatively small value in the integral sense (the integral of R2 spectra 

at different M2 values is displayed in Figure (5.33)). This result clearly explains the 
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fall of the integral of the normalized power flow P]2 

V^in J 

below the asymptotic level, at 

low modal overlap as shown in figure (5.20). Equation (5.39) shows that R2 has its 

maximum value when cos(kL2) = 0 and sin(kL2) = 1. In this case, R2 may be 

written approximately as 

It is invesely proportional to M2, which explains the decrease in the values of the 

maxima of R2 as M2 increases (see Figures (5.27)-(5.29)). On the other hand, R2 

has its minimum value when cos(kL2) = 1 and sin(kL2) = 0. In this case R2 can be 

written as 

R2 = ^ ^ ^ ^ ^ . (5.41) 

The latter form explains the increase in the minima of R2 as M2 increases, as shown in 

Rgures (5.27-5.29). 

5.9 Conclusions 

From the analysis of coupled rods system, we can draw the following main 

conclusions: 

(a) The travelling wave method overestimates the coupling loss factor of the 

coupled rods system at low modal overlap. As soon as one of the rods, or both 

of them, enjoys high modal overlap condition, the estimate of coupling loss 

factor approaches the travelling wave estimate asymptotically. This conclusion 

supports those obtained from previous models of coupled beams and coupled 

plates systems. 

(b) When two long rods are coupled together the power flow between them 

decreases as the modal overlap factor of the directly driven rod increases. This 

is because of the increase in the energy absorbed by the rod as its length 

increases. 
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(c) For a fixed, small, value of modal overlap for the directly driven rod, the 

normalized power flow increases as the modal overlap factor of the receiver rod 

(M2) increases. The frequency averaged value takes an almost fixed value as 

M2 takes the value of 1.0 or greater. 

(d) The parametric study of power flow equation of coupled rods systems has 

shown that, maximum power flow generally correspond to the condition when 

the sum of the reactive parts of the uncoupled rods vanishes. This condition 

has a high probability of occurrence but it is not guaranteed for all peaks of 

power flow in the frequency band of interest. This study has also shown (for a 

case of short-long rods system) that the real part of the impedance of the 

receiver rod is a dominant parameter. It controls the integral of normalized 

power flow in all modal overlap conditions. The computed results of R2 

explained the asymptotic fixed value of power flow at high modal overlap and 

also explained the fall of the estimate of the power flow below that of the power 

flow of the infinite system at low modal overlap. 

(e) An explanation for the behaviour of coupling loss factor of coupled rods in 

different modal overlap conditions was obtained. This explanation was based 

on the well understood results of normalized power flow between the coupled 

rods. 
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Figure (5.1) : Coupled rods system 
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Figure (5.7): Input power to a two coupled rods system 
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Figure (5.9): Power flow between two coupled rods 
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Figure (5.11): Power flow between two coupled rods 
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Figure (5.12): Power flow between two coupled rods 



(N 

CO 
h-
< 

l i i 
o 

X 

Ck 
l u 

cd 
o 
CL 

=) 
CL 
z 

n 

* * x 

o 

E-3 E-2 E-1 

AVERAGE MODAL OVERLAP FACTOR (May) 

E+0 
T—) 
E + 

FIG. (5.13) INJECTED POWER TO A COUPLED RODS SYSTEM 



o 
n 

a. 
; Ln 

cm 

c l 

O 
_J 
LL̂  

O 
(N 

Q/ 
LU 
3: 
O 
CL 
a 
HI 
N 

in 

1 o 
< n 
Q/ 
O 
z 

m 
o 

o 
o 

O , O 
E-3 E-2 E-1 

AVERAGE MODAL OVERLAP FACTOR (M^v) 

E+0 E+ 

FIG. (5.14) POWER FLOW BETWEEN COUPLED RODS 



10 
o 
o 

in 
o 
o 

or 
o 
h-
(_j 
<r o 
LL o 

CO 
en 
o 

CD 
n 
o 
o 

CL 
Zi 
2 8 

o 

o 
o 

o 
o 
o 

o 

x 
-A—*-

E - 3 E-2 E-1 

AVERAGE MODAL OVERLAP FACTOR (M^v) 

E+0 E+1 

FIG. (5.15.%) COUPLING LOSS FACTOR OF COUPLED RODS SYSTEM 

* FINITE SYSTEM ESTIMATE, oTRAVELLING WAVE ESTIMATE 



OJ 
I 

U J 

n 
L U 

CK 
O 
H-
U < 

L L 

ID Q_ 
Z3 
O 
u 

LO 
I 

L U 

O 

»i: o 

o 

CD 
I 

L U 

E-3 E-2 E-1 

AVERAGE MODAL OVERLAP FACTOR (May) 

E40 
-r~] 

E4 

FIG. (5.l5.b) COUPLING LOSS FACTOR OF COUPLED RODS SYSTEM 

% FINITE SYSTEM ESTIMATE, oTRAVELLING WAVE ESTIMATE 



00 
+ 
UJ 

\ 
u 
LU 

CO 
+ 
lii 

(M 

Q 
Z < 

^ "t" 
(k lU 

o 
_1 
LL 

CN + 
LU UJ 
3: O 
CL 

a 
LU 
N 

< n 
IX 
o 
z 

o + 
UJ 

(N 

(Pi^iViO 

4 4 0 0 4 6 0 0 4 8 0 0 5 0 0 0 5 2 0 0 

FREQUENCY ( H z ) 

5 4 0 0 
T : I :—f-
5 6 0 0 5 8 0 0 

F I G . ( 5 . 1 6 ) NORMALIZED POWER FLOW AND THE REAL P A R T S OF Z1 AND Z 2 

POWER FLOW, R e a l ( Z I ) : R e a l ( Z 2 ) 



00 
+ 
LU r 

\ 
o 
LU 
CO 

^ (D 
4 
UJ 

(N 

a 

< 4 
U J 

O 
o:! (N 
o: HI 
H I 3: 
o 
CL 
a 

N ? 
^ m 
< 
r 
QC 
o 
z 

CN 
I 

L U 

(Pi^ryii) 

4 4 0 0 4 G 0 0 4 8 0 0 5 0 0 0 5 2 0 0 

FREQUENCY ( H z ) 

5 4 0 0 5 6 0 0 5 8 0 0 

F I G . ( 5 . 1 7 ) NORMALIZED POWER FLOW AND THE MODULI OF I m a g . Z1 AND Z 2 

POWER FLOW, I 1 12 



o 
tN 

O 
00 

E 
\ o 
u 
dl 
cn 

o 
44 00 

in 
I o 

LU 
^ I 

X 
o 

O 
CO 

o 
Csj 

4 6 0 0 4 9 0 0 5 1 0 0 5 3 0 0 5 5 0 0 5 6 0 0 
4 7 0 0 

5 7 0 0 

o 
CD 

FREQUENCY ( H z ) 

F I G . ( 5 . I 8 ) : T H E IMAGINARY PART ( I ^ ) OF D R I V I N G P O I N T IMPEDANCE 

OF COUPLED RODS SYSTEM 



00 
+ 
in z: 

\ 
a 
UJ 

10 
4 
LU 

CN 

o 
z < 

— UJ 

o 
_J 
11. (N 

+ 
or UJ 
UJ 3: 
o 
CL 
Q 
5 ? 

LU 
< n 
CK 
o 

CN 

I 

LU 
4 4 0 0 4 5 0 0 4 6 0 0 47C^ 4 8 0 0 

I T I r I I I I I I I : I I : I I r 
4 9 0 0 5 0 0 0 5 1 0 0 5 2 0 0 

FREQUENCY ( H z ) 

5 : ^ 5 4 0 0 5 5 0 0 5 6 0 0 5 7 0 0 

F I G . ( 5 . 1 9 ) NORMALIZED POWER FLOW AND THE MODULI OF I m a g . Z l AND Z 2 

POWER FLOW. + - - - | l 2 | , ( L 2 / L 1 = 0 . 6 4 ) 



m 

00 

CL 
\ 
(N 

CL o 

O 
_J 
LL 

(1̂  
UJ 
3 
O 
CL 

Q 
111 
N 

10 

IT) 

< r 
Ck: 
o 
z 

n 

IM 

E - 2 E - 1 E + 0 E + 1 
MODAL OVERLAP FACTOR OF THE LONG ROD ( M ? ) 

F I G . ( 5 . 2 0 ) NORMALIZED POWER FLOW OF S H O R T - L O N G RODS S Y S T E M , M 1 = 0 . 0 1 



o 
o 

CO 
o 

(k o 
o 
f-
u < 
u 
m o 
8 9 

CD 

^8 
O • 
u 

(N 
O o 

o 
o 
o 

T R A V E L L I N G WAVE E S T I M A T E 

E - 3 E - 2 E - 1 E t O 

MODAL OVERLAP FACTOR OF THE LONG ROD ( M ? ) 

E+1 

F I G . ( 5 . 2 1 ) C O U P L I N G L O S S FACTOR OF S H O R T - L O N G RODS S Y S T E M , M l = 0 . 0 1 



o + 
UJ _ 

GL 
\ 
CN 

CL 

o 
LL. 
o: 
LU 

o 
a. 
a 
LU 
N 

_1 < 
z: 
Ck 
o 

I 
LU 

4 4 0 0 4 5 0 0 4 6 0 0 4 7 0 0 4 8 0 0 4 9 0 0 5 0 0 0 5 1 0 0 5 2 0 0 5 3 0 0 5 4 0 0 5 5 0 0 5 6 0 0 5 7 0 0 

FREQUENCY ( H z ) 

F I G . ( 5 . 2 2 ) NORMALIZED POWER FLOW BETWEEN TWO COUPLED RODS 

M , = 0 . 0 1 , M 2 = 0 . 0 2 



o + 
LU 

Q_ \ CN 
a. 

o 
_j 
LL 

(Z 
111 
3 
O 
Q_ 

a 
LU 
N 

< 

c 
o 

LU 

4 4 0 0 4 5 0 0 4 6 0 0 4 7 0 0 4 8 0 0 4 9 0 0 5 0 0 0 5 1 0 0 5 2 0 0 5 3 0 0 5 4 0 0 5 5 0 0 5 6 0 0 5 7 0 0 

FREQUENCY ( H z ) 

F I G . ( 5 . 2 3 ) NORMALIZED POWER FLOW BETWEEN TWO COUPLED RODS 

ri j - 0 .013 ^ 2 ™ ̂ ' 



o 
4-

LU 

CL 
\ 
CM 

Q-

O 
_J 
u_ 

LU 
3 
O 
CL 

a 
LU 
N 

_J < 

n 
Clf 
o 

LU 

4 4 0 0 4 5 0 0 4 6 0 0 4 7 0 0 4 8 0 0 4 9 0 0 5 0 0 0 5 1 0 0 5 2 0 0 5 3 0 0 5 4 0 0 5 5 0 0 5 6 0 0 5 7 0 0 

FREQUENCY ( H z ) 

F I G . ( 5 . 2 4 ) NORMALIZED POWER FLOW BETWEEN TWO COUPLED RODS 

M l = 0 . 0 1 , M 2 = 0 . 5 



o 
+ 

H I 

CL \ (N 
CL 

o 
_1 
L L 

CK 
LU 
3 
O 
CL 

a 
HI 
N 

< 

r 
(X 
o 

I 
L U I 1 ! I I 1 j I I I ! 1 ! 

4 4 0 0 4 5 0 0 4 6 0 0 4 7 0 0 4 8 0 0 4 9 0 0 5 0 0 0 5 1 0 0 5 2 0 0 5 3 0 0 5 4 0 0 5 5 0 0 5 6 0 0 5 7 0 0 

FREQUENCY ( H z ) 

F I G . ( 5 . 2 5 ) NORMALIZED POWER FLOW BETWEEN TWO COUPLED RODS 

'r M , = 0 . 0 1 , M g ^ l . O 



o 
+ 

L U 

CL \ CN 
CL 

O 
_l 
L L 

Q/ 
L U 
3 
O 
CL 

Q 
U J 
M 
_ J 
< 

C 
(Z 
o 
z 

L U 

4 4 0 0 4 5 0 0 4 6 0 0 4 7 0 0 4 8 0 0 4 9 0 0 5 0 0 0 5 1 0 0 5 2 0 0 5 3 0 0 5 4 0 0 5 5 0 0 5 6 0 0 5 7 0 0 

FREQUENCY ( H z ) 

F I G . ( 5 . 2 B ) NORMALIZED POWER FLOW BETWEEN TWO COUPLED RODS 

M j = 0 . 0 1 , M 2 = 1 . 5 



00 
+ 

H I 

t> + 
L U 

£ 
\ 
U 

m ID 
m + 

• l u 

CN 
N 

(X in 
+ 

L U 

N 

(X 

+ LU 

n + 
U J 

4 7 0 0 4 8 0 0 4 4 0 0 4 5 0 0 4 6 0 0 4 9 0 0 5 0 0 0 5 1 0 0 5 2 0 0 

FREQUENCY ( H z ) 

5 3 0 0 5 4 0 0 
' ' ' I I I ' 
5 5 0 0 5 G 0 0 5 7 0 0 

F I G . ( 5 . 2 7 ) THE REAL P A R T S OF THE IMPEDANCES OF COUPLED RODS SYSTEM 

M , = 0 . 0 1 , M 2 = 0 . 0 2 



00 

LU 

4 
LU 

\ 
u 
0, LO 
(/) + 

• 111 

zr 

(N 
N 

in 
+ 
HI 

n 

Oi 
or 

4-+ 
LU 

cn + 
LU 

5 2 0 0 5 6 0 0 5 7 0 0 4 4 0 0 4 5 0 0 4 6 0 0 4 7 0 0 4 8 0 0 4 9 0 0 5 0 0 0 5 1 0 0 

FREQUENCY ( H z ) 

5 3 0 0 5 4 0 0 5 5 0 0 

F I G . ( 5 . 2 8 ) THE REAL P A R T S OF THE I M P E D A N C E S OF COUPLED RODS SYSTEM 

M j - 0 . 0 1 , M 2 = 0 . 5 



00 
4 
LU 

l> 
4 
l u 

E 
\ 
u 
(b 10 
m + 

• LU 
Z 

n 

(y in 
+ 
l u 

N 

0) 
or 

4-
+ 
111 

ro + 
111 

» I 1 I '• I I I I I ! I I T > I'1 1 ] I T1TTT-r-T-ryr-1 1 1 i 1 
4 4 0 0 4 5 0 0 4 6 0 0 4 7 0 0 4 8 0 0 

I ! I I I I I I 

4!3[]0 5 0 0 0 5 1 0 0 5 2 0 0 5 3 0 0 5 4 0 0 5 5 0 0 5 6 0 0 5 7 0 0 

F R E Q U E N C Y ( H z ) 

F I G . ( 5 . 2 9 ) THE REAL P A R T S O F THE I M P E D A N C I E S OF C O U P L E D R O D S S Y S T E M 

M , - 0 . 0 1 , M 2 = 1 . 5 



(N O 
4 5 0 0 4 7 0 0 / 4 8 0 0 3 g 0 0 5 3 0 0 , % 5 6 0 0 5 7 0 0 

FREQUENCY ( H z ) 

F I G . ( 5 . 3 0 ) COMPARISON BETWEEN THE IMAGINARY P A R T S OF THE IMPEDANCES 

Mi=O.Ol, M2=0.02 



(N o 

0 5 7 0 0 

FREQUENCY ( H z ) 

F I G . ( 5 . 3 1 ) COMPARISON BETWEEN THE IMAGINARY P A R T S OF THE IMPEDANCES 

M , = 0 . 0 1 , M 2 = 0 . 5 



o 
CM 

o 

n 
\ 
u 
m o 

. \r 

(N o 

1 ? 

o-g 

o 
(N 

O 
CD 

1 ' t * t I f t A I T T " I I 1 i ' > I ; I r I I i _ L I I l ' 1 I I T T 

0 0 4 5 0 8 - - - ^ 4 ^ 0 0 4 7 0 0 4 9 0 0 
i T T T I T"i ' U - i - . i 1 - 4 - 1 ' I I y i ' i T T i y r i i j i ' ' i ' H - ^ ' " | 

2 0 & ^ ^ 5 9 0 0 5 6 0 0 5 7 0 0 

I J 

FREQUENCY ( H z ) 

F I G . ( 5 . 3 2 ) COMPARISON BETWEEN THE IMAGINARY P A R T S OF THE I M P E D A N C E S 

M i = 0 . 0 1 , M 2 = 1 . 5 



00 
CN 

o 

° s 

X 

(N 
Ck 
LL 
O ^ 
< 

CK 
O 
UJ 

CM 
CN 

O 
(N 

E - 2 E + 1 

MODAL OVERLAP FACTOR OF THE LONG ROD ( M ? ) 

F I G . ( 5 . 3 3 ) FREQUENCY I N T E G R A T E D VALUE OF R? OF S H O R T - L O N G RODS 

S Y S T E M , M i = 0 . 0 1 



CHAPTER 6 

POWER FLOW BETWEEN A VIBRATING PANEL AND 
FLUID IN A CAVITY 

6.1 Introduction 

In the previous chapters, cases of coupling between multi-modal, one-

dimensional and two-dimensional vibrating systems were analyzed by using exact 

solutions to the equations of motions of those systems. The coupling loss factor was 

evaluated on the basis of the SEA hypothesis, and the sensitivity of the calculations of 

this factor and the power flow between the coupled subsystems was investigated by 

means of statistical population models. This chapter is concerned with a case of 

coupling between a two-dimensional structural system (panel) and a three-dimensional 

acoustical system (enclosed fluid). This case is investigated by using the result of the 

coupled oscillator theory. 

The first application of coupled oscillator, energy flow theory to randomly 

vibrating mechanical systems of engineering interest was that of Lyon and Maidanik in 

1962 [1]. They demonstrated the proportionality of power flow between two linearly, 

conservatively, coupled oscillators to the difference between the time average 

(uncoupled) energies of the oscillators, when subjected to statistically independent 

random forces. They applied the analysis to the interaction between the acoustic modes 

of a room and one flexible wall, but did not fully explore the details of this problem. 

They treat the acoustic field as diffuse, and therefore do not work out in detail the case 

when a typical dimension-acoustic wave length ratio is not large and when the diffuse 

field assumption is unacceptable. 

Newland [5] was the first to present a power flow analysis which enabled 

estimates to be made of errors involved in the use of approximations such as those 
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made by Lyon and Maidanik in their ad hoc linearisation. This perturbation method 

also allowed certain statistics of the power flow process to be evaluated. 

Fahy [30,31] used the above mentioned theory as a tool to analyze the vibration 

of thin shell structures by random sound generated in a closed volume of fluid 

contained by the structures. The analysis has been carried out by means of numerical 

and statistical methods for the internal acousto-structural modal coupling factors and the 

corresponding modal average radiation efficiency. Results have been compared with 

that for a diffuse sound field [29]. It is found that the response of containing structures 

was the same as that for a diffuse acoustic field above a frequency (known as the lower 

limiting frequency), determined by the geometry, the speed of sound of the fluid, and 

the material properties of the structures. Below this frequency, the response falls 

below the diffuse field value. It is also found experimentally [30] that the introduction 

of irregularity into the geometry of the enclosure volume affects the coupling only at 

those frequencies below the lower limiting frequency. 

The coupled system analyzed in this chapter consists of a thin, simply supported 

panel and a contiguous fluid in a rectangular box. The main body of the analysis in this 

chapter is a sequel to those of references [1] and [30]. The main object is to investigate 

the sensitivity of the computed radiation efficiency of the panel to small variations in the 

details of the geometry of the coupled system by following a similar approach to that of 

previous chapters. 

Results for the mean and variance of radiation efficiency are obtained and 

studied with respect to other acousto-structural parameters of interest, such as modal 

overlap factor and number of coupled mode pairs. 

6.2 Coupling between structure and fluid volume; basic theory 

The basis of the following analysis is the coupled oscillator theory [1]. The 

differential equations of forced motion of two coupled sets of oscillators representing 

structural modes and acoustic modes are written (for coupled mode pairs) as 

Sm + PmSm + Brm qr)—Fm , ( 6 . 1 . a ) 
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% + Pr^r B m r Sm)—Gr , (6.1.b) 

where 

and 

Sm - Sĵ  , 

V p V E r 

Sm' is the generalized coordinate of the displacement of the structure normal to its 

surface, and %' is the generalized coordinate of the acoustic velocity potential of the 

fluid, p is the density of the fluid in the acoustic space, V represents the volume of the 

space, M is the total mass of the structure, and Q is the speed of sound in the fluid. £m 

and 6r are normalizing constants for the structural mode and the acoustic mode 

respectively which are given by 

Em = M-1 j" <|) ^(20 . m "W dx , 

and 

er = V-i j (p^(r) di 

where (t>m(x) is the displacement eigenfunction of structural mode m, and (pr(l) is the 

velocity potential eigenfunction of acoustic mode r: x and r denote position vectors of 

points on structure and fluid respectively. Brm is the acousto-structural coupling factor, 

m"(x) is the mass density, cOm and cOr represent the natural radian frequencies of 
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structural mode m and acoustic mode r, respectively. Pm and Pr are the half-power 

bandwidths of modes m and r, respectively. and Gr represent the generalized 

forces on mode m and mode r respectively. If the coupling terms B rm qr) and 

(Z-j Bmr Sm) are incorporated into the forcing terms, equations (6.1.a) and (6.1.b) 
m 

become, 

Sm + PmSm + ®ni^m + Bmi qp Fm - B^mqic = Fm ' (6.2.a) 
hA 

jf jlmmd %+ PrQr + ®i-% " Bjnr Sm— Gr + BnrSn — Gj. . (6.2.b) 
n#m 

With the assumption, which is not easily justified, that F^ and Gj are independent and 

white, equations (6.2) now represent the coupled motion of only two oscillators in 

which Lyon and Maidanik write the power flow per unit mass from the m^h mode to the 

r * mode as 

jmr — gmr (©m " ®r) ' (6-3) 

where 8m and 6r are the average, uncoupled, energies per unit mass of the oscillators 

subjected to inputs F^ and Gj. With further assumption that the parameters (Brm/Pr) 

and (Bnxi/Pm) are very small (a weak coupling is involved), the coupling constant gmr 

is then derived as 

„ ^mr (PmtOr Pr^m) 

(®m " ®r) + (Pm + Pr) (Pm©? + Pr®m) 

106 



where 

tr I,} .f (PrCs) cUi ((i f)) 
L V Er Em MJ ^ 

The important feature of equation (6.4) is the strong sensitivity of the denominator to 

the difference between the structural and acoustic modes natural frequencies, cOm and (% 

which enable the following first order approximations [30] 

gtnr ~ Bmr (Pm + Pr) • I ®m - COr I < 1/2 (Pm + Pr) (6.6.a) 

0 : l0)m-(i)r I > l/2(Pm + Pr) (6.6.b) 

The conditions of equations (6.6) modified those which appeared in reference [1]. The 

original conditions virtually excluded any power flow with practical damping values, 

whereas the present conditions restrict significant power flow to modes of which the 

difference in natural frequencies is less than the sum of half their half power 

bandwidths. The conditions of equation (6.6) are considered in the analysis of the 

present work as a criterion to separate the significant acousto-structural mode pairs 

which are referred to as having 'proximate modal coupling'. 

6.3 Panel-Box system 

The coupled system analyzed consists of a thin, steel, elastic, rectangular, 

simply supported panel of a uniform thickness and density. The panel forms one 

complete wall of an otherwise rigid rectangular box containing air with dimensions of 

0.82 m X 0.65 m x 3mm. The box had the dimensions of 0.82 m x 0.65m x 0.60 m. 

The configuration of the system is shown in figure (6.1). The coupled multi-mode 

subsystems are represented by the panel and the fluid in the box. 
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The eigenfunctions of the structural displacement and the acoustic velocity 

potential are given by 

(|)m(x,y) = smC-y-) sm(-g-) (6.7) 

. , .p%x. .q%y, J7CZL 
(|)r(x,y,z) = c o s ( — ) cos(-g-) cos(—) (6 8) 

where m and n are the structural mode order, p, q, and r represent the acoustic mode 

order, a and b are the panel dimensions and a,b,c are the box dimensions. The 

substitution of these eigenfunctions into equation (6.5) for Bmr gives 

B 
C2 p ,1/2 

mr 
VGrGm ^ [ ^ l - ( m / p ) ^ f 

ma nb [(-1)"+^! 
_q^U-(n/q)^ 

m 9^p 

n 

0 

or 

(m+p) even 

(n+q) even 

(6.9) 

The natural frequencies of acoustic mode cOr and structural mode cOm are 

calculated as 

COr — kj- C q , 

COjxi = kp Cy , 

(6.10) 

(6.11) 

where kr is the acoustic wave number corresponding to the acoustic mode order p,q,r 

which is given by 
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kr = + (q;[/b)^ + (nc/c)^ 

kp is the flexural wave number of the panel corresponding to the structural mode order 

m,n and it is given by 

kp = ij(m7c/a)2 + (n7c/b)2 . 

is the flexural wave speed which is given by 

= — {(m7i/a)2 + (n7t/b)2 ] , 

Psh 

where B is the flexural rigidity of the panel, Ps is the density of the panel, and h is the 

thickness. Note that because the flexural waves are dispersive, there is a unique 

frequency for every uniform elastic panel at which free waves travel with the same 

speed Cb as sound waves in the adjacent fluid. This frequency is called the critical 

frequency (fc) and is given by 

1.8 h Ci 

The critical frequency for the steel panel (3 mm thick) of the present model is about 

4100 Hz. 

The power flow between the sound field and the panel is most simply expressed 

in terms of the average radiation resistance (Rrad) of the panel. For a directly excited 

fluid (indirectly excited panel), the ratio of space averaged mean square vibration 

acceleration to space averaged mean square pressure, for multi-mode coupling, is 

written as [1] 
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Sa((0) _ 23r2 Co ns(co) 

M p Rrad +Rmech. 
(6.12) 

where Sa(co) is the spectral density of panel acceleration, Sp(co) is the spectral density 

of acoustic pressure, ns(co) is the modal density of the panel, and Rmech = Pm M , is 

the mechanical resistance. The radiation resistance (Rrad) is given by 

Rmd = 0 4 * y ] [ g m r , (&13) 

where Ng is the average number of structural modes in the frequency band of interest. 

Equation (6.13) is based on the assumption that each structural mode in the frequency 

band Aco is coupled to all acoustic modes that exist in that frequency band. 

The coupling loss factor between a structure and a sound field is most simply 

expressed by the average radiation resistance of the structure (Rrad) interacting with an 

infinite space (diffuse sound field). It is written as [11] 

The coupling from the acoustical space to the structure can be found from 

'Has — 'Hsa (Ns/Na) , 

where Na is the average number of acoustic modes in the frequency band of interest. 

Fahy [30] has established the concept of the 'Lower Limiting Frequency', the 

frequency below which the simplified results of radiation resistance to a diffuse field 

may be in error. However, above this frequency the estimate of (Rrad) obtained from 

mode-mode coupling (equation (6.13)) was found to be in a good agreement with the 

diffuse field estimate. The lower limiting frequency has been estimated for the present 
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case of coupling (Panel-Box system) and found to be corresponding fairly closely to 

the value of frequency for which the average number of mode pairs, having maximum 

proximate coupling, pairs falls below one or two. This value can be obtained from the 

following equation 

= (f/fc):Sin-l(:/f7fc) A(D O).]/*) 
3(Pr + Pm)(a+b)(abc) 

The equation above is evaluated for the value of f, (using the dimensions of the coupled 

system described above),.and is found to be about 1100 Hz. 

6.4 Perturbation Analysis 

As mentioned earlier, the main objective of this study is to investigate the 

sensitivity of the computed radiation efficiency to the small alterations of the 

dimensions of the coupled panel-box system. 

A similar approach to those of previous chapters is followed here: a statistical 

population model is created by employing the distribution sampling application of the 

Monte Carlo method. The thickness (h) of the panel is perturbed in the range of 10% 

of the mean value assumed above. The thickness sample, which contains 20 elements, 

is drawn from a normally distributed population of a known mean and standard 

deviation. For each thickness element in the perturbed set, the radiation efficiency is 

calculated as follows: 

(a) Calculation of all possible natural frequencies of the panel modes (cOm) and the 

acoustic modes (cOr) in the frequency band of interest using equations (6.10) and 

(6.11). 

(b) Assuming a value for the parameter (Pr + Pm) which is the sum of the half-

power bandwidths (modal damping coefficients) of structural and acoustic modes. 

Note that Pm = cOm Tim, and Pr = (j)r Hr. Where rim and T|r represent the dissipation 

loss factors of the structural and acoustic modes respectively. 
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(c) Selection of all acoustic modes having natural frequencies sufficiently close to 

each natural frequency of the panel mode and obeying the frequency proximity 

condition of equation (6.6.a) in the frequency band of the analysis. 

(d) Calculation of the modal coupling factor (Bmr), using equation (6.9) for each 

mode pair that was located in step (c) above. 

(e) Calculation of the coupling constant (gmr) for each mode pair according to 

equation (6.4) above. 

(f) Calculation of radiation resistance (Rrad), using equation (6.13) and the 

radiation efficiency of the panel, in the given frequency band of interest, which is given 

by 

p.Co a.b 

Steps (a)-(f) above are carried out for all the thickness values in the generated set. The 

computed radiation efficiencies form an ensemble of twenty observations. That is, for 

the given (assumed) value of the parameter (Pj- + Pm). The computation above are then 

repeated for different (Pr + Pm) values and also in different 1/3 octave frequency bands. 

The results are plotted in figures (6.2)-(6.8). From these results, mean and variance 

values are obtained and plotted in figures (6.11) and (6.12). 

6.5 Results and Discussion 

Figures (6.2)-(6.8) display the populations of computed radiation efficiency 

(associated with the panel thickness perturbations) of the Panel-Box system in different 

1/3 octave frequency bands (centred at 500-6300 Hz) and also for a range of values of 

the parameter (Pr + Pm). Each curve on these figures is obtained for a given value of 

panel thickness in the generated, normally distributed, set of thicknesses, i.e., each 

curve displays the radiation efficiency for one realization in the ensemble of the similar 

(not identical) coupled systems. The figures show quite clearly that the higher the value 

of the parameter (Pr + Pm), the less the fluctuations of the estimate of the radiation 

efficiency (a). This result is attributed to the fact that the number of coupled acousto-

structural mode pairs (Nrm) is a linear function of the parameter (Pr + Pm) in a given 
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frequency band : as (Pr + Pm) increases, the number of mode pairs contributing to the 

power flow process increases and hence the sensitivity of the computed estimate of the 

radiation efficiency about the mean value decreases. The linear relationship between 

Nnn and (Pr + 3m) is demonstrated in figure (6.9) for one realization (h = 3 mm), in 

one 1/3 octave frequency band centred at 5000 Hz and for different acoustic cavity 

volumes. Note that, at low frequency bands (small Af), this relationship is no longer 

linear because of the lack of the number of contributing mode pairs. However, it is 

also affected by the size of the acoustic cavity. 

Figures (6.2)-(6.8) also demonstrate the effect of the frequency bandwidth on 

the sensitivity of the computed estimate of o. For a given value of (Pr + Pm)> the 

fluctuation of the computed value about the mean tends to diminish as the frequency 

increases. Obviously, this is because of the rapid increase in the number of acoustic 

modes that are coupled to each structural mode in the frequency band of interest. 

From above, we can conclude that the figures (6.2)-(6.8) demonstrate the mixed 

effects of the average modal overlap factor (M^v) of the coupled system and the average 

number of acousto-structural mode pairs (Nrm) on the sensitivity of the computed 

radiation efficiency of the panel to the small variations in the geometry of the coupled 

system. The scale of shown in the above figures represents the mean values which 

are calculated at the different 1/3 octave frequency bands. Note that Mav is given by 

Mgv = VMa Mg 

where Ma = Pr na(co) is the modal overlap factor of the acoustic enclosure and Ms = 

Pm ns(co) is the modal overlap of the panel. na(0)) and ns(co) are the modal densities of 

the fluid and the panel respectively which are given by 

, , Vof Sm 

ns(0)) = —B. "Ypĥ G , 
4j[ 
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where S is the total area of the acoustic enclosure. Figure (6.10) shows a comparison 

between the modal densities of the coupled subsystems, as functions of frequency and 

the size (height (c)) of the acoustic enclosure. 

The results obtained above are confirmed by the calculation of the normalized 

variance (variance/mean^) of the panel radiation efficiency. Figures (6.11) and (6.12) 

display the normalized variance against the centre frequency of the band of the analysis 

and against the parameter (Pr + Pm) respectively. Figure (6.11) shows that the 

normalized variance decreases as the centre frequency of the band of the analysis 

increases, that is for a given value of the parameter (Pr + pm)- More reduction in the 

value of the normalized variance can be noted at higher values of (Pr + Pm)- On the 

other hand, figure (6.12) shows the strong influence of the parameter (Pr + Pm) on the 

results of normalized variance at different 1/3 octave frequency bands. Also a rapid 

decrease can be noted for higher frequency bands. In other words, from close 

examination of the results of these two figures we are able to distinguish between the 

strong influences of the average modal overlap factor and the average number of 

coupled mode pairs on the sensitivity of the computation of radiation efficiency to the 

proposed perturbations of the coupled system. 

As the modal density of the flat plate (ns(f)) is independent of frequency and the 

modal density of the acoustic enclosure (na(f)) is a strong function of frequency (see 

figure (6.10)), the effect of na(f) on the computed radiation efficiency is also 

investigated. This analysis was carried out by assuming three different box height 

values (c = 0.15, c = 0.30, and c = 0.60) and a fixed thickness value (h = 3 mm) for 

the mathematical model of the coupled system. The radiation efficiency was then 

computed according to the assumed height values and at different 1/3 octave frequency 

bands. The results are displayed in figures (6.13)-(6.16) for (pr + Pm) values of 25, 

40, 100, and 300 respectively. These figures show that the higher the frequency and 

(or) the higher the values of damping coefficients (pr + Pm), the less the effect of 

changing the acoustic field modal density on the sensitivity of the results of radiation 

efficiency. High variations of a are noted in the low frequency region which is due to 

the small number of contributing mode pairs (Nrm) in that region. 

The sensitivity of the computed radiation efficiency to the perturbations of 

panel thickness may also be noted from the shapes of cumulative probability 

distribution curves. These curves are constructed from the computed populations of (J 

in 1/3 octave frequency bands centred at 4000 Hz and 5000 Hz as shown in figures 

(6.17) and (6.18) respectively. Figure (6.17) shows the distributions for different 
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values of average modal overlap factor while figure (6.18) shows the distributions for 

different (pr + Pm) values. Both figures show similar results to those of previous 

chapters (coupled beams and coupled plates models): the distribution of a approaches 

the normality as the parameter (Pr + Pm) (i.e the modal overlap factor) increases. 

6.6 Conclusions 

From the numerical investigations of the coupling between structure and acoustic 

field, the following conclusions can be drawn. 

(a) The sensitivity of the computed estimate of radiation efficiency of the panel (due to a 

random sound in the contained fluid) to the perturbations of the panel thickness is 

highly affected by the value of the sum of the half-power bandwidths of the panel 

and acoustic modes (Pr + Pm). The variance has the tendency to decrease as (Pr + 

Pm) increases. For a given 1/3 octave frequency bandwidth, this result can be 

considered as a pure effect for the average modal overlap factor of the coupled 

system. 

(b) The variance of the computed populations of radiation efficiency is highly sensitive 

to the frequency bandwidth of the analysis. It decreases as the centre frequency of 

the 1/3 octave band increases. This is attributed to the fact that the number of 

coupled acousto- structural mode pairs which contribute to the power flow between 

the subsystems increases. 

(c) The sensitivity of the results of radiation efficiency to the changes in the modal 

density of the acoustic enclosure tends to diminish as the average modal overlap 

factor increases. 

(d) The statistical distribution of the computed radiation efficiency approaches 

(approximately) that of the normal distribution as the parameter (pr + Pm) increases, 

i.e., as the average modal overlap factor increases. This result supports those 

obtained from the previous cases of coupling between one dimensional and two 

dimensional systems. 
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CHAPTER 7 

INVESTIGATION OF POWER FLOW BETWEEN COUPLED 
PLATES 

7.1 Introduction 

This chapter of the thesis deals with the experimental investigation of energy transfer 

between two coupled plates as a result of the excitation of one of them by a random force. 

Energy ratio was chosen as the measured quantity rather than the absolute power flow 

across the coupling element because of the practical difficulties associated with the 

measurements of the latter quantity. 

The plates were thin aluminium, weakly clamped along the edges by a wooden 

frame. Ensembles of energy ratio were created from the measurements on a perturbed 

system of coupled plates. The natural frequencies and the mode shapes of the coupled 

plates were altered by placing a small mass on the surface of the undriven plate. The aim of 

this work was to investigate the sensitivity of the measurement of energy ratio of the 

coupled plates to small variations in the structural details of the system under test. The 

results were obtained in different frequency bands. Mean and normalized variance values 

were obtained from the measured ensembles of energy ratio. Also cumulative probability 

distributions were constructed for the different ensembles and studied with respect to other 

structural parameters. Results for the power flow and the coupling loss factor were inferred 

from the measurments of energy ratio of the coupled plates. 

7.2 Test Rig and Instrumentations 

The test rig used for the measurements of the energy ratio and the internal loss factor 

of the coupled system was composed of a thin, aluminium, rectangular flat plate having a 

thickness of 3.25 mm and a surface area of (0.865 x 0.556) m .̂ The plate was divided, 

along its breadth, into two nominally identical plates by a hollow steel bar having a cross 

sectional area of (0.025 x 0.025) m^ and a thickness of 3 mm. The steel bar was fixed 
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tightly to the plate by Ave light screws. A diagram is shown in Rgure (7.1). The fitted steel 

bar acts as a coupling element between the plates It reflects some of the incident energy 

and allows the rest to be transmitted across it. The coupled plates were supported along the 

edges by a wooden frame which acts as a weakly clamped boundary. The test rig was 

placed on a rigid wooden table. 

The instrumentation used in the measurements is shown in table (7.1) below. The 

equipment was connected according to the schematic diagram shown in figure (7.2) 

Item Description Quantity 

1. Accelerometer B&K 4375 2 

2. Charge amplifier B&K 2535 2 

3. Force transducer B&K 8200 1 

4. Electrodynamic exciter Pyeling 101 1 

5. Noise generator B&K 1405 1 

6. Power amplifier H&H25 1 

7. Spectrometer B&K 2112 1 

8. Oscilloscope Telequipment DM64 1 

9. 2-channel signal analyzer Solartron 1200 1 

Table (7.1) 
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7.3 Measurements 

7.3.1 Internal loss factor measurements 

The in situ internal loss factors of the plates were measured on the original plate 

with the steel bar detached. The power injection method [20] was employed in the 

measurements. 

If one injects power in steady state in a certain frequency band the total power (Pj^) 

is the sum of the power flows into the various modes of the band. In this case the steady 

state injected power may be written in terms of modal loss factors as follows [55] 

N 
Pin , (7.1) 

i=l 

where Uj is the modal energy , T), is the modal loss factor, and cOj is the natural frequency of 

the mode "i". N is the number of resonant modes that exist in the frequency band of 

interest. The right-hand side of equation (7.1) suggests that one can define the band 

average value of internal loss factor as follows 

N 
][](OiUiTli== EiliO) , (7.2) 
i=l 

where E is the total stored energy of the plate and iljis the average modal dissipation loss 

factor. Use of equation (7.2) allows equation (7.1) to be written as 

m . (7.3) 
coE 

Equation (7.3) has been proposed by Fahy [55] as a definition for the average loss factor. 

Note that this expression holds only under the circumstances when the total stored energy in 
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the plate is equally distributed among the modes in the frequency band of interest. Equation 

(7.3) was used in the measurements of the in situ average internal loss factor of the plate. 

The input power to the plate was measured using the instrumentation set-up shown 

in figure (7.3). The plate was driven at a point by the mini-shaker. The shaker was driven 

by a band of white noise via the power amplifier. The force transducer and an 

accelerometer were placed in axis at the driving point to acquire, simultaneously, the applied 

force and the resulting response at that point. These signals were fed, after the charge 

amplifications, to the 1200 Solartron signal analyzer. Fahy [56] has shown that a short 

calculation leads to a more direct method of measurement. He suggested that the injected 

power may be written as 

P i n = - : ^ J lm(Gfa( / ) ) (7.4) 
2n / J 

Ji 

where is the mean power input within the frequency band ( / j , f 2 ), Gf^Cf) is the one-

sided cross spectral density of force and acceleration, / denotes the centre frequency of the 

band in Hz and Im( ) implies "the imaginary part of". This method by-passes the 

acceleration integration step and it was especially convenient in the present experiments 

because of the post-processing capabilities of the digital analyzer. The imaginary part of the 

cross spectral density was obtained and then integrated between the two specified 

frequencies. The results were then substituted in equation (7.4) to give the power input to 

the plate in the selected frequency band of interest. 

The total vibrational energy (E) stored in the plate in a frequency band centred at co is 

related to the space averaged mean-squared velocity over the plate <W> by the equation 

E = M<V2> , (7.5) 

where M is the mass of the plate. A number of twelve different locations were selected over 

the plate surface to acquire the acceleration levels. Mean squared velocities were then 

obtained after the integration of the acquired signals. The results were then averaged over 
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the selected positions and substituted in equation (7.5) to give the total stored energy in the 

plate under test. 

Results for injected power and total energy were then used in equation (7.3) to 

obtain the average modal internal loss factor of the plate. 

The measurements were carried out in three selected frequency bands of the widths 

2000, 500, and 100 Hz centred at 4000, 500, and 400 Hz respectively. Typical mean 

squared velocity spectra are shown in figures (7.4), (7.5), and (7.6) for the above 

frequency bands respectively. Figures(7.7)-(7.11) show some of the typical results for 

transfer functions and cross spectra which have been obtained from the measurements. 

Reasonable values for the average internal loss factor were obtained in the above mentioned 

frequency bands. They were; 0.02, 0.04, and 0.05 respectively. 

7.3.2 Energy ratio measurement 

Using the set-up for instrumentation shown in figure (7.1), the total stored 

vibrational energy of the coupled plates was measured as follows. The power was injected 

in the coupled plates system by the mini-shaker. The shaker was attached to the system at a 

point located on the source plate (see figure (7.1). It was driven by a band of white noise 

via the power amplifier. The response (acceleration) of the coupled plates was measured at 

a point on each coupled plate simultaneously. The acquired acceleration levels were fed, 

after the charge amplifications, to the band pass filters. The filtered accelerations were then 

monitored on two analogue voltmeters. 

The above process of measurements was carried out for twenty response positions 

on each plate in a given frequency band. The results were then averaged over the different 

selected positions. 

The total energies of the coupled plates were then calculated, after the calibrations of 

acceleration signals, using equation (7.5). Results for energy ratio E2/E1 were obtained in 

four 1/3 octave bands centred at 400, 500, 630, and 800 Hz and two octave bands centred 

at 500 and 400 Hz. 
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7.4 Perturbation Analysis 

A set of similar (not identical) systems of coupled plates was simulated, 

experimentally, by perturbing the natural frequencies and mode shapes of the coupled plates 

system under test. This was achieved by adding a small, lumped, mass of 0.202 Kg to the 

total mass of the coupled plates system. The set of simulated coupled systems was then 

generated by moving the added mass to different selected locations on the coupled plates 

system. Sixteen locations for the mass were selected, successively, on the surface of the 

receiver plate. At each given location for the mass, the procedure of measurements of E2/E1 

was carried out as described in section (7.3) above. This means that the simulated set of 

coupled plates systems had sixteen elements. 

The purpose of this experimental analysis was to investigate the sensitivity of the 

measured quantity (E2/E1) to small changes in the details of the dynamics of the coupled 

plates. The experiments were conducted at the different frequency bands (mentioned in the 

previous section). These frequency bands were chosen such that there were different 

numbers of interacting resonant modes for the vibrating coupled plates system. The aim of 

conducting the experiments in different frequency bands is to study the effect of the modal 

overlap factor and the modal count on the sensitivity of the energy exchange process of the 

coupled plates system. 

Mean and normalized variance results were obtained from the measured ensembles 

of (E2/E1) in the different frequency bands (i.e., at different modal overlap conditions). 

P 1 2 The results are tabulated in table (7.2) below. The normalized power flow from plate 

1 to plate 2 and the coupling loss factor (1112) were inferred from the measured ensembles of 

(E2/E1) using the following relationships. 

Pl2_ Tl2 0) E2 

Pin Til CO Ei+T|2 CO E 2 
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As Hi =tj2 =11, can now be written as 

Pin 

Pi2_ (El/El) 

Pin 1 4- (E2^i) 

Similarly, the coupling loss factor is written as 

^ 2 = -

(7.6) 

CO ni { (Ei/ni) - (E2/n2)/ 

where ni=n2=n, are the modal densities of the plates. r\i2 can now be written in terms of 

(E2^l) as 

1 1 , 2 ^ - ^ 5 ^ . (7.7) 

1 - (E2/E1) 

- - p , . 
Cumulative probability distributions for (E2/^i), — a n d (1112) are shown in figures 

Pin 
(7.12)-(7.14) respectively, for the selected different frequency bands. 

7.5 Discussion of Results 

Table (7.2) displays the results of the mean and the normalized variance of the 

measured energy ratio (E2/E1) at the different selected frequency bands. The tabulated 

results demonstrate the combined influences of the average modal overlap factor (Mav) and 

the analysis bandwidth on the sensitivity of the measurements. Unfortunately, because of 
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the small number of data acquired, we are not able to separate the effects of the above 

different parameters. The results show that the normalized variance of (E2/E1) has the 

tendency to decrease as the bandwidth increases. This may be attributed to the increase in 

the number of contributing modes (N) of the coupled system in the selected frequency band 

of interest. In other words, this means that the measurement of energy ratio tends to 

become insensitive to the small alterations (introduced by the mass addition) of the 

dynamics of the coupled plates system as the number of modes increases in the frequency 

band of interest. 

The results in table (7.2) also show that the average modal overlap factor has a 

similar effect on the sensitivity of the measurements as that of the number of modes. The 

normalized variance has the tendency to decrease as Mav increases. This can be clearly 

noted from the comparison between the results obtained at the 400 Hz 1/3 octave band and 

the 4000 Hz octave band. 

Centre frequency 
(Hz) 

Mgy 
Mean of (E2/E1) 

Normalized 

variance of 

(E2#i) 

Number of 
modes (N) 

400 (1/3) 0.4749 CL51191 0.047306 4 

500 (1/3) 0.5936 0.41474 0.028975 6 

630(1%) 0.7480 CL11725 5.5749E-3 7 

800 (1/3) 0.7530 0.39515 (X014281 9 

500(1/1) 0.4797 0.3062524 4.47625E-3 16 

4000 (1/1) 2420 0.16238 4.47625E-3 32 

Table (7.2) 

These results support those obtained from the theoretical predictions of the coupled 

plates system (Chapter 4). 
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Figure (7.12) confirms the results described above. It displays the cumulative 

probability distributions of (E2/E1) at different frequency bands. It should be noted here 

that because of the small size of the samples of (E2/E1) (sixteen elements) the constructed 

distributions can only define the general trend and the central part of the data but not the 

extreme values. The figure shows that as the bandwidth increases, the distribution of 

(E2/E1) approaches the normality (the shape of a straight line) at which the probability of 

obtaining an estimate for energy ratio which is close to the mean is high. The cumulative 

probability distributions of and ri 12, (displayed in figures (7.13) and (7.14) 

Pin 

respectively), show similar trends to that of (E2/E1) in the different frequency bands. They 

also show that the normalized power flow is less sensitive to the perturbations of the 

dynamics of the coupled system than the coupling loss factor. The latter result supports 

those obtained from the theoretical calculations (described in the previous chapters). 

Peculiar results for the mean, normalized variance, and cumulative probability 

distribution were reported in the 1/3 octave frequency band centred at 630 Hz (see table 7.2 

and figures (7.12)-(7.14)). Relatively small values for the mean and normalized variance 

were obtained in comparison with the values obtained at the adjacent frequency bands 

(centered at 500 and 800 Hz) which contain an almost similar number of resonant modes. 

Also, the cumulative probability distribution had almost the shape of normal distribution 

unlike the distributions at the adjacent bands which had similar average modal overlap factor 

values. The reason for low mean values of energy ratio, normalized power flow, and 

coupling loss factor may be attributed to the relatively low response of the wooden frame, 

surrounding the plates, at this particular frequency band which consequently reduce the total 

energy transmitted between the panels. The acceleration of the wooden frame can be shown 

in figure (7.15). No explanation has been found for the relatively low variance value and 

the normal distribution of (E2/E1) in this frequency band because of the lack of time needed 

for further tests. 

7 . 6 Conclusions 

From the results of experimental work described in this chapter, the following 

conclusions can be drawn. 
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(a) The normalized variance across the ensemble of the measured energy ratio of two 

coupled plates, generated from the perturbations of the dynamics of the system, has 

the tendency to decrease as the average modal overlap factor increases. This result 

supports the theoretical calculations previously obtained. 

(b) The normalized variance of energy ratio has the tendency to decrease as the number 

of modes increases in the measurement frequency band of interest. 

(c) The cumulative probability distribution of the measured (E2/E1) approaches the 

normality as the frequency bandwidth increases. This conclusion supports the 

theoretical results obtained previously. 

(d) Surprisingly, small variance values and approximately normal distributions were 

observed for the energy ratio, the normalized power flow and the coupling loss 

factor in the 1/3 octave frequency band centred at 630 Hz, compared with the results 

obtained in the adjacent frequency bands which contain an almost similar number of 

modes and at which the coupled system enjoys similar condition of modal overlap. 

Therefore, further tests need to be done to investigate the vibration of the particular 

system in this particular frequency band. 
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Figure (7.2) 
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Figure (7.4): Auto power spectrum of the plate velocity in the frequency range 3000-5000 Hz. 
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Figure (7.5): Auto power spectrum of the plate velocity in the frequency range 250-750 Hz. 
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Figure (7.6): Auto power spectrum of the plate velocity in the frequency range 350-450 Flz. 
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Figure (7.7): The transfer function and the coherence function between the force signal and the velocity signal at 

the driving point of the plate in the frequency range 3000-5000 Hz. 



2 Or 

[ J G 

A V G 

50 

HOOD ' ( I P P E ' R " " [ R D 5 5 P W R ' R E A L ( E j B ) y F R E D ( H , y " ' ' 5 0 0 0 

AVE 

3DDD LOWER EOHERENEE O / FRED C W j 5 0 0 0 

Figure (7.8): The real part of cross power spectra and the coherence function between the force signal and the 

velocity signal at the driving point of a plate. 
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Figure (7.9): The imaginary part of cross power spectra and tlie coherence function between force and velocity at 

the driving point of a plate. 
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Figure (7.11): The transfer function and the coherence function between the force signal and the velocity signal at 

the driving point of the plate in the frequency range 350-450 Hz. 
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CHAPTER 8 

CONCLUSIONS 

The problem that we set out to solve was that of investigating the uncertainty of 

the prediction associated with the use of Statistical Energy Analysis. We sought an 

approach that would be easy to apply for most of the coupled vibrating elements. This 

approach is based on using the exact response estimates of coupled systems to derive 

SEA parameters (power flows and coupling loss factors) and to investigate the 

sensitivity of prediction of these parameters to geometric perturbations of the coupled 

systems by employing the Monte Carlo technique. 

SEA type estimates for the time-average quantities of interest were obtained as 

averages across ensembles of similar, but not identical, systems. The latter were 

generated from the perturbations of one of the (input) random parameters of the coupled 

systems. Results were then compared with those obtained from the travelling wave 

method. 

In Chapter 2 of the thesis we presented the study of power flow between two, 

multi-mode coupled beams. Perturbation analysis was carried out using one of the 

geometric parameters (length ratio) of the coupled system as an input random variable. 

From this analysis we concluded that the travelling wave method overestimates the 

mean value of coupling loss factor under the condition of low average modal overlap 

factor (Mav) of the coupled beams system. In addition, it was concluded that the 

estimate of coupling loss factor approaches, asymptotically, that of the travelling wave 

method at high modal overlap (Mav ^ 1). 

The mean power flow between the coupled beams decreases as the average 

modal overlap factor increases. The reason for this was that the latter factor was 

increased by increasing the internal loss factors of both beams. This led to an increase 

in the absorbed energy of the directly driven beam which consequently reduces the 

amount of energy transfered to the receiver beam. An attempt to increase the modal 

overlap factor by increasing the modal densities of the beams was made difficult 

because of computation difficulties (overflow problems). 
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The calculations of the variance for the coupling loss factor and the normalized 

power flow, across the ensemble of coupled beams systems, has shown that the 

probability of obtaining an estimate for any of those quantities which is close to its 

mean value increases as the modal overlap factor increases: the normalized variance 

(variance/ (mean)^) decreases as M^v increases. This conclusion was explained by the 

reason that the frequency response of the coupled beams system is dominated by well 

separated resonant peaks at the low modal overlap condition which are highly sensitive 

to the introduced perturbations in structural details. This leads to significant changes in 

the response of the system. The small changes have little effect on the smoothed 

frequency response function at higher modal overlap. 

From the comparison between the variance of the coupling loss factor and the 

variance of the normalized power flow at different modal overlap factor values, it was 

concluded that although the coupling loss factor is a widely used quantity in SEA 

calculations, it is highly sensitive to changes in system parameters compared with the 

power flow. The reason for this is that the coupling loss factor contains two other 

elements (modal energies of the coupled subsystems) beside the power flow. These 

elements vary almost independently and their sensitivities highly affect the variance of 

the coupling loss factor. This high sensitivity of coupling loss factor is unimportant 

when carrying out theoretical predictions, because the vibrational energies of the 

subsystems are the main concern which are determined by the actual power flows. But 

it has serious implications in experimental investigations when using SEA hypothesis to 

deduce the coupling loss factors from only one or two sets of data. On the face of the 

results of the present work, the experiments could produce very high value or very low 

value for the coupling loss factor at low modal overlap, which means that the reliability 

of the produced estimates could be very low. 

The reliability of the computed mean values of coupling loss factor and the 

normalized power flow was examined by calculating the 95 per cent confidence 

intervals, assuming normal distributions for the calculated means (irrespective of the 

apparent distributions of the computed samples). That was justified by the 

considerations of the central limit theorem. It was concluded that the 95 per cent 

confidence intervals for the frequency averaged values of the above quantities are wider 

at low modal overlap than those at higher modal overlap because of the typical, general 

behaviour of the variance with modal overlap. 

From the constructions of the cumulative probability distributions of the 

computed samples of coupling loss factor and the normalized power flow, a conclusion 
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was drawn that as the average modal overlap factor increases and takes the value of 

unity and greater, the distributions approach that of the normal distribution. The latter 

distribution has been assumed for the sample of the input perturbed variable. At low 

modal overlap the distributions were found not normal and therefore, the confidence 

intervals for the coupling loss factor and the normalized power flow are not predictable 

for any particular set of data. 

Sensitivity analysis on the effect of small changes (random perturbations) in the 

properties of the coupling mechanism (stiffness) showed that these changes have little 

effect on the predicted mean values of the normalized power flow between the coupled 

beams in all modal overlap conditions. 

The other case analysed in Chapter 2, which has a special importance in 

practice, was the coupling between a large system of high modal density (long beam) 

and a small system of low modal density (short beam). The important conclusion 

drawn from this case was that the modal overlap factor of the long beam dominates the 

analysis and has the same effect on the mean and the variance of the coupling loss 

factor and the normalized power flow as that of the average modal overlap factor of the 

long-long beams model. Therefore it was concluded that only one beam needs to have 

high modal overlap when using SEA to analyse a system of two coupled beams. 

The results obtained from the experimental investigations on two, multi-mode 

coupled beams, which are presented in Chapter 3, support qualitatively those obtained 

from the theoretical calculations and similar conclusions were drawn. The experimental 

investigation on two coupled resonant modes showed that the SEA relationship is 

invalid for coupled systems under harmonic excitation. This conclusion was obtained 

from the comparison between the total vibrational energies of two coupled short beams. 

From the analysis of two-dimensional models of coupled plates presented in 

Chapter 4, similar conclusions to the above were drawn concerning the means, the 

variances and the cumulative probability distributions of the coupling loss factor and the 

normalized power flow. It was shown that the position of the applied force has a 

considerable effects on the computed means and normalized variances of the power 

flow and the coupling loss factor of the two coupled plates system. Points of excitation 

which are located near the coupled edges of the plates produce relatively large values 

for the mean and the variance. This was attributed to the effect of the nearfield waves 

near the junction. These waves contribute to the amount of energy transmitted across 

the coupling line. Therefore these points of excitation have not been considered 
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because they produce biased results which affect the reliability of the averages. From 

the comparison between results obtained from single point excitation and others 

obtained from averaging over many points, it was concluded that averaging over many 

points adequately simulates the statistical independence for the purpose of SEA. 

The investigation of the effect of the modal count of the coupled plates system 

on the sensitivity of predictions has shown that as the number of resonant modes in the 

analysis band increases at a given value of average modal overlap factor (M^v >1), the 

computed mean value of coupling loss factor approaches, asymptotically, the diffuse 

field estimate and the variance takes relatively small values. An empirical relationship 

was demonstrated,relating the variance of the coupling loss factor to the number of 

modes, and the average modal overlap factor of the coupled plates system. This 

relationship may be constructed for other coupled systems, following a similar 

approach, and can be used to assess the uncertainty of the prediction of the quantity of 

interest. 

Pure tone analysis on two coupled plates indicated that unacceptably high 

uncertainty should be expected if broadband predictions are applied to systems under 

pure tone excitation. This was demonstrated by the comparison between the variance 

values of power flow due to pure tone excitation and due to a band of white noise 

excitation. 

The analysis of three coupled plates showed almost similar behaviour, for the 

means and the variances of coupling loss factor and the normalized power flow, to 

those of the two coupled plates model. The conclusion drawn from this case was that, 

approximately identical coupling loss factors between any two coupled plates can be 

obtained although plate 1 is driven directly while plates 2 and 3 received indirect 

excitations. 

The analysis of power flow between two coupled rods is presented in Chapter 

5. As concluded above, the coupling loss factor is a highly sensitive quantity to 

variations in system parameters compared with the power flow which has clearer 

physical significance in practice. Therefore the purpose of this analysis was to study in 

detail the power flow equation and to investigate the effects of subsystems parameters 

on the process of energy exchange. Two different coupled rods systems were 

examined. The general conclusions drawn from the results of coupling loss factor and 

the normalized power flow between two, coupled long rods support those obtained 

from the previous cases (coupled beams and coupled plates systems). It has been 
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shown that the maximum power flow between two coupled rods occurs at the natural 

frequencies of the coupled system. In addition, numerical results have shown that the 

peaks in the power flow spectrum can be obtained, generally, under the condition when 

the sum of the reactive parts of the impedances of the uncoupled rods vanishes. This 

condition has high probability of occurrence but it is not guaranteed for all peaks of 

power flow in the frequency band of interest. 

The analysis of short-long rods system has shown that, for a fixed length value 

for the short (directly driven) rod, the integral of normalized power flow increases as 

the modal overlap factor of the long (receiver) rod increases. The normalized power 

flow exhibits a fixed value which is frequency independent when the modal overlap of 

the long rod takes the value of unity and greater. 

The parametric study of the power flow equation has shown that the real part of 

the impedance of the indirectly driven rod is a dominant parameter in controlling the 

power flow between the rods in all modal overlap conditions. The numerical results of 

this parameter explain the asymptotic fixed value of the power flow at high modal 

overlap of the long rod and also explain the fall of the estimate of the power flow below 

that of the infinite system at low modal overlap. 

Based upon the well understood behaviour of normalized power flow between 

the coupled rods and using the SEA relationship, an explanation for the behaviour of 

the coupling loss factor in different modal overlap conditions was obtained. 

The study of the sensitivity of the panel radiation efficiency of an acoustically 

excited panel-box system was carried out using the same approach applied for the 

previous cases of coupled beams and coupled plates systems. The random variable 

used for the perturbation analysis was the thickness of the simply supported panel. It 

was concluded that the sum of the half-power bandwidths of the panel and the acoustic 

modes has a great effect on the sensitivity of the prediction of the radiation efficiency to 

the introduced perturbations. The variance of the radiation efficiency has the tendency 

to decrease as the above sum increases. For a given 1/3 octave frequency bandwidth, 

this was considered as a pure effect for the average modal overlap factor of the coupled 

system. It was also shown that the variance of the radiation efficiency is highly 

sensitive to the frequency bandwidth of the analysis. It decreases as the centre 

frequency of the band increases. That was attributed to the increase in the number of 

acousto-structural mode pairs in the frequency band of interest. 
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The sensitivity of the computed radiation efficiency to systematic changes in the 

modal density of the acoustic volume was also investigated. It was concluded that 

when the modal overlap is high (i.e., the modal density of the acoustic volume is high) 

these changes have no influence on the sensitivity of prediction. 

The study of the cumulative probability distribution of the radiation efficiency 

supported the conclusions which have been obtained from the analyses of previous 

coupled systems that the distribution approaches normality at high modal overlap. 

The energy ratio of two coupled plates was the quantity of interest in the 

experimental investigations presented in Chapter 7. This quantity was selected, rather 

than the power flow between the coupled plates, because of the practical difficulties 

associated with the measurements of the latter quantity. Results for the mean and the 

normalized variance of energy ratio were obtained across the ensemble of coupled 

plates systems, and in different frequency bands. The ensemble of systems was 

generated by perturbing the dynamics of the coupled system. Similar conclusions to 

those obtained from previous cases were drawn. Results for the normalized power 

flow and the coupling loss factor of the coupled plates system were infered from the 

measured values of energy ratio by using SEA relationship. Peculiar results for the 

means, the variances and the cumulative probability distributions of energy ratio, 

normalized power flow and coupling loss factor were reported in the 1/3 octave 

frequency band centred at 630 Hz. Relatively small values for the mean and the 

normalized variance were reported in comparison with those obtained at the adjacent 

frequency bands which contain almost the same number of modes. Surprisingly, the 

cumulative probability distributions in this particular band has almost the shape of 

normal distribution unlike the distributions at the adjacent bands which had similar 

average modal overlap. The reason for the low mean value was attributed to the 

relatively low response of the wooden frame, surrounding the plates, at this particular 

frequency band. No explanation has been found for the low variance and for the 

normal distribution of energy ratio in this frequency band because of the lack of time 

needed to do further tests. 

8.1 Recommendations for Future Work 

As the present work has been generally concerned with the study of the 

uncertainty that originates from the variations of the geometry of coupled systems, it is 

recommended that the area of uncertainty which originates from the definition and the 
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modelling of the different boundary conditions of the coupled systems need to be 

considered in detail. Also it is important to try to develop and study an analytical 

formula for the variance of the response of coupled systems as the present 

investigations are based on numerical calculations. The other area of research 

recommended for further work is the investigation of power flow between multiply 

connected subsystems with parallel paths as the present work is concentrated on serially 

connected subystems. 
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APPENDIX I 

GENERAL PROCEDURE OF SEA MODELLING 

Complex dynamical systems can be modelled as a number of connected, simple 

subsystems. Each subsystem may be modelled as a set of interacting simple oscillators 

(natural modes) and hence the coupled structures can be represented and analyzed as 

interacting sets of oscillators. Therefore the analysis of vibration of coupled oscillators is 

of fundamental importance in SEA. 

Consider the two coupled subsystems shown schematically in the figure below. 

dissl 

Subsystem 2 Subsystem 1 

The time-average power inputs and P2 are those produced by the external random 

forces on subsystems 1 and 2 respectively. The energy losses of one subsystem may 

result from various mechanisms, such as internal dissipation, friction at the boundaries or 

acoustic radiation. It is assumed that the coupling mechanisms are lossless, i.e., 

AI.l 



conservative. The energy balance equations of the two coupled components may be 

described by 

Pl=Pdissl + Pi2-P21, (I.l.a) 

and 

P2 = Pdiss2 + P2I - Pl2' (I-1 b) 

where Pdiggi and P(iiss2 are the time averaged rate of energy dissipations by subsystems 1 

and 2 respectively, and (Pi2 - P21) represents the net time averaged power flow between 

subsystems 1 and 2. It may be assumed that the power dissipated in one subsystem is 

proportional to the total stored vibrational energy of that subsystem i.e. 

Pdissl=(OciiiEi , (I.2.a) 

and 

Pdiss2 =0)cTl2E2 , (I.2.b) 

where cOg is the centre frequency of the band of interest and T] 1 and T]2 are the average 

modal dissipation loss factors of the subsystems 1 and 2 respectively. 5% and E2 

represent the total stored energies of the subsystems. By analogy with the exact result for 

two coupled oscillators, the SEA hypothesis assumes that the power flows P12 and P21 

are also proportional to the stored energies of the subsystems, i.e., 

Pl2 = 0)cT|i2Ei , (1.3.a) 

P21 = Oc n21 E2 , (I.3.b) 

where Til2 &nd TI21 are defined as the coupling loss factors. As indicated below, this is not 

an entirely satisfactory assumption because power transfer from one subsystem to another 
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occurs only at the connections and would be more reasonably expected to be proportional 

to subsystem energy density and not to the total energy. Equations (I.l.a) and (I.Lb) are 

then written as 

[ i l l El + 1112 El - 1121 E 2 ] , Pl=0)cLTl iEi + l l i 2 E i - l l 2 i E 2 J , (I.4.a) 

and 

P2=(0c Ln2 E2+TI21 E2-T112 E2J. (I.4.b) 

This is an ad hoc extension of the exact relationship which holds for two conservatively 

coupled oscillators [1], namely that the energy flow between each oscillator of one 

subsystem and each oscillator of a coupled subsystem are independent of all other 

oscillators energies. The power flow between oscillator i of subsystem 1 and oscillator j 

of subsystem 2 may be written as 

Pij = 0)c [ i l i j U i - T l j i U j ] . (1.5) 

Where Uf and Uj are the total stored energies of the oscillators. In this case of an 

'isolated' oscillator pair, riy = rijj therefore 

t n J u j - u , ] . Pij = m,TiijL Uj - U j J . (1.6) 

If it is assumed that there are Nj oscillators in subsystem 1 and N2 oscillators in 

subsystem 2 and further that the energies of the oscillators in each subsystem are equal 

(i.e., equipartition of modal energy is satisfied within each subsystem), the net power 

flow from subsystem 1 to subsystem 2 may be written as 

(P]2)net = 0)c & % Ni - N2. 

Ni N2 

% % Tlii , (17) 
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El . E 2 
where ^ and ^ are termed the average modal energies of subsystem 1 and 2 respectively 

and are propordonal to the energy densities. By comparing equation (1.7) with equations 

(I.3.a) and (I.3.b), we may write 

' n i 2 = : ^ Z Z nii , (1.8) 
N i t J 

Ni N2 
m i % n i j . (1.9) 

1 J 

These are termed the 'modal average coupling loss factors' thus, 

Niil i2 = N i i i i 2 . (1.10) 

This is known as the reciprocity relation. Normally it is written in terms of the asymptotic 

modal densities (ni and n2) of the subsystems as 

niiii2 = n2'ni2 , (1.11) 

where 

ni(co) = Ni/Aco 

n2(oa) = N2/AC0 . 
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APPENDIX II 

MODAL DENSITIES OF SOME UNIFORM SYSTEMS 

System 

Beam, Rod 

Beam 

Plate 

String 

Shaft 

Motion Modal density, n(o)) 

Longitudinal L/jrQ 

Flexure 

Flexure 

Lateral 

Torsion 

(L/27t) (0)rbCi)-l/2 

As/(47urpQ) 

L/TICC 

m C t 

Auxiliaryexpressions 

CL = 

rbCL = 

rnCL= 

Cs = 

CT = 

pA 

pA 

GK 

yui.i 



Membrane Lateral As(o/27IC^ -m 

Acoustic volume Sound As 
+ • 

CO 
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DEFINITIONS FOR THE TABLE 

A Cross secion area 

As Surface area 

Co Acoustic wave speed 

Ci Longitudinal wave speed 

Cm Membrane wave speed 

Cs String wave speed 

Ct Torsional wave speed 

B Plate rigidity 

Y Young's modulus 

h Thickness 

I Second moment of area of cross section 

J Polar moment of area of cross section 

L Length 

S Membrane tension force/unit edge length 

T String tension force 

V Volume 

Fb Radius of gyration of beam cross section 

r p Radius of gyration of plate cross section 

CO Frequency in radians/second 

p material density 
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APPENDIX III 

THE NORMAL DISTRIBUTIOM 

The normal distribution or "Gaussian distribution" is a continuous distribution 

whose characterstics are often found in practice. It is some times called ± e bell-shaped 

distribution. The expression describing the frequency function of this distribution is 

written as [49] 

/(%) = lExt -00 < X < +00 ( III . l ) 

where 11 and a are the mean and the standard deviation respectively such that 

and 

-00 < |j. < +00 

o > 0 . 

The graphs of y = / (x) defined by the above equation are that all are bell-shaped and 

symmetrical and die out quickly at the tails. A graph of the normal curve is given in the 

figure below. 

X 0 4 

2(7 —J /J /z+o" 
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The probability density function is negligible for values of x which are more than 3CT 

away from |i. It can be shown that 

J / (x) dx = 1 for all values of |i and a. 

It can also be shown that 

mean = jx y(x) dx = n , 

Variance = J ( x - | a . ) 2 / ( x ) dx = 

The cumulative distribution function can be defined as the integral of p.d.f 

which gives the probability of obtaining a value for a random variable X which is less 

than or equal to a given value x, i.e., 

F(x) = probability (X < x) 

* E x p j - I d u Q1L2) 
cn/ZTt I 

The cumulative distribution function with zero mean and standard deviation of 

1.0 can be obtained from the standard statistical tables. This particular normal 

distribution is often called the standard normal distribution. The c.d.f of any other 
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normal distribution can also be obtained from the standard tables by making the 

transformation 

a 

where the random variable X has mean |i and standard deviation o. Therefore, the 

standardized variable Z has zero mean and standard deviation of 1.0, as required. 

For a particular value x, of X, the corresponding value of the standarized 

variable is given by 

z = ^ , (in.3) 
a 

where z is the number of standard deviations by which x departs from |i. Some 

particular useful values of the cumulative distribution function F(z) is given below 

z 0 1 2 2.5 3.0 

F(z) 0.5 0.84 0.977 0.994 0.9987 

III.a Student t distribution 

Suppose X;, i = 1, 2, 3, n is a random sample of n observations from a 

poulation whose mean is |i and whose variance is If the population is normal then 

the distribution of x is N(|i,G^/n). If is unknown it can be estimated from s^, the 

variance of the sample. The distribution of (x-n)/(s/Vn) is approximately normal and 

the approximation improves as n increases. The exact distribution is called the r -

distribution with n-1 degrees of freedom. Like the standard normal distribution it is 

symmetric with mean zero. 

If X and s2 are calculated from a sample size n, the 100(1-a) per cent 

confidence interval of the true (population) mean is given by 
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x± t (?,n-i) (in. 4) 

oc 
where t (^ ,n- i ) is the percentage point such that a proportion of ^ of the t -distribution 

with (n-1) degrees of freedom lies above it. These percentage points can be obtained 

from statistical tables. 
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APPENDIX IV 

FORMULAE FOR POWER FLOW AND INPUT POWER FOR 
COUPLED RODS 

Consider the coupled system shown in the figure below. 

Fi 

Zii 2̂2 ^3 

PI System 1 System 2 

For system 1 the velocities and V2 can be written as 

A i A 2 
(IV.l) 

and 

(IV.2) 
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where Zn , 2^2 and Z21 are the direct and the transfer impedances of the first system. 

Similarly, for the second system, the velocity V3 is given by 

^3 = ^ , (IV.3) 

where Z33 is the direct impedance of the second system at the coupling point. When 

the systems are coupled, the boundary conditions at the coupling point are 

V3=V2 , (IV.4) 

and 

F3+F2=0 . (IV.5) 

From equations (IV.3), (IV.4) and (TV.S), V2 can be written as 

V2 . (IV.6) 

By the substitution of (IV.6) into (IV.2), then 

^ ^ ^ . (IV.7) 
Z33 Z21 Z22 

By the substitution of (IV.7) into (IV. 1), then 

Fi F1Z22 Z33 
^ Zi i Zi2^i(Z22+Z33) 

and 
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1_ Z22 ' onf.9) 

Zl l ' Zl2Z2l(Z22+Z33) 

where Z^ is the driving point impedance of the coupled system. The force and the 

velocity at the coupling point can now be written as 

F3=-F2= T H - • (IV.IO) 

and 

•^3 - ^2-Z2i(42+Z33) • 

The time averaged power flow between the coupled systems can be written as 

P,2=5lV3|2Re{Z33l . 

The substitution for V3 and Z33 produces the following expression for time averaged 

power flow 

P l 2 = 2 Z2i(Z22+Z33) 
Re{Z33} . (IV. 12) 

The time averaged input power can be written as 

Pin=^IVi|2Re{Zo} . 

The substitution for and Zg from above gives, 
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Pi iir 
1 ^ 

2 Re ]Zi2Z2l(Z22+Z33) 
Zi2Z2l(Z22+Z33)-(ZiiZ22 Z33) 

Zi2Z2l(Z22+Z33).(ZnZ22Z33) 
ZiiZi2Z2i(Z22+Z33) 

(IV. 13) 
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