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This thesis presents some new identities between Ramanujan’s arithmetical function 7(n) and the
divisor functions o;(n) = Zdln d*. Known congruence properties of 7(n) are used to derive an
upper bound M for which it can be shown that 7(n) # 0 for all n < M.

Jacobi’s Triple Product Identity and the Quintuple Product Identity along with the Chebyshev
Polynomials are used to derive many summation theorems in real a and 8, where afg = £1. It is
shown how these can be applied to sums of reciprocals of Fibonacci and Lucas numbers, to produce
many new and interesting identities. In fact these results are applicable to any sequence of numbers
defined by a second order linear recurrence relation of the form U,,, = AU, + U,_. It is shown
how the well known modular transformations of the standard theta functions #., #3 and 6, can be
used to produce similar results.

Many new and beautiful results of the previous character are arrived at using an elementary
idea, without the help of the more advanced theory of elliptic functions used in the derivation of
earlier results. Again, these theorems are applicable to any sequence defined by the above second
order linear recurrence relation.

Some new polynomial indentities involving Fibonacci and Lucas numbers are derived using
Chebyshev-like polynomials. These include a generalisation of the well-known identity Fj, =
F.{5F,” +3(-1)"}.

Finally some previous results are applied to the theory of highly restricted partitions, identities
involving sums of binomial coefficients and representations of the unrestricted partition function.

ili



Contents

Abstract

Contents

Acknowledgments
Preface
Reading Guide

Introduction

Chapter 1

- Modular Forms and Ramanujan’s tau Function.

§1.1 Introduction

§1.2 Some Background

§1.3 A Conjecture of D. H. Lehmer’s

§1.4 Some New Identities for Ramanujan’s 7(n) Function
§1.5 Some More Entries for Ramanujan’s Table i

§1.6 Closing Remarks

Chapter 2

- A Transformation using Chebyshev Polynomials.

82.1 Introduction

8§22 Some Background
§2.2.1 The Chebyshev Polynomials
§2.2.2 Jacobi’s Triple Product Identity
§2.2.3 The Quintuple Product Identity
§2.2.4 The Theta Functions

§2.3 The Chebyshev Polynomial Tranformations
§2.3.1 Introduction
§2.3.2 The Transformation of Jacobi’s Triple Product Identity
§2.3.3 The Transformation of the Quintuple Product Identity
§2.3.4 Closing Remarks

iv

iii

iv

W N e

24

24

25
25
26
29
30

32
32
32
36
42



8§24 Some Summation Identities and Applications
§2.4.1 Introduction
§2.4.2 Some Preliminary Results
§2.4.3 Some Summation Identities in Real o and 3, where af = +1
§2.4.4 Some Applications
§2.4.5 Further Theorems in Real o and 3, where a8 = +1, Plus Applications

825 A Modification of the Transformation
§2.6 Closing Rem arks

Chapter 3

— Further Consequences of the Chebyshev Polynomial Transformation

and Related Ideas.

§3.1 Introduction

83.2 Flementary Identities between Sums of Reciprocals of
Fibonacci and Lucas Numbers
§3.2.1 Introduction
§3.2.2 The Main Theorems
§3.2.3 Closing Remarks

83.3 Some Theorems in the Theory of Restricted Partitions
§3.3.1 Introduction
§3.3.2 The Main Theorems
§3.3.3 Closing Remarks

83.4 Polynom ial Identities for the Fibonacci and Lucas Numbers
§3.4.1 Introduction
§3.4.2 The Main Theorems
§3.4.3 Closing Remarks

§3.56 Some Com binatorial Identities
§3.5.1 Introduction
§3.5.2 The Main Theorems
§3.5.3 Closing Remarks

43
43
44
47
52
54

57
60

64



Chapter 4

- Some Representations of the Unrestricted Partition Function. 97
84.1 Introduction 97
§4.2 The Main Theorems 98
§4.3 Closing Remarks 101
References 102
Notation Guide 104

vi



Acknowledgments

I thank the mathematical department of the University of Southampton for the opportunity to
research and prepare this thesis. In particular Dr. David Singerman and Prof. Ron King for their
time and support. I also thank my various correspondents for their enthusiasm and encouraging
remarks. In particular Prof. George Andrews (Pennsylvania State University) for his time spent
reading this thesis, and for providing some valuable comments and references.

Finally, I thank my wife, Penelope, for her unwavering support and also for her time spent proof-
checking this manuscript.



Preface

This thesis is an investigation into some strongly interrelated areas of mathematics. Chapter 1
has been inspired by Ramanujan’s remarkable paper [25] ”On Certain Arithmetical Func-
tions”. Chapters 2 and 3 are based on the idea of using Chebyshev and Chebyshev-like polyno-
mials to transform various identities. Since some of these identities involve modular forms, it is
not surprising that in chapter 2 we find a number of its results relating back to those of chapter 1.
Chapter 4 contains relevant material which has surfaced throughout the course of investigations
into this thesis.

The new results are fairly evenly distributed throughout this thesis, with perhaps the exception

of chapter 1. Here the nature of the subject dictates that a reasonable amount of introductory
material is necessary.



Reading Guide

An effort has been made to create an interesting and readable thesis. Therefore it is hoped
that the reader will find a reasonable balance has been achieved between too much unnecessary
clutter, which would result from unconditionally including the proofs of all the theorems, and the
unreadability which results from insufficient explanation. Therefore when several results are very
similar, such as lemmas 3.4.1-3.4.6, only the proof of one may be given, the proofs of the remainder
being clarified by the given example.

The introductory and concluding sections always refer to the next higher level section. For
example §3.1 Introduction introduces chapter 3 and §2.3.4 Closing Remarks comments on
§2.3 The Chebychev Polynomial Transformations.

In chapters 1 and 4 equation numbers, theorem numbers, etc ... are all of the form 1.n and
4.n respectively. In chapters 2 and 3 they are of the form 2.m.n and 3.m.n, where m is the

subsection and n is the number within that subsection. For example section 2.2 contains equations
2.2.1-2.2.22.



Introduction

This thesis investigates some intimately interwoven areas of mathematics. Chapter 1 presents
some identities between Ramanujan’s arithmetical function 7(n) [25] and the divisor functions
or(n) = Zd|n d¥. Some of these identities have appeared in the literature before, in various forms,
others are new. By explaining why they should exist, these identities are placed in their modern
setting. Chapter 1 also highlights the fact that these identities lead to some well known congruence
properties for 7(n). These, plus other congruence properties of 7(n), are important because they
can be used to derive an upper bound A for which it can be shown that 7(n) # 0 forall n < M
[18,19]. In fact the most famous unsolved problem concerning 7(n) is a suggestion of D.H. Lemher’s,
who conjectured that 7(n) # 0 for all n. Using congruence properties of 7(n), readily available
in the literature, it is shown how to establish such a bound Af slightly larger than any previously
published figure.

For general interest, and because of an enthusiasm for numbers, table i of [25] has been strength-
ened by the addition of the next 16 entries. It is also pointed out how Ramanujan’s results, de-
veloped in [25], relate to the results of chapter 2. In fact the tables given in chapter 1 can be
used to extend some of the results in chapter 2. Chapter 2 presents a transformation of Jacobi’s
triple product identity (JTP) and B. Gordon’s quintuple product identity. This transformation
uses essentially what are Chebyshev polynomials. Some new and some well known theta function
identities are corollaries of this transformation. The transformation is also used to derive many
summation theorems in real a and 3, where a8 = +1. Irom these theorems chapter 2 goes on
to show how they can be used to derive many identities between sums of reciprocals of Fibonacci
and Lucas numbers. Also, the well known modular transformations of the standard theta functions
0>, 05 and 8,4, are used to further enhance these results. Finally, in chapter 2 the transformation is
modified to produce summation theorems of a slightly different type.

Chapter 3 presents a much more elementary approach to some of the previously derived theo-
rems. It shows how this new approach enables us to derive some remarkable, given the elementary
nature of the proofs, generalisations of previous theorems between sums of reciprocals of Fibonacci
and Lucas numbers. This new approach naturally produces some new results of its own.

The transformation of the JTP leads directly to some results in the theory of highly restricted
partitions. These results are extended by the application of an idea of L.J. Rogers [31]. Using
essentially what is the same transformation idea, it is shown how to produce some new polynomial
identities between the Fibonacci and the Lucas numbers [16]. These polynomial identities have as
corollaries some familiar properties of the Fibonacci and Lucas numbers.

The Chebyshev polynomial transformation also yields some combinatorial results involving
sums of binomial coefficients. Some more elementary combinatorial identities are derived in §3.5
using the lemmas of §3.4, plus one additional lemma.

Finally, chapter 4 presents some representations of the unrestricted partition function p(n),
where 3% p(n)g* = [122, (1 —¢*)™"  for |q] < 1, which have surfaced throughout the course
of the investigations into this thesis.



Chapter 1

Modular forms and Ramanujan’s tau function.

§1.1 Introduction

Ramanujan’s arithmetical function 7(n) is defined by the equation

[e e} (o0}
Z T(n)a™ =2 H (1 —amy™ for |a| < 1. (1.1)
n=1 n=1

Ramanujan was the first person to investigate the divisibility properties of 7(n) in his remark-
able 1916 paper ”On Certain Arithmetical Functions” [25]. He also made some important
conjectures on the order of magnitude of 7(n). The function

o0
Az) = Z T(n)z" where @ = €™ for I'm(z) > 0 (1.2)
n=1
was one of the earliest known modular forms. So before saying any more, here is the definition of
an entire modular form of weight k, where k& denotes an integer (positive, negative or zero).

Definition: A function f(z) is said to be an entire modular form of weight k& if it satisfies the
following conditions:

(i) f(z) is analytic in the upper half plane I = {z | I'm(z) > 0}.
(il) f(Az) = (cz + d)* f(z) for A = (Z 2) € T, the modular group (described below).

(iii) f(z) has a Fourier expansion of the form f(z) =3 %"

e C( n)e?winz .

The inhomogeneous modular group PSL(2,Z), often denoted by I', is the set of M&bius trans-
formations

az + b
cz+d

PSL(2,Z) is a discrete subgroup of PSL(2, ). That is to say it is a Fuchsian group [17].

T : 2z wherea, b,cand de€ Z and ad—bc=1.



For our discussions we also need the definition of a cusp form.

Definition: A function f(z) is said to be a cusp form of weight & if it satisfies the conditions for
an entire modular form of weight k and ¢(0) = 0, where f(z) =3 o0, c(n)e?™in?,

n=0

The function A(z) is a cusp form of weight 12. To show this one only needs to prove the
following two equations.

(i) A(z+ 1) = A(2).
(ii) A(=1/z) = 212 A(2).

This is because z — 241 corresponds to the transformation ( (1) i) and z — —1/z corresponds to

1
-1 ©
and so modularity follows. The proof of (i) is trivial, since z — z + 1 leaves 2 = ¢*"** fixed. For a
proof of (ii) see [2].

the transformation ( ) . Together these two transformations generate the modular group T,



§1.2 Some Background

Before we proceed with the main results the following background information is certainly
worth mentioning in any discussion of Ramanujan’s 7(n) function. The main conjectures concerning
7(n) in Ramanujan’s 1916 paper [25] were as follows:

(i) 7(mn) = 7(m)r(n) whenever (m,n) = 1. ie. 7(n) is a multiplicative function. Here (m,n)
stands for the greatest common divisor of m and n.

(ii) The Dirichlet series

i 7(n) _ H 1
ns ; 1— T(p)p—-s + p11—23 '

n=1

The product is taken over all primes. It is known as an Euler product expansion. This
conjecture is equivalent to

(p)r(p") = (Pt + pr(p ) for prime p and integer r > 1.

(iii) | 7(n) |> n'Y/? for an infinity of n. ie. limsup,_ | 7(n)n=11/2 |> 0.
(iv) | 7(p) |< 2p'/? for all primes p.
(v) | 7(n) |< d(n)n'/? for all n. Here d(n) is the number of divisors of n.

The first two conjectures were proved by Louis J. Mordell in 1917 [21]. His paper marked the
beginnings of the theory of Hecke operators. Conjecture (iii) was proved by G. H. Hardy in 1917,
but was not published until 1927 [11]. The last two conjectures on the order of magnitude of 7(n)
remained open until as recently as 1974, when they were finally proved by Paul Deligne {6]. In
1937 E. Hecke published the full exposition of his work on Euler products and associated modular
forms [14]. He determined all entire modular forms of weight k& whose Fourier coefficients satisfy
the following multiplicative property.

c(m)e(n) = Z (lk‘lc(%;—l) (1.3)

dl{(m,n)

The sum in (1.3) is taken over all the divisors of the greatest common divisor of m and n. Ra-
manujan’s 7(n) function satisfies such a relation. In fact the modular discriminant A(z) is a cusp
form of weight 12, so 7(n) has the following multiplicative property.

T(m)r(n) = Z dnr(%l:—l—) (1.4)

di{m n)

Notice that when (m, n) = 1 equation (1.4) reduces to 7(m)7r(n) = 7(mn). The set of entire modular
forms of weight £ forms a linear space M over the complex numbers. In his characterisation of
the modular forms whose Fourier coefficients satisfy equation (1.3) he defined on Af; the map T,,,
now known as the Hecke operator.



d-1 - »
@) = T+ S (Zl_;;ﬂ) where f € M, (1.5)

din Jj=0

Hecke showed that T,, : M) — M. A non-zero function f satisfying a relation of the form

Tof = c(n)f,

for some complex scalar ¢(n), is called an eigenfunction of T,,. If f is an eigenfunction for every
Hecke operator T,,, n > 1, then f is called a simultaneous cigenfunction. It is said to be normalised
if e(1) = 1.

What Hecke showed was that if f € My, o, the linear space of cusp forms of weight 2k (Mo o isa
subspace of M5, of dimension one less than My, ), then f is a normalised simultaneous eigenfunction
if and only if its Fourier coefficients satisfy equation (1.3). Hecke also wanted to show that My o
has a basis which consists entirely of normalised simultancous eigenfunctions. However, it was Hans
Petersson [23] who first proved this in 1939.



§1.3 A conjecture of D. H. Lehmer’s

The most outstanding unsolved problem concerning 7(n) is a suggestion of D. H. Lehmer’s
who conjectured that 7(n) # 0 for all n. Using congruence properties of 7(n) this conjecture was
verified by D. H. Lehmer for all n < 113 740 236 287 998 [18]. The previous number is the largest
M published in the literature for which it has been proved that 7(n) # 0 for all n < M. However,
using some readily available results, we note that it is a trivial matter to slightly improve upon this
bound.

It can be shown fairly easily [18] that if n is the smallest integer for which r(n) = 0, then
n is a prime number. From [33] we know that 7(n) satisfies the following congruences, where

or(n) = 2d|n d*.

7(n) = 011 (n) mod 2'! n = 1mod8
7(n) = 12170, (n) mod 2"* n =3 mod 8
7(n) = 153701 (n) mod 2" n=5mod8
7(n) = 7050, (n) mod 2** n =7mod8

So if py is the smallest integer for which 7(py) = 0 we know that py is prime, and from the above
congruences, since o1 (py) = pit + 1, we have

po't = —1 mod 2.
But this implies py = 7 mod 8, and so by the last of the above congruences we know that
po!' = —1 mod 2.

Now by using the Euclidean algorithm it is fairly easy to prove the following result.

Theorem: If p™ = —1 mod ¢*, for positive integers m and n, where ¢ is a prime number and
(p,q) = 1, then we have p? = (=1)* mod ¢*, where d = (m,q—1).

Since we must have po'! = —1 mod 2!, if 7(py) = 0 and 7(n) # 0 for all n < py, then by the
above theorem we have
po = —1 mod 2.

Similarly we can use the following congruences for r(n) to show that we must have

po = —1mod 37
po = —1 mod 53
po = —1 mod 691

plus some other congruence properties modulo 7 and 23.




n1%7(n) = 0143:(n) mod 3° n=1mod3
n°1%7(n) = 0143 (n) mod 37 n=2mod3

n**7(n) = o7, (n) mod 5°

T(n) = nog(n) mod 7 (2) =1

7(n) = noy(n) mod 7° (2) =-1
where (2) is the Legendre symbol.

7(n) = 0 mod 23 () =-1

7(n) = o11(n) mod 691

Using the above congruences we have

po = —1 mod 2'4375%691.
Since 113 740 236 288 000 = 0 mod 2'? and is Z 0 mod 2'3, we can slightly improve the previous
bound of D. H. Lehmer’s. Combining the information contained in the above congruences we can
conclude that the first possible value of py is the first prime > 113740236288000 of the form ny—1,

where y = 213753691. Hence we must have n > 37. Since

y=3modT7
and

y = —1mod 23
the above congruences for 7(n) modulo 7 and 23 show that n must be one of the forms
{*m+k|k=0,300r48 m=0,1,2...}
AND one of the forms

{23m+k | k=0,1,2,3,5 7,8, 11,12,150r 17 m=0,1,2...}.

10



Thus the first possibility for n is 48. But y = 3 mod 11, so 48y — 1 = 0 mod 11. Hence this py is
divisible by 11. The next possibilities are n = 49, 97, 146 ... until we encounter the first ny — 1
which is prime. This turns out to be n = 392 and hence we have

Theorem: 7(n) # 0 for all n < 1213229 187071 998.

D. H. Lehmer’s conjecture is related to the vanishing of the Poincaré series G1,(z, m) [28],
where G (2, m) is defined by

1 C ors
Gk(z, m) = 3 Z (cz + d)—k 621”771’1‘(3)’
T

where m is any positive integer, 2 € I (the upper half-plane) and T'(z) = gﬁ%. The summation is
extended over all matrices T' = (Z Z) with different second rows in the homogeneous modular
group {T" | a, b, c,d € Z, ad — be = 1}. In fact

Gia(z,m) = ciam* 7(m)A(2)

where A(z) is the modular discriminant and ¢;» is a constant such that

47®
21.691(8)p(11)

Ci2 =

where

o)=3 T por Res) > 13/2

TLS

Hence the Poincaré series vanishes identically if and only if 7(m) vanishes. The problem of
the non-vanishing of 7(n) is a difficult one. A Russian mathematician, N. V. Kuznetsov, claimed
in the early eighties that he had proved D. H. Lehmer’s conjecture. He set out to furnish a proof
in two papers, the first of which is readable, but the second of which has never been published.
Mathematicians who have seen the manuscript of the second paper have been unable to follow his
very complicated arguments. So the current status of the conjecture is that it is still open.

11




§1.4 Some new identities for Ramanujan’s r(») function

Why they exist: If My o is the linear space of cusp forms of weight 2k, where 2k > 12, then the
dimension of My o [2] is given by

dim May, o = [%] —1 for 2k =2 mod 12
. 2k
dim My = [ﬁ] for 2k £ 2 mod 12. (1.6)

Now since the modular discriminant A(z) € My, o, and by equations (1.6) dim My, = 1. We
have that every cusp form of weight 12 is a constant multiple of A(z). In fact A(z) is a normalised
eigenfunction for each 7,, (defined by equation 1.5) with corresponding eigenvalue 7(n).

The Eisenstein series F,; defined by

1

m for I’I?I(Z) > 0, (17)

1
Pl = 5y 2

(m,n)#(0,0)

where the summation extends over all integral m and n not both equal to 0, are entire modular
forms of weight 2k (for & > 2) for the full modular group [2]. Here ((z) is the Riemann zeta
function, given by

C(_z)::[]:(l—p‘s)-1 for Re(s) > 1.
»
The product being taken over all primes.
Since

((2k) = (-1

where B, are the Bernoulli numbers, defined by

o0
z B
=y = for |z| < 2w,
et — 1 n!
n=0

and we can show by differentiation of the partial fraction decomposition formula for the cotangent

1 = 1 1
weotmz =~ + Z { ————} for z # 0

z4+m m

12



that

1 k
Z — D = QC(Qk) AL 2(27'” Z 0_2k~1(n)627rznz for 1771(2:) > 0’
(mmyz(0,0y (M +712) (2k=1)!

where oy (n) = 3-,, d*. We have

4k X
Ey(z)=1- B—- Oop_q(n)e?™ for Im(z) > 0. (1.8)

n=1

Now every modular form for the full modular group is a polynomial in E, and Es [27]. So if
we use the Eisenstein series to construct cusp forms of weight 12, because dim M2 = 1 these will
necessarily be constant multiples of A(z). Therefore we can expect identities between the divisor
functions o4_;(n) and 7(n) to exist. Ramanujan [25] showed how to express the series

b5 (@

II

[ee]
E m TL‘K Lmn

n"o,_,(n)" for integer r and s > 0, and |z| < 1, (1.9)

=23

as a polynomial in P, (J and R, where

n=1
Q=1+ 240‘2 e (1.10)
N n=1 - .

Note that P, @ and R are the familiar Eisenstein series E,, E; and Es. P = E, is not a modular
form, but is the logarithmic derivative of the discriminant function A(z). The normalised modular
discriminant is given by

(3]

1728A( 2

&y
—

= E,% - Eq
=Q* - R*. (1.11)

13



The procedure employed is to express Q2 — R? as a polynomial in the ¢, ,(2), defined by equation 1.9,
using the results in Ramanujan’s tables (i)-(iii) of [25], plus an additional entry which is calculated
later on. This procedure is effectively that used by D. Niebur [22] to produce the identity

n—1
7(n) = n'o(n) — 24> (35k* — 52k3n + 18k*n?)o(k)a(n — k), (1.12)

k=1

where o(n) stands for the sum of the divisors of n. llowever, after an extensive search of the
literature most of the identities appear to be new, with the exceptions of theorem 1.7, which is
D. H. Lehmer’s equation (10) of [19], and theorems 1.1 and 1.2 which are equations (52) and (53)
respectively (in a slightly different form) of [34]. Of course all the formulae are essentially variants
of each other, differing only in the known expressions for o,(n). So they can be transformed into
D. Niebur’s equation (1.12) above or some of the formulae in B. Van der Pol’s paper [34]. However,
I do not think this detracts from their beauty. Moreover, different congruence properties satisfied
by 7(n) are immediate from the different representations.

To prove theorems 1.1-1.7 we need the following tables from [25].

TABLE i

1. 1—24¢,(z) = P

2. 1+ 240¢05(z) = Q

3. 1—504¢gs(z) = R

4. 14 480¢, 7(z) = Q2

5. 1—264¢¢(z) = QR

6. 691 + 655205 11 (2) = 441Q3 + 250>

7. 1 - 24¢13(2) = Q2R

8. 3617 + 163206 15(2) = 1617Q* + 2000Q R>
9. 43867 — 28728017 (2) = 38367Q3 R + 5500 R3

._.
@

174611 + 1320060 16 (z) = 53361Q° + 121250Q° R?

. TT683 — 5526 51 (¢) = 5TI83Q R + 20500Q R?

. 236364091 + 1310406 55(2) = 49679091Q° + 176400000Q3R? + 10285000 R*

. 857931 — 246 55 () = 392931Q5 R + 265000Q2 k3

. 3392780147 + 69606 27 () = 489693897Q7 + 2507636250Q* R2 + 395450000Q R*

. 1723168255201 — 1718646 40 () = 815806500201Q° R + 88134070500Q3 R? + 2602105000025
. 7709321041217 + 32640¢ 5, (z)

= 764412173217Q3 + 5323905468000Q° R? + 1621003400000Q2 R*

e Y o
SO R W N~

14



TABLE ii

288¢1)2((L‘) = Q — f)2

720¢1)4(ZL’) = PQ — R

1008¢; ¢(z) = Q2 — PR

7200, 5(z) = Q(PQ ~ R)

1584¢; 10(2) = 3Q3 + 2R? — 5PQR

655200, 12(z) = P(441Q3 + 250R?) — 691Q°*R
144¢1Yl4(.’17) = Q(3Q3 + 4R2 — 7PQR)

NN o ol

TABLE iii

1. 17286, 5(z) = 3PQ — 2R — P3
2. 1728¢,5(z) = P2Q — 2PR + Q?
3. 1728¢2,7($) = 2PQ2 — PQR - QR
4. 8640¢y¢(z) = 9P2Q? — 18PQR + 5Q° + 4R?
5. 17286511 (z) = 6PQ® — 5P2QR + 4PR? — 5Q°R
6. 6912 4(z) = 6P?Q — 8PR + 3Q? — P*
7. 345643 ¢(z) = P2Q — 3P2R + 3PQ? — QR
3. 5184¢313(SI)) = 6P2Q2 - 2P3R - GPQR + Q3 + RE
9. 20736¢45(z) = 15PQ? — 20P?R + 10P3Q — 4QR — P*
10. 41472¢, -(z) = T(P*Q — 4P3R + 6P2Q? — 4PQR) + 3Q® + AR>

To produce theorem 1.7 we need an additional formula for ¢5s(2), which is not given in
Ramanujan’s tables. So as an illustration of how we can simply derive the formulae in tables (ii)
and (iii) from those in table (i) the calculation of ¢s () is presented below.

From table (iii), entry 9, we have

2073664 5(x) = 15PQ* —20P*R + 10P3Q — 4QR — P°.

Now if we differentiate the above formula with respect to 2 and multiply through by z. Then use
the following formulae



AP P*-Q

QL ————— ==
da 12
dQ PQ R
d:L T3
dR PR - Q?
d.z: 2

we obtain

20736¢s,6(z) = 15@2(1_ +30PQ(PQ R)

—40PRP -q _20P3M
12 2

J(PQ - R)

3
(PR=Q%) _, pu(P*=Q)
2 12

+30P%Q

R PQ= 1)
3

(P -Q)

_4Q

This simplifies to

248832¢5 6(2) = 5(45P?Q? — 24PQR — 40P*R 4+ 15P*Q — P°) + 9(Q® — R*) + 25R*.  (1.13)

As an example of how to derive theorems 1.1-1.7, below is presented the proof of theorem 1.7.

Proof:
35(3PQ — 2R — P3)° = — 35(45P2Q% — 24PQR — 40P®R + 15P*Q — P%)
+ 315(6 P?Q? —4PQR — 4P*R + P*Q) + 140R* (1.14)
Now from table (iii), entry 1, we have
35(3PQ — 2R — P?)° = 35.1728%¢, 5% () (1.15)

and from table (iii), entry 9, we have

315(6 P2Q* —4PQR — AP3R + P*Q) = 45.41472¢, 7 (2) — 45(3Q> + 4R?). (1.16)
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Now if we use equations (1.13), (1.15) and (1.16) to replace —35(45P*Q” — 24PQR — 40P°R +

15P4Q — P®), 35(3PQ — 2R — P3)° and 315(6P2Q? — 4PQR — 4P3R + P*Q) in equation (1.14)
we obtain

72(Q® — R?) = 18662400, 7 () — 1741824 ¢5 6(z) — 104509440¢ 5°(). (1.17)
Using equation (1.11) to substitute for Q3 — R? in equation (1.17) we obtain

[ee]

D r(n)a™ = 15¢47(2) ~ 14¢s6(z) ~ 840637 (2). (1.18)

n=1

Equating coefficients of & in equation (1.13) gives

n—1
T(n) = 15nta3(n) — 14nda(n) — 840 > k*(n — k) o(k)a(n - k),
k=1
where o(n) stands for the sum of the divisors of n. a
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The identities: All the following theorems were derived in a similar way to that given in the proof
of theorem 1.7. We take 0 (0) = 1{(—k) = =1 By /(K +1).

Theorem 1.1: T(n) = 70325 _,(2n — 5k)o3(k)os(n — k)

Theorem 1.2: T(n) = 60" %_o(n — 3k)(2n — 3k)os(k)os(n — k)
Theorem 1.3: T(n) = 303", (18k% — 5n2)o3(k)os(n — k)

Theorem 1.4: 7(n) = n2o7(n) — 540 721 k(n — k)os(k)os(n — k)
Theorem 1.5: 7(n) = nda(n) — 120 2021 k% (n — k)(4n — Tk)o(k)o(n — k)

Theorem 1.6: T(n) = ntas(n) — 168 021 k2(n — k)(3n — 5k)a(k)o(n — k)

k=
Theorem 1.7: 7(n) = 15nto3(n) — 14nSo(n) — 840 Z:’;ll k2 (n — k) o(k)o(n — k)

As another example of the derivation of the above theorems, and because it is probably the most
appealing of the above formulae, below is presented the proof of theorem 1.1.

Proof: From table (ii), entry 5, we have

1584¢1v10(.’l,‘) = 3((23 - Rg) — «5R(PQ - R) (1.19)
and from table (i1), entry 2, and table (i), entry 3, we have respectively
7200, 4(2) = PQ — R (1.20)
and
1 = 504¢5(z) = R. (1.21)

So by substituting for @Q* — R?, PQ — R and R in equation (1.19) from equations (1.11), (1.20) and
(1.21) we obtain

36 Z T(n)a™ = 116y 10(2) + 25¢1 4 () — 1260060 5(2)$1,4 (). (1.22)

n=1



Equating coefficients of = in equation (1.22) gives us

n-1
367(n) = 11noy(n) + 25n03(n) — 12600 Z kos(k)os(n — k). (1.23)
k=1

Now from entries 2, 3 and 5 we can derive the following formula

Za,s(n) = 1104(n)/5040 (1.24)

where

>,.(n) =0,(0)o,(n) +0.(1)o,(n—1)+0.(2)0,(n=2)+---+0,(n)o,(0) forrands>1.

Alternatively equation (1.24) is entry 5 of table (iv) of [25]. We now substitute for oy(n) in equation
(1.23), using equation (1.24), and note that 03(0) = 52= and 05(0) = —z= to give theorem 1.1. o

740 504

The following congruence properties of 7(n) are immediate corollaries of theorems 1.4-1.7.
Corollary 1.4: 7(n) = n?07(n) mod 540

Corollary 1.5: T(n) = n®o(n) mod 120

Corollary 1.6: 7(n) = ntosz(n) mod 168

Corollary 1.7: T(n) = 15n%03(n) — 14n°c(n) mod 840
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§1.5 Some More Entries for Ramanujan’s Table i

Using the methods of Ramanujan what would be the next 16 entries of table (i) of [25] have
been calculated. They are presented below.

17. 151628697551 — 24¢) 33 () = 55884495051Q7 R
+ 88296652500Q* R3
+ 7447550000Q R®

18. 26315271553053477373 + 138181680¢ 35 () = 1792339973230660623Q°
+ 16289678778066366750Q° R*
+ 8095347742018950000Q° R*
+ 137905059737500000 R®

19. 154210205991661 — 24¢y 37 () = 43635626965161Q>R
+ 94782461476500Q° R®
+ 15792117550000Q° R®

20. 261082718496449122051 4 10824006 34 () = 12215242320812967051Q'°
+ 140355664856398530000Q 7 R*
+ 103276212013487625000Q° R*
+ 5235599305750000000Q R°

21. 1520097643918070802691 — 151704¢¢ 41 () = 326567981866871666691Q° R
+ 9330635973978220860000Q° k*
+ 257701549269802050000Q° R®
+ 2764515383575000000R7

22. 2530297234481911294093 + 55206 43(2) = 81321304905651230343Q*!
+ 1152360895010751483750Q° R?
+ 1176474112693246080000Q° R*
+ 120140921872262500000Q° R°
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23. 25932657025822267968607 — 1128¢ 45 (2) = 4191478936397766158607Q° R
+ 15236011715664295710000Q" R®
+ 6297623266945481100000Q* R®
+ 207543106814725000000Q R’

24.5609403368997817686249127547 + 44553604, 47(x) = 123839432601967361511317547Q ">
+ 2121255754302470474560410000Q° R*

+ 2868714979982321801927400000Q° R*
+ 492052907714983461000000000Q° R®
+ 3540294396074587250000000 R®

25.  99011441048215929642495505 — 13200 40 () = 11948877704441488092133005Q*' R
+ 53837124192236422014862500Q° R®
+ 31124299240028012035500000Q° R®
+ 2101139911510007500000000Q° R”

26. 61628132164268458257532691681 + 127200 5, ()
= 934610402421629413310453931Q "3
+ 19034378296094994962024337750Q° R?
+ 32932283386726300270572900000Q7 R*
+ 8533368977942791429125000000Q* R®
+ 193491101082742182500000000Q R®

27. 29149963634884862421418123812691 — 861846 53()
= 2609833964798041575622122670191Q* R
+ 142732981310584077197025382042500Q° R®
+ 10998977382693741531360419100000Q° R®
+ 1261469523817891331905500000000Q3R”
+ 6384632516780262827500000000 R°
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354198989901889536240773677094747 4 13920¢ 55 ()
= 3689846390899369128325431357747Q*

+ 88119194137305668214628686012000Q ' R?

+ 189834021746742124485322159725000Q%R*

+ 69290689995996427700424900000000Q° R®

+ 3265237630945946712072500000000Q% R®

2913228046513104891794716413587449 — 14166 57(z)
= 192438927869881996649588522806449Q 3 R

+ 1255715586766721522493597349881000Q° R3

4 1244173044364725746319365790900000Q 7 R®

+ 217360055127602837049542250000000Q* R”

+ 3540432384172789282622500000000Q R*

1215233140483755572040304994079820246041491 + 68144076006 50 ()
= 8696208144718332968981459654488308815241Q*°

+ 240670695620287199262610693772009157476250Q % R?

+ 631710687486164739278543559275531154750000Q° R*

+ 309070928549883274260778980816904125000000Q° RS

+ 24992250314619190198350853245262500000000Q> R®

+ 92370368082836071039447315625000000000 21°

396793078518930920708162576045270521 — 246 61 ()
= 19246669387338910203398030014909521Q** R

+ 147704550023299495208656602247011000Q ' R?

+ 182972719041223793685248595133350000Q° R®

+ 45315765821900030629933596150000000Q° R”

+ 15533742451686909%0925752500000000Q % R°

106783830147866529886385444979142647942017 + 65280¢)¢ 63 ()
= 524910392452989599674733535167186302017Q*°

+ 16664638025948181215489478371418194520000Q " R*

+ 52354834551197383503043759922609667120000Q ! R*

+ 33084390716884475493385194882777600000000Q° R°

+ 4105361257321586439281874247170000000000Q° I2®

+ 49695204061913635510404020000000000000Q°% R*°
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§1.6 Closing Remarks

As has been shown, congruence properties of 7(n), such as those given in corollaries 1.4-1.7,
are important because they can be used to give a bound M for which we can prove 7(n) # 0 for
all n < M.

None of the congruences given by corollaries 1.4-1.7 are new. In fact 1.4-1.6 all appear in
Ramanujan’s lost notebook [26], along with many similar congruences. It is interesting to note
that congruences similar to those given in section 1.4, for example

7(n) = 03(n) mod 32 for odd n

7(n) = nog(n) mod 25 for all n

of paper [4], appeared in the literature in 1946, but Ramanujan had discovered the stronger con-
gruences

T(n) = o3(n) mod 256 for odd n

7(n) = nog(n) mod 1050 for all n

some years previously [26]. It can also be shown [33] that there are no congruences modulo primes
other than 2, 3, 5, 7, 23 and 691.

Unfortunately the formulae in theorems 1.1-1.7, nice as they are, cannot be used to shed
any more light on the problem of the vanishing of 7(n). For example, because there is so much
cancellation taking place between the terms of the series, they give only trivial upper bounds on
the order of magnitude of 7(n).
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Chapter 2

A Transformation using Chebyshev Polynomials.

§2.1 Introduction

The general theme of this chapter is a transformation using essentially what are Chebyshev
polynomials. After some explanatory background information, it is shown how this transformation
is applied to Jacobi’s triple product identity (equation 2.2.5) and B.Gordon’s analogous quintuple
product identity (equation 2.2.1) [8] to produce some familiar, and other, theta function identities.
We are also lead to some interesting summation identities involving real a and 3, where af = £1
and |B] < 1. These have as corollaries some identities involving sums of reciprocals of Fibonacci
and Lucas numbers. It is also shown how these identities can be enhanced using results from the
theory of elliptic functions, and the results of Ramanujan’s paper [25] of chapter 1.

Finally, it is shown how to modify the transformation to produce some results of a slightly
different nature.
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§2.2 Some Background

§2.2.1 The Chebyshev Polynomials

These polynomials were discovered more than a century ago by the Russian mathematician
Chebyshev (the spelling has many variations). They are more at home in the field of numerical
analysis, which with the advent of the computer has come to prominence over the last few decades.
The Chebyshev polynomials are defined on the closed interval [-1,1] by

T,.(z) = cosné where cosf =2, —-1<z<1.

From the trigonometric identity cos(n + 1) 4+ cos(n — 1) = 2cosfcosnb, it follows that the
Chebyshev polynomials satisfy the recurrence relation

Toi1(2)=22T, () =T, () with Ty(z) = 1 and Ty (z) = z.

Solving this recurrence relation we obtain

n .
2Ty (2) =3 (—1)"F 772:3 <";J) 2%2%  forn >0 (2.2.1)
P i\ 2
and
i  2n+ 1 n+5+ 1\ o s
2T. 2) = -1yt —————( . )2‘”‘11"1“ forn >0 2.2.2
)= L 0 s (M (2.2.2)

Now we replace @ with cos @ in equations (2.2.1) and (2.2.2). Then let z = €', so that z + 1/z =
2cosf. So we have

n P . :’]
e % _ (—1)* 2n ‘ (ni]) (~ + %) forn > 1 (2.2.3)
z P n+j\ 2 z
and
22+l 4 - Z 1)n+] 2n +1 (71 +7+ 1) (Z n l) a forn> 0 (2_2.4)
z2n+1 P n+j+1\ 2j+1 z N

It is equations (2.2.3) and (2.2.4) that are applied extensively in this chapter.



§2.2.2 Jacobi’s Triple Product Identity

Jacobi’s triple product identity (JTP) states that for complex ¢ and z with |¢| < 1 and z # 0
we have

[[TO-@)a+ze )1+t )= > ¢ 2. (2.2.5)
n=1

n=—0o0

For fixed z # 0 the series and products represent analytic functions of ¢ in the disk |¢| < 1. Although
Gauss was first to discover equation (2.2.5) this identity is named after Jacobi who discovered it
in the course of his work on theta functions, where it arises naturally. Hereafter equation (2.2.5)
shall be referred to as Jacobi’s triple product identity, or for short JTP.

The JTP has numerous consequences of interest in number theory and combinatorial analysis.
Among these are

[T-g)= > (maygemer (2:2.6)
n=1 n=-—oo
and
ITa-¢ 7= (-0 @n+ 1)+ (2.2.7)
n=1 n=0

Equation (2.2.6) is due to Euler and is known as Euler’s pentagonal number theorem. Equation
(2.2.7) is a famous result of Jacobi’s, which can be easily derived from the JTP.

There are many proofs of the JTP in the literature, including some combinatorial proofs. For
completeness an analytic proof is included below. The quintuple product identity can be proved
along similar lines.

Proof: For |¢g| < 1 and z # 0 let

é(z) = [T (1= )1+ 24 )(1 4 271" ).

n=1
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Then

¢(zq2) = H (1= ¢®) (14 2¢ 1)1 + 271 g2 3)

n=1

14 z7lg! it
- 14 z¢q

n=1

=277 ¢(2).

H(l _ qﬁn)(l + Zq:'n-l)(l + z—qun—l)

(2.2.8)

Now ¢(z) can be expanded as a Laurent series in the deleted neighbourhood of z = 0. Hence

Hz) =32 A,(g)z". So using the functional equation (2.2.8) for ¢(z), we have

n=-—0oo

(e}

pz)= >, Au(g)2"

N==00

zqé(zq*)

o
Z An(q)zn+1q2n+l‘

n=—oo

Hence by equating coefficients of z* we have

An((j) = (Ign—lAn—l(([)'

So by the appropriate iteration we have
Ay (q) = q"zflo(q) for all n.

Hence

(o]

O(z) = Aglq) D ¥ 2"

n=-—oo

Therefore to complete the proof we need only show that Ag(¢) = 1. Letting z = e
equation (2.2.9) and writing ¢,(z) for ¢(z), to show the dependence on ¢, we have
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= 2 in



= Z (—1)"q(2")2, since " = —i~" for odd n.

But from equation (2.2.9) we have

[e0]

_1yn (20 - ¢q“(_1)
2 O =y
Therefore
(i) _ Gu(=1) (2.2.10)

Ao(q) - Aolq?) .

From the definition of ¢(z) we have

o

#,(i) = TL(1 = ™)1+ ¢"%)

]
1l
-

I
3

(1 _ q4n )(1 _ q4n—-2)(1 + q4n—2)

-
2
1l
-

I
3

(1 _ an)(l _ q8n—4)(1 _ qsn—4)

5o (—1).

3
H

So from equation (2.2.10) we have Ag(¢q) = Ao(q*). Replacing ¢ by ¢*, ¢*, ... we obtain

Ao(q):AU((fk) fork=1,2,...

But ¢*" — 0 as k — 0o and Ag(¢) — 1 as ¢ — 0. So we must have Ay(¢) = 1 for all ¢. a
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§2.2.3 The Quintuple Product Identity

The quintuple product identity is an elegant fivefold analogue of Jacobi’s triple product identity.
It was first presented by B. Gordon [8]. Iowever, M. V. Subbarao and M. Vidyasagar [32] have
observed that Gordon was anticipated some 32 years earlier by G. N. Watson [35], who stated and
proved a fivefold product identity easily seen to be equivalent to equation (2.2.11). The quintuple
product identity states that for complex ¢ and z, with |¢| < 1 and z # 0, we have

[ee] oo

H(l _ qn)(l _ zq")(l _ z—lqn-—l)(l _ quzn—l)(l _ Z-Qq'zn-l) — Z (z3n _ Z—sn—l)qn(3n+1)/2_

n=1 n=-o00

(2.2.11)

Like the JTP the quintuple product identity also has numerous consequences of interest in number
theory and combinatorial analysis. Among these are

o) oo
M- — 1Y 1-¢") = 3 Gnt 1)+ (2.2.12)
n=1 n=—oo
and
(1—qP(1—g ) = 3 (6n41)g"3r+V/2 (2.2.13)
n=1 n=—oo

The quintuple product identity can be proved in a similar way to the proof given previously for the
JTP. Having established the JTP we can evaluate the constant term in the proof of the quintuple
product identity by setting z = —1.
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§2.2.4 The Theta Functions

For our discussions it is also necessary to introduce the theta functions. The basic theta
functions are defined for complex z and 7, with I'm(7) > 0 and ¢ = €I"", by

01(2,T):—i Z (_l)nq("+1/3)2e(2n+1)i7rz

n=-—oo

[ee]
05(z,7) = Z q(11+1/2)26(2n+1)i1rz

n=-—o00

[s o}

03(2, T) — Z qn:' €'3i7rnz

n=—0oo

94(3’ 7_) — Z (_1)77 qn"'e’.’ivrnz .

The theta functions are of great importance in number theory, particularly in the theory of parti-
tions and in the theory of the representation of a number as a sum of squares [24]. Only 8,, 83 and
6,4, with z set equal to zero, will be used in our discussions. So that with Im(7) > 0 and ¢ = €™
we have

br(q)= Y ¢’ (2.2.14)
Os(q)= > ¢ (2.2.15)
0.(q)= > (=1)"¢", (2.2.16)

where 6,(0) = 0, 63(0) = 1 and 6,(0) = 1. The functions 6, 83 and 6, are all entire modular forms
of weight 1/2. In fact they are modular forms for the groups I'y (2), ['v (2) and T'w (2) [27], where
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(11 (0 -1 (1 0
v=(5 1) v=(13) w=(i )
and Ty (2) ={S €T | §=1orUmod2}. I'yv(2)and I'yy (2) being similarly defined. Here

()

and

F:{(Z Z) | ad~bc=1and a,b,c,d € Z}

is the homogeneous modular group. It is easy to show using the JTP that the theta functions have
the following product expansions.

2

6:(¢) = 2¢"* TT (1 = ¢")(1 + ¢*")

(2.2.17)
n=1
bs() = T[T (1= )1+ 1) (2.2.18)
n=1
8a(q) = [T (1= *)(1 = >~ 1) (2.2.19)
n=1

Also, as a consequence of their modularity, the theta functions satisfy the following transformation
formulae [5, 24, 27]. For Re(s) > 0 we have

Vslz(e™™ ) = B5(e” /%) (2.2.20)
Vsl (e™™) = B4(e” ") (2.2.21)
VsOi(e™™ ) = 0,(e /0. (2.2.22)

Here equation (2.2.21) is just (2.2.22) with s := s~!.
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§2.3 The Chebyshev Polynomial Transformations

§2.3.1 Introduction

In this section the Chebyshev polynomial transformation is applied to Jacobi’s triple product
identity and the quintuple product identity to derive theorems 2.3.1 and 2.3.2. From these theorems
are deduced some theta function identities.

§2.3.1 The Transformation of Jacobi’s Triple Product Identity

Theorem 2.3.1 For complex ¢ and z with |¢] < 1 and =z # 0 we have

o0 ) 1 . .
H(l_q“”){l'i" (Z+t> q..n—l +q4n—-}

n=1
o 0o 9 . s 1 2j
5 ) SYMITI I L) W By
j=0n=jy n+‘7 2] <
00 00 . 2741
nts 2041 (m+ 41N 5,000 1\“
gnz::]( ) n+73+1 2741 1 z

where 2n/(n + j) is taken to be 1 for n = 5 = 0.

Proof: The JTP states that for complex ¢ and z with |¢| < 1 and =z # 0 we have

H(l—qzn)(1+2(12"—1)(1-*-3_1(]2"—1): Z qn'zn_
n=1

Therefore

" 2 1 2 2 = n 1 n?
H(l—(I'n){1+<3+j> q_r7,—1+q471—_}:1+2 (Z +__7_n_>q .
< n=1 =

n=1
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Applying equations (2.2.3) and (2.2.4) to the above the RHS is seen to be equal to

E 303 (a2 (M) (o 1) e

ne1j=0 n+j 23 z
nai 2041 n+j+1)< 1>2"+l .
Z 1)+ ( L (n+1)?
+§:OJ 0( ) n+3+1 27+1 z+2 1

Which upon interchanging the order of summation of n and j completes the proof of theorem 2.3.1.
o

Below are presented some corollaries of theorem 2.3.1. These are derived by equating the
coefficients of (z + 1/z)* for k = 0, 1 and 2 to obtain corollaries 2.3.1, 2.3.2 and 2.3.3 respectively.
Note that although it is easy to determine the coeflicient of (z + 1/z)k for £ < 2 in the LHS of
theorem 2.3.1 by inspection, generally we can evaluate the coeflicient as follows.

Let ¢ = 24+ 1/z, so that the LHS of theorem 2.3.1 is given by

H l_q-n)(l_*_lq"n 1+q4n— )

Z (g™ (2.3.1)

Then we can determine the «,(¢) by differentiating equation (2.3.1) with respect to x, and setting
z = 0. So that

1 n
(Ln(q) = :n—'g( )(0)3

where ¢(®)(z) is the nth derivative of g(z).
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Corollary 2.3.1 For |¢| < 1 we have

~~
[—y
N—
3
2
i
b1

II (=) (142

n=1 n=-—o0

Corollary 2.3.2 For |g| < 1 we have

Corollary 2.3.3 For |g| < 1 we have

{ oo 2 oo 00
1 2n—-1 4n—2 n 9 an?
504(q4) { (z::l ﬁm) — Z __.._(!_____ } ; 1) +17l“(14 .

\ n=1 (1+(1471—°)

The last equality in corollary 2.3.1 is straight from the definition of 8,(q) (equation 2.2.16).
Corollaries 2.3.1 and 2.3.3 come directly from equating coefficients in theorem 2.3.1. Corollary 2.3.2
requires a small amount of extra work. So its proof is presented below.

Proof: Equating coefficients of the term (z 4 1/z) in theorem 2.3.1 we have

o0 o 2n—1

_ ¢’ . nt1)?
(1-¢™)(A+¢" ")) ——— T+qn-2 Z —1)"(2n + 1)gn* V.

n=1 n=1 n=0

3

We now use equation (2.2.7), [T, (1 —¢" P =% (=1)"(2n 4 1)¢g"*+1/2  theorem 357 of [13],
to obtain

0 2n—1
9 q
1_ ._n 1 4n — — 1 bn
L0 3 g =Tl
Hence
o0 q‘_’n 1
R —— ] bﬂ 1 (4n
Z l + q4n—_ 1]:[ + 1 )
n=1 n=1
which from equation (2.2.17) is 71-93((]3)2. o
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Corollaries 2.3.1 and 2.3.2 are certainly well known. Corollary 2.3.3 is unlikely to have appeared

in the literature before because it is cumbersome. However, it is useful because we require it in the
proof of some later theorems.

One further corollary of theorem 2.3.1 is presented because it is important in the proof of
theorem 2.4.24, which itself can be used to derive a beautiful identity involving sums of reciprocals

of Fibonacci and Lucas numbers — theorem 2.4.25. Equating the coefficients of (z + 1/2)” in theorem
2.3.1 we obtain

Corollary 2.3.4 For |¢| < 1 we have

H 2n 1+q4n 2)

n=1

oo

{ e 2 q2n—1 o« q4n—2 ©° q6n-3 \
Xi (2_: 1+ ¢? ) —3,2 1+<1"*”‘2§; Ty }

' (1+q4n—2)“ ! (1+q4n—2)3)

2 (" n(n - 1)(n g
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§2.3.3 The Transformation of the Quintuple Product Identity

Theorem 2.3.2 For complex ¢ and z with |¢| < 1 and z # 0 we have

flo-emfos (o som s (o))

o0 . 2
Z (—1)+ gizn?—4n 6n — 2 ‘(371 - 1‘+]> (z-|- l) j
23 z

I
Ms

=0 n=[(i+3)/3] -1+
oo e . 27
N 6 3 1
S F Capngmn t () (1)
i=0 n=[(j+2)/3] nTJ / “
oo o0
Y (gt A2 (3" ! +J> (z + )
i=0n=[(j+1)/3] A1t
oo =] 27+1
+ Z Z (—1)Higiomasner 20T 2 6n + 1 <3n +1+ J) <z n l)
i=0n=[(j+2)/3] 3n+1+47 2j+1 z
o0 [e] - 2j+1
nti 19n?48n 6n+3 3n+2+
= e [0
720 n=(G+1)/3] 3n+2+J j+1
io: i n+] lqn f16n45 6n+5 <3n+3+]‘) ( L1 >v1+1
= 3n+3+7 2741

where [z] stands for the greatest integer less than or equal to « and 6n/(3n 4 j) is taken to be 1
forn=j=0.

Proof: To prove theorem 2.3.2 we use B. Gordon’s [8] quintuple product identity in the following
form [5].

For complex ¢ and z with [g] < 1 and z # 0 we have

H (1 _ qzn)(l _ (12”_12)(1 _ q2n‘—13—1)(1 _ (14”—452 (1 _ (14n—42—2)

n=1
o0

— Z q3n,2—2n {(2371‘ + Z—Sn) _ (.23”_2 + 2_3”+2)} .

n=-—oo
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The proof is essentially the same as that for theorem 2.3.1. That is to say, we use equations (2.2.3)
and (2.2.4) to substitute for (23" + 2737 ) and (23"~% 4+ z73"*2) in the RHS of the above, the main
difference being that we must treat separately the cases when 3n and 3n — 2 are odd and even. For
example, after letting z := —z in the above, we need to transform

o

Z (__1)nq3n2—2n (2317,—2 + z—3n+2)

n=-—00

oo o0
Z q12n2—4n(26n—2+z—6n+2)_ Z q12n3+8n+1(z6n+1+z—6n—1)'

n=—oo n=—oo

The first summation on the RHS of the above is

oo
12n%+4n 6n+2 1 1202 4+20n+8 [ _6n+4 1
q <Z + Sen+2 + Z q = + Sontd )

v} n=0

NE

n

i

We can now use equations (2.2.3) and (2.2.4) to obtain

3n+1 . 2j
. n 6n + 2 <37I+1+j>< 1)
6n+2 +i+1 .
(Z °"+2) Z (=1 3n+l+] 23 ~—*—z

and

3n+2 . 25
y 6n + 4 (3714—2-}-])( 1)
6n+4 2 ’ +J - .
(Z +z6"+4) (= 3n+2+47 27 Z+z

The full details are long and laborious, so that it is hoped that the above is enough to convey
the idea to the reader. However, it is worth mentioning that when we interchange the order of
summations we use the following rules.
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Subject to conditions of convergence we have

8
[9Y]
2
-+
(3]

EmD=3 3 falnj)

J=0n=[;j/3)

2
1l
<o

[

T

+O

—

o0

=3 > f.(n,4)

§=0 n=[(i+1)/3]

fo(n J)~Z Z JACKN

i=0 n=[(j+2)/3]

gt i
: 10

F]
H
o
a,
1]
o

where f.(n,7) is some function of n and j, dependent on z, and [y] stands for the greatest integer
less than or equal to y. o}

As with theorem 2.3.1, we can now equate the coeflicients of (z + 1/z ) fork=0,1and 2in
theorem 2.3.2. When we do this we obtain corollaries 2.3.4, 2.3.5 and 2.3.6 respectively. As before,
we can evaluate the higher order coefficients of (z + 1/z) in the LHS of theorem 2.3.2 by letting

8

In— 73— 2 n— 2 n—
g(z) =H — )L+ 2™+ ) {1 ) - 2P

Z ba(q)a™.

So that

1 ,
bn((l) = mf/m) (‘0)7

where g(*)(z) is the nth derivative of g(z).



Corollary 2.3.4 For |¢| < 1 we have

[a-a= 3 yrgemore

n=1 n=-o0o0

Proof: From the constant term in theorem 2.3.2 we obtain

o0 o0

AT = @)+ g ) a4 =4 3 (-1 ey,
n=1 n=-00
We note that the LHS is just 4[]77, (1 — ¢®*). We then let ¢ := ¢. o

Of course corollary 2.3.4 is just Euler’s pentagonal number theorem.

Corollary 2.3.5 For |¢| < 1 we have

oo

H 1=V (1 +g") = 3 (—1)'@Bn+ g .

n=1 n=-00

Proof: Equating the coefficient of (z + 1/2) in theorem 2.3.2 we obtain

211 1

I:[ s”)z 1+q4”
—L

n {(Gn + 1)q12nz+8n+1 + (6n+ 3)q1zn?+8n.+1(1 + q8n+4) + (6n+ 5)(112712-{-1611-}»5}.

2n—1

Using corollary 2.3.2 to substitute for 5_°° in the LHS and simplifying the RHS we have

n=1 14q4n-2
[ee] oo
aTL0 =)+ g™y = 30 (-1 {120+ )2 #5741 4 (120 4 8)g! 2 +100 40 )
n=1
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Which if we divide through by 4 and let ¢* := ¢, completes the proof of corollary 2.3.5. o

Note that corollary 2.3.5 is equivalent to equation (2.2.12).

Corollary 2.3.6 For |¢| < 1 we have

Proof: Equating the coefficient of (2 + 1/2)” in theorem 2.3.2 we obtain

N | -

oo { o0 M1 2 0 4n—2 e 4n—4
o] (Z—’—) L R P el

it ( ) 1+ gin=2 anl (1+ ¢n-2)? ! (1_{._(1471_4)2)

Z (_1)n+1 {(37l+ 1)‘2 +(3n-)2}q12712+4n.

n=-—00

Now if we let ¢ := ¢® in Euler’s pentagonal number theorem (corollary 2.3.4) and logarithmically
differentiate, we obtain

Zn—-—oc (- 1)n+1 {(377 + 1) (3”)2} (llgnan _ 32 ng
41—1”:1(1_(1671) - l_an

n=1

o

Therefore

1{(% >~} )2 i "= ‘} _i g zgi ng™ (2.3.2)
R R e A AR St i e FE S L=

n=1

To complete the proof we need to substitute for the term in braces on the LHS of the above
equation. Corollary 2.3.3 provides the clue. From equations (2.2.16) and (2.2.19) we have
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04(q)—H(1—q°") ¢ty

n=1

oo

= 2 (=

n=-—0o0

So if we logarithmically differentiate the above, then multiply through by ¢, we obtain

1 2. 2ng™n 2. (4n — 2)¢2n-1 > n 2
2%4(0) {Z 1 kD (1—_q)’1‘-T_} => (=)™, (2.3.3)
n=1

2n
n=1 q n=1
But
[ee] o0
nget 2ng®" (2n—1 -1

so the term in braces in equation (2.3.3) is

q‘2n

i 2ng®" Z (471 - jz)sf’: 1 _y {i 1n—q"
n=1

Therefore

= ngt = ng? = n 2
“(2) {Z 1—¢ 2. 1- (ji’n} =2 (1) el (2.3.4)

n=1 n=

Now we just let ¢ := ¢* in equation (2.3.4) and use corollary 2.3.3 to show that the term in braces
in equation (2.3.2) is equal to

= ng* ng>"

2—: 4n Z 1 _ an )
Substituting the last expression into equation (2.3.2) and letting ¢* := ¢ completes the proof of
corollary 2.3.6. o

Although we were led to corollary 2.3.6 by the transformation of the quintuple product identity
it is worth mentioning that there is a much more illuminating proof of this result, which is presented
in section 2.4.
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§2.3.4 Closing Remarks

By equating coefficients of (z + 1/z)k for k=0,1,2,...in theorems 2.3.1 and 2.3.2 we obtain
a set of identities which involve sums of the form

ji(2n—1) 0 2jn
A and Z——g— forj=1,2,3,...
n=1 (1 + q4n_2)-7

As the results in the next section will demonstrate, because these identities generally contain sums
of the above form some interesting summation theorems involving real o and 3, where af = £1,
are derivable from them. From these results we can go on to derive some identities between sums of
reciprocals of Fibonacci and Lucas numbers. Equating the coefficients of (z +1/2z)° and (z +1/2)!
gives known results. Equating the coeflicients of higher powers of (z 4+ 1/2z) tends to give results
which are unlikely to have appeared in the literature before because they are more cumbersome.
However, as is shown by the next section, these identities do give us something extra over what we
would obtain had we just differentiated the JTP and the quintuple product identity, without first
applying the Chebyshev polynomial transformation.
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§2.4 Some Summation Identities and Applications

§2.4.1 Introduction

In this section the results of section 2.3 are used to derive some summation identities involving
real o and 3, where @8 = +1. In addition, some preliminary elementary results are included which
produce identities of a similar type. From the a3 identities some results between sums of reciprocals
of Fibonacci and Lucas numbers are deduced. Some theorems from the theory of elliptic functions
are used to obtain more results of the same type. It is also noted that Ramanujan’s functions P,
@ and R (from chapter 1) can be utilised to produce similar results.

The material is ordered with the more elementary matter presented first and that which re-
quires a bit more work, later on (such as equating coefficients in theorem 2.3.1 of (z + 1/2)’c for
k> 3).

The preliminary results are presented first as lemmas because most are required later on.
Included here as lemma 2.4.1 is corollary 2.3.6 from the previous section. A more natural proof is
presented here than that which was given in the previous section. We briefly digress to show how
we can extend the proof to produce further identities for

Z _(]_T where |¢g| < 1and k= 3,4, 5,...
n=1 (1 + qn)
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§2.4.2 Some Preliminary Results

Lemma 2.4.1 For |¢| < 1 we have

n=1 (1+qn) n=1 _q” n=1 —q:z"

Proof:

R DD B T

n:1(1+ n) n=1m=1

= > {oi(n) - st} (2.4.1)

n=1

where for integer k£ > 0 we have

op(n) = Z d* and og(n) = Z d*.

djn d|n
d odd d even

Now o7(n) — o5(n) = 0,(n) — 2°0,(n/2), where oy (n) = 3°, d* and o(z) = 0 for non-integral z.
So from equation (2.4.1) we have

Z Lq = Z {oi(n)—2%01(n/2)} ¢

n=1 (1+qn)~ n=1

0 2
Z nqg" 9? Z ng-"
- _ n 1

oan "
—
n=1 n=1 1

The two summations on the RHS of lemma 2.4.1 are of a type known as a Lambert series [13].
Lemma 2.4.2 For |¢| < 1 we have

> q" 1)< ng = g 1) nlgh = nig?
_ 1 _ 92 : 1 _ o3
Z 3_2{2 n 221_ ')n}+-2{21_ 221_ }'

i el ¢ q q*"

n=1 n=1 n=1



Proof:
q'ﬂ

T (1+gn) 2

||M8
I
IIM8

i 1)m+1 m(m+ 1) o

= % Z {ot(n) = ot} " + 2 3 {ot(n) — o3} 4"

Now we note that g7(n) — o¢(n) = o1(n) — 2%20,(n/2) and o3(n) — o5(n) = 62(n) — 2202(n/2).

Therefore

oo

q" 1 , ) . w1 = 3 n
g::l m = 5}: {oi(n) = 2%0,(n/2)} " + EZ {o2(n) = 2205(n/2)} ¢

n=1 n=1

ng*" 1 n2q® = n2¢?
= 23 .
e A POEEREp

The equivalent results for )_ 7 , (_1+—n)’° for k = 4, 5, 6,... proceed as in the proofs of the previous

theorems. We simply need to observe that o2(n) — ai(n) = or(n) — 28+1o(n/2) for all k > 0.

Lemma 2.4.3 For |¢] < 1 we have

Proof:
© q2n—1 o° X
i P IR T
n=1 (1 q° ) n=1m=1
oo [eS]
S Y g =3 mg
n=1m=1 n=1m=1
- . - — a2n
n=1 1 ([" n=1 1 q
_N e
- — n2n
n=1 1 q
o
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With ¢ := —¢ in lemma 2.4.3 we have

Lemma 2.4.4 For |¢] < 1 we have

o 2n-1

D D e =

n=1 (1 + qzn_l)

[y

n=

See section 3.2 for a generalisation of lemmas 2.4.3 and 2.4.4.
Lemma 2.4.5 For |g| < 1 we have

In-1

> n = (2n—1)¢?
R E
n=1

- 14_qn 1 __an—l

Proof: Logarithmically differentiate the following identity of Euler’s.

H (1+¢")(1-¢""" 1) =1 for |q] < 1.

n=1

The above lemma appears on page 70 of [5]. The identity of Euler’s used in its proof is trivial,
but has an interesting combinatorial interpretation i.e. for any natural number n, the number of
partitions of n into distinct parts equals the number of partitions of n into odd parts.
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§2.4.3 Some Summation Identities in Real a and 3, where af = +1

Theorem 2.4.1 For 0 < 3 < a and aff = 1 we have

(o]

o0 o) 2
n 1
; 2n—1 + ﬁ?n 1 + 2:2“1 adn — ,84n = (Z a2"—1 + ﬁ?n—-l)

n=1

Proof: From equation (2.3.4) with ¢ := ¢* we have

4 it nq4n o nq8n Nod 41 9 4n?
— n n
94(q ) Z 1_q4n _Z 1__(1871 _Z (_1) n-q °
n=1 n=1

n=1

We now use corollary 2.3.3 to substitute for the RHS in the above equation, to obtain

o

f’: q2n—1 - f: q4n—2 N i ng
- T An—2 - P 1—

=1 1+q4n n=1 (1+q4n—.3)‘

o nq8n
4n_Z 1 — Sn}

=23 1"(1 —. (2.4.2)

Now let o and f3 satisfy the conditions of theorem 2.4.1. Then set ¢ = 3 to complete the proof. o

Theorem 2.4.2 For —1 < <0 and aff = —1 we have

. 2
— a?n ﬁ”n—l) - adn — ﬂ471 - — an~-1 _ ﬂ?n—l
Proof: Let a and /3 satisfy the conditions of the theorem. Then set ¢ = 8 in equation (2.4.2) to
complete the proof. o
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Next we use a theorem originally due to Gauss (also discovered by Legendre, Jacobi and
Genocchi [7]) to derive two more results which we can use to modify theorems 2.4.1 and 2.4.2. For
lgl < 1 we have

nd )2 2n+ 1)gdnt4
<Z g2+ D) ) Z ( Jiw , (2.4.3)

n=0

From the definition of 6,(q), equation (2.2.14), the LHS of the above is easily seen to be equal to
{02(q4)/2}4. So using corollary 2.3.2 in the LHS of equation (2.4.3) and letting ¢? := ¢ we have

o q2n+l (2n + 1 4n+42
(Z T q%“) Z T (2.4.4)
n=0

We now use equation (2.4.4) to derive the following theorems.

Theorem 2.4.3 tor0 < g < aand aff = 1 we have

i 1 L i (2n + 1)
ot an+l 4 B+l B odn+? _ Ban+2”

n=0

Theorem 2.4.4 For —1 < 8 < 0 and a3 = —1 we have

o0

i 1 o 3 (2n +1)
- a2nt+l — IBEn+1 - adn+2 — ﬁ4n+2 :

n=0

To prove the above theorems we just let o and 3 satisfy the conditions of the theorems and use
equation (2.4.4) with ¢ = §. However, since we started with equation (2.4.3) a short proof of this
equation is presented below.

Proof: From the expansions of #5(¢) and 6.(q) (equations 2.2.18 and 2.2.19) we have

0a(a) _ ﬁ (1 — ¢! )2
02(¢) 14gn=1/
Logarithmically differentiating the above with respect to ¢, and multiplying through by ¢, we obtain
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In+1
9d0s g dbs _ Z (2n+ (2n + )¢+t (2.4.5)
04 dq 03 dq q4n+2
Now from equations (2.2.20) to (2.2.22) we can show
Ldby  1dbs 7y
0, ds 03 ds FRE
where ¢ = e~™*, But 3—3 = —7q, so from the above equation we obtain
1 (104 1 (103 _ 1 4
8, dg 05 dg  4q °
We now use the above equation to substitute for the LHS of equation (2.4.5) to obtain
(2n + 1) +!
8:(q)" = 162 T gz
n=0
Finally letting ¢ := ¢* we obtain equation (2.4.3). o

Using theorems 2.4.3 and 2.4.4 to substitute for the RHS of theorems 2.4.1 and 2.4.2 respectively,
we have

Theorem 2.4.5 For0 < 8 < a and af = 1 we have

3

- n = (2n - 1)
7 N AN U ot e
LT Pl e T L e

Theorem 2.4.6 For —1 < 8 < 0 and a8 = —1 we have

2 s n = (2n —1)
2 22—54=Z;§7

If we now add >°° | —4,[—2—[3—4—; to both sides of theorems 2.4.5 and 2.4.6, we can restate these more
neatly as
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Theorem 2.4.7 For 0 < 8 < a and aff = 1 we have

Z + z_: adn — 16471 Z ﬁ?n )

on—1 2n-1)
no (@ +ﬂn n=1 =1

3

Theorem 2.4.8 For —1 < f < 0 and aff = —1 we have

o 1 oo o0
2 s +Y ot = Y

n=1 n=1

13211 :

We need a few more results before we are in a position to present some applications.

substitution ¢ = 8 in lemmas 2.4.3 and 2.4.4 we obtain

Theorem 2.4.9 For0< < a and a3 =1 we have

>

o2n—1 ﬁ”n ‘)2

3
—

Theorem 2.4.10 For 0 < 3 < @ and a8 = 1 we have

Similarly we also have

Theorem 2.4.11 For —1 < 3 < 0 and aff = —1 we have

> =Y ot

B a?n 1 + ﬂ2n 1) = /B‘vn
Theorem 2.4.12 For -1 < < 0 and a8 = —1 we have
i o0 1)n+1

Using the



Notice that we could use theorem 2.4.9 and the equivalent result for 3. .,

letting ¢ := ¢* in equation 2.4.3) to substitute for 5_°°
2.4.7, to obtain

m (obtained by
and Zn:l m in theorem

n=1 g2n ﬂzn

(A) For0 < 8 < @ and af8 = 1 we have

4 5 = o .
zz:l (a?r-1 +ﬁ"" 1)? Z:l (atn=2 — gin-2)° ngl (a2n-1 — gon-1)?

Similarly we could use theorem 2.4.11 to modify theorem 2.4.8 to obtain

(B) For -1 < 8 < 0 and af = —1 we have

IB"n—l) — (0,411—2 . /3

2n— 1+IB‘>n 1)

However, results (A) and (B) are quite trivial, since if a and 3 satisfy the conditions of (A) and (B)
we can drop the summation signs to obtain some trivially true identities, from which these follow.

Finally, differentiating lemma 2.4.5 and letting ¢ := ¢?*, then ¢ = 3 we obtain

Theorem 2.4.13 For |3 < 1 and aff = +1 we have

")

S - (2n —1)°
rgl an _*_/B')n) Z (a,zm—g _ /Bl;n__:,)g

n=1
An obvious alternative proof of theorem 2.4.13 is to notice that if a and 3 satisfy the conditions of
the theorem then we have

4 1 1

(0/471 _ ﬁtln ‘)2 (0271 _ /3'.271 )2 (a,‘ln + ﬂ’_’n )2 :

Multiply through by n? and sum from one to infinity to obtain

3 S (2n)*
ngl o + ﬂfm E — 32n) 2 nz:l adn _ /3411)2

:i (272—1)

4 4n—232°
i O" /371 )
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§2.4.4 Some Applications

The Fibonacci numbers are defined by the recurrence relation F,y, = F, + F,_; for n > 1,
where F; = 0 and F; = 1. The Lucas numbers are defined by the same recurrence relation, where

Ly =2 and L, = 1. See section 3.4.1 for more information on the Fibonacci and Lucas numbers.
We have

F, = o -5 and L, =a"+p",
a-f
where a + 8 =1,and a8 = —1. So a = (1 +/5)/2 and 8 = (1 — /5)/2.

Several identities between sums of reciprocals of Fibonacci and Lucas numbers are immediate
from the preceeding results. For example, if we let 3 = (1 — \/5)/2 in theorem 2.4.2 we obtain

Theorem 2.4.14

With ¢q := ¢* in lemma 2.4.3, then ¢ = (1 — v/5)/2, we obtain

Theorem 2.4.15

Theorems 2.4.14 and 2.4.15 combine to give the more pleasant

Theorem 2.4.16 ,
o0 oo “

> ey = (X )

“ oIn —
n=1 " 2n-1 4an -2 n=1 T 2n-1

n=1

Similarly setting 3 = (1 — v/5)/2 in theorems 2.4.4 and 2.4.8 we obtain respectively

Theorem 2.4.17

Theorem 2.4.18

1 & 1 = 4n = n
_\/_S‘ZF'.?n—l_*—Z_: " :ZFn

n=1

Notice that theorem 2.4.18 is equivalent to the following theorem 2.4.19, which is easily obtained by
letting 8 = (1 —/5)/2 in theorem 2.4.12. Also theorem 2.4.18 is a simple combination of theorems
2.4.14 and 2.4.17.
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Theorem 2.4.19

> 1 > n
=5 -1
22% I?;—l 322( ) }g"

The above result is certainly not new, since it appears on page 98 of [5]. From theorem 2.4.11 we
have

Theorem 2.4.20

o

1 o0
\/gZLz :ZFZR

n=1 2n-1

n=1

With ¢ := ¢%, then ¢ = (1 — v/5)/2, in lemma 2.4.4 we have

Theorem 2.4.21

Finally, we have from theorem 2.4.13

Theorem 2.4.22

Some of the above results are the first cases of more general theorems presented in chapter 3.
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§2.4.5 Further theorems in real o and 3, where o3 = £1, plus applications

Theorem 2.4.23 For 0 < 8 < a and a3 = 1 we have

nzz:l(QZn 1+ﬂ2n 1) E on- 1+ﬁ2n 1 {Z Z (a2n ﬂ?n) }

n=1

(a2n 1 +IB'7n 1)

Theorem 2.4.24 For -1 < 8 < 0 and aff = —1 we have

0 1 [} 1 00 1 00 1
Z(QQ" R Zm{;(a%—l— _Z———)z—}

— ﬁ?n—l)“ - (a,'.Zn + ﬂ?n

As with the previous theorems, these are a pair. We present their proof below.

Proof: Both are derived from the following identity, with ¢ = 3.

i q2n—1 o 4n 471 }
i - for |¢| < 1.
; 1+ THgin-? {Z(1+q4" 2 Z(Hq“‘ |

n=1 n=1

6n 3 ©
41— 2
q n=1

Equating the coefficients of (z + 1/z)” in theorem 2.3.1 (corollary 2.3.4) we obtain

00 ( o0 m—1 2 o0 2n-1 it 4n—2
_9 q . q- q "
[T(— )+ g™?) (Z——) S8y s Y +2 Z
n=1 i n=1 1+(14 -t n=1 1+q4 o n=1 (1+q4n—2) 1+q4n 2)
=Y (=1)"n(n 4 1)(2n + )¢+, (2.4.6)

n=1

We now logarithmically differentiate equation (2.2.7) with ¢ := ¢3, ie

(o]

1 — an)3 — Z (—1)”'(271 + 1)q4n(n+1)’

n=1 n=0



to obtain

3n
—. (2.4.7)

1-¢

n=1 n=1

- n n 2 el n\3 - nq
> (=) a(n 4+ 1)(2n + 1)@ =6 [T (1-¢*)* Y —
n=1

Using equation (2.3.2) to substitute for °°° . 2L in the RHS of equation (2.4.7) we obtain

n=1 1-¢48n

(=1 n(n 4 1)(2n 4 1)gCnt )’

n=1

- PO S g b eas
=gq 1— ¢ ~ — — — 2 —. 2.4.8

n=1 L n=1 1-{-(14"“-' n=1 (1 +q4n—2)“ n=1 (1+ q4n)‘ J

We now equate equations (2.4.6) and (2.4.8). Then multiply through by >>°° | qu:—;l_z,-, and using

equation (2.3.5) we can cancel out the term ¢ [0 (1 — ¢*" )3. The term in

3
}O_O_: q2n— 1
1 + (1471— 2

n=1

also conveniently cancels out. This completes the proof of the theorem. a

As before with 8 = (1—+/5)/2 in theorem 2.4.24 we obtain an interesting identity for the Fibonacci
and Lucas numbers, namely [16b]

Theorem 2.4.25

=1 <1 <1 <1
ZFS-— _”§an_1 {Z F‘72n 1 —52 Lt }

n=1 "~ 2n-1

The above result is quite pleasing. However, the identities obtained by equating coefficients of
higher powers of (z + 1/z) in theorem 2.3.1 are less so. For example, the coefficient of (2 + 1/2)*
in the RHS of theorem 2.3.1 is

oo

. 2n n+2) n?
Z<_1) n+2( 4 J4

n=2
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which is just
q2 d204(q)
dg?

with ¢ := ¢*. The equivalent identity for the Fibonacci numbers is

Theorem 2.4.26

2. n? =, n? = 1 ’ st 1
202 F42 _IOZ F22 =2 ZFz _42 F2
n=1 n n

n=1 n=1 " 2n-1 n=1 = In-1

o 2 =] o0 oo
1 1 1 1
_5<Z FQn—l) +52 F2 +8nz F‘)n—l FO,

n=1
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§2.5 A modification of the transformation

Thus far we have applied the Chebyshev polynomials to transform the JTP and quintuple
product identity in the form given in equations (2.2.3) and (2.2.4). However, we can obtain some
new results by slightly modifying equation (2.2.3). If we let n := 2n in equation (2.2.3) we have for
z#0 “

2n . 25
an — 1Y 4n (2n+]>( l) 2.5.1
: Z( Vo a ) et 3 (2.5.1)

~

Now if we let z := 2% in the JTP, equation (2.2.5), and use equation (2.5.1) we have for |¢| < 1
and z # 0

e (o 2) o) - £ B () (e

n=0 j=0 n + ]
(2.5.2)

Letting ¢ = (2 + 1/2)°, we have 2% + 1/2* = 2? — 42 + 2. So upon interchanging the order of
summation and substituting for z* + 1/2* in equation (2.5.2) we obtain

Theorem 2.5.1 For complex ¢ and z with |¢| < 1 and z # 0 we have

o0

[Ta-@){+e ) + @ —a)g} = Z Z (1Y 4",<2"ﬂ>q"2xf,

2 2
n=1 j=0n= [(7+1)/2] n+] J

where & = (z + 1/2)” and [y] stands for the greatest integer less than or equal to y.

Equating coefficients of (z+1/z) in theorem 2.3.1 produced identities involving sums where the sum-
mand contained (1 + q‘““?)k for k =1, 2, 3,..., in the denominator. Equating coefficients of z*

in theorem 2.5.1 will produce identities inv olwng sums where the summand contains (1 £ ¢**~! )21c
for k =1,2,3,...,in the denominator. For example, if we equate coefficients in @ we can deduce
the following corollary (which is just lemma 2.4.3).

Corollary 2.5.1
Zn 1

o0 oQ 72(1"‘
—_— for |¢] < 1.
n§=:1 A i) E:: lq]
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Proof: Equating coefficients of  in theorem 2.5.1 we obtain

3(‘])2 = i

(1+ 2n— 1) "

To complete the proof we now let ¢ := —¢ and use equation (2.3.4). o

As before, more interesting results are possible by equating higher powers of z. For example, on
equating the coefficients of 2? we obtain

q2n—1 oo an—2 ]

8y —1

n=1 (]‘+q2n_1)2 - n=1 (1+q2n_1)4)>

{ o] M1 2 o)
03(q) { S(Z _q___2) + Z

{ 1 (1+(12n—1)

1« .
=3 Z n*(4n® - 1)¢" . (2.5.3)
n=1

If we let ¢ := —¢ in equation (2.5.3) we obtain

( o 2n -1 ? o an—1 o An—2 )
94((1)48(2 —q;;f;‘)‘:z‘) _2(1—___ 32——31—}

n— 4
L n=1 (1— n=1 q“n 1) n=1 (1_(12 1) )

1S ) 2
=3 > (=1 0 (4n? - 1) (2.5.4)
n=1

Now we can easily show that the RHS of equation (2.5.4) is equal to
1 . 2 ..
51’194 + 5(1‘94,

where the dot notation stands for differentiation with respect to ¢. Also by logarithmically differ-
entiating the product representation for 8,(q) we obtain

1. 2 ..
'2'(194 + =g,

3
1 [ (& nqg" P nq" N R A R |
:594((]){8 > —— P T A T P8 } (2.5.5)
( n=1

n=1 qu n=1 (1 - qn)'l n=1 (1 - Q“ ) )

So we can set the LHS of equation (2.5.4) equal to the RHS of equation (2.5.5), cancel the 84(¢),

and use corollary 2.5.1 to substitute for > °° to obtain

nllq
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Corollary 2.5.2 For |g| < 1 we have

2
st 4n 2 st q2n—1 o0 q2n—1 B o0 ann * n2q2n
Z=: g2 1) +Z _qzn-1)2_4<2_—ﬁ)—2) _Z'———E"QZ

n=1 (1 n=1 (1_(1“”_

From the above corollary, with ¢ := ¢* and then ¢ = (1 —1/5)/2, we have

Theorem 2.5.2

Z

n=1

411 2 — 4n 2

—102 Fz

.1 2
4 ‘.2 — 4n

Notice that the RHS of theorem 2.5.2 is just minus twice the LHS of theorem 2.4.26.
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§2.6 Closing Remarks

More results of the type in this section are possible from the theory in Ramanujan’s paper
[25] ”On certain Arithmetical Functions”, which was discussed in chapter 1. For example
Ramanujan’s function ¢; x(¢) can be written

k

b1k(q) = Z na

—_— for ¢ <1land k=1,2,3,...
n=1 (]‘ —qn)

so that we have

S =56, (1_—3‘/_’> for k=1,2,3,...

2

Moreover, it is fairly easy to show that for the modular form FE,, denoted by Ramanujan as ¢, we
have [34]

t Efr)={6(q)+ 85(q) + 8(q)} /2

| = 14240 oy(n)g™", (2.6.1)

n=1

where ¢ = e'™” for I'm(7) > 0. So that using the following modular transformations

03(0) = 292((12)93((12)
03(q) = 03(¢*) + 63(¢*) (2.6.2)
03(q) = 03(¢°) — 05(¢*),

we have from equation (2.6.1)

2E4(7/2) = {202(0)0s(q)}* + {62(a) + 62(a)}" + {63(0) — 62(0)} "

Therefore
EL(7/2) = 65(q) + 1462(q)03(q) + 65(q). (2.6.3)
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Also, using the modular transformations

03(q°) = {03(q) — 63(q)} /2
03(¢*) = {03(q) + 83(q)} /2 (2.6.4)
03(¢%) = 63(¢)04(q),

we have from equation (2.6.1)

_ 2¢.1/2\ _ p2(,1/2 4 20 1/2 20 1/2 4 g4 1/2yg4 (/2
2E4(r) = {03(¢7) - 63(q")} /16 + {63("/2) + 63(a*/*)} /16 + 63(g/ )3 (41).

Therefore

Es(r) = [{9§(f11/2) ~ 63(¢'*)} + 1663(¢ )63 1/2)] /16,
which on using 65(q) = 03(¢) + 03 (¢) is equal to

05 (q*/?)/16 + 63(¢'/*)83(¢*/*).

Therefore using equation (2.6.2) we have

Eq(7) = 03()63(q) + {83(0) + 03(0)} {63(q) — 62()}
= 05(q) — 63(q)03(q) + 65(q)- (2.6.5)

Hence, subtracting equation (2.6.5) from equation (2.6.3) we obtain

A(T/2) — E4(7) 1594(q)04(q)

= Eof(ql/z) (2.6.6)

by the first of equations (2.6.2). But from equation (2.6.1) we have
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2n

Now from corollary 2.3.2 we have

1]

e
fun—y
+13,
o | 3
<
S L
|
X
N——
kS

Hence

4

o 713 q4n o q‘ln -1

> e = {Z . —— (2.6.7)
and using equation (2.4.4) we obtain

e 3 2n Zn-1
n (2n — 1)q
—_—r . 2.6.8
n;l 1 4n {Z 1 _ q4n } ( )

J

So from equations (2.6.7) and (2.6.8) respectively we have

Theorem 2.6.1

Theorem 2.6.2

= n? - 271—1)}
=45



As another example, from table (i) of [25] we can obtain

Theorem 2.6.3

St s (2n—1) X ot &K (2n- 1)
EFzznnZ::l F4n—2 _nzz:leznnZ_:_l F4n—2

However, in general the identities for the Fibonacci and Lucas numbers produced in this way tend
to be rather messy. So just a few of the more pleasing examples have been highlighted. We could
go on to use

15 .o 13 o
Ea(r) - Ex(2r) = 2o3(a) {2830 + Esta) + 2030}

where Eg(7) = 1+ 4803 o7(n)¢*", ¢ = €7 for Im(7) > 0, to produce yet more examples.
Fortunately we resist the temptation in favour of some much more elementary identities (though
hopefully none the less attractive for this) which are presented in the next chapter.
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Chapter 3

Further Consequences of the
Chebyshev Polynomial Transformation and Related Ideas.

§3.1 Introduction

In this chapter we explore some further consequences of the Chebyshev transformation and
Chebyshev-like transformations in the area covered by this thesis. Some of the results concerning
sums of reciprocals of Fibonacci and Lucas numbers from chapter 2 are approached in a more
elementary way, and extended.

The Chebyshev polynomial transformation is used to derive some results in the theory of
restricted partitions. Also, using Chebyshev-like tranformations some new polynomial identities for
the Fibonacci and Lucas numbers are derived [16a). The Chebyshev transformation also enables
us to derive some combinatorial results involving sums of binomial coefficients and with the help
of some lemmas from chapter 2, plus one additional lemma, further combinatorial identities are
derived.



§3.2 Elementary identities between sums of reciprocals of Fibonacci
and Lucas numbers

§3.2.1 Introduction

This section presents some elementary identities between sums of reciprocals of Fibonacci and
Lucas numbers [16¢]. These results generalise lemmas 2.4.3 and 2.4.4 from chapter 2. In fact some
of the theorems from chapter 2 are merely the first cases of the following results.

It was remarked at the end of section 2.3 that identities obtained by equating coefficients of
(24 1/2)*, for k =1, 2, 3,..., in theorem 2.3.1 involve sums of the form

o g*n=1) ® 2kn

Z and Z g

_ — fork=1,2,3,...and |¢| < 1.
n=1 (1+q4n—2) n=1 (1+q4n)

It is sums of the above type which are used to derive the theorems of section 3.2.2. These theorems
include the following results as special cases.

i 1 1 n(n—1)
n=1 Lgn_l 2 n=1 L’zn—l
i 1 5= n(n-1)
n=1 F’f -2 2 n=1 F4n_r)
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§3.2.2 The main theorems

Our first two theorems are

Theorem 3.2.1

o0

= n-}—k—l) 1
S =0,1,2,3,...
O Dl (i P T P SR

n=1 271—1 n=1

Proof: Set ¢ = (1 —+/5)/2 in theorem 3.2.3.

Theorem 3.2.2

=1 e~ (n4+ k-1 1
— = 5* ( )-——— fork=0,1,2,3,...
E:Ff,ffl 2 n—k—1) F_s o

Proof: Let q:= ¢® in theorem 3.2.3. Then set ¢ = (1 — /5)/2.

Theorem 3.2.3 Forl|¢|<1and £k =0,1,2,3,... we have

In41

o (1 —qint?) A“
n=

f: PCSRNERSY ‘i<72+k> T
o _' 2__]‘/ -"

Proof: For|¢| <1 and k=0,1,2,3,... we have by the binomial theorem

PEZEDEIERD

p“qg

oo
Z ’L+1)('7n+1) Z m(
n=0 (

m=10

1_ q471+2)2k+1

3
1l
=)

I
]2

m=0

> q2m(2n+1)

2k —1 = 2m+2k 2n
(-1)™ ( )Z (2m+2k+1)(2n+1)

I
NE

m
m=20
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But for the binomial coefficients we have the relation (=1)"("2~') = (™}**). Hence

i": (2k+1)(2n+1) 3 o m+ 2k q2m+2k+l
4,,+r,)2k+1 - Z 1 — q2(2m+2k+1)

m
m=0
_ o n+k q2n+1
=2 n—k/1—gin+2’
n=k

on setting n = m + k to obtain the last line.

Another similar identity, proved in the same way as theorem 3.2.3 is

Theorem 3.2.4 Ftor|¢l<1land k=1,2 3,... wehave

ppEEcaRtS S
2 n—k ?

n=0 (1_([2ﬂ+1) n==k 1—(1‘"’
Proof: For|¢|<1and k=1, 2,3,... we have
> kE(2n+1) g > _9k
q _ E(2n+1) n 2 m(2n+1
S =y e 3y () e
n=0 (1 - g ) n=0 m=0

[e.v]
m ((171+X)('771+1)
()2
0 26 m+L
= Z ( ( )1 q..(m+k
_i m+2k—1 gmtk
- 1— q-(m+k)
_i(n-}-k—l\ q"

n—k /J1—-g>

t”/Ja

on setting n = m + k to obtain the last line.
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If we let ¢ := —g, then ¢ := ¢2, and set ¢ = (1 — v/5)/2 in theorem 3.2.4, we obtain

Theorem 3.2.5 Fork =1, 2,3,... we have

> oyt n+k—1) 1
nzzjl( 1) < n—k an

wp-

o0
! k
A
Z 2w
F2n1

n=1 -

If we let ¢ := ¢ and set ¢ = (1 — v/5)/2 in theorem 3.2.4 we obtain

Theorem 3.2.6 Fork =1, 2,3,... we have

Notice that theorem 2.4.19 of the previous chapter is just the first case of theorem 3.2.5 and that
theorem 2.4.20 is just the first case of theorem 3.2.6. The same idea can be used to produce
equivalent theorems where the summand on the LHS contains n in the numerator instead of unity,
theorems 3.2.9-3.2.11. The latter follow from theorems 3.2.7 and 3.2.8.



Theorem 3.2.7 Forl¢l<land £ =0,1,2,3,... we have

i": nqn(2k+1) 3 f: <n+k) q2n+1
am (L)t I A =k (1= gty

n=k%k

Proof: For |¢g/<1and k=0,1,2,3,... we have by the binomial theorem
@ n(2k+1) > -1
nq - n(2k 2mn
Y o = L +1>z< oy (TR,

n=1 (1 -
)y (—2k — 1) Z nqn(2m+2k+1)

m

oo
m=0 n=1
o0

(m + ‘21.7) PRESELEE
(

m 1 — g2m2k1)’ ’

which on setting n = m + k completes the proof of the theorem.

Theorem 3.2.8 For|¢| < 1and k=1, 2, 3,... we have

> ng?nk _ nd <n+k—1) 2"

Proof: For|¢| < 1and k=1, 2,3,... we have by the binomial theorem

ad annL . = -nk m( 21”) 2mn
_ > m 2k In(m+k)
.y <m ) i

m=0
Z (m + 2k — 1) gAm+k)
VNN

m=0 (l - qE(rn-{-k))“

which on setting n = m + k completes the proof of the theorem.
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If we let ¢ := ¢% and set ¢ = (1 — v/5)/2 in theorem 3.2.7 we obtain

Theorem 3.2.9 Fork =0,1,2,3,... we have

it n LOO n+k-1 1
> = (15 T))

n=1

Notice that the first case of theorem 3.2.9 is theorem 2.4.20 of the previous chapter.

If we let ¢ := —q and set ¢ = (1 — /5)/2 in theorem 3.2.7 we obtain

Theorem 3.2.10 Fork=0,1,2,3,... we have

The first case of theorem 3.2.10 is theorem 2.4.19 of the previous chapter.

If we let ¢ := ¢% and set ¢ = (1 —/5)/2 in theorem 3.2.8 we obtain

Theorem 3.2.11 For k=1, 2,3,... we have




§3.2.3 Closing Remarks

The identities of this section are really quite elementary. However, it is hoped that the reader
finds them none the less attractive for this. In fact it is felt that part of their appeal lies in the very
straightforward nature of their proof. We have already demonstrated how some of the theorems in
this section can arise in more complex ways.




§3.3 Some theorems in the theory of restricted partitions

§3.3.1 Introduction

The Chebyshev polynomial transformation has some consequences in the theory of highly
restricted partitions [10]. The sets of partitions which we will consider in this section are all
subsets of the set of partitions of an integer into parts where each summand may appear at most
twice in the partition. The partition where each summand is restricted to at most two occurences
will be referred to as a 2-repetition partition (short for up to two times repetition). For example,
all the 2-repetition partitions of 7 are

7, 34, 25, 223, 16, 132, 124, 1%5, 1%223.

The notation 223 is short for 2 + 2 + 3. The first type of highly restricted partition which we
will consider is the 2-repetition partition into odd integers. For example, from the above list of
partitions we see that all the 2-repetition partitions of 7 into odd integers are

7, 132, 175.

The first two theorems tell us the number of 2-repetition partitions of an integer into odd parts,
which contain a given number of distinct parts (i.e. parts appearing exactly once in a partition).
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§3.3.2 The main theorems

Theorem 3.3.1 The number of 2-repetition partitions of an integer m into odd parts, where each
partition contains exactly 2; distinct summands, is given by

£ s 7} (1)

where (2n + 25)/(n+ 2j) is taken to be 1 when n = j = 0.

In theorem 3.3.1 p(n) is the usual unrestricted partition function [13] given by

H 1-q" Z p(n)¢"? for |¢| < 1.

We take p(0) = 1, and p(z) = 0 for 2 < 0 and non-integral values of 2.

Theorem 3.3.2 The number of 2-repetition partitions of an integer m into odd parts, where each
partition contains exactly 2j 4 1 distinct summands, is given by

n . , 9. 27z+2j+1(n+2j+1)
-1 2—(2n+2j+1) )2 ——— .
2o )p{m/ (2n +2j + )/}n+2j+1 2511

n>0

For example, with m = 7 and 7 = 1 in theorem 3.3.1, the theorem says that there are no 2-repetition
partitions of 7 into odd integers, where the partitions contain exactly 2 distinct summands. This
is clear from section 3.3.1. With m = 7 and j = 0 theorem 3.3.2 gives the number of 2-repetition
partitions of 7 into odd integers, where each partition contains exactly 1 distinct summand. From
section 3.3.1 this should be 3, corresponding to the partitions 7, 132, 1?5, and indeed we have

SO (=1 @n+ p{T/2— (20 + 172} = p(3) = 3.

n>0



Proof of theorems 3.3.1 and 3.3.2: The coeflicient of 2"¢* in
H(l +.'1?(]2n_1 +q4n—2)
n=1

enumerates the number of 2-repetition partitions of s into odd parts, where each partition contains
exactly r distinct parts. This is clear because the term ¢°*~! corresponds to those odd parts which
appear only once in the partition and the term ¢**~? corresponds to those odd parts appearing
twice in the partition. If we write 2 + 1/z = z in theorem 2.3.1 we obtain

s

(1-*-.’17(12"—1 +q4n—2)

i 2 i 2t +h2'j(n+2y) (2n424)?

3
1l
[N

I
':]8

n+ 2y 23

3
1l
—

+

*',_‘]8

,1271,+2j+1(n+‘2j+1) oy 112
25 +1 _1 (2n+2j+1)° 3.3.1
Z Z( T G L (3.3.1)

1l
—

n

To obtain the coefficient of 2% ¢* from the RHS of equation (3.3.1) we note that the coefficient of
% is the product of

> ” 211+2] (11—{-'2]') (2n425)?
an and —1)" n+25)7
Z:Op(n)q Z U g e

So we take the coefficient of ¢* from the Cauchy product of the above two summations to obtain
the coefficient of 2% ¢* in equation (3.3.1). This completes the proof of theorem 3.3.1. Similarly,
theorem 3.3.2 follows from the last double summation in equation (3.3.1). o

The next two theorems concern 2-repetition partitions where we allow zero to be a valid part
of the partition. For example, the 2-repetition partitions of 4, counting zero as a valid part, are
given by

4 04 0%4
22 02? 0%2?
13 013 0%13
122 01322 0%122.

For a given integer the theorems give us the number of partitions of the above type which contain
exactly j distinct members.
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Theorem 3.3.3 The number of 2-repetition partitions of an integer m, counting zero as a valid
part, where each partition contains exactly 2; distinct summands is given by

n ) " 2n+2j<n+2j>
g(—l)p{mﬂ—?(nﬂ)}wﬂj 2 )

where (2n + 25)/(n + 2j) is taken to be 1 when n = j = 0.

Theorem 3.3.4 The number of 2-repetition partitions of an integer m, counting zero as a valid
part, where each partition contains exactly 25 + 1 distinct summands is given by

n 2 . 2n+2j+1<n+2j+1>
§ -1 -2 — 2y .
n>o( : p{m 3y =2n ]} n+2j+1\ 25+1

In theorems 3.3.3 and 3.3.4 p(n) is again the unrestricted partition function. As an example we
consider the 2-repetition partitions of 10, counting zero as a valid part, which contain exactly two
distinct parts. These are

012224 0219 0324
012232 19 0237
1226 0226 37
1235 0242 0246
0128 0228 46
1225 28 0,10

Now by theorem 3.3.3 with m = 10 and j = 1 we have

S (=14 17p {11 =20 + 12} = p(9) — 4p(3) = 30 - 4.3 = I8,

n>0

Which corresponds to those partitions above.

As an extension, we now count the number of 2-repetition partitions of a natural number ¢
which have exactly r distinct parts AND contain exactly s parts. The number of these partitions
is enumerated by the coefficient of 2" z5¢! in the expansion of

H (1+zz¢" + 22¢*").
n=1

75



For our next theorems we need the following notation.

(@), =0-¢)1=¢")...(1-¢") for n > 1.
(q)o =1.

Theorem 3.3.5 The number of 2-repetition partitions of an integer m, with exactly 2j distinct
parts and exactly 2s parts is the coeflicient of ¢™ in the expansion of

3(,_1) Z ( nln 4+ 2] (n +.2j> | q(n+j) .
n + 2] 23 (q)s_n_j(q)”nﬂ,

Clearly if we have an even number of members then we can only have an even number of distinct
members.

Theorem 3.3.6 The number of 2-repetition partitions of an integer m, with exactly 2541 distinct
parts and exactly 2s + 1 parts is the coefficient of ¢ in the expansion of

s—j

I 1y 2n+2j 41 (71 +25+ 1) gt i)
n+27+1 27 +1 (q)

n=0 s—n—j (qv)3+n+j+l

Clearly if we have an odd number of members then we can only have an odd number of distinct
members.

Proof of theorems 3.3.5 and 3.3.6: We use an identity from a paper of L. J. Rogers [31] in
which he gives his second proof of the Rogers—Ramanujan identities. From the well known

e o] "
z”((z)
H (14 2¢") = Z d for |¢| < 1, (3.3.2)
n=0 n=0 (q)"
with z := ze and z := ze~"® respectively, we can evaluate
o0 [e e}
H (14 22¢" cos @ + z2¢"") = H (14 zq™e)(1 + zq"e™?). (3.3.3)
n=0 n=0



If we write

oo o

H (14 22¢" cos 8 + z2¢*) = Z . (8)2",

n=0 n=0

we have by equations (3.3.2) and (3.3.3)

9 Y ( 1>Z - 2rf forn > 1 (3.3.4)
Ton = M= —2 orn > 3.
2n () (q ) +4q 0 r(q)n+r cos2r
and
r(7+l)
Tant1(0) = ¢" Z 2 cos(2r + 1)0 for n > 0. (3.3.5)
q)n r q)n+r+l

Theorems 3.3.5 and 3.3.6 now follow by setting ¢ = 2 cos# and using the Chebyshev polynomials,
equations (2.2.3) and (2.2.4), in equations (3.3.4) and (3.3.5) respectively. o
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§3.3.3 Closing Remarks

As has been shown, the Chebyshev transformation enables us to evaluate the size of various
subsets of the set of 2-repetition partitions. Using an idea of L. J. Rogers [31] we can get a handle

on the size of an even more highly restricted set of partitions of this type. More generally, the
coefficient of z{* 252 ...z3*¢* in

[Ta+2i¢" + 226 +-- -+ 216*)

n=1

enumerates the number of partitions of s into parts of which a, are distinct, a, appear twice, ag
appear three times, etc ... (so we have a; +2a, 4+ 3a3 + - - - + ka parts). The problem of evaluating
the coeflicient of 2]* 232 ... z7* ¢* is an obvious extension of the work in this section. However, there
is clearly no simple closed form (as we have for theorems 3.3.1-3.3.4) for this coefficient, though
it seems likely that there are some interesting results to be had here (see section 12, chapter 7 of

[10]).



§3.4 Polynomial Identities for the Fibonacci and Lucas Numbers

§3.4.1 Introduction

We have already seen in chapter 2 how we can derive identities involving Fibonacci and Lucas
numbers from the transformation of Jacobi’s triple product using Chebyshev polynomials. In this

section it is shown how to apply a related idea to produce more directly some polynomial identities
for the Fibonacci and Lucas numbers [16a].

The Fibonacci numbers are named after Leonardo of Pisa (¢.1180-1250), better known as
Fibonacci (son of Bonaccio), an Italian merchant. They arise in the solution of a famous problem
ke posed in his Liber Abaci (book of the abacus). Namely, how many pairs of rabbits will be

produced in a year, beginning with a single pair, if in every month each pair bears a new pair which
becomes productive from the second month on?

The Lucas numbers are named after E. Lucas, who was first to develop the general theory in

a seminal paper which appeared in volume one of the American Journal of Mathematics in 1878
[20]. They are defined by

n o__ ﬁn-

Un(P,Q) = aa — and  Vo(P,Q)=a" + 4%  forn>0,

where P, (J are non-zero integers and a, J are the roots of

2 = Px+Q =0.

For every n > 2 we have

l]n(PsQ) = Pl]n—l(PaQ) - QUH—Q(P’Q)

and
‘/n(P’ Q) = P‘/n—l(PvQ) - Q‘Vn——L’(P~Q)

The sequence corresponding to P =1, Q = —1, Uy = 0 and U; = 1 defines the Fibonacci numbers,
hereafter denoted by F,,. The sequence corresponding to P =1, @ = -1, V; = 2and V; = 1
defines the Lucas numbers, hereafter denoted by L,,. So we have

F,=F,_1+F,_, forn>2and Fy =0, Fy, =1,
L,=L, +L,_, forn>2and L, =2, L, = 1. (3.4.1)
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The Fibonacci and Lucas numbers satisfy many interesting recurrence relations. Among them is
the well known identity

Fy, = F, {5F,2 +3(-1)"}. (3.4.2)

Other identities of the same type as equation (3.4.2) are

Fs, = F, {25F,* + 25(-1)"F,* + 5} (3.4.3)

and

Fr, = F, {125F,° + 175(=1)"F,* + 70F,* + 7(-1)"} . (3.4.4)

Some general theorems encompassing equations (3.4.2)—(3.4.4) are now presented. The theorems
show how we can express F,,, (for odd m) as a polynomial in F,, and F},, /F, as a polynomial in
L, . The idea is essentially the same as that used to transform Jacobi’s triple product identity in
chapter 2. That is, we express the sum of terms of the form 2 + 1/2" as a polynomial in z £ 1/z.



§3.4.2 The main theorems

Theorem 3.4.1 For integers n and ¢ > 0 we have

q
0 2¢+1 (q+k+1> -
_ E: _qynlgtk) 24T g F,%*.
F}Qq-}-l)n - E‘b k_o( 1) q+k+1o 2k+1 "

From theorem 3.4.1 we can obtain the following well known result as a corollary. If welet p = 2¢+1,

where p is prime, and use Euler’s criterion [3] to show

Y 5
5(p=1/2 = (—) mod p
P

where (%) is the Legendre symbol, we obtain

Corollary 3.4.1 VFor n > 0 and p prime we have

5
F, = (—) F,, mod p.
Y4

From corollary 3.4.1, with n = 1 and n = ¢ (a prime) respectively, we have

F, = (:> mod p
P

and

5
r,, = (—) F 1 p.
o o) F mod p

Therefore we obtain

Corollary 3.4.2 For primes p and ¢ we have

F,, = F, F; mod pq.

Before proving theorem 3.4.1, some lemmas required for its proof and the proof of two further

theorems are presented.
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Lemma 3.4.1 For |z| # 0 and integer m > 0 we have

1
(z2m+ 2,1 )+(z2m_2+——01 2>+---+<z2+—2)+1
xm :L-,.m~— T

i 2m+1 (m+k+1
mA+k+1\ 241

k=0

Lemma 3.4.2 For |z| # 0 and integer m > 0 we have

2m 1 2m -2 1
+.7:2_'” -\ +_g;2m——2 + -t

)(-3)

(et (o2 4 25) + (-1

—i )m+k 2m+1 <7n+k+1><7:+l>2k
= . m-4+k+1 ok + 1 : .

Lemma 3.4.3 For |z| # 0 and integer m > 0 we have

1 5 1
(:82171_*_ . ) _<:L.2m—z+ - ,,>+"'+
:L--HI ‘rL-..n).—A.

£ ()

Lemma 3.4.4 For |z| # 0 and integer m > 0 we have

.2m 1 2m -2 1
( + ‘)m>+(xu ‘ ~+$2m—2>

k=0

Lemma 3.4.5 For |z| # 0 and integer m > 1 we have

1 1
2m-—1 2m -3
(JE o $2m——1) - (:L - l-2m-3> ++(_

(ot (e 4 ) + -

1)2]:
x

< 1)2k
T+ —
h

™ <$3 — 1—13> + (—1)’""|r1 (:c -



Lemma 3.4.6 For |z| # 0 and integer m > 1 we have

1 1
(zzm"1+——21 1>+(:172'”‘3+ _ 3)+---+<x3+—3-)+(z+—>
m— pim-— z T

m 2k—-1
_NT (Lt m+k'1>(. l)
—kgl( D ( 2k —1 l+x

Proof of theorem 3.4.1

obtain
n _ An
F, = u— where o + 3 =1 and o3 = —1.
a-—p
So for integer n and p > 1, writing 2z = @™ and y = 3" = (-1)"/z, we have
Fpn _ aPn _l[}pn
Rl - a™ — /371
P — yP
=7
= pP-1 + l.P-l’y + $P-3y2 +.--4 l‘yp"? + yp—l.

Now for p = 1 mod 4 the RHS of equation (3.4.5) is equal to

1 l 1 n ] 1
<x”‘1+ )+(—1)’ (:c"‘3+ )+---+(—1) <w~+—;>+1
ap—1 pp—3 T2

and for p = 3 mod 4 the RHS of equation (3.4.5) is equal to

pp—1 ar—3

(mp‘l bt )+(—1)”- (1:;’—34_ L )+,..+ ($2+xi2> F(=1)

Since z + 1/z = a™ + 1/a™ = a” + (-1)"", we have
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Solving the recurrence relation given by equation (3.4.1) for F,, we

(3.4.5)

(3.4.6)

(3.4.7)



T+ 1. (a—B)F, for odd n (3.4.8)
T
and

z— 1 (a = B)F, for even n. (3.4.9)
x

Now a — 8 = /5. Hence from equations (3.4.8) and (3.4.9) we obtain

2
(a: + l) =5F,? for odd n (3.4.10)
T
and
<w - —1-> =5F,” for even n. (3.4.11)
z

Therefore if we let p = 2m + 1 and assume n is even, from equations (3.4.5) and (3.4.6) we obtain

2 1 am 2 1 1
= (w + — ) + (1_ + _) +oeet (1‘2 + —9) +1. (3.4.12)
Fn im pim-=2 2

Now we use lemma 3.4.1 in equation (3.4.12) and apply equation (3.4.11) to obtain theorem 3.4.1

for even n. Similarly, letting p = 2m + 1 and assuming n is odd we have from equations (3.4.5) and
(3.4.7)

EF”E = <z2’" +— > — (9:2'"‘2 - 2) +o (-7 (1 +i) +(=D". (34.13)

pIm-— 2

Now we use lemma 3.4.2 in equation (3.4.13) and apply equation (3.4.10) to obtain theorem 3.4.1
for odd n. This completes the proof of theorem 3.4.1. a

Of course we now need to prove the lemmas. They can all be proved by induction. So as an
example the proof of lemma 3.4.1 is presented below,

Proof: Let Py(z) =1 and for integer m > 1

2m 1 2m-2 1 1
Pm(fv)z(n:“ + = >+<17“ T4 — q>+---+<1:2+—;>+1.
T m :l/‘-'”l—- i




Now we note that

1 m 1 m— ]‘ 2m+42 1
(x2+ 3:—2) (aﬂ +F"~) - <$2 Tt x2m—2> + (x T x2m+2>

1
(.’1,2+x—2-) Pm(.l'):Pm.;.l(l')‘}‘Pm—l(z) fOI‘TI’lZl-

to obtain

Hence

Pris(z) = { (.z‘ _ %)2 + 2} Po(2z) = Pr_1(2).

By the induction hypothesis we have

m+1 2k
_ 2m+1(m+k><‘ 1>
P’”“(:”)“kz_l mik \2k—1/\" "%
Zo2m+ 1 <m+k+1)< 1)”
9 bl N - =
+kz_:_0m+k+1 2k+1 ¢ z
m-—1 2k
_sz—1<m+k>(m_l)_ (3.4.14)
m+k \2k+1 x
k=0
From equation (3.4.14) the constant term in P,,,;(2) is

2(2m + 1) (m + 1) _2m—1 (m) —om 43,
m+1 1 m 1

and the coefficient of (z — 1/2)* for 1 <k < m — 1 is

2m+1(m+k> 2(2m + 1) (m+k+1> 2nz—1(7n+k>
m+k \2k -1 m+k4+1 2k+4+1 m+k \2k+1

_ (2m+ 1)(m+ k)! (dm +2)(m+ k+1)! B (2m — 1)(m + k)!
T m+R)CE-1D)(m—-k+1)! T (m+k+1)(2k+ D(m =k (m+k)(2k+ 1) (m -k~ 1)
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_ 1 <m+k+2)
T m4+k+2\ 2k+1

{ (2m+ 1)(2k)(2k+ 1)+ (4m +2)(m + k) (m -k +1) - (2m — 1)(m - k)(m — k + 1)}
(m+k)(m+k+1) )

The numerator inside the braces above equals

2m3 + 5m? + 3m + 3k? + 3k 4+ 2mk® + 8mk + 4m?k = (2m + 3)(m + k)(m + k + 1).

Hence the coefficient of (z — 1/2)** for 1 < k < m — 1 equals
2m + 3 <m—l—k+2>
m4+Lk+2 2k 41

From equation (3.4.14) the coefficient of (z — 1/2)"™ for 1 < k < m — 1 equals

2m + 1 ( 2m

2=2m+3
2m 2m — 1) + mtd,

and the coefficient of (z — 1/2)*"*? equals 1. Since

o2m+1 <m+k+1)<l_ l)zk
m+k+1 28+ 1 x

k=0

equals Py(z) and P;(z) for m = 0 and m = 1 respectively, lemma 3.4.1 is proved by induction. o

It should be noted that lemma 3.4.1 can be derived easily from equation (2.2.4), by letting z := 22
in equation (2.2.4) and using the fact that the LHS of the lemma is (z?™*! —1/2?+1)/(z —1/x),
the sum of a geometrical progression.

It is possible to extract another couple of polynomial identities from equation (3.4.5). These are
the following theorems.

Theorem 3.4.2 For integers n and ¢ > 0 we have

<

n ) k ([+IL 2%k
F(2q+1)n — Fnz )( +1)(g+ )( ol )L ko
k=0
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Theorem 3.4.3 For integers n > 0 and ¢ > 1 we have

d ‘ . E—-1
Fan = Fn Z (_1)(71+1)(‘l+1~) (([ + )Ln2k_1.

k=1

Proof of theorem 3.4.2: The proof is very similar to that of theorem 3.4.1. We again use
equations (3.4.6) and (3.4.7) with p = 2m 4 1. Then we note that

x— 1o "+ 8" =1, for odd n (3.4.15)
and

zt+~—=a"+8" =1L, for even n. (3.4.16)

8|

and use equations (3.4.15) and (3.4.16) along with lemmas (3.4.3) and (3.4.4) to complete the proof
of the theorem. a

Proof of theorem 3.4.3: The proof is again very similar to that of theorems (3.4.1) and (3.4.2).
We now use lemmas (3.4.5) and (3.4.6) along with equations (3.4.15) and (3.4.16) to complete the
proof of the theorem. a

It is worth noting that if we take n = 1 in theorems 3.4.2 and 3.4.3, since L; = 1, we have two well
known results as corollaries.

Corollary 3.4.2 For integer ¢ > 0 we have

q
q+k
F?"“:Z( 2%k )

k=0

Corollary 3.4.3 For integer ¢ > 1 we have



§3.4.3 Closing Remarks

The formulae in theorems 3.4.1-3.4.3 are very pleasing, yet fairly simple. So it is surprising
that they have not appeared in the literature before [16a]. They are presented here not only because
they are new but also because they come out with such a straight-forward development, exploiting
an extension of the idea of the Chebyshev polynomial transformation.
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§3.5 Some Combinatorial Identities

§3.5.1 Introduction

This section presents some combinatorial identities, involving binomial coefficients, which fit
neatly into the general theme of chapter 2. This is because the main results, theorems 3.5.1 and
3.5.2, arise as a result of transforming the sum ) . ___ g’ 2" (valid for complex ¢ and z, such
that |¢g| < 1 and z # 0) using the Chebyshev polynomials, equations (2.2.3) and (2.2.4). Theorems
3.5.1 and 3.5.2 do not appear to have been stated explicitly in the literature before (see §3.5.3
for further comment on the following results). The search included J. Riordan’s ”"Combinatorial
identities” [30]. Theorems 3.5.3-3.5.6 are included here because they arise naturally as consequences
of lemmas contained in section 3.4.



§3.5.2 The main theorems

Theorem 3.5.1 For 0 < k < n we have

> e 2505 (V) -

i=k

Theorem 3.5.2 For 0 < k < n we have

Z(_ i 2n+1 <n+j+1)< 27 +1 ):0
7z+]+1 27+ 1 j+k+1

It is worth noting that since each of these combinatorial indentities is valid for 0 < &k < n — 1 they
both give rise to a set of combinatorial identities. For example, with £ = 0 we have

Corollary 3.5.1
() -
n+j\ 2j J

Corollary 3.5.2

Z(“ i 2n+1 <n+.j+l><2'j-|—1>:

n+j+1\ 2541 J+1

Proof of theorems 3.5.1 and 3.5.2: Using equations (2.2.3) and (2.2.4), for complex ¢ and 2
such that |¢| < 1 and z # 0, we have

o oo P . 2j
— Z Z n+] 2n _ (n +]> ([(271)2 (2 _+_ l)
2

j=0n=j 7I+] ‘

o 2n+1 (n+j+1 2 1y ¥+

Z Z 1yt | ( .] >q(2n+1)‘ (z + _> . (3.5.1)
vy n+7+1\ 257+1 z

We now let z := ¢'/? and ¢ := ¢'/? in equation (3.5.1) to obtain
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SHETE ) RIS Che) R (TN

n=0 j=0n=j n+]
o o0 . 2i+1
S+l (n4i+1) o 2 1
e ( ) 2n +2n+1/-( YL I 3.5.2
+,§,§( U 241 /0 W (452

By the binomial theorem we have the following two results

1z 4 L zj—i ) forj >0 (3.5.3)
q q17 = ]-{-k q or 3 2 U, D
k=—j
and
IAALNEASYS Y B
/2 ( 4172 - J ) k for 7 > 0. 3.5.4
q <q +q1/2> E: (]+k orj 2 (3.5.4)

We now use equations (3.5.3) and (3.5.4) to substitute for

1 1 N 1/2{ 1/2 1 a

in the RHS of equation (3.5.2). Hence

o0 o n J ‘ . NI
nt1 2n (n+7 23 0n2
2 E ( : ) = E E E 1 n+j ( )( 207tk
n:Oq n=0j=0 k:-—j( ) 'I'L+] 2‘7 ‘]+k !

00 n i+l . .
nti 2n+1 n+7+1 274+ 1\ o2 0nak
B B L e ( ) )( ’ ) T 4Int 3.5.5
+Z g( ) n+j+1\ 25+1 j+k 1 ( )

Now consider the first triple summation on the RHS of equation (3.5.5). By removing the k£ =0
term and noting that (ji]k) = (].Q_Jk) for 0 < k < 7, the first triple summation equals

330 (s 2 () () g

n=0j=0 7l+_] 2] J

o n ] 5 . o
+ S ey 2n (n +.]) ( .2] )(,qgn:'_k L, (3.5.6)

n=1j=1k=1 71+_] 2] ]+k
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By interchanging the order of summation of j and k equation (3.5.6) equals

Z( g Z( 2 (") (2]1)
+ZZ( 1) (g™ * + ¢ “)Z( 2n (n;jj><.2j ) (3.5.7)

n=1k=1 ’IZ+] ]+k

Considering the second triple summation on the RHS of equation (3.5.5). Noting that (¥}!) =

itk
(].2_’,:;11), for 0 < k < j+1, and after letting k := k + 1 we find that this equals

EE L (L (L e s
n=0j=0 k=0 n+]+1 2]+1 J+L+1

By interchanging the order of summation of j and k equation (3.5.8) equals

Z Z( LY (g2 F2n =k g gkt ka ) BT (—1)jjﬁ—i<7z,+.] * 1) ( Al ) (3.5.9)

I v n+7+1\ 274+1 j+k+1

Therefore, from equations (3.5.5), (3.5.7) and (3.5.9) we have

23 5 cr e (1) (%)

im0 n+j\ 2j
n e ok e ?apim . Ly 20 (n4] 2j
B e ) ()
;k;( ) (¢ + ¢ )Z_;( ] W |
n ji=k
9 9n? 4 c2n+1 (n+7+41 27 +1
1 2nc4on_k n+n+k+1 ] < )( )
+§”ZO( V'l T Z( nritIN 2541 J\j+k+1
(3.5.10)

To complete the proof we only have to note that for the ranges of k and given values of n below,
the following are all distinct numbers (in fact they are all the non-triangular numbers).
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2n? for n > 0.
2n? — k, 2n® + k foril<k<nandn>1.
2n? 4+ 2n—k, 2n2+2n+ k +1 for0<k<nandn>0.

That istosay RNS =RNT = S5NT = (the null set) where

R={2n? | ne z, n>0},
S={2n* —k,2n?+k|neZ 1<k<n, n>1},
T={2n2+2n—k,2n*+2n+k+1|n€Z,0<k<n, n>0}.

To obtain theorems 3.5.1 and 3.5.2 we equate the coefficients of ¢* in equation (3.5.10). o

The next theorems are of a similar nature, that is they are all valid for a given range of values
of k. With the exception of theorem 3.5.6, they are consequences of lemmas 3.4.2, 3.4.4 and 3.4.6.
For theorem 3.5.6 we require one additional result, given as lemma 3.5.1. The proof of lemma 3.5.1
is similar to the proofs of lemmas 3.4.1-3.4.6.

Theorem 3.5.3 For 0 < k < n we have

Z”: 2j (j+k>_ 2n + 1 <n+k+1>
J+kN 26/ n4k+1N\ 2841

i=k

where 25/(j + k) is taken to be 1 for j = k = 0.

Proof: From lemma 3.4.2 we have for 2 # 0

1 2] 9 1 \T2 2 1 n
(w2"+ ; )—(z+ ; _q>+---+(—1)“ (w-+—;) +(-1)
l-..n :L.__n K4 ool

n 2%
:Z(“l)nH m+1 (n+k+1) <1+—1->
k=0

n+k+1\ 241 z

and from equation (2.2.3) we have

(17 (a% +

1
zY

j . 2%
=3 0 (T ) (4 1)
)_Z:O( 1)j+k ok J\*T2)"
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Hence

n 2k
v 2] (j+k>(' 1)2’“_ o 2n+t1 (n+k+1)( l)
ZZ( ok J\*T 3 ‘?L;O( D rril ks S8 3/

ji=0 k=0

Therefore on interchanging the order of sunmation we have

2 NN*S 25 [j+k 2n+1 (n+k+1 1\ *
- (e+3) (o)=L ( 2
;0( Fle+s jz_‘;j+k Z( Dy | UYL G
Equating the coefficients of (a + 1/.1‘)2k now completes the proof of the theorem.

In a similar way one can prove from lemma 3.4.4 the following theorem.

Theorem 3.5.4 For 0 <k < n we have
+ k n+k
Z () = (")

where 25 /(j + k) is taken to be 1 for j = k& = 0.

Another similar identity is

Theorem 3.5.5 For 0 < k <n—1 we have

Sy AL <j+k+1)_(_1)n+1(n+k)
v j+E+1\ 2k+1 /) 2k+1/°

Proof: Using equation (2.2.4) in lemma 3.4.6 we have for  # 0

i yik 2+ 1 (j+k+1)(l.+l)2k+l_ni(_l)n.+x:+1<n+k)(x+l> e
JHE+IN 2k 41 x et 2k +1 x/
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Therefore, interchanging the order of summation we have

3
|
-

1\ s 2 +1 [(j+E+1) = par [ m+k 1) 2+t
0 (e+3)  Tev AR e () (D)
(=1) x+x Z:‘ )]+k+1 2k +1 Igj( ) 2+ 1 x+x

&
Il

0

Equating coefficients of (z + 1/2)***' completes the proof of the theorem. o

For the final theorem of this section we need the following lemma.

Lemma 3.5.1 For |z| # 0 and n > 1 we have

1 5 1 " 1 e
(‘,L.En—l + :L,Qn_1> _ (x~n-—3 + 1.2,1,_3> + -+ (_1) (3:3 + _x_§> +(_1) 1

- . ; 2k+1
Z n+k 1 2n <n+k+ l) (a,-{-l) +

n+k+1 2k + 2 z

Proof: Similar to the proof given for lemma 3.4.1. o

Theorem 3.5.6 follows from lemma 3.5.1. The proof runs along the same lines as that of theorem
3.5.5.

Theorem 3.5.6 For 0 <k < n -1 we have

"Z‘:l 2j 41 (j+k+1)_ 2n <n+k—}—1>
J

_k]—{—k-}—l 28+ 1 n+k+1 2k + 2



§3.5.3 Closing Remarks

Theorems 3.5.3-3.5.6 are reasonably elementary identities. They are presented here because
they are discernible from the previous work contained in this thesis, from which they appear
with little effort. Theorems 3.5.1-3.5.2 are slightly more involved. Actually, all of the results in
this section are specializations of well-known hypergeometric series identities. In particular 3.5.1
and 3.5.2 are disguised forms of the Chu-Vandermonde summation. However, there are many
combinatorial identities in the literature; in fact the supply is inexhaustible. They quite often
arise in unpredictable ways, making it difficult to place them in coherent mathematical settings
and order of interest. Therefore quite often we find, that in addition to the identity itself, the
mathematical interest lies equally in the method of derivation. This is felt to be the case for the
theorems presented in this section.

For a general method of proving all identities of a similar nature to those in this section, see
the very interesting paper by Wilf and Zeilberger [36].
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Chapter 4

Some Representations of the Unrestricted
Partition Function.

§4.1 Introduction

This chapter presents some representations of the unrestricted partition function which have
arisen as a result of work on the previous chapters. A representation of the partition function is
an identity where on one side of the equation we have . _ p(n)¢", p(n) being the unrestricted
partition function, and on the other side we have some aesthetically pleasing expression. For
example from [9], referred to as Gordon’s identity in [10], we have

n n+1)

Z p(n)q". (4.1)

n§=:0 ( n=0

(I)71((1)n+1
Another example, from [1a] we have a generalisation of equation (4.1)

ad n (n+a) 1
= fora € Z. (4.2)
Z q)n 1)n+a (q)oo

n=0
The (g),, notation was defined in section 3.3. Here (¢);" = 0 for n < 0 and (¢)_, = [1°,(1 - ¢"),

so that
= Z p(n)

N n=0




§4.2 The main theorems

Theorem 4.1

o0 n? 7‘2
Z q _ q
n=r (q)n—r(q)71+r (q)oo
Theorem 4.2
b qn(n+1) qr(r+l)

for r > 0.

for r > 0.

2 T .

n=r (q)n—r (q)71.+r+1

Proof of theorems 4.1 and 4.2: From section 3.3, see also [31], if

H (14 22¢" cosb + z°¢"") = Z T, (6)z". (4.3)
n=0 n=0
Then we have
Ton (0) = i 4 ¢n= b 2”: ———(5—2 cos 2rf forn>1 (4.4)
" (@) = @D (Do .
and
) n q7.(,v+1)
Tans1(0) = ¢" Z 2 cos(2r +1)0 forn > 0. (4.5)

<q,)n—1‘ (q)71+r+1

r=0

Now if we let ¢ := ¢!/? and z = € in Jacobi’s triple product identity, equation (2.2.5), we have
q P Y, eq

[T -0 +2c080" 2+ g ) =143 2 cosnf ¢ /7.

n=1 n=1
Therefore
= 1 = 2 1
[1(1+2cos8gn*1/? 4 241 = U {1 + Y 2cosnfq” /‘} . (4.6)
1}
n=0 oo n=1

Now if we let z := ¢'/? in equation (4.3), using equation (4.6) we have
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ir"(ﬁ)q"/2 :ﬁ-{l+§:2cosn0q"2/2}. (4.7)

n=0 n=1

Therefore we can use equations (4.4), (4.5) and (4.7) to obtain, after interchanging the order of
summation of n and »

Z q 129 cos 16 = Zq 2cos2792

°° r=1 n=r " "(q)"+"

+ ¢*/* Z ¢" "tV 2 cos(2r + 1)02 .
r=0 n=r (q)"_r(q)”+r+1

(n+1/2)?
g (4.8)

To complete the proof of theorem 4.1 we equate the coefficients of 2 cos2ré in equation (4.8) and
to complete that of theorem 4.2 we equate the coefficients of 2 cos(2r 4+ 1)8 in equation (4.8). o

The next set of representations of the partition function is

Theorem 4.3

qn(71+a—1) 1

1 o0
, = for a € Z.
14 q° ;:30 (0, (Dpye (Do

Proof: Jacobi’s triple product identity may be written in the form

oo

R D VG (4.9
(¢
n=1 X n=-o0
Using the well known
H(1+zq"):Z—z”, for |¢| < 1,
n=0 n=0 ( )n

and equation (4.9) we have

(2;)— z) Z 2 grnt /2 H(1+’q”)(1+~ )

X n(n=1)/2 0 m(m-—1)/2 }
} : q 2 : q -
= -—Zn D z mn . (410)
{,,:0 (4),, } { (@),

m=0
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Now if we write n = m + a, where n, m € Z*, equating the coefficients of the term in z* (by taking
the product of all the terms in 2” and z=™, on the RHS of equation 4.10, such that n = m + a)
we have

X gr(n-1)/24+(n—a)(n—a-1)/2 1
q ala—
Z _ {qa(a+1)/2 + ¢ 1)/2}.
= (On(@n_y (Voo
Therefore
© n{n—1)~na
>4 =L {144}, (4.11)
D (Dnee (Do
Letting @ := —a in equation (4.11) we obtain theorem 4.3. a
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§4.3 Closing Remarks

Theorems 4.1 and 4.2 are presented here because they are particularly nice results which can
be deduced as a simple consequence of an idea of L. J. Rogers [31]. The title of [9] suggests that
the fact that theorems 4.1 and 4.2 are implicit in [31] has been overlooked. However, it should be
noted that theorem 4.1 is the case A = B = r in (7.13) of the more recent [1b] and theorem 4.2 is
the case A = r, B = r 4 1 in (7.13) of [1b]. It should also be noted that theorem 4.3 is not new,
since it is the case A = a, B = a — 1 in (2.57) of [1b]. However, the theorem is very appealing and
the derivation given here is both quick and simple.
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Notation Guide

Symbol Description

B, Bernoulli Numbers =2+ =377 Zxa” for [2] < 27.

Fax(2) Fisenstein series FEq;(2) =1 — —I;’—:'T > 1 Oa_1(n)e®™® for Im(z) > 0.

F, Fibonacci Numbers Fy =0, Fy =1and F,; 1 = F, + F,_; forn > 1.
Gr(z,m) Poincaré series.

H Upper half-plane {z € C | Im(z) > 0}

L, Lucas Numbers Lo =2, Ly =land L,y; =L, + L,_; forn > 1.

M, Linear space of modular forms of weight k.

Mg o Linear space of cusp forms of weight k.

P, @ and R Fisenstein series F,, F4 and Fs.

p(n) Unrestricted partition function Y- p(n)g™ = [152, (1 —¢*)~" for |g| < L.
(9), Product (1 — ¢)(1 = ¢2)...(1—¢*), (¢), = 1, (¢);" =0 forn < 0. |¢| < 1.
(D)oo [T, (1= g) for g < 1.

T, Hecke operator.

T.(z) Chebyshev Polynomial.

r The modular group.

A(z) The modular discriminant A(z) = =< (E§ — EZ).

((2) Riemann’s zeta function. ((s)=[[, (1 —-p~* )_1 for Re(s) > 1.

6, 0, (z,7) = =i 20 (1) gD et 1)ine for Im(z) > 0 and ¢ = 7.
6, 0y(z,7) = 300 gD et itz for [m(z) > 0 and ¢ = €77

63 O3(z,7) =30 ¢ €*™ for Im(z) >0 and ¢ = €77

6, 0a(2,7) =0 (=1)"g" e*™ for Im(z) > 0 and g = €.

6:(q) 6;(z,7) with z=0and i =1, 2,3,4 and |¢| < 1.

>, () Y 0r(k)o(n — k) for 7, s > 1.

o°(n) 3 S d.

o¢(n) Zdilﬁn d.

o (n) P 4t

T(n) Ramanujan’s tau function $°°° 7(n)a™ = 2 [[°2, (1 —2™)** for 2| < 1.
brs () Yoy mrnte™ for |a] < 1.
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