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UNIVERSITY OF SOUTHAMPTON
ABSTRACT

FACULTY OF MATHEMATICS
DEPARTMENT OF APPLIED MATHEMATICS
Doctor of Philosophy

Nonlinear Surface Acoustic Waves
and Applications

by Alan Paul Harvey

The recent interest in the nonlinear propagation of surface acoustic waves has been
generated by developments in acoustic wave signal processing devices. This the-
sis extends the multiple scales analyses of Kalyanasundaram ( Int. J. Engng. Sci.
19, p-279) and Lardner ( Int. J. Engng. Sci. 21, p.1331) to consider the effects of

anisotropy upon the propagation characteristics of surface acoustic waves. Evolu-

tion equations are derived for the harmonic amplitudes which are then solved for
cubically anisotropic materials.

The constitutive and field equations governing the deformation of a piezoelec-
tric substrate are then derived and the analysis of anisotropic elasticity is extended
to consider the propagation of surface waves on a general piezoelectric substrate.
Harmonic growth and decay on the commonly used material substrate, lithium
niobate, are presented and display transfer of energy between the fundamental
frequency and the nonlinearly generated harmonic frequencies.

The two cases of oppositely propagating and co-directional waves are consid-
ered in the particular configurations of acoustic devices. Numerical routines are
used to calculate the efficiency of the degenerate acoustic convolver and harmonic
generation assessed in such devices. The interaction of harmonic frequencies of co-
directional waves, known as intermodulation distortion, is explored and evolution

equations derived and solved for such frequencies.



1 Introduction

It is now nearly a century since Rayleigh [1896] first proposed the existence of
surface waves. The intervening years have seen interest in such waves, whose pure
modes are known as Rayleigh waves, develop into a thriving area of research,
not only for mathematical theoreticians but also for experimentalists in topics as
diverse as non-destructive testing and signal processing.

The topic of this thesis is the particular application of surface waves on anisotropic
and piezoelectric materials to the problem of signal processing in microelectronics.
This problem was initially posed by Plessey, Caswell, as one of current experimen-
tal interest that required a mathematical justification. It was intended that this
project should bridge the gap between the advancing nonlinear theory of surface
waves and the technical innovations applied in the construction of more efficient
devices.

There are essentially two backgrounds to this problem. The first is that of acoustic
device development which has seen remarkable growth since its inception in the
early 1970’s. Most reports present results and new device designs achieved through
experiment rather than theory. The second is the development of a mathemat-
ical theory yielding bounded solutions to the problem of nonlinear surface wave
propagation. Much of this work has concentrated upon elastic materials and wave
interaction has received little attention. We shall begin by outlining the history of
acoustic devices.

There are many occasions in the the design of analogue electric devices when an
electric signal is required to be inverted, delayed or encoded in some manner.
This may be achieved by any number of techniques including digitization and
microprocessor manipulation, however such techniques are often elaborate and
costly and it is found that one of the most reliable techniques is that of acoustic
wave propagation. In acoustic wave devices the input electric signal is used to
generate a propagating wave in a slab of elastic material through some surface
transducer. The elastic properties of the substrate are then utilised, possibly



together with interaction with other waves in the substrate, to manipulate the
waveform which is then detected by a surface transducer and used to generate a
modified output electric signal. Because of the availability of substrate materials
and relatively low level of technology necessary for mass production, acoustic wave
devices are generally cheap and easy to produce.

The propagation of acoustic waves has been utilised for signal processing since
the early 1960s but was mainly confined to bulk and Love wave transmission.
The most common operations required of such devices employ the nonlinearities
of the material substrate to generate the sum or difference frequencies of two
propagating acoustic waves. This facilitates both filtering, eliminating certain
frequencies from an input spectrum, and convolution, encoding one input signal
through convolution with a second known frequency. Lean and Tseng [197(] have
generally been credited with the first extensive study of the nonlinear propagation
of surface waves, thus illustrating their suitability for such devices. The main
advantage they possess is the very low initial amplitudes necessary to produce
detectable nonlinear features. This is because the energy of a surface wave is
concentrated within a layer of only a few wavelengths’ thickness on the surface of
the material. This gives a low power loss to the device and thus a higher efficiency.

Many technological advances have been introduced to the design of acoustic de-
vices to enhance their performance. The most critical factor is power loss to the
substrate which usually occurs through the spreading of the wave on the substrate
surface. This means that higher input amplitudes are necessary to propagate waves
on the substrate. The use of beam compressors to focus the wave along a narrow
path overcomes some of these effects, as do waveguides to channel the wave along
the output transducer. Reflections at boundaries are also reduced by the inclusion
of absorbers at the ends and base of the device.

The mathematical theory developed to predict the response of such devices has
mainly consisted of linearised theory with small perturbations revealing the non-
linear behaviour. The most recent, Ganguly and Davis [1980], yields results com-
parable with experiment to within one order of magnitude. This apparent Inaccuracy
is accepted by most designers as statistical error and designs modified accordingly.

Lord Rayleigh first proposed the existence of waves whose amplitude decayed ex-
ponentially with depth into the material (Rayleigh [1896]). The study of Rayleigh
waves was later extended to include what has become known as the “generalised”
Rayleigh wave, whose amplitude exhibits exponentially damped sinusoidal decay
with depth. Such waves may be found to propagate on anisotropic materials of
various symmetry classes. The study of Rayleigh wave propagation on anisotropic



substrates was first considered as an outcome of seismic studies, Stoneley [1955].
The Earth’s crust may be considered as a layered anisotropic medium and thus it
was felt that generalised surface wave solutions may be found to propagate.

Particular anisotropic elastic symmetry groups admit many analytical decompo-
sitions to the governing field equations. This has enabled many researchers to
investigate linear anisotropic elasticity on materials from the cubic, hexagonal and
orthorhombic classes. Early studies, Buchwald and Davis[1963] and Synge [1956],
lead to the quite general statement that surface waves could only be propagated in
particular directions within crystals of these classes. This is certainly true of pure
Rayleigh modes, however it has since been shown, Stroh [1962] and Currie [1974],
that this conclusion arose from a false conjecture regarding the slowness vector and
that generalised Rayleigh waves could propagate in all directions. Farnell [1970]
used numerical techniques to show that the surface wave in fact degenerates into
a bulk wave for certain directions of propagation.

The recent interest in nonlinear acoustic devices has spawned an equally virulent
interest in the nonlinear propagation of surface acoustic waves. The problem of
isotropic elastic surface waves was considered by Kalyanasudaram [1981] apply-
ing a technique developed for the study of capillary waves and plate mechanics.
Kalyanasundaran considered a number of wave propagation problems with spe-
cific applications to acoustic devices such as those of two oppositely propagating
waves [1983] and two co-propagating waves [1981]. These papers set out general
methodologies for the solution of such problems that will be utilised in this the-
sis. Several theoretical limitations of these papers have been pointed out and the
method of solution refined by Lardner [1983, 1986] who considered the problems
of propagation on both isotropic and anisotropic substrates.

A very different approach was taken by Parker and Talbot [1985] who investigated
the possiblity that surface waves whose waveform remained unaltered could prop-
agate on the surface of an isotropic substrate. Conjugate harmonic functions were
employed to represent the amplitude form which were later derived through evo-
lution equations. Such permanent form solutions have many applications in the

design of efficient devices as well as in the design of transmission lines over large
distances.

A coherent theory of nonlinear piezoelectricity was introduced in the pioneering
paper of Toupin [1963] which set the scene for subsequent work by Nelson [1974].
These papers set out the governing field equations and constitutive relations for a
deformed piezoelectric substrate in terms of the material, or reference, coordinate



system commonly used in the study of elasticity. This is of particular impor-
tance in the case of piezoelectricity since the experimental measurements are most
commonly performed in the material frame by use of transducers placed in direct
contact with the moving material surface. No specific consideration was given in
these works to surface wave propagation however Tiersten and Baumhauer [1974]
later developed a loose theory for second harmonic generation.

Bleustein and Gulyaev found experimentally that, on particular crystallographic
symmetries, it was possible to propagate waves with purely transverse displace-
ment. This was not expected from earlier experience in the propagation of
elastic waves since it arises from the coupled nature of the elastic and electric
field equations. Kalyanasundaram [1984] extended his analysis of Rayleigh waves
to study the nonlinear propagation of so-called Bleustein—-Gulyaev waves and de-
rived coupled amplitude equations of an essentially similar form to those arising
in isotropic elasticity.

Ganguly and Davis [1980] appear to have been the first to apply a “rigorous”
mathematical treatment to the particular problem of nonlinear acoustic wave con-
volution devices, known as acoustic wave convolvers. The technique applied was a
singular perturbation method and they derived the second-order surface potential
which was then used to deduce estimates for the electrical efficiency of the device.
The errors quoted in any acoustic device calculation are extremely high and it
is generally acceptable merely to give order of magnitude results. Ganguly and
Davis’ results therefore compared favourably with experimental values. Cho and
Yamanouchi [1987] later showed that the inaccuracy of their results was, in the
most part, due to the inaccuracy of the third-order material constants used.

Much practical work related to realistic device configurations has taken place in
France, Maugin [1985], Planat [1985], Planat et al [1985], who have used a num-
ber of techniques, including multiple scales and finite element methods, to solve
the more complicated problems of wave excitation and waveguides in particular
device applications. Whilst finite element methods give solutions satisfying the
complete boundary and excitation conditions and may incorporate many features
of convolver design, it is felt that very little qualitative information regarding the
nonlinear processes of the crystal substrate may be gained from results obtained
through this technique.

The intent of this thesis is to extend the multiple scales analysis of nonlinear surface
waves presented by Kalyanasundaram [1981] and Lardner [1983] to incorporate the
effects of piezoelectricity. The method of multiple scales allows bounded solutions
to be obtained that are valid for relatively large propagation distances. This



theory will then be used to asses the effects of nonlinearity upon the performance
of particular acoustic devices.

For the purpose of this thesis the problem will be divided into its constituent
parts. Firstly we shall consider the problem of surface wave propagation on an
anisotropic elastic substrate. This is a problem that has been presented in a
number of papers during the course of preparation of this thesis, Lardner [1986],
Lardner and Tupholme [1986] and Parker [1983]. It is included in this thesis
primarily to display numerical results for particular material symmetries but also
to present the notation to be used in subsequent chapters.

Secondly the problem of surface wave propagation on a piezoelectric substrate
shall be investigated using the multiple scales technique developed in Chapter 3.
A significant notational simplification shall be introduced, allowing the govern-
ing constitutive and field equations to be written in a form closely analogous to
the equations of motion governing the deformation of a purely elastic substrate.
The coupled amplitude equations derived through the method of multiple scales
will then be solved using numerical techniques and harmonic amplitude growth
and decay discussed. The various assumptions made to simplify the boundary
representation will then be studied in detail and amplitude propagation results
presented which satisfy the full boundary conditions. These results will justify the
assumptions made.

The problem of two oppositely propagating surface waves under the particular
restrictions required of an acoustic convolver will then be discussed and a multiple
scales solution attempted. Results will be presented for the most commonly used
substrate material which will duplicate the earlier results of Ganguly and Davis

[198¢].

Finally the nonlinear mode coupling of two co-directional waves on both piezo-
electric and anisotropic elastic substrates will be considered. The problem of the
interaction of harmonic frequencies leading to interference and noise in the circuit
external device will be discussed and results presented for the evolution of such
interactions.



2 The Basics

Before beginning an analysis of surface waves it is necessary to introduce some of
the fundamental theory of elasticity and crystallography. Since the elasticity of
crystals has been studied using differing approaches for isotropic, anisotropic and
piezoelectric materials and by both experimentalists and theoreticians, it is also
prudent to set out the notational conventions to be used in this thesis.

A general formulation of the physical properties of crystals in tensor notation
is presented in Nye [1957]. Starting from the basic mathematical description of
tensors, Nye introduces tensors of various ranks and their crystallographic applica-
tions are considered. Emphasis is placed upon the symmetric properties of tensors
and the simplifications available through the various classes of crystallographic
symmetry. This reference forms the basis for much of the material of Section 2.1
where attention is concentrated on the two classes of crystal symmetry of interest
in this thesis. An outline is also given of the numerical routines used to produce
the results in later chapters.

The fundamental concepts of continuum mechanics are set out in Section 2.2 and
the notations to be used in later chapters are defined. The concept of two states and
two coordinate systems is introduced in order that the motion of the crystal, and in
particular the deformation of the boundary, does not unnecessarily complicate the
statement of the field equations. This is achieved by expressing all the equations
in reference, or undeformed, coordinates, that is the coordinates of each point of
the material when at rest. A more detailed derivation of these equations may be
found in the book by Atkin and Fox [1980] which presents the governing equations
for a general deformed elastic body with no restrictions on symmetry. The stress
tensor relative to the reference frame is then derived from the momentum balance
equation and expressed in terms of the Gibbs’ function of the substrate. The
Gibbs’ function can be expressed as a series function in the strain tensor and both
isotropic and anisotropic media may be considered.



In Proceedings of the LR.E. [1949] an attempt was made to set standards for
the notation of the various crystallographic properties. Although succeeding in
standardizing the choice of the crystallographic axes of symmetry, the article has,
in general, failed to unify the notation used by researchers for the various electric,
elastic and piezoelectric constants of these crystals. Bearing in mind previous
work, in this thesis we use what we believe is the simplest notation for the cases
considered.



2.1 CRYSTALLOGRAPHICS

In this section the notation used in crystallography is set out and the various
classes of symmetry are discussed. Much of the work may be found in Nye [1957]
but specific notations relevant to later discussions are also introduced. The section
closes with a brief explanation of the procedures used for computation.

2.1.1 Tensors and Anisotropy

Many material parameters, such as density, may be expressed without reference to
any direction and may be represented by a scalar value p. Other parameters, such
as electric field, are direction dependent and must be specified by both magnitude
and direction. Such a parameter is represented by a vector, E, with components
E;, where j = 1, 2, 3, referred to a system of rectangular cartesian coordinates
(z1, 2, 23).

If a material is electrically isotropic, behaves the same in all directions with respect
to conductivity, then the current density will be co-directional with the electric
field, giving the relationship

n=0k , =0k, js=o0k;
where j is the current density and o the conductivity, represented by a scalar.
If we consider a material that is electrically anisotropic the current density need

not be co-directional with the electric field, but may be expressed as some linear
combination of the electric field components

h=onkE +01,FE, +033F;,
J2=0uE\ +05E, + 0xFE;, (2.1.1)
ja = o5 FE + o3 Ey + 033E37

where o;;, the conductivity, is given by a second-order tensor. Equations (2.1.1)
may be more compactly represented by

3
ji:ZUikEka i=172737
k=1

or, using Einstein’s summation convention whereby a repeated suffix is summed
over the values 1, 2 and 3,

Ji=ouly. (2.1.2)

This summation convention is used throughout this thesis for all lower case letter

subscripts but, for convenience, for upper case letter subscripts it is restricted to
the letters A to F.



Effects such as stress and strain are represented by second-order tensors since
they not only require magnitude and direction for measurement but must also
be referred to a plane of action. Thus the stress acting on the plane z, = 0 is
represented by the vector

T2x" i:1a2’37

where Tj; denote the components of the stress tensor.
For an isotropic material the simplest stress—strain relationship would be given by

T; = )\eij + #ekk5ij

where e;; is the material strain and A and g the isotropic elasticity constants.

For anisotropic materials the most general linear stress-strain relationship is

T = cijuen, (2.1.3)

where ¢;;;; is a fourth-order tensor known as the second-order stiffness constant.

2.1.2 Symmetry

The general second-order tensor has the matrix form

511 512 513
S = 521 522 523 ’
531 532 533

but, under the reflective symmetry stated above the number of independent com-
ponents is reduced from nine to six, giving

Sn S Sis
S = 512 522 523 .
Sis 523 Ss3

Voight’s notation represents this symmetric second-order tensor by a six-dimens-
ional vector by subscript replacement according to the scheme

511 = 51, 522 = 52, 533 = 53,
523 = 532 = 54, 513 = 531 = Ss, 512 = 521 = Ss-

An analogous simplification can be introduced for higher order tensors.



Considering equation (2.1.3), replacement of dummy subscripts reveals

T,

ij = Cijlk€ik)
= Cij1k€kly

by the symmetry of e,;. Hence, we deduce the constants ¢;;;; must satisfy

Ciiki = Cijlk (2.1.4)
and, assuming Tj; = T};, that

Cijkt = Cjikl- (2-1-5)

Voight’s notation now allows this fourth-order tensor to be represented by a second-
order tensor, ¢,5,0,8 =1,2...6, where

€11 = €111y, Ci12 = Cri22
Ci3 = C1133, €14 = C1123 = C1132 (2-1-6)

etc.

A fourth-order tensor possessing no symmetry has eighty-one independent com-

ponents, but the symmetry of (2.1.6) reduces this number to thirty-six, enabling
Cqp to be written

Ci1 Ci2 Ci3 Cia Ci5 Cis
Ca1 C22 C23 C24 Co5 C26
C31 €32 C33 C34 C35 C36 ) (2 1 '7)
Cq1 C42 Cs3 Caq C45 Cse
Cs; Cs2 Cs3 Cs4 Cs5  Cse
Ce1 Co2 Ce3 Coq4 Co5 Css

Cap =

It will later be seen that c,; posseses the further symmetry

Cap = Cpa y (218)

which reduces the number of independent values to twenty-one.

For later convenience we adopt the notation d;;yr used by Lardner [1986] for
tensors whose components satisfy the symmetry relations

d(ij)(kl) = d:’jkl = dlclij
# dije (2.1.9)
that is, when d;;; 1s symmetric ¢n pairs not within pairs.

10



The symmetry of the fourth-order tensor given by equation (2.1.7) is that of a
crystal in the triclinic class, which is the most general type of elastic material.
Other materials possess higher symmetry and these crystals can be divided into

various classes depending upon the type of extra symmetry they possess.

Let us now examine what 1s meant by the symmetry of a property. A crystal
property is a relationship between two quantities measured with respect to a given
set of axes. If some possible symmetry element is then applied to these axes, the
quantities measured again and the relationship found to be unchanged, then the
crystal is said to possess this symmetry element. The main types of symmetry
considered are rotation and inversion. These may be illustrated by consideration
of the representation quadric,

S,’j T; IEJ' = ].,

where S;; is a second-order tensor property of the crystal. Taking S;; = S,

51137? + 5223?2 + 5331??3 + 25112, + 25137125 + 28532225 = 1

represents the general equation of a second-degree surface. Neumann’s principle,
Nye [1957] , states that each element of symmetry possessed by this surface
must be included in the symmetry of the crystal. It is noted here that there are

as many coeflicients in the above quadric as there are independent values of the
second-order tensor S;;.

If the quadric is referred to its principal axes, it takes the simpler form
Sy} + Syzd + Saxd =1,

(note that this does not reduce the number of constants since three are required
to specify the position of the principal axes). Just as this quadric simplifies when
referred to these axes, so does the second-order tensor, to become

S, 0 0
[S,'j] = 0 52 0 .
0 0 5

Examination of the signs of 5,,5,; and S; will divide these quadrics into ellipsoids,
or hyperboloids of one or two sheets, see Figure 2.1.1. The principal axes of the
crystal class are generally called the crystallographic axes.

The symmetry classes of interest in this thesis are cubic and trigonal. Cubic
crystals possess four three-fold axes of symmetry, positioned as the four diagonals

11



of a cube. An n-fold axis of rotational symmetry is one about which a rotation of
27 /n leaves the crystal properties unchanged. The only quadric which possesses

this symmetry is a sphere, which may be entirely defined through one parameter,
the radius. This leads us to

and hence

referred to the principal axes.

The trigonal class possesses, in general, one three-fold axis of symmetry. A general
quadric possesses three two-fold (half-revolution) axes at right angles, and three
planes of symmetry, see Figure 2.1.1, and for this to have a three-fold rotation axis
it must be a surface of revolution . This is sufficiently defined by two numbers,
that is the lengths of the major and minor axes, giving

S, 0 0
S;l=10 S 0.
0 O 53‘

Similar arguments, and more direct analysis of the effects of symmetry on the

physical properties, may be used for higher-order tensors. Thus, for cubic crystals,
the fourth-order elasticity tensor becomes

€1 €12 ¢o O 0 0
C2 ¢1 ¢2 0 0 O
Ca €2 ¢y 0 0 0
[caﬁ] — 0 O O Caa O 0 y (21.10)
0 0 0 0 ¢4 O
0 0 0 0 0 cu
whilst for trigonal crystals we have
11 Ci2 €1z  Ci4 0 0
C12 Caa Ci13 —6314 8 8
_ | €13 Ci3  Ca3
leasl = | 2% e 0 0 |- (2.1.11)

0 0 0 0 Cas —Cyy4
0 0 0 0 —C1s  Ceg

A fuller description of the arguments presented above can be found in Nye [1957].

12



Figure 2.1.1 General representation quartic for positive Sy, S2 and S3

2.1.3 Rotation

When stating numerical values for the various crystal properties it must be clear
to which axes these are referred. An obvious choice would be the crystallographic
axes used in the previous section, and the IRE [1949] set out standards for the
orientation of these axes relative to the various planes and axes of symmetry. Thus
in this thesis all data for crystals is referred to a set of rectangular cartesian axes
based on the principal axes, and if one wishes to consider the constants referred
to another set of axes the following transformation must be performed.

Denoting the principal axes by (z,, x5, 3) and our new axes by (z}, 2}, z3), we may
use Figure 2.1.2 to draw up a matrix of direction cosines,

T, Ty I3

I, {4 G2 a3
/
Ty | Qa1 Q22 d23 (2'1'12)

Ty \Aa1 a3z Qz3

The first subscript of the tensor a;; refers to the “new” axis and the second refers
to the “old” axis. A vector p referred to the “old” coordinate axes may then be
transformed to the “new” axes, thus

13



N -7
-1 -
\ cos as3 -
\ -
/
AN COS_1 asn
|,
»
T2
cos™la
21

Z Yé

Figure 2.1.2 Transformation of axes

p'1 = P; COS T, T} + P, COST,T| + p3 COS T3,

, — — —
Dy = D1 COS T, Th + P, COS ToTh + P3 COS T3Th

) — —
P3 = P1COS T T4 + Py COS ToTh + P3 COS T3T),
or, using the summation convention and the direction cosine table,
’
pi = a,JpJ y (2.1.13)
where p! is the vector p; referred to the “new” coordinate system (z}, =5, ).

This concept is easily extended to higher-order tensors through consideration of
the relationship

Di = Siin >

where p; and ¢; are vectors and S;; some second-order relational tensor. It follows
from this relationship and equations (2.1.13) that

14



P:' = a;;p; = aiijka = aiijkalkq;
= :lq;7
where the dash denotes a value referred to the “new” coordinate system.

Hence
!
Sn = aijalksjk ’
or, replacing subscripts,

S,{j = a;kaﬂS’H . (2114)

With similar arguments, the corresponding relationship for the fourth-order con-
stants is

c:-jk, = GimGjnCrolipCrnop - (2.1.15)
2.1.5 Computing

This section deals with the practical problems encountered when implementing
the rotation procedures using a computer.

In setting up an analytical model of the type to be described in Chapter 3 one
chooses two axes parallel to the free surface. These axes will not necessarily coin-
cide with the principal axes of the crystal and hence the various elastic, dielectric
and piezoelectric constants must be rotated to the chosen axes.

The various second- and third-order elastic constants may have, in total, eight hun-
dred and ten non-zero values which must each be individually assigned. Together
with the various electro-elastic constants there are a possible one thousand, one
hundred and seventy individual values to assign. Since these are not all indepen-
dent it was decided only to input the independent values. This simpler procedure
is possible since each crystallographic constant must be symmetric in and within
pairs and expressing them in Voight’s notation thus significantly reduces the num-
ber of input values. It is also worthwhile making use of the particular classes of
material symmetry to further reduce the number of independent constants. For

instance, for cubic crystals the number of independent constants can be reduced
to nine.

In the results discussed later in this thesis the input of constants was achieved by
the following method:

15



1. Create an input file with the values of the independent constants and a code
indicating the symmetry class.

2. The symmetry code is read and switches the programme to the appropriate
routine.

3. The independent values are read in to their relevant position in an array using
Voight’s notation.

4. The appropriate crystal symmetry is used to “fill” the Voight’s array.

5. An array routine is used to translate from the Voight’s array to the full tensor
array.

6. The particular orientation of axes in the problem to be considered is read in by

specifying the crystal “cut” (i.e. the free surface) and the propagation direction
on that surface.

7. The axes of orientation and propagation direction are used to construct the
transformation matrix and the method of Section 2.1.4 used to rotate the con-
stants.

All numerical values for the constants input into these routines must be normalised
with respect to a typical value to avoid numerical errors arising from over- or
under-flow numbers in repeated summations.

16



2.2 BASIC CONCEPTS

The mechanics of an elastic body needito be discussed and therefore we must
develop some of the tools of finite deformation theory. The key to understanding
this theory is an appreciation of the dualism in the description of the two states,
undeformed and deformed (or reference and current) configuration and the two
sets of coordinates, material and spatial, that describe the two states respectively.

In general, as a body deforms each point within the body, Cy, is moved, as are all
points on its boundary. Thus any condition upon the boundary of the body implies
knowledge of the boundary position for all time. For this reason it is convenient to
introduce the concept of a “reference state”, defined as the body’s initial position,
and to write all the governing and constitutive equations in terms of this known
reference state.

A three-dimensional Euclidean space shall be considered and, for simplicity, rect-
angular cartesian coordinates are employed from now on.

2.2.1 Deformation

A deformation refers to a change in size, shape, orientation or location of a body
without causing breakage, cracking or slippage. These latter effects cause discon-
tinuities to occur and destroy the reversibility of the process.

Let us idealise the concept of this body by supposing it to be composed of a
set of particles such that, at a given time ¢, each particle of the set occupies a
single unique point in the region C, and that each point of C, is occupied by a
single particle. C; is known as the deformed state and is complemented by the
configuration of particles at the origin of time, Cy, known as the undeformed, or
reference, state.

Denote the position vector of a particle in the undeformed state by X, and the
position vector of this same particle in the deformed state by x. The deformation
is then characterised by the transformation

x =x(X,1), (2.2.1)

which maps the position X of each point in the undeformed region C, onto its
position x in the deformed region C, at time t. The inverse transformation is

defined as

X =X(x,1). (2.

|88
o
~—
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Figure 2.2.1 Displacement

These two transformations must be single-valued and many times differentiable for
continuity. It is also required that the material must not be allowed to penetrate

itself, thus the Jacobian J of the transformation (2.2.1) must be positive and
non-zero, i.e.

aa:,-
0Xa

I=|

> 0. (2.2.3)

It is useful at this point to introduce the concept of displacement. We define the
displacement vector u by the relation

u=x-X, (2.2.4)
with its physical significance represented in Figure 2.2.1

2.2.2 Strain

Strain is the change in size or shape resulting from changes in length or relative
orientation of the body.

Consider two particles with positions X and X +dX in the undeformed state, then
these particles will have positions given by

18



x =x(X,1)
and

x +dx =x(X + dX, 1),

in the deformed state at time ¢.

Thus the components of the total differential dx are given in terms of dX, by the
chain rule, as

al:,'

d:z:,' = 8XA dXA .

Now if the arc dz; has length ds then the quc\r‘t&j dstransforms by the relation
ds® = dz; dz;
= CAB dXA dXB ’
where C4p, defined by
81',' 81:,‘
= — 2.9
Cas = 5%, 7%, (2:25)

is called the Green deformation tensor, or the right Cauchy-Green strain tensor,
and is a measure of the change in size and shape of the element.

There is an analogous derivation of the Cauchy deformation tensor, or left Cauchy-
Green strain tensor, as the change in area of the reference state for a given current
area, namely

90X, 0X,

Bij B al'; al'J ’ (

2.2.6)

Finally we introduce the Green finite strain tensor, or Lagrange strain tensor, F 5,

by
1
E.p = B (Cap — b4B) - (2.2.7)
This strain tensor is the most commonly used measure of strain.

From equation (2.2.4) we have that

31‘,’ BUB

LB L ) 5
BXA leXA + 1A (-28)
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which, together with equations (2.2.5) and (2.2.7) gives the strain in terms of
displacement gradients

Cap = usp+upa+ucatics + 6an, (2.2.9)

and

1
Esp = 5 (uap + upa + ucatics) - (2:2.10)
Clearly the Lagrange strain tensor is zero under zero displacement.

2.2.3 Time Derivatives
The introduction of reference and current states means that care must be taken in

stating a time derivative to ensure whether spatial or material time differentiation
is implied.

A spatial time derivative is the variation of a quantity, say F', with time for a fixed
point in the spatial coordinates and shall be denoted

OF (x,t) _ OF (x,t)
a T ot ' (2:2.11)

X const

It follows that

0x

A material time derivative is the variation of a quantity, F', with time for a fixed
point in the material or undeformed coordinates. This may be seen as the change
in F' with time as observed by a rider on the mass point X, and is denoted by

DF(X,t) _ . JaF (X,1)
— = F Xty = ——~2 2.
Dt ( , ) at X const (2 12)
It immediately follows that
DX
o =0
which leads us to
Dx Du . 5913
DY (2.2.13)

from (2.2.4). It must also be noted that the chain rule for differentiation allows us
to express the material time derivative as
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DF(X,t) _ 9F(X,1) , Dz, OF (X,1)
Dt ot Dt Oz
oF . OF

X const

2.2.4 Conservation of mass

Denoting by p, and p the reference and material state densities respectively, the
principle of conservation of mass within the volumes V;, and V in C, and C, respec-
tively, can be written

/pdv - / podV, . (2.2.15)
v Vo

Using the result that dV = JdV,, which may be derived from equation (2.2.3),
equation (2.2.15) may be represented by

/vOdevo:/vO podVy,

or

/ (pJ — po)dVy = 0.
Vo
Since the volume of integration is arbitrary, the latter integral implies that

po = pJ, (2.2.16)

provided the integrand is continuous. Equation (2.2.16) is the law of mass conser-
vation for our solid.

2.2.5 Conservation of momentum
Consider the volumes V, and V in C; and C, to be bounded by the surfaces S,

and S respectively. Now the linear momentum of the material volume V may be
written as

/ pudy,
v
which may be expressed in terms of the reference volume by
pJudV,.
Vo

The rate of change of linear momentum of material volume V is then given by
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d . . D(pJ) Du
il d :/ 2P) -4 2.9.
a b, PIuDe = f [u pi TP | e (2.2.17)

since the reference volume V, is fixed in time.

When p, is dependent only upon X it follows from equation (2.2.16) that

Dg’j) = D]()”t") =0. (2.2.18)

Thus, equation (2.2.17) reduces to

= [ pidv. (2.2.19)

In the absence of external body forces the volume V is acted upon only by inter-
atomic forces which here, as in most simple continuum theories, are represented
by a vector field t(x,n). The latter is defined over the surface S, of V, where n is
the outward normal to §. The field t is known as the stress vector and with body
forces absent it follows that the total force acting on V is given by

/ t(x,n)dsS. (2.2.20)
s
We may further assert that

t(x,n) = T.n, (2.2.21)

where T is the Cauchy stress tensor. With the use of equation (2.2.21) and the
divergence theorem, the integral (2.2.20) now becomes

/ divT dV. (2.2.22)
A%

Taking as our principle of linear momentum the assertion that the rate of change
of linear momentum 1s equal to the resultant force, we may write the governing
equation for a deformed solid as

/pﬁdV = /dideV.
A% A%

Since this must hold for all regions V it follows, provided the integrands are con-
tinuous, that
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pu = divT,

or
pit; = Tyi;, (2.2.23)

where the summation convention is implied and “,;” is used to denote partial
differentiation with respect to z;.

This is the spatial form of the governing equation for a deformed elastic solid.

The moment of momentum per unit mass is given by x x pv, which leads us to
the total angular momentum

/xxpvdv.
v

Now, the conservation of angular momentum asserts that the total torque exerted
on the body equals the rate of change of angular momentum, thus

d
/xxtdS:——/Xvadv.
S dt Jv

or, in subscript form,

d
/5ijk$jtkd5 = —/ €ixTipvr AV,
S dt y

where €, 1s the permutation symbol.
Use of the divergence theorem and the definition of the stress tensor (2.2.21) reveals

0 D .
/vﬁijk [a—zl(l‘]le) - pm(wjvk)] dv =0.
Now
0
€ijk8—xl(ijlk): e lie + €iu; Ty s
and

D D
Pfa’jkﬁ(xivk) = CijkTi Py Uk
= Eijkl‘jTrk,l s

which gives the conservation of angular momentum in the simple form

/ eijknk dV =0.
v
Since the volume of integration is arbitrary we now have that
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Eijxly =0,
or, using the definition of €y,

Tzs"T:sz:U, T31*T13:07 T12—T21=0,

which may be expressed as

T; =Ty

1

2.2.6 Governing Equations in Reference Coordinates
It is important to express the governing equations (2.2.23) in reference form since
it normally proves easier to solve problems when reference coordinates are used.

Consider two line elements dX and dY in C;, which define a parallelogram of area

dS; with unit normal N. Likewise, the corresponding elements dx and dy in C,
define an area dS with unit normal n, where

L.l.L

dX x dY = NdS§, (2.2.24)

and

dx x dy = ndS. (2.2.23)
In indicial form equation (2.2.2%5) becomes
Tl,ds = Eijk xj,B :I:lc,C dXB dXC ; (2226)
Premultiplying equation (2.2.26) by the gradient z; 4
Nn;T;aA d$S = €ijk Tia TjB Tk C dXpdXc¢

= JE:AB(jdXB dXC
= JNLS,, (2.2.27)

using the definition of the Jacobian and equation (2.2.24). Multiplying equation
(2.2.27) by the inverse deformation gradient X, ;, we find that

Tl,dS = JXA’,'NAdSo.

Recalling the definition of the Cauchy stress tensor, equation (2.2.21), it follows
that
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t,dS:Ti,,TLJdS
:JXA’jfZ},'NAdSQ
:O'A,'NAdSO, ({){){)8)

L.l.2

where
Ty — JXA,j ]},' , (2229)
defines the first Piola-Kirchoff stress tensor and is, in general, not symmetric.

Returning to the conservation of momentum principle, we may rewrite the force

integral (2.2.20) as

/S TAs NA dSo, (2230)
and the momentum integral (2.2.19) as
Duv; Dy,
_ = —_— 2.9
Ve P J Dt dV(] v Po Dt dVo s (2-31)

giving the conservation of momentum in the form

DU,'

vopoﬁt—dvo = /SOO'A,'NAdSQ.

Use of the divergence theorem yields

DU,'
/vo [,00 ——Dt - UA,',A] dVo = 0, (2232)
from which we deduce, in the usual way, that

DU,'
= N s
Po Dt AiLA

provided these quantities are continuous. This latter equation can be written

potl; = Tai A, (2-2~33)

which are our governing equations in the reference frame.

2.2.7 Strain Energy

The power developed by deformation of a body contained within the surface S
may be expressed as the integral of the product of the stress on the surface and
the velocity
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/ tv,dS. (2.2.34)
s
With the use of equation (2.2.21) and the divergence theorem this integral becomes
0
/v 3—%(7}-'%)‘11’,
which may be expressed as
A [T},’J Vi + Tj,- Vi ] dV . (2235)

Now equation (2.2.23) may be written
D'U,‘

"D

which may be substituted into the integral (2.2.35), yielding

= Tji,i )

DU,'
/‘)[Pﬁvi + Tjivi,j} dv,

or

D 1
/v[ﬁ(gpvi v;) + Tj; vi,j] dy.

The first term in this integral can be seen to represent the power developed through
kinetic energy, whilsi the second term is the power derived from the stress. We
now assume that the stress power is absorbed into, or derived from, some strain
energy function, W, which depends only upon deformation gradients, through the
relationship

d rp

= [ Lwav = [ Tov;av. 2.9
dt/vpow [ Tv,54v (2.2.36)
W is defined to be the strain energy function for the body in C, measured per unit
volume of the corresponding body in C,, accounting for the factor p/p,. Again this
is true for arbitrary volumes V and so, provided the integrands are continuous, it
is easily deduced from equation (2.2.36) that

ﬁDW T o

- _ . 9
"t v (2.2.37)

The introduction of the energy function W gives us what is known as Green
elasticity and W is sometimes referred to as the Gibbs’ function.
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Having defined W to depend only upon deformation gradients, we now express
it as a function of the Cauchy-Green strain tensor Cyp. Using the chain rule of
differentiation,

Dw W DC,p

= 2.2.
Dt 0Csp Dt '’ (2.2.38)
and it can be shown, using equation (2.2.5), that
DCan 2 (2, 4m.0)
Dt DtooATE
= (.’E,‘)A Z;B + T B :Ej,A) Vij - (2239)
Equation (2.2.37) now becomes
where
p ow
Py = T — — (Tia7; iBTjA) FA— -
j i oo (2i,4%5,8 + Ti,8Tj,4) Cap

At any given time there are possible motions of the body for which the veloc-
ity gradients are arbitrary. Since FP;; is defined by deformation gradients alone,
however, equation (2.2.40) implies that

])ij = 0,
or, equivalently
p ow
Ty = — (= i i iA) - 2.2.41
j o (i, Tjp + Tip Tja) 90 ( )
Using the symmetry of C4p the above reduces to
p ow ow
T = —ux; i . 2.2.
T Tt (ac,w ’ acm) (2242)
Equations (2.2.42) and (2.2.29) combine to give
ow ow
;| = T . 2.2.
O ai mI,B (aCAB + aCBA> ( 2 43)
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If we ensure that W is expressed as a symmetric function of C,p the latter equation
becomes

e = g ow
At — i,B 0CAB 9
or, with use of equation (2.2.7),
ow
R dd 2.2.44
Oa ZiB aEAB ( )

with the same restriction that W must be expressed as a symmetric function of

E4g.

The precise form of the strain energy function depends on the particular material
chosen and thus detailed discussion of its properties shall be left to subsequent
chapters. Here it is simply noted that for an adiabalbic elastic material W may
be expanded as a Taylor’s series in the Lagrangian strain, where the coefficients
are called the elasticity constants, whilst for the piezoelectric material considered
in Chapter 4 W must be expanded as a series in both the strain and electric field.

Equations (2.2.33) and (2.2.44) represent the governing equations and constitutive
equations for a deformed anisotropic elastic solid. In their derivation no material
symmetry has been assumed. The introduction of a particular form for the strain
energy function will descabe the solid and complete the system of equations.
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3 Anisotropic Elasticity

The propagation of elastic waves on the surface of a traction-free half-space has
been extensively investigated since Rayleigh [1896] predicted their existence in

1896.

The work of Rayleigh for an isotropic linearly elastic material was extended to
anisotropic materials by Stonely [1955] who investigated the propagation of surface
waves on the Basal plane (a particular crystallographic configuration) of cubic
crystals. This symmetry class and orientation were chosen since the momentum
balance equations (2.2.33) degenerate to an algebraically solvable system. Stonely
considered only “pure” Rayleigh wave modes, that is those possessing amplitudes
that decay exponentially with depth and neglected a whole class of solutions now
accepted as “generalised” Rayleigh waves in which the decay of the amplitude
with depth is of damped sinusoidal form. These latter solutions were obtained by
Buchwald [1963] who achieved the results through consideration of the slowness
surfaces.

Buchwald, like Stonely, found regions in which he claimed surface waves could not
propagate. This proposition was backed up by the numerical results of Gazis et
al [1960] and the theoretical work of Synge [1957], who deduced that the slow-
ness characteristic polynomial is complex and thus only admits complex solutions
leading to waves with attenuation in the direction of propagation. The existence
of “forbidden zones” was shown to be false by Stroh [1962] and, later, Currie
[1974], who proved that the slowness characteristic polynomial in fact reduces to
a purely real equation and therefore a surface wave may always propagate. Far-
nell [1970] used numerical search procedures to find the admissible surface wave
speeds for various crystals and configurations and to examine the form of the so-
lutions obtained. He showed that the surface wave in fact degenerates into a bulk
wave satisfying the surface boundary conditions for particular crystal configura-
tions and he also examined the behaviour of the so-called “pseudo”-surface wave
which decays with propagation distance.

29



More recently there has been growing interest in the propagation of nonlinear waves
on elastic half-spaces. Kalyanasundaram [1981] presented a periodic waveform
solution for propagation in a half-space of quadratically nonlinear isotropic elastic
material using the method of multiple scales, a technique developed to eliminate
secular terms in the nonlinear solutions and previously applied to dispersive wave
problems, Kakutani et al [1974]. This technique is discussed in detail in the books
by Nayfeh [1973] and Bender and Orszag [1974]. Kalyanasundaram’s application
of the technique, however, suffered from the limitation that the secular terms
of interest were y-dependent and no condition was derived for their elimination.
Subsequent papers by Kalyanasundaram considering the interactions of opposite
propagating waves, [1983], and co-directional waves, [1981], suffered from similar
analytical shortcomings.

The limitations of Kalyanasundaram’s approach were noted and corrected by
David [1985] and also, in a series of papers, by Lardner that considered elas-
tic wave propagation [1983], harmonic generation [1984] and shock development
[1985]. Lardner extended Kalyanasundaram’s application of the multiple scales
technique to include “slow” parameters in the y-direction in order to eliminate the
secular terms. The form of solution considered by Lardner involved an integral
over all available wavenumbers and therefore allows for the input signal to be much
more general than a pure sinusoidal one. This approach, as Kalyanasundaram’s,
lead to infinite systems of coupled amplitude equations which were truncated and
solved for the material fused quartz.

A different approach was adopted by Parker and Talbot [1985] who used harmonic
conjugate functions to represent the linear Rayleigh wave and thus were able to
consider any form of input wave. This method enables the surface elevation of
waves which propagate without distortion to be characterised as those satisfying
a certain nonlinear functional equation. Through the use of this method Parker
and Talbot found non-distorting waveforms which travel at speeds other than the
Rayleigh wave speed.

The effects of anisotropy upon the nonlinear propagation of surface waves were
first considered by Lardner [1986]. A technique directly analogous to that applied
to isotropic materials (Lardner [1983]) was utilised, taking into account the strain
energy expansion for an anisotropic material. The characteristic equation obtained
apparently yields no algebraic solutions and thus no closed-form analytical repre-
sentation for the coupled amplitude equations has been found. In a later paper,
Lardner and Tupholme [1986], present numerical solutions based upon the method
of Lardner [1986] for the particular case of cubic, m3m, symmetry and a simple
sinusoidal signalling condition was considered.
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Parker [1988] extended the analysis of Parker and Talbot [1985] to include the
effects of anisotropy and to consider the non-distorting waveforms admitted by
anisotropic materials. This technique was further extended to include the spread-
ing of surface waves on the two-dimensional surface of a semi-infinite substrate in

Parker and David [1989]L
It is noted here that much of the work quoted above section has been published
in the past four years and that, in view of this fact, the work presented in this
particular chapter of the thesis, whilst not original in content, was developed in-
dependently of the previousiy stated analyses. The notations used have developed
over the period 1985-88, although some modifications have taken place in view of
the recently published papers of Lardner[1986], Lardner and Tupholme [1986] and
Parker [1988].
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3.1 CONSTITUTIVE EQUATIONS

The constitutive relations for a general elastic substrate have been derived in
Section 2.2.7 in terms of the strain energy, or Gibbs’ function. In this section the
form of the strain energy is given for a general anisotropic elastic material. This
shall then be used, with suitable tensorial symmetry, to derive the momentum
balance equations for a deformed elastic solid.

3.1.1 Strain Energy

The strain energy used in Chapter 2 must be expressed as a symmetric function
of the Lagrange strain. First we expand W as a Taylor’s series

1 1
W= +¢ L)?EAB + §CABCD E s Ecp + = CABCDEF E.p Ecp Egr + .

6
(3.1.1)
where the coefficients cf,g,, cffl)gc,) and cfl)gCDEF are defined through the relations

0) _
C() - W'EABZO

CE:I)JCD — a9 ap

o PW
ABCDEF BEABOECD@EEF

E4p=0

If we take the unstrained state as the reference state for W, ¢/® = 0, and from
equation (3.1.1) we define W through

1 1
W = CAB Esp + 5 CABCD Eap Ecp + = 6 CA%CDEF E4sp Ecp Egr . (3.1.2)
The coefficients of equation (3.1.2) are known as the first-, second- and third-order
elastic constants respectively and are analogous to Lamé’s constants of isotropic
elasticity. The Taylor’s series has been truncated at cubic order mainly because

numerical values for the higher-order constants are unavailable.

The Lagrange strain is a symmetric second-order tensor and we may thus write

W = CBBA Eup + - CABCD Eip Ecp + = 6 CABCDEF Eup Ecp Egp, (3.1.3)
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by replacement of the dummy subscripts in the first term on the right hand side
of equation (3.1.2).

Comparison of equations (3.1.2) and (3.1.3) shows that the first-order coefficients
must satisfy

1 1
& = .

A similar replacement of subscripts for the second- and third-order coeflicients
leads to the relations

2 2 2
Shep = chrep = Sboe (3.1.4)
and
3 3 3 3
CABCDEF = C(BZtCDEP = CE:Z%DCEP = CSA)BCDPE' (3.1.5)

The symmetry of the strain energy with respect to the Lagrange strain imposed
in Chapter 2 leads us to the further conditions

Shep = Chas (3.1.6)

and
3 3 3
Shoper = Ehaper = Cabrren (3.1.7)

which, together with the conditions (3.1.4) and (3.1.5), may be represented by

O _ M

CaB = CBa
(2 (2) (2)
Shep = Chacp = Ciban (3.1.8)
(3) _ .3 _ ™ . ®
CABCDEF = CBACDEF = CcDABEF = CABEFcCD -

3.1.2 Piola-Kirchhoff Stress

Recall that equation (2.2.44) gives the Piola-Kirchhoff stress tensor in terms of the
strain energy function as

ow

Tai = TiB 77 -
" OF4p

(3.1.9)

On substituting the series expansion (3.1.2) for W into equation (3.1.9), the Piola-
Kirchhoff stress tensor can be calculated in terms of the Lagrangian strain.

Taking the second term in the series expansion for W, for illustrative purposes,
and assuming this terms makes a contribution 7, in o, it follows that
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o 1
T, = Z;B 9E Ap ;C(C?I)JEF Ecp EEF]

L&

2 . 2 2
= I;B Ciqzacu Ecp, using Ciu)acu = c(C})AB )
(1 1 1
2
= I;pB Cgazacu 5“0,1) + §UD,C + 5”5,0 UE,D] ’ (3-1-10)

with the use of equation (2.2.10). On further manipulation and using the symme-
tries (3.1.8)

5 1 1 1
T, = (ui,B + 5:‘3) CE;)BCD [“Uc,D + sUpc t+ ZUgc uE,D]

2 2 2

(2) (2) (2)
= 0ip CaBcD Ucp + 5 Capcp UiBUc,D T = Capcp UiB Up,c

2

+ 5 C.(A?%CD U;pUEcUpp T = bip Cﬁqzl)acu Ug.c Ug,D (3-1-1 1)

2

Repeating this process for other terms in the expansion yields the constitutive
relation

1
1 1 2
oai = bip Csu)a + Csu)a Uip + bip Csu);cu Ucp+ = Csazl)aco U; g Uc,D

2
1 @ (2)
+ 5 Cabep WiB UDC + B 8iB Capcp UE,c UE,D
1
+ 5 dip Csaaz)acmap Uc,p UgF T O((UA,B )3) (3.1.12)
The latter expression for ¢ may be somewhat simplified by noting that all deriva-
tives are with respect to the reference frame. We can therefore, without loss of

generality, allow the elastic coefficients to have lower case subscripts. It follows
that

2 2
Oai = 4l + Sk Ui T+ e Ucp + §C£qz)acu U; g Uc,D
2) 1
+ §CABDC U; pUc,p T 'Q_CAiCD Ug,c Ug,D

1
+ _Cfi)CDEF Uc,p UEF T O((UA,B)S)

2

= C(;i) + 091)3 u; g + C(A?i)cu Ucp
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2
+ B Sic ber + Sip Shpe + Szc CE::‘)DF] Uc,p Up,F

1
+ ’CE:};')CDEF ucpugr+ O ((UA,B)S)

2

= 0511.') + CE:J)B Ui p + quz.')co Uc,p

+ diacperuc,p upr + O((UA,B)S) , (3.1.13)

where d;scper, defined by

1
diacpEr = 5 bic CEPDEF + bip C,(»fl)”‘DC + dgc C(AZ:')DF + Cfi)CDEF:I ) (3-1-14)

is called a quasi-third-order elasticity constant.

On replacement of dummy suffices with use of the symmetries (3.1.8), equation
(3.1.14) reduces to

1
dijklmn = 5 [5.'1: CE?,)M + bim C_E‘i)lk + bim ng?l)n + CE?l)clmn:I ’ (3-1-15)
equivalent to equation (5) in Lardner [1986]. Recalling the symmetry relations
(3.1.8) and the notation introduced in Chapter 2, it is easily seen from the above
that the symmetry of dijrima 1s shown through diijyxiymn)-

Assuming that the material is unstressed when the displacement gradients are
zero, we require

Cgi) == 0 .

Equation (3.1.13) then becomes

Oai = CaicpUc,p t diacper UcpUEF + 0((11,4,13)3), (3.1.16)

where for convenience, the superscript (¥ is dropped from the second-order elas-
ticity constant.

We have already stated that o,; is not generally symmetric and it is seen from

equation (3.1.15) that the third-order term is not symmetric within the first two
subscripts.

3.1.3 Equations of motion

Equation (3.1.16) may now be substituted into the momentum balance equation

(2.2.33) to give
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PoUi = CaicpUc,pa + diACDEF Uc,pAa UEF + diACDEF Uc,p UE,FA (3-1-17)

which can be rewritten as

Poili = Ciacp Ucpa T 2d;acpEF Uc, DA UEF (3-1-18)
using the symmetries of the second- and quasi-third-order elasticity tensor.

3.1.4 Boundary Conditions

The momentum balance equations have been derived for a deformed elastic sub-
strate, referred to a general rectangular cartesian coordinate system (z,,z,,z3)
without discussing the orientation of the substrate. We restrict attention to surface
waves propagating on an infinite flat surface and hence consider the material to lie,
in its reference configuration, in the half space {—oco < X; < 00, —00 < X, <0,
—00 < X3 < oo}

The only boundary to be considered is thus X, = 0, for —oco < X < 00, —00 <
X3 < oo. The condition normally imposed upon this surface is that it must be
stress free, since the upper half-space is assumed to be a vacuum. Referring to
our definitions of the Cauchy stress tensor and the Piola-Kirchhoff stress tensor,
equations (2.2.21), (2.2.28) and (2.2.29), this implies that

0y = 0 on X, =0, (3.1.19)

which can be rewritten, with the aid of equation (3.1.16) and dropping higher
order terms, as

Cricp Uc,p + discperucpupr = 0,

or, using the symmetry of the second-order elasticity tensor,

Cizep Uc,p + discperUcpupr = 0. (3.1.20)
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3.2 NON-DIMENSIONALISING

If we consider equation (3.1.18), each term has the dimensions

M L M

L2 T2 T LT

However, in general, the material density will be O(10°) kg/m?®, with the linear
stress driving term having the magnitude of the second-order elasticity constant,
typically O(10'") N/m?. It is then clearly seen that the terms will be of greatly
different magnitude. This could cause problems in numerical routines since the
ratio of two greatly different terms may be too large or small to register on the
computer. For this reason each term is non-dimensionalised with respect to some
typical value to become O(1)-0(10?).

All elasticity constants are typically O(10'') N/m? and we therefore may choose
one of the second-order constants as the non-dimensionalising constant c¢,. Here

we choose ¢, = ¢y, as a consequence, we replace ¢;;; and di;py,, by

r_ Cijm
Cisp =
Ca 5
d.. (3:2.1)
d/ _ ijkimn
ijklmn ’
ca

where a dash denotes a non-dimensionalised quantity.

All distance measurements may be non-dimensionalised with respect to the wave-
length of the wave, or 1/k;, where k; is the wavenumber of the fundamental wave.
Thus we introduce the non-dimensional quantities ), &', ¥’ and 2’ through the
relations

u = kouy,
' = kyz,
- (3.2.2)
2 = kyz,

If the wave is travelling at speed ¢, the frequency of the wave is kyc, and this may
be used to non-dimensionalise the time ¢, through

t = kyct. (3.2.3)

37



Finally, by inspection of equations (3.1.18), a non-dimensional density is defined
through

2
f [

p = Zpo . (324)

These substitutions, together with the replacements u; — eu;, made in order that

we may keep track of the various orders of terms involved, mean that the forms of
equations (3.1.18) and (3.1.19) become

o S ’ ’ ! ’ ’
Py = Gty + 2€diy 0, Uy U (3:2.5)

m,nj

and

0 = c:".’kl ulk,l + Cd:'?klmn ulk,l u:n,n’ (326)
where all derivatives are with respect to the reference frame although lower case
subscripts are used throughout for ease of notation. For later convenience all
dashes will henceforth be dropped from the non-dimensional equations (3.2.5) and

(3.2.6).
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3.3 SOLUTION

In this section we shall investigate solutions to the quadratically nonlinear equa-
tions (3.2.5) subject to the boundary conditions (3.2.6). A standard perturbation
expansion may be used, but a simple example below reveals how such a technique
produces non-uniformities of solution when applied to surface waves. This leads us
to the method of multiple scales which yields a far-field solution and uses the pos-
sible non-uniformities to derive further information about the linear amplitude.
The main advantage of this approach is that the nonlinear system need not be
completely solved in order to provide a correction to the linear solution.

Applying the method of multiple scales gives an infinite system of coupled partial
differential equations which, after some simplification and truncation, can be solved
by numerical techniques.

3.3.1 An example

Let us consider the single illustrative equation considered in Bender and Orszag
[1978], of an essentially similar form to equation (3.2.5),

+u=—eu®, (3.3.1)

where ¢ is some small parameter. Suppose we seek a solution to equation (3.3.1)
subject to the boundary conditions u =1 and u, = 0, both on y = 0. A straight-
forward perturbation expansion of u with respect to € gives

u=u"+eu? ..., (3.3.2)
and substitution into equation (3.3.1) yields

2, (1) duV
———ddl;z +uP) =0 ; ™ =1 and Zy =0ony=0, (3'3'3)
and
Ly dul®
d:jﬂ Fu® = ™ . @ =0and Zy =0ony=0, (3.3.4)

at first- and second-order in € respectively.

A solution to the homogeneous equation (3.3.3) that satisfles the appropriate
boundary conditions is

u® = cosy. (3.3.5)
When substituted into equation (3.3.3) this yields the inhomogeneous equation
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=— [~ cos 3y + %cosy , (3.3.6)
which must be solved subject to the boundary conditions

du®

u® =0 and i

=0 on y=0. (3.3.7)

The solution to equations (3.3.7) and (3.3.6) consists of a complementary function
and a particular integral. Now the complementary function (CF) is the solution to
the homogeneous form of equation (3.3.¢), which is exactly the first-order equation
(3.3.3), leading to

u) = Acosy + Bsiny, (3.3.9)

with the constants A and B undefined. The particular integral (PI) is obtained
by inspection of the right hand side of equation (3.3.6). However, the form of the
CF restricts us to a PI of the form

) = Cysiny + D cos 3y, (3.3.10)

with the constants C and D to be found by substitution. The second-order solution
finally becomes

) 3 . 1
u® = Acosy + Bsiny - §y31ny+§§cos3y,

which, after application of the boundary conditions gives

1 1
u® =35 c0sy = §y siny 4 33 ¢08 3y . (3.3.11)

8
This is the solution at order € and should be O(1) with respect to e. It is seen
however that the second term in this solution, known as the secular term, grows
linearly with y and that it is no longer of O(1) for values of y of O(1/¢). To
emphasise this point, the solution for u can be written

3
u=cosy ~ [56—2— cosy + g(e y)siny — 3% cos 3y] + O(e?), (3.3.12)

and in order that this expansion is valid the square bracketed term must be O(¢).
This is clearly not true for the secular term for values of y of O(1/¢). This expansion

is therefore valid only for small y < €, the “near-field”, but breaks down before y
becomes O(1/e).
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In the study of nonlinear elasticity in this thesis we are considering a semi-infinite
material and shall impose conditions upon the deformation at infinite depth. In
order to ensure that such conditions are satisfied it is necessary for us to eliminate
any secular terms in the solution.

The method of multiple scales achieves this objective by introducing slow scales,
that allow derivatives of linear terms to appear in the nonlinear system. These
terms are of a similar form to those giving rise to the secular terms and thus may
be used to effectively “cancel out” the effect of the secular terms.

First we introduce the “slow” variable n = ey and allow u to depend upon 7
through the perturbation expansion

u=uM(y,n)+eDy,n)+..., (3.3.13)
which may be substituted into equation (3.3.1) to give

P Hu®
3;;2 +uP =0 ; u®=1and ;y =0ony=0, (3.3.14)
and
a?u(Q) 3 agu(l) au(?) au(l)
@ - " _9 . ) =0 and —_ —
oy +u u 5y u an 7 o ony=0,
(3.3.15)

at first- and second-order in € respectively. The derivative with respect to the slow
variable arises from the chain-rule relation

du  uV o gu®
@— ay +€( 87] + ay )-I—

The most general solution to the differential equation (3.3.14) may be taken as

u® = A(p)el¥ + A(g)e Y (3.3.16)

where the superposed bar denotes the complex conjugate. Substitution of this
solution into equation (3.3.15) gives

0*u®
Jy?

+u® = [3A2A + ‘Zi%/}} eiy — l3A2A — QiZ—A} e_iy + A3e3iy + Aae_3iy )
n n
(3.3.17)

It is clear that the square bracketed terms will lead to secular terms of the form
ye'¥ in the second-order solution. These may be eliminated through the conditions

41



[3/1221 + Qiaa—A] =0 (3.3.18)

and

which may be seen to be conjugates.

The modulus-argument decomposition

A(n) = R(n)e?()

may now be combined with equation (3.3.18), to reveal

dR
a0
and d 3
_ = = 2
dn 2R ’

yielding the representation

and thus
"= 2R(0) zos |0(0) + %R?(O)n + y] : (3.3.19)
The boundary conditions  (3.3.14) now imply that
R(0) = % and 0(0) =0,
yielding

uM) = cos (1 + %6) Y. (3.3.20)

The representation (3.3.20) is clearly bounded for all y and may be considered
as a perturbation about the first-order solution. It is a better approximation to
the exact solution however the “phase shift”, gc, becomes noticeable for values of
y of O(1/¢€), or n of O(1) which may clearly be seen from the figures in Bender
and Orszag [1974]. Secular terms of the form ye¥ have been eliminated from the
first-order solution through this technique, however second-order secular terms
may still arise. We may therefore say that the multiple scales solution provides a
bounded solution for u valid in the “far field” to values of y of O(1/¢?).
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3.3.2 Multiple Scales Expansion

To apply the multiple scales technique to the three dependent variable problem
(3.2.5) and (3.2.6) we define slow variables £, 5 and 7 by

£ =cx,
n=¢€y,
T = €tl.

The displacement u; is now allowed to depend upon distance, time and the slow
variables £, 5 and 7, through the expansion

u; = ug-l)(:c,y,t,{,n,r) + euﬁ”(w,y,t,f,n,ﬂ +.... (3.3.21)

On substituting into equations (3.2.5) and (3.2.6) and collecting together corre-
sponding terms in powers of €, one obtains the two systems

pi) — Cijki Uilz), =0, (3.3.22)
subject to
Cizki Uilx) =0 (3.3.23)

ony =17 = 0, and

pilfz) — Cijki Uizz)J = (cam + cilkl)uil,l)g + (Ciom + Citk2) Uill)q
- 2p uslf) + 2d;j5tmn USI) UE;,)nj ) (3.3.24)
subject to
ci2k1u§c2,l) = — Ci2k1 Uilg — Cizk2 Uil,), — dizkimn Uil? Ug?n (3-3-25)
ony =1n = 0.

The homogeneous linear system (3.3.22) is solved subject to the linear boundary
conditions (3.3.23) and its solution is then substituted into the inhomogeneous
second-order system (3.3.24) and (3.3.25).

3.3.3 First-order System
A solution to equation (3.3.22) satisfying the boundary conditions (3.3.23) is now
sought. Having defined the surface of the substrate to be y = 0, we seek a solution

representing a plane wave propagating in the positive z-direction. Thus we look
for a solution of the form
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ugl) = a; (y7£’ 7, T) el(-'lf - t) + cc ’ (3326)

since the variables have been non-dimensionalised with respect to the wavelength
and frequency. The quantity “c.c.” denotes the complex conjugate of the function
and it appears to ensure that the displacement u{! is real and since the conjugate
of any solution to a differential equation with real coeflicients is also a solution to

the same equation.

The restriction to consideration of z-propagating waves rather than the more gen-
eral formulation

(1)

£ = oy, En,r) ke 120

+ c.c.,

allowing consideration of propagation in any direction on the surface y = 0, sim-
plifies some of the ensuing analysis. A more detailed numerical study of symmetry
decompositions and the effects of consideration of the “slowness surface” defined
by k and [ in the above representation will be presented in Section 3.4.

Substituting the representation (3.3.26) into the equations of motion (3.3.22) yields
the equations

P5.'k A + Cigkz Qp gy t+ i(Cnn + ci1k2)ak,y —cimar = 0. (3-3-27)

In order that the displacements uﬁl) represent a surface wave, their magnitude must
decrease with depth. If the slowly varying amplitudes a; have the representation

a;(y,&,m7) = A(€,n,7) a; €Y, (3.3.28)

then the displacement decays with depth only if I(s) < 0, where & represents the
imaginary part of a number.

On substituting equation (3.3.28) into equation (3.3.27) the following matrix equa-
tion for a; and s is obtained:

La(s)as = 0, (3.3.29)

where

Lit(8) = ciaea s + (Ciakr + Cirk2) S + Cier — p i - (3.3.30)

It is noted here that the matrix L;. is symmetric through the symmetry of the
elasticity constants c;;,.
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To ensure that equation (3.3.29) has a non-trivial solution it is necessary that

[Lic(s)| = 0, (3.3.31)

which represents a sixth-order polynomial in s with real coefficients. This equation
will have six roots which will either be real or appear as pairs of complex conjugates
(in all possible combinations). Our decay condition upon s means that we are only
interested in the complex roots. The coeflicients of the polynomial (3.3.31) are
not completely defined since they involve the nondimensional parameter p which,
because of its definition (3.2.4), depends upon the unknown surface wavespeed.
This parameter p may be chosen to lie within a range that leads to three pairs
of complex conjugate roots. Clearly three roots can then be chosen to satisfy the
decay condition, one from each pair. These roots are denoted by s(™, n =1, 2, 3,
and the corresponding eigenvector solutions to equation (3.3.29) by a{™.

Our first-order solution now takes the form of a summation over these three ad-
missi ble surface modes

3 + (n) . _
u§1) = ZA(")({,U,T)aE-")eI‘S yel(x t) + c.c.. (3.3.32)
n=1

This solution must now satisfy the boundary conditions (3.3.23), which yield the
matrix equation

3
> M A =0 (3.3.33)
n=1
where
Min = (cizer + Ciorz s™) agn). (3.3.34)

The set of equations (3.3.33) must also have a non-trivial solution, giving rise to
the condition

|Min| = 0. (3.3.35)

The only quantity appearing in |M;,| yet to be determined is p. In general p cannot
be found algebraically but it can be found numerically using an iterative process
described in more detail later in this chapter.

The method of multiple scales allows us to inspect the second-order system to

obtain coupled partial differential equations for the slowly varying amplitudes A™.
In order to obtain this system however, we must include in the first-order solution
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all harmonics generated by the nonlinearities. Thus we must extend the linear
solution (3.3.32) to be a summation over every harmonic:

o 3 C 17 o(n) -
u) = 3 S AR, ) a TV (=) e (3.3.36)

K=1n=1

where we shall call K the harmonic number. Clearly the introduction of the
wavenumber K does not affect the determination of s(™ and p.

Finally it is necessary to find the expression for the surface displacement by choos-
ing B to be a particular solution to equation (3.3.33), thus satisfying

3
S M, ™ =0 (3.3.37)
=1

in which case the surface displacement of the wave can be written

o 3
dD0) = 35 k€, 7) B oM K1) 4 e (3.3.38)
K=1n=1

where g is the slowly varying surface amplitude. As discussed earlier the ap-
pearance of the complex conjugate of the summation ensures that the surface

displacement u( ) is real.

3.3.4 Second-order System

The next stage in the solution procedure is to substitute the expression (3.3.36)
into the second-order equations (3.3.24) and (3.3.23)

The quadratic terms on the right hand side of equation (3.3.24) give us the product
of two infinite summations,

0 = dij)clmn Uk,1 Um nj

oo 3 . m .
dijklmn [Z E iKé,("‘) Agg‘) agcm) el](,s( )yell((.?: - t) + C.C.]

K=1m=1

o 3 . n .
y [__ DI &M AP gl est( )yelL(x ~ ) + c.c.] (3.3.39)

L=1n=1
where

BV =1, & =™ | g =0,

These products may be simplified to double summations using the following pro-
cedure.
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The summations may be represented by
Z Ag eiK + c.c.] X [Z B; eiL + c.c.] .
K=1 L=1

It is not difficult to see that four types of product will result, having the exponential
forms

(K + L)

\Mg
[Me

e
i
=
i}

J(~K - L)

[Me

(i)

]
1
—

(iif) ei([( - L)

=
1

1

Me T 1le
NgE

(=K + L)

™8

(iv)

>
i
t
]

Clearly (ii) is the conjugate of (i) which naturally leads us to the representation

Z eiM + c.c.,

M=2
where { = M — L. Since we have taken K > 1, which implies that L < Af, type
(i) and (ii) terms can be written

oo M-1

Z ZAM LBLeA/[ +c

M=2 L=1

Returning to the original quadratic expression (3.3.39), type (i) and (ii) terms
yield

M-1

fore} 3
= -3 ST STHM = LYL? dijaimn 6606 A L AR 0™ o)

M=2 L=1 m=1n=1

- (m) (GO PP
oll(M — L)s™ + Ls ly M (z ~1t) + e,

(3.3.40)

Type (iii) and (iv) terms may be similarly grouped and have the representation
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Z eiM + c.c.,
M=0

where the inclusion of the terms M = 0 and M =1 is noted, but M = 0 shall be
treated as a simplification of the general case in later expressions.

For type (iii) terms L = K — M and hence M < K, whilst for type (iv) terms
K =L — M and hence M < L.

Thus the two types of term may be represented by

Z Z AK BK—M elM + C.C.,

M=t K=M+1

and
Z Z AL—M BLeiM + c.c..
M=¢ L=M+1

These may be combined as a single term

Z Z [AK—-M BK + AK BK_M]eijw C.C..

M=i K=M+1

Again returning to the original quadratic expression (3.3.39) we find that type (iii)
and (iv) terms yield

g ilLs™) ~ (L= M)s™y b (z — 1),

3
#3030 0 S L ML i BB A AT ol
M=} L=M4+1m=1n=
w ellLs™ ~ (L — M)s™y iM(z — t)] + ce.,

which simplifies to

o0 o] 3 3
Q= S S S i AT A [~ MY SR o5
M=i L 1m=1n=1

=M+1m
+ LQ(L _ M) ‘—Sz(n)éf,m)éj('m) C—Lin) as;n)] ei[LS(m) — (L — M)E(")]yeiM(:c - t) +c.c..
(3.3.41)

On evaluating all the necessary products, the equations of motion (3.3.24) can be
expressed

48



- (2)

3 .
P — cpuully = ( > (FR) A%: + Fw) AL, + F(y ) AR)) K (z 1)
+

1

23: 23: HEP(y) AR, A e 1K (z —1t)

[e) 3 3 g
5 3% G A A K-

1L=K+1n=1m=

23: 23: QiR (y )A('"’A(")> + ce. (3.3.42)

which must be solved subject to

._.

Me FMe RMs Ll
)
S
!_I.
3
’I_l‘

23:( ™ AW 4 A(n)) 1K(z —1t)
n=1

K-1

B A A0 K (@ = 1)

Mw

3
L=1n=1 1

oo 3 .
Y Y3 o AR AP K (E =)

K=1L=K+1n=1m=1

o) 3 3
+zzzwwwmymu (3:3.43)

K=1n=1m=1

3
I

Mw

on y = n = 0. Here it is noted that type (iii) and (iv) terms independent of
and t have been separated. Expressions for the functions F,-(;'})l(y), F,&'}%(y), F,&'})a(y),

GE'K"’[)(y) ,(;'("L")( ), f,(ln), f(;), gf}?L") and h,KL that appear in (3.3.42) and (3.3.43)
are now stated.

The coefficients of the terms linear in the amplitudes are easily calculated to be

FRL W) = i K((ciugz + Cizju)s™ + (crusr + C“J_w))ag_n)eilx’s(")y, w=12,

(3.3.44),

F(y) = 2 Kpa™ K™Y (3.3.44),
and

0 = —gpwad?, w=1,2. (3.3.44),

Whilst referring to the expressions (3.3.40) and (3.3.41) allows the terms that are
quadratic in the amplitudes to be expressed
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HGP () = =2 LK — L) dijrmn 8 60 6 o ol ollLs™ + (K = L)s@ly

b

(3.3.44),

GRINy) = 2 diuma (L7(L — K) 8™ 6 6™ a ol

— L(L — K)?§™ 8 §™ o™ &f;‘)) ei[Ls("‘) — (L = K)s™y

b

(3.3.44),
Q5 ™(y) = 2idijuamn K (V88 aVal) o [s — 3™y
(3.3.44),
g = —2L(L = K) disginn 87 80 a7 o (3.3.41),
h.(ELn) = —L(L - K) diskimn 5™ ) a{ al™ (3.3.44)4
and
@& = = K diima 67 60 & o) (3.3.44),

Equation (3.3.42) represents a system of inhomogeneous equations and the solution
therefore consists of the sum of a complementary function and a particular integral.
It is clear, therefore, that the general solution to (3.3.42) takes the form

(2) iibgn) iK st y iK(z~1) + i 23323:7, m,n) II{Témn)

K=1n=1 K=1m=1n=1

z‘"’: R KPRy K (2 = 1)

oo (o] 3 3 . (m,n) .,
+ 3 Y Yy s KTk y iz 1) (3.3.45)

where
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P = (Ls™ + (K - L)s™) [ K

T — (Ls("‘) — (L - ]{)3(")) /K, (3.3.46)

and the restriction of the summation over n in the third term of the represen-

tation (3.3.45) is because the eliminated terms appear in the first term of the
representation.

Firstly let us consider those terms in the representation (3.3.45) dependent on z
and t. Upon substituting the representation (3.3.45) into the boundary conditions
(3.3.42) it follows from comparison of the relevant coefficients that

KLy (s™) bR = W (3.3.47)
KL (PO RRD = HEM(0) AL, A (3.3.48)
K*Ly;(TEE™) Sixi) = GR(0) AR AT, (3.3.49)

where

W = FR0) AZ; + Fh(0) AR + FR(0) AL + Z HEP0) A, AP

(3.3.50)
Equations (3.3.47), (3.3.48) and (3.3.49) represent matrix equations in the coef-

ficients bgK), R(;f) and S(KL , respectively. If we define L;'(s) to be the inverse
of L;;(s) whenever L;;(s) is non-singular and zero where it is not, the solutions of
equations (3.3.48) and (3.3.49) are

m,n 1 -—_ m,n m,n n m
RRD = 47 L5 (PRL™) Higi(0) AR, ALY (3:3.51)
and
m,n 1 - m,n m,n n m
Stmm) = — L (TE™) G (0) AP, AS™ . (3.3.52)

In fact L;;(PSY™) and Ly (T{}™) are always non-singular since T{3™ # s® for
any m, n, K or L and P{}™ # s® provided n # m for any K or L, and s are
the only values giving singular L;;(s).

The singularity of L;;(s™), however, and the satisfying of (3.3.47) requires that,
to ensure consistency, we impose the condition

51



ad"WE =0.

This consistency condition may be expressed as

where

K-1
I A + AR AD, + 0P AP, + ST AR AR, AP = o0,

e
AR
0%

AR

L=1

a;_") F}(;?X(O) )
o F2,(0),

a$™ F24(0),

J

a{” H{32(0).

J

(3.3.53)

(3.3.54)

(3.3.55)

Equation (3.3.54) represents an infinite system of coupled partial differential equa-
tions in the amplitudes AY). The equations are valid everywhere within the ma-
terial and clearly hold in the limits y — 0 and n — 0, as the free surface is
approached.

The condition (3.3.54) also ensures that the nonlinear terms do not give rise to
secular terms in the particular integral by setting the kernel of these terms to zero
and is analogous to equation (3.3.18) in the earlier example.

Returning to those terms independent of z and ¢ in the expression (3.3.45), we
find, from substituting (3.3.45) into equations (3.3.42) and comparing coefficients,

that

or

[ m,n 2 mn m) A(n
_Ci2k2r§cK’ )(11‘ To(K' )) = QSK )(O)Ag( )A(K)v

Ci2k2Trk

Now, from (3.3.44)s and (3.3.46),

(mp) __ ”ng'n)(O)A(g‘)A%)

(KT
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QEm(0) | 2K dijumn (8VEME™aMalm — MEMEa(Mal))
IKTR™ (s(m — 5(m)
2K iy (87 a0 — 65a{Mal)
(s(m) — g(n))
2K diakimn (51(")55,’")s(m)ai")a£;") _ 5l(m)3’(1n)§(n)ai"‘)a£:))
(5™ — 5m) ’

+

which, upon replacement of dummy subscripts, may be written as

Q%™(0)
iK T(m )

= 2K digpimn (86 a(™)

(m )

—4ik’

Therefore (3.3.56) leads to the condition

qf"”")A("’)/—l(")
iKT ™)

(m,n) _

CiokaTkK

(3.3.57)

Substitution of the representation into the boundary condition (3.3.43) and similar
comparison of coefficients leads to the relationship

Comarix K T™ = gx™ A AR . (3.3.58)

Clearly from (3.3.57) any solution for the non-propagating terms identically satis-
fies the boundary conditions. We may therefore neglect such terms in the ensuing
analysis.

It now remains to define the coeflicients b(K in the representation (3.3.45). The
singular operator matrix L;;(s(™) cannot be inverted but it is possible to ﬁnd an
inverse that is restricted to the subspace orthogonal to its eigenvector a . This
will enable us to express bg-K as a sum of two terms, one parallel to ag » and the
other orthogonal to it.

This partial inverse matrix, U,J , must satisfy the condition

UP Lip(s™) ¢ = ¢, (3.3.59)

where ¢ is any vector orthogonal to a(").
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The matrix L;;(s™) has three eigenvalues and three corresponding eigenvectors.
The eigenvector a( ™) corresponds to a zero eigenvalue whilst we denote the re-
maining two eigenvectors by ag.'}), corresponding to the eigenvalues M), P = 1,
2, respectively. Since L;;(s™) is symmetric, the three eigenvectors must be or-
thogonal and hence any vector orthogonal to a( ™ may be expressed as a linear

combination of the eigenvectors aJP, P =1, 2. Thus the condition (3.3.59) may
be re-written as

UPLix(s™)aly = alp), P=1,2 (3.3.60)

Now, using the symmetry of L;;(s(™) and the eigenvector definition,

P Lin(s™) = el

P Luls) a2 = X a3 oy,

( () aﬁ'})) Li(s™)aly = ()\S?) aly aﬁ'})) ap. (3.3.61)

Bearing in mind the relation (3.3.61) it is obvious that equation (3.3.60) is satisfied
if
2 {(n) (n)
n) _ a;p ajp
Uy =3 —-———(n)’ - (3.3.62)

P=1 Ag‘]) Gyp Qxp

Applying this matrix to equation (3.3.47) yields

n n 1 n
bR = xi o + S UPWR, (3.3.63)
since Uf;') (") = 0 by the orthogonality of the eigenvectors, thus removing any

element of W parallel to a{™.

Substitution of the full solution (3.3.45) into the boundary conditions (3.3.43),
yields

3

Z(II{) (612_125 + C,')Jl) bgr;() =

n=1

3 3 [K-1

Z Z [Z(iK) (c,-z,-zP&"i’") + Ci?jl) RJ';E) + Z 1K) (C.zjo(m Moy Ci?jl) Sf?f)}
n=1m=1 LL=1 L=K+1

3 3 K-1 3 [
n n n (mn n m m,n) A(n m
+Z[f<)A() AR 43 )A()A(L)"'ZZQ:(‘KL)A(L—)KA(L)}v

m=1 L=1 m=1L=K+1

t~

(3.3.64)
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ony=n=0.

With the use of equations (3.3.51), (3.3.52), and (3.3.63), the above leads to the

following matrix equation for the coeflicients )

( 12]23 ) + 61211) U(n) VV

(K) Y M X% = Z:j

3 3 K_l 1 m,n m,n m,n n m
+zz[ — (2 PRT™ + ) L (PSE™) HiG (0) ARY L ATV

= 1

5 gy (T + ) TR GR0) A2 A&"’)]

x

3 3 -1
s [fg(l") AD, £ AR & S S RGP A, AT ¢ Z Z gmm) 4 A("‘)}

=1 m=1 L=1 m=]1 L=K+41

3

(3.3.63)
ony =n=0.

In view of equation (3.3.35), the matrix M;, is singular and the equations (3.3.65)
are dependent. Thus, on premultiplying equation (3.3.65) by any particular solu-
tion to A\;M;, = 0, the consistency condition

1

N (es® + ) U (FRU0) AR + FIRA0) AT, + FZ(0) AL

M«

=

(iK)

1
-

n

K-1
+ Y HGPO) AR, AD)

L=1

A (caaaPEE™ + copn) LM (PEE™) HFP(0) AR, AT

=1m=1 LL=1 1

3

> 1 m,n m,n m,n n m
+ > =X (Ci2j2T1(<L' )+ Ci2jl) L (TX Tir™) G (0) ATk AY )]
12k (1K)

3 3 K-1
z [f(ﬂ) A(") + f(ﬂ) A(" + z h,(-;f) A(")LA(m) + z z E;Ln) (") A(m):|
n=1 m=1 L=1 m=1L=K+1

—0, (3.3.66)

ony = n = 0, is obtained. This condition may be simplified with the use of
equations (3.3.38) and (3.3.54) to substitute for the slow y derivative to give
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3 Ai n n n
Z{(m (ci2j23( ) + ci2j1) U( Fl(K)l( 0) + A f( ))

n=1

INEDY o ]
AR (<1K) (cizsas™ + i) U F(0) + X £ ))} B g ¢
K

LI (DY ) { ) 0%
+ 3 GK) ( Cinj2s™ + C;m) Uk (szs(o) T A szz(o))
n=1 K
. @(")
fz(Z) Ag)}ﬂ(n)’ﬁ{,‘r =
K-1 3 3
7 Zl{ |: 1[{ ( z"J"P(m ™) + CiZjI) LJI (P(m n)) HI(J'{n n)(O) + Ai hsﬁf)] ﬂ(m)
=1 n= m=1
A ™ 0 (0 ] AL o)
- (iK) ( x2:23 + Cizj1 )U lez( ) + A fi A_(,?)ﬂ

Ai n n mn n
+ [('K) (Cizjzs( ) + ci'.?jl) U_E'I)HI(KI,, )(0) ﬂ( )}} ﬂ(n)7K—L L

oo 3 3 A
-2 22 [(IK)(MT‘”‘") + con) L (TEE™) G (0)

+ X g'kE )] B BM 3 kL (3.3.67)

Now

U FR5(0) = 0 (3.3.68)

follows from equations (3.3.44),; and (3.3.62) and, using equations (3.3.67) and
(3.3.68), it is deduced that

K-1

Nekvke + Px vk — Z Oxrvk-LvL — Z Ak -k v = 0, (3.3.69)

L=K+1

where

e~ £ o a0 )
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1NNy ") pin "
" (—— ( Cizj2$ ) 4 C:zn) U( )FI(K?Z( 0) + X fi(2)>} ﬂ(n)

T ARP\(K)
(3.3.70)
3
A ) () O @ 0%\ 2
PK = - ;{—(il—()( 12]23 + Cl?]l) U]l EKZ(O) A ) + /\ f AE?) IB( )
(3.3.71)
3 3
A mﬂ mn
flaw = =33 30| 55 (P + ) LA (PEE) HE(O)

+ X\ RO ")] B gl

A(")
AP

+ Z{[(il{) (Cims( )+ Cizjl) UP FRM)0) + X f5 )]

Al n m,n n n
T (iK) (C‘Zizs(n) + Ci?jl) U v )(0)} B g™ (3.3.72)

and

3 3 X
Axr = =22, [(11—{) (Ci2j2T}({12' )+ Cizjl) L3 T GRE(0)

+ g ")] g™ B . (3.3.73)

Returning to equations (3.3.44) and (3.3.55), it is seen that

I‘%) + ™AW = ag-") [FJ-(,"{)I(O) + 5™ F(") (0)]
= ol [(lekz + ngkl) s 4+ 211 + 2202 s’
+(euez + ¢z ) ™) (1) af?
=9 5") (iK) [( Cius + ¢ 2“) s™ 4 ¢t + €k S(n)2] ol
= 24{" iK) | Ljx(s™) + p6je al”

= 2a{" (iK)a{ p

J
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or, using (3.3.44)2 and (3.3.55)3,
'Y + sMAQP = 0. (3.3.74)

This may be used in equation (3.3.71) to give

T4+ sMAR
AR

3 A
Pe=-2 [(iK)

n=1

(CiszS(") + Ci?jl) UJI szz( ) + A f'(zn)] ﬂ(n)

3 A
> [(im

(2™ + ) U FIA0) + A f(")} 535 M

3 A n . . . -
- :/—:41 [(i[{) (cearns™ + cizn) UP FRA0) + A £ )] B s . (3.3.75)
It directly follows from proof of equation (3.3.74) that

F$(0) 4 s™ FS(0) = FSA(0),

or

" Figa(0) = = FRI0) + FRi(0),
and thus equation (3.3.74) becomes

T
AW

2 /\!' n n n
B [(ilx’) (s + e USP FEAO) 4 0 £ )] &

3 A;
+ 2; [(iK

(C,g_,os + 01211) U(n) Fl(g)l(o) _ /\i S(n) fi(zn)} ,B(") .
From equation (3.3.37) we may derive that

3 3
\/: o) fi(;) ﬂ(") - _ \/: fi(ln) ﬂ(n)
n=1

n=1

giving

e

2 /\f n n n
PK = —Z l(ll’) (Ci2j28( + 012]1) U V Fl( )(O) + /\i fi(2 ):l IB( ) A(I\f’l)

3 /\i n n n
+ Z [(11/) (612123 + Ciaj ) UE'I) FI(K)I(O) + ’\i fi(l )] ,B(n)y

= Ng. (3.3.76)
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Finally, equations (3.3.69) and (3.3.76) combine to give

K-1 oo
Tk T VK = Z My vx-L 7 + Z AL A-x 7L, (3.3.77)
L=1 L=K+1

where

My = I}\;;L
(3.3.78)

AI — AKL

KL NK

The coefficients (3.3.78) are entirely determined by the third-order elasticity con-
stants and the various eigenvectors found in the derivation of the first-order solu-
tion. It is therefore useful to return to the linear equations and inspect the effects

of crystallographic symmetry upon the form of the linear solution. This topic is
discussed in the following section.
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3.4 PARTICULAR LINEAR SOLUTIONS

The linear solution discussed in Section 3.3.3 depends upon the symmetry of the
elastic material being considered. The class of symmetry most often investigated
is cubic, m3m, for which the elastic constant ¢;;; in Voight’s form, is given by

€1 €2 ¢z 0 0 0

€2 €1 ¢z O 0 0

c.. = | @iz Gz Cu 0 0 0
ef 0 0 0 ¢4 0 O
0 0 0 0 C44 0

0 0 0 0 0 cq4

Lardner and Tupholme [1986] have shown that for a crystal of this class, with the
free surface along a plane of symmetry and for wave propagation along an axis of
symmetry, the characteristic polynomial takes the form

— C
|Lij(3)| = [32 - (P 44)] [01104434 + (034 + Cf1 - (Cu + C«)P - (Cx'z + C44)2)32

Cas
+(cas = p)(cn — p)] (3.4.1)
-0,
which yields the modal solutions as

§2 = PTG (3.4.2)

Caq

where p < c4, and the solutions to a quadratic equation in s*>. Three of the six
roots for s satisfy the decay condition (¥(s) < 0), and may be used to derive the
three associated eigenvectors and hence the boundary determinant

B = |M,’n| .
The chosen modal roots are not known explicitly, however their sum and product

are known through the relationship between roots of a quadratic. Use of this
relationship reveals that this boundary determinant is zero only when

p = Ca (3.4.3)

or

P =1 +r(l—r=p) = (1 =p*)[r(r—14p%)] = 0, (3.4.4)
where the quantities p, 6 and r are defined by
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p2: 1— _£_
Cay
§ = G2t Cu (3.4.5)
Caq
1
r=—.
Caq

It is obvious from equation (3.4.2) that the case (3.4.3) leads to a wavespeed and
eigenvectors consistent with a transverse bulk wave, whilst the conditions (3.4.4),
however, yield the wavespeed of a surface wave.

Suppose that the direction of propagation is rotated to an angle # away from the
axis of symmetry, whilst the plane of symmetry remains the free surface. In this
situation the rotation matrix

cosf 0 sind
a; = 0 1 0 , (3.4.6)

—sinf 0 cos#

may be applied, in accordance with the scheme of Section 2.1.4, to the elastic
constants to deduce that the rotated constant c¢;;, in Voights notation, is

,_.
O

[X]
O

= S e~
[N
O 0
=
W w

(<1}

of o0
o]

===

w

wn Oﬁ—-n

[} —

A

coftooo
OU\Q\OE‘Q\OHQ
Noococoo

~

)

N

"

| —

where

c;; = (1 —cosd8)(cy; + 12 + 2¢44) /4 + (1 + cos40)cy, /2

Ch, = €11

Cly = Ci2

¢y = (1 —cosd0)(ciy — €1a — 2¢4q) /4 + C12

¢y = sindf(c;, — 1z — 2¢44) /4 (3.4.8)
Css = (1 — cos40)(c11 — 12 — 2¢44) /4 + (cos 40) ¢4y

C = Cy44

_ /
C159
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The expressions (3.4.8) were obtained on a computer using REDUCE, the algebraic
computing package, although they are not difficult to obtain by direct calculation.

It is useful to note at this point the appearance of the factor n = (¢;; — ¢12)/2¢44
in the expressions for the rotated constants. If we set n = 1, it may be seen that

¢y = en
Cl3 = Ciz
¢y =0
C55 = Cas
which are all independent of §. In fact materials satisfying n = 1 are linearly
isotropic. The parameter 1 can therefore be utilised as a linear isotropy factor,
and cubic elastic crystals can be separated into two sub-classes, n < 1 and n > 1.

The elastic constants defined through equation (3.4.8) enable the characteristic
polynomial to be rewritten in the form

[(Cfm 5?4 ¢y — P)(Clzz s+ Cha — p) — (Cf;q + CI12)2 32] [Cfm s+ Clss - P]
- C1152 (Clzz s® + Chq — p) =0, (3.4.9)

which is cubic in s?.

The above equation may be solved analytically using REDUCE and the appro-
priate solutions selected. The eigenvectors and eigenvalues for the linear problem,
along with the boundary determinant may then be expressed algebraically. It
was found, however, that these expressions were extremely lengthy with no ob-
vious decomposition. More importantly there appeared to be no straightforward
dependence of the boundary determinant upon the angle of rotation.

Synge [1956] considered the more general linear partial wave represe ntation

3

ug.l) — Ajei(S,'x,' - t)

in which s represents the slowness vector. Substitution of this representation into

the equations of motion (3.3.22) leads to the characteristic equation (or slowness
equation) in the form

(pbix — cijris;js))Ar = 0.

For consideration of surface waves in the present configuration the values of s,

and s3 must be real, whilst s, must have a negative imaginary part. Taking
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the parameters s, and s3 to represent Cartesian coordinates, the slowness surface
for s, represented by the slowness equation may be plotted. Values of s, lying
within certain regions of this surface may be shown to satisfy the decay conditions
necessary for a surface wave. Synge deduced that the slowness surface admitted
surface wave solutions only for certain directions of propagation on the material
surface (or pairs of vector coordinates (s,, s3)). This conclusion, however, was
derived under the condition that the s; are all distinct, which is certainly never
true for the isotropic limit. Currie [1970] later showed this conjecture to be false

and derived a more general formulation for the slowness equation.

For the purpose of this thesis we shall restrict our attention to propagation in
particular directions on the material surface. Farnell [1977] considered various
cuts of cubic crystals and found that, on a plane of mirror symmetry, the surface
wave degenerated to a bulk wave at 45° away from the axis of symmetry. Thus,
taking 6 = 45°, equation (3.4.9) becomes

rs*+ir(r+6-1)+rp’+p" =S +p’A(r+6-1)+p* =0 (3.4.10)
and

2

S =16+1-1)—p. (3.4.11)

The three values of s yielding decaying amplitudes as y increases lead to a boundary
determinant, B, in the form

B = [r(r - 1)p°+ [27‘(7‘ —8§)6—3r(r—6-1)(1- 27‘)]1)4 + [((1 -6 —2ir(r+6- 1))2

fr(r+ 6= —tr(r+ 6~ 1)] [;(5 +1—1)— p2] . (3.4.12)
This determinant is clearly zero either when p? satisfles a cubic equation, or

pP=3i6+1-r). (3.4.13)

As in Lardner and Tupholme [1986], the solution (3.4.13) corresponds to a bulk
wave satisfying the surface wave boundary conditions. Moreover, the cubic equa-
tion yields two admissible modes with the appropriate decay, but a third mode
which does r\ot/\ with depth. This latter mode need not be excluded however, since
the element of the eigenvector 5 corresponding to this mode may be set to zero.

In general, therefore, for the chosen orientation of material and direction of propa-
gation a surface wave and a bulk wave can propagate, both satisfying the boundary
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conditions. The surface wave, however, exists only for this particular crystal con-
figuration. Small deviations away from this particular direction of propagation
introduce a small complex part to the boundary determinant B, and then the
value of the boundary determinant can only be equated to zero by introducing a
complex wavenumber. The surface wave will therefore decay both with depth and
distance in the direction of propagation and is commonly called a pseudo-surface
wave. The bulk wave however exhibits decay with depth at all small angles away
from the 45° direction and becomes a surface wave.

To examine the behaviour at angles between 6§ = 0° and 6§ = 45° Farnell [1974]
outlines a search procedure based on the Golden Section, using the parameter p
as the independent variable. This technique may be summarised as follows:

A value is assigned to p and the resulting characteristic equation solved numer-
ically. The appropriate roots are then used to obtain a value for the boundary
determinant B. This process is carried out for four values of p, namely p;, p,, ps
and ps, chosen such that their enclosing set, here called the range, encloses the
true value of p (an estimate of p may be obtained by consideration of the bulk
wave). The four points are chosen to lie in the Golden Ratio when plotted on a
linear scale, see Figure 3.4.1.

A
o~

b . a-b
o b

Figure 3.4.1 The Golden Section

The set of points enclosing the minimum value of B, called the minimum set, may
then be chosen by examining the value of B at each of the four evaluated points.
The minimum set will be either {p,, ps} or {p,,ps},and a fifth point at which to
evaluate B may now be positioned within the appropriate set. This point can
clearly be placed to lie in the Golden Ratio with the remaining three points in the
set, see Figure 3.4.1, and again the minimum set is located.

Repeated use of this process gradually reduces the width of the minimum set
until either it becomes less than the tolerance placed on the parameter p or the
determinant B is found to be sufficiently close to zero at one of the evaluated
points.
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One of the major disadvantages of the Golden Ratio process is that the rate of
convergence is fixed, since one always reduces the width of the minimum set by a
fixed ratio.

A more efficient technique would obviously be one in which the width of the min-
imum set could be reduced by a variable amount. One proceeds as for the Golden
Section technique, however the four points are placed equidistantly in the range.
Again the minimum set is located, however the fifth point is positioned according
to the algorithm

' (PZ_Pl)B1
=y
p (B1+B2) pl

where the two extreme points of the minimum set are assumed to be p; and p,
(p2 > p1), with their respective boundary determinant values represented by B,
and B,. Thus the fifth point is positioned closest to the true root and the width of

the minimum set reduced. This algorithm is then repeated until the range becomes
less than the tolerance of the parameter p.

The two methods described above are shown diagramatically in Figures 3.4.2 and

3.4.3.

Z1 zy Ts Ts51y7 T4 z3

Figure 3.4.2 An example of the Golden Section iterative procedure
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Figure 3.4.3 An example of the iterative procedure used in this thesis

It was found in general that the second method converged at a much faster rate
than the first, although both methods were highly sensitive to the initial condi-
tioning of the parameters.

It is now possible, with the use of the numerical routines outlined in this section
and those presented in Chapter 2 for the rotation of the crystallographic axes, to
numerically find the value of the parameter p and hence the surface wavespeed.
The eigenvectors of the linear solution may then be evaluated and these allow us
to examine the nature of the solution.

The above numerical search routines have been tested on several of the materials
examined by Farnell [1974], for both types of cubic crystal (p < 1 and n > 1,
where 7 is the isotropy factor). Graphs of the calculated values of the surface
wavespeeds for two different cubically anisotropic materials are shown in Figures
3.4.4 and 3.4.5. It is easily seen that the graphs exactly reproduce the results
in Farnell [1974] and our results reproduce the development of the bulk wave
satisfying the boundary conditions at the particular angle of 45° away from the
axis of symmetry. The reproduction of Farnell’s results is a partial justification of
our rotation and search techniques.
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Figure 3.4.4 Surface wavespeed for various angles of propagation away
from the X-axis on a Y -cut surface of MgO
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Figure 3.4.5 Surface wavespeed for various angles of propagation away
from the X-axis on a Y-cut surface of Nickel
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3.5 RESULTS AND DISCUSSION

The equations (3.3.77) represent an infinite system of coupled partial differential
equations in the surface amplitude, and are called coupled amplitude equations.
We are now in a position to present solutions to the coupled amplitude equations
for an anisotropic elastic material of general symmetry.

When only the first two harmonics are retained the system (3.3.77) reduces to two
partial differential equations in the amplitudes of the two harmonics

Me+ 11, =0
, (3.5.1)
Yoe + Yor = oy

Kalyanasundaram [1981] has shown that, in the isotropic case, this greatly sim-

plified system may be solved by decomposition of the complex amplitude into
modulus argument form

v = px(€, T) eieK(ﬁ7 7) ) (3.5.2)

This method of solution works due to the homogeneous nature of equation (3.5.1),
and because the coefficients of the terms on the right hand side are purely real.
The method of solution breaks down for the anisotropic case because all coefficients
become complex. The method also breaks down for larger systems including higher
harmonics because no equation is homogeneous.

Taking a monochromatic wave source, that is a time independent source, the slow
time dependence of the surface amplitude may be neglected, reducing the partial
differential equation (3.3.77) to the ordinary differential equation

d [e¢]
7K Z J8P% KL YK-L 7L + Z AIKL '_7L—K TL - (353)
L=1

L=K+1

This ODE now admits a finite difference method solution of the type

7K(§+A§)2;ZK(§—A§ Z e V- (E) 1L (€) + Z Ak Y-k () 7€),

L=1 L=K+1

(3.5.4)
where A€ is the mesh size, see David [1985]. In order to produce a closed  system
of equations the infinite summation must obviously be truncated at some selected
number of harmonics. This numerical procedure is used to derive the results in
this section.
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Clearly the infinite summation in (3.5.4) must be truncated before solving the sys-
tem and Figures 3.5.1 to 3.5.4 illustrate the effects of including increasing numbers
of harmonics when solving equation (3.5.4) for an unrotated (Y-) cut of the ma-
terial magnesium oxide considered earlier by Lardner and Tupholme [1984]. Only
the first three harmonics are displayed for clarity of presentation. Figure 3.5.1
displays the amplitude growth and decay with propagation distance for two har-
monics, 3.5.2 for three harmonics, 3.5.3 for ten harmonics and 3.5.4 for thirty-two
harmonics. It can be seen that the plot of the second harmonic changes very little
between Figures 3.5.2 and 3.5.3, that is upon inclusion of the tenth harmonic,
and likewise there is very little change in the plot of the third harmonic between
Figures 3.5.3 and 3.5.4. Due to the nature of equations (3.5.4) it can be seen that
truncation of the harmonic series at K = n will lead to unreliable solutions for the
nth harmonic whilst the lower harmonics will converge towards their true values.
The value of n is given on each of the figures in this section.

Examination of equations (3.5.4) and in particular the expressions for the coeffi-
cients (3.3.44), reveals that the right hand sides of equations (3.5.4) are of order
n® whilst the left hand sides are of order 1. This becomes important when con-
sidering systems of say 30 harmonics, where the right hand sides will be of order
103. This provides an explanation for the slightly “turned-up” end of the plot
of the third harmonic in Figure 3.5.4. Here the highest harmonics are obviously
exploding to unrealistic values which gradually feed back through the system and
will eventually invalidate the results for larger propagation distances.

As discussed earlier the method of multiple scales in fact provides results valid to
values of £ ~ 1/e and reliable up to £ = 1, and it has been found that restriction
of the slow variable to the range 0 < ¢ <1 provides results that conserve energy
even for fairly large numbers of harmonics. In general results in this section are
presented for values of ¢ lying in the range 0 < £ <1 and, since we are interested
only in the first three harmonics, we shall truncate the harmonic series at n = 10.

As an exception to this rule, Figure 3.5.5 presents the results obtained by taking
the system (3.5.4) and truncating at X = 3. The wave here is allowed to prop-
agate up to ¢ = 10 and illustrates the possible bounded nature of this system,
but closer examination of the precise system of equations, including expansion of
the coefficients involved to investigate possible analytical relationships between
them, proved inconclusive. This graph gives an excellent illustration of the contin-
uous transfer of energy between the various harmonics noted by Kalyanasundaram
[1981] and Lardner and Tupholme [1986].
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Figure 3.5.6 displays the behaviour of the first three harmonics when the direction
of propagation on the surface of the material magnesium oxide is rotated away
from the material axis by 20° and then a further 20° for Figure 3.5.7. It is seen
that the decay decreases away from the axis of symmetry.

Figures 3.5.8 and 3.8.9 show the amplitude decay for X- and Z-cut magnesium
oxide for comparison. These are identical to the results for the unrotated Y-cut
which is obvious upon consideration of the positioning of the axes of symmetry.
This reproduction of results again partially justifies our rotation procedures. Fig-
ure 3.5.10 displays results for propagation along a cut of the crystal chosen at
random for its potential lack of symmetry.

Results for two different cubic elastic materials, copper and nickel, are presented in
Figures 3.5.11 and 3.5.12 and these demonstrate the similarity in behaviour for the
propagation of surface waves in the various subgroups of cubic crystals outlined in

Section 3.4. Rotations away from the axis of symmetry are presented in Figures
3.5.13 and 3.5.14.

Before drawing any conclusions from these graphs, let us now consider perhaps
the simplest form of solution to equations (3.5.3), namely a series solution in ¢,
which we would expect to be valid for small values of £. Hence we consider the
surface amplitude ¥x = 7k /a, where a is the nondimensional initial amplitude of
the fundamental, to take the form

A = wd +wP b + P+ WP+ (3.5.5)

where £, = af.

Substituting the representation (3.5.5) into the coupled amplitude equations (3.3.53)
and considering increasing numbers of harmonics it may easily be shown that, for
the signalling condition

'~71:1
’5’1(:0, IX’>2,

(3.5.6)

the coefficients are given by
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w(lo) =1

w =0
w?) = Hllelzl/2
wgo) =0

I — 11
Wy 7 = Ly

(3.5.7)

wgz) =0
wi® =T, A%, /3 + T, (T, + T1;) A, /6
w® =0
w =0

wgz) = I, (T; + lea)/z .

Whilst only valid for small values of &, this series solution gives some insight into
the initial growth and decay of the fundamental wave and its various harmonics.
More significantly, the parameters w'® and wi, representing the quadratic decay
of the fundamental and the linear growth of the second harmonic respectively, may
be used to assess the change in the rates of growth and decay of the amplitudes of

the leading harmonics for varying cuts and directions of propagation in different
crystals.

A graph of the variation of the parameters w$?, Wl W and w§? with direction of

propagation is given in Figure 3.5.15. This figure shows clearly the decrease in the
amplitude decay of the fundamental and the corresponding decrease in the growth
of the higher harmonics as the direction of propagation rotates away from the axis
of symmetry. The shape of this graph appears to bear little resemblance to what
one would expect upon consideration of the continuous change in the values of the
various second- and third-order constants illustrated through equations (3.4.8).
This leads one to suppose that it would be useful to have some parameter to
measure the “level” of anisotropy of a particular cut and orientation. Consideration
of the variation of the growth and decay coefficients with such a parameter may

lead to some greater insight into the dependence of surface wave evolution upon
material symmetry.

For the purposes of acoustic device design, the growth of one particular harmonic
must be either minimised or maximised and thus the choice would be that surface
and propagation direction for which the value of the appropricte growth or decay

parameter is minimum or maximum. Qur plot of the values of the growth and
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decay parameters for various angles of propagation would indicate that orientations
of high symmetry lead to fast growth and decay, whilst those of low symmetry
lead to slow growth and decay. It is not possible to be more precise and no
wholly conclusive results may be drawn from the graphs presented since, as we
have already mentioned, the nonlinear constants available are subject to extreme
€errors.

Key to Figures

[ ] Fundamental amplitude, 7,.

a Second harmonic amplitude, 7,.
A Third harmonic amplitude, ;.
A Fourth harmonic amplitude, 4, (where shown).
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4 Piezoelectricity

The propagation of waves in anisotropic materials has been studied in recent years
in response to the growing interest in acoustic wave devices such as convolvers,
filters and delay lines. Although much of the recent work has concentrated upon
anisotropic elastic materials, most acoustic devices utilise the electro—elastic cou-
pling of piezoelectric crystals such as lithium niobate and lithium tantalate. The
study of piezoelectric surface waves is not dissimilar to the study of elastic waves

on anisotropic media and it is possible to build upon the analysis of the previous
chapter.

Following the work of Toupin [1963], a survey of nonlinear piezoelectricity is given
in the book by Nelson [1979]. No specific consideration to surface waves is given
in the text however, although a general derivation of the field equations governing
the deformation of a piezoelectric substrate is presented. The reference provides
much of the basic material for the first two sections of this chapter.

Campbell and Jones [1968] presented an early analysis of linear piezoelectric sur-
face waves. The linearised equations of motion were solved by substitution of the
appropriate surface waveform and numerical routines used to obtain plots of sur-
face wavespeed for various crystallographic cuts of lithium niobate. These results
were used to predict the linear electro-elastic coupling factor which, it is claimed,
is related to the nonlinear electro—elastic coupling factor which may be used to
assess the efficiency of a particular crystal orientation for use in acoustic devices.

Taylor and Crampin [1978] derived an elegant notational simplification allowing
the linear field equations to be greatly simplified and written in a form closely simi-
lar to the anisotropic elastic case. This was achieved by extending the displacement
vector to four components by including the electric potential and introducing sim-
ilar extensions to the elasticity constants. Their method is extremely useful but
there are a number of minor errors in the execution of their technique which shall
be discussed later in this chapter. Extensions of their technique to the nonlinear
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case shall be discussed in Section 4.4 , see also Tupholme and Harvey [1988] and
Parker and David [1989].

A complete study of nonlinear piezoelectric waves was first presented by Tier-
sten and Baumhauer [1974]. In this paper the parametric excitation of second
harmonics in a piezoelectric substrate of general symmetry was considered. The
technique applied was essentially a perturbation of the linear solution. However
the second-order solution they obtained contained amplitude functions which were
then chosen so that the solution satisfied the surface boundary conditions. Their
method is not satisfactory since it is not then clear that the solutions obtained
through this technique in fact satisfy the governing field equations. Also, the
free-space electric field effects above the crystal require consideration of geometric
nonlinearities and Tiersten and Baumhauer assumed a Taylor’s series expansion
about the reference surface. This leads to certain inconsistencies in the regions of
validity of the governing equations which shall be dealt with in Chapter 5.

Kalyanasundaram [1984] extended his multiple scales analysis of nonlinear isotropic
elasticity to consider the propagation of electro-elastic waves on the surface of
certain piezoelectric substrates of hexagonal symmetry. It is possible to propa-
gate waves of purely transverse displacement coupled to the electric field on such
substrates. These waves were initially observed experimentally and have become
known as Bleustein-Gulyaev waves.

The present chapter intends to present a derivation from first principles of the
constitutive relations and governing field equations for a deformed piezoelectric
substrate. The notational simplifications of Taylor and Crampin [197%] shall then
be extended to the nonlinear problem (see Tupholme and Harvey [1988]) and the
multiple scales technique of Chapter 3 is applied. Coupled amplitude equations
are derived and numerical routines are employed to provide graphs of the growth
and decay of the amplitudes of the harmonics comprising the surface wave.
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4.1 STRESS AND ELECTRIC FIELD

In Chapter 2 the constitutive relations for a general elastic material were derived
in terms of the strain energy, or Gibb’s function. In this section the corresponding
energy function for a piezoelectric material, referred to as the electric enthalpy, is
defined and the constitutive relations appropriate for a discussion of the deforma-
tion of the piezoelectric material are derived. Maxwell’s equations are stated and
the momentum balance equation is used to give the governing field equations for
a deformed solid.

The concept of electric field is here introduced through Maxwell’s equations, Nelson
[1979], and the induced force is used to define the electric displacement vector in

terms of the electric enthalpy.

In a piezoelectric substrate under the quasistatic approximation, the electric field,
E, and polarisation, P, satisfy Maxwell’s equations to give

&V -E=-V.P =g, (4.1.1)

where ¢ is the electric charge and ¢, the vacuum permittivity.

Defining the electric displacement vector through

D = €0E+P, (412)

then allows equation (4.1.1) to be written
V.D =0. (4.1.3)

Under the quasi-static approximation we may assume there is no magnetic induc-
tion. This assumption yields, via the Maxwell-Lorentz equation, Nelson [1979],

V x E =0,
which admits the representation
E = _V¢7
or
E; = —¢;, (4.1.4)

where ¢ is called the scalar electric potential.
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The force per unit volume developed from the electric field, Maugin [1985], is given
by
f=(P.V)E

which leads to the electric power per unit volume in the form

= fiv; + pE, [I))t (P') (4.1.5)

where the second term arises through consideration of the power developed by the
body as a whole.

Now the Cauchy stress, T, is not symmetric in the case of nonlinear piezoelectricity
and thus we may write

Ty = Ty + Ty

where the braces and square brackets are used to denote the symmetric and skew
part respectively of a non-symmetric tensor. Since the skew part arises from the
electric polarization, we have that (Maugin [1983])

Tijn = £y Py
From the first law of thermodynamics the total power may be written as
D/ Qe+ e)dv = [ Pav+ [ v, ds
— S0 e = vidin;
Dt vp 2 Uit jv s Y
where e is the energy of the body, less the kinetic energy. This yields in local form
prit; +pe =P + v ;15 + 0,1 ;. (4.1.6)

The equation of motion (2.2.23), for a piezoelectric substrate, must include the
power generated by the electric field and may thus be written in the form

pi)i_ JlJ+f

which gives
pv,»i'i = l‘i]_‘ji,j + Uifi' (417)

Now (4.1.5), (4.1.6) and (4.1.7) may be combined to reveal that

D (P \
pe - thT,H + PE D¢ (4) (‘118)

If we now let

EiF;
p

€=¢e—
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we have, from (4.1.8), that

De

IDE = U,’ijj,'—P,‘E,'. (4110)

We may define a reference frame polarization vector through
PA :J‘YA.,‘P,' (4111)

and a measure of the reference frame electric field through

Ea=FEixia=—¢.4, (4.1.12)
and so
&P.  EP,
po p
Now

. D . D
E;, = ﬁ(gAXA,i) =& Xai + 5A-D‘t‘(XA,f)
= gAAXA‘,' — gA‘YA,jvj,iv (4113)
hence (4.1.10) becomes

De

Pﬁ =v; ;15 — PigAXA,:‘ + PEAX 4 v,

=vi; 15 — ﬁPA‘é‘A + £ Py (4.1.14)
Po
Defining
Di; =vgjy and Qi = v
we may write

De

P AR — ,
PDr = DTy + Qi £ Py — EPASA + Ey Py Dy + By PyQys

= Dy (Tusy + E; Py) - ;JP—PAEA
o]
= D;S; - LPL&., (4.1.16)
Po
where S;; is the symmetric stress tensor

Now, from (2.2.39),
DE,s

Dt

= 1'.’)__‘1‘j‘BDij
and thus
SiyDij = S;;X4:Xp;Ean
= P Xy o, (1.1.17)

Po
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where o4; = JX,,5;; is the symmetric Piola-Kirchhoff stress tensor.

Substituting (4.1.17) into (4.1.16) we have

Dw

W = ‘XPBJ'O'AJ'EAB - PAg_.‘ (4118)

where W = pgé is the electric enthalpy.

Throughout this chapter we shall make the assumption that free-space electric
field effects may be neglected. This leads to the simplification

DA :PA7 (4.1.19)

where

DA = J‘XPAT,‘D,‘,
and we may then write, directly from (4.1.18),

ow

Oai = iEi,Bm (4.1.20)
and oW

The assumption (4.1.19) will be considered in greater detail in Chapter 5 where the
full efects of the free-space electric field and boundary continuity will be considered.
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4.2 ELECTRIC ENTHALPY

In Section 3.1 we expanded the strain energy function as a series in the indepen-
dent variable E,5. In the previous section the Piola-Kirchhoff stress tensor and
electric displacement vector were expressed as functions of the electric enthalpy,
the piezoelectric analogy to the strain energy, and we assumed the enthalpy to be
a function of both the Lagrangian strain and the electric field vector. Expanding

the electic enthalpy as a series in both independent variables therefore leads to the
expression

0 2 3
W=+ CEU)BEAB + %C(AI)BCD EspEcp + éCFAI)BCDEFEABECDEEF

— €D, ~ LD .8, — 1) £.6,E, — €5 EnE Az
1,(3)

— 3mancpémEasEcp = lnnapEn&aEap (4.2.1)

where only terms up to cubic order in strain and electric field are included. It
is clear from the representation (4.2.1) that the coefficients may be expressed as
derivatives of the electric enthalpy through

C(O) = WlEAE=0
W
AB aEAB E p=0
, ;W
C(U)MD =
4 | 0E,50Ecp lE p=0
C(S) = asw
ABCDEF 8EA38ECD8EEF E,p=0
m aé‘m Em=0
*W
@ =
“ s » (4.2.2)
5(3) = — m—w
mnp ER0E,08, |, _,
o W
m agmaEAB Em=E 4p5=0
© _ oA %%
mABCD 0E,O0F sg0Fcp Em=EAp=0
e
mnAB 8gmagnaEAB Em=E2p=0
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where the coefficients ¢4}, cihep Sheprr, €V, €2, €2 €Dip, ehpeop and
l.apcp are known as the first-, second- and third-order elastic constants, first-,
second- and third-order dielectric constants, second- and third-order piezoelectric

constants and electrostrictive constants respectively.

We impose the constraint that the electric enthalpy must be zero in the absence
of strain and electric field. This is consistent with there being no power generated

under such conditions and leads to the relation

=0,

Replacement of the dummy subscripts in the expression (4.2.1) reveals the obvious

symmetry relations

(2)

(2)

CaBep CcpaB
c(3) (3) _ (3
ABCDEF CCDABEF = CABEFCD
(2) (2)
emn 61’1"1
(3) 3 — (3
6mnp 6nmp - 6mpn
(3) (3)
€mABCD €mCDAB
lmnAB lnmAB

whilst the condition that W is a symmetric function with respect to the Lagrange
strain, yields the symmetry relations

1) _ (1
wa = CB,)a

2) (2) 2
wacn = Cpacp = CEU)JDC
3 3 3 3
CEM)BCDEF = CSs?aanF = CE&?DCEF = CSU)JCDFE
) _ (2

emAB - emBA
(3) — 3 — 3
€maBcD = €mBacD = €maBDC
lrnnAB - lmnBA .

These relations can be summarised in the compact form
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1 1
cip = Cha,

(2) (2) — 2

CaBcb = CcpaB = CBacbh >
(3) = ¥ = 3 — 3
CaBcpeEr — CcDABEF — CaBprcp = CBACDEF >
(2) _— (2)
6mn - 6nm ’
3 —_ B3 _ (3
6mnp - 6nmp - 6mpn’
@ _ 2
€maB = €mBaA>
(3) _ 3 _ .3
€mABCD = €mBaAcCD = €mipAd »
lmnAB = lmnBA = lnmAB- (423)

There appears to be some discrepancy in the literature regarding the symmetry of
the third-order dielectric constant, €3) . Miller’s rule [1964] for calculation of the
numerical values of this constant relates its value to the electro-optic constant r;;;
(which may be directly measured) through

(@ _ (G —1)(e; — 1)
T @ -1 -)

where ¢; and ¢;; represent the material permittivities, n; the refractive index, and
the summation convention is not applied.

2.2
n‘nj Tijk y

This rule is widely quoted in the current literature, see for example Ganguly and
Davis (1980) and Nakagawa et al (1973). The electro-optic constant however, pos-
sesses the same symmetry as the second-order piezoelectric constant, as expressed
in equations (4.2.3)s. Hence Miller’s rule implies that the third-order dielectric
constant and the second-order piezoelectric constants possess the same symmetry,
which is clearly not true from equations (4.2.3). Taking the trigonal class of ma-
terial symmetry as an example, the second-order piezoelectric constant has four
independent values. The third-order dielectric constant, however, possesses higher
symmetry and only has three independent values. In conclusion, then, it is clear
that Miller’s rule is not an exact formula and so two of the four independent values
of the third-order dielectric constant obtained through using the rule differ only by
the accuracy of the rule itself. Cho and Yamanouchi (1986) evaluate the dielectric
constants by direct measurements and hence derive only three independent values.
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4.3 CONSTITUTIVE RELATIONS

In this section the series expansion of the electric enthalpy (4.2.1) is used to de-
rive expressions for the Piola-Kirchhoff stress tensor and the electric displacement
vector. Full use is made of the symmetries of the various constants stated in the
previous section to reduce the constitutive equations to their simplest forms.

Recalling equation (4.1.24) we have

L
i,B aEAB .

Ca; =

The first three non-zero terms in the expansion of W are identical to those of
the strain energy function of equation (3.1.1) and thus yield identical terms in
the expression for the stress tensor. The three dielectric terms are independent of
strain and hence do not appear in the expression for the stress tensor. Taking the
third-order piezoelectric term as representative of the remaining terms, we have

T = -2 (%egz:DErngCDEEF)

T
= —I; B[ i ppr&nErr + 3 mCDABg ECD]
= —Z:;B [eglecungCD]

= T;B 65:24301) bm [luc,u + lUD,C + lUE,CUE,D]

= (u;p +5;B) mABCD é mUcp +—(U;B+5;B) mZIBCD Ug,c UE,D P m

I ¢:)) (3
= €pmaicD PmUc,p T €mageD ¢ m Uc D U; B

1,3 3)
+ 2€maicp $.m Ug,c UE D + €maBcp PmUipUE c UE D

= 65224;00 mUcp + O(UA,B) .

Following this technique and restricting the expression for the stress tensor to
quadratic order terms we obtain

Tai = 0541,) + C(l) U;p + CAx)CD Uc,p

1..(2) (2)
+ S Capcp UipUcp + 3 5 CaBpc Ui, Uc,D

1.(2) 1 ..(3)
+ CA:CD Ug,cUE,p T 3Caicper Yc,p YEF
+bip eBAC ¢BUDC + eBA:¢B
+ eBAxCD ¢B Uc,p — glcnm‘ ¢,c¢,D

+ O((ua5)*) . (4.3.1)
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Similarly equations (4.1.23) and (4.2.1) yield the following expression for the elec-
tric displacement vector

D, = 5541) (2) 5&p +' Efz)acgagc
+ efz)acEBc + eABCDEEBCEDE — lLipcpésEcp, (4-3-2)

which, together with equations (2.2.10) and (4.1.13) gives the electric displacement
vector in terms of displacement and potential gradients as

_ (1 (2) 1.(3) (2) 1.(2)
Dy = €4 — €AB¢B + 5€aBc B¢,c + eabclUs,c + 5€apcUp,BUD,C
(3)
+ t€apcpelUs,cips + Up,clpp + Ucplp,p + Uc pUs, p)

- %lAchf’,B [uc,p +upc] + O(ufa,B) )

or
1 2 3 2 2
D, = € — f(fxzaff’a + %fixzadf’,za(f’,c + egu);cua,c + %6541)30 Up,pUp,c
+ EeFAL)?CDEuB,CuD,E — lapcp® slUcp, (4.3.3)

to quadratic order in displacement and potential, using the symmetries (4.2.3).

In summary, the constitutive relations governing a deformed piezoelectric substrate
may be expressed to quadratic order as

Oij = CE}) + 51) Uj e + Cukl U + ekzg bk
3 2 2
+ ';_ ( EJl)cImn Enll‘sjm + Cfnzké‘Jm + Canlékm> Uk 1 Um n
3 2
+ ( Snzlm SnZn Jl) ¢ EUm — %lkmij ¢,k ¢,m ’ (434)

and
D, = ¢ — (2)¢ + 65121)# k lfflzfﬁj(f’,k
3 .
+ 1 3 ( E]l)clm fklﬁ ) Ui kUim — L U, (4.3.5)

replacing all subscripts by lower case since all derivatives are with respect to the
reference frame.

In Section 3.2 we introduced the non-dimensionalised forms
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n(2) _ Gkl

Cijxl = -
d..
3 ijklmn
Ay = Sitimn
u: - kO U,
/
v = koz, (4.3.6)
y’ = k0y1
2 = kyz,
/ C2
p = C_.DO,
tl = ko Ct .
Introducing these replacements to equation (4.3.4) we may derive that
k.el?
O':J I(l) + CI(I) - + c:g?)c)l kI + OC kij ¢k
+ % (C:'S'i)lmn :(1121316Jm + C:(n:zl)k‘s’m + C:S:il)l‘skm) U:n n
6) @
Ckijlm kzm‘sl k
+ kO ( i c : ) ¢,k U;, : lkmu ¢k¢m . (437)

Since numerical values of both piezoelectric constants are generally of the same
order of magnitude it is clear that they should be non-dimensionalised with respect

to some typical value e,, in a similar way to the elastic coefficients in equation

(4.3.6),

(2)
(2) _ z]k
ijk e ’
(3) 6(':?1):1
Eijktm = ——— - (4.3.8)

a

Substitution of the replacements (4.3.8) into equation (4.3.4) reveals that we must
take

ek
¢ = of : (4.3.9)
Ca
and subsequently
2 Calijkl

Equation (4.3.5) now leads us to the replacements
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1
() _ G

€ )
€q
2
(2 _ Caf-gj)
G = o2
2 (3)
3 C.Cijk
€y = 6—; (4.3.11)

It is noted that the non-dimensionalised forms (4.3.8) to (4.3.11) leave the form of
equations (4.3.4) and (4.3.5) unaltered and therefore the dashed notation may be
dropped henceforth.
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4.4 SIMPLIFICATIONS

In this section the constitutive relations (4.3.4) and (4.3.5) are rewritten in much
simpler forms.

For a material in its undeformed state the displacement and potential gradients
must be zero. For our model it is also convenient to impose that there is zero
stress and electric displacement in the undeformed state. Referring to equations
(4.3.4) and (4.3.5), these assumed reference conditions imply

¢ =0,
and
651) =0.

These additional restrictions allow the expressions for the stress and electric dis-
placement to be written

_ 2 (2)
Oi; = Cijri Uk + €45 Pk

3 2
+ 2 (ngl)clmn Enlléjm + Csfl)lkéjm + cgr)ll(skm) uk,l um,n

+ (egj)zm egzn(Sjl) G Ut — Ellcmij G kPm (4.4.1)
and
Di = —€¢; + efflu;x + 5l 40
+ 2 > ( S?sz + C;km5j1) Uj e UlLm
— L jus, . (4.4.2)

Nelson [1978] derived analogous expressions and examined the restricted symmetry
of the bracketed terms in equations (4.4.1) and (4.4.2), but did not attempt any

simplification. It is now important to recall that in Chapter 3 we defined the
quasi-third-order constant by

1
dijklmn = 5 5ka imn T 51m J'nlk + km Sfl)n + Csfl)clmn]
= diijyenimn) » (4.4.3)

where the brackets denote the restricted symmetry defined in Section 2.1.2.
Nelson [1978] showed that the piezoelectric terms of equations (4.4.1) and (4.4.2)

possess similar symmetry. It is therefore advantageous to introduce a quasi-third-
order piezoelectric constant through the definition
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1
fijklm = 5 [ S,sl)czm + 51651:271]
= fiGeyam - (4.4.4)

Substituting the expressions (4.4.3) and (4.4.4) into the constitutive relations
(4.4.1) and (4.4.2) we obtain

(2)

Oij = CijuUkg + eg} ¢,k + dijklmn Uk Uy p
+ 2 fijoim G x Urm — %lkmij $rbm, (4.4.5)
and
Di = =66, + efiuu + 356,56,
+ fijkim U pUim — L jue - (4.4.6)

Taylor and Crampin [1978] studied the linearized form of equations (4.4.5) and
(4.4.6) and found an elegant notational simplification resulting in a form that lead
to forms for these constitutive relations bearing close resemblance to the elastic
constitutive equations of Section 3.1.2.

Consider the linear constitutive equations

Oi; = CEJ?I)CI uk.l + ekz] Q‘S k (447)
and

Di = —P¢; + elluj,. (4.4.8)

Taylor and Crampin proposed extending the mechanical displacement vector u; to
incorporate the electric scalar potential through the definition

u = (uy, Uy, us, ). (4.4.9)

Substituting the expression (4.4.9) into equations (4.4.7) and (4.4.8)

0:] = CEJI)CI ulc,l + 6&23’ U4,k (4410)

and

D,' = egf,)cuj’k ( )qu . (4411)

It can now be seen that introduction of the definitions
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- — (2
Cijkl = Cijkt

Cains = Cryas = €82

Caakl = Caqqr = Cqqqq = 0,
where all subscripts range over the values 1,2 and 3, allows the constitutive rela-
tions (4.4.10) and (4.4.11) to be written in the form

Oij == Cijkl Ukt + Canij Uay (4.4.13)

and

Dj = &4jkluk,1 + 641'411144’1, (4414)

where all implicit summations range over the values 1,2 and 3.

Taylor and Crampin proposed that the equations (4.4.13) and (4.4.14) may now
be further simplified if one allows implicit summations to range over the values 1,
2, 3 and 4, unless otherwise stated, so that (4.4.13) and (4.4.14) reduce to

A

0ij = CGijuUer, 4] =1,2,3, (4.4.15)

and

DJ' = é4jk1uk’(, ] = 1,2,3, (4416)

where use is made of the symmetry of ¢;u.

It should be noted, however, that the definition of the extended second order
elastic—electric constant, analagous to equations (4.4.12), used by Taylor and
Crampin assumed the full symmetry of the second-order elastic constant to be
preserved in the extended constant. Assuming this to be true, equation (4.4.15)
contains the term

T = Cijralk 4
= CijakUgk,4
= Cakij Uk a

— @
= €Uk a,

which admits differentiation with respect to the undefined variable z,.
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This problem may be easily overcome by restricting the symmetry of the extended
constant &;i. It is noted that the full symmetry of the second-order elastic con-
stant has not been used at any stage in the derivation of equations (4.4.15) and
(4.4.16), and therefore it is only necessary to prescribe the minimum symmetry
necessary for their derivation. Thus we define the extended electro-elastic constant

by

o A2

ikl = C(:J)(kl) Cijkt

~ 2 ..

Cajpl = C(4J)(u) = egk)z (l’]7kal = 1,2,3) 4417
. _ o (4.4.17)
Cajal = Ca5)(al) = —€j;

&Mkl = &(1'4)(1:1) =0 (la ka l = 1a2’374) .

It is now seen that equation (4.4.17), eliminates any derivatives with respect to
the undefined parameter z,.

In view of the success of the above approach it seems sensible to look for a similar
simplification that could be applied to the quadratically nonlinear constitutive re-
lations. Replacement of dummy subscripts in equations (4.4.5) and (4.4.6) reveals

_ (2) (2)
o5 = Uk‘ Uk 1 + eh] ¢I + dx]klmn Uy R Um N

+ 2 fittmn @i Umn — glzm'j 6100,

and

2
D; = —¢él )¢1 + Cjkzukl“f’ 1 (3)¢1¢,n

2 Jln

+ fjklmn uk,lum,n - jImnd),lum,n )

which, upon introduction of the extended displacement vector defined by equation
(4.4.9), can be written as

(2) (2)
Oij = Cijhi Uk T €5f Ugy + dijklmn Ukt Um p
1
+ 2 fikimn Uag Umpn = Flnij Uaitan (4.4.18)
and
— ( ) (2 (3)
D; = PUqr €U + 2611nu41u4n
+ fjklmn uk,lum,n - ljlmnu4,lum,n . (44.19)

The similarity of terms in equations (4.4.18) and (4.4.19) indicates the replace-
ments
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~

dijkimn = Cg(ij)(kl)(mn) = dijximn

d 1 kimn = d 45)(kl)(mn) = f'lclmn ..
- - 5 (D i IJI (z,],k,l,m,n: 172a3)
dijaan = dijyanan) = —35linij (4.4.20)

d4j414n = d(4j)(41)(4n) = %Gjln
distimn = d(i4)(lcl)(mn) =0 (i, k,l,m,n = 1,27374) ’

yielding the quadratically nonlinear constitutive relations

0',']' = &,-]-k,uk,, + gl;jk,mnuk,,uml,, , (l,] = 1, 2, 3) (4421)

and

Dj = 64]'1:1”1:,1 + 34jklmnuk,lum,n ’ (] =1,2, 3) ’ (4-4-22)
where all implicit summations run from 1 to 4.

The above notation may be verified by expanding the quadratic term in equation

(4.4.20)

Q= Elijklmnuk,lum,n (i,j = 17273)
= dijktmnUe Umn + Elij41mn¢,lum,n + Elijkl4nuk,l¢,n
+ dijumdibn (55, Lmn=1,2,3)
= dijlclmnuk,lum,n + flijmn¢,lum,n + fnijkluk,1¢,n
— 2lnij 16 (¢,5,k,1,m,n =1,2,3)
= dijttmnUs 1Umn + 2ftijmn® 1Um o

- %ll'nij(b,l(b,ﬂ (i7j7k7l7m7n = 17273) .
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4.5 FIELD EQUATIONS

In Section 2.2.6, the equations representing the balance of momentum in a de-
formed solid were derived in a form independent of the nature of the material.

Thus equation (2.2.33) is still valid for a piezoelectric material, and we can write

In Section 4.1 Maxwell’s equations gave rise to the relation, (4.1.3),

dD; ~0.
which leads, through (4.1.20), to
0D 4
J =0
0X 4 ’
or, in the present notation
Dj,j =0 (] = 17273) . (452)

On substitution of the constitutive relations (4.4.20) and (4.4.21) into the field
equations (4.5.1) and (4.5.2) we obtain

pUi = Cijrtij + 23{jk1mnuk,1um,nj (:=1,2,3) (4.5.3)

and

0 = Cyjprue,; + 234jklmnuk,lum,nj . (4.5.4)

If the modified Kronecker delta Sij 1s defined by

~

5;,’ = 5;’;‘ - 5;'45]'4 H

which, in matrix form, can be expressed

—_—0 O
OO O

1
3 0
85 = |o
0 0 0
equations (4.5.3) and (4.5.4) may be combined to give

oo O

poijit; = Cijratiet; + 2dijktmn Ui, (Um nj (4.5.5)

where all implicit summations now range over the values 1, 2, 3, and 4.
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At this stage it is seen that equation (4.5.5) takes an identical form to the field
equations (3.2.5) for the purely elastic case and, therefore, it may be assumed
that an analagous method of solution to that of Section 3.3.4 may be used for the

piezoelectric case.
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4.6 BOUNDARY CONDITIONS
Before solving the governing field equations for the deformation of a piezoelectric
substrate it is necessary to state appropriate boundary conditions.

As in Chapter 3 we shall be considering a semi-infinite substrate which, in its
reference state, occupies the region —oo < z; < 00, ~00 < 2, < 0, —00 < 73 < 00,
referred to the rectangular cartesian coordinate system (z,, z,, z3).

The boundary condition on the stress for a deformed anisotropic elastic substrate
were expressed in Section 3.1.4 as

09 =0 onz,=0.

This condition is still appropriate for a piezoelectric substrate, giving rise to the
stress boundary condition

CioptUg 1 + 3£2klmnuk,lum,n =0, (z=1,2,3) (4.6.1)

on z, = 0.

There are many different electrical boundary conditions which may be imposed
on a piezoelectric substrate. These mainly depend upon the electrical circuit to
which the substrate is connected. Normally one assumes either ¢ = 0 on z, = 0
or D - n continuous across z, = 0, where n is the unit surface normal. The
former condition represents the so-called short- circuit condition whilst the latter

represents continuity of the electric displacement vector normal to the material
surface.

Under the assumption introduced in Section 4. that all free-space electric field
effects may be neglected, the second of the conditions mentioned above becomes

D,=0 onzy, =20,

which can be rewritten
CarriUrt F dazkimnUr Umn = 0 onzy,=0. (4.6.2)

For the analysis in this thesis we shall adopt the boundary conditions (4.6.2), but,
for the purpose of comparison, numerical results shall be presented in Section 4.8
for both choices of boundary conditions mentioned above.

It is seen that the electric boundary condition (4.6.2) may be combined with the
stress boundary condition (4.6.1) to yield
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&i2kluk,1 + diskimnUs iUmn = 0 onz, =0, (4.6.3)

where all implicit summations now range over the values 1 to 4.

This compact form of the boundary conditions governing a piezoelectric substrate
is identical to the boundary conditions imposed on the anisotropic purely elastic
substrate in Section 3.1.4.

Clearly the assumption that free-space electric field effects may be neglected has
been significant in reducing the boundary conditions to the compact form of equa-
tion (4.6.3). This assumption will be explored further and justified, with the use
of numerical results, in Chapter 5.
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4.7 SOLUTION

In this section we investigate solutions to the quadratically nonlinear field equa-
tions (4.5.5) subject to the boundary conditions (4.6.3). The analyses of Sections
4.4 to 4.6 have reduced the field equations and boundary conditions governing
the deformation of a piezoelectric substrate to forms that are directly analagous
to those governing an anisotropic elastic solid. Hence it seems obvious that the
method of multiple scales will also be used in this chapter as the method of so-
lution. In view of the detailed discussion of the method presented in Chapter 3
only the salient points of the solution will be given here, with references made to
Chapter 3 as appropriate.

We introduce the small parameter € and define the slow variables £, 5 and 7 by

{ = ez,
n =<y,
T = €t,

assuming the displacement u; to depend upon distance, time and the slow variables
¢, n and 7 through the perturbation expansion

u; = eugl)(z,y,t,f,n,r) + € u§~2)(z,y,t,§,7y,r) +.... (4.7.1)

On substituting this series into the field equations and boundary equations (4.5.5)
and (4.6.3) and considering the systems which are first- and second-order in € we
obtain

pé i) — Gyl = 0 (4.7.2)
subject to
ol = 0 (4.7.3)
ony=1n=0,and
P&‘j&?) - éijkl UECQ,I)J' = (&ilkl + éilkl) Ug,?g + (éizm + &ilk'l) ugf,,),,
~ 285 6} F2lijuimn ) sy (4.7.4)
subject to
Cizki Uizl) = — Ciz1 Ugg — Ciok2 Uilg, - glizklmn Uilz) Us,l,),, (4-7-5)
ony=mn=0.
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4.7.1 First-order Solution Consider a plane wave propagating in the z-direction,
represented by

uf? = A )V 4 e, (47.6)

where s is the decay parameter. Substituting this form of solution into the field
equations (4.7.2) leads to the matrix equations

Lis(s)ar = 0, (4.7.7)

where

]:ik(s) = Ciok2 S° + (Cioer + Cix2) S + Cam — poir,s (4.7.8)

The system (4.7.7) has the consistency condition

[La(s)| = 0, (4.7.9)

yielding an eighth-order polynomial in s with real coefficients, and this equation
will have four roots satisfying the appropriate decay condition as y — 0. These
roots are denoted by s n =1, 2, 3 and 4, and the corresponding eigenvector
solutions to equation (4.7.7) by a§~"). We take our first-order solution to be a
summation over these four admissible surface modes

(n)

4 . .
uD = 3 AP, )Pl Y el =) e (4.7.10)

n=1

The first-order boundary conditions (4.7.3) then yield the matrix equation

4
ZM,-,, A™M =0 ony=7n=0 (4.7.11)
n=1
where
M, = (&iaer + Cizko 3(")) ain), (4.7.12)

and the consistency condition

Min| = 0 (4.7.13)

determines the wavespeed parameter p. In general, p cannot be found algebraically

so it is found numerically using an iterative process of the type described in Chap-
ter 3.

The method of multiple scales requires the first-order solution to include all har-
monics generated through the nonlinearities. Thus we must extend the linear
solution (4.7.10) to be a summation over every harmonic:

105



(n)
u = ZZA(n &,m,7)a s ™My 1K (z —t) + cc.,

K=1n=1

whilst the particular solution to

4
> M. ™ =0
n=1
reveals the surface displacement in the form
oo 4 .
uP(0) = 3 S w6, ) BV e K= e
where vk is the slowly varying surface amplitude.

4.7.2 Second-order System

(4.7.14)

(4.7.15)

(4.7.16)

The next stage in the solution procedure is to substitute the first-order representa-
tion (4.7.14) into the second-order field and boundary equations (4.7.4) and (4.7.5)

to yield

= (2 N
P&‘j UE) ~ Cijkl Ui I)J =

e} 4 .
<Z Z (F,(;?i(y) A(}?)g + F:(;é( )A(,?)n + Fl(}'g(y) A(I?,)r) o KK (z —1t)

5 igpo) A ap Kle 0

[S) =) 4 4 .
+ 5% S GRPy) AR, AP JdK(z—1)

+ 53 S AD, A e iK(z —t)

(4.7.17)



oo 4 4
+ 2002 aR AR 21(;?)) + cc.. (4.7.18)
=1m=1

K=1n

on y = n = 0. The coefficients in equations (4.7.17) and (4.7.18) may be derived
through the technique described in Chapter 3 to be

2 (n C A n n R R n K s
E(Kl,(y) = iK((Cwjz + Cizjw)s( )+ (Ciwj2 + Ci2jw))a§' )e]KS Y, w=12,

PRy = 2iKpal K57y (4.7.19),
HEP () = =L (K = L) digmn 67 8 66 o) ot L™ + (K = L)s™ly

(4.7.19)s
GRPWY) = 2dijuma (LH(L — K) 8™ & 6™ & ol

—L(L = K)? 6 5 5 ol a) L™ = (L = K5y

(4.7.19),

QE?{"L")(ZJ) = 2ifi,-jk,m,,K3 (51(") 51(1,,,)51(;") ‘_lsc")agf'))
L K[ =5y | (4719),
},(Z) = —Cj2kw a”, w=1,2, (4.7.19);
GRD = —2L(L ~ K) digeimn 87 85 @V a7 (4.7.19)
B = _L(L = K) diggimn 6 6™ 0l o™ | (4.7.19);

and

GR(y) = — K digpama 6,7 6 & a7, (4.7.19)

noting that all implicit summations run from 1 to 4 and ™ is defined through
fM=1, =5 &v=0, & =0. (4.7.20)

From inspection of the nonlinear field equation (4.7.17) we write the particular
second-order solution as
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(2) 24: b(n) 1K s yelK(m — 1) 4 i 24: 24: A%,n) eiK

where

pimm) _ (Ls™ + (K — L)s™)
KL &= e

S _ (L8 — (L= K)5)
KL & = i .

(4.7.21)

(4.7.22)

(4.7.23)

Upon substituting the representation (4.7.21) into the second-order field equation

(4.7.17) it follows from comparison of coefficients that

R = oo L5 (P B (0) AR, AT
Almn 1 - mn m,n n m
SR = 5 L3 (@) G (0) AL AT

*(n ~(n n 1 n n
2 = 30 + 0

VV,-(;) — F‘Kl(o) A(") + F‘(ﬂ)(o) A(ﬂ) + F(O)( )A(ﬂ)

K-1
+ ST HEP0) AR, AT,

L=1

where

) 3 (;) a('})
n — I J
0P = 3

AP dR e}

(4.7.23)

(4.7.27)

(4.7.28)

and al}¥ and /\;") are the eigenvectors and non-zero eigenvalues respectively of the
matrix L;;(s™). L;!(s) is again taken to be the inverse of Ly;(s) wherever f;,-j (s)

is non-singular and zero where singular.

The elimination of secular terms leads to the system of coupled partial differential

equations
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K-1
I AR + AP AR + 0 AR, + S A AQ AP =0, (4.7.29)
L=1

where

PO — o ) (0)

AR = o i (0)
A A (4.7.30)

O = a7 F535(0)

AG) = oV HZP(0).
Finally, use of the boundary conditions leads to the coupled system of partial
differential equations

K-1

Nk Yre Tt Py YK,r — Z Tk, YK-LVL — E Axr Y-k =0, (4.7.31)

L=1 L=K+1

where

: A n 71
b= 5y o+ ) 50 1)

I by NV .
- A}:n) ((IK) ( 12.123 + c,2J )U( )Fl(K)z(O) + A fi(z )>} 5(71)
K

(4.7.32)

N 4 é(n) 1 n g
PK = — ’;/\; Ag) {(II{) ( 12,123 + C:2J1) U FI(K)z( ) + fi(2)} B(n)
(4.7.33)
4 4
A m,n s (m.n
HKL = —Z Z [(II ) (c12J2PKL + c12_11) LJ’ (P( )) Hl(Ki )(0)

+ MAED) B

- _’\' () frn) (n) A%
+ Z (1[ ) (012_125 + Cigj1 )Uj IK2(0) + A f AEK?)

(iK) (Gas2s™ + &) U] H(m")(O)} B B (4.7.34)

and
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4 4 )
Axr = =332 [ i3 (CoaseTHRL™ + &) LA (TEE™) GIRD(0)

n=1m=1

n )\ A(m n)] ﬁ(m) ﬁ(") (4735)

Finally, since Ny = Py, the coupled amplitude equations simplify to

K-1
Tre + Ve = O Wp Ye-r v + Z Ner Ak e (4.7.36)
L=1 L=K+1
where )
=] HKL
HKL = N
LK (4.7.37)
A/ _ AKL
KL = 75— -
Nk
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4.8 RESULTS AND CONCLUSIONS

The results presented in this section were computed for lithium niobate using the
“standard” linear elastic and electro-elastic data of Warner et al [1967]. This data
is generally accepted as accurate and is quoted even in the most recent evaluations
of the nonlinear constants, see Cho and Yamanouchi [1987]. Unfortunately the
same cannot be said to be true for any of the third-order constants, where errors
as high as 200% are quoted and particular independent values are given with orders
of magnitude differing by as much as 10%. The two main references for data used
in this thesis are Ganguly and Davis [1981] and Cho and Yamanouchi [1987]. The
data quoted by Ganguly and Davis is, in part, derived through use of Miller’s
rule, Miller [1964], as described in Section 4.2, and therefore suffers from some
inconsistency in the stated values of the third-order dielectric constant. In this
thesis, therefore, the data given by Ganguly and Davis is used for comparative
purposes only. The data given by Cho and Yamanouchi, on the other hand, is
obtained by direct measurement of strain under various electrical conditions and
appears to yield accurate results when used to calculate the efficiency of an acoustic
convolver (see Chapter 6). It is Cho and Yamanouchi’s data that will be used to
calculate most of the results in this thesis.

Unfortunately third-order crystallographic data is only available for the mate-
rial lithium niobate. Extensive searches, including reference to Landolt~Bornstein
[1979] and an international database search (INSPEC), yielded no complete set
of electro—elastic constants for any other piezoelectric material of any symmetry
class. We are therefore unable to present any results for other materials and all
conclusions must be drawn from the single case of lithium niobate.

As in Chapter 3, we must first solve the linear (Rayleigh) wave speed problem.
A similar Golden Section search routine may be used in conjunction with a poly-
nomial solving procedure to obtain the value of the parameter p. Results for the
surface wavespeed obtained after using this procedure are given in Figure 4.8.1
and our search routines may then clearly be validated by comparision with the
identical results of Campbell and Jones [1974].

In order to facilitate some discussion it is useful at this stage to repeat the small
¢ analysis of Section 3.5, deducing the series solution for 4 = vx/a, where a is
the initial amplitude of the fundamental, to be

x = wie + Rl FuQEP + P+ (4.8.1)
where
111
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Figure 4.8.1 Surface wavespeed for angles of propagation away from the X-axis on the surface
of Y-cut LiNbO;

wi® =1

wiM =0

w® = f1,AL /2

wi® =0

wit = ﬁllz (4.8.2)
wi =0

w® = 13,780, /3 + i1, (1T, + 1155 AL, /6

w® =0

wi = 0

wgz) = Hllz(ﬂlm + lea)/Q .

Evaluation of the appropriate eigenvectors for the linear solution together with
the third-order constants now enables us to calculate the various coefficients of
the coupled amplitude equations and thus compute the finite difference solution

to these equations, see equation (3.5.4). Use of this method leads to the results of
Figures 4.8.2 to 4.8.12.
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The effects of including increasing numbers of harmonics in the finite difference
analysis is presented in Figures 4.8.2 to 4.8.5 and these results may be directly
compared with Figures 3.5.1 to 3.5.4. It can be seen that both the growth and
decay of the surface wave are much slower for piezoelectric materials. This could
have been foreseen by the coefficients of the series expansion for 4. The coef-
ficients w!? and w{" take the values 0.157 and —0.335 for an unrotated cut of
the cubic elastic material magnesium oxide whilst they take the values 0.0079 and
0.0891 for an unrotated cut of the piezoelectric material lithium niobate using the

data of Cho and Yamanouchi [1987].

Plots of the amplitudes for rotations away from the principal axis are shown in
Figures 4.8.6 to 4.8.8 and these display an increase in the growth and decay factors
unlike those of the corresponding purely elastic case. Results are here plotted for
0 < ¢ <5 and 10 harmonics are used. This extended range is used to clearly
display the growth and decay of the various harmonics. Figures 4.8.9 and 4.8.10
present the amplitude plots for X- and Z-cut lithium niobate. It is noted that
the results for these two cuts differ from those for the unrotated or Y-cut crystal,
unlike the analogous results for the cubic elastic material. This is easily justified
by consideration of the position of the axes of symmetry. In the elastic case these
axes are positioned as the diagonal axes of a cube, thus on each of the cuts X, Y
and Z, the surface is a plane of mirror symmetry. In the case of the trigonal crystal
lithium niobate, however, only the X-cut gives the crystal surface as a plane of
mirror symmetry. Figures 4.8.11 and 4.8.12 present the variation of amplitude for
rotated X-cuts of lithium niobate.

No surface of a trigonal material possesses a plane of mirror symmetry together
with axes of symmetry lying in that surface. Hence, it is not possible to directly
compare results for propagation away from the axis of symmetry between the
cubically anisotropic elastic material magnesium oxide considered in Chapter 3
and the trigonal piezoelectric material lithium niobate.

The “closed system” nature of the system involving only three harmonics exhib-
ited for the purely elastic material can be clearly seen in Figure 4.8.13, in which
the propagation range is taken as 0 < ¢ < 15. The transfer of energy between
harmonics evident in the purely elastic case can be seen through these graphs.

The data from Ganguly and Davis [1981] is used for the plots of Figures 4.8.14
and 4.8.15 and comparison of the calculated values for the coefficient w§2), 0.0079
using the Cho and Yamanouchi data and 0.0013 the Ganguly and Davis data
respectively, reveals the importance of the third-order constants in determining
the harmonic growth.
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The variation of the parameters w'?, w§ and w? with angle of propagation away

from the X-axis on Y-cut lithium niobate is presented in Figure 4.8.16, whilst
Figures 4.8.17 and 4.8.18 present the variation of wi” and wgl) respectively for
an X-cut of the same material (it should be noted that the dips of these graphs
below the £-axis are caused by curve estimation errors in the graphical routine
used). These show that lithium niobate gives slower amplitude growth and decay
for propagation near an axis of symmetry. This apparently contradicts with the
results obtained for the purely elastic case considered in Chapter 4 and further
supports the case for our proposition that a quantitative measure of the level of
anisotropy of any particular crystal cut and orientation is needed.

In Section 4.6 we discused short-circuited boundary conditions, where the potential
satisfies the relation

¢=0 ony=n=0.

Investigation of the propagation of surface waves satisfying this boundary condition

changes very little of the analysis of Section 4.7. Replacement of equations (4.7.3)
and (4.7.5) by

uP =0

and

u® =0,

respectively, on y = n = 0, together with the obvious subsequent alterations to the
definition of the matrix M;, and equation (4.7.18), yields the amplitude variation
illustrated in Figures 4.8.19 to 4.8.21. These reveal numerically different results to
those for a wave propagating under the free surface boundary conditions, however

the underlying pattern of growth and decay relating to the position of the axes of
symmetry is still present.

It is clear from the above discussion that the numerical values for the various elastic
and electric constants play the leading role in the determination of the growth and
decay pattern of propagating surface waves. The high errors quoted by Cho and
Yamanouchi [1986] lead one to view any conclusions drawn from results obtained
using this data with extreme scepticism. Variation of particular constants by 10%
has lead to the variations in the growth and decay parameters presented in Table

4.8.1

These variations are in contradiction to the results of Maugin [1985], in which it
is stated that the piezoelectric constants e;;; yield the greatest variation in the
value of the efficiency of particular acoustic device. The most critical constant in
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Constant Average variation (%) in
growth and decay pars., w

&3 54.4
A 0
6535)5 1.0
C(l?z's 0
i 0
cits 0
&%) 12.5
&3 10.6
eirs 0.3
6(1:;)6 7.2
eips 0.3
6(131)6 0.7
ei% 3.0
Table 4.8.1 Variation of the small € solution coefficients with variation in individual electro—

elastic constants

our calculations appears to be the third-order elastic constant c(;;)g, which varies in
value from —4.78 N/m? in Nakagawa et al [1973] o —23.3 N/m?. Results such
as these lead to the obvious possibility that surface wave propagation may be used
to predict the numerical values of the elastic and electric constants.

Key to Figures

[ | Fundamental amplitude, 4,.
O Second harmonic amplitude, 4,.
A Third harmonic amplitude, 4.

A Fourth harmonic amplitude, 4, (where shown).
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Figure 4.8.2 Growth and decay of the amplitudes yx with propa-
gation distance &; for X-propagation on Y-cut LiNbOg3, (2 harmonics)
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Figure 4.8.3 Growth and decay of the amplitudes i with propa-
gation distance &, for X-propagation on Y-cut LiNbOj3, (3 harmonics)

116



1.0

0.8 1

Amplitude, ¥
o

o

|

o
$a
1

0.2

1 T

0.0

Figure 4.8.4

[}
2 3
Propagation distance,

Growth and decay of the amplitudes 45 with propaga-

tion distance £; for X-propagation on Y-cut LiNbOg3, (10 harmonics)

1.0

0.8

o
@)
\

Amplitude, ¥
o
T~

|

0.2

—

N
W

0.0

1
1 2 3 4

Propagation distance, £
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Figure 4.8.6 Growth and decay of the amplitudes ¥x with propaga-
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(10 harmonics)

1.0

0.8 -

o
roN
{

Amplitude, ¥y

o
NS
I

0.2+

T

00 \ \

Propagation distance, €

Figure 4.8.7 Growth and decay of the amplitudes ¥x with propaga-
tion distance &, for propagation 45° from the X-axis on Y-cut LiNbOs3,

(10 harmonics)

118



1.0

0.8

e
(=,
1

Amplitude, v
o

~

L.

0.2+
A

0.0 , [ .
1 2 3 4 5

Propagation distance, £
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Figure 4.8.9 Growth and decay of the amplitudes i with propaga-
tion distance &; for Z-propagation on X-cut LiNbOg3, (10 harmonics)
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Figure 4.8.11 Growth and decay of the amplitudes 4x with prop-
agation distance §; for propagation 20° from the Z-axis on X-cut
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Figure 4.8.15 Growth and decay of the amplitudes ¥x with prop-
agation distance {; for propagation 45° from the X-axis on Y-cut
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5 The Free Electric Field

In Chapter 4 the constitutive relations for a deformed piezoelectric substrate were
derived assuming that all stress and electric displacement effects induced by the
free electric field could be neglected. This postulate simplified the piezoelectric
constitutive relations (4.5.5) and (4.6.3) and allowed us to neglect any electric
field effects in the free space above the material surface, in the configuration used
in Chapters 3 and 4. This became significant in Section 4.6 where continuity of the
normal stress tensor and electric displacement vector across the material boundary
were considered. In this section the validity of the free electric field assumption is
examined by consideration of the general boundary conditions.

The same problem was confronted by Tiersten and Baumhauer [1974]. Their
solution was to use the reference frame coordinates in the free space above the
material boundary, where they are coincident with the spatial coordinates, thus
introducing a discontinuity of the reference coordinates between the flat reference
frame boundary and the deformed spatial boundary. A Taylor’s series expansion
was then taken of the reference surface displacements and electric potential in
reference coordinates to obtain their respective values on the deformed spatial
boundary in reference/spatial coordinates and hence overcome the discontinuity.
The main fault of this technique is the implicit assumption that the governing field
and constitutive equations may be interpolated into the region above the reference
frame boundary.

In this chapter a more rigorous technique is presented, utilising a coordinate trans-
formation in the free-space region to map the deformed spatial boundary onto the

reference frame boundary.

For simplicity we revert, temporarily, to the notation of Chapter 2 in order that
we may distinguish between the reference and material coordinate systems.
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5.1 STRESS AND ELECTRIC DISPLACEMENT
The Maxwell stress induced by the free electric field has been derived in spatial
coordinates by Lax and Nelson [1974] as

T = eo(8uxbji — 36:;6u)8.48.1, (5.1.1)
whilst the electric field has already been defined as

By =—4;.

The electric polarization of a free electric field is zero and hence, from equation
(4.1.2),

DJF = _€0¢,j . (5.1.2)

Equations (5.1.1) and (5.1.2) are satisfied both within the material and in the
free space above the material. Within the material the total stress and electric
displacement are given by

and

Dl =D;+Df, (5.1.4)

whilst in the free space only the free electric field effects are present.

These two differing systems force us to consider the two respective regions sepa-
rately.

5.1.1 Within the material
In the region X, < 0 we may define a stress tensor and electric displacement
vector induced by a free electric field in reference coordinates. This will allow the

total stress tensor and electric displacement vector to be substituted into the field
equations (4.5.5) and (4.6.3).

The Piola-Kirchhoff stress tensor and electric displacement vector have been earlier
defined in the reference frame through equations (2.2.29) and (4.1.20). It follows
directly from these definitions that we may introduce a reference frame Maxwell’s
stress and electric displacement vector through the relations

0X 4

Fo_
O =J

T (5.1.5)
and
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0X 4

Di:J@m-
j

Dr. (5.1.6)

Thus, from equations (5.1.3) to (5.1.6), the total stress tensor and total electric
displacement vector are given by

0X 4
Uﬁi = Ja—a:j ji
= o+ 0k, (5.1.7)
and
6X
DT = ApT
A 33:1 J
=D, +Dj}. (5.1.8)

Use of equation (2.2.8) and the Jacobian definition (2.2.3) together with the re-
placements u; — eu;, ¢ — €, 0;; — €oy; and D; — €D; now gives equations (5.1.5)
and (5.1.6) in the form

0
o= (1+ eup,p + O(€))(62; — By + O())(eco( 808 = 3858u)9.,)
B
= e€o(Oar b — %6Ai6kl)¢,k¢,l + 0(€) (5.1.8)
and
auA a¢
DE = (1 + €up p + 0(62)) (5Aj - 6631"873— + O(ez)) (—eo aXD)
Jup
x (60; = ey +0(e))
= —€yp 4 + €€o(Ppuap + dpupa—Uuppda) + 0(62) . (5.1.9)

Recalling equations (4.4.5) and (4.4.6), the total Piola-Kirchhoff stress tensor and
the electric displacement vector are expressed, using equations (5.1.8) and (5.1.9),
as

T __ (2) )
04 = CaicpUcp + €p4i®p + €daicpertic pUe F

+ efamscpucpd s — %6 lepai®cdp (5.1.10)

T (2) ’
D, = eancUn,c — €459,8 + €fapcpetn,clUp E

+ —6691)90 B¢,C - 6l:“gCDuC,D(ZJ),B y (5.1.11)
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where
"' = €bap Tt € N
€isB = €0aB AB

(5.1.12)

Uvsep = lasop — €(6acbpp + 6apbep — 6apbep) .

Tiersten [1974] argues that the quadratic free electric field effects, expressed through
(5.1.12),, are indistinguishable from the effects of electrostriction and therefore the
numerical values obtained experimentally for the electrostrictive constant must in-
clude the free electric field effects. This observation effectively eliminates all the
free electric field effects except the linear dielectric effect that appears in equation

(5.1.12).

5.1.2 The free space

In the free space above the material boundary the reference coordinates are co-
incident with the spatial coordinates, since the mechanical displacement is zero
(see equation (2.2.4)). This, however, reveals a discontinuity of the reference co-
ordinate system at the material boundary which, in turn, leads to problems when

considering the continuity of a quantity referred to the reference frame across this
boundary.

Figure 5.1.1 The free surface in reference and spatial coordinates
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This discontinuity may be explained by consideration of Figure 5.1.1. Two bound-
aries, A and B, are represented in this figure: boundary A is the true material
surface, which may be represented by X, = 0 in the reference coordinates valid
within the material; boundary B represents the plane z; = 0 in spatial coordinates.

The boundaries A and B may also be referred to the coordinate systems valid in
the free space above the material boundary. In free space coordinates, the planes
X, = 0 and z, = 0 are coincident and represented by the boundary B. The

boundary A may only be expressed in terms of the unknown surface displacement
vector, u;(X1,0,1).

It is known that the scalar electric potential satisfies Laplace’s equation in the free
space above the material, referred to spatial coordinates. Thus

$,;=0. (5.1.13)

The scalar potential must also be continuous across the material boundary, thus
$=¢, onz=X +wu(X,0,1). (5.1.14)

Equation (5.1.13) is only valid in the free space above the material boundary,

Tiersten and Baumhauer [1974] take equation (5.1.13) to be valid down to the
reference boundary B, or X, = 0, a region including the two hatched regions of
Figure 5.1.1. A Taylor’s expansion of éﬁ in the unknown mechanical displacement
vector is then taken to give the value of ¢ on the true material boundary A. Thus
the governing equation for the free space scalar electric potential (5.1.13) is taken
to be valid in regions in which it clearly does not hold. This could cause problems
if discontinuities were present.

A more rigorous approach would be to introduce a transformation of the spatial
coordinates in the free space to eliminate the discontinuity at the true material

boundary. We thus define the free space reference coordinates through the relation

Xa = 60,'515,' - €6aAuA(X1, U,t) , (5].].5)

leading to the representation

for the material boundary A.
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Making use of the coordinate transformation (5.1.15), the governing equation
(5.1.13) is valid up to the known boundary X, =0.

It is worth noting at this point that the free space reference coordinates (5.1.15)
are coincident with the reference coordinates on the material boundary and thus
choice of the free space reference coordinates for the region X, > 0 and reference
coordinates for the region X, < 0 gives a continuous coordinate system.

From equation (5.1.15)

aAa = 601’ - 660A'(9_ui

31:,- 81:,- ’

where

ﬁA(Xl, t) = UA(Xl,O,t) .

Use of equations (2.2.8) now yields

X, 3 N
oz, = 0, — €5aAUA,B[5fB - 65{0“3,0 + 0(52)] ’
and hence
X,
a_’z;- = 60; - 5601,461'3&,4,3 + 0(62) . (5116)

From equation (5.1.16) it is seen that

$; = (0aj — €60ab;pliap + 0(62))¢,a ) (5.1.17)

where greek subscripts denote differentiation with respect to the free space refer-
ence coordinates.

Differentiating equation (5.1.17) with respect to z; and using equations (5.1.16)
and (2.2.8) now yields

¢,l'j = 5aj¢,aﬂ(5ﬂi bl 66[31151'3‘&/1,3) has 65QA jB6ﬂi’&'A,B¢,aﬁ
— €6048;p6icUa pcda + O(€),

and hence

Gii = Paa — 268048814 5P ap ~ €SanliappPa + 0(62) . (5.1.18)
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From equation (5.1.18) it is seen that the field equation (5.1.13) in free space
reference coordinates becomes

$roa = 2€60a8pnTanas + Baniiapnda, (5.1.19)

where terms of quadratic order in € and above are neglected from here on.
Noting that @4 depends only upon X, equation (5.1.19) may be rewritten as

;S,aa = 2650:141114,1‘;,&1 + 66aAaA,11$,a . (5.1.20)

Equation (5.1.20) is valid in the free space X, > 0 up to the boundary X, = 0
and is subject to the continuity boundary condition (5.1.14) on X, = X, = 0.
Since the reference coordinate systems are coincident on the material boundary,
the continuity condition for the scalar electric potential may simply be written as

$=¢, onX,=X,=0, (5.1.21)

with the quantities referred to their respective coordinate systems.

The situation is not so simple for consideration of the continuity of a vector quan-
tity across the material boundary, where the two surface normals are not neces-
sarily parallel.

Referring to equation (2.2.27) it may easily be seen that

0 dS = J%X .43, (5.1.22)

where n; and dS are the surface normal and surface element respectively in spatial

coordinates, and N, and dS are the equivalent quantities in free space reference
coordinates. The Jacobian J is defined by

a.’L','
X,

Premultiplying equation (5.1.22) by some vector quantity P;, defined in the spatial
frame, we have

0
= P,N,dS, (5.1.23)
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where P, = :]OXO,
aa:,-

P; is the vector P, referred to the free space reference coordi-

nates.

Thus the stress tensor and electric displacement vector referred to the free space
reference frame may be represented by

-0X,
&F = 9, (5.1.24)
~ - 0X,
Df=J e Df, (5.1.25)
J

where T% and Df are defined through equations (5.1.1) and (5.1.2) respectively.

It is clearly seen from equation (5.1.23) that any vector flux normal to the mate-
rial surface in spatial coordinates is equal to the normal vector flux to the same
surface element referred to the free space reference frame. Since it is known that
the material boundary is the same in both free space reference coordinates and
reference coordinates, we may choose the two reference frames in their appropriate
half spaces to give continuity of normal flux across the boundary.

Using equations (5.1.24) and (5.1.25) together with (5.1.1) and (5.1.2), the Max-
well’s stress tensor and electric displacement vector of a free electric field in free
space reference coordinates may be represented by

Goi = €€oba;(6jx6u — %5:'1'51:1)51:5517;5,&;5,7 + O(€?)

and

DI = —€o(1 + €tg p)(8aj — €655t p) (8 — €5jcﬂ7,s)€~5,7 +0(€*),
which simplify to give

&:i = e€o(bip B p — %6ai¢,ﬁ¢,ﬁ) + 0(62) (5.1.26)

and

DF = —€0da + €eo(piias + b pilipa ~ ailps) + O(e), (5.1.27)
for 5(2 > 0.
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5.2 SUMMARY AND SIMPLIFICATIONS

A fifth field equation valid in the half space above the material surface has been
introduced in this chapter and we have extended the concept of continuity across
the material boundary. It is now useful, therefore, at this stage to summarise the

equations and to simplify them where appropriate.

1) Within the material we have the constitutive relations

T
Oa; = CaicpUc,p T eBAid),B + 6dAiCDEPUC,DUE,P (5~2-1)

+2€fpaicpUcpbp — %6 lepaibcd o

and

T /
D, = eapcupc — €,5%.8 + €faBcpEUB CUD E

+ %6 €She Bbc—€lapepucpd s, (5.2.2)

satisfying the balance relations

UZ;‘,A = py; (:

Dy .=0 (

(W)
o N

(@1}
-~
p—

These equations, together with the replacements u; — eu; and ¢ — €4, yield the
field equations

,0&:' — CaicpUc,pa — CBAi¢,BA =€ [QdAiCDEFUc,DUE,FA - lcpm'qf),c(f’,m

fpaico(ucpp.pa+ ucpads)l, (5.2.5)

and

3
—eapcUpcat €ap®Ba = €[2fapcpEUn cUp pa + 6(,11)30¢,B¢,CA

—lapcp(Ucpadp + ucndpa)l- (5.2.6)

2) In the free space we have the constitutive relations

5o = €eo(8ipbadp — 62i056.5) (5.2.7)

and

Df = —€0da + €6o(dpitap + S plipa — P aiisg), (5.2.8)

where the free electric field scalar potential ¢ satisfies the field equation
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b0 = €201 1 + o114 0) (5.2.9)

referred to free space reference coordinates.

3) On the material boundary X, = 5(2 = 0 we have the continuity conditions

O = Oy
D,=D, (5.2.10)
6=,
whilst the displacement and potential must also satisfy the decay conditions
u; — 0 as X, — —o0,
¢—0 as Xy — —o00, (5.2.11)

&—»U as X, — 00.

Referring to Section 4.4 it is easily seen that equations (5.2.5) and (5.2.6) can again
be simplified by contracting the notation, in an analogous way to before except
that now we take account of the primed dielectric constant.

Denoting these extended constants by ¢;;,; and gl;jklm,,, (t,7,k,l,m,n =1,...,4)
equations (5.2.5) and (5.2.6) may be written in the compact form

)

a

. Af A
bijpuij — CijrtUrgi = 2€d;jkimn Uk 1 Um nj 5 (5.2.12)

where &;; is the modified Kronecker delta.

Equation (5.2.9) can be written

35 = (25151 + U511 65) for j =1,2, (5.2.13)

whilst the continuity conditions (5.2.10) become

3:-2;:1111:,1 + Cdizklmnuk,zum,n = ffoéij((ls,j(ls,z - %51'2(15,1:(15,1:)

+ 6605:'4((;5,1&2,1 — ﬂl,l&,z) - 605:'4(;5,2- (5-2-14)

and

¢=¢ (5.2.15)
on X, =X,=0,foré,j,kl,mn=1,2 3, 4.
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5.3 SOLUTION

In this section the method of multiple scales outlined in earlier chapters is used to
solve the nonlinear field equations (5.2.12) and (5.2.13) subject to the boundary
conditions (5.2.14) and (5.2.15). Coupled amplitude equations are derived and
numerical solutions are obtained which may be directly compared to the numerical
results of Chapter 4 for validation of the assumption (4.1.18).

It is seen that the field equation (5.2.12) is identical in form to the earlier field
equations (3.2.5) and (4.5.5), whilst the boundary continuity conditions (5.2.14)
are of an essentially similar form to conditions (3.2.6) and (4.6.3). We therefore
may proceed, as in earlier chapters by introducing the small parameter ¢ and
defining the slow variables ¢, n and 7 by

{ = ez,
n =1y,
T = ¢t,

where we use z, ¥, z synonymously with z,, z,, z,.

We allow the displacement u; and potential ¢ to depend upon distance, time and
the slow variables £,  and 7, through the perturbation expansions

Uu; = Ug'l)(if,y,t,ﬁ,ﬂﬁ) + 5“52)(%?/,%5,77,7) +’ j=1...4,

é = ¢V(z,y,t,&m,7) + €8Pz, y,4,Em,7) + ...

Substituting the representations (5.3.1) into the field and boundary equations
(5.2.12) to (5.2.15) we obtain the two systems at first- and second-order in e.

5.3.1 First-order
At zero-order in € the field and boundary equations (5.2.12) to (5.2.15) yield

SipiV — Eqully =0 (1=1,...,4) (5.3.2)
and

=0, (i=1,2) (5.3.3)

which must be solved subject to the boundary continuity conditions

Cioki ugcll) + 606*'4‘;5521) =0 (i=1,...,4) (5.3.4)
and
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o0 = M, (5.3.5)
ony=mn=_0.

Here we have five field equations and boundary conditions in five unknowns. Com-
paring these field equations with the field equations (4.7.2), we may assume a
solution of the form

4 ro(n),, 2
uf) = 3" AM(E,n, 7)) e Yellz=1) 4 cc. (5.3.6)
n=1
where
I"J:k(s(n))ai") — 0, (537)

which requires

Li(s)| = 0,
and where

Li(s) = &oun 8" + (Chopy + Caga) 8 + Sy — pOik -
More details were written down in Chapter 3.

A solution to the field equation (5.3.3) satisfying the necessary decay condition
(5.2.11);3 and continuity condition (5.2.10) can now be seen, from the representation
(5.3.6), to take the form

4 .
3O = A g,y aMe Y E 1) 4 e (5.3.8)

n=1

The first-order boundary conditions (5.3.4), together with the representations
(5.3.6), (5.3.7) and (5.3.8), now yield the matrix equation

3
> MLA® =0 ony=n=0 (5.3.9)
n=1

where

M, = (&:%1 + Cloxg S(H)) ain) + ifO&MaS;ﬂ)

- 5.3.10
= Nl (s)af?, 30
Equation (5.3.9) has the particular solution
4 A~
oM A =0 (5.3.11)
n=1
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leading to the replacement

A nontrivial solution to equation (5.3.11) is ensured through the determinental
condition

Y
lMin

=0, (5.3.13)

which determines the linear wavespeed parameter p.

We now express the first-order solution as a summation over all harmonics:

ug-l) = i 24: AP (&, n,7) a§~") eiKS(n)y K (z 1) +cc forj=1,2 3,4,
o (5.3.14)
¢V = i 24:/1(") (€,m,7)al? e Ky i (z—1) | (5.3.15)
K=1n=1
with the surface displacement and potential defined by
o0 4
WO0) = 33 k6, 7) B a KT =) 4 e (5.3.16)
K=1n=1

on y = n = 0, where v is the slowly varying surface amplitude.

5.3.2 Second-order System

On substituting the expansions (5.3.1) into the equations (5.2.12) to (5.2.15) and
comparing the terms of first-order in ¢, we obtain

o (2) Al (2) _ (o At (1)
pbi;u i T G Yk = (Gt + Ciey) Uy ¢

+ (&:'21:1 + &:.”ﬂ)us%,, - 2p 61] EIT)
+2d1]k1mn Uilz) usrll)nj (5317)
and

67 = 208 6G) + @40 forj=1,2, (5.3.18)

with the corresponding boundary conditions given by
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&:'2):1 uizl) + 606:‘4&53) = = Ciyp Uilg ~ Cioks Uilf);
- 60&4&,(,}) - (‘zizklmn Uill) Uﬁ)n
+ fo&j(a})&g) - %&g}f?&fi))
+ eobia (a5 — a14Y) (5.3.19)
and

8 = 6™, (5.3.20)
ony=n=0.

In equations (5.3.17) to (5.3.20) we take
oo 4 'I’
i® = 33 APE e KE =) fco =10 (5.3.21)
K=1n=1

Substituting the linear representations (5.3.14) and (5.3.15) into the second-order
field equations (5.3.17) and (5.3.18) yields

P‘Asu UEZ) - Ac:’jkl Uﬁ; =
SN (N 40 F : K (z — ¢t
(Z Z ( iK1 (y) Ake + i}((';)(y) Aﬂ?),, + EJ((%)(?J) AS?)T) e (z=1)

K=1n=1

4 .
> HRD W) AR, AP MK 1)

and

o0 4 4 K-1
BTy Y (z () AR, AT+
L=1

S (V) + D) AR Aw) K (z = 1)
L=K4+1
oo 4 4
+ 35 ST CEm() A AR + e, for j=1,2 (5.3.23)

K=1n=1m=1

where the coeflicients are identical to those defined in Chapter 4 except for the
change to primed constants, and
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l(m n)

L(K? — L)a{™ (a5 — ia{)e= 1Y |

L(L? — K% a{™(ia™ — a{)e LY |

L(L — K)(2K — L)&(id™ + o§™) e™ 713
-IC3 [ (”)(m(lm) + a(z‘“)) ] e—Ky )

y
y

22(m n)

y

(
21(m n)(
(
(y

)
)
)
3(m n) ) =

In a similar way the boundary conditions (5.3.19) and (5.3.20) may be written as

K=1n=1

00 4 o,
Cioki Ukr + & ,4¢(2) = (Z Z ( (n) A(}?,) f(") (n) ) elI\ (z—1)

S SRRk (mm) g0) () LK (2 — 1)

+ /mn An Am 1l —
Kzzlelr;mzzl
oo oo 4 4 .

+ Y Y Y ann AR, A K =)
K=1L=K+1n=1m=1
00 4 4 _

+ 20> R AR A(;?)) + cec., (5.3.24)
K=1n=1m=1

ony=n=0.

Here it is noted that the linear coefficients, f,1 and f,2 , are unprimed and have
been defined in Chapter 4. This is due to the term —¢, i4¢$n) which, since ¢ = ¢
on y = n = 0, cancels out the linear free electric field effects within the material,
assuming continuity of the slow dependence and slow derivative of the amplitude
across the material surface.

The quadratic order coefficients are defined by

hl(m n) h(m n) + hF(m n)

iKL

At(mn m,n F(mn =

% )—g,(x ot gike ™ (5.3.25)
~t(m,n mn F(m,n

G = 4R + g,

where

hEP™ = e L(K — L) [(5 —iS;l)af,m)af,")—5,-4(af{")a(2")—iaf{")a(l"))]
GEE™ = o L(L = I) [Bu(da) + &Daf™) — id(a +iaa(™]
5 = €K [Bi(afa) —ia{Ma"
(5.3.26)
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Now we have expressed equation (5.3.22) in an identical form to the second-order
field equations (4.7.17), it follows that a solution exists in the form

) 4 . (n),, : _ o 4 4 . (mn)
u® = D () sy K (2 — 1) + 3% Z}(;,n) JKTox ™y
K=1n=1 K=1m=1n=1
4 4 R . (m,n) R
D 5;2) K Py JK (z —t)

-

o oo 4 4 . (m,n [
+Y 3Ty (rm.m) JKTxY )yellx(z~—t)’ (5.3.27)

—~

[

where

PG = (Ls™ + (K — L)s™) /K

T = (L™ — (L - K)5) /K .

2 (m,n) L2y Zig pimmy grmm)ay 40 40m) (5:3.28)
KL = 17 L7 (Pxr") Hixr (0) Ax’, AL

&H(mn 1 Ty = m,n ~(m,n “(n m

SRD = 17 L (T GRD0) ARk ATV

and IA,;,-‘I(S) is defined as the inverse of the non-singular matrix f/,-j(s), and zero
wherever L;(s) is singular.

Inspection of the right hand side of equation (5.3.23) leads us to the following form
for the free space scalar electric potential

©-!
N
8
MA
o
2
I
=
<
+
MA
:U'
53
3
)
b‘
<

4
S e iy, (5.3.29)

and substitution of this representation into equations (5.3.23) yields coefficients of
the form
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L(mn 1 n n m
RRD = ——— (™ (0) AR, AT

L — K2
Ol(mn 1 m,n A(n m
S = T2 L2 M (0) AR, AT (5.3.30)
Fa 1 m,n Z(n m
w = e (R(0) AR AT L # 2K

L L(L - 2K)

Following the techniques of Chapters 3 and 4, secular terms may be eliminated
from the representation (5.3.27) by imposing the consistency condition that must
be satisfied by the right hand sides of equations (5.3.22). This condition may be
expressed as the system of coupled partial differential equations

M AL, + AW AD, + 6K AR, + Z AG AR AP =0,  (5.3.31)
L=1
where the coefficients are defined in Chapter 4 but we must now take account of
the primed second-order electro—elastic constant.

As before, introducing the partial inverse of the singular matrix ﬁ:J (s™) restricted
to the subspace orthogonal to the eigenvector a( ")

cimy e ap afp
n) __ i j -
U™ = 2 vm ROR (5.3.32)

P=1 /\P drp G

where a('}) are the eigenvectors of f/ ;(s™) corresponding to non-zero eigenvalues,

AU we may obtain the representation

1

i = 30 +

— U Wi, (5.3.33)

where

I’Vili((n) — }‘pill((';)(o) A(") + F'(n)(o) (n) + F'(n)(o) (n)

+ Z HEP(0) AD , AP (5.3.34)

Consideration of the boundary continuity condition (5.3.20) further yields

K-1 4
by =0 + 30 3 [RGRD - RG]
L=1 m=1
[e<] 4
+ 3 S [ERD - &Y -5 (5.3.35)
L=K+1m=1
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Now the boundary condition represented by equation (5.3.19) is of the same form
as equation (4.7.18) except for the second-order term 7 = 606,-4¢>f§) ony=mn=0.
Using equations (5.3.29), (5.3.30) and (5.3.35) this term may be given by

00 4 . K-1 4 N
T = b 3o 3 |-KB + 3 S LA

K=
oo 4
+ Y z{—Lsiﬁé"L'">+(f<—L>S:£;"L'">]

t~
i
x
*
3
i

- 5,4§Z[ KR + M, (5.3.36)

K=1n=

—

where

00 4 K—-1 4

4_
M8;<
—

=

SEr) + (K — LS o) G2 } . (5.3.37)

Thus, finally, use of the boundary conditions (5.3.19) leads to the singular matrix

equations

1
(iK)

NL(s) UM Wi — N,

4 4
(1K) 3 M X&) =3

n=1 n=1

4 4 K-l 1 m,n ~y ;- m,n rr(m,n n m
+ Z Z [ ; ( xzjzp( ) + Cizjl) L I(P( )) HI(KL )(0) Al )LA( )

n=1m=1 LL=1 (II()
> ]- m,n ;- m,n W (m,n 2(n m
b3 o (T + ) L (T G (0) AR AY >]
L=K+1 (iK)
4 4 K-1
+ Z lf(") A(") (") A(" + Z Z (m ")A(") A(m)
n=1 m=1 L=1
4 oo
+>0 Y gam AR, A(L’")] , (5.3.38)
m=1L=K+1

ony=7n=0.

Use of the secularity condition (5.3.31) and equations (5.3.38) now yields the infi-

nite system of coupled amplitude equations

K-1 00
ke + Peake — O Mgpvk-rv — Y, Dyr-xm =0, (5.3.39)
L=1 L=K+1
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where

e A fr ) T g )
NK_Z{((II()N(())U Fy ()+/\:fu)

n=

ANV VA )
— x Y : N (n) r(n) ’(") i (")) (n) 5 3.
Al ((iK) i (s )U Fig 2 (0) + A fiz B (5.3.40)

4 A (n)
() U B0 2| O%" o) -
Z{ R ) U™ FR0) + A 7S } NSk (5.3.41)

Vi (P L (™) Hige™ (0)

— LeoA LA™ (0) + A, 1%:-&";'")] g™ g

4 A/(n)
5™ (n) ’(") (n)

+Z{[1K )U lez()+/\f ]A}?‘)

Ai

~ (iK)

N (s™) U Hz'ﬁ"")(O)} g™ (5.3.42)

and

A e ’\i N m,n . m,n /(m,n ~1(mmn
B = - T30 [ M) U ) 670 + A

! ™ § 1 m,n m) A(n -
+ (K+L X (0) + ’)(U))} B B (5.3.43)

Finally, since NI, = Pl these coupled amplitude equations simplify to

Tke T VK7 = 2 HKL’YK LY + z AKL’YL KL, (5.3.44)
L=K+1
where

R i

iy, =
K

. Al

AI}I(L = AK:L-
K
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5.4 RESULTS AND CONCLUSIONS

As in previous chapters, we must first solve the linear (Rayleigh) wave speed
problem. Using the search routines of Chapters 3 and 4 we obtain the results given
in Figure 5.4.1 again using the data of Warner et al [1967] for the material lithium

niobate. Comparison with Figure 4.8.1 reveals very small percentage changes in
the linear wave speed.

3800 -

3720

[o]

- 3640

Wavespeed

3560

3480

3400

i T ]
0 18 36 54 72 90

Angle of rotation

Figure 5.4.1 Variation of wavespeed with angle of propagation away from the X-axis on Y-cut

lithium niobate

Evaluating the appropriate eigenvectors for the linear solution we may now cal-
culate the various coefficients of the coupled amplitude equations (5.3.44) and
compute the finite difference solution to these equations.

Returning to the small ¢ analysis of earlier chapters we may make direct com-
parison between the corresponding harmonic growth and decay parameters. For
the simplest case of an unrotated (Y-)cut of lithium niobate we obtain w® and
w as 0.0079 and 0.089i respectively when following the simplified method of
Chapter 4. Upon introduction of the free-space electric field effects in Chapter 5

these parameters become 0.0081 and 0.08981 respectively, indicating a very small
percentage change.
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Figures, 5.4.2 to 5.4.4, duplicate cases studied in Chapter 4, except for the inclusion
here of the free-space electric field effects, and it is easily seen that the results
further indicate that the inclusion of the free-space electric field produce only a
fraction of a percentage difference in the growth and decay parameters. This may
be compared to the very high percentage change indicated in Chapter 4 induced
by slight changes in the material constants, which in turn are subject to high
statistical errors. It is therefore felt that the assumption introduced in Chapter
4 that the free-space electric field can be neglected has been justified, since it
greatly simplifies the solution and yields results that differ very little from the
“true” solution.

Key to Figures

[ | Fundamental amplitude, ;.
! Second harmonic amplitude, 7,.
A Third harmonic amplitude, ;.

A Fourth harmonic amplitude, 4, (where shown).
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Figure 5.4.2 Growth and decay of the amplitudes ¥x with propaga-
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6 Acoustic Convolvers

The abstract problems of the propagation of a single wave on a semi-infinite elastic
and piezoelectric substrate have been considered in the previous chapters. The
motivation for such an analysis was the growing interest in nonlinear acoustic
wave devices such as convolvers which, in general, operate through the nonlinear
interaction of two waves. Acoustic devices are of interest to experimentalists since
the nonlinear harmonic generation allows parametric amplification of a particular
frequency through its higher harmonics.

Such devices have developed rapidly since the early investigations of harmonic
generation and coupling, see Lean and Tseng [1970] and Thompson and Quate
[1971]. Lean and Tseng [1970] used optical probing to study the generation of
harmonics from a single frequency input to the surface of the crystal substrate
using a surface transducer. An elementary theoretical justification of their results
was also given and used to correct previous estimates of the various nonlinear
electro-elastic constants. Thompson and Quate [1971], meanwhile, investigated
the coupling of two oppositely propagating waves on a lithium niobate substrate.
They observed that the output signal consisted of a standing wave at twice the
input frequency and represented the convolution of the two input signals. Both
investigations considered the propagation of a general plane wave in the material
and observed the dominant effects of bulk wave generation. The application of
surface waves in such devices was first recognised by Luukkala and Kino [1971]
who observed the convolution and time-inversion of input surface wave signals in
lithium niobate. The importance of surface wave generation in acoustic devices has
become increasingly recognised since the energy of the surface wave is concentrated
in a thin layer near the substrate surface, thus low acoustic powers produce a power
density sufficiently high for nonlinear effects to be easily observed.

An acoustic convolver is generally used as a real-time signal processing device to

generate the convolution of two envelope functions. The functions, represented by
electric spectra, are used to generate, through surface transducers, two oppositely
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propagating surface waves. The nonlinear interaction of the surface waves gener-

ates the convolution signal observed by Thompson and Quate [1971] and Luukkala
and Kino [1971].

The efficiency of a convolver is easily defined to be the ratio of power output
to power input. It is convenient, for the purposes of standardisation, to restrict
the measurement of convolver efficiency to one single input frequency rather than
a spectrum of frequencies. When input to both surface transducers, this single
frequency will generate a convolution signal at twice the input frequency. This
convolution signal may be directly measured as the surface potential at twice the
input frequency, w, and the efficiency can therefore be defined through
PO
(PIPQ)VJ.,

where ¢77*(0) is the root mean square surface potential at twice the input fre-
quency, and P; is the power input to each wave per unit width. This measure is
commonly known as the Figure of Merit for the convolver. It is clear that, since
the Figure of Merit relies upon the strength of the surface potential generated at
the particular frequency, it will largely depend upon the substrate’s electro-elastic
coupling.

The interest in surface acoustic wave convolvers developed rapidly because of the
high electro-elastic coupling, and thus high figure of merit, attainable and Lim,
Kraut and Thompson [1972] experimented with various classes of crystal symmetry
in order to obtain the most efficient substrate and orientation for such devices.
Their results show that the material PZT-8 produces the largest value for the
Figure of Merit but, unfortunately, this material has proved to be both expensive
and unreliable to produce in large quantities.

An overview of acoustic device development and their possible uses may be found
in the review articles by Morgan [1973, 1974] and his more recent book, Morgan
[1985], in which the various experimental configurations are discussed together
with brief theoretical justifications. The merits of the various forms of substrate,
such as piezoelectric, elastic and semiconductor crystals, are also discussed.

The early convolvers consisted simply of two piezoelectric transducers arranged
on the surface of a rectangular slab of substrate, see Figure 6.1, with a third
transducer placed on the surface, between the two input transducers, to measure
the output signal. Transducer development had already led to the introduction of
the interdigitated input transducers illustrated in Figure 6.1. Theoretical studies
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Output

Input

Figure 6.1 The configuration of a simple degenerate convolver

of the problem of surface wave excitation can be found in Yashiro and Goto [1978]

and Bechtel and Bogy [1984].

One of the first developments was the waveguide studied by Shtykov, Mason and
Motz [1975], designed to “channel” the wave power along the output transducer.
An analysis of convolvers with waveguides was later given by Planat et al [1985]
who used a finite element analysis to obtain the surface potential and thus calculate
the figure of merit, or efficiency, of the convolver.

The output of most convolvers in current usage relies upon the transverse-vertical
polarisation field of the convolver, that is the potential developed between the sur-
face and base of the substrate, see Figure 6.1. Recently, convolvers have been de-
veloped which utilise the transverse-horizontal polarisation by placing two parallel
output transducers on the surface of the substrate, Monks, Paige and Woods [1983]
and Cho and Yamanouchi [1987]. The configuration of the transverse-horizontal
convolver is given in Figure 6.2, and it should be noted their orientation allows
the devices to be made much smaller.

The latest developments in surface acoustic wave convolver design may be found
in the paper by Grassl et al [1988] and include beam compressors for wave guiding
and chirp transducers which focus the wave onto the waveguide, see Figure 6.3.
Such innovations make the problem of acurately modelling a real convolver much
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Figure 6.2 The transverse-horizontal convolver
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harder. Although techniques such as the finite element method employed by Planat
et al [1985] lead to useful results for particular configurations of the device under
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consideration, little constructive advice regarding design can be gained from such
studies.

It was decided for this thesis that the problem should be reduced to its simplest
form and so in this chapter we present a study of the interaction of two oppositely
propagating surface waves on a piezoelectric substrate, without considering the
role played by transducer design and waveguides.
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6.1 IDEALISED CONVOLVER

In view of the discussion above we consider in this section an idealised convolver,
and set out the governing field equations and boundary conditions.

To avoid boundary reflections and the problems of imposing boundary conditions
at the edges of the crystal slab, the convolver base is assumed to be a semi-infinite
piezoelectric substrate occupying the half-space —oco0 < z; < 00, —00 < z, < 0,
—00 < z3 < oo in its reference configuration, referred to the rectangular cartesian
coordinate system (z,, x4, £3). The wave is assumed to propagate on the surface
of the convolver in a direction parallel to the z,-axis.

Since the problem of how the surface wave is excited would warrant an entire
thesis, the transducers are replaced by two signalling conditions at z; = 0 and
z; = d on the surface z, = 0 and it is assumed that the generation of each wave is
not affected by the propagation of the opposite wave. The interaction of the two
oppositely propagating waves is detected by an infinitesimally  thin transducer of
width W, which is assumed not to affect the surface displacement and leads to the
condition that the substrate surface must be stress free.

In a real convolver the base of the piezoelectric slab would be connected to the
output transducer via some external circuit. This external circuit may then be in
one of a number of electrical states of which the two of most interest are: open
circuit (i.e. no current flowing) and short circuit (i.e. connected to ground and
hence at zero electric potential).

Since we shall be considering the semi-infinite piezoelectric substrate of the ide-
alised convolver, boundary conditions on the “base” of the convolver must be con-
sidered to be limiting conditions imposed as z; — —o00. For both of the external
circuit states considered the convolver “base” may be assumed to be ground, that
is with zero potential. It follows from this assumption that ¢ — 0 as z, — ~oc.
For the short-circuit condition we have that ¢ = 0 on z, = 0, whilst, for the
open circuit condition, the open circuit voltage may be assumed to be the surface
potential subject to certain boundary conditions arising from the definition of the
current flowing through the external circuit.
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6.2 SURFACE POTENTIAL

We wish to calculate the voltage across the open circuit external to the substrate at
twice the input frequency. As described earlier, in the idealised convolver this volt-
age is equivalent to the potential on the surface of the substrate at that particular
frequency subject to certain boundary conditions.

In this section we shall derive the surface potential of the piezoelectric substrate
from the momentum balance equations, solved subject to the approporiate bound-
ary conditions. Only those interaction terms at twice the input frequency need to
be considered, generic notation shall be used to denote the remaining terms.

6.2.1 Field and Boundary Equations
As in Chapter 4, the mechanical displacement and electric potential of a deformed
piezoelectric substrate may be shown to satisfy the momentum balance equations

psijﬁj — Cijrillgj = 23:’jklmnuk,lum,nj , (6.2.1)
for y < 0, where the subscripts take the values 1 to 4 and (z, y, z) are used
synonymously with (z,, z,, z3).

For a stress free surface y = 0, we require that

CioktUk 1 + diskimnUp Umn =00ny =0, (6.2.2)

forz =1, 2, 3. In this chapter, in a similar way to Chapter 4, we neglect the effects
of the free electric field. In view of Chapter § this simplification is expected only
to change the results by very small amounts.

The fourth boundary condition is obtained from the “state” of the external electric

circuit, and to specify it we need to describe the current flowing through this circuit
in terms of the surface potential.

The current flowing across a surface may be found to be, Auld {1973],

I = / D-nds, (6.2.3)
s
where n is the unit surface normal.
It therefore follows that the current flowing across the boundary of the piezoelectric

substrate, and hence into the output transducer and through the external circuit,
is given by
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d W/2
IOZ// D,dzdz ony =0
Q

-w/2

d w2 R
= / / [CankiUs + daztimnte Um o] dz dz on y=0. (6.24)
o Jowy2

Two electrical boundary conditions are now possible. Either the external circuit
is open, when we require

I’=0 on y=0, (6.2.5)

or, if the external circuit is shorted, the potential satisfies

uy=0 on y=0. (6.2.6)
Finally, since there must be no potential difference between any two points on the

conducting transducer, there can be no tangential component of the electric field
vector on the substrate surface. Thus it is necessary that

Exn=0 on y=0,

or, under the present configuration of axes,

E,=0and E3=0 on y=0. (6.2.7)
Now E; = —¢; and therefore equation (6.2.7) is equivalent to

$,=0and ¢5;=0, on y=0. (6.2.8)
In view of the above discussion we now have a system of four governing equations
in four variables but five boundary conditions must be satisfied. We shall be
considering plane surface waves propagating in the z direction and may thus take

the displacement vector u to be independent of z. The boundary conditions (6.2.5)
and (6.2.8) then simplify to

d ~
/0 [Cazriti i + daspima s iU ] dz = 0, (6.2.9)

and

Ug =0 (6.2.10)
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It shall be shown later that one of the boundary conditions may be identically
satisfied at each of linear order and quadratically nonlinear order, and hence the
problem is not, in practice, overspecified.

The system of equations considered here is sufficiently similar to that satisfied
by the single piezoelectric wave considered in Chapter 4 for us to adopt the same
method of solution, multiple scales. As in Chapter 4 this technique yields a system
of coupled partial differential equations in the surface amplitude which may be
solved by numerical techniques. The surface potential may then be evaluated and
used to calculate the open circuit voltage.

6.2.2 Slow Scales

The method of multiple scales is here applied to the field equations (6.2.1) subject
to the boundary conditions (6.2.2), (6.2.9) and (6.2.10). Slow variables are intro-
duced and a perturbation expansion of the displacement vector is used to derive
field equations and boundary conditions at the various orders of approximation.

Recalling the perturbation expansion of Chapter 4 (equation (4.7.1)),

u; = eugl)(z‘,y,t,f,n,‘r) + e’ugz)(x,y,t,f,n,'r) + ... (6.2.11)

where ¢ is some small parameter related to the wavelength of the input waves, and
the slow variables £, n and 7, defined through

{=ez,
n=¢y,
T =€z,

equations (6.2.2), (6.2.9) and (6.2.10) may be written as separate systems of equa-
tions at the various orders of e.

At first-order we have

P850 — gl = 0, (6.2.12)
with the boundary conditions
Gomul) =0,  i=1,2,3, (6.2.13)
/O e u dz = 0, (6.2.14)
ul) =0, (6.2.15)



on y = n = 0, whilst at second-order we have
/7 5;_1'&5'2) — Cijii Ui?z)j = (Cam + &ilkl)ugl)f + (Gt + &ukz)ugn

- 2/085;' U,Slr) +2£iijklmn ugclz) UE:,)nj ) (6-2-16)

the solution of which must satisfy the boundary conditions

~

Cioxt Ugczz) = — Cizp1 ugfé — Cizk2 Ugcl,), — distimn USI) ull) (6.2.17)

mn ?

d -~
0 = /(; [&42151 uS:Z,I) + &42k1 ug% + &42}:2 Uily.?’ + d42k1mnu§:1,1)u£:?n] d:lj y (6218)

1
uffi = —ufi,g’

(6.2.19)
ony=n=0.
The boundary conditions (6.2.18) are those satisfied by an open circuit.

6.2.3 First-order solution

A solution to equations (6.2.14) and (6.2.12) subject to the boundary conditions
(6.2.13) to (6.2.15) in the form of two plane surface waves, propagating parallel to
the z-axis in opposite directions from = = 0 and = = d, may be represented by

u = A(y,¢, n,T)eiK(I - t)+Bj(y,§, 7, T)eiK(I tt—d), e (6.2.20)

Proceeding as in earlier chapters, it may easily be shown that the amplitudes in
(6.2.20) can be expressed

- K 5™
Ay = ARG, T) Ve (6.2.21)
n=1
i 1K 5™
B = Y BP(&n,1)a e Y, (6.2.22)
n=1
where
Lij(s™)af” = 0, (6.2.23)
and
»f«':’(s(")) = 0. (6.2.24)

It should be noted here that L;;(s) has been defined by equation (4.7.8) and K

represents the wavenumber.
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The representation (6.2.20) may therefore be expressed

o 4 n _ . X _ e
) = 33 (AR, 7,7) yel (e =1) 4 poe n 7yl (z+1 d)) o™ ™y
K=1n=1

+c.c., (6.2.25)

where the summation is over the four admissible surface modes and all harmonics
generated by the material nonlinearities.

The representation (6.2.25) may then be substituted into the boundary conditions
(6.213) to (6.2.15). From (6.2.3) we obtain the matrix equation

4
YoM, AP =0 i=1,2,3, (6.2.26)
=1

where M;, is as defined in Chapter 4 but here there is a restriction on the subscript
1.

From (6.2.15) we have

4
> AR =0,
n=1

which may be combined with equation (6.2.26) to give

ZM’ AP =0 i=1,2,3and 4, (6.2.27)
where

M, =M, i=1,23,
:af{‘) 1 =4,

The condition (6.2J4) requires the evaluation of an integral with respect to the
propagation distance z, between the limits 2 = 0 and z = d, which may be
reduced to

K (anen + Eaars™)ad? [ A=Kt | g IR (t — d)] (eil(d _ 1) _o.

This condition may always be satisfied with careful choice of the range of inte-
gration (that is the length of the convolver). Therefore this condition gives us no
further information about the representation (6.2.25).

This leads to a crucial point in the derivation of the output voltage of the convolver.
The output voltage will be calculated as the integral of the surface potential along
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the length of the output transducer. Thus any surface potential term possessing
exponential z dependence will lead to an integral of the above form and thus zero

output voltage. We shall therefore only be interested in z-independent surface
potential forms.

Now a non-trivial solution to equation (6.2.27) is ensured by satisfying the deter-
minental condition

e
|h4m

=0, (6.2.28)

which determines the surface (Rayleigh) wavespeed through the values obtained
for the parameter p.

The particular solution, 8] to equation (6.2.27) such that

4
SoMLA™ =0, (6.2.29)
n=1

leads to the surface displacement

oo 4 . TS
uD(0) = T (7KB(71) aﬁ") JK(z - 1) + 0B o JdK(z+1— d)) +cc.,

K=1n=1
(6.2.30)

where vx and 0y are the surface amplitudes.

In earlier chapters the linear, or first-order, solution has contained all frequencies
generated by the nonlinearity. It is clear that in the case of two waves travelling
in opposite directions the nonlinearities will generate terms of the type

uj = f,(y)el(km + lt) ,

where k£ # [ It is seen that such terms have not been included in the linear
representation (6.2.25). This is because the interaction terms do not satisfy the
“phase matching” condition (Kalyanasundaram [1983)).

The phase matching condition requires that all linear solutions travel in the same

phase, or at the same speed. Thus, taking the fundamental waves to have r — ¢
dependence of the type

MEES) ,
the linear solution may only contain terms of the form
u; = fj(y)elk(l‘ + t) ,
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which can clearly only be satisfied by the harmonics of the separate input waves.

6.2.4 Second-order system
Upon substitution of the linear representation (6.2.25) into equations (6.2.16), we
obtain the system

N 2 .
p6] 5) - C:]klugcl)] =

(<] 4
> 2 (AR AR + ER) AR + FRay) A2))
K=1n=1
K-1 4 .
+ ZH('" ")( )A(n) A(m) + Z Z G(m ") A(") A(m)] l[((:l:—t)
L=1 m=1 L=K+1m=1
(<] 4
+ 5 3 [(FR ) BE) + FRw) BE), + Fi(v) BE))
K=1n=1
n 5 \i HEP(y) BE , BS™ + Z Z G (y) B . B("‘)] A (z +t—d)
L=1m=1 L=K+1m=1
(<] 4 4
+ Z Z Z Q(m ") B(m) B(") + A(m) A("))
K=1n=1m=1
N i i N2 = d) 4§ $ \i \i () (el (K + Lt = 1(K + L)d)
m=1n=1 K=1 L}?;oo m=1n=1
+ c.c., (6.2.31)

together with the boundary conditions, from (6.2.17),

8

el = 30 32 [(J9 A + T AD))

K=1n=1
K-1 4 .
+ Z hsmgl) A(") (m) + Z Z g,(;;)A KA("‘)] l]((:l: -—t)
L=1 m=1 L=K+1m=1
o 4
+ Z Z [(f(") (") + f(") ("))
K=1n=1
K-1 4 00 4 .
+ LMD BEL BT + 30 3 iy Bk B (= d)
L=1 m=1 L=K+4+1m=1
SRR ) (A 4D 1 B B
+ mn m An +Bm Bn
I{Zzlgmzl K K K )
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N i i i =d) | 32 3N 303 (K + L= 3K + L)d)
+ c.c. (6.2.32)

for 2 = 1, 2, 3, which must be satisfied on y = = 0. The remaining boundary
conditions (6.2.18) and (6.2.19) shall be separately considered later in this section.

Here the coefficients Fg)(y ), GRi(y), HE (y )fK, §mm and AR are as
defined in Chapter 4. The remaining nonhnear terms are separated to indicate
those terms independent of z and of frequency 2w, where w is the fundamental
frequency. The coeflicients of these terms may be deduced to be

™ Wi B AL BB S (6:233)

and

NE™M(y) = 2idspima B AP [BI™ B 6™ MM — g B 5m 6™ 5! i(s™ — 3y

(6.2.34)
where
65") =1, 65") = s("), 6:(,") = 6&") =0.

It is recalled from the linear solution that the boundary condition (6.2.14), and
subsequently (6.2.18), require integration along the length of the convolver. Any
term possessing exponential z-dependence may be shown to identically satisfy
the boundary condition (6.2.18) and thus may be neglected in the derivation of
the surface potential. The nonlinear interaction terms at frequencies other than
2w (and those at frequency 2w arising from interaction between harmonics) will
therefore not be required explicitly in this thesis, since they will possess exponential
z dependence, and hence nothing is gained by stating here the explicit form of their
coefficients. It is noted that the harmonics of the two propagating input waves
(represented by the first two terms on the right-hand sides of each of equations
(6.2.31) and (6.2.32)) also possess exponential z-dependence. However these terms
will not be used in the calculation of the output and may be included to predict
the growth and decay of the linear amplitudes A and BY.

It is clear that the equations (6.2.31) and (6.2.32) may, without loss of generality,

be separated into three distinct systems. The first two systems represent the two
“input waves”
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[c] 4

P [(F,sm )AD: + FRy) AR + FRl) AL))

=1

K- .
HEP () AR, AT + Z ZGE'K"L") A A("‘)] JK(z—1)

n=1
4
L=1m=1 L=K+1m=1
4

4
S QRN () AP AL + ce (6.2.35)

o0 4
S (PR BEY + FRy) BE), + FRly) BE))
K=

l1n=1
+ IS 24: HED(y) B, BI™ + Z Z G (y) B B(’")] JdK(z +1—d)
L=1m=1 L=K+1m=1
==} 4 4 .
+ 23 2 RV () B BE + ce. (6.2.36)

together with the boundary conditions

c,zklu“ = i 24: [( (n) A(n) + f(")Ag?,),,)

—
3
li
—

K=
4 74
+ 50 S A AR LA Z Z Gimm Al A(L'")] JdK(z—1)

L=1 m=1 L=K+1m=1
[+ 4 4 _
+ 3SRV AL AR + e, (6.2.37)

and

i ) i i K ™ g™ 4 1 B (n))
K=1n=1

K-1 4 .
FY RGP BRL B ¢ S S g B, By G-
L=1m=1 L=K+1m=1
©0 4 4
+ 33 S ERY B BY + ce. (6.2.38)
K=1n=1m=1
ony=n=0.
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The boundary condition (6.2.18) may be considered redundant as a result of the
earlier z-dependence discussion, whilst (6.2.19) reveals the relations

n) 1 — 2 n) 1 K(r —
) =55, T, AR KT =) and o} =32, TiL, B Kz 1),

a1l =
which may be simply be incorporated into equations (6.2.37) and (6.2.38).

The third system represents the interaction frequencies

s (2)

Py = dun = X NI e, (6239)

m=1n=1

together with the boundary conditions

4 4
Ciopr UL =Y Z n{™™ o2t — d)+c.c., (t=1,2,3,4) (6.2.40)

m=1n=1
on y =7 = 0. The inclusion of the fourth equation in the system (6.2.40) arisies
from the fact that the interaction terms of interest are independent of z and thus

the boundary condition (6.2.18) yields a constant multiple of the integrand. The
condition (6.2.19) is identically satisfied by the interaction terms.

6.2.5 Second-order solution

Equations (6.2.35) to (6.2.38) are identical to equations (4.7.17) and (4.7.18) and
thus, following closely the method of solution of Chapter 4, eliminating secular
terms and obtaining consistency conditions for the boundary conditions, we may

clearly deduce that the two slowly varying surface amplitudes satisfy the coupled
equations

K-1 o
Yk + VK7 = Hgpvk-c7r + Z Ak -k L, (6.2.41)
L=1 L=K+1
and
K-1 . oo . _
GK,E — 0K,7 = ZHIII(L GK—L 0L + Z AI;{LGL_K 0La (6242)
L=1 L=K+1

where the double dashed coefficients incorporate the simplified fourth boundary
conditions arising from (6.2.19).

For the interaction system (6.2.39) and (6.2.40) we shall be interested in a solution
of the form

u? = U(y)el 2t =) (6.2.43)

obtained from inspection of the nonlinear term of equation (6.2.39).
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Substituting the representation (6.2.43) into the field equations (6.2.40) yields the
equation

Cizk2Uk yy + 4P3ikUk =‘Ni(m'") . (6.2.44)

We firstly determine the complementary function to the above which is the solution
to the homogeneous form of equation (6.2.44),

éigngk‘yy + 4P3ikUk =0. (6245)
The surface waveform

U; = a;e!?Y (6.2.46)
is suggested and, upon substitution into equation (6.2.45), we obtain the matrix

equation

Mir(g)ar =0, (6.2.47)

where

NI”‘(Q) = —énuq?‘ + 4p3,-k .

For a nontrivial solution (6.2.47) we require that det[M;;(q)] = 0, yielding a poly-
nomial in g of order eight. This system, however, admits the solution ¢ = 0,
a” = (0,0,0, 1), i.e. a potential that does not attenuate as the depth increases.
It is possible to reduce the matrix equations (6.2.47) to a system of three equations
on using the rearrangement of the fourth row

C421201 + Ca20007 + C423203 + Cana0a4 = 0,

which implies

a4 = —(Ca21201 + Ca22202 + C423203) [ Cana
Cagiad
=222 (k=1,2,3). (6.2.48)
C4242

Substitution of (6.2.48) into the first three rows then yields the matrix equation

Mi(gax =0  for i,k=1,2,3, (6.2.49)
where
Mik(‘]) = —Cin2q’ + MQQ + 4pbi
C4242
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fori, k=1, 2, 3.

Applying our earlier determinental condition to this matrix equation yields a cubic
polynomial in ¢* which, for real crystallographic data, is assumed to possess posi-
tive real roots. Taking the three negative roots for g, namely ¢\ for r = 1, 2, 3, we
have three bulk wave modes which must be absorbed at the base of the convolver.
This corresponds with results obtained experimentally and discussed by Morgan

[1974].

Hence it follows that

> iq™
Uy =S B™ae Y | forj=1,23, 4,

r=1 (6.2.50)
C““() ,for k=1, 2,3,

aQy = —
Ca242

P4

where A" depends upon the slow variables and U, is obtained by integration of
the fourth row of the matrix equation (6.2.45). In order to satisfy the amplitude
decay condition it may be shown that the constants of integration are zero.

Returning to the inhomogeneous field equations (6.2.44), the particular solution
must take the form

4 (st™) — 5
Uy =3 Y olmmells™ =5y, (6.2.51)

4
m=1ln=1

(mn)

in view of the form of N;
Upon substitution into equation (6.2.44) we obtain the matrix equation
Mix (s = 5o (™™ =-N™" (6.2.52)

Now M,-,c(s("‘) —5(™) will, in general, be non-singular and may therefore be inverted
to give

o™ = NG (s — )N (6.2.53)

Thus the complete solution to the field equations (6.2.37) is

U; = Zh<'>a('>elq v Z Z (myei(s™ =3y (6.2.54)

m=1n=1
where A must be determined from the boundary conditions (6.2.40). On substi-

tuting the representation (6.2.54) into the boundary conditions (6.2.40) we obtain
the system
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w

4 4 4 4
1> [Cinea 20O = <1 37 S [Gigj00 ™M (s — 3] — 5T 3 ™™ | (6.2.55)

r=1 m=1ln=1 m=1n=1
which admits the solution

4

K = ~-lzz[,mo (s — 5 ~in{™")] (6.2.56)

m=1n=

-1

where =! is the inverse of the non-singular matrix Z;,, defined through

Sy = c:2k2a§¢ )q(r (6.2.57)

The surface potential at frequency 2w may now be expressed as

$2.(0) = (i A + 3 iaﬁ""”) (2t —d) (6.2.58)

r=1 m=1n=1
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6.3 POWER VECTOR

Having defined the surface potential we now wish to express the power of a surface
wave in terms of its surface displacement derived in the previous section. The
linear displacement vector is given by the representation

(1) Z Z A(n) é 7], (ﬂ) ei.[{-s(n)y ei[((:l,' - t) + c.C.. (6.3.].)

K=1n=1

The definition of the power vector for a propagating piezoelectric wave in terms
of the displacement vector is given in a number of standard references, see for
example Auld [1973], as

w2 Pel
P=—; [ // {8“ J,c—q&(l)aD}dydz}, (6.3.2)

—w)2

where R denotes the real part of a complex function.

In the linear approximation, we have the constitutive relations, see (4.4.21) and
(4.4.22),

0',']' = &,-J-Huily,), fOI' Z,] = ]., 2, 3, k,l = ]., 2, 3, 4,

D; = Cojuul for §=1,2,3, k1=1,234 (6:33)
i C4iklYEd J=L51L49, Ki=1,2,9,4%.

Substituting expressions (6.3.3) into the power vector representation (6.3.2), and
using (6.3.1), we obtain

= lm[/ . / S iK) AP eI KE My ~iK (2 ~ 1)
2 w2 K 1 m= 1 ,

x {Z (iL&; + 1L8™e;540) AT (")eiLS(n)yeiL(‘T - t)}
L=1n=1
S 3 AT K™y K (z 1)
Z Z a{™e Ye
K=1m=1
o 4 _ c1r=(n .
X {Z S (=i Legjer ~ 1L5™e4y00)(iL) AP a1 L8y 1L (z = t)} dy dz} ,
L=1n=1
(6.3.4)
for:,7 =1, 2, 3.

Now the product of two summations may be reduced to a double summation, as
in Chapter 3, yielding from the representation (6.3.4)
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w/2 0 [ee} 4 [e5} 4 _ . " —(m
P, = _%%[ / / ) zzz[( )AL AP e (LT = K5 ™)y
L= K)bG Lz, o +i1Ls™e,0)
- 2 i (m) _ 135(n) : _ o . .
— (L)AL AP aimael(Ks™ = L3y (K — L)¢(_ipe, 1L5<">c4jk2)] dydz}.
(6.3.5)

We shall now simplify the previous representation by only considering those terms
deriving from the fundamental frequency of the input wave. This 1s possible since
we shall later restrict our attention to the initial signalling condition in which the
higher harmonics have zero amplitude. With this approach we obtain

w/2 4 (m n (5™ — 5(m) i
B[ [ ] A 7 i

-w/2 m=1n=1

- oy i(s(m) Y, '
_ A(lm)A(ln)aSm)ai )el(s S )yl(_lcq]‘kl —~ iz Cai kz)] dy dz} ’
or
1 w/2 0 4 4 _ ) (m)
P = —§§R /W/:z/ Z Z[Agm)A({')(&f ‘ay ACije — S(m)cijkg)
- “® m=1n=1

—(n)/~ —(n)A i o(m) _ <s(n)
_ af{")ai )(c4jk1 + 3¢ )cqj”))el(s s )y} dy dz} ’

(6.3.6)

and, performing the integrations,

p_1, . i[A(lm)A(ln)( ™l 201 — 5™ei00) — A (Eagar + 5 )%“))}
a3 {z > )

(6.3.7)

In this section we are concerned with the power input to the wave. Thus we may

take A = 4,8, where 7, is the initial amplitude of the wave, yielding the power

vector per unit width P; as

m=1n=1 (S(m) - 3("))

i [735(771)5(71) (aﬁ")ai’")é&;m ™) — M (B + 5O )%k?))]}

(6.3.8)
The power input to the wave is defined to be |P|.
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6.4 FIGURE OF MERIT

The figure of merit, as described earlier in this chapter, is the accepted measure
of the efficiency of a convolver. The measurement is based on what is commonly
called a degenerate convolver, that is a convolver in which both input signals are
the same single frequency and the output is only measured at twice this input

frequency. The figure of merit may then be defined mathematically, Lim et al
[1974], as

R ol ()

(15(1)13(:))”2 (6.4.1)

where PO and P® are the power per unit width input to each of the transducers
respectively, and ¢;7* is the root mean square open circuit voltage of the convolver.

Using the results (6.2.58), (6.3.8) and (6.4.1), we have that

(Z KO al + Zzg(m n))

m=1n=1

M = =
(P2 + (o))"

(6.4.2)

where

[’Yfﬁ(m)ﬁ(") ( () (m)( k1 + 5™250) + ag ™a (n)(C4 i1 + 3¢ )C4,k2))]

~_1C\ 4 4
Pi—g‘f ZZ (5™ — 3()

Before evaluating the figure of merit for a particular material and orientation we
must make a realistic estimate of the surface amplitude in order to define the small
parameter €. From information supplied in a personal communication from Dr H.
Grassl, we can assume that the wavelength used in a convolver is typically of the
order 10~°m, whilst, from power loss measurements, the initial amplitude is of
the order 10~"m and the wavenumber 10°m~!. Using the definition of the slow
parameter given by Kalyanasundaram [1983], the estimate of € now becomes

€= kolul

_ 102 (6.4.3)

where here u represents the actual (dimensional) surface displacement.
Thus, for an actual convolver of length 3 x 107*m, we only require to consider

propagation up to a non-dimensional distance of §; = eaz = 107°. This distance
is so short that the decay of the fundamental and growth of the higher harmonics
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Figure 6.4.1 Figure of Merit for a degenerate convolver using the data of Cho and Yamanouchi [1987]

will be unnoticed. We can therefore, to a good approximation, use the simplest
form of amplitude relation namely v, = 1.

Using the numerical routines written for the analyses of earlier chapters, the Figure
of Merit may now be evaluated for any material substrate in any orientation.
Figures 6.4.1 and 6.4.2 present results obtained using this technique, for the data
given in both Cho and Yamanouchi [1987] and Ganguly and Davis [1980]. Since
the advantages of the method of multiple scales in predicting the growth of higher
harmonic terms has been eliminated through the boundary conditions, the final
analysis of this chapter is identical to that of Ganguly and Davis and thus no
further information may be obtained from this study.

Cho and Yamanouchi present results for this specific case but do not discuss the
apparent inconsistencies between the results they obtained using the data of Gan-
guly and Davis and the results of Ganguly and Davis themselves. The numerical
value of the Figure of Merit for propagation along the Z-axis of Y-cut lithium
niobate attained by Cho and Yamanouchi appears to be approximately half that
of Ganguly and Davis. Since our results appear to duplicate those of Cho and
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Figure 6.4.2 Figure of Merit for a degenerate convolver using the data of Ganguly and Davis {1981]

Yamanouchi, it must be assumed that a numerical error is present in the results
of Ganguly and Davis.

Private communications with Dr H. Grassl have also recently revealed that most
convolver designers treat such devices as essentially linear with a nonlinear “correc-
tion factor” and only nonlinear theories incorporating models of the complicated
transducer configurations and waveguide networks described in the introduction
to this chapter would be likely to influence their choice of design. Such extensions
would be very difficult to include and are not pursued further in this thesis. The
work in this chapter is not therefore of direct use to experimentalists, but sets out
a general approach for calculating the Figure of Merit and, by agreeing with the
results of Cho and Yamanouchi, our results support the accuracy of our numerical
routines.
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7 Co-Directional Waves

The development of filtering devices has progressed concurrently with that of gen-
eral surface acoustic wave devices outlined in the previous chapter. A detailed
literature study of the history of filter design will not be presented here since it
would be predominantly experimental results pertaining to particular operational
and design advances which shall be neglected in our idealised model. The inter-
ested reader is referred to the book of Mathews [1977] which presents a collection

of theoretical and experimental papers. It is useful, however to outline briefly the
function of an acoustic filtering device.

The process of filtering in electronics requires that certain frequencies be removed
from a spectrum of input frequencies. This may be easily achieved by the nonlinear
interaction of acoustic waves propagating in the same direction, in which two waves
of different frequencies interact to produce sum and difference frequencies. Careful
arrangement of frequency ranges and position of excitation can result in certain
frequencies being effectively “cancelled out”, thus achieving the required filtering
effect.

Private communication with Dr Grassl of Siemens Research revealed that one
specific problem of nonlinear acoustic filtering could be of possible interest, namely
that of noise, or distortion, in the external circuit caused by spurious interactions.

Nonlinear harmonic generation causes terms of the frequencies

(£Kf £ Lf,)

to be generated, where f; and f, are two particular input frequencies and K and
L are positive integers.

If K = L =1, then such interactions will most commonly lie outside the output
response range of the filter which will most commonly be less than one octave
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(Jacobi [1986]). Such interaction waves can, however, lead to the elimination of
certain frequencies and it may be required that they be maximised.

If K+ L = 3, the nonlinear interaction can be of the type

2f1_f21

which, if f, is sufficiently close to f;, will be close to both f; and f, in the out-
put spectrum. This may lead to unwanted “noise” in the external circuit to the
convolver and must therefore be minimised.

This effect is known as intermodulation distortion (IMD), with K + L = 2 termed
second-order IMD, and K + L = 3 third-order. At present the order of magnitude
of these IMD effects may be calculated by an ad hoc method derived from power
considerations and resulting in logarithmic scale plots of input against output

power from which “intercept points”, determining the strength of the distortion,
are read.

Kalyanasundaram [1982] studied a very similar problem in nonlinear isotropic
elasticity by the multiple scales technique developed for single propagating surface
waves, Kalyanasundaram [1981]. This paper necessarily possesed the limitations
of Kalyanasundaram’s earlier work, as discussed by Lardner [1983], namely the
omission of a secularity condition with respect to the depth component. The
simplest problem of second-order IMD effect were considered together with second
harmonic generation. This procedure will be adapted for use in this chapter and
extended to include third-order effects.

The simplifications of Chapter 4 will be utilised to present a method of solution
applicable to both anisotropic elastic and piezoelectric substrates. Results will
be presented for the two sample materials, magnesium oxide and lithium niobate,
considered in earlier chapters.
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7.1 THE PROBLEM

Again we consider a piezoelectric substrate which in its natural reference state oc-
cupies the semi-infinite region z, < 0, relative to a reference system of rectangular
Cartesian coordinates z;, 5, 3. As in Chapter 4 we adopt the assumption that
all free-space stress and electric field effects may be realistically neglected because
of the small relative magnitude of the material permittivity.

The field equations governing the deformation of the material can then be written
as

p&i = Ui'j,j y (711)

cf. equations (4.5.1) and (4.5.2).

Assuming that the interface between the solid and free space (z, = 0, —c0 < 7, <
00, —00 < z3 < oo) remains stress free and that the electric displacement vector
is continuous across this interface (neglecting free-space electric field effects as in
Chapter 4), we impose the boundary conditions

oia=00nz,=0, (7.1.3)

and

D2 =0 on Tqg = 0. (714)

Adopting the contracted notation introduced through equations (4.4.17) and (4.4.20)
the field equations and boundary conditions may be written compactly as

)

CijriUiij — POijlly = —2€dijkimnUs 1 Um nj 5 (7.1.5)

with

CiokiUgpy = —Gdizumnuk,zum,n on z; =0, (7-1-6)

where 3,-j denotes the modified Kronecker delta and repeated subscripts are allowed
to range over the values 1 to 4. The small parameter € is introduced through the
replacements u; — €u;, ¢ — €@, 0;; — €o;; and D; — €D; to trace the various
orders of magnitude.
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7.2 SOLUTION
Utilising the small positive scaling parameter, €, we define the slow variables ¢ =
ex, n = ey and 7 = €t, and seek a perturbation solution in the form

ui(z,y,t,€,n, )—u (m y,t,€,m,7T )+eu§~2)(:c,y,t,£,n,7)+... ] (7.2.1)

When equations (7.2.1) are substituted into equations (7.1.5) and (7.1.6) and coef-
ficients of € are compared we obtain the first- and second-order systems of equations

1
c,JHuk ,J p6,J 5 ) =0, (7.2.2)
2 1 a
C;Jkluk lJ P(SU 5 ) = _zduklmnugc I)UEn)nJ Cuklui l)g ;Jklugc jg
- Cizklui,l),, Cx]k2uk Jn + 2p61]u§1t)7 9 (723)

with the corresponding boundary conditions on y =7 = 0 being

&12Ic1u§c11) =0, (7.2.4)

szklugc 1) = —dt?.lclmnulc I)U(l) &121:1U£ 2 - szkzui ,), (7-2.5)

7.2.1 First-Order Solution

It can be deduced from earlier chapters that equation (7.2.2) has the particular
Rayleigh wave solution

(1) Za(n) is® yen,u (7.2.6)

n=1

where

Liu(s™)al” =0, (7.2.7)
with

I:jk(S) = ]2]:23 + (Cor1 + &1x2)s + Citk1 — ijk

and the non-dimensionalisation of Chapter 4 is assumed.
Non-zero solutions to (7.2.7) exist only when
|Lie(s™)| =0, (7.2.8)

In order to study the nonlinear mode coupling of two co-directional surface acoustic
waves by the method of multiple scales we consider a first-order solution which
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includes all the harmonics and all the combination frequencies of the two waves
introduced through the nonlinearities. Thus our linear solution has the form

(1) Z Z [A(n) (e iK™ yelKlb + B (n) llxrs y 1Kry

K>0n=1

4 . Ay
+ Y Y O%2a§n)el(1< + Lr)s! )yel(K + L)y

K,L>0n=1
4 - My
+ 3 S D@ aMellK — Lrls™y K~ el oo (7.29)
K,L>0 n=1
K#Lr

where r = K,/ K, (K, < K,), the ratio of the wavenumbers of the two interacting
waves.

Here, unlike the earlier case of two oppositely propagating waves discussed in
Chapter 6, combination frequencies are included in the linear expansion since any
nonzero multiple of both the wavenumber and decay parameter will satisfy the
dispersion relation and hence all interactions will satisfy the “phase matching”
condition.

The complex amplitudes, Al and BYY (of the harmonic terms) and C$¢) and D)
(of the combination frequency terms) are taken here to be functions of the slow
variables £, n and 7 alone, to allow for slow modulation of the amplitudes with
respect to space and time.

Motivated by the approximations adopted by Kalyanasundaram [1981,1983], at-
tention is restricted to the truncated system involving only A%, BY), K =1, 2,
and CKL, DE?I)‘, K = L =1, thus considering only second-order IMD terms. At
this stage, for notational simplicity it is convenient to define

a=1, @=r, @=2, ¢=2r, ¢g=1l+4r, ¢=1-r, (7.2.10)

and

oM =AM, oM =BM, o) =AM,
oM = B, <"> = quﬂ, of? = DY, (7.2.11)

so that the truncated first-order solution can now be neatly represented by

n n 1 (n) 1
ul = Zza( e, T Ja{Meldrs ylad 4 e (7.2.12)

I=1n=1
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q1 q3 qs - - - —

q2 qs q4 - - - Q1
T
94 - - - - - s
95 - - - - - q3
1s - e - 95 g3 -
3 - Js ! - q2 q2
2 6 - - 92 Q1

3 . q - - - gs s
114 - 172 - - gs —_—
s g2 73! g6 Js - qa
g6 q2 - qs — qa -

Table 7.2.1 Modal interactions. The top row and left column indicate the two interacting

modes

This solution must fulfil the first-order boundary conditions (7.2.4) and therefore
it is necessary to satisfy

Z Minof? =0, ony=n=0, (7.2.13)

where
My, = (élﬂjl + ékzjzs(n)) aﬁ-") . (7.2.14)
In the above and for the remainder of this chapter I takes the values 1, 2,...,6.

= 0. The

latter allows the determination of the Rayleigh wave speed, which must be calcu-

To ensure a non-trivial solution of equation (7.2.13), we require !,M,m

lated iteratively with equation (7.2.8). Denoting a particular solution of equation
(7.2.8) by 8™ we can write

agﬂ) — IB(n)717 on y = 7] = 0’ (7.2.]_5)

where 7; is related to the linear surface amplitude through

6 4
u$D(z,0,€,7) Z}: (&)™ U? 4 .. (7.2.16)

I=1n=1

7.2.2 Second-Order System
The linear solution (7.2.12) can now be substituted into equations (7.2.3) and
(7.2.5) to yield a coupled second-order system satisfied by u( ), Taking the six
linear modes, represented by ¢q;, I =1, 2,..., 6 and categorizing them as Types 1
to 6, a table of possible interaction modes, Table 7.2.1, may be drawn up. Here the

dash denotes an interaction frequency of higher order than those considered here.
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Using Table 7.2.1 the coupled second-order system can be written in the form

c,Jk,uk ,J 6,Ju§2) =
4
2 [F,S"R( )i + Fi? (v)af?) + F <">+z{a<m My)aaf
n=1
FGHM ()aal™ + HE™ (y)al™ o] RUR'
4
+2. [E%"R( Jos? + P2 (y)ad) + FE3(y) a<">+z{a<mﬂ> oD alm
n=1

+GT (y)aMal™ + G (y)al (m)}] LA

3
1
—

.
+ 20 [FRW)as? + FS(n)ad) + FE () a<">+Z{H('" Py)afed

+Hgm,n)(y aén)agm)}:l RRUEL)

4
+Z (Fx(ﬁ)( ) (ﬂ) + F(ﬂ)( )aﬁ",? + F.(;:ls) (ﬂ) + Z {H("‘ ) (n)a(zm)
n=1 L
+G(m’")(y)ag")a(5’")}] et
4
+ Z Fx(snl)( Jos (n) + F(an)( Jas (n) + Fx(s) (n) + Z {H(m ™ (n)a(zm)
n=11

FHEM (y )a(n)a(m)_*_G(_’":")( a(afm]] KU

4T
+ Z Fx(enl)( ) ) + F,(n)( )Clg") + F,(n)( (") + Z {G(m ") a(")a("‘)

LGB0 + G ol e

+ cc., (7.2.17)

with the boundary conditions

A (2) _
CiZkIuk N

4
Z [fx(n) (n) f(n) (n) + Z {ggg,n)a(ln)a(sm) +ggn5,n)c—lgn)agm)

m=1
n h,@;;mag")agm)}] R
4 4
Y [ [P + fPam + 3 {g,@;:vﬂag")agm) + g aMalm
n=1 m=1

+g§é’i’")ag")a§"‘)}] 0¥
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4 .
#3584 P + 3 (MRl 4 g alal}] o
m=1

4 4 .
+Z Lf(") (") + f(")ag? + Z {hg;,")a(zn)a(zm) +g§6";r")agn)agm)}j| elq4’¢1
m=1

n=1
4 4
+Z Lf(n) (n) + f‘(Qn) (n) + Z {hgrlr;,n)a(ln)a(zm) n hE;’g"‘)aE,")ag'")
n=1 m=1
P aPaY) st
4 4
#3[AP02 4 £0l+ 2o {5570l + 4560l
n=1 m=1
+oim el ] elds¥
+ cc., (7.2.18)

on y = n = 0. By comparing with the results in earlier chapters, the values of the
coefficients may be expressed

n . N N n " - n) 1 (n)
FJ(lu);(y) = —(iqr) [(Cjwk'z + Cjzkw)S( )+ (Cjuwrr + Cchw)] ai Jeldrsy ,w=1,2,

(7.2.19),
n . ) iqes™
F{R(y) = —2iqrpbjral e sV (7.2.19),
G (y) = 215 g djitmno [q,a(") (M5 m) ()
— el | eilaxs™ = 3y 1919y,
HT(y) = 2igs9xd;kimno [q,a(") (m) () (m) ()
+(1 = 6sx0)axaaluMuuem) Haxs™ + sy (79 1),
and
J(t:) &]2kwa£) , W= ]-a 2a (7219)5
gj(r.;lKn) - —'Qq.’qu i2kimn @ () (m) (m) (n) (7219)5
hJJK = q.lquJQIcImna() ) (m) (")( —6x), (7.2.19);
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where

Vgn) =1 , V;") = s(") , V:g") = Vg") =0. (7219)3

Second-Order Solution
We now seek a solution to equations (7.2.17) and (7.2.18) in the form

6 .
W =5 Qi(y, €7, T)elq”p + cc.. (7.2.20)
I=1

Substituting the representation (7.2.20) into equations (7.2.17) and (7.2.18) yields
six systems; one for each Q;;, I =1, 2,...,6. Each system is of an essentially
similar structure and thus we only investigate a solution for Q;,, but we present
more general expressions for various coefficients where convenient.

From equations (7.2.17) and (7.2.18), Q;; must satisfy, ,

(191) (C1e1 — p 6_71:)le + (iq1)(Cj2e1 + lekz)le v+ CiokaQriyy =
4
Z[ FO() (n) + FQ(y )™ + FE) o+ Z {G(’" ™ (y)alM o™

n=

—

LG (y)a g")a(s"‘)+H};’;"‘)(y)a(;‘)a§"‘)}] (7.2.21)

together with the boundary conditions,

(1g1) G261 Qr1 + E202Qk1,y =

fJ(") (") fJ(;)a(n) 4 Z {g(m ) = (n) (m) + g(m n) = (n) (m) + h-(i’z"sr")ag")agm)}}

NE

n=1
(7.2.22)
ony=n=0.
We seek a solution for J;; in the form
4
n mn H (m,n)
le — Z ( )(5 n, T) 1918 y + Z{ 5113)(§,n,7)eIQ1Tll3 Y
n=1 m=1
,5;';5")(5 n,7)e i Ty k(fés")(é n,7)e iq R{" yH , (7.2.23)

where, in generality,
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T = (g s™ — ¢s3™) /g,
R(m ) = (qxs( )4 gyt )/q,, n#m, (7.2.24)

Vi =0, n=m.

As in earlier chapters, this form of solution avoids secular terms of the type

yeiKs(")y and the absence of such terms will lead to conditions upon the func-
(n)

tion aj .

Substituting the representation (7.2.23) into equations (7.2.21) and comparing first

. fq. g™ .
the coefficients of e!91%" Y, we obtain

(ig)*Lyu(s™)b = P, (7.2.25)

where

PP = FA0)al7 + F(0)el™ + F{R(0)al™) + HE:P(afMal™ . (7.2.26)

The matrix L £(s™) is singular and symmetric, and therefore the consistency
condition becomes

I'Mal? + APl + 0Mal™ + ARaMal = 0, (7.2.27)
where, in general,

I = o FG)(0),
AP = o F3(0),

n n) (n (7.2.28)
of = ol FR(0),
AR = a{"HGP(0).
We assume that the general solution to
(iq:) Lis(s™)(7 = Py (7.2.29)
can be written as
by = xia + U P (7.2.30)

(q)

where Uk: , defined through (4.7.28), is the inverse of L;;(s(™) restricted to the

subspace orthogonal to al™.
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. . (m,n) . (m,n) .
Next, by comparing the coefficients of 0 TIIK"Y and el FUIKY | we find, intro-

ducing the inverse matrix I:j‘,cl(s(")), that in general

m,n 1 r m,n m,n n m
Wi = A HTT)GER(0)6 ol (7.2.31)
and
m,n 1 m,n m,n n m -

Finally we substitute the representation (7.2.23) into the second-order boundary
conditions (7.2.22) to obtain

4
Z 143 {C 22s™ + & 21:1} bkl + Z Z 14, { ]2]5'7T113 +c 21:1} Wk;nlsn)

n=1 n=1m=1

4 4
+ Z Z 191 { Jzszlgs + CJZkl} Wi + Z Z 1q, { & RUT™ + CJZkl} Vi) =

n=1m=1 n=1 m=1
m#n

4 4
AL [ Mo 4+ fPa™ + 3 {gJ(Y;‘")a(l")a(am) + gmEMal™ + h§';6'")ag">a(6m>}] ’

m=1

(7.2.33)

where all quantities are evaluated on y =7 = 0.

Substituting the expressions (7.2.30) to (7.2.32) into equations (7.2.33), we obtain

4
Z 1‘11M_7nX1 )+ Z { JZk"S ) 4+ & 21:1} Uk'll)PI(n)

3
Il
—

+ anzTus +C_72kl}LkI TI(ITZ;"))G(m n)() gn)agm)

N
NE

n

ol

NE

._.
3
1t
—
|._. ,.5|,_.
=

+ { J2k2T125 + CJ2’°1}LI¢I 1(1722 n))G(m n)( ) gn)agm)

n

4
+2 )

R

| iqy

1 m,n m,n n m
7{ & R + CJZH}LH (R ))H( )(O)O‘g JafW =

1

3
I

MA il

"LII

4
SIS [ Mol + FPalm + Z {gf5 8ol + gimPagal™ + hg,r;s,n)a(zn)agm)}} ’

n=1

(7.2.34)

where we recall that M,, are given by equations (7.2.14).

These matrix equations for x{™ are singular and, denoting by A; a particular
solution of A;M;, = 0, we obtain the consistency condition for the existence of
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a solution by premultiplying equations (7.2.34) by A;. Use may then be made of
equations (7.2.15) and (7.2.27) to substitute for a{™ and a(,"',g and we finally obtain
the equation

Nive + Proyr + Alia¥iys + Alps27s + Mige 1276 = 0 (7.2.35)
where
Z /\ ( {CJZkZS + cjzkl} Ukl F(ﬂ)( ) - ‘fj(;l)
I‘( ) 1 . N A \ o . .
- Al(n) [J {Cjzkzs( )+ cjzu} UL F(0) - Fis )]> g™ (7.2.36)
I I
and

Z A ( {c 21;23 )4 c]?kl} Uch Fl(n)(o)

@( n) . i
T Am Lq {2028 + &2 } UPFR(0) - f}z)D B™ . (7.2.37)
Further, we deduce from equations (4.7.28) and (7.2.19), that

UVFR =

and
N]ZCPI.

Hence (7.2.35) reduces to

1
Yi,e + Z’)’l,r + Aa1Ys + Aras¥oys + Hiseveys = 0, (7.2.38)

where, in generality,

{820 TiTR + o} LENTHR)GED(0) - o700 | A BB

(7.2.39)
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4 4
HIJK = Z Z L“‘ {éiZkZRE?}?) + &jZkl} L;II(R(ITI'?))HI(TI;)(O) - hgr;;)} /\jﬁ(n)ﬁ(m)

qr

1 - n - "r(n n,n n n
+ Z E— {cjzkzs( ) + Cjzkl} US:I)HI(J}{)(O)/\j/B( g

1
LAY F1(n) po(n) (n) (n) g(n) -
—ZA(") E{Cjzkzs +cj2k1}Ukl Fr (0) = fi'| X878 (7.2.40)
n=1 I I

Similar analyses on the remaining five systems produce the coupled system of
partial differential equations

1 - _
Yie Z’)’l,r + A Hivs + ArasToys + a2 = 0,
1 _ _ _
Y2 + Z’)’z,r + Aoosova + DoisTivs + Doar¥enn =0,
1
Y3+ = V3 + H311’71’71 + asevs76 = 0,
I (7.2.41)
Yae + '6"74,r + H422’72’72 + A456’75’76 =0,
1
Vs.e T Z'st + somye + Msa6vavs + Dsea¥s73 =0,
1 _ _ _
Yog + Z’Ys,r + Agn Yoy + Desa¥sys + NessTars =0,

where all the coefficients that appear have been defined by equations (7.2.39) and
(7.2.40).

Equations (7.2.41) are easily seen to be similar in form to equations (4.7.31) of
Chapter 4, and thus admit similar solutions. Again the coeflicients are gener-

ally complex and may only be evaluated numerically through the linear iterative
procedures of Section 3.4.
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7.3 RESULTS AND CONCLUSIONS

This chapter has so far presented the derivation of coupled amplitude equations
for the propagation of two co-directional surface acoustic waves on the surface
of a piezoelectric substrate. As was the case in Chapters 4 and 6, the deriva-
tion of these equations would be identical for both piezoelectric and anisotropic
elastic materials. We may thus present results for the growth and decay of the
harmonic amplitudes based upon the amplitude equations (7.2.41) for the two
different classes of materials by merely adjusting the level of implicit summation.

If, as in earlier chapters, we consider excitation by two monochromatic signals,
we may take vy, I = 1,...,6, to be independent of 7 and thereby reduce equations
(7.2.41) to ordinary differential equations. These may then be solved either numer-
ically by finite difference methods or analytically by considering a series solution

in €.

We adopt the monochromatic signalling conditions of Kalyanasundaram [1981] for
ease of comparison, namely

71(0)=a , 70)=as , v (0)=0,(I=3,...,6). (7.3.1)

Let us first consider the cubically anisotropic elastic materials considered in Chap-
ter 3.

Using finite differences, solutions to equations (7.2.41) for the material MgO sub-
ject to the signalling conditions (7.3.1) are plotted in Figures 7.3.1 to 7.3.12 for
the amplitude ratio s = ;. Results are presented for a selection of angles of prop-
agation on the Y-cut surface of the material. The first is that utilised by Lardner
and Tupholme [1986] for their analytical solution, when the plane y = 0 is taken
to be a plane of material symmetry and the z-axis an axis of symmetry. The three
different frequency ratios, r = 0.1, 0.5 and 0.9, shown by Kalyanasundaram are
again utilised for ease of comparison.

The graphs bear remarkable similarity to those presented by Kalyanasundaram
[1981] as well as those of Chapter 3 for a single elastic wave although the level of

decay appears to be lower.

If we consider the series solutions
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. 1
71:1—w1€1+...
~ 2
'7’2=5—'LU2€1+...

¥s = wzéy + ...
A (7.3.2)
Yo =wsy + ...
5’5:w5€1+...
5’6:'“)651"'--',

to equations (7.2.41), where §;, = af and 4; = 7;/a, we may easily obtain the
representations

&
I

—% (A113H311 + 5* A s Tlsen + 32H126A621)
Wy = —%5 (52A224H422 + Doysllsn + A?,GIAG?,I)

ws = —1lan (7.3.3)
wy = —5" T 4y

ws = —slls12

We = _SAGZI .

This solution, known as the near-field solution, is only valid for small values of ¢,
but may give valuable qualitative information about the initial behaviour of the
harmonics. A plot of the variation of the linear growth coeflicients wy and w, with

angle of propagation away from the axis of symmetry on ¥Y-cut MgO is given in
Figure 7.3.13.

As discussed earlier, the growth of the interaction frequencies is a significant factor
in devices such as SAW filters, since it may introduce noise in the external circuit
(IMD). This effect can be significant at levels as low as -20db. Using the near-field
solution (7.3.2) and (7.3.3), we may assess the development of the interactions to
a critical noise level, chosen to be 10% of the amplitude of the input waves.

Let z,, denote the distance from the source at which the amplitudes +; reach 10%

of the input amplitude a. It simply follows from equations (7.3.3); and (7.3.3),
and Lardner and Tupholme [1986] that

0.1

bJ
TWe,

Tio =

where ¢e,, = 2¢al is the maximum longitudinal strain on the surface, here assumed
to be O(107?), and w represents ws or ws.

Numerical calculations for the material MgO show that the interactions become
significant at distances varying between about 35 and 3500 wavelengths. The upper
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limit of this distance arise because directions of propagation on the crystal may
be chosen for which there is extremely slow growth of the interaction frequencies,
particularly the difference frequency as can be seen from Figure 7.3.13.

An interesting phenomenon may be observed in the amplitude plot Figure 7.3.7, for
the case of propagation 30° away from the axis of symmetry and » = 0.1. The fun-
damental of the smaller amplitude wave initially grows in amplitude. Calculations
of the wave power show that energy is conserved for relatively large propagation
distances and that the amplitude peaks after about 500 wavelengths’ propagation.
This behaviour is present for a small range of angle about the 30° rotation and
it was at first considered to arise through truncation of the series (7.2.9). Later
results will show that third-order study verifies the existence of this phenomenon.

Figures 7.3.14 to 7.3.22 display the amplitude growth and decay for various config-
urations and frequency ratios on the material lithium nibate. These configurations
and frequency ratios correspond to the Figures 7.4.1 to 7.4.12 and it is clear that
similar characteristics are being displayed. It is noted that the growth and decay of
the interaction of piezoelectric waves is far steeper than for the single piezoelectric
wave and that at 40° away from the axis of symmetry (Figures 7.3.17 to 7.3.19)
the results are comparable to those for the purely elastic material magnesium ox-
ide. Figure 7.3.23 gives the variation of the growth and decay coeflicients w; and
ws for a range of angles of propagation on the surface of lithium niobate. This
corresponds to Figure 4.8.16 for the case of a single propagating piezoelectric wave
and it can be seen that the overall form is preserved.

Again performing the estimate of the 10% critical noise level we find that z,, varies
between 80 and 3000 wavelengths.

Note that care must be taken when r = 0.5 since in this case some of the values
of ¢q; become identical, meaning that the frequencies of these individual modes
become equal. In this situation the amplitudes for the constituent modes remain
unaltered but the interpretation of the results requires careful attention since the
amplitude of the wave of a particular frequency, for these special modes, becomes
the sum of the constituent amplitudes.

Key to Figures

| Fundamental amplitude, 7, .
O Fundamental amplitude, 7,.
A Interaction amplitude, ;.

188

A Interaction amplitude, 7.



1.0

0.8 1

o
o
1

Amplitude, ¥

o
~
L

0.2+
_A

0.0 : . — -
0.0 04 0.8 12 1.6 20
Propagation distance, £
Figure 7.3.1 Growth and decay of the amplitudes 47, for I =

1, 2, 5 and 6, with propagation distance ¢; for X-propagation on Y-

cut MgQ, amplitude ratio s = %,frequency ratio r = 0.1

1.0

0.8

o
(@)
t

Amplitude, ¥

N
~
!

0.2

16 20

0.0 T ' T
0.0 04 0.8 12
Propagation distance, £

Figure 7.3.2 Growth and decay of the amplitudes %7, for I =

1,2, 5 and 6, with propagation distance §; for X-propagation on Y-
cut MgO, amplitude ratio s = %, frequency ratio r = 0.5

189



1.07

0.8

o
[@)
i

Amplitude, ¥

o
>
1

0.2
0.0 ————~":”""”F’TJ“’#’ﬂd’iﬂpfgyf—i—”’””ﬂf
12 1.6 20

700 0.4 08

Propagation distance, £

Figure 7.3.3 Growth and decay of the amplitudes ¥y, for I =
1, 2, 5 and 6, with propagation distance {; for X-propagation on Y-

cut MgO, amplitude ratio s = %, frequency ratio r = 0.9

1.0+
0.8 1
< 06-
[
=
= =
g
< 04
0.2
A
sy
0.0 — . ; T ,
0.0 04 0.8 12 16 20
Propagation distance, £
Figure 7.3.4 Growth and decay of the amplitudes 4y, for I =

1, 2, 5 and 6, with propagation distance & for propagation 20° from
the X-axis on Y-cut MgO, amplitude ratio s = %, frequency ratio

r=0.1

190



1.0 T
0.8 1
06
<
z
= £
E
< 0.4
0.2 4
00 T T 1} T 1
0.0 0.4 0.8 1.2 1.6 2.0
Propagation distance, §
Figure 7.3.5 Growth and decay of the amplitudes ¥, for I =
1, 2, 5 and 6, with propagation distance §; for propagation 20° from
the X-axis on Y-cut MgO, amplitude ratio s = %, frequency ratio
r=0.5
1.0 4
0.8
< 06-
L)
©
=
B
E
< 04 -
0.2
A
0.0 - : ; T .
0.0 04 0.8 12 1.6 20
Propagation distance, £
Figure 7.3.6 Growth and decay of the amplitudes 7, for I =

1, 2, 5 and 6, with propagation distance £, for propagation 20° from

the X-axis on Y-cut MgO, amplitude ratio s

r=20.9

= -I.L;, frequency ratio

191



1.0 1

0.8
<06
QL
s}
2 £]
£
< 04 4
0.2
00 ; . - , 4
00 0.4 0.8 1.2 1.6 20
Propagation distance, §
Figure 7.3.7 Growth and decay of the amplitudes 9y, for I =
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. Figure 7.3.8 Growth and decay of the amplitudes 7y, for I =

1, 2, 5 and 6, with propagation distance £, for propagation 30° from
the X-axis on Y-cut MgQO, amplitude ratio s = %, frequency ratio
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Figure 7.3.9 Growth and decay of the amplitudes 4y, for I =
1, 2, 5 and 6, with propagation distance £; for propagation 30° from
the X-axis on Y-cut MgO, amplitude ratio s = %, frequency ratio
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Figure 7.3.10 Growth and decay of the amplitudes 7, for I =
1, 2, 5 and 6, with propagation distance £, for propagation 40° from
the X-axis on Y-cut MgO, amplitude ratio s = %, frequency ratio
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Figure 7.3.12 Growth and decay of the amplitudes 7;, for I =
1,2, 5 and 6, with propagation distance §; for propagation 40° from
the X-axis on Y-cut MgO, amplitude ratio s = %, frequency ratio
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Figure 7.3.14 Growth and decay of the amplitudes 4y, for I =
1, 2, 5 and 6, with propagation distance §; for X-propagation on Y-
cut LiNbO3, amplitude ratio s = 3, frequency ratio r = 0.1
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Figure 7.3.15 Growth and decay of the amplitudes ¥y, for I =

1, 2, 5 and 6, with propagation distance £; for X-propagation on Y-
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Figure 7.3.16 Growth and decay of the amplitudes 9y, for I =
1, 2, 5 and 6, with propagation distance &; for X-propagation on Y-
cut LiINbO3, amplitude ratio s = %, frequency ratio r = 0.9
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Figure 7.3.18 Growth and decay of the amplitudes 9, for I =

1, 2, 5 and 6, with propagation distance £, for propagation 40° from
the X-axis on Y-cut LiNbOj3, amplitude ratio s = %, frequency ratio
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Figure 7.3.19 Growth and decay of the amplitudes %, for I =
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Figure 7.3.20 Growth and decay of the amplitudes 7;, for I =
1, 2, 5 and 6, with propagation distance &, for Z-propagation on X-

cut LiNbO3, amplitude ratio s = %, frequency ratio r = 0.1
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Figure 7.3.22 Growth and decay of the amplitudes 9y, for I =
1, 2, 5 and 6, with propagation distance £; for Z-propagation on X-
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7.4 EXTENSIONS

As outlined in the introduction to this chapter, the most important distortion effect
is third-order IMD. The theory presented so far in this chapter only enables us to
predict second-order IMD, however all coefficients have been defined in a wholly

general manner and it is thus easy to extend the analysis to cover the interaction
of second harmonics.

The linear expansion of equation (7.2.9) was truncated, following the approximation
of Kalyanasundaram [1981], to consider only those terms involving A%, BY),
K=1,2, and ce), DE?%, K = L =1, and the notational simplification

q1 :1 9 QZ:r ) QSZQ ) (I4:27' 9 gs = 1+T ) q(;:l—r, (7.4.1)

was also introduced.

To accurately model third-order IMD it is clear that we must also include those
terms representing the interaction of the second harmonic and fundamental as
well as the second and third harmonics of the input waves. We thus require

consideration of terms involving AR B K = 1,2, 3 and C¢), DE?}, K=L=

1,2. For this purpose we introduce the notational simplification

Q=r,¢=2r,gg=1-2r,¢gu=1-r,¢ =1,
gg=14+r,¢=14+2r, ¢g=2-2r,¢g=2~-r1, qo=2, (7.4.2)
g1 =2+r, q2=2+2r, q3=3, q4s =3r.

We thus derive the table of possible interactions, analogous to Table 7.2.1, pre-
sented in Table 7.4.1.

Using this table the complete second-order field equations may be deduced, how-
ever they are not reproduced in full here for the sake of brevity.

Using the method of solution for a particular frequency prescribed earlier, we may
deduce the coupled amplitude equations for third-order IMD to be

Tie + %’71; + Ar21Y2 + Biaa¥ava + DrasTavs + DiseTs¥s + Ars77677
+A159%sYe + A1910¥sY10 + Arro11Vi0Yn + B Fuinz + Aiz14¥ema =0,
Yo T ‘lc")’z,r + Aoas¥aYs + Das6¥aYs + Das 577 + Das107sY10 + Das 1Yo
+Az1019%07M2 + D211a¥1 Vs + Loy =0,
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1 q2 q3 q4 ds ds q7 qs 99 q10 a1 q12 q13
% 92 q14 94 qs ds q7 - 99 Q10 911 q12 - -
q2 d14 - ds gs q7 - - q10 q11 q12 - - -
q3 q4 ds - - qs q9 d10 - - - - q13 -
q4 qs ds - UES q9 q10 q11 - - - q13 - -
gs d6 q7 g3 qs qi0 911 q12 - - 913 - - -
d6 q7 - q9 q10 q11 q12 - - 913 - - - -
q7 - - q10 q11 q12 - - q13 - - - - -
q3 q9 q10 - - - - 913 - - - - - -
d9 10 q11 - - - 913 - - - - - - -
q10 q11 q12 - - 413 - - - - - - - -
q11 q12 - - 913 - - = - - - - - -
q12 - - q13 - - - - - - - e - -
q13 - - - - - - - - - e - - -
q14 - - ds q7 - - - q11 q12 - - - -
P - q1 - q3 qa gs s - qs3 99 qi0 In -
q2 a1 - - - 93 94 g5 - - 98 gs 10—
73 - - - q1 q2 qua - qs gs q7 - - q12
q4 g3 - qQ - q1 2 Q1a 44 qs gs q7 - q11
H qa q3 72 qQ - q q2 q3 q4 H g q7 q10
gs gs 44 qia @ q - q - 3 q4 qs s qs
q7 gs qs - qia Q2 @ - = - q3 q4 g5 qs
qs — - s qa a3 - - - Q q2 qia - q7
gy g3 s qs 4 3 - qQ1 — q1 q2 q1a gs
qio  gs gz q7 ds gs J4 73 92 Q1 - qQ q2 qs
Jiin qio g9 - q7 s s 44 q1a Q2 41 - q1 q4
qi12 Q1 qwo -~ - q7 s s - 14 Q2 q1 - 93
Q13— - Q12 qn qio g9 s q7 s gs qa % -
q14 q2 q1 - - - q3 q4 - - - qs ) -
Table 7.4.1 Modal interactions. The top row and left column represent the two interacting
modes

V3¢ + %’73; + As1aM17a + DaasTavs + Dass¥s Ve + Daso¥sYe + Daz1077710
+A461076710 +D31215712713 + Ds1a6T1aYs =0,
Vs, + 1;’74; + Ag1sTYs + Baze¥aVs + Daas¥a¥s + Daso¥s Yo + Dsrn¥r
+841113Mm7Ms + Bararhayr + Laramys =0,
Yse + '1c‘7s,r + As16M1Ys + Ds27¥277 + Dsas¥a¥e + AsasTars + Ass10¥s710
+Ass 117671 + Bs7127r712 + Dsi013M07s + s 147174 + sz = 0,
Yo, + %76,7' + As17N177 + Dsao¥aYe + Des10¥a%10 + Aesu¥s T + Dss 12V 712
+A6913%9713 + te15mYs + o24727s + esravaria = 0,
Yre + %’77; + Azz1073710 + Aran T + Brs2¥smz + Brsa¥evis + rienve
+z25727s + 74147474 = 0,
Yo + _1—78,7' + As19M1Ye + Ds210%2710 + Bs7z13¥7 713 + DsranViavu + Hsasvs7s
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+13447474 =0,
1 _ _ _ _
Yo.e Z’)’s,r + Ag11071710 + A2 11¥2111 + Ags13¥6713 + Aora12714%12 + loze6737s

+1loss5vays + lo1sm7: =0,
1 _ _ _
Yi0,e T 2’710,7 + A10111’71’711 + A10212’)’2’)’12 + Aios 1375V + H10197179 + 110287278

Ho377377 + lioasVa¥s + liossysys =0,
1 ~ -
Yi1,e + ‘C")’u,r + ATz + ArrasVavis e myie + Ihizev2ye + Iipazvaye

+Hi156757s + Hirs14a75714 =0,
1 _
Y12.¢ + 2’712,7 + A1'.7313"/3’)’13 + H12111’71’)’11 + H12210’72’710 + H1257’75’)’7 + Hnes"/a%

+1l1201476714 =0
1
13,6 T 2’713,7 + Miss12%3712 + izarivayis + iss 1075710 + s o¥s¥e + Ilia7a7:73 = 0

1 _ _ _ _
Yia,¢ t+ 2’714,7 + Asae¥ave + Araar¥ayr + Aras VsV + Arso 1250712 + Hia12m172. = 0.

(7.4.3)

The finite difference method solutions to equations (7.4.3) for the signalling con-
ditions (7.3.1) and s = 1/2 are given in Figures 7.4.1 to 7.4.9 for the cubically
anisotropic elastic material MgO. It is seen that the growth of the third-order in-
teraction terms is far slower than that of second-order terms, as may have been
predicted. Figures 7.4.10 to 7.4.12 present the growth and decay of the second-
order IMD amplitudes for comparison with the results of Section 7.3. These results
are a partial verification of our procedure and numerical routines.

The particular case of propagation 30° away from the axis of symmetry for the
frequency ratio 7 = 0.1 has again been considered and the fundamental of the
smaller amplitude wave found to grow in amplitude whilst conserving energy. This
phenomenon could possibly prove useful in amplification applications.

Figures 7.4.13 to 7.4.18 give the corresponding results for the piezoelectric sub-
strate lithium niobate whilst Figures 7.4.19 to 7.4.21 present the second-order IMD
amplitudes for comparison with Section 7.3. The third-order graphs again exhibit

similar features to those of second-order IMD and single propagating piezoelectric
waves.

No small £ solution is attempted for the system (7.4.3), however the value of z,,
for third-order IMD effects may be estimated from the Figures 7.4.1 to 7.4.9 and
7.4.13 to 7.4.18. It is found to vary between 120 and well over 5000 wavelengths
for magnesium oxide, and betweeen 80 and over 8000 wavelengths for lithium

niobate. As can be seen from the figures presented in this section, many surfaces
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exist for which one interaction frequency remains negligible. However, this appears
to correspond to cases in which the other interaction frequency grows at a faster
rate and hence some compromise must be made.

Key to Figures

u Fundamental amplitude, 4;.
O Fundamental amplitude, 4,.
A Interaction amplitude, 5.
A Interaction amplitude, .

Except Figures 7.4.10 to 7.4.12 and 7.4.19 to 7.4.21, where the convention of
Section 7.3 is used.
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Figure 7.4.1 Growth and decay of the amplitudes 4; with propa-
gation distance §; for X-propagation on Y-cut MgO, amplitude ratio
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s= %, frequency ratio r = 0.5
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Figure 7.4.3 Growth and decay of the amplitudes 45 with propa-
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Figure 7.4.4 Growth and decay of the amplitudes 4; with propaga-
tion distance &; for propagation 20° from the X-axis on Y-cut MgO,

amplitude ratio s = %, frequency ratio r = 0.1
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Figure 7.4.6 Growth and decay of the amplitudes ¥; with propaga-
tion distance &; for propagation 20° from the X-axis on Y-cut MgO,

amplitude ratio s = £, frequency ratio r = 0.9
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amplitude ratio s = %, frequency ratio r = 0.1
1.0
0.8 1
0.6 -
—£]
0.4 -
0.2 -
OO T T 1 ! 4
0.0 04 0.8 12 1.6 20

Propagation distance, £

Figure 7.4.8 Growth and decay of the amplitudes 4; with propaga-
tion distance £; for propagation 30° from the X-axis on Y-cut MgO,

amplitude ratio s = %, frequency ratio r = 0.5
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Figure 7.4.9 Growth and decay of the amplitudes ¥, with propaga-
tion distance £ for propagation 30° from the X-axis on Y-cut MgO,
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Figure 7.4.10 Growth and decay of the amplitudes ¥; with propa-
gation distance £; for X-propagation on Y -cut MgO displaying second-
order IMD, amplitude ratio s = %, frequency ratio r = 0.1
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Figure 7.4.11 Growth and decay of the amplitudes ¥; with propa-
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Figure 7.4.12 Growth and decay of the amplitudes 4; with propa-
gation distance &; for X-propagation on Y-cut MgO displaying second-

order IMD, amplitude ratio s = %, frequency ratio r = 0.9
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Figure 7.4.13 Growth and decay of the amplitudes 4; with prop-
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Figure 7.4.14 Growth and decay of the amplitudes 4; with prop-
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ratio s = %, frequency ratio r = 0.5
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Figure 7.4.16 Growth and decay of the amplitudes 4; with prop-
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LiNbOj, amplitude ratio s = %, frequency ratio r = 0.1
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Figure 7.4.18 Growth and decay of the amplitudes 4; with prop-
agation distance £; for propagation 40° from the X-axis on Y-cut
LiNbOj, amplitude ratio s = %, frequency ratio r = 0.9
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Figure 7.4.19 Growth and decay of the amplitudes 47 with prop-
agation distance £; for X-propagation on Y-cut LiNbOj displaying
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Figure 7.4.20 Growth and decay of the amplitudes 4; with prop-
agation distance & for X-propagation on Y-cut LiNbOj displaying
second-order IMD, amplitude ratio s = -;-, frequency ratio r = 0.5
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8 Concluding Discussion

The aim of this thesis has been to mathematically model the nonlinear propaga-
tion and interaction of surface acoustic waves on a variety of substrates and thus
to predict the behaviour of two particular acoustic wave devices. This task has
been achieved by separating the problem into its two constitutive parts: the prop-
agation of surface acoustic waves on anisotropic and piezoelectric media and the
interaction of surface acoustic waves under specific boundary conditions. In the
present chapter the advances made will be highlighted and shortcomings discussed.

Unresolved problems will also be presented and possible extensions of the present
work noted.

The material presented in Chapter 3 has received considerable attention in recent
years, Lardner [1986], Lardner and Tupholme [1986], Parker [1988]. The shortcom-
ings of the multiple scales technique have been discussed in detail by Parker and
Talbot [1985] and Parker [1988] and resolve around the necessity of considering the
secularity of the second-order system. It is noted here that small perturbations
about the linear solution can lead to bounded solutions to the nonlinear equa-
tions of motion as presented by Parker [1988], and that a generalised harmonic
function formulation for the material displacement allows consideration of waves
that propagate at speeds other than the Rayleigh wave speed and that are non-
distorting. For the purposes of this thesis, however, and bearing in mind the goal
of modelling an idealised acoustic device, it was felt that the method of multiple
scales was able to provide a straightforward derivation of the bounded evolution

equations, closely comparable to a perturbation expansion, and thus lead to results
accessible to designers of devices.

The results presented for the material magnesium oxide give a general representa-
tion of the behaviour of the growth and decay parameters governing the evolution
of surface waves with changing material symmetry. As noted in earlier chapters,
the form of this behaviour could not have been predicted through symmetry consid-

erations alone and it would be constructive to introduce some parameter denoting
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the level of material symmetry of any particular crystallographic orientation. It
is felt that comparison of the growth and decay parameters, introduced through
the series expansion in the slow distance parameter, £, would lead to a greater in-

sight into the mechanisms involved and how to tailor them to the device designer’s
advantage.

The problems encountered obtaining reliable estimates for the numerical values
of the third-order elastic and electric constants for materials of classes other than
the simple case of cubically anisotropic elasticity must be considered as the most
serious problem faced in the application of the theory presented in this thesis to
any “real” application. In many cases it has not proved possible even to predict the
sign of particular constants by the stress-loading techniques commonly applied.
The results of statistical errors in the constants is briefly discussed in Chapter 4
and implies that surface acoustic wave propagation could be efficiently employed
in the evaluation of certain constants.

It is hoped that the analysis of Chapter 7 will prove to be a reliable estimate of
the level of distortion in particular filter designs and an improvement upon the
intercept point convention currently employed. A systematic study of the growth

and decay parameters is now possible for any particular cut of crystal and could
efficiently be utilised by designers.

There are many problems raised in this thesis that cannot satisfactorily be an-
swered in the space and time allocated for a doctoral thesis. Some of particular

interest are here noted in the hope that they may be considered by future re-
searchers.

In Section 3.4 the particular case of cubic symmetry was discussed and linear so-
lutions presented for rotations within a plane of symmetry. Analytical solutions
were sought but not found for rotation to a general angle 6, although such so-
lutions are obtainable through consideration of the slowness surface, Chadwick
and Smith [1982]. It is felt that decompositions are available for other classes of
restricted symmetry and that consideration of such cases may lead to more gen-

eral observations regarding the behaviour of surface waves with varying levels of
symmetry.

A justification of the simplification (4.1.19) has been presented in Chapter 5 based
upon a transformation of the free space coordinate system. Results show that the
errors introduced through this assumption are negligible in comparison to the high
level of statistical error present in the numerical data employed. It is possible that
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such rigorous techniques may be employed in the study of the effects of transducer
placement on the free surface.

The notational simplifications of Chapter 4, noted also by Parker and David
[1989]., lead one to suppose that any piezoelectric half-space problem may now be
reduced to its anisotropic elastic equivalent and solved through techniques devel-
oped for the study of elasticity. Problems posed could include shock development,
crack propagation, diffraction and non-destructive testing.
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